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Preface

This book on TRIGONOMETRY has been specially written according to the
latest Unified Syllabus to meet the requirements of the B.A. and B.Sc. Part-I
Students of all Universities in Uttar Pradesh.

The subject matter has been discussed in such a simple way that the students will
find no difficulty to understand it. The proofs of various theorems and examples have
been given with minute details. Each chapter of this book contains complete theory
and a fairly large number of solved examples. Sufficient problems have also been
selected from various university examination papers. At the end of each chapter an
exercise containing objective questions has been given.

We have tried our best to keep the book free from misprints. The authors shall be
grateful to the readers who point out errors and omissions which, inspite of all care,
might have been there.

The authors, in general, hope that the present book will be warmly received by
the students and teachers. We shall indeed be very thankful to our colleagues for
their recommending this book to their students.

The authors wish to express their thanks to Mr. S.K. Rastogi, Managing Director,
Mr. Sugam Rastogi, Executive Director, Mrs. Kanupriya Rastogi Director and entire
team of KRISHNA Prakashan Media (P) Ltd., Meerut for bringing out this book
in the present nice form.

The authors will feel amply rewarded if the book serves the purpose for which it is
meant. Suggestions for the improvement of the book are always welcome.

Preface to the Revised Edition

The authors feel great pleasure in presenting the thoroughly revised edition of the
book TRIGONOMETRY and wish to record thanks to the teachers and students for
their warm reception to the previous edition.

The present edition has been specially designed, made up-to-date and well
organised in a systematic order according to the latest syllabus.

The authors have always endeavoured to keep the text update in the best interests
of the students community- a gesture which the authors hope would be appreciated by
the students and teachers alike.

Suggestions for the improvement of the book will be thankfully received.

June, 2014 — Authors



Syllabus
Algebra & Trigonometry

U.P. UNIFIED (w.e.f. 2011-12)

B.A./B.Sc. Paper-1 M.M. : 33 / 65

Algebra

Unit-1: Sequence and its convergence (basic idea), Convergence of infinite series,
Comparison test, ratio test, root test, Raabe’s test, Logarithmic ratio test,
Cauchy’s condensation test, DeMorgan and Bertrand test and higher logarithmic
ratio test. Alternating series, Leibnitz test, Absolute and conditional convergence,

Congruence modulo m relation, Equivalence relations and partitions.

Unit-2: Definition of a group with examples and simple properties, Permutation
groups, Subgroups, Centre and normalizer, Cyclic groups, Coset decomposition,
Lagrange’s theorem and its consequences.

Unit-3: Homomorphism and Isomorphism. Cayley’s theorem, Normal
subgroups, Quotient group, Fundamental theorem of homomorphism,

Conjugacy irelation, Class equation, Direct product.

Unit-4: Introduction to rings, subrings, integral domains and fields,

Characteristic of a ring, Homomorphism of rings, Ideals, Quotient rings.

Trigonometry

Unit-5: Complex functions and separation into real and imaginary parts,
Exponential, Direct and inverse trigonometric and hyperbolic functions,

Logarithmic functions, Gregory’s series, Summation of series.
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Complex Numbers

11 Inverse Circular Functions

Definitions: The equation sin 8 = x means that 6 is the angle whose sine is x. To

express@explicitly in terms of x,a convenient notation ‘sin~' x’ (read as sine inversex)

is introduced. Thus 8 = sin~!

¢ -1 ) . . -1
cos™ x" expresses an angle whose cosine is x, tan™" x denotes an angle whose

xmeans that 0 is the angle whose sine is x. Similarly

tangent is x, and so on.

1x, cos”! X, tan"!xetc., are called Inverse Circular Functions.

The quantities sin~
Sometimes sin~! x is written as ‘arc sine x’ with similar notations for other inverse
functions.

Note: sin™'x should not be confused with (sin x)™! as

(sin x)™' = 1/sin x.
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12 General and Principal Values of Inverse

Circular Functions

Consider the equation = sin"'x,where —1< x < LIn the set of real numbers, there

are infinite values of © which satisfy this equation. All these values of 6 taken
together form what we call the general value of sin~'x. Among the values of ©

satisfying the equation 6 = sin™' x,the value which is numerically the smallest one

is called the principal value of sin™" x. If8is the principal value of sin~' x,obviously we

must have — % n<o< % w.If xis O, the principal value ofsin~ xis 0; if xis negative,
the principal value of sin™'x lies between — % n and O; and if x is positive, the
principal value of sin'x lies between 0 and % n. Thus the principal value of
sin™! (1/V2)is i n, while the principal value of sin™! (=1/V2)is — i .

If0is the principal value of sin™! x, then all the angles given by nm + (-1)" 8,wheren

is any integer, have their sines equal to x. We call nm + (—=1)" 6 as the general value
ofsin™! xand denote it by Sin~lx. Generally if the first letter of an inverse circular

function is small, we consider the principal value, while if the first letter is capital, it
means the general value.

11

For example, sin™" — = 1 n, while Sin~! 1_ nw + (-1)" 1 T,
2 6 2 6

where 7 is any integer.

Thus the inverse sine of x is a many-valued function. Its principal value is denoted
by sin~!x and its general value is denoted by Sin~!x. Also we have

Sin~lx = nm + (=1)" sin"'x,

where 7 is any integer, positive or negative or zero.

Similarly we may define the concepts of the principal and general values of the
other inverse circular functions. The relations between the general and principal

values of various inverse circular functions are as follows :

Ix, Cosec™'x=nn+(-1)" cosec 'x

Cos 'x = 2nn icos_lx, Sec_1x=2nnisec_1x,

Tan 'x = nx + tan'x, Cot 'x = nn + cot 'z,

Sin'x = nm + (- )" sin”

where 7 is any integer, positive or negative or zero.

The principal value of any inverse circular function is the smallest numerical value
of that inverse circular function. It may be positive or negative. In case there are
two values, one positive and the other negative, which are numerically equal and
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smallest, the principal value is taken as the positive one. For example, the principal

value of cos_lé is % m,as out of the two numerically smallest Values% n and - 3 T
of cos™! % , the value é T is positive.

It is to be noted that by the value of an inverse circular function we usually mean
its principal value unless the contrary is stated. If x is positive, the principal values

- _ _ _ _ _ . 1
of sin lx, cosec Ix, cos lx, sec lx, tan~!xand cot ! xall lie between 0 .'gund5 1. But

if x is negative, the principal values of sin"'x, cosec™'x, tan~'x and cot'x lie

between — % n and 0, while those of cos ' x and sec”!x lie between % 1t and T.

Thus the principal values of sin™'x and tan™'x (and therefore of cosec™'x and

cot 'x) lie between —% b and% , while those of cos ™! x and sec ™! x lie between 0

and .

1.5 Relations between Inverse Functions

(a) Principle of reciprocity: We have
sin™! x=cosec™! (1 /x);cos™! x=sec™! (1/x);and tan™! x=cot 7 (1/x).
(b) From the definition of an inverse circular function, it is clear that
6 = sin! (sin ®) and x = sin (sin"'x).

Similarly 6 = cos ! (cos 6) and x = cos (cos !

X),
6 = tan~! (tan 6) and x = tan (tan"'x), etc.

sinTlx = cos ' V(1= x?)=tan™ {x/V(1 - x?)}

V(- x?
cos tx =sinTIN(1- x2)= tan! w etc.,
x
and tan"'x = sin”! {/ VA + x2)} = cos™! {17V + x?)} ete.
(¢) We have,
(i) sin~!(-x) = —sin"lx; (i) cos™'(=x) =1 — coslx;
and (iii) tan~!' (=x) = — tan"'x.

14 Some Important Results about Inverse Functions

(a) Complementary inverse functions: We have
(i) sin"'x+costx=m/2; (i) tan'x+cot lx=m/2;

1

(iii) sec™'x +coseclx=m /2.
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(b) Important formulae: We have,
(i) tanlx+ tan_ly = tan" ' {(x + )/ d=xp)}k
(i) tan~'x— tan_ly = tan" {(x - )/ A+ x)}h
(iii) 2tan"'x=tan"'{2x /(1 - 1)}
(iv) tan'x+ tanfly +tan"'z = tan™! rryrz-gz
- yz —zv —xy

Remark: The formula

1

tan” x + tan_ly = tan_l{(x+y)/(l— xy)}

'y and tan™" y will

does not mean that the sum of the principal values of tan™
necessarily be equal to the principal value of tan™ {(x + y)/(1- x y)}.

This sum may be equal to the principal value of tan™ {(x + y)/(1 - x )} oritmay
be equal to some other value of tan~ {(x + )/ (L= xp)}.

(¢) Some more formulae: We have

-1
(i) cot x + cot _ly - cot 1Y
x+y

+1
(i) cot 'x — cot _ly Y A
y-x

15 Complex Numbers

The equation x* = — lhas no solution in the set of real numbers because the square

of every real number is either positive or zero. Therefore we feel the necessity to
extend the system of real numbers. We all know that this defect is remedied by
introducing complex numbers.

Complex numbers: Definition: A number of the form x + iy,wherei =V (-I)and
x, y are both real numbers, is called a complex number. A complex number is also
defined as an ordered pair (x, y)of real numbers. A complex number x + iy or (x, y)
is usually denoted by the symbol z.If we write z = x + iy or (x, y)then xis called the
real part and y the imaginary part of the complex number z and these are denoted by
R (z) and I (z) respectively. Thus in the complex number z = V3 + 5i, we have
R (z) = the real part of z = V3,and I (z) = the imaginary part of z = 5.

A complex number is said to be purely real if its imaginary part is zero, and purely
imaginary if its real part is zero.

The complex number a + Oiis simply written as a.

We shall denote the set of all complex numbers by C.

Equality of two complex numbers:

Definition: Two complex numbers

zy=x +iyp or (x, ) and zo =Xy +ipy or (xy, yy)
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are said to be equal if x; = xo and y, = y, . Thus two complex numbers are equal if and only
ifthe real part of one is equal to the real part of the other and the imaginary part of one is equal
to the imaginary part of the other.

16 Addition of Complex Numbers

Ifzy =x; +iy; or (x, y;)and zy =xy +1ipy or (xy9, yy)are any two complex
numbers, then the sum of z; and z, written as z; + z, is defined by
zp tzy = (g Ay + (g +ipg) = (g +x0) + i)+ 09)
or zyp 2y = (0, 1) + (g, p2) = (0 + X, 71+ )g)-
Thus B+5)+(7-8)=C+7)+(5-8)i=10-3i

Properties of the Addition of Complex Numbers:

The addition of complex numbers is commutative, associative, admits of identity element and
every complex number possesses additive inverse.

Commutativity of addition in C:  We have z; +zy =z +z; where z| and z,

are any complex numbers.
Associativity of addition in C: We have (z) +zy) + 23 =z; + (29 +23),forall
complex numbers z, ,zo and z.
The complex number (0, 0) or O +i0 is the additive identity, since for every
complex number (x, y), we have

(x, ) +0,0)=(x+0, y+0)=(x, ) =(0,0) + (x, y).
The complex number (0, 0) is called the zero complex number and is simply
written as 0.
Acomplexnumber x + iyis said to be a non-zero complex number if at least one of x
and y is not zero.
The complex number (- x, — y) is the additive inverse of the complex number
(¥, y) since

(x, )+ (=x,— y)=(x—x, y— y)=(0,0) = the additive identity
and also (—x,— y)+ (x, ) =(0,0).
The complex number (- x, — y)is called the negative of the complex number (x, y)
and we denote (— x, — y) by — (x, y).
Thus if z = (x, y), then —z = - (x, y) = (- x,— 7).
Cancellation law for addition in C: If z|, z, , z5 are any complex numbers, then

Zl+23=22 +23 :>Zl=Z2.

1.7 Multiplication of Complex Numbers

If z; =x; +iy; or (v, yy) and z9 =xy +ipy O (X9, yy)areanytwocomplex
numbers, then the product of z; and z, written as z,z, is defined by
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z1zg =(xp +ip) (xg +ipg)=(x1x9 =y yo) +i(xyy + y1x9)

or 212y = (0, 1) (g, p2) = (0% = J1 72, X + J1%)-
Thus B+5)(7+6)=Cx7-5x6)+3B3x6+5x7)i=-9+53]
or using the notation of ordered pairs, we have

(3,5 (7,6)=3x7-5x6,3x6+5x7)=(=9,53).

Properties of the Multiplication of Complex Numbers

The multiplication of complex numbers is commutative, associative, admits of identity element
and every non-zero complex number possesses multiplicative inverse.

Commutativity of multiplication in C: Wehave z,zy =z,2z,, for all complex
numbers z| and z, .
Associativity of multiplicationinC: Wehave(z,z,) z3 =z (z9z3),for all complex
numbers z|,z, and zs .
The complex number (1, 0) or 1+ i0 or simply 1 is the multiplicative identity
since for every complex number (x, y), we have

xy)L0)=x.1-p.0, x.0+y.)=(x, py)=(10) (x, y).
Multiplicative inverse: The complex number (x, y) is called the multiplicative
inverse of the complex number (a, b) if (x, y) (a,b) = (1,0) or simply 1.
We have (x, y) (a,b) = (1,0)

= (xa — yb, xb + ya) =(1,0)
= xa— yb=1 and  xb+ ya=0.
The equations xa — yb =1land xb + ya =0 give
¥t y=e b
a’ +b? a’ +b*

provided a’ +b? #0 which implies that @ and b are not both zero i.c., (a, ) is a
non-zero complex number.

Thus every non-zero complex number possesses multiplicative inverse and the
multiplicative inverse of the complexnumber (a, b) #(0, 0)is the complex number

a —b .
a’ +b* " a® + b’
If z is a non-zero complex number, the multiplicative inverse of z is denoted by 1/ z

orz .

Cancellation law for multiplication in C: Ifz|,z, , z5 are complex numbers and
zq #20,then zyz3 =z9z3 = z| =2,.

Multiplication distributes addition in C: We have

zy (z9 +23) =2y 29 + 2y 23 , for all complex numbers z|,z, and z.
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18 Difference of Two Complex Numbers

If z, and z, are two complex numbers, we define z, —zy =z, + (- z4).

Thus if z; = (¥, y;)and z9 = (xy , y,), then
z) = 2y =z A (=29) = (L ) + (X L= o) = (0 — X9 L 0y = )

19 DivisioninC

Definition: A complex number (a, b) is said to be divisible by a complex number (c, d ) if

there exists a complex number (x, y) such that (x, y) (c,d ) = (a, D).
We have (x, y) (¢,d) = (a, b)

= (xc — yd, xd + yc) = (a,b)
= xc — yd=a and xd+ yc=Db.
The equations xc — yd =a and xd + yc = b give
1 ag]+ bd be 2]ad 8
X = , = - -
2+ d? J 2+ d?

provided ¢ + d* # 0 which implies that ¢ and d are not both zero.

Thus division, except by (0, 0), is always possible in the set of complex numbers. If
z; and z, are two complex numbers such that z, #0 then the quotient of the
complex numbers z; and z, is defined by the relation
2 _ L _ -1
— =z -— =2z (z29) .
2 22

110 The Symbol i and its Powers

It is customary to denote the complex number (0, 1) by the symbol i With this

notation
i =0,00,)=0.0-1.L0.1+1.0) = (-10).
But we have agreed to write the complex number (a, 0) simply as a. Therefore we

have i2 = — 1. Then

i3 =—ii? =l,i5 =i,i6 = —1 and so on.

Using the symbol i, we may write the complex number (x, y)in ourusual formx + iy.

For, we have
x+iy=x0)+©0,1)(,0)=(x0)+©0.y-1.0,0.0+1.y)
=(x,0)+ 0, y)=x+0,0 + y)=(x, ).

L1l Conjugate of a Complex Number

Ifz = x + iyis any complex number, then the complex number x — iy is called the conjugate of
the complex number z and is written as z. Thus if z =3 + 4i, thenz =3 - 4.
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If z = x + iy is any complex number, then we define |z | =V (x* + y*).Obviously
2| =1zl
The following results are obvious and should be remembered.

(i) Twocomplexnumbers are equal if and only if their conjugates are equali.c.,

z; =zy ifand only if z; =2z, .

(i) (z)=z.

(ili) Wehavez, +zy =z, +29, 2] —29 =2, —29 , 2| 29 =2| Z9

and (21) =4 ,provided z, # 0.
Z2) %2

(iv) Ifz = x + iy, then
z+z=(x+ip)+(x—iy)=2x=2 R (z).

(v) A complex number z = x + iy is purely imaginary if and only if z + z = 0.
(vi) Ifz=x+ip,thenz -z =x+iy - (x —iy)=2iy =2il (z).
(vii) A complex number z is purely real if and only ifz — z = 0.
(viii) If z = x + iy, thenz z = (x + iy) (x — i)}):xz +y2

=N+ =121
Thus the product of two conjugate complex numbers is a purely real number which
is always > O i.e., which is never negative.

11? Modulus 0{ a Complex Numl)er

Definition: If z = (x, y) or x + iy be any complex number, then the non-negative real

number \ (x* + y?)is called the modulus or absolute value of the complex number z and is
denoted by |z | or mod z.
Thus |3 +4i|=V(3* +4%)=5,[8 - 6i| =V{8* +(-6)*} =10,
|cos o + isin o | =V (cos? o +sin? o) =,
and so on. Remember that the modulus of a complex number is equal to the

positive square root of the sum of the squares of the real and imaginary parts of that
complex number.

The following results about the modulus of a complex number should be
remembered :

(i) Ifzis any complex number, then |z | = |z |. For, if z = x + iy, then
2=V G+ 7).
Also 2] =lx =iy [ =V + (") =V + ) =|z].

(ii) Ifz = x + iy be any complex number, then

12]1=0 & V@? +y*) =0 & ¥ +y* =0 © x=0,y=0
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(iii) If z is any complex number, thenz z = |z |2 .For, if z = x + iy, then

< z2=0+i0 & z=0.

22=(r) (- =2t 4t = (N ) =z
(iv) Ifz,z, are any two complex numbers, then
|21 z5] =1z1]]24]
i.e., the modulus of a product is equal to the product of the moduli.
(v) Ifz,zy are any two complex numbers and z, # 0, then
=l
B |22

i.e., the modulus of a quotient is equal to the quotient of the moduli.

‘1

22
(vi) Ifz = x + iy is any complex number, then

R(z)=x < (x? +y2).Thus R(z)<|z]|.
Similarly I (z) < |z |.

1153 Some Important Results about Complex Numbers

. b
(i) The separation of the complex number ar 'ld
c+i

into real and imaginary

parts i.e., to put it in the form A + iB, where A and B are real numbers.
a+ib (a+ib)(c—id)
c+id (c+id)(c—id)’
multiplying the Nr and the Dr by the conjugate of the Dr
_(ac +bd) +i(bc —ad) ac+bd . bc—ad

We have

- - - ; 1 — -
c? + d? c? + d? c? + d?
= A+ iB, where A:MandB:M.
¢ +d? ¢? +d?

Remember: To put the complex number (a + ib) / (¢ + id ) in the form A + iB,
multiply its numerator and denominator by the conjugate of the denominator.
(ii) Ifz; =coso+isino and z, =cosP +isinf,then
z1z9 =(cos o +isina) (cos P + isinf3)
=cos e cos B —sin o sin B + i (sin o cos B + cos a sin )
=cos (o0 + B) + isin (o + B).

114 Modulus-Argument Form or Polar Standard Form or

Tri801101netric Form of a Complex Number

Every non-zero complex number x + iy can always be put in the form r (cos © + i sin ), where
1 and © are both real numbers.
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t X+ iy =7 (cos 6+ isin @) =r cos O + ir sin 6.
Then equating real and imaginary parts on both sides, we get

X =7 cos 6, (1)
and y =rsin®. ..(2)
Squaring and adding (1) and (2), we have

224yt =r?
or r=+V0? + %), taking the positive sign before the radical sign
or r=|\z].

Thus r is known and is equal to the modulus of the complex number z.
Substituting this value of rin (1) and (2), we have
x . J

cosezm and smezm~ e
Whatever be the values of x and y, if they are not both zero, there is one and only
one value of 6 lying between —m and n which satisfies the equations (3)
simultaneously. Thus 6 is also determined. If » is any integer, then

cos (2nm + ) = cos 6 and sin (2nw + 6) = sin 6.
So there are an infinite number of values of@satisfying the equations (3). Any value
of@satisfying the equations (3) is called an argument or amplitude of the complex
number z and we write

O@=argz or ampz.
Thus every non-zero complex numberx + iy can always be put uniquely in the form
r (cos 8 + i sin ©), where ris positive and —r < 8 < m. This trigonometrical form of a
complexnumberis also called its polar standard form or modulus-amplitude form.
We have seen that argument of a complex number is not unique. Thus arg z is a
many-valued function. The value of argument which satisfies the inequality
-1 < 0 < mis called the principal value of the argument and it is unique. If6is the
principal value of arg z,then 2 nmt + 6, where nis any integer, is the general value of
arg z and is represented by Argz i.e.,by writing the first letter of the word arg as
capital. Thus

Arg z =2nm + arg z,
where Arg z stands for the general value and arg z for the principal value of the
argument of z.
Usually by argument we understand its principal value unless stated otherwise.
The expression cos 6 + isin 0is sometimes written in short as cis6. In this notation
r (cos 0 + isin 0) is written as r cis 6.

Remark 1: From the equations (1) and (2) to determine » and 6, we also have

tan@= y/x ie, 8=tan"'( y/x).
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But it should be noted that the value of tan™" ( y / x) lying between — % n and % T

is not always the principal value of the argument. For example, if
z=-1+V3i=r(cos®+isinb),

then rcos®=—1, rsin@=v3.
r? =% + (V3)? =4, giving r=2.

For r = 2, we have Cosez—%,sinezé\/&

The principal value of the argument 8lying between —t and w and found from these
equations is 2 7t/ 3. But if we write tan®=—\3 ic, 6 =tan"' (—V3), then the

value of tan~! (=V3) lying between —% 7 and % T is — é 7 which is thus not the

principal value of argz. So to find the principal value of arg z,we should not simply
make use of the equation 6 = tan™! ( y / x), but we must see that the value of 6

found from this equation also satisfies the equations (3).
Remark 2: The following rule for locating the quadrant in which the principal

value of arg z,where z = x + iy, lies should be committed to memory.

If x and y are both +ive, the principal value of arg z lies between 0 and % T;

if x and y are both —ive, the principal value of arg z lies between —m and — % TT;
if xis +ive and y—ive, it lies between —% nand O0; and if xis—ive and y + ive, it lies
between % nand 7.

Remark 3: If acomplex number z is given in any of the formsr (cos 6 — i sin 6) or

r (sin O + i cos 0) or r (sin 6 — i cos ©), then we cannot have 6 = arg z. We can have
@=argz only if z is  put  exclusively in  the  form
7 (cos 0 + isin ), where r is positive.

Remark 4: Every complex number has a unique modulus and every non-zero
complex number has an infinite number of arguments any two of them differing by
an integral multiple of 2x. Two complex numbers are equal if and only if their
moduli are equal and their arguments differ by integral multiples of 2.

Some particular cases of complex numbers expressed in polar standard
form. The following particular cases should be remembered:

(i) I=140i=cos0 +isin0,
(ii) -1=-1+0i=cosm+isinm,

(iii) i=0+li=cosln+isin%n,

and (iv) —-i=0 -1li=cos (—% n)+isin(—§1n),
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Whatever be the value of n, positive or negative, integral or fractional, the value, or one of the
values, of (cos © + i sin 6)" is (cos n® + i sin no). (Rohilkhand 2007)

Corollary:  For all values of n, integral or fractional, positive or negative, the value or one
of the values of (cos © — i sin ©)" is cos n® — i sin n®.

Note: The students should note the following very carefully :

(1) (sin®+ icosB)" #sin 10 + icos no.

But (sin © + icos 0)" = [cos (%n—6)+isin (%n—e)]"
—cosn(ln—6)+isinn(1n—9)
2 2 .

(ii) (cos O + isin ¢) # cos nO + isin no
i.e., De Moivre’s theorem is applied only when the real and imaginary parts are
cosine and sine of the same angle.
(iii) Some authors use the notation cis 6 to denote cos 6 + isin 6.
In this notation, De Moivre’s theorem would be written as
(cis 8)" = cis n6.

(iv) To separate the complex number (a + ib)" into real and imaginary parts, we

put
a=rcos® and b =rsin0
so that r=V(@® +b%) and 6=tan"'(b/a).
Then (a+ib)" =(rcos®+irsin®)” =r" (cos0+isin0)”

=r" (cos n0 + isin n0)
=A+iB, where A=r"cosn® and B =r" sinn6.
Results to be remembered:
(i) (cosa +isina)(cosP +isinP)(cosy+isiny)...
=cos(@+P+y+..)+isin(@+P+y+...)
i.e., the angles are added,
ii) (cos 6+ isin®)" =cos nB + isin nb, (Rohilkhand 2006)

(
(iii) (cos 8 — isin 0)" = cos n0 — isin nb,

(iv) (cos O + isin ©)™" =cos (-n0) + isin (—10) = cos nO — isin nb,
(v) (cos®—isin®)™" =cos (—nB) — isin (—-nB) = cos 1O + i sin 16,
(

vi) —————— =cos 0 —isin 6,
cos O +isin®

and (vii) ; =c0s 0 +isin 6.
cos O —isin®
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[llustrative Examlales

3 -2i

Example 1: Find real numbers A and B, if A + iB = 4
+ 4i

Solution: We have
3-2i  (3-20)(7 -4
7+4i (7 +4i) (7 - 4i)

, multiplying the Nr. and Dr. by the
conjugate complex of the Dr.

21-12i—14i+ 87 (21-8) - 26i D

- 49 _ 162 T 49416 Leim =]
C13-26i 13 26, 1
ST 65 65 65 5
A+iB=(1/5)-2/5)i.

Equating real and imaginary parts, we get A=1/5 B=-2/5.

2.
-=i.
5

Example 2:  Find the modulus and principal argument of 1+ i.
Solution: Letl+i=r (cos® +isin®).

Equating real and imaginary parts, we have

1=rcos®, ..(1)
and I=rsin6. ...(2)
Squaring and adding (1) and (2), we have

r2=1+1=2

r=+v2.

Substituting the value of rin (1) and (2), we have
cos®=1/V2 and sin®=1/2.
- 0=n/4
Hence 1+i=V2[cos (n/4) + isin (m/4)].
modulus of 1 + i = V2 and principal argument = 1t / 4.
Example 3: Express —1 — iin the form r (cos © + i sin 6).
Solution: Let -1-i=r (cos0+isin0).
Equating real and imaginary parts, we have
—l=rcos6, ..(1)
and —1=rsin6. ... (2)
Squaring and adding (1) and (2), we have
2 =1+1=2 or r=V2
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Substituting the value of rin (1) and (2), we have
cos0=—-1/Y2 and sin6=-1/v2.
These give 8 = — 31 / 4, choosing the value of © which lies between — © and .
Hence —1-i=V2[cos (- 3n/4) +isin (- 3n/4)]
or —1-i=v2[cos (3n/4) —isin (3n/4)].
Example 4:  Express 1 + N (=3) in the modulus-amplitude form.

Solution: We have 1+ (-3)=1+iV3.

Let 1+iV3 =r(cos® +isin6).
Equating real and imaginary parts, we have

I =7rcos®6, (1)
and V3 =rsin6. .. (2)

Squaring and adding (1) and (2), we have
r? =1+3=4, or r=2.

Substituting the value of rin (1) and (2), we have
cos®=1/2 and sin®=+3/2.

o 6=mn/3.

Hence 1+ (=3)=2[cos (n/3) +isin (n/3)].

Example 5:  Express —1 — N (=3) in the polar form.

Solution: Here -1-V(-3)=-1-vV{3(-)}=-1-iV3.

Let —1-iV3 =7 (cos 0 +isin6).
Equating real and imaginary parts, we have

—1=rcos 6, (1)
and — 3 =rsin6. .. (2)

Squaring and adding (1) and (2), we have
r* =1+3=4so0 thatr =2.
Dividing (2) by (1), we have tan 6 = V3. This gives® = — 21/ 3,choosing the value
of 6 lying between — m and = for which both cos 6 and sin 6 are negative.
s ~1-V(-3)=2[cos (-2 n/3) +isin (-2rn / 3)]
or ~1-(=3) =2 [cos 2rn/3) - isin 2n /3)].




Exponential, Trigonometric and

Hyperbolic Functions of
a Complex Variable
(Separation into Real and
Imaginary Parts)

21 The Exponential Function of a Complex Variable

We know that if x is any real number, then

We shall take motivation from this expansion of e* as a power series in x,to define
the exponential functione “ of a complex variablez = x + iy,where rand y are real.
Thus we define

=l+ i+ 4 E oy ad.inf. ..

It can be shown by D’ Alembert’s ratio test, that the power series (1) is absolutely
convergent for all values of the complex variable z. If we denote the nth term of the
series (1) by u,, we have
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" (m=D!l _ lim |z |
T ud | T n— e

_lim
Tn— e

lim Uy 41

n—> oo

n-1 =0,

u n

n n! z

which is < 1. Therefore the series (1) is absolutely convergent and hence
convergent for all values of the complex variable z. Thus the sum of the series (1)
exists for all z and this justifies our definition of ¢* given in (1). Hence for the
complex variable z, we define ¢* as the sum of the power series (1).

The other ways to denote ¢* are E (z) and exp (z). Either of these symbols is read as
‘exponential z’.

Putting z = 0 on both sides of (1), we see that =1

Remark: It should be noted that when z is complex, ¢” is only a symbol used to
represent the sum of the series on the R.H.S. of (1). It does not mean that

z ( I 1 1 )Z
=l 1+—+—+—+.... +oo | -
I 20 31

22 Index Law for the Exponential Functions

Theorem : To prove thate ! .¢® =¢1 "2

ie., E(z)). E(z9)=E(z] +2,).
Proof: Ifz, andz, be two complex numbers, then by the definition of E (z), we

have
2 3 n
S ) B0 S 21 o
E(z))=1+ T + 71 30 +on + ] +.e ..(D)
2 3 n
—1+7%2 472 (P2 22 oo
and E(zy)=1+ T + o1 + 30 o + 1 o ..(2)

Since the series (1) and (2) are absolutely convergent, therefore by Cauchy’s
theorem on multiplication of absolutely convergent series, we have

2 n 2 n
E(zl).E(zQ)z(l+zl+Zl+...+Z1 +...J(l 22+22+...+22+...J
1! 21 n! 1! 2! n!

1 2” z1zy | 27y
=l+—(z) +z9)+|— + + =]+

1! 21 1! 21
n n-1 n-2 2 n
z z z z z z
Ly 22, A St PN ar S P
nl (m-=-DH! I m-=-2)! 2! n!
=1 1 1 2 2 2
= +ﬂ(zl+zz)+g(zl +22z) 29 +297) +...
1 B nn-1 ~ T
+— 2" +nz" 7z, +%21” 2 202 ozt |+
n! ! i

2 n
zy +z z; +z z) +z
(1 2) (1 2) (1 2)

:1+ “es
I! 21 n!
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= E(z; +z5),by def. of E (z).
The above result may also be written as

exp (z;).exp (z9) =exp (z; +2,).
Deductions: (i) Ifz;,z, ,...,z, bencomplex numbers, then from the above law,
we see by induction that

E(z)). E(z9)..... E(z,) =E(z; +29 +...+z,).
If we putz; =z, =...=2z, =z (say), we have

LE (z)]" = E (nz), n being a positive integer.
This result may also be written as

[e*]" =e™ or [exp (z)]" =exp (nz).
(ii) If z be any complex number, then

e e t=eit =00 =1
From this result, it follows that ¢* # O for all z.

For if there were such a value of z, then since ¢ > would exist for this value of z,we
would have O = 1, which is absurd.

23 Trigonometrical Functions or Circular Functions of

a Complex Variable
We know that if x is any real number, then
2 4 2n
cosx=1-"+% _ 4 (=n" Y 4+..ad.inf.
21 4| 2n)!
3 5 2n+1
and sinx:x—x—+x——...+(—1)"x7+...ad.inf.
31 5l @2n+ 1!

We shall take motivation from these expansions ofcos xandsin xas power seriesin
x, to define cos z and sin z, when z is a complex number.

Soif z = x + iy is a complex variable, we define

L2 L4 2
cosz=1-"—+"— - +(-1" +...ad. inf.
21 4 2n)!
3 5 2n+1
and sinz=z-- +2 — +(-)" = +...ad. inf.
31 51 @n+ 1)

Our definitions are sensible because both the series used to define cos z and sin z
are absolutely convergent for all z.
Replacing z by —z in the above definitions, we find that

cos (-z) =cos z, and sin (-z) = —sin z.
The other circular functions for a complex variable are defined in the same way as
those for a real variable. Thus we define
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sin z CoS z
,cot z = — ,sec z = and cosec z = — .
Cos z sin z Cos z sin z

tan z =

Remark: Foracomplexvariablez = x + iy,we have defined ¢*, cos z, sin z etc. in
such a way that if we take

z=x+1i0=x (ie,real),
then these definitions give results which are in sound agreement with those for a
real variable.

94 Euler,s Theorem

Theorem: If 0 be real or complex, then prove that ¢

® = cos O + isin 0.

Proof: If z is any complex number, then by definition of ¢*, we have
z 2% 22
=1+ + -+ ¢
120 3!
Replacing z by i 6, we have
. -2 -3 . 4
0,107 (0° (9
1! 2! 3! 4!

o> o o> @
:(l—+—...)+i( —+—...J
21 41 31 5l

= cos 0 + isin 6, by definitions of cos 8 and sin 6.

e =1+

Thus ¢'® =cos 0 + isin 6. ..(D

This result is known as Euler’s theorem.

Replacing 6 by — 0 in (1), we get
¢™ "% =cos (—0) + isin (-0)
or ¢™® =cos 0 —isin6. .2

From (1) and (2) on addition and subtraction, we get
e +¢79% =2cos 0,
and e™® —¢77® = 2isine.
0, -if i0 i0

cos0=2_T¢ " .nd sing=¢%_~¢
2 2i

These results are known as Euler’s exponential values of cos ® and sin 6.

From these exponential values of cos 6 and sin 6, we see that
18 _ 0 AL
cot 0 =1—

cos® i(e'® +e70)’ e'® — o710

sin 6
tan 6 = =
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Putting © = 0 in the formulae (3), we get

1

1 .0 o, 1
0==- + =—(1+)==-2=
cos 2(6 e’) 2( ) ],

N |

and sin0 = 0.

25 Periodicity of Functions

(Rohilkkhand 2005; Kanpur 05)
a) Prove that ¢° is a periodic function, where z is a complex quantity.
p piex q y
Proof: Ifz = x+ iy, then

eF ="tV =t eV

=¢" (cos y +isin y), by Euler’s theorem

e’ [cos 2nm + y) +isin 2nm + y)], where nis any integer

x Ei(2nn+y) Ex+iy+2nni z+2nm i

=¢ = =¢
Hence ¢ * is a periodic function of period 2.

(b) Provethatsinz, cos z, tan z etc. are periodic functions, wherez is a complex quantity.
(Kanpur 2005)

Proof: We have
€os (z + 2nm) = cos z cos 2nm — sin z sin 2nmw
= cos z, n being any integer
sin (z + 2nm) = sin z cos 2nm + cos z sin 2nmw
=sin z, nbeing any integer
and tan (z + nm) = sin & + nm)
cos (z + nm)

sin z cos nm + cos z sin nw

COS z COS NT — Sin z sin nmw

= tan z,n being any integer.
From these we conclude thatcos z andsin z are periodic functions of period 2n and
tan z is a periodic function of period m.

26 DeMoivre's Theorem for Complex Argument

We have already mentioned De Moivre’s theorem for real values of 6. Now we
extend that theorem for complex values of 6. We have

('®)" = ¢'", whether 6 be real or complex

(cos 8 + isin 6)" = cos 16 + isin n6, by Euler’s theorem.

This shows that De Moivre’s Theorem is true whether 6 be real or complex.
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21 Standard Trigonometrical Results for Complex
Arguments

Since our trigonometric functions of a complex variable are generalizations of
trigonometric functions of a real variable, therefore most of our results for
trigonometric functions of a real variable also hold good for trigonometric
functions of a complex variable.

To prove that for all values of x, y, real or complex, the following are true :

2

(i) cos® x+sin® x=1, (i) cos (—x) =cos x,

2 2 3

(iii) cos 2x =cos” x —sin” x, (iv) sin 3x =3 sin x — 4 sin” x,
(v) cos3x=4 cos® x — 3 cos x,
(

vi) sinx+siny:2sin%(x+y)cos%(x—y),
(vii) Cosx—cosy=2$in%(x+y)sin%(y—x)

(viii) sin (x £ y) =sin x cos y *cos xsin y,
(ix) cos (x £ y)=cos x cos y + sin xsin y.

2 2

Proof: (i) To prove that cos® x +sin” x =1.

L.H.S. = cos® x +sin® x

e X i _ i)
2 2i [Refer article 2.4]

[(gix +€—ix)2 _(ei\” _e—ix)Z ] ['.'iz =_1]

e =0 = 1=R.H.S.

I
S
x
-
ml
g
I

2 2

Aliter: We have cos

=™ =g =1

X +sin” x = (cos x + isin x)(cos x — isin x)

(ii) To prove that cos (- x) =cos x.
6‘i(—x) + e—i(—,\')

LH.S. =cos (-x) = S [By article 2.4]
—ix ix ix —ix
o re e e =cos x = R.H.S.
2 2
(iii) To prove that cos 2x = cos? x —sin? x.

2 2i

by Euler’s exponential values of cos x and sin x

) 19 ) 92
R.H.S =c052x—sin2x={elx+e_u} _{g”_g M}
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:i[(eix +E_ix)2 + (eix _e—iX)Z ] [_._ i2 = _1]
=%[(62i" e 42 oY) 4 (2T e —2e ™ o)
l [2 (gZLX —Zix‘)] =£ (€2ix +e—2ix>
4 2
= % [e 12 4 e_i(Ex)] =cos 2x = R.H.S.
(iv) To prove thatsin 3x =3sinx — 4 sin® x.
iBx) _ ,—i(3x) 3ix _ ,-3ix
LH.S. =sin3x =" ¢ e e
2i 2i
(e"“")3 — @™ (e - e )3 3 (eix — )
- 2i - 2i
(Note)
[~ca® = b3 =(a-Db)® +3ab (a - D)]
X _ —IX
1 [(2isin 1)® +3.¢".(2isin 1)] siny= "¢
2i 2i

[81 sin® x + 6isin x]=— [2i (-4 sin® x + 3 sin x)]
2i

=—4sin® x+3sinx=3sinx —4sin> x=RH.S.

3 x -3 cos x.

1

L.H.S. =cos 3x = 1 [e G0 4 E_i(gx)] ==
2 2

(v) To prove that cos 3x =4 cos

(™) + ()]
Z%[(Eix +€—ix>3 —3€ix _g_ix (eix +e—ix)]
[va®> +b° =(a+D)> —3ab (a+D)]

[(2cos x)® =3.6°.(2 cos x)] [ r COS X = % ™ + e—ix)]

[8cos x —6cos x]=4:cos3 x—3cos x=R.H.S.

(vi) To prove thatsin x +sin y =2 sin % (¥ + y) cos % (x-p).

L.H.S. =sin x +sin y
o B G

1
= + -
2i 2i 2i
=(1/2i) [{g (424 (x=)/2] _ =il(x+7)/2 +(X—y)/2]}

x+y)/2 (X*)/)/2] _ e*i[(x+y)/27(xfy)/2]}] (Note)

(" - ™)+ - ™))

+{e
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= (1) 2i) [/l D24 G=p2] | il 42 = (= ))12]
(e @2+ @=2] =il )2 == D2 1 (Note)
_ (l/2i) [ei(x+y)/2 {ei(x—y)/Z + e—i(x—y)/Z}
D2 ()2 i 2y

=%[€i(x—y)/2 4 DY [ i
1

e e )

=2$in%(x+y)cos%(x—y)=R.H.S.

(vii) To prove that cos x-cos y =2 sin % (x +p) .sin % (y-x).

R.H.S.:2sin%(x+y).sin%(y—x)

_y 6i(x+y)/2 _ e—i(x+}/)/2 ei(yfx)/Z
2i

_ l [6i(x+y+y—x)/2 _ei(x+y—y+x)/2 _e—i(x+y—y+x)/2

)

_ e iy-0/2
2i

+ e—i(x+y+y—x)/2]
(simply by multiplication)

=—l[e’3’—eix —eM p eV =2 (e +37“)—%(eW +e7)

N | —

=cos x —cos y =L.H.S.

(viii) To prove thatsin (x + y) =sin x cos y + cos x sin y.

I A N
+ X
2 2 2 2i
= (1/40) [{e! D) 4 =0 _ mile=) i)y

RHS. =°

+ {ei(x+y) _gi(x—y) +€—i()c—y) _ e—i(x+y)}]
ei(x+y) _e—i(x+y)
2i

- 1 [zei(xﬂ/) _9p7ix +J7)] -
i

=sin (x + y) = L.LH.S.
Similarly, sin (x — y) =sin x cos y — cos x sin y.
sin (x £ y) =sin x cos y *cos x sin y.

(ix) To prove thatcos (¥ £ y) =cos x cos y Fsin x sin y.

We have cos x cos y + sin x sin y
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R L A L L
. + .
2 2 2i 2i

=l[€i(x+y) + im0 g i) +€7i(x+y)]
4
_i[gi(x+]) _ =) _ mile-y) +e—i(x+y)] [ 2 .
B i (207 4271 = % [P 4 ¢TI = cos (x — ).

Similarly we can prove that
COS X COs y —sin x sin y =cos (x + y).
. cos (x = y) =cos x cos y + sin x sin y.
Remark : If # and v are any complex numbers, we can easily prove that
2 sinu cos v=sin (4 + v) + sin (u — v), 2 cos u sin v =sin (4 + v) — sin (u — v)

2 cosucosv=cos (u+v)+cos (u—vr),2sinusinv=cos (u—r)—cos (u+v).

[llustrative Examl)les

Example 1: Show thatexp (xin/2)=+%1. (Avadh 2014)
Solution: Since exp (£ i) = cos 8 + i sin 6, we have
exp(xin/2)=cos(n/2)xisin(n/2)=0=%xil==%i
Example 2:  Prove that
{sin (0. —0) + ¢~

ou

o sin no}.

sin 0} = sin" ! o {sin (0. — n6) + ¢~
Solution: L.H.S. = {sin o cos 6 — cos o sin 0 + (cos o. — i sin o) sin 6}"

= {sino cos O — isin o sin 8}" =sin” o (cos O — isin 6)”
=sin" o (cos 16 — isin n6), by De Moivre’s theorem

and R.H.S. =sin" ! a {sin (a — 1n6) + ¢™*' sin 16}
=sin” ! o {sin o cos 76 — cos o sin 76 + (cos o — i sin o) sin 76}
=sin”" ! o {sin o cos n® — i sin o sin 170}
=sin"! a.sina . (cos n6 — isin n6) = sin” o (cos n® — i sin n).

L.H.S. = RH.S.

28 Hyperbolic Functions

X —X
Definition: For all values of x,real or complex, the quantity% is called the

X —X

. . . . - . € e .
hyperbolic cosine of x and is written as cosh x. Similarly the quantity ey
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called the hyperbolic sine of x and is written as sinh x (read as shine x). Thus we

define
X

X -X X -
. e’ —e¢ e +e
sinhx=———— and coshx= Yy

The hyperbolic tangent, cotangent, secant and cosecant are obtained from
hyperbolic cosine and sine just as circular tangent, cotangent, secant and cosecant

are obtained from circular cosine and sine. Thus

sinhx (¢' —e™")/2 e —e "

tanh x = =— - = — -
coshx (¥ +¢7%)/2 " +¢7*
coshx (¢ +¢*)/2 e +e7*
coth x = — = =
sinhx (¢ —e™)/2 e -
sech x = ! =— ! = 2 -
coshx (" +e™)/2 e +¢™"
and cosech x = LI ! 2

sinhx_(e" —e_x)/2=ex —e

29 Relations between Hyperbolic and Circular Functions
(Bundelkhand 2006)
The hyperbolic functions can be expressed in terms of circular functions as follows:

We have

) ' i(ix) _ ,—i(ix) eizx _ e*izx et = eF
sin (ix) = = =
2i 2i 2i
et — et X — e
=i - =1 , [~ i? == 1]
2i? 2
=isinh x.
From this relation sin (ix) = i sinh x,
we have sinh x = 1 sin (ix) = —12 sin (ix) = — isin (ix).
! i
Similarl (i) i(ix) +e—l(1x) P R e
imilar cos (ix) = =
Y 2 2
et +ert et +e”
== T35  ~ cosh x. (Lucknow 2007, 08)
sin (i i sinh
Now tan (ix) = in () _ ot i tanh x,
cos (ix)  cosh x
cot (ix) = ! = ! !~ _jcoth X,

tan (ix) “itanhx tanhx




Exp., Trigo. and Hyperbolic Functions of a Complex Variable

(227

1

sec (ix) = = = sech x,
cos (ix) cosh x
; 1 1 —i ;
and cosec (ix) = —— = — = — = — i cosech x.
sin (ix) isinh x sinh x
Similarly we can prove that
sinh (ix) = isin x; (Rohilkhand 2005)
cosh (ix) = cos x ; tanh (ix) = i tan x and coth (ix) = — i cot x, etc.

210 Properties of Hyperbolic Functions

Formulae involving hyperbolic functions can be easily deduced with the help of the
above relations. A list of some such formulae is given below.

(a) sinhO =0,cosh0 =1,tanh 0 =0
(b) cosh® x —sinh® x =1 (Bundelkhand 2008)
(¢) sinh 2x =2 sinh x cosh x
(d) cosh 2x = cosh?x + sinh?x = 1 + 2 sinh?x = 2 cosh®x — 1
(Lucknow 2007, 08)

(e) sech’x=1-tanh’x
(f) tanh2x =2 tanh x/ (I + tanh? )
(g) (i) sinh (x + y)=sinxcosh y +cosh xsinh y

(ii) cosh (x + y) = cosh x cosh y + sinh x sinh y (Rohilkhand 2006)

* =cosh x —sinh x

(h) ¢' =coshx+sinhx and e~
(i) sinh3x=3sinh x +4sinh®x
(j) cosh3x=4 cosh®x — 3 cosh x

3
() tanh 3y = 3 tanh x + tanh’ x .

1+ 3 tanh’x
Proof: (a) sinh 0 =0, cosh 0 =1, tanh 0 =0.
By definition,
sinh x = % (¢* —e™")and cosh x = % (e +e™).
sinh0 =+ —¢ % =La_n=o [e0 =e0 =1
2 2
I o, —0,_1 1
and coshO==(¢" +e¢ 7 )==—(1+)==.2=1
2 2 2
Also tanh 0 = sinh 0 —9:0

coshO 1
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(b) cosh?x — sinh?x = 1 (Kashi 2014)
x )2 X _ -x 2
We have cosh? x — sinh? x = ¢ *e _1¢ ‘
2 2
Ll pov ey L ool
4 2 2

(c) sinh 2x =2 sinh x cosh x.

The L.H.S. =sinh 2x = (1/i) sin (2ix) (Note)
= (1/1) 2 sin (ix) cos (ix) = (1/i) 2 . (i sinh x) . (cosh x)
=2 sinh x cosh x = R.H.S.

(d) cosh 2x = cosh?x + sinh?x =1 +2 sinh?x =2 cosh?x - L

We have cosh 2x = cos (2ix) = cos 2 (ix) (Note)

= cos? (ix) — sin? (ix) = cosh?x — i% sinh®x

= cosh® x + sinh? x (1)

=1+sinh?x +sinh®x =1 + 2 sinh®x. .2
Also cosh 2x = cosh? x + sinh? x = cosh® x + (cosh® x — 1)

=2cosh?x - 1. .(3)

(e) sech’x =1- tanh? x.

We have cosh? x — sinh”x = 1, by property (b).
Dividing by cosh” x, we get 1 — tanh? x = sech? x.
Similarly, coth?x — 1 = cosech? .

(f) tanh2x =2 tanh x/(1 + tanh? x).

We have i tanh 2x = tan (2ix).

tanh 2x = (1 /i) tan (2ix) = (1/ i) tan 2(ix)
1 2tanix 1 2i tanh x
i

(I-tan?ix) i (I1-i? tanh’y)

=2 tanh x/ (I + tanh?x).

Similarly, we find
2
sinh2¢ = 20T g coepoy = L ¥ tanh x,
1 - tanh” x 1 - tanh” x

(g) (i) sinh (x +y) = sinh x cosh y + cosh xsinh y.
RH.S. = % (e* —e™). % (e +e7 )+ % (e* + e”‘)% (e —e™)

_i [e¥1) 4570 =g 0mD) _ WD) oY Xy g )
—e +Jf)]
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4 2

=sinh (x + y) = L.LH.S.
(ii) cosh (x +y) = cosh x cosh y + sinh xsinh y.  (Rohilkhand 2006)
L.H.S. =cosh (x + y) =cos i (x + y) = cos (ix + iy)
= cos (ix) cos (iy) — sin (ix) sin (i)
= cosh x cosh y —isinh x.isinh y

= cosh x cosh y — i? sinh x sinh y

= cosh x cosh y +sinh x sinh y = R.H.S.

X

(h) e* =cosh x + sinh x and ¢ " = cosh x — sinh x.

We have cosh x = % (" +¢*);sinhx = % (e —e™™).

Adding, we get coshx +sinhx=— (" +e¢™" +e¢' —¢™")=—.2¢" =¢*

1
2

N | —

and subtracting, we get

COShX—SinhX=%(€X +e 7t —ef +e_x)=%.2e_x =e¢ .

(i) sinh 3x =3 sinh x +4 sinh> x.
L.H.S. =sinh 3x = (1/i) sin (3ix) = (1/4) sin 3 (ix)
=(1/i) [3 sin (ix) — 4 sin® (iv)]
= (/i) [3 (i sinh x) — 4 (i sinh x)> ] [ - sin (ix) = i sinh x |
= (/i) [3isinh x + 4isinh® x] [-i2=-1;8 =—1]
=3 sinh x + 4 sinh®x = R.H.S.
(j) cosh3x =4 cosh® x — 3 cosh x.
L.H.S. = cosh 3x = cos (3ix) = cos 3 (ix) = 4 cos> (ix) — 3 cos (ix)
=4 cosh®x — 3 cosh x. [~ cos (ix) = cosh x]
(k) tanh 3x =(3 tanh x + tan® x)/(1 +3 tanh?x). (Kanpur 2008)

. 3 .
LH.S. = tanh 3x = (1/ ) tan (3ir) = (l) {3 ta;n (;X) - tza? )(lx)jl
- tan X

1

[ tan (ix) = i tanh x|

1 |3itanh x — % tanh® x
i 1-3i tanh? x

= =R.H.S.
1+3 tanh? x

! 3itanh x + i tanh® x _3tar1hx+tanh3 X
i 1+3 tanh? x
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21 E.xpansions in Series for sinh x and cosh x

Wehavesmhx—% [er —e™"]
1 ¥ Rl S
= 1+x+—+—+... —|l-x+"—-"—+..
2 21 3! 21 3l
3 5
{2x+2x+2x+...}:x+x+x +...ad. inf.
! 5! 31 5l
Thus sinh x —x+— + x—+ . ad. inf.
3! 5!

Also  coshx==[¢" +¢7 ]

2 4
Thus coshx=1+"—+="— +... ad. inf.
2! 4!

Remark: The students should note that to change a formula for the circular

functions into a formula for the hyperbolic functions, we must replace cos x by

cosh xandsin xbyisinh x ie.,we must writecosh? xforcos® xand — sinh? xforsin? x

etc.

212 Periods of ngerbolic Functions

By Euler’s theorem, we know that

> = cos 2nm + isin 2nm =1+ i.0 = 1, n being any integer
and e2"™i = cos 2nm — isin2nm =1—-1i.0 = 1.
sinh (x + 2nmi) = % [e*¥2nmi _ = +2mm i) by definition
_ l I:ex 621171:1' _ e 6_2 nni] — l [e,\' _ E—X]
2 2
[ ¢e*"™ =1, n being any integer]
= sinh x.
Also,  cosh (x + 2nmi) = % eIy o= (v a2nmi)] [By definition]
%[BX .82”7” +efx'872n7ti]
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=l[€x +€—XJ [,., gizmti =l]

2

= cosh x.
It follows thatsinh xandcosh xare periodic functions and both have a period 2.
(Lucknow 2009)

Hence hyperbolic functions differ from circular functions in having no real period.
Their periods are imaginary.
sinh (x + nmi)

Again, tanh (x + nmi) = ——— =
cosh (x + nmi)

l [e(x+11n i E—(x +nni)]
_2
=1 o [By def.]
5 [c’( ) 4 ot )]
enni [gx — .6‘_2]””]
= enni [6‘ X4 6_2”7-”‘] (Note)
= ﬂ [ e—Znni _ 1]
[e" +e7]
inh
= smhx = tanh x.
cosn x

Thus tanh (x + nmi) = tanh x,

ie.,tanh x is a periodic function with period .

Therefore, sinh x and cosh x are periodic functions of period 2miand tanh x is a periodic function
of period wi.

Remark: Note that the hyperbolic functions have imaginary periods while the
circular functions have real periods.

[llustrative Examlales

Example 3:  Show that sinh(x+ y) cosh(x—y) :%(sinh 2x+ sinh2y).
(Meerut 2008, 12, 12B)
Solution: The L.H.S. =sinh (x + y).cosh (x — y)

e(,\' +y) _ g—(x +y)] ) % [E(X - + e—(x —Jf)]

[l

[32)[ _6—2)1 +62y _e—ZXJ

1
.[E
[sinh 2x + sinh 2 y] = R.H.S.

(62)( —8_2)[)-{‘%(82)} _g—Zy)]
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Example 4:  Show that
cos (oL + if) + isin (o + if) = e P (cos o + i sin ). (Meerut 2012B)
Solution: The L.H.S. = cos o cos i} — sin a sin i} + i sin o cos iff + i cos o sin if
=cos o (cos if + isin if) + isin o (cos if + isin if)
= (cos i} + isin if}) (cos o + isin o)
= (cosh B — sinh B) (cos o + isin o) [ “* cos i} = cosh B, sin i = i sinh B]
=¢P (cos o +isin o) = R.H.S.
Note: Similarly we can prove that
cos (a0 — if) —isin (o — if) = e P (cos o —isina).

Example 5:  If cosh o = sec 6, prove that tanh® % o = tan” % 0.

(Avadh 2010; Meerut 13, 13B)
Solution: We have cosh o = sec 6.
cosh o 1

1 cos 0
Applying componendo and dividendo, we get
2 sinh? 1 o 2sin’
or 2 -
2 cosh? % o 2cos

cosha—l_l—cose 0

cosho+1 1+cos® 2

0

N | — (N | —

or tanh? 1 o = tan” 1 0.
2 2
Note: The componendo and dividendo is that if
a c a-b c¢-d
— =—, then = :
b d a+b c+d
Example 6: If tan© = tanh x coty and tan ¢ = tanh x tany,

sow that " 20 _ cosh2x +cos2y

sin 20 cosh 2x — cos 2y

sin 20 _2‘(311(16/(l+tan2 0)

sin 2¢ _2tan¢/(l+tan2 )

tan 0 ><1+tan2(])_tar19_1+tar12(])

1+ tan” 0 tan ¢ tan ¢ 1+ tan” 0
tanh x cot y " 1+ tanh? x tan® y

Solution: L.H.S. =

tanh x tan y 1+ tanh? x cot? y 7
putting the given values of tan 6 and tan ¢

cos® y  cosh® x cos” y + sinh®x sin? y
sinzy cosh? x cos? y
" cosh? xsin? y

cosh”x sin® y + sinh® x cos” y




Exp., Trigo. and Hyperbolic Functions of a Complex Variable

N

cosh? x cos® y + sinh? x sin” y

~ cosh? x sin? y + sinh? x cos? y
(@ cosh? x) (2 cosZy) + (2 sinh? x) (2 sin’ y)
2 cosh? x) (2 sin’ y)+(2 sinh? x) (2 COSZy)
(I + cosh 2x)(cos 2y + 1) + (cosh 2x — 1)(1 — cos 2 y)
B (I + cosh 2x)(I — cos 2 y) + (cosh 2x — I)(1 + cos 2 y)
[ 2cosh? x =1+ cosh2x;2sinh? x =cosh 2x — 1]

2 (cosh2x +cos2y) cosh2x+cos2y

(Note)

= = =R.H.S.
2 (cosh 2x — cos 2 y) cosh 2x —cos 2 y
@mprehensive Exercise 1
1. Prove thatsin (o + 78) — ¢'* sin 76 = ¢ sin o
2. Prove that {sin (o + 6) — ¢* sin 8}" =sin" a0 ¢ "%,
1+ tanh x .
3. Show that sz cosh 2x + sinh 2x. (Gorakhpur 2005)

tanh x + tanh y

4. Show that tanh (x + y) =
1 + tanh x tanh y

5. Show that
(i) sinh x + sinh y = 2 sinh % (x + y) cosh % (x=y)

(ii) cosh x — cosh y = 2 sinh % (x+y) sinh% (x = ).

6. Ifo= log tan[n/4 +6/2],prove that
(i) tanho /2 =tan®/2; (ii) cos O cosha =1;
(iii) sinh oo = tan 6 ; (Bundelkhand 2006) (iv) tanh o0 =sin 6 ;
(V) Ifo. =0 + a30° + a0 +...,show that 0 = ot — a30° +as0® — ...
(KKanpur 2008)
7. If a, B be the imaginary cube roots of unity, prove that

o™ + PP = — 72 |:\/3sin\/23x+cos\/23x:|-

215 Separation into Real and Imaginary Parts

By separation or resolving into real and imaginary parts, we mean to put acomplex
quantity in the form x + iy where x and y are real quantities.
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When we are given a fraction to separate into real and imaginary parts whose
numerator and denominator are both complex functions, we multiply the
numerator and denominator by the conjugate of the denominator and thus make
the denominator real.

The conjugate complex is obtained by putting —i for i, i.e., x + iy and x — iy are
conjugate complex quantities.

[llustrative Examl)les

Example 7: Resolve into real and imaginary parts :
(i) sin (o £if) (Bundelkhand 2004) (ii) cos (o £ if}) (Rohilkhand 2007)
(iii) tan (o + iB) (Bundelkhand 2006; Meerut 12)
Solution: (i) We have
sin (o0 £ i) = sin o cos (if) * cos a sin (iB)
=sin o cosh B £ icos o sinh f.
[+ sin (if) = isinh B and cos (iB) = cosh B]
(i) cos (o = if) = cos o cos (if) + sin o sin (iB)
= cos o, cosh B + sin o (i sinh B)
= cos o cosh B + isin o sinh B.
Remark: From the expressions for sin (o + i) and sin (o — i) into real and

imaginary parts, we observe that sin (o0 —if) is the conjugate complex of
sin (o + iB).Similarlycos (o + iB)andcos (o0 — iB)are conjugate complex numbers.
(i)  We have tan (o + ip) = S & TP
cos (o + if)

In this case, the denominator is a complex quantity so we have to multiply the
numerator and denominator by the conjugate of the denominator. The conjugate
complex of cos (o + iB) is cos (o — if}). Therefore multiplying the Nr. and Dr. by
cos (o — iB), we have
sin (o + iP) o 2 cos (o0 — i)
cos (o + iB) 2 cos (o — iP) (Note)

sin [ (o0 + i) + (o0 — iB)] + sin [(a + iB) — (&0 — iP)]
 cos [(o +iB) + (o —iB)] + cos [(o + if) — (o — iP)]
_sin (200) + sin (2iB)  sin 200 + i sinh 2f

" cos (200) + cos (2iB)  cos 20 + cosh 2B

sin 20 Y sinh 28
— l .
cos 20, + cosh 23 cos 20. + cosh 23

tan (o + if) =
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Remark: As proved in part (iii), we have

. sin 20, ) sinh 28
tan (o + if) = + i
cos 2o, + cosh 2 cos 20. + cosh 23

Replacing B by — B on both sides, we have

) sin 2o ) sinh 2
tan (a0 — if) = — i
cos 20, + cosh 2 cos 20, + cosh 23
[ cosh (=x) =cosh x, and sinh (—x) = — sinh x]

From these expressions for tan (o + i) and tan (o0 — iB) into real and imaginary
parts, we observe that tan (o — i) is the conjugate complex of tan (o + if). Thus
tan (o + if) and tan (o — i) are conjugate complex numbers.

cos (x + iy)

Example 8: Separate into real and imaginary parts.

(x+ip) +1
Solution: We have
cos (x +iy)  cos (x +iy) cos (x +iy) {(x + 1) — iy}
x+ip)+1  (+D+ip  {x+ D)+ +D)—ip)})’

multiplying the Nr. and the Dr. by the conjugate
complex of the Dr.

~ [cos x cos (iy) — sin x sin (iy) ][ (x + 1) — iy]
- (x + 1)2 - izyz
(cos x cosh y —isin x sinh y) [(x +1) — ip)]

- x+1)° +
[(x + 1) cos x cosh y — y sin x sinh y]
—i[(x + 1) sin x sinh y + y cos x cosh y]

(x+ 1% + p?
=a—ib
where a =[(x + 1) cos x cosh y — ysinxsinh y]/{(x + % + y2}
and b =[(x +1)sin x sinh y + y cos x cosh y]/{(x + l)2 + yz}_
Example 9: Resolve S+ 1)
Solution: We have ¢ 5" (¥ +1) — , sin x cos () + cos xsin (i)

_esinxcoshy+icosxsi11hy —e

into real and imaginary parts.

sin x cosh y gieos xsinh y
= ¢ SN Cosh 7 65 (cos x sinh y) + isin (cos x sinh y)],
[ ¢'® =cos 0+ isin 0]
which is of the form a + ib.
Example 10:  Resolve sin” (x + iy) into real and imaginary parts. (Meerut 2009)

Solution: We have sin® (x + iy) = % [2 sin” (x + iy)]
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[l —cos 2 (x +ip)] [+ 2sin® 8.=1-cos 20]

[1 —cos (2x + 2iy)] = — [1 = {cos 2x cos (2iy) — sin 2x sin (Ziy)}]

1
2
[1 —cos 2x cosh 2 y + isin 2x sinh 2 y]

(1-cos2xcosh2y)+i— (sm 2x sinh 2 y).

[\J\»— l\)\»—' l\)\»—' [\D\»—

@mprehensive Exercise 2

1. Resolve into real and imaginary parts :
(i) cot (o + iP) (ii) sec (o + iP)
(iii) cosec (o — i)

2. Resolve into real and imaginary parts :
(i) sinh (o + iB) (Bundelkhand 2009)  (ii) cosh (o + iP)

(iii) tanh (o + iB) (iv) coth (o + iP).
3. Resolve ¢“*"“£9) into real and imaginary parts.
Resolve ¢™ *9) into real and i imaginary parts. (Kumaun 2008)
5. Split into real and imaginary parts ¢'® / (1 — ke'?). (Meerut 2010B)
6. IfE ("_“U’J _ P +iQ, find P and Q.
X+a+iy

@nswers 2

1 Q) sin 2o —i sinh 23
' cosh 2B — cos 20 cosh 2B — cos 20,

(ii)( 2 cos o.cosh B J+i( ZSina.sinhBJ

cos 20, + cosh 23 cos 20, + cosh 23

(i) 2sin o . cosh B L 2 cos o .sinh B
i
cosh 2B — cos 2a cosh 2B — cos 2a

2. (i) (sinh o cos B) + i (cosh o sin B) sinh o cos B — i cosh o sin B

(ii) (cosh o cos B) + i (sinh o sin B) cosh o cos B — i sinh o sin B
sinh 20 e sin 23
i
cosh 200 + cos 2B cosh 200 + cos 2

(iii)
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(iv) sinh 20, . sin 23
iv — i :
cosh 200 — cos 23 cosh 20, — cos 2B

3 ecosh X cos y [

(27

cos (sinh x sin y) £ isin (sinh x sin y),
4, SN ECOS Y Teos (cosh x sin ) + isin (cosh x sin y)]
(cose—k cos (6 - ¢)J+ i[sine—k sin (6 — (]))]
1 -2k cos ¢ + k2 1 - 2k cos ¢ + k2

6. P=¢lcosqand Q=¢’ sing,
2

x? +y2 —-a 2ay

where p=—+———— and g=————-
. (x+a)2+y2 1 (x+a)2+y2

Problems Involving Trigonometric and Hyperbolic Funtions:

The problems involving trigonometric and hyperbolic functions can be solved by

using the relations given in article 2.9.

Example 11: If tan (0 + i9) = tan o + i sec o, then prove that
?? :icot%a and 29:nn+%n+(x.
(Meerut 2010; Bundelkhand 10; Purvanchal 14; Kashi 14)
Solution: We have tan (0 + i0) = tan o + i sec o,

so that tan (6 — i¢) = tan o — i sec L.
tan (0 + i0) + tan (0 — i¢)
— tan (0 + i¢) tan (6 — i9)

(tan o + isec o) + (tan o — isec ) 2 tan o

Now tan 20 = tan [0 + i}) + (0 — i®)] = 1

- (tan o + i sec a)(tan o — i sec o) - (tan’® o + sec’ o)

2 tan o 1
= = = —COt ol

~2 tan® o tan o

Thus tan 20 = — cot o = tan (é T+ o).

20 = % T+ o (principal value)

or 20 =nm + % T+ (general value)

Again,  tan 2if = tan [(8 + i¢) — (6 — i0)] = 1tint$ J(’eii’) i;)tta;n(?e__ij’qz)

_(tano+iseco) — (tano —iseco)  2isec o

2 2

= =1C0S Ol
o) 2 sec” o

1+ (tam2 o + sec

itanh 20 =icos o, or tanh 2¢ = cos o
20 — 20 _cosa
20 4720 1

or
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Applying componendo and dividendo, we have

. 2 cos? !
2¢2% 1+ cosa 40 cost 5@ 5 1
or 6 =1 ,or ¢t = ———— =cot Eoc.
2e —cosa 2sin? — o
2
¢?® =+ cot i ol.
2
Example 12: If sin (6 + i0) = cos o + i sin o, then prove that
cos® 0 = sinh® ¢ =+ sin o. (Meerut 2009B)
Solution: We have sin (0 + i¢p) =cos o + isin o
or sin 0 cosh ¢ + i cos 0 sinh ¢ = cos o + i sin o..
Equating real and imaginary parts, we have
sin 6 cosh ¢ = cos a ..
cos 0 sinh ¢ = sin o ...(2)
First we shall eliminate ¢ between (1) and (2).
We have cosh? ¢ — sinh? ¢ = 1.
cos’o  sin’a cos? o cos” 0 — sin® o sin” ©
o gl o PR =1
sin“® cos” 6 sin“ 0 cos” 0
or cos? o cos” 0 — sin® o sin” © = sin” @ cos” ©
or cos? 0 (1 —sin? ) — sin? o (1 — cos” 6) = cos” 6 (1 — cos” 0)
[changing all the terms to cos © and sin o]
2 20 a2 ) ) 20 _ 2 4
or cos” 0 —cos” 0sin” o —sin” o + sin” o cos” 0 = cos” 6 —cos™ 0
or cos? 0 = sin? o

c0s?0 = + sin o,

Now we shall eliminate 6 between (1) and (2) .

We have sin? @ + cos? 6 = 1.
Therefore from (1) and (2), we have
2 2

cos” o, sin” o

cosh? o ! sinh? 0 =
or cos? o sinh? ¢ + cosh? ¢ sin? o = cosh? ¢ sinh? ¢
or sinh? o (- sin? &) + sin” o (1 + sinh? ¢) = (I + sinh? 0) sinh? 0
[changing all the terms to sinh ¢ and sin o]
or sinh? ¢ — sinh? ¢ sin? o + sin? o + sinh? ¢ sin? o = sinh? ¢ + sinh® ¢
or sinh? ¢ = sin” .

sinh? ¢ = + sin o

Thus cos®0 = sinh? ¢ = * sin o
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Example 13: If sin (6 + i¢) = p (cos o + i sin o), prove that

p2 = % [cosh 2¢ — cos 20] and tan o = tanh ¢ cot ©.

(Garhwal 2001)
Solution: We have

sin (0 + i0) = p cos o + ip sin o

or sin 6 cosh ¢ + i cos 0 sinh ¢ = p cos o + ip sin o
. sin 6 cosh ¢ = p cos o (D
and cos 0 sinh ¢ = p sin o.. ..(2)

Squaring (1) and (2) and adding, we get
p? =sin’ 0 cosh? ¢ + cos? O sinh? ¢.
2 p2 =2 sin” @ cosh? ¢ + 2 cos” 6 sinh? ¢
= (1 - cos 26) cosh? ¢ + (I + cos 260) sinh? ¢,
changing to double angles
= (cosh? ¢ + sinh? ¢) — cos 26 (cosh? ¢ — sinh? ¢)
= cosh 2 — cos 26. [+ cosh? ¢ +sinh? ¢ = cosh 20]

p2 = % (cosh 2¢ — cos 260).

Again, dividing (2) by (1), we get

cos 0 sinh sin o
¢ or tan o = tanh ¢ cot .

sin®cosh ¢ cosa

@mprehensive Exercise 3

1. Ifsin (o + iB) = x + iy, prove that

. 2 2 2 2
(i) x” cosec®ar— y” sec” o =1, (Bundelkhand 2005, 14; Avadh 11)

(i) x? sech’p +y2 cosech?p =1.
(Kanpur 2005, 12; Avadh 11; Bundelkhand 14)
2. If cos™ (x +iy) = A+ iB, prove that

(i) x* sec’B +y2 cosech? B=1

(ii) x? sec> A - e cosec? A =1. (Garhwal 2000)
3. Iftan (0 + i¢) = sin (x + iy), then prove that
coth y sinh 2¢ = cot x sin 26. (Purvanchal 2011; Agra 14)

If tanh (o + i) = sin (x + ip), prove that sinh 20 cosec 2 = tan x coth .
If tan (o0 + iB) = x + iy, prove that

(i) * +y° +2xrcot20=1; (Kanpur 2010)
(ii) ¥+ )’2 —2ycoth2f +1=0; (Kanpur 2010)
(iii) x coth 200 + y coth 28 = 1.
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If tan (0 + i¢) = cos o + i sin a, prove that

0=""4+T and ¢=110g tan(g+g)or 20 = tan(E+gJ-
2 4 2 4 2 4 2

(Garhwal 2002; Agra 07;
Gorakhpur 07; Meerut 08; Purvanchal 10)

If tan (o + i B) = i, where o and P are real, then prove that o is indeterminate
and B is infinite. (Bundelkkhand 2007, 14; Purvanchal 14)

If sin (6 + i¢) = tan o + i sec o, then prove that cos 26 cosh 2¢ = 3.

(Garhwal 2001; Avadh 07, 09; Purvanchal 08; Agra 09, 10; Kashi 13)

If cos (x + iy) = cos o + i sin a, prove that

(i) cosh2y +cos2x =2 (ii) sin® x = sin® o

(iii) sinh* y = sin® o

If cos (8 + i¢) = r (cos o + isin o), then prove that ¢ = 1 log m .
2 sin (8 + o)

(Bundellhand 2003; Avadh 05; Kanpur 06; Kashi 12; Rohilkhand 09)

If cosh u = sec 0, show that

u =log tan (i T+ % 0) (Meerut 2013)
2 2 1
and  tanh” o u=tan” o 6. (Meerut 2011; Avadh 10)
If A+ iB=C tan (x + iy), then prove that tan 2x = CZ_ZISZA_BZ :

inh 2
If u + iv = cot (x + iy), show that v = — sinh 2y

cosh 2y —cos 2x .

If cos (u + iv) = x + ip, prove that

2

(1+x)? + y2 =(coshv+ cosu)> and (1-x)?* + y2 = (cosh v — cos u)?,

where x, y, u, v are all real.

If cosh (x + iy) = p + iq,where x, y, p and q are real, show that

2 2
P q -1

coszy sinzy

If sin (x + iy) sin (6 + i¢) = 1, show that

(i) tanh? y cosh? 0= cos? 0; (Kanpur 2010)
(ii) tanh® ¢ cosh? y = cos® x. (Kanpur 2010)
If cos (8 + i0) cos (o + if) = L, prove that

tanh? ¢ cosh? B =sin® cand tanh? p cosh? ¢ = sin® 6. (Kanpur 2009)
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If x =2 cos oo cosh B and y = sin o sinh B, prove that

(i) SGC(0L+i[3)+sec(oc—i|3):%.
x“ 4y

(ii) sec (o + iP) — sec (a—iB):%,
x“ 4y

® NSk W=

@jective Type Questions

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
If sin (x + iy) = p + iq, where p and q are real, then

(a) g =sin xcos y (b) ¢ =cos xsin y
(c) q =sin x cosh y (d) g =cos xsinh y.
If 0 is real, then

(a) cos (i0) = icosh (b) sin (i6) = i sinh 6
(c) tan (i8) = tanh 6 (d) cot (i6) = i coth 6.

Fill in the Blanks

Fill in the blanks “...... ” s0 that the following statements are complete and correct.
The Euler’s theorem states thate © = ...

The exponential value of cos @is ...... .
The exponential value of sin@is ...... .

If e**” = a + ib, where a and b are real, then b = .......
If cos (x + iy) = a + ib, where a and b are real, thena =.......
If cos (x + iy) = a + ib, where a and b are real, then b =.......

The complex conjugate of cos (x — iy)is ...... .

If ™ +9) — 4 4 ih, where a and b are real, then b = .......

True or False

Write “T” for true and “F’ for false statement.
cot (iB) = — i coth 6.

If sin (x — iy) = a + ib, where a and b are real, then b = cos x sinh y.
2 2
If sin (o + iB) = x + iy, then x2 + J’2 =1.
sin” o0 cos” o

cos (o + i) = cos o cosh B + i sin o sinh B.
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. sin 20 . sinh 23
5. tan (o +if) = + i .
cos 20, + cosh 2 cos 20 + cosh 23
@I’ISWGI'S

Multiple Choice Questions
1. (d) 2. (b)

Fill in the Blanks

0, -0 0 _ -0
1. cosB+isin® 2. e re 3. ¢ ¢
2 2i

4. ¢"siny 5. cosxcosh y 6. —sinxsinh y
7. cos (x +iy) 8. MO gin (cos x sinh )

True or False
1. T 2. F 3. F 4. F 5. T




Logarithms of Complex Numbers

a1 Logarithms in the Set of Real Numbers

e know that if 2 and x are two real numbers such that ¢* = a,then xis called
Wthe logarithm of a to the base ¢ and we write it as

x=log, a.
Since for all real numbers x,we have ¢* > 0, therefore, in the case of a real variable,
log , aexistsif and only if ais positive. Also if a is a positive real number, log, ais a
unique real number.

32 Logarithms of Complex Numbers

(Gorakhpur 2006)
Now we shall extend our definition of logarithmic function to the set of complex
numbers.

Definition: Letz and wbe two complex numbers such thate® = w. Thenz is called a

logarithm of w to the base ¢ and we write it as z = log, w or simply as z = log w, the
base ¢ remaining understood.
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Thus by definition, z = log w if and only if w = ¢°.
Since ¢ # 0 for any complex number z, therefore log w does not exist if w = 0.
Logarithm of a complex number is a many-valued function:
Let log, w=z.Then ¢® = w.
If n is any integer, we have
¢*"™ = cos 2 nm + isin 2nm =1+ 00 = 1 (Bundelkhand 2005)

z eanti = 7 +2nmi

e =¢ l=¢ = )
which means that if log w = z, then we also have
log w=z + 2nmi.

Thus logarithm of a complex number is a many-valued function.

35 Principal and General Values of Logarithm ofa
Non-Zero Complex Number

(Goralkhpur 2006)

Let z = x + iy be a non-zero complex number. Suppose

log, z =a +iP,
where o and B are real. Then

z=e%"P =% ¢ =% (cos B+ isinP).
Since ¢ is a positive real number, therefore

z=¢% (cos B + isinB)
is a representation of z in a modulus-argument form. We have

e =|z|=V(@? +y2) and B =argz =tan”' (p/x).
The equation ¢* =|z | has a unique solution o = log |z |, the real logarithm of the
positive number |z |.

log, z =log |z | +iargz
ie., log, (x +iy) = log V(x> + y*) +itan™" ( y/x).
Now arg z is a many-valued function and consequently log z is a many-valued
function. If B, is the principal value of arg z i.e., the value of arg z lying between —n
and w, then log |z | + iB is called the principal value of log z. Again if B, is the
principal value of arg z, then 2nm + B, is the general value of arg z and

log |z | +iBq + 2nmi
iscalled the generalvalue of logz.Thus every non-zero complex number has infinitely many
logarithms which differ from one another by an integral multiple of 2.

It is usual to denote the general value of log, z by Log, z,using the first letter L as
the capitalletter, and the principal value bylog, z,using the firstletter/as the small
letter. Thus we have




Logarithms of Complex Numbers

(45 I

Log, z = log , z + 2nmi, where n is any integer.
If in the general value, we put n = 0, we get the principal value.
Remember :
log, (x + iy) = log V(x? +y2) +itan”! (y/x),
where tan™' ( y / x) represents the principal value of arg (x + iy)
and Log, (x + iy) = log V(x? + yz) +itan”! (y/x)+ 2nmi,

where n is any integer.

34 Properties of the Logarithmic Function

If w and v are two non-zero complex numbers, then

Log (uv) = Log u + Log v ()
and Log (u/v) = Log u— Log v. ...(2)
Proof: LetLogu=2z and Logv=z,.
Then ¢! =u and ¢2 =v. s e2 =uporel T2 = up.
By the definition of logarithm, we have

Log uv = z; +z, =Log u + Log v, which proves the result (1).
The result (2) can be proved similarly.

The equality (1) does not mean that the principal value of log uris equal to the sum
of the principal values of log u and log v. Note that the sum of the principal
arguments of and vyneed not be equal to the principal argument of uv. The equality
(1) implies that each value oflog u + log vis equal to some value of log uvand each
value of log uv is equal to some value of

log u + log v.
A similar remark holds for the equality (2) also.

Remark: If z be a non-zero complex number and 7 be a positive integer, the
equality log z" = n log z may not be true even for the general values.

As an illustration, we have

Log i# = Log (—i) = (2nm — % n) i, while 3 Log i=3 (2mn + % ) i.
Now it is not correct to say that
3(2mn+ln)=2nn—ln.
2 2
For, the left hand side may be written as 2 3m + 1) © — % T,

which shows that the solution set on the left is only a subset of the solution set on
the right.

Thus Log i° #3 Log i
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3.5 Working Rule to Evaluate Log (x + iy) i.e., to Express
Log (x + iy) in the Form 4+ iB

(Meerut 2010)
First we put x + iy in the modulus-argument form.

So let X+ iy =r(cos B +isino).
Thenx =7 cos 6, y =rsin®. o= +y2) and 0= tan”! (y/x).
Now Log (x + iy) = Log (r cos 6 + ir sin 8) = Log r (cos 6 + i sin 6)
= log [r {cos (2nm +0) + isin 2nn + 6)}] = log r @+ 0)
=log r + log ¢/@"™*® = log r + i 2nn + 6)

=log V(x* + y?) +i{2nm + tan”! ( y/x)}
=%log(x2 +J/2)+i{2nﬂ:+talr1_1 (y/x)}=A+iB,

where A=%log (x? +)/2),B=2mc+tan_1 (y/x).

If we put n = 0, we obtain the principal value of Log (x + iy) written as
log (x + iy).

Thus log (x+iy):%log (x? +yz)+itam_I (y/x).

(Rohilkhand 2006, 08)
Putting — y for y on both sides, we get

log (x—iy)z%log (o + y?)—itan”' ( y /).

36 Logarithm of a Positive Real Number in the Set of
Complex Numbers

Let x be a positive real number.

Let x=x+1i0 =r(cos® +isin0). Then x =rcos 6,0 =rsin6.
r=x and 6=0.
Log x = log x + i0 + 2nmi = log x + 2nmi.

Obviously only n = 0 gives a real value of Log .

Thus in the set of complex numbers a positive real number has an infinite number
of logarithms out of which only one is real.

J.{ Logarithm of a Negative Real Number

Let xbe a positive real number so that —xis a negative real number. We have to find
Log (=x).
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Let —-x=-x+i0=r(cos®+isin®). Then —x=rcos6,0 =rsinb.
r=x, and 0=m.
Log (-x) = Log x (cos & + i sin m)

=log x {cos (2nm + m) + isin (2nm + w)}

2nm +m)i 2nm +m)i

= log xet =log x + log !
=log x + (2n + 1) i, which is never real.

The principal value of log (=x) is log x + ir.

Hence the principal value of the logarithm of a negative real number is the

logarithm of the corresponding positive number added with mi.

[llustrative Examrles

Example 1: Find the principal and general value of log (=1 + i).
Solution: Let —1+i=r(cos®+isin®), sothat rcos@=—-1 and rsin6=1
Squaring and adding, we have P = 2, e, r=\2.

Now cos0=-1/V2 and sin®=1/V2, so that 0="rm.

e

—1+i=\/2(cos%n+isin%n)=x/2 BT/

the general value is
Log (_1 + i) — log {\/2 E(3n/4)i €2nm’}

:log\/2+§ni+2nm’:llog2+(2n+§)m'.
4 2 4

Putting n = 0, the principal value is given by
log (—1+i):%log2+%mﬁ

Example 2: Find the general value of log (=3).
(Bundelkhand 2006; Rohilkhand 06, 08)
Solution: Let -3 =-3+i0 =r (cos 6 +isin0),
so that -3=rcos® and O =rsin®.
These give r* =9 ie., r=3.Putting r = 3, we get
cos®=-1 and sin®=0,giving = m.
-3=3(cosm+isinm)=3.e".
Log (-3) = log {3 .¢™ . ¢*"™) [ 2™ =1]

2nm+m)i

=log 3 + log et =log 3+ (2n +1) mi.
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The principal value of Log (-3) i.c., log (-3) is obtained by putting n =0 in the
above result.

Thus log (- 3) =log 3 + im.

Example 3: Find the general value of log (—i). (Agra 2007)

Solution: We have —i = (cos % T — isin% ) = e ™/

so that  log (i) = log e ™2 = i /2, giving the principal value.
Log (i) = log (=i) + 2 nmi= - (in / 2) + 2nmi= % “n -1 m.

Example 4:  Express log (1 + ) in the Jorm A + iB.
Solution: We have
log (1+ )" = (1-i) log (1 + i)

— () % log (12 +12) + i tan™" 1]
=(1—i)[%10g2+iin]
:(%log2+%n)+i(%n—%10g2),

which is of the form A + iB.

Example 5: Prove that  log 14 =log(lcosecg)+i(ﬁ—g)~
- 2 2 2 2

(Meerut 2009B; Kashi 14)
Solution: We have

1 1 i
lo — =]o ce'% =cosa +isina
gl_g"* gl—cosoc—isinoc [ ]
= log !
2sin210c—2isinloccosloc
2 2
= log !
. .1 . 1
2sin — o (sin — o — icos — a)
2 2 2
1
= log I 1 I 1
2sin—o{cos(=mT——o)—isin(—T——o
in o { (2 2 ) — i (2 2 )}
= log ! [ ¢® =cos®—isin0]
9 gin 1 o oI (®/2—0/2)
2

1 | o
= log [(= cosec — a) . ¢ |(®/2 = %/2)
g [(2 2 ) ]
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= log (% cosec % ) + log ¢ '(®/2=¢/2)

1 1 1 1
= log (= —o)+i(=mw—-=0).
og (2 cosec 3 ) 1(2 T 3 )

1

Example 6:  Prove that  log tan (i T+ i% o)=itan" (sinh o).

(Agra 2005, 06; Meerut 07, 08, 11, 13B; Bundellchand 10;
Avadh 09, 11; Kanpur 11; Kashi 13)

.1 1
sin(—-mw+i- o
( 7%

Solution: L.H.S.=log tan (l mis o) = log |
4 2 cos (— m+ IS o)

ZSin(ln+loci)cos(ln—loci)
2 4

— N

=log , multiplying the Nr.

2cos(ln+l(xi)cos(ln——(xi)
4 2 4 2

and the Dr. by the conjugate complex of the Dr.

[ .1 1 NS S B
sin (- T+ - m)+sin(-ai+—oi)
= log 4 4 2 2
cos (ln+ln)+cos (l(xi+loci)
L 4 4 2 2 _
[ .1 . ) )
sin 5 T + sin (o) 1+ isinha
= log I = log ~eosho
cos — T + cos (o) cosha
- 2 [ .+ sin (io) = i sinh o, cos (ia) = cosh o]
[ ~sinh o
= log + i
cosho  cosha
1 1 sinh? o . _1 [ sinho/cosha
= —log 3 3 + itan _—
2 cosh” o cosh” o 1/cosh a.
[ By article 3.5, here x = 1/cosh a, y =sinh o./cosh o ]
1+ sinh?
_1 log JFSLZOL +itan~! (sinh o)
2 cosh” o
h2
_1 log €os 3 “|4itan! (sinh o)
2 cosh” o

= % log 1+ i tan”! (sinh o) = i tan”! (sinh o) = R.H.S.

Example 7: Separate Log sin (x + iy) into real and imaginary parts.

Solution: We have
Log sin (x + iy) = Log (sin x cos iy + cos x sin iy)
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= Log (sin x cosh y + icos x sinh y)

2

= % log (sin” x cosh? y + cos? x sinh? y)

inh
+itan”! [W}/) + 2 nmi [By article 3.5]
sin x cosh y

= % log {% (1 - cos 2x) cosh? b+ % (1 + cos 2x) sinh? 7}

+itan”! (cot x tanh V) + 2nmi
= % log {% (cosh? y +sinh? y) — % cos 2x (cosh? y — sinh? )}

+itan”! (cot x tanh y) + 2nmi
=—log (% cosh 2y — % cos 2x) + i [2 nm + tan~! (cot x tanh y)]

! (cot x tanh y)],

N — DN —

log [% (cosh2y —cos 2x)] + i[2nm + tan™

which is of the form P + iQ.

To find out the principal value, we put n = 0 in the above result. So we have

log sin (x + iy) = % log [% (cosh 2y —cos 2x)] + itan~! (cot x tanh ).
Example 8: If log sin (x + iy) = o + iB, show that

(i) a= % log ! (cosh 2y — cos 2x),

2 (Meerut 2013B)
(i) 2cos 2x=e*) + 720 — 4¢2%, (iii) P =tan”" (cot x tanh ),
(iv) cos (x = B) = ¢*7 cos (x + ).
Solution: log sin (x + iy) = o + i, = sin (x + ip) = e* TP =% P
or sin x cos iy + cos xsiniy =¢ * (cos B + isin p)
or sin x cosh y +icos xsinh y=¢® cos B +ie® sinp.
Equating real and imaginary parts, we have
sin x cosh y =¢* cos B ..(1)
and cos xsinh y =¢% sinp. ..(2)

Squaring and adding (1) and (2), we get

sin? x cosh? y+ cos? x sinh? y= ¢?% (cos’ B +sin’ B)
or % (1 = cos 2x) Coshzy + % (1 + cos 2x) sinhzy =2
or % (COSth + sinh? y) - % cos 2x (cosh2y - sinhzy) =2
1 1 _ 2 1 _ 2
or 5(:os}12y—§(:os2x—e or 5(costh—cost)—e . . (A)
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200=1lo l cosh 2y —cos 2x),
g2 J

or o= % log % (cosh 2y — cos 2x), which proves the result (i).

From the result (A), we have
cosh 2y —cos 2x =2¢**  or cosh 2y = cos 2x + 2¢* ©

or 2 cosh 2y =2 cos 2x + 4¢**
or 2 cos 2x =2 cosh 2y — 4¢*% = 2V 4 ¢727 — 4%,

which proves the result (ii).
Dividing (2) by (1), we get

cos x sinh y
tanf = —— =cot x tanh . (B)
sin x cosh y

1

B =tan™ (cot x tanh y),which proves the result (iii).

From the result (B), we have
tan B e/ —¢™V  sinPsinx

tanh y = o ——— =
cot x el +e cos B cos x

Applying componendo and dividendo, we have
eV +e )+ (el —¢) cosPcosx+sinfsinx

(¢! +e )= (¢! —¢) cosPcosx—sinpsinx

92¢7  cos (x —P) 2, _COS (x =P)
or = or ¢ - @
2¢7  cos (x +P) cos (x +PB)
or cos (x — B) = ¢?7 cos (x + B), which proves the result (iv).

@mprehensive Exercise 1

1. (i) Prove that Log (1+ i) = 1 log 2 +i(2nm + 1 ).
2 4 “(Meerut 2012; Avadh 14)

(ii) Prove that Log (-5) = log 5 + (2nm + m) i.
(iii) Find the general value of log i. (Kanpur 2005)
2. (i) Find the general value of log V. (Rohilkhand 2007)

(ii) Show that log (I + ) = log (2 cos % 0) + 51 i0,if —t<O<m

3. (i) Prove that log ( atib ): 2i tan™! ( ] )
b @) (Avadh 2009; Purvanchal 11)

a-—i
if) Show that i log *— = 7~ 2 tan™'
(if) Show thatilog ~——=m =2 tan" X (anpur 2008; Avadh 08, 10;

Purvanchal 11; Kashi 13)
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4. (i) Show that tan (i log

a+ib) A2 2 (Meerut 2004, 10, 10B;

a— ib] 2ab
a“ —b
Avadh 05; Purvanchal 07, 09)

(ii) Prove that log (I +itan o) = log sec o + oi.
5. Prove thatsin (log i H=-1.

6. If u=log tan ( g + g ), prove that

(i) tanh '~ tan 9
2 2 (Kanpur 2007; Meerut 10, 12B; Kashi 11; Agra 14)

ii) 0=—ilog t E+’l‘).
(ii) ilog an(4 5

(Gorakhpur 2005; Purvanchal 08; Avadh 13)
7. Prove that log (1 + cos 20 + isin 26) = log (2 cos 0) + i6,if -t <0< m.

sin (x + iy)

8. Prove that log [ ):| =2i tan_1 (COt x tanh y) (Meerut 2012, 13)

sin (x — iy
9. Prove that

log cos (x + iy) = % log % (cosh2y + cos 2x) — i tan”! (tan x tanh 7).

(Kumaun 2008)

cos (x — iy)

10. Prove that log { } =2 itan”! (tan x tanh y).

cos (x + ip)

1+i) (1+iV3
11. Show that one of the values of log IAGEAL) is 1 log 2 + ii .
V3 +i 2 12

12. If tan log (x + iy) = a + ib, where a® +b* # 1, prove that

2a

2 2 _
tan {log (x* + y7)) T2 (Meerut 2005B; Avadh 13)

13. If log log (x + iy) = p + iq, prove that

2 2,\1/2
Y =xtan[tang log (x* + y7)"“]. (pyrvanchal 2006; Avadh 10)

14. If log log log (o + iB) = p + iq, prove that
. ¥ cosq 7 oo le 2+2
(i) e .cos (¥ sin q) 3 og (o +B7), (Kanpur 2011)
(ii) ¢ SN gin (e? sing)= tan™' (B /).

15. If (a; +iby)(ay + iby)......(a, +ib,) = A+ iB, prove that

-1 bl -1 b2 -1 bn 1 B
tan — |+ tan —=|+...+ tan 4 |=tan" —,
a; a, a, A

(Avadh 2009)
2+b2)=A" + B

and (a12 +b12)(a22 +b22)'~-(ﬂn n
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1. (iii) % @i+ 2. () % Sn + 1) mi

N

38 The General Exponential Function a’

If @ and z are any two complex numbers, the general exponential function a® is

defined as

z zLoga

a” =e =exp (z Log a).

Since Log a is a many-valued function, a * is also a many-valued function. Thus
z _ pzloga _ .z (log a +2nmi

a ) = exp [z (log a + 2 nmi)].

This gives the general value of a *. The principal value of a * is obtained by putting
n=0.

Hence the principal value of a® = ¢?1°8 4

=exp (z log a).

39 To Separate (o +iB)”** into Real and Imaginary Parts

By the definition of the general exponential function, we have
(o + iB)PH = (P HNLOE (D) — exp [ ((p + i) Log (0 + iB)]

=exp [(p+iq) {% log @ +p%)+itan! (B/a) +2 nmi )]
[By article 3.5]
= exp [{%plog (o? +B2)—q tan™! (B/o) -2 nqm}

+i{%qlog (0 +B2)+ ptan (B/a)+2 npr}]

=exp (A +iB),
where A:%plog (o? +Bz)—q{tam_1 (B/a) + 2 nm}

and Bzéqlog (o? +[32)+p{tan_1 (B/a) +2 nm})

=¢MB = oA B = ¢4 (cos B +isin B).

A A

Therefore the real part is ¢ cos B and the imaginary part is ¢” sin B.

The principal value is obtained by putting n = 0.

Note: In the following examples it is sometimes found convenient to write ¢* as

exp (x).
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[llustrative Examl)les

J g —(An+l)m/2
Example 9:  Prove that i' = ¢ nrhmiz, (Meerut 2004B; Gorakhpur 06;

Agra 08; Purvanchal 10; Rohilkhand 09; Bundelkhand 14)
Solution: We have i’ =¢ito2i by def. of a*
=exp (i Log i) = exp [i (log i+ 2 nmi)]. ..(D)
Now log i =log (cos — m + isin — m) ['.'i=cos—n+isinln]
2 2 2 2
=log ¢™? =im/2.
Substituting for log iin (1), we have

il =exp [i(i§n+2nm')]:exp [i2 (2n+%) b

—exp[- @n+1)m /2] = WT2 (2)
Note 1: Putting 7 =0 in (2), we get the principal value of i’ = e
Note 2: Putting n=0,1,2,...in (2), the various values of i are
e /2 ) e Om/2 ’ e Im/2 , e 13n/2 .
which is a geometrical progression with common ratio e2r,
Example 10:  Ifi’ A iB,principal values only being considered, prove that

(i) tantx A=B/ A and (i) A2 + B> =¢T8.
2 (Bundellchand 2007; Kanpur 09; Purvanchal 14)

Solution: (i) We have i A LB
i"*B - A+iB
or exp [(A+iB)log i]= A+ iB, taking the principal value of jA+iB
or exp [(A + iB) log (Cos%n+isin%n)]:A+iB
or exp [(A + iB) log ¢™?1= A+iB
or exp[(A+iB)i%n]:A+iB
or CXp[—%TCB-Fi%TEA]:A-‘riB or ¢ Br2 M2 — A4 B
or ¢ B2 (cos%nA+isin%nA)=A+iB.
Equating real and imaginary parts on both sides, we have
¢ B2 cos%nA:A, ()

and ¢ ~Br/2 sin§1 A = B. 2)
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Dividing (2) by (1), we have tan% A= B/ A.
Squaring and adding (1) and (2), we get
(ii) €822 (cos? % A + sin’ % TA) = A% + B?
or e B = A% 4+ B%.
Example11: If p®™® = (x + ip)""" and the principal values are considered, prove that
(i) o :%m logp (x? +y2) —n tan”™! (y/x) logp e,
(Meerut 2006B; Kanpur 08)

2 (oun + Bn) .

.. 2 2\ _
(ii) logp (" +y )_W (Kanpur 2008)

)m+in

Solution: We have p®*P = (x + iy

Taking logarithm of both sides, we have
(o +iB) log, p = (m + in) log, (x + ip)
= (m + in) [% log, (x> + yz) +itan”! ( y/ x)], refer article 3.5

=[§1m log, (+* + y*)=ntan™" ( y/x)]
+i[%nloge (x? +)/2)+mtam_1 (y/x)].

Equating real and imaginary parts on both sides, we get

a log, p:%mloge (? + y?)—ntan”t ( y/x) (D)
and B log, p:%mloge o + )+ mtan™ ( y /). (2
(i)  From (1), we have

o log, p:%mloge (x? +)/2)—ntan_l (y/x)
or (alog, p).(log, ¢) = [% m log, (x? +y2) —ntan”! (y/x)]. log , e

multiplying both sides by log, ¢

or a:%mlogp (x2+y2)—ntan_1(y/x).logp e.

[ log, axlog, b=1;log, mxlog, a=log, m]

o= % m log y (x2 + y2) — 7 tan”! (y/x) 1ogp e. Proved.
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(ii) Multiplying (1) by m and (2) by n and adding, we get

(oum + Bn) log, p:%(m2 +n2)logc (x2 +y2)
_Lo2 . 9 2 | 2
or (am + Pn) log, pxlog, e—i(m +n7)log, (x + y7) xlog, e

multiplying both sides by log, ¢

or (am+Bn).1=%(m2+n2)logp o* + y?)
2 (om + Bn)
or log , 2oy =2

-1
Example 12: If (a + ib)! = m* ™Y then prove that S 21‘617127(19/;) ,
X log (a= +Db7)

where only principal values are considered . (Kanpur 2007)
Solution: Given that (a + ib)? = m**9),

Taking logarithm of both sides, we have
plog (a + ib) = (x + iy) log m

or p[%log(az+b2)+itan_1 (b/a)] = xlog m+ iy log m.
Equating real and imaginary parts, we get

1 2,32

5plog(a +b” )=xlog m (1)
and ptan™' (b /a)= y log m. .2
Dividing (2) by (1), we get

J ptan_l b/a)y 2 tan™! (b/a)

X (p/2)log (a* +b*) log (a* +b*)
Example 13: Prove that if (I+ i tan o) ™' "*P can have real values, one of them is

2
(sec o)™ P, (Kanpur 2008, 10; Rohilkhand 05)

Solution: We have (1 + i tan or)! * /40P

=exp [(I +itanB) log (1 +itano)], taking the principal value
=exp [(1+itan B) {log V(1 + tan® o) + i tan™" (tan o)}]

=exp [(I +itan B)(log sec o + iov) ]

=exp [log sec oo — o tan B + i (o + tan B log sec o) ]

= exp [log sec oo — o tan B] . exp [i (o + tan P log sec o) ]

= exp [log sec oo — o tan B] . [cos {a + tan B log sec o}

+ isin {o + tan B log sec o}].
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Now if this value is real, the imaginary part is equal to zero.
sin {o. + tan B log seca} =0 or o + tan B log sec oo =0

or o = — tan B log sec a. ..(D

Also then (1 + i tan or)! +7tanB

= exp [log sec oo — o tan B] . (cos O + isin 0)
=exp [log sec o + tan B . tan B log sec o],
substituting for o from (1)

=exp [+ tan’ B) log seca] = exp [sec® B log sec o

sec2[5 seczﬁ
= exp [log (sec )’ 1= (sec o)’ .

This is one of the values since (1 + i tan o)' **"P can have infinite number of
values.
Example 14: Find the general value of log, (-2). (Meerut 2009)
L -2
Solution: We have Log, (-2) = L()
Log, 4

_log, (=2) + 2n mi

— , where m and n are any integers
log, 4 + 2m mi

_log, {2 (cos m +isinm)} + 2nmi _ log, (2¢™) + 2nmi

log, 4 + 2mmi log, 4 + 2 mmi

_log, 2 +in+2nmi log, 2 +i(2nm + m)

log, 4 + 2mmi 2 log, 2 + 2mmi

[log, 2 +i(2nm + m)] [2 log, 2 — 2mmi]
(2 log, 2 + 2mmi) (2 log , 2 — 2mmni)

_ 2 (log, 2% +2mn Qnm+ ) + 2i {2n+ ) log, 2 — mm log, 2}
4 (log, 2)* +4m*n*

_ (log€2)2 +2n + 1) mn® +i(2n +1-m)nlog, 2
2 (log, 2% +2m*n? 2 (log, 2)* +2m*n*’
which is required general value of log, (-2).
Example 15: Ifsinlog (i') = a + ib, find a and b. Hence find cos (logi').
Solution: First, we have
il = exp (i log i) = exp [i log (cos % T+ isin% )]

= exp [i log e™? ) =expli(in/2)] =exp (-n/2) =¢ ™%,
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logi'=loge ™ =—mn/2.
sin (log i ') =sin (~n /2) = - L
Hence sin(logi')=a+ih = —l=a+ib.
Equating real and imaginary parts, we get a =—1,b =0.
sin (log i=-1
Now cos (logi"):\/{l—sin2 (log iy =V{1-1}=0.

@mprehensive Exercise 2

1. Ifi%*® = o + iB, show that a® + p? = ¢ )8,

(Agra 2005; Kanpur 09; Bundelkhand 11)

2. Prove that " =cos[(2m + %) mal +isin [(2m + %) ma).

3. Ifi' =cos@+isin 0, prove that

1 1
0=2m+— = @n+ ).
@m+ ) mexp = @n+ o) 7] (Kanpur 2008)

4. If (') =cos © —isin §,show that 6 = % T (4n + 1).
5. Show that the sum of the moduli of the values of (I + i)“i, which are less
than unity is (1/+/2) . 3™+ cosech .
6. Show that the principal value of (a + ib)? "0 /(a — ib)! ™ is
cos 2(po. + q log r) + isin 2(po. + q log r),
where r=v(a®> +b*) and o=tan"' (b/a).
7. Prove that the real part of the principal value of

j)log A+0) 5 — 12 /8) x cos (- 7 log 2).
) is exp ( ) x cos (4 0 2) (Purvanchal 2008)

8. Prove that (x + ix tan )% ("5 =¥ jg real, when only principal values are
considered.
9. Prove that the principal value of (a + ib)* " is wholly real or wholly

imaginary according as % d log (@ +b*)+c tan! (b/a)is an even or an
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10.

11.

12.

13.

14.

15.

16.

(2= N

. 1
odd multiple Ofi . (Gorakhpur 2005; Avadh 07; Rohillkhand 10)

‘ 2. 9
In case it is wholly real, prove that (a + ib)° ™ = (a* + p?)( +4)/2¢

Prove that the general value of (1 +i tan o)~ is (Purvanchal 2006)
exp (o + 2mm). [cos (log cos o) + i sin (log cos a)].

4m +1 .
] ,where m and n are integers.

Prove that Log; i =
4n +

(Rohilkhand 2005; Kanpur 06)
Prove that

g 2 2
log be = l log w + itan_l b — tan_l b .
a+ib+x 2 (a+x)? +b? a-—x a+x
(L+ )P+
(-

(mp/2) + qlog 2.
If [cos(®—ip)]*"" = A+iB and principal values are taken into

If =o+if, prove that one value of tan"! (B/o) is

consideration, then
tan™' (B/ A) = % y log (cosh? ¢ —sin? ) + x tan™! (tan O tanh ¢).

. i
If {W} = X +iY,prove that one of the values of
a—-x—iy

2 2
tan”! (Y /X )is A tan”! # +Elog (ﬂm% ,
a —x" -yt 2 (a-x)*+y
If i = ¢ (cos y +isin y),then prove that

x=—%(4n+l)1t[3 and y=%(4n+l)n0{.

(:EiﬁecﬁveType(Quesﬁons

Multiple Choice Questions

Indicate the correct answer for each question by writing the corresponding letter from
(a), (b), (c) and (d).
The general value of log (i) is

(a) (2n2+ IJ 5 (b) (4n2— 1) t (Q) (2;12— l) mi (d) (3;42— l) .




Krislna's Trigonometry (Unified)

(o)

2. Iflog (x —iy) = A+ iB,where A and B are real, then
@)A:%mg@2—y% (b) A=log (x* + y?)

@)A:%mg@2+y% (d) A=log (> - y?)

Fill in the Blanks

Fill in the blanks “......"” so that the following statements are complete and correct.

1. If only the principal value is considered, then

log, (x+iy)=%loge (x* +y2)+ ...... .

2. If the general value is taken into account, then
-1 Z "
X

Log, (x+iy)=%log (x? +y2)+itan

3. The principal value of log (-3) is ...... .
4. The general value of Log (-5) is ...... .

5. log (I+itano)=logseco +.......

True or False
Write “T” for true and °F’ for false statement.

1. Logarithm of a complex number is a many-valued function.
X—1i -

2. ilog =m-2tan"| x.
X+

3. The general value of log Vi is é (8n + 1) mi.

@I’ISWGI'S

Multiple Choice Questions

1. (b) 2. (o)
Fill in the Blanks
1. itan' 2 2. 2nmi, where n is any integer
x

3. log 3 +in 4. log 5+ (2n + 1) ni, where n is any integer

5. io

True or False
1. T 2. T 3. F
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Inverse Circular and Hyperbolic

Functions of Complex Numbers

41 Inverse Circular Functions of Complex Numbers

fcos (x + iy) = u + iv,then x + iy is called an inverse cosine of u + ivand is denoted
by cos™! (u + iv). Thus

if cos (x + iy) = u + iv, then cos™! (u+iv)=x+ iy.

Also, if cos (x + iy) = u + iv, then
u+iv = cos {2nm + (x + iy)}, where n is any integer.

Therefore by the above definition the general value of inverse cosine of u + iv is
2nm £ (x +ip),

and is denoted by Cos ™ (u + iv) i.c., by writing the first letter ‘C’ as capital.

It follows that the inverse cosine of u + ivis a many-valued function. Its principal

value is that value of 2nm + (x + iy) in which the real part lies between O and w. It is
denoted by cos™ (u + iv) i.e., by writing the first letter ‘¢’ as small. Thus

Cos™ (u+iv)=2nm + (x + iy) = 2nmw + cos ™! (u + iv).
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In a like manner if sin (x + iy) = u + iv,then x + iy is called an inverse sine of u + iy
and is denoted by sin™! (u + iv). Thus
if sin (x + iy) = u + iv, then sin™! (u+iv)=x+ iy.
Also, if sin (x + iy) = u + iv, then
u+ iv=sin {nn + (-1)" (x + iy)}, where n is any integer.
Therefore the general value of inverse sine of u + iv is
nm+ (-)" (x + ip),
and is denoted by Sin™" (u + iv), the first letter ‘S’ being written capital.
Therefore the inverse sine of u + ivis a many-valued function. Its principal value is

thatvalue of nm + (=1)" (x + iy)forwhich the real part lies between — % nand% m.It

is denoted by sin™! (u + iv), the first letter ‘s’ being written small. Thus

1

Sin™! (u+ iv) = nm + (<)) sin”' (u + iv).

The other inverse circular functions may be defined similarly. For example, if
tan (x +iy) = u + iv,
then Tan™! (u +iv) = nu + (x + iy) =nm + tan™! (x + iy),

the principal value being that for which the real part lies between — % n and% .

The relations connecting the general and principal values of the remaining inverse
circular functions may be written as follows :

-1

Sec™! (u+iv) = 2nm £ sec™! (u + iv),

1

Cosec™ (u + iv) = nm + (1) cosec™ (u + iv),

1

and Cot™' (u+iv) = nm + cot ™' (u + iv).

It should be noted that the principal value for the case of sin, cosec, tan and cot is

that value for which the real part lies between — % T and% n, while for the case of

cos and sec it is that value for which its real part lies between O and 7.

42 Inverse Hyperbolic Functions

Let z and w be two complex numbers. If sinh w = z, then w is called the inverse
hyperbolic sine of z and is written as

w=sinh™! z.
The other inverse hyperbolic functions cosh™ z, tanh™! z,cosech™'z,sech™! z

and coth™ z are defined similarly.
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The values of inverse hyperbolic functions can also be expressed in terms of the
logarithmic functions as shown below.

(i) To prove that sinh™' z = log [z + \ (22 +1)].
(Meerut 2004; Agra 05; Kumaun 08; Kashi 12)
Proof: Letsinh™' z = w. Then
sinh w = z. (D
cosh w =\ (I +sinh? w) =V (1 +z2). )
Adding (1) and (2), we get

sinh w+coshw=z +V(1+z%)

ie., %(ew —e_W)+%(eW +e") =z +V(1+2z%) e, ¢ =z +\V(1+z2).
w=log, [z +\/(1+22)].
Hence sinh™! z= log [z + V(22 +D].

(ii) To prove that cosh™ z = log [z + V(2 = D).

Proof: Let cosh™' z=w. Then

coshw=z. (D
sinh w =V (cosh? w—1)=V(? - ). .2

Adding (1) and (2), we get

coshw+sinhw=z + (2 =) or e” =z +\ (2 -)).

w=log [z + \/(z2 -1].

Hence cosh™ z= log [z + V(22 =D

_ 1 I+z

(i) To prove that tanh™ z = = log =5 (Bundelkhand 2005)

Proof: Let tanh™! z = w. Then tanh w = z

or —_— =

Applying componendo and dividendo, we have
€ +e)+ (" —e") 14z

(EW + E_W) _ (EW _ E_W) I_Z

w
or 2e :l+z or 62W:1+z.
2e" 11—z 1-z
1 1
2w = log 2 o w:llog te.
-z 2 -z
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1
Hence tanh™! z = % log Tt

z-1

(iv) Similarly, we can prove that
z+1

|
coth™ z= 2 log 1 (Meerut 2007B)

4.3 Relations between Inverse Hyperbolic Functions and

Inverse Circular Functions

(i) To prove that sinh™ x=—isin™! (ix).
Proof: Letsinh™ x= y.Then x = sinh y.
ix = isinh y = sin (iy).
iy = sin”! (iv) or y=(/i) sin”! (i) = — isin”! (ix).
Hence sinh ™! x = — isin”! (ix).
(ii) To prove that cosh™ x=—icos™ (x).
Proof: Letcosh™ x = y.Then x = cosh y = cos (ip).

ip=cos ' x or  y=(/i)cos™ x=—icos”! x.

Hence cosh™ x=—icos7!x.
(iii) To prove that tanh™' x == itan™" (ix).
Proof: Let tanh™ x = y.Then x = tanh y.
ix = i tanh y = tan (iy).
ip=tan™' (ix) or  y=(/itan"! (ix)=—itan"" (ix).

Hence tanh™! x = —itan™! (ix).

[llustrative ExamI)les

Example 1:  Express cos™" (x + ip) in the form A + iB. (Kanpur 2009; Avadh 08)
Solution: Letcos™ (x + iy) = A+ iB.

Then cos (A+iB)=x+1iy

or cos A cos (iB) —sin Asin (iB) = x + iy

or cos A cosh B —sin Asinh B =x + iy.
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Equating real and imaginary parts on both sides, we get

cos Acosh B =1, (1)
and sin Asinh B=— y. ...(2)

Let us first eliminate B between (1) and (2). From (1) and (2), we have

cosh B=x/cos A and sinh B=- y/sin A.
2 2

x2 - _yz =cosh? B —sinh? B =1
cos“ A sin“ A
or x? sin® A - )/2 cos” A = cos? Asin® A
or x? sin? A - p? (1-sin® A) = (I - sin” A) sin® A
or x? sin? A— p? + p? sin” A =sin” A —sin* A
or sin A + (x? +y2 -1 sir12A—y2 =0,

which is a quadratic in sin” A,
—(F + p? DN+ - ) +497)
2

Since sin® A must be positive, therefore neglecting the —ive sign, we have

sin? A =

V{(x? +y2 - 1? +4:yz}—(x2 +y2 -1

sin? A =
2
\/{(x2+y2—1)2 +4y2}—(x2+y2—1) ]I/2
sinA =%
2
VI + 92 =02 442 =2 + 2 =1 |7
or A:isin_lli (o + : 2); by ) ...(3)

Now let us eliminate A between (1) and (2). From (1) and (2), we have

cos A=x/cosh B and sin A=- y/sinh B.
2 2

cos);z B+sirf;12 B=cos2 A+sin® A=1
or x? sinh? B+ yp? cosh? B =cosh? Bsinh® B
or x? sinh? B+ p? (1+sinh? B) = (1+sinh? B)sinh® B
or x? sinh® B+ y? + p* sinh® B =sinh? B +sinh* B
or sinh* B+ (1-x* - p*)sinh? B - yp? =0,

which is a quadratic in sinh? B.
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(I-x* = p?) V{1 -x* = y?)? +4y2}.
2

But sinh? B is positive, so neglecting the —ive sign, we have

V{1 - x? —y2)2 +4:yz}—(l—x2 —yz)'

sinh? B = —

2
V=22 = p2)2 +4p2) — (-1 - 2)1/2
2
: : 1/2
or B=+Sinh_1[\/{(1—xz—y2)2+4y2}_(1_x2_yz)jl |
) 2

...(4)
Remark: The general value of cos™! (x + iy) i. e.,Cos ™1 (x + iy) is given by
Cos™! (x + iy) =2nn £ cos™! (x + iy) =2nn £ (A +iB),
where A and B are as found in (3) and (4).

Example2:  Explain the meaning of sin™" x, when xis real and greater than |, and find the
value of Sin™" 2.

Solution: We know that if o is a real number, then sin o lies between —1 and 1.

' yisnotareal number, but

Therefore if xis a real number greater than 1, thensin™
is a complex number.
We have Sin™! 2 = nm + (=1)" sin™! 2.

Let sin~! 2 = u + in, where u and v are real.

Then sin (u + iv) =2
or sin u cos iv + cos u sin iv = 2
or sin u cosh v + i cos u sinh v = 2.

Equating real and imaginary parts, we get

sin u cosh v =2, (D)
and cos u sinh v = 0. ..(2)
From (2), cos u sinh v = 0. But sinh v = 0 gives v = 0 which makes sin”! 2 real. So

we have sinh v # 0.

cosu=0, or uziln.
2
Puttinguzi%nin (1), we get

coshv=1=2.
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N
v=cosh™ (£2)=1log (V3 £2).

[ cosh™ x= log {x+\/(x2 -1}
sin”! 2=u+iV=i%n+ilog (3 +2).

Sin™ 2 = nm + (=1)" [J_r%n +ilog (V3 £2)].

Example 3: Express tan™' (x + iy) as the sum of real and imaginary parts.

(Rohilkhand 2007; Agra 08; Bundellhand 08;
Meerut 10B; Purvanchal 10; Avadh 12)
1

Solution: Lettan™ (x +iy)= A+ iB.

Then tan (A + iB) = x + iy,

and tan (A — iB) = x — iy, by equating complex conjugates.
Now tan 2A = tan [(A + iB) + (A - iB)]

_ tan(A+iB)+tan (A-iB)  (x+ipy)+(x—ip)
" 1-tan (A+iB).tan (A—iB) 1—(x+iy)(x —ip)

_ 2x _ 2x .
1- (2 +y2) l—xz—yz
2A = tan”! % or A:ltan_l %
1—)( —y 2 l—x _y

Again tan (2iB) = tan [(A + iB) — (A - iB)]
_tan(A+iB)-tan (A-iB)  (x+iy) - (x—iy)
1+ tan (A+iB) tan (A—iB) 1+ (x+ip) (x — ip)

2
1+ 4% + y2
9;
itanh2B = % [+ tan (i0) = i tanh 0]
I+x" +y
2 2

or tanh2B = % or 2B-=tanh™! %

I+x" +y I+x" +y

2
or B:ltamh_1 %
2 I+x° +y
Hence  tan! (x+iy)=A+iB
2
= 1 tan”! 722)[ 5+ il tanh ™! 72)] 5
2 l-x" -y 1+x° +y
Note: If we are to find the general value Tan™! (x + iy), then
Tan™! (x + iy) = nm + tan~! (x + iy)
2
=nm + 1 tan~! % + il tanh™! 2)’ 5
2 I-x" -y 2 1+x* +y
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Example 4:  Prove that sinh™" (cot x) = log (cot x + cosec x). (Kanpur 2014)
Solution: Letsinh™' (cot x) = .
Then sinh y =cot x. ..(1)

cosh y =V (1+ sinh? 7)

=V (1 + cot? x) = cosec x. .2

Adding (1) and (2), we have

sinh y + cosh y = cot x + cosec x
or ¢’ =cot x + cosec x

or y = log (cot x + cosec x).

sinh™! (cot x) = log (cot x + cosec x).

Example 5:  Express tanh™ (x + iy) into the form o + i and hence deduce the value of

tanh™" (iy). (Avadh 2014)

Solution: Let tanh™ (x + iy) = o + i

so that x+iy=tanh (@ +if)=(1/3) tan [i (@ + iB)]. [~ taniO =itanh 6]
i(x+ip)=tan (jo —P) or ix— y=tan{- P —io)}

or —(y—-ix)=—tan (B —ior) [ tan(-z)=-tanz |

or tan B — i) = y —ix. ..(1)

Equating the complex conjugates of both sides of (1), we have
tan B + i) = y + ix. ...(2)
Now tan 2B = tan [ — i) + (B + io) ]
tan B —io) +tan B +ic) (y—ix)+(y +ix)
“T-tan B - o) tan B+ o) - (y—iv) (y+ix)
from (1) and (2)

2y 2y
_1—(y2 +x2)_1—x2 —y2
2 2
23=tan_l% or [3=ltam_1 % 3)
l-x" -y 2 1-x" -y
Again, tan (2io) = tan [(B + i) — (B — ian)]

_tanB+io) —tan (B —io)  (y+ix)—(y —ix)

1+ tan (B + i) tan (B —icr) 1+ (y + ix) (y — ix)

o 2w
l+y2 + 12
] 2
i tanh 2OL=% or tanh 2&:%
I+x" +y I+x" +y
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N

or oc:ltamh_1 % : ...(4)
2 1+x* +y
tanh™ (x +ip) = o + iB
2
:ltanh_1 % +il tan™! % ...(5)
2 I+x° +y 2 (1-x" = y%)

[From (3) and (4)]
To deduce the value of tanh™ (iy), put x = 0 on both sides of (5).

2
Then tanh ™! (iy) = 1 tanh™' 0 + il tan™! J .
2 2 11— )/2
-1 -1 -1 a2y
=0+i-.2¢t w2t =t g
12 an” y [ an~’ y = tan i,
=itan”! 2

tanh™' (iy) =itan™" y.

Example 6: Ifsin_1 (6 + i0) = o + i, then prove that sin® ovand cosh? Pare the roots of
the equation 2 —x(1+6% +¢%)+06% =0.
Solution: We have sin™! (0 + i) = o + i so that 0+ i =sin (o + iP)
or 0 + i¢p = sin oe cosh  + i cos o sinh B.
Equating real and imaginary parts, we have
sin o cosh B =6, ..(D)

and cos o sinh B = ¢. ...(2)
Now 1+ 6% +¢? =1+sin? ocosh? B +cos? o sinh? B, from (1) and (2)

=1+sin? o cosh? B+ (1—sin? a) (cosh? B —1)

=1+sin” o cosh? B + cosh? p—1—sin’ o cosh? B + sin” o

2 o + cosh? B.

= sin
Thus sin® a +cosh? B=1+6% + ¢°.
Also from (1), sin? a cosh? p =6,
sin? o and cosh® B are the roots of the equation

x? = (sin® o+ cosh? B) x +sin® a cosh? p=0

or 2 —(1+6% +¢%) x+6% =0.




(7o)

Krislna's Trigonometry (Unified)

10.

11.

@mprehensive Exercise 1

Show that
sin”! (cos® +isin @) = cos ™! \ (sin 8) + ilog [V (sin ) + V(1 +sin 6)],

where 6 is a positive acute angle.
(Purvanchal 2006; Rohilkhand 07; Agra 09; Avadh 10)

(i) Expresssin™' (x + iy) in the form A + iB. (Purvanchal 2007)
(ii) Express cosh™ (x + iy) in the form o + i.
(i) Show that
cos ™! (cos® +isin @)= sin”! \(sin 8) + ilog {(N (1 +sin 6) — V(sin 8)},
where 6 is a positive acute angle.

(ii) Separate cos™ (cos 6 + isin 0) into real and imaginary parts.

If cos™!

(oo + iB) = 6 + i, then prove that
(i) o sech? ¢ +p% cosech? p=1, (ii) o sec? 6 —B? cosec? 6 =1.

U (u + iv), show that

Ifsin™ (x + iy) = tan”
2 + %) |
W? +v*)?

(=D + p° [+ D + y] =
Prove that Sin™! (cosec 6) = {21 + (-1)"} % n+i(-1)" log cot % 0.

(Goralkhpur 2007)
Show that Sin™" (ix) = n + i (-1)" log {x + V(1 + x*)}.

(i) Prove that
Tan™! (cos © + isin 6) = nn +ln 1 ilog tan(ln —19).
4 2 4 2
(Goralhpur 2005; Avadh 09; Rohilkkhand 14)
(ii) Prove that Tan™! (cos © + isin 8) = nw + % T+ % ilog tan (i T+ % 0).
(Bundelkhand 2009)
If x> y,then show that tan™! (x * W] = g 44 log rry

X — iy 2 X—y .
(Meerut 2011, 12, 12B)

Prove that tan~! |:i tT d} -1 i log ( a )
xaal 2 * ) (Meerut 2004B; Purvanchal 09)

If cosh x = sec 6, then prove that x = log (sec 6 + tan ).
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12.

13.

14.

15.

TN

(i) Show that sinh™' x = tanh™! .
V(1 +x?)
(ii) Prove that tanh™" x =sinh™ {x /(1 - x%)}. (Kashi 2012)
(iii) Prove that coth™ (2/x) =sinh™" {x/V (4 - x?)}.
Prove that
Tan™! (tan 20+ tanh 2¢) +Tan™! (tan 6 - tanh q)J = Tan"! (cot 6 coth ¢).
tan 20 — tanh 2¢ tan 6 + tanh ¢

If cos™' (u+iv)=o+ip, prove that cos>oand cosh? B are the roots of the
equation

-+ ) x+u? =0. (Agra 2007; Kanpur 09)
If cosh™ (x+ iy) + cosh™ (x - iy) = cosh™ a,

2

show that 2 (a - 1) X +2 (a+1) y~ = a® -1 (Meerut 2006; Kanpur 10)

@nswers 1

1/2
1 . \/{(3{2+y2—1)2 +4y2}—(x2+y2—1)
2. (i) —m<sin
2 2
, . 1/2
VA= = p2)? +4p°) - (1-x* = y?
iisinh_ll { 7 +4y%) - ( )
2
Vi=x2 = 22 +4p2 - (=12 = y5]"
(ii) o=+ sinh™! [ J 2y J ]
VIE2 + 92 =12 4492 - (2 + 92 -]
B=+sin"! [ J J J }
2
@jective Type Questions
Fill In The Blanks
Fill in the blanks “...... 7 so that the following statements are complete and correct.
1. If wand z are any complex numbers then we define w = sinh ™ zif ...... .
2. sinh™! z = log [z +...... ].
3. cosh™ z = log [z +...... ].
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A

1-z

5. If wand z are any complex numbers then we define w = tanh™" z if ...... .

True or False
Write “T” for true and ‘F for false statement.
1. sinh™! x=isin™! (ix).

z+1

2. coth™! z = l log .
2 z -1

cosh™! z = log [z + V(1 - 2.
4. tanh™! x=—itan”! (iv).

1
@HSWGI'S

cosh™ x=icos7! x.

Fill in the Blanks

1. sinhw=z 2. V@2 +)) 3. V2 -))
4. l 5. tanhw=z
2

True or False
1. F 2. T 3. F 4. T 5. F




Qregory’s Series

51 Gregorg 's Series

To prove that, if® lies within the closed interval [-n /4, /4], i.c.,if -n/4<0< 1 /4,
then

9=mn6—émn36+ét{m59—%mn79+ ...... ad. inf .

(Kanpur 2005, 08; Meerut 10B; Avadh 06; Bundellkkhand 14; Agra 14)
Proof: We have

in®
(I+itan6)=[l+ism J:
cos 0

(cos © +isin©) = sec B .e'®.
cos 6

Taking logarithm of both sides, we have
log (I + i tan ©) = log sec 6 + log e'®,
(considering only principal values)
or log (1 + i tan ©) = log sec 6 + i6.

Now since 0 lies between —t /4 and ©t /4, tan 6 lies between —land 1, i.e., tan 0 is
numerically not greater than unity.
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(774

Therefore,

log sec © + i = log (1 + i tan 6)

. 2 tan20 i tan> 0 i tan? @
=jitan 0 — 7 + 3 — 2 +. ) ..(1)
expanding the R.H.S. ogarithmic series which is
(expanding the R.H.S. by logarithmi i hich i
justified because |itan6|=|tan8|<])

=itar19+ltan2 9—lit3n3 e—ltam4 9+litan5 0+...
2 3 4 5
Equating the imaginary parts on both sides, we have

9=tan9—1tan3 9+ltan5 0—....
3 5

(_ 1) n-1

n—

tan®""! o

The general term on the R.H.S. is

This expansion (2) is known as Gregory’s series after the name of James Gregory

(1638 —1675).
Another Form of Gregory’s Series.
Inthe series (2) if we put tan 8 = xsothat = tan~! x, thenwe have another form of

the Gregory’s series as

where —-1<x<1 ie., IxI<1.

Corollary: Equating real parts from both sides of (1), we have

log secGz%tam2 9—%tan4 6+ltan6 0—.....
(Bundelkhand 2008)

52 General Theorem on Gregorg’s Series

If 6 lies between nm — % T and nm + i T, both limits being inclusive, then

G—nnztﬂne—%tﬂn39+%tan56— ...... ad. inf.
Proof: Let O0—-nn=0¢ ie, O=nn+¢.

Then ¢ lies between — g andg .

Now I+itanO=1+itan(nm+ ¢)=1+itan ¢
= sec ¢ (cos ¢ + isin ¢) = sec ¢ . ™.
Taking logarithm of both sides, we get
log (1 +itan 6) = log sec ¢ + log e’
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or log sec ¢ + i = log (1 +itan0),

the expansion of which is valid because 6 lies between nm — i 1 and nm + i T

implies that tan 6 is not numerically greater than 1.

log sec¢+i¢=itan6—%i2 tan? G+%i3 tan’ 0
—114 tan* 0 +...... oo,
I 2 1 3 .
[ log(+z)=z—-—2z" + -z — .. oo if|z|<]]
2 3
. 1 2 1. 3 1 4
=jtan®+ —tan” O — —itan” 6 ——tan" O +...... oo,
2 4
Equating imaginary parts from both sides, we have
¢=tan6—ltan3 9+ltam5 0—..... ad. inf.
3 5
1, 3 1, 5 .
6—nn=tan6—§tan O+gtan 0—..... ad. inf.

53 Valueof®

The main use of Gregory’s series is to find the value of n to various decimal places.

Some mathematicians have designed different expressions based on Gregory’s

series for finding the value of n. Some important cases are given below :
(a) Gregory’s series:

In the Gregory’s series

_ 1 1 1
tan! x=x—— x>+ - =¥+ o,
3 7

5

if we put x = 1, then we have
-1 .1 1 1 1 I 1 1 1
tan” I=l-—-+—-—--+_——...... o or —m=l-_—+_---+-—... oo,
35 7 9 4 35 7 9
From this the value of © can be calculated. But this series does not converge rapidly
and so alarge number of terms will have to be taken in order to evaluate mcorrect to

acertain decimal place. So several other series have been designed for this purpose.

(b) Euler’s series: We have

5/6
/

1
+ —
3

N | —

11 1

tan~ 5 + tan~ = tan”!

1 -1
— = tan
3 1

=tan”! 1=E-
4

)]
[®)}

N —
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Thus = =tan™! +tan_1é
_(1_11 LN )+(1_11 L )
573 93 55 373733 T3 ,
expanding both tan~! % and tan”! %

by Gregory’s series because % <land % <1

_(1+1)_1(1+1)+1(1+1)_
23 3l ) sl ) T
From this the value of m can be calculated. This series is more rapidly convergent

than the preceding one.

(c) Machin’s series: We have

4 tan~! l:2.2 tan™! l=2 tan™! LzZtarf1 e
5 5 1-(1/25) 12
2.5/12
=tan_l #)2 =tan_l E
1-(5/12) 119
Now 4 tan~! 1 —11'c=tarf1 @—t | ['.'lnztanfl 1]
5 4 119 4
120
1 E‘l 1
= tan =tan ——
14120 239
119
Therefore, T_y4 tan™! L tan™! L
5 239
0 |:1 1 1 ] 1 1 1 1 1
or —=4|——— —+ - —— ... - - — + — - — e
4 [5 35 55 239 3 (239° 5 (239)°

expanding both the terms on the R.H.S. by Gregory’s series because %< 1 and

1
239
The above is Machin’s series and it is more rapidly convergent than Euler’s series.
(d) Rutherford’s Series: We have

<L

1 1
tan_l i — tan_l i = tan_l M = tan_l M
70 99 1 L 70.99 +1
70 99
= tan_l ﬁ = tan_l L =4 tan_l l — E ,
6931 239 5 4

as shown in Machin’s series.
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(=77

ie.,

_ {_1.1+. _}_ RSN SRS U S
5 358 55 77 70 3 (70 5 (70

I 1 1 11
oo gt e .
99 3 .(99° 5 (99
It is Rutherford’s series. This is more convenient for expansion than Machin’s
series and converges equally rapidly.

[llustrative Examl)les

Example 1: Assuming that ® — nm = tan 6 — % tan® © + % tan® O — ..., when © lies

between (nm — in) and (nm + i ), write down the value of n when © lies between

(i) Z:Sand 9;51 (ii) % and % (iit) % and I?Tn
(iv) 475 and 4715 (v) % and %
Solution: (1) 6 lies between (7n/4) and (9n/4)

ie., between (2w — i n) and 21 + % ). n=2.
(ii) 0 lies between —(3n/4) and —(51/4)

i.e.,between (-1 + % m) and (-m — i m. . n=-1L
(iii) 0 lies between (11 /4) and (137 /4)

i.e.,between (3w — i m) and 37 + i ). n=3.
(iv) 0 lies between —(15 n/4) and —(177n/4)

i.e.,between (- 4m + % m) and (— 4 — % ). . n=4.
(v) 0lies between (19m/4) and (21n/4)

ie.,between (5 — % n) and 5w + % ). n=>5.
Example 2:  Sum the series % - ;7 + ;11 - ad. inf .

27 3.2° 5.2 (Meerut 2013B; Kanpur 14)

Solution: We have S ...

23 3.27 5.2U

111 1 1 1
e e T , (taking B common)

2122 3.20 5. 20
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LY R :ltan—l(l)
2o "5 T 5 7 )

by Gregory’s series because 1/2% < 1.

[Note that by Gregory’s series

tan~! x=x—lx3 +ox0 — oo if | x| <]
3 5
1 a1
=—tan —-
2 4
Example 3:  Sum to infinity the series
1 1
(i) 1—72+7—...ad.inf.;
3.4 5.4 (Meerut 2013)
1 1 1
() 1-—+—F———++...ad. inf.
3?2 5.3%2 7.3 /
1 1
Solution: (i) The given series 1-—— + —— —... ad. inf.
8 3.4%  5.4°
=4 l—;-f';— ad. inf. |, (taking 4 common)
2 3 g e o ad if

1

=4 tan” i by Gregory’s series because 1/4 < 1.

(ii) The given series

IR DS BT 1 1

L=1= + - +
32 5.32 7.3 3.3 5.32 7.3

=3 [1 SN S S S ]
V3 3.3 5.(3)° 7.(3)
=3 {tan™" (1/V3)}, by Gregory’s series because 1/V3 < 1
=V3.(n/6)=(n3)/6.
Note: This question can also be written as

Prove that m=23 1—%+%—%+... .
3 5.3 7.3

(Agra 2005; Rohilkhand 08; Kashi 12)

Example 4:  Prove that
-1 n+l '
m_17 713 () {%91_" 712 } .
(Kanpur 2008, 10; Agra 08)
Solution: The nth term of the given series on the R.H.S. is

i — (_1>n+1 {g . (32 )l—n + 71—2}1 } — (_1)""'1 {g '32—21‘1 + 71—21‘1 }
2n-1 13 2n-1 13

4721 81x343 2 — 1
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B (_l)n+1 |: 2 . 1 ]
- 2n -1 32n-1 72n-1

Puttingn=1,2,3,...... etc., we have
first term =T = (g + l ) ;

(27

3 7
1(2 1 2 1
second term=T, = - — | = + — =— s -—;
? 3( 3 3) 33 373
thirdterm=T3—( ISJ %% <75 ;and so on

the sum of the series on the R.H.S.
=T, +T, + T3 +...ad. inf.

—(2-+1)-( 2 1 )+( 2,1 )_
3 7 333 37° 53>  57°

_2C_1+41_J+C_1+1_)
3 3335 53° ) \7 37° s57° 7

=2 tan"! (1/3)+ tan"! (1/7), (by Gregory’s series)

1 1
7+7
= tan"! 3 3 +tan~! l= tan~! E +tan”! l
L1 7 4 7
. 3 3]
(3 1)
a4ty .
= tan 1_§.l = tan I:Z-
. 4 7]
Example 5:  Express tan™" (cos © + i sin 0) in the form A + iB and deduce that
(i) cose—%cos 39+%00359—...=i%n; and (Kanpur 2014)
(ii) SinG—isin39+lsin59— —ilo {+mn(ln+16)}
3 5 BTG EIAR

Solution: Let tan™! (cos© +isin0) = A + iB
so that tan_l (cos® —isin®) = A —iB, (complex conjugates).
=(A+ iB) + (A -iB)
=tan~ (cos O+ isin®) + tan~ ' (cos 0 — isin )
(cos 6 + isin ) + (cos 6 — i sin 0)
{l —(cos 0 + isin B)(cos B — isin 6)}

2 cos 6 _1 [2cos 6
= tan~ = tan
1 - (cos® @ + sin” ) -1

_1 (2cos B 3 l
( ) CEeEg s
[

0 lies between — w and |
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A(vs0]

Therefore, A== i . (1)
Again,  2iB=(A+iB) - (A-iB)
=tan~! (cos 0 + isin®) — tan™! (cos O — isin 6)
can- (cos 0 + isin ) — (cos 6 — isin 0)
= tan
1+ (cos 6 + isin ©)(cos 6 — isin 0)

_1 21 sin 0 —1 21 sin O -1 . .
= tan 5 3 = tan =tan"" (isin )
1+ (cos” 0 +sin” 0) I+1
or tan (2iB) =isin® or tanh2B =sin6
or 2B 2B _sin® or 2628 _1+sin6
2B | 2B T 90728 T 1—-sin®
[By componendo and dividendo]
ie. 4B =l+sin6={cos 6/2) +sin 0/2)}>
1-sin® {cos (0/2) —sin (0/2)}>
or 2B _ 4 {cos (B/2) +sin (6/2)} 4 {1+ tan (6/2)} b tan (E . (-)).
{cos (0/2) —sin (6/2)} {1-tan (6/2)} 4 2
1 T 0
B=§log {i tan (44—2)} .2
Now tan™! (cos  + isin 6) = A + iB
or tan! (¢'®)=A+iB or ¢'°® —lg:ﬁe +é65ie —...= A+iB,
using Gregory’s series
or (cos O+ isin0) —§1(COS 30 + isin36)+é(cos 50 +isin50)—...= A+ iB

or (cos@—%cos36+écos$6—...) +i(sine—ésin36+ésinSO—...)

:A+iB:iin+%ilog {itan(in+%9)}, by (1) and (2).

Equating real and imaginary parts, we have

Cose——cos36+lC0559—...=i%n
. 1 . 1 . 1 1 1
and sin® — —sin30 + —sin50 —...=—log {+ tan (-~ = + = 0)}.
3 5 2 4 2

@mprehensive Exercise 1

r [2 17 1 2 1 1{ 2 1
1. )P that == |2 +—|-—=| =+ — |+ =—+—|— ...
(i) Prove tha . [3 7] 3[33 73] 5[35 75:|

(Kanpur 2005, 08, 10; Agra 08; Bundellhand 09;
Purvanchal 10; Meerut 12; Kashi 13)
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(rs N

(ii) Prove that E=L+L+7I
8§ 13 57 911

(Meerut 2004B, 07, 09, 13B; Agra 07, 08; Kanpur 12)

+...ad. inf.

(iii) Show that

n:{l_l}_l{l_l}_'_l{l_l}_ oo
12 31/2 2 33/2 5 35/2 o

(Meerut 2012B, 13)
(iv) Show that

“_[1+1+1]_1[1+1+1]+1[1+1+1]_
4 [2 5 8] 3|93 53 83| 5(2° 5 g 7

2. Ifx<(\/2—l),p]rovethat2(Jc—%x3 +§1x5 —...ad. inf.)

(2)()1(2)()3 1(2){)5
— __ | += . —-...
1-x2) 3\U-4* 5\1-x? (Kashi 2014)
x—=1 1 |[x-1 ’
3. If x>0, prove that tan™' =" —{ } +
4 x+1 3 |x+l (Garhwal 2000)

4. When 6 lies between 0 and % T, prove that

tan”] (1—6059): can? @ _ L and
1+ cos 0 2 3

(Bundelkhand 2010)
5. When both 8 and tan™! (sec 0) lie between 0 and % n, prove that

1
2

1

tan~! (sece)zlrwrtan2 9—l tan® —9+ltan10 le_
4 3 2 5 2

(Kanpur 2006)

6. Prove that

0 +sin 6
tan”! (COS o J:nn+in+tan9—(l/3) tan> 0+ (1/5) tan’ 0 — ...

(Meerut 2006; Kanpur 14)
7. (i) If x lies between —1t /4 and = /4, show that

cos O —sin ©

tan x — % tan> x +% tan’ x —...ad. inf. = tanhx+% tanh> x

+ l tanh’ x + ... ad. inf.
5 (Kumaun 2000)

(i) If ¢ lies between (n/4) and (31 /4), show that
1 1 3 1
=— T —cot ¢ + —cot — —cot +o oo,
¢ 2 T-cotd 3 cot™ ¢ 5 cot™ ¢ (Kanpur 2005)
8. If tan x < ], show that

6 2 1 4 1 6

1 1 . . .
tan? x — = tan? x + = tan® x — ... =sin® x + = sin® x + —sin® ¥ + ...
2 3 2 3

(Meerut 2011)
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A(rs2)

9. Prove that ifx, y, z are cube roots of unity,

-1 -1 -1
t t
tan x+ an y+ an Z=3[1_1+1

X y z 13

1 1 ]
-t — ..
7 13 19 25

(Kanpur 2009)

@)jective Type Questions

Fill in the Blanks

Fill in the blanks “...... 7 so that the following statements are complete and correct.

1. If - g <0< g ,then by Gregory’s series, we have 6 =.......

2. If|x| <] then by Gregory’s series, we have tan 'y =.... .

3. The sum of the infinite series
1 1 1

+ —
23 3.27 5.9l

True or False
Write “T” for true and °F for false statement.

1 1 a1
1. 1- +— ... =4 tan~ —
3.4%  5.4%
3 5 7
2. If|x|S1,thentan_1x=x+x—+x—+x—+ ...... oo,
3 5 7

@I’ISWGI'S
Fill in the Blanks

tan> @ tan®> @ tan’ @

1. tan0 - + - +.. )
3 5 7
3 5 7
2. w4 L oo
3 5
3. ltan_ll

2

True or False
1. T 2. F




Summation of
Trigonometrical Series

6.1 Introduction

In this chapter we shall give some important methods for summing up
trigonometric series which may be finite or infinite. There are two main
methods for summation, known as the C + iS method and the difference method. First
we shall discuss the C + iS method.

6.2 C + iS Method for Summing Up Trigonometric Series

Consider the series

C=ay cosa+a; cos (o +P)+a, cos (o +2p) +... ..(D
and S =ag sino + a; sin (o0 + B) + a, sin (o + 2B) + ... ...(2)
These series may be finite or infinite. The coefficients a, a;, a5 etc. ando, Bmay be
any numbers real or complex.

The series (1) and (2) are companion series because each is summed up with the
help of the other.
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In the series (1) we have terms which contain cosines of numbers which increase in
arithmetic progression. It is called cosine series and its sum is denoted by C. The series
(2) is obtained from the series (1) by simply replacing cos by sin in various terms
where we have cosines of numbers which increase in arithmetic progression, the
coefficientsay , a;, a, etc. are kept asthey are. The series (2) is called sine series and
its sum is denoted by S.
In case we are given one of these two series and are required to find its sum, we first
write the other series called its companion series or its auxiliary series.
After writing both Cand S, we find C + iS and C — iS by making use of the Euler’s
theorem

174 174

¢“ =cosz+isinz, and ¢ =cosz —isin z.

Thus we get
C+iS =age® +aje" P 4 g, @20 4 ..3)

and C—iS=aye™ +ae P 4 g, (@20 4 ..(4)
The series in (3) and (4) can generally be summed up easily. Depending upon the
coefficientsay, a;, a, etc., these series are generally in one of the following forms :
(i)  Series in geometric progression, or arithmetico-geometric series.

(ii) Binomial series.

(iii) Exponential series or its sub-case sine or cosine series.

(iv) Logarithmic series or its sub-case Gregory’s series.

Having found the sums of the series (3) and (4), we use

C= % [(C+iS)+(C—iS)] and S =(1/2i)[(C+iS)—(C—iS)]

to find the values of C and S respectively.

In the above discussion the coefficients a, a; , a, etc. and o, § are real or complex.
However, if these are real, we need not find C — iS. To get Cand S we simply find
the sum of the series (3) i.e.,we find C + iS. After separating C + iS into real and
imaginary parts, we get the values of C and S by equating the real and imaginary
parts.

Remark: We are always to find C + iS and never S + iCwhether we first write C
or S.

Now we shall illustrate C + iS method by taking examples based upon series of
different types.

0.3 Series Based on Geometric Progression or

Arithmetico-Geometric Series

We know that a geometric progression (G.P.) is of the form

a,ar, ar’, ar>, .. ar",... .




Summation of Trigonometrical Series

(2= N

[ts common ratio is 7 and nth term is ar” .

Sum of n terms in G.P.

-1 n
. 9 3 1= -1
ie., a+ar+ar” +ar> +...+ar’”T =a or =a :
I-r r—1
Sum of an infinite series in geometrical progression
Le., atvar+ar’ +ar® +. . +a" +..ad inf.=a/(-r), provided |r|< 1

An arithmetico-geometric progression is of the form
a,(a+d)r,(a+2d)r?, (@+3d)r>,....

[llustrative Examlales

Example 1: Sum the series
sin o + ¢ sin (00 + P) + ¢ sin (o + 2B) +... upto n terms.

Deduce the sum to infinity if |c |<1 ie, —l<c<l
Solution: Let the given series be denoted by S. Then

S =sino + ¢ sin (o0 + B) + ¢ sin (o + 2P) +...to n terms.
So the auxiliary series is given by

C =cos o +c cos (o + B) + c2 cos (o0 + 2B) + ... to n terms.
Now multiplying the first series by i and adding to the second, we get

C+iS =(cosa+isino)+c {cos (o +P) +isin (o + B)}

+¢? {cos (o0 + 2B) + isin (o + 2B)} +... to n terms

= ¢ 4o P 4 2 12D o terms. (D)

The series on the R.H.S. is a geometrical progression having  terms. The first term
is ¢ and the common ratio is ce™.

Therefore summing up the G.P., we have
P {1- (L‘f,‘iﬁ)n} PLC AL ei((x +np)

C+iS= ; = ,
1—ce™® (1—ce™)
eia s gi(oc +np) 1— —ip
= [ , ] X d-ce : ) ,  multiplying the Nr.
(1-ce™) (1—ce™™)

and the Dr. by the conjugate complex of the Dr.

Eioc _Cnei(oc +nP) _Cei(a -B) +Cn+l ei[oc +(n-1)B]

- I—C((?iB +e_”')’)+c2 e® B
Now the numerator of the R.H.S.
=[(cos o+ isina) —c¢" {cos (o0 + nP) + isin (o + np)}
— ¢ {cos (o0 — B) + isin (o — B)}
+¢" 1 fcos (@ +n—1P) +isin (o + 71— 1B)}]
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=[cos o — ¢ cos (o — B) — ¢ cos (o0 + nP) + ¢+ cos {o+ (n —1) B}]
+i[sino —csin (o —B) —c¢” sin (o + nB) + "L sin {o + (1 = 1) B},
(putting into the form A + iB)
and the denominator of the R.H.S.

ZI—ZC.%(f}iB +e_"B)+czeiB e

=1-2¢ cos B +¢2, which is real.

Now we are required to find the sum of the sine series (S) which is the imaginary
part of C +iS. Hence equating imaginary parts from both sides, we have the
required sum

sina — ¢ sin (o — B) — ¢ sin (o0 + nP) + ¢" ! sin fo+(m-1B}

5= 2 .(2)

1-2¢ccosP+c¢

To find sum upto infinity, ¢ must be numerically less than 1, and thenc¢” — 0
as n—> oo,

from (2), as ¢" — 0, the required sum

S _sino = ¢ sin (o0 = B) =0 .sin (o + nB) + 0.sin {00 + (n = 1) B}

oo

1-2¢cos B +c?

_sina — ¢ sin (o - B)
= T

1-2¢ccosP+c¢

Example 2:  Sum the series

1+ ¢ cosh © + c2cosh 20 + ¢ cosh 30 + ... to n terms.

Solution: The given series may be written as

P ) 28 4 28 5 30 4 38
I+¢|——|+¢" |——|+¢” | ——— [ +...ton terms
2 2 2

(Note)
)

[2+c¢ (e +e‘e)+c2 (626 +e729 43 (639 +e‘39)+...tonterms]

[(l+cee +c2% 432 + o n terms)

N | — N | —

+(L+ce™® +¢2 728 +c3e738

1 1—6‘” ene 1-6‘” E—ne
= — + )
2 1-ce® 1—ce™®

+...to n terms)]|

summing up both the geometric series upto n terms
1 E(l —c ")y Q=)+ (1 =c"e™®) (1 - ce?)
2 (1=ce®) (1= ce™®)
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1 {1—() w8 _ om0 4 ntl (=18 om0 ] e—(n—l)e}

6 6 2,6 -6

1—ce® —ce™ +c“e” . ¢

\\2 ¢ (69 +e—9) _ o (ene +€—ne)+6 n+l {e(n—l)e +€—(n—1)9}]
2

1
2 I—c(® +e % +¢

12 -¢(2cosh®) —c" (2cosh n6) +¢"*! {2 cosh (n - 1) 0}
1-¢ (2 cosh6) + ¢?

_1-ccosh®—c" cosh n6 +c¢" cosh(n—1)6

1 - 2¢ cosh 0 + ¢2

Example 3: Sum the series 1 — 2 cos o, + 3 cos 200 — 4 cos 300 + ... to n terms.

Solution: Let

C=1-2cosa+3cos20—4cos30+...+ (=)"! ncos {(n-1)al},
and S=-2sina+3sin20—4sin30+...+ (=)""! nsin {(n - 1) a}.
C+iS=1-2(cosa+isina)+ 3 (cos 2o + isin 2a)
—4 (cos 3o + isin 3a) +...... + (=) ncos {(n-1)a}
+isin {(n - 1) a}]
=1-26% 3621 — 4,310 4 4 (=" petr-De

or C+iS=1-2x+3x% —4x> + .+ =) ", ..(D)
where x = ¢/

The right hand side of (1) is an arithmetico-geometrical progression. To sum it up
multiply both sides of (1) by —xwhich is the common ratio of the geometric factors

of the terms.
So multiplying both sides of (1) by —x, we have
(C+iS)(x)=—x+2x> =32 +4x* — .+ ()" mx ™. .2

Subtracting (2) from (1), we have

n

(C+1iS) (1+)c)=(l—x+x2 — 2t —...tonterms) — (=" nx".

There are (n + 1) terms in this right hand side series and the first 7 terms form a

geometric progression of common ratio —x.
1_ v\

(C+iS)(+n= D

I - (-x)

Dividing both sides by (I + x) and putting x = ¢ i we have
1- (—l)n enioc (_I)n neni(x

C+iS)= - :
Cx® (L+ ) 1+ ™)

_ (_ 1)11 nxn .
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I o N o S e
(1+¢™)? 1+ ¢™)
L+ =D" e+ 1+ ™) [(=D)" " ne™™]
L+ e

1+(_1)71—1 [(l’l+l) ein(l +n€i(n+1)(x ]

- io /2 ]2 (NOte)

, [Putting (- I)” =(-1).(- l)n—l ]

eiOL [e—ioc/Z

E—i(x +(_l)n—l [(}’l‘l‘l) Ei(n—l)(x +nein(x]

+ e

(2 cos 1 o) ‘
2 dividing Nr. and Dr. by ¢'*

"4 ycos m—T)a+i(n+1)sin(n—-1)a

(coso —isina) + (1)

+ 1 cos no. + in sin no.}

4 cos? loc
2

[cos o + (-])" !

{(n+1)cos (n—1)a+ ncos nolj
+i[(=)""" {(r+Dsin (2 =) o+ nsinna} —sina |

2 (1 + cos o)

Now equating real parts on both sides, we have
_cos o+ =D" 1 {n+ 1D cos (n—1) o+ ncos no}
- 2 (1+cosa)

C

@mprehensive Exercise 1

Sum the following series. In the case of infinite series it may be
assumed that -1<c< 1.

1. cos o+ ccos (o +p) +¢? cos (o + 2B) +... to n terms.

Deduce the sum to infinity if |¢ |< 1 ie, —l<c<l

2. (i)cos o +cos (o + B) + cos (o + 2B) +...to n terms.
(Purvanchal 2006; Bundellkhand 09; Agra 14)

(ii) sin o + sin (o + B) + sin (o0 + 2B) +...to n terms. (Agra 2014)
3. 1+ccosa+c?cos20+c? cos 30 +...to n terms. (Purvanchal 2008)
4. (i) 1+ccosa+c?cos20+...ad. inf.

(i) ¢ sino +¢? sin 200 + ¢ sin 3ot + ... ad. inf. (Purvanchal 2008)

5. sina+ 1 sin 200 + (1/2%) sin 3a + ...ad. inf.
2 (Kumaun 2000; Kanpur 07)
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6. (i) cos a sin o + cos 200 sin” o + cos 3o sin® o + ... ad. inf. (Meerut 2012)
(ii) sin o sin o + sin 20 sin? o + sin 3o sin® o +...ad. inf, where o # + %n.
(Meerut 2012B)
7. COS 0L COS O + cos? o cos 200 + cos> o cos 30 + ... ad. inf.
(Bundelkhand 2005, 08)
cos® cos20 cos 36
8. 1+ +——5—+——5— +...tonterms.
cos®  cos“ 0 cos’ O
Or 1+ sec 8 cos 8 + sec 0 cos 20 + sec> 0 cos 36 + ... to n terms.
9. 1+ cos8cos B+ cos’0 cos 20 + cos> 0 cos 30 + ... ad. inf.
in® sin20 sin 30
10. () o0 RS adinf,
T T b
in 0 in 260 in 30
i) e sm2 + s1n3 —...ad. inf., (tan ¢ >1).
tan¢ tan” ¢ tan” ¢
11. ¢sinh© + 62 sinh 20 + 6‘3 sinh 30 +...ad. inf. (Kumaun 2008)
12. 2sino — 3 sin 200 + 4 sin 3o — ... ton terms.
13. (i) 3cos6+5cos20+7cos 30 +...ton terms (Meerut 2009; Kanpur 11)
(ii) 3 sin 6 + 5 sin 20 + 7 sin 30 + ... ton terms.
-1
14. (i) sino + nsin (o0 + B) + nin—1 sin (o + 2B) + ... to (n + 1) terms.
(Kumaun 2008)
-1 -H(n-2
(i) nsin o + nin=1 sin 20, + M sin3a + ... ton terms.
1.2 1.2.3
@nswers 1
| o Cosa—ccos (0 —B) = c" cos (o + nB) +c"*! cos {o + (n = 1) B}
. 1-2ccosP+ ¢?
Sum to infinity = cos & — ¢ cos (@ _2[3)
1-2ccosP+c¢
2. (i) C=cos{o+(m-1)p/2}sin (np/2)cosec B/2)
(il) S=sin{o+ (n—-1)P/2)sin (nP/2)cosec B/2)
3 Co I-ccosa—c" cos n()t+c”+21 cos(n—1a
1-2ccosa+c¢
4 () 1-c¢cosa ¢ sino

7 (if) 7

1-2ccosa+¢ I1-2ccosa+¢
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5. @sino) /(5 —4cosa)

2 2

., cosasino —sin” o . sin” o
6. (i) : — (ii) . —
I - sin 200 + sin” o I —sin 200 + sin” o
70 sec” Osin 10 9 1
tan 6
. T sin © B tan ¢ .sin 0
10. (i) 5 (ii) 5
-+ 2ncos 0+ 1 tan“ ¢ + 2 tan ¢ cos 0 + 1
11 ¢ sinh 6 .
1-2¢cosh®+¢
12 sino + (=)' [(n +2) sin no+ (n + 1) sin (1 + 1) o]
' 2 (1+cos )
13 (i)Cos6+(2n+3)cosn@—(2n+l)cos(n+l)6—3
' 2 (1 - cos 0)
(__)sin9+(2n+3)sinn6—(2n+1)sin(n+1)9
ii
2 (1-cos6)

14. (i) (2 cos % B)" sin (o0 + % np) (ii) (2 cos % oc) sin% no.

64 Series Based on Binomial Expansions

Remember the following formulae :
(i) When nis a positive integer and x, a are any complex numbers, we have

n (l/l - 1) xn—Z 2

n-l a” +...to (n + 1) terms,

a+

(x+a)" =x" +nx

2!
nn — 1
(x—a)"=x" —mx" !4 +(2')x"_2a2 —...to (n + 1) terms,
-1 ' (-
L+ x)" :1+nx+n(;42 )x2 +n(n 12)24 2 x> +...to (n +1) terms,
-y . (-2
and (1—)()"=l—n)c+n(ln2 )xz_”(”12)(?’)4 )x3+...t0(n+l)terms.

(ii) When 7 is any rational index and x is a complex number such that
|x| <1, we have

n(n-1) 2 +n(n—1)(n—2) N
1.2 1.2.3

When | x | = 1, this result is still true if either

I+0)"=1+nm+

n>0orif-l<n<Oand x # -1
Also remember that with suitable restrictions on the values of x as mentioned
above, we have
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n(n+l)x2 _n(n+1)(n+2)x3

I+x)™"=1-nx+

1.2.3
-1 -)(n-2
(1—x)"zl—nx+n(n )xz_n(n ) 1 )x3+...<>o,
1.2 1.2.3
I I 2) -
I-x™ :l+n)c+n(nJr )x2 +n(n+ ) (o + )x3 +... 00,
1.2 1.2.3
(1+x)1/2=1+lx—ix2+ 13 3 _ oo,
2 2.4 2.4.6
(1-x)712 —1+1x+£x2 +71'3'5 3 oo
27 24 2.4.6 ’
I+ 03 =1+ ! x—Exz 125 5 .
37 36 3.6.9 ’
and (l—x)_l/g=l+ix+ﬁxz+£x3 + ... 00,

3 3.6 3.6.9

[llustrative Examl)les

Example 4:  Sum the series 1+ 1 cos 20 — L cos 40 + 13 cos 60 — ... ad. inf .,
2 2.4 2.4.6

. (Garhwal 2001; Rohilkhand 06; Meerut 09)

Solution: LetC=1+ 1 cos 20 — e cos 40 + !
2 2.4 2.4.6

where—lnses
2

N | —

cos 60 — ... ad. inf.

The companion sine series is

S=lsin26—isin4e+ 1.3
2 2.4 2.4.6

sin 60 — ... ad. inf.

C+iS=l+%(c0329+isin29)—ﬁ(cos4e+isin4e)

+ ——— (cos 60 + isin 60) —... ad. inf.
2.4.6
=1+ 1 210 — L e 4 13 ¢®® — . ad.inf.
2 2.4 2.4.6
=1+ 29712, summing the binomial series

=(1+cos 26 + isir129)1/2 =(2cos? 0 +i.2sin6 cos 6)1/2

= (2 cos 9)1/2 (cos O + isin 6)1/2

= (2 cos 9)1/2 (cos % 0 + isin % 0).




Krislna's Trigonometry (Unified)

Aro2)

Hence C, the sum of the given series

= real part of C + iS = (2 cos 0)!/2. 2~ )2

N | —

COS%GZ [2 cos 6 .cos
=[cos 6.2 cos’ %9]1/2 = {(cos 6 (1 + cos 0)}.

Example 5:  Find the sum of the following series

1 1 2
n Sin o, + nlntl sin 200 + nwrhnt2) sin 30 + ... ad. inf .
1.2 1.2.3
(Bundelkhand 2010)
Solution: Let
S=nsina+ 2 (n+1) sin2a+wsin3a+ ... ad. inf.
1.2 1.2.3

The companion cosine series is
n(n+l) nn+1)(n+2)
cos 200 + ————————

C=l+ncosa+ 0s 3o +
1.2.3
...ad.inf. (Note)
1
C+iS=1 +n (Cosa+isin0c)+n(f2+ )(cos20c+isin2oc)

. nmn+1)n+2)
1.2.3

nn+l) 9 +n(n+l)(n+2)
1.2 1.2.3

(cos 3o + isin 3a) + ... ad. inf.

=1+ ne'™ + 1% 4+ ad. inf.

=(1-¢™)™, by binomial theorem
=[l-(cosa+isina)]™ =[(I-cosa)—isina]™
=[2 sin® loc— i.2$inloccosloa]_”
2 2 2
= (2 sin 1 o) [sin 1 o — icos 1 o] ™
2 2 2
| S 1 1 1 1 _
— 2 . e n - ——q) - LI - -~ n
( sm2 ) [cos(2 T 3 ) zsm(2 T 3 )]
= (2 sin 1 o) " [cos {-n (l T — 1 o)} —isin{-n (l T — 1 o)}]
2 2 2 2 2 '
by De Moivre’s theorem

N G 1 . 11
—(251115(1) [cos{n(in 2a)}+zsm{n(27t 2oc)}].

Hence equating imaginary parts on both sides, we have the required sum

1 1 1
S =@2sin— o)™ si —mT——a)}
(51n2(x) sm{n(2n 2oc)}
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@mprehensive Exercise 2

Sum the following series:
n n—1 n(n_D n—2
1. cos” o —ncos oL COS O + cos o cos 20— ... to (n + 1) terms .
1.2 (Meerut 2006B; Agra 07)

2. sinoc+lsin3(x+§sin5(x+...to oo,

1 . 1.3 | 3.5 .
3. N sin 0 + 52 sin 20 + G sin 30 + ... ad. inf. (Rohilkhand 2006)
. 1 1.3 3. )
4. (i) == cos®+— cos 20 — cos 30 +...ad. inf. (-t < O < ).
2 2.4 2.4.6 (Meerut 2005; Purvanchal 09)

cos 3o +...ad. inf.

1.3
(i) 1+ 1 Cos O, + — Cos 20, +
2 2.4 (Rohilkhand 2006)

3C0$30L+...t0<>o,ify<l,

1.4
5. 1+%ycoso¢+ﬁyl cos 20, +

3.6.9
6. 1+ncosa+n(n+1)cos2a+% 0s 30+ ... ad. inf.
. . nn-1 .
7. sinh o + 7 sinh 20 + 71 sinh 3o + ... to (n + 1) terms,

where 7 is a positive integer.

) 42 A
8. i l+nﬁcosB+n(n+>-a—cos2B+...ad.inf. o
c" c 1.2 c?

" ’

where a, b, ¢ are the sides of the triangle ABC and a < c.
(Meerut 2004; Kanpur 10)
Also show that

2
I[WsinB+n(n+l)-ﬂ sin23+...:|=

sin nA

c 1.2 52

@nswers 2

1. (=" sin” o when nis even; 0, when  is odd

¢ (Kanpur 2010)

2. @sina)™? sin (l . o 3.(2sin 1 0)~1% sin (l h— 0)
472 2 47 4

1 1 COS l o
4. (i) (cos —0) / (2cos - 0)!/? (i) ———F——
4 2 (—2COS§(X)1/2
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_1/ 1
5. r 13 cos = ,
3¢

sin o
where r=(1—2ycosoa+yz)l/2 and ¢ = tan™! { J }

(I - ycos a)

6. 2" cosh”(o/2).sinh {% (n+2)o)

6.5 Series Based on Exponential Series

We know that if x is any complex number, then
S
(i) e*'=l+x+="—+>—+... ad. inf.
21 3!
2 3

~Y 4. ad inf

x
21 3l
3 5
(iii) sinx=x—%+%—... ad. inf.
2 4
(iv) cosx:l—%+%—... ad. inf.
3 5
(v) sinhx:x+§+%+... ad. inf.

(i) e =1-x+

2 4
(vi) coshx=1+%+%+... ad. inf.

[llustrative ExamFles

Example 6: Sum the series

(i) coso+ccos(o+P)+ % ¢? cos (o +2B) +...ad. inf. (Meerut 2012)

(i) sino+c sin (o +PB) + % % sin (o +2B) + ... ad. inf. (Meerut 2012B)

Solution: Let

C=cosa +c cos (o +P) +%02 cos (o0 +2B) +...ad. inf.

and S =sina + ¢ sin (o + ) +%c2 sin (o0 +2B) +...ad. inf.

Multiplying the second series by i, and adding to the first, we get
C+iS=(cosa+isina)+c¢ {cos (o +p)+isin (o +P)}
+(1/21) ¢? {cos (o +2B) + isin (o0 +2B)} +...ad. inf.

=™ 4/ 1720 % @2 4 ad.inf.
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= [1+ce® +1/21) c2e*® + .. ad. inf.]
_ o [ ecefﬁ ] summing up the exponential series

= ¢l [ec(cosBHSmB)] s cos B .EtcsmB

¢ cosP o + ¢ sin B)

=¢e C’i(
= ¢ <P [cos (o + ¢ sin B) + i sin (o + ¢ sin B)].

Equating real and imaginary parts on both sides, we have

C = thesumof the series (i) = ¢ “*P _cos (o0 + ¢ sin B)
and S = the sum of the series (ii) = ¢ “°*P _sin (o0 + ¢ sin p).
Example 7:  Sum the series
C0S O 2 cos oL

I+e cos (sin(x)+%e cos (2 sin o) + ... ad. inf.

6‘2 COS O

Solution: 1f C=1+¢“°% cos (sino) + % cos (2 sina) +...ad. inf.

6’2 Cos O

then S =¢“%* sin (sin o) + % sin (2 sin ) +...ad. inf.

C+iS=1+¢“"% [cos (sina) + isin (sin )]

1 ; . .. . .
+562C°b°‘ [cos 2sina) +isin (2sino)]+...ad. inf.

1 . 1 - i _
=14 - plosa ,isina +ielcosoc .elzsmoc + ... ad. inf.

1! 21

1 isin o 1 2 2isin o cos o
=l+—-ye +—y°e +...00, Where y =e¢

1! 21
—¢ y.eisma =€y{cos(sin o) +isin (sin o)}

= ¢ o8 (sin o) .BD]Sin (sin o)

= ¢ VCOS(IN®) Teog { ysin (sina)} + isin { y sin (sin o) }].
Equating real parts on both sides, we have
C=¢ 6N cos { ysin (sina)}, where y=e® %,

Example 8: Sum the series
_ cos (o + 28) L o (o +4pB) B

(i) cosa. 3l <] ...ad. inf. (Meerut 2010B)
(i) sino— " (O;T 2B) , sin <°;:L ) adinf.
Solution: (i) Let
C=cos o — 2 <03L!+2B) 488 ((;+4[3) —...ad. inf.
so that S =sina - sin (o + 2P) + sin (0 +4P) ...ad. inf.

3! 5!
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C+iS=(cosa+isina)—(1/3!) {cos (o + 2B) + isin (o + 2B)}
+ (1/51) {cos (o0 + 4B) + isin (o +4P)} —... ad. inf.
= —(1/30) e @*2B) L 1/50 /@) ad. inf.
= e [1-(1/3)e*P +(1/51) ¢*P 4+ ad. inf.]
=¢ PP —1/3) P+ (1/51) 2P — L ad inf]  (Note)
=@ P sin(®)=¢" P sin (cos B + isin B)
=[cos (oo — B) + isin (o — B)] [sin (cos B) . cos (isin )]
+ cos (cos B) sin (i sin B) ]
=[cos (o0 — B) + i sin (o0 — B)] [sin (cos B) cosh (sin B)
+ icos (cos PB) sinh (sin B)].
Hence the sum of the given series
= the real part of C + iS
= cos (o0 — B) sin (cos B) cosh (sin B)
—sin (o — B) cos (cos B) sinh (sin B).
(ii) Do yourself.

@mprehensive Exercise 3

Sum the following series :
sin® sin20 sin 36

1. (i) + —...ad. inf.
1! 21 3!
in 6 in 20 in 30
(i) 202 NSV ST L ad.inf.
1! 21 3!
0+ 2 6+2
2. (i) Cose+cos¢cos( q))+COS b cos ( ¢)+...to oo,
1! 21
0 2
(ii) cos 0 + €087 cos 20 + & 0 €0s 30 + ... to oo
sin © in’
3. cos 0+ Y cos 20 + 1 0 cos 30 +...ad. inf.
(Rohilkhand 2007; Kashi 14; Rohilkhand 14)
26 cos” 0 36 cos® 6
4. (i) 14+ cosBcos 6+ cos 2V cos T, Lo8 VoS +...10 oo,
2! 3!
o sin 20 cos? ®  sin 30 cos> @
(ii) sin 6 cos B + 1 + ' + ... t0 oo,
’ (Rohillhand 2005; Kanpur 05)
501 cos . cos 20, cos 3o 4 inf
- (1) 1+ s o oo o + oo o +...ad. int. (Rohilkhand 2006)
(ii) coso , _cos 20 P 3o +...ad. inf.

coso  2lcos® o 3lcos’ a
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2 3
6. 1—cosacosP+ CO; % cos 28 - CO; % cos 3B +...ad. inf.
(Bundellkhand 2007; Kanpur 09; Purvanchal 10)
. 2 sin o 3 sino
7. 1+ cos (cos o) + cos (2 cos a)+ cos (3cos a) +...ad. inf.
8. sino — (0 +2) ;A ©+4p) _ ...ad. inf.
21 4!
(Agra 2005, 06)
9. sin@— 26 Lo 3 —...ad. inf.
21 41 (Kanpur 2014)
2 4
2 4
10 () 140 0820 e cosd0 o inf.
2! 4! (Avadh 2006; Gorakhpur 07)
. ¢? sin20 ¢* sin40
(ii) 1+ + + ... 00,
2! 4!
. 3 .5
0 30 0 50
11. sin®cos 6 + S DCos P, S PCos T ...ad. inf.
3! 5!
12, 5cos 6 N 7 cos 30 N 9 cos 56 + ad. inf
1! 3! 5! (Kanpur 2010)
h2 h3
13. 1+cosha + - ¢ 4 &0 ¢ +...ad. inf.
2! 3!
inh 2 inh
14. sinh o + st 2o + sinh 3o +...ad. inf.
2! 31
ino .92
15. cosh 6 + 2 cosh 20 + 31 0 cosh 30 +...ad. inf.
@nswers 3
1. (i) e ® sin (sin 6) (ii) e 9 _sin (sin 6)
2. (i) 9570 cos (6 + cos ¢ sin 0) (ii) ¢ _cos (6 + cos 6 sin 0)
3. M08 o5 (0 +sin” 0)
2 2
4. (i) ¢ % cos (sin 6 cos 6) (ii) ¢“°*" ® sin (sin 6 cos 6)
5. (i) e.cos (tan ) (ii) [e cos (tan o) | — 1
6. ¢ %P o5 (cos o sin B)
7. ¢ 7O o5 { psin (cos o)}, where p = ¢S"*
8. sina cos (cos B) cosh (sin B) — cos o sin (cos B) sinh (sin )
9. S =sin0 cos (cos % 0) cosh (sin % 0) — cos 0 sin (cos % 0) sinh (sin % 0)
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(i) cosh (¢ cos 0) cos (¢ sin®)  (ii) 1 + sinh (¢ cos 0) sin (¢ sin 0).
11. sinh (sin 6 cos ) cos (sin” ).
12. 4 sinh (cos 8) cos (sin 8) + cos 6 cosh (cos 0) cos (sin 0)

— sin 0 sinh (cos 0) sin (sin 6).
13. ¢ * cosh (sinh ). 14. ¢“*M® sinh (sinh ).

14. M 0ch8 o5h (0 + sin O sinh 0).

6.0 Series Pased on Logarithmic Series and its Sub-Case

Gregorg’s Series

Remember the following results :

If z is any complex number, then
3 4

(i)log(l+z):z—%+%—%+...ad.inf. provided |z |<1 and z#-1
22 23
(ii) log (1 - z) = - z+7+?+q+...ad.inf. provided |z |<land z # 1

3 5
(iii) log (1+ z) — log (1—2)22(2 +%+%+...ad. inf.),

provided |z |<] and z =1
This result may also be put in the form

1, 14z 23 20
~lo =z+-"—+—+... 00
2 "l-z 35 (Kumaun 2008)
23 Z5 Z7
(iv) tan” z:z—?+?—7+...ad.inf., provided |z |< L

This is Gregory’s series.
Also remember that if oo and B are any real numbers, then

(v) log (o +iB) :%log ©@® +p?)+itan”! (B/a)
(vi) log (o — iB) :% log (@* +B?)—itan™ B /)
(vii) log {(a + iB)/ (0. — iB)} = 2i tan™" (B / c0).

[llustrative Examl)les

Example 9:  Sum the series when c is positive and < 1.

(i) ccosa— % ¢? cos 20, + % ¢3cos 30— ... ad. inf. (Garhwal 2002)

%5in 20 +%c3sin 300 —...ad. inf.

(Garhwal 2002; Purvanchal 09)

iy , 1
ii) csino——c¢
(if) 3
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Solution: LetC:ccosoa—%c cos 2(x+%c cos 3o —...ad. inf.
. 1 9 . 1 35 . .
and S:csmoc—ic sm20c+§c sin 3o — ... ad. inf.
C+iS=c (Cosoc+isinot)—%c2 (cos 20 + i sin 20t)
+§103 (cos 3o + isin 3a) — ... ad. inf.
o 1 2 9250 . 1 3 300 :
=ce'* ——ce"™ + =™ — .. ad. inf.
2 3
_ io .
=log (I+c ™), [ log (l+x):x—%)c2 +%x3 — ..o if x| <L
Here |¢ ¢'® | = |¢ | which is given to be < 1.]

=log [1+¢ (cos o +isino)] =log [(I1+ ¢ cos o) + ic sin o]

=110g [(1+ ¢ cos OC)2 + ¢%sin? o] +itan”! _osmo ,
2 1+ ¢ cos a

[~ log (0ﬂ+iB)=%log (0 +B%) +itan™" (B/a)]

= % log [1 + 2¢ cos o +c2cos? o+ ¢?sin? o]

. -1 ¢ sin o
+ i tan -
1+ ¢ cosa

:llog(1+2£C0s0L+62)+itan_l _esme
2 1+ c¢cosa

Equating real and imaginary parts, we have

C= % log (I1+ 2¢ cos o + ¢?), which is the sum of the series (i)

and S =tan™! {(csina)/ (I + ¢ cos o)}, which is the sum of the series (ii).
Example 10: Sum the series

sin o sin 3 +%sin 20 sin 23 +%sin 3ousin 3B + ... ad. inf.

Solution: We know that

sinosin § = % (2 sina sin B) = % [cos (o —B) — cos (o + B)],
sin 20 sin 23 = % [cos 2(a. — B) — cos 2(a. + B)], and so on.

the given series may be written as
1

3

B [cos (@ —B) —cos (o +PB)] + [cos 2(cc = B) — cos 2(a + B) ]

N | —

+...ad. inf.

= % [{cos (o — B) +%COS 2(a = B) +%COS 3(a —B) +... ad. inf.}
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—{cos (o +B) + % cos 2(o + B) + % cos 3(o + B) +...ad. inf. }].
Thus the given series is equal to % of the difference of the two series
cos (o — B) + % cos 2( — B) + % cos 3(a — B) +... ad. inf. (D)

and cos (oc+B)+%cos 2(0c+|3)+%cos 3(a + B) +... ad. inf. .2
Now to find the sum of the series (1), put
C =cos ((x—B)+%Cos2((x—B)+%Cos3(0c—[3)+...ad. inf.
50 that S:sin(oc—B)+%sin2(oa—[3)+%sin3((x—|3)+...ad. inf.
C +iS = {cos (oc—B)+isin(oc—B)}+%{c052(0c—B)+isin2(oc—B)}
+%{COS 3 —B)+isin3(@—P)} +...ad. inf.
_o@-p Loze-n Los@-p o aq it
2 3
= —log [1-¢"®*"P]=_log [I - cos (a - B) — isin (& — B)]
=—%10g [{1 - cos (oc—[3)}2 +sin? (a—-B)]

+itan”! —sin ©=B)
1-cos (o —B)

- _%Iog [2 — 2 cos (o —B)] +itan”! {%}
- % log [2 .2 51“2% Gl B)] +itan” {M}
1o o =l [ I0D) ]

Equating real parts on both sides, we get

1 1
C=log [~ — (e —B)].
og [2 cosec 3 (o —B)]
sum of the series (1) = log [% cosec % (a—-B)].

Now the series (2) differs from the series (1) in having — B in place of B.
sum of the series (2) can be written simply by replacing B by — Bin the sum of the
series (1).
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Hence the sum of the series (2) = log [% cosec % (a+B)].
the required sum = 51 [sum of the series (1) — sum of the series (2) |
= % [log {% cosec % (o —B)} - log {% cosec % (o +PB)}]
1
cosec 3 (o —B)

= 1 log —T 1|75 log
2 coseci((x+[3) 2

sin% (o +B)
sin 3 (o —B)

Example 11: Sum the series

(i) ccosoc+lc3 cos30c+lcs
3 5

cos 50 + ... ad. inf .

(i) CSI'MOL-F%CS 51’n30c+éc5 sin 5o + ... ad. inf .

Solution: Let Cand S denote the sums of the two given series respectively. Then

multiplying the second series by i, and adding it to the first, we get

3

C+iS=c(coscx+isin0L)+%c (cos 3o + i sin 3o)

+éc5 (cos 500 + isin 5a) +... ad. inf.
_Cetoc +1 3 310( +é 5 Szoc ad. inf.
l+ce 1+x w2
= =X+ —+—+..
l—ce® l—x 3 5

10g(1+ce 2log(l—ce )

log {(1 +ccosoc)+icsinoc}—%log{(1—ccosa)—icsinoc}

103 ((+ccos o) +c2sin? o} +itan”t {CE
2 1+ ¢ cos o

- % |:; log {(1 - ¢ cos o)? +¢? sin® o} — i tan”! {ICWXH

— ¢ Cos
=i [log (1+2¢ cosoc+c2)—log (1-2¢ cos o + ¢)]
o1 1 ¢ sino . ¢ sino
+i-—|tan — Y+ tan IR O
2 1+ ¢ cosa 1—c¢cosa
Equating real and imaginary parts on both sides, we get

Czé[log (1+2ccosoc+c2)—log(l—2£coscx+cz)]
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:i]og{(l+2L‘COSOL+L‘2)/(1—2L‘COSOL+CZ)},

which is the sum of the series (i)

1 1 ¢ sino _1 ¢ sino
and S=—|tan~ {————F+tan ———
2 1+ ¢ cosa I-ccoso
1 can-] {csino)/(1+ccosa)}+ {(csina)/(1—ccosa)}
2 I—{(csino)/(I+ccosa)}l{(csina)/(l-ccosa)}
1 _1 [ esina) {(I1—ccosa)+ (l+c¢cosa)}
=5 tan 7 2 7 2
2 (I1-¢* cos” o) —c” sin” o
1 _1 |2¢sina L .
= — tan , which is sum of the series (ii).
2 1-¢?
@mprehensive Exercise 4
Sum the following series. It may be assumed that —-1<¢<1:
1. (i) cos6-— 1 cos 20 + 1 cos 30 —...ad. inf.
2 3
(ii) sin 6 — % sin 20 + % sin 30 — ... ad. inf.
2. (i) cosocosa— % cos® o cos 200 + é cos> o cos 30, — ... ad. inf.
(ii) cos o sino — % cos? o sin 20 + % cos® a sin 3o —... ad. inf.
(iii) sin o sin o — % sin? o sin 200 + % sin® o sin 300 — ... ad. inf.
3. L2 3 cos 300 +...ad. inf.

(i) ccoso+—c¢ c0520c+lc
2 3 (Gorakhpur 2005)

)

(i) e¢sino+ ¢ sir12o¢+lc3
2 3

sin 300 +...ad. inf.

(Avadh 2008)
. coso 1 cos20 1 cos3o

(iii) 5 +5 % +§ % +...ad. inf.

(iv) cos o sin o, + % cos? o sin 200 + % cos® asin 30 + ... ad. inf.
n 1 2 1 3n .
COS — 4+ — €08 == + = cos — +...ad. inf.
3 2 3 3 3 (Kanpur 2008, 09)

(i) ¢ cosa +%c2 cos (o + ) +%03 cos (o + 2B) +...ad. inf.

(i) ¢sina +§152 sin (o + B) + lc3 sin (o + 2B) +...ad. inf.,

(Goralchpur 2005; Bundelkhand 11)
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11.

12.

13.
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2

(i) ccoso——=c¢ Cos(0(+B)+%03cos((x+2B)—...ad.inf.

H[\J\»—A

2

(i) esinou——=c¢ sin(oc+[3)+%63 sin (o0 + 2B) — ... ad. inf.

N |

¢ sin 0 — % ¢? sin” 20 + 1 ¢3 sin” 30 — ... ad. inf.
COSiTI:-i‘lCOS%TC-Fl cos§n+icos%n+ ...ad. inf.
(i) ccose—lc3 c0339+%c5 cos 50 — ... ad. inf.

(ii) ¢ sine—%c?’ sin39+éc5 sin 50 — ... ad. inf.

cos? 6—%Cos3 6 cos 36+5l cos” 6 cos 50 —...ad. inf.
e* cosB—éega cos 3B +é65°‘ cos 5B —...ad. inf.

(i) Coshe—%cosh 29+écosh 36 —...ad. inf,,

(ii) sinhe—%sinh 26+%sinh 30 —...ad. inf.

If 0 - o = tan (% 9) sin 29—%tan4 (% 0) sin 40

+ % tan® (% 0) sin 60 — ... ad. inf.,

show that tan o = tan 6 cos ¢. (Agra 2010)
14. Prove that
tanhx+l tanh’ x +é tanh® x +...= tan x —l tan> Jc+1 tan’ X—...,
where x lies between — (1 /4) and + (1 /4). (Meerut 2010; Kanpur 14)
15. Prove that
. 1 . 3 1 .5 .
sin® + — sin” O + — sin” 0 +...ad. inf.
3 5
=2 [sin6 - % sin 360 + % sin 56 —...ad. inf. |, where 6 # 2n + 1) % TT.
(Kanpur 2007)
Answers 4
1. (i) log 2 + lo cosioc (ii)loc
. g g 2 2
2. (i) 1 log 1+3 cos? o) (ii) tan™! w
2 1+ cos” o
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(iii) tan

-1 SiIl2 o

1+ sin o cos o
3 (n-—%log(l—2ccosa—+c2) (ii) tan™" {(c sin )/ (I ¢ cos a)]
(ﬁﬂ—%kg(%—ama) (N)%n—a 4.0
5. (i) —sin (o —PB).tan~! {(csinP)/ (1 - c cos )}
-%cm(a-ﬁ)bga—zcamﬁ+c%
(i) cos (o — B) . tan™! {(c sin ) / (I — ¢ cos B)}
—%ﬂhwa—ﬁ)bgﬂ—anmB+c%
6. (i) %cm<a—ﬁ)mga+2camﬁ+c%
—sin (@ —B) . tan! {(csinB)/ (1 + ¢ cos B)}
(n)%snma—ﬁ)mga+2cam3+c%

+ cos (o — B) . tan™! {(c sin B)/ 1+ ¢ cosPB)}.

1 (I+¢) 1
7. —|lo - 8. —[2V3log 2 +3)-m]

2 g\/(l+2cc0526+02) 8 8

A1 _1,2ccosO a1 1+ 2¢ sin 0 + ¢2
9. (i) —tan™ " ( ) (ii) = lo

2 1-¢? 4 g1—2csir19+02

10. %tan_1 2 C0t29) 11. —%tan_l{cosB/sinha}
u.@mggmm%m <m%e

6.7 The Difference Method

Sometimes in order to sum a series it is convenient to split each term of the series as
difference of two terms. The splitting is done in such a way that when all the terms
of the series are added together, the component terms cancel in pairs. Ultimately
we are left usually with two components, one from the first term and one from the
last term. This method is not always easy to apply, since sometimes it requires a
considerable amount of mathematical jugglery to split the nth term of the series as
the difference of two terms. It is however learnt by practice. Use of certain
trigonometric identities is sometimes helpful. If the answer is given, then the mode
of splitting can often be found by puttingn = lin the answer, since then it reduces
to first term of the series.

Suppose the rth term u, of the series is expressed as

u, =fr+1)—f().
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Then u=f@2)-fQ1
Uy —f(3 fe

.| =f (1’1) f (n - 1)

u,=fm+1)— f (n).
Adding these n relations, we have

Sn =f(n+l)_f (1)’
where S,=u +uy +...+u,

= the sum of the first n terms of the series.

If the given series is convergent and sum to infinity is required, we deduce it as
follows :

S.= Mm g lm ey )

n— oo n— o
Thus to find the sum upto infinity we have to first find the sum upto n terms and

then proceed to the limits as n — co.
The following trigonometric identities are often useful :

(i) cosec a =cot 5oc —cota,

(i) tana =cot o — 2 cot 2o,
(iii) tan o sec 20, = tan 200 — tan a,

(iv) sin®o = % (3 sin o — sin 3a).

If the 7 th term is of the form tan ' (a/Db),we put it in the form

tan~! x — tan™! .

[llustrative Examlales

Example 12: Sum the series

sec O sec 20 + sec 20 sec 30 + sec 30 sec 40 + ... to n terms.

Or L + ! + ! + ... to n terms.
cos O cos 20 cos 20 cos 30 cos 30 cos 40

(Kanpur 2011; Avadh 12)

Solution: The given series is

sec O sec 20 + sec 20 sec 30 + ... to n terms
1 1 1

= + +
cos 0 cos 20 cos 20 cos 30  cos 30 cos 40

+...to n terms.

The first term of the above seriesis[1/ (cos 8 cos 20) ]. We should try to splititup as
a difference of two terms. If T}, T, ,etc. represent the successive terms of the given
series, then
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in©
T, =sec ©Osec 20 = ! = .1 s ,
cos 0 cos 20 sin© | cos 6 cos 20

multiplying the Nr. and Dr. by sin 6

1 |:sin (26 — 6):| 1 [sin 20 cos 6 — cos 20 sin 6:|

B sin® |cos @ cos 20| sin @ cos 0 cos 20

= (I/sin 0) [tan 20 — tan 6].
Similarly the second term

T, =sec 20 sec 30 = !

cos 20 cos 30 - sin 6

[tan 30 — tan 20].

The third term
T5 =sec 30 sec 40 =

! =— I [tan 40 — tan 30].
cos 30 cos 40 sin 0O

Lastly, the nth term
1

cosnBcos (n+1)0
= (1/sin 0) [tan (1n + 1) 6 — tan n0].
Adding up the above n relations, we have the required sum
=T, +15 +15 +...+ T, =(1/sin6) [tan (n + 1) 6 — tan 6] ,
the other terms on the R.H.S. cancelling each other.

T, =secnBsec (n+1)0=

Aliter: By inspection the nth term of the given series is
1

T, =secnBsec(n+1)0=
cosnBcos (n+1)0

1| sin 6
sin © | cos n6 cos (n +1) 6 '

multiplying the Nr. and Dr. by sin 6

1 [sin{(+1)6-n6}
~ sin | cos 16 cos (1 +1) 6 (Note)

1 [sin (n + 1) 8 cos 16 — cos (n + 1) 8 sin 16
sin © cos nbcos (n+1)0

= (1/sin 0) [tan (1 + 1) 6 — tan n0)].
Puttingn =1,2,3,..., n,we get
T, =(1/sin 6) [tan 26 — tan 6],
Ty =(1/sin 6) [tan 36 — tan 26],

T, ; =(1/sin®)[tan n6 — tan (n — 1) 0],
T, =(/sin®) [tan (n + 1) 6 — tan nO].
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Ty+Ty, +T5 +...+T,_, +T,

= (1/sin ©) [tan (n + 1) 8 — tan 6], other terms cancelling each other.

Example 13: Sum the series  cosec © + cosec 20 + cosec 2° 0 + ... to n terms.
(Purvanchal 2011)
Solution: The first term
sin 1 0
T, =cosec 6 = 2

sin® - gin % 0.sin O (Note)
. 1 . 1 !
s1n(e—§e) smecosie—cosesm—e

I = I zcotle—cote.
sin — 0.sin 0 sin — 0 sin 6 2
2 2

Similarly, T, = cot 6 — cot 26,
T3 =cot 26 — cot 22 0,

T, =cot 226 — cot 2° 6,

T, =cot2"2 g—cot 2" .
Adding these, we have the required sum
S,=T,+T, +...+ T, =cot % 6 —cot 2" g,

other terms on the R.H.S. cancelling each other.
Example 14 :  Sum the series

tan®+2 tan 20 + 22 tan 2% 0 + 23 tan 2° 0 + ... to n terms.

Solution: Here

T — tan® sin sin® @ cos20 — cos 20
= tan = = =

! cos® sinBcosO sin 6 cos 6 (Note)

[+ cos 26 = cos® 6 —sin” 6]
2
0 20 0 20
=— cos - — cos = Cf)s o808 =cot 6 — 2 cot 26.
sinBcos® sin®cosO sin0O 1

— sin 20
2
Similarly, T, =2 tan 20 =2 [cot 20 — 2 cot 2(20)]
=2 [cot 20 — 2 cot 2% 6]
=2 cot 20 — 2% cot 22 0,
Ty =2% cot 220 - 23 cot 2°4,

T,=2""cot 2""1 9 -2" cot 2" 6.
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Adding these, we have the required sum
=cot0—2"cot2" 0,
the other terms on the R.H.S. cancelling one another.
Example 15: Sum the series

30

'—+3sin3£,+3zsin3 0
3 32

— +...to n terms

sin 33

and also sum to infinity.
Solution: We know that sin 30 =3sin® —4sin> 0 giving

sin@ = 1 (3 sin 6 — sin 30).

()
Now the first term of the given series

T, =sin® 20=1(3sin10-sin3.19
37 43 3

[Putting %9 for 6 in (1)]
_1 3 sinle—sine].
4 3
Similarly, T, =3sin®©/3%) = 3% [3sin (0/3%) —sin 3.(0/3%)]
[Putting (0/3%) for 6 in (1)]
=%[32 sin 0/3%) = 3sin 0/3)],

T, =3%sin® 0/3%) = % 33sin (0/3%) = 3%sin 0/3%)],

T, = % [3" sin(®/3") = 3" 'sin(©/3" )]
Adding up these n relations, we have
T +Ty + Ty +..+T, :% 3" sin (0/3") - sin 0],
Thus the required sum upto n terms
S, :é [3" sin (0 /3") —sin 0].
The sum to infinity S, is given by

S.. =1limS, = lim 1[3n sing% —sinG:I

Nn— oo n— oo
1 lim sin0/3") .
=—- 0-——————~= —sin0
4 n— oo ®/3" (Note)

Let 0/3")=h,thenasn — oo, 1 — 0.
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T .
S. Lim [G-Slzh—sine]:

:Zh—>0 [0 —sin 0].

o=

o T G =1
[. 0 (sin 1)—:|

Example 16: Sum the series
tan o tan (o + B) + tan (o0 + P) tan (o + 2B)

+ tan (o0 + 2P) tan (o0 + 3B) + ... to n terms.
Solution: We have
tan (o0 + B) — tan o

tanB:tan[(OﬁJFB)_a]:1+tan(06+|3) tan o

or tan B [1 + tan (o0 + B) tan o] = tan (o + ) — tan o
or I+ tan (o + B) tan oo = cot B [tan (o0 + B) — tan o]
or tan (o + B) tan o = cot B [tan (o + B) — tan o] — 1. ..(1)

first term of the given series i.c.,
T, =cot B [tan (o + B) — tana] — 1.
Similarly, T, =cot B [tan (o + 2B) — tan (o + B)] — 1,
putting (o + B) for o in (1)
T3 =cot f [tan (o0 + 3B) — tan (o + 2B)] — 1,

T, =cot B [tan (o0 + nP) — tan {oo. + (n — D) B}] — 1.

Adding the above 7 relations, we have
the required sum = cot B [tan (o + nf) — tan o] — 7,

the other terms on the R.H.S. cancelling one another.
Example 17:  Sum the series

1 11 11 1 1
tan = — +tan = — +tan = — + tan i+...t0nterms.

3 7 13
(Meerut 2005B, 09B; Kanpur 10; Kashi 11; Avadh 13; Purvanchal 14)
Solution: The given series may be written as

tan™! + tan”! + tan”! +...+tan”! .
1+1.2 1+2.3 1+3.4 I+n(n+])
We have
T,, = the nth term of the series
) -
= tan71 ; = tanfl M
l+n(n+]) Il+(n+1)n
=tan”! (n+1) - tan”! n.

[+ tan! x - tan™! y= tan~! {(x - )/ L+xp)}]
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Putting n =1,2,3,..., n,we have

T, =tan™! 2 —tan”! |,
T, = tan”! 3 —tan~! 2,
Ty =tan™' 4 - tan™! 3,

1 1

T, = tan”

Adding the above 7 relations , we have

the required sum S, =T, + Ty +...+ T, =tan™" (n+1) — tan™' ],

the other terms on the R.H.S. cancelling one another.

1.

o

@mprehensive Exercise 5

Sum the following series:

(i) secOsec (0 + 0)+sec 0+ ¢)sec 0+ 20)
+sec (0 + 2¢) sec (0 + 30) +... to n terms.
.. 1 1 1
(ii) + + +...to n terms.
cos @ +cos30 cosO+cos 50 cosB+cos 70 (Gorakhpur 2007)
(iii) cosec 6 cosec 260 + cosec 20 cosec 30 + cosec 36 cosec 40 + ... ton terms.
(Purvanchal 2007)
. 1 1 1
(iv) + + + ... ton terms.
cosB—cos30 cosO—cos50 cosO—cos 70
. sin 6 sin 6 sin 6
(i) - - + — - + — - + ... ton terms.
sin20sin 36 sin 30sin 46  sin 40 sin 50
. sin 0 sin 20 sin 30
(ii) + + + ... ton terms.
cosO+cos20 cosO+cos40 cos O + cos 60
(i) cos i + 2 cos i cos 9 +22 cos i cos 9 cos 9 +...ton terms.
2 2 22 2 22 23
(i) tan 9 sec 6 + tan % sec 9 + temi3 sec % +...to n terms
2 2 2 2 2 (Garhwal 2000)
sin 0 sec 30 + sin 30 sec 320 + sin 320 .sec 3%0 + ... ton terms.
(i) 2 cosec 20 cot 20 + 4 cosec 40 cot 40 + 8 cosec 86 cot 80 + ... ton terms.
(ii) sin 20 cos? 6 — % sin 40 cos” 26 + i sin 80 cos” 46 — ... ton terms.
tane+1 tan9 +i( tani, +—1, tani,+...ad. inf.
92 2 22 22 23 23

(Meerut 2004B; Avadh 07, 10)
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7. tanh© + 1 tanh 6 + i tanh i + ... ton terms.
2 2 22 22
8. tan® 6 tan 20 + 1 tan” 20 tan 460 + (1/2%) tan® 46 tan 80 + ... ton terms.
2 (Avadh 2008)
9. cot 20 cot 3o + cot 3o cot 4o + ...+ cot (n + 1) o cot (n + 2) o
n—1
10. tan™! l+ tan™! g+ tan™! i%r...+tarf1 27+...ad. inf.
3 9 33 1+ 221
(Purvanchal 2007)
11. tan”' x+ tan™! % + tan”! — 5 +...ton terms.
1+1.2x 1+2.3x (Avadh 2009)
12. tan”! +tan”! 6 + tan”! 8 +...+ ton terms.
1+3.4 1+8.9 1+15.16
(Meerut 2010; 13)
13. (i) tan”! % + tan”! ;2 + tan”! %wt ...+ ton terms.
I+1+1 1+2+2 1+3+3
(Meerut 2008; 13B)
(ii) Evaluate El cot 'L+ n + n?).
14. tan™! 4 + tan™! i+ tan™! i+...+ tan™! — .
7 19 39 4n* +3
15. tano tan 20 + tan 20 tan 3o + tan 3o tan 4o + ... to (n — 1) terms.
(Meerut 2006)
16. tan™! 12 + tan”! 12 + tan”! 5 +...+ tan”! %
2.1 2.2 2.3 2n
Deduce its sum to infinity. (Rohilkhand 2008)
17. cot™! (22 + i) +cot ™! (23 + 1) + cot™! (24 + 1) +...ad. inf.
2 22 23
(Gorakhpur 2005)
@nswers S5
1. (i) (I/sin ¢) [tan 6 + nd) — tan O]  (ii) %COSG:C 6 {tan (n + 1) 6 — tan 6}
(iii) (1/sin©) [cot © —cot (n + 1) 6] (iv) % cosec 0 [cot 6 — cot (n +1) 0]
2. (i) cot20—cot(n+2)6

.. 1 1 1
(i) (1/4 sm5 0) [sec 5 (2n +1) 6 —sec E9]
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3.

in n6
(i) smr |:cot o _ cot G:I (ii) tan©
2 2n+1 92

5. (i) cosec?® — 2" cosec®2"0 (i) %sin29+(—l)"_l (172" sin2"*! o
1

6. 6 2 cot 20 7. [2coth20—(1/2" Y coth (0/2"71)]
8. (1/2" ") tan2"0-2tan® 9. cot o [cot 200 — cot (n +2) o] — n
10. lTc 11. tan™! nx

4
12. tan™! (n+ 1) (n+2) - tan”' 2
13. (i) tan~" {1/ (n + 2)} (ii)zln
14. tan™! A 15. cot o tan no — n.

2n+5

16. tan! @n+1)—tan! 2n - 1) % T 17. cot™! 2

6.8 Angles in Arithmetical Progression

(a) To find the sum of the sines of a series of angles, the angles being in arithmetical
progression.

Leto, oo + B, o0 + 2B, ..., {oo + (n — 1) B} be n angles in arithmetical progression, the
common difference of the angles being B.

Then the series of sines of above angles will be
sin o + sin (o0 + B) + sin (o0 + 2B) + ...+ sin {o. + (n — 1) B}.
Suppose S, denotes the sum of the above series, so that
S, =sino +sin (o +B) +sin (@ + 2B)+...+sin{fo + (n - 1) B}.  ...(1)
The common difference of angles is B.

Multiplying both sides of (1) by 2 sin % B, we have
1 . 1 . 1
251n§[3.5n:251nocsm§[3+251n(0c+[3).sm§[3+...

...+2sin{0c+(n—1)[3}sin%[3.

Now applying the trigonometric formula
2 sin Asin B =cos (A - B) —cos (A + B)
to each term on the right hand side , we have

251“%&5;1:COS(Q—%B)—COS(OL+%B)

+Cos(0c+%|3)—cos(0c+%[3)
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+cos(0c+%[3)—cos((x+%[3)

+...

+cos {0C+(n—%)[3}—cos {0L+(n—%)[3}

:cos(a—%B)—cos {oa+(n—%)B},

the other terms on the right
hand side cancelling one another.

=2 sin {a+%(n—1)[3}sin%n[3.

Therefore

sin{(x+;(n+l) [3} sin%nB
S, =
sin 1 B ...(2) (Remember)
2
The sum of the sine series obtained above may be remembered in the following
form :

sin o + sin (o + B) + sin (o0 + 2B) + ...+ sin {o + (n — 1) B}

in [ x diff.
_ . [firstangle + lastangle b 2
- 2 : (diff.)
sin | —
2

Particular Cases: I.  If B = o, then the expression denoting the sum of the sine
series (1) becomes

S, =sino + sin 200 + sin 3o + ... + sin no

41 sin l no.
= sin (n OL) 21 ,from (2),
sin — o
2

II.  If we put B = 2n / n, then since

sinln[} =sinmt=0 andsinlB:&O,
2 2
. . ( 2n) . ( 415)
we have sina +sin|o + == |+sin|o+—|+...to n terms = 0.
n n
In general if B = p. (2n/n), where pis any integer, even then

sin %B =sin (n2pﬂ:) =sin pn = 0.

n

Also if pis not divisible by #, then sin % B=0.
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Therefore the sum of sines of n angles, which are in arithmetic progression, vanishes if the
common difference of the angles is p(2m / n), where p is any integer not divisible by n.

(b) To find the sum of the cosines of a series of angles, the angles being in arithmetical
progression.

Let n angles in arithmetical progression be

o, (o +P), (a+2B),....{c+n-1)PB}L

Let S, denote the sum of the series of cosines of above angles, so that

S, =cosa+cos (o +P)+cos (o+2B)+...+cos {o+ (n—1)B}.
..(3)
Multiplying both sides by 2 sin % B, we get

ZSin%B.Sn=2cosocsin%[3+2(:os(a+B)sin%B

+ZCos(oc+2B)sin%[3+ ...... +2cos{oc+(n—1)[3}sin%[3.

Now applying the trigonometric relation
2 cos Asin B=sin (A + B) —sin (A - B)
to each term on the right hand side, we have

1 o |
2sm§[3.5n—sm(oc+§[3) sin (o 2[3)
+sin(a+%B)—sin(a+%B)

+sin(oc+§[3)—sin(oc+%ﬁ)

+
+

+sin{0(+(n—%)B}—Sin{0€+(n—%)B}

=sin {ot + (n — 51) B} - sin (o0 — 51 B), the other terms on the

right hand side cancelling one another

=2 cos {0c+%(n—l)[3}sin%n[i.

am{a+1(n—nﬁ}gnlnﬁ
Therefore S, = 2 i 2 4 R b
sin 1 ...(4) (Remember)

2

Particular Cases: 1. Ifp = o, then the expression denoting the sum of the cosine

series (3) becomes
S, =cos a + cos 20 + cos 30 + ... + cos no.
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w1 sin — no.
= Cos ( OL) 2 , from (4).

sin — o
2
II. If B =2n/n,then since sin%nﬁzsinnanndsin%B;ﬁO,

2n 4n
we have coso +cos|o+==|+cos|o+—|+...ton terms = 0.
n n

In general if B = p (2n/n), where pis any integer not divisible by 1, even then the
sum of the above cosine series is zero.

[llustrative Examl)les

Example 18: Sum the series
(i)  sin o+ sin 30+ sin S0 + ...+ to n terms ;
(ii)  cos o + cos 30 + cos S0 + ... to n terms.

(iii) Prove that

sin o + sin 30 + sin S0 + ... to n terms
tan no. = .

cos o + cos 30, + cos 50, + ... to n terms
Solution: (i) Let S, denote the sum of the given series (i) ; then

S, =sino + sin 30 + sin 50 + ... to 7 terms. (D
In the above series (1) the angles o, 3o, 5, ... are in arithmetical progression.
The common difference of angles is (3o. — o) = 20.. Here we shall multiply both
sides of (1) by

2 sin % (20) i.c.,by 2 sin a.

multiplying both the sides of (1) by 2 sin a, we have
S, .2sino =2 sinosino + 2 sin 3o sin o + 2 sin 5o sin o + ...
+2sin{@n-1)a}sina. ...(2)
Now applying the formula
2 sin Asin B =cos (A - B) —cos (A + B)
to each term on the R.H.S. of (2), we have
the first term = cos (o0 — o) — cos (o + o) = cos 0 — cos 2a,
the second term = cos (300 — ) — cos (30 + o) = cos 20 — cos 4a,
the third term = cos (500 — o) — cos (5o + o) = cos 40 — cos 6a,

the nth term = cos [{(2n — ) a} — o] — cos [{(2n — 1) o + o]
=cos (2n — 2) o0 — cos 2na.
Addingup the above nrows ,we have the sum of the nterms on the R.H.S. of (2)
=cos 0 —cos 2no =1 - cos 2no,

the other terms cancelling one another.
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Hence from (2), we have

S, .2sino =1-cos 2na =2 sin? not.

S, =sin? no./sin o.
Thus the required sum of the series (i) is equal to

sin? nou/ sin ot
(ii) Let S, denote the sum of the given series (ii) ; then

S, =cos a + cos 3o + cos 50 + ...+ cos (2n — 1) o ...(3)
The angles in the above series are in A.P. with common difference
Bo — o) =20
multiplying both sides of (3) by 2 sin % (20) i.e., by 2 sin o, we have

2sino .S, =2sino cos o + 2 sin o cos 30 + 2 sin o cos 5o + ...
+ 2 sino cos (2n — 1) o.
Now using the formula
2 cos Asin B =sin (A + B) —sin (A — B)
term by term on the right hand side of (3), we have
the first term = sin (o + o) — sin (o0 — o) = sin 200 — sin O,
the second term = sin (3ot + o) — sin (300 — ) = sin 4o — sin 20,

the third term = sin (5. + o) — sin (5ot — @) = sin 60 — sin 4a,

the nth term =sin {2n - ) o + o} —sin {2n - 1) o — o}
=sin 2no, — sin 2n — 2) o

Adding up the above 7 rows , the sum of the n terms on the R.H.S. of (3)

= sin 2no. — sin 0 = sin 2n0., the other terms cancelling one another.
Hence from (3), we have

2sinao .S, =sin 2no
or S, = (sin2na)/2 sin o.
Thus the required sum of the series (ii) is equal to

(sin 2noy) / (2 sin o).
(iil)) We have

sin o + sin 3ot + sin 500 + ... to n terms

COS O + cos 30 + €cos S + ... to n terms
_ (sin® nor) / (sin o)
(sin 2no) / (2 sin o)

, from the solutions of parts (i) and (ii)

(prove here)

2 sin® na. 2 sin® no, sin no.

- = — = = tan no.
sin 2no 2 sin noL cos no.  Cos no.
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Remark: The above question can also be done by direct application of the
formulae derived in article 6.8 as shown below.

We know that
sin o + sin (ot + B) + sin (o + 2B) + ... upto n terms
1
1 sin — nf3
:sin{oc+§(n—l)[3}7-
sin —
5B
Here B = 30 — o0 = 20..
: sin o + sin 30 + sin 5oL + ... upto n terms
1 sin {1 n (200}
=sin {o + = (n — 1) 20}
2 sin () (200)

. sinno.  sin® no.
= sin no = .

sin o sin o
Similarly we may find the sum of the cosine series.

Example 19:  If Bbe the exterior angle of a regular polygon of n sides and ovis any constant,

prove that
n -1 n -1
(i) Y sin(o+Pr)=0, (ii) ZO cos (o + fr) =0.

Solution: We know that the sum of all the exterior angles of a polygon is equal to
2m. Here the polygon is a regular one of n sides. Therefore the sum of the n equal
exterior angles = 2m i.e., each exterior angle is equal to 2n / n) i.e.,p = 2n / n).

(i) By puttingr =0,12,...,(n —1),we find that the series in (i) is

sin o + sin (o + ) + sin (o + 2B) + ... to n terms.
By article 6.8 (a), we have
sin o + sin (o + B) + sin (o + 2B) + ... to n terms

1
sin — nf3 1
= 21 sin{oc+(n—l)[3}
sin — B 2
2
.o 1 . 1
=sm{§n.(2Tc/n)}sm{oc+§(n—l)(2n/n)} [ [3=2n]
sin%(Zn/n) n
_sinn.sin{oc+(n—l)7c/n}_0
sin (1t / n) ' [sinmt =0 and sin (n/n) 0]

(ii) Puttingr =0,1,2,..., (n —1),we find that the series given in (ii) is

cos o, + cos (o + B) + cos (o + 2B) + ... to n terms.
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By article 6.8 (b), we have

cos o, + cos (o + PB) + cos (o + 2PB) +... to n terms

.1

sin — nf3 1
:721 cos {(x+(n—1)[3}

. 2

sin — B

2

_sinn.cos{0c+%(n—l)(21t/n)} [..B_Zﬂ]
- sin (1 / n) R
=0. [sinmt =0 and sin (n/n) # 0]

Example 20:  Find the sum to n terms of the series

. . . 2n . 4n
(i) sin® o + sin® (oc+— +sint la+ 2|+
n n

.. 4 4 2n 4 4r
(i) cos™ o+ cos™ o+ == |+ cos™ [+ —|+...
n n

2

Solution: (i) We know that sin“o = % [1 - cos 2a.

2 a)? :%[l—cos 20]* :i [1+ cos® 20 — 2 cos 20/]

sin o = [sin

[2 + 2 cos® 20 — 4 cos 20/

N | —

O — @ — ]—
3

+ (1 4 cos 4or) — 4 cos 20.]

[cos 4o — 4 cos 200 + 3]. (D
Similarly sin* (oc + ZTCJ =1 cos (4& + 87'c) — 4 cos (20( + 475) + 3:| ,
n 8 n n
replacing o by o + (2n/n) in (1)
cos (40( + @) -4 cos (ZOL + 8—“) + 3:|,
n n

and so on upto n terms.

Adding the above n relations, we have

sin? o + sin? (oc + 215) +sin’ ((x + 41t) +...to n terms
n n
= é Hcos (40r) + cos (40c + 8n) +...ton terms}
n

-4 {cos 200 + cos (20( +4—n) +...ton terms} +3(0+1+...ton terms):| :
n
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In the first series on the R.H.S. the common difference of the angles is 87 / nand in
the second series it is 4m / n and each of them is a multiple of 21 / n. Therefore the
sum of each of these two series vanishes.

Hence the required sum of the given series = é [0-0+3n]= % .
(ii) 'The given series is

2n 4T
cos* o + cos? (oc+— +cos? [o+ 22 | +... to n terms.
n n

We know that cos? o = % [I+ cos 2a].

4

cos” o= — [l +cos 20(]2 = i 1+ cos? 200 + 2 cos 20]

[2+2cos2 20c+4cos20c]=é[2+(1+c0s40()+4c0320c]

| — O — N|—

=—[3+cos4a+4c052a]=é[cos4o¢+4c052(x+3].

Now proceeding exactly as in part (i) we find that the required sum of the given
series

~Lova.0430=2
8 8

@mprehensive Exercise 6

1. Find the sum of n terms of the series
(i) sino —sin (o +B) + sin (o + 2B) —...
(ii) cos o —cos (oo + B) + cos (o + 2B) —...

2. Sum the series sin ot — sin 20t + sin 30 — sin 4oL + ... to n terms.

3. Sum the series cos o0 — sin 20 — cos 3o + sin 4o + ... to 1 terms.

4. Sum the series cos +...to n terms.

+ cos + cos
2n+1 2n +1 2n +1
5. Find the sum of the series sin o + sin 20 + sin 3o + ... + sin no

and hence deduce the sum of the series1 +2 +3 +... + n.

6. Find the sum of the series

2

(i) sin? o+ sin® (o + B) + sin” (o + 2B) + ... to n terms

(ii) cos® o+ cos® (o + B) + cos? (o + 2B) +... to n terms.
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@nswers 6

o 1 .1 1
(1)sm{oc+§(n—1)(n+|3)}sm§n(n+ﬁ)sec§ﬁ
.. 1 1 1
(ii) cos {0L+§(n—l)(n+B)}sm§n(n+B)sec§B
. 1 .1 1
sm{oc+§(n—l)(n+0c)}sm§n(n+oc)sec§0c

o1 1 S |
sm{§(n+1)(§n+(x)}sm{§n(§n+oc)}

sin{%.(%n+oc)}
5. %n(n+l)

1 1[(:03 {20+ (n = 1) B} sin nP ]

sin B

sin 3

1 lcos {200 + (n — 1) B} sin np ]
+7
2

CO:bjective Type Questions

Multiple Choice Questions.
Indicate the correct answer for each question by writing the corresponding letter from

(a), (b), (c) and (d).

If|¢ | < 1, then the sum of the infinite series

. 1 ; 1 ; .
Celﬁ +—62 ngB +7C3813B + ... o 18

(a) log (1 +ce®) (b) log (1 - ce’®)
(c) —log (1- ™) (d) —log (I1+ ce™®).

1

If tan™ 2% =tan"' (27 + 1) — tan™" y, then the value of y is
n

(a) 2n -1 (b) n -1
() n+1 (d) 2n.
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Fill In The Blanks

Fill in the blanks “...... 7 so that the following statements are complete and correct.

1. In C+iS method, if C =cos o + ¢ cos (OL+B)+%62COS a@+2B8)+...... oo,

P)
o COSO cos -
3. The sum of the infinite series ¢ © + cos ¢ e O+ 4 cos” ¢ o020 4 o

1! 21
is...... .
4. I C+iS=c" _| thenC=......
If |¢ | < I, then the sum of the infinite series
o _ 1 2,00 1 3,30

+—ce”" -0
2 3

s ...... .

ce

3 ZS

6. If|z | < Lthen the sum of the infinite series z + 5 + = o o is....

7. IfC+iS=tan"! (c cos® +ic sin®),then C=.......

! = .1 [tan 20 —...... ].
cos0cos20 sin®

9. cosec 0 = cot g —

10. tan™! N S tan! (D) —......

l+n(mn+1)

True or False
Write “T” for true and °F’ for false statement.

1. IfC+iS=¢"® [ec‘)sq’”iq) ], then C = eCOSZ ¢ sin (8 + cos ¢ sin ¢).
2. I C+iS = e ,then C =¢.cos (tan o).

3. secOsec 8+ 0)= 1(]) [tan 6 + ¢) — tan B].
sin

4. tan© =cot 6 — 2 cot 260.

5. tan”! 2 3 =tan"' (n+2) — tan"! (n + 1).
(n+1)
6. The sum of the series sec sec 20 + sec 20 sec 30 + sec 30 sec 40 +...... ton
terms is

[tan (n + 1) — tan 0].

sin 6
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Multiple Choice Questions
(c) 2. (a)
Fill in the Blanks

sinoc+csin(0c+[3)+%c2 sin (o0 + 2B) +......

—cos 0

e sin (sin 0) 3.
2

¢ 8 cos (cos 0sin 0) — 1 5.
1 I+z

—lo 7.
2 & -z

tan 6 9
tan™! n

True or False
F 2. T 3. T 4.
T

eie [gcos q)e"“’ ]

log (1+ ce™ )

1 _1[2¢ccos6
StanT | ————
2 l1+¢

cot 6
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