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PREFACE

This text is designed for a one-semester introduction to topology at the un-
dergraduate and beginning graduate levels. It is accessible to junior mathematics
majors who have studied multivariable calculus.

The text presents the fundamental principles of topology rigorously but not
abstractly. It emphasizes the geometric nature of the subject and the applications
of topological ideas to geometry and mathematical analysis. The following basic
premise motivated the writing of this book: Topology is a natural, geometric, and
intuitively appealing branch of mathematics which can be understood and appre-
ciated by undergraduate students as they begin their study of advanced mathematical
topics. A course in topology can even be an effective vehicle for introducing students
to higher mathematics. Topology developed in a natural way from geometry and
analysis, and it is not an obscure, abstract, or intangible subject to be reserved only
for graduate students.

The usual topics of point-set topology, including metric spaces, general to-
pological spaces, continuity, topological equivalence, basis, subbasis, connectedness,
compactness, separation properties, metrization, subspaces, product spaces, and
quotient spaces, are treated in this text. In addition, the text contains introductions
to geometric, differential, and algebraic topology. Each chapter has historical notes
to put important developments into an historical framework and a supplementary
reading list for those who want to go beyond the text in particular areas.

Chapter 1 introduces topology from an intuitive and historical point of view.
This chapter also contains a brief summary of a modest amount of prerequisite
material on sets and functions required for the remainder of the course. Chapter 2
initiates the rigorous presentation of topological concepts in the familiar setting of
the real line and the Euclidean plane. Chapter 3 takes an additional step toward
general topology with the introduction of metric spaces and treats such topics as
open sets, closed sets, interior, boundary, closure, continuity, convergence, com-
pleteness, and subspaces in the metric context. Euclidean spaces and Hilbert space
are emphasized.

The core of the course is Chapters 4 through 8. Chapter 4 extends the ideas
of Chapter 3 to general topological spaces and introduces the additional concepts
of basis, subbasis, topological equivalence, and topological invariants. The topo-
logical invariants discussed in Chapter 4 include separability, first and second
countability, the Hausdorff property, and metrizability. Chapter 5 treats connect-
edness, with particular attention to the connected subsets of the real line and to
applications in analysis. This chapter also introduces' the related concepts of local
connectedness, path connectedness, and local path connectedness. Chapter 6 deals
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with compactness and such related properties as countable compactness, local com-
pactness, and the Bolzano-Weierstrass property. Particular attention is paid to
compactness in Euclidean and metric spaces, the one-point compactification, and
the Cantor set. Chapter 7 treats product and quotient spaces and introduces geo-
metric and differential topology through an analysis of surfaces and manifolds.
Chapter 8 deals with separation properties, metnzation, and the Stone-Cech com-
pactification.

Chapter 9, the final chapter of the text, provides an introduction to algebraic
topology through the fundamental group and a brief encounter with categories.
Like the other chapters, the final chapter emphasizes geometric applications, such
as the Brouwer Fixed Point Theorem and the fundamental groups of familiar sur-
faces. A brief appendix on groups is included for the benefit of those who have not
studied the necessary algebraic prerequisites for Chapter 9.

Most of the factual information about topology presented in this text is stated
in the theorems and illustrated in the accompanying examples, figures, and exercises.
Theorems are proved to provide a logical and rigorous framework, to show the
development of the subject, and to illustrate important techniques. From the stu-
dent's point of view, topology is an excellent subject for learning to prove theorems
correctly, for learning the concepts of mathematical rigor, and for developing the
mathematical maturity and sophistication that are required for higher level courses.
The reader should keep in mind, however, that the examples are extremely important
for bringing abstract concepts into more concrete form.

The exercises are the most important part of the text, since we all learn better
by doing than simply by watching. This book contains many exercises of varying
degrees of difficulty. Most of the exercises provide practice in applying the material
from each section or ask the reader to supply arguments either omitted from the
text or given only in outline form. Some of the exercises go considerably beyond
the text and are worthy projects for undergraduate research and independent study.

No introductory course can cover all areas of topology, and many topics have
necessarily been omitted or given only cursory treatment in this text. There is a
supplementary reading list at the end of each chapter that points the way for the
interested reader to the more advanced aspects of topology.

For reference within the text, theorems are numbered consecutively within
cach chapter. For example, "Theorem 5.6" refers to the sixth theorem of Chapter
5. In addition, the name by which a theorem is known in the mathematical literature
is given whenever applicable. This is usually a descriptive name, like "the Mean
Value Theorem," or a name that recognizes the discoverer, like "the Urysohn
Metrization Theorem" or "Cantor's Nested Intervals Theorem." Examples are
numbered consecutively within each section of each chapter. For example, "Example
3.7.4" is the fourth example of the seventh section of Chapter 3.

The notation used in this text is reasonably standard; a list of symbols with
definitions appears on the front endsheets.

The following reviewers read several preliminary versions of this text and
made many thoughtful and helpful suggestions for improvements: Paul J. Bankston,
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Marquette University; Bruce P. Conrad, Temple University; Doug W. Curtis, Lou..
isiana State University; Robert J. Daverman, University of Tennessee; and Dennis
M. Roseman, University of Iowa. It is a pleasure to acknowledge their contributions
to this project.

Fred H. Croom
Sewanee, Tennessee
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Introduction

1.1 THE NATURE OF TOPOLOGY

The word "topology" is derived from the Greek word which means
"position" or "location." This name is appropriate, for topology deals with geometric
properties which are dependent only upon the relative positions of the components
of figures and not upon such concepts as length, size, or magnitude. Topology deals
with properties which are not destroyed by continuous transformations like bending,
shrinking, stretching, and twisting. Discontinuous transformations, such as cutting,

and puncturing, are not allowed.
This section presents several examples to illustrate the fundamental concepts of

topology. The examples are necessarily based on intuition and are intended only
to give a heuristic introduction to the subject. The ideas sketched here will be made
precise as the subject is developed in the succeeding chapters.

Example 1.1.1

Consider a circle in the ordinary Euclidean plane, as shown in Figure 1.1. Point
A is inside the circle, B is on the circle, and C is outside the circle. Imagine that
the entire plane undergoes a continuous deformation or transformation, that is,
a stretching or twisting. For definiteness, imagine that horizontal distances are
doubled and vertical distances are halved, so that the circle is transformed into

FIGURE 1.1
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.ftC)

FIGURE 1.2

an ellipse and points A, B, and C are mapped by the transformation to points
f(A),f(B), and 1(C), as shown in Figure 1.2.

Note that point 1(A) is inside the image curve,f(B) is on the image curve,
and f(C) is outside the image curve, the same relative positions held by their
predecessors A, B, and C with respect to the original circle. Thus we note that
the property of being inside, on, or outside a closed plane curve is not altered
by this continuous transformation.

Let us now restrict out attention to the circle and the ellipse obtained from
it in Figure 1.2 and omit consideration of the inside and outside points. Think
of the ellipse as being obtained from the circle by a continuous transformation.
By reversing the transformation to reduce horizontal distances by a factor of
1/2 and increase vertical distances by a factor of 2, we can imagine the ellipse
being transformed back into the original circle. This is the basic idea of topological
equivalence; we would say that the circle and the ellipse are "topologically equiv-
alent" or For two figures to be topologically equivalent, there
must be a reversible transformation between them which is continuous in both
directions.

By defining suitable transformations, one can see that the following pairs of
figures in the plane are topologically equivalent. Objects from different pairs are
not topologically equivalent, however.

The preceding discussion illustrates why topology has often been called "rubber
geometry." One imagines geometric objects made of rubber which undergo the

OA I On]
(a) (b) (c) (d)

FIGURE 1.3
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continuous deformations of shrinking, stretching, bending, and twisting. The reader
should be aware, however, that the rubber figure idea is too narrow for an accurate
understanding of topology and somewhat misleading as well. For example, as the
reader will easily be able to demonstrate later, the two objects illustrated in Figure
1.4 are topologically equivalent, but neither can be shrunk, stretched, bent, or
twisted to match the other. The point here is that the definition of topological
equivalence does not require that the stick "pass through" the spherical surface.

Example 1.1.2

The number 0 is the limit of the sequence 1/2, 1/3, 1/4, ..., 1/n Stu-
dents of calculus know the reason; the given sequence has limit 0 because no
matter how small a positive number is given, there is a positive integer N such
that all terms of the sequence from the Nth term on are within distance of 0.

Here it is understood that distances on the number line are to be measured
in the standard way. The distance d(a, b) between real numbers a and b is the
absolute value of their difference:

d(a,b)= la—bi.

Suppose that we define a new distance function d' by

d'(a, b) = 20d(a, b).

In other words, the new distance from a to b is 20 times the usual distance. It

should not take the reader long to realize that the sequence 1/2, 1/3, 1/4,.

1/n,.. . still has 0 as its limit with this new method ofmeasuring distances. Later
we will see that the distance functions d and d' produce the same topological
structure; for now it is sufficient to realize that multiplication of distances by a
positive constant does not alter the convergence of sequences.

(a) Sphere with (b) Sphere with
stick inside stick outside

FIGURE 1.4
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Topology replaces distance with a weaker, more general concept of nearness.
Different distance functions may' produce the same concept of nearness and, in
this sense, be equivalent for the purposes of topology. This point will be made
precise in Chapter 3.

Example 1.1.3

The open unit interval (0, 1) on the real number line P consists of all real numbers
x with 0 <x < 1. The dosed unit interval 10, 1] consists of all real numbers x
with 0 � x � 1. Thus [0, 1] contains the endpoints 0 and 1 while
(0, 1) does not. The intervals (0, 1) and [0, 1] are topologically different, for the
following reasons:

(a) The open interval (0, 1) contains sequences of points which converge
to limits not in (0, 1). For example, the sequence 1/2, 1/3, 1/4, ..., 1/n,
converges to 0. The closed interval [0, 1], on the other hand, has the property
that every convergent sequence of its points converges to a point in [0, 1].

(b) If any point of (0, 1) is the remaining points make up two
disjoint or disconnected intervals. other words, every point of(0, 1) is a cut
point, since removing any point "cuts" the interval into two disjoint pieces. The
closed interval [0, 1], however, has two points, the endpoints 0 and 1, which are
not cut points. We shall see later that the number of cut points and the number
of non-cut points of a figure are unaltered by topological transformations.

Explain in terms of cut points why the geometric objects in the following
figure are not topologically equivalent:

FIGURE 1.5

Answer One reason is that A has two non-cut points while B has three. Another
is that each cut point of A separates A into two components while B has one special
cut point which separates it into three components.

The reader has probably seen the following theorem and been told that its
proof would be given in a later course:

A B
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Theorem 1.1: The Intermediate Value Theorem. Let P P be a con-
tinuous function on the set P of real numbers and suppose that there arireal numbers
a and bfor which f(a) <0 andf(b)> 0. Then there is a real number c between a
and bfor which ftc) = 0.

This theorem is made very plausible by considering the possibilities for the
graph of the function y = f(x). Since the point (a, f(a)) lies below the x-axis and
(b, f(b)) lies above it, and since the graph of the function must connect (a, f(a))
and (b, f(b)) with a continuous unbroken curve, then the graph must cross the
x-axis at some point (c, f(c)) with c between a and b. Then c is the desired real
number withf(c) = 0.

The main problems with the argument of the preceding paragraph are that it
does not make precise what is meant by a "continuous unbroken curve," it does
not establish that the graph of a continuous function is a continuous unbroken
curve, and it does not give any reason beyond intuition why the curve from (a,
f(a)) to (b,f(b)) must intersect the x-axis. By topological considerations, the above
argument will be made precise in Chapter 5 and will be used to prove a more
general version of the Intermediate Value Theorem (Theorem 5.8).

The Intermediate Value Theorem is the type of result with which topology
has been most successful. The theorem is called an "existence theorem" because it
asserts the existence of a real number c withf(c) = 0 without, however, giving any
method for determining the value of c in particular cases. Since existence theorems
usually do not give methods for finding solutions, they may appear to be of little
value. Precisely the opposite is true. Existence theorems are the basis on which
calculus and real analysis rest, and in differential equations and functional analysis,
for example, there are many applications in which the existence of a solution and
not its particular form is the most important factor.

(bf(b))

(a,fta))

FIGURE 1.6
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EXERCISE 1.1

1. Tell whether the following pairs of figures are topologically equivalent. Give reasons for
your answers.

(a).

(b) [j A
(c) .

(d)

(e)

(f)

2. It is sometimes said that a topologist is a person who can't tell the difference between a
doughnut and a coffee cup. By imagining a (solid) doughnut made of rubber, explain
intuitively how to make a topological transformation of the doughnut to a coffee cup
by bending, twisting, and stretching.

3. Separate the letters of the alphabet, as printed below, into groups in such a way that
members of the same group are topologically equivalent and members of different groups
are not.

ABCDEFGHIJKLMNOPQRSTUVWXYZ
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Topology emerged as a well-defined mathematical discipline during the early
years of the twentieth century, but isolated instances of topological problems and
precursors of the theory can be traced back several centuries Gottfried Wilhelm
Leibniz (1646-1716) was the first to foresee a geometry in which position, rather
than magnitude, was the most important factor. In 1676 Leibniz used the term
"geometria situs" (geometry of position) in predicting the development of a type
of vector calculus somewhat similar to topology as it is known today. Leibniz is
now best known as one of the independent inventors of calculus, along with Isaac
Newton (1642—1727).

The first practical application of topology was made in the year 1736 by the
Swiss mathematician Leonhard Euler (1707-1783) and is explained in the following
example.

Example 1.2.1 The Konigsberg Bridge Problem

In the eighteenth century the German city of Königsberg was located on an
island in the Pregel River and on the surrounding banks, at the point where the
river divided into the Old Pregel and New Pregel. Island and mainland were
joined by a network of seven bridges as shown in Figure 1.7.

The problem, which was of interest to Sunday strollers, was to cross each
of the seven bridges exactly once in one continuous trip. This is clearly a to-
pological problem, since it depends only upon the relative positions of bridges
and land masses and not on the size of the island or the lengths of the bridges.
Following Euler, let us replace each land mass by a point and each bridge by a
line segment (Fig. 1.8). In the resulting configuration, called by Euler a "graph,"
each point is a "vertex" and each line segment is an "edge."

A vertex with an odd number of edges leading from it is an odd vertex,
and even vertex is defined in the analogous way for an even number of edges.
As can be seen in Figure 1.8, each vertex of the Konigsberg Bridge problem is

FIGURE 1.7
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odd. Note that the bridges at any odd vertex can be crossed exactly once only if
that vertex is either the beginning point or the end)ng point of the journey. But
since there are more than two odd vertices in this case, Euler showed that the
desired route is impossible. Euler went on to give a general solution for the
number of continuous journeys required to traverse exactly once each edge of
a connected graph. The number of odd vertices is always an even number, and
if this number is 0 or 2, then the graph can be traversed, as required, in one
continuous journey. If the number of odd vertices exceeds 2, then the number
of continuous journeys required will be half the number of odd vertices.

Euler also proved that the first topological formula, which was conjectured
earlier but not proved by René Descartes (1596-1650): For a connected graph
drawn on the surface of a sphere,

V-E+F= 2

where Vdenotes the number of vertices, E the number of edges, and Fthe number
of faces or areas into which the spherical surface is divided by the graph. This
principle is illustrated in Figure 1.9.

Carl F. Gauss (1777-1855), who influenced so much of modern mathematics,
predicted in 1833 that "geometry of location" would become a mathematical dis-

V=8,E=12,F=6

FIGURE 1.9

FIGURE 1.8 Graph for the Konlgsberg Bridge problem.

V=4,E=6,F=4
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cipline of great importance. His study of closed surfaces such as the sphere and the
torus (surface of a doughnut) and surfaces like those encountered in multidimen-
sional calculus may be considered a harbinger of general topology. Gauss was also
interested in knots, which are of current topological interest.

The word "topology" was coined by the German mathematician Joseph B.
Listing (1808-1882) for the title of his book Vorstudien zur Topologie (Introductory
Studies in Topology), a textbook published in 1847. Listing's book dealt with knots
and surfaces but failed to popularize either the subject or the name. Throughout
the nineteenth and early twentieth centuries, the loosely defined area of geometry
that was later to become topology was called analysis situs (analysis of position).

Example 1.2.2 The Möbius Ship

In 1858 the German mathematician A. F. Möbius (1790-1868) discovered a
curious surface with only one side and one edge which, remarkably, can be easily
constructed from a strip of paper. Cut a thin strip of paper and after giving the
stripatwistthrough l80degrees,join thetwoendswithglueortape. The resulting
surface is the Möbius strip.

As one can see by tracing with finger or pencil, the Möbius strip has only
one continuous surface and one edge. Try drawing a closed curve along the
length of the band and then cutting along the curve, as though cutting the band
into two bands of half the original width. You may be surprised at the result.

The first mathematician really to foresee topology in anything like the gen-
erality it has achieved today was Bernard Riemann (1826—1866). Riemann initiated
the study of the connectivity of a surface (the arrangement of the holes in a surface).
He also used concepts in which the number of dimensions exceeded three, which
was generally conceded to be the maximum number of dimensions involved with
any geometric object.

The mathematical research of the nineteenth century which eventually pro-
duced the field of topology can now be traced to two primary sources: the devel-
opment of non-Eucidean geometry and the process of putting calculus on a firm
mathematical foundation. For over 2000 years it was believed that the ordinary

FIGURE 1.10 MöbIus Strip.
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two- and three-dimensional geometry of Euclid was the only geometry that pertained
to the "real" world. Geometric research was restricted to the system satisfying Eu-
clid's axioms and to projective geometry, which was of interest in Renaissance art
because of its applications to perspective. The dominance of Eucidean ideas was
especially reinforced by the philosopher Immanuel Kant (1724-1804), who taught
that human intuition, perception, and experience were necessarily restricted to the
realm of Eucidean geometry. Such beliefs discouraged free thinking and severely
retarded the advancement of mathematiá, particularly geometry.

Finally, around 1830, geometries which do not satisfy all the Eucidean axioms
were invented independently by Janos Bolyai (1802-1860) and N. I. Lobachevsky
(1792—1856). Their work involved an attempt to show that the parallel postulate
of Euclid could be derived from the other axioms. Actually, they showed that it
could not and that, indeed, there was a perfectly reasonable geometry, now called
a non-Eücidean geometry, which does not satisfy the parallel postulate but which
does satisfy the other Eucidean axioms. Interest generated by the discoveries of
Bolyai and Lobachevsky stimulated free geometric thinking and led to other non-
Eucidean geometries, for example the elliptic geometry of Riemann, and, eventually,
to the abstraction of geometric ideas to form the subject of topology.

The second nineteenth century current that influenced the development of
topology was the work done by many mathematicians, notably A. L Cauchy (1784-.
1857) and Karl Weierstrass (18 15—1897), in defining rigorously the real number
system and the concept of limit in order to put the foundations of calculus on firm
ground. Pathological examples like Weierstrass' function which is everywhere con-
tinuous but nowhere differentiable and the "space filling curves" of Guiseppe Peano
(1858—1932), which mapped an interval onto a square or a cube, demanded that
lines, planes, curves, and surfaces be defined rigorously and that loose arguments
which appealed only to intuitive plausibility be thrown out. During the latter part
of the nineteenth century, problems arose in functional analysis and differential
equations which made it necessary to consider large collections of functions, curves,
and surfaces as collections, not merely as individuals.

Point-set topology or set-theoretic topology, which is the branch of topology
considered in this text, was decisively influenced by the work of Georg Cantor
(1845—19 18) during the years 1872 to 1890. Cantor and his coworkers discovered
many properties of the real number line that are now considered the basic concepts
of point-set topology. In addition, Cantor laid the foundations and posed many
basic questions and paradoxes concerning the theory of infinite sets. With the in-
troduction by Maurice Fréchet (1878.4973) in 1906 of general 4istance functions
for abstract spaces whose "points" were not required to be the points of ordinary
geometry, the groundwork for topology was laid. The subject emerged as a cohesive
discipline with the publication of the textbook GrundziigederMengenlehre by Felix
Hausdorff(l868-l942) in 1914. Hausdorff's classic treatise presented a list of de-
fining axioms for the term "topological space," a very general concept which in-
cluded the ordinary line, the plane, three-dimensional space, spaces of more than
three dimensions, curves, surfaces, spaces of curves, spaces of functions, and even
spaces of sets.
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As a mathematical discipline, topology is divided into several overlapping
areas. Chapters 1 through 8 deal primarily with point-set topology. Algebraic to-
pology, which is the subject of Chapter 9, attempts to describe geometric objects
in tenns of algebraic structures. Algebraic topology is less general in terms of the
objects studied than is point-set topology, and it is more specialized in its methods
of attack. Differential topology, which is introduced in Chapter 7, is concerned
with the properties of "smooth" spaces and surfaces which permit a concept of
differentiability for functions. Geometric topology is also introduced in Chapter 7.
As the subjects are taught today, an introduction to point-set topology is required
before one can learn anything of significance about algebraic, differential, or geo-
metric topology.

Progress in topology was greatly accelerated when Hausdorff carefully selected
from the work of his predecessors those principles of greatest importance and pre-
sented them, in a general and abstract form, as an object for consideration. In the
years immediately following the appearance of Hausdorff's book, point-set topology
developed wide applicability. The power of the subject is derived from its generality;
from a few simple axioms and definitions one can deduce principles which apply
to problems in real and complex analysis, differential equations, functional analysis,
and other areas where the relations of points to sets and continuity of functions
are important.

Much progress in mathematics as a whole, not just in topology, has been the
result of abstraction of ideas to their basic elements. Reduction to basic principles
strips away superfluous and confusing information; it leads to simplification and
to the unification of ideas once thought to be completely separate. Often, however,
one can see the beauty and power of an abstract subject only after studying it for
some time. For the beginner, abstraction is more often a bane than a blessing; it
can make the subject appear artificial and obscure its utility; it can stifle the intuition
and produce confusion instead of clarity. For these reasons, we shall enter the
abstract world of topology gradually, avoiding the temptation to do everything in
the smallest possible number of steps.

In the remaining sections of this chapter, we shall review some basic ideas on
sets and functions which are useful in topology. Then, following Cantor and the
early workers in topology, we shall undertake in Chapter 2 a study of the real
number line and plane. After studying general distance functions in Chapter 3, we
shall move on to general topological spaces in Chapter 4. Those who like to think
in terms of an historical perspective may imagine that Chapter 2 corresponds roughly
to the year 1890, Chapter 3 to 1906 when general distance functions were defined
by Fréchet, and Chapter 4 to 1914 when Hausdorff defined general topological
spaces. Succeeding chapters lead to the more modern aspects of the subject.

1.3 PRELIMINARY IDEAS FROM SET THEORY

It is assumed that the terms "set" and "member of a set" are familiar terms
from the reader's previous training in mathematics. The terms "collection," "ag-
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gregate," and "family" are synonyms for set; the members of a set are often referred
to as its "elements" or "objects." These terms are used in this book in a way which
agrees with their customary usage.

Sets are usually denoted by capital letters and elements by lower case letters.
The symbol "E" (abbreviation for "belongs to") indicates set membership. Thus
a EA means that object a is a member of set A, and b means that his not a
member of A. Sets are often described using brackets: {x: ...) denotes the set of
all elements x satisfying the statement.

Example 13.1

Let A = {x: x is an integer between 0 and 5 inclusive). Then set A has as its
elements the integers 0, 1, 2, 3,4, and 5 and could be expressed as A = (0, 1,

2, 3, 4, 5). This method of defining a set by listing its members has obvious
drawbacks for large sets. One could not, for example, list all members of the set
B = {x: x is a real number larger than 10).

The set having no members is called the empty set and is denoted by the
symbol 0.

IfA and B are sets for which each member of A is also a member of B, then
A is a subset of B or is said to be contained in B. Such set inclusion is denoted by
the symbol "C": A C B provided that A is a subset of B.

Observe that A C A and 0 C A for every set A. The latter inclusion is true
because 0 has no members and therefore has no members outside A. Two sets A
and B are equal precisely when each is a subset of the other. This fact is often used
in showing set equality.

Note The concept of set inclusion defined here allows for the possibility of equality:
A C B includes the possibility A = B. In some texts, this relation is expressed A c B and is
read A is contained in or equal to B.

The collection of all subsets of a given set A is called the power set of A and
is denoted Thus X E means that X C A. The subsets of A other than
A itself and the empty set are the proper subsets of A.

Example 13.2

LetA = {0, 1,2).ThesubsetsofAareO, (0), (1), {2), (0,1), (0,2), (1,2),
and A. The power set of A is the set whose elements are the eight subsets of A:

'P(A) = (0), (1), (2), (0, 1), (0, 2), (1, 2), (0, 1, 2)).
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It is often desirable to discuss collections of sets and to name sets in a
systematic way. The standard method of doing this, called indexing is defined next.

Definition: Let A be a set for which, corresponding to each element a E A, there
is a set Ma. Then the collection of sets [Ma: a E A), also denoted is said
to be indexed by A or to have A as index set.

Example 133

(a) For each real number a, let La denote the collection of all real numbers
less than a. Then the family of sets

£ {La:aEP}

is indexed by the set P of real numbers.
(b) As a simpler illustration, consider four sets A1, A2, A3, and A4. The

family of sets

A={Aj:i= l,2,3,4}

is indexed by the set {l, 2, 3, 4).

EXERCISE 1.3

1. FindthepowersetofB= {a,b,c,d).
2. Suppose that A and B are sets for which ?(A) = ?(B). Show that A = B.

3. Explain why each of the following statements is false. Alter each one to make a true
statement:

(a) aC{a,b,c}.
(b) {a}E{a,b,c}.
(c)

4. Tell whether each of the following statements is true or false for a given set A.

(a) 0 C (d) 0 = {O).
(b) 0 E (e) 0 =
(c) A E (f) {Ø} =

5. Prove the following transitive property of set inclusion: If A C B and B C C, then
ACC.
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6. Provethat ifsetA has n members, n a positive integer, then ?(A)has 2" members. (Hint:
A subset B of A associates with each member of A one of the two words "in" and "out.")

1.4 OPERATIONS ON SETS: UNION, INTERSECTION,
AND DIFFERENCE

A note on word usage is in order before defining the standard set operations.
The conjunction "or" is used in mathematics and logic in the inclusive sense: If p
and q are statements, then the statement "p or q" is true whenever at least one of
p, q is true. The only case for which "p or q" is false is the case in which p is false
and q is also false.

A similar interpretation applies to the indefinite articles "a" and "an." These
articles indicate at least one object of a specified type. Thus, "There is a real number
between 0 and 100" is a perfectly correct statement even though there are many
real numbers between 0 and 100.

Definition: hA and B are sets, the union A U B ofA and B is the set consisting
old! elements x which belong to at least one of the sets A, B:

AUB= (x:xEAorxEB).

The intersection A fl B of A and B is the set of all elements x which belong to both
A and B, that is, the set of dements common to A and B:

AflB= (x:xEAandxEB).

Sets A and B are said to be disjoint if A fl B =0.

Example 1.4.1

LetA={0,l,2,3}andB= {2,3,5,7,8}.Then

AUB= {0, l,2,3,5,7,8},AflB= {2,3}.

The set operations of union and intersection are represented pictorially in the
Venn diagram on the following page (Figure 1.1 1).

Note the following elementary properties of U and fl for any sets A and B:

(a) AUA=AflA=A.
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FIGURE 1.11

(b) Both A and B are subsets of A U B.
(c) AflBisasubsetofbothAandB.

Theorem 1.2: The following statements are equivalent for any sets A and B.

(a) ACB;
(b) AUBB;
(c) AflB=A.

Proof: Thefollowing argument is for the equivalence of(a) and (b); the analogous
argument for the equivalence of(a) and (c) is left to the reader.

Suppose A C B and consider A U B. Since A C B, then

AUBCBUB=B

so A U B is a subset of B. But B C A U Bfor any sets A and B, so it follows that
A U B = B. Thus (a) implies (b).

To reverse the implication, suppose A U B = B. Then

soACB.

ACAUB=B

Theorem 13: The Distributive Properties for Union and Intersection.
For any sets A, B, and C,

(a) AU(BflC)=(AUB)fl(AUC);
(b)

A U (B fl C) = (x: x E A or x E B fl C)
= (x: x belongs to A or x belongs to both B and C)

0

AUB AflB
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= (x: x belongs to A or B and x belongs to A or C)
= {x:xEAUBandxEAUC)=(AUB)fl(AUC).
The analogous argument for (b) is left to the reader.

Definition: Let A and B be subsets of a set X. The set difference B\A is the set
of all points of B which do not belong to A:

B\A =

The djfference X\4 is called the complement of A relative to X.

FIGURE 1.12

x

Note that the complement of A relative to Xis used only when A is a subset
of X, but the difference B\A is defined whether A is a subset of B or not.

Theorem 1.4: De Morgan's Laws. If A and B are subsets of a set X, then

(a) X\(A U B) = (X\A) fl (X\B);
(b) X\(AflB)=(X\A)U(X\B).

Proof of (a): X\(A U B) = {x: x E X and x A U B)
= {x: x E X and x belongs to neither A nor B)
= (x x E (X\4) and x E (X\B)) = (X\A) fl (X\B).
The analogous proof of(b) is left as an exercise. 0

Definition: Let (A,: i E I) be afamily of sets indexed by index set I. The union
and intersection of this family of sets are defined respectively by

B\A

X\A
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UA,= (x:xEA,forsomeiEl)

flA,= (x:xEA,foralliEl).

The reader will no doubt observe that the definitions of umon and intersection
of two sets are special cases of the above definitions in which the index set is a set
of two elements.

It is customary to denote a family of sets A indexed by the integers 1 through
n by {A,}7..1 and to express the union and intersection of such a family by

U A, and fl A,.

Similarly, denotes a family of sets indexed by the set of positive integers,
and the union and intersection of such a family are denoted by

U A, and fl A,.

A family {A,: i E I) of sets is pairwise disjoint provided that no two of the
sets have any member in common:

for i#j.

The next two theorems are natural extensions of Theorems 1.3 and 1.4 to
the general case.

Theorem 1.5: Disfributive Laws for Union and Intersection. Let A be a
set and (B,: i E I) a family of sets indexed by set I. Then

(a) A fl B, =
U B U B,).

Proof: This theorem can be proved in a manner similar to that used for Theorem
1.3. For a slightly different approach that may be easier to follow, a more detailed
argument is given here for (a), showing that the sets A fl U,E, B, and (A fl B,)
are subsets of each other.

Suppose x E A fl B,. Then x E A and x belongs to B, for some i E I.
Thus x E A fl B,for some i, so x E (A fl B,). From this we conclude

Afl U B,CU (A flB,).
,EJ IEJ
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For the reverse inclusion, suppose x E (A fl Be). Then x E A fl B,for some
iEI. This meansthatxEAandxEB,forsomeiEl. ThusxEAand
xEU,E,B,,soxEAflLJ,E,B,. Thus

U(AnB,)CA nUB,
,EI ,GI

and the proof of(a) is comjjete.
The proofof(b) is left as an exercise. 0

Theorem 1.6: De Morgan's Laws. Let I be a set and (A,: i E I) a family
of subsets oil. Then

(a) A) = (X\4,);
(b) A,) = (X\A,).

Proof of (a): Let x E A,). Then x E I and x does not bdong to A,for
anyiEl. ThusxE(X\A,)foralliElandxEfl,ej(X\4,).

For the opposite inclusion, let x E fiG! (X\A,). Then x belongs to the com-
plement of each set A,, so x does not belong to the union of the sets A,. In other
words, x E A,). Since we have demonstrated that the sets X\(U,E, A,) and

(X\A,) are subsets of each other, we conclude that they are equal.
The proof of(b) is left as an exercise. 0

EXERCISE 1.4

1. Prove part (b) of Theorems 1.3 and 1.5.

2. Prove part (b) of Theorems 1.4 and 1.6.

3. ProvethatforanysetsA and B,ACBIf and only ifA flB=A.

4. Let X be a set with subsets A and B. Prove:

(a) X\(X\A) = A.

(b) If A C B, then X\B C X\4.

(c) A C B if and only if X\B C X\4.

(d) X\ACBifandonlyifAUB=X.
(e) ACX\BifandonlyifAfB=Ø.
(f) A\B = A fl (X\B).

(g) X\(A\B) = B U (X\4).

5. Assume that A, B, and Care subsets of a set X. Express each of the following using the
symbols U, fl, and \.



1.5 / Cartesian Products 19

(a) The elements of X which belong to both A and B but do not belong to C.

(b) The elements of I which belong to C and to either A or B.

(c) The elements of I which belong to A but not to both B and C.

(d) The elements of X which do not belong to all three sets A, B, and C.

(e) The elements of X which fail to belong to at least two of the sets A, B, and C.

1.5 CARTESIAN PRODUCTS

An ordered pair of objects is a set of two objects in which one element is
designated as the first term and the other element as the second term. For objects
x and y, (x, y) denotes the ordered pair whose first term is x and whose second
term isy. If n is a positive integer, an ordered n-tuple(a1, a2 , an ordered
arrangement of n objects.

Definition: Let A and B be sets. 'The Cartesian product or simply product ofA
and B is the set A X B (read A cross B) of all ordered pairs whose first terms belong
to A and whose second terms belong to B:

AXB= ((a, b):aEAandbE B).

Example 13.1

The number plane of ordinary analytic geometry is the product P X P, where
P denotes the set of real numbers.

The definition of Cartesian product is easily extended to more than two factors.
If is a finite sequence of sets, then their Cartesian product, denoted by

flA,= {(a1,a2, l,2,...,n}.

For an infinite sequence of sets the Cartesian product is defined by

1.1 A, = {(a1, a2, a3,.. .): a,EA, for each positive integer i}.
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Notation The symbol P" denotes the Cartesian product formed by taking the set P of
real numbers as a factor n times. Thus = {(x1, x2 , x,,): x, is a real number for each
i = 1, 2, ..., n). In p2 and P3 are the ordinary plane and three-dimensional
spaces encountered in calculus. The set P" is called Euclidean n-dimensional space. Naturally,
we consider the real line P = P' to be one-dimensional Eucidean space.

EXERCISE 1.5

1. If A has m members and B has n members, prove that A X B has mn members.

2. Prove that 0 X B = 0 for each set B.

3. Sketch each of the following sets on the number plane.

(a) {0) X P (d) {(x, y): 0 � y � 5)

(b) PX{0,l) (e)

(c) {(x, y): x and y are both integers)

4. Find a subset of P2 which does not equal A X B for any subsets A andB of P.

5. Suppose that I and Y are sets having at least two members. Prove that I X Y has a

subset which is not the product of a subset of X with a subset of Y.

6. Show that (A X B) X C, A X (B X C), and A X B X C are identical for any sets A, B,
and C except for placement of parentheses. (In practice, no distinction is made for
products of sets associated in different ways.)

1.6 FUNCTIONS

The following sequence of definitions involving functions is probably familiar
from the study of calculus.

Definition: A function ffrom set X to set Y, denotedfi I Yor X Y, is a
rule which assigns to each member x ofXa unique member y =frx) of Y. Ify = f?rx),

then y is called the image of x and x is called a preimage of y. The set X is the
domain off and Y is the codomain or range off

Note that for a functionf: I Y, each element x in Xhas a unique image

f(x) in Y. However, the number of preimages of a point y in Y is not necessarily

one; the number of preimages may be zero, one, or more than one.

Definition: Letfi I -+ Y be a function: For a subset A of X, the set

f('A)= (yEY:y=f('x)forsomexEA)
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is called the image of A underf The setf(X), the image of the domain underf is
sometimes called the image of the function.

For a subset C of Y, the set

f'(C)= (xEX.Jrx)EC)

is the inverse image of C underf The set of points ((x, y) E I X Y y = f(x)) is
called the graph of the function f

Example 1.6.1

Consider the functionf: CR CR defined by the rulef(x) = x2. The graph of this
function appears in Figure 1.13.

Sincef(2) = 4, then 4 is the image of 2 underf and 2 is a preimage of 4.
However, —2 is also a preimage of 4. Note that a member y of the range has
two, one, or zero preimages as the value of y is positive, zero, or negative.

For an example of an image set and inverse image, note that

f({O,2,—3})= {O,4,9)

f'({O, 4, 9)) = {O, 2, —2, 3, —3).

For any subset D of CR consisting only of negative =0. The image
off is the set of non-negative real numbers:

FIGURE 1.13

f(CR)= {yECR:y�O}.

Definition: Afunctionfi I Y is one-to-one or infective means that for distinct
elements x,, x2, ofl, f(x,) #1(x,). In other words, f is one-to-one provided that no

(— 2,4) (2,4)

—2 —1 1 2
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two distinct points in the domain have the same image. In contrapositive form this
can be stated as:f(x,) = f(x2) implies that x, = x2.

A function ffor which f(X) = Y, that is, for which the image 1(X) equals the
codomain, is said to map X onto Y or to be surjective.

A one-to-one function from X onto Y is called a one-to-one correspondence or
a bijection. Thusfi Yis a one-to-one correspondence provided that each member
of Y is the image underf of exactly one member ofX. In this case there is an inverse
function f': Y X which assigns to each y in Y its unique preimage x = f'(y)
in X.

Example 1.6.2

Let X = {a, b, c, d, e), Y = {1, 2, 3,4, 5). The functionf: X Ydefined by

f(a) = 1, f(b) = 2, f(c) = 3, f(d) = 4, f(e) = 5

is a one-to-one correspondence with inverse functionf': Y X defined by

f'(l) = a, f'(2) = b, f'(3) = c, f1(4) = d, = e.

Theorem 1.7: Letf X Y be a function, A, and A2 subsets of X, and B, and
B2 subsets of Y. Then

(a) f(A, U A2) =1(A,) U1(A2),
(b) 1(A, fl A2) CJ?'A,) flf(A2),
(c) f'(B, U B2) =f'(B,) Uf'(B2),
(d) f'(B, fl B2) =f'(B,) flf'(B2).

Proof: (a) Since A, and A2 are subsets ofA, U A2, it follows easily thatf(A,) and
are subsets of f(A, U A2). Thus J(A,) U f(A2) C f(A, U A2). For the reverse

inclusion, consider a member y Ef(A, U A2). Then y =1(x) for some x E A, U A2.
Thus y = 1(x) for some x in either A, or A2. Hence y Ef(A,) U J(A2), sofiA, U A2)
Cf(A,) UJ('A2) and the proof of (a) is complete.

(b) Since A, fl A2 is a subset of both A, and A2, it follows from the definition
of image that f(A, fl A2) is a subset of both 1(A,) and f(A2). Thus f(A, fl A2) C
1(A,) flf(A2). The reverse inclusion is not true in general. It is left as an exercise for
the reader to find an example for which 1(A,) flf(A2) is not a subset off(A, fl A2).

(c)f'(B,UB2)= (xEX:f(x)EB,UB2)
= {xEX:J(x)EB,orf(x)EB2)= {xEX:f(x)EB1)U (xEX:f(x)EB2}
=f'(B,) Uf'(B2).
The proof of part (d) is similar. 0
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Definition: The identityfunction ix: X Xfrom a set Xlnto itself is thefunction
defined by

ix(x)=x, xEX.

Definition: 1ff X Y and g: Y Z are functions on the indicated sets, then
the composite function g . f X Z is defined by

gofj'x)=g(ffx)), xEX.

The composite function g of is sometimes denoted simply gf

The idea of composition of functions is illustrated in Figure 1.14.

Example 1.6.3

Consider the functionsf: P P and g: P P defined byf(x) = x2, g(x) =
x + 1. Then the composite functions g ofand fo g are both defined and have
the following formulas:

g of(x) = g(f(x)) = g(x2) = x2 + 1,

fo g(x) = f(g(x)) = f(x + 1) = (x + 1

It is left as an exercise for the reader to show that iff: I Y is a one-to-one
correspondence with inverse function Y I, then the composite function

ofis the identity function on I is the identity function on Y.

Definition: A sequence is a function whose domain is the set of all positive
integers or the set ofpositive integers less than or equal to some given positive integer

x

I g

FIGURE 1.14
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N. The sequence is called infinite if its domain is and finite jf its domain is (1,
2, .. ., N). A sequence is usually represented in the form or where

denotes the value of tile sequence at the integer n.

Example 1.6.4

The sequence is the function f from into the set of real numbers
whose values aref(l) = 1,f(2) = 1/2,f(3) = 1/3, . . . ,f(n) = 1/n

In practice, the word sequence is often used to refer to what is properly the
range or image of the sequence. For example, one often refers to the sequence of

points meaning the set {1/n: n E rather than the function which

maps 1 to 1, 2 to 1/2, 3 to 1/3, and so on. Whether the object of interest is the
function itself or its range is generally clear from the context.

Definition: 1ff X Y is a function and A is a subset of X, then the function
f IA: A Y defined by

f 14(a) =1(a), aEA,

is called the restriction off to A. Equivalently, f is called an extension off IA to X.

EXERCISE 1.6

1. Give an example to show thatf(A1 flA2) may not equalf(A 1)flf(A2). Show that equality

does hold 1ff is one-to-one.

2. Let!: X Ybe a one-to-one correspondence with inverse Y -+ X. Show
thatf' .fandf.f1 are the identity functions on X and Y, respectively.

3. Letf:X-+ Ybeafunction, {A,: iEI}afamilyofsubsetsofX,and afamily
of subsets of Y. Prove that

(a) f(U,E, A,) =

(b)

f = flJEJf(BJ).

4. Letf: I— Ybe a function, A a subset ofX and B a subset of Y. Prove:

(a) A Cf'(f(A)).
(b) C B.

(c) 1ff is one-to-one, thenf'(f(A)) = A.
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(d) 1ff maps X onto Y, then 1(1 = B.

(e) =

(f) f(A = f(A) flf(f'(B)) = f(A) B.

5. Letf:X-ø Yandg: Y-. Zbe functions on the indicated sets ForasubsetA ofZ,
show that .f)'(A)

6. Let!: I Yand g: Y Z be functions on the indicated sets. Prove:

(a) 1ff and g are one-to-one, then g .f is one-to-one.

(b) 1ffand g are suijective, then g .f is suijective.

(c) Iffand g are bijections, then g .f is a bijection and (g =f' .
7. DefinItion. Supposef I Y is afunction. A left ins'erseforfis afunction g: Y I

for which g .f is the identity function on I. A right inverse forf is afunction h: Y I
for whichf. h is the identityfunction on Y. Prove the following statements for a function

Y.

(a) I is one-to-one if and only 1ff has a left inverse.

(b) I maps I onto Y if and only iff has a right inverse.

(c) I is a one-to-one correspondence if and only if there is a function k: Y -* I such
that k . f and f. k are the identity functions on X and Y respectively. Show in
addition that if k .f ix andf. k = i1, then k = f_I. (Do not assume that the left
inverse from (a) and right inverse from (b) are equal without proper proof.)

8. LetlandYbesetsandAasubsetofl.
(a) Explain how it is possible for two different functionsf: X Y and g: I Y to

have identical restrictions to A.

(b) Explain how it is possible for a function h: A -+ Yto have more than one extension
to X.

9. LetXand Ybe sets,A a subsetofl, andf:A YandF:X-ø Yfunctionsonthe sets
indicated. Show that F is an extension off if and only if the graph off is a subset of the
graph ofF.

1.7 EQUIVALENCE RELATIONS

Definition: Let I be a set. A relation R on I is a subset of I X X. If(x, y) E R,
it is customary to say that x is related to y by R and to write xRy.

Example 1.7.1

The usual order for real numbers determines a relation R, called the less than
relation, on the set of real numbers as follows: (x, y) E R or xRy provided that
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x is less than y. It is customary to denote this relation by x < y instead of xRy.
Note in this example that no element is related to itself by R and that xRy (x <
y) is definitely not the same as yRx (y <x).

Definition: A relation R on a set X is called reflexive, symmetric, or transitive
it satisfies the corresponding property stated below:

(a) The Reflexive Property: xRxfor all x E X.
(b) The Symmetric Property: IfxRy, then yRx.
(c) The Transitive Property: IfxRy and yRz, then xRz.

The relation <on the set of real numbers is transitive, but it is not reflexive
or symmetric. The relation � is reflexive and transitive but not symmetric. Equality
is reflexive, symmetric, and transitive.

Definition: An equivalence relation on a setXis a relation on X which is reflexive,
symmetric, and transitive.

Notation Equivalence relations are usually denoted by symbols like and rather
than by letters of the alphabet. A slanted bar through the symbol indicates that the relation
does not hold: x y indicates that x is not related to y by

Example 1.7.2 Examples of Equivalence Relations

(a) The relation of equality on any set.
(b) Congruence of figures.

(c) Similarity of plane triangles.
(d) The relation defined on the set Z of integers as follows: x y

means that x — y is an even integer. Under this relation any two even
integers are related to each other, and any two odd integers are related
to each other. Anticipating the next definition, we say that there are
two "equivalence classes" for this relation; one class is the set of even
integers, and the other is the set of odd integers.

Definition: Let denote an equivalence relation on X. For x E X, the set [xJ of
all elements of X to which x is related by is called the equivalence class of x:

[x] = (y E X: y x).

Proofs to establish the following properties of equivalence classes are left as
exercises:

(a) xE[xjforeachxEX.
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(b) x y if and only if [x] = [y].

(c) x y if and only if [x] fl [y] = 0.
(d) For x, y in X, [xl and [y] are either identical or disjoint.

Example 1.7.3

(a) Congruence modulo 5, denoted mod 5, is the relation on Z defined
as follows: x — y mod 5 means that x — y is divisible by 5. Congruence modulo
5 is an equivalence relation with the following five equivalence classes:

[0] = (0, 5, —5, 10, —10, . . .} (multiples of 5)

[1]= {1,6,—4, 11,—9,...} (integersoftheformsk+ 1)

[2] = {2, 7, —3, 12, —8, .. .} (integers of the form 5k + 2)

[3] = {3, 8, —2, 13, —7, .. .} (integers of the form 5k + 3)

[4] = (4, 9, —1, 14, —6, .. .} (integers of the form 5k + 4)

(b) Congruence modulo n, mod n, is the relation on Z defined as follows:
x — y mod n means that x — y is divisible by n. This is an equivalence relation
with n equivalence classes [0], [1], ..., [n — 1] corresponding to the possible
remainders when dividing by n.

EXERCISE 1.7

1. Let be the so-called sibling relation defined on the set of all people: x y means that
y is a sibling of x. For the purposes of this problem, assume that each person is a sibling
of himself or herself. Prove that is an equivalence relation.

2. Determine whether the following relations satisfy the reflexive, symmetric, or transitive
properties:

(a) > on the set P of real numbers,

(b) �onP,
(c) defined on Z byx yifand only ifx — yis odd,

(d) defined on Z by x y if and only if x is a divisor of y.

3. Letf: X Ybe a function, and define a relation on X as follows: x y if and only
iff(x) = 1(y).

(a) Prove that is an equivalence relation.

(b) Prove that the equivalence class [x] is the set of preimages off(x):

(x] =f'({f(x)}).
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4. Show that congruence modulo n is an equivalence relation on the set of integers.

5. Consider the unit circle C with equation x2 + y2 = 1 in the plane. Thus

C= {(x,y)ERXIR:x2+y2= l}.

Define a relation on C as follows: For (x, y) C, (x, y) is related to itself and to its
antipodal point (—x, —y). In symbols,

(x, y) (x, y); (x, y) (—x, —y).

(a) Show that is an equivalence relation.

(b) Think of C as a rubber band and imagine gluing together the equivalent antipodal
points of C. Describe the resulting figure. (Much more will be said on this topic in
Chapter 7.)

SUGGESTIONS FOR FURTHER READING

For intuitive examples illustrating topological concepts, see Intuitive Concepts
in Elementary Topology by B. H. Arnold, First Concepts of Topology by Steenrod
and Chinn, and What is Mathematics? by Courant and Robbins. For an interesting
historical account of the development of point-set topology, see The Genesis of
Point-Set Topology by J. Manheim.

The papers "Elementary Point-Set Topology" by R. H. Bing and "Topology"
by Tucker and Bailey may also be of interest. (Complete bibliographical information
on suggested books and papers appears in the Bibliography.)



The Line and the Plane

In this chapter we shall examine some topological properties of the real number
line P and the Eucidean plane P2. Some of the ideas presented here will be familiar
from algebra and calculus, but others may be new. In later chapters, the ideas
introduced here will be carried over to a much more general family of sets. Section
2.1 reviews properties of the real number system, and Section 2.2 uses the real
number system to introduce the concept of the number of elements in a set. To-
pological considerations begin formally with consideration of open and closed sets
in Section 2.3.

2.1 UPPER AND LOWER BOUNDS

In order to establish some necessary terminology, let us review the various
types of intervals studied in calculus.

Let a and b be real numbers with a < b. The set

(a,b)= {xEP:aczx<b}

is the open interval with endpoints a and b and

[a,b] =

is the corresponding closed interval. Both of the sets

(a,b]= {xEP:a<x�b}
[a,b)= {xEP:a�x<b}

are called half-open and half-dosed intervals. The latter two types are distinguished
by the fact that (a, b] is open on the left and closed on the right, while [a, b) is dosed
on the left and open on the right. The sets (a, b), [a, b], (a, b], and [a, b) are called
bounded intervals, since they do not extend indefinitely in either the positive or
negative direction. We shall also have occasion to refer to the unbounded open
intervals

(a, oo) = {xE P: a <x}, a) = {xE P: x <a), (—x, oo) = P

and to the unbounded dosed intervals

[a, oo) = {xE P: a �x}, (—ao, a] = {xE P:x� a), (—co, ao) = P.
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Note that intervals from a to b have been defined only for a < b. For the case
of a closed interval, the definition is extended to allow equality of the endpoints
by defining [a, a] to be the singleton set {a}. The empty set 0 is sometimes called
the empty interval. Intervals that are either empty or have only one point are called
degenerate intervals.

The term "interval" is used to refer to sets of the type (a, b), [a, b], (a, b],
[a, b), (a, oo), (—co, a), [a, oo), (—co, a), P, and 0 when no further specialization
in terms of openness, closedness, or boundedness is needed. Open intervals may
be of the bounded type (a, b) and the unbounded types (a, oo), (—oo, a), and P.
Closed intervals may be of the bounded type [a, b] and the unbounded types
[a, oo), (—x), a], and P. A further characterization of intervals will be undertaken
in Chapter 5.

Definition: A number u is an upper bound for a set A of real numbers provided
that a � ufor all a E A. If there is a smallest upper bound u0forA, that is, an upper
bound u0 less than all other upper bounds for A, then u0 is called the least upper
bound or supremum of A. The least upper bound for a set A is denoted by lub A or
sup A.

Example 2.1.1

(a) Any real number greater than or equal to 3 is an upper bound for
the set {0, 1, 2, 3}. The least upper bound is 3.

(b) The least upper bound of [a, b] is b.
(c) The least upper bound of(a, b) is b.
(d) The least upper bound of the set (—oo, 0) of negative numbers is 0.
(e) The set(0, co) of positive numbers has no upper bounds and therefore

has no least upper bound.

Note that some sets of real numbers do not have upper bounds and that a
set which has upper bounds may or may not contain its least upper bound. If a set
contains its least upper bound, the least upper bound is simply the largest member
of the set.

Definition: A number 1 is a lower bound for a set A of real numbers provided that
1 � afor all a E A. If there is a largest lower bound 10 for A, that is, a lower bound
greater than all other lower bounds for A, then is called the greatest lower bound
or infimum of A. The greatest lower bound of a set A is denoted by glb A or inf A.
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Example 2.1.2

(a) The greatest lower bound of {O, 1, 2, 3) is 0.
(b) The greatest lower bound of [a, bi is a.
(c) The greatest lower bound of(a, b) is a.
(d) The interval (—ao, 0) has no lower bounds and therefore has no greatest

lower bound.
(e) The greatest lower bound of the interval (0, oo) is 0.

A set may or may not have lower bounds. A set which has lower bounds may
or may not contain the greatest lower bound. If a set contains its greatest lower
bound, then the greatest lower bound is the smallest member of the set.

The Least Upper Bound Property: Every non-empty set of real numbers which
has an upper bound has a least upper bound.

We shall not prove the Least Upper Bound Property but rather accept it as
one of the defining axioms of the real number system. A complete list of the axioms
for the real number system, with corresponding constructive definition of P, can
be found in many textbooks on real analysis. Some references are given in the
suggested reading list at the end of the chapter. It is left as an exercise for the reader
to use this property to prove the corresponding Greatest Lower Bound Property.

The Greatest Lower Bound Property: Every non-empty set of real numbers
which has a lower bound has a greatest lower bound.

Example 2.13

(a) Consider the sequence of real numbers 1, 1/2, 1/3, 1/4.
The least upper bound of this set is 1, the largest member. To see that
0 the greatest lower bound, we reason as follows: Certainly 0 is a
lower bound for the set since 0 < 1/n for each positive integer n.
Now, a number >0 cannot be a lower bound for { because
1/n <€ when n is an integer greater than 1/i. Thus 0 is a lower bound,
and no number greater than 0 is a lower bound. This means that 0
is greater than every other lower bound and is hence the greatest lower
bound of the sequence.

(b) The sequence {1 — of real numbers 0, 1/2, 2/3, 3/4 ... has
greatest lower bound 0 (the smallest term) and least upper bound 1.
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To see that 1 is the least upper bound, first note that 1 — 1/n < 1 for
every positive integer n, so 1 is an upper bound. It now must be shown
that no number less than 1 is an upper bound. To this end, consider
a number 1 — where 0, and let n be a positive integer greater
than l/E. Then

1 — < 1 — 1/n.

Thus 1 — is not an upper bound for {1 — so 1 must be its
least upper bound.

The next theorem is the first example of an important phenomenon called
denseness, which will appear many times in later chapters. The theorem shows that
there are rational numbers "very close" to every real number. (Recall that a rational
number is a real number which can be expressed as p/q for some integers p, q. A
real number which is not rational is called irrational.)

Theorem 2.1: Between any two real numbers there is a rational number.

Proof: Let a and b be real numbers with a < b. It must be shown that there is a
rational number r with a < r < b. Intuitively, the argument proceeds as follows: Let
q be a positive integer and consider the rational numbers p/q for p = 0, ±1, ±2,

The numbers p/q, when arranged in order on the number line, have successive
terms separated by distance 1/q. If 1/q is less than the distance from a to b, it seems
reasonable that at least one number of the form p/q must fall between a and b.

This intuitive idea is made precise by the upper bound concept. Let q be a
positive integer for which 1/q is less than b — a. The set P = {p/q: p E Z] has no
bounds, either upper or lower. In particular, a is neither an upper bound nor a lower
bound for P. Thus there is an integer Po such that p/q � a when p � Po andp/q> a
when p >. pj Then the rational number r (Po + 1)/q is greater than a. The fact
that r is less than bfollows from properties of Po and q: p0/q � a and 1/q < b — a
so

1 =p0/q+ 1/q<a+(b—a) = b.

Thus r is a rational number between a and b.

Theorem 2.1 can be extended to show that there is an unending sequence of
rational numbers between any two real numbers a and b. There is a rational number
r1 between a and b. There must be, in addition, a rational number r2 between a
and r1 and a rational number r3 between r1 and b. This process can always be
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repeated to show the existence of another rational number between any two already
determined.

Theorem 2.1 also shows that there are rational numbers within any prescribed
positive distance of a given real number. For a real number a and distance there
must be a rational number between a — and a + Such a rational number will
be at a distance less than from a. The fact that there are rational numbers arbitrarily
close to every real number is expressed by saying that the set of rational numbers
is dense in P.

Example 2.1.4

Let A denote the set of rational numbers between 0 and It should be clear
from the preceding discussion that A has least upper bound and greatest lower
bound 0.

EXERCISE 2.1

1. Find the least upper bound and greatest lower bound, if they exist, for the following sets:

(a) The set Z of integers.

(b) The set of positive integers.

(c) The set of rational numbers greater than

(d) (—1,2)U(3,7).

2. Explain why a set of real numbers cannot have more than one least upper bound or
more than one greatest lower bound.

3. Prove that a set cannot contain more than one of its upper bounds or more than one of
its lower bounds.

4. Prove the Greatest Lower Bound Property assuming the Least Upper Bound Property
as an axiom. (Hint: There is a natural correspondence between upper bounds of a set A
and lower bounds of the set —A of negatives of members of A.)

2.2 FINITE AND INFINITE SETS

Section 2.1 dealt with several subsets of the set of real numbers: integers,
intervals, sequences, rational numbers, and irrational numbers. It was shown that
between any two real numbers there is a rational number. In view of this property,
how many rational numbers are there? Is the number of rational numbers equal
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to the number of real numbers? How does one compare sets to determine which
one has the greater number of members anyway?

The definitions and theorems of this section apply to sets in general, not just
to subsets of the real line. The real line is simply used in this section as the primary
source of examples.

Definition: A set A is finiteprovided that A is empty or there is a positive integer
N for which there is a one-to-one correspondence between A and the integers 1
through N. In the latter case it is said that A has N members. A set which is not
finite is called infinite.

Example 2.2.1

Each of the following sets is infinite:

(a) the set Z of integers,
(b) the set of positive integers,
(c) the set P of real numbers,
(d) any interval with endpoints a and b for which a < b,
(e) the set of rational numbers.

Definition: Two sets A and B are equipotent or have the same cardinal number
provided that there is a one-to-one correspondence from A onto B. This relation is
expressed by A B or card A = card B. The terms "cardinally equivalent" and
simply "equivalent" are sometimes used synonymously with "equipotent."

The definition of equipotence of sets is more fundamental than the principle
of counting. A small child, for example, learns that right and left hands have equal
numbers of fingers by pressing corresponding fingers together in a one-to-one cor-
respondence long before he or she can count to five. Furthermore, we shall soon
see that the principle of counting does not apply to a large class of infinite sets.

Theorem 2.2: Equipotence of sets is an equivalence relation.

Proof: It must be shown that the relation of set equipotence is reflexive, sym-
metric, and transitive.

The Reflexive Property: For any set A, A A because the identity function
on A is one-to-one correspondence.
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The Symmetric Property: Suppose A B by a one-to-one correspondence!
from A onto B. Then the inverse function f_1 is a one-to-one correspondence from
BontoA,

The Transitive Property: Suppose A B and B C by one-to-one corre-
spondences!: A B and g: B C. Then the composite map g of is a one-to-one
correspondence from A onto C, so A C. 0

Definition: A set A is denumerable or countably infiniteprovided that A is equiv-
alent to the set ofpositive integers. A set which is eitherfinite or countably infinite
is called countable; a set which is not countable is called uncountable.

We thus have the following hierarchy of sets, according to size: finite sets,
countably infinite sets, and uncountable sets. Sets of the first two types are referred
to collectively as countable sets. Demonstration of the following important properties
is left as an exercise for the reader

(a) Each subset of a finite set is finite.
(b) Each subset of a countable set is countable.
(c) Each set which contains an infinite set is infinite.
(d) Each set which contains an uncountable set is uncountable.

Example 2.2.2

(a) The set U {O} of all non-negative integers is countably infinite. In
fact, the functionf: U (0) defined by

f(n)=n+l,

is a one-to-one correspondence. Thus V has "the same number of
members" as the set U (0) formed by adjoining to I' another
element.

(b) The set Z of all integers is countably infinite. It is left as an exercise
for the reader to show that the following function g from Z to the set
of non-negative integers is a one-to-one correspondence:

12n — 1 if n is positive,

if n is negative or zero.

This function was obtained by starting with the following correspon-
dences: 0 0, 1 1, —l -+ 2, 2 -. 3, —2 4, etc.
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(c) The Cartesian product X is countably infinite. The product
X of all ordered pairs (m, n) of positive integers is represented

by the points having integral coordinates in the first quadrant of the
Eucidean plane.

Figure 2.1 suggests a method of defining a one-to-one corre-
spondence 1: X by working successively across the di-
agonals.

4 1(10).

3 /(6). J(9).

2 1(3). f(S). 1(8).

1 1(1) • 1(2) • 1(4) •

I I

1 2 3 4

FIGURE 2.1

Another proof that X is countably infinite can be made
as follows: Define g: X -* by

g(m, n) = 2m3n, (m, n) E x

Then gis not surjective, but the Fundamental Theorem of Arithmetic
(unique factorization into primes) does guarantee that it is one-to-
one. Thus X is equivalent to a subset of Since every subset
of a countable set is countable, then X is countable. Since

X is clearly not finite, then it must be countably infinite.

Proofs of the following facts about unions and products of finite and countable
sets are left as exercises:

Theorem 2.3:

(a) If is a finite sequence of sets and each set A, is finite, then
A, and A, are finite.
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(b) If is a sequence of sets and each set A is then A,
is countable.

(c) If is a finite sequence of sets and each set A, is countable, then
A, is countable. 0

Theorem 2.3 is often paraphrased as follows:

(a) Finite unions and finite products offinite sets are finite.
(b) The union of a countable family of countable sets is countable.
(c) The product ofa finite family of countable sets is countable.

The following hints may be helpful in proving Theorem 2.3. For part (b), a
diagonal counting process like that used in Example 2.2.2 (c) can be used. For (c),
use the fact that Z÷ X is countable to prove the result for N = 2, and then use
the principle of mathematical induction. (Assuming that A, is countable,

N N-i
prove that A, = ,, A, X AN is countable.)

Note that part (c) of Theorem 2.3 asserts only that a finite product of countable
sets is countable. It is not true that the product of a countable family of countable
sets is countable; in fact, the following example shows that the product of a countable
family of finite sets may fail to be countable.

Example 2.2.3

The set A = A, where each set A, is the two element set (0, 1) is uncountable.
Suppose to the contrary that

A= {(ai, a2, a3, . . .): a, E {0, 1) for each iE

is countable. The set is clearly not finite, so it must be countably infinite. Thus
there must be a one-to-one correspondence f: -+ A. We shall reach a con-
tradiction by showing that fcannot possibly be suijective.

For an element a = (a1, a2, a3, ...) ofA, let us refer to a1 as the first
coordinate, a2 as the second coordinate, and so on. Then A consists of all infinite
sequences (a1, a2, a3, .. .) in which each coordinate is either 0 or 1. Consider
the element x = (x1, x2, x3, . . .) whose coordinates are defined as follows: for
any positive integer i, x, is 1 if the ith coordinate off(i) is 0 and is 0 if the ith
coordinate off(i) is 1. In other words, x, is chosen so that x andf(i) will differ
in their ith coordinates. But this means that x andf(i) cannot be equal for any
i E Thus x is not in the image of f so f is not a suijective function. This
contradiction shows that A is not a countable set.

Theorem 2.4: The set of rational numbers is countably infinite.
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Proof: Every rational number can be expressed uniquely in lowest terrns rn/n,
where rn and n are integers with no common positive divisor other than 1, and n is
positive. Thus we consider the function

rn/n (m, ti)

from the set of rational numbers into Z X Z. This function is one-to-one since the
ordered pair (m,n) determines only one rational number rn/n. The range Z X Z is
countable since it is the product of two countable sets. Thus the set of rational
nwnbers is equivalent to a subset of a countable set and hence is countable. Since
the set of rational numbers is obviously not finite, then it rnust be countably

0

Theorem 2.5: The set P of real numbers is uncountable.

Proof: Recall that all terminating and non-terminating decimals represent real
numbers. Since there is an obvious one-to-one correspondence between decimals
and sequences of digits,

.a,a2a3. . . (as, a2, a3.. .),

Example 2.2.3 shows that the set of all decimals of the form .a,a2a3.. . where each
a, is 0 or 1 is uncountable. Note also that the two distinct decimals whose terms can
be only 0 or 1 cannot represent the same real number. Thus P contains an uncountable
set and must itself be uncountable. 0

Corollary: The set of irrational numbers is uncountable.

Proof: If the set I of irrational numbers were countable, then, since the set R of
rational numbers is countable, it would follow that their union

P =IUR

is countable. Since is uncountable, then I must 1!e uncountable. 0

EXERCISE 2.2

1. Explain why every set which contains an uncountable set must be uncountable.

2. Prove that the function g of Example 2.2.2 (b) is a one-to-one correspondence.

3. Prove Theorem 2.3.
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4. Prove that every subset of a countable set is countable.

5. Prove that any two non-degenerate closed and bounded intervals have the same cardinal
number. (Hint: Find a one-to-one correspondence from [0, 1] onto an arbitrary non-
degenerate closed interval [a, b].)

6. Prove that (0, 1) is equivalent to P.

7. Prove that every (non-degenerate) open interval is equivalent to P.

8. (a) Prove that any two non-degenerate intervals have the same cardinal number.

(b) Prove that every non-degenerate interval is uncountable.

(c) Prove that every non-degenerate interval contains both rational and irrational
numbers.

9. Definition: For setsA andB, we say that cardA � card B provided that A is equivalent
to a subset of B. The inequality card A <card B means that card A � card B
and card A # card B.

(a) RestatethemeaningsofcardA �cardBandcardA <cardBintermsoffunctions

(b) Show that if card A � card B, then card ?(A) � card ?(B).

(c) Show that if A is a countable set, then card ?(A) � card P.

Note: If A is a countably infinite set, then card = card P, but the proof goes
beyond the amount of set theory developed in this course.

The continuum hypothesis, originally proposed by Georg Cantor, says that if X
is an infinite set with card X� card P, then Xis either countably infinite or is equivalent
to P. Thus the continuum hypothesis asserts that there is no cardinal number "between"
the cardinal numbers of the set of positive integers and the set of real numbers. Sur-
prisingly, the continuum hypothesis has been shown to be independent of the usual
axioms for set theory; both the continuum hypothesis and its negation are consistent
with the usual axioms. Further information on the continuum hypothesis and axiomatic
set theory can be found in the suggestions for further reading at the end of the chapter.

10. Show that for any set A, card A <card (Hint: The function a (a), a E A,
establishes a one-to-one correspondence between A and the family of all singleton sets
in Conclude from this that card A � card Then, proceeding by contradiction,
suppose thatf: A ?(A) is a one-to-one correspondence from A onto Let Q =
(a E A: a f(a)) and consider the member q of A for which f(q) = Q. Show that
neither of the relations q Ef(q) or q is possible.)

2.3 OPEN SETS AND CLOSED SETS
ON THE REAL LINE

Distances between points on the real line P are measured by the absolute
value function, with a — bI being defined as the distance from a to b. The reader
is probably familiar with the following distance properties:

(a) a — bI � 0, and a — bI = 0 only when a = b;
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(b) la—bl=lb—al;
(c) la—cl�la—bl+lb—cl

for any real numbers a, b, and c.
Topology deals with distances between points and sets and, more generally,

with a concept of "closeness" of points and sets which can be defined independently
of any distance function. In this section, we shall explore the concept of closeness
for the case of points and subsets of the real line. A similar property will be defined
without recourse to a distance function in Chapter 4.

Definition: Let a be a real number and B a non-empty subset of P. The distance
from a to B, d(a, B), is the greatest lower bound of all distances I a — bI for b E B:

d(a, B) = glb(l a — bI: b E B).

Note in the preceding definition that { Ia — bI: bE B) is a set of non-negative
real numbers and thus has 0 (and any negative number) as a lower bound. The
Greatest Lower Bound Property insures that d(a, B)is well-defined and non-negative.

Example 2.3.1

(a) d(0, [1, 2]) = d(0, (1, 2)) = 1.

(b) d(l, [1, 2]) = d(l, (1, 2)) = 0.

(c) For the set R of rational numbers, the denseness property of R in P
(Theorem 2.1) insures that d(x, R) = 0 for every real number x.

Definition: Let A be a subset of P. If [lx — yI: x, y E A) has an upper bound,
then A is a bounded set and the least upper bound of all distances x — yl for x, y
in A is called the diameter D(A) of A.

Example 2.3.2

(a)

(b)

(c)

D([a, b]) = 1)((a, b)) = lb — a I.
IfB is the set of rational numbers in (a, b), then D(B) = lb — al.
P, intervals of the form (a, oo), [a, oo), (—oo, a), and (—co, a], the set
of rational numbers, and the set of irrational numbers are all un-
bounded sets.
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Definition: A subset 0 of the real line is an open set provided that 0 is the
union of some family of open intervals.

Theorem 2.6: The following statements are equivalent for a subset 0 of P:

(a) 0 is an open set.
(b) For each x E 0, there is an open interval I, centered at x and contained

mO.
For 0 # P. (a) and (b) are equivalent to:

(c) For each x E 0, d(x, P\O)> 0.

Proof: The proof will be accomplished by showing that (a) is equivalent to (b) and
(b) is equivalent to (c). For condition (c) we assume that 0 # P. since otherwise
R\O would be the empty set and the distance from x to R\O would be undefined.

To see that (a) implies (b), suppose 0 is an open set and x E 0. Since 0
is an open set, then x belongs to some open interval (a, b) contained in 0. Thus
Ix — a I and Ix — bI are both positive numbers. If€ is a positive number less than
or equal to both Ix — aI and Ix — bI, then = (x — €, x + E) is an open interval
centered at x and contained in 0.

The argument that (b) implies (a) is easier. Assuming (b), there exists for each
x in 0 an open interval centered at x and contained in 0. Thus

U
xEO

Since each x in 0 is a member of the interval I, then

Oc U
xEO

Thus

O = U
xEO

so 0 is a union of open intervals.
To see that (b) implies (c), consider an open = (x — , x + centered

atx and contained in 0. Then any point within distance of x must be in 0, so the
distance from x to any point outside 0 must be at least Thus d(x, P\O) is positive
for each x in 0.

Assuming that (c) holds, d(x, P\O) is a positive number This means that
the distance from x to any point outside 0 is at least so any real number within
distance of x must be in 0. Thus the open interval (x — x + a7), which
contains only points within distance of x, is contained in 0. Thus we conclude
that (c) implies (b), and the proof is complete. 0
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Theorem 2.7: The open subsets of P have the following properties:

(a) P and 0 are open sets.
(b) If (Oa: a E A) is a collection of open sets, then 0,. is open.
(c) If is afinite collection of open sets, then fl'.., 0, is open.

Proof:

(a) The real line P is open since it can be expressed in many djfferent ways
as a union of open intervals. For example,

P=(_oo,oo)=U(—n,n)=U(n,n+2).

The empty set 0 is open since it is the union of the empty collection of
open intervals.

(b) If (Oa: a E A) is afamily of open sets indexed by a set A, then for each
a E A, Oa is a union of open intervals. Then is the union of all
the open intervals of which the open sets °a arecomposed and is, therefore,
an open set. Property (b) is sometimes paraphrased by saying that the
union of any family of open sets is open.

(c) We shall prove (c)first for n =2 and then complete the proof by induction.
Suppose that 0, and 02 are open sets and that point x belongs to
0, fl 02. By Theorem 2.6, there exist open intervals I, and '2 centered
at x and contained in 0, and 02, respectively. But then I, fl 12 is an open
interval centered at x and contained in 0, fl 02, and it follows from
Theorem 2.6 thafO, fl is open.

Proceeding inductively, suppose that the intersection ofeveryfamily
of n — 1 open sets is open and consider a family {0d'.., ofn open sets.
Then 0, and are open sets, so what has just been proved shows
that their intersection fl'.., 0, is open also. Property (c) is paraphrased
by saying that the intersection of any finite family of open sets is open.

0

Definition: A subset C of P is a closed set if its complement P\C is open.

Note in the preceding definition that the term "closed set" does not mean a
set which is not open. We shall see many examples to illustrate that "closed" and
"not open" are very different properties for sets.

Theorem 2.8: The dosed subsets of P have the following properties:

(a) P and 0 are closed sets.
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(b) If (Ca: a E A] is a family of dosed sets, then Ca is dosed.

(c) If (C,]7.., is afinite family of closed sets, then C, is closed.

Proof: (a) P and 0 are closed because their respective complements 0 and P
are open.

State,nents (b) and (c) are proved from Theorem 2.7 and De Morgan's Laws
(Theorem 1.6). The method is illustrated here for (b), and the analogous proof of
(c) is left to the reader. For any collection (Ca: a E A] of closed subsets of P, the
family of complements {IR\Ca: a EA] is afamily of open sets. Theorem 2.7 insures
that

U (P\Ca)P\fl Ca
aEA aEA

is an open set. Then, by definition, C is a dosed set. 0

Note the duality between open sets and closed sets: A set is closed if and only
if its complement is open. The union of any family of open sets is open; the inter-
section of any family of closed sets is closed. The intersection of any finite family
of open sets is open; the union of any finite family of closed sets is closed.

Example 2.3.3

(a) It is obvious from the definition that an open interval is an open set.
It is true, but not quite so obvious, that a closed interval [a, b] is a
closed set:

R\[a, b] = (—oo, a) U (b, co)

is open so [a, b] is closed. Qosed intervals of the forn (—co, a] and
[a, cx)) are also closed sets.

(b) Since a singleton set (a) can be regarded as a closed int' rval [a, a],
then each singleton subset of P is closed. Combining thà fact with
statement (c) of Theorem 2.8, we conclude that every finite. 'ibset of
P is closed.

(c) Many subsets of P are neither open nor closed. Examples of suc. 'sets
are the rational numbers, the irrational numbers, and half-open i. ilf-
closed intervals. (The interval [a, b) is not open because it contains
no open interval centered at a; it is not closed because its complement

P\[a, b) = (—oo, a) U [b, oo)

contains no open interval centered at b.)
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The announced idea of closeness of a point to a set appears in the next
inition.

Definition: A point x in P is a limit point or accumulation point of a subset A
of P provided that every open set containing x contains a point of A distinct
from x.

Note in the definition of limit point that it is not required that every open
set containing x contain the same point of A; different open sets may contain
different points of A. Note also that the possibility is left open for a limit point of
A to be either in A or outside it. Limit points are sometimes called cluster points.

Theorem 2.9: A real number x is a limit point of a subset A of P if and only if
d(x, A\(x)) =0.

Proof: Suppose first that x is a limit point of A and let be a positive number.
Then the open set (x — €, x + ()contains a point y of A distinct from x. Since y E
(x — , x + i,), then d(x, y) < so d(x, A\ (x)) <€. Since the latter inequality holds
for all 0, then d(x, A\ [x)) = 0.

Suppose now that d(x, A\ (x)) = 0 and consider an open set 0 containing x.
Then 0 contains an open interval (x — x + 3,)for some positive number ö. Since
d(x, A\ {x)) <ö and the interval (x — ö, x + ö) consists precisely of all points at a
distance less than ö from x, then (x — 8, x + 8) must contain a point z in A\ {x}.
Thus

z E (x —8, x +8) C 0

and z # x since z E A\(x). Hence every open set containing x contains a point of
A distinct from x, and x is a limit point of A. 0

Theorem 2.9 is interpreted intuitively as saying that x is a limit point of A if
and only if x is arbitrarily close to points of A other than x itself. (The phrase "other
than x itself" is applicable only in case x belongs to A.) This interpretation of limit
point is illustrated in the following examples.

Example 2.3.4

(a) 0 is the only limit point of { Note in this case that the limit
point is outside the set.

(b) The set of limit points of a closed interval [a, b], a <b, is precisely
the same interval.
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(c) The set of limit points of an open interval (a, b), a < b, is the corre-
sponding closed interval [a, b]. In the latter case, the set is a proper
subset of its set of limit points.

(d) A finite subset of IR has no limit points.
(e) The set of limit points of the set of rational numbers is the entire real

line. This is a consequence of Theorem 2.1.

The following theorem explains the relationship between closed sets and limit
points.

Theorem 2.10: A subset A of P is dosed if and only if A contains all its limit
points.

Proof: 'Suppose first that A is dosed and consider a limit point x of A. If x were
outside A, then P\A would be an open set containing x but containing no point of
A, and we would be forced to condude that x is not a limit point of A. Thus, if x is
a limit point of A, then it must be a member of A.

Now suppose that A contains all its limit points. We shall show that A is dosed
by showing that P\A is open. If y E P\A, then y is not a limit point of A so there
is an open set 0, containing y but containing no point ofA. Then P\A is the union
of such open sets 0, and is an open set. Thus A is dosed. 0

The reader should be aware of the distinction between limit point and limit
ofa sequence. A real numberxis the limit ofa sequence ,or converges
to x, provided that given E >0 there is a positive integer N such that if n � N, then

— xl As the reader will see in Problem 9 of Exercise 2.3, saying that xis
a limit point of A is equivalent to saying that there is a sequence of distinct
members of A which has limit x. It should be noted, however, that if a sequence
does not have distinct terms, then its limit is not necessarily a limit point of the
range of the sequence. Keep in mind for future reference that sequences are not
adequate to determine limit points in the more general context in which limit
points will be considered later in the course. In a general topological space, if a
sequence of distinct points of a set A converges to a point x, then x is a limit point
ofA. However, A may have limit points which are not limits of sequences of distinct

of A. We shall return to this subject in Section 4.1.

EXERCISE 2.3

1. Let x be a real number, A a subset of P. and a positive number. Prove that (x —
x + C A if and only if d(x, P\A) �
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2. Let x be a real number and A a subset of P.

(a) Prove that if d(x, A)> 0, then tax, y)> 0 for all yEA.

(b) Give an example for which d(x, y)> 0 for all yEA but d(x, A) =0.

3. Prove that a subset of P is bounded if and only if it has both upper and lower bounds.

4. Complete the proof of Theorem 2.8.

5. Prove that a subset C of P is closed if and only if d(x, C)> 0 for each point
x in the complement of C.

6. Let a be a real number and let B, Cbs subsets of P. Prove that d(a, B U C) is the smaller
of d(a, B) and d(a, C).

7. Give examples to show that D(A U B) may be larger or smaller than D(A) + D(B).

8. Show that ifx is the limit of the sequence of real numbers and all the terms of
the sequence are distinct, then x is a limit point of the range of the sequence. Give an
example to show that the limit of a sequence may not be a limit point of the range of
the sequence if the terms of the sequence are not distinct.

9. Let x be a real number and A a subset of P.

(a) Prove that xis a limit point of A if and only if there is a sequence of distinct points
of A which converges to x.

(b) Prove that xis a limit point of A if and only if every open set containing x contains
infinitely many points of A.

2.4 THE NESTED INTERVALS THEOREM

The closed intervals [0, 2], 11/2, 3/2], [2/3, 4/3], ... [(n — 1)/n, (n + 1)/n],
have precisely one point in common, the number 1. The main result of this

section shows that any such collection of "shrinking" or "nested" closed intervals
with diameters approaching zero must have exactly one point in common. This
may seem intuitively obvious or even uninteresting, but it is a property of great
importancç in mathematics. It is one of the early topological discoveries of Georg
Cantor in his work on IR. We shall prove Cantor's Nested Intervals Theorem and
formulate two related but less obvious properties in this section. The importance
of Cantor's theorem will become clear in Chapter 6 and in the reader's study of
real analysis.

Definition: A sequence of sets is nested C Sn for each positive
integer n.

Theorem 2.11: Cantor's Nested Intervals Theorem If ([an, isa nested
sequence of dosed and bounded intervals, then [an, is not empty. If in
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addition, the diameters of the intervals converge toO, then [as, has precisely
one member.

Proof: Since C [an, for each positive integer n, the sequences
and of left and right endpoints have the following properties:

(i) is an increasing sequence (a, � a2 � �
a decreasing sequence (b, � b2 � � � �

(iii) Each left endpoint is less than or equal to each right endpoint.

Let c denote the least upper bound of the left endpoints and d the greatest
lower bound of the right endpoints. Note that the existence of c and d is guaranteed
by the Least Upper Bound Property and the Greatest Lower Bound Property, re-
spectively. Then, by property (iii), c � each n so c � d. Since � c � d �
then [c, d] C [an, for each n. Thus [as, contains the closed interval
[c, di and must therefore be non-empty.

If we assume further that the diameters of the intervals [as, approach 0,
then it follows that c = d and that c is the one point in [as, 0

Example 2.4.1

The closed intervals [as, of Cantor's Nested Intervals Theorem cannot be
replaced by open intervals. Note, for example, that {(O, has empty
intersection.

The next two theorems are consequences of Theorem 2.11, but they are not
so intuitively plausible.

Theorem 2.12: The Heine-Borel Theorem Let[a, bJ bea dosed and bounded
interval and C) a collection of open intervals whose union contains [a, b]. Then there
is afinite subset (0,, 02, ON) of C) whose union contains [a, b].

Proof: The following terminology will simplify the proof The intervals
(c, (c + d)/2] and ((c + d)/2, dJ will be called the left half and right half of the
interval [c, dJ, respectively. If[c, d] is contained in the union of a finite number of
members of 0, then we shall say that (c, dJ is finitely coverable by 0.

Proceeding with the proof of the theorem by the method of contradiction, sup-
pose that [a, b] is not finitely coverable by 0. Then either the left ha/for the right
half of (a, bJ is not finitely coverable by 0. Let [a,, b,J denoteeither half of (a, bJ
which is not finitely coverable by 0.

The same reasoning applies to (a,, b,]. Since (a,, b,J is not finitely coverable
by 0, it has (at least) one half[a2, b2J which is not finitely coverable by 0. Applying
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this reasoning inductively, there exists a nested sequence of closed
intervals, none of which is finitely coverable by El, such that is either the
left half or the right half ba]. The diameters of the intervals [an, have limit
o since the length decreases by a factor of 1/2 at each stage; i.e., the length of
[an, is (b — a)/2".

Cantor's Nested Intervals Theorem guarantees that there is precisely one point
p common to all the intervals [as, ba]. Since p E [a, b], there is some open interval
o in El with p E 0. Let be a positive number such that (p — p + €) C 0, and
let n be a positive integer such that (b < . Then, since p E [an, it follows
that

[an, €,p+€)CO.

But this contradicts the fact that [an, is not finitely coverable by El: [as, is
contained in one member of El. Assuming that [a, bJ is not finitely coverable by El
has led to a contradiction, so we conclude that [a, b] is finitely coverable by El. 0

Example 2.4.2

The closed interval [a, b] of the preceding theorem cannot be replaced by an
open interval (a, b). Note for example, that (0, 1) is contained in the union of
the family of open intervals El = {(l/n, but is not finitely coverable
byEl.

Theorem 2.13: The Bolzano-Weierstrass Theorem Every bounded, infinite
subset of IR has a limit point.

The proof of the Bolzano-Weierstrass Theorem is left as an exercise with the
hint that a proof can be modeled after the proof of Theorem 2.12: A bounded,
infinite set must be a subset of some closed interval [a, b]. Divide the interval
[a, b] into halves, and the halves into halves, and so on, with at least one half at
each stage always containing an infinite number of members of the original
nite set.

EXERCISE 2.4

1. Give an example of an infinite subset of P which has no limit point.

2. Give an example of a nested sequence whose intersection is empty.

3. Consider [0, 1] and the family of open intervals C!) = {(—0.00l, 0.001), (0.999, 1.001))
U {(1/n, Find a finite subcollection of El whose union contains [0, 1].
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4. Prove the Bolzano-Weierstrass Theorem (Theorem 2.13).

5. Prove the following generalization of Cantor's Nested Intervals Theorem (Theorem 2.11):
If is a nested sequence of sets each of which is closed, bounded, and non-empty,
then is non-empty.

6. Prove the following generalization of the Heine-Borel Theorem (Theorem 2.12): Let
[a, b] be a closed, bounded interval and 'U a collection of open sets whose union con-
tains [a, b]. Then there is a finite subcollection { U,, U2,..., UN) of 'U whose union
contains [a, b].

7. Prove that the theorem stated in Problem 6 remains valid with [a, b] replaced by an
arbitrary closed and bounded subset A of P. (Hint: A C [a, bJ for some closed interval
[a, bJ and P\A is an open set.)

8. Show that every uncountable subset of P has a limit point. (Hint: Show that such a set
must have infinitely many of its members in an interval of the form [n, n + 1] where n
is an integer.)

2.5 THE PLANE

The purpose of this section is to show that the ideas presented for the real
line in Sections 2.3 and 2.4 are also applicable to the Eucidean plane P2. Recall
that the distance d(a, b) between points a = (a1, a2) and b = (b,, b2) in P2 is defined
by

d(a, b) = ((a, — b,)2 + (a2 — b2)2)"2.

a2

FIGURE 2.2 The distance from (a,, a2) to (b,, b2) is ((a, — b,)2 + (a2 — b2)2)"2.
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This distance function satisfies the following properties:

(a) d(a, b) � 0, and d(a, b) = 0 only when a = b;

(b) d(a, h) = d(b, a);
(c) d(a, c) � d(a, b) + d(b, c)

for any points a = (a1, a2), b = (b1, b2), c = (c1, c2) in 1R2.

The basic object used to define open sets in P is the open interval. The gen-
eralization of open sets to P2 can easily be made once the subsets of P2 which are
analogous to the open intervals of P are determined. An open interval in P centered
at a is an interval (a — r, a + r), where r is a positive number, In terms of distance,
(a — r, a + r) consists of all points x in P for which the distance from x to a is less
than r:

(a—r,a+r)={xEP:Ia—xI<r).

We naturally call a the center and r the radius of the interval.
it is now easy to formulate the analogue of an open interval for P2: It is a

disk that excludes the circular edge in the same way that an open interval excludes
the endpoints. The term "ball" is used rather than "disk" to anticipate the gener-
alization to dimensions three and higher.

Definition: Let a = (a,, a2) E P2 and let r be a positive number. The open ball
B(a, r) with center a and radius r is the set

B(a,r)= {x=(x,,x2)EP2:d(a,x)<r).

Open sets and closed sets are defined in complete analogy with P.

Definition: A subset 0 of P2 is an open set it is the union of some family of
open balls. A subset C of P2 is a closed set provided that its complement P2\C
is open.

Theorems corresponding to those proved for P in Sections 2.3 and 2.4 can
be formulated and proved for P2; some instructive ones are suggested in the exercises
for this section. Rather than redo everything for the plane, however, let us set our
sights a bit higher. The next chapter introduces the general concept of distance

I I
I I

I I I

a—r a a+r

FIGURE 2.3 The open interval with center a and radius r.
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B(a,r)

FIGURE 2.4

function, and the properties touched on here for the plane are presented in detail
for any set which has a distance function.

EXERCISE 2.5

1. Give the definition of the following terms for

(a) Distance from a point to a set.

(b) Bounded set.

(c) Diameter of a set.

(d) Limit point of a set.

2. Prove the analogues of Theorems 2.7 and 2.8 for CR2.

3. State and prove the analogue of Cantor's Nested Intervals Theorem (Theorem 2.11) for
a nested sequence X [ce, of closed rectangles in

4. Prove the analogues of Theorems 2.9 and 2.10 for CR2.

SUGGESTIONS FOR FURTHER READING

For a readable introduction to the real number system based on the axiomatic
approach, see Apostol's Calculus. Rudin's Principles ofMathematical Analysis is
recommended for a constructive definition of the real number system.



52 'rwo / THE LINE AND THE PLANE

For further study of the topology of plane sets, Newman's Elements of the
Topology of Plane Sets of Points and Wall's A Geometric Introduction to Topology
are recommended.

Numbers, Sets and Axioms by A. 0. Hamilton and Infinity and the Mind by
R. Rucker both give readable introductions to the continuum hypothesis and to
axiomatic set theory.
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NOTES IFOR 2

ideas introduced in this chapter were developed during the latter part of
century as mathematicians examined the real number system and

to make rigorous the foundations of calculus. Those primarily responsible
coherent definitions of the real number system were Karl Weierstrass, Richard

(183 1—1916), Charles Méray (1835—1911), and Georg Cantor (1845—

Least upper bound and greatest lower bound were defined by Weierstrass
lectures during the 1880's, but they were used in less rigorous form by Bernard,

(1721—1848) as early as 1817.
It is Cantor who deserves the credit for the theory of infinite sets. In a series

during the years 1872 to 1878, Cantor defined equivalence of sets, count-
able sets, and uncountable sets. He was led to these ideas by his work on the con-

of trigonometric series, examining the "exceptional points" where the
aerics failed to converge. Cantor proved that the set of rational numbers is countable
1y the diagonal counting method of Example 2.2.2(c). He proved also that the set
of numbers, which includes the rational numbers, is countable. (An a!-
gebraic number is a real number which is a root of a polynomial equation with
integer coefficients.) Cantorshowed that the union of a countable family of countable
sets is countable. The argument of Example 2.2.3 was given by Cantor in 1890 to

that the closed interval [0, 1J is uncountable.
The properties of open and closed sets in Section 2.3 are also due to Cantor.

He defined limit points, dense sets, open sets, and closed sets and established their
properties for the line, plane, and higher dimensional Euclidean spaces during the
years 1872 to 1890. Cantor's Nested Intervals Theorem (Theorem 2.11) was proved
in 1884. Considerations of limit points and related ideas were made independently
and approximately concurrently with those of Cantor by Paul du Bois-Reymond
(183

The Heine-Borel Theorem (Theorem 2.12) was first proved by Emile Borel
(1871-4956) in 1894 under the additional assumption that the collection of open
intervals whose union contains [a, bJ is countable. More will be said about the
history and significance of Borel's theorem in the historical notes to Chapter 6.

The Bolzano-Weierstrass Theorem (Theorem 2.13) is usually credited to
in the 1880's, but the method of proof used in the text for Theorem

2.12 and suggested for the Bolzano-Weierstrass Theorem was used by Bolzano in
his lectures in 1817 and is clearly explained in his book Paradoxien des Unendlichen
(Paradoxes of the Infinite), published in 1851.





Metric Spaces

In the preceding chapter we studied the notion of limit point, defined in terms
of open sets, for the real line and plane. That investigation continues in this chapter
with the line and plane replaced by an arbitrary set in which it is possible to measure
distances. The properties required of a distance function, also called a metric, are
given in the definition in Section 3.1. In analogy with P and R2, there is a natural
definition of open sets for any set X on which a metric is defined. This chapter
explores the fundamental and most useful aspects of metrics, which are of real
importance in modern mathematics. Historically, the development of metric space
led to the more general concept of topological space, which is introduced in Chap-
ter 4.

3.1 THE DEFINITION AND SOME EXAMPLES

Definition: Let X be a set and d:X X X a function from X x X to the set
of non-negative real numbers satisfying the following properties. For all x, y, z

in X,

(a) d(x, y) = 0 if and only if x = y;
(b) d(x, y) = d(y, xi);
(c) d(x,z)�d(x,y)+d(y,z).

Then d is called a metric or distance function on X and d(x, y) is called the distance
from x to y. The set X with metric d is called a metric space and is denoted by
(X,d).

Notice that the properties required of a metric are parallel to those of the
distance functions used for P and P2 in Chapter 2. In analogy with the plane,
property (c) is often called the "Triangle Inequality." When the metric under con-
sideration is clear or when the symbol for the metric is unimportant, we shall often
omit mention of the metric and refer to metric space X instead of(X, d).

The real line P and the plane P2, with the metrics defined for them in Chapter
2, are special cases of the most important class of metric spaces, the Euclidean
spaces
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with metric d defined for each n by

/fl \1/2
d(x, y) = (x1 y,)2 , x = (x1, .. . , y = . . . , E

F

Strictly speaking, we should use a symbol like d", indicating the dimension, for the
metric on since there is a different metric in each dimension. This notation is
cumbersome, however, so we shall avoid it. The dimension in question will always
be indicated by the superscript of Anticipating the fact that d is a metric for
each n, we call d the usualjnetric for P". Unless stated otherwise, we shall assume
that R" is assigned the usual metric. To see that d is a metric for R", it will be helpful
to review some of the vector properties of P'.

For points a = (a1, .. ., an) and b = (bL, ..., b
a b are defined by

a—b=(ai—bi,...,an—bn)

It is often said that addition and subtraction in R" are defined coordinatewise. The
dot product or scalar product a• b is defined by

a•b = ab1.

The norm or length Hall of a vector a is the distance from a to the origin 0 =
(0, .. . , 0) (the point all of whose coordinates are zero):

,n
hall = d(a, 0) =

'i—i

With this notation, the distance between two vectors is simply the norm of their
difference: d(a, b) = ha — bll.

Theorem 3.1: The Cauchy-Schwarz Inequality For any points a = (a,,...,
a,,) and b = (b,, . . ., bn) in

la'bl� hlahhhlbhl.

Proof: If either a or b is the origin, the result is true because both sides of the
inequality reduce to zero. Thus we may assume that both a and b have at least one
non-zero coordinate and hence that hail and hlbhl are both positive numbers.
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For eachi=1,...,n,

(lad lb,l\2
Ilbil)

so

ii 1. 2 iJa, u,

hail li1'hi ' hlahi2 01,02

Then

Pt I 1. ni 2

,f', Ihaihilbil hibhl2

Splitting the right hand side into two sums and factoring constant ter?ns from both
sides gives

hiahhflbil
laibii

Thus

hlahiObih
ha1b1i � 1

so

labl = � laibil � ilahlihbhl.

Theorem 3.2: The Mlnkowski Inequality For any points a = (a,, . .., a,,)
and b (b,, . . ., b,,) in R",

ha + bll � hail + libhi.

Proof: The Inequality applies to produce the following:

= ilaih2 + 2a•b + hibhi2 � hiahi2 + 2ilahiiibhi + hlbii2 = (hail + ilbhl)2.
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Taking square roots of the first and last terms gives the desired result ha + bhl �
hail + llbhi. 0

We are now ready to prove that d is a metric for P". It follows directly from
the definition that d(x, y) = 0 precisely when x = y and that d(x, y) = d(y, x). The
proof of the remaining metric property, the Triangle Inequality, will use the Mm-
kowski Inequality. For points x = (x1,.. . , y = (yi,.. . , and z = (zt,.

in P",

d(x,z)= hlx—ziI
= il(x—y)+(y—z)hi � Ox—yhl + hly—zil =d(x,y)+d(y,z).

Thus d is a metric and (nfl, d) is a metric space.

Example 3.1.1 The Taxicab Metric for R"

Define a function d' on IR" X as follows: For x = (x1, . . . , and y = (Ya,

d'(x, y) = lxi — y,I.

The proof that d' is a metric is left to the reader. It is called the taxicab metric
because, in the plane, the distance from x to y is the sum of the lengths of a
horizontal segment and a vertical segment ("streets") joining x to y.

Y=O'I.Y2)

1X2 Y21

—)'il

x = .X2)

FIGURE 3.1
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Example 3.1.2 The Max Metric for

Another metric d' for IR" is defined by taking the largest or maximum of the
absolute values of the differences of the coordinates of x and

d'(x, y) = max { lxi — y,l

It should be clear that d' satisfies properties (a)and (b) in the definition of metric.
To see that it also satisfies the Triangle Inequality, consider points x = (x1,...,

y = (yi, . . . , and z = (z1, .. .,

z) = max { 1x1 — zjl

=max{l(xj—y,)+(y,—z,)l)7..,�max{lx,—y,I+ly,—zjl}7..1
� max { lx, — y,l }?-i + max { I y, — z,I = d'(x, y) + d'(y, z).

Example 3.1.3

For an arbitrary set X, define d(x, y) to be 0 when x = y and 1 when x # y. The
reader should check to see that d is a metric; it is called the discrete metric and
is usually of little interest. It does demonstrate, however, that every set can be
assigned a metric.

Example 3.1.4

Consider the set e[a, b] of all continuous real-valued functions defined on a
given closed interval [a, b]. Forf g in e[a, b], define

b

p(f; g)
=

5 1(x) — dx.

The fact that p is a metric follows easily from properties of the Riemann integral.
This metric measures the "distance" between two functions to be the area en-
closed between their graphs from x = a to x = b.

a

FIGURE 3.2

I

b



60 THREE / METRIC SPACES

Example 3.1.5

For the set ê[a, b] of Example 3.1.4, define p' by

p'(fg) = lub {If(x) — g(x)I: xE [a, b]}.

The proof that p' is a metric is left to the reader. (A proof of the Triangle Inequality
can be made along the lines of Example 3.1.2.) The metric p' is called the su-
premum metric or the uniform metric for (Y[a, bJ. It measures the "distance"
from Ito g as the supremum (which, in this case, is the same as the maximum)
of vertical distances from points (x, 1(x)) to (x, g(x)) on the graphs off and g.

Examples 3.1.4 and 3.1.5 suggest an important point about the value of gen-
eralization and abstraction. When people think of metric spaces, they usually con-
ceive something like the plane with its usual distance function. Imagination and
geometric intuition may suggest theorems whose proofs depend only on properties
which the plane shares with other metric spaces. Such theorems would, of course,
be true for all metric spaces, including the spaces of Examples 3.1.4 and 3.1.5. The
process of generalization, which brings under one umbrella a large collection of
apparently disparate objects, has been one of the great advances of modern math-
ematics. It gives much more than the simple economic benefit of not having to
give a separate proof for each special situation; it also gives new and decisive insights
into complicated phenomena and suggests new relationships where none had been
seen before. In short, generalization and abstraction of mathematical concepts pro-
vide a deeper and more profound understanding than can be attained by considering
each example in isolation.

Definition: Let (X, d) be a metric space and A a non-empty subset of X.
If (d(x, y): x, y E A) has an upper bound, then A is called a bounded set and
lub {d(x, y): x, yE A) is called the diameter D(A) ofA. For completeness, we define
the diameter of the empty set to be zero. If the set Xis bounded, then (X, d) is called
a bounded metric space.

Example 3.1.6

Consider the unit square

S = {x = (x1, x2): 0 � x, � 1; i = 1, 2)

in P2. With the usual metric d, this set has diameter with the taxicab metric
d', its diameter is 2; with the max metric d", its diameter is 1; and with the
discrete metric its diameter is 1.
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Definition: Let (X, d) be a metric space, A a non-empty subset oil, andx a point
ofl. The distance d(x, A) from x to A is defined by

d(x, A) = glb(d(x, y): y E A).

EXERCISE 3.1

1. For a = (—2, 1) and b = (3,4) in R2, compute the distance from a to b in each of the
following metrics: (a) usual, (b) taxicab, (c) max, (d) discrete.

2. Determine the distance from (3,4) to the unit square [0, 1] X 10, 1] in P2 with respect
to each of the four metrics listed in Problem 1.

3. Prove that the taxicab metric d' is actually a metric for P".

4. Prove that each of the following functions is a metric:

(a) the discrete metric of Example 3.1.3

(b) the function p of Example 3.1.4

(c) the function p' of Example 3.1.5

5. Describe pictorially in P2 the set of points x whose distance from the origin is less than
or equal to 1 with respect to each of the following metrics: (a) usual, (b) taxicab, (c)
max, (d) discrete.

6. Repeat Problem 5 for the set of points whose distance from the origin is less than 1.

7. Describe pictorially (on a graph) the set of functions gin ê[a, b] whose distance from
a given function f is less than or equal to 1 for each of the following metrics: (a) the
integral metric p of Example 3.1.4, (b) the supremum metric p' of Example 3.1.5, (c)
the discrete metric.

8. LetB = � l}betheumtballinP3.Computethe
diameter of B for each of the following metrics: (a) usual, (b) taxicab, (c) max, (d)
discrete.

9. Show that if(X, d) is a metric space with discrete metric d and A is a subset of X with
at least two members, then the diameter of A is 1.

10. Let A = {x = (x1, x2) E P2: + � 1} and let b = (1, 1). Find the distance from b
to A for the following metrics: (a) usual, (b) taxicab, (c) max, (d) discrete.

11. Let(X, d)be a metric space andA a subset ofX. Prove that the diameter ofA is zero
if and only if A has fewer than two members.

3.2 OPEN SETS AND CLOSED SETS
IN METRIC SPACES

There will be a rather obvious parallelism between the concepts defined in
this section and those defined for the line and plane in Chapter 2.
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Definition: Let (X, d) be a metric space, a a member of X, and r a positive
number. The open ball Bd(a, r) with center a and radius r is the set

Bd(a, r) = (x E X: d(a, x) <r).

The corresponding closed ball Bd[a, rJ is defined by

Bd[a, rJ = {x E X: d(a, x) � r).

When there is only one metric under consideration, the symbols for open balls and
closed balls are sometimes simplified to B(a, r) and B[a, r).

The following example is for those who did not do Problem 5 of the preceding
exercises.

Example 3.2.1

(a) For the plane P2 with the usual metric d, Bd(O, 1) is the region inside
the circle with center at the origin 0 and radius 1. The closed ball
Bd[0, 1] is the union of Bd(0, 1) with the bounding circle.

(b) For p2 with the taxicab metric d',

Bd'(O, 1) = {(x, y) E P2: lxi + < 1)

is the interior of the diamond shown in Figure 3.3. The closed ball
Bd'[O, 1] is the union of Bd'(O, 1) with the fourbounding line segments.

FIGURE 3.3

(0,1)

—x+y= 1

—x--y= 1 x—y= I
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(c) For P2 with the max metric d",

1)= {(x,y)EP2:max{IxI, <1)

is the interior of the square of side 2 centered at 0; ijis the
union of Bdw(0, 1) with the four bounding line segments.

(—1,1) (1,I)

(—1,—i) - (1,—l)

FIGURE 3.4

(d) For any set X with the discrete metric,

B(a,r)={a} if r�1,
B[a,rJ={a} if r<1,
B[a,r]=X if r=1,

B(a,r)=B[a,r]=X if r>1.

Definition: A subset 0 of a metric space (X, d) is an open set with respect to the
metric d provided that 0 is a union of open balls. The family of open sets defined
in this way is called the topology for Xgeneraved by d. A subset C of X is a closed
set with respect to dprovided that its complement X\C is an open set with respect
tod.

As usual, when there is only one metric under consideration, repeated ref-
erences to it will be omitted.
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Theorem 3.3: The following statements are equivalent for a subset of 0 of a
metric space (X, d).

(a) 0 is an open set.
(b) For each x E 0, there is an open ball B(x, €J, for some positive radius

which is contained in 0. For 0 # X, (a) and (b) are equivalent (0:
(c) For each x E 0, d(x, X\0)> 0.

Proof: As was done for the corresponding result in 2 (Theorem 2.6), the
proof will be accomplished by showing that (a) is equivalent to (b) and (b) is equivalent
to (c). In condition (c) we again assume 0 # X since the distance from a point to
the empty set is not defined.

To see that (a) implies (b), suppose 0 is open and x E 0. Since 0 is a union
of open balls, then x belongs to some open ball B(a, r) contained in 0. Then
d(x, a) <r. Let be a positive number less than or equal to r — d(x, a). Then
B(x, C B(a, r)for the following reason: If y E B(x, b.),

d(y, a) �d(y, x) + d(x, a)< d(x, a)� r—d(x, a) +d(x, a) = r.

Thus B(x, is an open ball of positive radius centered at x and contained in 0.
The proof that (b) implies (a) is immediate: Assuming (b), 0 must be the

union of the balls B(x, b.).
To see that (b) implies (c), consider an open ball B(x, centered at x and

contained in 0. Then any point within distance ofx is in 0, so the distance from
x to X\O must be at least Thus d(x, X\0)> Ofor each x E 0.

Assuming that (c) holds, d(x, X\O) is a positive number depending on x.
This means that the distance from x to a point outside 0 must be at least so
any point within distance of x must be in 0. In other words, B(x, C 0. 0

Theorem 3.4: The open subsets of a metric space (X, d) have the following prop.
erties:

(a) X and 0 are open sets.
(b) The union of any family of open sets is open.
(c) The intersection of any finite family of open sets is open.

Proof:

(a) The entire space X is open since it is the union of all open balls of aJi
possible centers and radii. The empty set 0 is open since it is the union
of the empty collection of open balls.

(b) If (Oa: a E A) is a collection of open sets in I, then for each a in the
index set A, Oa is a union of open balls. Then Oa is the union of
all the open balls of which the open sets Oa are composed and is,
an open set.
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(c) Let be a finite collection of open sets and let x E fl7.., 01. Then
by Theorem 3.3(b) there is for each i = 1 n a positive number €,
such that B(x, C 0,. Then

fliB(x, €,) C fl 01.

But the intersection of the balls B(x, €,) is simply the ball B(x, where
= minimum so B(x, ç) is an open ball centered aix and contained

in fl7..1 0. Thus fl?..1 0, is open. 0

In Chapter 4 we shall define a topology for an arbitrary set X by taking as the
defining properties the statements (a), (b), and (c) of Theorem 3.4.

The proof of the following theorem, the analogue of Theorem 2.8, is left as
an exercise.

Theorem 3.5: The closed subsets of a metric space (X, d) have the following
properties:

(a) X and 0 are closed sets.
(b) The intersection of any family of closed sets is closed.
(c) The union of any finite family of closed sets is closed.

Example 3.2.2

Whether a set is open or not open depends upon the space in which it is con-
sidered. For example, it is common practice to identify the real line P with the
horizontal axis {(x, 0) E R2: x E P} in P2. Since P contains no open balls in P2.
then P is not open when considered as a subset of P2. Similarly, whether or not
a set is closed also depends upon the space in which it is being considered.

Example 3.2.3

In the plane with the usual metric, the setA = {(x1, x2) ER2: 0 � x, < 1; i =
1, 2} shown in Figure 3.5 is neither open nor closed.

Definition: Let (X, d) be a metric space and A a subset of I. A point x E X is a
limit point or accumulation point of A provided that every open set containing x
contains a point of A distinct from x. The set of limit points of A is called its de-
rived set.
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Theorem 3.6: Let (X, d) be a metric space and A a subset of X. A point x E X
is a limit point of A 41 and only 41 d(x, A\(x}) = 0.

The proof of Theorem 3.6 is completely analogous to that of Theorem 2.9
and is left to the reader.

Example 3.2.4

For P2 with the usual metric d:

(a) The origin is the only limit point of the sequence {(l/n,

(b) The derived set of the closed unit square S = {(x1, x2): 0 � � 1;
i = 1, 2) is precisely the set S itself.

(c) The derived set of the open unit square U = {(x1, x2): 0 <x1 < 1;
i = 1,2) is the closed unit square. Note in this case that the set Uis
a proper subset of its derived set.

(d) A finite set has no limit points.
(e) The derived set of the set R of all points (x1, x2) having rational

coordinates is the entire plane.

The proof of the following theorem is identical to that of Theorem 2.10, with
P replaced by X.

Theorem 3.7: A subset A ofa metric space (X, d) is dosed ifand only 41A contains
all its limit points.

1

FIGURE 33
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Definition: Let (X, d) be a metric space and a sequence of points oil.
Then converges to the point x El, orx is the limit of the sequence, provided
that given 0 there is a positive integer N such that N, then x)
A sequence that converges is called a convergent sequence.

Since x) is equivalent to E B(x, the definition of convergence
can be restated as follows: A sequence in a metric space I converges to
x E I if and only ((for each €> 0 the open ball B(x, contains for all but a
finite number of positive integers n.

Theorem 3.8: A sequence in a metric space cannot converge to more than
one limit.

Proof: Suppose to the contrary that converges to two distinct limits a and
b in the metric space (X, d). Let = b). By definition, there must exist integers
Na and Nb such that if n � Na, then a) < and if n � Nb, then

b) <€. This means that both a) and b) are less than when n is
greater than or equal to the larger OfNa and Nb. Then

d(a, b) <d(a, b), an obvious contradiction. Thus the assumption that
converges to more than one limit must be false. 0

Theorem 3.9: Let (I, d) be a metric space and A a subset of I.

(a) A point x in I is a limit point of A if and only if there is a sequence of
distinct points of A which converges to x.

(b) The set A is closed jfand only if each convergent sequence ofpoints ofA
converges to a point of A.

Proof:

(a) Suppose first that x is a limit point of A. Then there is a member x, of
A distinct from x in the open ballB(x, 1). Proceeding inductively, suppose
that the first n — 1 terms x1 have been chosen, all distinct from
each other andfrom x. It is left as an easy exercise to show that the finite
set [x1)?:,' has no limit points and is therefore a closed set. Then the
complement X\ {x,)?./ is open, so B(x, 1/n) fl (X\ (x1)7/) is an open set
containing x and must contain a point of A distinct from x. The fact
that d(x, x,) < 1/n insures that the resulting sequence converges
to x. Since is always chosen in the complement of {x,)7./, it follows
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that the terms of the sequence are all distinct. Thus there is a sequence
of distinct points of A which converges to x.

For the reverse suppose that there is a sequence
of distinct points ofA which converges to x. Let 0 be an open set

containing x and a positive number for which B(x, C 0. By the
definition of convergent sequence, there is a positive integer Nfor which

E B(x, all n � N. Since B(x, C 0, we conclude that 0 contains
points of A distinct from x and that x is a limit point of A.

(b) To prove (b), suppose first that A is closed and consider a convergent
sequence ofpoints of A which converges to a point y in X. It must
be shown that y is in A.

If the range of the sequence is infinite, it follows easily that
y is a limit point of this set. Since A is closed, then y belongs to A. If on
the other hand, the range of is finite, then convergence of the
sequence requires that it be constant from some point on, and this constant
value = y, n � N, is the limit of the sequence. Since each term of the
sequence belongs to A, then y belongs to A in this case also.

To complete the proof suppose that each convergent sequence of
points of A converges to a point of A. We shall show that A is closed by
showing that it contains all its limit points and invoking Theorem 3.7.

Let x be a limit point ofA. By part (a), there is a sequence of distinct
points of A which converges to x. By hypothesis, such a convergent se-
quence of points of A must converge to a point of A. Since the sequence
cannot converge to two different limits, the one point x to which it does
converge must be in A. We conclude that A contains all its limit points,
so Theorem 3.7 guarantees that A is a closed set. This completes
the proof 0

Corollary: Let x be a limit point of a subset A of a metric space X. Then every
open set containing x contains infinitely many members of A.

EXERCISE 3.2

1. For metric space (X, d), a E X, and r> 0, prove that the open ball B(a, r) is an open
set and the closed ball B[a, r] is a closed set.

2. Show that a finite subset of a metric space has ilo limit points and is therefore a
closed set.

3. Prove Theorem 3.5.

4. Prove Theorem 3.6.

5. Show that the limit of a convergent sequence of distinct points in a metric space is a
limit point of the range of the sequence. Give an example to show that this is not true
if the word "distinct" is omitted.
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6. Determine whether the setA of Example 3.2.3 is open, closed, or neither for the taxicab
and max metrics.

7. Prove that a non-empty subset C of a metric space (X, d) is a closed set if and only if
d(x, C)> 0 for each x C.

8. Prove that d(a, B U C) is the smaller of d(a, B) and d(a, C) for a point a and subsets
B, C of a metric space.

9. Let (X, d) be a metric space with the discrete metric.
Prove:

(a) Every subset of X is open.

(b) Every subset of X is closed.

(c) No subset of X has a limit point.

10. Let (X, d) be a metric space and x1, x2 distinct points of X. Prove that there are disjoint
open sets and 02 containing x1 and x2, respectively.

11. Show that the result of Problem 10 remains true when x2 is replaced by a closed set C2
which does not contain x1.

12. Show that the result of Problem 10 remains true when x1, x2 are replaced by disjoint
closed sets C1, C2.

13. Show that every open ball in P2 contains a point x = (xi, x2) both of whose coordinates
are rational.

14. Let R denote the subset of(R" consisting ofpointsx = (x1,. . . , of whose coordinates
are rational.

(a) Prove that every non-empty open set in R" contains a member of R.

(b) Prove that every non-empty open set in P" contains infinitely many members
of R.

(c) Prove that every point of P" is a limit point of R.

3.3 INTERIOR, CLOSURE, AND BOUNDARY

This section introduces ideas closely related to open sets and closed sets.

Definition: Let A be a subset of a metric space X. A point x in A is an interior
point of A, or A is a neighborhood of x, provided that there is an open set 0 which
contains x and is contained in A. The interior of A, denoted mt A, is the set of all
interior points of A.

In the preceding definition, note that if 0 is an open set contained in A, then
every point of 0 is an interior point of A. Hence the interior of A contains every
open set contained in A and is the union of this family of open sets. This description
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x

reveals two facts about interiors: (1) The interior of a set A is necessarily an open
set. (2) mt A is the largest open set contained in A, in the sense that if U is an open
set contained in A, then U C mt A.

Example 3.3.1

Consider IR with the usual metric, as defined in Chapter 2.

(a) Fora,bERwitha<b,

mt (a, b) = mt [a, b) = mt (a, b] = mt [a, bJ =(a, b).

(b) The interior of a finite set is empty since such a set contains no open
interval.

(c) The interior of the set of irrational numbers is empty since every open
interval contains some rational numbers (Theorem 2.1). The interior
of the set of rational numbers is also empty. (An open interval must
be uncountable since it is equivalent to P. Hence an open interval
cannot contain only rational numbers because the set of rational
numbers is countable.)

(d) mt 0 = 0; mt P = P.

Example 3.3.2

Consider P2 with the usual metric.

(a) If a E and r> 0, then

mt B(a, r) = mt B[a, r] = B(a, r).

(b) The interior of a finite set is empty.
(c) The interior of the set of points with rational coordinates is empty.

So is the interior of the set of points having at least one irrational
coordinate.

(d) mt 0 = 0; mt p2 = p2

X\A

FIGURE 3.6 The point a is an interior point of A.
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It is left as an exercise for the reader to show that all parts of Example 3.3.2
generalize to Pbs.

Definition: The closure Aofa subset A of a metric space Xis the union ofA with
its set of limit points:

A=AUA'

where A' is the derived set of A.

The preceding definition can be rephrased as follows: A point xis in A provided
that either XE A or every open set containing x contains a point of A distinct from
x. If x E A, then every open set containing x contains a point of A, namely x itself
Thus if we omit the phrase "distinct from x" in the description of limit point, we
may reformulate the definition of closure: x E A if and only if every open set
containing x contains a point of A.

Example 33.3

Consider P with the usual metric.

(a) For a, b E P with a < b,

(a, b) = [a, b) = (a, b] = [a, b] = [a, b]

(b) If A is a finite set, then A = A because the derived set A' is empty.
(c) The closure of the set of rational numbers is P. The closure of the set

of irrational numbers is also P. (Every open interval contains both
rational and irrational numbers.)

(d)

Example 33.4
Consider with the usual metric.

(a) If a E P" and r> 0, then

B(a, r) = B[a, r] = B[a, r].

(b) If A is a finite set, then A = A.
(c) Let R be the subset of P" consisting of all having only rational

coordinates. Then R = P'2. To see this, let a = (a1,. . . , E P'2 and
let 0 be an open set containing a. By Theorem 3.3, there is an open
ball B(a, r) ofpositive radius rcontained in 0. By Theorem 2.1, there
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is for each i = 1, .. ., n a rational number x, between a — and
a + Then x = (x1, .. . , E R and

'S 1/2 1' 1/2

d(a, x)
=

(a, —

x E B(a, r) C 0.

Thus a E E so = P'S. The complement I = R'S\R consisting of
points having at least one irrational coordinate has the property I =
P'S by a similar argument.

(d)

The next two theorems explain the relations between closures and closed sets.

Theorem 3.10: If A is a subset of a metric space X, then A is a closed set and is
a subset of every closed set containing A.

Proof: By Theorem 3.7, showing that A is closed can be accomplished by showing
that it contains all its limit points. Suppose x A. Then there is an open set 0
containing x which contains no point of A. But if 0 contains no point of A, then it
cannot contain a limit point of A either. (If an open set contains a limit point of A,
then it must contain a point of A, by the definition of limit point.) Thus 0 contains
no point of A, so x is not a limit point of A. This means that all limit points of A
must necessarily be in A. By Theorem 3.7, this is equivalent to saying that A is a
closed set.

Suppose now that F is a closed subset ofx for which A C F. Then A C P (as
the reader will prove in Problem 5 of Exercise 3.3) and, since F contains all its limit
points, then F = F U F' = F. Thus A C Ffor every closed set F containing A. 0

Since A is a closed set which is a subset of every closed set containing A, we
may justifiably say that A is the smallest closed set which contains A. Equivalently,
A is the intersection of all closed sets containing A. Note the duality between A,
the smallest closed set containing A, and mt A, the largest open set contained in A.
This duality is further illustrated by the next theorem, whose proof is left to the
reader.

Theorem 3.11: Let A be a subset of a metric space X.

(a) A is open if and only A = mt A.

(b) A is closed if and only if A = A.
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Definition: Let A be a subset of a metric space X. A point x E X is a boundary
point of A provided that x belongs to A and to (X\4). The set of boundary points of
A is called the boundary of A and is denoted by bdy A.

x

FIGURE 3.7 The point b Is a boundary point of A.

It follows immediately from the definition that a set and its complement have
the same boundary. The readers should test their knowledge of the definitions in
this chapter by explaining why the following statements are equivalent for a subset
A and point x in a metric space X:

4
(1) xEbdyA.
(2) xE(A\intA).
(3) Every open set containing x contains a point of A and a point of X\A.
(4) Every neighborhood of x contains a point of A and a point of X\A.
(5) d(x,A)=_d(x,X\A)=O.
(6) xEAfl(XV4).

Example 3.3.5

(a) The boundary of any interval in P with endpoints a and b is {a, b}.
(b) In P's,

bdy B(a, r) = bdy B[a, r] = {x E d(a, x) = r}.

(c) The boundary of the set of all points of P' having only rational
ordinates is P".

(d) In any metric space X,

My 0 = My X = 0.

X\A
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EXERCISE 3.3

1. Show that Example 3.3.2 generalizes to P".

2. In R denote the set of points having only rational coordinates and fits comple-
ment, the set of points having at least one irrational coordinate.
Prove that

(a) intR=intl=Ø.
(b) I( = I' = nfl, where A! and I' are the derived sets of.R and I.

(c) bdyR=bdyl=R".

3. For a subset A of a metric space X, prove that

(a) A = X if and only if mt (X\A) = 0.
(b) (X\A) = X\intA.

4. For a subset A of a metric space(X, d), prove that

(a) x E A if and only if A) =0.

(b) xE intA if and only if 0. (Assume A #1.)

5. Let A, B be subsets of a metric space with A C B.
Prove that

(a) mt A C mt B;

(b)

(c) A' C B'.

Give an example for which A C B but neither My A nor My B is a subset of the other.

6. ProveTheorem 3.11.

7. Show that in any metric space,

(a) 2=A,(b)int(intA)=intA.

8. Prove that the boundary of a subset A of a metric space Xis always a closed set.

9. Let X be a metric space and A a subset of X.
Prove:

(a) A is open if and only if My A C X\A.

(b) AisclosedifandonlyifMyACA.

(c) A is both open and closed if and only ifMyA = 0.
10. Let X be a space with the discrete metric. Show that every subset of I has empty

boundary.

11. Let A, B be subsets of a metric space. Show that A U B = A U and that A fl B C
A fl if Give an example to show that A fl B and A (1 may not be equal.
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3.4 CONTINUOUS FUNCTIONS

This section introduces continuity for functions from one metfic space to
another. The definition is a natural generalization of continuity for a function
f: IR P. The primary purpose of the section is to show that continuity for functions
on metric spaces can be described in terms of the topologies of the domain and
range spaces.

The reader is probably familiar with the definition of continuity for functions
on P:

Definition: Letfi A P be afunction from a subset A of P to P and let a E A.
Then I is continuous at a iffor each positive number there is a positive number 6
such that ifx E A and x — al <6, then If(x) — f(a)I <€. 1ff is continuous for
each a E A, then it is said simply that f is continuous.

The definition of continuity is extended to functions on arbitrary metric spaces
as follows:

Definition: Let (X, d) and (Y, d') be metric spaces andf X Yafunction: Then
f is continuous at the point a in X iffor each positive number there is a positive
number 6 such that if x E X and d(x, a) <6, then d'(f(x), f(a)) <. A function is
said to be continuous provided that it is continuous at each point of its domain.

The definition of continuity can be restated in terms of open balls as follows:
f is continuous at a E X means that for each open ball Bd'(f(a), €) centered at
f(a), there is an open ball Bd(a, 6) such that the image f(Bd(a, 6)) is a subset of
Bd'(f(a),

The next theorem is a direct analogue of a theorem for real functions.

Theorem 3.12: Let fi X Y be a function from metric space (I, d) to metric
space (Y, d') and let a E X. Then f is continuous at a if and only iffor each sequence

in X converging to a, the sequence converges tof(a).

Proof: Supposefirst that f is continuous at a and let be a sequence in X
converging to a. It must be shown that converges to f(a). With this in
mind, let be a positive number. Sincef is continuous at a, there is a positive number
o such that if x E X and d(x a) <0, then d'(f(x), f(a)) Since converges
to a, there is a positive integer N such that jfn � N, then a) <0. The choice
of 0 now insures that d'(f(x,J, f(a)) < n � N, so converges tof(a).

The reverse implication will be proved in contrapositiveforin: 1ff is not con
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tinuous at a, then there is a sequence in X converging to a for which
does not converge tof(a). 1ff is not continuous at a, then there is a positive

number with the property that if ô> 0 then there is an x (depending on ô) in X
such that d(x, a) <5 but d'(f(x), f(a)) � c. In particular, there is such a point
the reciprocal 1/n of each positive integer n:

a) < 1/n, but �
The preceding line shows that converges to a and that does not
converge tof(a). 0

Theorem 3.13: The following statements are equivalent for a function ffrom
metric space (X, d) to metric space (Y, d9:

(1) f is continuous.
(2) For each sequence converging to a point a in X, the sequence

converges tof(a).

(3) For each open set 0 in Y, f'(O) is open in X.
(4) For each closed set C in Y, f'(C) is closed in X.

Proof: The equivalence of(1) and (2) is established by applying Theorem 3.12 at
each point a E X.

The equivalence of(3) and (4) follows from the duality between open sets and
closed sets. Suppose f'(O) is open in Xfor each open set 0 in Y and let C be a
closed subset of Y. Then Y\C is open sof'(Y\C) is open in X, and XV '(Y\C))
is closed in X. But

X\f'(Y\C) = X\(X\f'(C)) =f'(C),

sof'(C) is closed in Xfor each closed subset C of Y. The analogous argument that
(4) implies (3) is left as an exercise.

It now remains to be proved that (1) and (3) are equivalent. Suppose first that
f is continuous and let 0 be open in Y. It must be proved thatf'(O) is open in X.
Let a E f'(O). Then f(a) belongs to the open set 0 so there is an open ball
Bd'(f(a), r), r> 0, in Y centered at a and contained in 0 Since f is continuous
at a, there is a positive number iS such that if x E X and d(x, a)'< iS, then d'(f(x),
f(a)) <r. This means that

f(Bd(a, iS,)) C Bd'(f(a), r) C 0

so

Bd(a, 6) Cf'(O).
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Since 1 -'(0) contains such an open ball centered at each of its points, then I
is open.

Suppose now thatf'(O) is open in Xfor each open subset 0 of Y. For a E X
and €> 0, Bd'(f(a), is an open set in Y, so f'(Bd'(f(a), must be open in X.
Since a belongs tof'(Bd'(f(a), E)), there is an open ball Bd(a, 6) of positive radius
8 contained inf'(Bd'(f(a), c)). Then

f(Bd(a, 8)) C Bd'(f(a), €).

But this simply means that if x E X and d(x, a) <6, then d'(f(x), f(a)) <€. Thusf
is continuous at each point a in X, sof is continuous. 0

Statement (3) of Theorem 3.13 describes continuity of functions on metric
spaces in terms of the topologies of the domain and range spaces. In the next
chapter, where we shall deal with collections of open sets not necessarily determined
by metrics, this property will be used as an alternate definition of continuity.

EXERCISE 3.4

1. Let X and Y be metric spaces and let a be a point of X which is not a limit point of X.
Show that every functionfi X Y is continuous at a. Illustrate this phenomenon with
a function 1: A P from a subset A of P to P.

2. Prove that (4) implies (3) in Theorem 3.13.

3. Let f: X Y be a function on the indicated metric spaces and let a be a point of I.
Prove thatfis continuous at a if and only if for each open set 0 containingfta),f'(0)
is a neighborhood of a.

4. Let!: X Y be a function on the indicated metric spaces. Prove that the following
statements are equivalent:

(a) f is continuous.

(b) For each subset A of X, f(A) Cf(A).

(c) For each subset B of Y,f'(int B) C intf'(B).
5. Show that every function f: X Y for which the domain X has the discrete metric is

continuous.

6. Let I be a metric space with metric d and A a non-empty subset of X. Define!: I P

by

1(x) = d(x, A), x E I.

Show thatfis continuous.

7. Suppose that!: X Y and g: Y Z are continuous functions on the indicated metric
spaces. Prove that the composite function g .f: I Z is continuous.



78 THREE / METRIC SPACES

3.5 EQUIVALENCE OF METRIC SPACES

What should it mean to say that two metric spaces (X, d) and (Y, d') are
equivalent? The present section answers this question in two ways, both of which
require a one-to-one correspondence between Xand Y. The first form of equivalence,
called metric equivalence, requires that for every pair of points a, bE X, the distance
from a to b must be the same as the distance between the corresponding points of
Y. The second definition of equivalence, called topological equivalence, is a condition
on the topologies for X and Y determined by their respective metrics.

Definition: Metric spaces (X, d) and (Y, d') are metrically equivalent or isometric
if there is a one-to-onefunctionf. X Yfrom X onto Y such that for all a, b E X,

d(a, b) = d'(f(a),f(b)).

The function us called an isometry.

The following observations show that metric equivalence is an equivalence
relation:

(a) The identity function on any metric space is an isometry, so metric
equivalence is a reflexive relation.

(b) 1ff: X-* Yis an isometry from Xonto Y, then the inverse functionf':
Y Xis an isometry from Y onto X. Thus the relation is symmetric.

(c) The composition of two isometries is an isometry, so metric equivalence
is also a transitive relation.

Definition: Metric spaces (X, d) and (Y, d') are topologically equivalent or ho-
meomorphic jf there is a one-to-one function f. X Yfrom X onto Yfor which
fand the inversefunctionf' are both continuous. Thefunctionfis called a homeo-
morphism.

Recall from Theorem 3.13 that continuity off: X -* Y can be expressed by
saying thatf'(O) is open in X for each open subset 0 of Y. Similarly, f': Y -.
Xis continuous provided that (f')'(U) =f(U) is open in Yfor such open subset
U of I. Thus a one-to-one function f from X onto Y is a homeomorphism pro-
vided that a subset 0 of Y is open if and only iff'(O) is open in X.

It is left as an easy exercise to show that topological equivalence is an equiv-
alence relation.

Since each isometry is a continuous map, it follows that topological equiva-
lence is weaker than metric equivalence. In other words, if(X, d) and (Y, d') are
metrically equivalent, then they must be topologically equivalent also.
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Example 33.1

Consider the metric spaces I = (0, 1) and Y = (0, 2) with
by the usual metric on the real line. The functionfi I Y defined by

fix)=2x, xE(O,l),

is a homeomorphism but not an isometry. Since X has diameter 1 and Y has
diameter 2, land Y cannot be isometric.

Example 33.2

The open intervals (a, b), a <b, and (0, 1) are topologically equivalent when
considered as metric spaces with metrics given by the usual method of measuring
distances in CR. This follows from the fact that the function f: (0, 1) (a, b)
defined by

1(x) = (b — a)x + a, x E (0, 1),

is a homeomorphism.

Example 33.3

Recall from calculus that the function g: (— ir/2, ir/2) CR defined by

g(x) = tan x, x E (—7r/2, ir/2),

is a one-to-one correspondence, is continuous, and has as inverse function the
principal arctangent function, which is also continuous. Thus (—ir/2, is
topologically equivalent to CR. It is left as an exercise to show that unbounded
open intervals (—oo, a) and (a, ao) are topologically equivalent to CR. Since to-
pological equivalence is an equivalence relation, this example shows that all
open intervals on CR are topologically equivalent to each other and to the entire
real line.

The next theorem gives conditions under which two different metrics for a
set I determine the same family of open sets. A lemma will be needed.

Lemma: Let d1 and d2 be two metrics for the set I and suppose that there is a
positive number c such that d,(x, y) � cd2(x, y) for all x, y E X. Then the identity
function i: (X, d2) (X, d1) is continuous.
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Proof: Let a E X and let be a positive number. Then if ô = and x is a
member ofXfor which d2(x, a) <ô, then

d1(i(x), i(a)) = d1(x, a) � cd2(x, a) <cö =

Thus dj(i(x), i(a)) < whenever d2(x, a) < L Thus i: (X, d2) -+ (X, d1) is
continuous. 0

Theorem 3.14: Let d, and d2 be two metrics for the set X and suppose there are
positive numbers c and c' such that

dj(x,y)�cd2('x,y),

for all x, y E X. Then the identity function on X is a homeomorphism between
(X, d1) and (X, d2).

Proof: The identity map is clearly a one-to-one correspondence from X onto itself
Continuity in both directions is guaranteed by the preceding lemma. 0

Definition: Metrics d1 and d2for a set X which determine the same topology are
called equivalent metrics.

For metrics d1, d2 on a set X satisfying the hypotheses of Theorem 3.14, the
description of continuity for the identity function in terms of open sets shows that
d1 and d2 are equivalent: Since i: (X, d1) (X, d2) is continuous, then for each d2-
open set 0, i'(O) = 0 is also d1-.open. Since i' = i: (X, d2) (X, d1) is continuous,
then for each d1-open set U, i'(U) = U is also d2-open. Hence d1 and d2 determine
precisely the same open sets.

Example 33.4

Consider the usual metric d and the taxicab metric d' for R":

n

d(x, y) = (x, — y,)2) , d'(x, y) = 1x1 — .y,I
\i=i I

for x = (x1, .. . , and y = (y1,. . . , in Ps'. Since + v2 � u + v for all
non-negative real numbers u and v, it follows that d(x, y) � d'(x, y). It is also a
simple matter to observe that d'(x, y) � nd(x, y). Hence, by Theorem 3.13, the
metrics d and d' are equivalent.
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The equivalence of d and d' is visualized in (R2 as follows: An open ball
Bd(a, r) is an "open disk" centered at a with radius r excluding the bounding
circle. An open ball Bd'(a, r) is an "open diamond" centered at a and excluding
the four bounding segments. Note that every open disk can be expressed as a
union of open diamonds, and that every open diamond can be expressed as a
union of open disks. This says simply that d and d' determine identical open
sets for

Bd(a,r)

By considerations like those of Example 3.5.4, the reader can show that the
topology for determined by the max metric is identical with that determined by
the usual and taxicab metrics.

EXERCISE 3.5

1. Show that any two non-degenerate closed and bounded intervals are topologically
equivalent.

2. Show that two metric spaces with discrete metrics are isometric if and only if they have
the same cardinal number.

3. Prove that topological equivalence is an equivalence relation for metric spaces.

4. Suppose that d1 and d2 are metrics for I and c is a positive number for which
d1(x, y) � cd2(x, y). Prove that nc) C Bd(x, r).

FIGURE 3.8
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5. For the usual metric d and the max metric d' on R", prove that, for all x, yin R",

d"(x, y) � d(x, y) � y).

Conclude that d and d' are equivalent metrics.

6. Show that every metric space (I, d) is topologically equivalent to a bounded metric
space. (Hint: Let d'(x, y) = mm {l, d(x, y)}, the minimum of 1 and y). The metric
d'(x, y) = d(x, y)/(l + d(x, y)) is somewhat more complicated but illustrates the same
phenomenon.)

7. The open unit n-cube P is the subset of defined by f' = {x = (x1, ..., Xn) E pn:

0 <x1 < 1 for i = 1,..., n} with the metric determined by the usual metric dofR".
Prove that is topologcally equivalent to R".

8. For a, b E R", prove that there is an isometry of R" onto itself which maps a to b.

9. Let 1:1 Y be an isometry between metric spaces (X, d) and (Y, d'). Show that for
each a land r> 0,

f(Bd(a, r)) = Bd'(f(a), r).

3.6 NEW SPACES FROM OLD

There are two standard methods of building new metric spaces from those at
hand. The first method, which produces subspaces, involves simply taking a subset
Y of a given metric space X and measuring distances in Y with the metric of I.
We have already considered intervals as subspaces of P in the preceding section.
The second method of building new spaces assigns a metric to the Cartesian product
of metric spaces.

Definition: Let (X, d) be a metric space and Y a subset of X. The metric space
(Y, d'), where d' is the restriction of d to Y X Y, is called a subsj,ace of(X, d).

Example 3.6.1

The following are commonly used subspaces of Eucidean spaces.

(a) The unit n-cube is the set

fori=1,...,n}

with the subspace metric induced by the usual metric d:

d'(x, y) = (x, — y1)2
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(b) The n-dimensional unit sphere Sn is the set

( n+1

I. i—i

with the metric induced by t Thus 5' is the unit circle in P2 and S2
is the unit sphere in P3. Note that 5' is a curve, so it is a one-dimen-
sional object even though it is a subspace of P2. Aiso, is a surface,
so it is a two-dimensional object even though it is a subspace of P3.
In general, 5? is an n-dimensional object in LRnui.

(c) The n-dimensional unit ball B" is the set

= = (x,, .. . , E �
with metric induced by d. The boundary of B" is

(d) For n � 2, consider the set

= {x = (x,, .. . , x,,) E P": Xn = 0)

with metric induced by d. Then is a subspace of P" and is iso-
metric to under the correspondence

(x,, . . . , (x,, . . . ,

(The only distinction between and is the extra 0 for points
in A"'.) For this reason, it is often said that is a subspace of
Thus we consider the real line to be a subspace of the plane, the plane
to be a subspace of three-dimensional space, and so on. To be abso-
lutely correct, it should be said that is metrically equivalent to
a subspace of R" or that is isometrically embedded in R". For all
practical purposes, no distinction is made between a metric space and
an isometric copy of it.

Definition: Let ((X1, be a finite collection of metric spaces. The product
metric space (X, d) is the Cartesian product

I—'

of the sets X1, .. . , Xn with the product metric d defined by

'i—i
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for x = (xj, . . ., and y = (y, in X. The spaces (X1, d1) are called the
coordinate spaces or the factors of the product space (X, d).

It is not altogether obvious that what has been called the product metric'is
actually a metric. This is proved in the next theorem.

Theorem 3.15: If {(X1, is a sequence of metric spaces, then the product
metric is a metric for the product set X = X1.

Proof: Consider points x = (xj,.. . , y = (yr, . . . , yb), and z = (zj
in X. Since each d1 is a metric, the properties d(x, y) � 0, d(x, y) = 0 only when
x = y, and d(x, y) = d(y, x) followfrom the corresponding properties in the coordinate
spaces. As usual, it is the Triangle Inequality that requires more attention. Note
that

d(x, z)2 = (d1(x1, z,))2 � [d1(x1, y,) + d1('y,, z,)f

=
(d1('x1, yj)2 + 2 d1(x,, y1)d1(y1, z.) + (d1(y1, z1))2

� (d(x, y))2 + 2d(x, y)d(y, z) + (d(y, z))2 = [d(x, y) + d(y, z)f.

The last inequality follows from the Cauchy-Schwarz Inequality (Theorem 3.1).
Thus we conclude that d(x, z) � d(x, y) + d(y, z) and that d is actually a metric. 0

Example 3.6.2

Euclidean n-dimensional space with its usual metric d, is the product of the
real line P taken as coordinate space n times:

-

where (X1, d1) = (P, usual metric) for i = 1, .. ., n.

Example 3.6.3

Hilbert space H consists of all infinite sequences x = (x1, . . . ,

x, for which converges to a finite
limit. The number

lxii =
'I..'
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is called the norm of x. For x = (x1, . . . . . .) and y = . . . , .. .) in
H, the distance from x to y is defined by

d(x, y) = — y,)2

In order to show that d(x, y) is actually well-defined, it must be proved that
(x, — is a convergent series. To this end, consider a finite sum

(x1 — y,)2:

1/2

+ 2( +
i—i i—i 1.—i i—.i

the last inequality following from the Cauchy-Schwarz Inequality. Since
� 11x112 and y? � 11y112 regardless of the value of n, then

(x, — � + 2flxII + 11y112 = (lixil + IIyII)2,

so (x1 — y,)2 is bounded for all n by (lixil + IIyH)2. Since a bounded series
of non-negative real numbers is convergent, then (x1 — converges. The
proof that dis a metric is similar to the proof that the usual distance function on
P" is a metric and is left to the reader.

Note that the correspondence

(x1, .. . , (x1, . .. , 0, 0, 0, ..

between points of R" and points of H which have non-zero coordinates in at
most the first n terms, is an isometry between P" and a subspace of H. Thus R"
is isometrically embedded in H, and we may consider P" as a subspace of H.

Hilbert space, with its infinite number of coordinates, suggests the possibility
of infinite products of metric spaces. We shall consider such products in Chapters
7 and 8.

EXERCISE 3.6

1. Let (X, d) be a metric space and (Y, d') a subspace. Prove that the inclusion map
1:

i(y)=y, yEY,
is continuous.
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2. Suppose that metric space (X,, d,) is topologically equivalent to (Y,, for i = 1,.
n. Show that the product metric spaces X = X, and Y = Y, are topologically
equivalent.

3. For i = 1, ..., n, let [a,, b,J be a non-degenerate closed, bounded interval. Prove that
the product metric space K = fl7..1 [a,, b,] is homeomorphic to the unit n-cube I".

4. Prove that each open ball B(a, r), a E r> 0, considered as a subspace of is
homeomorphic to (Hint: Show first that the unit open ball B (0, 1) with center at
the origin and radius 1 is homeomorphic to R".)

5. Let {(X,, d,)}7..1 be a sequence of metric spaces and let X = X, be the Cartesian
product set. Define metrics d' and d' on I as follows: For x = (x1, . . ., and y =

d'(x, y) = d,(x,, y,)

d'(x, y) = max {d,(x,, y,)}7—i.

Show that d' and d' are metrics and that both are equivalent to the usual product metric
d for I.

6. (a) Prove the Cauchy-Schwarz Inequality for Hilbert space H: For x = (x1,
and y= (y1,. . . , .. .) in H

00 /00

i—i \i-i F \,—i

(b) Prove the Minkowski Inequality for H:

/00 /00 /00

\i—i F \i—i 1; \,—i

(c) Define dot product x' yand vector addition x + yfor Hso that the above inequalities
can be restated

(a) ix• yJ �iixll Ii yll.

(b) lix + yil' lixil + ii yil.
(d) Prove that the distance function d for H defined in Example 3.6.3 is a metric.

7. Let (I, d) be a metric space, (Y, d') a bounded metric space, and C(X, Y) the set of all
continuous functionsfi I -. Y. Show that the function p defined forJ gin C(X, Y) by

p(f g) = sup {d'(f(x), g(x)): xE I)

is a metric for C(X, 1).
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3.7 COMPLETE METRIC SPACES

Convergence of sequences was discussed in Section 3.2. In this section, that
discussion continues in the context of a property of metric spaces which insures
the convergence of certain sequences. The property of interest is completeness.
Intuitively speaking, this property is characteristic of those spaces in which every
convergent sequence converges to a point in the space. For example, the open unit
interval (0, 1) is not complete since the sequence { converges to a point not
in (0, 1). This idea is made precise in the definitions that follow.

Definition: Let (X, d) be a metric space. A sequence of points of X is a
Cauchy sequence provided that for each positive number there is a positive integer
N such that if m and n are integers greater than or equal to N, then Xm) <E.

A comparison of definitions will reveal that every convergent sequence is
Cauchy.

Definition: A metric space (X, d) is complete if every Cauchy sequence in X
verges to a point in X.

Example 3.7.1

(a) The completeness of the real line P is a fact of elementary analysis.
A proof can also be made using Cauchy's Nested Intervals Theorem
(Theorem 2.11). The details of this process are left as an exercise for
the reader.

(b) Completeness of P" follows from that of P. To see this, consider a
Cauchy sequence in P", n � 2. For 1 � i � n, the sequence
of ith coordinates of the points Xk is a Cauchy sequence in P and
hence converges to a real number z,. It follows easily that
converges to z = (z1, z2, .. ., zn).

(c) Each closed interval [a, bJ is complete. To prove this, consider a
Cauchy sequence in [a, b]. Since P is complete, this sequence
converges to a real number x in P. Since [a, bJ is closed, it follows
easily that x belongs to [a, bJ.

(d) Open intervals and half-open, half-closed intervals are not complete.
For example, is a Cauchy sequence in (0, 1) which does not
converge to a point of (0, 1). Analogous examples show the incom-
pleteness of(a, b), (a, b], and [a, b) for all real numbers a <b.

(e) Hilbert space (Example 3.6.3) is complete. The proof of this fact is
left as an exercise.
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The preceding example shows that a subspace of a complete space may fail
to be complete. The next theorem characterizes those subspaces that do inherit the
completeness property.

Theorem 3.16: Let (X, d) be a complete metric space. A subspace A of X is
complete if and only if it is closed.

Proof: Suppose first that A is a complete subspace. It will be proved that A is
dosed by showing that A contains all its limit points. If x is a limit point of A, then
by Theorem 3.9 there is a sequence of distinct points of A which converges to x.
Since each convergent sequence is Cauchy and A is complete, the limit of this se-
quence, namely x, must be in A. Thus A is closed.

Suppose now that A is a dosed a complete metric space X. To
demonstrate that A is complete, consider a Cauchy sequence ofpoints ofA.
SinceX is complete, this sequence converges to apóintx belonging toX. By Theorem
3.7(b), the fact that A is closed insures that the limit x belongs to A. Thus each
Cauchy sequence of points of A converges to a point of A, and we condude that A
is a complete subspace. 0

Example 3.7.2

The property of completeness is not preserved by topological equivalence. In
other words, there are pairs or metric spaces which are topologically equivalent
with one space complete and the other not complete. The real line IR and the
open interval (0, 1) illustrate this phenomenon.

Definition: A subset A of a metric space X is nowhere dense in X A has empty
interior.

Example 3.7.3

(a) As subsets of the real line IR, each of the following is nowhere dense:
(i) any finite set

(ii) the range of the sequence

(iii) the set Z of integers
(b) As subsets of the plane, each of the following is nowhere dense:

(i) any finite set
(ii) the points whose coordinates are integers

(iii) any finite collection of lines
(iv) a circle
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The property of being nowhere dense is designed to describe those sets which
are "very thinly distributed" in their containing space. The thinness of the distri-
bution is reflected in the fact that the closure of a nowhere dense set does not
contain any open ball of positive radius. A set A which fails to be nowhere dense,
mt A # 0, is thought of as being "densely distributed" near the interior points of
A and is often called somewhere dense. Although we shall not have reason to use
this term, it does seem preferable to the double negative "not nowhere dense."

Definition: A metric space or subspace that is the union of a countable family of
nowhere dense sets is said to be ofthe first category. A metric space which is not of
the first category is said to be of the second category.

Example 3.7.4

(a) As a subspace of P, the set R of rational numbers is of the first cate-
gory. It is the union of a countable collection of nowhere dense sin-
gleton sets, each containing one rational number. Similarly, the
set of points in having all coordinates rational is also of the first
category.

(b) The next theorem, the Baire Category Theorem, shows that every
complete metric space is of the second category. It will justify the
present assertion that is of the second category for each positive
integer n.

From an intuitive viewpoint, the category concept describes the thinness or
thickness of the distribution of the points of a set relative to the containing space.
As we have noted, a nowhere dense set, whose closure contains no ball of positive
radius, is thought of as very thinly distributed. A set of the first category is the
union of a countable family of such thin sets, and a set of the second category
is not.

The following lemma provides a characterization of nowhere dense sets. Its
proof is left as an exercise.

Lemma: A subset A of a metric space Xis nowhere dense in X if and only if each
non-empty open set in X contains an open ball whose closure is disjoint from A.

Theorem 3.17: The Baire Category Theorem Every complete metric space,
considered as a subspace of itself is of the second category.

Proof: The proof is by contradiction. Supposing that the theorem is false, let X
be a complete metric space which is not of the second category. Then there is a
sequence of nowhere dense sets whose union is X.
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By the lemma, the open set X must contain an open ball B, whose closure
is disjoint from A1. We choose such an open ball B1 of radius less than 1. Since B,
is a non-empty open set, it must contain an open ball B2 of radius less than 1/2 for
which B2 is disjoint from A2. Proceeding inductively, we define a nested sequence

of open balls for which the radius of B,, is less than 1/n and is disjoint
from A,,. The sequence of centers of these open balls is a Cauchy sequence
which, by completeness, converges to a point x in X. Since x belongs to each of the
sets B,,, then x belongs to none of the sets A,,. Thus the union of the sets A,, cannot
equal X, contrary to the assumption that X is of the first category. Thus complete
metric spaces can be only of the second category. 0

Definition: Let (X, d) be a metric space and fi X X a function. Then f is
contractive with respect to the metric d provided that there is a positive number
a < 1 such that, for all x, y in X,

d(f(x),f(y)) � ad(x, y).

It is an easy exercise to show that a contractive function is always continuous.
In fact, any function that does not increase distance is continuous.

Theorem 3.18: The Contraction Lemma Let (X, d) be a complete metric
space andf X X a contractive function. Then there is exactly one point x in X
for whichf(x) = x.

Proof: To show the existence of such a point, choose a point x, in X and define

x2=f(x,), x3=f(x2),...,x,,=f(x,,,), n�2.

The fact that f is a contractive function insures that is a Cauchy sequence.
By completeness, this sequence has a limit x in X. Sincef. X X is continuous,
then the sequence converges to f(x). But f(x,,) = n � 1, so

is simply whose limit is x. Thusf(x) = x.
To show the required uniqueness property, suppose that y is a second point

satisfyingf(y) = y. Then

d(x, y) = d(f(x), f(y)) � ad(x, y).

Since a < 1, this relation canflot hold unless d(x, y) = 0 and x = y. 0

The point x for which f(x) = x in the proof of Theorem 3.18 is called the
fixed point of the functionf. and theorems of this type are called fixed point theorems.
This particular example, the Contraction Lemma, is extremely useful for solving
equations in function spaces and illustrates the significance of the completeness



3.7 / Complete Metric Spaces 91

property. We shall see fixed point theorems again in a more general context in
Chapters 5 and 9.

The final result of this chapter shows that every metric space can be considered
a subspace of a complete metric space, called the completion of the"given space.
Several preliminary definitions are needed.

Definition: Let (X, d) and(Y, d') be metric spaces. A distance preservingfunction
f X Yfrom X into Y is called an isometric embedding.

Definition: A subspace A of a metric space X is dense in Xprovided that A = X.

Theorem 3.19: Let (X, d) be a metric space. Then there is a complete metric
space (Y, d') and an isometric embedding e: X Y for which e(X) is a lense
subspace of Y. The space (Y, d') is unique up to metric equivalence.

Proof: Thelengthyproofofthis theorem, which defines the completion ofa metric
space (X, d), is presented in outline form. Some details of the proof are kft for the
reader as exercises.

Let be the family of all Cauchy sequences in For brevity, let us
denote a typical Cauchy sequence by Define an equivalence relation on

as follows: Cauchy sequences and (yn) are to be considered equivalent,
(yb,), provided that the sequence of reai numbers has limit

0. It is left as an exercise for the reader to verify that 'V"-' is an equivalence rela-
tion. Let Y = denote thefamily of equivalence dasses, denotes the
equivalence class of (xe,). For in Y, define

[('yn)]) = limit

to be the limit of the sequence of real numbers.
Since d' is defined for pairs of equivalence classes, it is necessary to show that

[<'yn)]) is independent of the choice of the representatives and (yn)
in their respective dasses. For Cauchy sequences and (y'n) equivalent respec-
tively to and (yn), it must be demonstrated that

limit d(xn, yn) = limit

This follows from properties of the distance function d and the fact that

limit x',) = limit = 0

and is left as an exercise. The proof that d' is a metric is also ku as an exercisq.
For x in X, the constant sequence (x) whose only value is x is dearly Cauchy

and determines a member 1(x)] of Y. Define e: X -+ Y by

e(x) = 1(x)], x E X.
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For x, y in X,

d'(e(x), e(y)) = d'([ç'x)], 1(y)]) = limit d(x, y) = d(x, y),

so e is an isometric mapping from X into Y.
To see that the closure of e(X) is Y, let be a point of Y and a positive

number. The desired conclusion will follow if it can be shown that there is some
member of e(X) whose distance from is less than . Since is Cauchy,
there is a positive integer Nfor which m, n � N imply Xm) < Let z = XN,
and consider the member [(k,)] of e(X) determined by z. Then

1(z)]) = limit z) = limit XN) � < ,

so 1(z)] is within the prescribed distance
The completeness of(Y, d') can be proved as follows. The details are left as

an exercise. First note that each Cauchy sequence in the dense subspace e(X) of Y
converges. To see this, let be a Cauchy sequence in e(X), where each
sequence (zk) has constant value a point in X, k = 1, 2, 3 Then
is a Cauchy sequence in Xand determines a member of Yto which the given Cauchy
sequence in e(X) converges. Now let be a Cauchy sequence in Y Since
e(X) is dense in Y, there is for each positive integer k a member [(z",)] in e(X) whose
distancefrom is less than 1/k. Itfollows that is a Cauchy sequence
which, as just demonstrated, converges to some member of Y. By the way the members
[(z'9] were chosen, it follows that converges to the same member of Y.
Thus Y is complete.

It remains to be shown that (Y, d') is unique up to metric equivalence. To
establish this, let (Z, d") be another complete metric space
an isometric embedding of X ill Zfor which f(X) is dense in Z. It must be proved
that (Y, d') is metrically equivalent to (Z, d"). Define F: e(X) -+ f(X) by

F(e(x)) = f(x), x E X.

This function is extended to an isometry Y Zfrom Y onto Z as follows: Let
y be a member of Y\e(X). Since e(X) is dense in Y, there is a sequence of
members of e(X) which converges to y. Then is a Cauchy sequence in Z
which, by completeness, converges to a point F(y) in Z. It is left as an exercise to
show that F is an isometry from (Y, d') onto (Z, d"). 0

Definition: Let (X, d) be a metric space. The space (Y, d') defined by Theorem
3.19 is called the completion of(X, d9.

Since we do not distinguish between isometric metric spaces, Theorem 3.19
guarantees the existence of exactly one completion for each metric space. In fact,
the uniqueness condition is often more useful in determining the completion of
metric space than the rather complicated construction described by the theorem.
This is illustrated by the following example.
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Example 3.7.5

(a) The completion of the space of rational numbers is the real line CR.
The completion construction is, in fact, often used to define the real
numbers from the rational numbers. Assuming, however, that the
real numbers have already been defined, the assertion is established
as follows: The real line is a complete metric space which contains
the metric space of rational numbers as a dense subspace. The
uniqueness of the completion shows that CR is the desired completion.

(b) The completion of(O, 1) is [0, 1]. This follows easily from the unique-
ness of the completion: [0, 1] is a complete metric space which contains
(0, 1) as a dense subspace.

Example 3.7.6 The Space C(X, CR)

This example generalizes the space ê[a, b] of continuous, real-valued functions
defined on a closed interval [a, b]. For a given metric space (X, d), C(X, CR)
denotes the family of continuous, bounded, real-valued functions with domain
X. (A bounded function!: X CR is a function whose image 1(X) is bounded.)
Forf g in C(X, CR), define

p(f g) = lub { 1(x) — g(x) I: x E X}.

The proof that p is a metric is left as an exercise. The metric p is called the
supremum metric or uniform metric for C(X, CR).

The metric space (C(X, CR), p) is a complete metric space. To see this, let
be a Cauchy sequence in C(X, CR). Then for x in X, the sequence

{ is a Cauchy sequence of real numbers which converges to a real number
1(x). This defines a function 1: X CR, called the limit of the sequence

The sequence to the limit function in the following
rather strong sense: Given > 0, there is a positive integer N such that if n � N
and x E X, then

<€.

The essential feature here is the fact that the integer N is dependent only upon
and not on the choice of x. The same integer N will suffice for each point x in

X. For this reason, the sequence is said to converge tof The
completeness of C(X, CR) will be established by showing that the limit function
I is bounded and continuous.

The fact that I is bounded follows easily: Let M be a positive integer for
which n � M implies < 1. Then sincefM is bounded andflx) andfM(x)
differ by no more than 1 for all x in X, I must be bounded also.

The continuity off is established as follows. Let x0 be a point of X
and a positive number. Let N be a positive integer such that if n � N then

f) < Since IN is continuous at x0, there is a positive number 8
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such that if d(x, x0) < 6, then d(fN(X), fN(xo)) < €/3. Thus for x in X satisfying
d(x, x0) <6,

d(f(x), f(xo)) � d(f(x), fN(x)) + d(fN(X), fN(Xo)) + d(fN(xo), f(xo))

<€13 + €/3 + €/3 =

Thus the limit functionfis continuous, and C(X, P) is a complete metric space.
The space C(X, P) has additional structure which, although interesting, is

not central to the purpose of this text. It has an algebraic structure of addition
and multiplication by real numbers defined as follows:

(1+ gXx) = f(x) + g(x), f g E C(X, R),

(af Xx) = af(x), fE C(X, P), a E P.

With these operations, C(X, P) is a vector space. A norm for C(X, P), having
properties analogous to those for the norm in P", is defined by 11111 = lub { lf(x)l:
x E X},fE C(X, P). This norm defines the metric for C(X, P) as follows:

p(f; g) = ill— gil, f g E C(X, R).

Thus C(X, P) is a vector space with a norm, and it is complete in the metric
defined by that norm. Such a space is called a Banach space. Banach spaces are
extremely important in topology and analysis. Hilbert space is a Banach space;
the proof of this is left as an exercise. Additional information on the topic of
Banach spaces can be found in the supplementary reading list at the end of the
chapter.

The convergence of sequences in C(X, R) is defined in a more general context
in the next definition.

Definition: Let (X, d) and (Y, d') be metric spaces and
X sequence converges uniformly to X -+

Yprovided that for each positive number there is a positive integer N such that jf
n � N and x is a point of X, then f(x)) <€.

The proof of the following theorem, which can be based on Example 3.7.6,
is left as an exercise.

Theorem 3.20: Let (X, d) and Y, d') be metric spaces and a sequence of
continuous functions from X to Y which converges uniformly to a functionfis continuous.
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The major theorems of this section have wide applicability to other areas of
mathematics. For example, the Contraction Lemma is used to prove the Inverse
Function Theorem of analysis and the Picard Existence Theorem of differential
equations. The Baire Category Theorem has a multitude of applications, including
the Uniform Boundedness Principle of functional analysis and theorems on ap-
proximation of functions; it can be used, for example, to show that there is a
continuous functionf: 10, 1] P which is nowhere differentiable. The applicability
of Baire's theorem rests largely on the fact that C(X, P), Hilbert space, and many
related spaces are complete metric spaces. References for investigation of these
applications are given at the end of the chapter.

EXERCISE 3.7

1. Show the incompleteness of (a, b), (a, b], and [a, b) by exhibiting Cauchy sequences
that do not converge.

2. Prove that every convergent sequence is Cauchy.

3. (a) Prove the following:
Cantor's Intersection Theorem: Let (X, d) be a complete metric space and

a nested sequence of non-empty dosed sets whose diameters have
limit 0. Then A,, has exactly one member.

(b) Show that, in part (a), A,, may be empty if the requirement that the diameters
approach 0 is deleted.

4. Show that Hilbert space (Example 3.6.3) is complete and conclude that it is a Banach
space.

5. Prove that the following statements are equivalent for a subset A of a metric space I:

(a) A is nowhere dense.

(b) Each non-empty open set in X has a non-empty open subset disjoint from A.

(c) Each non-empty open set in X contains an open ball whose closure is disjoint
from A.

6. Let (X, d) be a metric space, Ma positive number, andf: Xa continuous function
for which

d(f(x),f(y)) � Md(x, y)

for all x, y in X. Prove that f is continuous. Use this to conclude that every contractive
function is continuous.

7. Give an example of two metric spaces (X1, d1) and (A'2, d2) which are topologically
equivalent and for which (X1, d1) is complete and (X2, d2) is not.

8. Give an example of a set X with two equivalent metrics d and d' for which (X, d) is
complete and (X, d') is not.
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9. Let (X, d) be a complete metric space. Show that the completion process of Theorem
3.19 defines a metric space (Y, d') which is metrically equivalent to (X, d).

10. Complete the details in the proof of Theorem 3.19.

11. Prove Theorem 3.20.

12. Give an example of a sequence of continuous I -* I such that, for
each x in I = [0, 1], converges to a real numberf(x), but the limit function
f is not continuous.

13. Let (X, d) be a metric space and A a dense subspace such that every Cauchy sequence
in A converges in X. Prove that Xis complete. Identify the use of this result in the proof
of Theorem 3.19.

14. Definition: Let (X, d) be a metric space. A point p in X is an isolated point if the
singleton set (p} is an open set.

(a) Let (X, d) be a metric space and p a point of X. Assume X # {p}.
Prove that the following conditions are equivalent:

(i) p is an isolated point.

(ii) d(p, 0.

(iii) p (X\{p)).

(b) Prove that a complete metric space without isolated points must be uncountable.
(Hint: Use the Baire Category Theorem.)

15. Let (X, d) be a complete metric space and a sequence of open dense subsets
of X. Prove that is dense in X.

16. The Baire Category Theorem (Theorem 3.17) shows that for metric spaces, completeness
implies the property of being of the second category. Show that these properties are
not equivalent by giving an example of a metric space which is of the second category
but is not complete. (Hint: Any open interval (a, b) in P is topologically equivalent
to P.)

17. Let f: P P be a continuous, unbounded function. Show that there is a number t0
for which {f(nto): n an integer) is an unbounded set.

SUGGESTIONS FOR FURTHER READING

For additional reading on metric spaces, Set Theory and Metric Spaces by
Kaplansky and Introduction to Topology and Modern Analysis by Simmons are
recommended. Simmons' text is particularly recommended for Banach and Hubert
spaces.

Picard's Theorem and related applications of the Contraction Lemma can be
found in textbooks on differential equations and real analysis. See, for example,
Differential and D4fference Equations by Brand. Some applications of the Baire
Category Theorem are given in Willard's General Topology and Eisenberg's To-
pology. For applications to functional analysis, Introduction to Topology and Modern
Analysis by Simmons is a good place to start.
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HISTORICAL NOTES FOR CHAFFER 3

The extension of topological considerations beyond the realm of Eucidean
space was first made by Maurice Fréchet. Fréchet introduced metric spaces in 1906
in a very general context that allowed the "points" under consideration to be abstract
objects, not just real numbers or n-tuples of real numbers. This revolutionary idea
brought under one theory the work of an essentially topological nature done on
sets of curves by 0. Ascoli, the study of sets of lines and planes by Emile Borel,
and the function space studies of C. Arzela, V. Volterra, David Hilbert, I. Fredhoim,
and others.

The supremum metric for functions in e[a, b] and C(X, P) is usually attributed
to Fréchet, but it was used as early as 1885 by Weierstrass in his work on uniform
convergence. The systematic study of continuous functions and homeomorphisms
on abstract spaces was initiated by Fréchet, although the idea of homeomorphism
had been used in a less general context by Henri Poincaré in 1895.

Hilbert space H was the invention of David Hubert (1862—1943) in 1906.
The Cauchy-Schwarz Inequality in the form used in this chapter is due to Cauchy.
The Minkowski Inequality was proved by Hermann Minkowski (1864—1909)
in 1909.

The idea of a completion of a metric space can be traced to Cauchy, who
attempted in 1821 to define the irrational numbers as limits of Cauchy sequences
of rational numbers, thus effecting a completion for the space of rational numbers.
Cauchy's method depended to a considerable extent on intuition and was revised
and put on a logically sound basis by Charles Méray in 1869. Méray referred to
the completion technique as a definition of "fictitious numbers." A similar com-
pletion for the set of rational numbers was defined by Cantor. The general concept
of complete metric space was defined by Fréchet, and the general completion con-
struction was presented by Hausdorif in 1914.

The Contraction Lemma is due to Stefan Banach (1892—1945). The concept
of a general normed space is due to Banach and others, notably Hans Hahn (1879—
1934), Eduard Helly (1884—1943), and Norbert Wiener (1894—1964). Banach spaces
were introduced by Banach in 1923.

The Baire Category Theorem was proved by the French mathematician René
Baire (1874—1932) for the real line in 1889. The general theorem for complete
metric spaces first appeared in Grundzüge der Mengenlehre in 1914 and is attributed
to Hausdorit
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Topological Spaces

It was shown in Chapter 3 that such properties as limit point, interior, closure,
boundary, and continuity of functions on metric spaces can be expressed in terms
of the open sets or topologies on the spaces involved. In addition, the latter part of
the chapter demonstrated that the same topology may be determined by several
different metrics. Thus, for the study of ideas like continuity, it appears that the
families of open sets for the spaces involved are more basic than their metrics. For
this reason, we turn in this chapter to a general definition of the term "topology
for a set," defining it in a manner consistent with the topology determined by a
metric. This will allow us to extend the ideas of Chapter 3 to situations in which
metrics are not available.

4.1 THE DEFINITION AND SOME EXAMPLES

Theorem 3.4 lists the primary properties of the topology generated by a metric
which were used in our study of metric spaces. The term "topology for a set" is
extended to the nonmetric case by using the conditions of Theorem 3.4 as the
defining axioms.

Definition: Let X be a set and let T be a family of subsets of X satisfying the
following conditions:

(a) The set X and the empty set 0 belong to T.
(b) The union of any family of members of T is a member of T.
(c) The intersection ofanyfinitefamily of members of T is a member of T.

Then T is called a topology for X and the members of T are called open sets. The
ordered pair (X, T) is called a topological space or simply a space.

Using the term "open set" instead of "member of T," the definition of a
topology may be restated as follows: A family of subsets of X is a topology for X
means that:

(a) Both X and 0 are open sets.

(b) The union of any family of open sets is an open set.
(c) The intersection of any finite family of open sets is an open set.

When the topology T is understood, it is common practice to refer to topological
space X instead of(X, T), omitting mention of the topology.

99
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Example 4.1.1

(a) The usual topology for the real line P is the topology generated by its
usual metric. We shall refer to the real line with the usual topology
as simply "the real line," or P. understanding that the usual topology
is to be applied unless a different topology is specified.

(b) The usual topology for is the topology generated by the usual metric.
By Example 3.5.4, the taxicab metric d' and the max metric dW also
determine the usual topology for R". We shall refer to R" with the
usual topology as Eudidean n-space, or simply P". understanding
that the usual topology is to be used unless a different one is specified.

(c) For a set X, the topology generated by the discrete metric is the discrete
topology. In the discrete topology, every subset of X is open. A set
with the discrete topology is called a discrete space. Note that the
discrete topology is the largest possible collection of open subsets
of X.

(d) At the opposite extreme, the trivial topology for Xis the family T =
{Ø, X} whose only members are 0 and X. (Refer to the definition
to see that this is a topology.) A set with its trivial topology is called
a trivial space. As one might surmise, neither discrete nor trivial spaces
are of much interest as topological spaces. However, discrete spaces
can be combined by various constructions to produce very interesting
spaces which are not discrete. Several such examples will appear in
later chapters.

(e) As another example, consider a set X with topology T' consisting of
the empty set 0 and all subsets 0 of X for which X\O is a finite set.
Then T' is a topology for X and is called the finite complement to-
pology. This topology is of interest only when X is an infinite set; if
Xis finite, it coincides with the discrete topology in which every subset
is open.

Definition: A subset C of a topological space X is closed provided that its com-
plement X\C is an open set.

Theorem 4.1: The closed sets of a topological space X have the following prop-
erties:

(a) X and 0 are closed sets.

(b) The intersection of any family of closed sets is a closed set.
(c) The union of any finite family of closed sets is a closed set.

The proof of Theorem 4.1 is left as an exercise.
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Definition: Let (X, T) be a topological space and A a subset of X. A point x in
Xis a limit point, cluster point, or accumulation point ofA ifevery open containing
x contains a point of A distinct from x. The set of limit points of4 is called the
derived set ofA.

Example 4.1.2

Consider the topological space (P, T'), where T' is the finite complement topology
of Example 4.1.1(e). For any infinite subset A of LR, the derived set A' is P itself.
To see this, consider any point x in P and an open set 0 containing x. Since
P\O is finite, then 0 must contain all but a finite number of members of A. In
particular, 0 must contain at least one point of A distinct from x. Hence x E A'
so A' = P.

A finite subset B of P has no limit points with respect to the finite
plement topology. If x does not belong to B, then P\B is an open set containing
x which contains no point of B; if x does belong to B, then {x} U (P\B) is an
open set containing x which contains no point of B different from x.

The next theorem should come as no surprise. Its proof is left as an exercise.

Theorem 4.2: A subset A of a topological space X is closed if and only if A
contains all its limit points.

Definition: Let X be a topological space and a sequence of points of X.
Then converges to the point x E I, or x is a limit of the sequence,
each open set 0 containing x there is a positive integer N such that x,, E Ofor all
n�N

The following examples show that Theorems 3.8 and 3.9 for sequences in
metric spaces do not carry over to general topological spaces. These examples suggest
that sequences will not play in general topological spaces the fundamental role that
they play in metric spaces.

Example 4.1.3

Consider the set P of real numbers with the finite complement topology. Every
sequence of distinct points converges to every point. To see this, let x E
P and let 0 be an open set containing x. Then 0 has finite complement and
hence must contain all but a finite number of terms of the sequence. In particular,
there is a positive integer N such that if n � N, then E 0. We conclude that



102 FOUR / TOPOLOGICAL SPACES

converges to every member of P and, therefore, that a sequence may
have more than one limit.

Example 4.1.4

Consider a trivial topological space X = {a, b} consisting of only two points a
and b. Then a is a limit point of {b} since Xis the only open set containing a.
However, the singleton set {b} contains no sequence of distinct points converging
to a.

EXERCISE 4.1

1. Show that the trivial topology T1 and the discrete topology T2 are, respectively, the
smallest and largest topologies for any set X.

2. Let X be a set with at least two members. Show that there is no metric for X which
generates the trivial topology.

3. Show that the finite complement topology is actually a topology for any set X.

4. Show that a space (X, T) is discrete if and only if each set consisting of only one point
is open.

5. Prove Theorems 4.1 and 4.2.

6. Let A, B be subsets of a space X with A C B, and let A', B' denote the derived sets of
A and B, respectively. Show that A' C B'. Show by an example that A' may equal B'
even though A is a proper subset of B.

7. Let Xbe a space, A a subset ofX, and x a member of X. Prove that if there is a sequence
of distinct points of A converging to x, then x is a limit point of A.

8. Let X be a set and T' the finite complement topology for X.

(a) Show that (X, T') is discrete if and only if X is a finite set.

(b) Show that if A is an infinite subset of X, then every point of X is a limit point
• of A.

9. Let X be a set. The countable complement topology T" for X consists of 0 and all
subsets 0 of X for which X\0 is a countable set.

(a) Show that T" is actually a topology for X.

(b) For the space (X, T"), show that a countable subset A of X has derived set A' =
0 and that an uncountable set B has B' = X.

(c) Show that the intersection of any countable family of members of T" is a member
ofT'.

10. Let S = {a, b} be a two-element set and let T = {O, {a}, {a, b}}. Show that T is a
topology and identify the limit points of each subset of S. (The space Sis called Sierpiñski
space.)

11. How many different topologies are there for a set with three members?
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4.2 INTERIOR, CLOSURE, AND BOUNDARY

The interior, closure, and boundary for subsets of a topological space are
defined in complete analogy with their counterparts for subsets of metric spaces.

Definition: Let A be a subset of a topological space X. A point x in A is an interior
point of A if there is an open set 0 containing x and contained in A. Equivalently,
A is called a neighborhood of x. The interior of A, denoted mt A, is the set of all
interior points of A.

The closure A ofA is the union of A with its set of limit points:

A = A U A'

where A' is the derived set of A. -

_____

A point x in X is a boundary point ofA if x belongs to both A and (X\A). The
set of boundary points of A is called the boundary of A and is denoted bdy A.

Theorem 4.3: For any subsets A, B of a topological space X:

(1) The interior of A is the union of all open sets contained in A and is
therefore the largest open set contained in A.

(2) A is open if and only if A = mt A.
(3) If A C B, then mt A C mt B.
(4) mt (A fl B) = mt A fl mt B.

Proof: Statements (1) and (2) carry over from Chapter 3, and (3) is an immediate
consequence of the definition of interior. To prove (4), note first that since A fl B
is a subset of both A and B, then mt (A fl B) is a subset of mt A fl mt B by (3).
For the reverse inclusion, note that mt A fl mt B is an open set and is a subset of
A fl B. Since mt (A fl B) is the largest open set contained in A fl B, then

mt A fl mt B C mt (A fl B). 0

Example 4.2.1

It is not true in general that mt (A U B) equals mt A U mt B. As a counterexample,
consider the real line with A = [0, 1] and B = [1, 2]. Then

mt (A U B) = mt [0, 2] = (0, 2)

while

mt A U mt B = (0, 1) U (1, 2)
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so mt (A U B) contains 1 while mt A U mt B does not. The reader is asked in
one of the exercises to prove that the inclusion

intA UintBCint(A UB)

is always valid.

Theorem 4.4: For any subsets A, B of a space X:

(1) The closure of A is the intersection of all closed sets containing A and is
therefore the smallest closed set containing A.

(2) A is closed if and only if A = A.

(3) If A C B, then A C E.

(4) AUB=AUE

Proof: Again statements (1) and (2) carry over from Chapter 3 (Theorems 3.10
and 3.11). For (3), note that A C B, then the definition of limit point guarantees

thatA' C B'. Then

A=A UA'CBUB' =

To prove (4), note first that A U is a closed set which contains A U B. Since

A U B is the smallest closed set containing A U B, then

A UBCAUB.

For the reverse inclusion, use (3) and the fact that both A and B are subsets of
AUB. 0

Example 4.2.2

It is not true in general that A fl B equals A fl For example, let A =
(0, 1) and B = (1, 2) on the real line. Then

AflB=Ø=Ø
but

AflB= [0, linE!, 2] = {1}.

The reader is left the easy exercise of showing that the inclusion

A flBCAflB

is always valid.
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Theorem 4.5: Let A be a subset of a topological space X.

(1) bdy A = A fl = bdy (X\A).
(2) bdy A, mt A, and mt (X\A) are pairwise disjoint sets whose union is X.

(3) bdy A is a closed set.

A=intAUbdyA.
('5,) A is open ifand only ifbdy A C ('X\A,).

(6) A is closed if and only ifbdyA C A.

(7,) A is open and closed ifand only if bdyA = 0.

Proof: Properties (1) through (4) follow immediately from the definitions. To prove
(5), note that ifA is open, then A = mt A by Theorem 4.3, part (2). Since mt Aand
bdy A are disjoint by (2), then A and bdy A are disjoint, so bdy A must be a subset
ofX\A. For the reverse implication, suppose bdy A C X\A. Then no point of A is
a boundary point of A, so every point of A is an interior point. Thus A = mt A, so
A is open.

Statement (6) follows from the duality between open sets and closed sets: A is

closed if and only if X\A is open. By (5), this is equivalent to saying that

bdy (X\A) C X\(X\A)

or

bdyA CA.

Statement (7) is proved by combining (5) and (6): A is both open and closed
if and only if bdy A is contained in both A and X\A. Since A and X\A are disjoint,
this occurs if and only if bdy A = 0. 0

According to Theorem 4.5, the points of a subset A of a space X may be of
two types, interior points and boundary points. The set A may have additional
boundary points outside A, however; the union of all interior points and boundary
points of A is A. The points of X are of three non-overlapping types: (1) interior
points of A, (2) interior points of X\A, and (3) boundary points of A, which are
identical with the boundary points of X\A. (Ofcourse, any of these three sets may
be empty.)

The following examples are an attempt to spare the reader some of the com-
mon misconceptions about boundaries and closures in metric spaces.

Example 4.2.3

For an open ball B(a, r) in a metric space (X, d), B(a, r) may not be the closed
ball B[a, r], and bdy B(a, r) may not be {x E X: d(x, a) = r}.
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(a) Consider first the case of a discrete metric space (X, d) and an open
ball B(a, 1) of radius 1:

Note also that

B(a, 1) = {a}, B[a, 1] =X.

bdy B(a, 1) = 0, {x E X: d(x, a) = 1) = X\{a}.

(b) These phenomena are not restricted to discrete spaces. Let Y be the
subspace of P2 shaded in Figure 4.1: Y = {O} U {x E P2: lxii � 1}.

FIGURE 4.1

In Y, B(O, 1) = = {O} while B[O, 1] is the union of {O} with the unit circle.
Also, bdy B(O, 1) = 0 and {x E Y: d(x, 0) = l} is the unit circle.

Definition: A subset A of a space X is dense in Xprovided that A = X. If X has
a countable dense subset, then X is a separable space.

It is a simple consequence of the definitions of closure and dense set that a
subset A of X is dense in X if and only if every non-empty open set in X contains
at least one point of A.
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Example 4.2.4

(a) The real line P is separable. The set of rational numbers is countable
and dense in P.

(b) Eudidean n-space is separable. The set R of points of R" having
only rational coordinates is dense in P" by Example 3.3.4(c). This set
is countable since it is the product of the set of rational numbers (a
countable set) taken as a factor n times.

(c) Hilbert space H is separable. Let C denote the set of all points x =
(x1, .. . , .. .) all of whose coordinates are rational and for which
only finitely many coordinates x, are non-zero. In other words,

C=

1,

n and x, = 0 for i> n). Since each set C
is countable family of countable sets and is hence
countable. To see that C is dense in H, consider a non-empty open
set 0. Let B(a, r) be a ball with center a = ..., ...) and
positive radius r contained in 0. Since a,, converges, there is a
positive integer N such that

< r2/2.
n-N+1

For i = 1,... N there is a rational number x, between a, —

and a + Then x = (x1, . . . , XN, 0,0, .. .) belongs to C and

,'oo ,N Co

d(a, x) = ( (a, — x,)2) = ( (a, — x,)2 +
\n—i / \n_1 n—N+1

N 1/2

+ r2/2) = (Nr2/2N + r2/2)"2 = r

so

x E B(a, r) C 0.

Thus C = H and H is separable.
(d) The real line with the finite complement topology is separable since,

by Example 4.1.2, every countably infinite subset is dense.
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Definition: A subset B of a space X is nowhere dense provided that mt = 0.
The relations between dense sets and nowhere dense sets are explored in the

exercises for this section.

EXERCISE 4.2

1. Let A and B be subsets of a space X. Show that

(a) mt A U mt B C mt (A U B).

(b)

(c) mt (mt A) = mt A.

(d)

2. Prove statements (1) through (4) of Theorem 4.5.

3. Let (X, d) be a metric space, a a point of X, and r a positive number. Prove that

(a) B(a, r) C B[a, TI.

(b) bdy B(a, r) C {x E X: d(x, a) = r}.

4. Identify mt A, bdy A, mt (X\A), A, and the derived set A' in each of the following cases:

(a) A = {x = (x1, x2) E R2: x2> 0} in R2;

(b) A = [0, 1], as a subset of P with the finite complement topology;

(c) A = {a} where X = {a, b} with the discrete topology;

(d) A = {a} where X = {a, b} with the trivial topology.

5. (a) If(X1, d1) and (X2, d2) are separable metric spaces, prove that the product metric
space X1 X X2 is separable.

(b) Use (a) to prove that P" is separable for each positive integer n.

6. Let A be a subset of a space X. Prove that A is dense in X if and only if
mt (X\A) = 0.

7. Let B be a subset of a space X. Prove that the following statements are equivalent.

(a) B is nowhere dense.

(b) is dense in X.

(c) = 0.
(d) B C

8. Definition: For a subset A of a space X, the exterior of A is the set ext A = X\A.

Prove that ext A = mt (X\A).

9. Prove:

(a) Every finite subset of is nowhere dense.

(b) The set of points of pn all of whose coordinates are integers is nowhere dense.

(c) is nowhere dense when considered as a subset of
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10. The purpose of this problem is to show that the concept of topology for a set X can be
defined in terms of the closure operation.

Definition: Let X be a set. A closure operator on X is a function c which associates
with each subset A of X a subset c(A) of X satisfying the following properties:

(1) c(Ø) = 0.
(2) A C c(A),
(3) c(c(A)) = c(A),
(4) c(A U B) = c(A) U c(B),

for all subsets A, B of X.

A subset A ofX is c-closed provided that c(A) = A, and a subset B ofX is c-open provided
that X\B is c-closed.

Assume that c is a closure operator for a given set X. Prove that:

(a) The family T of c-open sets is a topology for X.

(b) For each subset A of X, c(A) = A, where A is the closure of A in the topology T.

4.3 BASIS AND SUBBASIS

A topology for a set X can be a very large and complicated family of subsets.
Often it simplifies matters to deal with a smaller collection which generates the
topology by taking unions. Such a subcollection is called a basis; the precise defi-
nition follows.

Definition: Let (X, T) be a topological space. A base or basis 'B for T is a sub-
collection of T with the property that each member of T is a union of members of

Reference to the topology is sometimes omitted, and we speak of basis for X
rather than a basis for the topology of X. The members of 73 are called basic open
sets, and T is the topology generated by 73.

Example 4.3.1

(a) The collection 73 of all open intervals is a basis for the usual topology
of

(b) For any metric space (X, d), the collection 73 of all open balls
B(a, r), a E X, r> 0, is a basis for the topology generated by d.

(c) For any set X, the collection of all singleton sets {x}, x E X, is a basis
for the discrete topology.

(d) For any space (X, T), the topology T is a basis for itself. This fact is
of little use because the point of defining a basis is to produce a smaller
collection of open sets with which to work.
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Definition: Let (X, T) be a space and let a be a member of X. A local base or
local basis at a is a subcollection of T such that

(1) a belongs to each member
a a member

Example 4.3.2

(a) For a E P, the collection of all open intervals of the form (a —

a + ) > 0, is a local basis at a.
(b) For any metric space (X, d) and a E X, the collection of all open

balls centered at a is a local base at a.
(c) For a discrete space X, the singleton set {a} forms a local basis at a.

(The local basis is the collection whose only member is {a}.)
(d) For any space (X, T) and a E X, the collection of all open sets con-

taming a is a local basis at a.
(e) If 2 is a basis for a space X, then the collection of all members of

which contain a is a local basis at a. Conversely, if for each a X,
2a is a local basis at a, then 2a is a basis for the topology of X.

Definition: A spaceX is first countable or satisfies the first axiom ofcountability
provided that there is a countable local basis at each point of X. The space X is
second countable or satisfies the second axiom of countability provided that the
topology of X has a countable basis.

If a space X has a countable basis, that is, a basis 2 consisting of a countable
family of open sets, then the members of 2 which contain a particular point a
form a countable local basis at a. Thus each second countable space is first countable.

Theorem 4.6: Every second countable space is separaole.

Proof: Let X be a second countable space with countable basis 2. Let A be the
countabk set formed by choosing a memberfrom each basic open set. (If 2 happens
to have 0 as a member, then choose one member from each non-empty member
of 2.) It follows from the definition of basis that A is dense in X. 0

Theorem 4.7:

(a) Every metric space is first countable.
(b) Every separable metric space is second countable.
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Proof:

(a) The reader is left the exercise of showing that the collection of open balls
{B(a, is a countable local base at a, for each point a in a metric
space X.

(b) Let (X, d) be a separable metric space with countable dense set A. Then
for each a E A, (B(a, is a countable collection and hence =
(B(a, 1/n): a E A, n a positive integer) is the union of a countable family
of countable sets and is therefore countable. The proof will be completed
by showing that .'B is a basis for the metric topology generated by d. To
this end, let 0 be an open set and let x E 0. There is an open ball
B(x, r) of positive radius r centered at x and contained in 0. Let n be a
positive integer for which 1/n <r/2. Since A is dense in X, then there is
some member a of A in B(x, 1/n). Then x E B(a, 1/n), and B(a, 1/n) is
a member of For any y E B(a, 1/n),

d(x,y)�d(x,a)+d(a,y)<1/n+1/n=2/n<2r/2=r,

soyEB(x, r). Thus

xEB(a, 1/n)CB(x, r)CO.

Hence, for each x in 0, there is a member which contains x and is
contained in 0. Then 0 is a union of members so is a countable
basis for X. 0

Corollary: Euclidean n-space P" is second countable for each positive integer n.

Proof: By Example 4.2.4, the collection of points of R" having only rational co-
ordinates is a countable dense set. Thus IR" is a separable metric space and is second
countable by Theorem 4.8. 0

Corollary: Hilbert space H is second countable.

Proof: Example 4.2.4(c) shows that H is separable. 0

Example 4.3.3

Consider the space (R, T') of real numbers with the finite complement topology.
This space does not have a countable local basis at any point. To see this, let
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a E P and suppose that T' has a countable local basis 2a = at a. Then
for each positive integer n, is finite so

U = P\fl

is countable. Since P is uncountable, then must be uncountable and
must contain at least one point (actually, uncountably many points) b distinct
from a. Then

O=X\{b}

is an open set containing a, but 0 does not contain any member of the collection
= Thus 53a is not a local basis at a, and (P, T') has no countable

local basis at any point.

There are two viewpoints from which to consider bases. Thus far, we have
started with a topology and considered the problem of finding a basis for it. On the
other hand, one might start with a basis and generate a topology from it by forming
unions. But not every family of subsets of X is a basis for a topology. The next
theorem gives necessary and sufficient conditions that a family of subsets generate
a topology.

Theorem 4.8: A family 2 of subsets of a set X is a basis for some topology for
X if and only if both of the following conditions hold:

(a) The union of the members of.'B is X.
(b) For each B1, B2 in 2 andx E B, fl B2, there is a member of 2 such

that

flB2.

Proof: Suppose first that 2 is a basis for a topology for X. Then (a) follows from
the fact that X is an open set and must be a union of members of 2. Since each
member of 2 is a subset of X, then

X= U B.

For (b), let B,, B2 be members of 2 and x a member of B, fl B2. Then B, fl B2 is
an open set and is therefore some union of members of 2. Thus there is some

E 2 such that

flB2.
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Now suppose that 73 satisfies properties (a) and (b) and consider the collection
T of all unions of members of 73. It must be shown that T is a topology for X. Note
that the union of the empty collection of members of 73, is in T

T consists of all unions of members of 73, then the union of any family
of members of T is also in T. In other words, the union of any family of open sets
is open.

It remains to be proved that the intersection of any finite collection of open
sets is open. This follows easily by induction provided it is first shown that for 01,
02 in T, fl 02 belongs to T. For x E fl 02, there must be members B1, B2
of 73 such that

xEB1CO1, xEB2CO2.

Thus

xEB1 flB2C fl 02.

By (b), there is a member of 73 with

01 fl 02.

Then 01 fl 02 is the union of such members of 73 and is therefore a member of
T. Thus T is a topology for X. 0

Example 4.3.4

Let 73 be the family of all intervals in P of the form [a, b), a <b. It is easily
observed that 73 satisfies the conditions of Theorem 4.8 and is a basis for a
topology, called the half-open interval topology T" for P. It is left as an exercise
for the reader to show that (P, T") is first countable and separable but not second
countable. (The real line with the half-open interval topology is sometimes called
the Sorgenfrey line.)

Definition: Let 73 and 73' be bases for topologies T and T'for a set X. Then 73
and 73' are equivalent bases provided that the topologies T and T' are identical.

The proof of the following theorem is left as an exercise.

Theorem 4.9: Bases 73 and 73' for topologies on a set X are equivalent if and
only if both of the following conditions hold:
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(a) For each B E and x E B, there is a member B' E such that x E
B'CB.

(b) For each B' E and x E there is a member B E such that x E
BC B'.

In some instances it is advantageous to have a smaller collection of sets which
generates a basis by the process of forming finite intersections. Such a family, called
a subbasis, is defined as follows:

Definition: Let (X, T) be a space. A subcollection ofT is a subbasis or subbase
for T if the family .'B of all finite intersections of members of ef' is a basis for T.

Example 4.3.5

The collection of all open intervals of the form (a, ao) and (—ao, b), a, b E R,
is a subbasis for the usual topology for P.

EXERCISE 4.3

1. Let (X, T) be a space and .'B a subcollection ofT. Suppose that for each a in X, the
Set of menibers of which contain a is a local base at a. Show that 'B is a basis
for T.

2. Prove part (a) of Theorem 4.7.

3. Give an example different from Example 4.3.4 of a space I that is first countable but
not second countable.

4. Let I be a first countable space and x a limit point of a subset A of X. Show that there
is a sequence of points which converges to x.

5. Describe the bases fJ' and for P' determined by the open balls of the taxicab metric
d' and the max metric d', respectively. Show that fJ' and are both equivalent to
the basis 'B of open balls in the usual metric d.

6. Let Xbe a first countable space and x a member of I. Prove that there is a local nested
basis at a (i.e., a local basis such that Sn+i C for each positive integer n).

7. Let (P, T") be the real line with the half-open interval topology of Example 4.3.4.

(a) Find the closure, interior, and boundary of the set A = [0, 2) and the set B =
(0, 2).

(b) Prove that (P, T") is separable and first countable but not second countable.

8. Let d1 and d2 be metrics for a set X, and let and denote, respectively, the families
of all open balls generated by d1 and d2. Show that d1 and d2 are equivalent metrics if
and only if and are equivalent bases.
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9. Prove Theorem 4.9.

10. Let X be a set and i any family of subsets of X whose union equals X. Show that eS3 is

a subbasis for a topology for X.

4.4 CONTINUITY AND TOPOLOGICAL EQUIVALENCE

Since distance between points is not defined for general topological spaces,
how should one define continuity for a function from one topological space to
another? Keep in mind that the definition, when applied to metric spaces, should
agree with the definition of continuity given in Chapter 3. Recall that a function
1: X Y from metric space (X, d) to metric space (Y, d') is continuous at a point
a in X if and only if for each open ball Bd'(f(a), ) in Y centered at f(a), there is
an open ball Bd(a, 6) in X centered at a such that f(Bd(a, 6) is contained in
Bd'(f(a), E). Continuity at a for a function!: X Y on topological spacesX and
Y is defined by simply replacing the open balls centered atf(a) and a by open sets
containing 1(a) and a, respectively.

Definition: Let (X, T) and (Y, T') be topological spaces, X Y a function,
and a a point of X. Then I is continuous at a provided that for each open set V in
Y containing 1(a) there is an open set U in X containing a such thatf(U) C V. The

function f is continuous if it is continuous at each point of its domain.

We shall deal most often with continuity of a function on its entire domain
rather than at each point separately, so we examine the definition a bit more closely.
The function f is continuous simultaneously for all a in X mtans that for every
open set V in Y and every point a withf(a) in V, there is an open set Ua in X with
a in Ua and f(U0) C V. Since f(Ua) C V is equivalent to Ua Cf'(V), this means
thatf1(V) contains an open set about each of its members; in other words,f'(V)
is open in X for each open set V in Y.

Alternate Definition: A function f (X, T) (Y, T') is continuous means that
for each open set V in Y, f'(V) is an open set in X.

The following theorem restates the definition of continuity in several equiv-
alent forms.

Theorem 4.10: Let fi X Y be a function on the indicated topological spaces
and let a E X. The following statements are equivalent:

(1) 1 is continuous at a.
(2) For each open set V in Y containingf(a), there is an open set U in X such

that a E U and U Cf'(V).
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(3) For each neighborhood V off(a), f'(V) is a neighborhood of a.
(4) For each subset V of Y with f(a) E mt V, a belongs to intf'(V).

A proof of Theorem 4.10 can be formulated directly from the definitions of the
terms involved; this is left as an exercise for the reader.

Theorem 4.11: Letf X -+ Y be afunction on the indicated topological spaces.
The following statements are equivalent.

(1) f is continuous.
(2) For each closed subset C of Y, f'(C) is closed in X.
(3) For each subset A of X, f(A) cjtA).
(4) There is a basis the topology of Ysuch thatf'(B) is open in Xfor

each basic open set B in
(5) There is a subbasis 4) for the topology of Y such thatf'(S) is open in X

for each subbasic open set S in

Proof: We use the open set formulation to describe continuity:f is continuous if
and only iffor each open set V in Y, f'(V) is open in X. The equivalence of(1) and
(2) follows from the duality between open sets and closed sets, precisely as in the
proof of Theorem 3.13. —

[(2) (3)]: Suppose that (2) holds, and let A be a subset of X. Then f(A) is a
closed subset of Y, so its inverse image f'(f(A)) is closed in X. Since

A Cf'(f(A))

and the latter set is closed, then

A Cf'(j(AJ)

so

f(A) Cf(A)

and (3) holds.
[(3) (2)]: Assume (3) and let C be a closed subset of Y. Then

f(f'(C)) Cff'(C) C C = C

so

f'(C) Cf'(C)

andf'(C) must be a closed set. Thus (3) implies (2).
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We have completed the proof that (1), (2), and(3) are equivalent. Since a basis
and subbasis for Y consist of open sets, it should be clear that (1) implies both

(4) and (5). Similarly, since a basis is a subbasis, (4) implies (5). The proof will be
completed by showing that (5) implies (4) and (4) implies (1).

[(5) (4)]: Suppose (5) holds and consider the basis generated from by
taking finite intersections. For any basic open set B E

for some finite collection of members 5, Sn Then

f'(B) =f-1(fl = flf-'(S1)

by Theorem 1.7. Since each set is open in X and the intersection of any finite
collection of open sets is open, then f'(B) is open in X. Thus (5) implies (4).

[(4) (1)]: Assuming (4), let 0 be an open set in Y. By the definition of basis,

O=UBa
aEJ

for some subcollection {Ba: a E I) of the basis Then

=f'(UBa) = Uf'(Ba).

Since each set f'(Ba) is open in X and the union of any family of open sets is open,
thenf'(O) is open in X andf is continuous. 0

Conditions (4) and (5) of Theorem 4.11 will be useful when we want to deal
with a basis or subbasis rather than with the entire topology of the range space.
Condition (3) is the description of continuity which seems to fit best with the intuitive
idea of closeness. We visualize continuity off at x by thinking that whenever x is
"close" to a set A, thenf(x) is "close" tof(A). In topological language, x is "close"
to A means x E A, andf(x) is "close" tof(A) meansf(x) Ef(A).

Theorem 4.12: If f X Y and g: Y Z are continuous functions on the
indicated spaces, then the composite function g f X -* Z is continuous.

The proof of Theorem 4.12 is left as an exercise.
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Example 4.4.1

It should be emphasized that continuity for a function 1: X Y is expressed
in terms of inverse images of open sets in Y: f is continuous if and only if for
each open set 0 in Y,f'(O) is open in X. This is not to be confused withf
mapping open sets in X to open sets in Y, which is quite a different property.
Consider, for example, the function!: P Y from the real line P to a discrete
two-point space Y = {a, b} defined by

ía ifx�O
f(x)=tb if x>O.

This function does map open sets in X to open sets in Y, because every subset
of Y is open. Butfis not continuous; {a} is open in Y but

= (—oo, 0]

is not open iti P.

Definition: Letf X Ybe afunction on the indicated spaces. Then I is an open
function or open mapping iffor each open set 0 in X, f(O) is open in Y. The function
I is a closed function or closed mapping iffor each closed set C in'X, f(C) is dosed
mY.

Example 4.4.1 shows that an open mapping may fail to be continuous. The
reader is asked in the exercises to find examples to illustrate the following:

(a) A closed mapping may not be continuous.
(b) An open mapping may not be closed, and conversely.
(c) A continuous function may be neither open nor closed.
(d) A mapping that is both open and closed may not be continuous.

Definition: Topological spaces X and Y are topologically equivalent or homeo-
morphic if there is a one-to-one function fi X Yfrom X onto Yfor which both
f and the inverse function f' are continuous. The function [is called a homeo-
morphism.

Topological equivalence is an equivalence relation for topological spaces.
A homeomorphismf: X Ybetween spaces Xand Yis a one-to-one function

from X onto Y for which both f and f a
bijection, continuity of can be expressed by the fact that for each open set 0
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in X,f(O) is open in Y. In other words, a homeomorphism is just a bijection which
is also an open, continuous function. Since continuity off ' can also be expressed
by the fact that for each closed set C in X, f(C) is closed in Y, then I is a homeo.
morphism if and only if it is a closed, continuous bijection.

Definition: A property P of topological spaces is a topological property or topo-
logical invariant provided that if space X has property F, then so does every space
Y which is topologically equivalent to X.

The next three theorems give examples of topological properties.

Theorem 4.13: Separability is a topological property.

Proof: Let X be a separable space with countable dense subset A and Y a space
homeomorphic to X. Let fi X -+ Y be a homeomorphism. The obvious candidate
for a countable dense subset of Y is 1(A). To see thatf(A) is dense in Y, let 0 be a
non-empty open set in Y. Then f'(O) is a non-empty open set in X. Since A is
dense in X, f'(O) contains some member a ofA. Then 0 contains the memberf(a)
off(A), so every non-empty open set in Ycontains at least one member off(A). Thus
1(A) = Y and Y is separable. 0

Proofs of the next two theorems are left as exercises.

Theorem 4.14: First countability and second countability are topological prop-
erties.

Definition: A topological space X is metrizable provided that the topology of X
is generated by a metric.

Theorem 4.15: The property of being a metrizable space is a topological property.

Hint: Let (X, d) be a metric space, Y a topological space homeomorphic to X, and
f: X Y a homeomorphism. Define d' on Y x Y by

d'(y1, y2) = d(f'(y1),f'(y2)), y,, y2 E Y.

Show that d' is a metric and that d' generates the topology of Y.

Since CR and (0, 1) are homeomorphic, we note that the property of being a
bounded metric space is not a topological property.
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Until this point, it has not been possible to give a precise definition of the
branch of mathematics known as topology. Topology is the branch of mathematics
which deals with topological properties. One objective of topology is to give criteria
in terms of topological invariants which allow one to determine whether or not
two given spaces are homeomorphic. Ideally, one would want a list of topological
properties which are easy to check and for which two spaces are homeomorphic if
and only if they share the same properties from the list. Theorems of this type are
called classification theorems because they divide topological spaces into classes,
with two members of the same class being homeomorphic. Mathematicians have
experienced only limited success in classifying topological spaces. There is no known
list of topological properties which completely classifies topological spaces.

A second objective of topology is to establish relations among various topo-
logical properties and to show which combinations of topological properties are
equivalent. Theorems of this type are called characterization theorems since they
completely describe or characterize spaces of a certain type. We shall see one of
the most famous characterization theorems, the Urysohn characterization, which
gives necessary and sufficient conditions for a space to be homeomorphic to a
separable metric space (Theorem 8.18), in Chapter 8.

EXERCISE 4.4

1. Letf: X Y be a function and let a E X. Prove thatfis continuous at a if and only
if for each subset A of X with a E A,f(a) E.

2. Letf: X Ybe a function and let a E X. Prove thatfis continuous at a if and only
if there is a local basis such that for each BE I '(B) is a neighborhood
of a.

3. Find an example of each of the following:

(a) A closed mapping that is not continuous

(b) An open mapping that is not closed and a closed mapping that is not open

(c) A continuous function that is neither open nor closed

(d) A function that is both open and closed but not continuous

4. Prove that the composition of continuous functions is continuous (Theorem 4.12).

5. Prove that topological equivalence is an equivalence relation.

6. Letf: X Y be a one-to-one correspondence from space X onto space Y. Prove that
the following statements are equivalent:

(a) I is a homeomorphism.

(b) fandf' are both open mappings.

(c) fandf' are both closed mappings.

7. Prove Theorem 4.14.
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8. Prove Theorem 4.15.

9. Let!: X Y be a one-to-one function from space X onto space Y.

(a) Show that the following statements are equivalent:

(1)

f is

f is a mapping.

(b) Show that the following statements are equivalent:

(1) f is a homeomorphism.

(2) f is an open, continuous mapping.

(3) 1 is a closed, continuous mapping.

10. Let X be a separable space, Y a space, and f: X Y a continuous function from X
onto Y. Prove that Y is separable.

11. Definition: Let X be a space andf X a real-valued function on X. Then
I is upper semicontinuous iff'(—co, a) is open for each a in R; f is lower
semicontinuous iff'(a, is open for each a in P.

(a) Prove that a function!: X P is continuous if and only if it is both upper and
lower semicontinuous.

(b) Give an example of an upper semicontinuous function that is not continuous.

(c) Repeat (b) for a lower semicontinuous function.

12. (a) Prove that a function!: X P from a space X into P is upper semicontinuous
if and only if {x E X: 1(x) � a) is closed in X for each a in P.

(b) State and prove the condition analogous to (a) for lower semicontinuous functions.

13. Definition: Let A be a subset of a given space X. The characteristic function of A is
the function f4: X P having value 1 at each point of A and value 0 at each point of

X be a space with subspace A. Prove:

(a) The characteristic function of A is lower semicontinuous if and only if A is open.

(b) The characteristic function of A is upper semicontinuous if and only if A is closed.

(c) The characteristic function of A is continuous if and only if A is both open and
closed.

14. (a) Let X be a space and a family of lower semicontinuous functions
X P for which a E A) has an upper bound for each x in X. Prove

that the function g: X -. P defined by

g(x) = lub {fa(x): a E A), x E X,

is lower semicontinuous.

(b) State and prove the corresponding result for upper semicontinuous functions.
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4.5 SUBSPACES

A subspace of a metric space (X, d) is simply a subset A of X with the metric
of X used to measure distances between points of A. In other words, the metric of
Xis essentially "cut down" to A. The main definition of this section defines subspaces
of a general topological space X in an analogous manner by "cutting down" the
open sets of X.

Definition: Let (X, T) be a topological space and A a subset of X. The relative
topology or subspace topology T'for A determined by T consists of all sets of the
form 0 fl A for which 0 is an open set of T:

T'= {OflA:OET).

The members ofT' are called relatively open sets or simply open sets in A, and
(A, T') is called a subspace of(X, T).

x

FIGURE 4.2 Open sets in A are of the form 0 fl A, where 0 is open In X.

When no confusion is likely, it is common practice to refer to A as a subspace
of X, omitting mention of the topologies T and T'.

It is a simple matter to show that what we have called the subspace topology
T' for a subset A of a space (X, T) is actually a topology for A:

(a) 0 and A are relatively open sets since

and both 0 and X are open in X.

O=OflA, A=XflA



4.5 / Subspaces 123

(b) For any family {Oa fl A) of relatively open sets, where each is open

U(OaflA)=(UOa)flA

is relatively open because the union of any family of open sets in Xis open.
(c) For any finite family {O, fl A)7..1 of relatively open sets, where each 0,

is open in I,

fl(O1nA)=(fl oi)nA

is relatively open because the intersection of any finite family of open sets in I
is open.

A subset D of A is relatively closed if it is a closed set in the subspace topology
for A: D is relatively closed if and only if

A\D= OflA

for some open set 0 in I. The next theorem shows that a relatively closed set could
be defined equivalently as the intersection with A of a closed set in I.

Theorem 4.16: Let (A, T') be a subspace of a topological space (X, T). A subset
D of A is dosed in the subspace topology for A (land only if D = C fl A for some
closed subset C of I.

Proof: Suppose first that D is a relatively dosed set. Then

A\D= OflA

for some open set 0 in X, and

D = A\(A\D) = A\(0 fi A) = (X\O) fi A,

so D is the intersection of A with the closed set C = X\O in I.
For the reverse implication, suppose that D = C fi A for some dosed set C in

X. ThenO=X\CisopeninXand

A\D = A\(C fi A) = (X\C) fi A = 0 fl A,

so A\D is open in the subspace topology of A, and D is a relatively closed set. 0

Proofs of the next two theorems are left as exercises.
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Theorem 4.17: Let (4, T') be a subspace of a space (X, T), a a member of A,
and N a subset of A. Then N is a neighborhood of a with respect to the subspace
topology forA and only if N = U fl A where U is a neighborhood of a with respect
to the topology T on X.

Theorem 4.18: Let (X, d) be a metric space and (A, d') a metric subspace. Let
T be the topology for Xgenerated by d, T' the subspace topology for A determined
by T, and T" the metric topology for A determined by d'. Then T' =

Definition: A property P of topological spaces is hereditary provided that zfX has
property F, then every subspace of X has property P.

Example 4.5.1

First countability and second countability are hereditary properties. If X has a
countable local basis at point a E X and A is a subset of X containing
a, then fl is a local base at a in the subspace topology for A. If X is
second countable, the same method of proof shows that every subspace is second
countable.

Example 4.5.2

Separability is not hereditary. Consider, for example, the subset XofR2 consisting
of the real axis P and the one additional point a = (0, 1). Define a topology T
on X to consist of the empty set 0 and all subsets of X which contain a. Then
(X, T) is separable since the singleton set {a} is dense. However, the subspace
topology T' for P as a subspace of X is the discrete topology, so (P. T') is not
separable.

Definition: A topological space X is a Hausdorff space iffor each pair a, b of
distinct points of X there exist disjoint open sets U and V such that a E U and
bEV.

Example 4.5.3

Every metric space (X, d) is Hausdorif'. To see this, note that if a, b are distinct
points of X, then r = d(a, b) is a positive number. Thus U = B(a, r/2) and V =
B(b, r/2) are disjoint open sets containing a and b, respectively. Thus P", Hubert
space, and discrete spaces are examples of Hausdorif spaces.



4.5 / Subspaces 125

The space (X, T) of Example 4.5.2 is not Hausdorif since every non-empty
open set in X contains the point (0, 1). The real line with the finite complement
topology and trivial spaces with more than one point are also not Hausdorit

Example 4.5.4 The Zariski Topology

Let n be a positive integer and consider the family of all polynomials in n real
variables x1, x2, . . . , For such a polynomial F, let Z(P) denote its solution
set in

It is left as an exercise for the reader to show that the set of all complements
of the sets Z(P), P E 7), is a basis for a topology for This topology is called
the Zariski topology for

For n = 1, the Zariski topology equals the finite complement topology on
CR. The reason is that the finite subsets of CR coincide precisely with the solution
sets of polynomials in one real variable. To see this, note that if A = {a1,

a finite subset of CR, then

P(x) = (x — a1). (x — a2) (x —

a polynomial for which Z(P) = A. Furthermore, the solution set of a polynomial
in one real variable is always a finite subset of CR.

For n> 1, the Zariski topology does not coincide with the finite complement
topology. The reason is that the finite subsets of CR'S do not coincide with the
solution sets of polynomials in n real variables, n> 1. For example, the line
y = 1 in CR2 is the solution set of the polynomial

P(x,y)=y— 1,

but this solution set is not finite.
It is left as an exercise for the reader to show that CR'S with the Zariski

topology is not Hausdorifi

Theorem 4.19:

(1) The property of being a Hausdorff space is a topological and hereditary
property.

(2) A sequence in a Hausdorff space cannot converge to more than
one point.
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Proof:

(1) Suppose that X is Hausdorff and Y is homeomorphic to X by homeo-
morphism X Y. For distinct points a and b in Y, I '(a) andf'(b)
are distinct points ofX, so there are disjoint open sets U and V in X such
that

f'(a) E U, I '(b) E V.

Then f(U) and JJV) are disjoint open sets in Y containing a and b, re-
spectively.

The proof that the Hausdorff property is hereditary is even easier.
If A is a subspace of X and a, b are distinct points of A, then there are
disjoint open sets U and V in X containing a and b, respectively. Then
U fl A and V fl A are disjoint relatiyely open sets in A containing a and
b, respectively, so A is Hausdorff

(2) Suppose that converges to two distinct limits a and b in a Haus-
dorff space X. Then there are disjoint open sets U and V containing a
and b. But by the definition of convergence, there are positive integers N,
and N2 such that � N1, then E U and � N2, then E V. If
n is greater than or equal to the larger of N, and N2, then belongs to
the empty set U fl V. This contradiction shows that cannot con-
verge to two distinct limits in a Hausdorff space. 0

Note that the preceding proof for the uniqueness of the limit of a convergent
sequence in a Hausdorif space is essentially the same as the proof of the corre-
sponding property for metric spaces (Theorem 3.8).

The Hausdorif property is sometimes called a separation property since it
states that any two distinct points can be "separated" by disjoint open sets. Addi-
tional separation properties will be studied in Chapters 6 and 8.

Definition: If X is a space which is homeomorphic to a subspace A of a space Y,
then X is said to be embedded in Y. The homeomorphism f X -+ A is called an
embedding of X in Y.

The isometric embeddings of in and of in Hubert space discussed
in Examples 3.6.1 and 3.6.3 are topological embeddings.

Following the outline of our earlier work on metric spaces, it would be natural
to introduce the product of topological spaces, the second method of forming new
spaces from old ones, at this point. This is postponed until Chapter 7, however, in
order to study the most important topological properties, connectedness and com-
pactness, first. Any reader who cannot wait to learn about product spaces may read
that chapter now and then return to Chapter 5.
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EXERCISE 4.5

1. (a) Give an example to show that if A is a subspace of a space X, then a relatively
open set in A may fail to be an open subset of X. Prove that if A is an open subset
of X, then every relatively open set in A is open in X.

(b) Repeat (a) for closed sets.

2. Give an example of a subspace A of a topological space X and subsets B and C of X
for which

(a) The closure of B fl A in the subspace topology for A does not equal fl A.

(b) The interior of C fl A in the subspace topology for A does not equal (mt C) fl A.

3. Let A be a subspace of a space Xand let B be a subset of A.
Prove that:

(a) A point x in A is a limit point of B in the subspace topology for A if and only if
x is a limit point of B in the topology for X.

(b) The closure of B in the subspace topology for A equals fl A.

4. Letf: X Y be a continuous function on the indicated spaces and A a subspace of
X. Prove that the restriction! 4: A -+ Y off to A is continuous.

5. Prove Theorem 4.17.

6. Prove Theorem 4.18.

7. Let(X,T)beaspace, YasubsetofXandZasubsetofY. Then Yhasasubspace
topology T' and Z can be assigned a subspace topology in two ways: Z has a subspace
topology T1 as a subspace of (X, T), and a subspace topology T2 as a subspace of
(Y, T'). Prove that T1 = T2.

8. Give an example of a separable Hausdorif space which has a non-separable subspace.

9. Prove that a finite subset A of a Hausdorif space X has no limit points. Conclude that
A must be closed.

10. Let Xbe a Hausdorif space, A a subset of X, and x a limit point of A. Prove that every
open set containing x contains infinitely many members of A.

11. Prove: If there is an embedding of X in Y and an embedding of Yin Z, then there is
an embedding of X in Z.

12. Give an example of spaces A and B for which A can be embedded in B and B can be
embedded in A, but A and B are not homeomorphic. (Hint: Simple examples can be
found in P.)

13. (a) Let X be a space and a sequence of separable subspaces of X for which
is dense in I. Prove that Xis separable.

(b) Use (a) to prove that Hilbert space H is separable.

14. (a) Show that the family of sets 2 of Example 4.5.4 is a basis for a topology for

(b) Show that the Zariski topology for P" is not Hausdorif.

(c) For with the Zariski topology, show that each finite set is closed.
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15. Definition: A space Xis locally Eucidean ofdimension n provided that each point in
X belongs to an open set homeomorphic to n-dimensional Euclidean space P".

This exercise shows that a locally Euclidean space may not be Hausdorffi
Let I be the subset of P2 defined by

X=(PX {O})U([O, oo)X {l}).

Let consist of all subsets of X of the following types:

(a, b) X {O} for a <b,

(a,b)X{l} forO�a<b,
((a,O)X {O))U([O, b)X {1)) fora<O <b.

(a) Show that 'B is a basis for a topology for I.

(b) Show that the subspace P X {O} of X is homeomorphic to the real line.

(c) Show that the subspace ((—oo, O) X {O)) U ([0, oo) X {l}) ofXis homeomorphic
to the real line.

(d) Show that Xis locally Eucidean of dimension 1.

(e) Show that Xis not a Hausdorif space.

SUGGESTIONS FOR FURTHER READING

For additional reading on general topological spaces, several textbooks are
listed in the bibliography. Introduction to Topology by Gamelin and Green, Basic
Topology by Armstrong, and Topology by Hocking and Young are recommended
for a general review of the subject. Willard's General Topology and Kelley's General
Topology have accessible accounts of nets, which are a generalization of sequences;
these texts also explain the theory of convergence based on filters, another approach
to convergence. A readable introduction to filters also appears in General Topology
by Bourbaki.

Counterexamples in Topology by Steen and Seebach is an excellent resource
for locating spaces of various special types.
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HISTORICAL NOTES FOR CHAPIER 4

Point-set topology emerged as a coherent discipline with the publication in
1914 of the classic treatise Grundzuge der Mengenlehre by Felix HausdorfE Haus-
dorif defined topological space in terms of neighborhoods of the points of the un-
derlying set. His definition is equivalent to the definition in this chapter with the
additional requirement that a space satisfy what is now called the Hausdorif property.
Each pair of distinct points must have disjoint neighborhoods in Hausdorif's original
definition.

Hausdorif's axiom system was the culmination of many attempts to formulate
defining axioms for abstract spaces. The study of abstract spaces beyond the Eu-
clidean spaces had been foreseen by Riemann in the 1860's. The first definition of
abstract space, based on axioms for limits of sequences, was given by Maurice
Fréchet in 1906. This formulation, although suitable for metric spaces, was restricted
by the denumerability of the terms of a sequence and did not prove adequate for
spaces in general. Fngyes Riesz (1880—1956) in 1908 proposed a set of axioms for
abstract spaces based on limit points, but his definition was too complicated and
a theory based on his ideas was never developed in detail. The major drawback in
the Riesz approach was that it did not require the closure of a set to be a closed
set. An axiom system for the plane, from which Hausdorif drew some ideas, was
proposed by David Hubert in 1902. A set of axioms for Riemann surfaces, based
on the neighborhood concept, was formulated by Hermann Weyl (1885—1955) in
1913. Axioms for a topological space based on a closure operator, listed in Problem
10 of Exercise 4.2 and called the Kuratowski Closure Properties, came later than
the Hausdorfi' axioms. The closure axioms were proposed by K. Kuratowski
in 1922.

In Grundziige der Mengenlehre, Hausdorif gave his definition of topological
spac? and brought the topological research of the late nineteenth and early twentieth
centuries into a logical and unified framework. Hausdorif went well beyond what
was known at that time, however, and introduced many new properties of interest
in topology. These included the first and second axioms of countability, the subspace
topology, a systematic treatment of continuity and homeomorphism, and other
properties which will be mentioned as they are studied in this text.

Separability, in the context of metric spaces, was introduced by Fréchet in
1906. Nowhere dense sets were introduced by du Bois-Reymond in his research
on Euclidean spaces.

There is now a description of topological spaces along the lines envisioned
by Fréchet, but for which his sequence approach was inadequate. The new approach
involves nets, which are a generalization of sequences introduced by E. H. Moore
and H. L. Smith in 1922. Additional information on Moore-Smith convergence
can be found in the suggested reading list for this chapter.





Connectedness

The property of connectedness, that is, the property of being "unbroken" or
"all in one piece," is one ofthe most important topological properties. It isa relatively
simple property for the more common topological spaces, and it seems to fit well
with our intuition in those spaces. For example, the real line (P is connected, and
its connected subspaces are precisely the intervals. The plane is also connected but,
as we shall see, its connected subspaces are considerably more complicated. Con-
nectedness is one of the oldest topological properties, having been defined in es-
sentially the form used today by Camille Jordan in 1892.

Connectedness is one of the more useful topological invariants for other
branches of mathematics. As was hinted in Chapter 1 and will be proved this
chapter, the Intermediate Value Theorem of calculus depends upon the fact that
P is connected.

The properties of being "connected near a point" and "connected by paths"
are also introduced in this chapter.

5.1 CONNECTED AND DISCONNECTED SPACES

It is easier to say what it means for a space to be disconnected, so that term
is defined first.

Definition: A topological space X is disconnected or separated if it is the union
of two disjoint, non-empty open sets. Such a pair A, B of subsets of X is called a
separation ofX. A space Xis connected provided that it is not disconnected. In other
words, X is connected there do not exist open subsets A and B of X such that

A#Ø, B#Ø, AflB=Ø, AUB=X.
A subspace Y of X is connected provided that it is a connected space when

assigned the subspace topology. The terms connected set and connected subset are
sometimes used to mean connected space and connected subspace, respectively.

Example 5.1.1

(a) A discrete space with more than one point is disconnected.
(b) Any trivial space is connected since there fail to exist two non-empty

open sets.

121
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(c) Let Ybe the set of non-zero real numbers with the subspace topology
of P. Then Y is disconnected since (—oo, 0) and (0, oo) form a sep-
aration.

(d) Let Z = P2\P denote the plane minus the real axis, with the subspace
topology. Then Z is disconnected since the upper half plane U =
{(x1, x2) E R2: x2> 0) and lower half plane V = {(x1, x2) E P2:
x2 <0) form a separation.

(e) Let X = [0, 1] U [2, 3] with the subspace topology of the real line.
Then A = [0, 1] and B = [2, 3] are disjoint, non-empty open subsets
of X for which X = A U B, soX is disconnected. (Note that A and B
are relatively open since A = (—co, 3/2) fl X and B = (3/2, oo) fl X.)

(f) Let X denote the set of real numbers with the one additional point
a = (0, 1), and let the topology T for X consist of 0 and all subsets
ofXwhich contain a. Then do not exist two disjoint non-empty
open sets, soX is connected. Note that as a subspace of(X, T), P is
assigned the discrete topology and is therefore disconnected. This
example (as well as examples (c), (d), and (e) above) demonstrate that
the property of being connected is definitely not hereditary.

Example 5.1.2

The real line P with the usual topology is connected. To see this, suppose to the
contrary that P is disconnected. Then

P=AUB

for some disjoint, non-emyty open sets A and B of P. Since

A=R\B, B=R\A,

then A and B are closed as well as open. Consider two points a and b with a E
A and b E B. Without loss of generality we may assume a <b.

Let

A' = A fl [a, b].

Now A' is a closed and bounded subset of P and consequently contains its least
upper bound c. Note that c # b since A and B have no point in common. Thus
c < b. Since A contains no point of(c, b], then

(c, b] C B

and hence c E But B is closed, so c E B. Thus c belongs to both A and B,
contradicting the assumption that A and B are disjoint. This contradiction shows
that P is connected.
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It will be shown in Section 5.3 that the connected subspaces of P are precisely
the intervals.

EXERCISE 5.1

1. Prove that connectedness is a topological property.

2. Show that the set of rational numbers, with the subspace topology of P, is disconnected.

3. Modify the proof of Example 5.1.2 to show that every closed interval is connected.

4. Let (P, T') be the space of real numbers with the finite complement topology. Is (R,
T') connected or is it disconnected? Prove your answer.

5.2 THEOREMS ON CONNECTEDNESS

The argument of Example 5.1.2, a proof by contradiction, is typical of ar-
guments involving connectedness. To show that a space is connected, one must
demonstrate that two sets having certain properties cannot exist. Proceeding in the
contrapositive form by assuming disconnectedness gives a pair of sets with which
to work. Several examples of such arguments are given in this section to prove the
fundamental theorems about connectedness.

Connectedness has been described in many apparently different but equivalent
ways. The major ones are presented in the Corollary to Theorem 5.1.

Definition: Non-empty subsets A and B of a space X are separated sets if A fl B

and A fl E are both empty.

Theorem 5.1: The following statements are equivalent for a topological space X:

(1) X is disconnected.
(2) X is the union of two disjoint, non-empty closed sets.
(3) X is the union of two separated sets.
(4) There is a continuous function from X onto a discrete two-point space

[a, b).
(5) X has a proper subset A which is both open and closed.
(6) X has a proper subset A such that

Afl(X\4=Ø.

Proof: It will be shown that (1) implies each of the other statements and that each
statement implies (1). Assume first that X is disconnected and let A, B be disjoint,
non-empty open sets whose union is X.
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[(1) — (2)]: B = X\A andA = X\B are disjoint, non-empty dosed sets whose
union is X.

[(1) (3)]: Since A and B are dosed as well as open, then

AflB=AflB= 0. 0.

soX is the union of the separated sets A and B. /

[(1) — (4)]: Thefunctionf X (a, b) defined by

ía zfxEA
jfxEB

is continuous and maps X onto the discrete space (a, b).
[(1) (5)]: A # and

A =X\B#X

since B # 0. Thus A is the required set. (B will do equally well.)
[(1) — (6)]: Either A or B can be used as the required set.
[(2) (1)]: If X = C U D where C and D are disjoint, non-empty dosed

sets, then

D=X\C, C=X\D

are open as well as dosed.
[(3) — (1)]: If X is the union of separated sets C and D, then C and D are

both non-empty, by definition. Since X = C U D and C fl D =
0, then C C C, so C is dosed. The same argument shows that
D is also closed, and it follows as before that C and D must be
open as well.

— (1)]: 1ff X—' b) is continuous, then andf'('b) are disjoint
open subsets of X whose union is X. Sincef is required to have
both a and b as images, bothf'(a) andf'(b) are non-empty.

[(5) — (1)]: Suppose X has a proper subset A which is both open and dosed.
Then B = X\A is a non-empty open set disjoint from Afor which
X=AUB.

[(6) — (1)]: Suppose X has a proper subset A for which

A and are disjoint, non-empty dosed sets whose
union is X, and it follows as before that A and (X\A) are also
open. 0
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Corollary: The following statements are equivalent for a topological space X:

(1) X is connected.
(2) X is not the union of two disjoint, non-empty closed sets.
(3) X is not the union of two separated sets.
(4) There is no continuous function from X onto a discrete two-point space

[a, b}.
(5) The only subsets of X which are both open and closed are X and 0.
(6) X has no proper subset A for which

Afl(X\4=O.

Theorem 5.2: Let X be a connected space andf X Y a continuous function
from X onto a space Y. Then Y is connected.

Proof: Using the contrapositive form, assume that Y is disconnected. Then there
are disjoint, non-empty open sets A and B in Y such that Y = A U B. Then the sets
f'(A) and f'(B)

(a) are open sets becausef is continuous;
(b) are disjoint becausef is a function;
(c) are non-empty becausef is surjective;
(d) have union X because

X =f'(Y) =f'(A U B) =f'(A) Uf'(B).

Thus, jfY is disconnected, then X is also disconnected and the proof is complete. 0

Corollary: 1ff X Y is a continuous function on the indicated spaces and X is
connected, then the imagef(X) is a connected subspace of Y.

Theorem 5.2 is sometimes rephrased by saying that connectedness is preserved
by continuous functions. Properties preserved by continuous functions are called
continuous invariants.

Example 5.2.1

Each open interval on the real line, being homeomorphic to P, is connected. (A
later example will show that the connected subsets of P are precisely the intervals.)

The next theorem is a useful criterion for determining whether or not a sub-
space is connected.



136 FIVE / CONNECTEDNESS

Theorem 5.3: A subspace Yofa space Xis disconnected and only if there exist
open sets U and V in X such that

UflY#Ø, VflY,&Ø, UflVrIY=Ø, YCUUV.

Proof: Suppose first that Y is disconnected. Then there are disjoint, non-empty
open sets A and B in the subspace topology for Y such that Y = A U B. By the
definition of relatively open sets, there must be open sets U and V in X such that

A=UflY, B=VflY.

It is a simple matter to check that U and V have the required properties.
For the reverse implication, suppose that U and V are open subsets of X such

that

UnY#ø, vnY#ø, UnVnY=ø, YcUUv.

Then

A=UflY, B=VflY

are non-empty, disjoint relatively open sets whose union is Y, so Y is
disconnected. 0

The analogue of Theorem 5.3 for closed sets is left as an exercise.

Theorem 5.4: If Y is a connected subspace of a space X, then ? is connected.

Proof: Suppose Y is connected. For a change ofpace, the connectedness of? will
be shown by proving that there is no continuous function from Yonto a discrete two-
point space.

Consider a continuous function fi ? (a, b) from Y into such a discrete
space. We must show thatf is not surjective. The reszrictionf I ycannol be surjective.
This means that f maps Y to only one point of (a, b), say a:

J(Y) = (a).

Since f is continuous, Theorem 4.11 guarantees that

(5)= (a),

sofis not surjective. Thus, by Theorem 5.1, ? is connected.
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An examination of the preceding proof will reveal that Theorem 5.4 can be
strengthened as follows:

Corollary: Let Y be a connected subspace of a space X and Z a subspace of X
such that Y C Z C?. Then Z is connected.

Example 5.2.2
Every interval on the real line is connected. This can be proved as follows: It
has already been shown in Example 5.2.1 that each open interval is connected.
A non-degenerate closed interval is the closure of an open interval, so Theorem
5.4 shows that every non-degenerate closed interval is connected. A degenerate
closed interval is connected since it has only one member. Any other non-empty
interval is contained between an open interval and its closure, so the Corollary
to Theorem 5.4 establishes connectedness. The empty set 0, which is an interval,
is connected since it has no non-empty subsets.

Example 5.2.3 The Topologist's Sine Curve
LetA = {(O,y)ER2: —1 �y� 1), B = {(x,y)ER2:O <x� l,y=
sin (ir/x)}. The subspace T = A U B of P2, shown in Figure 5.1, is called the

FIGURE 5.1 The topologist's sine curve.

topologist's sine curve. Note that B is connected since it is the image of (0, 11
under a continuous function. Since T = it follows from Theorem 5.4 that T
is connected.
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Obviously, it is not true in general that the union of connected sets is always
connected. The reader should also be able to give an example to show that the
intersection of two connected sets may fail to be connected. It does seem reasonable,
however, that if a family of connected sets all have a point in common, then their
union is connected. This is true and is proved in the next theorem.

Theorem 5.5: Let X be a space and (Aa: a E I) a family of connected subsets
ofXfor which A,,, is not empty. Then A,,, is connected.

Proof: Theorem 5.3 will be used to show that Y =
U and V are open sets in Xfor which

Ur1Y#Ø, UflVflYØ, and YCUUV.

It will be shown that V fl Y = 0. thus proving that Y is connected. Now U fl Y #
0. so U contains some point in Ad, for some a' E I. Since Ad is connected, then
Ad C U. If b E Aa, then b must be in Ad, so b E U. Thus U contains a point
b in each a E I. Since Aa is connected, then Ac, C Ufor each a E I. Thus

Y UAc,C U
aEI

soVflY=Ø. 0

Corollary: Let X be a space, (Ac,: a E I) afamily of connected subsets ofX, and
B a connected subset of X such that, for each a E I, Ac, fl B # 0. Then
B U Ac,) is connected.

Proof: By Theorem 5.5, each set B U Ac,, a E I, is connected and the intersection

fl (B U Ac,) 0
aEJ

since it contains B. Thus, by Theorem 5.5,

U (BUAc,)\aGI/ aEI

is connected. 0

The proof of the following variation on the union of connected Sets is left as
an exercise.
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Theorem 5.6: Let be a sequence of connected subsets of a space X such
that for each integer n � 1, has at least one point in common with one of the
preceding sets A,, . . . , A,,_,. Then Ut..,

A is connected subset C of I
which is not a proper subset of any connected subset of I.

The following properties of the components of a space X should be noted:

(1) Each point a E X belongs to exactly one component. The component
Ca containing a is the union of all the connected subsets of I which
contain a and thus may be thought of as the largest connected subset of
I which contains a.

(2) For points a, b in I, the components Ca and C,, are either identical or
disjoint.

(3) Every connected subset of X is contained in a component.
(4) Each component of X is a closed set.
(5) Xis connected if and only if it has only one component.
(6) If C is a component of X and A, B form a separation of X, then.C is a

subset of A or a subset of B.

Example 5.2.4

(a) For the subspace I = (0, 1) U (2,3) of IR, there are two components,
(0, 1) and (2, 3). Note that both components are closed sets with
respect to the subspace topology for X determined by R.

(b) In a discrete space, each component contains only one point.
(c) For the set R of rational numbers with the subspace topology deter.

mined by the real line, each component contains only one point.
Note, however, that the topology in this case is not discrete.

Example 5.23

Property (6) of components states that if two points a and b belong to the same
component of X, then they must belong to the same member of any separation
of I. This example shows that the converse is false: It is possible for points a, b
to be always in the same member of any separation A, B of X yet to belong to
different components.

Consider the subspace X of CR2 in Figure 5.2 consisting of a sequence of
line segments converging to a line segment whose midpoint c has been deleted.
Then [a, c) is the component of X which contains a and (c, b] is the component
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a c b

FIGURE 5.2

which contains b, so a and b belong to different components. However, for any
separation of X into disjoint non-empty open sets A and B whose union is X,
both a and b belong to A or both a and b belong to B.

Definition: A space X is totally disconnected provided that each component of X
consists of a single point.

According to Example 5.2.4(b) and (c), discrete spaces of more than one point
and the set of rational numbers are totally disconnected spaces. The property of
total disconnectedness results from an attempt to classify the "degree of discon-
nectedness" of a space. Most people would agree, for example, that the set of rational
numbers, in which the components consist of single points, is disconnected to a
greater extent than is the space X = [0, 1] U [2, 3J, which has only two components.

EXERCISE 5.2

1. (a) Prove that the union of two disjoint closed intervals is always a disconnected
subspace of P.

(b) Repeat (a) for disjoint open intervals.

(c) Is the union of two disjoint intervals in P always disconnected? Give reasons for
your answer.

2. Prove the analogue of Theorem 5.3 for closed sets.

3. Prove Theorem 5.4 and its corollary using a separation into disjoint, non-empty open
sets.

4. Prove Theorem 5.6.

5. Determine whether each of the following subspaces of P2 is connected or disconnected.
Give a reason for each answer.
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(a) Asymptotic curves (b) Asymptotic curves and
the asymptote

(c) Intersecting lines

FIGURE 5.3

(d)

6. Prove that every countable subset of P is totally disconnected.

7. Prove properties (l)—(6) for components listed in the text.

8. Give examples of subsets A and B of P2 to illustrate each of the following:

(a) A and B are connected, but A fl B is disconnected.

(b) A and B are connected, but A\B is disconnected.

(c) A and B are disconnected, but A U B is connected.

(d) A and B are connected and A fl # 0, but A U B is disconnected.

9. (a) Suppose that A and B are open subsets ofa space Xfor which A U BandA ñ B
are connected. Prove that A and B are connected.

(b) Repeat part (a) for closed sets.

10. Prove that a homeomorphism h: X Y between spacesX and Y induces a one-to-one
correspondence between components of X and components of Y.

11. Give an example of spaces X and Y for which there is a one-to-one correspondence
between components of X and components of Y with corresponding components ho-
meomorphic, but I is not homeomorphic to Y. (Hint: Consider the rational numbers
and the integers.)

12. Definition: A Hausdorff space Xis 0-dimensional if X has a basis 'B of sets which are
simultaneously open and closed.

Prove that every 0-dimensional space is totally disconnected.
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13. Prove:

(a) The property of being totally disconnected is a topological invariant but not a
continuous invariant.

(b) The property of total disconnectedness is hereditary.

14. DefinitIon: A point x is a cut point ofa connected space X provided that X\(x) is a
disconnected subspace.

Prove:

(a) Every point of P is a cut point.

(b) If h: X Y is w homeomorphism between the indicated spaces and x is a cut
point of X, then h(x) is a cut point of Y.

(c) Every point of the subspace

((—1,OJX {O})U{(x,y)EP2:O<x< 1, y= sin(1/x)}

of p2 is a cut point.

15. Let Xbe a space such that for each pair a, b of points ofX, {a, b} is a subset ofa
connected set. Prove that Xis connected.

16. In P2, let be the edges of the rectangle of height 2 — 2/n and length n centered at
the origin, n = 2, 3 Let L1 and L2 be the horizontal lines y = 1 and y = —1,

respectively, and let

X = L1 u u (Ci

with the subspace topology of P2. Prove that the components of X are the sets L1, L2,
and n � 2, but that there is no separation X = A U B of X with L, C A and
L2CB.

L1

(0,0)
A2 A3 A4

L2
FIGURE 5.4
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5.3 CONNECTED SUBSETS OF THE REAL LINE

Examples 5.1.2, 5.2.1, and 5.2.2 have shown that the real line and all intervals
on the real line are connected. This section shows that there are no other connected
subsets of P.

Lemma: A non-empty subset A of P is an interval if and only iffor each pair
c, d of members of A, every real number between c and d is in A.

Proof: It is evident from the definition of intervals in Chapter 2 that every interval
has the stated property.

Consider, then, a subset A of P which contains every real number between
any two of its members. The proof breaks into several cases depending upon whether
or not A has a least upper bound or greatest lower bound and whether or not these
bounds, if they exist, belong to A.

Suppose, for example, that A has neither a least upper bound nor a greatest
lower bound. Then for x E P there are members c and d of A for which c <x and
d> x. Then x E A, so it follows that A = P andA is the interval (—co, oo).

Suppose A has greatest lower bound a which does not belong to A andA has
no least upper bound. Then A contains no real number x � a. If y> a then y is not
an upper bound for A so there is a member d of A with d> y. Similarly, y is not
the greatest lower bound for A, so there is a member c of A with c < y. Then c <
y < d so y E A. Thus A = (a, oo) and is an interval.

The remaining cases are left to the reader. 0

Theorem 5.7: The connected subsets of P are precisely the intervals.

Proof: Since we know that every interval is connected, it remains only to be proved
that a subset B of P which is not an interval must be disconnected. Let B be a subset
of P that is not an interval. Then, by the lemma, there are members c and d in B
and a real number y with c <y < dfor which y B. Then the open sets

U=(—oo,y), V=(y,oo)

have the following properties:

(a) cEUflB,soUflB#Ø;
dE VflB,so VflB#Ø;

(b) Un V=Ø,soUfl VflB=Ø;
(c) BCUUV.

By Theorem 5.3, B is disconnected. Hence every connected subset of P must be an
interval. 0
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EXERCISE 5.3

1. Give another proof of the fact that every interval on P is connected by showing that
every interval is the image of JR under a continuous function. (Hint: The function whose
graph appears below maps P onto [a, b].)

2. Let A be an interval on JR and!: A P a continuous function. Prove thatf(A) is an
interval.

3. Letf: [a, b] -+ [c, d] be a homeomorphism on the indicated intervals. Prove thatfmaps
endpoints to endpoints.

4. Prove that an open interval (a, b) and a closed interval [c, d] are not homeomorphic.

5.4 APPLICATIONS OF CONNECTEDNESS

In Chapter 1 a suggestive but incomplete argument was given for a special
case of the Intermediate Value Theorem (Theorem 1.1). The Intermediate Value
Theorem will be shown in the present section to be a simple consequence of our
work on connectedness. The subject of theorems and their importance
will also be discussed in this section.

Theorem 5.8: The Intermediate Value Theorem Let f: [a, bJ P be a
continuous function from a closed interval [a, b] into P andyo a real number between
f(a) andf(b). Then there is a number c E [a, b]for which f(c) = Yo.

FIGURE 5.5

a b
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Proof: The interval [a, b] is connected. Sincef is continuous, then f([a, b]) is a
connected subset of P and, by Theorem 5.7, must be an interval. Thus any number
y0 betweenf(a) andf(b) must be in the imagef([a, b]). This simply means that y0 =
f(c)for some real number c between a and b. 0

Corollary: Let f [a, b] P be a continuous function for which one off(a) and
ill.') is positive and the other is negative. Then the equation f(x) = 0 has a root
between a and b.

Theorem 5.9: [a, b] [a, b] be a continuous function from a closed interval
[a, b] into itself Then there is a member c E [a, b] such thatf(c) = c.

Proof: Iff(a) = a orf(b) = b, then f has the required property, so we assume that
f(a) # a andf(b) # b. Thus a <f(a) andf(b) <b, sincef(a) andf(b) must be in
[a, b]. Define g: [a, b] -+ P by

g(x) = x — f(x), x E [a, b].

Then g is continuous and

g(a) = a — ira) <0, g(b) = b — f(b)> 0.

The Intermediate Value Theorem (Theorem 5.8) applies to show the existence of a
number of c E [a, bJfor which g(c) = 0. Thenf(c) = cfor this number c. 0

Recall from Chapter 3 that afixed point of a functionf: X -+ Xis a point x
for which f(x) = x. A topological space X has the fixed-point property if every
continuous function from X into itself has at least one fixed point.

Theorem 5.9 can now be restated as follows: Every dosed and bounded interval
has the fixed-point property. In Chapter 9 we shall investigate the Brouwer Fixed
Point Theorem, which shows that every closed ball in P" has the fixed-point property.

The next theorem shows that if X is homeomorphic to a space with the fixed-
point property, then X has the fixed-point property as well. Combining this result
with the Brouwer Fixed Point Theorem will allow us to conclude, for example,
that any subset of P3 which is homeomorphic to a closed disk has the fixed-point
property. Thus squares, triangles, and other closed figures homeomorphic to a closed
disk have the fixed-point property. The n = 2 case of the Brouwer Fixed Point
Theorem will be proved in Chapter 9.

Theorem 5.10: The fixed-point property is a topological invariant.

Proof: Let X be a space which has the fixed-point property, Y a space homeo-
morphic to X, and h: X Y a homeomorphism. Let fi Y Y be a continuous
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function. Since the compositefunction h'flz: X Xis a continuous function on X,
it has at least one fixed point x0:

h'fh(x& = x0.

Then

f(h(x&) = hh'Jh(x& = h(x&,

so the point h(xo) is a fixed point forf Thus Y has the fixed-point property.

Example 5.4.1

The real line does not have the fixed-point property since, for example, the
function

f(x)=x+1, xER,

has no fixed point. Since each open interval is homeomorphic to R, Theorem
5.10 shows that no open interval has the fixed-point property. It is left as an
exercise for the reader to show that intervals of the form [a, b), (a, b], (—co, a],
and [a, oo) do not have the fixed-point property.

Example 5.4.2

The n-sphere 5", n � 1, does not have the fixed-point property since the function

g(x) = —x, x E 5",

has no fixed point.

EXERCISE 5.4

1. Prove that every polynomial having real coefficients and odd degree has a real root.

2. Prove that intervals of the form (a, b], (a, b], (—ao, a], and [a, oo) do not have the fixed-
point property.

3. Which of the following subsets of the plane have the fixed-point property? Give reasons
for your answers:

(a) B(O, l)=
{(x,, x2) E x, x2 are both rational}
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(c) A = {(x1, x2) E x1 = 0 or x2 = 0) (the axes).

(d)

4. (a) Prove that does not have the fixed-point property.

(b) Prove that no open ball B(a, r), a E R", r> 0, in P" has the fixed-point property.

5. Does the topologist's sine curve of Example 5.2.3 have the fixed-point property? Justify
your answer.

5.5 PATH CONNECTED SPACES

Path connectedness is a topological property stronger than connectedness
which is useful in many applications. Intuitively speaking, a space X is path con-
nected provided that each pair of points in X can be joined by a continuous curve
in X.

Definition: A path in a spaceX is a continuous function p: [0, 1] X. The points
p(O) andp(1) are the endpoints ofthe path. The path is said to join the initial point
p(0) and the terminal point p(1). The path p is also called a path from p(O) to p(1).

If p is a path in X, the reverse path is the path defined by

fi(t)=p(1—t), tE[0,1].

Note that the initial point of a path is the terminal point of its reverse path,
and conversely. Note also that since [0, ii is connected and connectedness is a
continuous invariant (Theorem 5.2), then the image of every path is a con-
nected set.

Definition: A space Xis path connected provided that for each pair a, b ofpoints
of X there is a path in X with initial point a and terminal point b. A subspace A of
X is path connected provided that A is a path connected space with its subspace
topology. The terms path connected set and path connected subset are sometimes
used for path connected space and path connected subspace, respectively.

Example 5.5.1

Every interval on the real line is path connected. For a, b in an interval K, the
path

p(t) = (1 — t)a + tb, t E [0, 1],

is a path in K with initial point a and terminal point b.
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Example 5.5.2

The preceding example generalizes to the subsets of P" called "convex sets."
For a point a = (a1, ..., a,) E and r P, the scalar multiple ra is

defined by

ra = (ra1, . .., ran).

The line segment from a = (a1, ..., to b = (b1, ..., is the set
{(1 — t)a + tb: 0 � t � 1). A subset is convex provided that for all a, b
in C, the line segment from a to b is contained in C.

Since the line segment from a to b is simply the image of the path

p(t)=(1—t)a+th,

then each convex subset of P" is path connected. In particular, P" is path
nected.

Examples of convex sets in P2.

(g)

Examples of non-convex sets in P2.

Theorem 5.11: Every path connected space is connected.

(a) (b) (c) (d)

(f) (h)(e)

FIGURE 5.6
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Proof: Suppose that Xis a path connected space and let a be a member ofX. For
each x in X, let Px be a path in X with initial point a, terminal point x, and image

= pJ[O, 1]). Since each image is connected and a belongs to each then,
by Theorem 5.5,

X= U
xEX

is connected. 0

The connected subsets of P are the intervals. By Example 5.5.1, every interval
is path connected. Combining this fact with Theorem 5.11 shows that connectedness
and path connectedness are equivalent properties for subsets of P; a subset of P is
connected if and only if it is path connected. The next example shows a connected
subset of P2 that is not path connected and therefore justifies the statement made
earlier that path connectedness is stronger than connectedness.

Example 5.5.3

Recall from Example 5.2.3 that the topologist's sine curve is the subspace T =
A U B of P2 for which A = {(O, y) E P2: —1 � y � 1) and B = {(x, y) E P2:
o <x � 1, y = sin (lr/x)}. Refer to Figure 5.1 for the picture and to Example
5.2.3 for the proof that T is connected.

It is intuitively plausible that there should be no path in Tjoining a point
of A to a point of B. The following lemma will aid in the proof.

Lemma: In the topologists' sine curve T, any connected subset C containing a
point a in A and a point b in B has diameter greater than 2.

Proof: The lemma is based on the fact that any such set C must contain all of
B to the left of b = (b,, b,). The diameter of this set exceeds 2 because sin (ir/x)
oscillates in value between the extremes 1 and —1 as x approaches 0. For the
proof suppose there is a point d = (d1, E B for which d1 � bj and d C.
Then

U = {(x, y) E x < d1}, V = ((x, y) E d1 <x)

are disjoint open sets in P2. each containing at least one point of C, whose union
contains C. Thus, by Theorem 5.3, C is not connected. This contradiction shows
that C must contain all points of B to the left of b and hence must have diameter
greater than 2.

Returning now to the argument that Tis not path connected, suppose that
there is a path p in T with initial point a in A and terminal point b in B. The
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following argument shows that p cannot be continuous at the value of t E [0, 1]
where the curve "passes from A into B." Let

W= {tE[0, 1]:p([0,tflCA},

and let w be the least upper bound of W. Then w E Jr', so by continuity of p,

p(w) Ep(W) Cp(W) CA = A.

Also by continuity of p at w there must be a positive number ö such that if
t E 10, 1] and 1w — Il <6, then the distance in P2 from p(w) top(t) is less than
1/2. Since w + 6 exceeds the least upper bound of W, there is a number
V E [0, 1) such that w < v < w + 6 and p(v) E B. Then the image p([w, v]) is a
connected subset ofT containing a point p(w) E Aand a point p(v) E B. By the
choice of 6, the diameter of p([w, v]) cannot exceed 1. This contradicts the
lemma, however, and completes the proof that T is not path connected.

Example 5.5.4

The subspace X of the plane shown in Figure 5.7 is also connected but not path
connected. The reader is left the exercise of showing that there is no path in X
from a to b. (The point c indicated by the hollow dot does not belong to X.)

a c b

FIGURE 5.7

If there is a path in a space X with initial point a and terminal point b and a
second path with initial point b and terminal point c, then it seems reasonable that
one should be able to "put the paths together" to obtain a path from a to c. This
will be proved with the aid of the following Gluing Lemma, which shows how two
continuous functions can be "glued" together.



5.5/ Path Connected Spaces 151

The Gluing Lemma: Let A and B be closed subsets of a space I = A U B and
f A Y and g: B Y continuous functions into a space Yfor which f(x) = g(x)
for all x E A fl B. Then the function h: I Y defined by

(1(x) tfxEAh(x)=ç ifxEB

is continuous.

Proof: For a dosed subset C of Y,

h'(C)= (xEX:h(x)EC} = (xEA:f(x)EC]U (xEB:g(x)EC)
= f'(C) U ('(C).

Since f is continuous, f'(C) is a dosed set in the subspace topology on A:

f'(C) = DflA

where D is dosed in X. Since A is dosed in I, thenf'(C) is the intersection of two
closed sets and is therefore closed in I. The same reasoning shows that ('(C) is
closed in I. Therefore,

/r'(C) = f'(C) U ('(C)

is a closed set in Xfor each closed set C in Y, so h is continuous. 0

Definition: Let pj and p2 be paths in a space Xfor which p,(1) = p2(O). The path
product p1 *P2 of p, and p2 is the path in I defined by

P2(1)

Ip,(2t) 0 � t � 1/2
Pi spit) =

— 1) 1/2 � t � 1.

P1(O)

FIGURE 5.8
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The continuity of pi *P2 in the preceding definition follows easily from the
Gluing Lemma with A = [0, 1/2], B = [1/2, 11,1(t) = p1(2t), and g(t) = p2(2t — 1).

The agreement off and g on A fl B is provided by

1(1/2) = 1/2) = p1(1) = p2(0) = p2(2 1/2 — 1) = g(1/2).

Theorem 5.12: Every open, connected subset of R" is path connected.

Proof: For an open, connected subset 0 of and a E 0, let Ua = (x E 0: there
is a path in 0 joining a andx).

Note that Ua is an open set containing afor each a E 0: If x E Ua, let B(x, r)
be an open ball centered at x and contained in 0. Since B(x, r) is convex, Example
5.5.2 guarantees that there is a path in B(x, r)from x to any member y of B(x, r).
Since there is a path in 0 from a to x, the method offorming path products shows
that there is a path in 0 from a to each point of B(x, r). Thus B(x, r) C Ua, 50 Ua
is an open set.

For any a, b in 0, Ua and U,, are either identical or disjoint. To prove this,
suppose that x belongs to Ua fl Ub. Then there are paths in 0 from a to x and from
b to x and, consequently, a path in 0 from a to b. But then any point that can be
joined by a path in 0 to point a can be joined by a path in 0 to point b, and vice
versa, so Ua = Ub. Thus either Ua = Ub or Ua fl Ub = 0.

Suppose now that 0 is not path connected and let a, b be members of 0 which
cannot be joined by a path in 0. Then Ua # 0 since b Ua, and and U,, are
disjoint open sets in 0?'. Then

V = U (Ui: x E 0 and x Ua]

and Ua are disjoint, non-empty open sets whose union is 0, contradicting the fact
that 0 is connected. 0

Many theorems about connectedness have analogues for path connectedness.
Proofs of the following two are left as exercises.

Theorem 5.13: Let X be a space and (Aa: a E I) a family of path connected
subsets ofXfor which is not empty. Then An is path connected.

Theorem 5.14: Let be a sequence of path connected subsets of a space
X such that for each integer n � 1, has at least one point in common with one
of the preceding sets A,, .. . , Then A,, is path connected.

Definition: A path component ofa space X is a path connected subset P of X
which is not a proper subset of any path connected subset of X.
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The following properties of path components should be noted.

(1) Each point a in X belongs to exactly one path component. The path
component Pa containing a is the union of all the path connected subsets
of X which contain a and is therefore the largest path connected subset
of X which contains a.

(2) For points a, b in X, the path components Pa and Pb are either identical
or disjoint.

(3) Every path connected subset of X is contained in a path component.
(4) Xis path connected if and only if it has only one path component.

The preceding properties of path components are quite analogous to
sponding properties of components of a space X. Note, however, that it is not stated
above that a path component must be a closed set. It is left as an exercise to show
that one of the path components of the topologist's sine curve is not a closed set.

Each topological space is divided into components and into path components.
Is each component a subset of a path component, or is it the other way around?

EXERCISE 5.5

1. Identify two path components of the topologist's sine curve (Examples 5.2.3 and 5.5.3).
Show that one of the path components is closed and the other is not.

2. Prove that in R" each path component of an open set is an open set.

3. Let X be a space and P a path component of X. Prove that P is a subset of some
component of X.

4. Let 0 be an open set in P". Prove that the components of 0 and the path components
of 0 are identical.

5. Prove Theorems 5.13 and 5.14.

6. Prove that path connectedness is a continuous invariant.

7. Prove that a space Xis path connected if and only if there is a point a in X such that
each point of X can be joined to a by a path in I.

8. Give an example of a space I with a path connected subset A whose closure A is not
path connected.

9. (a) Give the definitions for the terms scalar multiple, line segment, and convex set in
Hilbert space H.

(b) Prove that every convex subset of-H is path connected.

10. Let X be a space, and define a relation on I as follows: x y if and only if there
is a path in I from x to y. Show that is an equivalence relation whose equivalence
classes are the path components of X.

11. Prove that convexity is not a topological property.

12. Give an example of a path connected subset of P2 that is not convex.
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5.6 LOCALLY CONNECTED AND LOCALLY PATH
CONNECTED SPACES

Connectedness is called a global topological property because it describes a
characteristic of an entire topological space. Path connectedness, second countability,
separability, and the Hausdorff property are also global propertie& Local topological
properties deal with the characteristics of a space "near" a particular point. Our
first example of such a property was first countability, which describes the open
sets containing a particular point. This section introduces local properties corre-
sponding to connectedness and path connectedness.

Definition: A topological space X is locally connected at a point p in X if every
open set containing p contains a connected open set which contains p. The space X
is locally connected provided that it is locally connected at each point.

The first theorem on local connectedness is essentially a restatement of the
definition. The proof is left as an exercise.

Theorem 5.15:

(a) A space X is locally connected at a point p in X if and only there is a
local basis at p consisting of connected open sets.

(b) A space X is locally connected if and only if it has a basis of connected
open sets.

Example 5.6.1

(a) Any interval in P is both connected and locally connected.
(b) P" is connected and locally connected for each positive integer n.
(c) The subspace X = [0, 1] U [2, 31 of P is locally connected but not

connected.
(d) The topologist's comb C is the subspace of P2 shown in Figure 5.9:

C consists of the interval [0, 1] on the real line with vertical segments
of length 1 attached at the origin and at each point 1/n, n a positive
integer.

The topologist's comb C is obviously connected; in fact, it is
path connected paths can run up and down the vertical segments
and across the base [0, 1]. However, C is not locally connected at any
point (0, t), 0 <t � 1, since small open sets containing such points
consist of collections of open vertical intervals. A typical one is shown
in Figure 5.10.
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0 1
2

FIGURE 5.9 The topologist's comb.

FIGURE 5.10

(e) The set of rational numbers, as a subspace of P, is neither connected
nor locally connected.

As the preceding examples show, one cannot predict local connectedness or
connectedness on the basis of the other. This is commonly the case with local and
global properties; generally speaking, a local property does not necessarily imply
the corresponding global property, and vice versa. Recall, however, that second
countability does imply first countability, so this is not an infallible rule.

Theorem 5.16: A space X is locally connected if and only each open subset
0 of X, each component of 0 is an open set.
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Proof: Suppose that C is a component of an open subset 0 of a locally connected
space X. For x in C, there is a connected open set with x E U, and C 0.
Since C is the largest connected subset of 0 containing x, then C C. Thus C
contains an open set about each of its points, so C is open.

For the converse, suppose that each component of each open subset of X is
open, and let a be a point ofX and 0 an open set containing a. Then the component
C of 0 which contains a is an open set containing a and contained in 0, soX must
be locally connected at a. 0

Definition: A space Xis locally path connected at a point p in X every open set
containing p contains a path connected open set containing p. The spaceX is locally
path connected provided that it is locally path connected at each of its points.

Proofs of the next two theorems are left as exercises.

Theorem 5.17:

(a) A space X is locally path connected at a point p in X if and only if there
is a local basis at p consisting of path connected open sets.

(b) A space X is locally path connected if and only it has a basis of path
connected open sets.

Theorem 5.18: A space X is locally path connected and only iffor each open
subset 0 of X, each path component of 0 is an open set.

Both local connectedness and local path connectedness are topological prop-
erties. Furthermore, it is easily observed that every locally path connected space is
locally connected. One of the exercises for this section is to find an example of a
locally connected space that is not locally path connected.

Theorem 5.19: If X is a connected, locally path connected space, then X is path
connected.

Proof: For each a in X, let Pa denote the path component ofX to which a belongs.
Since X is an open set, Theorem 5.18 shows that each Pa is open. Recall that for
path components Pa and Pb of X, either = Pb or Pa and Pb are disjoint.

For a particular point a in X, suppose Pa # X. Then Pa and the union of all
for which X Pa are disjoint, non-empty open subsets of X whose union is X.
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Thus we conclude that Xis disconnected, a contradiction. Since Xis connected, then
Pa = X and X must be path connected as well. 0

EXERCISE 5.6

1. Prove Theorem 5.15.

2. Give an example of a space X which is

(a) path connected but not locally path connected;

(b) locally path connected but not path connected.

3. Prove that every locally path connected space is locally connected.

4. (a) Prove that P" is locally path connected.

(b) Prove that every open set in R" is locally path connected.

5. Prove Theorems 5.17 and 5.18.

6. Give an example of a space X and a point a in X for which Xis locally connected at a
but not locally path connected at a.

7. Discuss the properties of local connectedness and local path connectedness for the
topologist's sine curve (Examples 5.2.3 and 5.5.3).

8. Let X be the subset of the plane consisting of a circle and a spiral in the circle winding
outward with the circle as limit, as shown in Figure 5.11. Prove that Xfails to be locally
connected at points on the circle.

9. The broom space B is the subset of P2 consisting of segments from the origin of unit
length and slope 1/n, n = 1,2,.. . , together with the limiting segment 10, 1] on the
axis. Prove that B is locally path connected at each point of B\(0., 1] and is not locally
connected at any point of(0, 1].

FIGURE 5.11
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FIGURE 5.12 Broom space.

10. Let X be a locally path connected space. Prove that each path component of X is both
open and closed.

11. DefinitIon: Let X be a space and x a point of X. Then X is connected im kleinen at x
provided that for each open set U containing x there is an open set V containing x with
the property that for each pointy in V. there is a connected subset of U containing both
x andy.

(a) Prove that a space which is locally connected at a given point is connected im
kleinen at that point.

(b) Show that the space X shown below, which is sometimes called a "sequence of
shrinking broom spaces," is connected im kleinen at the point x but not locally
connected at x.

FIGURE 5.13 Sequence of shrinking broom spaces.

(c) Let X be a space that is connected im kleinen at each point x in X. Prove that X
is locally connected. (Hint: Show that each component of each open subset of X
is open.)

12. (a) Show that local connectedness is not a continuous invariant by describing a con-
tinuous functionf: [0, 1) Yfrom [0, 1) onto the space Yshown in Figure 5.14.

0 1

x x



5.6 / Locally Connected and Locally Path Connected Spaces 159

Y

(b) Let Xbe a locally connected space, Ya space, andfi X-+ Ya continuous function
from X onto Y. Prove:

(i) 1ff is an open function, then Y is locally connected.

(ii) 1ff is a closed function, then Y is locally connected.

SUGGESTIONS FOR FURTHER READING

Most of the general topology textbooks listed in the Bibliography contain
information on connectedness and related properties. The treatments given in Du
gundji's Topology and Willard's General Topology are particularly recommended.

FIGURE 5.14
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HISTORICAL NOTES FOR CHAPTER 5

Connectedness was defined for closed and bounded subsets of P" by Georg
Cantor in 1883 in the following way: A subset X is connected provided that for
each pair a, b of points of X and positive number there is a finite sequence
{x1}7.1 of points of X such that x1 = a, = b, and d(x,, x1+1) < for i = 1, 2,...,
n — 1. This definition is not suitable for general topological spaces because of its
reliance on distances. In fact, Cantor's definition is not suitable even for general
metric spaces.

The modern definition of connectedness is due to Camille Jordan (1838—
1922), who defined the property in 1892 for closed and bounded subsets of R" as
follows: A set X is connected provided that it has no proper subset A for which A
and X\A are disjoint. This definition is property (6) of the Corollary to Theorem
5.1. Jordan showed the equivalence of his definition to Cantor's and proved Theo-
rems 5.2 and 5.5 for the situation covered by his definition. Jordan's definition was
extended to abstract spaces by N. J. Lennes in 1911.

The systematic study of connectedness began with Hausdorif's Grundzüge
der Mengenlehre in 1914. The notion of separated sets is due to Hausdorif, who
defined a set to be connected provided that it is not the union of two separated
sets. Hausdorif's book contains Theorem 5.4 and its corollary, as well as Theorem
5.5. The definition of component is due to Hausdorif, as is the idea of a totally
disconnected space, which was called "hereditarily disconnected" at that time.

Local connectedness was defined by Hans Hahn (1879—1934) in 1914. Similar
properties were considered by Pia Nalli in 1911 and Stephan Mazurkiewicz in 1913.
Theorem 5.16 was proved independently by Hahn in 1921 and Kuratowski
in 1920.

Path connectedness is the oldest of the connectedness properties; the joining
of points by continuous curves can be traced back for centuries. In a stricter to-
pological sense, path connectedness was used by Weierstrass prior to 1890 for subsets
of Rn.



Compactness

Compactness is the topological property that generalizes to topological spaces
a property of closed, bounded intervals [a, b] developed in Chapter 2. Recall that
the Heine-Borel Theorem (Theorem 2.12) showed that if 0 is a collection of open
intervals whose union contains [a, bJ, then there is a finite subcollection of 0 whose
union contains [a, b]. A topological space which has this property for every covering
by open sets is called compact. Compactness is a subtle property whose ramifications
are not immediately apparent; do not let the term "compact" suggest simply small-
ness of size. The intervals [0, 1] and (0, 1) have the same size, but [0, 1] is compact
and (0, 1) is not.

One of the main results of this chapter is that a subset of IR" is compact if and
only if it is closed and bounded. Historically, compactness was intended to generalize
to topological spaces the properties which characterize the closed and bounded
subsets of P". Several different properties that will be introduced in this chapter
were put forward with varying degrees of success until it was recognized that com-
pactness is the desired property.

The reader may already know from calculus that a continuous, real-valued
functionf: [a, b] whose domain is a closed interval [a, b] attains a maximum
and a minimum value. This result is proved in the present chapter as a corollary
to the more general theorem that any continuous, real-valued function whose do-
main is a compact space attains a maximum and a minimum value.

6.1 COMPACT SPACES AND SUBSPACES

Definition: Let A be a subset of a topological space X. An open cover of A is a
collection 0 of open subsets of X whose union contains A. A subcover den ved from
an open cover 0 is a subcollection 0' of 0 whose union contains A.

Note from the preceding definition that an open cover of a space Xis a family
of open subsets of X whose union is X.

Example 6.1.1

Consider the subspace A = [0, 5] of P and the open cover 0 = {(n — 1,

n + of A. In this case the subcollection (9' consisting of(—1, 1), (0, 2),
(1, 3), (2, 4), (3, 5), (4, 6) is a subcover and happens to be the smallest subcover

161
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forA that can be derived from 0. There are many other subcovers forA, however,
since it is only required that the union of the members of the subcover con-
tainA.

Definition: A space Xis compact provided that every open cover ofX has afinite
subcover. Equivalently, X is compact provided that for every collection 0 of open
sets whose union equals X, there is afinite subcollection of 0 whose union
equals X. A subspace A of a space X is compact provided that A is a compact
topological space in its subspace topology.

Since relatively open sets in the subspace topology for a subset A of a space
X are the intersections of A with open sets in X, the definition of compactness for
subspaces can be restated as follows:

Alternate Definition: A subspace A of a space Xis compact if and only every
open cover of A by open sets in X has afinite subcover.

Example 6.1.2

(a) Any space consisting of a finite number of points is compact.
(b) Each closed and bounded interval [a, 1,] is compact. This follows from

the Heine-Borel Theorem (Theorem 2.12) since each open set is a
union of open intervals. Let 0 be an open cover of [a, bJ by open
subsets of R, and for each x in [a, 1,] let be a member of 0 which
contains x. Since is open, there is an open interval containing
x and contained in By Theorem 2.12, the collection x E
[a, b]} has a finite subcover Since

xE[a,b],

it follows that the corresponding collection is a finite subcover
of [a, bJ derived from 0.

(c) We shall see in Theorem 6.11 that the compact subsets of P" are
precisely the sets which are both closed and bounded.

(d) The real line with the finite complement topology T' is compact.
To see this, let 0 be an open cover of P. Then any non-empty member

of 0 contains all but some finite number N of points of P.
By choosing from 0 an open set containing each of these remaining
points, one obtains a subcover derived from 0 having at most
N + 1 members.
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Example 6.1.3

(a) An infinite set Xwith the discrete topology is not The open
cover ('!) = {{x): x E X) is an open cover with no finite subcover.

(b) The open interval (0, 1) is not compact since = {(l/n, is an
open cover with no finite subcover. Non-compactness for any open
interval (a, b) is proved similarly.

(c) is not compact for any positive integer n since 0 = {B((O,
is an open cover having no finite subcover.

Definition: A family A ofsubsets of a spaceX has the finite intersection property
provided that every finite subcollection of A has non-empty intersection.

Example 6.1.4

The collection {(1/n, is a family of open subsets of P with the finite in-
tersection property. Note that the intersection of any finite collection of these
open intervals is the smallest interval (the interval of largest index) involved in
the intersection.

The duality between unions of open sets Oa and intersections of the corre-
sponding closed sets Ca = X\OC, in a space

X\fl Ca = U Oa,

produces the following characterization of compactness in terms of closed sets.

Theorem 6.1: A space X is compact if and only everyfamily of closed sets in
X with the finite intersection property has non-empty intersection.

Proof: Suppose first that X is compact and let A = {Ca: a El), for an index set
I, be a family of closed sets in X with the finite intersection property. It must be
shown that the intersection of all the members of A is non-empty. Proceeding by
contradiction, suppose that this intersection C is empty. Consider the corre-
sponding family 0 = (Oa = X\Ca: a E I) of open sets in X. Then

U Oa U (X\Ca) = X\ fl Ca = =
aEI aEJ aEl

so 0 is an open cover of X. Thus, by compactness of X, 0 has a finite subcover
0' = for X. Then

X
=

U Oa,
=

U ('X\C'a,,) = X\ fl Ca,,
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SO fl7...1 Ca, must be empty. But this contradicts the fact that A has the finite inter-
section property. Thus, if A has thefinite intersection property, then the intersection
of all the members of A must be non-empty.

The argument for the reverse implication is similar and is left as an exercise.
0

Theorem 6.2: Cantor's Theorem of Deduction Let be a nested
sequence of non-empty, closed and bounded subsets of P. Then is
not empty.

Proof: The family being nested and composed of non-empty sets, has
the finite intersection property. Since E, is bounded, it must be a subset of some
closed interval [a, b]. Since each is closed in R, then each is closed in the subspace
topology for [a, b]. Thus is a collection of closed subsets of the compact
space [a, bJ, and has the finite intersection property. Theorem 6.1 guarantees
that is not empty. 0

Note that the preceding theorem has Cantor's Nested Intervals Theorem
(Theorem 2.11) as a special case.

Example 6.1.5

The requirement that the subsets of Cantor's Theorem of Deduction be
bounded cannot be removed. Consider, for example, the collection of
infinite intervals

= In, oo), n = 1, 2, 3

Then is a nested sequence of closed subsets of P whose intersection is
empty. The requirement that the sets be closed cannot be omitted either. The
collection ((0, is a nested sequence of non-empty bounded sets whose
intersection is empty.

Theorem 6.3: Each dosed subset of a compact space is compact.

Proof: Let A be a dosed subset of a compact space X and 0 an open cover of A
by open sets in X.

Since A is a closed set, then X\4 is open and

0* = OU(X\4)
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is an open cover ofX. By compactness ofX, has afinite subcover which contains
only finitely many members 0,,..., of 0 and may contain X\A.
The fact that

X= ('X\4UU 0

implies that

ACUO1

since X\A contains no points of A. Thus is a finite subcover for A derived
from 0, and A is compact. 0

Theorem 6.4: Each compact subset of Hausdorff space is closed.

Proof: Let A be a compact subset of Hausdorff space X. It will be proved that
X\4 is open and hence that A is closed. Let x E X\4. Then for each y E A, there
exist disjoint open sets and with y E Ui,, and x E Vi,. The collection [U,,:
y E A) of such open sets U,, is an open cover of A which, by compactness, has a
finite subcover (U,,,)7.1. Then, since U,,1 and the corresponding open set are dis-
joint, the sets

are disjoint open sets containing A and x, respectively. In particular, V is an open
set containing x which is disjoint from A. Thus X\A is open, so A is closed. 0

Corollary: Let X be a compact Hausdorff space. A subset A of X is compact if
and only if it is closed.

Theorem 6.5: IfA and B are disjoint compact subsets of a Hausdorff space X,
then there exist disjoint open sets U and V in X such that A C U and B C V.

Proof: Consider the relation between a point x in B and the compact set A. By
the proof of Theorem 6.4, there exist disjoint open sets U and V in I containing A
and x, respectively. Since we shall require such a pair of open sets for each x in B,
we add a subscript x to the notation for indexing. For each x in B, there are disjoint
open sets and V, in I such that

ACUX,
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The collection (Vi: x E B) is an open cover of B and, by compactness, has afinite
subcover for B. Then since and are disjoint, the sets

are disjoint open sets containing A and B, respectively. 0

Corollary: If A and B are disjoint closed subsets of a compact Hausdorff space
X, then there exist disjoint open sets U and V in X with A C U and B C V.

Proof: Since A and B are closed subsets of the compact space X, then A and B
are compact by Theorem 6.3. Then A and B are disjoint compact subsets of a
Hausdorff space, so the desired conclusion follows from Theorem 6.5. 0

Theorem 6.5 is sometimes rephrased by saying that in a Hausdorfi' space,
every pair A, B of compact sets can be separated by disjoint open sets. This extends
to pairs of disjoint compact subsets the analogous Hausdorfi' property for pairs of
points. Note that this use of the term "separated" refers to inclusion in disjoint
open sets and is not to be confused with the idea of a separated or disconnected
space. The Corollary to Theorem 6.5 says that in a compact Hausdorif space every
pair of disjoint closed sets can be separated by disjoint open sets. We shall have a
more complete account of such separation theorems in Chapter 8.

EXERCISE 6.1

1. In Example 6.1, explain the sense in which the open subcover 0' is the smallest sub-
collection of 0 which contains A.

2. Complete the proof of Theorem 6.1.

3. Give examples of each of the following:

(a) A closed subspace that is not compact.

(b) A compact subspace that is not closed.

(c) An open, compact subspace.

(d) Two compact subsets whose intersection is not compact.

4. Prove:

(a) The union of a finite number of compact subsets of a space X is compact.

(b) If X is Hausdorff then the intersection of any family of compact subspaces is
compact.
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5. Prove that a space I is compact if and only if I has a basis for which every open
cover of X by members of has a finite subcover.

6. Show that the real line with the countable complement topology is net compact.

6.2 COMPACTNESS AND CONTINUITY

Compactness is of importance in topology largely because of its relationships
with continuity. Some of these relationships are examined in this section.

Theorem 6.6: Let X be a compact space, Y a space andfi X Y a continuous
function from X onto Y. Then Y is compact.

Proof: Let (9 be an open cover of Y. Then, for each 0 in t9,f'(O) is open in X
so the collection 0" = (1 '(O): 0 E 0) of inverse images of members of 0 is an
open cover of X. Since X is compact, 0"' has a finite subcover [1 for X
corresponding to afinite subcollection of 0. Since

x= Uf-'(01)

and f maps X onto Y, then

Y = 1(X) = C 01,

Thus (0,)?.., is afinite subcover for Y derived from 0, so Y is compact. 0

Corollary: Let X be a compact space, Y a space and f X Y a continuous
function from X into Y. Then the imagef(X) is a compact subspace of Y.

Corollary: Compactness is a topological invariant.

In the language of invariants, Theorem 6.6 simply says that compactness is
a continuous invariant. This theorem is often paraphrased by saying that the con-
tinuous image of a compact space is compact.

Theorem 6.7: Let X be a compact space, Y a Hausdorff space, andf X -* Y a
continuous function. Then f is a closed function.
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Proof: It must be proved that C is a closed set in Xthen the image 1(C) is closed
in Y. This is merely a combination ofprevious results. By Theorem 6.3, the closed
subset C of X is compact. By the first corollary to Theorem 6.6,1(C) is a compact
subspace of Y. Since Y is Hausdorff Theorem 6.4 applies to show that the compact
subspacef(C) is a closed set. 0

Theorem 6.8: Let X be a compact space, Y a Hausdorff space, andf X —+ Y a
continuous one..to..one function from X onto Y. Then I is a homeomorphism.

Proof: Since f is hypothesized to be a continuous bijection, it remains only to be
shown thatf' is continuous. This follows from Theorem 6.7. For any closed subset
CofX,

(f'j'(C) =f(C)

is dosed in Y, sof' is continuous. 0

Theorem 6.8 can be interpreted as saying that the continuity off1 is produced
"free" by the fact that I is a continuous bijection from a compact space onto a
Hausdorff space.

Example 6.2.1

Theorem 6.8 would be of great value in elementary calculus if its proof were
accessible at that level. Many laborious proofs of continuity could be avoided.

(a) Suppose, for example, that we know that the squaring function

f(x)=x2, xEIR,

is continuous and want to prove the continuity of the square root
function

x�O.

Consider a real number a. Let b be a real number greater
than a and consider

f: [0, [0, b].

Nowfis a continuous, function from [0, fij onto [0, bJ.
By Theorem 6.8, its inverse is continuous as a function from [0, bI
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to [0, fb]. In particular, the square root function g is continuous at
a and must be continuous on its entire domain [0, co).

(b) Since the sine function is a continuous bijection from' [—ir/2, ir/2]
onto [—1, 1], its inverse (the arcsine function) is continuous. A similar
argument applies to the arccosine function.

The trick of restricting to closed intervals, as in part (a), can be used to
prove continuity for the other inverse trigonometric functions.

Example 6.2.2

The method of restricting to compact sets to argue the continuity of an inverse
function, as in Example 6.2.1, is not applicable in every case. This example
shows a continuous bijection from a space X onto a Hausdorif space Y whose
inverse is not continuous.

Let X = [0, 1) and let Y = S', the unit circle in P2. Then the functionf:
X Y defined by

f(x) = (cos 2irx, sin 2irx), x E [0, 1),

is a continuous, oneto-one function from X onto Y whose inverse function is
not continuous at the point (1,0) in S'. Note thatf maps 0 to (1,0) and wraps
the interval [0, 1) around S' in the counterclockwise direction. In Figure 6.1,

f.... )
0 X1X2X3.•'

FIGURE 6.1

the sequence in Y converges to (1, 0), but the corresponding sequence
x,, does not converge tof'(l, 0) =0 in X.

( (1,0)



170 SiX / COMPACTNESS

The reader should know from calculus that a continuous function
1: [a, b] -+ P assumes maximum and minimum values on the bounded, closed
interval [a, bJ. In other words, there are points c and d in [a, b] such that

1(c) �f(x)

for all x in [a, b]. This property is a consequence of the next theorem.

Theorem 6.9: Let X be a compact space andf: X -+ P a continuous real-valued
function on X. Then there are members c and d of X such that, for all x E X,

1(c) �f(x)

Proof: Since X is compact andf is continuous, the first corollary to Theorem 6.6
insures thatf(X) is a compact subset of P. Since P is Hausdorff Theorem 6.4 shows
thatf(X) is closed.

Now ((—n, is an open cover off(X) and, since f(X) is compact, this
open cover has a finite subcover {(—n,, forf(X). JfK is the largest value of
n,for 1 � i � N, thenf(X) must be a subset of(—K, K). From this we conclude that
f(X) is bounded.

Since f(X) is bounded and closed, it contains its least upper bound U and
greatest lower bound L. Thus there are members c and d of X such that

f(c)=L, f(d)=U.

Then, for any x E X,

f(c) �f(x)

Corollary: A continuous function [a, bJ P whose domain is a closed and
bounded interval assumes a maximum value and a minimum value.

Definition: Let (X, d) and(Y, d') be metric spaces X Yafunction. Then
f is uniformly continuous iffor each positive number c there is a positive number 6
such that x2 are points ofXfor which d(x1, x2) <8, then d'(f(x,), f(x2) <€.

Note that every uniformly continuous function is continuous.

Theorem 6.10: Let (X, d) be a compact metric space, (Y, d') a metric space, and
f is uniformly continuous.

Proof: Let E be a positive number. Since f is continuous, there is for each x
in X a positive number such that if x' E X and d(x, x') < 8,, then
d'(f(x),f(x')) <€12.
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The collection of open balls (B(x, :x E X] is an open cover of X. Since X
is compact, this open cover has afinite subcover (B(x,, Let 0 be the min-
imum value i = 1, 2, .. ., N.

Consider any pair x, x' of points of X with d(x, x') <0. Then x belongs to
for somej with 1 � j � N. Since

d(x, x') <0 �

then x' must belong to B(xj, Thus

x) x') <Oxj,

so

f(x)) <€/2, f(x')) <(/2.

Then

d'(f(x), f(x')) � d'(f(x), + f(x')) <€12 + /2 =

Thus 0 is a positive number such that d'(f(x), f(x')) <€ for all x, x' in X with
d(x, x') <0, andf is continuous. 0

/
/ / \ \
1 1. 1

I I I' ' / /•X' /

FIGURE 6.2

EXERCISE 6.2

1. Let arctan x denote the inverse of the function tan x: (—ir/2, ir/2) P. Assume that
tan x is continuous and prove that arctan x is continuous.

2. DefinitIon: A functionf: P P is a strictly increasing function provided that for all
x, y in P with x < y, f(x) <f(y).
Prove:

(a) Every strictly increasing function is one-to-one.

(b) Letf: P P be a continuous, strictly increasing function from P onto P. Then
is also continuous and strictly increasing.
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3. Let!: [a, b] P be a continuous function from a closed and bounded interval [a, b)
into P. Show thatf([a, b]) is a closed and bounded interval.

4. (a) Prove that every compact subset of a metric space Xis closed and bounded.

(b) Give an example of a metric space having a closed and bounded subset that is not
compact. (Hint: A bounded metric space which is not compact will suffice. Consider
Hubert space for more sophisticated examples.)

5. Let b] denote the collection of all bounded functions from a closed interval [a, b]
into P; i.e., fE bJ if and only iff([a, b]) is a bounded subset of P. Assign b]
the supremum metric p: forf; gin b],

p(f g) = lub { 1(x) — g(x) : x [a, b]}.

Prove the following facts about b], p)

(a) (2[a, bJ, p) is a metric space which contains the space (ê[a, b], p') of Example
3.1.5 as a subspace.

(b) A sequence in bJ converges to a memberfE b] with respect to
the metric p if and only if converges to 1 uniformly. (For this reason, p is
often called the uniform metric for b].)

(c) ê[a, b] is a closed subspace of b], but ê[a, b] is not compact.

(d) e[a, bJ is nowhere dense in b].

6.3 PROPERTIES RELATED TO COMPACTNESS

It will be shown in this section that the compact subsets of are precisely
the closed and bounded sets. We shall also examine some other properties related
to compactness and equivalent to it in various situations.

Lemma: The unit = (x = (xi xn) E Rn: 0 � x, � 1 for i = 1,

., n) is a compact subspace of R".

Proof: The case n = 1 is proved by the Hein&Borel Theorem (Theorem 2.12).
The following argument, which is parallel to the proof given for the HeineBorel
Theorem, proves the lemma for n = 2. The analogou.? argument for n> 2 is kft to
the reader.

For a square [a, bJ X [c, dJ in R2, we shall refer to

I a+bl I c+dl I a+bl Ic+d 1
[a,

2 2 J'
[a,

2 2
,dj

Ia+b 1 1 c+dl Ia+b 1 Ic+d 1

[ 2 2 j' [ 2

as the four "quarters" of the square.
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(a,d) (b,d)

(a,c) (b,c)

FIGURE 63 The four quarters of a square.

Let El be an open cover 0112 and, proceeding by contradiction, suppose that
El has no finite subcover for j2• Then there is at least one quarter

= [a,, b,] x Ic,, d,]

of j2for which El has no infinite subcover. Note that the coordinate intervals [a,, b,J
and Ic,, d,J have length 1/2. Since Q, is not contained in the union of any finite
subfamily of El, then at least one of its quarters

Q2=[a2, b2]X[c2, d2J

must have the same property. Note that [a2, b2] and [c2, d21 have length 1/4. Pro-
ceeding inductively, we define a nested sequence ofsquares in P2.

= [as, X [cs,

whose coordinate intervals ([an, and are nested and of length

n�1.

By Cantor's Nested Intervals Theorem (Theorem 2.11) there are real numbers
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Then

(p, q) must belong to some member 0 ofthe open cover But since the diameters
of the squares approach zero, then C Ofor some integer n. This contradicts
the assumption that Q, is not contained in the union ofanyfinite number of members
of 0. Thus 0 must have afinite subcover for j2, soI2 is compact. 0

Theorem 6.11: A subset A of is compact if and only jfit is dosed and bounded.

Proof: Supposefirst that A is compact. Since is Hausdorif Theorem 6.4 insures
that A is closed. Since the open cover (B(O, of open balls centered at the origin
must have afinite subcover, then A must also be bounded. Thus each compact subset
of IR" is dosed and bounded.

Suppose now that A is dosed and bounded. Let M be a positive number such

HxO�M, xEA.

Let .1" be the cube in R" each of whose coordinate subspaces is the interval
[-M, MJ:

J"=fl[a1,b11, [a,,bJ=[—M,MJ,i=1,...,n.

Then A C .1". Since J" is homeomorphic to the unit n-cube I", and since the lemma
insures that I" is compact, then/a is compact. Thus A is a dosed subset of a compact
space and is itself compact by Theorem 6.3. 0

Definition: A topological spaceX is countably compact provided that every count-
able open cover of X has afinite subcover.

The reader is left the following exercises:

(a) Every compact space is countably compact.
(b) Countable compactness is a topological property.
(c) (A challenging problem) There are countably compact spaces that are

not compact.

The next definition introduces a condition under which compactness and
countable compactness are equivalent.
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Definition: A space X has the Lindelof property or is a Lindelof space if every
open cover of X has a countable subcover.

Theorem 6.12: If X is a Lindelof space, then X is compact and only it is
countably compact.

Proof: Since compactness always implies countable compactness, it is necessary
to prove only the converse. Let El be an open cover of a Lindelof space X. Then El
has a countable subcover El' for X. Since X is countably compact, El' has a finite
subcover (!Y'forX. Then El' is afinite subcoverforXderivedfrom El, soXis compact.

0

Theorem 6.12 may appear to be merely a play on words. It appears that the
Lindelof property was designed expressly to make Theorem 6.12 obvious. The next
theorem shows, however, that the Lindelöf property holds in an important class of
spaces.

Theorem 6.13: The Lindelöf Theorem Every second countable space is
Lindeloj

Proof: Let be a countable basis for a second countable space X and El an open
cover ofX. For each x in X, let O, be a member of El containing x and a member
of 53 such that

Since 53 is a countable basis, the set (Br: x E X) defined in this way is a countable
open cover of X. For each let be a member of El such that

Then the collection El' of open sets so defined is a countable subcover for X
derived from El. 0

Since P" is second countable (Theorem 4.8), Theorem 6.13 insures that R"
is Lindelöf, and Theorem 6.12 shows that the concepts of compactness and countable
compactness coincide for subsets of P": A subset of R" is compact if and only if it
is countably compact.

Definition: A space X has the BolzanoWeierstrass property provided that every
infinite subset of X has a limit point.
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Note that a subspace A of a space X has the Bolzano-Weierstrass property
means that every infinite subset of A has a limit point in A. The Bolzano-Weierstrass
property is evidently a topological invariant.

Theorem 6.14: Every compact space has the Boizano- Weierstrass property.

Proof: Suppose to the contrary that X is a compact space with an infinite subset
B having no limit point. Then B is closed, and for each x in B there is an open set

in X containing x which contains no other member of B. Then 0 =
xE B) is an open cover of B, 0 is infinite because B is infinite, and 0 has no proper
subcover for B because the members of 0 each contain only one member of B. Thus
B is not compact, contradicting Theorem 6.3. This contradiction establishes the
theorem. 0

Example 63.1

(a) According to both Theorem 2.13 and 6.14, each closed and bounded
interval [a, b] has the Bolzano-Weierstrass property.

(b) An open interval (a, b) fails to have the Bolzano-Weierstrass property.
Note than an infinite sequence converging to a or to b has no limit
point in (a, b).

(c) The real line does not have the Bolzano-Weierstrass property. The
set of integers, for example, has no limit point.

(d) Let S denote the unit sphere in Hilbert space:

S={x=(x1,x2,...)EH:IIxII=1}.

Then S is bounded and closed but it does not have the Boizano-
Weierstrass Property. The set of points

P1 =(l,0,0,...), P2=(0, 1,0,0,...),

P3 = (0,0, 1,0,0

where has nIh coordinate 1 and all other coordinates 0, has no
limit point. (The distance from F, to is if i # j.)

Theorem 6.15: A metric space is compact if and only if it has the Boizano-
Weierstrass property.

Proof: In view of Theorem 6.14, it is only necessary to prove that each metric
space (X, d) with the Boizano- Weierstrass property is compact. This proof will be
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given in a sequence of lemmas. We assume in each lemma that (X, d) satisfies the
Bolzano- Weierstrass property.

Lemma 1: Let be an open cover of X. Then there is a positive number such
that, for each x in X, the open ball B(x, is a subset of some member of

Proof of Lemma 1: Assuming that the conclusion of the lemma is false, there
must be for each positive integer n a point in Xfor which 1/n) is not a
subset of any member of the open cover

For each point y in X, y belongs to some member of 0. Since U, is open,
there is a positive number ç,, such that B(y, C U,,. Thus must be distinct from
y whenever 1/n < c,,. This indicates that a point ofX cannot equal an infinite
number of values of n and hence that is an infinite subset of X.

By the Bolzano- Weierstrass property has a limit point a in X.
Then a E Ofor some member 0 of 0, and there is a positive number 6 such that
B(a, 6) C 0. By the corollary to Theorem 3.9, B(a, 8/2) must contain infinitdy many
members of Thus B(a, 6/2) contains some for which 1/n <6/2. Then
for z in 1/n,),

1/n) C B(a, 6) C 0,

contradicting the fact that 1/n) is not a subset of any member of 0. This
completes the proof of Lemma 1.

/ ,— I/ ,' \ // ,/ \
I' ( B(a'ô/2) ) \ //

I j

/ /

FIGURE 6.4
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Lemma 2: For each positive number there is a finite subset A, of X such that
each member of X is within distance of some member of A,.

Proof of Lemma 2: Proceeding by contradiction, as usual, suppose that the con-
dusion of the lemma fails to hold for a particular positive number Let a, E X.
By hypothesis, there is a point a2 in X such that

d(a,, a2) �

Suppose that a set has been defined for which

i#j.

Then there must be a point an.,., in Xfor which

Thus there is an infinite sequence A = ofpoints of X such that the distance
between any two members ofA is at least €. This set has no limit point, contradicting
the Bolzano-Weierstrass property for X. This completes the proof of Lemma 2.

Turning now to the proof that X is compact, let be an open cover of X.
By Lemma 1 there is a positive number such that, for each x in X, the open ball
B(x, is contained in some member of 0. By Lemma 2, there is a finite subset
A, = (x,)7.., ofXfor which {B(x,, is an open cover of X. For each i = 1,

n, let 0, be a member of 0 which contains B(x,, Then [O,fl., is afinite subcover
of X derived from 0, soX is compact. 0

Definition: Let X be a metric space and a positive number. An i-net for X is a
finite subset A, ofXsuch that each member ofX is within distance ofsome member
of A,. The metric space X is totally bounded provided that it has an f-net for each
positive number

Lemma 2 above states that every metric space satisfying the Bolzano.Weier-
strass property, and hence every compact metric space, is totally bounded.

Definition: Let Xbe a metric space and 0 an open cover ofX. A Lebesgue number
for 0 is a positive number E with the property that every subset ofX of diameter less
than is contained in some member of 0.

Lemma 1 in the proof of Theorem 6.15 essentially establishes the existence
of Lebesgue numbers for open covers of compact metric spaces. This is formalized
in the next theorem.
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Theorem 6.16: If X is a compact metric space, then every open cover of X has a
Lebesgue number.

Proof: Let be an open cover of the compact metric space X. By Lemma 1 in
the proof of Theorem 6.15, there is a positive number such that each open ball of
radius is contained in some member of 0. Since each set of diameter less than
is a subset of an open ball of radius , then is a Lebesgue number for 0. 0

The information about compact subsets of provided by Theorems 6.11,
6.12, and 6.15 is summarized as follows:

Theorem 6.17: For a subset A of IRS, the following statements are equivalent:

(1) A is compact.
(2) A has the Boizano- Weierstrass property.
(3) A is countably compact.
(4) A is closed and bounded.

Example 6.3.2

Every compact subset of a metric space is closed and bounded, but a subset may
be closed and bounded without being compact. According to Example 6.3.1,
the unit sphere Sin Hilbert space is closed and bounded but does not satisfy the
Bolzano-Weierstrass property. Thus S is closed and bounded but not compact.

Problem 9(c) for this section establishes a criterion comparable to being closed
and bounded which is equivalent to compactness in general metric spaces: A metric
space is compact if and only if it is complete and totally bounded.

There are many interesting relationships among the properties of compactness,
connectedness, path connectedness, and their corresponding local properties. One
example that illustrates a famous characterization theorem is described here without
proof. The interested reader is encouraged to pursue this topic in the Suggestions
for Further Reading at the end of the chapter.

Definition: A compact, connected, locally connected metric space is called a Peano
space or a Peano continuum.

For example, closed and bounded intervals in R, closed squares and closed
disks in P2, closed cubes and closed balls in and their higher dimensional an-
alogues in P" are all Peano spaces. The remarkable fact about Peano spaces is that
for any Peano space X, there is a continuous function from the closed unit interval
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I = [0, 1] onto X. Such a function was first discovered for the case of the unit square
in the late nineteenth century by the Italian mathematician Guiseppe Peano and
was called a "space-filling curve."

In fact, the properties of being a Hausdorff space and the image of the closed
unit interval under a continuous function characterize the Peano spaces: In order
that a topological space X be a Peano space it is necessary and sufficient that I be
Hausdorfl'and that there exist a continuous function from Ionto X. This celebrated
result is called the Hahn-Mazurkiewicz Theorem. One of its surprising consequences
is the existence of space-filling curves from I onto closed cubes and closed balls of
any finite dimension.

EXERCISE 6.3

1. (a) Show that countable compactness, the Lindelöf property, and the Bolzano-Weier-
strass property are topological invariants but are not hereditary.

(b) Show that the three properties of part (a) are inherited by closed subspaces.

2. Give an example of a Lindelöf space that is not second countable.

3. (a) Prove that every uncountable subset of the real line has a limit point. (Hint: The
union of a countable family of finite sets is countable.)

(b) Prove that every uncountable subset of P" has a limit point.

4. (a) Let (X, d) be a metric space. Prove that every subset of X of diameter less than
is contained in an open ball of radius 0.

(b) Give an example to show that a set of diameter less than may not be contained
in an open ball of radius

5. (a) Prove that a Hausdorif space I is countably compact if and only if it has the
Bolzano-Weierstrass property.

(b) Prove that a metric space is compact if and only if it is countably compact.

6. Prove that a subset A of is compact if and only if every nested sequence of
relatively closed, non-empty subsets of A has non-empty intersection.

7. Prove that if a metric space (X, d) has an i-net for some positive number then
(I, d) is bounded. Conclude that every totally bounded metric space is bounded.

8. Prove that every compact metric space is totally bounded, separable, and second
countable.

9. (a) Show that completeness of metric spaces is not a topological invariant.

(b) Show that every compact metric space is complete.

(c) Show that a metric space is compact if and only if it is complete and totally
bounded. (Hint: The hard part is to prove that a complete and totally bounded
metric space Xis compact. This can be done as follows by showing that Xhas the
Bolzano-Weierstrass property: Let A be an infinite subset of X. Since Xis totally
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bounded, some infinite subset A1 of A must be contained in an open ball of radius
1. Show that there is a nested sequence of infinite subsets of A such that

is contained in a ball of radius 1/n. For each n, let E Then is a
Cauchy sequence.)

10. Let {Ca: a El) be a family of closed subsets of a compact metric space Xsuch that
Ca = 0. Prove that there is a positive number such that every subset of X of

diameter less than fails to intersect at least one member of {Ca: a E I).

11. Use a Lebesgue number argument to make a new proof for Theorem 6.10.

12. Let Xdenote the real line with the half-open interval topology of Example 4.3.4. Show
that Xis a Lindelöf space.

13. Let X be a metric space. Prove that second countability, separability, and the Lindelöf
property are equivalent for X.

14. (a) Let X be a second countable space. Prove that Xis separable and Lindelöf.

(b) Give an example of a separable Hausdorff space that is not second countable.

15. Prove:

(a) Every compact space is countably compact.

(b) Countable compactness is a topological property.

(c) (A challenging problem) There are countably compact spaces that are not compact.

6.4 ONE-POINT COMPACTIFICATION

In this section we consider one construction for answering the question "When
can a topological space be considered to be a subspace of a compact topological
space?" We shall see that the question can always be answered affirmatively by
adding one additional point. It will be noted that this construction is of little value,
however, unless the given space satisfies a local compactness condition.

Definition: A space X is locally compact at a point x in Xprovided that there is
an open set U containing x for which U is compact. A space is locally compact
provided that it is locally compact at each of its points.

Local compactness is a topological property. If X is compact, then X itself is
an open set with compact closure. Thus every compact space is locally compact.
It should be clear that local compactness does not imply compactness.

Local compactness and local connectedness are modifications of global prop-
erties to local ones. Note, however, that a locally compact space need only have
for each point p at least one open set containing p whose closure is compact, but
a locally connected space must have for each point p an entire local basis of con-
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nected open sets. It is left as an exercise for the reader to show that this difference
is only superficial by proving that each point p in a locally compact space has a
local basis of open sets with compact closures.

Example 6.4.1

(a) P" is locally compact since the open ball B(x, r) is an open set con-
taining X whose closure B[x, r] is compact.

(b) Hilbert space H is not locally compact. The following argument shows
that H is not locally compact at the origin 0, but it adapts easily to
any point.

Suppose H is locally compact at 0 and let U be an open set
containing 0 whose closure U is compact. Let r be a positive number
such that B(0, r) C U. Then

B(0, r) = B[0, r] C U

and B[0, r] is compact since it is a closed subset of the compact set
U. However, the set A = of points p, having ith coordinate r
and all other coordinates 0 is an infinite subset of B[0, r] with no limit
point (d(p,, pj) = r for i # j). In view of the fact that compactness
is equivalent to the Bolzano-Weierstrass property in metric spaces
(Theorem 6.15), we must conclude that B[0, r] is not compact. Thus
U is not compact and H is not locally compact at the origin.

Definition: Let X be a topological space and oo, called the point at infinity, an
object not in X. Let X U (oo) and define a topology on by specifying
the following open sets: (a) the open sets of X, considered as subsets of (b) the
subsets of whose complements are closed, compact subsets of X; and (c) the set

The space is called the one-point compactification of X.

The proof that is indeed a topology for the set of the preceding def-
inition is left as an exercise.

Theorem 6.18: Let (X, T) be a space its one-point cation.
Then

(a)

(X, T) is a subspace Tm);
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(c) X is Hausdorff and locally compact;
(d) X is a dense subset if and only if X is not compact.

Proof:
(a) Any open cover must have a member U which contains oo. Since

the complement is required to be compact, it has afinite subcover
[0,)?..., derived from El. Then the subcollection consisting of U and 01,

is afinite subcover for derived from El. Thus is compact.

(b) The fact that the relative topology for X as a subspace T,) is T,
the original topology for X, is implicit in the definition of the details
are left to the reader. Note that an open set U containing 00 must be one
of two types: (1) U = X in U
is is a closed, compact subset of X. In
the latter case, U fl X is an open set in T since its complement is
closed.

(c) Supposefirst that is Hausdorff Then Xis Hausdorff since this property
is hereditary. To see that X is locally compact, let a E X. There exist
disjoint open sets U and V in such that

ooEU, aEV.

Thus

and the latter set is closed and compact in X. Hence

VCXOO\U

so V is compact since it is a closed subset of a compact set. Thus X is
locally compact at a.

Suppose that Xis Hausdorff and locally compact. To show that
is Hausdorff we need only show that 00 and an arbitrary point a E X
have disjoint open neighborhoods. Since Xis locally compact, there is an
open set 0 in X containing a such that O is compact. Then 0 and

X containing a and oo, respectively.

The proof of(d) is left as an exercise, with the following hint. If X is compact,
then (00) = X is in then (oo)
must be an open set. 0

If X fails to be a locally compact Hausdorfi' space, then is not Hausdorif.
Since non-Hausdorif spaces are of limited interest, many texts define the one-point
compactification only for locally compact Hausdorif spaces X.



184 SiX / COMPACTNESS

Example 6.4.2

Consider the open unit interval X = (0, 1) and adjoin an additional point 00 to
form the set Open sets which do not contain 00 are the usual open sets in
(0, 1). Open sets containing CO are itself and sets U whose complements are
closed, compact subsets of (0, 1). An example of such an open set U is shown
in Figure 6.5.

00

0 a b I

U= {oo} U(0,a)U(b,I)

[a,bJ

FIGURE 65

Thus (X00, T0,) is a compact space. It is an easy exercise to show that the function

from Xc, to the unit circle S' in defined by

1(t) — f(cos 2irt, sin 2irt) if 0 <t < 1
1(1,0) ift=oo

is a one-to-one continuous function from X00 onto S1. By Theorem 6.8, f is a
homeomorphism and the one-point compactification of the open interval
(0, 1) is topologically equivalent to the unit circle.

Example 6.4.3

(a) The one-point compactification of the real line P is (homeo-
morphic to) a circle. Actually, this follows from Example 6.4.2 since
P is horneomorphic to (0, 1), but the following description gives an
interesting method of visualizing P00. Note that the compactness of
P00 is guaranteed by Theorem 6.18.

Consider P with a circle C tangent at the origin, as in the fol-
lowing figure.
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Define a function g: IR C as follows: For x E P, g(x) is the point
of intersection of the line segment from x to the "north pole" p of C
with the circle. Note that g is one-to-one and that g(R) = C\{p}. We
extend g to a function from to C be defining g(oo) = p. Then g
is a continuous bijection from onto C. By Theorem 6.8,1 is a
homeomorphism, so is homeomorphic to C.

(b) The one-point compactification of P2 isa two-dimensional sphere
S2 = {x = (x1, x2, x3) E P3: lixil = 1). The details of this example
are left to the reader with the suggestive picture in Figure 6.7.

The method of defining the functions g of parts (a) and (b) is

FIGURE 6.7

C

0

FIGURE 6.6
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called stereographic projection. The point x is said to be the stereo-
graphic projection of the corresponding point g(x).

(c) The one-point compactification of P!7 is the n-dimensional sphere
lxii = 1}.

Forming the one-point compactification of a space Xis the simplest method
of embedding a locally compact Hausdorif space in a compact Hausdorif space.
We shall return to this problem in Chapter 8 with the Stone-Cech compactification
which applies to a more general class of spaces, the class of completely regular
spaces. The Stone-Cech compactiflcation of a space X has the following prop-
erties, the second of which makes it more useful than the one-point compactilication:

(1) is a compact HausdorfT space in which Xis a dense subspace.
(2) Every bounded continuous functionf: X P from Xto the real line P

can be uniquely extended to a continuous function 1*: -+ P.

Several other aspects of the problem of extending continuous functions will
also be addressed in Chapter 8.

EXERCISE 6.4

1. Prove that local compactness is a topological property.

2. Let X be a space and x a point of X at which Xis locally compact. Prove that there is
a local basis at x such that is compact for each B E

3. Show that Hilbert space is not locally compact at any point.

4. Is the real line with the finite complement topology locally compact? Prove your answer.

5. Prove that the family of sets which was claimed in the definition of one-point
compactification to be a topology, really is a topology.

6. Complete parts (b) and (c) of Example 6.4.3.

7. IfX is a Hausdorif space, show that the requirement that XGO\U be closed in X can be
omitted in the definition of the topology for

8. Prove that a space Xis locally compact if and only if for each x in Xthere is a subspace
A of X such that A is compact and x E mt A.

9. Let X be a locally compact Hausdorif space, A a closed subset of X, and p a point not
in A. Prove that there are disjoint open sets U and V in X such that p E U and A C V.
(Hint: Consider the one-point compactification of X.)

10. Definition: A point p in a space X is an isolated point provided that {p) is an
open set.

Prove that a space Xis compact if and only if oc is an isolated point of Xa,.
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11. Prove that a space Xis a dense subset of its one-point compactification if and only if
X is not compact.

12. (a) Let X be a Hausdorfi' space. Show that I is locally compact if and only if each
point of X has a compact neighborhood; i.e., Xis locally compact if and only if
each point x of X belongs to the interior of a compact set

(b) Give an example of a space I for which each point has a compact neighborhood,
but Xis not locally compact. (Hint: By (a), I cannot be a Hausdorif space.)

6.5 THE CANTOR SET

Of all the subsets of the real line, the Cantor set is probably the most fertile
source of examples and counterexamples in topology. In this section we define this
remarkable set and examine some of its properties.

Definition: The Cantor set is the subset of! = [0, 1] defined as follows: Let

F1 = [0, 1/3] U [2/3, 1]

be the subset of[O, 1] formed by removing the open middle third (1/3, 2/3). Let

F2 = [0, 1/9] U [2/9, 1/3] U [2/3, 7/9] U [8/9, 1]

be the subset of F1 formed by removing the open middle thirds (1/9, 2/9) and
(7/9, 8/9) of the two components ofF,. Continuing in this manner, let be the
subset of obtained by removing the open middle third of each of the components
of Then the set

is the Cantor set.

Note that the Cantor set is a closed subset of P since it is the intersection of
closed sets.

For an alternative-definition of the Cantor set, recall that a ternary expansion
of a real number x, 0 � x � 1, is an expression x = 0.x1x2x3. .. representing x as
a sum of powers of 3,

x
=
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F1 I— P I

o 1 2 1

3

F2 1 1 4 1

o 1 2 1 2 1 1

9 3 9 9

F3 1—I I—I I—I P—4 1—I I—I 1—4

0121 2_Lil
927273 327279 92727

FIGURE 6.8 The first three stages In the construction of the Cantor set.

where is restricted to the values 0, 1, and 2. Thus 1/3 has the two ternary ex-
pansions

1/3 = 1/3 + 0/32 +

0/3 +

and 1/9 can be similarly expressed as

1/9 = 0/3 + 1/32 +

0/3 + 0/32 + + 2/3d +

Observe that the numbers which absolutely require 1 in the first place of their
ternary expansions are the numbers strictly between 1/3 and 2/3. As shown above,
1/3 has a ternary expansion without 1 in the first place. Thus, F1 excludes all
members of[0, 11 which require 1 in the first place of the ternary expansion. Sim-
ilarly, F2 excludes those members of [0, 1J which require 1 in the second place. In
general, excludes those members of [0, 1] which require 1 in the nth place of
their ternary expansions. Thus the Cantor set is the set of real numbers x
which have a ternary expansion x = 0.x1x2x3. . . where is restricted to the values
0 and 2.
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Example 6.5.1

The Cantor set contains the end points 0, 1, 1/3, 2/3, 1/9, 2/9, 7/9, 8/9,
of the open intervals deleted to define the sets However, these are not
the only members of the Cantor set. In particular, the number 1/4 belongs to
C. To see this consider the convergent series

x = 2/32n = 2/32 + 2/3d + 2/36 +

By factoring out 1/32 from each term, it follows that x satisfies the equation

x= 1/9(2+x).
Solving gives x = 1/4. Thus 1/4 is a member of C since it has a ternary expansion
which does not require 1 in any term.

Actually, the Cantor set is uncountable. The proof of this fact, which follows
from the ternary expansion representation, is left as an exercise.

Example 6.5.2

In the construction of the Cantor set from the intersection of the sets F1, F2,

F3, . .. , the open intervals removed were of length

L = 1/3 + 2/9 + 4/27 + 8/81 + + +

The sum of this geometric series, which represents the total length of the intervals
removed, can be calculated by several different methods. First, there is the formula

1+r+r2+...+rn+...=*, IrI<1.
This gives

L = 1/3(1 + 2/3 + 4/9 + + + '• .) = 1/3
(i

_l2/3) = 1.

For a second method, note that

L = 2/3(1/2 + 1/3 + 2/9 + '•' + + . . .) = 2/3 (1/2 + L)

so that

L = 1/3 + (2/3)L,

whichagaingivesL= 1.
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By either method, we conclude that the sum of the lengths of the intervals
removed in the construction of C is 1, the total length of[0, 1]! Thus the Cantor
set is revealed to have the following rather bizarre property: C is a closed, un-
countable subset of[0, 1] which contains no proper interval. In other words, the
Cantor set is an uncountable and nowhere dense subset of P.

Note Students of analysis may observe that the Cantor set C, as defined here,
has measure 0. The measure of a set is not a topological property, however. There
are other representations of the Cantor set in which the measure is positive.

Definition: A closed subset A of a topological space X is perfect provided that
every point of A is a limit point of A.

Theorem 6.19: The Cantor set is a compact, perfect, totally disconnected
metric space.

Proof: Since C is closed and bounded, Theorem 6.17 assures compactness. The
Cantor set is a metric space since it is a subspace of the real line. The fact that C
is totally disconnected is an easy consequence of the fact that it contains no proper
intervals; since the connected subsets of P are precisely the intervals, this means
that the components of C consist of single points.

It remains to be proved that C is perfect. Let x be a member of C
and a positive number. Let N be a positive integer for which 213N < Since
x = O.x,x2x3... has a ternary expansion where each is 0 or 2, we let y =
O.y,y2y3... be the real number having the indicated ternary expansion with =

for n # N and differing from xN as follows: is 0 if xN is 2, and is 2 if
xN is 0. Then y is a member of C, and

2/3N<E

Thus y is a member of C within distance of x, so x is a limit point of C and C is
a perfect set. 0

There is an important extension of the preceding theorem that illustrates a
case in which the classification problem has been solved: Not only is the Cantor
set a compact, perfect, totally disconnected metric space, but any topological space
with these four properties is homeomorphic to the Cantor set. Thus any two com-
pact, perfect, totally disconnected metric spaces are homeomorphic, and the Cantor
set may be considered the prototype of this genre. In order to move on to other
subjects, the proof of this classification theorem is omitted. Further details can be
found in the suggested reading list for this chapter.
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EXERCISE 6.5

1. Show that 1/36 is a member of the Cantor set.

2. Show that each set defined in the construction of the Cantor set has components.

3. (a) If x is a member of[O, 1) with a binary expansion

x = E {O, 1},

show that the ternary expansion

represents a point of the Cantor set C.

(b) Use (a) to define a one-to-one function from [0, 1) into C. Take into account the
fact that some members of [0, 1) have more than one binary expansion.

(c) Conclude that C is uncountable.

4. Example 6.5.2 showed that the Cantor set is nowhere dense in P. Conclude, however,
that asa metric space in its own right, with d(a, b) = a — bi for a, bin C, the Cantor
set is of the second category.

5. Prove that a subspace A of a space X is perfect if and only if A is closed and has no
isolated points.

6. (a) Prove that every perfect subset of[0, 1] is uncountable. (Hint: Assume to the contrary
that is a countable, closed, perfect subset of [0, 1]. Show that there is a
nested sequence { of non-empty open subsets of[0, 1] such that does not
contain Consider Vs.)

(b) Use part (a) to give a new proof that every non-degenerate interval in P is un-
countable.

7. Prove that every perfect, compact Hausdorfi' space is uncountable.

8. Let a = .a1a2a3. . . and b = .b1b2b3. . . be points of the Cantor set whose indicated ternary
expansions into 0's and 2's agree for the first N terms and disagree at the next term:

= 1 � n � N, and aN+1 # bN+1. How close can a and b be?

9. Define a function!: C [0, 1] from the Cantor set to [0, 1] as follows: For x in C,
consider the ternary expansion

x = xJY', x,, E {0, 2}.
n—i

Define

F(x)
=
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(a) Show that! is a non-decreasing function (i.e., prove that if x � y, thenf(x)

(b) Show thatfmaps C onto [0, 1]. Conclude from this that C is uncountable.

(c) Show that

f(l/3) =ft2/3), fth/9) =fl2/9), f(7/9) =ft8/9).

(d) Show, in general, where are endpoints of one of the middle

third intervals deleted from in the construction of C.

(e) Define an extension F: [0, 1] -+ [0, 1] off as follows: If x belongs to an interval
(as, of part (d), Define to have this common value. Thus,
we extendfto [0, 11 by defining the extension to be constant on the intervals deleted
to form C. The function F is called the Cantor function.

Show that the Cantor function is continuous and sketch its graph.

SUGGESTIONS FOR FURTHER READING

Most textbooks on point-set and general topology include compactness aitd
related properties. For a readable account somewhat more advanced than that in
this text, General Topology by Kelley and Topology: A First Course by Munkres
are recommended.

For a proof that every compact, perfect, totally disconnected, metric space is
homeomorphic to the Cantor set, see Topology by Hocking and Young or General
Topology by Willard. These texts also contain accessible proofs of the Hahn-
Mazurkiewicz Theorem.
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HISTORICAL NOTES FOR CHAFFER 6

The term compact was introduced in 1904 by Maurice Fréchet to describe
those spaces in which every sequence has a convergent subsequence. Such spaces
are now called sequentially compact. Sequential compactness is equivalent to com-
pactness in metric spaces.

The property of compactness has a long and complicated history. Basically,
the purpose of defining compactness was to generalize the properties of closed and
bounded intervals to general topological spaces. The early attempts to achieve this
goal included sequential compactness, countable compactness, the Bolzano-Weier-
strass property, and, finally, the modern property of compactness, which was in-
troduced by P. S. Alexandroff and Paul Urysohn in 1923.

The first theorem on compactness was the Heine-Borel Theorem (Theorem
2.12), which states that a closed and bounded interval [a, b] is compact. Actually,
Emile Borel proved in his doctoral thesis in 1894 that every countable open cover
of[a, b] has a finite subcover; in other words, that [a, bJ is countably compact. The
extension to arbitrary open covers was made possible by the work of Ernst Lindelöf
(1870—1946), who showed that every open cover of[a, b] has a countable subcover.
Eduard Heine (1821—188 1), whose name appears in the Heine-Borel Theorem, was
not involved in its discovery. Heine's primary mathematical contribution was to
prove in 1872 that every continuous real-valued function defined on [a, bJ is uni-
formly continuous. A. M. Schoenflies (1858—1923), in reading Heine's proof, noted
a relation to Borel's theorem and gave Borel's result its present name, the Heine-
Borel Theorem. It is doubtful that Heine would have claimed any credit for the
famous theorem named in his honor.

The Heine-Borel Theorem was easily extended from closed and bounded
intervals to closed and bounded subsets of P. W. H. Young (1863—1942) extended
the theorem to P2 in 1902 by proving that every open cover of a closed and bounded
subset of P2 has a finite subcover. Henri Lebesgue (1875—1941) published the same
result in 1904 and claimed to have known the extension to P" as early as 1898.

Consideration of compactness via the finite intersection property is due to
Frigyes Riesz in 1908. Felix Hausdorfi' showed in Grundzllge der Mengenlehre in
1914 that sequential compactness, countable compactness, the Bolzano-Weierstrass
property, and compactness are all equivalent in metric spaces. The equivalence of
sequential compactness and compactness in the metric case was shown earlier by
Fréchet.

The crucial step in the characterization of compact subsets of R" (Theorem
6.11) can be traced to Weierstrass, who proved that closed and bounded subsets of
p2 have the Bolzano-Weierstrass property.

Lindelöf spaces were first considered by Ernst Lindelöf, who proved the Lin-
delöf Theorem (Theorem 6.13) and that every subspace of P" has the Lindelöf
property in 1903. The term Lindelof space was coined by K. and W.
Sierpiñski, who initiated the formal study of these spaces in 1921.
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The prototype of Theorem 6.10 on uniform continuity is, of course, Heine's
Theorem of 1872 which showed that every real-valued continuous function with
domain a closed and bounded interval is uniformly continuous. Camille Jordan
proved in 1893 the precursors of Theorems 6.6 and 6.8 for compact subsets of P".

As mentioned earlier, the definition of compactness in use today was proposed
in 1923 by the Russian mathematicians P. S. Alexandroff and Paul Urysohn. They
called the property bicompactness and developed its properties in a series of papers
published in 1923, 1924, and 1929. Their results included Theorems 6.3, 6.4, and
6.5. Alexandroff proved Theorems 6.6,6.7, and 6.8 in 1927. An equivalent definition
of compactness was given in 1921 by Leopold Vietoris, whose results included
•Theorems 6.1, 6.3, and 6.4.

Local compactness was introduced independently by Heinnch Tietze and
Alexandroff. The one-point compactification and Theorem 6.18 are due to Alex-
androff. The Stone-Cech compactification was developed in 1937 independently
by Eduard Cech and M. H. Stone.

Of the other ideas of Chapter 6, Lebesgue numbers were first used by Henri
Lebesgue, and total boundedness was defined by Hausdorif in Grundezuge der
Mengenlehre. The Cantor set was studied by Cantor in 1883, and the extension of
Cantor's Nested Intervals Theorem (Theorem 2.11) to Cantor's Theorem of Dc-
duction (Theorem 6.2) was also made by Cantor. As was noted in the text, space-
filling curves were first considered by Guiseppe Peano, and Peano spaces are named
in his honor. The Hahn-Mazurkiewicz theorem is due to Hans Hahn and Stephan
Mazurkiewicz.



Product and Quotient
Spaces

This chapter will make precise two ideas that were mentioned earlier. The
first, the product of topological spaces, was considered for metric spaces in Section
3.6. We shall define the product of topological spaces in such a way that the product
of metric spaces can be considered a special case and then examine continuity and
topological invariants in product spaces. Products of finite collections of spaces will
be considered before arbitrary products.

The second principal idea of this chapter is quotient or identification spaces.
In Chapter 1 the Möbius strip was defined by identifying or "gluing together" the
ends of a rectangular strip after giving the strip a half twist. This method of identifying
points to form a new space is the basis of the quotient construction.

7.1 FINITE PRODUCTS

Example 7.1.1

The Euclidean plane P2, considered as a set, is the Cartesian product P X P of
the real line with itself. This example shows a standard method of defining a
topology for P X P from the topology of P, without recourse to metrics, which
produces the usual topology of P2. This construction is generalized in the
mainder of the section to arbitrary finite products of topological spaces.

Consider the collection of all subsets of the form X 02, where
and 02 are open in P. If 01 and 02 are open intervals, then X 02 is an open
rectangle, as shown in Figure 7.1.

In general, and 02 are unions of open intervals, so X 02 is a union
of open rectangles. The set 'B is not a topology because the union of two members
of may fail to be a member of In Figure 7.2, for example, the set X
02) U (03 X 04) cannot be expressed as the product of two open sets.

Although is not a topology, it is a basis for a topology, as will now be
demonstrated by showing that satisfies the requirements of Theorem 4.8.
First, it should clear that the union of the members of 'B is p2• For the second
condition, let

B1=01X02, B2=U1XU2

be members of Since

B1flB2=(01 X02)fl(U1 X U2)=(01flU1)X(02fl U2),

195
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02 01x02

FIGURE 7.1

04 03x04

F,
02 1

1

01x02

)
03

FIGURE 7.2

then B1 fl B2 is actually a member of This property is stronger than what is
required by Theorem 4.8. At any rate, is a basis for a topology for P2. The
topology determined by is the product topology for P2.

The product topology for P2 consists of all sets which can be expressed as
unions of open rectangles. The usual topology for P2 consists of all sets which
can be expressed as unions of open balls, in this case open disks. Since any open
rectangle can be expressed as a union of open balls and any open ball can be
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expressed as a union of open rectangles, then the product topology for P2 is
precisely the usual topology.

Definition: Let (X,, T,), (X2, T2), ..., (Xe, T,,) be a finite collection of non-
empty topological spaces, and let I denote the Cartesian product

xxn.

Let be the family of all subsets of I of the form

where each set is an open set in the topology Tfor I,. Then .'B is a basis for a
topology for X. This topology is the product topology, and the set I with the product
topology is a product space. The spaces I,, 12, . . ., are called the coordinate
spaces or factor spaces of I.

Since each point x in I is of the form

x=(xj,x2,...,x,J, x,EX1,

there is a function p,: I 11 defined by p(x1, x2, . . ., = x,. The function p1:I X,, 1 � i � n, is called the projection map on the ith coordinate space or the
ith projection map.

Lemma: The projection maps p,: I -+ X,from a product space I = I, X 12 X
X to the coordinates spaces are continuous.

Proof: For an example to indicate the method ofproof consider thefirsi coordinate
map p,: I X, and let 0, be an open set in X,. Then

is the product of 0, with the coordinate spaces 12, . . ., Thus p7'(O,) is open
in I, sop, is continuous.

For an arbitrary coordinate map pj: I I, and an open set 0, in I,,
consists of all points x = (x,, x2, .. . , ofXfor which the ith coordinate

x, is a member of 0,. In other words, the values ofthe coordinates ofx are unrestricted
except for x,, and x, is required to be in 0,. This means that

p7'(O,) = A, X A2 X ... X
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where A, = 0, and = when i # j. Thus is a product of open sets and
is therefore open in X. Thus each coordinate map is continuous. 0

In the notation of the preceding lemma, note that for a basic open set
O,inX,

PS

fl 0, = fl

This means that each basic open set in the defining basis for the product topology
is a finite intersection of sets of the form where 0, is open in X,. In other
words, the collection

i = 0, is open in X,, 1 � i � n}

is a subbasis for the product topology. This fact is useful in characterizing continuity
for functions for which the range is a product space.

Theorem 7.1: Y -+ X be a function from a space Y into a product space
X = fl7.., X,. Then f is continuous jf and only if the composition pf off with each
projection map is continuous.

Proof: 1ff is continuous, the fact that each composition p,f is continuous follows
from the continuity of p, and the fact that the composition of continuous functions
is continuous.

Suppose now that p,f is continuous for each coordinate map p,. By Theorem
4.11, it is sufficient to show that there is a subbasis iforXsuch thatf'(S) is open
in Yfor each subbasic open set S. Consider the subbasis for X defined in the
remarks preceding the theorem:

= 0, is open in X,, 1 � i � n).

For any subbasic open set

f_I(piJ(oi)) = (p,f)_l(0j)

is open in Y because p,f is continuous. Thus f is continuous.

The reader may have seen Theorem 7.1 in a slightly different form in calculus.
Suppose that Y X is a function from a space Y into a product space X =
fl7.., X,. For y in Y,f(y) is an n4uple, so

f(y) = (f1(y),f2(y), .. .
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where eachf is a function from Y into the ith coordinate space. ThenJ is simply
the composition of f with the ith coordinate map, f = pf Theorem 7.1 asserts
thatf is continuous if and only if each of the coordinate functionsf is continuous.
This result is used in calculus to show the continuity of functions like

1(x) = (x2, sin x + cos x)

from P to P2

S' X [a,b], a cylinder

[0,1] X [0,1], the unit square

5' X S', a torus

p2 = p x P, the Cartesian plane

FIGURE 7.3 Examples of product spaces.

If each coordinate space has a certain topological property, it is natural to
ask if the product space has the property also. The following sequence of theorems
shows that the Hausdorfi' property, connectedness, separability, first countability,
second countability, and compactness carry over from coordinate spaces to finite
products. The reader should be aware, however, that there are topological properties
for which this is not the case. We shall see later, for example, that the product of
two Lindelöf spaces may fail to be Lindelöf.

Theorem 7.2: The product of a finite number of Hausdorff spaces is a Hausdorff
space.

(0,0) (1,0)
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Proof: Let be afinite collection of Hausdorff spaces and consider distinct
points a = (aj, ..., and b = (b,, ..., of the product space X = 117..i X1.

Then there is a coordinate space X1for which a # b. Since X1 is Hausdorff there
are disjoint open sets U, and V2 in X1 containing a and b, respectively. Then

are disjoint open sets in X containing a and b, respectively. 0

Theorem 7.3: The product ofa finite number of connected spaces is connected.

Proof: Consider the case n = 2 first and suppose that X1 and X2 are connected
spaces. Let x1 E X,. Then (xi) X X2, as a subspace of Xi X X2, is homeomorphic
to X2 under the correspondence

tEX2.

Then (xi) X is connected, and a directly analogous argument shows that
X, X (t) is connected for each t E X2. Note that (xi) X X (t) have the
point (xi, t) in common. Then, by the Corollary to Theorem 5.5, the set

((xi) X X2) U U (Xi X (t)),
IEX2

which equals X1 X X2, is connected.
The preceding argument is easier to understand in terms of a picture. Think

ofXi as a horizontal axis andX2 as a vertical axis. Then (xi) X is a (connected)
vertical line and each X1 x (t) is a (connected) horizontal line. The union of the
one vertical line and all the horizontal lines is connected because each horizontal
line crosses the vertical line.

Proceeding now by induction, suppose that fl?./ X, is connected and consider
X,, where X,, i = 1, ..., n, is a connected space. By the argument for n = 2,
X, is connected since it is the product of the two connected spaces H?/ X1 and

Hence the product of any finite collection of connected spaces is connected. 0

If you are content with the inductive proof of Theorem 7.3, then skip this
paragraph. Actually there is a small difficulty with the last part of the proof
of Theorem 7.3. According to the definition of product spaces, X, and
(fl?.? X,) X are technically not the same. Points of the former are n-tuples
(x1, .. . , while points of the latter are ordered pairs ((x1, . . . , whose
first coordinates are (n — 1)-tuples. However, the obvious correspondence between



7.1 / Finite Products 201

X2 {x3}xX2

X1 x{t}

(x1,t)

x1

Xi

FIGURE 7.4

the points of fl7..1 X, and (fl?..1 X1) X is a homeomorphism, and it is customary
to consider these spaces as equal. That custom is followed in this text.

Proofs of the next three theorems are left as exercises.

Theorem 7.4: The product of a finite number of separable spaces is separable.

Theorem 73:

(a) The product of a finite number offirst countable spaces is first countable.
(b) The product of a finite number of second countable spaces is second

countable.

Theorem 7.6: If(X,, d1), (X2, ci,), . . . , (Xe, 4,) are metric spaces, then the product
topology for fl?.., X, is the topology generated by the product metric.
(Hint for proof: Look at Examples 3.5.4 and 7.1.1.)

In view of Theorem 7.6, we may consider P" to be the product space R X
P X ••' X P in which the real line P is used as coordinate space n times.

The fInal theorem of this section shows that the product of a finite number
of compact spaces is compact, a result that seems quite natural. The proof is a bit
more difficult for compactness than for the other topological properties we have
considered. The following lemma will be needed.
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Lemma: In order that a space X be compact it is sufficient that there exist a basis
for X such that every open cover of X by members of has afinite subcover.

Proof: Suppose that X has such a basis and let 0 be an open cover of X. For
each x in X, let be a member of 0 containing x. By the definition of basis, there
is for each x in X a member of such that

x E X} is an open cover of X by members and therefore has afinite
subcover The corresponding collection is then afinite subcover for
X derived from 0. 0

Theorem 7.7: The product of a finite number of compact spaces is compact.

Proof: By an inductive argument like that for Theorem 7.3, it is sufficient to prove
that if X, and X2 are compact spaces, then X1 X X2 is compact.

Let 'B = (U X V: U is open in X1 and V is open in X2] be the defining basis
for the product topology ofXj X X2, and let 0 be an open cover ofX, X X2 composed
of members By the lemma, the compactness ofXj X X2 will be proved it can
be shown that there is afinite subcover for X1 X X2 derived from 0.

For x in X,, the subset (x) X X2 of Xi X X2 is compact and is therefore
contained in the union of a finite number of members, say U1 X V1. U2 X V2.
Urn X Vrn of 0, each of which meets (x) X Then

U,

is an open subset of X1 containing x. Note that

jrn rn rn

\i—i 1 i—i i—i

the last indusion following from the fact that (i, is contained in U,for i = 1, .

m. Thus, for each x in X,, there is an open set containing xfor which the set
X X2 is contained in the union of a finite number of members of 0.

Since the family of open sets (Ui: x E X1) is an open cover of the compact
space X1, then there is afinite subcover for X, derived from x E X).
We now have the following situation:

X, XX2=(U
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is the union of a finite number of sets X X2, U,2 X X2,..., x X2 each of
which is contained in the union of a finite number of members of 0. Since the union
of a finite collection offinite sets is finite, then X, X X2 is contained in the union of
afinite number of members of 0. Thus X1 X X2 is compact. 0

The lemma preceding Theorem 7.7 actually gives a necessary and sufficient
condition for compactness. The necessity follows from the fact that every open
cover of X, and in particular every cover by basic open sets, must have a finite
subcover. There is a stronger and more useful condition for compactness involving
subbasic open sets: A space Xis compact if and only if there is a subbasis i for X
such that every open cover ofXby members of i has a finite subcover. This result,
the celebrated Alexander Subbasis Theorem, will be used in the next section to
prove compactness for infinite products of compact spaces.

EXERCISE 7.1

1. Let and be subsets of a set 1, for i = 1, 2. Prove that

X 02) fl (U1 X U2) = fl U1) X (02 fl (12).

Generalize this result to the case ofn sets X2, .. . ,

2. Show that the set .'B in the definition of product topology is actually a basis, as claimed
in the definition.

3. Let 12, and 13 be spaces.

(a) Prove that (X1 X 12) X 13 is homeomorphic to 11 X (12 X 13).

(b) Prove that X X

4. Prove Theorems 7.4, 7.5, and 7.6.

5. Use the Alexander Subbasis Theorem to give a different proof of Theorem 7.7.

6. Knowing that a subset A of P is compact if and only if it is closed and bounded, use
product space ideas to prove the same characterization of the compact subsets of P".

7. Let and 12 be spaces with subsets A C and B C 12. In the product space X1 X
12, prove that

(a)

(b) mt (A X B) = mt A X mt B.

8. Let 1 denote the real line with the half-open interval topology of Example 4.3.4 and
let Y = IX 1.

(a) Prove that = {[a, b)X (c, d):a, b, c, dEP,a <c, b < d) isabasis for Y.

(b) Show that Y is separable.
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(c) Show that the line y = —x + 1 is a subspace of Y.

(d) Show that Xis Lindelöf but Yis not. (Hint: The Lindelof property is inherited by
closed subspaces. Show that the line of part (c) is closed and not Lindelöf.)

9. Prove that the product of a finith family of locally compact spaces is locally compact.

10. This exercise is intended to show that a result like Theorem 7.1 does not hold for
functions g: H Y when the domain is a product space instead of the range.

Definition: Let 1, and X2 be spaces and g: 1, X 12 Z afunction from X 12 to
a space Z. Then g is continuous in the first variable provided that for each p in 12, the
function g(., y): X, -* Z, whose value at x is g(x, y), is continuous. Continuity in the
second variable is defined in the analogous way.

Show that the functionf: P X P IR defined by

(xy/(x2 + y2) if(x, y) # (0 0)
f(x y) =

(0 if(x, y) = (0,0)

is continuous in the first variable and continuous in the second variable but not con-
tinuous at (0,0).

11. Definition: In a product space X X X, the set ((x, x): x E 1) is called the diagonaL

Prove that a space Xis Hausdorff if and only if the diagonal of IX Xis a closed set.

7.2 ARBITRARY PRODUCTS

This section generalizes the idea of product space to the product of an arbitrai-y
family of topological spaces. It will be evident that the finite product considered in
Section 7.1 is a special case.

Suppose that A is an index set and that Xa is a space for each a in A. The
first question to be answered in trying to define the product of the spaces Xa,
a E A, is the following: What is meant by the Cartesian product when
A is an infinite set? Suppose first that A is countably infinite. Then {Xa: a E A)
can be considered an infinite sequence In this case X, is the collection
of all infinite sequences

for which the ith coordinate x, belongs to the ith coordinate space for all values
of i. Actually, the sequence x is a function. Its domain is the set of positive integers
(the index set) and its value at the integer i is the ith coordinate x,. This function
idea is used to define the Cartesian product of an arbitrary family of sets.
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Definition: Let A be an index set and IXa: a E A] afamily ofsets. The Cartesian
product X = Xa is the collection of all functions x with domain A having the
property that the value xa of x at a belongs to the set Xa:

X = H Xa = A U Ia: xa E Xafor each a E A)

For a E A, the function

defined by

xEX,

is called the projection map of I on the ath coordinate set Xa.

In the preceding definition, the symbol xa is used to denote x(a), the value
of x at in analogy with the notation

commonly used for sequences. The definition of Cartesian product set agrees with
the definition already given for a finite product 117.. since a point

x1EX1,

may be interpreted as a function with domain {l, 2, . . . , n} whose value x, at i is
a member of the set X,.

Definition: Let A be an index set and (Xa: a E A] a collection of non-empty
topological spaces. The product topology forl = is the topology generated
by the subbasis ofall sets of the form a E A, where Oa is open in

X with the product topology is called a product space with I, as
ath coordinate space.

According to the preceding definition, a basis for the product topology for I
consists of all finite intersections

fl a E A, 1 � i � n,
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where each Oa, is an oi,en subset Of Xaj. Such a basic open set may be expressed in
product form as

= flAa

where Aa, = Qa, for i = 1, ..., n and Aa = Ia otherwise. Hence we may think of
a basis for the product topology as consisting of all products A,, where each
Aa is open in Ia and Aa = Ia for all but finitely many a in A.

Since each set of the form p'(Oa), Oa open in Ia, is a subbasic open set,
each projection map Pa 1S continuous. The next theorem is a direct analogue of
Theorem 7.1; its proof is left as an exercise.

Theorem 7.8: Letf.' Y I be a function from a space Y into a product space
I = f is continuous if and only if the composition Paf off with each
projection map is continuous.

Theorem 7.9: The product of any family of Hausdorff spaces is a Hausdoiff
space.

Proof: Let (Ia: a E A) be a family of Hausdorff spaces and let x and y be
distinct points of the product space I = Ia. Then there is some member
a E A such that Xa # Since Ia is Hausdorff there are disjoint open sets Ua and
Va in Ia containing Xa and ya, respectively. Then

U = p'(Ua), V = P'(Va)

are disjoint open sets in I containing x andy, respectively.

The properties of separability, first countability, and second countability in-
volve countable sets, so it should not be expected that Theorems 7.4 and 7.5 gen-
eralize to uncountable products. These theorems do generalize to countably infinite
products; the proofs are left as exercises. A bit more can be said for separability. If
each space in the set {Ia: a E A} is separable and the cardinal number of A is
less than or equal to the cardinal number of [0, 1], then is separable.
Proofs of this result can be found in the references listed at the end of the chapter.

The remainder of this section is devoted to showing that every product of
connected spaces is connected and every product of compact spaces is compact,
thus extending the corresponding results already proved for finite products.

Theorem 7.10: The product of an arbitrary collection of connected spaces is con-
nected.
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Proof: Let (Xa: a E A) be a family of connected spaces indexed by A and let
y = a E A) be a particular point in the product space X = Xa. It will
be shown that Xis connected by showing that the component C of X which contains
y is the entire space.

First, by an argument analogous to the proof that the product of two connected
spaces is connected, it follows that the set Yj of all points djffering from y in at most
one coordinate is connected. It follows by induction that the set of all points
differing from y in at most n coordinates is connected. Since each set contains
y, then the union

is connected. It is an easy consequence of the definition of the product topology that
Y is dense in X, so Theorem 5.4 applies to show that X is connected. 0

In order to prove that the product of compact spaces is compact, the following
extension of the lemma preceding Theorem 7.7 to subbases will be needed. The
proof of this result, the Alexander Subbasis Theorem, involves set theoretic con-
siderations which would take us rather far afield. For this reason, the proof is rel-
egated to outline form in the exercises at the end of this section. The interested
reader is encouraged to pursue this topic further in the suggested reading at the
end of the chapter.

Lemma: The Alexander Subbasis Theorem In order that a spaceX be com-
pact, it is necessary and sufficient that there exist a subbasis X such that every
open cover of X by members of eS3 has afinite subcover.

Theorem 7.11: The Tychonoff Theorem The product of an arbitrary family
of compact spaces is compact.

Proof: Let (Xa: a A) be a collection of compact spaces and let X = Xc,

be the product space. Let be the defining subbasis for the product topology. Recall
that consists of all subsets of X of the form p;' (0,,), a E A, where 0. is open in
the coordinate space Xc,. By the Alexander Subbasis Theorem, it is sufficient to
show that every open cover of I by members has a finite subcuvcr.

Proceeding by contradiction, suppose that 'U is an open cover ofX by members
which has no finite subcover. For a in A, let 'U,, be the family of open sets 0,,

in Xc, for which p;'(O,,) belongs to 'U. Note that finite subfamily Of tic,
covered Xc,, then the corresponding finite subfamily would cover X.
Thus we conclude that no finite subfamily of 'U,, covers Xc,. From the compactness
of Xc,, it follows that 'U,, must fail to be a cover of Xc,. Thus for each a in A, there
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is a point Xa in Xa which is not in any member of Va. It follows that the point x =
(xa: a E .1L) defined by these coordinates fails to be in any member of V. This
contradicts the fact that V is an open cover and completes the proof of the
theorem. 0

Example 7.2.1 The Hubert Cube and Infinite Dimensional Euclidean
Space

The Hilbert cube is the product of a countably infinite family of closed unit
intervals:

= fl = [0, 1], n = 1, 2,

Infinite dimensional Euclidean space P°° is the product of a countably infinite
family of lines:

n= 1,2

Since [0, 1] C R, it is clear that is a subspace of Since P is homeo.
morphic to (0, 1), then P°° is homeomorphic to a subspace of However,
and P°° are not homeomorphic since, for example, is compact and P°° is not.
This phenomenon of non-homeomorphic spaces embedded in each other is not
too unusual; it also occurs for an open interval and a closed interval. Note that
both and P°° are connected by Theorem 7.10.

The purpose of this example is to show that the infinite products and
P°° are metric spaces by showing that they can be embedded in Hilbert space
H. Definef: Hby

f(x1,x2,x3, . . .) = (x1,x2/2,x3/3, . . .).

Since 1/n2 is a convergent series, it follows that 0 � x, � 1 for
all n, is also convergent and hence that f does map into H. The image of
underfis the subset

= fl [0, 1/nI

of H. It is left as an exercise to show thatfis one-to-one and continuous. Since
is compact and H is Hausdorff Theorem 6.8 insures thatfis an embedding

of in H. Since can be embedded in and the composition of two
embeddings is an embedding, then can be embedded in H also.
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Since and IR°° are homeomorphic to subspaces of the metric space H,
we conclude that their topologies are determined by metrics; that is to say,
and are metrizable spaces. We shall return to Hilbert space embeddings in
the next chapter to prove a general metrization theorem. The spaces and H
are actually homeomorphic, but the proof of this is well beyond the scope of an
introductory course.

Example 7.2.2 The Cantor Set as an Infinite Product
This example shows that the Cantor set C is homeomorphic to a countably
infinite product of discrete, two-point spaces. Consider the product space A =

A, where each set A is the discrete space {0, 1). The space A is sometimes
denoted since each coordinate space has two members and w often denotes
a countably infinite set.

Recall that the Cantor set consists of all real numbers x in [0, 1] which
have a ternary expansion x = .x1x2x3 .. . where has only the values 0 and 2.
The space A consists of all infinite sequences y = (y1, Y2, y3, .. .) where y, has
only the values 0 and 1. Thus we define f: C -+ A by

F(.x1x2x3...) = (x1/2, x2/2, x3/2 . . .), x = .x1x2x3 . . . E C.

The preceding discussion establishes the fact thatf is a one-to-one correspondence
between C and A.

To prove that I is continuous, we shall show that the composition p,f:
C -+ {0, 1) off with the ith coordinate map is continuous and use Theorem
7.8. For a positive integer i and point xin C, p,f(x) is one-half of the ith coordinate
of the ternary expansion of x into 0's and 2's. Since members of C sufficiently
close to x must have identical ternary expansion through the ith term, it follows
that

pf(x) = p,f(x')

when x' is sufficiently close to x. Thus p,f is continuous. Theorem 7.8 applies
to establish the continuity off Sincefi C A is a continuous one-to-one function
from a compact space onto a Hausdorif space, Theorem 6.8 shows that f is a
homeomorphism.

EXERCISE 7.2

1. For each of the following properties, prove that if each factor space X,, I = 1, 2,.
has the property, then so does the product space X = X,:

(a) first countability,

(b) second countability,

(c) separability.
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2. Prove: If A = U where e are disjoint, non-empty index sets and {Xa:
a E A) is a family of spaces indexed by A, then is homeomorphic to

xp x

3. Prove that an infinite product of discrete spaces may not be discrete.

4. Prove that the functionfi 1 H of Example 7.2.1 is an embedding.

5. (a) Let {Xa: a E A) be a collection of spaces with product space X = Xe,.

Show that each projection map pa: X Z. is an open mapping.

(b) Show that the projections Pi, p2: p2 P are not closed mappings.

6. DefinItion. Let (Xe: a E A) be a family of non-empty spaces. The collection of all
subsets 0 of the product set X =

fl Oa,

where each Oa is open in Xa, is a basis for a topology, called the box topology for I.
The product set X with the box topology is called a box product space.

Prove:

(a) If A is a finite set then the box topology for Xcoincides with the product topology.

(b) The projection maps for a box product space are continuous, open maps.

(c) If each space Xa, a E A, is discrete, then the box product space Xis also discrete.

(d) If each space Xe,, a E A, is compact, the box product space may fail to be compact.
(Hint: Let Xa = {0, 1) for each a in an infinite set A.)

7. Let X and A be non-empty sets. The symbol X4 denotes the collection of all functions

(a) Show that the set XA is the product set Xa, where Xa = X for each a E A.

(b) Show that if A = B U C for disjoint, non-empty subsets B and C, then the spaces
X Xc, with their product topologies, are homeomorphic.

8. Complete the details of the proof of Theorem 7.10. In particular, show that each of the
sets is connected.

9. Although it is not proved in this text, it is true that every compact, perfect, totally
disconnected metric space is homeomorphic to the Cantor set. Use this result to prove
that a countably infinite product of discrete two-point spaces (Example 7.2.2) is homeo-
morphic to the Cantor set.

10. (a) Prove that a finite product of discrete spaces is discrete.

(b) Prove that if each space in an infinite collection of discrete spaces has more than
one point, then their product is not discrete.

11. Show that the Hilbert Cube (Example 7.2.1) is nowhere dense in Hubert space.

12. This exercise presents an outline of the proof of the Alexander Subbasis Theorem.

Let 4' be a subbasis for a space X for which every open cover of X by members of 4'
has a finite subcover. Suppose Xis not compact and obtain a contradiction by showing
the following:
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(a) There is a family tt) of open subsets of X for which no finite subcollection of 0
covers X and 0 is maximal with respect to this property. In other words, 0 is not
properly contained in any family of open sets no finite subfamily ç)î which covers
X. (This will involve some form of the Axiom of Choice.)

(b) If is a finite collection of open sets whose intersection is contained in a
member of 0, then at least one of the sets U, belongs to 0.

(c) Conclude that the family 0 fails to cover X.

13. Let be an infinite sequence of metric spaces. Prove that the product space
X = X,, is a metrizable space. (Hint: Show first that each metric space is topologically
equivalent to a metric space of diameter at most 1. Thus it can be assumed that each
metric space under consideration has diameter at most 1. Show that the function don
X X X defined by

d(x,
=

for x = (x1, x2, . . .), y = (Yi, Y2, ...) in X is a metric which generates the product
topology.)

7.3 COMPARISON OF TOPOLOGIES

Definition: Let X be a set with two topologies, T, and T2. If T1 C T2, then T,
is weaker than T2 and T2 is stronger than T1.

The terms coarser and finer are sometimes used synonymously with weaker
and stronger, respectively. It should be clear that the trivial topology is the weakest
topology for any set and the discrete topology is the strongest.

It is not hard to verify that the intersection T1 fl of two topologies is a
topology. This topology is weaker than both T1 and T2 but stronger than any other
topology weaker than both of them. Similarly, the intersection of any family of
topologies is a topology that is weaker than every member of the family but stronger
than any other topology having this property.

The situation with unions is somewhat more complicated since the union of
two topologies may fail to be a topology. However, the union of any family of
topologies is a subbasis for a topology, and this topology is the weakest topology
which is stronger than each topology in the given family. Verification of this is left
as an exercise.

Definition: Let X be a set and (fa: X Xa, a E A) afamily offunctions from
X into topological spaces Xa. The weak topology for X generated by the functions
fa is the topology determined by the subbasis of open sets {f'(Oa): a E A, Oa
open in Xa).
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It should be apparent that the weak topology generated by a family of functions
is the weakest topology with respect to which each of the given functions is con-
tinuous.

Example 7.3.1

Let (X, d) be a metric space. For a in X, X from X to the space
of non-negative real numbers by

fa(x) = d(x, a), xE X.

Then for r> 0,

f;'([O, r)) = B(a, r),

the open ball centered at a with radius r. It follows that the weak topology
generated by a E X) is the metric topology for X.

The weak topology gives the following alternative view of the product topology.

Theorem 7.12: Let {Xa: a E A) be a family of spaces and let X = Xa.
Then the weak topology generated by the projection X is the product
topology for X.

Proof: By definition, the product topology for X has as a subbasis the family of
all sets of the form p'(Oj, a E A, open in Xa. This subbasis is precisely the
same as that for the weak topology generated by the projection maps. 0

Theorem 7.13: Let (X, T) bea space and = Ya) afamilyofcontinuous
functions with domain X. Then the weak topology generated by is weaker
than T.

Proof: By hypothesis, each member is continuous with respect to the given
topology. Then the weakest topology with respect to which each member of is
continuous must be weaker than T. 0

We shall return in Chapter 8 to the weak topology determined by a given

family of functions. In the meantime, the reader is invited to consider the following
question: Under what conditions does the weak topology generated by a given
family of functions equal the original topology on a space X?
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EXERCISE 7.3

1. (a) Show that the intersection of any family of topologies for a set X is a topology
for X.

(b) Use part (a) to conclude that the intersection of a family of topologies for Xis the
strongest topology for X that is weaker than each topology in the given. family.

2. (a) Show that the union of any family of topologies for a set X is a subbasis for a
topology for X.

(b) Show that the topology of part (a) is the weakest topology that is stronger than each
topology in the given family.

3. Let Xbe a set, {fa: X Xc., a E .11) a family of functions with domain X, and T the
weak topology generated by the given family of functions. Prove that if Y is a subset of
X, then the subspace topology for Y as a subspace of (X, T) equals the weak topology
generated by the family of restrictions

I
y: Y a E A).

4. Describe the weak topology for P generated by each of the following families of functions.
(Assume that the range space has the usual topology and determine the weak topology
for the domain.)

(a) The family of constant functions!: P P.

(b) The set of all functions continuous with respect to the usual topology.

(c) The family consisting only of the identity map on P.

(d) The set of all bounded real-valued functions that are continuous with respect to
the usual topology.

5. Let X be a set with three different topologies T, 'U for which is weaker than T, T
is weaker than 'U, and (X, T) is compact and Hausdorif. Show that (X, is compact
but not Hausdorft and (X, 'U) is Hausdorff but not compact.

6. Consider P" with the finite complement topology T1 and the Zariski topology T2 (Ex-
ample 4.5.4). Show that T1 is weaker than T2.

1.4 QUOTIENT SPACES

The idea of quotient space is one of the more intuitively plausible notions of
topology. It originated from the process of pasting or gluing together parts of geo-
metric figures to form new figures.

Example 7.4.1

Consider the process of pasting together two opposite edges of a square to form
a cylinder. For definiteness, let us take the unit square j2 = {(x1, x2) E P2: 0 �
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It is an easy exercise to show that the open sets for in the preceding
definition actually form a topology.

To define a particular quotient space of a given space X, one neeji only specify
the equivalence relation to be used. From that point on, the construction is standard.
Since for every equivalence relation each point must be related to itself, this is often
nQt cx.pllcitiy. The common practice is to specify which unequal points are
to be equivalent, with it being understood that each point is always to be considered
equivalent to itself.

The simplest kind of quotient space has its own name, as explained in the
next definition.

Definition: Let be an equivalence relation on a space Xfor which there is one
equivalence class [xoJ = A having more than one member and for which every other
equivalence class has only one member, Ix] = (x). Then the quotient space is
denotedX/A and called the quotient space or identification space obtained by iden-
tifying the members of A to a single point.

Example 7.4.2

(a) The quotient space of[O, 1] obtained by identifying the two points 0
and 1 is homeomorphic to a circle.

(b) The quotient space of j2 obtained by identifying the boundary to a
single point is homeomorphic to a sphere in 1R3.

(c) The quotient space of j2 obtained by identifying the pairs of points
(0, x2) and (1, 1 — x2), 0 � x2 � 1, is homeomorphic to the Möbius
strip.

(d) Let X = j2 with equivalence relation defined as follows: (1)
(x1, 0) (x1, 1) for each x1 E [0, 1], and (2) (0, x2) (1, x2) for
each x2 E [0, 1]. Then, thinking of the quotient space being defined
in two steps as in Figure 7.6, is homeomorphic to a torus in

(O,x2) (1,X2)

FIGURE 7.6
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(e) Let be the equivalence relation on P defined by x y if and only
if x — y is an integer. In other words, x (n + x) for all integers n.
In order to get an intuitive picture of consider the equivalence
classes in terms of real numbers t with 0 � t � 1:

[t] = {t + n:n is an integer).

Every real number belongs to such a class, so we have reduced the
problem from a statement about P to a statement about [0, 1]. Re-
alizing that [0] = [1], the quotient space is homeomorphic to
the quotient space of [0, 1] obtained by identifying 0 and 1. Thus,

is topologically equivalent to a circle.
(f) Let X = j2 with equivalence relation defined by: (1) (x1, 0)

(x1, 1) for each x1 E [0, 1], and (2) (0, x2) (0, 1 — x2) for each x2
in [0, 1]. This example is similar to part (c) except that in the second
stage of the identification the circular ends of the cylinder are identified
with orientations reversed; the pairs A and A', B and B', and C and
C' are to be identified in Figure 7.7.

A A'

FIGURE 7.7

The resulting space called the Klein bottle, can be embed-
ded in P" but not in P3. The picture shown is the best 3-dimensional
representation available. The surface actually does not intersect itself
as it appears to do in the drawing.

(g) Let D denote the unit disk

D = {(x1, x2) E

x x = (x1, x2) on the bounding
circle + = 1. In other words, each pair x, —x of diametrically
opposite points is to be identified. The resulting space called
the proj ective plane, cannot be reasonably drawn in three dimensions.
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The foregoing examples indicate that quotient spaces go considerably beyond
what can be accomplished with paper and glue.

Definition: Let X be a space, an equivalence relation on X, and the
resulting quotient space. The function q: X which maps each point x in X
to its equivalence class [xJ in X is called the quotient map of

The definition of the quotient topology insures that the quotient map q:
X is continuous. In fact, the quotient topology for can be defined as
follows: A subset A of is open if and only if q'(A) is an open set in X. The
proof of the next theorem is left as an exercise.

Theorem 7.14: Let X with quotient map q: X
Then a function h: -+ Yfrom into a space Y is continuous if and

only if the composite function hq: X -+ Y is continuous.

Definition: Let X be a space, Y a set, andf: X Y a function from X onto Y.
Define a subset 0 of Y to be open provided that its inverse imagef'(O) is open in
X. The family of open sets defined in this way is a topology for Y called the quotient
topology determined byf

Remark The quotient topology determined byf: X Y is a topology for Y. To
see this, note that

= 0, f'(Y) = X

are open in X, so 0 and Y are open in Y. If {Oa: a E A) is a family of open sets
in Y, then

f'(U Uf'(Oa)
\aE.4 / aE.4

is open in X, so Oa is open in Y. If is a finite family of open sets in
Y, then

f1(fl o.) = flf'(o1)

is open in X,so fl7..1 0 is open in Y. Thus the quotient topology is indeed a topology
for Y.
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A comparison of definitions shows that the quotient topology for a quotient
space is identical with the quotient topology determined by the quotient map
q: X -* It is left as an exercise for the reader to prove that the quotient
topology is the strongest topology with respect to which the quotient map is con-
tinuous.

Theorem 7.15: Let X and Y be spaces andf: X -+ Ya continuous function from
X onto Y. 1ff is either open or closed, then Y has the quotient topology deter,nined
byf

Proof: Let T denote the given topology in Y and T1the quotient topology deter-
mined by f If 0 E T, then, since f is continuous, f'(O) is open in X. But this
meansthatOET1. ThusTCT1.

Suppose in addition that f is an open function, and let U E T1. Then f'(U)
is open in X andf is an open function with respect to T, so

f(f'(U)) = U

is an open set in the topology T. Then T1 C T, so T = T1. The analogous proof
for closed functions is left as an exercise. 0

Definition: X -+ Y be afunction from space X onto space Y. The relation
defined by x1 41 and only 4ff(x,) = f(x2) is an equivalence relation on X

called equivalence modulof

It should be easily observed that equivalence modulo f is an equivalence
relation. Note also that the equivalence class of x under is simply the set of
points which have the same image as x

[x] = f(x)), x E X.

Since f is required to be suijective, then the correspondence

[xl 4-f(x)

is a one-to-one correspondence between the quotient space and Y. The next
theorem gives a necessary and sufficient condition for this correspondence to be a
homeomorphism.

Theorem 7.16: Let X and Y be spaces andf: X -+ Ya continuous function from
X onto Y. In order that the natural correspondence h: -+ Y defined by

h([x])=f(x), xEX,
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be a homeomorphism, it is necessary and sufficient that Yhave the quotient topology
determined byf
Proof: The diagram below may be of help in following the proof

IXY
XI'..,'

The diagram is called commutative because hq = f Suppose first that h is a
meomorphism and consider a subset 0 of Y. Then 0 is open in Y if and only if
h'(O) is open in By the definition of the quotient map q and the quotient
topology for h'(O) is open in if and only if q'h'(O) is open in X.
Since hq = f then

q'h'(O) = f'(O).

Thus 0 is open in Y if and only is open in X. Thus Y has the quotient
topology determined byf

For the converse, suppose that Y has the quotient topology determined byf
Then h is continuous by Theorem 7.14 since the composite map hq =fis continuous.
To see that h is an open function, let U be open in consider h(U):

h(U) = (f(x): [xJ E U) = {f(x): x E q'(U)) = f(q'(U)).

Now Y has the quotient topology determined byf so the test for openness of h(U)
is to determine whether or not f'(h(U)) is open in X. Since

f'(h(U)) =f'(f(q'(U))) = q'(U)

and q'(U) is open in X, then h(U) is open in Y. Thus h is an open mapping.
Summarizing, h is a continuous, open bijection and is therefore a homeo-
morphism. 0

Example 7.4.3

Theorem 7.16 can be used to replace the heuristic geometric arguments given
earlier in determining quotient spaces.

Consider, for example, the function fi P 5' from P to the unit circle
5' defined by

f(x) = (cos 2irx, sin 2irx), x E P.
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Then 1(x) = 1(y) if and only if x and y differ by an integer, so the equivalence
relation precisely the relation of Example 7.4.2(e). Sincefis a continuous,
open suijection, Theorem 7.15 insures that S' has the quotient topology deter-
mined by f Theorem 7.16 applies to show that the quotient space of
Example 7.4.2(e), is homeomorphic to S'. The reader should perform a similar
analysis for parts (a) through (d) of Example 7.4.2.

EXERCISE 7.4

1. In the definition of quotient space, show that the quotient topology really is a topology
for

X Y be a continuous function from I onto Y and suppose that Y has the
quotient topology determined byf Prove that a function g: Y Z from Y to a space
Z is continuous if and only if the composite function gf: I Z is continuous.

3. Let X quotient map. Prove:

(a) A subset 0 of is open in if and only if q'(O) is open in X.

(b) A subset C of is closed if and only if is closed in I.

4. Consider the relation on P2 under which two points are related if and only if they
have the same first coordinate. Prove that P and interpret
geometrically.

5. Describe an equivalence relation for P2 for which the resulting quotient space is homeo-
morphic to a circle.

6. (a) Let be the equivalence relation on the unit circle S' defined by x —x,

x E 5'. Show that S' and interpret geometrically.

(b) Let be the equivalence relation on the unit sphere 52 defined by x —x,

x E S2. Show that is homeomorphic to the projective plane defined in
Example 7.4.2(g).

7. By defining suitable functions and using Theorem 7.16, redo parts (a) through (d) of
Example 7.4.2.

8. Let I and Y be spaces a continuous function from I onto Y. Prove:

(a) The topology of Y is a subset of the quotient topology determined byf

(b) The quotient topology for Y determined by I is the finest topology for Y with
respect to which f is continuous.

9. Prove Theorem 7.15 for the case in which f is a closed mapping.

10. Show that the relation =, equality for the points of a space X, determines a quotient
space 1/= homeomorphic to I.

11. Let I be a space and an equivalence relation on I for which and each equiv-
alence class [x], x E I, are connected. Prove that X is connected.
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12. Prove:

(a) If X is connected, then every quotient space of X is connected.

(b) If X is compact, then every quotient space of X is compact.

(c) If X is a Lindelöf space, then every quotient space of X is Lindelöf.

(d) If X is locally connected, then every quotient space of X is locally connected.

13. Give an example of a Hausdorif space which has a quotient space that is not Hausdorffi

14. Give examples to show that:

(a) A quotient map may not be an open function.

(b) A quotient map may not be a closed function.

7.5 SURFACES AND MANIFOLDS

Many of the most interesting and important topological spaces are "locally
like Euclidean spaces" in the sense that each point has neighborhoods that are
homeomorphic to open sets in Euclidean spaces. This includes curves, which are
locally like R, and surfaces such as the two-sphere and torus, which are locally like
p2• The purpose of this section is to define an important class of such spaces, called
manifolds, and to develop some of their properties. In the latter part of the section
we shall see a more specialized type of manifold that requires "smoothness" as well
as the locally Euclidean property.

Definition: A topological n-dimensional manifold or n-manifold is a second
countable Hausdorff space in which each point has a neighborhood homeomorphic
to an open set in Euclidean n-space R". A 1-manifold is called a curve, and a 2-
manifold is called a surface.

For the dimension of an n-manifold to be well defined, it must be noted that
an open set in P" is not homeomorphic to an open set in pm unless m = n. This
fact, called the Invariance of Domain Theorem, is proved in textbooks on geometric
and algebraic topology. References are given in the suggested reading list at the end
of the chapter.

Note that the definition of n-manifold requires uniformity of dimension
throughout the manifold. Note also that, without loss of generality, the open set in

may be taken to be an n-dimensional open ball. Since such a ball is homeo-
morphic to nfl, the definition could have specified that each point have a neigh-
borhood homeomorphic to Different choices are useful in various applications.
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Example 73.1

(a) The unit circle 5' is a 1-manifold. The required neighborhoods are
defined as follows: The open upper half circle C, = {(x, y) E 5': y>
0) is homeomorphic to the open interval (—1, 1) by the map Pi which
projects to the first coordinate. The inverse of this projection is the
function q,: (-1, 1) C, defined by

q,(x) = (x, Vi — x2), xE (—1, 1).

Similar considerations show that the open lower half circle C2 =
{(x, y) E S': y <0) is also homeomorphic to (—1, 1). The two open
sets C, and C2 suffice for all points in S' except (1, 0) and (—1, 0).
For these the open right half circle and open left half circle are suitable
neighborhoods.

(b) In general, S" is an n-manifold. The reader is left the exercise of
extending the argument of part (a) to the general case.

Example 73.2

(a) The graph of a continuous functionfi P IR is always a 1-manifold.
Other familiar curves in the sense of calculus, such as those defined
parametrically, are also i-manifolds if they do not have points of self-
intersection. In Figure 7.8, the space of part (iii) is not a i-manifold
since the point of intersection has no neighborhood homeomorphic
to an open interval.

The reader should be aware that mathematicians use the term
"curve" in several different ways. For example, some authors refer to

FIGURE 7.8

(1) A 1-manifold (ii) A 1-manifold (iü)Not a 1-manifold
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the image of a path as a curve. This usage allows for "space-filling
curves," which were discussed briefly in Chapter 6, and should not
be confused here with the usage of the term to denote a 1-manifold.

(b) The torus, Klein bottle, and projective plane are additional examples
of surfaces or 2-manifolds. An "open annulus," composed of an an-
nulus with the inner and outer bounding circles removed, is also a 2-
manifold.

(c) An n-dimensional torus is the product of n copies of the circle 5'.
Proj ective n-space is the quotient space of obtained by identifying
pairs of antipodal points. Both and are n-manifolds. Of course,
the most immediate example of an n-manifold is P" itself.

Theorem 7.17: The product of an n-manifold and an m-manifold is an (n + m)-
manifold.

Proof: Let X and Y be an n-manifold and m-manifold, respectively. Note first
that X X Y is a second countable Hausdorff space since it is the product of two
spaces having these properties. To establish the locally Eucidean condition, consider
a point (x, y) in X X Y and let U and V be neighborhoods of x and y in X and Y
which are homeomorphic to P" and Ptm. respectively. Then U X Vis a neighborhood
of(x, y) which is homeomorphic to P" X Ptm. Since this space is homeomorphic to
pn+rn then X X Y is a manifold of dimension n + m. 0

Definition: An n-dimensional topological manifold with boundary is a second
countable Hausdorff space X with two types of points: (a) interior points, each of
which has a neighborhood homeomorphic to P", and (b) boundary points b, each of
which has a neighborhood homeomorphic to the upper half space U" = (x = (x1,
x2, ..., E P": � 0) by a homeomorphism which maps b to a point of U"

FIGURE 7.9 Examples of 2-manifolds.

Open annulus
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whose nth coordinate is 0. The set of interior points of X is called the interior, mt
X, and the set of boundary points is called the boundary, oX, of X.

Example 7.53

(a) A closed interval [a, b] is a 1-manifold with boundary. The interior
is (a, b) and the boundary is the set {a, b} of endpoints.

(b) As examples of 2-manifolds with boundary, note the following:
(i) A rectangle, whose boundary is its four bounding line segments.

(ii) An annulus, whose boundary consists of the inner and outer
circles.

(iii) A closed cylinder, S' X [0, 11 whose boundary is the upper and
lower circles, S' X {0, 1 }.

Cylinder

FIGURE 7.10 Examples of 2-manifolds with boundary.

Note that a manifold, which is also called a manifold without boundary, may
be considered the special case of a manifold with boundary in which the boundary
happens to be empty. The non-empty boundary of an n-manifold with boundary
is an (n — 1)-manifold without boundary. A rigorous proof of this intuitively plausible
fact requires the Invariance of Domain Theorem, which states that an open set in
P" is not homeomorphic to an open set in pm unless m = n.

Definition: A closed manifold is a compact, connected manifold with empty
boundary.

The interior and boundary of a manifold are intrinsic properties of that man-
ifold and not of the space in which the manifold is embedded. Thus they must not
be confused with the terms "interior" and "boundary" for subsets of a topological

Rectangle

Annulus
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space. For example, 52 is a 2-manifold whose interior is S2 and whose boundary
is empty. However, as a subspace of P3, the set S2 has empty interior and each of
its points is a boundary point.

Theorem 7.18: Let X be an n-manifold without boundary and Y an rn-manifold
with boundary. Then X X Y is an (n + with boundary and

Ô(XX Y)=XXÔY.

Proof: Note first that X X Y is second countable and Hausdorff since both factor
spaces are. Since Y = mt U ÔY, we have

XX Y=(XXJnt Y)U(XXÔY).

The preceding theorem shows that each point of X X mt Y has a neighborhood
homeomorphic to pn+m It remains to be proved that each point of X X ÔY has a
neighborhood homeomorphic to This follows easily, however, since if(x, y)
belongs to X X 81', then x has a neighborhood homeomorphic to P" and y has a
neighborhood homeomorphic to Urn. Then (x, y) has a neighborhood homeomorphic
to P" x which is homeomorphic to by an obvious homeornorphism. 0

This section has given only the barest of introductions to the subject of to-
pological manifolds. An advanced theorem, which will not be proved here, shows
that it is always possible to consider an n-manifold as a subspace of some Euclidean
space. It should be clear, however, that the dimension of the manifold and the
dimension of the containing space may be different. A 2-sphere, for example, cannot
be embedded in P2. References for more advanced treatments of topological man-
ifolds are given in the Suggestions for Further Reading at the end of the chapter.

A topological immersion of a closed manifold Xin pm is a continuous function
1: X Ptm such that each point x in X has a neighborhood U that is mapped byf
homeomorphically ontof(U). The usual model of the Klein bottle, which appears
in Figure 7.7, represents an immersion of the Klein bottle in P3. The Klein bottle
is a 2-manifold that cannot be embedded in P3.

Since manifolds share many geometric characteristics with P", the study of
manifolds and related objects is often called geometric topology. Manifolds can be
specialized further by requiring a smoothness condition similar to that required for
differentiable functions. The resulting manifolds, which are defined below, are called
smooth manifolds and their study is called differential topolbgy. Introductory text-
books for both geometric and differential topology appear in the suggested reading
list at the end of the chapter.

Definition: A function f. U -+ Ptm from an open set U in p? into Ptm is smooth
provided that f has continuous partial derivatives of all orders. A function A -+
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Ptm from an arbitrary subset A of P" to Ptm is smooth provided that for each x in A
there is an open set U containing x and a smooth function F: U P"' such that F
agrees with f on U fl A.

In the preceding definition, it is necessary that smooth functions be local
restrictions of similar functions defined on open sets so that partial differentiation
makes sense.

Definition: Let A and B be subsets of Euclidean spaces P" and Ptm.
A diffeomorphism from A to B is a A -* B from A onto Bfor
which bothf and the inverse functionf' are smooth. If there is a d(ffeomorphism
from A onto B, then A and B are called diffeomorphic spaces.

/

Definition: A subset Xofa Euclidean space is an n-dimensional smooth manifold
ora smooth n-manifold if each point ofXhas a neighborhood which is djffeomorphic
to P".

Example 7.5.4

The functions defined for S' in Example 7.5.1 are smooth and show that S' is
a smooth 1-manifold. It follows similarly that 5" is a smooth manifold. The
torus and projective plane are smooth surfaces, and the graph of an infinitely
differentiable function f: P P is a smooth curve. The graph of the absolute
value function y = xI, which has a sharp point at the origin, is not smooth.

The graph ofy=x2 is
a smooth curve.

FIGURE 7.11

5

4

—2 —1 —2 —1 2

The graph of y = xI is not
a smooth curve.
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The proof of the following theorem, which can be patterned after the proof
of Theorem 7.17, is left as an exercise.

Theorem 7.19: The product of a smooth n-manifold and a smooth rn-manifold
is a smooth (n +

Definition: An n-dimensional smooth manifold with boundary is a subseiX of a
Euclidean space for which the points of X are of two types: (a) interior points, each
of which has a neighborhood d(ffeomorphic to and (b) boundary points b, each
of which has a neighborhood to the upper half-space under a
djffeomorphism which maps b to a point of whose nth coordinate is 0.

The analogue of Theorem 7.18 carries over to smooth manifolds, and its
proof is left as an exercise.

Theorem 7.20: Let X be a smooth n-manifold without boundary and Ya smooth
m-rnantfold with boundary. Then X X Y is a smooth (n + rn)-manifold with boundary
and

Ô(XX Y)=XXÔY.

Example 733

The product of two smooth manifolds with boundary may fail to be smooth.
The difficulty arises from the fact that the product may fail to be smooth at
points of oX X OY. For example, I = [0, 1] is a smooth 1-manifold, with 01 =
{0, 1). However, I X I is not smooth at any of the corner points (0, 0), (0, 1),
(1,0), or (1, 1).

EXERCISE 7.5

1. Consider the 2-sphere S2, torus T, projective plane F, and closed unit interval I. Show
that each of the following is a topological manifold. Find the dimension, interior, and
boundary in each case and determine whether or not the manifold is smooth.

(a) S2 X T (d) I.X I X I

(b) S2XI (e) S2XIXI
(c) PXT (f) PXS2XI

2. Show that the subspace of P2 composed of the two coordinate axes is not a manifold.
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3. Show that every manifold is locally compact.

4. Explain why each of the following is not a manifold:

(a) The topologist's sine curve

(b) The topologist's comb (Example 5.4.2)

(c) The Cantor set

(d) Hilbert space

5. Let X be an n-manifold with non-empty interior mt X and non-empty boundary ox.
Show that Int x and ox are manifolds without boundary having dimensions n and
n — 1, respectively. (Assume the Invariance of Domain Theorem: An open set in P" and
an open set in pm cannot be homeomorphic unless m = n.)

6. Show that the graph of an infinitely differentiable function!: P -' P is a smooth 1-
manifold.

7. Show that the relation of being diffeomorphic is an equivalence relation for subspaces
of Euclidean spaces.

8. Prove Theorems 7.19 and 7.20.

9. Let X be an n-manifold with boundary and Y an rn-manifold with boundary. Is X X Y
a manifold with boundary? Explain.

SUGGESTIONS FOR FURTHER READING

The texts General Topology by Kelley and Topology by Hocking and Young
are recommended for additional reading on product spaces, especially for detailed
exposition on the Tychonoff Theorem (Theorem 7.11). For additional work on
quotient spaces, see Schurle's Topics in Topology. Moise's Geometric Topology in
Dimensions Two and Three is an excellent introduction to geometric topology. For
differential topology, Topology by Guillemin and Pollack and Topology
from a Djfferential Viewpoint by Milnor are highly recommended.

Proofs of the Invariance of Domain Theorem can be found in Basic Concepts
of Algebraic Topology by Croom and Topology: A First Course by Munkres.
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HISTORICAL NOTES FOR CHAFFER 7

Maurice Fréchet introduced finite products of abstract spaces in 1910, but a
special case had been considered two years earlier by Ernst Steinitz (187 1—1928).
The extension to countably infinite products was made by a variety of researchers
during the 1920's, and the general definition of product space was formulated by
A. N. Tychonoff in 1930.

Tychonoff proved in 1935 that the product of any family of compact spaces
is compact. This result, now called the Tychonoff Theorem, established compactness
as the proper generalization of the properties of closed and bounded subsets of
to general topological spaces. Prior to the work of Tychonoff, compactness, countable
compactness, sequential compactness, the Bolzano-Weierstrass property, and other
properties had been proposed as the proper generalization. The Stone-Cech com-
pactification, which was mentioned at the end of Chapter 6, was also inspired by
the work of Tychonoff on product spaces.

Theorem 7.3, showing that connectedness is preserved byproducts, was proved
by Hans Hahn in 1932. Infinite dimensional Euclidean space P°° was introduced
by Fréchet and is sometimes called Fréchet space. The remarkable fact that Fréchet
space is homeomorphic to Hilbert space was proved by R. D. Anderson in
1966. The Alexander Subbasis Theorem was proved in 1939 by J. W. Alexander
(1888—1971).

Since the quotient space construction developed from the idea of pasting one
part of a figure to another part, it is probably impossible to single out the originator.
The basic quotient construction was used by A. F. Möbius in 1858 and by Felix
Klein (1849—1925) in 1882 in defining the Möbius strip and Klein bottle, respec-
tively. Explicit use of the quotient space construction beyond the identification
idea appeared, for a special case, in the work of R. L. Moore in 1925 and P. S.
Alexandroff in 1927. The general quotient space and quotient map were introduced
by R. W. Baer and F. Levi in 1932.

The systematic study of surfaces and manifolds dates back to the work of
Bernard Riemann, A. F. Möbius, Enrico Betti, and others in the mid—nineteenth
century.





Separation Properties
and Metrization

The term "separation property" refers to a characteristic of topological spaces
describing those pairs of points or those pairs of sets which can be enclosed in
different open sets. The Hausdorif property is an example since it states that any
two distinct points are contained in disjoint open sets.

There are some separation properties that are weaker than the Hausdorff
property and others that are stronger. The property of being a metric space is
stronger, for example, since Example 4.5.3 guarantees that every metric space is
Hausdorit In the latter part of the chapter we shall consider combinations of to-
pological properties which insure that the topology of a given space is generated by
a metric.

8.1 T0, T1, AND T2-SPACES

The separation properties to be studied in this chapter are denoted sequentially
T0, T1, T2, T3, T4 in order of increasing strength. The Hausdorff property is property
T2. Its definition is repeated here to emphasize the sequential progression of the
separation properties or separation axioms, as they are sometimes called.

Definition: A space X is a Trspace iffor each pair a, b of distinct points of X,
there is an open set containing one of the points but not the other.

Definition: A space X is a T,-space each pair a, b of distinct points of X,
there are open sets U and V in X such that a belongs to U but b does not, and b
belongs to V but a does not.

Definition: A space X is a T2-space or Hausdorff space jffor each pair a, b of
distinct points of X, there are disjoint open sets U and V such that a belongs to U
and b belongs to V.

It should be clear that every T2-space is T1, and that every T1-space is T0. In
other words, T0, T1, T2 is the arrangement of the properties in order of increasing
strength.

Theorem 8.1: A space X is a T1-space if and only if each finite subset of X is
closed.

231
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Proof: Suppose X is T,. It is sufficient to prove that each singleton set (a) is
dosed since any finite set is the union of a finite number of such sets. If b is a point
of X different from a, there is an open set V containing b but not a. Thus b is not a
limit point of (a), so (a) is a closed set.

For the converse, suppose each finite subset ofX is closed and consider distinct
points a, b in X. Then

U=X\(b), V=X\(a)

are open sets, U contains a but not b, and V contains b but not a. Thus X is T,. 0

The following examples show that a T0-space may fail to be T1 and that a T1-
space may fail to be T2.

Example 8.1.1

(a) A T0-space which is not T1.
Let X = {a, b} be a two-point set with open sets 0, {a}, and

X. Then given two distinct points of X, one of them (namely a) is
contained in an open set which does not contain the other. However,
every open set containing b also contains a, so Xis not T1.

(b) A T1-space which is not T2.
Let Xdenote the set of real numbers with the finite complement

topology. Then for distinct points a, b in X,

UX\{b}, V=X\{a}

are open sets such that U contains a but not b and V contains b but
not a. Thus Xis T1.

Since non-empty open sets in Xmust have finite complements, there cannot
exist disjoint open sets for any pair of distinct points of X.

The proof of the following theorem is left to the reader. The Hausdorff case
has already been proved in Theorem 7.9.

Theorem 8.2 The product of T1-spaces is a T1-space for i = 0, 1, 2.

EXERCISE 8.1

1. Prove that the T0 and T1 properties are hereditary and topological properties.

2. Prove Theorem 8.2.
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Let 1 be a space, Y a T2..space andf g: X Y continuous functions.
Prove:

(a) {x E 1:1(x) = g(x)} is a closed subset of X.

(b) 1ff and g agree on a dense subset of X, then f= g.

Let!: 1 Ybe a continuous function and assume that Y is T2. Prove that {(x1, x2) E
XX X:f(x1) =f(x2)} is a closed subset of Xx 1.

Definition: A T,rspace is a space in which each sequence has at most one limit. A T,r
space is a space in which each compact set is closed.

Prove that:

(a) Each T2-space is T14.

(b) Each T14-space is T14.

(c) Each Tirspace is T1.

Definition: A simple order relation for a set I is a relation <on I satisfying:

(1) If x, y are distinct members of 1, then either x < y or y < x.

(2) If x <y, then y <x is false.

(3) Ifx<yandy<zz,thenx<z.

A set I which has a simple order relation is called a simply ordered set.

Definition: Let I be a simply ordered set with respect to the simple order relation <,
and let 2 be the family of subsets of X consisting of I and all subsets of the following
types:

(1) [yEX:x<y},xEX;
(2) (yEX:y<x),xEX;
(3) (yEX:z<y<x)x,zEX.
Then 2 is a basis for a topology for I called the order topology generated by <.

(a) Show that the family 2 of the preceding definition is actually a basis.

(b) Show that a simply ordered set with its order topology is a Hausdorif space.

(c) Define the terms upper bound and least upper bound for subsets of a simply or-
dered set.

This problem involves the order topology defined in the preceding problem.

Definition: Let I be a simply ordered set with its order topology. The space I has a
gap if there are points x, y in I with x <yfor which there is no z in I with x < z <y.
The space I is called order complete provided that each non-empty subset of I that has
an upper bound has a least upper bound.

Prove: If T is the order topology for a simply ordered set 1, then (I, T) is connected if
and only if it is order complete and has no gaps.

This problem involves the order topology defined in Problem 6 above. Let Xbe a compact,
connected T2-space with exactly two non-cut points a, b. Show that the topology of I
is an order topology.
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8.2 REGULAR SPACES

The properties T0, T1, T2 describe the separation of pairs of points by open
sets. The next properties in the sequence describe the separation of a point from a
closed set and the separation of a pair of disjoint closed sets. Matters are simplified
by requiring that each point be a closed set; in other words, it is required that each
space under consideration be a T1-space.

Definition: A T3-space or regular space is a T1-space X such that for each closed
subset C of X and each point a not in C, there exist disjoint open sets U and V in
X such that a E U and C C V.

If X is 7'3 and a, b are distinct points of X, then C = {b} is a closed set which
does not contain a. Thus there are disjoint open sets U and V with a E U and b E
V. Thus each T3-space is T2.

Theorem 8.3: A x is regular if and only each point a in X and
each open set U containing a, there is an open set W containing a whose closure is
contained in U.

Proof: Suppose first that Xis regular and let a be a point of X and U an open set
containing a. Then X\U is a closed set which does not contain a, so there are disjoint
open sets Wand V such that

aEW, X\UCV.

Since

WCX\V.

and X\V is closed, then

Thus

= U,

so W is the required open set.
Suppose now that the latter condition of the theorem holds and let a be a point

and Ca closed set not containing a. Then X\C is an open set containing a, so there
is an open set W such that

aEW,
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Then Wand X\ JP are disjoint open sets containing a and C, respectively, soX is
regular. 0

Theorem 8.4: A Trspace X is regular if and only iffor each point a in X and
closed set C not containing a, there exist open sets U and V in X such that a E U,
CC V. and U and V are disjoint.

Proof: The condition clearly implies regularity for a T,-space X since it requires
more than disjointness of the open sets U and V; it requires that their dosures be
disjoint as well. Thus it need only be proved that each regular space satisfies the
condition of the theorem.

Suppose then that a is a point and C a closed set which does not contain a.
By Theorem 8.3, there is an open set W such that

aEW,

Applying the same theorem again, there is an open set U containing a with CC W.
Let V=X\W
Then

Cc WC

so

CCX\1P= V.

Since

On V=

then U and V are the required open sets. 0

Example 8.2.1 A Hausdorif Space which is Not Regular

Consider the closed upper U = {x = (x1x2) E R2: x2 � 0) with the
topology defined as follows: For x = (x1, x2) in U with x2 > 0, a local basis at x
consists of open balls B(x, r), r < x2, in the usual metric d. For a point z =
(z1, 0) in U and positive number r, let

D(z, r) = {z} U {y = E U: d(y, z) <r and y2> 0).

Thus D(z, r) consists of the point z on the horizontal axis and the half of the
ball of radius r centered at z which is strictly above the axis. The collection of
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sets D(z, r), r> 0, is a local basis at z. The two types of basic open sets are shown
in Figure 8.1.

•

D(z,r)/
z

FIGURE 8.1

The collection of all sets B(x, r), D(z, r), r> 0, described above is a basis for the
topology for U.

The space U is easily seen to be Hausdorit It is not regular since for a
point a on the horizontal axis R, C = P\{a} is a closed set for which there do
not exist disjoint open sets containing a and C.

Theorem 8.5: The product of any family of regular spaces is regular.

Proof: Let (Xa: a E be a family of regular spaces and consider the product
space X = Xa. Let a be a point of X and U an open set containing a. By
Theorem 8.3, it is sufficient to show that there is an open set V in X containing a
whose closure is contained in U. Let

fl

be a basic open set in X which contains a and is contained in U, where each Ua, is
an open set in X containing pala). Since each space Xa1 is regular, there is for each
i = 1 n an open set Va, in Xa,for which

pa,(a) E Va,, C Ua,.

Then

V
=

fl
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is an open set in X, V contains a, and

P = fl C fl p;j'(Ua,,) C U.

Thus X is regular. 0

EXERCISE 8.2

1. Show that regularity is an hereditary and topological property.

2. Let A = {l/n: n = 1, 2, 3, . . .} and let T denote the usual topology for P.

(a) Show that = T U {R\A} is a subbasis for a topology T' for P.

(b) Show that (P, T') is Hausdorifi

(c) Show that (P, T') is not regular. (Hint: There do not exist disjoint open sets
taming 0 and A.)

3. Prove that every compact Hausdorif space is regular.

4. Definition: A space X is a T24-space or Urysohn space provided that for each pair a, b
of distinct points of X, there exist open sets U and V with disjoint closures such that a E
U and b E V.

(a) Prove that each regular space is a Urysohn space.

(b) Prove that each Urysohn space is Hausdorif.

(c) Give an example of a Hausdorfi' space that is not Urysohn and an example of a
Urysohn space that is not regular.

5. In Example 8.2.1, show that the subspace topology for P as a subset of U is the discrete
topology. Use this fact to justify the statement that P\{a} is a closed subset of U.

8.3 NORMAL SPACES

Definition: A T1-space X is a T4-space or normal space provided that for each
pair A, B of disjoint closed sets in X there exist disjoint open sets U and V such that
A is contained in U and B is contained in V.

Since each singleton set in a normal space is closed, it follows easily that every
normal space is regular. The following characterizations of normality can be proved
by methods parallel to those used for Theorems 8.3 and 8.4.
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Theorem 8.6: A T1.space X is normal and only j[for each closed subset A of
X and open set U containing A, there is an open set W containing A whose closure
is contained in U.

Theorem 8.7: A T,-space Xis normal if and only iffor each pair A, B of disjoint
closed sets in X there exist open sets U and V such that

ACU, BCV, UflV=Ø.

In our new terminology, the corollary to Theorem 6.5 can be rephrased as
follows:

Theorem 8.8: Every compact Hausdorff space is normal.

The next theorem is considerably stronger.

Theorem 8.9: Every regular Lindelôf space is normal.

Proof: Let A and B be disjoint closed subsets of a regular Lindelof space X. By
Theorem 8.4, there is for each a in A an open set °a whose closure does not intersect
B. Let A denote the resulting open cover of A. By the same argument, there is also
an open cover B by open sets whose closures do not intersect A. Then A U

U (X\(A U B)) is an open cover of X. Since X is Lindelof this open cover has a
countable subcover. Thus there are countable sequences and of
open sets such that

n=1,2

For each positive integer n, let

U, = V',, = U,.

Note that U',, and V'm are disjoint for all integers m and n. (For m � n, was
subtracted in the construction of U',,, so U',, fl V'm = 0.) Since U,, is disjoint from
B and V,, is disjoint from A for all n, then

ACUU,, BCUV,.
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Since each finite union of closed sets is closed, then and V',1 are open sets for
each integer n. Thus

u=Uu,, v=Uv,,

are disjoint open sets containing A and B, respectively, soX is normal. 0

Corollary: Every second countable regular space is normal.

The next theorem will be useful in several examples. The proof uses facts
about cardinal numbers developed in Problems 9 and 10 of Exercise 2.2. The
following terminology will also be helpful. A set A which is equipotent to [0, 1] is
said to have the cardinal number of the continuum, and we write card A = c. Since
[0, 1] and P have the same cardinal number, then card P = c.

Theorem 8.10: If X is a separable normal space and E a subset of X with card
E � c, then E has a limit point in X.

Proof: Suppose to the contrary that X is a normal space with countable dense
subset D and subset E such that card E � c and E has no limit point. Then for each
subset Y of E, Y and E\Y are disjoint closed sets. Since X is normal, there exist
disjoint open sets Uy and Vy containing Y and E\Y, respectively. Consider the
function h: D(D) from the power set of E to the power set of D defined as
follows:

The denseness of D will allow us to conclude that h is one-to-one. Suppose Yj,
Y2 are distinct members Then there is some point y in one of the two sets
but not in the other. For definiteness, suppose y E Y1 and y Y2. Then y E U1,
andy E Vy2, so Uy, fl Vy2 is a non-empty open set in X. Since D is dense, then

VJ,2flD#Ø.

But any point in this set is in h(Y1) = Uy, fl D but not in h(Y,), since h(Y2) is disjoint
from V,2. Thus if Y1 # Y2, then h(Y,) # h(Y2) and h is one-to-one. Then

card � card

But since D is countable and card E � c,

card 7'(D) � card P <card � card
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and the relation for the power sets should be

card <card

This contradiction shows that E must have a limit point.

Example 8.3.1 A Regular Space that is Not Normal

Let Xdenote the real line with the half-open interval topology of Example 4.3.4.
As we shall see, the half-open interval space X is both regular and normal. It is
the product space S = X X X, called the Sorgenfrey plane, that is regular but not
normal.

In order to establish that X is regular, note first that each basic open set
[a, b), a < b, is also closed. If a E X and C is a closed set not containing a, then
there is a basic open set [a, b) contained in X\C. Then [a, b) and X\[a, b) are
disjoint open sets containing a and C, respectively. Thus X is regular.

It is left as an exercise for the reader to show that X is Lindelöf. In view
of Theorem 8.9, X must be normal.

Now consider the Sorgenfrey plane S = X X X, which has as a basis all
product sets of the form

[a, b) x [c, d).

Inspection of Figure 8.2 reveals that this basis imposes the discrete topology on
the diagonal line

FIGURE 8.2

E= {(x,y)EXXX:x+y= 1).
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Since no point outside E is a limit point of E, then E is a subset of S such that
card E = c and E has no limit point.

The set of rational numbers is dense in X, so X is separable. Since the
product of two separable spaces is separable, then S is separable. Theorem 8.10
now applies to show that S is not nonnal. If S were normal, the set E would
have a limit point. Note, however, that S is regular since the product of regular
spaces is regular.

Thus the Sorgenfrey plane is a regular space that is not normal. In addition,
the Sorgenfrey plane is first countable and separable but not Lindelöf. (IfS were
Lindelöf, then it would be normal by Theorem 8.9.) Since X is Lindelöf and
normal, this example also shows that the product of two Lindelöf spaces can fail
to be LindelOf and that the product of two normal spaces can fail to be normal.

Theorem 8.11: Every metric space is normal.

Proof: Let A and B be disjoint closed subsets of a metric space (X, d). For each
x in A, let be a positive number such that the open ball B(x, is disjoint from
B. For each y in B, let 6,, be a positive number such that B(y, 6,) is disjoint from A.
Then

U = U B(x, V = U B(y,
EB

are open sets containing A and B, respectively. To see that U and V are disjoint,
suppose U fl V # 0. Then there is an x E A and a y E B such that

B(x, fl B(y, # 0.

Then

an obvious contradiction. Thus U and V are disjoint, soX is normal. 0

Theorem 8.11, under slightly different terminology, was assigned as a problem
in Exercise 3.2.

There are separation properties other than T0, T1, T2, T3, T4, and the metric
property. We shall see a most important one, sometimes called the T,1 property,
in the next section. Several others are introduced in the exercises for this chapter.
Incidentally, metric spaces are not called The 1'5 designation is usually
applied to completely normal spaces, which are defined in the exercise for this
section. The Suggestions for Further Reading at the end of the chapter contain
additional information about the separation properties.
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EXERCISE 8.3

1. Show that every closed subspace of a normal space is normal.

2. Prove Theorems 8.6 and 8.7.

3. Prove that every locally compact Hausdorff space is regular. (Hint: Consider the one-
point compactification.)

4. Prove:

(a) Every closed subTspace of a Lindelöf space is Lindelöf.

(b) Every uncountable subset of a Lindelöf space has a limit point.

5. DefInition: A space Xis completely normal iffor each pair A, B of separated subsets of
X there exist disjoint open sets U and V such that A is contained in U and B is contained
in V.

Prove:

(a) Every completely normal space is normal.

(b) Every metric space is completely normal.

(c) A space Xis completely normal if and only if every subspace of X is normal.

6. Consider the closed upper half plane M = {(x1, x2) E R2: x2 � 0) with the topology
defined as follows: For x = (x1, x2) E M with x2 > 0, a local basis at x consists of all
open balls B(x, r), r < x2, in the usual metric d. For a point z = (z1, 0) in Mand r> 0,
let A(z, r) be the union of {z} with the open ball of radius r with center at (z1, r). Thus
A(z, r) is an open ball tangent to the horizontal axis together with the point z of tangency.
The collection of sets A(z, r), r> 0, is a local basis at z.

6

The set M with the topology generated by all sets of the form B(x, r), A(z, r) described
above is called the Moore plane or the Niemytzki plane.
Prove the following properties of the Moore plane M.

(a) Mis regular and separable.

A(z,r)

B(x,r)

FIGURK 8.3

M
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(b) M is neither Lindelöf nor normal.

(c) Mis first countable.

(d) M is not locally compact.

8.4 SEPARATION BY CONTINUOUS FUNCTIONS

Definition: Let X be a space andf: X P a continuous real-valued function on
X. For subsets A and B of X, I separates A and B provided that there exist distinct
real numbers a and b such thatf(A) = a andf(B) = b. A function which separates
a singleton set A = [x) from a set B is said to separate the point xfrom the set B;
afunction which separates the singleton sets A = (x) and B = {y) is said to separate
the points x andy.

In the terminology of the preceding definition, a function 1: X P is one-
to-one if and only iff separates each pair of distinct points of X.

Example 8.4.1

(a) The projection map p1: P2 P defined by

, , r2x1 E

separates each pair A, B of distinct vertical lines.
(b) The function f: P P defined by

10 ifx�0
f(x)=lx if0<x<l

Li ifx�l
separates the sets A = (—oo, 01 and B = [1, cc).

(c) For each pair x = (x1, x2) and y = (y1, y2) of distinct points of P2,
there is a continuous functionf: P2 P which separates x and y. In
fact, f may be taken to be the projection p1 on the first coordinate or
the corresponding projection P2 on the second coordinate. Note that
this example did not claim that there is one function that separates
all distinct pairs of points of R2; the claim was that once the points
x, y were specified, then a function could be found to separate them.
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Theorem 8.12: Let X be a T,..space.

(a) Iffor each pair x, y of distinct points of X there is a continuous function
X LR which separates x andy, then X is Hausdorff

(b) If for each point x in X and closed set C not containing x there is a
continuous functionf: X P that separates x and C, then X is regular.

(c) Iffor each pair A, B of disjoint dosed sets in X there is a continuous
function that separates A and B, then X is normal.

Proof: The following argument is for part (c). The completely analogous arguments
for (a) and (b) are left to the reader.

For disjoint dosed sets A and B in X, letf. X -. P be a continuous function
that separates A and B. Thusf(A) = a andf(B) = bfor some distinct real numbers
a and b. Since P is Hausdorif there exist disjoint open sets Oa and Ob containing
a and b, respectively. Then

U =f'(Oa), V=f'(Ob)

are disjoint open sets in X containing A and B, respectively, so X is normal. 0

The reader should note that the only property of P used in the proof of
Theorem 8.12 is the fact that it is Hausdorff soP could be replaced in the theorem
by an arbitrary T2-space. In practice, however, most functions used to separate
points or sets are real-valued.

The implications of parts (a) and (b) of Theorem 8.12 are not reversible. In
other words, there are examples of Hausdorif spaces X with distinct points x and
y for which no continuous real..valued function on X separates x and y. There are
also examples of regular spaces X with point x and closed set Cnot containing x
for which no continuous real-valued function on Xseparates x and C. The condition
of part (c), however, is equivalent to normality, and the proof of this is the primary
object of the present section. This celebrated result, known as Urysohn's Lemma,
is one of the most remarkable theorems of topology. A definition and two prepa-
ratory lemmas will be needed.

Definition: A dyadic number is a number which can be expressed as a quotient
of two integers in which the denominator is a power of 2.

Thus the dyadic numbers are all the rational numbers which can be expressed
in the form r/swhere ris an integerand sis 20 = 1,2,22 = 4, = 8

The proof of the first lemma is left as an exercise.

Lemma 1: The set of dyadic numbers is dense in P.
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The second lemma is technical in nature, but its utility will be apparent near
the end of the proof of Urysohn's Lemma. Those who wish to skip Lemma 2
temporarily and refer to it when it is needed are invited to do so.

Lemma 2: Let X be a space and D a dense subset of the set ofnon-negative
real numbers. Suppose that for each member t of D there is an open set in X such
that:

(a) if tj <t2, then U1, C U12, and

(b)

Then the functionf: X P defined by

f(x)=glb(tED:xEU1), xEX,

is continuous.

Proof: It should first be noted that fis well-defined. This follows easily from the
facts that each point x in X is a member of at least one set U, and every subset of

has a greatest lower bound.
By Theorem 4.11, continuity can be proved by showing that there is a subbasis

i for the topology of P such thatf'(S) is open in Xfor each S in Consider the
usual subbasis i consisting of all subsets of the form (—oo, a) and (a, ao), a E R

For the first type of subbasic open set,

f'(—oo,a) (xEX:f(x)<a)=U (U,:tED,t<a).

The last equality follows from the fact thatf(x) <a if and only if x E U, for some
I < a. Thus I '(—ao, a) is a union of open sets and is therefore open in X.

For a subbasic open set (a, a E P. consider the complement

X\f'(a, oo) = (x E X:f(x) � a).

It will be shown that (x E X: f(x) � a) is the set fl [U,: t E D, t> a). Now if
f(x) � a and t is a member of D with a < t, then there is a member s of D with
s<tandxEU3. Then

x E U, C U,

so x U,for all members t of D with t> a. Thus

[xEX:f(x)�a) Cfl [U,:tEDandt> a).

Suppose now that x belongs to the intersection of all U,for which t E D and t> a.
Let be a positive number. Since D is dense in P, there is a member 5j of D with
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a <a + Then x E Again using the denseness of D, there is a member
of D such that 5j <s2 < a + Then

Cs, C

so x E Hence

f(x) � 52 <a +

Since E was an arbitrary positive number, it follows thatf(x) � a. Thus

X\f'(a, oo) = (x E X:f(x) � a) = fl (U1: t E D and t> a)

is the intersection of closed sets and is therefore closed. Thusf'(a, cx)) is open in
X, andfis continuous. 0

Theorem 8.13: Urysohn's Lemma In order that a T,-space X be normal it
is necessary and sufficient that for each pair A, B of disjoint closed subsets of X
there exist a continuous function f: X 10, 1] such thatf(A) = 0 andf(B) = 1.

Proof: The sufficiency of the condition is proved by Theorem 8.12. For the ne-
cessity, consider disjoint closed subsets A and B ofX. Let D denote the set ofpositive
dyadic numbers. Since A is contained in the open set X\B, Theorem 8.6 guarantees
the existence of an open set U4 such that

Again applying Theorem 8.6, there exist open sets and (14 such that

ACU4, U4c U4,

By inductive application of the same reasoning, there exists for each dyadic rational
number t between 0 and 1 an open set U1 such that

ACU1, UICX\B

and, for s < t, C We extend this collection to a family of open sets (Jr, one
for each positive dyadic number t, by defining U1 = Xfor t � 1.

According to Lemma 2, the function X defined by

f(x) = glb(t E D: x E U,)

is continuous. Since A C U,for all t E D, thenf(x) = Ofor each x in A. Since points
of B lie in U, only for t � 1, thenf(x) = 1 for each x in B. 0
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x

Corollary: In order that a T1-space X be normal it is necessary and sufficient
that for each pair A, B of disjoint closed subsets of X there exist a continuous real-
valued function f on X which separates A and B.

Proof: The sufficiency of the condition is proved by Theorem 8.12, andthe necessity
is an immediate consequence of Urysohn 's Lemma. 0

A function f of the type described ih Urysohn's Lemma is called a Urysohn
function for the closed sets A and B. Note that a Urysohn function for A and B
maps each point of A to 0 and each point of B to 1. This means that

A Cf'(O), B Cf'(l),

but it does not necessarily mean that A equalsf'(O) or that B equals Re-
quiring equality produces a stronger property than normality. This property is de-
veloped in one of the exercises for this section.

Definition: A completely regular space is a T1-space X with the property that for
each point x in X and each closed subset C with x C, there is a continuous real-
valued function on X which separates x and C.

According to Theorem 8.12, every completely regular space is regular. By
Urysohn's Lemma, every normal space is completely regular. Thus complete reg-

[B]

FIGURE 8.4
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ularity fits between T3 and T4 in the scheme of separation axioms, and it is often
assigned the designation Complete regularity is an important topological prop-
erty, especially for the study of function spaces. We shall consider this property
further in the last section of this chapter, which defines the famous Stone-Cech
compactification.

Recall that for a function F: X -* Y and subspace A of X, the function f =
Fl4: A Ydefined by

1(x) = F(x), x E A,

is called a restriction of F, and F is called an extension off It is always a simple
matter to define the restriction of a function to a given subspace. Of much greater
interest and importance is the problem of finding a continuous extension F: X
Y of a given continuous function 1: A Y. This is called the extension problem
in topological research. Some of the deepest theorems of topology deal with the
extension problem. Our next theorem, the Tietze Extension Theorem, is perhaps
the most famous of all the results related to the extension problem; it shows that
continuous extensions always exist for real-valued functions defined on closed sub-
sets of normal spaces.

Theorem 8.14: The Tietze Extension Theorem Let X be a normal space,
A a closed subset ofX andf: A P a continuous function. Then fhas a continuous
extension F: X P.

Proof: As the first step of the proof note that the interval [0, 1] may be replaced
in Urysohn 's Lemma by any closed interval [a, b] with a < b. This is a direct
consequence of the fact that [0, 1] is homeomorphic to[a, b] under a homeomorphism
which maps 0 to a and 1 to b.

Suppose then that X is a normal space, A a dosed subset of X,
a continuous function. As afirst case, we make the additional assumption that the
imagef(A) is a subset of[—1, 1]. Let

A, = (x E A:f(x) � —1/3), B, = (x E A:f(x) � 1/3).

Then A, and B, are closed subsets of A, and since A is closed in X, then A, and B,
are dosed subsets of X. By Urysohn 's Lemma with [—1/3, 1/3] replacing [0, 1],
there is a continuous function

fi : X [—1/3, 1/3]

such that

f,(A,) = —1/3, f,(B,) = 1/3.
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Note that for each x in A,

If(x) — fj(x)
I
� 2/3.

Now consider the functionf' defined on A by

f'(x) = f(x) — fj(x), x E A.

Thenf' maps A into the interval [—2/3, 2/3]. Let

A2 = {x E A:f'(x) � —2/9), B2 = {x E A:f'(x) � 2/9).

There is a Urysohn function

f2: X [—2/9, 2/9]

such that

f2(A2) = —2/9, f2(B2) = 2/9.

Note that for each x in A,

If(x) — (f,(x) + f2(X)) I = If'(x) — b(x) I � 4/9 = (2/3)2.

Proceeding inductively, there exists a sequence of continuous
functions

X

such that

N

(1) f(x) — � (2/3/", x E A.
n=J

Since the series is convergent and I
� for all x in I,

then the series converges to a real number F(x) which lies in the interval
between

= —1 and = 1.

Inequality (1) insures that F(x) = f(x)for all x in A.
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It remains to be proved that F is continuous. Let x be a member of X and 0
an open set in P containing F(x). Let be a positive number for which the interval
(F(x) — F(x) + is contained in 0. Let N be a positive integer for which

(2/3)" < €/2.
n=N+1

Since the functions f,, f, . . . , fN are continuous, there are open sets V,, V2,.
VN in X containing x such that for y in

00

IF(x) — F(y)
I = —

n=1 n=1

N 00

Ifix) - + fix) - I

n=1 n=N+I

<N(€/2N) + (2/3)" < /2 =
n=N+1

Thus V = V,, is an open set in X containing x such that if y E V,

F(y)E(F(x)-€,F(x)+€)C0.

In other words,

F(V)C0, VCF'(O),

so F is continuous. This completes the proof of the Tietze Extension Theorem under
the assumption thatf(A) C [—1, 1].

To complete the proof suppose thatf: A R is simply a continuous function
whose image may not be a subset off—i, 1]. Since P is homeomorphic to each open
interval, there is a homeomorphism h: P -+ (—1, 1). Then A P is a continuous
function whose image hf(A) is a subset off—i, i]. By what has already been proved,
hi' has a continuous extension F': X -* f—i, 1].

There may be a temptation to claim at this point that h'F' is the desired
extension off but this would be wrong. The reason is that F' may take on the values
—1 or i at which h' is not defined. This difficulty can be overcome, however, by
one more Urysohn function. Let

B = (x E X: IF'(x)I = i}.
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Then A and B are disjoint closed subsets of X so there is a Urysohn function
g: X 10, 1] such that

g(B) = 0, g(A) = 1.

Then for x E X, the product g(x) 'F'(x) belongs to (—1, 1) and is therefore in the
domain of h'. Define F: X P by

F(x) = h'(g(x) F'(x)), x E X.

Then F is continuous, and for a E A,

F(a) = h'(g(a) . F'(a)) = h'(l hf(a)) = f(a),

so F is the desired extension off 0

Note in the proof of the Tietze Extension Theorem that iff is bounded, then
the extension F may be chosen to be bounded also.

EXERCISE 8.4

1. Prove parts (a) and (b) of Theorem 8.12.

2. Prove that the set of dyadic numbers is dense in P.

3. Suppose A and B are subsets of a space X and that there is a continuous function
1: X -+ P that separates A and B. Show that there is a continuous function g: X
P for which g(A) = 0 and g(B) = 1.

4. Prove that a Xis completely regular if and only if for each point x in X and
closed set C not containing x there is a continuous function 1: X P such that
1(x) =0 andf(C) = 1.

5. Prove:

(a) Complete regularity is hereditary.

(b) The product of completely regular spaces is completely regular.

6. Show that the tangent function tan: (—ir/2, ir/2) -+ P has no continuous extension to
the compactification of(—ir/2, ir/2).

7. Let X be a T1-space satisfying the extension condition of Theorem 8.14: For each
continuous function f: A P from closed subset A of X to P there is a continuous
extension F: X P.
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Prove that X is normal. (Hint: For disjoint closed subsets A and B of X, define
1: A U B -* P by

(0 ifxEA
ifxEB.

Extend to a Urysohn function.)

Definition: A subset A of a space X is a G6 in X provided that A is the intersection of
a countable collection of open sets. A T4-space X is perfectly normal if each closed set
inXisaG6.

Prove:

(a) Every metric space is perfectly normal.

(b) Xis perfectly normal if and only if for each pair A, B of disjoint closed sets in X
there is a continuous function f: X [0, lJ such that

A B

(Hint: To see that perfect normality implies the stated condition, consider a closed
set A. Then A = where each set is open, and there is a Urysohn function

l.Let

f4(x)
=

For disjoint closed sets A and B, let

fA(X)
f(x)

= f4(x) + fB(X)'
X E X.)

Prove that a T1-space Xis completely regular if and only if for each x in X and closed
set C not containing x there is a continuous function f: X -* P such that
f(x)
Let X be a normal space, A a closed subset of X, andf: A P" a continuous function.
Prove thatf has a continuous extension F: X -* P".

Let (X, d) be a metric space with disjoint, non-empty, closed subsets A and B. For x
in X, define

d(x,A)
X

Show that f is continuous and conclude that every metric space is normal.

Let X be a space, a sequence of positive numbers for which converges
to a real number b, and a sequence of continuous functions X P
for which

xEX.
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Prove: For each x in X, the series converges to a real number 1(x) in
[—b, b]. The function f so defined is continuous. (Hint: Review the continuity part of
the proof of the Tietze Extension Theorem.)

13. Definition: Let X be a space, (Y, d) a metric space, and X a sequence of
functionsfrom Ito Y. Then converges uniformly to Yprovided
that for each positive number there is a positive integer N such that

1(x)) <

for all n � N and x in X.
Prove: If a sequence of continuous functions from X to Y converges

uniformly to a function!: I Y, then the limit function I is continuous. (Hint: See
Example 3.7.6.) -

14. (a) In the proof of the Tietze Extension Theorem (Theorem 8.14), show that F is
continuous by proving it to be the limit of a uniformly convergent sequence of
continuous functions.

(b) In Problem 12 above, prove the continuity of the limit function! by showing that
f is the limit of a uniformly convergent sequence of continuous functions.

15. Prove Dini's Theorem: Let be a sequence of continuous functions from
a compact space I into P for which

xEX,n=1,2,3

Suppose that converges for each x in X to a real number f(x) and that the
limit functionf: I P is continuous. Then converges tofuniformly.

16. Let f: A Y be a continuous function from a dense subset A of a space I into a
Hausdorif space Y. Prove that f has at most one extension to a continuous function

Y.

17. Let I be a T1-space with the following property: For each closed subset A of X and
continuous function!: A {a, b} from A into a discrete two-point space {a, b},f has
a continuous extension F: X {a, b}. Prove that Xis totally disconnected.

8.5 METRIZATION

Metrizability, the property of being homeomorphic to a metric space, is the
strongest of the separation properties considered in this text. Metric spaces are
reasonably easy to work with and have been studied extensively. It is therefore
important to have criteria which insure that the given topology of a space is generated
by a metric. The problem of determining properties that imply metrizability is
called the metrization probkm. In this section we shall prove the famous Urysohn
Metrization Theorem and state without proof a more recently discovered collection
of necessary and sufficient conditions for metrizability.



254 EIGHT / SEPARATION PROPERTIES AND METRIZATION

Definition: A topological space (X, 'F) is metrizable provided that there is a metric
dfor Xfor which the metric topology generated by d is identical with the original
topology 'F.

Theorem 8.15: The product of a countable collection of metric spaces is met-
rizable.

Proof: This result has been previously assigned as an exercise for both the finite
case (Theorem 7.6) and the infinite case (Problem 13, Exercise 7.2). The proof
presented here is for the infinite case. Let be a countably infinite
collection of metric spaces. It must be shown that the product topology for X =

is generated by a metric. The metric to be used is similar to the product
metric of Section 3.6, with allowance made for the infinite number of coordinates
involved.

As a preliminary step, notefirst that every metric space (Y, p) has an equivalent
metric p' in which Y is bounded: p' is defined by

p'(yj y2)
=

P(Y12)
y1, y2 E Y.

It is left as an exercise to show that p' is a metric equivalent to p and that (Y, p')
has diameter at most 1. (One could also use the metric p" defined by

p"(yj, y7) = minimum {p(yj, y2), 1)

to accomplish the same purpose.) This just 4/i es choosing the metric for n �
1, in such a way that has diameter at most 1.

For x = (x,, x2, . . .) andy = (y,, .. .) in X, define

d(x, y)
=

(dfl(xfl. Yn))2)h'2

Since � 1, the series under the radical sign is dominated by the convergent
series 1/ni and is itself convergent. Thus d(x, y) has been meaningfully defined.
Since each is a metric, it follows easily that d is a metric.

Let 'F denote the product topology for Xand 'F' the metric topology generated
by d. It will be shown that 'F = T' by showing that 'F C 'F' and 'F' C 'F. Let 0 be
a member of T andx = (xj, x2,.. .) a member of 0. By the definition of the product
topology, there is a positive integer N and, for 1 � n � N, an open ball of
positive radius in such that

N

x E fl r,j) C 0.
n—i
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Here X —* denotes the projection map on the nth coordinate space If r is
the minimum of the numbers r,, r2/2, ... rN/N, it is easy to see that

N

x E Bix, r) C fl C 0.
n=1

Then 0 must be a union of open balls generated by d, soO E T'. Thus T C T'.
ToseethatT'CT, let U' bea member of T'andy= (yj, y2,.. .)amember

of U'. There is a positive number for which the open ball Bd(y, €) is contained in
U'. Let M be a positive integer for which

1/ni < €212

n=M+1

Then

M

V = fl

is an open set containing y in the product topology T. The reason for having
the radii of the balls in X1 XN be the rather bizarre number will
become clear in a moment. For z = (zj, z2, .. .) in V,

/ 00 'd /

=

Yn))2

+
M €2\h/2 M ,,i €2 \ €2\h/2

n )
I€2 €2\h/2

—€.

Thus V C U', so U' is a union of members of T and is therefore a member of T.
ThusT'CT,soT'—T. 0

Infinite dimensional Euclidean space P°° and the Hubert cube were intro-
duced in Example 7.2.1. It is an immediate consequence of Theorem 8.15 that
both IR°° and J00 are metrizable. This fact was previously shown in Example 7.2.1
by exhibiting embeddings of R°° and in Hilbert space H. A similar embedding
technique is the basis of the most famous partial solution of the metrization problem,
the Urysohn Metrization Theorem, which is proved next. Urysohn's remarkable
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idea shows that certain spaces can be embedded in Hby associating with each point
of the domain space a sequence of real numbers determined by Urysohn functions.

Theorem 8.16: The Urysohn Metrization Theorem Every second countable
regular space is metrizable.

Proof: Let X be a second countable regular space with countable basis =
By Theorem 8.8, X is normal. Consider the collection of all ordered pairs

(i, 3) of integers for which C By Urysohn 's Lemma (Theorem 8.13), there is
for each such pair (i, j) a X [0, 1] such that

= 0, = 1.

Let 6 denote such a collection of Urysohn functions having one member for each
ordered pair (i, j)for which C Since 6 is countable, then it can be indexed by
the set ofpositive integers, 6 =

Define a function F: I Hfrom I into Hilbert space H by

xEX.

Thus the coordinates of F(x) are determined by the values of the members of 6 at
x; each value is divided by n only to insure that F(x) is a member of H:

co ,ç,' oo�
1 n=1

so the sum of the squares of the coordinates of F(x) is a convergent series of real
numbers.

To show that F is an embedding, it is sufficient to show that F is a one-to-
one, continuous and open function to the subspace F(X) ofH. Then the metrizabiity
of X will follow from the fact that I is homeomorphic to a subspace of the metric
space H.

Let x andy be distinct points ofl. Since X is Hausdorff there is a basic open
set in which

By regularity, there is a basic open set B1for which

xEB,, B,CBJ.
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Then the set O' of Urysohn functions has a member corresponding to (i, j) for
which

= 0, = 1.

Then

f,/y)=1,

so F(x) and F(y) dyj'er in their nth coordinates. Then F(x) # F(y), so F is a one-to-
one function.

To prove the continuity ofF, let x E X and let B(F(x), be an open ball in H
ofpositive radius E centered at x. It must be shown that there is an open set V in X
containing xfor which

F(V) C B(F(x), €).

Let N be a positive integer for which

1/ni <

n � N, is continuous, there exist open sets such that
foryin Vn,

Then V = is an open set containing x. A calculation similar to that used in
the proof of continuity in the Tietze Extension Theorem (Theorem 8.14) shows that
F(V) is a subset of B(F(x), c,). This calculation is left to the reader.

It remains to be shown that F is an open mapping from X onto F(X). Let W
be open in X. It must be shown that there is an open set U in Hfor which

F(W)= UflF(X).

Consider a point x in W. There is a pair B, of basic open sets for which

W.

Then there is a of cf for which
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Then for any point F(y) in B(F(x), 1/n) fl F(X),

d(F(x), F(y)) < 1/n

cannot possibly be 1. Then y cannot belong to X\ W, soy belongs to W. This
means that

B(F(x), 1/n) fl F(X) C F(W).

Since x was arbitrary, we conclude that F(W) is the union of such relatively open
sets and is therefore an open set in the subspace topology of F(X). This completes
the proof that F is an embedding, and we conclude that X is metrizable. 0

The next theorem is an important consequence of the Urysohn Metrization
Theorem. It shows that the property of being a compact metric space is a continuous
invariant provided that the range space is Hausdorifi

Theorem 8.17: Let X be a compact metric space, Y a Hausdorff space,
a continuous function from X onto Y. Then Y is metrizable.

Proof: Since the continuous image of a compact space is compact, then Y = f(X)
is compact. As a compact Hausdorff space, Y is normal by Theorem 8.8 and therefore
regular. It remains to be proved that Y is second countable.

As the reader proved in Chapter 6 or should prove now, the compact metric
space X has a countable basis Y3. Let A be the collection of all finite unions of
members Then A is countable since it is the union of a countable collection
of countable sets. For A in A, let

A* = Y\f(X\4).

Then A* = (A*: A E A) is a countable collection of subsets of Y. Showing that
each member of A* is an open set is left as an exercise.

To see that A* is a basis for Y, let U be open in Y andy a member of U.
Thenf'(y) is a compact subset of X, f'(U) is an open subset of X, and

f'(y) Cf'(U).

Sincef'(y) is compact, there is afinite number of members B1, . . ., such
that

f'(y) C U B Cf'(U).
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Then A = U?...1 B1 is a member of dl, and the corresponding set A* is a member of
Sincef'(y) is a subset of A, then

yE(Y\f(X\A)) =A*.

For any pointf(x) E A*, f(x) is not inf(X\A), so x cannot be in X\A. Thus x E A.
Since

A Cf'(U),

then 1(x) E U. Thus, for each open set U in Y andy E U, there is a member A* of
such that

yEA*C U.

This shows that A* is a countable basis for Y. The fact that Yis metrizablefollows
from the Urysohn Metrization Theorem (Theorem 8.16). 0

Theorem 8.18: The following conditions are equivalent for a topological space
X:

(a) X is regular and second countable.
(b) X can be embedded in Hilbert space H.
(c) X is metrizable and separable.

Proof: An argument that (a) implies (b) is given by the proof of the Urysohn
Metrization Theorem (Theorem 8.16). For the proof that (b) implies (c), note that
any space satisfying (b) is metrizable since it is homeomorphic to a subspace of the
metric space H. Since it was shown in Chapter 4 that H is second countable, then
each of its subspaces is second countable as well. Thus X is second countable, and
therefore separable by Theorem 4.6. To show that (c) implies (a) and complete the
circle of implications, recall that every metric space is normal (and therefore regular)
and that every separable metric space is second countable (Theorem 4.8). 0

Theorem 8.18 is a type of theorem to which topologists aspire. It completely
characterizes the set of second countable regular spaces by showing that this col-
lection is the same as the collection of (ostensibly nicer) separable metric spaces,
which can all be considered subsets of Hubert space. There are related criteria that
are necessary and sufficient for a space X to be metrizable. Regularity of the space
is one of the criteria, and the other is a condition involving open sets which is
comparable to but considerably weaker than second countability.. That condition
and the complete solution to the metrization problem are stated next. The proof
of the general metrization theorem is beyond the scope of this text.
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Definition: A family A ofsubsets of a space X is locally finite provided that for
each x in X, there is an open set containing x such that intersects onlyfinitely
many members of A. A family 2 of subsets of X is o-locally finite provided that 2
is the union of a countable collection oflocallyfinitefamilies:

where each family is locally finite.

Theorem 8.19: The Metrization Theorem In order
that a topological space X be metrizable, it is necessary and sufficient that X be
regular and have a o4ocally finite basis.

Suggestions for additional reading on the metnzation problem and a proof
of Theorem 8.19 are made at the end of the chapter.

EXERCISE 8.5

1. Show, as suggested in the proof of Theorem 8.15, that every metric space (Y, p) has an
equivalent metric p' for which the diameter of Y does not exceed 1.

2. (a) Show that the function din the proof of Theorem 8.15 is a metric.

(b) Show that the metric din the proof of Theorem 8.15 is equivalent to the metric d'
defined forx = (x1, x2, .. .) in Xby

d'(x,
=

dn(Xn;

3. Show by a direct proof that every second countable regular space can be embedded
in

4. In the proof of Theorem 8.17, show that each member of A* is an open set.

5. Prove that a compact Hausdorif space is metrizable if and only if it is second countable.

6. Let (X, d) be a separable metric space with countable dense subset A = Then
X has an equivalent metric under which X has a diameter less than or equal to 1, so we
may assume that this property holds for the metric d. For x in X, let

= d(x, 1(x) = (yi, . .

Prove thatfis an embedding of X in Hubert space H.

7. Prove that every locally compact, second countable Hausdorfi' space is metrizable.

8. that every topological manifold is metrizable.
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8.6 THE STONE-CECH COMPACTIFICATION

It was shown in Section 8.5 that every second countable regular space is
metrizable. The method of proof involved embedding in Hubert space. This section
exhibits a similar embedding for each completely regular space in a compact Haus-
dorif space.

It is left as an exercise to show that every subspace of a compact Hausdorif
space is completely regular. The main result of this section shows more than the
converse. Every completely regular space X can be embedded as a dense subspace
of a compact Hausdorif space 13(X) having the remarkable property that every
continuous, bounded, real-valued function on X has an extension to a continuous,
bounded, real-valued function on 19(X). To see that this property is remarkable,
consider the completely regular space (0, 1] and the continuous, bounded, real-
valued functionf(x) = sin (l/x), whose values fluctuate ever more rapidly between
—1 and + 1 as x approaches 0. This function cannot be extended continuously to
[0, 1], yet (0, 11 is a subspace of a compact Hausdorif space f3((0, 1]) to whichf can
be extended continuously. As we shall see, this Stone-Cech compactification 13(X)
is quite difficult to visualize, even for relatively simple cases. This discussion has
shown, for example, that 19((0, 1]) is definitely not [0, 11.

Definition: Let X be a Hausdorff space. A compactification of X is an ordered
pair (Y, e)for which Y is a compact Hausdorff space and e: X Y is an embedding
whose image e(X) is a dense subspace of V.

Note that the one-point compactification of a non-compact, locally com-
pact Hausdorfi' space X provides a compactification according to the preceding
definition. The embedding e X -* in this case is the inclusion map.

If (V. e) is a compactification of X, it is common practice to identify X and
e(X) and to think ofXas a subspace of V. With this understanding, one often refers
to Y as a compactification of X, suppressing the role of the embedding.

The next definition extends to general topological spaces the space C(X, P)
of bounded, continuous, real-valued functions defined for metric spaces in Chap-
ter 3.

Definition: For a given topological space X, the symbol C(X, P) denotes the set
of bounded, continuous, real-valued functions with domain X and topology deter-
mined by the supremum metric p defined by

p(fg) = lub gE C(X, P)

The first connection between completely regular spaces and function spaces
is revealed by the following theorem.
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Theorem 8.20: If(X, T) is a completely regular space, then the weak topology
for X generated by C(X, is the given topology T.

Proof: Let T' denote the weak topology generated by C(X, P). Since each member
of C(X, R) is continuous with respect to T and T' is the weakest topology having
this property, then T' C T.

To show the reverse inclusion, consider an open set U in X and let C = X\U
denote its complement. For x in U, complete regularity guarantees the existence of
a continuous functionf: X 10, 1] such that

f(x)=0, f(C)=1.

Then x belongs to the T'-open setf'([O, 1/2)) and this set is disjoint from C. Thus

x Ef'([O, 1/2)) C U,

and U must be a union of T'-open sets. Thus U is open in T', so T C T'. Thus
T = and the proof is complete. 0

Theorem 8.21: The Stone-tech Theorem Let X be a completely regular
space. Then there is a compact Hausdorff space 13(X) which contains X as a dense
subspace and for which every member of C(X, IR) can be extended to a member of
C(13(X), P).

Proof: Before proving the theorem, the following interpretive remarks may be in
order. To say that 13(X) contains X as a dense subspace means that there is an
embedding e: X -* f3(X) for which e(X) is dense in 13(X). To say that every member
of C(X, R) can be extended to a member of C(13(X) P) means that for each member
fofC(X, P), there is a member F of C(13(X), R) such that

F(e(x)) = f(x), x E X.

The long-awaited 13(X) is defined as follows: For f in
C(X, P,), let Ij denote the smallest closed interval containingf(X). Let

feqx,P)

be the product of all the intervals Ij, fE C(X, R). Then Y is compact and Hausdorff
since each mt erval I1is compact and Hausdorff and any product ofcompact Hausdorff
spaces is a compact Hausdorff space. Define e: X Y by

e(x)(f) =f(x), xEX,fE C(X, P).

This seemingly abstruse notation is explained as follows: For x in X, e(x) is to be a
member of the product space Y, whose members are functions from the index setS
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C(X, P) into the union of all the sets Ij such that the image off is a member of
Thus we define

to be thefunction whose value atf is the point e(x)(f) =f(x) oflj. To prove continuity
for e, consider the composition p1e: X Ij with an arbitrary projection map Pi. For
x in X,

pfe(x) = e(x)(f) = f(x),

so p1e = f and p1e is continuous since f is. Thus the composition p1e of e with each
projection map is continuous, so e is continuous by TheOrem 7.8.

To see that e is one-to-one, consider distinct points x1 and x2 in X. Complete
regularity insures the existence of a continuous functionf: X [0, 1] such that

f(xj) = 0, f(x2) = 1.

Then e(xj) and e(x,) must be djfferent since their values atf namely e(xj)(f) = f(xj)
and e(x2)(J) = f(x2), are different. Thus we conclude that e is one-to-one.

Establishing e: X Y as an embedding now hinges on proving that e is an
open mapping from X onto e(X). Since e is one-to-one, it is sufficient to show that
there is a subbasis for the topology ofXfor which e maps each member of to
an open set in e(X). By Theorem 8.20, the weak topology for X generated by
C(X, R) equals the given topology on X. This means that the family of open sets
f'(U), fE C(X, P) and U open in R, is a subbasis for the given topology of X.
For such a subbasic open setf'(U), note that

e(f'(U)) = pJ'(U) fl e(X),

an open set in the subspace topology for e(X). Thus e is an open mapping from X
onto e(X) and embeds X as a subspace of Y.

Let denote the closure of e(X) in Y,

j3(X) = e(X).

Since closed subspaces of compact spaces are compact, then f3(X) is compact. Since
the Hausdorff property is hereditary, /3(X) is a compact Hausdorff space containing
X, which we identify with e(X), as a dense subspace.

It remains to be proved that each member of C(X, R) can be extended to a
member of C('f3(X), P). This is accomplished as follows: For fin C(X, R) and x in
X

f(x) = pje(x).

Thus the projection map the desired extension. 0
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For a completely regular space X, the compact Hausdorif space 13(X) and
embedding e: X /3(X) described in the Stone-Cech Theorem and its proof form
a compactification (/3(X), e) of X. This compactification is called the Stone-Cech
compactification of X. It has the remarkable property that every member of
C(X, P) can be extended to a member of

The Stone-Cech compactification (/3(X), e) is unique in the following sense:
If (Z, i) is a compactification of X for which each member of C(X, R) can be
extended to a member of C(Z, P), then Z is homeomorphic to /3(X) under a homeo-
morphism h: /3(X) Z which is the identity map on X. In other words, the homeo-
morphism h satisfies the property he = i in the diagram below.

h
/3(X)

A proof of the uniqueness of the Stone-tech compactification is outlined in the
exercise for this section.

EXERCISE 8.6

1. Prove that every subspace of a compact Hausdorif space is completely regular.

2. Prove that every compact Hausdorfi' space can be embedded as a closed subspace of a
product of intervals.

3. For a compact Hausdorif space X, prove that X and /3(X) are homeomorphic.

4. For a topological space X, show that C(X, P) is a complete metric space.

5. (a) Prove that every product of intervals is completely regular.

(b) Prove that every completely regular space can be embedded in a product of in-
tervals.

6. Give an example of a completely regular space X whose Stone-tech compactification
is not homeomorphic to its one-point compactification.

7. For any completely regular space X and fin C(X, R), prove that the extension off to
a member of C(/3(X), R) is unique.

8. Prove that in any product space, the subspace topology for a subspace equals the weak
topology for the subspace generated by the restrictions of the projection maps to the
subspace.

9. Let X be a normal space, A a closed subspace of X, Y a completely regular space, and
f: A Y a continuous function. Show that f has a continuous extension F: X



8.6 / The Stone-Oech Compact ifi cation 265

where Z is a compact Hausdorif space which contains Y as a subspace. (Hint: Use the
Tietze Extension Theorem (Theorem 8.14).)

10. The definition below extends to general topological spaces the concopt of category
defined for metric spaces in Section 3.7.

Definition: A topological space X that is the union of a countable family of nowhere
dense sets is said to be of the first category. A space that is not of the first category is
of the second category.

Prove that every compact Hausdorfi' space is of the second category.

11. This exercise is intended to show the uniqueness of the Stone-tech compactification.
The following terminology will simplify the discussion.

Definition: A spaceX is in a space Zprovided that there is an embedding
i: X -+ Z for which every member of C(i(X), P) can be extended to a member of
C(Z, P).

The Theorem asserts that for every completely regular space X, there
is a compactification (/3(X), e) in which Xis by e. Prove the following
to show that (3(X) is unique up to homeomorphism.

(a) Let X and Y be completely regular spaces and f: X Y a continuous function.
Show that there is a unique continuous map!: /3(X) /3(Y) for which

Jex = eyf

(b) Let Y be a compact Hausdorif space. Show that each continuous mapf: X Y
has a unique continuous extension!: /3(X) Y.

(c) Let (Z, i) be compactification of X where i: X Z is an embedding such that
every continuous mapf: X -* Y from X to a compact Hausdorif space Y has an
extension to a continuous map F: Z Y. Then there is a homeomorphism h:
(3(X) Z for which he = i. (Here e: X -* /3(X) is the usual embedding.)

(d) Let (Z, i) be a compactification ofXin which Xis by the embedding
i: X Z. Then there is a homeomorphism h: /3(X) Z for which he = i.
(Hint: Letf: X Ybe a continuous map from X into a compact Hausdorif space
Y. Embed Yin a product T of closed intervals and show thatf: X Y can be
continuously extended to F: Z T. Show that F(Z) is actually a subset of Yand
apply (c).)

SUGGESTIONS FOR FURTHER READING

For a more detailed treatment of separation and metrization, see Willard's
General Topology or Munkres' Topology: A First Course. For an introduction to
dimension theory, the classic treatise Dimension Theory by Hurewicz and Wailman
is recommended.
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HISTORICAL NOTES FOR CHAFFER 8

The numbering scheme for separation axioms or "Trennungsaxiomen" was
introduced by Heinrich Tietze in 1923 tO bring order to the various separation
properties that had been proposed in the preceding two decades. The T0 property
is due to A. N. Kolmogorov; T1-spaces were defined by Fréchet in 1907 under the
name accessible spaces; and the T2 property was used by Hausdorif in 1914 as one
of his defining axioms for topological spaces. Regular spaces were first considered
by Vietoris in 1921 and Tietze in 1923; completely regular spaces by Urysohn in
1924 and Tychonoff in 1930; normal spaces by Vietoris in 1921, Tietze in 1923,
and Alexandroff and Urysohn in 1924; completely normal spaces by Tietze in 1923;
and perfectly normal spaces by Urysohn in 1924 and Cech in 1932.

The normality of regular Lindelöf spaces (Theorem 8.9) was proved by
chonoff in 1925. Theorem 8.10, which is widely used in examples, is due to F. B.
Jones. The Sorgenfrey plane (Example 8.3.1) was defined by R. H. Sorgenfrey in
1947; the Moore plane or Niemytzki plane (Problem 6, Exercise 8.3) was considered
independently by R. L. Moore, V. Niemytzki, and D. van Dantzig. The space
of Example 8.2.1 is attributed to R. L. Moore and is sometimes called the
Moore plane.

The important results of Sections 8.4 and 8.5 are due largely to the remarkable
Russian mathematician Paul Urysohn (1898—1924). Urysohn's Lemma and the
Urysohn Metrization Theorem date from 1924. Urysohn's preliminary ideas on
embeddings in Hilbert space are illustrated by Problem 6 of Exercise 8.5, which he
proved in 1923. The conclusion of the Tietze Extension Theorem (Theorem 8.14)
was proved forclosed subsets of P2 by Lebesgue in 1907, extended from the plane
to metric spaces by Tietze in 1915, and proved for general normal spaces by Urysohn
in 1924. In addition to the contributions already mentioned, Urysohn was one of
the founders of the branch of topology known as dimension theory, which is not
considered in this text. Urysohn's remarkable career was cut short by accidental
drowning at the age of 25.

The general metrization theorem (Theorem 8.19) was proved independently
by J. Nagata, Y. Smirnov, and R. H. Bing in 1950.

As was mentioned in the Historical Notes for Chapter 6, the
compactification was developed independently by M. H. Stone and E. Cech.



The Fundamental
Group

'9.1 THE NATURE OF ALGEBRAIC TOPOLOGY

In the first eight chapters we have dealt almost exclusively with point-set
topology. This chapter introduces the fundamental group which, as the term "group"
suggests, is an algebraic concept. Those who are not familiar with the basic properties
of groups and homomorphisms should consult the Appendix or one of the standard
textbooks on the subject before proceeding. Several excellent algebra texts are in-
cluded in the supplementary reading list for this chapter.

The purpose of algebraic topology is to describe the structure of topological
spaces by algebraic means, usually groups or rings. The algebraic structures involved
are topological invariants in the sense that homeomorphic spaces are associated
with isomorphic algebraic structures. Although algebraic topology and point-set
topology share the common goal of classifying spaces by topological properties, the
subjects are quite distinct in their historical development, emphasis, and methods.
The development of point-set topology has been summarized in Chapter 1 and in
the historical notes to the succeeding chapters. As we have seen, Cantor, Fréchet,
and Hausdorif deserve the major credit for bringing together an amorphous and
disparate collection of ideas about sets and continuous functions to form the subject
of point-set topology. Algebraic topology, on the other hand, was introduced in the
years 1895—1901 in remarkably modern form by the great French mathematician
Henri Poincaré. Additional information about Poincaré and preliminary devel-
opments in algebraic topology are given in the historical notes at the end of the
chapter.

Algebraic topology developed in response to specific geometric problems in
Euclidean spaces. The purpose of the theory, roughly speaking, is to describe the
connectivity or the "holes in the space" by algebraic methods. Connectivity prop-
erties are reflected in the algebraic properties of the associated groups. This chapter
is restricted to the fundamental group, the first algebraic structure associated by
Poincaré with topological spaces, and to its applications. The reader should be
aware that algebraic topology is a very broad subject and that one chapter can give
only a brief introduction to a few of its major aspects. Those interested in a more
complete treatment should consult the supplementary reading list at the end of the
chapter.

9.2 THE FUNDAMENTAL GROUP

The following examples, which deal with integration on multiply connected
domains and with the classification of surfaces, are intended to illustrate the kind
of analysis that led to the development of the fundamental group.

267
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Example 9.2.1

(a) Consider an annulus in the plane with closed paths A, B, C as shown
in Figure 9.1.

Let F(x, y) = (p(x, y), q(x, y)) be a continuous vector field defined
on an open set containing the annulus and satisfying the exactness
condition

Op — Oq

c9y — Ox

According to Green's Theorem, fA p dx + q dy = 0 since the region
interior to curve A is contained within the annulus. Since the region
bounded by curves B and Cis completely within the annulus, it follows
also from Green's theorem that the curve integrals of the vector field
over B and C are equal:

Thus from the point of view of integrating exact vector fields, path A
is trivial in the sense that integrals over it equal 0, and paths B and
C are equivalent.

The geometric property producing these phenomena can be dc-
scribed intuitively as follows: Since the region inside curve A is corn-
pletely contained within the annulus, then A can be "shrunk to a
point" in the annulus. It is said that A is homotopic to a constant path.
Analogously, paths B and C are homotopic paths since each can be
continuously deformed into the other over a series of paths staying
within the annulus. Note, however, that paths B and C are not ho-
motopic to a constant path since they cannot be pulled across thd

FIGURE 9.1
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"hole" that they enclose. The idea of homotopic paths will be defined
rigorously in this section.

(b) Consider the problem of explaining the difference between a two..
dimensional sphere S2 and a torus. The difference, of course, is rather

FIGURE 9.2

obvious. The torus encloses an inner region and has a "doughnut
hole" while the sphere only encloses an inner region. In addition, the
inner region enclosed by the sphere is different from the one enclosed
by the torus, although this difference is difficult to describe rigorously.
As we shall see later in the chapter, the idea of homotopic paths
explains the difference clearly and rigorously. We shall see that every
closed path in S2 is homotopic to a constant path while the torus T
has two basic types of paths, meridian circle C1 and longitudinal circle
C2, which are not homotopic to constant paths. These facts, which
seem intuitively plausible, are difficult to prove rigorously without a
considerable amount of preliminary work.

Paths and path connected spaces were introduced in Section 5.5. This section
extends these ideas to describe the concepts of simple and multiple connectedness
for general topological spaces. Throughout this chapter, the closed unit interval
[0, is denoted by I.

Definition: Let a, f3: I X be paths with common initial point a(O) = f3(O) and
common terminal point a(1) = 13('l). Then a and /5' are equivalent or homotopic
modulo endpoints provided that there is a continuous function F: I X I X such
that

F(t, 0) = a(t), F(t, 1) = t E I,

F(0, s) = a(O) = 13(0), F(1, s) = a(1) = 13(1), s E I.

2-Sphere, S2 Torus, T
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The function F is called a homotopy between the paths a and (3. For s in I,
the restriction ofF to I X {s}, denoted F(., s), is called the s-level of the homotopy.

Definition: A loop in a topological space X is a path in X with common initial
and terminal point. The common value of the initial point and terminal point is the
base point of the loop. Two loops a and (3 with common base point x0 are equivalent
or homotopic modulo x0, denoted a provided that they are equivalent as
paths. In other words, a j3 there is a homotopy F: I X I -+ Xfor which

F(.,O)=a, F(.,1)=(3, F(O,s)—F(1,s)=x0, sEI.

Since F(O, s) = F(1, s) = xofor all s in I, it is said that F is a "base point preserving
homotopy" or that the base point "stays fixed throughout the homotopy."

The usual practice in studying the loops in a space Xis to specify a point x0
in X to serve as the base point for the loops under consideration. This point x0 is
called the base point of X.

Definition: The loop c: I -+ X whose only value is the base point x0 ofX is called
the constant loop at x0. A loop that is equivalent to a constant loop is said to be
null-homotopic.

Example 9.2.2

Consider the annulus Xshown in Figure 9.3 with base point x0 and closed curves
A, B, C which are the images of paths a, /3, and 'y, respectively. Here, a, (3, and
'y are vector-valued functions, and we assume that the parametrizations for (3
and 'y are chosen in such a way that the line segment from t E I,
lies in the annulus.

FIGURE 9.3
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Then a is null-homotopic by the homotopy F: I X I X defined by

F(t,s) = (1 —s)a(t) +sx0, (t,s)EIXI.

To see this, note that for fixed t, F(t, s) defines the line segment joining x0 and
a(t). Thus for fixed s, the s-level F(., s) is a path intermediate between 0) =
a and F(., 1) = c, the constant loop at x0.

Note also that and 'y are equivalent by the homotopy G: I X I X
defined by

G(t, s) = (1 — s)13(t) + s'y(t), (s, t) E I X I.

Theorem 9.1:

(a) The relation of equivalence for paths is an equivalence relation.
(b) The relation of equivalence for loops is an equivalence relation.

Proof: The following proof is for part (a); the obvious mod j/lcations needed to
prove (b) are left as an exercise.

If a is a path in a space X, the homotopy F: I X I -* X defined by

F(t, s) = a(t), (t, s) E I X I,

shows that a is equivalent to itself Thus the relation is reflexive.
If a is equivalent to by homotopy G with G(., 0) = a and G(., 1) = then

H: I X I X defined by

H(t,s)=G(t,1—s), (t,s)EIXI,

is a homotopy with 0-level and 1-level a, which shows that is equivalent to a.
Thus equivalence of paths is a symmetric relation.

To prove the transitive property, suppose that a is equivalent to by homotopy
F and that is equivalent to by homotopy G. Then the homotopy K: I XI -+ X
defined by

Kt
tEl
tEl

has 0-level

K(., 0) = F(', 0) = a

and 1-level

K(., 1) = G(., 1) = 'y.
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The continuity of K when s = 1/2 is shown by the Gluing Lemma since F(., 1) =
G(., 0) = /9. Thus equivalence of paths is a transitive relation and satisfies all the
requirements of an equivalence relation. 0

We shall be concerned with the product of loops, as defined more generally
for paths in Chapter 5. In order to facilitate the statements of several definitions
and related properties, we assume for the remainder of this section that Xrepresents
a space with base point x0 and that all loops mentioned are loops in X with x0 as
base point.

Definition: The product of loops a, /9 in X with base point x0 is the loop a * /9

defined by

Ia(2t)
a *

= t13(2t — 1) 1/2 � t � 1.

Note that the product of ioops a and f3 is simply their path product, which
was defined in Chapter 5.

The following lemma asserts that equivalence of loops is preserved by the
product operation. Its proof is left as an exercise.

Lemma: If a a' and /9 /9', then a*(3 a'*/3'.

Definition: For a loop a in Xbased at x0, the equivalence class or homotopy class
of a, denoted [a], is the set of all loops in X based at x0 which are equivalent to a.
The set of such equivalence classes is denoted by Ii (X, x& and is called the fun-
damental group, the Poincaré group, or the first homotopy group of X at x0. For
[a], [(3] in H1 (X, x&, the group operation., called the product, is defined by

[a] = [a*f3].

It is, of course, necessary to prove that the set H1 (X, x0) is actually a group.
This is accomplished in several steps by the proof of the next theorem. Note that
the lemma preceding the definition shows that the product of homotopy classes is
a well-defined operation.

Theorem 9.2: If X is a space and x0 a point of X, then H., (X, x& is a group
under the o operation.

Proof: In order to conclude that H, (X, x& is a group, it must be shown that (A)
the operation. is associative, (B) there is a loop cfor which [cJ is an identity element,
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and (C) each homotopy dass [a] has an inverse [ci] = [a]' under the o operation.
Each of these is proved as a separate lemma.

Lemma A: The operation. is associative.

Proof: it must be demonstrated that for all [a], [flu, ["i'] in H, (X, x&,

([a] o [j9]) o ['y] = [a] o ([fi] o

or, equivalently,

[('a* f3) * 1'] = [a * (fl* 'y)].

The definition of the * operation shows that

Ia(4t)
f3(4t — 1) 1/4 � t � 1/2

l'r(2t1)
and

Ia(2t)
(a * (/3 * 'y))(t) = 13(4t — 2) 1/2 � t � 3/4

The desired homotopy is obtained from Figure 9.4, by the following consid-
erations. We desire a homotopy H: I X I X which agrees with (a * /3) * 'y on the
bottom and with a * (/3 * 'y) on the top of the square. This can be accomplished by

FIGURE 9.4
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defining the s-level H(., s) to follow the route of a from t = 0 horizontally across to
the line L,, the path of from L, horizontally across to L2, and the path of'y from
L2 horizontally across to t = 1.

Note that L, has equation s = 4t — 1 and that L2 has equation s = 4t — 2.

The reader should supply the elementary geometry necessary to derive the homotopy

a(4t/(s + 1)) 0 � t � (s + 1)14

'y((4t—2—s)/(2—s)) (s+2)/4�t� 1

and verify that H is a homotopy modulo x0 between (a * 'y and a * (f3 * -y). Note
that the continuity of H is shown by applying the Gluing Lemma twice, to the union
of three closed sets. This completes the proof of Lemma A. 0

Lemma B: The homotopy class Ic], where c is the constant loop whose only value
is x0, is the identity element for H, (X, x&.

Proof: Let us show first that

[c] [a] = [a]

or, equivalently,

[c* a] = [a], a E fl, (X, x&.

The reader should apply the met hod of Lemma A to Figure 9.5 to obtain the homotopy

K(t
)fxO

la((2t+s— 1)/(s+ 1)) (1 —s)/2�t� 1

S

FIGURE 9.5
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whose 0-level is c* a and whose 1-level is a, thus demonstrating that [c] is an identity
element for the operation when multiplied on the left. The proof that Ic] also acts
as an identity element when multiplied on the right is left as an exercise. Since the
identity element in any group is unique, then [c] is the identity for (X, x&. 0

Lemma C: For [a] in (X, x&, the inverse [a]' is the class of the reverse path
&(t) = a(1 — t), t E I.

Proof: Note that

[a] [ci] = [a *

and

- Ia(2t)a*a(t) =
[a(2—2t)

Thus a the route of back to
the starting point x0. We visualize a homotopy Lfor which the s-level L(., s)foiows
the route of a out to a(s) and then reverses its route back to x0. This homotopy is
defined by

L(t )
= fa(2ts) 0 � t � 1/2

la(2s2ts)

It is easily observed that L is a homotopy between a * a and c, showing that [ii] is
a right inverse of[aJ. Since = a, the above argument also shows that

[ci] o [a] = = [c],

so that [&] = [a]' is a two-sided inverse for[a]. This completes the proof of Lemma
C and the proof that iTt, (X, x& is a group. 0

Let X and Y be spaces with respective base points x0 and Yo and f: X Y a
continuous function for which f(xo) = y0. Then any loop a in X based at x0 cor-
responds to the loopfa in Y based at y0. It is left as an easy exercise for the reader
to show that the function

(X, (Y, yo)

defined by

f*([a]) = [fa], [a] E (X, xo),
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is a homomorphism. This function is called the induced homomorphism of the
functionf Note also that iff is a homeomorphism, then the induced homomorphism

is an isomorphism. Thus, the fundamental group is a topological invariant in
the sense that homeomorphic spaces have isomorphic fundamental groups at base
points which correspond under the homeomorphism.

In the next section we shall compute the fundamental group for several in-
teresting spaces. First, however, it is necessary to establish some preliminary
theorems.

Theorem 9.3: Let X be a path connected space and x0, x1 points of X. Then the
fundamental groups 111 (X, x& and (X, xj) are isomorphic.

Proof: Let 'y: I X be a path from 'y(O) = x0 to "y(J) = x1. Then for [a]
in Ii, (X, x&, a) * is a loop based at x1. Thus we define a function f.

f([a]) = a)* 'y], [a] E [J1 (X, xo).

It is an easy exercise to show that the image of[a] under f is independent of the
representative a in [a] so that f is well defined.

Analogously, define g: 111 (X, X1) Ii, (X, x& by

= [('y * f3) * -y], [13] E (X, xj).

Minor revisions in the proof of Lemma A show that a *(b* c) and (a* b,)* c are
equivalent paths for any paths a, b, cfor which the indicated products are defined.
Thus, in a) *'y], we may ignore the parentheses and write a * 'y] since the
equivalence class is unaffected by the way in which the terms are associated. Similarly,
Lemma C essentially shows that [y * and Api] are the identity elements of

(X, x& and (X, xi), respectively. With these observations, we are prepared
to show that f is an isomorphism whose inverse is g.

To show that f is a homomorphism, note that for [a,], [cx2] in H, (I, x&,

f([aj] . [a2]) —f([a,*a2]) =

= ['y*a,*y*'y*a2*'y] = .

f([a,]) .f([cQ).

Thus f is a homomorphism.

For[a]E H, (X, x&,

gf([a]) = = = [a].
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Thus gf is the identity map on H, (X, x&, and a completely symmetric argument
shows thatfg is the identity map on H, (X, xi). Thus f is an isomorphism between
H,(X,x&andfl,(X,x,). 0

Because of the preceding theorem, it is common practice to omit mention of
the base point for the fundamental group of a path connected space. Following this
practice, we shall sometimes refer to H 1(X), the fundamental group of X, since the
same abstract group results for each choice of the base point when Xis path con-
nected. Note, however, that Theorem 9.3 does not guarantee that the isomorphism
between (X, xo) and Ii (X, x1) is unique; different paths can produce different
isomorphisms. In some applications, specification of the base point is important.
For example, when comparing fundamental groups of spaces X and Yon the basis
of a continuous mapfi X -+ Y, it is usually necessary to specify base points x0 in
X and y0 in Y and to assume thatf(xo) = y0.

Definition: A simply connected space is a path connected space X whose funda-
mental group H, (X) is the trivial group consisting only of an identity element.

Definition: A space X is contractible to a point x0 in X provided that there is a
continuous function F: X X I X such that

F(x, 0) = x, F(x, 1) = x0, F(xo, s) = x0, x E X, s E I.

The function F is called a contraction of X to the point x0. A space X is contractible
if there is a point x0 in Xfor which X is contractible to x0.

Intuitively speaking, a contractible space is one that can be "shrunk to a
point" through a continuous deformation proceeding in stages from t = 0 to t =
1. Thinking of t as time, the 0-level F(., 0) of the contraction is the identity map
on X; successive levels F(., t) shrink the space to the final stage F(., 1) which maps
all ofXto the one point x0. Our definition requires that F(xo, s) = x0 at each stage,
so that the point x0 stays fixed throughout the contraction process. The exercises
for this section show how to relax this requirement.

Example 9.2.3

An interval [a, b] on the real line is contractible to a. To see this, define F:
[a, b] X I [a, bi by

F(x, t) = ta + (1 — t)x, (x, t) E [a, b] X I.
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Note that

F(x, 0) = x, f(x, 1) = a, x E X,

so that over the "time interval" 0 � t � 1 F(x, t) moves from x at time 0 to a
at time 1 along the line segment from x to a. Thus the contraction may be
thought of as "squeezing" the interval to the point a. An analogous argument
shows that [a, b] is contractible to each of its points.

It is left as an exercise for the reader to modify the ideas of Example 9.2.3
and produce a proof of the following theorem:

Theorem 9.4: A convex set A in P" is contractible to each point x0 in A.

Theorem 9.5: Every contractible space is simply connected.

Proof: Let X be a space contractible to a point x0 in X by contraction F:
X X I X satisfying

F(x, 0) = x, F(x, 1) = x0, F(x0, t) = x0, x E X, t E I.

To see first that X is path connected note that for a given point x, the function
I-' Xdefinedby

tEl,.

is a path in Xfrom x to x0. Thus for x, y in X, the product of the path and
the reverse of fy is a path from x to y.

For [a] E Ii, (X, x&, define a homotopy H: X X I X by

H(t, s) = F(a(t), s), (t, s) E I X I.

The properties of the contraction F insure that H is a homotopy between H(., 0) =
a and H(., 1) = c, the constant loop at x0, demonstrating that [a] = [C]. Thus
H,, (X, x& consists only of an identity element, soX is simply connected. 0

From Theorems 9.4 and 9.5 we conclude that a single point, an interval, the
real line, a disk, a rectangle, Euclidean n-space, and all other convex subspaces of
Euclidean n-space have trivial fundamental group. Our first non-trivial example of
a fundamental group occurs for the unit circle S' in the next section.
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EXERCISE 9.2

1. Prove that equivalence of loops is an equivalence relation.

2. Prove Lemma B: The identity element for (X, xo) is the homotopy class [ci deter-
mined by the constant loop c.

3. Prove that equivalence of loops is preserved by the * product: If a a' and
then aiifi

a loop in X with base point x0 so that -y defines an isomorphism f:Ii (X, x0) H1 (X, x0) as in the proof of Theorem 9.3. Show that f is the identity
isomorphism if and only if ['y] belongs to the center of H1 (X, x0).

5. Let 'y' and 'Y2 be equivalent paths in X from x0 to x1. Show that the isomorphismsf1
andf2 determined by 'y' and in the proof of Theorem 9.3 are identical.

6. Give an example of a simply connected space that is not contractible.

7. (a) Let a and be paths in a space X having common initial point x0 and common
terminal point x1. Prove that a and are equivalent if and only if the product
a * I is equivalent to the constant loop c whose only value is x0.

(b) Let X be a path connected space. Prove that Xis simply connected if and only if
each pair of paths in X having the same initial point and same terminal point are
equivalent.

8. Prove Theorem 9.4.

9. Let!: X Y be a continuous function on the spaces indicated and let xo be a point
of X. Show that the function!,: H1 (X, xo) (Y,f(xo)) defined by

f,([aJ) = [faj, [a] E [L (X, Xe),

is a homomorphism. Show in particular that!, is a well-defined function.

10. Let 1: X -+ Y be a homeomorphism from X onto Y and x0 a point of X. Prove that
H1 (X, x0) and H1 (Y,f(xo)) are isomorphic.

11. Prove that the following spaces are contractible.

(a) The upper hemisphere U of Sn: U = {x = (x1 . . . E.S": � 0).
(b) The "punctured n-sphere" Sn\{p}, where p is any particular point in Sn.

(c) The topologist's comb (Example 5.4.2). (Find all base points to which the comb
is contractible.)

12. Definition: A space Xis weakly contractible provided that there is a point x0 in X and
a continuous function G: X X I X such that

G(x, 0) = x, G(x, 1) = x0, x E X.
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Thefunction G is called a weak contraction.

Thus the difference between a contraction on X and a weak contraction on X is
in the fact that a weak contraction is not required to leave the base point x0 fixed.

(a) Give an example of a weakly contractible space that is not contractible.

(b) Prove that each weakly contractible space is simply connected.

9.3 THE FUNDAMENTAL GROUP OF S'

This section shows that the fundamental group of a circle is isomorphic to
the additive group Z of integers. The function p: IR -+5' defined by

p(t) = (cos 2irt, sin 2irt), t E P,

to which we shall refer as the covering projection of P over 5', will be instrumental
in our computation of H, (S'). Note that p maps each integer k in P to the point
(1, 0) in S' and wraps each interval [k, k + 1J around 5' exactly once in the
counterclockwise direction.

We shall use the point (1,0) as the base point of S' for the remainder of this
chapter. For brevity, this base point will be denoted 1.

Definition: Let X be a space andf. X 5' a continuous function. A
f is called a covering function offor a lifting off to the real

line P.

We shall be particularly interested in lifting a path a: I S' to a covering
path I P and a homotopy F: I X I S' to a covering homotopy F:
Jx I—'. P.

The primary properties of the covering projection p: P -+5' needed to produce
liftings are developed in the following lemma.

Lemma: There is a pair U,, U2 ofpath connected, open subsets of S' whose union
is S' and for which p: P S' maps each path component of p' (U1) homeomorph-
ically onto U1, I = 1, 2.

Proof: There are many possible ways to choose U, and U2, one of which is the
following. Let U, be the open arc on 5' beginning at (—1, 0) and extending coun-
terclockwise to (0, 1), and let U2 be the corresponding open arc beginning at (1, 0)
and extending counterclockwise to (0, —1).
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FIGURE 9.6

Then U, and U2 are clearly path connected open subsets of S' whose union
equals S'. From the definition of the covering projection p, it follows easily that

p'(U,)
= k=—oo

(k — 1/2, k + 1/4),

p'(U2)
=

(k, k + 3/4).

Note that the path components ofp'(U,) are the intervals (k — 1/2, k + 1/4), k an
integer, each of which is mapped by a p homeomorphically onto U,. Similarly, p
maps the path components (k, .k + 3/4) of jr'(U,) homeomorphically onto U2. This
completes the proof of the lemma. 0

Theorem 9.6: The Covering Path Property Ifa: I -+5' is a path with initial
point 1, then there is a lifting of a to a unique covering path &: I P with initial
point 0.

Proof: The proof rests on the following intuitive idea. Subdivide the range of the
path a into connected sections so that each section is contained either in U, or U2,
the sets prescribed in the proof Of the lemma. If a certain section is contained in U,,
we choose one of the intervals A = (k — 1/2, k + 1/4) and consider the restriction
PIA ofp to this interval. Since this restriction is a homeomorphism, we can compose
the inverse ofplA with the given section of a to "4/i" this section to a section of a
path in P. Sections lying in U2 are lift ed similarly. Being careful to have the terminal
point of one h/ied section agree with the initial point of the next 4/led section will
insure a continuous 4fting of the entire path.

U' U2
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Proceeding to the proof let be a Lebesgue number for the open cover
cC'(U7)) of I. Choose afinite sequence

O=t0<t,<••• <tn=1

of numbers in I with successive terms differing by less than €. Then each set
a([t1, t,+11), 0 � i � n — 1, must be contained either in U, or in U2.

Consider thefirst section a([to, t,]). This section must be contained in U, since

a(to) = a(0) = 1

is not in U2. We wish the lifted section to have initial point 0, so we take A, =
(—1/2, 1/4) (i.e., k = 0) and define & on [to, t,j by

&(t) = (pIA7'a(t), tE[to, t,J.

This defines the lifted path on the first subinterval [to, t,J.
Proceeding by induction, suppose that & has been defined on [to, tj/. Then

a([t1, t+,]) is contained in U, where U is either U1 or U2. Let A•+, be the path
component of p'(U) to which &(t1) belongs. Since A,+, is one of the intervals (k —
1/2, k + 1/4) or (k, k + 3/4), then p maps A,÷, homeomorphically onto U. The
desired extension of& to [t1, t,+,] is defined by

= (pIA1+,F'a(t), tE[t1, t÷,J.

Continuity is assured by the fact that lifted sections agree at the endpoints. This
inductive argument defines the lifting & on the entire interval [t0, tj = I.

The fact that & is the only covering path of a with initial point 0 can be gleaned
from what has already been done. Since PIA, is a homeomorphism, the lj/iing of the
first section of a to a section of a path beginning at 0 is unique. Since the second
lifted section must begin where the first ends and PIA2 is a homeomorphism, then
the definition of & on the second section is also unique. This argument extends
by an obvious inductive step to show the uniqueness of the covering path begin..
ning at 0. 0

Theorem 9.7: The Covering Homotopy Property If H: I x I 5' is a
homotopy such that H(0, 0) = 1, then there is a lifting of H to a unique covering
homotopy H: I X I P for which H(0, 0) = 0.

Proof: Since the proof is similar to that of the Covering Path Property, some of
the details are left to the reader. Using the same open sets U1, U2 defined for the
Covering Path Property and a Lebesgue number argument, subdivide I X I into
rectangles

[tk, tk+,] X Is1, 51+1], 0 � k � n — 1, 0 � i � m — 1,
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where

O=t0<t,<••• O=s0<s1<••• <Sm=l

so that H maps any of the prescribed rectangles into either U, or U2. Since
H(O, 0) = 1 is not in U2, then H must map the first rectangle [to, tj] X Si]
into U1. Letting A, = (—1/2, 1/4) as before, define H on [t0, t,] X [5g. s,] by

s) = (PIA,F'H(t, s).

The definition of ft is extended over the rectangles [tk, tk+,] X [s0, s,] as in the proof
of the Covering Path Property, being sure that the definitions agree on the edges
between rectangles. This defines H on the strip [0, 1] X s,]. Next, H is defined
in an analogous way on the strip [0, 1] X [s,, s2], with the definitions agreeing on
the edges between rectangles. This argument extends inductively in a straightforward
way to complete the proof 0

Definition: For a loop a in 5' with base point 1, the Covering Path Property
specj/ies a unique covering path & of a with &(0) equal to 0. Since

(cos 2ir&(1), sin 2ir&(1)) = p&(1) = a(1) = 1,

it follows that &(1) must be an integer. This integer is called the degree of the loop
a and is denoted deg(a).

Intuitively, one thinks of the degree of a loop a as the net number of times
that a "wraps" the interval [0, 1] around 51• Counterclockwise wrappings are
counted as positive and clockwise ones as negative. The next theorem shows that
the degree of a loop completely determines its equivalence class in H 1).

Theorem 9.8: For loops a, in 5' with base point 1, [a] = [j9] ifand only jf
deg(a) =

Proof: Suppose first that [a] = [/3] so that a and are equivalent loops in 5'. Let
F: I X I -* 5' be a homotopy demonstrating the equivalence of a and /3:

F(.,0)a, F(.,1)/3,
F(0,s)=F(1,s)=1, sEI.

The Covering Homotopy Property insures the existence of a unique covering homo-
topy F ofF such that F(0, 0) = 0. For s in I,

pP(0,s)=F(O,s)=1,
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so E(O, s) must be an integer. Since I is connected, the same integral value must
occur for each value of s. Since F(O, 0) = 0, then F(0, s) = Ofor all s in I. The same
argument shows that F(1, s) must have the constant integral value F(1, 0) for all s
in I. The uniqueness of covering paths insures that = F(., 0) and = F(., 1) are
the unique covering paths of a and which begin at 0. Thus

deg(a) = &(1) = E(1, 0) = E(1, 1) = = deg(73).

Thus equivalent loops must have the same degree.
The other part of the proof is easier. Suppose that a and fi are loops in 5' with

base point 1 having the same degree. This means that the covering paths & and fi
beginning at common initial point 0 also have common terminal point &(1) =
p9(1). Then the homotopy G: I X I -* defined by

G(t, s) = (1 — s)&(t) + (t, s) E I X I,

demonstrates the equivalence of& and It follows easily that loops a and are
equivalent by the homotopy pG. 0

Theorem 9.8 shows how to associate each homotopy class of loops in
H 1(S', 1) with an integer. The next theorem demonstrates that this correspondence
is an isomorphism.

Theorem 9.9: The fun4amental group fl,('S') is isomorphic to the additive group
Z of integers.

Proof: Consider the degree function d: II, (5', 1) -* Z which assigns the integer
degree of a to each equivalence class [a]:

d([a]) deg(a), [a] E fl, (5', 1).

Theorem 9.8 shows that d is well-defined and one-to-one. To see that d is surjective,
let k be an integer. The loop /2k defined by

tEl,

has as covering path the function

tEl,

and thus has degree = k Thus = k
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It remains to be proved that d is a homomorphism. For [oj, ['r] in H, (S'. 1),
let J and i' denote the unique covering paths of a and r beginning at 0. Then the
path

g
+ — 1) 1/2 � � 1

is the covering path of u* r with initial point 0. Thus

deg(o.'r) = g(1) = J(1) + = degfr) + degfr).

Hence

o In) = d([a* r]) = degfr* r)
= degfr) + degfr) = d([or]) + d([r]).

Thus d is an isomorphism from fl,(S', 1) onto Z. 0

The covering projection p: P S' has been instrumental in our computation
of H The relevant properties of this map have been generalized to dçfine an
important class of such functions p: E B from a covering space E to a basespqce
B for which analogues of the Covering Path Property and Covering Homotopy
Property can be established. The fundamental group is used to determine which
spaces are covering spaces for a given space B. More complete information about
covering spaces can be found in the Suggestions for Further Reading at the end of
the chapter.

EXERCISE 9.3

1. Explain in detail why the loop I S' defined by

atik(t) = p(kt), t E I,

has degree k, for each integer k

2. Complete the inductive definition of the covering homotopy in the proof of the Covering
Homotopy Property (Theorem

3. Consider S' as the set z = x + iy of complex numbers having modulus 1. Then the
covering projection p: P S' is, by definition of the exponential function for complex
variables,

p(t) = cos 2irt + i sin 2irt = e2Tut, t E P.
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Use this representation to prove the uniqueness assertion of the Covering Path Property
(Theorem 9.6) by showing the following:

(a) For a given loop a in S' with base point 1, let and &2 be covering paths of
a with initial point 0. Show that the composition of p with — cr2 is a
stant path.

(b) Conclude from part (a) that — &2 has only integral values. Use the connectedness
of P to show that — has only the value 0.

9.4 ADDITIONAL EXAMPLES OF
FUNDAMENTAL GROUPS

Our work in this chapter has revealed that the fundamental group of 5' is
the additive group of integers and that the fundamental group of a contractible
space is trivial. It should be clear by now that the fundamental group is difficult to
determine rigorously. This section presents several theorems that are useful in
termining fundamental groups and some additional examples.

Definition: Let X be a space with subspace D. Then D is a deformation retract
of X provided that there is a continuous function H: X X I -* Xfor which

H(x, 0) = x, H(x, 1) E D, x E X

H(y, t) = y, y E D, t E I.

The homotopy H is called a deformation retraction. Since for each y in D, H(y, t)
has the constant value-y as t varies from 0 to 1, it is sometimes said that the points
of D stay fixed throughout the deformation retraction.

Example 9.4.1

Consider the annulus

A = {(x,, x2) E R2: 1 � + � 4}

shown in Figure 9.7(a). The function H: A X I -0 5' defined by

H(x, t) = (1 — t)x + (x, 0 E A X I.

is a deformation retraction from A onto its inner circle 5'. For Figure 9.7(b), a
similar deformation retraction can be defined on any annulus X to show that a
circle like D is also a deformation retract.
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A comparison of definitions will reveal that a space Xis contractible to a point
x0 in X if and only if the single-point subspace {xo} is a deformation retract of
X. Thus any point of R'1 is a deformation retract of R'1, any point of the n-ball
B'1 is a deformation retract of B'1, and any point of the n-cube I" is a deformation
retract of I'1.

Theorem 9.10: If D is a deformation retract of a space X and x0 is a point of D,
then H1 (X, x& and H, (D, x& are isomorphic.

Proof: Let H: X X I X be a deformation retraction, as in the definition.
For brevity of notation, let h: X Ddenote the 1-level of H:

h(x) = H(x, 1), x E X.

Let H,(X, x& fl,(D, x& be the homomorphism induced by h:

([a]) = [ha], [a] E (X, x0).

Thefact that h is a continuous map insures that is well-defined, and the definition
of the operation * reveals it to be a homomorphism. For [a], [f3] in H, (X, x&,

o [f3]) = h*([a*13]) = [h(a*13)] = [ha*hfi]
= o

(a)

FIGURE 9.7

(b)
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For lAy] in H, (D, x&, 'y is a ioop in Xso it determines a homotopy class in
II, (X, x& which, with some abuse of notation, we still cai['y]. Since h leaves each
point ofD fixed, then

(['y]) = [h'y] =

so is surjective.
To see that is one-to-one, we first make the following observation. If[a] E

H, (X, x&, then as loops in X, a and ha are equivalent. This is demonstrated by
the homotopy K: I X I X defined by

K(t, s) = H(a(t), s), (t, s) E I X I.

Thus, tf[a], ff3] are members of H, (X, x& for which = ([/3]), then as
equivalence classes of loops in X

[a] = [ha] = ([a]) = 3]) = [h/3] = [/3],

so [a] = ff3] and must be one-to-one. This completes the proof that is an
isomorphism. 0

Example 9.4.3

For an annulus A, both its inner and outer circles are deformation retracts. From
Theorem 9.10 we conclude that H (A) is isomorphic to the group Z of integers.

Example 9.4.4

The punctured plane R2\{p} consists of all points of P2 except a particular point
p. It is left as an easy exercise for the reader to show that a circle containing p
in its inner region is a deformation retract of P2\{p} and hence that the fun-
damental group of P2\{p} is the group of integers.

Theorem 9.11: Let X, andX2 be spaces with base points x, and x2, respectively.
Then

Proof: Before beginning the proof we note that the symbol isomor-
phism of groups and that H, (X,, x,) ® H, (Xi, denotes the direct product of
the indicated groups. The direct product consists of all ordered pairs ([a,], fa2/)
where [a,] E H, (X,, x,) and [a2] E H, (X2, x2) with group operation ® defined by

(fail, fa2]), ® ff32]) = ([a,*f3,],
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Those not familiar with direct products should consult the Appendix on groups
before proceeding.

Any loop a in X1 X X2 based at (x,, x2) defines loops

a1 = p,a, a2 = P2a

in X1 and X2 based at x1 and x2, respectively, where p1: X1 X X2 X1 and p2:

X, X X2 -+ X2 are the projection maps from the product space onto the coordinate
spaces. Also, any pair of loops a2 in X1 and X2 based at x, and x2, respectively,
determine a loop a = (aj, a2) in X1 X X2 with base point (x1, x2). It is a straightforward
exercise to show that the function

defined by

f([a]) = ([aj], [a21), [a] E (X, X X2, (xi, x2))

is an isomorphism.

Example 9.4.5

(a) Since the torus T is homeomorphic to the product space S' X S',
then

H1

(b) An n-dimensional torus is the product of n factors of 5'. Thus
H, (Ta) is isomorphic to the direct product of n copies of the group
Z of integers.

(c) Since a closed cylinder C is the product of 5' with an interval [a, b],

Theorem 9.12: For n � 2, the n-sphere 5" is simply connected.

Proof: Let

V1 = (x = (x,, . . . , xi,.,) E S": < 1/2]

V2 = {x = (x,, . . . , E S": —1/2].
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Note that VI, V2 are simply connected open subsets of S't whose union is S" and
whose intersection is non-empty and path connected. The proof wi! show that any
space having such an open covering must be simply connected.

Let 1 = (1, 0, ..., 0) E 5" be the base point and consider a homotopy class
[a] in fl1 (Sn, 1). Then a: I 5" is a continuous map and (cC'(Vj), a'(V2)} is
an open cover of!. Since I is compact, this open cover has a Lebesgue number
Choosing successive terms of a sequence

<5ml
to dy'fer by less than insures that for 0 � i � m — 1 the image a([s,, will be
a subset either of V1 or of V2. Defining

a(t) = a((1 — t)i1 + ts1+j), t E I,

produces a sequence of paths in S't for which a(I) is a subset of a simply
connected set U,, which equals V1 or V2. and

[a] = [ao * a1 *• • * am_i].

Since V1 fl V2 is path connected, there is for 1 � i � m — 1 a path 1 to a(s,)
lying entirely within U,_1 fl U1. Letting denote the reverse of'y,, it follows that

is equivalent to a constant loop, 1 � i � m — 1, so that

• ••

Each equivalence class in this product is determined by a loop based at 1 in either
V1 or V2, a simply connected set in either case. Thus each term in the product

FIGURE 9.8 Schematic diagram for Theorem 9.12 with m =4.
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the identity class, so [a] must also be the identity class. Hence H, (Se, 1) = [0)
and S" is simply connected for n � 2. 0

Question: Where in the preceding proof was the assumption n � 2 used?

The examples of fundamental groups given in this chapter are all abelian.
There are relatively simple topological spaces which have non-abelian fundamental
groups; the doubly punctured plane (plane with two points removed) and the sub-
space of the plane consisting of two tangent circles (a figure eight) are two examples.
Showing that the fundamental groups of these spaces are non-abelian would require
a considerable departure from the mainstream of this chapter, so these demonstra-
tions are omitted. Additional information on this subject can be found in the Sug-
gestions for Further Reading at the end of the chapter.

EXERCISE 9.4

1. Show that 5' is a deformation retract of the cylinder S' X I. Use this to prove that the
fundamental group of a cylinder is isomorphic to Z.

2. Explain in detail where the assumption n � 2 was used in the proof of Theorem 9.12.

3. Generalize the proof of Theorem 9.12 to prove the following:

Theorem: Suppose X is a space with an open cover (V1) such that

(a) flV1#Ø,
(b) each V1 is simply connected,

(c) for i # j, V1 fl is path connected.

Then X is simply connected.

4. Determine the fundamental group of the Möbius strip.

5. (a) Prove that S"' is a deformation retract of

(b) Use part (a) to prove that punctured n-space is simply connected for
n � 3.

6. Let X be a space consisting of two spheres sm and where m, n � 2, joined at a point.
Prove that Xis simply connected.

9.5 THE BROUWER FIXED POINT THEOREM
AND RELATED RESULTS

Recall from Chapter 5 that a fixed point of a given function f: X -+ X from
a space X into itself is a point x in X for which f(x) = x. A space X has the fixed-
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point property provided that every continuous function 1: X X has at least one
fixed point. The main result of this section shows that the closed unit ball

B2= l}

has the fixed-point property. The proof is based on an algebraic comparison of
II and H 1(S') and illustrates the power of the fundamental group in geometry.
Actually, the closed unit n-ball

B" = {(x1, x2, .. . , x,,) E IR": '.• + l}

has the fixed-point property for every positive integer n; this celebrated result is the
Brouwer Fixed Point Theorem. The case n = 1 was proved in Theorem 5.9, and
the case n = 2 is our object in this section. Those interested in the general result
should consult the supplementary reading list.

Two intuitively plausible results, Theorems 9.13 and 9.14, will be needed to
prove the n = 2 case of Brouwer's theorem.

Theorem 9.13: The unit circle 5' is not contractible.

Proof: Any contractible space has trivial fundamental group. Since Th (S')
then S' is not contractible. 0

Definition: A subspace A of a topological space X is a retract ofX provided that
there is a continuous function X A for which f(a) = a for each a in A. The
function f is called a retraction of X onto A.

Example 9.5.1

(a) In an annulus, both the inner and outer circles are retracts.
(b) A closed subinterval [c, d] of a given interval [a, b] is a retract of

[a, 14.

(c) The set of endpoints A = {a, b} is not a retract of a closed interval
[a, b], where a < b, for the following reason: Since [a, 14 is connected
and A is not, there cannot be a continuous function from [a, 14
onto A.

It should be clear that every deformation retract is a retract but that not every
retract is a deformation retract. This relation is pursued in the exercises for this
section.
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Theorem 9.14: The Brouwer No Refraction Theorem The unit circleS' is
not a retract of the closed unit ball B2.

Proof: The proof is by contradiction. Suppose, contrary to the theorem, that 5'
is a retract of the unit ball B2 and letf: B2 5' be a retraction. Define a homotopy
h: S' x I S' by

h(x, t) = f(t + (1 — t)x,, (1 — t)x2), x = (x,, x2) E 5', t E I.

It is not difficult to see that h is a contraction of 5' to the point 1 = (1, 0), contradicting
the fact that 5' is not contractible. 0

Theorem 9.15: The Brouwer Fixed Point Theorem Every continuous func-
tionf: B2 -+ B2from the two-dimensional ball to itself has at least one fixed point.

Proof: Suppose to the contrary B2 —* B2 is a continuous map having no
fixed point. Then for allx in B2, f(x) andx are distinct points. For x in B2, consider
the half-line from f(x) through x, and let h(x) denote the intersection of this half-
line with the bounding circle 5', as shown in Figure 9.9.

Then h: B2 S' is easily seen to be a retraction from B2 onto contradicting
Theorem 9.14. Thus we conclude that the assumption that a continuous map

B2 B2 can have no fixed point must be false. 0

The sequence of results just used to establish the Brouwer Fixed Point Theorem
in dimension two generalizes to higher dimensions in a very natural way. It is
intuitively plausible that the n-sphere S" is not contractible for any positive integer
n. Once this fact is established, the Brouwer No Retraction Theorem and the Brou-
wer Fixed Point Theorem can be proved with only minor modifications to the
arguments given above. Thus, the main result needed for the Brouwer Fixed Point

FIGURE 9.9
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Theorem is the non-contractibility of S". Since this is established for 5' by the
fundamental group, it seems natural to think that some similar algebraic structure
might do the same for n � 2. This structure should describe the "hole" in 5"
in the way that the fundamental group describes the equivalence classes of loops
in S'. This is, in fact, the case. There is a sequence (X, xo), n = 1, 2, 3, . . . , of
groups defined for general topological spaces which generalize the fundamental
group to higher dimensions. These groups establish the non-contractibility of 5"
and allow a proof of the Brouwer Fixed Point Theorem, as well as many other
beautiful geometric theorems. The interested reader will find relatively easy access
to these higher homotopy groups in the suggested reading list for this chapter.

EXERCISE 9.5

1. Let X be a space. Prove that every deformation retract of X is also a retract of X.

2. (a) Prove that a single point in S' is a retract but not a deformation retract of 5'.

(b) Prove that a meridian or longitudinal circle on the torus T is a retract but not a
deformation retract of T.

3. Fill in the details in the proof of Theorem 9.15 by proving that the function his continuous
and leaves each point of 5' fixed.

4. Definition: Let X Y be a continuous function on the indicated spaces. Then I is
null-homovopic provided that there is a continuous function H: X X I Y such that
H(., 0) =fand H(., 1) is a constant map.

Prove the following:

(a) If Y is contractible, then every continuous mapf: X Y is null-homotopic.

(b) If g: X S", n � 1, is a continuous map whose image g(X) is a proper subset of
5n, then g is null-homotopic.

(c) If X is contractible, then every continuous map h: X Y is null-homotopic.

5. Assuming that the n-sphere 5" is not contractible, prove the Brouwer No Retraction
Theorem (Theorem 9.14) and the Brouwer Fixed Point Theorem (Theorem 9.15) for
n>2.

6. (a) Show that for the Cantor set C, every closed subset is a retract.

(b) Which subsets of C are deformation retracts?

7. Let X be a space, A a retract of X, x0 a point of A, a retraction. Show that
the induced homomorphism

[I, (X, x0) (A, x0)

is a suijection.

8. Show that 5' is not weakly contractible. (Weak contractibility is defined in Problem 12
of Exercise 9.2.)
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9.6 CATEGORIES AND FUNCTORS

The theme of the present chapter has been the use of algebraic structures, in
the form of fundamental groups, to answer topological and geometric questions.
We think of translating a topological problem to an algebraic one and solving the
latter to reveal an insight into the former. This method of attack is formalized in
mathematical language by the theory of categories, the subject of this section.
Roughly speaking, a category is a class of sets, called objects, which share some
particular structure and a collection of functions or morphisms from one object to
another. For example, it would be said that a problem in the category of topological
spaces and continuous maps can be translated to the category of groups and ho-
momorphisms. The mechanism of translation between categories is called afunctor.
Precise definitions and examples of these concepts are the object of this section.

Definition: A category ê is a class whose members are the objects ofthe category,
together with sets of maps or morphisms from each object to every other object. The
set of all morphisms from object A to object B5s denoted Hom(A, B). 1ff is a member
of Hom(A, B), then we writef A B or A B and call A and B the domain and
range off respectively. The morphisms are required to satisfy the following properties:

(a) For each triple A, B, C of objects and A -+ B and g: B
C, there is a composite morphism

gf= gof:A C.

(b) Composition of morphisms is associative, in the following sense. 1ff:
A B, g: B C and h: C -* D are morphisms, then

(c) For each object A there is an identity morphism lA: A A such that for
each object X

lAf= f fE Hom(X, A),

g E Hom(A, X).

Example 9.6.1

The system whose objects are topological spaces X and for which Hom(X, Y) is
the family of continuous functions from X to Y is a category. The composite
operation on morphisms is simply composition of functions, and the identity
morphism on an object Xis the identity function. Following the usual practice,
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we shall refer to categories by specifying the class of objects first and the allowable
morphisms second, without further designation. Thus, the category of this ex-
ample is called the category of topological spaces and continuous functions.

Example 9.6.2

As additional examples of categories, note the following:

(a) The category of groups and homomorphisms.
(b) The category of metric spaces and continuous functions.
(c) The category of metric spaces and isometrics.
(d) The category of sets and functions.
(e) The category of sets and injective functions.
(f) The category whose objects are ordered pairs (X, x0), where X is a

space with base point x0, and whose morphisms are continuous maps
f: (X, xo) (Y, yo) which satisfy f(xo) = Yo. This category is the
category of pointed topological spaces and base point preserving con-
tinuous maps.

Definition: Let and ? 'be categories. A covariantfunctorfrom e to consists
of two functions, an object function which maps each object A of ê loan object T(A)
of e' and a morphism function which maps each morphism fofe to a morphism
T(f) of ê' subject to:

(a) 1ff is a morphism of e from A to B, then T(f) is a morphism from T(A)
to T(B).

(b) 1ff: A B and g: B -+ C are morphisms of ê, then

T(g.f) = T(g). T(f).

(c) For each object A of e,

T(lA) =

The definition of the term contravariant functor dj/fers from the preceding
definition as follows. A contravariantfunctor satisfies (c), but instead of(a) and (b)
it satisfies

(a') 1ff is a morphism of ê from A to B, then T(f) is a morphism of ê'from
T(B) to T(A).

(b') 1ff: A B and g: B C are morphisms of ê, then

T(g of) = T(f). T(g).
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Example 9.6.3

The purpose of this example is to describe the fundamental group functor. Con-
sider the category 'P of pointed topological spaces and continuous base point
preserving maps and the category 9 of groups and homomorphisms. As we
know, the fundamental group assigns to each object (X, x0) of 'P an object

(X, xo) of 9. For a morphism f: (X, xo) (Y, Yo), the induced homomor-
phism which is denoted H1 (f) in functorial notation, is defined from

(X, X0) to (Y, Yo) by composition of functions:

= [fa], [a] E fl1 (X, Xe).

This functor is covariant since f:
(X, x0) (Y, Yo).

Example 9.6.4

As an easier example of a covariant functor, consider the category T of topological
spaces and continuous functions and the category eS3 of sets and functions. The
"forgetful functor" from T to assigns to each topological space Xthe underlying
set X and to each continuous functionf: X Y on topological spaces the same
function f from set X to set Y. The name of this functor is derived from its
property of "forgetting" the structure of the category T.

Example 9.6.5

For an example of a contravariant functor, consider the category T of topological
spaces and continuous functions and the category of metric spaces and con-
tinuous functions. For each object X in T, let C(X, R) denote the space of
bounded, continuous real-valued functionsfi P. With the supremum metric,
C(X, P) is a metric space. We define a functor from T to Jft whose object function
assigns to each member X of T the corresponding metric space = C(X, P)
and assigns to a morphism f: X Y the morphism 71f): C(Y, P) C(X, P)
defined as follows:

T(f)(h) = hf h E C(Y, P).

Note that if h: Y -+ P, then hf: X -* P, so the functor T is contravariant.

EXERCISE 9.6

1. Show in detail that Example 9.6.3 defines a covariant functor.

2. Show in detail that Example 9.6.5 defines a contravariant functor.
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3. Let T be the category of topological spaces and continuous maps and !S' the category of
sets and functions. Define a functor from T to which assigns to each object X in T
its set of components. Describe the action of this functor on morphisms. Is this functor
covariant or contravariant?

4. Let ê be the category of completely regular spaces and continuous functions and the
category of compact Hausdorfi' spaces. The Stone-Cech functor assigns to each object X

its Stone-tech compactification f3(x) in Use Problem 11 of Exercise 8.6 to show
that this assignment does define a functor and describe its action on morphisms.

5. Let ê be a category and A an object of & Show that the identity morphism lA: A A
is unique.

6. DefinitIon: Let e be a category. X Y and g: Y X are morphisms for which
gf= lx, then I is called a right inverse of g and g is called left inverse off A two-sided
inverse or inverse g off is a morphism which is both a left and right inverseforf 1ff has
an inverse, then f is called an equivalence, and the objects X and Yare said to be equivalent.

Prove:

(a) Letf: X-. Ybe a morphism with left inverse g: Xand right inverse h:
X. Then g = h andfis an equivalence.

(b) Equivalence of objects in a category is an equivalence relation.

SUGGESTIONS FOR FURTHER READING

For an introduction to various aspects of algebraic topology at a level accessible
to undergraduates, see Basic Concepts ofAlgebraic Topology by Croom or Algebraic
Topology by Massey. Several other introductory textbooks on the subject are in-
cluded in the Bibliography.

Introduction to Knot Theory by Crowell and Fox has an excellent exposition
of the fundamental group. Algebraic Topology by Spanier, at a higher level, gives
an excellent overview of algebraic topology; it is particularly recommended for
categories and functors.

For the background in group theory required for Chapter 9, Herstein's Topics
in Algebra, Jacobson's Basic Algebra I, and Shapiro's Introduction to Abstract Al-
gebra are recommended.
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HISTORICAL NOTES FOR CHAFFER 9

AS was mentioned in the introduction to this chapter, algebraic topology was
introduced in a series of papers during the years 1895-1901 by the French math-
ematician Henri Poincaré (1854—1912). Algebraic topology did not develop as an
outgrowth of point-set topology. Poincaré's first paper preceded Fréchet's work on
general metric spaces by 11 years and Hausdorfl"s definition of general topological
spaces by 19 years. Furthermore, Poincaré's work on the fundamental group and
other aspects of algebraic topology was not influenced by Cantor's theory of sets.
Indeed, Poincaré was unimpressed by the theory of sets and referred to Cantor's
work as a "disease" from which mathematics would eventually recover.

Henri Poincaré made significant mathematical contributions in the fields of
algebraic topology, algebra, non-Eucidean geometry, differential equations, complex
variables, algebraic geometry, astronomy, mathematical physics, and celestial me-
chanics. As the author of 30 books and over 500 papers on new mathematics,
Poincaré was the second most prolific writer of mathematics, being surpassed in
volume only by Leonard Euler. He is often considered the last universal mathe-
matician, in the sense of having a real grasp of most of the significant mathematics
of his time.

The Brouwer Fixed Point Theorem is due to the Dutch mathematician
L. E. J. Brouwer (188 1—1966). The proof given in the text, using the fundamental
group, is not the one originally given by Brouwer. The higher homotopy groups,
which were mentioned in the discussion of the Brouwer Fixed Point Theorem in
higher dimensions, were defined during the years 1932—1935 by Eduard Cech (1893—
1960) and Witold Hurewicz (1904—1956).





Appendix: Introduction
to Groups

This brief appendix is intended to refresh the reader's memory with the basic
facts about groups essential for Chapter 9 of the text. Proofs of propositions are
not included, and the presentation here is not to be considered an adequate intro-
duction to the theory of groups in any sense. Detailed exposition can be found in
many standard textbooks for algebra. The books Basic Algebra I by Jacobson and
Introduction to Abstract Algebra by Shapiro are recommended.

Definition: A binary operation on a set X is a function X X X -+ X. For x, y,
in X, it is customary to replace f(x, y) by xy or x• y (multiplicative notation)' or
x + y (additive notation).

Definition: A group is an ordered pair (G, .) consisting of a set G and a binary
operation on G satisfying the following properties:

(a) (The Associative Property) (ab)c = a(bc) for all a, b, c in G.
(b) There is an element e of G, called the identity element, satisfying ae =

ea = afor all a in G.
(c) For each element a in G, there is an element a', called the inverse ofa,

for which aa' = a'a = e.

In additive notation, the identity element is usually denoted by 0 and the
inverse of a by —a. A trivial group is a group {0} consisting only of an identity
element 0. It is a simple consequence of the definition that the identity element of
a group is unique and that each element has a unique inverse.

Definition: A group G satisfying ab = bafor alla, b in G is said to be commutative
or abelian.

Definition: A subset H of a group G is a subgroup of G Ef H is a group under the
operation of G.

The group Z of integers under addition is the group most frequently encoun-
tered in the text. The subgroups of Z are the groups composed of all integral
multiples of a given integer n.

301
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Definition: Afunctionf: G -+ Hfrom a group G to a group H is a homomorphism
iffor all a, b in G

f(ab) =f(a)f(b).

The kernel off is the set of all members of G mapped by f to the identity of H. A
homomorphism which is also a on&to-one function from G onto H is called an
isomorphism; in this case the groups G and H are called isomorphic.

The relation of isomorphism for groups is an equivalence relation.

Definition: For groups G and H, the direct product G ® H is the set G X H with
group operation ® defined by

(a,, b,)®(a2, b2) = (a,oa2, b,.b,)

for all (a,, b,), (a2, b2) in G X H. (In order not to complicate the notation, the symbol
is used here for the operations in both G and H.)

The concept of direct product extends in the usual way to any number of
factor groups.
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abelian (or cummutative) group, 301
accumulation point

in a metric space, 66
in a topological space, 101
of a subset of the real line, 44

Alexander Subbasis Theorem, 203, 207, 229
Alexander, J. W., 229
Alexandroff, P. S., 193, 194, 229, 266
algebraic number, 53
algebraic topology, 267
analysis sit us, 9
Anderson, R. D., 229
annulus, 223—224
antipodal point, 28
Arzela, C., 97
Ascoli, 0., 97

Baer, R. W., 229
Baire Category Theorem (Theorem 3.17), 89
Baire, René, 97
ball,

closed, 62
open, 50, 62
radius of, 62

Banach, Stephan, 97
base or basis for a topology, 109

equivalent, 113
local, 110

base point,
of a loop, 270
of a space, 270

basic open set, 109
Betti, Enrico, 229
bijection, 22
binary operation, 301
Bing, R. H., 266
Bolyai, Janos, 10
Bolzano, Bernard, 53
Bolzano..Weierstrass property, 175

Theorem (Theorem 2.13), 48
Borel, Emile, 53, 97, 193
boundary,

of a manifold, 223, 227

boundary (Continued)
ofa set in a metric space, 73
of a set in a topological space, 103

boundary point,
in a metric space, 73
in a topological space, 103
of a manifold, 223, 227

bounded function, 93
bounded interval, 29
bounded metric space, 60
bounded set in a metric space, 60
bounded set on the real line, 40
box product space, 210
box topology, 210
broom space, 157—158
Brouwer Fixed Point Theorem (Theorem 9.15), 293
Brouwer No Retraction Theorem (Theorem 9.14),

293
Brouwer, L. E. J., 299

265
Cantor function, 192
Cantor set (Section 6.5), 187, 209
Cantor's Intersection Theorem, 95
Cantor's Nested Intervals Theorem (Theorem

2.11), 46, 164
Cantor's Theorem of Deduction (Theorem 6.2),

164
Cantor, Georg,,10, 39, 53, 97, 160, 194, 267
cardinally equivalent sets, 34
Cartesian product,

finite case, 19
general case, 205

category, 295
category,

first, 89, 265
second, 89, 265

Cauchy sequence, 87
Cauchy, Augustin Louis, 10, 97
Cauchy.Schwarz Inequality, 56.

Eduard, 194, 266, 299
center of a ball, 62
characteristic function, 121
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characterization of the Cantor set, 190
characterization theorem, 120
classification theorem, 120
closed ball, 62
closed function or closed mapping, 118
closed interval, 29
closed manifold, 224
closed set,

in a metric space, 63
in a topological space, 100
in the plane, 50
on the real line, 42

closed unit interval, 4
closure,

ofa set in a metric space, 71
of a set in a topological space, 103
operator, 109

cluster point in a topological space, 101
coarser topology, 211
codomain of a function, 20
commutative (or abelian) group, 301
compact space, 162
compact subspace, 162
compatification of a space, 261

one-point, 182
186, 264

comparison of topologies, 211
complement of a set, 16
complete metric space, 87
completely normal space, 242
completely regular space (or T3!-space), 247

completion of a metric space, 92
component, 139
composite function, 23
composite morphism, 295
composition of functions, 23
composition of morphisms, 295
congruence modulo n, 27
connected im kleinen, 158
connected space, 131
connected subsets of the real line, 143
connected subspace, 131
constant loop, 270
continuity,

at a point in a metric space, 75
at a point in a topological space, 115
for functions on metric spaces, 75
for functions on topological spaces, 115
in the first variable, 204
in the second variable, 204

continuous function,
on metric spaces, 75
on topological spaces, 115

contipuum hypothesis, 39
contractible space, 277
contractible to a point, 277
Contraction Lemma (Theorem 3.18), 90
contraction, 277
contractive mapping, 90

contravariant functor, 296
convergence,

of a sequence, 67, 101
uniform, 94

convergent sequence, 67, 101
convex set, 148
coordinate spaces (or factor spaces), 84, 197, 205
countable complement topology, 102
countable set, 35
countably compact space, 174
countably infinite set (or denumerable set), 35
covariant functor, 296
Covering Homotopy Property (Theorem 9.7), 282
Covering Path Property (Theorem 9.6), 281
covering function (or lifting), 280
covering homotopy, 280
covering path, 280
curve, 221
cut point, 4, 142

Dedekind, Richard, 53
deformation retract, 286
deformation retraction, 286
degenerate interval, 30
degree of a loop, 283
DeMorgan's Laws, 16, 18
dense set,

in a metric space, 91
in a topological space, 106

denumerable set (or countably infinte set), 35
derived set,

in a metric space, 66
in a topological space, 101

Descartes, René, 8
diagonal of a product space, 204
diameter of a set,

in a metric space, 60
on the real line, 40

diffeomorphic spaces, 226
diffeomorphism, 226
difference of sets, 16
differential topology, 225
Dini's Theorem, 253
direct product of groups, 302
disconnected space, 131
discrete space, 100
discrete topology, 100
disjoint sets, 14
distance from a point to a set, 40, 61
distance function (see 4llso metric), 55
distance,

in metric spaces, 55
in the plane, 49
on the real line, 39

domain of a function, 20
domain of a morphism, 295
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dot product (or scalar product), 56
du Paul, 53, 129
dyadic number, 244

embedding, 126
empty interval, 30
empty set, 12
endpoints of a path, 147
endpoints of an interval, 29
equipotent sets, 34
equivalence class, 26
equivalence class (or homotopy class) of a loop,

272
equivalence modulo a given function, 218
equivalence morphism, 298
equivalence of cardinal numbers, 34
equivalence relation, 26
equivalent bases, 113
equivalent loops, 270
equivalent metric spaces, 80
equivalent objects of a category, 298
equivalent paths, 269
equivalent sets, 34
Euclidean space, 100
Euler, Leonhard, 7, 299
even vertex, 7
extension of a function, 24, 248
extension problem, 248
exterior of a set, 108

factor spaces (or coordinate spaces), 84, 197
finer topology, 211
finite complement topology, 100
finite intersection property, 162
finite sequence, 24
finite set, 34
finitely coverable set, 47
first axiom of countability, 110
first category, 89, 265
first countable space, 110
first homotopy group (or fundamental group), 272

property, 145
Fredholm, I., 97
Fréchet space, 229
Fréchet, Maurice, 10, 97, 129, 193, 229, 267
function, 20
functions,

Cantor, 192
characteristic, 121
closed, 118
covering, 280
codomain of, 20
composition of, 23

functions (Continued)
continuous, 75, 115
domain of, 20
extension of, 24, 248
graph of, 21
identity, 23
image of, 21
injective, 21
inverse, 22
left inverse, 25
lifting, 225
lower semicontinuous, 121
onto, 22
open, 118
projection map, 197, 205
range of, 20
restriction of, 24, 248
right inverse, 25
smooth, 225
strictly increasing, 171
suijective, 22
uniformly continuous, 170
upper semicontinuous, 121

functor, 296
contravariant, 296
covariant, 296

fundamental group, 272

Gauss, Carl F., 8
geometric topology, 225
geometry, rubber, 2
Gluing Lemma, 151
graph, 7

of a function, 21
Greatest Lower Bound Property, 31
greatest lower bound (or infimum), 30
group, 301

abelian, 301
fundamental, 272
homomorphism, 302
homotopy, 272, 294, 299
isomorphism, 302

Grundzage der Mengenlehre, 10, 129, 160, 193,
194

Hahn-Mazurkiewicz Theorem, 180
Hahn, Hans, 97, 160, 194, 229
half..open and half-closed interval, 29
half-open interval topology, 113
Hausdorif space, 124
Hausdorfi' space that is not regular, 235—236
Hausdorfi', Felix, 10, 97, 129, 160, 193, 266, 267
Heine, Eduard, 193
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Heine-Borel Theorem (Theorem 2.12), 47, 53, 172,
193

Helly, Eduard, 97
hereditary property, 124
higher homotopy groups, 294, 299
Hubert cube, 208
Hubert space, 84, 107, 208, 265
Hubert, David, 97, 129
homeomorphic spaces, 118
homeomorphism,

of metric spaces, 78
of topological spaces, 118

homomorphism, 302
induced, 276

homotopic modulo endpoints, 269
homotopic paths, 269
homotopy, 270
homotopy class (or equivalence class) of a loop,

272
Hurewicz, Witold, 299

identification space, 215
identity element of a group, 301
identity function, 23
identity morphism, 295
image,

of a function, 21
of a point, 20
ofa set, 21

immersion of a manifold, 225
index set, 13
induced homomorphism, 276
infimum (or greatest lower bound), 30
infinite dimensional Euclidean space, 208
infinite sequence, 24
infinite set, 34
initial point of a path, 147
injective (or one-to-one) function, 21
interior,

of a manifold, 224
of a set in a metric space, 69
of a set in a topological space, 103

interior point,
in a metric space, 69
in a topological space, 103
of a manifold, 223, 227

Intermediate Value Theorem (Theorem 1.1 and
5.8), 5, 144

intersection of sets, 14, 16
interval, 29, 30
Invariance of Domain Theorem, 221, 228
inverse function, 22
inverse image of a set, 21
inverse of a morphism, 298
inverse of an element of a group, 301
irrational number, 32

isolated point,
in a metric space, 96
in a topological space, 186

isometric embedding, 91
isometric metric spaces, 78
isometry (or metric equivalence), 78
isomorphism of groups, 302

Jones, F. B., 266
Jordan, Camile, 131, 160, 194

Kant, Immanuel, 10
kernel of a homomorphism, 302
Klein bottle, 216, 229
Klein, Felix, 229
Kolmogorov, A. N., 266
Konigsberg bridge problem, 7
Kuratowski, K., 129, 160, 193

Least Upper Bound Property, 31
least upper bound (or supremum), 30
Lebesgue number, 178
Lebesgue, Henri, 194, 266
left inverse of a function, 25
Leibniz, 0. W., 7
length (or norm) of a vector,

in Euclidean space, 56
in Hilbert space, 84

Lennes, N. J., 160
Levi, F., 229
lifting (or covering function), 280
limit of a sequence,

in a metric space, 67
in a topological space, 101

limit point,
in a metric space, 66
in a topological space, 101
of a subset of the real line, 44

Lindelöf property, 175
Lindelöf space, 175
Lindelöf Theorem (Theorem 6.13), 175
Lindelöf, Ernst, 193
line segment, 148
Listing, Joseph B., 9
Lobachevsky, N. I., 10
local base or local basis for a topology, 110
locally compact at a point, 181
locally compact space, 181
locally connected at a point, 154
locally connected space, 154
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locally Euclidean space, 128
locally finite family of sets, 260
locally path connected at a point, 156
locally path connected space, 156
loop, 270
lower semicontinuous function, 121

manifold,
smooth, 226
topological, 221

manifold with boundary, 223, 227
map (or morphism) on categories, 295
max metric, 59
Méray, Charles, 53, 97
Mazurkiewicz, Stephan, 160, 194
metric (or distance function), 55

in Euclidean space, 56
in Hilbert space, 85
in the plane, 49
on the real line, 39
max, 59
product, 83, 254
supremum, 60, 93, 172
uniform, 60, 93, 172
usual, 56

metric equivalence (or isometry), 78
metric space, 55

bounded, 60
complete, 87
completion of, 92
dense set in, 91
isometric, 78
product of, 83, 254
totally bounded, 178
topology for, 63

metric topology, 63
metrizable space, 119, 254
metrization problem, 253
Minkowski Inequality, 57
Minkowski, Hermann, 97
Moore plane (or Niemytzki plane), 242
Moore, E. H., 129
Moore, R. L., 229, 266
morphism (or map) on categories, 295

identity, 295
morphism function, 296
Möbius strip, 9, 229
MObius, A. F., 9, 229

n-ball, 83
n-cube, 82
n-manifold, 221

closed, 224

n-manifold (Continued)
smooth, 226, 227
with boundary, 223

n-sphere, 83
Nagata, J., 266
Nagata-Smirnov-Bing Metrization Theorem

(Theorem 8.19), 260
Nalli, Pia, 160
neighborhood,

in a metric space, 69
in a topological space, 103

nested sets, 46
net, 178
Newton, Isaac, 7
Niemytzki plane (or Moore plane), 242
Niemytzki, V., 266
norm (or length) of a vector,

in Euclidean space, 56
in Hilbert space, 84

nowhere dense set,
in a metric space, 88
in a topological space, 108

null-homotopic function, 294
null-homotopic loop, 270
number,

algebraic, 53
dyadic, 244
irrational, 32
rational, 32

object function, 296
object of a category, 295
odd vertex, 7
one-point compactification, 182
one-to-one (or injective) function, 21
one-to-one correspondence, 22
onto (or suijective) function, 22
open ball,

in metric space, 62
in the plane, 50

open cover, 161
open function or open mapping, 118
open interval, 29
open set,

in a metric space, 63
in a topological space, 99
in the plane, 50
on the real line, 41

open unit interval, 4
order complete space, 233
order topology, 233
ordered pair, 19

path, 147
path component, 152
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path connected space, 147
path connected subspace, 147
path product, 151
Peano continuum, 179
Peano space, 179
Peano, Guiseppe, 10, 180, 194
perfect set, 190
perfectly normal space, 252
Poincaré group (or fundamental group), 272
Poincaré, Henri, 97, 267, 299
point,

accumulation, 44, 66, 101
antipodal, 28
at infinity, 182
boundary, 73, 103, 223, 227
cluster, 101
cut, 4, 142
interior, 69, 103, 223, 227
isolated, 96, 186

power set, 12
preimage of a set under a function, 20
product metric, 83, 254
product of loops, 272
product of metric spaces, 83, 254
product of paths, 151
product of sets,

finite case, 19
general case, 205

product space,
finite case, 197
general case, 205

product topology,
finite case, 197
general case, 205

projection map, 197, 205
projective plane, 216
projective 223
proper subset, 12
punctured plane, 288

quotient map, 217
quotient space, 214
quotient topology, 214
quotient topology determined by a function, 217

radius of a ball, 62
range of a function, 20
range of a morphism, 295
rational number, 32
reflexive relation, 26
regular space (or T3-space), 234
regular space that is not normal, 240
Reisz, Frigyes, 129, 193

relation on a set, 25
equivalence, 26
reflexive, 26
symmetric, 26
transitive, 26

relative topology (or subspace topology), 122
relatively closed set, 123
relatively open set, 122
restriction of a function, 24, 248
retract, 292
retraction, 292
reverse path, 147
Riemann, Bernhard, 9, 129, 229
right inverse of a function, 25
rubber geometry, 2

same cardinal number, 34
scalar multiple of a vector, 148
scalar product (or dot product), 56
Schoenflies, A. M., 193
second axiom of countability, 110
second category, 89, 265
second countable space, 110
separable space, 106
separated sets, 133
separated space, 131
separation by continuous functions, 243
separation of a space, 131
separation property, 126
sequence, 23

Cauchy, 87
convergent, 67, 101
finite, 24
infinite, 24

set, 11
set difference, 16
sets,

bounded, 40, 60
boundary of, 73, 103
Cantor, 187ff, 209
Cartesian product of, 19, 205
closed, 42, 50, 100
closure of, 71, 103
complement, 16
convex, 148
countable, 35
countably infinite, 35
dense, 91, 106
denumerable, 35
derived, 66, 101
diameter of, 40, 60
difference of, 16
disjoint, 14
empty, 12
exterior of, 108
finite, 34
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sets (Continued)
finitely coverable, 47
image of, 21
index, 13
infinite, 34
interior of, 69, 103
intersection of, 14, 16
metric for, 55
nested, 46
nowhere dense, 88, 108
open, 41, 50, 63, 99
perfect, 190
power, 12
product of, 19, 205
relation on, 25
relatively closed, 123
relatively open, 122
simply ordered, 233
somewhere dense, 89
subset, 12
topology for, 99
uncountable, 35
union of, 14, 16

Sierpinski, W., 193
simple order relation, 233
simply connected space, 277
simply ordered set, 233
Smirnov, Y., 266
Smith, H. L., 129
smooth function, 225
smooth manifold, 225
somewhere dense set, 89
Sorgenfrey line, 113
Sorgenfrey plane, 240
Sorgenfrey, R. H., 266
space filling curve, 180
space of bounded, continuous, real-valued func-

tions on a metric space, 93, 261
space of continuous real-valued functions on

[a, b], 59
spaces,

coordinate, 84, 197
Euclidean, 56, 100
factor, 84, 197
Hilbert, 84, 107, 208, 256
identification, 215
locally Euclidean, 128
metric (see also metric space), 55
of functions, 59, 93, 261
topological (see also topological space), 99

Steinitz, Ernst, 229
stereographic projection, 186
Stone, M. H., 194, 266
Stone-tech compactification, 186, 264
Stone-tech functor, 298

Theorem (Theorem 8.21), 262
strictly increasing function, 171
stronger topology, 211
subbase or subbasis for a topology, 114

subcover derived from an open cover, 161
subgroup, 301
subset, 12

proper, 12
subspace,

of a metric space, 81
of a topological space, 122
topology (or relative topology), 122

supremum (or least upper bound), 30
supremum metric (or uniform metric), 60,93,261
surface, 221
suijective (or onto) function, 122
symmetric relation, 26

T0-space, 231
T1-space, 231
T1!-space, 233

233

T2-space (or Hausdorff space), 231
T2!-space (or Urysohn space), 237

T3-space (or regular space), 234
T3!-space (or completely regular space), 247

T4-space (or normal space), 237
taxicab metric, 58
terminal point of a path, 147
ternary expansion of a real number, 187
Tietze Extension Theorem (Theorem 8.14), 248
Tietze, Heinrich, 194, 266
topological equivalence, 118

of metric spaces, 78
topological immersion of a manifold, 225
topological invariant or topological property, 119
topological manifold, 221
topological manifold with boundary, 223
topological space (see also space), 99

box product of, 210
broom, 157—158
compact, 162
compactilIcation of, 261

completely normal, 242
completely regular, 247
connected, 131
connected im kleinen, 158
contractible, 277
contractible to a point, 277
countably compact, 174
disconnected, 131
discrete, 100
Euclidean, 100
first category, 89, 265
first countable, 110
Hausdorfl 124
Hausdorif space that is not regular, 235—236
homeomorphic, 118
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topological space (Continued)
identification, 215
infinite dimensional Euclidean, 208
Lindelöf, 175
locally compact, 181
locally connected, 154
locally Euclidean, 128
locally path connected, 156
manifold, 221, 226
manifold with boundary, 223, 227
metric, 55
metrizable, 119, 254
normal, 237
order complete, 233
path connected, 147
Peano, 179
perfectly normal, 252
product of, 197, 205
quotient, 214
regular, 234
regular space that is not normal, 240
second category, 89, 265
second countable, 110
separable, 110
separated, 131
separation of, 131
simply connected, 277
of functions, 59, 93, 267
subspace, 81, 122
T0, 231

231
T1!, 233

Ti!, 233

T2 (or Hausdorif), 231
T2! (or Urysohn), 237

13 (or regular), 234
13! (or completely regular), 247

T4 (or normal), 237
totally disconnected, 140
trivial, 100
weakly contractible, 279
zero-dimensional, 141

topologically equivalent spaces,. 118
topologist's comb, 154
topologist's sine curve, 137, 149
topology,

as a branch of mathematics, 120
base or basis for, 109,
countable complement, 102
discrete, 100
finite complement, 100
for a set, 99
generated by a metric, 63
intuitive view of, 1
local basis for, 110
product, 197, 205
relative, 122

topology (Continued)
subbasis for, 114
subspace, 122
trivial, 100
Zansky, 125

torus, 199
n-dimepsional, 298

totally bounded space, 178
totally disconnected space, 140
transitive relation, 26
triangle inequality, 55
trivial space, 100
trivial topology, 100
Tychonoff Theorem (Theorem 7.11), 207
Tychonoff, A. N., 229, 266

unbounded interval, 29
uncountable set, 35
uniform continuity, 170
uniform convergence, 94
uniform metric (or supremum metric), 60,93, 172
uniformly continuous function, 170
union of sets, 14, 16
upper semicontinuous function, 121
Urysohn function, 247
Urysohn Metrization Theorem (Theorem 8.16),

256
Urysohn's Lemma (Theorem 8.13), 246
Urysohn, Paul, 193, 194, 266
usual metric in Euclidean space, 56
usual topology in Euclidean space, 100

van Dantzig, D., 266
vertex, 7

even, 7
odd, 7

Vietoris, Leopold, 266
Volterra, V., 97

weak topology, 211
weaker topology, 211
weakly contractible space, 279
Weierstrass, Karl 10, 53, 97, 160, 193
Weiner, Norbert, 97
Weyl, Hermann, 129

Young, W. H., 193

Zarisky topology, 125
zero-dimensional space, 141
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