












 1.1  Inverse Circular Functions

Definitions: The equation sin θ = x means that θ is the angle whose sine is x. To

express θ explicitly in terms of x, a convenient notation ‘sin−1 x’ (read as sine inverse x) 

is introduced. Thus θ = −sin 1 x means that θ is the angle whose sine is x. Similarly

‘cos−1 x’ expresses an angle whose cosine is x x, tan−1  denotes an angle whose

tangent is x, and so on.

The quantities sin , cos , tan− − −1 1 1x x x etc., are called Inverse Circular Functions.

Sometimes sin−1 x is written as ‘arc sine x’ with similar notations for other inverse

functions.

Note: sin−1 x should not be confused with (sin )x −1 as

(sin ) / sin .x x− =1 1
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 1.2  General and Principal Values of Inverse

 Circular Functions

Consider the equation θ = −sin ,1 x  where − ≤ ≤1 1x . In the set of  real  numbers, there

are infinite values of θ which satisfy this equation. All these values of θ taken

together form what we call the general value  of   sin .−1 x   Among the values of θ

satisfying the  equation  θ = −sin ,1 x  the value which is numerically the smallest one

is called the  principal value of sin−1 x. If θ is the principal value of sin ,−1 x  obviously we 

must have − ≤ ≤1

2

1

2
π θ π. If x is 0, the principal value of sin−1 x is 0; if x is negative,

the principal value of sin−1 x lies between − 1

2
π and 0; and if x is positive, the

principal value of sin−1 x lies between 0 and 
1

2
π. Thus the principal value of 

sin ( / )− √1 1 2  is 
1

4
π, while the principal value of sin ( / )− − √1 1 2  is − 1

4
π.

If θ is the principal value of sin−1 x, then all the angles given by n nπ θ+ −( ) ,1  where n

is any integer, have their sines equal to x. We call  n nπ θ+ −( )1   as the general value

of sin−1 x and denote it by Sin−1 x. Generally if the first letter of an inverse circular

function is small, we consider the principal value, while if the first letter is capital, it 

means the general value.

For example, sin , ( ) ,− −= = + −1 11

2

1

6

1

2
1

1

6
π π πwhile Sin n n

where n is any integer.

Thus the inverse sine of x is a many-valued function. Its principal value is denoted

by sin−1 x and its general value is denoted by Sin−1 x. Also we have

Sin− −= + −1 11x n xnπ ( ) sin ,

where n is any integer, positive or negative or zero.

Similarly we may define the concepts of the principal and general values of the

other inverse circular functions. The relations between the general and principal

values of various inverse circular functions are as follows :

Sin− −= + −1 11x n xnπ ( ) sin ,   Cosec cosec− −= + −1 11x n xnπ ( )

Cos − −= ±1 12x n xπ cos ,   Sec − −= ±1 12x n xπ sec ,

Tan− −= +1 1x n xπ tan ,    Cot − −= +1 1x n xπ cot ,

where n is any integer, positive or negative or zero.

The principal value of any inverse circular function is the smallest numerical value

of that inverse circular function. It may be positive or negative. In case there are

two values, one positive and the other negative, which are numerically equal and
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smallest, the principal value is taken as the positive one. For example, the principal

value of cos−11

2
  is  

1

3
π, as out of the two numerically smallest values 

1

3
π  and − 1

3
π

of cos ,−1 1

2
 the value 

1

3
π is positive.

It is to be noted that by the value of an inverse circular function we  usually  mean

its principal value unless the contrary is stated. If x is positive, the principal values

of sin , , cos ,− − − −1 1 1 1x x x xcosec sec , tan−1 x and cot −1 x all lie between 0 and 
1

2
π. But

if x is negative, the principal values of sin−1 x, cosec− −1 1x x, tan  and cot −1 x  lie

between − 1

2
π  and  0,  while  those of cos−1 x and sec−1 x lie between 

1

2
π and π.

Thus the principal values of sin−1 x and tan−1 x (and therefore of cosec−1 x and 

cot −1 x) lie between − 1

2
π and 

1

2
π, while those of cos−1 x and sec−1 x lie between 0

and π.

 1.3  Relations between Inverse Functions

(a) Principle of reciprocity: We have

sin cos ( / ) ; cos sec ( / );− − − −= =1 1 1 11 1x x x xec  and tan− =1 x  cot ( / ).−1 1 x

(b) From the definition of an inverse circular function, it is clear that

θ θ= x = xsin (sin ) sin (sin ).− −1 1 and 

Similarly θ θ= =− −cos (cos ) and cos (cos ),1 1x x

θ θ= =− −tan (tan ) and tan (tan ),1 1x x etc.

sin cos ( ) tan { ( )}− − √ − √ −1 1 2 1 21 1x =  x =   x /   x–

      cos sin ( ) tan
( )− − −√ −

−1 1 2 1
2

1
1

x =  x = 
 x

x

√
etc.,

and       x = {x/  + x } =  {  + x }tan sin ( ) cos ( )− − −√ √1 1 2 1 21 1 1/ etc.

(c) We have,

(i) sin ( ) sin ;− −− = −1 1x x (ii)  cos ( ) cos ;− −− = −1 1x xπ

and (iii) tan ( ) tan .− −− = −1 1x x

 1.4  Some Important Results about Inverse Functions

(a) Complementary inverse functions: We have

(i) sin cos / ;− −+ =1 1 2x x π (ii) tan cot / ;− −+ =1 1 2x x π

(iii) sec cos / .− −+ =1 1 2x xec π
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(b) Im por tant for mu lae: We have,

(i)  tan tan tan ( ) / ( ) ;− − −+ = + −1 1 1 1x y x y xy{ }

(ii)  tan tan tan ( ) / ( ) ;− − −− = − +1 1 1 1x y x y xy{ }

(iii) 2 2 11 1 2tan tan / ( ) ;− −= −x x x{ }

(iv) tan tan tan tan− − − −+ + =
+ + −

− − −
⋅1 1 1 1

1
x y z

x y z xyz

yz zx xy

Remark: The formula

tan tan tan ( ) / ( )− − −+ = + −1 1 1 1x y x y x y{ }

does not mean that the sum of the principal values of tan−1 x and tan−1 y will

necessarily be equal to the principal value of tan ( ) / ( ) .− + −1 1{ }x y x y

This sum may be equal to the principal value of  tan ( ) / ( )− + −1 1{ }x y x y  or it may

be equal to some other value of tan ( ) / ( ) .− + −1 1{ }x y xy

(c) Some more for mu lae: We have

(i) cot cot cot   x  y  
xy

x y

− − −+ =
−

+
1 1 1 1

  

(ii) cot cot cot   x  y  
xy

y x

− − −− =
+
−

⋅1 1 1 1

 1.5  Complex Numbers

The equation x2 1= −  has no solution in the set of real numbers because the square

of every real number is either positive or zero. Therefore we feel the necessity to

extend the system of real numbers. We all know that this defect is remedied by

introducing complex numbers.

Complex numbers: Definition: A number of the form x iy+ , where i = √ −( )1 and 

x y,  are both real numbers, is called a complex number. A complex number is also

defined as an ordered pair ( , )x y  of real numbers. A complex number x iy+  or ( , )x y

is usually denoted by the symbol z. If we write z x iy= +  or ( , )x y  then x is called the

real part and y the imaginary part of the complex number z and these are denoted by 

R z( ) and I z( ) respectively. Thus in the complex number z i= √ +3 5 , we have 

R z( ) = the real part of z = √3, and I z( ) = the imaginary part of z = 5.

A complex number is said to be purely real if its imaginary part is zero, and purely

imaginary if its real part is zero.

The complex number a i+ 0  is simply written as a.

We shall denote the set of all complex numbers by C.

Equality of two complex numbers:

Definition: Two complex numbers

z x iy1 1 1= +  or ( , )x y1 1  and z x iy2 2 2= +  or ( , )x y2 2
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are said to be equal if x x1 2=  and y y1 2= . Thus two complex numbers are equal if and only

if the real part of one is equal to the real part of the other and the imaginary part of one is equal

to the imaginary part of the other.

 1.6  Addition of Complex Numbers

If z x iy x y1 1 1 1 1= + or ( , ) and z x iy2 2 2= +  or ( , )x y2 2  are any two complex 

numbers, then the sum of z1 and z2  written as z z1 2+  is defined by

z z x iy x iy x x i y y1 2 1 1 2 2 1 2 1 2+ = + + + = + + +( ) ( ) ( ) ( )

or z z x y x y x x y y1 2 1 1 2 2 1 2 1 2+ = + = + +( , ) ( , ) ( , ).

Thus ( ) ( ) ( ) ( ) .3 5 7 8 3 7 5 8 10 3+ + − = + + − = −i i i i

Properties of the Addition of Complex Numbers:

The addition of complex numbers is commutative, associative, admits of identity element and

every complex number possesses additive inverse.

Commutativity of addition in C: We have z z z z1 2 2 1+ = +  where z1 and z2

are any complex numbers.

Associativity of addition in C: We have ( )z z z1 2 3+ + = z z z1 2 3+ +( ), for all

complex numbers z z1 2,  and z3 .

The complex number (0, 0) or 0 0+ i  is the additive identity, since for every

complex number ( , )x y , we have

( , ) ( , ) ( , ) ( , ) ( , ) ( , ).x y x y x y x y+ = + + = = +0 0 0 0 0 0

The complex number (0, 0) is called the zero complex number and is simply

written as 0.

A complex number x iy+  is said to be a non-zero complex number if at least one of x

and y is not zero.

The complex number ( , )− −x y  is the additive inverse of the complex number 

( , )x y  since

( , ) ( , ) ( , ) ( , )x y x y x x y y+ − − = − − = 0 0  = the ad di tive iden tity

and also ( , ) ( , ) ( , ).− − + =x y x y 0 0

The complex number ( , )− −x y  is called the negative of the complex number ( , )x y

and we denote ( , )− −x y  by − ( , ).x y

Thus if z x y= ( , ), then − = − = − −z x y x y( , ) ( , ).

Cancellation law for addition in C: If z z z1 2 3, ,  are any complex numbers, then

z z z z z z1 3 2 3 1 2+ = + ⇒ = .

 1.7  Multiplication of Complex Numbers

If z x iy1 1 1= +  or ( , )x y1 1  and z x iy2 2 2= +  or ( , )x y2 2  are any two complex 

numbers, then the product of z1 and z2  written as z z1 2  is defined by
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z z x iy x iy1 2 1 1 2 2= + +( ) ( ) = − + +( ) ( )x x y y i x y y x1 2 1 2 1 2 1 2

or z z x y x y1 2 1 1 2 2= ( , ) ( , ) = − +( , ).x x y y x y y x1 2 1 2 1 2 1 2

Thus ( ) ( ) ( ) ( ) ,3 5 7 6 3 7 5 6 3 6 5 7 9 53+ + = × − × + × + × = − +i i i i

or using the notation of ordered pairs, we have

( , ) ( , ) ( , ) ( , ).3 5 7 6 3 7 5 6 3 6 5 7 9 53= × − × × + × = −

Properties of the Multiplication of Complex Numbers

The multiplication of complex numbers is commutative, associative, admits of identity element 

and every non-zero complex number possesses multiplicative inverse.

Commutativity of multiplication in C : We have z z z z1 2 2 1= ,  for all complex

numbers z1 and z2 .

Associativity of multiplication in C : We have ( )z z z1 2 3 = z z z1 2 3( ), for all complex

numbers z z1 2,  and z3  .

The complex number (1, 0) or 1 0+ i  or simply 1 is the multiplicative identity

since for every complex number ( , ),x y  we have

( , ) ( , ) ( . . , . . ) ( , ) ( , ) ( , ).x y x y x y x y x y1 0 1 0 0 1 1 0= − + = =
Multiplicative inverse: The complex number ( , )x y  is called the multiplicative

inverse of the complex number ( , )a b  if ( , ) ( , ) ( , )x y a b = 1 0  or simply 1.

We have ( , ) ( , ) ( , )x y a b = 1 0

⇒ ( , ) ( , )xa yb xb ya− + = 1 0

⇒    xa yb− = 1   and    xb ya+ = 0.

The equations  xa yb− = 1 and xb ya+ = 0 give

x
a

a b
y

b

a b
=

+
= −

+2 2 2 2
, ,

provided a b2 2 0+ ≠  which implies that a and b are not both zero i.e., ( , )a b  is a

non-zero complex number.

Thus every non-zero complex number possesses multiplicative inverse and the

multiplicative inverse of the complex number ( , )a b ≠ ( , )0 0  is the complex number 

a

a b

b

a b2 2 2 2+
−
+









 ⋅,

If z is a non-zero complex number, the multiplicative inverse of z is denoted by 1 / z

or z −1 .

Cancellation law for multiplication in C : If z z z1 2 3, ,  are complex numbers and 

z3 0≠ , then z z z z z z1 3 2 3 1 2= ⇒ = .

Multiplication distributes addition in C : We have

z z z z z z z1 2 3 1 2 1 3( ) ,+ = +  for all complex numbers z z1 2,  and z3 .
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 1.8  Difference of Two Complex Numbers

If z1 and z2  are two complex numbers, we define z z z z1 2 1 2− = + −( ).

Thus if z x y1 1 1= ( , ) and z x y2 2 2= ( , ), then

z z z z x y x y x x y y1 2 1 2 1 1 2 2 1 2 1 2− = + − = + − − = − −( ) ( , ) ( , ) ( , ).

 1.9  Division in C

Definition: A complex number ( , )a b  is said to be divisible by a complex number ( , )c d  if

there exists a complex number ( , )x y  such that ( , ) ( , ) ( , ).x y c d a b=
We have ( , ) ( , ) ( , )x y c d a b=
⇒ ( , ) ( , )xc yd xd yc a b− + =
⇒ xc yd a− =  and xd yc b+ = .

The equations xc yd a− =  and  xd yc b+ =  give

x
ac bd

c d
y

bc ad

c d
=

+

+
=

−

+2 2 2 2
,

provided c d2 2 0+ ≠  which implies that c and d are not both zero.

Thus division, except by (0, 0), is always possible in the set of complex numbers. If 

z1 and z2  are two complex numbers such that z2 0≠  then the quotient of the

complex numbers z1 and z2  is defined by the relation
z

z
z

z
z z1

2
1

2
1 2

11= ⋅ = −( ) .

 1.10 The Symbol i  and its Powers

It is customary to denote the complex number (0, 1) by the symbol i. With this

notation
i 2 0 1 0 1 0 0 1 1 0 1 1 0 1 0= = − + = −( , )( , ) ( . . , . . ) ( , ).

But we have agreed to write the complex number ( , )a 0  simply as a. Therefore we
have i 2 1= − . Then

i i i i i i3 4 5 61 1= − = = = −, , , , and so on.

Using the symbol i, we may write the complex number ( , )x y  in our usual form x iy+ .

For, we have
x iy x y+ = +( , ) ( , ) ( , )0 0 1 0  = + − +( , ) ( . . , . . )x y y0 0 1 0 0 0 1
    = + = + + =( , ) ( , ) ( , ) ( , ).x y x y x y0 0 0 0

 1.11 Conjugate of a Complex Number

If z x iy= +  is any complex number, then the complex number x iy−  is called the conjugate of

the complex number z and is written as z. Thus if z i= +3 4 , then z i= −3 4 .
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If z x iy= +  is any complex number, then we define | | ( ).z x y= √ +2 2  Obviously 

| | | |.z z=
The following results are obvious and should be remembered.

(i) Two complex numbers are equal if and only if their conjugates are equal i.e., 

z z1 2=  if and only if  z z1 2=  .

(ii) ( ) .z z=

(iii) We have z z z z z z z z z z z z1 2 1 2 1 2 1 2 1 2 1 2+ = + − = − =, ,  

and 
z

z

z

z
1

2

1

2







 = , pro vided z2 0≠ .

(iv) If z x iy= + , then

z z x iy x iy x R z+ = + + − = =( ) ( ) ( ).2 2

(v) A complex number z x iy= +  is purely imaginary if and only if z z+ = 0.

(vi) If z x iy= + , then z z x iy x iy− = + − −( ) = =2 2iy i I z( ).

(vii) A complex number z is purely real if and only if z z− = 0.

(viii) If z x iy= + , then z z x iy x iy x y= + − = +( ) ( ) 2 2

    = √ + =[ ( )] | | .x y z2 2 2 2

Thus the product of two conjugate complex numbers is a purely real number which

is always ≥ 0 i.e., which is never negative. 

 1.12  Modulus of a Complex Number

Definition: If z x y= ( , ) or x iy+  be any complex number, then the non-negative real

number √ +( )x y2 2  is called the modulus or absolute value of the complex number z and is

denoted by | |z  or mod z. 

Thus | | ( ) ,3 4 3 4 52 2+ = √ + =i  | | ( ) ,8 6 8 6 102 2− = √ + − =i { }

|cos sin | (cos sin ) ,α α α α+ = √ + =i 2 2 1

and so on. Remember that the modulus of a complex number is equal to the

positive square root of the sum of the squares of the real and imaginary parts of that

complex number.

The following results about the modulus of a complex number should be

remembered :

(i) If z is any com plex num ber, then | | | |z z= . For, if z x iy= + , then

| | ( ).z x y= √ +2 2

Also | | | | ( ) ( ) | |.z x iy x y x y z= − = √ + − = √ + ={ }2 2 2 2

(ii) If z x iy= +  be any com plex num ber, then

| | ( ) ,z x y x y x y= ⇔ √ + = ⇔ + = ⇔ = =0 0 0 0 02 2 2 2
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⇔ z i z= + ⇔ =0 0 0.

(iii) If z is any com plex num ber, then z z z=| | .2  For, if z x iy= + , then

z z x iy x iy x y x y z= + − = + = √ + =( ) ( ) ( ) | | .2 2 2 2 2 2{ }

(iv) If z z1 2,  are any two com plex num bers, then

| | | || |z z z z1 2 1 2=
i e. ., the modulus of a product is equal to the product of the moduli.

(v) If z z1 2,  are any two com plex num bers and z2 0≠ , then 

z

z

z

z
1

2

1

2




 


 =

| |

| |

i e. ., the modulus of a quotient is equal to the quotient of the moduli.

(vi) If z x iy= +  is any com plex num ber, then

R z x x y( ) ( ).= ≤ √ +2 2  Thus R z z( ) | |.≤

Similarly I z z( ) | |.≤

 1.13  Some Important Results about Complex Numbers

(i) The separation of the complex number 
a ib

c id

+
+

 into real and imaginary

parts i.e., to put it in the form A iB+ , where A and B are real numbers.

We have 
a ib

c id

a ib c id

c id c id

+
+

=
+ −
+ −

( ) ( )

( ) ( )
, 

mul ti ply ing the Nr and the Dr by the con ju gate of the Dr

=
+ + −

+
=

+

+
+

−

+

( ) ( )ac bd i bc ad

c d

ac bd

c d
i

bc ad

c d2 2 2 2 2 2

= +A iB, where A
ac bd

c d
=

+

+2 2
 and B

bc ad

c d
=

−

+
⋅

2 2

Remember: To put the complex number ( ) / ( )a ib c id+ +  in the form A iB+ ,

multiply its numerator and denominator by the conjugate of the denominator.

(ii) If z i1 = +cos sinα α and z i2 = +cos sin ,β β  then

z z i i1 2 = + +(cos sin ) (cos sin )α α β β
 = − + +cos cos sin sin (sin cos cos sin )α β α β α β α βi

 = + + +cos ( ) sin ( ).α β α βi

 1.14 Modulus-Argument Form or Polar Standard Form or
 Trigonometric Form of a Complex Number

Every non-zero complex number x iy+  can always be put in the form r cos i sin( )θ θ+ , where

r and θ are both real numbers. 
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Let x iy r i r ir+ = + = +(cos sin ) cos sin .θ θ θ θ
Then equating real and imaginary parts on both sides, we get

x r= cos θ, …( )1

and y r= sin .θ …( )2

Squaring and adding (1) and (2), we have

x y r2 2 2+ =  

or r x y= + √ +( ),2 2           tak ing the pos i tive sign be fore the rad i cal sign

or r z=| |.

Thus r is known and is equal to the modulus of the complex number z.

Substituting this value of r in (1) and (2), we have

cos
( )

and sin
( )

θ θ=
√ +

=
√ +

⋅x

x y

y

x y2 2 2 2 …( )3

Whatever be the values of x and y, if they are not both zero, there is one and only

one value of θ lying between − π and π which satisfies the equations (3)

simultaneously. Thus θ is also determined. If n is any integer, then

cos ( ) cos and sin ( ) sin .2 2n nπ θ θ π θ θ+ = + =
So there are an infinite number of values of θ satisfying the equations (3). Any value 

of θ satisfying the equations (3) is called an argument or amplitude of the complex 

number z and we write

θ = arg .z zor amp

Thus every non-zero complex number x iy+  can always be put uniquely in the form 

r i(cos sin ),θ θ+  where r is positive and − < ≤π θ π. This trigonometrical form of a

complex number is also called its polar standard form or modulus-amplitude form.

We have seen that argument of a complex number is not unique. Thus arg z is a

many-valued function. The value of argument which satisfies the inequality 

− < ≤π θ π is called the principal value of the argument and it is unique. If θ is the

principal value of arg z, then 2 nπ θ+ , where n is any integer, is the general value of

arg z and is represented by Arg z i e. ., by writing the first letter of the word arg as

capital. Thus

Arg argz n z= +2 π ,

where Arg z stands for the general value and arg z for the principal value of the

argument of z.

Usually by argument we understand its principal value unless stated otherwise.

The  expression  cos sinθ θ+ i  is sometimes written in short as cis θ. In this notation 

r i(cos sin )θ θ+  is written as r cis θ.

Remark 1: From the equations (1) and (2) to determine r and θ, we also have

tan / . ., tan ( / ).θ θ= = −y x i e y x1
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But it should be noted that the value of tan ( / )−1 y x   lying between − 1

2
π  and  

1

2
π

 is not always the principal value of the argument. For example, if

z i r i= − + √ = +1 3 (cos sin ),θ θ  

then r rcos , sin .θ θ= − = √1 3

∴ r r2 2 21 3 4 2= − + √ = =( ) ( ) , .giving

For r = 2, we have cos , sin .θ θ= − = √1

2

1

2
3

The principal value of the argument θ lying between −π and π and found from these

equations is 2 3π / . But if we write tan . ., tan ( )θ θ= − √ = − √−3 31i e , then the

value of tan ( )− − √1 3  lying between − 1

2
π and 

1

2
π is − 1

3
π which is thus not the

principal value of arg z. So to find the principal value of arg z, we should not simply

make use of the equation θ = −tan ( / ),1 y x  but we must see that the value of θ

found from this equation also satisfies the equations (3).

Remark 2: The following rule for locating the quadrant in which the principal

value of arg z, where z x iy= + , lies should be committed to memory.

If x and y are both +ive, the principal value of arg z lies between 0 and 
1

2
π ;

if x and y are both –ive, the principal value of arg z lies between −π and − 1

2
π ;

if x is +ive and y –ive, it lies between − 1

2
π and 0 ; and if x is –ive and y + ive, it lies

between 
1

2
π and π .

Remark 3: If a complex number z is given in any of the forms r i(cos sin )θ θ−  or 

r i(sin cos )θ θ+  or r i(sin cos ),θ θ−  then we cannot have θ = arg z. We can have 

θ = arg z only if z is put exclusively in the form

r i(cos sin ),θ θ+  where r is positive.

Remark 4: Every complex number has a unique modulus and every non-zero

complex number has an infinite number of arguments any two of them differing by

an integral multiple of 2π. Two complex numbers are equal if and only if their

moduli are equal and their arguments differ by integral multiples of 2π.

Some particular cases of complex numbers expressed in polar standard

form. The following particular cases should be remembered:

(i) 1 1 0 0 0= + = +i icos sin ,

(ii) − = − + = +1 1 0i icos sin ,π π

(iii) i i i= + = +0 1
1

2

1

2
cos sin ,π π

and (iv)  − = − = − + −i i i0 1
1

2

1

2
cos ( ) sin ( ) .π π
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 1.15  De Moivre’s Theorem

Whatever be the value of n, positive or negative, integral or fractional, the value, or one of the

values, of ( ) ( ).cos i sin is cos n i sin nnθ θ θ θ+ + (Rohilkhand 2007)

Corollary: For all values of n, integral or fractional, positive or negative, the value or one

of the values of  ( )cos i sin nθ θ−  is cos n i sin nθ θ− .

Note: The students should note the following very carefully :

(i) (sin cos ) sin cos .θ θ θ θ+ ≠ +i n i nn

But (sin cos ) [cos ( ) sin ( )]θ θ π θ π θ+ = − + −i in n1

2

1

2

= − + −cos ( ) sin ( ).n i n
1

2

1

2
π θ π θ

(ii) (cos sin ) cos sinθ θ+ φ ≠ + φi n i n

i e. ., De Moivre’s theorem is applied only when the real and imaginary parts are

cosine and sine of the same angle.

(iii) Some au thors use the no ta tion cis θ to de note cos sin .θ θ+ i

In this notation, De Moivre’s theorem would be written as 

( ) .cis cisθ θn n=
(iv) To separate the complex number ( )a ib n+  into real and imaginary parts, we

put

a r= cos θ and b r= sin θ
so that r a b= √ +( )2 2  and θ = −tan ( / ).1 b a

Then ( ) ( cos sin )a ib r i rn n+ = +θ θ  = +r in n(cos sin )θ θ
= +r n i nn (cos sin )θ θ
= +A iB, where A r nn= cos θ and B r nn= sin .θ

Results to be remembered:

(i) (cos sin ) (cos sin )(cos sin )α α β β γ γ+ + + …i i i

= + + + … + + + + …cos ( ) sin ( )α β γ α β γi

i e. ., the an gles are added,

(ii) (cos sin ) cos sin ,θ θ θ θ+ = +i n i nn
(Rohilkhand 2006)

(iii) (cos sin ) cos sin ,θ θ θ θ− = −i n i nn

(iv) (cos sin ) cos ( ) sin ( )θ θ θ θ+ = − + −−i n i nn  = −cos sin ,n i nθ θ
(v) (cos sin ) cos ( ) sin ( )θ θ θ θ− = − − −−i n i nn  = +cos sin ,n i nθ θ

(vi)
1

cos sin
cos sin ,

θ θ
θ θ

+
= −

i
i

and (vii) 
1

cos sin
cos sin .

θ θ
θ θ

−
= +

i
i

T-14     



Ex am ple 1: Find real num bers A and B, if A iB
i

i
+ =

−
+

⋅
3 2

7 4

So lu tion: We have 

 
3 2

7 4

3 2 7 4

7 4 7 4

−
+

=
− −
+ −

i

i

i i

i i

( ) ( )

( ) ( )
,  mul ti ply ing the Nr. and Dr. by the

 
con ju gate com plex of the Dr.

=
− − +

−
=

− −
+

21 12 14 8

49 16

21 8 26

49 16

2

2

i i i

i

i( )
 [ ]∵ i 2 1= −

=
−

= − = −
13 26

65

13

65

26

65

1

5

2

5

i
i i.

∴   A iB i+ = −( / ) ( / ) .1 5 2 5

Equating real and imaginary parts, we get A B= = −1 5 2 5/ , / .

Ex am ple 2: Find the modulus and prin ci pal ar gu ment of  1 + i.

So lu tion: Let 1 + = +i r i(cos sin ).θ θ

Equating real and imaginary parts, we have

1 = r cos ,θ …(1)

and 1 = r sin .θ …(2)

Squaring and adding (1) and (2), we have

r2 1 1 2= + = .

∴ r = + √2.

Substituting the value of r in (1) and (2), we have

cos / and sin / .θ θ= √ = √1 2 1 2

∴ θ π= / .4

Hence 1 2 4 4+ = √ +i i[cos ( / ) sin ( / )].π π
∴ modulus of 1 2+ = √i  and prin ci pal ar gu ment = π / .4

Ex am ple 3: Ex press − −1 i in the form r i( ).cos sinθ θ+

So lu tion: Let − − = +1 i r i(cos sin ).θ θ

Equating real and imaginary parts, we have

− =1 r cos ,θ …(1)

and − =1 r sin .θ …(2)

Squaring and adding (1) and (2), we have

r r2 1 1 2 2= + = = √, .or

  T-15



Substituting the value of r in (1) and (2), we have

cos / and sin / .θ θ= − √ = − √1 2 1 2

These give θ π= − 3 4/ , choosing the value of θ which lies between − π and π.

Hence − − = √ − + −1 2 3 4 3 4i i[cos ( / ) sin ( / )]π π
or − − = √ −1 2 3 4 3 4i i[cos ( / ) sin ( / )].π π
Ex am ple 4: Ex press 1 3+ √ −( ) in the modulus-am pli tude form.

So lu tion: We have 1 3 1 3+ √ − = + √( ) .i

Let 1 3+ √ = +i r i(cos sin ).θ θ
Equating real and imaginary parts, we have

1 = r cos ,θ …(1)

and √ =3 r sin .θ …(2)

Squaring and adding (1) and (2), we have

r r2 1 3 4 2= + = =, .or

Substituting the value of r in (1) and (2), we have

cos / and sin / .θ θ= = √1 2 3 2

∴ θ π= / .3

Hence 1 3 2 3 3+ √ − = +( ) [cos ( / ) sin ( / )].π πi

Ex am ple 5: Ex press − − √ −1 3( ) in the po lar form.

So lu tion: Here − − √ − = − − √ − = − − √1 3 1 3 1 1 3( ) ( ) .{ } i

Let − − √ = +1 3i r i(cos sin ).θ θ
Equating real and imaginary parts, we have

− =1 r cos ,θ …(1)

and − √ =3 r sin .θ …(2)

Squaring and adding (1) and (2), we have

r2 1 3 4= + =  so that r = 2.

Dividing (2) by (1), we have tan .θ = √3 This gives θ π= − 2 3/ , choosing the value

of θ lying between − π and π for which both cos θ and sin θ are negative.

∴ − − √ − = − + −1 3 2 2 3 2 3( ) [cos ( / ) sin ( / )]π πi

or − − √ − = −1 3 2 2 3 2 3( ) [cos ( / ) sin ( / )].π πi

¨
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  2.1  The Exponential Function of a Complex Variable

We know that if x is any real number, then

e
x x xx = + + + + ……1
1 2 3

2 3

! ! !
inf.ad.

We shall take motivation from this expansion of e x  as a power series in x, to define

the exponential function e z  of a complex variable z x iy= + , where x and y are real.

Thus we define

e
z z zz = + + + + ……1
1 2 3

2 3

! ! !
ad.inf. …( )1

It can be shown by D’ Alembert’s ratio test, that the power series (1) is absolutely

convergent for all values of the complex variable z. If we denote the nth term of the

series (1) by un, we have
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lim lim

!

( )! lim
n

u

u n
z

n

n

z

n

n

n

n→ ∞








 = → ∞ ⋅

−


 


 =+

−
1

1

1
n

z

n→ ∞ =
| |

,0

which is < 1. Therefore the series (1) is absolutely convergent and hence

convergent for all values of the complex variable z. Thus the sum of the series (1)

exists for all z and this justifies our definition of ez  given in (1). Hence for the

complex variable z, we define ez  as the sum of the power series (1).

The other ways to denote ez  are E z( ) and exp ( )z . Either of these symbols is read as

‘exponential z’.

Putting z = 0 on both sides of (1), we see that e0 1= .

Remark: It should be noted that when z is complex, ez  is only a symbol used to

represent the sum of the series on the R.H.S. of (1). It does not mean that

ez
z

= + + + + …… + ∞



 ⋅1

1

1

1

2

1

3! ! !

 2.2  Index Law for the Exponential Functions

Theorem : To prove that e e ez z z z1 2 1 2. = +

i e. ., E z E z E z z( ) . ( ) ( ).1 2 1 2= +
Proof: If z1 and z2  be two complex numbers, then by the definition of E z( ), we

have

E z
z z z z

n

n

( )
! ! ! !

1
1 1

2
1

3
11

1 2 3
= + + + + …… + + …… ∞ …( )1

and E z
z z z z

n

n

( )
! ! ! !

2
2 2

2
2

3
21

1 2 3
= + + + + …… + + …… ∞ …( )2

Since the series (1) and (2) are absolutely convergent, therefore by Cauchy’s

theorem on multiplication of absolutely convergent series, we have 

E z E z( ) . ( )1 2  = + + + … + + …








 + + + … + +1

1 2
1

1 2
1 1

2
1 2 2

2
2z z z

n

z z z

n

n n

! ! ! ! ! !
…











= + + + + +








 + …1

1

1 2 1 2
1 2

1
2

1 2 2
2

!
( )

! ! !
z z

z z z z

+ +
−

⋅ +
−

⋅ + … +
 − −z

n

z

n

z z

n

z z

n

n n n n
1 1

1
2 1

2
2

2
2

1 1 2 2! ( )! ! ( )! ! !





 + …

= + + + + + + …1
1

1

1

2
21 2 1

2
1 2 2

2

!
( )

!
( )z z z z z z

+ + +
−

+ … +





+ …− −1 1

2
1 1

1
2 1

2
2

2
2

n
z n z z

n n
z z zn n n n

!

( )

!

= +
+

+
+

+ … +
+

+ …1
1 2

1 2 1 2
2

1 2( )

!

( )

!

( )

!

z z z z z z

n

n
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= +E z z( ),1 2  by def. of E z( ).

The above result may also be written as

exp ( ) . exp ( ) ( ).z z z z1 2 1 2= +exp

Deductions: (i) If z z z n1 2, , ,…  be n complex numbers, then from the above law,

we see by induction that

E z E z E z E z z zn n( ) . ( ) . . ( ) ( ).1 2 1 2… = + + … +
If we put z z z zn1 2= = … = = (say), we have

[ ( )] ( ),E z E nz nn =  be ing a pos i tive in te ger.

This result may also be written as

[ ] [exp ( )] exp ( ).e e z nzz n nz n= =or

(ii) If z be any complex number, then

e e e ez z z z. .− −= = =0 1

From this result, it follows that ez ≠ 0 for all z.

For if there were such a value of z, then since e z−  would exist for this value of z, we

would have 0 1= , which is absurd. 

 2.3  Trigonometrical Functions or Circular Functions of

 a Complex Variable

We know that if x is any real number, then

cos
! !

( )
( )!

inf.x
x x x

n

n
n

= − + − … + − + …1
2 4

1
2

2 4 2

ad.

and sin
! !

( )
( )!

x x
x x x

n

n
n

= − + − … + −
+

+ …
+3 5 2 1

3 5
1

2 1
ad.inf.

We shall take motivation from these expansions of cos x and sin x as power series in 

x, to define cos z and sin z, when z is a complex number.

So if z x iy= +  is a complex variable, we define

cos
! !

( )
( )!

inf.z
z z z

n

n
n

= − + − … + − + …1
2 4

1
2

2 4 2

ad.

and sin
! !

( )
( )

inf.z z
z z z

n

n
n

= − + − … + −
+

+ …
+3 5 2 1

3 5
1

2 1
ad.

Our definitions are sensible because both the series used to define cos z and sin z

are absolutely convergent for all z.

Replacing z by −z in the above definitions, we find that

cos ( ) cos , and sin ( ) sin .− = − = −z z z z

The other circular functions for a complex variable are defined in the same way as

those for a real variable. Thus we define
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tan
sin

cos
, cot

cos

sin
,

cos
and

s
z

z

z
z

z

z
z

z
z= = = =sec cosec

1 1

in z
⋅

Remark: For a complex variable z x iy= + , we have defined e z zz , cos , sin  etc. in

such a way that if we take

z x i x i e= + =0 ( . ., ),real

then these definitions give results which are in sound agreement with those for a

real variable.

 2.4  Euler’s Theorem

The o rem: If θ be real or com plex, then prove that e iiθ θ θ= +cos sin .

Proof: If z is any com plex num ber, then by def i ni tion of ez , we have

e
z z zz = + + + + …1
1 2 3

2 2

! ! !

Re plac ing z by i θ, we have

e
i i i ii θ θ θ θ θ

= + + + + + …1
1 2 3 4

2 3 4

!

( )

!

( )

!

( )

!

    = − + − …








 + − + − …









1

2 4 3 5

2 4 3 5θ θ θ θ θ
! ! ! !

i

    = +cos sin ,θ θi  by def i ni tions of cos θ and sin .θ

Thus e ii θ θ θ= +cos sin . …( )1

This re sult is known as Eu ler’s the o rem.

Re plac ing θ by − θ in (1), we get

e ii− = − + −θ θ θcos ( ) sin ( )  

or   e ii− = −θ θ θcos sin . …( )2

From (1) and (2) on ad di tion and sub trac tion, we get

e ei iθ θ θ+ =− 2 cos ,

and e e ii iθ θ θ− =− 2 sin .

∴ cos θ
θ θ

= + −e ei i

2
  and  sin θ

θ θ
= − −e e

i

i i

2
…( )3

These re sults are known as Eu ler’s ex po nen tial val ues of cos and sin .θ θ

From these ex po nen tial val ues of cos θ and sin ,θ we see that

tan
sin

cos ( )
,θ

θ
θ

θ θ

θ θ
= =

−

+

−

−
e e

i e e

i i

i i
  cot θ

θ θ

θ θ
=

+

−

−

−
i

e e

e e

i i

i i
, etc.
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Putt ing θ = 0 in the for mu lae (3), we get

 cos ( )0
1

2

0 0= +e e  = + = ⋅ =1

2
1 1

1

2
2 1( ) ,  

and  sin .0 0=

 2.5  Periodicity of Functions
(Rohilkhand 2005; Kanpur 05)

(a) Prove that ez  is a pe ri odic func tion, where z is a com plex quan tity.

Proof: If z x iy= + , then

   e e e ez x iy x iy= =+ .  

= +e y i yx (cos sin ), by Eu ler’s the o rem

= + + +e n y i n yx [cos ( ) sin ( )],2 2π π   where n is any in te ger

= =+ + +e e ex i n y x iy n i. ( )2 2π π  = +ez n i2 π .

Hence e z  is a periodic function of period 2πi.

(b) Prove that sin z, cos z, tan z etc. are periodic functions, where z is a complex quantity.
(Kanpur 2005)

Proof: We have

cos ( ) cos cos sin sinz n z n z n+ = −2 2 2π π π

 = cos ,z  n be ing any in te ger

sin ( ) sin cos cos sinz n z n z n+ = +2 2 2π π π

 = sin ,z   n be ing any in te ger

and      tan ( )
sin ( )

cos ( )
z n

z n

z n
+ =

+
+

π
π
π

 

 =
+
−

sin cos cos sin

cos cos sin sin

z n z n

z n z n

π π
π π

 = tan ,z  n be ing any in te ger.

From these we conclude that cos z and sin z are periodic functions of period 2π and 

tan z is a periodic function of period π.

2.6  De Moivre’s Theorem for Complex Argument

We have already mentioned De Moivre’s theorem for real values of θ. Now we

extend that theorem for complex values of θ. We have

( ) ,e ei n i nθ θ=  whether θ be real or com plex

∴ (cos sin ) cos sinθ θ θ θ+ = +i n i nn , by Eu ler’s the o rem.

This shows that De Moivre’s The o rem is true whether θ be real or com plex.
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 2.7  Standard Trigonometrical Results for Complex

 Arguments

Since our trigonometric functions of a complex variable are generalizations of

trigonometric functions of a real variable, therefore most of our results for

trigonometric functions of a real variable also hold good for trigonometric

functions of a complex variable.

To prove that for all values of x, y, real or complex, the following are true :

(i) cos sin ,2 2 1x x+ = (ii) cos ( ) cos ,− =x x

(iii) cos cos sin ,2 2 2x x x= − (iv) sin sin sin ,3 3 4 3x x x= −

(v) cos cos cos ,3 4 33x x x= −

(vi) sin sin sin ( ) cos ( ),x y x y x y+ = + −2
1

2

1

2

(vii) cos cos sin ( ) sin ( )x y x y y x− = + −2
1

2

1

2

(viii) sin ( ) sin cos cos sin ,x y x y x y± = ±
(ix) cos ( ) cos cos sin sin .x y x y x y± = +
Proof: (i) To prove that cos sin .2 2 1x x+ =

  L.H.S. = +cos sin2 2x x

=
+











+

−











− −e e e e

i

ix ix ix ix

2 2

2 2

[Re fer ar ti cle 2.4]

= + − −− −1

4

2 2[( ) ( ) ]e e e eix ix ix ix [ ]∵ i 2 1= −

= + + − + −− − − −1

4
2 22 2 2 2[( . ) ( . )]e e e e e e e eix ix ix ix ix ix ix ix

= = = = =− −1

4
4 10[ . ]e e e eix ix i x ix R.H.S.

Aliter: We have cos sin (cos sin )(cos sin )2 2x x x i x x i x+ = + −

= = =−e e eix ix 0 1.

(ii) To prove that cos ( ) cos .− =x x

L.H.S. = − =
+− − −

cos ( )
( ) ( )

x
e ei x i x

2
[By ar ti cle 2.4]

   =
+

=
+

= =
− −e e e e

x
ix i x ix i x

2 2
cos R.H.S.

(iii) To prove that cos cos sin2 2 2x x x= − .

R.H.S. = − = +







− −







− −
cos sin ,2 2

2 2

2 2
x x

e e e e

i

ix ix ix ix

by Eu ler’s ex po nen tial val ues of cos x and sin x
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   = + + −− −1

4

2 2[( ) ( ) ]e e e eix ix ix ix [ ]∵ i 2 1= −

   = + + + + −− − − −1

4
2 22 2 2 2[( . ) ( . )]e e e e e e e eix ix ix ix ix ix ix ix

   = + = +− −1

4
2

1

2

2 2 2 2[ ( )] ( )e e e eix ix ix ix

   = + = =−1

2
22 2[ ] cos( ) ( )e e xi x i x R.H.S.

(iv) To prove that sin sin sin .3 3 4 3x x x= −

    L.H.S. = =
−

=
−− −

sin
( ) ( )

3
2 2

3 3 3 3

x
e e

i

e e

i

i x i x i x i x

   =
−

=
− + −− − − −( ) ( ) ( ) . ( )e e

i

e e e e e eix ix ix ix ix ix ix ix3 3 3

2

3

2i

(Note)
[ ( ) ( )]∵ a b a b ab a b3 3 3 3− = − + −

  = +1

2
2 3 23 0

i
i x e i x[( sin ) . .( sin )]   ∵sin x

e e

i

ix ix

=
−











−

2

  = + = − +1

2
8 6

1

2
2 4 33 3 3

i
i x i x

i
i x x[ sin sin ] [ ( sin sin )]

  = − + = − =4 3 3 43 3sin sin sin sinx x x x R.H.S.

(v) To prove that cos cos cos3 4 33x x x= − .

   L.H.S. = = + = +− −cos [ ] [( ) ( ) ]( ) ( )3
1

2

1

2

3 3 3 3x e e e ei x i x ix ix

   = + − +− − −1

2
33[( ) . ( )]e e e e e eix ix ix ix ix ix

[ ( ) ( )]∵ a b a b ab a b3 3 3 3+ = + − +

   = −1

2
2 3 23 0[( cos ) . .( cos )]x e x       ∵ cos ( )x e eix ix= +





−1

2

  = − = − =1

2
8 6 4 33 3[ cos cos ] cos cosx x x x R.H.S.

(vi) To prove that sin sin sin ( ) cos ( ).x y x y x y+ = + −2
1

2

1

2

  L.H.S. = +sin sinx y

=
−

+
−

= − + −
− −

− −e e

i

e e

i i
e e e e

ix ix iy iy
ix ix iy iy

2 2

1

2
[( ) ( )]

= −+ + − − + + −( / ) [ [( ) / ( ) / ] [( ) / ( ) / ]1 2 2 2 2 2i e ei x y x y i x y x y{ }

+ −+ − − − + − −{ }e ei x y x y i x y x y[( ) / ( ) / ] [( ) / ( ) / ] ]2 2 2 2  (Note)
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= ++ + − + − −( / ) [ [( ) / ( ) / ] [( ) / ( ) / ]1 2 2 2 2 2i e ei x y x y i x y x y{

− +− + + − − + − −{ }e ei x y x y i x y x y[( ) / ( ) / ] [( ) / ( ) / ] ]2 2 2 2  (Note)

= ++ − − −( / ) [ ( ) / ( ) / ( ) /1 2 2 2 2i e e ei x y i x y i x y{ }

− +− + − − −e e ei x y i x y i x y( ) / ( ) / ( ) / ]2 2 2{ }

= + −− − − + − +1

2

2 2 2 2

i
e e e ei x y i x y i x y i x y[ ] [ ]( ) / ( ) / ( ) / ( ) /

=
−














⋅
+














1

2
2

2
2

2i

x y
i

x y
cos sin

= + − =2
1

2

1

2
sin ( ) cos ( )x y x y R.H.S.

(vii) To prove that cos cos sin ( ) sin ( ) x –  y =    x + y  .    y – x2
1

2

1

2
.

 R.H.S. = + −2
1

2

1

2
sin ( ) . sin ( )x y y x

    =
−











−+ − + − − −
2

2

2 2 2e e

i

e ei x y i x y i y x i y x( ) / ( ) / ( ) / ( ) /2

2i













= − − −+ + − + − + − + − +1

2

2 2 2[ ( ) / ( ) / ( ) /e e ei x y y x i x y y x i x y y x

  + − + + −e i x y y x( ) / ]2

(sim ply by mul ti pli ca tion)

= − − − + = + − +− − − −1

2

1

2

1

2
[ ] ( ) ( )e e e e e e e eiy ix ix iy ix ix iy iy

= − =cos cosx y L.H.S.

(viii) To prove that sin ( ) sin cos cos sinx y x y x y+ = + .

  R.H.S. =
−

×
+

+
+

×
−− − − −e e

i

e e e e e e

i

ix ix iy iy ix ix iy iy

2 2 2 2

= + − −+ − − − − +( / ) [ ( ) ( ) ( ) ( )1 4i e e e ei x y i x y i x y i x y{ }

+ − + −+ − − − − +{ }e e e ei x y i x y i x y i x y( ) ( ) ( ) ( ) ]

= − =
−+ − +

+ − +
1

4
2 2

2i
e e

e e

i

i x y i x y
i x y i x y

[ ]( ) ( )
( ) ( )

  

= + =sin ( )x y L.H.S.

Sim i larly, sin ( ) sin cos cos sin .x y x y x y− = −

∴ sin ( ) sin cos cos sin .x y x y x y± = ±

(ix) To prove that cos ( ) cos cos sin sin .x y x y x y± = ∓

We have  cos cos sin sinx y x y+
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=
+

⋅
+

+
−

⋅
−− − − −e e e e e e

i

e e

i

ix ix iy iy ix ix iy iy

2 2 2 2

= + + ++ − − − − +1

4
[ ]( ) ( ) ( ) ( )e e e ei x y i x y i x y i x y

− − − ++ − − − − +1

4
[ ]( ) ( ) ( ) ( )e e e ei x y i x y i x y i x y      [ ]∵ i 2 1= −

= + = +− − − − − −1

4
2 2

1

2
[ ] [ ]( ) ( ) ( ) ( )e e e ei x y i x y i x y i x y  = −cos ( ).x y

Similarly we can prove that 

cos cos sin sin cos ( ).x y x y x y− = +
∴ cos ( ) cos cos sin sin .x y x y x y± = +
Remark : If u and v are any complex numbers, we can easily prove that

2 sin cos sin ( ) sin ( )u v u v u v= + + − , 2 cos sin sin ( ) sin ( )u v u v u v= + − −
         2 cos cos cos ( ) cos ( )u v u v u v= + + − , 2 sin sin cos ( ) cos ( ).u v u v u v= − − +

Ex am ple 1: Show that exp ( / ) .± = ±i iπ 2 (Avadh 2014)

So lu tion: Since exp ( ) cos sin ,± = ±i iθ θ θ we have

exp ( / ) cos ( / ) sin ( / ) . .± = ± = ± = ±i i i iπ π π2 2 2 0 1

Ex am ple 2: Prove that

{ } { }sin e sin sin sin n e sin ni n i( ) ( ) .α θ θ α α θ θα α− + = − +− − −n 1

So lu tion: L.H.S. = − + −{ }sin cos cos sin (cos sin ) sinα θ α θ α α θi n

   = − = −{ }sin cos sin sin sin (cos sin )α θ α θ α θ θi in nn

   = −sin (cos sin ),n n i nα θ θ  by De Moivre’s the o rem

and     R.H.S. = − +− −sin sin ( ) sinn in e n1 α α θ θα{ }

   = − + −−sin sin cos cos sin (cos sin ) sinn n n i n1 α α θ α θ α α θ{ }

      = −−sin sin cos sin sinn n i n1 α α θ α θ{ }

  = − = −−sin . sin . (cos sin ) sin (cos sin ).n nn i n n i n1 α α θ θ α θ θ

∴      L.H.S. = R.H.S.

 2.8  Hyperbolic Functions

Definition: For all values of x, real or complex, the quantity 
e ex x+ −

2
 is called the

hyperbolic cosine of x and is written as cosh x. Similarly the quantity 
e ex x− −

2
 is
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called the hyperbolic sine of x and is written as sinh x (read as shine x). Thus we

define

sinh x
e ex x

=
− −

2
 and cosh x

e ex x

=
+

⋅
−

2

The hyperbolic tangent, cotangent, secant and cosecant are obtained from

hyperbolic cosine and sine just as circular tangent, cotangent, secant and cosecant

are obtained from circular cosine and sine. Thus

tanh
sinh

cosh

( ) /

( ) /
x

x

x

e e

e e

e e

e e

x x

x x

x x

x x
= =

−
+

=
−
+

−

−

−

−
2

2

coth
cosh

sinh

( ) /

( ) /
x

x

x

e e

e e

e e

e e

x x

x x

x x

x x
= =

+
−

=
+
−

−

−

−

−
2

2

sech x
x e e e ex x x x

= =
+

=
+− −

1 1

2

2

cosh ( ) /

and cosech x
x e e e ex x x x

= =
−

=
−

⋅− −
1 1

2

2

sinh ( ) /

 2.9  Relations between Hyperbolic and Circular Functions
(Bundelkhand 2006)

The hyperbolic functions can be expressed in terms of circular functions as follows:

We have

sin ( )ix =
−

=
−

=
−− − −e e

i

e e

i

e e

i

i i x i i x i x i x x x( ) ( )

2 2 2

2 2

        =
−

=
−− −

i
e e

i
i

e ex x x x

. . ,
2 22

[ ]∵ i 2 1= −

        = i xsinh .

From this relation sin ( ) sinh ,ix i x=

we have     sinh sin ( ) sin ( ) sin ( ).x
i

ix
i

i
ix i ix= = = −1

2

Similarly     cos ( )ix =
+

=
+− −e e e ei i x i i x i x i x( ) ( )

2 2

2 2

       =
+

=
+− −e e e ex x x x

2 2
 = cosh .x (Lucknow 2007, 08)

Now   tan ( ) tanh ,ix x= = =
sin ( )

cos ( )

sinh

cosh

ix

ix

i x

x
i

  cot ( ) coth ,ix x= = = − = −1 1

tan ( ) tanh tanhix i x

i

x
i
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  sec ( ) sech ,ix x= = =1 1

cos ( ) coshix x

and cosec ( ) cosech .ix x= = = − = −1 1

sin ( ) sinh sinhix i x

i

x
i

Similarly we can prove that

sinh ( ) sin ;ix i x= (Rohilkhand 2005)

cosh ( ) cos ;ix x= tanh ( ) tan and coth ( ) cot ,ix i x ix i x= = −  etc.

 2.10  Properties of Hyperbolic Functions

Formulae involving hyperbolic functions can be easily deduced with the help of the 

above relations. A list of some such formulae is given below.

(a) sinh , cosh , tanh0 0 0 1 0 0= = =

(b) cosh sinh2 2 1x x− = (Bundelkhand 2008)

(c) sinh sinh cosh2 2x x x=

(d) cosh cosh sinh sinh cosh2 1 2 2 12 2 2 2x x x x x= + = + = −
(Lucknow 2007, 08)

(e) sec tanhh2 21x x= −

(f) tanh tanh / ( tanh )2 2 1 2x x x= +

(g) (i) sinh ( ) sin cosh cosh sinhx y x y x y+ = +

(ii) cosh ( ) cosh cosh sinh sinhx y x y x y+ = + (Rohilkhand 2006)

(h) e x x e x xx x= + = −−cosh sinh cosh sinhand

(i) sinh sinh sinh3 3 4 3x x x= +

(j) cosh cosh cosh3 4 33x x x= −

(k) tanh
tanh tanh

tanh
3

3

1 3

3

2
x

x x

x
=

+

+
⋅

Proof: (a) sinh cosh tanh  = ,   = ,   = .0 0 0 1 0 0

By definition,

sinh ( )x e ex x= − −1

2
 and cosh ( ).x e ex x= + −1

2

∴ sinh ( ) ( )0
1

2

1

2
1 1 00 0= − = − =−e e    [ ]∵ e e0 0 1= =−

and cosh ( ) ( ) . .0
1

2

1

2
1 1

1

2
2 10 0= + = + = =−e e

Also tanh
sinh

cosh
.0

0

0

0

1
0= = =
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(b) cosh sinh2 2 1x  x  − = (Kashi 2014)

We have cosh sinh2 2

2 2

2 2
x x

e e e ex x x x

− =
+







 −

−









− −

= + + − − + = + =− −1

4
2

1

4
2

1

2

1

2
12 2 2 2( ) ( ) .e e e ex x x x

(c) sinh sinh cosh x =   x  x2 2 .

The L.H.S. = =sinh ( / ) sin ( )2 1 2x i ix (Note)

 = =( / ) sin ( ) cos ( ) ( / ) . ( sinh ) . (cosh )1 2 1 2i ix ix i i x x

 = =2 sinh coshx x R.H.S.

(d) cosh cosh sinh sinh cosh x = x + x =  +  x =  2 1 2 22 2 2 2 x  .− 1

We have cosh cos ( ) cos ( )2 2 2x ix ix= = (Note)

     = − = −cos ( ) sin ( ) cosh sinh2 2 2 2 2ix ix x i x

          = +cosh sinh2 2x x …( )1

   = + + = +1 1 22 2 2sinh sinh sinh .x x x …( )2

Also cosh cosh sinh cosh (cosh )2 12 2 2 2x x x x x= + = + −

     = −2 12cosh .x …( )3

(e) sech2 21x =   x.− tanh

We have cosh sinh ,2 2 1x x− =  by prop erty (b).

Di vid ing by cosh ,2 x  we get 1 2 2− =tanh .x xsech

Sim i larly, coth .2 21x x− = cosech

(f) tanh tanh ( tanh ) x =   x/  + x .2 2 1 2

We have i x ixtanh tan ( ).2 2=
∴ tanh ( / ) tan ( ) ( / ) tan ( )2 1 2 1 2x i ix i ix= =

       = ⋅
−

= ⋅
−

1 2

1

1 2

12 2 2i

ix

ix i

i x

i x

tan

( tan )

tanh

( tanh )
 (Note)

   = +2 1 2tanh / ( tanh ).x x

Similarly, we find

sinh
tanh

tanh
 x = 

  x

  x
2

2

1 2−
 and  cosh

tanh

tanh
 x = 

 + x

  x
2

1

1

2

2−
⋅

(g) (i) sinh ( ) sinh cosh cosh sinh x +y  =  x  y +  x  y.

 R.H.S. = − + + + −− − − −1

2

1

2

1

2

1

2
( ). ( ) ( ). ( )e e e e e e e ex x y y x x y y

   = + − − + − ++ − − − − + + − − −1

4
[ ( ) ( ) ( )e e e e e e ex y x y x y x y x y x y x y

− − +e x y( )]
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   = − = −+ − + + − +1

4
2 2

1

2
[ ] [ ]( ) ( ) ( ) ( )e e e ex y x y x y x y

   = + =sinh ( )x y L.H.S.

(ii) cosh ( ) cosh cosh sinh sinh x +y =  x  y +  x  y. (Rohilkhand 2006)

L.H.S. = + = + = +cosh ( ) cos ( ) cos ( )x y i x y ix iy

   = −cos ( ) cos ( ) sin ( ) sin ( )ix iy ix iy

   = −cosh cosh sinh . sinhx y i x i y

   = −cosh cosh sinh sinhx y i x y2

   = + =cosh cosh sinh sinhx y x y R.H. S.

(h) e  =  x +  x    e  =  x   x.x xcosh sinh cosh sinhand − −

We have cosh ( ) ; sinh ( ).x e e x e ex x x x= + = −− −1

2

1

2

Add ing, we get cosh sinh ( ) .x x e e e e e ex x x x x x+ = + + − = =− −1

2

1

2
2

and sub tract ing, we get

cosh sinh ( )x x e e e ex x x x− = + − +− −1

2
 = =− −1

2
2. .e ex x

(i) sinh sinh sinh x =   x +  x.3 3 4 3

L.H.S. = = =sinh ( / ) sin ( ) ( / ) sin ( )3 1 3 1 3x i ix i ix  

  = −( / ) [ sin ( ) sin ( )]1 3 4 3i ix ix

   = −( / ) [ ( sinh ) ( sinh ) ]1 3 4 3i i x i x [ sin ( ) sinh ]∵ ix i x=

   = +( / ) [ sinh sinh ]1 3 4 3i i x i x  [ ; ]∵ i i i2 31= − = −

   = + =3 4 3sinh sinhx x R.H.S.

(j) cosh cosh cosh x =  x    x.3 4 33 −

L.H.S. = = =cosh cos ( ) cos ( )3 3 3x ix ix  = −4 33cos ( ) cos ( )ix ix

   = −4 33cosh cosh .x x     [ cos ( ) cosh ]∵ ix x=

(k) tanh ( tanh tan ) ( tanh ) x =   x + x /  +  x . 3 3 1 33 2
(Kanpur 2008)

L.H.S. = =tanh ( / ) tan ( )3 1 3x i ix  = 





−

−













1 3

1 3

3

2i

ix ix

ix

tan ( ) tan ( )

tan ( )

   =
−

−













1 3

1 3

3 3

2 2i

i x i x

i x

tanh tanh

tanh
   [ tan ( ) tanh ]∵ ix i x=

   =
+

+













=
+1 3

1 3

3

1

3

2

3

i

i x i x

x

x xtanh tanh

tanh

tanh tanh

+
=

3 2tanh x
R.H.S. 
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 2.11  Expansions in Series for sinh x and cosh x

We have sinh [ ]x e ex x= − −1

2

    = + + + + …








 − − + − + …

















1

2
1

2 3
1

2 3

2 3 2 3

x
x x

x
x x

! ! ! !







   = + + + …








 = + + + …1

2
2

2

3

2

5 3 5

3 5 3 5

x
x x

x
x x

! ! ! !
ad. inf.

Thus sinh
! !

inf x = x + 
x

 + 
x

+ ...  .
3 5

3 5
ad.

Also   cosh [ ]x e ex x= + −1

2
 

= + + + + …








 + − + − + …

















1

2
1

2 3
1

2 3

2 3 2 3

x
x x

x
x x

! ! ! !







= + + + …








 = + + + …1

2
2

2

2

2

4
1

2 4

2 4 2 4

x
x x x x

! ! ! !
ad.inf.

Thus     cosh = 1 +
2!

+
4!

+ ad. inf.
2 4

x
x x

...

Re mark: The stu dents should note that to change a for mula for the cir cu lar

func tions into a for mula for the hy per bolic func tions, we must re place cos x by 

cosh x and sin x by i x i esinh . ., we must write cosh2 x for cos2 x and − sinh2 x for sin2 x

etc.

 2.12  Periods of Hyperbolic Functions

By Euler’s theorem, we know that

e n i n i nn i2 2 2 1 0 1π π π= + = + =cos sin . ,  be ing any in te ger

and e n i n in i− = − = − =2 2 2 1 0 1π π πcos sin . .

∴ sinh ( ) [ ],( )x n i e ex n i x n i+ = −+ − +2
1

2

2 2π π π  by def i ni tion

           = − = −− − −1

2

1

2

2 2[ ] [ ]e e e e e ex n i x n i x xπ π

   [ , ]∵ e nn i± =2 1π being any integer

          = sinh .x

Also,       cosh ( ) [ ]( )x n i e ex n i x n i+ = ++ − +2
1

2

2 2π π π [By def i ni tion]

       = + − −1

2

2 2[ . . ]e e e ex n i x n iπ π
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         = + −1

2
[ ]e ex x  [ ]∵ e n i± =2 1π

         = cosh .x

It follows that sinh x and cosh x are periodic functions and both have a period 2πi.

(Lucknow 2009)

Hence hyperbolic functions differ from circular functions in having no real period.

Their periods are imaginary.

Again,    tanh ( )
sinh ( )

cosh ( )
x n i

x n i

x n i
+ =

+
+

π
π
π

        =
−

+

+ − +

+ − +

1

2
1

2

[ ]

[ ]

( ) ( )

( ) ( )

e e

e e

x n i x n i

x n i x n i

π π

π π
[By def.]

        =
−

+

− −

− −

e e e e

e e e e

n i x x n i

n i x x n i

π π

π π

[ . ]

[ . ]

2

2
(Note)

        =
−

+

−

−

[ ]

[ ]

e e

e e

x x

x x
[ ]∵ e n i− =2 1π

        = =
sinh

cosh
tanh .

x

x
x

Thus     tanh ( ) tanh ,x n i x+ =π
i e. ., tanh x is a periodic function with period πi.

Therefore, sinh x and cosh x are periodic functions of period 2πi and tanh x is a periodic function 

of period π i.

Remark: Note that the hyperbolic functions have imaginary periods while the

circular functions have real periods.

Ex am ple 3: Show that  sinh x  y  cosh x  y    sinh x  sinh y( ) ( ) ( )+ − = +1

2
2 2 .

(Meerut 2008, 12, 12B)

So lu tion: The L.H.S. = + −sinh ( ) . cosh ( )x y x y

    = − ++ − + − − −1

2

1

2
[ ] . [ ]( ) ( ) ( ) ( )e e e ex y x y x y x y

    = − + −− −1

4

2 2 2 2[ ]e e e ex y y x

    = − + −− −1

2

1

2

1

2

2 2 2 2. [ ( ) ( )]e e e ex x y y

    = + =1

2
2 2[sinh sinh ]x y R.H.S.
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Ex am ple 4: Show that

cos sin cos sin( ) ( ) ( ).α β α β α αβ+ + + = +−i i i e i (Meerut 2012B)

So lu tion: The L.H.S. = −cos cos sin sinα β α βi i  + +i i i isin cos cos sinα β α β

= + + +cos (cos sin ) sin (cos sin )α β β α β βi i i i i i i

= + +(cos sin ) (cos sin )i i i iβ β α α
= − +(cosh sinh ) (cos sin )β β α αi  [ cos cosh , sin sinh ]∵ i i iβ β β β= =
= + =−e iβ α α(cos sin ) R.H.S.

Note: Similarly we can prove that

cos ( ) sin ( ) (cos sin ).α β α β α αβ− − − = −−i i i e i

Ex am ple 5: If cosh secα θ= , prove that tanh tan2 21

2

1

2
α θ= .

(Avadh 2010; Meerut 13, 13B)

So lu tion: We have cosh .α θ= sec

∴
cosh

cos

α
θ1

1= ⋅

Applying componendo and dividendo, we get

cosh

cosh

cos

cos

sinh

cosh

sα
α

θ
θ

α

α

−
+

=
−
+

=
1

1

1

1

2
1

2

2
1

2

22

2
or

in

cos

2

2

1

2

2
1

2

θ

θ

or tanh tan .2 21

2

1

2
α θ=

Note: The componendo and dividendo is that if
a

b

c

d

a b

a b

c d

c d
=

−
+

=
−
+

⋅, then

Ex am ple 6: If tan tanh x cot y and tan tanh x tanyθ = φ = ,

show that
sin

sin

cosh x cos y

cosh x cos y

2

2

2 2

2 2

θ
φ

=
+
−

⋅

So lu tion: L.H.S. =
φ

=
+

φ + φ

sin

sin

tan / ( tan )

tan / ( tan )

2

2

2 1

2 1

2

2

θ θ θ

     =
+

×
+ φ

φ
=

φ
⋅

+ φ

+

tan

tan

tan

tan

tan

tan

tan

tan

θ

θ

θ

θ1

1 1

12

2 2

2

     = ×
+

+

tanh cot

tanh tan

tanh tan

tanh cot
,

x y

x y

x y

x y

1

1

2 2

2 2
 

putt ing the given val ues of tan θ and tan φ

   = ⋅
+cos

sin

cosh cos sinh sin

cosh cos

2

2

2 2 2 2

2 2

y

y

x y x y

x y

    ×
+

cosh sin

cosh sin sinh cos

2 2

2 2 2 2

x y

x y x y
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   =
+

+

cosh cos sinh sin

cosh sin sinh cos

2 2 2 2

2 2 2 2

x y x y

x y x y

   =
+( cosh ) ( cos ) ( sinh ) ( sin )

( cosh ) ( sin

2 2 2 2

2 2

2 2 2 2

2

x y x y

x 2 2 22 2y x y) ( sinh ) ( cos )+
  (Note)

   =
+ + + − −

+

( cosh )(cos ) (cosh )( cos )

( cosh )

1 2 2 1 2 1 1 2

1 2

x y x y

x ( cos ) (cosh )( cos )1 2 2 1 1 2− + − +y x y

[ cosh cosh ; sinh cosh ]∵2 1 2 2 2 12 2x x x x= + = −

   =
+

−
=

+2 2 2

2 2 2

2 2

2

(cosh cos )

(cosh cos )

cosh cos

cosh

x y

x y

x y

x −
=

cos 2 y
R.H.S.

1. Prove that sin ( ) sin sin .α θ θ αα θ+ − = −n e n ei i n

2. Prove that { }sin ( ) sin sin .α θ θ αα θ+ − = −e ei n in n

3. Show that  
1

1
2 2

+
−

= +
tan

tan
cos sin .

h x

h x
h x h x (Gorakhpur 2005)

4. Show that  tanh ( )
tanh tanh

tanh tanh
x y

 x   y

   x  y
+ =

+
+

⋅
1

5. Show that

(i) sinh sinh sinh ( ) cosh ( ) x   y    x y  x y+ = + −2
1

2

1

2

(ii) cosh cosh sinh ( ) sinh ( ). x   y    x y x y− = + −2
1

2

1

2

6. If α π θ= +  log tan [ / / ],4 2  prove that

(i) tanh / tan / ;α θ2 2=     (ii) cos cosh ;θ α = 1

(iii) sinh tan ;α θ=  (Bundelkhand 2006) (iv) tanh sin ;α θ=
(v) If α θ θ θ= + + + …a a3

3
5

5 , show that θ α α α= − + −a a3
3

5
5 ...

(Kanpur 2008)

7. If α β,  be the imaginary cube roots of unity, prove that

α βα βe e e x xx x x+ = − √ √ + √







 ⋅− / sin cos2 3

3

2

3

2

 2.13  Separation into Real and Imaginary Parts

By separation or resolving into real and imaginary parts, we mean to put a complex

quantity in the form x iy+  where x and y are real quantities.
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When we are given a fraction to separate into real and imaginary parts whose

numerator and denominator are both complex functions, we multiply the

numerator and denominator by the conjugate of the denominator and thus make

the denominator real.

The conjugate complex is obtained by putting −i for i , i e. ., x iy+  and x iy−  are

conjugate complex quantities.

Ex am ple 7: Re solve into real and imag i nary parts :

(i) sin i( )α β±  (Bundelkhand 2004) (ii)  cos i( )α β± (Rohilkhand 2007)

(iii) tan i( )α β+ (Bundelkhand 2006; Meerut 12)

So lu tion: (i) We have

sin ( ) sin cos ( ) cos sin ( )α β α β α β± = ±i i i

   = ±sin cosh cos sinh .α β α βi

[ sin ( ) sinh cos ( ) cosh ]∵ i i iβ β β β= =and

(ii)     cos ( ) cos cos ( ) sin sin ( )α β α β α β± = +i i i  

            = +cos cosh sin ( sinh )α β α βi

        = +cos cosh sin sinh .α β α βi

Remark: From the expressions for sin ( )α β+ i  and sin ( )α β− i  into real and

imaginary parts, we observe that sin ( )α β− i  is the conjugate complex of 

sin ( ).α β+ i  Similarly cos ( )α β+ i  and cos ( )α β− i  are conjugate complex numbers.

(iii)   We have tan ( )
sin ( )

cos ( )
α β

α β
α β

+ =
+
+

⋅i
i

i

In this case, the denominator is a complex quantity so we have to multiply the

numerator and denominator by the conjugate of the denominator. The conjugate

complex of cos ( )α β+ i  is cos ( ).α β− i  Therefore multiplying the Nr. and Dr. by 

cos ( )α β− i , we have

tan ( )
sin ( )

cos ( )

cos ( )

cos ( )
α β

α β
α β

α β
α β

+ =
+
+

×
−
−

i
i

i

i

i

2

2 (Note)

       =
+ + − + + − −

+ +

sin [( ) ( )] sin [( ) ( )]

cos [( ) (

α β α β α β α β

α β

i i i i

i α β α β α β− + + − −i i i)] cos [( ) ( )]

       =
+
+

=
+sin ( ) sin ( )

cos ( ) cos ( )

sin sinh

cos

2 2

2 2

2 2α β
α β

α βi

i

i

2 2α β+ cosh

       =
+







 +

+








sin

cos cosh

sinh

cos cosh

2

2 2

2

2 2

α
α β

β
α β

i ⋅
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Remark: As proved in part (iii), we have

tan ( )
sin

cos cosh

sinh

cos cos
α β

α
α β

β
α

+ =
+







 +

+
i i

2

2 2

2

2 h 2β






 ⋅

Replacing β by − β on both sides, we have

tan ( )
sin

cos cosh

sinh

cos cos
α β

α
α β

β
α

− =
+







 −

+
i i

2

2 2

2

2 h 2β






 ⋅

[ cosh ( ) cosh , and sinh ( ) sinh ]∵ − = − = −x x x x

From these expressions for tan ( )α β+ i  and tan ( )α β− i  into real and imaginary

parts, we observe that tan ( )α β− i  is the conjugate complex of tan ( )α β+ i . Thus 

tan ( )α β+ i  and tan ( )α β− i  are conjugate complex numbers.

Ex am ple 8: Sep a rate  
cos x iy

x iy

( )

( )

+
+ + 1

  into real and imag i nary parts.

So lu tion: We have

cos ( )

( )

cos ( )

( )

cos ( ) (x iy

x iy

x iy

x iy

x iy x+

+ +
=

+

+ +
=

+ +

1 1

1{ )

( ) ( ) )
,

−

+ + + −

iy

x iy x iy

}

{ }{ }1 1

mul ti ply ing the Nr. and the Dr. by the con ju gate
com plex of the Dr.

=
− + −

+ −

[cos cos ( ) sin sin ( )][( ) ]

( )

x iy x iy x iy

x i y

1

1 2 2 2

=
− + −

+ +

(cos cosh sin sinh ) [( ) )]

( )

x y i x y x iy

x y

1

1 2 2

=
− + +

+ −
i x x y y x y

x x y y
[( ) sin sinh cos cosh ]

[( ) cos cosh sin
1

1 x y

x y

sinh ]

( )+ +1 2 2

= −a ib

where  a x x y y x y x y= + − + +[( ) cos cosh sin sinh ] / ( )1 1 2 2{ }

and  b x x y y x y x y= + + + +[( ) sin sinh cos cosh ] / ( ) .1 1 2 2{ }

Ex am ple 9:  Re solve e sin x iy( )+  into real and imag i nary parts.

So lu tion: We have e x iysin ( )+  = +e x iy x iysin cos ( ) cos sin ( )

= +e x y i x ysin cosh cos sinh  = e ex y i x ysin cosh cos sinh.

= +e x y i x yx ysin cosh [cos (cos sinh ) sin (cos sinh )],

[ cos sin ]∵ e ii θ θ θ= +

which is of the form a ib+ .

Ex am ple 10: Re solve sin x iy2 ( )+  into real and imag i nary parts. (Meerut 2009)

So lu tion: We have sin ( ) [ sin ( )]2 21

2
2x iy x iy+ = +
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= − +1

2
1 2[ cos ( )]x iy [ sin cos ]∵2 1 22 θ θ= −

= − +1

2
1 2 2[ cos ( )]x iy  = − −1

2
1 2 2 2 2[ cos cos ( ) sin sin ( ) ]{ }x iy x iy

= − +1

2
1 2 2 2 2[ cos cosh sin sinh ]x y i x y

= − +1

2
1 2 2

1

2
2 2( cos cosh ) (sin sinh ).x y i x y

1. Resolve into real and imaginary parts :

(i) cot ( )α β+ i (ii)  sec ( )α β+ i

(iii) cosec ( )α β− i

2. Resolve into real and imaginary parts :

(i) sinh ( ) iα β+    (Bundelkhand 2009) (ii)  cosh ( )α β+ i

(iii) tanh ( ) iα β+ (iv) coth ( )α β+ i .

3. Re solve e x iycosh ( )±  into real and imag i nary parts.

4. Re solve e x iysinh ( )+  into real and imag i nary parts. (Kumaun 2008)

5. Split into real and imag i nary parts e kei iθ / ( ).1 − φ
(Meerut 2010B)

6. If E
x a iy

x a iy
P iQ

− +
+ +







 = + , find P and Q.

1. (i) 
sin

cosh cos

sinh

cosh cos

2

2 2

2

2 2

α
β α

β
β α−







 −

−






i

(ii) 
2

2 2

2

2

cos cosh

cos cosh

sin . sinh

cos cos

α β
α β

α β
α+







 +

+
i

h 2β








(iii) 
2

2 2

2

2

sin . cosh

cosh cos

cos . sinh

cosh c

α β
β α

α β
β−







 +

−
i

os 2α








2. (i) (sinh cos ) (cosh sin )α β α β+ i   sinh cos cosh sinα β α β− i

(ii) (cosh cos ) (sinh sin )α β α β+ i  cosh cos sinh sinα β α β− i

(iii) 
sinh

cosh cos

sin

cosh cos

2

2 2

2

2 2

α
α β

β
α β+

+
+

i
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(iv) 
sinh

cosh cos

sin

cosh cos

2

2 2

2

2 2

α
α β

β
α β−







 −

−






 ⋅i

3. e x y i x yx ycosh cos [cos (sinh sin ) sin (sinh sin ),±

4. e x y i x yx ysinh cos [cos (cosh sin ) sin (cosh sin )]+

5.
cos cos ( )

cos

sin sin ( )θ θ θ θ− − φ

− φ +









 +

− − φk

k k
i

k

1 2 12 − φ +









2 2k kcos

6. P e qp= cos  and Q e qp= sin , 

where p
x y a

x a y
q

ay

x a y
=

+ −

+ +
=

+ +
⋅

2 2 2

2 2 2 2

2

( )
and

( )

Problems Involving Trigonometric and Hyperbolic Funtions:

The problems involving trigonometric and hyperbolic functions can be solved by

using the relations given in article 2.9.

Ex am ple 11: If tan i tan i sec( ) ,θ α α+ φ = +  then prove that

e cot and n2 1

2
2

1

2

φ = ± = + +α θ π π α.

(Meerut 2010; Bundelkhand 10; Purvanchal 14; Kashi 14)

So lu tion: We have tan ( ) tan ,θ α α+ φ = +i i sec

so that tan ( ) tan .θ α α− φ = −i i sec

Now tan tan [( ) ( )]2θ θ θ= + φ + − φi i  =
+ φ + − φ

− + φ − φ
tan ( ) tan ( )

tan ( ) tan ( )

θ θ
θ θ
i i

i i1

  =
+ + −

− + −
(tan ) (tan )

(tan )(tan

α α α α
α α α
i i

i i

sec sec

sec sec1 α
α

α α)

tan

(tan )
=

− +

2

1 2 2sec

  =
−

= − = −
2

2

1
2

tan

tan tan
cot .

α

α α
α

Thus tan cot tan ( ).2
1

2
θ α π α= − = +

∴ 2
1

2
θ π α= + (prin ci pal value)

or 2
1

2
θ π π α= + +n       (gen eral value)

Again, tan tan [( ) ( )]2i i iφ = + φ − − φθ θ  =
+ φ − − φ

+ + φ − φ
tan ( ) tan ( )

tan ( ) tan ( )

θ θ
θ θ
i i

i i1

   =
+ − −

+ +
=

(tan ) (tan )

(tan )

α α α α

α α

αi i isec sec

sec

sec

s1

2

22 2 ec2 α
α= i cos .

∴    i itanh cos , tanh cos2 2φ = φ =α αor

or   
e e

e e

2 2

2 2 1

φ − φ

φ − φ
−

+
= ⋅

cos α
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Applying componendo and dividendo, we have

or
2

2

1

1

2
1

2

2
1

2

2

2

4

2

2

2e

e
e

φ

− φ
φ=

+
−

= =
cos

cos
,

cos

sin

cot
α
α

α

α
or

1

2
α.

∴    e2 1

2

φ = ± cot .α

Ex am ple 12: If sin i cos i sin( ) ,θ α α+ φ = +  then prove that 

  cos sinh sin2 2θ α= φ = ± . (Meerut 2009B)

So lu tion: We have sin ( ) cos sinθ α α+ φ = +i i

or sin cosh cos sinh cos sin .θ θ α αφ + φ = +i i

Equating real and imaginary parts, we have

sin cosh cosθ αφ = …( )1

cos sinh sinθ αφ = . …( )2

First we shall eliminate φ between (1) and (2).

We have cosh sinh .2 2 1φ − φ =

∴
cos

sin

sin

cos

2

2

2

2
1

α

θ

α

θ
− =   or  

cos cos sin sin

sin cos

2 2 2 2

2 2
1

α θ α θ

θ θ

−
=

or cos cos sin sin sin cos2 2 2 2 2 2α θ α θ θ θ− =

or cos ( sin ) sin ( cos ) cos ( cos )2 2 2 2 2 21 1 1θ α α θ θ θ− − − = −

[chang ing all the terms to cos θ and sin α]

or cos cos sin sin sin cos cos cos2 2 2 2 2 2 2 4θ θ α α α θ θ θ− − + = −

or cos sin .4 2θ α=

∴ cos sin .2 θ α= ±

Now we shall eliminate θ between (1) and (2) .

We have sin cos .2 2 1θ θ+ =

Therefore from (1) and (2), we have

cos

cosh

sin

sinh

2

2

2

2
1

α α

φ
+

φ
=

or cos sinh cosh sin cosh sinh2 2 2 2 2 2α αφ + φ = φ φ

or sinh ( sin ) sin ( sinh ) ( sinh ) sinh2 2 2 2 2 21 1 1φ − + + φ = + φ φα α

[chang ing all the terms to sinh φ and sin α]

or sinh sinh sin sin sinh sin2 2 2 2 2 2φ − φ + + φα α α = φ + φsinh sinh2 4

or sinh sin .4 2φ = α

∴ sinh sin .2 φ = ± α

Thus cos sinh sin .2 2θ α= φ = ±

T-38



Ex am ple 13: If sin i cos i sin( ) ( ),θ α α+ φ = ρ +  prove that

ρ = φ − = φ2 1

2
2 2[ ] .cosh cos and tan tanh cotθ α θ

(Garhwal 2001)

So lu tion: We have 

sin ( ) cos sinθ α α+ φ = ρ + ρi i

or sin cosh cos sinh cos sin .θ θ α αφ + φ = ρ + ρi i

∴ sin cosh cosθ αφ = ρ …( )1

and cos sinh sin .θ αφ = ρ …( )2

Squaring (1) and (2) and adding, we get

   ρ = φ + φ2 2 2 2 2sin cosh cos sinh .θ θ

∴ 2 2 22 2 2 2 2ρ = φ + φsin cosh cos sinhθ θ
  = − φ + + φ( cos ) cosh ( cos ) sinh ,1 2 1 22 2θ θ

chang ing to dou ble an gles

= φ + φ − φ − φ(cosh sinh ) cos (cosh sinh )2 2 2 22θ

  = φ −cosh cos .2 2θ [ cosh sinh cosh ]∵ 2 2 2φ + φ = φ

∴      ρ = φ −2 1

2
2 2(cosh cos ).θ

Again, dividing (2) by (1), we get
cos sinh

sin cosh

sin

cos
tan tanh cot .

θ
θ

α
α

α θ
φ
φ

= = φor

 1. If sin ( ) ,α β+ = +i x iy  prove that

(i) x y2 2 2 2 1cosec α α− =sec , (Bundelkhand 2005, 14; Avadh 11)

(ii) x y2 2 2 2 1sech  cosechβ β+ = .

(Kanpur 2005, 12; Avadh 11; Bundelkhand 14)

 2. If cos ( ) ,− + = +1 x iy A iB prove that

(i) x B y B2 2 2 1sec cosech2+ =
(ii) x A y A2 2 2 2 1sec cosec− = . (Garhwal 2000)

 3. If tan ( ) sin ( ),θ + φ = +i x iy  then prove that

coth sinh cot sin .y  x 2 2φ = θ (Purvanchal 2011; Agra 14)

 4. If tanh ( ) sin ( ),α β+ = +i x iy  prove that sinh tan coth .2 2α βcosec =  x y

 5. If tan ( ) ,α β+ = +i x iy  prove that

(i) x y x2 2 2 2 1+ + =cot ;α (Kanpur 2010)

(ii) x y y2 2 2 2 1 0+ − + =coth ;β (Kanpur 2010)

(iii) x ycoth coth .2 2 1α β+ =
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 6. If tan ( ) cos sin ,θ α α+ φ = +i i  prove that

θ π π π α= + φ = +





n
 

2 4

1

2 4 2
and log tan  or   e2

4 2

φ = +



 ⋅tan

π α

(Garhwal 2002; Agra 07;

Gorakhpur 07; Meerut 08; Purvanchal 10)

 7. If tan ( ) ,α β+ =i i  where α and β are real, then prove that α is indeterminate

and β is infinite. (Bundelkhand 2007, 14; Purvanchal 14)

 8. If sin ( ) tan ,θ α α+ φ = +i  i sec  then prove that cos cosh .2 2 3θ φ =
(Garhwal 2001; Avadh 07, 09; Purvanchal 08; Agra 09, 10; Kashi 13)

 9. If cos ( ) cos sin , x iy i+ = +α α  prove that

(i) cosh cos2 2 2y x+ = (ii) sin sin4 2x = α
(iii) sinh sin .4 2y  = α

10. If cos ( ) (cos sin ),θ α α+ φ = +i r i  then prove that φ =
−
+

⋅1

2
log

sin ( )

sin ( )

θ α
θ α

(Bundelkhand 2003; Avadh 05; Kanpur 06; Kashi 12; Rohilkhand 09)

11. If cosh sec ,u   = θ show that

 u  = +log tan ( )
1

4

1

2
π θ  (Meerut 2013)

and  tanh tan .2 21

2

1

2
u = θ (Meerut 2011; Avadh 10)

12. If A iB C  x iy+ = +tan ( ), then prove that tan 2
2

2 2 2
x

CA

C A B
=

− −
⋅

13. If u iv x iy+ = +cot ( ), show that v
y

y x
= −

−
⋅

sinh

cosh cos

2

2 2

14. If cos ( ) ,u iv x iy+ = +  prove that

( ) (cosh cos )1 2 2 2+ + = +x y v  u  and ( ) (cosh cos ) ,1 2 2 2− + = −x y v u

where x y u v, , ,  are all real.

15. If cosh ( ) ,x iy p iq+ = +  where x y p, ,  and q are real, show that 

p

y

q

y

2

2

2

2
1

cos sin
.− =

16. If sin ( ) sin ( ) ,x iy i+ + φ =θ 1 show that

(i) tanh cosh cos ;2 2 2y φ = θ (Kanpur 2010)

(ii) tanh cosh cos .2 2 2φ =y x (Kanpur 2010)

17. If cos ( ) cos ( ) ,θ α β+ φ + =i i 1 prove that

tanh cosh sin2 2 2φ =β α and tanh cosh sin .2 2 2β θφ = (Kanpur 2009)
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18. If x = 2 cos coshα β and y = sin sinh ,α β  prove that

(i) sec ( ) sec ( )α β α β+ + − =
+

⋅i i
x

x y

4
2 2

(ii) sec ( ) sec ( )α β α β+ − − =
+

⋅i i
iy

x y

4
2 2

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

 1. If sin ( ) ,x iy p iq+ = +  where p and q are real, then

(a) q x y= sin cos (b) q x y= cos sin

(c) q x y= sin cosh (d) q x y= cos sinh .

 2. If θ is real, then

(a) cos ( ) coshi iθ θ= (b) sin ( ) sinhi iθ θ=
(c) tan ( ) tanhiθ θ= (d) cot ( ) coth .i iθ θ=

Fill in the Blanks

Fill in the blanks “……” so that the following statements are complete and correct.

 1. The Eu ler’s the o rem states that e iθ = …… .

 2. The ex po nen tial value of cos θ is …… .

 3. The ex po nen tial value of sin θ is …… .

 4. If e a ibx iy+ = + , where a and b are real, then b = …… .

 5. If cos ( ) ,x iy a ib+ = +  where a and b are real, then a = …… .

 6. If cos ( ) ,x iy a ib+ = +  where a and b are real, then b = …… .

 7. The com plex con ju gate of cos ( )x iy−  is …… .

 8. If e a ibx iysin ( ) ,+ = +  where a and b are real, then b = …… .

True or False

Write ‘T’ for true and ‘F’  for false statement.

 1. cot ( ) coth .i iθ θ= −
 2. If sin ( ) ,x iy a ib− = +  where a and b are real, then b x y= cos sinh .

 3. If sin ( ) ,α β+ = +i x iy  then 
x y2

2

2

2
1

sin cosα α
+ =  .

 4. cos ( ) cos cosh sin sinh .α β α β α β+ = +i i
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 5. tan ( )
sin

cos cosh

sinh

cos cos
α β

α
α β

β
α

+ =
+







 +

+
i i

2

2 2

2

2 h 2β






 ⋅

Multiple Choice Questions
 1. (d)  2. (b)

Fill in the Blanks

 1. cos sinθ θ+ i  2.
e ei iθ θ+ −

2
3. 

e e

i

i iθ θ− −

2
 4. e yx sin  5. cos coshx y 6.  − sin sinhx y

 7. cos ( )x iy+  8. e x yx ysin cosh sin (cos sinh )

True or False
 1. T 2. F 3. F 4. F 5. T

¨
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  3.1  Logarithms in the Set of Real Numbers

W
e know that if a and x are two real numbers such that e ax = , then x is called

the logarithm of a to the base e and we write it as

x ae= log .

Since for all real numbers x, we have e x > 0, therefore, in the case of a real variable, 

log e a exists if and only if a is positive. Also if a is a positive real number, log e a is a

unique real number.

  3.2  Logarithms of Complex Numbers

(Gorakhpur 2006)

Now we shall extend our definition of logarithmic function to the set of complex

numbers.

Definition: Let z and w be two complex numbers such that e wz = . Then z is called a

logarithm of w to the base e and we write it as z we= log  or simply as z w= log , the

base e remaining understood.
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Thus by definition, z w= log  if and only if w ez= .

Since ez ≠ 0 for any complex number z, therefore log w does not exist if w = 0.

Logarithm of a complex number is a many-valued function:

Let log .e w z=  Then e wz = .

If n is any integer, we have

e n i n in i2 2 2 1 0 1π π π= + = + =cos sin . (Bundelkhand 2005)

∴    e e e e ez z z n i z n i= = = +. ,1 2 2π π

which means that if log ,w z=  then we also have

log .w z n i= + 2 π
Thus logarithm of a complex number is a many-valued function.

  3.3  Principal and General Values of Logarithm  of a

 Non-Zero Complex Number

(Gorakhpur 2006)

Let z x iy= +  be a non-zero complex number. Suppose

log e z i= +α β,

where α and β are real. Then

z e e e e ii i= = = ++α β α β α β β(cos sin ).

Since eα  is a positive real number, therefore

z e i= +α β β(cos sin )

is a representation of z in a modulus-argument form. We have

e z x y z y xα β= = √ + = = −| | ( ) and tan ( / ).2 2 1arg

The equation e zα =| | has a unique solution α = log | |,z  the real logarithm of the

positive number | |.z

∴ log log | |e z z i z= + arg

i e. ., log ( ) log ( ) tan ( / ).e x iy x y i y x+ = √ + + −2 2 1

Now arg z is a many-valued function and consequently log z is a many-valued

function. If β0  is the principal value of arg z i e. ., the value of arg z lying between −π
and π, then log | |z i+ β0  is called the principal value of log .z  Again if β0  is the

principal value of arg z, then 2 0nπ β+  is the general value of arg z and

log | |z i n i+ +β π0 2

is called the  general value of  log z. Thus every non-zero complex number has infinitely many 

logarithms which differ from one another by an integral multiple of 2πi.

It is usual to denote the general value of log e z by Log e z, using the first letter L as

the capital letter, and the principal value by log ,e z  using the first letter l as the small 

letter. Thus we have
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Log e z z n ie= +log ,2 π  where n is any in te ger.

If in the general value, we put n = 0, we get the principal value.

Remember :

log ( ) log ( ) tan ( / ),e x iy x y i y x+ = √ + + −2 2 1

where tan ( / )−1 y x  rep re sents the prin ci pal value of arg ( )x iy+

and Log e ( ) log ( ) tan ( / ) ,x iy x y i y x n i+ = √ + + +−2 2 1 2 π

where n is any in te ger.

  3.4  Properties of the Logarithmic Function

If u and v are two non-zero complex numbers, then

Log uv Log u Log v( ) = + …( )1

and Log u v Log u Log v( / ) .= − …( )2

Proof: Let Log Logu z v z= =1 2and .

Then e u e vz z1 2= =and .    ∴ e e uvz z1 2 = , or e uvz z1 2+ = .

By the definition of logarithm, we have

Log Log Loguv z z u v= + = +1 2 , which proves the re sult (1).

The result (2) can be proved similarly.

The equality (1) does not mean that the principal value of log uv is equal to the sum

of the principal values of log u and log .v Note that the sum of the principal

arguments of u and v need not be equal to the principal argument of uv. The equality 

(1) implies that each value of log logu v+  is equal to some value of log uv and each

value of log uv is equal to some value of 

log log .u v+
A similar remark holds for the equality (2) also.

Remark: If z be a non-zero complex number and n be a positive integer, the

equality log logz n zn =  may not be true even for the general values.

As an illustration, we have

Log i i n i3 2
1

2
= − = −Log ( ) ( ) ,π π  while 3 3 2

1

2
Log i m i= +( ) .π π

Now it is not correct to say that

3 2
1

2
2

1

2
( ) .m nπ π π π+ = −

For, the left hand side may be written as  2 3 1
1

2
( ) ,m + −π π

which shows that the solution set on the left is only a subset of the solution set on

the right.

Thus Log Logi i3 3≠ .
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  3.5  Working Rule to Evaluate Log ( ) . .,x iy i e+  to Express

 Log ( )x iy+  in the Form A iB+
(Meerut 2010)

First we put x iy+  in the modulus-argument form. 

So let x iy r i+ = +(cos sin ).θ θ
Then x r y r= =cos , sin .θ θ ∴  r x y y x= √ + = −( ) and tan ( / ).2 2 1θ

Now Log Log( ) ( cos sin )x iy r ir+ = +θ θ  = +Log r i(cos sin )θ θ
  = + + + = +log [ cos ( ) sin ( ) ] log ( )r n i n r e i n{ }2 2 2π θ π θ π θ

  = + +log log ( )r e i n2 π θ  = + +log ( )r i n2 π θ

  = √ + + + −log ( ) tan ( / )x y i n y x2 2 12{ }π

  = + + + −1

2
22 2 1log ( ) tan ( / )x y i n y x{ }π  = +A iB,

where       A x y B n y x= + = + −1

2
22 2 1log ( ), tan ( / ).π

If we put n = 0, we obtain the principal value of Log ( )x iy+  written as

log ( )x iy+ . 

Thus log ( ) log ( ) tan ( / ).x iy x y i y x+ = + + −1

2

2 2 1

(Rohilkhand 2006, 08)

Putting − y for y on both sides, we get

log ( ) log ( ) tan ( / ).x iy x y i y x− = + − −1

2

2 2 1

  3.6  Logarithm of a Positive Real Number in the Set of

 Complex Numbers

Let x be a pos i tive real num ber.

Let x x i r i= + = +0 (cos sin ).θ θ Then x r r= =cos , sin .θ θ0

∴ r x= =and .θ 0

∴ Log x x i n i x n i= + + = +log log .0 2 2π π
Obviously only n = 0 gives a real value of Log x.

Thus in the set of complex numbers a positive real number has an infinite number

of logarithms out of which only one is real.

  3.7  Logarithm of a Negative Real Number

Let x be a positive real number so that − x is a negative real number. We have to find 

Log ( ).− x
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Let   − = − + = +x x i r i0 (cos sin ).θ θ  Then  − = =x r rcos , sin .θ θ0

∴ r x= =, and .θ π
∴ Log Log( ) (cos sin )− = +x x iπ π  

    = + + +log cos ( ) sin ( )x n i n{ }2 2π π π π
    = = ++ +log log log( ) ( )xe x en i n i2 2π π π π

    = + +log ( ) ,x n i2 1 π  which is never real.

The principal value of log ( )− x  is log .x i+ π
Hence the principal value of the logarithm of a negative real number is the

logarithm of the corresponding positive number added with πi.

Ex am ple 1: Find the prin ci pal and gen eral value of log i( ).− +1

So lu tion: Let  − + = +1 i r i(cos sin ),θ θ  so that r rcos and sin .θ θ= − =1 1

Squar ing and add ing, we have r i e r2 2 2= = √, . ., .

Now cos / and sin / ,θ θ= − √ = √1 2 1 2 so that  θ π= 3

4
.

∴ − + = √ + = √1 2
3

4

3

4
2 3 4i i e i(cos sin ) .( / )π π π

∴ the gen eral value is

Log ( ) log ( / )− + = √1 2 3 4 2i e ei n i{ }π π

= √ + + = + +log log ( ) .2
3

4
2

1

2
2 2

3

4
π π πi n i n i

Putt ing n = 0, the prin ci pal value is given by

log ( ) log .− + = +1
1

2
2

3

4
i iπ

Ex am ple 2: Find the gen eral value of log ( ).−3

(Bundelkhand 2006; Rohilkhand 06, 08)

So lu tion: Let  − = − + = +3 3 0i r i(cos sin ),θ θ

so that − = =3 0r rcos and sin .θ θ

These give r i e r2 9 3= =. ., . Putt ing r = 3, we get

cos and sin ,θ θ= − =1 0  giv ing θ π= .

∴ − = + =3 3 3(cos sin ) .π π πi e i .

∴ Log ( ) log . .− =3 3 2{ }e ei n iπ π  [ ]∵ e n i2 1π =

        = + = + ++log log log ( ) .( )3 3 2 12e n in iπ π π
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The principal value of  Log ( )−3  i e. ., log ( )−3  is obtained by putting n = 0 in the

above result.

Thus log ( ) log .− = +3 3 iπ
Ex am ple 3: Find the gen eral value of log i( )− . (Agra 2007)

So lu tion: We have − = − = −i i e i(cos sin ) /1

2

1

2

2π π π

so that log ( ) log / ,/− = = −−i e iiπ π2 2 giv ing the prin ci pal value.

∴ Log ( ) log ( ) ( / )− = − + = − +i i n i i n i2 2 2π π π  = −1

2
4 1( ) .n iπ

Ex am ple 4: Ex press log i i( )( )1 1+ −  in the form A iB+ .

So lu tion: We have

log ( ) ( ) log ( )( )1 1 11+ = − +−i i ii

        = − + + −( ) [ log ( ) tan ]1
1

2
1 1 12 2 1i i  

         = − +( ) [ log ]1
1

2
2

1

4
i i π

 = + + −( log ) ( log ),
1

2
2

1

4

1

4

1

2
2π πi

which is of the form A iB+ .

Ex am ple 5: Prove that log
e

log cosec i
i

1

1

1

2 2 2 2−









 = 



 + −



 ⋅

α
α π α

(Meerut 2009B; Kashi 14)

So lu tion: We have

log log
cos sin

1

1

1

1−
=

− −e iiα α α
  [ cos sin ]∵ e ii α α α= +

=
−

log
sin sin cos

1

2
1

2
2

1

2

1

2

2 α α αi

 =
−

log
sin (sin cos )

1

2
1

2

1

2

1

2
α α αi

=
− − −

log
sin cos ( ) sin ( )

1

2
1

2

1

2

1

2

1

2

1

2
α π α π α{ }i

=
− −

log
sin ( / / )

1

2
1

2

2 2α π αe i
   [ cos sin ]∵ e ii− = −θ θ θ

= −log [( ) . ]( / / )1

2

1

2

2 2cosec α π αe i  
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= + −log ( ) log ( / / )1

2

1

2

2 2cosec α π αe i

= + −log ( ) ( ).
1

2

1

2

1

2

1

2
cosec α π αi

Ex am ple 6:  Prove that log tan i i tan sinh( ) ( ).
1

4

1

2

1π α α+ = −

(Agra 2005, 06; Meerut 07, 08, 11, 13B; Bundelkhand 10;
Avadh 09, 11; Kanpur 11; Kashi 13)

So lu tion: L.H.S. = +log tan ( )
1

4

1

2
π αi  =

+

+

















log
sin ( )

cos ( )

1

4

1

2
1

4

1

2

π α

π α

i

i

 =
+ −

+
log

sin ( ) cos ( )

cos ( ) cos (

2
1

4

1

2

1

4

1

2

2
1

4

1

2

1

π α π α

π α

i i

i
4

1

2
π α−















i)

, mul ti ply ing the Nr.

and the Dr. by the con ju gate com plex of the Dr.

=
+ + +

+ +
log

sin ( ) sin ( )

cos ( ) cos (

1

4

1

4

1

2

1

2
1

4

1

4

1

2

π π α α

π π

i i

α αi i+















1

2
)

 

=
+

+

















log
sin sin ( )

cos cos ( )

1

2
1

2

π α

π α

i

i
=

+







log

sinh

cosh

1 i α
α

   

[ sin ( ) sinh , cos ( ) cosh ]∵ i i iα α α α= =

= +








log

cosh

sinh

cosh

1

α
α
α

i

= +








 + −1

2

1
2

2

2

1log
cosh

sinh

cosh
tan

sinh / cos

α

α

α

α
i

h

/ cosh

α
α1









[ , / cosh , sinh / cosh ]By herearticle 3.5 x y= =1 α α α

=
+







 + −1

2

1 2

2

1log
sinh

cosh
tan (sinh )

α

α
αi  

=








 + −1

2

2

2

1log
cosh

cosh
tan (sinh )

α

α
αi

= + = =− −1

2
1 1 1log tan (sinh ) tan (sinh )i iα α R.H.S.

Ex am ple 7: Sep a rate Log sin x iy( )+  into real and imag i nary parts.

So lu tion: We have

Log Logsin ( ) (sin cos cos sin )x iy x iy x iy+ = +
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= +Log (sin cosh cos sinh )x y i x y

= +1

2

2 2 2 2log (sin cosh cos sinh )x y x y

    +






 +−i

x y

x y
n itan

cos sinh

sin cosh

1 2 π  [By ar ti cle 3.5]

= − + +1

2

1

2
1 2

1

2
1 22 2log ( cos ) cosh ( cos ) sinh{ }x y x y

+ +−i x y n itan (cot tanh )1 2 π

= + − −1

2

1

2

1

2
22 2 2 2log (cosh sinh ) cos (cosh sinh ){ }y y x y y

+ +−i x y n itan (cot tanh )1 2 π

= − + + −1

2

1

2
2

1

2
2 2 1log ( cosh cos ) [ tan (cot tanh )]y x i n x yπ

= − + + −1

2

1

2
2 2 2 1log [ (cosh cos )] [ tan (cot tanh )],y x i n x yπ

which is of the form P iQ+ .

To find out the principal value, we put n = 0 in the above result. So we have

log sin ( ) log [ (cosh cos )]x iy y x+ = −1

2

1

2
2 2  + −i x ytan (cot tanh ).1

Ex am ple 8: If log sin x iy i( ) ,+ = +α β  show that

(i) α = −1

2

1

2
2 2log cosh y cos x( ),

(Meerut 2013B)

(ii) 2 2 42 2 2cos x e e ey y= + −− α ,   (iii) β = −tan cot x tanh y1 ( ),

(iv) cos x e cos xy( ) ( ).− = +β β2

So lu tion:  log sin ( )x iy i+ = +α β,   ⇒ + = =+sin ( )x iy e e ei iα β α β

or sin cos cos sin (cos sin )x iy x iy e i+ = +α β β
or sin cosh cos sinh cos sin .x y i x y e i e+ = +α αβ β
Equating real and imaginary parts, we have

sin cosh cosx y e= α β …( )1

and cos sinh sin .x y e= α β …( )2

Squaring and adding (1) and (2), we get

sin cosh cos sinh (cos sin )2 2 2 2 2 2 2x y x y e+ = +α β β

or
1

2
1 2

1

2
1 22 2 2( cos ) cosh ( cos ) sinh− + + =x y x y e α

or
1

2

1

2
22 2 2 2 2(cosh sinh ) cos (cosh sinh )y y x y y e+ − − = α

or
1

2
2

1

2
2 2cosh cosy x e− = α  or 

1

2
2 2 2(cosh cos )y x e− = α . …(A)
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∴ 2
1

2
2 2α = −log (cosh cos ),y x

or α = −1

2

1

2
2 2log (cosh cos ),y x  which proves the re sult (i).

From the result (A), we have

cosh cos2 2 2 2y x e− = α  or cosh cos2 2 2 2y x e= + α

or 2 2 2 2 4 2cosh cosy x e= + α

or 2 2 2 2 4 42 2 2 2cos cosh ,x y e e e ey y= − = + −−α α

which proves the re sult (ii).

Dividing (2) by (1), we get

tan
cos sinh

sin cosh
cot tanh .β = =

x y

x y
x y …(B)

∴ β = −tan (cot tanh ),1 x y  which proves the re sult (iii).

From the result (B), we have

tanh
tan

cot

sin sin

cos cos
y

x

e e

e e

x

x

y y

y y
=

−
+

= ⋅
−

−
β β

β
or

Applying componendo and dividendo, we have

( ) ( )

( ) ( )

cos cos sin sie e e e

e e e e

xy y y y

y y y y

+ + −
+ − −

=
+− −

− −

β β n

cos cos sin sin

x

x xβ β−

or
2

2

2e

e

x

x
e

x

x

y

y
y

− =
−

+
=

−

+

cos ( )

cos ( )

cos ( )

cos ( )

β

β

β

β
or

or cos ( ) cos ( ),x e xy− = +β β2  which proves the re sult (iv).

 1. (i) Prove that Log ( ) log ( ).1
1

2
2 2

1

4
+ = + +i i nπ π

(Meerut 2012; Avadh 14)

(ii) Prove that Log log( ) ( ) .− = + +5 5 2n iπ π
(iii) Find the gen eral value of log i. (Kanpur 2005)

 2. (i) Find the gen eral value of log .√ i (Rohilkhand 2007)

(ii) Show that log ( ) log ( cos ) , .1 2
1

2

1

2
+ = + − < <e  iiθ θ θ π θ π if

 3. (i) Prove that log tan
a ib

a ib
i

b

a

+
−







 = 



 ⋅−2 1

(Avadh 2009; Purvanchal 11)

(ii) Show that i
x i

x i
xlog tan .

−
+

= − −π 2 1
(Kanpur 2008; Avadh 08, 10;

Purvanchal 11; Kashi 13)
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 4. (i) Show that tan logi
a ib

a ib

ab

a b

−
+







 =

−
⋅2

2 2 (Meerut 2004, 10, 10B;
Avadh 05; Purvanchal 07, 09)

(ii) Prove that log ( tan ) log sec .1 + = +i   iα α α
 5. Prove that sin (log ) .i i = − 1

 6. If u  = +



log tan ,

π θ
4 2

 prove that 

(i) tanh tan 
u

2 2
= θ

 
 (Kanpur 2007; Meerut 10, 12B; Kashi 11; Agra 14)

(ii) θ π= − +



 ⋅i  

iu
log tan

4 2

(Gorakhpur 2005; Purvanchal 08; Avadh 13)

 7. Prove that log ( cos sin ) log ( cos ) ,1 2 2 2+ + = +θ θ θ θi  i  if − < ≤π θ π.

 8. Prove that log
sin ( )

sin ( )
tan (cot tanh ).

x iy

x iy
i x y

+
−









 = −2 1

(Meerut 2012, 13)

 9. Prove that

log cos ( ) log (cosh cos ) tan (tan ta x iy y  x i x+ = + − −1

2

1

2
2 2 1 nh ).y

(Kumaun 2008)

10. Prove that log
cos ( )

cos ( )
tan (tan tanh ). 

x iy

x iy
i x y

−

+








= −2 1

11. Show that one of the values of  log
( ) ( )

. 
i i

i
i

1 1 3

3
2

5

12

+ + √
√ +

+ is   
1

2
 log π

12. If tan log ( ) , x iy a ib+ = +  where a b2 2 1+ ≠ , prove that 

 tan log ( ){ }x y
a

a b

2 2

2 2

2

1
+ =

− −
⋅

(Meerut 2005B; Avadh 13)

13. If log log ( ) , x iy p iq+ = +  prove that

y x q x y= +tan [tan log ( ) ]./2 2 1 2
(Purvanchal 2006; Avadh 10)

14. If log log log ( ) ,  i p iqα β+ = +  prove that

(i) e e qe q pp cos . cos ( sin ) log ( ),= +1

2

2 2α β
(Kanpur 2011)

(ii) e e q  e q pp sin . sin ( sin ) tan ( / ).= −1 β α

15. If ( )( ) ( ) ,a ib a ib a ib A iBn n1 1 2 2+ + …… + = +  prove that

tan tan tan− − −





 +







 + … +







1 1

1

1 2

2

1b

a
 

b

a

b

a
n

n

= −tan ,1 B

A

(Avadh 2009)

and ( ) ( ) ( ) .a b a b a b A Bn n1
2

1
2

2
2

2
2 2 2 2 2+ + … + = +
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1. (iii) 
1

2
4 1( )n i+ π   2. (i) 

1

4
8 1( )n i+ π        

  3.8  The General Exponential Function a z

If a and z are any two complex numbers, the general exponential function a z  is

defined as

a e z az z a= =Log Logexp ( ).

Since Log a is a many-valued function, a z  is also a many-valued function. Thus

a e ez z a z a n i= = +Log (log )2 π  = +exp [ (log )].z a n i2 π

This gives the general value of a z . The principal value of a z  is obtained by putting    

n = 0.

Hence the principal value of a z  = =e z az alog exp ( log ).

  3.9  To Separate ( )α β+ +i p iq  into Real and Imaginary Parts

By the def i ni tion of the gen eral ex po nen tial func tion, we have

      ( ) ( ) ( )α β α β+ =+ + +i ep iq p iq iLog  = + +exp [( ) ( )]p iq iLog α β

  = + + + +−exp [( ) log ( ) tan ( / ) ]p iq i n i{ }
1

2
22 2 1α β β α π

[By ar ti cle 3.5]

  = + − −−exp [ log ( ) tan ( / ){ }
1

2
22 2 1p q nqα β β α π

+ + + +−i q p np{ }
1

2
22 2 1log ( ) tan ( / ) ]α β β α π

   = +exp ( ),A iB  

        where A p q n= + − +−1

2
22 2 1log ( ) tan ( / )α β β α π{ }

and B q p n= + + +−1

2
22 2 1log ( ) tan ( / )α β β α π{ }

  = = = ++e e e e B i BA iB A iB A (cos sin ).

Therefore the real part is e BA cos  and the imaginary part is e BA sin .

The principal value is obtained by putting n = 0.

Note: In the fol low ing ex am ples it is some times found con ve nient to write e x  as

exp ( ).x  
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Ex am ple 9: Prove that i ei n= − +( ) / .4 1 2π
(Meerut 2004B; Gorakhpur 06;

 Agra 08; Purvanchal 10; Rohilkhand 09; Bundelkhand 14)

So lu tion: We have i ei i i= Log ,  by def. of  a z

        = = +exp ( ) exp [ (log )].i i i i n iLog 2 π …( )1

Now   log log (cos sin )i i= +1

2

1

2
π π [ cos sin ]∵ i i= +1

2

1

2
π π

      = =log / ./e iiπ π2 2

Sub sti tut ing for log i in (1), we have

    i i i n i i ni = + = +exp [ ( )] exp [ ( ) ]
1

2
2 2

1

2

2π π π

       = − + = − +exp [ ( ) / ] .( ) /4 1 2 4 1 2n e nπ π
…( )2

Note 1: Putt ing n = 0 in (2), we get the prin ci pal value of i ei = −π / .2

Note 2: Putt ing n = …0 1 2, , ,  in (2), the var i ous val ues of ii are

e e e e− − − − …π π π π/ / / /, , , ,2 5 2 9 2 13 2

which is a geometrical progression with common ratio e−2π .

Ex am ple 10: If i A iBi i ad inf…
= +

.
, prin ci pal val ues only be ing con sid ered, prove that

(i) tan A B A
1

2
π = / , and  (ii) A B e B2 2+ = −π .

(Bundelkhand 2007; Kanpur 09; Purvanchal 14)

So lu tion: (i) We have i A iBi i ad inf…
= +

.
.

∴ i A iBA iB+ = +

or exp [( ) log ]A iB i A iB+ = + , tak ing the prin ci pal value of iA iB+

or exp [( ) log (cos sin )]A iB i A iB+ + = +1

2

1

2
π π

or exp [( ) log ]/A iB e A iBi+ = +π 2  

or exp [( ) ]A iB i A iB+ = +1

2
π

or exp [ ]− + = +1

2

1

2
π πB i A A iB or e e A iBB Ai− = +π π/ /2 2

or e A i A A iBB− + = +π π π/ (cos sin ) .2 1

2

1

2

Equating real and imaginary parts on both sides, we have

e A AB− =π π/ cos ,2 1

2 …( )1

and e A BB− =π π/ sin .2 1

2 …( )2
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Di vid ing (2) by (1), we have  tan / .
1

2
πA B A=

Squar ing and add ing (1) and (2), we get

(ii) ( ) (cos sin )/e A A A BB− + = +π π π2 2 2 2 2 21

2

1

2

or e A BB− = +π 2 2 .

Ex am ple 11: If  p x iyi m inα β+ += +( )  and the prin ci pal val ues are con sid ered, prove that

(i) α = + − −1

2

2 2 1m log x y n tan y x log ep p( ) ( / ) ,

(Meerut 2006B; Kanpur 08)

(ii) log x y
m n

m n
p ( )

( )2 2

2 2

2
+ =

+

+
⋅

α β
(Kanpur 2008)

So lu tion: We have p x iyi m inα β+ += +( ) .

Tak ing log a rithm of both sides, we have

( ) log ( ) log ( )α β+ = + +i p m in x iye e

= + + + −( ) [ log ( ) tan ( / )],m in x y i y xe
1

2

2 2 1  re fer ar ti cle 3.5

= + − −[ log ( ) tan ( / )]
1

2

2 2 1m x y n y xe  

+ + + −i n x y m y xe[ log ( ) tan ( / )].
1

2

2 2 1

Equat ing real and imag i nary parts on both sides, we get

α log log ( ) tan ( / )e ep m x y n y x= + − −1

2

2 2 1
…( )1

and β log log ( ) tan ( / ).e ep m x y m y x= + + −1

2

2 2 1
…( )2

(i) From (1), we have

α log log ( ) tan ( / )e ep m x y n y x= + − −1

2

2 2 1

or ( log ) . (log ) [ log ( ) tan ( / )]. logα e p e ep e m x y n y x= + − −1

2

2 2 1 e,

mul ti ply ing both sides by log p e

or α = + − −1

2

2 2 1m x y n y x ep plog ( ) tan ( / ) . log .

[ log log ; log log log ]∵ b a a b ba b m a m× = × =1

∴ α = + − −1

2

2 2 1m x y n y x ep plog ( ) tan ( / ) log .  Proved.
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(ii) Mul ti ply ing (1) by m and (2) by n and add ing, we get

( ) log ( ) log ( )α βm n p m n x ye e+ = + +1

2

2 2 2 2

or ( ) log log ( ) log ( ) log ,α βm n p e m n x y ee p e p+ × = + + ×1

2

2 2 2 2

mul ti ply ing both sides by log p e

or ( ) . ( ) log ( )α βm n m n x yp+ = + +1
1

2

2 2 2 2

or log ( )
( )

( )
p x y

m n

m n

2 2

2 2

2
+ =

+

+
⋅

α β

Ex am ple 12: If ( ) ,a ib mp x iy+ = +  then prove that 
y

x

tan b a

log a b
=

+

−2 1

2 2

( / )

( )
,

where only principal values are considered . (Kanpur 2007)

So lu tion: Given that ( ) ( )a ib mp x iy+ = + .

Tak ing log a rithm of both sides, we have

p a ib x iy mlog ( ) ( ) log+ = +

or p a b i b a x m iy m[ log ( ) tan ( / )] log log .
1

2

2 2 1+ + = +−

Equat ing real and imag i nary parts, we get
1

2

2 2p a b x mlog ( ) log+ = …( )1

and p b a y mtan ( / ) log .− =1
…( )2

Di vid ing (2) by (1), we get

y

x

p b a

p a b

b a

a b
=

+
=

+

− −tan ( / )

( / ) log ( )

tan ( / )

log (

1

2 2

1

2 22

2

)
⋅

Ex am ple 13: Prove that if ( )1 1+ +i tan i tanα β  can have real val ues, one of them is 

( ) .sec secα β2

(Kanpur 2008, 10; Rohilkhand 05)

So lu tion: We have ( tan ) tan1 1+ +i iα β

= + +exp [( tan ) log ( tan )],1 1i iβ α  tak ing the prin ci pal value

= + √ + + −exp [( tan ) log ( tan ) tan (tan ) ]1 1 2 1i iβ α α{ }

= + +exp [( tan )(log sec )]1 i iβ α α

= − + +exp [log sec tan ( tan log sec )]α α β α β αi

= − +exp [log sec tan ] . exp [ ( tan log sec )]α α β α β αi

= − +exp [log sec tan ] . [cos tan log secα α β α β α{ }

+ +i sin tan log sec ].{ }α β α
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Now if this value is real, the imag i nary part is equal to zero.

∴ sin tan log sec{ }α β α+ = 0 or α β α+ =tan log sec 0

or α β α= − tan log sec . …( )1

Also then ( tan ) tan1 1+ +i iα β  

= − +exp [log sec tan ] . (cos sin )α α β 0 0i

= +exp [log sec tan . tan log sec ],α β β α  

sub sti tut ing for α from (1)

= + =exp [( tan ) log sec ] exp [sec log ]1 2 2β α β αsec

= =exp [log (sec ) ] (sec ) .α αβ βsec sec2 2

This is one of the values since ( tan ) tan1 1+ +i iα β  can have infinite number of

values.

Ex am ple 14: Find the gen eral value of log4 2( ).− (Meerut 2009)

So lu tion: We have Log
Log

Log
4 2

2

4
( )

( )
− =

−e

e

=
− +

+
log ( )

log
,e

e

n i

m i

2 2

4 2

π
π

  where m and n are any in te gers

=
+ +
+

log (cos sin )

log

e

e

i n i

m i

{ }2 2

4 2

π π π
π

 =
+

+
log ( )

log

e
i

e

e n i

m i

2 2

4 2

π π
π

=
+ +

+
log

log

e

e

i n i

m i

2 2

4 2

π π
π

 =
+ +

+
log ( )

log

e

e

i n

m i

2 2

2 2 2

π π
π

 

=
+ + −

+
[log ( )] [ log ]

( log ) ( log

e e

e e

i n m i

m i

2 2 2 2 2

2 2 2 2 2

π π π
π − 2m iπ )

=
+ + + + −2 2 2 2 2 2 1 2 2

4

2(log ) ( ) ( ) log log

(lo

e e em n i n mπ π π π π{ }

g )e m2 42 2 2+ π

=
+ +

+
+

+ −(log ) ( )

(log )

( ) loge

e

en m

m
i

n m2 2 1

2 2 2

2 1 22 2

2 2 2

π

π

π

2 2 22 2 2(log )
,

e m+ π

which is re quired gen eral value of log ( ).4 2−

Ex am ple 15: If sin log i a ibi( ) = + , find a and b. Hence find cos log i i( ).

So lu tion: First, we have

i i ii = exp ( log ) = +exp [ log (cos sin )]i i
1

2

1

2
π π

  = exp [ log ]/i e iπ 2  = exp [ ( / )]i iπ 2  = −exp ( / )π 2 = −e π / .2
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∴ log log / ./i ei = = −−π π2 2

∴ sin (log ) sin ( / ) .i i = − = −π 2 1

Hence sin (log )i a ibi = +  ⇒ − = +1 a ib.

Equat ing real and imag i nary parts, we get  a b= − =1 0, .

∴ sin (log ) .i i = −1

Now cos (log ) sin (log )i ii i= √ −{ }1 2 = √ − ={ }1 1 0.

 1. If i iiα β α β+ = + , show that α β πβ2 2 4 1+ = − +e n( ) .

(Agra 2005; Kanpur 09; Bundelkhand 11)

 2. Prove that i m a i m aa = + + +cos [( ) ] sin [( ) ].2
1

2
2

1

2
π π

 3. If i i ii = +cos sin ,θ θ prove that

θ π π= + − +( ) exp [ ( ) ].2
1

2
2

1

2
m n

(Kanpur 2008)

 4. If ( ) cos sin ,i ii i = −θ θ show that θ π= +1

2
4 1( ).n

 5. Show that the sum of the moduli of the values of ( ) ,1 1+ +i i  which are less

than unity is ( / ) . . ./1 2 3 4e π πcosech

 6. Show that the principal value of ( ) / ( )a ib a ibp iq p iq+ −+ −  is  

  cos ( log ) sin ( log ), p q r i p q r2 2α α+ + +

where  r a b b a= √ + = −( ) tan ( / ).2 2 1and α

 7. Prove that the real part of the principal value of

( ) ( / ) cos ( log ).log ( )i i1 2 8
1

4
2+ − ×is  exp π π

(Purvanchal 2008)

 8. Prove that ( tan )log ( sec )x ix y x y iy+ −  is real, when only principal values are

considered.

 9. Prove that the principal value of ( )a ib c id+ +  is wholly real or wholly

imaginary according as 
1

2

2 2 1d a b c b alog ( ) tan ( / )+ + −  is an even or an
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odd multiple of 
1

2
π. (Gorakhpur 2005; Avadh 07; Rohilkhand 10)

In case it is wholly real, prove that ( ) ( ) .( ) /a ib a bc id c d c+ = ++ +2 2 22 2

10. Prove that the general value of ( tan )1 + −i iα  is (Purvanchal 2006)

exp ( ). [cos (log cos ) sin (log cos )].α π α α+ +2m i  

11. Prove that Log i i
m

n
=

+
+

4 1

4 1
, where m and n are integers. 

(Rohilkhand 2005; Kanpur 06)

12. Prove that

  log log
( )

( )

a ib x

a ib x

a x b

a x b

+ −
+ +







 =

− +

+ +






1

2

2 2

2 2






+

−
−

+








 ⋅− −i

b

a x

b

a x
tan tan1 1

13. If 
( )

( )

1

1

+

−
= +

+

−
i

i
i

p iq

p iq
α β , prove that one value of tan ( / )−1 β α  is 

( / ) log .πp q2 2+
14. If [cos ( )]θ − φ = ++i A iBx iy  and principal values are taken into

consideration, then

tan ( / ) log (cosh sin ) tan (tan tanh ).− −= φ − + φ1 2 2 11

2
B A y xθ θ

15. If 
a x iy

a x iy
X iY

i
+ +
− −









= +
+λ µ

, prove that one of the val ues of 

tan ( / )−1 Y X  is λ µ
 

ay

a x y

a x y

a x
tan log

( )

( )

−

− −












+

+ +

− +
1

2 2 2

2 2

2

2

2 y2












⋅

16. If i e y i yi xα β+ = +(cos sin ), then prove that

x n y n= − + = +1

2
4 1

1

2
4 1( ) ( ) .πβ πα and

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

 1. The gen eral value of log ( )−i  is

(a)
2 1

2

n
i

+





π   (b) 
4 1

2

n
i

−





π   (c) 
2 1

2

n
i

−





π   (d) 
3 1

2

n
i

−





π
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 2. If log ( ) ,x iy A iB− = +  where A and B are real, then

(a) A x y= −1

2

2 2log ( ) (b) A x y= +log ( )2 2

(c) A x y= +1

2

2 2log ( ) (d) A x y= −log ( )2 2

Fill in the Blanks

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If only the prin ci pal value is con sid ered, then

log ( ) log ( .)
e ex iy x y+ = + + ……1

2

2 2

 2. If the gen eral value is taken into ac count, then

Log e ( ) log ( ) tan .x iy x y i
y

x
+ = + + + ……−1

2

2 2 1

 3. The prin ci pal value of log ( )−3  is …… .

 4. The gen eral value of Log ( )−5  is …… .

 5. log ( tan ) log .1 + = + ……i α αsec

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. Log a rithm of a com plex num ber is a many-val ued func tion.

 2. i
x i

x i
xlog tan .

−
+

= − −π 2 1

 3. The gen eral value of log √ i  is 
1

2
8 1( ) .n i+ π

Multiple Choice Questions
 1. (b)  2. (c)

Fill in the Blanks

 1. i
y

x
tan−1  2. 2n iπ , where n is any in te ger

 3. log 3 + iπ 4. log ( ) ,5 2 1+ +n iπ  where n is any in te ger

 5. iα

True or False
 1. T  2. T 3. F

¨
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 4.1  Inverse Circular Functions of Complex Numbers

If cos ( ) ,x iy u iv+ = +  then x iy+  is called an inverse cosine of u iv+  and is denoted

by cos ( ).− +1 u iv  Thus

if cos ( ) ,x iy u iv+ = +  then cos ( ) .− + = +1 u iv x iy  

Also, if cos ( ) ,x iy u iv+ = +  then

u iv n x iy+ = ± +cos ( ) ,{ }2 π  where n is any in te ger.

Therefore by the above definition the general value of inverse cosine of u iv+  is

2n x iyπ ± +( ),

and is denoted by Cos − +1 ( )u iv  i e. ., by writing the first letter ‘ ’C  as capital.

It follows that the inverse cosine of u iv+  is a many-valued function. Its principal

value is that value of 2n x iyπ ± +( ) in which the real part lies between 0 and π. It is

denoted by cos ( )− +1 u iv  i e. ., by writing the first letter ‘ ’c  as small. Thus

Cos− −+ = ± + = ± +1 12 2( ) ( ) cos ( )u iv n x iy n u ivπ π .
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In a like manner if sin ( ) ,x iy u iv+ = +  then x iy+  is called an inverse sine of u iv+
and is denoted by sin ( ).− +1 u iv  Thus

if sin ( ) ,x iy u iv+ = +  then sin ( ) .− + = +1 u iv x iy

Also, if sin ( )x iy u iv+ = + , then

u iv n x iyn+ = + − +sin ( ) ( ) ,{ }π 1  where n is any in te ger.

Therefore the general value of inverse sine of u iv+  is

n x iynπ + − +( ) ( ),1

and is de noted by Sin ( ),− +1 u iv  the first let ter ‘ ’S  be ing writ ten cap i tal.

Therefore the inverse sine of u iv+  is a many-valued function. Its principal value is

that value of n x iynπ + − +( ) ( )1  for which the real part lies between − 1

2
π and 

1

2
π. It

is denoted by sin ( )− +1 u iv , the first letter ‘s’ being written small. Thus

Sin− −+ = + − +1 11( ) ( ) sin ( ).u iv n u ivnπ

The other inverse circular functions may be defined similarly. For example, if

tan ( ) ,x iy u iv+ = +

then Tan− + = + +1 ( ) ( )u iv n x iyπ  = + +−n x iyπ tan ( ),1

the principal value being that for which the real part lies between − 1

2
π and 

1

2
π.

The relations connecting the general and principal values of the remaining inverse

circular functions may be written as follows :

Sec − −+ = ± +1 12( ) sec ( ),u iv n u ivπ

Cosec − −+ = + − +1 11( ) ( ) ( ),u iv n u ivnπ cosec

and Cot − −+ = + +1 1( ) cot ( ).u iv n u ivπ

It should be noted that the principal value for the case of sin, cosec, tan and cot is

that value for which the real part lies between − 1

2
π and 

1

2
π, while for the case of

cos and sec it is that value for which its real part lies between 0 and π.

 4.2  Inverse Hyperbolic Functions

Let z and w be two complex numbers. If sinh w z= , then w is called the inverse

hyperbolic sine of z and is written as

w z= −sinh .1

The other inverse hyperbolic functions cosh , tanh ,− −1 1z z  cosech h− −1 1z z, sec

and coth−1 z are defined similarly.
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The values of inverse hyperbolic functions can also be expressed in terms of the

logarithmic functions as shown below.

(i) To prove that sinh z log z z− = + √ +1 2 1[ ( )].

(Meerut 2004; Agra 05; Kumaun 08; Kashi 12)

Proof: Let sinh .− =1 z w  Then 

sinh .w z= …( )1

∴ cosh ( sinh ) ( ).w w z= √ + = √ +1 12 2
…( )2

Adding (1) and (2), we get

sinh cosh ( )w w z z+ = + √ +1 2

i e. .,
1

2

1

2
1 2( ) ( ) ( )e e e e z zw w w w− + + = + √ +− −   i e. ., e z zw = + √ +( ).1 2

∴ w z ze= + √ +log [ ( )].1 2

Hence sinh log [ ( )].− = + √ +1 2 1z z z

(ii) To prove that cosh z log z z− = + √ −1 2 1[ ( )].

Proof: Let  cosh .− =1 z w  Then

cosh .w z= …( )1

∴ sinh (cosh ) ( ).w w z= √ − = √ −2 21 1 …( )2

Add ing (1) and (2), we get

cosh sinh ( )w w z z+ = + √ −2 1  or e z zw = + √ −( ).2 1

∴ w z z= + √ −log [ ( )].2 1

Hence cosh log [ ( )].− = + √ −1 2 1z z z

(iii) To prove that  tanh z log
z

z

− =
+
−

⋅1 1

2

1

1 (Bundelkhand 2005)

Proof: Let tanh .− =1 z w  Then tanh w z=

or
e e

e e

z
w w

w w

−
+

= ⋅
−

− 1

Ap ply ing componendo and dividendo, we have

( ) ( )

( ) ( )

e e e e

e e e e

z

z

w w w w

w w w w

+ + −
+ − −

=
+
−

− −

− −
1

1

or
2

2

1

1

1

1

2e

e

z

z
e

z

z

w

w
w

− =
+
−

=
+
−

⋅or

∴ 2
1

1

1

2

1

1
w

z

z
w

z

z
=

+
−

=
+
−

⋅log logor
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Hence tanh log .− =
+
−

1 1

2

1

1
z

z

z

(iv) Similarly, we can prove that

coth log .− =
+
−

1 1

2

1

1
z

z

z (Meerut 2007B)

 4.3  Relations between Inverse Hyperbolic Functions and

  Inverse Circular Functions

(i) To prove that sinh x i sin ix− −= −1 1 ( ).

Proof: Let sinh .− =1 x y  Then x y= sinh .

∴ ix i y iy= =sinh sin ( ).

∴ iy ix= −sin ( )1   or  y i ix i ix= = −− −( / ) sin ( ) sin ( ).1 1 1

Hence sinh sin ( ).− −= −1 1x i ix

(ii) To prove that cosh x i cos x− −= −1 1 ( ).

Proof: Let cosh .− =1 x y  Then x y iy= =cosh cos ( ).

∴ iy x= −cos 1   or  y i x i x= = −− −( / ) cos cos .1 1 1

Hence cosh cos .− −= −1 1x i x

(iii) To prove that tanh x i tan ix− −= −1 1 ( ).

Proof: Let tanh .− =1 x y  Then x y= tanh .

∴ ix i y iy= =tanh tan ( ).

∴ iy ix= −tan ( )1   or  y i ix i ix= = −− −( / ) tan ( ) tan ( ).1 1 1

Hence tanh tan ( ).− −= −1 1x i ix

Ex am ple 1: Ex press cos x iy− +1 ( ) in the form A iB+ . (Kanpur 2009; Avadh 08)

So lu tion: Let cos ( ) .− + = +1 x iy A iB

Then cos ( )A iB x iy+ = +

or cos cos ( ) sin sin ( )A iB A iB x iy− = +

or cos cosh sin sinh .A B A B x iy− = +
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Equat ing real and imag i nary parts on both sides, we get

cos cosh ,A B x= …( )1

and sin sinh .A B y= − …( )2

Let us first elim i nate B be tween (1) and (2). From (1) and (2), we have

cosh / cos and sinh / sin .B x A B y A= = −

∴ x

A

y

A
B B

2

2

2

2

2 2 1
cos sin

cosh sinh− = − =

or x A y A A A2 2 2 2 2 2sin cos cos sin− =

or x A y A A A2 2 2 2 2 21 1sin ( sin ) ( sin ) sin− − = −

or x A y y A A A2 2 2 2 2 2 4sin sin sin sin− + = −

or sin ( ) sin ,4 2 2 2 21 0A x y A y+ + − − =

which is a qua dratic in sin .2 A

∴ sin
( ) [( ) ]

2
2 2 2 2 2 21 1 4

2
A

x y x y y
=

− + − ± √ + − +
⋅

Since sin2 A must be pos i tive, there fore ne glect ing the –ive sign, we have

sin
( ) ( )

2
2 2 2 2 2 21 4 1

2
A

x y y x y
=

√ + − + − + −
⋅

{ }

∴ sin
( ) ( )

/

A
x y y x y

= ±
√ + − + − + −











{ }2 2 2 2 2 2 1 2
1 4 1

2

or A
x y y x y

= ±
√ + − + − + −











−sin
( ) ( )

/

1
2 2 2 2 2 2 1 2

1 4 1

2

{ }
…( )3

Now let us elim i nate A be tween (1) and (2). From (1) and (2), we have

cos / cosh and sin / sinh .A x B A y B= = −

∴ x

B

y

B
A A

2

2

2

2

2 2 1
cosh sinh

cos sin+ = + =

or x B y B B B2 2 2 2 2 2sinh cosh cosh sinh+ =

or x B y B B B2 2 2 2 2 21 1sinh ( sinh ) ( sinh ) sinh+ + = +

or x B y y B B B2 2 2 2 2 2 4sinh sinh sinh sinh+ + = +

or sinh ( ) sinh ,4 2 2 2 21 0B x y B y+ − − − =

which is a qua dratic in sinh .2 B
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∴ sinh
( ) ( )2

2 2 2 2 2 21 1 4

2
B

x y x y y
=

− − − ± √ − − +
⋅

{ }

But sinh2 B is pos i tive, so ne glect ing the –ive sign, we have

sinh
( ) ( )2

2 2 2 2 2 21 4 1

2
B

x y y x y
=

√ − − + − − −
⋅

{ }

∴ sinh
( ) ( )

/

B
x y y x y

= ±
√ − − + − − −











{ }1 4 1

2

2 2 2 2 2 2 1 2

or B
x y y x y

= ±
√ − − + − − −











⋅−sinh
( ) ( )

/

1
2 2 2 2 2 2 1 2

1 4 1

2

{ }

…( )4

Re mark: The gen eral value of cos ( )− +1 x iy  i e. ., Cos − +1 ( )x iy  is given by

Cos− −+ = ± + = ± +1 12 2( ) cos ( ) ( ),x iy n x iy n A iBπ π

where A and B are as found in (3) and (4).

Ex am ple 2: Ex plain the mean ing of sin x−1 , when x is real and greater than 1, and find the

value of Sin−1 2.

So lu tion: We know that if α is a real num ber, then sin α lies be tween −1 and 1.

There fore if x is a real num ber greater than 1, then sin−1 x is not a real num ber, but

is a com plex num ber.

We have Sin− −= + −1 12 1 2n nπ ( ) sin .

Let sin ,− = +1 2 u iv where u and v are real.

Then sin ( )u iv+ = 2

or sin cos cos sinu iv u iv+ = 2

or sin cosh cos sinh .u v i u v+ = 2

Equat ing real and imag i nary parts, we get

sin cosh ,u v = 2 …( )1

and cos sinh .u v = 0 …( )2

From (2), cos sinh .u v = 0  But sinh v = 0 gives v = 0 which makes sin−1 2 real. So

we have sinh .v ≠ 0

∴ cos , .u u= = ±0
1

2
or π

Putt ing u = ± 1

2
π in (1), we get

cosh .v = ± 2
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∴ v = ± = √ ±−cosh ( ) log ( ).1 2 3 2    
[ cosh log ( ) ]∵ − = + √ −1 2 1x x x{ }

∴ sin log ( ).− = + = ± + √ ±1 2
1

2
3 2u iv iπ

∴ Sin− = + − ± + √ ±1 2 1
1

2
3 2n inπ π( ) [ log ( )].

Ex am ple 3: Ex press tan x iy− +1 ( ) as the sum of real and imag i nary parts.

(Rohilkhand 2007; Agra 08; Bundelkhand 08;
Meerut 10B; Purvanchal 10; Avadh 12)

So lu tion: Let tan ( ) .− + = +1 x iy A iB 

Then tan ( ) ,A iB x iy+ = +
and tan ( )A iB x iy− = − , by equat ing com plex con ju gates.

Now tan tan [( ) ( )]2 A A iB A iB= + + −

    =
+ + −

− + −
=

+ +tan ( ) tan ( )

tan ( ) . tan ( )

( ) (A iB A iB

A iB A iB

x iy

1

x iy

x iy x iy

−
− + −

)

( ) ( )1

    =
− +

=
− −

⋅2

1

2

12 2 2 2

x

x y

x

x y( )

∴  2
2

1

1

2

2

1

1

2 2

1

2 2
A

x

x y
A

x

x y
=

− −
=

− −
⋅− −tan tanor

Again tan ( ) tan [( ) ( )]2iB A iB A iB= + − −

    =
+ − −

+ + −
=

+ −tan ( ) tan ( )

tan ( ) tan ( )

( ) (A iB A iB

A iB A iB

x iy x

1

−
+ + −

iy

x iy x iy

)

( ) ( )1

    =
+ +

⋅
2

1 2 2

iy

x y

∴     i B
iy

x y
tanh 2

2

1 2 2
=

+ +
[ tan ( ) tanh ]∵ i iθ θ=

or tanh tanh2
2

1
2

2

12 2

1

2 2
B

y

x y
B

y

x y
=

+ +
=

+ +
−or

or       B
y

x y
=

+ +
⋅−1

2

2

1

1

2 2
tanh

Hence tan ( )− + = +1 x iy A iB 

     =
− −

+
+ +

⋅− −1

2

2

1

1

2

2

1

1

2 2

1

2 2
tan tanh

x

x y
i

y

x y

Note: If we are to find the gen eral value Tan− +1 ( )x iy , then 

      Tan− −+ = + +1 1( ) tan ( )x iy n x iyπ

                      = +
− −

+
+ +

⋅− −n
x

x y
i

y

x y
π 1

2

2

1

1

2

2

1

1

2 2

1

2 2
tan tanh
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Ex am ple 4: Prove that sinh cot x log cot x cosec x− = +1 ( ) ( ). (Kanpur 2014)

So lu tion: Let sinh (cot ) .− =1 x y

Then sinh cot .y x= …( )1

∴ cosh ( sinh )y y= √ +1 2

      = √ + =( cot ) .1 2 x xcosec …( )2

Adding (1) and (2), we have

sinh cosh coty y x x+ = + cosec

or e x xy = +cot cosec

or y x x= +log (cot ).cosec

∴ sinh (cot ) log (cot ).− = +1 x x xcosec

Ex am ple 5: Ex press tanh x iy− +1 ( ) into the form α β+ i  and hence de duce the value of 

tanh iy−1 ( ). (Avadh 2014)

So lu tion: Let tanh ( )− + = +1 x iy iα β

so that x iy i+ = +tanh ( )α β  = +( / ) tan [ ( )].1 i i iα β  [ tan tanh ]∵ i iθ θ=
∴ i x iy i( ) tan ( )+ = −α β  or ix y i− = − −tan ( ){ }β α
or − − = − −( ) tan ( )y ix iβ α    [ tan ( ) tan ]∵ − = −z z

or tan ( ) .β α− = −i y ix …( )1

Equating the complex conjugates of both sides of (1), we have

tan ( ) .β α+ = +i y ix …( )2

Now tan tan [( ) ( )]2β β α β α= − + +i i

 =
− + +

− − +
tan ( ) tan ( )

tan ( ) tan ( )

β α β α
β α β α

i i

i i1
 =

− + +
− − +

( ) ( )

( ) ( )
,

y ix y ix

y ix y ix1

from (1) and (2)

  =
− +

=
− −

⋅
2

1

2

12 2 2 2

y

y x

y

x y( )

∴    2
2

1

1

2

2

1

1

2 2

1

2 2
β β=

− −
=

− −











− −tan tan
y

x y

y

x y
or …( )3

Again, tan ( ) tan [( ) ( )]2i i iα β α β α= + − −

=
+ − −

+ + −
=

+ −tan ( ) tan ( )

tan ( ) tan ( )

( ) (β α β α
β α β α
i i

i i

y ix y

1

−
+ + −

ix

y ix y ix

)

( ) ( )1

=
+ +

⋅2

1 2 2

ix

y x

∴ i
ix

x y

x

x y
tanh tanh2

2

1
2

2

12 2 2 2
α α=

+ +
=

+ +
or
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or α =
+ +









 ⋅−1

2

2

1

1

2 2
tanh

x

x y
…( )4

∴ tanh ( )− + = +1 x iy iα β

=
+ +









 +

− −
⋅− −1

2

2

1

1

2

2

1

1

2 2

1

2 2
tanh tan

( )

x

x y
i

y

x y
…( )5

[From (3) and (4)]

To de duce the value of tanh ( ),–1 iy  put x = 0 on both sides of (5).

Then tanh ( ) tanh tan− − −= +
−

1 1 1

2

1

2
0

1

2

2

1
iy i

y

y

= + −0
1

2
2 1i y. tan            ∵2

2

1

1 1

2
tan tan− −=

−













y
y

y

= −i ytan .1

∴ tanh ( ) tan .− −=1 1iy i y

Ex am ple 6: If sin i i− + φ = +1 ( ) ,θ α β  then prove that sin2 α and cosh2 β are the roots of

the equa tion x x2 2 2 21 0− + + φ + =( ) .θ θ

So lu tion: We have  sin ( )− + φ = +1 θ α βi i  so that  θ α β+ φ = +i isin ( )

or θ α β α β+ φ = +i isin cosh cos sinh .

Equat ing real and imag i nary parts, we have

sin cosh ,α β θ= …( )1

and cos sinh .α β = φ …( )2

Now  1 12 2 2 2 2 2+ + φ = + +θ α β α βsin cosh cos sinh , from (1) and (2)

   = + + − −1 1 12 2 2 2sin cosh ( sin ) (cosh )α β α β

   = + + − − +1 12 2 2 2 2 2sin cosh cosh sin cosh sinα β β α β α

   = +sin cosh .2 2α β

Thus      sin cosh .2 2 2 21α β θ+ = + + φ

Also from (1), sin cosh .2 2 2α β θ=

∴ sin2 α and cosh2 β are the roots of the equa tion

x x2 2 2 2 2 0− + + =(sin cosh ) sin coshα β α β

or x x2 2 2 21 0− + + φ + =( ) .θ θ

T-69



 1. Show that

  sin (cos sin )− +1 θ θi  = √ + √ + √ +−cos (sin ) log [ (sin ) ( sin )],1 1θ θ θi

where θ is a positive acute angle.
(Purvanchal 2006; Rohilkhand 07; Agra 09; Avadh 10)

 2. (i) Express sin ( )− +1 x iy  in the form A iB+ . (Purvanchal 2007)

(ii) Express cosh ( )− +1 x iy  in the form α β+ i .

 3. (i) Show that 

cos (cos sin )− +1 θ θi  = √ + √ + − √−sin (sin ) log ( sin ) (sin ) ,1 1θ θ θi { }

where θ is a positive acute angle.

(ii) Separate cos (cos sin )− +1 θ θi  into real and imaginary parts.

 4. If cos ( ) ,− + = + φ1 α β θi i  then prove that

  (i) α β2 2 2 2 1sech cosechφ + φ = ,     (ii)  α θ β θ2 2 2 2 1sec .− =cosec

 5. If sin ( ) tan ( ),− −+ = +1 1x iy  u iv  show that

[( ) ] [( ) ]
( )

( )
x y x y

x y

u v
− + + + =

+

+
⋅1 12 2 2 2

2 2 2

2 2 2

 6. Prove that Sin cosec− = + − + −1 2 1
1

2
1

1

2
( ) ( ) ( ) log cot .θ π θ{ }n i  n n

(Gorakhpur 2007)

 7. Show that Sin− = + − + √ +1 21 1( ) ( ) log ( ) .ix n i x xnπ { }

 8. (i) Prove that

Tan− + = + − −1 1

4

1

2

1

4

1

2
(cos sin ) log tan ( ).θ θ π π π θi n i  

(Gorakhpur 2005; Avadh 09; Rohilkhand 14)

(ii) Prove that Tan− + = + + +1 1

4

1

2

1

4

1

2
(cos sin ) log tan ( ).θ θ π π π θi n i  

(Bundelkhand 2009)

 9. If x y> , then show that tan log− +
−







 = +

+
−

⋅1

4 2

x iy

x iy

i x y

x y

π

(Meerut 2011, 12, 12B)

10. Prove that tan log− −
+









 = − 



 ⋅1 1

2
i

x a

x a
i

a

x (Meerut 2004B; Purvanchal 09)

11. If cosh x = sec ,θ then prove that x  = ±log (sec tan ).θ θ
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12. (i) Show that sinh tanh− −=
√ +

⋅1 1

21
x

x

x( )

(ii) Prove that tanh sinh− −= √ −1 1 21x x x{ }/ ( ) . (Kashi 2012)

(iii) Prove that coth sinh− −= √ −1 1 22 4( / ) / ( ) .x x x{ }

13. Prove that

Tan Tan− −+ φ
− φ







 +

−1 12 2

2 2

tan tanh

tan tanh

tan tanhθ
θ

θ φ
+ φ









tan tanhθ
 = φ−Tan 1(cot coth ).θ

14. If cos ( ) ,− + = +1 u iv iα β   prove that cos2α and cosh2 β are the roots of the

equation

     x u v x u2 2 2 21 0− + + + =( ) . (Agra 2007; Kanpur 09)

15. If cosh ( ) cosh ( ) cosh ,− − −+ + − =1 1 1x iy x iy a

show that  2 1 2 1 12 2 2( ) ( ) .a x a y a− + + = − (Meerut 2006; Kanpur 10)

 2. (i) 
1

2

1 4 1

2

1
2 2 2 2 2 2 1 2

π ±
√ + − + − + −











−sin
( ) ( )

/
{ }x y y x y

±
√ − − + − − −











−i
x y y x y

sinh
( ) ( )

/

1
2 2 2 2 2 2 1 2

1 4 1

2

{ }

(ii) α = ±
√ − − + − − −











−sinh
( ) ( )

/

1
2 2 2 2 2 2 1 2

1 4 1

2

{ }x y y x y

β = ±
√ + − + − + −











−sin
( ) ( )

/

1
2 2 2 2 2 2 1 2

1 4 1

2

{ }x y y x y

Fill In The Blanks

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If w and z are any com plex num bers then we de fine w z= −sinh 1  if …… .

 2. sinh log [ ].− = + ……1 z z

 3. cosh log [ ].− = + ……1 z z
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 4. tanh log− = ……
+
−

⋅1 1

1
z

z

z

 5. If w and z are any com plex num bers then we de fine w z= −tanh 1  if …… .

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. sinh sin ( ).− −=1 1x i ix

 2. coth log− =
+
−

⋅1 1

2

1

1
z

z

z

 3. cosh log [ ( )].− = + √ −1 21z z z

 4. tanh tan ( ).− −= −1 1x i ix

 5. cosh cos .− −=1 1x i x

Fill in the Blanks
 1. sinh w z=  2. √ +( )z2 1  3. √ −( )z2 1  

 4.
1

2
 5. tanh w z=

True or False
 1. F  2. T  3. F  4. T 5. F

¨
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 5.1  Gregory’s Series

T
o prove that, if θ lies within the closed interval [ / , / ]−π π4 4  , i.e., if  − ≤ ≤π θ π/ / ,4 4

then 

θ θ θ θ θ= − + − + ……tan tan tan tan ad inf
1

3

1

5

1

7

3 5 7 . .

(Kanpur 2005, 08; Meerut 10B; Avadh 06; Bundelkhand 14; Agra 14)

Proof: We have

( tan )
sin

cos cos
(cos sin )1 1

1+ = +






 = + =i i iθ

θ
θ θ

θ θ θsec . .e i θ

Taking logarithm of both sides, we have

log ( tan ) log log ,1 + = +i e iθ θ θsec  

(con sid er ing only prin ci pal val ues)

or log ( tan ) log .1 + = +i iθ θ θsec

Now since θ lies between −π / 4 and π θ/ , tan4  lies between −1 and 1, i e. ., tan θ is

numerically not greater than unity.
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Therefore, 

log log ( tan )sec θ θ θ+ = +i i1

= − + − + ……i
i i i

tan
tan tan tan

,θ
θ θ θ2 2 3 3 4 4

2 3 4
…( )1

(ex pand ing the R.H.S. by log a rith mic se ries which is 
jus ti fied be cause | tan | | tan | )i θ θ= ≤ 1

= + − − + + …i i itan tan tan tan tanθ θ θ θ θ1

2

1

3

1

4

1

5

2 3 4 5

Equating the imaginary parts on both sides, we have

θ θ θ θ= tan
1
3

tan +
1
5

tan3 5− − ......
…( )2

The general term on the R.H.S. is 
( )

tan .
−

−

−
−1

2 1

1
2 1

n
n

n
θ

This expansion (2) is known as Gregory’s series after the name of James Gregory

(1638 – 1675).

Another Form of Gregory’s Series.

In the series (2) if we put tan θ = x so that θ = −tan 1 x, then we have another form of 

the Gregory’s series as

 tan ......− = − + − +1
3 5 7

3 5 7
x x

x x x
 ad. inf.

where – 1 1 | | 1.≤ ≤ ≤x i. e., x

Corollary: Equating real parts from both sides of (1), we have

log tan tan tansec θ θ θ θ= − + − ……1

2

1

4

1

6

2 4 6

(Bundelkhand 2008)

 5.2  General Theorem on Gregory’s Series

If θ lies between nπ π− 1

4
 and nπ π+ 1

4
, both limits being inclusive, then

θ π θ θ θ− = − + − ……n tan tan tan ad inf
1

3

1

5

3 5 . .

Proof: Let θ π− = φn   i e. .,   θ π= + φn .

Then φ lies be tween − π
4

 and 
π
4

⋅

Now 1 1 1+ = + + φ = + φi i n itan tan ( ) tanθ π  

      = φ φ + φ = φ φsec sec(cos sin ) . .i e i

Taking logarithm of both sides, we get

log ( tan ) log log1 + = φ + φi e iθ sec
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or log log ( tan ),sec φ + φ = +i i1 θ

the ex pan sion of which is valid be cause θ lies be tween nπ π− 1

4
 and nπ π+ 1

4

im plies that tan θ is not nu mer i cally greater than 1.

∴ log tan tansec φ + φ = −i i iθ θ1

2

2 2  + 1

3

3 3i tan θ

 − + …… ∞1

4

4 4i tan ,θ

[ log ( ) , | | ]∵ 1
1

2

1

3
12 3+ = − + − … ∞ ≤z z z z zif

         = + − − + …… ∞i itan tan tan tan .θ θ θ θ1

2

1

3

1

4

2 3 4

Equat ing imag i nary parts from both sides, we have

φ = − + − ……tan tan tanθ θ θ1

3

1

5

3 5 ad. inf.

∴ θ π θ θ θ− − −n = tan
1
3

tan +
1
5

tan ad. inf.3 5 ......

 5.3  Value of π
The main use of Gregory’s series is to find the value of π to various decimal places.

Some mathematicians have designed different expressions based on Gregory’s

series for finding the value of π. Some important cases are given below :

(a) Greg ory’s se ries:

In the Greg ory’s se ries

tan ,− = − + − + …… ∞1 3 5 71

3

1

5

1

7
x x x x x

if we put x = 1, then we have

tan− = − + − + − …… ∞1 1 1
1

3

1

5

1

7

1

9
 or  

1

4
1

1

3

1

5

1

7

1

9
π = − + − + − …… ∞.

From this the value of π can be calculated. But this series does not converge rapidly

and so a large number of terms will have to be taken in order to evaluate π correct to

a certain decimal place. So several other series have been designed for this purpose.

(b) Eu ler’s se ries: We have

tan tan tan tan
/

/
tan− − − − −+ =

+

−
= = =1 1 1 1 11

2

1

3

1

2

1

3

1
1

6

5 6

5 6
1

π
4

⋅
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Thus 
π
4

1

2

1

3

1 1= +− −tan tan

  = − ⋅ + ⋅ −





+ − ⋅ + ⋅ −1

2

1

3

1

2

1

5

1

2

1

3

1

3

1

3

1

5

1

33 5 3 5
...... ...... ,







 

expanding both tan and tan− −1 11

2

1

3
 

by Gregory’s series because 
1

2
1<  and 

1

3
1<

  = +



 − +





+ +





− ……1

2

1

3

1

3

1

2

1

3

1

5

1

2

1

33 3 5 5

From this the value of π can be calculated. This series is more rapidly convergent

than the preceding one.

(c) Machin’s series: We have

4
1

5
2 2

1

5
2

2 5

1 1 25
2

5

12

1 1 1 1tan . tan tan
/

( / )
tan− − − −= =

−
=

         =
−












= ⋅− −tan

. ( / )

( / )
tan1

2

12 5 12

1 5 12

120

119

Now 4
1

5

1

4

120

119
11 1 1tan tan tan− − −− = −π     [ tan ]∵

1

4
11π = −

      =
−

+ ×
= ⋅− −tan tan1 1

120

119
1

1
120

119
1

1

239

Therefore,   
π
4

4
1

5

1

239

1 1= −− −tan tan

or 
π
4

4
1

5

1

3

1

5

1

5

1

5

1

239

1

3

1

239

1

5

1
3 5 3

= − ⋅ + ⋅ − ……





− − ⋅ + ⋅
( ) ( )

,
239 5

− ……












expanding both the terms on the R.H.S. by Gregory’s series because 
1

5
1<  and 

1

239
1< .

The above is Machin’s series and it is more rapidly convergent than Euler’s series.

(d) Rutherford’s Series: We have

tan tan tan tan− − − −− =
−

+ ⋅
=

−1 1 1 11

70

1

99

1

70

1

99

1
1

70

1

99

99 70

70 99 1. +

    = = = −− − −tan tan tan ,1 1 129

6931

1

239
4

1

5 4

π

 as shown in Machin’s se ries.
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∴ π
4

4
1

5

1

70

1

99

1 1 1= − +− − −tan tan tan

i e. .,
π
4

4
1

5

1

3

1

5

1

5

1

5

1

70

1

3

1

70

1

5

1

703 5 3
= − ⋅ + ⋅ −…








− − ⋅ + ⋅
( ) ( )5

−…












+ − ⋅ + ⋅ −











1

99

1

3

1

99

1

5

1

993 5( ) ( )
...... .

It is Rutherford’s series. This is more convenient for expansion than Machin’s

series and converges equally rapidly.

Ex am ple 1: As sum ing that θ π θ θ θ− = − + − …n tan tan tan
1

3

1

5

3 5  , when θ lies

be tween  ( )nπ π− 1

4
  and  ( ),nπ π+ 1

4
 write down the value of n when θ lies be tween

(i)
7

4

9

4

π π
and (ii) 

− −3

4

5

4

π π
and      (iii) 

11

4

13

4

π π
and

(iv) 
−15

4

π
 and 

−17

4

π
(v)  

19

4

21

4

π π
and ⋅

So lu tion: (i) θ lies be tween ( / )7 4π  and ( / )9 4π

i e. ., be tween ( )2
1

4
π π−  and ( ).2

1

4
π π+ ∴ n = 2.

(ii) θ lies be tween −( / )3 4π  and −( / )5 4π

i e. ., be tween ( )− +π π1

4
 and ( ).− −π π1

4
∴ n = − 1.

(iii) θ lies be tween ( / )11 4π  and ( / )13 4π

i e. ., be tween ( )3
1

4
π π−  and ( ).3

1

4
π π+ ∴ n = 3.

(iv) θ lies be tween −( / )15 4π  and −( / )17 4π

i e. ., be tween ( )− +4
1

4
π π  and ( ).− −4

1

4
π π ∴ n = 4.

(v) θ lies be tween ( / )19 4π  and ( / )21 4π

i e. ., be tween ( )5
1

4
π π−  and ( ).5

1

4
π π+ ∴ n = 5. 

Ex am ple 2: Sum the se ries 
1

2

1

3 2

1

5 23 7 11
− + − ……

. .
. .ad inf

(Meerut 2013B; Kanpur 14)

So lu tion: We have 
1

2

1

3 2

1

5 23 7 11
− + + ……

. .

= − + − ……












1

2

1

2

1

3 2

1

5 22 6 10. .
, (tak ing 

1

2
 com mon)
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= − + ……












= 





−1

2

1

2

1

3 2

1

2

1

22 2 3

1

2( ) ( )
tan ,

by Greg ory’s se ries be cause 1 2 12/ .<

[Note that by Greg ory’s se ries 

tan ,− = − + − … ∞1 3 51

3

1

5
x x x x  if | | ]x ≤ 1

= ⋅−1

2

1

4

1tan

Ex am ple 3: Sum to in fin ity the se ries

(i) 1
1

3 4

1

5 42 4
− + − …

. .
. . ;ad inf  

(Meerut 2013)

(ii) 1
1

3

1

5 3

1

7 32 2 3
− + − + …

. .
. .ad inf

So lu tion: (i) The given se ries 1
1

3 4

1

5 42 4
− + − …

. .
 ad. inf.

= − + − …












4
1

4

1

3 4

1

5 43 5. .
,ad. inf.  (tak ing 4 com mon)

= −4
1

4

1tan , by Greg ory’s se ries be cause 1 4 1/ .<

(ii) The given series 

1
1

3

1

5 3

1

7 32 2 3
− + − + …

. .
 = − + − + …1

1

3 3

1

5 3

1

7 32 3. . .

= √
√

−
√

+
√

−
√

+ …












3
1

3

1

3 3

1

5 3

1

7 33 5 7. ( ) . ( ) . ( )

= √ √−3 1 31{ }tan ( / ) ,             by Greg ory’s se ries be cause 1 3 1/ √ <

= √ = √3 6 3 6. ( / ) ( ) / .π π
Note: This ques tion can also be writ ten as

Prove that   π = √ − + − + …











⋅2 3 1

1

3

1

5 3

1

7 32 2 3. .

(Agra 2005; Rohilkhand 08; Kashi 12)

Ex am ple 4: Prove that

π
4

17

21

713

81 343

1

2 1

2

3
9 7

1
1 1 2= −

×
+ …… +

−
−

+





+
− −( )n

n n

n
+ …

(Kanpur 2008, 10; Agra 08)

So lu tion: The nth term of the given se ries on the R.H.S. is

T
n n

n

n
n n

n

=
−

−
⋅ +





=
−

−

+
− −

+( )
( )

( )1

2 1

2

3
3 7

1

2 1

2

3

1
2 1 1 2

1

⋅ +





− −3 72 2 1 2n n
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   =
−

−
+





⋅
+

− −
( )

( )

1

2 1

2

3

1

7

1

2 1 2 1

n

n nn

Putting n = ……1 2 3, , , etc., we have

first term = = +



T1

2

3

1

7
;

sec ond term = = − +





= − −T2 3 3 3 3

1

3

2

3

1

7

2

33

1

37. .
;

third term = = +





= ⋅ +T3 5 5 5 5

1

5

2

3

1

7

2

5

1

3

1

57.
; and so on.

∴ the sum of the series on the R.H.S.

= + + + …T T T1 2 3 ad. inf.

= +



 − +





+ +





− …2

3

1

7

2

33

1

37

2

53

1

573 3 5 5. . . .

= − + − …





+ − + − …





2
1

3

1

33

1

53

1

7

1

37

1

573 5 3 5. . . .

= +− −2 1 3 1 71 1tan ( / ) tan ( / ), (by Greg ory’s se ries)

=
+

− ⋅

















+ = +− − − −tan tan tan tan1 1 1 1

1

3

1

3

1
1

3

1

3

1

7

3

4

1

7

=
+

− ⋅

















= = ⋅− −tan tan1 1

3

4

1

7

1
3

4

1

7

1
4

π

Ex am ple 5: Ex press tan cos i sin− +1 ( )θ θ  in the form A iB+  and de duce that

(i) cos cos cosθ θ θ π− + − … = ±1

3
3

1

5
5

1

4
;  and (Kanpur 2014)

(ii) sin sin sin log tanθ θ θ π θ− + − … = ± +1

3
3

1

5
5

1

2

1

4

1

2
{ }( ) .

So lu tion: Let tan (cos sin )− + = +1 θ θi A iB

so that tan (cos sin ) ,− − = −1 θ θi A iB (com plex con ju gates).

∴   2 A A iB A iB= + + −( ) ( )

= + + −− −tan (cos sin ) tan (cos sin )1 1θ θ θ θi i

=
+ + −

− +
−tan

(cos sin ) (cos sin )

(cos sin )(cos

1

1

θ θ θ θ
θ θ θ
i i

i −






i sin )θ

=
− +












=

−
− −tan

cos

(cos sin )
tan

cos1

2 2

12

1

2

1 1

θ

θ θ

θ







= 





−tan
cos1 2

0

θ
 = ± ∞ = ±−tan ( ) .1 1

2
π

 [ ]∵ θ π πlies between and–
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There fore,   A = ± 1

4
π. …(1)

Again, 2iB A iB A iB= + − −( ) ( ) 

   = + − −− −tan (cos sin ) tan (cos sin )1 1θ θ θ θi i

   =
+ − −

+ +
−tan

(cos sin ) (cos sin )

(cos sin )(cos

1

1

θ θ θ θ
θ θ θ
i i

i −






i sin )θ

  =
+ +












−tan

sin

(cos sin )

1

2 2

2

1

i θ

θ θ
 =

+








−tan
sin1 2

1 1

i θ
 = −tan ( sin )1 i θ

or   tan ( ) sin2iB i= θ or tanh sin2B = θ 

or 
e e

e e

B B

B B

2 2

2 2 1

−

+
=

−

−
sin θ

  or  
2

2

1

1

2

2

e

e

B

B−
=

+
−

sin

sin

θ
θ

         [By componendo and dividendo]

i e. .,    e B4
21

1

2 2

2
=

+
−

=
+

−

sin

sin

cos ( / ) sin ( / )

cos ( / ) sin

θ
θ

θ θ

θ

{ }

{ ( / )θ 2 2}

or   e B2 2 2

2 2

1
= ±

+
−

= ±
+{ }

{ }

{cos ( / ) sin ( / )

cos ( ) sin ( / )

taθ θ
θ / θ

n ( / )

tan ( / )
tan

θ
θ

π θ2

1 2 4 2

}

{ }−
= ± +



 ⋅

∴       B = ± +













1

2 4 2
log tan

π θ
…( )2

Now tan (cos sin )− + = +1 θ θi A iB

or     tan ( )− = +1 e A iBi θ  or e e e A iBi i iθ θ θ− + − … = +1

3

1

5

3 5 ,

     us ing Greg ory’s se ries

or (cos sin ) (cos sin ) (cos sin )θ θ θ θ θ θ+ − + + +i i i
1

3
3 3

1

5
5 5  − … = +A iB

or (cos cos cos )θ θ θ− + − …1

3
3

1

5
5  + − + − …i (sin sin sin )θ θ θ1

3
3

1

5
5

= + = ± + ± +A iB i
1

4

1

2

1

4

1

2
π π θlog tan ( ) ,{ }  by (1) and (2).

Equating real and imaginary parts, we have

cos cos cosθ θ θ π− + − … = ±1

3
3

1

5
5

1

4

and sin sin sin log tan ( ) .θ θ θ π θ− + − … = ± +1

3
3

1

5
5

1

2

1

4

1

2
{ }

 1. (i) Prove that 
π
4

2

3

1

7

1

3

2

3

1

7

1

5

2

3

1

73 3 5 5
= +





− +





+ +





− ...

(Kanpur 2005, 08, 10; Agra 08; Bundelkhand 09;
Purvanchal 10; Meerut 12; Kashi 13)
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(ii) Prove that  
π
8

1

1 3

1

5 7

1

9 11
= + + + …

. . .
ad. inf.

(Meerut 2004B, 07, 09, 13B; Agra 07, 08; Kanpur 12)

(iii) Show that 

π
12

1
1

3

1

2
1

1

3

1

5
1

1

31 2 3 2 5 2
= −








− −







+ −







−
/ / /

… ∞.

(Meerut 2012B, 13)

(iv) Show that 

π
4

1

2

1

5

1

8

1

3

1

2

1

5

1

8

1

5

1

2

1

5

1

83 3 3 5 5
= + +





− + +





+ + +
5







− ……

 2. If x < √ −( ),2 1  prove that 2
1

3

1

5

3 5( )x x x− + − … ad. inf.

=
−







−
−







+
−







−2

1

1

3

2

1

1

5

2

12 2

3

2

5
x

x

x

x

x

x
... 

(Kashi 2014)

 3. If x > 0, prove that  tan− = +
−
+

−
−
+









+ …1
3

4

1

1

1

3

1

1
x

x

x

x

x

π

(Garhwal 2000)

 4. When θ lies between 0 and 
1

2
π, prove that

tan
cos

cos

− −
+







1 1

1
 

   

   

θ
θ

 = − + − …… ∞tan tan tan .2 6 10

2

1

3 2

1

5 2

θ θ θ

(Bundelkhand 2010)

 5. When both θ and tan (sec )−1 θ  lie between 0 and 
1

2
π , prove that

tan (sec ) tan tan tan− = + − + − …1 2 6 101

4

1

2

1

3

1

2

1

5

1

2
θ π θ θ θ 

(Kanpur 2006)

 6. Prove that

  tan
cos sin

cos sin
tan ( / ) tan− +

−






 = + + −1 1

4
1 3

θ θ
θ θ

π π θn 3 51 5θ θ+ − …( / ) tan

(Meerut 2006; Kanpur 14)

 7. (i) If x lies between −π / 4 and π / 4, show that

tan tan tan tanhx x  x x x− + − … = +1

3

1

5

1

3

3 5 3ad. inf. tanh

+ + …1

5

5 xtanh  ad. inf.
(Kumaun 2000)

(ii) If φ lies between ( / )π 4  and ( / ),3 4π  show that

φ = − φ + φ − φ + …… ∞1

2

1

3

1

5

3 5π cot cot cot . 
(Kanpur 2005)

 8. If tan ,x < 1 show that

  tan tan tan sin sin sin2 4 6 2 4 61

2

1

3

1

2

1

3
x  x  x x x x− + − … = + + + …

(Meerut 2011)
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 9. Prove that if x, y, z are cube roots of unity,

 
tan tan tan− − −

+ + = − + − + − …


1 1 1

3 1
1

7

1

13

1

19

1

25

x

x
  

y

y
  

 z

z 



⋅

(Kanpur 2009)

Fill in the Blanks

Fill in the blanks “……” so that the following statements are complete and correct.

 1. If − ≤ ≤π θ π
4 4

, then by Gregory’s series, we have θ = …… .

 2. If | | ,x ≤ 1 then by Gregory’s series, we have tan .− = ……1 x

 3. The sum of the infinite series 
1

2

1

3 2

1

5 23 7 11
− + − …… ∞

. .
 is …… .

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. 1
1

3 4

1

5 4
4

1

42 4

1− + − ∞ = −

. .
...... tan

 2. If | | ,x ≤ 1 then tan ...... .− = + + + + ∞1
3 5 7

3 5 7
x x

x x x

Fill in the Blanks

 1. tan
tan tan tan

θ
θ θ θ

− + − + …… ∞
3 5 7

3 5 7

 2. x
x x x− + − + …… ∞

3 5 7

3 5 7

 3.  
1

2

1

4

1tan−

True or False
 1. T 2.  F

¨
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 6.1  Introduction

In this chapter we shall give some important methods for summing up

trigonometric series which may be finite or infinite. There are two main

methods for summation, known as the C iS+  method and the difference method. First

we shall discuss the C iS+  method.

 6.2  C iS+  Method for Summing Up Trigonometric Series

Consider the series

C a a a= + + + + + …0 1 2 2cos cos ( ) cos ( )α α β α β …( )1

and S a a a= + + + + + …0 1 2 2sin sin ( ) sin ( )α α β α β …( )2

These series may be finite or infinite. The coefficients a a a0 1 2, ,  etc. and α β,  may be 

any numbers real or complex.

The series (1) and (2) are companion series because each is summed up with the

help of the other.
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In the series (1) we have terms which contain cosines of numbers which increase in

arithmetic progression. It is called cosine series and its sum is denoted by C. The series 

(2) is obtained from the series (1) by simply replacing cos by sin in various terms

where we have cosines of numbers which increase in arithmetic progression, the

coefficients a a a0 1 2, ,  etc. are kept as they are. The series (2) is called sine series and

its sum is denoted by S.

In case we are given one of these two series and are required to find its sum, we first

write the other series called its companion series or its auxiliary series.

After writing both C and S, we find C iS+  and C iS−  by making use of the Euler’s

theorem

e z i z e z i ziz iz= + = −−cos sin , and cos sin .

Thus we get

C iS a e a e a ei i i+ = + + + …+ +
0 1 2

2α α β α β( ) ( ) …( )3

and C iS a e a e a ei i i− = + + + …− − + − +
0 1 2

2α α β α β( ) ( ) …( )4

The series in (3) and (4) can generally be summed up easily. Depending upon the
coefficients a a a0 1 2, ,  etc., these series are generally in one of the following forms :

(i) Se ries in geo met ric pro gres sion, or arithmetico-geo met ric se ries.

(ii) Bi no mial se ries.

(iii) Ex po nen tial se ries or its sub-case sine or co sine se ries.

(iv) Log a rith mic se ries or its sub-case Greg ory’s se ries.

Having found the sums of the series (3) and (4), we use

C C iS C iS= + + −1

2
[( ) ( )] and  S i C iS C iS= + − −( / ) [( ) ( )]1 2

to find the val ues of C and S re spec tively.

In the above discussion the coefficients a a a0 1 2, ,  etc. and α β,  are real or complex. 
However, if these are real, we need not find C iS− . To get C and S we simply find
the sum of the series (3) i e. ., we find C iS+ . After separating C iS+  into real and
imaginary parts, we get the values of C and S by equating the real and imaginary
parts.

Re mark: We are al ways to find C iS+  and never S iC+  whether we first write C

or S.

Now we shall illustrate C iS+  method by taking examples based upon series of

different types.

 6.3  Series Based on Geometric Progression or

 Arithmetico-Geometric Series

We know that a geometric progression (G.P.) is of the form

a ar ar ar ar n, , , , , , .2 3 … … ∞
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Its common ratio is r and nth term is ar n −1 .

Sum of n terms in G.P.

i e. ., a ar ar ar ar n+ + + + … + −2 3 1 =
−
−









 =

−
−









 ⋅a

r

r
a

r

r

n n1

1

1

1
or

Sum of an infinite series in geometrical progression

i e. ., a ar ar ar ar n+ + + + … + + …2 3 ad. inf. = −a r/ ( ),1  pro vided | | .r < 1

An arithmetico-geometric progression is of the form

a a d r a d r a d r, ( ) , ( ) , ( ) , .+ + + …2 32 3

Ex am ple 1: Sum the se ries

sin c sin c sinα α β α β+ + + + + …( ) ( )2 2  upto n terms.

Deduce the sum to infinity if  | | . ., .c i e c< − < <1 1 1

So lu tion: Let the given se ries be de noted by S. Then

S c c= + + + + + …sin sin ( ) sin ( )α α β α β2 2  to n terms.

So the auxiliary series is given by

C c c= + + + + + …cos cos ( ) cos ( )α α β α β2 2  to n terms.

Now multiplying the first series by i and adding to the second, we get

C iS i c i+ = + + + + +(cos sin ) cos ( ) sin ( )α α α β α β{ }
+ + + + + …c i2 2 2{ }cos ( ) sin ( )α β α β  to n terms

      = + + + …+ +e ce c ei i iα α β α β( ) ( )2 2    to n terms. …( )1

The series on the R.H.S. is a geometrical progression having n terms. The first term

is e iα  and the common ratio is ce iβ .

Therefore summing up the G.P., we have

C iS
e ce

ce

e c e

ce

i i n

i

i n i n

i
+ =

−

−
=

−

−

+α β

β

α α β

β

{ }1

1 1

( )

( )

( )

      =
−

−
×

−

−

+ −

−

[ ]

( )

( )

( )
,

( )e c e

ce

ce

ce

i n i n

i

i

i

α α β

β

β

β1

1

1
mul ti ply ing the Nr. 

and the Dr. by the con ju gate com plex of the Dr.

      =
− − +

− +

+ − + + −e c e ce c e

c e e

i n i n i n i n

i

α α β α β α β

β

( ) ( ) [ ( ) ]

(

1 1

1 − −+
⋅

i i ic e eβ β β) . .2

Now the numerator of the R.H.S.

= + − + + +[(cos sin ) cos ( ) sin ( )α α α β α βi c n i nn { }

− − + −c i{ }cos ( ) sin ( )α β α β
+ + − + + −+c n i nn 1 1 1{ }cos ( ) sin ( ) ]α β α β
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= − − − + + + −+[cos cos ( ) cos ( ) cos ( ) ]α α β α β α βc c n c nn n 1 1{ }

+ − −i c[sin sin ( )α α β  − + + + −+c n c nn nsin ( ) sin ( ) ],α β α β1 1{ }

(putt ing into the form A iB+ )

and the de nom i na tor of the R.H.S.

= − + +− −1 2
1

2

2c e e c e ei i i i. ( ) .β β β β

= − +1 2 2c ccos ,β  which is real.

Now we are required to find the sum of the sine series ( )S  which is the imaginary

part of C iS+ . Hence equating imaginary parts from both sides, we have the

required sum

S
c c n c n

c

n n

=
− − − + + + −

−

+sin sin ( ) sin ( ) sin ( )α α β α β α β1 1

1 2

{ }

cos β +
⋅

c2
…( )2

To find sum upto infinity, c must be numerically less than 1, and then c n → 0

as n → ∞.

∴ from (2), as c n → 0, the re quired sum

S
c n n

c
∞ =

− − − + + + −

−

sin sin ( ) . sin ( ) . sin ( )

c

α α β α β α β0 0 1

1 2

{ }

os β + c2

   =
− −

− +
⋅

sin sin ( )

cos

α α β

β

c

c c1 2 2

Ex am ple 2: Sum the se ries

1 2 32 3+ + + + …c cosh c cosh c coshθ θ θ  to n terms.

So lu tion: The given se ries may be writ ten as

1
2 2 2

2
2 2

3
3 3

+
+







 +

+







 +

+− − −
c

e e
c

e e
c

e eθ θ θ θ θ θ







 + … to n terms

(Note)

= + + + + + +− − −1

2
2 2 2 2 3 3 3[ ( ) ( ( ))c e e c e e c e eθ θ θ θ θ θ  + … to termsn ]

= + + + + …1

2
1 2 2 3 3[( )ce c e c e nθ θ θ to terms

+ + + + + …− − −( )]1 2 2 3 3ce c e c e nθ θ θ to terms

=
−

−











 +

−

−




















−

−

1

2

1

1

1

1

c e

ce

c e

ce

n n n nθ

θ

θ

θ







,

sum ming up both the geo met ric se ries upto n terms

=
− − + − −

− −

− −
1

2

1 1 1 1

1 1

( ) ( ) ( ) ( )

( ) (

c e ce c e ce

ce ce

n n n nθ θ θ θ

θ −











θ )
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=
− − + + − − +− + − − + − −

1

2

1 11 1 1c e ce c e c e ce c en n n n n n n nθ θ θ θ θ( ) ( 1

21

)

.

θ

θ θ θ θ− − +












− −ce ce c e e

=
− + − + + +− − + − − −

1

2

2 1 1 1c e e c e e c e en n n n n n( ) ( ) ( ) ( )θ θ θ θ θ θ{ }

1 2− + +











−c e e c( )θ θ

=
− − + −

−

+
1

2

2 2 2 2 1

1 2

1c c n c n

c

n n( cosh ) ( cosh ) cosh ( )

( c

θ θ θ{ }

osh )θ +











c2

=
− − + −

− +
⋅

+1 1

1 2

1

2

c c n c n

c c

n ncosh cosh cosh ( )

cosh

θ θ θ

θ

Ex am ple 3: Sum the se ries  1 2 3 2 4 3− + − + …cos cos cos to n termsα α α .

So lu tion: Let

C = − + − +1 2 3 2 4 3cos cos cosα α α … + − −−( ) cos ( ) ,1 11n n n{ }α

and S = − + − +2 3 2 4 3sin sin sinα α α … + − −−( ) sin ( ) .1 11n n n{ }α

∴ C iS i i+ = − + + +1 2 3 2 2(cos sin ) (cos sin )α α α α  

− + + …… + − −−4 3 3 1 11(cos sin ) ( ) [cos ( )α α αi n nn { }

+ −i nsin ( ) ]{ }1 α

  = − + − + … + − − −1 2 3 4 12 3 1 1e e e nei i i n i nα α α α( ) ( )

or C iS x x x nxn n+ = − + − + … + − − −1 2 3 4 12 3 1 1( ) , …( )1

where x e i= α

The right hand side of (1) is an arithmetico-geometrical progression. To sum it up

multiply both sides of (1) by − x which is the common ratio of the geometric factors

of the terms.

So multiplying both sides of (1) by − x, we have

( ) ( ) ( ) .C iS x x x x x nxn n+ − = − + − + − … + −2 3 4 12 3 4 …( )2

Subtracting (2) from (1), we have

( ) ( ) (C iS x x x x x+ + = − + − + − …1 1 2 3 4  to n terms) − −( ) .1 n nnx

There are ( )n + 1 terms in this right hand side series and the first n terms form a

geometric progression of common ratio − x.

∴ ( ) ( )
( )

( )
( ) .C iS x

x

x
nx

n
n n+ + =

− −
− −

− −1
1

1
1

Dividing both sides by ( )1 + x  and putting x e i= α , we have

   ( )
( )

( )

( )

( )
C iS

e

e

ne

e

n ni

i

n ni

i
+ =

− −

+
−

−

+

1 1

1

1

12

α

α

α

α
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=
+ −

+
+

−

+

− −1 1

1

1

1

1

2

1( )

( )

( )

( )
,

n ni

i

n ni

i

e

e

ne

e

α

α

α

α
 [Putt ing ( ) ( ) . ( )− = − − −1 1 1 1n n  ]

=
+ − + + −

+

− −[ ( ) ] ( ) [( ) ]

( )

1 1 1 1

1

1 1

2

n ni i n ni

i

e e ne

e

α α α

α

  =
+ − + +

+

− +

−

1 1 11 1

2 2 2

( ) [( ) ]

[ ]

( )

/ /

n in i n

i i i

n e ne

e e e

α α

α α α
(Note)

  =
+ − + +− − −e n e nei n i n inα α α

α

( ) [( ) ]

( cos )
,

( )1 1

2
1

2

1 1

2

di vid ing Nr. and Dr. by e iα

      =

− + − + − + + −−(cos sin ) ( ) ( ) cos ( ) ( ) sin (α α αi n n i n nn1 1 1 1 11 { )

cos sin

cos

α
α α

α

+ +n n in n }

4
1

2

2

    =

+ − + − +

+ −

−

−

[cos ( ) ( ) cos ( ) cos ]

[( ) (

α α α1 1 1

1

1

1

n

n

n n n n

i

{ }

{ n n n n+ − + −
+

⋅
1 1

2 1

) sin ( ) sin sin ]

( cos )

α α α
α

}

Now equating real parts on both sides, we have

C
n n n nn

=
+ − + − +

+
⋅

−cos ( ) ( ) cos ( ) cos

( cos )

α α α
α

1 1 1

2 1

1 { }

Sum the following series. In the case of infinite series it may be

assumed that − < <1 1c .

 1. cos cos ( ) cos ( ) c c nα α β α β+ + + + + …2 2  to terms.

Deduce the sum to infinity if  | | . ., .c i e c< − < <1 1 1

 2. (i) cos cos ( ) cos ( )α α β α β+ + + + + … 2  to n terms.

(Purvanchal 2006; Bundelkhand 09; Agra 14)

(ii) sin sin ( ) sin ( )α α β α β+ + + + + …2  to n terms. (Agra 2014)

 3. 1 2 32 3+ + + + …c c ccos cos cosα α α  to n terms. (Purvanchal 2008)

 4. (i)  1 22+ + + …c ccos cosα α ad. inf.

(ii) c c  csin sin sinα α α+ + + …2 32 3 ad. inf. (Purvanchal 2008)

 5. sin sin ( / ) sinα α α+ + + …1

2
2 1 2 32  ad. inf.

(Kumaun 2000; Kanpur 07)
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 6. (i) cos sin cos sin cos sinα α α α α α+ + + …2 32 3 ad. inf. (Meerut 2012)

(ii) sin sin sin sin sin sin .α α α α α α+ + + …2 32 3 ad. inf , where α π≠ ± 1

2
.

(Meerut 2012B)

 7. cos cos cos cos cos cos .α α α α α α+ + + …2 32 3 ad. inf

(Bundelkhand 2005, 08)

 8. 1
2 3

2 3
+ + + + …

cos

cos

cos

cos

cos

cos

θ
θ

θ

θ

θ

θ
 to terms.n

Or 1 2 32 3+ + + + …sec cos sec cos sec cosθ θ θ θ θ θ  nto terms.

 9. 1 2 32 3+ + + + …cos cos cos cos cos cosθ θ θ θ θ θ ad. inf.

10. (i)  
sin sin sinθ

π
θ

π

θ

π
− + − …

2 3
2 3

ad. inf.

(ii)
sin

tan

sin

tan

sin

tan
, (tan ).

θ θ θ
φ

−
φ

+
φ

− … φ >
2 3

1
2 3

ad. inf.

11. c c csinh sinh sinhθ θ θ+ + + …2 32 3 ad. inf. (Kumaun 2008)

12. 2 3 2 4 3sin sin sin .α α α− + − … to  termsn

13. (i) 3 5 2 7 3cos cos cosθ θ θ+ + + … nto  terms (Meerut 2009; Kanpur 11)

(ii) 3 5 2 7 3sin sin sin n θ θ θ+ + + … to terms.

14. (i) sin sin ( )
( )

.
sin ( )α α β α β+ + +

−
+ +n

n n 1

1 2
2 … +to n( )1 terms.

(Kumaun 2008)

(ii) n
n n n n n

sin sin  sin α α α+
−

+
− −

+
( )

.

( )( )

. .

1

1 2
2

1 2

1 2 3
3 … to  terms.n

 1. C
c c n c n

c

n n

=
− − − + + + −

−

+cos cos ( ) cos ( ) cos ( )α α β α β α β1 1

1 2

{ }

cos β + c2

Sum to in fin ity =
− −

− +

cos cos ( )

cos

α α β

β

c

c c1 2 2

 2. (i) C n n= + −cos ( ) / sin ( / ) ( / ){ }α β β β1 2 2 2cosec

(ii) S n n= + −sin ( ) / ) sin ( / ) ( / ){α β β β1 2 2 2cosec

 3. C
c c n c n

c c

n n

=
− − + −

− +

+1 1

1 2

1

2

cos cos cos ( )

cos

α α α

α

 4. (i) 
1

1 2 2

−

− +

c

c c

cos

cos

α

α
  (ii) 

c

c c

sin

cos

α

α1 2 2− +
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 5. ( sin ) / ( cos )4 5 4α α−

 6. (i) 
cos sin sin

sin sin

α α α

α α

−

− +

2

21 2
  (ii) 

sin

sin sin

2

21 2

α

α α− +

 7. 0    8. 
sec sin

tan

n θ θ
θ

n
9. 1

10. (i) 
π θ

π π θ

sin

cos2 2 1+ +
(ii) 

tan . sin

tan tan cos

φ

φ + φ +

θ

θ2 2 1

11.
c

c c

sinh

cosh

θ

θ1 2 2− +

12.
sin ( ) [( ) sin ( ) sin ( ) ]

( cos )

α α α
α

+ − + + + +
+

+1 2 1 1

2 1

1n n n n n

13. (i) 
cos ( ) cos ( ) cos ( )

( cos )

θ θ θ
θ

+ + − + + −
−

2 3 2 1 1 3

2 1

n n n n

(ii) 
sin ( ) sin ( ) sin ( )

( cos )

θ θ θ
θ

+ + − + +
−

2 3 2 1 1

2 1

n n n n

14. (i) ( cos ) sin ( )2
1

2

1

2
β α βn n+    (ii) 2

1

2

1

2
cos sinα α





n

n

 6.4  Series Based on Binomial Expansions

Remember the following formulae :

(i) When n is a positive integer and x a,  are any complex numbers, we have

      ( ) .
( )

!
( )x a x nx a

n n
x a nn n n n+ = + +

−
+… +− −1 2 21

2
1to terms,

      ( ) .
( )

!
( )x a x nx a

n n
x a nn n n n− = − +

−
− … +− −1 2 2

1

2
1to terms,

      ( )
( )

.

( ) ( )

. .
1 1

1

1 2

1 2

1 2 3

2 3+ = + +
−

+
− −

x nx
n n

x
n n n

xn  + … +to terms( ) ,n 1

and ( )
( ) ( ) ( )

1 1
1 1 22 3− = − +

−
−

− −
x nx

n n
x

n n n
xn

1.2 1.2.3
 + … +to terms( ) .n 1

(ii) When n is any ra tio nal in dex and x is a com plex num ber such that 

| | ,x < 1 we have

( )
( )

.

( ) ( )

. .
.1 1

1

1 2

1 2

1 2 3

2 3+ = + +
−

+
− −

+ … ∞x nx
n n

x
n n n

xn

When | | ,x = 1 this result is still true if either

n > 0 or if − < <1 0n  and x ≠ −1.

Also remember that with suitable restrictions on the values of x as mentioned

above, we have
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( )
( )

.

( ) ( )

. .
1 1

1

1 2

1 2

1 2 3

2 3+ = − +
+

−
+ +

+ … ∞−x nx
n n

x
n n n

xn

( )
( )

.

( ) ( )

. .
,1 1

1

1 2

1 2

1 2 3

2 3− = − +
−

−
− −

+ … ∞x nx
n n

x
n n n

xn

( )
( )

.

( ) ( )

. .
,1 1

1

1 2

1 2

1 2 3

2 3− = + +
+

+
+ +

+ … ∞−x nx
n n

x
n n n

xn

( )
. . .

,/1 1
1

2

1

2 4 2 4 6

1 2 2 3+ = + − + − … ∞x x x x
1.3

( )
.

.

. .

. .
,/1 1

1

2

1 3

2 4

1 3 5

2 4 6

1 2 2 3− = + + + + … ∞−x x x x

( )
.

.

. .

. .
,/1 1

1

3

1 2

36

1 2 5

3 6 9

1 3 2 3+ = + − + − … ∞x x x x

and ( )
.

.

. .

. .
./1 1

1

3

1 4

3 6

1 4 7

3 6 9

1 3 2 3− = + + + + … ∞−x x x x

Example 4: Sum the series  1
1

2
2

1

2 4
4

2 4 6
6+ − + − …cos cos cos ad infθ θ θ

. . .
. .,

1.3

where − ≤ ≤1

2

1

2
π θ π. (Garhwal 2001; Rohilkhand 06; Meerut 09)

So lu tion: Let C = + − + −1
1

2
2

1

2 4
4

1

2 4 6
6cos

.
cos

. .
cosθ θ θ  … ad. inf.

The companion sine series is

S = − + − …1

2
2

1

2 4
4

1 3

2 4 6
6sin

.
sin

.

. .
sinθ θ θ  ad. inf.

∴ C iS i i+ = + + − +1
1

2
2 2

1

2 4
4 4(cos sin )

.
(cos sin )θ θ θ θ

+ + − …
1 3

2 4 6
6 6

.

. .
(cos sin )θ θi  ad. inf.

  = + − + − …1
1

2

1

2 4 2 4 6

2 4 6e e ei i iθ θ θ

. . .

1.3
 ad. inf.

  = +[ ] ,/1 2 1 2e iθ   sum ming the bi no mial se ries

  = + + = +( cos sin ) ( cos . sin cos )/ /1 2 2 2 21 2 2 1 2θ θ θ θ θi i

 = +( cos ) (cos sin )/ /2 1 2 1 2θ θ θi

 = +( cos ) (cos sin )./2
1

2

1

2

1 2θ θ θi
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Hence C, the sum of the given series

= real part of C iS+  = =( cos ) . cos [ cos . cos ]/ /2
1

2
2

1

2

1 2 2 1 2θ θ θ θ

= = √ +[cos . cos ] (cos ( cos ) ./θ θ θ θ2
1

2
12 1 2 { }

Ex am ple 5: Find the sum of the fol low ing se ries :

n sin
n n

sin
n n n

sin ad infα α α+
+

+
+ +

+ …
( ) ( )( )

.
1

2
1 2

3
1.2 1.2.3

.

(Bundelkhand 2010)

So lu tion: Let

S n
n n n n n

= +
+

+
+ +

+sin
( )

sin
( )( )

sinα α α
1

2
1 2

3
1.2 1.2.3

 … ad. inf.

The companion cosine series is

C n
n n n n n

= + +
+

+
+ +

+1
1

1 2
2

1 2

1 2 3
3cos

( )

.
cos

( )( )

. .
cosα α α

… ad. inf. (Note)

∴ C iS n i
n n

i+ = + + +
+

+1
1

1 2
2 2(cos sin )

( )

.
(cos sin )α α α α

+
+ +

+ +
n n n

i
( )( )

. .
(cos sin ) ...

1 2

1 2 3
3 3α α ad. inf.

= + +
+

+
+ +

+ …1
1

1 2

1 2

1 2 3

2 3ne
n n

e
n n n

ei i iα α α( )

.

( ) ( )

. .
ad. inf.

= − −( ) ,1 e i nα   by bi no mial the o rem

= − + = − −− −[ (cos sin )] [( cos ) sin ]1 1α α α αi in n

   = − −[ sin . sin cos ]2
1

2
2

1

2

1

2

2 α α αi n 

= −− −( sin ) [sin cos ]2
1

2

1

2

1

2
α α αn ni

= − − −− −( sin ) [cos ( ) sin ( )]2
1

2

1

2

1

2

1

2

1

2
α π α π αn ni

= − − − − −−( sin ) [cos ( ) sin ( ) ],2
1

2

1

2

1

2

1

2

1

2
α π α π αn n i n{ } { }

by De Moivre’s the o rem

= − + −−( sin ) [cos ( ) sin ( ) ].2
1

2

1

2

1

2

1

2

1

2
α π α π αn n i n{ } { }

Hence equat ing imag i nary parts on both sides, we have the required sum

  S nn= −−( sin ) sin ( ) .2
1

2

1

2

1

2
α π α{ }
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Sum the following series:

 1. cos cos cos
( )

.
cos cosn n nn

n n
α α α α α− +

−− −1 21

1 2
2  − … +to terms( ) .n 1

(Meerut 2006B; Agra 07)

 2. sin sin sin .α α α+ + + … ∞1

2
3 5

1.3

2.4
to

 3.
1

2

1 3

2 4
2

1 3 5

2 4 6
3    sin

.

.
sin

. .

. .
sinθ θ θ+ + + …ad. inf. (Rohilkhand 2006)

 4. (i) 1
1

2

1 3

2 4
2

1 3 5

2 4 6
3− + − + …  cos

.

.
cos

. .

. .
cos .θ θ θ ad. inf  ( ).− < <π θ π

(Meerut 2005; Purvanchal 09)

  (ii) 1
1

2

1 3

2 4
2

1 3 5

2 4 6
3+ + + + …    cos

.

.
cos

. .

. .
cos .α α α ad. inf

(Rohilkhand 2006)

 5. 1
1

3

1 4

3 6
2

1 4 7

3 6 9
32 3+ + +y y  y  cos

.

.
cos

. .

. .
cosα α α + … ∞ <to if, .y 1

 6. 1
1

1 2
2

1 2

1 2 3
3+ +

+
+

+ +
n

n n n n n
cos

( )

.
cos

( )( )

. .
cosα α α + … ad. inf.

 7. sinh sinh
( )

!
sinh ( )α α α+ +

−
+ … +n

n n
 n2

1

2
3 1to terms,

where n is a pos i tive in te ger.

 8.
1

1
1

1 2
2

2

2c
n

a

c
B

n n a

c
B

n
+ +

+
⋅ + …









cos
( )

.
cos .ad. inf  =

cos nA

b n
,

where a, b, c are the sides of the tri an gle ABC and a c< .
(Meerut 2004; Kanpur 10)

Also show that

1 1

1 2
2

2

2c

na

c
 B

n n a

c
 B

nA

bn n
sin

( )

.
sin

sin
+

+
⋅ + …









 = ⋅

(Kanpur 2010)

 1. ( ) sin/−1 2n n α when n is even; 0, when n is odd

 2. ( sin ) sin ( )/2
1

4

1

2

1 2α π α− + 3. ( sin ) sin ( )/2
1

2

1

4

1

4

1 2θ π θ− −

 4. (i) (cos ) / ( cos ) /1

4
2

1

2

1 2θ θ (ii) 
cos

( cos ) /

1

4

2
1

2

1 2

α

α−
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 5. r − φ1 3 1

3

/ cos , 

where  r y y
y

y
= − + φ =

−








−( cos ) and tan
sin

( cos )

/1 2
1

2 1 2 1α
α

α

 6. 2 2
1

2
2n n ncosh ( / ) . sinh ( )α α{ }+

 6.5  Series Based on Exponential Series

We know that if x is any complex number, then

(i) e x
x xx = + + + + …1
2 3

2 3

! !
 ad. inf.

(ii) e x
x xx− = − + − + …1
2 3

2 3

! !
 ad. inf.

(iii) sin
! !

x x
x x= − + − …

3 5

3 5
 ad. inf.

(iv) cos
! !

x
x x= − + − …1
2 4

2 4

 ad. inf.

(v) sinh
! !

x x
x x= + + + …

3 5

3 5
 ad. inf.

(vi) cosh
! !

x
x x= + + + …1
2 4

2 4

 ad. inf.

Ex am ple 6: Sum the se ries

(i) cos c cos c cos ad infα α β α β+ + + + + …( )
!

( ) . .
1

2
22

(Meerut 2012)

(ii) sin c sin c sin ad infα α β α β+ + + + + …( )
!

( ) . .
1

2
22

(Meerut 2012B)

So lu tion: Let

C c c= + + + + + …cos cos ( )
!

cos ( )α α β α β1

2
22 ad. inf.

and S c c= + + + + + …sin sin ( )
!

sin ( )α α β α β1

2
22 ad. inf.

Multiplying the second series by i, and adding to the first, we get

C iS i c i+ = + + + + +(cos sin ) cos ( ) sin ( )α α α β α β{ }

+ + + + + …( / !) cos ( ) sin ( )1 2 2 22c i{ }α β α β ad. inf.

   = + + + …+ +e ce c ei i iα α β α β( ) ( )( / !)1 2 2 2 ad. inf.
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= + + + …e ce c ei i iα β β[ ( / !) ]1 1 2 2 2 ad. inf.

= 





e ei ceiα β
,          sum ming up the ex po nen tial se ries

= =+e e e e ei c i i c icα β β α β β[ ] . .(cos sin ) cos sin

= +e ec i ccos ( sin ).β α β  

= + + +e c i cc cos [cos ( sin ) sin ( sin )].β α β α β

Equating real and imaginary parts on both sides, we have

  C e cc= = +thesumof the series (i) cos . cos ( sin )β α β

and   S e cc= = +the sum of the series (ii) cos . sin ( sin ).β α β

Ex am ple 7: Sum the se ries 

1
1

2
22+ + + …e cos sin e cos sin ad infcos cosα αα α( )

!
( ) . .

So lu tion: If  C e e= + + + …1
1

2
22cos coscos (sin )

!
cos ( sin )α αα α ad. inf.

then  S e e= + + …cos cossin (sin )
!

sin ( sin )α αα α1

2
22 ad. inf.

∴ C iS e i+ = + +1 cos [cos (sin ) sin (sin )]α α α

+ + + …1

2
2 22

!
[cos ( sin ) sin ( sin )]cose iα α α ad. inf.

  = + + + …1
1

1

1

2

2 2

!
.

!
.cos sin cos sine e e ei iα α α α ad. inf.

  = + ⋅ + + … ∞1
1

1

1

2

2 2

! !
,sin siny e y ei iα α  where y e= cos α

  = = +e ey e y ii. cos (sin ) sin (sin )sin α α α{ }

  = e ey iycos (sin ) sin (sin ).α α

  = +e y i yy cos (sin ) . [cos sin (sin ) sin sin (sin ) ].α α α{ } { }

Equating real parts on both sides, we have

    C e y y ey= =cos (sin ) cos. cos sin (sin ) , .α αα{ } where

Ex am ple 8: Sum the se ries

(i) cos
cos cos

ad infα
α β α β

−
+

+
+

− …
( )

!

( )

!
. .

2

3

4

5
(Meerut 2010B)

(ii) sin
sin sin

ad infα
α β α β

−
+

+
+

− …
( )

!

( )

!
. .

2

3

4

5

So lu tion: (i) Let

C = −
+

+
+

− …cos
cos ( )

!

cos ( )

!
α

α β α β2

3

4

5
ad. inf.

so that S = −
+

+
+

− …sin
sin ( )

!

sin ( )

!
α

α β α β2

3

4

5
ad. inf.
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∴        C iS i i+ = + − + + +(cos sin ) ( / !) cos ( ) sin ( )α α α β α β1 3 2 2{ }

+ +( / !) cos ( )1 5 4{ α β  + + − …i sin ( )α β4 } ad. inf.

 = − + − …+ +e e ei i iα α β α β( / !) ( / !)( ) ( )1 3 1 52 4 ad. inf.

 = − + + …e e ei i iα β β[ ( / !) ( / !) ]1 1 3 1 52 4 ad. inf.

 = − + − …−e e e e ei i i i iα β β β β. [ ( / !) ( / !)1 3 1 53 5 ad. inf.] (Note)

 = −e ei i( ) . sin ( )α β β  = +−e ii ( ) . sin (cos sin )α β β β

 = − + −[cos ( ) sin ( )] [sin (cos ) . cos ( sin )]α β α β β βi i  

+ cos (cos ) sin ( sin )]β βi

 = − + −[cos ( ) sin ( )] [sin (cos ) cosh (sin )α β α β β βi

 + i cos (cos ) sinh (sin )].β β
Hence the sum of the given se ries

= the real part of C iS+
= −cos ( ) sin (cos ) cosh (sin )α β β β

− −sin ( ) cos (cos ) sinh (sin ).α β β β
(ii) Do your self.

 Sum the following series :

 1. (i)
sin

!

sin

!

sin

!

θ θ θ
1

2

2

3

3
− + − …ad. inf.

(ii)
sin

!

sin

!

sin

!

θ θ θ
1

2

2

3

3
+ + + …ad. inf.

 2. (i) cos
cos cos ( )

!

cos cos ( )

!
.θ

θ θ
+

φ + φ
+

φ + φ
+ … ∞

1

2

2

2

to

  (ii) cos
cos

!
cos

cos

!
cos .   θ

θ
θ θ θ+ + + … ∞

1
2

2
3

2

to

 3. cos
sin

!
cos

sin

!
cosθ

θ
θ θ θ+ + + …

1
2

2
3

2

ad. inf.

(Rohilkhand 2007; Kashi 14; Rohilkhand 14)

 4. (i) 1
2

2

3

3

2 3

+ + + + … ∞cos cos
cos cos

!

cos cos

!
,θ θ

θ θ θ θ
to

  (ii) sin cos
sin cos

!

sin cos

!
. θ θ

θ θ θ θ
+ + + … ∞

2

2

3

3

2 3

to

(Rohilkhand 2005; Kanpur 05)

 5. (i) 1
2

2

3

32 3
+ + + + …

cos

cos

cos

! cos

cos

! cos

α
α

α

α

α

α 
ad. inf. (Rohilkhand 2006)

  (ii) 
cos

cos

cos

! cos

cos

! cos

α
α

α

α

α

α
+ + + …

2

2

3

32 3
ad. inf.
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 6. 1
2

2
3

3
2 3

− + − + …cos cos
cos

!
cos

cos

!
cosα β α β α β ad. inf.

(Bundelkhand 2007; Kanpur 09; Purvanchal 10)

 7. 1
2

2
2

+ +e
esin

sin

cos (cos )
!

cos ( cos )α
α

α α  + + …e sin3

3
3

α
α

!
cos ( cos ) ad. inf.

 8. sin
sin ( )

!

sin ( )

!
α

α β α β
−

+
+

+
− …

2

2

4

4
ad. inf.

(Agra 2005, 06)

 9. sin
sin

!

sin

!
θ

θ θ
− + − …

2

2

3

4
ad. inf.

(Kanpur 2014)

10. (i) 1
2

2

4

4

2 4

+ + +…
c ccos

!

cos

!

θ θ
ad. inf.

(Avadh 2006; Gorakhpur 07)

(ii) 1
2

2

4

4

2 4

+ + + … ∞
c csin

!

sin

!
.

θ θ

11. sin cos
sin cos

!

sin cos

!
θ θ

θ θ θ θ
+ + + …

3 53

3

5

5
ad. inf.

12.
5

1

7 3

3

9 5

5

cos

!

cos

!

cos

!

θ θ θ
+ + + …ad. inf.

(Kanpur 2010)

13. 1
2

2

3

3
+ + + + …cosh

cosh

!

cosh

!
α

α α
ad. inf.

14. sinh
sinh

!

sinh

!
α

α α
+ + + …

2

2

3

3
ad. inf.

15. cosh
sin

!
cosh

sin

!
coshθ

θ
θ θ θ+ + + …

1
2

2
3

2

ad. inf.

 1. (i) e− cos sin (sin )θ θ    (ii) ecos . sin (sin )θ θ

 2. (i) ecos . cos ( cos sin )
2 φ + φ φθ (ii) ecos . cos ( cos sin )

2 θ θ θ θ+

 3. esin cos . cos ( sin )θ θ θ θ+ 2

 4. (i) ecos . cos (sin cos )
2 θ θ θ (ii) ecos . sin (sin cos )

2 θ θ θ

 5. (i) e . cos (tan )α (ii) [ cos (tan )]e α − 1

 6. e− cos cos . cos (cos sin )α β α β

 7. e yy cos (cos ) . cos sin (cos ) ,α α{ } where y e= sin α

 8. sin cos (cos ) cosh (sin )α β β  − cos sin (cos ) sinh (sin )α β β

 9. S = sin cos (cos ) cosh (sin )θ θ θ1

2

1

2
 − cos sin (cos ) sinh (sin )θ θ θ1

2

1

2
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10. (i) cosh ( cos ) cos ( sin )c cθ θ (ii) 1 + sinh ( cos ) sin ( sin ).c cθ θ

11. sinh (sin cos ) cos (sin ).θ θ θ2

12.  4 sinh (cos ) cos (sin ) cos cosh (cos ) cos (sin )θ θ θ θ θ+  

− sin sinh (cos ) sin (sin ).θ θ θ
13. ecosh cosh (sinh ).α α 14. ecosh sinh (sinh ).α α

14. esin cosh . cosh ( sin sinh ).θ θ θ θ θ+

 6.6  Series Based on Logarithmic Series and its Sub-Case

 Gregory’s Series

Re mem ber the fol low ing re sults :

If z is any com plex num ber, then

(i) log ( )1
2 3 4

2 3 4

+ = − + − + …z z
z z z

ad. inf.  pro vided | | and .z z≤ ≠ −1 1

(ii) log ( )1
2 3 4

2 3 4

− = − + + + + …








z z

z z z
ad. inf.   pro vided | |z ≤ 1 and z ≠ 1.

(iii) log ( ) log ( )1 1 2
3 5

3 5

+ − − = + + + …








z z z

z z
ad. inf.  ,  

pro vided | | and .z z≤ ≠ ±1 1

This re sult may also be put in the form

1

2

1

1 3 5

3 5

log .
+
−

= + + + … ∞
z

z
z

z z

(Kumaun 2008)

(iv) tan− = − + − + …1
3 5 7

3 5 7
z z

z z z
ad. inf.,   pro vided | | .z ≤ 1 

This is Gregory’s series.

Also re mem ber that if α and β are any real num bers, then

(v) log ( ) log ( ) tan ( / )α β α β β α+ = + + −i i
1

2

2 2 1

(vi) log ( ) log ( ) tan ( / )α β α β β α− = + − −i i
1

2

2 2 1

(vii) log ( ) / ( ) tan ( / ).{ }α β α β β α+ − = −i i i2 1

Ex am ple 9: Sum the se ries when c is pos i tive and < 1.

(i) c cos c cos c cos ad infα α α− + − …1

2
2

1

3
32 3 . . (Garhwal 2002)

(ii) c sin c sin c sin ad infα α α− + − …1

2
2

1

3
32 3 . .

(Garhwal 2002; Purvanchal 09)
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So lu tion: Let C c c c= − + − …cos cos cosα α α1

2
2

1

3
32 3 ad. inf.

and S c c c= − + − …sin sin sinα α α1

2
2

1

3
32 3 ad. inf.

∴       C iS c i c i+ = + − +(cos sin ) (cos sin )α α α α1

2
2 22

+ + − …1

3
3 33c i(cos sin )α α ad. inf.

 = − + − …c e c e c ei i iα α α1

2

1

3

2 2 3 3 ad. inf.

= +log ( ),1 c e iα  
 [ log ( ) , | | .∵ 1

1

2

1

3
12 3+ = − + − … ∞ <x x x x xif

Here| | | |c e ciα =  which is given to be < 1.]

= + + = + +log [ (cos sin )] log [( cos ) sin ]1 1c i c icα α α α

= + + +
+









−1

2
1

1

2 2 2 1log [( cos ) sin ] tan
sin

cos
c c i

c

c
α α

α
α

 ,

[ log ( ) log ( ) tan ( / )]∵ α β α β β α+ = + + −i i
1

2

2 2 1

= + + +1

2
1 2 2 2 2 2log [ cos cos sin ]c c cα α α

    +
+









−i

c

c
tan

sin

cos

1

1

α
α

= + + +
+









 ⋅−1

2
1 2

1

2 1log ( cos ) tan
sin

cos
c c i

c

c
α

α
α

Equating real and imaginary parts, we have

C c c= + +1

2
1 2 2log ( cos ),α  which is the sum of the se ries (i) 

and  S c c= +−tan ( sin ) / ( cos ) ,1 1{ }α α  which is the sum of the se ries (ii).

Ex am ple 10: Sum the se ries

sin sin sin sin sin sin ad infα β α β α β+ + + …1

2
2 2

1

3
3 3 . .

So lu tion: We know that

sin sin ( sin sin ) [cos ( ) cos ( )],α β α β α β α β= = − − +1

2
2

1

2

sin sin [cos ( ) cos ( )],2 2
1

2
2 2α β α β α β= − − +  and so on.

∴ the given se ries may be writ ten as
1

2

1

2

1

2
2 2[cos ( ) cos ( )] [cos ( ) cos ( )]α β α β α β α β− − + + ⋅ − − +

 + … ad. inf.

= − + − + − + …1

2

1

2
2

1

3
3[ cos ( ) cos ( ) cos ( ){ α β α β α β ad. inf.}
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− + + +{cos ( ) cos ( )α β α β1

2
2  + + + …1

3
3cos ( ) ].α β ad. inf.}

Thus the given series is equal to 
1

2
 of the difference of the two series

cos ( ) cos ( ) cos ( )α β α β α β− + − + − + …1

2
2

1

3
3 ad. inf. …( )1

and cos ( ) cos ( ) cos ( )α β α β α β+ + + + + + …1

2
2

1

3
3 ad. inf. …( )2

Now to find the sum of the series (1), put

C = − + − + − + …cos ( ) cos ( ) cos ( )α β α β α β1

2
2

1

3
3 ad. inf.

so that S = − + − + − + …sin ( ) sin ( ) sin ( )α β α β α β1

2
2

1

3
3 ad. inf.

∴  C iS i i+ = − + − + − + −{ } { }cos ( ) sin ( ) cos ( ) sin ( )α β α β α β α β1

2
2 2

+ − + − + …1

3
3 3{ }cos ( ) sin ( )α β α βi ad. inf.

     = + + + …− − −e e ei i i( ) ( ) ( )α β α β α β1

2

1

3

2 3 ad. inf.

     = − − = − − − − −−log [ ] log [ cos ( ) sin ( )]( )1 1e ii α β α β α β

= − − − + −1

2
1 2 2log [ cos ( ) sin ( )]{ }α β α β

+
−

− −








−i tan
sin ( )

cos ( )

1

1

α β
α β

 

      = − − − +
−

− −





−1

2
2 2

1

1log [ cos ( )] tan
sin ( )

cos ( )
α β

α β
α β

i


     = − −





+
−

− −
−1

2
2 2

1

2 1

2 1log . sin ( ) tan
sin ( )

cos (
α β

α β
α

i
β)









     = −







+
−

− −

−
−log sin ( ) tan

sin ( )

cos (

/

4
1

2 1

2
1 2

1α β
α β

α β
i

)









     = −





+
−

− −
−log ( ) tan

sin ( )

cos ( )

1

2

1

2 1

1cosec α β
α β

α β
i 







⋅

Equating real parts on both sides, we get

    C = −log [ ( )].
1

2

1

2
cosec α β

∴ sum of the se ries (1) = −log [ ( )].
1

2

1

2
cosec α β

Now the series (2) differs from the series (1) in having − β in place of β.

∴ sum of the series (2) can be written simply by replacing  β by − β in the sum of the 

series (1).
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Hence the sum of the series (2) = +log [ ( )].
1

2

1

2
cosec α β

∴ the required sum = 1

2
 [sum of the series (1) – sum of the series (2) ]

= − − +1

2

1

2

1

2

1

2

1

2
[log ( ) log ( ) ]{ } { }cosec cosecα β α β

=
−

+

















=1

2

1

2
1

2

1

2

1

log
( )

( )

log
sincosec

cosec

α β

α β

2
1

2

( )

sin ( )

α β

α β

+

−

















⋅

Ex am ple 11: Sum the se ries

(i) c cos c cos c cos ad infα α α+ + + …1

3
3

1

5
53 5 . .

(ii) c sin c sin c sin ad infα α α+ + + …1

3
3

1

5
53 5 . .

So lu tion: Let C and S de note the sums of the two given se ries re spec tively. Then

mul ti ply ing the sec ond se ries by i, and add ing it to the first, we get

  C iS c i c i+ = + + +(cos sin ) (cos sin )α α α α1

3
3 33

+ + + …1

5
5 55c i(cos sin )α α ad. inf.

  = + + + …ce c e c ei i iα α α1

3

1

5

3 3 5 5 ad. inf.

  =
+

−












1

2

1

1
log

c e

c e

i

i

α

α
     ∵

1

2

1

1 3 5

3 5

log
+
−

= + + + … ∞










x

x
x

x x

  = + − −1

2
1

1

2
1log ( ) log ( )c e c ei iα α

 = + + − − −1

2
1

1

2
1log ( cos ) sin log ( cos ) sin{ } { }c i c c icα α α α

 = + + +
+





−1

2

1

2
1

1

2 2 2 1log ( cos ) sin tan
sin

cos
{ }c c i

c

c
α α

α
α

















− − + −
−





−1

2

1

2
1

1

2 2 2 1log ( cos ) sin tan
sin

cos
{ }c c i

c

c
α α

α
α

















 = + + − − +1

4
1 2 1 22 2[log ( cos ) log ( cos )]c c c cα α

+ ⋅
+









+
−





− −i
c

c

c

c

1

2 1 1

1 1tan
sin

cos
tan

sin

cos

α
α

α
α















⋅

Equating real and imaginary parts on both sides, we get

   C c c c c= + + − − +1

4
1 2 1 22 2[log ( cos ) log ( cos )]α α
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= + + − +1

4
1 2 1 22 2log ( cos ) / ( cos ) ,{ }c c c cα α   

which is the sum of the se ries (i)

and    S
c

c

c

c
=

+








+
−






− −1

2 1 1

1 1tan
sin

cos
tan

sin

cos

α
α

α
α













=
+ + −

−
−1

2

1 1

1

1tan
( sin ) / ( cos ) ( sin ) / ( cos ){ } { }

{

c c c cα α α α
( sin ) / ( cos ) . ( sin ) / ( cos )c c c cα α α α1 1+ −











} { }

=
− + +

− −
−1

2

1 1

1

1

2 2 2
tan

( sin ) ( cos ) ( cos )

( cos )

c c c

c c

α α α

α

{ }

sin2 α













=
−












−1

2

2

1

1

2
tan

sin
,

c

c

α
  which is sum of the se ries (ii).

Sum the following series. It may be assumed that − < <1 1c :

 1. (i) cos cos cosθ θ θ− + − …1

2
2

1

3
3 ad. inf.

(ii) sin sin sin θ θ θ− + − …1

2
2

1

3
3 ad. inf.

 2. (i) cos cos cos cos cos cosα α α α α α− + − …1

2
2

1

3
32 3 ad. inf.

(ii) cos sin cos sin cos sinα α α α α α− + −…1

2
2

1

3
32 3 ad. inf.

(iii) sin sin sin sin sin sinα α α α α α− + − …1

2
2

1

3
32 3 ad. inf.

 3. (i) c  c  ccos cos cosα α α+ + + …1

2
2

1

3
32 3 ad. inf.

(Gorakhpur 2005)

(ii) c c  csin sin sinα α α+ + + …1

2
2

1

3
32 3 ad. inf.

(Avadh 2008)

(iii) 
cos cos cosα α α

2

1

2

2

2

1

3

3

22 3
+ + + …ad. inf.

(iv) cos sin cos sin cos sinα α α α α α+ + + …1

2
2

1

3
32 3  ad. inf.

 4. cos cos cos  
π π π
3

1

2

2

3

1

3

3

3
+ + + …ad. inf.

(Kanpur 2008, 09)

 5. (i)  c c  ccos cos ( ) cos ( )α α β α β+ + + + + …1

2

1

3
22 3 ad. inf.

(ii) c c csin sin ( ) sin ( )α α β α β+ + + + + …1

2

1

3
22 3 ad. inf.,

(Gorakhpur 2005; Bundelkhand 11)
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 6. (i) c  c ccos cos ( ) cos ( )α α β α β− + + + − …1

2

1

3
22 3 ad. inf.

(ii) c c csin sin ( ) sin ( )α α β α β− + + + − …1

2

1

3
22 3 ad. inf.

 7. c c csin sin sin2 2 2 3 21

2
2

1

3
3θ θ θ− + − …ad. inf.

 8. cos cos cos cos
1

3

1

3

2

3

1

5

3

3

1

7

4

3
π π π π+ + +  + …ad. inf.

 9. (i) c c  c  cos cos cosθ θ θ− + − …1

3
3

1

5
53 5 ad. inf.

(ii) c c c  sin sin sinθ θ θ− + − …1

3
3

1

5
53 5 ad. inf.

10. cos cos cos cos cos2 3 51

3
3

1

5
5θ θ θ θ θ− + − …  ad. inf.

11. e e e  α α αβ β βcos cos cos− + − …1

3
3

1

5
53 5 ad. inf.

12. (i) cosh cosh coshθ θ θ− + − …1

2
2

1

3
3 ad. inf.,

(ii) sinh sinh sinhθ θ θ− + − …1

2
2

1

3
3 ad. inf.

13. If  θ α θ θ− = φ − φtan ( ) sin tan ( ) sin2 41

2
2

1

2

1

2
4 

    + φ − …1

3

1

2
66tan ( ) sin θ ad. inf.,

show that tan tan cos .α θ= φ (Agra 2010)

14.  Prove that

tanh tanh tanhx x x+ + + …1

3

1

5

3 5  = − + − …tan tan tan ,x x x
1

3

1

5

3 5

where x lies be tween − ( / )π 4  and + ( / ).π 4 (Meerut 2010; Kanpur 14)

15.  Prove that

sin sin sinθ θ θ+ + + …1

3

1

5

3 5 ad. inf.

= − + − …2
1

3
3

1

5
5[sin sin sin ],θ θ θ ad. inf.  where θ π≠ +( ) .2 1

1

2
n

(Kanpur 2007)

 1. (i) log log cos2
1

2
+ α (ii) 

1

2
α

 2. (i) 
1

2
1 3 2log ( cos )+ α (ii) tan

sin cos

cos

−

+
1

21

α α

α
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(iii) tan
sin

sin cos

−

+
1

2

1

α
α α

 3. (i) − − +1

2
1 2 2log ( cos )c cα (ii) tan ( sin ) / ( cos )− −1 1{ }c cα α

(iii) − −1

2

5

4
log ( cos )α (iv) 

1

2
π α− 4.0

 5. (i) − − −−sin ( ) . tan ( sin ) / ( cos )α β β β1 1{ }c c

− − − +1

2
1 2 2cos ( ) log ( cos )α β βc c

(ii) cos ( ) . tan ( sin ) / ( cos )α β β β− −−1 1{ }c c

− − − +1

2
1 2 2sin ( ) log ( cos )α β βc c

 6. (i)
1

2
1 2 2cos ( ) log ( cos )α β β− + +c c

− − +−sin ( ) . tan ( sin ) / ( cos )α β β β1 1{ }c c

(ii)
1

2
1 2 2sin ( ) log ( cos )α β β− + +c c

+ − +−cos ( ) . tan ( sin ) / ( cos ) .α β β β1 1{ }c c

 7.
1

2

1

1 2 2 2
log

( )

( cos )

+

√ + +













c

c cθ
 8. 

1

8
2 3 2 3[ log ( ) ]√ + √ − π

 9. (i) 
1

2

2

1

1

2
tan (

cos
)−

−
c

c

θ
(ii) 

1

4

1 2

1 2

2

2
log

sin

sin

+ +

− +

c c

c c

θ

θ

10. 
1

2
21 2tan ( cot )− θ 11. − −1

2

1tan cos / sinh{ }β α

12. (i) log ( cosh )2
1

2
θ (ii) 

1

2
θ

 6.7  The Difference Method

Sometimes in order to sum a series it is convenient to split each term of the series as

difference of two terms. The splitting is done in such a way that when all the terms

of the series are added together, the component terms cancel in pairs. Ultimately

we are left usually with two components, one from the first term and one from the

last term. This method is not always easy to apply, since sometimes it requires a

considerable amount of mathematical jugglery to split the nth term of the series as

the difference of two terms. It is however learnt by practice. Use of certain

trigonometric identities is sometimes helpful. If the answer is given, then the mode

of splitting can often be  found by putting n = 1 in the answer, since then it reduces

to first term of the series.

Suppose the rth term ur  of the series is expressed as

u f r f rr = + −( ) ( ).1
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Then u f f1 2 1= −( ) ( )

u f f2 3 2= −( ) ( )

…  …  …  …
u f n f nn − = − −1 1( ) ( )

u f n f nn = + −( ) ( ).1

Adding these n relations, we have

S f n fn = + −( ) ( ),1 1

where  S u u un n= + + … +1 2

      = the sum of the first n terms of the se ries.

If the given series is convergent and sum to infinity is required, we deduce it as

follows :

    S n S n f n fn∞ = → ∞ = → ∞ + −lim lim
[ ( ) ( )].1 1

Thus to find the sum upto infinity we have to first find the sum upto n terms and

then proceed to the limits as n → ∞.

The fol low ing trig o no met ric iden ti ties are of ten use ful :

(i) cosec α α α= −cot cot ,
1

2

(ii) tan cot cot ,α α α= − 2 2

(iii) tan sec tan tan ,α α α α2 2= −

(iv) sin ( sin sin ).3 1

4
3 3α α α= −

If the n th term is of the form tan ( / )−1 a b  , we put it in the form

tan tan .− −−1 1x y

Ex am ple 12: Sum the se ries

sec sec sec sec sec sec to n termsθ θ θ θ θ θ2 2 3 3 4+ + + … .

Or
1

2

1

2 3

1

3 4cos cos cos cos cos cos
to n terms

θ θ θ θ θ θ
+ + + … .

(Kanpur 2011; Avadh 12)

So lu tion: The given se ries is 

sec sec sec sec termsθ θ θ θ2 + 2 3 + ... to n

= + + + …1

2

1

2 3

1

3 4cos cos cos cos cos cosθ θ θ θ θ θ
to n terms.

The first term of the above series is [ / (cos cos )].1 2θ θ  We should try to split it up as

a difference of two terms. If T T1 2, , etc. represent the successive terms of the given

series, then
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T1
1

2

1

2
= = =









sec sec

cos cos sin

sin

cos cos
,θ θ

θ θ θ
θ

θ θ
2

mul ti ply ing the Nr. and Dr. by sin θ

  =
−







 =

−1 2

2

1 2 2

sin

sin ( )

cos cos sin

sin cos cos

θ
θ θ

θ θ θ
θ θ θ θ

θ θ
sin

cos cos 2











  = −( / sin ) [tan tan ].1 2θ θ θ
Similarly the second term

  T2
1

2 3

1
3 2= = = −sec sec

cos cos sin
[tan tan ].2 3θ θ

θ θ θ
θ θ

The third term

 T3
1

3 4

1
4 3= = = −sec sec

cos cos sin
[tan tan ].3 4θ θ

θ θ θ
θ θ

…    … …   … …   … …  …
Lastly, the nth term

T n n
n n

n = + =
+

sec sec ( )
cos cos ( )

θ θ
θ θ

1
1

1

    = + −( / sin ) [tan ( ) tan ].1 1θ θ θn n

Adding up the above n relations, we have the required sum 

   = + + + … + = + −T T T T nn1 2 3 1 1( / sin ) [tan ( ) tan ] ,θ θ θ
the other terms on the R.H.S. cancelling each other.

Aliter: By inspection the nth term of the given series is

     T n n
n n

n = + =
+

sec sec ( )
cos cos ( )

θ θ
θ θ

1
1

1

=
+











1

1sin

sin

cos cos ( )
,

θ
θ

θ θn n
 mul ti ply ing the Nr. and Dr. by sin θ

=
+ −

+










1 1

1sin

sin ( )

cos cos ( )θ
θ θ

θ θ
{ }n n

n n (Note)

=
+ − +

+
1 1 1

1sin

sin ( ) cos cos ( ) sin

cos cos ( )θ
θ θ θ θ

θ θ
n n n n

n n







 = + −( / sin ) [tan ( ) tan ].1 1θ θ θn n

Putting n n= …1 2 3, , , , , we get

T1 1 2= −( / sin ) [tan tan ],θ θ θ
T2 1 3 2= −( / sin ) [tan tan ],θ θ θ
…   …   …   …   …
T n nn − = − −1 1 1( / sin ) [tan tan ( ) ],θ θ θ
T n nn = + −( / sin ) [tan ( ) tan ].1 1θ θ θ
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Adding these we get the required sum

T T T T Tn n1 2 3 1+ + + … + +−

= + −( / sin ) [tan ( ) tan ],1 1θ θ θn  other terms cancelling each other.

Ex am ple 13:   Sum the se ries cosec cosec cosec to n termsθ θ θ+ + + …2 22 .

(Purvanchal 2011)

So lu tion: The first term

T1
1

1

2
1

2

= = =cosec θ
θ

θ

θ θsin

sin

sin . sin (Note)

=
−

=
−sin ( )

sin . sin

sin cos cos sin

sin

θ θ

θ θ

θ θ θ θ

θ

1

2
1

2

1

2

1

2
1

2
sin

cot cot .

θ
θ θ= −1

2

Sim i larly,T2 2= −cot cot ,θ θ
T3

22 2= −cot cot ,θ θ

T4
2 32 2= −cot cot ,θ θ

…   … …   …
Tn

n n= −− −cot cot .2 22 1θ θ

Add ing these, we have the re quired sum

S T T Tn n
n= + + … + = − −

1 2
11

2
2cot cot ,θ θ

other terms on the R.H.S. cancelling each other.

Ex am ple 14 : Sum the se ries

tan tan tan tan to n termsθ θ θ θ+ + + + …2 2 2 2 2 22 2 3 3 .

So lu tion: Here

  T1

2 2 2
= = = =

−
tan

sin

cos

sin

sin cos

cos cos

sin cos
θ

θ
θ

θ
θ θ

θ θ
θ θ (Note)

[ cos cos sin ]∵ 2 2 2θ θ θ= −

     = − = −
cos

sin cos

cos

sin cos

cos

sin

cos

sin

2 2 2

1

2
2

θ
θ θ

θ
θ θ

θ
θ

θ

θ
 = −cot cot .θ θ2 2

Sim i larly,   T2 2 2 2 2 2 2 2= = −tan [cot cot ( )]θ θ θ
  = −2 2 2 22[cot cot ]θ θ

  = −2 2 2 22 2cot cot ,θ θ

  T3
2 2 3 32 2 2 2= −cot cot ,θ θ

    …  …  … …  …
   Tn

n n n n= −− −2 2 2 21 1cot cot .θ θ
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Adding these, we have the required sum

    = −cot cot ,θ θ2 2n n  

the other terms on the R.H.S. cancelling one an other.

Ex am ple 15: Sum the se ries

sin sin to n terms3 3

2

2 3

33
3

3
3

3

θ θ θ+ + + …sin

and also sum to in fin ity.

So lu tion: We know that sin sin sin3 3 4 3θ θ θ= −  giv ing

sin ( sin sin ).3 1

4
3 3θ θ θ= −

…( )1

Now the first term of the given series

T1
3 1

3

1

4
3

1

3
3

1

3
= = −sin [ sin sin . ]θ θ θ

[Putt ing 
1

3
θ for θ in (1)]

  = −1

4
3

1

3
[ sin sin ].θ θ

Sim i larly,   T2
3 2 2 23 3 3

1

4
3 3 3 3= = ⋅ −sin ( / ) [ sin ( / ) sin .( / )]θ θ θ

[Putt ing ( / )θ 32  for θ in (1)]

  = −1

4
3 3 3 32 2[ sin ( / ) sin ( / )],θ θ

    T3
2 3 3 3 3 2 23 3

1

4
3 3 3 3= = −sin ( / ) [ sin ( / ) sin ( / )],θ θ θ

… … …     …  …

  Tn
n n n n= − − −1

4
3 3 3 31 1[ sin ( / ) sin ( / )].θ θ

Adding up these n relations, we have

T T T Tn
n n

1 2 3
1

4
3 3+ + + … + = −[ sin ( / ) sin ].θ θ

Thus the required sum upto n terms

Sn
n n= −1

4
3 3[ sin ( / ) sin ].θ θ

The sum to infinity S∞  is given by

S S
n

n
n

n
n∞

→ ∞ → ∞
= = −





lim lim sin sin
1

4
3

3

θ θ

   = ⋅
→ ∞

⋅ −












1

4

3

3

lim sin ( / )

( / )
sin

n

n

n
θ

θ
θ

θ
(Note)

Let ( / ) ,θ 3n h=  then as n h→ ∞ →, .0
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∴     S
h

h

h
∞ =

→
⋅ −





1

4 0

lim sin
sinθ θ  = −1

4
[ sin ].θ θ

∵
lim

(sin / )
h

h h
→

=







0

1

Ex am ple 16: Sum the se ries

tan tan tan tanα α β α β α β( ) ( ) ( )+ + + + 2

+ + + + …tan tan to n terms( ) ( ) .α β α β2 3

So lu tion: We have

tan tan [( ) ]
tan ( ) tan

tan ( ) . tan
β α β α

α β α
α β α

= + − =
+ −

+ +1

or tan [ tan ( ) tan ] tan ( ) tanβ α β α α β α1 + + = + −
or 1 + + = + −tan ( ) tan cot [tan ( ) tan ]α β α β α β α
or tan ( ) tan cot [tan ( ) tan ] .α β α β α β α+ = + − − 1 …( )1

∴ first term of the given se ries i e. .,

T1 1= + − −cot [tan ( ) tan ] .β α β α
Sim i larly, T2 2 1= + − + −cot [tan ( ) tan ( )] ,β α β α β  

putt ing ( )α β+  for α in (1)

T3 3 2 1= + − + −cot [tan ( ) tan ( )] ,β α β α β
… … … …
T n nn = + − + − −cot [tan ( ) tan ( ) ] .β α β α β{ }1 1

Adding the above n relations, we have

the required sum = + − −cot [tan ( ) tan ] ,β α β αn n

the other terms on the R.H.S. cancelling one an other.

Ex am ple 17:  Sum the se ries

tan tan tan tan to n terms− − − −+ + + + …1 1 1 11

3

1

7

1

13

1

21
.

(Meerut 2005B, 09B; Kanpur 10; Kashi 11; Avadh 13; Purvanchal 14)

So lu tion: The given se ries may be writ ten as

tan
.

tan
.

tan
.

− − −

+
+

+
+

+
+ …1 1 11

1 1 2

1

1 2 3

1

1 3 4
 +

+ +
⋅−tan

( )

1 1

1 1n n

We have

Tn = the nth term of the se ries

   =
+ +

=
+ −

+ +
− −tan

( )
tan

( )

( )

1 11

1 1

1

1 1n n

n n

n n

   = + −− −tan ( ) tan .1 11n n 

   [ tan tan tan ( ) / ( ) ]∵ − − −− = − +1 1 1 1x y x y xy{ }
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Putting n n= …1 2 3, , , , , we have

T1
1 12 1= −− −tan tan ,

T2
1 13 2= −− −tan tan ,

T3
1 14 3= −− −tan tan ,

…  …  …  …   … …
…  …  …  …   … …
T n nn = + −− −tan ( ) tan .1 11

Adding the above n relations , we have

the re quired sum S T T Tn n= + + … +1 2  = + −− −tan ( ) tan ,1 11 1n

the other terms on the R.H.S. cancelling one an other.

Sum the following series:

 1. (i) sec sec ( ) sec ( ) sec ( )θ θ θ θ+ φ + + φ + φ2

+ + φ + φ + …sec ( ) sec ( )θ θ2 3 to terms.n

(ii) 
1

3

1

5

1

7cos cos cos cos cos cosθ θ θ θ θ θ+
+

+
+

+
+ …to terms.n

(Gorakhpur 2007)

(iii) cosec cosec cosec cosec cosec cosecθ θ θ θ θ θ2 2 3 3 4+ +  + … to  terms.n
(Purvanchal 2007)

(iv)
1

3

1

5

1

7cos cos cos cos cos cos
.

θ θ θ θ θ θ−
+

−
+

−
+ …

 
nto  terms

 2. (i) 
sin

sin sin

sin

sin sin

sin

sin sin

θ
θ θ

θ
θ θ

θ
θ θ2 3 3 4 4 5

+ + + … to n terms.

(ii)
sin

cos cos

sin

cos cos

sin

cos cos

θ
θ θ

θ
θ θ

θ
θ θ+

+
+

+
+

+ …
2

2

4

3

6
to  terms.n

 3. (i) cos cos cos cos cos cos
θ θ θ θ θ θ
2

2
2 2

2
2 2 22

2

2 3
+ + + …  n to terms.

(ii) tan sec tan sec tan sec     
θ θ θ θ θ θ
2 2 2 2 22 3 2

+ + + … to n terms
(Garhwal 2000)

 4.  sin sec sin sec sin . sec      nθ θ θ θ θ θ3 3 3 3 32 2 3+ + + … to  terms.

 5. (i) 2 2 2 4 4 4 8 8 8 cosec  cosec  cosecθ θ θ θ θ θcot cot cot+ +  + … to  terms.n

  (ii) sin cos sin cos sin cos2
1

2
4 2

1

4
8 42 2 2θ θ θ θ θ θ− + − …   nto  terms.

 6. tan tan tan tanθ θ θ θ+ + + + …1

2 2

1

2 2

1

2 22 2 3 3
 ad. inf.

(Meerut 2004B; Avadh 07, 10)
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 7. tanh tanh tanhθ θ θ+ + + …1

2 2

1

2 22 2
  nto  terms.

 8. tan tan tan tan ( / ) tan tan2 2 2 22
1

2
2 4 1 2 4 8θ θ θ θ θ θ+ +   + … to  terms.n

(Avadh 2008)

 9. cot cot cot cot cot ( ) cot ( ) .2 3 3 4 1 2α α α α α α n n+ + … + + +

10. tan tan tan tan− − − −
−

−
+ + + … +

+
+ …1 1 1 1

1

2 1

1

3

2

9

4

33

2

1 2
  

n

n
ad. inf.

(Purvanchal 2007)

11. tan tan
.

tan
.

− − −+
+

+
+

+ …1 1

2

1

21 1 2 1 2 3
x

x

x

x

x
nto  terms.

(Avadh 2009)

12. tan tan tan− − −

+
+

+
+

+
1 1 14

1

6

1

8

13.4 8.9 15.16
 + … + to  terms.n

(Meerut 2010; 13)

13. (i) tan tan tan− − −

+ +
+

+ +
+

+ +
1

2

1

2

1

2

1

1 1 1

1

1 2 2

1

1 3 3
 + … + to  terms.n

(Meerut 2008; 13B)

(ii) Evaluate Σ
n

n n
=

∞ − + +
1

1 21cot ( ).

14. tan tan tan tan− − − −+ + + … +
+

⋅1 1 1 1

2

4

7

4

19

4

39

4

4 3
  

n

15. tan tan tan tan tan tan ( )α α α α α α2 2 3 3 4 1+ + + … −   nto terms.

(Meerut 2006)

16. tan
.

tan
.

tan
.

tan− − − −+ + + … + ⋅1

2

1

2

1

2

1

2

1

2 1

1

2 2

1

2 3

1

2
 

n

De duce its sum to in fin ity. (Rohilkhand 2008)

17. cot cot cot− − −+



 + +





+ +


1 2 1 3

2

1 4

3
2

1

2
2

1

2
2

1

2
 




+ …ad. inf.

(Gorakhpur 2005)

 1. (i)  ( / sin ) [tan ( ) tan ]1 φ + φ −θ θn  (ii) 
1

2
1cosec θ θ θ{ }tan ( ) tann + −

(iii)  ( / sin ) [cot cot ( ) ]1 1θ θ θ− +n  (iv) 
1

2
[cot – cot ( + 1) ]cosec θ θ θn

 2. (i)   cot cot ( )2 2θ θ− +n

(ii)  ( / sin ) [sec sec ]1 4
1

2
θ θ θ1

2
(2 + 1)

1

2
n −
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 3. (i) 
sin

cot cot
n

n

θ θ θ
2 2 21+

−





(ii)  tan θ

 5. (i) cosec cosec2 22 2θ θ− n n (ii)  
1

2
2 1 1 2 21 1 1sin ( ) ( / ) sinθ θ+ − − + +n n n

 6.
1

2 2
θ

θ− cot  7. [ coth ( / ) coth ( / )]2 2 1 2 21 1θ θ− − −n n

 8. ( / ) tan tan1 2 2 21n n− −θ θ  9. cot [cot cot ( ) ]α α α2 2− + −n n

10.
1

4
π 11. tan−1 nx

12. tan ( ) ( ) tan− −+ + −1 11 2 2n n

13. (i) tan / ( )− +1 2{ }n n (ii) 
1

4
π

14. tan−

+
1 4

2 5

n

n
15. cot tan .α αn n−

16. tan ( ) tan ( )− −+ − −1 12 1 2 1n n ; 
1

4
π 17. cot −1 2

 6.8  Angles in Arithmetical Progression

(a) To find the sum of the sines of a series of angles, the angles being in arithmetical

progression.

Let α α β α β α β, , , , ( )+ + … + −2 1{ }n  be n angles in arithmetical progression, the

common difference of the angles being β.

Then the series of sines of above angles will be

sin sin ( ) sin ( ) sin ( ) .α α β α β α β+ + + + + … + + −2 1{ }n

Suppose Sn denotes the sum of the above series, so that

Sn = + + + +sin sin ( ) sin ( )α α β α β2  + … + + −sin ( ) .{ }α βn 1 …(1)

The common difference of angles is β.

Multiplying both sides of (1) by 2 sin ,
1

2
β  we have

2
1

2
2

1

2
2

1

2
sin . sin sin sin ( ) . sinβ α β α β βSn = + + + …

… + + −2 1
1

2
sin ( ) sin .{ }α β βn

Now applying the trigonometric formula

2 sin sin cos ( ) cos ( )A B A B A B= − − +
to each term on the right hand side , we have

2
1

2

1

2

1

2
sin . cos ( ) cos ( )β α β α βSn = − − +  

+ + − +cos ( ) cos ( )α β α β1

2

3

2
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+ + − +cos ( ) cos ( )α β α β3

2

5

2

+ …    …  …
+ …    …  …

+ + − − + −cos ( ) cos ( ){ } { }α β α βn n
3

2

1

2

= − − + −cos ( ) cos ( ) ,α β α β1

2

1

2
{ }n  

the other terms on the right
hand side cancelling one an other.

= + −2
1

2
1

1

2
sin ( ) sin .{ }α β βn n

Therefore

S

n n

n =
+ +








sin ( ) sin

sin

α β β

β

1

2
1

1

2
1

2

…( )2  (Re mem ber)

The sum of the sine series obtained above may be remembered in the following

form :

sin sin ( ) sin ( ) sin { ( ) }α α β α β α β+ + + + + + + −2 1… n

= 





×




sin

sin
first angle  + last angle

diff.

2

2
n 





sin

diff.

2

Particular Cases: I. If β α= , then the expression denoting the sum of the sine

series (1) becomes

S nn = + + + … +sin sin sin sinα α α α2 3

   = +



sin

sin

sin

,
n

n
1

2

1

2
1

2

α
α

α
 from (2),

II. If we put β π= 2 / ,n then since 

sin sin
1

2
0nβ π= =  and sin ,

1

2
0β ≠

we have sin sin sinα α π α π+ +



 + +



 + …2 4

n n
nto terms = 0.

In gen eral if β π= p n. ( / ),2  where p is any in te ger, even then

sin sin sin .
n n p

n
p

β π
π

2

2

2
0= 





= =

Also if p is not divisible by n, then sin .
1

2
0β ≠
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Therefore the sum of sines of n angles, which are in arithmetic progression, vanishes if the
common difference of the angles is p n( / ),2π  where p is any integer not divisible by n.

(b) To find the sum of the cosines of a series of angles, the angles being in arithmetical

progression.

Let n angles in arithmetical progression be

α α β α β α β, ( ), ( ), , ( ) .+ + … + −2 1{ }n

Let Sn denote the sum of the series of cosines of above angles, so that

Sn = + + + +cos cos ( ) cos ( )α α β α β2  + … + + −cos ( ) .{ }α βn 1

  …( )3

Multiplying both sides by 2
1

2
sin ,β  we get

  2
1

2
2

1

2
2

1

2
sin . cos sin cos ( ) sinβ α β α β βSn = + +  

  + + + …… + + −2 2
1

2
2 1

1

2
cos ( ) sin cos ( ) sin .α β β α β β{ }n

Now applying the trigonometric relation

    2 cos sin sin ( ) sin ( )A B A B A B= + − −
to each term on the right hand side, we have

    2
1

2

1

2

1

2
sin . sin ( ) sin ( )β α β α βSn = + − −

+ + − +sin ( ) sin ( )α β α β3

2

1

2

+ + − +sin ( ) sin ( )α β α β5

2

3

2

+    …    …     …
+     …    …     …

+ + − − + −sin ( ) sin ( ){ } { }α β α βn n
1

2

3

2

  = + − − −sin ( ) sin ( ),{ }α β α βn
1

2

1

2
   the other terms on the

right hand side cancelling one an other

    = + −2
1

2
1

1

2
cos ( ) sin .{ }α β βn n

There fore  S

n n

n =
+ −








cos ( ) sin

sin

α β β

β

1

2
1

1

2
1

2

…( )4   (Re mem ber)

Particular Cases: I. If β α= , then the expression denoting the sum of the cosine

series (3) becomes

S nn = + + + … +cos cos cos cosα α α α2 3
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   =
+





cos
sin

sin

,
n

n
1

2

1

2
1

2

α
α

α
 from (4).

II. If  β π= 2 / ,n then since   sin sin
1

2
0nβ π= =  and sin ,

1

2
0β ≠

we have     cos cos cosα α π α π+ +



 + +



 + …2 4

n n
to terms = 0.n

In general if  β π= p n( / ),2  where p is any integer not divisible by n, even then the

sum of the above cosine series is zero.

Ex am ple 18: Sum the se ries

(i) sin sin sin to n termsα α α+ + + … +3 5 ;

(ii) cos cos cos to n termsα α α+ + + …3 5 .

(iii) Prove that

tan n
sin sin sin to n terms

cos cos cos
α

α α α
α α α

=
+ + + …
+ + + …

3 5

3 5 to n terms
⋅

So lu tion: (i) Let Sn de note the sum of the given se ries (i) ; then

S nn = + + + …sin sin sinα α α3 5 to terms. …( )1

In the above series (1) the angles α α α, , ,3 5 … are in arithmetical progression.

The common difference of angles is ( )3 2α α α− = . Here we shall multiply both

sides of (1) by

2
1

2
2sin ( ) . .,α i e  by 2 sin .α

∴ mul ti ply ing both the sides of (1) by 2 sin ,α  we have

Sn . sin sin sin sin sin sin sin2 2 2 3 2 5α α α α α α α= + + + …
+ −2 2 1sin ( ) sin .{ }n α α   …( )2

Now ap ply ing the for mula

2 sin sin cos ( ) cos ( )A B A B A B= − − +
to each term on the R.H.S. of (2), we have

the first term = − − + = −cos ( ) cos ( ) cos cos ,α α α α α0 2

the sec ond term = − − + = −cos ( ) cos ( ) cos cos ,3 3 2 4α α α α α α
the third term = − − + = −cos ( ) cos ( ) cos cos ,5 5 4 6α α α α α α
 … … … … …
the nth term = − − − − +cos [ ( ) ] cos [ ( ) ]{ } {2 1 2 1n nα α α α  

     = − −cos ( ) cos .2 2 2n nα α
Adding up the above n rows , we have the sum of the n terms on the R.H.S. of (2)

     = − = −cos cos cos ,0 2 1 2n nα α
 the other terms cancelling one an other.
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Hence from (2), we have

S n nn . sin cos sin .2 1 2 2 2α α α= − =

∴ S nn = sin / sin .2 α α

Thus the required sum of the series (i) is equal to

sin / sin .2 nα α

(ii) Let Sn de note the sum of the given se ries (ii) ; then

S nn = + + + … + −cos cos cos cos ( ) .α α α α3 5 2 1 …(3)

The angles in the above series are in A.P. with common difference 

( ) .3 2α α α− =

∴ multiplying both sides of (3) by 2
1

2
2sin ( )α  i e. ., by 2 sin ,α  we have

2 2 2 3 2 5sin . sin cos sin cos sin cosα α α α α α αSn = + + + …
+ −2 2 1sin cos ( ) .α αn

Now using the formula

2 cos sin sin ( ) sin ( )A B A B A B= + − −
term by term on the right hand side of (3), we have

the first term = + − − = −sin ( ) sin ( ) sin sin ,α α α α α2 0

the sec ond term = + − − = −sin ( ) sin ( ) sin sin ,3 3 4 2α α α α α α
the third term = + − − = −sin ( ) sin ( ) sin sin ,5 5 6 4α α α α α α

 … … … …  …
the nth term = − + − − −sin ( ) sin ( ){ } { }2 1 2 1n nα α α α  

     = − −sin sin ( ) .2 2 2n nα α
Adding up the above n rows , the sum of the n terms on the R.H.S. of (3)

= − =sin sin sin ,2 0 2n nα α  the other terms cancelling one an other.

Hence from (3), we have

2 2sin . sinα αS nn =
or S nn = (sin ) / sin .2 2α α
Thus the required sum of the series (ii) is equal to

(sin ) / ( sin ).2 2nα α
(iii) We have

sin sin sin

cos cos cos

α α α
α α α

+ + + …
+ + + …

3 5

3 5

to terms

to ter

n

n ms

=
(sin ) / (sin )

(sin ) / ( sin )
,

2

2 2

n

n

α α
α α

 from the so lu tions of parts (i) and (ii)

   (prove here)

= = =
2

2

2

2

2 2sin

sin

sin

sin cos

sin

cos

n

n

n

n n

n

n

α
α

α
α α

α
α

 = tan .nα
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Remark: The above question can also be done by direct application of the
formulae derived in article 6.8 as shown below.

We know that

sin sin ( ) sin ( )α α β α β+ + + + + …2 upto termsn

 = + − ⋅sin ( )
sin

sin

{ }α β
β

β

1

2
1

1

2
1

2

n
n

Here β α α α= − =3 2 .

∴ sin sin sinα α α+ + + …3 5 upto termsn

= + −sin ( )
sin ( )

sin ( )

{ }
{ }

{ }
α α

α

α

1

2
1 2

1

2
2

1

2
2

n
n

 

= = ⋅sin
sin

sin

sin

sin
n

n n
α

α
α

α
α

2

Similarly we may find the sum of the cosine series.

Ex am ple 19: If  β be the ex te rior an gle of a reg u lar poly gon of n sides and α is any con stant,

prove that

(i) Σ
r

n

sin r
=

−
+ =

0

1

0( ) ,α β (ii)  Σ
r

n

cos r
=

−
+ =

0

1

0( ) .α β

So lu tion: We know that the sum of all the ex te rior an gles of a poly gon is equal to 

2π. Here the poly gon is a reg u lar one of n sides. There fore the sum of the n equal

ex te rior an gles = 2π i e. ., each ex te rior an gle is equal to ( / ) . ., ( / ).2 2π β πn i e n=
(i) By putting r n= … −0 1 2 1, , , , ( ), we find that the series in (i) is

sin sin ( ) sin ( )α α β α β+ + + + + …2 to n terms.

By ar ti cle 6.8 (a),  we have

sin sin ( ) sin ( )α α β α β+ + + + + …2 to n terms

= + −







sin

sin

sin ( )

1

2
1

2

1

2
1

n
n

β

β
α β

=
+ −sin . ( / ) sin ( ) ( / )

sin ( / )

{ } { }
1

2
2

1

2
1 2

1

2
2

n n n n

n

π α π

π
∵ β π=





2

n

=
+ −

=
sin . sin ( ) /

sin ( / )
.

π α π
π

{ }n n

n

1
0     
  [ sin and sin ( / ) ]∵ π π= ≠0 0n

(ii) Putting r n= … −0 1 2 1, , , , ( ), we find that the series given in (ii) is

cos cos ( ) cos ( ) .α α β α β+ + + + + …2 to termsn
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By ar ti cle 6.8 (b), we have

cos cos ( ) cos ( )α α β α β+ + + + + …2 to termsn

= + −







sin

sin

cos ( )

1

2
1

2

1

2
1

n
n

β

β
α β

=
+ −sin . cos ( ) ( / )

sin ( / )

π α π

π

{ }
1

2
1 2n n

n
∵ β π=





2

n

= 0.      [ sin and sin ( / ) ]∵ π π= ≠0 0n

Ex am ple 20: Find the sum to n terms of the se ries

(i) sin sin
n

sin
n

4 4 42 4α α π α π+ +



 + +



 + …

(ii) cos cos
n

cos
n

4 4 42 4α α π α π+ +



 + +



 + …

So lu tion: (i) We know that sin [ cos ].2 1

2
1 2α α= −

∴ sin [sin ] [ cos ]4 2 2 21

4
1 2α α α= = −  = + −1

4
1 2 2 22[ cos cos ]α α

 = ⋅ + −1

4

1

2
2 2 2 4 22[ cos cos ]α α

  = + + −1

8
2 1 4 4 2[ ( cos ) cos ]α α

   = − +1

8
4 4 2 3[cos cos ].α α …( )1

Sim i larly sin cos cos4 2 1

8
4

8
4 2

4α π α π α π+



 = +



 − +



n n n

+





3 ,

re plac ing α by α π+ ( / )2 n  in (1)

sin cos cos4 4 1

8
4

16
4 2

8α π α π α π+



 = +



 − +



n n n
 +





3 ,

and so on upto n terms.

Add ing the above n re la tions, we have

sin sin sin4 4 42 4α α π α π+ +



 + +



 + …

n n
to n terms

= + +



 + …











1

8
4 4

8
cos ( ) cosα α π

n
nto terms

− + +



 + …








4 2 2
4

cos cosα α π
n

nto terms  + + + …3 1 1( to termsn ) ⋅



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In the first series on the R.H.S. the common difference of the angles is 8π / n and in

the second series it is 4π / n and each of them is a multiple of 2π / n. Therefore the

sum of each of these two series vanishes.

Hence the required sum of the given series = − + =1

8
0 0 3

3

8
[ ] .n n

(ii) The given se ries is

cos cos cos4 4 42 4α α π α π+ +



 + +



 + …

n n
to n terms.

We know that cos [ cos ].2 1

2
1 2α α= +

∴ cos [ cos ]4 21

4
1 2α α= +  = + +1

4
1 2 2 22[ cos cos ]α α

      = + + = + + +1

8
2 2 2 4 2

1

8
2 1 4 4 22[ cos cos ] [ ( cos ) cosα α α α]

      = + + = + +1

8
3 4 4 2

1

8
4 4 2 3[ cos cos ] [cos cos ].α α α α

Now proceeding exactly as in part (i) we find that the required sum of the given

series

  = + + =1

8
0 4 0 3

3

8
[ . ] .n

n

 1. Find the sum of n terms of the se ries

(i) sin sin ( ) sin ( )α α β α β− + + + − …2

(ii) cos cos ( ) cos ( )α α β α β− + + + − …2

 2. Sum the se ries sin sin sin sin .α α α α− + − + …2 3 4 to termsn

 3. Sum the se ries cos sin cos sinα α α α− − + + … n2 3 4 to terms.

 4. Sum the se ries cos cos cos
π π π

2 1

3

2 1

5

2 1n n
 

n
n

+
+

+
+

+
+ … to terms.

 5. Find the sum of the se ries sin sin sin sinα α α α+ + + … +2 3 n

and hence de duce the sum of the se ries 1 2 3+ + + … + n.

 6. Find the sum of the se ries

(i) sin sin ( ) sin ( )2 2 2 2α α β α β+ + + + + … nto terms

(ii) cos cos ( ) cos ( )2 2 2 2α α β α β+ + + + + … nto terms.
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 1. (i) sin ( ) ( ) sin ( ){ } secα π β π β β+ − + +1

2
1

1

2

1

2
n n

(ii) cos ( ) ( ) sin ( ){ }α π β π β β+ − + +1

2
1

1

2

1

2
n n sec

 2. sin ( ) ( ) sin ( ){ }α π α π α α+ − + +1

2
1

1

2

1

2
n n sec

 3.
sin ( ) ( ) sin ( )

sin . ( )

{ } { }

{ }

1

2
1

1

2

1

2

1

2
1

2

1

2

n n+ + +

+
⋅

π α π α

π α

 4.
1

2
5.  

1

2
1n n( )+

 6. (i) 
1

2

1

2

2 1
n

n n
−

+ −











cos ( ) sin

sin

{ }α β β

β

(ii) 
n n n

2

1

2

2 1
+

+ −











cos ( ) sin

sin

{ }α β β

β

Multiple Choice Questions.

Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

 1. If | | ,c < 1 then the sum of the infinite series

ce c e c ei i iβ β β+ + + …… ∞1

2

1

3

2 2 3 3  is

(a) log ( )1 + ce iβ (b) log ( )1 − ce iβ

(c) − −log ( )1 ce iβ (d) − +log ( ).1 ce iβ

 2. If tan tan ( ) tan ,− − −= + −1

2

1 11

2
2 1

n
n y  then the value of y is

(a) 2 1n − (b) n − 1

(c) n + 1 (d) 2n.
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Fill In The Blanks

Fill in the blanks “……” so that the following statements are complete and correct.

 1. In C iS+  method, if C c c= + + + + + …… ∞cos cos ( )
!

cos ( ) ,α α β α β1

2
22

then S = …… .

 2. If C iS e ei
+ = − −1

θ
, then S = …… .

 3. The sum of the in fi nite se ries e e ei i iθ θ θ+
φ

+
φ

+ … ∞+φ + φcos

!

cos

!

( ) ( )

1 2

2
2

 is …… .

 4. If C iS e ei
+ = −cos ,θ θ

1 then C = …… .

 5. If | | ,c < 1 then the sum of the in fi nite se ries

ce c e c ei i iα α α− + − … ∞1

2

1

3

2 2 3 3  

is …… .

 6. If | | ,z < 1 then the sum of the  infinite series z
z z+ + + …… ∞

3 5

3 5
 is … .

 7. If C iS c ic+ = +−tan ( cos sin ),1 θ θ  then C = …… .

 8.
1

2

1
2

cos cos sin
[tan ].

θ θ θ
θ= − ……

 9. cosec θ θ= − ……cot .
2

10. tan
( )

tan ( ) .− −

+ +
= + − ……1 11

1 1
1

n n
n

True or False

Write ‘T’ for true and ‘F’ for false statement.

 1. If C iS e ei ei
+ = φ φθ [ ],cos  then C e= + φ φφcos . sin ( cos sin ).

2
θ

 2. If C iS e ei
+ = sec α α. , then C e= . cos (tan ).α

 3. sec sec ( )
sin

[tan ( ) tan ].θ θ θ θ+ φ =
φ

+ φ −1

 4. tan cot cot .θ θ θ= − 2 2

 5. tan
( )

tan ( ) tan ( ).− − −

+
= + − +1

2

1 12

1
2 1

n
n n

 6. The sum of the series sec θ θ θ θ θ θsec sec sec sec sec2 2 3 3 4+ + + …… to n

terms is

1
1

sin
[tan ( ) tan ].

θ
θn + −
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Multiple Choice Questions
 1. (c) 2. (a)

Fill in the Blanks

 1. sin sin ( )
!

sin ( )α α β α β+ + + + + …… ∞c c
1

2
22

 2. e− cos sin (sin )θ θ 3. e ei eiθ [ ]cos φ φ

 4. ecos cos (cos sin )
2

1θ θ θ −    5. log ( )1 + ce iα

 6.
1

2

1

1
log

+
−

z

z
   7. 

1

2

2

1

1

2
tan

cos−

+











c

c

θ

  8. tan θ  9.  cot θ
10. tan−1 n

True or False
 1. F 2. T 3. T 4. T 5. F

 6. T

¨
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