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Preface

TRIGONOMETRY BOOSTER with Problems & Solutions for JEE Main and Advanced is meant for aspirants preparing for the
entrance examination of different technical institutions, especially NIT/IIT/BITSAT/IISc. In writing this book, I have drawn
heavily from my long teaching experience at National Level Institutes. After many years of teaching I have realised the need
of designing a book that will help the readers to build their base, improve their level of mathematical concepts and enjoy the
subject.

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has five
chapters. Each chapter has the concept booster followed by a large number of exercises with the exact solutions to the problems
as given below:

Level - 1 : Problems based on Fundamentals

Level - II : Mixed Problems (Objective Type Questions)
Level - III : Problems for JEE Advanced Exam

Level - IV . Tougher Problems for JEE Advanced Exams
0......9) . Integer type Questions

Passages : Comprehensive Link Passages

Matching : Matrix Match

Reasoning 1 Assertion and Reason

Previous years papers : Questions asked in Previous Years’ [IT-JEE Exams

Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. So
please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are confident
in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually require advanced
thinking.

I hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type of
problem easily and skilfully.

My special thanks goes to Mr. M.P. Singh (IISc. Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B. Tech.),
Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Igbal, who have helped, inspired and motivated me to accomplish this task. As
a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most for writing this
book.

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with
patience my neglect during the period I remained devoted to this book.

I also convey my sincere thanks to Mr Biswajit Das of McGraw Hill Education for publishing this book in such a beautiful
format.
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I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and to all my
learned teachers— Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, who instilled
the value of quality teaching in me.

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions toward
the improvement of the book.

Rejaul Makshud
M. Sc. (Calcutta University, Kolkata)
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CONCEPT BOOSTER

1.1 InTRODUCTION

Trigonometry (from Greek trigonon “triangle” + metron
“measure”) is a branch of mathematics that studies triangles
and the relationships of the lengths of their sides and the an-
gles between those sides.

Trigonometry defines the trigonometric functions, which
describe those relationships and have applicability to cyclical
phenomena, such as waves. This field, evolved during the
third century BC as a branch of geometry, was used exten-
sively for astronomical studies. It is also the foundation of the
practical art of surveying.

Trigonometry basics are often taught in school either as a
separate course or as part of a pre-calculus course. The trigo-
nometric functions are pervasive in parts of pure mathemat-
ics and applied mathematics such as Fourier analysis and the
wave equation, which are in turn essential to many branches
of science and technology.

1.2 MEASUREMENT OF ANGLES

1. Angle: The measurement of an angle is the amount of
rotation from the initial side to the terminal side.

2. Sense of an Angle: The sense of an angle is +ve or
—ve based on whether the initial side rotates in the anti-
clock-wise or clockwise direction to get the terminal
side.

0 A A
Positive angle

The Ratios and Identities

—ve angle
) C
20

D

3. System of measuring angles
There are three systems of measuring angles such as
(1) Sexagesimal system
(i) Centisimal system
(iii) Circular system
4. In sexagesimal system, we have
1 right angle = 90°
1°=60"
1" =60"
5. In centasimal system, we have
1 right angle = 100¢
1£= 100
1”=100"

6. In circular system, the unit of measurement is radian
Radian: One radian is the measure of an angle sub-
tended at the centre of a circle by an arc of length equal
to the radius of the circle.

Here, ZAOB = 1 radian = 1°.
B

A

Notes
(1) When an angle is expressed in radians, the word ra-
dian is omitted.
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(ii) Since 180° = zradian = (
radian

(iii) 1 radian = 180° _ (@ X 7) =57°16"22"
G2 22

™~ 180) radian = 0.01746

(iv) The angle between two consecutive digits is 30°

(Eradians)
6

(v) The hour hand rotates through an angle of 30° in one

hour (i.e. (%) in one minute)

(vi) The minute hand rotates through an angle of 6° in
one minute.

(vii) The relation amongst three systems of measurement
of an angle is

D _G _2R
90° 100 ~m
(viii) The number of radians in an angle subtended by an
arc of a circle at the centre is —,1.e., 0= il
adius r

1.3 TriconomeTRICAL RATIOS

1.3.1 Definitions of Trigonometric Ratios

C
h p
0
A b B
h
1. sin 6=£ 2. cosec 0= —
h p
3. cos 6:2 4. sec Ozﬁ
h b
5. tan9=£ 6. cot9=2
b p

1.3.2 Signs of Trigonometrical Ratios

The signs of the trigonometrical ratios in different quadrants
are remembered by the following chart.

sin and cosec are
+ve and rest are
-ve

All t-ratios are
+ve

tan and cot are cos and sec are
+ve and rest are +ve and rest are
-ve -ve

It is also known as all, sin, tan, cos formula.

Trigonometry Booster

1.3.3 Relation between the Trigonometrical
Ratios of an Angle

Step-I: (i) sin 6 - cosec 6 =1
(i) cos 0-sec 6 =1
(iii) tan 6- cot 6 =1
Step-II: (i) tan 0 =19
cos O
(i) cotg=S252
sin 6

Step-III: (i) sin 6 cosec =1
(i1) cos B-sec 6=1
(iii) tan O-cot =1
Step-IV: (i) sin’> O+ cos’ 0=1
(ii) sec’0=1 +tan’> 0
(iii) cosec’ =1+ cot* O
Step-V: Ranges of odd power t-ratios
(i) -1 <sin”*! 6, cos** 1 0< 1
(i) —eo<tan®*! @, cot*! @< oo
(iii) cosec™*! @, sec” "' 6> 1
cosec” 1 @, sec” 1 < -1
wherene W
Step-VI: Ranges of even power t-ratios
(i) 0<sin* 6, cos”0< 1
(i) 0<tan’ 6, cot™ B<oo
(iii) 1 <cosec? B, sec” @< oo

where n e N

1.4 LimITS OF THE VALUES OF
TriconomETRICAL FUNCTIONS

1. -1<sinfB<1

2. -1<cos 0<1

3. cosec 021 and cosec < -1
4. sec0=>1andsec <1

5. —o<tan < oo

6. —o<cot O<oo

1.5 Sien oF TriconomETRIC RATIOS

(E) Rotation
90

P
180 (A 0, 360
\

270
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-270

—-180 K\
N

0,-360

-90

1.6 T-ramios oF THE ANGLE (—0), IN
Terms oF 6, For ALL VALUES OF O

1. (i) sin(—6)=-sin 6
(i) cos (-8)=cos O
(iii) tan (—6) =—tan 6
(iv) cosec (—8) =—cosec O
(v) sec(-0)=sec 6
(vi) cot(—60)=-cot 6

1.7 T-ra1i0S OF THE DIFFERENT ANGLES IN
Terms ofF O, For ALL VALUES oF O

2. (i) sin(90—6)=sin(90°x 1 - 6)=cos O
(i1) sin (90 + 6) =sin (90° X 1 + 6) = cos O
(i) sin (180 — ) =sin (90° X2 — 6) =sin O
(iv) sin (180 + 8) = sin (90° X 2 + 6) = —sin 6
(v) sin (270 — 6) =sin (90° x 3 — 6) =—os O
(vi) sin (270 + 6) =sin (90° X 3 + 6) =—cos O
(vii) sin (360 — 6) =sin (90° x4 — 6) = —sin O
(viii) sin (360 + 6) = sin (90° x 4 + 6) = sin O
3 (1) cos (90—6) =cos (90°x 1 — ) =sin 6
(i) cos (90 + 6) =cos (90° x 1 + ) =—sin O
(ii1) cos (180 — 6) =cos (90° x 2 — 8) =—cos 0
(iv) cos (180 + 6) =cos (90° x 2 + 6) = —cos 6
(v) cos (270 — 6) = cos (90° X 3 — 6) = —sin 6
(vi) cos (270 + 6) =cos (90° x 3 + 6) =—sin O
(vii) cos (360 — 6) = cos (90° x4 — 0) =cos O
(viii) cos (360 + 6) = cos (90° x 4 + 8) = cos 6.
4. (i) tan (90 —6) =tan (90°x 1 — 68) =cot O
(i1) tan (90 + 6) = tan (90° X 1 + 6) = —cot 6
(iii) tan (180 — 6) =tan (90° X 2 — 6) =—tan 0
(iv) tan (180 + 6) =tan (90° X2 + @) =tan 6
(v) tan (270 — ) = tan (90° X 3 — 6) = cot 6
(vi) tan (270 + 6) =tan (90° x 3 + 6) = —cot 0
(vii) tan (360 — 6) = tan (90° X 4 — 6) = —tan 6
(viii) tan (360 + 6) =tan (90° x 4 + 6) = tan 6

1.3

of the T-ratio is determined by the All — Sin — Tan —
Cos formula.

2. If O be associated with an odd multiple of 90 by +ve
or —ve sign, then the T-ratios is altered in form (i.e.,
sine becomes cosine and cosine becomes sine, tan-
gent becomes cotangent and conversely, etc.) and the
sign of the ratio is determined as in the previous para-
graph.

3. If the multiple of 90 is more than 4, then divide it by
4 and find out remainder. If remainder is 0, then the
degree lies on right of x-axis, if remainder is 1, then
the degree lies on the +ve y-axis, if remainder is 2,
then the degree lies on —ve of x-axis and if the re-
mainder is 3, then the degree lies on the —ve of y-axis

respectively.

1.8 GraprH oF TriconomETRIC FuncTiONS

Note: All the above results can be remembered by the
following simple rule.

1. If 8 be measured with an even multiple of 90° by + or

— sign, then the T-ratios remains unaltered (i.e., sine

remains sine and cosine remains cosine, etc.) and

treating 6 as an acute angle, the quadrant in which the

associated angle lies, is determined and then the sign

1. Graph of f{x) =sin x

Characteristics of Sine Function
1. Itis an odd function, since sin (—x) = —sin x
. It is a periodic function with period 27

[\

3. sinx=1= x=(4n+l)%,ne 1
4, sinx=0=x=nmnel

5. sinx=-1= x=(4n—l)§,ne 1

Graph of f{x) = cos x

Characteristics of cosine function

It is an even function, since cos (—x) = cos x
It is a periodic function with period 27.
cosx=1=x=2nm,nel

BB

cosx=0=>x= (2n+1)%,nel

5. cosx=-1=>x=Q2n+r,nel
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3. Graph of f{x) =tan x

Y

]

Y

Characteristics of tangent function
It is an odd function, since tan (—x) = —tan x

1.
2.

It is a periodic function with period 7

3 tanx=1= x=(4n+l)%,ne I

4.
3.

tanx=0=>x=nm,nel

tanx=—1=x= (4n—1)%,ne I

4. Graph of f{x) = cot x

VNN

Y

Characteristics of cotangent function
It is an odd function, since cot (—x) = —cot x

1.
2.

3.

4.

5.

It is a periodic function with period 27

cotx=1= x=(4n+1)%,ne 1
/4
cotx=0=>x= (2n+1)3,ne 1

cotx=—1=x= (4n—1)%,ne I

Graph of f{x) = sec x

LN

Y/

Characteristics of secant function

Nh Wb =

It is an even function, sec(—x) = sec x
It is a periodic function with period 27
sec x can never be zero.
secx=1=x=2nm,nel
secx=—1=x=0Q2n+1)m,nel

Trigonometry Booster

Graph of f{x) = cosec x

Y
VIV V.
______ e B T DL
X< A L N Ly
5 / \ /IO \\\ /
AT
Y

Characteristics of co-secant function
1. It is an odd function, since
cosec (—x) = —cosec x
. It is a periodic function with period 27

. cosecx=1= x=(4n+l)§,ne 1

2
3
4. cosec x can never be zero.
5

.secx=-1= x=(4n—1)%,ne 1

1.9 T-ramios oF Compounp ANGLES

1.11 Definition

The algebraic sum or difference of two or more angles is
called a compound angle such as
A+B,A-B,A+B+C,A+B-C,etc.

1.9.1 The Addition Formula
1. sin(4+ B)=sin A4 cos B+ cos 4 sin B
2. cos (4 + B)=cos A cos B—sin A4 sin B
tan 4 +tan B

3. tan(4+B)=——
l1—tan A-tan B

1.9.2 Subtraction Formulae

1. sin (4 —B)=sin A4 cos B—cos 4 sin B
2. cos(4—B)=cos AcosB+sinAdsinB
tan A —tan B

3. tan(d-B)=—"—"—
an ( ) 1+ tan A4 tan B

1.10 Some ImporTANT DEDUCTIONS

Deduction 1
sin (4 + B) sin (4 — B)
= sin? 4 — sin®> B = cos® B — cos’ 4
Proof: We have sin (4 + B) sin (4 — B)
= {sin 4 cos B + cos A4 sin B}
X {sin 4 cos B —cos 4 sin B}
= {sin’ 4 cos’* B — cos’4 sin* B}
{sin’4 (1 —sin* B) — (1 — sin’4) sin? B}
= {sin’4 — sin’4 sin’ B — sin’* B — sin* 4 sin’ B
=sin’ 4 —sin* B
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=(1-cos*4) — (1 — cos*B)
= cos? B —cos? 4
Deduction 2
cos (4 + B) cos (A—B)
= cos?A4 — sin* B = cos* B —sin’ 4
Proof: We have, cos (4 + B) cos (4 —B)
= {cos 4 cos B + sin 4 sin B}
% {cos 4 cos B —sin 4 sin B}
= {cos’4 cos’ B —sin* 4 sin* B}
= {cos?’4 (1 —sin’ B) — (1 — cos? 4) sin* B}
= {cos’4 — cos?’4 sin* B — sin’ B + cos? 4 sin* B}
=cos’ 4 —sin* B
Deduction-3
cotAcotB -1

cot(4+B)=
cotB +cot A

Proof: We have, cos (4 + B)
_cos(4+B)
sin (4 + B)

_ cos Acos B—sin Asin B

sin A cos B + cos A sin B

cos Acos B sin Asin B
sin Asin B sin Asin B
~sin Acos B cos Asin B
sin Asin B sin Asin B
_cot Acot B—1
~ cot B+ cot 4
Deduction 4
_cotdcotB+1
cot (4 -B)= cotB—cotA
Proof: We have, cot (4 — B)
_cos(4A-B)
" sin(4-B)

_ cos Acos B +sin Asin B
sin A cos B —cos Asin B

cos Acos B sin Asin B
sin Asin B sin Asin B
~sin Acos B cos Asin B
sin Asin B sin Asin B
_cot Acot B+1
"~ cot B—cot A

Deduction 5
sin(A+B+ ()
=cos A cos Bcos C
(tan 4 + tan B + tan C —tan A4 tan B tan C)

Proof: We have sin (4 + B+ C)
=sin (4 + B) cos C+ cos (4 + B) sin C
= {sin4 - cos B+ cos 4 -sin B} cos C
+ {cos 4 cos B —sin A sin B}sin C

1.5

=sinAd-cosB-cosC+sinB-cosd-cosC
+sin C-cosAcosB—sinA-sinB-sin C
=cos A4 -cos B-cos C[tan 4 +tan B + tan C]
—tan 4 - tan B - tan C]

Deduction 6
cos(4+B+C)
=cos A cos Bcos C
X [1 —tan 4 tan B — tan B tan C —tan C tan A4]

Proof: We have, cos (4 + B+ (C)
=cos(A+ B)cos C—sin(4+ B)sin C
= {cos 4 cos B —sin 4 sin B}cos C
—{sin 4 cos B + cos 4 sin B}sin C
=co0s 4 cos B cos C—sin 4 sin B cos C
{—sin 4 sin C cos B — cos A4 sin B sin C}
=cos 4 cos B cos C
X [1 —tan A tan B —tan B tan C —tan C tan A4]

Deduction 7
tan (A+B +C)
_sin(4+B+C)

cos(A+B+C)

cos A cos B cosC
(tan 4 + tan B + tan C — tan 4 tan B tan C)

cos A cos B cosC
(I —tan 4 tan B — tan B tan C — tan C tan A)

Proof: We have, tan (4 + B + C)
_sin(4+B+C)
_cos(A+B+C)

cos A cos B cos C {tan 4+ tan B
_ +tan C —tan A4 tan B tan C}
_cosAcosBcosC{l—tanAtanB

—tan B tan C —tan C tan A}

1.11 TransrormaTiON FORMULAE

1.11.1 Transformation of Products into Sums or
Differences

1. 2sin A4 cos B=sin (4 + B) +sin (4 — B)
2. 2cosAsin B=sin (4 + B)—sin (4 — B)
3. 2cosd cos B=cos (4+ B)+cos(4—B)
4. 2sin A4 sin B=cos (4—B)—cos (4 + B)
1.11.2 Transformations of Sums or Differences
into Products
1. sin C+sin D=2 sin C+DcosC;D
2. sinC—sin B =2 cos C+DsinC;D
3. cos C+cos D=2 cos C+DcosC;D
C+D C-D

4. cosC—tan D=-2sin

sin

2
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1.12 MourtiPLE ANGLES

1.12.1 Definition

An angle is of the form n4, n € Z, is called a multiple angle
of A. Such as 24, 34, 44, etc. are each multiple angles of 4.

1.12.2 Trigonometrical Ratios of 2A in Terms
of t-ratio of A
1. sin24=2sin A cos 4
2. cos24=cos* 4 —sin* 4
=2cos’4—-1=1-2sin%4

2 tan A
3. tan24= ————
I—-tan” 4

1.12.3 T-ratios of Angle 2A

4. sin24 = ﬂ,
1+tan” 4

2
5. cos24 = w
1+tan“4

6. 1 —cos24=2sin’4,
7. 1+ cos24=2cos*4

8. tan A = ﬂ,
1+ cos 24
9. tand = 1260824
sin 24
1.12.4 Trigonometrical Ratios of 3A in Terms of
I-ratio of A

10. sin34=3sinA4 —4 sin® 4
11. cos34=4cos*A—3 cos 4
3tan 4 —tan’ 4

12. tan34= 5
1-3tan“4

1.13 Some ImporTANT DEDUCTIONS

Deduction 1
sin? 4 = % (1 —cos 24)
Proof: We have,
1 1
sin? A = —(2 sin>4) = —(1 — cos 24)
2 2
Deduction 2
cos’d = %(1 + cos 24)
Proof: We have, cos? 4

= %(2 cos’4) = %(1 + cos 24)

Deduction-3

1
sin®* 4 = Z(3 sin 4 — sin 34)

Trigonometry Booster

Proof: We have, sin 34 =3 sin A—4 sin* 4
= 4 sin*A4 =3 sin A — sin 34

= sin’A4 = % (3 sin A4 — sin 34)
Deduction-4

cos’A = %(cos 34+3 cos A)

Proof: We have, cos 34 =4 cos®’4 — 3 cos 4
= 4 cos*4 =cos 34+ 3 cos 4

1
= cos’A = Z(COS 34+3cos A)

Deduction 5
sin 4 sin (60 — A) - sin (60 + 4) = %sin 34

Proof: We have,
sin 4 - sin (60° — 4) - sin (60° + 4)
=sin 4 - (sin* 60° — sin* A)

=sin 4- (E - sinzA)
4

_sin 4
4

. (3 -4 sinzA)
1 . . 3
=Z(3 sin A —4sin” A)
1 .
=—Xxsin 34
4
Deduction 6

cos A4 - cos (60 —A) . cos (60+A4)= %cos 34

Proof: We have,
cos A - cos (60° — A) - cos (60° + A4)
=cos 4 - (cos?60° — sin’> 4)

=Cos A-(%—1+0052A)

= (=3 +4cos’4)

-(=3cos A+4 cos3A)
-(4 cos’ 4 —3 cos A)

X cos 34

I PN -

Deduction 7
tan 4 - tan (60 — A4) . tan (60 + A) = tan 34

Proof: We have,
tan 4 - tan (60° — 4) - tan (60° + A)
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sin A4 - sin (60° — A) - sin (60° + A)

cos A4 - cos (60° — A) - cos (60° + A4)
lsin 34

4

1

—cos 34

4

_ sin 34
cos 34
=tan 34

Deduction 8
sin 44 =4 sin cos A — 8 cos A4 sin®* 4

Proof: We have, sin 44
=2sin 24 - cos 24
=2(2sin 4 - cos A)(1 —2 sin* 4)
=4sin 4 - cos A(1 — 2 sin* 4)
=4sinAd-cosA—8sin* A4 - cos A
Deduction 9
cos44=1-8sin* 4 + 8 sin* 4
Proof: We have, cos 44
=cos 2 (24)
=1-2 sin? (24)
=1-2(2sinA-cos A}
=1-8sin*4 - cos* 4
=1-8sin* 4 (1 —sin® 4)
=1-8sin*?4 + 8sin* 4
Deduction 10
4tan A—4 tan’ 4
1—6tan> 4+ tan* 4

tan 44 =

Proof: We have, tan 44
=tan2-(24)
_ 2tan 24
1+ tan®24
4 tan A4
1— tan’4

- - 2tan 4 )
1-tan’4
4tan A(1 - tan’4)
(1-tan’4)* - 4 tan’ 4

_ 4tanA4-4 tan® 4
1-6tan’A4 + tan* 4

Deduction 11
sin 54 =16 sin®* 4 — 20 sin®* 4 + 5 sin 4
Proof: We have, sin 54
= sin (34 +24)
=sin 34 cos 24 + cos 34 - sin 24

=(3sin 4 —4sin*4)(1 — 2 sin*A4)

+2(4 cos*4 — 3 cos A) sin 4 cos 4
=(3sin 4 —4sin*4)(1 — 2 sin*A4)

+2(4 cos’A —3) sin 4 cos* 4
=(3sinA—4sin*A)(1 — 2 sin’4)

+2(1 — 4 sin> A)(sin A — sin’ 4)
=3 sin4 —4sin*4 —6sin’*4 + 8 sin’ 4)

+2(sin 4 — 4 sin* 4 —sin* 4 + 4 sin® 4)
=5sinAd—20sin* 4 + 16 sin® 4
=16sin°4—-20sin* A+ 5sin 4

Deduction 12
cos 54 =16 cos’ A —20cos* 4+ 5 cos 4

Proof: We have, cos 54
=cos (34 +24)
=cos 34 cos 24 — sin 34 sin 24
=(4cos’A—-3cos A)(2cos*’A—1)
— (3 sin 4 —4 sin’® 4)(2 sin 4 cos A)
=8cos’A—6cos*A—4cos* 4

+3cosA—(3—4sin>4)2cos A (1—cos?A)

=8cos’4—10cos*4+3cosd—
(4cos?4A—1)(2cosA—2cos’A)

=8cos’4—10cos*4+3cosd—8cos’A4
+2cosA+8cos’A—-2cos’ A4

=16 cos®’4—20cos* A+ 5 cos 4

Deduction 13
sin 64 = (6 sin 4 — 32 sin® 4 + 32 sin’ 4) cos 4

Proof: We have, sin 64
=sin 2 (34)
=2sin 34 - cos 34
=2(3 sin 4 —4 sin® 4)(4 cos> A — 3 cos A)
=2(3 sin 4 — 4 sin® A)(1 — 4 sin?> A) cos A4

1.7

=2(3sinAd—4sin*4— 12 sin* A + 16 sin 54) cos A

=23 sin4 — 16 sin’ 4 + 16 sin® A) cos 4
= (6 sin A — 32 sin® 4 + 32 sin’® 4) cos 4

Deduction 14
cos64=32cos®A4—-48 cos* A+ 18 cos*4—1

Proof: We have, cos 64
=cos 2(34)
=2cos*(34) -1
=2(4cos*A—3cos AP -1
=2(16 cos® A —24 cos* 4 + 9 cos? 4) — 1
=32c0s°A4—-48 cos* A+ 18 cos’4—1

1.14 Tue Maximvum anp Minimum VALUES oF

f(x)=acosx+bsinx+c
We have, f(x) =acosx+ bsinx+c
Leta=rsin Oand b=rcos 0

Then 7 =+/a*+b* and tan (6) =%
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Now, f(x)=acosx+bsinx+c
= r(sin 6 cos x + cos 6 sin x)
=rsin (0 + x)
As we know that, —1 <sin (6 +x) < 1
= —r+c<rsin(@+x)+c<r+c
= —-r+c<f(x)sr+c

= —\/a2+b2+ch(x)S\/a2+b2+c

Thus, the maximum value of

fx)is Na*+b% +c

and the minimum values of f(x) is —\/az +b7 +c.

1.15 Sus—MuLtiPLE ANGLES

1.15.1 Definition

An angle is of the form é, ne Z(#0),is called a sub-
n

multiple angle of 4. Thus é, 444

—,—,—, etc. are each a sub-
23745

multiple angle of 4.

A
1.15.2 T-ratios of angle (Ej and (g)
1. sinA:2sin(—

2. cos A= cosz(

2
=2 cos’ (é)—l
2

4. sin A=3sin (éj — 4sin’ (é)
3 3
5. cos A=4cos’ (é) —3cos (éj
3 3

3 tan (Aj — tan® (A)
3 3
1-3 tan? (Aj
3

6. tan A=

Trigonometry Booster

1.15.3 Values of sin 18°, cos 18° and tan 18°
1. sin(18°) = [E)

4
Proof : Let A =18°
= 54=90°
= 24=90°-34
=  sin 24 =sin (90° — 34) = cos 34
= 2sindcosd=4cos’A—-3cosA
= 2sind=4cos’4-3
= 2sind=4-4sin’4-3=1-4sin’4
= 4sin?4A+2sind-1=0
. 24420 -2£25
= sin A= =
8 8
. ~1+4/5
= sin A=
4
. J5-1 =51
= sind=——-,
4 4
= sin (18°)=\/g_1,since 18° lies on the first quad-
rant.

2. cos 18° = —\HO+2\/7
Proof: We have, cos (18°)

=4/1—sin (18°)

(5

(5+1—2f

(16—5—1+2«Ej

16

== J10+25
5-1

3. tan 18° = I—

J10+ 245

Proof: We have, tan (18°)
_ sin (18°)
cos (18°)

)

4

J10+ 245

4>|>~ _
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Notes:
(i) sin72°=cos 18° = %\/10 EoNs
(i) cos 72°=sin 18° = %

1.15.4 Values of sin 36°, cos 36° and tan 36°

\/§+1
4

Proof: We have, cos (36°)
=cos 2 (18°)
=1-2sin?(18°)

:1_2(@f

4
=1_2(5+11 2«/_)

=(8—5—1+2J§]

8

2

8
_ (\/5 + 1)
4
2. sin36° = —\/10 25
Proof: We have, sin (36°) = /1 — cos?(36°)

5+1

1. cos 36°=

_1—

\/1 (5+1+2f
J(m 5—1—2«/—

(10 2J§

=10- 2f
3. tan36°=Zx(1/5—l)x\/10—2\/§.

Proof: We have tan (36°)

10245
W5+

_ 5D x(10-245)
4

1.9

Notes:

J5+1
4

(i) cos 54° =sin 36° = Z\“O 25

(i) sin 54° = cos 36° =

1.15.5 Some Important Deductions

Deduction 1

tan( j NN SN

1—-cos (26)
Proof: As we know that, tan 0 = ————=
sin (260)

Put 6= 7%0 , then

tan [7%Oj _ 1—cos (15°)

sin (15°)
\/§+1
2

V3-1

22
:2«/5—\5—1

NES|
_(@V2-3-D(B+D)

W3 -DH3+1)

_(2V2-B-1DRB+D

1-—

2
_26-3-B+22-3-1
2
_2(/6 N4 -3+42)
2

NN 7SN
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Deduction 2

COt(7%°j:ﬁ+ﬁ+ﬁ+ﬁ

1 20
Proof: As we know that, cot (6) = %2(9))
Put 9=7l°,
2
Now (7]
ow, €O 5
_ 1+ cos15%)
B sin (15°)
J3+1
V3ot
02
24341
==~
_ V243 +1)(3+1
(3 -DH3+1)
=(2J€+3+\/§+2x/§+«/§+1)
2
_2(J6+V4+\3+42)
2
=6 +vV4 +3+2)

Deduction 3
sin (22%") = %\/2 - \/5

Proof: As we know that,
2 sin*(6) =1 —cos 26

Put, 9 =220
2

2 sin’ (22%) =1-cos (45°)

N | —

[e]
Ne—
:
e
|7

= sin (22

v

N | —

= sin (22

)

&
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. I, .. .
since, 225O lies in the first quadrant.

= sin (22%‘&:%\/2—\6
Deduction 4

cos (22%0) = %\/2 + JE

Proof: As we know that, 2 cos?(6) =1 — cos 20

put,  O=221c

2
= 2 cos’ (22%") =1+ cos (45°)
1
=l+|—=
%)
_\/§+1
V2
= cos(zzlc’):i E
2 22
1 V2 +1
cos|22—°|=,|——
- ( 2 ) 22

. I, .. .
since, 225O lies in the first quadrant.

Thus, cos (22%") = %\12 +2
Deduction 5

tan (22%0) =J2 -1

1—cos (20)
Proof: As we know that, tan 0 = ——————
sin (26)
Put 6=222° tan (225’) 1z cos (457
2 2 sin (45°)
- L
2

Deduction 6

cot (22%°j =2 +1

Proof: As we know that,
1+ cos (26)

=" 20

Put 6= 22lo )
2
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_ cot(2210j:M
2 sin (45°)
1
I+—+=
= 1ﬁ=\/§+1
N

Deduction 7
sin (112%°j =%1/2 +42
. 1,
Proof: We have, sin (1 125 )
. 1
=sin (90O X1+ 22—°)
2
=CO0S (22l°j
2

=%1/2+\E

Deduction 8

1 1
cos|112—°|=— 2—\/5
( 2 j 2
Proof: We have, cos (1 12%")
1
=cos|90°x1+22—°
2
:—sin(ZZl")
2

= —%\/2 +2

Deduction 9

tan (117_%") =—(2+1)
1
Proof: We have, tan (1 125")

= tan [90O x1+ 22%")

=—cot (221‘3)
2

=—(2+1)

1.16 ConpimionAL TRiIGONOMETRICAL IDENTITIES

Here, we shall deal with trigonometrical identities involving
two or more angles. In establishing such identities we will
be frequently using properties of supplementary and comple-

1.11

mentary angles and hence students are advised to go through
all the above formulae, starting from the Ist topic.

We have certain trigonometrical identities like, sin? 6 +
cos? @=1 and sec? =1 + tan® 6, etc. Such identities are iden-
tities in the sense that they hold for all values of the angles
which satisfy the given condition amongst them and they are
called Conditional Identities.

If 4, B, C denote the angles of a triangle ABC, then the
relation 4 + B + C = mwenables us to establish many important
identities involving trigonometric ratios of these angles.

(1) f4+B+C=mthend+B=n-C,

B+C=n-AandC+A=n-B

(ii) If4 + B+ C = r, then
sin (4 + B)=sin (r— C) =sin C
similarly, sin (B — C) =sin (r— A4) =sin 4
and sin (C + 4) =sin (r— B) =sin B

(iii) If4+ B+ C= r, then
cos(4+B)=cos(m—C)=-cos C
Similarly, cos (B + C) =cos (t—A) =—cos 4
and cos (C+ A)=cos (t—B)=-cos B

(iv) If 4+ B+ C=m, then
tan (4 + B) =tan (m— C) =—tan C
Similarly, tan (B + C) = tan (x— 4) = —tan 4
and tan (C+ A)=tan (t—B)=—tan B

() fA+B+C=mthen A3 B_Z_C B+C 7 A4

>

C+4 7 B 202 2 2 2
and ——=——-—
2 2 2
Therefore,
. (A+B . (n C (C)
sin =sin| ———|=cos| —
2 2 2 2
+

A+B T C) . (Cj
cos CoS| ——— |[=sin| —
2 2 2 2

A+ B T C C

tan| —— |=tan| —— — |=cot| —
2 2 2 2

Note: Dear students, please recollect the following formu-
lae from basic trigonometry

Step I:
(1) sin24 =2 sin 4 cos 4
(i) cos24=2cos?4 -1
(iii) cos24=1-2sin> 4
(iv) cos 24 = cos® A —sin* 4
Step II:
(1) 1+cos24=2cos*4
(i) 1-cos24=2sin%4
(iii) 1+ cos 4 =2 cos?(4/2)
(iv) 1—cos A =2 sin’ (4/2)

Step II1:
(i) cos(4+ B)+cos(4—B)=2cosAcosB

(i) cos(4—B)—cos(4+ B)=2sinA4 sin B
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Step IV:
. C+D c-D
@A) cosC+COSD=ZCOS( )Cos[ j
2 2
(i1)) cos C—cos D= ZSm(C;D) (D;C)

(iii) sin C+sin D = 2 sin

(iv) sin C—sin D = 2 cos

B
(57

1.17 TRIGONOMETRICAL SERIES

1.17.1 Introduction

In this section, we are mainly concerned with different pro-
cedures to find out the summation of trigonometrical series.

To find out the sum of different trigonometrical series,
first we observe the nature of the angles of the trigonomet-
rical terms. We must observe whether the angles form any
sequence or not. If they form any sequences, then we must
check, what kind of sequence it is. We also observe the se-
quence formed (if any) by the coefficients of terms of the
series. So, our main attempt will be
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(i) to express each term as a difference of the two terms
directly or by manipulation and then addition, or

(i1) to arrange the series in such a way that it follows some
standard trigonometrical expansion.

1.17.2 Different Types of the Summation of a
Trigonometrical Series

1. A trigonometrical series involved with the terms of
sines or cosines.
Rule: Whenever angles are in AP and the trigonometri-
cal terms involved with sines or cosines having power
1.
1. We must multiply each term by
. (common diffrence of anglesj
2 sin

2

2. and then express each term as a difference of two
terms,
3. And finally add them.

1.17.3

A Trigonomeytrical Series Based on
Method of Difference

Rules:
1. Express each term of the series as a difference of two
expressions.
2. Finally adding them and we shall get the required
result.

Levee 1
(Problems Based on Fundamentals)

MEASUREMENT OF ANGLES

1. If the radius of the earth 4900 km, what is the length of
its circumference?

2. The angles of a triangle are in the ratio 3 : 4 : 5.

Find the smallest angle in degrees and the greatest an-
gle in radians.

3. The angles of a triangle are in AP and the number of
degrees in the least is to the number of radians in the
greatest as 60 to 7, find the angles in degrees.

4. The number of sides in two regular polygons are 5 : 4
and the difference between their angles is 9. Find the
number of sides of the polygon.

5. The angles of a quadrilateral are in AP and the greatest
is double the least. Express the least angles in radians.

6. Find the angle between the hour hand and the minute
hand in circular measure at half past 4.

7. Find the length of an arc of a circle of radius 10 cm
subtending an angle of 30° at the centre.

8. The minute hand of a watch is 35 ¢cm long. How far
does its tip move in 18 minutes?

9. At what distance does a man, whose height is 2 m sub-
tend an angle of 10°?

10. Find the distance at which a globe 5l cm in diameter,
will subtend an angle of 6°.

11. The radius of the earth being taken to 6400 km and the
distance of the moon from the earth being 60 times the
radius of the earth. Find the radius of the moon which
subtends an angle of 16° at the earth.

12. The difference between the the acute angles of a right

. .2 . .
angled triangle is T radians. Express the angles in
degrees. 3

13. The angles of a quadrilateral are in AP and the greatest
angle is 120°. Find the angles in radians.

14. At what distance does a man 5l ft in height, subtend
an angle of 15”? 2

15. Find the angle between the hour hand and minute-hand
in circular measure at 4 o’clock.
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16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

If sec 6 + tan 6 = 3,where 6 lies in the first quadrant,
then find the value of cos 6.

If cosec @ —cot 6 = % , then find the value of sin 6

Ifa=ccos 6+ dsin O and
b= c sin 8- d cos 0 such that
an+b"=c?+di, where m,n,p,q e N
then find the value of m + n+ p + g + 42.
If 3 sin 6@+ 4 cos 6 =5, then find the value of
3 cos O—4sin 6.
Ifx=rcos Osin ¢,y =rcos Ocos ¢ and z=r sin O such
that x” + y" + z¢ = 12, where m, n, p € N, then find the
value of (m + n+p —4)yntn+r*a,

If x= 2sin o

- , then find the value of
1+ cosa+3sin o

sinx—3coso+3

2—-2cosa
If P =sec® 6 — tan® @ — 3 sec’? O tan’ 0,
Q = cosec® 0 — cot® 8 — 3 cosec? 6 cot* 6 and

R =sin® O + cos® 6 + 3 sin? 6 cos’ O, then find the value
of (P+ Q+ R)P+2+R,

If3sinx+4 cosx =25, forall x in (0,%),

then find the value of 2 sin x + cos x + 4 tan x
If sin A + sin B + sin C + 3 = 0, then find the value
of cos A + cos B + cos C + 10.

If (1+sin B)(1 + cos 6) =%,

then find the value of (1 — sin 6)(1 — cos 6).
Find the minimum value of the

9x?sin’x + 4
) =—7T""

xsin x

expression

, for all x in (0, 7).

If cos0+sin0=\/§cose,then

prove that cos 6 —sin 8 = V2sin 6

Iftan? =1 — ¢ then prove that
sec O+ tan® 0 - cosec = (2 — ¢?)*?

If sin @+ sin?0+sin* =1,

then prove that,
cos®0—4 cos* O+ 8 cos’6=4

s
If x= sin 0 , then prove

1+ cos O +sin 6

that 1—cos6+sm0=x

1+sin 6
Prove that 3(sin x — cos x)* + 6(sin x + cos x)* +
4(sin’x + cos®x) = 13.
If sin x + sin? x = 1, then find the value of
cos® x + 2 cos® x + cos* x

33.

34.

35.

36.

37.

38.

39.

40.
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If0 <0< 180° and 815" ¢ + 81°°® =30 . then find the
value of 6

Let f,(6) = sin‘(6) + cos¥(6).
Then find the value of éfé(e) - %f4(9)

If x sinar + y cos’ar=sin o cos crand x sin ot =y cos
then prove that x* +)? = 1.
If tan O + sin 8 = m, tan 6 — sin O = n, then prove that

m*—n*=4mn .
cos'x  sin®x

5—+———=1, then prove that
cos”y sin”y

If

4 . 4
coszy . s%nzy -1
cos“x sin“x

If £ (6) = sin” 6 + cos” 6, prove that

2/(0) - 3f(6) +1=0

IfsinA_ cos 4 that
sinB cosp 1-Provetha
pla-1
tan A-tan B=— 5 |-
g\1-p
. 4 4
1
It sin Oc+cos o _ _then
a b a+b
sinffor cos®a 1
prove that ——+ ———= 3
a b (a+b)

MEASUREMENT OF DIFFERENT T-RATIOS

41.

42.

43.

44,

45.

46.

47.

(iii)

(vii)

(viii)

Find the value of
(1) sin 120°
(ii) sin 150°
sin 210°
(iv) sin 225°
(v) sin 300°
(vi) sin 330°
sin 405°
sin 650°
(ix) sin 1500°
(x) sin2013°
Find the value of

cos (1°) - cos (2°) - cos (3°)...cos (189°)
Find the value of

tan (1°) - tan (2°) - tan (3°)...tan (89°)
Find the value of

tan 35° - tan 40° - tan 45° - tan 50° - tan 55°
Find the value of

sin (10°) + sin (20°) + sin (30°)

+ sin (40°) + ... + sin (360°)

Find the value of

cos (10°) + cos (20°) + cos (30°)

+ cos (40°) + ... + cos (360°)

Find the value of

sin® 5° + sin® 10° + sin? 15° + ... + sin? 90°
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48. Find the value of

sin® (i) + sin? (Ej +sin? (4—ﬂ) + sin? (7—71-)
18 9 9 18

49. Find the value of
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°)
50. Find the value of cos (6,) + cos (8,) + cos (6,)
if sin (6,) + sin (6,) + sin (6,) =3
51. Find the value of
sin? 6° + sin? 12° + ... + sin? 90°
52. Find the value of
sin? 10° + sin? 20° + ... + sin? 90°
53. Find the value of
sin? 9° + sin? 18° + ... + sin? 90°
54. Find the value of
tan 1° - tan 2° - tan 3° ... tan 89°
55. Find the value of
cos 1° - cos 2° - cos 3° ... cos 189°
56. Solve for 6; 2 sin?6+ 3 cos 6=0
where 0 < 6<360°.
57. Solve for 6; cos 6 + J3sing=2 ,
where 0 < 0<360°.
58. If 4na = m, then prove that
tan ¢ tan 2¢c tan 3c... tan 2n —1)a=1.
59. Find the value of
cos (18°) + cos (234°) + cos (162°) + cos (306°).
60. Find the value of
c0s (20°) + cos (40°) + cos (60°) +... + cos (180°)
61. Find the value of
sin (20°) + sin (40°) + sin (60°) + ... + sin (360°)
62. Draw the graphs of
(1) f(x)=sinx+1
(i) f(x)=sinx -1
(iii) f(x)=-sinx
(iv) f(x)=1-sinx
v) fx)=-1-sinx
(vi) f(x)=sin 2x, sin 3x
(vil) f(x) = sin’x
(viil) f(x) =cos’x
(ix) f(x) = max(sin x, cos x}
(x) f(x) = min{sin x, cos x}

(xi) f(x)=min {sin X, %, cos x}

(xil) f(x) = max{tanx, cot x}
(xiii) f(x) = min{tan x, cot x}
63. Find the number of solutions of

(i) sinx=%,Vxe [0, 27]

(i1) cosx = g,‘v’xe[o,l’»n]

(iii) 4 sin>x—1=0,V x €[0, 37]
(iv) sin’x -3 sinx+2=0,V x e [0, 37]
(v) costx—cosx—2=0,Vxe [0,3n]
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64. Find the values of
(1) sin (15°),
(i) cos (15°),
(iii) tan (15°)
65. Find the value of tan (75°) + cot (75°)
66. Prove that cos (9°) + sin (9°) = V2 sin (54°)
67. Prove that tan (70°) = 2 tan (50°) + tan (20°)

68. Prove that M =tan 25°
cos 20° + sin 20°

69. Prove that M = tan 52°.

cos 7°—sin7°
70. Prove that tan 20° + tan 25° + tan 20° tan 25° = 1.
71. If A + B =45°, then find the
value of (1 + tan A)(1 + tan B)
72. Find the value of
(1 + tan 245°)(1 + tan 250°)(1 + tan 260°)
(1 —tan 200°)(1 — tan 205°)(1 —tan 215°)
73. Prove that tan 134 — tan 94 — tan 44
=tan 44 - tan 94 - tan 134
74. Prove that tan 94 — tan 74 — tan 24
=tan 24 - tan 74 - tan 94
1

2m+1’

m
75. Iftan o= m,tanﬁf

then prove that o+ 3= % .
76. Prove that sin’> B
= sin’4 + sin?(4 — B) — 2 sin A cos B sin (4 — B)
77. Prove that cos (2x + 2y)
= cos 2x cos 2y + cos*(x + y) — cos*(x — )

78. Ifsin = *—2

x+y’
T 0 X
then prove thattan | —+— |=% [—
4 2 y
79. Iftana:ﬂ’
P+Qcosf
Psi
prove that tan ([3—0!):&
O+ Pcoso

80. If cos (ct— ) +cos (B— ) +cos (y_a):_%

prove that cos o+ cos S+ cos y=0

and sin o + sin B+ sin y=0
sin20 n-1
sin2a n+l

81. Iftan (o + 0) =n tan (a— 0), show that

82. If sin o + sin B =a and cos & + cos B = b, then show

that
b*—a?
i o+ p)=
(i) cos( 2 b*+a?
. 2ab
i1) sin (o + =
(i1) ( 2 b*+a?
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83.

84.

85.

86.

87.

88.

89.

90.

If o and f3 are the roots of a cos 6+ b sin 6 = ¢, then
prove that

. a’-b*
(i) cos(a+p)= Y
) 2c—(a>+b%)
(i) cos (o= f)=""30 72

If a and f3 are the roots of a tan 6 + b sec 6 = ¢, then
show that

2ac

(12—02

tan (o + B) =

If tan (w cos 6) = cot (mw sin O), prove that

T 1
cos| O —— |=x——.
( 4) 22

xsin ¢ ysin 0

If tan 6 = and tan @ =

1—xcos¢ 1-ycosf’

then prove that, x sin ¢ =y sin 6.

If tan o+ tan B=a, cot a+ cot B= b and tan (o + fB) =
c then find a relation in a, b and c.

It tanﬁznsm a.czsa’
l-nsin”o
then prove that tan (a— ) = (1 —n) tan &
Ifx +y+z=0, then prove that
cot(x+y—z)-cot(y+z—x)
+cot(y+z—x)-cot(z+x—y)
+cot(z+x—y)-cot(x+y—z)=1

If 2 tan o = 3 tan f, then show that
sin 23
tan (¢ — ) =———
@=p) 5—cos2p

TRANSFORMATION FORMULAE

91.

92.

93.

94.

(1i1)

(iii)
(iv)

Prove that:
.. sin5A4-sin34
O ——————=

=tan A
cos 5A+cos 34

sind+sin34

=tan 24
cos A+ cos 34

A+ Bj
an
2
Prove that:

(i) sin 38° + sin 22° = sin 82°
(i) sin 105° + cos 105° = cos 45°
c0s 55° + cos 65° + cos 175°=0
cos 20° + cos 100° + cos 140° =0
(v) sin 50° —sin 70 +sin 10°=0
Prove that
sin (47°) + cos (77°) = cos (17°)
Prove that
cos (80°) + cos (40°) — cos (20°) =0

(i)

sinA+sin B
cos A+cos B

95.

96.

97.

98.

99.

100.

101.

112.

113.

114.

115.

116.

117.

118.

1.15

Prove that
sin (10°) + sin (20°) + sin (40°) + sin (50°)
—sin (70°) —sin (80°) =0
Prove that (cos o + cos §)* + (sin o + sin §)

=4 cos’ (ﬂ)
2
Prove that (cos ot — cos )* + (sin o — sin f3)?
:4sin2(—a_ﬁ)
2
Prove that (sin o — sin §)> + (cos & — cos f3)?
= 4 sin? (a—_ﬂ)
2

Prove that cos 20 - cos 40 - cos 80 =

o | —

Prove that sin 20 - sin 40 - sin 80 = %
NE}
6

Prove that sin 10 - sin 50 - sin 60 - sin 70 = 1

W

Prove that cos 10 - cos 30. cos 50 - cos 70° = %

Prove that:
) sin A+sin34+sin54
cos A+cos3A4+cos54

tan 34

cos 4x + cos 3x + cos 12x
=cot 3x

(i)

sin 4x + sin 3x + sin 2x

sin A+sin34+sin 54 +sin 74

=tan 44
cos A+ cos3A4+cos54+cos7A4

(iii)

sin A+sin 24 +sin 44 +sin 54
c0s A+ cos 24 + cos 44 + cos 5S4

@iv) tan 34

If sinA—sinB:% and cosA—cosBz%, then find
(A+B)
tan
2
Ifcos A+ cos B= %,sinA+sinB:

A+ B) _1
2 2
If cosec 4 + sec A = cosec B + sec B, then

A+B)

1
4 H

then prove that tan (

prove that tan 4 tan B = cot (

If sin 24 = A sin 2B, then prove that

tan (4+B) A+1
tan(A—B) A-1

Find the value of /3 cot (20°) — 4 cos (20°)
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119. Ifsin A + sin B=a and cos 4 + cos B = b, then
find cos (4 + B)

120. If 2005A=x+l, then find
X

1
2cosB=y+—,
y
cos (4—B)

Ans. l(xy + Lj
2 Xy
121. Prove that

sin (47°) + sin (61°) —sin (11°) — sin (25°) = cos (7°).

122. If tanazl, and tan 8= ! , then find
m+1 2m+1

tan (o + f)
123. Find the number of integral values of k& for which
7 cos x + 5 sinx =2k + 1 has a solution.
124. Prove that
cos o+ cos B+ cos y+cos (o+ B+ 9

oo 52 )

MULTIPLE ANGLES

125. Prove that {Leze] =tan 0

Sin

126. Prove that (Mj cot 0

sin 20

127. Prove that cot 0 —tan 6 =2 cot (26)
128. Prove that
tan 6+ 2 tan (26) + 4 tan (46) + 8 cot 86 = cot 6

129. If tan @ =2,

a
prove that a cos (26) + b sin (20) = a

130. Prove that /3 cosec (20°) —sec (20°) =4
131. Prove that
tan (9°) — tan (27°) —tan (63°) + tan 81°) =4
sec84—1) tan 84
sec 44 — 1) ~ tan 24

—9j+cosz(2—ﬂ:+0)=3
3 2

(ii) cos®@ + cos’ (E - 9) +cos® (E + 0] = 3
3 3 2

134 Prove that

132. Prove that (

133. Prove that
2
(i) cos’(8)+ cos’ (Tﬂ

sin® 0 +sin® (120° + 0) + sin” (240° + 6) =%

135. Prove that

4 sin (6) sin (60° + 6) sin (60° — 6) = sin 30

N

136. Prove that sin (20°) - sin (40°) - sin (80°) = Y

Trigonometry Booster

137. Prove that
4 cos (6) - cos (60° —
=cos (36)

138. Prove that

6) - cos 60°+ 6

B3

cos (10°) - cos (50°) - cos (70°)= ry

139. Prove that
tan (6) + tan (60° + 6) — tan (60° — 0)
=3tan (36)

140. Prove that
cos (0) cos (26)-cos (226) - cos (2°6) ...
_sin (2"6)
"~ 2"sin@

141. Prove that cos 2” cos 4” cos 8” :l
7 7 7 8
271

142. Prove that cos 7 + cos + cos

143. 1f M =+Ja’ cos> 0+ b*sin> 0 + \/az sin” 0 + b cos> 0
such that maximum (M*) = m, and minimum (M*) = m,,
then find the value of m, —m,.

4tan 0 — 4 tan’0
1— 6 tan’0 + tan*0

cos (2"16)

144. Prove that tan 460 =

145. Prove that
sin x

+
(cos 3x

146. Prove that

sin3x  sin 9

] = % (tan 27x — tan x)

cos9x cos27x

tan (g) (1+sec B)(1+sec 20)(1+ sec 220)

...(1 +sec(2"0)) = tan (2"6)
Maximum or minimum values of f(x) = 6 cos + b sin ¢)

147. Find the maximum and minimum values of
(i) fx)=3sinx+4cosx+ 10
(i1) f(x) =3 sin (100) x +4 cos (100) x + 10
(iii)) f(x)=3sinx+4
(iv) f(x)=2cosx+5
(v) f(x)=sinx+ cosx
(vi) f(x)=sinx—cosx
(vii) f(x) = sin (sin x)
(viil) f(x) = cos (cos x)
(ix) f(x)=sin (sin x) + cos (sinx)
(x) f(x)=cos (sin x) + sin (cos x)
148. Find the range of f(x) =sinx + cosx + 3
149. Find the greatest and the least values of
2 sin* 0+ 3 cos? O
150. Prove that

-4 <5cos 8+ 3 cos (0+§] +3<10
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151.

152.

153.

154.
155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

167.

168.

Find the maximum and minimum values of
c0s?0— 6 sin O cos 6+ 3 sin’0 + 2
Find the least value of
cosec? x + 25 sec* x
Find the ratio of the greatest value of
2 —cos x + sin? x to its least value.
If y=4sin* 6 cos 26, then y lies in the interval.............
If m is the minimum value of f(x) =3 sinx + 5 and n is
the maximum value of g(x) = 3 — 2 sin x then find the
value of (m + n + 2).
Find the maximum and the minimum values of
f(x) =sin’x + cos*x.
Find the maximum and the minimum values of
f(x) = cos’x + sin‘x.
Find the maximum and minimum values of
f(x)=sin* x + cos* x.
Find the maximum and minimum values of
f(x) = sin® x + cos® x.
If A = cos? 0+ sin* 6 and
B = cos* 8 + sin? @ such that
m, = Maximum of 4 and m, = Minimum of B

then find the value of m? + m3 + m;m,
Find the maximum and minimum values of
f(x)=(sin x + cot + cosec 2x)?

where x € (0, Ej
2

Find the maximum and minimum values of

1) = 2

sin’0 — 6 sin O cos 6 + 3 cos> 6

Find the minimum value of

2 2
a

[ =—%4 +b—2x,xe(0,£)

cos“x sin 2

Find the minimum value of
2
S(x)=

sin?x+4
xsin x

T
el 0,—
where X ( 2)

Find the maximum and minimum values of
J(x)=logy+ logyx, where x> 1,y > 1
Find the minimum values of
f(x)=2log,ox —log,(0.01), x >1

Find the minimum value of

2 2 2
F(yaz)= (x"+ Dy +D(z +1),x,y,z>0
xyz
Find the minimum value of
3 3 3
f(x, py,2)= (" +2)y + 2z +2),x,y,2>0

Xyz

169.

1.17

Find the minimum value of

2 2 2 )
Flabe.dy="E DO+ D+ D@7 +1])
abced

where a, b, ¢, d> 0

SUB-MULTIPLE ANGLES

170.

171.

172.

173.

174.
175.

176.

177.

178.

179.

180.

181.
182.

183.

Prove that

(1) tan % + cot g =2 cosec 6

(i) cosec 6—cot 6= tan g

1+sin@—cos@

—tang
1+sin 0+ cos 0 2

(iii)
(iv) sec O+ tan 8= tan (E + gj
4 2

(v) (cos 4 + cos B)* + (sin 4 + sin B)?

=4 cos? (ﬂj
2
Prove that sin® (24°) — sin® (6°) = NET_D
Prove that sin® (48°) — cos? (12°) = (\/i+l)
Prove that sin (12°) - sin (48°) - sin (54°) :%

Prove that sin (6°) - sin (42°) - sin (66°) - sin (78°) = %
Prove that

4(sin (24°) + cos (6°)) = (1 + \/g)
Prove that

tan (6°) - tan (42°) - tan (66°) - tan (78°) =1

Prove that

T kY4 hY/4 Srm 1
l+cos—||1+cos— |[1+cos— || 1+cos— |=—
8 8 8 8 8

Prove that

sin* (E) +sin* (3_71') +sin* (S—EJ +sin* (7—ﬂj = é
8 8 8 8 2

Prove that

cos? r +cos? 3—ﬂ + cos? 5—” + cos? 7—” = E
8 8 8 8 2

Prove that tan 20° tan 80° = \/§ tan 50°

Prove that tan (10°) tan (70°) = L X tan (40°)

NG

Prove that
sin 55° —sin 19° + sin 53° —sin 17° = cos 1°
2r 4r or 1
Prove that cos—-cos —-cos —=—
7 7 7 8
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184. Prove that: 005277r+cos4—7[+cos6—ﬂ:—l

7 2

185. Find the value of tan (7%") + cot (7%°) .

186. If cos (%) - «/5 sin (%) takes its minimum value then

find its x.
187 If x and B be two different roots a cos 0+ b sin 0=c,
then prove that sin (o + f8) = _2ab .
a’+b*

CONDITIONAL IDENTITIES

188. If A + B + C = m, then prove that,
sin 24 + sin 2B + sin 2C =4 sin 4 sin B sin C
189. If A + B + C = m, then prove that,
cos 24 + cos 2B + cos 2C=—-1 -4 cos 4 cos B cos C
190. If A + B + C = m, then prove that
sin? 4 + sin?> B —sin?> C = 2 sin 4 sin B cos C
191. If A + B + C = m, then prove that,
(i) sin? A +sin? B +sin> C =2 + cos 4 cos B cos C
(i) cos®’A4 +cos? A+ cos’?A=2+sin A sin B sin C
192 If A + B + C = m, then prove that
sin 24 +sin 2B +sin 2C
cos A+cos B+cos C -1

A B C
=8 c0s — cos — cos —
2 2 2

193. In a AABC prove that
(i) tan4+tan B+tan C=tan 4 - tan B - tan C
(i1) cotA-cotB+cotB-cotC+cotC-cotd=1.

194. If 4, B, C and D be the angles of a quadrilateral, then
prove that

tan 4 + tan B + tan C + tan D
cot A+ cot B+cot C +cot D

=tan 4 -tan B - tan C - tan C
194. In a AABC prove that
(cot A + cot B) (cot B+ cot C)
(cot C + cot A) =cosec A cosec B cosec C.
195. Ifxy + yz + zx = 1, then prove that
X z 4xyz
2t > 2t 2= 2 - 2 2
I-x" 1=y 1-z= (A-=-x)(A-y)1-2z7)
196. Ifxy + yz + zx = 1, then prove that,
X .y .z - 2
1422 Ja+x2)1+ y)(1+22)

1+x* 1+ y2
197 Prove that
tan (o — ) + tan (f— 9) + tan (y— @)
=tan (a— f) tan (- 9) tan (y— @)
198 In a AABC, if cot A + cot B + cot C = /3 , then prove
that the triangle is an equilateral.

Trigonometry Booster

199 Ifx +y+ z=Xxyz, then prove that
33p,3
1-3y°

3z-2°
1-322

3x—x
1—3x?

_3x—x3 .3y—y3 '32—23
1-3x% 1-3y* 1-37

200. Prove that 1 + cos 56° + cos 58° — cos 66°
=4 cos 28° cos 29° sin 33°.

TRIGONOMETRICAL SERIES

201. Prove that
sin o+ sin (o + B) + sin (o + 28)
+sin (o +3P) + ... +sin (o + (n - 1)P)

=Sin(—nzﬁ)><sin[a+(n—l)ﬁ}

sin (ﬁj 2
2
202. Prove that

sina+sin2a+sin3a+ ... +sin na

. (noc)
s | ——

_ Ti)xsin (n+1)(%)
sin E

sin@+sin30+...+sin(2n—-1)0 =

203. Prove that

. 2
sin” n@

sin 6

204 Prove that
cos o+ cos (o + PB) + cos (a+ P)
+cos (x+ B)+... +cos(a+(n—1)p)

sin(nf) B
=—><cos(oc+(n—1)—]
. (ﬁ) 2
sin | =
2
205. Prove that cos oc+ cos 2oc+cos 3o+ ...
sin na
2 ((n+1)aj
— =2 Xcos| ——
. (o 2
sin| —
3

206. Find the sum of n-terms of the series
sin x sin x

...t cosno =

sin 2x -sin 3x  sin 3x - sin 4x

sin x
— +....to— n — terms
sin 4x - sin 5x

1

cos 6 +cos 50

207. Prove that

cos 6 +cos 20

1
+—
cos 8 +cos 760
=cosec O [tan (n + 1) 6—tan 0]

+....t0 — n — terms
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208.

209.

210.

211.

212.

Levee I

1.

Prove that
tan x - tan 2x + tan 2x - tan 3x
+...+tannx - tan (n+ )x
=cotx[tan(n+ l)x—tanx]—n
Prove that

-1 X 1 X
tan = |t tan 5
1+ 2x 1+ 6x

-1 X -1 X
+ tan S| ttanT | ———
1+12x 1+n(n+1)x

=tan!' (n+1)x—tan'x

Prove that

=tan"! (n +2) —tan™' 2.

Prove that sin™! (L) +sin! E
2 V2
3
2

+sin”! (%) + ... to oo =

Prove that tan™' (%) +tan”! (%)

(Mixed Problems)
1 .
If sec x= p+—, then sec x + tan x is
p

@p O  © L @2
4p p

If cosec x — sin x = @*, sec x — cos x = b, then a’b*(a* +
b?) is
(@ 0

) 1

() -1 (d) ab

. If sec x + cos x = 2, then the value of sec® x(1+ sec® x) +

cos® x(1 + cos® x) is

(a) 2 (b) 4 (c) 6 (d) 8
The value of

(27r) (47r) (671') .
cos| — |+cos| — |+cos|— | 1s

7 7 7
(a) 172 (b) —-1/2 (© 0 (d) None
. Which of the following is smallest?

(a) sinl (b) sin2 (c) sin3 (d) sin4

10.

11.

12.

13.

14.

15.

16.

17.

1.19

Which of the following is greatest?

(a) sin 1 (b) cos 1 (c) tan 1 (d) cotl

. If A= cos (cos x) + sin (cos x), then the least and great-

est value of A are
(@ 0,2

© V2,42

(b) -1, 1
d 0,42

.If A+B= % , A4, B> 0 then the maximum value of tan

A -tan B is

@ 13 (b 1 ©) 12 ) 2/3

. The maximum value of a sin 2x + b cos 2x for all real x

is
(a a+b
(¢) maximum {|a|, |b|}

(b) a*+b

(d) maximum {a, b}
Which of the following is/are true?

(a) sin1>sin 1°(b) tan 1 >tan 1°

(c) sin 4 > sin 4°(d) tan 4 > tan 4°

If cos 5x = a cos® x + b cos® x + ¢ cos x + d, then

(a) a=16 (b) b-20

() ¢=5 (d) d=2

If sin’ x sin 3 x = ¢, + ¢, cos x + ¢,cos 2x + ¢, cos 3x
Fovvreene + ¢, cos nx, then

(a) Highest value of nis 6

(b) ¢,=1/8
(c) ¢c,=—c,
(d) ¢,=c,=c,.

If f(x) = cos[x] x + sin [r] x, where [,] is the greatest
integer function, then

(a) 0 (b) cos3 (c) cos4 (d) None
Let f(x)
1+sin’x  cos’x 4 sin 2x
=| sin’x l+cos’x 4sin2x |,
sin® x cos’x  1+4sin2x
then the maximum value of f(x) is
(a) 0 (b) 2 (c) 6 (d) None

For any real x, the maximum value of
cos? (cos x) + sin® (sin x) is

(a) 1 (b) 1+sin?1

(¢) 1+cos?1 (d) None

If a = sin k2 sin 5—” sin 7—” and x is the solu-
18 18 18

tion of the equation y =2[x]+2 and y =3 [x—2 ], where
[,] = GIF, then a is

(@) [x] (®) V[x]  (¢) 2[x] (d [xF
The minimum value of sin® x + cos® x is
(a) 0 (b) 1 (c) 1/8 (d 2
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

sin*0  cos*6 sin®0  cos® |

If + = , then + is
a b a+b a b
1 1

a b
@ a+b ®) (a+b)°
C d) None
© (@

The value of tan (E) tan (Z—EJ tan (3_77:) is
7 7 7

(@ 1 (b) % (© 7  (d) None

If orand f are the solutions of sin? x + asinx + b =0 as
well as that of cos? x + ¢ cos x + d =0, then sin (o + )
is

2bd a’+c?
—_— b
(@) PRy (b) e
b*+d? 2ac
c d
© 2bd @ a’+c?

If sec 6+ tan 6= 1, then one of the roots of the equation
alb—c)x* +b(c—ax+cla—b)=0
is
(a) tan® (b) secO® (c) cos® (d) sin O
If ot is the common positive root of the equation x* — ax
+12=0,x>-bx+15=0and x*> — (a —b)x + 36 = 0 and
cos x + cos 2x + cos 3x = 0, then sin x + sin 2x + sin 3x
is
(a) 3 (b) -3 (© 0 d 2
For any real 6, the maximum value of cos? (cos 6) +
sin®(sin 6) is
(a) 1 (b) 1+sin’1
(¢) 1+cos*1 (d) 1—cos’1
If o+ =2 and B+ y= c, then tan o is
(a) 2(tan B+tan 9 (b) (tan B+ tan y)
(¢) (tan B+2tanp) (d) (2tan B+tanp
The maximum value of
COS @, - COS O, COS (X, ... COS O,

under the restriction

T
004, 0y, Oy e ,o, <= and
2

cot ¢ - cot @, cot @ ... cot o, = 1, is

1

1
(@ 72

1
(b) o (©) 5

@ 1

IfA>0and B>0and A+ B ZE, then the maximum
value of tan A. tan B is 3

1 1 1 1
a) — b) — c) — d —
(a) 2 (b) 3 (c) NG (d) 7
Iftan B=2 sin o X sin Y% cosec (¢ + 9), then cot ¢, cot
B, cot yare in
(a) AP (b) GP

(c) HP (d) AGP

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Trigonometry Booster

The minimum value of the expression sin o + sin f§ +
sin ¥, where o, f3, y are real positive angles satisfying
o+ fB+y=m,is

(a) positive (b) negative (c) 0 (d) -3
The value of 4 cos 20° —+/3 cot 20° is
(a) 1 (b) -1 (c) -1/2 (d) 1/4

The maximum value of
. . (x x) .
4sin’x + 3 cos®x + sin (E) + cos (5) 1S

@) 4++2 (b) 3+2
(©) 4-+2 (d) 4

The value of the expression

(+/3 sin 75° — cos 75°) is

1 1
@ 5 ® = © V2 (@2
The value of (4 + sec 20°) sin 20° is

@) 1 ® N2 © B @ 243

If (1 +tan 1°) (1 +tan 2°) ... (1 + tan 45°) = 2° then the
value of 7 is

(a) 20 (b) 21 (c) 22 (d) 23

The number of all possible triplets (a,, a,, a,) such that
a,+a,cos (2x) +a,sin" x=01is

(a 0 (b) 1 (c) 2 (d) infinite
If sin (zr cos 0) = cos (x sin 0), then the value of sin (20)
is

(a) -172 (b) -1/3 (c) -2/3 (d) -3/4

A real root of the equation 8x* — 6x—1=0is

/2 /2
(a) cos (?j (b) cos (3)

T /4
(c) cos (ﬁ) (d) cos (%)

The value of (\/5 cot (20°) — 4 cos (20°)) is
(a) 1 () —g (d) ?

If tan’ (% + gj :%, then sin (0) is
a->b a->b

b) —
(a) (a+b] (b) [a+bj

a+b a+b
(© (a—b] (d) _(a—bj

The least value of cosec? x + 25 sec? x is

(b) 1

(a) 26 (b) 36 (c) 16 (d) 12
.3 3
Let y=Sm x_C(')S x’0<x<£
cosx sinx 2
then the minimum value of y is
(@ 0 (@ 1 (c) 32 (d) 2

The expression tan (55°) tan (65°) tan (75°) simplifies
to cot (x°), 0 <x <90, then x is

(a) 5 (b) 8 ) 9 (d) 10
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42.

43.

44.

45.

Levee I

. 1
If x, and x, are the roots of x* + (1 — sin 6) x — 5 cos’0

= (0, then the maximum value of x12 + x% 1S
(a) 2 (b) 3 (c) 9/4 d) 4
The value of the expression

2 ﬂ) 2(37[) 2(5”) 2(775 .
Cos™| —|+cCOS"| — |+COS"| — [+cCcOoS"|— | 18
8 8 8 8

(a) rational
(c) prime

(b) integral
(d) composite

If a = tan x, then the value of cot (%—a is
a-1 a’-1
(@) (a+l) (b) [a2+1]
2
a +1 a+1
d
© [az—lj @ (a—l]

If sin@+cos@=—,0<60<r,thentan Ois

1
5

(@ 34  (b) 43  (c) 34  (d) —4/3

(Problems for JEE Advanced)

. Prove that

tan o+ 2 tan 2oc+ 4 tan 4+ 8 cot 8= cot a
Prove that
tan 9° —tan 27° —tan 63° +tan 8§1° =4

. Prove that
sinx sin3x sin9% 1
+ =—(tan 27x — tan x)
cos3x cos9x cos27x 2
sinx 1 cosx 3

sin » = E’ E = 5 where x, y € R, then find the

value of tan (x + y).

. Prove that

.4 T . 4 3n . 457 .4 T 3
sm|— |+Ssm |— |+Smn |— [+SmM | — [=—
16 16 16 16 2

If cos(a—[3)+cos([3—y)+cos(y—a)=—%, then

prove that cos o+ cos S+ cos y= 0 and sin o + sin §+
sin y= 0.

If sin o sin B—cos accos B+ 1 =0, then prove that 1 cot
otan f=0

. If a+ =90° and B+ y= «, then prove that

tan or=tan + 2 tan y

If tan (%)=(\/2—\/5)(\/»—\/3) where a, b, ¢, d

are positive integers, then find the value of (a + b+ c +
d+2)

10. If

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23

24.
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Al z = z then find
cosf 2 o) en
cos 0+T cos 0—?

the value of x + y + z.

If sin (25°) sin (35°) sin (85°) =~~~

T

where a, b, c € I', find the value of (a+ b+ ¢ —2)

Find the value of /3 cot (20°) — 4 cos (20°) .
Prove that

sin (2°) + sin (4°) + sin (6°)

sin (8°) + ... + sin (180°) = cot (1°)
Find the value of

. T . 3r . b/
sin + sin + Sin
2013 2013 2013
. r
+ sin
2013

I+l+y
1+ 1-y )

Ja++b

) +...upto (2013) trems

If tany:(

then prove that sin (4y) =y

If tan (£+Zj:tan3 (£+£j,
4 2 4 2

. .2
sin 3+sin“x
prove that Y

sinx 1+3sin’x

tan o + tan y

Iftmp=———"-—""
P l+tanortan 'y’

sin (2) +sin (27)
1+ sin (2¢) -sin (27)

prove that sin (28) =

If 4sin (27°) = (a +vb)"* = (c = Jd)"?
where a, b, ¢, d € N, find the value of (a +b+c+d+
2)

If 1+sin@)(1+cosh)= % , find the value of (1 — sin
0) (1 —cos 6)
If 3 sinx +4 cos x =5 where x € (0, gj , then find the

value of 2 sin x + cos x + 4 tan x

If cos 4 =tan B, cos B =tan C, cos C =tan 4, prove that
sin 4 = sin B = sin C = 2 sin (18°)

Find the value of

2 T 2 kY4 2 Ry 2 r
tan”| — |+ tan”| — |+ tan" | — [+ tan" | —
16 16 16 16

If sin (1°)-sin (3°)-sin (5°)....sin (89°) = 2i

then

find the value of »
If (1 +tan (1°)) (1 + tan (2°)) (1 + tan (3°)) ... (1 + tan
(45°)), then find n
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25. Prove that

[reeos(5 )+ (35)
[T o555

26 Prove that
1
cos (60°) cos (36°) cos (42°) cos (78°) = T
27. Let f,(6) = sin“(6) + cos(0).

Then find the value of %f6(0) - %ﬁ‘(e)

28. Find the maximum and minimum values of
£(6) = sin?(sin ) + cos? (cos 0)

29. Find the minimum value of
f(0)=(3 sin (6) — 4 cos (6) — 10)
(3 sin (6) +4 cos (6) — 10)

30. Find the range of 4 = sin®*!® 8+ cos*'* 0

sind_ cos A

31. If

=p, =gq , prove that
sin B P cos B 7-p

2
t'clnA~tanB:£ q l .
g\{1-p

-2
1 If tan (o — ) . smzy
tan o sin” o

o-tan 8

33 Iftan(g)— 1_etan(2) th
' 2) \l+e 2 ) hen

cosf—e

=1, then prove that tan? y= tan

prove that cos ¢ = ——
l—ecos®

acos@+b
a+bcoso

5 Ver (3
tan| — |= [—— tan| = |.
2 a+b 2

35. Ifsinx+siny=a,cosx+cosy=>
4—a*—b?
a’+b?

34. If cos 0= , then prove that

then prove that tan (x ; Y ) ==

36. If tan (%) = (a+bV2)"2 = (Je +d) , where

a, b, ¢, d are +ve integers, then find the value of (a + b
+c+d+1).

37. If o and B are two values of 0 satisfying the equation

M + ﬂ = l . Prove that cot ((X_ﬁ-ﬂj :2
a b c 2 a

38. Prove that sin (%) is a root of

8P —4x?—4x+1=0

Trigonometry Booster

39 Ifx+y+z=uxyz, prove that
2 2 2

x2+ y2+ z

1-x 1=y 1-z

. x 2y 2z

1-x* l—y2 1- 22

2

[Roorkee, 1983]

40. If cos o+ cos B+ cos y=0 and sin o + sin B+ sin ¥
= (), then prove that cos (3a) + cos (3B) +cos (39) =3
cos (a+ B+ ) and sin (3) + sin (3f) + sin (39) =3 sin
(a+B+7p [Roorkee, 1985]

41. Show that (without using tables) tan 9° — tan 27° — tan
63° +tan 81°=4 [Roorkee, 1989]

42. Find ‘a’ and ‘b’ such that the inequality

a<cos x+5sin (x - Ej < b holds good for all x.
6 [Roorkee, 1989]
43. If A= cos? 8+ sin* 6, then for all values of 6, find range
of A. [Roorkee, 1992]
44. Given the product p of sines of the angles of a triangle
and the product g of their cosines, find the cubic equa-
tion, whose co-efficients are functions of p and g and
whose roots are the tangents of the angles of the tri-
angle. [Roorkee, 1992]
45 If x = cos (10°) cos (20°) cos (40°), then find the value
of x. [Roorkee, 1995]
46. Find the real values of x for which 27¢s % . 8]sin 2 jg

minimum and also find its minimum value.

[Roorkee, 2000]
47. If ¢f~logcos &= = 1 then find the values of x and y in
terms of 6. [Roorkee, 2001]

Levee IV

(Tougher Problems for JEE
Advanced)

1. Prove that the sum of
tan x tan 2x + tan 2x tan 3x + ... +tanx tan (n + 1) x =
cotxtan(m+ 1) x—(n—1)

2. Prove that
cosec x + cosec 2x + cosec 4x + 5 to n terms

= cot (%) —cot (2" 'x).

3. Prove that
cot (16°) cot (44°) + cot (44°) cot (76°) —cot (76°) cot
(16°)=3

5. If 0= % , prove that 2” cos 6

cos (260) - cos (46) - cos (80) ... cos (2" ' 6) =1
6. Prove that

. (27tj i (4%] i (87[) J7
sm|— |(+Sm|— |+Sm|— |=——
7 7 7 2
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7.

10.

I1.

12.

13.

14. If

15.

16.

17.

18.

19.

Prove that

of T o 21 1
tan®| — |+ tan” | — +tan —
16 16 16

prove 102 ( jt ( jj

T
7
(5 e ()
x| cot?| = |+ cot?| == |+ cot?
7 7
3+ cot (76°) cot (16°)
cot (76°) + cot (16°)

If cos x + cos y + cos z = 0, then prove that cos (3x) +
cos (3y) + cos (3z) = 12 cos x cos y cos z

Prove that tan® (%) —33tan* (%) +27 tan’ (g) =3

Ifcos A +cos B+ cos C=0=sinA4 +sin B + sin C then
prove that sin? 4 +sin? B+sin2 C=cos? 4 + cos? B +

Prove that ot (44°)

cos? C= =
Let 4, B, C be three angles such that 4 =% and tan B.

tan C = p. Find all possible values of p such that 4, B,
C are three angles of a triangle.

tan 34
an34 _ k . show that sin34 2k
tan A sind k-1
lie between 1/3 and 3.
If A + B+ C = m, then prove that

cot A + cot B + cot C — cosec 4 cosec B cosec C = cot
A-cotB-cotC
1

Jx(x*+x+1)
N

\/(x2+ x+1)

\[(xz +x+1)
xx
then prove that o+ =y
If or and B are acute angles and
_3cos2B-1
3—-cos2p

If tan® (ﬂ + Ej = tan (é +
2 4 2

. 3 +sin’ o) sin &
sin = B Fsin"@)sin o

and k cannot

If tan x =

tan =

and tany =

, prove that tan ¢ : tan f=~/2 :1
T

— |, prove that

4) P

1+3sin’a

If sin §= % sin (2a + B) , prove that

tan(a+ﬂ):§tana

20.

21.

22.

23.

24.

25.

26. If

27.

28. If

29.

30.

31.

32.

33.

34.

35. If

1.23

If sin x + sin y = 3 (cos x — cos ), prove that sin (3x) +
sin 3y)=0
If sec (¢ — @), sec @, sec (¢ + ) are in AP then prove

that cos (@) = V2 cos (%)

If tan(x;y),tanz,tan(x;y) are in GP then

prove that cos (x) = cos (y) cos (2z)

tan 6 lies between 1/3 and 3 for all

sec’6 + tan 6

2
sec” 6 —
Prove that

real 6

If 0= T , find the value of
2" +1

2" cos (6) cos (20) cos (2% 0) ...

Find the value of
tan (6°) tan (42°) tan (66°) tan (78°)

cos (21 )

tan (¢ +f—7y) tany
tan(x—B+y) tanf
sin 2+ sin 2+ sin 2y=0

, prove that sin (8— ) =0 or

If 4+ B+ C = r, prove that
cot A+ .smf‘l :cot8+%
sin Bsin C sin Asin C

sin C

:Cotc++
sin 4 sin B

sin (0 +A4)  |[sin (24)
sin(@+B) \sin(2B)’
prove that tan’> 6= tan 4 tan B

then

If cos (X—y) =—1, then prove that cos x + cos y =0 and
sinx +siny =0.

If \/5 cos A= cos B+ cos’B
and /2 sin 4 = sin B — sin’ B,

prove that sin (4 — B) = i%

Prove that sin (90)2%(\/3+\/§ - \/5 —\/g)

2
© . ]
36
6
Find the value of z (sin (%Tﬂ) —icos (%Tﬂn
k=1

where i = -1

Find the range of f(x)=sin (

If cos 8+ cos ¢= arand sin 8+ sin ¢ = b, find the value

of tan (gj + tan (ﬂj
2 2

tan 0 1
tan O — tan 30 3
cot O

cot (0) —cot (360)

, find the value of
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10.

I1.

12.

Integer Type Questions

x y z

f =

0059: 7 ) find the
cos 6—7 cos 9+7

value of (x +y+z+4)

Find the numerical value of

9
2 sin’ (ﬂ)
r=0 18

If s'mx :land cos X :g,where x,ye(O,Ej,
siny 2 cosy 2 2
tanz(x+y)

find the value of
If cos (x — y), cos x, cos (x + y) are in HP such that

SEC X - COS (Zj
2

=m , find the value of (m* + 2).

/4 2r
. If tan x + tan §+x + tan T+x

=k tan 3x, find £
Let f(6)=sin” @ + sin? (2{ + 9] +sin’ (%” + 9) ,
find the value of 2f (%j
If m=+/3 cosec (20°) —sec (20°) and » = sin (12°) sin

(48°) sin (5°) where m, n € N, find the value of (m +
8n+2)

. Let tan (15°) and tan (30°) are the roots of x* + px + ¢

=0, find the value of (2 + g — p)

44
Zcos (n°)
Let x= "Ll , find the value [x + 3], where
Y sin (n°)
n=1
[,]=GIF

If the value of the expression sin (25°) sin (35°) sin (85)

Ja ++b

c
are in their lowest form, find the value of (_a j_ b + 2)

can be expressed as where a, b, c € N and

17 kﬂ.

Let m= Y, cos (7) , find the value of (m? + m + 2)
k=1

If the expression tan (55°) tan (65°) tan (75°) simplifies

to cot (x°) and m is the numerical value of the expres-

sion tan (27°) + tan (18°) + tan (27°) tan (18°), find the

value of (m +x+ 1)

Trigonometry Booster

Comprehensive Link Passages

Passage-1
Increasing product with angles are in GP

cos o % cos 20 % cos 2°cx ... cos 2" o

sin2"a .
—ifa#np
2" sin o
= ifa=—1—,
" 2" +1
1 .
——n:lf(xzznﬂ

where # is an integer.
On the basis of above information, answer the following
questions:

1. The value of cos (2—ﬂ) cos (4—7[) cos (6—7[) is
7 7 7
(a) -1/2 (b) 172 (c) Y (d) 1/8
2 If o= % , the value of

6
[ 1 (cos (rer)) is

r=1

(a) 1/64 (b) -1/64 (c) 1/32 (d) -1/8
3. The value of sin (ij sin (3—7[) sin (S—EJ sin (7—7[)
14 14 14 14
‘ (9;:) . (117:) . (137:].
sin| — |sin| — |sin| —— | is
14 14 14

(a) 1 (b) 1/8  (c) 132 (d) 1/64

4. The value of sin| = |sin[ 2 |sin[ 2% | ;
. € value o 18 18 18 1S

(a) 1/16 (b) 1/8 (c) —1/8 (d -1
5. The value of
64x/§ sin (1) cos (1) cos (i) cos (1) cos (E)
48 48 24 12 6

is

(a) 8 (b) 6 (c) 4 (d) -1
Passage-11
If cos (%), cos (%), cos (STRJ are the roots of the equa-
tion 8x* —4x?> —4x+1=0,

on the basis of the above information, answer the following
questions.

1. Th 1 f sec (Ej + sec (3—7[) + sec (S—HJ i
. ¢ value o 7 7 7 18

(a) 2 (b) 4 (c) 8 (d) None
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2. The value of sin r sin 3—7[ sin 5—7[ is
14 14 14

(a) % (b) 118 (o) 7 (d) Nl
4 8
3. The val f cos (L) cos (3—ﬂj cos (5—”) i
. € value o 14 1 1 is
(@) % (b) 1/8 (o) g (d) g

4. The equation whose roots are

tan> (1), tan? (3—7[) y tan> (5—7[) is
7 7 7

(a) ¥*-35x*+7x-21=0

(b) ¥*-35x2+21x-7=0

() ¥*-35x*+35x-7=0

(d) ¥*-21x*+7x-35=0
5. The value of

g{mnz(zg—ljn}x g{cmz(2’7—ljn} s

(a) 15 (b) 105 (c) 21 (d) 147
Passage-I11
Let x> +y? =1 for every x, y in R.
Then,
1. The value of P = (3x — 4x%)* + (3y — 4)*)is
(a) 2 (b) 1 () 0 (d) -1
2. The minimum value of Q = x¢ + ) is
(a1 (b) 172 (c) 1/4 (d) -1
3. The maximum value of R =x? + y* IS
(@ o0 (b) 1 (c) 12 (d) 3/4
Passage — IV

Consider the polynomial
P(x) = (x — cos 36°)(x — cos 84°)(x — cos 156°)

Then,
1. The co-efficient of x? is
(@ 0 (b) 1
(c) -1/2 (d) (E)
2
2. The co-efficient of x is
(a) 32 (b) -3/2 (c) -3/4 d 2
3. The constant term in P(x) is
@ (\B—lj ) (ﬁ—l]
4 16
J5 + 1] 1
d —
© ( 16 @ 16
Passage-V

Ifasinx+bcosx=1suchthata®+b>=1foralla, b1e(0, 1)

then,

1. The value of sin x is

(a) a (b) b (c) alb
2. The value of cos x is
(a) a (b) b (c) alb
3. The value of tan x is
(a) a (b) b (c) alb
Passage-VI1

22
Let secx+tanx=7,Whel”e 0<x<%

then

1. The value of tan (%) is

(@) 1529 (b) 1325 (c) 14/29

l—cosx | .
is

1+ cos xJ

(a) 1529 (b) 14/29 (c¢) O

3. The value of (cosec x + cot x) is
(a) 29/14 (b) 1528 (c) 29/15

2. The value of (1 -

Matrix Match

1.25

d) bla

d) bla

d) bla

(d) -15/29

d) 12/25

d) 15/29

(For JEE-Advanced Examination Only)

1. Match the following columns:

Column I Column IT
(A) P ®] 1
If9+(p=3,where 0
and ¢ are positive, then
(sin 6 + sin @) sin (%) is al-
ways less than
(B) | If sin 6—sin p=aand cos O+cos [ (Q) | 2
¢@= b, then @* b* can not exceed
(C) |If3sin O+ 5 cos =15, (8= 0), | (R) 3
then the value of 5 sin 6 — 3 cos
0is
S| 4
M| 5
2. Match the following columns:
Column I Column IT
(A) | The value of cos (20°), cos| (P) 3/8
(40°), cos (80°) is V3
(B) | The value of cos (20°), cos | (Q) 316
(40°), cos (60°), cos (80°) is V3
© The Valug of'sin (20°), sin (40°), | (R) J3/32
sin (80°) is
(D) | The value of sin (20°), sin (40°), | (S) | 1/16
sin (60°), sin (80°) is
(T) | 1/8
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3. Match the following columns :

Column I Column IT
(A)| If maximum and minimum val- |(P)| A+ pu=2
7+6tan 0 — tan> 0
ues of 3
1+ tan“ 0
o @ a-u=6
For all real values of O iE
are A and U respectively, then
(B) | If maximum and R)|A+u=6
minimum values of
50059+3cos(9+§)+3
For all real values of 8 are A and |(S)
U respectively, then
(O) | If maximum and (M| A-u
minimum values of =14
. (r T
1+s1n(—+9)+2cos(——9j
4 4
For all real values of 6 are 1 and
U respectively, then
4. Match the following columns:
Column I Column II
In a triangle ABC
(A) | sin 24 + sin 2B + | (P) | 4 sin 4 - sin B - sin
sin 2C is C
(B) [cos 24 + cos 2B + | (Q) | =1 —4 cos A4 -cos B
cos 2C' is -cos C
(C) |sin> 4 + sin> B +|(R) |2+ 2 cos 4 - cos B
sin? C'is -cos C
(D) |cos* 4 + cos? B+|(S)|1—-2cosA-cosB
cos? C'is -cos C

5. Match the following columns:

Column I Column IT
(A) | The value of P) | 1/8
cos* (Ej + cos* (3—77:) +
8 8
cos” (5—”) +cos” (7_71:) is
8 8
Q| 32
(B) | The value of sin (12°), sin R) | 32
(48°), sin (54°) is
(C) | The value of
sin (6°), sin (42°), sub(66°), (S) | 1/16
sin (78°) is
(D) | The value of tan (6°), tan (T) 1
(42°), tan (66°), tan (78°) is

Trigonometry Booster

6. Match the following columns :

Column I Column IT
P ® | 2
If 4+ B= 1 then the value of (1
+tan A) (1 +tan B) is 2
(A) | The value of (1 +tan21°) (1 +tan | (Q) | 4
22°) (1 + tan 23°) (1 + tan 24°) is
(B) | The value of ( 1 + tan 2058°), (1 | (R) 8
—tan 2013°) is
(C) | The value of S) | -8
/4
l+tan| ——x | |-
(1+(5-+)
T .
I+tan| x+—||. 18
(5]
(D) | The value of (1 + tan 235°), (1- | (T) | 4
tan 190°) is
7. Match the following columns:
Column I Column IT
(A) | The value of 2 tan (50°) + tan | (P) 3
(20°) is
(B) | The value of tan (40°) + 2 tan | (Q) 5
(10°) is
(C) | The value of tan (20°) tan | (R) tan
(40°), tan (60°), tan (80°) is (70°)
(D) | If 3 sin x + 4 cos x = 5, then | (S) tan
the value of 2 sin x + cos x + (50°)
4 tan x is
8. Match the following columns:
Column I Column IT
(A) | The minimum value of 2 sin> 8| (P) 1
+3 cos? Bis
(B) | The maximum value of sin2 8+ | (Q) | 3/4
cos* O1is
(C) | The least value of sin* 6 + cos® | (R) 2
Ois
(D) | The greatest value of sin®'* 8+ | (S) 4
cos?! @ is
9. Match the following columns:
Column I Column IT
If o and f are the solutions of a cos
6+ b sin 6= ¢, then
(A) | the value of sin o+ sin B is ®) | 2-p2
a*+b?
(B) | the value of sin & - sin s Q| 24
a’+b?
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(C) | the value of cos ax+cos Bis | (R) | o2_ 42
a*+ b’
(D) | the value of cos & - cos Bis | (S) 2%bc
a*+ b’
10. Match the following columns:
Column I Column IT
(A) | The value of cos (12°) + cos (84°) | (P) 0
+ cos (156°) + cos (132°) is
(B) | The value of Q) 1
2 tan (2] + 3 sec (l)
10 10
—4 cos (i) is
10
(C) | The value of (R) 2
V3 cot (20°) — 4 cos (20°) is
(D) | The value of tan (20°) + 2 tan | (S) | —1/2
(50°) — tan (70°) is
M| -1
Assertion and Reason
Codes
(A) Both A and R are individually true and R is the correct
explanation of A.
(B) Both A and R are individually true and R is not the cor-
rect explanation of A.
(C) Aistrue but R is false.
(D) Ais false but R is true.
1. Assertion (A): sinf=x+ 1 is impossible if x € R —
{05. *
Reason (R): AM > GM
(@) A (b) B (c) C (d D
2. Assertion (A): A is an obtuse angle in A4BC, then tan
B.tanC>1
R R): In AUBC tanA—M
eason (R): In ’ ~ tan Btan C —1
(@) A (b) B (¢ C (d D
3. Assertion (A): sin 2z + sin an + sin Smy__1L
. Assertion (A): 7 7 7 3
2 . (2 .
Reason (R): cos (TEJ +isin (TEJ is complex 7"
root of unity.
(@) A (b) B (© C (d D
4. Assertion (A): tan o + 2 tan (2¢) + 4 tan (4¢) + 8 tan

(8x) — 16 cot (16¢x) = cot
Reason (R): cot v —tan ov=2 cot 2¢x

(@) A (b) B (¢ C (d D

10.

1.27

Assertion (A):

2 2 T 2 ar
cos™ & + cos (X+§ + cos a+7

2r 4r
=3 cos & cos a+T cos a+T

Reason (R): Ifa+ b+ ¢ =0, then a® + b* + ¢* = 3abc
(@) A (b) B (¢) C (d D
Assertion (A): tan (50) — tan (36) — tan (6) = tan (56),
tan (36), tan ()

Reason (R): If x =y + z, then tan x — tan y — tan z = tan
x-tany-tanz

(a) A (b) B () C (d D
Assertion (A): The maximum value of sin 6 + cos 6 is
2

Reason (R): The maximum value of sin @ is 1 and that
of cos O1is also 1.

(@) A (b) B (c) C (d D
. Assertion (A): The maximum value of ﬁcos (o)
i=1
under the restriction Ogal,az,a3,.,,,ang§ is 23/2
Reason (R): ﬁcot (o) =1
i=1
(@) A (b) B (¢) C (d D

. Assertion (A): If 4 + B + C = &, then the maximum

value of tan 4 - tan B - tan Cis 3+/3
Reason (R): AM > GM
(@) A (b) B © C

dxy
2
+)

(d D

Assertion (A): sec’0 = ( is positive for all real
X

values of x and y only when x =y
Reason (R): sec? 0>1
(@ A (b) B (c) C (d D
Questions Asked In Previous Years’
JEE-Advanced Examinations

Prove that

sin x sin - sin (x —y + sin y sin z sin (y —z) + sin z sin x

sin (z—x) +sin (x—y) sin (y —z) sin (z—x) =0
[IIT-JEE, 1978]

If cos (a+ﬁ)=%,sin ((x—ﬁ):% and o, B lie be-

tween 0 and % , find tan 2¢¢ [IT-JEE, 1979]

Given A = sin? 0 + cos* 0 for all values of 6, then
[IIT-JEE, 1980]

(a) 1452 (b) 3/4<4<1

(c) 13/6<4<1 (d) 3/4<4<13/6

If tan 4 :HAB , then tan 24 = tan B. Is it true/
sin

false ? [IT-JEE, 1980]
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10.
11.

12.
13.

14.

15.
16.

. Prove

n

. Suppose sin’x sin 3x = 2 C,, cos (mx) is an identity

m=0
inx, when C, C,, ... C are constants and C # 0 is the
value of n= ...
[IIT-JEE, 1981]
. Without  using  the tables,  prove  that
sin 12° sin 54° sin 48° = l
[IIT-JEE, 1982]

If ¢+ B+ y= m, then prove that sin? o + sin® f — sin? ¥
=2 sin o % sin B - sin y [IIT-JEE, 1983]
that

2r 4 8 167
16 cos| — |cos| — |[cos| — |cos| — | =1
15 15 15 15
[IIT-JEE, 1983]
The value of

oG oo
(e () 1e0(5)

is equal to

1+2
202

[IIT-JEE, 1984]

@@ 12 (b) cos% © 18 ()

No questions asked in 1985.
The expression _’{sin4 (37” - a) +sin* 3 + (x)} -
Z{Sin6 (% + aj +sin® (5m - oc)} is equal to

(@) 0
(¢) 3

(b* 1
(d) sin4o+cos
[IIT-JEE, 1986]
No questions asked in 1987.

The value of the expression V3 cosec (20°) —sec (20°)
is equal to

2 sin 20°
a) 2 b)) —
@ ®) sin 40°
4 sin 20°

sin 40°
[IIT-JEE, 1988]

(c) 4 (d)

Prove that
tan oc+ 2 tan 2o+ 4 tan 4o+ 8 cot 8= cot o
[IIT-JEE, 1988]

No questions asked between 1989 — 1990.
Find the value of

(7. (3m) . (5n) . (&
Ssm| — |(sSm| —|Sin| — |Sin| —
14 14 14 14
(9 . (117 . (13%
Ssm|—|Smm| —— (Sin| —
14 14 14

[IIT-JEE, 1991]

17.

18.

19.

20.

21.

22.

23.

24.

25.

Trigonometry Booster

If f(x) = cos [#*] x + cos [-7*], where [,] = G.LF., then
(@) f@ =1 () f(m=1

(©) f-m=0 (d) f@:l

[IIT-JEE-1991]
Match the following columns:

Column I Column II
(1) | Positive 137 147
A || ==
48 * 48
(i1) | Negative ®) (1471. 18%)
48 ° 48
©) (18_”23_”)
48 ° 48
© |(0.%]
2

[IIT-JEE, 1992]
If k=sin r sin S sin Iz , the numerical val-
18 18 18

ue of k is [IIT-JEE, 1993]

If4>0,B>0and A+ B= % , then the maximum val-

ue of tan 4 tan B is [IIT-JEE, 1993]

Let 0<x <% , then (sec 2x — tan 2x) equals

(a) tan (x - %j (b) tan (% - xj
(c) tan (% + xj (d) tan’ (% + xj

[LIT-JEE, 1994]
The value of the expression
3(sin x — cos x)* + 6(sin x + cos x)? + 4(sin® x + cos® x)
is
(@ 1 (b) 12 (c) 13 (d) 14
[LIT-JEE, 1995]
The minimum value of the expression sin ¢ + sin 8 +
sin ¥, where o, f3, y are real numbers satisfying o+ 3+
y=rmis
(a) positive
(c) negative

(b) 0
(d) -3
[IIT-JEE, 1995]

4
seczez(( fy)zj is true if and only if
xTy
(a x+ty=0 b)) x=y$,x#0
(c) x=y (d x#0,y#0

[IIT-JEE, 1996]
The graph of the function cos x cos (x +2) —cos? (x + 1)
is
(a) a straight line passing through (0, —sin? 6) with
slope 2.
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26.

27.

28.

29.

30.
31.

32.

33

(b) a straight line passing through (0, 0)
(c) aparabola with vertex (1, —sin* 1)

(d) a straight line passing through the point

(E, —sin? lj and parallel to x-axis.

2 [IIT-JEE,1997]

Which of the following numbers is/are rational?

(a) sin 15° (b) cos 15°

(c) sin 15° cos 15° (d) sin 15° cos 75°
[IIT-JEE, 1998]

For a positive integer #, let

£,(6) = tan (g) (1+ sec 0)(1 + sec 20)(1 + sec 2%6)

... (1 +sec (270)), then
@ f (%} =1
128

© f (%)ﬂ
[IIT-JEE, 1998]

Let f(0) = sin 6 (sin 0 + sin 36), then f(6)

(@) 20when 620 (b) <0 for all real 6

(c) =0 for all real 6 (d) <£0only when 6<0
[IIT-JEE, 2000]

The maximum value of cos o, x cos &, under the re-

T
®) fs(s—z):l
(d) fs(i)ﬂ

striction 0 < ¢}, Oy, ....... ,o, < % and
cota,-cota, ...,cot o =11is

1 1 1
(a) P (b) o () > (d 1

[IIT-JEE-2001]
No questions asked in 2002.

If a+ﬁ=§ and or= B + 7, then tan o is

(a) 2 (tan S+ tan y)
(¢) (tan B+2tany)

(b) tan B+tan y
(d) 2tan f+tany
[IIT-JEE, 2003]

If ae (0, %) , then the expression

2

7 tan“ o .
y=4/Xx"+x+ is always greater than or equal
X"+ x
to
(a) 2tan o (b) 2 © 1 (d) sec® o
[IIT-JEE, 2003]

Given that both 6 and ¢ are acute angles and

. 1 1
sin 6 = 5 C0s Q=" then the value of (6+ ¢) belongs

T 27
®) (5’?)

to the interval

T
@ (3:3)

34.

35.

36.

37.

38.

39.

40.

41.

1.29

2r Sm 5w
© (55) ® (%)
[IIT-JEE, 2004]

Find the range of values of ¢ for which
1-2x +5x° (
22 5. o lElT
3x"-2x-1

nr

—,—

2sint=
[IT-JEE, 2005]

cos (o —fB)=1 andcos(cx+ﬁ)=l, where o, B €
e

[-r, ). Values of o, B which satisfy the equations is/

are

(@ 0 (b) 1

(c) 2 (d) 4.

[IIT-JEE, 2005]
Let O e (0, %) and

t, = (tan )" ° ¢, = (tan 6)<'®
t,=(cot ) ?, 1, = (cot €)', then
() t,>t,>t,>1, (b) 1,>1,>1,>1,
() t,>1,>1,>1, d) t,>t,>1>1,
[IIT-JEE, 2006]
Note: No questions asked in 2007, 2008.
4 4 1

sin"x cos"x

If =—, then
2 5

[0,

cos® x 1

125

sin® x
+
8 27

1
d) tan’x=—
(d) tan“x 3

(a) tan’x =

(b)

o W

8

sin®x  cos x 2

+
8 27 125

©

[IIT-JEE, 2009]

The maximum value of the  expression

1 .
— - 5 s
sin“0 + 3sin 6 cos O + 5 cos“ O

[IIT-JEE, 2010]

Let P={9:sin9—cos9=\/§cos9} and
0={0:sin 0B +cos O = V2 sin 6} be two sets. Then,
(a) PcQandQ—-P+#¢ (b) QzP
(c) Pz Q (d P=0
[IIT-JEE, 2011]

The positive integral value of n > 3 satisfying the equa-

. 1 1 1 .
tion = + 1S...

. (n) i (27‘[) 3z
S| — S| — n
n n

( n ) [HT-JEE, 2011]
Letf: (-1, 1) = R be such that f(cos 40) = 5

2
—sec’0

for 6 (0, Ej ] (E, E) . Then the values of f(l) is
Jare 4 42 3

(a) 1—\E (b) 1+\E (©) 1—\/2 () 1+\E

[IIT-JEE, 2012]
No questions asked in between 2013 to 2016.
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Levee I

1. (b) 2. (b) 3. (b) 4. (b) 5. (d)
6. (¢) 7. (¢) 8. (a,b) 9. (d)

10. (a,b, d) 11. (a,c) 12. (a.c,d)

13. (¢) 14. (o) 15. (b) 16. (b) 17. (a)
18. (b) 19. (¢) 20. (d) 21. (b,c) 22. (¢)
23. (b) 24. (o) 25. (a) 26. (b) 27. (¢)
28. (a) 29. (b) 30. (a) 31. (o) 32. (¢)
33. d) 34. (@) 35. (d) 36. (b) 37. (a)
38. (a) 39. (b) 40. (b) 4l. (a) 42. (d)
43. (a,b,c)44. (d) 45. (d)

Levee IV

13, pe(==3-221U3+2V2,)
16. g —px?+(1+¢q) x—p=0

32. Rf=[0,%}

33. i

34. (—2 4 2)
a +2a+b

35. 2/3

INTEGER TYPE QUESTIONS
1. 4 2.5 3.3 4. 4 5.3

Trigonometry Booster

COMPREHENSIVE LINK PASSAGES

Passage-I: I. (d 2. (@ 3.(d) 4. () 5. (b
Passage-II: 1. (b) 2. (b) 3. (d 4. (c) 5. (b)
Passage-III: 1. (b) 2. (¢) 3. (b)

Passage-IV: 1. (a) 2. (¢) 2. (b)

Passage-V: 1. (a) 2. (b) 3. (¢)

Passage-VI: 1. (a) 2. (b) 3. (¢)

MATRIX MATCH

—_

A)—=>®PQ,R,S, T):(B)—(S,T); (C) > (R)
A)—->T,(B)—>S;(C)>P;(D)—Q

(A) = R, S); (B) = (R, T); (C) = (P, Q)
A)—->P;B)—>Q(C)—»R,(D)—>S

(A) = R); (B) = (P)(C) = (S), (D) = (D)
(A) = (Q); (B) = (P); (C) = (P), (D) — (P)
(A) = (R); (B) = (5); (C) = (P), (D) = (Q)
(A) = (R); (B) = (P); (C) = (Q); (D) — (P)
(A) = (S); (B) = (R); (C) = (Q), (D) = (P)
(A) = (8); B) = (P); (O) = (Q), (D) = (P)

SPe XN R WD

—_—

ASSERTION AND REASON

L@ 2 @ 3@ 4@ 5 @
6. @ 7. () 8 (@ 9 (a 10. (a)

HINTS AND SOLUTIONS

Levee 1

1. Given r =4900 km
Circumference = 27tr
22
=2X El % 4900
=44 x 700
=30800 km
2. Let the three angles be 3x, 4x and S5x, respectively
Thus, 3x + 4x + 5x = 180°
= 12x=180°
= x=15°
Therefore, the smallest angle
=3x=3x15°=45°
and the greatest angle
=5x=5x15°=75°

= (75 X L)radians
180

= (5—77:) radians
12

3. Let the three anglesbea+d, a,a—d
Thus,a+d+a+a—d=180°
= 3a=180°

1800
3

a

It is given that,

T 60
—d)Y:(a+d)X—=—
(@—d):(a+d)x—oo -
(a=d) 180 _60

(a+d)
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(a—d) 1
(a+d) 3
= at+d=3a-3d

= 4d=2a

=  d=2=30
2

Hence, the three angles are 90°, 60°, 30°.

. Let the number of sides of the given polygons be 5x
and 4x respectively.

It is given that,

(ZXZi—4_2xji—4)X90:9
10x—4 2x-1 1

= ( 5x - X ):E
10x—4—-10x+5 1
( 5x jzﬁ
1 1
(B

= x=2

Hence, the number of sides of the polygons would be

10 and 8 respectively.

. Let the angles of the quadrilateral be
a-3d,a—d a+d, a+3d

It is given that, a + 3d = 2(a — 3d)

= a+3d=2a-6d

= a=9d

Also,a+3d+a-d+a+d+a+3d=360

= 4a=360

= a=90

and d=10

Hence, the smallest angle = 90° — 30°
=60°

-3

. Clearly, at half past 4, the hour hand will be at 4l and
minute hand will be at 6. 2

In 1 hour angle made by the hour hand 30°.

In 4% hours angle made by the hour hand

_2 x30°=135°
2

In I minute angle made by the minute hand = 6°
In 30° minutes, angle made by the minute hand = 6 x
30°=180°
Thus, the angle between the hour hand and the minute
hand = 180° — 135°

=45°

7.

10.

11.

1.31

Angle subtended at the centre

=30°= (30><i)=E
180) 6

Hence, l=10><£=5—”.
6 3

. The angle traced by a minute hand in 60 minutes

=360° = 2xradians
Thus the angle traced by minute hand in 18 minutes

=21 X 18 = 3—nradians
60 5
Hence, the distance moved by the tip in 18 minutes
=1=35 x%=21x%=66cm

Let 4B be the height of the man and the required dis-
tance be x, where BC = x

A
10°
B T C
Therefore, %x@=£
x m 60
= x=£x@x60
10 =&
12 x 180
= x=
V4
_12x180  12x180x7
T T
7
= = 22XI80 g3

Let the required distance be x cm.
According to the question,
11 180
X —
2Xx W

6 _ 11 180
60 2xx xm

11 180 60
= x=—X—X—
2 T 6

11_180x7
=—X
2 22
= x=45x7x10=3150
Hence, the required distance be 3150 cms.

Let the radius of the moon be x km
2x 180

o 2« 180
60 60x6400 1

6°=

x10

It is given that,
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12.

13.

14.

15.

16.

17.

18.

16 x 6400 x
= =
180%x2
4x640X 1T
= x=—
9
4x640x22
= x=—
9x7
= x=8%

Hence, the radius of the moon be 894 km.
The difference between the the acute angles of a right

angled triangle is 2 radians. Express the angles in
degrees. 3 Ans. 81°,9°
The angles of a quadrilateral are in AP and the greatest
angle is 120°. Find the angles in radians.
w 4r St 2w

379797 3" 1

At what distance does a man 5— ft in height, subtend
an angle of 15°? Ans. 14.32 miles
Find the angle between the hour hand and minute-hand
in circular measure at 4 O’clock.

Ans

Ans. 4—”
3
Given sec 8+ tan =3 ...(1)
1 1 .
= (secO-tanf)=——-—=— ...(11)
(secO+tan ) 3
Adding (i) and (ii) we get,
2sec0=3+ 119
3 3
= secO= 3
3
= cosf= 3
3
Given, cosec 6 —cot =% ...(0)
= cosec9—00t9=;= ...(11)
cosec 0 + cot 0
Adding (i) and (ii) we get,
ZCoseCG=5+l=§
5 5
= cosecO= 13
5
= sinf= el
13
Given, a = c cos 6+ d sin 6 ...()
and b=csin 8—d cos 6 ...(11)

Squaring and adding (i) and (ii) we get,
a*>+ b*=(c cos 6+ d sin 6)
+ (¢ sin 8—d cos )
= &+ b= (c*cos? O+ d" sin® 0)
+ (¢? sin? 6 + d” cos? 6)

19.

20.

21.

Trigonometry Booster

= a+bhP=3+d
= m=2,n=2,p=2,g=2
Hence, the value of m +n+p + g +42 =150
Letx =3 cos 6—4sin 0
and 5=3sin 8—4cos O
Squaring and adding (i) and (ii) we get,
x2+5%=(3 cos O+ 4 sin B)* + (3 sin 6—4 cos )’
= x2+5°2
= (9 cos? 6+ 16 sin? O+ 24 sin O cos 6)
+ (9 sin? O+ 16 cos® 0 — 24 sin 6 cos 6)
= (9 cos? B+ 16 sin? 6) + (9 sin®> 6+ 16 cos? 6)
= 9(cos? B+ sin? ) + 16(cos? O+ sin® )

..(0)
...(ii)

= x*+25=25

= x*=0

= x=0

= 3cos0-4sin0=0

We have x* + y* + 2
= (r cos O cos @)’ + (r cos Osin @)’ + (r sin H)°
N R
= (72 cos? O cos? @) + (7 cos? Bsin? @) + (7 sin? 6)
= x4z
=72 cos? 0 (cos? @+ sin® @) + (2 sin® )
=72 cos? 0+ 2 sin’ O
= r*(cos? O+ sin? ) = r?
= XH+yP+z2=r
= m=2,n=2,p=2
Thus, the value of (m + n + p — 4)m+ntr=9
=21=1024
2sina
l+cosa+3sina

Given, x =

sinox—3cosa+3
2—2cos o

We have

_sina +3(1—cos o)
2(1—rcos )
sin o 3
=t —
2(1—-cosa) 2
_sin or(1+ cos 06)+3
2(1-cos’a) 2
_sino(l+cos) 3

2sin’a +5
_ (1+cos ) +§
2sin o 2
(1+cos o +3sin )
B 2 sin o

1
X
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22. We have
P =sec® 0—tan® 0 — 3 sec? Otan’ O
= (sec? 0—tan’ 6)° = 1
QO = cosec® 68— cot® 63 cosec? O cot’ 0
= (cosec? O—cot? 0)’ =1
and R =sin® 6+ cos® 8+ 3 sin® O cos? O
= (sin’ O+ cos? 6)* =1
Hence, the value of (P + Q + R)P+2*P
=33=27
23. Wehave3sinx+4cosx=35
Lety=3 cosx—4sinx
Now, y? + 52 = (3 cos x — 4 sin x)?
+ (3 sin x + 4 cos x)*
= »?+25=9cos’x+ 16 sin’* x — 24 sin x cos x
+9 sin® x + 16 cos? x + 24 sin x cos x
y2+25=25(cos? x + sin® x) = 25
y:=0
y=0
3cosx—4sinx=0
3cosx=4sinx
tan x = 3/4
Hence, the value of 2 sin x + cos x + 4 tan x

()

24. Given, sin A4 +sin B+sin C=-3
= sind=-1,sinB=-1,sin C=-1
> 4=-2p=-T c=-Z
2 2 2
Hence, the value of cos 4 + cos B+ cos C + 10
=0+0+0+10=10.

L A

25. We have (1 +sin 8)(1 + cos 8) :%

= l+sin@+cos+sin O cosO=

NI RV

£-1)_5
= 1+t+ 5 =Z(sin0+c050:t,say)

= 2f+4t-3=0

—-4%,/16+24
4

—4+

_ 4_2\/E= ;\/ﬁ

4
= t:_1+%m

= sin0+cos@=—1+%«/ﬁ

= (=

Now, (1 —sin 6)(1 — cos )
=1-sin 8- cos 6+ sin O cos O
=1—(sin 8+ cos 0) + sin O cos O

B

2
=(2+%)—\/E
{5

9x? sin’x + 4
26. Given, f(x)zw

xsin x

=9xsin x +

xsin x
Applying AM > GM we get,

Ox sin x +

xsin x
2

> |9x sin x X —
X sin x

Ox sin x + —
X sin x

= |——""126
2

. 4
= 9x sin x + — J212
X sin x

Hence, the minimum value of f(x) is 12.
27. We have, cos 6 +sin 0 = V2 cos @

= sin@z(ﬁ—l)cos@

= cos9=(x/§+1)sin0
= cos®—sinf=+2sin6
28. We have, tan? =1 — ¢&?
= l1+tan?f=1+1-¢e*=2-¢?
= sec’0=2-¢?
=  secO=q2-¢

Now, sec 6+ tan® 0 - cosec 6

sin’0 1
=seC O +——=——
cos’0 sin 6@
)
sin“0
=sec O + 3
cos 60
)
sin“0 1
=sec O + .

cos’0 cos @
=sec O+tan® O - sec O
=sec O (1 +tan? 6)
=sec’ 0
=2 - )"

1.33
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29. Given, sin 6+ sin?> 6+ sin® 6= 1
(sin 6+ sin® 6) = 1 — sin? 6= cos? O
(sin 6+ sin® 6)> = (cos? 6)*
(sin 6+ sin’ 6)> = (cos? 6)*
(1 —cos? 6)(2 — cos? 6)* = cos* O
(1 - cos? 8)(4 -4 cos? O+ cos* ) =cos* 0
4 —4 cos? O+ cos* O—4 cos® O+ 4 cos* 0

—cos® 8= cos* 0
= cos®*6—4cos* O+ 8cos’ 0=4

2sin 6

1+ cos 0 +sin 6
_ 2sin 0

(1+sin ) +cos 0

2 sin O((1 + sin @) — cos 0)

((1 + sin 0) + cos 9)((1 + sin 0) — cos 6)

_ 2sin 6((1 + sin B) — cos 0)
((1+ sin ) — cos> 6)

_ 2sin 6((1 +sin 8) —cos 0)

a1+ sin®@ + 2 sin 6 — cos? 0)
_ 2sin B((1 + sin 6) — cos 6)

(sin®@ + 2 sin O + (1 — cos*0))
_ 2sin O((1 + sin 8) —cos 0)

(2sin 6 + 2 sin* @)
_ 2sin 6((1 +sin B) — cos 0)
2 sin 6(1 + sin 6)
((1+ sin 6) — cos 0)
(1+sin )
_ (1-cos 8 +5sin 0)
(1+sin 6)

L A

30. Given, x=

31. We have 3(sin x — cos x)* + 6(sin x + cos x)* + 4(sin® x

+ cos® x)
= 3(sin* x — 4 sin’ x cos x + 6 sin® x cos® x
— 4 sin x cos® x + cos* x)
+ 6(sin? x + cos? x + 2 sin x cos x)
+4{(sin® x)* + (cos? x)*}
= 3(sin* x + cos* x — 4 sin x cos x
(sin? x + cos? x) + 6 sin? x cos? x)
+ 6(1 + 2 sin x cos x)
+ 4(sin® x + cos? x) 2
— 12 sin® x cos? x
=3 — 6 sin® x cos? x — 12 sin x cos x
+ 18 sin® x cos®> x + 6 + 12 sin x cos x
+4 — 12 sin® x cos’ x
=3+6+4
=13

32.

33.

34.

Trigonometry Booster

We have sin x +sin>x =1
= sinx=1-sin?x=cos’x
Now, cos® x +2 cos® x + cos* x
=(cos*x)*+2 - cos*x - cos? x + (cos? x)?
= (cos* x + cos? x)?
= (sin? x + sin x)?
=(1)=1
sin20 cos20
We have 81 +81 =30
-2 -2
:> 815111 9+811751n 9=30

8 1sin20 + 81

= ——=30
8ls1n9

= a+ 30, g=gre
a

= a*-30a+81=0

= (a-27)a-3)=0

= =327

Whena=3

= Slsinzﬂ =3
N 34 sin%0 =3
= 4sin?0=1

12
)
sin“@=|—
- (2)

=  sin’0=sin’ (%)

= 02255_717
6 6
When a =27

N

= 3¢ sin6 _ 33

= 4sin’0=3
2

ﬁj

2

=  sin’0=sin’ (%)

=  sin‘g= (

= gt "
33 2 5
Hence, the values of 6 are E,E,—”,—n.
6 3 3 6

We have f,(6) = sin® 6+ cos® 0
=1-3sin? B cos? O

Also f,(6) =sin* 6+ cos* 6
=1-2sin’* 6cos’* 6
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35.

36.

1 1
Now, gfs(e)—zfz;(e)
:g(l—3sm 0 cos 0)—Z(l—Zsm 6 cos“0)

1 1 . 1 1.
=—— —5sin%0 cos’0 — — + —sin’6 cos>0
6 2 4 2

11

6 4

1

T2
Given, x sin o=y cos &
= SIS S

cosa  sina

Also, x sin® ot + y cos® o= sin a cos o

=  ksin® orcos o+ k sin o cos® o0 = sin o cos o
=  ksin o cos o (sin* o + cos? o) = sin ¢ cos o
=  ksin otcos @ =sin o cos o

= k=1

Thus, x =k cos @¢=cos ¢, y =k sin o/ =sin &
Now, x* +)? = cos’ a+sin’> a=1

Given, tan 0+ sin 0 =m, tan @ —sin 60 = n,

= mn=tan? 0—sin’ 0

2 . 4
_ sinze(l cozs Gj: s1n29
cos 60 cos 0

Now, m? — n?
= (tan 6 + sin 6)> — (tan 0 — sin 6)>
=4 tan Osin 6
sin’@
cos 6

=4 mn

cos'x  sin*x

=4

37. Given, st ——>—=1
cos“y sin“y
4 . 4
cos'x sin'x 2 )
= —+— =cos“x +sin“x
cos’y sin“y
cos*x 5 . 2 sin*x
= —5——cosx=sin‘x———
cos“y sin”y
5 [ cos’x .2 sin’x
=  cosx s——1|=sin"x|1-—
cos“y sin“y
2
COS X 2 2
= 5—(cos"x —cos”y)
cos“y
)
Smx _ . - .2
=———(sin"y —sin"x)
sin“y
sin’x

=— (coszx—coszy)
sin“y

38.

39.

1.35

=0

2 5 cos’x sin’x
=  (cos“x—cosy) 5 —
cos“y sin‘y
cos’x sin’x
= (coszx—coszy)zo, 5~ |=0
cos“y sin“y

=  cos’x=cos?y, sin’ x =sin’ y

cos* y sin* y

Now, +

cos’x  sin’x
4 . 4
cos'y N sin”y

coszy sinzy

cos’y +sin’y
=1

We have 2/(60) — 3/,(6) + 1
= 2(sin® B+ cos® 6) — 3(sin* O+ cos* 6) + 1
=2(1 -3 sin? O cos? B) —(1-2 sin> O cos® 6) + 1

=2-3+1
=0
We have s%nA: ,cosA:
sin B cos B
- sinA/sinB:£
cosd cosB ¢
t
_, famd_p
tan B ¢
tan 4 tan B
- an 4 _ tan —2
p q
sin A cos A
Also, =p,——=
sin B pcosB 1
sin A cos A
= =
sin B cos B
- 2sin Acos A
2sin B cos B pd
- sin 24
sin 2B pd
- 2 tan A4 2tan B
1+tan’4 1+ tan’B pd
2pA 2gA
= =
1+ p?A% 1+4°A% P
2,2
- pzzx(lﬂil):pq
(1+p°17) q
1+¢°2°
- ( 512 z)zqz
(1+p°A7)

= (1+¢@2)=¢1+pp)
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= XA-p)g=¢-1
PERNN Cie)
(1= pq’
4+l |l )
g\ (1-p*

Therefore, tan 4= +P \/ﬁ
q\(d- )

and tan B = (4 _?

(1-p7)

40. We have sin’ oc+cos o_
b a+b

:}lv al@ :}lv

S

- (%
(
[+
- (o
[+
e

L
a

(
- |

=TS RIS
w w
e e

) (a+b
sinor +

) costar=1

1+2) sin a+(1+£)cos4a:1
a b

sin a+—cos a)+(sm o + cos a)—l
a .2 2 _
sin (x+zcosa +(I1-2sin“o-cos"a) =1

sin (x+—cosa 2sin’a - cos aj 0

o] ]

sina -, |— cos’ot =0

2
no — \/E cosza] =0
b

a
Ilel — b COSzO{] =

SR

b . 2 a 2
= —smo=,/—cos’
a b

sina cos’a 1
= = =
a b a+b
= sin‘a= s cos’o =
a+ a+b
sinfar cos*r
Now, 3 3
a b

41.
(M)

(i)

(iif)

(iv)

)

(vi)

(vii)

(viii)

(ix)

Trigonometry Booster

(sinzoc)4 (coszoc)4
- a’ " b
a Y b\
(a + bj (a + b)
- a’ i b
B a4 . b4
aa+b)?*  b(a+b)*
a b
= i 4
(a+b)* (a+b)
_a+b
(a+b)*
1
(a+b)°

sin (120°) = sin (90 x 1 + 30°)

3

=cos (30°)=—
(30°%) 2
sin (150°) = sin (90 x 2 — 30°)
1
=sin (30°)=—
(30°) 2
sin (210°) = sin (90 x 2 + 30°)
1
=—sin (30°) =——
(30°) 3

sin (225°) = sin (90 x 2 + 45°)
=—sin (45°) = —L

V2
sin (300°) = sin (90 x 3+ 30°)

=—cos (30°) = —%

sin (330°) = sin (90 x 3 + 60°)
1
=—-cos (60°)=——
(60°) 2

sin (405°) = sin (90 x 4 + 45°)

=sin (45

o L
V2
sin (660°) = sin (90 x 7 + 30°)
1
=sin (30°) =—
sin (30°) 3
sin (1500°) = sin (90 X 16 + 60°)

V3

=sin (60°) = 2
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(x) sin (2013°) =sin (90 x 22 + 33°)
= —sin (33°)
42. We have
cos (1°) cos (2°) cos (3°) ... cos (189°).
=c0s (1°) cos (2°) cos (3°) ... cos (89°)
cos (90°) cos (91°) ... cos (189°)
=c0s (1°) cos (°) cos (3°) ... cos (89°)
X 0 xcos (91°) ... cos (189°)
=0
43. We have
tan (1°) tan (2°) tan (3°) ... (89°)
= tan (1°) tan (2°) tan (3°) ... tan (44°)
tan (45°) tan (46°) ... tan (87°) tan (88°) tan (89°)
= {tan (1°) x tan (89°)} - {tan (2°) X tan (88°)
... {tan (44°) x tan (46°)}, tan (45°)
=1
44. We have
tan 35° - tan 40° - tan 45° - tan 50° - tan 55°
= {tan 35° X tan 55°} {tan 40° X tan 50°} - tan 45°
{tan 35° X cot 35°} - {tan 40° X cot 40°} X tan 45°
=1
45. We have sin (10°) + sin (20°) + sin (30°)
+sin (40°) + ... + sin (360°)
= sin (10°) + sin (20°) + sin (30°)
+ sin (40°) + ... + sin (150°)
+ sin (340°) + sin (350°) + sin (360°)
= sin (10°) + sin (20°) + sin (30°)
+ sin (40°) + ... + sin (80°)
+ sin (90°) + sin (100°)
+ sin (360° — 40°) + sin (360° — 30°)
+ sin (360° — 20) + sin (360° — 10°)
+ sin (360°)
= sin (10°) + sin (20°) + sin (30°)
+ sin (40°) + ... + sin (80°)
+ sin (90°) + sin (100°)
—sin (40°) — sin (30°)
—sin (20°) — sin (10°) + sin (180°)
=0
46. We have cos (10°) + cos (20°) + cos (30°)
+ cos (40°) + ... + cos (360°)
=08 20° + cos 30° + cos 40°+ ... +
cos 140° + cos 150° + cos 160° + cos 170°
+ cos 180° + (cos 190° + cos 200° +
cos 210° + cos 220° + ... + cos 360°)
=cos 10° + cos 20° + cos 30° + cos 40°
+... —cos 40° — cos 50° — cos 60°
—c0s70° + cos 180° + (cos 190°
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+ cos 200° + cos 210° + cos 220°
+ ...+ cos 360°)
=cos 180° + cos 360°
=-1+1
=0
47. We have
sin? 5° + sin? 10° + sin? 15° + ... + sin® 90°
=gin? 5° + sin® 10° + sin? 15° + ... + sin® 40 + sin? 45
+ sin? 50 + sin® 80 + sin® 85 + sin? 90°
= (sin® 5° + sin? 85°)
+ (sin? 10° + sin? 80°)
+ (sin? 15° + sin? 75°)
+ ...+ (sin? 40° + sin? 50°)
+ (sin? 45° + sin? 90°)
= (sin® 5° + cos? 5°)
+ (sin? 10° + cos? 10°)
+ (sin? 15° + cos? 15°) + ...
...+ (sin? 40° + cos? 40°)
+ (sin? 45° + sin? 90°)

1
=(1+1+...8times)+ (E—H)
:(8+1+lj
2

=9

o | —

48. We have sin’ l)+sin2 T
18 9

. 2(471’) . 2(7%)
+sin“| — | +sin“| —
9 18
=sin? r +sin? 2—”
18 18
r
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49.

50.

51.

52.

53.

54.

55.

56.

We have
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°)
= tan (20°) tan (25°) tan (45°) tan (90° — 25°) tan
(90° —20°)
= tan (20°) tan (25°) tan (45°) cot (25°) cot (20°)
= tan (45°)
=1
Given, sin (6,) + sin (6,) +sin (6,) =3
It is possible only when each term of the above equa-
tion will provide the maximum value
Thus, sin (6,) = 1, sin (6)) = 1, sin (6,) = 1

V4 T V3

= 9 =—, 6 =—, 9 = —

1= 5= 505
Hence, the value of

cos () + cos (6,) + cos (6,)

o (3)reol5)re (3

=0
We have sin? 6° + sin? 12° + ... + sin? 90°
= (sin? 6° + sin? 84°) + (sin? 12° + sin? 78°) + ...
+ (sin* 42° + sin? 48°) + sin? 90°
=7x1+1
=38
We have sin? 10° + sin? 20° + ... + sin? 90°
= (sin? 10° + sin? 80°) + (sin® 20° + sin? 70°) +
...+ (sin? 40° + sin? 50°) + sin? 90°
=4x1+1
=5
We have sin? 9° + sin? 18° + ... + sin? 90°
= (sin? 9° + sin? 81°) + (sin? 18° + sin? 72°) + ...
+ (sin? 36° + sin? 54°) + sin? 45° + sin? 90°

:4><1+l+1
2

=5—

We have tan 1° - tan 2° - tan 3° ... tan 89°

= (tan 1° - tan 89°) (tan 2° - tan 88°) (tan 3° - tan
87°) ... (tan 44° - tan 46°) tan 45°

=1.1.1...... 1
=1
We have cos 1° - cos 2° - cos 3° ... cos 189°

=cos 1° - cos 2° - cos 3° ... cos 89° cos 90° ...
cos 180°

=0
Given equation is 2 sin* 0+ 2 cos =0
= 2-2cos?0+3cosH=0
= 2cos?0-3cos6-2=0
= 2cos?0—-4cosO+cosO-2=0

57.

58.

59.

60.

61.

63.

Trigonometry Booster

= 2cos O(cos 0—2)+ 1(cos 8-2)=0
= (2cosO+1)(cos0-2)=0

= c059=—1,2
2

= 6=120°,240°
Given equation is cos 6 + J3sino=2

1 .
= —cos9+£sm9:1
2 2

= cos(0£j=1
3
= (9£)=0
3

= g7
3

Given, dnoc=r
2no = r
2

Now, tan ¢ tan o - tan - tan 3actan 3 tan 2n — 1)

=tan atan ¢ (2n—1) &) (tan 2actan 2 2n —2) ) - (tan
3oc-tan (2n—-3) o) ...

= (tan o - tan (2no — @)) (tan 2¢¢ - tan 2no— 2@0)) (tan
3a-tan 2no—30)) ...

_ (tana.tan (g_an(mzam (g_za))
.(msa.mn (g_gaj}..

(tan o % cot @) - (tan 2¢x - cot 2@@) - (tan 3¢¢ - cot 3@x)
=1

We have

cos (18°) + cos (234°) + cos (162°) + cos (306°)

=cos (18°) — cos (54°) — cos (18°) + cos (54°)
=0
We have
cos (20°) + cos (40°) + cos (60°) + ... + cos (180°)
= co0s (20°) + cos (160°) + cos (40°) + cos (140°)
+ cos (60°) + cos (120°) + cos (80°)
+ cos (100°) + cos (180°)
=cos (180°) =-1
We have
sin (20°) + sin (40°) + sin (60°) + ... + sin (360°)
= sin (20°) + sin (340°) + sin (40°)
+ sin (320°) + ... + sin (180°) + sin (360°)
=0

R L 1
(i) Given equation is sin x = 5
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64.

As we know the period of sin x is 27
So, there is two solutions in [0, 27]

(i1) Given equation is cos x = -

As we know the period of cos x is 27
For each 2. there is 2 solutions
So, it has 3 solutions

(iii) Given equation is 4 sinx—1=0

o, 1
= S x=—
4

The period of sin? x is 7.
For each 7, there is two solutions.
So, it has 6 solutions.
(iv) Given equation is sinx —3 sinx +2 =0
= (sinx—1)(sinx—-2)=0
= sinx=1,2
= sinx=1
For each 27, there is 2 solutions.
So, it has 3 solutions.

~

v) Given equation is
cos’x—cosx—2=0

= cos’x—2cosx+cosx—2=0
= cosx(cosx—2)+ 1(cosx—2)=0
= (cosx+ 1)(cosx—2)=0

= cosx=-1,2

= cosx=-1

For each 2, there are 2 solutions.
So, it has 3 solutions.
We have,
(i) sin (15°)=sin (45°—30°)
= sin (45°) cos (30°) — cos (45°) sin (30°)

(i) cos (15°) = cos (45°—30°)
= cos (45°) cos (30°) + sin (45°) sin (30°)
R ENEE I
L2 2 22
B+l
a2
(ii1) tan (15°) = tan (45° — 30°)
_ tan 45° —tan 30°
1+ tan 45° - tan 30°

L

V3

1
I+—

B

65.

66.

67.

68.

69.

1.39

_3-1

«/§+1

CW3-1?
33—

3+41-23

2
4-23
2
—2-3

Note:
(1) cot(15°) =

1 1
tan(15°): 2—\/§:2+\/§
(ii) tan (105°) =—cot (15°) =—(2 +/3)
(iii) cot (105°) = —tan (15°) = —(2 —/3)
=3-2

We have tan (75°) + cot (75°)
= cot (15°) + tan (15°)
= 2+43)+(2-3)
=4

We have cos (9°) + sin (9°)

1

= ﬁ(ﬁ cos (9°) + % sin (90))

=2 (sin (45°) cos (9°) + cos (45°) sin (9°))

=/2 (sin (45° +9°))

=+/2 sin (54°)
We have tan (70°) = tan (50° + 20°)
~  tan (70°) = tan 50° + tan 20°

1 — tan 50° tan 20°

= tan (70°) —tan (70°) - tan (50°) - tan (20°)
= tan 50° + tan 20°

= tan (70°) —tan (70°) tan (50°) - cot (70°)
= tan 50° + tan 20°

= tan (70°) —tan (50°) = tan 50° + tan 20°

= tan (70°) =2 tan 50° + tan 20°

cos 20° — sin 20°

cos 20° + sin 20°

_1-tan 20°

1+ tan 20°

tan 45° — tan 20°

1+ tan 45° tan 20°
= tan (45° — 20°)
=tan (25°)

°4+sin7° 1+tan(7°
We have cos 7°+sin 7° _ (7°)
1—tan (7°)

cos 7° —sin 7°
= tan (45°-7°)
= tan (52°)

We have
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70. We have tan (45°)
= tan (25°+20°) =1
tan 25° + tan 20° 1
1— tan 25° tan 20°
=  tan 25° +tan 20° =1 — tan 25° tan 20
=  tan 25° +tan 20° + tan 25° tan 20° = 1
71. Wehave A + B =45°
= tan (4 + B) =tan (45°)
= tanA+B)=1
tan A+tan B
l-tan4-tan B
tan4 +ttan B=1=tan A4 - tan B
tan4 +ttan B+tan A4 -tan B=1
l+tan4 +tanB+tanA-tanB=1+1=2
(1+tanA4)+tan B (1 +tan 4 =2)
(1+tanA4) (1 +tan B=2
72. We have (1 + tan 245°) (1 + tan 250°)
(1 +tan 260°) (1 — tan 200°)
(1 —tan 205°) (1 —tan 215°)
= {(1 + tan 245°) (1 + tan (-200°))}
{(1 +tan 250°) (1 + tan (-205°))}
{(1 +tan 260°) (1 + tan (-215°))}
=2x2x2
=8
73. Now, tan 13 4 = tan (94 + 44)
_ tan 94 + tan 44
* 1—tan 94 tan 44
tan 134 — tan 44 tan 94 tran 134
=tan 94 + tan 44
tan 134 —tan 94 —tan 4 4
=tan 44 - tan 9A - tan 13A
74. Do yourself.
75. We have tan (a + )
_ tano+tan f3
" 1-tano-tan 8

L/

m 1
7+
m+1l 2m+1
m 1

1——— .
m+1 2m+1

2m*+m+m+1
_ (m+D2m+1)
2P+ 3m+l—m

(m+D(2m+1)
_2mz+2m+1_1
C2mP2mAl

tan (a0 + B)=1
(@+p)=7

76.

77.

78.

79.

Trigonometry Booster

We have
sin* 4 + sin* (4 — B) — 2sin 4 cos B sin (4 — B)
=sin’> 4 + sin (4 — B) (sin (4 — B) — 2 sin 4 cos B)
=sin’ A —sin (4 — B) sin (4 + B)
= sin? 4 — (sin? A — sin® B)
=sin’ B
We have
cos 2x cos 2y + cos? (x +y) — cos? (x — )

= %[2 cos 2x cos 2y + 2 cosz(x +y)-2 cosz(x -]
%[cos (2x+2y)+cos (2x —2y) +1
+cos (2x + 2y) —1—cos (2x — 2y)]
= %[cos (2x 4+ 2y) + cos (2x + 2y)]

= %[2 cos (2x +2y)]
=cos (2x + 2y)

Given, sin 6 = =y
xX+y

Applying componendo and dividendo, we get,
sin@+1 x—y+x+y

sinO—l_x—y—x—y
sinf+1  x

sin6—1  y
1+sin@® x
= ==
l-sin@ y
o) . (o)
cos 5 + sin 5
= x
cos (9) —sin (0) Y
2 2
Bl
l1+tan| —
= 2 ==
3)
1—tan| —
2
1+tan(6)
= —Z =i\/E
1—tan() Y
2
= tan(£+—)=i X
4 y
Iftana=M,
P+Qcosf
Psina

rove that tan (f—a)=———
P (- O+ Pcoso
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80. We have

cos (@~ ) + o5 (B 7) +cos (7 — @) ==

=  2(cos (x—P)+cos(B—7p +cos(y—)+3=0
=  2(cos a cos B+ cos B cos Y+ cos ycos o)
+ 2(sin ¢ sin B+ sin B sin y+ sin ysin &) +3 =0
= (cos? a+sin? o) + (cos? B+ sin? B)
+ (cos? y+ sin? p) +
2(cos acos B+ cos fcos Y+ cos ycos @)
+ 2(sin a sin B+ sin f sin ¥+ sin ysin o) =0
=  cos’ o+ cos? B+ cos?y
+2 cos o cos f+2 cos Bcos ¥y
+ 2 cos ycos o+ sin® o + sin® f + sin® ¥
+ 2 sin orsin B+ 2 sin Bsin y
+2sin ysinx=0
=  (cos a+cos B+ cos P>
+ (sin o+ sin B+ sin Y?=0
= (cosa+cosfB+cosy=0
and (sin or+sin B+sin ) =0
81. We have tan (o + 6) = n tan (0. — 6)

tan (¢ +0) n

= - __
tan (¢ —0) 1

- tan (@ +6)+tan (o —0) n+1
tan (@ +60)—tan (@ —0) n-—1

- sin(d+0+0-0) n+l
sin(c+0—-a+60) n-1
sin(2a) n+1

= @ ——_=—
sin(20) n-1

N sm(20):n—l

sin(2ax) n+1
Hence, the result.
82. Givensin a+sin f=a ...()
and cosa+cos B=h ...(i1)
(i) divides by (ii), we get,
sina+sinf8 _a

cosax+cosfB b

(3o 37
(")
- w50

1.41
(i) Now, cos (ax+ )

1—tan2(a;/3)

1+tan2(a+ﬂ)
2
2
-4 2 2
_ p2 _b"—a
a*  aF+b?
l+b—2
(ii) sin (o + P)
Ztan(M)
_\ 2 )
l+tan2(a+ﬁ)
2
2(bla)  2ab

T+ (la) a4

83. Given equation is a cos 8+ b sin = c¢
2
4 1 tan2 (8/2) b 2 tan §9/2) —
1+ tan”(6/2) 1+tan”(6/2)
a(l —tan?(6/2)) + 2b tan (0/2) = ¢(1 + tan® (6/2))
(a+c)tan® (6/2) —2btan (60/2) + (c—a)=0

Let its roots be tan (%), tan (g)

Thus, tan (gj + tan (ﬁj 2b
2 2 a+c

tan (gj tan (ﬁjz —
2 2 a+c

an [a + [3) _ tan (a0/2) + tan (f/2)

2 ) 1-tan(a/2) tan (B/2)
2b
_a+c _2b b
_l_cj_%_;
ct+a

(i) Now, cos (a+ )

1+tan2(a+ﬁj
bz

1_? a’-b*

C» A+
1+a—2

(ii)) Now, tan(a;ﬁ]
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1_(a2+b2—czj
)

(a2+b2—c2j

I+ ———
c

23— (a®+b?)
a*+b?
84. Given, atan 0+ b sec 0=c
= (atan 8-c)’>=(-b sec 6)*
= d’tan® O—2actan 6+ > = b> sec’ O
= d*tan® O—2actan O+ 2= b>+ b* tan’ O
= (@*-b)tan’ 6—2actan O+ (> + b)) =0
Let its roots be tan ¢, tan 3

S tan o + tan 8 _2ac
o, =
a’-b*
2 42
c—b
and tana-tan f=——-
a —b

Now, tan (o + )
_ tano +tan 3
" l-tanatan 8
2ac
a*-b*
- - - b?
at-b’
2ac 2ac

2 12 2..2 2 2
a —b"—c"+b a“—c

Trigonometry Booster
85. Given, tan (7 cos 6) = cot (7 sin 6)

=  tan (7 cos 0) = tan (i% — T sin 0)
T .
= (mcos 9):(i5—7rsm 9)
. 1
= cos9+s1n9=iE

= LcosG+Lsint9=J_r—

V2 V2 22
= cos(%—ej:i%

86. We have tan9=ﬂ
1—xcos @
sin@  xsing@

cose_l—xcosgo

= sin @—xsin Ocos ¢=x cos Osin @
= xsin(60+@)=sin0O

= sin 6
= sin (6 + @)
o _ sing
Similarly, ¥ = —sin ©+9)
Dividing the above relations, we get,
x _sinf
y sing

= Xxsin@=ysinf
Hence, the result.
87. We have tan (o + fB) = ¢
tano+tan f§ .
1—tan o tan 8
a

I —
1 - tan o tan §

a—c¢

= tanatanﬂ:ﬁ—lz (1)
c c
Now, cot @+ cot B=b
1 1
tan o tanﬁ=
tan o + tan 3
tanoc~tanﬁ=
= tan(x-tan,B=% ...(ii)
From (i) and (ii), we get, a;c:%

= ac+bc=ab

Which is the required relation.
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88. We have,
tan (o — B) =

tan o — tan 3
1+ tan o - tan 3

sin o [n sin o cos (xj

cos o 1-nsin’a

sin o 7 sin o cos o
1+ X

cos o 1-nsino

_sina(l-n sinza) — nsin & cos’at

coso(l—n sinza) +nsin’o - cos o

sin o — n sin ou(sin’ot + cos’cr)

oS o — n sin’a - cos o + n sin’o; - cos &

_sina—nsino

cos o
_(I-n)sina
© cosa
=(l-n)tan o

89. LetdA=x+y—-z,B=y+z—x,C=x+y—z
Then,A+B+C=(x+y—-z)+(y+z-x)+(x+y—2)
=x+y+z)=0
= A+B=-C
= cot(4+ B)=cot(-C)

t Acot B—1
- AT ot (-C)
cot A+ cot B
cotAcotB—lz_cotC
cot A+cot B

cot4AcotB—1=—cotA4cotC—cotBcotC
cotA cot B+ cotAdcotC+cotBcotC=1
cot(x+y—z)cot(y+z—x)
+cot(y+z—x)cot(zx +x—y)
+cot(ztx—y)cot(x+ty—z)=1

tan o —tan 8

1+ tan o - tan 8

L

90. We have tan (o — f8) =

%tan B—tan B

1+%tan,5tanﬁ

_ tanf
243 tan’ 8

sin

cos B
sin’f
cos’f
_ sin Bcos B
2 cos’fB + 3 sin’p
_sin Bcos f3
o2+ sin’f

2+3

91.

92.

93.

94.

95.

96.

97.

1.43

_ 2sin Bcos B
- 4 +2sin’p
sin 23
T 4+1-cos 23
sin 23
5—cos2f

We have
sin54 —sin 34 _ 2cos4Asin A
cos 54+ cos 34 2 cos 44 cos A

=tan 4
We have
sin4d+sin34 _ 2sin24cos 4
cosA+cos34 2cos2A4cos A
=tan 24

We have

2 sin A+B cos A-8
sin A +sin B _ 2 2
cosA+cosB (A+B) (A—B)
2 cos cos 2

2
(A+B]
=tan
2

We have sin 38° + sin 22°
=2 sin (30°) cos (8°)

=2 x%x cos (90° — 82°)

= sin (82°)

We have sin 105° + cos 105°
=sin (105°) — sin (15°)
=2 cos (60°) sin (45°)

= ZX%XSin (45°)

= sin (45°)
=cos (45°)

We have cos 55° + cos 65° + cos 175°
= cos (65°) + cos (55°) — cos (5°)
=2 cos (60°) cos (5°) — cos (5°)
=2X % % cos (5°) —cos (5°)
=co0s (5°) —cos (5°)
=0

We have cos 20° + cos 100° + cos 140°
=co0s (100°) + cos (20°) — co(40°)
=2 cos (60°) cos (40°) — cos (40°)

=2X % X cos (40°) — cos (40°)

= cos (40°) — cos (40°)
=0.
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98. We have
sin 50° —sin 70 + sin 10°
= sin (50°) + sin (10°) — sin (70°)
=2 sin (30°) cos (20°) — sin (70°)
=2X % X cos (20°) — sin (90° — 20°)

= c0s (20°) — cos (20°)
=0.
99. We have
sin (47°) + cos (77°) = cos (17°)
= sin (47°) + sin (13°)

) (47°+13°j (47°—13°)
= 2sin CcoS
2 2

=2 sin (30°) cos (17°)

= ZX%XCOS 17°)

=cos (17°)
100. We have
cos (80°) + cos (40°) — cos (20°)

= 2(:05(80 ;40 )cos(go ;40 j—cos(20°)

=2 cos (60°) cos (20°) — cos (20°)

=2X % X cos (20°) — cos (20°)

= ¢0s (20°) — cos (20°)
=0.
101. We have
sin (10°) + sin (20°) + sin (40°)
+ sin (50°) — sin (70°) — sin (80°)
= {sin (50°) + sin (10°)} + {sin (40°) + sin (20°)}
—sin (70°) — sin (80°)

. (50°+10°) 50°—-10°
=2sin cos
2 2
. (40°+20°) 40° - 20°
+2sin| —— |cos| ———
2 2

—sin (70°) — sin (80°)
=2 sin (30°) cos (20°) + 2 sin (30°) cos (10°)
—sin (70°) — sin (80°)
= cos (20°) + cos (10°) — sin (70°) — sin (80°)
=¢0s (20°) + cos (10°) — cos (20°) — cos (10°)
=0
102. We have
(cos a+ cos B)* + (sin o + sin f3)?
=2+2cos(a—p)

Trigonometry Booster

=2+ (1+cos(a—P))
=2x20052(a—_‘5]
2

=4 cos’ (%}

103. We have (cos o — cos f)* + (sin o — sin )
=2-2cos (- P)
=2(1—cos (a—p))

—2x 2sin2(a—_ﬁ)
2

= 45in’ (O‘T_ﬂ)

104. Do yourself.
105. We have cos (20°) cos (40°) cos (80°)
= cos (40°) cos (20°) cos (80°)

1

= Z[4 cos (60° —20°) cos (20°) cos (60° +20°)]
1

=2 X cos (20° x 3)

1
=— X cos (60°
2 (60°)

1 1 1
=— X — —
4 2 8
106. We have cos 25° cos 35° cos 65°

= co0s 25° cos 35° cos 65°

1
= Z[4 cos (60° — 25) cos 25° cos (60° + 25)]
1
=—Xcos (25°%x3)
4
-1 % cos (75°)
4

1
=—xsin (15°
4 (15°)

_3-1
82

107. We have sin (20°) sin (40°) sin (80°)
= sin (20°) sin (40°) sin (80°)

= %[4 sin (60° — 20°) sin (20°) sin (60° + 20°)]

=— X sin (60°)

oo|&'h'_‘
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108. We have sin (10°) sin (50°) sin (60°) sin (70°)

3

== Isin (50°) sin (10°) sin (70°)

= ?[sin (60° = 10°) sin (10°) sin (60° + 10°)]

B3

= 4[4 sin (60° ~10°) sin (10°) sin (60° +10°)]

3

=—xsin (30°
g (30°)

Bl B

8 2 16
109. We have cos (10°) cos (30°) cos (50°) cos (70°)

= g[cos (50°) cos (10°) cos (70°)]

= ?[cos (60° —10°) cos (10°) cos (60° +10°)]

B

= ?[4 cos (60° —10°) cos (10°) cos (60°+10°)]
= % % cos (30°)

N

8 2
_3
16
110. We have sin A+sin3A4+sin54

cos A+cos3A4A+cos5A4
_ sin 54 +sin 34 +sin A4
cos 5A+cos 34+ cos A

_ (sin 54 +sin A) +sin 34
(cos 54 + cos A) + cos 34

_ 2sin 34 cos 24 +sin 34
" 2cos 34 cos 24 + cos 34

_sin34(2cos 24 +1)
cos34 (2 cos 24 +1)

=tan 34

cos 4x + cos 3x + cos 2x

111. We have

sin 4x + sin 3x + sin 2x

_ (cos 4x + cos 2x) + cos 3x

(sin 4x + sin 2x) + sin 3x

_ 208 3x cos x + cos 3x

2 sin 3x cos x + sin 3x

_cos3x(2cos x+1)
sin 3x (2 cos x+1)

=cot 3x

112.

113.

114.

1.45

sin A+ sin 34 + sin 54 + sin 74
cos A+ cos 34+ cos 54+ cos 74

_ (sin 74 + sin A) + (sin 54 + sin 34)
(cos 74 + cos A) + (cos 54 + cos 34)

_ 2sin4A4cos34+2sin 44 cos A
2cosd4Acos34+2cosdAcos A

_ 2sin 44 (cos 34 + cos A)
2 cos 44 (cos 34 + cos A)

=tan 44

We have

sin 4 + sin 24 + sin 44 + sin 54
cos A+ cos 24 + cos 44 + cos 54

We have

_ (sin 54 +sin A) + (sin 44 + sin 24)
(cos 54+ cos A) + (cos 44 + cos 2A4)

_ 2sin34cos24+2sin3Acos A
 2c0s34 cos 24 +2 cos 34 cos A

_ sin 34 (cos 24 + cos A4)
c0s 34 (cos 24 + cos A)

_sin34
cos 34

=tan 34

Hence, the result.

Given sin A —sin B =

..(0)

and cos A—cosB=

...(ii)

W= =

Dividing (i) by (ii) we get,

sind-sinB 12 3
cosA—cosB 1/3 2

(A+B) ) (A—Bj
2 cos sin
2 2

3
= ==
2

—25in(A+B

2
(A+Bj 3
= cot =——
2 2
A+ B 2
= tan =——.
( 2 ) 3
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1
115. Given, sin 4 +sin B = 1

1
and cosA+cosB=E

Dividing, the above relations, we get,
sinAd+sinB 1
cosA+cosB 2

. (A+Bj (AB)
2 sin cos
2 2

= _1
(A + Bj (A - Bj 2
2 cos cos
2

(A + B) 1

= tan =—

2 2

Hence, the result.
116. Given,

cosec A +sec A =cosec B + sec B
=  cosec 4 + cosec B=sec B+ sec A
1 1 1 1

= : - = -
sind sinB cosB cosA
- sin B-sin A _cos A—cos B
sin Asin B cos Acos B
sin 4sin B sin B—sin 4
- _

cos AcosB cos A—cosB

(A+B) . (
2 cos 2 sin

= tan A tan B =

Zsin(A+B)sin(

A+Bj

= tanAtanB:cot(

Hence, the result.

117. Given,

sin 24 = A sin 2B
sin24 A

= - =—
sin2B 1

N sin24+sin2B A +1
sin24-sin2B A -1

N 2sin(A+B)cos(4A—B) A+1
2cos(A+B)sin(4-B) A-1

= tan(A+B)cot(AfB)=%

tan(A+B) A+1
tan(4—B) A1

118. We have

V3 cot (20°) — 4 cos (20°)

=

Trigonometry Booster

V3 cos (20°) — 4 sin (20°) cos (20°)
sin (20°)

Z(f cos (20°) — 2 sin (20°) cos (20°)j

sin (20°)
_ 2(sin (60°) cos (20°) — sin (40°))
- sin (20°)
_ (2sin (60°) cos (20°) — 2 sin (40°))
B sin (20°)
_ (sin (80°) + sin (40°) — 2 sin (40°))
B sin (20°)
_ (sin (80°) — sin (40°))
B sin (20°)
_2.c0s (60°) sin (20°)
B sin (20°)

=1
119. Given,
sin ¢ +sin B=a ..()
and cos o+cos B=h ...(i1)
(i) divides by (ii), we get,
sina+sinf8 _a
cosa+cosfB b

2sin(a;ﬁ)cos(a;ﬁ)

= =

oo (%P e[

—  tan (G_Jrﬁj :%

a
b

2
Now,
l—tanz(M)
2
cos (a+ B)=
l+tan2(a+ﬁ)
2
2
1—% 2 2
_ p: b —a
| a’>  a*+b?
s
120. We have
2
sin A= l—l(x+l)
4 X
2
=1 l(x+l) -1
4 X



The Ratios and Identities

Similarly, sin B= L[ - l]
20y

Now, cos (4 — B)
=cos A cos B+sinA4sin B

et i1 -5

121. We have
sin (47°) + sin (61°) —sin (11°) — sin (25°)
= (sin (61°) + sin (47°)) — (sin (25°) + sin (11°))
= 2 sin (54°) cos (7°) — 2 sin (18°) cos (7°)
=2 cos (7°) [sin (54°) — sin (18°)]
=2 cos (7°) [cos (36°) —sin (18°)]

= 2 cos (70){\/54_1_@}
4 4
_ 1
= 2cos (7°)><5
= cos (7°)
122. Do yourself.
123. We have
TP +52 <2k 4172+ 52
74 <2k +1<74
_\/?_1 <k< \/7_‘;_1

k=-4,-3,-2,-1,0,1,2,3
Hence, the number of integral values of
124. We have
cos o+ cos B+ cos y+cos (o + B+7)
= (cos o+ cos fB) + (cos (a+ B+ P +cos P

2o (52 (22

+2cos(a+ﬁ;y+yjcos(a+’8;y_y)

(€28 24)
+2cos(a+ﬁ2+2yjcos(a;—ﬁ)
=2cos(a;[3)x

REUREE
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a—ﬁ+(x+ﬁ+2y
=2cos(a+ﬁjxcos{ 2 > 2 ]

a-p oa+B+2y
cos{ 2 2 ]

2
=2 cos a—+’3jx cos(a+yjcos(ﬂ+y)
2 2 2
125. We have
1-cos26  2sin’0
sin 20 2sin 6 cos 6
= sin 0 =tan 0
cos O
126. We have
I+cos26 2 cos’0
sin 20 2sin O cos 6
=C986=cot0
sin 6

127. We have (cot 6 — tan 6)
cos 0 3 sin 6
sin@ cos@

c0s20 — sin’6

sin 6 cos 6
_ 2cos26
" 2sinBcos O
_2cos 206
~ sin26
=2 cot 20
128. We have
tan 6+ 2 tan (20) + 4 tan (40) + 8 cot 86
=cot O (cot 6—tan 6) +2 tan 26+ 4 tan 46 + § cot 80
=cotO—2cot20+2tan 20+ 4 tan 40+ 8 cot 80
=cot 0 —2(cot 20— tan 26) + 4 tan 40 + 8 cot 86
=cot 0—4 cot460+4tan 46+ 8 cot 80
=cot 0—4(cot40tan 46) + 8 cot 80
=cot 0— 8 cot 89+ 8 cot 80
=cot @
129. We have
acos (20) + b sin (26)

1 - tan’6 2 tan 6
=a 5| +b 3
1+ tan“0 1+ tan~0
2
AN
_ a a
=a b7 +b b2
1+a—2 1+a—2
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. a’> - b’ Lyl 2ab
a’+b? a’+b?

a(a2 —b*+ 2b2)

a*+b*
_a(a®+b%)
2+
=a
130. We have
V3 cosec (20°) —sec (20°)
3 1

" sin (20°)  cos (20°)
V3 cos (20°) — sin (20°)
sin (20°) cos (20°)

V3 R B
4(2 cos (20°) - Esm (20 )j
2 sin (20°) cos (20°)
_ 4(sin (20°) cos (20°) — cos (60°) sin (20°))
- 2 sin (20°) cos (20°)
_ 4(sin (60° — 20°))
© sin (40°)

=4
131. We have
tan (9°) + tan (27°) —tan (63°) + tan (81°)
= {tan (9°) + tan (81°)} — {tan (27°) + tan (63°)}
= {tan (9°) + cot (9°)} — {tan (27°) + cot (27°)}

_ { sin (9°) L cos (9°)}_{ sin (27°) L cos (27°)}

cos (9°)  sin (9°) cos (27°)  sin (27°)

sin’ (9°) + cos? O sin’ (27°) + cos? (27°)
sin (9°) cos (9°) sin (27°) cos (27°)

2 2
2 sin (9°) cos (9°)} - {2 sin (27°) cos (27°)}
2 B 2
sin (18°) sin (54°)

|
|
{ 2 2
e 1
|
|

4

{5 5
8(J§+1—J§+1)}

5-1

Trigonometry Booster
A—1
132. We have sec8d-1
sec 44 —1
L 1
_ cos 84
=—] -
cos 44

_1—cos84 y cos 44
1—cos44 cos84

2 sin?44 y cos 44
2sin24 cos 84

_ 2sin 44 cos 44 « sin 44
cos 84 2sin*24

_ sin 84 y 2 sin 24 cos 24
cos 84 2sin’24

_ sin 84 y cos 24
"~ cos84  sin 24

=tan 84 X cot 24

_ tan 84
tan 24

133. We have
0052(9) + cos? (277[ - 9) + cos? (2% + 9)

:l 2cosz(9)+2cosz(z—ﬂ—ej+20052(2—ﬂ:+9j
2 3 3
:%(1+cos (29))+%(1+cos (%—26)]
+l 1+cos(4—n+20)
2 3
3+(cos 260 + cos (4%—29j+cos (47”+ 29])]
4
3+(cos 260 + 2 cos (Tj cos (29)))
1 1
== 3+[cos 29+2(——) cos (20))]
2 2
3

N | —

o | =

2

134. We have
sin? 6+ sin?(120° + 6) + sin?(240° + 6)

:l 2sin’0 + 2 sin? (2—ﬂ+9)
2 3
+1 2sin2(4—n+0)
2 3
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135.

136.

137.

= l[(1 —cos 20) + (l — CoS (4—7[ + 29))]
2 3
+ l([l —cos (8—7[ + 29)]]
2 3
=§—lcos 29—l cos (4_7r+ 29j+ cos (8_7r+ 20)
2 2 2 3 3

:%—%cos 29—%(2 cos (120°) cos 26)
=3—lcos 20+lcos (26)
2 2 2
_3
2
We have
4 sin (0) sin (1—6) sin (£+9)
3 3
=4 sin (0) X [sin (E - 0) sin (E + 9))
3 3
=4sin (6) x (sin2 (%) - sinzej
) 3 .
=4sin (0) X Z_Sm 0
3. .3
=4 x| —sin 6 —sin’0
4
=(3 sin 8—4 sin® 0)
=sin (36)
We have

sin (20°) sin (40°) sin (80°)

= % (sin (3.20°))

1, . o

=1 (sin (60°))
N3
T8

We have,

4 cos (0) - cos (60° — ) - cos (60° + 6)
=4 cos (6) - (cos (60° — 6) - cos (60° + 0))
=4 cos (0) - (cos*(60°) — sin? )

—4cos(0)-(%—l+coszej

=4cos(0)- (—% + cos? 9)

=cos (0) - (-3 +4 cos’ 6)
= (4 cos® 63 cos (0))
=cos (30)

1.49

138. We have
cos (10°) - cos (50°) - cos (70°)
=c0s (10°) - cos (60° — 10°) - cos (60° + 10°)

= %(4 cos (10°) - cos (60° — 10°) - cos (60° +10°))

= %(cos (3-10°%)

NG

8
139. We have
tan (6) — tan (60° — ) + tan (60° + 6)
— tan (6) - tan (60°) — tan (0)
1+ tan (60°) - tan (6)
tan (60°) + tan (6)
1 —tan (60°) - tan (0)
V3 - tan (6) . V3 + tan (6)
1+3-tan () 1—+/3-tan (0)
—/3 +3 tan (6) + tan (8) — /3 tan?(6)
_ ++/3 +3 tan (8) + tan (0) + /3 tan’(6)
(1-3 tan’6)
8 tan (0)
1-3 tan’(0)
_tan(6)-3 tan’ () + 8 tan (0)
1-3 tan*(6)
_3x (3 tan (6) — ‘;an3(9)J
1-3tan"(6)
=3 tan (30)
140. We have
cos (6) cos (20) - cos (220) - cos (2°60) ... cos (2"16)

(2 sin 6 cos B)(cos 20-cos (229)...cos (22”716))

=tan (0) —

=tan (0) +

" 2sin6
=2 1 (2'sin 26 cos 26)(cos (2°6)...cos (22" 7'9))
2°sin 6

(2 sin 40 cos 46)(cos (2°0)...cos (2°"7'))

23sin 0

S : g s 2°6 cos 2°0)(cos (2°6)...cos (27'7'0))
s

S (2sin 2"7'0 cos 2"7'6)

2" sin O

1 .
= sin 2”0
2"sin 0 ( )
_sin (2"6)
2"sin O
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7 7
=—cos|— [cos| — |cos| —
7 7 7

) B ) )l

()
a5 ()
=

. T
sin| T+ —
( 7)
23 sin (n)
7

=3

29

142. Let z=cos (2_71') + cos (4—71-) + cos (6—ﬂj
7 7 7
=  2zsin (E)
7

7

n( 5 Joos (3 265 os( 5
=2sin| — |cos| — |+ 2sin| — [cos| —
7 7 7 7

+2sin| — |cos| —
7 7
) (37:) ) (nj ) (57[) ) (37:
=sin| — |—sin| — |+sin| — |—sin| —
7 7 7 7
. (77:) : (Sﬂj
+sin| — |—sin| —
7 7
| (ﬂ)
=—sin| =
7
Thus, 2z sin (Ej =-—sin (E)
7 7

)

)

Trigonometry Booster

1
= Zz=——
2
= cos|— |+cos|— |[+cos| — |=—
7 2
143. Given

M= \/a2 c0s°0 + b* sin’6 + \/a2 sin’0 + b* cos6

= M =d’cos’ 0+ b?sin®> O+ a? sin?> 6 + b? cos® 6

Jr2\/(a2 c0s’0 + b? sin’0)(a” sin’0 + b* cos6)

= M*=d*+b+ 2\/(a2 cos’0 + b* sin’0)
\/(a2 sin’6 + b* cos*0)
= M=a*>+b*+2[(a*+ b*) sin® O cos® O
+ a*b*(sin* 6+ cos* 6)]'*
= M=a+b+2[(a"*+ b*) sin> B cos? O
+ a?b*(1 — 2 sin? 0+ cos? 6)]'2

= M=a*+b+2((a*+ b* - 2a*h?) sin® 6 cos® 6
+ a2b2)1/2

4, 14~ 272
= Ml =dl+b+ (f‘(? +bz 2a bz )2
sin“f cos“0 +4a"b”)

L M el \/((az—b2)2+(sin(29))2
+4a*b?)
Thus, maximum (M?) = a® + b* + (a* + b?)
=2(a*+ b
and minimum (M?) = @® + b*> + 2ab = (a + b)?
Hence, the value of m, —m ,
= maximum (M?) — minmum (M?)
=2(a*+ b*) — (a + b)*
We have
tan (40) =tan (30 + 6)
_ tan30 +tan 6
" 1-tan 36 tan 6

144.

3 tan 6 — tan’0
1-3tan’0
- 3 tan O — tan’0
1-3tan’0
3tan 6 — tan’6 + tan 6 — 3 tan’6
1-3tan’0
1-3tan®0 — 3 tan’6 + tan*0
1-3tan’0
_ 4tan6-4 tan’0
" 1-6tan’0 + tan'0

+ tan 6

an 0
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145. We have
sinx sin3x  sin9
+ +
cos3x cos9x cos27x
_ 1 2sin xcos x 2sin3xcos3x 2 sin 9x cos 9x
cos 3x cos x cos3xcos9x  cos 27x cos 9x
_ l sin 2x sin 6x sin 18x
2\ cos 3x cos x cos 3xcos9x cos9x cos 27x
_ 1{sin(3x— x) sin (9x — 3x) N sin (27x — 9x)
2\ cos 3x cos x cos 3xcos9x cos 9x cos 27x
_l sin 3x cos x — cos 3x sin x
2 cos 3x cos x

s1n 9x cos 3x — cos 9x sin 3x

cos 3x cos 9x

N sin 27x cos 9x — cos 27x sin 9x
cos 9x cos 27x

1
= E(tan 3x —tan x + tan 9x — tan 3x + tan 27x — tan 9x)

1
= 3 (tan 27x — tan x)

146. We have

tan (%) (1+sec 0)(1 + sec 20)(1 + sec 229) ...sec (2"0)

Now, tan (g) (1+sec6)

_sin(6/2) 2 cos® (6/2)
cos (6/2) cos 6

_ 2sin (6/2) cos (0/2)

B cos O

_sin6

=tan 0
cos 0

Also, tan 8 (1 + sec 26)

_sin6 « 1+cos 26
cos 260

cos 0

_sin6 « 2 cos’0
cos 0 cos 20
_2sin@cos O
cos 260

_ sin 26
cos 20

=tan 20

Thus, tan | — (1 +sec 0)(1+ sec 20)
(1 +sec 2’ 0)...sec (2"0)

= tan (270)

1.51

147.
(i) Here,a=3,b=4andc=10
Thus, the minimum values of f(x)

= —Jd®+b* +¢c =-5+10=5

and the maximum values of

fx)=a +b* +c =5+10=15.
(i) Maximum value = /3*+ 4% +10=15

Minimum value = —+/3°+4? +10=5

(i) Maximum value=3 +4=7
Minimum value =-3 +4 =1
(iv) Maximum value=2+5=7
Minimum value=-2+5=3
(v) Maximum value = V2
Minimum value = —~/2
(vi) Maximum value = V2
Minimum value = —+/2

(vil) Maximum value = sin 1
Minimum value = —sin 1
(viii) Maximum value = cos 1
Minimum value = 0
(ix) Maximum value = V2
Minimum value = —/2

(x) Given f(x) = cos (sin x) + sin (cos x).

= cos (sin x) + sin (sin x) + sin (cos x) — sin (sin x)

Maximum value = \/5 +sinl

Minimum value = x/z —sinl

[minimum £(x), maximum f{(x)]

=[-V2+3,42+3]

149. Given 2 sin? 0+ 3 cos? 6
= 2(sin? 6+ cos? 6) + cos? O
=2+cos?6
Maximum value=2+1=3

148. R =

Minimum value=2+0 =2

150. Let f(9)=500s0+3cos(9+%)+3

=5cos€+%cos€—%sin9+3

13 07£51n0+3

Maximum value = ,/$+%+3=,/%+3=10
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Minimum value = —1/%+%T7+3=—7+3=—4

151. Letf(0)=cos?> 6+ 3 sin> 0—3sin20+2
=1+2sin> 0-3sin20+2
=3+1-cos260—-3sin26
=4 —(cos 20+ 3 sin 26)

Maximum value = 4 ++/10
Minimum value = 4 — «/E

152. Let f(x) = cosec® x + 25 sec* x
=1+cot?x+25+25tan’x
=26+ cot? x + 25 tan® x

>226+10=36
Hence, the minimum value is 26.

153. Given expression is 2 — cos x + sin*x
=2-cosx+1—cos?x
=3 —cosx—cos’x
= —(cos? x + cos x — 3)

2
=((cosx+l) —3—1J
2 4
13 ( 1)2
=——|cosx+—
4 2

Maximum value = %

Minimum value = % _1 =3
154. Given y =4 sin> 6— cos 260
=2(2 sin? 6) — cos 20
=2(1 -cos26)—cos 20
=2-3cos 20
=2+ 3(—cos 20)
Maximum value=2+3 =15
Minimum value =2 -3 =-1
Hence y lies in [-1, 5]
155. Here, m=-3+5=2
andn=3+2=5
Hence, the value of (m +n+2)=9
156. Given f(x) = sin® x + cos* x

1 s 2 1 2 .N\2
=—(2sin +—(2 cos
2( x) 4( x)
= l(1 — cos 2x) + l(1 + cos 2x)*
2 4

= %(1 —cos 2x) + %(1 +2 cos 2x + cos? 2x)

I 1 1
=—+—+—cos*2x
2 4

3 1
==+ —cos’2x
4 4

Maximum value =

Minimum value =

Trigonometry Booster

1
+_.
4

1

Al ANlw

+
4

157. Given f(x) = cos® x + sin* x

158.

159.

Maximum value =

Minimum value = — + 2

=—(2cos"x)+—(2sinx

2( ) 4( )

1 1 2
:E(l+cos 2x)+z(l—cos 2x)

= %(1 + cos 2x) +i(l —2cos2x+ 00522x)

1 1 1 5
=—+—+—cos'x
2 4 4

3.1
== +—cos’2x
4 4

—
Il

1
+_
4
1

Alw Njw
o
1l

Given f(x) = sin* x + cos* x

= (sin? x + cos? x)? — 2 sin® x cos? x

1
=1-——sin’2x
2

Maximum value=1+0=1

. 1
Minimum value= 1 ——=—

1
2

We have, f(6) = sin® 0+ cos® 0

= (sin® 6)’ + (cos? 6)°
= (sin? 6+ cos? 8)* — 3 sin? O cos? O (sin*> 6+ cos? )
=1-3sin* Ocos’ 6

=1- % (4 sin’6 cos?6)
3. .,

=1-= 20
2 (sin“26)

=1+%(—sin229)

As we know, —1 < (-sin?26) <0

=

)
_§S3(—sm 29)S0
4 4

1
JS/O<1

Hence, the maximum value = 1 and the minimum value

1
4
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160. Now, 4

161.

= cos? O+ sin*
= %(2 sin’) + %(4 sin*@)
1 1 2
= 5(1 —cos (20)) + Z(l + cos (20))
= %(1 +cos (20)) + %(1 — 2 cos (26) + cos?(26))
= % + % cos (20) + % - % cos (20) + % (0052(29))

= % + % (cos*(20))

Maximum value of 4 = m, =

Also, B
= sin®? @+ cos* 6

1. .5 1, .4
= 5(2 sin“0) + Z(4 sin” 0)
= l(2 sin’0) + l(2 cos’6)?

2 4

1 1 )
= 5(1 —cos (20)) + Z(l + cos (26))

= %(1 —cos (20)) + %(1 +2cos(20) + cosz(20))

:l+l+lcosz(29)
2 4 4

31 2
=—+—cos“ (260
2t (20)

. 3 1 3
Thus, the minimum value of B = m=Z+Z~0=—

Now, the value of m,2 + mg + mym,

:1+2+é

37

T 16
Given f(x) = (sin x + cos x + cosec 2x)?
As we know that,
AM = GM

(sm X + cos x + cosec 2xj

(sm X - COS X - cosec 2x)

IV

(sm X + cos x + cosec 2x]

(sm X + cos x + cosec 2x) 1
2

(sin x + cos x + cosec 2x) > 7

Hence, the minimum value of f(x) is 27

162. Find the maximum and minimum values of

5
X)=
S sin’6 — 6 sin 6 cos 0 + 3 cos’6
2 2
163. Given f(r)=—*—+—2
cos“x sin“x

= a* sec? x + b? cosec’ x

=a*+a’tan’x + b’ + b cot’ x

=a*+ b’ + (a* tan’ x + b? cot? x)
>a’+ b*+2ab=(a+ b)*

Hence, the minimum value of f(x) is (a + )%

2 -2
164. We have, f(x)="snx*4
X Sin x

=xsin x + >4

X sin x
Hence, the minimum values of f(x) is 4
165. Given f(x) =log _y + logyy
As we know,
AM > GM

log.y +log x
wz nogxy . logyx =1

log,y +log ,x 51
2
log y + logyx >2
Hence, the minimum value of f(x) is 2.
166. Given f(x) =2 log,, x —log_(0.01), x> 1
=2log x—log (10)*
=2log,,x+2log (10)
=2(log,, x +log_(10))
22.2=4
Hence, the minimum value of f(x) is 4
(P +DOA+D(E2+1)
xyz

e
(sl

>2222=8

Hence, the minimum value is 2.

167. Given f(x, y,z)=

X +2)(P+2)(Z+2)
xyz

168. Given f(x,y,z)=

1.53
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(2
LS G G

>333=27
Hence, the minimum value is 27.
169. We have f(a, b, c, d)

(@ + DB+ D+ 1)(d+1)

- abcd

_@+h @'+ (4D (@ +])
a b c d

oot
a b c d
>2222=16
Hence, the minimum value is 16.

170. Do yourself.

171. We have sin*(24°) — sin?(6°)
= sin (24° + 6°) sin (24° — 6°)
= sin (30°) X sin (18°)

1 .
=—xsin (18°
2 (18°)

1 J5-1

2 4
_(5-
==
172. We have sin?(48°) — cos?(12°)
= cos (48° + 12°) x cos (48° — 12°)
= c0s (60°) x cos (36°)

1 J5+1

27 4
5+
S8
173. We have sin (12°) - sin (48°) - sin (54°)

1 . o - o - o s o
= m (sin (12°) - sin (48°) - sin (72°))(sin (54°))
B 1
 4sin (72°)

(4 sin (60° — 12°) - sin (12°) - sin (60° + 12°)) X (cos (36°))

= m (sin (360) - COS (360))

1 . o o
_M(Z sin (36°) - cos (36°))

= m (Sil’l (720))

Trigonometry Booster

174. We have
sin (6°) - sin (42°) - sin (66°) sin (78°)
N S
 45sin (54°)
(4 sin (6°) - sin (60° — 6°) - sin (60° + 6°)) X
(sin (78°) - sin (42°))
1
=———(sin (18°) sin (72°) - sin (42°
4c0s(36°)( (18°) sin (72°) - sin (42°))
_ 1
16 cos (36°)

(4 sin (18°) - sin (60° + 18°) - sin (60° — 18°))
1

=16 cos 369 S 4D

1 (o)
=16 cos (36°) 5 36D

1
16

175. We have 4(sin (24°) + cos (6°))
= 4(sin (24°) + sin (84°))

_ 4[2Sin(24 +84 )005(24 -84 D
2 2

= 8(sin (54°) cos (30°))
= 8(sin (36°) cos (30°))

=8[\B+1X1J

4 2
=(\5+1)
176. We have
tan (6°) - tan (42°) - tan (66°) tan (78°)
= (tan (6°) - tan (66°)) X (tan (42°) - tan (78°))

X (tan (6°) - tan (54°) - tan (66°))

~ tan (54°) X (tan (42°) - tan (78°))

X (tan (6°) - tan (60° — 6°) - tan (60°
+ 6°)) X (tan (42°) - tan (78°))

(tan (18°)) X (tan (42°) - tan (78°))

" tan (54°)

1
B tan (54°)
= m(tan (18°) - tan (42°) - tan (78°))

1
B tan (54°)

(tan (60° — 18°) - tan (18°) - tan (60° + 18°))

1
~ tan (54°)
=1

X (- tan (54°))
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181. We have tan (10°) tan (70°)

1 (e} o (e}
= W [tan (50°) tan (10°) tan (70°)]

= 1 X tan (30°)
tan (50°)

= L X cot (50°)

V3

— L tan (40°)

3
182. We have sin 55° — sin 19° + sin 53° — sin 17°
= (sin (55°) + sin (53°)) — (sin (19°) + sin (17°))
= 2 sin (54°) cos (1°) — 2 sin (18°) cos (1°)
=2 cos (1°)[sin (54°) — sin (18°)]

J5+1 \/5—1}

= 2cos (10){ , 2

= 2cos (1°)><%=cos (1°)

183. We have

(271) (47:) (67:)
cos| == |cos| — |cos| —
7 7 7

2sin| —

L iy

Trigonometry Booster

184. Let S =cos (2—n)+cos (4—n)+cos (6—7[)
7 7 7
= 2sin| — |S=2sin| — |cos| —
7 7 7
+2sin| —|cos| — [+2sin| — |cos| —
7 7 7 7

(ol o )

sin (71°) cos (71°)
2 2
_ 2
2 sin (71") cos (71")
2 2
2
~ sin (15°)
2
V-1
202
_ 42
= N

:4ﬁ(,/3+1):2\/§(\/§+1)
2
186. Let y=cos (g)—x/gsin (%)

o en(2) (1)
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. .. d
For maximum or minimum, av_ 0

dx
= sin(£+£j=0
2 3

Y4
= x=—
3

Hence, the value of x is 4%

187. If orand B be two different roots
a cos O+ b sin 6= c, then prove that
2ab

a+b

188. We have, sin 24 + sin 2B + sin 2C
= (sin 24 + sin 2B) + sin 2C
=2(sin (4 + B) cos (4 — B)) +sin 2C
=2(sin (r— C) - cos (A —B)) + 2 sin C cos C
=2(sin C-cos (4—B))+2sin Ccos C
= 2(sin C(cos (4 — B)) + cos C)
=2 sin C(cos (4 — B) + cos (m— (4 + B)))
=2 sin C(cos (A — B) — cos (4 + B))
=2 sin C(2 sin 4 sin B)
=4sinA4-sinB-sin C

189. We have cos 24 + cos 2B + cos 2C
= (cos 24 + cos 2B) + cos 2C
=2cos (4 + B)cos (4—B)+cos2C
=2cos {m—C} cos (4 —B)+cos 2C
=-2cosCcos(4+B)+2cos? C—1
=—-1—-2cos C(cos (4 — B)—cos C)

—1 -2 cos C(cos (A — B) + cos (4 + B))
=—-1-2cos C(2 cos 4 -cos B)
=—1-4cosA-cosB-cosC

190. We have sin? 4 + sin? B — sin?> C
= sin* 4 + (sin> B — sin* C)
=sin? 4 + sin (B + C) sin (B - C)
=sin? 4 + sin (r— A) sin (B - C)
=sin* 4 + sin 4 sin (B — C)
= sin A(sin 4 + sin (B — C))
= sin A(sin (B + C) + sin (B — C))
= sin 4(2 sin B cos ()
=2sinA4-sinB-cos C

191.(i) We have sin? 4 + sin? B + sin? C
=1-cos?> 4 +sin®> B +sin* C
=1-(cos? 4 —sin> B) + (1 — cos? C)

sin (a+ fB) =

1.57

=2 —(cos? 4 —sin®> B) — cos> C
=2—(cos (A +B)-cos(4—B))—cos’ C
=2—(cos (- C) - cos (4 — B)) —cos? C
=2+ cos C(cos (4 —B)—cos C)
=2+ cos C(cos (4 —B) +cos (4 + B))
=2+cos C(2 cos 4 - cos B)
=2+2cosA-cosB-cosC

192. We have sin 24 + sin 2B + sin 2C
=4 sin 4 sin B sin C

Also, cos A +cosB+cos C—1

:2cos(A+B)cos(ﬁ)—Zsin2 g
2 2 2
=200s(£—£jcos[A_B)—2sin2(£)
2 2 2 2
=2sin < cos A-8B — 2 sin? <
2 2 2

oo
(s [452)-eon(432)
24n(2)n 2]
- tsn[2)n [ 2)on( )

sin 24 + sin 2B +sin 2C
cos A+cos B+cosC—1

_ 4 sin A sin Bsin C
4 sin (A/2) sin (B/2) sin (B/2)

A) (B) (Cj
=8cos| — |cos| —|cos|—
(2 2 2
193

(i) WehaveA+B+C=nr
= A+B=n-C
= tan(4+B)=tan(x—C)
tan A+ tan B
l—tan 4-tan B

= tan 4 +tan B=—tan C(1 —tan 4 - tan B)

= tand+tanB=-tanC+tanA4 -tan B -tan C

= tand+tanB+tanC=tan A4 -tan B -tan C
(i1) As we know that,

tanA +tan B+tan C=tan 4 - tan B - tan C

Dividing both the sides by

‘tan 4 - tan B - tan C’, we get,

Thus,

=—tan C

_ tan A tan B
tan A-tan B-tan C tan 4-tan B-tan C
tan C

tan A-tan B-tan C
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1 1 1
+ + =1
tan B-tanC tan A-tanC tan A-tan B

= cotB-cotC+cotd-cotC+cotd-cotB=1
194. Wehave A+B+C=2x

= A+B+C=2n

= A+B=2n-(C+D)

= tan (4 + B)=tan{2n— (C + D)}

= tan(4 + B)=-tan (C+ D)

N tan 4 +tan B __ tan C +tan D
l1—tan 4-tan B 1-tan C-tan D

= (tan A4 +tan B)(1 —tan C - tan D)

=—(tan C + tan D)(1 —tan 4 - tan B)
= tand+tanB—tanA4 -tan C - tan D
—tan B - tan C - tan D

=+tanC—-tanD +tan4 -tan B-tan C +tan 4 -
tan B - tan D

= tan 4 +tan B +tan C +tan D
=tan 4 -tan C-tan D +tan B - tan C - tan D + tan
A-tan B -tan C+tan 4 - tan B - tan D
tan A + tan B + tan C + tan D
tan A4-tan B-tan C - tan D
_ tan 4-tan B -tan C
" tan A-tan B-tan C - tan D

N tan 4 -tan C-tan D
tan 4-tan B-tan C - tan D
tan A4-tan B-tan D
tan 4-tan B-tan C - tan D
tan B-tan C-tan D
tan 4-tan B-tan C - tan D

tan 4+ tan B+ tan C + tan D
tan A-tan B-tan C - tan D

1 1 1 1

= + + +
tan4 tanB tanC tan D

tan 4 + tan B + tan C + tan D
tan 4-tan B-tan C - tan D
=cotA +cot B+ cot C+cotD
tan 4+ tan B + tan C + tan D
cot A+ cot B+cot C+cotD

=tan A4 -tan B - tan C - tan D
cos A
+

cos B

194. We have (cot A+ cot B) =

sin4 sinB

_cos Asin B+sin A-cos B

sin Asin B
_sin(4+B)
sin Asin B sin Asin B

sin C

Trigonometry Booster

- in A
Similarly, (cot B + cot C) = L
sin Bsin C
sin B
and (cot C+cot 4)=————
sin Asin C

Thus, (cot A + cot B)(cot B + cot C)
(cot C + cot A)

_sinC sin B sin A4
sin Asin B sin AsinC sin BsinC
1

sin A sin Bsin C

= cosec A cosec B cosec C
195. Putx=tan 4, y=tan Band z=tan C
Given, xy +yz +zx =1
= tanAd-tanB+tanB-tanC+tanC-tan4 =1
= tanB-tanC+tanC-tan4=1—-tan 4 -tan B
= tanC(tanB+tan4)=1—-tan 4 -tan B
tan 4+ tan B 1
=

l-tan 4-tan B tan C

= tan(A+B)=cotC=tan(§—C)

= (A+B)=(§—Cj

= (A+B+C)=§

Now,

LHS =——+—2—+—
1-x> 1-)* 1-2°
_ tan 4 tan B tan C
1-tan’4 1-tan’B 1-tan’C
1( 2tan 4 2tan B 2tan C
=5 2, et 2
2\1-tan“4 1-tan“B 1-tan"C

= %(tan 24+ tan 2B + tan 2C)

= %(tan 24 -tan 2B - tan 2C)

_1{ 2tan4 2tanB 2tanC
1-tan’4 1-tan’B 1-—tan’C
_( 4tan A-tan B-tan C
(

2
1— tan? 4)(1 — tan’ B)(1 — tan*C)

_ 4xyz

A== -2
Hence, the result.

196. Putx=tan 4, y=tan B and z=tan C

Given,xy +yz +zx =1
= tand-tanB+tanB-tanC+tan C-tan4 =1




The Ratios and Identities

= A+B+C:§

Now, LHS

X y z
= 5+ 5+
I+x° 1+y

1 2x 2y 2z
=5 2t 2t 2
2{1+x" 1+y° 1+z

1( 2tan 4 2tan B
=5 2, 2
2\1+tan“4 1+tan“B

1+ 22

2tan C
+ 2
1+ tan“C

1, . . .
= E(sm 24 + sin 2B +sin 2C)

1
:5(4cosA~cosB~cos 0)

=2cosA-cosB-cosC
2

:secA~secB-secC
2

J(1+ tan® 4)(1 + tan® B)(1 + tanC)
2

Ja+ )1+ 321+ 2)

Hence, the result.

197. LetA=n-B,B=B-vC=y-«a

Now,A+B+C=0

= A+B=-C

= tan(Ad+B)=tan(-C)=—tan C
tan A +tan B
1—tan A tan B

=—tan C

= tan A +tan B=—tan C + tan 4 tan B tan C
= tanA4+tan B +tan C
=tan 4 tan B tan C
= tan (a— P) +tan (f—7) + tan (y— @)
=tan (ot — f) tan (B — 9) tan (y— @)
198. We have cotA+cotB+cotC=\/§
= (cotA+cotB+cotC)=3
= cot? A+ cot? B+cot? C
+ 2(cot A cot B+ cot Bcot C+cot Ccot4)=3
cot? A+cot? B+cot? C+2=3
cot? A +cot>? B+cot? C=1
cot? 4 + cot?> B + cot> C
= (cot 4 cot B+ cot B cot C + cot C cot 4)

LUl

= 1 [(cot A — cot B)* + (cot A — cot B)* +
2 (cotA—cotB)*]=0
= (cot 4 — cot B> =0, (cot B — cot C)* = 0,
(cot C—cot A)?*=0
= cotA=cotB,cotB=cotC,
cot C=cot4

1.59

= cotd=cotB=cotC
So, A is an equilateral.
199. Given expression is
xtytz=xyz
Putx=tan 4, y =tan B and Z=tan C
So, tan 4 + tan B + tan C =tan A4 tan B tan C
tan 4 + tan B =—tan C(1 —tan 4 tan B)
tan 4 +tan B
(I—tan 4 tan B)
tan (4 + B) =tan (x— C)
(4+B)=(n-0)
A+B+CO)=nxn
(34+3B+30C)=3~x
(34+3B)=3n-3C
tan (34 + 3B) =tan 37— 3C)
tan 34 + tan 3B
1—tan 34 tan 3B

tan 34 + tan 3B + tan 3C
=tan 34 - tan 3B - tan 3C

3tan A—tan’4 3tan B—tan°B 3tan C — tan°’C

=tan (x — C)

=—tan 3C

1-3tan’4 1-3tan’B 1-3tan’C
_ 3tan A—tan’4 ‘ 3tan B — tan’B 3tan C - tan’C
1-3tan4 1-3tan’B 1-3tan’C
3x-x> 3y—y’ 3z-27
1-3x2  1-3y* 1-322
_3x—x3 .3y—y3 ‘32—23

-3 1-3)% 1-37°
Hence, the result.

200. We have 1 + cos 56° + cos 58° — cos 66°
= (1 —cos (66°)) + (cos (58°)) + cos (56°))
=2 sin*(33°) + 2 cos (57°) cos (1°)
=2 sin%(33°) + 2 sin (33°) cos (1°)
= 2 sin (33°)(sin (33°) + cos (1°))
=2 sin (33°)(cos (57°) + cos (1°))
=2 sin (33°)(2 cos (29°) cos (28°))
=4 cos (29°) sin (28°) sin (33°)

Hence, the result.

201. LetS=sin o+ sin (a+ B) +sin (a+2f)
+sin(a+3B)+... +sin(a+ (- 1))
Now,

2 sin ¢ sin (gj = cos (a —g) — cos (a+§j

. . (B _ B 3B
251n(oc+ﬂ)-sm(5j—cos(a+2) cos(a+ 2)

2 sin (o + 23) - sin (g) =cos (OC +%) —cos (a+%)
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Adding,we get
2sin (o + (n—1)B) - sin (g)

ZCOS(OC'F@)—COS(OC-FW)

o))

|

@,

=

P
= Q
=

N

Thus Sﬁmm( (n—zl)ﬁ)
2
= S%chos(ow—ﬂ)

202. Do yourself.

203. Do yourself.

204. Let S=cos o+ cos (o + B) + cos (o + )
+cos(a+ PB)+...tcos(ax+(m—1)a)

Now, 2 cos o sin (g)

_sin(a+§)—sin(a_§j

2 cos (o + B) sin (g)

wfe2on(]

2 cos (o +33) sin (g)
=sin (a+?)—sin (a+%)

2cos(ax+(n—1)B) sm(ﬁj

2 2
Adding all we get,

25in(§)xS=sin(a+2n_

= 2sin(ﬁ)xS
2

=2cos (a +nT_lﬁj><sin (%)

205. Do yourself

1B)—sin<a—/3>
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sin x
sin(n+1)x-sin(n+2)x
_osin[(n+2)x — (n+1)x]
sin (n+1)x-sin (n + 2)x
_sin(n+2)xcos(n+1)x
" sin (n+1)x-sin (n + 2)x
cos (n+2)xsin (n+1)x
~sin (n+ L)x - sin (n + 2)x
=cot(n+ 1)x—cot(n+2)x
Thus, #, = cot 2x — cot 3x
t, = cot 3x — cot 4x
t, = cot 4x — cot 5x

206. Let ¢,=

n

n

¢t =cot(n+ 1)x—cot(n+2)x
Adding all we get,
S=cot 2x —cot (n + 2)x

Levee I

1. We have
tan ¢+ 2 tan 2+ 4 tan 40+ 8 cot 8o
=cot o— (cot ox—tan @) + 2 tan 2x
+4tan 4o+ 8 cot 8
=cot a—2(cot 2¢¢ — tan 2¢x)
+4 tan 40+ 8 cot 8o
=cotx—2.2cot4a+4 tan 4o+ 8 cot 8o
=cot a—4(cot 4o —tan 4¢x) + 8 tan 8ot
=cot a—4.2 cot 8+ 8 cot 8
=cot a— 8 cot 8ax+ 8 cot 8«x
=cot
2. We have
tan 9° — tan 27° — tan 63° + tan 81°
= (tan 9° + tan 81°) — (tan 27° + tan 63°)
= (tan 9° + cot 9°) — (tan 27° + cot 27°)

1 1
(sin 9° cos 9°j - (sin 27° cos 27°j

2
n 9° cos 9°j - (2 sin 27° cos 27°)

sin18° sin 54°J

sin18°  cos 36°)

(=
=
=
( 8
{
|

-1 f+1)
8(J5+1- 5+1))

W5 -DH5+1)

8><2)
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3. We have
sinx sin3x  sin9x
cos3x cos9x cos27x
1{2sinxcosx 2sin3xcos3x 2sin9x cos9x
- _(cos 3xcosx  cos3xcos9x  cos27x cos 9x)
sin 2x sin 6x sin 18x
(cos 3x cos x cos 3x cos 9x  cos 9x cos 27x)
_ l( sin (3x — x) sin (9x — 3x) N sin (27x — 9x)j
2\ cos 3x cos x cos 3x cos 9x  cos 9x cos 27x
_ 1{sin 3x cos x — cos 3x sin x
- E( €cos 3x cos x

N sin 9x cos 3x — cos 9x sin 3x

cos 3x cos 9x

N sin 27x cos 9x — cos 27x sin 9x
cos 9x cos 27x

—_—

— (tan 3x — tan x + tan 9x — tan 3x + tan 27x — tan 9x)

2
1
E (tan 27x — tan x)
1
4. We have s.m Gl —,—COS Gl 3
siny 2 cosy 2
tanx 1
tany 3
Now tan (x +y)

_ tanx+tan y
1—tan x tan y

_ tanx+3tanx

" 1-tanx-3tanx

_ dtanx (D)
1-3tan"x

Also, sin y =2sin x, cos y = 2 coS X

sin’y + cos?y

=4 sin2x+gcos2x

_ 36 sin’x + 4 cos’x

- 9

_ 32sin’x +4

=

32sin’x +4

9
32sin’x+4=9
32sin’x=5

=1

sin’x =

L

NlE)

32
5
N

sin x =

U

=
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5 )
tanx—m ...(>11)

From (i) and (ii) we get,

45 f
3[ 45 %x27
_15 12x343 =is

27

tan (x + y) =

5. We have

sin* (lj +sin? (3—7[) +sin? (5_7[) +sin? (7—7[)
16 16 16 16

B 16 16 6 6
=2-2sin’ (1) - cos? (lj —2sin? (3_%) - cos? (3—ﬂj
16 16 16 16
2 2
= 2—l 2 sin (1) cos (1) +|2 sin (3—7[) cos (3—77:)
2 16 16 16 16

=2- 1 sin’ (Ej +sin? (3—77:)
2 8 8
=2- 1 sin’ (ﬁj +sin? (E - E)
2 8 2 8
=2- 1 sin’ (zj + cos’ (ﬁj
2 8 8
,1
2
3
2
6. We have
cos (o —fB)+cos(B—y)+cos(y—o)=—=
= 2(cos (x—P)tcos(B—p tcos(y—a)+3=0
= 2(cos o cos B+ cos fcos Y+ cos ycos o)
+2(sin o sin B+ sin Bsin y+sin ysin ) +3=0
= (cos? o+ sin? &) + (cos? B+ sin? @)
+ (cos? y+ sin? p)
2(cos o cos B+ cos B cos y+ cos ycos )
+ 2(sin o sin B+ sin B sin ¥+ sin ysin o) =0
=  cos? o+ cos? B+ cos?y

+2 cos orcos B+ 2 cos Bcos ¥y
+2 cos ycos o+ sin® o + sin® B+ sin® ¥
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+ 2 sin arsin B+ 2 sin Bsin y

+ 2 sin ysin =0
=  (cos a+cos B+ cos )?

+ (sin o+ sin B+ sin > =0
= (cosa+cosfB+cosy=0

and (sin ¢+ sin f+sin ) =0
7. We have sin arsin B —cos cccos f+1=0
= cos ocos Bsin osin f=1
=cos(a+pf)=1
Therefore,

sin (o0 + B) =1 —-cos*(a+ ) =/1-1=0

Now, 1 +cot o - tan
Cos ¢ - sin
sin o - cos 8

_sina-cos B+cosa-sin fB

sin o - cos B
_ sin(o+ f)
sino-cos 8
=0

8. Given, f+y=«

= tan(f+P=tan

= tan (B + ) =tan (90° — @)

= tan(f+P=cota
1—tan B tan y

N tan 3 + tan y — cot B
1—tan B tan y

= tan B+ tan y=cot B—tan - cot B tan ¥
= tan B+ tan y=cot B—tan ¥

= tan $+ tan y=cot (90° — @) — tan y

=  tan f+tan y=tan ¢ —tan y

= tano=tan f+2tany

T sin (7/24)

Zj - cos (1/24)

_ 2sin (7/24) cos (1/24)
 2cos(n24)

_ sin(w/12)

" 1+ cos (m/12)

_ 31

- 22 +3+1

B (2f 3 +1)
TR @2-WBA)

_(3-D@V2-(B+D)
8- (3 +1?)

9. We have tan(

Trigonometry Booster

26 -3-V3-22+3+1
(4-23)

_2J6-2-242

(4-2/3)
J6-1-2

2-3)
= (W6 -2 -12+3)
=2J6-2v2-2+18 -6 -3
=J6 +32-V4-3
=J6-2-3+2
=(\3-V2)V2-1

Thus,a=3,b=2,c=2andd=1
Hence, the value of (a + b+ c+d+2)
=3+2+2+1+2
=10
10. Given,
X y z

cos 0 - 2r - 2w = m(say)
cos 0+? cos 0—7

Now,x+y+z

—mx(cos0+cos[0+2—n)+cos(9—2—”)]
3 3
=mx(c0s0+20059~cos(27”)]

1
=mx(cos@+20059~(—3)j

=m X (cos 68— cos 0)
=0
Hence, the value of x + y + z is zero.
11. We have sin (25°) sin (35°) sin (85°)
= sin (25°) sin (35°) sin (85°)

1 . . .
= Z(4 sin (60° — 25) sin (25°) sin (60° + 25°))

1
=—xsin (3 x 25°
1 ( )
—lx sin (75°)
4

=%>< cos (15°)
(2]
(4]
-(

=
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Thus,a=3,b=1and c=128

Hence, the value of (a + b + ¢ + 2)
=3+1+128-2
=130

12. We have
V3 cot (20°) — 4 cos (20°)
V3 cos (20°) — 4 sin (20°) cos (20°)
sin (20°)

2(\/25 cos (20°) — 2 sin (20°) cos (20"))

sin (20°)
_ 2(sin (60°) cos (20°) — sin (40°))
B sin (20°)
_ (2sin (60°) cos (20°) — 2 sin (40°))
B sin (20°)
_ (sin (80°) + sin (40°) — 2 sin (40°))
B sin (20°)
_ (sin (80°) — sin (40°))
B sin (20°)
_ 2.cos (60°) sin (20°)
B sin (20°)

=1

13. We have
sin (2°) + sin (4°) + sin (6°) + sin (8°) + ... + sin (180°)
= sin (2°) + sin (2° + 2°) + sin (2° + 2.2°)
+sin (2°+3.2°) + ... +(2°+ (90 — 1)2°)

. (900-2")
sin Ty 50
=—xsin(2°+(90°—l)—)
. (2° 2

sin| —

(2j

X sin (91°)

~sin (1°)
_cos (1°)
sin (1°)
=cot (1°)
14. We have

(n) (7: 27:) (n 2.27r)
Sin + sin + + sin +
2013 2013 2013 2013 2013

. ( T 1006.27:)
+...... +sm|——+——

2013 2013

2r
x sin | ——+(2012)[ 2013
2013 2

15. Puty=sin (46)

Then tan (y) =

=

=
=

I+ JT-sn(6)

1+ y/(cos (20) + sin (26))’

1+ \/(cos (26) —sin (26))*
1+ cos (20) +sin (20)

tan (y) =

A () =17 (cos (26) —sin (20)
_ 2cos>(0) +sin (26)
tan () =7 cos?(6) —sin (20)
a0 () = 2 cos?(0) + 2 sin (6) cos (0)
=5 cos?(6) — 2 sin () cos (0)
an () = cos () +sin (0)

cos () —sin (0)

tan (y) =tan (% - 9)

T
- _g
=y

4y=m—-40

sin (4y) =sin (r—46) =sin (40) =y

Hence, the result.
16. We have

=

b4 l+tanoa cos o +sin o
tan| —+ o |= =

1—tan o

2(7‘5 ) 1+sin 2
tan”| —+ o |=————
4 1—sin 2

Thus, tan E+Z = tan’ £+£ ,
4 2 4 2

Applying componendo and dividendo, we get,

=

l+siny (1+sin x)°
(1-sin x)?

l—siny

2siny 2(3sinx+ sin’x)
2 2(1+ 3 sin’x)

(3 sin x + sin’x)

sin y =
4 (1+ 3 sin’x)

Hence, the result.

17. Given, tan B =

tan o + tan y
1+ tan ¢ tan y

_sino cosy +cososiny

COS O cOs Y +sin ¢ sin ¥
_sin(o+7)
cos (@ —y)

cos o — sin o

1.63
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Thus,
. 2 tan B
sin (2) = 1+ tan’B
2[ sin (o +7) j
_\cos(ax~-7)
- N sin’ (o + Y)
cos? (a—-7)

_ 2sin(a+7y)cos (o —7)
cos®(a—y) +sin® (o +7)
sin((c+y)+(ax—7y)+
__sin((@+y)-(@-7)
1+sin? (ot + 7) — sin® (@ — 7)
_ sin (2¢) +sin (2y)

_1+sin(a+y+(x—}/)sin(a+y—oc+y)
_ sin (2a) +sin (2y)
1+sin (2¢) sin (2y)

Hence, the result.
18. We have
16 sin? (27°) = 8 X 2 sin?(27°)
=8 X (1 —cos (54°))

102
=(8-2,10-245)
=8-2J5+5)(3-5))
=(5+V5)+(3-5)
—2J(5+5)3=5))
=(J5+5) - 3=V

= 45in (27°) = (5 +5) 3 -5))
Thus,a=5,b=5,c=3andd=5
Now,a+b+c+d+2
=5+5+3+5+2
=20.

19. We have (1+ sin 8)(1+ cos 8) = %

. . 5
= 1+sin@+cosO+sinBcos=—

(tz—lj 5
= l+t+ =—
2 4

(sin 8+ cos =1, say)

(tz—lj 1
= 1+ =
2 4

= Pe2r—1-1
2

= 2+4-3=0

20.

21.
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416424

4

4+
=%\@= 1o

= t:_1+%m
= sin6+cose=—l+%«/ﬁ

Now, (1 —sin 6)(1 — cos )
=1—sin O—cos O+ sin O cos O
=1—(sin O+ cos 6) + sin O cos O

=1_(_1+@)+l(9—\/ﬁ)

2 2\ 4
o)
(2-)

We have 3sinx+4cosx=35
Lety=3cosx—4sinx
Now, y? + 52
= (3 cos x — 4 sin x)* + (3 sin x + 4 cos x)*
=9 cos’x + 16 sin’x — 24 sin x cos x
+9 sin’>x + 16 cos?x + 24 sin x cos x

32 +25=25
»=0
y=0

3cosx—4sinx=0

3cosx=4sinx

tan x = 3/4

Hence, the value of 2 sin x + cos x + 4 tan x

(o)

We have cos 4 =tan B

L A

= cos’4 =tan’B
= cos’A=sec’B-1
= 1+ cos’4 =sec’B
= 1+ cos’4=sec?B=cot? C
= 1l+4+cos?d=cot?C
2 2
. cos“C cos“C
= 2 —sin’4= ——= 5
sin“”C  1-cos“C
2
. tan“ A4
= 2 —sin’4= —
1—tan“4
sin’4

cos“4A—sin“A4
sin4

= 2—sin2A:—.2
1-2sin“4
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= 2-4sin’4—-sin? A4+ 2sin*4=sin’ 4
= 2sin*4-6sin?4+2=0
= sin*4-3sin?4+1=0
3+.,9-4
= sin®4=""" ~
2
+
= sinzA:ﬁ
2
+
= sin2A=6_2\/g
4
2
= sin2A=(Ej
2
. -1
= smA:(\/gT)

= sind= 2(%) =2sin (18°)
Similarly, we can prove that,
sin B=2sin (18°) =sin C
22. We have

2(7[) 2(37[) 2(57[) 2(77[)
tan"( — |+ tan" | — |+ tan” | — [+ tan” | —
16 16 16 16

z(n 371) 2(717 n)
+tan”| ———|+tan" | ———
2 16 2 16

RY/ 4

(55 -

23.

24.

1.65
= 4 + 43 -4
sin? (”) sin’ (n)
8 8
= 4 + 4 -4
sin® (”j sin® (n - n)
8 2 8
_ 4 N 4 _a
8 8
=4 ! + ! -4

We have sin (1°) - sin (2°) - sin (3°) ... sin (89°)

=sin (1°) - sin (2°) -
sin (46°) -
= sin (1°) - sin (2°) -
cos (44°) -
=sin (1°) - sin (2°) -

sin (3°) ... sin (44°) - sin (45°)
sin (47°) - sin (48°) ... sin (89°)
sin (3°) ... sin (44°) - sin (45°)
cos (43°) - cos (42°) ... cos (1°)
sin (3°) ... sin (44°) - sin (45°)

cos (1°) - cos (2°) - cos (3°) ... cos (44°)

Ly 2%(5111 (2°) sin (4°) sin (6°) ... sin (88°))

NG

= sin (2 sin (49 3in (6°) . in (88°)

Thus, sin (1°) - sin (3°) - sin (5°) ... sin (89°)
1
= 28972

Therefore, n= %

We have (1 + tan (1°))(1 + tan (2°))(1 + tan (3°))
... (I +tan (45°)) =2"
= (1 +tan (1°))(1 + tan (44°))(1 + tan (2°))
(1 +tan (43°)) ...
(1 + tan (22°))(1 + tan (23°)) X (1 + tan (45°)) =2"
= 22x(1+1)=2"
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= 2"=23

= n=23

Hence, the value of n is 23.
25. We have

r 3r 3
cos| — |=cos| m—— |=—cos| —
10 10 10
or T T
cos| — |=cos| T —— [=—cos| —
10 10 10

Therefore,

(e () e (55)

—

= sin” (18°) sin®(45°)
2 2
(5282
4 4
(% -5
16 ) 16
26. We have
cos (60°) cos (36°) cos (42°) cos (78°)

5411 1
( * j 52c0578°cos42°)

_ l( 54+ lj(cos 120° + cos 36°)

e
FNa

27. We have
/,(6) =sin® 8+ cos® 6
=1-3sin? O cos® O
Also, f,(6) = sin* 6+ cos* 6
=1-2sin’* 6cos* O

1 1
Now, = /6(0) = 7./4(6)

28.

29.

30.

31.
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= %(1 —3sin%0 00529) — %(1 —25in%0 00526)

1 1 1 1
=—— —sin’0 cos’0 — — + — sin’0 cos>0O
6 2 4 2

1 1
6 4
1
12
We have sin? (sin 6) + cos? (cos 6)
= sin? (cos B) + cos? (cos 6)
+ sin? (sin 6) — sin? (cos 6)
= (sin’ (cos B) + cos? (cos 0))
+ sin? (sin 6) — sin? (cos 6)
=1 + (sin? (sin 6) — sin? (cos 6))
Maximum value of f(6)

= v s 2] s 2]

=1 +sin’(1)
Minimum value of /(6)

=1 + (sin’(sin (0)) — sin*(cos (6)))

=1 -sin%(1)
We have f(6) = (3 sin (6) — 4 cos (6) — 10)
(3 sin (6) + 4 cos (6) — 10)

= (9 sin*(6) — 16 cos*(0))

—10(3 sin 8+ 4 cos 6) — 10(3 sin 8—4 cos 6)
= (9 sin?(6) — 16 cos*(0))
—10(3 sin 8+ 4 cos 6) + 3 sin 8—4 cos 0)

= (9 sin%(6) — 16 cos*(0)) — 60 sin (6)

=25 ssin? - 60 sin () — 16

=(5sin 0-6)*-36-16

=(5sin 60— 6)*—
Hence, the minimum value of

f(0)=121-52=69
Now, 0 < sin®!® 0 < sin* 6 ...()
and 0 <cos* 6<cos’* 0 ...(i1)
Adding (i) and (ii), we get,

0 <sin*% 9+ cos?'* 6 < sin? 6+ cos® O
= 0<4<1
Thus, the range of 4 = (0, 1]

We have sind ’cosA=
sinB ' cos B
- sinA/sinB=£
cosAd cosB ¢
t:
_, tand_p
tan B ¢
tan 4 tan B
- an 4 _ tan —2
p q
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Also, s?n A -, cos A _
sin B cos B

N sin Acos A
sin B cos B Pd
2sin Acos A

= T =
2sin B cos B P
sin 24

= sin 2B Pq

2tan A / 2tan B

= =
1+ tan’4 1+ tan’B P
2pA 2gA
= / =
1+ p*A% 1+ 4°A7 Pa
242
N p__ A+ g AT
1+ p°A%) q
I (S5 B
(1+p°2%)

=  (1+@P)=¢1+p2)
= M-p)=q¢-1

ISP U
(1-p*)g*
1 2
= A=x— =D 2)
g\(d-p7)
2 pa—
Therefore, tan 4= +P H
g\ (1-p*)
(Cak)
and tan B=%
(1-p*)
32. We have
—_ 02
tan (a — ) Lsiny
tan o SiIleC
- s.injy _,_tan(a—B)
s o tan o
.2
= Y (tan o — tan (a — B))

sin’e;  tan o

sinza( tan o — tan 3 j
tan ot - ———

tan o 1+ tan o tan 8

= sin’y=

iny = sinza(tan B+ tanza)J

tan o \ (1+ tan o tan f)

.2
. s o ( tan
=  sin’y(1+tan o tan fB) = (—ZﬁJ
tan @ \ cos“o

.2
. sin“o [ tan
= sin’y(1+tan o tan f) =— tan B
cos“o\ tan o

33.

34.

1.67

. tan
= sin’y(1+ tan o tan fB) = tan’cx tan B
tan o

=  sin’y(1+ tan o tan ) = tan & tan 8

=  sin’y = tan o tan B(1 —sin’y)
sin’y
= ———=tanotanf

cos’y

= tan’y=tan o tan
Hence, the result.

We have tan g = 1_etan @
2 l+e 2

0
t 21 Z =
= an (2j

(1 — tanz(e

= cosQ=
(1 — tan? 2))
1-—e 0
(1 + tan? D
2
cosf—e
= cosQ=
1+ecosB
Hence, the result.
We have cos 6 = w
a+bcoso

,(6 1—tan”(¢/2)

e (2)_ [Htan o))"
1 - tan? 1-tan”(¢/2)
1+ tan? (9/2)

1 - tan’ (6)
2 (a+b)—(a—->) tan? (p/2)
5
2

1+ tan® 9

2 (a+b)+(a—>b)tan ((p/2)

1+ tan
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35.

36.

2 2(a+b)
= 0\ —2(a-b)tan’(p/2
5 tan? (2) (a—b) tan*(p/2)
1 (a+b)
= 9 = 5
tan> (2) (a—b) tan“(¢/2)
- tan?(¢/2) _(a+bh)
tan?(0/2) (a—b)
~  tan (9/2)_( ath ) n%(¢/2)
= tan(0/2)= n (¢/2)

Hence, the result.
We have
a*+ b*=(sin x + sin y)? + (cos x + cos y)?
=2+ 2(cos x cos y + sin x sin y)
=2+2cos(x—y)
= cos(x—y)=(a*+b-2)2

As we know
oA 1—cos A
tan’| = |= ———
2) l4cos4d
o XS ) l—cos(x—y)

14+ cos(x—y)
—(@®+b*=2)2
1+ (a*+b*=2)12

=)
x— y):2 (a*+b*=2)
=1

2+(a +b2 2)

a +b2

B 2 g2
= tan(x y):i 4-a’-b
2 a’+b?

Hence, the result.
As we know

1—cos26
sin 260

tan 6 =

N - 2210 =1—.cos45
2 sin 45°

R
N2
Let A=11-
4
= 24= 22—

37.
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—  tan(24)=tan (221?) =2-1

2 tan 4 _\/—_1
1-tan’A4
= 2y2:\/§—1
-y
= = 2 y
~2-1
=  1-y2=2(2+1)y

= Y +2(2+)y-1=0

224D 42+ 44

2

= y=-W2+D+ 2+ 41
= y=—(2+D+J4+242

= =442 -(2+1)

= tan(ll—) Ja+242 — (2 +1)

Thus,a=4,b=2,c=2,d=1

Hence, the value of (a+b+c+d+ 1)
=4+2+2+1+1
=10

. . .. cos@ sinf 1
Given equation is +2— 7=
a b c

=  bccos B+ acsin 0=ab
. bc[l - tanz (9/2)) . ac( 2 tan 2((9/2) ) _
1+ tan” (6/2) 1+ tan”(6/2)
= be(l —tan)(0/2)) + 2ac tan (6/2)
= ab(1 + tan(6/2))
=  (ab + bc) tan¥(0/2) — 2ac tan (6/2)
+(ab—bc)=0
Let its roots be tan (¢/2) and tan (f/2)
2ac
b(a+c)
(a—c)
(a+¢)

tan (0t/2) + tan (B/2) =

and tan (at/2)-tan (B/2) =

Now, tan (a er ﬁ)

_ tan (o0/2) + tan (B/2)

11— tan (a/2) - tan (B/2)

_ 2ac/b(a+c)

T 1—(a-c)(a+c)
2aclb

Ca+c-a+c

_2ac_a
2bc b
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Thus, cot (M) = é .
2 a

38. Let

39.

!

U

L A

put

T _p
14
79="
2
40=2_3¢
2

sin (46) = sin (% - 39) = cos (36)

sin (46) = cos (36)

2 sin (26) cos (26) =4 cos® 6—3 cos 6

4 sin 6 cos 6(1 — 2 sin? 6) = cos 6(4 cos®* 6 3)
4 sin 6(1 — 2 sin* 6) = (1 — 4 sin? 6)

4 sin 0 — 8 sin® = (1 — 4 sin? 6)

8sin* @—4sin? 0—4sin 6+1=0

sin =x

Hence, the required equation is

8 —4x?—4x+1=0

Letx=tan 4, y=tan B, z=tan C

Given,

U}

L R A

U

U

tan4 +tan B+tan C=tan 4 - tan B - tan C
tan 4 +tan B=—tan C+tan 4 - tan B - tan C
tan 4 + tan B =—tan C(1 —tan 4 - tan B)

tan 4 + tan B
(1—tan A4-tan B)
tan (4 + B) =—tan C
tan (4 + B) =tan (- C)

(4+B)=(n-0C)
A+B+C=rm
24+2B+2C=2rx
24+2B=2r-2C
tan (24 + 2B) tan 2r—2C)
tan (24 + 2B) = —tan 2C

tan 24 + tan 2B

1—tan 24 - tan 2B
tan 24 + tan 2B + tan 2C =tan 24 - tan 2B - tan 2C
2tan 4 2tan B 2tan C

+ +

l1-tan’4 1-tan’B 1-tan’C

_ 2tan 4 . 2tan B ) 2tan C

1-tan’4 1-tan®B 1-tan’C

2x2+ 2y2+ 222

I-x° 1-y° 1-z

_ 2> 2y 2z

-y l—y2 1-2°

=—tan C

=—tan 2C

Note: No questions asked in 1984.

1.69

40. Leta=cos ar+isin o, b=cos f+isin fand c=cosy
+isiny
Thena+b+c
= (cos o+ cos B+ cos P + i(sin o+ sin S+ sin 9)
=0+i-0=0
Therefore, a* + b* + ¢* = 3abc
=  (cos a+isin a)® + (cos f+isin f)
+ (cos y+isin P’
= 3(cos o+ i sin a)(cos B+ i sin )
(cos y+isin?y)
=3(cos (x+ B+ P +isin(atf+7y)
= (cos 3o +isin3a)+ (cos 3B+ isin3p)
+ (cos 3y+isin 37)
=3(cos (x+ B+ P +isin(atf+7y)
= (cos 3o+ cos 3B+ cos 39 +i(sin 3¢ + sin 3
+sin 379)
=3(cos (x+ B+ P +isin(atf+7y)
Comparing the real and imaginary parts, we get,
cos (3a) +cos (3B) +cos (3Y) =3 cos (x+ B+
and sin 3e) +sin (3P) +sin 3 =3 sin(a+ B+
Hence, the result.

| Note: No questions asked in 1986, 1987, 1988. |

41. We have tan 9° —tan 27° —tan 63° + tan 81°
= (tan 9° + tan 81°) — (tan 27° + tan 63°)
= (tan 9° + cot 9°) — (tan 27° + cot 27°)

[ sin9° N cos 9° sin 27° N cos 27°
“{cos9°  sin9° cos 27°  sin 27°

1 1
T sin9°cos9°  sin 27° cos 27°
B 1x2 1x2
T 2s8in9°cos9°  2sin 27° cos 27°
2 2
~ sin18° N sin 54°
B 2 3 2
(57 15
4 4
8 8

5- (5+1)
—SE\EH_\EH]
5-1
16
T4
=4

42. We have cos x + 5sin (x - %)
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. T . T
=COoS X+ 5(sm X COS (gj — COS X SIn (g)j

( 3.1 )
=coSx+5 —sinx——cosx
2 2
=(1—§)cosx+ﬂsinx

2 2

=——cosx+——sin x

2 2
/9 75 /84
i =, |J=+—=,—=+21
Maximum value R 4
/9 75 /84
Minimum value R 4 Y

Thus, a :—x/i,b:\/i

Note: No questions asked in 1990, 1991.

43. A=cos’0+sin*0
=—(2cos“0)+—(2sin“0
2( ) 4( )

= %(1 +cos260) + %(1 —CoS 29)2

1 1
=5 (1+cos 20) + 71— 2cos 26 + cos’26)

=l+l+lcosz20
2 4

:§+1005229
4 4

Maximum Value = E + l 1=1
4 4

Minimum Value = é + l 0= 3
4 4 4

W

Hence, the range of 4 is [—, 1}

44. Givensin 4 sin Bsin C=p
cos A cosBcos C=gq

Thus, tan 4 tan B tan C = P

Also,A+B+C=rm
tan 4 + tan B + tan C = tan 4 tan B tan C

‘[amA+tanB+tanC=£

q
Also, tan 4 tan B + tan B tan C + tan C tan 4
_1+gqg
q

Hence, the required equation is

o2

g —px*+(1+qx—p=0

‘ Note: No questions asked in 1993, 1994.

45.

46.

47.

Trigonometry Booster

Given x = cos 10° cos 20° cos 40°

1
=———(2sin 10° cos 10°) cos 20° cos 40°
2sin 10°

1 .
=————(2sin 20° cos 20°) cos 40°
4sin 10°

= ———(2 sin 40° cos 40°)
8sin 10°

1
=———(sin 80°
gsin10° " 50

=———(cos10°
8 sin 10"( )

=lcot 10°
8

‘ Note: No questions asked in 1996, 1997, 1998, 1999.

Lety — 27cos2x . 81sin2x

— 33c052x+ 4sin2x
Max value of y = 35 = 243

Min value of y = 37> = —
243

The expression y = 27¢> . 815" {g minimum when
Let f(x)=3 cos2x+4 sin 2x
1'(x)=—6sin 2x + 8 cos 2x

Now, /"(x) = 0 gives, tan 2x = 7% =

3
tan 2x=——=tan
4

3
2x = nx + o, where o = tan~! (—Z)

Given, e®1ocos -0) = |
= e=cos(x—1y)
= (cos O+ isin 6)

= cos x cos (iy) + sin x sin (iy)

= cos x cos (hy) + i sin x sin (hy)
Thus, cos 6= cos x cos (hy)
and sin 0= sin x sin (hy)

cos’ sin’0 |

Now, 5 —
cos“x sin“x

cos’6  sin’0

= 1_p2—?=1,sinx:p

= p*(1-p?)=pcos’6+ (p*—1)sin>
=p?—sin’*0

= p'=sin’0

=  p=2(sin 6)"?

=  sinx = %(sin 6)"?

= x=2nmi(sin 6)"?

Also, sin (hy) = i(%g)m = +(sin )

S = h(sin ' (sin 6)1)
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Levee IV

1. We have

tan x = tan (2x — x)

_ tan2x—tanx

1+ tan x tan 2x
tan x(1 + tan x tan 2x) = tan 2x — tan x
(1 + tan x tan 2x) = cot x(tan 2x — tan x)
tan x tan 2x = cot x(tan 2x — tan x) — 1

Similarly,

tan 2x tan 3x = cot x(tan 3x — tan 2x) — 1
tan 3x tan 4x = cot x(tan 4x — tan 3x) — 1

tann x tan (n + 1)x = cot x(tan (n + 1)x tann x) — 1
Hence, the required sum is

=cotx(tan (n + 1)x) —tanx) — n

=cotx(tan (n+ 1)x)—(n+ 1)

2. We have
cosec x + cosec 2x + cosec 4x + ... to n terms
sin (x/2)
CoSec x =

sinx sinx-sin (x/2)

o)
sin| x ——
_ 2

~ sin x-sin (x/2)

_sin x cos (x/2) — cos x sin (x/2)

sin x - sin (x/2)
= cot (x/2) —cot x
Similarly, cosec(2x) = cot (x) — cot (2x)
cosec(4x) = cot (2x) — cot (4x)

cosec(2"'x) = cot (2" %) — cot (2"'x)
Adding all, we get,
cosec x + cosec 2x + cosec 4x + ... to n terms

= cot (%) —cot (2" 'x)

+
3. Now, cot (4) cos (8) 1= A= E)
sin A sin B
So, cot (16°) cot (44°) — 1= — cos (6.0 )
sin (16°) sin (44°)
cot (760) cot (440) 1= : COS (120 )

sin (76°) sin (44°)
sin (76°) sin (16°)

Now, LHS
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_ cos (60°) cos (120°)
sin (16°) sin (44°)  sin (76°) sin (44°)
3 cos (60°)
sin (76°) sin (16°)
cos (60°) sin (76°) + cos (120°) sin (16°)
— cos (60°) sin (44°)

sin (16°) sin (55°) sin (76°)
['sin (76°) — sin (16°) —sin (440)}

sin (16°) sin (44°) sin (76°)

N | =
I

[ (sin (76°) — sin (16°)) — sin (44°)
sin (16°) sin (44°) sin (76°)

N | =
T

[ 2 sin (30°) cos (46°) — sin (44°)
sin (16°) sin (44°) sin (76°)

N | =
r

cos (46°) — sin (44°)
| sin (16°) sin (44°) sin (76°)

N | —
1

cos (46°) — cos (44°)
| sin (16°) sin (44°) sin (76°)

N | —
1

=0
Hence, the result.
5. As we know
cos - cos (26) - cos (226) cos (2%6) ... cos (2" )
_ sin (2"6)
 2"sin (0)
_sin(zw +0)
~ 2"sin )
sin (0)
2" sin (0)
1
-
Hence, the value of
2" cos 0 cos (26) - cos (226) cos (2°0) ... cos 2" 6)
=1

6. Let —sin(z—ﬂ)+sin(4—”)+sin(8—ﬂ)
- Let 7 7 7
, (. (an . (47[) . (zm) g
y =|Smm|— |+sm|— |(+SIn| —
7 7 7
2z 8z

=y, 1y, (say)



Now,

yy=sin"| — |+sin” | — |+sin” | —
7 7 7
= sin? (Ej + sin? (2—77:) + sin? (4—7[)
7 7 7
:l 2 sin® (£)+251n2 (2—nj+25in
2| 7 7

38
7N
k9
3
N~
| —

7

2

= =—
Y7y
_V7

Hence, the value of

. (27:) ) (47:) ) (871). J7
sm|— |+Ssm| —|[+sm| —| 1S —
7 7 7 2

Trigonometry Booster

. We have

() (28 o (22)

o G G o (5]
(o5 () )
(o oG o5 (G2
(o (5o () (+ )

ol ) () (55)
(o) 2220

2
= +

1 2

. (r T
sin| — |cos| —
(16) (16)

=32+3=35
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8 Let =2
7

40=rm—-30
tan (460) = tan (7 — 36)
tan (460) = —tan (36)
4tan O — 4 tan’0 _
1-6tan’0 + tan*0
4x — 4x° _
-6+ xt 1-32
On simplification, we get,
x0=2Ix*+35x2-7=0
V=21 +35y-7=0,y=x*=tan>
Let its roots be tan® 6, tan*(26), tan*(36)
Thus, tan? 6 + tan*(26) + tan*(30) = 21

tan> (%) + tan’ (27”) + tan’ (37”) =21

Replacing y by 1/y in (i), we get,

ENETTE RN

y Yy y

Ty +352-21y+1=0
Ty =352 +21y—-1=0

Let its roots be cot’(0), cot’(26), cot*(30)

3 3 tan O — tan’0
1-3tan’0

3x—x°

Thus, cot?(8) + cot?(26) + cot*(36) = 375 =5

cot? (E) + cot? (2—ﬂ) + cot? (3—71-) =5
7 7 7

Hence, the value of

() 2] ()
(s (£ oo ()2

=35x3=105
9. We have
3+ cot (76°) cot (16°)
cot (76°) + cot (16°)
_ 2+1+cot (76°) cot (16°)
~ cot (76°) + cot (16°)
L cos (76°) cos (16°)
sin (76°) sin (16°)
cos (76°) 4 o08 (16°)
sin (76°)  sin (16°)
_ 2(sin (76°) sin (16°)) + cos (76° —16°)

© cos (76°) sin (16°) + sin (76°) cos (16°)
_ 2(sin (76°) sin (16°)) + cos (76°—16°)
sin (76°+16°)

...()

10.

11.

12.
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_ 2(sin (76°) sin (16°)) + cos (60°)
B sin (92°)
_¢0s (60°) — cos (92°) + cos (60°)
B sin (92°)

1 1
——c0s(92°) + —
2 2 2

sin (92°)
_1-cos (92°)
~ sin (92°)
_ 25sin’(46°)
~ 2'sin (46°) cos (46°)
= tan (46°)
= cot (44°)
Leta=cosx, b=cosy,c=cosz
So, a+b+c=0
then, @ + b + 3 = 3abc
Now, cos (3x) + cos (3y) + cos (3z)
=4(cos® x + cos® y + cos® z) — 3(cos x + cos y +
cos z)
=4(cos® x + cos® y + cos’ 2)
=4 -3 cosxcosycosz
=12 cosx cos y cos z

Let 9=£
9

= 39==
3

= tan(30)=tan (%) =3

3

3tan0—ta;n0=\/§

1-3tan”0

= (3 tan 0 tan’® 6)’ = 3(1 — 3 tan® )’
=  9tan? 0- 6 tan* 6+ tan® 6= 3(1 — 6 tan> 6+ tan* )
= tan®6-9tan* 6+ 27 tan’ 6=3
Hence, the result.
Leta=cosA+isind,b=cosB—isinB,c=cos C+
isin C
Clearly,a+b+c=0

1 1 1

Also, —+—+—
a b c

=(cos A —sin A) + (cos B —sin B) + (cos C —sin C)
=0

Now, (a+b+c)*=0

= adtbhP+c+2ab+bctca)=0

= a2+b2+cz+2abc(l+l+l)=0

a b ¢
= A+P+=0
= (cos A +isin A)*+ (cos B+ isin B)*+
(cos B+isin B)>*=0
(cos 24 + i sin 24) + (cos 2B + i sin 2B) +
(cos2C+isin2C)=0

U
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13.

14.

y

(cos 24 + cos 2B + cos 2C) + i(sin 24 +

sin 2B +sin 2C) = 0

(cos 24 + cos 2B + cos 2C) = 0 and

(sin24 +sin 2B +sin 2C) =0

(cos 24 + cos 2B + cos 2C) =0
2cos?’A—1+2cos’B—1+2cos’C—-1=0

U

3
cos>A + cos’B + cos’C = E

L v

1—sin2A+1—sin2B+1—sin2C:%

= sin2A+sinzB+sin2C=3—%=%

Hence, the result.
. n
Given 4=—

= B+C=n—£=3—n
4 4

Now, p =tan B tan C
=tan B tan (377[ - B)

—tan B —1—-tan B
1-tan B

_ | ~tan B — tan’B
1-tan B
= tan’B+(l-p)tanB+p=0
since angles are real, so D >0

= (1-pyP-4p=20
= p-6p+120
= (@E-3/-80
=  (p-3+2/2)(p-3-242)20
=  p<3-242,p23+242
Given, k = 3134
tan A
tan 34 tan 34 —tan 4
= k-1= -1=
tan A tan A
- i s1n(21.4)
cos 34 sin A
- k_1:ZCOSA
cos 34
2k 2tan34 cos34
Now, = .
k-1 tan A 2cos A
2k sin34
k-1 sinA4
sin34 2k
sind4 k-1
. _ .3
Also, 3sin 4 4smA: 2k

sin A k-1

15.

16.

17.

Trigonometry Booster

= 3—4sin2A:—2k1
=  4sinta=3-—2k k=3
k-1 k-1
—  sin’d= k=3
4k -1)
k-3
0< <1
Clearly, 2= 1)

On simplification, we get,
k< % and k >3

Now, cos (4 + B+ C)=cos (n) =-1
= cos A cos Bcos ([l —tan 4 tan B
—tan B tan C —tan Ctan 4] = -1
= cosAcosBcosC+1=cosAsinBsinC
+cos B sin Csin 4 + cos C sin 4 sin B
Dividing both sides by sin 4 sin B sin C, we get,
cosec A cosec B cosec C + cot A cot B cot C
=cot4+cotB+cotC
= cotA+ cot B+ cot C—cosec A4 cosec B cosec C
=cot A4 cot Bcot C
Hence, the result.
Now, tan (o + p)
_ tan o+ tan f3
1-tanatan B

1 Jx

2 * 2
(T x+1) (x"+x+1)
B 1
X +x+1

1+ x)(x*+x+1)

- (x*+ x)\/x(x2 +x+1)

NG x D)

=4 —~=tan
W 4
Thus,ax+ =y
We have
08 20 = 3cos2f -1
3—cos2p

2
31 tanﬁj_l

1-tan’o (l+ tan’3

= =
1+ tan“or 3 1-tan’f
1+ tan’p
- l—tanza_3—3tan2ﬁ—1—tan2ﬁ
1+tan’a 3 +3tan’f —1+tan’p
1-tan’a 2 -4tan’B
. -

1+tan’o 2+4 tan’ 8
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18.

19.

20.

1— tan’ar _1-2 tan’f

= 2= 2
I+tan“a  1+2tan”f
2 2
= 2. 2
—2tan“x  —4tan“G
1 1
=

—tan’a -2 tan’ 8

= tan’ o=2tan’*f

tan’or
= —-=
tan“f3
t
- anaz\/—zﬁ
tan 8 1

Hence, the result.

_l+tanor  coso+sino

T
Now, tan (— + aj = = -
4 l—tano cos o —sin &

2(71 j 1+ sin 2a)
tan”| — 4+ |[=———
4 1—sin (2c)

(5 +5)m(5+d
So, tan”| —+— |=tan| —+—
2 4 2 4

(1+sin o)® _1+sinf
(1-sine)® 1-sin B

Applying, componendo and dividendo, we get,

2sin B 2(3sina+ sin® or)
2 2(1+ 3sin’ o)

sin B =

(3 sin & + sin® @)
(1+3sin’ @)

Hence, the result.

Given, sin = % sin 2a + )

sin 1
= = F __-
sin Qe+ p) 5
N sin B+sin Qa+ ) 1+5
sin —sin Qa+pB) 1-5
R 2sin(a+ B)cos (o) _ 3

2 cos (o + B) sin (—ox) 2

= tan(oc+ﬁ)cot(x=%

= tan(oc+,8)=%tana

Given sin x + sin y = 3(cos x — cos )
= 3cosx+sinx=3cosy—siny
Put 3=rcosa,1=rsina

= rzx/ﬁandtana:%

21.

22.

Now 3 cosx+sinx=3cosy—siny

rcos(x—a@)=rcos(y+ )

cos (x—a@)=cos (y + &)

(x-0)=(+0)

xX=—p,x=y+20

x = —y satisfies the given equation

3x=-3y

sin (3x) = sin (-3y)

sin (3x) = —sin (3y)

sin (3x) +sin (3y) =0

Hence, the result.

Given, sec(¢ — ), sec @, sec(@ + ) are in AP

= 2sec ¢=sec(p— o)+ sec(p+ )
2 1 1

A A A

= = +
cos@ cos(p—a) cos(p+a)
- 2 cos(p+a)+cos(p—a)
cos® cos(p—o)cos(p+a)
1 COS ( COS O
:) j—

cos @ - cosz((p) - sinz(a)
= cos¥) — sin*(e) = cos*@ cos &
= cos’(@)(1 —cos @) = sin* ()

2
= cosz((p) =) (@)
(I-cos o)
L cost(p)= 4 sin2(0£./22) cos>(a/2)
2 sin“ (¢t /2)

=  cos¥(a) =2 cos¥0/2)
= cos(p)= V2 cos (/2)
Hence, the result.

Given, tan(x;y),tan z,tan(x_y) are in GP

= tanzzztan(x;yjtan x_yj

5, COSY—COSX
= tanz=—-———
COS y + COS X

2
tan“z cos y —Ccos x

=
1 COSs y +cos x
1 cos y +cos x
= =
tan“z COS y —COS X

Applying componendo and dividendo, we get,

1 - tan’z _2cosx

= =
lI+tan“z 2cosy
cos X
cos (2z) =
cos y

=  cosx=cosy cos (2z)

1.75
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_sec’@—tan @

23. Let =—

sec“6 + tan 0
tan’6 — tan 6 + 1

= y=2—
tan“0 + tan 6 + 1
- x+1

= =2—,x=tan0
x“+x+1
- x+1

= :2—
x“+x+1

= @Hxt+tly=x*-x+1)
= @-D+@+Ix+@E-1)=0
Forallreal 6,D >0

= (G 1P-4(-1720
= +1P-Qy-27>0
= (H+1+2p-2)(p+1-2y+2)>0
= Gy-D(+3)20
= @By-DHEr-3)<0
= %SySS
- lg[secze—tanejg?’
37 | sec’0+tan @
24. As we know
cos 8- cos (26) - cos (226) cos (2°60) ... cos (2"'0)
_ sin (2"6)
 2"sin (6)
_sin(w—0)
 2"sin (0)
_ sin(0)
 2"sin (6)
L
=5

Hence, the value of
2" cos 6 - cos (26) - cos (226) cos (2°6) — cos (2" 6)
=1
25. We have tan (6°) tan (42°) tan (66°) tan (78°)
= {tan (6°) tan (42°)} {tan (66°) tan (78°)}

1
tan (54°) tan (18°)

{tan (54°) tan (6°) tan (66°)}

X {tan (42°) tan (18°) tan (78°)}
tan (54°) tan (18°)
tan (54°) tan (18°)
=1

tan (¢ +B—-y) tany
tan (¢ — B +7) tanf
sin (4 £ B)
cos A cos B

26. As we know

So, tan A+ tan B =

27.

28.

Trigonometry Booster

Applying, componendo and dividendo, we get
tan (¢ + B—y)+tan (@ —fB+7y) tany+tanf
tan (o + f—y) —tan (@ — B+y) tany—tan
sin(a+B-y+a—-B+y)  sin(B+7y)
sin(@+B-y—a+f-y) sin(B-7)

sin (20) __ sin (B+7)
sin2(B-y)  sin(B-y)
sin 2a) _ _sin(f+y)

2sin(B-y)cos(B-y)  sin(B~7)

sin (B— P[sin 2a) +2 cos (B— P sin (B+P]=0
sin (B— P[sin 2a) + sin (2B) +sin 2] =0

sin (-9 =0, [sin Qo) + sin (2) + sin 2)] =0

Hence, the result.

Now, cot 4+ &
sin B sin C
ot A+ s1n(.7r—('B+C))
sin Bsin C
=cot A+ —51'n (B + Q)
sin Bsin C
sin B cos C + cos B sin C
=cot A+ - -
sin B sin C
sin BcosC  cos Bsin C
=cot A+— - - -
sin Bsin C  sin Bsin C
cos Bsin C  sin B cos C
=cot A+— - : :
sin BsinC sin Bsin C

=cotA4+cotB+cotC
Hence, the result.

sin (0 +A4)  [sin (24)
sin (0 +B) \'sin (2B)

sin@cos A+cosf@sin A _ [sin Acos A
sin @ cos B + cos O sin B sin B cos B
- tanBcos A+sin A [sin Acos 4
tan 0 cos B + sin B sin B cos B
= tan 0 (cos A/sin B cos B — cos B./sin A cos A)
= (sin B4/sin 4 cos A —sin A,/sin B cos B)

= tan 0\/005 Acos B (\/cos Asin B — \/cos Bsin A4)
= \/sin Asin B (\/cos Asin B — \/cos Bsin 4)

Given,

\/sin Asin B
= tan@:&: [tan A tan B
\Jcos 4 cos B

= tan 6 = \/tan 4 tan B
= tan’ @=tan 4 tan B
Hence, the result.
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29.

30.

31.

Given, cos (x —y) =—1
= cosxcosy+sinxsiny=-1
= 2cosxcosy+2sinxsiny=-2
= (1+2cosxcosy)+(1+2sinxsiny)=0
=  (cos*x +cos’y+ 2 cosxcosy)
+ (sin*x + sin? y + 2 sinx sin y) =0
= (cosx+cosy)+ (sinx+siny)=0
=  (cosx+cosy)*=0, (sinx +sin y)?=0
= (cosx+cosy)=0,(sinx+siny)=0
Hence, the result.
Given/2 cos 4 =cos B + cos’B
and /2 sin 4=sin B—sin’ B
squaring and adding, we get,
(cos B + cos® B)? + (sin B —sin® B)> =2
(sin® B + cos® B)> — 2(sin* B—cos*B) + 1 =2
(1 -3 sin? B cos’? B)—2(sin? B—cos*B)+1=2
(3 sin? B cos? B) + 2(sin?> B — cos? B) =0
(3 sin? B cos? B) = 2¢cos (2B)

% (sin®2B) = 2 cos (2B)

3 -3 cos?2B=28 cos (2B)
3cos’2B+8cos(2B)-3=0

3 cos’(2B) +9 cos (2B) —cos 2B)-3=0

3 cos (2B)(cos (2B) +3)—(cos (2B) +3)=0
(3cos (2B)—1)(cos (2B)+3)=0
(3cos(2B)—1)=0,(cos (2B)+3)=0
(3cos(2B)-1)=0

cos (2B) =§

. 122 .
sin (2B) =+ 1—5—1 3 ...(1)

On simplification, we get,

sin (4 — B) = ———sin (2B) .(ii)

22

From (i) and (ii), we get,
sin(4-B)= i%

Hence, the result.
We have,
16 sin?(9°) = 8(2 sin*(9°))
=8(1 — cos (18°))

32.

33.

1.77

o A

4

=(8-2y10+25)

- (8-2J3+V5)5-V5)

= (JB+5)2 + (5 =5 = 2JB+5)5-5))
= (B +5) - 55’

ThUS: 4 §in(9") = (B +¥5)) — G- 5)))

= sin(9°)= %((\/(3 +¥5) - (/55

Hence, the result.
The function f(x) will provide us the maximum value

. . . T
if x = 0 and minimum value if x = r
Hence, range is

T
= _f(g), f(O)}
= —O, l:l
| 2

We have

o (5o (57

jan 407:)
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34. Given, cos 0+ cos p=a
and sin O+sin =5
Now, sin 6 +sin @ _ b

cosf@+cosp «a

2sm(0+¢jco (0;(’)]

b
= _
2005( )cos( j a
2
2
237
= +0) a
ZCOS( )
2
O+¢

R

On simplification, we get

( ) EZ
and cos
2
( 2 ) + 2+
a bz 2

Now,

0 sin(e—;q))
tan (_j+tan [£j=—
U e (Ges($)
cos| — |cos| —
2 2
2sin(0+¢j
2

\/az +b% +2
+\/a2 +b% 42
\laz+b2

Trigonometry Booster

35. We have %:l
tan@ —tan 36 3
1 1
= —_——
_tan30 3
tan O
1 1
=2 ————==
1_3—‘[an0 3
1-3tan’0
1-3tan’@ 1
= 2 25 2
1-3tan“0 -3 +tan“0 3
1-3tan’0 1
- @ —— < -

2+2tan’0 3
= 2+2tan’6=-3+9tan’ 0O

= Ttan’0=5

= tan’0 = é
7

cot
Now, —————
cot 8 —cot (360)

1

- (ot G0)
cot O

Integer Type Questions

1. Given, r Y = z

Ll cos (0 - 23”) cos (9 + 237[)

Now,x+y+z

=k cosO+cos(9—?j+cos(9+2?nﬂ

=k|cos 6+ 2 cos 0 cos (%ﬂ

=k cosO—2c059-%:|

=k[cos 8—cos 0]
=0
Hence, the value of (x + y +z +4) = 4.

2. We have Zsm (712:)

r=0

. 2(7r) . 2(27:) . 2(37[] . 2(97:)
=sin?| — |+sin?| == |+sin?| == |+...+sin’| =—
18 18 18 18
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=5sin*(10°) +sin?(20°) +sin*(30°) + ... +sin?(90°)

=4x1+1=5
3. We have

tanx 1

tanyzg

tanx tany
-

1
Now, tan x = 5

We have

tan x + tan
tan (x + y) = —— - -0V
1—tan x tan y

_ tanx+3tanx
1—tan x-3tan x

4 tan x

- 1-3tan’x

4[5

3V3
l_éxé
9 3

_A5 9
33 4

35
R

2
Thus’ w =3

4. Given, cos (x —y), cos x, cos (x + y) are in H.P

2cos(x—y)cos(x+y)

= cosx=
cos (x — y)+cos (x+y)
cos 2x + cos 2y
= cosx=——-——=
2 cos x cos y
= 2cos?xcosy=2cos’x+2cos’y—2
= cos’xcosy=cos’x+cos’y—1
= cos?x(cosy—1)=cos’y—1
= cos?x=cosy+1
=  cos’x =2 cos’ (%)

U

cos’x sec’ (%) =2

=

COS X S€C (%j‘ = \/E

Thus, m = V2
Hence, the value of (m* +2) =4

1.79

. We have

b4 2r
tan x + tan §+x + tan T+x

T T
=tanx+tan(§+x)+tan(ﬂ—§+x)

T T
=tanx+tan| —+x |—tan| ——x
(3 ) (3 )

\/§+tanx \/g—tanx

=tan x + -
1—\/§tanx 1+\/§tanx

8 tan x
1-3tan’x

=tan x +

_ tan x — 3 tan>x + 8 tan x
1-3tan’x

_9tanx-3 tan’x
© 1-3tan’x
_3(3tan x - tan3x)
~ 1-3tan’x
=3 tan (3x)

Thus, k=3

. Given, f(6)=sin6 + sin’ [%” + 9) + sin’ (47” + 9)

=sin%0 + sin? (2% + 0) + sin? (7[ + % + 0)
=sin’@ + sin? (2—77: + 0) +sin’? (E + 9)
3 3
=sin%0 + sin? (E — 0) + sin? (1 + Qj
3 3
=l 1—c0s(29)+1—cos(2—n—29j
2 3
+1-cos (2—ﬂ + ZQH
3
3 —cos(260)—cos (2{ - 29) —cos (277[ + ZOH

3—cos(20)—2cos (277[] cos (20)}

N[W N|—= = N~
1

3—cos(20)—-2x f% X oS (29)}

Hence, the value of 2f(%) =2x % =3.

. We have

m =+/3 cosec (20°) —sec (20°) =4
and n=sin (12°) sin (48°) sin (54°) :%
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Hence, the value of (m + 8n + 2)
=4+1+2
=7
8. Here, tan (15°) + tan (30°) = —p
and tan (15°) + tan (30°) = —p
We have tan (45°) =1
= tan (30°+ 15°) =1
tan (30°) + tan (15°) -1
1—tan (30°) tan (15°)
P _
l-¢
—»=1-¢g
g-p=1
2+qg—-p=2+1=3
Hence, the value of (2 + g —p) is 3.

44
cos (n°)
1

9. Wehave x="A———

L

2 cos? (45)
. \2)

sin (45°)

_ (I+cos45°)
© sin(45°) (2+1)

Hence, the value of [x + 3]
= [\/5 +1+3]
=[V2]+4=1+4=5
10. We have sin (25°) sin (35°) sin (85°)

= %[4 sin (35°) sin (25°) sin (85°)]

1
=—xsin (75°
2 (75°)

1
=—xXxcos (15°
2 (15°)

1 B+1 J6++2
— X =
22 16

Hence, the value of ( ¢ + 2) =4
a+

Trigonometry Booster

17
11. We have m = ZCOS (%t)

k=1
b4 2r 3 171
cos| —|+cos|— |+cos| — |+..+cos| —
9 9 9 9
. (17r
sin| ——
18 T lé6m
=———2Xcos| —+——
. (T 9 18
sin| —
18

Hence, the value of (m* + m +2) = 4.
12. We have tan (55°) tan (65°) tan (75°)

= an (37 < [tan (557 tan (5°) tan (657)] x tan (75°)

= X tan (15°) x tan (75°
an (5°) (15°) (75°)

= ! X tan (15°) x cot (15°)
tan (5°)

1
" tan (5°)
=cot (5°)
Thus, x =5
Also,
tan (27°) + tan (18°) + tan (27°) tan (18°)
=tan (27° + 18°)
= tan (45°)
=1
So,m=1
Hence, the value of (m +x+ 1) is 7.

Previous Years’ JEE-Advanced Examinations

1. Now, sin x sin y sin (x —y)
= % (2 sin x sin y) sin (x — y)

1 .
= 3 (cos (x — y) —cos (x + y)) sin (x — y)

1 . .
:Z(Zcos (x+ y)sin (x — y) — 2 sin (x — y) cos (x + »))
= % (sin (2x — 2y) —sin 2x + sin 2y)

Similarly, sin y sin z sin (y — z)

= %(sin (2y — 2z) —sin 2y +sin 2z)
and sin z sin x sin (z — x)

= %(Sin (2z — 2x) —sin 2z + sin 2x)
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Therefore, the given expression reduces to 301
1 Maximum value = —+—-1=1
Z(sin 24 +sin 2B +sin 2C) +sin 4 - sin B - sin C 4 4
Minimum value = 3 + L 0= 3
where A =x—-y,B=y—z,C=z—x 4 4 4
3
= % (sin 24 + sin 2B + sin 2C) Therefore, 2 4=l
+sinA4 -sinB-sin C : 3
1. , i =088
= 1 (2sin (A + B) cos (A — B)+5sin 2C) 4. Given tan 4 sin B
l +sind-sinB-sin C o 25in(B/2) o (ﬁj
= Z(Z sin (—C) cos (4 — B) +sin 2C) 2 sin (B/2) cos (B/2) 2
+sind4 -sinB-sin C Now. tan 24
1 . .
=Z(—251n(C)cos (A—- B)+2sin C cos C) _ 2tan 4
+sin4 -sinB-sin C 1 - tan’4
1 . .
= (~2sin (C) cos (4~ B) + 2sin C cos C) o 2en(B2)
+sind-sinB-sin C 1-tan®(B/2)
=tan B

:—%stinC(cos(A—B)—COS(A+B))

. . . Hence, the result.
+sinAd-sinB-sin C

5. We have sin® x sin 3x
= 1 X 2sin C X 2sin Asin B = (sin” x) (sin 3x sin x)
4 +sinA-sinB-sin C
=—sindAsinBsinC++sind-sinB-sin C
=0
2. We have tan 2«
=tan ((+ f) + (a—p))
_ tan (a + B) + tan (o — fB)

= %(2 sin”x)(2 sin 3x sin x)
1
= Z(l — cos 2x)(cos 2x — cos 4x)

1
= Z(COS 2x — cos? 2x — cos 4x + cos 2x - Cos 4x)

- 1
1 - tan (a + ) tan (a - B) = =2 cos 2x — 2 cos’2x — 2 cos 4x + 2 cos 2x - cos 4x]
(i)
__\4 12 =§[20052x7(1+cos4x)—200s4x+cos6x+c052x]
3 5)
B )
(4 12 =—(—1+3 cos 2x — 3 cos 4x + cos 6x)
36420 8
48-15 Thus, n=6
56 6. We have
= 33 sin 12° sin 54° sin 48°

3. We have 4 = sin® 6 + cos* 6 = (sin 12° sin 48°) sin 54°

1 1 — H O 1 O o1 (o) M o
=5(2 sin20)+z(2 00529)2 —4 S0 72 (4 sin 48° sin 12° sin 72°) sin 54

1 1 = 1 ; ° °
= (1~ cos 20) +(1-+ cos 26)° = T 720 (Sin 367 cos 36°)

1 .

=%(1 —cos 20) +%(1 +2c0s 20 + cos*26) = Ax2sn e (2 sin 36° cos 36°)
—l+l+lcosz20 =—  (sin72°

27474 RTIE

3 1
=~ +=cos’20 :1
4 4 8
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7. We have
sin? o + sin? B —sin? ¥
=sin® o+ sin (B+ P sin (B-p)
=sin? + sin (71— @) sin (B—))
= sin®> o+ sin o sin (B— P
= sin o(sin o + sin (8- 7))
= sin ofsin (m— (B+ ) + sin (B+ )
=sin ofsin (B + ) +sin (8- 9)
=sin ax 2 sin Bsin y
=2 sin o sin Bsin ¥
Hence, the result
8. We have

2r 4 8 167
16 cos| — |cos| — |cos| — |cos| —
15 15 15 15
T 2r 4r 8
=-16cos| — |cos| — |cos| — |[cos| —
15 15 15 15

-16 . (2w 2r 4r 8

=————sin| — |cos| — |[cos| — |cos| —

. (& 15 15 15 15
2sin| —
15

-8 . (4w 4r 8

=————sin| — |cos| — |cos| —

. (T 15 1 15
2sin| —
15

)
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) ()
()l
-3
%(113

10. Note: No questions asked in 1985.

11. The given expression reduces to
3(cos* o+ sin* o) — 2(cos® o + sin® @)
=3(1 -2 sin® & cos? o) — 2(1 — 3 sin® o cos® )
=3-2
=1

12. Note: No questions asked in 1987.

13. We have /3 cosec (20°) —sec (20°)
B
sin (20°)  cos (20°)
V3 cos (20°) — sin (20°)
sin (20°) cos (20°)

4(\/25 cos (20°) — % sin (20°)J

2 sin (20°) cos (20°)
_ 4(sin (60°) cos (20°) — cos (60°) sin (20°))
- sin (40°)
_ 4(sin (60° - 20°))
© sin (40°)
_ 4(sin (40°))
"~ sin (40°)
=4
14. tan or+ 2 tan 20c+ 4 tan 4o+ 8 cot 8
=cot ¢ — (cot ¢—tan o) + 2 tan 2o + 4 tan 4o +

8 cot 8cx
=cotx— (2 cot2x—2tan 2¢x) + 4 tan 4o + 8 cot
8o

=cot ¢—2(cot 2or—tan 2¢x) + 4 tan 4o+ 8 cot 8x
=cota—2-2cotd4o+4tan 4+ 8 cot 8a
=cot ot — 4(cot 4ox—tan 4¢x) + 8 cot 8«
=cota—4-2cot8ax+ 8 cot8cxx

=cot a— 8 cot 8o+ 8 cot 8«x

=cot o
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15. Note: No questions asked between 1989-1990.

. (ﬂ') . (371) . (571’) . (77:)
16. sin| — |sin| — |sin| — |sin| —
14 14 14 14
. (97:) . (117:) . (137r)
sin| = |sin | —— |sin| —
14 14 14
=Sm|—|Sm|—|Sm|{—(Sin| —
14 14 14 2
. (971’) ) (llﬂ') i (1 n)
sm|— (S| —— |S;m| —
14 14 14
. (n) ) (371’) ) (5%) ) (n)
=sin| — |sin| = |sin| = |sin | =
14 14 14 2
. ( 57:) . ( 37tj . ( n)
sm|\T——|(SIN| T —— |SIN| T ——
14 14 14
=Sm|—|Ssmm|——|Sm| —
14 14 14
Sm|— |Ssm|—(Sin| —
14 14 14
. (nj . (mj . (57:)2
=|Sm|— |sm|— |(Sin| —
1 14 14

17. We have f(x) = cos[m*]x + cos[-]x
=cos 9x + cos 10x

Now, f(%) =cos (977[) +cos (5m)

=0-1=-1
f(m)=cos (9m) + cos (10m)=-1+1=0
f(=m)=cos (-97m) + cos (-107)
= cos (97) + cos (10m)
=-1+1=0

2

T T T 3rm Y4

———|cos| ———|cos| ———
14 2 14 2 14
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18. Ans. (i) > C; (i) > A
19. We have

. (m . (Sn) . (Tn
k=sin| — |sin| — |sin| —
(18) 18 18

= sin (10°) sin (50°) sin (70°)
= sin (50°) sin (10°) sin (70°)

1
= X (4sin (60° = 10°) sin (10°) sin (60° +10%)

=~ x (sin (3 x 10°))

20. Lety=tan A tan B
= tan A4 tan (% - A)

=tan A[—\/g_ tan 4 ]

l+\/§tanA

_[\/5 tan 4 — tanzAj

1+\/§tanA

[
1+\/§t
dy _ (14303 =20 - (3t -3
dt (1+/31)?
B +30-20- 23 =31+ 312
- (1++/31)
B2
1+
_ A3+ 20-43
O (1+43)?
R R A )
- (1++/31)?
_ Bt +3) - (1 +13)
- (1++/31)
_ (Br-pa++3)
- 1+ /31)2
%:0 gives t=%,—\/§

Thus, ¢t = L

NE)
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1 2
= tand=— XY a2
B = (x+y] =tan"02=20
T
= Azg = —(x—y)P*=0
= (x-y7’<0
T /4 n T T
When A=—,B=——-A4=———=— —y)?=
6" 3 376 6 = =0
= x-y=0
Thus, the minimum value of tan 4 - tan B = x=y
:LL Therefore, x=y #0
3 /3 25. We have y = cos x cos (x +2) — cos?(x + 1)
1
=3 1 ,
=—(2cos xcos (x+2)—2cos”(x+1))
21. We have (sec 2x — tan 2x) 2

(l—sian) :%(2cos(2x+2)+cos(l)—(1+cos(2x+2)))
1

B (cos x —sin x)* :_5(1_005(1))

| cosx — sin®x

-1 sin®(1)
cos x — sin x) 2

COS X + sin x = —sin?(1)
_[l-tanx which is a straight line passing through (E, —sinzl)
“(1+tanx and parallel to x-axis. 2
- 26. We have sin 15° cos 15°
an( x) = (2sin15° cos 15°)

22. 3(sin x — cos x)* + 6(sin x + cos x)* + 4(sin® x + cos® x)
= 3[sin* x — 4 sin® x cos x + 6 sin? x cos® x = E(Sm 30°)
—4 sin x cos® x + cos* x] + 6(1 + 2 sin x cos x)

1
+4(1 — 3 sin® x cos’ x) = 1
- a4 44 ) 2
3[(s1n' x + cos*x) 4s1nxco's x(sin? x + cos? x) 27 We have
+ 6 sin® x cos? x] + 6(1 + 2 sin x cos x) 0
+4(1- 3 sin® x cos’ x) f,(0) =tan (5) (1+sec 6)(1+sec20)......
=3[1 —.2 sin®? x cos’x + 4 sinx.cosx (1 + sec 46) ... (1 + sec 2°6)
+ 6 sin® x cos? x] + 6(1 + 2 sin x cos x) 0
+4(1 — 3 sin? x cos? x) sin ()
1
=3+6+4 = 2 X *cos6 (1+56029)
(9) cos 0
=13 cos 5
23. As we know (1+sec46) ... (1+sec2°6)
(sin o+ sin B+ sin P <sin (o + B+ 7
=sin (1) =0 2 sin () cos (j
Thus, sin o + sin ﬂ+ sin r< 0 — 2 2 (1 +sec 29)(1 +sec 49)
2 4xy cos 6
24. wehave sec'f = [(x+ y)zj (1+sec 86) ... (1 +sec2°6)
o l+tan’0=| Y _Sin0 [1+c0s201 | cecap)
(x + y)? cos 0 cos 20
1+ 86) ... (1 +sec2°6
—  tanl0= 4xy2_1 (1 +sec86) ... (1+sec?2°0)
(x+y)

_2Sin90050x(1+00546J

~  tanle< 4xy—(x+y)2 _ (x-vy 2 cos 260 cos 46
T T ey )T ey (1 +sec 86) ... (1 + sec 2°6)
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_ sin 86

sin 20 2 cos>26

(1+sec86)...(1+sec2"0)
cos 260 cos 460

sin 40 ( 1+ cos 86
cos 40\ cos 86

sin 40 ( 2 cos’46
cos 40| cos 86

sin (2"0)

cos (2"0)

= tan (2"0)

NOW, f2 (

T

16)
)

= taj

=]
7~ N\
(3]
X
NE
N—
Il
3y
=]
7~/ N\
&~
N—
Il
—

Hence, the result.
28. We have f(6) = sin 6(sin 6 + sin 36)

= sin 6 (sin 36 + sin 6)
=sin @ 2 sin 26 cos O
=2 sin 6 cos 6 X sin 20
=sin 20 X sin 260
=sin% 260

>0 for all real 6

29. Given, cot o, X cot o, ... cot ¢ =1

=

=

=

COS (1, - COS O, ... COS & = sin ¢, X sin ¢, ... sin
an

(cos @, * cos, ... cos &, )
= (cos ¢, sin ¢ )(cos ¢, sin @) ... (cos ¢ sin )

1 . .
= 2—n(2 cos o sin ¢ )(2 cos o, sin @) ...

. 1
(2cos a, sin o)) < o

1
(cos o -cos @, ...cos @) Szn_/z

30. Note: No questions asked in 2002.

31. Ans. (c)
Given o=+ 7y

=
=
=
=
=

tan o=tan (+ )
tan p + tan
tana:#
1—tan S tan y
tan o —tan o x tan B X tan y=tan §+tan y
tan o — tan y=tan B+ tan y
tan o= tan S+ 2 tan y
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32. As we know that AM. > G.M.
P tanza
X+ x
N 2\/ ,xz tan“o

= >tan
2
2
tan“o
= x+ >2tan o
Jx2+x
Hence, the result.

33. Given sin9=%:>9=£

Also, cos (p=%<%

:>£<<E
2(/)3

Thus, £+£<9+(p<£+£
6 3 6 2

b4 2r
= —<0+p<—
2 3

1-2x + 5x°

3’ —2x -1

= 3xy-2xy—-y=1-2x+5x

= @By-5x2+2(01-y)x-(1+y)=0
Asxisreal,so(y—1)*+ By-5)@+1)=20
= yP-2y+1+(3y*-5r+3y-5)20

34, Let y=

> 42-4y-42>0

= Yy -y-120

=  (@-1)’=2(5)7

= @-D2Sor@2y-D<-5
J5+1 1-+5

= yZ ) OI'yS T

o B ()
\/§+l)or2sintﬁ—(£
2 2

l)orsintﬁ—($j

= sin 2 sin (54°) or sin # < sin (—18°)

= ZSintZ(

V5 +
4

= sintz(

= sin ¢ > sin 3—” or sin ¢ < sin _r
10 10

o B T E
10 2 2 10
Therefore, te[—z,—i}u 3—n,£
2 10 10 2

)
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35. Given, cos (o

36.

37.

—ﬁ)zlandcos(oz+ﬂ):l
e
B) = cos (0)

= cos(o—
= o=

1
Also, cos (o + )=—
e

1

= cosRa)=—

e

Given—-r<o<rm
2r<20<2m

Thus, there are 4 values of the ordered pass of (¢, )

. . 1
satisfies the relation cos (2a) =—

As 0<0<Z
4

= 0<tanO6<1andcot6>1
We also know that , if 0 <x<land0<a<b

a b
=  then x’<x%< (l) < (l)
X X

= (tan 6)*'? < (tan 6) ™% < (cot B) "¢ < (cot B)=t?
= ,<t<t<t,

Hence, the result.

sin*x  cos*x

Given, —— + = l
2 3 5

5 .
=  Zsin*x+ i cos*x=1
2 3

= (1 + %) sin*x + (1 + %) cos*x=1

= (sin4x +cos’x) + (% sin*x + % cos4x) =1

= 1— 2 sin’x cos’x + (% sin*x + % cos4x) =1

3 2
= (E sin x+—cos4x 2sin xcoszxj=0

— sin x—\/icos x] =0

Z cos’x |=
3 ]
\F
= sin’x = cos’x
3

cosx 1
2 35

(S

S

1nx

ﬁﬁ

1
- 1

U
B ﬁ

=  Thus, tan’x =§

COSSX

27

sin®x

Now,
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_ (sinzx)4 (coszx)4
s
8 27
2 3

5
_2+3_ 1 _ 1
55125
38. Let f(6) =sin? 8+ 3 sin Osin 8+ 5 cos® 8
=1+3sin Ocos 6+ 4 cos> O

=l+%sin29+2(1+00529)

:3+%sin20+2c0529

Maximum value = ,/2+4+3=§+3=1—1
4 2 2
f9 5 1
Mini lue= —,/—+4+3=—+3=—
inimum value 2 2 5

Therefore, the minimum value of
1 .2

i
sin0 + 3 sin 6 cos 6 + 5 cos’6 11

39. Now, P:sin 6 —cos 8=+/2 cos 8
= sin@z(x/z+l)cose

= cos 0= sin 6

2 +1)

sin 6 (J_—l)
=

N RN
= cosO=(2-1)sin0

= cosO+sinO=+2sin6
Q:cos@+sin9=\/§sin0

Thus, P=Q
40. Given, ! = 1 + 1
. (ﬂj . (27:) . (37:)
sin| — sin sin| —
n n n
Let£=9
n
sin@ sin260 sin360
1 1 1
= o=
sin@ sin36 sin26
sin 360 —sin O 1
= : - =
sin@sin360  sin 260
2 c0s20sin 6 1
= : - =—
sin 0 sin 360 sin 20
2cos260 1
sin 36 sin 20



The Ratios and Identities

sin 460 =sin 36

40=r-360
70=rm

L

T
7-—=r
n

= n=7

42. Let cos 46 =%
= 20052(29)—1:
= 2cos’(20)=1+

=  cos’(20)= %

sin 40 =sin (r—30)

[SSEIEN

1.87

2
= cos(20):i\/;
= 2005291=i\/Z

3
= 200529=1i\/%

2 2 cos’6

Now, f(cos46)= =
I ) 2—sec’®  2cos’6-1
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2.1 DerNiTION

An equation involving one or more trigonometrical ratios of
unknown angle is called trigonometrical equation.

For example, sin> x — cos x —2 =0, tan x = 1, cos > x + cos
x —2 =0, etc. are trigonomteric equations.

2.2 Sorution oF A TriconomETRIC EquATION

A value of the unknown angle which satisfies the given trigo-
nometrical equation is called a solution or root of the equa-
tion
For example, sin 8 = 1 =0= E, o .
2 6 6

Types of solutions:

(i) Principal solution

(i1) General solution

Principal solution:
The smallest nutmerical value of the angle which satisfies the
given equation is called the principal solutions.

General solution:

Since trigonometric functions are periodic function, there-
fore the solution of trigonometric equations can be genralised
with the help of periodicity of a trigonometrical function. The
solution consisting of all possible solution of a trigonometri-
cal equation is called the general solution.

2.3  GeneraL soLuTION OF TRIGONOMETRIC
EquaTions

The general solution of the equations are
1. sin0=0 = O=nmnel

2. cos0=0 = 6:(2n+1)§,nel.

Trigonometric Equations

3. tan0=0 = O=nmnel
4 sinf=1 = 0=(4n+1)§,ne[
5.cos0=1 = 6=2nmnel
6. tan=1 = 0:(4n+1)%,n€[
7. sinf=-1 = 9:(4,1_1)%’”6[

8. cos0=—-1 = O0=02n+1)mnel
9. tan O=-1 =

0=
10. sin 8=sin o = O0=nn+(-1ya,nel
11. cosO=cosa = O0=2nmxto,nel
12. tan 6=tan = O0=nnt+a,nel
13. sin? @=sinac = O=nmnto,nel
14. cos’O=cos’ax = O=nmto,nel
15. tan’? O=tan’xc = O=nmto,nel

2.4 A Triconometric Equartion is oF THE Form

acos Ot bsin O=c
Rule:

1. Divide by /42 + p? on both the sides

2. Reduce the given equation into either sin (6 &) or cos
(CE0q)
3. Simplify the given equation.

2.5 PrincipaL VALUE

The numerically least angle is called the principal value.

For example, sin 6 = %
Then,
6=",
6
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Among all these values of 6, % is the numerically smallest.
o . 1. T
So principal value of sin 6 = 5 s 0= R

2.6  MetHop 1o Fino Qut THE PRINCIPAL VALUE

(i) First draw a trigonometric circle and mark the quadrant
in which the angle may lie.

(i1) Select anti-clockwise direction for 1st and 2nd quad-
rant and select clockwise direction for 3rd and 4th
quadrants.

(i11) Find the angle in the first rotation.

(iv) Select the numerically least angle among these two val-
ues. The angle thus formed will be the principal value.

(v) In case, two angles, one with +ve sign and the other
with —ve sign, qualify for the numerically least angle,
then it is the conventional of mathematics, to consider
the angle with +ve signs as principal value.

2.7 Sorutions IN CASE oF
Two EquaTions ARE GIVEN

If two equations are given and we have to find the value of
6 which may satisfy both the given equations, like

cos 8= cos a, sin 6= sin o and tan = tan ¢,
then the common solution is 8 =2nx+ o, where n € Z.
Similarly, sin 6 =sin ¢, tan 6 =tan q.
The common solution is 0=2nn+ o, n € Z
Rule:
(i) Find the common value of 6 between 0 and 27.
(i1) Add 2n7m to this common value.
(iii) Then we shall get the general value of the given two
equations.

2.8 Some ImporTANT REmARKS TO KEeep in Minp
WHILE SoLving A TriconoMETRIC EQUATION

(i) Squaring the equation at any stage should be avoided
as far as possible. If squaring is necessary, check the
solutions for extraneous roots.

(i) Never cancel terms containing unknown terms on both
the sides, which are in product form. It may cause roots
loose.

(iii) Domain should not changed. If it is changed, necessary
correction must be made.

(iv) Check the denominator is non zero at any stage, while
solving equations.

(v) The answer should not contain such values of angles,
which may be any of the terms undefined.

(vi) Some times, we may find our answers differ from those
in the package in their notations. This leads to the dif-
ferent methods of solving the same problem.

Trigonometry Booster

Whenever we come across such situation, we must
check authenticity. This will ensure that our answer is
correct.

(vii) Some times the two soltuion sets consist partly of com-
mon values. In all such cases the common part must be
presented only once.

2.9 Tvpees oF TriconomETRIC EquATIONS:

Type 1
A trigonometric equation reduces to quadratic/higher degree
equations.

Rules:
1. Transform the terms to be a only one trigonometric ra-
tio involving angles in same form.
2. Factorize the equation and express it in f{x) X g(x) =0
= f(x)=0orgx)=0
3. Solve both the equations one by one to get general val-
ue of the variables.

Type 2
A trigonometric equation is solved by factorization method.

Rules: Simply reduces to a single trigonometric ratio of the
unknown angles and factorize by basic algebraic method.

Type 3
A trigonometric equation is solved by transformation as a
sum or difference into a product.

Rules:
1. The given equation is reducible to f{x) X g(x) =0
= f(0=0,g(x)=0
2. Solve both the equations one by one to get the genral
value of the variable x

Type 4
A trigonometric equation is solved by transformation as a
product into a sum or difference:

Rules:
1. The given equation can be reduces to f{x) =0, g(x) =0
2. Solve both the equation one-by-one to get the general
value of the variable x.

Type 5
A Trigonometric equation is of the form
b, sinx + b sin" ' x - cos x +
b*sin" ?x-cos’x + ... +b cos'x =0

where, b, b, b,, ..., b € R is a homogenous equation of sin
x and cos x, where cos x is non zero.
Rules:

1. Divide both the sides by highest power of cos x.

2. The given equation can be reduces to b, tan” x + b, tan™'
x+..+b =0

3. and then use factorization method.

Type 6
A trigonometric equation is of the form
R (sinmx, cosnx,tanpx,cotgx)=0
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where R is a rational function and m, n, p, ¢ € N, can be re-
duced to a rational function with respect to
sin x, cos x, tan x and cot x.

Rules:
1. Use half angle formulae of tangents:

2 tan (1)
_ \2)

sin x = ,
1+ tan? (X)
2
1- tan? (xj
CoS X = 2
1+ tan> (xj
2
2 tan (x)
tan x = 2
1- tan? (x)
2
1- tan? (x)
cotx= 2
X

2. Substitute tan (%) =t , and then solve it.

Type 7
A trigonometric equation is of the form
R (sin x + cos x, sin x. cos x) =0,
where R is a rational function of the argument of sin x and
COS X.

Rule:
1. Putsinx+cosx=¢
2. Use the identity (sin x + cos x)* =1 + 2 sin x cos x

. 21
= SIn X COS X =

2.3

2
. . -1
3. So, the given equation reduces to R(t, —j and then

solve it.

Type 8
A trigonometrical equation is based on extreme values of
sin x and cos x.

Rule:

1. Whenever terms are sin, cos in power 1 and all terms
connected with plus sign and number of terms in LHS
(with +ve or —ve sign) then each term must have in ex-
treme value.

2. In such problems, each term will be +1 when the value
of RHS is positive and each term will be (—1) when the
value of RHS is negative.

Type 9
A trigonometrical equation involving with exponential, loga-
rithmic and modulii terms:

Rule: Whenever equation contains power term, then we
should use the following method.
1. Equate the base if possible
2. If, it is not possible to equate the base, take log of both
the sides and make its RHS is zero, then we proceed
further.

Type-10
A Trigonometrical equation involving the terms of two sides
are of different nature:

Rules:
1. Lety=each side of the equation and break the equation
in two parts.

2. Find the inequality for y taking LHS of the equation
and also for the RHS of the equation.

3. Use the AM = GM on the right hand side of the equa-
tion.

4. If there is any value of y satisfying both the inequali-
ties, then the equation will have real solution, other-
wise no solution.

Levee 1
(Problems Based on Fundamentals)

Solve for 8: sin 36=0
Solve for 6: cos? (50) =0

Solve for 6: tan 6 =+/3

Solve for 6: sin 20 = sin 6

Solve for 6: sin (96) = sin 6

Solve for 6: 5sin> 6+ 3cos? 6=4

Solve for 6: tan (80— 15°) = 3 tan (6 + 15°)
Solve for 6: tan*(6) + cot*(6) =2

PN B LD

9. Solve for 6:
cos (0) + cos (20) + cos (30) =0
10. Solved for 6:
sin (20) + sin (46) + sin (60) =0
11. Solve for 6:
tan (0) + tan (20) + tan (6) + tan (260) = 1
12. Solve for 6: tan (6) + tan (26) + tan (36)
=tan (0) - tan (20) - tan (60)

3
13. Solve for 6: cot’0 +——+3=0

sin
14. Solve for 6: 2 tan 6 — cot 6= -1
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15.

16.

17.
18.
19.

20.
21.
22.
23.

24.

25.
26.
27.

28.
29.
30.
31.

32.

33.

34.
35.

36.

37.
38.

Solve for 6: tan’6 +(1—+/3) tan 6 —~/3=0
Solve for tan 6 + tan (9 + %) + tan (9 + ZTEJ =3

Solve for 6: 3 tan (68— 60°) = tan (6 + 60°)
Solve for 6: tan 6+ tan 20+ tan 36=0

Solve for 6: cos 26 cos 460 =%

Solve for 6: cot 6 —tan 8= cos 8 — sin 6

Solve for 6: (1 —tan 6) (1 +sin26)=1+tan 0

Solve for €: 2 sin? 6+ sin> 20 =2

Solve for 6: sin 3¢ = 4 sin a sin (6 + ) sin (0 — @),
X#ENTMNe 2

Solve for 6: 4 sin 6sin 26 sin 46 = sin 36

A trigonometric equation is of the form
acos Ot bsin O=c

Solve for 6 : sin (8) + cos (6) = 1

Solve for 6: /3 sin (6) + cos (9) =2

Solve for 6:

sin (26) + cos (260) =sin (0) +cos (B) + 1 =0
Solve for 6: sin® 6 + sin 6 cos 6+ cos® =1

Solve for 6: sin 6 ++/3 cos 6 =~/2
Solve for 6: /2 sec 6 + tan 6 =1
Solve for @: cot @ + cosec 8 =+/3
Solve for @:sin 6 + cos 6 =2

Solve for 6: /3 cos 6 +sin @ =1
Solve for 0: sin @+ cos 6= 1
Solve for 0: cosec 6=1 + cot 6

Solve for O: tan 0 + sec 0 = \/g

Solve for : cos 6 + \/3 sin @ =2 cos 20
Solve for 6:

\/g(cose—\/gsin 60)=45sin 26 -cos 36 -

PRINCIPAL VALUE

39.

40.

41.
42.

43.

44,

45.
46.

. . . 1
Find the principal value of sin (6) = X

) 1
Find the principal value of sin (6) = E

Find the principal value of tan () = -3

Find the principal values of tan 6=—1
Find the principal values of cos 6 = %

. o 1
Find the principal values of cos 8 = Y

Find the principal values of tan 8 = -3
Find the principal values of sec 6 = V2.
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Solutions in case if two equations are given:

1 1
47. 1If sin (f) =—and cos (0) = ——,
O=Fudcr®=7
then find the general values of 8
. 1
48. If sin (0) = 7 and tan (60) = —1, then find the general

values of 6

1
49. If cos @ =$ and tan 6 = —1, then find the general

value of 6
50. Find the most general value of 6 which satisfy the

1 1
equations sin @ =— and tan 0 = —
! 2 NG

51. If (1 +tan A) (1 + tan B) = 2, then find all the values of
A+B

52. Iftan (4 — B)=1 and sec(4+ B) = 2 , then find the

NG}
smallest +ve values of 4 and B and their most general
values.

53. If sin ( cos 6) = cos (7 sin 6), then prove that,

T 1
cos 0i—j=—~
( 4) 202

54. If tan (w cos 6) = cot (7 sin 6), then prove that

cos(@—zj—L
4) 22

55. If sin A = sin B and cos 4 = cos B, then find the values
of 4 in terms of B.

56. If 4 and B are acute +ve angles satisfying the equations
3sin? 4 +2sin? B=1 and 3 sin? 4 — 2 sin?> B = 0, then
find 4 + 2B.

57. Solve x+y=%andtanx+tany:1.
58. Solvesinx +siny =1, cos 2x —cos 2y = 1.

59. Solve x+y:27n and sin x =2 sin y.

60. Solve x+y=27n aﬂdCOSX+COSy=%

61. If rsin =3 and r=4 (1 + sin 6), where 0 < 6<2 7,
then find the value of 0
62. Solve sinx+siny=1
cos 2x—cos 2y =1

63. Find the co-ordinates of the point of inter section of the
curves y = cos x and y = sin 2x

64. Find all points of x, y that satisfying the equations
3
cosx+cosy+cos(x+y)=—3

65. If0< 8, p<mand 8 cos Bcos pcos(0+¢)+1=0,
then find 8 and ¢.
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66.

67.

68.

69.

70.

tan 3x —tan 2x

Findthesetofvaluesofxforwhich ———— =
1+ tan 3x - tan 2x

Find the number of solutions of the equation tan x + sec
x =2 cos x lying in the interval [0, 27]

Find the number of values of x in the interval [0, 37]
satisfying the equation 2 sin? x + 5sinx—3=0

Find the smallest positive value of x such that tan
(x +20°) =tan (x — 10°) - tan x - tan (x + 10°)

If sin? x + cos? y = 2 sec? z, then find x, y and z.

DIFFERENT TYPES OF TRIGONOMETRIC EQUATIONS

Type 1
71. Solve 5 cos 2x + 2 cos> (%) +1=0
72. Solve 4 sin*x +cos*x=1
73. Solve 4 cos®> x sinx —2 sin>x =2 sinx
74. Solve sin 3x + cos 2x =1
75. Solve 2cos2x++/2sinx =2
76. Solve 1+ sin’x + cos’x = %sin 2x
.6 6 7
77. Solve sin’x +cos x=—
16
.8 g 17 5
78. Solve sin®x + cos ngcos 2x
79. Solve 2 sin® x + 2 = cos? 3x
80. Solve cos 4x = cos? 3x
81. Solve cos 2x = 6 tan> x — 2 cos> x
Type 2
82. Solve (2 sin x — cos x) (1 + cos x) = sin® x
83. Solve2sin?x+sinx—1=0
where 0 <x <21
84. Solve 5sin?x+7sinx—6=0,
where 0 <x <21
. 1
85. Solve sin’x — cos x = rE where 0 <x <27
86. Solvetan’x—2tanx—-3=0
87. Solve 2 cos’x—+/3sinx+1=0
Type 3
88. Solve sin x + sin 3x + sin 5x =0, Ostg
89. Solve cos x — cos 2x = sin 3x
90. Solve sin 7x + sin 4x + sinx =0, OSxﬁg
91. Solve cos 3x + cos 2x

sin(3—x)+sin(£) 0<x<?2
— 2 )R

92.

93.
94.
95.
96.
917.
98.

Type
99.
100.
101.
102.
103.
105.

Type
106.
107.
108.
109.

Type
110.

111.

112.

113.

114.

Type
115.

116.
117.

118.

119.

2.5

Solve sin x + sin 2x + sin 3x
=cosx+tcos2x+cos3x,—nn<x<2xw
Solve cos 2x + cos 4x =2 cos x
Solve sin 2x + cos 2x +sinx+cosx+1=0
Solve tan x + tan 2x + tan 3x =0
Solve tan 3x + tan x = 2 tan 2x
Solve (1 —tan x) (1 + sin 2x) = (1 + tan x)
Solve sin x — 3 sin 2x + sin 3x
=cos x 3 cos 2x + cos 3x

4

Solve 4 sin x - sin 2x - sin 4x = sin 3x

Solve cosx - cos2x - cos 3x=1/4,0<x<2m
Solve sin 3cc=4 sin ¢ - sin (x + @) - sin (x — @)
Solve sin 2x - sin 4x + cos 2x = cos 6x
Solvesecx-cos5x+1=0,0<x<2rw

Solve cos x - cos 6x =—1

5

Solve 2 sin? x — 5 sin x cos x — 8 cos? x = -2
Solve 5 sin? x — 7 sinx cos x + 10 cos’ x =4
Solve 2 sin? x — 5 sin x cos x — 8 cos? x =3
Solve sin® x cos x + sin? x cos? x + sin x cos® x = 1

6
sec’ (x)
__\2)

2
Solve (cos x —sinx)(2 tanx + secx) +2 =0

Solve 1+ 2 cosec x =

X X
37 —cos’ =
2 CcOsX

2 +sin x 3

X X
Solve cot (—) — cosec (—) =cot x
2 2

If 6, 0, 0,, 0, be the four roots of the equation

sin (0 + &) = k sin 26, no two of which differ by a mul-

tiple of 27, then prove that
0,+60,+0,+0,=2n+)m,n Z

sin

Solve

7

Solve sin x + cos x — 2+/2 sin x cos x =0

Solve sin® x + sinx cos x + cos® x = 1
Solve sin x + cos x = 1 —sin x cos x

. 3.
Solve 1+ sin’x + cos’x = Esm 2x

Solve sin 2x — 12 (sin x — cos x) + 12 = 0, where
0<x<2rm

120. Solve sin 6x +cosdx+2=0
Type 8

121. Solve sin® x =1 + cos* 3x

122. Solvesin*x =1 +tan® x

123. Solve sin? x + cos? y =2 sec’ z
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124. Solve sin3x+cos2x+2=0

125. Solve cos 4x + sin 5x =2

Type 9

126. Find the values of x in (—x, 7) which satisfy the equa-
tion

2 3, 4 s
1+|cos x|+cos“x+|cosx|” +cos” x+|cosx|” +---tooo
gl+lcosx| [cos x| |cos x| =64

2 3 4 S
127. Solve 21+\cosx|+cos x+|cosx|” +cos” x+|cos x| Foertoee 4
128. Solve 1 +sin O+ sin? O+ sin® O+ ... to o

= 4+23

sin?x—3sinx+1

129. Solve [cos x["" 2" 2o

130. Solve e"* —esiny —4 =0

sin®x+sin*x-+sin®x+-- ‘tooo]log, 2

131. 1f € satisfies the equa-
tions x> — 9x + 8 = 0, then find the value of

coS X T
— 0<x<—
COS X + sin x 2

132. Solve log_ tanx +log, cotx=0

133. Solve 3sin 2x+2c0sx + 3l—sin 2x+2sin2x =28

134. Solve log,_ sinx +log, cosx =2, wherex>0
Type 10

135. Solve 2 cos® (ﬁ) sinzx:x2+i2, 0< x<E
2 X 2

2
136. Solve 2 cos? (x—;xj =% 42

Levee I

(Mixed Problems)

Solve the following equations and tick the correct one.

. 1
1. sm29—0050=5,0S9S2n

2t T Sw
= = b) =, —
(@) 3°3 ®) 373
T 2r 2n Swm
L /r d ===
() 33 (d) 33
2. If3 tan? 6— 2 sin 6= 0, then O is
(a) nrm (b) nn+(—1)"%
b4 T
T—(-1)"= d) nr+—
(©) nwr—(-1) 5 (d n 3

3. If tan’x + (1—+/3) tan x —/3 =0, then x is
T T
a) nw+— b) nmr——
(a) 3 (b) 3

© n7r+§ @ nr-L

10.

I1.
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If tan? 6 + cot? 6= 2, then B is

T T

T+— b) nr——

(@ n 5 (b) n 5

© nn’+% (d) nn’—%
If tan O+ cot 6= 2, then @ 1is

n7r+E b n7r—E

@) nm+’, (®) nr—7

© @ 7%

. tan 3x — tan 2x .
The set of values of x for which ——————— =1 1s
1+ tan 3x tan 2x

T
(a) ¢ (b) Y

) nm+ % ) 2nm+ %

. If sin 5x + sin 3x + sin x = 0, then the value of x other

than zero, lying between (0 < x < %

(a) (&-%

wla ol

©) (d) %

If o and B are acute positive angles satisfying the equa-
tion 3 sin? o + 2 sin* B=1 and 3 sin 20— 2 sin®> f=0,
then o+ 2f3 is

V4
0 b) —
(a) (b) 2
/4 /4
2z oz
(c) 3 (d) >
If 2 sin? x + sin? 2x = 2, —w < x < 7, then x is
T T
+= b) +—
(a) 2 (b) )
kY4
(©) i—4 (d) None

The real roots of the equation
cos’ x + sin* x = 1 in (-7, 7) are

b4 T T
__50 b ) 09_
@ -3 ®) —=.0.5
b4 T
C Oa_ d Oa_’_
(©) 5 (d) 73
The general solution of cos® x —sin’ x — 1 =0 is
(a) nm (b) 2nm
T T
c) nw+— d) 2nm+—
() nm+= () 2nm+=
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

If 4 sin* x + cos* x = 1, then x is

(b) nm sin‘l\E

T
d) 2nmrt—
(d) 2nm 2

(a) nr
2nw
C —
(©) 3
The number of points of intersection of 2y =1 and y =

cosxin _ T << is
2 2

(a1 (b) 2 (c) 3 (d) 4

The number of values of x in the interval [0, 37] satis-
fying the equation 2 sin>x + 5sinx -3 =01is

(a) 6 (b) 1 (c) 2 (d 4

The number of values of x in [0, 57] staisfying the
equation 3 sin>x — 7 sinx+2=01s

(a) 0 (b) 5 (c) 6 (d) 10.
The number of solution of the equation
|cot x| = cot x + ——> 0 <x<2m,is

sin x
(a) 1 (b) 2 (¢) 3 d) 4.

The number of solution of |cos x| = sin x such that 0 <x
<m,is

(a) 2 (b) 4 (c) 8 (d) None
The number of solution of the equation tan x - tan 4x =
1,0<x<um,is

(a) 1 (b) 2 () 5 (d) 8

The number of solution of the equation 12 cos® x — 7
cos’x+4cosx—9=0,is

(@) 0 (b) 2
(c) infinity (d) None
The sum of all solution of the equation
cost9~cos(£+t9)-cos(£—0)=l is
3 3 4
(a) 15¢ (b) 30r
(©) # (d) None

The number of solution of 165" + 16°°>* =10, 0 < x <
2w, is

(a) 2 (b) 4 (c) 6 d 8

The smallest positive value of x such that tan (x +20°)
=tan (x + 10°) - tan x - tan (x — 10°), is

(a) 30° (b) 45° (c) 60° (d) 75°
The maximum value of
n(xeJreos ()
sin| x+— [+ cos| x+—
6 6
in is attained at
T T T T
a) — b) — c) — d —
(@) T (b) 5 (©) 3 (d) 2
The minimum value of 25" * + 205~ ig
1-L
(@) 1 by 2 2
L 1
c) 22 d |2-—
(©) (d ( \/5)

25.

26.

27.

28.

29.

30.

31.

2.7

If cos p@+ cos g8 =0, then the different values of 0 are
in AP, whose common difference is

(@) — b) —~
pP+q P—q
2 3

d
© @

If tan 2x - tan x = 1, then x is

(@) § (®) (6n il)%

© (ntn @ @t

The maximum value of 5 sin 8+ 3 sin (60— ) is 7, then
the set of all possible values of ¢ is

(a) (Znﬂ: + %)

T 2r
© E’T}

If tan (%sin 9) = cot (%sin 9), then sin 6 + cos 61is

(b) (Znﬂ: + ZT”)

(d) None

(a) 2n—1
(c) 2n

(b) 2n+1
(d) n

. V4 T .
If sin (Zcot 9) =cos (Ztan 9), then O1is

(a) (m + %) (b) (2;17: + %)

©) (mz - %) (d) (Znﬂ: + %)

If tan (7 cos ) = cot (7 sin ), then the values of

cos(e - %) is (are)

1 1
(@) 5 () NG
© i% (d) None

If 3 tan (60— 15°) = tan (6 + 15°), then O is

(a) (m + %) (b) (m + %)

©) (l’lﬂ+%) (d) None
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

If tan6+tan(6+%)+tan(9+27ﬂ):3, then O1is

o 3

(d) None

() Qn+ 1)%

(©) (4n+ 1)%

The equation a sin 2x + cos 2x = 2a — 7 posses a solu-
tion if

(a) a>6 (b) 2<a<6

(c) a>2 (d) None

The number of all possible triplets (a,, a,, a,) such that
a, + a, cos 2x + a, sin* x = 0 for all x, the number of
possible 5-tuplets is

(a 0 b 1 (c) 2 (d) None
Ifa, +a,sinx +a, cos x +a, sin 2x + a_ cos 2x = 0 holds
for all x, then the number of possible 5-tuplets is

(@ 0 (b) 1 (c) 2 (d) infinity
The number of solution of the equation
1+sinx-sin?> =0 in [, ] is

(a) 0 (b) 1 (c) 2 (d) 3

The solution of sin* x + cos* x + sin 2x + o = 0 is solv-

able for
1 1
(a) —<a<—
2

b) 3<a<l1
5 (b)

1

3
) ——<a<— d -1<a<1
(©) 5 5 (d

The equation sin* x — 2 cos? x + a> = 0 is solvable for

(@) —3<a<\3 (b) —V2<a<2

(c) -1<a<1 (d) None

The number of pairs (x, y) satisfying the equations sin x
+siny=sin(x+y)and x|+ [y =1, is

(a) 2 (b) 4

(c) 6 (d) infinity

The value of ‘a’ for which the equation 4 cosec?[r (a +
x)] + a* — 4a = 0, has a real solution, if

(@ a=1 (b)) a=2 (c) a=3 (d) None
Ifsinx + cosx = /y+l,xe [0, 7], then
y
@ x= 5.1 (b) y=0
RY/4
() y=2 (d) x= vy

tan x + sec x| = [tan x| + |sec x|, x € [0, 2 «], if x belongs

to that interval
Vg V4
2 2

() [O,%)u(%,zﬂ (d) (m, 2x]

(a) [0, 7]

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

Trigonometry Booster

5
The number of solutions of 2 cos (rx) =5 in the inter-

val [0, 2] are =
(@ 0 (b) 1 () 5 (@ 10
If f{ix) = max {tan x, cot x}, the number of roots of the

1
equation f(x)=——-—+ in (0, 27) are
q S(x) 2+ 0, 2m)

(@ 0 (b) 2 (c) 4 (d) oo
If sin x + cos x + tan x + cot x + sec x + cosec x = 7 and
sin 2x = a — bJe, thena— b+ 2¢ is

(a) 0 (b) 14 () 2 ) %

If sin*x +cos*x+2=4sinxcosyand 0 <x,y< %,

then sin x + cos y is

@2 o ©2 @3
The equation cos* x — (A + 2) cos? x — (A + 3) = 0 pos-
sesses a solution if

(a) A>-3 (b) A<-2

(¢) 3<A<-2 (d Ae:z
If0<6@<2mand 2 sin? 8 — 5 sin 6 + 2 > 0, then the
range of O is

T Sm
® (O’E)U(?M]
(b) (o%”j U (1, 270)

T

(©) (0, E) v (T, 2m)

(d) None

The number of values of x for which sin 2x + cos 4x =
2 are

(@) 0 (b) 1 (c) 2 (d) e

The number of solutions of the equation x* + x* + 4x +
2sinx=01in 0 <x <2mare

(a 0 (b) 1 (c) 2 (d) 4

The number of solutions of the equation tan x + sec x =
2cos x lying in the interval [0, 277] are

(a 0 (b) 1 (c) 2 (d 3

The number of solutions of the equation 2(sin* 2x +
cos* 2x) + 3 sin* x cos? x =0 are

(a 0 (b) 1 (c) 2 (d 3
cos 2x + a sin x = 2a — 7 possesses a solution for
(@) alla (b) a>6
(c) a<2 (d) ae [2,6]
If 0 <x <2mand 815" + 812 = 30, then x is

i1 i1 T
(a) 6 (b) 2 () m (d) 4

If1+sin O+sin?O+.....too=4+2./3,0<0<m, 0

#* E,then
2
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56.

57.

58.

59.

60.

61.

62.

63.

(a) 0= (b) e=§

2r

© 6= @ gorT

W[y oy

T
or —
6

If tan (& cos 6) = cot (7 sin 6), then the value of
cos (9 —E) is
4

(a) % (d) None

1 1
b) — c) —=
(b) 7 (c) 5
The most general values of x for which sin x + cos x =
min (1 a?—4a+ 6} are given by

aeR

(@) 2nmne N
(b) 2n7t+§,neN

T T
) nm+t(-1)y"=-=,neN
4 4
(d) None
Ifx € [0, 2 ] and sin x + sin y = 2 then the value of x +
yis

(a) 7 (b) % () 37 (d) None
The number of roots of the equation x + 2 tan x = % in
the interval [0, 27] are

(@) 1 (b) 2 (©) 3 (d) e

The number of solutions of the equation cos (77 \/x — 4)
CcoS (n\/;) =1 are

(@) None (b) 1 (c) 2 (d) >2

. L X
The number of solutions of the equation sin (—j =

X2—2./3 x+4are 23
(a) it forms an empty set

(b) is only one

(c) is only two

(d) is greater then two

Number of real roots of the equation sec 8 + cosec 6=
J15 lying between 0 and 2 7 are

(a) 8 (b) 4 (c) 2 d o

The general solution of the equation sin'® x — cos!® x =
1,is

(a) 2n7r+%,nez
T
(b) nm+ Sonez

/4
() n7r+z T, NE z

() 2nﬂ§,nez

64.

65.

66.

67.

68.

69.

70.

Levee I
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The number of solutions of the equation 2% = |sin x| in
[2m, 27] are

(a1 (b) 2 (c) 3 (d) 4

The general solution of the equation 2 ©% + | = 3.2 —sin2r
is

(@) nm.ne z b)) m+)mnez

) (m—1Dmnez (d) None

Ifx € (0, 1), the greatest root of the equation sin2 wx =

J2 cos mx is
@5 ®5  ©3 @ Now
The number of solutions of tan (5 7w cos &) =cot (5
sin &) for a € (0, 2 ) are

(a) 7 (b) 14 (c) 21 (d 3

The number of solution of the equation 1 + sin x - sin?

X . .
(Ej =01n[-m, 7] is
(@) 0 (b) 1 (c) 2 (d) 3
The number of solution of the equation |cot x| = cot x +

.1 ,Vxe [0,2 m]are
sin x
(a 0 (b) 1 (c) 2 (d 3

The real roots of the equation cos’ x + sin*x =1 in (-7,
) are

T v/ T
I b) 2,02
(@) 50 ®) -=,0,7

© =0

T T
d Os_a_
2 @ 42

(Probems for JEE Advanced)

4
. Solve for x: sec x — cosec x = E .

Solve for x: sin 2x + 12 = 12(sin x — cos x)
Solve for x: |sec x + tan x| = |sec x| + |tan x| in [0, 27].
Let n be a positive integer such that

sin (21) + cos (l) = ﬁ , find n.

n 2n 2

If cos 2x + a sin x = 2a — 7 possesses a solution then
find a.
Solve for x: sin'® x — cos'® x = 1.

0

Solve for x: sin'%x + cos!’x = %cos“Zx

L2 3]
sIN“x—=sSmnx+-
Solve for x: |cos x| 2 21

Find the number of solutions of

cos (m4/x —4)-cos (7‘[\/;) =1.
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10.

I1.

12.

13.

14.

15.

16

17.

18.

19.

20.

21.

22.

Find the number of solution of x*— 2x’sin? (%j x +
1=0

If cos* x + a cos? x + 1 = 0 has atleast one real solution,
then find the value of a.

If the equation tan* x — 2 sec? x + b? = 0 has at least one
real solution then find the value of b.

If a, b € [0, 27] and the equation x> + 4 + 3 sin (ax + b)
= 2x has at-least one solution, then find (a + b).

Find the number of ordered pairs (a, b) satisfying the

. [ 7x?
equations |x| + [y| =4 and sin (T) =1

Find the number of values of x in (-2, 27) and satisfy-
ing log‘m X‘|sin x|+ log‘sin X‘|cos x| =2.
The number of solutions of tan x + sec x =2 cos x in [0,

2m) is
(a) 2 () 3 (©) 0 ) 1

[JEE Main, 2002]
Note

No questions asked between 2003 to 2005.

The number of values of x in the interval [0, 37] satis-
fying the equation 2 sin* x + 5 sinx — 3 =0 are
(a) 4 (b) 6 (c) 1 d 2

[JEE Main, 2006]

Note
No questions asked in between 2007 to 2015.

Find all the angles 6 between 7 and —7 that satisfy the
equation

5cos(20)+2 cos? (g) +1=0

[Roorkee, 1984]

Note
No questions asked between 1985 to 1986.

Find the general solution to the following equation
2 (sinx —cos 2x) —sin 2x (1 + 2 sinx) +2 cosx =0
[Roorkee, 1987]
Solve for x and y;
x cos® y +3x cos ysin’y = 14,
xsin®y +3x cos?ysiny=13
[Roorkee, 1988]
Solve for: x; 4 sin*x + cos*x =1
[Roorkee, 1989]
Find all the values of ‘a’ for which the equation sin* x +
cos* x +sin 2x + a =0 is valid.
Also find the general solution of the equation.
[Roorkee, 1990]

Note
No questions asked in 1991.

23.

24.

25.

26.

27.

28.

Levee IV

Trigonometry Booster

Find the general solution of the

(B =Dsin0+H3+1)cos=2.

equation

[Roorkee, 1992]

Note
No questions asked in 1993.

Solve for 6 sec 6 — cosec 6 = i
[Roorkee, 1994]

Note
No questions asked in 1995.

If 32 tan® @ =2 cos? or— 3 cos o and 3 cos 20 =1, then
find the general values of .
[Roorkee, 1996]

Note
No questions asked in 1997.

Find the general values of x and y and satisfying the
equations 5 sinx cos y =1, 4 tan x =tan y.
[Roorkee, 1998]

Note
No questions asked in 1999.

Find the smallest positive value of x and y satisfying

(x_y)zﬁ,cotx+coty=2.
4 [Roorkee, 2000]
Solve the following equations for x and y:

(1) S(Coseczx—seczy) =1
(11) 2(20056cx+\/§\secy\) =64
[Roorkee, 2001]

(Tougher Problems for JEE
Advanced)

Solve the following trigonometric equations:

1.

2.

Nk

o >

5)eo=l3)
cot| —|—cosec| — |=cot x
2 2

sin 6x
8 cos x - cos 2x - cos 4x = —
sin x
tan x  tan 2x
—+2=0
tan 2x tan x

cos x cos (6x) =-1

cos (4x) + sin (5x) =2
sin2x+5cosx+5sinx+1=0

sin x + sin 2x + sin 3x = cos x + cos 2x + cos 3x in the
interval 0 < x <27

sin? x tan x + cos? x cot x — sin 2x = 1 + tan x cot x.

sin? 4x + cos? x = 2 sin 4x cos* x
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10.
I1.

12.

13.

14.

15.

16

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Find

. 4 4 _7 .
S "x + CO0S X =—SIn X COS X

sin* x + cos* x

=2 cos (2x + E)cos (2x - E)
6 6

sin*x + sin* (x + E) = l
4 4

If cos (x + %) + cos x = a , then find all values of a so
that the equation has a real solution.
Find the number of roots of cos x — x +l =0 lies in

(05

Find the number of integral ordered pairs satisfy the

. cos(xy)=x
equations
tan(xy) = y
Find the number of real solutions of sin?*'® x — cos?'®
x=1in[0, 27]

Find the number of ordered pairs which satisfy the
equation x? + 2x sin (xy) + 1 =0 for y € [0, 27]

Find the number of solutions of the equation sin 5x -
cos 3x = sin 6x - cos 2x in [0, 7]

Find the number of solution of the equation cos 3x - tan

Sx = sin 7x lying in ‘:0, %}

The angles B and C (B > C) of a triangle satisfying the
equation 2 tan x — A(1 + tan? x) = 0, then find the angle
A,if0<A<1

Determine all values of ‘a’ for which the equation cos*
x—(a+2)cos?x—(a+3)=0 has a solution and find
those.

Find all the solution of the equation
sin x + sin%(\/(l — oS x)2 + sinzx) =0 in [57”, 77”}

If the equation sin* x — (k + 2) sin x— (k+3)=0has a
solution, then find the value of %.

Find the number of principal solutions of the equation
4. 1 6Sin2x = zﬁsinx

Find the general solution of
secx=1+cosx+cos’x+cos®x+...

Integer Type Questions

. Find the number of values of x in (0, 57) satisfying the

equation 3 sin’x — 7 sinx +2 =10
Find the number of integral values of &, for which the
equation 2 cosx + 3 sinx = k£ + 1 has a solution
the number of distinct real roots of
Sin X COSX COSX

. . T T
cosx smx cosxl =01in [——, Z]

coOSX COoSx sinx

2.11

4. Find the number of pairs (x, y) satisfying the equations
sinx +siny =sin (x +y) and |x| + [y| =1
5. Find the maximum value of

1+sin’x  cos’x 4 sin 2x
f(x)= sinx  1+cos’x  4sin2x
sin’x cos’x  1+4sin2x

6. Find the number of solutions of

sin x = m
10
7. Find the number of solutions of
tan x + cot x =2 cosec x in [-27, 27]

8. Find the number of solutions of
1.
COS X - COS 2x - cos 3x = 1 in [0, 7]

9. Ifx, y € [0, 2], then find the number of ordered pairs
(x, y) satisfying the equation sin x - cos y =1
10. Ifx € [0, 27], then find the number of values of x satis-
fying the equation

|cot x|=cot x + —
sin x
11. Find the number of solutions of tan x tan (4x) = 1, for
O<x<mrm
12. Find the number of integral values of » for which the
equation sin x(sin x + cos x) = n has atleast one solu-

tion.

13. Find the number of real solutions of sin {x} = cos {x}
in [0, 27]

14. Find the number of solutions of

B+ + B -p*=2"
15. Find the number of values of y in [-27, 27] for which
|sin (2x)| + |cos (2x)| = |sin ()|

Comprehensive Link Passages

Passage 1
An equation is of the form

f(sin x % cos x, * sinx cos x) =0
can be solved by changing the variable.
Let sinx*cosx=1
= sin? x + cos? x £ 2 sin x cos x = 7
= 1 £ 2 sin x cos x =7

21

):0 On

the basis of above information, answer the following ques-
tions.
1. If 1 —sin 2x = cos x — sin x, then x is

Thus, the given equation is reducible to £ (1,

(@) 2nm, (2nn—§), nel

(b) 2nm, (nn' + %), nel
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(c) (Znn—gj,(nn +%),n el

(d) None.
2. Ifsinx + cos x =1 + sin x cos x, then x is

(a) 2mr,(2n7r +%) nel

(b) 2n77:,(n77:+%),n el

(c) (Znn—gj,(nnﬁ-%),nel

(d) None
3. If sin* x + cos* x = sin x cos x, then x is
(@ nmne 1l

(b) (6n+ 1)%, nel

©) (4n+ 1)%, nel
(d) None

3

4. If 1+sin’x + cos’x = %sin 2x ,thenx is

(@) n +1)ﬂ,(2n7r +§), nel
(b) (2n +1)7‘c,(2nﬂ: ‘%) nel

(©) (2nﬂ+%),(2nn’+§j, nel

(d) None
5. If (sin x +cos x) = 24/2 sin x cos x , then x is

(a) (2nﬂ+%),ne[ (b) (Znn—%j,nel

(©) (nn+%),ne] (d) (nn—%),ne]

Passage 11
ais a root of the equation
(2 sin x — cos x)(1 + cos x) = sin® x
B is a root of the equation
3cos’x—10cosx+3=0
and yis a root of the equation
1 —sin 2x = cos x — sin x,

OSa,B,Yﬁg

On the basis of above information, answer the following
questions.
1. cos o+ cos B+ cos vis equal to

3J6 +242 +6 33 +8
(@) 62 &) ——
© MT” (d) None

Trigonometry Booster

2. sin o+ sin S+ sin yis equal to

14432
(a) 6«/5

3+442

5
() 5

1+2

() =2 @ —
3. sin (oc— P) is equal to
(a) 1 (b) 0
© 1—2% @ 6—62\5
Passage I11

Solutions of equations a sin x * b cos x = ¢. General value
satisfying two equations. a cos 8% b sin 6 = ¢, where 0 satis-
fying two equations.
(a) The equations be first converted to, where a = r cos 6,
b=rsin 6.
(b) Satisfying two equations, find the common value of ly-
ing between 0 and 27 and then add 2n 7.
On the basis of above information, answer the following
questions.
1. The number of integral values of & for which the equa-
tion 7 cos x + 5 sin x = 2k + 1 has a solution is
(a) 4 (b) 8 (c) 10 (d) 12

2. If cos3x+sin(2x—7?n)=—2,thenxis
(a) (6n+l)§,nel
(b) (6n—l)§,ne[
(© (2n+1)§,ne]

(d) None.
3. The value of x such that —7 < x < 7 and satisfying the

equation 81+|cosx\+cos2x+\cosx|3+»-- — 43 , then x 1s

/4 2r T 2z
z b) 22 L dH -=2=
(a) 3 (b) 3 () 3 (d) 3
4. The number of solutions of the equation es™* — =i — 4
=0is
(a) 1 (b) 2 (c) 4 (d 0
Passage IV

Suppose equation is fix) — g(x) or y = fix) = g(x), say, then
draw the graphs of y = f{x) and y = g(x).

If graphs of y = f{x) and y = g(x) cuts at one, two, three, ...,
no points, then number of solutions are one, two, three, ...,
zero respectively.

On the basis of above information, answer the following
questions:

| x|

1. The number of solutions of sin x = E is

(a) 4 (b) 6 () 5 (d) None
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2. Total number of solutions of the equation
5 .
3x+2tanx=7”,xe[o, 27, is

(a) 1 (b) 2 (c) 3 (d) 4

3. Total number of solutions of sin {x} = cos {x}, where
{} =FPF, in [0, 27] is
(a) 3 (b) 5 (c) 7 (d) None

4. Ifl—sinx:? +a

T
x—=
2

has no solution, when a € R*, then
(@) ae R*

(b) a>§+£
2"
© ae[o,Li)
2 3

(d) ae(é,é+l)
2’2 3

5. Total number of solutions of cos 2x = |sin x|, where

/4 .
——<x<T,18
2
(a) 3 (b) 4 (© 5 (d 6
Passage V

Whenever the terms of two sides of the equation are of differ-
ent nature, then equations are known as non standard form,
some of them are in the form of an ordinary equation but can
not be solved by standard procedures.

Non standard problems require high degree of logic, they
also require the use of graphs, inverse properties of functions,
in-equalities

On the basis of above information, answer the following
questions:

1. The number of solutions of the equation

2 cos (%) =B3"+37) is

(a) 1 (b) 2 (c) 3 (d) None.
2. The number of solution of the equation

2 cos® (%) sin’x=(x’+x7%),0<x S% is

(a) 1 (b) >1 () 0 (d) None.
3. The number of real solutions of the equation sin (e*) =
S5x+5* is
(a) 0 (b) 1
(c) 2 (d) infinitely many

[12
4. If0<x<2mand 2°%° y?—y+léx/§,thenthe

number of ordered pairs of (x, y) is
(a) 1 (b) 2
(c) 3 (d) infinitely many

2.13

5. The number of solutions of the equation sin x =x* +x +

1is

(a) 0

(b) 1 ©) 2

Matrix Match

(d) None

(For JEE-Advanced Examination Only)

1. Match the following columns:

Column I

Column II

(A)

The equation sin x + cos
x =2 has

(P) | 1 solution

(B)

The equation
\/gsinx+c0sx=4 has

(Q) | 2 solution

©

The equation 3 sin x + 4
cos x has

(R) | 3 solution.

(D)

The equation sin x cos x
=2 has

(S) | No solution

2. Match the following columns:

Column I Column II
If
cos(A4 + B) —sin(4 + B) cos(2B)
(A) sin 4 cos A sinB (=0 (P) |nm
—cos 4 sin 4 cos B
then B is

®)

cos O sin @ cos
If |—sin @ cos O sin 6|=0,then Ois |(Q)| (2n + 1)%

—cos O —sin O cos

1+sin’@ cos’®  4sin 40

If| sin’6 1+cos’@ 4sin46 [=0,
© sin cos sin ®| @n-1) n
sin’0  sin’0 1+4sin4 2
then Ois
T
g) | £
®) 24
3. Match the following columns:
Column I Column IT
(A) | If 4 sin* x + cos* x = 1, then ~
X is (P) N
(B) | If sec x - cos (5x) + 1 = 0, P
where 0 <x <2, then x is Q 3
C ‘
© 1 1¢ grn®x 4 greor 230, ® |
where 0 < x <2, then x is 4
(D) | If 2 sin? x + sin®> 2x =2 where | (S) |nm ne I
0 <x <2, then x is
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4. Match the following columns: 7. Match the following columns:
Column 1 Column 11 If o and f3 are the roots of a cos 6 + b sin 0= ¢, then
(A) | If cos B+ cos 36+ cos e Cdm | b 1
50 + cos 70 = 0, then | (P) 7"‘5’”6 1 (A) | sin o+ sin Bis 2%
O1is (P) a+c
(B) | If sin x — 3 sin 2x + sin P . —
3x=cosx—3cos2x+ | (Q) mr+5,nel (B) |sin - sin Bis =
cos 3x then x is Q .
(©) |If sin 46 — sec 20 =2, ® T
then 6 is R) | —+—.nel (OC) (ﬁ) . 2bc
5 10 tan| — |+ tan| — | 1s —_—
(©) 2 ) R) | 557
(D) zf tans(())c ;— 100°) = tan ) nr ey 5 T
x + 50°) tan x - tan > o _
o : 5 D tan(—) -tan (—) is ¢ —d
(x —50°) then x is (D) B (S) 2+ b
nEy
(T | * 3 8. Match the following columns:
] Column I Column IT
5. Match the following columns: @) | Tt ot G = 116 e o N
Column I Column II then x is P) | @n+ 1)2, nel
(A) | The number of real roots of
et s — L 5 ) 3 B) |[Ifd4cos?x-sinx—2|(Q) |nm,nel
cos’ x + sin*x =1 in (-7, ), is i 3y = § s o, (g
(B) | The number of rc?al roots of co- Q) 4 Xis
secx=1+cotxin (-2, 27) is (C) | If tan?(2x) + co(2x) + | (R) -
(C) | The number of integral values | (R) 3 2 tan (2x) + 2 cot (2x) ni + Y nel
of k for which, the equation 7 -0
+5sinx=2k+
cos X 5 e (D) | If tan® x - tan? 3x - tan | (S)
solution is n
- 4x = tan® x — tan® 3x + n+(=1) T
(D) | The number of solutions of the | (S) 2 e Al fihain 7% e

pair of equations

2 sin? O — cos 26 = 0 and 2 cos? | (T) 7 9. Observe the following columns:
0—3sin 6=01in [0, 27] is Column I Column II
6. Match the following columns: (A) |If cos (66) + cos (46) +cos 26)|(P) |2nm, ne I
+1=0, then 61is
Colimnl] Columil (B) |If3 —2 cos 60— 4 sin 6—cos 26 ni
(A) | If cos 3x - cos® x + sin P +sin 26 = 0, then @is Q) |—.nel
3x - sin® x = 0, then x | (P) (”” J—r_)’ nel 3
. . . If cos 6 -cos 20 -cos30=—, R) (4n+1)£,ne[
(B) |Ifsin 3a=4 sin o sin T 4 2
(x + 0) sin (x — @), Q@ (mr +_j’ nEl then O1is
then o is, where o # . . .
> (D) |If sin (560) + sin () = sin (30), P
nw then 0 is S) |@2n+ 1)5
(C) | If |2 tan x —1] + |2 cot B
x—1]=2,thenxis | (R) (7+§),nel
Assertion and Reason
(D) If si 10 10 nww
sin " x + cos X (S) (—i—), nel Codes:
_ 29 cos*(2x), 2 = (A) Both A and R are individually true and R is the correct
16 explanation of A
then x is (B) Both A and R are individually true and R is not the cor-
rect explanation of A.
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(C) Aistrue but R is false.
(D) Ais false but R is true.

1.

10.

Assertion (A): The number of real solutions of sin x =
X*+x+1lisl

Reason (R): since [sin x| < 1

(a) A (b) B (c) C (d) D
Assertion (A): The number of real solutions of cos
x=3"+3>

Reason (R): since |cos x| < 1

@) A (b) B () C (d D

. Assertion (A): The maximum value of 3 sin x + 4 cos x

+101is 15
Reason (R): The least value of 2 sin* x + 4 is 4

(a) A (b) B (c) C (d) D
Assertion (A): The greatest value of sin* x + cos? x is 1
Reason (R): The range of the function f{x) = sin® x +
cos’xis 1
(a) A (b) B

() C (d D

. Assertion (A): a cos x + b cos 3x < 1 for every x in R

Reason (R): since [b| < 1

(a) A (b) B (c) C (d D

Assertion (A): The set of values of x for which
tan 3x — tan 2x

— T —1is¢

1+ tan 3x - tan 2x

Reason (R): Since tan x is not defined at
x=(2n+l)§,ne[

(a) A (b) B (¢ C (d) D

. Assertion (A): The number of solutions of the equation

tan x + sec x = 2 cos x lying in the interval [0, 27] is 2.
Reason (R): The number of solutions of the equation 3
sinfx—7sinx+2=0in[0, 57] is 6

(@) A (b) B () C (d D

. Assertion (A): The number of solutions of tan x - tan 4x

=1in(0, m)is 5

Reason (R): The number of solutions of |cos x| = sin x
in [0, 47] is 4

(@) A (b) B (¢) C (d D

Assertion (A): If tan (% sin 9) =cot (%cos 9) , then

sin0+c059=i\/5

Reason (R): /2 <sin @ +cos O <2

(a) A (b) B (c) C (d D
Assertion (A): sin 4 = sin B = sin C =2 sin (18°)
Reason (R): If cos 4 = tan B, cos B =tan C, cos C = tan
A

(a) A (b) B (c) C (d D
Questions Asked In Previous Years’

JEE-Advanced Examinations

. The general solution of the trigonometric equation sin

x +cosx =1 is given by
(@) x=2nmnel

10.
11.

12.

2.15

(b) x:(2nn+§),nel

(© xz(mr +(=1)" %), nel

(d) None of these
[IIT-JEE, 1981]

. Find the point of intersections of the curves y = cos x

and y = sin 3x where x e [_E, E}
22

[IIT-JEE, 1982]

. Find all solutions of

4 cos’xsinx—2sin>x=3sinx

[IIT-JEE, 1983]
There exist a value of 8 between 0 and 27 which satis-
fies the equation sin* — 2 sin?> 6—1=10?

[IIT-JEE, 1984]

. No questions asked in 1985.

. . 2r 3
Find the solution set of x + y :T’ cos x +cos y :E ,

where x and y are real. [IT-JEE, 1986]

Find the set of all x in the interval [0, 7] for which 2 sin?
x—3sinx+12>0.

[IIT-JEE, 1987]
The smallest +ve root of the equation tan x — x = 0 lies

m
o (24

T
® 03]
3 3
Ll Q) [27
© (nz) ()(2,27:)
[IIT-JEE, 1987]

. The general solutions of

sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x + cos 3x is
T
(a n7t+§,ne[

(b) %+%,n61

© (—1)”%+%,ne]

(d) 2n7m+cos™ @) nel [IIT-JEE, 1989]

No questions asked between 1990 to 1992.

The number of solutions of the equation tan x + sec x =

2 cos x lying in the interval [0, 27] is

(@ 0 (b) 1 (c) 2 (d 3

[IIT-JEE, 1993]

Determine the smallest +ve value of x (in degrees) for

which

tan (x + 100°) = tan (x + 50°) tan x tan (x — 50°)
[IIT-JEE, 1993]
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13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.
24.

Let n be a +ve integer such that

2n 2n 2

(a) 6=n<8 (b) 4<n<8
(c) 4<n<8 (d) 4<n<8

[IIT-JEE, 1994]
Let2sinx+3sinx—2>0and x> - x-2<0 (xis
measured in radians). Then x lies in the interval

@ (%) o (%)
© (1,2 (A (%2)

[IIT-JEE, 1994]
Find the smallest +ve value of p for which the equation
cos (p sin x) = sin (p cos x) has a solution for x € [0,
2n). [IIT-JEE, 1995]

Find all values of 6 in the interval {—%, %} satisfying

the equation
(1 —tan 6)(1 + tan 6) sec? 6+ 226 =(
[IIT-JEE, 1996]
Find the general value of O satisfying the equation
tan? 6+ sec 20=1
[IIT-JEE, 1997]
Find the real roots of the equation cos’ x + sin* x =1 in
the interval (—x, )
[IIT-JEE, 1997]
The number of values of x in the interval [0, 5] satis-
fying the equation 3 sin> x — 7 sinx=2=0is
(@ 0 (b) 5 (c) 6 (d) 10
[IIT-JEE, 1998]

Let n be an odd integer. If sin (n6)= Zb sin"@ for

each value of 6, then =0
(@ b,=1,b,=3
(b) b,=0,b,=n
(c) b,=-1,b,=n
(d) b,=- l,b n”—-3n+3
[IIT-JEE, 1998]

No questions asked between 1999 to 2001.

The number of values of k£ for which the equation 7 cos
X+ 5 sinx =2k + 1 has a solution is
(a) 4 (b) 8 (c) 10 (d) 12
[IIT-JEE, 2002]
No questions asked between 2003 to 2004.

Let (a, b) € [-r, x] be such that cos (a — b) = 1 and
cos (a+b)= L The number of pairs of a, b satisfying
e

the system of equations is

(@ 0 (b) 1

() 2 (d) 4

[IIT-JEE, 2005]

25.

26.

27.

28.

29.

30.

31.

32.

Trigonometry Booster

Find the values of ¢ € {—%, %:| so that

2_
S5x 2x+1,VxeR—{1,—l}
1 3

[IIT-JEE, 2005]

If0<6<2m, 2 sin* O 5 sin O+ 2 > 0 then the range of
Ois

T Sn
® (O’E) (6 2”)

(b) (O, 5?”) U (1, 2m)

2sint= 3
3x°—2x—

(©) ( 6)u(7r 27)

(d) None of these

[IIT-JEE, 2006]
The number of solutions of the pair of equations 2 sin?
0—cos20=0 and 2 cos? -3 sin 6= 0 in the interval
[0, 27]is
(a) 0

(b) 1

(c) 2 (d) 4

[IIT-JEE, 2007]

If sin 8 = cos ¢, then the possible values of

1(9 to— %) are..... [IIT-JEE, 2008]
T

For 0<6 < > , the solutions of

6 —
z cosec(e + w) cosec(@ + an) = 4\/5

m=1

is (are)
r b =
(a) 1 (b) .
/4 b4
(c) O (d) 1

[IIT-JEE, 2009]

The number of values of 6 in the interval (—%,%)

such that ¢ # % for n € I and tan 6= cot 56 as well
as sin (26) = cos (46) is... [IIT-JEE, 2010]
The +ve integer value of n > 3 satisfying the equation

Lo 1 1 i [IIT-JEE, 2011]

w(E) w2 =)

No questions asked between 2012 to 2013.
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33. Forx € (0, m), the equation sin x + 2 sin 2x — sin 3x =3
has
(a) infinitely many solutions
(b) three solutions
(c) one solution

(d) no solution [IIT-JEE, 2014]

Levee I

Lb 2 @b 3 @d 4 () 5 (@
6. @ 7. (¢) 8 (d 9. (abc) 10. (b)
11. (@ 12. (ab) 13. (b) 14 (d) 15. (c)
16. ) 17. (b) 18. () 19. () 20. (b)
21. (b)  22. (¢) 23.(a) 24 (b) 25. (c)
26. b) 27. (@ 28. (b) 29. (@ 30. (c)
31. (@) 32, (c) 33.(b) 34 (d) 35 (b)
36. (@) 37. (¢) 38.(b) 39. (c) 40. (b)
41. (a) 42. (b) 43. (b) 44. (a)  45. (o)
46. () 47. () 48. (@) 49. () 50. (b)
51. (¢) 52. (@ 53.() 54 (a 55 (d)
56. (c) 57. (¢) 58.(a) 59. (c) 60. (b)
61. (b) 62. (b) 63. (b) 64 (d) 65. (a)
66. (c) 67. (b) 68. (@) 69. (c) 70. (b)

Levee W
1. x:(4n+2)%,nel

2. x=(2n+1)%,x=nn’,ne[

4. x=2nm+rx=0Q2n+ )m,nel
5. x=(2nﬂ+£)=(4n+l)£,ne]
2 2
6. xznn—z,nel
4

w5t Ir 13m 2; 4rm

7. ) 5 5 5 5
8§ 8 8 8 33
nw o
L\
8. x=— ( )2

b4
9. x=2n+1)—
( )2

10. x=ﬂ+(—1)"(—l),n el
2 12

2.17
34. The number of distinct solutions of the equation
5 . .
Zcos2 2x + cos’x + sin®x + cos®x + sin®x =2

in the interval [0, 27] is
[IIT-JEE, 2015]

11. xzﬂig,ne[,azsinl(l)
2 2 3

12. x=n6,x=nn—%,ne[

13. \3<a<3

14, 1

15. 1

16. 1

17. (1,5),(—1,3—”j
2 2

18. 5

19. 2

20. 90°

21, 3<a<-2

22. x=13—ﬂ:.
4

23. [-3,-2]

24. 3

25. x=2nﬂi§,n€]

INTEGER TYPE QUESTIONS

1. 6 2.7 3.1 4. 4 5.6
6. 6 7. 4 8 6 9.3 10. 2
11. 5 12. 2 13. 6 14. 1 15. 4

COMPREHENSIVE LINK PASSAGES

Passage-I: I. (d 2. (@ 3.() 4. (b) 5. (a)
Passage-II: 1. (a,b)2. (a,¢)3. (¢)

Passage-III: 1. (b) 2. (b) 3. (a,b,c,d) 4. (d)
Passage-IV: 1. (b) 2. (¢) 3. (b) 4. (b) 5. (b)
Passage-V: 1. (a) 2. (¢) 3. (a 4. (b) 5. (a)
MATRIX MATCH

L (A) = (8), (B) = (5), (C) = (5), (D) = (S)

2. (A) = (Q), (B) = (R), (C) = (S).
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(A) = (S), (B) = (P), (C) = (Q),(D) = (P, Q)
(A) = (8), (B) = (P), (C) = (Q, R),(D)— (T)
(A) = (R), (B) = (5), (C) = (P), (D) = (S)
(A) = (S), (B) = (P), (C) = (Q), (D) = (R)
(A) = (R), (B) = (8), (C) = (P), (D) = (Q)

NS kAW

Trigonometry Booster

8. (A) = (Q), (B) = (R), (C) = (S), (D) — (P)
9. (A) = (8), (B) = (R), (C) = (Q), (D) = (P).

ASSERTION AND REASON

L@ 2 @ 3.0 40 5 (@
6. (@ 7. () 8 () 9 (& 10 (a

HINTS AND SoOLUTIONS

Levee 7

1. We have, sin 36=0
= 30=nrm

= 9:%,Wherenel
2. We have, cos? (560) =0

=  cos?(50) = cos’ (%)

= (59)=nn’i(%)

1 b3
O=—|nrt|—
= 5(11 (z)j,wherenel

3. We have, tan 0 = «/g

= tan 6 = tan (%)

= 9=nn+(%),wherene]

4. We have, sin 20 =sin 6
= 2sin Ocos O=sin O
= sinf2cosf-1)=0
= sinf@=0and (2cos6-1)=0

= sin0=0andcose=%

= 9=n7rand9=2nn'i§,Wheren€ I

5. We have, sin (9 6) =sin 0
= sin(90)—sin =0

= 2005(99+9jsin(96_6j=0
2 2

2 cos (560) sin (46) =0
cos (56) =0 and sin (46) =0

=
=
= (50)=(n+ 1)% and (40) = nr

= 9:(2n+1)land0:(ﬂj
10 4

wheren e I

6. We have, 5sin? 6+ 3 cos’> 6=4

= 2sin2 6+ 3(sin® 6+ cos? ) =4
= 2sin’?6+3=4
= 2sin’0=1
=

= Gznﬂi(%),wherene I

7. We have, tan (6— 15°) =tan (60 + 15°)
tan(6 —15°) _ 3

= =
tan(0 +15°) 1

- tan(0 —15°) + tan(0 +15°) 3 +1
tan(@ —15°) —tan(0 +15°) 3-1
sin(@ +15°+6—-15°) 3+1

N _

sin(@+15°—0+15°) 3-1

= 2sin(20)=2
= sin(20)=1
=

0=(4n+1)%,ne]
8. We have, tan? (6) + cot? (6) = 2

= tan’(0)+ =

© tan? (6)
= tan* (@) -2tan’ (O)+1=0
= (tan?(6)-1)*=0
= (tan’(6)—1)=0
= 0=nni(£),ne[

4
9. We have, (cos (36) + cos (0)) + cos (20) =0

(cos (36) + cos (0)) + cos (26) =0
2 cos (20) cos (6) + cos (20) =0
cos (20) (2 cos (B)+1)=0
cos(20)=0and (2cos (B) +1)=0

Leuy
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=

=

cos (20)=0and cos (0) = —%

0=n+ 1)(1) and 6 = nni(z—ﬂj
4 3

10. We have sin (20) + sin (46) + sin (66) =0

sin (66) + sin (26) + sin (40) =0

2 sin (40), cos (20) + sin (40) =0
sin (46) (2 cos (20) +1)=0

sin (46)=0and (2 cos (20)+1)=0

= (40)=nmandcos (20)= —%
= 0= (ﬂj and (20) = nr + (2—”j
4 3
= Qz(ﬂjandez(ﬂ)i(zj,ne I
4 2 3
11. We have
tan (0) + tan (260) + tan (6) tan (260) = 1
= tan (26) + tan (6) = 1 — tan (6) tan (26)
tan (260) + tan () |
1—tan () tan (26)
= tan(30)=1
T
= tan(30) =tan (Z)
/4
= (3 0)=nr+ (Z)
> 0= )+(Z)ner
3 12
12. We have
tan (0) + tan (26) + tan (36)
= tan (60), tan (26), tan (36)
= tan(6) +tan (26)
= —tan (36) + tan (6) tan (26) tan (36)
= tna (q) + tan (26) = — tan (360) (1 — tan (0), tan
(20))
tan (0) + tan (260) — _tan (30)
(1—tan (0) - tan (20))
= tan (30) =—tan (36)
= 2tan(360)=0
= @O6=nr
= 0= (ﬂ), nel
3

13. Given equation is

=
=

cot’6 + +3=0

Sin

cot? 0+ 3 (1 + cosec ) =0
(cosec’ 0—1)+3 (1 +cosec 0) =0

14.

15.

16.

(cosec 6—1+3) (1 +cosec 6) =0
(cosec 8+ 2) (1 +cosec 8) =0
cosec 6=-1,-2

Lu

= sin0=—1,sin9=—%

= 9=(4n—1)§,e=nn+(—1)"(—%),ne1

Given equation is
2 tan O—cot 6=-1

= 2tanf=cotO-1
= 2tan 0= -1
tan O
= 2tan’O+tanOB-1=0
= 2tan’0+2tanH—-tanO-1=0
= 2tanf(tan O+ 1)—(tan O+ 1)=0
= (QtanO-1)(tan O+ 1)=0
= ((Qtan6-1)=0,(tan 6+ 1)=0
= tan9:—1,l
2
= 9=(n7r—£),9=n7r+a,a=tanl(l)
4 2

Given equation is
tan29+(1—x/§)tan9—x/§:0
tan’0 + tan 6 — /3 (tan O + 1) = 0
tan O (tan 6 +1)— /3 (tan 6 +1)=0
(tan 6 —\/3)(tan O +1) =0
tan9=x/§,tan9=—1

LUyl

T T
= O=nr+—,0=nmr——,nel
3 4
Given equation is

tan9+tan(9+§)+tan(9+27ﬂ):3

= tan6+tan(%+0)+tan(n’—(§—0))=

= tan9+tan(%+9)—tan(§—9j=3

\/§+tan9 \/g—tane _3

= tan 0 + - =
1—\/§tan9 1+x/§tan9

8tan O

= tanf+———=3
1-3tan“0
9 tan 6 — 3 tan°0
= 5 =3
1-3tan"0

2.19

3
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17.

18.

3tan 6 — tan’0
= —2:1
1-3tan“0

= tan(30)=1
= 30=mr+>

= 0= L l, nel
3
Given equation is
3 tan (80— 60°) = tan (6 + 60°)

5 tan (0.+60°)

=
tan (6 — 60°)
tan (0 + 60°)
= —— =3
tan (6 — 60°)
tan (6 +60°) 3
= ——===
tan (60 —60°) 1
- tan (6 +60°) + tan (8 — 60°) 3 +1
tan (0 + 60°) —tan (6 —60°) 3-1
N s%n(0+60 +0—60)=2
sin (6 + 60° — 6 + 60°)
sin (260) )
sin (120°)
=  sin (26) =2 sin (120°)

3

= sin(20)=2x"- =3

It is not possible.
Hence, the equation has no solution.
Given equation is
tan 6+ tan 20+ tan 36=0
= tan O+tan 260+ tan 20+ 60) =0

tan (20) + tan (0) 0
1—tan (20)tan (6)

= tan O + tan 260 +

1 —tan (26) tan (0)

= (tan 0 +tan 20)(1+ ! ij

1

= (tanO+tan260)=0,| 1+
1—tan (26) tan (0)

when (tan 6+ tan 26) =0

2 tan 6
= tan9+—2:
1—tan“0
2
= tan@ 1+—2 =0
1—tan“6
2
= tan 6 =0, 1+—2 =0
¢ — tan
2
= tanf=0,—=-1

1 - tan’0

j:o

Trigonometry Booster

= tan60=0,1-tan’ 0=-2
= tan0=0,tan’ =3
T
= Gznn,eznnig,nel
1
when | 1+ =
1—tan (26) tan (0)
1
= —_— e
1—tan O tan 26
= l-tanOtan2 6=-1
= tan Otan260=2
= tan@ ﬂ =2
1—tan“6@
= tan’0=1-tan’> 6O
29 1 2 1( 1 )
= tan‘f=—=tan“o,x=tan | —
2 V2
= O=nnto,nel

19. Given equation is

=

=
=
=

cos 260 cos 40 =%

2 cos (40) cos (20) =1
cos (660) + cos (20) =1
cos (660) =1 —cos (20)

20. Given equation is
cot O—tan 6= cos 6—sin 6

=

=
=

(cos 8 —sin 0) w—l =0
sin 6 cos 0
(cos 8—sin B) =0, (cos 6+ sin B) = sin O cos O

tan 6= 1, (cos 6+ sin 6) =sin gcos O

when tan 6= 1

=

0=n7r+£,ne[
4

when (cos 6+ sin 0) = sin 0 cos 6
No real value of 8 satisfies the given equation.
21. Given equation is

Leud

=

(1 —tan B)(1 +sin26) =1 +tan 6

(cos 60— sin B)(cos 6+ sin 6)> = (cos O+ sin 0)
(cos B+ sin B)(cos 260—-1)=0

tan (6) = -1, sin> =0

tan (8) =—1, sin (0) =0

Gznn—%,eznn,nel

22. Given equation is

tud

2 sin? 0+ sin? 20 =2

2 sin? 0+ 4 sin® O cos? 6=2
sin? @+ 2 sin®> O cos?> 6= 1
2 sin? O cos®> 0=1 —sin’ O
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23.

24.

25.

=

2 sin? O cos? 6= cos? 6
(2sin> - 1) cos? 6=0
(2sin> 6—-1)=0, cos> 6=0

sin%6 = %, cos6=0

0=2n+)Z,0=nr+" nerl
2 4

Given equation is

=
=

sin (3¢) =4 sin Bsin (6 + @) sin (0+ @)
sin (3a) = 4 sin 6 (sin? 6 — sin® @)
3 sin o — 4 sin® ¢ =4 sin o (sin? 6 — sin® )

It is possible only when

=

=

sin’@ = é
4
2
w9

9=nﬂi§,ne]

Given equation is

L A A

=

4 sin Osin 20sin 40=sin 3 6

4 sin O sin (30— 6) sin (36 + 0) =sin 36

4 sin 0 [sin? (36) — sin? (6)] = sin 360

4 sin 0 [sin* (36) — sin? (6)] = 3 sin 6 — 4 sin’® O
sin O [4 sin?> (30) — 4 sin? (0) + 4 sin> 0—-3]=0
sin 6[4 sin* (360) —3]1=0

sin =0, [4 sin> (30) —3]=0

3

sin 8 =0, sin’(30) = 2

9=nﬂ,9=nﬂi§,ne]

We have sin (6) + cos (6) = 1

=

=

V2 (%sin )+ %cos (9)) =1

(%sin )+ Lcos )

oDt
w(05)((%)
(o+3)-{omrcn(5)

9=(nn+(—1)”(%)—%j,ne]

4

26. We have /3 sin (6) + cos (6) =2

=

—35in9+lc050=1
2 2

2.21

sin(6+£):1
6

=
=  sin (6 + E) =sin (1)
6 2
/4 n( T
= (005 )=mmecn(3)
N
=  O=nr+(-1) (2) o
27. We have

sin (20) + cos (260) +sin (B) + cos () +1 =0
= (sin(6) +cos (6)) + (1 +sin (20)) + cos 20) =0
= (sin (0) + cos (0)) + (sin (0) + cos (6))?

+ (cos? 6—sin? 6) = 0.
= (sin (0) + cos (0)) + (sin (0) + cos (0))?

+ (cos O+ sin 6) (cos 6 —sin 6) =0
=  (sin (6) + cos (6))

(1 + (sin (6) + cos (8)) + (cos 8—sin B)) =0
= (sin(B)+cos(6)(1+2cos =0
= (sin(f)+cos(B)=0and(1+2cos B =0
= (sin (£+9D =0andcos 0= 1

4 2
= (£+9)=nnand9=2n7ri(2—nj
4 3
= B:nn—zandezznn'i(z—”j,nel
4 3

28. We have sin? 6+ sin 6 cos 0+ cos’> =1

(N

U

(sin® 6+ cos® 6) +sin B cos 6= 1

(sin 8+ cos )(1 —sin B cos 6) +sin B cos O=1
(sin 6+ cos B)(1 —sin B cos 6) = (1 —sin O cos )
(sin 8+ cos O—1)(1 —sin Bcos B) =0

(sin @+ cos 6—1)=0and (1 —sin 6 cos 6) =0

(sin 8 + cos 8) =1 and sin (260) :%

(nfo+5])-on(2)

. (7
sin (20)—sm(6)

s (55

and 0= %(nn +(-1)" (%D ,where ne I

29. Given equation is

=

sin6+\/§cos0=\/§

lsin0+£cose=L
2 2

V2
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30.
31.
32.
33.
34.
35.
36.
37.

38.

= sin(9+£)—L
3) V2

= (0 +§j =nm+(-1)" (%)

= 9=nn+(—1)"(%)—§,ne[

Do yourself.
Do yourself.
Do yourself.
Do yourself.
Do yourself.
Do yourself.
Do yourself.
Given equation is

cos@+\/§sin9=200520

= l(:059+£sin6:cos 20
2 2
= cos(@—§j=cos 20

= (9—§j=2nn’i29
Taking positive one, we get

0= —(2717[ + E)
3

Taking negative one, we get,
= 0= 2nm + E, nel
39

Given equation is

\/g(COS 6 — /3 sin 0)=45sin26-cos 30
= 3cosO—3sin 6=2(sin 50 — sin 0)
= /3 cos O —sin 6 =2(sin 50)

= %cos@—%sinez(sin 56)

= sin(§—0)=sin59
- 59=nn+(—l)"(§—9j
when 7 is even
59:2kn+(£—9)
3
= 60:2kn+§

= 9=k—”+£,kel
3 18

39.

40.

41.

42.

43.

44,

45.

Trigonometry Booster

when #» is odd

59:(2k+1)n—(%—6)
= 40:(2k+l)7t—§

= g=k+DE- T kel
4 12

We have sin (0) = —%

= 0=-=
6

n
Hence, the principal value of 0 is (_E)

We have sin (0) = L

2

3r

= 9=£’_
4’ 4

Hence the principal value of 0 is %

We have tan (0) = -3

b4
= 0)=—-——
(6)=—3
Hence, the principal value of 0 is —% .
Given, tan 6=—1
=" 9 — 3_”, _Z
4 4
Hence, the principal value of 0 is —% .
. 1
Given, cos 0 =—
2
= 9 — E’ _E
373
Hence, the principal value of 8is —
. 1
Given, cos 0 =——
= 9 = 2_”’ _2_7[
3 3
_ . 21
Hence, the principal value of 0 is 3

Given, tan 0 = -3
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46.

47.

48.

49.

Hence, the principal value of 0 is _T.

3
Given, sec 0 =+/2 .

= cosf=

-

= QZE’_
4

|8

Hence, the principal value of 0 is r

. 1
Now sin () = E
3r
4
and cos (0) = L

= 9:2’
4

=

_n
4

= 0

Thus, the common value of 0 is STn' .

Hence, the general values of 0 is

(21171’ + 3—”)
4

We have sin(0) =—

S

= 922’3_7[
4" 4

Also, tan 6=—1

L g m
4 4

Thus, the common value of 0 is 3% .

Hence, the general values of 0 is (znn- + 377[), where
ne l

1
Given, cos @ =—
2

—Y 925,7_”
4" 4

and tan 6=-1

L g m
4 4

Hence, the general solution is

6=2n7r+77ﬂ,nel

2.23
. . 1
50. leen, sin @ =—
2
= 92252_”
3°3
and '[anG—L
NG
= 9:£’4l
3

51.

52.

Hence, the general solution is

0=2nﬂ+§,ne[

We have, (1 +tan 4) (1 +tab B) =2
= Il+tand+tanB+tanA4d-tan B=2
= tand+tanB=1-tan4-tan B

tan A +tan B _1
= 1—tan 4-tan B

= tanAd+B)=1
T
= tan(4+ B)=tan (Z)

= (A+B):n7t+(§],wherene 1

Given, tan (4 - B) =1

= (-p=227

Also, sec (A+ B)=

= cos(4+B)=

2|5 ol G+

= (4+B)=7,

Here, we observe that 4 — B is positive

So, A>B
= A+B>A-B
A+B:1—1£ A+B:1—1£
6 6
or 5
a-B=" | 4-B="
4 4
On solving, we get,
A=257T A=19_7r
24 24
197 | 7n
B=— =
24 24

General values of tan tan (4 — B) =1

is (A—B)=n7t+%,nel ()



2.24 Trigonometry Booster

56. Given equations are

2
General values of sec (4+ B) = Nl 3sin4+2sin? B=1 -.(1)
. and 3sin24-2sin2B=0 ...(i1)
is (A+B)=2nm + e nel ...(i1) From (ii), we get,

3sin24=2sin2B

On solving (i) and (ii), ¢
n solving (i) and (ii), we ge sin24 _sin 2B

4 =

/2
A=2n+m)—+
@Cntm=+—, 2 3
n Sz sin2B 3
B=Q2n-m)—-=— = =—
@n =m0 sin24 2
53. We have sin (7t cos 8) = cos (7 sin 6) From (i), we get
3. ., .2
= sin (7 cos 9)=sin(%—7‘csin 9) 5(2 sin“4) +(2sin"B) =1
42 = é(l— 24)+ (1-cos 2B) =1
=  (mcos 9)=(E—7rsin 9) ST eos cos 2B) =
1 3 cos 24+ cos 2B= >
= COS@Z(E—SiH 6) = 508 cossB =7
sin 2B sin 2B
 c0s O +sin 0=% = Sin2d cos 24 + cos ZBz—sin 24
| : . = sin2Bcos 24 +sin 24 cos 2B =sin 2B
= ——=cosf+—=sinf=—— = sin (24 +2B)=sin 2B
V2 V2 22 = sin (24 +2B) =sin (x—2B)
- cos(9+£)= 1 = (4+2)=(n=2B)
4) 22 = (4+4B)=n1m

Similarly, we can prove that,

cos (9 — E) = L
4 2\/5 57

54. We have tan (7 cos 6) = cot (7 sin 6)

= (4+2B)=Z=
2
. T
. Given, x+y=z and tan x +tan y = 1
T = tan(x+y)=t r
= tan(ﬂcos@)=tan(5—ﬂ:sin9) anfxrxy)=taniy

tan x + tan y

il el S |
= (ncos@):(g—nsinej l—tan x-tan y

U

| = l—-tanx-tany=1

=  cos(0)+sin (0)=— = tanx-tany=0
2 = tanx=0&tany=0

1 1 ing)=—— = x=nw=y
- V2 cos @)+ V2 s (0)= 2V2 Thus, no values of x and y satisfy the given equations.
T 1 Therefore, the given equations have no solutions.
= oS (G_Z):m 58. Given, sinx +siny =1 ...()
and cos2x—cos2y=1 ...(>10)

55. Given, sin 4 =sin B ...(1)
and cos 4 = cos B ...(>11)
Dividing (i) and (ii), we get,

From (ii), we get, cos 2x —cos 2y =1
= 1-2sinPx-1+sin?y=1

sind _sinB

. . 1
- = 51n2x—s1n2y=——
cosd cosB 2

= .13
tan 4 =tan B =  y=nm+(-1)"sin 1(—),
A=nn+ B,wherene [ 4

L




Trigonometric Equations
wheren € 1
. . 1
= sinx-siny=-——
)
Adding (i) and (iii), we get,
2sin x = 1
2

. 1
= sinx=—
4

=  x=nm+(-1)"sin”" (%), nel,
Subtracting (i) and (iii), we get
. 3
2sin y=—
)
sin y = 3
= y=7
n o -1 3
= y=nr+(-1)"sin (Z),nel
59. Given, sinx =2 siny

) .(27: )
= sin x = 2 sin T—x

. ( 3 1. )
sin x =2| —cos x + —sin x
2 2

=
= sinx=+/3cosx+sinx
=  Bcosx=0
= cosx=0
T
= x=(2n+l)5

when x=(2n+ 1)%, then y=nm —%

Hence, the solutions are

x=n+nE
2
,nel
— -2
Y 6
. 2r
60. Given, x+y:T and cos x + cos y =
3
Now cosx+cosy= 3
cosx+cos(2—ﬁ—x)—E
= 3 2

1 3. 3
= CcOSX——COoSX+——sinx=—
2 2 2

1 3. 3
= —cosx+—sinx=—
2 2 2

= cosx++3sinx=3

N | W

.. (i)

61.

62.

63.

2.25

It is not possible, since the maximum value of LHS is
2.

So, the given system of equations has no solutions.
Given equations are

rsin 0=3 ()
and r=4(1 +sin 6) ...(i1)
Eliminating (i) and (ii), we get
4(1 + sin O) sin 6=3
= 4sin’0+4sin6-3=0
= 4sin’0+6sin6-2sin0-3=0
= 2sin62sin 6+3)-1(2sin 6+3)=0
= (2sinf+3)2sinf-1)=0
= sin0=——,l
2°2
. 1
= sinf=—
2
L g_m ST
6 6
Given equations are
sinx+siny=1 ()
and cos2x—cos2y=1
Now, cos 2x —cos 2y =1
= 1-2sinx-1+2sin’y=1
= 2sin*x—1+2sin*y=0
= 2(sin’x —sin’ y) =-1
. . . . 1
= (sin x + sin y)(sin x — sin y)=—5
. . 1 .
= (smx—smy)=—5 ...(1i1)

On solving, we get
sinx=0,siny=1

= x=n7z’,y=(4n+1)§,ne]

Hence, the solutions are

X=nr

,nel
y=(4n+l)§

Given curves are y = cos x and y = sin 2x
Thus, sin 2x = cos x

2 isn x cos x = cos X
(2sinx—1)cosx=0
(2sinx—1)=0,cosx=0

LI I

U

=

1]
Nk
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64.

65.

Hence, the solutions are
(z ﬁj (5_7: _ﬁj (Z.0)(22.0)
6 b 2 b 6 b 2 b 2 b b 2 b
Given equation is
3
= cosx+cosy+cos(x+y)=—5
= 2(cosxtcosy)+t2cos(x+y)+2=1
x+y)cos(x_yj+4cosz(—x+y):1
2 2 2
= 4cos’ (H—yj+4cos(ﬂjcos(x+—yj+1=0
2 2 2
For real x and y,

16cosz(u)—l620
2
= Cosz(u)
2
2( X—Y
cos’| ——|[=1
= ( 2 )
- (5
2

= x=y
The given equation

+ - +
4cos2(x y)+4cos ) cos(x y)+1:0
2 2 2

reduces to 4 cos? (x) +cos (x) +1=0
= (2cosx)+1)72=0

= 4cos(

\4

1

1
= cos(x)=——
(x) >

= x=—=
3 y

Given equation is
8cosBcos pcos (B0+¢@)+1=0

= 200s9cos(pcos(0+<p):—%

= 4[cos (0+ @)+ cos(0+ @)cos(B+¢p)+1=0
= 4cos?(0+@)+cos(B+@)cos(O+@)+1=0
Forallreal 0 < 6, p <,

16 cos> (60— @)—16>0

= cos’(0-p)=>1
= cos’(0-p)=1
= 0-¢=0

= 0=9

when 0= ¢, then the equation

4 cos’ (0+ @) +4cos(B—@)cos(B6+@)+1=0
reduces to

= 4cos?(20)+4cos(20)+1=0

= (2cos(26)+1)*=0

66.

67.

68.

69.

Trigonometry Booster

= (2cos(2+1)=0

1
= 20)=——
cos (20) 2

= o=2Z
3
T
= 0O0=—=
3 o

We have tan 3x — tan 2x |

1+ tan 3x - tan2x
= tan(Bx-2x)=1
= tanx=1

= x:m-H_E,Wherenel
4

But the values of x do not satisfy the given equation.
Hence, the set of values of x is ¢.

Given equation is tan x + sec x =2 cos x

(1 +sinx) =2 cos’x

(1 +sinx)=2(1 —sin®x)

(1 +sinx)=2(1+sinx) - (1 —sinx)
(1+sinx)(1-2+2sinx)=0
(1+sinx)2sinx—1)=0

(1+sinx)=0and 2sinx—1)=0

teu sl

U

. . 1
smx=—lands1nx=5

hY/4

T T
= X=—y— —/—
2 6 6

/4 . . .
But x = B does not satisfy the given equation.

Thus, the values of x are % and 5?”

Hence, the number of solutions is 2.

Given equation is 2 sinx + 6 sinx —sinx -3 =0
= 2sin’x+6sinx—sinx—-3=0

= 2sinx(sinx+3)-1(sinx+3)=0

= (sinx+3)2sinx—-1)=0

. 1
= sinx=-3,—
2

. 1
= sinx=—
2
n St 13n 17n
= X=—y—
6 6 6 6
Hence, the number of values of x is 4.
Given
tan (x + 20°) = tan (x — 10°) tan x - tan (x + 10°)
= 200 (x—10°)tan (x +10°)
tan x
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70.

71.

sin (x +20°) cos x _ sin (x —10°) sin (x +10°)

cos (x +20°) sin x
— sin(x+20°)cosx+cos(x+20°)sinx
sin (x+20°)cos x—cos(x+20°)sin x
_sin(x—10°)sin (x+10°)+cos (x—10°)-cos (x+10°)

cos (x —10°) - cos (x +10°)

sin (x—10°)sin (x+10°)—cos (x—10°)-cos (x+10°)

sin (x+20°+x) _ cos (x+10°—x+10°)

- sin (x 4+ 20° — x) cos (x +10°+ x —10°)
sin (2x +20°)  cos (20°)

= sin (20°) cos (2x)

=  sin (2x + 20°) cos (2x) = —sin (20°) cos (20°)

= 2 sin (2x + 20°) cos (2x) = -2 sin (20°) cos (20°)

= sin (4x +20°) + sin (20°) = sin (40°)

= sin (4x + 20°) = —sin (40°) — sin (20°)

= sin (4x +20°) =-2 sin (30°) cos (10°)

=  sin (4xz + 20°) = —cos (10°)

= sin (4x +20°) = —sin (80°)

= sin (4x +20°) = sin (-80°)

= sin (4x +20°) = sin (7 — (-80°))

= (4x+20°) =(mr—(-80°))

= (4x+20°)=260°

= 4x=260°—-20°=240°

= x=60°

Hence, the smallest positive value of x is 60°
Given, sin? x + cos? y =2 sec? z

Here, LHS <2 and RHS >2

It is possible only when
sinfx=1,cos’y=1,sec’z=1
cos’x=0,sin’>y=0, cos’z=1
cos’x=0,sin’ y=0,sin’z=1
cosx=0,siny=0,sinz=0

6 uil

x=(2n+1)§,y=mn’,z=kﬂ:

where, n,m, ke I
The given equation can be expressed as
52 cos’x—1)+(1 cosx)+1=0

= 10cos’x+cosx—3=0
= (Scosx+3)(2cosx—1)=0
= (Scosx+3)=0,2cosx—1)=0
3
= cosxz—gzcosa,
cosx—l—cos (E)
= 2 3

a(r
= x=2nm+ o= 2nmxcos 1(?)’

T
= x=2n7ti§,neZ

72.

73.

74.

75.

2.27

Given equation is

4 sin* x + cos*x =1
4sin*x=1-cos*x

4 sin* x = (1 + cos? x) sin® x
sin® x (4 sin x —cos’x—1)=0
sinx=0, (5sin*x—-2)=0

Leuu

. . 2
= sinx=0, sm2x=§

. 2
= xznn,xznnia,azsml(\/;

Given equation is
4cos?xsinx—2sin>x=2sinx

= 41 -sin’x)sinx—2 sin>x =2 sinx

=  2(1-sin?x) sin x — sin? x = sin x

= 2sinx—2sin’x—sin’x—sinx=0

= sinx—-2sin’x—sin>x=0

= 2sin®x+sin?x—sinx=0

= sinx(2sin’x+sinx—-1)=0

= sinx=0,2sin x+sinx—-1)=0
. . -1£3

= sinx=0,sin x =

= sinx=0,sinx=1,sinx =-2

= sinx=0,sinx=1

= x=n7‘£,x=(4n+l)§,ne[

Given equation is
sin3x+cos2x=1

= sin3x=1-cos2x
= sinx(3-4sin’x)=2sin’x
= sinx(3-4sin’x-2sinx)=0
= sinx=0,(4sin x+2sinx-3)=0
—2+./4+48
= sinsz,sinx:T
. . —1+4J13
= sinx=0,sinx=——

4

J13 -1
4

= sinx=0,sinx=

£

= x=nﬂ,x=nﬂ+(—l)na,a=sinl( 2

Given equation is

2cos2x+/2sinx =2
= \/Em=2(l—c052x)
= 2. fsinx =4sin’x
= \/sm—x =24/2 sin’x
= fsinx (1-2v2sin¥x)=0
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76.

77.

78.

; . 1
= sin x =0, sin’?x=——

22

. . 1
= sinx=0,sinx=—

V2
W
= x=nx,n=nx+(-1) (Z),nel

Given equation is

3

. 3.
1+ sin’x + cos xzzsm 2x

= 1+ (sin’x+ cos’x) =3 sinxcosx
= 1+ (sin*x+cos’x)—3sinxcosx-1=0
=  (sinx +cos x + 1)(2 — sinx cos x — sin x — ¢cos x)
=0
= (sinxtcosx+1)=0
= sinx+cosx=-1
= ! sin x + ! cos !

—=sin X+ —=cos x=——=

V2 V2 V2
= sin(x+£)——L

4) 2

- (e ()

n\ =«

= x=nﬂ:+(—1)”(——)——,ne[
4) 4

Given equation is

. 7
sin®x + cos®x = —
= 1-3sin’xcos’x=—
16

= 3sin2xcos2x=1_l=2
16 16
= sinzxcoszx:i
16

=  4sin’x cos’x = Z

3
. 2

= sin“(2x) =—
()4

Given equation is

. 17
sin®x + cos®x = Ecos2 2x

. . 17
= (sin®x +cos*x)? = 2sin*x cos’x = Ecoszbc

79.

80.

81.

Trigonometry Booster

4

U

. . 1
(1—2sin’x cosz)c)2 —2sin*x cos*x = —200522x

(1-4 sin’x coszx) + 2 sin*x cos*

xX= Hcos2 2x
16

16(1 — 4 sin® x cos® x = 2 sin* x cos* x)

17(cos* x + sin* x — 2 sin? x cos? x)

17(1- 4 sin’ x cos? x)

32 sn*xcos*x+4sin*xcos’x—1=0

2 sin* (2x) +sin’2x—1=0

1+5
4
J5 -1

)
sin“(2x)=—
(2x) 2

L O

sin” (2x) =

U

|/

Py

. -1
= 2x=n7ri0(,0(=s1n1

4
= x:ﬂig,a:sin_l @
2 4

Given equation is

2 sin? x +2 = cos? 3x

2sin’* x+2=1—sin?3x

2sin* x+sin?3x+1=0
2sin*x+(3sinx—4sin’x)’+1=0
2sin*x+9sin?x —24 sin*x + 16 sinx+1=0
16 sin®x —24 sin*x +2sin x +9sin>x+1=0
sin x =—1

teusis sl

x:(4n—l)§,nel

U

Given equation is
cos 4x = cos? 3x
= 2co0s’2x—1=cos?3x
= 2co0s’2x=1+cos?3x
It is possible only when
cos’2x=1,cos?3x=1
It is true for x =0
Hence, the solutionisx=nm, ne I
Given equation is
cos 2x = 6 tran®> x — 2 cos® x

)
sin“x
2cos’x—1= 6(—2j —2cos’x
cos“x

U

2 cos*x—cos’x=6-6cos’x—2 cos*x
4cos*x+ 5cos?x—6=0
4cos*x+8cos?’x—3cos?x—-6=0

4 cos?x (cos?x +2)—3(cos’x+2)=0
(4 cos’x—3)(cos?x+2)=0
(4cos’x—-3)=0

C052x = é
4

AR

|/

/4
x=ngt—,nel
6’
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82. The given equation can be written as

(2 sinx — cos x)(1 + cos x)

= (1 —cos x)(1 + cos x)
(1+cosx)(2sinx—cosx—1+cosx)=0
(1+cosx)2sinx—1)=0
cosx=-1,sinx=1/2

U

=—1]1= r:sinx—l—sin( j
- 1= A == _
COS x CcoSs

= x=2nr=Lm, x=n7r+(—1)"%,n€z

83. Given equation is

2sin’x+sinx—1=0
-1+3 1
2

= sinx=

. 1 .
= sinx=—,sinx=-1
2
n Sm 3r;
X=—
6 6 2

84. Given equation is
S5sin?x+7sinx—6=0

=

= 5sin’x+10sinx-3sinx-6=0
= Ssinx(sinx+2)-3(sinx+2)=0
= (5sinx-3)(sinx+2)=0
= (5sinx-3)=0,(sinx+2)=0
= (Ssinx-3)=0

. 3
= S x =—

5

.13
= x=nn+(-1)"o,a=sin 1(5)
Hence, the solution is
.. (3) . (3)
x=sin" | —|,mr—sin" | =
5 5
85. Given equation is

sin’x — cos x = —
4

= 4sin’x—-4cosx—-1=0
= 4-4cos’x—4cosx— 1=0

= 3-4cos’x—4cosx=0
= 4dcos’x+4cosx—3=0
-4+8 1 3
= cosx= =—,—=
8 2 2

1

= cosx=—

2

T 5w

= X=—,—

3°3

86. Given equation is
tanx—2tanx—-3=0
= (tanx-3)(tanx+1)=0

87.

88.

89.

2.29

(tanx—3)=0, (tanx+1)=0
(tanx—3)=0, (tanx+1)=0
tanx=-1,tanx =3

=
=
=
T -1
= x=n7r—z,x=n7t+a,a=tan 3)
Given equation is
2cos’x —~f3sinx+1=0
2-2sin’x—3sinx+1=0

|/

= 3—25in2x—x/§sinx=0
= 2sin2x+x/§sinx—3=0

3427 _ 3433
4

4

= sin x =

3
= Sin X =——
2
= x=nn+(—l)”(%),ne]

The given equation can be written as
(sin x + sin 5x) + sin 3x =0

= 2sin3x-cos2x+sin3x=0
= sin3x(2cos2x+1)=0
= sin3x=0,cos2x=-1/2
= sin3x=0, cos 2x =cos (2777)

_ 2
= 3X*I’l7l', szznn'iT,}’IEZ
= xzﬂ,xznﬂiﬁ,neZ

3 3
= x=0,£
3

Given equation is
€0S X — cos 2x = sin 3x

D (3x) . (x . [ 3x 3x

=  2sin (—j sin (—) =2sin (—) cos (—)

2 2 2 2
=  2sin (3—xj(sin (E) —Cos (3—)6)) =0

2 2 2
=  sin (3_)() =0, [sin (ﬁj —Cos (3_x)) =0

2 2 2

when sin (%j =0

Then 3_x =nr
2
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= (3_X\J:2nﬂi(£_£j
2 2 2
Taking positive sign, we get,

2x:2n7r+£
2

/4
= x=nw+—
4
Taking negative sign, we get,
i1
x=2nmw — 5, nel

90. Given equation is
sin 7x + sin 4x + sin x = 0

= (sin7x+sinx) +sin4x=0
= 2sindxcos3x=sin4x=0
= sin4x(2cos3x+1)=0
= sin4x=0,(2cos3x+1)=0
. 1
= sm4x=0,c0s3x=—5
= 4x:n7r,3x:2rz7ri2?7r
nrw 2nw | 21
= x=—,x=—-=*— nel
4 3
Hence, the solutions are
2
io0 R
9 42

91. Given equation is

. [ 3x . (x
cos 3x + cos 2x = sin 7 + sin 5

(5 oo (52 weos[ 5]
= 2cos| —|cos| —|=2sin xcos| —
2 2 2
S5x . X
= 2(005(—)—sm xj cos (—)=0
2 2
(e[ )-sm)=0.eos )
= 2|cos|— |—sinx |[=0,cos|—[=0
2 2

92.
93.

94.

95.
96.

Trigonometry Booster

= xz?i(n—Zx),x=(2n+l)n'

4
= xz%”i(fr—Zx),xz(zn—irl)n'

n n 3n 1370 177 7n Sm 297
1 X=——\ — — W\ — — — ——

5757157157 573715
Do yourself.
Given equation is
cos 2x + cos 4x =2 cos x

= 2cos3xcosx=2cosx
= (2cos3x-1)cosx=0
= (2cos3x—1)=0,cosx=0
1
= cos3x=5,cosx=0
2 2
= 2= on+nE
3 9 2

Given equation is

sin2x + cos 2x +sinx+cosx+1 =0
= (1 +sin2x) + (sinx + cos x) + cos 2x =0
(sin x + cos x)* + (sin x + cos x)
+ (cos?x —sin*x) =0
(sinx+cosx)(2cosx+1)=0
(sinx+cosx)=0,(2cosx+1)=0

iy

1
= tanx:—l,cosx:—g

2
= x=n7z’—%,x=2nn’i7ﬂ,nel

Do yourself.
Given equation is
tan 3x + tan x =2 tan 2x

sin4x  2sin2x

cos3xcosx  cos2x

2 sin 2x cos 2x 2 sin 2x

= =
cos 3x cos x cos 2x
. cos 2x 1
= 2sin 2x — =0
cos3xcosx cos2x

~  2sin2x=0 02 __ 1
cos3xcosx cos2x
sin 2x =0, 2 cos? 2x = cos 4x + cos 2x

sin 2x =0, 2 cos? 2x =2 cos? 2x — 1 + cos 2x

iy



Trigonometric Equations

97.

98.

99.

= sin2x=0,cos2x=1
= 2x=nm 2x=2nw

nw
= x=7,x=n7r,nel

Given equation is
(1 —tan x)(1 + sin 2x) = (1 + tan x)

2 tan x
—2j=(1+ tan x)

= (I-tanx)|1+
1+ tan“x

(1 —tan x)(1 + tan x)> = (1 + tan x) (1 + tan? x)
(1 —tan? x)(1 +tanx) = (1 + tan x) (1 + tan 2 x)
((1 —tan? x) — (1 + tan? x))(1 + tan x) =0

tan® x(1 + tanx) = 0

tan?x=0, (I +tanx) =0

tan?x =0, tanx =4

L Leuusl

V4
xznn,xznir—z,ne[

Given equation is

sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x + cos 3x

= (sin 3x + sin x) — 3 sin 2x = (cos 3x + cos x)
—3 cos 2x

=  2sin2x cosx — 3 sin 2x =2 cos 2x cos x
—3 cos 2x

=  sin2x (2 cosx —3) =(2 cos x — 3) cos 2x

in 2
- x(2c0sx—3)=(2cosx—3)
cos 2x
sin 2x
= =1
cos 2x

= tan2x=1

T
= 2x=n7t+z

= =Ty E, nel
2 8
The given equation can be written as
(2 sin 2x - sin x) 2 sin 4x — sin 3x =0
2(cos x — cos 3x) sin 4x —sin 3x =0
2 sin 4x cos x — 2sin 4x cos 3x —sin 3x =0
(sin 5x + sin 3x) — (sin 7x + sinx) —sin 3x =0
(sin 7x — sin 5x) + sinx =0
sinx (2cos6x+1)=0
sinx =0, cos 6x=-1/2,

L A

U

sin x =0, cos 6x =cos (2771)

U

2
x=n7t,6x=2n7riTﬂ,neZ

= x=nﬂ:,x=(3nil)g,neZ

100.
101.
102.

103.

105.

106.

107.

2.31

Do yourself.

Do yourself.

Given equation is

sin 4x sin 2x = cos 6x — cos 2x
sin 4x sin 2x = -2 sin 4x sin 2x
3 sin4xsin 2x=0

sin 4x =0, sin 2x =0

dx=nm 2x=nn,ne |

Leuy

U

x=—,x=—,nel
4 2

Given equation is

secxcosSx+1=0

cos Sx +cosx=0

2 cos (3x) cos (2x) =0

2 cos (3x)=0,cos (2x)=0

cos (3x) =0, cos (2x)=0

L A

3x=(2n+l)§,2x=(2n+l)%,ne[

= x=(2n+l)%,x:(2n+l)%,nel

Hence, the solutions are

Given equation is
cos (6x) cosx =1
=  2cos (6x)cosx=-2
= cos7x+cosS5x=-2
It is possible only when
cos (7x) =—1, cos (5x) = -1

= x=(2n+l)§,x=(2n+l)%,ne]
The given equation can be written as

2 sin?x — 5 sinx cos x — 8 cos® x
=-2(sin? x + cos? x)

= 2tan’x-5tanx—-8=—(tan’x + 1)
= 4tan’x—Stanx—-6=0
= (tanx-2)(4tanx+3)=0

3
= tan x=—-2,tan x = ——
= x=nn+o,x=nr+ 3, where

3

=  q=tan"'(2), B=tan’ (_Z) ,n€ Z.

Given equation is

5s8in®>x—7 sinx cos x + 10 cos’> x =4
5tan’x — 7 tanx + 10 =4 sec® x
S5tan?x—7tanx+ 10=4 + 4 tan® x
tan?x—7tanx+6=0

(tanx—1) (tanx—6)=0

tanx=1,6

L Leuul

n _
X ST+, XA+ 0, 0= tan 1(5)
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108.

109.

110.

Given equation is
2sin’x—5sinx cos x — 8 cos?x =-3

= 2tan’x—-5tanx—8=-3sec’x
= 2tan’x—-S5tanx—-8=-3 -3 tan’x
= Stan’x—-5tanx—-5=0
= tan’x—tanx—-1=0

1+£+/5
= tan x = 2\/_

= x=n7t+a,a=tan_l(li\/§)

2
Given equation is
sin® x cos x + sin? x cos®> x + sin x cos*x =1
sin x cos x [sin? x + sin x cos x + cos®> x] = 1
sinx cosx [1 +sinxcosx] =1
2sinxcosx[2+2sinxcosx]=4
sin (2x) (2 + sin (2x)) =4
sin? (2x) + 2 sin 2x) —4=0

—2+420
2

| A I A

u

sin (2x) =

-2+
= sin(2x)=2_—Ng=—1iJ§

It is not possible.

So, it has no solution.
The given equation can be written as

1+ ,2 = —l(l +tan’ (z)j
sin x 2 2

= 2(sinx+2):—(1+tan2 (g)j sin x

2tan§ . 2 tan >
= 2| ——=—+2 ——(l+tan2—)- 2
1+tan25 2 1+tan2§
2t 5 2t
= 2 =—(1+¢t) X s
(1+t2 ] A+ (l+t2)

where 7 = tan (x/2)
P+2°P+3t+2=0
F+e+2+1+2t+2=0
@+ D)@FE+t+2)=0
t+1=0,2+t+2=20

(51w

X T
—=ng——,ne’l
2

L A

U

= x=2n7t—%,neZ.

11. Given equation is

(cosx—sinx)(2tanx +secx)+2=0
= (cosx—sinx)2sinx+1)+2cosx=0

112.

113.

Trigonometry Booster

R 1-tan®(x/2)
1+tan®(x/2) 1+tan>(x/2)

a2
49 1 tanz(x/2) _
1+tan”(x/2)
X .
Put tan (E) =t and then solve it.

Given equation is

.3 X 3 X
sin” — —CoS™ —
2 2 _COSX

2 +sin x 3

[ (5)-eos (5 )+

2+sin x

= (5)-e(3)

B 3

3 ( (xj . x)
= ——=|cos|—|+sin—
2 2 2

It is not possible.
So, it has no solution.
Given equation is

= cot| —|—cosec| — [=cot x
2 2
cos( )—1
2

—Z4—=cotx
sin(x
2
2s1n2(x) —sm( ]cotx
= (2s1 (;)+cotx)sm( )=0
(251n(xj+cotx) 0, sm(x):O
2 2

when sm( ): 0
2

=

= x=2nmnel

when (2 sin (ij + cot x) 0
2sin ( )

[\

COS X

sin x

(=5 (5)

2tan (x/2) 4tan (x/2) +l
1+tan’®(x/2)

" =B
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= 4 sin” (2) cos (ﬁ) + cos’ (i) —sin? (i) =0
2 2 2 2
=  cos’ (ﬁj +4sin? (Ej cos (f) —sin? (f) =0
2 2 2 2
For all real x,
16 sin* (5) + 4 sin’ f) >0
2 2
=0

= 4 sin* (f) +sin? (f)
2 2

=  sin (fj =0
2

= x=2nmnel
114. Given equation is
sin (8 + &) = k sin (26)
=  sin Ocos o+ cos Osin o= k sin (26)

2 tan (Qj 1- tan? (9)

= 2 2
1+ tan? (0) 1+ tan? (0)

2 2
2 tan (Gj 1- tan? (9)

2% 2 2
1+ tan? (0) 1+ tan? (0)

2 2

cos o + sin o

20 \(1-¢2
:Zk.
(1+t2j(1+t2]

= 21+ £)cos o+ (1+)sin =4kl -7)
= (sin o)t — (4k + 2 cos o)
+ (4k—2cos )t=sin a=0

Letz, 1, t, and ¢, be its four roots

4k + 2 cos o
h=—T—"=35
sin o
Iht,=0=s,
2cos o — 4k
Zt1t2l3 = =53
sin o
sin o
Tttty =— =-1=s5,

sin o

115.

117.

2.33

Now, tan (0,+02+03+04) 51— 5
I—s,+5,
- (0+02+93+04)=°°
2 2
- (01+92+03+94):m+(£)
2 2

= (6,+0,+6,+0)=Q2n+mnel
Let sinx+cosx=t

21

= sinx-cosx=

So, the given equation can be reduces to

t_zﬁ(tz—l):
= 2P -1-\2=0
=  (2t+1)(t-~2)=0

1
= t:f’_ﬁ
When sin x + cos x = /2
1 1
NN

. T . T
= sm(x+—)=1=s1n(—j
4 2

:n7r+(—l)”§,n€ z

= sin x + cos x =1

niw
= x+—
4

When sinx +cosx= ———

V2

=

I . 1
—=sin x +—=cos x = ——
V2 2

. ( n) . ( nj
= sin|{ x+— |=sin| ——
4 6
= ()

= xznn—(—l)”z—g,nez
6 4

Given equation is
sinx + cos x = 1 —sin x cos x ...(1)
Putsinx +cosx=¢

2-1

= sinx-cosx=



2.34

118.

119.

Now, equation (i) becomes

2_
t:l—t 1
2
= 2t=2-r+1
= £+2t-3=0
= @+3)(-1)=0
= @+3)=0,t-1)=0
= sinx+tcosx=1,sinx+cosx=-3
= sinx+cosx=1
= Lsin)chLcosx—L
N RN RN
= sin(x+£)—L
4) 2

= x=nn+(—l)”(£)—£,ne[
4 4
Given equation is
. 3. .
1+ sin’x + cos’x = Esm 2x (1)

= 1+ (sinx+ cosx)(1—sinx cosx)=23sinx cosx
Put sin x + cos x =¢

-1

= sinx.cosx=

Now, equation (i) becomes

2
£-1) 3 ,
1+¢[1- =2 -1
( 2)2( )

= 2+13-AH=30r-1)
= 2+3t-£-3£+3=0
= 3t—-Ff-3#+5=0
= F£+3£-3t-5=0
= P+P+2P+2t-5t-5=0
= P+t 1)+2t+1)-50r+1)=0
= (F+2-5@C+1H)=0
2+
= t:_l’tzz_—m
2
—-2++/24
= sinx+cosx=—1,T\/_
= sinx+cosx=-1
1 1 1

= —=sinx+-—=coSx=———

V2 V2 V2
= sin(x%—%):—%

= x=nn+(—1)"(—%)—%,ne]

Given equation is
sin 2x — 12(sinx —cos x) + 12=0

120.

122.

Trigonometry Booster

2sinx cosx—12(sinx—cosx)+12=0
sin x cos x— 6(sinx —cosx) + 6 =0 ...(1)
Putsinx +cosx=¢

21

= sinx-cosx=

Now, equation (i) becomes

2_

= 2l v6=0

= £-1-12t+12=0

= £-12t+1=0

= (-DE-1)=0

= =1,1

= sinx+cosx=1

= sin(x+£}—L
4) 2

= x=nﬂ+(—1)"(£)—£,ne]
4) 4
Hence, the solution are
x=0,% 21
2

The given equation can be written as
sin 6x + cos 4x =2
=  sin 6x=-1 and cos 4x = -1

= sin 6x = sin 3m ,cosdx=cos

= 6x=2n7r+37n-,4x=2n77:+ﬂ,neZ

nw nw
= X=—+—x=—+—
3 4 2 4

St Tr 1l=n

x__:_a_’
= 4747127 12
7w 3n Sn Ixn

,neZ

5

X E——,—,—, ...
4" 4 4 4
T 5w
= XxX=—,—
4" 4

Hence, the general solution will be,

5
= x=2n7r+£,2n7r+—7r,neZ
4 4
= x=2nn+%,(2n+l)n+§,nez

T
= x=m7z'+z,meZ

Given equation is
sin*x =1+ tan® x
It is possible only when
sin*x=1,tan®x=0
= sinx=1,tanx=0
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123.

124.

125.

126.

T
= x:nniz,x:nn,ne[

There is no common value which satisfies both the
above equations.
Hence, the equation has no solution.
Given sin® x + cos’ y =2 sec? z
Here, LHS <2 and RHS >2
It is possible only when
sinfx=1,cos’y=1,sec’z=1
= cos?x=0,sin’y=0,cos’z=1
= cos?x=0,sin’y=0,sin’z=1
= cosx=0,siny=0,sinz=0
12
=4 x:(2n+l)3,y=m7r,z=k7r

where, n,m, ke I
Given equation is

sin3x +cos2x+2=0
It is possible only when

sin 3x =-1, cos 2x =1

= 3x=—,2x=7
2
T T
= X=—,xX=—
2 2

Hence, the general solution is
T
x=2nmw + 5, nel

Given equation is cos 4x + sin 5x = 2
It is possible only when
cosdx=1,sin5x=1

= 4y=2nm, 5= (4n + 1)%

2
= x=2 x=(n+)Z
4 10

Thus, x :% satisfies both
Hence, the solution is
x=2m+ L =(n+ )= nel
2 2

The given equation can be written as

81+\cosx|+cos2 x+\cosx\3 +cos4x+\cosx|5 +---t0o0 __ 82

= 1+ |cos x|+ cos?x + |cos x|* + cos* x + |cos x|° +
.. t00=2

1

= @ —— =2
1—|cos x|

1
= cosx=t—
2

When cos x =

N | —

=

1
When cos x = —5 =cos (—j

=

/1
Hence the values of x are i?’ +

5)
COS X =Cos| —
3

x=2nni§,nez

2r
3

2
x=2n7ri?n,neZ

2
3

127. Given equation is

=

/4
Hence the values of x are +— +
3

21+\cosx\+cosz)c+\cosx\3+cos4x+|cosx|5 +-++t0oo __ 4

2]—\closx\ =4= 22
1 —_—
1—|cos x|
1—|cos x| :l
2
1 1
|cos x|=1—-—=—
2 2
1
cos x =*—
2

2r
3

128. Given equation is

=

l+sin6+sin29+~~-:4+2x/§

1
——=4+23
1—sin @ \/7

1
l-sinf=—+
4423

sinf=1- I

44243

1 2-\3 3
2

sinf=1-—

4+243 2

9=nﬂ+(—1)”(%),n el

129. Given equation is

=

=
=

sinx—3sinx+1

|cos x| 2 2=1
. 3. 1
(smzx——sm X +—jlog |cos x|=0
2 2

(2sin’x—3 sinx + 1) log |cos x| =0
(sinx—1)(2sinx—1) log|cos x| =0

2.35
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130.

131.

= (sinx—1)=0,(2sinx-1)=0, log |cos x| =0

. . 1
= smx=1,smx=5,log\cosx|=0
. 1
= sinx=—,|cosx|=1
2
. 1
= smx=5,cos=1,cosx=—1

= xznn'+(—1)"(%),x=2nn’,x=(2n+1)ﬂ

Given equation is
esinx _ e—sinx _ 4= 0

= t—;—4=0,t=esmx
= F-4-1=0

= (t-20¢=5

= t=2+45

S PN

=  sinx=log,(2+/5)
= sinx=10g6(2+x/§)

= sinx=10g6(2+\/§)>1

It is not possible
So, it has no solution.
We have

e[sin2x+sin4x+sin6x+- --toeo]log, 2

sinx
— e(l—coszx]logez — etanleogEZ — Ztanzx
¢ 2
Let @=2"""
Thus,a> —9a+8=0
= (a-1)a—-8)=0
= a=1,8

when a = 1, then ztanzx =1=2°

= 2tan2x=1=20

= tan’x=0

= x=nmnel

when a = 8, then 2““‘2'*:8:23

= tan’x=3

= tanxzx/g

Now CoS X

" cos x +sin x

B 1 1
l+tanx /341
_(B-1

2

132.

133.

134.
135.

Trigonometry Booster

Given equation is
log tanx+log, cotx=0

sin x COoS x
+ 10gsinx . =0
0S X s x

= logcosx ( c

= log,, (sinx)+log, (cosx)=2
It is possible only when

sin x = cos x
= tanx=1

= X =—
4
Given equation is

. 2 i .2
3sm2x+2005 x+ 31 sin2x+2sin X _ 28

. 2 o _ 2
= 3sm2'c+2cos x+ 31 sin2x+2—2cos X _ 28

sin2x+2cos2x 33
= 3 +———— =28
3sin2x+2c0s X

= a+ 2 — 28, a= 3sin2x+200s2x
a

= ad-28a+27=0

= (a-2N)(a-1)=0

= a=27,1

when a =27, then 3sin2x+200s2x — 33

= sin2x + 2 cos?x =3

= sin2x+1+cos2x=3

= sin2x+cos2x=2

It is not possible.

: 2
when a = 1’ then 3sm2x+2cos X _ 30

sin2x+2cos’x=0
sin2x+1+cos2x=0
sin 2x + cos 2x = —1

LU

| 1
—sin 2x + —cos 2x = ———

V2 V2 V2

sin (Zx +£) = —L
4) 2

= (2x+%)=n7‘c+(—l)” (—%)

U

> =y (-E)-E e
2 8 8
Do yourself.

Given equation is

X . 1
2 cos? (—j sin’x = x> + —
2 X

Here, LHS < 2 for 0<x<%

and RHS>2
So, it has no solutions.
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136. Given equation is = 1-2sinxcosx=~7
2, = 2sinxcosx=(1-7)
2 cos’ [x_6xj =242 (i) reduces to (1 — ) + 12 =121

= (1-A=12¢-1)

It is possible only when x =0 = (+DHir-1D)=-12(t-1)
Hence, the solution is x = 0. = (-D@E+1+12)=0
= @-D@E+13)=0
= t=1,-13
‘fl’ft III when =1, then sin x —cos x =1
1 1 1
1. The given equation is = —=Sin x ——=Ccos X |=—=
s . (F e gs)-
Ser—COSGCx=§ ) ( n_j ) (7‘[)
= sin|x——|=sin|—
4 4
1 1 4
- Tsinx 3 /4 /4
cosx sinx 3 - (x——)zmr+(—l)" (_j
=  3(sinx—cosx)=4sinxcosx ...(0) 4 4
Put (sin x — cos x) - -
= 1-2sinxcosx=7¢ = x:nﬂ+—+(—1)"(—),n€1
4 4
. 1- ¢ _
= sinxcosx= when 1=-13
sinx —cos x =—13
. 1—42 It is impossible, since the maximum value of
(1) reduces to 3t =4 (sin x — cos x) is V2
= 3t=2(1-7) 3. The given equation is
- 2£+3t-2=0 |sec x + tan x| = [sec x| + |tan x|
= 28+4t-t-2=0 = secx-tanx=0
= 2(t+2)-(t+2)=0 sinx>0
_ = >
= (1+2)2t-1)=0 cosZx
= t=l,_2 = sinx>0,cosx#0
2
| =  xelo, n]—{f}
when ¢ =— 2
2 T /4
. 1 = xe[O,—)u(—,n’}
= s1nx—cosx:5 2 2
1 1 1 : . T b3
L odin o — —— - Hence, the solution set is [0 —)u(— n}
= sin x cos x |= > ) )
(\/5 V2 j 02 2) 72
- 1 4. The given equation is
= sin(x——)z—
4) 22 =  sin (£)+cos (l):—n
2n 2n

= (x - %) =nm+(-1)"-sin”’ (ﬁ) 1 . (=« 1 27T Jn
’ 1 ﬁsm (E)-‘:-ECOS (Zj: 2\/5
= x:(%-‘rl’lﬂ'"f‘(_l)n'sin_l (—)j,nel

T T \/;
when 1 = -2

PN
= sinx—-cosx=2

L . . . It is satisfied for » = 6 only.
It is impossible, since the maximum value of . L .
. ) 5. The given equation is cos 2x + a sinx =2a—7
(sin x — cos x) is V2.

= 1-2sin’x+asinx=2a-7
2. The given equation is = 2sin*x—asinx+(2a-8)=0
sin 2x + 12 =12 (sin x — cos x)
Put (sinx —cosx) =t




2.38

o at+la’>=16(a—4)

Sin x =
4
. ai\1a2—16a+64
= Sin x =
4
+(a-8)
L ogin g 2EN@-8
4
+ (g —
o gipgo2E@=8)
4
= sinx=2a_8,2

. a—4
= sinx=——
2

= —1s(a_4)31
2

= -2<(@-4)<3

= 2<a<6

= ae[2,6]

The given equation is
sin'® x —cos'®x =1

It is possible only when sin x =1, cos x =0

Hence, the general solution is

T
x=n7t+3,nel

The given equation is

. 29
= sin'x + cos'x = Rcos42x

1-cos2x) (1-cos2x) 29 4
2 + 2 =—-cos 2x

2 2

= —(1+10 cos’2x +5 cos42x) = —9c0s42x
32 16

= (1+10cos®2x+ 5 cos* 2x) = 29 cos* 2x

= 24cos*2x—10cos?2x—1=0

=  (2cos?2x—1)(12cos?2x+1)=0

= (2cos?2x—-1)=0, since (12 cos’2x + 1) #0

1

=  cos’2x=—

= 2cos?2x—1=0

= cos4x=0

4x:(2n+1)§,nel
= x:(2n+1)%,nel

Hence, the solution is x = (2n + l)%, nel.

8.

10.

Trigonometry Booster

The given equation is

§1n X— §1HX+1
|cos x|

=1
3 1
= (smzx ——sin x + )log |cos x| =
2 2
) 0, log|cos x|=

( , 3 1
= Sll’l x——smx+
2 2

when (smzx - Es1n X+ ) 0
2 2

= (2sin’x-3sinx+1)=0

= (2sin’x-2sinx-sinx+1)=0
= 2sinx(sinx—1)—(sinx—1)=0
= (2sinx—1)(sinx-1)=0

= (2sinx—1)=0,(sinx—1)=0
=

sin x=—,1

sin x = —, since|cos x| =

U
|~ =

= x=nﬂ+(—l)”(%),ne]

when log |cos x| =0

= log|cosx|=1log 1
= Jcosx|=1

= cosx==l1

when cos x =1

= x2nr
when cos x = -1
x@2n+Or

Hence, the solution is
x =207, 2n + 1)1, n7t + (=1)" (%) nel

It is possible only when

cos(my/x —4)=1and cos(ﬂ\/;) =1
x=4andx=0
x = 0 does not satisfy the equation simultaneously.
Hence, the solution is x = 4
Therefore, the number of solution is 1.
The given equation is

x* — 2x?sin? (%)x +1=0

2
(xz —sin’ (E) x) +1-sin* (E)x =0
2 2

It is possible only when

(xz —sin? (2) xj =0,1-sin* (zjx =0
2 2

when 1 — sin* (%)x =0
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11.

12.

13.

14.

= sin? (E)x =1
2
=  sin? (E)x = sin’ (E)
2 2
= (ij =nr* (zj
2 2

= x=Qnxl),nel

when (xz —sin? (E) x) =0
2
=  x’=sin? (ij
2

= x*=1
= x=l
Hence, the number of solutions is 2.
The given equation is
cos*x+tacos’x+1=0 ...()
Let cos’x=1
Then ¢ € [0, 1]
(i) reduces to # +at+1=0.
since it has at-least one real root in [0, 1], s0 a> -4 =0
and1+a+1<0
= l|a/=22,a<-2
= a22,al-2;a<-2
= as-2
= a€ (—oo,-2]
The given equation is
tan*x — 2 sec?x + b*=0

= tan’x=2 (1 +tan’x) +b*=0
= tan*x-2tan’x+1=3-p?
= (tan’x-1)>=3-5

= @B-b)=(tan’x-1>20

= (G-0=0

= <3

=

b <3
The given equation is
x?+4+3sin (ax + b) = 2x
= (P?-2x+1)+3+3sin(ax+5b)=0
= (x-1)*+31 +sin(ax+b))=0
It is possible only when
(x—1)=0, (1 +sin (ax + b))=0
= x=1,sin(ax+b)=-1
= sin(a+b)=-1

= (a+b)=(4n—1)%,ne[

=  (a+b)= 3_”’ Iz
272
The given equation is

|+ =4
= 4<xy<4
= <4, <4

15.

16.

17.

2.39

2
Also, sin [ﬂij =1
2

2
= [ﬂjzmnﬂ)f,ne[
2 2

= xX=@Un+1)

= x*=1

= x==I

Then [y|=4-1=3
y::i:3

Thus, the possible ordered pairs are
1,3),(1,-3), (-1, 3), (-1,-3).
The given equation is
1og‘cosx‘ |sin x| + log‘sinx‘ |cos x| =2
It is possible only when
|sin x| = |cos x| # 1
= |tanx|=1
. sm Tn
4 4 4
Hence, the number of values of x is 8.
The given equation is
tanx +secx=2cosx

/4
= x=*x— =+
4

sin x +1
———=2cosx

cos x
sinx+1=2cos’x
I +sinx=2(1-sinx) (1l +sinx)
(1+sinx)(1-2+2sinx)=0
(1+sinx)=0,2sinx —1)=0

L A

. . 1
smx:—l,smx:E

5w
6

U
=
I
|

b4
s X=—,
2 6
T Sw

= x=—,—
6 6

Hence, the solutions are {%, 5?7[} .

The given equation is
2sin*x+5sinx-3=0

= 2sin’x+6sinx—sinx—3=0
= 2sinx(sinx+3)—(sinx+3)=0
= (sinx+3)(2sinx—-1)=0
= (sinx+3)=0,2sinx—-1)=0
= 2(sinx—-1)=0
. 1
= sinx=—
2
n St 1ln 17x
= X=— =
6 6 6 6

Hence, the number of solutions is 4.
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18.

19.

20.

The given equation is

5cos(20) +2 cos? (g) +1=0

= 5Q2cos?0-1)+(1+cosB+1=0
= 10cos?O+cos0-3=0
= 10cos?0+6cosO—-5cos0-3=0
= 2cosB(5cosO+3—-1)(5cosB8+3)=0
= (2cosO@-1)(5cos08+3)=0
= cosezl,cosez—3

2 5

1
When cos 8 =—

2
Then@z—z,z

3°3

When cos 6 = —%

Then 6= r +cos”! (_E)
2 5

and I cos™! [—E)
2 5

Hence, the solutions are

0= iz, 2 4 cos™ (—E), I cos™ (—g)
3°2 5 2 5

The given equation is

2(sinx —cos 2x) —sin 2x (1 + 2 sinx) +2 cos x =0

= 2sinx—2cos2x—2sinxcosx
—sin2x+2cosx=0

= 2sinx (1 -cosx)+4cos’x
—4cos?x—2cosx+2=0

= 2sinx (1 -cosx)+4cos’x(cosx—1)
-2 (cosx—1)=0
= (cosx—1)4cos’x—2-2sinx)=0
= (cosx—1)2sin’x+sinx—1)=0
= (cosx—1)sinx+1)(2sinx—1)=0
. . 1
= cosx=1,smx=—1,s1nx:5
= x=2nm, (4n— 1)%, n + (~1)" (5)

6

The given equations are

x cos® y +3x cos y sin? y = 14,
xsin®y +3x cos?ysiny =13
Adding and subtracting, we get,

x(cos y + sin y)* =27 ...()

x(cosy—siny)’=1 ...(i1)
Dividing (ii) by (i), we get,

N

(cos y +sin y) — 97
(cos y —sin y)3
(cos y +sin y) _3

(cos y —sin y)

21.

22.

Trigonometry Booster

1+tany_3
1—tan y

1
= tanyzz

(1
= y=tan 5

(1
Put the value of ¥ = tan™' (5) into (ii), we get

= =1

(&%)

(%)
= x=5/

Hence, the solutions are
1
x =5+/5 and y=tan"! (Ej

The given equation is 4 sin* x + cos* x =1

5 sin* x + cos* x = (sin? x + cos? x)?

4 sin* x + cos* x = sin* x + cos* x + 2 sin’ x cos® x
3sin*x —2sin’x cos?x =0
3sin*x—2sin>x+2sin*x=0
Ssin*x—-2sin?x=0

sinx (5sinfx—-2)=0

sinfx=0, (5sin>x-2)=0

I
—_

-

R

. . 2
sin x =0, sin’x = g

.1 |2
=  x=nn,nx o, where a =sin 1(\/;

The given equation is
sin*x+cos*x+sin2x+a=0
= 1-2sin’xcos’x+sin2x+a=0

U

1. .
1- 5(4 sin®x cos®x) +sin 2x + a =0

U

1, . .
I—E(sm 2x)* +sin2x+a=0

2 —(sin2x)*+2sin2x+2a=0
(sin 2x)* + 2 sin 2x — 2a = 2a
(sin2x—1)*-3=2a
(sin2x—1)*=2a+3
2a+3=(sin2x—-1)>=20

L A

az——

Also, (sin 2x— 1)*20
= (sin2x-1)20
= sin2x2>1
= sin2x=1
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=  2=nx+(-1)" (%)

= x:ﬂ+(—1)”(£),nel
2 4
23. The given equation is

(/3 = Dsin 6 + (/3 + I)cos 6 =2

3-1) 3+l 1
= [W]sm0+(ﬁJcose——2

. o . o 1
sin O cos (75°) + cos 0 sin (75 )=$
= sin(9+5—”j=L

12) 2
= sin(9+5—nj:L:sin(£)

12) 2 4
- (0+5—n)=nn’+(—1)"(£),nel

12 4

= 9=(nn+(—1)"(%)—i—§j,ne[

. L 4
24. The given equation is sec 6 — cosec 0 = 3

3(sin 6 — cos 6) =4 sin 6 cos 6
Let sin 8—cos 6=1¢

_t2

Then sin 6 cos 0 =

Equation (i) reduces to
2

= 3z=4x[ j:z(l—ﬂ)

= 2£+3t-2=0
= 2t-D(r+2)=0
= t=—,-2

when ¢ =-2, (sin 8—cos 0) =-2
It is not possible.

when tzl,sine—cosezl
2 2

= sin(@—z):L
4) 22

= sin(@—z)szsina
4) 22

= (9 - %) =nm +(-1)" o, where oz =sin”™"' (

= 6=(n7t+(—1)"0¢+%),ne]

...()

)

241

25. Given 3 cos20=1

= cos 29=l
3

1-tan’0 1
= 7 __

1+ tan’9 3
= l+tan?0=3-3tan’> 0
= 4tan’0=2

=  tan’0=—
2

Also, it is given that,
= 32tan® =2 cos’or— 3 cos o

U

4
1
32(5j =2 cos’ot — 3 cos &

2cos’a—3cos =2
2cos’a—3cosa—2=0
2cos’a—4cos a+cosox—2=0
2cosa(cosox—2)+1(cosa—2)=0
(2coso+1)(cosax—2)=0
(2cosa+1)=0,(cosa—2)=0

1
cosoe=——,2
2

L L O O A

cos o= 2 is not possible.
1
Also, when cos o = Y

2
= x=2nmx il
3
26. Given equations are
S5sinxcosy=1and4tanx=tany

..(0)

= Ssinxcosy=1 .
and 4 sinx cos y =cos x sin y ...(i1)
Dividing (i) by (i), we get,
. 4
cos x sin y = 3 ...(iii)
Adding (i) and (iii), we get,
sin(x +y)=1
= (x+y)=(4n+1)§,nel .(iv)
Subtracting (iii) from (i), we get,
sin(x—y)z—%zsina
= @—-y)=mrn+(-l)yamel ..(v)

From (iv) and (v), we get,

2x = (2n+m)x +§+ 1)

= x=(Qn+ m)% +%+ (=1)" % o =sin”! (—%)
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27.

28.

and

= 2y=Qn-m)m+ % —(-D)"a, ¢ =sin"! (—%)

T T o
=Qn-m=+—— (=" =
y=02n m)Z 4 (-1 2

. . T
Given equations are (x — y) = 7

and cotx +coty=2

= cosxsiny+sinxcosy=2sinxsiny

= sin(x+y)=cos(x—y)—cos(x+y)

= sin(x+y)+cos(x+y)=cos(x—y)

1

= Lsin(x+ )+Lcos(x+ )=—7=
V2 NG NG

1 . 1
= —=sin(x+y)+—=cos(x+y)=

V2 V2
1

= sin(x+ +£)—
Y

( 71') 5
= X+y+—|=—

4 6
o (pE_m_Tm
Y 6 4 12
Vg
Also, (x—y)==—
(x=y) 2

Thus, x:s—ﬂandyzz
12 6
The given equations are

2

5(cosec x—seczy) =1

2(2cosecx+\/§|secy|) =64
From (i), we get

cosec’x —3sec?y=0
=  cosec’x=3sec’y

N cosecx=«/§|sec ¥|

Also, from (ii), we get
2(2cosecx+«/§|SeCY|) =64 = 26
2 cosec x +~/3 [sec y| =6

=
= 2 cosec x + cosec x = 6, from (iii)
= 3cosecx=6

=

cosecx =2
. 1
sin x =—
N 2
a7
= x=nw+(-1) g,nel
Again, |sec y=—
ain, =—
s NS

cos (x—y)

1L
V2 V2

...()
..(i)

...(iii)

Trigonometry Booster

= |cos y|——3
2

= coszy = i = cos’ (E)
4 6

T

= y=mri(—j,ne[.
6

Hence, the solutions are

x=nn+(—1)”(%),ne[

yznﬂi(%),nel

Levee IV

1. Given equation is

(5)eol3)
cot| — |—cosec| — |=cotx
2 2

cos (x/2)—1

——————=cotx

= Tsin@x2)
2sin?(x/4)
= ————=cotx
sin (x/2)
2sin?(x/4)
= =cot x
2 sin (x/4) cos (x/4)

= tan (x/4) tcotx=0
- sin (x/4) L osx

cos (x/4) sinx
= coS (x - f) =0

4
=  cos (S—XJ =0
4

= X+t

4 2
= x=(4n+2)%,ne[

2. Given equation is
8 cos x - cos 2x - cos 4x = s1.n bx
sin x

4 sin 2x cos 2x cos 4x = sin 6x
2 sin 4x cos 4x = sin 6x

sin 8x — sin 6x =0

2 cos (7x) sinx =0

L

cos (7x)=0,sinx=0



Trigonometric Equations

= (7x):(2n+1)§,x:n7r

= x=(2n+1)%,x=nﬂ,ne]

2. Given equation is

tan x  tan 2x
+ +2=0

u

tan 2x  tan x

(tan x + tan 2x)*=0
(tanx +tan 2x) =0
sin(2x+x)=0

sin (3x) =0
3x=nr

| A

4. Given equation is
cos x cos (6x) =—1
=  2cos (6x) cos x =-2
=  cos (7x) + cos (5x) =2
It is possible only when
cos (7x) =—1, cos (5x) = -1
= Tx=Qk+Drm5x=02m+ )x

= x=(2k+l)%,x=(2m+l)%

when k= 3 and m = 2, then common value of x is T
Hence, the general solution is
x=2ng+rx=02n+ 1)m,nel
5. Given equation is
cos (4x) + sin (5x) =2
It is possible only when
cos (4x) =1, sin (5x) =1

= 4y =2knm, 5x=(4m+ 1)%

= x=k—n,x=(4m+1)£,k,mel
2 10

when k£ =1 and m = 1, then the common value of x is
/4

2
Hence, the general solution is

x=(2nﬂ+£)=(4n+1)£,ne[
2 2

6. Given equation is

(1 + sin 2x) + 5(sin x + cos x) =0

(sin x + cos x)? + 5(sin x + cos x) =0

((sin x + cos x) + 5)(sinx + cos x) =0
((sinx + cosx) +5)=0, (sinx + cos x) =0
(sinx +cosx)=0

tanx =1

LUl

T
x=nw——,nel
4

2.43

7. Given equation is
sin x + sin 2x + sin 3x = cos x +cos 2x + cos 3x
= (sin 3x +sin x) + sin 2x = (cos 3x + cos x) + cos 2x
= 2 sin 2x cos x + sin 2x = 2 cos 2x cos x + cos 2x
= sin 2x(2 cos x +1) = cos 2x(2 cos x + 1)
= (sin2x—cos2x)(2cosx+1)=0
= (sin2x—cos2x)=0,(2cosx+1)=0
when (sin 2x — cos 2x) =0
= tan2x=1

b4
= 2x=nﬂ+z

nw
= X=—4+—
2 8

when2cosx+1=0

1
= cosX=——
2

2
= x=2nﬂi7ﬂ

Hence, the solution is

T S5t 9m 137 2@ 4rw

8. Given equation is

sin’x  cos’x
+

—2sinxcosx=2

cosx sinx

sin*x + cos*x

= ————=2sinxcosx+2
sin x cos x

= 1-2sin’x cos? x =2 sin® x cos® x + sin (2x)

= 4sin’xcos’x+sin(2x)—1=0

= sin’2x+sin(2x)—-1=0

, 1+ 1+4 —1+.5
= sin(2x) = > = 5

~1++/5

2

= sin(2x)=

= sin(2x)=sina, o= sin”! [_1 ;\/gj

= @)=nmr+(-1)a
L
2 2
9. Given equation is
sin® 4x + cos? x = 2 sin 4x cos* x
=  sin’4x—2 sin 4x cos*x + cos’x =0
=  (sin*4x —cos*x)*+cos’x —cost x=0
=  (sin*4x —cos*x)*+ cos?x (1 —cos® x) =0
It is possible only when
(sin? 4x — cos* x) = 0, cos? x (1 — cos® x) =0
Now, cos x =0, cos’x =1

= x=
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12. Given equation is

when cos x =0 then x = (2n + 1)E -
2 sin*x + sin* (x + Z) =

1
1 4
So, sin 4(n +—)7t=0 .

2 = 4sin4x+4sin4(x+z):1

2
(2 sinx)? + (2 sin’ (x + %D =1

which is true
when cos? x = 1, then x = nx

which is not satisfied the equation =

sin (4x) —cos*x =0

2
Hence, the solution is x = (2n + l)%. = (I-cos(2x))*+ (1 —cos (zx + %D =1
10. Given equation is = (1—cos(2x))+ (1 +sin (2x))*=1
sin“x + cos? —Zs'n cos = 1-2cos(2x)+1+2sin(2x)=0
mx e smcosy =  2-2(cos (2x) —sin (2x)) = 0
= (cos(2x)—sin(2x))=1

=  1-2sin’xcos’x = zsin(2x)

4 = (Lcos (2x) = ——sin (2x)) L
= 4 -8sin’x cos? x = 7 sin (2x) V2 V2 V2
= 4-2sin’2x—7sin (2x)=0 . 1
= 2sin’2x+7sin(2x)-4=0 = COS(2x+—)=T
— 2 sin?2x+ 8 sin (2x) —sin (2x) =3 =0 2
= (2sin(2x) +1)(sin 2x) +4)=0 T _ s
= (2sin (2x)+ 1) =0, (sin (2x) + 4) =0 RO Gy R
= (2sin(2x)+1)=0

/2
1 = xX=nw,x=nwx——,nel
= sin(20=—3 4
. 13. We have a=cos(x+£)+cosx
=  sin (2x)=sin (_Ej 3

T . . T
= CO0S X COS g — Sin x Sin ? +Ccos x

= 2x=nm+(=1) (—%)

1 3.
=—C0s X — ——Ssin x + cos x
= x=ﬂ+(—1)"(—£),ne1 2 2
2 12 3
11. Given equation is =Ecosx—75inx
. 1
sin*x + cos*x = cos(4x) + 5 The equation will provide us a real solutions if
1 9 3 9 3
1—2sin? 2% = cos(4x) + — —1/—+—SaS4/—+—
= sin“x cos”x = cos( x)+2 4 2 4
= 2-—4sin’x cos’x =2 cos (4x) + 1 = —f3<a<43
= 2-sin’2x=2cos (4x) t+1 1
=  2cos (4x) +sin*2x =1 14. Let f(x)=cosx—x+—
= 2(1-2sin?2x) +sin’ (2x) = 1 2
= 3sin’(2x)=1 Now, f(o):1+l:§>()
PO 2 2
= sin"(2x)=-— 11
3 and f(zj:0_£+_:__£<
IO 2 22 2 2
4 = —=
sin” (2x) 3 sm-o By intermediate value theorem there is a root lies in
= 2Xx=nmrta (o,fj.
N _nr T o I | 1 2
Y= EGnE » 0 =SIm 3 Hence, the number of roots is 1.
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15.

16.

17.

18.

19.

Now, cos (xy) tan (xy) = xy

= sin(xy)=xy

It is possible only when xy =0

= x=landy=0

Thus, the solution is (1, 0)

Hence, the number of integral ordered pairs is 1.

Given equation is
sin?*'® x — cos™'6 x = 1

= sin®x=cos?x+1

It is possible only when

sin?® x =1, cos®® x =0

= sinx=1,cosx=0

Hence, the solution is

2016

x=2n7t+§,ne[

Thus, the number of solutions is 1.
Given equation is

X+ 2xsin(xy)+1=0
= (xsin (xp))*+ (1 —sin® (xy))=0
=  (xsin (xp))*+cos® (xy) =0
It is possible only when,

(x +sin (xp))*> =0, cos*(xy) =0
= (x+sin(xy)) =0, cos (xy)=0
= cos(xy)=0

= xy=(2n+1)§,ne]
T
when x =1, n =0, then y=5

when x =—1, n =1, then y=37ﬂ:

Hence, the number of ordered pairs are

L5H3)

Given equation is

sin 5x - cos 3x = sin 6x - cos 2x

sin (5x) cos (3x) = 2 sin (3x) cos (3x) cos (2x)
(sin (5x) — 2 sin (3x) cos (3x) cos (2x)

(sin (5x) — sin (5x) — sin (x)) cos (3x) =0

sin (x) cos (3x) =0

sin (x) =0, cos (3x)=0

tueus ol

x=n7r,x=(2n+l)%,ne]
sz

6

f solutions is 5.

[

>

T
x:()?ﬂ’_,
6

o N

Hence, the number
Given equation is
cos 3x - tan 5x = sin 7x

cos (3x) sin (5x) = sin (7x) cos (5x)

2 cos (3x) sin (5x) = 2 sin (7x) cos (5x)
sin (8x) + sin (2x) = sin (12x) + sin (2x)
sin (8x) = sin (12x)

1|

20.

21.

22.

= sin(12x)—sin(8x) =0

= 2cos (10x)sin (2x) =0

= cos (10x) =0, sin 2x)=0

= 10x=(2n+1)%,2x=n7r

= x=(2n+1)£,x=ﬂ,nel
20 2

= x:O’l
20

Hence, the number of solutions is 2.
Given equation is

2 tan x — A(1 +tan’ x) =0

= Atan’x—-2tanx+A=0

Let it has two roots, say, tan B and tan C

2
Now, tan B +tan C = 2

= tanB-tanC=1
tan B +tan C
1—tan B tan C
= tan(mr—A4)=-oo

Now, tan (B+C)=

= (ﬂ—A)=%

= 4"

2

Given equation is

cos*x—(a+2)cos*x—(a+3)=0
= cos*x—2cos’x—3=a(l+cos’x)
=  (cos’x—3)(cos’x+ 1)=a(l + cos? x)
= (cos*x-3)=0
= a+3=cos’x
Clearly,0<a+3<1
= 3<a<-2
Given equation is

sin x + sin%(\/(l —cos )c)2 + sinzx) =0
N sinx+sin(%)(M)=O
=  sinx=-sin (%)m
=  sin’x=2sin’ (%) (1—-cos x)

=  sin’x= (1 - Lj(l —COoS Xx)

V2

- o)ty
-l

2.45
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23.

24,

25.

1
= 1+cosx:(1——j
2

1
= COS X =——=
V2
)
= COS X =COS| —
4
3
= x=2n7rir7n,nel

. 137
Hence, the solution is x = R

Given equation is
sin*x—(k+2)sin’x—(k+3)=0
= sin*x—-2sin®x -3 =k(sin>x + 1)

_ sin*x — 2 sin’x -3

= k
(sin’x +1)
o = (sinzx + 1)(sin2x -3)
(sin’x +1)
= k=(sinx-3)
= k+3=sin’x
= 0<k+3<1
= 3<k<2

Given equation is

4.1 6sin2x — 26sinx

.2 .
4.42sm x_ 43smx

1+2sin%x 3sinx
4 =4

1+2sin’>x=3sinx
2sin’x—3sinx+1=0
2sinx—2sinx—sinx+1=0
2sinx (sinx—1)—sinx—1)=0
(2sinx—1)(sinx—1)=0

tueussls v

sinx=—,1

U

1
2
T St 1w

= X=—,—,
6 6 2

Thus, the number of principal solutions is 3.

Given equation is
secx=1+cosx+cos’x+cos’x+ ...

1
= secx=———
1—cosx
1 1
— _

cosx l—cosx

= 2cosx=1

Trigonometry Booster

1
= cosx=—
2
= x:2nni§,nel

Integer Type Questions

1. Given equation is
3sinx—7sinx+2=0

= 3sin’x-6sinx—sinx+2=0
= 3sinx(sinx—2)—(sinx—-2)=0
= (@Bsinx—1)(sinx—2)=0
. 1
= sinx=—,2
3

. 1
= Sin x = —
3

Hence, the number of real solutions is 6.
2. Given equation is
2cosx+3sinx=k+1

= —JI3<(k+1)<A13
= —JI3-1<k<13-1

= k=-4,-3,-2,-1,0,1,2

Hence, the number of integral values of £ is 7.
3. Given equation is
sin x COSX COSX
cosx sinx cosx{=0
coOSX CcosSx sinx
sin x+2coSx COSX COSX
sinx+2cosx sinx cosx|=0

sinx+2cosx cosx sinx

(C,—>C+C,+C)

1l cosx cosx
(sinx+2cosx)|l sinx cosx|=0

1 cosx sinx

1 cos x CoS x
(sinx+2cosx)|0 sinx—cosx 0

0 0 sin x —cos X

(sin x + 2 cos x)(sin x — cos x)> =0
tanx=1,-2
T

. . T,
So, there is only one solution, x = 7 in [—Z,
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4. Given equation is 7. Given equation is
sin x + sin y = sin (x + ) tan x + cos x = 2 cosec x
_ 1 2
2sin(x+y)(cos(x y)—cos(x-i-y)):O = - ==
2 2 2 SIn X COS x SN x
o (x+y) (X)L (¥ 1
4sm( 2 )s1n(5)sm(5)—0 = COSX:E
. X+y _ . i _ . Z _ 5
sm( 2 )—0,sm(2j—0,sm(2j—0 N x:iz,i—
3 3
X J_r)’ =0, r= 0,y=0 Thus, the number of solutions is 4.
It is also given that x| + [x[ = 1 8. Given equation is
when x =0, then [y =1 = y=+1 1
wheny =0, then |x| =1 = x =1 cosx-cost-cosSx=Z
1 1 1
when y =—x, then |x|=—= x=*— and then y =F— 2(cos 3x cos x) cos 2x =1
2 2 2 2(cos 4x + cos 2x) cos 2x =1
Hence, the pairs of solutions are 2(cos 4x) cos 2x +2 cos? 2x =1
1 1 11 2(2 cos® 2x — 1) cos 2x + 2 cos* 2x = 1
(07 1)’ (03_1)! (17 0)’ (_1! 0)5 (E? _Ej’ (_E’ E) 4(COS3 ZX) +2c0os?2x —2cos2x =1

2 cos?2x (2 cos 2x + 1) = (2 cos 2x + 1)
(2cos?2x—1)(2cos2x+1)=0

5 5 ] 4cosdx(2cos2x+1)=0
I+sin“x  cos“x 4 sin 2x 4cosdx=0,(2cos2x+1)=0

f(x)=| sin®x  1+cos’x  4sin2x

Thus, the number of pairs is 6.
5. Given expression is

1

cos 4x =0, cos 2x =——

sin’x cos’x  1+4sin2x 2
1+sin’x  cos’x  4sin2x dx=(@En+E, 2x=2mr+Z
2 3

=| sin’x 1+cos’x  4sin2x

sin’x cos’x  1+4sin 2x

x=(4n+1)£,x=nﬂi£,ne]
8 6

1+sin’x cos’x 4sin2x XZE,S_’E,S_
i 1 0 8 8 6 6
-1 0 1 Hence, the number of solutions is 4.
9. Given equation is sin x, cos y = 1
[Rz o R-R j It is possible only when
Ry— Ry — Ry sinx=1,cosy=1
=4 sin 2x + (1 + sin® x + cos® x) r 3rx

T 37 andy=0.2
—4sin2x+2 = xEg T marmhen

So, the maximum value is 6.

X Also, when sinx =—1, cos y =—1
6 Wehave, -1 <sinx<1

3w
. x=—"—,y=nx
= _IS¥S1 5 Yy

Hence, the number of ordered pairs is 5

ie. (E,O),(E,27:),(3—”,0),(3—%,%),(3—”,27?)
2 2 2 2 2

10. When cot x is positive
/\ The equation becomes

[\
\_/73727\/2727* NV cot x =cot x +

= -10<R <10

S x

cosecx =0
It is not possible.

Clearly, the number of solutions is 6.
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When cot x is negative the given equation becomes

= —cot x=cot x +

Sin x

= 2cot x + =0

S x

= 2cosx+1=0

1
= COSX=-——
2

2
= x=2n7ri-7n-,nel

2n 4w
= x=—,—
3°3
Hence, the number of solutions is 2.
11. Given equation is
tan (4x) tanx =1
c0s (4x) cos x —sin (4x) sinx =0
cos (5x)=0

T
S5x=02n+1)—
( )2

x=n+) X nel
10

7 3m Snm Tn 9=«

7107107107107 10
Hence, the number of solutions is 5.
12. Given equation is
sinx (sinx + cos x) =n
= n=sinx (sin x + cos x)
= sin® x + sin x cos x

_1-cos (2x) N sin (2x)

2 2
= sin(2x)—cos 2x)=2n-1
= 2<2m-1<2

l_ﬁSnsHﬁ
2 2

= n=0,1

Hence, the number of integral values of » is 2.
13. Given equation is

sin {x} = cos {x}
= tan {x} =1
= x=£,1+£,2+£,3+£,4+£,5+£
4 4 4 4 4 4

Hence, the number of solutions is 6

14. Given equation is

(\/§+1)2x+(\/§_1)2x:23x
= BH)T+A3-DT=2V2)"

Trigonometry Booster

- (8- -

= ()] () -

It is satisfied only when x = 1
Thus, the number of solutions is 1.
15. Here, 1<|sin (2x)| +|cos (2x)| <2
and |sin (y)| <1
It is possible only when |sin (y)| = 1
= sin(y)=+1
n 3z
= =+= +2=
YU
Thus, the number of values of y is 4.

Previous Years’ JEE-Advanced Examinations

1. The given equation is
sinx+cosx=1

1 . 1 1
= —SIn X +——=CO0S X = —

V2 V2 V2

= COS| X—— |=COS| —
4 4

T
=  x=2nm 2nw +E

T . . .
But x =2n7 + > does not satisfy the given equation.

Therefore, the solution is x =2nm, ne [
2. We have cos x = sin 3x

cos x = sin 3x = cos (% - 3x)
= x:2nni(£—3x)
2
Taking positive sign, we get,
x:2nn+(£—3x)
2

= 4x:2n7r+%

2ng w
= X=—+4+—

4 8

nmw T

= x=—+—,nel
2 8
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Taking negative sign, we get,

= x=2n7r—(£—3x)
2

=  x=2mm-=
2

/4
= x=—n7‘c+z,nel

As —ESXSZ,xzz,—E,E
2 2 8 & 4

Thus, the point of intersections of two curves are

(D))

3. The given equation is
4 cos? x sinx —2 sin®>x =3 sin x

= 4(1-sin?x)sinx—2sin?x=3sinx
= 4sinx—4sin®x—2sin?x=3sinx
= sinx—4sin*x-2sin’x=0
= 4sin’x+2sin’x—sinx=0
= sinx@sin’x=2sinx—-1)=0
= sinx=0,4sin x+2sinx—-1)=0
= sinx=0,sinx=ﬂ
8
. I
= sinx=0,sinx= 2

)

=  x=nm x=nm+(-1)"sin”! (

where n e [
4. The given equation is
sin? 0-2sin20-1=0
(sin? - 1)2=2

(sin20 — 1) =++/2
sin%6 = (1++/2)

sin0 = (1++/2), 1=~/2)

since (1++/2)>1and (1-~/2)<0, so

L

there is no value of 6 satisfying the given equation.

5. No questions asked in 1985.

3
6. We have cosx+cosy=5

2 2
= ZCos(E)cos(x_y)z
3 2
= 2><l><cos(x_yj=E
2 2 2

= cos(x_y)=E
2 2

It is not possible, so the solution set is
X=¢
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7. The given inequation is
2sin*x—3sinx+120
= (2sinx-1)(sinx—-1)2>0

. 1 .
= smxSEandsmeI

. 1 .
= smxSEandmnx:l

xe|l0,—|u|—, 7 andng
6 6 2

Hence, the solution set is

[ n] [57% ] {n}
xe|l0,—|U|—, T |Ui—
6 6

8. As we know that tan x > x

. T
So there is no root between (0, E)

(Z, n') and (3—”, 271:)
2 2
But there is a root in (ﬂ', 37”)

9. The given equation is
sin x — 3 sin 2x + sin 3x = cos x — 3 cos 2x = cos
3x
= (sinx + sin 3x) — 3 sin 2x
(cos x + cos 3x) — 3 cos 2x
=  25sin2x cos x — 3 sin 2x
=2 cos 2x cos x — 3 cos 2x
(2 cos x—3) (sin 2x —cos 2x) =0
(sin 2x —cos 2x) =0, ("." 2 cos x —3 # 0)
tan 2x =1

I}

= tan 2x =1=tan (Ej
4
= 2x=(n7t+%j,ne]

nmwor
= x=(—+—),ne[
2 8

10. No questions asked in between 1990 to 1992.
11. The given equation is

tanx +secx=2cosx
sinx+1=2cos?x

sinx + 1 =2(1 — sin® x)

(sinx + 1)=2(1 —sin x)(1 + sin x)
(sinx+ 1)(1 =2(1 —sinx))=0

L

. . 1
smxz—l,smxzz

s 3
6° 2

U

T
ng,
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3r . . .
But x = B3 does not satisfy the given equation

Hence, the number of solutions is 2.
12. The given equation can be written as
tan (x + 100°) cot x = tan (x + 50°) tan (x — 50°)

—  sin(x+100° cos x _ sin (x +50°)sin (x —50°)

cos (x+100°) sin x  cos (x+50°) cos (x — 50°)
Applying compenendo and dividendo, we get,

sin (x+100°)cos x+cos (x+100°)sin x
sin (x+100°)cos x—cos (x+100°)sin x
_sin(x+50°)sin (x—50°)+cos (x+50°) cos (x—50°)

=

sin (x+50°)sin (x—50°)—cos(x+50°) cos (x—50°)

sin (x +100°+x)  cos (x +50°— x +50°)

sin (x +100°—x) —cos (x+50°+ x —50°)
=  sin (2x + 100°) cos 2x = —sin (100°) cos (100°)

= 2 sin (2x + 100°) cos 2x = -2 sin (100°) cos

(100°)

= sin (4x + 100°) + sin (100°) = —sin (200°)
=  sin (4x + 100°) = —(sin (200°) + sin (100°))
= sin (4x + 100°) = -2 sin (150°) cos (50°)

= sin (4x+100°)=-2x % X sin (40°)

= sin (4x + 100°) = —sin (40°) = sin (220°)
= (4x+100°) = (220°)

=  4x=120°

=  x=30°

Hence, the result.
13. Let =2
2n

The given equation reduces to

sin0+cos@=7n

=  (sin O + cos 0)2 =

NG

= 1+2sinBcos =

= sin29=£—1=(n_4j
4 4

EN N

As per choices, n >4
= 0<20<Z
2
= 0<sin26<1
= 0<(n_4)<1
4
= 0<mn-4)<4

= 4<n<8
14. The given in-equations are

15.

16.
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2sin’x+3sinx—220andx*—x—-2<0
= (2sinx-1)(sinx+2)=0
= (2sin—-1)30(.sinx+2>0,®x e R)

. 1
= sin x = —
2

T Sz .
= —<x<— ...@1

G 6 (1)
Alsox*—x-2<0
= E-2)x+1)<0
= —1<x<2
From (i) and (ii), we get

xe(E,ZJ
6

The given equation is
cos (p sin x) = sin (p cos x)

..

. /2
= cos(psin x)=cos (E_ p cos x)
. T
= (psmx)z?.mri(g—pcosx)
. T
= p(smx+cosx):2n7ri5
= \/Epsin(x+£)=2mri£
4 2
. T
As we know that, —1 <sin (X+Zj <1
—ﬁpgﬁpsin(x+%)ﬁx/§p
= —x/EpSZnni%Sx/Ep

= \/§p22nni§

= \/§p22nn+§,2nn—§

As we require smallest +ve value of p, so we consider,

Vap-2

2

p= T
242

. T . . .
For this value of p, x= 2 is a solution of the given

equation.
The given equation can be written as

(1 - tan0)(1 + tan2) + 2°70 = 0
= (I—tan®0)(1+ tan20) + 2™ 0 =0

= (I-tan*0)+ 2™ =0
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= 2’0 _ (anig 1)

= 2= (x*-1), where x = tan’ 0
Itis true forx =3

Thus, tan”> 0= 13

=  tan’0=(/3)
= tan6=+{N3)

- ot

17. The given equation is
tan? O+sec2 6= 1

1+ tan®
= tan20+Ln29=1
1-tan“0
1+x 2
= x+ =1, where x = tan“6
1-x
= x-x*+1+x=1-x
= x*-3x=0
= x=0,3
= tan’6=0,3
tan0=0andtan9=i\/§
= 9=nn,9=nni%,ne]

18 The given equation is cos’ x + sin* x = 1
cos’x=1-sin*x

= cos’x=(1-sin’*x) (1 +sin’x)
= cos’x=cos?x (2 —cos?x)
= cos?x(cos’x—(2—cos’x))=0
= cos?x=0,(cos’x—(2—cos’x))=0
= cos’x=0,cos’x+cos’x=2
= cosx=0,cos’x+cos?x=2
= cosx=0,cosx=1
= x:iz, 0
2

T
Hence, the real roots are {i‘z, 0}

19. The given equation is
= 3sin’x—-7sinx+2=0
= (Bsinx-1)sinx—2)=0

= sinx=—,2

W= W]

= sinx=

There are 2 solutions in its period 27
So, the number of solutions is 6

n
20. We have sin(n6) = Z b, sin"@
r=0

= sin(n6) =[b,+ b, sin O+ b, sin’ O

22.

23.
24.

25.

2.51

+b,sin’ O+ ...+ b sin” 0]
Put =0, then b, =0
Thus,
sin (n6) = b, sin O+ b, sin’> O+ ... + b sin" 6
sin (n0)
sin 0

=b+b,sin @ +---+b,sin""'Q

Taking limit 6 — 0, we get, b, = n
Therefore, b, =0, b, =n

We have —«/ﬁs7cosx+55inxsﬂ
= —74<Qk+D)<74

= —J14-1<2k<74-1

= —8-1<2k<8-1(-74<9)
= 9<2k<7

= —45<k<35

=

k=-4,-3,-2,-1,0,1,2,3

Thus, the number of integral values of k is 8.
No questions asked in between 2003 to 2004.
Given—-n<a,b<rm

= —nw<asnm-n<bsnm

= —rn<lasm-n<-b<rm

= 2r<a-b<2rm

Given cos (a—b)=1

a=b

1
Also, cos(a+b)=—
e

1
= cos(2a)=—
e

It has one solution in its period 7
So it has 4 solutions in [0, 47].

5x2—2x +1
3x2—2x—1

= @By-5x-200-DHx-@+1)=0
Asxisreal,so(y— 1>+ By-35)(+1)20
= YP-2p+1+3?-2y-520

= 47-4y-420

= )y -y-120

= (S5
- yS[%]’yZ(Hz\/gj

= Zsintﬁ(l_;/_),zsintZ(l-'_z\/g)
= sints(l_4ﬁ),sint2(l+4\/§j

= sint< sin(—lj, sin £ > sin(3—”j
10 10

Let y=

(9}
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v/ v/
As ——<t<—, we get,
2 2

= P T3t <E
2

2 10

Thus, te{—z,—i}u[z,z}
210 10 2

26. The given in-equation is
2sin* O—5tan 6+2>0
= (2sinf-1)(sinf-2)>0
= (sinf-1)<0

= sin9<l
2

= 0 e(O, E)u(s—”,zﬂ)
6 6

27. The given equations are

2sin?0—cos20=0 and 2 cos’> 6—3sin =0

Now, 2 sin? 0— (1 -2 sin’> 6) =0
= 4sin’6=1

1 2 T
= sin20=(—) =sin2(—)

2 6
= f=mrtl

6

n Sz Trn 1lx
= ¢=== ==

6°6° 6" 6
Also, 2 cos> 0—3sin =0
= 2-2sin’6-3sin6=0
= 2sin?0+3sin6-2=0
= (2sinf-1)(sinf+2)=0

= sin9=l,2
2
= sin9=l
2
L g% 5
6 6
Hence, the solutions are 9 = %, 5?”

Therefore, the number of solutions is 2.
28. The given equation is sin 6= cos ¢

T
Z_09|=
cos(2 ) cos @
= (%—9)=2nﬂi(p,n€]
= —2nﬂ=(0itp—%)

= (eiq)—%):—zm

29.

30.
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= l(eigo—z):—Zn
T 2
1 ) - .

Thus, _(9 to- _j 1S an even integer.
T 2

We have

(-
ol 00 7) o)

m=1 gin (9 + (m_l)ﬂ:) sin (6 + mﬂ)
4 4

= i(cot(9+(m4_ljnj—cot(9+mn’))=4

m=1

= (cot@—cot(9+%)j:4

= (cotO+tan B)=4
1

sin 6 cos 0

1
= 2sin@cosf
1
=2
= sin 26
. 1
= sin 20 = —
2
= 20=% %
6 6
= in’s_ﬂ
12" 12

Hence, the solutions are {L, 5—”} .
12712

We have tan 8= cos 560

sin 6 _cos560

cos® sin 50

= 2cos50cos5=2sin560sin5
=  cos 60+ cos 6= cos 40— cos 60
= 2c0s60=0

= cos660=0

=
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31.

= g=2L 37 4
277127712
= 9=+ T T
2774712

Also, sin (20) = cos (46)
/2
= cos(40)=cos (5 - 29)
= 49=2mi(§—29)
Taking positive sign, we get,
40 =21 +(%— 29)

=  60=2mm+>

- p=rT,T
3 12

= gzlysl’_ﬁ
1212 4

Taking negative sign, we get,

49=2nn’—(£—29)
2

= 20=2m-L%
2

= G=m-Z
4
= 9:—2
4
. T St w
Hence, the solutions are 8 = —, —, ——
12°12° 4
Let E=9
n

Then the given equation becomes

1 1 1
= +
sin@ sin (20) sin (360)
1 1 1
=3 — =
sin@ sin (30) sin (260)
sin 30 —sin 6 1
: . . = .
sin 0sin (30) sin (20)
2 cos 26 sin 0 1
= —

sin®sin30  sin 20

32.
33.

34.
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2c0s29_ 1
sin36  sin 26

= sin460=sin 36
= sin40=sin (r-30)
= 40=r-30
= 7T0=nrm
= ="
7

T T
= _——=

n 7
= n=7

Hence, the integral value of nis 7.
No questions asked in between 2012 to 2013.
The given equation is
sinx+2sin2x—sin3x=3
sinx+4sinxcosx—3sinx+4sin*x=3
sinx [-2+4 cos x +4(1 —cos’x)] =3
sin[2—(4cos2x—4cosx+1)+1]=3
sinx[3-(2cosx—1)*]=3
It is possible only when

sinx=1and (2cosx—1)=0

Lu ey

U

r=Zandx="2
2 3

Thus, the values of x does not satisfy the given equa-
tion.
The given equation can be written as

5 . .
Zcosz2x + cos*x + sin*x + cos®x + sin®x =2

5 .
= ZCOSZ 2x+(1-2 sin’x coszx)
+ (1 —sin? x cos?x) =2

§c0s22x + (l - lsinZZJc) + (1 - ésin22x) =2
4 2 4

=
5 5 .

=  Zcos’2x—=sin?2x=0
4 4

= cos’2x—sin?2x=0

=  cos’ 2x =sin? 2x

= tan’2x=1

= sznﬂiz,nel

4
= xzﬂiz,ne[
2 8

Hence, the solutions are

8878788 8787 8






1. TrRiIGoNOMETRIC INEQUALITIES

Suppose we have to solve f(x) > k or f(x) <k

When we solve the inequation, we often use the graphs of
the functions y = f(x) and y = k.

Then, the solution of the inequality f(x) > k is the value
of x, for which the point (x, f(x)) of the graph of y = f(x) lies
above the straight line y = k.

Y

Y
Similarly, when we solve f(x) < k, then the solution of the
inequalition f(x) < k is the values of x for which the point
(x, f(x)) of the graph of y = f(x) lies below the straight line

yv=k.
Y

N
Y

Type I: An in-equation is of the form sin x > &
Rule: Find the smallest values of x satisfies the given inequa-
tion and then add 2» 7 with that values of x

Y

A
VARV,

Y

N
A

Trigonometric In-Equation

Type II: An in-equation is of the form sin x <k
Rule: Find the smallest values of x satisfies the given in-
equation and then add 2» & with that values of x.

Y

JaNEE

A
VARV,

AW,
\J/

Y

Type III: An in-equation is of the form cos x > k

Rule: First we find the smallest interval for which x satis-
fies the given in-equation and then add 2» & with each
values of x.

Y

=k
X\/AO 1\ y

Y

Type IV: An in-equation is of the form cos x <k

Rule: First we find the smallest interval for which x satis-
fies the given inequation and then add 2» & with each
values of x.

Y

yv=k

/AR N\

\/ cgs! (k\j/ cos (k)

Y
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Type V: An in-equation is of the form tan x> k&

Rule: First we find the smallest interval for which x satis-
fies the given in-equation and then add » & with each
values of x.

|

Y

——

>
N

e

|
[ 7 =
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Type VI: An in-equation is of the form tan x <k

Rule: First we find the smallest interval for which x satis-
fies the given in equation and then add » & with each
values of x.

J

Y

——

>
NIE]

b

|
I ) = W

Levee 1
(Problems Based on Fundamentals)

Type 1

1. Solve sinx>1/2
2. Solve sinx > 1/3
3. Solvesinx>1
4. Solve sinx >0

Type 2

5. Solvesinx <1/2
6. Solvesinx <1/5

7. Solve sin x S73

Type 3

1
S —
8. Solve cos x \/5

9. Solve cosx 2%
Type 4

1
10. Solve cos x < N
11. Solve cos x sg

Type 5

12. Solvetanx>1

1
13. Solve tanx > —

14. Solvetanx>?2

Type 6

15. Solvetanx <1
16. Solve tan x <3

Mixed Problems

17. Solve sin x > cos x
18. Solve cos x > sin x

19. Solve —%Scosx<L

V2

20. Solve [sin x + cos x| = [sin x| + |cos x]|
21. Solve sin x sin 2x < sin 3x sin 4x,

Vxe(O,EJ
2

22. Solve cos x —sinx —cos 2 x>0,
Vxe (0,2m)

5, 1.
23. Solve Zsm2x+zsm2 2x > cos2x
24. Solve 6 sin*x — sin x cos x — cos’x > 2

. 13
25. Solve sin®x +cos®x > E

3

. . 5
26. Solve cos>x-cos 3x —sin’x sin 3x > g

. o 13
27. Solve the inequality sin®x+cos®x > Te
5., 1.,
28. Solve Zsm x+Zs1n 2x>cos2x

29. Solve sin 3x sin 4x >sinx sin2x V x € (0, %j

30. Solve |sin x + cos x| = [sin x| + |cos x
31. Solve |sec x + tan x| = [sec x| + |tan x
32. Solve forx: sinx+sinx—2<0andx>*-3x+2<0
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33. Solveforx:2sin’x+sinx—1<0andx*+x—-2<0
34. Solveforx:tan?’x—S5tanx+6>0andx?—-16<0

35. Solve for x: x-1
5—-x

36. Solve for x: [sin x] = 0, where [,] = GIF

<0 andtan’x +tanx - 6<0

Levee I

(Mixed Problems)

1. sin(3x—1)>0
2. cos(2x—3)<0

3. |sinx| Sl
2

1

4, <—

|cosx| 5
5. |sin 2x + cos 2x| = |sin 2x| + |cos 2x|
6. 2cos’x+cosx<1
7. 4sin’x—-1<0
8. 4cos’x—-320
9. |sin x| > |cos x|
10. |cos x| > |sin x|
11. sinx+cosx>1
12. sinx+cosx<1

13. x/gsinx+cosx>1

14. sinx—+/3 cosx<1

15. sinx+sinx—-2<0

16. sinfx+3sinx+2<0
17. cos?’x—cosx>0

18. sinx+cosx—cos2x>0

. 1
19. x> +x—-2<0and smx>5

1
20. x*-1<0and cosx<5

1
21. 4x*-1<0and tanx=>—F

3

22. x2-3x+2<0and (sin x)>—sinx >0

Levee I

(Problems for JEE Advanced)

Q. Solve for x:

sin x +cos x
. =53

sin x — coS x
2. |sin x| > |cos x|
sin x
3. cotx+——=0
cosx—2

4. sinx+cosx>+2 cos2x

3.3

5. 4 sin x sin 2x sin 3x > sin 4x

2
cos” 2x
>3 tanx

CoS X

€08 X + 2 cos>x +cos 3x
7. >1

cosx+2 cos’x—1
8. 2(v2-1)sinx—2cos 2x+v2(+2-1)<0

9. sin 2x>\/§sin2x+(2—\/5) cos’x, x € (0, 27)
10. 1 +log, sinx + 2 log , cos x>0

Comprehensive Link Passages

Passage 1
Ifx, x,, x, € R, then

S(0)+f05)+f (%) Sf(xl +x2+x3)

3 3
Find

1. The value of sin o + sin §+ sin yis, where o + B+ y=
180°
@<l (<3 (o< Lf @ <3

2. The value of cos &+ cos B+ cos vis, where ¢+ B+ v
=180°
(a) <2 (b)S% ) <3 (d)s?

3. The value of cot o+ cot B+ cot yis, where ¢ + B+ y=
180°
@ =1 (b =23 (=232 (@ z?

4. The value of cot o cot B cot yis, where or+ B+ y=180°

1 1 1 3
(3)53 (b)Sﬁ(c)Sm (d)sE

5. The value of sin? o + sin? 8 + sin? yis, where a+ S+ v
=180°
(@ £9/4 (b) £3/4 (c) €32 () <12

6. The value of sin o sin . sinyis, where o+ B+ y=180°

V3 ENE] R 1

7. The value of cot® o+ cot? B+ cot? yis, where ¢ + S+ ¥

— 180°
(@ 21 © >3

Passage 11
If [/(x) + g ()| = [f(x) + g (x)], then f(x) . g(x) = 0
On the basis of the above information answer the follow-
ing questions.
1. Ifsec x + tan x| = [sec x| + |tan x|
V x € [0, 2x], then x does not satisfy the equation is

(b) =3 @) =32

(a) 0 ®) 7 © % ) 27
2. Ifx— 1]+ ]x—3|=2, thenx is
@@ x>1 (b) x>3 (¢) x<1 (d) 1<x<3
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3. If|sinx + cos x| = |sin x| + |cos x],
V x € [0, 2x] then the solution set is

[
(@) _0, 5}
[ 3
(b) _0, E}U[n, 7:|U{27t}
(c) |, 37”:|U{2ﬂ7}
@) [0, 27

Matrix Match
(For JEE-Advanced Examination Only)

1. Match the following columns:

Column I Column II

(A) | The number of solutions of | (P) 6
sin x >% in (0, 27) is

(B) | The number of solutions of [tanx| | (Q) | O
<lin(-m, @) is

(C) | The number of solutions of |cos x| | (R) 4
>11n(0,20137) is

(D) | The number of solutions of | (S) 2
sin x + cos x = [sin x| + |cos x| in
(0, 2m) is

2. Match the following columns:
Column I Column II

(A) | Ifsinx . cos® | (P) '_ﬂ 3z U RN
x. >3 COS X . i ) 4 4 ) 4
sin® x, x € -
[0, 27] Then 3n ”]
x s | 47

(B) [If4sin*x-8|(Q) | 3
sinx +3<0, —,2E]U{0}
x € [0, 27 -
then x is

Trigonometry Booster

R
"l
4
) T 5w
%)

Assertion and Reason

(©) |If|tan x| <1,
x € [-m, m|

then x is

If cos x — sin
x21,xe [0,
27| then x is

(D)

Codes:

(A)
(B)
©

D)
L.

Both A and R are true and R is the correct explanation
of A.

Both A and R are true but R is not the correct explana-
tion of A.

A is true but R is false.

A is false but R is true.

Assertion (A): The value of tan 3¢ . cot ¢ cannot lie
between 3 and 1/3.

Reason (R): In a triangle 4BC, the maximum value of

.(A)(B).(CJ. 1
sin| — |sin| — [sin| — | is —.
2 2 2 8

Assertion (A): The minimum value of a* tan? 6+ 5 cot?
01is 2ab.
Reason (R): For positive real numbers AM > GM

2 2
Assertion (A): The minimum value of c:szx + b
is (a + b)?

Reason (R): The maximum value of

sin’x

3sin’x +4 cos®xis 4
Assertion (A): For all 6 € [0, %} ,

cos (sin 6) > sin (cos 6)
Reason (R): In a triangle ABC, the maximum value of
simAd+sinB+sinC . 3

i
cot A+ cot B+cotC 2

. Assertion (A): cot' x 22 = x € (o0, 2]

Reason (R): cot™! x is a decreasing function.

Levee I

2 1 (2 1 1
(mr+ Qnr+1)m+ j,nel

1. xe ,
3 3

2. xe((4n+l) +— (4n+3)— +;j el

Vg T
3. xe|nmm——,nn+—|,nel
6 6

mr—— nn—z),nel
4

V3
nmw— nnn—;j,ne[
T V3
nt——,nx+—|,nel
6 6)

<
<
<
<

b4 T
nw——,nmw+ nel
6 6)
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T T Vi3 T
9. x€ U{(Zmr——, I’lﬂ——j u(nn+—, nn-i——)}
ner 2 4 4 2

10. xe nn’—z,nﬂ-kz ,nel
4 4
I1. xe@nr,2n+)r),nel
12. xe((Zn—l)n,Zmr+%),ne[

13. 2nrw, 2n7r+—),n 1

14. 2n71'—— 2n7r+7;j

16. x

Srm
17. 2n7t+ ,2nm+ s
12)

18.

&l
<
15. £2n7r—— 2n7r+£], el
&
[0’ 3fju(3n 7;1)

19. —<x<1

20. x:(p

21, xe[ﬂ ”}
372

22. xe (m, 2m)

Levee
1. U(l’lﬂ:+%,nﬂ:+%)

nel

V3 3r
2. nT4+—,nw+—
U( 4 4 )

nel

3. U[Znn’—— mr+ X j (2n77:+£,(2n+1)n’)
nel 3 3

3.5

3 17 7
4. U 2n7r+£,2n7r+—ﬂ U 2n7r+—ﬂ,2n7r+—ﬂ:
12 4 12 4

nel

s. U (mr—z i |l e+ Z mr+5—7r)
: 8’ 2’ 8

nel

( T 37[)
Ul nm+=, nr+=—
8 8

6. U n7r—7—7r,mr—E ) nn—z,nn+£
12 2 2 12

nel

T Vg
7. 2nmw——, 2nw+—
U( 3 3)

nel

8. U(2n7‘c—£,2nn’+ ) (2nn’+5 , 2nm +5—”j
4 6 6 4

nel

9. (tan_l (\/E -1, %)u (n +tan”! (\/5 -1), %)

10, U(anm— , 2nm+ 5”)
277

nel

COMPREHENSIVE LINK PASSAGES

Passage I:
1. (¢) 2. (b) 3. (b) 4. (b)
5. (a) 6. (b) 7. (a)

Passage II:
1. (¢) 2. (d) 3. (b)

MATRIX MATCH

L (A)=(9):;:(B)=(5);(C) = (Q); (D) = (R)
2. (A)=>R);B)=(5);:(C) = (P)D) = (Q

ASSERTION AND REASON

I.(B) 2 (A 3B 4 (B) 5 (A

HINTS AND SoOLUTIONS

Levee !
1. Here, we should construct the graph of y = sin x and
_ 1
y= > v
A A ﬁ /A\

[=))

X vvﬂ%u v

Hence, the solution set is

x=J (21177:4— = 2n7t+5?ﬂj

nel

2. Here, we should construct the graph of y = sin x and

1
y= sin”! (—)
3

AN N N
o A

\J \Gwre
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Hence, the solution set is

=\

(Znﬂ: +sin”! (l) n+Dr—sin”! (l)j
nel 3 3

We have sinx > 1

y=1
MRV EAv
2 2
Y
= x=(4n+1)§,n€1
We have sin x > 0
Y
y=1
NN N
0 b3
y=-1
Y
= x=J @nr,Qn+m)
nel |
Here we should draw the graph of y =sin x and y = 3
Y
N\ /\ /\ /\ y=12
vl /ko \ [\
1 n
VESVAVARY
Y

Hence, the solution set is

x= U (2nn’—7?n, 2n7t+%j

nel

6. Here we should draw the graphs of y = sin x and

_1
y 5
Y
y=1/5
X N \ / \ %
—T— sin*l[%] 9 sin! %]\/

Y

Hence, the solution set is

TG
(2n—-1)m —sin (5),

2nm +sin”! (l)
5

=U

nel

Trigonometry Booster

7. Here we should draw the graphs of y = sin x and

_3
)
Y
NN N B
e\ /4&04”\ [\ 2
VS VEAVARY/
Y

Hence the solution set is

=U

nel

[27175 —4—7[, 2nrw +£}
3 3

8. Here we should draw the graphs of y = cos x and

1

y=\/§'

_L
=

Hence, the solution set is

&N

N

x= U[2nn’—%, 2nrw +%j

nel

9. Here we should draw the graphs of y =cos x and y = )

Y

-1
Y73

Y

Hence, the solution set is

Wiy [

N

x= U[Znn:—%, 2n7r+%}

nel

10. Here we should draw the graphs of y = cos x and

_1
y=3

P /1N

y=1/3

A\

Vi

Y

COSW cos*I%] *
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Hence, the solution set is

1
207 +cos”! (5),
x={J |
"€l 2(n+1)m—cos”! (g)

11. Here we should draw the graphs of y = cos x and
y=3
2

y
X 5% Iz X
6 6
Hence, the solution set is

xX= Ul:2nn'+%, 2(n+1)7r—%}

nel

12. Here we should draw the graphs of y =tan x and y = 1.

Y
Ja ] i } I y=1
v VL Y
i 2} 42 i i
b

Hence, the solution set is

T T
x=J (mr+—, nn’+—)
nel 4 2

13. Here we should draw the graphs of y = tan x and
1

y:\/§'

——

[—

<
S ﬁ“

s
SE]

>

|
S~ = 1

Y

Hence, the solution set is

V4 T
x= nw+—, nw+—
U[ - 2)

nel

3.7

14. Here we should draw the graphs of y =tan x and y = 2.

e
i i 2 i
BN ELEY R

Hence, the solution set is

_ T
x= N +tan”! 2), nw+—
U @+

nel

15. Here we should draw the graphs of y=tan x and y = 1.

]

——

&8

SO B R

|

Y
Hence, the solution set is

T T
x= nw——, T +—
Yo

nel

16. Here we should draw the graphs of y = tan x and

y=+73.

——

Wiy
B

>

|
[ 7 = 1 I
S

Y

Hence, the solution set is
V4 T
X = U l:nn:——, nﬂ+—}
nel 2 3

17. We have sin x > cos x
= sinx—cosx>0

1

1
—sinx ——=cos x>0
V2 2

. p
sin| x——|>0
- (x 4)

=
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18.

19.

20.

21.

= Xe€ 2n7r+£, (2n+1)7r+£
4 4
Hence, the solution set is

x= U(znm%, (2n+1)ﬂ+%j

nel

We have cos x > sin x
= cosx—sinx>0

1 1
= —cosx——=sinx>0
NG 2

cos(x+£j >0
= 4

= xe(2n7t—3—n, 2n7t+£)
4 4

Hence, the solution set is

x= U (27177:—37”, 2n77:+%)

nel

1
We have cosx < L and cosx 2 _E

2

= Xxe€ 2n7t+£, 2n7r+7—7r
4 4

and xe [Znn—z, 2nn+£}
3 3

Hence, the solution set is

7
x= U(ZmH%, 2n7‘[+7”)

nel
U |:2nn'+ E, 2n7t+£}
3 3

We have [sin x + cos x| = |sin x| + |cos x|
As we know that, if
() + g @)= [f(x)] + g )|
then f(x)g(x) =0
Thus, sin x cos x >0
= sin2x20

T
= xe[nn’, nn+5}

Hence, the solution set is

x=U{nn,nn+%J

nel

We have sin x sin 2x < sin 3x sin 4x

2 sin x sin 2x < 2 sin 3x sin 4x

€os x — cos 3x < cos x — cos 7x

cos 3x > cos 7x

cos 3x—cos 7x>0

2 sin 5x sin 2x >0

sin S5x > 0 (since sin 2x is +ve for 0 <x < m/2)

teuss il

22.

23.

24.

=

=
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0<5x<nm

0<x<£
5

Hence, the solution set is

~{r2ho3

We have cos x — sin x — cos 2x > 0

=
=
=

=

(cos x — sin x) — (cos? x — sin® x) > 0
(cos x —sin x)(1 — cos x — sin x) > 0.
(sinx —cos x)(sinx +cosx—1)>0

sin(x—§)~(sinx+cosx—l)>0

Hence, the solution set is

xX€ (0, E)u(s—n, Zn)
4 4

. 1.
We have %sm2x+zsm2 2x > cos 2x

L L R R A )

5(2 sin? x) + 2(sin® 2x) > 8 cos 2x

5(1 —cos 2x) + 2(1 — cos? 2x) > 8 cos 2x
5-5cos2x+2—2cos*2x—8cos2x>0
2 cos*2x+ 13 cos2x—7<0

2 cos?2x + 14 cos 2x —cos 2x — 7 <0

2 cos 2x (cos 2x +7) — (cos 2x +7) <0
(cos2x+7)(2 cos2x—1)<0
2cos2x—-1<0

cos 2x <1/2

( i 571)
xe|nr+=, nr+—
6 6

Hence, the solution set is

/4 hY/4
X = nw+—,nw+—
(o)

nel

We have 6 sin? x — sin x cos x — cos? x > 2

L L

6 sin® x — sin x cos x — cos? x > 2 (sin® x + cos? x)
4 sin®* x —sinx cos x —3 cos?x >0

4tan’x —tanx—3>0
4tan’x—4tanx+3tanx—-3>0

4tanx (tanx— 1)+ 3(tanx—1)>0
(tanx—1)(4 tanx +3)>0

tan x <-3/4 and tan x > 1

T (3
XeE|nwr——,nw—tan | —
2 4

T n
and xe|nw+—,nr+—
( 4 2)

Hence, the solution set is

T 1(3)
X=|nwt——,nwT—tan | —
2 4

V3 b4
ulart+—,nm+—|,nel
( 4 2)
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. 6 6 13
25. We have sin°x+cos’x > —
. 13
= (-3 sin’x coszx) >—
16
3 13
1-=(2sin’x) (2 cos’x) |>—=
4( ) ( )) T

3 13
1——(1—cos2x) (1+cos2x) |>—
4( x) ( X)) 16

=
= 1—3(1 cos 2x)j B3
4
13
= 1—2(2 sin 2x))>E
8 16

3 13
1-=(1- cos4x)) >—
8 16

(

(

(
RN

(

(

(i3

3 3
= —cosdx>—
= cosdx>1/2

= 4xe (2n7z—£, 2nr +£j
3 3

nt T nm T
= xe|l———,—+—

26. The given in-equation is
cos”x-cos 3x —sin’ x sin 3x > g
=  (cos 3x + 3 cos x) cos 3x
— (3sin x —sin 3x)sin 3x >§
= sin®* 3x + cos? 3x

. . 5
+ 3(cos3x cos x —sin 3x sin x) >E
5
= 3cosd4x+1> 3
1
= cosdx >—
2

= 2n7r—§<4x<2n7r+§,ne[

27.

28.

Hence, the solution set is
nw W AT T
ey(zamn)
mor W20 1272 12
The given in-equation is
. 13
sin®x +cos®x > —
16
=  (sin*x + cos® x)}

. . 13
—3sin® x cost(smzx + coszx) > T

= 1-3sin’x cos’x > %

= 1—§(sinzzx)>E
4 16

= 1—3(2511124x)>E
8 16
= l—g(l—cos4x)>£
8 16

5 3 13
= —+—cosdx>—
8 8 16

3 3
=  —cosdx>—
8 16
c0s4x>1
N -
2
= 2n7r—§<4x<2n7r+§,ne]

nwor nto
—<x<—+—,nel
2 12 2 12°

Hence, the solution set is
nt m ONm W
X = ———’_+_
g(Z 127 2 12)

The given in-equation is
5. 1.
Zsin’x +—sin? 2x > cos 2x
4 4

5 sin® x + sin® 2x > 4 cos 2x

5 (2 sin? x) + 2 (sin? 2x) > 4 cos 2x

5 (1 —cos 2x) + 2(1 — cos® 2x) > 8 cos 2x
2 cos?2x+ 13 cos2x—7<0

2 cos?2x + 14 cos 2x —cos 2x — 7 <0

2 cos 2x (cos 2x +7)—1(cos 2x + 7) <0
(2cos2x—1)(cos2x+7)<0

L L

1
—7<cos2x<—
2

3.9
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29.

30.

31.

=

=

=

1
cos2x < —
2nﬂ—§<2x<2nﬂ+§,ne[

T T
nr——<x<nw+—,nel
6 6

Hence, the solution set is

T T
= l | -, -
X (I’l?’[ 6 nr )

nel

The given in-equation is

L L 2 Vo 1

sin 3x sin 4x > sin x sin 2x

2 sin 3x sin 4x > 2 sin x sin 2x
€OS X — cos 7x > cos x — cos 3x
—cos 7x > —cos 3x

cos 7x < cos 3x

cos 7x —cos 3x <0

-2 sin 5x sin 2x <0

sin 5xsin2 x>0

sin 5x > 0, since sin 2x is positive in (0, Ej
0<5x<rm

0<x<E
5

Hence, the solution set is

e

We have [sin x + cos x| = |sin x| + |cos x|

L teu

sinx cos x>0
2sinxcosx=>0

sinx >0
2nmg<2x<2nm+mne l

T
nn’SxSnn’+E,neI

Hence, the solution set is

x= U (I’lﬂ', nmw +§)

nel

We have [sec x + tan x| = |sec x| + [tan x|

=

=

=

=

=

secx.tanx >0
sin x

>—=20
cos” x

sinx >0, cos’xz0

sianO,x¢(2n+l)§,nel

Znn'SxS2n7t+7t,x¢(2n+1)%,ne]

Hence, the solution set is

x=|J@nx, @n+1)m)-(2n+ 1)%

nel

32.

33.

34.

35.

36.
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We have sin2x +sinx—2<0
= (sinx+2)(sinx—1)<0
= 2<sinx<l1
= sinx<l1

3n T
= ———<x<—

2 2
Also, x> -3x+2<0
= (x-1H(x-2)<0
= 1<x<2

. . T
Hence, the solution setis 1 < x < E

We have 2 sin?x+sinx—1<0
= (2sinx-1)(sinx+1)<0

= —1<sinx<2
b4 T

= ——<x<—
2 6

Also,x2+x-2<0
= (x+2)(x-1)<0
= —-2<x<l1

. . /4 n
Hence, the solution set is, Y <x<—

6
We havetan?x—Stanx +6>0
= (tanx-2)(tanx—-3)>0
= tanx<2andtanx>3
= x<tan'(2) and x > tan"'(3)
Also,x2-16<0
= @+rdHx-4<0
= 4<x<4
Hence, the solution set is
x € (-4, tan"!(2)) U (tan"'(3), 4)
We have tan? x + tan x — 6 <0
= (tanx+3)(tanx—2)<0

= —3<tanx<2
= tan’!(-3) <x<tan'(2)
-1
Also, al <0
5—-x
x—1 50
x=5

= x<landx>5

Hence, the solution set is x € (1, tan™!(2))
We have [sinx] =0

= O0<sinx<l1

Case-I: When sinx >0

= 2na<x<Q@2n+l)mnel
Case-1I: When sin x < 1

= 27;71,'—3—77:<x<2n7r+E
2 2

~ xe ((471 —3)%, ((411 +1)§D

Hence, the solution set is
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Levee I

1.

7.

[2n7, (2n+1) 7]

=U

~ u((4n —3)%, (4n+1) g)

sin(3x—1)>0
= 2nr<(Bx-1)<@n+=xm
2nrw+1 2n+Dr+1
<x<
3 3
cos (2x—3)<0

,nel

= 2w+t <@r-3) <2+l
2 2
T 3 3r 3
= 2nw+—+—<x<nm+—+—
4 2 4 2
. 1
|sinx| <=
2

V3 V3
= nﬂ:—ngSnﬂ:+g,neI

|cos x| < €

2

R4 T
= nn’—TSxSnﬂ:+z,ne]

. |sin 2x + cos 2x| = |sin 2x| + |cos 2x]|

=  sin (2x) cos (2x) =0
= 2sin(2x)cos (2x) =0
= sin(4x)=0

= 2nxp<4x<(2n+r,
=

2w etz
4 4

2cos’x+cosx<1

2cos’x +2cosx—cosx—1<0
= 2cosx(cosx+1)—(cosx+1)<0
= (2cosx—1)(cosx+1)<0
=

U

1
—I<cosx<—
2

= (2n+1)7r<x<2n7r+§,ne]

4sinx—-1<0

. 1
= sin’x < —
4

= |sinx|< 1
2

/4 V/d
= nn’—gﬁxSnﬂH—g,neI

10.

11.

12.

13.

14.

15.

3.11

4cos’x—-320

w

= cos’x>=

&-lk

= |cosx| >—
2

Vg Vg
= nﬂ:—ngSnﬂ:+g,neI

|sin x| > |cos x|
= [|tanx|>1

(-G o foom 3 )
= er nw——,nw—— |U| nm+—, nwr+—
net 2 4 4 2

|cos x| > |sin x|
= |tanx| <1

T b4
= Xe€e|nmmx——,nm——
( 4 4)

sinx+cosx>1

sin[x+n)> !
N s
i)

T T 3r
= 2nw+—<|x+— |<2nm+—
4 4 4

T
= 2n7r<x<2n7r+5,nel

sinx—cosx<1
sin( n)<l
- e —
b4 T T
= 2nmm—-—<|x——|<2nm+—
4 4 4

= (2n—1)7r<x<2n7r+%,ne[

V3 sinx+cosx>1

. [ n) 1
=  sin|x+=|>—
6 2

T T hY4
= 2nw+—<|x+— |<2nm+—
6 6 6

= 2na<x<@n+Dmnel
sinx—+/3cosx<1

. ( n) 1
= sm| x—— (< —
3 2

T b4 Sm
= nw+—<|x—— |<2nm+—
6 3 6

- 2nﬂ+§<x<(2n+1)ﬂ,ne]
sin?x +sinx—2<0

= (sinx+2)(sinx—1)<0

= 2<sinx<l1
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16.

17.

18.

= -1<sinx<l
/4 V4
= 2nﬂ—5<x<2nﬂ+3,nel

sinfx+3sinx+2<0

= (sinx+1)(sinx+2)<0
= 2<sinx<l

= x=¢

cos’x—cosx>0

= cosx(cosx—1)>0

= cosx<0,cosx>1

= cosx<0

= 2n7t+%<x<2n7r+37ﬂ,nel

sinx+cosx—cos2x>0

=  (sinx—cosx)—(cos’x —sin*x) >0
= (sinx+tcosx)(l—cosx+sinx)>0
= (sinx+cosx)(sinx—cosx+1)>0

Case I:
(sinx +cosx) >0, (sinx—cosx+1)>0

. ( nj . ( nj 1
= sinfx+—|[>0,sin|x—— |>——
4 4)" 2

T Vg T\ &®
= 0O<|x+—|<m,——<|x——|<—
( 4) 4 ( 4) 2

= 4

Case II:
sinx+cosx<0,sinx—cosx+1<0

= sinfx+— |<0,sin| x—— [<——
4 4)" 2

hY/4 /4 r
= #I<|x+— <21, —<|x——|<—
4 4 4
k¥ r
= — <—,—<x<2rm
4 4
3 r
= _ X _
4 4

xe(3_ﬂ 7_ﬂj
= 4° 4

Hence, the solution set is

( 37:) (37[ 77r)
xe|l0,— |U|—,—
4 4 4

Trigonometry Booster

. 1
19. x*+x—-2<0and s1nx>5

whenx2+x—-2<0
= x+2)(x-1)<0

= 2<x<I1

1
when sin x > 5

T
= —<x<—
6

. . T
Hence, the solution set is E <x<l

T
X € _51
e (6 j

20. x>~ 1<0and cosx<%
whenx?2—1<0
= (@-1HEx+1)<0
= -1<x<1

1
when cos x< 5

Hence, the solution is x = ¢

21. 4x* 120 and tanxzL
NE)
when4x>-120

= (x-D)@x+1)=0

1 1
= x<—-—and x>—
2 2

1
when tanx > —

NE)
Tex<?
6 2

. .|tz
Hence, the solution set is |:g, 5}

=

22. x*-3x+2<0and (sinx)*—sinx >0
whenx? -3x+2<0
= @ -1x-2)<0
= 1<x<2
when (sin x)? — sin x > 0
= sinx(sinx—1)>0
= sinx<0,sinx>1
= sinx<0
= n<x<2r
Hence, the solution set is x = ¢
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Levee I

1.

sin x +cos x \/’
sin x — cos x

= tan(%+xj<—\/§
T T T
= nw——<|—+x|<nr——
2 (4 j 3

3n n
= nmm—-——<x<nt———,nel
4 12

2. |sin x| > |cos x|

3.

= |tanx|>1

( T n) ( s nj
- x€ T ——,nw—— |u| nm+=, nr+=
net 2 4 4 2

sin x
cotx+———=>0
cosx—2
cos® x —2cos x +sin’ x
- >0
sin x(cosx —2)
1-2cosx
sinx(cosx—2)
1-2cosx .
= ——<0,since (cosx—2)<0
sin x
1-2cosx
= — <0
sin x
2cosx—1
= —>0
sin x
Case I:

when (2 cosx—1)=0andsinx >0

1 .
= costEandsmeO

= xe[O,%}u[“%,Zn},O«mn

Hence, the solution is x € (O, %}

Case II:
when (2 cosx—1)<0andsinx <0

1 .
= cosxSE,smx<0

/4 b4

= ;SxS—,TE<x<2n’
. b4
Hence, the solution is 7t<xS?.

Therefore, the required solution set is

T Ry
xe|0,—|ulm,—
( 3} ( 3}

3.13

4. sinx+cosx >~/2cos2x
=  sinx+cosx >«/§(cos2x—sin2x)
=  (sinx+cosx) (l—x/z(cosx—sin x))>0

—  (sinx+cosx) x/z(cosx—sinx) -1)<0

= (sinx+cosx)((cosx—sinx) —Lj <0

V2

Case I:

(sin x + cos x) >0, ((cosx—sm x)— \/—)

= sin(x+£)>0 cos(x+ir)—L <0
4)" 7 4)

/4 T T r
= T<|x+—|<2m,—<|x+—|<—
4 4 4

4
3r i 3r
= —<x<—,0<x<—
4 2
kY4 i
= —<x<—
4 4

3n In
Hence, the solution set is sin x + cos x € T T

Case II:
. T T 1
sin| x+— |<0,cos| x+— |>—
4 4)"

( nj ( nj o
= 7w<|lx+ <27r—< —|<—
4 4 4
R4 n 3w
= T<x<—,—<x<27‘[
Hence, the solution set is
R4 T

Therefore, the required solution set is

e

2 4
5. 4 sin x sin 2x sin 3x > sin 4x
4 sin x sin 2x sin 3x > 2 sin 2x cos 2x
2 sin x sin 2x sin 3x > sin 2x cos 2x
sin 2x (2 sin x sin 3x — cos 2x) > 0
sin 2x (cos 2x — cos 4x — cos 2x) > 0
sin 2x (—cos 4x) > 0
sin 2x (cos 4x) <0

Case I:
when sin 2x > 0, (cos 4x) <0

L A A A

= O<2x<7r,£<4x<3—7r
2 2
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7.

T 3z
= 0O<x<—,—<x<—
28 8

. . RY/4
Hence, the solution set is ] <x< 3

Case II:
When sin 2x <0, cos 4x > 0
= 7'E<2x<27t,37ﬂ<4x<57ﬂ:

T kY4 S
= —<Xx<m,—<x<—
2 8 8

. . T hY3
Hence, the solution set is — < x < —

8

Therefore, the required solution is

(n 37rj (n 57r)
xe|=, = |ul =, =
g8 8 28

cos? 2x
>3tanx
cos“x
cos>2x 3sin x
= >
cos’x COoS X
2 .
2x -3
- cos” 2x szlnxcosx]20
cos “x
2cos?2x — 3 sin 2
- cos”2x : sin ijO
cos “x
= 2cosz2x—3sin2x20,x¢(2n+1)§
= 2co0s’2x—3sin2x>0
= 2-2sin?2x-3sin2x=>0
= 2sin’?2x+3sin2x-2<0
= 2sin’?2x+4sin2x—sin2x—-2<0
= 2sin2x(sin2x +2)—(sin2x +2) <0
= (2sin2x—1)(sin2x+2)<0
= —2Ssin2x£l
2
. 1
= —1Ssm2x£5

= 2nn—££2x£2nn+£
2 6

T /4
= nt——<x<nn+—,nel
4 12
Hence, the solution set is

I:nﬂ:—z, nﬂ+£}—{(2n+l)£},ne 1
4 12 2

08 X + 2 cos>x + cos 3x

5 >1
cosx+2cos“x—1

=

Trigonometry Booster

cosx+2 cos’x+4 cos’x—3 cosx o1

2 cos’x+cosx—1

cos x +2 cos’x +4 cos’x —3 cosx

-1>0
2cos’x+cosx—1

cosx +2 cos’x+4 cos’x —3 cosx o1

2
2cos“x+cosx—1

2cosx (2 cos2x+cosx—1) o1

2 cos’x+cosx—1

2cosx>1

1
cosx >—
2

2nﬂ—§<x<2nﬂ+%,ne]

2(x/§—1) sinx—20052x+\/§(\/§—1)<0

=

L

U

=

2(v2 =1y sinx —2(1 = 2sin2x) +42 (V2 =1) < 0
~2-1 sinx—(l—zsinzx)+(‘ﬁ—_l)< 0

2

~2-1
V2

Zﬁsin2x+\/§(x/§—l)sinx—1<0

242 sinx +(2=+/2) sinx—1< 0

1<0

2sin’x+ (\/5 —1)sin x+

Zﬁsin2x+25inx—«/§sinx—l <0
2sinx(+/2 sinx+1)— (+/2 sinx+1) <0
(2sinx—1) (+/2 sinx+1)<0

1 . 1
——=<sinx<—
2

NG

2n7r—£<x<2n7r+£, nel
4 6

sin2x >+/2 sin2x+(2—«5) cos’x , x € (0, 27)

=

=

=

V2 sin?x-2 sinxcosx+(2—x/§) cos’x <0
\/Etanzx—2tanx+(2—\/§)<0
tan’x —~/2 tan x +(\/§—l)<0

V22-4(2-1) 0

tanx=
2
V214642
tanx:f<0
+(2—

2
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— - sin2x
= tanx:3 \/E’Q<O = Ing( j+2>0
V272 2

V2-1 3-2 = logzs%n2x+l>0
= 7 <tanx < NG = log, sin 2x > -1
1
— - in2x >—
= 717T+06<x<n7r+[3,0(:\/§ 1,tanﬂ:3 2 —  sin2x 5

V2 V2

. 5
10. 1+ log, sinx +2 log , cos x>0 = 2n7r+£<2x<2n7t+—n-,nel
= log,sinx+2log, cosx+1>0 6 6
= log,sinx+log,cosx+1>0

V4 St
. = mr+—<x<nn+—,nel
= log, sinx +log, cosx +2>0 12 2







CHAPTER

Inverse Trigonometric

Functions

INVERSE FUNCTION

ConcerT BooSTER

4.1 IntropucTion To INnvERSE FuncTiON

4 7

N —
e s B

g

Let /: X — Y be a bijective function.
If we can make another function g from Y to X, then we
shall say that g is the inverse of 1.

) i, 1
ie, g=f #—
S

Thus, £'(f () = x

Y

¥
N ﬁf‘(x)
X X

Y

(vii) If fis an invertible function, then (/) = 1.
(viii) If /- 4 — B be a one one function, then f"'of =/ and
Jof'' =1, where I and I, are the identity functions of
the sets A and B respectively.
(ix) Letf: A4 — B, g: B — C be two invertible functions,
then gof'is also invertible with (gof)™"' = (f'og™).

Note
(i) The inverse of a function exists only when the
function f'is bijective.
(i1) If the inverse of a function is exists, then it is called
an invertible function.
(iii)) The inverse of a bijective function is unique.
(iv) Geometrically 7!(x) is the image of f'(x) with respect
to the line y = x.
(v) Another way also we can say that f!(x) is the
symmetrical with respect to the line y = x.
(vi) A function f'(x) is said to be involution if for all x for
which f'(x) and f'(f (x)) are defined such that /' (f(x))

=X.

Rule to Find out the Inverse of a Function

(1) First, we check the given function is bijective or not.
(i1) If the function is bijective, then inverse exists, other-
wise not.
(iii)) Find x in terms of y
(iv) And then replace y by x, then we get inverse of f. i.e.,

/).

4.2 Inverse TriconomeTRIC FuNcTIONS

We know that sine function is defined only for every real
number and the range of sine function is [-1, 1]. Thus, the
graph of /' (x) = sin (x) is as follows
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Graph of f(x) = sin (x):

<
I

b

29/ -« T 2n 0

<
I

Y/
From the graph, we can say that, it will be one one and onto
only when we considered it in some particular intervals like

(—Z,Ej, (2,3—%), (3—”,5—ﬂ), and so on. If we consider

22 22 22

the whole function, then it is not one one as well as onto.
Also, when we think the inverse function, then domain

and range are interchanged. So the graph of this function is

as follows. .

3r

Sg/5 o

N\,

bog /N
J

x=-1 Y «x=1

As a whole, inverse of this function does not exist. Its
inverse exists only when, we restrict its range.

. 3 =& T T 3w
So the intervals are | ——,——|[,| ——,— |,| =, — |,
2 2 22 272

(3_7”_%) d
29 > » and so on.

In the conventional mathematics, we consider it in

-53)

Thus, sin inverse function is defined as
sin_]:[—l,l]% —E,E
22

Therefore, a function f :[—1, 1] - [—%, %} is defined as
f(x) =sin'x.

Trigonometry Booster

So the graph of f(x) = sin"'x is

>
-

¥
o
I

=l

[\

[ P

A

1

1
U {3

;S
A
AN

[

=
Il
|
—_
~
=
—

272

Thus, D, =[-1,1]and R, = [—” ”}

Now, we shall discuss the graphs of other inverse trigono-
metric functions and their characteristics.

4.3

GrarHs oF Inverse TriconomETRIC FuncTIONS

(M)

sin”'x:

—} is defined as f(x) =

A function f:[-1,1]— [—g, g

sin"'x = arc sin x
Graph of f(x) = sin'x.

>
———

¥
o
I
=l
[\

[ P

A

1

1
U {3

;S
A
AN

=
I
|

L

LQ

=
[

Characteristics of ARC Sine Function

1.

[

(i)

D,=[-1,1]

T T
}?. = -,
f[zz}

It is not a periodic function.

It is an odd function.

since, sin™'(—x) = —sin"x

It is a strictly increasing function.
It is a one one function.

T )
For 0<x<5, sin x < x < sin"'x.

cos 'x:
A function f: [-1, 1] — [0, 7]
is defined as f(x) = cos™'x = arc cos x



Inverse Trigonometric Functions

Graph of f(x) = cos'x

A
i
i

i
Y
<
Il
E]

[ S

v
< 3
S
[\S)

[
_

~
=

Characteristics of ARC Cosine Function

bl

hd

(iii)

D.=[-1,1]

[0, 7]

It is not a periodic function.

It is neither even nor odd function since, cos™(—x) =
m—cos™'(x)

It is a strictly decreasing function.

It is a one one function.

For 0<x<£,
2

cos'x <x < cosx
tan'x:

A function f:R — (—g, gj is

defined as f'(x) = tan"lx.

Graph of /' (x) = tan"'x:

Y
y=m?2
X D X
y=-m/2
Y

Characteristics of ARC Tangent Function

1.

(%)

D=R

T T
R.:——,—
/ ( 2 2)

It is not a periodic function

It is an odd function.

Since, tan"!(—x) = —tan"'x

It is a strictly increasing function.
It is a one one function.

T
For 0 < x <=, tan"'x <x < tan x.
2

cotlx:
A function fi R — (0, n) is defined as f'(x) = cot'x.

4.3

Graph of f(x) = cot 'x

Y
y=nx
y=m2
X 0 X
Y

Characteristics of ARC Co-tangent Function

1.

2
3.
4

9]

V)

D,=R

. R=(0,m)

It is not a periodic function.

. It is neither even nor odd function since, cot™'(—x) =

m—cot'x
It is a strictly decreasing function.
It is a one one function.

For 0<x<£,
2

cotx <x <cot'lx

coseclx:
A function
T n
(=00, = 1JU[l, 0) = | =——, —[—10
(oo, =1]UL, o) [ > 2} {0}
is defined as f'(x) = cosec'x.
Graph of f(x) = cosec'x.
Y
A A
~<-------- ;— ---------- t-»y =2
X /_\ 0 | X
<--oood s R e >y=-m2
Y Y
x=-1 Y x=1

Characteristics of ARC Co-secant Function

1.

2.

9]

Df: (—oo’ _1] o [17 oo)

It is an odd function, since
cosec!(—x) = —cosec!(x)
It is a non periodic function.
It is a one one function.
It is a strictly decreasing function with respect to its
domain.
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T
7. For 0 < x <=, cosec’'x <x < cosec x
2

(v) sec™'x: A function f:(—oo, —1]U[1, ) = [0, 7] — {%}
is defined as f'(x) = sec'x
Graph of f(x) =sec”'x
Y

y=x
/ _T
ﬁy :
X
X [0)
Y

Characteristics of ARC Secant Function
L. D,=(—e0,—1] U [1, o]

2. R, =[0, n]—{%}

3. It is neither an even function nor an odd odd function,
since sec!(—x) = m— sec”!(x)

4. It is a non periodic function.

5. Itis a one one function.

6. It is strictly decreasing function with respect to its do-
main.

T
7. For 0<x<—,sec'x<x<secx
2

4.4 CGonsTANT PROPERTY

(i) sin™'(x)+cos™(x) = % Vxe[-1,1]
(i) tan~'(x)+cot™ (x) = % VxeR

(iii) cosec™ (x)+sec”!(x) = % VxeR-(-1,1)

4.5 Conversion oF INVERSE TRIGONOMETRIC

FuncTions
Case I: Whenx >0
Functions Principal values
T
1. -1 0’ _
sin"'x [ 2}
T
2. -1 05 ~
coslx [ 2}

T
3. tan™ 0,—

Trigonometry Booster

T

4. cot’! 0,
cot x [ Zjl

T

5. -1 09 ~
CcoseC X ( z:l

T

6. -1 09 A
sec X |: 2)

Case II: Whenx <0

Functions

1. sin''x

2. cosec'x

4. cos'x

5. sec™'x

[
[
(

6. cotlx

Here, we shall discuss, how any inverse trigonometric
function can be expressed in terms of any other inverse trigo-
nometric functions.

Step I:

),xe [-1, 11— {0}

==

(i) sin~'(x)=cosec™ (
(i) cosec™!(x)=sin"" (ij X2 1
(i) cos™'(x)=sec”! (lj ,xe [-1,1]-{0}
X
(iv) sec'x=cos™ (lj, x| > 1
X

1
cot™! (—] x>0
X

1
-7+ cot™! (—):x< 0
X

(v) tan™'(x)=

(vi) cot™(x)=




Inverse Trigonometric Functions

Step I1:
cosfl(\/l—xz) o 0<x<1
(i) sin”'x=
—cos_l(\ll—xz) —1<x<0
_1 1
sec > o 0<x<1
1_
(i) sin"'x= x
1
—sec_l( J:—ISx<O
\/l—x2
(i) cos'x= sin!(W1-x%)  : 0<x<I1
m—sin'(W1-x?):-1<x<0
cosec o 0<x<1
/1_ 2
(iv) cos”'x= x
n'—cosec_l[ ]:—le<0
1-x*

(v) sin”'x=tan™! {

al ]:—l<x<1
\/l—x2

-1 1—)C2
cot 0<x<1
X
1

(vi) sin” x=
-1 l—xz
—7 +cot —1<x<0

X

4.6 ComposiTion oF TRiGoNOMETRIC FUNCTIONS
AND ITS INVERSE

Let y =sin"'x

= x=siny
= x = sin (sin"'x)
= sin (sin"'x) =x

Therefore, sin (sin"'x) provide us a real value lies in [-1, 1]
Hence,

(i) sin (sin'x) =ux, x| <1

(ii) cos (cosx)=x, |x| <1

(iii) tan (tan"x)=x,x€ R

(iv) cot(cot'x)=x,x€ R

(v) cosec (cosec™'x) =x, |x| > 1

(vi) sec(secx)=ux,|x|>1

4.7 GowmposiTion oF INVERSE TRIGONOMETRIC
Funcrtions anp TriconomeTRIC FuncTIONS

(i) Afunction f:R — [—5, 5} is
22
defined as f'(x) = sin”'(sin x)
Graph of f(x) = sin”!(sin x)

W

(i)

b=

(iif)

Y
D =R
T
R =|-2,=
! { 27 2]
It is an odd function.
It is a periodic function with period 27
X :—ESxS—
2 2
T—x :ESxS3—n
sin”! (sinx) = 32 25
X271 :—nSxS—”
2 2
3
r-x - L<x<- X
2 2

cos7!(cos x) :

4.5

A function f: R — [0, 7] is defined as f(x) = cos™!(cos x)

Graph of f(x) = cos™!(cos x):

Y
AN VAWAY
NN
Y
D=R
R=[0, 7]

It is neither an odd nor an even function.
It is a periodic function with period 27
X 0<x<rm

2n—x :n<x<2rm

cos ™' (cosx) =
x—2n 2n<x<3rm
—-X —n<x<0
tan™'(tan x):
V4 T
A function f:R—-2n+1)——| ——,—
unction /R~ (2n+1) 2 ( z 2)

is defined as f'(x) = tan"!(tan x)
Graph of f(x) = tan"!(tan x):
Y

T

L0

T&
I

S
-

<

I

|
0y

Y
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W

(iv)

Ealb i e

™)

D, :R—(2n+l)§,nel

T T
Ry =|-=,=
=(-53)

. Itis an odd function.
. It is a periodic function with period 7

- T
X —<x<—
2 2
b4 kY4
X—7T 5<x<7
tan_l(tanx)=
T k¥4
X=2m . —<x<—
2 2
-3r -
X+7 —<x<—
2 2
cot'(cotx) :

A function f: R — (nm) — (0, m) is defined as f(x) =
cot™(cot x)
Graph of f'(x) = cot!(cot x):

T

D )= R—-nmnel

R~ (0,7

It is neither an even nor an odd function.
It is a periodic function with period 7

by 0<x<rm

1 X—T :x<x<2m
cot™ (cotx)=
2r<x<3m

T+x :—m<x<0

cosec!(cosec x): A function

~Z Z1— 10} is defined
| 2 2

as f(x) = cosec'(cosec x)

Graph of f(x) = cosec™'(cosec x)

Y

f:R—(nm)—>

1R

y
F X
21

<
I

W

Trigonometry Booster

. Df:R—mr,ne 1

T
R,=|-——,—|-10
=220
It is an odd function.

It is a periodic function with period 27
cosec!(cosec x)

(vi) sec”'(sec x): A function

f:R—(n+ 1)% [0, x]- {%} is defined as

f(x) =sec!(sec x)
Graph of f'(x) = sec”!(sec x)

SVAN
AV

Df=R—(2n+1)%,neI

b4
szﬂl”]—{g}
It is neither an even nor an odd function.
It is a periodic function with period 27.

x :0Zx<n~m
2n—x:mw<x<2m

5. sec_l(secx) =
x—=2n :2r<x<3rm
-X :—n<x<0
4.8 Sum oF AnGLES
(1) sin'x +sin’'y
o x? +y2 <1

| -« :x>0,y>0,x2+y2>1

(x:xy<0,x2+y2>1

—m—0:x<0,y>0 x> +y*>1

where o = sinfl(x\/l—y2 +y\/1—x2)



Inverse Trigonometric Functions
(i) sin"'x —sin''y
a: X +y? <1
T—-o x>0,y<0,x2 +y2 >1
a xy>0, x*+y*>1
-T—-a: x<0,y>0,x2 +y2 >1
Where o =sin" (xﬁ— ym)
(iii) cos'x + cosly
a x+y20
{2%—&:x+y<0

where o = cos™ (xy—/1-x* \ll—yz)

(iv) cos'x —cos™y
o toxsy
e x>y

where o =cos™ (xp+V1—x?4/1—-?)

(v) tan’'x + tan’ly

o: xy <1
r+o  x>0,y>0,xy>1
—+o :x<0,y<0, xy>1

:x>0,y>0,xy=1
x<0,y<0,xy=1

+
where a=tan_1[x yj
1—xy

SRR SRR

(vi) tan!—tan'ly

a : xy>-1
rt+o o xy<-1,x>0,y<0
—-r+a xy<-1,x<0,y>0
% xy=—-1,x>0,y<0
—% cxy=—-1,x<0,y>0

where o = tan™! ( x—yj
1+xy

4.9 MurtipLE ANGLES

(@) sin'2xV1-x%)

. 1 1

2sin x i ——<x<—
2 2
= T—2sin"'x : L<x<1
J2
.- 1
—r—2sin"'x : —1<x<-——

. a2 2cos'x  :0<x<1
(il)) cos” (2x"—1)=

2mr—2cos x:—1<x<0

o —-l<x<

2
(iii) tan_l(l x2)= —mtoix>1
—X

T+o 1x<-1
where o = 2 tan'(x).
a —1<x<1

@iv) sinl( 2 ): T—a x>1

1+x°

-T-a :x<-l
where o= 2 tan™!(x)

(v) cos’ (1 % J - {2 tan”'(x) 20

1+x° —2tan”'(x) :x<0

4.10 More MuLtiPLE ANGLES
() sin'(Gx — 4xY)

3sin"'x ——<x<

N | —
N | —

1
= 7 —3sin"'x :E<xsl

—m—3sin"'x :—13x<—5

(i) cos'(4x® —3x)

1
3cos 'x :—<x<1
2
1 1
={ 2w —3cos 'x :——Sx<5
] 1
—2mw+3cos” x :—le<—§

_1f 3x- X
11) tan
(i) [ 1-3x2

3tan”'x : —L<x<L
B V3
={7+3 tan 'x D= <x<—L
' NG
1
—m+3tan'x ;. —=<x<oo
NG



4.8

Trigonometry Booster

Levee 1

(Problems Based on Fundamentals)

ABC OF INVERSE FUNCTION

1. A function /i R — R is defined as f(x) = 3x + 5. Find
).

2. Afunction f: (0, e0) — (2, o) is defined as f(x) =x? + 2.
Then find f'(x). 2

3. Afunctionf: R — [0, 1) is defined as f(x)=——.
Then find £(x). X"+l

4. Afunctionf: [1, e0) — [1, o) is defined as f.(x) =2« D,
Find f'(x).

5. If a function f'is bijective such that

10" -107"
) =—7r,
10" +10
6. A function f: R — R is defined as f(x) = x + sin x. Find
S
7. A function f: [2, 00) — [5, o) is defined as f(x) = x> — 4x
+ 9. Find its inverse.
8. Find all the real solutions to the equation

, 1 [ 1
X' === |x+—
4 4

9. A function fis defined as f (x) = 3z + 5 where f: R — R,
then find f(x)

10. A function fis defined as f(x) = Ll where : R — {1}
— R — {1}, then find f'(x) B
11 A function fis defined as f(x) =——— where f: R* U
{0} = (0, 1], find '(x) o
12 A function f'is bijective such that
2% 27
x) = ,
/& 27 +27F | |
13. Afunction f:[-1,1]— [_E’ Oju(o, 5} is defined as

then find f!(x)

then find /™'(x).

X

f(x)= then find /().

2 +1’
ABC OF INVERSE TRIGONOMETRIC FUNCTIONS
14. Find the domain of /' (x) = sin”!(3x + 5)

15. Find the domain of f(x) = sin”! (LJ .
x+1

2
. +1
16. Find the domain of f(x) =sin ! (XZ—J .
X

17.

18.
19.
20.

21.

o 1xl—1
Find the domain of f(x) = sin ! (%j )

Find the domain of f (x) = sin"'(log, x).
Find the domain of f(x) = sin"'(log, x?).
Solve forxand y :sin! x +sin' y=rx

.- .- .- 3r
If sin”'x+sin”y+sinT'z ===
2 b

22.
23.
24.
25.

26.
27.
28.

29.

30.
31.
32.

33.
34.
35.

then find the value of

2013 , 2013 , _2013 9
x 720

+y +
X2014+y2014+

2014
z

Find the range of f(x)=2 sin”! (Bx+5) +% .
Solve the inequality: sin'x > sin”'(3x — 1).
Find the domain of f'(x) = cos™'(2x + 4).

Find the range of f(x)= 2cos”! (Bx+5) +% .
n

Find the range of f(x)=3 cos ! (—x?) - 3

Solve for x: cos™ x + cos™ x*=0.
Solve for x: [sin™ x] + [cos™ x] = 0, where x is a non
negative real number and [,] denotes the greatest inte-

ger function. 5
. . -1 X
Find the domain of f(x) = cos [ > 1] .
xX° +
Solve for x: cos™'(x) > cos™!(x?).
Find the domain of f(x)=tan™'(v9—x?).
Find the range of the function

£(x) =2tan_1(1—x2)+%

Find the range of /'(x) = cot!(2x — x?).
Solve for x: [cot™! x] + [cos! x] =0,
Find the number of solutions of
sin{x} = cos{x}, Vx e [0, 27]

Q. Find the domains of each of the following functions:

3

=)}

37

39.

40.

41.

42.

43

4

~

45
46

47

48

o 1x1=2 A 1=x]
f(x)=sin (—3 )+cos (—4 )

. fO)=sin! (2 1)
38.

£(x) =57 sin"'x - 6(sin"'x)?

3tan'x+7
=1 2 T2
/) ng[n—4tan1x]
|
S (x)=cos (2+sinx]
2
S +1
f(x)=sin [ > )

2
f(x)=cos™ (x ;1
X

. f(x)=sin"" (log, (x* + 3x + 4)

2
. f(x)=sin"" [1og2 [%J]

. f(x)=sin'[2 - 3x?]
1 in~! 1
. - 351]’1 X
S (x) . A
. f(x) =sin"'(log, x*)

. f(x)=e" +sin”! (£—1)+l
2 x
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49.

50.
Q. Find the ranges of each of the following functions:
51. f(x)=sin'2x - 3)

52.

f(x)=4fsin”" (log, 2)
f(x)=+/sin”" (log,x)

f(x)=2sin""(2x-1) —%

53. f(x)=2cos(=x}) -1
1 -1 2 T
54. =—tan (1-x")——
f(x) 2 (1-x7) 2
55. f(x)=cot! (2x—x?)
56. f(x)=sin!x+cos!'x+tan!x
57. f(x)=sin'x+sec!x+tan"' x
58. f(x)=3 cot 'x+2tan 'x +%
59. f(x)=rcosec![1 + sin® x]
60. f(x)=sin"' (log,(x* + 3x +4)
CONSTANT PROPERTY
61. Find the range of
f(x)=sin"x+cos!'x+tan' x
62. Solve forx: 4sin! (x—2)+cos' (x-2)=7x
63. Solve for x:
sin”!(x2 = 2x + 1)+ cos | (X2 = x) = %
64. Find the number of real solutions of
tan_lwlx(x+1) +sin VX2 +x+ :% .
65. If sin”! x—£+£—
. St T
4 6
+ cos”! xz——+x—— ....... —E,for
2 4 2
0<|x| <2, then find x.
66. Solve for x: sin™! x > cos™' x
Q. Solve for x:
67. (sin!'x)?’-3sin!'x+2=0
68. sin'x+sin!'2y=rx
69. cos'x+costx?=2m
70. cos!'x+cos!tx2=0
71. 4sin'(x—1)+cos'(x-1)=nm
-1 1 ) 1, 2 T
2. cot +tan (x*—-1)=—
7 (xz - (x" =D 5
2 —
73. cot™! x 1 +tan”! 2 = 2—”
2x xz — 3
74. 4sin'x+cos 'x= 3771-
75. 5tan”'x+3cot 'x= %r
76. 5tan' x +4 cot' x=2m
77. cot 'x—cot™ (x+1)= %
78. [sin! x] + [cos'x] =0

79. [tan™' x]+ [cot!' x]=0

80. [sin™' cos™' sin! tan' x] =0

81. [sin! cos!sin!tan! x] =1
2

5
82. (tan_lx)2 +(cot_1x)2 LS

CONVERSION OF INVERSE TRIGONOMETRIC FUNCTIONS

83. Find the value of cos (%cos_] (%D .

84. Find the value of sin (%+ sin”! (%D .

4.9

85. If mis aroot of x> + 3x + 1 = 0, then find the value of

tan ! (m)+ tan ! (l) .
m
86. Prove that
2 +1

242

cos (tan”'(sin (cot™ x))) =

Q. Solve for x:
87. 6 (sin' x)*—msin'x<0

-1
28, 2 tan_1x+n' <0
4tan” x—71
89. sin! x <sin™! x2
90. cos!' x> cos! x2
91. log?(tan"' x) > 1
92. (cot'x)*—S5cot'x+6>0
93. sin' x<cos™!x
94. sin” x>sin"'(1 —x)
95. sin™! 2x > cosec™! x
96. tan™' 3x <cot'x
97. cos! 2x*sin”! x
98. x?—2x <sin! (sin 2)

99. sin”! (gj <cos M (x+1)

100. tan'2x>2tan 'x

tan (cos™' x) <sin [cot_l (%D

COMPOSITION OF TRIGONOMETRIC FUNCTIONS
AND ITS INVERSE

102. Letf(x)=sin"'x+cos'x
Then find the value of:

(i f( 1

m? +

101.

—_

j,meR
1

2
(i) f(#] meR
(iif) f(#) meR

(iv) f(m*-2m+6),me R
V) f(m*+1),me R
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103.

104.

105.

2 .
If cos'x+ cosfly -t , then find the value of sin™
x+sin! y.
If m is the root of x> + 3x + 1 = 0, then find the value of
1
tan~! (m)+ tan~! (—j .
m

Solve for x:

2
sin”!| sin 2xz 3 >sin’1(sin3)
xX“+2

COMPOSITION OF INVERSE TRIGONOMETRIC FUNCTIONS AND

TRIGONOMETRIC FUNCTIONS
106. Find the values of:
(i) sin’!(sin 3) (ii) sin’!(sin 53)
(iii) sin’!(sin 7) (iv) sin’(sin 10)

107.

108.

109.
110.
111.
112.
113.

114.

(v) sin!(sin 20)

Find the values of:

(i) cos!(cos 2) (i1) cos™'(cos 3)
(iii) cos™'(cos 5) (iv) cos(cos 7)
(v) cos™(cos 10)

Find the values of:

(i) tan’'(tan 3) (ii) tan'(tan 5)
(iii) tan'(tan 7) (iv) tan’'(tan 10)

(v) tan”!(tan 15)

Find the value of cos™'(sin (-5))

Find f’(x), where f(x) =sin"!(sin x) and 27<x <7
Find f"(x), where f'(x) = cos(cos x) and -t < x < 27

2
Solve for x: sin!| sin sz 3 <m-3
x“+1

Find the integral values of x satisfying the inequality,
x*—3x <sin ! (sin 2)
Find the value of

sin™! (si 50) + cos™! (cos 50) + tan”! (tan 50)

Q. Find the values of:

115.
116.

117.
118.
119.
120.
121.
122.
123.
124.

125.

sin”!(sin 1) + sin”!(sin 2) + sin”!(sin 3)
sin”! (sin 10) + sin™! (sin 20)
+ sin™! (sin 30) + sin! (sin 40)
cos™'(cos 1) + cos™(cos 2)
+ cos!(cos 3) + cos!(cos 4)
cos™! (cos 10) + cos™ (cos 20)
+ cos™! (cos 30) + cos™! (cos 40)
sin”! (sin 10) + cos™ (cos 10)
sin! (sin 50) + cos™ (cos 50)
sin”!(sin 100) + cos!(cos 100)
cos!(sin (-5)) + sin"'(cos (-5))
Find the number of ordered pairs of (x, y) satisfying
the equations y = |sin x| and y = cos™!(cos x), where x €
[27, 2]
Let f'(x) = cos™'(cos x) — sin”!(sin x) in [0, 7]. Find the
area bounded by f(x) and x-axis.
tan”!(tan 1) + tan”!(tan 2)
+ tan"!(tan 3) + tan”'(tan 4)

126.
127.
128.
129.

130.

Trigonometry Booster

tan~'(tan 20) + tan™'(tan 40)

+ tan"!(tan 60) + tan~!(tan 80)
sin”!(sin 15) + cos!(cos 15) + tan"'(tan 15)
sin”!(sin 50) + cos!(cos 50) — tan"'(tan 50)
3x? + 8x <2 sin”! (sin 4) — cos™'(cos 4)

N 2x2+4
sin” | sin| — <n-3
x“+1

SUM OF ANGLES

131.
132.

133.
134.

135.

136.

137.

138.

139.

140.

141.
142.

143.
144.
145.
146.

147.

148.

149.

Find the value of tan™' (%)+ tan~! (%) .
Find the value of
tan!(1) + tan"}(2) + tan"!(3)

Find the value of tan! %)+ tan ! (i) .
Find the value of 4

. 1(4) . 1(5) . 1(63)
sin — [+ Ss1n — |—Sin —_—
5 13 65

Prove that 2tan™" (l) +tan”! (lj _T
3 7 4

If sin”! x + sin™! y + sin™! z = 7, prove that
x\/l—x2 +y\/l—y2 +Z\/1—22 =2xyz

Ifcos'x+cos'y+cos'z=nrm

prove that x? + )? + z2 + 2xyz = 1

If cos™! (%) +cos! (%) =0, prove that

9x*+ 12 xy cos 0+ 4)? =36 sin> O
_tan”' () +tan”'(2) + tan”' (3)
ot (1) +cot ™ (2) +cot ™' (3)

Then find the value of (m —1)%"3,

Let m

3
Solve for x: tan™'(2x) + tan”~' (3x) = Tﬂ

Solve for x: sin™! (x)+sin"'(2x) = =

Let £ (x) = cos™'(x) .

1[)6 V3-3x2
+ cos E+—

1
5 ],for ESxSl

Then find £(2013)

sin” x + sin”'(1 —x) =cos™ x

x?—4x > sin™ (sin (772]) + cos™! (cos[7*?])
cos (tan™' x) =x

sin (tan™' x) = cos (cot”'(x + 1))

i x _ _
sec I(Ej—sec 'x=sec™2

cos[tan_1 [cot(sin_1 (x +%)D] +tan (sec'x) =0

Find the smallest +ve integer x so that

tan| tan™! (iJ +tan”! (L) = tan (Ej
10 x+1 4
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150. Find the least integral value of & for which (k — 2) x* + 1 1 35
8x + k+4>sin! (sin 12) + cos™! (cos 12) holds for all 171. Prove that cos (—cos ! (——D =
xinR. 10 10

—x? I (1 2
151 If ¢ =2tan™" (H_x and B =sin""! 1=x for 172. Prove that sin [—cos 1(—)] ==
1-x 1+ x? 2 9)) 3
0 < x < 1, then prove that ot + = 7. 1 1
152. Let f(x) =sin"! (sinx), V x € [-7, 2]. Then find £'(x). | 173 Prove that sin (Ztan '63 )) 5
153. Let f(x) =cos™ (cos x), V x € [-2m, xr]. Then find f7(x). | 24 3
— -1 _ [ ——
154. Let, f(x) =tan(tanx) , Vx e [—3—75 5—”} Then find 174. Prove that cos [4(tan ( 7 )D 10
272
S'(x). . 5 .
155. Prove that sin~! 1 + cot_1(3) . 175. Prove that tan (—cos_1 (— ) =—
5 4 2 3 5
_ 12 -1 1 T 7
156. Prove that 2 tan™! +tan™! ? 176. Prove that tan| 2 tan rl i

Q. Find the simplest form of: 177 tan (3_75_18111—1 (_in _1=vV5
t_1[\/1+sinx+\/l—sinx] 4 4 S 2

\/l+sinx—\/l—sinx

157. co

178. Find the integral values of x satisfying the inequation
x*—3x <sin! (sin 2)

158, sin™ (xv/l1—x —VaV1-2%) 179. Find the value of x satisfying the inequation 3x? + 8x <
159, sin™! sinx+cosx | 7 cx<® 2 sin' (sin 4) — cos™' (cos 4)
V2 4 4 180. For what value of x,
_ifsinx+cosx ) @ RY/4 2.2
160. cos [T R f(x)=cos 'x+cos™! {§+—1 23x }

161.

V1+x?2 —1-x?

162. sin”! (E coSX+— sin xj
5 5

[\/l +x2 +4/1—x ] is a constant function.

MORE MULTIPLE ANGLES

181. Let f(x):sinl( 2x2)+2tan1(x),x>l
1+x

MULTIPLE ANGLES Then find the value of /(2013)

. . . 1 5
163. Find the value of sin (2 sin ZD 182, Let f(x)=2tan"" (1+ x) tsin! 1 xz

1 1-x 1+x

164. Find the value of 2 -

e e vatie of o8 ( cos 3)) for 0 <x < 1. Then find the value of f| ——

2014

. 1

165. Find the value of cos (2 tan” (ED 183. Let f(x)= sin™! ( 26x9j +2tan”! (_%)
X+

166. Find the value of sin (lcot_z ( 3 D is independent of x, then find the value of x
2 4 184. Find the interval of x for which the function
2

167. Find the value of tan™ (3—71- —2tan”! (é)) f(x)= cos™! 1= x2
4 4 1+x
function.

185. Find the interval of x for which the function f(x) = 3
cos'(2x? — 1) + 2 cos™!(4x* — 3x) is independent of x

J+2tan1(x) is a constant

168. Prove that sin (2 sin”

169. Prove that sin [3 sin” ; ) 23 186. If tan”' y : tan™' x = 4 : 1, then express y as algebraic

function of x. Also, prove that tan (22% j is a root of
xt—6x2+1=0

170. Prove that cos lcos_1 l =é
2 8 4
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BOARD SPECIAL PROBLEMS

Q. Prove that:

187.

188.

189.

190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

Vi 31— ¥
o (o)

T 1 1a T 1 1a 2b
tan| —+—cos — [+tan| ———co0S — |=—
4 2 b 4 2 b a

tan™! £-9q +tan™! - +tan™! =P =7
1+ pg 1+gr 1+ pr

where p > ¢ >0 and pr <-1<gr

_l(ab+1j _1(bc+1j _l(ca+l)
cot +cot + cot =0
a-b b-c c—a

tanl(l_—xj —tan”! (ﬂ] —sin | —220
I+x I+y JA+x)(1+y?)

tan~! (% tan ZAJ +tan”' (cot A)+ tan™! (c0t3A) =0

i |a=b (0) _i(b+acosO
2 tan tan| — | [=cos” | ———
a+b 2 a+bcosH

tan (2 tan"' g) = 2 tan (tan' a + tan™' &%)

-1 _1()( 3—3x2j T
COs "X +Cos -t ==,
2 3

Ifsin'x+sin' y+sin'z=r,
then prove that

x\/l—x2 +y\/l—y2 +z\/l—z2 =2xyz
Ifcos'x+cos'y+cos'z=m,

then prove that
Xty +2+2xpz=1

If cos™! (gj +cos™! (%j =0, then prove that

9x? — 12 xy cos 0+ 4y? =36 sin” 6.

If sin”'x +sin"'y +sin"'z = 37” , then prove that
X*+yP+z22—2xpz=1.

1

- . . 3r
If sin”'x +sin”'y + sin z=7,then prove that

Xy +yz+zx=3.
. . . 3
If sin”! x + sin”' y + sin"'z = — | then find the value of
2012 _ 9
K205 00
If cos™ x + cos™ y + cos™! z= 37, then prove that, xy +
yz+zx=3.

4212,

2012
X 2013

Trigonometry Booster

204. Ifco! x + cos™ y+ cos™ z=3m, then find the value of
X013 2013, 2013 ¢
X204 2014 2014
205. If tan”'x + tan_ly +tan'z= E, then prove that xy +
yz+zx=1. 2
206. If tan~'x + tan_ly = % , then prove that x + y + xy = 1.
207. Iftan™ x + tan™' y + tan™! z = 7, then prove that x + y +
Z=Xyz.
AT+ x7 =Af1=
208. 1 x =o, then prove that
\/l +x% 4+ \/1 -
x*=sin2a
209. Let m = tan®(sec™! 2) + cot? (cosec™ 3).- Then find the
value of (m?> + m + 10).
in 2
210. If —sin™ M ZE, then find the value of
2 5+4cos20 4
tan 6.
-1 -1 -1
tan” 1+tan” 2 +tan” 3
211. Let m= ( an_l an_l an_l ) , then prove that
(cot™ I4+cot™ 2+cot™ 3)
(m+2)y"1=64.
Q. Solve for x:
—1 —1 kY4
212. tan” (2x)+tan” (3x)= vy
f x+1 afx-1 _
213. tan l(x )+tan l(x )=tan '=7)
x—1 x
214. sin”'(2x) +sin”(x) = r
3
1 T
215. sin”'| — |+ cos 'x==
(ﬁ ) 4
216. sin”'(x) +sin”' (3x) _g
1 1 2
217. tan”! +tan”! =tan"| —
1+ 2x 1+ 4x X
218. 2 tan'(2x + 1) =cos' x
219. cos 'x—sinlx= cosfl(xx/g)
220. If tan™' y : tan! x = 4 : 1, express y as an algebraic

Levee I

1.

. A
function of x. Hence, prove that tan (—) is a root of
xt+1=6x* 8

(Mixed Problems)

The set of values of & for which x? — kx + sin™! (sin 4)
> ( for all real x is
(@) {0}

(c) R

(b) (-2,2)
(d) None of these
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10.

I1.

12.

If x < 0 then value of

tan~'(x) + tan™" (lj =
X

/4 /4
z b) -Z

@ 3 ®) -

© 0 (d) None of these

. Ifsin!x+sin! y= 2% , then cos™'x + cos! y is

2r /4 /4

a) == b) = c) — d n

(a) 3 (b) 3 (© 5 (d)

Let f(x) = sin'x + cos™' x. Then s equal to

(@) f@

1

(b) f(R—2k+3),ke R

],keR d) f(-2)

. Which one of the following is correct?

(a) tan1>tan' 1 (b) tan 1 <tan™'1

(¢c) tan1=tan' 1 (d) None

If a sin”'x — b cos™' x = ¢, then the value of a sin”'x + b
cos'x is

(@ 0 (b)

mab —c(b—a) V3
) ——Mm = d) —
© a+b @ 2
The number of solutions of the equation sin™! (1-x) — 2

wab+c(b—a)
a+b

sin'x = r is
(@ 0
(c) 2

(b) 1
(d) More than two

. The smallest and the largest values of

1—
tan! (1 x),OSxS 1 are
+Xx

4 T T
(@ 0,7 (b) O’Z (c) ey (d yERY

—3j has
2

/N

The equation sin™' x — cos™ x = cos™!
(a) No solution

(b) Unique solution

(c) Infinite number of solution

(d) None
If —r < x <2, then cos™ (cos x) is
(a) x ®) 7—x (¢c) 2x+x (d) 2m—x
If sin_1x+cot_l(%):§,thenxis equal to
1 2 3
a) 0 b) — c) — d —
(a) (b) NG (¢ NG (d) 5
If cos [tan™ {sin (cot™ V3 )}]1=y, then the value of y is
2
a) y=— b) y=
(a) y 5 (b) y NG
2 3
- _ = d) v=21
(© y s ) y=-

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

4.13

1 . .
If x = —, then the value of cos (cos™'x + 2 sin™! x) is

24
(a) ./ 25 (© <
tan 1( )+tan (—J is equal to
2 3

(a) (b) %

1
-3

Wy ~|8

(©)

tan”' g + tan™' b, where a >0, b > 0, ab > 1 is equal to

1 a+d a+b
(a) tan (1—abj (b) tan (1—abj

(c) 7T+ tan™! ath (d) 7T —tan”' ath
1-ab 1-ab

(d) None of these

A solution to the equation
tan"(1+ x) + tan"'(1
(a) x=1 (b) x=-1 (¢) x=0

All possible values of p and ¢ for which

cos_l(\/;) +cos” (1= p)+cos” ({1-¢) = 3777

holds, is
(@ p=1,q=12 (b) ¢>1,p=12
() 0<p<l,qg=12 (d) None

T 1 T 1
tan | = +—cos x|+ tan | — — —cos 'x ,
4 2 4 2

x#0, is equal to

T .
—Xx)=— 18
) 2

d x=nx

@x 22 @2 @
X 2

The value of cot_1(3) + cosec_l(x/g) is

(a) f (b) f ©) % (d) %

2n

Iflen X,=nw, then ZX is
i=1 i=1

(@) n (b) 2n

n(n +1) n(n—1)
(c) (d) — 2
Ifu = cot ' ({/tan &) — tan"' (\/tan &), then tan (— - —j
is equal to 2
(a) tana (b) +Jcota
(c) tan o (d) cota

The value of tan

-l [ a j +tan! ( b ] if £C=90,
b+c a+c
in triangle ABC is

(a) % (b) § ©) % d =
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

If cot™! (ij > 2 , n € N, then the maximum value of
‘n’is 6

(a) 1
(© 9

sin”'x > cos™! x holds for

(b) 5
(d) None of these

oo

(d) x=0.75

(a) all values of x

o (g

1 41
The value of cos (ECOS 1(§)] is equal to

3 3 1
@ 7 (b) > © 6 (d) 4
The values of x satisfying
tan (sec”'x) = sin [cos_1 (LD is
NG
3
@2 i @2 @l

2
If (tan"'x)? + (cot 'x)* = 5%, then the value of x is
(@ 0 (b) -1 (c) 2 (d) -3

The number of real solutions of cos™ x + cos™ 2x = -7
are

(@ 0 (b) 1

(c) 2 (d) infinitely many

Let a, b, ¢ be positive real numbers and

G—tan_l( a(a +b+c)j+tan_l[ b(a +b+c)j

bc ac

+tan1[ c(a+b+c)}
ba

then the value of tan 0 is

(@ 0 ) 1 (c) -1 (d) None
The set of values of x satisfying the inequation tan?
(sin!'x)>11is

1 1
(@ [-1,1] (b) [—ﬁﬁ}
© (-1 1)—{—i i} @ [-1 1]—(—i i)
) \/57\/5 H \/E’\/E

The value of a for which

ax* +sin' (x> = 2x +2) + cos ' (x* = 2x +2)=0
has a real solution, is

T -

a) — b) —
(a) 5 (b) 3

The value of

sin”! {cot (sin_l (2 _4\6) +cos™! (@) +sec”! ﬁﬂ is

(@) 0 (b) % ©) % (d) %

2 -2
©= @

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Levee 114

1.
2.

Trigonometry Booster

The number of positive solutions of

tan'x + cot™! (lj =sin”! (ij is
y J10

integral

(a) 0 (b) 1 (c) 2 (d) 3
The value of

|
cos|—cos<cos|sin” | — is

2 8

3 3 3 3
(@) Ie () 3 (©) 1 (d) 3

If tan! x + tan! y + tan™' z = 7, then the value of

1 1 1 .

—+t—+—1is

yz zx Xy !

(a) 0 (b) 1 © — (@ xz
! xyz

If x <0, then tan”' (—) is

(a) cot(x) (b) —cot!(x)

(¢) —m+cot! (x) (d) None

The number of triplets satisfying
sin! x+cos!y+sin'z=2mx, is
(@ 0 (b) 2 () 1
If x2 +y? + 22 =12, then

tan™! (ﬂ) +tan”! (2) +tan™! (ﬁ) is equal to ...
zr xr yr

(d) infinite

(@) 7 (b) % © 0 (d) None

If tan”! x + tan™' 2x + tan™' 3x = 7, then the value of x is
(a) 0 (b) -1 (¢) 1 (d) ¢

The number of solutions of the equation 1 + x2 + 2x sin
(costy)=0is

(a) 1 (b) 2 (c) 3 (d) 4

If ot is the only real root of the equation x* + bx? + cx +
- (1
1 =0, then the value of tan ' + tan™ (aj is equal to
i1 -
a) — b) —
@ 3 (b) 2

If o, B, yare the roots of x* + px? + 2x + p = 0, the the
general value of tan™! o/ + tan™' § tan™' yis

nm
(b) >

() 0 (d) None

(a) nr
Cn+r

(c) 5

If [sin™ (cos™)(cos7!(sin”!(tan™! x)))] = 1, where [,] =

GIF, the value of x lies in

(a) [tan sin cos 1, tan sin cos sin 1]

(b) (tan sin cos 1, tan sin cos sin 1)

(© [-1,1]

(d) [sin cos tan 1, sin cos sin tan 1]

(d) depend on p

(Problems For JEE Main)

Find the principal value of sin”!(sin 10)
Find the principal value of cos™'(cos 5)
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3.

Nk

10.

I1.

12.

13.

14.

15.
16.
17.
18.
19.
20.
21.
22.

23.

24,

25.

26

27.

Find the value of

tan'(1) + tan!(2) + tan™'(3)
Find x if sin™' x > cos™' x
Find x if sin™! x < cos™' x

Find x if 2sin"'x = sin71(2xw/1 —x? )

Find x if 3 sin™' x = 7 + sin”!'(3x — 4x°)

2x
1-x*

Find the value of cos (% +cos ™! (—%D

Find x if 2tan"'x = 7 + tan™ (

Find the value of 00571(005(2 cotfl(\/z -1)))

Find the value of z tan”! (;2) .
=0 I+r+r

b 2r—1
. -1
Find the value of ) tan | ———|.

S —-Jr-1

Find the value of Zsin’l \/;—r
Jr(r+1)

Find the value of

1 ax — i a—a
ay+x 1+ aa,

4 ax—a o a4, —a, 4
+ tan l(g)#..ﬁtan L
1+ aza, l+a,a,
ol 1 .

+ tan . ,wherex,y,a,a,, ...a € R

2

Find x if (tan™'x)* + (cot 'x)* = %

r=1

n

Find the maximum value of f(x), if
J(x) = (sec! x)? + (cosec™! x)?
Find the minimum value of f(x), if
J(x) = (sin”" x)* + (cos ' x)°*
Find x if [cot™ x] + [cos' x] =0
Find x if [sin”! x] + [cos™' x] = 0.
Find x if [tan™ x] + [cot™' x] =2
Find x if [sin”!(cos™!(sin”!(tan! x)))] = 1
Find the range of
f(x)=sin! x +tan! x + cot! x
Find the range of
f(x)=sin" x + cos™! x + tan™! x.
Find the range of
J(x)=sin'x+sec!'x+tan'x

If tan™'(2x) + tan"'(3x) = %, then find x

If cos™'x=cot™ (i) +tan™! (l) ,
3 7

then find x.

If cot™! (2) > % , where n € N, then find the maximum
n

value of n.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

4.15

If sin™! (i) +sin”! (E) _r , then find x.
X X 2

If x =sin™! (b°+ 1) + cos™ (b*+ 1) + tan™! (a® + 1) then
find the value of

. T T
sin| x+= |+cos| x+—
( 4) ( 4)

Find the number of integral values of k£ for which the
equation sin”! x + tan™! x = 2k + 1 has a solution.

If sin"'x+sin"'y= z , then find the value of
1+x*+ y4
If cos' x + cos!(2x) + cos!(3x) and x satisfies the
equation ax® + bx? + cx = 1 then find the value of
@+ b+ 2+ 10.

If f(x) =sin"' x + tan”' x +x* + 4x + 5 such that R = [a,
b], find the value of a + b + 5. '

If cot™!(y/cos &) + tan™" (\/cos o¢) = x , then sin x is

(@ 1 (b) cot¥(cr/2)
(c) tan (d) cot (%)
[JEE Main, 2002]
The domain of sin™' (log3 (%D is
(@) [1,9] (b) [-1,9]
(¢) [-9,1] (d) [9,-1]
[JEE Main, 2002]

The trigonometric equation sin™! x =2 sin™! g has a so-
lution for

1
(a) all real values (b) Ia\<5

l<|a‘<L
2 2

[JEE Main, 2003]

© ld s% @

The domain of the function

P _
sin” (x —3) s

)= :
\I—x
(@ [1,2] () [2,3) (o [2,3] (@ [1,2)
[JEE Main, 2004]

Let £ (-1, 1) —» B be a function defined as
f(x)=tan™" (12_xz} then fis both one one and onto,
-X

T
(b) (0, 3)

T T
@ [‘?ﬂ

[JEE Main, 2005]

when B lies in

T
() [0, E)

T T
© (‘?5)
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39.

40.

41.

Levee I
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10.
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If cos 'x —cos™ (%) =« , then 4x? — 4xy cos o+ )* is
(a) 4 (b) 2sin
(¢c) —4sin’ o (d) 4sin’ o

[JEE Main, 2005]

If sin~' (i) + cosec”! (Ej I , then x is
5 4 2

(a) 4 (d) 5 (© 1 (@ 3
[JEE Main, 2007]

Find the value of

_1(5) _1(2) .
cot| cosec — |+ tan — 1S
3 3

5 6 3 4
@ 17 ® 17 © 17 @ 17

[JEE Main, 2008]

(Problems for JEE Advanced)

Find the domain of

fx)=sin"' (_|x3— 2] +cos™! (%)

. Find the domain of

fx)= \/57t sin”'x — 6(sin "'x)?

Find the domain of
f(x) =sin"! (log, (x* + 3x + 4)).
Solve for x: cos™' x + cos' x> =271

. Solve for x:
-1 1 -1, 2 T
cot +tan (x"—=1)=—
(xz -1 ( ) 2
Solve for x:
4, (xz - 1] o 2x ) 2«
cot —— [+ tan > =—
2x x =1 3
Solve for x:

T 2x2+4
sin” | sin 3 <m-3
x“+1

. Solve for x:

x?—4x > sin™! (sin [7£?2]) + cos™! (cos [7?])

. Solve for x:

cos (tan1 (cot (sin1 (x + %DD +tan (sec'x)=0
Solve for x:
T
=tan| —
(%)

1 X -1 1
tan | tan — |+ tan
10 x+
-1 1- X2

a1+ .
If =2 tan l(l_xj and ﬁZSIIl 3 for

I+x
0 <x <, then prove that o+ =7

12.
13.

14.

15.

16.
17.

18.

19.

20.
21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

Trigonometry Booster

Find the range of f(x) = 2 sin™' (2x — 3)
Find the range of

f()=2sin"'2x-1)- %
Find the range of
fx)=2cos! (x)-nx
Find the range of

f¥)= %tan_l (1—x%) - %

Find the range of f(x) = cot! (2x — x?).
Find the range of

fx)=sinx +cos' x +tan" x
Find the range of

Ffx)=sin! x +sec! x +tan x
Find the range of

f(¥)=3cot 'x+2 tan"x + %

Prove that sin (cot™!(tan (cos' x))) =x, V x € (0, 1]
Prove that sin (cosec™'(cot (tan™! x))) =x, V x € (0, 1]
Find the value of sin"!(sin 5) +

cos™'(cos 10) + tan”!(tan (—6)) + cot™ (cot (—10))
IfU= cot_l(Jcos 20) - tan_l(dcos 20),

then prove that sin U = tan* 6

Prove that

T 1 14a T 1 14 2b
tan| —+—cos — | +tan| ———cos — |=—
4 2 b 4 2 b) a

Prove that

cos™! COSXFCOS ) | _ 2tan”'| tan (fj tan (Zj
1+ cos x cos y 2 2

Prove that

_1| la-b (xj 1 b+acosx
2 tan tan| — | | =cos” | ————
a+b 2 a+bcosx

Iftan™' x, tan”' y, tan™! z are in AP then prove that (x + z)

V?*+29(1 —xz), where y € (0, 1), xz<1,x>0and z> 0.
Prove that

. _1(. 33;:) _1( 4671')
sin SiIn—— |+ Cos COS——
7 7
-1 137 -1 197
+ tan —tan? + cot cot —?

_In
7
Solve for x and y:

.- .1 2 -1 -1 T
Sin x + Sin y:T,COS X —COS yzg

J1+ %2 —y/l—xz

Ify=tan_1[\/l+ > +\/1 2],then prove that
X -x

x*=sin (2y).
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31. Prove that

ﬁ3 1 (B 06_3 2 l -1 @
TCosec2 (Etan (ED + 5 sec [2tan [ﬁj]

=(a+ Py’ + )
32. Find the minimum value of », if
2
cotl(n 10n + 21.6) T wen
b4 6

33. Prove that

sin_l{cot{sin_l[ #]+cos_l(@)+sec_l(\/§)}}=0

34. Solve for x:
[sin!(cos™!(sin!(tan" x)))] = 1
where [,] = GIF
35. Find the interval for which

2t -1 .- 2x ..
an~ x + sin T is independent of x.
X

36. If  x=cosec (tan!(cos (cot™'(sec (sin' a))))) and
y = sec (cot!(sin (tan"'(cosec (cos™ a))))),
where a € [0, 1], then find the relation between x and y.

37. Find the sum of the infinite series.

tan ™! 1 +tan”! L +tan”! L +...
3 7 13

38. Find the sum of

el 558
s (BT,

39. Find the sum of infinite series:
cot’(2.1%) + cot'(2.2%) + cot (2.3} + ...

40. If cos™ (%) +cos™! (%) =0, then prove that

9x? — 2 xy cos 6+ 4y? =36 sin? 0

[Roorkee, 1984]
1
41. Evaluate: tan (Ecos_l (gj) [Roorkee, 1986]

Note: No questions asked between 1987 and 1991.

42. Solve for x: sin[2 cos™{cot (2 tan"' x)}]
[Roorkee, 1992]
43. Find all positive integral solutions of
tan"\x + cos ™ | ——2— |=sin"
1+ y2

(%)

[Roorkee, 1993]

4.17

44. If cos™' x + cos™! y + cos™! z = m, then find the value of
X2+ + 22+ 2xyz.

[Roorkee, 1994]

45. Convert the trigonometric function sin[2 cos'{cot

(2 tan' x)}] into an algebraic function f(x). Then from

the algebraic function f(x), find all values of x for
which f(x) is zero.

Also, express the values of x in the form of a Jb ,
where a and b are rational numbers.
[Roorkee, 1995]

‘ Note No questions asked in 1996. ‘

46. If =tan"'(2 tan29) - lsinfl _3sin26 ,
2 5+4cos20
then find the general value of 0

[Roorkee, 1997]

Note No questions asked in 1998. ‘

47. Using the principal values, express the following ex-
pression as a single angle

3tan”! (lj +2tan”! (l) +sin”! (ﬁ)
2 5 655

[Roorkee, 1999]
48. Solve for x:

. 1 ax . 1 bx .
sin”' | — |+sin” | — |=sin"x
c c

where @+ b*=c% c#0 [Roorkee, 2000]
49. Solve for x:
cos™! (x«/g) +cos™! (3x/§x2) = %
[Roorkee, 2001]
50. Letx, x,, x,, x, be four non zero numbers satisfying the

equation

tan~ | —|+tan | — |+tan | — |+ tan” | — |=—
X X X X 2

then prove that
4

(i Xx=0
i=1

4
(i) J[(x,)=abed

i=1

51. Letcos™ (x) +cos™ (2x) +cos' (Bx)=r

(ii) i i =0
=1\ Xi

@iv) II(x,+ x5+ x3) = abcd

If x satisfies the cubic equation
ax*+bx> +cex—1=0,

then find the value of (a + b + ¢ + 2).

52. If x=sin(2 tan_IZ), y=sin (%tan_1 (%D then prove
thaty’=1-x
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10.

I1.

12.

13.

14.

15.

(Tougher Problems for JEE
Advanced)

. Prove that

sin”!(cos (sin™" x)) + cos™!(sin (cos™" x))
Prove that

_ _ _ |
tan 1{cosec (tan 1)c) — tan (cot 1)c)} = Etan x

where x 20

. Prove that

tan (tan”' x + tan"! y + tan™! z)
= cot (cot' x + cot! y + cot! 2).
Prove that sin (cot”'(tan (cos™ x))) =V x € (0, 1]
Prove that sin (cosec™'(cot (tan™' x))) =x V x € (0, 1]
Find the value of
sin”!(sin 5) + cos™ (cos 10) + tan”'(tan (-6)) + cot™(cot
(1-10))

Find the simplest value of

3-3x°
cos 'x +cos™! (£+—x], Vxe l,l
2 2 2

. Find the value of

2

Let m=sin'(a®+ 1) + cos'(a* + 1) —tan™! (a®> + 1)
Then find the image of the line x + y = m about the y-
axis.

tan™' (L) —tan™! [?\%ﬁ]

3
If (sin™'x)’ + (sin~'y)’ + (sin”'z)’ = %

then find the value of (3x + 4y — 5z + 2)

i 1
Let S= 2C0t71 (2’” + 2_’)

r=1

Then find lim (S)

n—>oo

Find the value of

! 4
lim | tan tan~!
Hw[ [Z{ (4# - 3)]]

Find the number of solution of the equation

2
25in_1(1 x2)=ﬂx3
+x

If cos™ (£)+ cos™! (%) =« , then prove that,

a
x? 2xy y2 .2
— ——-cosa+-—=sin"o
a~ ab b

Ifsin'x+sin' y+sin'z=mr,
then prove that,

x\/l—x2 +y\/1—y2 +Z\/1—z2 =2xyz

Trigonometry Booster

16. Find the greatest and least value of the function
f(x) = (sin! x)* + (cos™! x)*.

17. Solve for x: sin~'x+sin™' 2x = %

18. Solve for x:

tan_l( ! )+tan_1( ! )ztan_l(ij
1+2x 1+4x X2

19 Solve for x:
tan"!(x — 1) + tan"!(x) + tan”!(x + 1) = tan"!(3x)

1 T
. -1 -1
20. Solve forx: sin | — [+c0S x=—
(ﬁ j 4

21. Solve for x:

22. Solve for x:

2 tan"'x = cos ™! (

1-612 —00571 1_b2
1+a® 1+6% )
a>0,b>0
23. Solve for x:

cot'x+cot!(n*—x+1)=cot'(n-1)
24. Solve for x:

-1 x—l) —1 2x—1) —1 23
tan — |+tan =tan | —
x+1 2x+1 36

25. Solve for x:

-1 X -1 X -1 -1
sec | —|—sec” | —|=sec b—sec a
a b

26. Find the sum of
— -1 81’!
Ztan 4 52 <
o n =2n"+5

27. Find the number of real solutions of the equation

sin”' (&) +cos T (x%) = %

28. Find the number of real roots of

Jsin(x) = cos™! (cos x) in (0, 271')

29. If tan™! l +tan”! l +tan”! l +tan”! l I
3 4 5 n 4

where n € N, then find »

30. If ais the real root of x> + bx* +cx+ 1 =0 where b<c,

then find the value of
tan ™! (o) + tan ™! (ij
o

31. If the equation x* + bx? + cx + 1 = 0 has only one root

o, then find the value of
2 tan™! (cosec @) + tan™! (2 sin o sec? @)

Q. Solve the following inequalities:
32. sin'x>cos'x
33. cos'x>sin'x
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34.
35.
36.
37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

(cos' x)* = 5(cot'x)+6>0
tan’(sin”! x) > 1

4(tan”! x)* — 8(tan ' x) + 3 <0
4 cot'x—(cot'x)*-320

-1 . 2X2 +4
sin” | sin| ——— | |< -2
1+x
Find the maximum value of
f(x) = {sin”! (sin x)}* — sin"! (sin x)

Find the minimum value of

f(x) — 8sin_1x + Scos_lx
Find the set of values of k for which x> — kx + sin™!

(sin 4) > 0, for all real x
If 4= 2tan_1(2x/§— 1) and

=3sin”! (lj +sin™! (E) ,
3 5

then prove that 4 > B

Prove that
sin™'{cot {sinl( 2_4\/5]+cos1 [@J+secl (\/5)}
=0

Find the domain of the function

f(x)=sin"(cos ! x + tan"' x + cot ! x)

- \/; g / y -1 2r
sin” | — |+sin 1-= |+tan =—

then find the maximum value of (x* + 32 + 1)
Find the number of integral ordered pairs (x, y) satisfy-
ing the equation

tan” | — [+tan” | —|=tan | —
X y 10

10
Let {cot [z cot 'k +k+ 1)]:] = %

k=1

where a and b are co-prime, then find the value of (a +
b+ 10).

Ifp>gq>0,pr<-1<gr, then prove that

tan~! L9 +tan™! =" +tan™! 7P =T
1+ pq 1+qr I+mp

Consider the equation

(sin” x)* + (cos ™' x)* = ar’

find the values of ‘a’ so that the given equation has a
solution.

2
If the range of the function f(x) = cot™" [ 2x 1] is

(a, b), find the value of (2 + 2)
a

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.
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T
If tan” y = 4 tan™' x, (|x| < tan(g)j, find y as an

. . T
algebraic function of x and hence prove that tan (g)
is a root of the equation x* — 6x>+1=0
Prove that

tan-! ala+b+c) +tan-! b(a+b+c)
bc ac

+ tan”! [ cla+b+c)
ab

Solve

]=ﬂ,wherea,b,c>0

2ty L 35020
2 5+4cos26

Simplify
_1[ xcos® _1[ cos@
tan~ | ——— |—cot” | ————
l—xsin@ x—sin 6
Solve

1 x? -1 . 2x 1 2x 2
cos 7 +sin > +tan 3 =—
x“+1 x°+1 x =1 3

Prove that

tan ! (E) +tan”! {Ej +tan”! (EJ T
xr yr zr 2

where x> +y? + 22 = 12,

If tan | ——  |=cot | —
Z{ (9r2+3r—lj (n)

where m and n are co-prime, find the value of (2m + n
+4)

10 10

If the sum 2 2 tan~! (%) = mm, then find the value of
b=la=1

(m+4)

Let f(x)= l(sin_lx +cos 'x+ tan"x) + z(x;l)
T x“+2x+10

such that the maximum value of f(x) is m, then find the
value of (104 m — 90).
Let m be the number of solutions of

sin (2x) + cos (2x) t cosx+ 1 =0 in

0<x<Z and
2

1] 2] 2]

then find the value of (m*+»n* + m +n +4)

Let f(n)= i (cot_l (%] - tan_l(k)j

k=-n

10
such that 2 (fm)+ f(n=1)=ar

n=2
then find the value of (a = 1)



4.20 Trigonometry Booster

Integer Type Questions Comprehensive Link Passages
1. If the solution set of In these questions, a passage (paragraph) has been given fol-
232 lowed by questions based on each of the passage. You have to
T x“+4 . . .
sin (sm [ T D <m-3is answer the questions based on the passage given.
X
Passage 1
(a, b), where a, b € 1, then find (b —a +5) Function Domain Co-domain
2. Ifasin! x — b cos™! x = ¢, such that the value of a sin™ ) T 371
mrab + c(a —b) sin”x [-1, 1] T
x+bhcostxis ———— 2 e N, then find the 22
a+b T 31
value of (m? + m + 2) tan'x R (5, 7)
3 If m is a root of x> + 3x +1 = 0, such that the value
1 . coslx [1, 1] [, 2]
of tanfl(m) +tan”! (;j is R k €1, then find the cotlx R [, 2]
value of (k + 4) 1. sin™ (=) is
4. Find the number of real solutions of (a) —sin'x
p (b) p+sin'x
sin”' (x? = 2x +1) + cos ' (x? —x) = 2 (c) 2m—sin'x
5. Letcos™'(x) + cos'(2x) + cos'Bx) =7 (d) 27— COS_I\II -x*,x>0
If x satisfies the cubic equation 2. Iff(x) =3 sin" x — 2 cos™' x, then f(x) is
ax® + bx* + cx + d = 0, then find the value of (b + ¢) — (a) even function
(a+d) (b) odd function
6. Consider ¢, 3, y are the roots of x* — x> —3x + 4 =0 (c) neither even nor odd
such thatan™ ¢+ tan™ f+ tan™' y=6 (d) even as well as odd function.
If the positive value of tan (60) is P , where p and ¢ are 3. The minimum value of (sin™! x)* — (cos™ x)* is
7 631> 631>
natural numbers, then find the value of (p + q) (a) — (b)
7. If Mis the number of real solution of cos™ x + cos™ (2x) 8 8
+ =0 and N is the number of values of x satisfying © 1257° d - 1257°
the equation sin™' 3 +sin”! [2) T , then find the 32 ) ) 32
X X 2 4. The value of sin”! x + cos™! x is
value of M+ N+ 4 T 3T 571 0
: a) — b) — c) — d) —
8. Find the value of (a) > (b) > (c) > (d) 5
(1 a1
4 cos {COS (Z(\/g - \/5) — Cos Z(\/g + \/E) 5. If the co-domain of sin™' x is —5771, —37”} such that
9. Find the value of sin"'x + cos 'x = 57” , then the co-domain of cos™ x is
5 (a) [4m, 57 (b) [37, 4n]
5cot [Zcotl(kz +h+ 1)] (c) [67, 77] (d) [57, 67]
k=1
- Passage 11
10. Let 3sin™' (log,x) + cos’l(log2 V)= 2 We know that corresponding to every bijection function
17 f: A — B, there exist a bijection.
and sin_l(logzx) + 2cos_1(log2y) = e g2: B — A defined by g(y) = x if and only if f(x)=y
The function g: B — A is called the inverse of function f: 4 —
1 1 . cl
then find the value of [—2 +—+ 2] B and is denoted by /.
Xy Thus, we have f(x) =y = f!(y) =x
11. If ocand Bare the roots of x> + 5x — 44 = 0, then find the We know that trigonometric functions are periodic func-
value of cot (cot™! o+ cot™! f) tions and hence, in general all trigonometric functions are not
12. If x and y are positive integers satisfying | bijectives.
Consequently, their inverse do not exist.
tan™! (lj +tan”! [lj =tan~! (lj , then find the num- However, if we restrict their domains and co-domains,
x y 7 they we can make the bijectives and also we can find their
ber of ordered pairs of (x, y) inverse.



Inverse Trigonometric Functions

Now, answer the following questions.
1. sin’!(sin 6) = 6, for all 6 belonging to

VR
(@) [0, 7] (b) )
(©) [_%’0} (d) None of these
2. cos!(cos 0) = 6, for all O belonging to
T
@ [0, 7] o (-2.%)
(c) [-%%} (d) None of these

3. tan'(tan 6) = 6, for all 8 belonging to

T
(a) [0, 7] (b) [—5: ﬂ — {0}
© (—% %) (d) None of these
4. cosec!(cosec 6) = 0, for all 6 belonging to
T T
@ [-55] ® (-3:3)-o
(¢) [0, 7 (d) (0, m)
5. sec’!(sec 6) = 0, for all 6 belonging to
T n
(@) [0, ] - {3} () (0, ) - {3}
(¢) (0, m) (d) None of these
6. sin’!(sin x) = x, for all x belonging to
(@) R (®) ¢
n 37w
(©) [1.1] (d) [5, 7}
7. The value of sin"!(sin 2) + cos™!(cos 2) is
T
(a) 0 (b) 2
() —% (d) None of these
Passage 111

Let f(x) = sin{cot'(x + 1)} — cos (tan"' x) and a = cos
(tan"'(sin (cot™" x))) and b = cos (2 cos™' x + sin"! x)
1. The value of x for which f(x) =0 is
(a -12 () 0 (c) 12 @ 1
2. If f(x) = 0, then &? is equal to
(a) 12 (b) 2/3 (c) 5/9 (d) 9/5

3. If a*= % , then 4? is equal to

(a) 1725 (b) 24725 (c) 25/26 (d) 50/51
Passage IV
Every bijective (one-one onto function)

f: A — B there exists a bijection
g: B — A is defined by g(y) =x

if and only if f(x) = y.
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The function g : B — 4 is called the inverse of function f: 4
— B and is denoted by f'.

If no branch of an inverse trigonometric function is men-
tioned, then it means the principal value branch of that func-

tion.
1. The value of cos{tan !(tan 2)} is
(@ /5 () -1/4/5 (c) cos2  (d) —cos?2
2. If x takes negative permissible value then sin™! x is
(@) cos”'(y1-x7) (b) —cos ' (y1—x?)
(©) cos”'(yx2=1) (d) m—cos'(J1-x7).
1
3. If x+ L 2 then the value of sin™' x is
V4 T RY/2
a) — b) — c) T« d) —
(a) 1 (b) 5 (c) (d) >
Passage V
2
Let cos x + (sin_ly)2 = % ...(1)
2
and cos 'x - (sin"'y)? = T ...(>11)

where —1 <x, y< 1. Then

1.

The set of values of ‘a’ for which the equation (i) holds
good is

4 4
(a) (O, 2+ ;) (b) [0, 1+ ;)
(c) R (d) |:0, -1+ i)
T

The set of values of ‘a’ for which equations (i) and (ii)
posses solutions

@ (21U  (b) (2.2)
© {2,1+i} @ R
T

The values of x and y, the system of equations (i) and
(ii) posses solutions for integral values of ‘a’

@ {cos (”sz 1} ®) {cos (”sz _ 1}

2
(©) {cos[%),il} (d) {(x,y»):xe R,ye R}

Matrix Match
(For JEE-Advanced Examination Only)

Given below are matching type questions, with two columns
(each having some items) each.

Each item of column I has to be matched with the items of
column II, by encircling the correct match(es).

Note: An item of Column I can be matched with more than
one items of Column II. All the items of Column II have to
be matched.
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1.

Match the following columns:

Column I Column IT
(A) | The principal value of sin™ | (P) | (20— 67)
(sin 20) is
(B) | The principal value of sin™ | (Q) | (37— 10)
(sin 10) is
(C) | The principal value of cos™ | (R) | (47— 10)
(cos 10) is
(D) | The principal value of cos™ | (S) | (57— 20)
(cos 20) is
. Match the following columns:
Column I Column II
(A) | The range of (P) | (0, m)
f(x)=3sin!'x+2cos!xis
(B) | The range of Q| Tz 37
f(x)=sin! x + cos! x + tan’! EREY
X is
(C) | The range of (R) 7 3m
F)=+sin"x+7 is 272
(D) | The range of (S) | [0, ]
fx)=2 tan"x + sin"'x
+sec”! (l)
x
is
. Match the following columns:
Column I Column IT
(A) | sin (sin! x) = sin™! (sinx), if | (P) [-1<x<1
(B) | cos (cos "' x) =cos ' (cos [(Q)|0<x<1
x), if
(C) |tan (tan ~!' x) = tan ! (tan [ (R) |0 <x<7
x), if
(D) | cot (cot ! x) = cot ! (cot | (R) o
x), if 2 2
. Match the following columns:
Column I Column IT
The value of
A _1(1) _1( 1) P) | 7z
sin” | = [+cos™ | —— 6
2 2
®) | _1( 1) _1(1j Q] 57
sin” | —— [+cos” | — 6
2 2
© tan~' (\/5) +cot™! (—x/g) (R) %
o™ NERIBIE
sin” | —— [+cos” | —— 2
2013 2013
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5. Match the following columns:

Column I Column IT
(A) | The value of P) | 37
tan”' +tan!' 2 +tan”' 3 is 4
(B) | The value of Q|
tan"' 1+ tan”' (l) +tan”! (l) 2
2 3
is
(C) | The value of R | m
tan~'(9) + tan~" (%) is
(D) | The value of S| =
2 tan"'x — tan”! Za ,x>1 2
1-x
is
6. Match the following columns:
Column I Column II
(A) | (sin! x)* + (cos™! x)* is maxi- | (P) 1
X=—
mum at NG
(B) | (sin! x)* + (cos™! x)?is mini- | (Q) [x=1
mum at
(C) | (sin! x) — (cos™ x) is mini- | (R) [x=-1
mum at
(D) | (tan™ x)?> + (cot™! x)?is mini- | (S) [x=0
mum at
Assertion and Reason
Codes:

(A) Both A and R are individually true and R is the correct
explanation of A

®)

rect explanation of A.

©
D)

A is true but R is false.
A is false but R is true.

Both A and R are individually true and R is not the cor-

. . . . 3r
1. Assertion (4): If sin X +sin 1y+sm lz=7, then
the value of
9
2013 2013 2013y — 3
X + +z 1S Zero.
( Y ) (xzomJr y2014+ 22014)

Reason (R): Maximum value of sin™! x is B

(@) A

(b) B ) C

() D

1—x

_ _ 2
2. Assertion (4): The value of 2 tan”'x — tan 1( al 2)

isw

Reason (R): x> 1

(a) A

(b) B () C

() D
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3.

10.

I1.

12.

Assertion (4): The value of

tan_l(p)+ tan ™! (lJ is -~

P 2
Reason (R): P is the root of x> +2013x + 2014 = 0.
(a) A (b) B (¢ C (d D

. Assertion (A):

- - 2r

If sin"'x+sin”'y :T’ then the value of cos™ x +
cos!yis r
3

1

Reason (R): sin”'x + cos 'x = % ,whenx € [-1, 1]

(a) A (b) B () C (d D
Assertion (A):

The value of cos™ (cos 10) is 27— 5)

Reason (R):

The range of cos™ x is [0, 7]

(a) A (b) B () C (d D

Assertion (A):

Ifcos x + cos! y+ cos! z=m, then x> + y* + 22 + 2xyz
=1

Reason(R): For—1 <x,y,z<1

(@) A (b) B () C (d D

. Assertion (A):

If tan~"(2x) + tan~! (3x) = %, then x is é

Reason (R): For 0 <2x,3x <1

(a) A (b) B (c) C (d D
2
. Assertion (A): cos [i — x2 J =2tan 'x
X
Reason (R): forx >0
(a) A (b) B (¢ C (d) D

Assertion (4): sin”! 3x —4x*)=m—3sin' x
1
Reason (R): for B <x<lI

(a) A (b) B () C (d D
Assertion (A): cos™ (4x* —3x) =213 cos! (x)
Reason (R): For L <x< 1

2 2

(@) A (b) B ) C (d D

1
Assertion (4): cot™' (x) = tan™’ (—), x>0
x

Reason (R): cot™ (x)=m + tan™! (lj, x<0
x

(@) A (b) B
Assertion (A):

If . Bare the roots of x> — 3x +2 =0, then sin™' ¢ exists
but not sin™! 3, where o> 8

Reason (R): Domain of sin™' x is [-1, 1]
(a A (b) B (¢) C

() C () D

(d D
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Questions Asked In Previous Years’
JEE-Advanced Examinations

. Leta, b, ¢ be positive real numbers such that

0 = tan"! /a(a+b+c)
bc
+tan”! /b(a+b+c) +tan”! /c(a+b+c)
ca ab

Then tan 6 is equal to? [IT-JEE, 1981]

The numerical value of

tan”! {2 tan~! (l) - E} is ?
5) 4 [IIT-JEE, 1981]

Find the value of cos (2 cos™! x + sin™! x) at x = 1/5,
T . /4
where 0 < cos™ x < rand ey <sin"'x < 2

[IIT-JEE, 1981]

The value of tan [cos1 (%) +tan”! (%ﬂ is

@) 6/17 (b) 17/6  (c) -17/6  (d) —6/17
[IIT-JEE, 1983]

. No questions asked between 1984 and 1985.

The principal value of sin™ (sin (%D is
2r T

a) —— c) —
(a) 3 (©) 3
[IIT-JEE, 1986]

7. No questions asked between 1987 and 1988.

11.

12.

13.

The greater of the two angles 4=2 tan_l(Zx/E -1

and B=3sin"! (lj +sin”! (3) 1Seeunn.
3 5

[IIT-JEE, 1989]
No questions asked between 1990 and 1998.

. The number of real solutions of

tan_ldx(x +1)+ sin_lwlx2 +x+1= % is

(@ 0 (b) 1 (c) 2 (d) e
[IIT-JEE, 1999]

No questions asked in 2000.

Ifsin_l(x—£+x—3— )
St T
_1( 2 x4 x6 ) T
+cos [ X ——t——..|==>
2 4 2
for O<\x|<«/§, then x is
(a) 1/2 (b) 1 (c) —1/2 (d) -1
[IIT-JEE, 2001]
2
Prove that cos (tan™'(sin (cot™ x))) = x2 *1
x°+2

[IIT-JEE, 2002]
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. T
14. The domain of f(x)=,/sin l(2x)+g is

1 l}
2’2

[IIT-JEE, 2003]

15. If'sin (cot'(x + 1)) = cos (tan™' x), then the value of x is

(a) —12

(b) 12

(©)

0

(d) 9/4
[IIT-JEE, 2004]

16. No questions asked in between 2005 to 2006.
17. Match the following columns:
Let (x, y) be such that

sin™' (ax) + cos ™! () + cos ! (bxy) =§

18. If 0 <x <1, then

J1+x% x[{xcos (cot 'x)+sin (cot 'x)}* — 1]1/2equals

X

® A1+ x?

(b)

Column I Column II

(A) |[Ifa=1and b= 0, | (P) | lies on the circle x> +
then (x, y) y=1

B) [Ifa=1landb=1,|(Q)|lies on (x> — 1)()* —
then (x, y) 1)=0

(C) |Ifa=1and b=2, | (R) | lies on the line y = x
then (x, y)

(D) [Ifa=2and b=2,|(S) |lies on (4x*> — 1)()* —
then (x, y) 1)=0

[IIT-JEE, 2007]

X

(b)
(b)
(©)
(b)
(a)
(b)
(a)
(©)
(a)

3.
. (@

. (a,0)
18.
23.
28.
33.
38.
43,

(b)

(©)
(b)
(a)
(a)
(b)
(a)

4. (b) 5 @
9. (a 10. (c)
14. (@ 15. (d)
19. (¢)  20. (b)
24. (c,d) 25. (a)
29. (a)  30. (c)
34. (¢)  35. (b)
39. (¢)  40. (a)

Levee I
1. @ 2.
6. (b) 7.
1. (¢) 12
16. (b) 17.
21. (@ 22
26. (b) 27.
3. (b)  32.
36. (c) 37.
41. (b) 42
Levee I
6. (87w—21)
7. &

3

19.

20.

21

22

23.

24

25.

26.

16.

17

18.
19.

20.

21.

22, x

23.

24.
25.
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(d) 1+

() xyl+x7
[IIT-JEE, 2008]

No questions asked between 2009 to 2010.

. _i| sin@
Let f(0)=sin (tan [—\/MD

T n
h - — . Thenth 1 f ———(f (0
where 4<9<4 en the value o d(tan@)(f( )

[IIT-JEE, 2011]
No questions asked in 2012.

23 n
The value of cot [z cot ™! [1 + z ZkD is
n=1 k=1

(d) 24/23
[IT-JEE, 2013]

(a) 23/25 (b) 25/23 (c) 23/24

The value of

5 12
1 [ cos (tan"'y) + ysin (tan"'y) )
y* cot (sin”'y) + tan (sin"'y)

[IIT-JEE, 2013]
If cot (sin~'y/1 — x>) =sin (tan™' (xv/6)), x # 0 then the

value of x is.......
[IIT-JEE, 2013]
The number of positive solutions satisfying the equa-

tan”! ! +tan”! ! = tan”! (%)
2x+1 4x +1 X

is.... [IIT-JEE, 2014]
No questions asked in 2015.

tion

. 77
Maximum Value T , when x = —1
3 1

V4
and minimum Value = — , whenx = —=
u u 32 W X \/E

=
[
|
=N w
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1
26 x=—,y=1

2)’
27. x=1,y=2;x=2,y=17
29. —&

32. xe (%, 1}
33. xe (—l, %}

34. x € (~o0, cot 3) U (cot 2, =)
35. xe(j;JjU(—L_Q%)

36. tan(l)<x<tan(é)
2 2
37. cot(3)<x<cot(l)
38. xe (-1, 1)
39. n=5
40. n=8
41. k=¢
44. tan (sin (cos (sin 1))) < x < tan (sin (1)).
45. [1, o)

49 0!6[i Z}
: 32°8

50. x=y= a’+1

53. Oe nmttan' (-2),ne Z
54. 6 |
55. x= —,
3
56.
57.
58. 2
59. 4
60. 6
61. 100

SN

(93]
O N
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INTEGER TYPE QUESTIONS
1.

Il
—_

,where M=0,N=1

e i

9.
10.
11,
12.

AN O 0N O WX Wk

COMPREHENSIVE LINK PASSAGES
Passage I: 1. (¢) 2. (b) 3. (a) 4. (c)

5. (a)

Passage II: 1. (b) 2. (a) 3. (¢) 4. (a)
5. (a) 6. (c) 7. (a)

Passage III: 1. (a) 2. (¢) 3. (b)

Passage IV: 1. (d) 2. (b) 3. (b)

Passage V: 1. (b) 2. (¢) 3. (¢)

MATRIX MATCH

1.(A) = (P); (B) = (Q); (C) = (R); (D) — (P)
2.(A) = (S); (B) = (P); (C) = (Q); (D) — (R)
3.(A) = (P); (B) = (Q); (C) = (S); (D) = (R)
4.(A) = (Q); (B) = (R); (C) = (P); (D) = (S)
5.(A) = (R); (B) = (Q); (C) = (P); (D) = (R)
6.(A) = (R); (B) = (P); (C) = (Q); (D) = (Q)

ASSERTION AND REASON

1. (a) 2. (a) 3. (a) 4. (a) 5. (a)
6. (a) 7. (a) 8. (a) 9. (a) 10. (a)
11. (b) 12. (a)

HINTS AND SOLUTIONS

Levee /

1. Given, f(x)=3x+5
= f(x=3>0
= fis strictly increasing function.
= fis one one function
Also, R = R = Co-domain
=  fis onto function.
Thus, f'is a bijective function.
Hence, /™' is exists.
Lety=3x+5

_ry=-5s

3

= X

x=5
T

2. Given, f(x)=x*+2
= fi(x)=2x>0foreveryx>0
= fis strictly increasing function.
=  fis one one function.
Also, R = (2, o) = Co-domain
=  f'is ont function.
Thus, fis a bijective function.
Therefore, the inverse of the given function exists.
Lety=x2+2

xX=y-2

x

Thus, f'(x)=

=
= =Jy-2
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-1 So its inverse is exists.
H X)=4/x—=2
ence, f (%) \2/ Let y=26+D
3. Given, f(x)=— o yo2to
x“+1 o
Y = ¥ -x=log(y)
= x-x-log(y)=0
/\/\ 12 1+ 41og, (1)
= x=
X %) X 5
1+ 1+ 41log,(»)
= x=
2
r 1+ 41+ 4log,(x)
- +4/ 1+ 4log,(x
1 ") =
= W=l this, /76 2
X
2 5. Since fis a bijective function, so its inverse exists.
’ _ +
=4 f(x)——(x2+l)2>0,vx€R 10){_10—){ 102x_1
. . . . . Let y= X -x = 2x .
= fis strictly increasing function. 10" +10 107 +1
=  fis a one one function. = yx10¥+y=10"-1
2
X = 10%@-1)=-y-1
Also, let y=— v )+1y +1
= y-xty=x y=1 1-y
= Xy-DH=-y y+1
5 y y = 2x=log, (—j
= YTy Y
- (d-y) 1 (1 + yj
= x=—log,| —=
Y= ,(1 Y ) 2 1-y
- 1 1+ x
1 _ 1
= R =(0, 1) = Co-domain Thus, f7(x) = 210g10(1 —x) :
= f Is onto fur.lcnon. . 6. Given, f(x) =x + sin x
Thus, fis a ‘t.n]ec‘Flve function. =  f(x)=1+cosx>0forall xinR.
= f(x)is exists. = fis strictly increasing function
o X =  fis a one one function.
Hence, /7 (x)= —x Also, the range of a function is R.
. e =  fis a onto function
4. Given, f(x) =27, Thus, fis a bijective function.
v Hence, /! exists.
Therefore, ! (x) =x —sin x
7. Given, f(x)=x>—4x+9
X 0 X Y
Y X 0 : X
= f(x)=2"Dx2x-1)xlog,2>0
for all x in [1,0) Y
= fis strictly increasing function. )
=  fis a one one function. = f(x)=2x-420forallxinD,
Also, R =[1, o) = fis strictly increasing function.
= R;= [1, eo)= Co-domain = fis a one one function.
=  f1s onto function. Also, R = [5, ) = Co-domain
Thus, fis a bijective function. = fis onto function.
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Therefore, f'is a bijective function.
Hence, its inverse is exists.
Lety=x*—4x+3

= xX-4x+05-9=9

x:4i1/1674(57y)

- 2
N 44,4y +16-20
X =
2
4+, /4y -1
= x=#=2i1/(y—l)

= x=2+.(y-1),sincex>2
= fl@=2+x-1)

. Consider the function

f:[0,00) > [—%, oo) , where

f(x)=x2—§

Clearly, fis a one one and onto function.
So its inverse is exists.

Let its inverse be f’1 : [—%, oo) —[0, ) .

= flw= x+%-

Consequently, we can say that, the two sides of the
given equation are inverse to each other.

Thus, the intersection point is the solution of the given
equation. f(x) =x

= X ——=Xx
4
= xz—le
4
(3=
= X——| ==
2 2
= (x—l)=i-L
2 2
R N
2 2

Hence, the solutions are

{l + L1 L}
2 272 2

. Clearly, fis bijective

So, its inverse exists

Let y=3x+5

= X=—

3 .- 5
Thus, f71 (_x) = X 3

10. Clearly, f is bijective
So, its inverse exists

Let S
x—1
= Xxy-y=x
= x(p-1D=y
X = Y
»r-D
Thus, /' (x) = ———
’ (x-1D

11. Clearly, f is bijective
So its inverse exists
Let y=x*+1

= x=4y—-1
Thus, /~'(x)=+/x—1

12. Since f is bijective, so its inverse exists

Lt y 2x_2—x
e = —
25+ 277
- X272
1 25427
y+1 25274 2%+27%
= =
y—l 2x_2—x_2x_27x
- y_+1:_2.2
y-1 227
N 22x:y+l
-y

= 2x=log, (y_ﬂ)
I-y

1 y+1
x=—log,| ——
= 2 gz(l—yj

Thus, /' (x) = %log2 (x i 1)

1-x
13. Clearly, f is bijective.
So, its inverse exists
x
2 +1
= wxr-x+y=0

x=11«/174y2

2y

2
Thus, £~ (x)= T+yl-4x"

2x

Let y=

=

14. We have
-1<3x+5<1
= 6<3x<-1
4

= -—2<x<-—
3

4.27
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= D;= xe[—Z, —%}

15. We have
PP
x+1
Case I: When <1
X+
= -1<0
x+1
-1
= <0
x+1
1
= >0
x+1
= x>-1
X
Case II: When >-1
x+1
= +120
x+1
2x+120
x+1

1
SN

Hence, D,= [_%, oo) .

16. We have
2
RPE 2P
2x
2
N x+1Sl
2x
2
2|
2
2 x|
= xXX+1<2[x]
= kP-2K+1<50
= (x-1)?*<0
= (x-1?%*=0
= (X-1)=0
= =1
= x==I
Hence, D, = {-1, 1}
|x[—1

17. We have —ISTSI

= 2<|-1<52
= -1<|x<3

= |¥ <3 (. x| 31 is rejected)

= 3<x<3
Hence, Df [-3, 3]

18. We have -1 < (log, x) <1
= 21<x<L2!

19.

20.

21.

22.

Trigonometry Booster

= l <x<2
2
Hence, Df = [l, 2}
2
We have

—1<log,x*<1

= 41<x2<4!

= lovey
4

1
= —<|x<L2

2 1
= |x|S2and|x|25

1 1
= 2<x<2and xZEande—E

= xe[—z, —l} u[l, 2]
2 2

Hence, Df = [—2, —l} ) [l, 2}
2 2

Given, sin' x +sin' y=1
It is possible only when each term of the given equation
provides the maximum value.

Thus, sin”!

= x=sin(£):landy:sin(£):1
2 2

Hence, the solutions are x =1 and y = 1.

x="and sin’1y=£
2 2

. .- . . 3r
GlVCl’l Sin 1)C+Sll’1 1y+Sll’1 1227

It is possible only when each term will provide us the
maximum value.

1

.- T, _ T
Thus, sin"'x==,sin"'y==
2 2
- i
and sin'z=Z
2

= x=l,y=landz=1
Hence, the value of

S x2014+y29014+22014
e —

—3_3 I+1+1

=0

We have 7% <sin”'(3x + 5) S%

= —n<2sin!' Bx+5<rx

=  r+l<osin ' Gx+5)+ i<+ L
4 4 4

kY4 5w
= =< <=
: S(x) :

Hence, Rf = [—3—77:, 5—”}
- 4 4
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23.

24,

25.

26.

27.

28.

29.

We have sin! x >sin™!' (3x—1)
= x>0Bx-1)
= 2x-1<0

1
= xX<—
2

= xe[—l,lj
2

We have -1 <2x+4<1
= 5<2x<-3
= —ESXS—i

2 2

Hence, Df = [—i, —g}

: 22
Wehave0<cos' (3x+5)<rx
= 0<2cos!'(3x+5)<2rx

= T<ocos'Gr+s)+ Lo+
4 4 4

Hence, Rf:[z,g—”}
4" 4

We have %s cos (-x*)<m

= 37” <3cos ' (-x?)<3m

o 3T 3eos () -E<3nE
2 2 2 2

= erf(x)s%”

Hence, Rf = [n, 5775} .
Given, cos™' x +cos' x*=0

It is possible only when each term will provide us the
minimum value.

So, cos'x+costx*=0

= x=landx*=1

= x=landx=%*1

Hence, the solution is x = 1.

Given, [sin™! x] + [cos™ x] and x > 0

= [sin'x]=0and [cos!'x]=0

= xe€[0,sinl)&xe (cosl,1]

= x€ (cos1,sinl)

x2

We have —1<———=<1
x“+1
2
<1
2 +1
x|
\x2+1|_
2
= f <1
x“+1

30.

31.

32.

33.

34.

35.

36.

4.29

= 1>0

Hence,x € R

We have cos™ (x) > cos™ (x?)

= x<x?

= x2-x>0

= x(x-1)>0

= xe[-1,0)

Since tan™! x is defined for all real values of x, so
9-x*<0

= x*-9<0

= @*+3)x-3)<0

= -3<x<3

Hence, D, = [-3, 3]

We have —% < tan_l(l - xz) < %

- —ﬂSZtan_'(l—xz)Sg

> g+l<otna-N)+Z<EiE
6 6 2 6

St 2r
= —=<f(x)s—
P S(x) 3

Hence, Rf = [—S—ﬂ:, 2—”}
: 6 3

We have f(x) = cot™! (2x — x?)

= f@)=cot'(1-(x*-2x+1))

= fx)=cot'(1-(x-1)

Since (1 = (x —)») £ 1and 0 < cot! x < wand cot! x is

strictly decreasing function so,

cot' (1)< cot! (1 —(x—1)*)) <cot! (0)

= %Sf(x)Sn
Hence, R.:[E n}
f 4’

where [,] = GIF

We have [cot™ x] + [cos' x] =0

= [ecot'x]=0&[cos'x]=0

= 0<cot'x<1&0<cos'x<1
= xe (cotl,o)&xe (cosl,1]

= xe (cotl, 1]

We have sin {x] = cos {x}, Vx € [0, 2nx]
= tan {x}=1

N {x}=tan_1(1)=%

Hence, the number of solutions = 6

(Since {x} is a periodic function with period 1, it has
one solution between 0 to 1. So, there is six solutions
between 0 to 6.28).

We have,

_1S(|x|_—2)£1
3
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37.

38.

39.

40.

= 3<|x-2<3
= -1<|x<5
= 5<x<5

Also, —1< (1—T|x|) <1

= 4<1-|x<4

= A<|x-1<4

= 3<|x<5

= -5<x<5

From (i) and (ii), we get
-5<x<5

Thus, D,=[-5, 5]

Given, f(x) =sin”! (2x2— 1)

So, -1<(2x¥*-1)<1

= 0<2x?L2

= 0<x2<1

= 0<px<1

= -1<x<1

Thus,D,=[-1,1]

Given, f(x)= \/57r sin"'x — 6(sin71)c)2
We have 57 sin”! x — 6(sin”™" x) > 0

= (5m—-6(sin! x))sin' x>0

= (6(sin x)—5m)sin' x<0

= OSsinfleS—”
6
= OSxSsin(S—ﬂ]
6
= OSxSl

Also,-1<x<1

. 3 tan"'x +
Given, f(x)=1log, an—x_lﬂ
T—4tan x
3tan 'x+ 7
So, —_1>0
T—4tan x
3tan"'x+ 7
= T<O
4tan” x— T
= —£<tan71x<£
3 4
(5)er<ml}
= tan| —— |<x<tan| —
3 4
= —J3<x<l

Hence, D= (—«/5, 1)

Given, =cos | ————
ven, J() (2+sinx]

R
2+sin x

.G

...(i)

41.

42.

43.

Trigonometry Booster

3
-3<(2+sinx)<3
—5<(sinx) <1
-1<(sinx) <1
sin! (-1) < x <sin! (1)

—1S(2+Smx)S1

LG suuu U

2
Given, f(x)=sin"" (x Al IJ
2x

2
= —1s[x ng
2x

X +1
2x

x+1 <

2 |x|

X2+ 1< 2x]
x|+ 1 < 2x|

X2 =2]x] +1<0
(xl-1D)<0

(K =1)=0

x ==l

D= {1, 1)

<1

U

:;HUUUUU !}

Given, f(x)=cos™!

So, —IS( jS

= —1S(1+L2)£1
X

= -2< (izj <0
X
which is not true
Hence, D = ¢
Given, f(x) = sin"'(log, (x* + 3x + 4))
So, —-1<log, (x**+3x+4)<1

J

X2 +1
2

x2+1
2
1

= %S(x2+3x+4)s2

when (x> +3x+4) <2
= (@+3x+2)<0
> @+DHEx+2)<0
= 2<x<-1
when x2+3x+42%
= 2x?*+6x+720
Clearly, D <0

So, it is true for all R
Hence, Df= [-2,-1]
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44.

45.

46.

47.

48.

2
Given, f(x)=sin"! (10g2 (%)]

2

= ls(’“—jsz

2 2
= 1<x?<4
= 1<K<L2 ..(D)
when |x| £2
= 2<x<£2
when |x| > 1
= x2landx<-1 ...(i1)
From (i) and (ii), we get,

xe [-2,-17U[L, 2]
Thus, D, = [-2,-1] U [1, 2]
Given, f(x) = sin™' [2 — 3x7]
= -1<[2-3]<1
when [2 —3x%] 2 1
= 1<2-3x*<2
= -2<3x2-2<1
= 0<3x?<3
= 0<x*<1
= 0<lx<=1
= -1<x<1-{0} ...(D)
Also, when [2 —x?] 21
= 2-x*=2-1
= x?<3
= |x<B
= -3<x<B ...(ii)

Hence, Df= [-1,0) U (0, 1]
1
Jx =2

. T
Given, f(x)=—+ 3% "4
X

Let D, =R- {0}

D; =[-1,1]
and D,=(2, )
Thus,D,=D, "D, D, =[-1,1]
Given, f(x) = sin' (log, x*)
So, -1<log(x*)<1

= %S(xz)SZ

= %smsﬁ

Thus, xeli—\/z, —%} U [L’ \/E}
1 1

Hence, Df-_[—ﬁ,—ﬁ}u[ﬁ’ﬁ}

Given, f(x)=e"+sin”! (g_l)Jr_

Let D =R

Dzz—ls(f—l)g
2

49.

50.

51.

52.

53.

54.

4.31

= os(f)sz
2
= 0<x<4

and D,=R- {0}

Hence, Df:D1 ND,ND,=(0,4]

Given, f(x) = /sin"'(log, 2)

We have sin™' (log_2) >0

= (log 2)=sin(0)=0

= 22x'=

= 2>1

which is true for all x in R

Also,x#1and x>0

Furthermore, —1 <log_2 < 1 which is also true for x #
landx>0

Hence, D, = (0, 1)U (1, 00)

Given, f(x)= «/sin_l(logzx)
We have sin™! (log, x) 20
= (log,x)=0

= x21

Also, -1 <log, x <1

= leSZ
2

Hence, Df= [1, 2]
Given, f(x) =sin™' (2x —3)

T T
R=|-LZ
! [ 2 2}
Given, f(x)=2sin" (2x—1) - %
T esintr-n<E
2 2

—n<2sin!' 2x—-1)<x

r-F<osintox-n-Z<n- L

4 4 4
7 [osin -1y~ E <37
4 4) 4

5w 3n
Given, f(x)=2cos' (=x}) -1
=2(m—cos! () -1
=m—2cos! (x?)
Given, f(x)= ltan_l (1-x%) - r
2 4
Now, —eo < (1 —x?) <1

=  tan!(—eo) <tan'(1 —x?) <tan’'(1)

= I. tan_l(l—xz)sﬁ
2 4
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= —£<ltan71(l—x2)S£
4 2 8
1
= 2 tnla-x)-LE<ET
4 4 2 478 4

= —§< f(x)< —%

So. ,=[- 2,
28

55. Given, f(x) =cot' (2x —x?)
=cot' (1-(x—-1)»)
Clearly, o< (1 - (x— 1)) <1
= cot'(1)<cot! ((1-(x—1)?))<cot’ (—o)

= %s cot (1= (x 1) <7

- %Sf(x)ﬁﬂ

T
So,R,=|—, 7
/ [4 ]

56. Given f(x) =sin' x +cos' x +tan x
=[-1,1]
So, R [f( 1), f(1)]

I:TL' T n}
——, =+
2 472 4
[ﬂ 3n}
4’ 4
57. Given, f(x) =sin! x + sec”' x + tan"'x

Thus, D, = {-1, 1}
So, R={/(-1),/(1)}

. - _ T
58. Given, f(x) =3cot x + 2tan 'x + 7
-1 -1 -1 T
=2(tan” x+cot” x)+cot x+ 7
T _ T
=2x=+cot 'x+=
2 4

S L
=cot x+—
4

Thus,0<cot'x<7m
= 0+5—<cot x+5—< +5_7r
4 4 4

= M<rwer

So, R, = [Sn 971
4 4

59. Given, f(x) = cosec! [1 + sin® x].
Clearly,
1<(1+sin?x)<2

R,= [cosec™ (2), cosec™ (1)]

60.

61.

62.

63.

64.

Trigonometry Booster

Given, f(x) = sin” (log, (x* + 3x + 4))
Clearly, D,=[-2, 1]
Thus, R = [f( 2),f(=D]

{214

We have, f(x) =sin! x + cos™ x + tan™! x is defined only
when -1 <x <1
Now, (1) =sin!(1) + cos (1) + tan"!(1)

T 37r
=Zi0+Z
2 4 4
and f(-1)=sin"'(-1) + cos/(-1) + tan"!(-1)
b3 T 3n &
=——+T—-——=T—-—=—
2 4 4 4
Thus, Rf [n’ 3—”}
4 4

We have 4 sin!(x —1) + cos'(x-2) =7

= 3sin71(x—2)+%=7r

= 3sin71(x—2):%
= sin'(x-2)= Ul
6
- (x—z)—sin(f)—l
6/ 2

= x:2+l:§
2 2

Hence, the solution is x =—

As we know that, if smfl(f(x)) + cosfl(g(x)) =
then
f)=g()
=5 @W-2xt+t1)=(x*-x)
= 2x—x=1
= x=1
Hence, the solution is x = 1
We have

an_lxlx(x-%l)+sin_1\/)c2+x+1:E
cosl[ ]+sm «/x +x+1——
\/x +x+1
= ; =\/x2+x+l
\/x2+x+1

X*+x+1=1
X+x=0
x(x+1)=0

Lo
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65. As we know that, if sin™'(f(x))+ cos™'(g(x)) :%,

66.

67.

68.

69.

= x=0and-1
Hence, the number of solutions is 2

then
Jx) =g(x)
2 3 4 6
- (__j(__j
2 4 2 4

x X X
= x|l-c4+ =X - -
2 4 2 4

L) 1

- (xzfzjz(%]
- =)
= x=0and[xi2)=(xzi2j

= x=andx=1
We have sin™! x > cos™! x
= 2sin'x>sin!x+cos!x

. T
= 2sin 1x>5

. -1 T
= sin x>—
4

(=
= x>sin|—
(4j

- el L]

(sin'x)>-3sin'x+2=0

= (sin'x-1)(sin'x-2)=0

= (sin'x-1)=0,(sin'x-2)=0
= sin'x=1,2

= sinlx=1

= xsin(1l)

Given equation is sin"'x + sin"'2y = . It is possible

only when

. -1 T . T
= sin x=—,sin (2y)=—

> (2y) >
= x=1,2y=1

= x=1 y—l
2

Given equation is cos™ x + cos™ x? = 2. It is possible

only when

= cos?!'x=mcos!'(¥)=m
= x=-1,x*=-1

= x=¢

70.

71.

72.

73.

Given equation is cos™' x + cos™' x>=0
It is possible only when
= cos'x=0,cos'(x)=0
= x=landx’=1
= x=1
Given equation is
4sin! (x-1)+cos' (x—1)==x

= 3sin_l(x—l)+%:7t

= 3sin_1(x—1)=§

= sinlx-n==
6
= (x—l)—sin(fj—l
6) 2
3
= xX=—
2

Lo 3
Hence, the solution is x = 5
Given equation is

/3

1

-1 -1,.2

cot +tan” (x*—-1)=—
(xz—lJ 2

It is possible only when
1

-1
x?-1)2=1

= =x*-1
=
> @@-DH==+x1
=
=

¥=1+1=2,0
x={-2,0,42}

Given equation is

S x*-1 o 2x o

cot + tan 5 =—
2x x =1 3

T
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74,

75.

76.

77.

78.

Given equation is

. _ 3r

4sin"'x +cos'x =22

4
. 1 T 3w
= 3sin x+—=—
2 4

. T
= 3sin” x=—
4

= x—sin(l)—E
12) 22

Given equation is
- - r
5tan”'x + 3cot 'x = e

o, 3n n
= 2tan” x4+ —=—
2 4

_ T
= 2tan'x==
4

-1 T
= tan x=—

= x:tan(%):(ﬁ—l)

Given equation is

Stan”' x +4 cot' x =271
= tan'x+27=27w
= tan'x=0
= x=tan(0)=0
Hence, the solution is x = 0.
Given equation is

_ _ T
cot”'x — cot 1(x+l)=3

1
= x+x+1=—=0

= xX*+x=1=0

So, no real values of x satisfies the above equation.

Hence, the solution is x = ¢
Given equation is

[sin™! x] +[cos' x] =0
It is possible only when

[sin! x] =0, [cos' x]=0

79.

80.

81.
82.

Trigonometry Booster

= 0O<sin'x<land0<cos!x<1
= 0<x<sin(l)andcos(l)<x<1
= xe€ [cos(l),sin(1)]
Given equation is
[tan! x] + [cot! x] =0
It is possible only when
[tan™! x] =0 and [cot' x] =0
= O<tan!'x<landO<cot'x<1
= cot(l)<x<tan(1)
Hence, x € [cot (1), tan (1)]
Given equation is
[sin”! cos™' sin! tan”! x] =0
0 <sin! (cos™ (sin! (tan"! x))) < 1
0 < (cos™ (sin™! (tan™! x))) < sin (1)
cos (sin (1)) < (sin”! (tan' x)) < 1
sin (cos (sin (1))) < (tan™ x) < sin (1)
tan (sin (cos (sin (1)))) <x < tan (sin (1))
Do yourself.
Given equation is

tuouuu

(tan""x)* + (cot 'x)% = o

1 S12 -1 L. 57
= (tan” x+cot x)"—2tan x:cot sz

[\
1Y
I
|
Q
Ne———
w o+
(98]
]
|38
I
(e

ar—16a*>+3m=0
16a*—8ar—3m=0

16a*— 12an+4an—-3mw=0
4a(4a—-3nm) + md4a-3m)=0
(4a+7m (4a-3m)=0

R

U
=y
=
=
I
|

|

= cos(20) =%

= 200529—1:%
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= 2(:0526:1+§:§
4 5 5
= cos’=—
5
2
= cosf=—
J5
84. We have

.| . _1(1]
sin| —+sin~ | —
4 2
=sin (E + 9), 0 =sin™! (l)
4 2

:sin(£+9),sin6=l
4 2

=sin (%) cos(0) + cos (%) sin(6)

= = cos(0) + = sin(0)

V2T 2
1 3 1

=—X—+—X

1
L2 22
\/§+1

22
85. Let m, and m, be the roots of
X+3x+1=0
Thus, m +m,=-3<0
and m -m,=1

It is possible only when both are negative.

Thus, tan™'(m) + tan™ (l)
m

=tan™! (m) — w+ cot™! (m)
=tan™! (m) + cot! (m)— 71
T
=—-7
2

T

2
86. We have cos (tan!(sin (cot™ x)))
= cos (tan"!(sin 0)), cot 6=x

o1
=cos| tan
1+ 2
=cos @, tan ¢ = !
, V14 x?
_ x*+1
X242
87. Given, 6(sin! x)> — wsin' x <0
= sinlx(6sin'x—m)<0

. V3
= 0<sin leg

= 0<x

IN
N | —

88.

89.

90.

91.

92.

93.

94.

95.

4.35

Given, in-equation is

2tan'x+ 7
i)

dtan'x -1
T _ T
= —Z<tanlx<E
2 4

= —oo<x<]
Given inequation is
sin! x <sin™' x?
xX*>x
x(x—1)>0
x>landx<0
x € [-1,0)
Given in-equation is
cos™! x> cos™! x?
xX*>x
xX*-x>0
x(x—1)>0
-1<x<0
Given in-eqution is
log, (tan"' x) > 1
= tan'x>2
= x>tan(2)
Hence, the solution is
(tan 2, o)
Given in-equation is
(cot'x>—5cot'x+6>0
= (cotx—2)(cot'x—-3)>0
= (cot'x-2)<0,(cot'x-3)>0
=
=

tuus sl

tuus sl

x> cot (2), x <cot (3)

x € (cot 2, cot 3)
Given in-equation is

sin”! x <cos™' x

. b4
= 2 sin 1x<3

-1 T
= sin x<—
4
o x<b
NG
xe[—l Lj
= ’\/5

Given in-equation is
sin”! x > sin” (1 —x)
x>(1-x)
2x>1
1

xX>—
2

1
Hence, the solution is x € (E’ 1}
Given in-equation is
sin™' 2x > cosec™! x
- . (1
=  sin 1(2x)>s1n 1(—)
X

1
= 2x>—
X
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1 2
= 7-X—;>0 = %+2x<0
- 2x2—1>0 =  52+8x<0
X = x(5x+8)<0
= (ﬁx+l)(ﬁx_l)>0 = —§<x<0
1 0 1 . 100. Given in-equation is
= € _ﬁ’ Y ﬁ’ tan ! 2x > 2 tan ! x
96. Given in-equation is ~  tan! (2x)>tan_1 2x
tan! 3x < cot ! x 1-x2
-1 i1 I .
= tan  (3x)<tan” | — X 12
X - X
1
= (3")(§j<0 - (2x)(1—1 12j>o
-Xx
Bx+1)RBx-1)
= <0 1-x*—1
X = X — (>0
o))
= x€|-—0|U|0—
5 N :
97. Given in-equation is = F xt=1 >0
cos!' 2x > sin x 3
= sin '\1-4x? >sin'x = ((x—l)(x+l)j>
=  Jl-4x? >x = xe(-1,0)u(, )
= (1-4)>x 101. Given in-equation is
. (1
= Sx¢-1<0 tan(cos_'x)Ssm(cot I(ED
= (Sx+D)EBx-1)<0
2
R o oVl=e 1
NN PN
98. Given in-equation is 1— 2 1
x? —2x <sin™' (sin 2) = 2 Sg
= xX-2x<(m-2) )
—1)2 - 1- 1
= (x-1P<(m-1) R x ——jso
= |x-DI<y(r-1 x 5
22
= —J@-DH<(x-D<@-1 N 5—5x2—x <0
= 1-J@-D<x<l+Jm-1) i~
99. Given in-equation is ., & 2_5 <0
x
sin”! (fj <cos'(x+1) 6x2 -5
2 =
L1 X P 2
=  sin (Ej<sm Wl-(x+D%) -~  yeR- (\/7\/7)
= (§]<(«/1—(x+1)2) 102. As we know that sin”'x +cos” x—% for every x in
(-1, 1]
2
X 2 s 1
= —| <l=-(x+1 S 0< <1
(2] ( ) (i) Since 1
2 1 T
X_ —_ — 2 SO, = —
= 4< 2x —x f[mz—i-lj 5
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103.

104.

105.

2
(ii) Since, 0s——<1,
m-+1
2
m b3
) =_.
f(m2+1] 2
e 1 m 1
i) Since, —— < <—
(it 2" miel 2

m T
so, f|l ——|==
f(m2+lj 2

(iv) Since m*-2m+6=(m—1)>*+5
Thus, 4 < (m—1)*+5<eo
Hence, f((m — 1)? + 5) is not defined.
(v) Also, 1 <(m—1)?+5<e
So, f(m* + 1) is not defined.
Given, cos™'x + cosfly = ZT”
Now, sin™! x +sin! y

v/ -1 T -1
=-——C0S X+-——Cos Yy
2 2

=m—(cos' x+cos!y)
2r

r
3

Let m, and m, be the two roots of the given equation.

Now, m +m,=-3andm -m,=1
=  m, and m, are two negative roots.

1
Now, tanfl(m) +tan”! (—)
m

=tan™! (m) — w+ cot™! (m)
=-—m+tan”' (m) + cot™! (m)

T
=—T+—=
2
__T
2
245 1
Let m= > =2+ 5
x°+2 x“+2

Thus,nze{z,él
2

2
now, sin”' (sin(zﬁ * 5]] > sin”! (sin 3)
2

X"+

. _][ . ( 2x2+5JJ
= sin|sin|7m——
x 42

<sin™! (sin (7w - 3))
[2x2+5]
= T-|— >t -3
x“+2

232 +5
3 <3
x°+2

2

. 2xz+5_3 <0
X +2
_2_

= )g 5j<0
x°+2
2

- x2+5 50
x“+2

= X€R

106. (i) sin™! (sin 3)

= sin™! (sin (- 3))
=(nr-3)

(ii) sin™! (sin 5)
= sin™! (sin (5 — 27))
=(05-2n)

(iii) sin™! (sin 7)
= sin™! (sin (7 — 27))
=(7-2m

(iv) sin™! (sin 10)
=sin™! (sin (37— 10))
=Br-10)

(v) sin! (sin 20)
= sin™! (sin (20 — 67))
=(20-6m)

107. (i) cos™'(cos2)=2

(i) cos™ (cos3)=2

(iii) cos™ (cos 5)
=cos™! (cos (27— 5))
=Q2r-95)

(iv) cos™ (cos 7)
=cos! (cos (7 —2n))
=(7-2m

(v) cos'(cos 10)

=cos™! (cos (47— 10))

=(4r-10)
108. (i) tan' (tan 3)
=tan™' (tan (3 — 7))
=G-mn
(ii) tan' (tan 5)
= tan™! (tan (5 — 27))
=(05-2n)
(iii) tan™' (tan 7)
= tan™! (tan (7 — 21))
=(7-2nm)
(iv) tan’! (tan 10)
=tan' (tan (10 — 37))
=(10-3m)
(v) tan™! (tan 15)
=tan' (tan (15 - 57))
=(15-5n)
109. We have
cos™! (sin (-5))
= cos™! (=sin 5)
=m—cos ! (sin 5)

4.37
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o]
ne

=25
2
110. We have
f(x) =sin" (sin x)
=x+2n-m—-x+x+mw—x
=2r

= f(x)=0
111. We have

f(x)=cos™(cos x)
=x+tx+2r=x
=2r—x

= flx)=-1
112. We have

o (2445
sin” | sin 5 <m-3
x“+1
. 233 +5
sin| w— 5 >r-3
x“+1
2 +5
—— <mw-3
x“+1
2% +5
e <=3
x“+1

2
N 2x +5]>3

—_

|
—_

= sin

= T —

w2 +1
22+
= |5 5—3)>0
x“+1
2% +5-3x" -3
= ——|>0
x“+1
= x2<2
= - 2<x<\/§
113. We have
x*—3x <sin! (sin 2)
= x2—3x<sin! (sin (r-2))
= x*-3x<(n-2)
= xX*-3x+tQ2-m<0
3+4/1+4 3-1+4
= (x— nJ(x— nj<0
2 2
3-Jl+4n <3+1/1+4n'
X
2 2
114. We have

= sin"!(sin 50) + cos!(cos 50) + tan"'(tan 50)
= sin”'(sin (50 — 167)) + cos™'(cos (167 — 50)

+ tan"'(tan (50 — 167)
=(50-16m) + (16— 50) + (50 — 167)
=(50-16m)

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

Trigonometry Booster

sin”!(sin 1) + sin"'(sin 2) + sin"'(sin 3)
=l+(m-2)+(xm-3)
=Q2r-4)
sin”!(sin 10) + sin'(sin 20)
+ sin”!(sin 30) + sin”!(sin 40)
= (37— 10)+ (20 — 67) + (30 — 107) + (137 — 40)
=0
cos™'(cos 1) + cos™(cos 2) + cos™(cos 3) + cos(cos 4)
=1+2+3+Q2n-4)
=2(r+1)
cos™'(cos 10) + cos™'(cos 20)
+ cos!(cos 30) + cos'(cos 40)
= (47+10) + (20 + 67) + (107 + 30) + (40 — 1277)
=(20 - 47)
sin”!(sin 10) + cos™!(cos 10)
—(3r—10)+ (47— 10)
= (Tn—20)
sin”!(sin 50) + cos~!(cos 50)
= (50 — 167) + (167 — 50)
=0
sin™' (sin 100) + cos™' (cos 100)
= (100 - 327) + (327 — 100)
=0
cos”!(sin (=5)) + sin"!(cos (-5))
= m—cos™! (sin 5) + sin”! (cos 5)

o325 o522
=n—(537”j+(537n)

=7

Hence, the number of solutions is 3.
Thus, the ordered pairs are

T T
EHRWEY

Given,
f(x)=cos™! (cos x) — sin! (sin x)
=x—(x+m—x)
=xX-7
Hence, the required area
1 n?
=S—XTXT=—
2 2

tan'(tan 1) + tan'(tan 2)
+ tan'(tan 3) + tan"!(tan 4)
=1+Q2-m+B-m+(@l-n
=(10-3n)
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126. tan'(tan 20) + tan'(tan 40) 132. We have
+ tan"!(tan 60) + tan~!(tan 80) tan”'(1) + tan"'(2) + tan'(3)
=(20 — 67) + (40 — 137) + (60 — 217) + (80 — x (243
267) =—+rm+tan | ———
— (200 — 667) 4 1-23
127. sin’!(sin 15) + cos!(cos 15) + tan"'(tan 15) :£+7r+tan_l(—1)
= (57— 15)+ (15 —4m) + (15 - 57) 4
= (15— 4m) T,
128. sin’!(sin 50) + cos!(cos 50) — tan !(tan 50) 4 4
= (50 — 167) + (167 — 50) — (50 — 167) =n
= (16w —50) 133. We have
129. 3x*+ 8x <2 sin”!(sin 4) — cos!(cos 4) tan"'(9) + tan"! 5
= 32+2x<2(n—-4)-Qrn-4) a an 1y
= 3xX+2x<-4 5
= 3x*+8x+4<0 9+~
= 3+6r+2x+4<0 =7 +tan”! 45
= 3x(x+2)+2(x+2)<0 1—9-Z
= (Bx+t2)x+2)<0
2 41
= —2<x<-= 2
3 =m+tan”!| 4
130. We have 41
S 2X2+4 3 4
sin” | sin 1 <m- — 7+ tan”!(=1)
> S (2
= sin”!| sin| 7 — 2x2+4 <mwr-3 4 4
x“+1 134. We have
22+ 4 sin”! (i) +sin”! (i) —sin™! (@)
= - 211 <r-3 5 13 5
2 4 5\ 5 4\ 63
- 2x"+4 <3 =sin”!| = 1—(— +—, 1= —J sin_l(—)
241 5 13 13 5 65
2x%+ 4 =sin”"! (i£+i~i)—sin1 (QJ
= 7.1 >3 513 1313 5
X
2 =sin”! (§+Ej—sin_l (Qj
I e +4_3J>0 65 65 65
2
X+l . _1(63) . _](63)
=sin” | — |-sin" | —
2x°+4-3x" -3 65 65
= | ——=150
x“+1 =0
135. We have
= x’<l1 | |
= -1<x<1 Ztan_l(—j+tan_l(—j
| | 3 7
131. We have tan™' (5)+tanl (g) 5.1
wf 2ty
= tan +tan | —
B
—tan”'| 23 3
273 2
1[ 5/6 j =tan”'| 3 +tan_l(—)
=tan | —— §
1-1/6 9
-1 _ -1 T -1 3 -1
= tan =tan (1)=— = = -
( ) 1) 4 tan (4)+tan (j




4.40

3 1
7+7
= tan™! 4371
1-=.=
4 7
1(25)
=tan | —
5
=T
4

136. Letsin'x=4,sin' y=B,sin'z=C
Thenx=sin 4, y=sin B, z=sin C

we have, x\/l -x* + y\/l -y 4 z\/l - z?

=sinA4d-cos4+sinB-cosB+sinC-cosC

[ [\)|._.

(sin 24 + sin 2B +sin 2C)

= —(4sin 4 -sin B -sin C)

[\

=2sinA4-sinB-sin C
=2xyz
137. We have
cos'x+tcos'ytcos'z=m
cos'xtcos!'y=m—cos!z
cos' x +cos! y=cos! (-z)

cos_l(xy — 41— x? NI y2 )=cos (—z)
(ytzP=(1-x)(1-))
X2+ 2xyz + 22 =1 =X =2+ xH?

X4y 42+ 2xyz=1

=
138. Given, cos 1( )+cos 1(1):
= l(ﬁ y 1__]=
2 2
= [ﬂ— 1-= 1—y—J=cos9
6 V' 2\ o
2 2 P
= (ﬂ—cosej =(1_x_)( _y_)
6 4 9

L N N

2.2
*ry ﬂcos 0 + cos’0
36 3
2 2 (2.0
= :1———y—+ Y
4 9 36
2 2
= x—+y——20059=1—c0s29
4 9 3
2 2
= x—+y——ﬂcos(9=sin29
4 9 3
= 9% +4y2—12xycos 6=36sin’> 0
139. We have

tan!(1) + tan'(2) + tan'(3) = &

140.

141.

Trigonometry Booster

and cot™!(1) + cot!(2) + cot(3)

=tan"'(1) + tan™" (lj +tan”" (lj
2 3

Hence,

CaseI: Whenx<0

Then, tan"'(2x) <0, tan"'(3x) < 0,

= x<0

So, it has no solution.

Case II: Whenx>0,2x-3x=6x*<1

1
X<—F/=
J6

Then 377[ =tan"'(2x) + tan"' (3x) < %

=

So, it is not possible.
Case III: When x>0, 2x - 3x>1

1

x> %

Then 37” = tan"!(2x) + tan"' (3x)

= 7T+ tan”! (S—XJ = 3_7r
1-6x*) 4

1[ 5x J 3r b
= tan =——n=——

=

1-6x° 4 4

5x
= 5 |=-1
1—6x

= 6x*-5x-1=0

= x=1,-1/6
Thus, x =1 is a solution.
We have

sin”! (x) + sin ' (20) = =
NG

=  sin 'x+sin"'(2x)=sin""! (7]

=  sin"x—sin™! (?) = —sin"'(2x)

= ._1(5__41_ j—sm (=2x)

25 =3(1-x%
28x2=3
NG

x=t——
= Nl

L 4e
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142.

143.

144.

145.

146.

3
=  x=——, negative value of x does not satisfi
5 ﬁ g y

the given equation.
We have

2
f(x)=cos (x) + cos™ (% + i}

=cos™! (x)+ cos™! (%) —cos! (x)

r
3
T
Now, /(2013)="

sin! x +sin”! (1 —x) =cos™' x

=  sin'(I-x)= % — 2sin"'x

=  (I-x)=sin (% 2 sin_lx)

= (I1-x)=cos(2sin'x)
= (-x)=1-2x
= x2x-1)=0
= x=0,2x-1)=0
= x:0,l
2

x? —4x > sin™! (sin[7*?]) + cos~!(cos [7¥?])

=  x*—4x>sin! (sin 5.5) + cos7!(cos 5.5)
=  P—4x>(5.5-2m)+(2r-5.5)
= x2—4x>0
= x(x-4)>0
= x<Oandx>4
= xe(foo, O)U(4’°°)
cos (tan' x) = x
1
= =x
\1x2+1
= xXE+1)=1
= x*+x*-1=0
xz_—liﬁ
2
2 5-1
= x'=—
2
x= _\/5—1
= N2
sin (tan™' x) = cos (cot™! (x + 1))
x x+1
=> =
Al 1+ (x+1)
x? _ (x+1)2

4l 1+ (x+1)>

2 2
- AR (x+1) 1

Pl 1+ (x+1)>

147.

148.

149.

4.41

1 -l
2+l 1+ (x+1)
XH1l=1+@x+1)>
xr=(x+ 1)

L

i x _ _
sec”! E —sec 'x=sec!2

(@)

e}

w2

|
N—
1l

(@]

o

w2

L
7~ N\
= |-
N—
+

(@]

o

w

o | =
N—

x
2

S
x x
1 3

2

= XxX+—=-2=3-—
x* x*

= x2+i2—5=0
x

= x*-5x?+4=0

= @-DE*-4)=0

= x=%2,+1

cos[tan1 (cot(sin1 (x + %)Dj + tan(secflx) =0
(2}6 + 3) _ xz _1
2

=  (2x+3)P=4(x*-1)
= 12x+9=+4
13
12
Given equation is

1 X -1 1 T
tan| tan” | — |+ tan =tan| —
10 x+1 4

by 1

—+
) 120 x+1 /4
tan~ | ————— |=—
X 1 4

12 x+1
x2+x+12_
x+12
CAx+12=11x+12
x*—10x=0
x(x—10)=0
x=0,10

U

X =

U

L
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150. (x—2)x*+8x+tk+4 \/1+ o +\/1— P
> sin"'(sin 12) + cos'(cos 12) 157. cot‘l[ s‘ x S. x]
= (k2)x*+8+k+4 \/1+smx—\/l—smx
> (12 —4n) + (4m— 12) (x) . (x) (x) . (x)
= (k—.2)x2+8x+(k+4)>0 - y CcoS 2 S 2 Ccos 2 s 2
ForallxinR,D>0 = cot X X X x
— Ak - Zl4sin| = |- = 4sin| =
S 0 2ol ol
= 16-(k-2)k+4)=20
=  (k-2)k+4)-16<0 cos(x)
=  R+2k-24<0 = cot ! 2
= (k+6)(k—4)<0 sin(x)
= —6<k<4 2
Thus, the least integral value of k is —6 — cot”!| cot (f) _x
151. Do yourself. 2
152. Given
5 - =1 2
f(x) = sin”! (sinx), V x € [-7, 271]. 158. sin™' (xfl—x = Vxy1-x%)
:(—27t—x%—x+(7t—x)+(x—27t) =sin’1(x\/1—(\/;)2 —\/;\/l—xz)
= 7[_ x . —_ . p—
Thus, f7(x) = -2 =sin”' (x) ~sin”' (Vx)
153. Given, 159, sin~! sin x + cos x T
f(x)=cos! (cosx), Vxe [2r n] >9. s 2 >4 .
=(x+2m)—-x+x (1 1
=(x+2m) =sin~ [—sinx+—cos x)
Thus, f"(x) =1 V2 V2
154. Given, =sin_l(sin ()H_ED
f(x)=tan™! (tan x), Vxe[—3—”,5—ﬂ} 4
272 P
=(x+mFrx+x-m+x-2n0 =(x+z)
=(4x-2m) . 5
Thus, /() =4 160, oy SRXTERT) Xy
155. We have V2 4 4
! 0 3 _1( 1 1. j
sin” | —=|+cot (3 =C0S | —=COS X +—=SInx
( 5) et © No RN
g3 oo (eo -5
= tan — |+ tan — =Cos COS| X ——
2 3 4
11 ( n)
— 4+ = =| x—=
=tan"! 2 3 I 31 4
l——. = [ 2, 2
23 161. tan”' Irx +ylox
S \/l+x2 —\/l—x2
— tan”! % :tan_l(l):% Put x> = cos 27
3 — tan”! \/1 +cos 26 + \/1 —cos 20
3 12 \/1+cos20—\/1—cos29
156. We have 2tan~' | = |+ tan™' | = .
2 5 _1[ cos 8 +sin 6
= tan — Y
) 3 cos 0 —sin 0
=tan"! 2 +tan™! (2) . _yf1+tan0
9 5 =tan | ——
I_Z 1—-tan 6
=tan”' (—2) +tan ™! (2) = tan”! (tan(z + BD
5 5 4
12 12
=7 —tan" (— +tan_l(—) :(£+6J
5 5 4

=T
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= (% + %cosl(xz))

162 sin”! (Ecos X+ isin x)
' 5 5

= sin™! (sin @ cos x + cos o sin x)
= sin”!(sin (x + @))
=x+0)

= x+tan”! (g)
4

163. Let sin”! (Z) =0

. 1
= sin@=—
4

Now,
sin (26) =2 sin 6 - cos 6

zlex 1—L
4"\ 16

Jis
8

164. Let cos™ (%) =0

1
= cosf=—
3

Now,
cos (20) =2 cos? 61
_2
9
7
9

165. Let tan™! G) =6

(3
166. Let cot ‘(ije

N sin (QJ
oW, >

4.43

_ [1—cos®
2

cos O

1 Y
sin 6 - cosec O

cot @

«I1+cot2

0
2
_ 38
2y e
3
-

1
2

1-—

Sl

J5
(3
167. Let tan (Zj =0

= tanO= E
4
We have
tan (3;) —tan (20)

tan (3—”—29j = 3
4 1+ tan (f) - tan (26)

—1—tan (260)
1—tan (20)
1o 2tan§

1—tan“6

2 tan 6

_l—tan29
_tan20—2tan9—1
1-tan’0-2tan @
9.6 4

_16 4
9 6

16 4
41

17

168. Let sin™ G) =0

Then sin 9 = l
2

Now, sin (2 sin”! (%D
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169.

170.

171.

= sin (26)

=2 sin O cos 6

= 2X1X£:£
2 2

2
Let sin™! (l =0
3

Then sin 6 2%

Now, sin (3 sin”! (%)j

=sin (36)
=3sin 6—4sin’ O

3
_3.1_4.(1)
3 3
4 _23

27 27

Let lcos_1 (l
2 8

Then cos™ (%) =20

0

= cos(20)= %

1
= 2cos29—1=§

= 200520=2
8
= coszezi
16
= cost9=E
4

10
5 1
= 2cos@—-1=——
10
= 2cos’f= —L=2
10 10
= cos20—i
20
3
= cosf@=——
25
3 35

35

cos 0= = =
= 25 25x5 10

=

=

=

=

=

=

Trigonometry Booster

1 —1( 1 ] 35
cos| —cos | —— | |=——
2 10 10

1 1
172. Let —cos™" (—j =0
2 9

cos™! (l) =260
9
cos (20) = 1
9
2cos’(0)—1=
2cos’(0)=1+

5
2
cos“(0)=—
()9
5

sin®(@)=1-==

9
sin (0) =§

O = ©o|—

10

o |~

(1 _1(1] 2
sSin| —cCoS — =—
2 9)) 3

173. Let %tan’l(\/a)=9

tan_l(«/a) =40

tan (40) = J63
tan (40) = J63

sin (40)
cos (40) =63

sin (40) _ cos (46) _ 1

J63 1
1
cos (40) = 3
2cos?(20) —1=
2 0052(26) =1+
9
cos?(26) = 16
3
cos (20) = 2

8

[ NN}

...()

3
2cos(0)—1==
(©) 2

7
2 cos?(0) ==
(0) 2
7

2
0)=—
cos”(0) 3

cos (0) = %

...(i)
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Also, sin (460) = @
=  2sin(20)cos (20)= @
= 2sin(20)x—= % from (i)
= sin(20)= @
12
=  2sin(0)cos(0) = @, from (ii)
NG
=  2sin(0) X \/E B
= sin(0)x % = %
= sin(0)= %
= sin(0)= ﬁ
4
= sin(0)= %
in| Lean! -
= sm(4tan (\/5))_2\/5

174. Let ltan_1 (27—4j =0

4
24
= tan ( ) 460
7
= tan(49):£

sin (40) _cos(46) _ 1
24 7 25

Now, cos (40) = 7
25

= 200s2(29)—1—l
25
= 2c0s’(20)=1+— 7_32
25 25
32
=  coS (29)—
= cos(20)= 4/
= 2cos’(0)-1=,|—=
() s
=  2cos (9)—1+8 18
10 10

9
= cos’(0)=—
©=7

=

176. We have tan (2 tan”! ( ) - %j = /

Now,

177. Let

cos (0) =
cos l[tan1 (ﬁ)j = 3
4 7 V1o
lcos_1 (z) =0
2 3
cos™! (E) =26
3

cos (20) =§

S‘w
o

1-tan’9 2
1+tan20_§
2+2tan”> =3 -3 tan’> O
5tan® =1

tan’0 =

tan 6 =

H
N | =—
B i

2tan1(l)=9
5
2
tan™! -5 =0
1
1_7
25
2
tan @ =| —2 10_5
lfi 24 12
25
tan(@—zj
4
tan 0 —1
1+tan 6
5
— -1
_12 7
ET
12

4.45
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2tan (20) 4 3 Jam+1 4r+1 3
——=-= = - <x< +=
1+ tan”(26) 5 2 2 2 2
tan (26) _ 2 = —02<x<33
1+ tan>(20) 5 Thus, the integral values of x are 0, 1, 2, 3.
= 2tan’(26)+5tan (20)+2=0 179. Given in-equation is
~  tan(20)= _l’ 5 3x% + 8x < 2 sin! (sin 4) — cos™! (cos 4)

Bx+2)(x+2)<0
= tan’6-4tan0-1=0

= 30+ 8r<2(n—4) - (Q2n—4)
when tan (29):—l = 3x*+8x+4<0
2 = 3+6r+2x+4<0
o, 26 1 = 3x(x+2)+2(x+2)<0
1—-tan“0 2 _
=

2
—2<x<——
— tanB=2-+/5 3

4

i1 180. We have
Now, tan (— ——sin”! (——D 2
, AJ1=3
44 > 7(x)=cos™'x +cos™ {% + —x}

2
4

= cos_l(x) +cos! (%x +y1-x2, |1 %)
=tan[7t—(£+9j) |
4 = cos_l(x) +cos! (—j —cos™! (x)
. 2
=—tan (— + 9) 1
4 =cos | (Ej
_ [l+tan 0
~ (1-tane6 _r
3
= (Mj = constant function.
1-2++5 Hence, the result.
[3\6] 181. We have £(x)
1-5 = sinl(1 2x2J+2tan1(x)
(-5)1+45) o
=  _4 =xm—2tan” (x) +2 tan™' (x)
| =r
=-4 06+ 245 - 5) Hence, the value of /(2013) = 7
1 5 182. We have
=——(-2+2V5) —x?
4 f(x)=2tan"! (l-i-_xj +sin™! ! xz
(1 B \/gj 1-x 1+x
2

2

2
= 2(tan’1(l) + tan’l(x)) + r_ cos™! I-x
2 1+x

178. Given equation is

x2—3x <sin™! (sin 2) T P 1—x2
= xXX-3x<(r-2) =2(—+tan1(x)j+——cos1 3
3\ 9) 4rm+1 * ? e
= (x——) <(7r—2+—]= /4 T
2 4 4 = (5 +2 tan_l(x)) + (5 -2 t61111()6))
- ( 3) - 4 +1
x__ —
2 2 " |
\/m 3 a1 Hence, the value of f (—):n
Lo <(x__j< 2014
2 2 2
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183.

184.

185.

186.

We have
. 6x _ ( xj
1 1
X) =sin +2tan | ——
S x4 9] 3
> (3)
=sin”! — |- 2 tan”™! (ﬁ)
)
I+( =
3
=2tan"! (— —2tan”! (f)
3
=0
It will happen when g 1
= |x|<3
= -3<x<3
We have
f(®) cos™! 1-x? +2 tanfl(x)
X) =
1+ x°
=-2tan"' (x) +2tan"' (x),x<0

=0
It is possible only when x < 0
= x€ (-0, 0]
We have
f(x)=3cos! (2x*— 1) + 2 cos™ (4x* — 3x)
=3(2cos'x)+2Q2m—3 cos' x)

(for0<x<1) (for—leSl)
2 2

It is possible only when 0 < x < 1

= xe[O,l}
2

Also,
S(x)=3cos™ (2x* — 1) +2 cos™ (4x* — 3x)
=32r—2cos ' x) +2(-2m+ 3 cos! x)

(for—1<x<0) (for—le<—l)
=2rn 2

. . 1
It is possible only when x € {—l, —5)
Hence, the value of x is

3o
2 2

We have
tan'y=4tan"'x

tan ! y tan ™! 4x = 4’
= = -5 1
1-6x%+ x*

4x(1 - xz)
1-6x%+x*
Which is a function of x.

_ b4
Let tan 'x==

187.
188.

189.
190.

191.

4.47
x—tan(z)
= 8
= tan'y=4tan"'x =%
4x(1-x%)
= T a4
1—6x"+x
= 1-6x>+x*=0
= x:tan(%j is aroot of 1 + x* = 6x2
Do yourself.
We have
(5+qos o m(G-1005)
tan | —+ —cos + tan ———cos -
b b
(5e0)run(§-0)o=3e0(5)
= tan +tan| ——60 |,0=—cos” | —
2 b
1+tan9 1—-tan @ (20)_3
1—tan9 1+ tan 0 b
_2(1+tan 0)
1- tan’0
2
cos (20)
_2_2%
_g_ »
b
Do yourself.
We have

1 ab+1 _1 be+1 _ifca+1
cot +cot™ | —— |+ cot
a-b b—c c—a
1 a=b . b=c 4 c—a
=tan + tan + tan
1+ ab 1+ bc 1+ ca
=(tan'ag—tan' b) + (tan' b—tan' ¢) + (tan' c —tan' a)

=0
We have

1. o 2x 1 i (1-y?
tan | —sin 7 |T=cos | ——
2 1+x 2 1+y

1 1
=tan|—-2tan"'x+—-2tan"'y
2 2

=tan (tan! x + tan! y)

=tan | tan' Xty

1—xy

=(x+yJ,xy<1
1—xp

192. We have

an! (ﬂj ~tan”! (ﬂ)
1+x 1+y
= {tan"! (1) —tan™! (x)} — {tan"! (1) —tan! ()}
=tan! (y) —tan! (x)
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=tan"! X
1+ xy

=sin_l L
«/1+x2«/1+y2
193. We have

1
tan~! (Etan 2A) +tan™! (cot 4) + tan~! (cot3A)

— tan”! tan 4 +tan”! cot A+ cot> A
1-tan’4 1-cot*4

o tan 4 1 cotd
= taj 3 + taj 3
1—tan“4 1—cot°4
1 tan A4 1 tan A4
=tan 3 + tan 3
1—tan"4 tan“ A4 —1
1 tan 4 1 tan A
=ta 3 + ta - 2
1—tan“A4 1-tan“4
4 tan A4 i tan A4
= tan 5— | tan 5
1—tan“A4 1-tan“A4
=0
194. We have
2 tan”! a=b tan (g)
a+b 2
1- a- b)tanz (9)
— cos”! a+b 2
1+ a=b tanz(e)
a+b 2
20
(a+b)—(a—b)tan (2)
=cos”! )
(a +b) + (a — b)tan? (2)
a[l — tan? (9)] + b(l + tan? (QD
=cos”! 2 2
al| 1+ tan? (9) +b|1- tanz(e)
2 2
1- tan? (z)
1+ tan? (2)
=cos”! P
1 — tan? (2)
1+ tan> (j
2
—cos'[ @ cos0+b
a+bcosO

Trigonometry Booster

195. We have
2 tan (tan™' g + tan™! @*)

3
=2 tan| tan”! a-i—_a4
l—a
=2 tan| tan”! a2
1-a
[ 2a
1-a°

=tan (2 tan_la)
196. Do yourself
197. Given,sin' x+sin!y+sin'z=rx
Let A=sin'x, B=sin'y, C=sin"'z
= x=sind,y=sinB,z=sinC

= cosA=+/1—x?,cos B=4/1— >

and cos C = /1 — z?

Now, x\/l—x2 +y\/1—y2 +z\/1—z2
=sin A cos A + sin B cos B + sin C cos C

=%[25inAcosA+2sinBcosB+25inCcos C]
= %(sin (24) +sin (2B) +sin (2C))

= %(4 sin A4 sin B sin C)

=(2sin 4 sin B sin C)
=2xyz
198. We have
cos'xcos!'y+costz=m,
= cos'x+cos!'y=m—cos'z

cos '(x-y— 1 - x*J1-y*)=cos ! (-2)
(v +2)° =1 -xP)(1-y"))

=
=
= X +2yz+z22=1-x-x2—y*+xH?
= 2yzt+z22=1-x*—)?
= X+y+2+2z=1
199. We have

6 V' 4
2 2 2
- 2ol
6 4 9
2.2 2 2 22
= XX _DVosh+costo=1-1 -2 417
36 3 4 9 36
X P
= —Zeosh+coso=1-—-2
3 4 9
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200.

201.

202.

203.

204.

2 2

= .Y Mo =1-cos’0
4 9 3
2 2

= x—+y——ﬂcosezsin29
4 9 3

=  9x?— 12xy cos O+ 4y? =36 sin*> O
Hence, the result.

. . .- - 3z
Given, sin'x+sin”'y +sin”'z= B3
It is possible only when each term will provide us the
maximum value

1 1

Thus, sin™ xz%z sinfly =sin” z
So, x=1,y=1,z=1
Hence, the value of
xX2+y?+ 22— 2xpz
=1+1+1-2
=1

. . . .- 3n
Given, sin"'x +sin 1y+s1n lz=7

It is possible only when each term will provide us the
maximum value

.- / .- .-
Thus, sin”'x= 2= sin”'y =sin"'z
So, x=1,y=1,z=1
Hence, the value of
xytyz+zx=1+1+1
=3

. . . -1 .1 3n
Given, sin” x+sin~ y+sin z= B3
It is possible only when each term will provide us the
maximum value

1 1

Thus, sin™ x=§= sin’1y= sin” z
So, x=1,y=1,z=1

Hence, the value of

9
x2012+y2012+22012_ — = —
XUy 4z
=1+1+1—1 o1
+1+
=3-3

=0
Given, cos' x +cos! y+cos!z=3x
It is possible only when, each term will provide us the
maximum value.
Thus, cos'x=m, cos'y=mcos'z=m
x=-1l,y=-1,z=-1
Hence, the value of
xytyz+zx=1+1+1
=3
Given, cos' x +cos! y+cos'z=3x
It is possible only when, each term will provide us the
maximum value.

205.

206.

207.

208.

4.49

Thus,cos' x=m, cos'y=m,cos'z=1n
x=-1l,y=-1,z=-1
Hence, the value of

[x2013+y2013+22013+6]

x2014+y2014+22014

_—1-1-1+6
1+1+1

:—:1
3

. - - - T
Given, tan 'x + tan 1y+tan 1z=5

-1 -1 T -1
= tan x+tan y=—-—tan z

= tan”! (x-l-_yj = cot_l(z)
1—xy

+
- (22
1—-xy z
= xz+tyz=1l-xy
= xytyzt+zx=1
. - _ /4
Given, tan”'x + tan 1y:—

= tan™! Xty :E
l-xy) 4

= xty=l-xy
= xtyt+txy=1
Given,tan' x +tan' y+tan'z=1x
+y+z-—
=  tan | XY TETOZN_ 4
l-xy—yz—zx
X+y+z—xyz
l-xy—yz—2zx

j:tan(n)zo

X+y+z—xyz ~0
l-xy—yz—2zx

= x+ty+tz-xpz=0
= xtytz=xyz
Hence, the result.

\/1+x2 +\/l—x2 B
x2 = sin (26)
\/1+sin26—\/1—sin20]
J1+5in 26 + /1 -sin 26

=  tan”! (cos 6 +sin B) — (cos O — sin 0)
(cos 0 + sin 0) + (cos 6 — sin )

_1[ sin @
= tan =
cos 0

Given, tan~

Put

Now, tan~! [
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209.

210.

211.

212.

= tan’' (tan 6) = «
= 0=«

= 20=20

=  sin (260) =sin )
= x’=sin Q)

We have

m = tan? (sec”! 2) + cot? (cosec™' 3)
= tan? (6) + cot? (¢), where
sec 6=2 and cosec ¢ =3
=1+sec? 0+ 1+ cosec? ¢

=1+4+1+9
=15
Hence, the value of (m? + m + 10)
=225+15+10
=250
Given, lsin_1 _3sin20 -
2 5+4cos260 4
. 1 3sin20 /4
= sin | ——|=—
5+4cos260 2

3sin 20
= — =1
5+4cos20

= 3sin20=5+4cos20

32tan O 1 - tan’0
= Tt

1+ tan“0 1+ tan“6

6tan® 5+5tan’0 +4—4 tan’6
= 20 2

1+ tan“0 1+ tan“0

= 6tanf=tan’ 0+9

= tan*f-6tan8+9=0

= (tan 6-3)*=0

= (tan6-3)=0

= tanfO=3

(tan’ll +tan"'2 + tan’13)
(cot_ll +cot 2+ cot_13)

Given, m =

Hence, the value of
(m+2)m+1 :(2+2)3:43:64
Given equation is

tan~' (2x) + tan71(3x) = 3%

f2x+3x) =@
= tan > ==
1-6x 4

S5x
= 5 =1
(1—6x ]

Sx=1-6x2
6x2+5x—1=0
6x>+6x—x—-1=0

Lo

Trigonometry Booster

= o6x(x+)-1x+1)=0
= (G(x-Dx+1)=0

1
= x=-1,—

213. tan! (X—Hj +tan”! (X—_l) =tan"'(~7)
x—1 X

x+1 x-1
l+ X
1 X — _ -1,
=  tan l_x"'lxx_l =tan" (-7)
x—1 X
2 2
+x+x"-2x+1
= tan'|Z 2x al 3 al =tan ' (—7)
x=x—x"+1
22— x+1 -
S I_Jt '-7)
—-Xx

2
(gj e

=
1-x

= 2xX>-x+1=-T+"7x

= 2x>-8x+8=0

= xX*-4x+4=0

= (x-22=0

= x=2

Hence, the solution is x =2
214. Given equation is

sin™' (2x) +sin~! (x) = %

o T
= sin'(2x)==—sin"'x

= sin_1(2x) =sin™! (?j —sin"lx

= sin_1(2x)=sin‘l(?ﬁ N Hj
= (2x)=(§ﬂ—x\/é]

- oS

= (peg)iee
(5=

=
- (25;8)2 3(1-x?)
4 4
= 25x*=3-3x?
= 28x=3
= x2:i
28
= x=* i:i£
8 27
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215. Given equation is

sin”! (Lj +cos 'x=
J5

= coslx———cos](i)
J5
= cos x—cosl( j—cos_l(ij
V2 5
i1 2 1 4
= COS™ X =cos (—2—5+ 1—5 l—g)
N XZ(L.L+L.LJ
2 <5 2 5
= x:i
Jio

216. Given equation is

sin™! () + sin ™! (3x) = %
= sin'(Gy)= % —sin”!(x)

=  sin'(3x)=sin""' (?j —sin”!(x)

=  sin”'(3x)=sin"" (?Jl —x? —x[1- %J

= @3 )=(?\/1—x2—x /1—§j
= (3 +£j:£ 1-x°
2 2
= Tx g '1—)(2
=  49*=3(1-x%)
= 52x*=3
= )C2=i
52

= x== i
\/52

Hence, the solutions are

(s

217. Given equation is

tan ™! ! +tan”! I =tan~' (%
1+ 2x 1+4x X

1 1
74—7
-1 1+2x 1+4x —tan_l i
1 1 - 2
— X
1+2x 1+4x

= tan

218.

219.

1 1
+
1+2x  1+4x [

= 1 1|~

X
1+2x 1+4x

?)
xZ

1+ 6x+8x*—1

2+ 6x _(ij
6x + 8x2 ¥?
1+3x 2

2

l+2x+l+4x] 2
= =

U

3x+4x? X
3x% + x? = 6x + 8x?
3 —TIx*—6x=0
(Bx2=Tx-6)x=0
(Bx2=9x+2x-6)x=0
x(x—-3)2x+3)=0

3

x=0,3,——
2

Hence, the solutions are

o]
2

Given equation is
2tan! 2x+ 1) =cos'x

af 2(2x+1) o Al=x
= tan | —— |=tan
1-(2x+1) X

L

22x +1) _[Jl—ﬁj
1—(2x + 1) x
2(2x+1) («ll—sz
:> —_ =
(4x% + 4x) x
(2x+1) (\/l—sz
: _— =
(2x% + 2x)
(2x +1) >
= - =41-x",x=0
(2x +2) o
2
- (2x—+1)2:(1_x2),x:0
(2x+2)
2
it 2 S
4x"+8x+4

= 3-4x*-8r-4x*+4x=0,x=0
= 4+ 8 +4x?-4x-3=0,x=0
Clearly, it has 3 solutions.
Given equation is

cos !x — sin"lx = cos™ (x«/g)
=  cos x— % +cos 'x=cos™! (X\/g)

=  2cos 'x— % =cos! (X\/g)

|

4.51
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220.

Levee 1A

1.

2.

3.

= 2cos 'x= % +cos™! (X\/g)

=  cos ! (2x2 -1)= % +cos ! (x«/g)
= (2x2 —1)=cos (% + cosl(x\/g))
= (2x*—1)=—sin (cos ' (x\/3))
= (2D =—y1-3x7
= (2x*-1)=(1-3x)
= 4xt-4x+1=(1-3x?)
= 4x*-x*=0
= X4 -1)=0
= X2x-1)2x+1)=0
= x=0, il
2

Hence, the solutions are

el
272

We have, tan! y =4 tan™' x

4x — 4x°
= tanflyztanf1 %
1—-6x"+x
4x(1 - x?)
= ==
1-6x%+ x*

Which is a function of x.

_ /4
Let tan 'x = §

b4
= x=tan| —
(8)

_ - T
=  tan 1y:4tan lx:E

4x(1 - x?)
—_— S oo
1-6x%+ x*

= 1-6x*+x*=0

T .
= x=tan(§) is aroot of 1 + x* = 6x?

We have sin!(sin 10)
= sin"!(sin (37— 10))
=(3n-10)
We have cos™!(cos 5)
= cos!(cos 2m—5)
=Q2r-5)
We have tan'(1) + tan"'(2) + tan™'(3)
+3

=tan"'(1) + 77 + tan"' 243
1-23

Trigonometry Booster

T -1 5
=—+ 7+ tan -
4 5

:%+ 7+ tan"' (1)

T -1
=—+m—tan (1
2 )

=T

4. Given, sin! x > cos' x

=

=

=

=

sin”'x + sin”'x > sin™' > sin”'x + cos'x
L bid
2sin"'x>=—
2

.1 T
sin x>—
4

x>sin(£)—L
4) 2

Also, the domain of sin™! x is [-1, 1]

Thus, the solution setis x € (L 1}

Nk

5. Given, sin! x <cos' x

=

=

=

=

sin”! x +sin”! x <sin!'x+ cos! x
. T
2sin"'x< =
2

.1 T
sm o x<—
4

x<sin(£)—L
4) 2

Also, the domain of sin™! x is [-1, 1]

Thus, the solution setis x € [—1,

¥)

6. Given, 2sin”'x =sin~' (2xy/1 - x%)

Now, the range of sin™'(2xy/1 — x?) is [_%,

Thus, _r <2sin"!x < r
2 2

=

=

=

=

T . T
—Z<sinTlx<=
4 4

sin (—E) < x<sin (E)
4 4

—sin (E) < x<sin (EJ
4 4

fLSxS !

NN

1 1
Hence, the solution setis | ——, —
[ V2° 2 }

7. Given, 3 sin"'x = 7+ sin”'(3x — 4x%)
Now, the range of 7+ sin"'(3x — 4x°)

T

]
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. [n 3n}
is | =, —
22

Thus, Z <3 sin"lx < 3z
2 2

= ESsin_lxﬁE
6 2
=  sin r < x<sin i
6 2
1
= —<x<1
2

Hence, the solution set is {%, 1}

. _ af 2
8. Given, 2 tan ]x=7r+tanl( xzj
— X

2
Now, the range of 7 + tan ™' ( al 3 J

1—x
) (n 3n)
is | =, ==
22

Thus, %S 2tan"'x < 2

T T
= tan| — |[<x<tan| —
4 2
/4 3r
and tan|— |<x<tan| —
2 4

= 1<x<ooand-—oeo<x<-1
Therefore, the solution set is
X € (—o0, =11 U [1, )
9. We have

T _1( 1)
cos| —+cos” | ——
6 2
P _1(1)
=cos| —+m—cos | =
6 2
P T
=cos| —+m—-=
e=3)
(n Zn)
=COoS| —+—
6 3
)
=cos| —
6
pis
=cos| m—-=
(=%)
5
=—cos| —
6

4.53

10. We have
cos ! (cos(2cot ™! (\/5 -1))

=cos | cos| 2cos™! ﬂ
J4-22

=cos | cos| cos 2(\/5—_1)2—1
(4-22)

23-242)-4+2\2
(4-2\2)

=cos | cos| cos ﬂ
(4-22)
=cos | cos| cos M
222 -1)
=cos | cos| cos™ (—ijj
V2
=cos™!| cos| 7 — cos™! (LD]
ﬁ
=cos™! [cos [7‘5 — E)j
4
(=)
=cos | cos| —
4
()
4
11. We have
oo . 1
g{)tan (1+r+r2]
o0 . 1
than [1 O+ 1))
mmf{ﬁjﬂ;i)

1+r(r+1)

2]

—
|
—_

—
|
—_

=cos | cos| cos

—_

—
|
—_

i (tan”'(r +1) — tan"' ()

r=0

= Z (tan”'(r +1) — tan~' (), n —> oo
r=0

= (tan"'(2) — tan"!(1)) + (tan'(3) — tan"'(2))
+ (tan'(4) — tan"'(3) + (tan"'(5) — tan"'(4))
+...+) tan! (n + 1) — tan"'(n))

=(tan'(n + 1) —tan"'(1)), n > oo

I CEVE
=tan | ————— |, n—> 0
1+ (n+1)-1

-1 n
=tan ,N—> o0
n+2
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= tan"!(1), when n —

T
4

12. We have

= i(tan_l(zr) —tan”'(2"7"))

r=1
= (tan"!(2) — tan'(1)) + (tan"'(2?) — tan"'(2))
+ (tan”'(2%) — tan"!(22)) + ...
+ (tan™'(2") — tan!(21))
= tan"!(2") — tan"'(1)
=tan'(2"y -
tan= (2") 1

13. We have

S (£

r=1 r(r+1)
—f’tan_l —\/;_\/:
- e

i(tan”(ﬁ )—tan~' (Jr — 1))
r=1

= (tan"'(1) — tan"'(0) + (tan"'(2) — tan"'(1))
+ (tan”'(3) — tan"!(2)) + (tan"!(4) — tan™'(3))
+ ...+ (tan"'(n) —tan”! (n — 1))
= tan"!(n)
14. We have

1 ax - 4 ay—a
tan”! [ ATV 4 et 274
ay+x 1+ aa,

1 az—a 1 9n— Ay
+tan1( 3 2j+....+tan1 L
1+ asa, l+a,a,_,

r=1

y

4= a,—a
=tan”!| ——* |+ tan”! (;—lj
1+a-2 taa,
x

1 aa—a L a4, —a, 4
+tanl(#j+...+tan1 -
1+ aza, l+a,a,_,
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= tanfl(al) —tan”! (Z) + tanfl(az) — tanfl(al)
X

tan"'(a,) —tan"'(a,) + ... + tan''(a )
—tan''(a, )+ cot'(a,)

=tan"! (a,)+ cot™! (a,)— tan ™! (l)
X

=z tan ™! (Z)
2 X
=cot™! (lj
b
)
=tan | —
y
2

- - /4
15. We have (tan"'x)*+ (cot 'x)* = =
2
= (tan_lx + cot_lx)2 —2tan'x-cot x = Y

2 2

b4 _ _ T

= Z] —2tan"'x-cot lx="
2 8

2 . » 2
= — —2tan x-cot x=—
2
_ _ b4
= 2tan1x-cotlx=?

2
-1 1. T
= tan x-cot x=—

16
2
T v/ -1
= a(——a)z—,wherea:tanx
2 16
= 16a(£—aj=ﬂ2
2
= 16?-8an+m=0
= (4a-n’=0
= (4a-m)=0
T
= a=—
4

_ T
= tan x=—
4

= x=1

Hence, the solution is x = 1
16. Given,

f(x)=(sec! x)* + (cosec! x)?

= (sec™! x + cosec™! x)>—2 sec! x - cosec! x

2
= (Ej —2sec'x (1 - sec_lx)
2 2

72
= . m-sec ' x + 2(sec"1x)2

2
=2| (sec 'x)? - . sec ' x + L
2 8
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17.

18.

19.

2 2 2
=2[(seclx)2—2'sec_1x~%+(£) LT ]

4) "8 16
2 2
= 2(seclx—£) +ﬂ:—
4 8
2

. . T
Maximum value of f(x) is y atx=1.
Given,
f(x) = (sin! x)* + (cos! x)*
= (sin! x + cos! x)
((sin™' x)* + (cos™! x)* — sin”" x cos™! x)
= (sin! x + cos™ x)
((sin”! x + cos™ x)> — 3 sin"! x cos! x)

Hence, the minimum value of f(x) is T
. 32

Given,

[cot! x] + [cos' x]=0
It is possible only when
= cot'x=0andcos'x=0
= O0<cot'x<land0<cos'x<1
= xe€ (cotl,o)andxe (cosl,1]
Thus, the solution is x (cot 1, 1]
Given,

[sin! x] +[cos'x] =0
It is possible only when
= [sin'x]=0and [cos'x]=0
= 0<sin'x<land0<cos'x<1
= xe[0,sinl)and x € (cos 1, 1]
Thus, the solution is x € (cos 1, sin 1)

4.55

20. Given,

21.

22.

23.

24.

[tan™! x] + [cot! x] =2
The range of [tan™' x] is {-2, -1, 0, 1} and [cot™! x] is
{0,1,2,3}
Case I: When [cot! x] =1 and [tan™' x] = 1
= 1<cot'x<2and1<tan'x<2
= xe (cot2,cotl]andx e [tan 1, tan 2)
= xe @(-cotl<tanl)
Case II: When [cot! x] =3 and [tan™' x] =-1
= 3<cot'x<4and-1<tan'x<0
= xe€ (cot4,cot3]and x € [-tan 1, 0)
= xe @, (- cot3<-tanl)
Case III: When [cot! x]=2 and [tan"'x] =0
= 2<cot!x<3and0<tan'x<1
= xe (3,cot2]andx € [0tan 1)
= xe€ @, (-cot2<tanl)
Thus, there is no such value of x, where the equation is
valid.
Given,

[sin™! (cos!(sin"!(tan™! x)))] =1
= 0<sin! (cos!(sin"!(tan™! x))) < 1
= 0<(cosi(sin!(tan! x))) <sin 1
= cos(sin 1) <(sin''(tan' x)) < 1
= sin(cos (sin 1)) < (tan"' x) < sin 1
= tan (sin (cos (sin 1))) < x < tan (sin 1)
=  x <(tan (sin (cos (sin 1))), tan (sin 1)]
Given,

f(x)=sin" x +tan™! x + cot' x
It is defined for—1 <x <1

Thus,
f(=1)=sin™" (1) + tan”! (1) + cot™! (-1)
_ b4 b2
2 4 4
—-rt+rx=0
and
f(1)=sin"!(1) + tan"!(1) + cot (1)
T T T
2 4 4
=

Thus, range of f(x) is = [f(-1), f(1)] = [0, x]
Given,
f(x)=sin" x + cos! x + tan' x
- +tan"'x
2

As we know that, range of tan™! x

. T T
is|——,—
53]
Thus, the range of f(x) is (0, x)
Given, f(x) =sin"' x + sec!' x + tan"' x
The domain of f(x) is {-1, 1}
Now, f(1) =sin"'(1) + sec”!(1) + tan"!(1)

=0+ 2220
2 4 4
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and f(—1) =sin!(-1) + sec”!(-1) + tan"!(-1)

T T
=T 4r-0-=

2 4
_r
4
Thus, the range of f(x) is {%, 3777:}

T

25. Given, tan™"(2x)+ tan™' (3x) = 2

_1( 2x+3x) T
= fan | ——|==

1-2x-3x 4

- 5>c2 -1
1-6x

= 6x*+5x-1=0
= 62+ 6x—x—-1=0
= Bx-1DEE+1)=0

1
= x=-1,-

6
Hence, the solution set is {—1, %}

26. Given, cos 'x=cot™! (i) + tan ™! (%)

= cos 'x=tan™ (—z) = tan_l(l)

-1 T
= cosS x=—

1
= X=—

2
Hence, the solution is x = —2
27. Given, cot™! (ﬁ) > r
T 6
n < cot(z)
= T 6
N
/9
= a<Z
NE)
= <l =314x1.732=5.43848
NG}

Hence, the max. value of n is 5.

28. Given sin™' (2) +sin”! (2) -
X X 2

. 4(5) T 4(12)
sin — |=——SIn —_—
X 2 X

29.

30.

31.

Trigonometry Booster

- (2

= x*=169
= x=z13
We have
x=sin}(b®+ 1) + cos™!(b* + 1) + tan"!(a® + 1)

It is possible only when a =0
Thus, x = sin”'(1) + cos™'(1) + tan"'(1)

/4 r 3rm

=—+0+—=—
2 4 4

Therefore, sin (x + %) + cos (x + %)

) (3n nj 3n 7w
=sin| —+= |+ cos| —+ =
4 4 4 4

=sin T+ cos
=0-1=-1
Given,
sin! x +tan! x =2k + 1
Let g(x)=sin!x+tan'x
Domain of g =[-1, 1]
Now, g(—1) = sin”!(~1) + tan"!(-1)
T T 3n

+
2 4 4
Range of g = [——, —

Thus,—%£2k+1s—

S PP P L
4 4

3x3.14 3x3.14

—-1<2k< 1

=
= 235-1<2k<235-1
= 335<2k<135
=
=

335, 135

-1.67<k<6.7

Thus, the integral values of £ are —1 and 0
Given,

.1 . -1 T
sin X + s y:E
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32.

33.

34.

35.

.1 T .
sSin X—E—Sln y

sin!' x=cos™y

=
=
= sinlx=sin"'y1—)?
=
=
=

N
1+x*+y* _ 1+ (x> + y*)* = 2x%)?
2 2+ 12— x57)

_[1+1-24%)°
(1-x*y%)

_2(1-x%y%)
(1-x7y%)
=2

Given, cos™' x + cos'(2x) + cos'Bx) ==
cos!'2x+cos! 3x=mw—cos!'x
cos! 2x + cos™ 3x = cos (—x)

cos™'(2x-3x — mm) = cos™ (=)
(6x2 _ mm) ==X
(6)62 + x)2 = (m 1-9x%)*

36x* + 12x° + x2 = 1 — 4x* — 9x% + 36x*
1263+ 14x2 =1
Also, ax®* + bx* +cex=1
Thus,a=12,b=14and c=0
Hence, the value of a* + b*> + > + 10

=144 +196+ 10

=350
The domain of sin™! x + tan™! x is [-1, 1]
Now, f(1)=sin!(1) tan"!(1) + 1 +4 +5

:3_7r+10
4

Lo v U Uy

and f(-1) =sin"'(-1) + tan"'(-1) + 1 -4+ 5

:_3_7r+2
4

Therefore,a+b+5=10+2+5=17.
T
Clearly, x=—.
¥y

Thus, sinx =1

Ans. (a)

As we know that, domain of sin”! x is [-1, 1]
X

Therefore, —1<log; (J <1

= 3‘1£(£)£3
3

36.

37.

38.

39.

- lg(fjﬁ
3703

= 1<x<9
Thus the domain of f(x) is [1, 9]
As we know that, the range of sin™' x

) [ T n'}
is | -=, =
2°2

Therefore, T <2sin"la< r
2 2

. T
= - Ssmlasz

= - <acs

5
-

1
= la| < \/5
Ans. (¢)
Now, sin”!(x — 3) is defined for
1<(x-3)<1
= 2<x<4

Also, the function > is defined for

= 9_psg VO7¥

= xX-9<0

= (x+3)x-3)<0

= 3<x<3

Thus, the solution is x € [2, 3)

Hence, the domain is [2, 3)

Ans. (b)

Since the fis ont, so the range of fis co-domain.
ie, range=258

Clearly, range of f'is (—%, %)

Thus, B = (—E, %)
Ans. (¢)

Given, cos 'x — cos™! (%) =

= cosl[x-1+
2

= xz—xycosa+y7=l—cosza

2
= xz—xy cosa+yT:sin2a

4.57
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= 4x’—4xycos ax+)y*=4sin’ o
Ans. (d)

‘ Note: No question asked in 2006.

40. Given, sin”' (f)nLcosec_1 BRI
5 4 2

= x=3
Ans. (d)

41. Given, cot (cosec1 (gj +tan”! (%D

[ (&) (3))
=cot| sin +tan | —
3
(33
=cot|{tan | — |+tan | —
4 3
3 2
43
—co{tan [ E g
4 3
(7))
=cot| tan | —
6
1(6
=cot| cot | —
o (5
‘ﬁ
Ans. (b)

‘ Note: No questions asked in between 2009 to 2014.

Levee I

L LetD,: _13(""7‘2)31

= 3<(x-2)<3
= -1<|x<5
= 5<x<£5

and D, -1< (1_—)4) <1
4

= A4<1-|x<4
= S5<{x<3
= 3<|x<S5
= 5<x<5
Thus, D, =D N D, =[-5,5]
2. The function f'is defined for
= Smsin'x—-6(sin'x)?<0

Trigonometry Booster

= 6(sin'x)?-57wsin'x<0
=  (sin'x) (6(sin”! x) - 5m) <0
= 0<sin 'x< 5?7[
= 0<x< l

2

Also, sin™! x is defined for [-1, 1]
Thus, Df = [0, l}
2

3. fis defined for
—1<log,(x*+3x+4)<1
= 2'<(x*+3x+4)<2
when (x> +3x+4)<2
= (@*+3x+2)<0
= (@+D)E+2)<0
= 2<x<-1

when x2+3x+42%

= 2*+6x+720
= x€R
Thus, D,=[-2, -1]
4. Given, cos!'x+cos!x*=2xm
It is possible only when
cos'x=mandcos' X’=1
x=cos t=—1and x>*=-1 and x? = -1
Thus, no such value of x is exist.

5. Itis true only when — =x’-1
= (P*-1y=1
= @P-1)==1
= x¥=1+£1=2,0
= sz,i«/E
2_
6. Given, cotl(x 1j+tan1( 22x jzz_
2x x =1

2x 2
= —=1-x
NE)
= x2+ix—1—0
NE)
1
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H+

- (33

1 2

NN
1

= xZE,—\/g

1
Hence, the solution set is {—\/5 , —}

= x=-

3

2
7. Given, sin”!| sin 2x2+4 <m-3
x“+1
T 2x2+4
= sin|sinfT-— <m-3
x“+1

2x° + 4
= T — 2 <mr-3
x“+1

22+ 4

= 5 >3
x“+1
2+ 4

= xz -3>0
x“+1
2P+ 4-3x7-3

x“+1

2
- 1

= );+ >0
x“+1
2
-1

= xz <0
x“+1
-1 1

L Gmleed g
x“+1

= —1<x<1

8. We have

sin”!(sin [7%?]) + cos!(cos[7*?])

— sin”'(sin [7\/7]) + cos " (cos [N/ ])
= sin”!(sin[5.56]) + cos!(cos[5.56])
= sin”!(sin 5) + cos™'(cos 5)
= sin”!(sin (5 — 2p)) + cos!(cos 2m— 3))
—(5-2m)+(Q2r-5)=0

Thus, the given expression reduces to
X2 —4x<0
x(x—4)<0
0<x<4

)
3

=cos| tan”!| cot | cot™!

10.

= t 4~ =7
cos | tan ( 3)
x+=
2

3

x+—

=Cos| cos” 2

{4

Thus, the given equation reduces to

—

(x + %) + tan(sec_lx) =0

=
+
N[ N N W

= 3x+=-=-1
4 4
13
xX=—-——
12
.. 13
Hence, the solution is x = fE
We have
X 1
1) 10 x+1
= tan| tan — 1 =
_ﬁ.x+1
X 1
7+7
10 x+1
= _— :1
_x 1
10 x+1
X 1 X 1
10 x+1 10 x+1
= xx+1)+10=10(x+1)—x
= xX*+x+10=10x+10—x
= x*-8x=0
= x=0,8

Hence, the solution set is {0, 8}.

|
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1
a=2tan_l( +xj
1—x

=2(tan' 1 + tan™' x)

= Z(E + tan_lx)
4

T _
== +2tan"'x
2

Thus,
T _ V4 _
o+ fp= 3+2tan 1x+5—2tan Iy

=T
12. As we know that

T csin2x-3)<E
2 2

= —2—7TSZSin71(2x—3)S2—7r
2 2

= —rn<fx)<xm
Thus, R = [-m, 7]
13. We have

T csin -1 X
2 2

= —n<2sin'2x-1)<x
= a-T<osintox-n-L<z-T
4 4 4

Sm kY1
= =< <=
2 Sx) 2

Thus, R, = [—5—7[, 3—”}
4’ 4
14. We have
fx)=2cos!' (—x?)-rx
=2(m—cos! () -1
=m—2cos" (x)
As we know that, 0 <cos™ (x) <7
= 0<2cos'(x¥)<2x
= 2r<-2cos!'(x?) <0
= 2r+tr<n-2cos' (@<
= —rn<fx)<nxm
Thus, r= [-r, 7]
15. We have
—o <] -x2<1
=  tan'(—oo) <tan!(1 —x?) <tan’!(1)

16.

17.

18.

19.

Trigonometry Booster

= —£<tan71(l—x2)S£
2 4
= —£<ltan—1(1—x2)s£
4 2 8
= —£—£<ltan71(l—x2)—zsﬁ—£
4 4 2 4°8 4
= P lanao)-F< ®
2 2 4 8

Hence, the range of the function

34

We have
2x—x*=—(x*-2x+1)+1
=1—(x—1)?
Thus,—eo<1—-(x—1)*<1
=  cot!(—e0) <cot!(1 - (x-1)*) < cot’'(1)
= 0<cot_1(1—(x—1)2)S§

Hence, the range of the function = (O, %] .

The function fis defined for -1 <x <1
We have
Jf(x)=sin!x+cos! x +tan! x

T -1
=—+tan x
Thus, R, = [/(-1), /(1)]

REE I _[z 31}
2 472 4 4’ 4

The function fis defined for x = +1
Now, f(1) =sin™'(1) + sec”'(1) + tan"'(1)

T T 3r;
=240+ =">
2 4 4
Also, f(~1) = sin”!(=1) + sec”!(-1) + tan"!(-1)
i1
=——+7-0-=—
2 4
_37
4
Thus, sz{z, 3—”}
4

Jf(x)=2(tan""x + cot"'x) + cot 'x +%
2. 2 peot T+ 2
2 4

-1 hY/4
=cot x+—
4
Also,0<cot'x<rm

hY/4 1 Sm Sz
= —<cot x+—<m+—
4 4 4
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Y4 or
= —< <=
4 S(x) 4

Sk 97¢
Thus, R,=|—,—
us, f ( 4 4)
20. We have
sin (cot™'(tan (cos™ x)))

oo )

-on[ w2

X
. . _l(x)
=sin|sin | —
(]
=x
21. We have

sin (cosec!(cot(tan™' x)))

B T
-

= sin (sin"'(x))
=x
22. We have
sin”!(sin 5) + cos !(cos 10)
—tan"!(tan 6) + 7 — cot'(cot 10)
= sin'(sin (5 — 27)) + cos'(cos (47— 10))
+ m—tan”!(tan (6 — 27)) — cot”'(cot(10 — 4 7))
—(5-27) + (4m— 10) + 7+ (6 — 271) — (10 — 47)
=5r-9

23. Given, U = cot_l(Jcos 20)— tan_l(dcos 20)

= U=tan"!

= U =tan"

(@]
=}
w
»—at‘
(ea)

cos 20
o U=tan-![lc0s26
2./cos 260
. 2
= U=tan" 2 sin“0
2,/cos 260

)
_ sin“@
= U=tan" —J

4/c0s 20

sin?6
Jsin*0 +1-25sin’0

= U= sin_IL

24.

25.

26.

4.61

22
—  sinU =sin|sin”! sin"6
Jsin*0 +1—25sin’0

)
= sinU= sin"6
\/sin49 +1-25sin’0
.2 .2
sin“0 _ s1n29 — tan’0
J(sin?9—1)> | cos’6

Hence, the result.

Let lcos’1 (ﬁ) =0
2 b

cos (20) =%

= sinU:(

The given expression reduces to

tan (£+ 0)+ tan (E—G)
4 4

_1+tan6 1-tan®
" 1-tan6 1+tan®
_ (1+tan )+ (1 - tan 6)*
- (1- tan’6)
_ 2(1+ tan’6)
- (1- tan’0)
2
" c0s26
2b

w2 o}
( )= (3)
1+ tan ( )tan @j
OO 63 e 63 i 3 i )
oo (S s )sn3)

—cos”! (I+cos x)(1+cos y) — (1 —cos x)(1 —cos y)
B (1+cos x)(1+cos y)+ (1 —cos x)(1 —cos y)

— cos”! (2cos x+2cos y)
(2+2cos xcos y)

+
=cosl( (cos x +cos ) )

(1+1cosxcos y)

Hence, the result.

We have 2 tan™' a- btan (i)
a+b 2
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27.

28.

()

e

(a+b)—(a—b) tan*

)
5

=cos~

f
2

)
Jele (JJMEW )

(a +b) + (a — b) tan?

=cos
a(l + tan? (;) +b|1-tan? (D
1 - tan? (;)
a +b
(1 + tan? (XD
1 2
=cos
1- tan? (;j
a+b
(1 + tan’ (xjj
2
_i[acosx+b
=cos | ———
a+bcosx
Given,

tan' x, tan”! y, tan™! z
= tan'x+tan'z=2tan'y

tan~! Xtz =tan"! Zy
1—xz 1—y2
- [x+zj:( 2y j
1—xz 1—y2
= (xt+2)(1-y)=2y(1-x2)

= Y x+z2)+2y(1-x2)=(x+2)
We have

. _1( . 337r) _1( 467r)
sin” | sin—— |+ cos | cos——
7 7
( 137 j ( 197r)
+tan'| —tan—— | + cot!| cot | ———
8 8
=sin"!| sin (47[ + 5—7[) +cos | cos (67r + 4—ﬂ)
7 7
+tan”! (— tan (27: — %D +cot™! (— cot (Zﬂ + %D
ST (Sﬂ) -1 (47[)
=sin" |sin|— ||+ cos | cos| —
7 7
-1 3n -1 3n
+ tan tan ? + cot —cot ?

29.

30.

Trigonometry Booster

wfofe oo (4]
() o]

_2n_4n 3n sn
7 7 8 8

6r
=—+7
7
13z
7
Given equations are
- . 2 .
sin”'x + sin lszﬂ, (1)
cos 'x — cosfly zg ...(i1)
(i) reduces to
T -1 T -1
= —-cos x+——cos y=—
2 2
- - 2r
7 —(cos 'x + cos ly)=T
1 2r @
=  (cos 'x+cos'y)= E—ng ...(1i1)

Adding (ii) and (iii), we get

-1
2¢cos x=—

Hence, the solutions are x = 1/2 and y = 0.

Given,y=tan_1 ‘1+xz — “1_xz
\/1+x2 +\/1—x2

Put x*> = cos (26)

20050 \/Esme
Thus, y=tan™
2cos@+x/§s1n0
cos@—sme
0059+s1n9
-1 1-tan 6
1+tan9
= tan 1(tan ——0 ]

(5]
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31.

T
= 0O0=—-
4 yy

1 -1, 2 T
= —cos (x7)=—-—

2 )=7-v
= cos_l(x2)=%—2y

= (xz):cos(g—Zy)

= x?=sin(2y)
We have

%3COSGC (2 tan -1 (g))
tan-1(B tan”! (aj
= %SCOSCCZ [—(‘x)] +%3secz {—ﬁ

2 2
_ ﬂ3 . a3
-1 ﬁ -1 &
ZSinz[tan (QJJ 2 cos2 an (/3)}
> cos 2
_ ﬁ3 . (Z3
l—cos[tan_1 ZD 1+cos tanl(ZjJ

(
(e

OC

1+cos[cos1£\/azﬁ+7D
_ B3 . a3
T (T T

}a2+ﬁ2 [a2+ﬁ2

ﬂ(\/a+ﬂ) (x(\/a+ﬁ)

\/oc +[3 - \/oc +[3 +p
3

—(W)[ z J

\/a +ﬁ - \/a +[3 +p

Z(W{ﬁ (\/a[;ﬁz t0) o (\/ao;ﬁz —ﬂ)]

+

= (Jo2+ B ) (B2 + B> +a)+a(y o+ B - B)
= (JoP+ B WP+ B (a+B)
= (@ + B)a+ P

Hence, the result.

32.

33.

34.

35.

36.

4.63

neN

\Y

n —10n+216j T
T 6

(n2—10n+21 6) (n)
R — cot| —
T 6

(n*=10n+21.6< 73

7 —-10m)+21.6<5.6

(M 10n)+16<0
(n-2)n-8)<0

2<n<8§

Thus, the minimum value of # is 2.
We have

sin”! {cot{sinl( 2_4\/§j+cos1 [g}+secl(\/§)}}
=i eot) 1[ 4—2\6]
=sin"" { cotysin e
+cos™! (%j +sec™! (\/E)}}
sin”! [ (\/E —_ 1)2 ] + il + E}}
6 4

Given, cot -l (

L

Given, [sin”'(cos™!(sin”!(tan! x)))] = 1

1 <sin!(cos!(sin!(tan™! x))) < 2

sin (1) < cos”!(sin”!(tan™! x)) < sin (2)

cos (sin (2)) < sin!(tan™' x)< cos (sin (11)

sin (cos (sin (2))) < (tan™' x) < sin (cos (sin (1)))
tan (sin (cos (sin (2)))) <x < tan (sin (cos (sin (1))))

tuus sl

. _ . 2x
Given, 2 tan ' +sin™! 3
1+x

=2tan'x+mw—2tan"' x, x> 1
=mx>1
Thus, x € (1, o)
Given, x = cosec(tan"'(cos (cot™!(sec(sin™' a)))))

[ |
e o (1]
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(1)

= cosec (cosec’l(\/a2 +1))
=(Ja’+1)

and y = sec(cot!(sin (tan"'(cosec(cos™ a)))))

cofor o ()
el (1)

=sec (sec ' (yJa® +1))
= (\Ja*+1)

Thusx=y
37. We have

af 1 af 1 . 1
=tan | ——|+tan | —— |+tan | —— |+
(1+2j (1+6) (1+12j
af 2-1 af 3-2 i 4-3
=tan | ———|+tan |——— |+tan | ——
(1+2.1j (1+3.2j (1+4.3]
_f n+l-n
+...+tan | ———
(1+(n+1)-nj
=tan"'(2) — tan"!(1) + tan"!(3) — tan"'(2)

+tan"!(4) —tan!(3) + ... + tan!(n + 1) — tan"'(n)
=tan'(n + 1) —tan"!(1)

:tan_l n+1-1
I+(n+1)-1

—1 n
= tan ,H—> 00
n+2

=tan"!(1)

38. Letl ¢,=sin" \/__— n |
Jnx fn+1

(-
[T
= tan_l(\/;) —tan”' (\Jr —1)

Trigonometry Booster

= Z‘t(tan_1 r—tan"'\Jr—1)
r=1

=(tan"'1— tan ! 0)+ (tanf1 V2 - tan™ 1)
+ (tan_l J3 - tan™ \/E) + (tan_1 J4 —tan™! «/5)
+...+(tan'n —tan"'\fn - 1)

=tan"'\/n — tan”'0
= tan_lx/;

When n — oo, the sum is tan’l(oo) = % .
39. We have
cot!(2.1%) + cot!(2.2%) + cot (2.3} + ...

— a2 af 1 af 1
= tan 7 + tan 7 + tan — +
2.1 2.2 2.3
) e ()
=tan | —[+tan | — [+ tan" | — [+...
4 16 36
af 2 a2 af 2
=tan | —— |+tan | —— |+tan | ——— |+
1+3 1+15 1+35
= tan_l ﬁ + tan_l i
1+3.1 1+53
+tan”! 7-3 +..+tan 2n+l)=(@2n=1)
1+75) 7 1+@2n+1)(2n-1)
= (tan'3 —tan"'1) + (tan'5 — tan'3)
+ (tan™'7 — tan”'5) + (tan™'9 — tan"'7)

+ ...+ (tan'2n + 1) —tan'2n — 1))
=(tan'2n+1)—tan' 1)

_| tan-t ntl=D)
1+(2n+1)-1

-1 n T
=| tan =—,whenn— oo
[ (;H-ID 4

40. Given, cos 1( )+cos I(Zj=6
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Xy Xy
4 9 36

2 2

= cosze—ﬂcosezl—x——y—

3 4 9
2 2

= x——ﬂ-c059+y—:1—cos29
4 3 9

= 9x?—12xycos O+ 4y>=12sin’
Hence, the result.

Note No questions asked in 1985.

41. Let lcos_1 (ﬁj =0
2 3
=  cos ! (%) =20

= c0s20=—5
3
1—tan29_x/§
1+tan29_T
1-tan’0 + 1+ tan’0 /5 +3

1—tan29—l—tan20_\/§—3

- 2 5+3
~2tan’0 5-3
1 _\/§+3
tan’0 3—\/§
_ _ 2
= ‘tanztﬂ):3 \/§=(3 \/g)
3+45 4

f 2
= tanf== (3_;5) :i(3_2\/§)

42. Given, sin[2 cos™'{cot(2 tan"' x)}0 =0
Let tan'x=60=x=tan 0
= sin (2 cos!(cot(26))) =0

2
=  sin|2cos™ w =0
2tan 6

2
=  sin|2cos™ (I—XD =0
2x

=  sin| cos (
—  sin sinl{ 1—[2(1 al ] —1]
2x

4.65

1-x* 1-x* ?
= 2( :2and2( ij

2x 2x

2

l—x2 2
= =land1-x"=0

2x

2
= (1 ad ):ilandx:il

2x
= xX*+2x-1=0,x>-2x—-1=0andx==1
=  (x+1)>=(2)% x-1)*=(2)> andx==I1
= x=-1%2,1£2,+1

43. Given, tan""x + cos™! | —2— | =sin™" [i)
NIES y2 J10

_ 1 _
= tan"'x + tan 1(—J=tan 13

Y
1
x+—
= tan yl =tan"'(3)
I—x-—
Y
+1
= tan_l(xy—)ztan_lﬁ)
y—x
- (xy+lJ=3
y—x
= xy+1=3y-3x
= 3x+1=yB3-x)
_3x+1
4 3-x

whenx=1,y=2

Also, whenx =2,y =17

Hence, the positive integral solutions are 2.
44, We havecos”' x+cos'y+cos'z=7

= cos'x+cosly=m—cos'z

= cos!'x+cos!y=cos!(-z)

= cos (xy—+l—x*\1-y?)=cos (-z)
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= (pt+tzr=>01-x)1-))
= W+ 2z+z22=1-x2—)*+xH?
= XH+y +2+2xz=1

45. See solutions of Ex-42.

46. Given, 6= tan™(2 tan’0) — 2sin | 9020
2 5+4cos26

3sin 20
Now, | ———
5+4cos20

6tan O
1+ tan’0

2
544 1—tan29
1+ tan~0
_ 6tan 6 j

5(1+ tan6) + 4(1 — tan>0)
_( 6tan 0 J

9 + tan’0
gtan 0
-3

(tan 0)2
1+
3
tan 0
3

(tan 0)2
1+
3

Also, 0= tan71(2 tan29) - %sinf1 (

2

3sin 260
5+4cos20

= O=tan"'(2 tan20) - % -2tan! (%)

= O=tan"'(2tan’) — tan "’ (tat; 0)

2 tan%6 — tan 6

= O=tan"!
142 tan’0 - tan 6

6 tan’6 — tan 6
tan 6 = ——
3+2tan’0

3tan O+ 2tan* O— 6 tan®> O+ tan =0
2tan* - 6tan’ O+ 4 tan 6=0

tan* 0—3 tan? 0+ 2tan 6=0

tan O(tan 3 O—3 tan 6+2)=0

tan O (tan 6— 1)* (tan 6+2)=0

tan =0, 1, -2

whentan 0=0= 0=nm,n¢ I

U

tueusuuy

when tan0=1:>9=mﬂ+§,mel

whentang=-2 = g=pr+tan’'(-2),pe [

Trigonometry Booster

47. We have

3tan”! (lj +2tan”! (lj +sin”! (
2 5

1
3tan”'| —
Now, ( 2)

3
()
=tan"' 3
1
1_3()
2
3_1
_ 112 8
=tan —3
1==
4

2.1
= tan™' %
)
5
2
—tan"!| —2
N
25

Also, sin™ (ﬁ]
655
= tan_l (ﬁ)
31
Therefore,

3tan”! (lj +2tan”! (lj +sin”!
2 5

142

655

142

65V5

L (132+10 _1(142)
= tan + tan —_—
24-55 31

)

)
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49.

- e ( )

. [ bzz *1_ J
- ( )U e
= X((J-b —bl-¥*)—a)=0
= x=0,\/02be 2=b\/l—x2-i-a

Thus x =0 and
\/02sz 2 =b\/l—x2 +a

Hence, the solution sets is {1, 0, 1}

Given, cos”! (xx/g) +cos”! (3\/§x2) = %
= sin'(J1-6x%)+cos (33 xP) = %
It is possible only when, /1 — 6x? =3/3x°

1—6x2=27x!
27x*+6x>—1=0
X =03 +9x* - 3x2+9x* - 1=0

(Bx— 1) + 3+ Bx + 1)) =0
Gx— DBXGx+ )+ Gx+1)=0
Gx— DGx+ D32 +1)=0

11 i

L 2

xX=-

33 \/5 1 i
Hence, the solutions are {i—, + —}
3743

= b x=2ab\1- x> +b*(1-xP)+d’
= b x*P=2ab\J1 - x* + b2 - b P+ 4P
=  2=2ab\1-x* +b* +d?

=  ?=2abJl1-x* +c?

=  2ab\1-x*=0

= (1-x»)=0

= x=%I1

9x3(Bx—1)+3x?Bx-1)+Bx-1)Bx+1)=0

4.67

50. Given equation is

= tan™! (£)+ tan~! (éj +tan™! (Ej +tan™! (ij :£
X X X x) 2

a b c d
tan”!| 22X |4tan7H| XX |=Z
a cd | 2
1-4.2 -4
X x X x
= tan” (a+Db)x + tan”! (c+d)x _r
x~—ab X —cd 2
= tan =— — ta

- (a+b)x ) x*—cd
x2 —ab a (C =+ d)x
= @-—ab)x*—cd)=(a+b)(ctd)x?

= x*—(atb+cdx*+abcd=(a+b)(c+d)x*
= x*—(atb+cd+(a+tb)(ct+d)>+abed=0

since x , are the values of the above equation,

1’ 2’ 3’
we have

x, tx,+x,+x,=0
Xxxy = (ab+cd + (a + b)(c + d))
lexZX3:0

XXXy X3 X4 = abed

4
1 in:x1+x2+x3+x420
i=1

(11)[]
tzfx 1 1 1 1

X Xy X3 Xy

_ XpX3Xg X X3y + X XpXg + X1 Xp Xy

xl x2x3 X4

- abed -

4
(iii) H (x)
= =xxpxx,

= abcd
(iv) Il(x, +x,+x,)

= 00 2, F )0+ X, Fx)0 +xgFx)0 +xg

x4)
= (= x)(=x)(=x)(=x))
=X XXX,

=abcd

51. We have,

cos™'(x) + cos!(2x) + cos'(Bx) =1
cos™'(2x) + cos'(3x) = m— cos!(x)
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cos™'(2x) + cos™'(3x) = cos!(—x)

cos™' (2x - 3x — /(1 — 4x*)(1 - 9x?)) = cos ™' (—x)

— =41 9x%) =—x

(6x% + x) = /(1 — 4x*)(1 — 9x?)

(6x% +x)? = (1 — 4x»)(1- 9x?)
36x* + 12x +x* =1 - 13x? + 36x*
12x*+14x2—1=0
Thusa=12,b=14,¢=0
Hence, the value of (a + b+ c +2)
=28

52. We have x = sin (2 tan!' 2)

= x=sin(26),tan'2=06
2 tan O

= xz—z,tan0:2
1+ tan“6@
4

= xX=—
5

Also, y=sin ( tan ! j

= =sin (9) (g) =
4
3

= =sin (0), tan (20) =
= =sin (0), tan (0) =
Lol

NG
Hence, y =l= ——=1-x

Levee IV

1. We have
sin”!(cos (sin™! x)) + cos™'(sin (cos™" x))

= sinfl(yll —x? )+ cosfl(sll — xz)

= cos!(x) + sin”!(x)

r
2

2. We have

tan' {cosec(tan"! x) — tan (cot™' x)}

[ 2

X

_1[ secB—1
=tan~ | —— |, x=tan O
tan O

— tan”! 1-cos @
sin @

Trigonometry Booster

| 2sin’ (g)
2 sin(i) cos(i)
= tan”! (tan (g)j

|
=—tan Xx
2

=tan

3. We have

(tan™' x + tan™' y + tan™! z)

— tan| tan~!| 2FYFZ 02
l—xy—yz—zx
[ x+y+z-xyz
l—xy—yz—2x

Also, cot(cot™! x cot™! y + cot™ z)
_1(1) _1(1] _1(1)]
=cot|tan |—|+tan |— |+tan | —
X y z

=cot | tan

=cot

— cot| tan-| 2 H Y2 X1
xyz—(x+y+2z)
cot! (xyz —(x+y+2) D

xy+yz+zx—1

= cot| cot™!| YD~z
I—(xy+ yz+ zx)
:((x+y+z)—xyzj

I—(xy+ yz+ zx)

Hence, the result.

4. Given expression is

sin (cot™'(tan (cot™ x)))
= sin (cot’!(tan 6)), 8= cos™!' x
= sin (cot’'(tan 0)), cos O=x

- o (=)

X

1-x°

= sin @, where cot ¢ =
=x

X

5. Given expression is

sin (cosec!(cot(tan™ x)))
sin (cosec™!(cot 6)), where tan 6= x

)
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. 1
= sin ¢, where cosec ¢ =—
6. Given expression is
sin”!(sin 5) + cos™'(cos 10) + tan!(tan (—6)) + cot™(cot
(-10))
=(5-2n)+@r-10) (6-2m)+x—(103n)
=(5-2m)+@r-10)+Q2nr-6)+ n+ (3r—10)
=8r—-21
7. We have
[ 2
cos 'x +cos™! (§+ 3 23 ] Vxe (; l)

=c0s~ (x)+cos [x —+ 1—— 1-x ]

=cos ' (x) + cos™ (%)—cos (x)
=cos_1(l)
2
_r
3
8. We have
A L) | V326
()22
(1) [\/M 2y’ J
=tan | — |—tan
2 1++/6
() (B3 =2)
= tan ( 2] tan [1+\/§\/§)
=tan"~ (Tj (tanfl(\/r)—tanfl(\/i))
=cot~ (x/>)+tan_l(x/>) tan~ (I)
. r_7w
2 3 6
9. We have

m=sin'(a® + 1)+ cos!(a* + 1) —tan"'(a® + 1)
since sin”!( ) + cos™!( ) is defined for [-1, 1]
Put a=0, then
m=sin"!(1) + cos!(1) — tan"'(1)
T m_T

2 4 4
Hence, the image of the line x+ y :% w.r.t. to the y-
axis is x—y+%=0

10. Given equation is
@y}

(sin” x) + (sin” y) + (sin” z) =3

4.69

It is possible only when
P R S S |

sin” x=—=sin" y=sin_ z
So, x=1,y=1 and z=1
Hence, the value of 3x + 4y — 5z + 2)

=3+4-5+2

=4

11. We have
S = Z‘cot_1 (2’“ +21—r)
r=1

n 22r+1

+1
S (5
n o
n B 2r+1 _ 21‘
o 142727 ]

= i[tanfl(ZHl) —tan"'(2")]
r=1

I I
M= iM
8 o
=3 9»|

Il
™M
-
o
=]

= [tan'(2" ") — tan"'(2)]
Thus, lim(S)

n—oo
= Lim[tan"'(2""") — tan"'(2)]
n—oo
= [tan"!(e0) — tan™!(2)]
T -1
== —tan”!(2
2 an~ (2)
=cot’'(2)
12. We have

Jﬂ{taﬂ (;;tan (4r24+ 3)}]

n
. _ 1
= lim | tan Ztan !

n—eo | 2

n
. _ 1
= lim | tan Ztan !

e r=l 14| 2= 1
4

= lim | tan Ztan’

n—oo
1

1
= lim | t t +—|—tan”!r—=
nl_r)r; an Zan (r j an (r 2]}]
=lim|tan|tan” | n+—|—tan | —
n—>c0 [ 2 2
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14.

15.

1 1
n+———
= lim | tan | tan™! 2 2
n—soo 1( 1)
I+—n+—
2 2
- lim| —"
N—3co 1 1
I+—|n+—
2( 2)
= lim ;
n—eo| 1 1( 1)
—+ |1+
n 2 2n
=2

1+ x° 2
3
X
2tan'x=""
2
3
tan lx ="

Clearly, there are 3 solutions at x =—1, 0, 1.

Given, cos l(x)+cos l(zj=a
Nk

2
ﬂ) — 2(2)005 o + cos’o

2 2
= x_z_z(ﬂ)comw_z:smza
a ab b

Put4A=sin'x, B=sin'y, C=sin!z
=x=sind,y=sinB,z=sin C

= cos A=+/1—x%,cos B=+/1—y*,cos C=41-z*

Thus,A+B+C=1

Trigonometry Booster

Now, LHS

)c\/l—x2 +y\/1—y2 +Z\/1—Z2

%[sin 2A + sin 2B + sin 2C]

. . . .
5(4 sin 4 sin B sin C)

=2sin A4 sin B sin C
=2xyz
Hence, the result.
16. Given,
f(x)=(sin”! x)* + (cos! x)°

sin A cos A + sin B cos B + sin C cos C

= (sin! x + cos™ x){(sin”! x)*> + (cos™! x)?

2
_r (E) —3sin"'xcos'x
21\ 2

—sin™! x cos™ x}

2
_r ﬂ——3sin1x(£—sin1x
21 4 2
T 7'52 T
=— ——3a(——aj where a =sin”'x
214 2

127:{ , 1 712}
=\« —Eﬂa+—

8 12
127 ( n)z n?
= — a—— + —_—
8 4 48
3 1
Minimum value= —at x=—
2 2
3
and maximum value = ——at x=-1

17. Given equation is
. - n
sin”'x + sin 12x=5

1

= sin’1(2x) = % —sin"'x=cos'x
= sin”'(2x) =sin"'(y1 - x?)
=  2x=4/l- x?
= 4?=1-x?
= 5x=1
1
= x'==
5
1
= x=%,|—
5
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18. Given equation is

1 1 2
tan~! +tan”! =tan”! (—2
1+ 2x 1+ 4x X

1 1
+
| 1+2x 1+4x
1- ! XL
1+2x 1+4x

I+4x+1+2x 2
1+6x+8°—1 x?
2+6x 2
6x+8xF  x°

1+3x 2

3x+4x* X2
3+ X2 +8x2+6x=0
33+ 92 +6x=0
X +3x2+2x=0
x(x*+3x=2)=0
xx+Dx+2)=0
x=0,-1,-2
19. Given equation is

tan”' (x — 1) + tan”! (x) + tan! (x + 1) = tan"' (3x)

= tan

|/

|/

L A A

= tan' (x—1)+tan! (x + 1) = tan"' (3x) — tan”' (x)

] 3x—x]

1-(x*-1) (1+3x-x

T

x* 1+ 3x?

= 2x(1+3x2%+x)=0

= 2x=0,(1+4x)=0

= x=0

Hence, the solution is x = 0
20. Given equation is

sin”! (Lj +coslx= T
J5 4

S x=1+x+1
= tan | ——— |=tan

21.

22.

23.
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1 2 1 1 3
=X == ——

BN NN RN AN T

Given equation is

_l[xz—lj _1[ n ) 2%
Ccos + tan =

= X

2

-1 lfxz —1 2x 2
= cos | —— +tan | — T =
x“+1 1—x

3
—1 l—x2 1 2x 2r
= T —CoS > — tan > =
x“+1 1-x 3

2z

)

= m-2tan'(x)-2tan'(x)=

= 7r—4tan"1(x)=2—n
3

2
= 4tan’1(x)=7r——n:£
3 3

T
= tan'(x) = —
(x) T

= x=tan(£j=(2—x/§)
12
Given equation is
2 2
2 tan 'x =cos™’ ! a2 —cos™! ! b2
1+a 1+b

= 2tan!'x=2tan'(a) — 2 tan"'(b)
= tan'x=tan'(a) — tan"!(b)

—1 -1 a->b
= tan x =tan

1+ ab
a—b
= x=
[1+abj

Given equation is
cot'x+cot!(M@—x+1)=cot! (n—1)

_1(1) 1 1 af 1
= fan | —|+tan | 57— |=tan
X n“—x+1 n—1
-1 1 af 1 (1
= ftan | ——|=tan —tan | —
n“—x+1 n-1 x

1 1

- t -1 1 _ 1 n—l_x
an | -——— |=tan | —————
n“—x+1 1

1+
x(n—-1)
1 _x—n+l
n—x+1 nx—x+1

wx—-x*+x-nmwt+nx-n+rP-x+1l=nmx-x+1

U

nx—-x*+x-m-n+n*=0
@+l x—@+Dn—-x*+n*=0
@+ DHx-—n)-@*-n)=0
x-n@+1-x-n)=0
x-n=0,@+1-x-n)=0

LI
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24.

25.

= x=nn-n+tl

Hence, the solutions are
x=nn*-n+1

Given equation is

-1 x—l —1 2}(-1 —1 23
tan | —— |+ tan = —
x+1 2x +1 36
x—-1 2x-1
1 x+1 2x+1 1(23)
=  tan =tan | —
- —1 2x—1 36
x+1 2x+1
2 —x—1+2x*+x-1 23
= 2 2 =5
2x“+3x+1-2x"+3x-1 26
457 -2 23
= @ —=—
6x 36
2xr-1 23
= =—
X 12
= 24x*-23x-12=0
= 24x>-32x+9%x-12=0
= 8x(B3x-4)+3Bx-4)=0
= B+3)3x-4)=0
4 3
xX=—,——
378
4 3
Hence, the solutions are x = 5 —g

Given equation is

4 x i x _ _
sec | = |=sec”'| = |=sec'b—seca
a b

= sec’ (ﬁ) +sec” ' (a)=sec”! (ﬁ) +sec” (D)
a b
=  cos! ( a) +cos! (l) =cos! (b) +cos! (%)
= g l — 1-—
X a \/
, 2
=cos™! él— 1—(2) fl—iz
x b x b
1 J&P=d)d -1 1 - -1
- X ax X bx
. Va2 —a)a®=1) - ph)oP - 1)
a b
- (x*- azz(a2 - _ (x* - bj}(bz -1
a
= @W-A@P-D)P=-P)B-1)n?

Trigonometry Booster

= (-1 - -1)=a*b*(a*-1)
—a’b (b*-1)
= X a*-b=a[(@*-1)-(p*-1)]
= Xl b)) = @l - 5]
= xr=a*h?
= x=ab
26. We have

Ztan (

n*—2n* +5)

2{(n+1)7>—=(n
44(n-1)

S )
(-5}
(37
S| e

3)2
{tan (12) 0+ tan~ (E) —tanfl(lz)

i{tan_1
n=l1

+ tan_1(22) —tan”

(13 o (157 -
-Jﬂt{“( -

= tan~' (e0) =
27. Given equation is
sin”!(e") + cos ' (x?) = %

It solutions exist only when
e =x?
Y

Y

Hence, the number of solution is 2
28. Given equation is

J/sin (x) = cos ™' (cos x) in (0, 277)
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29.

30.

Y
y=n
NN
MNAVA RN
0] T 2 3n 4r

From the graph, it is clear that, the number of real solu-
o T
tionis I at x =—
2

Given equation is

1 1
| 374 1(1 1(1 T
= tan~ +tan | —|+tan | — |=—
1_1.1 5) n) 4
3 4
N t (7 (1 -1 T
an | — |+tan |—|+tan | — |=—
11 5 n 4
7
= tan~! 1S +tanll=£
1_1.1 n 4
11 5
(B (2)-5
= tan — |+ tan — ==
2 n 4
-1 1 _7[ —1 23
= tan — |=——tan —
n 4 24
1 2
= tan”' (—) =tan"' (1) — tan™' (—3)
n 24
1 -=
= tan~! (—) = tan”! %g
" 1+==
24
» ()]
an — |=tan —
n 47

= n=47
Given equation is
XB+bx*+ex+1=0
Let f(x)=x*+bx*+cx+1
Now, f(0)=1>0,f(-1)=b—-c<0
So, the function f(x) has arootin—1 < a<0

1
Now, tan_l(oc) +tan”! (—j
o

=tan"! ¢— 7w+ cot! o
=-m+ (tan! o+ cot! @)
V4

T
=-T+—=-=
2 2

31. Given equation is
X+bltex+1=0
Let fx)=x*+bx*+cx+1
Now, f(0)=1>0,f(-1)=b-c<0
So, the function f(x) has arootin—1 <@ <0
Now, 2 tan™! (cosec &) + tan™! (2 sin o sec? &)

af 1 1 2sina
=2 tan - + tan 3
sin o cos“o
=2tan"!| — ! +tan™! —2 51'11 (Zx
sin o 1-sin“o
=2 tan™! [ - !
sin o

1
= Z{tan_1 ( -
sin &

:2(—%), assina <0

j +2 tan”(sin &)

j +tan"' (sin a)}

=r
32. Given, sin”! x> cos! x
| .- 1.
= 2sin” x>sin” x +cos x—z

. -1 T
= sin x>—
4

= > sin ( ”) !
X —|=—
Iy NG
Hence, the solution is x €

1
—1
2
33. Given, cos' x>sin™' x
= sinl'x+cos!'x>2sin!x

.- T
= 2 sin 1x<5

.1 T
= sin x<—
4

=  x<sin (EJ = L
4) 2
Hence, the solution set is x € {—1,

34, Leta=cot!x
The given in-equation reduces to

F-5a+6>0
(a-2)a-3)>0
a<2anda>3
cot'x<2andcot!x>3
x> cot(2) and x > cot(3)
Hence, the solution set is

(o0, cot(2)) U (cot 3, o)

35. tan’| tan”! i >1
wll—xz
X

- {t[t[

%)

=
=
=
=

4.73
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36.

37.

38.

2

= i >1
(1-x%)
x2
= (l—xz)_1>0
= M>O
(1-x%)
= £<0
(x*=1)
(\/Ex+l)(\/5x71)<0
(x+D(x-1

- gl

Given, 4(tan™' x)? — 8(tan"' x) +3 <0
4a* - 8a+3,a=tan' x
4a* - 6a—-2a=3<0
2a(2a—3)-12a-3)<0
2a—-1)2a-3)<0

1

3
—<a<-—
2 2

L Lol

U

1 43
—<tan x<—
2 2

(3)<r<(3)
tan| — |<x<tan| —
2 2

Given, 4 cot!' x — (cot' x)?-3 >0
4a—a*-3>20,a=cot' x
@—4a+3<0
(a—1D@-3)<0

1<a<3

I<cot!<x<3

cot(3) <x <cot(l)

Given in equation is

ol (2P +4
sin” | sin 3 <m-2
1+x

2
S (Mﬂz

2 +1
. . 2

= sin” | sin| 2+ 3 <m-2
x“+1

. [ 2x2+4D
= sin”_ | sin| w— <m-2

U

=
=
=
=
=
=

—_

|
—_

|
L

2 +1
2% + 4
= T—— <mr-2
x“+1
22+ 4
x“+1

39.

40.

41.

42.
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242
> >1
x“+1

which is a true statement.
Hence, x € R
We have
f(x) = {sin”! (sin x)}* — sin! (sin x)

_Lsin1 _1}2_1
—{sm (sin x) 2

4
r 1% 1
=< —4—7 ——
2 2 4

T . .
= Z(n: + 2)), since the maximum value
L, . T
of sin™!(sin x) is Y

Clearly, both terms are positive.
Applying, AM > GM, we get,

. -1
sin”'x cos X
N 8 ';8 > '8sin17x.800571x
— f(x) > 8sin71x+cos'1x
—2 Y,

P
2
T r 3n 1+37[
=  f(x)=22V8? =284=224=2 4
3
Hence, the minimum value of 2 T

Given in equation is
X2 —kx +sin”! (sin4) >0
X2 —kx +sin™! (sin (r—4)) >0
X*—kx+(r-4)>0
For,allxinR,D >0
P-4(n-4)=20
BP24(r—4)
So, no real values of k satisfies the above in equation.
Hence, the solution is k= ¢
Given,

A=2tan"'(2v/2 - 1)

= A=2tan'(2.8-1)=2tan"'(1.4)
2

tiui

= A>

3
and B=3sin"! [lj +sin”! (ij
3 5
3
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= B<n+” 2”
3 3 3
Hence, A > B

43. We have

sin”! {cot {sin‘l[ 2 _4\6 j+cos‘l (@j +sec”' (V2 )}}

=sin~! {cot sin”

{ { . T n}}
=sin~ <cot<sin +—+—
6 4

=sin~ {cot{ﬂ+ + }}
12 6 4

n™'(0)

( j
=gin" <cot
12

44. Given,
f(x) =sin"!(cos™ x + tan" x + cot ' x)

-1 -1
= s E+COS X

Thus, —1 <(72t + cos” xj <1

= —I—EScos_lxsl—E
2 2

But the ranges of cos™ x is [0, 7]
So it has no solution
Therefore, D =@
45. Clearly, 0<x<4
We have

sin_l(ﬂ)—i—sin (Jl——)—i—tan y_Z_p
2 4 3
= sin’! [%) +cos™! (%) + tan_l(y) = 2%

2
= §+‘[an_l(y):—7r

3
] 2r m ®
= tan ==

) 3 26

= =tan (zj—i
Yy 6 \/g

Hence, the maximum value of (x? + )% + 1) is

(16 +—+ 1) 52
3 3
46. Given, tan' (lj+tanl 1 =tan"' (L)
X y 10

4.75

1 1
7+7
= tan_1 r Y

=tan"! L
1 10
y

- (xy_lj_tan
- [j;—le (wj

= 10x+y)=xy-—1
= y(10-x)=-1-10x
- y:(1+ 10x]
10 —x
Thus, there are four ordered pairs

(11, 111), (111, 11), (9, -91), (-91, 9)
satisfying the above equations.

%=

10
47. Given, [cot[z cot (K> +k + I)J] = %
k=1
. | 10
= o=|cot Y cot™ (k2 +k + 1)
k=1

[ 10
=| cot ;ta 1+k+k2 H
10
=| cot Ztan [(]H_l) kj]]

pat 1+ (k+ 1)k
10
=| cot z“['canf1 (k+1)—tan™" (k)]]]

k=1

= [cot (tan"' (11) — tan"' (1))]

o5
()
(= G)

6
5

Hence, the value of (a + b+ 10) is 21.
48. We have

tan ! P9 +tan™! =" +tan™! —P
1+ pg 1+gr I+rmp

=(tan'p—tan' ¢) + (tan' g —tan"' r) + p
+ (tan™' r —tan™' p)

=T
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49. Given equation is
(sin”! x)* + (cos™ x)* = d®

T . _ _ . _
= E[(sm 1x)2+(cos 1x)z—Zsm 'x cos'x]=ma

g
= i 3sin'x cos”'x | = 2an?

= |- 121{% - bﬂ = 8an?

= [ —-6br+ 12b*] = 8arm®
2
- bz_b_ﬂ 71: 8a7t 2a7t
2 12 12 3

T 2 2 2
= (b——) =—(8a—1)+—
4 16

2 2
N (b—f) =T (32a-1)
4) 48

2 2
= |sin'x-2| =2 32a-1)
4) a8

As we know that,

T . T
-~ <sinT'x<=
2 2

= I Zcgnx E<EZ
2 4 472 4
= ——ns(sm 1x—£)££
4)7 4
2 2
= 0<(sin lx——j SQL
16
2 2
= 0<™ (B2a-1n<E
48 16
= 0<(32a-1)<27
= 1<32a<28
iSasz
32 8
: 1
50. Let g(x)= =1-
& +1 1+x°
Clearly, R =10, 1)

Now, R.= (f(1), f(0)] = (cot (1), cot'(1)]

(341

b
Hence, the value of ; +2

T

2

=|=+2|=2+2=4
T

4

3

51.

52. L

53.
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Giventan'y=4tan"'x

= tan™! tan™! dx = 4’
y= 5 1
1—6x>+x*
- 4y — 4x°
Y=\—""7
1-6x2 + x*
1 (1-6x*+x*
= —=—
y 4x — 4x
1
= —=cot(40), where, x =tan 0
1 . /4
=  Clearly, —=0 is zero only when 9 = g
Hence, x* —6x*+ 1=

fa(a+b+c) /b(a+b+c)

c(a+b+c)
ab
Now,x +y+z—xyz

_ a b |c _(a-i—b+c)3/2
_4/(a+b+c)[\/;+\/;+\/;j —\/E

32

and z =

a+b+c) (a+b+0)
=\ (a+b+c -
( )( ~abc j abc
_(@+b+o)? (a+b+c)”?
abc abc
=0

Now, tan! x +tan! y +tan”' z
af xtytz—xyz
~n 1( y y

)=tan_1(0)=7r
l—xy—yz—2zx

Hence, the result.

We have
6= tan”' (2 tan’6) ~ ~sin ' | 020
2 5+4cos26
2 9+ tan~0
| 2( tan 9)
= O=tan" (2 tanze) — Zgin™! 3 )
2 1+ gtanz@

= 0= tan_1(2 tan20) - % x 2 tan ! (g)

=  f@=tan'(2tan’0) —tan' (g)

tan 0

2 tan’6 —

= O=tan"!
142 tan’0 - M
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6 tan’0 — tan O
3+2tan’0
3tan () + 2 tan* O— 6 tan* 6=2 tan 6=0
2 tan* O— 6 tan’> O+ 5 tan 6=0
tan 6(2 tan* 6— 6 tan 6+ 5)=0
tan 0=0, (2 tan> 6— 6 tan 6+ 5)=0

O=nm,nel
cos 0
x—sin @

U

tan (0) =

L

54. We have

_1i[ xcosB ]
tan~ | ——— |—cot
1—xsin@

_1[ xcos@ _i[ x—sin @
=tan | ————— |—tan” | ——
1-xsin@ cos 6
xcos 0 _x—sin@
1l 1—xsin@ cos 6
=tan -
x cos @ x—sin O
1—xsin @ cos 0

=tan~

cos (1 —

1 (*+1)sin 6 — 2x sin’@
= tan 5 -
(x"+1)cos @ — xsin 260
=tan"|

(x*=2xsin 6 +1) sin O
(x* = 2xsin O +1) cos O
= tan_l(tan 0)=0

55. Given equation is

—1 X2—1 .1 2x 1 2x
cos 2 + sin 2 + tan 2 =
x“+1 x“+1 x =1

_ _ _ 2r
= m—2tan 'x+2tan"'x — 2 tan lsz

_ 21
= T—2tan lx =2

_ T
= 2tan'x ==

1 T
= tan x=—
6

= X = tan (ﬂ) !
6) 3
. T 1
Hence, the solution is x = tan [—) =—
6) 3
56. We have

tan~! (E) +tan”! (ﬁj + tan”! (ﬂj
xr yr zr

yz = Xy xz

—1| Xr yr zZr r

i x 08’0 — x + x’sin 0 + sin 6 — x sin’6
x sin 0) + x cos 6(x —sin )

2

3

4.77

yz = Xz

fan 1_[x2+y2+zzj
r2
yz Xy  xyz
| X P
1-1
4 T
=tan" (o) _5

10
3
57. Given, Etan_1 S
o [9r2+3r—1]

10 3
=Y tan™! ( )
o 1+GBr+2)3r-1)
_ imn,l GBr+2)-Gr-1)
o 1+GBr+2)3r-1)

10
= z[tanfl('jr +2)— tan ! (Br-1]

=tan"'(32) — tan”' (2)
o 32-2
= tan
(1 + 32.2)

(&)
=tan | — |=tan" | —
65 13
_1(13)
=cot | —
6
Hence, the value of 2m + n + 4)
58. We have
10 10
(g G GJrven (3
—z tan”!|— |+ tan | = [+ tan | = |+...+ tan”'| —
b b b b
(e G (5rren()
=tan” |—|+tan | —|+tan +...+tan” | —
1 2 3
—)+tan_l(—j+tan (j+ +tan” ( )
_1(10) _1(10) _1(10) _1(10)
+tan |—|+tan |—|+tan |—|+....+tan | —
1 2 3 10

=26+6+4
S= ZZtan
(B (3o
— |+tan E+tan +....+tan"
3
2
—10xZyasx ™
4 2

+tan”!

+tan”!

220 )
;
;

=25
Hence, the value of (m + 4) is 29.
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59.

60.

61.

We have
(x+1

X+ 2x+10
It will provide us the max value at x = 1

f(1)= 1(5 + tan_l(l)j 2
w\ 2

1 . _ _ -
f(x)=—(sin"'x + cos 'x + tan"'x) +
/2

13
1 3n 2
22
4 13
3

2 39+8 47
4 13 52 52
Hence, the value of (104m — 90) is 4.
We have
sin (2x) + cos (2x) +cosx+1=0
sin 2x + (1 + cos 2x) + cos x =0

Each term of the above equation is positive in (O, %) .

So it has no solution
Thus, m=0

Also, 5 =sin| tan™ tan(7—ﬂ) +cos”! cos(7—n)
6 3
. (m = (=
=sin| —+—|=sin| — =1
(6 3) (2j

Hence, the value of
(m+m+m+n+4)

=0+1+0+1+4
=6
We have
fm="Y (cotl (%) - tanl(k)J
k=—n

-1
= 2 (cot‘1 (%) - tan_](k))
k=—n
+ i‘(cot_1 (%) - tan_l(k))
k=1

-1
= Y (tan”'(k) + 7 — tan”" (k)

k=—n
+ i(tan_l(k) — tan"'(k))
k=1
-1
=Y (m) +0
k=—n
=nr

10
Now, > (f(n)+ f(n—1))

n=2

10
=Y (nm + (n— )

n=2

10
=Y (@n-1m)

n=2
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=B+5+7+9+...+ 191
=(1+3+5+7+9+...+19n-=n
=(10)r-rx
=997

Hence, the value of (a + 1) is 100.

Integer Type Questions

. o (244
. Given, sin™!{ sin x2+ <rt-3
x“+1

2+ 4
= 5 >3
x“+1
2x*+4
- 577350
x“+1
2 +4-3x2-3
= ———————5————————-> 0
x“+1
17 2
= 2x >0
x“+1
2
-1
= x2 <0
x“+1

= xe(-1,1)
Hence, the value of (b—a+5)=1+1+5=7.

. Given,asin'x—bcos'x=c

. T .
= a sin 1x—b(g—sm lszc

= (a+b)sin_]x:c+b7”

.1 2c+br
= sin x=
2(a+b)
Now, cos 'x = r_ M
2 2(a+b)
1l (a+b)yr—2c—-br
= c0s x=
2(a +b)
= coslx= am - 2¢
2(a +b)

Now, asin' x — b cos™! x
2c+br ar —2c¢

=a +b
2(a+b) 2(a+b)

_[2ac+abr N abrm — 2bc
| 2(a+b) 2(a+b)

_(2ac+abﬂ:+abﬂ:—2bcj

2(a+b)
_(abr+c(a-b)
(a+b)
Clearly, m =1

Hence, the value of (m? + m +2) is 4
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3. Since sum of the roots is negative and product of the

roots is positive.
So, both roots are negative
Thus m is a negative root

1
Now, tan™" (m) + tan ™! (—)
m

= tan"!(m) — w + cot™'(m)
= -+ (tan"'(m) + cot’'(m))
b2 n
=-T+—=——
2 2
Clearly, k=-1
Hence, the value of (k + 4) is 3.
4. Given equation is

sin”! (X2 = 2x + 1) + cos ! (X2 = x) =§
It is true only when
*F-2x+1)=x*—x
= x=1
Thus, the number of solutions is 1.
5. Given, cos™!(x) + cos™!(2x) + cos'(3x) ==
= cos'(3x) + cos'(2x) = w— cos!(x)

= cos (3x-2x — /1 - 9x? NI 4x%) = cos ™ (—x)
= (3x-2x—\/1—9x2\/1—4x2)=(—x)

= (637 + 1) = (1 - 91— 4x?)?
=
=

36x* + 12x° +x2=1—13x2 + 36x*
1263+ 14x* - 1=0
Thus,a=12,b=14,¢c=0,d=-1
Hence, the value of (b + ¢) — (a + d)
=14-11=3.
6. Given equation is
X¥-x*-3x+4=0
= atfry=10B+py+tyx=-3, ofy=-4
It is given that,
tan” o+ tan”! B+ tan”! y=0

tan_l( o+B+y-ofy j
1= (B + By + o)

=  tan’! ﬂ =6
1+3

= tan@zé
4

Hence, the value of (p + g) is 9.
7. Given equation is
cos'x+cos!'(2x)+ =0
cos'(2x) + cos'(x) =-7m

cos 1 (2x - x — 1 - x% 41 —4x2)=—7t
(2x = 1 - x? {1 - 4x*) = cos (-7) = -1

Q2+ 1) =1 -x)(1 -4x?)
4x* + 42+ 1=1-5x>+4x*

L
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= =0
= x=0
But x = 0 does not satisfy the equation.

So it has no solution.
Therefore M=0

. . (12
Again, sin '(§j+sm 1(—) E,
X X 2

. _1(5) _1( 144) /4
= sin | —|+cos l-—|=%
X X 2

It is true only when,

25 144
2T Ty
b X
169

by |

)

= x*=169
= x==I13
Clearly, x = 13 only satisfies the equation. Thus, N = 1.
Hence, the value of M+ N+ 4 =5,
8. We have

4 cos {cos_l G(JE - ﬁ)) — cos™! G(JE + ﬁ)ﬂ

=4 cos| cos™! ﬁ —cos™! tEhy)
22 02

=4 cos [cos7!(cos (75°)) — cos7!(cos (15°))]

=4 cos (75° - 15°)

=4 cos (60°)

=2
9. We have

5
5 cot {2 cot (K +k + 1)]
k=1
=5cot tan | ———
Z{ (1 +hk+k? )
5 —_—
=5cot Z‘tanf1 M
Pt 1+ (k+1)k

5
=5cot| Y [tan™' (k+1)— tan_lk]J
k=1

=5cot (tanf1 (6) — tanfl(l))
=5cot (tan1 (ﬂn
1+6.1
=5cot (tan_l (ED
7



4.80

nf (]

=7
10. a=sin"'(log, x) and b = cos™'(log, x)
The given equations reduces to

3a+b=2
2

a+2p=117
6

On solving, we get,
a= _r andb=rm
6
| T -1 —
= sin (log,x)= 3 and cos "(log,y) =7
1
= (log,x)= - and (log,y) = -1

1
= x=2 2andy=2’1

= lz 2andl=2
X y
1 1
= S +—+2=2+4+2=8
y

11. Here, both roots are negative
Now, cot(cot™ o+ cot™ )

=cot| 7 + tan™! (é) 7+ tan” (%)]
= cot | 277 + tan™! (é) +tan” (%)J
e (&) 5

1l ¢+
=cot| tan”! —ﬁj]

=cot| cot

= cot(cot_1 (Oz _ﬁl j]
o+
=(445+1)=9

12. Given equation is

(3 (3)e )

tan” | —|+tan” | — [=tan” | =

b y 7
1
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= TIx+T7y=xy—-1

- [ Tx+1
7 x=17
Hence, the possible ordered pairs are

(8,57),(9,32),(12, 17), (17, 12), (32, 9), (57, 8)
Thus, the number of ordered pairs is 6.

Previous Years’ JEE-Advanced Examinations

1. Now,
tan_l( a(a+b+c)J+tan_1( b(a+ +c)]
bc ca
\/a(a+b+c)+\/b(a+ +0)
— tan~! bc ca
1_\/a(a+b+c).\/b(a+ +0)
bc
((a+b+c)) (\F IJ
=tan™! c \/7 \/7
\/(a+b+c) \/(a+c)
((a+b+c))(a+bj
= tan™! \/E \/%
c—a—-b-c
S
((a+b+cj(a+b)
=tan™" \/; \/%
(_a+bj
Je
—tan_l(— c(a+b+c)j
B ab
=—tan_1( c(a+b+c)j
ab

Therefore, 6

=—tan_l( c(a+b+c)j+tan_1[ /c(a+b+c))
ab a

2. Given, tan {2 tan ! (lj - E}
5 4

= tan (tan_ (i) - tan_l(l))
12
2
= tan | tan 125
I+—-1
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ufo (1)
it

3. Now, cos (2 cos™! x + sin™! x)
= cos (cos™ x +sin”! x + cos! x)

(5 rents)

= cos| —+cos x

2

= —sin (cos™' x)
=—sin (sinflsll—xz)
=—1-x7

When x = 1/5, then the value of the given expression is

( I_LJ:_M

25 5

3.2
| 473
=tan| tan l_éz
43
[ 9+8
_(12—6j
RY
6

5. No questions asked in between 1984 and 1985

. Given, s sn 25
o =5}
s ((5)
3)

7. No questions asked in between 1987 and 1988
8. We have
A=2tan"' (242 -1)

>2 tan_l(x/g) = ZTE
and B=3tan" (l) +sin”! (i)
3 5
3
=sin~! [3(1) - 4(1) J +sin”! (éj
3 3 5

_2m
E)
Thus, A > B
10. Ans. (c)
Given,

tan~' /x(x + 1) +sin '\ x2 + x +1 zg

4.81

1 .
= cos_l(—]Jrsm ](\/x2+x+1):%

\/x2+x+1

Thus, (;] = (\lxz +x+1)

\1x2+x+1

(WP +x+1)*=1
X*+x+1=1
xX+x=0
x(x+1)=0

x=0,-1

11. No questions asked in 2000.
12. We have

tud iy

( x2 x3 j ( x4 X
P P
2 4 2 4

X x2 xz x4
= x(l——+——...j:x2(l— +——
2" 4 4
= x ! = x? !
J =)
- X
2 2
= X =X

U

=
0
+
N|><
N—
1l

=

[38)
G
+
N | =
N—

= x2+x)=x*Q2+x)
= (x+x¥)=2x*+X)
= x*=x

= x(x—1)=0

= x=0,1

Hence, the solution set is {0, 1}

13. We have
cos (tan!(sin (cot™ x)))

~ [ _1[ . [ . _1[ 1
=Cos| tan sin | sin >
X
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14. Ans. (d)

Given, f(x) = ‘[sin71(2x) +%

It is defined for, sin™ (2x) + % >0
sin”'(2x) > —%

. ry_ 1
(2x) = sm(—gj =

2
xX2——
Also, -1 <2x< 1
1 1
——<Xx<—
2 2 11
Thus, the domain of the given function = [—Z, 2

15. Given, sin (cot!(x + 1) = cos (tan™' x)
. . 1 1
= sin|sin” | ———
JXE+2x+2
L1
=cos| cos
\/xz +1

1 1

= =
4+2x+2 \/x2+1
= \/x2+2x+2:\/x2+1
= xX+2x+2=x*+1
= 2x+2=1
1
x=—-—
2

16. No questions asked in between 2005 and 2006.
17. Given, sin"(ax) + cos(y) + cos™ (bxy) = %
(A) whena=1, b=0, then

sin!(x) + cos”!(y) + cos!(0) = %

= sin”'(x) + cos7!(y) +

SN
oS

= sin”'(x) + cos'(y) =0

= sin”!(x) = —cos'(y) = —sin"! (y1—y?)

)
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= x=—1-?

= X2 1 —)?
= B+yt=1
Ans. (P)
(B) Whena=1,b=1, then

. T
sin! x + cos™' y+cos™! (xy) = —

B

X cosx+ cos” y+cos!(xy)=—
2 2

cos' x=cos™ y+cos™! (xp)
cos' x—cos! y=cos™ (xy)

cos_l(xy—«ll — x4\ 1- y2)= cos_l(xy)
(v —y1-21-3%) = ()
JI=x*y1-y* =0

(I-x)(1-))=0
Ans. (Q)
(C) Whena=1, b=2,then

|

U

b2
sin”! x + cos™' y + cos'(2xy) = >

U 1 1 1 T
— —cos'x+cos!y+cos!(2xy) = 5

cos™ x =cos™ y + cos'(2xy)
ccost x —cos™ y = cos!(2xy)
cos’l(xy —J1=x21- y2 )= cos’1(2xy)
(= 1= 1= %) = 2x)
W1=x* 1= ) = (=)
(1=)(1 =) =y
1—xtjﬂ+ﬁﬁ:x@2
xX2+y2=1
Ans. (P)
(D) Whena=2,b=2, then

L 2 I

T
= sin!(2x) + cos™ y + cos!(2xy) = B

i1
= % —cos™'(2x) + cos™' y + cos'(2xy) = B
= cos'(2x) = cos! y + cos!(2xy)
= cos™'(2x) — cos™' y = cos'(2xy)
= cos 1 (2x-y—f1—4x?\J1-y?)=cos ! (2xy)
= (2x~y—w/1—4x2w/1—y2):(2xy)
= (1-4x?1-)")=0
(1-4>»(1-3»=0
Ans. (S)
18. We have

J1+x% X [{x cos (cot! x) + sin (cot ! x)}2 1]
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}
)

[Jx = }

+ sin [sin 1

/2

1+ x°

1+x° [ X+ ] —1]
i Jx2+1
=5 - 1
=l 22+ -1

=xfl+2?

Ans. (¢)

19. No questions asked in between 2009 and 2010.

20. Given, f(6)=sin| tan"'[ —19
A/cos 20
. . 1 sin 6
=sin| sin” | ———m————
\/sin2 0 +cos 20
_ sin 6
\/sin2 6 +cos> 0 —sin’ 6
B ( sin 6 j
cos> 6
:(Sme):tane
cos O

(tan 6) =1

d
W,
d(tan 0)
21. No questions asked in 2012

22. i(zk):2(1+2+3+...+n)
U ()
_2( 2 )

=+ n)

23
Therefore, 2 cot’l(l +n+ n2)

n=1

-y (o)
- Zta (1+(n+1)n)

23.

4.83

[ 551

3 -l (D=
1 1+(n+1n

(tan"'(n+1) — tanfl(n))

n

Mz

1

= (tan"'(2) — tan"!(1)) + (tan"!(3) — tan"'(2)) + ...
+ (tan(24) — tan"!(23))
= tan'(24) — tan"'(1)

(2 (2)
1+24 25

Thus the given expression reduces to

(2]
o ()

_2s
23
We have

cos (tan’1 y)+ ysin (tan’1 ¥)
cot (sin_1 y)+tan (sin_1 »)

] cos [cosl[ \/yi_t]} ysin [sinl[ 1 f = D

[&J”Ufyz)
—H
(l—yy_;rzy J

=yW1-»"

Thus, the given expression reduces to

1/2
= (%(Wl -+ y4j

[yﬂy) ]“
y

=((1 -y +yhH'"”?
1
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24. Given, cos (sin”' /1 - x?) = sin (tan~' (x+/6))

= cos (cot [

=

=

x6

el

J6

)

Jl— M
=

J6x7+1

|

/6

\/6x2+1

)

L

U

6(1 —x?)=(6x*+1)
6—6x>=6x>+1

Trigonometry Booster



Properties of Triangles

PROPERTIES OF TRIANGLES

ConcerT BooSTER

5.1 InTRODUCTION

In any A, the three sides and the three angles are generally
called the elements of the triangle.

A triangle which does not contain a right angle is called an
oblique triangle.

In any AABC, the measures of the angles ZBAC, ZCBA
and ZACB are denoted by the letters 4, B and C respectively
and the sides BC, CA and 4B opposite to the angles 4, B and
C are respectively denoted by a, b and c. These six elements
of a triangle are not independent and are connected by the
relations.

(i) A+B+C=nr
(i) a+tb>c;btc>a,c+ta>b

5.2 Sine RuLe
Statement

The sides of a triangle are proportion to the sines of the an-
gles opposite to them

1.e. Ina AABC, a b ¢

sind snB snC
The above rule may also be
sind sinB sinC

expressed as

a b c

5.3 Cosine RuLe

Statement
In any AABC

b+ —d?

. Y=
(i) cos be

2, 2 2
(i1) cosBz—a te=b
2ac
2,52 2
+b°—
(iii) cosC=2T2 7€
2ab

5.4 ProJection FORMULAE

Statement

In any AABC

(1) a=bcosC+ccosB
(ii)) b=ccosA+acosC
(i) c=acos B+ b cos 4

5.5 Narier’s AnALOGY (LAw oF TANGENTS)

Statement
In any AABC,
(i) tan (B — C): b_ccot (éj
b+c 2

(i) tan(c_ AJ: c_a]cotg

2 c+a
A—B) a—>b C
= cot—
2 a+b 2

5.6 Hacr-AncLED ForMULAE

(iii) tan (

In this section, we shall desire to the formulas for the sine,
cosine and tangent to the half of the angles of any triangle
in terms of its sides. The perimeter of AABC will be denoted
by 2s

ie., at+b+c=2s

and its area is denoted by A.



5.2

ie., A=s(s—a)(s=b)(s—c)

1. Formulae for sin (ﬁ), sin (E), sin (g)
2 2 2

In any AABC,

() sin? - (s—b;%
(i1) sin B = w
2 ca
(iii) sinC= [GZDE=D)
2 ab
2. Formulae for cos (é)’ cos (Ej, cos (g) :
2 2 5

In any AABC,
) cos A= [SE=@)
(1) cos 5= —
(i) cos 2= [0
2 ca
(iii) cos % = %
3. Formulae for tan (é)’ tan (E)’ an (gj :
2 2 5
In any A4BC,
() tand= [B=DG=0)
2 s(s—a)
(i) tan 2o [BZO6-a)
2 s(s—b)
(iii) tan S = [BZDE=H)
2 s(s—c)

5.7 ARrea oF TRIANGLE

Statement
Prove that the area of AABC is given by

i A= %bc sin 4
(i) A= %ca sin B

(i) A= %ab sin C
1. Area of a Triangle (Hero’s Formula)
Inany AABC: A= \/s(s —a)(s—=b)(s—c¢)

5.8 m-n THEOREM

Statement: If D is a point on the side BC such that BD : DC =
m:nand ZADC = 6, ZBAD = ocand ZDAC = 3, then

(i) (m+n)cot@=mcot x—ncotf

(i) (m+n)cot @=ncotB—mcot C

Trigonometry Booster

Solution
(@) Given, 22— and zaDC =06
DC n

A4

B m D n C

So, ZABD = 180° — (ar+ 180° — 6) = (0 %)
and ZACD = 180° — (6+ B)

From, ABD, —2-=— 4D i
rom, *sino sin (6 — o) )
From AADC, PC =— AD
sin B sin (180°— (0 + B3))
b¢ AD ...(11)

sin B sin (6 + B)
Dividing (i) and (ii), we get

BDsin B sin (0 + )

DCsina  sin (6 — )

msin B sin 0 cos B+ cos Osin 8

nsina sin 6 cos o — cos 6 sin o
m _ (sin @ cos B + cos € sin fB) sin o
n  (sin O cos o — cos O sin @) sin

=

Dividing the R.H.S. by sin a sin 8 sin 0, we get,
m _ cot B+ cot 0
n  coto —cot6

= n(cot B+ cot B) = m(cot ot — cot 6)

= (m+n)cot 6=mcot ¢—n cot B

(i) Given, 22 =™ and z4DC= 0
DC n

Thus, ZADB = 180° — 6
Here, ZABD = B and ZACD=C
So, £ZBAD = 180° — (180° — 6 + B) = 6 — B and
ZDAC = (180°—(6+ C))
BD AD

Now, from AABD, — =— ...(1)
sin(@—B) sinB
and from AADC
DC _ AD
sin (180°—=(@+C)) sinC
DC AD .
...(1i1)

sin(@+C) sinC
Dividing (i) by (ii), we get

BD sin(@+C) sinC

DC sin(6-B) sin B

m sin(@+C) sinC

n sin (8 — B) B sin B
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m _sin C-sin (6 — B)
n sin B-sin (60 +C)
m _ sin C (sin 0 cos B — cos 6 sin B)

n sin B (sin 0 cos C + cos 0 sin C)

Dividing the numerator and denominator on the right
hand side by sin B sin C sin 6, we get,

ﬂ_cotB—cotG
n cotC+cotf
= (m+n)cot @=ncot B—mcot C

Hence, the result.
This completes the proof of the statement.

5.9 Raon oF CircLE GonnNECTED WITH A TRIANGLE

5.9.1 Circumcircle of a Triangle and its Radius

The circle which passes through the angular points of a A is
called the circumcircle. The centre of this circle is the point
of intersection of perpendicular bisectors of the sides and is
called the circumcentre and its radius is always denoted by R.

The circumcentre may lie within outside or upon one of
the sides of the A. In a right angled triangle the circumcentre
is the vertex whose right angle is formed.

5.9.2 Circum Radius

Statement
The circum radius R of a AABC is given by

i R=—24 D __¢

2sin4 2sinB 2sinC

.. abc

1) R= —

(i1) 4A
5.10 InscriBep GircLE AnD 1TS Rapius

On this topic, we shall discuss various circles connected
with a triangle and the formula for the circle which can be
inscribed within a A and touch each of the sides is called its
inscribed circle or incircle.

The centre of this circle is the point of intersection of the
bisecter of the angle of the triangle. The radius of this circle
is a always denoted by ‘r’ and is equal to the length of the
perpendicular from its centre to any of the sides of the A.

5.10.1 In-radius
Statement

The in-radius 7 of the inscribed circle of a AABC is given
by

M r=2.
N

(i) r=(S—a)g,rz(s—b)g,rz(s—c)%;

5.3

(iv) r=4Rsin (éj sin (Ej sin (g)
2 2 2

5.11 Escrisep GircLE oF A TriANGLE AND THEIR Rapii

In circle which touches the side BC and two sides 4B and
AC produced of a A4BC is called the Escribed opposite to
the angle 4.

Its radius is denoted by r,. Similarly, 7, and r, denote the
radii of escribed circle opposite to the angle B and C respec-
tively.

The centres of the escribed circle are called the ex-centres.
The centre of the escribed circle opposite to the angle A4 is
the point of intersection of the external bisectors of angles
Band C.

The internal bisector of angle A also passes through the
same point.

The centre is generally denoted by /,.

9.11.2 Radii of Ex-circles

Statement
In any AABC, the ex-radii are given by
. A A A
(@) n= in= =
s—a s—b s—c

(i1) r—stané'r —stané'r —stang
1 272 273 2

B
a CcoS—COS—
2

(i) =—-=2—2;
cos—
2

b cosgcosé

= 2 2.

2 B >
cos—
2

4 B
€ COS—COS—
and n= 2
cos—

2
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. . A B B
(iv) % =4Rsin — cos — cos —
2 2 2

C

. B A
7, = 4R sin — cos — COs —
2 2 2

4 B
r,=4R singcos—cos —
2 2 2

5.12 RecuLAr PoLycon

If a polygon has all its sides equal in length and also all its
angles equal then the polygon is called a regular polygon.
The circle inscribed in the regular polygon and touching
all the sides of the regular polygon is called inscribed circle.
The circle which pass through all the vertices of the regu-
lar polygon is called its circum scribed circle.
If the polygon has n-sides, then the sum of the interior

. . -2
angles is (# — 2) X mwand each angle is (n=2)xz .
n

5.12.1 Statement

In a regular polygon of 4, 4, 4, .... A4, of n-sides of each
length a is given by

(i) R= % cosec (%)

where R = circum-radius.

.. a a . )
(ii) r=—cot (—) , where r = in-radius.
n

2
(iii) A= “T” cot (fj

n

where A = area of the regular polygon

2
(iv) A= % sin (2_%)

n

V) A= nr? tan (Z_n)
n
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5.13 OrtHOCENTRE AND PEDAL TRIANGLE OF
Any TRIANGLE

Let ABC be any triangle and let AL, BM and CN be the per-
pendiculars from A, B and C upon the opposite sides of the
triangle. They meet at a point P. This point P is called the
orthocentre of the triangle

The ALMN, which is formed by joining the feet of the per-
pendiculars, is called the pedal triangle.

5.13.1 Distances of the Orthocentre from the

Angular Points of the Pedal Triangle

We have, PL = LB tan (PBL)
= LB tan (90° - C)
=AB cos B cot C

c
= X cos B cos C

sin
=2R cos Bcos C
Similarly,
PM=2R cos A cos C,
PN=2Rcos Acos B

Again,
AP =AM sec (LAC) = c cos A cosec C
c
=——=Xcos 4 =2Rcos 4
sin

Similarly, BP = 2R cos B and CP =2R cos C

The sides and the angles of the pedal triangle

Since the angles PLC, PMC are right angles, so the points P,
L, C and M lie on a circle.
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Thus, ZPLM=/ZPCM=90°-4

Similarly, P, L, B and M lie on a circle and therefore
ZPLM=ZPBN=90° -4

Hence, ZNLM = 180°—2A4 = the supplement of 24.

So, ZLMN = 180° — 2B and ZMNL = 180° — 2C.

Hence, it angles are the supplements of twice the angles of

the triangle.

Again, from the triangle AMN, we have,
MN — AM  ABcos 4
sin 4 sin (ANM) " cos (PNM)

_ccosd ccos A
" cos (PAM) "~ sinC
= MN = sin Acos A=acos A

S

So, NL="5bcos Band LM = c cos C.
Hence, the sides of the pedal triangles are a cos 4, b cos B
and c cos C respectively.

Area of a pedal ALMN of a AABC is 2A cos A4 cos B cos C

PL=2R cos Bcos C,
OM=2R cos C-cos 4,
ON=2RcosA-cos B

ar (ALMN)
= % X (R sin 24) X (R sin 2B) X (sin 2C)

Here,

=%>< R?x (sin 24 - sin 2B - sin 2C)

X R*x (8sin A -sin B-sin C)

X (cos 4 - cos B - cos C)
XRZX(Sii ¢ j

X (cos A - cos B - cos C)

1 abc

—X—— X (cos A4 -cosB-cos
3R ( 0
=2A X (cos A -cos B -cos C)

The circum-radius of a pedal ALMN of a AABC is §

5.5

Circum-radius
MN R sin 24 _Rsin24 R

" 2sin (MLN) 2sin (180°—24) 2sin24 2

The in-radius of a pedal ALMN of a AABC is 2R cos A cos B
cos C.

In-radius
ar (ALMN)
semi-perimeter (ALMN)

%RZ -sin 24 - sin 2B - sin 2C

2R -sin A-sin B -sin C
=2R-cosA-cosB-cosC

5.14 DISTANCE BETWEEN THE

CiRcUMCENTRE AND ORTHOCENTRE

If OF perpendicular to AB, we have,
ZLOAF =90° — ZAOF =90° - C

Also, ZPAL=90°-C
Thus, ZOAP
— A~ LOAF — ZPAL
=A4-2(90° - C)
= A4+2C—180°

=4+2C-(A+B+(C)=C-B
Also, OA =R and PA=2R cos A
Thus, OP>= 04>+ PA*—~2 - OA - PA - cos (OAP)
= R>+ 4R? c0s’4 — 4R? cos A cos (C— B)
= R>+ 4R? cos A[cos A — cos (C — B)]
= R>—4R? cos A[cos (B + C) —cos (B - C)]
=R>—8R?cos A cos B cos C
=R*(1 —8 cos 4 cos B cos C)

= 0P=R\/(1—8005AcosBcos 0)
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5.15 Distance BETWEEN THE CIRCUMCENTRE
AND THE INCENTRE

Let O be the circumcentre and OF be F
perpendicular to AB.

Let / be the incentre and /E perpen-
dicular to AC.

Then ZOAF=90°-C
LOAIl = ZIAF — ZOAF
A
=——(90°-C
2 ( )
A, o _A+B+C
2 2
_C-B
2
Also, Al = E =

(2] (3
wm(Zo(
SO

|

=1—8sin(£
2

(2:9)

9
St

Also,
OF =R?>-2R X 4R sin (é) sin (Ej sin (g)
2 2 2

=R 2Rr

= OI =+R*>-2Rr

Hence, the result

5.16 Distance BETWEEN THE GIRCUMCENTRE
AND GENTROID

. 1 B
ie. 0G*=R*- §(a2 +b7+ %)
Solution
As we know that, centroid divides H
the orthocentre and circumcentre in G
the ratio 2 : 1 A o C
1
Thus, OG =—-0OH
3
1
0G*=—.OH*
9
1
= =§(R2—8R2cosA-cosB-cos 0)
R2

= OG2=T><(174{cos(A+B)+cos(AfB)}‘cosC)
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2
- 0G2:% w (144 cos’C+4 cos (A—B)-cos (4 +B))
2
= 0G* = %(1 +4 cos?C + 4 cos® 4 — 4sin”B)
2
= 0G? =%(1 +4—4sin’C +4—4sin’4 - 45sin’B)
2
= 0G*= %(9 — 4(sin*4 +sin’ B + sin*C))
= 0G*=R>- é X {(2R sin A)* + (2R sin A)*
1 + (2R sin 4)*}
= OG2=R2—5(a2+b2+c2)

5.17 Distance BETWeen THE INCENTRE
AND ORTHOCENTRE

If OH? =21 —4R? cos A cos B cos C

Solution

Let ABC be a triangle, H is the

orthocentre and / is the incentre.
Join AH, Al and IH.

In AAIH,

IH*=AH*+ AP -2 - AH - Al
- cos (LIAH)

ZIAH = g — ZHAC B

4 SN
= -(90°-C)=—(C-B)

Thus, 4R? [coszA + 4sin® (gj sin (9)
C
2

%Mm@m@mpm@m@}

= 4R2[coszA +4sin? B sin’ <
2 2

(1—cos A)—cos 4-cos B -sin C]

= 4R? [cosZA +8sin? (é) sin’ (E)sin2 (g)
2 2 2

—cos A - cos B - sin C]

=32R%sin? (ﬁj sin’ (E) sin’ (g)
2 2 2

+4R*cos A - (cos A—sin B - sin C)

B 2o (]

—4R? cos A[cos (B + C) + sin B - sin (]
=2r—4R?>cos A - cos B - cos C.
Hence, the result.
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5.18 ExcentrAL TRIANGLE

The triangle formed by joining the three excentres /, 1, I .of a
AABC is called an excentral of excentric triangle
(i) AABC is the pedal triangle of Al 1,1 .

(i1) Its angles are

o (z_ﬁj (E_Ej Z_Ej
(iii) Its sides are YAV

Ipl-=4R cos é),IAIC=4Rcos E),
2 2
and 7 /5 =4R cos (%)
(iv) II,=4Rsin (%);1119:412 sin (?)

II-=4Rsin (g)
2
(v) Incentre I of AABC is the orthocentre of the excentric
triangle A7 1,1 .
(vi) ar (I 1,1

LD R e
i 1o 2) o 2] s )

bl
2sin (£1,115)
b

2sin (90O - A]
2

4R cos (A)
- (2J_9p

2 cos (A)
2

(vii) Circum-radius =

Solution
We know that,

A B C
Il ,=asec|— |, ll,=asec|—|,I[-=asec| —
4= (2) B (2) c=4 (2)

5.7
Also,
A B C
1,I,=ccosec (Ej’ Izl = ccosec (Ej’ 1.1 ,=ccosec (5)

Thus,
I 1,1, = abe X sec (g) sec (g) sec (%) ...(1)

Also,a=2Rsin A, b=2R sin B and ¢ =2R sin C
From (i), we get,
I, 111, = (2R sin A) (2R sin B) (2R sin C)

xsec| — [sec| — |sec| —

2 2 2

(2 sinécos é) (2 singcos E)
2 2 2 2

. C C
Zsmzcosz
_Qp3
=8R’ x T B C
COS—COS—COS—
2 2 2
= 64R’ sinésingsing
2 2 2

. 4. B .C
=16R* X 4R sin—sin—sin—

=16R*r
Hence, the result.

(vi) IfIis the incentre and /,, I,, I . are the excentres of the

triangle AABC, then prove that I/, . 1l . 1l .= 16r R*

The distance between the incentre and the angular points
of a AABC

I4A=4R sin (E) sin (g),
2 2

i.e. IB =4R sin (é) sin (gj,
2 2

and IC =4R sin (é) sin (é)
2 2

Solution A
We have, sin (éj = E E
2 IA
F
. (A
r=1I4-sin| —
= ( 2 )

= 4R sin (éj sin (Ej sin (g)
2 2 2
=J4-sin (é)
2
= [4=4Rsin (5) sin (gj,
2 2
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Similarly, /B =4R sin (;) sin (%)

and IC =4R sin (éj sin (E)
2 2

If I be the incentre of a AABC, then
IA4-IB - IC = abc X tan (gj tan (gj tan (E)

Solution
From the above diagram,

r r E
1A= IB = R
sin | —
2

(3)
sin| —
2

’

(5

sin| —
2

IA-IB-IC=

A

IC =

Thus,

7‘3

(el

X 4R

sain(4 s Jon

3 2
_r 4R:4r2.R:4_A__a_bc: A
r s2 4A S2
_ —b)(s —
_ abe x \/s(s a)(s—b)(s—c)

S2

— abe x \/s(s —a)(s—=b)s—c)

4

s
zabcx\/(s—a)'(s—b)_(s—c)
s s s
:abcx\/(s—a)(s—b).\/(s—b)(s—c)
s(s—c) s(s —a)
(s —c)s—a)
s(s —b)

(5 (5
=abc X tan| — |tan| — |tan
2 2
(5 anl 3
=abc X tan| — [tan| — [tan
2 2
Hence, the result.

Ois the circumcentre of a triangle AABCand R, R, and R, are

respectively the radii of the circumference of the A’s OBC,
c _abc

R, R’

)
)

SR W YR

OCA and OAB respectively, then -+ -2 +
Rl R2

B D C

Trigonometry Booster

Solution

abe
4A

As we know that, R =

Let AOBC = A, AOCA = A,, AOAB = A,
0B-0C-BC _R-R-a_R’-a

In AOBC, R,=
4A, 4A, 4A,
a 4A
= —=—
R R
. b 4A 4A
Similarly, — = —22 and - = _23
R2 R R3 R
Thus,
b
R . W
R Ry, Ry R

_ 4 _4A  abc

R URTR
Hence, the result.

The distance between the centre of the nine -point circle

. R
from the angle 4 is E\/(l +8cos A-cosB-cosC) .

Solution

Let ABC be a triangle, H = orthocentre,
O = circumcentre, D = nine-point centre
As we know that, nine point centre is the mid-point of the
orthocentre and circumcentre of a triangle.
Thus AOH be a triangle, where, AD is the median.
In AAOH, 2(AD? + DO?) = AH? + AQ?
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ZADZ:AH2+A02—%OH2 ..(0)
Now from the AABC, we can write,

AH=2R cos A, OA =R,

OHZR\/(I—SCOSA~COSB-COS O)

From (i), we get,

R2
24D>=R*(4cos*4+1) B (1—8cos A-cos B-cos C)

R2
:7[1+8005A~{cos(180"—B+C)
+ cos B -cos C}]
R2
= AD2:Tx[1+8c0sA{—cosB~cosC
+sin B - sin C+cos B - cos C}]
2
= AD2:RT(1+8COSA-sinB-sinC)

= AD=§\/(1+8COSA-SinB-SinC)
Hence, the result.

5.23 QuADRILATERAL

Area of a quadrilateral, which is inscribed in a circle

K=\
N

Let ABCD be a cyclic quadrilateral such that

AB=a,BC=b,CD=cand AD=d.
ar(ABCD) = ar(AABC) + ar (AADC)

:labsinB+lcdsinD

2 2

1 . 1 .
=—absin B+ —cd sin (n — B)

2 2

1 . 1 .
=—absin B+ —cd sin B

2 2

=%(ab+cd) sin B

From A’s, BAC and BCD, we have
@+ b*—2abcos B=c*+d?*—2cd cos D

= @+ b*—2ab cos B=c*+d*+ 2cd cos B
a+b*-c*-d?
= cosB=| ———
2(ab + cd)

5.9

Now, sin*> B=1 - cos’ B
(a2+b2—c2—d2)2
(2(ab + cd))?
_[{2(ab+ cd) —(a®+b* -2 —dH*Y)
4(ab + cd)?

:mx[{2(ab+cd)+(a2+b2—c2—d2)2}

X {2(ab + cd) + (&> + b* — & — d*)*}]

L @+ b+ 2ab)— (¢~ 2cd + )}

" 4(ab+cd)
X {(c*+2cd + d?) — (&> + b* — 2ab)}]
_{a+b)’—(c—d)’} x{(c+d)*—(a—b)*}
4(ab + cd)*
X[{latbtc—d)(atb—ct+d)}
X(c+d+b—a)(ct+d+a-Db)]

1
4(ab + cd)*

Leta+tb+c+d=2s
Thus,
(a+tb+c—dy=(a+b+tc+d-2d)=2(s—4d)
Similarly,
(a+tb+d-c)=2(>s-0),
(atc+d-b)=2(s—b),
(b+c+d—a)=2(s—a).
2(s —d)x2(s—c)X2(s—b)x2(s—a)
4(ab +cd)?
16X (s—a)X(s—b)X(s—c)xX(s—d)
4(ab + cd)?
= (ab+cd)sinB =2 % /(s —a)(s = b)(s — ¢) (s — d)

= sin?B =

= sin’B =

Hence, the area of the quadrilateral

=%(ab+cd) sin B

=J(s—a)(s=b)(s—c)(s —d)

The radius of the circle circumscribing the quadrilateral

ABCD.
R\
C
A
N

a+b-cr-4d?

2(ab + cd)
and AC?*=a*+ b*>—2ab cos B

We have cos B =
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2,52 2 2
=a2+b2_zabx[w]

ab + cd
(@ +b*)ed +(c*+d*)ab
(ab+ cd)
_(ac+bd)(ad + bc)
(ab+cd)
In AABC,

_1 _4cC

2 sinB

_ | (ac + bd)(ad + bc)
- (ab + cd)
L4 |G- =D)(s-0)(s-d)
(ab + cd)?

1. 4C 1 (ab + cd)(ac + bd) (ad + bc)
(s—a)(s—=b)(s—c)(s—d)

2 sinB 4

Area of a quadrilateral ABCD, when it is not inscribed.
ar(ABCD) = ar(A4ABC) + ar(AACD)

= lab sin B + lca’ sin D
2 2

= 4A =2ab sin B + 2c¢d sin D ...(D)
Also,
a?+ b*—2ab cos B=c*+ & —2cd cos D
2abcos B—2cdcosD=a?+b*—c*— P
...(i)
Squaring (i) and (ii) and adding, we get,
16A? + (a® + b* — ¢* — &P)?
= 4a’h* + 4c*d? — 8 abed(cos B cos D — sin B sin D)
=4(a*b* + d?) — 8abcd cos (B + D)
=4(a*h* + *d?) — 8abced cos 2o
=4(a*h? + *d?) — 8abed (2 cos?a— 1)
=4 (ab + cd)* — 16abcd cos® o
= 16A*=4(ab + cd)?
—(@+ b*—2—dP)?—16abcd cos* o (iii)
Thus,
16A2=2(s—a)-2(s—b)-2(s—c) - 2(s — d)
— 16abcd cos® o

= AN = (s —a)(s — b)(s —c)(s — d) — abcd cos? o

- A:\/(S_a).(s_b).(s—c)-(s—d)—abcdcoszcx

Area of a quadrilateral which can have a circle inscribed in
it.

Trigonometry Booster

D c
S

0
A 5 B

We have
AP =AS, BP=BQ, CQ=CR and DR=RS
AP+ BP+CR+DR=AS+BQ+CQ+ DS
= AB+ CD=BC+AD

= atc=b+d
Hence, S=W=a+c=b+d

Thus,s—a=c,s—b=d,s—c=a,s—d=b
As we know that,
A? = abcd — abed cos? o= abed sin® o

= A =+abcd sin o

The area of a quadrilateral, which can be both inscribed in
a circle and circumscribed about
another circle and the radius of the

later circle is 2— Jabed / \
a+b+c+d
In a quadrilateral ABCD,
/B + /D =180° k /
= 200=180°
= a=90°

Hence, the area of the quadrilateral, which is inscribed in a
circle and circumscribed another circle is = v abed .
A 2A

We have, r=—= 2abed

K 2_s_a+b+c+d

a, b, c and d are the sides of a quadrilateral taken in order, and
0 is the angle between the diagonals opposite to b or d, then

the area of the quadrilateral is %(g2 +c2—b*—d*)tan 0
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Area of a quadrilateral

ABCD:%XACXBstinO ...()

Now,
@ =0A*+ OB*-2-0A4 - OB - cos (180° - 6)
b*=0C*+0OB*>-2-0C- OB - cos 0,
A=0C*+0D*-2-0C-OD - cos (180° - 6)
d=04*+0D*-2- 04 - 0D - cos 6.

We have
-+ —d=2cos §0OA- OB+ OB-0OC

+OC-OD + OA - OD)
=2-cos 8-AC-BD
From (i), we get, area of the quadrilateral ABCD

=%(a2—b2+c2— d*)tan 0

a, b, c and d are the sides of a quadrilateral and p and ¢ be its
diagonals, then its area is

%X\/(4p2q2—(a2+62—b2—d2)2)

As we know that,
aZ-b+c—d*=2pgcos 0
Area of a quadrilateral ABCD

1 .
=—pqg sin O
2Pq

flzz-z
=,|— sin“@
4Pq

- \/§<4p2q2 ~ (2pg cos 6)%)

1
:E\/(4p2q2—(az—b2+c2—d2)2)

Hence, the result.

5.11

If a quadrilateral can be inscribed in a circle, then the angle
between its diagonals is

! [Ms —a)s = b)s = )(s — d) ]
(ac+bd)

Solution
Let ABCD be a quadrilateral, whose sides are a, b, ¢ and d
resp. and its diagonals are p and g.

Let the angle between the diagonals be 6.
Then, pg = ac + bd.

. 1 .
Area of a quadrilateral ABCD = 5 X pg sin 6

2(s —a)(s —b)(s —c)(s —d)

sin 6 =
(ac + bd)
0 sin-! 2(s —a)(s —b)(s —c)(s —d)
(ac+bd)

Hence, the result.

If a quadrilateral can be inscribed in a circle as well as cir-
cumscribed about another circle, then the angle between its

M)

. . -1
l1is cos
diagonal is (ac T+ bd

Since the quadrilateral be circumscribed, then we can
o1 .
write, ) pq sin 6 =+ abcd

. [2\/ abed )
sin 0 =

Pq

=

Therefore, cos 6 = /1 —sin’0

— cos 0= 1_( 4 abed j

(ac + bd)?
_(ac—bd
ac + bd

= 0= COS_l M
ac+bd

Hence, the result.
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Levee 1

(Problems Based on Fundamentals)
SINE RULE

2 2 g
1. If in a triangle 4BC, az b* _sin(4- B)

> == , then the
a’+b- sin(4+ B)

triangle is right angled or isosceles?

sin(B-C) _ b —c?

sin(B+C) &>

3. In a AABC such that ZA4 = 45° and ZB = 75° then find
a+e2 .

4. Prove that
a’sin (B - C) N b?sin (C — A) N c’sin(4-B)
sinB+sinC sinC+sind  sin4+sin B

5. Prove that

2_ 42
b —c? -d* a -b

2. Prove that

+ ———— =0
cos B+cosC cosC+cos 4 cos A+cos B

6. In atriangle ABC, if %, b?, ¢? are in AP then prove that
cot A4, cot B, cot C are in AP.

7. If cot gzb“

, then prove that AABC is right angled.

sind _sin(A4-B)
sinC  sin(B-C)

a

8. Prove that &?, b, ¢? are in A.P., if

9. In any AABC, prove that
H(sinzA + sin 4+ 1] 597
sin 4

10. In a triangle ABC, prove that,

a sin (é-f' Bj= (b+c)sin (é)
2 2

11. In a triangle ABC, prove that,
asin(B—C) bsin(C-A) csin(4-B)

b* - c? —at a’-b*

1+cos(4—B)cosC _ a’*+b*

l+cos(4—C)cosB a’+c?

13. In a A4BC, if cos A + 2 cos B + cos C = 2 then prove
that the sides of a triangle are in AP

14. Ina A4ABC, if
cosAcosB+sinAdsinBsin C=1,

then prove that a:b:c = 1142 .

12. Prove that

COSINE RULE
15. In a A4ABC, prove that
a(b cos C—ccos B)=b>—¢?

16.

Prove that
cos A N cos B . cos C _az+b2+c2
a b c 2abc

17 Prove that

18.

19.

20.

21.

22.

23

24.

25.

26.

27.

28.

29.

30.

(a — b)*cos? (%) +(a+b)*sin® (%) =c?

In a AABC, if

(a+b+c)a—b+c)=3ac, then find LB
In any AABC, if 2 cos B = 4
c
prove that the triangle is isosceles.
In a AABC, if (a+ b+ ¢) (b + ¢ — a) = Abc then find the
value of A.
If the angles 4, B, C of a triangle are in AP and its sides
a, b, ¢ are in GP, prove that &2, b?, ¢* are in AP.
If the line segment joining the points P(a,, b)) and
Q(a,, b,) subtends an angle 6 at the origin, prove that
08 0 = aya,+ bb,
Jai + b2 Ja3 + 03

In a triangle ABC, if cot 4, cot B, cot C are in AP, prove
that @2, b, ¢? are in AP.

If the sides of a triangle are a, b and @’ +ab+b’

then find its greatest angle.

In a triangle ABC, if a cos A = b cos B, then prove that
triangle is right angled isosceles.

In a triangle 4BC, the angles are in AP, then prove that,

a+c

*3°)
2 cos =
2 \/az—ac+c2

In a triangle ABC, prove that

22 2 2
(b zc Jsin2A+(c 2a jsin 2B
a b

222
+(" bjsinZCzO

2
C

In a triangle ABC, if ZA4 = 60°, then find the value of

( a bj( c a)
I+—+=|[1+———|.
c ¢ b b

1 1
+

If = , then find £C
a+tc b+c a+b+c
If in a triangle ABC,
2cosA 2cosB 2cosC 1 b
+ + =—+—,
a b c bc ca

then find the angle 4 in degrees.
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PROJECTION RULE

31.

32.

In any A4ABC, prove that
.2 C .24
2(asm23+cs1n23) =a+c-b
In any AABC, prove that

C B
2(b0052?+cc0525) =ag+b+c

33. Inany A4ABC, prove that
(b+c)cosA+(cta)cosB+ (a+b)cosC
=(a+b+o)

in B - B

34. In a AABC, prove that, s?n _Lmacos

sinC b-acosC

35. Inany AABC, prove that
Z(a sin2£+csin2é) =a+c-b

2 2
36. In any AABC, prove that
cos A cos B
bcosC+ccosB ccos A+acosC
cos C _at+ b+
acos B+bcos A 2abc

37. In any AABC prove that 2(bc cos A + ca cos B + ab

cos O)=(a® + b*+ ?)

NAPIER ANALOGY

38. Inany AABC, b=+/3+1,c=3-1

and ZA = 60° then find the value of tan (B — Cj .
2
39. Inany AABC, b=~/3,c=1,B—C=90°
then find £A4. 4
40. If ina AABC,a=6,b=3 and cos (4 — B) = g, then
find the angle C.
41. Ina A4BC, if
(555 mn(3)
X = tan tan| — |,
2 2
(C - A) (B)
y =tan tan| — |and
2 2
(A — B) (C)
z =tan tan| — |,
2
then prove thatx + y +z +xyz =0
42. Ina AABC,ifa=5,b=4and cos (4 - B) = 2, then
prove that ¢ = 6. 32
HALF ANGLED FORMULA
43, Ina AABC, if a= 13, b = 14 and ¢ = 15, then find the

value of

N |
1) sin—
@) sin>

5.13

. B
(i) cos )

(iii) cos 4
b+c

——, prove that A4BC is

44. In a AABC, if cos (ﬁ) =
2 2c

right angled at C.
45. Ina AABC, prove that,

b cos® (gj + ¢ cos’ (g) =g

46. In a AABC, prove that

be cos? é + ca cos® E + ab cos? g =g’
2 2 2

47. Ina AABC, prove that

AB+C)

2 ac sin ( =(a®+ - D).

48. Ina AABC,3a=b+c,
B C
then find the value of cot (E) cot (5)

49. In a A4ABC, prove that
A B 2¢c
l-tan| — [tan| — [=————
2 2 (a+b+c)

50. In a A4ABC, prove that:
a+b+c (Aj
— |cot| —
b+c—a 2

A) B (C
cot| — |+cot| — |+ cot| —
(2 2 2
51. Ina AABC, if cot é , cot B , cot g

2 2 2

are in AP, then prove that a, b, c are in AP

52 Ina AABC,c(a+b) cosg
=b(a+c)cos %,

then prove that the triangle is isosceles.

53. Ina A4BC, prove that

(5 Jrea(5)ren()
)TN )TN G @b

cot A+ cot B+ cot C a’+b*+c?

54. Ina AABC, if
c(a + b) cos (g) =b(a +c) cos (%)

then prove that the triangle 4BC is isosceles.

AREA OF A TRIANGLE
55. Inany AABC, if a =\/§,b=x/§
andc=+/5 , then find the area of the AABC.
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56.

57.

58.

59.

60.

In any A4ABC, prove that
_ a’—b* « sin 4 sin B
2 sin (4 — B)
If the angles of triangle and 30° and 45° and the in-
cluded side is (\/g + 1) cm., then prove that the area of

A

the triangle is %(\/i +1) cm?

In a AABC, prove that

(oo

cot A+cot B+cotC

_(a+b+c)
a?+b*+
2
If in a AABC, prove that A < S?

If , B, yare the lengths of the altitudes of a AABC, then
prove that

1 ! L=i(cotA+cotB+cotC)

—+—+
2 2 2
a” By

61. If p,, p,, p, are the altitudes of a triangle from the verti-

ces 4, B, C and A be the area of the AABC, prove that
1 1 1 2ab 2 (C)
—t———=———""—Xcos"| — |
P P py (a+b+c)xA 2
62. Ifa, b, c and d are the sides of a quadrilateral, then find
2,42, 2

the minimum value of (a-i—d#j

63. Ina AABC, if cos A+ cos B+ cos C= é, then the tri-
angle is equilateral. 2

64. In a APQR, if sin P, sin Q, sin R are in AP then prove
that its altitude are in HP

65. Ina AABC, A=(6+23)squ
and /B =45°a=2(\3+1), then
prove that the side b is 4

66. If the angles of a triangle are 30° and 45° and the in-
cluded side is (\/5 +1) , then prove that

1
ar(A ABC) = E(ﬁ +1)sq.u

67. The two adjacent sides of a cyclic quadrilateral are 2
and 3 and the angle between them is 60. If the area of
the quadrilateral is 44/3 , then prove that the remaining
two sides are 2 and 3 respectively.

M-N THEOREM

68. The median 4D of a AABC is perpendicular to AB.

Prove thattan 4 +2 tan B=0

69.

Trigonometry Booster

If D be the mid point of the side BC of the triangle ABC
and A be its area, then prove that
22

cotO = —¢ , where ZADB =0

CIRCUM-CIRCLE AND CIRCUM-RADIUS

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Ina AABC,ifa=18 cm, b =24 cm and ¢ = 30 cm, then
find its circum-radius

In an equilateral triangle of side PNE) cm, then find the
circum-radius.
If the length of the sides of a triangle are 3, 4 and 5
units, then find its circum-radius R.
If 8R* = a* + b* + ¢, then prove that the triangle is right
angled
In any AABC, prove that a cos 4 + b cos B+ c cos C=
4R sin 4 sin B sin C
In any AABC, prove that

D =2R*sin 4 sin B sin C
In any A4ABC, prove that,

sin 4 sinB+sinC_ 3

a b c 2R

In any A4BC, a, b, c are in AP and p,, p, and p, are
the altitudes of the given triangle, then prove that,

Lol L3R

p p Py A

If p,, p, and p, are the altitudes of a AABC from the

vertices 4, B and C respectively. then prove that
1 1 1 1

P Py P37

If p,, p, and p, are the altitudes of a AABC from the
vertices 4, B and C respectively. then prove that

_+_

cosdA cosB cosC 1
+ + =—
P P pP3 R
In an acute angled AABC, prove that
cosC 1
4R*-* 2R

If p,, p, and p, are the altitudes of a AABC from the
vertices 4, B and C respectively. then prove that

a’b*c?

8R’
If p,, p, and p, are the altitudes of a AABC from the
vertices A, B and C respectively. then prove that

PPy =

bp  cpy  apy _a'+b+c”
c a b 2R
O is the circum-centre of A4BC and R, R, and R, are
respectively the radii of the circum-centre of the tri-
angles AOBC, AOCA and AOAB, prove that
a b ¢ _abc

— =
R R, R R
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84.

85.

In an acute angled AABC, prove that
asec A+bsecB+csecC
tan 4 tan B tan C

2R

In any A4ABC, prove that
(acos A+ bcos B+ ccos C)=4R sin 4 sin B sin C

IN-CIRCLE AND IN-RADIUS

86.

87.

88.
89.

90.
91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

InaAABC,ifa=4 cm, b =6 cm and ¢ = 8 cm, then find
its in-radius.

If the sides of a triangle be 18, 24, 30 cm, then find its
in-radius.

If the sides of a triangle are 3 : 7 : 8, then find R : r.
Two sides of a triangle are 2 and V3 and the included

. . |
angle is 30°, then prove that its in-radius is E(x/g -1.

In an equilateral triangle, prove that R = 4r
In a A4BC, prove that

1 1 1 1
—t—t—t+—
ab bc ca 2rR

In a A4BC, prove that
cosA+cosB+cosC= (1+%).

In a AABC, prove that
sin4 +sinB+sin C= i=A
R Rr
In any AABC, prove that a cot 4 + b cot B+ c cot C =

2(r+R)
In a A4BC, prove that
asec A+bsecB+csecC

2tan 4-tan B K -tan C
In a A4BC, prove that

(b+c)tan (g) + (c+a) tan (g) +(a+b) tan (%)

=4(r+R)
In a A4ABC, if C =90°, prove that

1
—(a+b)=R+
S@+b) r

In any AABC, prove that

cos’ (é) + cos? (Ej + cos’ (g) =2+ L
2 2 2 2R

If the distances of the sides of a triangle 4BC from a
circum-center be x, y and z respectively, then prove that
a b ¢ abc

x y z dxyz

If in a AAABC, O is the circum center and R is the cir-
cum-radius and R, R,, R, are the circum radii of the
traingles AOBC, AOCA and AOAB respectively, then

prove that
a b ¢ abc
—t—t+—=—.
R R R R

101.

102.
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If p,, p,, p, are respectively the perpendiculars from the
vertices of a A to the opposite sides, then prove that

(abc)?
8R®
Find The bisectors of the angles of a AABC

P, -P,-P5™

EXCIRCLE AND EX-RADII

103.

104.

105.

106.

107.

108.
109.
110.

I11.
112.

113.

114.

115.

116.

117.

118.

119.

120.

InaAABC,ifa=18 cm, b =24 cm, and ¢ = 30 cm, then
find the value of r, r, and r,
. 1 1 1 1
In a triangle AABC, prove that —+ —+ —=—, where
nor BT
ris inradius and R, R,, R, are exradii.

In a AABC, prove that

b—c c—a a-b
+ =0
i p) n
.S b—
In a AABC if S7C_ ¢ , then prove that a, b, c are
in AP §—a a-=

In a triangle if (1 —ij(l —r—lj =2, prove that the
r 73

triangle is right angled.

In a triangle A4BC, prove that , + 7, + 7, —r=4R

In a triangle A4BC, prove thatr v, + r,r, +r;r, =s*

In a triangle AABC, prove that 7, + 7, —r, + 7= 4R cos

C

If , r,, r, are in HP, then prove that g, b, c are in AP.

In a triangle ABC, if a, b, ¢ are in AP as well as in GP

then prove that the value of (i Ly 10) is 10.

n o n

In a triangle AABC, prove that

LR B S _a’+ b+
}"12 1’22 1”32 }"2 AZ

In a triangle AABC, prove that (r, — r)(r, —r)(r, — 1) =
4R
If », <r,<r, and the ex-radii of a right angled triangle

3+«/ﬁ

2
Two sides of a triangle are the roots of x> — 5x + 3 = 0.

and r, =1, r,= 2, then prove that ;=

If the angle between the sides is Ul . then prove that the
value of r. R is 2/3. 3

In an isosceles triangle of which one angle is 120°, cir-
cle of radius /3 is inscribed, then prove that the area
of the triangle is (12 + 73 ) sq.u.

If in a triangle » = r, —r,
angle is right angled.

Ina A4BC, prove thatr.r .r,.r,= A

3
(ritn) _ (htr) _ (n+n)
l+cosC 1+cosAd l+cosB’

— r,, then prove that the tri-

Prove that
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16R
121. Provethat LU (LU =
r nw)\r n)\r r) ri(a+b+c)

1o1Y1 1)1 1) 64R’
122. Provethat | —+— || —+— || —+— = 3
non)\n n)\n o 1) (abe)
123. In a AABC, prove that
Pr R =16R* — (a® + b7 + %)
124. In a AABC, prove that

(r+n)(rn+r)(r+n)

=4R
(nry + R+ nin)
REGULAR POLYGON
125. If A, 4, ... A, be the consecutive vertices of a regular

hexagon inscribed in a unit circle. Then find the prod-
uct of length of 44, 4,4, and 4 A,.

126. If the Area of circle is A, and area of regular pentagon
inscribed in the circle is 4,. Find the ratio of area of
two.

127. Let A, A,, 4,, A, and A, be the vertices of a regular
pentagon inscribed in a unit circle taken in order. Show
that 4,4, x 4,4, = /5 .

128. The sides of a regular do-decagon is 2 ft. Find the ra-
dius of the circumscribed circle.

129. A regular pentagon and a regular decagon have the
same perimeter. Find the ratio of its area.

130. If 2a be the sides of a regular polygon of n-sides. R
and r be the circum-radius and inradius, then prove that

r+R:acot(£).
2n

131. A regular pentagon and a regular decagon have the
same area, then find the ratio of their perimeter.

132. If the number of sides of two regular polygon having
the same perimeter be » and 2n respectively, prove that
their areas are in the ratio

e[ 1 ()

133. LetA,A4,, 4, ........... , A be the vertices of an n-sided
1 1

= + , then
A4, A4, A4,

regular polygon such that
find the value of .

134. 1f4,A,,A4,,4,aretheareas ofincircle and the ex-circles of

1 1 1 1
+ + =—.
NN
135. If the perimeter of the circle and the perimeter of the
polygon of n-sides are same, then prove that the ratio
of the area of the circle and the area of the polygon of
n-sides is tan (E):Z
n)n
136. Prove that the sum of the radii of the circle, which are
respectively inscribed in and circum-scribed about a

a triangle, then prove that

regular polygon of n-sides, is 2 ot (lj
2 2n

Trigonometry Booster

Levee I

(Mixed Problems)

1. InAABC,a>b>c,if

3,13, .3
— a +.b3+c —— = 8, then the

sin” A+sin” B+sin” C

maximum value of a is

@5 ®2  ©8 @6

2. Sides of a AABC are in AP. If a <min {b, c}, then cos
A may be equal to

3c—-4b 3c—-4b

@ Ol
4c¢ —3b 4c¢ —3b

© @

3. If a AABC, a* + b* + ¢* = 2a*h* + b*c* + 2c%a?, then sin

Ais

W5 Bi 0l @B
2 2 2 22

4. InaAABC,2a? + 4b* + ¢* = 4ab + 2ac, then the numeri-
cal value of cos B is

3 5 7
(®) 3 (©) 3 (d) 3

5. If a, b, c be the sides of AABC and if roots of the equa-
tion a(b — ¢) x>+ b(c — a) x + c(a— b) = 0 are equal then

sin? (g) - sin? (g) - sin? (%) are in

(@ 0

(a) AP (b) GP (c) HP (d) AGP
6. InaAABC,(a+ b+ c)(b+c—a)=kbcif

(a) k<0 (b) £>6

(c) 0<k<4 (d) k>4

7. a*cos (B—C)+ b3 cos (C—A)+ ccos (4 — B) is equal
(a) 3abc (b) (@a+b+c¢)
(¢) abc(a+b+c) (d 0
cosd cosB _cosC

8. If = and a = 2, then the area of
a b c
the triangle is
3
(@) 1 (b) 2 ©) % d 3

9. Ifina AABC,cos A +2 cos B+cos C=2,thena, b, ¢
are in
(a) AP (b) GP (c) HP (d) None
10. Ifina AABC, sin® A + sin® B + sin®> C = 3 sin 4 sin B sin
C, then the value of

a b c

b ¢ a

c a b
(a) 0

(b) (@+b+ey
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I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

(c) (a+b+c)ab+ bc+ca)

(d) None
If b + ¢ = 3a, then the value of cot (g] cot (%) is
(@ 1 (b) 2 © 3 @2

LetA,A4,4,4,A4,4; be a regular hexagon inscribed in a
circle of unit radius. The product of length of the line

segment 4 4,, A A4,, A A, is

3 3[

@ 7 (b) 343  (¢) 3 @ —=
acosA+bcosB+ccosC .
In a AABC, the value of is
a+b+c

R R r 2r

i b) — L 4 =L
(a) r (b) . () z (d) 2

In a AABC, the sides a, b, ¢ are the roots of the equation
x> —11x>+38x—-40=0.

cosA cosB cosC .
+ + 1S

Then

a b c
@1  ® 3 © 3

The ex-radii of a A ¥y ¥y T, Are in AP then the sides a,
b, c are in

(d) None

(a) AP (b) GP (c) HP (d) AGP
.2 .

In any A4ABC, Zusj/m is always greater

than Sin

(@ 9 (b) 3 (c) 27 (d) 36

i)(l - i) = 2, then the triangle is
r 73

In a triangle (1 -

(a) right angled (b) isosceles

(c) equilateral (d) None
Ina A4ABC,a=2band |4 — B|= —, then LC'is
(a) Z (b) ? (c) Z (d) None

If the median of AABC, through 4 is perpendicular to
AB, then

(a) tan4 +tan B=0
(c) tan4+2tan B=0

(b) 2tan4 +tan B=0
(d) None

3
Ina AABC, cos A +cos B+ cos C= E,thentheA

(a) isosceles (b) right angled

(¢) equilateral (d) None
If 4, ... A, be a regular polygon of n-sides and
1 1 N 1 "
= , then
A4, A4y A4,
(@ n=5 (b) n=6 (¢c) n=7 (c) None

In a AABC, tan (é) = é and tan (E) = 2 , then
2 6 2 5

(a) a,c,be AP
(¢c) b,a,ce AP

(b) a,b,ce AP
(d) a,b,ce GP

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

5.17

If the angles of a triangle are in the ratio 1 : 2 : 3, then
the corresponding sides are in the ratio

(@ 2:3:1 () 3 :2:1
(©) 2:3 :1 @ 1:3 :2
Ina AABC, acot A+ b cot B+ ccot Cis
(@) r+R (b) r—R

(©) 2(r +R) d) 2(-=R)

If 4, 4,, 4,, A, are the areas of in circle and the ex cir-

cles of a triangle, then ! + ! + ! is
\/Zl VA 4

2 1 1 3
@ —= b = © —F— @ F=
Ja J4a 24 Ja
sinA +sin 4 +1
In any AABC, II| ——————| is always greater
than sin 4
(@ 9 (b) 3 (c) 27 (d) 36
In an equilateral triangle, R : 7 : r, is
(a) 1:1 (b) 1:2:3
() 2:1:3 (d) 3:2:4

In a AABC, tan 4 tan B tan C = 9. For such triangles, if
tan® A + tan? B + tan> C = A, then

(@) 9. 33 <A<27 (b) A <27
(©) 1<9.33 ) A>27

In a AABC, a® cos®> A = b* + 2, then

T T T
a) A<— b) —<A<=
(@) 2 (b) 1 5

T T
© 4>2 @ A=7

InaAABC,A:B:C=3:5:4,thena+b+c V2 is

(a) 2b (b) 2c (c) 3b (d) 3a
If 4, B, C are angles of a triangle such that the angle 4
is obtuse, then tan B tan C <

(@) 0 (b) 1 (c) 2 (d 3
In a triangle, if », > r, > r,, then
(@) a>b>c (b) a<b<c

(c) a>bandb<c (d) a<bandb>c

4rR cos écosﬁcosg is
2 2 2

(@) s (b) s* (c) A (d) A
If (a—b)(s —c)=(b—c)(s—a), thenr,r,r arein
(@ HP (b)) GP  (c) AP (d) AGP
If?=a*+b,2s=a+b+c, thends (s —a) (s —b)
(s—c)is
(a) s* (b) b*? (c) ca? (d) a*b?
L +— ! + L + L 1S
22 2

2, 42 2
@ e (®)
() 4R d) 4r
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37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

(rl - r)(r2 — r)(r3 —r)is

(2) R (b) 4R*r  (c) 4R  (d) 4R
r
If the sides be 13, 14, 15, then 2 =€ 1 €=, 4=b 4
rl I"2 1’3
(@ 5 (b) 4 () 0 (d 1
i+r_2+r_3 iS
bc ca ab
(a) L1 (b) 2R—r
2R r
1 1
—2R Q) —_
© @ r 2R
I"l-‘rrz:

(b) ccot (%)
C
(d) ccos (5)

C

(a) ctan (5)
. (C

(c) csin (5)

) .
16R Fror,E s

(a) abc b) &b (¢) b (d) a*bct
r 1"2

If —=—, then
non

(a) 4=90° (b) B=90°

(c) C=90° (d) None

In a AABC, the value of r r7,r, is

(a) A (b) A? (c) &° (d) A*

Ifr =r,+r, +r, thenthe Ais

(a) equilateral (b) isosceles

(c) right angled (d) none

(rl + rz)(r2 + r})(r3 +r) is

(a) Rs? (b) 2Rs? (c) 3Rs? (d) 4Rs?
The diameter of the circum-circle of a triangle with
sides 5 cm, 6 cm, 7 cm is

3J/6

—Cm

) (b) 2V6cm

(a)

35
43" @ 57
In a AABC, the sides are in the ratio 4 : 5 : 6. The ratio
of the circum-radius and the in-radius is
(a) 8:7 (b) 3:2 (c) 7:3 d) 16:7
If in a triangle, R and r are the circum radius and in-
radius respectively, then the HM of the ex-radii of the
triangle is
(a) 3r (b) 2R (¢c) R+r  (d) None
If a, b and c are the sides of a triangle ABC and 3a = b

(©)

B
+ ¢, the value of cot (E) cot (g) is

(@ 3 (b) 2 (c) 4 d 1

In a AABC, if cos A + cos B=4sin 2 (E), then a, b
and c are in 2

(a) AP (b) GP (c) HP (d) None

Levee I

10.

11.

12.

13.

. Ina A4ABC, prove that sin 4 +sin B + sin C= % =

Trigonometry Booster

(Problems for JEE Advanced)

. The sides of a triangle are x> + x + 1, 2x + 1 and x* — 1,

prove that the greatest angle is 120°.

In any A4ABC,
cos 0= a cos Q= cosy =
b+c’ ¢ a+c’ v a+b

where ¢, 6 and ¢ lie between 0 and 7, prove that

tan? (gj + tan? (%) + tan? (%) =1.

Given the product p of sines of the angles of a triangle
and the product ¢ of their cosines, find the cubic equa-
tion, whose co-efficients are functions of p and ¢ and
whose roots are the tangents of the angles of the tri-
angle.

In a AABC, if

sin® 8= sin (4 — 6) sin (B — 0) sin (C — 0)

prove that cot 8= cot 4 + cot B + cot C.

The base of a triangle is divided into three parts. If 7,
t,, t, be the tangents of the angles subtended by these
parts at the opposite vertex, prove that

l+i i+l =4 1+i2 .
h L)\L 1§ t;
,

Ina AABC, prove that cos 4 +cos B+cos C= | 1+ z)
A
Rr’
In any AABC, prove that a cot 4 + b cot B+ c cot C=
2(r +R).

. In any AABC, prove that

cos’ (é) + cos® (E) + cos’ (g) =2+ L
2 2 2 2R

If p,, p, and p, are the altitudes of a AABC from the
vertices 4, B and C respectively. then prove that
cosA cosB cosC _l

2 P py R

If the distances of the sides of a AABC from a cir-
cum-center be x, y and z respectively, then prove that
abc

a b ¢
—4—+—=
X y z

dxyz’

If in a AABC, O is the circum-center and R is the cir-
cum-radius and R, R,, R, are the circum-radii of the
triangles AOBC, AOCA and AOAB respectively, then
¢ abc

that 2+ 2+
prove tha R

R R,

In any AABC, prove that

4 7 7 1 1
A,h 5

2R

bc ca ab r
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

In any A4BC prove that be +4 5 ab
n n n

w[(%%%(%ﬁ)%&?)ﬂ
) s eryan (422) <0

If a triangle of maximum area is inscribed within a cir-

1 1 2+1

. 1
cle of radius R, then prove that —+ —+ —=
hn n n R

B
In a A4BC, prove that (r + r ) tan (

+(r+r2) tan (C

Letd,, 4,, 4, ..., A, be the vertices of an n-sided regu-
1

= + ! , then find
44, A4

AA,

lar polygon such that
the value of ».

If 4, 4,, A,, A, are the areas of incircle and the ex-cir-
cles of a triangle, then prove that

1 1 1 1
NN AN
The sides of a triangle are in AP and the greatest and
the least angles are 6 and ¢, then prove that 4(1 + cos
6)(1 — cos @) =cos 6+ cos .
If , B, yare the lengths of the altitudes of a AABC, then
prove that

1 1 1 1
_=Z(C0t A+ cot B+cot C)

o F
If p,, p,, p, are the altitudes of a triangle from the verti-
ces 4, B, C and A be the area of the A4BC, prove that

1 1 1 2ab 2(C)
COoS E

—t———=———x
P Pa p3 (a+b+c)xA

Three circles whose radii are a, b, ¢ touch one another

externally and the tangents at their points of contact

meet in a point, prove that the distance of this point

from either of their points of contact is

1
abc 2
a+b+c
Two circles of radii a and b cut each other at an angle

6, then prove that the length of the common chord is
2ab sin 0

J@+b* + 2ab cos )

If the sides of a triangle are in AP and if the great-
est angle exceeds the least angle by ¢, then show that
the sides are in the ratio (1 — x) : x : (1 + x) where

l-coso
X = —

7—cosa
The sides a, b, ¢ of a AABC are the roots of
x> — px> + gx — r = 0, then prove that its area is

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36

37.

5.19

|
—\pldpg — p* —8r).

4
Let O be a point inside a A4BC such that ZOAB
= ZLOBC = ZOCA = o then prove that

(i) cot w=cotA +cotB+cotC
(i1) cosec? @ = cosec? 4 + cosec? B + cosec? C
ABCD is a trapezium such that 4B is parallel to CD and
CB is perpendicular to them. If ZADB =6, BC=p and

(p*+4¢*)sin@
pcosO+gsing’

In an AABC, if 0 be any angle, then prove that b cos 0
=ccos (4—0)+acos (C+ ).

If the median of a A4BC through 4 is perpendicular to
AB, prove that tan 4 + 2 tan B=0.

In a A4BC, prove that

. (Aj, (B). (Cj 1
sin| — [sin| — [sin| — [<—
2 2 2 8

In a AABC, prove that

tan® (;) + tan’® (?) + tan’ (%) >1

If the distances of the vertices of a triangle from the
points of contact of the incircle with the sides be o, S,

o

7, then prove that = _ofr
o+ P+

If 7, t, and ¢, are the lengths of the tangents drawn

from the centre of the ex-circle to the circum-circle of
AABC, prove that

N
£ 65 6§ a+b+c

In AABC, find the min value of

Zeot(5 o (3)
[1cot? (;1)

A triangle has base 10 cm long and the base angles are
50° and 70°. If the perimeter of the triangle is x + y cos
(z°) where z € (0, 90°), then find the value of (x + y +
z).
In a AABC, find the value of

acos A+bcos B+ccosC

a+b+c '
In a right angled AABC, The hypotenuse BC of length
‘a’ is divided into » equal parts (» an odd positive in-
tegers) Let o be the acute angle subtending from 4 by
that segment which contains the mid-point of the hy-
4nh

(n* = Da
[Roorkee, 1983]

CD = g, then prove that AB =

where r is in-radius.

abc

potenuse of the triangle, prove that tan o =

Note: No questions asked in 1984, 1985.
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38. If a, b, ¢ are the sides of a AABC and 3a = b + ¢, then
prove that

(2

232
a-b_ s (A=B) prove that it is
a’+b*> sin(4+B)
either a right angled triangle or an isosceles triangle.
[Roorkee, 1987]

[Roorkee, 1986]

39. Ifin a triangle,

40. In any AABC, show that

()l e (5) o (5)
- con[€)

‘ Note: No questions asked in 1989. ‘

[Roorkee, 1988]

41. Ifx, y, z are the perpendicular distances of the vertices
of a AABC from the opposite sides and A be the area of
the triangle, then prove that

1 1 1 1
— +—+—5=—(cot 4+ cot B+ cotC)
x* oyt z¢ A

[Roorkee Main, 1990]
42. The two adjacent sides of a cyclic quadrilateral are 2

and 5 and the angle between them is 60°. If the area of

the quadrilateral is 43 , find the remaining two sides.
[Roorkee, 1991]

Note: No questions asked in 1992.

43. In a AABC, R is the circum-radius and 8R? = @* + b*> +
¢?. The the triangle ABC is
(a) acute angled (b) right angled
(c) obtuse angled (d) none of these

44. If the sides a, b, ¢ of a triangle are in AP, then find the

A C) . B
value of tan| — |+ tan| — | in terms of cot| —
2 2 2

[Roorkee, 1993]
. . N
45. A cyclic quadrilateral ABCD of area e is inscribed

in a unit circle. If one of its sides AB = 1 and the diago-

nal BD =+/3 . Find the length of the other sides.
[Roorkee, 1995]
46. Ina A4ABC, ZC =60° and £4 =75°. If D is a point on
AC such that the area of the ABAD is /3 times the area
of the ABCD, find the angle Z4BD. [Roorkee, 1996]

47. Ifina AABC,a=6,b =3 and cos(A—B)z%,then

find its area. [Roorkee Main, 1997]

48. Two sides of a triangle are of lengths V6 and 4 and the
angle opposite to smaller side is 30°. How many such
triangles are possible? Find the length of their third
side and area. [Roorkee Main, 1998]

Trigonometry Booster

49. The radii r,, r,, r, of escribed circles of a AABC are in
the harmonic progression. If its area is 24sq. cm. and its
perimeter is 24 cm, then find the lengths of its sides.

[Roorkee Main, 1999]

Note: No questions asked in 2000, 2001.

50. InaAABC, let the sides a, b, ¢ are the roots of x* — 11x? +
38x—40=0.Ifthe value of cos 4 + cos B + cos € _m ,
a b c n

where m and # are least +ve integers, then find (m + n)

Levee IV

(Tougher Problems for JEE
Advanced)

1 Ifina A4ABC,
cos A+2cos C _sin B

cos A+2cos B sinC’

prove that the triangle ABC is either isosceles or right
atanA+btanB:(a+b)tan(
prove that the triangle is isosceles.

angled.
A+ B)
2 2
3. In any A4ABC, prove that,

2. Ina AABC, if
(r, +r)(r,+r)sinC= 2n\nr+nrn+nn

4. In any AABC, prove that,
P r12+ r22 + r32= 16R* — (a* + b* + %)

5. In any triangle ABC, prove that,

((r+r])tan(B_CDwL((rner)tan(C_
+((r+r3)tan(C_AD:0

6. In any A4BC, prove that,
tan| —
2

A B
tan (2) tan (2j _ i
(a=b)Ya—c) Bb-a)b—c) (c—a)c—-b) A

*)

7. 1If (l - r—lj(l - ij =2, prove that the triangle is right
" 73

angled triangle.

8. In AABC, prove that,
area of the incircle

area of triangle ABC
T

3ol l)
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9.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

If a, b, ¢ are in AP, prove that,

cos A4 - cot (éj, cos B - cot (Ej,
2 2

cos C - cot (%) are in AP.

If the circumference of the AABC lies on its incircle,
then prove that,
cos A +cos B+ cos C= 2
ABCD is a trapezium such that AB, DC are parallel and
BC is perpendicular to them. If angle ZADB =6, BC =
(p>+¢%)sin @

dCD= that, AB=——+"————
pan 9, prove that, psinO@+gsin 6

Let O be the circumcenter and H be the orthocenter of
AABC. If Q is the mid-point of OH, then show that

AQ:§\/1+800sAcosBcosC

If I, 1, and I, are the centres of escribed circles of

b
AABC, prove that the area of Al [ I, = ase
,

In AABC, prove that,
a(s—a)+ b (s—b)+(s—c)

RNESOME RO

Let O be a point inside a AABC such that LOAB
= LOBC = ZOCA = w, then prove that

(i) cotA+cotB+cotC=cotw

(ii) cosec? A + cosec? B + cosec? C = cosec’ @

Find the distance between the circum-center and the
mid-points of the sides of a triangle.

Find the distance between the in-center and the angular
points of a triangle.

Prove that the distance between the circum-centre(O)
and the in-center(I) is

s v Qo ()

Prove that the ratio of circum-radius and inradius of an
equilateral triangle is 1/2.

Prove that the ratio of the area of the in-circle to the
area of a triangle is

ol gon(2) (o

Prove that the distance of the orthocenter from the sides
and angular points of a triangle is 2R cos 4, 2R cos B
and 2R cos C.

Prove that the distance between the circum-center and
the orthocenter of a triangle is OH =

R\/l—SCOSA~COSB'COSC

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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Prove that the area of an ex-central triangle is

8R? cos (éj cos (Ej cos (g)
2 2 2

Prove that the circum-radius of an ex-central triangle is
5 -
2sin(f1,13)

Prove that the the distance between the in-center and
the ex-centers are

. (4 . (B
II; = 4R sin (Ej, II, = 4R sin (3),

I, = 4R sin (%),

If &, b?, ¢* are in AP, then prove that cot 4, cot B, cot C

are in AP.

In any A4ABC, prove that

a®cos (B—C)+b*cos (C—A) + 3 cos (4 —B)=3abc

The sides of a triangle are in AP and the greatest and

least angles are 6 and ¢ respectively, then prove that
4(1 —cos B)(1 — cos @) =cos 6+ cos ¢

If in a triangle, the bisector of the side ¢ be perpendicu-

lar to the side d, prove that 2 tan 4 + tan C = 0.

In any triangle, if 0 be any angle, then prove that, b cos

6=ccos(4—6)+acos(C+6).

If AD, BE and CF are the internal bisectors of the an-

gles of a AABC, prove that

o33 ae(5)
——cos| — |+ ——=cos| — | +—=cos| —
AD 2) BE 2) CF 2
1 1 1
=—4—+—
a b c
Prove that the triangle having sides 3x + 4y, 4x + 3y
and 5x + 5y units respectively, where x, y > 0, is obtuse
angled.
If A be the area and ‘s’ be the semi perimeter of a tri-

2
s
angle, then prove that, A < ﬁ

Let ABC be a triangle having altitudes #,, A, and A,

from the vertices 4, B, C respectively and r be the in-

radius, prove that,
h+r hy+r
h—=r h-r

%+r26
hy—r
Two circles of radii a and b cut each other at an an-

gle 6. Prove that the length of the common chord is
2absin 0

a’>+b*+2ab cos 0

If o, B, yare the distances of the vertices of a triangle
from the corresponding points of contact with the in-

opy
a+B+y
Tangents are drawn to the in-circle of a triangle ABC
which are parallel to its sides. Ifx, y, z be the lengths of

circle, prove that rt=
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

the tangents and a, b, ¢ be the sides of a triangle, then

prove that, Tiriion
a ¢
If ¢, ¢, and ¢, be the lengths of the tangents from the

centres of escribed circles to the circum circles, prove
that

1 2s
+—=—

L,
a

1
g
If x, y, z be the lengths of the perpendiculars from the
circum-centre on the sides BC, CA, AB of a AABC,

prove that,
a b ¢ abc
—+—+—=
x y z 4xz

If p,, p,, p, are the altitudes of the triangle ABC from
the vertices A4, B and C respectively, prove that
cosA+cosB+cosC_ 1

P P P R
The product of the sines of the angles of a triangle is
p and the product of their cosines is g. Prove that the
tangents of the angles are the roots of gx* — px? + (1 +
@x—p=0.
Ina A4ABC, if cos A cos B +sin 4 sin B sin C =1, prove

that the sides are in the ratio 1: 1 : \/E .

The base of a triangle is divided into three equal parts.
If ¢, ¢, and ¢, be the tangents of the angles subtended by
these parts at the opposite vertices, prove that,

l+l l+l::41+i2
h L )\L 14 5

The three medians of a AABC make angle ¢, B, v with
each other, prove that,

cot a+ cot B+ cot y

+cotd+cotB+cotC=0
Perpendiculars are drawn from the angles 4, B, C of
an acute angled triangle on the opposite sides and pro-
duced to meet the circumscribing circle. If these parts
be ¢, B, y respectively, then prove that

1+2+£=2(tanA+tanB+tanC)

a B v

In a AABC, the vertices A, B, C are at distances of
P, q, r from the orthocentre respectively. Prove that

( a b cj abc
—t+—+—|=—
p q r) pgr
The internal bisectors of the angles of a A4BC meet the

sides in D, E and F. Prove that the area of the ADEF is
2Aabc

(a+b)b+c)c+a)
In a AABC, the measures of the angles 4, B, C are 3¢,

3B and 3yrespectively. P, Q, and R are the points with-
in the triangle such that ZBAR = ZRAQ = LQAC =

49.

50.

51.

Trigonometry Booster

o, ZCBP = ZPBR = ZRBA = B and ZACQ = ZOCP
= /PCB = ¥, then prove that AR = 8R sin 8 sin ¥ cos
(30°-p)

If in a AABC, the median AD and the perpendicular
AE from the vertex A to the side BC divides
the angle 4 into three equal parts, show that

(Aj .2(/1) 3a°
COS| — |- SIn — | = .
3 3) 32bc

If the sides of a triangle are in AP and if its greatest
angle exceeds the least angle by o, show that the sides
are in the ratio

1—
(1-x):1:(1+ x), where x = jTcosa
7—cosx

Let 4, B, C be three angles such that 4 :% and tan B

tan C = p. Find all the possible values of p such that 4,
B, C are the angles of a triangle.

Ans.p<Oandp>3+ N2

Integer Type Questions

. In any right angled triangle, find the value of

a’+b*+
R?
A B C
In any A4ABC, OS2 _COST _CO% find the value
a b c
(q+@+@)
of | ———=
-

. R+r+n

In any A4ABC, find the minimum value of P

In any AABC, find the minimum value of
sin®4 +sin 4 +1
sin 4

In a AABC, find the value of
—2(r2 + r12 + rzz + ;”32 +(a*+b*+c?)
8R
where r = in-radius, R = circum-radius and r, r,, r, are
ex-radii.

Ina A4ABC, the median AD = and it divides

1
J11-643
the angle 4 into angles 30° and 45°. Find the length of
the side BC.

In a AABC, find the value of i+ 1)+ 1) +73)
Rs?

where R = circum-radius, r,, r,, r, are ex-radii. and s is

the semi perimeter.

Ifina AABC, a=6,b =73 and cos(A—B)=£, then
find its area. 5

>
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9. A triangle has base 10 cm long and the base angles
are 50° and 70°. If the perimeter of the triangle is x
+ y cos (z°) where z € (0, 90°), then find the value of

(x+y+z)
y

10. In any A4BC, find the value of
acot A+bcot B+ccotC

(r+R)

Comprehensive Link Passages

In these questions, a passage (paragraph) has been given fol-
lowed by questions based on each of the passage. You have to
answer the questions based on the passage given.

Passage I
If p,, p,, p, are the altitudes of a AABC, from the vertices 4,
B, Crespectively and A is the area of the triangle and ‘s’ is the
semi perimeter of the triangle.

On the basis of the above information, answer the follow-
ing questions.

LoIf = + L + 1.1 , then the least value of p,, p,, p, is
P Py D3
(@) 8 ) 27 (o) 125  (d) 216
2. The value of COSA+COSB+COSC i
pl P2 p3
! 1
(@ — b) —
r r
2 2 2
a +b +c 1
c) £ T T o L
© @ L
2 2 2
3. The minimum value of bp, D S S
C a b
@A 22 (©3A (@ 4A
1 1 1
4. The value of —5 +—5+— is
P P2 P
(Za)’ (Ia)* S 4> a2
a b c q
@ T 0 S © T @

5. In the AABC, the altitudes are in AP, then
(a) a, b, c,are in AP (b) a, b, c are in HP
(¢) a, b, c arein GP (d) angles 4, B, C are in
AP
Passage 2
ABCD be a cyclic quadrilateral inscribed in a circle of radius
R.

(@ +b>=c*—d?)
2(ab + cd)
lateral = %(ab +cd)sin B

= Js—a)s—-b)(s—c)(s—d),

Then cos B = and the area of the quadri-

5.23

a+b+c+d
5 .
Also, AC*- BD?>= (ac + bd)’
ie., AC-BD=AB-CD+ BC - AD
and R= A,C
2sin B
On the basis of the above information, answer the following
questions.
1. The side of a quadrilateral which can be inscribed in a
circle are 6, 6, 8 and 8 cm. Then the circum radius is

24 cm (¢) % cm  (d) None

where, s =

(@) % em (b

2. The sides of a quadrilateral, which can be inscribed in
acircle are 5, 5, 12 and 12 cm. Then the in-radius is

15 30 60
— b) — — d) N
(a) 17 cm (b) 17 cm (¢) 17 cm (d) None

3. Ifa quadrilateral with sides a, b, ¢, d can be inscribed in
one circle and circumscribed about an other circle, then

its area is
(a) ~abcd (b) +/2(abcd)
(d) None.

() 2x.J(abed)

Passage 3
G is the centroid of the AABC. Perpendiculars from vertices
A, B, C meet the sides BC, CA, AB at D, E, F respectively. P,
O, R are the feet of perpendiculars from G on sides BC, CA,
AB respectively, L, M, N are the mid points of the sides BC,
CA, AB respectively.

On the basis of the above information, answer the follow-
ing questions.

1. Length of the side PG is

1, . |
(a) EbsmC (b) EcsmC
(© %bsinC d %csinB
2. ar(AGPL) : ar(AALD) is
1 1 2 4
(a) 3 (b) 5 (c) 3 (d) 5

3. Area of APQR is

(a) é(a2+b2+c2)sinA~sinB-sinC
(b) %(a2+b2+c2)sinA-sinB-sinC
(© %(a2+b2+c2)sinA-sinB-sinC

(d) %(a2+b2+ c2) sin A -sin B -sin C

Passage 4

In a A4ABC, R be the circum radius such that

R:a_bc and r, r, and r, are the exradii, where
4A
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and r be in-radius such

—_— and ;=
s—a s—a s—a

that rzé.

s
On the basis of above information, answer the following
questions.
1. Ifr, =r+r,+r, then the triangle is
(a) equilateral (b) isosceles

(c) right angled (d) None
2. The value of cos 4 + cos B + cos C'is
r r
— 2| 1+—
@ 1+ o 21+%)
l(1+1j d l(1+1j
© S\ "% @ 20" %
n K . .
3. If | 1—— || | == | =2, then the triangle is
p) n
(a) right angled (b) equilateral
(c) isosceles (d) None
4. The value of r, +7,+r,—4R is
(a) 2r (b) 3r (c) r (d) 4r
5. The value of l+L+l is
n n n
1 2 1 3
a) — b) — c) — d) —
(a) . (b) . (¢ » (d) »
6. The value of -+ 2 + 3 g
bc ca ab
1 1 1 1
a) ——— b) ———
(@) r R ®) 2r R
1 1 1 1
c) ——— d) ———
© r 2R @ r 3R
Passage 5
In any A4ABC,
2,2 2
cos A=A
2bc
2, 2 32
cosp= Lt =b
2ac
2,42 2
a+b"—-c
C=——7—7-—
and cos 2ab ,

where a = BC, b = CA and ¢ = AB respectively.
On the basis of the above information, answer the follow-
ing questions.
a+c

\,024‘62—616

(a) ZCOS(A;CJ (b) ZSin(A_Cj

2
S

1. Ifthe angles 4, B, C are in AP, then is

(c) sin (A

I

. The value of —5——

. Match the following columns

Trigonometry Booster

1 * L th
a+c b+c a+b+c M
(&) £€=75" () £4=75°
(€) £4=60° (@) 2C=60°
. The value of cos 4 +COSB+cosC is
a b c
a2+b2+cz a2+b2+cz
2abc abe
2 2 2 ) 5 5
a—b"+c a“+b°—c
abc ube

. If et = 2(a? + BH)AP + at + a*b? + b* = 0, then the angle C

is
(a) 60° (b) 30° (c) 75° (d) 45°

cos24 cos2B .
is

bZ
1 1 1 1
a) —+— b) ——-—
(@) Ry () iy
© - @ 5+
¢ a’ b a’> b

Matrix Match
(For JEE-Advanced Examination Only)

. Match the following columns

In any AABC, then

Column I Column IT
(A) [bcos C+ccos B (P) G
(B) | ccos4+acosC Q) b
(C)|acosB+bcosA R) a
MD)|(b+tc)cosA+(ct+ta)cosB+|(S)|a+b+c
(a+b) cos C

In any AABC, the value of

Column I Column IT
(A)|asin(B—C)+bsin(C—A4)+c| (P)| 3abc
sin (4—B) is

(B) | @*(cos? B — cos? C) + b¥(cos*> C — | (Q) | abc
cos? 4) + c¥(cos? A — cos? B) is

© [bz_cz

®R)| 0

a2

2 2
+(C bza jsinZB

2 42
+(" 2 )sin2C is

) sin 24

CZ

(D) [ @ cos (B—C) + b cos (C—A) + | (S) | 2abc
3 cos (A—B)is




Properties of Triangles

3. Match the following columns
In any A4ABC, the value of

Column I Column II
(A) | tan B cot C'is P) | (@ + b+ )
(B) | 2(bc cos A+cacos B+ab|(Q) (@ +1b2=c?)
cos O) is ——— .
(a“+b"+c”)
(©) | cot 4+ cot B +cot C ®) a2+ b2+ 2
cot (A) + cot (B) (a+b+cy’
2 2
(C) :
+cot| —| 1is
2
(D) (3) (c) (5) 2a
cot| — [+cot| — —
2 2 . b+c—a
3)
cot| —
2

4. Match the following columns
In any A4BC, if

Column I Column II
(A) | cot A4, cot B, cot Care in AP, | (P) | a, b, c are
then in AP
(B) ) Q| a0, ¢
cos A - cot (E)’ are in AP
cos B - cot (E),
2
cos C - cot (gj
2
are in AP, then
©] . 2(/1) . Z(Bj ® 111
sin“| — |, sin”| — |, ===
2 2 a b c
S ( C) are in AP
sin”| —
2
are in AP, then
(D) A B c\ | ®) |a b,care
tan| — |, tan| — |, tan | — i
(2) (2) (2) in GP
are in AP, then
5. Match the following columns
In any A4BC, if
Column I Column IT

(A)

cot A+ cot B + cot C

-5,

then A is

(P) |Isoceles

(B)

(a* + b?) sin (4 — B) =
(@> — b?) sin (4 + B),
then A is

Q)

Right angled

5.25
©) S B (R) | Equilateral
2c0s A=— ,
sin C
then A is
(D) |a tan 4 + b tan B, | (S) | Acute angled
A+ B
=(a+b)tan( hi )
2
then A is

6. Match the following columns
In any AABC, if

Column I Column IT
(A) (P) | Isoceles
sinA+sinB+sinC=¥,
then A is
B) tan A+ tan B +tan C = 3«/5, (Q) | Right
angled
then A is
© A B C (R) | Equilat-
8sin| — |sin| — |sin| = |=
sm(z)sm(z]sm(z) eral
then A is
D) | a® + b>+ 2= 8R?, then A is (S) | Obtuse
angled

7. Match the following columns
In any A4BC, if r be the inradius and |, , and r, be the

1772

ex-radii of the given AABC, then the value of

Column I Column II
A1 1 1 P |r
—+—+— s
h n n
1 1 1 1 Q) A2
—2+—2+—2+—2 1S - -
nh n n r a*+ b2+
©)|r, +r,tr,—4Ris ®) ]
-
(D) S)| 2,,2, 2
”_1+’”_2+’”_3+Lis a+b +c
bc ac ba 2R A2

8. Match the following columns
In any A4BC, if r be the inradius and R be the circum-
radius of the given AABC, then the value of

Column I Column IT
(A) | cos A+ cos B+ cos C'is ® | A
r-R
(B) |acotA+bcotB+ccotCis |(Q) 7
[1+%)
(C) | sin 4 +sin B + sin C'is R) [ 2(rt R)
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(D)

S
cos’ (éj + cos? (E) e (2 + L)
2 2 2R
+ cos® (gj
2

9. Match the following columns
In any A4BC, if r be the inradius and r,, r, and r, be the
ex-radii of the given AABC, then the value of
Column I Column II
(A)|r—r +r, +r.is (P) [4R cos C
B)|r—r,+r +ris (Q) |4R cos B
C)|r—r.tr +r,is (R) | 4R cos 4
D) |r +r,+r —ris (S)
10. Match the following columns
In any A4BC, the minimum value of
Column I Column IT
(A) | cot? 4 + cot?> B+ cot? C'is (P) 9
(B) | tan? A + tan? B + tan® C'is Q) 1
© ( A) ( B) ®R)| 6
cosec| — |+ cosec| —
2 2
Gl
+cosec| — | 18
2
(D) | cos 4 + cos B+ cos C'is (S) 3.
11. Match the following columns
In any A4ABC, then the maximum value of
Column I Column IT
(A) | cos A+ cos B+cos Cis P) 1
(B) | cos A4 .cos B .cos Cis Q) %
(32t |
©) tan ( 5 + tan 5 + tan 7) | ® i
is
A B C 1
D) | sin| —|-sin| — |-sin| — | is S —
®)| (3G ulEe |o] ;
Assertion and Reason
Codes:
(A) Both A and R are individually true and R is the correct
explanation of A.
(B) Both A and R are individually true and R is not the cor-
rect explanation of A.
(C) Aistrue and R is false.
(D) Ais false and R is true.
1. Assertion (A): If A be the area of a triangle and s be the

S s
semi-perimeter, then A” < 1

10.

Trigonometry Booster

Reason (R): AM 2 GM

() 4 (b) B (c) C (d D

. Assertion (A): In a AABC, if cos A+ 2 cos B+ cos C=

2, then a, b, ¢ are in AP
Reason (R): In a AABC, cos A + cos B + cos C

o) on(5)m(5)
=1+4sin| —|-sin| —|-sin| —
2 2 2

(a) 4 (b) B (c) C (d D
Assertion (4): In a right angled triangle, a> + b* + 2 =
8R?, where R is the circum-radius

Reason (R): a*> = b* + 2

(a) 4 (b) B (c) C (d D
Assertion (A): If A, B, C and D are the angles of a cyclic
quadrilateral, then sin 4 + sin B +sin C+sin D=0
Reason (R): If A, B, C and D are the angles of a cyclic
quadrilateral, then cos 4 + cos B+ cos C+cos D=0
(a) 4 (b) B (c) C (d D
Assertion (A): In any triangle, a cos A + b cos B + ¢ cos
C<s

R R):1 triangle,sin (é) sin (E) sin (gj < 1
eason(R):Inanytriangle, 2 2 > )%
(@) 4 (b) B (c) C (d) D
Assertion (A): In any AABC, the minimum value of
itnhtn is9

-
Reason (R): In a AABC, if cos A _ cos B _cos C ’

H+r+r a b ¢
then 1—2-3 =9

r

(a) 4 (b) B () C ) D

Assertion (A): In a AABC, the harmonic mean of the
ex-radii is three times the in-radius.

Reason (R): In any AABC,r +r,+r,=4R

(a) 4 (b) B (c) C (d D
Assertion (4): If A, A, A,, A, are the areas of
in-circle and ex-circles of a triangle, then

1 1 1 1
t——t =
Ja 4 J4 4

Reason (R): In a triangle, L + 1 + 1 = 1
nor oo
(a) 4 (b) B (c) C (d D

Assertion (A): If x, y and z are respectively the dis-
tances of the vertices of a AABC from its orthocentre,
a b c abc

X y z
Reason (R): In a AABC

tan4 +tan B+tan C=tan 4 - tan B - tan C
(a) 4 (b) B (c) C (d D
Assertion (4): If x, y and z are respectively the distanc-
es of the vertices of a AABC from its orthocentre, x + y
+z=2(R+r)
Reason (R): In a AABC,

Xyz
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11.

12.

10.

r =4R sin (é) -sin (E) -sin (g)
2 2 2

(a) 4 (b) B (c) C d D
Assertion (4): Ina AABC, v, +r, +r,—r=4R

Reason (R): In a AABC, R= ‘;—bAc

(a) 4 (b) B (c) C d D
Assertion (4): In any triangle ABC,

Z(a sin’ (gj + ¢ sin® (é)j =a+c-b
2 2

Reason (R): In any AABC, b=ccos A+ acos C.
(a) 4 (b) B (c) C (d D

Questions Asked In Previous Years’
JEE-Advanced Examinations

. If p,, p,, p, are the altitudes of a triangle from the verti-

ces 4, B, C respectively and A be the area of a triangle,
prove that
1 1 1 2ab 2 ( Cj
—+—+—=——"—"—co0s"| —
nopop (a+tb+oA 2
[IIT-JEE, 1978]

. A quadrilateral ABCD is inscribed in a circle S and 4,

B, C, D are the points of contacts with S of an other
quadrilateral which is circumscribed about S. If this
quadrilateral is also cyclic, prove that AB> + CD?*= BC*
+ AD?

[IIT-JEE, 1978]

. If two sides of a triangle and the included angle are

given by @=(\3+1) cm, b =2 cm and C = 60°, find
the other two angles and the third side.

[IIT-JEE, 1979]
If a circle is inscribed in a right angled triangle ABC
with right angled at B, show that the diameter of the
circle is equal to AB + BC — AC. [LIT-JEE, 1979]

. ABCisatriangle, Disthemiddle pointof BC.IfADisper-

2(c* - a?)
3ac
[IIT-JEE, 1980]

pendicular to AC, prove that cos A cos C =

. Let the angles 4, B, C of a AABC be in A.P and let

b:c =~/3:7/2 . Find the angle 4.
No questions asked in 1982.

[IIT-JEE, 1981]

. The ex-radii r, r,, r, of AABC are in H.P Show that the

sides a, b, c are in AP.
For a triangle

[IIT-JEE, 1983]
ABC, it is given that

3 . .
cos A+cos B+cos C = > prove that the triangle is

equilateral. [IIT-JEE, 1984]

With usual notation, if in a AABC

b+c c+a a+b
11 12 13

cosd cosB cosC

7 19 25

, prove that

[IIT-JEE, 1984]

11.

12.

13.

14.

15

16.

17.

18.

19.

20.

21.
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In a triangle ABC, the median to the side BC is at length
1

J11-643

30° and 45°. Find the length of the side BC.

[IIT-JEE, 1985]
In a triangle ABC, if cot 4, cot B, cot C are in AP, then
prove that a*> + b* + ¢* are in AP.

and it divides the angle 4 into angles of

[IIT-JEE, 1985]

The set of all real numbers a such that a*> + 2a, 2a
+ 3, @*> + 3a + 8 are the sides of a triangle. is...........
[IIT-JEE, 1985]

The sides of a triangle inscribed in a given cir-
cle subtends angle o, B and y at the centre.
The minimum value of the arithmetic mean of

cos((x+£) COS(ﬂ-f'E) cos( +£) is
2) 2) Ty

[IIT-JEE, 1986]
In a AABC,

cosAcosB+sinAdsinBsinC=1,

show that a:b:c =1:1:/2 [IIT-JEE, 1986]
There exists a AABC satisfying the conditions

(i) bsinA=a,A<%
(i) bsinA>a,A>§
(iif) bsinA>a,A<§

(iv) bsin Ad<a, A<Z b>a
2 [IIT-JEE, 1986]
In a triangle, the lengths of the two larger sides are
10 and 9 respectively. If the angles are in AP, then the
length of the third side can be
@ 5-v6 ) 33 (© 5 ) 5+6
[IIT-JEE, 1987]
If the angles of a triangle are 30° and 45° and the in-
cluded side is (v/3 +1), then the area of the triangle
i [IIT-JEE, 1988]

ABC is an isosceles triangle inscribed in a circle of ra-
dius r. If AB = AC and # is the altitude from 4 to BC,

then the triangle ABC has perimeter P =...... and area A
= e and also lim (%j Sreene [IIT-JEE, 1989]
x—0 p

In a triangle ABC, A is greater than angle B. If the mea-
sures of angles 4 and B satisfy the equation 3 sin x — 4
sin® x — k = 0, then the measure of angle C is

T T 2r 5w
(@) 3 (b) > ©) >3 (d o

[IIT-JEE, 1990]
ABC is a triangle such that

sin(24 + B)=sin(C — 4) =—sin(B+C) = % .
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

If A4, B and C are in AP, determine the values of 4, B
and C.

[IIT-JEE, 1990]
The sides of a triangle are three consecutive natural
numbers and its largest angle is twice the smallest one.
Determine the sides of a triangle.

[IIT-JEE, 1991]
In a triangle of base a, the ratio of the other two sides is
r (<1). Show that the altitude of the triangle is less than

or equal to 5
1-r

[IIT-JEE, 1991]
Three circles touch one another externally. The tan-
gents at their points of contact meet a point whose dis-
tance from a point of a contact is 4. Find the ratio of the
product of the radii to the sum of the radii of the circles.

[IIT-JEE, 1992]
If in a AABC,
ZCOSA+2COSB+ ZCOSC:L+£’ then find the
a b c bc ca
angle 4 in degrees.
[IIT-JEE, 1993]
Let 4, 4,, ..... , A, be the vertices of n sided regular

1
+ =
AI A2 Al A3 Al A2

, then find 7.

[IIT-JEE, 1994]
Consider the following statement concerning a AABC
(i) The sides a, b, ¢ and area of A are rational

. B C .
(i) a,tan 5 , tan 5 ) are rational

(iii) a, sin 4, sin B, sin C are rational Then prove that
(1) = (i) = (iii) = (1)

polgon such that

[IIT-JEE, 1994]
In a AABC, AD is an altitude from 4, Given b > ¢, ZC
bc

a
=23°and AD=2—

7, then find ZB.
c

[IIT-JEE, 1994]
If the length of the sides of a triangle are 3, 5, 7, then
the largest angle of the triangle is

T 5w 2r
(@) > (b) o (©) 3

kY4

dH =

(d 2
[IIT-JEE, 1994]

InaAABC, /B = % and ZC = % _Let D divide BC in-

ternally in the ratio 1:3, then sin (£B4D) is equal to
sin (£LCAD)
@F O © (d)f
a) —— = c) = -
J6 3 NG 3
[HT-JEE, 1995]

InaAABC,a:b:c=4:5:6. The ratio of the radius of
the circum-circle to that of in-circle is
[IIT-JEE, 1996]

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Trigonometry Booster

Let ABC be three angles such that 4 :% and tan (B)

tan (C) = p. Find all possible values of p such that 4, B,
C are the angles of a triangle.

[IIT-JEE, 1997]
Prove that a AABC is equilateral if and only if

tan (A4) + tan (B) + tan (C) =343

[IIT-JEE, 1998]
If in a APQR, sin P, sin Q, sin R are in AP then
(a) the altitude are in AP
(b) the altitude are in HP
(c) the medians are in GP
(d) the medians are in AP

[IIT-JEE, 1998]
Let ABC be a triangle having O and / as its circum-cen-
tre and in-centre respectively. If R and r are the circum-
radius and in-radius respectively, then prove that (/0)?
= R?>—2Ryr. Further show that the ABIO is a right angled
triangle if and only if b is the arithmetic mean of a and
c. [IIT-JEE, 1999]
In any AABC, prove that

ool ool ol G -eo{ o5 ool 5

[IIT-JEE, 2000]
Let ABC be a triangle with incentre / and in-radius
r. Let D, E, F be the feet of the perpendicular from /
to the sides BC, CA and 4B respectively, If r, 7, r

1772 73
are the radii of the circles inscribed in the quadrilat-

erals AFIE, BDIF and CEIF respectively, prove that,

14 ¥ ¥ KT,
1 + 2 + 3 _ 17273

rern r=r (i=n)n-n)-n)
[IIT-JEE, 2000]

r=i

. (A-B+C
In a AABC, 2 acsin — )"

(a) a?+b*—c (b) A+ a*-b?
(c) PP—c*-a? (d) *2-a?-b
[IIT-JEE, 2000]

In a AABC, let £C =§ . If » is the in-radius and R is

the circum-radius of the triangle, then 2(R + r) is equal
to

(a) a+b
(c) cta

(b) b+c
(d) a+tb+c

[IIT-JEE, 2000]
If A is the area of a triangle with side lengths a, b and c,

then show that A S% (a+ b+ c)abc . Also show that

the equality occurs in the above inequality if and only
ifa=b=c

[IIT-JEE, 2001]
Which of the following pieces of data does not unique-
ly determine an acute angled triangle ABC (R being the
radius of the circum-circle)?
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42.

43

44,

45.

46.

47.

48.

(a) a,sin4,sin B
(¢) a,sinB,R

®) a,b,c
(d) a,sin4,R

[IIT-JEE, 2002]
If the angles of a triangle are in the ratio 4:1:1, then
ratio of the longest side to the perimeter is

N&) 1
(a) m (b) 3
1 o 2
) 2++3) @ 3

[IIT-JEE, 2003]
If I is the area of n-sided regular polygon inscribed
in a circle of unit radius and O, be the area of the
polygon circumscribing the given circle, prove that

it WEA
n [IIT-JEE, 2003]

The side of a triangle are in the ratio 1:4/3:2 , then the
angles of the triangle are in the ratio is
(a) 1:3:5  (b) 2:3:4 (c) 3:2:1 (d) 1:2::3

[IIT-JEE, 2004]
In an equilateral triangle, three coins of radii 1 unit
each are kept so that they touch each other and also the

sides of the triangle. Area of the triangle is

() 4+243 (b) 6+43
© (2:28) @ (528
[IIT-JEE, 2005]

In a A4ABC, a, b, c are the lengths of its sides and 4,
B, C are the angles of a AABC. The correct relation is

given by

(a) (b—c)sin(B )—acos( )
(b) (b—c)cos(j)—asm( )
J-acn(4)

B+C

(©) (b+o) sin(B+

(d) (b—c)cos (g) =2a sin (
[IIT-JEE, 2005]

One angle of an isosceles triangle is 120° and radius of

its incircle is ~/3 . Then the area of the triangle in sq.

units is

(@) (7+1243)

) (12+73)

(b) (12-73)
(d) 4x

[IIT-JEE, 2006]
In a A4BC, internal angle bisector of £4 meets side BC
in D, DE 1 AD meets AC in E and 4B in F. Then
(a) AEisHM of b and ¢

(b) 4AD= (2_1)0) cos (é)
b+c 2

49.

50.

51.

52.

53.

54.
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(c) EF = (4_bcj sin (éj
b+c 2

(d) AAEF is isosceles
[IIT-JEE, 2006]

Let ABCD be a quadrilateral with area 18, with side
AB parallel to the side CD and AB =2 CD. Let AD be
perpendicular to AB and CD. If a circle is drawn inside
the quadrilateral ABCD touching all the sides,then its
area is
(@ 3 (b) 2 (c) 32 (d 1
[IIT-JEE, 2007]
A straight line through the vertex P of a APOR inter-
sects the side OR at the point S and the cirum-circle of
the triangle POR at the point 7. If S is not the centre of
the circum-circle, then
@ gl 2
PS ST OS X SR

1 1 2
PS ST OS < SR

1 1 4
PS ST OR

1 1 4
PS ST OR

(b)
(©)

(d)
[IIT-JEE, 2008]
In a AABC with fixed base BC, the vertex 4 moves such

that cos B + cos C = 4 sin? (g)

If a, b and ¢ denote the lengths of the sides of the tri-

angle opposite to the angles 4, B and C respectively,

then

(@) b+c=4a

(b) b+c=2a

(c) locus of points 4 is an ellipse

(d) locus of points 4 is a pair of straight lines
[IIT-JEE, 2009]

Two parallel chords of a circle of radius 2 are at a dis-

tance (\/g +1) apart. If the chord subtends angles %

and 277[ at the centre, where k£ > 0, then find the value

of [k]., [,] = GIF

[IIT-JEE, 2010]
Consider a A4ABC and let a, b, ¢ denote the lengths of
the sides opposite to vertices 4, B, and C respectively.

Suppose a = 6, b = 10 and the area of the triangle is

153 . If ZACB is obtuse and if » denotes the radius of

the in-circle of the triangle, then find the value of 72,
[IIT -JEE, 2010]

Let ABC be a triangle such that ZACB = g and let a,

b and ¢ denote the lengths of the side opposite to 4, B
and C respectively. The values of x for which a =x?+x
+1,b=x>—1and ¢c=2x + 1 is (are)
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(b) (1+-3)

d) 43
[IIT-JEE, 2010]

(@ ~2+\3)
(© 2+3)
55. No questions asked in 2011
56. Let POR be a triangle of area A witha =2, b = % and
c= %, where a, b, c are the lengths of the triangle op-

posite to the angles at P, O, and R respectively. Then
2sin P—sin 2P
2sin P +sin 2P ,
2
45 3 ( 45 )
b) — c) | — d |—
®) 4A © (4A) @ \4a

[IIT-JEE, 2012]

equals

3
(@) A

Trigonometry Booster

57. No questions asked in 2013.

58. In a triangle, the sum of two sides is x and the product
of the same two sides is y. If x> — ¢* = y is (are), where
c is the third side of the triangle, then the ratio of the
in-radius to the circum-radius of the triangle is

3y 3y
@ 2x(x +¢) ®) 2¢(x+c¢)
3y 3y
(C) 4x(x + c) (d) 4c(x + C)
[IIT-JEE, 2014]

59. No questions asked in 2015.

Levee I

L®b 2@ 3® 4@ 5 @
6. () 7. () 8 (d 9 (@ 10. (a)
1. (b) 12. (¢) 13. () 14. (c) 15. (a)
16. @ 17. (@ 18. (b) 19. (¢)  20. (c)
21. () 22. (b) 23.(d) 24. () 25. (b)
26. (¢) 27. () 28. (b) 29. (c) 30. (c)
3. (b) 32, (@ 33.(d) 34 (c) 35 (d)
36. (b)  37. (¢) 38 (c) 39. (d) 40. (b)
41. (c) 42. (c) 43. (b) 44. (c) 45 (d)
46. (d) 47. (d) 48. (@) 49. (b)  50. (a)

INTEGER TYPE QUESTIONS
1. 8 2.1 3.9 4.3 5.2
6. 5 7.1 8.9 9. 2 10. 2

COMPREHENSIVE LINK PASSAGES

1. (d) 2. (b) 3.(d) 4. (c) 5. (b)
1. d) 2. (a 3. (b)

Passage I:
Passage II:

Passage I1I:
Passage IV: 1. (c) 2. (a) 3.(a) 4. (c) 5. (a) 6.(c)
Passage V: 1. (a) 2. (d) 3. (a) (a) 5. (b)

MATRIX MATCH

(A) = (R); (B) =(Q); (C) =(P); (D) — (P)
(A)= (R); (B)= (R); (C) = (R); (D) = (P)
(A) = (Q); (B) = (P); (C) = (R); (D) = (S)
(A)= (Q:(B)—=>(P);(C)— (R); (D)—(P)
(A)—>(R); (B)=(P, Q); (O)—(P);(D)— (P, Q).
(A) = (R); (B) = (R); (C) = (R); (D) = (Q)
(A) =(R); (B)=(S); (O)—=(P); (D)= (R)

(A) = (Q; (B) = (R); (C) = (P); (D) = (S)
(A) = (R); (B) = (Q); (C) = (P); (D) = (S)
(A) = (Q); (B) = (P); (O) = (R); (D) > (Q)
(A) = (Q); (B) = (5); (C) > (P); (D) = (S)

R0 XN R W=

—_ —

ASSERTION AND REASON
1. (a) 2. (b)

6. (b) 7. (c)
11. (a) 12. (a)

3. (a)
8. (a)

4. (d)
9. (a)

5. (a)
10. (a)

HINTS AND SOLUTIONS

Levee 1

a’>-b* sin(4- B)

1. We have ———=—
a”+b” sin(4+B)

a*—b> _sin (A4 - B)sin (4+ B)
a*+b* sin®(A4 + B)

a’-b? _ sin’A —sin’B
a*+b*  sin®(m-0)
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a’-b* _ sin’4 —sin’B

= =
a*+b* sin’C
- at b k*(a*-b?)
a*+b* k*c?
N az—bzz(az—bz)
a*+b* c?
2 .2 1 1
= a —-b -——1=0
( )[az+b2 czj
P 1 1
= a - —b")=0, -—|=0
( ) (a2-i-b2 c?
2 .9 1 1
= a =b", =—
a+pr &

= a=bdad+b=¢

Thus, the triangle is isosceles or right angled.

2. We have
sin(B-C) :sin(B—C) ><sin(B+C)
sin(B+C) sin(B+C) sin(B+C)
_ sin®(B) —sin*(C)
~ sin? (B+0O)
_ sin?(B) —sin*(C)
T sin¥(zm - 4)
_sin’(B) —sin*(C)
 sin(4)
k*b* — k*c?
ka?
br-c?

a2

3. We have
ZC=180°-(4+B)
= 180° — (45° + 75°)

=180° - 120°
= 60°
From the sine rule, we can write
a b c

sin4d sinB sinC

a _ b _ c
sin (45°) sin (75°) sin (60°)
a b = = k(say)

ey _—
1 341 BB

V22 2

Now, a + cﬁ

5.31

=2b
4. Now,
a’sin (B—C) _ aksin Asin (B —-C)
sinB+sinC  sin B+sinC
_aksin (B+C)sin (B-C)
B sin B +sin C
. k[sinz.(B) - s%nz(C)J
sin B +sin C

= ak(sin B — sin C)
=k sin A(sin B — sin C)
= k(sin 4 sin B — sin 4 sin C)

Similarly,

20 _
O (C=A) _ isin B sin C - sin A sin B)
sin C +sin 4

2. _
and M =k(sin 4 sin C —sin C sin B)
sin A +sin B

Thus, LHS

=k{sin A sin B —sin 4 sin C + sin B sin C
—sin 4 sin B + sin 4 sin C —sin C sin B]

=0
5. Now,
p*—c?  k*(sin’B -sin’C)
cos B+cos C cos B+cos C
_ k*(1-cos’B —1+cos’ C)
cos B+cos C
_ k*(cos’B — cos® C)
cos B+cos C
=—k*(cos B—cos C)
Similarly,
- a?
————=—k*(cos C—cos A)
cos C +cos 4
242
and _azhr —k*(cos A —cos B)
cos A+cos B
Thus, LHS

=—k*[cos B—cos C+ cos C—cos 4]

cos A —cos B
=0
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6. Given,
a?, b2, ¢* are in AP
b*—a*=c*-b?
sin® B —sin? 4 = sin’ C — sin* B
sin (B + A) sin (B —A4)
=sin (C + B) sin (C— B)
=  sin C(sin B cos 4 — cos B sin 4)

= sin A(sin C cos B —cos C sin B)
Dividing both the sides by sin 4 sin B sin C, we get,
= cotd—-cotB=cotB—cotC
=  cot4, cot B, cot C are in AP

tu

7. We have
(A) b+c
cot| — |[=——
2 a
(A) sin B +sin C
= cot|—|= -
2 sin 4
. (B+C B-C
y 2 sin 2 cos 7
= cot(—)= -
2 sin A4
. (m A B-C
4 2 sin 5—5 cos 7
= cot(—jz
2 . (A) (A)
2sin| — |cos| —
2 2
A B-C
2 cos E) cos 2
= cot(—j . (A) (A)
2sin| — |cos| —
2 2
B-C
2) (A)
sin| —
2
(5) (3]
cos 2 cos 2
T ow(2) (Y]
sin| — sin| —
2 2
(3)=e=(*3°)
= cos|—|=cos
2 2
A B-C
= @ —=—
2 2
= A+C=B
= 2B=A+B+C=180°
= B=90°
Thus, the triangle is right angled.
8. Given,

a, b%, c? are in AP.

b—at=c-b

sin? B — sin? C = sin* C — sin? B

sin (B + A) sin (B — 4) = sin (C + B) sin (C- B)
sin (C) sin (B — A) = sin (4) sin (C — B)

Trigonometry Booster

sin (B—A) _sin (4)
sin (C—B) sin (C)
sin (4) _sin(4-B)
sin (C)  sin (B—C)

9. We have

sinA4 +sin A+1 . 1
H ———— | =|sin 4+ — +1
sin A

sin 4
. 1
sin B + — +1
sin B

(sinC+ .1 +1)
sin C
>2+DHR+DHR2+1)=27
(applying AM = GM)
10, Let — 4 = b _ ¢ _4
sinA sinB sinC
‘We have,

b+c _ k(sin B +sin C)

a ksin A
_ (sin B+sin C)
sin 4
.(B+C) (B—C)
2 sin cos
_ 2 2
2 sin (A) cos (A)
2 2
(7[ A) (B—C)
2sin| ——— |cos
_ 2 2 2
2sin(A)cos(A
2 2
(3)e=s("5°)
2cos| — |cos
2 2
A

a b c

11. Let — =— =— =
sin4A sinB sinC

We have, amr= 51;2(3 ; )
-c
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_ ksin 4-sin (C - A4)

 k*(sin’C - sin’4)

_sin(B+C)-sin (B-C)

" k(sin®B —sinC)

_ (sin?’B-sin®C) _ 1bsin (C - A)

 k(sin®B-sin®C) kA -d

_ ksin (C + 4)-sin (C — 4)

© K(sin®C —sin4)

_ sin’C—sin’4 1

 k(sin®C —sin®4) k&

Also,
csin(4—B) _ksinCsin(4-B)
- K (sin’4 —sin*B)

_sin(4+ B)sin(4-B)
"~ k(sin’4—sin’B)
_ sin’4 —sin’B
~ k(sin?4 —sin’B)

1
k
Hence, the result.
12. Given,
1+ cos(A—B)cosC
I+cos(A—C)cos B
_1+cos(4-B)cos(m—(A4+B))
" 1+cos(A—C)cos (m—(A4+C))
_1—cos(4-B)cos(4A+B)
" 1-cos(A-C)cos(4+C)
_ 1-{cos’4 —sin’B}
- {cos®4 —sin’C}
_ sin’4 +sin’B
~ sin?A +sin’C
_ a*+b*
Cat+ el
13. Given,

cos A+ 2cos B+cos C=2
= cos A4 +cos C=2(1—-cos B)

A+
= ZCOS(

2
(n B) (A—C) .2(19)
= cos| ———|cos =2sin”"| —
2 2 2 2
(3 Jems(455)2907(3)
= sin| — [cos =2sin"| —
2 2 2
A_Cj=25in(£)
2

o . B
Multiplying both sides by 2 cos > ) we get,

(3 )eos(*
= 2cos E cos

= Cos (

e 5 ()

) 22

B

)

14

15.

ZSin(A;C)cos(A_CjzzsinB

5.33

= 2
= sind+sinC=2sinB
= atc=2b
= a,b,carein AP
We have
cosA+cosB+sinAdsinBsin C=1
1_.COSA.COSB=SinC
sin A sin B
- 1—.cos A_COSB=sinCS1
sin 4 sin B
= 1-cosAcosB<sinAsinB
= 1< cosAcosB-sinAdsinB
= cos(4-B)=>1
= cos(Ad-B)=1
=  cos (4 —B)=cos (0)
= A-B=0
= A=8B
Therefore,
sin C = 1 —.cos A.cos B
sin A sin B
_l—cosAcosA_1—cos2A_sin2A_1
sin 4 sin A sin’4 sin’4
= (C=90°
Hence, 4 =45°=B, C=90°
Now, .a _ 'b _ .c
sin4d sinB sinC
a b  c
sin 45°  sin 45°  sin 90°
a b ¢
O T T
NN
- a b ¢
1 1 2

=  abc=L142
Hence, the result.
We have,
a(b cos C—c cos B)
= (ab cos C — ac cos B)

[az-i-bz—czj (az+cz—b2
=ab —ac
2ab 2ac

_(az-i-bz—cz)_(az-i-cz—sz
2 2

=%(a2+b2—cz—a2—cz+b2)

1

=5(b2—cz—c2+b2)

1 2 2
=5(2b -2¢%)
=~

Hence, the result.

)
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cosd cosB cosC
+ +

16. We have
a b c
:ﬁ(b2+cz—a2+a2+cz—b2+a2+b2—cz)
abc
_(a2+b2+c2)
2abc
17. We have

(a — b)*cos? (%) +(a + b)*sin’ (9)
<
2

=(a+b*) = 2ab cos C
2,32 2
=(a+b?)- 2ab(m)
2ab

=(a+b*)—(d®+b* =)

18. We have
(a+b+c)a—b+c)=3ac
= (a+c)-b*=3ac
= a+c*-b*=3ac—2ac=ac

a*+c? - b? _ac 1

=

2ac 2ac 2

= cosle
2

= B==
3

Hence, the angle B is 60°.

19. We have 2 cos B _
c

2(a2+c2—b2)=£
2ac c

=
(a2+c2—b2)

= - |=a
a

= (@+F-P)=d

= (-=0

= 2=

= c¢c=b

Thus, the triangle is isosceles.
20. Given, (a+b+c)b+c—a)= Abc
{(b+c)—a*} = Abc
P>+ —a*)=(A-2)bc
b+t -a’) (A-2)bc _A-2
2bc 2bc 2

Trigonometry Booster

2<A-2<2
0<A<4
21. Given, 4, B, C are in AP
2B=A4+C
3B=A+B+C=nm
T

B==
3

cos B =cos (E) =
3

a’+c*-b?

1
2ac 2

0o | =

aZ+ct-b=ac

P+ —p=h

20 =a*+ &

a, b*, c* e AP
22. Given, O be the origin and ZPOQ = 0
I 9

A

<
« >

Y

OP* + 00? - PQ?
20P-0Q
(af + b))+ (@3 +B3) = {(ay— ay)* + (b — by)*}
2\a} + b} -\Jad + b3

B 2(ayay+ bb,)

2\/alz+b12 -\/a§+b22

(@, + bb,y)
JaZ+57 -+ b

23. Given, cot 4, cot B, cot C are in AP

Now, cos 6 =

cos 0=

cos A cos B cosC

sin 4 sin B’ sin C
b’ +c?—a* a®+cf-b P+ -
2abck ~  2abck °  2abck
B+ -ad), (@ + -0, (@+ b - e AP
Subtracting (a@* + b* + ¢?) to each term
(-2a?), (2207, (-2¢2) € AP
a*, b?, c* € AP

24. Let c= \/az +ab+b*

Clearly, side c is the greatest
Thus, the angle C is the greatest.

e AP
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Now, cos C= M
2ab
_a’+b’—(a’+ab+b?)
B 2ab
_ ab 1
T2ab 2
Thus, £C =277[

25. WehaveacosA=>bcos B

(b2+cz—a2j (a2+cz—b2)
a =b
2bc 2ac

a(b2+cz—a2j_b(a2+cz—b2)
b a

BB+ — ) = b — - b?)
A — a?) = b¥(c* - b?)

@ —-b)=(a*-bY

c(a® - b= (a® - b)(a*+ b?)
(@-)(@+b—-cH)=0
(@-)=0,(@+b)=c
a=b,(@+b)=¢

L A

Thus, the triangle is right angled isosceles.

26. Since the angles are in AP, so 4 + C=2B
A+B+C=3B

3B =180°

B=60°

LA

1
cos B =cos (60°) = 5

a+ct-p* 1
= @ — 7 —_
2ac 2
= a&+ct-b=ac
= a&+ct—ac=b
Now, RHS
a+c

\¢a2—ac+cz

a+c
b
_ k(sin A +sin C)
B ksin B

() 4)
(]

wl2)e(5)
2ol
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[3°)
cos
_ 2
(3)
sin| —
2
[3°)
cos
_\ 2 )
. (60°)
sin
2
:2cos(A_C)
2

27. We have

2
(b ] sin 24 =

b2

j(2 sin A4 - cos A4)

.
(2 j[ (b2+20bc zjj
R

=ﬁx{<b“ cH-a*(b’-c*))

Similarly,

2 2
(%jxsng—#x{(c —a*)-b*(*-a’)}

kab
242
(a b ]sinZCand

2

c
1
ZWX{(CI b - (@ =)}
22 2 2
Thus, (b_zcj sin 2A+(c 2a jsin 2B
a b
22
2b )sinZC
c

L S

kabc
b - a) =B - )
1 4 2 52
+—x -b -b
e {(a*-b"-c*(a )}
_ ! x[(b*-ct+ct—at+a* - bY)
kabc
— az(cz _ bz) + bz(az _ Cz) + Cz(bz _ az)]
=0
28. Given,
ZA=60°

=  cos 4 =cos (60°)

= cos A=—
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pr+ct-a* 1
= i
2bc 2
= B*+E-a)=b ...(0)
Now,

s

b+c+a)(b+c—aj
c b

VY
ot
+

(SRS
+

| o

N—

/N
—_
+

| o
|
|

N—

Il

c b b

_(b2+cz—a2+2bc)
bc
:(Mjﬁom(])
bc
()
bc
=3
29. Given, + ! = 3
a+c b+c a+b+c
a+b+c a+b+c
+ =3
a+c b+c
a
= 1+ +1+ =3
a+c b+c
b a
= + =1
a+c b+c

= bbt+tc)talatc)y=(@a+c)(b+c)
= b +bc+a*tac=ab+ac+ bc+c?
= &+bhP-c*=ab

2,42 2
Now’ cos(C) = (MJ
2ab
_ab 1
2ab 2
= =2
3
30. We have
2cosA 2cosB 2cosC 1 b
+ + =—+—
a b c bc ca
2bccos A accosB 2bccosC
= + +
abc abc abc
_a b
abc  abc
=  2bccos A+ accos B+ 2bc cos C
— a2 + b2

= (b2+c2—a2)+1(a2+c2—b2)
+(a2+bzic2):a2+b2

Trigonometry Booster

= 202+ +aP-b0=0
= a=p+
AABC is aright angled triangle at A
Thus, Z4 = 90°
31. We have

oosit(§)esne(7))
~(2asw(S) v 2eso(2))

=a(l —cos C) + ¢(1 —cos A)
=a+c—(acos C+ccosA)
=(a+tc-Db)

32. We have

(o )ees(2)
(aveo(E)r2eeo(2)

=b(1+cos C) +c(1 +cos B)
=b+c+(bcos C+ccosB)
=(b+ct+a)
=(at+tb+o)
33. We have
(b+c)cos A+ (c+a)cosB+(a+b)cosC

=(bcosA+acosB)+(ccosA+acosC)
+ (b cos C+ccos B)

=(ct+b+a)
=(a+tb+o)
34. We have
c-acos B gcos B+bcos A—acos B
b—acosC  ¢cos A+acosC—acosC
_bcos 4
~ccos A

35. We have

2 (a sin? g +csin® é)
2 2

oz ) ool 25m(2))

=a(l —cos C) + ¢(1 —cos A)
=a+c—(acos C+ccosA)
=atc-b



Properties of Triangles

36. We have
cos A cos B

+
bcosC+ccosB ccosA+acosC
cos C
acos B+bcos A

cosd cosB cosC
= + +

a b c

_(b2+cz—a2)+(02+a2—b2)
2abc 2abc
(a2+b2—c2)
+—
2abc

1 2, 2 2
2abc i ¢’=a)

+(P+a* =) +(@*+ b - ?))
_ (@*+b*+ %)
2abc

37. We have
2(bc cos A+ ca cos B+ ab cos C)
=2bc cos A+ 2ca cos B + 2ab cos C

2, 2 2 2, 2 42
_ Zbc(bﬂ_aj s w[uj
2bc 2ac

a*+b* - c? j
2ab
=(bz+czfa2)+(a2+csz2)+(a2+bzfcz)
=@+ b+
38. As we know that,

an( 25 )= (25 Jeor (£
(Bb-ei-b), (o)

= Lcot (30°)

NE)
1
=—X \/f;
NG
=1
39. As we know that,

w553 (3)
- (T )e(S)
=  tan (45°)=(2 —/3) cot (g)

4 1
= cot(z)—(z_\/g)—(2+x/§)

=  cot (g) = cot (15°)

+2ab(

40.

43.

= A=30°
Hence, the angle 4 is 30°.
Given,

cos(A—B)=

5
= 2005{#)—1:

= C=

Hence, the value of C is %
‘We have
2s=a+b+c=13+14+15

13+14+15 42
S:—:—:
2 2

() sing = [s=Ds=¢) bgis —9)

\/(21 —14)(21-15)
14.15

_ |76 _ 1

1415 5

() cosa= [
2 be
_[218

21

[2121-13)
14.15

[21

14.15

2

—_—

N

5

Py

5.37
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(i) cos A=2 cos? (gj -1

=z(i -
5

-5

OO

5
44. We have cos( ) 4/

\/s(s -a) \/bj

be \ 2
s(s—a) b+c

be  2c
2s(2s —2a)=2b(b + ¢)
(a+b+c)b+c—a)=2bb+c)
((b+ce)—a®)=2b(b+c)
b*+ c*—a*=2h
a+ b= c?

Thus, the triangle ABC is right angled at C.

45. We have

b cos’ (gj + ¢ cos’ (E)
2 2
:b(s(s —c))+c(s(s —b)j
ab ac

=i(s—c+s—b)
a

3
5

Lo U

=Z(s—c-b)
a

=Za+b+c—c—b)
a

=S

46. We have

be cos? (é) + ca cos® (é) + ab cos? (g)
2 2 2

_ bc(s(s —a))+ Ca(s(s _b))+ ab(s(s -c)
bc ca ab

=s(s—a)+s(s—b)+s(s—c)
=s(B3s—(a+b+c))

=5(3s —2s)

=sXs

=

47. We have 2ac sin (L;HC)
) (A +C- BJ
= 2ac sin T

.(E—B—B)
= 2ac sin T

=2ac sin (£ - B)
2

)

Trigonometry Booster

=2ac cos B

(a2+c2—b2)
= 2ac| ——
2ac

=(a2+csz2)

48. We have cot (B) cot (g)
s(s—c)

s(s—b)
(s—a)(s - C) (s —a)(s = b)

s(s -b)
a)(S - C)

s(s—c¢)

(s—a)s—-b)

(S—a)

Cs-a

_ 2s

" 2s-2a

a+b+c

a+b+c—-2a

_ 4a

" 4a-2a

=2

49. We have 1 - tan (g) tan (?)

—1— (s=b)s—c) [(s—a)s—c)
s(s—a) s(s—b)

i /(s - c)2
=1 —s2

_ 2c
(a+b+c)

Hence, the result.

50. We have coté + cotﬁ + cotE
2 2 2

_ s(s—a) + s(s—b) N s(s—c)

B (s=b)(s—c) (s—a)(s—rc) (s—a)s—Db)
_ s°(s—a) N s*(s—b)?

B s(s—a)(s—b)(s—c) s(s —b)(s—a)(is—c)

N s°(s—c)
s(s—c)(s—a)(s—b)
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=\/S2(SA—2a)2 +\/S2(SA;b)2 +\/S2(SAZC)2

_s(s—a)+s(s—b)+s(s—c)
A A A

:i(s—a+s—b+s—c)
=2 Bs—(a+b+c))
A

A
=—(3s-2
A(S s)

s
A

52

- \/s(s —a)(s—b)(s—c)

S s(s—a)
C(s—a) \(s=b)s—c)
_2s y s(s—a)

T (2s—=2a) \(s=b)s—c)

(a+b+c¢) (A)
=—=Xxcot| —
(b+c—a) 2

51. Given, coté, coté, cot£ are in AP

(3)=eal)ren(5)
= 2cot| — |=cot|— |+cot| —
2 2 2

~ 5 s(s—b)
(s—a)s—c)
_ s(s —a) N s(s—c)
N (s=b)s—c) \(s—a)s—b)
= 2 Gl B
(s—a)s—c)

_[G=o [ G-o
(s=b)s=c) \(s=a)s=b)

(s=D)s—a)s—c)

_ (s— a)2
N(s—a)s=b)(s—c)

N (s—c)’
(s—a)(s—b)(s—c)

= 2s-b)=(@G-a)t(-c)
= 2s-b)=Q2s—a-c)

= 2b=a+tc

= a,b,ce AP

5.39

52. We have c(a + b) cos B_ b(a + ¢) cos <

2 2
- c(a+b)x,/M=b(a+c)x [ss=¢)
ac ab
= c(a+b)X1fM=b(a+c)x4f(S;—c)
c

= cz(a+b)2XM=b2(a+c)2x¥
c
= cla+tb?x(s—-b)=bla+c)x(s—c)
= cla+tb?x(s—-b)=bla+c)x(s—c)
= cla+tb?x(@atct+tb)=blatcyx(atb-c)
- (a+c—b):(a+b—c)
b(a +¢)? c(a+b)?
1 1 1 1
= — = _
bla+c) (a+c) cla+b) (a+b)’
1 1 1 1
= — - _
b(a+c) cla+b) (a+c)2 (a+b)2
ac+c?—ab-b* (a+b)2—(a+c)2
= =
be(a +b)(a+c) (a+c¢)*(a+b)’
- a(c—b)+(c*=b*) _ 2a(b—c)+(b*—c?)
be ~ (a+c)a+b)
- (c=b)a+b+c) (b—c)2a+b+c)
bc B (a+c)a+Db)
- (c_b)((a+b+c)+ (Qa+b+c) )=
bc (a+c)a+Db)
= (c-b)=0
. (a+b+c)+ (2a+b+c) £0
' be (a+c)a+b)
= b=c

=  Aisisosceles

55. AABC = %xﬁxﬁz\g s.u.

56. We have
a’-b? y sin 4 sin B
2 sin(A4 — B)

_ k*(sin*4—sin’B) _ sin 4-sin B

2 sin (4— B)
=k2><sin(A+B)><sin(A—B)XsinA-sinB
2 sin (4 — B)
_kZXsin(A+B)><sinA-sinB
2

k*x sin (r — C) x sin 4 -sin B
2
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KxsinCx Ex?
kK k

2
1 .
=—XabsinC
2

=A
b c

sin4 sinB sinC

W3+) b

sin (105°)  sin 45°  sin 30°

W3+1) b I

57. As we know that,

= =
cos (15°) sin45° sin 30°
B+) b ¢

—1 _—_—
3+l 11
242 V2 2

= 2J2=b/2=2¢

= b=2andc=+2
. . 1 .
Hence, the area of the triangle is = —bc sin 4

=%><2><x/§><sin(105°)

1 3+l
=5 X 2 X «/5 X 2«/5
58. We have
cot A+ cot B+ cot C
_cosA cosB  cosC
" sind sinB sinC
P+ct-a*> F+at-b P+ b -
_ 2bc + 2ac + 2ab
ak bk ck

_bz-i-cz—a2 A+ad’-b AP +b -
~ 2abck 2abck 2abck
_ a*+b*+
~ 2abck

(@*+b*+c?)

4 X(;ab) x sin C

:(a2+b2+c2)
4xA

Also, cot (é) + cot (E) + cot (gj
2 2 2

_(a+b+o) cot(é)
_(b+c—a) 2

...()

..(i)

> |4

59.

60.

61.

Trigonometry Booster

Dividing (ii) by (i), we get

(3)ren(3) e (5)
cot| — [+ cot| — |+ cot| — 2
2 2 2)_ S

cot (4) + cot (B) +cot (C)  4(a*+b*+c2)

(3)rea(5)rem[3)
cot 5 + cot 5 + cot E _ (a+b+c)2

cot (A) +cot (B)+cot (C)  (a®+b°+c?)

Let a, b, and c are the sides of a triangle and s be the
semi perimeter.

Let the four quantities are s, (s — a), (s — b) and (s — ¢)
Applying, AM > GM, we get

s+(s—a)+(s—-b)+(s—¢)

=
4
> 4fs(s —a)(s —b)(s —¢)
N 4s—(a+b+c)24A2
4
- 1
- 4s 2S2(A)2
4
s 1
= —2(A)?
> (4)
2
= A<s—
4

LetAD= o, BE=Band CF=7y

Then,A=%xa><AD=%><beE=%><chF

up=22 pp-28 cp_28
a b c
2A 2A 2A
= a=—f=—y="-
a b c

2 b2 c2

+ +
4NT 4N 47
(@*+b*+ %)

4A?

2 2 2
1 ><(a +b°+c%)

A 4A

|
:Xx(cotA+c0tB+cotC)

_ (cot A+ cot B+cotC)
A

Hence, the result.
LetAD=p , BE=p, and CF = p,

1 1 1
Then, A=—XaX pj=—XbX p,=—XcX
B y21 B D> B Ps3

24 2A 2A

b= a :p2:7>p327



Properties of Triangles

Now,
1 1 1 a b c

PPy Py 2A 2A 2A
_(a+tb-c)
T 2A
_(a+b+c—2c)
B 2A
_(2s-20¢)
2A
_(s—o0)
A
:2ab><s(s—c)x 1

AXs 2ab
_ 2ab « s(s—c)
AXs 2ab

2ab 2 (C)
=———XCcos“| —
(a+b+c)A 2
62. We have

(a=b*+(b—-cP+(c—dF=0
2(a* + b* + ¢*) 2 2(ab + be + ca)

3@+ +)>(atbtce)}>d
2 2 2
3(a +;2 +c )>1
(@*+b*+c*) 1
d—2>_
(@®+b>+?)

Thus, the minimum value of T— is

L uul

63. We have

cosA+cosB+cosC=%
. (A . (B). (C 3
= l+4sin|—|sin|—|sin|— |=—
2 2 2 2
. (A) ' (B) ' (
=  sin|— |sin| — |sin
2 2

It is possible only when

(Aj .(Bj 1 (cj 1
sinf — |=—,sin| — [=—,sin| — |[=—
2 2 2 2 2
A m B n C =«
= —:—’—:—’—:—
2 62 62 6
> 4=Zp-Zc-Z
3 3 3
=  Ais an equilateral.
64. Here,
A—lx X py=—Xqg X —lxrx
5 pXp 2 q X py 5 D3
2A 2A 2A
p=—,qg=—,r=—
P b> D3

3@+ b+ )2 (P + b2+ )+ (2ab + be + ca)

From sine rule of a triangle,
sinP_ sinQ sinR
P q r
Given sin P, sin Q, sin R are in AP
= p,q,re AP

2A 2A 2A
—,—,—€AP
b Py P3

65. In AABC, A= % X ac sin (£B)

= (6+2\B)=%x2(ﬁ+1)xcxi

V2
c:ﬁ(6+2ﬁ)

B +1)

2323 +1)
c=——F———

3 +1)

= C=2\/g
2

Now, cos B = ﬂ

2ac

1AW+ +24- 0
V2 22(3+1) 246
=  4WB+1)2+24-p2 =8B B +1)
= 4(4+2V3)+24-b*=83+3)
= b=16
= b=4
66. Let ZB=30°, £LC=45°
So, Z4 = 180° — (30° + 45°) = 105°
From sine formula, we can write

a _ b _ c
sin (105°)  sin (30°)  sin (45°)
WB+) _b_ ¢

B 1L
55) = &
22 =2b=c\2
b=x/§,c=2

Thus, area of triangle ABC is
1
=—bcsin 4
2

:%xeﬁXSin(losc’)

=%x2x\/§x[\/2§—\/glj
(1)
2

5.41

67. Suppose, AC=2,4AB=5,BC=x,CD=yand £LBAD =

60°



5.42

Area of AABC = % -5-2-sin (60°)

53
2
Also, from AABC,
_ 2
cos (607 = 2374~ BD
2:5:2
_29-BD*
20
29-BD* 1
20 2
= BD*=19
= BD=A19

Since 4, B, C, D are concyclic, so
ZBCD = 180° — 60° = 120°
Then, from ABCD,

cos (120°) =
2xy
2xy 2
x2+y2—(x/ﬁ)2 .
Xy

= xX+y*+xy=19
Again, area of ABCD

Ly

xX-y
2 2 4
Thus, area of quad. ABCD = 43

ﬁ+@=4«/§

2 4
= §+x_y=4
2 4
= ﬂ=4_§_§
4 2 2
= xy=6

From (i), we get
xX2+3y?2=13
= x=3,y=2

242 - (19

Trigonometry Booster

68. Since AD is the median, so BD : DC=1:1

69.

70.

A
90° \1 -90
90° + B
B D

Clearly, £ZADC =90° + B.

Now, applying m : n rule, we get,
(1+1)cot(90° + B)=1"-cot(90°) — 1 - cot(4 — 90°)

= 2tanB=0-(-tan 4)
= 2tanB=tan4
= tand+2tanB=0

Hence, the result.

1 1 1
—,—,—€AP
P Py P3
=  DPpPpP; € HP
Thus, the altitudes are in HP

A
6
C D B
By m : nrule, we get
(I1+1)cotO=1-cotC—1-cotB
= 2cotf@=cotC—cotB
- zcote_a2+b2—c2_a2+c2—b2
2absin C 2absin B
- 2cotg_at2+b2—(:2_a2+cz—b2
4A 4A
22
= 2cot0 207 =)
4A
22
= cot0=(b ¢
4A

Hence, the result.

Clearly, the triangle is right angled.

(182 +242=30%
Thus, the area of the triangle

:%x24x18:12x18

Therefore, the circum-radius
=R
_abc
Tan
_18x24x30
C 4x12x18
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71. As we know that,
a

- =2R
sin A4
= R = i
sin (60°)
= R= =2

Hence, the circum-radius is 2.
72. Leta=3,b=4andc=5
Clearly, it is a right angled triangle

1
Thus, A=E><4><3=6sq.u

Hence, the circum-radius R
_abc
C4A
_3x4x5
6
=10

73. We have

8R*=a’+ b* + ?8R? = (2R sin 4)* + (2R sin B)?
+ (2R sin C)?

sin? 4 +sin? B +sin> C=2

1-cos’?A+1—-cos’?B+sin?C=2

cos2 A—sin> C+cos?B=0

cos(A+C)cos(4—C)+cos*B-0

cos (r—B) cos (4—C) +cos?B=0

cos Bcos (A—C)—cos* B=0

cos B(cos(4—C)—cosB)=0

cos B(cos(A—C)+cos(4+C)=0

cosB-2cosAcos C=0

cosA=0,cos B=0,cos C=0

tuossgsuuLly

AzzorBzzorsz
2 2

Thus, the triangle is right angled.
74. We haveacos A+ bcosB+ccosC

2R(sinA4 - cos A +sin B - cos B+ sin C - cos C)

E[Z sinA-cosA+2sinB-cosB
2 + 2 sin C cos C]
= R(sin 24 + sin 2B + sin 2C)
R(4sin4 - sin B - sin C)
=4RsinA -sinB - sin C
75. We have

A=%xaxbxmnc

= A:%X2RsinAx2RsiansinC

= A=2R?>-sind-sinB-sinC

5.43

76. We have
sin4d sinB sinC
+ +
a b c
sin 4 sin B sin C

= + +
2Rsin A 2RsinB 2RsinC
1 1 1
=t —t+—
2R 2R 2R
_3
2R

71. LetAD =p,, BE=p, and CF = p..
Then,

Now,

1 1 1 a+b+c
—t—t—=
P Py P 2A

__ 2R(sin A+sin B +sin C)

2A

R . . .
S% (wsind<1,sinB<1,sinC<1)

1 1 1
78. Here, A=—ap,=—bp,=—c¢
2 Dy ) P> ) P3

24 27 2A

D= a 5p2:7ap3:7
Now,
1 1 1 a+b+c
—_——t—=—
P Py D3 2A
2
2A
-5
A
1
r
79. We have
cosd cosB cosC
+ +
)2 )2 P3

=L(acosA+bcosB+ccosC)
2A

2R sin 4 cos A + 2R sin B cos B
+ 2R sin C cos C]

:ﬂ[
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R . . .
=—(sin 24 +sin 2B +sin 2C)

2A

R . . .
=—-(4sin A4 sin B sin C)

2A

= %(Sin A sin Bsin C)
= 2R X (ij X (i) X (sin C)
A 2R 2R

= L(lab sin C)
AR\ 2

X A

1
AR
1
R

80. We have
cos C cos C

VAR =2 J4R? - 4R*sin*C
_ cos C
 Jar*(1=sin’C)

cos C 1
“2RcosC 2R

81. We have
1
A=—Xp, Xa
) P

_28
a

y41

Similarly,
2A 2A

Pz—T,I%—T

Now,

3
p1p2p3=&
abc

)
_ 4R

abc
_ a’bh*c?

SR’

82. We have
1
A=—Xp,Xa
> )4

2A
phh=—
a

- 2A 2A
Similarly, p,= > Dy=—
c

Now, PP, P2, 9Ps
c a b

Trigonometry Booster

2Ab  2Ac  2Aa
==
ac ab bc

:2A(£+i+i)
ac ab bc

C2A(B*+ P+ a?)
abc
(@ +b+ )
2R
83. Given, O is the circumcentre of AABC
A
c b
B
B a C

Let, ar(ABOC) = A, ar(A40C) = A,
and ar(A4OB) = A, respectively.

OB-0OC-a _aR’

NOW, Rl = =
4(ABOC) A,
a 4A
R R
Similarly, 2 =482 ¢ _ 44

R, RR, R

b
Now,i+—+i
R Ry Ry

4
=F(A1 +A,+A;)

_4A

TR

_ 4 abe_abe
RZ 4R R3

asecA+bsecB+csecC_2
tan A tan B tan C

84. We have
asec A+bsec B+csecC

tan A tan B tan C
_ 2Rsin A sec A+ 2R sin B sec B + 2R sin C sec C
B tan A4 tan B tan C
__2Rtan A+2R tan B+ 2R tan C
B tan A4 tan B tan C
_ 2R(tan 4 + tan B + tan C)
B tan A tan B tan C
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85.

86.

87.

88.
89.

89.

_ 2R (tan 4-tan B - tan C)
"~ tan Atan Btan C
=2R
We have
acosA+bcosB+ccosC
=2R(sin 4 cos A + sin B - cos B+ sin C - cos C)
=R(2sinAcosA+2sinB-cosB+2sinC-cosC
= R(sin 24 + sin 2B + sin 2C)
=R(4sin 4 - sin B - sin C)
=4(Rsin A4 - sin B - sin C)
4+6+8=9

Here, s =
Area of a triangle
=/s(s —a)(s = b)(s — c)
=909 -4)(9-6)(9-8)
= J9x5x3x1=315

Hence, the in-radius

_r_é_sdﬁ_\ﬁ
s 9 3

Clearly, it is a right angled triangle

So, its area = %x18x24:9><24

S_18+24+30_Zg_
2 2

Thus, in-radius = r = é = 9x24 =6

Do yourself. § 36
Two sides of a triangle are 2 and V3 and the included

1
E(ﬁ—l).

and 36

angle is 30°, then prove that its in-radius is
We have area of the triangle

=A=%x2x«/§xsin(30°)

3

2
Also, a*>=b>+ c*—2b cos A
a®=4+3-2%2x%+/3 xcos(30°)

3

02:7—2X2X\/§X7

ad=7-6=1
a=1
a+b+c 1+2+J§ 3+J§
Now, s = > = > = 5

Hence, in-radius

A
—p==
S
NE)
_ 2 _ 3
3+3 (B3 +3)
2
_ 1By
S W 2
90. We have
abe 3 3
R_ap_a s_d 3a
r A AT A 4AT2A
s
_3a4 1
T8 A
3¢ 1 34" 16
=24 w - = — =2
8  3q* 8  3a*
16
91. We have
L.,.L i:a+b+c
ab bc ca abc
2s
4AR
A
__r
" 2AR
1
~2rR
92. We have

cos A tcosB+cosC

=200s(£—£jcos(A_ )+cosC
2 2 2
=2sin(£)cos(A_B)+cosC
2 2
=2sin(£)cos(A_B)+1—Zsin2 —)
2 2
(5 )[e(#57) ()
=1+2sin| — || cos —sin| —
2 2 2
. (C A-B A+ B
—1+2sm(—)[cos( )—cos( D
2 2 2
=1+2sin(g)(Zsin(é)sin(ED
2 2 2
=1+4sin(£)sin(£)sin(£)
2 2 2

5.45
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93. We have,
sinA+sinB+sinC=i+i+L
2R 2R 2R
_a+b+c
2R
_2s
TR
s
"R
A
_r
"R
A
TR
94. We have
acotA+bcotB+ccotC
:{2RsinAXC95A+2RsinB><C9SB
sin 4 sin B
+2RsianCf)SC}
sin C

=2R(cos A + cos B+ cos O)

= 2R(1+1)
R

=2(R+r)
95. We haver =R

2 2
2 sin (éj {2 cos (E) cos (2)} =1
2 2 2
. (Aj{ (B+Cj (B—C)}
2sin| — [{cos + cos =1
2 2 2
(B+C){ (B+Cj (B—C)}
2 cos cos +cos| — [ =1
2 2 2
2 cos’ (ﬂ)+{2cos(3+c)cos(ﬂj}=l
2 2 2
(1+cos(B+C))=cos(B)+cos(C)=1
cos (B) + cos (C) =—cos (B+ C)=cos 4

Hence, the result.
96. We have

(b+c)tan (g)

=2R (sin B +sin C) tan (g)

:2RXZSin(B+C)cos(B_C)Xtan(éj
2 2 2

sin(A)
:2Rx2cos(é)cos(3_cjx 2
2 2

=g

97.

98.

99.

Trigonometry Booster

B—C) ) (A)
XSsm| —
2 2
B—C) (B+C)
XCOoS| ——
2 2

=2R X (cos (B) + cos (C))
Thus, LHS
=4R(cos A + cos B+ cos C)

= 4R(1+1)
R

=2R><2cos(

=2R><200s(

=4R+r)
We have
R= C = - ¢ = E
2sinC  2sin(90°) 2
c=2R

Also, r=(s —c) tan (%)
r=(s—c)tan (45°)=(s—c¢)
2r=02s-2c)=(a+tb+c—2c)
2r=(a+b-c)
2r=(a+b-2R)
2(R+r)=(a+b)

We have

2A ZB ZC
cos’— +cos*— + cos®—
2 2 2

1 A B
= —(2 cos’ (—) +2 cos? (—) +2cos? (ED
2 2 2 2
=%(1+cos(A)+l+cosB+l+cos C)

1
= 5(3 +cos (4)+cos B+cos C)
= 1(3 + (1 + LD
2 R
oy
2 R
-(2+ 2]
2R
Let O is the circum-centre and OD =x, OE =y, OF =z.
respectively.

Also, OA=R=0B=0C
We have x = OD = R cos 4

=

=— -cos A=
2sin A 2tan 4

tan 4= a4
2x

Similarly, tan B = b and tan C = —
2y 2z

As we know that, in a AABC,
tanA4 +tan B+tan C=tan 4 - tan B - tan C
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iicabc

2 2y 2z 2x 2y 2z
b ¢

a
= —+—4-=
X y z

100. We have

a-b-c
4.x.y.z

_OB-OC-BC R-R-a_R’a
' 4A0BC 40, 4A
a _4A

R R

Similarly, i = % an £ _ %
RZ R R3 R
Thus,
a b ¢ 4\ 4A2 4A,
- 4 4 =1 4+ —=
R R R R R2 R?
CAA+H A+ A)
= T
_4A
R
_4A
R
101. LetAD=p , BE=p, and CF = p,

1 1 1
Then, A= Eapl = Ebpz =5Ds

2
2A 2A 2A
= Pr=—FP3=—
a b c
We have pl'pz'pSZE'%'%
a b ¢
_8A°
abc
()
__\4R/
abc
102.
A
A
2
r r
i
R e
B N 2 2 (O~ C
Since IA is the internal angle bisector of £4, so we can
write
AB _ BD
AC DC

BD_A4B _c¢
DC  AC b

103.

104.

(a+b)sm( )

DC b
= —+1=—+1
BD c
BC b+c
= _—
BD c
- Bp=-%
b+c
In AdBD, — 22 __AD
) (A) sin B
sin| —
2
N AD=BDsmB
n(3)
sin| —
2
acsin B
(b+c)sm( ) (b+c)s1n(A/2)
similarly, BE = 3
c+a)sin| —
€+ (2)
and CF=————

Now 2s=a+b+c=18+24+30="72

= 25s=72
= 5=36

We have A =./s(s —a)(s —b)(s —c)

= \/36(36 —18)(36 —24)(36 —30)

=,/36x18x12x6
=36 x9%x12x12

=6x3x12
=216

Thus, =
s—a

r=

A 216 216
and p=——=——"—=—+
36-30 6

§—cC
I 1 1 s—b
+ +

s—a

A 216 216
T36-18 18
A 216 216
s—b 36-24 12

=12

=18

=36

§—C

—t+—+—=

5.47



105. b-c c¢c—a a-b
n ]
_(b—c)(s—a)+(c—a)(s—b)+(a—b)(s—c)
A A A
1
=—[s(b-c+c—a+a-b
A[s( c+c—a+a->)]
1
—Z(ab—ac+bc—ab+ca—bc)
=0-0
=0
106. Given, S=¢=b=¢
s—a a-—b
2s—2¢ b-c
= =
2s—2a a-b
a+b—-c b-c
= =
b+c—a a-b
a+b—c b+c—a
= =
b-c a->b
= 2 v1=—21
b-c a—>b
= ¢ + a =2
a-b b-c
- c(b—c)+a(a—b):
(a=b)(b-rc)
be—c*+a*—ab
- _
(a=b)(b-c)
= bc—c*+ad?—ab=2(ab—ac— b*+ bc)
= 20P-b-c+a*—-3ab+2ac=0
107. We have

o G

(-2 (1220
)
=)

(a—-b)a-c) _9

(s —a)’
(a—b)a—c)=2(s—a)’
2(a—b)a—-c)=4(s—a)*=(2s —2a)’
2(a—b)a—-c)=(b+c—a)
2(a*— ab — ac + bc)

=a>+ b+ c*+2bc —2ab - 2ac

@+ b =c?

Thus, the AABC is a right angled.

Trigonometry Booster

108. We have
rotr,tr—-r

3 { A A } { A A}
= + + -=
(s—a) (s—b) (s—¢c) s
A(s—b+s—a) A(s—s—+¢)
{ (s—a)(s—Db) } { s(s—c) }
AQRs—b—a) A(c)
{(s a)(s — b)} {s(s - c)}
Ala+b+c—-b- a)}+{ A(c) }
(s—a)is—b) s(s—c)

A(c) A(c)
(s—a)(s— b) s(s—c¢)
A

1 1
(s—a)(s— b) s(s—c)

{s(s —co)+(s—a)(s —b)}

(©)
= AN oG b= o)

s*—cs+s?—(a+b)s+ab
A2
{2s2—(a+b+c)s+ab}
=cX A

{2s2—2s2+ab}
=ex{— = =
A

=A(c)

A

109. rpp, +ryp, +rr

A A A

T (s—a) (s—b) (s—b)
A A A
. + .
(s=¢) (s=c¢) (s—a)

_Az(s—c+s—a+s—b)

 (s—a)s—b)s—0)

_A*(3s—(a+b+c))

C(s—a)s—b)(s—c)

_ A*(3s-29)

C(s—a)s—b)s—c)

_ Alxs

_(S—a)(s—b)(s—c)

_ A x s?

Cs(s—a)(s—b)(s —c)

_A2><s2

==
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110. r +r,—r,+r 1 1 1 1 1
=) =(-n = s—b(s—a-’-s—cj:z.s—a.s—c
=( A + A )—( A —AJ 1 (s—c+s—a 2

(s—a) (s=b) (s=c) s = s—b((s—a)(s—c)):(s—a)(s—c)
:A{( L 1 j—( ! —1)} —  (Qs—a—c)=2s—b)
(s—a) (s—b) (s—¢) s = atc=2b
_ (s—a+s—-b)) (s—(s—c¢) = a,b,ce AP
- (s —a)(s — b) s(s —¢) 112. Since a, b, c are in AP as well as in GP, soa=b=c¢
_ (2s—(a+d))) c Now, 1= A =r=n
(s —a)(s—b) s(s—c) sod
(atb+o)—(a+b)) (¢ Thus, (i—r—zuo)
(s—a)s—b) s —0) E
=1-1+10=10

{ 1 )} 113. We have
(s— a)(s b) s(s -0c) 1 1 1 1
—+t—+—+—
{ s(s c)— (s a)(s —b) j} ”12 r22 r32 r?

s a (s b)

=(s—a) (s— b) (s c) L5

— Ac {(s —cs— (s —(a+b)s+ ab))} A? A? A? A?

s(s—a)(s =D)s =) = é[4s2 ~2a+b+c)s+(a*+b*+ )]
:ix((a+b—c)s—ab)

:§[4s2—2~2s-s+(a2+b2+c2)]

=< % ((a+b-c)2s—2ab) |
2A = P[4s2 — 45’ + (a*+ b+ M)

C
=—xX((a+b- +b+c)—2ab
A ((a C)(a C') a ) _ (a2+b2+c2)

2
= X ((a+b)*=c? - 2ab) A
2A 114. We have
=S x @+ =Y (ry, = 1)(ry=r)(ry =)
2 2,12 2 = A _A A A A A
:2abcx(a +b _CJ (s—a) sN\(s-b) s)N(s—¢c) s
2A 2ab ) ) |
=a7bc><cos(c) ((s a)_;)((s b)‘E]((s—c)_Ej
_4RCOS(C) (S S+(1)(S S+b)(S—S+C)
111. Given, Fis Py r3arelnHP s(s—a) s(s—b) s(s—c)
N r_2’”1”3 A_( )
2_r1+r3 s? (s(s = a)(s b)(s c)
A A A_(abc)
2. . 5
- A s-a s-c
s—b A + :Axabc
s—a s—c 52
2
yo o1 =4X(é) X(“_bc)
1 s—a s—c¢ s 4A
= =
s=b 1 1 = 47°R




5.50

115. We have
A A
r: :1’}’: :2
s—a 2T s—b
A
and 7=
s—c

= s—a=A s—-b=—
2

A
and s—-c=—
k]

= c=A(1+l),a=A l+l ,
2 2 n

b=A(1+lj
73

Since triangle is right angled, so

B+ b= 2
2 2
- Az(gj _ A+ ol
2 4(ry)* r
(i)z_M+ n+1Y
2 4(ry)* r
= 9 =(r+2) 7 +4(n+1)
= 47 -12,-8=0
= r32—3r3—2:0
35417 3+\17
= n= =
2 2
as r, is positive.
116. Let a, b be the sides of a triangle.
Thena+b=5and ab=3
2,42 2
Now, cosC=m
2ab
(n’) 19-¢?
= cos|—|=
3 6
1 19-¢7
= —_=
2 6
= 19-2=3
= c=4
Thus,r-R=é><a—bc
s 4A
_abc _ abc _ 34 12 2
4s  2(a+b+c) 2(5+4) 18 3
117. By sine rule, — a =— b
sin (120°)  sin (30°)
a« b
NV AR
= a=b3

Also, from the above figure, r = \/5

118.

119.

Trigonometry Booster

= £ =tan (15°)
al2

= &:(2—\/5)
a
Lo 2B
2-3)
Now,b=a 2\/5 ! 2

NERNEEN TN

Thus, the required area

= % X ab X sin (30°)

=l>< 2\/5 X 2 ><l

27 2-V3) 2-3) 2

=3 x(2+/3)?

=3 x(7+43)

=(12+73)sq.u.
Given,r=rl—r—r

2 3

= r-r=rtr,

A A A A
+

= _—=
s—a s s—-b s-c
1 1 1 1
= ——= +
s—a s s—-b s-c
(s—a-s) (s—c+s-D)
T - (5-bs—0)
a a
= =
(s—a) (s=b)(s-c)
N (S—b)(s—c):l
(s—a)

= tanz(é)zl
2
5)
= tan| — [=1
2
(A

= A=—

Thus, the triangle is right angled.
Wehaver-r -r,-r

A A AT A
T s (s—a) (s=b) (s—0)
A4
_s(s—a)(s—b)(s—c)
A4
A
=A?



Properties of Triangles

120. We have
A

" C s—a s—b
cosC =———~—
ZCOSZ(EJ

2

A(s—a+s—->)
_ (s—a)s-b)

2 cos’ (C)
2

AQ2s —a—b)
s(s—c)

n+n

(s—a)(s—b)x2x

B A X abc
Cs(s—a)(s—b)(s—c)
_AXabc abc
== =4
Similarly, we can easily proved that,

(n+n) _a_bc (r5+1) _a_bc

1+cos 4 A l+cos B A
Thus, 247 _abe g (3+r) _ abe
1+cos 4 A 1+ cos B A

121. We have

T Lyl 1yt 1
r n\r n)\r n
=é(s—s+a)(s—s+b)(s—s+c)

1
=Exabc

abc 52

— X
4A T A%(25)?
B 16R

r? (a+b+ c)2

122. We have

1 1Y)1 1)1 1
—+—||—+—||—+—
n o nh)\n nBn/)An nL

=16 X%

(S—a s—b)(s—b s—c)(s—c s—a
A A A A A A

=$xabc

= ! 3 X abc
abc
(%)

_ 64R*
(abc)?

5.51

123. We have

(ry+r,tr,—ry

=r12+r22+r32+r2—2r(r1+r2+r3)

2(rr, g, )

Now, (r,+r,+r,—r)=4R

(rp,trp,trr) =s
and 2r(r, +r,+r)

A( A A A j
=2X— + +

s\(s—a) (s—a) (s—a)

—2><A—2 ! + ! + !

B s\(s—a) (s—-b) (s—o)

_5 XA_2 (s=b)(s—c)+(s—a)(s—c)+ (s—a)(s—b)
T s (s—a)(s—b)(s—c)

o A 3s2—2(a+b+c)s+(ab+bc+ca)

B s(s—a)(s=b)(s—-c)

o x A (3s2 —2~2s-sZz(ab+bc+ca)j
=2 X ((ab+ bc + ca) —s?)
Thus, (1’12 + r22 + r32 + r2)
=(r tr,tr,—r)+2r(r +r,+r)
=2(rr, Ty, T
= 16R*+ 2(ab + bc + ca — s*) — 2s?
=16R*+2(ab + bc + ca) — (25)?
=16R*+2(ab+ bc+ca)—(a+b+c)
=16R*— (® + b*+ )
Hence, the result.
124. In a triangle A4BC, prove that
(it n)rn+n)rnt+n)
(i + nyrs +1317)

=4R

125.

Here, 04, =04, =04,=...= 04,= 1.
and

L£A4,04,= 2?” = LAOdy == LA,04

2 2
Now, cos ( n j _ 043+ 047 — A4 4,
3 204,- 04,
1 1+1-44,

2 2-1-1
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126.

127.

12— AyA}
o 1 244
2 2
=  A4472=1
= Ad, =
2 2 _ 2
Al os{ 25 04+ 08~
2-04,- 04,
2
o L _I+l-Ady
2 211
o 1 2-44
2 2
S RENG
2 2 2
A2 — Ay A
Again, 005(4—71-)=0A0+0 i A
3 2-04,- 04,
11— Ay 4f
2141
_2- Ao
2
BUEEY
2 2
=  Ayd,=3

Hence, the value of

= AyA- Agdy Ay, =1-33-3=3
Let R be the radius of the circle.

Then, 4, = nR*

R* . (2
and A:nTsm (—”)

n
5-R*  (360°
A, = ) s1n( 5)

2
= %stin (72°) = % X cos (18°)

4 R? 2
Now, A__ R T x sec (18°)

5.0
—R“cos (18°
2 (18°)

Here,04, = OA, = 04, = O4,= OA = 1

128.

129.

Trigonometry Booster

and
2
240y === L0 =+ = LA4,045
2 2 2
Now, cos ( 2n j _ 047+ 04, - A4
5 2-04,- 04,
_ 2
2-1-1
o 5S-1 2-44
4 2
= A1A22=2—E= 5-5
2 2
= A=, 5
2
5+4/5
Similarly, 44;= 2\/_ .

Thus, 4,4, X 4 A,
:\/(S—Jgjx(Sﬁ-\/g): 5-5_ [0 _ g
2 2 4 4
R= a cosec (E),
2 n

As we know that, the circum-radius of » sided regular
polygon

a T )
= Ecosec — |, where a = side
n

and » = number of sides

= 6 X cosec (lj
12

=6 X cosec (15°)
B 6% 242
e

= 6\2(3+1)

Let the perimeter of the pentagon and the decagon be
10x.

Then each side of the pentagon is 2x and the decagon is
X.
Let 4, = the area of the pentagon

= 5x’cot (2)
5

and 4, = the area of the decagon

=—Xx"cot| —
2 10
5x%cot (n) 2 cot (n)
A4 _ 5) _ 5

4 éxzcot (n) cot (n)
2 10 10

Now,
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_2cot(36°) 2cos(36°)sin (18°)

cot (18°) sin (36°) cos (18°)
_ 2c0s(36°) sin (18°)
 2sin (18°) cos? (18°)
_ 2c0s(36°)
B (1+ cos (36°))

£

4

4

_2(5+1)

C(5+3)

_ 25+

V554D
2

G

130. We have

and

Now,

131. Let 4, be the area of the regular pentagon and 4, be the

2a (n) (ﬂj
R=—-cosec| — |=acosec| —

2 n n

2a T T
r=—cot| —|=acot| —

2 n n

T T
r+R =acot (—j + a cosec (—j
n n
T T
= a(cot (—j + cosec (—D
n n
1+ cos (ﬂ)
n

=acot| —
2n

area of the regular decagon.
Therefore, 4, = 4,

=

U

5q* (n’) 6b* (n)
——cot| = |=——cot| —
4 5 4 6
5a°cot (Ej =6b% cot (Ej
5 6

542 cot(36°) = 65> cot(30°)
5acot (36°) = 6+/3 b

5.53

a’ b*
= = l
63 5cot (36°)
Hence the ratio of their perimeters
_sa
6b
5 N3 53
6 /54 cot (36°) 6

132. Let the perimeter of the two polygons are nx and 2nx
respectively.
Then each side of the polygons are 2x and x.
Let A, = the area of the polygon of 7 sides

b4
= nx2 cot (—)
n

and A, = the area of the decagon
= é11200t (i)
2 2n
4 5n’cot (ﬂ:) 2 cot (”)
Thus, A—l = 5 n’z — L
2 Zp’cot (ﬂ:j cot (”)
2 2n 2n
2 cos (ﬂ) sin (n)
n 2n
2sin (n) cos’ (”)
2n 2n
2 cos (nj
_\nJ

T
1+ cos()
n

133. Let O be the centre and 4 4, ... 4, be the regular poly-
gon of n-sides.

=

tan (36°)

Let OA,=0A4,=..=04 =r
and  £A4,04,= Z4,04,
="'=4An0A1=2_”
n

From the triangle OA4,4,,

o (2_7:) _OA4'+ 045 - A4
2-04,- 04,

_ e A1A22

2-r-r

n
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2
= A4 =2r" 2% cos (_7[)

n
2
= A44=2 (1 —cos (—”D
n
5(2
= AA =27 2sin (—”j
n

n

. a2
= 4% sin’ (—”j

. (2
= A4 A4,=2r-sin (_n')
n

Similarly, 4, 4;=2r-sin (4—7[)
n

and A4 A4,=2r-sin (6—7[
n
Gi 11 + 1
VeI a4, A4 A4,
1 1 1
= = —+
2r sm( n) 2r~sin() 2r-sin(7r
n n n
1 1
= = +
2 () ()
sin| —| sin|—| sin|—
n n n
1 1
= =

- )
<l )en(e
- (o)

- ()

Trigonometry Booster

134. Let r be the radius of the in-circle and », », and r, are
the ex-radii of the given triangle.

Then ! + ! + !
NN TN
1 1 1
- 71'1’12 7rr12 71'1’12

Hence, the result.

135. Let the perimeter of the polygon of » sides = nx
Let A, = the area of the polygon of # sides

T
= nx2 cot (—)
n

and A2 = the area of the circle = mx?

Now, —==

i1
4 nx? cot ()
n

Thus, 4,:4,=tan (E):(E)
n)\n
136. We have
r+R=

tan r
A2 7l'x2 _ n

T
n




Properties of Triangles

Levee I

1.

Leta=x*+x+1,b=2x+1landc=x>-1

First we have to shown that, which one is greatest
amongst the sides a, b and c.

Clearly,a>0,b>0and c>0

= x>1
Now,
a-b=@*+tx+1)—(2x+1)
=x’—x
=x(x—1)>0asx>1
and

a—c=(x*+x+1)—-(x*-1)
=x+2>0,asx>1
Therefore, a is the greatest side
= A is the greatest angle

b+ —a?

2bc
Qe+ D)+ (- = (P x+ 1)
2(2x + D(x* = 1)
CQ2x+ D)2+ (207 + x)(=x — 2)
202x +1)(x*=1)
Qx4+ D)7+ x(2x + 1)(=x - 2)
202x +1)(x* = 1)
_ (x+D(2x+1-x7—2x)
202x + (x> =1)
_(1-xH 1

21 2

Now, cos 4=

= cosA=—l
2

= A=120°
Given, cos 0 =
+c b
1+cosO=1+ a_ _arbrce

b+c b+c

0 a+b+c
2 cos® (—) =
= 2

b+c
- (Q):M
2) (a+b+c¢)
S 1+tanz(ﬁjzﬂ
2) (a+b+c¢)

Similarly, we can easily proved that

1+ tan® (ﬂj:—2(c+a)
2) (a+b+c)

1+m{(ﬂ).ﬁ@iﬁL
2 (a+b+c)
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Adding, we get,

3+ tan® (9) + tan® (ﬂj + tan’ (ﬂ)
2 2 2

_4a+b+c)
" (a+b+0)

):4
1

= 3+ tan® (g) + tan® (ﬂj + tanz(
2 2
=  tan’ (gj + tan? (9) + tan? (ﬂj
2 2 2

Hence, the result.

(SRS

. Given, sin4 sin Bsin C=p

cos A cos Bcos C=q

Thus, tan A4 tan B tan C:£
Also,A+B+C=nx 1
tan A +tan B + tan C =tan A4 tan B tan C

tanA+‘[anB+tanC=£

q I+¢q
Also,tan 4 tan B +tan Btan C + tan Ctan A = ——
q

Hence, the required equation is

-2

g’ —p+ (1 +g@x—p=0

. We have

sin*@ = sin(4 — 6)sin(B — O)sin(C — 6)
= 2sin*f=sin(4 — 6){2 sin(B — O)sin(C — 6)}
= sin(4 — B){cos(B— C) —cos(B+ C—206)}
= 4sin’® 6= 2 sin(4 — 6){cos(B — C)
—cos(B+ C-20)}
=2sin(4 — ) cos (B—-C)
—2 sin(4 — B)cos(B + C—-20)
=(sin(4+B—-0-C)—sin(d + C—- 60— B))
—(sin(4 +B+C-36)
—sin(B+C—A4-0))
=sin(r— (2C + 0)) + sin(6— (2B + 6))
—sin 30+ sin(w— (24 + 0))
= sin360+4sin’ 6
=sin(24 + ) + sin(2B + 6) + sin(2C + 0)
= 3 sin 8= (sin 24 + sin 2B + sin 2C)cos 6
+ (cos 24 + cos 2B + cos 2C)sin 6
= (3-co0s24—cos 2B —cos 2C)sin 6
=(sin 24 + sin 2B + sin 2C)cos 6
= {(l-cos24)+ (1l -cos2B)+ (1l -cos2C)} sin O
=4 sin 4 sin B sin C cos 6
= (2sin’A4 + 2 sin? B + 2 sin? C)sin 0
=4 sin 4 sin B sin C cos 6
= 2[(sin’4 + sin’B —sin*C) + (sin’B + sin’C — sin*4)
+ (sin? C + sin® 4 — sin’? B)]sin 6
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=4 sin A4 sin B sin C cos 6 6. We have
=  4[sin 4 sin B sin C + sin B sin C cos 4 + sin C cos A+ cos B+ cos C
sin 4 cos B]sin 0 (A+B) (A—B)
. . . =2cos cos +cosC
=4 sin 4 sin B sin C cos 0 2 2
= cot @=cot A+ cot B+ cot C (n C) (A—B)
=2cos|———|cos +cos C
5. 2
A =2sin(£)cos(A_Bj+cosC
2 2
y _
af —2sin(£)cos(A B)+1—25in2(£)
2 2 2
(S)eo#57)-n(3)
=1+2sin| — || cos —sin| —
) 2 2 2
o gemime (Ses(452)-o(32))
=1+4+2sin| — || cos -
Let, BP=PQ=(QC=x and also 2 2 2
let ZBAP=q, ZPAQ= P, ZOAC=7y =1+2sin(£)[2sin(f)sm(§))
It is given that tan = ¢,, tan 8 =1, and tan y=1, 2 2 2
Applying m : n rule in AABC, we get, . —1+4sin (é) sin (E) sin (gj
(2x + x)cot 6= 2x cot(a+ B) —x cot ¥ ..(D) 2
From AAPC, we get, _(1+ r j
(x +x)cot 6=x cot f—x cot ¥ ...(i1)
Dividing (i) by (ii), we get, 7 We have
2 cot (o + ) — cot 3 b
(@+p) r_2 sinA+sinB+sinC=i+—+i
cot f—coty 2 2R 2R 2R
= 4cot(a+ f)—2 cot y=3(cot f—cot P _a+b+c
= 4cot(a+ B)=3cot—coty 2R
1 1 _ %
4cot (o + ) 3cotf—coty 2R
s
N tan(a+[)’): . 1 1 2
4 S A
tan § tany -
. tana+tan B tan ftany "R
4(1—tan o tan B) 3tany —tan _A
‘R
- htt, bt "
A1-1ty) 35—t 8. We have
2 2 acotA+bcotB+ccotC
= Mot~ tityty) =3t — bty + 3yt — £
= 2RsinA><COSA+2RsinB
= (s L+ 1) = A4t + At = sin
= (G +1) + L+ 1) =45(1+1) cos B . cos C
X — + 2R sin C X —
(t,+1,) (b5 +1,) = 41,12 J4 sin B sin €
= = —
e e t22 =2R (cos A+ cos B+ cos C)
N htbh [ Grh_, 1+L2 :2R(1+%)
ht bty 5
=2(R+7r)
- (l+l)(l+l)=4[1+%J 9. We have,
tl Z‘2 t2 t3 tZ 2A 2B 2C
cos” —+cos”—+cos”—
2 2 2




Properties of Triangles

= 1(2 cos’ (éj +2 cos? (E) +2 cos? (gj)
2 2 2 2

=%(l+cos(A)+l+cosB+1+cosC)

= %(3 + cos(A) + cos B +cos C)
(-3)

2 R
o)

2 R

{3

10. We have
cosA cosB cosC
+ +
P )23 P3

1
= —(acos A+ bcos B+ ccos
2A( O

= i[2RsinA cos A + 2R sin B cos B
+ 2R sin C cos C]

= i(sin 24 +sin 2B + sin 2C)
2A
R . . .

=——- (4 sin Asin Bsin C)
2A

2R . . .
= X(sm Asin Bsin C)

_2R (i) x (i) X (sin C)
A k)7 2R

= L(lab sin C)
AR\ 2

= L X A
AR

11. Let, O be the circum-centre and OD = x,
OE =y, OF = z. respectively.
Also, OA=R=0B=0C
We have, x = 0D =R cos A

=— -cos A=
2sin 4 2 tan A4

a
= tanAd=—
2x

Similarly, tan B = b and tan C = —
2y 2z

As we know that, in a AABC,
tanA4 +tan B+tan C=tan 4 - tan B - tan C

5.57

a b ¢ a b c

2 2y 2z 2x 2y 2z
a b ¢ a-b-c

= —t—t—=——
x y z 4.x-y-z

12. We have
_OB-OC-BC _R-R-a_R*a
""" 4A0BC 4A, 4A,
a _%
R R?
Similarly, L = % and < = %
R, R R, R
Thus,
a b ¢ 4A  4A, 4A;
—t—t—=—t—=+—=
Rl R2 R3 RZ R2 R2
AN+ A+ Ay
=
_4A
R
_4A
R
_abc
4R?
Hence, the result.
13. We have
4R sin (é) cos (Ej cos (C)
o 2 2 2
bc (2R sin B)(2R sin C)

sin (/24)
4R sin (l;) sin (g)
_ sin? (124)
4R sin (;j sin (gj sin (g)
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14.

15.

= l(sin2 (éj + sin? (E) +sin? (ED
r 2 2 2
= L(2 sin’ (ﬁj +2sin? (E) +2sin® (ED
2r 2 2 2
= ZL(I —cos(4)+1—-cos(B)+1—cos (C))
B

= 2L(3 — (cos (A4) + cos (B) + cos (()))
r

We have
bc ca ab

n n n

(s—a s—b s—c)
=abc
alA bA cA
abc(s—a s—b s—c)
=— +
A a b c
abc(2s—2a 2s—-2b 2s—2c
2 a b c
abc(b+c c+a a+b )
=— -1+ -1+ -1
2A\ a b c
abc((a b) (b c) (a c) j
=—o/J|—+—|+|—F+=—|+]|—+—]|-3
2A\\b a c b c a
(52 (22
b a c b c a
We have
B-C
(r+r])tan( 5 J

(A A j (b—cj (A)

=|—+ X cot| —

s s—a b+c 2

—A s—a+s « b-c « s(s—a)

T ss—a) b+c (s=b)(s—c)
b+c

—A v b—c y 1
\/S(S—a) b+c (s—=b)(s—c)

1

b-c
-Ax(b”)x(w)xJs<s—a><s—b><s-0>

1
=AX(b-c)x—
(b-o) A

=b-c

16.

17.

Trigonometry Booster

C
Similarly, (» + r,) tan (

A—B)_ ,
2 )9
-C Cc-4
+(r+r) tan 2
=b-c+tc—ata-b

A—B)
2
=0

Let ABC be a right angled triangle in a circle of radius
R. Therefore, BC = 2R = diameter.

and (r + r,) tan (

B
Now, (r +r)) tan

+(r+r,) tan (

Now, A= % X AB X AC % sin(90°)

=%><AB><AC

It will be maximum, when 4B = AC
Thus, AB> + AC* = BC* = 4R?
= 24B*=4R?

= AB*=2R?

Now, 2s =AB + BC+ CA=24B + BC
=2R(1++/2)

and r=—= R® = R
s R&2+D (V2+1)

Therefore, l+i+i:l=@
nor BT R

Let O be the centre and 4 4, ... A, be the regular poly-
gon of n-sides.

Let OA, = OA,=...= 04 =r
and Z4,04,= Z4,04,
="'=4An0A1=2_”
n

From the AOA4 4,
o8 (2_;:) _OA’+ 045 - A4
2-04,- 04,
_ Pt - AlAz2

2-r-r

n

= A4A2=22—27cos (2—”)
n
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= A43=27 [1 —cos (2_%))
n

(2
= AA=2"2sin’ —”)
n

=472 sin? (Z—ﬂ)

n
= AA,=2r-sin (2—”)
n

Similarly, 4,4, =2r - sin (4—”)
n

and A A,=2rsin (6—”j

n
Given, = 1 + 1
Al AA T AA,
1 1 1
- Y an) 6
2r - sin (n) 2r~sin(n) 2r-sin(n)
n n n
N 1 1 N 1
. (ﬂ')_ . (27[) (37:)
sin|— | sin|—| sin|—
n n n
R I N
. (n) (371)_ . (27:)
sin|— | sin|— | sin|—
n n n
) (3%) : (n)
sin| — |—sin| — |
n n
—% =
. (n) . 371) : (271)
sin| — [sin| — sin| —
n n n
2cos(2”)sin ﬂ) |
N n n)_

- (-

= n=7
18. Let, r be the radius of the in-circle and r,, r, and r, are
the ex-radii of the given triangle

1 1 1
+—+
Ja 4 4

Then,

19.

5.59

Hence, the result.
Let, a, b, ¢ be the sides of a triangle such that @ and ¢
are the least and the greatest side of AABC. It is given
that a, b, ¢ are in AP.
= 2b=a+tc
a’+b* -
2ab
Lot b
= 4+ -
2ab 2ab
_(a+c)(a—c)+i
a ala+c) 2a
(@=0), b
a 2a
_2a-2c+b
B 2a
_4a-4ct+a+c
B 4a
_Sa-3c
C 4q

Now, cos 0 =

b +c?-a?

2bc

_ pr 4P

T 2bc 2bc
_i+(c—a)(c+a)

2¢ (c+a)

b (c—a)
T2 e
_b+2c-2a
- 2c
_2b+4c—4a
- 4c
_atc+4c-4a
- 4c
_5c-3a
4

and cos Q=
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Now,
4(1 = cos B)(1 —cos @)

:4(1_ 5a—3c)(l_ 50—3a)
4a 4c

_4(4a—5a+3c)(4c—50+3a)
4da 4c

(=)
-+

:l((3c—a)(3a—c))

4 ac
_ Yac - 3¢? +ac—3a®
B 4ac
_ 10ac - 3¢?-3d®
B 4ac
_ Sac - 3¢? + 5ac - 3a®
B 4ac
_c(5a—3c)+a(5c—3a)
B 4ac
_ ((50 —-3a) . (5a - 30))

4a 4c

=cos 6 + cos ¢
Hence, the result.
20. LetAD =0, BE=fand CF =7y

Then,A=%xa><AD=%Xb><BE=%><c><CF

= AD=%,BE=2—A,CF=2—A
a b c

_ (> +b*+c?)
=
:lx(a2+b2+c2)
A 4A

1
:Zx(cotA+cotB+cotC)

_ (cot A+ cot B+ cot C)
B A

Hence, the result.
21. LetAD=p , BE=p, and CF=p,

1 1 1
Then, A=5><a><pl=5><b><pz=5><c><p3

22.

Trigonometry Booster

Py 2A 24 2A
_(a+b-0)
O 2A
_(a+b+c—2c)
- 2A
_(2s-2¢)
C2A
_(s-0)
T oA
=2ab><s(s—c)XL

AXs 2ab

=2bes(s—c)
AXs 2ab

2ab z(c)
=————Xcos" | —
(a+b+0)A 2

Let 4, B, C be the centres of three circles whose radii
are a, b and c respectively.

Clearly, OD = OF = OF
So, O will be its in-centre.
Let OD=0OF=0E=r
Let s be the semi parameter of AdBC
a+b+b+c+c+a
2

Thus, s = =a+b+c

Area of a AABC
=s(s—a-b)(s—b-c)s—c—a)
- @+ bt oabe

Now, OD:r:é
s

JJ(a+b+c)abe

(a+b+c¢)

abc
(a+b+c)

Hence, the result.
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23.
P

/AN
\[/

0
Let C\PC,= 6
a’+b*—(C,C,)°
Thus, cos (180°—0) = S Sl b P
2ab

= (CC)=da*+b*+2abcos 0

= (GC,y)=+Ja’+b>+2ab cos O
1 .
Area of AC,PC, = Eab sin 8
1
So, area of AC\PC,= 3 CC,- PM

1 1 .
= =CC,-PM =—absin0
2 2

~  pM= absin 6
GG,
~  py= absin 0
\/a2+b2+2abcose
Hence, the length of the common chord
=PQ=2PM
2 absin 0

a’+b*+2abcos 0
24. Letthesidesbea—d, a,a+d

Consider d > 0.
Thus, the greatest side is a + d and the smallest side is
a-d.
Let £4=6,ZC=6+ aand
£ZB=180°-(20+ )
Applying sine rule, we get

a—d a _a+d
sin@ sin (180°—(20+ «)) sin (6 + &)
a-d _ a _a+d
sinf sin(20+a) sin(6+ )

2a

" sin 6 + sin (6 + o)
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a—d a+d
Now, ——=—

sin@ sin (0 + )

a-d sin 6
= =

a+d sin(6+a)

2_a_sin9+sin(9+a)
2d sin O —sin (0 + o)

2u 2sin (0 + a) cos (a)
= 2 AL
2 cos (0 + (x) sin ((x)
2 2
tan (9 + 0{)
- 4__\ 2
o
tan ()
2
5)
tan | —
2

tan(9+a)
2
Also, a = 2a
sin (20+ ) sin O +sin (6 + o)
sin @ + sin (6 + &)
= =
sin (20 + o)
25in(9+ajcos(aj
— 2 2 -2
2sin(9+a)cos(9+a)
2 2
3
cos| —
= — 2

cos (6 + a)
2
o
o)_(3)
=  coS (0 + Ej =

2

..(i)

o 4—cos2(§)
tan (0 +—j =t =<
’ (a)
cos| —
2

From (i) and (ii), we get

tan | — sin| —
2 _ 2
o o
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1—coso

2

4_1+cosoc
2

1-cosa
= —:x
7 —cosx

Hence, the required ratio is
=a-d:a:atd
=1- i:l:l + d
a a
=l-x:1:1+x
Hence, the result.

25. Given equation is x> —px* + gx—r=0
Thus,a+b+c=p,ab+ bc+ca=gq,abc=r
Now,

AN =5(s—a)(s—b)(s—c)

H5-o) ez
S OREE]

+ (ab +bc + ca)(g) - abc}

S GRGIG S

_£(p3—2p3+4pq—8r)
2 8

P 3
=L (4pg-p*-8
16(pq p”—8r)

1
A=\ plpg—p’=8r)
Thus, area of a triangle = A

1
=\ p4pa—p’=38r)

Hence, the result
26. Let ZOCB=C—-
and ZBOC=180°-w—(C—-w)=180°-C
A

0]
B C

Similarly, ZAOB = 180° — B
Now from AOAB, we have

27.

Trigonometry Booster

OB _ AB
sinw  sin (180° — B)
OB ¢
sinw sin B

...()

Now, from AOBC, we get
OB BC
sin (C—w) sin (180° = C)
OB _a
sin(C-w) sinC
asin (C — )
sin C

= OB= ...(11)
From (i) and (ii), we get
csinw asin(C-w)

sin B sin C

ksin Csinw _ ksin Asin (C - w)

sin B sin C
- sinCsinwzsinAsin(C—a))
sin B sin (4+ B)
sin Csin@w _ sin (C — )
sin Asin B sin 4 cos B + cos A sin B
- sin Csinw _ sin C cos @ — cos C sin @

sin Asin B sin A cos B+ cos Asin B

= sin Csin A4 cos B sin @+ sin C cos 4 sin B sin @
=sin A4 sin B sin C cos @— sin A sin B cos C sin @
Dividing both the sides by sin 4 sin B sin C sin @
we get
cot B+ cotA=cotw—cotC
= cotA+cotB+cotC=cotw
(i) We have
cot A +cot B+ cot C=cotw
= (cotA+cotB+cotC)*=cot’ w
= (cot?A+cot? B+ cot? C)+2=cot’> ®
= cosec’A4—1+cosec’B—1
+cosec? C—1+ 2 =cosec’> w—1
=  cosec? 4 + cosec?® B + cosec® C = cosec® @
=  cosec? W= cosec’* 4 + cosec?® B + cosec® C
Hence, the result.

D q C
o
6
p
T\(0+ o) o
B

A

From ABCD, we get, BD =+/p*+¢°
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Let LABD = ZBDC = «
then ZDAB=rn—-(0+ @)
Now, from A4ABD, we have

AB BD
sin@ sin (1 — (0 + «&))
AB BD
= . =
sin@ sin (60 + )
BD sin 6
= =
sin (60 + @)
BD*sin 6
= =
BDsin (0 + )
~ BD*sin 0
BD sin 6 cos o+ BD cos 0 sin o
2, 2\
—~  4B= (p. +q”)sin 6
qsin@+ pcos @

Hence, the result.
28. We have
ccos(4—6)+acos(C+ 0)
=k sin C cos(4 — 0) + k sin 4 cos(C + 6)
= k[sin C cos(4 — 6) + sin A cos(C + )]
= k[sin C cos 4 cos O+ sin C sin A sin 6
+ sin 4 cos C cos 68— sin 4 sin C sin 6]
= k[cos 6(sin 4 cos C + cos A4 sin C)]
=k cos Osin(4 + C)
=k cos Osin(4 + C)
=k cos Osin B
= (k sin B)cos 6
=bcos 0
29. Since AD is the median, so BD : DC=1:1

Clearly, ZADC =90° + B.

Now, applying m : n rule, we get,

(1 + 1)cot(90° + B) =1 - c0s(90°) — 1 - cot(4 — 90°)
= 2tanB=0-(-tan 4)

= 2tanB=tan4

= tanAd+2tanB=0

Hence, the result.

O
o @a(E)e(

31.

Since sin

—
!

—) isreal,so D >0

) S8u=>0

) > 8u
2

Hence, sin (é) sin (E) sin (gj < !
2 2 2) 8
Let x =tan (é) = tan (Ej z =tan (gj
¢ 2 > y 2 E 2

To prove, x> +y* + 22 > 1

Now, x2 + 32 + 22 —xy — yz — zx

1

==+ (=2’ + (2 -0°120
Thus, X2 +)? + 222 xy + yz + zx ...(1)
Since in AABC,

A+B+C=rx

A4 B n C

+ —_—— —

2 2 2 2

1—tan

wla)rels)

(Jen(5)
~ (2 S (2)
(3] (5Jen(3)-
>l (3 ()
) S 4)

= xytyz+zx=1



5.64

32. Let the incircle touches the side AB at P where AP = «

33.

Therefore, from (i), we get
Xty +z2>1

= tan> (é) + tan? (E) + tan? [gj >1
2 2 2

B C

Let 7 be its incentre and A/ bisects ZBAC
Now, from AIPA

3
tan| — [=—
2 a

5)
= o =r cot

Similarly, B =r cot (?

“;/
|I
h
o0
N—

In a AABC, we have

(3)ren(3)ren(5)
cot| — |+cot|— [+cot| —
2 2 2
(3)ea(3)em(5)
=cot| — [cot|— |cot| —
2 2 2
., e By aBy
r r r r rr
a+f+y _ofy
r ”
- 2= oy
a+B+y

Hence, the result.

Let O and I, be respectively the centres of the circum-
circle and the ex-circle touching the line BC.

Clearly, Ol = /RZ +2Rn

Trigonometry Booster

JR>+ 12 =R+ 2Ry
(R*+ %)= (R*+2Rr)

=
=
= t12 =2Rn
=

1L
§ 2Rp
Similarly, — = ! , 1 = !

2ttt = + +
§ & & 2Ry 2Rr, 2Rn

Hence, the result.
34. We have

sor{foe(2)

e )

B2 (2)

+ +

sz(A) sz(B) coﬂ(cj

2 2 2

= tan2 (é) + tan2 (E) + tan2 (g)
2 2 2

=1

Hence, the minimum value is 1.
35. LetBC=a=10

A
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From sine rule, we have
a b c

sin4d sinB sinC

a b c
sin (60°) _ sin (50°) _ sin (70°)
a+b+c
- sin (60°) + sin (50°) + sin (70°)
a+b+c

\f + 2 sin (60°) cos (10°)

a+b+c

3

—++/3 cos (10°
7 (10°)

- a _ a+b+c
in (60°)
sin (60°) V3 3 cos (10°)
2
. 10 _ a+b+c
ﬁ £+ 3 cos (10°)
2 2
10 a+b+c
= @ —=—
I 1+4+2cos(10°)
= a+b+c=10+20cos(10°)
= at+b+c=x+ycos(z
= x=10,y=20,z=10
Hence, the value of (x + y + 2)

=10+20+10=40
36. We have
acos A+bcos B+ccosC

at+b+c
_l(ZsinAcosA+25inBcosB +25inCcost

2 sinA4+sinB+sinC
_l sin 24 + sin 2B + sin 2C
2\ sin A+sin B+sin C

_1( 4sin Asin Bsin C
_E(SinA+sinB+sin Cj
_( 2sin Asin Bsin C
_(sinA+sinB+sin C]

2sin Asin Bsin C

elBelTe()
6 g £ 3o G (S5

Dol
s8] (2}
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_V
R
37.
A
hea
1 |
B' ' DE M F U7 C
a o a o
n n --<——X-— n n

Each part of the base BC be a .

Let AD = h is the altitude.

The nth part EF which contains the middle point M
subtends an angle o at A.

Let ZDAE = @ and LZEAF = o

s 4LDAF =0+«

Also, let DM =x

Then DE:x—zﬁandDF:HZﬁ

n n
@
In AADF, tang=2E =~ 2n_2mx—d
AD h 2nh
2nh tan 8= (2nx — a) ...(1)
Also, in AADF
o @
on _ 2nx+a .
tan (@ + 0) =—=%= ...(i1)
( ) h 2nh

Eliminating 6 from (i) and (ii), we get,
2nhtan oo+ 2nx —a

= =2mx+a-(2nx+ a)(w)

2nx
22 2
2nh tan o = 2a — Mtan o
2nh
A2 — g2
= (Zrth +M tan ot = 2a
2n
(4n2h2 +(4n’x - az))
= tan o = 2a
2nh
= tano= danh
4n’h* + (4n*x* - a*)
= tano= danh
4}12(h2 + xz) - a?
danh
= tano=

2
[
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( AM = BM = 3)
2

danh
= tamo=——
(n"—Da
4nh
= tano=
(n"=Da
38. We have

cot (E) cot (g) _ s(s —b) % s(s—o¢)
2 2 (s—a)s—c) \(s—a)(s—D)
_ s(s—=b)s(s—c)
N (s—a)s—c)s—a)s—b)

(s—a)’

N

s—a

_2s
 2s—2a

_ (a+b+o)
_(a+b+c)—2a
_(a+b+o)
(b+c—a)
:(0t+301):4_a:2
(Ba—-a) 2a

39. We have

a’—b* _sin(4-B)

A+b> sin(4+B)’

sin’A4 — sin®B _sin(4-B)

sin?4 +sin®B  sin (A+ B)

sin(4+ B)sin(A-B) sin(4-B)
sin®4 + sin’B ~sin (A+ B)

= sin(4-B)=0,

and ( sin(4+B) 1 J=0

sin’4 +sin’B  sin (4 + B)
Now, sin(4 — B)=0

=

= A=B
=  Aisisosceles
d sin (4 + B) 1 0
an —— =
sin’4 +sin’B  sin (4 + B)

=  sin’? A +sin? B =sin*(4 + B)
=  sin? 4 + sin? B = sin* 4 cos’ B)
+ cos? 4 sin®> B + 2 sin A sin B cos A cos B
= -2sin*4sin’ B
+2sinA4sin BcosAcos B=0
= sinAdsin B=cos 4 cos B

Trigonometry Booster

tanAtan B=1
tan A =cot B

I}

= tanAztan(%—B]

= A=2_B
2

= A+B:E

= C=n-(4+B)=n-2=2
2 2
Thus, the triangle AABC is right angled.

40. We have

[ (5 (S (5) (3]

_ s(s—a) N s(s —b)
a (s=b)(s—c) (s—a)(s—c)

><[d_(S—a)(s—c)_{_b_(s—b)(s—c))

ac bc

_ s (S—a)+ (s—b)
A=) |\V(s=b) \(s—a)
><((s—a)(s—c) N (s—b)(s—c))

c c
_ K s—a+s—b
\/ (s=o) (s —a)(s—b)

“(s—a)+(s—b))

s —

X
C
_ C\/; S—C _
_(\/(S_c)(s_a)(s_b)]x (25 (a+b)
= evs X (s—c)
s —e)s—a)s—b)

—e &zccot(ﬁ)
(s—a)s—-b) 2

41. From AABC,

Azlalea =laz
2 2 2
1 a 1 Db 1 c
—% —_—_=— =, —=—
x 20y 2A z 2A
Now, LHS
1.1 1
2 yz 2
_az+b2+c2
4A?
and RHS
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= %(cot A+cot B+cotC)
_L(b2+cz—a2 a’+c* - b? a2+b2—cz)
Ak 2abc 2bac 2abc
_L(a2+b2+c2)
Ak 2abc

_l [a2+b2+czj
A 2.2A

( A= lab sin C = l(abck))
2 2

_[a2+b2+c2)
4A?

Hence, the result.
42. Suppose AC=2,4AB=5,BC=x,CD=yand £BAD =
60°

2
53
2
Also, from AABC
25+ 4— BD?
cos (60°) = 25+4-8D"
2-5-2
_29-BD?
20
29-BD* 1
20 2
= BD*=19
= BD=A+19

Since 4, B, C, D are concyclic, so
ZBCD = 180° — 60° = 120°

Then from ABCD,
2, 2 2
cos (120°) = = F 2= (19
2xy
2 2 2
I S S (L) M
2xy 2
2, 2 2
IR G it UL S

Xy

43.

44,

= xX+yP+xy=19

Again, area of ABCD

1 NG \/Exy

— X y —_—=

2 2 4

Thus, area of quad. ABCD = 43

=
= §+ﬂ:4
2 4
= x_y=4_§_§
4 2 2
= xy=6
From (i), we get
xX2+y2=13
= x=3,y=2
As we know that
a b c

—=——=—T=2R
sin4 sinB sinC
Now we have
8R2=a*+ b*+ ¢*
8R* =4R*(sin’4 + sin’B + sin’C)
(sin? A + sin? B + sin?> C) =2
(cos?4 — sin’C) + cos’B =0
cos(4 + C)cos(4 — C) + cos’B=0
cos(m— B)cos(4 — C) + cos’B=0
—cos B cos(4 — C) + cos’B=0
cos B(cos(4 — C) +cos’? B=0
cosB-2cosAcosC=0
cos A=0,cos B=0,cos C=0

L L R

4="-p=c
2

Thus, the triangle is right angled.
We have

wld)ew(

_ \/(s —b)s—¢) \/(s —a)(s —b)

s(s—a) s(s—c)
:\/(s—b) (s-0) , [s-a)
s (s—a) (s—c¢)
_ f(s—b) s—c+s—a
S \/(s—a)(s—c)
_ f(s—b) 2s—c—a
s \/(s—a)(s—c)
= /—(S_b) X(a+b+c—c—a)
s(s—a)(s—c)

5.67
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=bh X &
s(s—a)(s—c)
5 [ G-b
3 s(s—a)is—c)
_2 s(s—b)
3\ (s—a)s—c)

=—>< cot
2

Hence, the result.

Note: No questions asked in 1994.

45,
In AAOB,
0OA=0B=1
and AB =1 (given)
Thus, ZOAB = ZOBA
= ZAOB = 60°

In ABOD,0OA=1,0B=1,0B=1
and BD = \/g
Let ZBOD =0
OB*+ OD* — BD?
2-0OB-0D
= cosfO= Irl=s_ 1
2-1-1 2
= 06=120°
Therefore, ZAOD = ZAOB + ZBOD
=60°+ 120° = 180°
=  AOD is a straight line
=  AD = diameter =2

Then cos 6 =

If ZBOC = ¢, then ZCOD = %” -9

Area of the cyclic parallelogram ABCD

= ar of(AAOB + ABOC + ABOD)
= ﬁ=l-1-l'sin(60°)
4 2

1 . 1 . (2rm
+—-1-1-sm@+—-1-1-sinf ——
2 ¢ 2 (3 (p)

46.

Trigonometry Booster

R
= ;(smqwsm(——go j:i—i

|
- Yool o) 2
)

= (smgo+sm ——go NE)

= 2sin (Ej cos (qo—£)=\/§
3 3
= 2X%Xcos((p—§j=\/§

= cos(go—z)—l
3

- o3

T
= Q= ;
Thus, ZBOC = 60°
and ZCOD =120°-60° = 60°
In ABOC,

BC OB

sin 60°  sin 60°

= BC=0B=1
Similarly, we can prove that CD = 1
Hence, AB=1,BC=1,CD =1 and AD = 2.

B

0

60° 759
C D A

Here, /B = 180° — (60° + 75°) = 45°
Let ZABD =0

It is given that, ar(ABAD) =3
ar(ABCD)
lcx sin 0
= 12— = \/g
Eax sin (45°—0)
csin 6
> @ — =
asin (45°-0)
- . sin C sin 6 -8
sin A4 sin (45° - 0)
sin 60° sin 6
=

sin 75° sin (45° — 6) -
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V3

7sin0 f
= =+/3
(«/§+1

MJ sin (450 - 9)
=  2sin6=(/3+1)sin (45°—6)

= ﬁsin@z(ﬁ+l)%(cos@—sin9)
2sin 6 = (+/3 +1)(cos O — sin )
=  (B+3)sin@=(B+1)cos 6
L, sin6_(Brh_ 1
cos 6 (3+\/§) x/§
1
= tane—ﬁ
= ==X
6

Hence, LABD = %
. 4
47. Given, cos(4—-B)= 3

A-B
= 20052(

2
= cot(—):l
2
($)=e(3)
= cot| —|=cot|—
2
- c==2
2
Thus,

1 .
ar(A4ABC) = Eab sin C

=%>< 6% 3 x 5in(90°)

=9 sq units.

5.69
48.
A
c b
30°
B a C
We have
b ¢
sinB sinC
J6 4
= - =—
sin(30°) sin C
4 1 2
= sinC=—f4=x—=—"F7<1
Jo 2 e

C may be acute or obtuse

Also, we observe that b < ¢

= B<C

i.e. if C is obtuse, then B should be acute.
= It is possible.

Thus, two triangles are possible in this case.
Now, applying cosine rule,

2, .2 42
cos g ta=b"
2ac
2_
= cos(30°):M
2-4-a
3 16+a*-6
= =
2 2-4-a
a+10 3
= =—
8a 2
=  d—4f3a+10=0
= (a-23)*=12-10=2
= (a-23)=%2
= a:2x/§i\/§
A
c b
300
Bzﬁiﬁch Cz
-~ 2B+ — >
Now,

ar(A4BC)) = % X 4% (243 =~/2) X 5in(30°)
= (2«/5 - ﬁ) sq units
and ar(A4BC)) = % X 4% (243 ++/2) x 5in(30°)

= (243 ++/2) sq. units
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49.

50.

Given, 2s =24
= s=12
Also, r,r,, r,€ HP

TP 2273

A A A

A A A
s—a s=b s—c

1 1 1
s—a s—=b"s—c
(s—a),(s—b),(s—c)e AP
a,b,ce AP
2b=a+c
3b=a+b+c=24
b=38
Again, r,r,,r, € HP

> T2 03

1 11
—,—,—€AP
nnn

2 1 1

n non

€ HP

U

€ HP

teussy U

U

_ 2nn
=

htn
pry Y =2,
rr, et =2rre ey, =3,
3rr,=s*=144

L

nry=——=48
i3=

A A
_ X — =
(s—a) (s—o)

24 « 24 _ 43
(12-a) (12-¢)

(12-a)(12-¢c)=12

144 - 12(a+c)=12

144 -12.16 + ¢(16 —c) =12
16c—c?-64=0

t—16c+64=0

(c—8)2=0

c=8

So, the lengths of the sides are 8 cm, 8 cm, 8 cm.
Given equation is x* — 11x* + 38x - 40=0
It is also given that a, b and c are its roots
Thus,a+b+c=11,

ab + bc+ca=38

48

U

L R

Levee IV

and abc =40
Now,
m cosA cosB cosC
—= + +
n a b c
_bz+(:2—a2 F+at-bp AP+pr-cf
2abc 2abc 2abc
_ a+b*+c?

2abc

Trigonometry Booster

_(a+b+c)2—2(ab+bc+ca)

B 2abc

_(11)*-2.38

=

_121-176

80

59

80 16
Thus,m=9 and n=16
Hence, the value of m + n

=9+16=25

cosA+2cosC _sin B
cos A+2cos B sinC
cos A(sin B —sin C) + (sin 2B —sin 2C) =0
cos A(sin B —sin C) + 2 cos (B+C) sin (B—C)=0
cos A(sin B—sin C) + 2 cos (t—A4) sin (B—-C)=0
cos A(sin B —sin C) + 2 cos4 sin (B-C) =0
cos A[(sin B —sin C) — 2 sin (B—C)] =0
cos A[(sin B—sin C) -2 sin (B—-C)]=0
cos A=0, [(sin B—sin C)—2sin (B—C)] =0
when cos4 =0
ZA=90°
A is right angled.
when [(sinB — sinC) — 2 sin(B— C)] =0
[(sin B —sin C) — 2(sin B cos C — cosB sin C)] =0

(b—c)—Z(

1. Given,

2,42 2 2,2 42
ba +b°—c _Ca +c"=-b HZO
2ab 2ac

2,42 2 2, 2 42
(b—c)—(a +b°—c _a+tc b j:|:O
L a

a

(b—c)—l(a2+b2—cz—a2—cz+b2):|=0
L a

_(b —c)— 3(132 - cz)} =0
L a

[a(b—c)-2(b>-cH)]=0
(b-oa-2b+c)]=0
(b-0)=0

b=c

A is isoseles

2. We have

atan A + b tan B= (a + b) tan (A;B)

atan 4 + btan B=(a + b) cot (%)
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ofim - () e[S} )
s ()| ) s
cos A ( ) Sm(g) cos B

sin 4 s1n( ) cos A4 cos (g)
sin ( jcos A
2
cos B cos (Cj —sin B sin (C)
-b 2 2
- C
sin ()cos B
2
acos(A+ C) b cos (B

+
cos A s1n( ) cos B sm(

oso40€) bon [

cos A cos B

sin A cos (A + g) sin B cos

cos A cos B

. C
—2 sin 4 cos B cos A+5
. C
=2 sin B cos 4 cos B+5
. . C
—(sin(4+ B)+sin(4—B))cos | 4 +E

= (sin (4 + B) —sin (4 — B)) cos (B +%)

sin (A + B){cos (B +§) + cos (A +§)}
O-cn(5+5)

sin (4 + B)42 co A+B+C OS(B;A)}

=sin (4 - B) 2s1 A+B+C in(B;A)}

=sin (4 - B){cos

2
sin(4—-B)=0, {2 sin(A+l;+C) sin (B;Aj} =0

sin(4-B)=0

5.71
4-B)=0
A=B
Thus, the triangle is isoseles.
3. We have

(A A A A j
a(rr, +ryr)=a + :
s (s—a) (s—=b) (s—c¢)

= aA? ! + !
s(s—a) (s—b)(s—c)
2 (s=b)s—c)+s(s—a)
s(s—a)(s—b)(s—c)
A 232—(a+b+c)s+ch

s(s—a)(s—b)(s—c)

2s%—2s-s+bc
s(s a)(s —b)(s—c)

252~ 2s +bcj

=abc
Also,

A A A A
b(rr2+r‘r3):b(?'<s b)+<s—a>'(s—c>]

l 1
s (s— b) (s— a) (s—o¢)

s (s—a)s—c)+s(s—b)
S(s a)(s—b)(s—c)

(s(s b) (s— a)(s c))
—pA2l S

(a+b+c)s+ac+s
s(s—a)(s=b)(s—-c)

2s%—2s-s+ac
s(s —a)(s—b)(s—c)

252 - 2s +ac)

= bA?

2( ac
=ha (Az)

=abc
Similarly, ¢ (rr, + 7 r,) = abc
Hence, the result.

4. Now, (r +r)) tan (B_C)

[; (s—a)j(

oo
s (s—a) (s=b)s—c)

c

+c
s—a+s s(s—a)
s(s—a) b+c (s=b)(s—c)

()

+
b-
b+

A
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:A(2s—a)(b_c)\/ !
b+c )\s(s—a)s—b)(s—c)
=A(a+b-i—c—a)(b_cj><l

b+c A
b-c
=0+
( c)(b+cj

=b-0)
Thus, L.H.S.
=b-c)+(c—a)+(a-b)
=0.

wlf) _w2) w9

(a=b)a=c) (b-a)b—c) (c—a)c—b)

4 (s=b)(s—c)
tan (5) N\ s(s—a)
" (a-b)a-c) (a-b)a-c)

B A
C s(s—a)a—b)a-c)

So, LHS

_é[ 1 B 1
~sls—a)a-b)a—c) (s—b)a—b)b-c)

1
C(s—o)c—a)b- c)}
_ A (b—c)+(c—a)+(a—b)
s(a=b)b—c)c—a)|(s—a) (s—b) (s—b)
_ A (b -c){s*— (b+c)s +bc}
s(a—=b)b—-c)c—a) (s—a)(s—=b)(s—c)
B A
s(a=b)b-c)c—a)
y s*2(b—c¢)— s (b* - c*) + Zhe(b - ¢)
(s—a)(s—b)(s—c)

B A Xbc(b—-c)

T s(a—b)b-c)(c—a) {(s —a)(s—b)(s— c):|
i A (a=b)b—-c)c—a)

| s(a—=Db)b—c)c—a) (s—a)s—b)s— c)}

~ A
| s(s—a)(s —b)(s - c)}

| A
“la?
1
A

Hence, the result.

Trigonometry Booster

6. We have
area of theincircle nr?
area of triangle ABC A
_ nr?
A
ot o A 7A
= =—X—=—
A A S2 S2

(3) ()= (3)
Now, cot| — |- cot| — |-cot| —
2 2 2

_ [ s(s—a) s(s —b) s(s—c¢) 2
(s =b)s—c) (s—a)s—c) (s —a)s D)

’— 3 1/2
_ K
B | (s—a)(s —b)(s— c)}

4 12
- | s(s—a)(s—b)(s— c)}

r 1/2
_ }
L A2

A

Hence, the area

T

(3)eo(5)eor(5)

cot| — |[cot| — |cot| —

2 2 2

7. We have
cos (A)
cos A - cot (é) = (1 —2sin? (éjj 2
2 2 .
=cot (éj —sin A
2

Now, a, b, ¢ are in AP

sin A4, sin B, sin C are also in A.P and

and cot (é), cot (Ej, cot (g) € AP
2 2 2

Thus, their differences are also in A.P.

8. Let BC=a=c,CA=b=10cand A4B=c
Clearly, a> + b*=101¢?
Applying, sine rule, we get,

sin4d sinB sinC

c  10c c
sin 4 _sin B _sin C — k(say)
c 10c
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Now,
cos C

cotC _ sin C
cot A+cotB cosA+cosB
sin4 sinB

cos C

sin C
sin (4+ B)
sin A sin B

cos C

sin C

sin C

sin 4 sin B
cos C

=— X sin B
sin C

sin B
=cos C X

sin C
_(a2+b2—c2jxsin3
2ab
2 22
Zkz(c +100¢? - ¢ JXIOCk

sin C

2-ck-10ck ck
=5%x10=50

9. Do yourself.
10. We have

L A 5

I
Area of the triangle A/, [ 1,

1 .
— X (product of two sides)
2 X (sine of included angles)

= l X [4R cos (E)j X (4R cos (ED X sin (90O - é)

2 2 2 2
=8R’X cos (éj cos (E) cos (gj

2 2 2
:8R2><\/S(S_a) X\/S(S_b) ><\/s(s—c)
be ca ab

8R*
= e X s\/s(s —a)s—b)(s—c)

8R%s

= XA
abc

5.73

=ix(a—bcj2><As
abc 4A
_8abc s

16 A

_abe

C2r

11. Clearly, 7, +r,+r,=r+4R
and rr,trp e = s
A? ~
(s—a)s—b)(s—c)
Hence, the required equation is
X —=F+4R)x* +s2x —rs*=0
12. Let r be the in-radius and R be the circum radius of an
equilateral triangle
A \/5 a2 a
Now, r=—=——X—=—&
s 4 3a 2\/5
ae_ @ _a
4A 2
4% \/§4a \/5

_ _ 2
and nrn= As=s"r

And, R=

a
Thus, L 2\/5 =l
a 2

NE)

Hence, the result.
13. We have

I 4 I

I

Hence, the area

1 .
= 5 X (product of two sides)
X (sine of included angles)

ok st -
ok st el
v B2

14. Hence, the circum-radius
_ 51
2sin (1,1}15)

4R cos (A]
. \2)
2sin (90O — A)

2
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4R cos (A)
_ \2)
2 cos (Aj

2

=2R

15. From the figure,
L A 5

Iy

ZIBI,, ZICI, are right angles

Here, /1, is the diameter of the circum-circle of the tri-
angle ABCI|

BC a

sin (ZBL,C) i (900 4 )
2

Thus, I, =

a

_2Rsin 4

eos(3)

cos| —

2

2R X 2 sin (Aj cos (Aj

_ 2 2
5)
cos| —
2

=4R sin (é)
2

Similarly, /7, =4R sin (?),

II;=4R sin (%)
16. We have
a’ cos(B—C)
=a*k sin A cos (B-C)
=g’k sin (B+ C) cos (B—O)
2
=—% [2 sin (B + C) cos (B—C)]

2
= —“—zk [sin 2B + sin 2C]

3
= k? [sin> A sin 2B + sin’4 sin 2C]

= k3[sinA4 sin B cos B + sin?4 sin C cos C]
Similarly, b* cos (C — 4)
= k’[sin?B sin C cos C + sin?B sin 4 cos A]

Trigonometry Booster

and ¢ cos(4 — B)
= k’[sin>C sin 4 cos A + sin’C sin B cos B]
Adding all we get,
k[sin A sin B(sin Acos B + cos4 sin B)
+ sin B sin C (sin B cos C + cos B sin ()
+sin Csin 4 (sin C cos 4 + cos C sin 4)]
= [[sin 4 sin B sin(4 + B) + sin B sin C sin(B + C)
+ sin Csin A4 sin (C + 4)]
= k’[sin 4 sin B sin C + sin 4 sin B sin C
+ sin 4 sin B sin C]
=k*[3 sin 4 sin B sin C]
= 3(k sin A)(k sin B)(k sin C)
=3abc
17. Do yourself.
18. We have ¢ cos(4 — ) + a cos(C + 6)
= ¢(cos A cos 8+ sin A4 sin 6)
+ a(cos C cos 8—sin C sin 6)
=cos O(c cos 4+ a cos C)
+ sin B(c sin 4 — a sin C)
=b cos O+ sin O(k sin C sin 4 — k sin C sin A)
=bcos O+sin Ox0
=bcos O
19. Let,BC=a,AC=b,AB=c

B

Clearly,
ar(AABC) = ar(AABD) + ar(AACD)

1
—bcsin A= lcoc sin (éj + lboc sin (é)
2 2 2 2 2
bc sin A = co sin (é) + bo sin (é)
2 2
1 (Aj 1 (1 1)
—cos| — |=—| —+—
o 2 2\b ¢
Similarly, icos (E) = l(l + lj
B 2) 2\c¢ a

And lcos(£)=1(1+l)
Y 2 2\a b

Adding, all we get,

ceos(5 ) pes(3)rye(5)

—cos| — |+—=cos| — |+—cos| —

o 2 B 2 Y 2
1({1 1 1(1 1 1{1 1
== —t— |+ == |+ —+—
2\a b 2\b ¢ 2\¢ a

1(2 2 2)
=—|=+>+=
2\a b ¢



Properties of Triangles

5o (3) (3 ()
——cos| — |+——=cos| — |+ ——=cos | —
AD 2) BE 2) CF 2

20. Do yourself.
21. Clearly,2s=a+b+c
As we know that, AM > GM

(s—a)+(sgb)+(s_c)z%(s—a)(s—b)@—c)
w > 3f(s —a)(s —b)(s —¢)

% >3/(s — a)(s - b)(s — c)

%z Ys=a)s—b)s—o)

3
(g) > (s — a)(s — b)(s — ¢)

s*227 X s(s —a)(s—b)(s —c¢)
s*227 X A
$22 33 xA

2

s
AS3\/§
22. Do yourself
23. We have
200+ 2B+2y=a+b+tc=2s
oa+pB+y=s
and a=s-a,B=s-b,y=s5-c¢

2
Now, 2= ?_2 _ s(s— a)(ssz b)(s —c¢)
_(s—a)s—b)(s—0)
- s
__oa-B-y
oa+pB+y

24.

B

In AALM, we have

x AM AL
sin4d sinB sinC

AL:x'smC_cx

sind a

AM=x'S%nB=b—x
sind a

From the figure, it is clear that

r = ex —radius of AALM

(x+AL+AM) (A)
yr=| ——— |tan | —
2 2

(a+b+c) (A) X
r= xtan| —|=—t
2a 2 a
AY sx A
(s—a) tan(—):—tan (—)
2 a 2
(s—a)=E
a

Similarly, (s — b) = % L (s—c¢)
Adding, we get,

b

-a)+(s—b)+(s—c)= =42

3s—(a+b+c):£+sx Rl
a b

SX SX SX
3s—2s=— 4+

a b ¢
SX  SX  SX
= +—=4+—==s
a b ¢
X X X
—+—+—=1
a b c

Hence, the result.

SX

C
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25. Itis given that, A
x=0D=Rcos A4
=— -cos A
2sin A
_a
2tan A
2=2tan 4 B D

x
.. b c

Similarly, — =2tan B, — =2tan C
y z

As we know that,
tan 4 + tan B + tan C =tan A4 tan B tan C
a b c a b c

_+_ JR—
2x 2y 2z 2x 2y 2z
a,bc_abe

Xy z_4xyz

Hence, the result.
26. Given,sin4sinBsinC=p
and cosA4cosBcosC=gq
Here,A+B+C=r1
tan(4 + B+ C) =tan(m) =0
tan 4 +tan B + tan C =tan 4 - tan B tan C
p

q

Also, (1 —tan 4 tan B — tan B tan C — tan C tan 4)

_cos(4+B+C) 1
cos A cos B cos C q

Thus, tan 4 tan B + tan B tan C + tan C tan 4

:1+l:(q_+lj
q q

Hence, the required equation is

(2

g —px*+(g+Dx—p=0

27. Let the medians 4D, BE and CF meet at O such that

ZBOC= 0, ZAOC= B, ZAOB =y

LetAD=p , BE=p,, CF=p,

Clearly, 04 :%pl, 03:%192, Oczgp3

a

Trigonometry Booster

From AAOC, we get
04*+0C*- AC?

cos =
p 204-0C
4 , 4
§P12+§P32—b2
= cosﬂ=ﬁ
2.2,.2
3171 3193
4p? +4p?—9p?
= cosﬁ:—pl-'-p3
8p1ps

1 .
Also, ar(AA0C) = EOA -0C -sin B

1 1 .
= =A=—04-0C-sinf

3 2

1 12 2
= —A=—=—p,-—p;-sin

3 23191 3P3 B
= sinf= 34

2pip3

Dividing (i) by (ii), we get

4 P12 +4 p32 - 9p?
12A

Again AD is the median of AABC

So, AB*+ AC?*=2BD?+2A4D?

cot B =

= b2+cz—%+2p12
, 202 +2e7-a’
! 4
- 2a*+2¢*—b*
Similarly, p§=a++
24 +2b% - ¢*
2
And 32#

Now, from (iii), we get,
4pt+4p:-9p*
12A
(b7 +2¢% - a*) + (2a* + 2¢* - b7) - 9b*

cot f=

12A
_ a’+c?—5b°
12A
b*+c?-54°
12A

b*+a*-5c°

12A

Similarly, cot o =

And coty=

..(0)

... (i)
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28.

29.

Now,
2,42, 2
cot o+ cot B+ cot y:—M
12A
(@+D+P)
4A
(@*+b*+ )

Also, cot 4 +cot B+ cot C=

Hence,
cot 4 + cot B+ cot C+cot a+ cot B+ cot y=0

4A

Let AO be perpendicular from 4
on BC. When AO is produced, it
meets the circumscribing circle at
D such that OD = « since angles
in the same segment are equal.
Thus, ZADB = ZACB = £ZC

and £ADC= £LABC= 4B

OB .
From ABOD, tan(C) = oD ...(1)

ocC .
From ACOD, tan(B) = oD ...(i1)

Adding (i) and (ii), we get,
0OB+0C _BC _a

tan B + tan C = ..(1i1)
oD OD «
Similarly,
b
tan C+tan 4 = — ..(1v)
B
And tanA+tanB=§ ..(v)

Adding (iii), (iv) and (v), we get,
a b ¢
—+—+? =2(tan 4 + tan B + tan C)
Hence, the result.
Let H be the orthocentre of the triangle 4BC such that
HA=p,HB=q,HC=r
A

-

From the figure,
ZHBD = ZEBC=90°-C
ZHCD=ZFCB=90°-B
ZBHC =180° — (£LHBD + LHCD)
=180°—(90° - C +90° - B)
=(B+C)=18°-4
Similarly,
ZAHC =180°-B

30.
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and ZAHB=180°-C
Now,
ar(ABHC) + ar(ACHA) + ar(AAHB)
= ar(AABC)
= % qr sin(£BHC + % pr sin(£LAHC)

+ % pq sin(£LAHB) = A

U

qr sin(180° — A4) + pr sin(180° — B)
+ pg sin(180° — C) = 2A
qrsinA+rpsin B+ pgsin C=A

r(ij+r(ij+ (L)_ﬂ
T or)""Par) "1 2R ) 4R
aqgr + brp + cpg = abc
aqr  brp  cpq _
pqr pgr  pqr  pqr
a b c¢ abc
= —+—t-=—

p q r pqr
Here, AD is the internal bisector of the angle 4

abe

L

F, I E
B D C
Clearly,2=£
DC b
DC b
= @ —=—
BD ¢
DC b b+c
= —+1l=—+1=
BD c c
DC+BD b+c
= =
BD c
a b+c
= — =
BD c
BD a
= _—
¢ b+c

c

Similarly, BE =

a a+b
Now,
1 .
ar(ABDF) _ 5-BD~BF~sm B
ar(ABC) %ac sin B
_BD-BF _BD BF _ ac
ac a ¢ (a+b)b+o)

Similarly, ar(ACDE) _ ac

ar(AABC)  (a+b)(b+c)
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ar(AAEF) bc
ar(AABC) (b+c)a+c)
ar(ADEF)

" ar(AABC)

_ AABC - (ABDF + ACDE + AAEF)

AABC
_,_ABDF ACDE AAEF
AABC AABC AABC

Thus

ac ab bc

- (a+b)b+c) (a+o)b+c) (a+b)a+c)
_ 2abc

“(a+b)b+c)c+a)

ar(ADEF) 2abc

ar(AABC)  (a+b)b+c)c+a)

2Aabc

ar(ADEF) =

(a+b)b+c)c+a)

Hence, the result.

31.

Since, A + B+ C=180°
3a+38+3y=180°
o+ B+ y=60°
Clearly, ZARB = 180° — (o + )
Applying sine rule in triangle ARB
AR c
sin B sin (180° — (& + f3))
AR c
sin B sin (o + B)
_ csinf
~sin (@ + fB)
_2RsinCsin 8
~ sin(a+p)
_ 2R sin(3y)sin B
~ sin(a+p)
_ 2R sin(3y)sin
~ sin (60°—-7)
_ 2Rsin Bsin y(3—4sin’y)
a sin (60° — 7)

Trigonometry Booster

_ 2Rsin Bsiny(3—4 sin’ Y) cos (30°—7)
sin (60° —7y) cos (30°—7v)
_4Rsin Bsiny(3—4 sin® y) cos (30° - y)
2 sin (60° —7) cos (30° —y)
_4Rsin Bsiny(3—4 sin y) cos (30° - 7)
sin (90° — 27) + sin (30°)
_ 4Rsin Bsin y(3—4sin” y) cos (30° - y)

1
2y)+—
cos (27) 2

_ 8Rssin Bsin y(3 —sin’ y)cos (30° - y)
B 2cos (2y) +1

_ 8Rsin Bsin y(3—4sin’y) cos (30° - y)
- 2(1-2sin?y) +1

_8Rsin Bsiny(3-4 sin 7) cos (30° — 7)
- (3-4sin’y)

=8R sin Bsin y in y(30°—7y)

Hence, the result.

32. Since, AD is the median, BD = DC =

Also, ZDAE = ZCAE = g

a

2
A

ald al4

B al2 D E C
-« a2 _— »

Applying cosine rule in triangle ABD, we get,

(Aj AB*+ AD?* - BD?
COS| — | =

3 2A4B- 4D
a )\
2,42
4) € *b _(2) 4b* + 4c* - a? -
cos| — |= = .. (1)
3 2bc 8bc
Applying cosine rule in triangle ABC, we get,
2, 2_ 2
cos A= bte=a”
2bc
2, 22
4 cos® (é) -3 cos(éj = bre—a ...(>1)
3 3 2bc

Subtracting (ii) from (i), we get

4 cos(ﬁ) — 4 cos’ [ﬁ)
3 3

_4b2+4cz—a2 b+ —d?

8bc 2bc
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4b* + 4c? — a* — 4b* — 4c* + 4d*
8bc

_3a
8bc

2
4 cos (é)(l — cos? (én = 3a”
3 3 8hc
2
4 cos (éj sin? (éj = EC
3 3) 8bc
(A) . Z(Aj 3a?
cos| — [sin”| — |=
3 3/ 32bc

Integer Type Questions

1. As we know that, in a right angled triangle a* + b* + ¢?
=8R?

a+b*+c?
—x

+r+
2. We have, (uj
B

:4R(§jcos(jjcos(§)@an(;j+tm1(§)+mn(§j)
won ol el

_ (tan (g) + tan (g) + tan ((Zj))

1m@m@m@

3. As we know that,

1 1 1
—t—+—=
n n n

Using, AM > GM

n+r+r
(1 g 3)2 3

N | =

3 L 1
n n n
n+ntn >i=3r
s )T
-
(q+5+@)>9
—r >
4. We have
sin> A+sin A+1 —|sin 4+ 1 41
SinA SinA
. 1
=(smA+, j+1
sin 4
>2+1=3

Hence, the minimum value is 3.
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5. We have
P )+ @B )
1 2
= w X 16R
=2
6. By m-n theorem cot 0= %
A
30 45
B a2 D al? C
So, tan 8 2
o, tan = —=——
3-D
. 2 “3-1
sin @ = ————and cos 0 = ———
JB-243) JB-243)
From AADC,
al2 AD _ AD
sin (45°)  sin(m—(0+45°) 1 (sin 6+ cos 6)
2
a2 AD
sin (45°) 1 s
——(sin B + cos 6)
V2
a AD

2 (sin 6 + cos 6)

a_JB-23) 1

2 (B+)  li-6v3

a_B-23) 1

2 Ju-25) Jli-6d3

a_JB-2V3)

2 J8-23)

a=2

Therefore, the length of the side BC is 2.

7. We have

(r,+r)r, +r)r +r)=4Rs

Thus, R+ )+ )0 +n)
Rs

=4

[

8. We have
cos(4—B) =

(RN
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C=90°
Hence, the area of the triangle

1
=5 ab sin(90°)
1

=2 X6x3=9
9. We have
10 b _ c
3 sin(50°)  sin (70°)
2
&_ b c

3 sin(50°  sin (70°)
Now, perimeter
=10+b+c

20 . 20 .
=10+ — sin(50°) + $s1n(70°)

NG

=10+ % [sin(50°) + sin(70°)]
10+ 22 [cos(40°) + cos(20°
- Na [cos(40°) + cos(20°)]

20
=10+ ﬁ X 2 ¢c0s(30°) cos(10°)

20 B
=10+ EXZXT % cos (10°)

=10+ 20 cos(10°)
Thus, x=10,y=20,z=10

Hence, the value of (M) is 2
y

Trigonometry Booster

10. We have
acot A+bcot B+ccotC
(r+R)
_cos A+cos B +cos C
- (r +R)
_2(r+R)
~ (r+R)

=2
Previous Years’ JEE-Advanced Examinations

1 1 1
1. We have A= Eapl = Ebpz = ECps

1 a 1 b 1 c
= —_— Y =, — =—
p 20 p, 2A py 2A

Now,
1 1 1 1

—+————=—1(@a+b-0)

P Py Pz 2A
_(a+b)Y=C?
T 2A(a+b+c)
_a2+b2—c2+2ab
"~ 2A(a+b+0)
_ 2ab cos C +2ab
" 2a+b+c)A
_ab(cos C+1)
" (a+b+o)A

2ab 2(
=——XCO0S
(a+b+0)A

|0

)

2. Let ZAPD = 6, as LPAO = ZPDO =

SR

ZAOD=r—- 0
By the law of cosines,

OA?> + OD? — AD* = 2(0OA)(OD)cos(r— 6)
= AD*=2r*+2r’cos 6

AD? =21 (1+ cos 0) = 4r’cos’ (g)

Since ABCD is a cyclic quadrilateral, so

ZORS=n-0
Thus, BC? = 4r%cos® (E - g) = 472sin? (9)
2 2 2
Therefore,

AD?*+ BC*= 4/ (cos2 (%) +sin? (gj) =42

Similarly, we can easily prove that,
AB*+ CD* = 47?
Hence, AB> + CD? = AD?* + BC?
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3. By the law of cosines,
a®+b*=c?
2ab
a?+b*-c?
2ab
1 a*+b* -2
2 2ab
ab=a*+b*— ¢
c=a*+b—ab
A=(1++3)2+22-2(1+3)
A=1+3+23+4-2-23=6

c=~6

From sine law,

cosC=

=  cos(60°)=

L

sind_sinB _sinC

a b c

. a .
= sin A=—-sin C

C
(\/§+1)X£_\/§+1_
oo T2 22
=  A=105°,B=180—(4+C)=15°c=+/6
4. We have

= sind= sin (105°)

A ac  ac
s 25 a+b+c
_acla+tc—Db)
C(a+co)?-b?

ac(a+c—>b)

a’+c?+2ac - b*

=%(a+c—b)(‘.‘a2+02=b2)

1
= =—(a+c-b
r 2(a c—b)

= 2r=(atc-b)=AB+BC-AC
Hence, the result.

5. We have
2,2 2
cos A=t —a”
2bc
2,2 2
o s d -
2ab
From,cosC=£=L=%
DC a2 a

From (ii) and (iii), we get
a?+b*—c* 2b
2ab T a
= a&-c*r=3h
From (i), we get
p*-3b> 20 b

cos A= =——=——
2bc 2bc c

...()

..(ii)

.. (i)
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)
Thus, cos 4-cos C = (%)(—2) = M
a c 3ac

6. Let LA=/4B—and LC=/B+
We have £4 + ZB + £ZC =180°
= ZB=60°

. b c
From sine laws, —— = —
sinB sinC

= sinC:%-sinB:( %j(g}%

= C=45°
Thus, £4 =180°— (B + C)
=180° — (60° + 45°) = 75°
7. No questions asked in 1982.

A A
8. We have = = =
s—a s—b s—c
Givenr,r,r,€ HP
A A A
= € HP

s—a s=b’s—c
1 1 1

R R e HP
s—a s—-b s—c

=
= s—-a,s—b,s—ce AP
=
=

—a,—b,—c € AP
a,b,ce AP
Hence, the result.
9. We have
cosA+cosB+cosC:%

= 2 cos

A+B) (A—B) 3
cos +cosC=—
2 2 2
c) (A—
—— |cos
2 2
(A_B)—Zsinz(g)zz— =
2 2 2
cos —sin| — | |==
2 2 2

(A—B
cos

2
= 2sin

. (A] . (B) .
=  sin|— |sin| — [sin
2 2

U
[\
(]
@]
2]

(]
o
7

= 2sin

=  2sin

/N N

Q n[a p[a A S

Ne—— N N~

\S]
%)
.
=

Thus, A is equilateral.
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10. We have Mwill be least, when (sin o+ sin 8+ sin ) is providing
b+c c+a a+b 2a+b+c) us the greatest value.
1 12 13 36 Let z=sin o+ sin B+ sin y
=sin B+ sin o+ sin(27w — (o + sin f))
:le =sin a+ sin f—sin(a + )
18 o+ f oa-f
Thus,a=7A, b=6Aand c =51 _ZSin( 5 )COS( 5 )
b +c*—a*
= cosAd=——— —Zsin(a+ﬁ)cos(a+ﬁ)
2bc 2 2
3647+ 2547 — 4947 1 o+ p o-p o+
= 26205 =% :2sin(—j cos(—)—cos( j
(6A)(54) 5 2 2 2
Similarly, cosBzﬁ,cosCzi =2sin(a+ﬁj><25in(g)sin(ﬁj
35 7 2 2 2
=  cos A:cos B:cos C = 122 =4sin (n - lj sin (ﬂ) sin (éj
5357 2 2 2
= cosd:cosB:cosC=7:19:25 =4sin(z)sin(g)sin(é)
cosd cosB cosC 2 2 2
ThuS, = = o ﬂ
7 19 25 =4sin (—) sin (—) sin (1)
11. 2 2 2
12. Given cot 4, cot B, cot Ce AP It will be greatest, When’
cosd cosB cosC_ yp e B Y L upoy
sin A sin B sin C 2 2 2
2,2 2 2, 2 32 2,42 2 o
- (b +c a)’(c +a b)’(a +b C)EAP Thus, =L ==y
2abc 2abc 2abc 3

Therefore, the least value of M is
B+ +ad* =24 (P +a*+b*-2b%)

= , , 1, . (2=« 3
2abc 2abc = ——(3 sin (—D = —£
2,12, 2 2 3 3 2
(@a@+b"+c"—2c) i ) )
2abe € AP 15. We have cos 4 cos B + sin 4 sin B sin C = 1
= (P+E+a-2a), (3 +ad+ b -2b), _, lzcosdcosB_ oo
(@+ b+~ 26 e AP sin 4sin B
= (24%, (-2b%), (-2c*) € AP l—cos Acos B .
= da, b, cPe AP = sin A4 sin B =sinC=l
13 I}JIetnce,_thzeJrrezsult. a4 s—d+3a+8 = lcosAcosB<sinAsinB
r ehxTa @Y= LdTo,zmd a = 1<sinA4sin B+ cos 4 cos B
Here,x>0,y>0andz>0 4B >1
since z=a?>+ 2a+ 8> 0 for every a in R = cosd-B)=z
3 = cos(4d-B)=1
= a>0('.’a<—2,a>0anda>—5j =  cos(4 — B) =cos(0)
= A-B=0
Also,z—x=a+8>0,z—y=a*+a+5>0 — 4-p
Thus,x +y >z Therefore
= d+3a+8<(?+2a)+Q2a+3) ’
. 1—cos Acos B
= a>5 smnC=———""-—
= ae (5, ) sin 4 sin B
14. Let, _l—cosAcosA_l—coszA_sinzA_1
1[ ( 77:) ( Tfj ( ﬂ)j sin 4 sin 4 sin4  sin’4
M=—|cos|ox+—=|+cos| B+—=|+cos|y+—
3 2 2 2 = C=90°

Hence, A =45°=B, C=90°
a b c

1 . . .
= —g(sm o +sin B +sin )
sinA=sinB=sinC

Now,




Properties of Triangles

16.

17.

18.

a b c

= = =

sin 45°  sin 45° sin 90°
., e _b _c

11

V22
., a_b__c

1 1 2

=  abc=1:142
Hence, the result.

Ans. (a, d)

b

sin B

. a
From sine rule, —— =
sin 4
bsinA=asinB
bsinA=asin B<a,sincesinB< 1
T

In this case, B :£, A<—
2 2

Also bsin 4<a, if0<B<ﬂ,B¢§

IfA< ,B> A, B;t ,
2’ 2

then bsinA<a,A<§,b>a

Ans. (a, d)

LetZA=0a—-06,4B=06,£ZC=n+ 0

since ZA+ /B+ /ZC=m, 8= 60°

Thus, the largest angle of AABC is A and the smallest

angle is C.
Let x be the smallest side of the triangle.
2 2 o2
102 =
Therefore, cos (60°) = w
2-x-10
= x*+19=10x
= x*-10x+19=0
= (x-5?%=6
= (x-95= i\/g
— x=5+/6

Let, ZB=30°, ZC=45°and a= (/3 +1)
Then, L4 = (- (4B + £LC))

= (- (30°+45°)=105°
From sine rule,

a b ¢
sind4 sinB sinC
a b c
= : =— =—
sin (105°)  sin (30°) sin (45°)
R WB3+) b
sin (105°)  sin (30°) sin (45°)
(B3+D) _b_ ¢
= =
(B 17T
22 ) 2 2
=  2J2=2b=+2¢

19.

20.

21.
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= bzx/z,c:Z

Thus, the area of the given triangle

:lxchsinA
2

3 +1)
22

=%x\/§><2><
W3+))
= sq

2
We have BC = 2BD, AD = h, OD = h —r, so that BC =
22— (h=r)> =2\2rh —

Thus, P =248 + BC
= 24B=P-BC

= 24B=2(y2hr — h® +2hr) — 2 2hr — K

=  AB=~2hr
The area of the AABC= A4
=BD X AD

= h2hr — i
A hnJ2hr — h?

Now, —=

P*g(J2hr — i +2hr)

B 2r—h
8(J2r—h +2r)?

A \N2r 1
Thus, hm — 3=

P 8 X (2N2r)  128r
Ans. (¢)

The given equation is

k=3 sin x — 4 sin® x = sin 3x

Thus, k= sin 34, k=sin 3B

=  sin 34 =sin 3B =sin(w— 3B)
= 34=(n-3B)

= 34+B)=nrx

= (A+B)=%

Therefore, ZC=m—-(A+ B)= n—%:%
Given 4, B and C are in AP
= 2B=A4+C
= 3B=A+B+C=n1
= B=£
3
Now, sin (2A+B)=l=sin(5—ﬂ)
2 6
= (24+B)= (?”)
( ) T 3n &®
= - = = —
3 6 2
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22.

23.

= 4==
4

= C=(£+Aj=(£+£)=5—n:75°
6 6 4 12
Thus, 4 =45°, B=60°, C=75°
Let the sides of a triangle are a — 1, a,a + 1, where a €
I—{1}
Let 6 is the smallest angle and 20 is the greatest
angle of the triangle.
By the sine rule,

sin@ sin (20)

a—1 a+1

N a+l:s1n'(29):20086
a-—1 sin 6
= cosf= atl
2(a-1)

Again by the cosine rule,

:(a+l)2+a2—(a—l)2

os 6
2-a-(a+1)
a*+4a a+4
= cosf= =
2a(1+a) 2a+1)
Therefore, atl _ _at4

2a-1) 2@a+1)

= (at+t1)P=(@+4)(a-1)

= a&+2at+1=a*+3a—-4

= a=>5

Hence, the sides of the triangle are 4, 5, 6.
Leta=BC,b=CA,c=AB and p=AD.

AABC = lap = lbc sin 4
2 2

= pzlzI—csinA

bc .
= p=%s1nA
a

_ abc(sin®B —sin’C) .

= = n A
a* (sinzB - sinzC)
- _ abc sin (23 + 2C) s.mZ(B -O) sin A
(b —c")sin“4
abc sin (B-C)
= =T 2 2
(b”=c7)
2 _
_ _ab’rsin(B-C) . where c=b

B*— b*r?)

24.

25.

Trigonometry Booster

= p=|—"5|sin(B-0C)
1-r

= p< larz),sincesin(BC)Sl
—r

Consider three circles with centres at 4, B and C with
radii r, r,, r,, respectively, which touch each other ex-
ternally at P, O, R.

Let the common tangents at P, O, R meet each other at
0.

Then OP=0Q=QR=4

Also, OP L AB, OQ 1 AC, OR 1 BC

Here, O is the incentre of the triangle ABC

For AABC,
o= (it n)+(+n)+0+n)

=n+ntn
and A=\/(h+n+r)nnn
. A
Now, from the relation » =—, we get,
K
NGRS 4
Rt rn+n
BiFsF:
— 1728 4
I”1+I”2+I"3
1T 16
N 128 _16=—
Bt rn+rn 1
= (rrp)i(r tr,tr)=16:1
We have
2c0sA+2cosB+200sC_1 b
a b c bc ca

2bccos A accosB 2bccosC  a® b?
+ + =—+—
abc abc abc

= 2bccos A +accosB+2bccos C=a*>+ b?

abc abc

= (b2+cz—a2)+%(a2+cz—b2)

+(a2+b2702)=a2+b2
= 202+ +aP-b0=0
= a=pP+
AABC is aright angled triangle at A.
Thus, Z4 = 90°
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26. Let O be the centre r be the radius of the circle passing

27.

through 4, where i=1,2,3,...,n

2
Here, £4;04; =—n,where i=1,2,3,...,n
n

1 1 1
Now, + =
44, A4y A4,
1 1 1
= - 2r - kY4
2r sin (n) 2r sin (j 2r sin ()
n n n
N 1 B 1 1
( ) o (Zn) 37:)
sin| —| sin|—| sin|—
n n n
1 1 1
= =t (E) =6
sin@ sin20 sin30 \n
1 1 1
= — = =—
sin@ sin360 sin260
sin 30 —sin O 1
= : : =—
sin@sin30 sin 20
2 cos 20 sin 0 1
= : : =—
sin 6 sin 30 sin 20
= 2sin260cos 20=sin 36
=  sin(46) =sin(36)
=  sin(40) =sin(r-36)
= 46)=(r-306)
= Q:E
7
T T
> —==
n 7
= n=7
(1) = (i)
Suppose a, b, ¢ and area A are rational.
a+b+c .
Thus, s = —— =rational
. (B) A
Since tan| — |=
2) s(s—b)
and tan (g) = A
2 s(s—rc)

and A, a, s, c — a, s — b all are rational.
Therefore a, tan (gj, tan (%) are rational.
(1) = (iii)

Consider a, tan (?), tan (%) are rational.

and sin B = 2tan—§B/2) = rational
1+ tan”(B/2)
. 2 tan (C/2) .
sin C =—————— =rational

1+ tan?(CR2)

28.

29.

Also, tan(£)=tan (E—(B-’_CD
2 2 2
(B+C)
=cot

2
(B) (C)
l—tan| — |tan| —
2 2

= = rational

(Dl

Thus, sin A = rational

Hence, a, sin A4, sin B, sin C are rational.
>iil) = (1)

Suppose a, sin 4, sin B, sin C are rational.
By the sine rules,

a b ¢
sin4 sinB sinC

sin B sin C
= b=a- .

. ’C=a .
sin 4 sin 4

b, ¢ = rational
Also, A= %bc sin A = rational

This completes the proof.

Figure
From the figure, AD = b sin(23°)
abc . o
eI =bsin (23°)
a sin (23°)

= =

b —c? c
- a sind

b*—c? a

a2
= sind= eI
)
= sin A= ZSLAZ
sin“B —sin"C

= sin4=sin* B—sin’* C
= sind=sin(B+ C)sin(B-C)
= sinA4 =sin(wr— A4) sin(B - C)
=  sin A4 =sin(4) sin(B — C)
= sin(B-C)=1=5sin(90°)
= (B-0)=(0°
= (B-23°)=(90°)
= B=113°
As we know that, the largest angle is the opposite to

the largest side.

Leta=BC=3,b=CA=5,c=A4AB=17
2,82 2

Thus, cosC=3+5—7:_1_5:_l
2-3-5 30 2

= cos C=—l=cos (2—77:)
2 3



5.86

30. Let ZB= % £C =%, ZBAD =0, ZCAD = ¢

By the sine rule,
sin@ _sin (7/3)

BD AD
3 BD
= sinf=— ——
2 AD

and sin @ _ sin (/4)

DC AD

= sin —L D_C
¢ J2 4D

ow sin ZBAD _ sin 0
" sin ZCAD  sin ¢

_\3 BD 5 AD
2 AD DC

s[5

DC \2

ZEXF:L

3'°V2 Ve
31. Leta=4k, b=>5k c=6k

Szl(a-i-b-i-c):Ek
2 2

S—a=1—5k—4k=zk
2 2

s—b=1—5k—5k=£k
2 2

S—C=1—5k—6k=ék
2 2

Now, Boabe s
r A A
_abcs

T 4A?

abcs
" 4s(s—a)(s —b)(s —c)
abc
T 4(s—a)(s—b)(s—0)
(4k)(5k)(6k)

(R

16

7

32. Here, B+C=77:—£=3_ﬂ
4 4

33.

34.

Trigonometry Booster

=  tan (B+C):tan(37n):—l

tan B+tan C
1—tan Btan C

= tanB+tanC=-1+tanBtanC=-1+p

Let tan B and tan C are the roots, then
x2—(tanB+tan C)x —tan B - tan C=0

= X-@p-1x+p=0

It has real roots.

So, D=0

@p-12-4p=20

pP-2p+1-4p=0

pPP—6p+1=0

P-32-820

(p=37-(22)*20

(p=3+22)(p-3-22)20
P<(3-2V2), p2(3+22)
pe(=o0,3=2V2) U ((B+2v2),)
Let ABC be an equilateral triangle

L v suuul

Then LA:%:LB:AC

Therefore tan 4 + tan B + tan C

(5wl
()

=33

Conversely, let tan 4 +tan B+tan C = 33
Here,A+B+C=nr
= A+B=n-C
= tan(4 + B)=tan(r— C) =—tan C
tan 4 + tan B

———=—tan C
1—tan 4-tan B

= tan4d +tanB=tanC+tan A4 -tan B - tan C
= tan4d +tanB+tanC=tan 4 -tan B - tan C
Thus,

= tanA+tanB+tanC=tanA~tanB‘tanC=3«/§

It is possible only when, A=B=C zg

Thus, the triangle is equilateral.
Ans. (b)

H A—lx X —lx X —lxrx
ere, 2PP1261P22 Ps3

2A 2A 2A
= pP=——q=—r=—
)24\ b Ps3
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From sine rule of a triangle,
sinP_ sinQ sinR
P q r
Given, sin P, sin Q, sin R are in AP
= p,q,re AP
2A 2A 2A
P Pz P3

1 1 1
—,—,—€AP
b Dy D3
=  p,P,ps€ HP
Thus, the altitudes are in HP
35.

€ AP

Let O be the circumcentre and OF be perpendicular to
AB.
Let I be the incentre and /E perpendicular to AC.
Then LOAF=90°-C
LOAl = LIAF — LOAF

A
=—-090°-C
> ( )
A, o _A+B+C
2 2
C-B
2
Also, Al = £ !

(2] (3
2o
v B (2
sS4

S ESONGRE

Also, OFP

=R>-2R X 4R sin (é) sin (E) sin (gj
=R*—2Rr 2 2 2

=  OI=+R*-2Rr

Hence, the result.
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36. WehaveA+B+C=1

—+=+—=1
2 2 2

A B C
= —+—=1-—
2 2 2

; tan(?)g)?gng)
ey
L el
Tl D)
- (gl
() cn(2)
SERONCWENE
o) (2]

Dividing both sides by tan (é) tan (gj - tan (gj,

we get, 2 2
1
+ +
C C
tan| —| tan|—| tan
2 2

1 1 .
)
2

ESESE
< ot
ool

37. Figure
Here, HE=JK =1,
But/E=r
So,IH=r~—r,

1 1
=

(SiNe)

In a right AIHJ, ZJIH = (% - g)

(717 A) i
= tan| ——— |=
2 2 r—H
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In a AABC, we have Also, we can find the values of 4, B and C by using the
half angle formulae, if we know the values of a, b and

(3)rea(3)ren(5)
cot| — |+cot| — [+cot| — c.
2 2 2 b

. a c
By using, = = =2R
=cot (é) cot (éj cot (gj Y g sind sinB sinC
2 2 2 We can find, ZB, ZC and the sides a, b and ¢, if we

73 i 7 7 know a, sin B and R.
We cannot find £B, ZC and the sides b and c, if we just
know a, sin 4, R, since

"
= + +

}’2 — . .
r—n r—n r—n r—-n r—n r—n

i ) 3 nnn
= + + = a b c .
V—Vl r_rz r_r3 (’”_”1)(’”_”2)(”_’”3) SinA:SinB:SinczzR glves
[IIT-JEE, 2000]
38 Weh 2ac si A-B+C and ¢ from which we cannot obtain b, c,
. € have Zac sin > sin B sin C
4+C B ZB and £C.
=2ac sin ( - —) 42. Let the angles of the AABC are 46, 6 and 6
2 2 Also 40+ 0+ 6= 180°
=2acsin(§_§_§) = 60=180°
1 o
- = 0= 80 =30°
=2ac sin (— - B) 6
2 By sine rules,
=2ac cos B a b ¢
(a2+c2—b2j sind sinB sinC
= 2ac| ———
2ac - a _ b _ c
=(@+3-b) sin (120°)  sin (30°)  sin (30°)
39. Ans. (a) b
As ABC be aright angled triangle, circum radius of this = a ¢

triangle is half of its hypotenuse. sin (60°)  sin (30°)  sin (30°)

b ¢
_l 2 2 = L:—:—
Thus,R—lea +b \/g 171
2 2 2

Also, r=(s —c) tan (%):(s—c) tan (%):(s—c) a

- _b_¢
Now, 2(R + r) N
D Hence, the required ratio is
=4a " +b" +2s-2c
=c+2s-2c = a = V3
—25_¢ a+b+c 2+\/§
=atbtc—c 43. From figure (i)
—ath 1 2
40. I,=n-—-(04)-(04)sin (—)
41. By the sine rule, 2 "
T . (27:)
a b c =—sin| —
: =— =— 2 n
sind sinB sinC . p, .
« b c rom figure (ii)
sind sinB sin(wr—(A4+ B)) B,B,=2(B,L)=2(OL) tan (E)
a b c "
sind sinB sin(4+B) =2.1-tan (E)
n

Here, we can easily find out b, ¢ and C, if we know a,

sin 4, sin B. =2 tan (Ej
n
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| x Area of AUBC
Thus, O, = n(E(Ble)(OL)) =ntan (;) _ ﬁ % (BC)?
4
I/
Now, -
o, = ? X 433 +1)2
_ (n/2)sin (26) where, 0 _T = BB +1)?
ntan 0 n
e =33 +1+23)
(1+ tan’0) 2 tan 0 =3(4+23)
i = (6+4V3)
) -
=—(2 cos*0) 46. We have
2 a
:l(l+00529) =sinB—sinC
B sin 4

A2 (% (%5
2 [T 2o Do

n

2 n (n A) . (B—C)
cos| —— |sin| ——
44. Ans. (d) 2 2 2
Let the sides of the triangle be 4, V31,21 sin(A)cos(A)
By the cosine rule, 2 2
_GBV e’ -7 _ 62 B sin( 2 )sin[ 22€ sin[ 22€
cos A= = > 5 2 2 2
2-(\BA)-(21) YNCY S = -
o(3)l3)  e3)
T sin| = |cos| = cos| —
= A== 2 2 2
6
/4 T sin(B_C)
Similarly, B=§,C=E Thus, b-c _ 124
A:B:C=30°:60°:90°=1:2:3 4 cos()
2
45.
4 (b—c)cos(£j=asin(3_c)
2 2
47. We have from sine rule,
a b ¢
sind sinB sinC
- a b _ c
P 0 sin (120°)  sin (30°)  sin (30°)
. o 4 _b_c
B D E ¢ N
BD o2 2
We have — =cot (30°)=\/§ a b ¢
PD = T:T:T:MSW)
BD=-3PD 3
DE=PQ=PR+RQ=2 Now, =2 besind_ besin4
—Po= Q= ’ s 2s (a+b+c)

BC=BD+DE+EC=3+2+3=2(3+1)
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48.

()
3o_\2)
(B3+1+DA

= \/5(2+«/§)=(§]/1

=  A=22+3)
Thus, the area of the AABC

=

=l~bc~sinA
2

=%-l~/l-sin(120°)

:ﬁxl2
4

§x4(2+\/§)2

=3(7+43)
=(12+73)
Ans. (a, b, ¢)

F

LetAD=p
ar(AABC) = ar(AABD) + (AADC)

%bc sin 4= %bp sin (g) + %cp sin (g)
. . (4
=  bcsin A= p(b+c¢)sin (Ej
=  bc2sin (g) cos (g) = p(b+c¢)sin (%)

= 2bc COS (éj
P+ 2

2bc (A)
= cos| —
(b+0) 2
Also, £=cos (é)
AE 2
AE=ADsec(£j= 2be __2
2 b+c 1 1
7+7
b ¢

Thus, AE is the HM of b and ¢

. DE _ . (A) FD . (A)
Again, —=sin| — |, ——=sin| —
AD 2) AD 2

49.

50.

Trigonometry Booster

EF =DE + FD = 24D sin (g)

4bc (A) ) (A)
= COS| — |Smn| —
b+c 2 2

2b
== X sin A
b+c

Ans. (b)

Given, 4B || CD, CD = 24B.

Let AB = a, CD = 2a and the radius of the circle be r.
Let the circle touches at P, BC at O, AD at R and CD at
S.

Then AR=AP=r,BP=BQ=a-r,
DR=DS=rand CQ=CS=2a-r

In ABEC, BC* = BE* + EC?

= (a-r+3a-rP=Qr?+a

= Ba=2r)=Q2r}+a

= 9P +4r - 1Rar=4r+a*

3
= a=—r
2

Also, ar(Quad. ABCD) = 18
= ar(Quad. ABED) + ar(ABCE) = 18

= a-2r+%~a~2r=18
= 3ar=18
= 3><%><r2:18

= =4

= r=2

Thus, the radius is » = 2.
Ans. (b, d)

R

N

T

Here, PS X ST= QS < SR
Now, AM > GM

RN

ps st |1 1

2 PS ST
1 1 2

Ps ST~ JOSx SR
Also, —QS;SR> 0S % SR
1 2

JOS<SR  OR

=
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1 1 _ 4
PS ST OR

51. We have c cos B + cos C = 4 sin> (éj

C)cos(B_C)=4sin2(£)

2 2 2
(7: A) (B—C) .Z(A)

= cos| ———|cos| —— [=2sin"| —
2 2 2 2

= 2cos(B+

-C
2
[(#55)=2m(3)
= cos =2sin| —
2 2
(B—C) . (n B+C)
= cos =2sin| ——
2 2 2
(B—C) (B+C)
= cos =2cos
2 2
B-C
cos 2 _2
= (B+C)_1
cos
2
B-C B+C
cos + cos
2 2 _2+1
= (B—C) (B+Cj_2—1
cos —Ccos
2 2
2 cos (B) cos (Cj
- 2 2 -3

u

s(s —b) . s(s—c) _3
(s—a)s—c) \(s—a)s—b)

N

=3

S—a
3s3a=s

25 =3a
at+b+c=3a
b+tc=2a
Hence, the result.

52. We have 2 cos (l)+2005 (E)Z\/g+l
2k k
(e ()5
= cos|— |[+cos|— |=

2k k 2
= cos(g)+cos(9)=\/§+1,where£=0
2 2 k

= 20052(9)—1+cos(9)=\/§+1
2 2 2

teusy U

53.

54.

5.91

= Zcosz(gjcos(g):ﬁ+l+1:\/§+3

2 2 2

= 2t2+t—\/§+3=O,wheret=cos(g)
2 2
. C—1E1+4G+V3)  —1£ 2B +1)
4 4
—2-23 3
= =
4 2
NE)
=  t=—
2

= E:(E) =k=3
k \3

We have, ar(A ABC) = %ab sin C

= 15[:%-6-10-smc

. N (Zn)
= sinC=—=sin| — |,
2 3

since C is obtuse.

3
Also, ¢*=a*+ b*—2ab cos C

2
—102+62—2-10-6-cos(T”)

=100+ 36+ 60

=196
= c=14
Now,2s=a+b+c=6+10+14=30
= s=15
Therefore, r:é:ﬂ:\/g

N 15

= =3
Ans. (b)

We have a® + b> - 2
=@+ x+1)P+*-1)—Q2x+ 1)
=xt A+ I +H283 2+ 2+ x4 - 232+ 1 —4x2 -
4x—1
=24+ 23 - 2x2-2x + 1
=x-DEx+DH2x*+2x-1)

2 2_ 2
6 2ab
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55.

V3@ -DErt+2x-1)
2 2 P+x+D(xrP-1)

= BEP+x+)=202x"+2x-1)
= Q2=+ -V)x—(1+3)=0
= x=—2+V3), B+

Thus, x= (/3 +1).
Ans. (¢)

We have

2 sin P —sin 2P

2 sin P +sin 2P

_ 2sin P—2sin P cos P
" 2sin P+ 2sin P cos P
_l—cosP

" l+cos P

_ 2sin’(P/2)

- 2 cos®(P/2)

= tan2 (ﬁ)
2

_(s=D)s-o0)

B s(s —a)

_ (s=b’(s-o)

B s(s—a)(s—b)(s—rc)
_(s=b)s—0)’
=

= , Where s =4

Trigonometry Booster

57. Ans. (b)
Given atb=a,ab=y
Also, x*—c*=y
= (at+tbyP-c=ab
= a+tbhP-c*=-ab
a*+b*-¢? ab 1
= _—_— = —— = ——
2ab 2ab 2
= cosC=—l
2
= C=120°
Now, R=4¢ , -4
4A
Thus, » _ 4A°
R s(abc)
1 2
4(ab sin 1200)
__\2
xX+c
.y.c
2
(1 .ﬁj
Y
xt+e e
2 y
__ ¥
2(x+c)c
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