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PREFACE

When a new book is written on a well known subject like Trigonometry for class XI/XII Academics/
AIEEE/IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and
for whom? What is new in it? How is it different from other books? For whom is it meant? The answers
to these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps
to the authors. We are certainly not under the illusion that there are no good books. There are many good
books available in the market.

However, none of them caters specifically to the needs of students. Students find it difficult to solve
most of the problems of any of the books in the absence of proper planning. This inspired us to write
this book Trigonometry, to address the requirements of students of class XI/XII CBSE and State Board
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks
and tips. Theory and problems have been designed in such a way that the students can themselves pursue
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts,
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus-
trated examples including tests.

Due care has been taken regarding the Board (CBSE/ State) examination need of students and
nearly 100 per cent articles and problems set in various examinations including the IIT-JEE have been
included.

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic
motive is to attract students towards the study of mathematics by making it simple, easy and interesting
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is
as follows:

1. Basic Concepts: Lecture Wise

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept
Building of the Topic.

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These
Problems.

4. Solved Objective Problems: Helping Hand.

Objective Problem: Important Questions with Solutions.

6. Unsolved Objective Problems (Identical Problems for Practice)
For Improving Speed with Accuracy.

e



vi Preface

7. Worksheet: To Check Preparation Level
8. Assertion-Reason Problems : Topic Wise Important Questions and Solutions with Reasoning
9. Mental Preparation Test: 01

10. Mental Preparation Test: 02

11. Topic Wise Warm Up Test: 01: Objective Test

12. Topic Wise Warm Up Test: 02: Objective Test

13. Objective Question Bank Topic Wise: Solve These to Master.

This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state level
engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as possible
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning
of the solution and try to figure out what is being done At the end of every topic, some harder problems with
100 per cent solutions and Question Bank are also given for better understanding of the subject.

There is no end and limit to the improvement of the book. So, suggestions for improving the book are
always welcome.

We thank our publisher, Pearson Education for their support and guidance in completing the project
in record time.

K.R. CHOUBEY
RAVIKANT CHOUBEY
CHANDRAKANT CHOUBEY
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BASIC CONCEPTS

Measurement
of Angles

1. MEASUREMENT OF AN ANGLE

The measurement of an angle is the amount of rota-
tion from the initial side to the terminal side.

Vertex O

Initial side

2. SENSE OF AN ANGLE

The sense of angle is positive or negative according
as the initial side rotates in anti-clockwise or clock-
wise direction to get the terminal side.

> A

Negative angle

6
Positive angle

Vertex O

2.1 Types of Angles
An angle 0 is defined to be

(1) an acute angel, if 0° < 6 <90°
(i1) an obtuse angle, if 90° <6 < 180°
(ii1) areflex angle, if 180° <6 < 360°
(iv) aright angle, if 6 = 90°

(v) a straight angle, if 6 = 180°

2.2 Coterminal Angles

Two angles having different measures but same
initial and terminal sides are said to be coterminal
angles. e.g., (i) Angles with measure —30° and 330°
are coterminal. (ii) Angles with measure 45° and
—315° are coterminal.

3. SYSTEMS OF MEASURING ANGLES

There are three systems of measuring angles:
(1) Sexagesimal system

(i1) Centesimal system

(i11) Circular system

3.1 Sexagesimal System

In sexagesimal system, we have 1 right angle =
90 degrees (90°), 1° = 60 minutes = (60) 1' = 60
seconds (= 60")

Some of the angles whose measures are 360°,
180°, 270°, 420° and —30° are shown in figures
below:

360° A

Cx 3




A.4 Measurement of Angles

¥ ) 180°
B S A
270° A>
B
B
60°
o@3]420 A
230° dia
B

3.2 Centesimal System

In centesimal system, we have 1 right angle = 100
grades (= 1008) 18 = 100 minutes (= 100"); 1' = 100
seconds ( = 100")

3.3 Circular System

In circular system, the unit of measurement is radian.
One radian, written as 1, is the measure of an angle
subtended at the centre of a circle by an arc of length
equal to the radius of the circle. Following figures
show the angles whose measure are: 1 radian and —1
radian.

A

>
>4/_‘

w\_\

4, RELATION BETWEEN O, /AND r

If in a circle of radius #, an arc of length / subtends
an angle of 0 radians, then /=r 0 or 0 = I/r

NOTE

Here I, r are in the same units and 6 is always in
radians.

5. RELATION BETWEEN THREE SYSTEMS
OF MEASUREMENT OF AN ANGLE

n Radian = 7° = 180° = 200¢ = 2rt Ls = 2 right

angles

5.1 Conversion Formula

.o . 200
x°= | x x— | radians = | xx—— | grades
180 180

x€= (xx @J degrees = (xxﬁj grades
T T

6. RELATION BETWEEN DEGREE
AND RADIAN

Since a circle subtends at centre, an angle whose
radian measure is 27 and its degree measure is 360°,
it follows that
2 w radian = 360° or & radian = 180°
180°
T

Also 1° = % radian ~ 0.01746 radian

or 1¢radian =

=57° 17" 44.8", nearly

6.1 Value ofn=% or % or3.141592.........

7 1s an irrational number.

Some Useful Points

(1) The angle between two consecutive digits in
a clock is 30° (: gradians) .

(i1) The hour hand rotates through an angle of 30°

o
in one houri.e., (l) in one minute.

2
(ii1)) The minute hand rotates through an angle of 6°
in one minute.



(iv) Area of a circular sector which has a central
angle of 6 is %rze .
(v) Each inferior angle of a regular polygon of

sidenis=m-2) il
n

NOTES
a, b, ¢ are in A.P. then
@) 2b=a+c
(i) b —c¢ =c¢ — b =common difference

Measurement of Angles A.5

(1) 1,3,5arein AP
@1v) 60° -6, 60°, 60° + 6 are in A.P.
(V) a—d,a,a+darein A.P.

T m T_ (L)
= =(0F, 5 =(45° 3 -(22 2) :

3n ( 1y
1 — o i — o ——= 67—)

Z =36y (Ej—zm T = sy
5_( ): 9 - >B_( )

—

"SOLVED SUBJECTIVE PROBLEMS (X1 BOARD (C.B.S:E/STATE)):

1. Find the degree measure corresponding to
the following radian measures:

o ()

Solution
o (4] (b (k)
4 4 n 4 22
22 22
=14° l><60 =14° 19L
22 11

=14°19’ (%x60) =14°19'5"

1 = @ — o— @ — ¥
@i1) (-2) ( = X 2) —(22 x 7 x( 2))
=(_u4£)° =(_114o[£x60n y
11 11
=—[ll4°(32§)1
11
=—[ll4°32'(§x6ojﬂ}
11

= —[114°32'44"]

(ii) - 2°

2. The circular measures of two angles of a

triangle are %and % , find the third angle in
. 22
English system. (Take & = 7)
Solution

We know that the sum of three angles of a tri-
angle is 180°, i.e., 7 radians.

.. The third angle = (n — l_l)
2 3
radian = 2_1_1
7 2 3
_(132-21-14)‘_(2X1800Jo
42 42 @
(. m=180°)
97x30Y) 1455
= = degree
22 11

(1323 ] = 13203280
11 11

=132° l6+i =132°16’ i><6O
11 11

3. A wheel makes 360 revolutions in one min-
ute. Through how many radius does it turn in
one second?



A.6 Measurement of Angles

Solution

Number of revolutions made in 60 seconds =
360

(.. 1 minute = 60 second)

Number of revolutions made in 1 seconds =
360

60

When the wheel makes one revolution, it turns
through 360° or 2 & radians
.. Number of radians turned by the wheel in
one second =6 x 2n =12 7.

4. Find the degree measure of the angle sub-
tended at the centre of a circle of radius
100 cm by an arc of length 22 cm.

(Use n= 2)
7

Solution

Here ‘I’=22cm and ‘#’= 100 cm
Let 6 be the circular measure of the angle sub-
tended, then

=£_ 22 cm _ﬂ
r 100cm 50
Q

Y

Hence, the angle subtended = % radian
11 180)°
=—X| —
50 T
( w radian = 180°,.".1 radian = (@) J
(11 180><7J° (63)° ( 3)°
= —X —mm8— =| — = 12+_
50 22 5 5
3 ’
=12° (§x60) =12°36".

5. In a circle of diameter 40 cm, the length of a
chord is 20 cm. Find the length of minor arc
of the chord.

Solution

Radius of the circle = %(diameter)

= % (40 cm) =20 cm

Length of chord = 20 cm.

If O is the centre of the circle and chord is
PQ, then

ZPOQ =60°(.. A OPQ is an equilateral tri-
angle)

60 .
= | —m= | radian
(180 )

(" 180° = tradian .. 1°= I radian)
180

=T radian
3
= Circular measure of £ZPOQ = g
. l T
If 1 is the length of arc PQ, then =—
20cm 3
(. . Lj
' r
== gx 20cm = 22x20 cm = 20.95 cm.

X

6. Ahorse is tied to a post by a rope. If the horse
moves along a circular path always keeping
the rope tight and describes 88 metres when
it was traced out 72° at the centre. Find the
length of the rope.

Solution

Let the post be at point P and let PA be the
length of the rope in tight position. Suppose
the horse moves along the arc 4B so that
ZAPB = 72° and arc AB = 88 m. Let r be the
length of the rope i.e., PA = r metres.

Now, 6=720= (72><L) =(ﬂ) and

180 5
S=88m
0= ==
radius
2n_88
5 r



B
88
72°
P A
r= 88x5 =70 metres.
2n

7. Find the angle between the minute hand of
a clock and the hour hand when the time is
7:20 AM.

Solution

We know that the hour hand completes one
rotation in 12 hours, while the minutes hand
completes one rotation in 60 minutes.
Angle traced by the hour hand in
12 hours = 360°.
=  Angle traced by the hour hand in 7 hours
20 minute i.e.,

z,
3
o
(2.2 < e
12 3

Also, the angle traced by the minutes hand in
60 minutes = 360°.

=  The angle traced by the minutes hand in
20 minutes

o
= (@x 20) =120°
60

Hence, the required angle between two hands
=220°-120°=100°
8. The large hand of a big clock is 70 cm long.

How many cm does its extremity move in
6 minute time?

Solution

Angle traced by the large minute hand in
60 minutes = 360°

.. Angle traced by it in 6 min.

o
= (@x 6) =36°
60

Measurement of Angles A.7

Thus 0=36° —(ix%Jc - (EJ d
s 180 5) ™
r=70cm
Let s be the arc length moved by the tip of the

minute hand.

Then, 6 = 2 =s=r0= (70><§Jcm
r

= s= (7OX22xl)cm=44cm
7 5

9. The moon’s distance from the earth is 360000
km and its diameter subtends an angle of 31°
at the eye of the observer. Find the diameter
of the moon.

Solution

Let AB be the diameter of the moon and let £
be the eye of the observer. Since the distance
between the earth and the moon is quite large,
so we take diameter AB as arc AB.

Let d be the diameter of the moon.

Then, d= arc AB.
B
m Moon

A
E
o c
Now, 6=31'= ﬂ = ﬂ><i
60 60 180
and »= 360000 km
arc 31 = d
0= — D —X——=
radius 60 180 360000
= d= 2><L><36OOOO km
60 7x180
=3247.62 km

Hence, the diameter of the moon is 3247.62 km.

10. The angles of a triangle are in A.P. The num-
ber of grades in the least, is to the number
of radians in the greatest as 40 : w. Find the
angles in degrees.



A.8 Measurement of Angles

Solution

Let the angles of the triangle be (a — d)°, a°
and (a + d)°.

Then,a-d+a+a+d=180°

3a =180° = a = 60°

So, the angles are (60 — d)°, 60° and (60 + d)°
Clearly, the least angle is (60 — d)° and the

greatest angle is (60 + d)°  Since, 90° = 1002
&
—1° = (2) = (60 - d)° = [Q(6O—d)g]
9 9
_[600-10d ¥
9
T
Also, (60 + d)° = | (60+d)x—
(60 +d) [( )X 180]

It is given that

Number of grades in the least angle

Number of radians in the greatest angle

- %
T
600 -10d
> — -2
(60+d)@
600—10d>< 180 ﬂ

9 60+d)m =

= 600-10d=120+2d

= 12d = 480

= d=40

Hence, the angles of the triangle are 20°, 60°
and 100°.

11. In a circle of diameter 40 cm, the length of a
chord is 20 cm. Find the length of minor cor-
responding to the chord.

Solution

Letarc AB =s.

It is given that O4 = 20 cm and Chord
AB =20 cm.
Therefore, AOAB is an equilateral triangle.

o o
Hence, AOAB = 60° =| 60x— | =X
180 3
Now, 6 = are
radius
B
% A
T S 20m
= —-=— Ds=——cm
3 20 3

12. If the angular diameter of the moon be 30°,
how far from the eye a coin of diameter
2.2 cm be kept to hide the moon?

Solution

Suppose the coin is kept at a distance » form
the eye to hide the moon completely. Let E be
the eye of the observer and let AB be the diam-
eter of the coin.

Then, arc APB = diameter AB=2.2 cm

Now, 0 = 30°
SOV (LY (Y
60 2 180 360
0=
radius
T 22 2.2x360
R :}r R
360 r T
- = 2‘2><360><7=252cm

22



13. A person of normal eye sight can read a point
at such a distance that the letters subtend
an angle of 5° at the eye. Find the height of
the letters (in cm) he can read at a distance
of 420 m.

Here, 6 =5°= i = L =L><Lrad
60 12 12 180
=420 m = 42000 cm.

0=L=1=70=42000x L« cm
, 12180

= [=42000 x L><L=ﬂ cm
12 7x180 9

=61.1 cm. Now 6 being small; height of letter
= AOB = chord AB= AB=1=61.1 cm

14. Find the angle in degrees through which a
pendulum swings if its length is 75 cm and tip
describes an arc of 10 cm.

Solution

Here,» =75 cm and s = 10 cm

J ()

_(2 180) _(2x180x7Y" _(84Y
st x ) Usxz2 ) (11

Measurement of Angles A.9
o o
= 71 =17° l x 60
11 11

=7° 38£ =7°38' £><60
11 11

=7°38'11"

15. One angle of a triangle is%grades and

another is 3x degrees, while the third is 277t—5x

radians. Express them all in degrees.

Solution

. 4x\*
First angle =

second angle = (3x)°

Third angle = 2m rad
75

75 = 5

Sum of three angles = 180°

L S gy
5 5

=  6x+ 15x + 24x = 900

= 45% = 900

= x =20

. 6x Y
First angle = 5

o
=(6><20] e
5

Second angle = (3x)° = (3x20)° = 60°

Third angle = (%]

o
=(24;20) _ oge




A.10 Measurement of Angles

16. Find the ratio of the radii of two circles at
the centres of which two equal arcs subtend
angles of 30° and 63°.

Solution

Let , and r, be the radii of the given circles
and let their arcs of same length s subtend
angles of 30° and 63° at their centres.

Now, 30° = [30x——| =[ X
180 6

and 63° = [ 63x " |=[21®
180) (60

TS 2l s
T2 and 222
6 n 60
= Erl=sand—r2=s
6
T 21w
= “h=—7="h
6 60
= 10r =21r

= r:r,=21:10

17. A circular wire of radius 7.5 cm is cut and
bent so as to lie along the circumference of a
hoop whose radius is 120 cm. Find in degrees

the angle which is subtended at the centre of
the hoop.

Solution

Radius of the circular wire = 7.5 cm
Length of the circular wire = 21 x 7.5
=157 cm

[ .. Using; circumference = 27r]
Radius of the hoop = 120 cm

Let 6 be the angle subtended by the wire at the
centre of the hoop. Then,

SORORE

18. Assuming that a person of normal sight can
read print, at such a distance that the letters
subtend an angle of 5° at his eye, find what is
the height of the letters that he can read at a
distance of 12 metres.

arc

0= —
radius

=22°30"

Solution

Let h be the required height in metres. Here
h can be considered as the arc of a circle of
radius 12 m, which subtends an angle of 5° at

the centre.
Now, 0=5'= (5) =(in
60 12 180
and r =12 metre
0= arc . T _i
radius 12x180 12
= h= x metre
180
=17cm

T UNSOLVES SUBJECTIVE PROBLEMS (XIt BOARD (€ BS E/STATER
SOLVE THESE PROBLEMS TO GRASP THE TOPIC N ..d

e fmiin e e

EXERCISE 1

Directions for questions 1 to 3:
Find the degree measure corresponding to the
following radian measures:

%)

2. (6)°

TWatT 2Lt L ;L."_ Tay

_ F O,

- C
3. (_]
8
Directions for questions 4 to 7:

Find the radian measure corresponding to the follow-
ing degree measures:

4. 15°
5. =22°30’



10.

11.

12.

13.

14.

15.

16.

17.

18.

340°
75°

Find the radius of a circle in which a central
angle of 45° intercepts an arc of 187 cm.

If the arcs of same length in two circles sub-
tend angles of 60° and 75° at the center. Find
the ratio of their radii.

Find the length of an arc of a circle of radius 5 cm,
subtending a central angle measuring 15°.

Find the degrees the angle subtended at the
center of a circle of diameter 50 cm by an arc
of length 11 cm.

The angles of a triangle are in A.P. The num-
ber of degrees in the least is to the number
of radians in the greatest as 60 : w. Find the
angles in degrees.

Find the degrees the angle through which a
pendulum swings if its length is 50 cm and the
tip describes an arc of length 10 cm.

Find in degrees and radians the angle between
the hour hand and the minute hand of a clock
at half past three.

In a right angled triangle, the difference
N A

between two acute angles is 5 in circular

measure. Express the angles in degrees.

Express in degrees and in radians the angles
of a regular polygon of # sides.

Find in degrees and radians the angles of
regular

(1) Hexagon
(i1) Heptagon
(ii1) Octagon

The angles of a quadrilateral are in A.P. and
the greatest is double the least, express the
least angle in radians.

(Ifa b, carein AP ;thenb—-c=c—-bor2b
=a+c)

(Four consecutive terms of an A P. are o — 3d,
oa—d,a+d and o + 3d)

19.

20.

21.

Measurement of Angles A.11

Find the radius of the circle in which a cen-
tral angle of 60° intercepts an arc of length

37.4 cm (usen = 27—2j

The minute hand of a watch is 1.5 cm long.
How far does its tip move in 40 minutes? (use
T =3.14)

If the arcs of the same lengths in two circles
subtend angles 65° and 110° at the center, find
the ratio of their radii.

EXERCISE 2

. A wheel rotates marking 20 revolutions

per second. If the radius of the wheel is
35 cm, what linear distance does a point of
its rim transverse in three minutes? (Take
n =22/7)

In a right angle triangle, the difference
S
between two acute angles is < in circular

measure. Express the angles in degrees.

Find the distance from the eye at which a coin
of diameter 1 cm be placed so as just to hid
the full moon, it being given that the diameter
of the moon subtends an angle of 31° at the
eye of the observer.

The number of sides of two regular poly-
gons are in the ratio 5 : 4 and the difference
between their interior angles is 6°. Find the
number of sides in the two polygons.

If the angle between the hands of a clock be
54° and the time it reads be between 7 and 8,
find the time indicated by the clock.

The difference of two angles is 1° while their
sum is 1 in circular measure. Find the angles
in degrees.

Find the ratio of the radii of two circles at
the centres of which two equals arcs subtend
angles of 30° and 70°.

Find the angle between the hands of a clock at
6:30 pm.



A.12 Measurement of Angles

EXERCISE 1

10.

11.
12.

24°
343°38' 11"
22°30°

&)

51
~—cm
12

25°12'
30°, 60°, 90°

13.

14.

15.

16.

17. (@) 120°, (T)

ANSWERS
11°27' 16"
S—E radians
12

55°, 35°

(1) Each interior angle

n-=
n

(i1) Each exterior angle

n-(m-2) X=
n

2n

n

(ii1)) Sum of interior and
exterior angles is 180°

or T

2

(900 (5n\°
w (T)’H

(iti) (3—“)0 135°
4 >

18.

19.

20.

21.

7/3 radians

35.7 cm
6.28 cm

roor,=22:13

EXERCISE 2

7.92 km
rr
376
110.9 cm

or 60°, 30°

4. 3

4

7:48

180+m )’ (180-=
2z \ 2n
21:10
15°

Jo



WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The Answer sheet 1s immediately below the
worksheet.

The worksheet is of 15 minutes.

The worksheet consists of 15 questions. The maxi-
mum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If the length of a chord of circle is equal to

that of the radius of the circle, then the angle
subtended, in radians, at the centre of the
circle by chord is
(@ 1

(c) m/3

(b) w/2
(d) /4

. A cow is tied to a post by a rope. If the cow

moves along a circular path always keeping
the rope tight, and describes 44 metres, when
it has traced out 72° at the centre, the length
of the rope is
(2) 35 metres
(c) 56 metres

(b) 22 metres
(d) 45 metres

. The perimeter of a certain sector of a circle

is equal to half of the circle of which, it is a
part. The circular measure of the angle of the
sector is
(a) 2

c)m-2

(b) w/2
@r+2

. The radius of the circle whose arc of length

15 cm makes an angle of 3/4 radian at the
centre is

[Karnataka CET-2002]
(a) 10 cm (b) 20 cm
1 1
c) ll—cm d) 22— cm
© 2 @ 5

. A circular wire of radius 7 ¢cm is cut and bend

again into an arc of a circle of radius 12 cm.
The angle subtended by the arc at the centre is

[Kerala (Engg.) 2002]
(a) 50° (b) 210°
(c) 100° (d) 60°

. The angle subtended at the centre of a circle

of radius 3 metres by an arc of length 1 metre
is equal to [MNR-1973]

10.

11.

12.

Measurement of Angles A.13

(a) 20°
(b) 60°
(¢) 1/3 radian
(d) 3 radians

The angle subtended at the centre of a circle
of diameter 50 cm by an arc of length 11 cm
is

(a) 25°27
(c) 25°12'

(b) 23°12'
(d) None of these

If the arcs of same length in two circles sub-
tended angles of 60° and 75° at their centres.
Then the ratio of their radii is

(@ 3:2 ®)6:5

© 5:4 (d) None of these

Assuming the distance of the earth from the
moon to be 38400 km and the angle subtended
by the moon at the eye of a person on the earth
to be 31' then the diameter of the moon is

(a) 3464 km
63

(b) 2656—km
65

(©) 44642 km
63

(d) None of these

The angle between the minute hand of a clock
and the hour hand when the time is 7:20 AM
is

(a) 108°
(c) 112°

(b) 100°
(d) None of these

The greatest angle of a cyclic quarilateral is
3 times the least. The circular measure of the
least angle is

(a) 45° (®) }

© g (d) None of these

The angle between two hands of a clock at

quarter past one is .
1
52—
® (23

(a) 60°
(d) None of these

n c
o)
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13. If the sum of two angles is | radian and | 14. The distance between 6.00 A.M. and 3.15
the difference between them is 1°, then the PM. by the tip of the 12 cm long hour hand in
smaller angle is a clock is

92 1Y)° (a) 3 rem (b) 18w cm
@ | —-= 2
2
37
° (¢) —mem (d) 197 cm
(e 2
T 2 15. A circular wire of radius 3 cm is cut and bent
180 1 ° so as to lie along the circumference at a loop
©) T whose rtadius is 48 ¢cm. The angle in grades
which is subtended at the centre of the loop is
@ (@HJ (a) 50 grades (b) 20 grades
T (c) 25 grades (d) None of these
ANSWER SHEET
LO®O® 6@OO®O nLEO®OO
20000 TOO®O 2000
30000 .@®O BOOOD
4000 NOJOXOXO) 40O
5000@ 10,00 15000
HINTS AND EXPLANATIONS
1. (¢ 2. (a) Let the post be at point P and let PA be the

TN

%

Here, length of chord, say PQ, is equal to the
radius, therefore, AOPQ is equilateral
ZPOQ = 60°

Also, 180°=x

T 60° radian.
180°

60° =

length of the rope in tight position. Suppose
the cow moves along the arc 4B so that ZAPB
=72° and arc AB = 44 m. Let r be the length
of the rope i.e., PA = r metres.

B

72°




Now, 9=72°=(72xi) =(2—n] and s =

180 5
44 m

0 arc 2_1t_ ﬂ
radius 5 r
= r=44x i
2
=M = 35 metres.
2x22

. (¢) Given perimeter of sector = 1 (perimeter
of circle) 2

= r+r+l=%(21tr)

R

> Il=mwr-2r=(n-2y

= L:n—Z 29=£=1t—2
r r
Hence 6=n-2
. l
. (b) Using 6 =—,
-
1 15cm
we get r-g- 3 =20cm
4

. (b) Given that diameter of circular wire =

14 cm

Therefore length of circular wire = 14 & cm
Required angle

__arc _l4m_Tx_7_180°

= =— =210°
radius 12 6 6 i3

Measurement of Angles A.15

1

6. (c) By using 6= L 3 radian

7

7. (c)Here,r=25and s=11 cm

s R
) e=(_)
r
R o o
DL TR J T
25 25 = 25 22

o o ’
= 126 = 25l =25° l><6O =25°12"
5 5 5

. (¢) Let r, and 7, be the radii of the given cir-

cles and let their arcs of same length s subtend
angles of 60° and 75° at their centres.

c R
Now, 60°= (6OXLJ = (Ej and

180 3
R R
7502 75% | =[2%
180 12
T s St s T
Z==and —=—=—"r=s
3 4 12 r
T s 5t
and —r,=s>—n="—r,
2 3 12

=4n=5r,=n:r,=5:4

Hence, r; 7, =54

. (a) Let AB be the diameter of the moon and O

be the observer.
A

Given LAOB=31'= ﬂ><Lradians
60 180

Since angles subtended by the moon is very
small, therefore its diameter will be approxi-
mately equal to a small arc of a circle whose
centre is the eye of the observer and radius is
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10.

11.

12.

the distance of the earth from the moon. Also
the moon subtends an angle of 31' at the centre
of this circle.

_1.31 n _ 4B
=60 180 38400
= AB =122 38400 =3464->km.
60 7x180 63

(b) We know that the hour hand completes one
rotation in 12 hours while the minute hand
competes one rotation in 60 minuts.
Angle traced by the hour hand in
12 hours = 360°
= Angle traced by the hour hand in
7 hours 20 minutes

e Z0(30.2)

12

Also, the angle traced by the minute
hand in 60 min = 360°

= The angle traced by the minute hand in
20 min = (%x 20) =120°

Hence, the required angle between two hands
=220°-120°=100°

(b) The greatest angle is always opposite to
the smallest angle. Hence, the greatest angle
+ the smallest angle = 180°.

So, least angle = 45° whose circular mea-
sure is n/4

®

If hours hand were at 1 and minutes hand
at 3, the angle between the two hands would
have been 60°. In 15 minutes, hours hand

o o
360><15) =(71]
2

720

revolves through (

13.

14.

15.

(" In 12 hours, i.e., 720 min, hours hand
revolves through 360°)
Required angle between the hands of
clock

= 60°—(71] = (551)
2 2

(a) Let the two angles be 4 and B, where
A>B.

Then 4 +B=1 radian:(@] and 4 - B
T
=1

Subtracting, we get 2B = (@—1]
T

(c) Angle covered from 6 AM. to 3.15 PM.

(o]
O A I TR
2 2 180 2 36

0= 37 radian

Length of hour hand = 12 cm
e, r=12cm

Since 0= !
-

12x37n _37n
24 2

[=r0=

Hence required distance = ”Tncm‘

(¢) Circumference of a circle of radius = 3 cm
=2n(3) = 6m cm.
length of the wire (/) = 6n cm.
Radius () =48 cm.
67

Since 0= ! =% _ T adians
v

= @ grades = 25 grades.



LECTLLLRE

Trigonometric
Functions

ﬁj‘\ . o —=r - o === oo T =
‘ BASIC CONCEPTS

e e o e— S .l

£.3 1. TABLE REPRESENTING ALL TRIGONAL RATIOS (TRs) IN TERMS OF ONE TRIGONAL RATIO

sin 6 cos 0 tan 0 cot O sec 0 cosec 0
tan 6 1 [sec?0-1 1
sin 0 sin 0 f 2 —_——
1-cos"0 | /1+tan’0 JI+cot*0 secH cosec 0
| cotO 1 Al 20
cos 0 l_sin®0 |cosO T - Henseed -1
\1+tan® 0 \/1+c0t‘6 sect cosec 0
sin 6 \1-cos*0 1 1
tan 0 — | 1"~ |tand | — -
1-sin’6 cos6 cot0 sec™6 -1 JJeosec’6—1
5 1—sin20 cos0 1 8 1
cot — = cot T 2
sin@ JI-cos’0 | tan® \sec?6—1 | yceosec 0-1
1 1 /1 Lcot?o cosec O
sec 0 [ 2 S secO B e
\/l—sinze cos0 l+tan”6 cot@ JJeosec? -1
2. T-RATIOS (OR TRIGONOMETRIC B
FUNCTIONS)
b p
sin6=£,cos9=—,tan6=£, h
h h b
(6} L A
2 2 _ 1.2 b
cosecG:ﬁ,sec(%:ﬁ,cote:ﬁ; prb=h
p b p ‘p’ perpendicular’, b’ base and ‘%’ stands for hypotenuse.
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3. FOLLOWING ARE SOME OF THE
FUNDAMENTAL TRIGONOMETRIC
IDENTITIES

(1) sinB =

cosec 0

1
or cosec 6 =——
sin 6

(i1) cosO =

secO

or secH =
cos0

1
iii) cot® = ——
(1) tan©

or tan0 = ;
coto

(iv) tan6 = sin®

cos0

cos0

or cotf =—
sin©

(V) sin? 6+ cos>6=1 or sin’6 =1 — cos? 6 or cos
6=1-sin’0
(vi) sec’0—tan’0=1
or 1 +tan®>6 —sin® 6
or secO—tan6 = S
secH +tan 6
(vii) cosec?6—cot>0=1 or 1 + cot? 6 = cosec’ 6
1

or cosec-cot0 = ———
cosec 0 +cotO

4. MAXIMUM AND MINIMUM VALUES OF
TRIGONOMETRICAL FUNCTIONS
(1) —1<sinx <1
(i) —1<cosx <1
(ii1) —oo <tan x <o
(iv) —o <cotx <o
(V) |secx|=211ie,secx<-1orsecx>1

(vi) |cosec x| > 11i.e., cosecx <—1 or cosec x > 1

(vii) sin’x +cosec’x 22,V x € R
(viii) cos’x +sec’x>2,Vx eR
(ix) tan’x +cot’x>2,Vx € R
(X) |sinx+cosecx |2
(xi) |cosx+secx|=2
(xii) |tanx+cotx|>2
(xiii) Ifasinx + b cosx = c, then (a cos x — b sin x)*
=a*+ b2—¢*

5. SOME USEFUL RESULTS

(i) sin® 6+ cos® 6= sin* 8+ cos? 6=1—sin’ 6 cos> O
(i) sin* 6 + cos* 6 =1 —2 sin* 6 cos” 6
(iii) sin® 0+ cos*6=1—-3sin?>6 cos? O
(iv) sin*©—cos*0=1-2cos?0

(v) sin® 6 — cos® 6 = (sin> 6 — cos? 0) (1 — 2 sin* O

cos? 6)
(vi) sec? 0+ cosec?0 = sec? 6 —cosec’ 6 =tan’ 0 +
cot>?0+2
(vii) =secH+tan0 = I+ s‘1n9
secO —tan 1-sin6
(vili)) ————— =secH—tan6 = ! —s%ne
secO+tan® 1+sin0
(ix) S S = cosecO +cotb = 1+c0s0
cosecO—cot 1-cos6
; =cosecO —cotO = 1-cos0
cosecO +cotO 1+cos6
(x1) 1-sin6 = co§6 =secH—tan6
cos®  1+sin6
(xii) 1 _‘COSG = sin® =cosec O —cot6
sin©® 1+cos6
(xiii) 1-sinb = co§6 =secO—tan6
cos®  1+sin6
(xiv) 1-cos® __sinb =cosec 6 —cot®

sin®  1+cos0
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! SOLVED SUBJECTIVE PROBLENS (XIl BOARD (C.B.S.E/STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC |

== = >

(1+tan6 +cotO)(sin6 — cosO)

1. Show that S -
sec’ © —cosec’®

Solution

L s, = (+tand+cotd)sind - cos6)

sec’ 0 —cosec’0

(1 + sin® + C(,)se](sin(% —cos0)
cos® sin0
1 1

cos’® sin’6

_ (sinBcos6 +sin’ 6 + cos’ H)(sin 6 — cos H)
sin®®—cos’0
sin® B cos’ O

sinGcosG(

_ (sin’ 0 —cos’0) sin’ Ocos’ O
sin®cosO (sin’ 6 — cos’ 6)

¢ (@ +b* +ab)a-b)=a’-b*)
=sin*6cos’6= R.H.S.

2. If cos? a — sin? a = tan® B, then show that tan’
a = cos? B — sin® .

Solution
Given, cos? a — sin® o = tan® 3

cos’a—sino  sin’p

cos’a+sin’o  cos’P

cos’a+sin’o  cos’P

cos’o—sin*o  sin’P
(- cos’a+sin’a =1)
Applying componendo and dividendo, we
get
cos’a +sin’a+cos’a—sin’a _ cos’B+sin’p
cos’o+sin*a—cos’o +sin’a  cos’B—sin’ P

2cos’ol 1

2sin*o cos’P—sin’p
sin® o
——=cos’B-sin’p
cos o

= tan’o =cos?B —sin’B, as desired.

sin 4 cosA
—— =m and

sinB cos

3. If =n, find the value of

tan B, > <1 <m?>

Solution
. sinA . .
Given ——=m =>sind=msinB ......... )
sin
cosA
and =n =>cosdA=ncosB ... )
cosB

By squaring (1) and (2) and adding, we get
1=m’sin’ B+n’cos’ B

1 _ ,sin’B

T—=m
cos” B

— +n* (Dividing by cos?
cos”B B)

= sec’B=m’tan’B+n’

=1+tan’B =m’tan’ B +n’
2

= 1-n’=(m*-Dtan’B > tan’*B = 1;"
m- -1
2
= tanB =z 12n
m- -1

4. Eliminate 0 between cosecO —sinb = a,
secO—cosO =b.

Solution
Given cosecO—sinb=a ... )
and secO-cosb6=b ... )
2
From (1), ———sin0=a =% _,
sin 6 sin6®
........... 3)
i 2
From (2), —coso=b =00,
cos6 cos6
“““““““ O
Squaring (3) and multiplying by (4), we get
cos’0=a’h =>cosB=(a’h)? ... ©)

Squaring (4) and multiplying by (3), we get

sin®® =ab® =sin®=(ab®)'"* ... 6)
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5. Eliminate 6 and ¢ between
x =rcosB cosd, y=rcosOsind, z =rsinb.

Solution

Given x =rcos0cosd, y =rcosOsind and
z=rsinb.

Squaring and adding, we get

x*+y'+2

=r2cos’Bcos’ ¢+ cos’Bsin’ ¢ +r*sin’ 0
=r*cos’0 (cos’ ¢ +sin’¢p)+r’sin’ O

=r’(sin*0 +cos’0) =1 [..sin’ O +cos’H =1]

sino cosQ

6. If and

- =n, than prove that
sin3 cosf
1_ 2
tana =+ zn nt<l<m®

n\m -1

Solution

sino

From (1), sinp =

Ccosa

and from (2), cosP =

Squaring (3) and (4) and adding, we get

cos’ o

2 2
m n

sin’o

1=

= m’n’ =n’sin’ o +m’ cos’ a
Divide throughtout by cos? a

m’n®  n’sin’a m’cos’a

cos’a  cos’a cos’a

m’n*sec’ o = n’ tan’ o + m*

m*n*(1+tan’ o) = n’ tan® oL + m?*

m’n* +m’n*tan’ o = n* tan’ o + m*

m’n* —m* =n*tan’ o —m*n’tan’ o
N SR |

tan" o =—x

n 1-m’

u v v u i

2
m [1-n
tan’ o =+ —, |——.
n\m -1

U

(Proved)

sin* 4 N cos'd 1

7. If = , then prove that
a b a+b
sin®4  cos®*4 1
+ =
a b’ (a+b)

Solution
(@+b)(bsin*A+acos*d)—ab=0

or ab [sin*A4 +cos*4 — 1]+ a?cos’4 + b2

sin‘4=0
or ab [l -2sin’4 cos’4 — 1] + a* cos*4 +
bsin*4 =0

or (acos’A—-bsin?4)’=0

cos’A sin’4 1

b a a+b
‘sinsA+cos8A_L a* L b*
L a b’ a® (a+b)* b (a+b)

_(at+b) 1

T (a+b)' (a+b)
8. If sin x + sin’*x + sin® x = 1, then
cos®x —4 cos*x + 8 cos’x =

Solution

The given relation can be written as
sin x (1 +sin?x) =1 —sin’x = cos’ x
= sinx (2-cos’x)=cos’x
= sin’x (2 -cos® x)>’=cos*x
(squaring both sides)
= (1-cos’x) (4—4 cos’x +cos*x)=cos*x
= cos®x—4cos*x+8cos’x =4.

9. If 8 sin® = 4 + cos0, then find the value of
sin®.

Solution

8 sin6 = 4 + cosd

8 sinf — 4 = cosO

(8 sinb — 4)* = cos?0

(8 sin® — 4)* =1 — sin’0

64 sin%0 + 16 — 64 sin = 1 — sin%0
65 sin%0 — 64 sinf + 15=0

65 sin”> 0 — 39 sind — 25 sin@ + 15=0

L A
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= 1350 (Ssin6-3)-5(Gsin6-3)=0

sin6 cos0
= (13smn6-5)(5sin06-3)=0 __ cosb sin®
5 3 sin®—-cos®  cosH —sinb
= sin0 =Eor g sin® cos0
= sinf= % in first quadrant sin’ 0 cos’0

- cosO (sinB—cosB) sinB(cosO —sin6)

and sin6 = el in second quadrant . R
13 sin’ 6 —cos’ 6

10. Prove that - cos0 sin6 (sin 6 — cosO)

tan® + cot =sec6 cosec +1 [a® - = (a=b)a’ +b" +ab)]
1-cot® 1-tan®

_ (sin®—cos0) (sin’ 0 +cos’ 6 +sinOcos0)

Solution cos0sin6 (sin 6 — cosO)
tan© cot®
LHS. = + .
1-cot® 1-tan® =—1+s1n9cos9 =secH cosec B +1
sinBcosO
F~ 7 UNSOLVED SUBJECTIVE PROBLEMS (Xl BOARD (CBS.E/STATE):
SOLVE THESE PROBLEMS TO GRASP THETOPIC N
R SO TYF S . Sty e . —
EXERCISE 1 9. If secH + tan® = p, obtain the values of sec6,

tan® in terms of p.

1. Prove that, sec* 6 — sec?0 = tan* 6 + tan> 0 ) )
10. Prove that,sinOcot0 +sin6 cosec 6 =1+cosO
2. Prove that, sin 6 + 1 +‘cose = 2cosec 0 1

1+cos6 sin

. Prove that,
tan’ 0 cosec’0 1

3. Prove that, —>>°¢ 0 4 205¢¢ o _ 2sec’ 0 tan’0-1 sec’0—cosec’®  sin’0—cos>0

cosec—1 cosec+1

12. Prove that,

4. Prove that, (cosec 6 — sin6) (sec 6 —cos 0) (tan O ) ) )
(1-tanx)” + (1 —cotx)” = (secx —cosecx)".

+cotO)=1

5. If tan 0 =i, then find all the trigonometric EXERCISE 2

ratios. R o ) .,
1. Prove that tan> 6 — sin® 6 = tan> 6 — sin> 6

6. If sec © + tan 0 = 4, find the values of sin 6,

cos 6, sec 0 and tan 6. 2. Prove that
1+cosx R —sece_tane=1—2sec6tan6+2tan26
7. Prove that, 1— = (cosecx +cotx) secO +tan©
—cosx

8. If sin x + sin’x = 1, then prove that cos>x + | 3 Pprove that 1+cos _ (cosec 0+ cot 0)
cos*x=1 1-cos
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_ : 9. Prove that
4. Prove that 1 ‘cose = sin® 1 1 1 1
sin® 1+cos6 — = -
cosec O—cotO sin® sin® cosec O +cotd
5. Prove that cot* 6 + cot®> 6 = cosec* 6 — cosec? 6
6. Prove that (Sin 4 + cos 4) (tan A4 + cot A) = | 10, Prove that, 5% _ (cosec x +cotx)’
sec A + cosec A > 1-cosx
7. i?;ljég:éCA _sind secA 11. If'sinx + sin®>x =1, prove that cos’ x + cos* x =1
- =cosec A—secA
cosA+sin4 12. If sec 6 + tan 6 = p, obtain the values of sec 6,
8. Prove that 2 sin>4 + cos*A =1 +sin* 4 tan 6 in terms of p.
ANSWERS
EXERCISE 1 15 EXERCISE 2
tan® = R
2 2
5. sinG:%,cosG:%, 17 12‘=sece=p_+1,t p=2 !
secH = 3 2p 2p
.cotG:%, cosec6=§, and sin 6 =P2—1
2 2_ P41
5 9. sec6=pz+1,tan6=p2 1 P
secO == p p
4 2
3 and sin6= P2 —
6. sin6=-—=,cos0=—, p +1
17 17
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
: _ : : 2 2
L Ify= 2sina ‘ thenl cosq+smoc _ (1+sina)’ —cos’ o
1+coso +sina 1+sino (+sino)(1+coso +sina)
1s equal to [UPSEAT, 99]
@@ 1y ®y _ (I+sin’ o +2sino) —(1-sin’ a)
© 1-y @1+y (1+sina)(1+cosc +sina)
Solution . .
B 2sino(l+sina)
(b) 1-cosa +sina (1+sina)(1+cosa +sina)
1+sina
2sino
1-cosa +sina 1+coso +sino ==Y
= . 1+cosa +sino
1+sino 1+cosa +sina.




2. If a cos®a + 3a cosa sin’o = m and
a sin’o + 3a cos?a sina = n, then (m + n)*? +
(m —n)?? is equal to

(a) 2a® (b) 2a'?
©) 2a% @ 24°
Solution

(¢) From the given relations, we get

m+n=acos®a+3acosasin’a+3a
cos?a sin o + a sina

= a (cosa + sin a)® similarly, m — n =
a(cos o —sin 0)®
(m + n)l/S + (m _ n)2/3= a2/3
[(cos o +sin a)? + (cos a — sin )?]
=g [2 (cos’a + sin’a)] = 24**
3. m+2)sinb+ (2m—1)cos0=2m + 1, if
(a) tanb6=3/4
(b) tand= 4/3
() tand=2m/(m*- 1)
(d) tanb = 2m/(m*+ 1)

Solution

(b, ¢) The given relation can be written as
m+2)tan 0+ 2m—-1)=2m + 1)
secH

= (m+ 27 tan0 + 2m + 2) @m — 1)
tan® + (2m — 1)?

=(2m+1)*(1 +tan?0)

= [(m+2)* —(2m+1)*] tan0+ 2(m + 2)
(2m —1) tanb

+Q2m-1-2m+1*=0
= 3(1 —m® tan® 0 + (4m* + 6m — 4) tand

-8m =0
= [(m+2P}-Q2m+1)*]tan?0 +2(m +2)
(2m —1) tanb

+2m-1-2m+1)*=0

= 3(1 —m? tan®0 + (4m> + 6m — 4) tand —
8m=0

= (3tand-4) [(1 —m?) tand +2m] =0

Which 1is true if tan0® =4/3 or tan® = 2m/
(m*—1)
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4. If x = secp — tang and y = coseco + cotg, then

(@) x=221
) x=22
y+1
© y=itX
1-x

@xy+x-y+1=0
Solution
1-sin
¢>y
cos¢

_1+cos¢

(b, ¢, d) We have x = -
sind

By multiplying, we get
_ (1-sin$)(1+cos$)
cos¢ sin¢

= xy+1
_1-sin$ +cosd —sin$pcos¢ +sinpcos¢

cos¢ sin ¢
_1-sin$ +cos¢
B cos¢ sin¢
_ (1-sin¢)sin¢ —cosdp(l +cos¢)
N cos¢ sin¢

and

x=y

_ sing —sin’ ¢ —cos ¢ —cos” §

cos¢ sin¢

_sing—cos¢p-1
- cossind =~Co+D

Thus, xy=x-y+1=0 :>x=y—_i and

y+

_1+x

1-x
5. If 1+sin>4=3sinAcosd, then possible
values of tan A are [NDA-2005]

(@ 1,12 () 2, 1/4

(c) 3,1/6 (d) 4,1/8

Solution

(a) 1+sin’* A4 =3sinAcos A
= (sin’ A +cos’ A)+sin’ 4 = 3sin Acos A
= 2sin* 4 -3sinAcosA+cos’A=0
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= 2tan’A-3tan4+1=0
= (tan4A-1)2tan4-1)=0
= tanA-1=0,2tan4-1=0
= tan4-1=0,2tan4-1=0
= tan4=1,1/2
6. For what values of x is the equation 2sin6 =
x + 1/x is valid? [NDA-2006]
(@) x==I
(b) all real values of x
© -l1<x<l1
(d) x>landx<-1

Solution
(@ x*—2xsmO+1=0

e 2sin6++/4sin’6 -4

2

=sin®++/sin’6-1

Which is valid when sin® =+1 Then x = £1.

7. If x = r sin® cosp, y = r sinb sing and z =
r cosO, then x? + y* + z? is independent of

which of the following? [NDA-2007]
(a) ronly ®r.e
© 6.9 @r0

Solution
©)x*+y?+22
=r?sin’0 cos> +72sin? sin?>  + #? cos?0
=7*sin’0 (cos* +sin* )+’ cos?

= 72 (sin*0 + cos?0) = .

8. What is the value of
(sech — cos) (cosech — sinbd) (cotd + tan6)?

[NDA-07]
@1 ® 2
(c) sinb (d) cosd
Solution

(a) (secO — cosO) (cosecO — sinf) (cotd +
tan6)

_ (1-cos’6) - sin’0) LA+ tan”0)
tan©

cos©O sin6

sin’6.cos?0.sec’0.cosO |

¢0s0.sin0.sin O

9. If sin x + sin’x = 1, then cos® x + cos > x + 3
cos'% + 3 cos® x is equal to
[Pb. CET-2002; MPPET-2006]

(@1 (b) cos?x sin® x

©0 (@) e
Solution

(a) sinx+sin*x=1

= sinx=1-sin’x
= sinx=cos’*x
cos®x + cos?x + 3 cos'®x + 3 cos® x
=sin*x+sin®x +3sin®x + 3 sin* x =
(sin x +sin’x)* = 1.

10. The value of the expression
[Bihar EE-1990]

sin®y +1+cosy sin y

1- - 1s equal to
l+cosy siny 1l-cosy
@0 (b 1
(c) siny (d) cosy
Solution

(d) The given value

_ 2. cin?
=1-(1 - cos y) + l‘cosy sin"y  _
sin y(1—cosy)

cosy+0=cosy

2sinOtan O(1 — tan B) + 2sinOsec’ O

11. 5 1s equal
(1+tan®)
to [Roorkee-1975]
sin 6 2sin 6
a
@ 1+tan6 ® 1+tan6
© 2s1—n62 (d) None of these
(1+tan®)
Solution

(b) Given that expression

=%{tan6(l—tan6)+sea26}
+tan

=%{tan6—tan26+l+tan26}
+tan

_ 2sin®
1+tan6




12.

If cot + tan® = m and secO — cosd = n, then
which of the following is correct?

(@) m(mn»)? —n (mm? =1

®) mmn)"® —n (mn®* =1

©) n(mn®® —m (nm?)* =1

@) n(m*n)** —m (mn®) *=1

Solution
As given,
— +tan@=m =1+tan’@=mtan0
= sec®®=mtan®6 ... @)

and secO—cosO=n

= sec’®—1=nsecO

= tan’0 =n secH

= tan'0 =n’sec’0 =n’>m tand {by (i)}

= tan®0 =n’m, [*"tan6 # 0)
= tanb=@@E*m)"* (ii)
Also, sec?0 = m tan6 = m(n*m)">

{by (1) and (i1)}

using the identity sec®0 —tan’0 = 1
= mEm) - mPm)** =1

= mmnd)—nmEm*»)=1

13. sin’0=_—2% ~ is true, if and only if
(x+y)
[AIEEE-2002]
(@ x-y+#0 ) x=—y
©) x=y @ x#0,y#0
Solution

14.

(¢) Since,6<1

~<1|-sin’6= Axy ~ given
(x+y) (x+y)

= x*+y*+2xy—-4xy >0

=

= (x-y? =20
Which is true for all real values of x and

yprovided x +y # 0, otherwise, Ay >
(x+y)

will be meaningless.

If y = sin® 0 + cosec? 6, 6 # 0, then

[AIEEE-2002]
@ y=0 () y=0
©y=z-2 @y=2

Trigonometric Functions A.25

Solution

(d) Given that, y = sin 6 + cosec? 0
y = (sin 0 — cosec 0)* +2
= y22,0#0

15. Ifcosx=tany, cosy=tanz, cos z = tan x; than
prove that sin x = sin y = sin z = 2 sin 18°.

Solution

Making use of given relations, we have
cos?x=tan?y=sec’y—l=cot>z— 1.

cos’z tan® x

or l+cos’x= —= .
l-cos“z 1—-tan”x

) sin®x

or 1+cos"x= —

cos’x—sin’ x

or changing to sin x, we get (2 —sin?x) (1 —
2 sin® x) = sin*¢

or 2sin*x—-6sin’x+2=0 orsin*x— 3 sin®

x+1=0
L, 3+J9-4 35 3-45
oosin’x = = =
2 2 2
We have rejected the value 3+2\/§ as
itis > 1.
2
or sin2x=6_2\/§= @
4 2
. osinx = ng_l = 2‘(\/54_1) =2sin18°

By symmetry, we can say that sinx = sin y =
sin z = 2 sinl 8°.

16. Show that, cos (sin0) > sin (cos0),0 <0 < g .
[IIT-JEE-1981]

Solution

sin6+cos95«/§<§

. T
= sin6 <E—cos6

= cos (sin6) > cos (g— cos 6) =sin (cos0)
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et

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

&

If sin 6 = lz—ttz , then cos 0 is equal to
+

2t 2t
a b
@ 1-7* ®) 1+1*

1-¢* 1+1*
c) —— d
© 1 @12

sin® cos® .
is equal to
1-cot® 1-tan®
[Karnataka CET-1998]

@ 0 1

(c) cos 0 —sin O (d) cos 6+ sin 6

If for real values of x, cos 6 = x + l , then
x

[MPPET-1996]
(a) O is an acute angle
(b) 0 is a right angle
(c) 0 is an obtuse angle
(d) No values of 6 is possible

4xy

The equation sec? 6 =
(x+y)

- is only

possible when
[MPPET-1986; I1T-1996]

(®) x<y
(d) None of these

(@ x=y

© x>y

Which of the following relations is correct?
[WBJEE-91]

(a) sin 1<sin 1°

(b) sin1>sin1°

(c) sinl =sinl°

i
d) —sinl =sinl®°
@ 180

If sin 6 + cosec 0 = 2, then sin® 6 + cosec® 0 is
equal to
[MPPET-1992; MNR-1990;
UPSEAT-2002]
(b) 4
(d) None of these

@1
(©) 2

10.

11.

12.

13.

If tan 6 = Q,cosewillbe
21 [MPPET-1994]

20 1
b) +—
®) £

(a) iH

21 20

© *=3 @ £

If x =a cos®0, y = b sin® 6, then
@) (@ + (b =1
() (b + (@hy =1
(©) (vay+ by =1
(d) /by + (Yay =1

If x = sec 6 + tan 6, then x + 1 is equal to
x

[MPPET-1986]
(@1 (b) 2sec 6
(© 2 (d) 2 tan 6

If (1 + sinA) (1 +sin B) (1 +sin C) = (1 —sin 4)
(1 —sin B) (1 — sin C), then each side is equal to
(a) £sind4 sin Bsin C

(b) £ cosA cosB cos C

(c) £sinA cos B cos C

(d) £cosAsinB sin C

If sin 6, + sin 0, + sin 6, = 3, then cos 6, +
cos 0, + cos 0, is equal to  [EAMCET-1994
(@) 3 (b) 2
(©1 @o

If tan 6 — cot © = g and sin 6 + cos 6 = b, then
B*-1)%(a*+4)is equal to [WB JEE-1979]
(@ 2 (b) -4

(c) £4 @ 4

Iftan 0 = L
an 1-xcosd

then X is equal to [MPPET-1991]

sin®
b Sing

sin¢
sin 6

(@)

sin¢ sin®

© 1-cos6 @ 1-cos¢



14.

15.

16.

17.
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If sec 6 + tan O = p, then tan 0 is equal to 18. Which value of k, (cosx + sinx) 2+ k sin x cos
[MPPET-1994] x —1=01is identity?
2 21 [Kerala (Engg.)-2001]
@ =2 ® £ B b 2
p -1 2p @ (b)
o P @ 20 © 0 @1
2p P+l 20. If sinx +sin®> = 1, then cos®x + 2 cos® x + cos’x
. is equal to
2sin 6 cosH
If p =Tandq “Tisino - then @0 (b) -1
14+cos0+sin 1+sin © 2 @ 1
[MPPET-2001] ) )
g 21. The least value of 2 sin®> 6 + 3 cos® 0 is
@ pg=1 (®) > =1 [MPPET-2010]
©aq-p @aqg+p © 3 @5
The minimum value of 9 tan® 6 + 4 cot>0 is
@ 13 ® 9 22. If secA= x+L, then the value of sec 4 +
@©) 6 @) 12 ‘ 4x
tan 4 is [MPPET-2010]
The maximum value of 4 sin®> x + 3 cos®x is x
[Karnataka CET-2003] (a) 3x ® 3
@3 (b) 4 x
© s @7 © 3 @ 2
HINTS AND EXPLANATIONS
A 0
(¢) Given sinG:i2 1—tan®— -
1+1¢ cosO = 2 _
By Pythagoras theorem T it . l+tan2? 147
AC* = AB* + BC*?
(1 +)*=Q2H*+BC*
C B i
(1 + )2 =47 + BC? 2. (d) Given 19, _cosb
N ) N N l1-cot® 1-tan®
= BC*=(1+8-4f=1++2¢-4P=
1+¢-2¢ sin® cos®
= BC*=(1-) =BC=1-¢ _1 cos0 . sin0
BC 1-¢ sin© cosH
cos = - 1if
+ _ sin 6 cos6
Second Method " sin6—cos®  cos®—sinb
2tan > sin® cosO
sinf = = 2_ If f=tan 0
= = =tan— .2 2
1+ an? Y 2 sin”" 6 cos 6
2 sinf—cos® cosB—sin0O
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sin’0 cos’0

sin®—cos® sin6—cos6
sin*0—cos’6
sin®—cos0O

(sin6 + cosO)(sinO — cosO)
(sin®—cos6)

= sinO+cos0

. (d) Given equation is cos O =x + 1/x

orx’—xcos®+1=0

for real value of x By B>> 4AC
A=1,B=—=0s0,C=1

cos>0>4 (1) (1) or |cos B <2

Which is impossible because |cos 6] < 1

No real value of 6 is possible.

. (@) sec’6>1V 0> 4)912_
(x+y)

= dxy>(x+y)?
= (x+y)-4x<0
= (x-»)*<0.But(x—y)*>0
> x-y)P’=0>x=y
. (a) 1 radian = 180 degrees = 57° (approxi-
mately) §
= sinx is increasing function
1° <1¢,sin (1°) <sin (19)
. (¢) sin 6 + cosec () =2

= sin9+;=2
sin 6
sin?6—2sinB+1=0
(sin®-1*=0
sin6=1
0=m/2
sin® (0) + cosec?(0)=1+1=2

S VO VA VY

. (¢) Given tanG:% Squaring both sides

_ 400
441

an’0

10.

11.

12.

Bysec?6=1 +tan’ 60
400

sec’0=1+—
441

or cos26=ﬂ or cos6=-_Fﬂ
29

(¢)Givenx=acos* 6,y = b sin* 0

x .
= X_cos’0, 2 =sin’0
a b

taking cube root on both sides.

X 1/3 1/3
= (—) =co0s0, (Z] =sin6
a b

Now square and add

2 2

1 1
(ﬁ)s + (1)3 =5in*0 + cos* 0
a b
x 2/3 2/3
- G
a b

(b) x+l=(sec9+tan9)+ !
x

secO +tan6

(secO—tan0)

= (sec O +tan 6) +
( ) sec’0—tan’0

> x +l =2 sec(0)
x
(b) Multiplying both sides by (1 — sin A4)
(1 -sin?*B) (1 —sin® C)
We have (1 -sin?A4) (1 —sin®B) (1 —sin®> C)
=(1-sin A)*(1 —sin B)*(1 —sin C)*

= (1 -sinAd)(1-sinB)(l-sinC)==*cos
AcosBcosC

Similarly, (1 + sin 4) (1 + sin B) (1 + sin C)

=+xcosd cosBcosC
(d) Given sin 0, + sin 0, + sin 6, = 3
= sin0,=1=sin0,=5sin0,
> 0,=6,=0,=n/2
= cosH =cos6,=cos6,=0
= cos6 +cos6,+cos6,=0

(d) Given, tan 6 —cot 6 =a v (D
sin O +cos =5 i (@



13.

14.

15.

(2)=>b*=1+2sin6cos 6

= b2-1=5in(26)

(1) > a*>=tan’> 6+ cot> 6 — 2 tan 6 cot 6
=tan?6 +cot>6 -2

=a®+4 = (tan 6 + cot 6)?

cos0 Y
+—
cos® sin®
_([sin’6+cos’®) [ 2 ?
sin O cosO sin 20

4 2 212 =
_mz(aw)(b 12=4

sin®

=a*+4 =(

(b) tan6 = 500
1-xcos¢
= (1 —xcos@)tan 6 =x sin ¢
v tan©
sind +cos¢ tan¢

(D
Similarly, tan¢ = ﬂ
1-ysin6

tand
> y=—"T i (@

" sin®+cosO tand

Qﬁﬁ _ tan0 [sin@+cos6tan¢]

2 vy B tan¢ \ sin¢ +cos¢ tand
_ sinO cot¢ +cosO
sin¢ cotO +cosé
_ sinB(cotd +cot0) sin0
sind(cotO+cotd) sind

(b)secO+tan 6 =p (D

L@

2

p -1
2p

= sec(%—tan(%:l
p

O-2)=> p—l=2tan6 = tanb=
p

2sin6
1+sin0+cos6

cos0
1+sin0

@ p+q=

_ 2sin0+2sin’ 0 +cos0 +sin6 cosO +cos’ O
(1+sin6 +cosO)(1+sinb)

_ (1+sin6+c0s0) +(sin’ 0 +sin O +sin O cosO)
(1+5sin6 +cosO)(1+sin6)

_ (1+sinB+cos0)(1+sin0) ]
(1+sin6 +cos6)(1 +sin6)

16.

17.

18.

19.

20.

21.

22.
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(d) Since, AM.>G.M.

Therefore,
2 2
wz {9 tan’ 0 x4 cot’ 0

= 9tan’6+4cot’0>2x+/36 =12
() fIx) = 4 sin®> x + 3 cos? x = sin®> x + 3 and
0<|sinx| <1

maximum value of sin®>x + 3 is 4.

(b) Given

(cosx +sinx)®+ ksinx cosx—1=0Vx eR

= cos?x + sin’x + 2 sin x cos x + k sin x cos
x—1=0Vx

= (k+2)sinxcosx=0Vx

= k+2=0=k=-2

©xsina+ycos*a=sina.cosa ..(1)

xsina—ycosa=0 U )

Now, a>=tan’>6 + cot>6—2 tan 0 . cot 0 = tan>
0+ cot>’0-2

= a*+4=(tan 0 + cot 0)°
cosej2
+—
sin©®
_(sin’0+cos’0) (2 :
sin0 coso sin 20

4 2 21\ =
G =@ +4) (B> -1)2=4

sin6

= a° +4=(
cos0

(d) We have,

sinx+sin>x=1=sinx=1-sin’x

= sinx=cos’x

= cos®x+2coséx+cos’x

= sin* x + 2 sin® x + sin? x = (sin x +
sin?x)?=1

() 2sin?6+3 (1 —sin®>6)=3 —sin’ 0

least value=3-1=2
(d)LetsecAd +tanA4d =t

secA—tanA4 =l
t

By adding both 2sec A=t +l
t

2x+L=t+l . t=2xorL
2x t 2x
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" UNSDLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):

5sin®—3cosO
. If5tan0=4,then —————=

sin®+2cosb
(a) 5/9 (b) 14/5
() 9/5 ) 514
. (sec?0—1) (cosec’0—-1)=
[Karnataka CET-1998]
@ 0 (®) 1
(c) sec 6.cosec (d) sin®>6 —cos? 6
. The incorrect statement is [MNR-1993]
(a) sin®=1/5 (b) cos6=1
(c) sinf=2 (d) tan 6 =20

. Which of the following relations is possible?
(a) sin 6 =5/3
(b) tan 6 =1002
2
4P (pesl)
1-p
(d) sec 6=1/2

(c) cosO=

. If sin 6 + cos © = m and sec 6 + cosec 6 =

n,thenn (m+1)(m—-1)=  [MPPET-1986]
(@ m (®) n
(©) 2m (d) 2n

. If cosecA +cot 4 = %, thentan 4 =

[Roorkee-1995]

(b) 15/16
(d) 117/43

(a) 21/22
(c) 44/117

7. If acos 6 + bsin 6 = m and asin 6 — bcos 6 =

10.

11.

n, thena® + b> =
(A m+n
(©) m>+n?

b)) m*—n?
(d) None of these

The value of 2(sin® 6 + cos® 6) — 3(sin* 6 +
cos*0) +1is
[MPPET-1997; UPSEAT-2002]
(b) 0
@6

(a 2
(© 4

(secA +tanA4d —-1)(secd —tan 4 + 1) —

2tan A4 = [Roorkee-1972]
(a) secA4 (b) 2secA
© 0 @1

If tan 6 + sin 6 = m and tan 6 — sin 6 = n, then
[IIT-1970]

(@) m*—n*=4mn

() m*+n*=4mn

(c) m*—n®>=m?+n?

d) m*-n*= 4mn

IfO0<x<mand cosx +sinx = %,thenthe

value of tan x is [MPPET-2009]
@ % ®) —‘”f
© —@ @ -2 *f



WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

Which of the following is equal to 1?
(a) cos*0—sin’ 6

(b) sec? 6 — cosec? 0

(c) cot>’6—tan’ O

(d) sec’6—tan?6

The value of cosd | sind
secA cosecA
(a) sec’A +tan?4
(b) sec?A —tan’A4
(c) cot’A4 —cosec* 4
(d) cosec? 4 +cot> 4
1+cos6
sin’0
@0 (®) 1
© — @ —
1-cos6 1+cos6
1-sin6 .
- is equal to
1+sin®
@0 (®) 1

(c) sec 6. tan 6 (d) sec 6—tan 0

The equation (a + b)* = 4ab sin® 8 is possible
only when
(@) 2a=b
() a=2b

b)a=b
(d) None of these

sin® 6 + cos® 6 + 3 sin” 6 cos? 6 is equal to
[MPPET-1995, 2002; DCE-2005]
®) -1
(d) None

(@) 0
©1

If f{x) = cos® x + sec” x, then
[MNR-1996]

10.

11.

12.

13.

14.

15.
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@ f)<1
© I<fx<2

®f)=1
D S22

If sin 6 + cos 6 = q, then the value of
|sin -cos 6] is [Pb. CET-92]
(a) V2-a ) V2+a’
©) vJa'-2 (d) None
Which of the following is possible?
7 a’+b’
a) cos 6= — b) sin 6 =
@ : ®) e
(€) S5sec6=4 (d) tan 6 =45
If cosx + cos*¢ = 1, then the value of sin'?x +
3 sin'% + 3 sin®x + sin®x — 1 is equal to
[VIT-2007]
@ 2 (b1
© -1 @0
If sin © + cos 6 = 1, then sin 0 cos 0 is equal to
[Karnataka CET-1998]
@ 0 (b1
(©) 2 @ 172
If (sec o + tan a) (sec  + tan B) (sec y + tan v)

= tan o tan P tan y, then (sec a — tan «)

(sec B —tan B) (sec y — tan y) is equal to
[Krukshetra CEE-1998]

(a) cota cot B coty

(b) tan o tan P tan y

(c) cota +cotP +coty

(d) tana +tan p +tany

The value of 6(sin® 6 + cos® 6) — 9 (sin* 6 +

cos* 0) + 4 is [MPPET-2001]
(@ -3 ® 0
©1 @3
If y = cos® x + sec? x, then

[MP PET-2004]
(@ y<2 ®y<1
©y=22 @ 1<y<2

If sin 6 + cosec 6 = 2, the value of sin!® 6 +
cosec!? 0 is

[MP PET-2004]
(@ 2 () 2
(©) 2° (@ 10
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ANSWER SHEET
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"HINTS AND EXPLANATIONS

(d) from 2nd trigonometric identities
1 + tan® © = sec? 6

= sec’0-tan’0=1

b) cosA+ sin4  cosAd  sind

cosecA 1 1
cosA sinAd

secA

=cos’A +sin?4=1=sec’4 —tan> A4

(c) Given, 1+.C?SG
sin“ 0
=ﬂ [ sin?6 =1 —cos’ 0]
1—cos 0
1+cos6 1

- (1-cos6)(1+cosB) “1-cosb

(d) Given
\/l—sine ><\/l—sinG
1+sin6 1—sin6

_|-sin6)’ _ [(1-sin6)’

1-sin’0 cos’0
_ (1-sin® :

cos0O
= ! —sme=sec6—tan6
cosO cosO

(b) Try yourself.

10.

(c) sin® 6 + cos® 6 + 3 sin” 6 cos? 6
= (sin® 6 + cos? 0)* — 3 sin? 6 cos® 6 + 3 sin? O
cos?6=1
Short Method
Put 6 = 0°, we get the values of expression
equal to 1. Again put 6 = 45°, the value re-
mains 1, it means that the expression is inde-
pendent of 6 and is equal to 1.
(d) fix) = (sec x —cos x)* + 2
= fix)>2forallx.
(a) |sin © — cos O = (sin 6 — cso 6)* =1 —sin 26
and sin® +cos 0 =a
= 1+sin20=a
= sin20=a2-1
= 1-sin26=2-42
|sin & —cos 6] =v2-a’
(d) For option (a): cos® cannot be greater
than 1.
For option (b): sinf also cannot be greater
than 1
For option (c): sec6 =% is also not possible
as sec 6 cannot be less then 1.
For option (d): tanb can assume any real value.
option (d) is correct.
(d) <. cosx+cos’x=1
= cosx=1-cos’x=sin’x
sin'?x + 3 sin'® x + 3 sin® x + sin x — 1



11.

12.

=cos®x+3cos’x+3cos*x+cosPx—1
=(cos’x+cosx)*-1=1-1=0
(a) Given, sin 6 + cos 6 =1
By squaring both sides, we get
(sin 0+ cos 0)> =1
= sin?0+cos?0+2sinBcosH=1
= 1+2sinbcosb=1
[ sin?6 +cos?6=1]

= 2sin6cos0=0=>sin0cos0=0

(a) Given
(sec a + tan a) (sec B + tan P) (sec y + tan v)
=tan o tan f tany
Let x = (sec a — tan a) (sec B — tan P)
(secy—tany) . 2
By multiplying both equations (1) and (2),
we get
(sec? a —tan® o)) (sec’ B — tan® B) (sec? y — tan’ )
= x.(tan o tan B tan v)

1

= X=
tano tanf tany

x =cot a.cot B coty

13.

14.

15.
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(c) 6[(sin® ©)* + (cos? 6)°’] — 9 sin* 6 — 9
cos' 6 +4

= 6[(sin® 6 + cos? 0) (sin* 6 — sin 6 cos? ) +
(cos* ©)] —9sin* 6+ 4
=—3(sin* 6 + cos* 6 + 2 sin” 6 cos®> O) + 4
=-3(sin> 0 +cos?0)’+4=-3+4=1
(¢) y = cos? x + sec? x may be written as
y=(cos’x+sec’x—2)+2
or y =(cos x —sec x)’+2
As (cos x —sec x)*is 0 or +ve

y = 2 + (positive or zero)

y=2.
(a) We have,
sin 6 + cosec 6 =2

= sin9+;= .. cosec 6=‘L
sin® sin6

= sin’6+1=2sin6

= sin’6-2sin6+1=0

= (sinf-1*’=0>sin6=1
Required value of sin'® 6 + cosec!® 6

1
=)' +—>=2
() (1)10
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BASIC CONCEPTS

Quadrants

-- ..

1.
A system of rectangular coordinate axes divides a
plane into four quadrants. An angle 6 lies in one and
only one of these quadrants. The values of the trigo-
nometric ratios in the various quadrants are shown.

QUADRANTS

Y

>

Il quadrant / | quadrant

only sin®

All t =ratios are + ve
cosect

}are +ve

X' <€ > X

Il quadrant IV quadrant

only tanf
cotd

only cosf

}are +ve
secH

}are +ve

Y

\4

i.e., Sign of trigonometrical functions in different
quadrants may be memorized as follows:

(1) I quadrant: All t-ratios are positive.

(i1) II quadrant: sin and cosec are positive and all
others negative.

III quadrant: tan and cot are positive and all
others are negative.

IV quadrant: cos and sec are positive and all
others are negative.

(iii)
@)

i) 2. CHANGE IN FUNCTION CONNECTED

WITH RELATED ANGLES

ng +0 are called Related or allied angles. Related

angles can be divided into two groups quadrant-wise
namely, as follows

(1) Whennis odd then related angles quadrant-wise
are as mentioned below
Value of the trigonometric ratio of any angle
for odd n results is the co-function when effect

of any trigonometric function is studied e.g.,
sin (E - 6) =cos0, sin(E + 6) =cos0
2 2

cos(%t— 6] =-sin0, cos(%t+6) =sin6

%_ 3n
2

(i1)) When 7 is even then related angles quadrant-
wise are as follows:
Values of the trigonometric ratio of any angle
for even n results in the same function when
effect of any trigonometric function is studied
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e.g., i) 4. IMPORTANT TRVALUE'S
(i) sin(-0)=-sin 6 cosec (—0)
=—cosec 0
n+0| 2" _g (i) cos(-B)=cos6 sec (—0) = sec O
or —

(ii1) tan (-0)=-tan 6 cot (-0)=—cot 6
sin(m — ) = sin O, sin(w + 6) = —sin O (v) sin(90°-0)=cot6, cos(90°-0)=sin0
sin(2n — 6) = —sin 6, sin(2x + 6) = sin O tan (90° — @) =cot 6, cot (90°—0)=tan O

Example sec (90° — 0) = cosec 6, cosec (90° —6)
(a) To determine sin(540° —0), we note that 540° — =sec
0 =6 x 90° — 0 is a second quadrant angle if (v) sin(90°+08)=cos6, cos(90°+6)
0°<6<90°. =—sin 6
In this quadrant, sine is positive and, since the tan (90° + ©) = —cot 8, cot (90° + 6)
given angle contains an even multiple of n/2, =_tan O
the sine function is retained. o o
Hence, sin (540° — 0) = sin 0 s;ec (90°+6) (iosec (90°+6)
= —cosec 0, =sec 6

(b) To determine cos(630° — 0), we note 630° — 6 o )
=7 x 90°— 0 is a third quadrant angle if 0° < | (Vi) sin(180°-0)=sin6, cos(180°-6)

<90°. In this quadrant, cosine is negative and, =—cos 6
since the given angle contains an odd multiple tan (180° — 0) cot (180° - 6)
of m/2, cosine is replaced by sine. Hence, cos =_tan O, =—cot0
(630°-6) =—sin 6. sec (180° — 0) = —sec 0, cosec (180° — 6)
3. VALUE OF TR INTERMS OF o = cosec 6
AN ANGLE IN THE FIRST QUADRANT | (ViD) sin (180°+6) cos (180°+6)
= —gin e, =—os 0

The value of trigonometric ratios of any angle can be

o + — [ +
expressed in terms of an angle in first quadrant, by the tan (180° + ) = tan 6, :oéo(tl SO 9
use of quadrant-wise angle and sign convention
1 1 sec (180° +0) =—sec 6, cosec (180° + 6)
sin45°=+$, sin135°=+$, = —cosec 0
] ] (viii) sin (270° - 0) cos (270° - 0)
sin225°=—T, sin315°=—T =—co0s 0, =—sin 0
2 § 2 tan (270° — ) = cot 6, cot (270° — )
A =—tan 6
Il quadrant | quadrant cosec (270° — 0) sec (270° - 0)
only sinb }are +ve | Allt=ratios are + ve } f—sec o, = ~cosec §
cosach (xi) sin (270° + 0) cos (270° + 0)
X' € > X =—co0s 0, =sin 0O
1l quadrant IV quadrant tan (270° + 0) cot (270° + 6)
=—cot 6, = —tan 0
gg% tane}are +ve gg(l:)écose } are +ve cosec (270° + 0) sec (270° + 0)
Y =—sec 0, = cosec O
v (x) sin (360° —6)=—sin 6, cos (360° - 6)
NOTE =cos ©
| ) ) tan (360° — 0) =—tan 0, cot (360° —6)
The value of the trigonometric ratios at each of the = _cotO
above quadrant-wise angles are numerically same
cosec (360° —6) sec (360° — 6)

and sign is as per sign convention.
 rsee———s = —C0s¢ccC 9, =sec 0
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TRIGONOMETRY RATIOS OF STANDARD ANGLES

5.1 Table
0 0° 30° 45° 60° 90° 120° 135° 150°  180°
sin 0 1/2 142 32 1 NEY R TN D) 172 0
cos 1 32 142 12 0 -12 2 =Bz -1
tan 0 143 1 3 © -l _13 0
cot © 3 1 3 0 _143 -1 -3
sec 1 213 2 2 o 2 -2 YN
cosec © 2 NO 23 1 23 A2 2 ®©
5.2 Important relations T NE
7. cos?o + cos?| ——o |+cosT| —+a
2 2y = 2 2

1. sin*a+cos’a=1

2. sin® o+ sin? (90° — o) = 1 +cos’(m—o) =2

3. cos’a +cos?(90°—-a) =1 8. tanBcotO=1

4. sin>o+sin’pf=1 if o + B =90° 9. tanAtan B =1if A+ B =90° or 270°

5. cosla+cos’B=1 ifa+p=90° 10. sin o +sin p=0if o + p =0° or 360° or 27

11. cosa+cosB=0ifa+p=n=180°
6. sin’o + sinz(g—a]+sin2(£+a) 12. sino+sinBif o+ p=m=180°
2 2 13. tana+tan B=0if o + =7 =180° or 27
14. sino=cos B if o+ B =90°
+sin’*(T—-o)=2 15. cos o =sin B if o + B = 90°

(=

1.

3
If COSX=—§,X lies in the third quadrant,

find the values of other five trigonometric
functions. [NCERT]

Solution

. 3 5
Since cos x = s we have sec x = 3

Now, sin’>x + cos’x =1
ie,sin>x=1-cos*x
9 16

sin* x=1-—=—
25 25

or

" TSOLVED SUBJECTIVE PROBLEMS (XITBOARD (CESE/STATEN: ~
: = - FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETORIC, .

. 4
Hence, sinx = ig
Since x lies in third quadrant, sin x is negative.
. 4
Therefore, sinx = _E
which also gives,
5
cosec x=——
4
Further, we have
_sinx _ 4

tanx = =— and cosx =
cosx 3

CosXx

3
sinx 4
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2. If cotx= —%, x lies in second quadrant, find

the values of other five trigonometric func-

tions. [NCERT]
Solution
Since, cotx = —i, we have tan = —%
Now, sec*> = 1 + tan’> = 1+ﬂ=16_9
25 25

1
Hence, sec x = i?

Since x lines in second quadrant, sec x will be
negative. Therefore,

13
secx =——
5

which also gives cosx = —%

Further, we have

. 12 5 12

sinx=tanxcosx =| — |X| — [=—
5 13 13

13
and cosec x =——=—
sinx 12

3. Find the value of sing‘ [NCERT]

Solution

We know that values of sin x repeats after an
interval of 27. therefore,

EXERCISE 1

Directions for questions 1 to 6:
Find the values of the following trigonometric ratios.

1. sin 315°
2. cos (—480°)
3. sin (-1125°)
4. cot 570°

. 31 . T . T 3
sin—=sin| 10T+ — |=sin—=—
3 3 3 2

4. Find the value of cos(—1710°).
Solution

We know that values of cos x repeats after an
interval of 27 or 360°. Therefore, cos(—1710°)
= cos(—1710° + 5 x 360°) = cos(—1710° +
1800°) = c0s90° =0

5. cotl5° + cot75° + cotl35° — cosec 30° is
equal to

Solution

The given expression is equal to
cot 15° + cot(90° — 15°) + cot(90° + 45°) —

cosec 30°
=cot 15° + tan 15° — tan 45° — cosec 30°
= ‘2 -1-2=4-3=1

sin30°

6. If B + C = 60°, prove that sin (120° — B) =
sin(120° — C).

Solution

L.H.S. =sin(120° - B)
= sin [120° - (60° - C)]
[ B+C=60°
= sin (60° + C)
= sin [180° — (60° + C)]
[*" sin 6 =sin(180° — 6)]
=sin (120°-C)=RH.S.

f T UNSOLVED SUBECTIVETROBLENS T BORRD feB S E STATE:
- SOWETHESE PROBLEMS TO GRASPTHETORIC

5. cos 270°

6. sin(_“n)
4

Directions for questions 7 to 19:
Prove the following:

7. tan 225° cot 405° + tan 765° cot 675° =0

8. sin(270° — 6) sin (90° — 6) — cos(270° — 0)
cos(90°+6)+1=0




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

sin(—420°) (cos 390°) + cos(—660°)
sin 330° = -1

cos(90° +6)sec(-0)tan(180°-6)
sec(360° — 0)sin(180° + 6)cot(90° - 0)

Sin 600° tan (—690°) + sec 840° cot (—945°)

b1
[1 +cota —sec(oc +EH

i3
[1 +cota +sec((x +EH =2cota

Simplify — cos6 ‘ sin(—6)
sin(90°+6) sin(180° +6)
_ tan(90°+6)
cotd

Find all other trigonometrical ratios if

26

sin® =——— and 6 lies in quadrant III.

If secO= \/E and 31/2 <0 < 2= find the value
1+tan0® +cosec 6
1+cotf—cosec 6

Prove that cos 150° + cos 15° = sin 75° —
sin 15°

Prove that
c0s 34° + cos 43° + cos 137° + cos 214° + cos

300° = 1
2

T 3n
Prove that cos2§+cosz—+
Sm T
cosz?+cos —=2

Find all angles between 0° and 360° satisfying
3tan*x = 1.

EXERCISE 2

1.

Find the values of the following trigonometric
ratios:

(a) cos 210°
(c) sin (—m/2)

(b) cos 480°
(d) cos—-=

10.

11.

Quadrants A.39

Prove that

sin(—6)tan(90° + 6) tan(180° + 6)
sin(180° — 6)cos(90° — 6) cos(360° — 6)
=secBOcosec 0

(®) cos 510° cos 330° + sin 390° cos 120° =-1
© cos(T + 0)cos(—6)

sin(Tt— 6)cos (g + 6)

(@)

=cot’0

(d) cos (%t + 9)cos(21t +0)

[cot (371! - 6) +cot(2m + 6)] =1

Simplify
tan(90° — 6)sec(180° — ) sin(—0)
sin(180 + 0)cot(360° — B)cosec (90° +0)
Find sin 6 and tan 6 if cos 6 = —-12/13 and 6
lies in the third quadrant.

If cos©=-1/2
and T <0 3w/2,
find the value of tan?0 — 3 cosec? 0.

If sin0=1/+/2 and 0 lies in the second quad-
rant, find all other trigonometric ratios.

Find all values of 0 between 0° and 360° for
which

(i) sin©=1/2,
. 2
(i1) cosecb=———.
NG
If tan 6 = 3/4 lies in 3rd quadrant, find all
trigonometric ratios.

cosec (90° + 4) + x cos 4 cot (90° + 4) = sin
(90° + A4)

-5 .
If cotx=—, x lies in second quadrant, find

the values of other five trigonometric func-
tions.

Prove that

(a) cot? X 4 cosec 5—1t+3tan2£=6
6 6 6

(b) 2sin23—n+ 2cos’ X 4+ 2sec? E =10
4 4 3

(c) cos® (§+ 6)—sin2 (g— 6] =0
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ANSWERS
EXERCISE 1 (i) 150°, 330° when tan (ii) 240°, 300°
-1
-1 X=— . 3
1. — 8. sinf=——
V2 s 5
5 __1 EXERCISE 2 cose=—%
’ 1 -3 4
3 -1 - (@ 2 cotf=—
V2 b 3
-3
4. 3 ®) 5
(C)—l SCC6=—Z
5.0
d) -1
6 —L @ cosecO=—=
N 3.1
13. 3 4. sin0=-5/13,tan0 =512 9 tand
_ 5 8 5
14. cos6=?1, tan® = 26, 10. tanx=—E,
_5 6. cosO=-12
cosec B =——, sec O =-5, secx=——
246 tan 6 = -1 5
‘0 1 cot 0 =-1 cosx
cotd=—— -
2‘/3 cosecG:«/E 13
. 12
15. -1 secez—ﬁ sinx =—

13
19. (i) 30° or 210° when tan 7. (i) 30°, 150°
1 >

NG

13
cosec x = —
12

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

e

1. If 3—n<0L<1t,then 1/2cot0t+ ‘12 is equal =+2cota+1+cot’a
4 sin®a

to [Pb. CET-2000; AMU-2001] =,/(I+cota)’ =|1+cota|
(@ 1 +cota (b) -1 —cota 3
. T
) 1-cota (d) -1 +cota Since, cot a <—1 when ” <O <T,
Solution we have |1 + cot a| =-1 —cota

®) 2cot o+

a2
s o 2. If tanG:—%, then sin 0 is

=~/2cota +cosec’a [AIEEE-2002]




4

4 4 4
a) —— butnot — b) ——or—
€)) S S (b) SOTS

© %but not —% (d) None of these

Solution

Since, tan6 = —%

But, tan 0 is negative which is possible only, if
6 lie in second and fourth quadrants.

3. Ifaisaroot of 25¢cos20+5cos 6 —-12=0,

T . .
3 <o <7, then sin 20 is equal to

[AIEEE-2002]
24 24
a) — b) ——
@ 75 (b) 75
13 13
c) — d) ——
© T @ T
Solution

Since, a is a root of 25 cos> 6 + 5 cos 6 —
12=0

25cos?a+5cosa—12=0
= (Bcosa-3)(5cosa+4)=0

4 3

= coso=——,—
55
But §< o < T ie.,in second quadrant

cosa =——
5

. 3
= sina=—
5

Now, sin 200 = 2 sin o cos o
= 2><E>< —i = —ﬁ
5 5 25
4. If sin (30° — 6) = cos (60° — ¢) then
[C.D.S.-1998]

() $-0=0°
(d) ¢ —0=60°

() ¢ —0=130°
(©) ¢ +0=060°

Quadrants A.41

Solution

sin (30° — 6) = cos (60° — 6)

= sin [90° — (60° — ¢) = sin (30° — ¢)]
So30°-6=30°-¢
= 0=0=26-06=0

5. The value of sin (—870°) is
[S.C.R.A. Exam.-1999]

1 1

(@) ) (b) 7z

1

©1 @ 3
Solution

sin [-870°] = —sin (870°)
= —sin (9 x 90° + 60°)

=—cos 60° = —l
2

6. If 6 <90°, then sin 6 + cos 0 is
[N.D.A. Sept-1998 Type]
(a) less then 1
(b) equalto 1
(c) greater than 1
(d) none of these
Solution

Since, 0 <6 <90°
O0<sin6<land0<cos6<1

sin 0 + cos 0 lies between 0 and 2
Also, sin 0 + cos 0 =+/2sin O+7/4)< V2
0<sin®+cosH< \/E

7. The value of tan (180° + 6) tan (90° — 0) is
[N.D.A. Sept-1998]

(@1 (b) -1
© 0 (d) None
Solution

tan (180° + 0) tan (90° —0)=tan 6 .cot 6 =1

8. If we convert sin (—566°) to some trigonomet-
rical ratio of a positive angle lying between 0°
and 45°, then we get

[N.D.A. Sept-1998]

(b) —cos 26°

(d) —sin 26°

(a) cos 26°
(c) sin 26°
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Solution
sin (—566°) = —sin 566°
= —sin (6 x 90° + 26°)
= —(—sin 26°) = sin 26°
9. The value of sin®> 75° — sin® 15° is
[Delhi C.E.E.-1995, Pb. C.E.T.-2001]

1 N
€)) ) ®) -
©1 @o

Solution

sin® 75° —sin® 15°
=sin (75° + 15°) sin (75° - 15°)

5%

=sin 90° sin 60° = 1.

10. IfA>0,B>0and A +B = g find the maxi-

mum value of tan 4 tan B.  [IIT-JEE-1993]

Solution
LettanA4 . tan B=x
tan (4 +B) =3
= \/g(l—x) =tanA4 +tan B> 2«/;
Using A.M. — G.M. inequality

2
x+—=/x-1<0
3

« B[

i

J;—Tso

Maximum value of tan a. tan B =§

1
or x<—
3

11. sin 47° — sin 25° + sin 61° — sin 11° is

equal to

(a) cos 7° (b) sin 7°

(c) 2cos7° (d) 2sin7°
Solution

(a) We have,

sin 47° —sin 25° + sin 61° —sin 11°
=2sin 11° cos 36° + 2 sin 25° cos 36°
=2 cos 36° (sin 25° + sin 11°)

=2 cos 36° x 2 sin 18° cos 7°

= 4[\/§+4](\/§4_1] cos 7°=cos 7°

4
12. cos1°+cos2°+cos3°+ ........ + cos 180°
is equal to
@1 ® 0
© 2 @ -1
Solution
(d) We have,
cos 1°+cos2°+cos3°+........ +cos 180°

90°
= Z{cose +cos (180°—-6)} +cos 180°

0=1

90°
= Z(cos 6—cos0)-1=-1
0=1

OBJECTIVE PROBLEM IMPORTANT QUESTIONS WITH SOLUTIONS

1. If cosec ©+2=0and 0 <0 <360°, then 0 is
equal to [EAMCET-1994]
(a) 210°, 300° (b) 240°, 300°
(c) 210°, 240° (d) 210°, 330°

2. tan 1°tan 2° tan 3° tan 4° .... tan 89° is equal to
[MPPET-1998, 2001; AMU-1999;
Pb. CET-1994; DCE-2003]

@1
(©) o

®) 0
@ %

3. If sin 6= % and 6 lies in the second quad-

rant, then sec 6 + tan 6 is equal to
(@) -3 () -5
© -7 @ -9
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4. If tanO= _?4, then sin 0 is equal to 11. cosec ®—cos 6 = %, 0<6< E, then cos 0 is
[IIT-79; Pb-95; Orissa JEE-02] equal to [KCET-2000]
(a) —4/5 but not 4/5 (b) —4/5 or 4/5 (a) -3/5 (b) =5/3
(c) 4/5 but not —4/5 (d) None of these () 53 (@) 3/5
5. tan A + cot(180° + A) + cot(90° + A) + o R
cot (360° — A) [MPPET-1992] 12. If0 <6 <mand81™ °+81° ° =30 then 0 is
@@ 0 (b) 2tan 4 (a) 30° (b) 60°
(¢) 2cot4d (@) 2 (tanA4 — cot 4) (¢) 120° (d) 150°
13. The val 105° + sin 105° i
6. The value of cos 4 —sin 4 when 4 = S—n, is © value cos s s
. @ = ®) 1
[MPPET-1990] P
@ V2 ) 142 © 2 (d 1
© 0 @1 V2
7. The value of cos (270° + 6) cos (90° — 0) — - o
sin (270° — 0) cos 8 is 14. The numerical value of tan§+ 2tan?+
[Karnataka CET-2005]
@0 () -1 4tan4—1t+8tan8—7t is equal to
(© 172 @1
5
8. The value of cos* ™ +cos? E+cos? 2T s @ -5v3 ® B
12 4 12
'Karnataka CET-2002, 5
. ! ) / © 53 @ =
a) — b) =
@ 2 (b) 3
. 2T . ,3m
3443 2 15. The value of sin” —+sin" —+
© 3 @ 355
+ LT L, T® .
) ) sin®—+sin” — is
9. The value of sin 600° cos 330° + cos 120° sin
150° is @1 (b) 2
(@) —1 ®) 1 1 1
© 12 @ 312 ORy @ 22
10. If sec © =—2/+/3 and cosec 6 = 2, then the | 16. The value of & radian is equal to
quadrants in which 6 lies is [MPPET-2010]
@l b II (a) 60° (b) 180°
(c) III @1 (c) 90° (d) 360°
HINTS AND EXPLANATIONS
1. (d) cosec=-2 2. (a)tan 1° tan 2° tan 3° tan 4° ---—---—- tan 89°

= sin6 —% = sin(-30°)
= sin(w + 30°) or sin(2w — 30°)
0 =210°, 330°

(tan 1° . tan 89°) (tan 2° . tan 88°) ---------
(tan 44° . tan 46°) tan 45°

= (tan 1° . cot 1°) (tan 2° . cot 2°) --------- tan
44° . cot44°) . 1=(1) (1) ------- H=1



A.44 Quadrants

(.- tan 89° =tan 90° — 1) = cot 1°
tan 88° =tan (90° — 2) = cot 2°

and tan 46° = tan (90° — 44) = cot 44°)

. (¢) Given sin 0 = % (in II quadrants)

assin© = m = ﬁ
Hyp. 25
B
- 24
0
A -7 (o]

therefore, Base = —7 (As in II quadrant)

secO + tan 0 =—£—£=—£=_7
7 7 7
. (b) Since cosec>0 =1+ cot> 6
=1+1=£ .'.tan6=_—4)
16 16 3
sin® = ! - =E:>sin6=ii
cosec’® 25 5

Both the values are aceeptable.

. -4
Since tan 0 = ?

i.e., 0 lies in 2nd or 4th quadrants.

. (@tan4 +cot4—tan4 —cos4A=0
cot(180° + A) = cot A, cot(90° + 4) =
cot (360° —A) =—cot4

[.. According to quadrant rule]

. (©) cos%t—sins—n=_—1—(_—l) =0

4 2 (V2

. (d) Given

c0s(270° + 6) cos(90° — 6) — sin(270° — 6) cos 6
= sin 6.sin 6 + cos 6.cos6

=sin%0 + cos?0 =1

[According to the quadrant rule, cos(270° + 6)
= sin 0, cos(90° — 6) = sin 6, sin(270° — 6) =
cos 0]

10.

11.

12.

cos2£+cos2£+cos25—7t
@ cos 4 12
1+cosE 1+cos5—7t
= +
2 2
3 1 T 5w
== 4+—|cos=+cos—
2 2 6 6
3 1 T T
== +—|cos=+cos| t1——
2 2 6 6
3 1[ T n]
=4+ cos=—cos—
2 2 6 6
3 1 3
Sl
2 2( ) 2

(a) sin 600° . cos 330° + cos 120° sin 150° =

sin (720° — 120°) cos (180° + 150°) + cos 120°
sin 150°

= (=sin 120°) (—cos 150°) + cos 120° sin 150°
= sin 120° cos 150° + cos 120° sin 150°
=sin (120° + 150°) = sin 270° = -1
(b) Since sec 0 i.e., cos 0 is negative
6 lies in IInd or IIIrd quadrant.

Since, sin 0 is +ve .". 0 lies in Ist or IInd quad-

rant.
Hence, 6 lies in IInd quadrants.

(d) cosec 6 —cot 0 =%

Also, cosec? 0 —cot>?0=1
= cosecO+cot6=2

2 cosec 0 =2+l=é
2 2

= sin(9=i2>2cot6=2—l=i
5 2 2
3 3.
= cotb==— = cosO=—sin6
4 4
3 4 3
=—X—=—
4 5 5

(a,b) cos? 0 =1 —sin’ 6. Let 81°°°=¢

= t+ﬂ=30 = £-30t+81=0
t
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= emame- o tan X~ 2tan = + 4tan = — 8tan *
= gie _gisin'e _33 3l —ang— an§+ an;— an;
= sin26=i,l or s1n6=i—3,il =—5tant=-53
44 2 2 3

_E E o o

= e_6’ or 30%, 60 15. (b) sin7—n=sin r-ZX|=sinZ
8 8 8
13. (d) cos 105° + sin 105°
. .St . 3n . 3w
=c0s (90° + 15°) + sin (90° + 15°) s1n?=s1n n—? =s1n?
=cos 15° —sin 15°
=\/§+1_\/§—1= 2 _ 1 Thegivenvalue=2[sin2§+sin2%}
W2 2y2 22 2
T L 4r 8% = Z[Sin2 T +cos? E]
14. (a) tan—+2tan=—+ +tan— +8tan— 8 8

3 3 3 3

P T UL .2 T
=tan§+2tan(n—?)+4tan CSIMTem =S| e | Te0sy

=2()=2

(n+£]+8tan(3n—£) )

3 3 16. (b) Obvious

(" "UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICET
FOR IMPROVING SPEED WITH ACCURACY

S I L

- - ea - e

et e o rwme o e emi mmseao s

1. If sin® =—1/«/§ and tan © = 1, then 0 lies in Eg (_)1 83 ;
which quadrant
(a) First (b) Second 6. cos A + sin (270° + A) — sin (270° — A) + cos
(¢) Third (d) Fourth (180° + A) is equal to [MPPET-1990]
‘ (@ -1 (® 0
2. cos 1° . cos 2°.cos3°..........cos 179° is © 1 (d) None
equal to [Karnataka CET-1999; DCE-2005]
a) 0 b) 1
EC; 2 Ed; 1/2 7. If 1t<(x<3—n, then \/1—cosoc+ [L+cos a
2 l+cosa \jl—cosoc
3. The value of S04, 1020 ;o is equal to [MNR-1997]
tan 36° cot 70° (a) 2/sina (b) —2/sin a
[Karnataka CET-1999] (©) Usina (d) -1/sin a
@ 2 (®) 3
© 1 @ o 8. cot (45° + 6) cot (45° — 6) is equal to
(@ -1 (b) 0
4. The value of sin 10° + sin 20° + sin 30° + ... + © 1 (d) o
sin 360° is [Pb. CET-2003]
@ 11 (3) 1?1 9 tanitanz—ntans—7t tanﬁtan9—7t is equal to
© (d) None " 20720 20 20 20
5. cos1°+cos2°+cos3°+.......... + cos 180° (a) -1 (b) 172
is equal to [Karnataka CET-2003] ©1 (d) o



A.46 Quadrants

10.

11.

12.

13.

14.

If tan 6 = tan 240° and 0 is in first quadrant,

then 6 is equal to [MPPET-97]
(a) 60° (b) 45°

(c) 30° @) 15°

The value of tan (—945°) is

(@ -1 (®) -2

© -3 @ -4

If sin (a —B) = % and cos (o + B) = %, where

o, P are positive acute angle, then
(a) a=45°,B=15° () a=15°, B=45°
(©) a=60° B=15° (d) None of these

Which of the following is the correct identity?

(a) cot (§+ A) =tan4

(b) sec (7% - AJ =—cosec A

(c) sin(nw+A)=sin A4
(d) sin(m—A4)=-—cos 4

sin(180° — A)cos(270°—-4) .

- is equal to
sin(180° + A)cos(270° + A)
@1 (®) -1
(c) tan A4 (d) cotA4

15.

16.

17.

18.

tan® sin(gﬂﬂjcos(g— 9) is equal to

[EAMCET-81]
(@1 (b) 0

(© N2 (d) None
sin2£+sinzg+ sin’ = 4 5in? 2% i equal
to

(@1 (b) 4

(©) 2 @0

If 6 lies in 3rd quadrant, then sin 6 + cos 0 is
(a) Negative

(b) Positive

(c) Zero

(d) Zero or Positive

Angles between 0 and 21 whose sin is 1/2
are

T 47 3n 7n
a) —, — b)) —, —
()3 3 ®) 43

T 57° 2n Ixm
c) — — d) —, —
()6 6 @ 3 6



WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet

The worksheet is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

cosec 390°

(a) 2 ®) =2

(c) £2 (d) None of these

If sin © =—1/2 and cos® =~/3/2 then 6 lies in
(@) I () I

(c) III @1

Angles between 0 and 27 whose tangent is —1
are

T 37n T 57°
a) —, — b) —, —
()4 4 ()6 6

2n I 3n Tn
c) —,— d) —, —
© 3 6 @ 44

If 0 <6 <90° The sec 0 is
(a) Greater than 1 (b) Less than 1
(c) Equalto 1 (d) None of these

If sin A4 =cos A, 0°<A4 <90° then 4 is
(a) 15° (b) 30°
(c) 45° (d) 60°

If sind = 12/13 and 4 lies in the first quadrant
then, sec A + tan A4 is equal to

(@ 1/5 ) -1/5
© -5 @>s
. -24 .
If sinx = ETR then the value of tan x is
[UPSEAT-2003]
(a) 24/25 (b) —24/27
(c) 25/24 (d) None of these

8.

10.

11.

12.

13.

14.

15.

Quadrants A.47

If 4 lies in the second quadrant and 3tan 4 +
4 =0, the value of 2 cot A —5 cos A + sin A4 is

equal to [Pb CET-2000; NDA-07]
(a) =53/10 (b) =7/10
(c) 7/10 (d) 23/10

cos 24° + cos 5° + cos 175° + cos 204° + cos
300° is equal to

(@ 112 ) -172
(©) 312 @ 1
If sin6 = 1/2 and 6 is an obtuse angle, then
cotf is equal to
1 1
a) — b) ——
(@ NG (b) NG
© 3 @ -3
sec (270° —A4) is (90° — 4) —tan (270° — 4) +
tan (90° + A4) is equal
(CVRY ® 1
(©) -1 (d) None of these
If 6 lies in the second quadrant, then the value
1-sin6® 1+sin6
of - + -
1+sin6 1-sin6
(a) 2secH (b) =2 sec ©
(c) 2cosec 0 (d) None
If tan 6 = —1/410 and 6 lies in the fourth
quadrant, then cos 6 is equal to
(@) 1A11 () -1
(¢) V10/11 (d) —v10/11
The value of tan? 30° + tan? 45° + tan® 60° is
(a) 1373 (b) -13/3
(c) 313 (d) -3/13
2 o o
If x sin 45° cos%60° = w , then
] sec45°cot”30°
x is equal to
@ 2 (b) 4
© 8 @ 16
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"HINTS AND EXPLANATIONS

8 (d3tanA+4=0;tan4 = _?4

Ais in IT quadrant
cotA =_—3,cosA =_—3,
4 5

. 4
sind =—

2cotA—5cosA+sinA

=2 _i -5 __3 +i=£
4 5 5 10

9. (a) cos24° + cos5° + cos(180° — 5°) +
c0s(180° + 24°) + cos(360° — 60°) = cos24° +

€055° — c0s5° — c0s24° + cos60° = %

1-sin6+1+sin6 2
12. (b) — = :
\/l—sm 0 \/cos 0
2 -2

- |cosB| cos6

("' 6 € II Quadrant )




lLECLLLRE

Trigonometric
Functions of
Compound Angles

ﬁ"'\ - R H
‘ BASIC CONCEPTS |
1. TRIGONOMETRIC FUNCTIONS B . B-1 1 .
FOR SUM AND DIFFERENCE OF THE (i) tan15°= T2 —=2-3= cot 75
TWO ANGLES V341 2443
(1) Sin(4+B)=sinA cos B +cosA sinB (iii) sin 75° = V3+1 ,
(i) Sin(4—B)=sinA4 cos B cos 4 sin B 242
(ii1) cos (4 +B)=cos A cos B—sin4 sin B B-1 .
(iv) cos (4 —B)=cos A cos B + sin 4 sin B cos 75°= 2 =sin15°
@) tan(A+B)=tanA+tanB ﬁ+1
I-tandtanB (iv) tan75° = =2+3
. tanA—tanB -1
(vi) tan(4-B)= ————
1+tanAtanB 1 150
= =cot
(vii) cot (4 +B)= StAcotB -1 2-43
cotA +cotB
(et
(viii) cot (4—B)= cotAcotB +1 3. MAXIMUM AND MINIMUM VALUES OF
cot B—cotA SOME FUNCTIONS
(ix) sin (4 + B) sin (4 — B) = sin?4 — sin?B = cos’B
—cos*4 S . 1. asinx+bcosx= a’+b’sin v+tan 2
(xX) cos(A+B)cos(4-B)=cos’4 —sin’B =cos’B a
—sin’4
(xi) 2A=(4 +B)+ A -B) o @b cos(x—tan“gj So
(xii) 2B=(4 +B)- (A -B) b
. 2 2 - 2 2
2. TRIGONOMETRIC RATIOS OF (‘) ! +b" <asinx+boosx< Va+b
SOME USEFUL ANGLES
s Ji-1 s B+ o (i) c—va’+b* <asinx+bcosx+c<c+
1) Sin = —F—, COos = =Ssin
» 22 22 N



A.50 Trigonometric Functions of Compound Angles

NOTE . T 1-tan6
: . (i) tan|—-06|=
Maximum value of a sin x + b cos x occurs at 4 1+tan6
x=tan" < and minimum value is defined at
b 1+sin6
(i) ——————=secO+tanO = -
o (a] secO —tan0 1—5sin0
T b
b -
(iv) ﬁ=sec6—tan6= i—sIng
+ +
2. |asecx+btanx|> va’ +b* sectian S
W) 1 =cosec O +cot 0= 1+cosb
4. SOME IMPORTANT FUNCTIONS o500 0—coth 1—cosO
. T _1+tan® i) 1 =cosecO-cot= 1-cos
® tan(z+e]_1—tane cosec 0+cotO 1+cos6
- ~ SOLVED SUBJECTIVE PROBLEMS (Xii BOARD (C.B.S.E/STATE)):

FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

. . ' = e

1. Prove that tan 0 tan(6+§) + tan (6+§)

an G—E +tan 0 tan (G—E =-3.
3 3

Solution

LHS= tane{tan(6+§) +tan(6—§)}
+tan(6+£)tan(e_£)
3 3

tan9+\/§ tane—«/g
=tan® +
1-3tan® 1++/3tand

tan6+\/_ tanG—\/g
1- \/_tane 1+\/§tan6
8tan0 tan’0 -3

=tan® +
1-3tan®] 1-3tan’0

_9tan’0-3 _ 3_pys
1-3tan’0

2. 5cos O + 3cps (6+§) + 3 lies between —4
and 10.

Solution

5cos 6 + 3 cos (9_,_
3

£]+3=5cos6+3

(cochosg—smesm 3) +3

5cos0+3 ((cosG)%—(sine)g] +3

13 33

— cosG—T sin 6 + 3

2

13 343 .
Put—=rcosa, —=rsina
2 2

=>ri= 169+£—49:>r—7]
4 4

=rcosacos O —rsinasinb+3=7cos

®+a)+3

Now, —1 <cos(®@+a)<1

= T<T7cos(@+a)<7

= 4<Tcos(@+a)+3<10

Hence, the given expression lies between —4
and 10.



3. If o and P are the solutions of the equa-
tion and tan 6 + b sec 6 = ¢, then show that
tan(a + B) = 2ac/a® — ?).

Solution

Here, b sec® =c —atan 6.

Squaring both sides

b (1 +tan’0) =c*—2 ca tan O + g tan”> 6
@-bHtan’0—2catan 6+ (c*-b»H=0

zi, tan o tan B =
bZ

tan o0 + tan B =

P -b?

at—b*

tan (o + p) = tana +tanf
1-tanotanf

2
a -

2ca 2ac

=(a2—b2)—(c2—b2)=a2—cz

4. If sin x + sin y = 3(cos y — cos x), prove that
sin 3x + sin 3y = 0.

Solution
F ehave
3cosx+sinx=3cosy—siny .........(1)
Put3=rcosa,l=rsina,

r= \/1_0, tan oc=§‘

rcos(x—a)=rcos(y+ao)
x—o=fx@F+a). . x=-yorx=y+2a
clearly x = —y satisfies (1)

3x =—3y or sin 3x = sin (—3y) = —sin 3y

or sin3x+sin3y=0

5. Iftana = ﬂ, prove that
P +Qcosp
tan (B — o)) = Psinf
Q + Pcosp

Trigonometric Functions of Compound Angles A.51

Solution

tan(l} - (x) = M
l+tanPtana

sin3 Qsinf

cosf P +QcosP

sinB{ Qsinf

cosf [P +QcosB)

_ sinB(P +QcosP)—OsinPcosp
" cosP(P +QcosB) +Osin’B

_ Psinp
Q +Pcosp

6. Prove that, sin 4 + cos 4 = ﬁsin(gi A)
= \/E cos(£¢ A) .
4
Solution

LHS =sin A4 + cos A (multiplying and dividing

by \/2)

= ﬁ(%sinA +%cosA)

= \/E(cosgsinA + sin%cosA)

= \/Esin (A + E]
4
or

= \/E(sinAsing+ cos%cosA)

=2 cos(E - A)
4
Similarly, sin — cos A =2 sin(g—A] or

\/Ecos(§+A)



A.52 Trigonometric Functions of Compound Angles

“UNSOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E/STATE)):
SOLVE THESE PROBLEMS TO GRASP THE TOPIC |

€ EXERCISE 1 i
2. IfA+B=— that (1 + tan A4) (1 +
L Ifcosd=2 cosB= 23" 4 p<on 4 > prove that (1 + tan 4) (
5 13° 2 tan B) = 2

find the values of the following:
0 — o o
@) cos(4+B) (i) sin (4 —B) 3. Prove that, tan 70° = tan 20° + 2 tan 50

2. Find the values of the following: 4. Prove that,

(i) sin 75° (ii) cos75° (1) tan 15° +cot 15°=4
(ii1) sin 15° @iv) cos15° (i1) tan 75°+ cot 75° =4
3. Evaluate the following: 5. Prove that, cos 6 — sin & =+/2 cos (9 +£] .
) sin7—ncos£— cos7—nsinE 4
o 71t2 n4 ;2. n4 6. Prove that,
(i) sin—cos—+cos—sin— sinfA-B) sin(B-C) sin(C - 4)
4 12 4 12 + =0

sindsinB sinBsinC sinC sin A4

tan(45° + x) _(1+tanx)z

tan(45° - x) - 7. Prove that,
cos(n+1)Acos(m—1)A +sin(n+1)A4 sin

(n—1)A=cos24

1-tanx

5. Iftan o= —~— and tan B=

m+1 2m+1
prove that o+ = il 8. If cot A cot B = 3, show that,
4 cos(A4+B) 1
£7) EXERCISE 2 cos(4-B) 2
1. Evaluate the following: 9. Prove that,

@ sin"Tcos ™~ cosTsin ™ cos 2x cos 2y + cos® (x +y) — cos * (x —y) =
12 0y cos (2x + 2).

ANSWERS

EXERCISE 1 EXERCISE 2
1. @) 33/65 (i) B-1 B+l
(ii) ~16/65

M oE 1 hn
\/§+1 ) \/g_l 3. @) \/5/2

20 WoE i) 3



SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If§<a<1t, 1t<|3<37n, sinoz:E and tan

B= % then sin (f — ) is equal to

[Roorkee Screening-2000]

17 21
a) ——— b) —
@ 221 ®) 221
21 171
c) — d) —
© 221 @ 221
Solution

(d) sina=15/17=>cos a=-8/17
[ cos o <0 then /2 < o < 7]
tan B =12/5=>sin p=-12/13,cos p =
-5/13
["rm<B<3n/2=>sinP <0, cosp <0]
Now sin (f —a) = sin B cos oo —sin o cos B
= (-12/13) (-8/17) — (15/17) (-15/13)
=171/221

2. sec50° + tan50° is equal to
(a) tan 20° + tan 50°
(b) 2 tan 20° + tan 50°
(c) tan 20° + 2 tan 50°
(d) 2 tan 20° + 2 tan 50°

[DEC-2002]

Solution
(c) tan 50 =tan(70° — 20°)
_ tan 70° — tan 20°
1+ tan70° tan20°

=>tan 50° + tan 70° tan 20° tan 50°
=tan 70° — tan 20°

=>tan 50° + tan 50° = tan 70° — tan 20°
[*." tan 70° = cot 20°]

=>2 tan 50° + tan 20° = tan 70°

=> 2 tan 50° + tan 20° = tan 50° + sec 50°
(*." tan 50° + sec 50° = tan 70°)

3. What is the value of cosec (137/12)?

[NDA-2007]
(@) V6+2 ) 6 +2
© J6-2 @ —6-+2

Trigonometric Functions of Compound Angles A.53

Solution

(d) cosec (m +7/12) =— cosec n/12
=—1/sin 15°
: -1
" sin45° c0s30° — cos45° sin30°
-1
1 31 1
NN
_ 2\2(B+D)
S WB-DEB+Y

=% - -2

4. If tan o, tan P are roots of the equation x> +
px+q=0(p #0), then
(a) sin¥(a + B) + psin(a + B)cos(a + B) +

geos(a+P)=gq
(®) tan(o + By =
q-1
(©) cos(a+P)=1-g¢
(@) sin(a +p)=-p
Solution

(a, b) Since tan o, tan B are the roots of the
equation x> + px + g = 0.

tana +tan p=—p,tano +ttan P =¢q

tan(o + B) = tano+tanp  p

1-tanatanf B qg-1
which is given in (b)
Also, when tan (a0 + B) = Ll
q-
L.H.S. of the expression given in (a)
= cos*(aw + P) [tan*(aw + ) + p tan(a + B) + g]

- 21 [ P’ _+ p’ +q}
l+tan"(a +B)| (¢=1D° g¢q-1
(g-1’ fp2+p’(q—1)+q(q—1)2]

@0 @)
= MHI =RH.S of (a)
p +(@-D

i.e., relation given in (a) is also satisfied.



A.54 Trigonometric Functions of Compound Angles

5.

What is the value of sin(4 + B) sin (4 — B) + sin

B+ C)sin (B-C)+sin (C + A) sin (C — A)?
[NDA-2007]

@0

(b) sin4 +sin B +sin C

(c) cosA +cosB+cosC

@1

Solution

sin(A + B) sin (4 — B) + sin (B + C) sin
B-C)+sin (C+A) sin (C - A)

(@)

= sin®4 — sin®B + sin®B — sin*C + sin’C —
sin’4 =0

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

cos’ (E_ [3) —sin’ ((X - E) is equal to
4 4

(a) sin(a + P) sin(a — B)

(b) cos(a + B) cos(a — B)

(¢) sin(a — B) cos(a + B)

(d) sin(a + B) cos(a — B)

cos12°—sinl2° sinl47° .

- is equal to
cos12°+sinl2° cosl47°
[MPPET-1991]
(@1 (®) -1
@© 0 (d) None

IftanA4 = —% and tan B = —é,thenA + B is

equal to
[IIT-1967; MNR-1987; MPPET-1989]
(a) /4 (b) 3n/4
(c) 5n/4 (d) None of these
If cos (4 — B) = 3/5 and tan A tan B = 2, then
[MPPET-1997]
(a) cosAcosB= é
. . 2
(b) sind sin B= -3
1
(c) cosAcosB = —g
. . 1
(d) sindsinB = -3
tanzs—n— tan%— ﬁtan%tan% is equal to
@ —f3 ®) 13
© 1 @ V3

10.

11.

12.

13.

== fme = e — -~

tan 34 — tan 24 — tan 4 is equal to
[MNR-1982; Pb. CET-1991]

(a) tan 34 tan 24 tan 4

(b) —tan 34 tan 24 tan 4

(c) tan A tan 24 —tan 24 tan 34 —tan 34 tan 4

(d) None of these

sin 163° cos 347° + sin 73° sin 167° is

equal to [MPPET-2000]
(@) 0 ®) 172
© 1 (d) None of these

If cos P =1/7 and cos Q = 13/14, when P and
Q both are acute angle then the value of P— Q

is [Karnataka CET-2002]
(a) 30° (b) 60°

(c) 45° (d) 75°

The minimum value of 3 cos x + 4 sin x + 8 is
(@) 8 ®) 9

© 7 @3

Maximum value of sin 6 + cos 0, when

(a) 6=30° (b) 6=45°

(c) 6=60° (d) 6=90°

The value of cos 15° — sin 15° is equal to
[MNR-1975; MPPET-1994, 2002]

(@ 12 ®) 12

(©) -12 @ o

The maximum value of 24 sin 6 + 7 cos 6 is
[MPPET-2010]

(@ 1 (b) 24

(©) 25 @ 7

If A + B = 225°, then —2t4_ OB 4

l+cotA 1+cotB

equal to [MNR-1974]

(@1 (b) -1

(©) 0 @ 172



Trigonometric Functions of Compound Angles A.55

1. (d) We know that cos> A4 —sin? B=cos (4 + B)
cos (4 —-B)

AT o) a2, T
cos (Z [3) sin (oc 4)

T T T T
=cos| ——B+a——|cos| ——P-o+—
(4 4) (4 4)

=cos (a—P) cos (g—((x +[3)J

=cos (a—P) sin (a + B)

cos12°-sinl2° 1-tanl2°
cos12°+sin12°  1+tan12°
_ tan45°—tanl2°

" 1+tan45°tan12°

= tan (45° — 12°) = tan 33°

2. (¢)

cos12°—sinl2°

cos12°+sinl2°
= tan 33° + tan (180° — 30°)
=tan 33°—-tan 33°=0

+tanl47

3. (b) tanA=_7l, tanB=_?l, tan (4 + B)

_ tanA+tanB
1-tan AtanB

tan (4 + B)=-1

= A+B=3—7t
4

4. (a) cos(A—B):%, tan4 tan B=2
. . 3
Now, cos 4 cos B+sinA sinB= g
cos A cos B (1 +tan 4 tan B) =%
3
= cosdcosB(l+2) =§

= cosAdcosB =§

sind sinB == —cosA4 cos B
_3. 1.2
55 5
s @ 2F_E_T LI T
5 15 3 5 15 3
2n T
tan——tan —
5 15 =\/§
b1

T

2 2n T
tan——tan—=+/3 + v/3tan—tan—
5 15 \/_ \/— 5 15

2 T 2 T
tan——tan——+/3 tan—tan—=+/3
5 15 3 5 15 \/_
6. (a)34=24 + A = tan3A = ‘m2drtand
l1-tan2A4 tan A

By cross multiplying and solving, we get

tan 34 —tan 24 — tan 4 = tan 34 tan 24 tan A
7. (b) sin 163° cos 347° + sin 73° sin 167°

= sin (90° + 73°) cos (360° — 13°) + sin 73°

sin (180° — 13°)

=cos 73° cos 13° + sin 73° sin 13°

=cos (73° - 13°) =cos 60°= %

8. (b)ycos(P—Q)=cosPcosQ +sinPsin Q

_1B 4333 1

714 7 14 2
cosP=l, sinP=ﬂ,
7 7
3V3

cosQ = E, sinQ = ——
T 14 T 14

P-0=60°

9. (d)(3cosx+4sinx+8) =—3>+4> +8

Minimum value=-5+8=3




A.56 Trigonometric Functions of Compound Angles

10. (b)sin 6 +cosO = V2 (Lsine + Lcose)

N N
=4/2 sin (0 +45°) is maximum when
6+ 45°=90°
= 0=45°

11. (a) cos 15° —sin 15°

_V3+1 (V3-1)_ 1
T2z (22 ) V2

12. (c) Maximum value =+/24% +7* =25

13. (d)A4 + B=225° = cot (4 + B) = cot 225°
_cotcotB-1
" cotB+cotd
orcot4cotB—1=cotB+cotA (D

cotAcotB
oW,
(I+cotA)(1+cotB)

_ cotAcotB
l+cotB+cotA+cotAdcotB

Using (1)
_ cotAcotB
l1+cotBcotB+cotAcotB-1

1
2

(" GNSOIVED GBJEETIVE PROBLEWE IBENTICAL PROBLENS FOR PRACTICES
FORIMPROYING SPEED WITH ACCURACY.

a8

o 4 (<]
cosl7°+sinl7° .o qualto [MPPET-1998]
cosl7°—sinl7°
(a) tan 62° (b) tan 56°
(c) tan 54° (d) tan 73°

2. If 0L+[3=§ and B + v = a, then tan a is equal

to
[IIT Screening 2001; DCE-2005; NDA-2007]

(a) 2(tan B + tan )
(c) tanB+ 2 tany

(b) tan p + tan y
(d) 2tan p +tany

cos10°+sinl0° .
—————— isequalto
cos10°—sinl0°

[MPPET-2002; DCE-2002]

(a) tan 55°
(c) —tan 35°

(b) cot 55°
(d) —cot 35°

4. If sinA=% and cosB=—%, where 4 and

B lies in first and third quadrant respectively,
then cos (4 + B) is equal to

(a) 56/65
(c) 16/65

(b) —56/65
(d) -16/65

5. cos?a + cos 2 (o + 120°) + cos? (a — 120°) is

equal to [MPPET-93]
(a) 3/2 ® 1
© 172 @ 0

6. The value of the exepression sin 6 + cos 6 lies
between [IIT-JEE-88]
(a) -2 and 2 both inclusive

(b) 0 and V2 both inclusive

(©) —J/2 and 2 both inclusive
(d) 0 and 2 both inclusive

7. The value of the expression a cos 6 + b sin 0
lies between
(@) a—banda + b
(b) aand b
(¢) —(a® + b?» and (a* + b?)

(d) —Ja’ +b* and Ja’ +b°

8. cos 105° + sin 105° is equal to
[MNR-1975, 76]

(@ 112 ® 1
© 2 @ 12
9. sin (45° + 0) — cos (45° — ) is equal to
(a) 2 cos O (b) 2sin O
@© 1 @ 0
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10. If sina=2(0<(x<£) and 11. M is equal to
13 2 cos 9°—sin 9°
cosp=— 3 (n <p< 3 n], then sin (@ + B) is [EAMCET-1992; Kerala (Engg.)-2005]
5 2 (a) tan 54°
equal to (b) tan 36°
(a) =56/65 (b) 16/65 (c) tan 18°
(c) 56/65 (d) -16/65 (d) None of these




A.58 Trigonometric Functions of Compound Angles

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 16 minutes.

The worksheet consists of 16 questions. The
maximum marks are 48.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

If tand = % and tan B = 3, then tan (4 + B)
is equal to
ad +be ac+bd
a b
()bd—ac ()bc—ad
bd —ac ad —bc
d
© ad + be @ ad + be
If sinAd = L and sin B = L then4 + B
J5 Jio”
is equal to
(a) 45° (b) 90°
(c) 60° (d) 30°
sin 75° is equal to [MNR-1979]
2— \/5 \/5 +1
@ —— (®)
2 22
© $-L @ $L
22 242
sin(B + A) +cos(B — A) is equal to

sin(B — A) +cos(B + A)
[Roorkee-70, IIT-66]

cosB +sinB cosA+sinA
@ —— ®) ———

cosB —sinB cosA—sinA
@© 0 (d) None of these

The value of sin 28° cos 17° cos 28° sin 17°
is

@ 12
© -12

®) 1
@0

WORKSHEET: TO CHECK THE PREPARATION LEVEL

6.

10.

11.

12.

13.

14.

The value of cos 53° cos 37° — sin 53°
sin 37°

(a) 1 ®) U2

@© 0 (d) None of these
cos21°—sin21° .

———— — isequalto
cos21°+sin21°

(a) tan 21° (b) tan 66°

(c) tan 24° (d) tan 69°

tan 15° + cot 15° is equal to

@ 3 (b) 243

(© 4 @ —4

If cos(4 + B) = o cos4 cosB + B sind sinB,
then (a, B) is equal to

[MPPET-1992]
(@ (-1,-1) ) LD
(© 1,-D () A, D
If A—B = n/4, then (1 + tan A) (1 — tan B) is
equal to
@1 (b) 2
(© -1 @ -2

tan 75° — cot 75° is equal to
[MNR-1982; Pb. CET-1990, 2000]

®) 2+3
(d) None of these

(@ 23
(© 2-3

tan 20° + tan 40° + ﬁ tan 20° tan 40° is
equal to

@ 13 ®) 3
© -1+3 @ -3
cos? 48° — sin? 12 is equal to
[MNR-1977]
J5-1 J5+1
(@ 1 ®) 3
B-1 NS |
q) X2 T
© 2 (@ 22
Maximum value of 3 cos 0 + 4 sin 0 is
[MNR-1990]
(@ 3 (b) 4

©5 (d) None of these



tan 70°— tan 20°
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16. cos 26 cos 2¢ + sin® (6 — ¢) — sin® (6 + ¢) is

15. p——— is equal to equal to
1 [Katl;na;aka CET-2003] (a) sin 2(0 + ¢) (b) cos 2(0 + ¢)
% ; E d; : () sin 2(0— ) (d) cos 2(6 - b)
ANSWER SHEET
LOO®OO TAO®O BOOOO
2000 8@A®OO 4EOOOO
NOIOJOXO) NOIOJOXO) 50000
1O 10.00O0O 16 @O0
5000 @ 11LO@O®OO
6@D® O @ 22O®OO
HINTS AND EXPLANATIONS
4. (b)

sin B cos A +sinA cosB +cos A cosB +sin A4 sinB

sinB cos A—sinA cosB +cos A cosB-sin A sinB

_ (sinB+cosB)(cosA +sin A)
(sinB +cosB) (cos A—sin 4)

_cosA+sind
cosA—sind

10. (b)tan (4 —B) = tan(%)

tanA—-tanB -1

l+tan 4 tanB

tan4 —tanB=1 +tan4 tan B
= l+tan4-tanB—tanA4 tan B=2
= (I +tan4)(l —-tanB)=2






lLECLLLRE

Sum and Difference
of Two Angles

ﬂ,‘.\ "
| BASIC CONCEPTS
R . e = e . - ————— - ";1
1. FORMULAE CONVERTING PRODUCT _ sin(4+B)
INTO SUM OR DIFFERENCE (vii)cot4 +cot B= ————
sin A sinB
i i =sin (4 + B) + sin (4 — a4
(1) 2sind cosB=sin(4 +B)+sin(4 -B) (ix) cotA— cot B= sin (4-B)
cos Acos B

(ii)) 2cosd sinB=sin(4 +B)—sin(4 - B)
(iii) 2 cosA4 cos B=cos (A —B)+cos(4+B)
@(v) 2sind sinB=cos(4—-B)-cos(4 +B)

FORMULAE CONVERTING SUM AND
DIFFERENCE INTO PRODUCT

(1) sinC+sinD = 2sin(c ;D)cos(c ;D)

2)ufe:2)

(i) cos C +cos D =2 cos (C ;D)cos(c ;DJ

2)u(2:

£ 2.

(i) sin C —sinD =2 cos (C A

(iv) cos C —cos D =2sin (C+

cos Acos B

. in(A-B
(vi) tanA4 —tan B = smA-B)
cos Acos B

tand+tanB _sin(4+B)
tan4d—tanB sin (A - B)

(vii)

cotd+cotB —sin(4+B)

cotA—cotB sin (4 - B)

(xi) cos a + cos(a + B) + cos(a + 2 B) +
. i tcos {o+ (n—1) B}
Cos[First angle + Last angle ]

)

2

) (common difference J
sinn
2
‘ (common difference )
sin 5

(xii) sin o + sin(a + B) + sin(a + 2 B) +
ciietsin{fo+ (m—1) B}

Sm[w} S (EJ
2 2

=0

3. TRIGONOMETRIC FUNCTIONS FOR
SUM OF THREE OF MORE ANGLES
tan(4+B+C)
_ tanA+tanB+tanC—tan A tan Btan C
l—tan A tan B—tan Btan C —tan C tan A




A.62 Sum and Difference of Two Angles

i ‘SbLVED SUBJECTIVE PROBLEWS (Xl BOARD (€8 SEJSTATE:

_ FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC J

M= T T AREPRICEILLY 2 25U

1. Sum of the sine and cosine series when the
angles are in A.P.

sin o + sin(a + B) + sin(at + 2B) + ... n terms
cos o +cos(a + B) + cos(a + 2B) + ... n terms
. diff sin
smn— - 1st angle + last angle
= 2 or
daiff 2
Sin—— ¢os
2
sin
_ sin(np/2) or [(x +a+m-DP
sin(p/2) 2
cos
Mor o+ 1)[3 L (A)
sin /2
cos

(Remember this as standard result)

Solution
Let S =sin a + sin(o + ) +sin(o + 2B) + ...
Multiply both sides by 2sin(p/2) and write
2sinA sin B=cos (A —B)—cos (4 + B)
o 2 sin (B/2) S = [cos (a0 — B/2) — cos (a0 +
p/2)]
+[cos (a0 + B/2) —cos (o + 3 B/2)]
+[cos (a0 + 3 B/2) — cos (a0 + 5 B/2)]

+[cos {oa+(2n—-3)P/2 —cos {a +2n—1)
p/2)}]

So2 sin%‘ S = cos (a — B/2) — cos [a +

(2n—-1)p/2)]
=2 sin (o + (n — 1)B/2} sin (n B/2).

2. Prove that, cos 26 cos %— cos 30 cos ?
. . 56
= sin 56 sin 7

Solution

L.H.S. =cos 260 cos % —cos 30 cos ?

= l[2cos 26c0s9— 2¢os 36cos%]
2 2 2

= l cos(ZB +9J +cos(29 - 9)
2 2 2

- cos(39 +%) +cos(36 - %)
2 2

56 30 156 39]
=—| COS™— +COS— — COS—— — COS—
2 2 2

1 56 156
=—| cos——cos—
2 2 2
156 56

56,156 (156 _56
=l><23in 2 2 sin 2 2
2 2

= sin 50 sin %

LHS.=RHS.
3. Prove that, cos oo + cos B+ cosy+cos (a + f
+7)
=4 cos 0‘+ﬁ<:osB-'.Y\':OSOH.Y
2 2
Solution

LHS. =cosa+cosP+cosy+tcos(a+fP+y)

=(cos o, + cos B) + [cos a + cos (ot + B + )]

=2cos (a—w)cos(a_ﬁ)+ 2cos
2 2
(a+ﬁ+y+y)cos(oc+[3+y—y)
2 2
=2cos (a;[})[cos(%_ﬁ)+
2

5 cos (a_wj y ZCOS[M}
2

4

0s[(x+[3+24y—0t+ﬁ}
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Solution
=2 cos (a+ﬁ)x2cos(a—+y)cos(m) ;
2 2 2 (A+B) (A—B)
2cos cos

2 2
=4 cos OHﬁ)cos [3+Y)cos oty LHS. = 1:B\ [ A_B
2 2 2 2cos sin
2 2
4. Prove that
cos2A4cos3A4—cos2Acos7A+cosAcosl0A4 Zsin(A +B)cos(‘4 —B)
sin4A4sin34 —sin2Asin54 +sin4Asin7A4 " 2 2
= cot 64 cot 54 zmn‘4ZB]mn(B;A)
Solution

ol o)

2cos3A4cos2A—-2cosTAcos2A+2cosAcosl0A
2sin4A4sin3A4—-2sin5A4sin24 +2sin44sin 74 . A-B nw .af A=—B
=cot +(=D)"cot

{cos(34 + 2A4)+ cos(34 — 24)} — {cos(74 + 2 ]

N ’

24) + cos(74 - 24)}

n -B n
{cos(34+2A)+cos(34—-2A4)} —{cos(TA+2A4) 2
_ +cos(7TA—-2A4)} +{cos(104+ A)+cos(104 — 4)} A-B
{cos(4A4—34)—cos(4A+3A4)} —{cos(5A—-2A4) B 2cot” (T) , if niseven

—cos(54+2A4)}+{cos(7TA—-4A)—cos(TA+4A4)}
0, if nisodd
cos54+cosA—cos9A4—

cos54 +cosl14 +cos94 6. If 2 tan o = 3 tan B, then prove that tan (o — )

T cosA—cosTA—cos3A+ _ sin2P
cos7A+cos34—cosllA T 5_cos B

Solution
_cos4 +cosllA

cos 4 -cosll4 tanat _ 3 by componendo and dividendo

tanf 2
(HA+A) (HA—A)
2cos cos
_ 2 2

T A+HA)‘ uA—A]
2sin sin
2 2

tano+tanf  3+2

= =
tano—tanf 3-2

- sin(a+B) 5
sin(o — 1
=M=cot 64 cos5A4 @=p
sin6A4sin5A4 N sin{(a —B)+2p} 5

sin(a. —B) 1
5. Prove that
sin(a — B)cos2f N cos(a—P)sin2f 5

n . . n :> N N
(cosA + cosB) +( sin 4 +sinB ) sin(c.—PB) sin(c.—PB) 1

sin4 —sinB cosA—-cosB .
sin2p  5-cos2f

tan(a —B) B 1

2c¢ot” (%} if nis even

) ) = tan(a - [3) = ﬂ
0, if nis odd 5—cos 2B
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7. If tan (o + 0) = n tan (o — 6), show that (n + 1)

sin 26 = (n— 1) sin 2a.

Solution

tan(a +0) n

tan(ot —0) 1

tan(o +0) +tan(a—0) n+1
tan(ot +0)—tan(aa—0) n-1

sin(a. + 0) + sin(a — 6)
cos(a+60) cos(a—0) n+l
sin(a+0) sin(a—0) p-1
cos(a +6) - cos(a—06)

sin(ot +0)cos(a.—6) +sin(o —0)cos(ot + 6)
cos(o +0)cos(a.—0)

sin(a +8)cos(o — 0) —sin(a —O)cos(a +6)
cos(a +6)cos(o.—0)

_n+l
n-1
sin{(x +0)+(a—-0)} sin2a  n+l

sin{(a+6)—(a—0)} T sin20 n-1

> @m+1)sin20=m-1)sin2 a

8. If an angle 6 is divided into two parts a and 3

such that tanct _ 3, then prove that sin (o — f3)
tanfp b

=(a_b)sin9‘
a+b

Solution

Given tanat _ @ by componendo and divi-
anf} b

dendo

tano+tanf  a+b

= =
tano—tanf} a-b

sin(a + fB) _ a+b

sinfla—PB) a-b
sin 6 a+b
= e
sinfaa—PB) a-b
= sin(a—B)
=(a_bjsin6
a+b

“UNSOLVED SUBJECTIVE PROBLEMS {Xil BOARD (CB.S.E/STATE)):

SOLVE THESE PROBLEMS TO GRASP THE TOPIC o

C e e — e PR SN AR VIO I S0l G L0yt L S e e e e

EXERCISE 1

1.

sin86 cosH —sin60 cos30

Simpli .
plify ¢0s260 cosO—sin 30 sin 40
(Ans: tan 2 6)

sin A +2sin34+sin54 sin34
sin34+2sin54 +sin74 sin54

Prove that

Prove that 2cos£cos9—1t+
13 13

3n 5w
cos—+cos—=0
13
[UPSEAT-04]
sinA +sin34 +sin54 +sin74
Prove that

cosA+cos3A4+cos5A+cosTA
=tan4A4

5. Prove that
sin 10° + sin 20° + sin 40° + sin 50° = sin 70°

+ sin 80°
6. Prove that, cos 3—7t +x |—cos (3—n - x)
4 4
=—2sinx
7. Prove that, sin’ (E + é) —sin? (E - ﬁ)
8 2 8 2
1 .
=—sin4
V2

8. Prove that sin o + sin (oc + %J

+sin(a +4Tn) =0



. Prove that

1. Prove that

. Prove that

. Prove that

. Prove that

cos4x +cos3x +cos2x
=cot3x

sin4x +sin3x +sin2x

. Prove that cos 70 + cos 50 + cos3 6 + cos 0

=4cos0cos26cos46

EXERCISE 2

sin(x—y) tanx—tany

sin(x+y) tanx+tany
. Prove that sin>4-sin3d an A .
cos5A4 +cos3A4
. Prove that

sinA +sinB A+B
=tan
cosA+cosB 2

cos8Acos54—cosl24cos9A4
sin84cos54 +cos12A4sin94
=tan 44.
sin(A—C)+2sinA4 +sin(4 +C)
sin(B—C)+2sinB +sin(B +C)
sin A4

" sinB’
sinl14sin A +sin7A4sin3A4

cosllAsinA+cos7Asin3A4
=tan 84.

. Prove that cos A + cos(120° — 4) +
cos(120°+4)=0

. Prove that sin ((150° + x) + sin (150° — x) =
cos x

10.

11.

12.

13.

14.

15.

16.

Sum and Difference of Two Angles A.65

Prove that cos (% + x) +cos (% - x) :

=\/§cosx

If cos(0+2 a)=ncos 0,

1+n
show that cot a0 =

tan (6 + ot)
-n

sin5x —2sin3x +sinx

Prove that tanx

CcosS5x —cosx

Prove that sin(x — y) +sinx +sin(x + y)

cos(x—y)+cosx+cos(x+y)
=tanx

Prove that
cos2A4cos3A4A—-cos24cos7A+cosAcosl0A4
sin4A4sin34—sin2Asin5A4 +sin4A4sin7A4

=cot6Acot54

Prove that
(sin7x +sin5x) + (sin9x + sin 3x)

(cos7x +cos5x) + (cos9x +cos3x)
= tan 6x

If m cos (6 + o) = n cos (6 — a), then prove
that

m—n
tan0 = coto
m+n
sin5x +sin3x
Prove that —————— =tan4x
cosS5x +cos3x

. An angle 6 is divided into two parts 4, B such
that A —B=kandtanA4 : tan B=k : 1, then
sin k is equal to JUPSEAT-2002]

k+1 k
a) ——sin6 b) ——sin6
@ ®

k-1 .
(c) ——sin6 (d) None of these

k+1

" SOLVED OBJECTIVE PROBLEMS: HELPING HAND

Solution

(c)A+B=6andA-B=k
tand k

tanB 1

tand +tanB _ k+1
tand—tanB k-1
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sin(A+B) k+1 . 10w 8%
—_—t = 4. The expression cos—+cos— +
sin(lA-B) k-1 13 13
sin® k+1 3n St .
= =" cos—+cos— 1is equal to
sink k-1 13
-1 [MPPET-2006]
sink = ——sin6 (a) -1 ® 0
k+1 @© 1 (d) None of these
2. If sin © + sin 26 + sin 36 = sin o and cos O | Solution
+ cos 20 + cos 36 = cos a, then 0 is equal to
[AMU-2001] (b) Given expression = cos 10m + c038—7t +
(a) a/2 ) a 13 13
©) 2a @) a/6 51
COS—+COS—
Solution 13 13
() sin 0 + sin 30 + sin 20 = sin a _ (coslo—n+cos3—nJ +(cos8—n+cos5—n)
= 2sin26cos 0+ sin 20 =sin o 13 13 13 13
= sin20(2cosO+1)=sina .. @ 03 7
Now, cos 6 + cos 36 + cos 26 =cos a = 2COS(2 T3)C0s(2 1:3J+
2 cos 20 cos O + cos 20 = cos a x .
cos20(2cosO+1)=cosa ... (i) 13w 3n
) . 2cos cos
From (i) and (ii), tan 20 = tan a0 = 20 = a 2x13 2x13
=0=0/2.
i i =2cos~ cos7—n+cos—1t =0
3. Ifcosx+cosy+cosa=0andsinx+siny+ 2 26 26
sin o, = 0, then cot(x+y) = T
2 v cos—=0
(a) sina (b) cos a 2
(x+y
(¢) cota (@) sin 2 5. 2sin®> B + 4 cos (a + PB) sin a sin B + cos 2
. (a + PB) is equal to
Solution [IIT-1977; MNR-93]
(c) Given equation cos x + cosy + cos a =0 (a) sin 20 (b) sin 2B
and sin x + sin y + sin a = 0. The given equa- (c) cos 2a (d) cos 2P
tion may be written as cos x + cos y = —cos a .
and sin x + sin y = —sin a. Solution
Therefore, (¢) Using
2cos(x;y)cos (%J:—cosoc ““““ @ 2sin’ =1 —cos 2B and cos 2(a + B)
=2cos’(a+B)—1
2sin(x+y)cos(x_yj=—sina “““ (ii) Exp. =1—cos 2P + 4 cos (0. + B) sin o sin p +
2 2 2cos?(a+P)-1
By dividing (i) by (ii), we get = —cos 2B + 2 cos (a + B) [2 sin a sin B + cos
poo (47 (3 (@+B)]
o8 2 o8 2 cosa =-—cos2B+2cos(a+P)[sinasinP+cosa
(x+y) x—-y —sina cos B]
2sm( 2 jws[ ) ) =—cos 2B + 2 cos (a + B) cos (o — )
= 2B+ 20.+ cos 2
N cot(x+y)=cota —cos 2B + (cos 2a + cos 2f3)
=cos 2a



1
6. If cos (a —B)=1and cos (a + B)=—, -1 <
e

o, B <=, then total number of ordered pair of

(a, B) is [IIT Screening-2005]
@ 0 (®) 1
© 2 @ 4

Solution

@-2r<o-B<2mr=cos(a—-P)=1
> a-pf=0 = a=p

cos20¢=l and -21 <20 <21
e

Hence, there will be four solutions.

7. If 6, ¢ are acute, sin 8 = 1/2, cos ¢ = 1/3 then
®+¢) e [IIT Screening-2004]
(a) (n/3, ™2) (b) (n/2, 27/3)

(©) (2n/3, 57/6) (d) (5n/6, ™)

Solution
(b) sin = 1
2

T
e—g -~ (D

1
cosp=—
¢ 3

Now, l>l>0 or cos£>cos¢>cos£
2 3 3 2

L L
—<b<—
3 ¢ 2

By adding (1) and (2) §< 0+ < 23—7t
8. The number of integral values of k for which

the equation 7 cos x + 5sinx =2k + 1 hasa
solution is [IIT. Sc.-2002]

(@ 4 () 8
(©) 10 @ 12
Solution

®) (77 + (5 =74=r"

Dividing by » on both side, we have

2k +1 5
cos(x—a) = W where tano = l

2k +1
-1< <1 or =74 <2k+1<~74
V74

or -8<2k+1<8

Sum and Difference of Two Angles A.67

k=-4,-3,-2,-1,0,1,2,3

i.e., 8 values which will satisfy the above in-
equality.

9. If nis a +ve integer such that

sin£+cos£=£, then
2n 2n 2
[IIT-94]
(b) 6<n<8
) 4<n<8

(a) 4<n<8
(c) 4<n<8

Solution

. X .1 N
a) sin— +cos— =+/2sin| —+—
@ 2n 2n (4 ZnJ

Jn ‘(n n) .1
Hence, n>1, —=sin| —+— [>sin—=—
22 4 2m 4 2
o A

1
>—=>
2272

Also, sin(£+£)sl‘v’n >2
4 2n

n>2=>n>4

Jn

= _<1=>J2s2ﬁ=>n58

227

10. If§<(x<1t,1t<[3<3—n, sinm:l—5 and

tanP = % then sin (P — ) is equal to

[Roorkee Screening-2000]

17 21
a) ——— b) —
@ 221 ®) 221
21 171
c) — d) —
© 221 @ 221
Solution

(d) sin a=15/17 = cos a =-8/17
[ cos a <O then /2 <a <x]
tan p=12/5 = sin B =-12/13, cos p =-5/13
[ m<B<3n/2 =sinB <0, cos f<0]
Now sin (p — ) = sin 3 cos a — sin a cos

= (=12/13) (=8/17) = (15/17) (=5/13)
=171/221
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11. Find the least x (> 0) for which tan (x° +
100°) = tan (x° + 50°) tan x° tan (x° — 50°).
[IIT-1993]
Solution
(d) Given tan (x° + 100°) = tan (x° + 50°)
tan x° tan (x° — 50°)
tan(x°+100°)  tan(x°+50°)
tan x° cot(x°—50°)"
apply componendo and dividendo to obtain
tan(x°+100°) + tan x°
tan(x° +100°) — tan x°
_ tan(x°+50°) +cot(x°—50°)
tan(x® +50°) — cot(x° —50°)
- sin(x°+100° + x°)
sin(x°+100° — x°)
cos(x°+50°—x°+50°)
—c0s(x°+50°+x°—-50°)
N sin(2x°+100°) _ cos100°
sin100° —cos2x°
= sin (2x° + 100°) cos 2x°
= —sin 100° cos 100°
= 2 sin (2x° + 100°) cos 2x°
=-2 sin 100° cos 100°
= sin (2x° + 100° + 2x°) + sin (2x° + 100°
— 2x°) = —sin 200°
= sin (100° + 4x°) = —(sin 200° + sin 100°)
= sin (100° + 4x°) = =2 sin 150° cos 50°
= sin (100° + 4x°) = —cos 50° = sin (270° —
50°) (note that 100° + 4x° > 100°)
= 100° + 4x° = 220°
= x°=30°
= x=30
12. Prove that, [IIT-JEE-1978]

ZSin x.sin y.sin(x — y) + sin (x — y) sin (y — z)
sin (z—x) =0.

Solution

) sinx.siny.sin(x - y)

— > X [eos( ) - cos(x + »)lsingx - »)
—leos(x - ) ~cos(x + )sinCx - )
+={o0s(y )~ cos(y+ Dlsin(y - 2)

+%[cos(z —x)—cos(z +x)]sin(z — x)

Adding the first term of the first line and the
second term of the second line and above, we
get the sum,

= %Z[Sin 2(x—y)—sin2y +sin2z]
= %z sin2(x—y)
= %[Sin 2(x—y)+sin2(y - z) +sin2(z - x)]
= l[sin(x —y)cos(x—y)+sin(y — x) +:
2 .
sin(x + y —2z)]
= Lsin(r—) [e05 (=) ~c03 (& + - 22)

=sin (x — y) sin (x — z) sin (y — z)

= —sin (x —y) sin (y — z) sin (z — x)

13. If a and B are the solutions of a tan 6 + b
sec 0 = ¢, show that, tan(a +) = alziccl .
[IIT-JEE-1973]
Solution

b sec 6= c —atan 6 gives on squaring (a*>— b?)
tan? 0 — 2ac tan 6 + ¢2— b2 =0.

The roots are tan a, tan B

tana +tanf = 2ac

a’ —b?

-

tan o tan f = — e
2ac 2ac

tan(a+ﬁ)=a2—b2—(c2—b2)=a2—c2
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. If sin A = sin B and cos 4 = cos B, then

[EAMCET-1994]
(a) sinA_B=O ®) sinA+B=O
(¢) cos™—==0 (d) cos (A+B)=0

. cos A + cos (240° + 4) + cos (240° — A) is

equal to [MPPET-1991]
(a) cos A4 ®) 0
© J3sin4 @ Veos4

s 3n
l1+cos— || l1+cos—

8 8

S5t ) .
1+cos? 1+cos? is equal to

[IIT-1984; WBJEE-1992]
(b) 1/4
(d) 1/16

. If cos (a + B) sin (y + &) = cos (o — B) sin (y —
), then cot a cot B cot v is equal to
[D.C.E.-1998]

(@) 12
() 178

(a) cotd (b) tan d
(c) cota (d) tana
sin70°+cos40° .
———— isequalto
¢c0s70° +sin40°
[Pb. CET-1986; MPPET-1999]
1
a) 1 b) —
(@) () NG
1

© 3 @ -

. If m tan (6 — 30°) = n tan (6 + 120°), then

" is equal to [IIT-1966]
m-n
(a) 2 cos 26 (b) cos 26
(c) 2sin 26 (d) sin 26

10.

11.

12.

13.
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2n 4
If x cos 8§ =ycos 6+? =z¢08 e+? ,

then l+l+l is equal to

X y z
[IIT-1984, Pb. CET-2003]
@1 (b) 2
© 0 (d) 3cos®
sin 50° — sin 70° + sin 10° is equal to
[MNR-1979]
@1 (b) 0
(©) 12 @ 2
Prove that SX S0 4o equal to
COSX +COS y

Xty
(a) tan( 5 J

y—x
(©) tan( 2 )

The expression 2cos£.cos9—n+
13 13

xX-y
(b) tan( 5 )

(@) tan (x-y)

cosf—131:+cosf—;t is equal to [UPSEAT-2004]

(@ -1 ® 0

© 1 (d) None

c0s 2(8+ @) —4 cos (6 + @) sin O sin ¢ + 2 sin?
@ is equal to [Orissa JEE-2004]
(a) cos 20 (b) cos 36

(c) sin 26 (d) sin 36

If sin 6 + sin 26 + sin 36 = sin and cos 6 +

cos 26 + cos 36 = cos a, then 0 is equal to
[AMU-2001]

(b) a

(d) o/6

(a) 0/2
(©) 2a

If sin 4 sin B sin C + cos A cos B =1, then the
value of sin C is equal to

[IIT-JEE-2006]
(a) 1 ®) 0
©) 173 (@ 122
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1. (a)sin4—-sinB=0

= 2sin(A_B)cos(A+B)=O ““““ )
2 2
cosA—-cosB=0
= 2sin(A+BJsin(¥] =0....... )

From (1) and (2) sin(A ;BJ =0
2. (b)cos A4 + cos (240° + A) + cos (240° — 4)

=cosAd+2cos240 cos A

=cosA+ 2(—%]cosA =0 ( c0s240° = _71)

3. (© (1 + cosEJ(l + cos3—nJ
8 8
(l +cos(n—3—n)](1 +cos(1t—£D
8 8
(1 +cos£](1 +cos3—nJ
8 8

= (1 —coszEJ(I +cos3—n)
8 8
(2 LT 311:)2
=| =sin—sin—
2 8 8
1( T 11:)2 1
=—|cos——cos— | =—
4 4 2 8
4. (a) cos (o + PB) sin (y — ) = cos (o — P) sin
-9

sin(y+98) cos(a.—p)
sin(y —3) B cos(at +3)

By applying componendo and dividendo

sin(y + &) +sin(y — §)
sin(y + &) — sin(y — §)

_ cos(a.—P)+cos(a +PB)
B cos(a—P)—cos(a +p)

" HINTS AND EXPLANATIONS

2sinycosd _ 2cosa.cosf

2sindcosy B 22sinasinf

tan
= 2 ota. cotf
tand

= cotacosPcosy=cotd

5 (© sin70° +cos40° _ sin70° +sin50°
) c0s70°+sin40° cos70°+cos50°

1 o o
_ 2sin60°cos10 — tan 60°= 3
2c0s60°cos10°

6. (a) m tan (6 — 30°) = n tan (0 + 120°)
m _ tan(6 +120°)
n  tan(0-30°)
m+n _ tan(0+120°)+tan(0—-30°)
m—-n  tan(0+120°) —tan(0—30°)

m+n _ sin(20+90°)

m-—n sin 150°
m+n =2co0s 20
m-n

7. (c)xcos 6 =ycos(6 +23—1t)

=zcos (9 + 4?11:] =k (assume)

cos 9+2—n
_ cos0 l_ 3

z l > >
x k 'y k
l=cos(6+4—1t)

z 3
1 1 1

e

X y z

=l cos0 +cos(6+EJ+cos 9+4_11:)
k 3 3

= %[cos@ +2cos(0+ n)cosg]

= l[cos@ - 2C0591] =0
k 2



10.

11.

(c) sin 50° — sin 70° + sin 10° = sin 50° +
sin 10° — sin 70°

o o

=2sin cos —sin70°

=2x %cos 20°—sin70°
=sin 70° —sin 70° =0

sinx —sin y
®) ——
CoSx +cosy

Zcos(x+y sin Q]
_ 2 2

2cos(x+yjcos(x_y]
2 2

(" sinC—sinD =2cos

Ry
2 2

C-D and

sin

cosxtcosy = 2cos(

= tan(x_y)
2
) 2cos£‘cos9—n+ cos3—ﬂ:+cos5—1t
13 13 13

T o 47 T
=2¢0S—.COS— + 2C0S—COS—

13 13
T o 4r
=2¢0S—| COS— +COS—
13 13 13

= 2cos1 2cos£‘cos5—n =0,
13 2 26

[ cosE = O]
2

(a) We have, cos 2 (0 + ¢) — 4 cos (0 + ¢)
sin O sin ¢ + 2 sin® ¢

12.

13.

Sum and Difference of Two Angles A.71

Now, Put 0 =¢=%

=cos2 z —4cos z sin z
2 2 4
sin| = |+ 2sin? 2 =0
4 4

Put 6 = ¢ = w/4 in option (a). Then, cos 26 =
n/2=0

Hence, option (a) is correct.

(a) sin O + sin 36 + sin 26 = sin a

= 2sin20cosO+sin20=sina
= sin20(2cosO+1)=sina

. (1)
Now, cos 6 + cos 30 + cos 26 =cos a
2 cos 20 cos 6+ cos 20 =cos a
cos 20 (2cos O+ 1)=cosa
“““““ (ii)
From (i) and (ii), tan 20 = tan a
= 20=a
= 0=0/2
(a) sinA4 sin B sin C + cos 4 cos B
<sinA sin B + cos 4 cos B
[ sinC<1]
sin 4 sin B sin C + cos 4 cos B < cos

A4-B)
= cosd-B)>1
[using given relation]

= cosA-B)=1

[ max. cos (4 —B)=1]
= A-B=0
= A=B
Then from given relation,
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e B

| UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE:

FOR IMPROVING _S,PIE_,ED WITH ACCURACY {
T e S O Pk i B IR T S S L . .
1. The value of cos 52° + cos 68° + cos 172° is 1 tan(a +B)
[MPPET-1997; Pb, CET-1995,99] | 4. If sino= Esin(a +2p), then “anp is
@ 0 (®) 1
© 2 @) 32 equal to
5 1
° 4 g o @ - ® -
2. What is the value of w? 3 3
(c0s20°—-s5in10°) 3
[NDA-2007] ©3 (Y 3
1 1 5. cos 5° —sin 25° is equal to
@ —= ®) —— (a) sin 20° (b) sin 30°
3 3 (c) sin 35° (d) sin 60°
© 3 @ -3 6. Ifsin A +sin B=x and cos 4 + cos B =y, then
cos (4 — B) is equal to
i 2y x'+y'-2
3. If s%n(x+y)=a+b’ then tan x is equal to (@) x*+)*-2 (b) s
sin(x—y) a-b tan y
2 2
I{MPPETL2009] © “Ty (d) None of these
a
(@ 3 (b) -
7. sin 200° + cos 200° is
© a+b @ a+b (a) negative (b) positive
b a (c) zero (d) zero or positive




WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 9 minutes.

The worksheet consists of 9 questions. The
maximum marks are 27.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

tan(n+9j—tan[n—6j

4 4

tan[£+6j+tan(ﬁ—6j
4 4

(a) sin 26
(c) —sin 20

is equal to

(b) cos 26
(d) —cos 26

If cos ® = 3 cos ¢ and cot(d);e):k

tan%, then the value of k is
@ 1 ®) 172
(©) 2 @3

If a and B be between 0 and /4 and if cos
(a+ B)=12/13 and sin (a — B) = 3/5, then sin
20 is equal to
(a) 16/15
(c) 56/65

) 0
(d) 64/65

2n 4n .
If x=ycos?=zcos?, then xy +yz + zx is

equal to [EAMCET-1994]
(a) -1 ®) 0
© 1 @ 2

Sum and Difference of Two Angles A.73

. If x— y=(4n+1)§ (where n is an integer)

and x + y is not an odd multiple of n/2, then

sin2x —sin2y

is equal to [NDA-2004]
cos2x +cos2y
(@ -1 (® 0
) 12 @l

. Inatriangle ABC, if cos 4 = cos B cos C, then

tan 4 —tan B —tan C is equal to
[NDA-2006]
(@ o0
(b) 1
(¢) 1 +tanA tan B tan C
(d) tan A4 tan B tan C —

. If cos(a+PB)= % and sin(o—B)= % where

o and B lie in [O,g], find the value of

tan 2a. [IIT-JEE-1979]
56 65

a) — b) —

@ 33 (b) 33
33

© s (d) None of these

. The value of cos 15° —sin 15° is

1 1
a) —— b) ——
@ NA (b) NA
1
c) — d) 0
© ) ()
. The value of cos 57° + sin 27° is equal to
(a) cos 30° (b) cos 3°
(c) sin 3° (d) sin 30°
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ANSWER SHEET

LOO®OO 140000 7@ 0O

2@0®O©O 5000@ 8. @O®OO

3000@ 6@®OO 2000
HINTS AND EXPLANATIONS

1. (a) Step-1: tan(4 +B)=%, (a) sin30°=% (b) g

tan(A—B):% © —% @ —?

)
ol eo)rmli)

1+tan® 1-tan6

_ 1-tan® 1+tan6
1+tan6+1—tan6

1-tan® 1+tan6

Step-2:

(1+tanB)* — (1-tan )’
(1-tan6)(1 + tan 6)
(1+tan6)” + (1 —tanH)>
(1-tan6)(1 + tan 6)

_ 4tan®6  2tan0
2(1+tan’0) secH.secH

= 2sin6.cos0=sin26
or
Verification Method
Put 6 = 15°, then given expression is:
1 3-1
tan 60° — tan30° V3- f f
@n60°+tan30° 5, 1 3+1 2‘

BB

Also put, 8 = 15° in the given four options:

Clearly, (a) is correct option.

3. (c¢) Step-1: Using 2a = (o + B) + (a0 — P),

cos (a.—PB) =§

sin(aL +p) = 153

Setp-2:  sin 20 =sin {(a + p)+ (a—P)}
=sin (a0 + B) cos (o — PB) + cos (a + P) sin
(a-P)

5 4 12 3 20+36_56

TBSTBS T e 6
5. (d) tan (x —y) =tan (nm + w/4) =1
_[sinB N sinC]
cosB cosC
sin(B +C)
cosB cosC

6. (a) tanA

=tanA—

—tand— sinA

=0 [ cosBcosC =cosA]
cos4

7. (a) cos(a+P)= % = tan(a+B) =

Nlu. -lklw

sin(a—ﬁ):% = tan(o— B)—

tan 2a=tan (o + B + o —P)
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_ tan(o+P) + tan(o — ) 8. cos 15° —sin 15° = cos 15° —cos 75°
1-tan(o + ) tan(ot — B) . 75°+15° . 75°-15°
=2sin sin
3.5 2 2

+
= e—— 4 12 —ﬁ (o] 0 — (o] o o
35 33 9. cos 57° + sin 57° = cos 57° + cos (90° — 27°)
1-2 =
4

12 =cos 57° + cos 63° =2 cos 60° cos 3°
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(i)

(iif)

)

™

(vi)
(vi1)

(viii)

Trigonometric Ratios

BASIC CONCEPTS

of Multiple and

Sub-Multiple Angles

. FORMULAE OF DOUBLE, TRIPLE AND

HALF ANGLES

2tan6
1+tan’0
=(sin O +cos 0>~ 1=1-(sin 6 — cos )

sin2 6 =2 sin 0 cos O =

c0s2 0 = cos’0 — sin%0
_1l-tan’6 1
1+tan’0  sec20
c0s2 0 —2cos® — 1 =1 - 2sin%0

cos?0 = 1+c0329; Sin?0 = 1-cos20
2 2
2
tan2 6 —Ztanze 2 cos2 0= cot’6-1
1-tan“0 2¢coto
cotAd +tan A4 = — ! = ,2
sinAcosAd sin2A4
=2cosec 24
cot A —tan 4 = 2cot 24
sin9=i 1—cos9; cos9=i 1+cos6
2 2 2 2

. .0 0 6 6
sin 6 = 8 sin — cos — cos — cos—
8 2 4 8

tan 9:1 fl—cose =cosec 0 — cot 6
2 1+cos6

1

cosec 0 +cotO

(ix)
(69)
(x1)

(xii)
(xiii)

(xiv)

(xv)

(xvi)
(xvii)

(xviii)

(xix)
(xx)

(xx1)

- -
: 9_ 1-cos6
2 sin®
cot9=i 1+cos6
2 1—cos6
cot9= 1+.cos6 = cosec O +cot O
2 sin

" cosec O—cot0

1 Tt 0
— —tan|—+—
secO—tan0 4 2
1 © 0
—=tan —_—
secO +tan6 4 2

sin 360 = 3 sin O — 4 sin® O, sin’0
_ 3sin 6 —sin 30

4
cos 30 = 4cos® 0 — 3cos 0, cos’0
_ cos30+3cos0O

4
3
tan 3 0 = 3tan® tzin 0
1-3tan’6

tan3 ©0 — tan2 0 — tan 6 = tan3 O tan2 O
tan ©

4 (sin O cos?*0) — cos O sin*0) = sin4 O
8cos*0 — 8cos?O + 1 =1 — 8sin?0 cos?0O
=cos*0

8sin*0 — 8sin’0 + 1 = cos4 6 = 1 — 2sin?
20

c0s5 0 = 16¢co0s’°0 — 20 cos*0 + 5cos 0
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(xxi1) sin5 6 =16 sin*6 — 20sin*6 + 5 sin O
(xxii1) coversed sin AOP = 1 — sin AOP

(xx1v) Versed sin AOP

1 — cos AOP

2. SOME USEFUL RESULTS

@

(i)

(iif)

(iv)

™
(vi)

(vii)
(viit)
(ix)
x)
(x1)
(xi1)
(xiii)
(xiv)
xv)
(xvi)
(xvii)

(xviii)

(xix)

(xx)

cosO—sin® 1—tan® 4
= sec 20 + tan 20
cosO—sin® 1-tan6 s
— = =tan| —-6
cosO+sin® 1+tan0 4
= sec 20 —tan 20

tan £+6 tan E—G =1
4 4

tan(£+9 —tan(£—6)=2tan29
4 4

tan(£+6] +tan(£—6) =2sec26

4 4

cos0 . cos 20 . c0s2%0 .... cos2™'0

_ sin2"0

"~ 2"sin0

sin O sin (60 — 6) sin (60 +6) = % sin3 ©

cosO+sin® 1+tan® (11: J
= =tan| —+0

cosb cos (60 — 6) cos (60 +6) = % cos3 6

tan® tan (60 — 0) tan (60 + 0) = tan30
tan 6 + tan (6 — n/3) + tan(® + n/3)

= 3tan30

tan6 + tan (6 + w/3) + tan(6 + 27/3)
= 3 tan30

cos 36° —cos 72°=1/2

cos 36° . cos 72° = 1/4

sin’0 + cos*0 = (4 — sin?20)/4
sin‘0 + cos*0 = (2 — sin?20)/2
sin®0 + cos®0 = (4 — 3sin?26)/4
sin*0 — cos'0 = — cos26

sin*0 + sin* (E—e)+sin“ (E.,.e)
2 2

+ sin“(x — 0) = (2 — sin?20)

sin®0 + sin® (E - 9) +sin® (E + 9)
2 2

4—-3sin’20
+ sin(n - 0) = %
sin18° = \/54_1 = ¢os 72°, cos 18°
V104245
= T\/_ = sin 72°

(xx1) sin 36°= IO_TZ‘E = cos 54°,
cos 36° = @ = sin 54°
(o]
xxii) sin22—=—(~2-+2],
i sn2l (o
2 2
(o]
c03221—=l( 2+ﬁ)
2 2
o
(xxiii) tan22%=\/§ -1,
° o
cot221—=\/§+1=tan(671_)
2 2
(xxiv) tan(7%]=\/§_\/§_ﬁ+\/g
=cot[82l J
2
(XxV) cot(7%]=\/§+\/§+ 4 ++/6

=tan 82l
2

RESULTS INVOLVING SIN g

&3 3.

AND COs g

2

@) (sin£+cos£) =1+sin4
2 2

2
.. . A A
i1 sin—— cos—
() (s —cos?
. A A -
(111) s1nE +cos? =41 +sind
. . A A -
@1v) s1nE - cos? =+41-sin4

1-sin4

W) 2sin§ =+/1+sind ++/1-sin4

. A - :
(v1) 2cos?=i«/1+s1nA F1-sin4
(vii) sinA+cosA 2 sin A+1t
vii — —= —+—

2 2 4
(viii)  2sin? g =1-cos4

(ix) 2cos’ g =1+cos4

(D
Q)
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= —— e m

“SOLVED SUBJECTIVE PROBLEMS (XIT BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC ri

daily 2 :

o
1. Prove that cot 71_=(\/§+ J2)XV2 +1)
2
=2 +B3+/4+6
(o]
or tan821?=(\/§+\/§)(\/§+1).
Solution
1° 1° 1°
tan82—=tan| 90°-7— |=cot7—=cot A
2 2 2

o
say, where 4 = 71_=‘ Now cot A =(:f)_SA
2 sin A
_ 2cos’A
2sin Acos A

1+cos24 1+cosl5® 1°
= = ,cot7—
sin2A sinl5° 2

_ 1+cos(45°-30°)
sin(45°-30°)

_2\/5+(J§+1)Xﬁ+1
N 3 +1

_22(B D+ (34D

3-1

26 +242+4+243
2

V6 +42 +2+3 =V2(2 +D)+B(2 +1)
= (2 +D(3+2)

2. Prove that cot 4 —tan A = 2 cot 24. Deduct
thattano +2tan2 o +4tan4 o + 8 cot 8 o
=cot o. [IIT-1988; MPPET-2006]

Solution
Now, cot A —tan A4 = C?SA _sind
sind cosA
2 2
_cos A-sin“A _ cos2A4 —2cot24

sinAcos A %sinZA

ie,cotA—tanA =2 cot24
Put4 =0, 2 aand 4 o in (1) succession to

obtain.

cota—tanaa=2cot2a ... @)
cot2o —tan 20 =2 cot4a ... 3)
cotdo —tan4doe=2cot8a ... @

Multiply (3) by (2), (4) by (4) and add these
to (2) cot o0 — tan o — 2tan 20 — 4tan 4o =
8cot8a

= tana+2tan2a+4tand4o+8cot8a=
cot o, as desired

3. Ifcos2 a = 3cos2p-1 ,then tano = ﬁtanﬁ.
3—cos2P
Solution
We know that cos24 = I-tan’d tanz A
l1+tan" 4
Using this formula we get
1—tan’p
l-tana ~ I+tan’p _1-2tan’p
l+tan’o. , I-tan’p 1+2tan’p
T 1+tan’p

Applying componendo and dividendo, we get

2tan’a 4tan’p
2 2

ortan o = \/5 tanf .

. tan® o = 2tan? p

4. Prove thattan 4 + tan (60° + 4) — tan (60° — 4)
= 3tan 34.

Solution

‘We know that tan60° = \/§ R

\/§+tanA \/g—tanA

LH.S. =tan4 + -
1-3tand 1++3tan4
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( J3 +tan A1+ J3 tan A)— Apply componendo and dividendo
(V3 —tan Ax1 -3 tanA) 2tan*(6/2) _2a- b)tan*(¢/2)
1-3tan* 4
tang g Stand _ 9tand-3tan’ A tan (6/2) = /(a~b)/(a +b) tan ($/2)
1-3tan’ 4 1-3tan’ 4
1 1 4
_3 Btand—tan’4) _ 7. Prove that + =—.
=3. 1—3tan2A =3tan34 rove tnai €0s290° «/gsin250° \/g
5. Prove that (2cos® —1) (2cos 20— 1) (2cos2? | Selution
0-1) (2e05271 0 — 1) 2¢0s2"0 +1 LIS 1 N
1) cos219—-1) =———— HS =——«+———
2c0s6 +1 co0s(270°+20°)
Solution 1
Take 2 cos 6 + 1 from RH.S. to LH.S. and \/gsin(270°—20°)
4cos?0—-1=2(1+cos26)—1=2cos26 1 1
+ 1 and again multiply with 2nd factor and = Sin20° T o
continue like this. S ﬁ( c0s20%)
b B V3 c0s20°—5in20°
6. Ifcos6 = % , prove that ﬁ sin 20°c0s20°
a+bcos
3 1
tan (0/2) = +f[(a—b)/(a+b)] tan (¢/2) 5 08 20°- P 20°
Solution ?sin40°
2
cos @ = acosd+b - 1-tan (6/2) _ sin60°cos20° - cos60°sin 20°
a+bcosd 1+tan’(0/2) = ﬁsin40°
_a{l—tan’(¢/2)} + b{l + tan’(¢/2)} or
a{l +tan’($/2)} +b{l - tan’ ($/2)} _ sin40° 4
_1-tan’(8/2) _ (a+b)—(a-b)tan’(¢/2) 3 Sind0° B
1+tan’(6/2) (a+b)+(a—-b)tan’(¢/2)
b " UNSOLVED SUBJECTIVE PROBLEMS (Xil BOARD (C.B.SE/STATE)): ~

SOLVE THESE PRO

v mrmpimg s ot~

BLEMS TO GRASPTHETOPIC _

AL A e

EXERCISE 1

1. If o and B are the solutions of a cos 6 + b sin
0 = C, then show that

(i) cos(a + By = L2
a +b
(i1) cos(ar — B) = —2C —z(a :-b )
a*+b

2. Prove that, tan 2 o0 — tan o0 = tan o sec 2 o

3. Prove that, sin 20° sin 40° sin 60° sin 80°
3

16
4. Prove that, tan 20° tan 40° tan 80° = tan 60°

5. Prove that,

(cos o — cos B)* + (sin o — sin B)?

a—ﬁ]
2

=4 sinz(



10.

11.
12.

13.

14.

15.
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Prove that,

3

sin 10° sin 50° sin 60° sin 70° = —

16
Prove that,
) sin2x = cotx
1-cos2x
(ii) 1-cos2x = tan® x
1+cos2x
Prove that cos9x—cosSx  —sin2x

sinl7x—sin3x coslOx

If tan x = (_73) and 371t<x<211: find the

values of
(i) sin 2x
(i1) cos 2x

(iil) tan 2x

1
If tan x = Fand tan y = —, show that cos 2x

1
) 3
= sin 4y.

Prove that, cos 4x = 1 — 8 sin® x cos®> x

Find the value of:

(i) sin 18° (ii) cos 18°
(ii1) cos 36° (iv) sin 36°
(V) sin 72° (vi) cos 72°
(vii) sin 54° (viii) cos 54°
. T .2 . 3% . 4w 5
Prove that, sin—sin—sin—sin—= E

Find the value of:
(i) sin 22° 30"
(i1) cos 22°30'

(iil) tan 22°30'

If cos x = — 1/3 and x lies in Quadrant III, find
the values of:

6) sinﬁ
2

.. x

ii) cos—
(i) 2

x
11) tan—
(111) 5

EXERCISE 2

1.

10.

11.

12.

Prove that, sin 10° sin 30° sin 50° sin 70°
1

“16

(i) Ifsin x= %, find the value of sin 3x

(i) If cos x= %, find the value f cos 3x

If cos x =% and x is acute, find the value of

tan 2x.

Prove that, ﬂ =
1+sin2x

Prove that,

cosx+sinx cosx—sinx
—— —— =2tan2x .
cosx—sinx cosx+sinx

If tanx=% and 1t<x<37n, find the values of

X . x . x
i) sin= ii) cos= iii) tan=
@ 5 (i1) 5 (111) 5

Prove that,

cosx T x
—" —tan|—+=
(1-sinx) (4 2]

Prove that, ﬂ =tan®.
1+cos26

1+sin26 +cos26

—  =cotO.
1+sin260—cos26

Prove that,

Prove that,

1+sin0—cosO _ tan(g)

1+sin0+cos6O

c0s20 s
———— =tan|—-0
1+sin260 4 ’

\/2+\/2+\/2+2cos89 =2co0s0 .

Prove that,

Prove that,
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ANSWERS
EXERCISE 124 © 10+2+5 15. (i) 673
9. (i) =2 4 )
25 i ¢ B-1) () -~3/3
w — 4 (iii) —2
R N CEEa))
) —= v = EXERCISE 2
e 02 L
12. @) (T) (viii) 2. (1) 77 @) -1
24
iy Y1O+2S @ 92D » X
5 4 22
... (W5+D) N7 3 -1
i) —= .. 2+1 ) — i) —
(111) 2 (i) ( ) 6. () Tio (i) 7o
NG 22 (i) 3
_ i) —
i) % i) (V2-1)
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. If n=1,2, 3, ..., then cos A cos 24 cos n-3
44 cos 84... cos 2" 4 is equal to = > and [2sin44 cos 44 ......... cos 2" 1 4]
[MP PET-2005] s
sin2nA4 1
in(2" A b =
@ ™D O 2"sin4
sin2" A sin4n—1A [ZSin 2714 cos 2"! A]
© S @ —5—
2"sin2 4"sin 4 __ 1
Solution 2"sinA
n-1 : n
(@) cosAcos24cosd4A cos8A4 ...cos 2" 14 sin(2.2" 4) = s1"n(‘2 A)
Each angle being double of proceeding 2"sin(A4)

Multiply above and below by 2" sin 4
2n—l
" 2"sind
[2sin A cos A cos 24 cos 44 ... cos 2"~ 1 A]
211—2
2"sin A
[2sin 24 cos 24 cos 44 ... cos 2"~ A]

2.

. T .3t .5t .7t . 9%
sin —.sin—.sin—.sin—.sin—.
14 14 14 14 14

1w . 137 .
sin—-.sin— 1is equal to
14 14
[IIT-91; MNR-92]
() 1/32
(d) 1/8

(a) 1/64
(c) 1/16



Trigonometric Ratios of Multiple and Sub-Multiple Angles A.83

Solution

T T T 37 T 5m ?
=<c08| ——— |cos| ——— [cos| ———
2 14 2 14 2 14
( 3n

n 2t 4nY sin2’m/7 ]
=|—cos=.cos=—.cos— | =| ————
7 7 2*sinn/7

*+ c050.c0820.c0s2%0....cos2" 0 =

. 1

sin2"0
2"sin0®

sint/7 ) 64

1 (sin81t/7]2_ 1
64

3. If tan® +tan(6+§] +tan(9+23—n) =3, then

(a) tan20=1 (b) tan30=1
(c) tan’0=1 (d) tan*0=1
Solution

(b) From formula,
tan6+tan(9+§)+tan(6+23—n)= 3tan30
= 3tan30=3=tan30=1

4. What is the minimum value of cos 0 + cos 26?

[NDA-2007]
(a) =2 (b) -9/8
@© 0 (d) -9/16
Solution

(b) cos 0 +cos20=2cos’0+cos6—1
a=2,b=1,c=-1
dac-b* -8-1 -9

4a 8 8

.. Minimum value =

or 2cos?0+cos0—-1=

2{cos2 0 +lcose - l}
2 2

=2 cos29+lcose+L—l—L
2 16 2 16

2
=2 (cos6+lJ L
4 2 16

Minimum value
_odo o1l _,)=8=1_ 9
2 16 16 8

5. The value of sin%‘sin3—11:‘sin5—71:‘sin7—1t is

16 16 16
[MP PET-2004]
B 1
a) ~— b) —
@ T (b) 3
1 NG
c) — d) —
© T: @ 32
Solution

(a) sinl‘sin3—71:‘sin5—ﬂ:‘sin7—1t
16 16 16 16

1 .5t . 3w | 1 It . ®
=—| 2sin—sin— [x —| 2sin—sin—
16 16] 2 16 16

1 T T 3n T
=—|| cos——cos— || cos——cos—
4[( 8 2]( 8 ZH

1 T T
= COS—+COS—
4x2 2 4

Ayt

[ cos£= O]
2

6. If x+l=2cos6, then x* +—- s equal to
x

N

3

x
[MP PET-2004]
(a) sin 36 (b) 2 sin 36
(c) cos 36 (d) 2cos 36
Solution

(d) We have, x +l =2cos0
x

3
or (x+l) =(2cos6)’

X
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x* +L3+ 3x‘l(x +1) =8cos’0
x x x

X +L3+3‘2cos6 =8cos’0
x

[ x +l =2cos6 (given)]
x
= X +L3 =2(4co0s’ 0 —3c0s0) = 2cos 30
x
[ 4 cos® O — 3cos 6 = cos 30]
7. If 3 sin 2 6 = 2sin 30 and 0 <6 < x, then value

of sin 0 is
[K.U.K.C.E.E.T.-1993; T.S. Rajendra-1992]
@ Q ®) ﬁ
3 V5
© E @ Q
4 J5
Solution

(c) 3 sin 26 = 2sin 36
= 6 5sin 0 cos 6 = 2(3sin O — 4 sin® H)

= 4c0s’0-3cos0-1=0=>cos0=1, %
Since, cos 0 # 1 (. 6 #0)
cos6 =l—sin9 = E

4 4
8. coszz’?n+cos24—1t is equal to
[E.A.M.C.E.T-1996]
(a) 4/5 (b) 572
(c) 5/4 (d) 3/4
Solution

@

= sin® 18° + sin® 36°

(5-1) [S5Y
4 4

5412245 5414205 12 _

coszz’?1t+cos245—1t =cos’108°+cos’144°

3
16 16 16 4

9. If a is any real number, then the number of
roots of cot x — tan x = a in the first quadrant

are
[EAMCET-1995]
(@2 (b) 0
©1 (d) None
Solution

(¢) cotx—tanx=a

cosx sinx

= —- =a
sinx cosx
cos’x—sin’x

= ————=a
Sinxcosx
2cos2x

= : =a
sin2x

2
= tan2x=—
a

.. x has only one value in the first quadrant.

10. The value of cot 70° + 4 cos 70° is
[Orissa. JEE-2003]

@ 13 ® 3
(©) 243 @ 172
Solution

(b) Now, cot 70° + 4 cos 70°
_ €0s70°+45in70°cos 70°
sin70°

_ €0s70°+25in140°
sin70°

_ €0s70°+25in(180° - 40°)
sin70°
_ sin20°+5in 40° +sin 40°
sin70°
_ 25in30°cos10° +sin 40°
sin70°

_ sin80°+sin40°  2sin60°cos20° \/§
sin70° sin70°
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. cos? 76° + cos? 16°— cos 76° cos 16° is equal

to [EAMCET-2002]
(a) -1/4 () 112
(©) 0 (d) 3/4

X X x X .
8sin—cos—cos—cos— is equal to
8 2 4 8

(a) sinx (b) 8sinx
(c) cosx (d) 8cosx
sin@+sin260 .

———— isequalto
1+cosO+cos20

1 1
a) —tan b) —cotO
@ 5 (b) 5
(c) tan 6 (d) cot6

. If cos a + cos p =0 =sin a + sin 3, then cos
20 + cos 2 is equal to [EAMCET-1994]
(a) —2sin (o + B) (b) —2cos (o + B)
(c) 2sin (o + B) (d) 2cos (a0 + B)

. 2cos x — cos 3x — cos Sx is equal to

(a) 16cos® x sin®*c (b) 16sin® x cos*¢
() 4cos® x sin’x (d) 4sin® x sin*¢

. If the solution of a cos 20 + bsin 20 = c is o

and P then the value of tan o + tan B is
[Kurukshetra CEE-1998]

2b

@ o2 ®) ==
c—-a b

© 2b @ c+a

. If tan o = 1/7 and sin B = 1//10, then the
value of tan (a +2)
(@ 1

© 12

®) 0
(d) 3/4

. If sin 60 = 32 cos® 0 sin 6 — 32 cos30 sin 6 +

3x, then x is equal to [EAMCET-2003]
(a) cos O (b) cos 26
(c) sin© (d) sin 26
. cos 15°is equal to
[MPPET-1998; MNR-1978]

1+cos30°
a —_—
@ ,/ 2
© * fl+c;s30

1-cos30°
b) |22~
(b) ,/ 2
@) + fl—c;sZ»O

10.

11.

12.

13.

14.

15.

If a tan © = b, then a cos 20 + bsin 26 is equal
to
[EAMCET-1981, 82;

MPPET-1996; J&K-2005]
(a) a ®) b
(c) —a @ -b

1 + cos 2x + cos 4x + cos 6x is equal to
[Roorkee-1974]

(a) 2cos x cos 2x cos 3x

(b) 4sin x cos 2x cos 3x

(¢) 4cos x cos 2x cos 3x

(d) None of these

IftanA4 = 1-cosB

B then find tan 24 in terms
of tan B and show that

[IIT-1983; MPPET-94]
(a) tan24 =tan B
(b) tan 24 = tan’B
(¢) tan24 = tan* B +2 tan B
(d) None of these

\/g cosec20° — sec20° is equal to
[I1T-1988; NDA-2006]

2sin20°
a) 2 b
@ ) sin40°
4sin20°
c) 4 d
© @ sin40°

T 2n 4r .
cos—cos—cos— is equal to
77 [MPPET-1998]

1
@ 0 ® )

1 1
© 1 @ 3

If cos6 = %(a +l], then the value of cos 30
a

[MPPET-2001; Pb. CET-2002]

s, 3,1
(a) g(a +a3] (b) 2(a+aj

(L Yo d
© E(a +a3) @ 3((1 +a3]

will be
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16.

17.

18.

19.

20.

21.

If A = sin® © + cos* 6, then for all values of 22. Which of the following pairs is correctly
[IIT-1980; Roorkee-1992; EAMCET-1994; matched?
Pb. CET-1999; DCE-1996, 2000, 2001; [N.D.A. Sept.-1998]
MPPET-2004; Orissa JEE-2004] It 1 + sin 60° — cos 60° 0 60
a) Ifx= , then x = tan 60°
(@ 1<4<2 (b) 3/4=<4<1 @ 1+5sin60° +cos 60°
(¢) 13/16 <4 <1 (d) 3/4<4<13/16 )
1+45in90° —cos 90° _ o
T 27 A 87 (b) Ifx= - S 5> then x = tan 30
COS—cos—cos—-cos— is equal to 1+5in90° +c0s90
> > > > 2tan30°
(@ 1/16 () 0 (¢) If x=————, thenx = tan 60°
(c) -1/8 ) -1/16 1-tan”30°
The minimum value of sin 6 cos 0 is @ If x= l+tanz 300, then x = cos 60°
[Pb. CET-90] 1-tan®30°
(@1 (® 0
© -1z @172 23. sin(li] sin(?—n] is equal to
(sin 34 + sin A) sin A + (cos 34 — cos A) cos 0 0 [MNR-1984]
A is equal to (a) 172 (b) -1/2
@ 0 (®) 1
(©) 1/4 @1
© 2 (d) None
. . 24. sin 47° + sin 61° — sin 11° — sin 25° is equal
+ = + =
IfsinA4 §mB C, cpsA cos B=D, then the to [MPPET-2001; EAMCET-2003]
value of sin (4 + B) is equal to [MPET-1986] .
cD (a) sin 36° (b) cos 36°
a) CD b) —— (c) sin 7° (d) cos 7°
@ ®) s
CryD? 20D 25. sin 12° sin 48° sin 54° is equal to
© —p CY CaDt [IIT-1982; Kerala (Engg.)-2001]
) ) (a) 1/16 (b) 1/32
If sin 6 + sin ¢ = a and cos 6 + cos ¢ = b, then () 1/8 (d) 1/4
an 2= i equal to [MPPET-93] 1o
2 26. The value of cot22— is equal to
a’ +b* 4-a*-b* [MPPET-2010]
ONiaw OV !
(@) 1+— ®) 1+2
a’+b’ 4+a* +b* V2
© o7 @D =
4+a” +b a“+b (©) J2-1 (d) None of these
HINTS AND EXPLANATIONS
(d) cos? 76° + cos? 16° — cos 76° cos 16° r x x x
2. (a) 8sin—Ccos—cos—Cos—

=cos? 76° + 1 —sin® 16° —%(2 cos 76° cos 16°)

= cos(76° — 16°) cos(76° + 16°) + l—%

(cos 60° — cos 92°)

[}
=lcos92°+l—l+ﬂ=i
2 4 2 4

=4 2sin£cosﬁ cosfcosﬁ
8 8 2 4

X x x X x .
=4sin—Ccos—Ccos— = 2sin—CcoS— =Ssinx
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sinO +sin 20
. ()

1+cosO+cos26
_ sin0+2sinOcosO _ sinO(l +2cos0)

2c0s’0+cos®  cosO(2cosO+1)
=tan 6

. (b)Ifcosa+cosPp=0,sina+sinp=0
ao=mw+pf Da-P==x

cos 20+ cos 2 =2 cos (a + B) cos (a — B) =
—2cos (o + P)

. (a) 2 cos x — (cos 3x + cos 5x) = 2 cos x —
2 cos 4x cos x

=2 cos x (1 —cos 4x) =2 cos x (2 sin? 2x)
=4 cos x (2 sin x cos x)*= 16 cos® x sin® x

. (b)a cos 20 + b sin 26

1-tan’0 2tan®
=c,a — |+b = |=¢
l+tan” 6 l+tan” 6

(c +a)tan®? 6 — 2b tan 6 + ¢ — a = 0, roots are
2b

c+a

tano,tan ftana +tan f =

1 . 1 1
. (a) tano =—,smnPp =——— or tanP=—
® 75nP Jio P=3

1
2tanp 3 _
l 2

1—tan’p =1-(—]
3

tano + tan 2 %+%
1-tano -tan 2P - 13
7 4

. (d)sin 6 6 =32 cos® 0 sin 6 — 32 cos® O sin 6
+ 3x

sin 66 = 2sin 36 cos 30 = 2(3sin 6 — 4sin® 6)
(4cos® 6 — 3cos 0)
= 2sin 0 cos 0 [3 — 4sin® 0][4cos? 6 — 3]
= 2sin 0 cos 0 [4cos? 6 — 1][4cos? 6 — 3]
= 2sin 0 cos O [16 cos® 6 — 16 cos? 0 + 3]

= 32sin 0 cos® 6 — 32cos® 0 sin 6 + 3(2sin O
cos 0)
x = 2sin 6 cos 0 = sin 20

cos15° = ’l +cos 30°
2 >

15° in 1st quadrant.

also tan2p = %

tan(ot +2p) = =1

10.

11.

12.

13.

14.

15.

M atan6=5b = tan9=£
a
acos 20+ b sin 20
a(l-tan*8) b(2tanb)
l+tan’0  1+tan’0

(©) 1 +cos 2x + cos 4x + cos 6x = 2 cos? 3x +
2 cos 2x cos x

=2cos 3x (cos 3x + cosx) =2 cos 3x (2 cos 2x
€OS X) = a cos x cos 2x cos 3x

1-cosB
sin B

2sin? B

(a)If tanA4 =

= tand= ‘ B
2sin—cos—
2 2

tanA=tan£ = A=§ or24=B

tan 24 =tan B

©) V3 cosec 20° —sec 20°

\/gcos 20°—sin 20°
sin20° cos 20°
_ 4(cos20°5in60° —sin 20° cos60°)
2sin20° cos 20°

_ 4sin(60°-20°) _ 4sin40° _,

sin40° sin40°

@ cosgcos271tcos4—7t _ sin8z/7

7  8sinw/7
. L
sin| T+~
( 7)__1

8sinE 8
7

(c) cosO = %(a +l)

a
By cubing we get

cos’0 = l[a’ +L3+3‘a‘l(a +lﬂ
8 a a a

8cos’0=a’ +L3+3(2c0s6)
a

( a +l = 2cos6)
a
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16.

17.

18.

19.

20.

8cos’0-6¢cosO=a’ +L3
a

= l(a’ +L3) =cos 30
2 a

(b) A=sin>0 +cos* 6 =1 —cos> 0 + cos* 6
=1-cos?0 (1 —cos*0)=1—cos? 6 sin’>H

_sin2 20 . 3

=1 n . ZSASI('.' sin?20 € [0, 1])

(d) cos Ecosﬂcosé‘—ncoss—’t
5 5 5 5

. (l67‘t)
sin| —
_ s)_ -t

l6sinE 16
5

Clem . n) .m
o sin—=sin| 3t+— |=—sin—
5 5 5

(c) sin 6 cos6 = %sin 20

minimum value = _71 (" sin20>-1)

(a) (sin 34 + sin A) sin 4 + (cos 34 — cos 4)
cos A

=sin 34 sin 4 + cos 34 cos A + sin> A — cos’ 4

=cos (34— A) — (cos> 4 — sin® A) = cos 24 —
cos24=0

(d)ysind+sinB=C,cosA+cosB=D

ZSin(A'FB)cos(#) =C

2cos(A+B)cos($] =D

By dividing (i) from (ii)
tan(ﬂ) =£ = sin (4 + B)
2 D

2tan(A+B]
_ 2

2(A+B)
1+tan
2

25 2pC

sin(A+B) =

21.

22.

23.

24.

(b)sin®+sinp=a;cos0+cosp=>b

By squaring and adding both equation

(sin 6 + sin @)? + (cos 0 + cos @) = a® + b?
sin? 6 + sin @ + cos® 6 + cos? @ + 2 (sin 6 sin
@ + cos 0 cos ¢)

=a*>+b?

at+b* -2

cos(0—¢@) = 5

)
l-tan™| —
an( 2 ]_a2+b2—2

1+tanz[—6_¢) 2
2

Applying componendo and dividendo
1 al +b’

_tanz(e—¢)_a2+b2—4
2

-6 4-a*-b*
= tan = 3 3
2 a +b

2tan A
1-tan’ 4
2tan30°
1 -tan®30°
2tan30°
X =—
1-tan”30°
(c) is true.

(c) Since, tan2A4 =
tan60° =

= tan 60°

(¢) By dividing and multiplying by 2

2. (mY). (3n

—sin| — [sin| —

oo 55 ol 55)
1 (21‘5 (41‘5

= —|cos| — |[-cos| —
2 10 10
1 2n

= —|co0s36°—-cos—
2 5

= %[cos 36°—-cos72°]

l[ﬁ“_ﬁ]

2| 4 4

{2 1
= | Z|==
214] 4
(d) (sin 47° + sin 61°) — (sin 11° + sin 25°)

= 2sin 54° cos 7° — 2 sin 18° cos 7°
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= 2cos 7° (sin 54° — sin 18°)

26. (b) cotg— 1+cos6
=2C057°(@—@J=C057° 2 1-cos6
4 4 Put 6 =45°
25. (¢) sin 12° sin 48° sin 54° =l (2sin 12° 1° 1+cos45°
2 cot22 — = ==
sin 48°) sin 54° 2 1-cot45

= % (cos 36° — cos 60°) sin 54°

1l 1) (51 1
T2l 4 24 )8

V2 +1 (\/5+1)
x/_l V2 +1

(rationalizing)

=2+1

[ 'UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE'): -
FOR IMPROVING SPEED WITH ACCURACY |

P — —_— e e e 22 S P N s B N e e L L, S,

1. If sin x + sin y = 3 (cos y — cos x), then the sin® A —sin’ B
sin3x . : - is equal to
value of iy is sinA4 cos4 —sinB cosB [MPPET-1993]
@1 (b) ~1 (a) tan(4—B) (b) tan (4 + B)
a p—
© 0 (d) None (c) cot(4—B) (d) cot(4 + B)
) cot’15°-1 .
sin24 cosd ) . 1t 7. 15551 is equal to
[T oosd N\ TTeosa ) S cduatto cot'>"+1 (MPPET-1998; AIEEE-2002]
(a) tanA/2 (b) cotA/2 (@ l ) ﬁ
(c) sec A2 (d) cosec A/2 2
‘ 3J’
. cosec A — 2 cot 24 cos A is equal to ) — @ \/g
(a) 2sind (b) sec 4 .
(©) 2 cos A cot A (d) None of these 8. Iftan 9 = ¢, then tan 20 + sec 26 is equal to
[MPPE 1-1999]
. If cos6 =E and cos¢ = i, where 6 and ¢ (a) 1+t (b) —_—
5 5 1-¢ l+t
- 2t
are positive acute angles, then cos 0 2¢ ©) 1> @ m
equal to [MPPET-1988] 9. If'sin 26 + sin 2¢ = 1/2 and cos 20 + cos 2¢ =
) 7 ) 7 3/2, then cos? (6 — @) is equal to
2 52 [MPPET-2000; Pb. CET-2000]
7 7 (a) 3/8 (b) 5/8
© —= @ —= (c) 3/4 (d) 5/4
J5 25
0 4T 437 W57 4T, 1
. cos 20° cos 40° cos 80° is equal to 10. cos"—+cos —+cos —+ cos' —1s equa
[MPPET-1989] to
(@ 112 (b) 1/4 (@ 112 (b) 1/4
©) /6 @ 178 () 372 @d) 3/4
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11.

12.

13.

14.

15.

l1+cosA

If tané = i, then is equal to

2 2 1-cos
@ =5 (®) 5
() 9/4 ) 4/9
sin 4 sin (60° — 4) sin (60° + A) is equal to
(a) sin3A () %
© sm43A (d) None
\2+4/2+2c0s46 is equal to
(a) cos O (b) sin O
(c) 2cos 6 (d) 2sin 6
Which of the following number(s) is/are
rational? [IIT-1998]
(a) sin 15° (b) cos 15°

(c) sin 15° cos 15° (d) sin 15° cos 75°

a4l . 43T VL S A
sin” —+sin" —+ sin" —+sin" — is equal
8 8 8 8

to [Roorkee-1980]

16.

17.

18.

19.

(@ 112 (b) 1/4

() 372 @d) 3/4

tan 20° tan 40° tan 60° tan 80° is equal to
[IIT-1974]

(@ 1 ®) 2

© 3 @ B2

If cos6=l x+l , then 1 x2+L2 is

2 x 2 x

equal to [AMU-1998]

(a) sin 26 (b) cos 20

(c) tan 20 (d) sec 26

tan 9° — tan 27° — tan 63° + tan 81° is equal to
[Roorkee-1989]

(b) 2

@38

(a) 12
(© 4

2n 4T 6T T .
CcOs—+c0s—+ cos— +cos— is equal to

[DCE-98]
(b) -1
(@ -172

(a1
(c) =372
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Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

Ifk= sin%.sins—n‘sin%, then the value of &

18
is [IIT-1993; MNR-74]
(a) 1/4 (b) 1/8
(©) 1/16 (d) None of these

sin 12°sin 24° sin 48° sin 84° is equal to
[EAMCET-1989]

(a) cos 20° cos 40° cos 60° cos 80°

(b) sin 20° sin 40° sin 60° sin 80°

(c) 3/15

(d) None of these

If x = cos10° cos 20° cos 40°, then the value
of x is [Roorkee-95]

1 1
a) —tanl0° b) —cot10°
@ 2 (b) 3

1
© gcosec 10° @ %sec10°

If A lies in the third quadrant and 3 tan 4 —
4=0,then 5sin24 +3sinA + 4 cos 4 is
equal to

[EAMCET-1994]
(@) 0 (b) —24/5
(c) 24/5 (d) 48/5

2

t .
- 1s equal to
1+

If tang =t,then

[Kerala (Engg.)-2002]
(b) sin 6
(d) cos2 6

(a) cos O
(c) sec O

WORKSHEET: TO CHECK THE PREPARATION LEVEL

6.

10.

11.

12.

13.

1+0058 ¢ equal to [MPPET-88]
sin @
0 G
a) tan— b) cot—
@ 5 (b) 5
(c) tan O (d) cot 6

2 sin A cos* A — 2 sin® A cos A4 is equal to
[Roorkee-1975; Kerala (Engg.)-2001]

(a) sin 44 () %sin4A

© %sin 44 (d) None of these

1 Vo
n10°  cosl0® is equal to [IT-1974]
@ 0 ® 1
© 2 @ 4
(cos o+ cos B)? + (sin o + sin B)? is equal to
(a) 4cos2(x—_B (b) 4sin’ o-p
©) 4cos2(xT+B (d) 4sin’ o+
If cos3 6 = o cos 6 + B cos® O, then (o, B) is
equal to
@ G.4 (b) (4,3)
© 3.9 @ G4

If sec 4 + tan A = 3/2, then

5 5
a) sind=— b) sin24=—
(@ T (b) T

12 12
¢) sind=— d) sin24=—
© T (d T

If cos 4 = i, then 32 sin é)sin ﬁ is
4 2 2

equal to [DCE-1996]
@7 (b) 8

© 11 (d) None of these

If tan> © =2 tan® @ + 1, then cos2 6 + sin® @ is
equal to [MPPET-1986]
(@ -1 (® 0

© 1 (d) None of these
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14. cot x — tan x is equal to -1 1
(a) cot 2x (b) 2 cot?x @ — b)) =
(¢) 2 cot2x (d) cot?2x Vio Jio
15. If sin o = . where T<a <3—1t then cos © = @ =
. == o T T
—a is equal to
2 q

ANSWER SHEET

LOO®OO 6@O®OO 11L.®O®OO
2000 TO®O 2O
30000 L.@AO®OO BEOOOO
4+LO®OO .0 @©D HEOOOO
5000@ 10.OOOO 50000
HINTS AND EXPLANATIONS
2. (d) l(2 sin 12° sin 48°) (2 sin 24° sin 84°) 8. (d) 1 _ V3 =
4 sinl0° cosl0°
2(cos10°-+/3s5in10°) _ 4sin(30°-10°) _
l(@_l](l.F @J 2sinl0°cosl0° sin20° =4
4\ 4 2)27 4 N
13. cos29+sin2¢=¥+sinz¢
1 1) 5+1 1 , l+tan®0
"4l 4 4 | 16 =M+smz¢=o
1+2tan® ¢ +1
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|dentities of
Trigonometric
Functions

BASIC CONCEPTS

o —— - ——- a4

1. IFA+B+C=180°THEN (iii) sin(A+B-C)=sin2C,cos(d+B-C)=—cos
2Ctan (A + B— C)=—tan 2C

N +B) = si 1 B)=
(i) sin(4 + B)=sin C, cos (4 + B)= —os C, tan (iv) I£4+B +C =, then

A+B)=-tanC
(a) tanA4 +tan B +tan C =tan 4 tan B tan C

iy sin[ A8 | cosE 4B _ B
2’ (b) tan—tan— +tan—
2 2 2
A+B . C
COS( ) =sm—,= tan£+ tangtani =1
2 2 2 2 2
+B) C
tan| ——— ] = cot= €32. IFA+B+C=27,THEN

¢ At B+t ¢ +t ¢ A_l sin(4 +B)=—sin C, cos (4 + B)=cos C,
an—fan—rtan—Htan—- s lan—-tan o= tan (4 + By=—tan C

7 sOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.6.5.E/STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC |

=

—_ Do N R L S e SR s ST S S

1. If 4 + B+ C = =, then prove that Solution

A B C A B
cos?+cos?—cos? LHS =|cos—+cos—

NI
|
o
=]
w2
|

n+A n+B n-C A+B A-B
=4cos 2 cos 2 cos 2 =2cos
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s
=2cos cos

n-C A-B

=2cos cos

—ZQn[n;C)cm
n;C{am(A;BJ_ﬁn(n;C)}
ol 257)-(452)
n;C{wsA;B+cm(§+AzBJ}
[
l

C A-B 2r+A+B
CcOs 2 +CO0S 2

-C A-B+2n+A+B
2cos
4x2

=2cos

s
=2cos

=2cos

s
=2cos

s
=2cos

2n+A+B-A+B
0S
4x2

n+A n+B
x 2¢0s cos

4
n-C
4

1'c_
=2cos

T+ A n+B
=4cos cos cos
4 4

.A . B .C
2. sin—+sin—+sin—
2 2 2

. t-A . ©m-B .
=1+4sin 2 sin sin

Solution

LHS. = sin£+ sinE + sing

. A+B A-B A+B
=2sin cos cos
4 4 2

. A+B A-B
=2sin cos

A+B

+1-2sin®

4
. (A+B A-B . A+B
=1+2sin cos —sin
4 4 4

=l+2sin[A+B

A-B n A+B
cos —cos| ——
4 2 4
=l+2sin(A+Bj
4
. (A-B+2n-A-B
2sin
{ ( 4x2 J
. (2r-A-B-A+B
sin
( 2x4 J}
BY. (n—-B). (wn-4
sin sin
e
. (r-A). (m-B). (n-C
=1+4sin sin sin
4 4 4

3. sin(B +2C) +sin (C + 24) + sin (4 + 2B)
. B-C . C-4 . A-B
=4sin sin sin
2 2 2

=l+4sin(A+

Solution
LH.S. =sin (B + 2C) + sin (C + 24) + sin
4 +2B)

=sin B+ C +C) + sin (C + 4 + A4) + sin
(4 +B+B)

=sin[t—(A—-C)] +sin[n— (B —A4)] + sin
[x-(C-B)]
=sin (4 - C) +sin (B—A) + sin (C - B)

‘(A—C+B—A)
=2sin f '

(A—C—B+A
COS f

. (B-C 2A-B-C
=2sin cos
2 2

‘(B—CJ [B—Cj
—2sin cos| ——
2 2

J—sin(B -0)

=2sin

ol )
-l 5)




{ . [2A—B—C+B—C
2sin

2x2
[B
sin

J
2A+B+C]}
ol

2x2
CJ . (B—AJ
sin
2
—4sm[B

Pl
-C\). (C-4).  (A-B
sin sin
2 2
4. If A + B +C = =, then prove that

cosd4A + cosdB + cosdC =—1 + 4¢cos2A4 cos2B
cos2C.

Solution

LHS = cos44 + cos 4B + cos 4C

=2cos (24 + 2B) cos (24 — 2B) + cos4C
=2cos(2n — 2C) cos(24 — 2B) + (2cos22C — 1)
[A+B+C=n1=>24+2B)=2n-2C)
=2c0s 2C cos (24 — 2B) + 2co0s2 2C — 1
=2cos 2C [cos (24— 2B) + cos 2C] -1

= 2cos 2C [cos (24 — 2B) + cos {2n — (24

+2B)}] -1
["24+2B+2C=2n=2C=2rn-24
+ 2B)]
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=2c0s 2C [cos (24 —2B) + cos 24 +2B)] -1
=2cos 2C [2cos 24 cos 2B] - 1
=—1+4cos 24 cos 2B cos 2C =RHS.

cos 44 + cos 4B + cos 4C

=—1+4cos 24 cos 2B cos 2C

5. If A + B + C =z, prove that

2 4 » B 2 A B . C
cos? = +cos? = —cos?— =2 cos=cos—sin—
2 2 2 2
Solution
A B C
LHS =cos’=+cos’ = —cos’—
2 2 2

= %(l +cosA) +%(l +cosB) —%(l +cosC)

=%+%(cosA +cosB -cosC)

1 1 A B.C
=—+—|| 4cos=cos—sin— | -1
2 2 2 2 2

= 2cos£cos£sin% =RHS.

ZE—COSZQ

, 4
cos” —+cos
2 2

A B . C
=2¢0S—COos—sin— .
2 2 2

= tmem s ean mre mma ns e Fae e emim e

EXERCISE 1

1. If A, B, C, D are angles of a cyclic quadrilat-
eral, then prove that cos 4 + cos B + cos C +
cosD=0

2. Inany AABC,thenprovethat tan [MT_AJ
=cot4

3. If A + B + C = =, then prove that
cosA+cosB+cosC=1+4

. A . B .C
sin — sin —sin—
2 2 2

T T UNSOLVED SUBJECTIVE PROBLEWS (X1 BOARD [CB.5.E/STATE):
SOLVE THESE PROBLEMS TO GRASP THE TOPIC

P R

— e cee e

4. If A + B + C = =, then prove that

., 4 . ,B . ,C
sin” —+sin” —-sin"—
2 2 2

A B . C
=1-2c0s — cos —sin—
2 2 2

5. If A + B + C = =, then prove that
tan 4 + tan B + tan C = tan 4 tan B tan C

6. If A + B + C = =, then prove that

A B C C A
tan —tan — + tan—tan— + tan—tan—=1
2 2 2 2 2 2
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7.

If A + B + C = 28, then prove that
c0s2S + cos(S — A4) + cos*(S — B) + cos¥(S—C)
=2+2cosAcosBcosC

EXERCISE 2

1.

In any quadrilateral ABCD, prove that
@) sin(4+B)+sin(C+D)=0
(i1) cos (4 + B)=cos (C + D)

In a cyclic quadrilateral, prove that
(i) cos (180° — A) + cos (180° — B) + cos
(180° — C) — sin (90° + D) =0
(i) sinA +sinB—sinC—sinD =0
(ii1) cos4 +cosC=0
(iv) cosB+cosD=0
(v) tanA +tanB+tanC+tan D=0

If A + B + C = =, then prove that
sin 24 —sin 2B + sin 2C = 4cos A sin B cos C

If A + B + C = =, then prove that

sin4d +sinB-sinC= 4sin£sin£cos£

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

. If A + B + C = =, then prove that cos?4 + cos?

B—cos*C=1-2sinA sinBcos C

. If A + B + C = &, then prove that cos 4 + cos

B—-cosC

A B . C
=|4cos—cos—sin— |—1
2 2 2

. If A + B + C = &, then prove that

2A 2B ZC
cos’—+cos”—+cos —
2 2 2

.A. B .C
=2| 1 +sin—sin—sin—
2 2 2

. If A + B + C = &, then prove that sin 24 + sin

2B —sin2C =4 cos A cos B sin C

. If A + B + C = 28, then prove that sin (S — A4)

+sin (S—B) +sin(S—C)—sin S

. A. B.C
= 4sin—sin—sin—

PN e — e

1. Ifina triangle ABC, cos 34 + cos 3B + cos 3C
= 1, then one angle must be exactly equal to
(a) 30° (b) 60°
(c) 90° (d) 120°
Solution
(d) We have,

cos 34 +cos3B+cos3C=1

= 2cos3(A;B)cos3(A;B) —cos 3

Ma+B)=1
[ C=xn—(4+B)]

= 2cos3 A+B cos3 A-B
2 2
—2cos23(¥)=0

= 2cos3 (#)

() i)

= cos3(
cos3( (A+BJ
2

Now, = cos3(A;B)=0

= A+B=E :C=2—1t
3 3

and cos3(#) = cos3(¥] =B=0,

which is not possible.

M]:O or

2

ﬂ):cos3
2

. In an acute-angled triangle ABC, tan 4 + tan B

+tan C is
(@) >3 b =3
© = 33 (d) None
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Solution

(¢) InAABC, we have

tanA +tan B +tan C =tan 4 tan B tan C .. (i)
But, AM.>G.M.
tanA4 +tan B +tanC

3

> (tan A4 tan B

tan C)1?
(tanAtanBtanC
3

tan C)"? [using (1)]
2/3

(M) >] =>tan 4 tan B

tan C > 332

= tanA4tanBtanC> 3\/§

)2 (tan A tan B

. In a AABC, the value of sin 4 sin B sin C is

33 33

@ 27> (b) s=2=

ﬁ

Solution

(b) We have,

sin*’A4 + sin®> B + sin> C

_l1-cos24 + l1-cos2B
2

+sin*C

=l—%[cos2A+cos23]+sin2C
=1-cos(4+B)cos(4—B)+sin’C
=l+cosCcos(A—B)+1—-cos’C
=2-cos’C +cos Ccos (4—-B)
<2-cos*C+cosC [ cos(d—-B)<l]

2
=2—(cos?C—cosC) =2—(cosC—l] +l
2) 4
2

=2—(cosC—1] Sg

4 2 4

sin? A + sin? B + sin?> C S% ““““ @)
Now, AM. > GM.
sin® A +sin*B +sin’C

3 >(sin*> A sin®> B

sin? )1

= (sin*A4 sin? B sin? C)'? S% [using (1)]

= sindsinBsinC <( )

\/_

= sindsinBsinC <——

. If A+B+C =180°,then

4. Ina AABC, cosécosécosg is
2 2 2

33 33

(@) <7 (b) ==

()<i ()i

Solution

(b) We know that
cos A +cosB+cosC S%

= (I +cosA)+ (1l +cosB)+(l+cosC)
<2
2

= coszé+coszé+cos2%32

2A ZB ZC
COS" —+C0S" —+COoS™ —
> 2 2 25

3
4

( , CJUB
cos’ —cos 0s"—
2

A B C
= — > COS—COS—COS—
4 2 2 2

sin2A +sin2B +sin 2C
sinA +sinB +sinC

is equal to

(a) 8sin£sin£sin£
2 2 2

(b) 8cos écos Ecosg
2 2 2

. A. B.C
(¢) sin—sin—sin—
2 2 2

(d) None of these

Solution

sin2A +sin2B +sin 2C

sinA +sinB +sinC
_4sinA4 +sinB +sinC

(@)

A B C
4¢08—C0S—COS—
2 2 2

A A . B B . C C
2sin—cos —| 2sin—cos —sin—cos —
2 2 2 2 2 2

A B _ C
COS—COS—COS—
2 2 2

.A. B.C
= 8sin—sin—sin—
2 2 2
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OBJECTIVE Pi%OBVLEMS: IMPOVRT)-\}‘J«"-' QUESTIONS WITH SOLUTIONS

1. IfA+B+C=180°,

(cot B + cot C) (cot C + cot A) (cot A + cot B)
is equal to [UPSEAT-1999]
(a) sec 4 sec B sec

(b) cosec A cosec B cosec C

(c) tan 4 tan B tan C

@1

. If a + B—vy=mr, then sin® a + sin? B — sin? y is
equal to [IIT-1980; Pb. CET-2003]
(a) 2sin a sin f cos ¥

(b) 2cos acos fcos y

(c) 2sin a sin f sin y

(d) None of these

sin2A +sin2B +sin 2C
cosA+cosB+cosC -1

. IfA+B+C=180°,then

is equal to

(a) 8sin£sin£sin£
2 2 2
®) 8cos£cos£cos£
2 2 2
© 8sin£cos£cosg
2 2 2
@ 8cos£sin£sin£
2 2 2

. If 4 + B+ C =, then sin 24 + sin 2B +

If 4+ B+ C=180°, then cos>4 + cos’ B +
cos? C is equal to

(@) 1-2cosAcosBcosC

(b) 1-2sinA4 sinB sinC

(¢) 1-2tan A4 tan Btan C

(d) None of these

IfA+B+C=180° thencotA4 + cot B+ cotC
is equal to

(a) tan A4 tan B tan C

(b) cot A cot B cot C

(c) sin4 sin BsinC

(d) cos A cos B cos C

In a AABC, the value of cotécotécotg is

(@ 2343
© 2643

The minimum value of the expression sin o +
sin f + sin y, where a, B3, y are real numbers
satisfying a + B+ y =7 is

(a) positive (b) zero

(¢) negative @ -3

IfA+B+C=x(A, B, C>0)and the angle C
is obtuse, then

(a) tanA4A tan B> 1
(c) tanAtanB=1

® =9
(d) None

(b) tanA tan B <1
(d) None of these

sin 2C is equal to [MP PET-2004]
(a) 4sind sinBsinC 10. Ina AABC, cos A + cos B + cos C belongs to
(b) 4 cos A cos Becos C the interval.
(¢) 2cosAcosBcosC (@) (172, 3/2) ®) (1,3/2)
(d) 2sin4 sinBsinC ©) (32,2 (d) None
HINTS AND EXPLANATIONS
sin(A+B) sin(n-C) Similarly,
1. (b)cotAd + cot B =— — = — - inB
sindsinB  sinAsinB cotC +cotd=—25
sinAsinC’
sinC i
= cotC+cotB=&
sin4 sin B sinB sinC



(cot B + cot C) (cot C + cot A) (cot A +
sin Asin BsinC

(sin4sinBsinC)?
= cosec 4 cosec B cosec C

. (@Qat+tP-y==w

and sin® a + sin? B — sin?y = sin® o, + sin (f —y)
sin (B + 1)

=sin? o + sin (T — o) sin (B + ) = sin a (sin a
+sin (B + 7))

= sina[Zsin(a+ﬁ+y)cos(a_ﬁ_yj]
2 2

= sina[Zsin(n+Y+Y)cos(n_ﬁ_ﬁ]]
2 2

=2 sin a cos y sin

. (b) If,

A+B+C=180° sin 24 + sin 2B + sin 2C =
4sin A sin B sin C

cos A+ cos B+ cosC

cotB) =

.A. B .C
=1+4sin—sin—sin—
2 2 2

sin2A4 +sin 2B +sin2C
cosA+cosB+cosC -1

_ 4sinAsinBsinC

A B C

Y =8C0S—CO0S—COS—
4sin —sin —sin — 2 2
2 2 2

wsind= 2sin£cos£, smj

sin—
2

= 2cos£
2

. (@) sin 24 + sin 2B + sin 2C = 2sin (4 + B) cos
(A —-B) + 2sin C cos C =2sin C (cos(4 - B) +
cos (n— (4 + B)))

(" sin(4 +B)=sin(n—-C)=sinC)

=2sin C (cos (A —B) —cos (4 + B))

=2sinC x 2 sin4 sin B=4sin4 sin B sin C

. (a) cos?A4 +cos’B+cos>C =1-sin’4 + cos?
B +cos?C
=1-[—cos’B +sin?A] + cos’C
=1-[cos (A4 +B)cos(A—-B)] +cos>C
=1-[cosCcos(d—-B)]+cosC

(" A+B+C=180°
=1-cosC[cos(d—B)+cos(4+B)
=1-2cosAcosBcosC
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6. (b) "~ A+B+C=180°

A+B=180°-C

tan (4 + B) =tan (180° - C)
tanA +tanB
1-tan4 tanB -

tanA4 +tan B=-tan C + tan 4 tan B tan C

tan4 +tanB +tan C =tan4 +tan B +
tan C

Dividing by tan 4 tan B tan C
cotA+cotB +cotC=cotd cotBcotC

—tanC

Uy U

. (a) In AABC we have,

A B B C C A
tan—tan— +tan—tan—+ tan—tan—=1
2 2 2 2 2 2

A B C
= cot—+cot—+cot—
2 2 2

=cot écot Ecot g
2 2 2
Now, AM.>GM.
cot£+cot§+cot£
= 2 5 2 2 >

A B 1/3
cot—cot—cot—
2 2 2 }

cot écot Ecot Q
= 2 32 2 >

A B C 2/3
= cot—cot—cot—; >3
2 2 2

= cotécotécotg > 3\/5
2 2 2

. (a) Wehaveo+B+y=m=

sino +sin f+siny = 4cosgcosEcosl
2 2 2

B

Clearly, cosg >0,cos—>0, cosl >0
2 2 2

4cosgcos Ecos ¥ >0
2 2 2

= Minimum value of sin a + sin 3 + sin y is
positive.
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9.

10.

(b) We have,

A+B+C==n

= A+B=n-C

= tan(d +B)=tan(m-C)

tan A +tan B —tan(r-C)
1-tanA tanB

tan A +tan B  —tanC
1-tanA tanB

Now, C is an obtuse angle
= tanC<0 = —tanC>0
tan A +tan B S
1-tanA4 tanB
= l1-tanAtanB>0
= tanAtanB <1
'+ A, B are acute angles
{ tan4 >0,tanB >0 ]

0

(b) We have,
cos A+ cos B+ cosC

BcosﬂH—Zsin2£
2 2

. C A-B . C
=2sin—1CcoS —sin—p+1
2 2 2

=2co0s

< ZSing{l—sing}H
2 2

A-B . ]
is 1
2

[‘.‘, max. value of cos

=1- sin2£—sin£
2 2

2
=1-2 (sing—l] -1
2 2 4
2
=i—2 sing—l)
2 2 2

Thus, we have

2
cos A + cos B +cos C 32—2 sing—l
2 2 2

= cosd +cosB+cosC s%
It is evident from (i) and (ii) that

cosAd +cosB+cosC =%,

If cos

=1 and sing—l=0
2 2

= A-B=0andC=60°

A=Band C=60°

A=B=C=60°

AABC is equilateral

cos A +cosB+cosC

udu

= 4sin£sin£sin£+1
and 4 sin A/2sin B/2 sin C/2> 0
cosA+cosB+cosC>1

Thus, 1 <cosA4 +cosB+cosC S%

Hence, option (b) is correct.

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):

__FORIMPROVING SPEED WITH ACCURACY, _

If A+ B+ C =mn, then

cosA cosB cosC s
sinBsinC sinCsinAd sinAsinB
equal to
@0 ()1
(©) 2 @3

If 4 + B+ C =180°, then sin 24 + sin 2B — sin
2C is equal to

(a) 4cosA cosBsinC
(b) 4 sinA4 sin B cos C

(c) 4cosAcosBcosC
(d) None of these

. If4A+B+C=180° thensinA4 + sin B+ sin C

is equal to

(a) 4cos£cos£cosg
2 2 2



®) 4sin£cos£cos£
2 2 2

© 4sin£sin£sing
2 2 2
(d) None of these

. In triangle ABC, cos 24 + cos 2B + cos 2C is
equal to

(@ 1—-4cosAdcosBcosC

(b) 1 —4sind sin B sin C

(¢) =1 -4 cosAcosBcosC

(d) None of these

. In triangle ABC, sin*> A — sin* B + sin®> C is
equal to

(a) 2sinA cos BsinC

(b) 4sinA4 cos BsinC

(c) 4cosAcosBcosC

(d) None of these

. If A+ B+ C =28, then sin (S —A) + sin (S—B)
+ sin (S — C) — sin S is equal to

(a) 4sin£sin£sing
2 2 2

®) 4cos£cos£cos£
2 2 2

10.
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©) 4tan£tan£tan£
2 2 2

(d) None of these

In a triangle ABC, sin A — cos B = cos C, then
angle B is
(a) n/2
(c) n/4

(b) /3
(d) w/6

If4+B+C =37n, then cos 24 + cos 2B +

cos 2C is equal to

(@ 1-4cosAdcosBcosC
(b) 4sin 4 sin B sin C

(¢) 1+2cosAcosBcosC
(d) 1-4sind sinBsinC

If 4 + C = B, then tan A tan B tan C is equal
to

(a) tanA tan B +tan C

(b) tanB—tan C —tan A

(c) tanA4 +tan C —tan B

(d) «(tan 4 tan B + tan C)

If cos a + cos B =0 = sin a + sin B, then cos
20 + cos 2P is equal to
(a) =2 sin (a + )

(¢) 2sin (o + P)

(b) =2 cos (o + P)
(d) 2 cos (a+P)
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Important Instructions

1.

The answer sheet is immediately below the
worksheet.
The worksheet is of 9 minutes.

The worksheet consists of 9 questions. The
maximum marks are 27.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

1. In triangle ABC, the value of sind + sinB +

sinC is

(a) 4sin£sin£sin£
2 2 2

®) 4cos£cos£cos£
2 2 2

© 4cos£sin£sin£
2 2 2

@ 4cos£sin£cos£
2 2 2

If x + y + z = 180°, then cos 2x + cos 2y — cos
2z is equal to

(a) 4sinx siny sin z

(b) 1-4sinx siny cos z

(c) 4sinxsinysinz—1

(d) cos A cos Becos C

If A+ B+ C =270, then cos24 + cos2B +
c0s2C + 4sind sinB sinC is equal to

[EAMCET-2003]

@0 ()1

(©) 2 @3

If A + B+ C = 180°, then the value of
A B C

cot— + cot—+cot— [UPSEAT-1999]

(a) 2cot£cot£cot£
2 2 2

®) 4cot£cot£cot£
2 2 2

 WORKSHEET: TO CHECK THE PREPARATION LEVEL

A B C
(¢) cot—cot—cot—
2 2 2

@ 8cot£cot£cot£
2 2 2

. If 4+ B+ C = 180°, then cos B + cos C

equals

(@) 2 cos (A/2) cos {(B-C)/2}
(b) 2 sin (4/2) cos {(B—C)/2}
(¢) 2 cos (C/2) cos {A —B)/2}

(d) 2 cos (B/2) cos (C/2)

. If A + B+ C =, then sin 24 + sin 2B equals

(a) cos A cos (B-C)
(b) sin C cos (A — B)
(b) 2sin C cos (A — B)
(d) None of these

. IfA+ B+ C =m,then cos§+cos% equals

1 1
(a) cosz(n—C)cosZ(B -0)

(b) 2cos (A/4) cos {(B—C)/3}
() 2cos {(m—A)/4} cos {(B-C)/4}
(d) None of these

. IfA+B+C =37n,thencos2A+cos 2B -cos

2C is equal to
(@) 1-4cosAcosBcosC

(b) 4 sin A4 sin B sin C
(¢) 1-2cosAcosBcosC
(d) None of these

. If ABC are the angles of triangle, then sin’4 +

sin’B + sin*C — 2 cos A cos B cos C is equal to
[CET-1989]

(@1 (b) 2

(© 3 @ 4
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ANSWER SHEET
LO®OO +LOOOO TOO®OO
20000 50000 LOO®OO
NOIOXOXO) tOO®OO LO®OO

'HINTS AND EXPLANATIONS

2. cos2x+tcos2y—cos2z=2cos(x+y)—-(2
cos?z—1)

=1+2cos(x+y)cos(x—y)—2cos>(m—(x +y))
=1+2cos(x+y)[cos (x—y)—cos(x+))]
=1+2cos(n—2z)(2sinx siny)
=1-4sinxsinysinz

7. (¢) cos§+cos%=2cos(B:C)cos(B_cJ

4
(n—AJ (B—C]
=2cos cos
4 4

8. (d) cos 24 + cos 2B — cos 2C

=2cos (A + B)cos(4—-B)—(1-2sin>C)
=2cos(37n—C] cos(A—-B)-1+2sin*C
=-2sinCcos(4—-B)—1+2sin>C
=-1+2sinC (sin C — cos (4 —B))
=-1-2sin C (cos (4 + B) + cos (4 —B))
=-1-2cosAcosBsinC
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BASIC CONCEPTS

Graphs of
Trigonometric
Functions

1. PERIODICITY OF TRIGONOMETRIC
FUNCTIONS

A function f{x) is called periodic, if there exists a
positive number 7 such that, f{x + T) = f(x) for all x
in the domain. Least positive value of such T'is called
period (or fundamental period). 1t should be noted
that 7 is independent of x.

It is easy to see that all trigonometric functions
are periodic and period of sin x, cos x, sec x, cosec x
is 2 7 and that of tan x and cot x is 7 as tan (x + 1) =
tan x, sin (x + 2m) = sin x etc.

We illustrate the method of finding period by
an example.

Example
Test the periodicity of the function f{x) = sin 27 x.

Solution

We know that period of sin x is 27 so f{x) = sin 27
x)=sin(2r+2nx)=sin2n(x + 1)=fx+1) .. fx)
=f{x+1) for all x.
Hence, f'is periodic with period 1.
Aliter Let f{x) be periodic and 7 its period. Then
S+ 1) =fx).
sin[27 (x +7)] = sin 27 x
or 2 cos[2n x + (T/2)] sinm T= 0 for all x.
sintT=0orTn=m 2%, 3%, ....... orT=

Least positive value of T'is 1 so f{x) is periodic
with period 1.

NOTES

It 1s interesting to note that if f{x) is periodic
having fundamental period p, then f{nx) is also
periodic having period (p/n). This can be exhibited
as follows

Letg(x) =/ (nx) =/ (nx + p)=fn (x + (p/n)] = g[x
+ (p/n)]V x.

. g(x) i.e., f(nx) is periodic with period (p/n).

2. GRAPHS OF TRIGONOMETRICAL
FUNCTIONS

To draw the graph of the trigonometrical functions,
we first prepare the table of values of the given trigo-
nometrical function substituting some well-known
values of the angle. Then we draw two mutually
perpendicular lines X’ OX and Y’ OY as coordinate
axes. By taking suitable unit, the values of the angle
are marked along the line X" OX (i.e., x-axis) and
by taking suitable unit the corresponding values
of the function are marked parallel to ¥’ OY on the
above marked points. Then the graph of the func-
tion is obtained by joining the above marked points
(coordinates) by free hand.

To draw the graphs, we shall use the following

approximate values \/E =14, \/§= 1.8, 1/\/5 =07,

1/\3=06,3/2 =09, 2/\B=12, =31, n/2=
16, n/3=1.
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2.1 Graphofsinx, for0<x<2r

Lety=sinx
x 0 n/6 |m/4  |n/3 /2 2n/3 | 3n/4 | 5m/6
y 0 0.5 07 109 1 0.9 0.7 0.5
x b Tn/6 | 5n/4 |4n/3  |3w/2 |5w/3 |Tm/4 | 11w/6 | 2¢m
y 0 -0.5 [-0.7 |-09 |-l 09 |-07 |05 |0
. o |
Now taking 1 cm on OX to represent 30° (/6) and | NOTE

1 cm on OY to represent 0.5, the graph of sin x is as
shown below

y

i | 7n/6 4n/3 3n/2 5n/3 111/6 21
n/6 n/3 n/2 2n/3 5n/6 T i ]

2.2 Graphofcosx, for0<x<2n

Lety=cosx

We know that sin(x + x) = —sin x. From this as well
as from the above table we see that the values of y
for x = to x = 21 are the negative of the values of
y forx=0tox= m Thus the graph forx=mtox =
27 is identical as that from x = 0 to x = ® but on
opposite side of the axis OX.

x 0 /6 /4 /3 /2 2n/3 | 3n/4 Sm/6

y 1 0.9 0.7 0.5 0 -05 |-07 -0.9

o T T/6 Sm/4 47/3 3n/2 | 5w/3 | Tn/4 11n/6 | 2=

y -1 |09 0.7 -0.5 0 0.5 0.7 0.9 1
Now taking 1 em on OX to represent 30° (n/6) and | NOTE

1 cm on OY to represent 0.5, the graph of cos x is as
shown below

YA
1

0.5 /

X' ~€ 2n/35n/6m 7n/6 4n/3 / } > x
0 (n/6 mi3m/2 3//2 n3n62n >
0.5 )

-1

y'Y

By looking at the graphs of both the Sin and Cos
functions, we find that both of them lie between the
maximum ordinate 1, and the minimum ordinate-1.
When a periodic function attains a maximum
value M, and a minimum value m, then half the

M-—m is called the

difference of the two, that is

amplitude of the function.
Thus, the amplitude of both the sine and the

1-(=D

cosine functions is ,or 1. It may be pointed

2n-n
4

out that the amplitude need not be a maxi-

mum ordinate.
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The maximum and minimum points are called the sine and (0, 1), (27, 1) and (=, —1) for the cosine

functions.
turning points. They are (g,l) and (%,—1) for unetions

2.3 Graphoftanx, for0O<x<2r

Lety=cosx

x |0 |m6 /4 /3 (m/2)-0 | (m/2)+0 | 2w/3 3n/4 S/6

y |0 |06 1 1.7 +o0 -0 -1.7 -1 -0.6

x |m |7n/6 |5n/4 | 4n/3 | Bn/2)-0 | (31/2) S57/3 Tr/4 11%/6 | 2%
+0

y |0 |06 1 1.7 +00 -0 -1.7 -1 06 |0

Now taking 1 cm on OX to represent 30° (n/6) and 1 cm on OY to represent 0.5, the graph of tan x is as
shown below

, 2n/3 51/6 5n/3 11n/6 2n
X 0 n/6 1/3 /2 / 7n/6 4n/3 3mi2

2.4 Graphofcotx, for0<x<2rn
Lety =cotx

X 0/0 /6 /4 |\w/3 | w2 |2n3 |37w/4 | 576 | 0

y +00 1.7 1 06 |0 06 |-1 17 |—o0

x n+0 | 7n/6 Sn/4 | 4n/3 | 3n/2 | Sw/3 | Tw/4 | 1n6 | 20

y +o0 1.7 1 06 |0 -06 | -1 -1.7 |—o0

Now taking 1 cm on OX to represent 30° (n/6) and 1 cm on OY to represent 0.5, the graph of cot x is

as shown below
y

2.0
1.54
1.0
0.5

2n/3 5n/6in | | {\6n/3 117/6 21

-0.54
-1.04
-1.51
—2.04

. : ;
Oln/6 ni3ni2\_ | /6 4n/3\ |
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2.5 Graphofsecx, for0<x<2r

Lety =secx
x |0 /6 | /4 /3 | (n/2)-0 (n/2)+0 |2n/3 | 3mw/4 | 57/6
v |1 12 |14 2 +o0 —0 -2 -14 |-12
x |m |7n/6 | 5n/4 | 4n/3 | B3n/2) -0 3n/2) | Tm/4 117n/6 | 27
+0 57/3
y |-1 |-12|-14 |2 —o0 40 2 14 1.2

Now taking 1 cm on OX to represent 30° (n/6) and 1 cm on OY to represent 0.5, the graph of sec x is
as shown below

2.0
1.54
1.0
0.5

2n/3 51/6 n 7 n/6 47/3

X' X
0] ni6 m/3 ni2 T2 57/311/6 21
_05 .

-1.0

(&)

-1.54
-2.0

2.6 Graph of cosecx, for0<x<2r

Let y = cosec x

x [(0+0 |76 /4 /3 /2 2n/3 |3w/4 | 57/6 -0

y |t 2 1.4 1.2 1 12 (14 2 o0

x |(m+0 |7n/6 |5n/4 |4nw/3 |37w/2 5n/3 |7n/4 | 11w/6 |2m—0

y |+ —2 -14 |-12 |-1 -12 |-14 |2 -0

Now taking 1 cm on OX to represent 30° (1/6) and 1 cm on OY to represent 0.5, the graph of cosec x is as
shown
Y)

2.0
1.5

1.0

< 0.59 " 7ni6 4n/3 3ni2 5m/3 11/6 21
Ol w6 n/3 m2 2n/3 5n/6

-0.54
-1.0
-1.54
-2.0

y'Y
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3. DOMAIN AND RANGE OF TRIGONOMETRIC FUNCTIONS

Trigonometrical Function

Domain

Range

sin x
cos x

tan x

cotx

secx

cosec x

R or (—o0, + )

R or (—o0, + )

R —{(2n+1)§,n e Z}

R—{nn,neZ}

R- {(Zn +1)§,n e Z}

R—{nn,neZ}

[-1.1]
[-1.1]

R or (—0, + o0)

R or (—0, + o0)

R-(-1,1)

R-(-1,1)

4.1 Graphs of y =a sin bx and y = a cos bx
Now, let us compare the graph of y = sin bx,
b #0 with the graph of y = sin x. Similar to sin x,
sin bx has values between —1 and + 1 inclusive.
Also, sin (bx + 27) = sin bx, just as sin (x + 27)
= sin x. However, if we write bx + 2w as b (x +
27/b), we see that the function defined by y =

sin bx is periodic with period |2b_n| We use |b|

instead of b to ensure a positive number for the

2

period. being the fundamental period of the

amplitude 1 and it completes one cycle over the

. 2
interval 0 < x < —

5]

Graph of y = sin (x + ¢) and y = cos (x + ¢),
The graph of y = sin (x + ¢) leads the graph of
y=sinx by c.

The number c¢, itself, is called the phase
shift of the wave.

If ¢ <0, then the graph of y = sin (x + ¢)
is shifted |c| units of the right of the graph of

4.2

|b | y = sin x and we say that it lags the graph of
function y = sin bx, its graph is a sine wave with y =sinx.
f' "SOLVED SUBJECTIVE PROBLEMS (XI BOARD (C B.S.E /STATE:

FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

- SRS | SRt L o — - = - o at

1. Sketch the graph of f{x) = sin(x + w/4) and
state the period and amplitude.

Solution

By inspecting this function, we note the fol-
lowing about the graph

1. Itisa sin wave.

2. It has an amplitude equal to 1.
3. Ithasaperiod equalto2 n/l1 or 2 w,
4. It leads the graph of f{x) = sin x by 7/4.

With these facts and with the help of a few
selected replacement values for x given in the
table we can sketch the graph, as shown in
figure.

x /4 |0 /4 3n/4 | Sm/4 Tn/4 | 2w
x + /4 0 /4 /2 T 37/2 2n Tr/4
sin(x + 1/4) 0 0.71 1 0 -1 -1 0.71
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y
£(x)
iy
0.71,”
i : : —> X
n 0| n 3n 5n n
4 4 4 4 4 =

2. Sketch the graph of A(x) = sin (2x — n/3) and

state amplitude the period.

Solution

Rewrite the given function by taking 2 as a
factor of the expression in the parentheses.
Thus, A(x) = sin 2(x — w/6).

By inspecting the function, we note the fol-

h(x)

With these facts and using a few replacements
for x as given in the table, we can sketch the
graph as shown in figure

lowing about the graph | : : : .
—n/12 | /6 5n/12 2n/3W7n/6 17n/12 5n/3\/2n X
1. Itisa sine wave. N (—
2. It has an amplitude equal to 1. ] '
3. It has a period equal to 27/2 or 7. N
4. It leads the graph of f{x) = sin 2x by 7/6.
x 0 /6 S5n/12 |2 7/3 11 /12 |7 /6 |—-w/12
25 0 /3 5 /6 4 /3 11 n/6 7n/3 | -m/6
2x — /3 -n/3 |0 /2 b 3 /2 2n —m/2
sin(2x —m/3) | -0.87 | 0 1 0 -1 0 -1

3. Sketch the graph of y = 2 cos (2x — /2).
Solution

Rewrite the equation in the form y = 2 cos 2(x
— /4)

An examination of the equation reveals that

1. Itis sine wave.

2. It has an amplitude equal 2.

3. It has a period equal to 27/2 or 7.
4. It lags the graph of y = 2 cos 2x by m/4.
i.e., it is displaced n/4 to the right.

With these facts and using the replacement
values given in the following table, we draw
the graph as shown in figure:

x 0 w4 |3m4 | Swn/4 |3m/2 |7Tw/4 |2n
2x — /2 -n/2 |0 )5 3n/2 |2¢ Sn/2 |3¢ 7 /2
cos(2x — m/2) 0 -1 0 1 0 -1 0
2cos(2x — /2) 0 2 -2 0 2 0 -2 0
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-2

1
4. Sketch the graph of function y = > sin T x/2.

Solution

By inspection, we note the following facts
about the graph

1. Itis asine wave.

7 5n/4 3m/2

2. It has an amplitude equal to 1/2.

3. It has a period equal to 2 or 4.
/2

Since the period is 4, we use integers as ele-
ments of the domain in sketching the graph.
For our convenience, we list a few replace-
ment values in the table.

x 0 0.5 1 1.5 2 25 3 35
T x/2 0 /4 /2 3 /4 T 5 /4 37w/2 |7Tw2 |27
sin T x/2 0 1 1 0.71 0 =71 -1 -71 0
1 0 .36 0.5 36 0 -36 —0.5 -36 |0
—sinwx/2
! y y = 3sin(2x-1)
y=3sin2x 3
1 2|,
0.5 1
ey | | | . o —n - 5n/6 —2m/3 -Ji%g /3-n/6 O X
-3 =2N\_ - 01 \2 374 x {
-5 1
-1 -3

5. Draw the graph of the function y = 3 sin
(2x-1)
Solution

y=3sin(2x-1)=3 sin[Z(x—%ﬂ =3sin2u,

whose x — % =u,=3 sin2u,x=u+%
This suggests that the graph of y = 3 sin
(2x — 1) can be obtained by shifting the graph

of y =3 sin 2x by

1 horizontally the forward
direction. 2

NOTES
i
1. The graph of y = sin (X+Z) can be obtained

from that of y = sin x by shifting it backward
horizontally throughg

2. The graph of y = tan (x—gj from that of

y = tan x by shifting it horizontally forward
i3
through —
: 4
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LECTURE

Trigonometric
Equations

BASIC CONCEPTS

1. TRIGONOMETRIC EQUATION

An equation involving one or more trigonometric
ratios of unknown angles is called a trigonometric
equation.
For example, 2 cos 6 + 3 c0s26 =0,
. 1
cos’0 +sinf= —

etc., are trigonometric equations in an unknown
angle 0.

2. KINDS OF TRIGONOMETRIC
EQUATION

We mainly consider the three types of equations:

(1) One equation in one variable
(i1)) Two equations in one variable

(sin 6 = 1/2, cos 6 = /3/2)

(iii) Two equations in two variables

1 x+ _2_1t COSXx +CoS —i

. y 3 y 2
b1

2. (x+y=z,tanx+tany=l)

NOTES

1. Equations based on quadratic equation.

2. Equations based on maximum and minimum
values of a functions.

3. Equations based on verification method.

3. SOLUTION OF ATRIGONOMETRIC
EQUATION

A value of the unknown angle which satisfies the
given equation is called a solution of the equation.

For example: consider the equation J2sin 6 =1.

The value of the angle, 6 = T ando= 3n satisfy
this equation. 4

Therefore, % and %t are solutions of the given

equation J2sin6=1.

4. GENERAL SOLUTIONS AND
PRINCIPAL SOLUTIONS

Since the trigonometric functions are periodic, a so-
lution generalized by means of periodicity is known
as the general solution. The solution in the interval
[0, 2 =] are called principal solutions.

5. GENERAL SOLUTIONS OF
TRIGONOMETRIC EQUATIONS

5.1 Based on sin @ and cosec 0 in Their
Domains

sin6=O:>n1t,neI,sin9=l:>6=(4n+1)§
. T
s1n6=—l:>6=(4n—1)5

sinf@=sina =>0=nt+ (-1)"aora=nn+(-1)"0



B.4 Trigonometric Equations

sin 6 = —sin o0 = sin(—ot) = 0=n7 + (-1)"a
[sin6|=sina = 6=nt o
sin@=sina=>0=nnta

5.2 Based on cos © and sec0in
Their Domain

cos6=0:>6=(2nil)§,
cos0=1=06=2nn,
cos0=-1=20=2nx D

cosO=cosa =>0=2ntta
cosO=—cosa=cos(T—a) >0=2nt+(T—0)
|cosO|=cosa =>0=ntta

cos?0=cos’a >0=nntta

5.3 Based on tan @ and cot0in
Their Domain

tan0=0=>0=nn
tan6=1>=>0=nn+ g,

T
tan 6 = -1 :>9=n1t—z
tanf=tana >0 =nn+ o

tan 6 = —tan o = tan(—ot) >0 =nw — o
[tan O] =tano > 6 =nw t o

tan’0 =tan’ o > 6 =nn t o

5.4 Based on Two Equations in
One Variable

(1) sin 6 =sin a, cos 6 = cos o then 6 = 2nw +
(i1) sin 6 =sin o, tan 6 = tan o then 6 = 2nw + o
(ii1) cos 0 =cos a, tan 6 = tan o then 6 = 2nw + o
(iv) cos © = cos a, tan 6 = —tan o then O

=2nn—-o
Method: Find the common values of 6 between 0
and 27 and then add 2nx to this common value.

5.5 Solution of the Equations of the Form of
acos@tbsin@=c

0=2nttPfta

where cos o = , sino. = and cos

a
\/a2 +b’ \/a2 +b°

B=ﬁ,0}\]az+bz
a +

NOTE

If real solution of the equation exists then

|clg~a® +b.

6. SOME USEFUL HINTS FOR SOLVING

6.1

6.2

6.3

6.4

6.5

6.6

6.7

TRIGONOMETRIC EQUATIONS

Squaring should be avoided as far as pos-
sible. If squaring is done, then check for extra
solutions

For example, consider the equating sin 6 + cos
0=1

On squaring, we get

1 +5in20=1orsin20=0=>0= %,n=0

+1,+2...
The values of the angle, 6 = w and 6 = %t do

not satisfy the given equation. So we get extra
solutions. Thus, if squaring is must, verify each
of the solutions.

Never cancel a common factor containing ‘0’
from the two sides of an equation.

For example, consider the equations tan 6 = V2
sin 0. If we divide both sides by sin 6, we get

1 L .
Nk which is clearly not equivalent to
the given equation as the solutions obtained by
sin x = 0 are lost. Thus, instead of dividing an
equation by a common factor, take this factor
out as a common factor from all terms of the
equation.
Make sure that the answer should not contain
any value of unknown ‘6’ which makes any of
the terms undefined.
If tan O or sec O is involved in the equa-
tion, 6 should not be an odd multiple of 7/2.
(cos 6 #0)
If cot 6 or cosec O is involved in the equation, 6
should not be a multiple of 7 or 0. (sin 6 # 0)

cosB=

The value of
example,

\cos®0 = |cos 0] and not + cos 6.

f(0) is always positive. For

All the solutions should satisfy the given equa-
tion and lie in the domain of the variable of
the given equation.
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SOLVED SUBJECTIVE PROBLEMS (X1 BOARD (C.B.S.E./STATE)):
FORBETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the general solutions of the following

equation
. . 36
1) sin—=0
® 5
Solution

We have,

sin£= 0

= ?:nn,neZ [sin 6 =0 = 0 = nn]

= 6=2nTn,neZ

(i) sin?206=0

Solution

nm

sin20=0>=>20=nn,ne > 9=7,

nez

2. Solve the equation: cos 6 + cos 36 — 2 cos 20

=0.
Solution
cosO+cos306-2cos20=0
& 2c¢0s820cos0—-2c¢os20=0

& 2c0s20(cosO-1)=0
& cos20=0orcos6—-1=0

Now, cos 26 = 0 = 26 =(2n+l)§,neZ

> 6=(2n+1)§,neN
And, cos06-1=0

= cosb=1

= cosO=cosO0°

= 0=2mn+0,meZ
= 0=2man,meZ

Hence, 6=(2n+l)§ or, 0 = 2mm, where m,

neZz.

3. Solve the equation: sin m9 + sin n6 = 0.
Solution

We have sin m6 + sin n6 =0

+n)cos(u)6= 0
2

= sin(m+n]6=0 or cos(m;nje=0

Now, sin(m;n)6= 0

= 2sin(m

= (m;nje=r1t,reZ

2rm

= 0= re’z

>
m+n

And, cos(mz_n)6= 0

= (?)9=(2s+l)g,s eZ

= G=M,SEZ
m-n

Hence, 6=2r—1t or G=M where m,
m+n m-n

necz

4. Solve the equation: tan®? 6 + (l—\/g)tane

-3=0.
Solution

tan’0+(1—~/3)tan0—+/3 =0

= tan’0+tan0-3tan0-3=0
tan(tan6+l)—\/§(tan6+l)=0
(tan® +1)(tan®—~/3) =0
tan6+1=0 or tane—\/§=0

=
=
=
= tan0=-1 or tan6=\/§
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Now, tan 6 = -1 = tanG:tanG(TJ = sin23x=[73] — sin’ 3x=sin2§
T
= O=nt-—neZ = x=mntimez = x=1T3T
4 3 3 9
And, tan6=\/§ = tanG:tan% Hence, x = nm or x=mni§, wherem,n € Z
T
= 6=m1t+§,n€Z 7. Solve: +/3cos®+sind =2
Solution
Hence, 6=nn—§ or 6=mn+§, where m, We have,
Z. . .
ne J3cos0+sin0=+2 e (D)
5. Solve the equation: tan 6 + tan 26 + tan 6 tan This is of the form a cos 6 + b sin 6 = ¢, where,
20=1
a=+3, b=1and c=+2
Solution Let,a=rcosaand 1 =rsin a. Then,
We have, J3=rcosa and 1 =rsina

tan O + tan 26 + tan 6 tan 20 =1

2 2 2 2
= tan0+tan20=1 —tan O tan 20 = r=va +b =\](‘/§) +1°=2

tan© +tan 20 1 T
— -] =>tan30=1 and tano=—f4 = o =—
1-tan® tan 20 NE) 6
= tan36=tan45° Substituting a = /3 = rcosa andb=1=rsina

T in the equation (i) it reduce to
= 36=mt+z,neZ

rcosacos 0+7sinasind =\/§
=" T nez =  reos(®—o)=~2

= ZCOS(G—g) =2

U

6. Solve: 4sin x sin 2x sin 4x = sin 3x

Solution ( n) 1
= cos|O0-——|=—
We have 6 ‘/E
4sin x sin 2x sin 4x = sin 3x ( n) T
= cos|0——|=cos—
4sin x sin (3x — x).sin (3x + x) = sin 3x

. a2 N A o A3
4[§1nx(§m 3x SI? x)] 3§1nx 4§m x N 6—£=2nni£,neZ
4sin x sin® 3x — 4sin® x = 3sin x — 4sin® x 6 4

4sin x sin®* 3x = 3sin x
sin x (4sin?3x —3)=0

sinx =0or4sin*3x—-3=0

= 6=2nni§+g,neZ

ududull

= 6=2nn+£+£ or e=2nn_£+£
; 2 3 4 6 4 6
= sinx=0or sin 3x=z

= 6=2n1t+5—1t or, 9=2n1t—1
Now,sinx=0=>x=nnnecZ 12 12

5w s
And, sin’ 3x=i Hence, 6—2nn+—2 or G—Znn—ﬁ, where
4 nez
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UNSOLVED SUBJECTIVE PROBLEMS (X1 BOARD (C.B.S.E./STATE)):
SOLVE THESE PROBLEMS TO GRASP THE TOPIC

EXERCISE 1

1. Solve the following equations
(1) sin30+cos20=0
(ii) cot29+i+3 =0
sin®
(iii) -2 tan 6 — cot 6 =—1

(iv) tan6+ tan(6+§] +tan(6+23—n) =3

(V) sin 3a = 4sin a sin (x + @) sin (x — @),
where a2 nn,n € Z

(vi) cot O +cosec 0= NG

(vii) sin’6—cosf = 7

(viii) sin 30 —sin 6 =4 cos> 6 -2
(ix) sin®+cos6=1

2. Find the general solutions of the following
equations:

3

(1) cosb= -
(ii) cosec 0= -2
(iii) secO=+2

(iv) tan6= —%

(V) sin 96 =sin 6

ANSWERS

EXERCISE 1

2nt W
1. () 6=———
@ 5 10

(i) 0= mn+(—l)"'”§,;

mmnez

T
i) 6=nn——
(i) 2

) x=nni§,neZ
(vi) 6=2nn+§,neZ
2. () 6=2nni%,neZ

@) 0=nn+(-D"" L,
@iv) 6=?+%,n62 neZ

(iii) 6= 2nn¢§,nez

@iv) 9=nn—g,neZ

rm
v) 6=— or
) 2

0=_2r+ l)1 where
10

4 rez

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The equation 3 sin®> x + 10 cos x — 6 = 0 is
satisfied if [UPSEAT-2001]
(@) x=nmn+cos™(1/3)

(b) x =2nm + cos™! (1/3)
(¢) x=nn+cos! (1/6)
(d) x =2nm + cos™! (1/6)

Solution

(b) 3sin’x+10cosx—6=0
3(1 —cos’x)+10cosx—6=0

On solving, (cosx—3) (B3 cosx—1)=0
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Either, cos x = 3, (which is not possible) or
cosx=1/3

= x=2nm+cos’(1/3)

2. If 4sin* x + cos* x = 1, then x is equal to

[Roorkee-1989]
(a) nn (b) nnisin“%

(c) nm +§ (d) None of these

Solution

(@) The given equation can be put in the form

4sin*x=1-cos*x=(1 —cos?x) (1 + cos®x)

= sin’x[4sin’x—1—(1 —sin*x)] =0

= sin’x[5sin?x—2] =0 =>sinx =0 or sinx
=+/2/5

Hence, x = nr is the required answer.

. Theroots of the equation 1 —cos 6 =sin6. sin9

is [Orissa JEE-2004]
(@) kn, kel (b) 2km, kel
© k;, kel (d) None of these

Solution

(b) We have, 1 —cos 6 =sin0. sing
= 2sin’0= 2sin9‘cos9‘sin9
2 2 2

= 2sin29[cos9}=0 = sin9=0 or
2 2 2

2sin29=0
4
= sin9=0 or sing=0 = 9=k1t or
2 4 2
9=k1t
4

Hence, 6=2knor0=4kn, k € I.

. If | k| =5 and 0° < 6 <360°, then the number
of different solutions of 3 cos 6+ 4sin 6=k
is

(a) Zero (b) Two

(c) One (d) Infinite

Solution

(b)3cosO+4sinb6=5 (%cos6+gsin6) =

5cos (6 — o)) where, cosoc:isinot:%

Now3cos0+4sinb=k
Scos(@—a)=k=>cos(0—a)==1

= 0-0a=0°180°=6=aq, 180°+ a.

5. The number of values of x in the interval [0,
5m] satisfying the equation 3 sin? x — 7 sin x +

2=01is
[IIT-1998; MP PET-2000; Pb. CET-2003]
@0 )5
(©) 6 @ 10
Solution

(©) 3sin’x-7sinx+2=0
= 3sin*x-—6sinx—sinx+2=0
= 3sinx(sinx—-2)—(sinx—-2)=0

= (3sinx—l)(sinx—2)=0:>sinx=§or2
. 1 L
= s1nx=§, (. sinx# 2)

.l T . .
Let, sin'==o,0< 0 < 5 are the solutions in
[0, 5m].
Then, a, t— o, 2n+ o, 3w — 0o, 4T + o, ST—
are the solutions in [0, 5m].

Required number of solutions = 6.

6. The equation sin x + sin y + sinz = -3 for 0 <
x<2m,0<y<2m 0<z<2m has
[Orissa JEE-2003]
(a) One solution
(b) Two sets of solutions
(¢) Four sets of solutions
(d) No solution

Solution
(@) Givensin x + sin y + sin z = -3 is satis-

fied only when x=y=z=3—n, forx,y,z € [0,
2m). 2

7. If cos6 0+ cos4 6 +cos2 6+ 1 =0, where 0 <
6 < 180°, then 6 is equal to
(a) 30°, 45°
(b) 45°, 90°
(c) 135°,150°
(d) 30°,45°,90°, 135°, 150°



Solution

(d) cos60+cosdO+cos206+1=0
2¢0s*30+2¢c0s30.cos0=0

=
= 4c0s360cos26cosH=0

= 36:(2n+l)§; 29:(2n+l)§ and
T
0=2n+)—
2n )2

= 0=30°90°, 150°, 45°, 135°

8. 2sin’x +sin? 2x =2, -t <x <, then x is equal

to [ISM Dhanbad-1989]
.o .o
a) t— b) +t—
@ o (b) 2
3n
© > (d) None of these
Solution

(b) Wehavel —cos2x +1—cos?2x =2
or cos 2x (cos 2x +1)=0
cos2x=0,-1, .. 2x=[n+%}1t or (2n
+Dmn

b1 i3
= x=2n+1)— or 2n+D—
( )4 ( )2

Now put,n=-2,-1,0,1,2

—31: T T 3n Sm

404747474
S3n —n & 3n 5w
272727272
Since, -t < x < =, therefore xiE, iE, -_F3—n
4 2 4

only.

9. If 5cos26+2cos2%+l=0, —m<0<m,then 6

is equal to
[Roorkee-1984]
s s )
a) — b) —,cos” —
(@ 3 (L) 3 5
43 s a3
¢c) cos  — d) —,m—cos™ —
© 3 (CY) 3 3
Solution

(d) 5cos26 +2coszg+l =0

= 5Qcos’0-1)+(1+cos®)+1=0

10.

Trigonometric Equations B.9

= 10cos’0+cos6-3=0
= (5cosO+3)(2cosH-1)=0

= cos6 =l,cos9 = 23

= 0=2 n-cos” (3)
3 5

If 0 <x <mand 81" " +81° * =30, then x is
equal to [Karnataka CET-2004]
(a) n/6 (b) n/2

(c) n/4 (d) 3nw/4

Solution

11.

(a) We have 81 481 ¥ =30
Now check by options, put x =g
then (8l)sm *nl6 +(8l)cos n/6 30

= (8" +(81)**=30=>30=30
Hence, (a) is the correct answer.

Inn is any integer, then the general solution of

the equation cosx—sinx = LZ is
[J & K-2005]

(a) x=2n1t—1 or x=2n1t+7—1t
12 12

T
b) x=nnt—
(d) x=n 0

(©) x=2mt+£ or x=2n1t—7—7t
12 12

@ X=nm+> or x=n1t—7—1t
12 12

Solution

. L . 1
(¢) Given equation is, cosx —sinx = T

Dividing equation by \/_ ——COSX ——=sinx
N J_

1
2
cos E+x =cos£‘ Hence, E+x=2n1t-_FE

4 3 4 3

x=2n1t+£—E = 2n1t+1
3 4 12

or x= 2n1t—£—E —2n1t—7—1t
3 12
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12. Find real values of x for which 27¢s % 8]sin2
is minimum. Also find this minimum value.
[Roorkee-2000]

Solution

E = 33cosxetdsine [by using formula]

—Ja* +b* <acosx+ bsinx <+a®>+b’

minimum value of given E is g b
put a =3 and b = 4 we get minimum value of
E=3%=1/243.

13. The number of solutions of the equation tan x +
sec x = 2 cos x lying in the interval [0, 27t] is

[IIT-1993]
@0 () 1
© 2 @3
Solution
© l+smx=2cosx (cosx % 0)
l+sinx=2(1+sinx)(l —sinx)or 1=
2 (1 -sinx)
. . T T 5w
smx=— .. X=— O T——=—
2 6 6 6

1 +sinx# 0becauseif 1 +sinx=01.e., sinx
=—1, then, cos x = 0 which is not true.

14. If 2 (sin x — cos 2x) — sin 2x (1 + 2sin x) 2 cos
x =0 then [Karnataka CET-02]

T T
(a) x—g(4n+l) or x—5(4n—l)
T T
) x—g(4n—l) or x—5(4n—l)

© x= g(4n+l) or x= §(4n+l)
(d) None of these
Solution
(@) 2(sin x — cos 2x) — sin 2x (1 + 2sin x) +
2cosx=0

= 2sinx—-2+4sin?x—-2sinxcosx—4
sin?x cosx +2 cosx =0

= 4sin’x+2sinx—2-cosx[4sin’x+2
sinx—2]=0

= (l-cosx)(sinx+1)(4sinx—2)=0

. . 1
Hence, sinx=-1orcosx=1 or s1nx=5

= x=(4n—l)§ and x=(4n+l)g

15. If 6 and ¢ are acute satisfying sin6 = %, cos¢

=§, then 6+ ¢ €

[IIT Screening-2004]
T T 27
a) |—,— b) |—,—
(@ [3 2] (b) [2 3]
2w 5w S5m
o) | —,— d) |—, =
©|Z2Z] @ |Z.x]
Solution
() sinG—l > 6—£cos<|>—l
2 6 3

T T .7
= —<¢<—. Thus, —<(O+
3 ¢ 5 5 ©+9)

2n
<=
3
2 2
16. If sin’0= Ly“, then x must be
x
[MPPET-2006]
(@ -3 (b) 2
©1 (d) None

Solution

(d) Here is one equation and two variables,
therefore, it is impossible to find the val-
ue of x.

17. The solution of equation cos?6 +sin6+ 1 =0
lies in the interval

[MPPET-2006]
T T T 3w
@ 53 o (55)
3n 5w S5t In
© %) ® 55
Solution

(d) The equation is, cos’0 +sin®+1=0
l-sin?6+sin®+1=0
sinf—sin®-2=0
(sin®+1)(sin6-2)=0
sinf+1=0 (Csinb# 1)

u v iy

sinf=-1= sin3—7t
2

37 |57 T=w
0=—e|—,—
2 [4 4]



18. The general solution of sin x — 3 sin 2x + sin
3x =cos x — 3 cos 2x + cos 3x is

[IIT-89]

s nm
a) nm+— b) —+—
@ n 3 (®) 2 '3

ne T 2

-)'—+— d) 2 12

(© =D 7 +3 (d) 2nm+cos 3

Solution

sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x +

cos 3x

= 2sin 2x cos x =3 sin 2x — 2 cos 2x cos x +
3cos2x=0

= sin 2x (2cos x —3) —cos 2x (2 cos x — 3)
=0

= (sin2x—-cos2x)(2cosx—3)=0

= sin2x=cos2x =>tan2x=1 =tan%

T N T
= 2x=nt+— = x=—+—
4 2 8

19. The equation cos 2x + b sin x = 2b — 7 pos-
sesses a solution, if

@@ b<2 (b)2<b<6
©) b>2 (d) b is any integer
Solution

l-2sin’x+bsinx=2b—-7 = 2sin*>x—b
sinx+2b-8=0

bt+lb*—8(2b—8)
4
For sin x to be the real value b*>— 8(2b —8)>0

+/b* —8(2b -
and _lswsl

4
For 2 < b <6, all inequalities hold good.

= sinx=

. 2
20. If ﬂ = @ =3 then the value of 6 and
sind tan¢

¢ are

T T
a) O=nnt— d=nnt—
(@) 3 ¢ G

T .7
b) O=nr——, ¢=nn——
(b) 6=n 3<I>n ;

T T
C) O=nnt—, d=nn+—
© 2 ¢ 3

(d) None of these

Trigonometric Equations B.11

Solution
sin® ? _ tan0
sin¢ tan¢

= sin6cos 6=sin ¢ cos ¢ = sin2 6 =sin2 ¢
20=n1-2 > e=§-¢

tan©
cot

But, 220 _3 o
tan¢

=3 = tan’6=3

= 6=nni§, so that <|)=mtig
21. The solution of the equation sec 6 — cosec 6

=—1is
3

(a) %[mt+(—l)"sin’l(3/4)]

[Roorkee-1994]

(b) nw+ (-1)"sin™ (3/4)
© %+(—1)" sin™(3/4)
(d) None of these
Solution
(@) 3(sin®-—cos 6)=4sin6cosO=2sin 26

Squaring both sides, we get 9(1 — S) = 45,
where S = sin 20 or 452+ 95-9=0

S+3)4S-3)=0 or S=% asS# -3

or sin29=%=sin(x S20=nm+ (-1D)"a

1 3
or —| 2n+(-1)"sin" =
o)

22. Iftan 0+ tan 20+ /3 tan Otan 20 = /3, then

[UPSEAT-2001]
(@ 6=O6r+1)n/I8Vnel
® o6=O6r+DHn/9Vnel
© 0=@Grn+1)n9Vnel
(d) None of these

Solution
Given relation is
tanO+tan2 6 + \/g tan Otan 2 6 =\/§

= tan0+tan20 =3 (1 —tan 6 tan 2 6)
tan6 + tan 20
1—tan0 tan 26

= 36=nmn+w/3 =>0=0Gn+1)n9

=3 = tan3 6=tan(w3)
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23.

The solution of the equation

cos?>x —2 cosx =4 sinx — sin 2x, (0 <x <m) is:
[DCE-2001]

(b) m—tan1(2)

(d) None of these

(a) m—cot1(1/2)
(c) m+tan! (-1/2)

Solution

Given equation is cos®’x — 2 cos x = 4 sin x —
sin 2x

= cos?x—2cosx=4sinx—2 sinx cos x
= cosx(cosx—2)=2sinx(2—cosx)

= (cosx—2)(cosx+2sinx)=0

= cosx+2sinx=0 (" cosx#2)
=

tanx =—% >x=nn+tan? (-1/2),n el

As 0 <x <, therefore, x =& + tan™! (-1/2)

24. The number of integral values of k, for which
the equation 7 cos x + 5sinx =2k + 1 has a
solution, is [IIT Screening-2002]
(@ 4 () 8
(©) 10 @ 12

Solution

25.

7P +57 < (Tcosx + 5 sinx) <A/7% +5°

So, for solution —/74 <2k +1)< V74

or 86 <2k+1<860r-96<2k<76o0r
—4.8 <k <3.8. So, integral values of k are —4,
-3,-2,-1,0,1, 2, 3 (eight values).

If cos 6 + cos2 6 + cos3 6 =0, then the general
value of 6 is JUPSEAT-2003]
(@) 0=2mn+2n/3 (b) 6=2mn+w/4

© 0=mm+D"2n/3 (d) 6=m n(-1)"xn/3

Solution

26.

(a,b)cosO+cos20+cos30=0
(cosO+cos30)+cos26=0

= 2c¢c0s26cosO+cos26=0=cos26
(2cosb+1)=0

= ¢0s20=0=cosn/2 =>0=7n/4 =6=2m
n + /4

or cos6=7=cos23—7t = 0=2mn+n/3.

If cot (a + B) = 0, the sin (a + 2p) is equal to
[Kerala (Engg.)-2001]
(b) cos a
(d) cos2 B

(a) sina

(c) sinf

Solution

27. If

Givencot(a+B)=0=>cos(a+p)=0

= a+B=(2n+l)§,neI
sin(a+2p)=sinRQa+2pf-a)

=sin(2n+ 1) n—-a)=sin(2nn + 71— Q)

= sin (T — o) = sin o

tan30-1

tan30 +1
is [MP PET-2004]

(@)

= \/§ , then the general value of 6

nt W

3 12
nt Ixw
_+_

3 36

T
b) nt+—
(b) n B

©

T
d) nmt+—
(d) n 0

Solution

28.

tan30-1
tan30 +1
=\/§tan 36+\/§
tan36—l—\/§tan36—\/§=0
tan30(1-~/3)—(1++/3)=0
l+\/§
1-3

T

= tan30=tan 105° = tanE

Given that = \/g ortan 36 — 1

©

uu

= tan30=

nt Tn
= —4—
3 36
If 0 < 6 < 2m, then the intervals of values of 6
for which 2sin? 6 —5sin© +2 >0 is
[ITT-JEE-2006]
(b) 0, /8 L /6, 51/6
(d) 417/48,

36=n1t+7—7t = 0

(a) 0,6 U 5n/6m, 21
(c) n/8, 5n/6

Solution

29.

(@ 2sin?6-5sin6+2>0=(sinO-2)
(2sin®-1)>0
= sin6<1/2=0¢€0,n/6 Us5n/6,2n

The number of values of 0 in the interval [,
n] satisfying the equation cos 6 + sin 26 =0 is

[MPPET-2005]
(@1 (b) 2
©3 @ 4



Solution

30.

(d) cosO+sin26=0
= cosO(l+2sin6)=0=cosO=0orsin
=>=-1/2

The number of values of 0 in the interval
[—m, ] satisfying the equation is 4.

The number of solution of the equation 2cos
(e) =5+ 57 are

[UPSEAT-2004; I11T-1992; MPPET-2006]
(a) No solution
(b) One solution
(c) Two solutions
(d) Infinitely many solutions

Solution

31

cos(e<1l |, 1

5F+—2>2,
2.2cos(e”)<2 5F
1

Atx =0, 5"+?=2
Butatx=0,2cos(e)#2
The given equation has no solution.

(a) We have

The expression (1 +tan x + tan>x) (1 —cot x +
cot? x) has the positive values of x, given by
(@ 0<x<n/2 b)0<x<m

(c) Forallx e R d x>0

Solution

(¢) The expression is

(1+tanx +tan® x)(1 + tan® x — tan x)
tan’ x

_ (I+tan’x)’ —tan’x
tan’ x
Obviously, 1 +tan?x> tan’x, V x.

Hence, it is positive for all value of x.

32. Ifcos0+cos30+cos50+cos70=0, then
6 is equal to [Dhanbd Engg.-72]
(a) nm/4 (b) nm/2
(c) nm/8 (d) None of these
Solution
cos(e * 76)sin4(6)
2 =0= —co0s40sin40=0
sin(0) 2
sin86=0=86=nn
nm

= 0=—
8
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33. The general solution of a cos x + b sinx =,
where a, b, ¢ are constants
(@) x mt+cos“( i }
a) x= —_—
vJa* +b?
a(b
(b) x=2nm—tan" | —
a
(¢) x=2nm—tan™ (ﬁ] +cos™ i
a a’+b’
(d) x=2nm+tan™ L2 +eost| =S
a a’+b’
Solution
@ 9 _cosx+ sin x
\/a2 +b° \/a2 +b°
B c
Ja* +b?
[ L, a } c
= cosx—|cos =
\/a2 +b? \/a2 +b?
= x-cos'—2 _—cos'——S
vJa* +b? vJa* +b?
General solution is,
x—cos™ = 2nmtcos ! ———
a’ +b? Jar +b’
or x=2nn+cos™ +cost—2
\/a2 +b* \/a2 +b*
x=2nm+tan™ b, cost—5
a Na’ +b’
Trick: Puta=b=c=1, then
T .7
cosx—— |=cos—
(o= eor
T,T ...
= x=2nm+—+—which is given by
option (d).
34. Number of solutionsecx.cos 5x+1=0,0<
x<2mis
(@1 (b) 2
(©) 8 @ 4
Solution

(c) sec x cos Sx =—1 = cos 5x = —cos x
(2n+Dm
——— or

> 5x=2mt(m@-x) > x= 5

2n-Dm
4

n w3t 5t 5n Tn In 91tll1t
Hence,x=—,——,—,—, —,—,—
4247646 4 4 6
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The solution set of (5+ 4 cos 6) (2 cos 6 + 1)
=0 in the interval [0, 27] is

(a) {m/3, 2n/3} (b) {w/3, n}

(©) {2m/3, 4n/3} (d) {2n/3, 5w/3}

. General solution of tan 56 = cot 2 0 is

[Karnataka CET-2000; Pb CET-01]
(@) 0= "7—” + %
(b) 0= "7—” + g
© 0= "7—” + g

@ e="7—“+§,nez

. If cosO=—1/+/2 and tan 6 = 1, then the gen-
eral value of 0 is

T T
(a) 2n1t+z ) (2n+l)1t+z

L L
¢) nm+— d) nmt—
(© n 2 @ n 2

. The general value of 6 is obtained from the
equation cos 26 = sin a is [MPPET-96]

(a) 26:%—0(

(b) 6= Znn(g—a]

_nn+(=1)"a
2

@ 6=nni(§—%]

. General value of 6 satisfying the equation tan?
O+sec20=11is [IIT-96]

(©

.7
a) mn nN+— mnez
3
.7
(b) m=, nw i;, mmnez

b
() mm, mtig, mnez

(d) None of these

10.

11.

The smallest positive values of x and y which

satisfy tan (x —y) =1, sec (x + ) 2/\3 are
(@) x=25n/24,y = 19n/24

(b) x=37n/24,y =Tn/24

©) x=n/d,y=n/2

() x=mn/3,y=Tn/12

If (1 + tan ©) (1 + tan ¢) = 2, then 6 + ¢ is

equal to [Karnataka CET-93]
(a) 30° (b) 45°
() 60° @d) 75°

The general solution of the equation

(\/g—l)sin9+(x/§+l) cos0=21is
[Roorkee-92]

T W
a) 2nmt—+—
@ 4 12

T T
b) nt+(-D)"—+—
®) nr+(=1) rRiT)

T T
¢c) 2nmt———
(© 2nmty =1

T T
d) ne+(-1)"'———
(d =D 1 12
The general value of 6 satisfying the equation
2sin’6—3sin®—-2=01is

[Roorkee-93]
(@ nn+(—l)"g () mt+(—l)"§

(© m:+(—1)"%’t @ m:+(—1)"76—’t

If [singcose} =[cos§tan6], then 0 is

equal to [Pb. CET-88]
i3 b1
a) nT+— b) 2nnt+—
(@ 2 ® 2
L b1
¢) nt—— d) 2nn+—
© 2 @ G

Ifrsin®6=3,r=4(1 +sin 0), 0 <6 < 2=, then
0 is equal to

[Roorkee-74]
(b) w/6, Sn/6
@ n2,n

(a) /6, n/3
(c) /3, /4



12.

13.

14.

15.

16.

17.

18.

If tan (cot x) = cot (tan x), then sin 2x is equal
to [MPPET-99; Pb CET-01]

(@) (2n +1)§ (b) 4/2n + Dyn

© 4n(2n+1) (d) None of these

If cos 26 =ﬁ+l=O(G—L], then the
V2

value of 6 is [Roorkee-77]

i3 i3
a) 2nm+— b) 2nnt+—
(@ 2 (b 2

© Znn—g (d) None of these

If tan2x = tanz, then value of x is

x
nntn’n’ +16 nm
@ —m—— O —
4 4
et
© LE (d) None of these

4
The smallest positive angle which satisfies the

equation 2sin’0++/3cos0+1=0 is
(a) 5@/6 (b) 2 w/3
(c) n/3 @) n/6

If tan 6 + tan 20 + tan 36 = tan O tan 26 tan 30,
then the general value of 6 is

nm nm

®@ 3 ®
T nm

(C) nnt ? (d) ?

If sin? 6 = 1/4, then the most general value of
0 is

(@ 2n1ti(—l)"g () %i(—l)"%

T T
c) nmt— d) 2nwt—

© : @ :

If sec 4 6 — sec 20 = 2, then the general value
of 6 is

n n
(a) (2n+l)z ®) (2n+l)m

(c) nm +§ or n?n_% (d) None of these

19.

20.

21.

22.

23.

24.

Trigonometric Equations B.15

If 4sin’0+2(x/3 +1)cos®=4++/3, then the
general value 0 is

b1 b1
a) 2nmt— b) 2nn+—
(@ 3 (b) 2

T T
c) nmt— d) nm——

© 3 @ 3

If cotb+cot (§+ 6] =2, then the general

value of 6 is

b1 b1
a) 2nnt— b) 2nnt+—
(@ G (b) 3

i3 i3
¢) nmt— d) nmt—
(©) n 3 (d) n G

If tan’0—(1++/3)tan0+~/3=0, then the
general value of 6 is

T T
a) NT+—, NT+—
@ 4 3

T .7
b) nt—— nt+—
®) 4 3

T .7
C) nT+—, nm——
© 4 3

.7 T
d) nm——, nt——
@ 4 3

If cot 6 + tan 6 = 2 cosec 6, the general value

of 0 is [Roorkee-71]
T T

a) nmt— b) nmt—

@ 3 (b) G
T T

c) 2nwt— d) 2nwt—

(©) 2n 3 (d 2n P

If \/gtan26+\/§tan36 +tan26tan30=1,
then the general value of 0 is

i3 I\n
@ s ®) ("‘LEJE

1\n 1\n
© (2nig)§ @ (Hg)g

The number of solutions of the given equation

asinx + b cos x = ¢ where |¢|>+a’ +b*, is
[DCE-98; AIEEE-02]
®) 2
(d) None of these

@1
(¢) infinite
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25.

26.

27.

28.

1.

2.

It V2secO+tanB =1, then the general value
of O1is

3n T
a) nm+— b) 2nn+—
(@ 2 (b 2

i3 i3
¢) 2nm—— d) 2nn+—
(©) 2n 2 @ 2n 2

If /3cos0+sin® =~/2, then the most general
value of 6 is

(@) nu+(= 1)"%

®) 177

(¢) nm+ % - g

@ nn+(—l)”§—§

If sin © + cos 6 = 1, then the general value of
0 is

(a) 2nm
T T
) nn+(-1)" )
T
©) 2n1t+5

(d) None of these

If cos 70 = cos 6 — sin4 6, then the general
solution of 0 is

29.

30.

n|T N7 T
@ 737

n|T N7
by ey L
(b) 33 ( )

nw nm

© VREY +(- )"—

ni|t nmw T

@ — 63 - +CED T

If sec6+1= (2+\/§)tan6, then

T T
a) O=nm+— b) 6=2nn+—
(@ 6=n 5 (b) nE+

(c) 6=nm i% (d) None of these

The set of value of x for which the expression
tan3x —tan2x .
—— =l1is
1 +tan3x tan2x
[MPPET-92; MNR-93; UPSEAT-02]
@ ¢

) =
4

(©) (nn+— n=1273.. )

@ 2n1t+— n=1,2,3,. )

HINTS AND EXPLANATIONS

©)(5+4cosB)(2cosb6+1)=0

-1

= cosO= _—5, cosO=—
4 2

possible value of cos6 = _71

(e -1<cos6=1)

6=2 % (when cos 0 € [0, 2x])

3

() tan 50 =cot 20 = 50=nn+=-20
nm T 2

7 14

3.

(b) cosO =_—l, tan0 =1

V2

6 lies in III quadrant

6=2n1t+5—1t
4

4. (d) cos26=sina

= 29=2nni(§—(x)

O=nn+ r.e
4 2



1+tan’0

1—tan’0

= 2tan’6-tan*0+1=1-tan*0
tan® 6 (tan’0 - 3) =0,

. (b) tan’0 +

T
O=mn,nmt— mnel

. (a,b)tan(x-y)=1 sec(x+y)=§

Here,x +y>x-y (1) ('~
values)

x, y are positive

5w

x-y=22" viy= lin
y 4545 y 6

>

o la

from (1) x+ 1z ,X— T or on
r= 6 r= 4 4
3711: Tn 25 197
=— o x=—7\,—
24 24 24 24
. (b) (1 +tan 6) (1 + tan ¢) = 2
= l+tanO+tand +tanOtan =2
tan 6 + tan ¢ = 1 — tan O tan ¢ = tan (0 + ¢)
=1
0+ ¢=45°

. (@ (V3 -Dsin0+(+/3 +1)cos is equal to
dividing by (V3 -1 +(/3 +1)* =242

\/_ln\/_lf‘osez
J_+1 «/_ _«/_

b5
s1n9s1nE+cos9cos— =—

[

T T
0+—=nn+(-1)"—
12 =D 4

T T
O=nr+(-1)'———
( )4 12

. (d) 2sin> 6 -3 sin 6 = 0; (2 sin 6 + 1) (sin

0-2)=0

sin6 = _71, 2 = possible value of sin6 = _71

9=n1t—(—1)"g or 6=n1t+(—1)"7—n

Trigonometric Equations B.17

10. @) Zcoto=Z—Ztano
4 2 4

11.

12.

13.

= cotO+tanO6=2

tan6=1=> 9=n7|:+§

() r= ‘3 ; =4 (1 + sin 0)
sin 6

—‘3 =4+4sin® = 4sin*0 +4sin® -3 =0
sin®
4sin® O + 6sin — 2sin® —3 =0

= (@2sin6-1)(2sin6+3)=0

s1n(9—l 3 = (9=n11:+(—1)"E
272 6
or =2 EL
6 6

(b) tan(cotx) = tan (g - tanx)

T
cotx=n1t+5—tanx

- c?sx+ sinx =(2n+1)£

sinx cosx 2
— 2 _n+DEssin2e=—
2sinxcos 2 2n+Dr

(b) cos20= (\/E +1)(cos6 _LJ

ND
2c0329—1=(«/§+1)(c039—%]
2(cos9 12]( os6+TJ W2 +1)

-

[cose )[2cos6+—] (\/E+1) 0

(cose

Sl

)(ZCOSG 1)=0>cos 6=

—OI'
V2
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14. tan2x=tan2 :>2x=n1c+2
X X

2% — (nm)x — 2= 0

_nntn’n’ +16

4

X

15. (b) 2sin*0++/3cos0+1=0,
2(1-cos’0)+~/3¢cosO+1=0
2c0s20—+3cos-3=0

3E3-4(-6) B33\
4 T4
_Bw B
4 >

2

possible value cos6 = _COST3
c0s0 = —cos
6

cos0 =—cos23—7t

6=2n11:-_F2—1t (9=23—1t

16. (a) tan 6 + tan 26 + tan 30 = tan 6 tan 26 tan

36 is possible if 0 + 20 + 30 = nt = 6=?

if 6 € off odd = tan 30 is not defined,

. . 2mm T
for 6 € even solution exist 0 = % = mT

17. (¢ sin’0=L =0=pms’
4 6

18. (b) sec 46 —sec 20 =2
1 1
cos40  cos20 -
cos 26 — cos 40 = 2cos 26 cos 40
= co0s 26 — cos 46 = cos 20 + cos 60
cos 66 +cos40=0=2cos 50 cos06=0

s.cos50=0o0rcos0=0

50 =(2n¢1)§ or 0 =(2n+1)§

I
6= (2nt)—
(n)10

19. (a) 4sin’0+2(+/3 +1)cosd =4++/3

20.

21.

22.

23.

24

25

4(1-cos*0) + 2(«/§+1)cos9 =4 +\/§
= 4cos?0-2(x/3 +1)cosO+~/3 =0
(2cos9—«/§)(2cos6—1) =0;cosb = %

1
or —
2

9=2n7|:iE or (9=2n7|:-_FE
3 6

@ cot@+cot(§+6)=2

cotO-1 -2
cotO+1
cot?0 +2cot0—1=2cot0+2 =>cot?0=3

= cotO+

O=nntZ

6
(@) tan’0—(1++/3)tan6+/3 =0
= (tan®-3)(tanB-1)=0
tan0@=+/3 or 1 = 6=n7|:+§ or n7|:+§
(c) cotb+tanO =2cosecHd

sin@ 2
cosO sin®

cos©O

sin©

cot9=l:>9=2n11:iE
2 3

\/gtan29+\/§tan26=1— tan 20 tan 30

020 tnd0 1o g L
1-tanOtan30 ﬁ ﬁ

50=nm+r =0= n+l z
6 6)5

. (d) asin x + bcos xe (—\/a2 +b%, Na* +b* )

. asinx + b cos x = ¢ will have no solution

. (©) V2secO+tan®=1=> 2 +sin0 = cos®
cos@—sin® =2 :>cos(6+%)=1

0+ - 2mn= 0=2mn-=
4 4



26.

27.

28.

@ (£c0s9+ ;sme = \/ZEJ

= sin(£+6]—L
3 V2
= E+(9=n1t+(—1)"E
3 4
T T

or O=nn+(-1)'——=
Dy

(b) sin® +tcosH=1> ﬁsin(9+§=l]

sm(9+ )—T
i

(c) cos 76 = cos 6 — sin 40 = sin 46 = cos O
—cos 76

sin 46 = 2sin 46 sin 360 = 1 = sin 46(1 — 2sin
30)=0

sin 40 = 0 or sin36=§

+——n1t+ " —
= )4

0=nr+(-1)"

29.

30.

Trigonometric Equations B.19

0=""
4

nn T
or 6=—+(-1)"—
3 =D 18

(b) secb+1= (2+\/§)tan9

- 1+cos6_(2 J—)s1n9
cos0 cos0

5 cos? __(2 J—)(Zsme cos@)

2

0 s

cot—=2+ 3:>—=n1t+—

2 \/_ 2 12
9=2n11:+E
6

(@ LA3x-@n2x Gy - 20 =1
1+tan3xtan2x

or tan x =1

s . .
oo x=nx +Z but at this values tan 2x is not

defined.
Lxed

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

The general value of 0 satisfying sin’0 + sin 6
=2is [AMU-96, 99]

T

@ mr (D2 () 2n1t+§

nZ X
© nm+(=D" @ (D"

The general solution of
sin’0secO++/3tan0 =0 is
(@) O=nn+(- 1)"*l ,0=nm, neZ
b)O=nn,neZ

© 6= n1t+(—1)"“§, nez

@ 9=%,neZ

3.

The value of 0 satisfying sin 70 = sin 40 — sin 6

and0<6<§are

(a) ©/9, m/4 (b) ©/3, /9

(c) w6, /9 (d) =/3, n/4

If sin 2x + sin 4x = 2sin 3x, then x is equal to
[EAMCET-89]

(a) nm/3 (b) nn/2

(c) 2nm £ 7/3 (d) None of these

The general solution of the trigonometric
equation tan 7 = cot T is
[MPPET-94]

i
a) O=nt+—-a
(@ 2

(b) 9=n1t—§+0t



B.20 Trigonometric Equations

© B=nr+ta
2
T
d) 6=nt-—-0a
d O=n 5

. The solution of the equation 4 cos® x + 6 sin?
x=5 [AICBSE-83]

T
a) x=nnt—
@ 5

T
b) x=nnt+t—
(b) 2

3n
c) x=nxt—
© 2
(d) None of these
. The general value of 0 satisfying the equation

tan6+tan(§—9] =2, 1s

[MNR-74]
T T
(a) nniz ®) n1t+z
T W1
© 2nmto @ nu+(-1) ”

. If sin 26 = cos 360 and 6 is an acute angle, then
sin O is equal to

[EAMCET-80]
V5-1 —5-1
@ 4 ®) T
@© 0 (d) None of these

. The solution of 3 tan (4 — 15°) = tan (4 +
15°)

10.

11.

12.

13.

14.

i i3
a) nT+— b) 2nt+—
(@ n 2 () 2n 2

T nT T
c) 2nw—— d) —+(C-D"'=

© 2n 2 @ 5 =D 5
The number of solution of the equation 8tan®
6 + 9 = 6sec O in the interval (—n/2, ©/2) is
@ 2 (b) 4

@© 0 (d) None of these

If sin 26 + cos 26 = 1, then the general value
of 0 is

(a) n1t+§,n1t (b) mt—%, nm

T nx T nx
c) nm+—, — d) nm—-—, —
© n 22 d n 22

If sin’6—2cosH +% =0, then the general
value of 0 is

(@ nnig (b) 2n1ti§

i3 i
¢) 2ntt— d) nmt—
(©) 2n G (d) n :

The number of value of 6 in [0, 27] satisfying
the equation 2 sin?> O = 4 + 3cos 0 are

[MPPET-89]
)1

@3

@ 0
© 2
The number of solution of the given equation
tanO +secO = \/g, where 0 <0 <2 mis

(@) 0 ® 1
(©) 2 @3
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

)

The answer sheet is immediately below the
worksheet.

The worksheet is of 30 minutes.

The worksheet consists of 30 questions. The
maximum marks are 90.

Use Blue/Black Ball point pen only for writing
particulars/making responses. Use of pencil is
strictly prohibited.

The general value of © in the equation
24/3cosO =tan® is [MPPET-2003]

b5 b5
a) 2nnt— b) 2nwt+—
@ G (b) 2

a T _ nE
(©) nn+(-1) ? @) nn+(-D 2

The equation \/§ sin x + cos x = 4 has
[EAMCET-2001]

(a) Only on solution

(b) Two solution

(¢) Infinitely many solution

(d) No solution

If cos 6 = —-1/2 and 0° < 6 < 360°, then the
value of 6 are [Karnataka CET-2001]
(a) 120° and 300° (b) 60° and 120°
(c) 120° and 240° (d) 60° and 240°

If 2cos 6 + 1 = 0, then the general value of 0
is

@ 2nn+l ) 2nm+ 2T
3 3
2n T
() nmt— d) nmt—
3 3
The general solution of tan 3x =1 is
[Karnataka CET-91]
T Nt T
a) nT+— b) —+—
@ 4 ® 3 12
(© nn @ nni%

If cos pO = cos g0 p # q, then [MPPET-95]

(a) 0 =2nn (b) 6= 2T
p*q
() 6= nn (d) None of these

ptq

7. If tanO= L

10.

11.

12.

3

and sin6 =l, cosf=———,
2 2

V3

then the principal value of 6 will be
[MPPET-83, 84]

(a) /6 (b) 57/6
(c) 7n/6 (d) -=n/6
If cot® © = cosec? 0, then the general value of
0 is
(a) nt (b) 2n1ti§
T T
c) nu+(-1)"— d) 2nwt—
© =D 2 @ 5
If tan x = 3 cot x, then the general value of x
is
T T
a) nm+— b) nt+—
@ : (b) 3
T T
c) nmt— d) nmt—
© : () 3
2
If % = l, then the general value of 6
sec
is
T
a) nmt—
@ G
T
b) nt+—
(b) :
T
c) 2nnt—
© G
(d) None of these
If 2tan? 6 = sec? 0, then the general value of 6
is
T T
a) nT+— b) nt——
(@ 2 (b) 2
T T
c) nmt— d) 2nwt—
© 2 () 2
If sec® © = 4/3, then the general value of 0 is
T T
a) 2nwt— b) nmt—
@ G (b) :
© 2n1ti§ (@ nnig
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13.

14.

15.

16.

17.

18.

If sin © = sin o, then
(@) 6=nmxa

() 6=2nt+(-1)"a
(©) a=nw+(-1)"0
@oe=02n+Hr+a

If sin6= \/gcosﬁ, - m<0<0, then 0 is
equal to

(a) —5m/6 (b) —4n/6

(c) 4n/6 (d) 5n/6

If sin 4 = sin B and cos A = cos B, then which
one of the following is correct [NDA-07]
(@) B=nn+4

(b)A=2nt-B

(c)A=2nn+B

(d) B=nn— A (nis an integer)

If tan(rcos 6) = cot(w sin®), then the value of
cos(6 — m/4)is equal to
[AMU-99]

@) 1242 ®) 12
© 1342 (@) 1442

If f{6) = asin® + bcos 6 then the maximum
value is

[Orrisa JEE-2007]
(@) Ja*+b? () Va* ++b?
©) a*+b’ (d) None of these

The most general value of 6 satisfying the

equation sin 6 = sin o and cos 6 = cos o is
[IIT-71; Karnataka-93; DCE-99]

(@) 2nw+ a (b) 2nT— o

(©) nmt+a @) nt—a

19. If 3(sec? 6 +tan?6) = 5, then the general value
of 6 is
T T
a) 2nw+— b) 2nwtt—
@ G (b) G
T T
c) nmt— d) nmt—
© G @ 3
20. If 1-c0s26 _ 3, then the general value of 6
~ 1+cos26
is
T T
a) 2nwt— b) ntt—
@ : (b) :
© 2n1ti§ @ nnig

21.

22.

23.

24.

25.

26.

27.

28.

If tan 20 tan 6 = 1, then the general value of 6

is
1\=n 1
(a) (n + E]? (b) (n + E] T
(d) None of these

© (2%%)%

If (2cos x —1)(3 + 2cos x) = 0, 0 <x < 27, then
x is equal to
[MNR-88; UPSEAT-2000]

b T Sm
(a) 3 (b) 33

T 5% a, 5_11:
© PRER (=3/2) @ 3

The equation sin x + cos x = 2 has
[EAMCET-86; MPPET-98; PB CET-93]

(a) One solution

(b) Two solution

(¢) Infinite number of solutions

(d) No solution

If 2cos’x+ 3 sinx—3=0, 0 <x <180°, then
x is equal to

[MPPET-86]
(a) 30°,90°, 150°
(b) 60°, 120°, 180°
(c) 0°,30°,150°
(d) 45°,90°, 135°

The equation 3cosx + 4 sin x = 6 has
[Orrisa-JEE-2002]

(a) Finite solution

(b) Infinite solution

(c) One solution

(d) No solution

The number of solutions of the equation sin x
cos x cos 2x =—1/2 is
(CYRY

© 2

The number of solutions of the equation tan*
6 — 4 tan® 6 + 3 = 0 between 0° and 360° is
(@ 4 (b) 6

@© 8 @) 10

®) 1
@3

If —\/gsine—cosﬁ =1, then 6 has one of the
two possible values

[SCRA-2007]
(b) 180°, 200°
(d) 150°, 200°

(a) 180°, 300°
(c) 150°,300°



Trigonometric Equations B.23

29. The general solution of the equation tan x + | 30. The equation cos x + sin x = 1 has at least one
tan 2x + tan x tan 2x =1 is [SCRA-2007] of the following solution [MPPET-2007]

= x @) x==

(@) nrw 2 () nr+ 2 (b) x= 12

nT T nT T (©) x=m/4

© 31 @ 3h d) x=7/3

ANSWER SHEET

LO®O LOE®OO 2.OOOO
20000 20000 20000
30000 BOOOD BEOOOD
+1@O0OO 40O #OOOO
50000 50000 50000
OOOO 16O 6000
TOOOO 7O®OO 277.000
LO®OO BOO®OO B8.OOOO
.00 @ B.O®OO 2.0000
10O®OO 20000 0.0

HINTS AND EXPLANATIONS

6. (b) cos pb =cos g0 = pb =2nm + ¢6
2nm
rtq
15. (¢) sinA4 = sin B and cos A = cos B

2sin(A_B]cos(A+BJ=0
2 2
2sin A+B sin 4-8 =0

2 2
comparing both sin(A ;BJ =0

:>A;B=n1t A=2nn+B

06=(pF¢9=2nt=> 0=

21. (a) tan206tan 6 =1
= tan20=cotO= tan(g—ej

20=2_04nn

26. (a) %(23inxcosx)cosx=7

= %(2 sin2x cos2x) =-1

= sin 4x = —2 not possible
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lLECLLLRE

BASIC CONCEPTS

Properties of
Triangles-I

- —————

1. PROPERTIES OF TRIANGLES

In a triangle ABC, we shall denote the angles BAC,
CBA and ACB by A, B and C respectively and the
corresponding sides, i.e., the sides opposite to them
by a, b and ¢ respectively.

2. LAW OF SINES OR SINE RULE

The side, of a triangle are proportional to the sines of
the opposite anglesi.e.,a : b :c::sind : sinB : sinC

a b c

sind sinB sinC

3. LAW OFTANGENTS ORTANGENT RULE
(NAPIERS ANALOGY)

In any AABC,
(a) tan B¢ = b-e coté; If
2 b+c 2
ZB=90° tan? 4 = 2=¢
2 b+c
() tan(ﬂ)=(a_b)cot£;lf
2 a+b 2
24=90°, tan* S =972
a+b
(C—A) (c—a] B
(¢) tan| —— |= cot—;
2 c+a 2
It £C=90°, tan?B-¢22
2 c+a

4. LAW OF COSINES OR
COSINE FORMULA

In any A ABC,
2 2 2
(a) cosA4 e -a et dbecosa
2bc
(b) COSB —M
2ac
(C) COSC —M
2ab
b=c*+a*—2cacos B
c*=a’+b*-2abcos C

5. PROJECTION FORMULA
In any AABC,

(@ a=bcosC+ccosB
(b) b=acosC+ccosd
(¢) c=acosB+bcosA

6. HALF ANGLE FORMULAE
OR SEMI-SUM FORMULAE

In any triangle ABC, if a + b + ¢ = 2s, then

(a) siné = ‘/—(s —bXs =) ,
2 be
inB _ [G=Xs-a)
2 ac
inC - [6-a)Xs=b
2 ab



C.4 Properties of Triangles-|

A _ ’s(s—a)
® COSZ_ be

cos£= s(s—b), cos£= M,
2 ac 2 ab
© tan£= ,(s—b)(s—c),
2 s(s—a)
anB_ [6=0G-a
2 s(s—b)
anC - [6=aG=b)

2 s(s—c)

2 2A
(d) sind=— - -b)(s-¢) =—,
o \/s(s a)s-b)(s—-c¢) ”
sinB = Z—A, sinC = Z—A
ca ab

7. (1) AREA OF ATRIANGLE

Two sides and angle between them are given, then
area of A is

A= lbcsinA or lca sin B orlabsinC
2 2 2

(1) HERO’S FORMULA

Ina A ABC, if a + b + ¢ = 2s, then its area is given
by, A= \/s(s —a)(s—b)(s—c) . (when three sides
are known)

. e e B e gmem e g h e miem s
- -2

. -~ - e -
PR O e e g B !

SOLVED SUBJECTIVE PROBLEMS (XITBOARD (C.BS.E/STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

= e e L DS T e e

R .. es0 ;i e
T e P T

1. In any A ABC, £4 = 75°, £B = 30° and
b= \/§ value of idea

Solution
By sin rule ‘a = ‘b
sind sinB
= a = \/§
sin75° sin30°
_,_Bsin75° _ \Bsin(45°+30°)
sin30° l)
2
= a=248 [sin 45° cos 30°+ cos 45° sin
30°]
1 3,11
= a=22V2)| =X+ —— = |=2(3+1
( ){ 22 R 2} ( )

2. In any A ABC, prove that
cosA cosB cosC  a’+b’+c?
+ + =
2abc
[MP-1995]

a b c

Solution

Putting the value of cos 4, cos B, cos C

1{b*+c*-a? 1
LHS =—| ——— |+—
a

2bc b
a’+c*-b’ +l a’+b*-¢?
2ac c 2ab
_b2+c2—a2 a’+c*=b’
2abc 2abc
2,72 2 2,72, 2
a’+b*-c _a +b’+c —RHS
2abc 2abc
3. In any triangle ABC, prove that
a(bcosC—ccos By=b*—c%
Solution
2,72 2 1, 2 g2
LHS < a b‘a +b’—c B 'c +a’-b
2ab 2ca

—a a’+b*-¢? _c2 +a’-b*
2a 2a



=%[a2 +b—c? -t —a’ +b7]
=%[2b2 —2¢*]=b*-c* =RHS
1 1 3
+ =
a+b a+c a+b+c
prove that £A4 = 60°.

4. If in AABC, , then

Solution
1 1 3
+ =
a+b a+c a+b+c
(a+c)+(a+b) 3

=
(a+b)a+c) a+b+c
= 3@+tb)ato)=QRatb+c)atb+tc)
= 3a’+3ac +3ab+3bc=2a*+b*+c*+
3ab + 3ac + 2bc
b +ct-a* 1
= —_———-—
2bc 2

= cosA=%=cos60° = zZ4=60°

b+c c+a _a+b

5. If in AABC, T 1z 13 then prove
cosd cosB cosC
that = = .
19 25
[MP-1994]
Solution

b+c c+a a+b
1 12 13
_2(a+b+c) a+b+c
C11412+413 18
= bt+c=1lk,c+a=12k a+ b= 13k,
at+tb+c=18k
Solve a= 7k, b= 6k, c =5k
b*+c'-a’
2be
36k +25k*— 49k 12> 1
T 26kSk 60K 5
c+a’-b’

=k (say)

cosA =

cosB =
2ca

_ 25K +49k% -36k* _38k* 19
2.5k.7k 70k* 35

Properties of Triangles-| C.5

cosC LA tb =
2ab
49k’ +36k* - 25Kk
N 2.7k.6k
_60k* 5
T8akt 7
cos A :cosB:cosC
119 5
5357
SERRESERLE N BUIPE
571

cosA cosB _cosC
7 19 25

6. If in any triangle ABC, prove that

(a —b)2c032%+(a +b)2sin2%= ¢’

Solution

LHS =(a —b)2c0s2%+(a +b)2sin2%
=(a*-2ab +b2)c032%

+(a* +2ab +b2)sin2%
=(d’ +b2)(cos2£+sin2 g)
2 2

—2ab (cos2 . sin’ g)
2 2
=(@*+b>»1-2ab
cos C =c¢*=RHS
7. The angles of a triangle are in the ratios 1:2: 7,
find the ratio of the greatest side to least side.
Solution
Letin AABC,A=x° B=2x° C="7x°,
then x° + 2x° + 7x°=180°
= x=18°
A=18°B=136°C=126°
Greatest side  sin126°
- sin18°
sin(180° - 54°)
- sin18°

least side
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_sin54°  cos36°

sinl8°  sinl8&°
_V541 4 541
4 " 5-1 5-1

Hence, required ratio «/g +1: «/g -1.
8. Ifintriangle ABC,a=13,b=14,c¢=15,thenthe

.4 A4 . B B .C C
value of sm?cos—,sm—cos—,sm—cos—‘

Solution
Givena=13,b=14,¢c=15

s_a+b+c _13+14+15 _2_
2 2 2

sin£= ’(s—b)(s—c)
2 be
_Jei-14)21-15)
14x15
e 1
14x15 45

\/s(s—a) _ [21(21-13)
be 14x15

_ /21x8 2
14x15 /5

Similarly, by using the formula

21

A
cos—=
2

. 4 B 7
Sin— = ——, cOS—=—,
2 (65 2 (65)
c 3

Sin— = ——,C0S— = —
2 Ja3’ 2 13
9. In any triangle ABC, prove that

(a+b+c) tan£+tanE = 2ccot£
2 2 2

24s(s—c)c
J(s—a)(s-b)

=2ccot g
2

["2s=a+b+c]

10. In any triangle ABC, prove that

A B C a+b+c A

cot—+cot—+cot—= —

2 2 b+c-a 2
[MP-1995]

Solution

LHS =cot§+cot£+cotg

s(s—a)

- [(s—b)(s—c)]
+ s(s—b) + s(s—c¢)
(s=c)s—-a) (s—a)(s-b)

_sls—a)+(s=b)+(s-0)]

— Js-a)s-bXs-o)]

B \/;[3s—(a+b+c)]

Jls—axs-bXs—o)l

_ Js “ (Bs—2s)
J(s=b)(s—c)] J(s—a)

B s(s—a) oS
N (s=b)s-c)| s-a

A
=cot—x

A

=cot—

2 2s-2a 2
A

« a+b+c —a+b+cnot—
(a+b+c)-2a b+c-a 2

11. Inan isosceles right angled triangle, a straight
line is drawn from the middle point of one of
the equal sides to the opposite angle. Show
that it divides the angle into two parts whose
cotangents are 2 and 3.

Solution

Let ABC be the triangle, right angled at C, and D
be the mid-point of AC. Join DB.

Since, AC = BC = x, we have

X

—lBC=

DC=lAC =—
2 2

Solution
LHS =2SN(S‘I’)(S—0) +\/(s—c)(s-a)}
s(s—a) s(s—b)
A
N s—a s—b
=2 s(s—c){w]
(s-a)(s-b)

Also, LCAB= ZCBA = 45°



If,
ano € _x2_1
BC x 2
1-tan6
tan ¢ = tan(45°-0) =
¢ ( ) 1+tan6
1-172 1
or tan¢ = ==
1+1/2 3
cot0=2,cot ¢ =3.
12. Ifinatrianglea=5,b=4andcos (A—B)=:—;,

then prove that the third side ¢ will be 6.

Solution

1/2 172
tang_(l—cos (x) _J1-31/32)
2 \l+cosa 1+(31/32)

1 1
=ﬁ=ﬁ where o =4 - B

Now,tanﬂ=a_b
2 a+b

cot% (Napier Analogy)
put a=5b=4
1 1 C C

J7
—==—cot— tan— = —
3ﬁ 9 > or an2 3
1-tan’(C/2) _1-7/9 _1
l1+tan’(C/2) 1+7/9 8

Now, cos C =

13. In the ambiguous case, if two triangles are
formed with a, b and A, then prove that
the sum of the areas of these triangles is

L brsinoa
2
Solution
Sum of the areas of the two triangles
= lab sinC, +lab sinC, = lab
2 2

(sinC +sinC,) ....(1)

Properties of Triangles-| C.7

Now, from part (b), we have ¢, + ¢, = 2b
cos A
or  k(sinC +sinC,)=2ksinB cos 4
or sinC +sinC,=2sinBcosA4
Hence, from (1),
Sum of the areas of the two triangles

= %ab‘ 2sinBcosA

=bz(as;nBJ cos A = b2 sind cosd
1., .

=Eb 2sinAcosA
1., .

=Eb sin2A4.

14. Two sides of a triangle are of lengths /6 and
4 and the angle opposite to smaller side is 30°.
How many such triangles are possible? Find

the length of their third side.
[Roorkee-98]

Solution
4 = i s sinC =i = E
sinC  sin30° J6 3
A
6 4
G i B

a

There will be two values of C which will be
supplementary.

Hence, there will be two such triangles.
Again by cosine rule

(V6)? = a* +16 - 2a.4c0s30°
or a’-43a+10=0

o 43 £+/48-40

2

=232

Above gives the values of two sides.
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~ 'UNSOLVED SUBJECTIVE PROBLEMS (Xil BOARD (CB.S.EJSTATE)):

SOLVE THESE PROBLEMS TO GRASP THE TOPIC j
EXERCISE 1 %) EXERCISE 2
— o — o
1. ifr:il?:;yo? APC’ £4 =30°, £C'=45°, find the 1. Inany AABC, a =2, b =3, ¢ =4 then the
a-c value of cos 4, cos B will be
2. Inany AABC,a=17,b =8 and ¢ = 5, then [MP-1994]
that 4 = 60°. MP-1994,
prove th L / 2. In triangle ABC, prove that (b + ¢) cos 4 +
3. If in A ABC, £C = 90°, then prove that (c+a)cosB+ (@+b)ycosC=a+b +c.
A-B a-b
tan 2 = a+b’ 3. If in triangle ABC, acos A = b cos B, then
that a = b or ZC = 90°.
4. Ifin triangle ABC, a =25, b = 52, ¢ = 63, then prove fhata=oor
A B c . 4. In any triangle ABC, a = 18, b = 24, ¢ = 30,
the value of tan 2 -tan 2 and tan 2 will be then find the value of sin A, sin B and sin
5. In AABC, if (a + b +¢) (b + ¢ —a) = 3bc, then C
— o
prove that 24 = 60 5. In any triangle ABC, prove that (b+c-a)
C 7
6. InAABC,a=5,b=4and tan—=\/:,then B C A
2 9 cot—+cot— | =2acot—.
find the value of c. 2 2 2
] [MP-1995]
7. In A ABC, if 2s = a + b +c, then prove that
s(s—a) (s—b)s—-c) y 6. Find the area of the triangle whose adjacent
- =cosA .
bc bc sides are 32 cm and 15\/5 cm and angle
between them is 60°.
8. In A ABC, prove that atbre = cotécotg‘
a-b+c 2 2 7. Find the area of triangle if a =25, b = 60 and
9. Find the area of triangle whose sides are ¢ =65.
4 cm, 5 cm and the angle included by them 8. Inany AABC,a=16,b=24,c =20, then find
is COt_li. cosé‘
3 2
ANSWERS
EXERCISE 1 6. ¢c=6. 4. sinA=3/5, sin B = 4/5, sin
9. 6 cm? c=1
L oac=142 6. 360 cm®
A 1 B 1 .
4. tan—=—;tan—=—; EXERCISE 2 7. 750 Square unit.
2 5 2 2
c 9 7 1 8. 3/4
tan—=— 1. cosd=—,cosB=—
2 7 8 16
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SOLVED OBJECTlVE PROBLEMS HELPING HAND

- e .- e — e ——

1. In AABC, ZB=90° and b + a = 4. The area
of the triangle is the maximum when £C is
[DCE-1996]

(@) ®)

© @

wla &a
DA oA

Solution

(¢) From the figure a = b cos 6
A

B

bcosO+b=4or b= and

1+cos6
4cos0

1+cos6

similarly, a =

Required area of A = % ab

1 16cosOsin®
sinf=—x——
2 (I+cos6)’
da_
do
[ZCOS 26.(1 +cos0)* +sin 26.2(1 + cos e)sine]

(1+cos6)*

da
do
= ¢0s26(1 + cos) + sin26. sinb =0

=0

= 6=E

2. If the angles of a triangle are 30° and 45° and

the included side is (\/5 +1) cm, then the area
[DCE-1998: PET-1997]

(®) V3+1

of triangle is
1

@ f

© \/3+1

(d) None of these

Solution
(a) £A4=180°-30°-45°=105°
sin (105°) = 341 =sin 4
22
B

a={3+1

l , sinBsinC

Area of triangle ABC=—a" ——
2 sin(B+C)

=%bcsinA=%\/§x2x(\f/%l)
1 (\/§+l)zx%x%
=—X ="
2 \/§+l

22
N3l 2]
22 2B (B-D

3. InAABC,A=n/3andb:c=2:3

If tanGg, 0<0 <§ then

[DCE-2002]
(@) B=60°+6 () C=60°+6
() B=60°-6 d C=60°-6
Solution
() A =£, tanC;B= c_bcoté
3 2 c+b 2

tan C—B l cot30°= \/§=tan6
2 5 5

. C-B=20,C+B=180°-4=120°
2C=120°+26,C=60°+6
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4. Ina A ABC, a, c, A are given and b, b, are
two values, if the third side b is such that
b, =2b, then sin 4 is equal to

[DCE-2006]
e
© (e (@) None
Solution
(b) We have cosA = b +c’-a’
2be

= b*—2bccos A+ (c*=a*>=0
It is given that b, and b, are roots of this
equation
Therefore,
b +b,=2ccosAdand bb,=c*-a’

= 3b =2ccosdand 2b’=c’-a’
[ b,=2b]

2¢ ?
= (?COSA) =c?—a?

= 8c%(1 — sin?4) = 9¢2 - 9a

9a’ -¢*
8c?

= sind =

5. In triangle ABC, if A + C = 2B, then
a+c

——  isequalto  [UPSEAT-1999]
Na’ —ac+c’
(a) 2cos 4-C (b) sin 4+C
. A
(c) sin > (d) None of these
Solution

(a) A+C=2B

2 2 2
= B=60° cosB=9 ¢ =0

2ac

Since, B = 60°
= ac=a*+c*-b*
= b*=a’+c?-ac

Therefore,
a+c _a+c _sinA+sinC

\/a2 —ac+c? b

sinB

. A+C A-C A-C
2sin cos cos
_ 2 2 _ 2
. . A+C .
2sin—sin sin—
2
-C
cos
- sin30°
= 2cos—
6. Ina AABC, 2a sin(#) is equal to
[IIT Screening-2000]
(@) a*+b*-¢c? ®) >+ a*-b?
(b) b*—c*-a? @) *—a®-b?
Solution
(b) 2ac sin# =2ac
sin m—28 =2accosB
2 2 2
= 2acu =c’+a’-b*
2ca

7. Let D be the middle point of the side BC of a
triangle ABC. If the triangle ADC is equilat-
eral, then a® : b*: ¢? is equal to

[Pb.CET-2004]
(@ 1:4:3 b)4:1:3
) 4:3:1 d@3:4:1
Solution
2 2 2
(b) cos 120° = M
2x
2x'-4B* -1
2x’ 2

= 4x? - 24B*= -2x*




= 3x*=AB?

= AB =x\3

= @b cr= (202 % (x3)
=4x*: x> 3x?
=4:1:3

8. If a, B, y are angles of a triangle, then sin” o +
sin? B + sin®>y — 2 cos a cos P cos v is

[Orissa JEE-2004]
@ 2 (®) -1
() =2 @o
Solution

(a) We have, sin”> o0 + sin® B + sin®>y — 2 cos o

cos 3 cos y
=3 —[cos?> a + cos® B + cos?y] — 2cos A cos
B cosy
3 1 +cos2a +l+cos2|3 N 1+cos2y
2 2 2
—2cosacosfcosy

=3 —%[3 +cos 20 +cos 23 +cos 2y]

—2cosa cosP cosy

3 1
=3-———(cos2a +cos2
5 2( B

—%cos 2y —2cosa cosf cosy

3 1
=23 [-2cosy cos(a —B)]

1
——[2cos’y-1

51 y-1]
—2cosa cos P cosy

= %+cosy cos(a.—P)—cos’y
1
+E—2cosoc cosPcosy =2

9. If b, ¢ and sin B are such that B is an acute
angle and b < ¢ sin B, then in this case
[CET (Karnataka)-93]
(a) No triangle is possible.
(b) One triangle is possible.
(c) Two triangles are possible.
(d) One right angled triangle is possible.

Properties of Triangles-l C.11

Solution

sinB _sinC
b

(@
. c .
= sinC = EsmB >1

[ b<csinB]
This is not possible, so no triangle is
possible.

10. In a triangle ABC, a® cos (B — C) + b® cos
(C—-A)+ 3 cos (A4 —B) is equal to

[IIT-70; EAMCET-89; UPSEAT-99;

Kerala Engg.-2002]

(@ 0 ®a+b+e
(¢) 3abc (d) abce
Solution

(©) Y.a*cos(B-C)
=Y k’sin’ Acos(B-C)
[by sin formula]

=k sin’ A(sin A)cos(B—-C)
=k*) sin’ Asin(B +C)cos(B—C)
= %kgzsin2 A(sin 2B +5in 2C)

= k) sin* A(sinBcos B +sinC cosC)

=k [sin 4 sin B (sin A cos B + cos 4 sin
B)+..+.]

=k [sindsinBsinC+sinBsinC sinA4 +
sin C sin 4 sin B]

=3k*sinA sin B sin C =3 abc

11. In a triangle ABC, if (a + b + ¢) (b + ¢ — a)

= A bc, then
[CET (Pb.)-97; CET (Karnataka)-98]
(@) A>0 (b) <0
(©) 0<r<4 (@ r>4
Solution
(©) 2s(2s—2a) = Abc
- s(s—a) _ A
be 4
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12.

= cos2£=&
2 4

= }»=4cos2£
2
= 0<A<4.

In an ambiguous case if a, b and 4 are given
and if there are two possible values of third side
which are ¢, and c,, then

[UPSEAT-1999]

@ ¢ -c =2\/m
®) ¢, —¢, =2m
©) ¢-c =4\/m
@) ¢ -c =3m

Solution

b*+ct-a’
2bc
orc?—(2bcosA)c+ (b*-a?)=0
which is quadratic equation in c,
Let there be two roots ¢, and ¢, of above

quadratic equation then ¢, + ¢, = 2b cos 4
and ¢, ¢,=b*—a*

cosA=

¢ —c, =4[(¢ +c2)2 —4cc,]

= \[(2bcos A)* - 4(b* —a®)]

= \/[4a2 —4b* (1-cos’ 4)]

=2,/(a’ -b’sin’ 4)

OBJECTIVE PROBLEMS: IMPORTANT QUESTION WITH SOLUTIONS

In a triangle ABC,a =5, b="7 and sin 4 = 3/4,

how many such triangle are possible?
[Roorkee-90]

@1 (®) 2

©0 (@) e

InaAABC,if2s=a+b+cand(s—b) (s—c¢)

= x sin® A/2, then x is equal to [PET-92]
(a) be (b) ca
(c) ab (d) abce

If the angles of A ABC be in A.P., then
@) *=a*+b*—ab

®) b*=a*+c*—ac

©) a®=b*+c*—ac

@ b*=a*+¢*

In triangle ABC, (b + ¢) cos A + (¢ + a) cos B

+ (a + b) cos C is equal to [PET-85]
@ 0 ®) 1
©)atb+c d2(@+b+o)
In ABC, S4B o valto  [PET86]
sin(4 + B)

a’ -b’ at +b’

(a) 2 (b) 2
c c
2 cZ
c d

© a’-b? S a’+b’

6.

10.

In A ABC, if b* + ¢®> = 3a?, then cot B + cot C
—cot A is equal to

[PET-91]
@1 (b) abld A
© 0 (d) ac/d A
In AABC, if ¢? + a* - b* = ac, then £B is equal
to [PET-83, 89, 90]
(a) /6 (b) n/4
(c) /3 (d) None of these

In A ABC, if 3a = b + ¢, then the value of cot
B/2 cot C/2 is equal to

[PET-90, 97, 98, 03]
(@1 (b) 2
© 3 @ V2

In A ABC, if a = 2x, b =2y and £C = 120°,
then the area of the triangle is

[PET-86, 02]
(@) xy ®) w3
(c) 3xy (d) 2xy

In AABC, if a =16, b = 24, ¢ = 20, then cos
B/2 is equal to

[PET-88]
(a) 3/4
© 12

(b) 1/4
@) 1/3



11.

12.

13.

14.

15.

16.

17.

18.

In AABC, if cot 4, cot B, cot C be in AP, then
a*, b, c*are in

[PET-97]
(a) HP ®) GP
() AP (d) None of these
In AABC,if (a+ b+ ¢)(a—b +¢) =3ac, then
[AMU-96]
(a) £ZB=60° (b) £B=30°
(c) £C=60° (d) LA+ £C =90°

In A ABC, cosec A (sin B cos C + cos B sin C)

is equal to [PET-86, 95]

(a) cla (b) ale

© 1 (d) clab

If cos?4 + cos®C = sin®B, then A ABC is
[PET-91]

(a) Equilateral (b) Right angled

(c) Isosceles (d) None of these

In AABC, b-ccosd 4 equal to

c—bcosA

(a) sin B/sin C
(¢) cos Blcos C

(b) cos C/cos B
(d) None of these

cos 24 _cos 2B .

In AABC, - e is equal to
¢’ 1 1
@ Oy
© 1 (d) None of these
ab

If in a triangle, acos2%+ccos2§=% , then

its sides will be in

[PET-82; AIEEE-2003]
(@) AP () G.P.
(¢) HP @) AG.

If the angles A, B, C of a triangle are in A.P.
and the sides a, b, ¢ opposite to these angles
are in G.P, then a2, b c*are in

[MP PET-1998]
(@) AP () HP.
(©) GP. (d) None of these

19.

20.

21.

22.

23.

24.

Properties of Triangles-| C.13

In A ABC, if S034 _ 08B _cosC 1 the

a b c
side a = 2, then area of the triangle is
[IIT-93; PET-2000]
(@1 (®) 2
© 312 @ 3

If angles of a triangles are in the ratio of 2 : 3 :
7, then the sides are in the ratio of
[PET-96]

@ V2:2:(B+D) () 2:2:(\B+D)
© V2:(BV2+D:2 (@ 2:(B3+D:2
If in a A ABC, the altitudes from the vertices

A, B, C on opposite sides are in H.P,, then
sind, sinB, sinC are in

[AIEEE-2005]
(a) HP.
(b) Arithmetic-Geometric progression
(c) AP
@ GP

InAABC, (a+b +c)(tan§+ tangj is equal

to [EAMCET-2007]

C A
(a) 2ccot? b) 2acot3

B C
c) 2bcot— d) tan—
© 2 () 2
The area of the triangle whose sides are 6,
513 (in square units) is
[Kerala PET-2008]
® 9
@ 11

@ 5V2
© 62

If the sides of a triangle are 3, 5, 7 then
[PET-96]

(a) All its angles are acute

(b) One angle is obtuse

(c) Triangle is right angled

(d) None of these
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HINTS AND EXPLANATIONS

5 : : 2
) sin A _ sinB 3 _ sinB — sinB _a —bccos A

a b 4x5 k(abc)

21 ) . .
=20 ..sind4 _sinB _sinC — k(Letyand
Hence, not possible a b
cosA = M
WA _s-b)s—o 2be

(a) si = besin®2
2 be 2

=(s=b)(s—¢)
Hence, x = be
(b) A, B, C are in A.P. then B = 60°, cos B

a’+ct-b’

2ac
{ A+ B+ C=180°and 4 + C = 2B
= B=60°
1 a’+c-b? Y e 1s
=5 —=———>=3d*+*-b’=ac
2 2ac

©) (b+c)cos A+ (c +a)cos B+ (a+ b)cos
C=a+b+tc
{By Projection Formula a = bcos C + ccos B}

sin(A-B) sinAcosB-sinBcos4

@ — = :
sin(A4 +B) sinC
=£cosB—£cosA‘
c c
2 2 2 2 2 2
But, cosB = u, cosd = bt -a
2ac 2bc
= gcosB—écosA =L2
c c 2¢
{a* +c?-b* -b* —c* +a’}
aZ _bZ

cosB cosC

(¢) cotB+cotC —cotAd =

sinB sinC
—cotA
_ sin(B+C) cos4
sinB sinC sind

_sin’4-sinB sinC cosA
sin4 sinB sinC

10.

11.

B a’ —be(b* +c* —a?) B @ -a% B
2bc abck
(abo)k

. b +ct-a’ B 3a’ -a’ B 2a* )
‘ 2 2 2

2 2 2
©) cosB=u = cosB=% =

2ac

==L
3

B C
b) cot—cot—
® 50t

_ s(s—b) s(s—c)
- (s—aXs—c) (s—a)s—b)

=3 {**3a=b+cora+b+c=2s=4a}
s—a

=—=2
a

() A=%absinc=%x2xx2yx§=xy\/§

(@2s=a+b+te, cos£= 30x6 =i
2 320 4

(c) cot A + cot B and cot C are in A.P.

= cotd+cotC=2cotB
cosA +cosC _ 2cosB
sin 4

sinC ~ sinB
b +ct—-a® at+b-¢? _ at+c’-b?
2bca 2abc 2abc
= a*+c*=2b* Hence, a> b%, c*are in AP




12.

13.

14.

15.

16.

17.

18.

(a)(a+c)2—b2=3ac:>a2+c2—b2=ac
2 2 2
- T
But cosB=u=l = B==
2ac 2 3

b c Lo
(c) | —cosc+—cosB | =1 (by proejection for-
a a

mula)

(b) Obvious
Trick: Clearly, it is not an equilateral triangle
because 4 = B = C 60° does not satisfy the
given condition

But if B = 90° then sin* B

cos2 C =cos’ A +cos? (g— A)

=1 and cos’4 +

=cos’A+sin*A=1.

Hence, this equation is satisfied when given
triangle is right angled but it is not necessary
that it is iscosceles.

b +ct-a’
b—ccosA _~ pp
® c—bcosd b+’ -ad
2¢
B b*+a*-¢? _c
ct+a’-b? b
_b+a’-c’ 2ac_ cosC
2ab  c*+a*-b* cosB
1-2sin’4 1-2sin’B 1 1
s p a0
1 1
Ta B
@ a 89, Se-a)_3b
ab be 2
= 2s(s—c+s—a)=3b"

= 2s(b)=30*=2s=3b=a+b+c=3b
= atc=2b=a,b,careinAP

(@) A, B and C are in A.P.
Hence, B = 60° and b*>= ac

19.

20.

21.

22.

23.

Properties of Triangles-| C.15

cosdA cosB cosC

@

a b c

cosd  cosB  cosC
ksind ksinB  ksinC
cotA=cotB=cotC
A=B =C=60°
A ABC 1is an equilateral triangle.

A—iaz—x/_

udu U

45°,105°
sin 105°

(a) Given angles are 30°,

a:b:c=sin30°:sin 45°:
L1 B
2 V2 22
=\/Ei2i(\/§+l)

{Multiply by 242 }

1 1 1
© A=Zpa=-pb=—pb
D> P D, are in H.P.
Z_A, Z_A,Z_A are in H.P.
a b ¢
= l, l l are in H.P.
a b ¢
= ksin A, ksin B, ksin C are in A.P.
= sind, sinB, sinC are in A.P.
@ tan£= (s=b)s—-c) _ A ’
2 \I s(s—a) s(s—a)
Similarl tanE = A
imilarly, 2" sG6-b)
Put in equation to get
A A 2¢A
2s. + =
s(s—a) s(s=b)) (s—a)s-b)
= 2ccot£
2

() Leta=6,b=5,c= 13

6’ +5*-13 4

cosC =————=
2x6x5 5

nC——
5

Area =labsinC=l><6><5><§=9
2 2 5
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24. (b) Greatest angle is opposite to greatest side

a=3,b=15,c=717 greatest angle = C.
345 -7" 15 -1

cosC = =—=
2x3x5 30 2

:>C=EE
3
= C=120°

One angle is obtuse

'UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):

.. _FORIMPROVING SPEED WITH ACCURACY

e oo |

. The areaof a AABC is equal to  [PET-84]

(a) %ab sin A ) % be sin A

©) %ca sin A @ % be sin A

. If the sides of a triangle are in the ratio
2:6 ;(ﬁ +1), then the largest angle of the

triangle will be [PET-90]
(a) 60° (b) 75°
(c) 90° (d) 120°

. If the lengths of the sides of a triangle be

7 cm, 4\/§ cm and \/B cm, then the smallest
angle is

[MNR-85]
(a) 15°
(c) 60°

(b) 30°
(d) 45°

. If the sides of a triangle be 6 cm, 10 cm and
14 cm, then the triangle is [PET-82]
(a) Obtuse angled (b) Acute angled
(¢) Right angled (d) Equilateral

. Ina A ABC, side b is equal to
(@) ccosA+acosC (b) ccosB+cosA
() ccosC+acosB (d) None of these

1+cos(4 - B)cosC

. Ina AABC, is equal to
1+cot(4-C)cosB

a-b a+b

@) (®)
a-c a+c
a’-b’ a’+b?

c d

© a’-c’ @ a’+c’

. If the angles of a triangle are in the ratio

1: 2: 3, then their corresponding sides are in
the ratio [PET-93]

10.

11.

(@ 1:2:3 ®) 1:4/3:2
(©) V2:43:3 (d)l:«/§:3

In any A ABC, if a cos B = b cos A, then the
triangle is

[PET-84]
(a) Equilateral triangle
(b) Isosceles triangle
(c) Scalene
(d) Right angled

Ifa=9,b=8and ¢ = x satisfies 3 cos C =2,
then

[PET-84]
(@ x=5
() x=4

b)) x=6
@ x=7

The sides of a triangle are in the ratio of
1:+/3: 2, then the angles of the triangle are
in the ratio

[IIT-2004]
(@ 1:3:5
(© 3:2:1

(b)2:3
@1:2:3

Ina A ABC a, b, c, are the length of its sides
and A4, B, C are the angles of triangle ABC
then the correct relation is

B+C)
2
CJ . A
=asin—
2
B—C) (A)
=acos| —
2 2
B—C]
2

(@ (& +c)cos§ = asin(

®) (b+c)cos(B+

© - c)cos(

@ @ —c)cosg = asin(



12.

13.

14.

15.

16.

17.

The area of the triangle ABC, in whicha =1,
b=2,£C=60° is

[MPPET-2004]
(b) 1/2 sq. units

@ NE) $q. units

(a) 4 sq. units
© V372 $q.units

In any A ABC, a cos B + b cos A is equal to

2 2
@« @) 40
a’ +b? 2¢*—a’-b?
C dH —
© @ 2=

Inatriangle ABC,ifA=30°,b=2, ¢ = \/§+l,

then & ;B is equal to
(a) 15° (b) 30°
(c) 45° (d) None of these

If in a triangle ABC, sind = sinB = sinC R

4 5 6
then the value of cos 4 + cos B + cos C is
equal to
(a) 69/48 (b) 96/48
(c) 48/69 (d) None

Ifina AABC, (s —a) (s — b) = s (s — ¢), then
angle C is equal to

[PET-86]
(a) 90°
(c) 30°

(b) 45°
(d) 60°

InAABC,sinAd :sinB:sinC=1:2:3.1Ifb

=4 cm, then the perimeter of the triangle is
[PET-86]

(b) 24 cm

(d) 8 cm

(a) 6 cm
(¢) 12cm

18.

19.

20.

21.

22.

23.

Properties of Triangles-| C.17

The area of an isosceles triangle is 9 cm? If
the equal sides are 6 cm in length, the angle

between them is [PET-86]
(a) 60° (b) 30°

(c) 90° (d) 45°
InaAABC,(cta+b)(atb-c)

=ab then L ¢ is [DCE-2002]
(a) /3 (b) ©/6

(c) 27/3 @ =2

In a triangle, the lengths of two larger sides
are 10 cm and 9 cm respectively. If the angles
of the triangle are in A P, then the length of
the third side in cm can be

[PET-90, 01; DCE-01]
(a) 5- J6 only
() 5+ J6 only
() 5- J6 or 5+/6

(d) Neither 5- J6 nor 5+/6

The ratios, of the sides in a triangle are 5 :
12 : 13 and its area is 270 cm> The sides of a

triangle in cm are [PET-89]
(a) 5,12,13 (b) 10, 24,26

() 15,36, 39 (d) 20,48,52
InAABC,ifa=3,b=4,c=75, thensin 2B is
equal to [PET-83]
(a) 4/5 (b) 3/20

(c) 24/25 @) 1/50

If in a triangle ABC, b=+/3,c=1 and B—-C

=90°, then /A is [PET-83]
(a) 30° (b) 45°
(c) 75° (d) 15°
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet

The worksheet is of 15 minutes.

The worksheet consists of 15 questions.

The maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If a, b, ¢ are the sides and 4, B, C are the

angles of a triangle ABC, then tan (A4/2) is

equal to [PET-99]
,(s—c)(s—a) ,(s—b)(s—c)

@ s(s—b) ®) s(s—a)
(s—a)(s-b) (s—a)

© s(s—c) @ (s=b)s—-c)

. In a A vertex angle 4, B, C and side BC are

given, the area of A ABC is
@ s(s—a)(s=b)(s—c¢)
2
®) b’sinCsin A
sinB

(¢) ab sinC
@ 1a’sinBsinC

2 sin A

[DCE-2003]

. In a triangle a=\/§+l,B = 30°, C = 45°.

What is the value of side ¢?
[NDA-2005]

@ (B+D2
© V2

®) 1
@2

. Ina AABC, b sin B = ¢ sin C, then which one

of the following is correct?
[NDA-2005]
(a) The triangle is right-angled
(b) The triangle is isosceles
(¢) The triangle is equilateral
(d) The triangle is scalene

. Ina triangle ABC, b> = ¢* + @, then what is the

value of tan 4 + tan C? [NDA-2004]

10.

11.

12.

13.

(a) tan B

© 2
ac

(b) tan A. tan C
bZ
@ —
ac
If in a A ABC, a + ¢ = 2b, then the value of
A C.
cot—.cot— is equal to
2 2 [NDA-2001]
(a) 4.5 ®) 3
@© 1.5 @1
In a triangle ABC, a = 2b and Z4 = 34 B.
Then A ABC
[NDA-2006]
(b) is equilateral
(d) does not exist
InaAABC, A : B : C =3 :5:4 The
a+b+e2is equal to

(a) is isosceles
(c) is right angled

[DCE-2001]
(a) 2b
() 3b

() 2¢
(d) 3a

The sides of a triangle are 4 cm, 5 cm and
6 cm. The area of the triangle is equal to
[MPPET-2006]

@ ® 27 e’

©) % 7 cm? (d) None of these
In a triangle ABC, if b + ¢ = 2a and £A4 = 60°,
then A ABC is [MPPET-2004]
(a) equilateral (b) right angled

(c) isosecles (d) scalene

If in a triangle ABC, 2cos4 = sinB cosecC,

then [MPPET-96]
(@) a=b ) b=c
©) c=a ) 2a=bc

If the sides of a triangle area a, b and

va® +ab+b*, then the biggest angle is
[Kerala Engg.-2005]

(a) 105° (b) 120°

(c) 150° @) 135°

If in a triangle ABC, the sides AB and AC are

perpendicular, then the true equation is

(a) tanA +tanB=0 (b) tanB+tanC =0

(c)tanA+2tanC=0 (d) tanB.tanC=1



14.

S

Properties of Triangles-l C.19

If the sides of a triangle are in AP, then the | 5 |, atriangle ABC, b = VBem, c=1cm, £4=
contangent of its half the angles ;VAI;;);)); 1;93] 30°. What is the value of a? [NDA-2008]
(a) HP @ V2om
®) GP (b) 2cm
() AP . () 1em
(d) No particular order (@ 1/2 em

ANSWER SHEET ‘
®OOO @OOO 1LOOOO
®OO® @O0 20000
®OOO OO0 OGO
®OO® . ®O® OO 4LOBOQ
@00 0.0 15000

HINTS AND EXPLANATIONS

(d) Area= %bc sin A4
= %(ZR sin B)(2RsinC)sin A

1 . a
=—x——sinB.—
2 sind sin A

sinc sinA

a’sinB sinC

2 sin 4

(b)bsinB=csinC=>2RsinB sinB=2R
sin C sin C
sinB=sin>C =>B=C

A is isosceles.

2 2 2
a ¢ a‘+c¢® b
@tanA +tanC =—+—= =—
c a ac ac
A
c b
B C

8.

10.

A:B:C=3:5:4=2x+5x+4x=180
x=15° £4=45° /B =45°, £C = 60°

a+b+ 2 =2 R(sin 45° + sin 75° + sin 60°.
J2)
=2R L.'.@.'_ﬁ
V222 2
_or-[30B+D = 3(2Rsin75°%)
22
=32RsinB=3b

(© b+ c¢c=2a > 2R (sin B +sin C) =

2 (2R sin A)
2sin(B +CJCOS(¥) =2.sinA

v
€OS—CO0S
2

):sinA

= cos30°cos(B _C) =sin60°
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= E:O
2

= B=C

12. (b) Here, biggest side is va’ +ab+b’

0s0
2ab 2ab

_ al +b* —(Na® +ab+b*)’ _—ab

6:2?1t or 120°

15. (c)a?>=b>+ c¢*—2bccos A
2=3+1 - 24/3.c0s30°

a=1cm
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1. CIRCUMCIRCLE OF ATRIANGLE

The circle which passes through three vertices of a
triangle is called the circumcircle of the triangle. The
centre of the circle is called circum-centre, usually
denoted as O and its radius is called circumradius,
usually denoted by R.

The circumcentre is the point of intersection of right
bisectors of the sides of a triangle.

In any triangle ABC,

@ R=—3 -_b __¢
2sind 2sinB 2sinC

.. abc

1) R=—

) 4A

2. INCIRCLE OF ATRIANGLE

The circle which is drawn within a triangle such that
the three sides touch this circle is called the incircle.

The centre of this circle is called incentre, usually
denoted by I, and its radius is called inradius, usu-
ally denoted by 7.

The incentre is the point of concurrence of the bi-
sectors of the three (internal) angles of the triangle.
In any triangle ABC,

G r= As In radius
s

. A B C
@) r= (s—a)tan?—(s —b)tan?— (s—c)tan?

. B.C
asm—smz
(111) r=—A,
cos—
2

bsinésing
V=

>

B
cos—
2

. B . A
csSin—sin—
e 2 2
C
COS—
2
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Giv) r=4R sinﬁsinésing
2 2 2

(v) Length of the angle bisector
2bc A besin A

AD = cos— =
ind
b+c 2 (b+c)s1nA
BE = 2ac cosé, CF = 2ab cosg
a+c 2 a+b 2
i) §= abe
r 4A(s—a)s-b)s-c)

3. ESCRIBED CIRCLES OF ATRIANGLE

The circle which lies outside the triangle and touches
the side BC and also the sides AB and AC produced
is called escribed circle or excircle opposite to angle
A. Its centre is called excentre and its radius is called
exradius. Similarly, there are two more excircles, one
opposite to angle B and one opposite to angle C.

The three excentre are usually denoted as [, 1,, I,
and the three ex-radii are usually denoted as 7 ,»,.r..
Excentre is the point of concurrence of internal bi-
sector of angle 4 and external bisectors of angles B
and C. Inany A ABC

A

COS—COS—
(1) n=a 1y
COS—
C A B
cos ?cos — cos ECOS E
st se—
COs— Ccos—
2 2

(iv) 5= 4Rsin£cos£cos£,r2
2 2 2
= 4Rcos£sin§cos£,
2 2 2

r, =4Rcos écosgsing
2 2 2

W) rtr,tr,—4R=r

4. ORTHOCENTRE OF ATRIANGLE

Let the perpendiculars AL, BM and CN from the
vertices A, B and C on the opposite sides BC, CA
and AB of A ABC, respectively, meet at O’. Then O’
is the orthocentre of the A ABC.

The triangle LMN is called the pedal triangle of
the AABC. O'A=2RcosA=acotd, OL+2R
cos BecosC

A

4.1 The Distances of the Orthocentre From
the Vertices

The distances of the orthocentre of the triangle from
the vertices are 2R cos A, 2R cos B, 2R cos C and its
distances from the sides are 2R cos B cos C, 2R cos
Ccos A, 2R cos A cos B.

Important Results

R
(1) Circumradius of the pedal triangle = )

(i1) Area of the pedal triangle =2 A cos A cos B
cosC.

(ii1) Lengths of the medians AL, BM and CN of A
ABC are given by

AL=%\/b2+cz+2bccosA
l 2 2 2
=—~2b"+2¢c"-a"?

2
BM =%\/c2+az+2accosB



= l\/2c2 +2a°-b’
2
CN = %\/az +b*+2abcosC
l 2 2 2
=—+2a’+2ab’-c
2

(iv) Circumcentre, Centroid and orthocentre are
collinear and G divides OO’ in the ratio 1 : 2.
(v) Distance between the circumcentre O and the

incentre I is OI = R\/l —8sin§sin§sin%

=JR(R-2r)

Distance between the circumcentre and
orthocentre OO’ = R\J1-8cos AcosBcosC
(vii) Distance between circumcentre and centroid =
oG =§OO’ = %«/l —8cosAcosBcosC
(viii) Distance between orthocentre and centroid

=0'G =§OO’ = %R\/l —8cosAcosBcosC

()

4.2 Area, Side and Angle of Pedal

(1) Areaof pedal A=2 A cos A cos BcosC

(i1) Sides of Pedal A : MN = acos 4, L M = ¢
cosC,

ZN=bcosB.

Angles of pedal A : ZL =180°-24,

£M =180°-2B, N =180°-2C,

Circum radius of pedal triangle = R/Z

(iii)
@)

5. CYCLIC QUADRILATERAL

A quadrilateral is a cyclic quadrilateral if its vertices
lie on a circle.

- 2(ab+cd)
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(1) Area of cyclic quadrilateral ABCD is
= (s ~a)(s ~b)(s —e)(s ~d)

where, 2s=a+b+c+d.
Circumradius of cyclic quadrilateral

@D

R _1 |(ab+cd)(ad +bc)ac +bd)
T4 (s—a)s=b)s—cXs—-d)

a*+b'-c*-d?

(i) cosB = and similarly other
2(ab+cd)
angles.
(iv) Ptolemy’s Theorem If ABCD isa cyclic quad-

rilateral, then AC . BD = AB. CD + BC . AD
i.e., in a cyclic quadrilateral the product of the
diagonals is equal to the sum of the products
of the lengths of opposite sides.

6. REGULAR POLYGON

A

A_a2 M a2_— A,

Area of AOA4, A4, =l><a><r,A1A2 =a,
2

A polygon is called a regular polygon if all its sides
are equal and its angles are equal.

NOTES

(1) Ifapolygonhas ‘»’ sides, sum of its internal an-
gles is (n — 2) w and each angle is (n— Z)E.
n

(i1) In a regular polygon the centroid, the circum-

centre and the incentre are same.
D]

6.1 Radius of Circumcribing Circle

a a s
R= == —cosec—,
2sin— n
n

where, a is the length of each side of regular polygon
of n sides.
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6.2 Radius of Inscribed Circle
a . m

r =—cot—
2 n

6.3 Area of the Polygon

(n x Area of A O4 4,)

A=Lnatcot® o Lur?sin 2 2 tan ®
n 2 n n

where a is the length of each side, R is the circum-
radius and 7 is the inradius of the regular polygon
of n sides.

Important Result
(1) Iftan 4 tan o =l, then a + ¢ =2b
2 2 3

ie,a, b, carein AP
(1) Ifa=4,b=5,¢=6,then
cosA=i,cosB=i,cosC=l‘
16 8
Ifa=18,b=24,c=30,thenr=6,R=15r,
=12,r,=18,r,=36, A=216, LC = 90°.

(iii)

(iv) ZA, 4B, ZC are in AP. £ B=60°
A
60°+6
g A\60° 60°-0 c

V) atb>c;b+c>a,cta>b
i) a-b<c,b-c<a,c—-a<b

Example

If the sides of a A are in A.P. and the greatest angle
exceeds the least by 90°, the show that the sides
are as

0,90-20,90+0; V7 -1 : /7 : J7+1

Solution

X-y x _x+y \/@ B 2\/5

sin® cos20 cosO Jeos20 B Jecos20

x= 2\/;\/cos 26

Jx=2 ycos26
x=4ycos20

(D

x-y 4y x+y
sin@ 1 cos6

x—y=4ysin0

x+y=4ysin0

2{x* +y7} =167 {1}; 2¢* = 14y?
x2=T7y?

=>x=y\/’7

ORTHOCENTRE

€D 7.

Let AL, BM and CN be the perpendiculars from 4, B,
C on opposite sides ina A ABC. Then from geometry,
we know that these perpendiculars are concurrent.
Their point of intersection P is called the orthocentre
of the triangle ABC. The A LMN is called the pedal
triangle of A ABC. The distance of the orthocentres
from the vertices.

B

From A APM, we have

AP = AM sec PAM = AM sec LAC
=AM sec (90° — C) = AM cosec C

=AB cos A cosec C = ¢ cosd/sin C
_ 2Rsir}CcosA [ c=2RsinC]
sinC
=2Rcos4
Thus, AP=2Rcos 4
Similarly, BP = 2R cos Band CP =2R cos C

Again, PL =BL tan LBP = BL tan (90° - C)
=ABcosBcotC=ccosBcotC
= 2R sin C cos B (cos C/sin C) = 2R
cosBcos C
Similarly, PM = 2R cos C cos 4 and PN = 2R cos
A cosB.



8. CIRCUM-CENTRE, CENTROID AND
ORTHOCENTRE ARE COLLINEAR

Let O be the circum-centre and P the orthocentre ina
A ABC. 1f OD is perpendicular to BC, then D will be
its mid-point. Let the median AD meet OP in G. Then
it is clear that A OGD and APGA are similar.

A
(0)
P
B D L C
DG_0G_oD
AG PG PA
But, OD=RcosAdand PA=2Rcos A
OD RcosA 1
Hence, —=——=—
PA 2RcosA 2
Thus, DG=OG=O—D—1

AG PG PA 2

It follows that G is the centroid of the A ABC and is situ-
ated on the line OP and divides it in the ratio 1 : 2.
9. BISECTORS OF THE ANGLES

Let AD be the bisector of an angle 4 and suppose AD
divides the base BC into two parts x and y. Then by

eomet x_AB_¢ )
g ry,y 1C b
A
S
0
B P D y C

x y x+y a

¢ b c+b b+c
Again if 8 be the length of AD and 6 the angle it
makes with BC, then A ABD + A ACD = A ABC

or lcé‘s sin£+lb8 siné = lbc sin 4
2 2 2 2 2
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be sin 4 2bc A
— = cos— .. 2)
b+c sin(A/2) b+c 2

Also,0= 2 DAB+ ZB=(A/2)+B

or

10. RADII OF THE INSCRIBED AND
CIRCUMSCRIBING CIRCLES OF A
REGULAR POLYGON

Let AB, BC and CD be three successive sides of the
polygon and let n be the number of its sides. Let the
angle ABC and BCD be bisected by the lines BO
and CO meeting at O. Draw ON perpendicular to
BC. Then it is clear that O is the centre of both the
in-circles and the circumcircle of the polygon.

D
A 0
R R
g
B N C
Also BN=CN
Hence, OB=0C =R, theradius of the circumcircle

and ON = r, the radius of in-circle.
Now, ZBOC = (2 ©/n) radians

Hence, ~/BON=/CON = %LBOC -

n
If a be the length of a side of the polygon,
then a = BC = 2BN = 2R sin BON

= 2R sin (n/n) or R = 2 osec L.
2 n
Again, a=2BN=20ON tan BON = 2r tan (n/n)
a . ®m
r =—cot—.
2 n

11. AREA OF A REGULAR POLYGON

Area of the polygon is n times the area of A BOC.
Hence, the area of the polygon

= nx%ON‘BC =n.ON.BN

2
= n‘BNcotE‘BN = n‘(g) cotE
n 2
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The above expression is for the area in terms of the
sides.

Also the area=n.ON .BN = n.OBcosE‘OBsinE

=n.ON.BN=n.ON.ON tan
(w/n)

Again, the area

" " = nr? tan (n/n) ..(3)
,.® =®™ 1 _, . 2=® The formulae (2) and (3) give the area in terms
=n.R sm;cos;:?nR e of the radius of the circumscribed and inscribed
i (2) | circles.
P TSOLVED SUBJECTIVE PROBLEMS (XI BOARD (CBSE/STATEN:
. FORBETTERUNDERSTANDING AND GONCEPTBUILDING OF THETOPIC, |

1. Ifin AABC, a =60, b = 22 and ¢ = 50, then
find the value of R, 7, ¥, and 7.

Solution

,_60+22+50 132 _
2 2

A = \[[66(66 —60)(66 — 22)(66 - 50)]

= J(66x6x44x16) =+/528

abe _60.22.50 _125 . .«

® 4A 4528 4
_A_8 o
s 66

A 528
1) # = = =
) x s—a 66-60

A 528
r2= = =

s—b 66-22

A 58 .o

s—c 66-50

66

@) r

@)

™

r =

2. Prove that the distance of the in-centre of
A ABC from 4 is 4R sin (B/2) sin (C/2).

Solution

The bisectors of the angles of A ABC meet in
1. Draw ID, IE, IF perpendicular to the sides
from 1.

We hi T o_snd = IA sin (4/2
‘e have 7 ) orr sin (4/2)

(D
or 4R sin (4/2) sin (B/2) sin (C/2).
=14 sin (4/2)
14 = 4R sin (B/2) sin (C/2).

3. Inany triangle ABC, prove that

2a_2c2 sin2A + c2b—2a2 sin2B + azc—zbz
sin 2C = 0.
Solution
Let -2 b =k (say)

sin 4 - sin B - sinC
a=ksinA, b=ksinB,c=ksinC
First term
2 2
= zc sin2A4
a

k*sin?B-k*sin’C .
— sin
k*sin“ A
sin B -sin*C
=

24

- 2sinAcos A
sin

=sin(B + C) sin(B-C) — 2 cosd
=2 sin(B - C) {—cos(B+ )}

[ sin(B+ C)=sinA and cos 4 = - cos(B

+O)]

=-2 cos(B + O)sin(B — C) = cos2C —
cos2B



Similarly, second term = cos24 — cos2C
and third term = cos2B — cos24

Hence, adding
LHS = (cos2C - cos2B) + (cos24 —

c0s2C) + (cos2B — cos24)
=0=RHS
4. In any triangle ABC, prove that
(b* = c®cot A + (¢* — a?) cot B + (a* — b?) cot
Cc=0

Solution
LHS
A cosB
b2 z‘&_‘_ 2_ 2y 088
¢ ) sin 4 (e -a) sin B
rat b, €
sinC
(B =B+’ -a’)
(ak).2bc
N (c* —a’)a® +c* - bY)
(bk).2ac
+(a2—b2)(a2+bz—c2)
(ck).2ab

putting the values of cos4, sin4 etc.

= 5 Z k[(b4—c4—a2b2+a2c2-
abe

+(c" —a* -b'c* +a’b?)-
+(a* -b* -a’c?’ +b2c2))]
1
=——[0]=0=RHS
2abck

5. In any triangle ABC, prove that
a’sin (B-C) N b’sin (C-4)
sinC +sin A4

sinB +sinC
2 _

+c‘s1n(A‘ B) -0
sinA4 +sinB

Solution

First term of LHS
_a’sin(B-C)

sinB +sinC

_ a’ (sinBcosC —cosBsinC)

sinB +sinC
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o 2_Aaz+b2—c2_cz+az—b2 2A
ca’ 2ca 2ca “ab
2A 2A

——

ac ab

[where A =./s(s—a)(s—b)s—c)]
= Area of AABC

A 2 2 2 2 2
E[a +b*—c*-a +b:|
ZA[I 1]
RN _+_
alec b
2—A|:b2—c2
_be
2_A[b+c]
a |l be
Similarly, second term of LHS = b (¢ — a)
and third term of LHS = ¢ (a - b)

Hence, LHS = a(b - ¢) + b(c — a) + c(a - b)
=0=RHS

=a(b-c)

6. The sides of a triangle are in A.P. and the
greatest angle exceeds the least by 90°, prove

that the sides are proportional J7+ 1 V7 and
J7-1.
Solution

Let 4 be the greatest and C the least angle of

A ABC.
Itis given that a, b, ¢ are in A.P. so thata + ¢ =
2b TN ¢ )
Also, A - C=90° From (1)
sin 4 +sinC=2sinB=2sin@ + C)
U ¢))
. A+C A-C
2sin cos
2
. A+C A+C
=4sin———cos
2 2
A-C A+C . B
or  cos =2cos =2sin—
2 2 2
2 sin (B/2) = cos (90°/2) = cos 45°
=1//2, by (2)
Hence, sin£=—and cosE
24(2) 2

_ (1_1)=i

8) 242
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sinB = 2sin£cosE

=2Li=_7

2J2) 4

sinA+sinC=2sinB=\/_/2

&‘

(3)
Also sin 4 — sin C = 2 cos [(A + C)/2]
[4-0)2]
= 2 sin (B/2) sin 45°
1 1 1
= o)

=2 —— ==
2J2) y@ 2
Adding and subtracting (3) and (4), we get
2sind = (W7 +1)/2
ie, sind=(\7+1)/4 and
2sinC = (7 -2
ie, sinC=(7-1y4
Hence,a:b:c=sinAd :sinB: sin

C=\7+1:47:7-1

7. Inatriangle ABC if D be any point of the base
BC, such that BD : DC :: m : n, if ZBAD = «,,
£ZDAC =8
ZCDA =6, and AD = x, then prove that (i) (m +
n)ycotO=mcota—ncotp=ncotB—mcotC
(This formula is also known as m : n rule)
and (ii) (m + n)’>x* = (m + n) (mb* + nc*) — mna®.

Solution
(1) We are given L BD or m.DC = n.BD
n DC
(D

m_ BD BD AD
n DC AD DC

sin[Tt— (6 +P)]
sin3

Now,

__sino
sin(® — o)’

[Note]

or m sin 3 sin (6 — o) = n sin o sin (6 + )
or m sin 3 sin 6 cos ot —m sin 3 cos 6 sin o
=nsin o sin 6 cos B + » sin o cos O sin B
Dividing by sin o sin B sin 6, we get
mcota—mcotO=ncotP +ncotd
ormcota—ncotB=(m+n)cotd
Similarly, second result can be proved.

(i1)) From (1), we have
BD DC BD+DC BC  a

m n m+n  m+n m+n
BD="""_pc-=
m+n m+n
i (D
Now, AC*=AD*+DC?*-2A4D . DC cos 6
or b*=x+ DC?-2x DC cosb
..(2)
Similarly, ¢*> = x>+ BD* - 2x BD cos (n 0)
or c?=x>+ BD*+ 2x .BD cosb
Multiplying (2) by m and (3) by » and adding,
we get

mb?+nc®>= (m+n)x*+m. DC*>+n . BD?
—2xcos©.(m.DC-n.BD)
=(m+n)x*+m.DC*+n. BD*from (1)
Hence, substituting the values of BD and DC,
we get mb* + nc?

2 a'n’ a’m’
=(m+n)x" +m. > +n >
(m+n) (m+n)
a’mn
=(m+n)x* +——
m+n

or (m+n)(mb>+nc?)=(m+n)x>+a*mn

or (m+n)x>=(m+n)(mb*+nc®)-a’*mn

8. Ina A ABC, A = 45° and ¢, ¢, are the two
values of side ¢ in the ambiguous case, show

2¢c,

2
C‘l +c,

that cos B,CB, =

Solution

Let the two triangles formed be 4B C and
AB,C. Draw CN 1 to AB,. Then, since A B,
CB is isosceles, we have 4BCN = 4B CN

=9, say.
Since, LA =45°,
We have, CN =bsin45° = b/\/E‘



45° N
A B B,

Now, a> = b*+ ¢*— 2bc cosA
= b*+ ¢?— 2bc cos 45°
=b*+c* —[2bc
or ¢*=2bc+b*-a’=0
If, ¢, c, are the two values of c, then
¢ +c, = \2b and c,c,=b*-a
clter=(c,te Y -2,

=2b2- 2(b* - a®) = 2a°

i (@
Now cosB,CB,=cos26 =2cos*6 - 1.
CNY b’
-t (—] =2 TGN =)
b’-a’  cc, 2,
a’ c12+c22‘

|
E(clz + c;)

9. In the ambiguous case, if b and A4 are given
and ¢, ¢, are the two values of third side, then
prove that

@) ¢,,¢c,=2bcosd and ¢ c, = b*—a®
@iD) ¢~ 2¢c,c,cos 24 + c,? = da’cos’4
(i) (cl— c, )+ (cl + cz)2 tan24 = 4a2
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Solution

The quadratic giving the two values ¢ ,c, of ¢ is
¢?—2bccosA+(b*-a*)=0

Then we have (i) ¢, + ¢, = 2b cos 4
(D
and ¢, ¢,= b* - a? e ()

(i1)) From (1) and (2)

(¢, c,f=4b° cos’A = 4(c,c,+a?) cos’4
or ¢’+2cc,tc?-4c c,cos’A=4a*cos’A
or c¢?-2c.c,(2c08°4 - 1)+ ¢, = 4a’cos’4

or ¢?-2ce,co824 + ¢, = 4a’cos’4

10. In the ambiguous case, if the remaining
angles of the triangles formed with a, b

and 4 be B, C, and B,, C,, then prove that
sinC, + sinC, — 2cosA

sinB, sinB,

Solution

¢, ¢, are two values of ¢, we have
¢,,c,=2bcosA. i (D

Also, B,, B, are supplementary angles, thatis B,
=180° - B, so that sin B, = sin B,

sinC; sinC, sinC,
sinB, sinB, sinB

sinC,

Hence, -

sinB,

_sinC, +sinC,
sinB,

_ ke, + ke, _ate

=2cosA, from (1)
kb

UNSOLVED SUBJECTIVE PROBLENIS (XII BOARD (CB.S.E/STATE):
SOLVE THESE PROBLEMS TO GRASP THETOPIC _

e e . L e e Y

EXERCISE 1

2 2
b*-c

—sin 4.
a

1. Prove that, sin(B-C)=

2. In any triangle ABC, prove that
1+cos(4-B)cosC _a’+b’
l+cos(4-C)cosB  a’+c*

3. Inany triangle ABC, prove that
bsinB-csinC=asin(B-C)

4. Inany triangle ABC, prove that

Ccos
ct+a

. B
sin—
2
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5. Inany A ABC prove that

A B
tan——-tan—
a-b 2 2

¢ A B
tan —+tan—
2 2
6. Inany A ABC prove that
,B a+b+c
—+ccos’ —=
2 2
7. Inany A ABC, prove that
1 1 1 1

+ +
(s—a) (s=b) (s-c¢) s

8. If 8R*= g+ b*+ ¢, then prove that triangle is
right angled.

bcos?

= % [MP-1989]

EXERCISE 2
1. Ifsides of any triangle are 5 cm, 12 cm, 13 cm,
then find the circumradius.

2. In any triangle ABC, prove that a sin(B - C) +
bsin(C-A)+csind-B)=0  [MP-1995]

3. Inany triangle ABC, prove that
a cosl(B -C)=(b+c) sinlA

2 2
4. If acos

:C +ccos’ % = % then prove that

are in H.P.

GI'—'

a|—-
@I»—-

5. The length of the base of the triangle and angle
of base are 30° and 60° respectively, then find
the area of triangle.

6. In a AABC, if 2b* = a* + ¢, then prove that
sin3B _(a’-c’ :
sinB 2ac

7. In AABC, prove that sin A + sin B + sin C

[MP-1995]

2
R

" ANSWERS

P

EXERCISE 2
1. 65 cm.
5. 8\/5 cm?

S

SOLVED OBJECTIVE PROBLEMS HELPING HAND

Ce————————

1. Internal bisector of £A4 of triangle ABC
meets side BC at D, a line drawn through D
perpendicular to AD intersects AC at E and AB
at F. Then [IIT-2006]

(@) AEisHM of b, ¢

(b) AD = bec cos
+c

A
2
A

2

(c) EF = dbe sin
b+c

(d) All the above

Solution

(d) AABC=AABD+ AACD
= lbc sind = lc(AD)sin
2 2

£+lb(AD)sin£
2 2 2

= 2bc singcosg =c¢(AD)sin



£+b(AD)sin£
2 2

= 2bccos§ =c(AD)+ b(AD)

= AD= 2be cosi AU ()
b+c 2
= Again, AE =ADsec£=£ [by (1)]
2 b+c

= AEisHMof b and ¢

A

A

A2
E

B. L] c
D

2

Also, EF = ED + FD = 2DE = 24D tan A/2

4be A A 4bc . A
= cos—.tan—= sin—
b+c 2 2 b+c 2

Hence, (a), (b) and (c) all are correct.

2. Let ABC be a triangle such that one of its sides
is double the other and let the angles opposite
to those sides differ by an angle of m/3, then
the triangle is

[Orissa JEE-2007]
(a) obtuse triangle
(b) isosceles triangle
(c) right angled triangle
(d) equilateral triangle

Solution

(¢) Letone angle o, other be o + /3
Let the side opposite to angle o be M so
the side opposite to o + 7/3 be 2M using
sine formula

a b c

sin 4 - sinB - sinC
M 2M

= ==
sina sin(a + 7/3)

= 2sino = sin (o + 7/3)

. 1. 3
= 2sina =—sina +—cosa
2 2
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2M

o+ /3

A M C

N

3.
= —sina=——cosa
2 2

= tana=L:>a=3O°

3

So other angle oo + /3 = 90° or triangle is
right angle triangle.

3. Inatriangle ABC, AD is altitude from A. Given

b>c, ZC=23°and AD=bza—bcz,thenABis

—-c
equal to
[IIT-1994; DCE-2002]
(a) 67° (b) 44°
(c) 113° (d) None of these
Solution
(¢) sinB= AgD ,AD =csinB = bzabc 5
=c -c
. ab
sinB = e
A
23°
D B ¢
sinB sin 4 sin B

- sin(B +C)sin(B -C)
sin (B—C)=1 = sin 90°
B-C=90°
B=C+90°=23°+90°=113°



C.32 Properties of Triangles-I|

4. The lengths of the sides of a triangle are a. — 3,

a+Band 30> +B*, (o> B> 0). Its largest

angle is [Roorkee-1999]
3n s
a) — b) —
@ 2 (b 5
2 5n
c) — d) —
© 3 (CY) 5
Solution
(©) Leta=a-PB,b=a+p, c= 30> +p’
cosC =¥ ¢’
2ab
= cosC
ol +p’-2aB+a’ +B +20B-3a’ —B?
2(a’ =B
:> COSC = _w
2(a’ -B%)

=cos (i—n) =>/C = 23—7t , (largest angle).

5. In triangle ABC, with general notions r, + r,
+r,—risequalto

JUPSEAT-2001]
(@) 4R (b) A?
@© A (@) 2R
Solution

(a) Using corresponding formulae

A A A A
+ +

h+r+rn-r=

s—a s=-b s-c s
(]
s—a s-b s—c s
B 2s—a-b + c
N (s—a)Xs=b) s(s—c¢)

=%{s<s—c)+<s—a)(s—b)]
= %[25‘2 —s(a+b+c)+ab]

c abc
=—(ab)=——=4R
A( ) A

) b-¢c ¢c-a a-b
6. In a triangle ABC, + + is
n n h
equal to
[Kurukshetra (CEE)-1997]
@1 (b 0
(c) abc @ rprr,
Solution
b-c c—a a-b

+ +

RIESNERNES

=i [(b—c) (s—a)+(c~a) (s~ b)
+@-b)(s-0)]

=% [s(b-c+c-a+ta-b)—a(b
—¢)-b(c-a)-c(@->b)]=0

7. In a triangle ABC, if «B = w/3, ZC = w/4
and D divides BC in ratio 1:3 internally, then

sin Z/BAD .
——isequalto
sin ZCAD
[IIT-95; DCE-99; UPSEAT-2001, 2003]
@ 143 ®) 146
© 173 @ 273
Solution
(b) Let £LBAD = o, LCAD = B, B = x, DC
= 3x. Then,
x AD
— =— (D
sinot  sinmw/3
A
olB
/3 /4
X D 3x o
and % - _AD @
sinf}  sinw/4
(1), (2) = x sinp  AD sinw/4

sino 3x sinm/3  AD



sinp _ 12 _ sinac _ 1

3sino, \/5/2 sin3 N JE
sin ZBAD _L
sinZCAD +J6

8. In a triangle ABC,

A B ., B LAY .
cot—+cot— || asin®—+ Bsin®— | is
2 2 2 2

equal to
[Roorkee-88]
C C
a) cot— b) cot—
@ 2 (b 2
() ccotC (d) cotC
Solution

(b) \/ s(s—a) +[ s(s—b)
(s=b)s—¢) \(s—c)s—a)

[(S-C)(S-a) + (S-b)(S-C)}

4 4

_ Is.c
Jis—axs-b)s-c) ¢

s(s—c) C
c=¢ | ——— =ccot—
(s—a)(s-b) 2
9. In a triangle, 7, r,, 7, are in HP. If its area is

24 cm? and its perimeter is 24 cm, then lengths
of its sides are [Roorkee-99]

s§—cC

(@) 3,9,11 (b) 4,6,8

(c) 6,8,10 @ 5,7,10
Solution

(¢) r,r,r,areinHP = a, b, c are in AP

Now, a+b+tc=24=s5=12
Alsob=8,c=16-a

A=24=12(12-a) (4) (12-¢)=576
= a*-16a+60=0 | a=10,6

sides are 6, 8, 10

10. If p,, p,, p, are altitudes of a triangle ABC
from the vertices 4, B, C and A the area of the

triangle, then p;” + p;* + p;* is equal to
a+b+c at+b* +¢?
a) ———— b) —————
@ A (b Ve
2 bZ 2
© % (d) None of these

Properties of Triangles-Il C.33

Solution

1 1 1
(b) We have Eapl = A,Ebp2 = A,Ecp3 =A

2A 2A 2A
= =Py =Py = —
a b c
1 N 1 1 a’+b*+¢?
n PP 4A?

11. Inatriangle ABC,a:b:c=4:5:6. Theratio
of the radius of the circumcircle to that of the

incircle is [IIT-96]
(a) 15:7 (b) 16:7
© 17:7 @ 18:7

Solution

()a=4k,b=5k c=6k

s=£k,s—a=lk,s—b
2 2
=£k,s—c=ik
2 2

k 4
Sz=15><7><5><3(—]
2
k 2
.'.S=15\/7(—J
2
2
K k 15 k
=Z=15J7| = | + k=72
4 K \/_(2) 2 \/_2

_abe 456k _8,

T A4S T 415J7kM4 AT
R_8 71 16
712 7

12. Which of the following pieces of data does not
uniquely determine an acute angled A ABC

(R = circumradius) [IIT Screening-2002]

(a) a, sin A4, sin B () a,b,c

() a,sinB, R (d) a,sin4,R
Solution

@ 9 __Randb=2RsinB. So, two sides

sin 4
and
two angles are known. So, ZC is known
Therefore, two sides and included angle is
known
So, A is uniquely known in case (a)
If a, b, ¢ are known the A is uniquely known
in case (b)
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b=2Rsin B, sinAd =%‘ So, sides a, b and

angle A, B are known. So ZC is known
Therefore, two sides and included angle is
known
So, A is uniquely known in case (c¢)

a

——=R. So, only a side and an angle is
sin A4

known
So, A is not uniquely known in case (d).

13. Given an isosceles triangle, whose one angle
is 120° and radius of its incircle = \/§ . Then
the area of the triangle

[IIT-JEE-2006]
(a) 4 () 12+743
(©) 7+1243 @ 12-73
Solution
(b) Let ABC be given triangle with £A4
=120°. Then
A = (b sin 60°) (b cos 60°) =?b2
(D
Also a __ b =a= \/gb
’ sinl120°  sin30°
2
A
Further, r=—:>A=rs=\/§
s
= A=+ %(a+2b)
V3
=7(\/§ +2)b [bY )] e 3)

3 272
@, 3= A—2=—Z(ﬁ+2) '
’ A (Blap

=BT+43) > A=12+73

14. A triangle satisfies the condition
[IIT-86; Pb. CET-03]
(@) bsind=a,A<7/2
() bsind>a,A>7/2
() bsind>a,A<7/2
(d) None of these

Solution
sind _sinB

@ _

a
= bsind=a,if B=7/2,then4 <7/2

= bsind =asinB

15. In a triangle ABC, a, b, ¢ are in AP and

a b
cosB, = b—,cose2 =——,c080, = 5
+c c+a a+

0 0, .
then tan’ 7‘ + tan® 73 is equal to

[IIT-JEE-2006]
(a) 173 (b) 2/3
(© 12 @1
Solution
(b) As given,
a 1-tan®—L a
cotf, = = 2 -
b+c 1+ tan? 0, b+c

20, b+c-a

= tan"—=
2 b+c+a

Similarly, tan’ 9, _atb-c

2 b+c+a
tan? a2 2202
2 2 3 3
[."a+c=2b]

or

Verification Method: (a=3,b=5,¢c=17)

and cosGl=i=l;
12 4
cos6, =i=l; cos6, =Z
10 2 8
tan? 6, +tan? 0, =l—cosel_kl—cose3
2 2 ) 1l+cos®, 1+cosb,
1 7
Ty g a1 102
1L .7 515 1503
4 8

16. If 4 A A A A, be aregular pentagon inscribed
in a unit circle. Then, (4 4,) (4 ,4,) is equal to
(@ 1 (b) 3
© 4 @5



Solution

(d) Angle subtended by each side at centre

2

5
2404, =2 2404,=2F
2775 5

In triangle A, DO; sinZ = 4D
- OA4,

= AD= sinZ
5
AA, =24D = 2sin§
Similarly, 4 4, = 2 sin25—7t
AA)AA) = 4sin§>< sinzs—’t

= 4 sin 36° sin 72°

=%(\/10—2\/§)><(\/10+2\/§)
=¥=J§
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17. If perpendiculars drawn from verties of a
triangle ABC intersect in point O. If O4 = x,
OB =y,0C =z then £+£+£ is equal to

x y z
a+b+c b ab+bc
@) X+y+z ® xy+yz
Z abc
© 2= @ =
abc xyz
Solution
(d) We know distance of orthocentre O from
vertex
A=x=2Rcos A
B=y=2RcosB
C=z=2RcosC

a b ¢
therefore, —+—+—
x y z

_ 2Rsin4 N 2RsinB + 2RsinC
2RcosA 2RcosB 2RcosC

=tanA +tanB +tan C

In a triangle ABC, tan 4 + tan B + tan C
=tan A tan B tan C

a b ¢ [ach
N

x y z \xyz

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. Intriangle ABC,ifa=13,b= 14 and ¢ = 15,
then R is equal to
(a) 65/8
(b) 21/4
(©) 6
(d) None of these

2. If the two angles on the base of a triangle are

(22%) and (112%] , then the ratio of the

height of the triangle to the length of the base

1S
[MPPET-1993]



C.36 Properties of Triangles-II

10.

(@ 1:2
() 2:3

®2:1
@1:1

In any triangle ABC, then value of a (b*
+ %) cosAd+ b (c>+a?cos B+ c(a®+b?
cos Cis

(a) 3abc?
(¢) 3abc

(b) 3a’be
(d) 3ab%

If in a right angled triangle the hypotenuse is
four times as long as the perpendicular drawn
to it from opposite vertex, then one of its acute

angle is [PET-1998, 2004]
(@) 15° (b) 30°
(c) 45° (d) None of these

‘ A B C .
If in any A ABC, cot;,cot;,cot? are in

AP, then [PET-2003]

(a) cot écotE =4 (b) cot écotg =3
2 2 2 2

(c) cot Ecotg =1 (d) cot Ecotg =0
2 2 2 2

If the angles of a triangle are in the ratio 4 :
1 : 1, then the ratio of the longest side to the

perimeter is [IIT-2003]
@ 3:(2+43) ®)1:6
(© 1:2+3 @32:3

In a triangle ABC, b=«/§, c=1and Z4 =
30°, then the largest angle of the triangle is

[MPPET-2004]
(a) 60° (b) 135°
(c) 90° (d) 120°
In a triangle ABC, tani = —,tang = 3 , then
2 6 2 5
[AIEEE-2002]

(@) a, ¢, b arein AP
(©) b, a, c are in AP

(b) a, b, ¢ are in AP
(d) a, b, ¢ are in GP

The sides of a triangle are 3x + 4y, 4x + 3y and

5x + 5y units, where x, y > 0. The triangle is
[AIEEE-2002]

(b) Equilateral

(d) None of these

(a) Right angled
(c) Obtuse angled

The perimeter of a A ABC is 6 times the
arithmetric mean of the sines of its angles. If
the sides a is 1, then the angle 4 is

[IIT (Sc.)-92; DCE-99]

11.

12.

13.

14.

15.

16.

17.

18.

(a) w6
(c) w2

(b) /3
@

If in a triangle ABC, cos A + cos B + cos C
= 3/2, then the triangle is [IIT-84]
(b) Equilateral

(d) None of these

(a) Isosceles
(¢) Right angled

In a triangle ABC, angle 4 is greater than angle
B. If the measures of angles 4 and B satisfy the
equation 3 sinx —4sin’>x —k=0,0 <k <1, then
the measure of angle C is

[IIT-99; DCE-2001]
(a) m/3 (b) w/2
(©) 2m/3 (d) 5n/6

If the perpendicular AD divides the base of the
triangle ABC such that BD, CD and AD are in
the ratio 2, 3 and 6, then angles 4 is equal to

[MPPET-93]
(a) w2 (b) /3
(c) /4 (d) w/6
In A ABC, if ZA = 45°, £/B = 75°, then
a+el2 = [IIT-88]
@ 0 (b1
©) b () 2b
InAABC, s tan§+tan§ is equal to
(a) ab/R (b) 2ab/A
(©) ccot% (d) None of these

The sum of the radii of inscribed and
circumscribed circles for an » sided regular
polygon of side a, is [AIEEE-2003]

T a T

(a) acot (;) (b) ECOt (E)
T a T

(C) acot (E) (d) ZCOt (E)

Ifina A POR, sin P sin Q sin R are in A P, then
(a) The altitudes are in A.P.
(b) The altitudes are in H.P.
(¢) The medians are in G.P.
(d) The medians are in A.P.

If the radius of the circumcircle of an isosceles
triangle POR is equal to PQ (= PR), then the
angle P is

[IIT (Sc.)-99; Pb. CET-04]



19.

20.

21.

22.

23.

24.

(a) /6
(c) w2

[1 1](1 1}[1 1] ‘
—+— || —+— || —+—] isequal to
h h)\h KNhK K

(a) 64R¥abc (b) R¥abc
(¢) 64R%a’b*c* (d) R¥abc

(b) /3
(d) 2m/3

In a A the lengths of two larger sides are
8 cm and 7 cm and angles are in A.P., then the
length of third side can be

(@ 3or5 () 4or5

() 2o0r3 (d lor2

In a triangle ABC of sides a, b, ¢ the ratio
)

tan

_\ 2 )
[A+BJ

tan| ——

2
@ (@-b(@+b
®) (@+b)(a-b)

(©) (a-b)/(a+b)
(d) None of these

equals [MPPET-2007]

In a triangle ABC £ C = =/2. If its inradius
and circumradius be » and R respectively, then

2(r + R) is equal to

[IIT (Screening)-2000; AIEEE-2005]
(@ atb ® b+e
) c+a datbtec

In a triangle ABC, AD and BE are its two
medians. If AD =4, ZDAB = n/6 and ZABE =
7/3, then area of triangle ABC is

[AIEEE-2003]
(a) 64/3 (b) 32/3
© 32/343 (d) None

In a triangle with one angle % , the lengths

of the sides form an A P. If the length of the
greatest side is 7 c¢m, then the radius of the
circumcircle of the triangle is

[Kerala PET-2008]
(a) ?cm ®) #cm
© %cm @ 73 em

25.

26.

27.

28.

29.

30.

31

Properties of Triangles-Il C.37

In A ABC, if S04 _ 08B _ cosC o the

a b c
[Pb CET-89; KCET-91]

(b) Obtuse angled
(d) Isosceles

triangle is
(a) Right angled
(¢) Equilateral

InAABC, —SBB i equalto  [PET-89)
sin(4 + B)
b
@ — ® —
(©) % (d) None of these
cos l(B -0)
Ina AABC, is equal to
sin—A4
[PET-1993]
b-c b+c
@ (b)
a a
a a
c d
© b-c @ b+c
In a triangle ABC, cos4 = cosB = cosC CIf

a b c

1
a = —, then the area of the triangle (in square
NG gle (in sq

units) is [Kerala PET-08]
1 1
(@ £y (b) 5
1 1
l ) ——
@)8 @ N

In A ABC, iftan%tan%:é, then a, b, ¢

are in

(@) AP (b) HP.
(©) GP. (d) None of these
If tan% =x coté , then x is equal to
[PET-92, 2002]
c—a a-b
@ ®)
c+a a+b
b-c
© (d) None of these
b+c
In any triangle ABC, if cos A = SITIB , then
2sinC
[MPPET-04]

@a=b=c (b)c=a
©a=b @b=c
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HINTS AND EXPLANATIONS

1. ("R —ﬂ = R—g
4A 8
. (a) In AACD .L= AC =
sin67.5°  sin90°
h . .
——=sin675° . 1
I ®
mape, — A€ __x
sin22.5° sin45°
AC _ [asin22.50 (i)

X

From (i) and (ii) Ll = 1
x 2

. (c) ab® cos A + ba* cos B + ac? cos A + ca® cos
C+bc*cos B+ b*cosC

=ab(b cos A + a cos B) + ac(c cos A + a cos
C)+ be(c cos B+ b cos C)

=abc + abct+ abe = 3abe

length of hypotenuse

- @ length of perpendicular on
the hypotenuse from opposite vertex

2 4 2

sin20 1 sin20

= sin 26 = %= sin30° = 6 = 15°
. (b) Taking A = B = C = 60°, cotg,cotg

and cot% will be in AP and there common

difference is zero. So option (b) is satisfied.

. (a)Giventhat4 :B:C=4:1:1
LetA=4x,B=x,C=x

But4+ B+ C =180°

=4x +x+x=180° = x=30°
.. A=120°, B =130°, C=30°

Bysinelaw:,a =‘b = ‘c
sin120 sin30 sin30
b
=a:b.c= 1:1
f 2 U2 12 4T V3

.. Ratio of longest side to the perimeter

=3 1+1+B3 =32+

. (b) Given tan

7. (d)Givenb= /3,c=1and 24 = 30°

As b is greatest .. ZB will be largest

2, 2 2
CosA=b+c—a
2be
COS30=3+1—a f 4-a°
243 285

a*=lora=1

Side b is longest so angle B must be largest
- by ,b = ‘a
sinB  sinA

NG 1

—=— ,sinB=—,B=120°
sinB sin30° 2

W

(SIS

5
- (D

tan£=E (@

2 5
By multiplying equation (1) and (2)
4 C 5 2 1

tan—tan—=—xZ=—
22653

=[(s—b)(s—c)_(s—a)(s—b)]”2 1

s(s—a) s(s—c¢)

w

=[S_b]=l =3s-3b=s
K 3

=25-3b=0
>at+tb+tc-3b=0(."2s=a+b+c)
=>2b=a+c

s.a,b,carein AP

. (b)Leta=3x+4y,b=4x+3yand ¢ =5x + 5y

asx,y>0, ¢ = 5x + 5y is the largest side
.. C is the largest angle. Now,

(3x+4y)2 +(4x+3y)3 —(5x+5y)2
2(3x +4y)(4x +3y)’

cosC=

= —2y <0
2(3x+4y)(4x+3y)

C is obtuse angle
= AABC is obtuse angled.



10.

11.

12.

(@) Givena + b + ¢ =6(sinA+sinB+sinC)

a=1
= a+b+c=2sinA +sinB +sin C)

sin4 sinB sinC

But, =k

a b c
Now @a+b+tc=2klatb+c)=>2k=1

= = —

1
a 2 2
as a=1=>A4=30°

(b) Given that in AABC
cosA+cosB+cosC=3/2

b +c’-a’ B a’+c*=b’ _‘_a2 +b*=¢?
2bc 2ab

2ac

ab*+ ac*—a® +a’b + be* - b+ ac® + b -
=3abc

= ab®>+ ac® + bc* + ba® + ca® + cb* — 6abc =
a*+ b*+ ¢ —3abe

= a(b-c)*+ b(c—a)*+ c(a—b)

a+b+c ) ) )
=(T)[(a—b) +(b-c) +(c—a)']

=S(@+b-c)(a-byP+b+c—a)(b-c)’+
(c+ta-b)(c—a)P=0
As we know that

a+b>c [Sum of any two sides
b+c>a qof a Ais greater than

c¢+a>b |the third side

.. Each side on the LHS of equation (1) has pos-
itive coefficient multiplied by perfect square,
each must be separately zero.
a-b=0,b-c=0,c—a=0 >a=b=c
Hence, A is an equilateral A

(¢) Given that A > B and 3sin x — 4sin’x — k =
0,0<k<l1

=sin3x =k,

As A and B satisfy above equation (given)
s.osin34=k,sin3b=k

Properties of Triangles-Il C.39

=sin34-sin3B=0
34+3B . 34-3B
sin =

= 3cos 0
2
= COS(M)=O or sin(3A_3B]=O
2 2
- 34+3B ~90° or 34-3B ~90°

=>A+B=60°0rA=B
But giventhat,A>B,.". A+ B
Thus, A + B =60°
But,4 + B+ C =180°
.. C=180°-60°=120°
. C=2mn/3
BD

13. (c)From AADB tan6, = —= é =

1
A 3

From AADC tan®, =C—D=i=l

AD 6 2
tan0, +tan0,
1—-tan®, tan6,

tan 4 =tan(6, +6,) = 1
SA6 +0,=45°
14. (d) Given A=45°, C =60°

sin4 sinB sinC

a b c
sin45° sin75° sin60°
a b c
1 BB+l B _a V2 2

= = =T 5 =
\/za 2\/§b 2¢ 1 ﬁ

2 263
Sat+e2=—+ 0 o
\/§+1 \/§+1

\/§+1

2b
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15. () s tan£+tanE =g
2 2

A A )
—+_
s(s—a) s(s=b)

Ac c
cot—

s—a s-b

=c
(s—a)(s—c) 2

16. (b) tan| = |= Lisin[ Z )=
n 2r n 2R

a T T
=>r+R = E[cot—+cosec—]
n

n
cos T +1 2cos
=4 _n_ |_ 2n
2 sin ™ 2 2sin—"-cos -
n 2n 2n
= gcot1
2 2n
17. () InAPQRIletd ,d,,d, be the altitude on OR,
RP and PQ respectively.
T&d, Ad
[
Q p R

Then, Ar(APQR)= A = %pa’l = %qa’2 = %rd3

18.

19.

20.

21.

22.

2A 2A 2A
N >d = N >d 3= N
ksinP ksinQ ksinR
[Using sine law]
=d,.d,, d, are inIL.P. (As given that sin P, sin
Q,sinRin AP)
(d) In APQR, radius of circumcircle is PQ = PR

. PO=PR

>d =

PO OR PR
2sinR  2sinP  2sinQ

.PQ=PR =

sinR=sinQ=% = ZR=2£Q=m/6

= /P=n—- /R- 20 =2n/3

l+l _s—a+s—b_£
©G"n) A A A

. cab

.. Expression = — —.—

AAA

_abc __abc _ 64R’

AS abc 3 a2b2c2
4R

(@) Given2B=A4+C

=>A+B+C=180°= B=60°

8 +x’ -7
2.8x

= x=3,5

cos 60° = =>x*-8x+15=C

(¢) By napiers analogy in AABC

A-B a-b Cc .. C A+B
tan——= cot— .7 cot—=tan
2 a+b 2 2 2
A-B a-b A+B
. tan = tan
2 a+b 2
tan a—b
or —— 57—
tanA;B a+b

(a) We know that for the circle circumscribing
a right triangle, hypotenuse is the diameter is
£C =90°

L 2R=¢>R=<
2
lxaxb
also r=—=%4%——
s a+b+c

2



=>r= ab S 2r+2R = 2ab +c
a+b+c a+b+c

B 2ab+ac+bc+c? B 2ab+ac +bc +a’b’
a+b+c a+b+c

(oct=a’+b?)
2

=(a+b) +(a+b)c=(a+b)
a+b+c

Alternative

We know by sin C rule ‘c =2R
sin

= ¢=2RsinC
= ¢=2R(. LC=90°

Also, tan£= 4
2 s-C
= tanZ=L_ (¢ 2C=90°
4 s—c
a+b-c

= r=s-c=

2

> 2rtc=a+b
= 2r+2R=a+b (using c=2R)

23. (c) AP =§AD§;PD= %;LetPB=x

8/3
— or x=

7

tan 60° =

Area of AABD ! 8 16
eao ==X
RN
16 32
*. Area of AABC =2x ['." Median
PN

of a A divides into two A's of equal area]
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24. (a) Radius of circumcircle (R) = ‘a
sin A
b«
sinB  sinC

25.

26.

27.

28.

Greatest Angle = 2?11: and side =7

7 7x2 7f

R =
2s1n L 2\/_
cosdA cosB cosC
@ ==
a b c
cosd cosB cosC
= =

ksinA ksinB - kcosC
= cotd =cotB=cotC=60°
= AABC is a isosceles.

(b) In AABC

=A+B+C=180°

=A+B=180°-C

= sin(4 + B) =sin(180 - C) =sin C
sinB_sinB _ b

= sin(A4 +B) B

B-C B-CY). 4
cos 2cos sin—
2 _ 2 2

(b) 4 4 A
sin| — 2sin—cos—
( 2) 2 2

B-C)\. (B+C
2cos sin
_ 2 2

sinA4

sinC ¢

-C

(B
cos
_ 2

)_ sinB+sinC _ b+c

sind sinA a
2

cosdA cosB cosC

®)

a b c
cosdA  cosB  cosC
ksindA ksinB ksinC

= cotd =cotB=cotC=60°
= AABC is a isosceles.

\/—\/—1\/—\/—1

A% 46 24 8x3 883
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29. (a) tan(ﬁ]tm(Q]:l
2 2)73

- [(s—b)(s—c)‘(s—a)(s—b)}m 1

s(s—a) s(s—c) 3
_ 2 1/2
= [@ j’>] _L
K 3
s—=b 1
= ==
K 3
= 3s-2b=s
= 2s=3b TN ¢Y)
v 2s=atb+tc U ¢))

= 3b=a+t+b+c
= 2b=a+tc
So, a, b, care in AP.

30.

31

(c) By Napier’s Analogy

tanﬂ=(b_c]cot£ IUU ¢ )

2 b+c 2

X A
.. tan =xcot—
2

On comparing above equation from
—-c

L b
equation (1) we get x = 5

sinB

2sinC
.ocosd= kSITlB
2ksinC

2 2 2
or bte-a b or b*+ c?—
2bc 2¢

C.ct=a*orc=a

(b) As cosd =

a*=b*

'UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE)

FOR IMPROVING SPEED WITH ACCURACY

—

. If two angles of A ABC are 45° and 60°, then the
ratio of the smallest and the greatest sides are

[EAMCET-2007]
@ (3-1:1 ®) 3:2
© 1:43 @ 311
. In a triangle ABC, AB = 2BC, then

B (C —A] .
tan—:cot 1S

2 2
(@ 3:1 ®2:1
©1:2 @it:3

. If any triangle ABC, acot A + bcot B + ccot C
is equal to
(@ r+R

© 2@F+R)

) r—R
@D2¢-B

. If in a triangle the angles are in A.P. and b : ¢
=\/§:\/E,then4A is equal to

[IIT-81; Kurukshetra CEE-98; Pb CET-90]
(a) 30° (b) 60°
(©) 15° (d) 75°

2cosA cosB + 2cosC

In a triangle ABC,
a b c
a b .
=—+—, then the value of angle 4 is
bc ca

[IIT-93]
(@) 45° (b) 30°
(©) 90° () 60°
2_ 12 : _
In A 4BC, if 220 _S0A=B) o the
a +b” sin(4+B)

triangle is [Roorkee-87]
(a) Right angled

(b) Isosceles

(¢) Right angled or Isosceles

(d) Right angled isosceles

In A ABC, b*cos 24 — a* cos 2B is equal to
(a) b*-a? (b) b*-¢*
() *-a® (d) a®+b*+c?

InAABC,a=2cm, b=3cm and ¢ =4 cm, then
angle 4 is [MNR-73; MPPET-84, 02]
(a) cos(1/24) (b) cos™(11/16)
(c) cos7i(7/8) (@) cosi(-1/4)



10.

11.

12.

13.

14.

15.

16.

InAABC,ifa=2,b=4and ZC = 60°, then
£A and 4B are equal to

(a) 90°, 30° (b) 60°, 60°

(c) 30°,90° (d) 60°, 45°

The triangle POR of which the angles P, O, R
satisfy cosP = ﬂ is

2sinR
(a) Equilateral

(c) Any triangle

(b) Right angled
(d) Isosceles

If R is the radius of the circumcircle of the
A ABC and A is its area, then

[Karnataka CET-2000]
a+b+c a+b+c
@ R=—— () R=——
4A
abc abc
C R=_ d R:—
© vy @ A

Inatriangle ABC,a=5,b="7,and sin A = 3/4,
then how many such triangles are possible?

[Roorkee-90]

@1 ® 0

©2 (@)

Ina AABCis(x/3-1)a=2b,4=3B,thenCis
[Kerala PET-2007]

(a) 60° (b) 120°

(c) 30° (d) 45°

ABC is a right angled triangle with £ B = 90°,
a = 6 cm. If the radius of the circumcircle is
5 cm, then area of A ABC is

[Kerala PET-2007]
(a) 25 cm? (b) 30 cm?
(¢) 36 cm? (d) 24 cm?

If in a triangle ABC, a =5, b = 4, A=§+B,

[Kerala (CEE)-2005]
(®) 2 tan™ (1/9)
(d) 2 tan'(1/40)

then C is equal to
(a) tan! (1/9)
(c) tan! (1/40)

Ina AABC, if a =3, b =35, ¢c = 4, then
. B B .
sin—+ cos? is equal to

[CET(Karnataka)-2005]

17.

18.

19.

20.

21.

22.
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@ J§2-1 ® 1
© V2 @ Y+

2

InAABC,a=13cm,b=12cmand ¢ =5 cm.
Then the distance of 4 from BC is

[Kerala PET-2008]
5 60
a) —cm b) —cm
(@) 13 ® 13
5 144
¢) —cm d) —ocm
© 12 (@ T

The sides of a triangle are respectively 7 cm,

443 cm and (13) cm, then the smallest
angle of the triangle is
[MPPET-2008]
T T
a) — b) —
@ p (b) 3
T T
c) — d) —
© 2 @ 5

If in a triangle ABC,a=6 cm, b =8 cm, ¢ =
10 cm then the value of sin 24 is

[MPPET-2008]
(a) 6/25 (b) 8/25
(c) 10125 (d) 24125

In a triangle ABC,a =4, b =3, L4 = 60°, then
¢ is the root of the equation  [AIEEE-2002]
@ *-3¢-7=0 ®) 2+3¢+7=0
©) ¢*=3¢+7=0 d) 2+3¢-7=0

In A ABC, acosA + beosB + ¢ cosC is equal to
(a) 4R sin A sin B sin C

(b) 3R sin A4 sinB sin C

(c) sin4 sin BsinC

(d) 4R cos A cos Bcos C

In a triangle ABC, the sides b and c¢ are the
roots of the equation x*> — 61x + 820 = 0 and

A=tan™ (;J , then a? is equal to

[VITEEE-2008]
(a) 1098 (b) 1096
(c) 1097 (d) 1095
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If 0 < x < w2, then the largest angle of a

triangle whose series are 1, sin x, cos x is
(a) /3 (b) w/2
©) x d) n/2-x

. If 4, B and C are angles of a triangle such that

tand = 1, tanB = 2, then what is the value of

tanC [NDA-07]
@ 2 (®) 3
©0 @1

. In a triangle ABC,

(b +¢) (be) cosA +(a + ¢) (ac) cosB + (a + b)
(ab) cosC is [Kerala PET-2007]
(@) a*+b*+¢?

®) ad=b+c?

© (@+rb+c)(@+b+c?

(@) (a+b+c)(@ab+ be+ca)

. If the sides of a right-angle triangle form an

A P, then the ‘Sin’ of the acute angles are
[VITEEE-2008]
3 4
a) | —,—
@ (33

® ﬁ%)
[ /@]
2 2
) /@J
2 2

The sides of a triangle are sin o, coso. and

- L
J1+sinocosa for some O<a<E‘ Then

the greatest angle of the triangle is
[AIEEE-2004]

©

@

10.

11.

12.

(a) 60° (b) 90°
(c) 120° (d) 150°
. In A ABC, with usual rotation, observe the two
statements given below [EAMCET-2007]
Orrpy, =N ADrp,+rp,trp =s
Which of the following is correct?
(a) bothI and II are true
(b) Lis true, I is false
(c) Lis false, IT is true
(d) bothI and II are false
. If the sides of a triangle are in ratio 3 : 7 : 8,
then R : r is equal to
@@ 2:7 ®)7:2
© 3:7 @7:3
In A ABC, if sin’4 = sin’B = sin’C, then the
triangle is
(a) Equilateral
(b) Isosceles
(¢) Right angled
(d) None of these
If ina A ABC, (s — a) (s — b) = s(s — ¢), then
angle C is equal to
[MPPET-86]
(a) 90° (b) 45°
(c) 30° (d) 60°
In a triangle ABC r, <r, <r,, then
[EAMCET-2003]
(@) a<b<c b)a>b>c
() b<a<c @ a<e<bd
In triangle ABC if area is denoted by A, then
A equals
(a) absinc
(b) la s‘mB sinC
2 {sin(B+C)
© %\/4(b2c2 +cla’ +a’b - (@t +b7 +¢h)
1
@ E(a +b-c)
Ina A ABC, a* sin2C + ¢* sin 24 is equal to
[EAMCET-2001]
(@ A (b) 2A
©) 3A (d) 4A



13. If Pisa point on the altitude AD of the A ABC,
such that ZCBP = B/3, then AP is equal to
(@) 2a sin(C/3) (b) 2b sin (4/3)
(¢) 2¢sin (B/3) (d) 2¢ sin (C/3)

Properties of Triangles-Il C.45

(a) 2b
(c) 3b

® b
(d) 4b

15. In any triangle ABC, ¢? sin 2B + b* sin 2C is

equal to
14. Ifin AABC, sinising = sinE and 2s is the A [erala PET-200%]
272 2 (@ — () A
perimeter of the triangle, then s is 2
[Kerala PET-2007] @© 2A @ 4A
ANSWER SHEET
LOO®OO O®OO nLAOOO
20000 TO®OD 20000
30000 LO®OO BEOEO®OO
1+LO®OO .00 @ OO0
5000@ 10.OOO 15000

HINTS AND EXPLANATIONS

1. (b) Largest angle is opposite to 1

sin’x +cos*x—1

cos O = 0

2sinxcosx
6 =190° or n/2

2. b)stanA=1,tanB=2
‘We know that
tan(4+B+C)
_ tan4+tanB +tanC —tanAtan BtanC
" 1-tanAtanB—tan BtanC —tanC tan 4

1+2+tanC -2tanC
1-2-2tanC —tanC
3—-tanC=0>tanC=3

5. (¢) a=sina, b =cos a, c = yl+sinacosa
at+b*-¢?
2ab

tan 180° =

then cos C =

sin*a +cos’ oo —1—sinacoso

cosC = -
2sino.coso

—SINnoLCoS o

cosC=———

2sInoLCos o

cosC= —%= cos 120° = 2C=120°

6. @Lrmprr=—————=A
: s s—a s-b s—c
A A A A
Wrr,trp +try = +
: 2 s—as—-b s-bs-c
A A
+
s—cs—a

_AN(s—c)+A(s—a)+A’(s—b)
- (s—a)s—b)s—c)

B A(s—c+s—a+s—b) g

- A*ls -
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15. (c) 2APB = 180° — (LBAP + £PBA)
A
By
S

T

2B

=180° - (90—B+T)=90—£

3

.. In A APB applying sine rule

AP AB
sin2B sinAPB

= AP= (2sin§cos£)x

=2c sinE
3

c

sin(90 + E)
3
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Inverse Trigonometric
Functions

BASIC CONCEPTS

e e ..

1. INVERSE FUNCTIONS 1.2 If sin © = x, then the angle 6 is called the “sin
inverse x”’ and is denoted by the notation sin™! x

If f: X > Y is a function which is both one-one and or ““are sin x”. Thus, the notation sin"'x means

onto, then we define its inverse function ! : ¥ —> X the angle whose sine is x.
is defined as:
y=f)ef'0)=x,VxeX, Vyet NOTES

1.1 Inverse Trigonometric Functions
Consider the sine function with domain R and
range [-1, 1]. This function is many-one and
onto. So, its inverse does not exist. If we restrict
its domain to the interval [-n/2, ©/2], then the
function

1. sin''x # (sin x) ', since (-1) is a notation in the
first and exponent in the second.

2. sin (sin”! x) # sin™' (sin x) since, x is a number
in the first and angle in the second.

2. DOMAIN AND RANGE OF INVERSE

. T T . . .
sin: [——,—] —[-1, 1] given by sin ® =x is one-
2°2 TRIGONOMETRIC FUNCTIONS

one and onto and therefore it is invertible.

The inverse of sine function is defined as Function  Domain Range (Principal
Value)

sin: [-1,1] - [—3,5]

22 1. y=sinx -1<x<1 Iyt
such that sin"! x =0 <> sin 6 = x. 2 2
Thus, if x is a real number between —1 and 1, 2 y=cosx -l1<x<I 0<y<n
then
sin™! x is an angle between—g andg whosesine | 3. y=tan'x (-0, ) _r. y< T
s x, 2 2
L . b b _ » T T
ie.,sin'x=0 & x=sin6, where —ESGSE 4. y=cosec'x x>1lorx<-1 —ESySE,
and -1 <x<1. y#0

The least numerical value among all the val- .
ues of the angle whose sine is x, is called the | 5. y=sec’'x x2lorx<-1 O0<y<mw, y#—
principal value of sin™ x. Similar definition for 2
cos™ x, tan™! x etc., can be given. 6. y=cot'x (-0, ) 0<y<m




D.4 Inverse Trigonometric Functions

3. SOME IMPORTANT FORMULAE (©) Ifxy =1, tan! x + tan™!
T
3.1 (a) sin™! (sin0) =0, LY P Pk x>0,y>0
2 2 e
(b) cos'(cos0)=0,0<0<mn _E, x<0,y<0
(c) tan™! (tan ©) =6, LY Pl x—y
2 2 (d) tan! x —tan~! y = tan™!
(d) cot(cot0)=6,0<0<mn 1+xy
(e) sec! (sec0)=0,0<0<T, O = r 3.7 (a) Ifx,y20,x2+3*< 1 sin!x £ sin”!y = sin™*
2

(xy1=y* £yN1=x?)
(b) Ifx,y>0,x*+)*> 1 sin? x tsin? y=n—

: i (sinc x) = x. -] <x <
3.2 (a) sin(sin?x)=x,-1<x<1 gin! (x\/l—Tiy\/l—T)

(b) cos(cos!x)=x,-1<x<1

(c) tan (tan! x) =x, —00 <x <

_ — 2 2
(d) cot(cot'x)=x,—0<x <o cos™ (o FVI-x"y1-y7)

() cosec™ (cosec 0) = 6,—§SGS§,9¢O

) Ifx,y>20,x*+y*<1cos'x=*costy=
y y y

(e) sec (sec!x)=x,x<—-lorx=>1 () Ifx, y wj’d yzxi\ileoyjl)x teosy=m
() cosec(cosec!x)=x,x<—-lorx>1 —cos™!
3.3 (@) sin™ (-x) =—sin"'x, -1 <x<1 3.8 To convert one inverse circular function into
() cost(—x)=m—coslx,-1<x<1 other
(c) tan! (—x) =—tan'x, —0 <x <0 (a) sin™ =cos™ v1-x’
(d) cot?(—x)=m—cotlx, —0 <x <o - ! — cot! 1—x?
(e) sec!'(—x)=m—-seclx,x<-lorx >1 I—x? x
() cosec! (—x)=—coseclx,x<-lorx>1 1 1
=sec™! =cosec —
3.4 (a) cosec!x =sin™ 1 ,x<-lorx>1 Vi-x? x
x
2
(b) sec™ x =cos™! 1 ,x<-lorx2>1 (b) cos'x =sin'y1—-x* =tan™ ( 1-x ] =
x x
tan”' =, x>0 sec” ;
() cot'x = * . 1
T+tan' =, x<0 = cosec™ (—) = cot™ (LJ
x V1-x? Vi-x?

3.5 (a) sin? x +cosix = g,—Istl

. 1 x
(c) tan! = sin! ( ) = cos“( )
(b) sec™ x + cosec™x = g,xs—lorle VI+x® VI+x®

T = cot™! 1
(c) tan'x + cotlx = E,—oo <x<o© x
+ 1-x’
3.6 (a) Ifxy <1, tan! x + tan! y = tan™ 1x b4 =sec™! 41-x* =cosec™ [T]
—xy

®) Ifxy>1,tan'x +tan! y

= sin™! (ﬁj =cos! (é) =tan™ (ﬁ)
—n+tan“(u} x<0,y<0 h h b

7r+tan“[x+—y), x>0,y>0




3.9 (a) 2tan'x =sin™! =l x[£1
(b) 2tan x = cos' ——,x >0
+x°

(c) 2 tan* x = tan™ 12’“, JIxl<1
_x'

(d) -2 tan! x = sin™! =l x>1

(e) 2tan x = 7 + tan! zxﬁif x>1
1+x”

x<-1

®) 2tan! x=-m7 + tan™! 2x”
1+x”

() 2 tam* x = %,x=1

(h)2tan“x=—§,x=—1

(i) 2tan’! { ’a—b tang]
a+b 2

= cos-! [acos6+b}
a+bcosb

3.10 tan x + tan'y + tan”' z = tan™

X+y+z-xpz
l-xy—-xz-yz
3.11 (a) cot’x +cotly=cot?! »-
y+x

1
(b) cot x — coty = cot! X2
y—x

3.12 (@) 2sin! x=sin"! 2xv1-x" =cos™ (1-2x?)
() 2costx=cos! (2x>-1)

Inverse Trigonometric Functions D.5

1 1+x* -1
©) Etan‘l x=tan! | ——

X

(d) tan!

=

1 tan™! x

o

(e) 3 sin! x =sin™! (3x — 4x%)

) 3 cos!x=cos! (4x* - 3x)

3x—x’

1-3x?

(h) 4 costx=cos? (8x*- 8?2+ 1)

(1) 5sin!x =sin! (16x° - 20x3 + 5x)
(§) 5cos™tx=cos! (16x° - 20x* + 5x)

(g) 3tan! x = tan!

@) tan (asinxibcosx]
) acosx F bsinx
=x ttan™ (EJ
a
() tan - (acosxibsinx]
bcosx Fasinx
= tan! (gjix
b
1+x+1—x |
¢)tan! | —————— |=Z+—cos!(x
© [ 1+x¢\/1—x:| 4 2 )

+—cos'(x})

Iz
4

1

2
(e) tan“[ ax—x J 3tan“(£)
a(a’ a
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iF

SOLVED SUBJECTIVE PROBLEMS XTBOARD (€ B.SESTATE:
FORBETTER UNDERSTANDING AND CONCEPT BULDING OF THETORIC _

LI tar S bt 22T hen find th +(tan"l+tan“l)
. an — an 222’ en find the 3 3
value of x. 11 11
[NCERT;: CBSE-2008] 5 + 7 3 + 8
= tan™! + tan™!
Solution an 1_1.1 an 1_1.1
. . L ox-1 ox+1l = 57 38
Given equation is tan™ +tan! ——=—
x—2 x+2 4 (12] (11]
=tan| — |+tan!|
x—1 x+1 3 23
+
=  tan"! x—=2 x+2 _r
1- x—1 x+1 4 =t 1 i +t —1 H
x—2 N\ x+2 A 17) TR 23
6 11
tan" x+tan™ y =tan™ Xty for xy <1 Py vy
1— = tan!| 1723
) _en
and for|x| <1, x—1)(x+1 =1—x2<1 17 23
x—2 N\ x+2 4—x
o (6x23+11x17
=tan~ | —
17x23-6x11
(x—l)(x+2)+(x+1)(x—2)_tan£
(x-2)x+2)—-(x-D(x+1) 4 = tan™! (ﬁ) =tan™1
2x* -4 _
Z - 2—1)_1 n
(" =-(x = J=RHS
= 2x*—-4=-3
2 2 1 i - i
= 2x*’=1 > x*=— 3. Prove that cot™ \/1+s%nx+\/1 s%nx =
2 J1+sinx —/1-sinx
1
= x=f —= x T
= See (O,E) [NCERT]
1 1 1
2. Prove that tan‘§+tan l7+tan 1— Solution
al _m .
+ tan e [NCERT; CBSE-2008] or J+sinx +/1—sinx
«/1+sinx—«/1—sinx
Solution
=cot™!
We know that tan”'x + tan'y = tan™ (u] x Y x X\
1-xy cos—+sin— | +,/| cos——sin—
for xy <1, therefore, 2 2 2 2

LHS. = tan‘ll+tan’ll (c0s£+sinf - cosf—sinij
5 7 2 2 2 2



»1=cos’ (fJ +sin? (ﬁ)
2 2

. X X
and sinx = 2s1n5cosz

X X X X
cos—+s1n—+c0s5—s1n5

= cot™

X .X X . X
COS—+SIn——| COS——SIn—
22 ( 2 2]

Inverse Trigonometric Functions D.7

v 0<x <£,therefore, 0 <£<E
2 2 4

X_ . X
= cos—>sin—
2 2

N =

" SOLVED OBJECTIVE PROBLEMS: HELPING HAND

L 3
1. The equation sin"'x — cos™'x = cos™ - has

[DCE-2006]
(a) no solution
(b) unique solution
(¢) infinite number of solution
(d) None of these
Solution
NE)

(b) We have sin'x — cos™'x = cos! ——
. T . T
sin"x — cos™lx = < But, sin”'x + cos™ix = £y

. T
Therefore, sin~'x = 3 and cos™x =

o la

3. . .
= x= 7 is the unique solutions.

_11—x 1

2. If tan” —= =_tan" x, then the value of x is
1+x
[DCE-2006; NCERT]
1 1
a) — b) —
(@ 2 (b) NG
© 3 @2
Solution
®) .. tan™ I=x _Lontx
1+x 2
Let x=tan©

an”'[ 1= tan® ) _ ltan“(tane)
l+tan® ) 2

= tan’’ (tan(ﬁ— 6)] = ltan‘l(tanB)
4 2

b 0 30 «
—— == o>D—==
4 2 2 4
x—tane—tanE—L
6 3

s
= =0=—

3. Ifp, q, rarein G.P. and tan! p, tan’! ¢, tan’! »
are in A.P. then p, ¢, r satisfies the relation

[DCE-2005]
@p=q=r by p#g#r
©ptg=r (d) None of these
Solution

(@) Sincep, g, inG.P.
¢*=pr andtanp tan™ g, tan’rin AP

ol — tan” p+tan”' r
E 2

2 tan"'qg =tan! p +tan’'r

a(p+r)
1-pr

A

- 2q2 =tan
l-¢

tan

2q _ p+r

qt=pr
1-pr l—pr( 4 =p)

U

= 2q=p+tr > p,qrarcinAP

Butp, ¢, r in G.P. L p=q=r
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4. The value of x satisfying sinlx + sin’!(1—x)

= coslx are
[DCE-2003]
@) 0 ®) 1,-1
() 0,172 (d) None of these
Solution

(¢) Given equation can be written as
sin"'x — coslx = — sin"}(1 — x)
sinix + sin"!x = cos (1 — x)
2sin"x = cosI(1 - x)
cos(2sinlx)=1-x

1-2sin’* (sin?x)=1-x
1-2x=1-x

2x*-x=0

x=0,1/2

ud u Ul

- 1.
+tan!| 274 |4 +tan!| = | is equal to
1+e¢c, c

[DCE-2002]
() tan™ [ﬁ]
y

(d) None

(¢) —tan™ [ﬁJ
Yy

Solution
(b) We have, tan™ | S~ || ant| 274
ay+x l+e,c

- 1
+tan!| 874 |4 tant| —
l+ec, c,

x 1 1 1
= tan' |2 xci +. +tant| & lcz
1+—— 1+—
Yy ST
1.1
rtan |28 |4 stant| L
1+L cu
€yCs

=tan’! (ﬁ) —tan™! [L] +tan! [LJ

y cl cl
—tan™! (L] +tan™ [LJ —tan™ [L]

cz cl c3

_I(IJ _I(IJ _l(x]
+...—tan" | — |+tan" | — [=tan | —
c“ c“ y
6. tan™ L) +tan” i) is equal to
11 12

[DCE-1999]
33 1
a) tan™'| — b) tan!| —
@ (132] ® ( 2]
(¢) tan’ (132] (d) None
33
Solution
1.1
@ =tan™ 1_ tan‘ll —tan' 11 6
11 6 R
11 6
H
166 _ o 17
=tan ﬁ =tan (65)
66
7. If cos'x/2 + cosy/3 = 0. Then 9x> — 12xy
cosO + 4*is equal to [DCE-1997]
(a) 36 (b) - 36 sin%0

(c) 365sin%0 (d) 36 cos?0

Solution

(c) Given that cos™

-

= 2——\/4 x,/9 y =cos0
= xy—6cosO=+4-x"[9-)’

Squaring both sides
x3)? + 36 cos?0 — 12xy cosO = 36 — 9x — 4y°
+x3?

=  9x? - 12xp cosO + 4y* = 36 — 36 cos?0
=36(1 — cos?0)



=  9x?—12xy cosO + 4y* = 36sin0
OR

32

Verify for x =1, y=T‘

8. If ) tan™ (%] =t then t is equal to
i=1 1
[IIT-2006]
(@ 2 (®) 1
©0 @
Solution

® =S’ ( ) 2 ton ( 1+1)
2 Qi+1)-(2i-1)
; (1+(2i+1)(2i—1)]
= Ztan“(zi+1)—tan“(2z‘—1)
= (tan™'3 - tan'1) + (tan’!5 - tan'3) + ... +
(tan'2n + 1) - tan"'2n — 1)+ ...
t =lim[tan(2n +1)—tan'1]
=7/2 - /4 =n/4

b
= tanz=tan Z =1

9. If a, b, ¢ be positive real numbers and the
value of
0= tan™" ala+b+c)
be
+tan! b(a+b+c) +tan™ cla+b+c)
ca ab
than tan 0 is equal to
[IIT-1981]
@ 0 ) 1
© atbe (d) None of these
abe
Solution
0= tan™" a(a+b+c) 4
be
't b(a+b+c)+tan‘l cla+b+c)
ca ab

Inverse Trigonometric Functions D.9

Let 5= a+b+c

abc

Hence 6 = tan'va’s® +tan™' vb2s?

b*s? +tan” Veis?

= tan™! (as) + tan™! (bs) + tan™' (cs)

+tan™

—tan | % +bs +cs —abes®
1—(ab +bc +ca)s’

| sl(a+b+c)-(a+b+o)] |
B 1-s*(ab+bc +ca) -

{Since s’abc = (a+ b+ ¢)}

Trick: Since it is an identity, so it will be true
for any value of a, b, c Leta=b=c =1, then
O =tan'3 +tan'/3

+tan'3=1t=tan6 =0

10. The greatest and the least values of (sin"'x)® +
(cos™ x)3 are

T
a) ——,— b) ——,—
@ ) (b) P
© 7|:_ 7— (d) None of these
327 8
Solution

We have (sin"!x)? + (cos™ x)?
(sinlx + cos™! x)* — 3 sin™! xcos7x (sin"lx +
cos x)

T o LT
=—-3(sin” xcos™ x)—

8 2

7'[3 3

== " sin'x +3—7|:(sin’l x)?
8 4 2

3
I +3—7|:[(sin‘1 0 - Zsin™ x]
8 2 2



D.10 Inverse Trigonometric Functions

3
.. The least value is ;—2 and since

2 3 2
sinlx—2| <[ 2%
4 4

. 9n’ 3n T
.. The greatest value is —+—x—=——
32 16 2 8

2

11. If (tan'x)* + (cot™'x)* = 5% , then x equals
[Kerala PET-2008]
(@ -1 (®) 1
@© 0 (d) None
Solution
sn’

(2) (tan™x)” + (cot )= =~

= (tan™ x +cot ™ x)?

2
—2tan™ x(f— tan™ x) L
2 8

2 2
a%—ngtan" x+2(tan™" x)? L

2
= 2(tan" x)* —wtan ' x —3% =0
0 T 3n o T
=tan x=—-—,—>tan x=——>>x=-1
474 4
12. The value of cos™ (cos%) +sin™ (sin%) is

[Roorkee-2000]

T
@ 0 ®) Py
2n 107
©3 @5
Solution

(a) cos™ cos5—7t +sin™ sin5—1t
3 3
=cos™ [cos(Zn - g)]

+sin™ [sin(Zﬂ: - g)}

13. If u= cot‘l[VcosZG]—tan"[\/cosZG] , then

prove that sin u = tan®0.

Solution

We have u =cot‘1[\/M]
—tan‘l[MJ
=tan"'(1/Jcos20) — tan* V/cos 20
o 1/ (+Jcos20) - /cos 26

1+[1/+cos 29]J(cos 20)

4 1—cos26 1-cos26

—— . tahy = ——F———
2./(c0s26) 2./(cos20)
2+/c0s20

1-co0s26

or cotu =

Hence, cosec’u = 1 + cot’u

400520  (1+co0s20)’
(1-c0s208)* (1-co0s26)>

1+c0s20 2cos’0 _

= =cot’0
1-cos20 2sin’0

or cosecu =

or sin u = tan’0

o Nl+x? —1-x?
JA-x)+JA-x)

that x*> = sin2a.

14. If tan = o, then prove

Solution

(a) From the given question

V1+x? —1-x* sina
=tana =
JA+x) +Ja-xP) cosa

Apply componendo and dividendo

241+x’  cosa+sina

2\/(1 -x%) " coso—sina




1+x* 1+sin2a

1-x* 1-sin2a

Square

" cos’o + sin%o. = 1 and 2 sino coso = sin2a.
Hence x* = sin 2a from above.

Alternative Put x*> = cos 0. Rest do yourself
or put x> = sin2 o

SAl+x? =+/1+sin2a = cos o + sin o etc.

15. Solve the equation cos™ (v/6x)
-1 2 T
+cos (3x/§x )y=—-
[Roorkee-2001]

Solution

cos3/3x? = g— cos ' (+/6x)

=sin"' (6x) = cos (1 - 6x%)

343x? =1-6x” or x*(6+3/3) =1

_6-33_2-\3

) 1

X = =
6+33 9 3
4-243
6
:_(2=\B) 2-43
or X =— X = —
6 J6
16. Prove that cos™ 2+3cosx
3+2cosx

=2tan™ (Ltanﬁ) .

N
Solution

12+3cosx
3+2cosx

Let 6 =cos

cos® 2+3cosx

= Apply C and D
1 3+2cosx [Apply |

1-cos®  1-cosx
l1+cos® 5(1+cosx)

29=ltan2£
2 5 2

tan

0 =2tan™ [Ltang} =RHS.

NG

Inverse Trigonometric Functions D.11

17. Prove that tan -1 (%tan ZAJ + tan(cotd) +

tan™! (cot®4)
=0if /4 <A <w/2 and = w if 0 <A4 <m/4.

Solution
First note that
cotA>1if0 <4 <n/4
and cot 4 <1 if ©/4 <A <n/2. Hence
.. tan7!(cot A) + tan! (cot?4)

_ cotA+cot’ 4

=m+tan 2
1-cot" 4

ifo<da< X
4

3
and =tan“w ifE<y<X
1-cot™ 4 4 4
cotA+cot’ 4  cotd

l1-cot*4 1-cot’4

Also

___cosdsind _ sin24
(sin*A—cos’A4)  2cos24

= —ltanZA
2

Hence tan™ (ltan ZA] + tan(cot4d) + tan’!
(cot’4)

= 7 in the first case.

=0 in the 2nd case because tan™ (—x) = — tanx

n-1

1 2
18. tan'—+tan'= + ...+ tan”

1
3 9 14221
Solution
n-1 _
T =tan™ 2(—2}1) = tan™12" — tan™12"!
" 1+2"2"
Nowputn=1,2,3,....... N and add.
S =tan"'2" - tan™'1
_r_rt_r
22 4 4
45 22) .
19. The value of cot | cosec §+tan 3 is
[AIEEE-2008]
5 6
a) — b)) —
@ 17 ® 17
3 4
c) — d) —
© 17 @ 17
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Solution
(b) cot (cosec‘l 3+ tan” 3)
3 3
( _l 3 _l 2)
=cot| tan —+tan —
4 3
3
=+
1 4 3

2
3 ( _117) 6
=cot| tan” =cot| tan” — |=—
3 6) 17
3

20. The value of sin™! (sin 10) is

_3
4’

[DCE-2002]
(a) 10
() 3r-10
(¢) 10-3n

(d) None of these

Solution

(b) By definition a = arc sin (sin 10) is an an-
gle that satisfies two conditions
sin o = sin 10 and

—m2<a<ml2ora e (_—n,ﬁ)
272

We find a with help of graph let y = sin x plot

the number 10 on x-axis and find sin 10 geo-
metrically.
Y y=1
-1 -n/2 o) m2 |my 5[2n |10
K \ b I i P
\ -
Y == 1

It is easy to see that the points o and 10 are

symmetric about the point 37/2, so that
3n 3n

10-—=—-a
22

=>a=3r-10
Hence are sin™! (sin 10) =31 — 10

21. The value of cos(tan™ (tan2) is

[AMU-2002]
@) 15 () -1A5
(c) cos2 (d) - cos2
Solution

(d) cos [tan™! (tan2)] = cos(Tt — 2) = — cos 2.

22. The value of cos™ (cos 12) — sin! (sinl4) is

[J & K-2005]
(@ -2 (b) 8 t—26
() 4m+2 (d) None of these
Solution

(b) cos™ (cos 12) —sin™! (sinl4)
cos™ (cos (4 — 12)) — sin™! (sin(14 — 47))
=8m—26

23. If0<x <1, then
\/W[{xcos(cot‘1 x) +sin(cot™ x)}* — 1]1/2
[IIT JEE-2008]
() x

(@ V1+x?

is equal to

@ J1+x?
© xyl+x*

Solution

© =\/1+7[{xcos(cot’1x) :I

+sin(cot™ x)}* -1

xcos| cos™ —
1+x* [ L+ j
‘ ( L1 J
+sin| sin
." +

12 [{\/1+x 12 —1]
=N1+x" | x|=xV1+x’

(as0<x<l1, |x|=x)

1+ xZ (xl)lll



. If cos™! (1/x) = 6, then tan 6 is equal to

[PET-1989]

(@) ! (®) Vx*+1

xP -1
©) V1-x* @ Vx*-1

1. 4 2a 1 (1-a°
tan| —sin > |+—cos™ | —

2 l+a 2 l+a
is equal to

2a a’

b

@ 1+a? ( ) 1+a?
© N 2a (d) None of these

tan[cos“%+tan‘l %] is equal to

[NDA-2003]
(a) 6/17 b) 17/6
(c) 7116 @ 16/7
. sin (cot™ x) is equal to
[PET-2001; DCE-2002]
(@) V1+x?
(®) x

© (1+x)
@ (1+x)

T 1 _a T 1 _alf.
tan| —+—cos™ — |t+tan| ———cos  — | 1S
4 2 b 4 2 b

equal to

2a
(€)) >
a b
© 3 @ -

. If cos! x + cos'y + cos! z =1, then
(@) x*+y*+z22+xyz=0

() x> +3?+ 22+ 2xyz=0

) x*+y*+ 22 +xyz=1

@) x> +y*+ 22+ 2xyz=1

. If 2tan! (cos x) = tan! (2cosec x), then x is
equal to
(a) 3n/4
(c) /3

(b) /4
(d) None of these

OBJECTIVE PROBLEMS IMPORTANT QUESTIONS WITH SOLUTIONS

10.

11.

12.

13.

14.

15.

Inverse Trigonometric Functions D.13

NN
sin E—sm Y is equal to

5 B
© 7 ®-7

1 1
© ) @ ~3

tan[Ztan‘l (é] —%} isequalto  [IIT-84]

(@ 1717 (b) =177
(c) 717 @ =717
sec”! [sec (—307)] is equal to [PET-92]
(a) —60° (b) =30°
(c) 30° (@ 150°
1+ x+1-x is equal to
\/1 +x’ - \/1 x’

Tt 1 a2 s 12
a) —+—cos™ x b) —+cos™ x
(@ 23 ® 2

T 1 4 n 1 1.2
¢) —+—cos d) ———+cos
(© Ftgeos @ 772 *

sec? (tan™'2) + cosec*(cot™'3) is equal to

[EAMCET-2001]
@ 5 () 13
© 15 @ 6
_ ~ _ 1 1 1
Iftanx +tan'y +tan'z=r, then — +—+—
Xy yz zx
is equal to [PET-1991]
@ 0 (b1
©) l/xyz @) xyz
3 tan™! a is equal to [PET-93]
3a+a’ 3a-ad°
a) tan! ——— b) tan!
@ 1+3a® ®) 143a®
3a+a’ 3a-ad°
¢) tan! d) tan!
© 1-34° ey
If cotlo + cot™ B = cot™! x, then x is equal to
[PET-92]
(@ at+p ® a-p
l+a apf-1
0 =28 @22
o+p oa+p
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16.

17.

18.

19.

20.

21.

22.

23.

2a 2b
If sin™ ia’ + sin™! Te7 )= 2 tan’lx,

then x is equal to ~ [MNR-84; Pb. CET-04]

a-b b
a b
@ 1+ab ®) 1+ab

b a+b
c d
© 1-ab @ 1-ab
a1 ., 1
cos ‘E + 2sin ‘E is equal to
[PET-98, 2006]

(a) /4 (b) /6
(c) /3 (d) 2n/3

If sin! x = gfor some x € (=1, 1) then the

value of cos™! x is
(a) 3 /10
(c) 7x/10

(®) 5 /10
() 9/10

. . 2n
If sin! x + sin”! y= —— | then cos™'x + cos! y
is equal to 3

(a) 2 7/3 (b) /3
(c) m/6 @@=
tan! (ﬁ)— tan! (u) is
y xty

n n
(€)) ) ®) 3

T T 3n
© 7 @ iy

The principal value of sin! on is

[PET-96]
5w -5n
a) — b) —
@ 3 (b) 3
n 47
c) — d) —
© 3 @ 3
If 4 sin”! x + cos™ x = 7, then x is equal to
(@ 0 ®) 172
©) 312 @ 142
Ifcostx+costy+cos'z=3r, thenxy+yz
+ zx is equal to
[ECET-2003]
@ 0 (®) 1
©3 @ -3

24.

25.

26.

27.

28.

29.

30.

sin lcos‘li) i
2 5)is equal to

(@) 1/410 (b) -1/4/10
(¢) 1710 (d) -1/10
If cot™! (+/cosa ) — tan™ (vcosa ) = u, then the
sin u equals
[DCE-1997; AIEEE-2002]
(a) tan’ o (b) tan2 o
o o
c) tan®— d) cot>—
© 5 @ 5
The value of x for which sin (cot™? (1 + x))
= ¢cos (tan! x) is [IIT-2004]
(a) 1/2 b 1
© 0 @ -1/2
2 3
If sin!| x— 2 +X — |+ cos?
2 4
A B . for 0 < | < V2
I ,
then x equals [IIT-2001; MPPET-96]
(a) 172 ®) 1
(c) -1/2 @ -1
The number of real solutions of tan™ /x(x +1)
+sin Vx? +x+1 =§ is [IIT-1999]
(CYRY (b1
© 2 (@)
If cos™'x — cos™ % = o, then 4x> — 4xy cos oL +
y?is equal to [AIEEE-2005]
(a) —4sin* o (b) 4 sin*a
(c) 4 (d) 2 sin’a
The trigonometric equation sin™! x = 2sin™! a,
has a solution for [AIEEE-2003]
1 1
a) —<|a|<—
@ 5<l< 7
(b) all real values of a
1
) |a|<—
© <]
(d) |a]z L
V2
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1 2 33. If cos(2sin™ x) = 1/9, then x is equal to
31. tan“(z) +tan“(§) is equal to JAIEEE-2002] [Roorkee-75]
) 3 1 3 (a) Only 2/3
(a) —cos™ (—] (b) —sin™ (—J (b) Only -2/3
2 5 2 5 (©) 2/3,-2/3
d) Neither 2/3 -2/3
© ltan‘l (3] (d) tan™ (l] (d) Neither 2/3 nor
2 5 2 L3).
32. If sin'(x/5) + cosec™!(5/4) = m/2 then x is 34. tan (Zcos g) 1s equal to
equal to (a) 7/25
[EAMCET-83; Karnataka CET-04;
Orissa JEE-07; AIEEE-07] (b) 24/25
(@ -3 ®) 3 (c) =24/7
(© 1 (d) None of these (d) 873
HINTS AND EXPLANATIONS
. 1 1 44 42
1. (d) Giventhatcos'| —| =0 = cosb= — 3. (b) tan|cos —+tan  —
X X 5 3
| D
(1 ~ AU 2s 2
sin6 T . = tan| tan” ==+ tan”'
Now,tanf = ——=-"+———"— =+/x -1 x
cosf 1 5
x L
3 N 2
5 24
2. (c) tan lsin‘l 2—a2 +lcos‘l ! az = tan| tan"!| 43 =tan tan“£=£
2 1+a*) 2 l+a 1232 6 6
43
1. _( 2tanb
= tan Esm 1+ tan’0 ) 4. (d) Letcot'x=0=x=cotd
Now cosec 6 = 1+cot’0 =+/1+x
1 (1-tan’0 . 1 1
+—cos Let a = tanf S sinf= =
2 [1+tan26ﬂ { } cosec® 1+
1
= 0=sin!
= tan[%sin’l (sin29)+%cos’l (cos29)] 1+
. -1 . P | 1
= tan(26) Hence sin(cot™ x), sm[sm \/14-7
an20 2tan0 2a 1
— — — _—— _ 2\-1/2
1-tan’6 1-d4° 1+ (1+x%
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tan +1cos ~ |+ tan E—lcos'a
5. () 2% % 2 2% %

Let %cos‘l % =0 and using formula,
tan[£+9] + tan[E— 9] =2sec20 = 2
4 4 a

6. (d) Giventhatcos'x+cosly+cos'z=m
= cos(x)+cos? (y)+ cos™! (z) = cosH(-1)
= cos(x)+cos! (y)=cos! (—1)—cos(z)
= cos(xy—V1-x"y1-»%)

=cos™ {(-1) ()}
= xy- YA-xH1-y)) ==
= (w+2= HA-x")1-y")

Squaring both sides, we get, x> +* + z* +

2xyz=1
7. (b) We have, 2tan! (cosx) = tan™ (2cosecx)
O 2cosx o
= tan”'| ——— | = tan™' (2cosecx)
1-cosx)
2cosx
—— = 2cosecx
sin” x

= 2cosx=2sinxorsinx=cosx =>x=

r

4

8. (0 sin[ﬁ—sin‘l (ﬁﬂ = cos sin™" (i}
2 2 2

1

=coscos ,/l-—=—

4 2
4(1) =™
9. (d) tan|2tan™ | = |- —
5) 4

I 2
=tan tan‘l%—tan"(l)

1-—
25

5
= tan| tan"'——tan"'(1
B ( )]

5
2 4
=tantan! |12 |=_Z
1+i 17
12

10. (c) sec![sec(—307)] = sec! (sec30”) = 30°

11, (a) tat| YLEX #VI-x"
Vi+x? —41-x*

{«/1+cos29 +«/1—c0329}

V1+¢0s26 —\1-cos26

. 1
Putting x>=cos>0 = 0= 0 cos~lx?

= tan! _\/Ecos9+\/§sin9
_«/Ecose—«/zsin(%
. [1+tan®
=tan
| 1-tan6
tanE+tan6
=tan™ 4
b5
1-tan—tan©
L 4

= tan”'tan (£+9) LY
4 4
ST L oosty
4 2

12. (c) sec? (tan™!2) + cosec? (cot™! 3)

Let tan'2 = 0 and cot'3 =6, = sec’0,
=1+tan’0,
=1+4=5=0=sec”(5)and cosec’ 0,
=1cot*0,
=1+9=10=6,=cosec?(10)

Hence, sec™? (tan™' 2) + cosec? (cot™ 3)
=sec™?[sec2(5) + cosec? [cosec? (cot™! 3)]]

=5+10=15
13. (b) tan'x +tan'y +tanz=7
_ ~ _ x+y
= tanlx+tan'y=n-tanz> ——=—
1-xy

= x+y=-—z+xyz =Dx+ty+tz=xyz
Dividing by xyz, we get ——+——+-— =1
Yz xz Xy

3a-a°
14. (d) 3tan!'a=tan™
@ (1-3&}

15. (d) Given that, cot'o. + cot™!p = cot™ x

M]: cot—lx =D x = M
o+p

= cot™
oa+p



16. (d) sin™ (1 2a > )+sin‘l (1 21272) = 2tan"'x
+a +

Putting a =tan 6 and b =tan ¢

. 4 2tan® . 2tan¢
$0, sin”| ————[+sin” | ————
1+tan* O l+tan” ¢

=2tan?x
= sin!sin(2 0) + sin! sin (2 ¢) = 2tan'x

= 2(0+¢)=2tan"'x, Hence x

=tan (0 + ¢)
1-tanOtan¢
substituting these value we get x = la +l;7
-a

17. (@) cos' Ly2sint L S 2T 2%
2 2 3 6 3

18. (a) sin! + cos! = g = cosx= g— sinlx
_E_z_ 3%
2 5 10

19. (b) sin?x+sinly= 2n =T cost+ X
3 2 2

cos“y=2—7t
3
= cos'x+cosly
_ 2n ®
33

20. (¢) tan- X — tan“(x_y )= tan” X — tan™!
Yy

x+y y
1-2
x
1+2
x
=tan? = —(tan"l —tan™ Z)
y x
=tan' X +tan? 2T
y x

=tan' X 4cott 22T
y y 4 2

. . 5m .
21. (¢) sin™ sm? =sin!

VO

Inverse Trigonometric Functions D.17

22. (b) we know that 4 sin"'x + cosx =1

= 3sinx+sinx+cosx=nxn

. T T . b5
= 3sinlx=n—- —=—= Dsinlx= =
2 2 6

.1

= x=sin—=—

6 2

23. (¢) Given cos' x + cosly +cos 'z=3n
0<cos'lx<m..0<cosly<m
and 0<cos'z<m
here cos'x=cos'y=coslz=nx
= x=y=z=cosnt=-1
wtyz+zx=(D)ED+EDED

+EDHED
=1+1+1=3
_14 4
24. (a) Let cos" — =x=>cosx= 3 (1)
.1 4 . (x .
Now sin(=cos™ ) =sin| = | ... il
(2 5) (2) (i1)
from (i) cos x = 4 = 1-2 sin2£=i
5 5
L, X 4 1 . X 1
= 2sin*—=1-—=—= sin—=,|—
2 55 2 10

25. (c¢) Given equation can be rewritten as

follows
1
= tan’’ —tan"'vJcoso =u
vJeosal
o coso
=  tan™! \/cosloc —u
1+ X A/cos QL
\Jeosal
= tan™ 1-cosa =uie
2+/coso v
— tanu= 1-coso _ perpendicular
2/cosa base
sinu= perpendicular
hypotenuse
_ 1—cosa
\/(l—cosa)z +4cosal
. 1-cosa , O
or Ssmmu= =tan" —
1+cosa 2
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26.

27.

28.

(d) sin (cot™! (1+ x)) = cos (tan™ x)

= sin[sin‘1

1
\/x2+2x+2j

4 1
=cos| cos
( \/1+x2]
1 1
\/x2+2x+2 \/1+x2

= xX*+2x+2=1+x2

= x=-1/2.
(b) We know that sin™! (o) + cos™ (o) = g

Therefore, o should be equal in both functions

2x 2x*

24x 2+4x’
2x (2 +x%) =2x*(2+x)
4x + 2x3 = 4x? + 2%°
x[4+2x2—4x—2x?] =0
eitherx=00r4—-4x=0
x=0 or
0<[x|<+2,x#0, Lx=1

Therefore, (b) is the answer.

U
Il

ugdudgu

x=1

(¢) From function it is clear that

(1) x (x+1)>0 " Domain of square root
function.

(2) x*+x+ 120" Domain of square root
function.

(3) x¥*+x+1<1°" Jx*+x+1 <1 Domain
of sin! function from (2) and (3), 0 < x?
+x+1nx*+x20
0<x*+x+1<1nx*+x+121
¥*+x+1=1

x*+x=0

x(x+1)=0

x =0, x =—1, Therefore, (c) is the answer.

uduugu

29. (b) cos!x—cos™ % =a
2
= cos"(%+\/1—x2 1—%]:0(

xpy+ Af1-x2 4-y*=2cosa

U

=  (xy—2cos a)?=4—y*— 4x* + x%?
= 4x*—dxycosa +)* = 4sin’ o.
. . T T
30. (d) The range of sin™ x is [_E’E} )
We have sin! x=2 sin' a
T . T
= ——Z<sinlx< —
2
= -I<rsintac®
2 2
T . T
= -——<sinla< —
4 4
T . T
= sm|-—| <a<sm|—
( 4) (4)
o Ll L
NN D)
= |a|<—

31. (d) tan'x+tanly= tan‘l[x+yJ
1-xy




= sin™ (i)= cos™ (ﬁj
5 5
= cos’! (3] =cos™! (f]
5 5
3

X
>—=—>2x=3
55

1
33. (¢) If cos (2 sin x)= ry
= cos(sin 2xv1-x)= é
= cos(cos V1-4x? +4x*) = %

= 1-2x2=l
9

Inverse Trigonometric Functions D.19

= 2x2=1-l:>2x2=§
9 9

= x2=i :>x=iE
9 3

3 9
34, tan(2cos™ 2) = tan cos‘l(Z‘——l)
(c) tan( 5) [ 55

{since 2 cos™'x = cos! (2x*>— 1)}

" TURSOLVED OBJECTIVE PROBLEMS IDENTICAL PROBLEMS FOR PRACTICE):

1. cos“% + tan™! % is equal to

27 ., 11
a) tan™! — b) sint —
(@ T (b) 27

(c) cos™ % (d) None of these

2. tan(90°—cot‘1%] is equal to

(a) 3 ) 2/3
() 13 @ 1/410
3. If A =tan'x, then sin 24 =
[MNR-88; UPSEAT-2000]
@
1 —x’
© (d) None of these
1+x*

4. sin (2 sin0.8) =
(a) 0.96
(c) 0.64

(b) 0.48
(d) None of these

FOR IMPROVING SPEED WITH ACCURACY

e e M a

_49
= tancos ( 7) =tantan™ 625
5 -7
25
= _—24 tan(2cos™ =) = 34

5. If tan’lx + tan’ly + tan"'z = /2, then
(@ x+ty+z—xyz=0
b)x+y+z+xyz=0
©) xy+tyz+zx+1=0
@ xy+yz+zx—1=0

6. cos[tan‘1 §+tan‘1%} isequalto [PET-91]

1 VB
@ 7 ®) B

1 T
© 5 @ 7

27 s equal to
1+ab 1+bc

7. tan” a-b +tan™ b

(a) tan'a—tan' b
(¢) tan'h—tanl ¢

(b) tanla—tan! ¢
(d) tanlc —tan a

2

8. sin™ - - —=tan”' —, then x
l1+a 1+b 1-x
is equal to [EAMCET-89]
@ a (b) b
a+b a-b
(c ) @
a+ab
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9.

10.

11.

12.

13.

14.

15.

tan (coslx) is equal to
[PET-93; NDA-2008]

@ =¥ ) —
x 1+x
© 1:x @ N

The value of x which satisfies the equation
tan"'x = sin (3v/10) is

(@) 3 (®) =3
(©) 173 @ -1/
. { _l(l—xZJ _l(l—xz]}‘

sin+ tan +cos > | 1s equal to
2x 1+x

@ 0 (®) 1

© 2 @ 12

cos [cos7i(— 1/7) + sin7(=1/7)] is equal to

[EAMCET-2003]
(@) -1/3 (®) 0
(©) 13 @) 4/9

The value of sin(sin"%+see’l 3)

+cos (tan‘l % +tan™ 2] is

[MPPET-2006]
@1 () 2
©3 @ 4
Which one of the following is true?
[MPPET-2005]

(a) sin(cos™ x) = cos(sin™! x)
(b) sin(tan™! x) = tan(sec™ x)
(¢) cos(tan™ x) =tan(cos™ x)
(d) tan(sin! x) = sin(tan™ x)

If tan'a + tan™'b = sin™! 1 — tan! ¢, then
[MPPET-2005]

(@) a+ bc=abc

(b) ab + bc + ca=abc

16.

17.

18.

19.

20.

(dab+tbctca=a+b+c

The value of x where x >0 and tan(sec‘1 (l)]
x

= sin(tan™'2) is [EAMCET-2007]
@ 5 (®) g
2
©1 @ 3
The value of sin[Zcos‘l g} is
[Karnataka CET-2007]
w L w25
3 3
45 245
© = @ ="
tan“% + tan“% is equal to [PET-97]
(@ 0 (b) /4
(c) w2 @@=
The value of tan{%cos" (?H is equal to
[NDA-02]
2 2
_c b) —=
@ 505 (b) 5275
3+4/5 3-5
© 2 @ —
What is the value of cos [tan!{tan (157/4)}]
[NDA-07]
1
-— b) 0
@ 7 (b)
© 4 @ —=
V2 242
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WORKSHEET£ TO CHECKTHE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The worksheet is of 22 Minutes.

The worksheet consists of 22 questions. The
maximum marks are 66.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

cos™ (—1) is equal to
(a) w2
©mn

® 0
) 27

cos(sin"%) is equal to

(a) 12/13 (b) —12/13
(c) 512 (d) None of these
If tan”lx — tan™! y = tan™'4, then 4 is equal to
(@ x-y ®) x+y
© =2 @ =2

1+xy 1-xy

1 .
sin”' — + cot ! 3 is equal to
V5 [PET-93]

(a) /6 (b) /4
(c) /3 d) w2

The domain of sin x is
[Roorkee-93]

® [-1,1]
(@ (=0, )

@ = m
(©) 0,2n

The principal value of sin™! (%J is

[Roorkee-92]

(a) =2 /3 (b) —7/3
(c) 4n/3 (d) 5n/3
(T
[sm(tan Zﬂ is equal to
[EAMCET-83]
(a) 3/5 (b) 573
(c) 9725 (d) 25/9

10.

11.

12.

13.

14.

15.

o1 1] .
sin<sin™ —+cos™ — is equal to
2 2
[EAMCET-85]
@ 0 (® -1
© 2 @1
sin"x + cos7!x is equal to
(a) m/4 (b) m/2
© -1 @1
The value of sin™ (\/g /2)—sin"}(1/2)
[PET-2003]
(a) 45° (b) 90°
(c) 15° (@) 30°
. af . 2w .
Principal value of sin s1n? is
[NDA-2006]
(a) —2m/3 (b) 2w/3
(c) 4=n/3 (@) =/3
tan(tan’x + tanly + tan’'z) — cot(cotx +
cot’ly + cot'z) is equal to
[NDA-2006]
(@ 0 (b) 3n/2
©) 2x+y+2) @ 377{+x+y+z
The value of x which satisfies the equation
cosx = 2sin7Ix is
[NDA-2006]
(@) 1 (b) 1/2
© -1 @ -1/2
If cos7'x + cosly = &, what is the value of

sin"!x + sin"ly?

[NDA-2005]
(@ 0 (b) m/2
©= @ 2=
sin(Zsin‘1 \/6—73] is equal to
65
[Karnataka CET-2008]
863 J63
@ "5 ® 6
44/65
o 226 @ DS
65 65
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16.

17.

18.

19.

P NAN R WD =

For x = 2 and y = 3 the angle tan"!x + tan’ly

1 x
equals [MPPET-2007] @ T— o T
(a) 135° (b) 45° VI+x VI+x
(c) 90° (d) 180° 1 O %
1 © 1+x’ @ V1+x?
If cos’l(fj =0, then what is the value of
20. If sinlx — cos™x = I , then what is the value
cosec™ (1/5) ? [NDA-2007] 6
(a) (n/2)+0 ) (1/2) -0 of x? [NDA-2008]
(©) n/2 @ -6 (a) x=—% () x=1
L 1-x? . af 2x 1 3
If 5cos (l+x2]+7sm (l—xz) © x=§ @ x=§
—4tan™! ( 2x - )— tan” x =57, then x is 21. Iftanx + tan™'y + tan™'z = &, then the value of
- x+y+zis [MPPET-2008]
equal to [Kerala PET‘-2008] (a) —xyz (b) xyz
1
@ 3 ® © L @0
1 vz
© —= @3
3 22. Iftan 1/3 + tan™' 3/4 — tan™! x/3 = 0, then x is
The simplified expression of sin (tan'x), for equal to [MPPET-2008]
any real number x is given by (a) 7/3 (b) 3
[VITEEE-2008] (c) 11/3 (d) 13/3
ANSWER SHEET R
@O .0O© 17.0@®0OO
@OOO 10.O0OO BOO®OO
@O LEO®OO D.OO®OO
@OOO 20O 20.000
@O BEOOOO 2.OOOO
@O HEOOOO 20000
@O 500
@O0 16.OO®O
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LECTURE 1

Heights and
Distances

F"f\ - o 5
‘ BASIC CONCEPTS |
FORMULA 5. Angle subtended at the centre = twice the angle
. . subtended on the circumference.
1. Angle of Elevation and Depression (0<o> 90,

0<PB <90)

horizontal Line
angle of Depression

Q

o angle of elevation
horizontal Line

o = B =alternate angle

2. Problems based on Pythagoras Theorem

A
h
P
b 0
c B
sin 6= E,cosG = é‘tanG = Eetc‘
h h b

3. In any triangle other than right angled A, we
can use ‘the sine rule’ or cosine formula.

4. Angles in the same segment of a circle are
equal.

6. If a line is perpendicular to a plane, then it is
perpendicular to every line in that plane.
7. Concept of Direction.

The angle of elevation of the top of a pole at
point B on the ground is . If on walking d
metres (from B to A) towards the tower, the
angle of elevation becomes a, then the height
of the pole is given by formula.

d=h(cot  —cot o), where AB=4d.

P
h
Pole |P|
@ A— d —B o
NOTE

If A and B are on either side of the pole, then the height
of the pole is given by d = h (cot f§ + cot o).




E.4 Heights and Distances

8. A tower subtends an angle o at a point A4 in the
plane of its base and the angle of depression of
the foot of the tower at a point H metres just
above 4 is P, then the height of the tower is &
= H tan o cot B. o = angle of elevation of the

top of h.
P
h B
H, h=H tanacotp
0 IIA

B = angle of depression of the bottom of /.

9. From the top and bottom of a house H metre high,
the angles of elevation of the top of a tower are
o and B. The height of the tower (k) is

P
h\\

B

H

o Pl a
_ Htanfp
tanf —tano

_ Hcota H_hsin([_’)—oc)

coto—cotf3 cos o sin

10. An observer in a boat finds that the angle of
elevation of the top of a tower is o and that of
the top of cliff is p. If the height of the tower
be h, then the height of the cliff.

Q
h
P
H
s o
_ htanp
tano —tanf

11. The angle of elevation of the top of a tower
from a point 4 due south of the tower is o
and from a point B due east of the tower is .
If AB = d, then the height of the tower (k) is
given by

d
Jeot’ o +cot’ B

12. The angle of elevation of the top of a tower from
a point 4 due south of the tower is o and from
a point B due east (or west) or 4 is B. If AB =
d, then the height of the tower is given by

h=

P P
h h
o (0]
o B p o
A d B B d
AB(=d)

h=— 2290

Jcot’ B—cot’ o

13. A tower of height b subtends an angle o at a
point O on the level of the foot of the tower and
at a distance a from the foot of the tower. If a
pole mounted on the tower subtends angle 3 at
O, then the height (k) of the pole is
h=aftan (o + f)—tan o} or A + b =a tan (o
+B)
A
h
B

NOTE

: b(a’> +b*)
Ifa= B, then h:ﬁ
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“SOLVED SUBJECTIVE PROBLEMS (X BOARD (C.B.S.E/STATE)):

FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC | 1
1. A tower stands vertically in a field. The field are a, b, ¢ and the area of the triangle ABC is
is in the shape of an equilateral triangle of A. Show that the height of the tower is (abe
side 100 metres. The tower subtends angles of tan 0)/4 A [IIT-1980]
45°, 60° and 60° at the vertices of the triangle. Solution
Find the height of tower.

[Roorkee-1998] Let the height PQ of the tower be h. Since,

Solution the angles of elevation of Q from each of the

) ) points A, B, C is 6, we have
Let the tower stand at O and its height OP = h

which subtends an angle of 45°, 60°, 60° at 4, PA=PB=PC=hcot9 (D
B, C respectively. a

OA=hcotd5°=h
OB = h cot 60° =i=OC .. OB=0C

NG

o 0/

Since, P is equidistant from 4, B and C it is the

Also, AB = AC = BC = A say. circum-centre of the AABC. ..PA=PB=PC

If D be the mid-point of BC then OD and AD = circumradius of A ABC = abe )
both are perpendicular to base BC. 4A
~. AD is median as well as altitude. In an Hence, from (1) and (2), we obtain
isosceles or equilateral A, both centroid and abc abctan®
orthocentre coincide, then h cotf = AN orh= Tan
OA4 = 2 AD = E a? +£ 3. Angle of elevation of top of a tower at a
3 3 4 point on the ground is 30°. After moving
20 metres towards the tower, the angle of
or h=0A= El«/S_a = M elevation becomes 60°, then find the height of
32 3 the tower?
a =100, given.
Solution

2. PQ is a vertical tower. P is the foot, Q the .
top of the tower, 4, B, C are three points in Let height of the tower A, then from the figure

the horizontal plane through P. The angles of PB =20 cm.
elevation of Q from A4, B, C are equal and each Hence, h_ sin60°
is equal to 0. The sides of the triangle ABC
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P
h
30° ) 60°
20 B Q
= h=10{3m.

4. Angle of elevation of top of the temple

towards the east of a man is 60°. After moving
240 metres towards the north, angle of eleva-
tion becomes 30°, then find the height of the
temple? [MP-2003]

2
> 3h= h?+(240)2[~.~ x=h/3]

=  h2=3x30x 240 = h=060+/6 meter

5. A balloon is analysed from three points A, B

and C on the road. Angle of elevation at B is
twice of the angle at 4 and angle of elevation
at C is thrice of the angle at 4. If distance
between A and B is 200 metre and B and C
is 100 metre, then height of balloon from the
road is

Solution

x=hcot3a
(x+100)=hcot2 a
(x+300)=hcotaa ... (iii)

from equation (i) and (ii), 100 = h(cot 3 o —
cot 2 o),

from equation (ii) and (iii), 200 = h(cot 2 o —

Solution

Let PQ is temple, whose height is = &
A, B are two given position of the man.

Let AQ = x, then x = h cot 60° = h/\/g

P

AB =240, so BQ = /x* +(240)’

Now, in right angled triangle

APoB. L2 _ tan30°
BO

cot ),

100=h| ——=% | and
sin3a sin 20

200 = h(&)
sin 20 sin o

sin3ac 200 _ sin3a
or —— = =2""_

— 2
sinoc 100 sino



= 3sina—4sin*a-2sina=0
= 4sino-sina=0=sina=0

o 1 . (= T
orsino =—=sin’| — | a=—
4 6 6

Hence, h = 200sin§ = 200% 10043

{from (ii)}

. A ladder of length 5 metre is inclined at a
vertical wall at some angle. Foot of the lad-
der is at 3 metres from the wall. If foot of the
ladder is moved 1 metre away from the wall,
then by what length top of the ladder will slide
downwards.

Solution
(@)
Initial State Final State
A
D
5m
5m
3m Cc B 4m (o4
= AB = 4m =BD = 3m

AD =4 -3 =1 metre

7. From the foot of # metre high pole angle of

elevation of top of the tower is a and pole
subtends angle B on the top of the tower, then
prove that height of the tower is

hcot(o—B)
cot(at—P)—cota ‘

Solution

d=Hcota
d=H-h)cot (0 —-pB)=>Hcota

Heights and Distances E.7

H-h

()

=(H - h)cot (a—p)or
hcot(a—B)
B cot(ot—P)—cota

8. Due south of a tower which is leaning
towards north, there are two stations at dis-
tances x, y respectively from its foot. If a,
B respectively be the angles of elevation of
the top of the tower at these stations, show
that the inclination of the tower to the hori-

-1 ycotoc—xcot[?)‘

y—x

Zon is co

Solution

AQ = x, BQ = y and PQ is a tower leaning
towards North at an angle 6. Apply m — n
theorem on A PBQ.

v —-x+x)cota=xcotf - (- x)cot
(m-6)
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9. From the foot of the hill angle of elevation of

orycota—xcotP=(y—-x)coth
e_cot_lycotoc—xcot[?)
y—Xx

its top is 45°. After climbing 1000 metres at
the slope of 30°, angle of elevation of the top
becomes 60°. Obtained the height of hill.

Solution

10.

Let, height of the hill 4B = h and distance OC
= 1000 metre

0,/60°

459)30°

Now, from figure,
ZLOCB =45°-30°=15°
and ZOBE = 90° —60° = 30°
ZLOCB =45°-30°=15°
[ LABC = 45°]
OC = OB = 1000 metre
Now, AB=AE+EB
=OF +BE
= OC sin ZOCF + OB sin ZBOE
= 1000 sin 30° + 1000 sin 60°

=500 + 5003
=500 (\/5 +1) metre

A ladder slide from the wall horizontally at
a distance a, so that its slides by distance b
from the wall and makes angle  with the

. +
horizon, then prove that a = btanOLT[3

Solution

If PQ and P'Q' are two positions of ladder,
whose height is / then a = OQ' - OQ =1
(cosp — cosa) i (D

b=OP - OP' =1 (sina. - sinP) ..(2)

T¢—o—>T

a0k : 0
«— —Q
from (1) and (2),

.o+ . a-P
a_cosp-cosa _ 2s1n—2 sm—2
b sina-sinf 2cosa+ﬁsina_ﬁ

2

=tan ((X_-i—f)]
2

11. The angle of elevation of the top of a tower
from a point 4 due south of the tower is o
and from a point B due east of the tower
is B. If AB = d, then the height of the
tower is

[Roorkee-79; Kurukshetra CEE-98]

d
@ ——
Jtan’ oo —tan® B

d
(b) —=—
Jtan’ o+ tan* B

d
© F——
\/cot a+cot”p

d
@ ——=
\/cot a—cot’fp

Solution

(¢) OB=hcotPB,OA=hcota
P




2 d’

" cot’B+cot’a

d

Jeot’ B +cot’ o

= h=

12. An object is observed from three points 4, B,

C in the same horizontal line. Passing through
the base of the object. The angle of eleva-
tion at B is twice and at C thrice that at 4 if
AB = a, BC = b Prove that the height of the
object is

(a) ;—b. [(a+b)3b-a)
E,/(b +a)(3a-b)
a

2ab\/(3a+b)(b-a)

2a’h\J3b-a)2a-b)

®

©
@
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Solution
@ P
(Obyj)
/9,
h
a
0 20 30 Base
A a B b C D
h=a sin 20 = 2 a sinb cosO ()
In A PBC, by sine rule
a __b . a_3sin0-4sin’0
sin(t—30)  sin® Tp sin®
a a+b

&cos’O=——
4b

Putting the value sinf and cos in equation (i)

;—b,/(a +bh)(3b-a)

s.sin’@ = 3b-a

~ "ONSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.BS.E/STATE):

- SOLVETHESE PROBLEMS TO GRASPTHETOPIC _ | /

Y |

== s

EXERCISE 1

1.

The angle of depression of two ships from the
top of a minar are 45° and 30° respectively.
Both the ships are on one side of the minar
and are in a line passing through the base of
the minar. If distance between the ships is
100 metre, then find the height of the minar.

The angle of elevation of a vertical pillar
standing on a horizontal plane is 6, going a
distance ‘a’ towards the pillar the angle of
elevation is 45°, again proceeding a distance
‘b’ towards the pillar the angle becomes (90° —
0). Find the altitude of the plane.

A Statue whose height is 10 metre stands on
30 metre high column. On a man standing on
the horizontal plane, angle made by the statue

and column are equal. Find the distance of the
man from the top of the statue.

The shadow of the pole is equal to the height
of the pole. Find the elevation of the sun.

The angle of elevation of the top of a tower
from a point which is at a distance of 20
metres from bottom of the tower is 45°. Find
the height of the tower.

EXERCISE 2

1.

The angle of elevation of the top of a tower
from a point on a ground level is 30°. On
walking 20 metre towards the tower the angle
of elevation becomes 45°. Find the height of
the tower.



E.10 Heights and Distances

2. The angle of elevation of the top of a tower
(which is yet incomplete) at a point 120 metre
from its base is 45°. How much higher should
it be raised, so that the elevation at the same
point may become 60°?

3. From the top of a lighthouse angle of depres-
sion of two ships are 45° and 30° respectively
towards east. If distance between the ships is
60 metre, find height of the lighthouse.

4. From an aeroplane vertically over a straight
horizontal road, the angles of depression of
two consecutive milestones opposite sides

4. 45°
5. 20 metre

EXERCISE 1

1. 136.60 metre

ab EXERCISE 2
a-b

2.

3. 10\/5 metre

1. 27.32 metre

of the aeroplane are observed to be a and .
Show that the height in miles of aeroplane
tano tan

above the road is given by .
tano +tanf

A flagstaff standing on a tower of height
10 metre subtends an angle whose tan-
gent 1s éat a point on horizontal ground

the distance of the point from the tower is

24 metre. Find the height of the flagstaff.

ANSWERS

3. 30 (\/5 +1) metre

5.3 é metre
7

2. 120 (+3-1) metre

' SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. A pole stands vertically inside a triangular
park A ABC. If the angle of elevation of the
top of the pole from each corner of the park is
same, then in A ABC the pole is at the

[IIT-2000]
(a) centroid
(b) circumcentre
(c) incentre
(d) orthocentre

Solution

() Let OP =
=/PCO=a

Pole, £ZPAO = LAPBO

O—P=tana:>OB=OPcotot VRO ¢ )
OB

Similarly, O4 = OP cot o ....(i1)
and OC =OP cota ...(ii1)
From (i), (ii) and (iii), O4 = OB = OC

= O is the mid-point of circumcentre of the
triangle ABC.



2. The angle of elevation of the tower observed

from each of the three point 4,B,C on the
ground forming a triangle is the same angle .
If R is the circum-radius of the triangle ABC,
then the height of the tower is

[DEC-2006]
(a) Rsina (b) Rcosa
(¢) Reota (d) Rtan o

Solution

(d) Since the tower makes equal angle at the
vertices of the triangle, therefore foot of the
tower is the circumcentre.

From AOAP, we have

tano =O—P = OP =0OAtano
0A

= OP =R tan o

. Angles of elevation of the top of a TV tower
from three points 4, B, C lying in the base
plane of the tower are o, 20, 3o respectively,
If AB = a, then height of tower is equal to?
[DCE-2002; KCET-2008]
(b) atan o
(d) asin 3o

(a) atan a
(c) asin 20

Solution

(¢) .. £LAPB=/BAP=q
AB=BP=q

Exterior angle 2o = oo + ZAPB

= ZAPB=q.

AB=BP=a
In H=asin2a
P
H
a
o 20 3o
A a B C Q

Heights and Distances E.11

4. A tree is broken by wind, its upper part touches

the ground at a point 10 m from the foot of the
tree and makes an angle of 60° with the ground
the entire length of the tree is [DCE-1998]
(@) 15m
(b) 20 m

© \/5(10+%j m

V3
@ (1+7J m

Solution

(c) Let AB the tree when it broken at point C.
It touches the ground at B'.

=

[ 10 >

B!\

Pla——x——>10)

In AACB"  tan60° = % =x=10/3m

c0s60° = Q Sy=
y c0s60°

Therefore, length of tree.

AB=x+y=10J§+2o=J§(1o+£Jm

N

. The angle of elevation of an object from a

point P on the level ground is o. Moving
d metres on the ground towards the object, the
angle of elevation is found to be . Then the
height in metres of the object is

[EAMCET-2007]
(a) dtan a (b) dcot
d d
coto +cotf coto—cotf

Solution

(d) From AABQ, x = h cot B, From AABP, x +
d=hcota
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B
h
p ad

A X Q d P

d = h(cot a —cot B)
or h=————— is the height of the
coto —cotf

object.

6. The lower 24 m portion of a 50 m tall tower is
painted green and the remaining portion red.
What is the distance of a point on the ground
from the base of the tower where the two
different portions of the tower subtend equal

angles [NDA-2007]
(@) 90 m (b) 120m
(c) 60 m (d) 72m
Solution
(b) The lower 24 m portion
A
26
B
24
o
C L) D
X
tana:g (D
X
tan2a=§ e (2)
X
tan 2o = %Lza
l-tan" o
50 2x24/x
x 1-Q24/x)
= 2x*=1576 x 50
= x=120 m.

7. The relative positions of four ships 4, B, C, D
in a sea area as follows:

B is on line segment AC;, B is north to D and D
is just west to C, BD = 2 km. If £ BDA = 40°,
Z BCD = 25°, then distance between 4 and D

is (here sin 25° = 0.423) [1IT-83]

(a) 3.28km (b) 3.46 km

(c) 428 km (d) 4.83 km
Solution

(¢) ZBDC =90°, £ DAC
= 180°- (130° + 25°) = 25°

AD =DC = BD cot 25°

_,Vl-sin’250  \J1-(0.423)°
sin25° 0.423

=428 km

8. A ladder 5 metre long leans against a vertical
wall. The bottom of the ladder is 3 metre from
the wall. If the bottom of the ladder is pulled
1 metre farther from the wall, how much does
the top of the ladder slide down the wall?

JAMU-2000]
(a) 1m (b) 7m
(© 2m (d) None of these
Solution
@
From first case, From second case,
A A
D
5m 5m
B 3m Cc B 4m €
=AB=4m =BD=3m
AD=4-3=1m

9. A tower AB leans towards west making an
angle o with the vertical. The angular eleva-
tion of B, the top most point of the tower is 8
as observed from a point C due east of 4 ata



distance d from A. If the angular elevation of
B from a point D due east of C at a distance
2d from C is vy, then 2 tan o can be given as
[IIT-1994]
(b) 3coty—2cotf
(d) cotp—3coty

(@) 3cotPp—2coty
(¢) 3cotP—coty

Solution

©

By m — n theorem at C
(d+2d) cot p= dcoty—2dcot(90°+a)
3d cot p=dcoty+2dtan o
= 3cotB=coty+2tana
2tan oo =3 cot B —cot y.

10. A towers stands vertically in a field. The field
is in the shape of an equilateral triangle of
side 240 metres. The tower subtends angles of
45°, 60° and 60° at the vertices of the triangle.

Find the height of tower.
[Roorkee-1998]
(a) 80+/5m (b) 70+/5m
(¢) 60+/5m (d) 50./5m
Solution

(a) Let the tower stand at O and its height
OP = h which subtends an angle of 45°,
60°, 60° at A, B, C respectively.
OA=hcot45°=h

OB = h cot 60° = % =0C

OB=0C
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Also AB =AC = BC = a say.
If D be the mid-point of BC then OD and AD
both are perpendicular to base BC.

AD is median as well as altitude. In an
isosceles or equilateral A, both centroid and
orthocentre coincide, then

2
04=2 ap=2 |+ &
3 3 4

h=0A4

h=8045

11. In A ABC, 4B = 90° and b + a = 4. The
area of the triangle is the maximum when

~%\/§a= 24045

2
3 3
m

£Cis [DCE-1996]
T T
a) — b) —
(@ 2 (b) :
T T
c) — d) —
© 3 () 5
Solution
(¢) From the figure a = b cos6
A
b
B 8 Cc
bcosO+b=4
o 4¢cos0
or b= and similarly a =————
1+cos 1 +cos6

Required area
A=labsine=lx16cos6s1n26 d_A=
2 2 (l+cos6)” do

2¢0520.(1+cos0)” +5in 20.2(1 +cosH)sin O
(1+cos0)*
a_,
de
c0s26 (1+c0s0)+sin26.sin6 =0

="
3
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12. If the angles of a triangle are 30° and 45° and
the included side is (\/g +1) cms, then the
area of triangle is  [DCE-1998; PET-1997]

1

® 7o ®) V3+1
1
© ﬁ (d) None of these
Solution

(@) ZA=180°—30°—45° = 105°
V3 +1
242

A

sin (105°) = =sin 4

30°

a=[3+1

Area of triangle ABC = ! o M
2 sin(B+C)

(3 +1)
22

1 1
=—bcsinA4 = —ﬁxe
2 2

1 (\/3+1)2x%x%
T B

22
NBel 2
22 2B-) (B-D

13. Ina AABC, AD is altitude from 4. Given b >

¢, ZC = 23° and AD=% then £B is

equal to [DCE-2002]

() 53° (b) 113°

(c) 87° (d) None of these
Solution

®) AD = abc _ ksinAxbksinC

b’ —c? k(sin’B-sin’C)

A
a b
M 23°
B D c
_ bsinC - bsinC
sin (B-C) s
sin(B-C)=1

B-C=90°,B=90°+23=123°
14. In AABC, A =7/3and b : ¢ =2 : 3. If

N

tan® = —, O<6<E then
5 2

[DCE-2002]
(b) C=60°+6
(d) C=60°-0

(a) B=60°+0
(c) B=60°-0

Solution

(b) A=£, tanC;B= c_bcoté
3 2 c+b 2

tan C;B =lcot30° =£=tan6
2 5 5

C-B=20,C+B=180°-4=120°
2C =120°+20,C=60°+6
15. In a A ABC, a, c, A are given and b, b,

are two values, if the third side b such that
b, =2b, then sin 4 is equal to

[DCE-2006]
9a* - ¢* 9a* - ¢*
a b

(@ o (b) o

2 2
© 9a8 +2c (d) None of these

a

Solution
2 2 2
(b) We have cos4 = bte-a
2be

= b*-2bccosA+(*-a’)=0
It is given that b, and b, are roots of this

equation.



Therefore, b, + b, = 2 ¢ cos A and
bb,=c*-a%

= 3b=2ccosdand 2b*=c*-a’

[ b,=2b]
2
= (z?ccosA) =c¢’-a’
= 8¢*(1 —sin?’A) = 9¢? - 9a®
2 2
= sind= 9‘1—20
8c
16. In triangle ABC if A + C = 2B, then
__9%C isequalto [UPSEAT-1999]
va’—ac+c’
(@) 2cos— (b) sin A+C
. A
© s1n3 (d) None of these
Solution
(@ A+C=2B=B=60°,
2 2 2
cosB = u
2ac

Since B=60° > ac=a>+ > - b*
= b*=ad’+c*-ac

Therefore
a+c _a+c _sinA+sinC
\/az—ac +ct b sinB
. A+C A-C A-C
2sin cos cos
_ 2 2 _ 2
. B . A+C . B
2sin—sin sin —
2 2
A-C
cos A
=—< = 2cos
sin 30°
17. Ina A ABC, 2a sin (#) is equal to
[IIT Screening-2000]
(@) a*>+ b*—¢? (b) 2+ a*-b?
©) b*-c*-a® @) *-a®-b?
Solution
() 2ac sinﬂ
. M-
= 2acsin =2accosB
2 2 2
D il A SNRT SR Py

2ca
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18. Let D be the middle point of the side BC of a
triangle ABC. If the triangle ADC is equilat-

eral, then a® : b*: ¢? is equal to
[Pb. CET-2004]

(@ 1:4:3 b)4:1:3
) 4:3:1 d@3:4:1
Solution

2 2 2

(b) C051200=M
2x?
2 2
2x2 A1 ge_oapr=_op
X

3x*=AB* = AB=x\[3
a’:b et =(2%)7 x7 (x3)
=4x*:x*>:3x* =4:1:3

19. If o, B, y are angles of a triangle, then sin® o +
sin? B + sin® y —2 cos o cos B cos ¥ is

[Orissa JEE-2004]
(a2 (b) -1
() -2 @o
Solution

(a) We have, sin? o + sin> § + sin?y —2 cos o
cos B cos y = 3 —[cos’a + cos?P + cos?y]
—2cos o cos B cos ¥
_ 3_[1 +c0s2a 1+cos2p N l+cos27}

2 2 2
—2cosoacosPcosy

= 3—5[3+cos20c+cos2[3+cos2y]

—2cosoacosPcosy

3 1
=3-————(cos2a +cos2
2 2( B

—%cosZy— 2cosacosPcosy

= %— %[—2cosycos(oc -B)]- %[ZCOSZ =1

—2cos a.cos B cos y
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= %+cosycos(oc—|3)—cos2 Y-

+%—2cosoc cosP cosy =2

20. If b, ¢ and sinB are such that B is an acute

angle and b < ¢ sinB, then in this case
[CET (Karnataka)-93]
(a) no triangle is possible
(b) one triangle is possible
(c) two triangles are possible
(d) one right angled triangle is possible

Solution

sinB = sinC =sinC =£sinB >1
b c b

(@)

[ b<csinB]
This is not possible, so no triangle.

21. In a triangle ABC, a® cos(B — C) + b* cos

(C—-A)+ c?cos (4 —B)is equal to

[IIT-70; EAMCET-89;
UPSEAT-99; Kerala Engg-2002]
@@ o0 ®a+b+c
(¢) 3abc (d) abc

Solution

(¢) Exp. =) a’cos(B-C)
=Y k’sin’ Acos(B-C)
[by sin formula]
=k* sin’ A(sin 4)cos(B - C)
=k sin’ 4sin(B +C)cos(B-C)

= %k’ZsinzA(sin 2B +5in2C)

=k*) sin’4
(sinB cosB + sinC cosC)
=k [sin A4 sin B (sin 4 cos B + cos
AsinB)+....+.]
=k [sinA sin B sin C + sin B sin C
sin 4 + sin C sin 4 sin B]
=3k*sinA4 sin B sin C =3 abc

22. Inatriangle ABC,if(a+b+c)(b+c—a)=

A bc, then

[CET (Pb.) 97; CET (Karnataka)-98]
(@ A>0 () A<0
(c) 0<A<4 @ r>4

Solution
(©) 2s(2s—2a)=Abc
- $G-a) 1
be 4
4 A , A
cos ' —=— = =
= 2= = A=4cos 5
= 0<Ai<4
23. Internal bisector of £4 of triangle ABC meets
side BC at D a line drawn through D per-
pendicular to AD intersects AC at E and 4B
at F. Then
[IIT-2006]
(a) AE is HM of b,c
(b) AD = 2be cosi
b+c
(¢c) EF = 4be sini
b+c 2
(d) all of above
Solution
(d) AABC = AABD + AACD
= lbc sind = lc(AD)sin
2 2
£+lb(AD)sin£
2 2 2
= 2bc singcosg =c¢(AD)sin
4 + b(AD)sini
2 2
A
= 2bccos? =c(AD)+b(AD)
= AD= 2be cosi (D
b+c 2
Again AE = AD secé = 2be [by (D]
2 b+ec
= AEisHM of b and c.
A
A
A2
E
B C
F



Also EF =ED + ED = 2DE = 24D tan A/2
A 4bc . A
—= sin—
2 b+c 2
Hence (a), (b) and (c) all are correct.

24. Let ABC be a triangle such that one of its sides
is double the other and let the angles opposite
to those sides differ by an angle of /3, then
the triangle is

[Orissa JEE-2007]
(a) obtuse triangle
(b) isosceles triangle
(c) right angled triangle
(d) equilateral triangle

Solution

(c) Let one angle o, other be o + /3
Let the side opposite to angle o be M so the
side opposite to o + ©/3 be 2M using sine
formula

a b c M 2M

sino, sin(a. + 7/3)

sin A - sinB - sinC
= 2sino =sin (o + 7/3)

. 1. 3
= 2sino=—sino +——Ccosa
2 2

2M

o+ /3

3

3.
= —sino=——cosa
2 2

= tana:L:>0c=30°‘

NG

So other angle o + ©/3 = 90° or triangle is
right angle triangle.

25. In a triangle ABC, AD is altitude from A.

Given b > ¢, ZC = 23° and AD=bZa—bc2,
—c

then /B = [IIT-1994; DCE-2002]
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(a) 67° (b) 44°
(c) 113° (d) None of these
Solution
sinB = AD ,AD=csinB = zabcz
=c b"-c
A
b 23° c
. ab
sinB = ey
sinB sin 4 sinB

- sin(B +C)sin(B-C)

sin (B - C) =1 =sin 90°
B-C=90°
B=C+90°=23°+90°=113°

26. The lengths of the sides of a triangle are o — B,
o+ Band 30’ +B*, (o> B> 0). Its largest

angle is
[Roorkee-1999]
3n T
a) — b) —
@ 2 (b) 5
2n 5w
c) — d) —
© 3 @ :
Solution
(©) Leta=a-B,b=a+p, c= .30 +p*
2 2 2
cosC o b
2ab
= cosC=
o’ +Pp2—20p+a’ +PB* +20p—3a’ —p*
2(a” —p*)
(@ =p*) 2n
= cosC=—-———+—=cos| —
2(a” =B%) 3

= £C = 23_1: , (largest angle).
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27. Intriangle ABC, with general notions » +r, +
r,—ris equal to

[UPSEAT-2001]
(a) 4R (b) A?
@© A (@) 2R
Solution

(a) Using corresponding formulae

A A A A
+ +—

—a s-b

K s—c S
b
s—a s-b s—c s
2s—a-b c }
+

- {(s—a)(s—b) s(s—c)

=%{s<s—c)+<s—a)<s—b)]

htr+rn—r=

=§[2s2 —s(a+b+c)+ab]

c abc
=—(ab)=—=4R
A( ) A

28. In a triangle ABC, b-c sy azb is
rl r2 r3
equal to [Kurukshetra (CEE)-1997]
(@1 (® 0
(c) abc @) rrr,
Solution

-c c—a a-b

b
(b) Exp. = A + A + A
(s—a) (s—b) (s—c)

=§[(b—c)(s—a)+<c—a)<s—b)+<a—b)
(s-0)]
=i [s(b—ctc—at+ta-b)y-a(b—c)-b

(c—a)—<c(a-b)]=0

29. In a triangle ABC, if £«B = n/3, £C = w/4 and
D divides BC in ratio 1 : 3 internally, then
sin Z/BAD 1t
sin ZCAD 18 equatto
[IIT-95; DCE-99; UPSEAT-2001, 2003]
@ A3 ®) W6
© 173 @ V273

Solution
(b) Let £LBAD = o, LCAD =B, BD = x,
DC = 3x. Then
x AD
——=— (D
sinot  sinmw/3
A
o|f
n /3 AN A~
X D 3x =
3x AD
and ——=— (2
sinf}  sinw/4
x sin AD sinm/4
m,@ = ——smb_ AP
sino. 3x sinw/3  AD
sinp  IAW2  sino 1
— = =2>——="F
3sina \/5/2 sinf JE
sinABAD_L
sinZCAD 6

30. In a triangle ABC,

A B ., B LAY .
cot—+cot— || asin“—+bsin” — | is
2 2 2 2

equal to [Roorkee-88]
C C
(a) cot? () cot?
(©) ccotC (d) cotC
Solution

(b) Exp.
B s(s—a) + s(s—b)
“(WG=b)Xs-0) \(s—eXs—a)

[(s—c)(s—a)+<s—b)<s—c)}

4 4

e
B J(s —a)s—=b)s—c) T e

=c S(S—_c) = ccotg
(s—a)s-b) 2

s§—cC




31. In atriangle, », r,, r, are in HP. If its area is
24 cm? and its perimeter is 24 cm, then lengths
of its sides are

[Roorkee-99]

(a) 3,9,11 (b) 4,6,8
(c) 6,8,10 @ 5,7,10
Solution

(¢) r,r,rareinHP = a, b, c are in AP.
Nowa+b+c=24>s5=12.
Alsob=8,c=16-a
A=24=12(12-a) (4) (12-¢)=576
= a*-16a+60=0=a=10,6
sides are 6, 8, 10.

32. If p,, p,, p, are altitudes of a triangle
ABC from the vertices 4, B, C and A the

area of the triangle, then p;” +p;” +p;* is

equal to

a+b+c at+b* +¢?
a) — b) ——
@ A (b) v

2 2 2
© % (d) None
Solution
1 1 1

(b) We have Eapl = A,Ebp2 = A,Ecp3 =A

Heights and Distances E.19

2A 2A 2A
1 Py = by=—"
a b c
1 1 1
—+—
P1 Pz

33. Inatriangle ABC,a:b:c=4:5:6. Theratio
of the radius of the circumcircle to that of the
incircle is........

a’+b*+c’
pf 4A?

[IIT-96]
Solution
E,a=4k,b=5k,c=6k

=Eks a——k

s—b=£k,s—c=ik
2 2

, kY
S =15x7x5x%x3 E

S =157 (g)z

S kY 15 k
=Z=15J7| = | +—=k=V7=
"y J—(zj 2 \/_2

_abc 456k 8

T4S  a15yTkA T
R_8 1_16
N

OBJECTIVE PROBLEMS IMPORTANT QUESTIONS WITH SOLUTIONS

1. The angle of elevation of a tower at a
point distant d metres from its base is 30°.
If the tower is 20 metres high, then the
value of d is

[PET-82, 88]
(@) 10/3m (®) 20/3m
(©) 203 m ) 10m

2. From the top of a light house 60 metres high
with its base at the sea level, the angle of

depression of a boat is 15°. The distance of
the boat from the foot of light house is
[PET-94, 01]

(@) (ii]@ ®) (ﬁ+:J6O
© ﬁ’Li (d) None

3. Atower subtends an angle o at a point 4 in the
plane of its base and the angle of depression



E.20 Heights and Distances

of the foot of the tower at a point / metres just

above A4 is B. The height of the tower is
[PET-90]

(b) Itan o cot B

(d) Icotacotp

(a) Itan B cot o
(c) Itan o tan B

. The angle of elevation of the sun, when the
shadow of the pole is /3 times the height of

the pole, is [PET-91, 96]
(a) 60° (b) 30°
(c) 45° (@) 15°

. A tower of height b subtends an angle at a
point O on the level of the foot of the tower
and at a distance a from the foot of the tower.
If a pole mounted on the tower also subtends
an equal angle at O, the height of the pole is

[PET-93, 2004]
@) b[aj;l;i) ®) b[a2+b2)

a
a’-b?
© a[a2+b2J

a’-b’
2 2
(d)a[jzfizj
. A person standing on the bank of a river finds
that the angle of elevation of the top of a tower
on the opposite bank is 45°. Then which of the
following statements is correct. [PET-94]
(a) Breadth of the river is twice the height of
the tower.
(b) Breadth of the river and the height of the
tower are the same.
(c) Breadth of the river is half of the height of
the tower
(d) None of these

. A tower is situated on horizontal plane. From
two points, the line joining these points passes
through the base and which are a and b dis-
tance from the base. The angle of elevation of
the top are o and (90° — o) and 6 is that angle
which two points joining the line makes at the
top, the height of tower will be

[UPSEAT-99]
(@) a+bla-b () a-bla+b
(©) ab () (ab)"®

. The angle of elevation of the top of a pillar at
any point A on the ground is 15°. On walk-
ing 40 metres towards the piller, the angle
becomes 30°. The height of the pillar is
[PET-2001; IIT-95]

10.

11.

12.

13.

14.

15.

(a) 40m (b) 20 m
© 2043 m <m§ﬁm

The upper 3/4th portion of a vertical pole
subtends an angle tan™ (3/5) at a point in the
horizontal plane through its foot and at a dis-
tance 40 m from the foot. A possible height of

the vertical pole is [AIEEE-03]
(a) 20m (b) 40 m
(c) 60 m (d) 80 m

The upper part of a tree broken over by the
wind makes an angle of 30° with the ground
and the distance from the root to the point
where the top of the tree touches the ground
is 10 m; what was the height of the tree

(a) 8.66m () 15m

(©) 17.32m (d) 25.98

The angle of elevation of a cliff at a point A on

the ground and a point B, 100 m vertically at
A are o and P respectively. The height of the

cliff is [EAMCET-86]
100cot o 100cot B
coto—cotp cota—cotf
100cot 100cot
© _100cotP @ _100cotP_
cotp—cota cotP +cota

If a flag-staff of 6 metres high placed on
the top of a tower throws a shadow of 2+/3
metres along the ground, then the angle
(in degrees) that the sun makes with the

ground 1s [EAMCET-90]
(a) 60° (b) 80°
(c) 75° (d) None of these

A flag-post 20 m high standing on the top of a
house subtends an angle whose tangent is 1/6
at a distance 70 m from the foot of the house.

The height of the house is
(a) 30m (b) 60 m
(¢) 50m (d) None of these

A vertical pole (more than 100 m high) con-
sists of two portions, the lower being one-third
of the whole. If the upper portion subtends an
angle of tan™! (1/2) at a point in a horizontal
plane through the foot of the pole and distance
40 ft from it, then the height of the pole is
(a) 100 ft (b) 120 ft

(c) 150 ft (d) None of these

From an aeroplane vertically over a straight
horizontally road, the angle of depression of two



16.

17.

18.

19.

consecutive mile stones on opposite sides of the
aeroplane are observed to be o and B, then the
height in miles of aeroplane above the road is

tan o tan tano +tan
(a) 2natanb ) lanoanp
coto+cotf tano.tan 3
© coto+cotf @ tano.tan 3
tano.tan tano +tanf

The angular depressions of the top and the
foot of a chimney as seen from the top of
a second chimney, which is 150 m high
and standing on the same level as the first
are O and ¢ respectively, then the distance
between their tops when tan 6 = 4/3 and tan

20.
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of elevation of the centre of the balloon be 3,

the height of the centre of the balloon is
[IIT-1970]

(a) r cosec (a/2) sin B

(b) r cosec a sin (B/2)

(¢) rsin (at/2) cosec B

(d) rsin a cosec (B/2)

A house subtends a right angle at the window
of an opposite house and the angle of eleva-
tion of the window from the bottom of the first
house is 60°. If the distance between the two
houses be 6 metres, then the height of the first
house is

0 =502, is [IIT=65] (@ 6v3m () 83 m
(a) 150/+/3 m ) 100+/3 m © 4f3m (d) None of these
(© 150m (@ 100m 21. An aeroplane flying horizontally 1 km above
A man whose eye level is 1.5 metres above the the ground is observed at an elevation of 60°
ground observes the angle of elevation of a tower and after 10 seconds the elevation is observed
to be 60°. If the distance of the man from the to be 30°. The uniform speed of the aeroplane
tower be 10 metres, the height of the tower is in km/h is
(@) (15+1083)m () 1043 m [T-65]
(a) 240 (b) 24043
(© (1.5+10/3)m  (d) None
(c) 603 (d) None of these
Ejrolin tlllle bottlom afndl top ,Of a 1;0111156 h me;re 22. AB is a vertical tower. The point 4 is on the
gh, the ang Zs N Tze‘;ft‘lol? 0 fthe top o 2 ground and C is the middle point of AB. The
tower are Fx and B. The height of the tower is part CB subtend an angle o at a point P on
(a) hsin ®) hcosp the ground. If AP = nAB, then the correct
cosP—sina cosP—cosa relation is
© b @ _heoth i [mr-soj
tanp —tana cotf—cota (@ n(r*+ 1) tan o
®) n=02n*-1tana
A spherical balloon of radius r subtends an (©) B*=(2n*+ 1) tan o
angle o at the eye of an observer. If the angle @ n=Q2r*+1tana
HINTS AND EXPLANATIONS
=4 2. (b) Required distance = 60 cot 15° = 60

1
¢c)20 cot30°=d= 20 x —
©) 5
= d=

20
5

\/§+l
NE
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3. (b) From fig., we can deduce H = [ tan o

cot B.
P
H
L
a B
A (0]
4. (b)tan o kL = o =30°
NEVING]
5. (b) tan o =£, tan 20 =M=‘p+b
a 1—(bla) a
- 2ba p+b 2ba* —a’b +b° B
a*-b’ a a’-b
_b(a’+b?)
(a*-b%
A
p
v
A
b
(0]
a |

a

6. (b) tan 45° =ﬁ = x = h (Breadth of the
X
river and the height of the tower are the
same).

7. (c) Let there are two points C and D on hori-
zontal line passing from point B of the base of
tower 4B.

The distance of these point are b and a from B
respectively. .. BD =aand BC=b
line CD, on the top of tower 4 subtends
and angle 6,
LCAD = 6.
According to question on point C and D, the
elevation of top are a and 90° — a.

Z/BCA=o and ZBDA =90° —«,

inAABC,AB=BCtano =btan o ()
and in A ABD, AB = BD tan(90° — o) = a cot ot
“““ (ii)

Multiply equation (i) and (ii)
(AB)*= (b tan a)(a cot o) = ab .. AB= Jab

8. (b) Let h be the height of pillar
P

150 30°
A 40m B o

OB = h cot 30° and OA = h cot 15°

= AB=0A- 0B = h(cot 15° - cot 30°)
40

cot15°—cot30°=

9. ®O=a+P=>P=6-0;tan P =

tan0— o P
l+tanOtano
A
3h/4
D
h/4
0
C B



h_h

- 3_ 40hl6}?
SR UL
40160

= h-200h+6400=0
= h=40o0r 160 m.

Possible height = 40 metre

10. (c) Height of tree is

A
10V3
30°
B C
10 20 30
AB+AC= —+—==""-10/3=17.32m.
BB OB
11. (c) If OP=h,then CP = h - 100
P
(h-100)
g AP c
100 100
o
A (e}

Now equate the values of O4 and BC
h cot o = (h - 100) cot B.

100cotp

_cotB—cotoc

12. (a) Accordingly, tan® = -= 6 __ 6
. gly, it zﬁ zﬁ

=0 =60°

Heights and Distances E.23

A

6m

b 0
E2v3 D X

[since the triangle AEC and BDC are similar]
13. (c) tana = tan(¢ — 6), tana

20+h a i
1 70 70
6 1+ 20+ };)h
(70)
20
h
o A |
70
= (70)2+20h + k* = (6)(70)(20)
= R +20h+70(70 - 120)=0
=  h*+20h-(50)(70)=0

Lo T20£J400 +(#)G0XT0) _ o

2
14. Obviously from fig.
2h/3
B h/3
a
40
h 3h
tanoo=—— ......... , tanf=— ....... 11
120 © P 120 @)

therefore, tan 6 = tan(p — o)
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18. (d) Hcot o= (H —h) cot B

3h_h
= L1_120 120 —p=12040 o o heoth
2 04 3h cotp—cota
14400 _
But /# = 40 cannot be taken accordingly to
the condition, therefore 42 = 120 ft.
15. (d)d =hcotaandd, =hcotB;d +d,=
1 mile = A(cot a + cot B) 5 H
h
h
o ¥
o B d

k4

K 1mile
d

’
and

19. In APQB, I =
1 _ tanatanp (@ In A POB, sin®

B (cota +cotp) B tano +tanf

16. (d) d = 150 cot ¢ = 60 m. Also, h = 60 tan 6 IzAPOB,H=lsmB:>H=rschosec

=80 m —

2
Hence x =+/80> +60> =100 m
X T
h
5 sto

. )
17. (@) H=(10 tan 60° + 1.5) =(10y3 +1.5)m | 20- () —==sin60 = h=83

w~ .
60°
60° H 20° h
B 63
L v |

10 R




21. (b) d = H cot 30° — H cot 60°; Time taken =

10 sec.
——d— _
11cm
60°
30°
o_ o

Speed = Mx 60% 60 = 240+/3.

AC AB

__+_

22, (d)tan o = —4P AP

,AC 4B
AP AP

Heights and Distances E.25

B

P A

{AP = n(AB) = AP = 2n(AC)}

1 1
__+_
tan o = —21_1 — 124 =tano
1+ L @at+D
2n?

= n=02nr*+Dtana

FOR IMPROVING SEEED WITH ACCURACY {

1. The angle of elevation of the top of a tower

from a point 20 metres away from its base is
45°. The height of the tower is

[PET-84, 89]
(b) 20 m

(d) 2043 m

. A tower subtends an angle of 30° at a point
distant d from the foot of the tower and on
the same level as the foot of the tower. At a
second point 4 vertically above the first, the
depression of the foot of the tower is 60°. The
height of the tower is

(a) 10m
(¢) 40 m

[PET-93, 2004]
(a) h/3 (b) h3d
© 3h (d) 3h/d

. From the roof of a 15 metre high house the
angle of elevation of a point located 15 metres
distant to the base of the house is

[PET-88]
(a) 45° (b) 30°
() 60° (d) 90°

4. The angle of depression of a ship from the

top of a tower 30 metre high is 60°, then the
distance of ship from the base of tower is

(@) 30m ®) 303 m
© 1043 m @ 10m

. 20 metre high flag pole is fixed on a 80 metre

high piller, 50 metre away from it, on a point

on the base of piller the flag pole makes an

angle a, then the value of tan o, is
[PET-2003]

(a) 2/11 (b) 2/21

() 2172 @) 21/4

. If the angle of elevation of the top of a tower

at a distance 500 m from its foot is 30°, then
height of the tower is

@) 143 (b) 500/3
©) B (d) 1/500

. A man from the top of a 100 metres high

tower sees a car moving towards the tower
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10.

11.

12.

13.

at an angle of depression of 30°. After some
time, the angle of depression of becomes 60°.
The distance (in metres) travelled by the car
during the time is

(@) 10043 (b) 200/3/3
(c) 100/3/3 (d) 2003

Two men are on the opposite side of a tower.
They measure the angles of elevation of the
top of the tower 45° and 30° respectively. If
the height of the tower is 40 m, find the dis-
tance between the men

[KCET-98]
(a) 40m (b) 4043 m
(c) 68.280 m (d) 109.28 m

The angular elevation of a tower CD at a point
A due south of it is 60° and at a point B due
west of A, the elevation is 30°. If AB = 3 km,
the height of the tower is

[PET-98]

(®) 246 km
(d) 36/4km

(@) 2+/3km
(©) 3v3/2km

On walking 50 m towards the base of a tower,
the angle of elevation of the top of the tower
changes from 30° to 45°. The height of the
tower is

(a) 25m

(© 253-1)m

(b) 50 m
(d) 253 +)m

A flag-staff of 5 m high stands on a building of
25 m high. At an observer at a height of 30 m.
The flag-staff and the building subtend equal
angles. The distance of the observer from the
top of the flag-staff is [EAMCET-93]

(@) 5v3/2 (b) 5v3/2

(©) 5v2/3 (d) None of these
AB is a vertical pole resting at the end 4 on the
level ground. P is a point on the level ground

such that AP = 3 AB. If C is the mid-point of
AB and CB subtends an angle B at P, the value

of tan B is
(a) 18/19 (b) 3/19
(©) /6 (d) None of these

An observer standing on a 300 m high tower
observers two boats in the same direc-

14.

15.

16.

17.

18.

tions, their angles of depression are 60°
and 30° respectively. The distance between
two boats is
(@) 173.2m
() 25m

(b) 346.4 m
(d) 72m

A tree is broken by wind, its upper part
touches the ground at a point 10 metres from
the foot of the tree and makes an angle of 45°
with the ground. The total length of tree is
(@) 15m

(b) 20 m

(©) 10(1++/2)m
() 10(1++/3/2) m

The angle of elevation of the top of a tower
from two points 4 and B on the ground distant
a and b from the tower are complimentary.
If the line AB passes through the foot of the
tower, the height of the tower is

(a) ab (b) a/b

©) ~ab () alb

The angle of elevation of the top of a tower
from the top of a house is 60° and angle of
depression of its base is 30°. If the horizontal
distance between the house and the tower be
12 m, then the height of the tower is

(a) 483 m (®) 1643 m
©) 243m @ 16/43m

Some portion of a 20 metres long tree is bro-
ken by the wind and the top struck the ground
at an angle of 30°. The height of the point
where the tree is broken is

(a) 10m

(b) 2-3-3)20m

(c) 20/3m

(d) None of these

If the angles of elevation of two towers from
the middle point of the line joining their feet

be 60° and 30° respectively, then the ratio of
their heights is

(@ 2:1
©3:1

®) 1:42
@ 1:43



19. A Kkite is flying at an inclination of 60° with
the horizontal. If the length of the thread is
120 m, then the height of the kite is

(@) 603 m
(©) 60/+3m

(b) 60 m
(d) 120 m

20.

Heights and Distances E.27

The angle of elevation of the top of a tower
from the top and bottom of a house are 30°
and 60° respectively. If the height of the house
be 25 m, then the height of the tower is

(@) 25m (b) 50m

(©) 37.5m (d) 75m
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Important Instructions

1.

)

The answer sheet is immediately below the
worksheet

The test is of 10 minutes.

The worksheet consists of 10 questions.

The maximum marks are 30.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. Avertical pole with heights more than 100 m

consists of two parts, the lower being one-
third of the whole. At a point on a horizontal
plane through the foot and 40 m from it, the
upper part subtends an angle whose tangent is

1/2. The height of the pole is  [NDA-2006]
(@) 110m (b) 200 m
(©) 120m (d) 150 m

. The length of the shadow of a tree is 10«/5 m,

when the angle of elevation of the sun is 60°.
What is the length of the shadow of the tree
when the angle of elevation of the sun is 30°?

[NDA-2005]
(a) 30+/3m (b) 1043m
© 5V3m @ 43m

. From the top of a tower 60 metres high, the

angles of depression of two objects which
are on the horizontal plane and in a line with
the foot of the tower are o and B with > a.
What is the distance between the two objects
in metres? [NDA-2004]
(a) 60 sin (B — o) cosec o cosec B

(b) 60 cos (B — o) sec a sec B

(c) 60 (cot o + cot B)

(d) 60 (tan B —tan o)

An observer on the top of a tree, finds the
angle of depression of a car moving towards
the tree to be 30°. After 10 minutes this angle
becomes 60°. After how much more time, the
car will reach the tree?

[NDA-2004]
(b) 15 minutes
(d) 10 minutes

(a) 20 minutes
(c) 5 minutes

WORKSHEET: TO CHECK THE PREPARATION LEVEL

. A person at the top of a hill observes that the

angles of depression of two consecutive kilo-
meter stones on a road leading to the foot of the
hill are 30° and 60°. The height of the hill is

[NDA-2003]
@ ﬁkm (b) ﬁkm
2 2
© gkm @ gkm

. The angle of elevation of the top of a temple

situated on east side of a person is 60°. After
walking 240 m on north side it become 30°.
The height of the temple is

[MPPET-2003]
(@) 6046 (b) 60m
(©) 5043 (@ 3046

. Angles of elevation of the top of the towers as

observed from the bottom and top of a build-
ing of height 60 m are 60° and 45° respec-
tively. The distance of the base of the tower
from the base of the building is [NDA-2003]

(@ 30(3-1m () 30(3+3)m

(©) 303-3)m (@ 30(B+D)m

. If from the top of a light-house, 100 metres high,

the angle of depression of a boat is tan™ (%),

then the distance in metres, between the boat
and the light-house, is equal to

[NDA-2002]
(a) 125/3m (b) 120m
(¢) 240 m (d) 206 m

. An observer measures angles of elevation

of two towers of equal heights from a point
between the towers. If the angles of elevation
are 60° and 30° and distance of the nearer
tower is 100 m, then the height of each tower
and the distance between the towers, respec-
tively are

[NDA-2002]



(a) 100 m and 400 m

ﬁ
® \/—

© 100~/3 m and 400 m

m and 300 m

(d) 100+/3 m and 300 m

OeEE
@
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10. A flag-staff 6 m high is placed on the top of
a tower. The flag-staff casts a shadow, which
is 23m long when measured along the
ground. The angle, in degrees, that the sun-
rays make with the ground is

[NDA-2001]
(a) 60° (b) 45°
(©) 30° () 15°
AiNserj SHEET
50000 @ 20000
6@®OO INOIOJIOIO)
7.@0 0
8 @®OO






PARrRT F

Test Your
Skills







lLECLLLRE

ASSERTION/REASONING 1

it ]

. e

Test Your Skills

EZ) ASSERTION AND REASONING
TYPE QUESTIONS

Each questions has 4 choices (a), (b), (¢) and (d), out
of which only one is correct in which Statement-1 is
Assertion and Statement-2 is Reason.

(@)

®

©
@

1.

Statement-1 is True, Statement-2 is True and
Statement-2 is correct explanation for State-
ment-1

Statement-1 is True, Statement-2 is True and
Statement-2 is not correct explanation for
Statement-1

Statement-1 is True and Statement-2 is False
Statement-1 is False and Statement-2 is True

Statement-1

tan 560 —tan 36 — tan 20 = tan 56 tan 36 tan 26
Statement-2: x =y + z

= tanx—-tany-—tanz=tanxtanytanz

Statement-1: The maximum value of sin® +
cos0 is 2

Statement-2: The maximum value of sin6 is 1
and that of cosO is also 1.

Statement-1: The maximum value of

n
Hcosoci under the restriction 0 < o, a,,

i=1

. Statement-1: If 4 + B + C = x, then the mini-

mum value of IT tan 4 is 3\/5.
Statement-2: AM > GM

. Statement-1: If a, b, ¢ € R and not all equal,

(bc +ca +ab)
@+b*+ch’
Statement-2: secd <-1 and sec6>1

then sec6=

. Statement-1: If A is obtuse angle in A ABC,

then tan B tan C > 1.
Statement-2: In A ABC,

tanB +tanC

tand=———
tanB tanC -1

. (2% . (4m
. Statement-1: sin 7 +sin 7 +

. (8m 1
sin| — |=——
(7) 2

Statement-2: cos27—n+i sin277t is complex 7th

root of unity.

. Statement-1:

3 3 2n 3 4T
cos’ o+ cos (X+? +cos (X+?

2n 4T
=3cos o cos oc+7 cos oc+?

Statement-2: Ifa + b+ c=0 < a® + b3+ ¢3
=3abc
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Statement-1: If Xy + yz + zx = 1, then
z x 2
A+x) 1+
Statement-2: Ina AABC
sin 24 + sin 2B —sin 2C =4 cos A cos B sin C

Statement-1: If a and P are two distinct solu-
tions of the equations a cos x + b sin x = ¢,

then tan(a ; B ] is independent of c.

Statement-2: Solution of a cos x + bsinx=c¢
is possible, if —/(a® +b%) <c < /(a* +b%)

Statement-1:

The number of real solutions of the equation
sin x = 2% + 27 is zero.

Statement-2: Since |sin x| < 1

Statement-1: If tan (gsinﬂ) =cot (gcosﬂ),

then sin6 + cos0 = iﬁ
Statement-2: —\/5 <sinB+cos6 < \/E

Statement-1: In (0, ), the number of solutions
of the equation tan6 + tan 26 + tan 36 = tan9
tan 20 tan 30 is 2

Statement-2: tan 60 is not defined at 6 =

b3
2n+1)—,nel.
( )12

Statement-1: The equation sin (cos x) = cos
(sin x) does not possess real roots.
Statement-2: If sin x > 0, then 2n © < x <
2n+1),nel

Statement-1: If sin> 4 = sin*> B and cos®
A=cos’B,thenA=nn+B,nel
Statement-2: If sin 4 = sin B and cos 4 = cos
B, thenA=nn +B,n € I.

sin 20
1+cos26

Statement-2: cos 20 = cos?0 — 1 and sin 20 =
2 sind . cosd

Statement-1: is equal to tan 6.

tan36°+tan9° |
1—tan36°tan9°

Statement-2: tan36°= \/ 5— 2\/5

Statement-1: sin 1¢ <sin 1°
Statement-2: 1¢ = 57° (nearly)

Statement-1:

19.

20.

21.

22.

23.

24.

25.

26.

27.

Statement-1: The maximum value of 7 sin 20
—24 cos 20 is 25.
Statement-2:

—Ja® +b* <(asin®+bcosO)<+a’ +b*

Statement-1: If sin® + cosecO = 2. Then sin*0
+ cosec*0 is equal to 2.

Statement-2: X +% =2. when X> 0.

Statement-1: S = If sin (e*) = 2* + 2= Then
there is no solution

Statement-2: sinf is increasing in Ist and IVth
quadrant.

Statement-1: If tan x| < 1 x € [, @] then the
solution set for x is

MM

Statement-2: If |tan x| = 1, then x= 3n

4

>

NG|

when x € [-=, @]
Statement-1: In a triangle ABC, £B = 60°
such that sin(2A+B)% so ZA and ZC are

45° and 75° respectively.
Statement-2: If sin6 + sin a then general solu-
tion for® is nm + (-1)" a whern € I.

Statement-1: If sec6 + tan® = p then tan® is
2

p -1

equal to
q 2p

1
(secO—tan0)

J3-1
8

Statement-2: secO +tan6 =

Statement-1: If cos 4 cos B cos C =

and sin4 sinBsin C = # Then tan 4 +

V342

-1
Statement-2: Ina AABC,tanA4 +tanB + tan C
=tan A tan B tan C

tan B + tan C is equal to

Statement-1: sin 44° < cos 44°

. s
Statement-2: cos x > sin x when x € (O’Z)

Statement-1: If (1 + tan 4) . (1 + tan B) =2
Statement-2: L A+ £ B =45°



28.

29.

30.

31

Statement-1: If tan0® + tan 46 + tan 70 = tan0
tan 46 tan 70 then 0 is equal %

Statement-2: Ina A ABC, tan A + tan B + tan
C=tanAtanBtanC.

Statement-1: The general solution for 6 when
cosO = —% so there is no solution.
Statement-2: —1 <cos0 <1.
Statement-1: The value of 6 satisfying sin 76
. .. Nm
=sinf is —.
2

3

Statement-2: In [0, ], cosx = - has exactly

one solution.
Statement-1: The general solution of cos” = —
. T
is O=nwt—.
4

Statement-2: cos’0 = cos® a then 0 is nm + o

ASSERTION/REASONING:

(@ 50=30+26
tan30 + tan 20

= n30=tan (304 20 = o tan20

= tan 56 — tan 560 tan 36 tan 26 = tan 36 +
tan 26

= tan 56 — tan 36 — tan 26 = tan 56 tan 36
tan 26

@ =2 <sin®+cosO <2

Maximum value of sin6 + cos0 is «/E

But maximum value of sin6 is 1 and that of
cos0 is also 1 which is always true.

(a) From Reason (R)

lL[cosai = ﬁsin(xi
i=1 i=1
= Hcos o, H(stZoc] i (D)

Now,

32.

33.

34.

35.

Test Your Skills F. 5

Statement-1: If tan® + tan 26 + tan6 tan 26 =
1 then general solution of 0 is %+%

Statement-2: tan6 = 0, then 6 is nx.

Statement-1: In trigonometric equation, avoid
both side squaring

Statement-2: By squaring some extraneous
roots appear.
Statement-1: Principle value of tan6 = -3

2n
is — -

Statement-2: tan® is negative in IInd and IVth
quadrant.

Statement-1: If 2 cos® — 1 = 0 then general

solution of 0 is 2nw ig.

Statement-2: cos6 =0, then 0 = 2nw + o, where
o is a principle angle and » is an integer.

SOLUTIONS 1

OSoc,.sE
2

0<20,<m
then maximum value of sin 2a, is 1 for all i

i=1

A+B+C=mn
. tanAd +tanB +tanC=tan A tan Btan C
= AM>GM
tanA4 +tan B + tanC
3
tanA tan B tanC
3
= (tanAtanBtanC)**>3

tan 4 tan B tan C > 3\/5
Hence, H tanA4 > 3\/5

({1)

>tan Atan BtanC*?

> (tan AtanBtanC)"?
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5. @ at+br+cP—ab—bec—ca

= %{(a—b)z +(b-¢c) +(c-a>)}>0

= a*+b*+c*>ab +be +ca
or ab+bc+ca
a’+b*+c?

= secO <1, which is false.
6. () A+B+C=180°

= A4=180°-B +0)
. tanA =tan (180° - (B + ()

@B+ O) =_{M}
1-tanB tanC
_} tanB+tanC
B {tanB tanC —1}
Now, "." Ais obtuse
tanA4 <0,

thentan B + tan C >0
tanBtanC—-1<0
= tanBtan(C<1

7. (d)Let S =sin 2 +sin i +sin 8n
7 7 7
and C =cos (Z—E] +cos(4—n) +cos (8_11)
7 7 7

C+iS=a+oa2+at TR ¢ )

Where, a = cos (ZTnJH sin(%) is complex

7th root of unity.
Then, C — iS =g+’ +a' = af + o’ + o
. (1)
By adding equations (i) and (ii), then
2C0=a+olt+ta*+ao+a’+a’=-1
("." sum of 7, 7th roots of unity is zero)
c=_L
2
Also, multiplying equations (i) and (i), then
C*+8*=2 (" «’=1 and sum of 7, 7th roots
of unity)

= S*'=2- 1 2=Z
2 4

J7
2

S =

. 2n 4T

8. (a) " cosa+ cos (x+? +cos (x+?
T
=cosa+2cos(a+m) cosg

=cosa+ (—2cosa) (%] =0

3 3 2 3 4n
cos® a + cos OHT +cos OHT
2n 4
=3 cos a cos a+T cos OHT

9. (b)Letx—cotA y=cotB,z=cotC

cot A cot B + cot B cot C + cot C
cotd=1

A+B+C=180°
z X =z cotA
1+x%) (1+cot® 4)
=_z 2tan A
(1+tan A)

= lZSin 24
2
= %(sin 2A+sin2B +sin2C)

= %(4sinA sin B sinC)
=2sinA sinBsinC
_ 2
- \/(1 +cot’ A)1 +cot’> B)(1+cot*C)
_ 2
CJaeaa-yha+z)

2

JI+x%)
and sin4 + sin 2B — sin 2C
=2sin(4 +B)cos(d—-B)-2sinCcos C
=2sinC (cos (4—B)—cos C)
=2sinC (cos (4—B) + cos (4 + B))
=2 sin C (2 cos A cos B) = 4 cos A cos B
sin C

10. (b) “-

acosx +bhsinx=c

1-tan®x/2 2tanx/2
a P +b - =
1+tan” x/2 1+tan®x/2




11.

12.

13.

HERN
(a+b)tan (EJ

2btan(§)+(c—a)=0

(5 )ml5)-a
tan| — [+tan| — [=—
2 2) (a+c)

and tan (a/2) tan (B/2) = c-a
a+c

O O
el

2b

N |

)

YR
Ne——|

= ate _

1_(c—a)
a+c
= Independent of ¢

—J(@* +b*) <acosx+bsinx< (a’+b%)
bsinx < \/(a’ +b%)

—J@+b) <c< @ +b?)

2+ 27>2
sin x> 2
[sinx] <1

" tan Esin@ =cot Ecos@
2 2
=tan (E—Ecos 6)
2 2

Esin@
2

L2
=

(@)

(impossible)

@

T T
=nn+———cos0
2 2

sin® + cos 6
=2n+l,nel

—J2 <sin®+cosH <2
n=0;-1
Then, sin® + cos6 =1, -1
(b) The given equation is equivalent to tan (0
+20+30)=0
or tan60=0
Then 60 = nn

14.

15.

16.

Test Your Skills F. 7

9=n—n,nel
6

In (0, ™) we have 6= E, E, E, 2_11’ o™
632 3 6
However, tan0 and tan 30 are not defined at

T T 5m

266

g, % are the only solutions.

®)

"." sin (cos X) = cos (sinx)

. b3
cos (sinx) = cos(;—cos x)
. T
sinx=2nm+ (E—cosx),n el

= sinx*cosx =(2ni%)n

2
By squaring 1 + sin 2x = (Zni%) T
1 2
= |sin2x| = (Zn iE) -1

2
But, (Zni%] n*>2 foralln el

.. |sin 2x| > 1 which is inadmissive.

Hence, the given equation does not possess

real roots.

and "." sin x > 0 (x lies in I and II equadrant)
2Znmm<x<(2n+1D)mnnel

(¢) " sin* A =sin? B and cos> A = cos’ B
2. cos24 =cos 2B
= 24=2nmnxBnel
or A=nnxB
or A=nn+B,nel
("." Both sides square given)
Now, sinA4 =sin B
= A=nmn+(-1)yB,nel
Inniseven, thend =nn + B
and cos 4 =cos B
= A=2nn+B,nel
Hence, Assertion is true but Reason is false.

(a) Statement-1 and Statement-2 both are
correct.

sin20  2sinOcosO
1+c0s20 1+2cos’0—1
and Statement-1 follow from Statement-2.

tan0




F.8 Test Your Skills

17.

18.

19.

20.

21.

tan 36° + tan 9°

® = oense
1-tan36°tan9

tan (36°-9°)=tan45°=1

and tan 36°=+/5-25

It means both Statement-1 and Statement-2
are true but there is no need to give value of
tan 36°

(d) 1e=57°17'44.8"

then, we can write 1¢ = 57°, (nearly)
S0, sin 1¢>sin 1°

sin 57° > sin 1°

[ sinx is increasing in 1st quadrant]
It means Statement-1 is not true.

because,

(a) the formula for finding maximum and
minimum value of the expression

—Ja® +b* <(asin®+bcos)<+a’ +b°

This formulae is applicable when both the
terms having same angle and both the terms
are in linear power.

S0,

—\7* +24% <(7sin20—-24c0s20) < 7% +24

—25<(7 sin 26 — 24 cos 26) <25
Maximum value is 25.

It means Statement-1 and Statement-2 both
are true and Statement-1 follow from State-
ment-2.

(c) If sinb + cosecH =2
So, sin6 + L =2
sin®
(sin’0 -2 sin6 +1)=0
(sind —1)>’=0and sin6 =1
cosecO =1

if x is any real positive number, then A.M. >
GM.

T (e
NS O o (X +—]z 2.
2 X X
it means only Statement-1 is true.

) | 27 +L >2
2°)

But sin (e*) # 1
So, there is no solution.

By graph of sin6: sin6 is increasing in Ist and
IVth quadrant and sin6 is decreasing in IInd
and IlIrd quadrant.

22.

23.

NIa

So, Statement 1 and Statement-2 are true
but Statement 1 does not follow from
Statement-2.

(¢) By graph of

[tan x| <1
+ 0 Yy + o0
= = = © X
-n| 3¢ |_Z_n| o |z 3m|%
- |T274|°4 |2 7%
y
[ 31t:| [ T n} [31‘t ]
So, xe|-7w,—— |U|——,— |U|—, T|.
4 44 4
If tan x| =1
3t m wm 3n .
Then, x=——, ——, —, — (four solutions)

47 474 4
It means Statement-1 is true but Statemtent-2
is not correct.

MO If LA+ 4B+ ZC==m

and £ B=60° and sin(24 + B) = —=sin150°

N | =

= 24 +B=150°=24=90°=A=45°



24.

25.

26.

If ZA =45°and £B =60° then £C =75°
sin(24+B) = % #sin30° (because £B = 60°)

It means both Statement-1 and Statement-2
are true but Statement-1 does not follow from
Statement-2.

(a) We know that
1 +tan26 = sec* 0
sec?0 —tan26=1
(secO —tan 6) . (secH + tan 0) =1

(secO + tan 6) = !

(secO—tan0)
If sech + tanb =p (D
then secé)—tan(9=l e (1)

p

P-1
By (i) and (i) tan0=2

2p
(d)If cos A cos B cos C =% TR ()
andsinAsinBsinC:# e (1)
By % we get

i

tan 4 tan B tan C =3+J§ e (id)

V3-1

InaAABC, A+B=n-C
Taking tan on both sides
tan(A + B) = tan (1 — C) = tan (4 + B)
=—tan C

tand+tanB _ tanC

l-tand tanB 1
tanA4 + tan B + tan C =tan 4 tan B tan C
By (iii) equation

3+\/§

V3-1

(a) In the Ist quadrant sin x and cos x both are

tan4 +tanB +tanC =

. L .
positive but xe(O, Z] SO, COS x 1s greater

than sin x because cos x lies between 1 to —

2

and sin x lies between 0 to —.

V2

27.

28.

29.

30.

Test Your Skills F. 9

So, Statement-1 and Statement-2 both true and
Statement-1 follows from Statement-2.

(a) 1+tan4). (1 +tanB)=2
tan4A +tanB+1+tan4 .tanB=2
(tanA + tan B) = (1 —tan 4 tan B)

( tan A +tanB )

1-tanA tanB

tan(4 + B)=1

LA+ ZB=45°

It means Statement-1 and Statement-2 both
are true and Statement-1 follows Statement-2.
(b)InaAABC,A+B=n-C

tan (4 + B)y=tan (n - C) (Using formula)
gettan4 + tan B + tan C =tan 4 tan B tan C

But this result is use, when £ A, £ B, £ C are
the angles of triangle.

(a) Maximum value of cos6 =1
Minimum values of cosf = —1
So, -1 <cos6 <1

But, cos0= —% is not possible.

It means Statement-1 and Statement-2 booth
are true.

(d) sin 76 —sin =0
2¢0s 40.sin36=0

Either, cos 46 =0 or sin 36 =1

46=(2n+1)§ or 30 =nn

9=(2n+1)£ or p=""
8 3

So, Statement-1 is false.

y

*1 =Ccos X
#[

2 . T X
T

N

o3

. T
Exactly one solution, when x = S

So, Statement 2 is true.
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31

32.

33.

(c) If cos?0 = cos® a
(°." Both the side are multiplied by 2)
-2 cos?0 =-2 cos?a.
2cos’0—1=2cos’a—1
cos 20 = cos 20
20 =2nm £ 20
O=nnta,nel

and a is principle value.
If cos’B=~
2

then use the above formula

i (] ()

9=n1t-_FE
4

(d) The general solution of the equation tan9
=01s 6 =nn, wheren €
We have, tan 0 + tan 20 = (1 —tan6 + tan 26)

tan O +tan 20
1—tan6 tan 26

tan30=1= tan(f)
4
nmom
3

39=n7t+£ 0=—+—
4 12

Statement 1 is false but Statement 2 is true.

(a) In the trigonometric equation, to avoid
both side squaring, because they give extra
solutions. Those extra solutions which

ASSERTION/REASONING 2

ASSERTION AND REASONING TYPE

QUESTIONS

Each question has 4 choices (a), (b), (¢) and (d), out
of which only one correct.

(@)
®

©
@

Assertion is True, Reason is True and Reason
is a correct explanation for Assertion.

Assertion is True, Reason is True and Reason
is not a correct explanation for Assertion.

Assertion is True and Reason is False.
Assertion is False and Reason is True.

34.

35.

1.

cannot satisfy the given equation. It means,
both Statement-1 and Statement-2 are true and
Statement-1 follows Statement-2.

(d) The principal value of tan® =—+/3 is —g‘

because principal value is never numerically
greater than m. Principal value always lies in
the first circle (i.e., in first rotation) and tan
6 is negative in IInd and IVth quadrant by
ASTC Rule.

(d) If cosO = cosa
Then, general solution of 0 is 2n7 + a,

wheren €

So, cosO = % (sue above for mula)

0= 2nr|:iE
3
and cos®=0

b3
means, cos@:cos;
6=2n1t+E
2
or 2nn—£
2
s
0=02n+)—
( )2

s
or 2n—-1)—
( )2

Assertion (A): In any A ABC, 2R?sin A sin B
sin C =A
Reason (R): In any A ABC,

a b c

2sind  2sinB_ 2sinC
Assertion (A): If p, p,, p, are the perpendicu-
lars from the angular points of a triangle on

the opposite sides, then L+L+L = l
p p, Py T
Reason (R): In a triangle, So

7

>



10.

Assertion (A): Inatriangle ABC, if tan

SRS
| W

and tan%:%, then the sides a, b, ¢ are

inAP
Reason (R): Ina AABC,

2 \l s(s—a)
anC _ [=axs=b)
2 s(s—c)

Assertion (A): If A is the area and 2s is the
2

33

sum of three sides of a triangle, then 4 <

Reason (R): AM. > G.M.

Assertion (A): A circle is inscribed in an

equilateral triangle of side a. The area of any
2
square inscribed in the circle is %‘

Reason (R): Radius of the inscribed circle

r=—.
s

Assertion (A): If in a triangle tan 4 : tan B :

tanC=1:2:3,

then 4 = 45°

Reason (R): Ifa:B:y=1:2:3,thena=1

Assertion (A): If two sides of a triangle are 2
and 3, then its area cannot exceeds 3.

Reason (R): Area of a triangle = !

=— besind
2

andsin4 <1.

Assertion (A): If in a triangle, cos 4 + 2
cos B + cos C =2, thena, b, ¢ must be in AP.
Reason (R): cos 4 + cos B +cosC =1+

.A. B.C
4sin—sin—sin—
2 2 2

Assertion (A): In any triangle ABC, the mini-
mum value of Lthtn is 9.
r

Reason (R): AM. > G.M.
Assertion (A): In any triangle minimum

rer,
value of 122 i527.
r

11.

12.

13.

14.

15.

16.
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Reason (R): Ifa, +a,+a,+.... +a, =k(con-
stant), then the value of aa,a, .... a, is mini-
mum whena, =a,=a,=....=a,

Assertion (A): In acute angled triangle tan 4
tanBtan C =1

Reason (R): In obtuse angled triangle tan A
tan B tan C is negative quantity.

Assertion (A): In any right angled triangle
a’+b +¢?
RZ
Reason (R): a*>= b2+ 2

is always equal to 8.

Assertion (A): A man observes that when he
moves up a distance ¢ metres on a slope, the
angle of depression of a point on the horizon-
tal plane from the base of the slope is 30°, and
when he moves up further a distance ¢ metres
the angle of depression of that point is 45°.
The angle of inclination of the slope with the
horizontal is 75°.

Reason (R): Inany AABC,If BD : DC=m :n,
4BAD = a, ZCAD =B and ZADC =6,
then (m + n) cotd =m cot a —n cot B

Assertion (A): A pole of length h stands
inside a triangular plot ABC and subtends
equal angles o at its vertices, then 24 cos a sin
A=asina

Reason (R): For circumscribed radius R of

a b c

aAABC, ——=——=——=2R
sin4 sinB sinC

Assertion (A): A tower leans towards west
making an angle a with the vertical. The
angular elevation of B, the top most point of
the tower, is 3 as observed from a point C due
east of A at a distance d from A. If the angular
elevation of B from a point due east of C at a
distance 2d from C is v, then

2tana =3 cotPB—coty

Reason (R): In any AABC, if BD : DC
=m :n, LBAD = a, LCAD = B and £ZADC
=0, then

(m + n) cotd =m cot a —n cot B.

Assertion (A): In a triangle ABC, if D is a
point on AB such that AD : AB=m : nand CD
makes an angle 6 with AB. Then (m + n) cotd
=ncota—ncotf
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c Reason (R): The mid-point of the hypotenuse
of a right angled triangle is the circum-centre
o of the triangle.
17. Assertion (A): If 4B is a tower of height
100 m and make an angle with C is 45°. So
AC is 100 m.
0 Reason (R): Angle BCA is called angle of el-
A m D n B evation.
ASSERTION/REASONING: SOLUTIONS 2
1. (a) We have, 2R?sin A4 sin B sin C . 1 . 1 . 1 a . b ¢
_ma b o opnopop 20024 2A
2R 2R 2R _atbtc 2s s 1
a b ¢ 20 2A A
= = = R
2sind 2sinB  2sinC
a b ¢ 3. (a) We have, tané‘tan£= £Z= 1
= —=sinAd,— =sinB,— =sinC 2 2 65 3
2R 2R

J(s—b)(s—c) \/<s—a)<s—b) 1

_ﬂ= s(s—a) s(s—c) 3

= A
4R

s—=b
s

= at+b+c=3b = a+b=2b

= =l:>3s—3b=s:>2s=2b

2. (a) We have, A= %BC AM = %ap1

a,b,careinAP.

A 4. (a) We have,2s=a+b+c¢
Also,A=s(s—a)(s—b)(s—c)
Since, AM > GM
c b ~ _ B
zwz[(s—a)(s—b)(s—c)]m
P, 3
3s—2s (Az)l/s JER
3 2 R EZT
—l 2
B M C . s
S A< " s> 0 always
a 303 [ ys]
2A 5. (a) Radius of the inscribed circle
p = —
oa A lazsinC
p=2_2
Similarly, p, =22, p, =22 s a+bc

b c 2
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)
N w|55) 4
- _\2 ) _2
‘ ” ()
cos
2
‘A A+C A-C
cos +cos
2 2 241
- COS(A_CJ—COS(‘4+CJ— -1
_a’sin60°  a 2 L2
3a 23 5 cos| 4 c
Side of the square = 2 x r cos 45° ) cos 9 cos 9
ax Gy L _a R A (R
NG sin 5 sin >
2 2
Hence, area of square =(LJ =2 t 4 t ¢ -3
76 3 or co 5 co 5
. (c)LettanA A, tan B =2}, tan C = 3} s(s—a) I s(s—¢)
or . =
{:nt;atr;ilztanA +tan B + tan C = tan 4 (s—b)(s—0) \I(s—a)(s—b)
= A+20+3L=A:20: 34 = s=3(-b)
=  6L=6\2 or 2s=3b=a+c=2b
A=-1,0,1 And in AABC

= A=1,A#-1,0
*© tand =1 = A=45°If h=-1 then all

cosA +cosB + cos C

angles becomes obtuse and if A = 0 then =1+ 4sin£sin£sin£
all angles becomes zero) and reason is
obviously.

.11 1 s-a s-b s-c
9. V—+—+—= + +
nor n A A A

. (a) "." Area of a triangle = %bc sin A

_3s—(atb+c) 3s-2s s 1
Slbc (" sind <1) A A Ar
2 AM>HM
Loz R Gk B B 3 =3r
2 ‘ r 1 1 1
Hence, area of a triangle <3 —t—+—
; h n n
i.e., cannot exceed 3.
nAnth g
" (cosd +cosC)=2(1 —cosB) B =
A+C A-C
= 2cos( ]COS(T] ~. Minimum value of ithth is 9.
v
_ 2‘23in2(g] 10. "~ GM>HM
3

3
l/3>—=_=
B (A-C B e S S T W
= 2sin—cos =4sin?| = 44— =
2 2 2 vorn o onor
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11.

12.

13.

14.

rry,
@rr)>3r or 122227
? r

Also,ifa, +a,+a,+.... +a, = k(constant)
Then, the value aa,a, ..........., a, is greatest
whena, =a,=a,= ...... =a.

n

In acute angled triangle
O<A<£,O<B<£, 0<C <E and
2 2 2

A+B+C=n

Also, tanA+tar3lB+tanC >(tan A tan B

tan C)*

(tan A tan B tanC)

3 > (tan 4 tan B tan C)*

= %21 (impossible)

Also in obtuse angled triangle one angle lies
in IT quadrant and other two lie in I quadrant.
a?=b>+c%then LA =m/2
2=2Rsin4A=2R
a’+b*+c* a*+a* 2a* 2(2R)?
R* R R R
(a) Applying m —n theorem of trigonometry, we
get (¢ + ¢) cot(6 — 30°) = ¢ cot 15° — ¢ cot 30°

: o_1%o0
or cot(e — 300) = lw

2 sin15°sin30°
1 1

or cot(6—30°) =—— =1=cot45°
2 sin 30°

= 0-30°=45°

6="75°

(a) From the figure, (if PQ is the pole of
height A),

BQ=hcota=CQ=A4Q

Q is the circumcentre of A ABC.

a

Hence, =2R=2hcota

sin

.

= asina=2hcosasind.

15. (a) By (m —n)

(d+2d)cotB=dcoty—2d cot(§+a)

B

W

theorem, we have

B Y
d

C 2dD

D

= 3cotP=coty+2tana

2tan o=

16. (b)

3cotP—coty

£ ADC =180° -0
ZCAD =180° — (0. + 180°— 0) =0 —a
and £ CBD=180°—(0 + B)

From AACD,

From ABCD,

AD  CD
sinot  sin(0— o)
DB CD

sin3 - sin[t— (0 +P)]

()



DB CD

sinﬁ_m oo (1)

By (i) and (ii) [AD : DB =m : n]

msinp _ sin0.cosP+cos0.sinf

nsino.  sin6.coso—cosO.sino
(m +n)cotO=m cota—ncot
Then Statement 1 and Statement 2 both are
true, but Statement 1 does not follow from
Statement 2.
17. (d) tandse= 28 _190
BC BC
* BC =100

Test Your Skills F. 15

AC?*=BC*+ AB®

A
100
AC =1002 m

and £ BCA is called angle of elevation.

ASSERTION/REASONING 3

ASSERTION AND REASONING TYPE
QUESTIONS

Each question has 4 choices (a), (b), (¢) and (d), out
of which only one is correct.

(a) Assertion is True, Reason is True and Reason
is a correct explanation for Assertion.

(b) Assertion is True, Reason is True and Reason
is not a correct explanation for Assertion.

(c) Assertion is True and Reason is False.

(d) Assertion is False and Reason is True.

1. Assertion (A): sin™! (sin3) = 3
Reason (R): For principal values sin™ (sinx) =x

1) =

2. Assertion (A): If x <0, tan™ x + tan™ (;] = 5

T
Reason (R): tan™! x + cot™! x = 5 VxeR

3. Assertion (A): tan™’ [ij +tan™ (lj T
4 7)" 3

Reason (R): Forx>0,y>0

tan™ x* +tan! YTX|I_T
y y+x) 4
4. Assertion (A): If x = cosec (tan"'(cos (cot™ (sec

(sin"'a)))) and y = sec (cot™ (sin (tan™ (cosec (cos™
'a))))), where a € [0, 1], thenx =y

1
Reason (R): sin! (;] =cosec’x, Vx € (-, —
1]o[1, )

1
cos! (;] =sec’lx, Vx € (-, —1]U[], )

tan'l(lj— cot'x, x>0
x) |-m+cot’'x, x<0

. Assertion (A): The solution of system of

equations
-1 I 2 pnl —] O 2
cosix + (sin? y)? = e and (cos™ x) (sinly)?
4 2

T . T
= —isx=cos — andy=+1,Vpel
16 p y p

Reason (R): AM>GM

. Assertion (A): If p > ¢ > 0 and pr <-1 < gr,

then

tan” | 2=2 |tan! | 2= |tan| " TP
1+ pq l+gqr 1+rp
tan_l 2 =T
1+rp

Reason (R): tan’lx — tan! y = tan“(x_y)
1+xy

for all x, y
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. Assertion (A): sin2x + sin!3x =

= x= (i] onl
76 Y

Reason (R): Sum of two negative angles
cannot be positive.

w3

8.

2n
Assertion (A): ZSin’1 x,=nn,neN

i=1

n n n

2 3

Then, E X, = E X~ = E X,
i=1 i=1 i=1

Reason (R): —% <sin'x < %,Vx e[-11]

ASSERTION/REASONING: SOLUTIONS 3

. (d) " 3 ~171° (lies in II quadrant)
sosint'sin3=3-7m#3
But sin™ sin x = x for principal values

1
. (d) For x <0, tan™ (;) =-m+cot!x

1
-~ tan"'x + tan™ (—) =tanx -7 +cot'x
x

I
andtan'x +cot'x=—,VxeR.

27
3+1
3 | 47
. (a) " tan™ (Zj +tan“(7j=tan“ igl
4'7
n
=tan'(1) = —
(1 2
Also, E=l
4+3 7
(. 4<0,3>0>

.. R is the correct reason of A.

. (b) "." x =cosec (tan! (cos (cot'(sec (sin'a)))))

= cosec (g — cot™'(cos(cot ' (sec(sin ™ a))))]

= sec(cot ™' (cos(cot ™ (sec(sin™ a)))))

sec [cot'l (cos (; —tan™ (sec(sin™ a))DJ

= sec(cot ™ (sin(tan ' (sec(sin ' a)))))

)

= sec cot™! (sin(tan(cosec (cos'a))))) =y

(@) " AM > GM

-1 S | 2
wz '(COS_I x)(sin_ly)z

2

2 2

N LN

8 4
=>p22

Thus, we conclude that the only value of p that
satisfies all conditions is p = 2.

Then, cos™lx = (sin!y)?

2 2

_ T ) T
=(cos'x)=— Dcos'x=+—
16 4

7’ 2
=>x=cos|t— | ..x=cos|—
4 4

7[4

Also, (sin'y)'=—
(sin”" y) T:

=sin'y= ig Ly= sin(ig) =41

(d) Since, p, q > 0 therefore pq > 0
P—q
1+ pg

and so, tan“( ) = tanp - tan’lg

)



Since, qgr>-1
tan“(q_rJ= tanlg - tan?! r
1+gr
(1)
and, since pr <-1 and » <0
tan“(lr_p] = © tan'» - tanp
+rp
(1)

On adding equations (i), (i1) and (iii), we get

an”!| 2=L | ptan | L= |4 tant| TP |2
1+ pq 1+gqr 1+rp
+tan‘1(r_p]=1t
1+rp

. (a) ~.sin 2x+sin3x ==
3

T ) T ) T
=>——cos ' 2x+=—cos'3x==
2 2 3

_ _ 2
=cos' 2x+cos ' 3x ===

= cos”'(6x" - (C@II- G0} = 2

= 6x? -4a —13x? +36x*) = —%

a

Test Your Skills F. 17

2
:(6%%} =1-13x* +36x"

:>19x2=30rx=i i
4 V76

But some of two —ve number cannot be 7/3.

3 . .
..x =,|— isonly solution.
76

. (a) Since, maximum value of sinlx is

4. T
sin” x,is —
2

2n
.Y sin™'x, =nm is possible, if
=x, =1

1 2 3 o

.'.in=1+1+1+ ...... up to ntimes = n

Y x =4+ 41+ upton

i=1

times = n
n

and Y x) =P+l +1+1+. ... up ton
i=1

times = n

n n n
2 3
Hence, E X, = E x = E x' =n
i=1 i=1 I=1

TOPICWISE WARMUP TEST

. IfsinA sinB sin C + cos A cos B=1, then the
value of sin C is equal to

[IIT-JEE-2006]
(a) 1 ® 0
©) 173 (@ 122

. Let 6 € (0, ©/4) and

t, = (tan 0)™°, ¢, = (tan 6)“*°,

t, = (cot 0)™°, ¢, = (cot 6)°*%; then
[IIT-JEE-2006]

®) t,>t,>1>1,

@ t,>t,>t,>1t,

@ t,>1,>t>1,
(© t,>t,>1>1,

3. Let o, B such that t < a —p <3xm If sina +

sin 3 =—£ and cos a + cos B =—£, then
65 65

the value of cos> ;B is  [AIEEE-2004]
6 3
a) — b) —
@ 55 ® 750
3 6
0) —— d) ——
© 30 @ N

T .
. Ifa= m radians, thencosa + cos2a+ ... .. +

cos 18a is equal to [MP PET-2005]
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10.

11.

12.

13.

@ 0 (®) -1
© 1 @) *1
c0s 2(0 + ¢)—4cos (0 + ¢) sinb sin ¢ + 2 sin? ¢
is equal to [Orissa JEE-2004]
(a) cos 26 (b) cos 36
(c) sin 26 (d) sin 36
If0i te angle and sino = [ >, th

is an acute angle an 2 oy * then
tan 0 is equal to [Orissa JEE-2005]
(@ x*-1 () Vx?-1
© vx'+1 @ x2+1
The value of cosi‘cosz—n‘cosé‘—n‘

65 65 65

coss—n‘cos 166—57t‘c0s32—7t is [M.N.R.-1997]
(a) 1/64 (b) 1/65
(c) 1/63 @d) 2/65

If 0 <x <mand cos x + sin x = 1/2, then tan x
is equal to [AIEEE-2006]

@ A-7)/4 (b) A++/7)/4
(©) (4-7)3 @) -(4+JN)3
log(tan 1°) + log(tan 2°) + log(tan 3% + ... +

log(tan 89%) is equal to [CDS-95]
@1 (®) -1

© 0 (d) none

log(sin 1%).log(sin 2%).log(sin 3°%) ... log(sin
179°) is equal to [CDS-99]
@1 (®) -1

© 0 (d) none

If 2y cosB = x sin6 and 2x secO — y cosecO = 3,

then x? + 4y? equals [JEE (WB)-88]
(a) 4 () 4

(c) 4 (d) none

For any angle G,M is equal to

2cos0+1
[Kerala (CEE)-2003; MPPET-2005]
(@) (2cosO6+1)(2cos 26+ 1) (2cos 46+ 1)
(b) (cos®—1) (cos20—1)(cos46-1)
(€) (2cos6—1)(2c0s20—-1) (2cos46-1)
(d) (2cos0—1) (2c0s 26 + 1) (2cos 40 + 1)

If sin 440 = cosH, then tan 156 is equal to
[NDA-2005]

14.

15.

16.

17.

18.

19.

20.

21.

(@) 172 ®) V2
© 3 @ 143

In a triangle ABC, if cos A = cos B cos C, then
tan A — tan B — tan C is equal to

[NDA-2006]
(@) 0
®) 1
(¢) 1 +tanA tan Btan C
(d) tanAtanBtan C — 1

If sin (7 cos x) + cos (7 sin x), then one value

of sin 2x is equal to [NDA-2006]
(a) -1/4 ) -172
(c) =3/4 @ -1

If tan® o tan® B + tan® B tan®y + tan*y tan>a + 2
tan? o tan? B tan?y = 1, then the value of sin” o
+ sin? B + sin®y is
@ 0
©1

cos*0 — sin*0 is equal to

. 4(6
(a) 1+2sin (E)

(6
(¢) 1-2sin (2)

(®) -1
(d) None of these

[MPPET-2006]
(b) 2cos?0 -1

(d) 1 +2cos*6

3[sin4 (%t - aj +sin’*3r+ ot)}
_2|:Sin6 (g+ (x) +sin®(5m— ot)} is equal to
[IIT-86; NDA-03]
@ 3 (b1
© 0 (d) sin4 o + sin6 o
a cosB + b sinb = ¢, then (a sinf — b cos 0)* is
equal to JAMU-1995]
(@) a*+b* (b) b2+ ¢?
@©) *+a? @ a*+b*-¢?
If sinB=lsin(2A+B), then tan(4+B) is
5 an 4
equal to [T.S. Rajendra-1992]
5 2
a) — b) —
@ 3 (b) 3
3 3
c) — d) =
© 2 @ 5

sin? 17.5 + sin? 72.5 is equal to
[KCET-2007]



22.

23.

24.

25.

26.

27.

28.

(a) cos?90°
() cos?30°

(b) tan245°
(d) sin?45°

If 6 lies in first quadrant and 5 tan6 = 4, then
5sinf-3cos6 _

- [EAMCET-2007]
sin® +2cos0

(a) 5/4 (b) 3/14

(©) 1/14 @ao

If cos (4 — B) = 3/5 and tan A tan B = 2, then
which one of the following is true
[EAMCET-2007]
(b) sin(4 +B)=-1/5
(d) cos(4 +B)=-1/5

(a) sin(4 +B)=1/5
(€) cos(A-B)=1/5

tan80° —tan10°

is equal to
tan70°
[EAMCET-2007]
@ 0 ® 1
© 2 @3

sin 44 — cos 24 = cos 44 — sin 24, then the

value of tan 44 = [O <A< %]

[Kerala PET-2007]
1
1 b) —
@ (b) NG
3+l
3 d
© 3 @ 75

If x sin0 + y sin®® = sin6 cos6 and x sind =y
sinf then x* + 3 is equal to

[Kerala PET-2007]
(@ 2 ®0
©3 @) 4
1
If tan 2x = —4/3 at least one of the values of
coS x is [MPPET-2007]
1
a) 0 b) ——
(@) (b NG
2 1
¢) — d) —
© NG @ 5

If sin 36 = sin6, how many solutions exist
such that -2 <0 <2=x

[Karnataka CET-2007]
(a) 8 ®) 9
@© 5 @ 7

29.

30.

31.

32.

33.

34.

35.

Test Your Skills F. 19

What is the measure of the angle 114° 35’ 30"
in radian? [NDA-2008]
(a) 1radian (b) 2 radian
(¢) 3 radian (d) 4 radian

1° 1°}
What is the value of (sinZZE +cos225 ) ?

[NDA-2008]
@ 3+2x/§ ) 1+2\/§
2 2
34242
© f; @1

Which one of the following is correct?
[} [}
(1 +cos67 +17)(1 +cosl 1217) is

[NDA-2008]
(a) an irrational number and is greater than 1
(b) a rational number but not an integer
(¢) an integer
(d) an irrational number and is less than 1

If sin24= g, then what is the value of
tanA(O <A< g)? [NDA-2008]
@1 (®) -1
(© 172 @ 2
What is the value of M?
c0s10°+sin10°
[NDA-2008]
(a) tan 35° (b) tan 10°
1
c) — d) 1
© N (d
Which one of the following pairs is not cor-
rectly matched? [NDA-2008]
(a) sin 27 sin (—27)
(b) tna 45° tan (-315°)
(c) cot (tan1 0.5) tan (cot™ 0.5)
(d) tan 420° tan (—60°)
. . (5

What is the value of sin (EJ” [NDA-2008]

3 +1 J6+42
@ by ——

2 4

B+\2 6 +1

© 2 @ 5
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36.

37.

38.

39.

What is the correct sequence of the following

values?
2. cos (ij
12

1. sin (1)
12
Select the correct answer using the code given

3. cot (LJ
12

below [NDA-2008]
(@) 3>2>1 b 1>2>3
(©) 1>3>2 @ 3>1>2

For what value of x does the equation 4 sin x
+3 sin 2x — 2 sin 3x + sin 4x =2+/3 hold?

[NDA-2008]
(a) /6 (b) n/4
(c) /3 ) n/2
The value of sinlsin3—"tsinf—;t is
(a) 1/16 () 1/8
© 172 @1
If tan® = b/a, then b cos 20 + a sin 20 is
equal to
@ a ®) b
(c) bla (d) None

(a) sin4 sin B sin C + cos 4 cos B

<sinA4 sin B + cos 4 cos B [ sinC<1]

. sin A4 sin B sin C + cos A cos B < cos
A4-B)

= cosd-B)>1
= cosd-B)=1

[*." max. cos(A—B)=1]
= A-B=0 = A=B

[using given relation]

2
Then from given relation sinC = w =1
sin® A
(b) 6 € (0, 7/4) = tan® < 1 and cot6 > 1
So let tanf = 1 — X and cotd = 1 + pu, where A
and p are very small positive numbers.

40.

41.

42.

43.

cosB +sin6®

cosf —sin6

(a) sin 26 + cos 26 (b) tan 20 + sec 26

(c) cot 20 + cosec 20  (d) tan 20 + cot 26

sin 36° sin 72° sin 108° sin 144° is equal to
[IIT-1965]

(a) 1/4 (b) 1116

(c) 3/4 @ 516

If cosecO= p_+q, then cot (£+9) is

r—-q 4 2

equal to [EAMCET-2001]

(@ plq ®) Valp

© prq @D pg

If a, B, y, 8 are the smallest positive angles in
ascending order of magnitude which have their

sines equal to the positive quantity k, then the

value of 4sing + 3sinE + 2sinl + sin§ is
2 2 2 2

equal to

(@) 2J1-k b)) 2\1+k

(© 24k @ 2k+2

3.

TOPICWISE WARMUP TEST: SOLUTION

Then
L=1-M"*,=0-M""
=0+ h =01+

= ,>t>1>1,

27

c)cosa +cosp =——

© p 5
= 2cosa_+f)cosa__f)= _2
2 2 65

. . 21
sinot+sinf = -—
65



+p o a-p_ 21

.o
= 2s1nTcos—=

2 65
By squaring and adding, we get
4cos2a_ﬁ|_cosz(x+ﬁ+sinza+ﬁ]
2 | 2
_729+441
(65)
- 4cos2(x_B= 1170 _ 90 =E
2 65x65 5x65 65
:> Cosza__f):i
2 130
= cosa_B = 3

2 130

[ o ;B lies in the second quadrant]

. (b)cosa +cos2a+....+cos18a

16w 17n
COS——+COS——+COST
18 18

T 2
=COS—+COS— + .............—
18

2 T
COS— —COS—+COST =cos Tt =—1.
18 18

. (a) We have, cos 2(0 + ¢) — 4 cos (6 + ¢) sind
sin ¢ + 2 sin® ¢

Now, put 6=<|>=%

cos2 I —4cos il
2 2
sin| — i sin +2sin® 21t =0
4 4 4

Put © = ¢ = /4 in option (a). Then, cos
20=7/2=0

Hence, option (a) is correct.

. (b) tan0= sin®
cosO

2tan9

2
20

2

. 0 0
2sin—cos—
= tanO= 2 =
1—2sin25 1-tan

10.
11.

Test Your Skills F. 21

[ 0 / -1
Using sin—=
o 2
‘. cos9= 29 x+1 Z —and
2 2 2x
0 x-1
tan—=
L 2 x+1 i

tan® = /x* -1

Leto = n=6
65

. T
6 sin64—
LHS = S‘:‘? 6_1 n65
2°sinb 64 o T
. T
sin| 1——
1 ( ) 1
64 sin-® 64
65

[as sin(® — ) = sin 6]

(d) By squaring both sides of given relation,
we get

1+sin2x=1/4
= sin2x=-3/4

2tanx 3

l+tan’x 4
= 3tan’x+8tanx+3=0

_8++J64—
= tanx=#= —(4+ﬁ)/3
(¢) [log(tan1°) +log(tan89°)]
+[log(tan 2°) +log(tan 88°)] +... + log(tan 45°)

= [log(tan1°) +log(cot1°)]
+[log(tan 2°) +log(cot 2°) | +... +log1

=logl+logl+..+logl=0+0+...+0=0
(c) " log (sin90°) = 0. So exp. =0
(b)2ycos6=xsin®6 . )
2x secO — y cosecH =3
o XY 3

cosO sin6
= 2xsinb—ycosd=3sinfcos® .. )

1), (2)x=2cos 0,y =sin O
x*+ 42 =4cos®+4sin0=4
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12.

13.

14.

15.

16.

17.

(©) " 2cos80+1=2(cos?46-1)+1=4
cos?46 -1
=(2cos460-1)(2cos40+1) (D

Similarly, 2 cos 40 + 1 = (2 cos 26 — 1)(2 cos
20+ 1) ..(2)

2c0s20+1=Q2cosO-1)2cos6+1) ..(3)
M), (2), (3) > Exp. = (2 cos 40 - 1) (2 cos
20-1)(2cosb-1)

(d) sin 446 = cos 0

= sin 446 = sin(w/2 — 6)

= 446=7/2-6

= 06=m/90

tanl50 = tan /6 = 1/\/5

sinB sinC ]
+

cosB cosC

(a) tan 4 —[

_sin(B+C)
cosBcosC

=tanA

sin 4
=tan4d - ——
cos

[ cos BcosC =cosA]=0

(¢) sin(m cos x) = sin (g— Tsin x)

= cos= l—sinx
2
= sinx +cosx=1/2 =1 +sin2x =1/4
= sin2x=-3/4
(c) sino + sin’P + sin?y
_ tan’ B tan’y
l+tan’o 1+tan’p 1+tan’y

tan” o

LA A (x = tan’o, y = tan’p,

l+x 1+y 1+z

z = tan%)

(x+y+z2)+(xy+yz+2zx+2xy2)

+xy+yz+zx+xyz

A+x)(1+y)1+2)

=1+x+y+z+xy+yz+zx+xyz=1
(1+x)1+y)1+2)

(CCxytyztzze+2xyz=1)

(b) cos*® — sin*® = (cos?0 — sin’0)(cos?0 +
sin’0)
=cos 26 =2cos*0 - 1.

18.

19.

20.

21.

22.

23.

24.

25.

26.

(b) 3(cos*a + sin*o) — 2(cosbo. + sin‘a)

= 3(1 — 2sin%0. cos?a) — 2(1 — 3cos?a sin%0) = 1
(d) Since (a cos® + b sin 0)> + (a sinb — b
cos 0)* = a* + b?

(a sin® — b cos 0)* = a® + b* - ¢?

© M =2 . By componendo and
sinB 1

dividendo

tan(4+B) 3

we shall get
tan 4 2

(b) sin® 17.5 +sin* 72.5
=sin?17.5 +cos? 17.5 =1 =tan245°.

5sin0-3cos® Stan6-3

@ — =
sin6 +2cos6 tanO +2
[ Given that the 8 = 4/5]
20 3
5x(4/5)-3 5 _5
4/5+2 14 14
5

(dtan4 +tan B=2

= sindsinB=2cosA4cosB
cos(A—B)=3/5=cosAcosB +sin4
sin B

cos A cos B+ 2 cosAcosB=3/5
cosAcosB=1/5

cos (A + B)=cos A4 cos B—sin4 sin B
=cosAdcosB—2cosAcosB=-cosA
cos B=-1/5.

=
=

tan80°-tan10°  tan80°-tan10°
tan70° tan(80°-10°)
tan80° —tan10°
tan80° —tan10°
1+tan80°x tan10°

=1 + tan 80° x tan 10°
=1+tan80° x cot 80°=1+1=2.

©

(c) sin 44 — cos 44 = cos 24 — sin 24

By squaring both sides sin” 44 + cos®> 44 — 2
sin 44 cos 44

=sin%24 + cos?24 — 2 sin 24 cos 24

= 2sin44 cos44 =2 sinA cos 24

= cosdd=1/2 = tandd=+3

(e) x sin@ =y cos 6
x sin®0 + y cos®0 = sin6 cos 6



x sin 6.sin%0 + y cos*0 = sin6 cos O
y ¢0s0 (sin®0 + cos? 0) = sin6d cos O
y = sin from eqn. (1) x =cos 6
x*+y?=sin’0 + cos’0 = 1.

uguu

27. (d)cos 2x=-3/5=>2cos’x=-3/5+1=2/5

1
= cos’x=1/5= cosx=—.
J5

28. (d) sin 36 = sin® = sin 30 — sinf =0
= 2cos M sin M =0
2 2

2 ¢cos 20.sin6 =0

cos 20.sin6 =0
cos 20=0orsin6=0

uJul

T
cos 20 = COS(E or60=0,m, 2%

U

29:% or0=0, 7, 2%

nrw

= G=T or6=0, 7, 2%

3w 5t 7
4747 4
Total number of solutions = 7.

0=

>

.u|;|"

or6=0, 7 27

NG

29. (b) 114° 35’ 30"

o
So, 114°35'30" =(114l]

_(13680+71 °
120

(13751 22 Y
120~ 7x180

(302522
151200

= 2 radian

Test Your Skills F. 23

1° 1oy
30. (a) (sinZZE +cos225)

o

1° 1°y
sin?22— +cos*22—
2 2

1° 1°
+2sin22— cos22—
2 2

(1 + sin 45°)?

2
=[I+Lj
V2
=1+l+2><L
2

N7
=3+2J§

2
31. (d) (1+cos67%)(1+cos(180—67%))
1 1
=[1+cos67— || 1-cos67—
2 2
|
=[1-cos" 67—
2

1 [J§+1I

=sin’67—=
2

32. (c) sin24=

4tan2A-10tanA+4=0
4tan2A-8tan4 —2tanA+4=0
4tan A (tan4 -2)-2 (tan4 -2)=0
(4tanAd -2) (tan4 -2)=0

tanA=E=l andtanA4 =2
4 2

0<A<X th:%

o)

cos10°-sin10°

c0s10°+sin10°
_1-tanl0°
1+tan10°

33. (a)

= tan (45° — 10°) = tan 35°
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34. (d)
(@ sin2r=0 : sin(-2x)=-sin2x=0
(b) tan45 =tan(-315°)
tan 45° = —tan 315 = —tan (360 — 45)
tan 45° = tan 45°
(¢) cot(tan!0.5)=tan (cot™? 0.5) (inverse)

2.2
1 1
(d) tan (360 + 60) tan (—60)
tan 60 —tan 60
5x180 B+l
35. (b) sin =sin 75° =
®) ( 12 ) 22

% @ sm(i) _B-1 cos(i) 341
12) 22 12) 242

ot(%): ﬁj =2+\/§

T3>2>1

37. (a) Verify each option in the given equation to
get (a).

38. (b) sinisin3—ﬂsin5—1t

14 14 14

T 2 3n
=  COS—COS—COS—
7 7 7

T 2 4T
= —C0S—COS—COS—
7 7

7

. 87 . T

il sin—
__sm ; =_( 7)=_
8sinE 8sinE 8

7 7

39. (b) bcos 26 + asin 26

1-tan’6 (2+tan6)
=b — |+a
1+tan"6 1+tan26

bZ
1-—
b —al|va| 21y
b b
I+— 1+a—2

cosO+sin® cosO+sind

40. (b) X
cosO—sin® cosO+sin6
= M =sec20 +tan20
c0s20

41. (d) sin 36° sin 72° sin 108° sin 144°
5

2 2
=| =sin36°sin72° | =
2 16

= %(cos 36°—c0s108°)

)

4 4 4 16

42. () cos(£+9]
172

_\/l—sinﬁ_\/cosece—l
1+sin6 cosO+1

43. (b) Itis given that a, B, v, 3 are the smallest
positive angles in ascending order of mag-
nitude such that sin o = sin f = sin y = sin §
= k (positive quantity)

= P=n-a,y=2n+oand
8=3n-a
4sing+3sinE+2sinl+sin§
2 2 2 2

= 4sing+3cosg— 2sing—cosg
2 2 2 2

a . o
=2| cos—+sin—
( 2 2]

=241+sino = 2/1+k



QUESTION BANK

. IfsinB + sing = a and cosO + sind = b then tan

is equal to

) q

a’+b*

a) [———— b

(@) ‘/4—a2—b2 (b
a’+b’

C —_—

© Va+a+0°

sin* A -sin’B

4-a* b
a’ +b?
444’ +b’°

q) 214 7
@ a*+b?

- - is equal to
sinAcosA-sinBcosB

(a) cot(4—-B)
(b) cot(4 + B)
(c) tan(4 - B)
(d) tan (4 + B)

. The value of tan (-945°)
(@ -1
© -3

®) -2
@ -4

2 4T om .
cos—cos—cos— is equal to
7 7 7

@ 12 () 1/8
(c) 1/4 (d) None of these
. If tan6 = ¢ then tan 26 + sec 26 is equal to
1+¢ 1-¢
@ — ® —
1-¢ 1+¢
2t 2t
© — @ —
1-¢ 1+¢
sin70°+cos40° .
———— isequalto
c0s70° +sin40°
1
a) —— b) v3
@ 5 ®) 3
1
c) — d) 1
© 2 (CY)

. sin 163° cos 347° + sin 73° sin 167° is equal to
@) 0 ®) 172
©1 (d) None of these

. If sin 20 + sin 2¢ = 1/2, cos 26 + cos 2¢ =3/2
then cos*(0 — ¢) is equal to

(a) 3/8 (b) 5/8

(c) 3/4 @) 5/4

10.

11.

12.

13.

14.

Test Your Skills F. 25

If the sin x + sin® x = 1 then the value of cos!?
x +3cos® x + 3cos®x + cos®x—21is

@ 0 () 1
© -1 @ 2
If tan x=£ then /a+b+ fa_b is equal to
a a-b a+b
) 2sinx ) 2cosx
Vsin2x \Jecos2x
2cosx 2sinx
¢) ——= @
Vsin2x \Jecos2x

In any triangle ABC, sin® §+ sin’ g +sin® %
is equal to
(@) 1-2sin ﬁsmésing
2 2 2
(b) 1 -2cos écosgcosg
2 2 2
() 1-2cos écosgsing
2 2 2
(d) 1-2sin écosécosg
2 2 2
If A, B, C are angles of a triangle, then sin 24
+ sin 2B — sin 2C is equal to
(a) 4 sind cosB cosC
(b) 4 cosA cosB cosC

(¢) 4 cosA cosB sinC
(d) 4 sin4 sinB cosC

The value of sin%. sin3—n‘ sins—n‘ sin7—nis

16 16 16
V2 1
€)) 1 ®) r
1 2
© T @ 3

If 2 cosb =x+l and 2 cosd =y+l then
y

x
2 cos(0 + ¢) is equal to

1

@ “+ ® xy-—-
© 9o @ 2-x
xy Xy
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15.

16.

17.

18.

19.

20.

21.

22.

23.

In equation sin x + cos x = 1 value/values of x
is/are

T
@ 0 (®) 3

T T
¢c) 0,— d) 0,— =«

© 5 (O 5

3(sin x — cos x)* + 6(sin x + cos x)* + 4(sin’ x +
cos® x) is equal to

(a) 11 ) 12

(c) 13 @) 14

The value of the expression /3 cosec 20° —
sec 20° is equal to
(@ 2

(© 4

(b) 2 sin 20°/sin 40°
(d) 4 sin 20°/sin 40°
The general values of 0 satisfying the equa-
tion 2sin?0 — 3sin6 —2 =0 is

(@) nt + (-1)"w/6 () nt+ (-1)"w/2
(©) nm + (=1)"5m/6 (d) nm + (1) Tr/6

Ifo + p=m/2 and B + A = o then tan o equals
(a) 2 (tan P + tan L)

(b) tan B + tan A

(c) tanpP+2tan )

(d) 2 tan B + tanA

The number of integral values of k for which
the equation 3 cos x + 5sinx =2k + 1 has a
solution is
(@ 4
© 6

) 8
@ 12

Given both 0 and ¢ are acute angles and

sin6® =l, cos¢ =§, then the value of 6 + ¢

T T T 2%
@ (53] o (3]

2n 5w S5t
(°)(3’6] (d)(é’“]
cos(at — ) =1 and cos(a. + B) = 1/2 where a.,
B €[- =, ] pairs of a, f which satisfy both the
equations is/are
(@) 0
(©) 2

The number of values of x in the interval [0, 4]
satisfying the equation 3 sin? x — 7sinx + 2 =0 is
(a) 4 ®) 5

) 6 (d) None

belongs to

® 1
@4

24.

25.

26.

27.

28.

29.

30.

31.

If cos(a + B) =g, sin (o0 — B) =% and o, B

lies between 0 and E, then tan 2o is equal to
(a) 56/33 (b) -16/33
(c) 4718 (d) 19/24

sin a sin f —cos a cos fp + 1 = 0, then the
value of 1 + cot a tan B is equal to

(@ -1 (b) -2
©1 @0
If 3 tan® tan ¢ = 1, then the value of
cos(0-9) .
—— s
cos(0 +)
(@ -2 (b1
(© -1 @ 2
If (1 +tan a) (1 + tan 4a) = 2, a0 €(0, ©/16)
then o is equal to
T T
a) — b) —
@ 0 (b) %
T T
c) — d) —
© 40 @ 60
The number value of tan§+ 2tan23—7t
+4tan43—7t+8tan8?1t is equal to
@ -5\3 (®) >
2) _ -
NE)
5
c 5\/5 d) —
© (d NG
If seco — 1= (ﬁ—l) tan O, then 6 is equal to
(@ Qn-D= (b) 2n1t+§
T T
c) 2nm-— d) 2nw+—
© 2 (d 3
If é sin O, cos 0, tanO are in G.P, then 0 is
equal to
T T
a) 2nwt— b) 2nwtt—
@ 3 (b) G
© nr+(-1Z (d nn+Z
3 3
General solution of the equation tanf + tan 46

+ tan 76 = tanf tan 46 tan 70 is
(@) 6 =nn/12, where neZ
(b) 6 =nn/9, where neZ



32.

33.

34.

35.

36.

37.

(¢) 6 =nn +n/12, where neZ
(d) None of these

Total number of solutions of tan x + cot x =2
cosec x in [— 27, 27] is equal to

(@ 2 (b) 4
© 6 @8
tan (p—n)=cot(ﬂ) if
4 4
@p+qg=0 ®p+tg=2n+1
© p+tqg=2n @p+qg=22n+1)

A man from the top of a 100 m high tower
sees a car moving towards the tower at an
angle of depression of 30°. After some time,
the angle of depression becomes 60°. The
distance (in metres) travelled by the car daily
this time is

(@ 1003 ) 2003
3
© @ (d) 20043

A tower stands at the centre of a circular park.
A and B are two points on the boundary of the
park such that AB (= a) subtends an angle of
60° at the foot of the tower and the angle of
elevation of the top of the tower from 4 or B
is 30°. The height of the tower is

@ 2a\3 (b) %

© a3 @ %
acotA + bcotB + cot C is equal to
(@ r+R ) r—R
©) 2(r +R) @ 2(r-R)

Angle of elevation of a tower from place A
which is due south of the tower is o and from
another place B due west of 4 is [ then height
of tower is not equal to

AB

@) ————
Jeos*B—cos’a
ABsinasin
® 2—?
4/sin’a —sin’f
ABtanotan
(o) ~Blanatanp
JJtan’ o —tan* B

ABcosocosf

Jsin(oc +B)sin(a. - B)

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.
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If in a AABC, tan A + tan B + tan C has the
value 6 then the value of cot A. cot B. cot C is

equal to
(@ 6 ®1
(©) 1/6 (d) None of these

If cosecO —cotb = %, 0<0< g, then cos6 is

equal to
(@ 5/3 ®) 3/5
(c) -3/5 d) =573

The roots of the equation 4x”>-2+/5x+1=0
are

(a) cos 18°, cos 36°
(c) sin 18°, cos 36°

(b) sin 36°, cos 18°
(d) sin 36°, sin 18°

Iftan A — tan B = x and cot B — cot A =y, then
cot (4 — B) is equal to

1 1 1 1
@ —-= ® —+—
Xy Xy
1 1
) ——— (d) None of these
y x

The number of distinct value of 6 satisfying
0 £ 6 < 7 and satisfying the equation sin® +
56 = sin 30, is

(a) 6 (b) 7

(c) 8 @9

If H is the orthocentre of AABC, then AH is
equal to

(a) ccotd (b) b cotd

(c) acotB (d) acot4

In AABC, bcos2%+ccoszg is equal to

(@) 3s (b) 2s
© s (d) None of these

If the radius of the incircle of a triangle with
its sides 5k, 6k and 5k is 6, then k is equal to
@ 3 (b) 4

©5 @6

The equations of the internal bisector of
ZBAC of AABC with vertices A(5, 2), B(2, 3)
and C(6, 5) is

(@ 2x+y+12=0
(©) 2x+y-12=0

b)) x+2y-12=0
(d) None of these

If the orthocentre and centroid of a triangle
are (-3, 5) and (3, 3) respectively then the
circumcentre is
@ 0.4
© 0.8

®) (6,-2)
@ 6.2)
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48.

49.

50.

51

52.

53.

54.

If a, ¢, b are three terms of a G.P., then the line

ax +by +¢c=0

(a) has a fixed direction

(b) always passes through a fixed point

(c) forms a triangle with the axes whose area
is constant

(d) always cut intercepts on the axes such that
their sum is zero.

A line through the point A(2, 0), which makes
an angle of 30° with the positive direction of
x-axis is rotated about A4 in clockwise direc-
tion through an angle 15°. The equation of the
straight line in the new position is

@ (2-3) x-y-4+23=0
®) 2-B) x+y-4+2J3=0

(©) 2=3) x—y+4+ 23=0
(d) None of these

A rectangle has two opposite vertices at the
points (1, 2) and (5, 5). If the other vertices lie
on the line x = 3, then the coordinates of the
other vertices are

(a) (3> _1)> (3> _6)

(®) (3,1),G,5)

© (,2).6,6)

@ 3,1),6,6)

Ifthe linesax + 12y +1=0,bx+ 13y +1=0
and cx + 14y + 1 = 0 are concurrent, then a, b,
c are in
(a) HP.
() AP

®) GP
(d) None of these

The base of a triangle lies along the line x = a
and is of length a. The area of the triangle is
a?, if the vertex lies on the line

(@) x=0

() x=-a
() x=3a
(d) x=-3a

If 3sinb + 5cos6 = 5, then the value of |5sinf
—3cos 0| is
(@ 3
(O

(b) -3
(d) =5

The number of value of x in [0, 2 «] satisfying

the equation |cos x — sin x| 2 V2, is

55.

56.

57.

58.

59.

@ 0
©2
If the sides of a right-angled triangle are in

A P, then tangents of the acute angles of the
triangle are

1
3_
(c)\/',\/g

® 1
@3

w |

>

Slw

@

Ina AABC, let £C =£ If » is the inradius

and R is the circumradius of the triangle, then
2(r + R) is equal to
(@ a+b
(©)c+a

®) b+ec
@a+b+ec

If p,. p,, p, are the perpendiculars from the

angular points of a triangle on the opposite

sides, then L+L+L is equal to
b P, Ps

2

@ ® -

B

(©) (d) None of these

N |Wwy |-

An aeroplane flying at a height of 300 metres
above the ground passes vertically above
another plane at an instant when the angle
of elevation of the two planes from the same
point on the ground are 60° and 45° respec-
tively. Then the height of the lower plane from
the ground is (in metres)

100
10043 b) —

(a) 10043 ®

() 50 (@) 150(+/3 +1)

Ifinatriangle ABC cos’4 + cos’B + cos’C =1,
then the triangle is always

(a) right angled

(b) acute angled

(c) obtuse angled

(d) equilateral triangle
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60. Consider a triangle POR with P = (0, 0), O = | Instructions for questions 63 to 65
(@, 0), R = (0, b). Then the centroid, orthocen- Each question has 4 choices (a), (b), (¢) and (d), out
tre and circumcentre . .
of which only one is correct.
(a) lie on a straight line o .
| (a) Assertion is True, Reason is True and Reason
(b) form a scalene triangle with area — |ab| is a correct explanation for Assertion.
2 (b) Assertion is True, Reason is True and Reason
(c) form a right angled triangle with area is not a correct explanation for Assertion.
1 b (c) Assertion is True, Reason is False
2 lad] (d) Assertion is False, Reason is True
(d) None of these 63. Assertion: The values of 6 for which
1-isin6® . | Lthen 6 <2 3n
61. The general value of 6 satisfying cot = -3 1+icosO 18 purely real then © = ann +Tor
T
and cos® =_3 is 9=2nﬂ—z wheren € Z
2
Reason: If sin® cosO = 2, then there does not
T T .
(@) nm+ 3 (b) nmn—- 3 exist any 0.
. - 64. Assertion: cos 1 <cos 7
(©) 2nm *e (@ 2nm 5 Reason: 1 <7
65. Assertion: The minimum value of 27¢°s> 8] 52
62. The number of solutions of sin2x + cosdx = 2 is ——
in the interval (0, 27) is 243
@) 0 ®) 1 Reason: The minimum value of acos® + bsin®
© 2 (d) infinite is —Va’+b’
ANSWERS
PART A Worksheet: To Check The Preparation Level
LECTURE 1 1. (d) 5. (b) 9. (d) 13. ()
Worksheet: To Check The Preparation Level 2. (b) 6. (©) 10. () 14. ()
3. (©) 7. (d) 11. (a) 15. (a)
1. (@) 5.(b) 9. (@ 13. (a) 4. (d) 8. (a) 12. (a)
2. (a) 6. (¢) 10. (b) 14. (¢)
3. () 7. (¢) 11. (b) 15. (¢)
4. (b) 8. (¢) 12. (b) LECTURE3
Unsolved Objective Problems (ldentical
LECTURE 2 Pr?blems For Practice) For Improving Speed
With Accuracy
Unsolved Objective Problems (Identical Problems 1. (©) 6. (b) 11. (a) 16. (b)
For Practice) For Improving Speed With Accuracy 2. @ 7. (b) 12. (@) 17. @
1. (d) 4. (b) 7. (©) 10. (d) 3. (a) 8. (©) 13. (b) 18. (c)
2. (b) 5. (¢) 8. (b) 11. (b) 4. (b) 9. (c) 14. (a)
3. (©) 6. (©) 9. (©) 5. (©) 10. (a) 15. (d)
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Worksheet: To Check The Preparation Level

1. (a) 5. (¢) 9. (a) 13. (¢)

2. (d) 6. (d) 10. (d) 14. (a)

3. () 7. (b) 11. (d) 15. (©)

4. (a) 8. (d) 12. (b)
LECTURE 4

Unsolved Objective Problems (Identical Problems
For Practice) For Improving Speed With Accuracy

1. (a) 4. (d) 7. 10. (@)
2. (¢) 5. (a) 8. (d) 11. (a)
3. (a) 6. (¢) 9. (d)

Worksheet: To Check The Preparation Level

1. (a) 6. (¢) 11. (a) 16. (b)
2. (a) 7. (0) 12. (b)
3. (b) 8. (¢) 13. (b)
4. (b) 9. () 14. (¢)
5. (a) 10. (b) 15. (b)

LECTURE 5

Unsolved Objective Problems (Identical Problems
For Practice) For Improving Speed With Accuracy
1. (a) 4. (¢) 7. (a)
2. (¢) 5. (¢)
3. (a) 6. (b)

Worksheet: To Check The Preparation Level

1. (a) 4. (b) 7. (a)

2. (¢) 5. (d) 8. (a)

3. (©) 6. (a) 9. (b)
LECTURE 6

Unsolved Objective Problems (Identical Problems
For Practice) For Improving Speed With Accuracy

1. (b) 6. (b) 11. (d) 16. (¢)
2. (a) 7. (¢) 12. (¢) 17. (b)
3. (a) 8. (a) 13. (¢) 18. (¢)
4. (a) 9. (b) 14. (d) 19. (o)
5. (d) 10. (¢) 15. (¢)

Worksheet: To Check The Preparation Level

1. (b) 5. (b) 9. (a) 13. (b)

2. (a) 6. (b) 10. () 14. (¢)

3. (b) 7. (b) 11. (a) 15. (a)

4. (a) 8. (d) 12. (¢)
LECTURE 7

Unsolved Objective Problems (Identical
Problems For Practice) For Improving Speed
With Accuracy

1. (c) 4. (c) 7. (a) 10. (b)
2. (a) 5. (a) 8. (d)
3. (a) 6. (a) 9. (b)

Worksheet: To Check The Preparation Level

1. (b) 4. (c) 7. (a)
2. (b) 5. (b) 8. (d)
3. (b 6. (c) 9. (b)
PART B
LECTURE 1

Unsolved Objective Problems (ldentical Problems
For Practice) For Improving Speed With Accuracy

1. (c) 8. (b) 15. (a)  22. ()
2. (b) 9. (b) 16. (b)  23. (a)
3. (a) 10. (a) 17. (b)  24. (b)
4. (a) 11. (a) 18. (&)  25. (a)
5. (a) 12. (b) 19. (&)  26. ()
6. (b) 13. (d) 20. (c)

=

(@) 14. (¢) 21. (c)

Worksheet: To Check The Preparation Level

1. (c) 9. (d) 17. (a) 25. (d)
2. (d) 10. (a) 18. (a) 26. (a)
3. (0 11. (c) 19. (©) 27. (¢
4. (b) 12. (b) 20. d)  28. (a)
5. (b) 13. (¢) 21. (a) 29. (d)
6. (b) 14. (a) 22. (b)  30. (b)
7. (b) 15. (¢) 23. (d)

8. (d) 16. (a) 24. (a)
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PART C PARTE
LECTURE 1 LECTURE 1
Unsolved Objective Problems (Identical Unsolved Objective Problems (Identical Problems
Problems For Practice) For Improving Speed With For Practice) For Improving Speed With Accuracy
Accuracy 1. (b) 6. (b) 1. (b)  16. (b)
1. (b) 8. (b) 15. (a) 22. (0 2. (a) 7. (b) 12. (b) 17. (¢)
2. (b) 9. (d) 16. (a) 23. (a) 3 (@) 8. (d) 13. (b) 18. ()
i‘ Eb; 11‘1) S; i; g)) 4 (0 9.(d) 14.(c)  19. (2
. (a . .
5 @ 12 (© 1. © 5. (b) 10. (d) 15. () 20. (c)
6. (d) 13. (a) 20. (0) Worksheet: To Check The Preparation Level
7. (b) 14. (b) 21. (¢) 1. (@) 4. (b) 7. (¢) 10. (a)
. 2. (b) 5. () 8. (b)
Worksheet: To Check The Preparation Level 3. () 6. (¢) 9. (b)
1. (b) 5. (d) 9. (b) 13. (@)
2. (d) 6. (b) 10. (a) 14. (¢) PART F
3. (@) 7. (c) 11. (¢) 15. (c)
4. (b) 8. (c) 12. (b) LECTURE 1
Question Bank
2. (@) 19. (c) 36. (b) 53. (¢)
Unsolved Objective Problems (Identical Problems 3. (a) 20. (c) 37. () 54. (b)
For Practice) For Improving Speed With Accuracy 4. (b) 21. (b) 38. (b) 55. (d)
1. (a) 7. (a) 13. (b) 19. (d) 5. (@ 22. (& 39. (d) 56. ()
2. (d) 8. (¢) 14. (d) 20. (a) 6. (b) 23. (¢) 40. (a) 57. (¢)
3. (© 9. (a) 15. (b) 21. (a) 7. (b) 24. (a) 41. (b) 58. (a)
4. (d) 10. (d) 16. (c) 22. (¢) 8. (b) 25. (d 42. (b) 59. (@
5. (¢) 11. () 17. (b) 9. (©) 26. (d) 43. (b) 60. (a)
10. (b) 27. (a) 44. (b) 61. (d)
6© 12@ 1B 1L (a)  28.(a) 45 (c) 62 (a)
Worksheet: To Check The Preparation Level g g; ;z S:; :g Ezg gi gg
2. (b) 6. (a) 10. (a) 14. () 15. (¢) 32.00 4. (0
3. (b) 7. (b) 11. (¢) 15. (d) 16. (c) 33. (d) 50. (a)
4. (a) 8. (¢) 12. (d) 17. () 34. (b) 51. ()



