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By lvay of introduction, we remark at the outset that

this Fourth Paper is occupied chief ly with the foundations

of the wave-theory of l ight. The subject is presented from

a new point of view, in harmony with the electrodynamic

wave-theory of magnetism, to which I have been led by the

researches on electrodynamic action and universal gravitat ion

outl ined in the preceding PaPers.
As wil l  be remembered by those famil iar with the

historical development of the wave-theory of l ight, Ncu'ton,
I{u1,ghcns and, Euhr had not considered the modern theory

of vibrat ions confined to the plane ofthe wave-surface, normal
to the direct ion of propagation. Indeed these great founders

of the physical sciences did not discriminate between the

nature  o f  the  molecu la r  osc i l la t ions  wh ich  produce sound and
those which produce l ight. But abottt  r8r7 Dr. T/tonas Young,

in England, and Frcsnel and Arago, in France, were led to

assume that in l ight the molecular motions of the aetber are
normal to the direct ion of the ray, l ike the lateral vibrat ions

of  a 's t re tched cord .  Th is  v iew seemed l i ke  a  le ry  s ta r t -
l ing hypothesis, and;thus for a t ime i t  encountered great

opposit ion.
At a somervhat earlier period both Poisson and Cauchlt

had been occupied with profound researches in the mathe-
matical theory of wave-nrotion, and each of these eminent
geometers  p resented  a  number  o f  b r i l l i an t  memoi rs  to  the

Par is  Academy o f  Sc iences ,  ch ie f l y  be tween the  years  I8 ro

and r84o.  When the  f i rs t  o f  these researches  were-presented
to the Academy the venerable Lagrangc, who died in r8r3,
was Sti l l  numbered anlong i ts most honored members; and
Laplace continued to take a deep interest in the wave'theory
t i l l  h is  death  in  r  8  z  7 .

It thus appears that Lagrangc died before Young and

.Frcsnal brought forward the thebry of transverse vibrations
( r8 r7)  fo r  exp la in ing  the  in te r fe rence and po la r iza t ion  o f
l ight; but Laplace l ived to witness this development for ten
years; and, with his pupil Poisson, always held to the historical
views o[ lvave movement handed down by A'ewlon, IIul'ghcns

and Eulcr, that at a great distance from the source' the
vibrat ions of the part icles of the aether are largely in the
direct ion of the radius drawn frorn the center of disturbance,

as in the theory of sound.

From these circumstances, and the new physical ex'
periments of Young, -Fresncl aod Arago, on polarization and
interference, there arose a celebrated controversy on the wave.
theory of l ight, which occupies a prominent place in the
Memoi rs  o f  the  Par is  Academy,  r8 rg- r839.  A  br ie f  bu t
lucid review of these papers as they successively appeared
is given by Llof i  in his contemporary Report on the Pro-
gress and Present State of Physical Optics, made to the
Br i t i sh  Assoc ia t ion  .  fo r  the  Ad lancement  o f  Sc ience,  1834,

and reprinted in -Lloyd's Miscel laneous Papers connected with
P h y s i c a l  S c i e n c e ,  L o n d o n ,  r 8 7 7 ,  p p .  r 9 - r 4 8 .  I t  w i l l  b e
remembered rhat Lloyd had experimentally confi rnred l{ani lton's
theoretical predict ion of conical refract ion, and therefore speaks
wi th  au thor i ty .

After the appearance of Poisson's memoir of l8 rg, the
French academicians were divided into tu'o groups: the geo-
meters, led by Lay'lacc, ?oissort, 'LamC, contending that at
great distances from the source of disturbance the vibrat ions
of the part icles are in the direct ion of the radius, as held
by Nculon, I{u1ghens, Eulcr, and, Lagran,ge; and the physical
group, led by Frcsncl, Ara.go, and Cautll', claiming that in
l igh t  the  v ib ra t ions  are  t ransverse  to  the  d i rec t ion  o f  p ro-
pagat ion ,  and thus  exac t ly  oppos i te  to  those recogn ized in  the
theory of sound.

This celebrated phi losophical controversy extended over
sonre twenty years, but never led to any satisfactory con-
clusion. The mathematical genius of Cauchy came to the
rescue of Frcsnel 's experiments, by showing the possibi l i ty
of a medium transmitt ing transverse waves. Yet neither Cauchy
nor Fresncl showed how such ' transverse waves could arise;
and after the death of Poisson, in 1839, there was a gradual
acqniescence in the doctr ine, without any theoretical expla-
nation of the origin, of the transverse rvaves in l ight. Since
r84o there bas been no change in the theory, though i t
often has appeared far from satisfactory to eminent investi-
ga tors  who.expec t  unbroken cont inu i ty  fo r  the  who le  body
of wave-phenomena in nature.

In his lucid art icle on Light, Encyclopedia Americana,
r9o4, Prof. Cltas. S. Hastings, o[Yale University, states the
crucial dif f iculty more recently encountered by the wave.
theory of l ight as fol lows:

>This great work of Frcsncl was looked upon, as indeed
it well  deserves. to be, as one of the greatest monuments to
the human understanding - comparable to Neulon's doctr ine
of universal gravitat ion - and i t  long remained of almost
unquestioned authority. Ult imately, however, one of i ts fun-
damental postulates, nanrely, that the vibrat ions are always
at r ight angles to the directbn of the motion of the l ight,
began to give r ise to dif f icult ies. The fact also that the
tbeory could not determine specif ical ly whether the direct ion
of vibrat ion of plane-polarized l ight is in the plane of polari-
zation or perpe.ndicular ,  to i t  was not only a manifest in-
completeness, but i t  was a constant st imulus to a cri t ical
inspection of i ts premises. The more these points were studied
the more insoluble the dif f icult ies appeared, unti l  there came
to be a tolerably widespread bel ief that the theory was not
only incomplete, but that in some way i t  must be essential ly
in error, <

Frour the development given below it  appears that
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afrer considerable uncertainty, extending over a ful l  century,
the New 'fheory of the Aether now makes i t  possible to
recorici le the dif f icult ies which so perplexed the i l lustr ious
geometers and physicists of the Paris Academy of Sciences.
This greatly simpli f ies our view of the wave-theory of l ight,
without introducing any arbitrary hypotheses. And as the
new wave-theory connects the theory of l ight direct iy with
the theory of sound, according to the views of Poisson, '183o,
i t  must be considered not the least fortunate solut ion of a
problem which greatly bewildered some of the most i l lustr ious
academic ians  o f  l i rance.

I .  A s  t h e  A e t h e r  i s  a  G a s ,  a n d  t h u s  I s o t r o p i c
i n  a l l  D i r e c t i o n s  f o r  O r d i n a r y  T e r r e s t r i a l  D i s t a n c e s ,
i t  i s  a  F u n d a m e n t a l  E r r o r  i n  t h e  W a v e - T h e o r y  o f
L i g h t  t o  d e n y  R a d i a l  M o t i o n ,  i n  O r d e r  t o  h o l d  t o
t h e  D o c t r i n e  o f  V i b r a t i o n s  a l n r o s t  w h o l l y  t r a n s v e r s e
t o  t h e  l ) i r e c t i o n  o f  a  R a y .

' I t  
is ful ly real ized that the modern wave-theory of l ight

is so vast a subject that any treatment, even o[ the foun-
dations rnerely, necessari ly is much more incomplete than
those given in standard treatisesl) on l ight. Yet even a part ial
di icussion of the foundation principles, provided i t  unfolds
a ; lew aspect of the theory of l ight, may be welcome to
investigators who seek the laws o[ nature.

. ' I 'hus I deenr i t  worth rvhi le to present the results at
which I arr ived. Under no other principles have I been able to
br ing  the  var ied  phenomena o f  l igh t  in to  harmony w i th  those
of  c lec t r i c i t y ,  magnet ism,  and grav i ta t ion ,

And since Prof. Majorana, of Rome, in the Philoso-
ph ica l  I \ , Iagaz ine ,  vo l .  39 ,  i l {ay ,  r '92o ,  pp .  488-5o4,  has  been
able to confirnr experimental ly the conclusion respecting
grav i ta t ion  to  wh ich  I  was  led  in  r  9  r  7 ,  (E lec t rod ,  Wave-
Theory  o f  l rhys .  ! -o rc . ,  vo l .  r ,  p .  r55)  -  tha t  the  amount
o[ r 'hatter within the heavenly bodies is nruch greater than
we heretofore have bel ieved, actual ly r.naking the sun's true
mass three t iures that accepted by astronomers, - we see
evidence of a coming transformation of doctr ine in physical
science, greater than any which has occurred since the age
ol Kcpler, Galilci, and Ne ulon. The new theory of the lunar
f luctuit ions, rnotion of .N{ercury's perihel ion, and of the.pro-
b lems o f  the  ae ther  t rea ted  o f  in  AN 5o44,  5o48,  seems to
have t r iumphed incontes tab ly .

Under the circumstances i t  wi l l  not do to shut our
eyes to new conceptions just because they have not been
handed down by tradit ions. When so nrany dif f icult ies have
arisen in the wave-theory of l ight, which can not be over-
come on the old theory, i t  seems to be a sign of error in
the assumed.foundations of the theory i tself ;  and the need
for a rnodif icat ion of the theory is therefore urgent, not only
in the hope of winning new truth, but also of attaining har-
mony and s imp l ic i t y .

I f  by fol lowing the principles o[ the new theory of the

aether already unfolded we have been able to confirm the
work of r9r7, - as by Majoraaa's experiment of r9r9, -

and also obtain a much simpler view of magnetism, eiectro-
dynamic action and universal gravitat ion, - there is plain
indication that we should attempt to harmonize the wave-
theory of l ight with,this theory of the aether.

In venturing upon this new l ine of thought, in accor-
dance with the views of Poisson, r83o, i t  is of course under-
stood that investigators should welcome suggestions for int-
provements which have not yet been made, owing to dif f i -
cult ies in the old point of vierv, as handed dorvn by tradit ion
from the days of Young, F-resnel, Arago, and Cauchy.

ln preparing the third paper we discovered a nerv method
for deterrnining the absolute density of the aether, and
developed a process by rvhich we were enabled to calculate
this density at the surfaces of the sun and planets of the
so la r  sys tem.  Th is  new method was found to  be  app l icab le
to any stel lar or sidereal system, where t le force of gravity
is known by observation, and thus rnay be extended through-
out  the  immens i ty  o f  space.

The method has proved to be of great importance in
con6rnr ing  and de f in i te ly  es tab l i sh ing  the  smal l  dens i ty  o f  the
aetlrer, in accordance rvith the views of Areu,lorr, I{ersclttl,
.Keluin, and Maxutcll, This not only does au'ay rvith the
s t range c la im put  lb r l ,a rd  by  e lec t ron is ts  tha t  the  ae ther
may have an  immense dens i ty  (es t in ra ted  to  be  zooo mi l l ion
t imes tha t  o f  lead ! ) ,  bu t  a lso  de f in i te ly  es tab l i shes  the  com-
press ib i l i t y  o f  thc  ae ther  when power fu l  fo rces  ac t  r lu ick l r ' ,
as in the explosiorrs of dynanrite, n'hich rvas successlt l lv
ernployed by Prof. Francis E. Nipher of St. Louis, to disturb
the  qu iescence or  the  med ium.

Sinie the aether therefore is a gas, with propert ies
which nrake this mediurn approximately isotropic for ordinary
distances at the surface o[ the earth, though aeolotropic in
respect to the heavenly bodies, as distant centres of n'ave-
agitat ion, we perceive that the doctr ine of the * 'ave-theory
of l ight, that the 'r ' ibrat ions are rvhol ly transverse to the
direct ion oI the ray, rests on a fundamental error, and a
correction is required to take account ofthe gaseous charaiter
of the aether, and i ts equal compressibi l i ty in al l  direct ions.
' fhus, contrary to the assunrptions of Green, and others, rvho
get  r id  o [  the  long i tud ina i  component  by  a rb i t ra r i i y  mak ing
tha t  component  o f  the  ve loc i ty  in f in i te ;  there  is  a  long i tud ina l
component  in  l igh t ,  as  in  sound;  bu t  i t  i s  very  smal l ,  because
i t  depends on  the  ra t io  o f  the  ampl i tude to  the  rvave- length
A l ) " :  ro -5 , .due to  the  very  s l igh t  compress ib i l i t y  o f  the
aether. The longitudinal cornponent thus becornes 'y '  -

( ,511) 'g ,  where  g , i s  the  sphe i ica l  p ro jec t ion  fac to r ,  about
l /as ,  deduced f rom F ig . r ,  P la te  Z ;  so  tha t  the  long i tud ina l  com-
ponent  p robab ly  does  no t  exceed r /4oooooo 2) .  Accord ing
to the very accurate experiments described by Prof. I{ast ings,
in section ! below, I{uyghens' construction for the extra-

t) Arnong the great standard treatises on light, that by Sir John lfersehel, Encyclopedia Metropolitana, r8.q9, is to be especially
'commended for'its cornprehensiveness, and because it reflects thc state of the subject justafter the epoch of Young, Fresncl and Arago. Drude's
Theory of Optics, translated, by ll[ann and 'lli l l ihan, (Longrnans, Green & Co., London and New York, I9r7) is the best recent treatise s'ith
which I am farniliar. Lofi l?ayleigh's article Wave-Theory, Encyclopedia Britannica, g,h ed., r887, presents a masterly survey of the subject,
based on great  personal  exper ience,  and rnay be unreservedly recommended.

' )Compare the later  calculat ion in the noteS of  Sept.  rz in sect ion 4,  and in sect ion 8,  below, which indicate that  th is componenr
is about l  :  (66.12o.  ro") .



ord inary . rvave sur face  cer ta in ly  i s  accura te  to  r  :  ro6 ,  wh ich
there fore  lends  a  remarkab le 'suppor t  to  the  new theory  o f
transverse rvaves in l ight.

Final ly, i t  remains to point out that although in our
new theory of the aether we usually speak of the waves as
resembling the waves on the surface of st i l l  water, -  which
convey to the mind the image of part icles revolving in cir-
cular or el l ipt ical paths, while the wave form moves on, -

yet, 
'as 

in the theory of sound, i t  is al lowable, in many
phenomena,  to  conce ive  the  osc i l la t ions  o I  the  par t i c les  to
take place in such narrow el l ipses as to be practical ly rect i-
l inear, in the normal to the wave front, according to Poisson's
theory  o f  r83o.  Such approx imate  rec t i l i near  mot ion  a lways
is referable to sinple harmonic motion, according to the
ordinary theory of uni. form motion in the circle of reference.
Thus our theory is not restr icted in any rvay, but is appl i-
cable to any possible el l ipt ical osci l lat ion of the part icle,
fronr a circle on the one hand, to a straight- l ine el l ipse on
the  o ther ,  as  in  the  d isp lacements  re fe r red  to  s imp le  harmon ic
motion in the theory of sound.

In the third paper on the nerv theory of the aether
(AN 5o79) ,  near  tbe  end o f  sec t ion  8 ,  eqr ra t ions  (AO)  to  (aS)
and beyond, rve have careful ly ci ted the reasoning of Poisson,
who devoted over 25 years to the mathematical theor-v of
w a v e s ,  a n d  i n  h i s  l a i t  p a p e r s  ( r 8 r 9 - r 8 3 9 )  m a i n t a i n e d  t h a t
at a great distance from the source of disturbance the motion
of the rnolecules always is sensibly normal to the rvave front,
as in the theory of sound.

-fhrts Poisson never concurred in the views of Fresncl,
zIra,go, and Cauch:t, ,  which were gradually adopted in the
t rad i t iona l  wave- theory  o f  l igh t .  And i t  must  be  p la in ly
pointed out that Fresncl 's doctr ine of purely transverse waves
was an  assumpt ion  pure  and s imp le ,  wh ich  o f fe red  a  needed
exp lanat ion  o f  the  in te r fe rence o f  po la r ized  l igh t .

I t  is a rratter of authentic record that at f i rst Frcsnel
a,nd Aro.go hesitated to take snch a radical departure as to
postulate transverse rvaves (cf.  Aro,go's Eulogy . on l ,resntl ,
Eng l ish  t rans la t ion ,  Bos ton ,  r849,  pp .  z tz -z r3) .

In regard to the reluctance ol the early investigators
to  admi t  a  la te ra l  v ib ra t ion  in  l igh t ,  i t  n ray  be  po in ted  ou t
that l{u1',ghens, A'cu,lott, and, Euler had held to the vierv of
osc i l la t ions  ch ie f l y  in  the  l ine  o f  the  r rys ,  though l iu lc r ' s
equations involve no necessary restr ict ions as to the direc-
t ion of vibrat ion, being of the sarue general fornr as in the
theory  o f  sound,

d 2 u f  d t z :  - c . 0 2 u f 0 r 2  u :  a s i n l z n f  ) . . ( I t t - r ) l .  ( t )

But at length, Yorng began to entertain the idea that
the molecules of the aether might osci l late in paral lel direc-
t ions transverse to the direct ion of the ray, though he thought
that longitudinal vibrat ions might exist also. Frcsncl inde-
pendently reached the. idea bf transverse vibrat ions, but l ike
Young he could not account for i t  dynamical ly.

In his History of the Inductive Sciences, vol.  I I ,  3'd ed.,
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r857, pp. 332-333,Dr, Wtcui l l  cluotes the renrarks of Frcsncl:
>M, Your)g, more bold in his conjectures and less confiding
in the views of geometers, publ ished i t  before me, though
perhaps he thought of i t  after me.< And from personal jn.

formation of the progress of the theory of transverse waves,
Dr. Whcwell adds:

>And M. Arago was afterwards wont to relate, (I  take
the l iberty of stat ing this from personal knowledge) that
when he and Frcsncl had obtained their joint experimerrtal .
results, of the non-interference of oppositely-polarized penci ls,
and when Fresnel pointed out that transverse vibrat ions t lere
the  on ly  poss ib le  t rans la t ion  o f  th is  fac t  in to  the  undu la to ry
theory ,  he  h in rse l f  p ro tes ted  . tha t  he  had no t  the  courage to
pub l ish  such a  concept ion ;  and accord ing ly ,  the  second par t
of the memoir was published in Frtsntls name alone. What
renders  th is  more  remarkab le  i s ,  tha t  i t  occur red  when N[ .
Arago had in his possession the very letter of Young (Jan.
t z ,  1 8  r 7 ) ,  i n  w h i c h  h e  p r o p o s e d  t h e  s a m e  s u g g e s t i o n . c

From the  c i rcumstances  here  repor ted  i t  w i l l  be  seen
that -|'Vesne/ and Arago did not feel very securer) in their
posit ion, under the cri t icisms of laj t larc, I 'oisson and their
fol lowers. Accordingly Frcsncl and, Arago rvere nrore thun
glad to have the mathematical support of Cauchy, in favor
o f  the  poss ib i l i t y  o f  t ransrn i t t ing  t ransverse  waves ,  i f  once
they  ex is ted .  l lu t  tha t  was  a l l  tha t  Caur / t1 :s  ana lys is  p roved.
I t  d id  no t  ind ica te  ho lv  such t ransverse  rvaves  wou ld  a r ise
in  na ture ,  nor  d id  Frcsn t l  and h is  fo l lo l  e rs  th rorv  any  l igh t
on  th is  d i { t rcu l t  p rob lem.

Accord ing ly  i t  appears  tha t  the  or ig in  o f  the  t ransverse
v ib ra t ions  in  l igh t  has  never  been exp la ined on  a  sa t is fac to ry
bas is ;  and fo r  tha t  reason i t  i s  hoped tha t  the  s imp le  theory
in  sec t ion  4  be low may commend i tse l f  to  geometers  and
natura l  ph i losophers

Another dif f iculty of quite fundamental character in
the rvave-theory of l ight has been before me for many years.
We conrmonly have offered to ns for i l lustrat ion of transverse
wales  the  v ib ra t ions  o f  a  s ing le  s t re tchet l  cord :  th is  looks
obv ious  and conv inc ing ,  when we dea l  on ly  rv i th  a  s ing le
cord free to vibrate in empty space.

But  in  the  theory  o f  l igh t  rve  shou ld  have to  imag ine
a l l  space,  in  the  sphere  V:  a l t f r  /3 ,  t ' :  e ,  / :  r ,  abor r t
the  source  o f  l igh t ,  f i l l e r l  en t i re ly  lu l l  o f  sqch cords ,  rvh ich
wou ld  thus  mutua l l y  c rowd each o ther  on  every  s ide ;  so
tha t  no  one o f  them wou ld  have the  assumed f reedom o f
the single cord used in our class-roorn i l lustrat ions. The
surface of the sphere has the area S : 47t 12 r and for a
spherical shel l  of thickness dr, the volume is 4nr2dr, and

the  in tegra l  o f  vo lume is  V :  an f r 'd r .
Now by no possibi l i ty can the sphere surface S- 4nrz

bq increased. Accordingly no one cord can be moved side-
wise, in transverse vibrat ion, without crowding al l  the other
cords extending outward from the centre, unless we assume
.simultaneous motion of al l  the cords in the same direct ion

g 8 q 5085

r) In another place, Hist. of thi Induct. Sciences, vol, II, p. 359, Dr, Wheuctl explains the embarrassmenr of Arago as follows: M, Arago
n'ould perhaps have at once adopted the conception of transverse vibrations, when it was suggested by his fellow-labourer, Fresnel, if it had
not been that  he rvas a member of  the Inst i tute,  and had to bear the brunt  of  the war in the f requent d iscussions of  the undulatory theory,
to which theory Laflaee, and other leading members, were so vehemently opposed, that they would not even listen u'ith toleration to the argu-
ments in its favour. I do not knorv how far influences of this kind might operate in producing the .delays which took place in the publication
of. Fresnel's DaDers.(

z,6r
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for the spherical shel l  4nrzdr. The chances are infrnity to

one against this occurring.

These considerations alone show that the old wave'theory

of . l ight is inadrnissible. The ,same dif f iculty does not arise

in Poisson's theory of r 8 3 o, 
' 
which makes the vibrations

normal to the wave front, as in sound, and thus al lows vi '

brat ional increase of space equal to l l / -  4nrzdr, where

dr is the ampli tude of the osci l lat ions, With the new theory
.as to why the waves are mainly transverse, nrore ful ly set

forth in section {,  below, i t  is bel ieved that the last out '

standing dif f iculty in the wave-theory of l ight has been re-

moved, But before quitt ing this subject, we mtry state the

expansive dif frculty pointed out above with somewhat greater

mathematical r igor. I f  @ be the velocity-potential,  we have

the usual dif ferential exPression

dd) : udr-rudy-+-wdz . 1 2 )

Now it  is well  known that the l ine integral of the

tangential component velocity around any closed curve of a

moving ( incompressible) f luid remains constant throughout

al l  t ime; so that when d@ is a complete dif ferential,  the

circulat ion Jara i t  zero, just as in the obvious case when

the f luid is at rest:

dJaar : 6tfua"-ruat-+utdz) : s . (s)
When the f luid is incompressible this integral round

a closed circuit  is evanescent, and the momentum, l ike the

circulat ion, is zero; but for a compressible f luid, ' tbe existence

of a velocity 'potential @ does not imply evanescence of the

integral momenturn round a closed circuit  (cf.  Lord Rayleigh,

Theory  o f  Sound,  zod ed . ,  r896,  r 'o l .  2 ,  pp .  8 -9) .

In the case of the aether, horvever, the huid is so

nearly absolutely incompressible that the above theorems

wil l  hold, and we may talte d@ to be essential ly an exact

dif ferentiai;  so that the velocity in any direct ion is expressed

by the corresponding rate of change of @, and therefore

duf dx-rduf dy-rdutf dz :02tDf0x2-r02tDl0l2-r lzrDl7z'z .  (a)

Let .us now consider any closed surface, such as that

o f  the  sphere  a l ready  spoken o f ,  S :  4nr2 .  Then the  ra te

of f low of the f luid outward, across the element dS, becomes:

d S ' d r D l d n .  '

And when the density is constant, the total loss

f luid in t irne dl is given by the double integral:

(61 dt)(al sn or'1 : [ [ aa I an' as at
where the integration is to be extended over the entire sur'

face S : 4tt /2.
Now when the sphere surlace S is ful l  both at the

beginning and. at the end of d/,  the loss of f luid vanishes,

so that
(6 ldr ) (a lsnors)  :  t taaf  do 'dSdt :  o .  (o)

The equation of continuity, for an incompressible fluid
deduced frorn the spacial element drdydz, under this con-
dition of no loss of fluid across the boundary, is

?2 tD l0x2 -r02 rD l0y2 -r?2 tD l0 s2 : e
S 2 @  :  o .

\ 7 )

of

(s)

or briefly

!) A much smaller value rl(6642o' ro"), is reached in section 4 below, Sept' ,2t r92o,
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And as Poisson's equation of wave motion is
02al0f :  azvlo (s)

we see that V2@ 
- o, excludes the existence of waves, i f

this condit ion held r igorously for the t ime dl.
Wherefore we conclude that in traversing the surface

S, the condit ion in (6) wi l l  hold for the wave from the

centre at the beginning and also at the end of the t ime df,

corresponding to the propagation of a rvave through al l  i ts
phases, over the wave' length 1, which represents a complete

osci l lat ion of the f luid.
But for shorter, intervals, the equation (6) wi l l  not

hold r igorously; so tbat temporari ly, over an interval less

than the wave frequency, t :  znfu: I f  I / ,  there is both

Slight compressibi l i ty and a f low of the f luid across the boun'

d .a ry  S  -  
4nrz i  and,  fo r  d tcz  wq have:

(61 6t) (a' l ,n ort l  :  [  !  aa f an' as at - t  dn (s )
rvhere drz is the total f luid temporari ly lost, an inf initesimal

mass posit ive or negative.
Accordingly, in the wave motion of the aether, there

is sl ight compressibi l i ty, and a minute temporary radial motion

of the f luid does take place. Hence we cannot have purely

transverse motion, as assutned in the tradit ional form of the

wave-theory of light due to Frcsnel and Cauchy.

During the last half  century these problems have been

discussed by many eminent iratural phi losophers - Lord l{cluin,

Muxucll, Lord Ra/cigh, Lannor, Glazebroo/t, etc., - but

whilst they give up Grccn's views, they do not reach satis-

factory accord in their views of the aether. A useful surn-

mary of their reasoning is given in Daniel l 's Principles of

Phys ics ,  3 'd  ed i t ion ,  r895,  p .  5  ro .  Under  the  c i rcurns tances

rve have felt  that the older viervs must be entirely abandoned,

and the waves in the aether treated as in Poisson's Theory

of r 83o. There is no experimental evidence of dif ferent

velocit ies for cornpressional and distort ional waves, and no

such assumptions are authorized by the exist ing state of our

knowledge.

2 .  M a r u e l l ' s  E l e c t r o m a g n e t i c  T h e o r y  o f  L i g h t

r e s t s  o n  V i b r a t i o n s  w h o l l y  t r a n s v e r s e  t o  t h e  D i r e c -

t i o n  o f  a  R a y ,  a n d  t h u s  i n  V i e w  o f  t h e  a b o v e  C o n '

s i d e r a t i o n s  t h e  E l e c t r o m a g n e t i c  T h e o r y  a l s o  m u s t  b e

r e j e c t e d  a s  n o t  b a s e d  s t r i c t i y  o n  t h e  L a w s  o f  N a t u r e .

We have just outl ined .the geometrical and physical

dif f iculty encountered by Fresncl 's classical conception of

vibrat ions wholly transverse to the direct ion in which l ight

is propagated; and have shown how waves f lat in the equators

of the atoms, under haphazard arrangement of the atonric

planes, would be equivalent to the uri i form spherical distr i '

but ion of the el l ipt ical vibrat ion paths exhibited to the eye

in Fig. r,  Plate 7. This new prlnciple in the wave'theory

of l ight gives two remarkable results:

r.  From any spherical source o[ l ight, or luminous mass'

where the number of atoms is large, i t  would lead to vibrat ions

so nearly transverse, that the longitudinal comPonent pro'

bab ly  wou ld  no t  exceed the  va lue  r / (4 ' rou) ,  and thus  be

insensible 1) to observation in optical experinrents'
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2. I t  makes the molecules osci l late primari ly in the

direction of the normal to the wave-front, as held by I[uyghcns,

Ncuton, Eahr, Lagrangc, Laplacc ar,d Poisson, prior to the

theory of lateral vibrations of the stretched cord introduced

by Young, Fresnel and Cauchlt. Thus we have at once a

vindication of the profound wave-theory of Poisson, r83o,

without need for recourse to the art i f ic ial and dynarnical ly

inadmissible theory of -Frcsntl, that the vibrations are rvholly

transverse,
'Ihe above citations from Whcacl/ show that Young,

.Frcsncl and Arago were loth to entertain the theory of purely

lateral vibrat ions, which they could not account for dynami-

cal ly, as contrary to the views of geometers since the age

of Ncutton. Apparently it never occurred to Young and Frcsncl

that a theory of project ion for Poisson's normal el i ipt ical paths,

such as ' i s  shorvn  in  F ig .  r ,  P la te  7 ,  rnu l t ip l ied  by  the  smal l

rat io Af ) ' ,  would give mean vibrat ions almost normal to the

ray; without the strained and unnatural theory of lateral motion

appropriate to a stretched cord.
Tbe the<lry of lateral vibrat ions, drawn from the example

of the stretched cord, is approxintateiy correct, as respects

the snral lness of the longitudinal component, but i t  is wholly

lacking in physical basis, as shown above in section I. .  More'

over ' i t  introduces an unfortunate and unnecessary confl ict

between the doctr ines of experimental physics and geotnetry.

The eminent experitnenters, Frcsncl and Arago, and the great

analyst Cauchy, were thus arrayed against Laplacc, Poisson,

and Lanl; yet apparently i t  was not possible for these i l lu '

str ious academicians to sett le the controversy which thus

arose, because the premises in their reasoniug departed from

the order of nature.
If  the theory above traced be admiss' ible, i t  fol lows

that the claims of geometers since the da1's of Neuton and

Eulcr, as put forth by Laplacc and Poisson, certainly were

correct, that at a great distance from the source of the

disturbance the molecular osci l lat ions are normal to the wave

front. On the other hand, the average vibrat ion in l ight

is nearly normal to the ray, owing to the effect of the

spherical project io'n from the variously t i l ted el l ipt ical paths

ai the soJrce of the l ight, and the srnal lness of Al7. Ac'

cordingly we are impressed with the necessity of the most

crucial test of the premises underlying our reasoning in natural

ph i losophy.
In order to outl ine this defect clearly, we shal l  now

treat of the difficulty of the electromagnetic theory of Mar'

u,ell, which will also show the unwarranted assumptions

underlying the Frcsncl- Cauchy wave-theory.
rIf I knew,< says Lord Keluin, (Baltimore Lectures'

r9o4, p. 9) ,what the electromagnetic theory of l ight is, I

might be able to think of i t  in relat ion to the fundamental

principles of the wave theory of l ight. But i t  seems to me

that it is rather a backward step from an absolutely definite

mechanical motion that is put before us by -Frcsnel and his

fol lowers to take up the so'cal led electromagnetic theory of

l ight in the way i t  has been taken up by several writers of

late. In passing, I  may say that the one thing about i t  that

seems intel l igible to me, I  do not think is admissible. What

I mean is, that there should be an electr ic displacement

perpendicular to the l ine of propagation and a magnetic
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disturbance perpendicular to both. I t  seems to me that when

we have an electromagnetic theory of l ight, we shal l  see

electr ic displacement as in the direct ion of propagation, and

simple vibrations as described by .Frcsncl with lines of

vibrat ion perpendicular to the l ine of propagation, for the

motion actual ly consti tut ing l ight.(

If Lord l{eluin had such difficulty in understanding

the electromagnetic theory of l ight, i t  undoubtedly is very

al lowable for the present rvr i ter to at iempt to put the theory

of l ight on a simpler basis.
The f igure .from Matutal/ 's Treatise on Electr ici ty and

1\Iagnetism, vol.  I I ,  p, 439, ci ted belorv, wi l l  put before our

minds the electr ic and magnetic vibrat ions, conceived to be

in planes at r ight angles to each other, and thus cal l ing

forth the above severe criticism by I-ord Keluin, who was

Iong an associate and fr iend of Maxuell ,  I t  seems to be

certain that Lord Keluin was very much bewildered by the

unnatural complications of the electro-magnetic theory, and

thus i t  proved of l i t t le or no value to him.

In his Electr ici t i  et Optique, r90r, p. 73, Poincar! has

pointed out the dif f icult ies and contradict ions he found in

fol lowing Maxpell 's processes. r l l  ne faut pas attr ibuer i

cette contradict ion trop d' importance' J'ai exposi plus haut

en effect les raisons qui rne font penser qlue Maruell ne

regarda i t  la  thdor ie  du  d ip lacement  e lec t r ique ou  du  f lu ide

induc teur  que comme prov iso i re ,  e t  que ce  f lu ide  induc teur

auquel i l  conservait le nom d'dlectr ici t i ,  n'avait pas a ses

yeux plus de rCali tC objective que les deux f luides de Coulonb.<

The importance of having a perfect ly clear under-

standing of Maracl l 's electromagnetic theory is so great that

we quote his ieasoning in ful l '  I t  is not very long, and the

deduct ions  rv i l l  j us t i f y  i t  (pag.  438-39-4o) .
>7go. Let us now confine our attention to plane waves'

the  f ron ts  o f  wh ich  we sha l l  suppose normal  to  the 'ax is

of z. Al l  the quanti t ies, the variat ion of which consti tutes

such rvaves, are functions of z and / only, and are indepen-

dent of r and 1'.  Hence the equations of magnetic induction,

( e ) , ' e r t .  5 9 r ,  a r e  r e d u c e d  t o

a :  - d G l d z  b  :  d F l d z  c :  o  [ r 3 ]  ( r o )

or the magnetic disturbance is in the plane of the wave.

This agrees with what we know of that disturbance which

cons t i tu tes  l igh t . (
rPutting Pa, PB and p'y for a, b and c respectively,

the equations of electr ic currents, Art.  6o7, become

4Tt (t,u : - dbldz : - dzFldz2

47 tpu :  da f  dz :  - d2Gfdz2 [ r + ]  ( r r )

4 f i p t a :  o .

rHence the electr ic disturbance is also in the plane

of the wavb, and i f  the magnetic disturbance is confined to

one direct ion, say that of r,  the electr ic disturbance is con'

f ined to the perpendicular direct ion, or that of 7.<
,But we may calculate the electr ic disturbance in an-

qther way, for i f  f ,  g, h are the cornponents of electr ic dis'

placement in a non-conducting medium,

u :  d f l d t  u :  d s l d t  w :  d h l d t .  [ r 5 ]  ( r l )
>lf P, Q, r? are the components of the electromotive

intensity,
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- f  :  K l m ' P  s :  K l + n ' Q  h :  K l q n ' R  [ r o ]  ( 1 3 )
and since there is no motion of the mediurn, equations (B),
Ar t .  598,  become

P-  -dF ld t  Q:  -dGla t  R -  -d r r l i l ,  I t l ]  ( t+ )
Hence 

u :  - r { l4n-azF ld t2

u :  - K l 4 n . d 2 G l d t 2  w : . - K l q n . d z H l d t z .  I r s ]  ( r 5 )

Comparing these valnes wi th those given in equat ion [14] ,
we  f i nd  r ,  F /  r

o - t ' 1 o 2 2 : I ( p . d l F l d t 2  |  1 t  z \

dzGf dzz - Kp'd2Gf dt|  0 - r{ | t , .dzrrf  dr2.u 
tr9l \ro, l

>The f irst and second of these equations are the equa-
t ions of propagation of a plane wave, and their solut ion is
of the well  known form

.p : fi(z- Vt)-r1r\-r W)
G : A Q - r t t ) - + f n Q - + v t ) .  [ z o ]  ( r z )

The solut ion of the third equation is

I { :  A + - B t  [ z r J  ( r 8 )

where ,4 and .B are functions of :. Zf is therefore either
constant or varies direct ly ' rvi th the t ime. In neither case
can i t  take part in the propagation of \vaves,(

r 7 9 r.  I t  appears from this that
the direct ions, both of the rnagnetic
and the electr ic disturbances. l ie
in the plane of the wave. The
mathematical form of the distur-
bance therefore agrees with that
of the disturbance which consti-
tutes l ight, being transverse to the
direct ion of propagation.<

>If we suppose G - o, the
disturbance wil l  corrbspond to a
plane-polarized ray of l ight.<

rThe magnetic force is in
this case paral lel to the axis ofy
and equal to rf  p,.d,| t- ldz, and the
electromotive intensity is paral lel
to the axis of r- and equal to
- dFldt. 

' l 'he magnetic force
is therefore in a plane perpen-
d icu la r  to  tha t  wh ich  conta ins
the electr ic intensity.<

>The values of the magnetic force and o[the electro-
motive intensity at a given instant at dif ferent points of the
ray are represented in Fig. 67, (cf.  Fig. z), for the case of
a simple harmonic disturbance in one plane. This corresponds
to a ray of plane-polarized l ight, but whether the plane of
polarization corresponds to the plane of the magnetic distur-
bance, or to the plane of the electr ic disturbance, remains
to  be  seen.<

Critical Analysis of Marutcll's Processes.

r. Il,fa*tucll conceived the vibrations to be entirely iir
the wave-front, normal to the axis of z, and thus wholly
dependent oi * and 1, This is a pure assumption, in accor-
dance with the orthodox theory, but indefensible, as is more
ful ly shown hereafter.
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z. I t  appears that Marutcl l  did not regard the.electr ic
or magnetic vibrat ions as having any kind of vort ical rotat ion
as the wave form moves on, because he expressly states,
near the close of section 791, that )this corresponds to a
ray of plane-polarized l ight,< which in the orthodox classical
theory of .Fresnel is conceived to be direct l inear vibrat ions,
at r ight angles to the direct ion of the ray, as shown in Max-
uell's figure.

3, After much investigation, rve have reached the cotr-
clusion that strch supposit ions are pure hypotheses, not just i-
f ied by anything in .nature. For we cannot hold the aether
to be a superf ine gas, the aetherons having alt  the degrees
of freedom appropriate to Poisson's equation

Az@fAtz  :  a2(A2@f?r2-+ lzq f7 tz -+02Af?2, )  ( rS)

and fa i l  to  adrn i t  th ree  component  mot ions  depend ing  on
x, y and s.

4. There was a celebrated controversy on this point
between Poissotz and Fresncl and their followers, in the In-
s t i tu te  o [  France,  ( r8 r9- r839) ,  bu t  to  the  end Po issonhe ld
to the conclusion that in general the vibrat ions are not
normal to the direct ion o[ the ray. Frcsncl himself held
such views, in virtne of the necessity of explaining polari-
zation, i i r terference, etc. ;  and Cauchy's mathematical researches
seemed to indicate that i f  vibrat ions existed norrnal to the
ray, they could be propagated in the aether.

5 .  
' fhere  is  no  doubt  tha t  any  k ind  o f  v ib ra t ions ,  once

establ ished in the aether, may be propagated in that mediurn;
bu t  th is  does  no t  shorv  tha t  the  ac tua l  v ib ra t ions  in  po la r ized
l ight are of this type. Here is a fundarnental crror in the
wave-theory of l ight, which the wave-theory of magnetism
has enablecl us to correct.

6. We hold that l ight must have a longitudinal corn-
ponent depending on the rat io of the ampli tude to the rvave
length, rvhich is small  but f ini te. In the Philosophical Maga-
zine for Sept., r 896, Fitzgerald has a thoughtful and useful
paper on this subject, beginning as fol lows:

>In nrost investigations on the propagation of l ight,
attention has been concentrated on the transverse nature of
the vibrat ion. Longitudinal rnotions have treen relegated to
the case of pressural waves, and investigators have devoted
themselves to separating the two as much as possible. In
Sir Gur.gt Slo/tes's classical l)al)er on Diftraction, and in Lord
I{eluin's Balt inrore I.ectures, the existence of a longitudinal
component is mentioned; but i t  is mentioned only to shorv
that i t  is very srnal l  and thtrt  the motion is mostly trans.
verse. Now the longitudinal component is no doubt gene-
ral ly small ,  except in the immediate neighbourhood of a
source; but i t  by no means fol lows that, as a consequence,
the actual direct ion of motion is transverse at al l  points in
a wave. In every complicated wave there are points and
often l ines along which the transverse component vanishes,
and at al l  these places the small  Iongitudinal component
may be, and often is, of great relative importance, so that
the actual motion is largely in the direction of wave-pro-
pagation at tbese places.c \cf. Fitzgcrald's Scientific Writings,
r  9 o z ,  p .  4  r  8 . )

?. The principle of the dependence of the longitudinal
component in light on the ratio of the amplitude to the
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wave lenght ,  Z :  A l ) , .p ,  rv i l l  enab le  us  on  the  one hand
to reconcile the views of Poisson, on wave propagation, with
those of Frcsnel and Cauchl; and on the other hand to
correct a fundamental defect in the wave-theory of l ight,
rvhich.has stood for nearly a century.

8. Thus i t  wi l l  be seen that Maxucl l ,s f igure above
given has handed down the defect of lack of rotat ion of
the rvave elements, whatever be the ampli tude, and therefore
does not represent nature. No wonder that Lord Kcluin and
others have fai led to understand the electronragnetic theory.
As given by Matuel l  i t  is contrary to the profound and
conscientious researches of Poisson, rvhich were cri t icai ly
examined by Laplace and Fourier, and not at al l  authorized
by the researches of Cauclty. \lith Poinca,"/, therefore, we
disrniss Maruel l 's electromagnetic theory as ,provisoire' ,  not
deduced from the laws o[ nature, but from certain arbitrary
assumpt ions ,  and there fore  lundamenta l l y  de fec t ive .

.  3 .  T h e  C a u c h l - F r e s n r l  T h e o r l '  o f  r v h o l l y  T r a n s -
I ' e r s e  V i b i a t i o n s  d 1 ' n s l n i c a l l y  I n a d m i s s i b l e  f o r  a
G a s e o u s  M e d i u m  o f  H i g h  E l a s t i c i t y  a n d  p r a c t i c a l l y
I n c o m p r e s s i b l e ,  w h e t h e r  I s o t r o p i c  o r  A e o l o t r o p i c .

In his celebrated art icle on the \t [ave-1'heory, I i ,ncy.
clopedia Britannica, gth ed., the late Lord, I la1,l t igh ofren
points out the rveakness of the wave-theoiy of l ieht, and
shows that although we may adopt i t  as a working hypo-
thesis, we are not to trust the theory as a representation of
nature. Thus on pp. 422-445-446, he points out Grcen's as-
sumption that the longitudinal component has inf inite velocity,
in  o rder  to  ge t  r id  o f  th is  d i f f rcu l ty ;  bu t  i t  i s  ev ident  tha t
Lord Rayleig/t regarded this procedure as a somervhat violent
hypothesis, scarcely just i f ied by any kno$'n phenonrenon.
Ilal,lc;f7t t^r",

>The idea of transverse vibrat ions was admitted with
reltrctance, even by Young aid Frcsnel thenrselves. A perfect
f luid, such as the ethereal medium was then supposed to be,
is essential ly incapable of transverse vibrat ions, I lut there
seems to be no reason a priori  for prcferr ing one kind of
v ib ra t ion  to  another ;  and the  phenornena o fpo la r iza t ion  prove
conclusively that, i f  luminous vibrat ions are arralogous to those
of a material mediunr, i t  is to sol ids, and not to f luids, that
n'e must look. An isotropic sol id is capable of propagating
trvo dist inct kinds of waves, - the f irst dependent-upon
rigidity, or the force by rvhich shear is resisted, and the
second analogous to rvaves of sound and dependent upon
compressibi l i ty. In the former the vitrrat ions are transverse
to the direct ion of propagation, that is, they may take place
in any direct ion paral lel to the rvave front, and they are
thus suitable representatives of the vibrat ions of l ight. In
this theory the luminiferous ether is dist inct ly assimilated to
an elast ic sol id, and the velocity of l ight depends upon the
rigidity and density assigned to the medium.<

>The possibi l i ty of longitudinal waves, in which the
displacement is perpendicular to the rvave-front, is an objection
to the elast ic-sol id theory of l ight, for there is nothing known
in optics corresponding thereto. I f ,  however, rve suppose
with Green that the mediurn is incompressible, the velocity
of. longitudinal waves beconres inf inite, and the obiection is
in great degree obviated.<
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'  On page 4zz. Ral, leiglt  had already indicated the l imi-
tat ions of the elast ic-sol id theory:

r.For these and other reasons, especial ly the awkrvard-
ness with which i t  iends i tself  to the explanation of dis-
persion, the elast ic-sol id theory, valuable as a piece of purely
dynamical reasoning, and probably not without mathematical
analogy to the truth, can in optics be regarded only as an
i l lustrat ion. <<

In order to set forth this dif f iculty somewhat more
clearly we shal l  outl ine the mathernatical theory oIplane waves
in hornogeneous elast ic sol ids. The new theory of magne-
t ism, in relat ion to l ight, recently developed, requires for
comparison a definite outl ine of the theory of plane waves
in  a  homogeneous e las t i c  so l id .  I t  i s  on ly  in  th is  way tha t
we can decide whether the waves fronr a magnet are sirni lar
to those of a sol id, or are of a somewhat dif ferent nature.

' l 'he 
fol lowins very brief outl ine is founded on Lord

Ke lu in 's  a r t i c le  E las t ic i t y ,  Ency .  Br i t .  g th  ed . ,  p .  824-5 ;  bu t
is in accord with tbe researches of Caur/t1,, Rankine, Grcen,
lord Rat, leig/t ,  Loue, and niany other eminent authorit ies.

( i)  Definit ions. Let the rectangular axes OX, Oy, OZ
be so  or ien ted  tha t  OX is  perpend icu la r  to  the  wave f ron t ,
and QY, OZ in the plane of the rvave front. ' fhen 

i f  rr ,
P ,  y  be  the  d isp lacements  o f  a  par t i c le  o f  the  so l id ,  whose
und is t t r rbed coord ina tes  are  ( r ,  1 ' ,  z )  we have fo r  any  t ime
the  d is tu rbed coord ina tes  * *  a ,  1*  p  ,  z - l - f  .  Accord ing ly
the  d isp lacernents  . r ,  B ,  y  a re  func t ions  o [c  and / ,  and th is
is  the  de f in i t ion  o l '  rvave nro t ion .

' l 'here 
is therefore a sirnple longitudinal strain I  in the

d i rec t ion  o f  OX,  a r rC two d i f f : ren t ia l  s l ips ,  7  para l le l  to
O Y,  and (  para l le l  ro  OZ,  u 'h ich  are  s i rnp le  d is to r t ions ,
in  the  shear  o f  p lanes  o f  the  rna ter ia l  one over  the  o ther .

' fhe  
va lucs  are

I  :  d . ' / d "  1 1  -  1 1 2 ' d f r l d r  (  :  1 /  2 ' d y l d r .  ( r o )

( i i )  Calculat ion of the rvork done td produce strain.
l f  I I /  denote the rvork per .  unit  volurne required to

produce th is  s t ra in ,  the  s t ress  r luadr ic  becomes:
W - r f r (a[2 +.  nr ,e-r  C( ] - r  zD qe-+-  zE({- r  z  FEt i  ( r  r )

which is an ell ipsoidal surface, A, B, C, D, E, I being
moduluses of elasticity of the solid.

lf !, ,1, r ' be the three components of the traction
per unit area o[ the rvave front, we shall have the l inear
equat ibns connect ing the st ra in and s l ips rv i th  the rnodu-
luses of  e last ic i ty :

y '  :  A  { - rFq-+Ei
{ l / ' 1 ,  :  F { t -B  , t - r  D  (
7 1 / t f r :  E l - + - D q - r C E .

Now let it be further assumed I, 7, ( fulf i l l  l inear relations,
rv i th  the nroduluses of  e last ic i ty  in  the 

' three 
d i rect ions:

1 l [ f  -  A [ -+F r t -a -E i
1 l [q :  FEl-B ' t+De

'  l f  E :  E{- tD ?1-rCE '
The resulting determinantal cubic gives

tive values for M, rvhicb define the ways in
nray be strained. If we substitute any one

( "  r )

Q s )

three real posi-
which the solid'
of these values
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i n  (23 ) ,  we  may  de r i ve  t he  ra t i os  f : 7 : ( ;
nents of the traction yield

! :  M ' d a l d x  { :  M ' d f  l d *  / :

and the compo-

M.dy ld * .  ( r+ )

The three components of the whole force due to the
tractions of the sides of an infinitesimal parallelopiped d* d.2 dz
of the solid obviously are:

dp ld r .6 rdydz  dq ld r .d rdydz  d r fdx ' 6 rdydz .  ( " s )

Now these component forces are in equil ibrium with the
mass I in the same element of space; and hence we have
the resulting equations:

dzaf dtz.q dr b 6z : d?ldt.dx 6y 6z
d2Pf dt}.q dr 6y 6z : dqldr.6ri6y 6z
dzyf dtz.q 6* 6y dz : drldx'61 6y 6z .

( " 6 )

(i i i) Equations of motion for waves in an elastic solid.
Without regard to the space of the element, therefore,

the equations of motion are:
dpf acc : g . d2af dt2 dq f dr : q' d2 B ldtz

d r fd r :  q ' dzy ld t z . Q t )

Substituting the values of E, I, ( from (zo), in (23)
and integrating in respect to .r, we get

Aa-+-(,FP-rEy)y'2 - Ma
' Fa-r(np-rD7')y'2 - MBy'z

Ea- r (OP-+C)r '2  :  M lVz .
( rs)

The three roots of his determinantal cubic may be cal led

Mr, Mz, Ms; and the corresponding values of the rat ios

f lo ,  f lo ,  de termined by  (28) ,  may be  denoted  by  by ,  c1  ,
b, ,  c2, b", t t  ,

.  Accordingly the complete solut ion of (27), subject to
(28), becomes of the form:

0 t  :  & t * a 2 * a g

F :  b t a l * b 2 a 2 * b s a s

T :  4 a r - + - c z a 2 - l c s a s  ( z o )
ar : . fr lr-rt l(Mld)+4lr-tr '(Mrld) 

\- at

a2 : f2fr -r t r' (Ir, I d) -r Fr[* - t r/ (M I e)]
us : /sl*-+ tr'(Mld)-r Frfr- trt('tr'ldl .

(iv) lltrree different wave velocities inferred.

In the above equations /1,1ft,- fs, 4, Fz, Fs are arbi-

trary functions. Owing to the forrn of these expressions i t

is therefbre inferred that there are three dif ferent wave

ve loc i t ies ,  namely :

v, : t/(Mrld t/r: rt(Mld r" : r'(Mule) (so)
and three different kinds of waves, determined by (28), and
depending on the aeolotropic character of the solid. The
waves are therefore very complex, but are much simplif ied
in an isotropic medium.

Simple case of waves in an isotropic solid'

Let the solid be isotropic, and then the moduluses of

elasticitv reduce to the Form:

B : C  p - f i : f : e

M1 :  ,4  M2:  Ms - -  B '
(s  ' )

Accordingly, the above three different kinds of waves

with three different velocities now reduce to just two: Com'
pressional or Longitudinal.
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r.  A compressional wave, l ike that of sound in air,

or other elast ic f luid, with the motion normal to the wave

front. This corresponds to the conclusion reached by Poisson

in 'h is  ce lebra ted  memoi r  o f  r83o,  and ho lds  fo r  any  e las t i c

med ium.
z. A transverse wAve, with the motion paral lel to the

wave front, This wave depends on the assumed propert ies

of an elast ic sol id, which resists shearing motion, as when

one layer sl ides over another,

(v) fne simplest case o[ waves in an inconrpressible

sol id, aeolotropic or isotropic.

When the sol id is incompressible Grccn has shorvn
from equation (zr) above, that the nrodulus of elast ici ty

.4 * o; and hence the displacement along the *-axis la-

n ishes ,  o r  d :  o ,  5  :  o '  There fore  (z r )  becomes s imp iy

W: Bt lz-+ C(2+-zDq' .E.

And the*first of (23) vanishes, leaving merely:

B4-rDl  -  M4 DI-+.Cl :  ME

This  res t r i c t ion  o f  the  osc i l la t ions  to  the  p lane o f  1 ( ,
gives a determinantal quadratic instead of cubic, yielding tu'o

wave velocit ies and two wave modes. The velocity along

the axis of r ' . is thereby taken to be inf inite and a disappears;

leav ing  the  two ve loc i t ies :

. t/2 : r '(Mld rtr: r '(M,lq). (s+)
Anc i  in  the  case o f  i so t ropy ,  I / z :11 ,  as  in  (3 r ) ,  and r t t2

and Ms are principal moduluses, each equal to the modulus

o f  r ig id i ty .
As Lord tYcluin points out, I \  is a mixed modulus

of compressibi l i ty and r igidity - not a principal modulus

general ly, because the distort ions by dif ferential rnotions of

planes of part icles paral lel to the wave front give r ise to

tangential stresses orthogonal to them, which do not inf luence

the wave motion,

(vi) Conclusion applicable to the elast ic medium of

the aether gas.

This outl ine of the theory of plane waves in homo-

geneous elast ic sol ids enables us to form a fair idea of the

possible types of motions of waves in the aether'  When the

motion of the aether wave is not through ponderable bodies,

i t  is free of most restr ict ions, and fol lows recti l ineBr paths:

i f  through ponderable masses, the action always fol lorvs

-Fcrnat's minimum path, defined by lfant'iltoz's stationary

" r ,cond l t lon ,  oJos  :  o .

Accordingly we learn from tbe above analysis that

most any kind of motion may be transmitted by the waves

of an elast ic soi id: and the question to be discussed is

therefore not the type of waves which may be transmitted,

but rather the type of waves which actual ly exist in nature,

and have therefore to be transmitted by the aetherial mediurn.

This is mainly an observational question, and the

observations should therefore be extended to the phenomena

of magnetism and gravitat ion as well  as to those of l ight

and heat .

r.  Since the aether' is a gas, and'therefore conrpressible,

by extremely po#erful quick-acting forces, it follows from

the kinetic theory, that even i f  the propagation of waves

/ , , \

( : : )
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by means of vibrat ions wholly transverse to the direct ion
of a ray of l ight be a geonretr ical possibi l i ty, and Cauthl,
shorved, and, Airy and lferschcl con6rmed by independent
researches, i t  is physical ly inadmissible to assume transverse
displacenrents, and deny corresponding longitudinal displace-
ments, such as was implied in the theory o{ Poisson, t83o,
and suggested by .Fitzgcrald's paper on the Longitudinal
Component  in  L igh t ,  r896.

z. For such an afbitrary restr ict ion would give the
aether gas anisotropic propert ies, - symmetrical as respects
the ry-plane, but unsymmetrical in respect to the z-axis,
along which the l ight ' is propagated, - for no assignable
physical reason, except that the l ight is propagated along
the z-axis.

3. And this unsymmetrical anisotropy would change
its direct ion in space with the change in the direct ion of
the ray of l ight, or the mere rotat ion of the axis about
the origin o[ coordinates; and hence we see that the hypo-
thesis is physical ly inadmissible. Such a physical 

'doctr ine

that the property of the aether changes with the direct ion
of the ray can no more hold a place in natural phi losophy
than can an establ ished reductio ad absurdum in geometry.

4. I f  we view the aether in free space, as homo-
geneous and isotropic, except as rendered heterogeneous and
aeolotropic at great distances, as of the celestial bodies, -

as shown in the f irst paper on the New Theory of the Aether,
AN 5o44, - we cannot admit that i ts vibratory nrot ion
is dif ferent in dif ferent direct ions, and changing with the
direct ion in which the l ight is al lowed to travel.

5. Therefore i f  we admit a series of transverse dis-
placements of the aether part icles for making waves of the
type imagined by -Fresnel, Cauc/t1,, Sir John lferschcl, Air'1t,
I{cluin and Marucll, rve must admit also corresponding longi-
tudinal displacements of the aether in the direct ion o[ wave
propagation - thus giving r ise to rotat ions about nrean
positions, or true waves of the type imagined by Poisson.

6. Instead of the special polarized waves imagined
by Marutell of the type described in section 2 above, and
implying merely a rect i l inear side osci l lat ion of the part icles,
l ike that of a stretched cord, we should therefore imagine
waves of the Poisson type, referable to sinrple harmonic nrot ion
as i l lustrated by the modif ied f igure of Airy for l the surface
of st i l l  water.

' Ihe 
geometrical condit ions are f ixed by the equations:

u - a c o s ( z n t l r - r p )  |  t \ , . /  r , \ ,  I
u : bcys,(zn :1":r,i 

*:,!_'ir;,,:I;y 
:l;.:' (ss)

a :  c c o s l 2 n  l l T - 1 - l l

7. It is therefore evident that in adopting Cagchy's
ideas of vibrations similar to that of a stretched cord,- I{cr-
schel was misled, and he in turn misled Airy and others -
substituting a mere geometrical abstraction, and practically a
physical impossibil i ty, for the valid physical theory of Poisson,
which makes the vibrations of the aether similar to those
of sound, bt Al)' very small.

8. The result has been a traditional false teaching in
the wave-theory o[ light, as hinted at by -Fitzgcrald in the
memoir rOn the Longitudinal Component of Light,< (The
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Scienti f ic Writ ings of Fi lzgcrald, p. 4r8), and by Professor
Chas. S. I lasl ings, Encyclopedia Americana, r go4, art icle
Light,,  quoted in section I above, rvhere i t  is pointed out
that the convict ion has grown that the wave-theory is in some
way wrong.

9. I t  is obviotrs that waves of the types imagined by
Cauc/ty and "Frcsnel could. be transmitted by the perfectly
elast ic aether i f  they existed - as is correctly heldby Ifcrschcl
and Airy - but the question of fact remains: Do they in
genera l  ex is t i

ro. ' I 'his important question must be answered in the
negative. For in magnetism we recognize, from -Faradalt's
rotat ion of a beam of polarized l ight, r845, the rotat ions of
the elements of the aether, the atoms having their equators
lying in paral lel planes. In common luminous bodies, on the
other hand, no such paral lel ism in the atomic planes can be
assumed:  indeed th is  para l le l i sm must  be  emphat ica l l y  den ied .

r  r .  And as  1ve  cannot  have luminous  bod ies ,  w i th  the
atomic  p lanes  a l l  para l le l ,  as  in  magnet ism;  so  a lso  we can
not imagine these atoms so t i l ted as to send rays to us only
from their cornbined poles, Hence the wave-theory of l ight
as herefofore taught is physical ly inadmissible.

.  12. We must hold that the waves of l ight in general
are f lat in the planes of the equators of the atoms, and
these planes t i l ted at al l  possible angles, as explained below
in Section ̂ r[ .  I f  the axis of z be in the plane of the equator
o f  the  v ib ra t ing  a tom,  the  osc i l la t ion  w i l l  be  o f  the  p lane
wave type commonly  shown.  I f  the  ax is  o f  z  l ies  in  the
northern hemisphere of the atom, the approaching waves, as
we look at them, wil l  seem to rotate left  handed, in the form
of  a  le f t  handed he l i x .  I f  the  z -ax is  l ies  in  the  southern
hemisphere of the atom, the waves received wil l  seem to
ro ta te  r igh t  handed,  l i ke  the  co i l s  o f  a  r igh t  handed he l i x .

4 . G e o m e t r i c a l  R e a s o n s  w h y  t h e  V i b r a t i o n s
o f  O r d i n a r y  L i g h t  a r e  m a i n l y ' f r a n s v e r s e .

If  we contemplate the hemisphere presented to our
view by a luminous spherical source of l ight, such as the
sun, i t  is evident that the waves propagated towards the
observer wil l  cover a surface of area

.t l  : 2g 72 ( ro)
And in orthogonal project ion this area wil l  be reduced by
one half,  and become merely the area of a single great circle
o[ the sphere , { t : 7 g 7 2 , ( r z )

The sphere surface seen by us in project ion is enor-
mously fore-shortened and contracted in area at tho border,
while at the centre no decrease in apparent area takes place.
I[  therefore the atoms emit waves which are f lat in the
planes of their equators, and a haphazard arrangement of
the atomic planes holds true, as should occur in a non-
magnetic sphere, i t  fol lows that the beam of l ight emitted
by the sun should have i ts vibrat ions so largely peripheral
that, with AfL very small ,  i t  rvi l l  present practical ly the
appearance of transverse vibrat ions, - as long taught in the
wave-theory of l ight.

In order to examine into this subject somewhat more
cri t ical ly we may proceed as fol lows. Let Fig. 3, Plate 7,
represent an orthogonal project ion of the sun's hemisphere,

5085
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with the centre at O, and the coordinate axes OX and OY

as shown in the diagram. Then, i f  we subdivide the quadrant

of the circle into zo parts, corresponding at the centre to

an angular distance of 4?5 between the small  circles about

that point O as a pole, we may plat a curve aiong the radius

OX which wil l  represent a section of the visible surface of

the hemisphere, as i f  the area were not decreased by the

orthogonal project ion. The equal distances along the radius

OX will represent equal values of the sine of the polar

distance, 0, or equal values of the cosine of the lat i tude

reckoned from the base of the hemisphere here represented

by the lower circle.
The curve may be drawn from a table of natural sines

or cosines by taking y proportional to this function, so that

the change wil l  make a curve of the kind indicated in the

Fig. 3, Plate 7, which is repeated on both sides of O, in order

to show to the eye the enormous condensation of surface

near the circumference of the projected henrisphere. In fact

the double curve on both sides of O is a semicircle, drawn

about Y as a centre, and thus exceedingly simple.
' fhe coordinates of the curve, to four places of d.eciurals,

and the surface integral I for the cornponent of Poisson's

radial wave motion in I ine of sight, equation (38), are:
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globe, or in a ray of ordinary l ight from a globe l ike the
sun or a star. This reasoning applies to any luminous body
or f lame, such as that from a Bunsen-burner in our la-

boratories, rvhich have haphazard arrangement of the atomic
planes, al l  atoms vibrat ing so rapidly that from any single
atom several hundred waves o[ the same type wil l  reach the

eye of the observer before the translatory motions of the
luminous atonrs wil l  produce appreciable change.

In  h is  Undu la to ry  Theory  o f  Opt ics ,  r866,  pp .  r  5  5 - r  56 ,
Airyt says:

r>Common l ight consists of successive series of el l ip-
t ical vibrat ions ( including in this term plane and circular
vibrat ions), al l  the vibrat ions of each series being similar to
each other, but the vibrat ions of on'e series having no rela'
t ion to those of another. The nurnber of vibrat ions in each

series must amount to at least several hundreds; but the

series rnust be so short that several hundred series enter the

eye in every second of t ime.<
'Ihis cri ter ion of Air1, obviously is fulf i l led by the l ight

from any luminorts source, since even in a very stnal l  mass
the atonrs are nunrbered by the tr i l l ion, and no change in

their average orientat ion occurs with the lapse of t ime, though
individual atoms in their mutual interactions wil l  slowly shif t

the i r  ind iv idua l  
.equator ia l  

p lanes  to  new pos i t ions ,  as  the
mil l ions of rni l l ions of vibrat ions are emitted.

The centre of the yel low l ight of the spectrum has a
f requency  o f  5 r7  5ooooooooooo v ib ra t ions  per  second;  and
thus with such an enormous f low o[ waves, they nright be

subdivided into ten thousand nri l l ion successive series and

s t i l l  l eave a  f lood  o f  5 r75o groups  o [  waves  beat in !  upon
the eye in a second. Accordingly, Airyt 's cr i ter ion is per'

fectly consistent with the rnotions of the individual atoms,

in  mutua l  co l l i s ions  a t  the  ra te  o f  say  roooooooooo per

second (cf.  AN 5044, p.66), which is about the average for

terrestr ial gases under laboratory condit ions.

. Returning now to our f igure for i l lustrat ing the enor'
mous preponderance of transverse rays in a beam of ordinary
l ight, we easi ly f ind by calcuiat ion that 6z percent of the

l igh t  conres  f ron l  the  zone 0=:  goo to  0  -  
5 Io45 'z7 ' ,  near

the periphery of the orthogonally projected sphere surface'
We may even extend this zone inward f6 B : 44" 25' 30'
and st i l l  not approach the centre of the circle more than

o.3o  o f  the  rad ius ;  ye t  th is  ou ter  zone to  8 ' inc ludes  7r .4
percent of the luminous sphbre surface. Thus we see frotn

the corresponding small  circles drawn in the f igure about

the pole O, why in ordinary l ight i t  may be described as

practical ly transverse - since a great preponderance of the

l ight from the atoms acts as i f  the vibratory motion were

in the plane of the wave surface.

lThe great hol lowing out of the curve of l igbt near

the centre of the f igure, from which alone indications of a

longitudinal component could be expected to come, and the

smallness of the factor l / i ,  shows why there is such a feetl le

indication of this longitudinal component in ottr actual ex-

periments. I t  is not surprising therefore that in his Undu-

latory l 'heory of Optics, 1866, p. 9r, Sir George Air l '  says:
>The reader who has possessed himself ful ly of this

hypothesis, rvi l l  see at once the connection between al l  the

experiments given above.(
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From these considerations i t  is evident that i f  we

imagine the atoms in the sphere to have their equatorial

planes directed radial ly, rvhich wil l  be the average posit ion

in a large nrass, under haphazard atomic arrangement, the

effect wi l l  be to give us an enormous preponderance of

transverse vibrat ions near the periphery of our Iuminous
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>For the general explanation of these experiments, and
for the accurate investigation of most of the phenomena to
be hereafter described, i t  is indif ferent whether we suppose
the  v ib ra t ions  cons t i tu t ing  po la r ized  l igh t  to  take  p lace  para l le l
to  the  p lane o f  po la r iza t ion ,  o r  perpend icu la r  to  i t .  T 'here
are reasons, however, connected with the most profound in-
vestigations into the nature of crystal l ine separation and into
the nature of ref lect ion fronr glass, etc.,  and confirming each
other in a remarkable degree, that incl ine us to choose the
Ia t te r :  and thus :<

rWhen we say  tha t  l igh t  i s  po la r izec l  in  a  par t i cu la r
p lane,  we mean tha t  the  v ib ra t ion  o f  every"par t i c le  i s .  per -
pend icu la r  to  tha t  p lane.<

>Thus, in the undulat ion consti tut ing the ordinary ray
o[ Iceland spar, the vibrat ion of every part icle is perpen-
d ic r r la r  to  the  pr inc ipa l  p lane o f  the  c rys ta l :  in  tha t  con-
s t i tu t ing  the  ex t raord inary  ray ,  the  v ib ra t ion  o f  every  par t i c le
is  para l le l  to  the  pr inc ipa l  p lane.  When l igh t  fa l l s  upon
uns i l vered  g lass  a t  the  po la r iz ing  ang le ,  the  re f lec ted  wave
is forn.red entirely by vibrat ions perpendicular to the plane
of  inc idence:  the  t ransmi t ted  u 'ave  is  fo rmed by  some'v ib ra-
t ions perpendicular to the plane of incidence, with an excess
of  v ib ra t ions  para l le l  to  the  p lane o f  inc idence.<

rThe reader wil l  perceive that i t  is absolutely necessary
to suppose, either that there are no vibrat ions in, the direc-
t ion of the wave's motion, or that they make no impression
on the eye, tr 'or i f  there were such, there ought in the ex-
periment of (98) to be visible fr inges of interferences: of
such however there is not the smallest trace.(

If we examine the figure, we find from the integral
in the plane ty, that the total l ight emitted is given by the
expression n

z :  !1 'd r  (ss )

'lo derive a corresponding expression for the Poisson waves
emitted radially from the sphere surface, we put

* - s i n 0  y - r - c o S 0  d r : c o s d d 0 .  ( + o )
And we integrate for I between the l imits o and,7f2n,

and, for the surface generated by revolving the axis of .r,
we use ar between the l imits o and zn. Thus we have as
the surface integral of the hemisphere

. 
lf"tr ztc

L '  :  :  J ( '  
- cosa )cos0  dd  da  -  zn  . ( + ' )

To 6nd the l ight . in a beanr we calculate the reduction
of area by orthogonal project ion.

If  now we integrate for the l ight distr ibuted over a
more l imited surface S : . f(0, ar),  we shal l  f ind the value
of  the  in tegra l  so  t r i f l i ng ,  tha t  t i l l  Q  -  

44a 25 '3o ' ,  r :  o .T ,
on ly  28 .6  percent  o f  the  l igh t  w i l l  be  inc luded in  the  cen-
tral canopy. I \1loreover the average factor for the part of
the Poisson radial wave motion in the l ine of sight is only
l / re ,  and the  ra t io  A f  ) " :  ro -5 ,  mak ing l )

z l  :  A l ) . . p :  r l \ . r o ' i )  .  ( q r )

Accordingly one rvould expect experinrenters to reach

t )  The calculat ions ma<le Sept.  rz,  r920,  as
.4.  :  t  : (664zo. lo ' i )  - -  u value hopelessly beyond the
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the very conclusion announced by Airy, in the above passage,
that there is not the smallest trace of visible fr inges of inter-
fe rence due to  the  long i tud ina l  component ,  rvh ich  o f  course
hns to come from the l ight near the centre of the canopy,
Ait '1, personally repeated the experiments which he described
and reduced to mathematical expression: so that his con-
blusions ha'r 'e been rvidely accepted by naturai phi losophers.

It  is by virtue of Ai4, 's ,ur" lrr l  experimentation and
ana lys is  o f  the  wave- theory  o f  l igh t ,  fo l low ing  the  indepen-
dent and profound analysis of Sir John Eerschel, in the great
t rea t ise  on  L igh t ,  Encyc l .  Met ropo l . ,  r  84g,  tha t  we adopt
Air1"s presentation of tbe Subject as authoritat ive. Our con-
clusions therefore are as fol lorvs:

r .  About  Zr .4  percent  o f  the  sphere  sur face  is  in -
c luded w i th in  the  e leva t ion  o f  45o 34 '3o ,  l rom the  base o f
the  hemisphere .  ' fh is  par t  o f  the  sphere  is  a  zone so  near
the  c i rcumference as  to  appear  to  the  observer  to  be  essen-
t ia l l y  per iphera l .  Hence the  or ig in  o f  the  be l ie f ,  in  v iew o f
the  smal lness  o f  the  ra t io  A f  ) , ,  tha t  the  v ib ra t ions  are  ac tua l l y
t ransverse ,  and the  in tegra l  fo r  the  long i tud ina l  component
insens ib le  to  the  exper imenter .

z .  I . igh t  v ib ra t ions  conr ing  f rom th is  per iphery  wou ld
appear  essent ia l l y  as  t ransverse  \ \ .aves ;  and by  proper  op t ica l
app l iances  cou ld  be  po la r ized  in to  r igh t  handed,  le f t  handed,
c i rcu la r ly  po la r ized  or  e l l ip t i ca l l y  po la r ized  l igh t ,  as  seen in
that transmitted through crystals.

3 .  As  on ly  28 .6  percent  o f  the  sphere  sur face  remains
in the larger zone, near the pole, and a considerable part
of the vibrat ions on that polar surface could be resolved
l ikewise into circularly or el l ipt ical ly polarized l ight, we see
that in ordinary l ight, tbe average vibrat ion is described as
made up of el l ipt ical vibrat ions (Airy, I)ndulatory Theory
o f  O p t i c s ,  r 8 6 6 ,  p .  r  5 6 ) .

'  
4. In discussing experiments Ieading tp to I loyd's

observations on conical refract ion, Airy notes, in regard to
po la r iza t ion  o f  l igh t ,  tha t  >  i f  common l igh t  be  inc ident ,
(which not improbably consists of successive series of waves
polarized in every conceivable plane) rays wil l  be formed
directed to every point of the [Newton's]r ing, each ray having
the polarization proper to i ts point of the r ing; and a conical
sheet of l ight wi l l  be formed within the crystal< (Undula-
to ry  Theory  o f  Opt ics ,  p .  ro6) .  Aga in ,  summar iz ing  the
descript ion of ordinary polarization, Airy d,raws three con-
c lus ions :  ( r )  n t f  f ronr  common l igh t  we produce,  by  any
known cont r i vance,  l igh t  tha t  i s  po la r ized  in  one p lane, .
there  is  a lways  produced a t  the  same t ime l igh t  more  or
less polarized in the plane perpendicular to the former>
(p. ss)'

5. On this f irst conclusion Airy comments as fol lows:
>The f irst leads at once to the presumption that polarization
is not a modif icat ion or change of common l ight, but a
resolut ion of i t  into two parts equaily related to planes at
r ight angles to each other; and that the exbibit ion of a bean.r
o f  po la r ized  l igh t  requ i res  the  ac t ion  o f  some pecu l ia r  fo rces
(either those employed in producing ordinary ref lect ion ancl
refract ion or those which produce crystal l ine double refrac-

given in the note to sect ion 8,  belou' ,  make.. , / / t r :  r  :  r66o5o8ooo, rvhich s,ould make
range of  observat ion.  -  Note added, Sept.  r2,  rg2o.

o z * '



407

t ion) which wil l  enable the eye to perceive one of these
parts without rnixture of the other. This presumption is
strongly supported by the phenomena of part ial ly polarized
l ight. I f  l ight fal ls upon a plate of glass incl ined to the
ray, the transmitted l ight, as we have seen, is part ial ly po-
larized. I f  now a second plate of glass be placed in the
path of the transmitted l ight, incl ined at the same angle as
the fonirer plate, but with i ts plane of ref lect ion at r ight
angles to that of the former plate, the l ight which emerges
from it  has lost every trace of polarization; whether i t  be
examined only with the analyzing plate .B, or by the inter-
posit ion of a plate of crystal in the rnanner to be explained
hereaf te r  ( r45) .  ' fh is  seems exp l i cab le  on ly  on  the  suppo-
sit ion that the ef lect of the f irst plate of glass was to
dirninish that part of the l ight which has respect to one
plane (without total ly rernoving i t) ,  and that the effect of
the second plate is to dirninish in the same proport ion that
part ci f  the l ight which has respect to the other plane; and
therefore that, after enlergence from the second plate, the
two port ions of l ight have the same proport ion as before.
On considering this presumption in conjunction with the
second and third conclusion, we easi ly arr ive at this simple
hypothes is  exp la in ing  the  who lec :

rCommon l igh t  cons is ts  o f  undu la t ions  in  wh ich  the
vibrat ions of each part icle are in the plane perpendicular
to the direct ion of the rvave's motion. The polarization of
l ight is the resolrrt ion of the vibrat ions of each part icle into
two, one paral lel to a given plane passin.q through the direc-
t ion of the wave's rnotion, and the other perpendicular to
that plane; rvhich (from causes that we shal l  not al lude to
at present), beconre in certain cases the origin of waves that
travel in dif ferent direct ions. When we are able to separate
one of these from the other, we. say that the l ight of each
is polarized. When the resolved vibrat ion paral lel to the
plane is preserved unaltered, and that perpeqdicular to thc
plane is diminished in a given rat io (or vice versa), and not
separated from it ,  we say that the l ight is part ial ly pola-
r i zed .  q

6. In view of the considerations here deduced by Airy,,
lve see why the spherical distr ibution of waves from atoms
in every conceivable plane wil l  give rays directed to every
point of the circumt-erence of the end of a beam of l ight;
just as in Airy's discussion of the polarization in Newton's-
r ings, i t  is held that the waves )are polarized in every con-
ceivable plane<, and >rays wil l  be forrned directed to every

f 'hus the dif f icult ies of reconci l ing the wave-theory
of l ight with the ele ctrodynamic theory disappear. The
resolved waves in polarized l ight are largely nornral to the
direct ion of propagation, but their original conrponent f lat
wavelets were not, being in atomic planes incl ined at al l
angles.
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point of the r ing, each ray having the polarization proper
to i ts point of the r ing.<

7. To view this reasoning graphical ly, imagine a series
of planes drawn through the centre of the sphere and f ixecl
at equal intervals normal to a nreridian of the circuntference
having i ts pole in the observer's eye. Then irnagine the
whole set of f ixed planes rotated about the pole through
the observer's eye, and stopped at successive intervals of
the circumference equal io those between the f ixed planes.
The equatorial port ions of the hemisphere wil i  thereby be
divided into rectangular conrpartments with areas equal to
12 cos)" dl,  dra, lvere {d is the angle about the pole, and I is
the lat i tude. ' fo get coml)artnrerrts of erlual areas in higher
lat i tudes, the revolving systeln rnust stop at intervals et lual
to  da ; /cos / , : (zn fn \sec) , .  F rom these cons idera t ions  we
perceive that in higher lat i tudes the number of rectangular
compartments decreases rapidly; and i f  the number of f lat
wavelets of I ight are proport ional to the rectangular areas
on the sphere, the wave disturbance in l ight rvi l l  be almost
wholly peripheral,  or transverse.

8 .  Smal l  as  i s  the  amount  o f  l igh t  depend ing  on  the
v ib ra t ions  in  o r  near  the  l ine  o f  v is ion ,  our  sphere  shows
that the central great circles distr ibuted in haphazard fashion,
do not l ie in the l ine of vision, but pass around i t  on al l
sides; and hence we perceive that the disturbance necessa-
l i ly is rotat ional in character, aird nearly transl 'erse to the
direct ion of propagation.

9. Frorn considerations based on polarization, - ten-
ding to shorv that in the ordinary ray of Iceland spar the
vibrat ion of every part icle is perpendicular to the principal
plane of the crystal,  whi le in tbat consti tut ing the extra-
ordinary ray, the vibrat ion of every part icle is paral lel to
the principal plane - the polarized l ight in both cases being
already systernatical ly resolved by the action of the crystal
-  A i ry  conc ludes  in  a r t i c le  ro r  o f  h is  Undu la to ry ' lheory
of Optics, that there is not the srnal lest trace of visible fr inges
of interferences.

ro. I f  the considerations on the spherical distr ibution
of the planes of the f lat rvavelets above deduced .be val id,
Airy's resrlts could be true, and yet give us an inlimited
number of component f lat rvavelets not original ly normal
to the direct ion of the wave propagation, but incl ined to i t
by the angle e , as in the electrodynamic formula of Frans
Ncunann, 1845:

(+s)

( q q )

of elementary
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, t r :  t t ' ! [ t f  ,cos.edsds ' :  _  xx ' j , f$ l i  (ox/as 'dx ' f  d t - rdy las.ay ' la t - rd t las.az ' la t )dsds '

cos6 : cosa coscr'-t-cosp cosB't- cosy cosy' - s6s(7,7')

and yielding the general forrnula lbr electrodynamic action in universal gravitation, or Anfire's theory
electric currents about the atoms:

- t r : " [ " f " [ " f " f  ! t1 , ror( t , r ) [ ( t -a '12+-1r-y\2-r (z-  r r ) t ) - ' tzd.udlds dx 'd j /dz ' .

5 . O t h e r  F u n d a m e n t a l  O b j e c t i o n s  t o
T h e o r y  t h a t  I - i g h t  l V a v e s  a r e  p u r e l y  L i n e a r

(+s)
Fresnel's
T r a n  s .

v e r s e  M o t i o n s .
( i)  Certain circumstances favorable to the old wave-

theory of l ight permitted i t  to progress but did not establ ish
it  on a permanent basis.
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r.  In his memoir of r83o Poisson showed that in

elast ic media waves propagated from a centre are essential ly

l ike sound waves, and at great distances the molecules move

mainly in the direct ion of the normal to the wave front.

Rut Poissorz died in 1839, I 'hi le Cauchy l ived on t i l l  1857;

and moreover the deceptive argument drawn from the vibra'

tions of an elastic cord misled l{erschel and Airl, who failed

to perceive that the underlying pretnise implies anisotropy

in the medium.

z, As Poisson never concurred in the theory of vibra-

tions normal to the direction of the ray, Fresnel and Arago

sou$ht comfort in the analyt ical results of Cauchlt,  And

because such waves are theoretical ly possible when once they

are generated, i t  rvas inferred that l ight has such motion as

is observed in the vibrat ing cord.

3. Cauchy's analysis seems to have proved that i f  waves

norrral to the direct ion of propagation be started, they could

be propagated by such transverse motion; yet he did not

explain how they would arise, or would be started normal

to the direct ion of propagation. Nor did his associates see

the anachronism implied in a medium with anisotropic pro-

pert ies along .r,  ) , ,2, 
-z being in the direct ion of the ray,

whatever that rnay be.

4. After a visit fr6m Ara.go, 1816, Youn,g began to

form a theory of 'waves with motions normal to the direct ion

of propagation. They were held to be similar to undulat ions

carried along a stretched cord, as stated in a letter Apri l  29,

r8r8, (cf.  l l /hi t taker's History of the Aether, P. rzz). ' l -his

example of the vibrat ing cord gave a physical analogy which

was afterwards adopted by Frcsncl, I{crschcl, Airy and others,

but i t  was real ly an anachronisnr; for i t  implied a >str ingy<<

condit ion in the aether, in any direct ion the wave might

travel, but not in other direct ions. 
' Ihe z-co.mponent of the

vibrat ion along the-ray vanished, which rnade C: o, and

therefore s : y'(821-'rJ2) becomes confined wholly to the

wave surface.

5. As we have seen above, Green took the velocity of

the longitudinal component of the waves to be inf inite; which

left the f ini te motion wholly in the wave surface. In the

case of a gaseous aether of cotlrse there is no authority for

this procedure; and thus i t  simply begged the question, by

offering an arbitrary hypothesis.

6, I{anilton's prediction of conical refraction (conf.

l4/hitlaker's History of the Aether, p. l3 r ) only showed

Fresnel's ideas of the theory to be correct in general, but

rvas not an accurate test in al l  detai ls. The theory above

outl ined wil l  explain conical refract ion equally well .  Accor'

dingly in the absence of definite objections, the old wave'

theory tr iumphed by defaulq, at least temporari lyl  yet the

assumptions rnade to get r id of the longitudinal component

never were satisfactory, and could not be justified' because

based on an arbitrary hypothesis.

7. The physical inadmissibi l i ty of Green's postulate

that the longitudinal component has inf inite velocity \Grccn's
Collected Papers, p. 246) is easi ly shown by the fol lowing

considerations:
a) tn his work on Sound, Chap. V, Tyndall shows that

Tvhen the bow of a viol in is given a stroke along the viol in

4 r o

str ing a shri l l  sound arises, owing to the rapidity of the wave

along the str ing, - giving high pitch to the sound. Owing
to i ts higher elast ici ty, waves travel say ten t imes nrore rapidly

along the str ing than through the air.

b) Now it  is easy to see that this is analogous to

Green's unauthorized procedure, which amounts to assuming
a )str ingy( condit ion of the aether in any direct ion in which
l ight is sent. And the chance that the assumed longitudinal

component would not manifest i tself  in some way is very

sl ight, since the aether, with excessively snral l  density, is
natural ly taken to be a gas, and the'velocity of the aetheron
z1 -  

47  rooo kms.

8. Again, in his work on Sound, (p.Z:),  Tlndal l  shows

that a sharpness of shock, or rapidity of vibrat ion, is neces-

sary for producing sonorous waves in air.  >It  is st i l l  more

necessary in hydrogen, because the greater mobil i ty of this

l ight gas tends to prevent the formation of condensations

and rare[actions. <<

Therefore the aether should present enormous dif f icult ies

in the generation of rvaves therein, and st lch is observed

to be a fact. By way of experiment Prof. NiTher alone has

generated disturbances in the aetber; and to produce them

he had to use dynamite, which gives intense forces quickly

exerted. Observation thus veri f ies the high velocity of the

aetheron, and wil l  not permit us to assume dif ferent velocit ies

of the aether rvave in dif ferent direct ions'

( i i )  Purely transverse vibrat ions in l ight would imply

only transverse undulat ions in magnetism and electrodynamic

action, rvhich is contrary to observation'

The theory of transverse waves was f irst admitted some-

what reluctantly by Young and Frcsnel in the early part of

the  rg th  century ,  ( I8oz- r829) .  But  under  the  ce lebra ted

e*pe?intettt .  on dif fract ion, double refract ion, polarization and

interference conducted by -Fresnel and Arago, the theory

became I new means of discovery. 
' fhis apparent experi-

mental tr iumph of the undulatory theory aroused such interest

that a long series of bri l l iant mathematical researches were

entered upon by the eminent natural phi losophers then resi '

dent at Paris - Nauier, Poisson, Cauchl, and Lanl.

I t  is true that these mathematicians lvere by no means

agreed among themselves as to the detai ls, yet their work was

mathematical ly so impressive that i t  created great interest in

other countr ies, more especial ly in England, and was adopted

by Airy, E[anilton and Ifcrschcl, and sttbsequently by Green,

Thonson (Lord Keluin), Stohcs, Maruell, and Ra1'leigh. ln this

way the undulatory theory as now taught came into wide use;

and yet i t  was always suspected to be somewhat defective,

and we shal l  now point out some addit ional reasons why the

tradit ional view can not be val id.

r.  The theory of purely transverse waves in l ight is

direct ly inconsistent with the rotat ions actual ly known in

magnetism, and with the electrodynamic action of a current

on a magnetic needle, in such phenomena as Ocrsted's ex'
p e r i m e n t  o f  r 8 r 9 .

z. For i f  the motion of the aether is l inear and trans-

verse in l ight, i t  would be logicai to conclude that i t  must

be of the same type in the waves by which electrodynamic

action is propagated across space. Indeed, experiment proves
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that both actions have the same velocity, and take place in
the same nredium. And we have no grounds for assuming
a dif ference of wave type.

- 
3. Yet we know by actual observation that in Ocrstcd's

exper iment  o f  r8 r9  the  magnet ic  need le  no t  on ly  i s  d i rec ted
in a definite way, depending on the direct ion of the current,
but also attracted to the conductor by the action of electro-
dynamic waves propagated from the . lvire, as f irst pointed
out  by  the  present  wr i te r  in  rg r4 .

4 .  Now the  e lec t rodynamic  waves  d iscovered in  r9 r4
can not be wholly trat 'rsverse, as held by Fresncl and his
fol lowers in the wave-theory of l ight; for in that case there
could be no actual attract ion bn the needle. On the con-
trary, Marucl l  held (1'reatise on Electr ici ty and N{agnetism,

3d ed., S ZSS) that such transverse waves exert a sl ight re-
pulsion, and on the preruise employed i t  is dif f icult  to refute
h is  conc lus ion .

5. In order to exert the observed attract ion, the electro-
dynamic rvaves must have rotat ions somervhat l ike those ob-
served in water waves; and the needle must so orient i tself
that the elementary Ampdre-currents of electr ici ty about tbe
atoms coincide in direct ion with those in the electrodynamic
waves propagated from the wire.

6. The observed attract ion of tbe magnetic needle to
the wire therefore is inconsistent with Fresncl 's doctr ine of
purely transverse waves, as taught in the theory of l ight and
adopted by Lfarwcl l  in his electromagnetic theory. Now
magnets thernselves have circulat ion of currents about their
atonrs, as f irst shown by Any'brc's experiments with currents
in  rSzz ;  and these .cur ren ts  about  the  a toms g ive  r i se  to
the rotat ions about the Faraday-l ines of force, thus forming
the waves propagated outward from magnets. I t  is only in
this way that we can imagine how magnets presenting un-
l ike poles attract; and, when l ike poles are presented, iepel,
by a mechanisnr at last disclosed to our vision.

7. Therefore the magnetic needle is attracted to a
conducting wire by the electrodynamic waves propagated
outwardly from it ;  and magnets' themselves also attract by
sending out waves defined by the well  known rotat ions about
the Faraday-l ines of force. Accordingly i t  fol lows that al l
such waves must necessari ly involve rotat ions in the aether
to make up the waves; and the waves incontestably are not
wholly transverse, but only transverse in somewhat the same
way that water waves are transverse.

8. The "Fresncl theory of purely transverse light waves
thus again is definitely disproved, and we may reconci le the
varied mathematical researches of Poisson, Cauchy, and LanC,
It should be noticed, however, that Cauchy's reasoning had
no physical basis, to control the legit imacy of the hypotheses
underlying i t ,  except. the art i f ic ial analogy with the vibrat ing
cord. Poisson and IanC on the other hand never were fully
convinced that the motion in l ight is rvhol ly transverse. ' l 'he

theory outl ined in section .r[  above probably had never oc-
curred to them.

9. Accordingly there are real weaknesses in the tra-
dit ional wave-theory of l ight; and the dif f icult ies noriced by
the earl ier inlest igators have never been satisfactori ly over-
come, l 'he objections here pointed out appear to be nerv,
and absolutely fatal to the theory of rvhol iy transverse waves

4 1 2

as held by Fresnel. He was essential ly a special ist in l ight,
ra ther  than a  mathemat ic ian .and a l l  a round na tura l  ph i lo -
sopher, like Poisson, who never did believe that in nature
the aetherial vibrat ions could be as -Frcsuel inragined. T'he
temporary scepticism of the i l lustr ious Poisson is norv veri f ied
fron a new point of view, after the lapse of nearly a century.

ro. I t  is remarkable that such a palpable perversion
as the theory of wholly transverse vibrat ions gained currency
in science through the nrisdirected reasonins of the fol lorvers
of Caudty. 1'hey seenr to have been misled by beauti lul
general formulae, val id enor.rgh as applied to lvave motion
in crystal l ine media, but utterly deceptive as appliecl to the
simple case of the aether i tself ,  vierved in free space as a
uniform isotropic mediunr, which furnishes the general basis
for the undulatory theory of l ight. ' I 'his 

outconre is the rnore
renrarkable and unfortnnate, since Poisson was a greater and
more sagacious physical phi iosopher than Cauthl ' ,  rvho las
chief ly a pure mathematician.

( i i i )  Dif frcult ies in the wave theory of l ight as oui l ined
by Prof. Chas. S. .E[astings.

In a letter to the present writer, dated Aug. r 7, 1916,
Prof . Easlings speaks as follows:

>That l ight vibrat ions necessari ly are transverse only
is proved in many ways - perhaps most obviously by the
fac t  tha t  cornp le te  po la r iza t ion  is  poss ib le .k

rIf  l ight waves fal l  norrnal ly on a refract ing surface,
any free element of volume in the f irst niedium is sustained
in permanent transverse vibrat ions o[ definite period, but i f
i t  is attached to an element of the secbnd medium as at
the interface, the second nredium having either a greater
density or a greater r igidity, i t  wi l l  not (although necessari ly
retaining the same period) move so far from its posit ion of
equi l ibr ium. Just at this region, therefore, so far as the f irst
medium is concerned, we must add a system of waves of
opposite phase and of an ampli tude easi ly calculable from
the rat io of l ight velocit ies in the two media. - this con-
st i tutes the ref lected l ight.<

>Now consider the refracted l ight. The element of
volume just below the interface has. the sanre period and
amplitude as the attached element above; i t  is therefore a
port ion of a system of waves propagated in the sanre direc-
t ion as the incident waves but with a velocity determined
very simply by the density and r igidity.<

>It is when we con-
sider obl ique incidences
that we get into dif f i -
culties, ]i'esncl assumed
that the same condit ion
held in these cases also,

. but, as you gan readi ly

) see from the diagraru,
there could exist a stable

\ state of vibrat ions at the
Iig. 4. Professor l fast i t tg's diagrarn of the srtrface OnlV when there

path of l ight at the interfac"'  is a systeni of co'rpres-
sional u'aves also proceeding from the interface in a direct ion
and o f  .an  in tens i ty  eas i l y  ca lcu lab le  i i  the  ra t io  o f  lo luure-
elast ici ty to r igidity is knos'n. Norv no such systern of
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longitudinal waves exists under any circumstances, because
the energy carried by the reflected and relracted wave systems
taken together always equals the energy carried to the re-
fracting surface by the incident wave system. (This, by the
way, is the direct answer to your principal question. I  might
stop here but the f ixed habit of an old teacher leads me
to add: -) In order to get r id of the obvious dif f iculty
.Frtsncl assunled that the volume-elasticity of the ether, both
free and associated with matter, is infinitely great, in which
case the velocity of the longitudinal wave system would be
infinite and it would carry no energy with it. Aside from
the fact that absolute incompressibi i i ty is dif f icult  to conceive
there are other serious dif f icult ies in the theory connected
rvith the phenomena of double refract ion.<

>Stokes is said to have invented an elastic-solid theory,
rvhich, however, carr ied with i t  as a necessary consequence
the proof that lfq,g/tczs' construction of the extraordinary
wave surface in Iceland spar is sl ightly erroneous, say in the
fourth decimal. Fitzgerald attempted to test this by accurate

Now the equation
I  * * n 1 t * n  z :  o

'represents a plane through the origin. And
l r *my*nz - (a l - r s )  :  o  (+S)

represents a plane with perpendicular p: (at-+s) from the
origin.

lf plane waves proceed from the equator of an atomi
.the radius of the spherical wave surface about the atom will

4 t +

measurements (the first made since Eryghcnsl) but failed in
attaining adequate precision. Final ly I  demonstrated (Amer.

Jour. Sci. somewhere) that Eulghens' construction is certainly
accura te  to  r .  ro -6 .<

rMore recently Ikhin, who was especially desirous of
gett ing a defensible elast ic-sol id theory of l ight, proposed a
zero volume-elastici ty, or a col lapsible ether. This gives
zero velocity for compressional waves and hence no energy
is carried away from the interface. Keluin apparently left
his readers to imagine an outer boundary condit ion which
would prevent the ether-universe from col lapsing.<

6 .  O u t l i n e  o f  t h e  G e n e r a l  T h e o r y  o f  t h e  W a v e s
f r o m  a n y  B o d y ,  w h e t h e r  d u e  t o  L i g h t ,  M a g n e t i s m ,
E l e c t r o d y n a m i c  A c t i o n  o r  U n i v e r s a l  G r a v i t a t i o n .

( i)  nesults of Poisson's analysis for wave motion.

As we have seen, in the third paper, Poisson reduces
(Memoir of r83o, p. 556) the sextuple integral for the pro-
pagation of waves to the double integral:

increase with at; and the disturbance, in the plane of the
flat wave, in the equator of the atom,. will travel away with
the velocity at,  and remain paral lel to the original in al l
paral lel  planes, Th:us lr l-my-rnz-(at-+-J) :  o represents
the disturbance in the equatorial plane of the flat waves from
any atom, propagated in every direct ion paral lel thereto.

Our integration should include the disturbances along
these planes in which the waves are flat. Accordingly, for
the waves from any atom we have
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q : (r I an)i ir1, * * .os d, y * at sin d sin ar, z -r at sin 6cos or) / sin d dd dar
o o  n2r .  (+O)

<-$ lan) (a /a l )J  
! I rQc-+atcos6,  

y t -a ts inds in r l ,  z -+-a ts indcosar ) /s ind  d ld ro .

(+z)

A:( r la f l f !n l t ( r - ra tcosd) - r rn (y -+a ts in |s in r i )+ -n(z - ra ts in |cosar ) - (a / - r -s ) ] rs indadar , r
. o o .n 2tt (+S)

-r$lan)(alar l l  
IO l l (x-ratcosd)-+-m(y+-atsind sinr,r)-+-a (z-+atsind cosar)-(ar-+-s)]  rs ind dd dco .

And if *" int.gr"tl 
ornr. 

"*Or..rion 
for the waves from all the atoms of a body, we shall have

, '  f t  2 ' lE 1E 2ft

"@:" f  !  !@l+"1[  !p{ t (* -+atcosd)-+nt(y-+ats indsinro)- r -a(z+-ats in0cosa,) - (at -+s) l r2s inddrd6dr l . ts in0dSd,a
o o o  o o

,' 11 211 E 211
(so)

* [  !  t t r tA@ld| j .  :nU(r+atcosd)-rn l1,+ats ind s inu)-+n(z-+ats in0 cosor)- (ar- rs) ]zzs ind d, rd,6 d,ot . ts in ld,0dto .

This equation may be simplif ied somewhat by a transformation employed by ?oisson in his Memoir of r8r9, p. t27.
I n  t h i s  we  pu t :  l a -pcos6 ,  ma :?s ind ,s ina r ,  r t a : l s i nd , cos r r r ,  (S r )

and then the second terms under the integral signs become of the form

t\cos1'  cosd- lcos(ar  - ro ' )s in i '  s ind)  :  tcost l , t  d l l  :  s inddddro

/ n 2 ' E  I C  2 E

a: [ [ j tqoa ISF{ t r -+ -n1 , - rnz ' - (a t -+s) - r tcos tp \12s in6drd0dto ' rs inddddr , r

r f i 2 n  f i  2 N

*  Mt r  l  d  @l  d4  :  I  n  Q *  + , ,  1 ,  - r  n  z  -  (a t - *  s )  -+  t  co t  9 l  r '  s in  6  d r  dd  do '  I  s in  d  dd  da  .

(s r)

(s s).

I

and therefore

o o o o o



(ii) Simplified expressions for all the elements of a spherical surface with nrotion making any angle with the radius.
Accordingly, when we have equations of the type found in Poisson's expression (Memoir of r8rg, p. tz7):

E 2i l

P : 
: [ /k rot o * h sin u sin u i-Z sin z cos z) s in u du d,u
o o

we may  pu t  g_  pcosa '  h :?s inu ' s i nu '  k :?s inu ' cosu , ,
and thus obtain: n 2,E

O F
P : 

J J / | p l.ot "' 
cos rz -r cos (z - z') sin rz' sin ul\ sin u du du

o o

By using the simpli fying formulae:

cos tf.r : cosu' cosu*cos(z- z')sin u' sinu j61 : sinu d,u d,u
this reduces to n 2ft

P :  
{  { f?cosr l r )dar .

rThus this quanti ty P represents the sum of al l  the elements of the spherical surface, mult ipl ied each by
of the cosine o[ the angle comprised between i ts radius and a radius determined in posit ion.c

A wave f lat in the equator of the atom is defined by

l r * n 1 * n z - ( a t - + s ) :  s .
The coordinates for the spherical' propagation of the wave are

** at cosl y-+ at sin4 sin ot z -+- at sind cos a .
Ffence n 2E

6:$ lan) t  !nQQ-+otcosd) - rn t (y -+a ts ine  s in . l ) - rn (z - ra ts indcosar ) - (a r - rs ) ) ts indadaar
o o fi2't l

4 r 5

And the equation of wave motion is:
' I i Dz(Dl?tz : a2(a2@1012-rD2rDf01,z-raz@faz\. (oc)

The fundamental equations

( iv) Gauss' theorem that the sum total of posit ive and
negative nragnetic f luid in any magnet is zero confirms the
wave-theoly of magnetism.

In his Al lgemeine Tbeorie des Erdmagnetismus, r838,

.
I

5 0 d 5 4 1 6

(s +)

(s  s)

(so)

( s z )

(sa)

a given function

(+a)

( ss )

( 0 . )
+-( r l47 ik , ldr l !  

[o  Q(*- ratcos0)-+nt(1t - rats ind s inr , r ) - i -z  (z- rats ind cos. ; , ) - (at -+s) ] rs ind dd da .

'  These solut ions are general for wave motion in l ight, I  coordinates of the disturbed molecules at any t ime l ,  wi l l  be
magnet ism or  s imi la r  na tura l  phenomema;  and thus  i t  remains  I  found inaspheresur face :  (a t )z : (x* * , )2 - r (y -2 , )2 - r (z -2 , )2
to examine certain expressions in Gaass' Theory of Terrestrial II  r -1s t  :  7969g -  a tcosd
Magnetism, to ascertain i f  these phenomena are consistent I
with the wave-theory. But before entering 

-r;;; -C;;; 

I !-! ' .: r"indsinr'r : ats|n|.sino, (ot)

phenomena, we summarize the hypoth.se, uide.iyi ng Poisson's I z-2t : rsindcosor - a1 5i1( cost.r..
analysis as briefly as possible. I eccordingly ar the tinre / the coordinates of the

i,,,1 (l;;) rne equations for waves propagated spherically in I 
disturbed molecules wil l be:

in '  e last ic  medium. I  r - rat  cosd y-+ats ind s inao z*ats in |  cosro .  (Or)
Consider a system of waves propagated spherically, I And Poissoz's solution yields the integral over the sphere

from any point, whose coordinates are x,y, z, t. Then the I surface (at, l, a):

x
@ : (t I an) ! ! n l"* at cos d, 7 -r at sin 6 sin a, z * atsin / cos ar ) t sin| d,6 d,a

o  o  nz r  (O : )
+ Q I an\ (al dl S [ 

" 
lx-r at cos|, yt at sind sin ar, z * at sind cos a; ] t sin 0 d0 6o .

dufdt :a2dsfdr  dufdt :a2dsldy dwfdt :a2dsfdz , -  , lO.zr ,  
Gauss has shown that  the sum tota l  of  posi t ive and

ds/dr :  dufdr- rdufd1,-+aalatz '  , : i r lor laOl i t  
(65)  

lnegat ive 
f lu id in  the ent i re ear th is  zero,  so that

. fon :  o .  (or )
lead to the components of the velocity of any molecule 

, I  rn. expression for the potential,  d'e to the magnetic n,ass 1a, is
u : d c D l d * + - ( j  u : d t D l d t - + r r  u : d r D l d z - + W  ( 6 6 )  

I  v :  _ f r l q . d p  ( 6 8 )
'where 

7, I/, l[/' are arbitrary functions of *, y, z, in accor- | where the integral to be extended over the whole magnet,
dance with the condit ions laid down by Lagrangc in the I and q denotes the distance of the element of magnetic mass
MCcanique Analytique. / ap from the point acted on (x,,!,, z,),
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In rectangular coordinates we have:

e : y' l(r - r')' -r(l - /)' -+ (z - z')21

and, in the spherical coordinates used by Gauss,

Q : V' {r2 -r roz - z r rslcosucoszze -l- sinzz s inu() cos(L' - ),0)] } ( z o)

u.and us being polar distances, r and rs being radi i  of the

earth, lo a f ixed longitude, and l ,  a variable longitude, to
be used in extending the integration throughout the mass.

' fhus

r : - 
!,le.d1a : 

- 
S [ :Gla) dx d1, dz

:  - ] ' I ] . V t q \ d r ' r d u ' t ' s i n u d ) . .  ( z ' )

Accordingly when we extend Gauss' theorem to the

entire terrestr ial globe we have the expression for the potential:

211 Ta r
P , . e .  ,  f i  r r  o ,.  r :  -  
J  d lJ  s inz d") la l f l  r ,  dr  .  h  , )

This wil l  give the olr"r, l" t  *,  
";  

point (16, ez6, i 'e),  rvhich

may be outside the earth, as in the moon or sun.

(v) '  Extension of this theorem to the electrodynamic
action betrveen two spheres, as the earth and sun.

Imagine electr ic currents to circulate arottnd the atoms
of trvo globes: i t  is requircd to consicler the result ing electro-
dynamic action. We have the sextuple integral

" 
: S::: l,f('/e) i i' cos(i,i') o dr dy dz d dr' dy' dz' . (z s)

The two masses may be called, M and nt, the laiter being
the sun.

r. The coordinates of the snn (16, oo, ) 'o) nray be

taken as f ixed, while the integration is being extended over
the earth.

z. In the same lvay the coordinates of the earth as

seen from the centre of tl're sun may be regarded as fixed

while the integration is being extended over the sun's'mass.

3 . ' fhe  two masses  as  respec ts  each o ther  a re  th t ts

reduced to weighted points of rnass .r l1 and n. The action

.  P  :  : : : : : :g ls ) r l cos(2 ,z , )  odxdy

The latter expression ,4 is positive, because all the factors

depending on the cosine, i  i 'cos(i ,z ')  are posit ive - the total

angles of integration being in excess o[ a whole or semi-

circumference by the amounts 2to, 2tD'.  
' fhis last expression

(77) explains why gravitat ion always appears as a posit ive

force, though the electrodynamic action on a point vanishes,
- because also i t  enri ts no waves. Both bocl ies f i l l  measurable

space, and the angular overlap is ztrt ,  zrrr '  when the action
of al l  the atoms in both bodies is considered.

7 . W h y  R e f l e c t e d  L i g h t  i s  P o l a r i z e d  i n  a

P l a n e  a t  R i g h t  A n g l e s  t o  t h e  P l a n e  o f  I n c i d e n c e

a n d  R e f l e c t i o n :  C o n f i r m a t i o n  o [  - F r e s n e l ' s  V i e w s .

4 r 8

sun on the earth's atoms is equivalent to the action
earth on the sun's atoms :

r : *[il.fs;nu aufblq) 12 dr

2 7 l E /

: *r 
{at {'in 

o au! @l q) r2 dr -

And both of these expressions ̂ re zero, in accordance rvith
(07)  and (7 r ) ;  fo r  i f  in  the  case o f  the  ear th 's  magnet ism

involving t/rurntn part of the atoms, f  Of :  o, which means

J jJ t t le t  od*dydz i i ' cos( i , / ) :  o ;  Jo  a lso  in  the  case o f
electrodynamic action depending on al l  the atoms, i t  fol lows
+ L ^ r  o  ,  P P P .  r t . -  / . , t \rna t  

J 'ap le  
:  

JJJ  G ld t ; '  cos( r ,e ' )  odxdydz :  o  (20)

if the integration is rigorously restricted to the limits speci-
f i e d  i n  ( 7 a )  a n d  ( 7 5 ) .

Now it  happens that the actions between trvo globes
M and ,il are not restricted to their centres as seen from
each other; but the globes subtend measurable angles zr,r,
zo',  and the atorns are correspondingly dispersed. When the
mass is concentrated at the centre, suppose i t  restr icted to
a minute rneasurable area of unit  size; then the actual ex-
panded l rod ics  w i l l  be  la rger  than th is  minr r te  a rea  in  p ro-
port ions of z and / '  t i tnes. I f  the action on unit mass in
the minute area be one unit,  the action of al l  the mass in
M wi l l ' be  yo  t imes tha t  power lu l ;  and tha t  o f  a l l  the  mass
in nr wi l l  be v'd. Hence the necessity of integration over
every area horvever small  and horvever nripute the density.

(vi) The wave action posit ive as in the observed case
of gravitat ion.

If  the concentrat ion of the action of the distant body
in the centres M and rz be indicated by integration with
rigidly f ixed l imits, zn in the case of 1,,  and z in the case
of u, - which restr icts the mutual act ion to a single minute
area - we may write two integrals for the whole action:
one with no spacial distr ibution, and the other variable
throughout the sol id angles zo, za':

dz d d*' dv'.dz'

( i)  Mechanical analogies are convincing.

r.  We have found the aether to be enormously elast ic,
so that when any penci l  of the medium is f i l led with a beam

of l ight, which consists of rvaves t i l ted at al l  angles and

flowing dn in almost inf ini tely rapid succession, the penci l

may be viewed as maintaining i ts f igure by the elast ici ty of

the medium and the rapid succession of the waves. I f  the
penci l  of l ight str ikes a sol id or l iquid surface, the speed of
the wave motion is suddenly checked, and reaction on the
equil ibr ium of the penci l  .at the boundary takes place: so

that the vibrat ions in certain direct ions are altered by the

contact with the sol id or l iquid surface.

ioss
of the
of the(e s)

(z  +)

(z s)

: 
TI !T! i\' , nl , ,cos (;, ,') o rz dr dJ" sinu du d 162 drs d)'s sin u(r dus : o

2a 2b,  r  2(r ,  2t ) .  , .o 
(z i )

* :  :  S  :  S  J t ' / e )  i i ' c o s ( i , i ' ) o r 2 d r d l s i n z d u d r n 2 d r 6 d l ' s s i n u n d u x  - A .
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z, To judge by a tangible and famil iar experiment, as
to what may happen to a penci l  of l ight, we may compare
it to the stream of water flowing from the nozzle of a garden
hose. The cross-section of the stream of water is assurned
to be circular, and rve recognize that the forces which keep
it so, are chief ly the forward motion and surlace tension,
- the attract ion of the water for i tself .  In the case of the
penci l  o[ l ight, the equil ibrat ing forces depend on the elast ic
power within the aether, and thus are dif ferent; but the effect
produced is very similar, for any slender cyl inder f i l led with
a f low of waves.

3. Now we knorv by dai ly observation, that when a
round strearn of water is thrown by a hose against a sol id
wall ,  the cross-section of the stream ceases to be circular,
and beconres highly f lattened, so that the new cross-section
of the stream becomes an el l ipse, having i ts longer axis nor-
nral to the plane of incidence and ref lect ion. The f lattening
of the ref lected stream of rvater is easi ly seen by the most
careless of observers: and thus analogy leads us to expect
a sirni lar f lattening o[ the vibrat ions in a beam of ref lected
l ight. I t  is true that the f lattened stream o[ water is not
vibrat ing I ike the aether, yet the ref lected stream is f lattened,
and tends to retain that f igure, with el l ipt ical cross-section.

4. I t  has been proved by f lash-i ight photography that
when l iquid drops are forming and fal l ing, the detached
spherules osci l late about a mean f igure, - being alternately
prolate, then spherical,  and f inal ly oblate. In the case of
drops therefore the part icles o[ the f luid osci l late about a
mean posit ion, under the inf luence of surlace tension. The
figure of the drop is drawn out of shape at the instant of
detachment, and in fal l ing the action of surlace tension
restores the normal f igure, and carr ies i t  beyond, so that t l -re
globules o:ci l late about their rnean forrn, which is sl therical.

5. Norv in the same rvay, when a penci l  o[ l ight is
ret lected from a sol id or l iquid surface, the act of ref lect ion
brings into play, for an inf initesimal t ime dd certain forces
rvhich tend to f latten the beam, as ref lected, in a plane normal
to the plane of incidence and ref lect ion. Considerl trg merely
the relat ive motion of the beam in respect to the sol id or
l i r iuid, we may regard the circular penci l  as struck by the
sol id or l iquid in the act of ref lect ion, Owing to i ts elast ici ty,
each e le rnent  o f  the  penc i l  rebounds l i ke  a  lubber  ba l l  -

f la t tened.  in  the  p lane no lmal  to  tha t  o f  po la r iza t ion ,  as  we
see in  the  ac tua l  behav io r  o f  rubber  ba l l s  in  co l l i s ion . '  S ince
each element of the penci l  is elast ic, there is incessant re-
covery frorn the f lattening effect - so that the per.rci l  con-
t inues to vibrate, but by relat ive crowding of the vibrat ing
aetherons i t  has lost i ts circulari ty of cross-section, and
become el l ipt ical,  owing to the restr icted freedon.r imposed
in  the  process  o f  re t lec t ion .

6 .  In  F ig .  6 ,  P la te  8 ,  we may i rnag ine  equa l  ampl i tudes
of vibrat ion, in al l  direct iens from the centre of the incident
beaur as shown above; but al ier rel]ect ion the resistance thus
encountered forces the circle into the el l ipse, as shown. ' fhe

nlutual crowding towards the centre, owing to restr icted free-
dom at the instant of ref lect ion,.forces the penci l  as a whole
out at the sides, and thus i t  takes on a very el l ipt ical form
for the cross-section. In spite of a notable f lattening of the

420

penci l  of l ight the aether part icles describe el l ipses - not
straight l ines, as often stated, in the theory of polarization.

7, I t  has been shown by the recent researches of
I{eiberg that Arc/titnelas used mechanical means of proving
his theorems, at least in the f irst instance, and then made
them rigorous by improving the geometrical denronstrat ion.
Accordingly, in deal ing rvith polarization, we are just i f ied
in adopting similar methods. And the only question is one
of devising a val id model rvhich affords a true analogy. To
this end we rely upon the evidence of experiments, in phe-
nomena easi ly understood and admitt ing of but one inter-
pretat ion.

8. The rnodel of a ref lected stream of water above
out l ined  cer ta in ly  i s  u rechan ica l l y  va l id .  And i t  may be  con-
f irmed and extended by considering the instantaneous forced
forrn o[ a series of rubber bal ls, in such close successipn
as to be united into a sol id tube, l ike the streanr of u,ater,
yet not actual ly touching prior to ref lecLion. At ref lect ion
each bal l  rvould be f lattened by the resistance of the ref lector,
so that the vibrat ions of the aether in the penci l  take the
sanre form, as observed in polarized l ight.

g .  \Vhen l iqu id  d rops  are  fo rmed,  in  the  break ing  o f
a jet,  f lash-l ight photography shorvs them in rapid vibrat ion,
owing  to  sur face  tens ion .  They  fo rm,  and v ib ra te  up  and
down, under gravity; but the rvaves of the aether penci l
would vibrnte nornral to the plane of polarization, rvhen they
are ref lected. ' l 'he 

vibrat ions in a plane at r ight angles to
the plane of 1)olarization thus necessari ly results from the
reflect ion o[ rvaves in an elast ic medium.

ro .  Accord ing ly ,  on  the  bas is  o f  ac tua l  exper ience,
in  rve l l  de l lned phenornena,  i t  i s  i rnposs ib le  to  i rnag ine  any
k ind  o f  v i l r ra t ions  in  re f lec ted  l igh t  o ther  than tha t  a t  r igh t
ang les  to  the  p lane o f  po la r iza t ion .

If rve adopted, the Maccullagfi-Neumann theory of vibra-
t ions, in the plane of polarization, rve should have to expect
mechanical ly a similar effect when a circular stream of rvater
is ref lected by a snrooth sol id wall .  No such effect is ob-
served. And as ref lect ion is et luivalcnt to a blorv against
the round movit-rg stream, renewed at every instant, at inl ini-
tesirnal intervals dl,  rve see clearly that the distort ion of the
vibrat ions should take place, rvi th the longer axis of the
ncw e l l ip t i ca l  n ro t ion  a t  r igh t  ang les  to  the  p lane o f  po la r i -
zation, No other result is rnechanical ly possible.

( i i )  Ana lys is  o i  l i gh t  v ib ra t ions .
Let the three components of the revolving l ight vector be:

u : a cos(zn tf r -+- a)
u : b cos(zn tl.c -r p)
ra : ccos\zn l lrt-y)

5.o85

( u l a ) ! - + ( u l t , ) 2 - r ( u , f c ) r  :  1 ,  n \
r :  I  ( u 2 - + u 2 - + u P 1 .  t 7 6 /

' l 'he 
lburth of these equations indicates that the path

described by the end of the l ight vector is an ei l ipse; and
the f i f th equation gives the displacement relat ively to the
equil ibr ium posit ion of the aether part icle at any t ime.

B)'  altering the angles through Llzrt-6, we are enabled
to  use  s ines  in  the  p lace  o f  cos ines :

sin(zn tf r -+p):,'la:sin(zn tf r) cosp-rcos(zn tf ,r)sinp

sin(z n / f t 
-r t) :, I l, : sin(z n t f r) cos g -+ cos(z n tf r) sin q (l S)

sin(zn tf r-rr'): u,lc:sin(zn tf r)ci>sr+-cos(zn tf p)sinr .

rrC



. Tbe quantities u, r), ?t), represent the rectangular coor-
dinates of the end of the revolving l ight vectoi;  and the
equation for the path, quite indepencJently of the t inre, nray
be ob ta ined by  e l im ina t ing  /  f rom equat ion  (79) ,  by  the
fol lowing process. I f  we mult iply the expandecl form of these
equations by sin (g-r) ,  sin(t -p), and sin(p-q) respectively,
and add them, the r ight hand members rvi l l  be found to
van ish ,  and we ge t :

(u I a) sin (q - r) i- (u I t) sin (r-p) +- (a I c) sin (p -,t) - o . (s o)
This l inear equation connects 1,, n, ,( t ,  which are the

rectangular coordinates of the end of the l ight vectorl  and
hence we see ih"t the path described by i t  l ies in a plane
passing through the origin. The path of the vibrat ion there-
fore is a plane curve.

4 2 r

To get the path as projected on the
we use two of  the equat ions (zs) .  ' l 'hus

of  these equat ions we obta in:
sin(zn tf r)(cos1s sinq - cosrl sinT) : fula)sinq - (ulh)sin1t
cos(z n t f r)(c o sl sin 11 - cosq si np) : - (u f a) c o s q -+ (u I l,) c o s 1t.

If we square and add these two expressions, we
sinz ( p - q) - u2 f a2 -t- uz f bz - z (u I "\fu I 

t) cos ( p - q) .
And we see that this equation is that of an el l ipse whose
principle axes coincide with the coordinate axes u,hen

4-S:1 f2rc ,  so  tha t  on ly  the  f i rs t  te rms o f  the  r igh t  mem-
ber remain, and the left  member is unitv:

coordinate planes,
from the first two

(s  ' )
ger

( s r )

(s  s)
a a n d b

(ss )

r  -  u2faz+azf  12.
This represents ell iptically polarized l ight, in which
may have any ratio.

u f  a * u f  b :  o .

I f  w e  p u t  t , :  o ,  a :  b ,  ? - q :  t t l r f r ,  w e  h a v e  t h e
cond i t ions  fo r  c i rcu la r ly  po la r ized  l igh t :
u :  as in (zn t f r )  r , :  acos(zn t f r )  ( r igh t  handef l )  , ^  ,
u :  as in (zn t f r )  n  :  -a  cos(zn t f r )  ( le f t  handed)  .  .  

\d4 ,
' lVhen 

the vibrat ion el l ipse reduces to a straight
l i n e ,  o r  i n  p r a c t i c e  a p p r o x i m a t e l  y  s o ,  a :  o ,  ? - Q :  o ,
o r  ? - q : l t ,  w e  h a v e  b y  t a k i . n g  t h e  s q u a r e  r o o t  o f  ( S z ) :

In wave motion, the intensity of the action, or the eneigy
of the disturbance, is proport ional to the square of t [L
ampl i tude.  Hence we add,  fo r  the  geomet r ica l  sum,  the
squares of the component ampli tudes A,.B,C, and thus obtain.

y :  Az-YR2-y Ct'  . (a o;
We shall now apply this composition theorem to po-

larized l ight. It is well known that such light is free from
interference, when polarized in planes mutually inclined at
right angles, but alway's gives an intensity equal to the sum
of the in tensi t ies of  the separate rays.

(i i i) Analysis of the composition of polarized l ight
compared with the eviclence of observations.

Let us superpose upon the ray defined by equations
(79)  and t ravel ing a long the z-ax is ,  a ray ofequal  in tensi ty ,
but polarized at right angles to it. If the components of
this new ray be u', t)', u)', and the phase difference be d;
then we shall have
u' : Bsin(zn tlr-rq+d) q.2' : - 1l sin(zn.tf r-+pt-d) ,^ \

w ' -  Csin(znr f r - r r -+6\  (82)
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'  Except for the phase dif ference d, these components
become ident ica l  w i th  those in  (ZS) ,  by  ro ta t ing  the  coor -
dinate system through 9o", about the a-axis. Accordingly,
we have by taking the sums of the components, thus geo-
met r ica l l y  compounded:

21-+ 21' : A'2 : Az -+ 82 -+ z A B cos(6 -r q - p)
s - r L ) '  :  8 , 2  :  A z - + B z _ z A B c o s ( 6 s - p _  q )  ( S S )

ty - f t2 ,  -  C t2  :  zC2( r - f  cOSd)
By sirnple addit ion we have from (ae) the fol lowins

geometrical composit ion of the components of the I ight vectors' :

J ' :  4 t 1 3 ' 2 - l C ' 2 ( s q )
which  is  equ iva len t  to

J '  :  z 7 - r z C 2 c o s d -  4 A B s i n d s i n ( q - p ) .  ( s o )
But  i t  i s  found by  exper iment  tha t  rve  have sens ib lv

7 ' -  ,7 ,  o r  the  in tens i ty  o f  the  compound ray  is  equa l  to
the sum of the intensit ies of the separate rays, and inde_
pendent  o f  the  phase d i f fe rence d .  Hence i t  fo l lows tha t
the  second and th i rd  te rms jn  (9o)  a re  so  smal l  as  to  be
insensible to observation. Therefore we conclude that within
the  l im i ts  o f  observa t ion :

Q : 6  f - q : o . ( s ' )
' I ' ha t  

i s ,  in  po la r ized  l igh t  the  rad ius  vec tor  j s  sens ib ly
perpend icu la r  to  the  d i rec t ion  o f  p ropagat ion  o I  the  ra r : ,
and the motion therefore sensibly transverse, Also from
equat ions  (Sz)  o r  (S5)  i t  fo l lo rvs  tha t  the  par t i c les  v ib ra te
sens ib ly  in  a  s t ra igh t  l ine .

From this analysis, i t  fol lows that rays which have
suffered double refract ion or ref lect ion at the polarizing angle
are plane-polarized, and thus consist of vibrat ions whlch are
sensibly transverse. We use the ternr sensibly transl,erse,
instead of absolutely transverse, in order to reconci le other
facts of observation with mathenratical theory.

It  is shotvn by experimental research that when plane
polarized l ight is ref lected from metals, the effect ls to
conver t  i t  in to  e l l ip t i ca l  po la r iza t ion ,  -  tbe  degree o f  the
el l ipt ici ty depending on the direct ion of the ini ident rav.
and on  i t s  p lane o f  po la r iza t ion ,  as  we l l  as  on  the  na tu iJ
o f  the  re f lec t ing  nre ta l  (c f  .  Ganot 's  phys ics ,  r4 th  ed . ,  rg93,
S  6 7 r ,  p .  6 S 6 ) .

When the plane-polarized l ight is ref lected from si lver,
tbe result ing polarization is almost circular - probably be-
cause si lver is so perfect a condrlctor of electr ic or aether
wave nrotion, that the normal tendency to el l ipt ical motion
is largely restored. But i f  the plane-polarizecl l ight be re-
f lected from galena, a lead ore of lorv electr ic conductivi ty,
the  resu l t ing  po la r iza t ion  remains  a lmost  p lane.

_ Now since el l ipt ical ly polarized l igl i t  never vanishes,
when examined in a Nicol prism, though at alternate posi-
t ions i t  becomes fainter, such el l ipt ical motion in l ight must
be considered the general type of vibrat ion of the aetjrer
particle. If therefore plane-polarized Iight, by reflection fronr
metall ic surfaces, is rendered decidedly more ell iptical in its
motion, it would seem to follow that in plane-polarized l igbt
the motion is never strictly recti l inear; on the contrary such
I ight  a lways has in  i ts  mot ion a s l ight  e l l ip t ica l  e lement ,
which permits of notable restoration, by reflection from silver
and other high conducting metals.

z 8 f
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I t  is for these reasons that, in our discussion of the
above equations, (82) to (qr),  we admit the plane-polarized
vibrat ions to be only sensibly transverse, not r igorously trans-
verse, in rect i l inear paths.

This conclusion from the combination of experimental
research  .w i th  mathemat ica l  ana lys is  fu l l y  sus ta ins  our  v iew
that there necessari ly is a longitudinal component in l ight.
Any other vierv than that here set forth is contradicted by
well  establ ished facts of observation, which appear to adrnit
of but one interpretat ion.

8 .  T h e  U n d u l a t o r y  E x p l a n a t i o n  o f  t h e  P h e -
n o m e n o n  o f  I n t e r f e r e n c e  i n  P o l a r i z e d  L i g h t  c o n -
f o r n r s  t o  P o i s s o n ' s  T h e o r y  o f  t h e  E l l i p t i c a l  V i b r a t i o n s
o f  t h e  A e t h e r  P a r t i c l e s  m a i n l y  i n  t h e  D i r e c t i o n
o f  t h e  N o r m a l  t o  t h e  W a v e  S u r f a c e .

( i)  Explanation of interference when the part icles de-
scr ibe  e l l ipses .

We have shown in section I and .z[ above that the
tradit ional theory of the transverse vibrat ions in l ight is not
str ict ly r igorous, but requires rat ional revision, to take account
of the geornetr ical condit ions specif ied I ' ty Pois.eon, and the
related electrodynamic rvaves frorn each atorn, rvhich underl ies
the theory of magnetism. Thus i t  is advisable to reexanrine
the bearing of these results on the theory of interference of
po la r izcd  l igh t .

l .  The ordinary explanation of interference handed
<iown frorn the days ol Young and Fresul is based upon an
assumed ana logy  w i th  the  s ide  v ib ra t ions  o f  an  e las t i c  cord .
' I 'his theory al lows disturbances given the cord to travel along
it,  whi le the part icles of the cord have only a transverse
motion. But we have seerr that . this explanation begs the
question, in that i t  practical ly assumes a >str ingy< condit ion
of the aether, whereas Poisson's theory of el l ipt ical vibrat ions,
with their major axes in the direct ion o[ the normal to wave
surface, gives an almost identical result,  without physical
premises involving the auisotropy of the medium, or geo-
metrical postulates of purely lateral motion which cannot be
arhnitted.

z. Accordingly, the analogy of the waves conveyed
along a twisted cord seemed so plausible to those who did
not study tbe problem deeply, that i t  came into general use,
and st i l l  hoids i ts place today. Yet a rnore mischievious
doctr ine seldorn has been introduced into science, because
although plausible, i t  is dynamical ly and geometrical ly un-
sound in principle.

For rvhy is the aether, in the tradit ional form of the
wave-theory, assumed to be capable of a transverse rxotion
of appreciable dimensions, but incapable of an equally large
longitudinal motion i  The chief reason for this hypothesis
- for i t  is rnerely a convenient hypothesis - is the problem
of explaining interference, and polarization. I t  is knorvn
from modern research that diffraction only requires that the
length of the waves shal l  be small  compared to the dimen-
sion of the aperture.

l .  Fig. 8, Plate g, shows how a spl i t  beam of plane-
polarized light rnay produce interference fringes when they
differ in phase by 1/2,1..

Foi reasons of sinrpl ici ty in construction the osci l lat ions
of the particles in the figure are taken to be circular, yet
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sinrilar reasoning will hold true for elliptical paths of any
kind, and hence the results here shown are true for every
kind of vibrat ions in poiarized l ight.

I t  wi i l  be noticed that the rays consist of plane waves
with amplitude A and, wave length )", and the ratio ell is
comparatively small ,  but here drawn on a scale large enough
to enable us to see the rotat ion of the elements of the wave
at every point. The waves are imagined to be f lat in the
plane of the paper, and hence they have a longitudinal
component depending on the ampli tude ,4.

4. The adjacent diagram of l ight.and dark bands shows
the interference effects, and is seen to have str ips of darkness
and of l ight, rvhere the motions of the spl i t  rays are such as
to destroy the rotat ion, or augment i t  by the superposit ion
of the separate effects. I l ,  for example, the wave travel along
the *.axis, the displacernent o[ the part icle paral lel to the

7-axis is r l ,  and { paral lel  to the r-axis:

a s i n ( z n x f  ) ' + - a )  :  6 t

{  
-  acos(znr f  ) '+ -a \  :  6 ,  (s r )

s :  l /(r l2-+{ ')  :  o, in circular rr iot ion.

Now a detai led treatlDent of the leading phenomena
of interference is beyond the scope of this paper; yet we
rnay sketch brief ly the wave-theory o[ this subject, in order
to show that in spite of the defect above pointed out in the
forrn o[ the l 'avc-theory of l igtrt  handed down by Young,
F-rcsnl, Ara,go, and Cauch1,, this defect does not invalidate
the explanation of interference.

( i ; )  t ' neory  o f  the  l igh t  and dark  bands.

An adequatc treatutent of dif fract ion phenomena would
rcquire a mathcmatical discussion of Frcsnels integrals (Drudc's
I 'heory  o f  Opt ics ,  pp .  188-196) ,  rvh ich  have the  fo rnr :

U U
t  I '  l t  r  r  P .  t l
5 :J  cos  \  f  2 r ru2  du  ?  :J  s in  I  f  ,nu2  d ,u .  (SS)

Th.re f.lrnctions nray tr. thoug"tlt of as the rectangular
coordinates of a point in the l ight plane f7. Accordingiy,
f ro rn  (93)  we have a t  once:

dF:  dz  cosr f rnu2 dq :  d rs in r f2nu2 (q+)

ds -y '  (agz-+A7: )  -  du .  (sS)
And when the spacial length s is rneasured fronr the

or ig in ,  we have s  :  .u .  (SO)

The functions E, q'ure i l lustrated by the foi lowing f ig. 9
(Drudc's Theory of Optics, p. r92), rvhich has been calculaled
by the nretlrod original ly d,ue to Cornu (Jour. de Phys., 3, r 8 7 4).

F i g ' g '

Diagram of  the double spira l
of Frcsn cl's integrals, for the dif-
f ract ion of  l ight .  The curve coi ls
about the two asymptot ic  points
F and, F . where z: -{-o, and
e, :  -  €.  The maxinra and mi-
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('il
t  n ima of  intensi ty l ie  approxirna-

tely at the intersections of the
line -F.F'rvith the spiral curve.
I f  the f ree intensi ty be r ,  the
maxima are/r :  r .34, /" :  t .zo,
X :  r .  t  6;  the rn in i rna/r :6.79,

7r:o.8+, 7s:o.87 ftf . F-resne/
Oevres Compldtes,  l ,  p.  3zz).
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. It is shown by
points -F and -F' we
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the formation of

5r:J"or1/z nuz du Zr {sin 
\f 2na2 du .

These integrals may be evaluated by putting *, ! as
the rectangular coordinates of a point P, fi2+!2 - 12, where
z is the distance.from the origin. If, therefore, we put:

€

! c - " ' d * : M  ! e - t ' a y : , Y
o o

$'e get for their product the double integral:
@ &

f f ,-("'*t')d* dy,: 1142 .
d a )

Cornu's method that for the asymptotic
have

@

(sr )

(se)

(i i i) Application of the theory to
diffraction patterns,

It is found in the application of the above functions,

that the equations give the central fr inge intensely.white,

with adjacent blackest area, near the centre of the pattern;

here thi double integral total ly vanishes, but on either side

of the centre there remains some i l lumination. When a space

has been traversed along the r 'axis equal to a certain length,

the l ight reappears as i t  should do by the above equations

depending on sine and cosine, with corresponding periodi-

cit ies. The sharpness of the boundary is an essential con-

dit ion of a weli  defined dif fract ion pattern; and without the

fulf i l lment of this geometrical condit ion, a satisfactory ex-

hibit ion of the theory can hardly be real ized.
' In practical experience therefore the values of the

double integrals often are someu'hat approximate, - the

formulae being r igorously true in the centre of the dark and

l ight bands, rvhen the screen effect is mathematical ly sharp,

but at other places only part ly true, - and thus we have

interference bands, shading arvay gradually and attaining

maxima at intervals, where the contrast reaches a maximum,

as shown in the diagram.

In general the researches o[ experienced physical in-

vestigators have shorvn that the theory o[ transverse rvaves

accounts for the dif fract ion pattern rvith great accuracy. ln

seciion g above Pro{. IIas/in.$ states that he fottnd ]fi1',ghens'

cons t ruc t ion  acc t l ra te  to  r :  lo { ; ,  rvh ich  is  a  renarkab le  degree

o[ precision, and equally val id as appl ied to dif fract ion phe-

nomena.
Now in our sl ight correction of the foundations of the

wave theory of l ight, given in sections I and {, we found

tha t  an  accuracy  o f  r : (4 ' ro { ; )  n r igh t  be  a t ta ined be fore

any sensible outstanding phenomena rvott ld be I ikely to arise e).

And as this is belorv the l i rnits of our perception in modern

experiments, we may disrniss the question as beyond the.

l imits of detection in the prescnt state of physical science.

But to show that a real lonqitudinal component should

exist in l ight waves, though i t  is excessively small ,  rve may

recal l  an actual measttrement of the smallness of the longi-

tudinal component in a well  determined experiment rvi th

sound. 'l'he late Lord. RayleigZ observed the musical note

,f i '  due to a pipe of an organ which could be heard at a

distance o[ 8,zo metres; and found by measurement that the

( sq )

a""oraingt"y 

oo, 

o, may be looked upon as a geome-

tr ical surface element in the xy plane; and the problem is

to evaluate Frcsnefs integrals for the diffraction. It is shown

that the asymptotic point I  has the coordinates
€ @

Fr:. [ .o,  r f  2nu2du:rf  ,  7r:Jsin 
t f  znuzdu:rf  ,  (roo)

O O

with corresponding integrals for the point 1' ,  whose coordi-

nates are negative.
In the more general problem of dif fract ion we have

the two integrals:
P . - , ^ P . r . r

6 ' :J 'cos11$,1 ' ) ldo  5 :Js in [1@,1 ' \ao .  ( ,o , )

Here the function

fb, l , )  -  (r , l l ) ( ' lqt-+ ' /go)[r '  cosz s+-12f (roz)

and o is a small  opening of any form in a screen of inf ini te

extent, rvhi le the radi i  vectores

qt :  y '(rtz-+!J-rzL2) qo : y '(xoz-r1be-+-i02) 
(ror)

g :ang le  o fz -ax is  w i th  g r  .o . ( r rqo) : -cos( t  q1) :cos . / . ' -  
- ' '

Near a straight edgel) these functions C and S become.

t  { -€

C{ 
_Jo" 

d, cos \(nl))ftln' -+- '/go) lxzcos2y-ry2l}

r  - F @  ( t o + )

n o
S :J J-0" ay, sin {(zr/f)(r /qr -+- r/go) lx2 cos29-ry2)} .

1) One of the great historical difficulties in the u'avc-theory of light was the problem of cxplaining lvith geometrical rigor the pro'

pagat ion in st ra ight  l inei ,  s ince on Hrvghens'  pr incip le each pa-r t ic le of  the aether in the rvave f ront  becomes a ccntre of  d isturbance.  The

lbSve integruls, .", ,uork",i out 6y moderi g"o,r"t"rr, have theii limits so fixed as to include.the whole region of disturbance, yielding appro'

priate fringes due to interference, but otherrvise giving rectilinear proPagation.'  
t t t "  celebrated geometer Poisson,  o.  * i  l "o in f rom the tareful  note appended . to h is posthumous memoir  of  1839, pp.  I5I- I52'  was

much occupied rv i th the proble-  of  the rect i l inear propagat ion of  l ight  dur ing his last  i l lnes_s:  . .  - .
i ,quand le mal  moins avanc6 lu i  permetta i t  eniore de causer science avec ses amis,  i l  a d i t  qu ' i l  avai t  t rouv6 _comment 

i l  pouvai t  se

fai re,  qu'un 6-branlement ne se propagei t  dans un mi l ieu 6last ique que, ,suivan_t une seule di rect ion;  le mouvemcnt propag6 suivant  les d i rect ions

lat6rales 6tant  insensib ie uussi t6 i  que" l 'angle de ces di rect ions ivec cel le de la propagat ion 6tai t  -appr6 'c iable.  
I l  arr ivai t  a insi  i  la  propagat ion

de la lumidre en l igne droi te,  Plus tar l ,  c6dant au mal ,  et  se d6cidant  enf in i  in terrompre I ' impression de son rn6moire:  c '6ta i t  pourtant ,

a- t - i l  d i t ,  la  part ie or ig inale,  c '6ta i t  d6cis i f  pour la lumidrc;  et  cherchant avec peine le.mot pour expr imer son i , l6e,  i l  a r6P6t6 plusieurs fo is: .

c '€ta i t  un f i ie t  de lumidre.  puissent  ces paroles,  re l ig ieusemqnt consen6cs par les amis de M, Poisson,  les dernidres paroles de science qui

soient  sort ies de sa bouche, mett re les savants sur la i racc de pens6e, et  inspirer  un achdvement de son oeuvre r l igne t lu comlnencement.c

It is unfortunate that poissott's rnernoirs have become very scarce, and thus little knolvn to modern readers. It has long been recog-

nized that there is great nged for the reprintidg of Poisson's Collectgd Works. Rut for py good fortune. in obtaining a set of I'oissott's celebrated

memoirs on waves, 
'iormerly 

belonging to the librury of Sir /ohn Itel,sehet, the results brought out in this paper would not have been possible'

2)  In the note dated Sept.  12,  below, i t  is  shown that  the longi tudinal  component is  L:  (Al) ' )P:  r ' :1664zo'  ro6),  very much smal ler

than first estimated.
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amplitude of the osci l lat ion in these waves could not be greater
than o .o6  o f  a  mi l l imet re .

Now in case ofr l i '  there are 2784 vibrat ions per second,
and the  length  o f  the  wave,  under  a  ve loc i ty  o f  332ooo mm
per second, is therefore r 20 mrn. I f  the ampli tude be
o.o6 mm,.as found by Lord Ra1,l6ig1x, i t  fol lows that the wave
length is zooo t imes the anrpi i tude. As a con'crete example
of the molecular osci l lat ions which produce musical sound,
this result is quite rernarkable.

In the case of l ight we can determine the wave length
very accurately, but we cannot measure the ampli tude of the
aether v/aves by any direct processr). Yet i f  the length of
typical musical waves be some 2ooo t imes their ampli tude,
i t  wi l l  fol low, from the nature of the similar cause involved,
that for so elast ic a medium as the aether the waves should
a lso  be  enormous ly  longer  than the i r  ampl i tudes  -  much
greater than roo times, as assunred by t{cluin, ,4fae;u'c//,
and Larnor. ' I 'his value of Al7: rs-2 is a relat ively snral l
ampli tude, but i t  gives a longitudinal conrponent zo t inres
larger than that noted in tbe sound wave above cited.

Accordingly there is reason to bel ieve that in the case
of  so  h igh ly  e las t i c  a  med ium as  the  ae ther  the  ampl i tude
,4  is  less  than r :  roooooth  o f  the  wave- length ,  o r  a t  leas t
rooo times snaller tban l{cluitt, Maraell, and Lannor as-
sunred. This would make the rat io in the case of the very
elastic aether f i f ty t imes smaller than was observed by Lord
Rayhigh for typical musical sound in our air,  Such a value
as  r :  ro5  cer ta in ly  i s  no t  too  la rge ,  bu t  i t  may be  tha t  the
ratio should be considerably smaller yet.

The fol lowing f igure r r i l lustrates the interference
phenomena observed when l ight passes through a glass wedge,
w i th  the  s ides  mutua l l y  inc l ined  a t  a  smal l  ang le .

This too represents interference, much l ike that of
polarized l ight shown in the preceding discussion, but i t
exh ib i ts  the  phenomena more  in  de ta i l ;  and  the  phenomena
exhibited are consistent with rotat ing elements in the waves
l ike those in the f irst diagram. ' I 'he wedge of glass explains
why the waves interfere in bands at r ight angles to the

height of the wedge. In the f irst diagram the direct ion of
the height of the wedge, for separating the phase of the
wave by 1/21,, would have to be imagined horizontal,  and
the l ight returned along a path paral lel to i ts emission.
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i n te rfcrence

re enforccnent

T : tletplrl]'. 
! ll[6lafl, 

-r(arllar), -r(dl at)21 dr d-1,d2 . (, o s )
For the potential energy due to the distortion of the elements of the medium lve have:

u/ : ( ,1+nx.  ] ' !St [e ld / - .dr t laz) , -+(a{ laz-d6ldr) r - - r -  (ar l lax-a51a1) \drd1,dz.  ( ro6)
In these equations the component velocit ies of the wave disturbances are d{/dr, drl l<Jt, d(f dt,  and the distort ions of the
form o f  the  e lements  6 t :dE ld t -dq fdz ,  6z :dE ldz-de fdr ,  6s :d r l ldx -d ! /d7  g ive  the  d isp lacements  o f  the  e lements
of the medium along the coordinate axes,

The total energy in the medium at any point is the sum of these two energies: T-+ W - I  ,  or

s2:( ' lan)[[[ l ' l rpltat la),-+(arl lat),-r(o!/ar)z]-rt lK.l(di ldt-aqlaz)2-+(aglaz-aelax)r-+(a7lor-dIlay)rl laxayaz (ro7)
which i l lustrates the agitat ion of a medium f i l led with waves.

r )  Since wr i t ing the above paragraph, i t  has occurred to me that  we may calculate the theorer ical  rat io of  the ampl i tur le to rhe wave-
length of  the aether by the fo l lowing process.  We have provet l  that  the aether is  e:68932I6ooooo t i rnes rnore elast ic  than ai r  in proporr ion
to i ts  densi ty.  And i t  is  th is e last ic i ty  which gives the aether u,aves their  enormous veloci ty ;  and,  as compared to a i r ,  the anrpl i tude'should
be -smal ler  in proport ion to the square root  of  th is number.  ! -or  when a wave in the aether begins to be generated i t  speeds away so rapid ly,
under the enormous elast ic i ty ,  that  the ampl i tude is  smal l  in  the same proport ion that  the veloci ty  z is  great .  Now l iom the above value we
6nd that  y 'e :  83o25+; and as the rat io in a i r  furnished by l ,ord Rayleigh's exper i rnents is  r  :  zooo,  * .  have for  the aether the re lat ive rat io:
r l83oz54' t lzooo:  r / I66o5o8ooo, or  83o254 t imes smal ler  than the rat io of  the arnpl i tude to the wave- length in the musical  sound invest i .
gated of  Lord.Rayleig l t ,  The t rue rat io thus.-appcar to be t66o5 t inres srnal ler  than tbat  indicatcd above,  and should be Al) ' : r : (166o5.ro5),
-  r  : ( r . 66o5o8 . ro r r ) ,  wh i ch  rnakes  r \ : ( z l \ ) p :  r : ( 664zo . rou ) .  -  No te  added  Sep .  r z ,  r 9zo .

h[r-L 1\,( ttt I orrerenr c

reenlor< emeu I

in lerltcrence

rc.en l"ort pn en !

i tt lerlrerpuco

retnlorcemen t

Figrr. Farni l iar i l lustrat ion of interfercnce and reenforce-
menr, when rhe l ight of a candle fal ls upon a glass
wedge (tlli/likon and, Ga/e). This gives brighi and
dark bands, paral lel to the edge of the s,edge,
exactly as in the case of Newton-rings about the
centre, in the case of a lens.

( iv) Integral expressions for the kinetic and potential
energy of the .medium when f i l led with ryaves.

Let {,  11 , I  be the rectangular coordinates of a part icle
at the t ime l ,  then the dif ferenrials df,  drt ,  de wil l  denote
the component velocit ies of a part icle in the medium rvhich
is propagating the waves. The part icle is osci l lat ing periodi-
cal ly about a nlean posit ion, at any t ime /,  and thus bas
both  a  ve loc i ty  o f  wh ich  the  components  a re  d f ,  d7 ,  d f ,
and a distort ion from its mean posit ion, or displacement.
I t  i s  we l l  known tha t  in  wave mot ion  ha l f  the  energy  is
k ine t ic ,  ha l f  po ten t ia l :  there{bre  the  k ine t ic  energy  due to
the  component  ve loc i t ies  o f  the  par t i c les  becomes:
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The wave-theory' indicated by all the phenomena of
nature.

In concluding this discussion we draw attention to the
indications of nature from the widest survey of physical
phenomena:

r. In the whole : lomain of mathematical physics, modern
investigations lay great stress on boundary problems. Now
boundary condit ions natural ly would have great importance
if natural forces are due to the action of waves; because
at the boundary of sol id or l iquid bodies the velocity of
propagation is changed very suddenly by the resistance, and
the tendency to refract ion and dispersion.

z. In his celebrated a'rt icle on l ight, I incycl.  Metrop.,
1849, section 56r, Sir Jo/tn I{ersc/tr l  shows that the forces
producing refract ion are such as )may be termed inf inite<.
It  is now recognized that these porverful act ions dppear in
dispersion and dif fract ion, as well  as in refract ion, and give
rise to the molecular forces, which in a future paper wil l
be referred to wave motions, thus confirming the great im-
portance of the rvave-theory for al l  the phenomena of nature.

. 3. Now quite aside from the physical considerations
of part icular phenomena, we have general mathematical
methods for treating part iai  dif ferential equations, invented
bv .Fourier, Poisson, Cauclty and other fJeometers about a
century ago. Thus in our t ime practical ly al l  the equations
of  mathemat ica l  phys ics  tu rn  on  the  t rea t rnent  o f  par t ia l
dif ferential equations, as in sound, heat, l ight, electrodynamic
action, n'ragnetism, etc. And these general mathematical
methods, so largely devised by Fourier and Poisson, point to
waves in the aether as the underlyine cause of physigal forces.

4. Accordingly, the importance of boundary condit ions,
in problents o[ the transmission of energS' through matter
undergoine sudden transit ion of proltcrty, by virtne of f ixed
domains of discontinuity, and thus requir ing the rnethods of
part ial  dif ferential equations for their exact treatment, seemed
to be so remarkable an argument for the wave-theory that
i t  should engage the attention of georneters and natural
phi losophers rvho aim at extending the researches ol Fourier
and Poisson.

p .  T h e o r y  o f  t h e  P r o p a g a t i o n  o f  W a v e  E n e r g y ,
n n d e r  P o i s s o n ' s  E q u a t i o n 0 2 0 l f 0 t 2 - a 2 Y ) Q ) ,  i n  a  C o n t i -
n u o u s  E l a s t i c  S o l i d , ' w i t h  a n  A n a l y s i s  r v h i c h  s h o w s
1 \ 7 a v d s  t r a v e l i n g  i n  D i f f e r e n t  l ) i r e c t i o n s .

ln  the  New Theory  o f  the  Aether  (AN 5oaa,  5oa8)
' lve have calculated the rnean molecular velocity of the aetheron
to be zr - r f  .rn V : 47 r 219 kms per se.ond, and sho,rvn
that the aether obeys certain larvs of density and r igidity
not heretofore suspected. The length of the rnean free path
is  about  573ooo kms,  and in  f ree  space less  than one co l -
l is ion per second occurs between the free aetherons, under
normal motion. Owing to the decrease of density and r igi-
dity torvards large bodies l ike the sun and earth, al l  our old
analogies with the tradit ional elast ic sol id have to tre care-
ful ly revised, and adapted to the new theory rvith extreme
caution.

After very careful consideration of these problems, in
the i ight of the data contained in the f irst,  second, third
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papers on the Nerv Theory of the Aether, I  bel ieve we may
safely conclude that, notwithstanding the very extraordinary
physical propert ies of the aether, in a certain sense i t  behaves
as an elast ic sol id for quick acting forces: namely, that the
aether wil l  fai thful ly transmit any kind of vibrat ion com-
municated to i t ,  whether i t  involve di latat ion of volurne or
mere change of form o[ any element dr dy dz ,

Unless we grant this extraordinary porver of trans-
mission of wave motion, we can scarcely reconci le the
new theory, including the extreme velocity of the aetheron
a :  \ f  ,n  l /  :  47  rz39 kms per  second,  w i th  the  known
ext reme e las t ic i t y  o f  the  ae ther ,  wh ich  is  5  :  6893z16ooooo
t imes grea ter  than tha t  o f  a i r  i r r  p ropor t ion  to  i t s  dens i ty .
I t  is evident that the aether is so dif ferent from air,  in
respect to the high velocity of the aetheron, and the enor-
mous e las t i c i t y  o f  the  rned ium,  tha t  no  movement  o f  any
kind can occur r in i t  without the rnost perfect response to
rvhatever waves arise.

In  th is  sense I  regard  the  ae ther  as  an  inhn i te  aeo lo -
t rop ic  e las t i c  so l id ;  bu t  I  do  no t  assurne tha t  a l l  the  phys ica l
res t r i c t ions  o f  the  ord inary  e las t i c  so l id ,  wh ich  we can sub-
jeg t  to  exper i rnent  in  our  labora tor ies ,  necessar i l y  ho ld  fo r
the  ae ther .  Some o [  these phys ica l  res t r i c t ions ,  rvh ich  we
ascribe to molecular forces in sol ids, rnay be and probably
are  miss ing  in  the  ae ther ,  -  o rv ing  to  the  absence o f  the
complex molecular structure knorvn in sol ids, and to the
enorrnously greater rapidity of the motion of the aetherons.

Our conclusions therefore are as fol lows:

r .  Any  movement  whatever  g iven  to  the  ae ther  w i l l
be  fa i th fu l l y  t ransmi t ted ,  -  ow ing  to  the  ex t remely  h igh
velocit ies of the aetherons, rvhich gives the medium both
extremely great ehstici ty and high r irr idi ty, -  yet the medium
is  no t  l i ke  o rd inary  so l ids ,  in  tba t  i t  has  an  ex t raord inar i l y
smal l  dens i ty .

z. ' Ihe aether, therefore, has most of the rvave trans-
mi t t ing  proper t ies  o f  an  e las t i c  so l id  -  rv i l l  t ransmi t  any
k ind  o f  wave;  ye t  a l rvays  rv i th  one ve loc i ty  on ly ,  a  un i fo rm
velocity I /  -  

3. ro10 clns, rvhich is somervhat dif ferent from
rvhat is attr ibuted to ordinary elast ic sol ids, rvi th two dif ferent
velocit ies, of the fol lorving kind, narnely:

( C )  A  c . o m p r e s s i o n a l  w a v e  i n  a n  e x t e n d e d  m a s s ,
say of steel,  depending on both the compressibi l i ty / l  and
the  r ig id i ty  z :

l / " :  y ' ( k + - a l r n )  : 6 5 5 o o o  c m s  p e r  s e c o n d  /  a \
n - o , 9 5 , r o r 2  k - r . 8 4 . r o 1 ? .  l r o d '

( T )  A  p u r e l y  t r a n s v e r s e  d i s t o r t i o n a l  r v a v e  ( r v i t h -
out change of volurne) expressed by the simpler forrnnla:

Va:  y ' (o lo )  -  
348ooo cms per  second ( toS)

in  the  case o f  an  ex tended mass o f  -q tee l ,  r l :  dens i ty :  2 .85 .
Thus for steel the former value is nearly twice the

latter, which renders the theory doubtful,  in view o[ the
non-separation of the earthquake waves of these two classes.

3. In certain respects the aether is more l ike a gas
than a sol id, and up to this t ime i t  is probable that ex-
perirnent has not ful iy establ ished the two velocit ies theoreti-
cally predicted for an elastic solid by Poissott, Cauchy and
other mathematicians. In his Tides and Kindred Phenomena



of thb Solar System, 1899, pp.26r-2, Sir Gcorgc Daruin
remarks in regard to earthquake phenomena:

>The vibrations which are transmitted through the
earth are of two kinds. The f irst sort of wave is one in
which the matter through which i t  passes is alternately com-
pressed and di lated; i t  may be described as a wave of
compression. In the second sort the shape of each minute
port ion of the sol id is distorted, but the volume remains
unchanged, and i t  may be cal led a rvave of distort ion. ' I-hese

two vibrat ions travel at dif ferent speeds, and the compressional
wave outpaces the distort ional one. Now the f irst sign of a
distant earthquake is that the instrumental record shows a
succession of minute tremors. These are supposed to be due
to waves of compression, and they are succeeded by a much
more strongly marked disturbance, which, horvever, lasts only
a short t ime. This seconcl phase in the instrumental record
is supposed to be due to the wave of distort ion.c

>If the natures of these two disturbances are correctly
ascribed to tbeir respective sources, i t  is certain that the
matter through rvhich the vibrat ions have passed was sol id.
For, although a compressional wave might be transnrit ted
without much loss of intensity, from a sol id to a l iquid and
back again to a sol id, as would have to be the case i f  the
in te r io r  o f  the  ear th  i s  mo l ten ,  ye t  th is  cannot  be  t rue  o f
the  d is to r t iona l  wave.  I t ' has  been supposed tha t  v ib ra t ions
due to  ear thquakes  pass  in  a  s t ra igh t  l ine  th rough the  ear th ;
i f  then this could be proved, rve should knorv with certainty
tha t  the  ear th  i s  so l id ,  a t  leas t  fa r  dorvn  towards  i t s  cen ter .<

Th is  reason ing  imp l ies  tha t  th is  eminent  na tura i  ph i lo -
sopher  was in  doubt  as  to  the  va l id i ty  o f  the  two- r 'e loc i ty
theory ,  in  p rac t ice ,  rv i th  ac tua l  masses  l i ke  the  ear th .

In studying earthquake seismographic records and dis-
cussions I f ind the disturbance to r ise very gradually and
die down equaily gradually. ' l 'hus I have not been able to
verify the assumption of two dist inct types of waves: we
nrerely f ind that at a great distance from the source of
disturbance the earthquake waves are spread out l ike a
spectrurn. This spreading out might be due to varying
resistance to waves of one type, but of dif ferent length,
as in optics.

On purely physical grounds i t  seems dif f icult  to irnagine
the distort ional wave being actual ly separated lrom the conr-
pressional wave. ' l 'hat actual nature would effect this ideal
separation seems very doubtful.  And so far i t  is not sup-
ported by earthquake phenonrena adnrit t ing of veri f icat ion
by observation on the propagation of waves through our globe.

4 3 2

5. Accordingly, it appears that the actual propagation
of waves in sol ids deserves further study, Our premises so
frecluently are false that the actual facts, in regard to solids
both homogeneous and heterogeneous, deserve nrore stat ist ical
inquiry, in cases where a definite decision may be attained.
In his art icle on Light, Encycl.  Bri t . ,  9th ed., $ rg, p. 446,
the late Lord Ra/eigh says that in such bodies as jelly the
velocity of the longitudinal vibrat ions is a large mult iple of
the velocity of the corresponding transverse vibrat ions. No
doubt there is some assumed evidence for such a statement,
besides the calculat ions above given, but as no authorit ies
for conclusive experiments of this type are known to me,
I think a result of such del ipacy should be received with
great caution,

6. A few cases, however, even i f  true, are not enough
to establ ish general conclusions; and in view of the dif frculty
6f conceiving how the two classes of waves can be actual ly
separa ted  in  na ture  -  one se t  o f  waves  inev i tab ly  tend ing
to run into the other - the only safe course is to appeal
to a variety of experiments, under condit ions which may lead
to  an  exper imentum cnrc is .

Notrvr ' thstanding this uncertainty as to the true order
of nature the theory being not certainly veri f ied by
experiment, - i t  seems best to examine brief ly the chief
mathematical condit ions imposed by the propagation. of waves
in an elast ic sol id. In an elast ic sol id, the equation of Poisson

AlQfAtz -  arv2@ ( r  r o )

is  sat is f ied by the d i la tat ion and three components of  rotat ion
as  fo l l o r vs :  6 :0 t r l } t ; - r appy -+Dy l0z  ( r r r )

o4 : Lf ,(0ylAJ, -AzlAP) a2 : 1f ,(0c;lAz-ArlAr) , \
a .y  :  L f  , (oppx-atp&) 

l r  r  2 ,

e,  f ,  /  be ing the d isplacements at  any pointy '  ( t ,1 ,  
" ) .

In the elastic solid solutions, the components of rotation
o)r, oJz, (d3 &r€ connected by the well known relation:

?at f Dr-rou"f 0y-r061"f02 : s ( '  r r )
and only two o[ the three sets of solut ions are independent.
Combining these rvith the solut ion for d, we have, in al l ,
th ree  se ts  o f  independent  so lu t ions .

' l 'ake a rectangular volume of the elast ic substance
r : o ,  r : d ,  ! : o ,  ! : f ,  z : o ,  z : f , T h e n  a t
any t ime t :  o, @ - (f f ; ;  and fy Fourier 's theorem the
valtre of {)s.for any point within a p y may be expressed
by the fol lowing tr iple surnnrations, which include al l  posit ive
integral values of l, nt, n from o to oo:

( '  '  +) '

the integral

("  s)
( r  r6 )
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I : @  n : 6  n : @

@o:) t  )2,^,cos(tn*f  e)cosQttnyf p)cos(nnzf y)
l : o  m : o  n : o

I : q  m : e  n : q

*2" 
2, Z:'^nsin(tnrf 

a)cos(*nylp)cos(,nzf y)-r. .-

(cf.  Lord Raylciglt ,  Theory of Sound, zod ed., 1896, p. 7o).
The ful l  set of eight coeff icients, for al l  possible arrangements of sines and cosines, are given by

express ions :  A tmn:$ l "B / ) ! [ : rDscos( tnx fc )cos(nny fp)cos(nnz fy ) .dxdydz

B t^n : (s I " 
p il [ [ S rD s sin((t n * f a) cos(nr n y f p) cos(nrc z I y). d* dy dz

' l
.J
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C t ^ n :

D l m o :

D.L I m n  -

1;.a l m n -

w l m t r  -

Lt.t r  Intn -

In  o rder  to  sa t is fy  ( r ro )  *e  must  have:

?2  
-  a2n2( t2 f  r r? -+n t t lB ' -+ r t l y t ) .  ( t "+ )

We nray now combine terms which have the same values of
l ,  n ,  n  in  ( rz3) ,  and thus  rve  f ind  tha t  @ can be  expressed
as a sl1m of terrrs of the form:

t---'t
@ - 

) , ' l ' ' cos\pt+ lnsf  a* t t r1, lB+nnzly-  e)  ( t  r .s)
',uhere thfinrrnation is to be extended to ail values of t /,
tn, *:n, and the constants r( and r are of course differcnt
for each set of values.

Put in this form, it is clear, as Jcans remarks (Dynanrical
' f  heory  o f  Gases ,  znd  ed . ,  p .  383,  r  g  r  6 ) ,  tha t  the  so lu t ion
represents sets of plane tvaves travel ing in dif ferent direct ions.
But  f rom ( rza)  i t  fo l lows tha t  a l l  the  waves  are  propagated
rvith the same veiocity a, ^s in the luminif 'erous aether.

I f  the  e las t i c  so l id  has  cont inuot rs  charac ter ,  i t s  par -
t i c les  have dynamica l l y  a l l  the  degrees  o l '  f reedorn  appro-
pr ia te  to  the  ae ther ,  r 'h ich  is  an  abso lu te  cont inuum,  the
f ines t  mo lecn la r  o r  a tomic  s tn lc tu re  in  the  un iverse .  A  me-
dir lrn so consti tuted has the capacity to transnrit  waves from
any d i rec t ion .  And in  case the  med iunr  i s  the  u l t imate
nred ium under ly ing  the  phys ica l  un iverse ,  no  energy  can be
Iost in the niovement of the waves, rvhich move incessantly
l iom one body to another, and in free space travel with the
velocity of l ight.

When the velocity of the waves is retarded, energy is
expended, and pressure'developed by the retardation of the
rvave front. Forces of a more intr icate kind arise wben refrac-
t ion, dispersion, dif fract ion, etc.,  develop, as in the encounter
rvith part icles or bodies in which the velocity is suddenly
changed, and the wave-f ield redistr ibuted, so that the density
and local internal pressure of the aether is altered. But rve
can only treat o[ this topic when we come to deal rvi th
rrolecular forces, which heretofore have defied explanation,
orving to lack of a kinetic theory of the aether and the un-
developed state of the wave-theory.

Usually i t  is assumed that in an elast ic sol id both
compressional and distort ional waves co-exist,  though pro-
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tst" p tS ! !@x cos(tnrf a) sin(ntnyf p) cos(,n zlfl.dx dy dz

tst" p r)S ! S @x sin(tn rf a) stnQtt nllB) cos(,n zf y).dx d1, dz

(slo B i! S S os cos(tn rf a)cos(nrn4,f B) sin(nn zl).dr d1, dz

$1" p t: : S Qt,, sin(tn rf u) cos(nnyf B) sin(,n zf y)'dr dy dz

$1" B tf S [@6 cos(tnxf a) sin(ntnylB) sin(nn zf y)'dx dy dz

fs i " B t M rDs sin(t n r f a) sin (n n 1 I B) sin\n n z I y). dr dy dz .
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( "  2 )
( r r s )

( " s )
( r z o )

( r z r )

f tzz)
As @ is a scalar quanti ty, we may suppose the rate of increase at any t ime l :  o, to be denoted by D@olAt,

rvhich may be expanded in series similar to that in (rr4), but with accented coeff icients, A't^o, B't^o, Ct16n, etc,
Knowing the init ial  values of @ and A@fAt, we may at once write down the complete solut ion of (rro), rvhich is

e a s i l y  s e e n  t o  b e :  l : a  * : a  r t : a

O : > >l )].o, (tn rl n) cos(,nn1,f p) cos(rn rf y)(Amocostrt-+ A'6nsinpt)
/ : o  r 1 t : o  r t : o

J : 6  , r t : 6  , t : @
L  " , \

l : o  , 1 t : o  t t = = o

pagated rvith different speeds. 'fhe trvo equations of Pf,issru
t h u s  b e c o m e :

at : y'Vt+llsn) ?2al1i - arYz(D
for the compressional rvave;

( r  z 6 )az: y 'Vlo) 02Dl0t2 - a2 y?d)
for the distort iorral wave.

Wi th  most  so l ids  the  la t te r  ve loc i ty  a2  is  cons iderab lv
smal le r  than a1 ,  the  ' r 'e loc i ty  o f  the  compress iona l  wave.  ln
the  numer ica l  example  o f  s tee l  above c i ted ,  a1  is  near ly  tw ice
as  la rge  as  ao ,  bu t  i t  s t i l l  i s  uncer ta in  to  what  ex ten t  a  rea l
separa t ion  o f  the  two k inds  o f .waves  takes  p lace .  In  o ther
words, the two kinds of waves are dist inct and should be
separa ted ,  in  theory ;  bu t  i t  i s  q r r i te  uncer ta in  whether  th is
occurs in actual practice, orving to the l imitat ions of freedom
of movement in such material bodies as we f ind in nature.
' fhere is only one velocity of s'aves in the aether.

In the case of earthquake rvaves, there is no evidence
of separation o[ the two kinds of rvaves, - al l  the seis-
mographic records being expl icable by the unequal velocit ies
incident to mere n'ave-lencth, and thus having dif ferent speeds
of propagation.

It  is true that the earth's crust is a very complex
structure, and the movenrent incident to an earthquake in-
volves release of strain, and thus consists of a series of ad-
justments of the quasi-sol id lava beneath faulted and mutual ly
c rowd ing  b locks  o f  g ran i te  some 2o mi les  th ick .  Perhaps
.we could not expect dist inct separation in such a mass of
Jremors, part ly direct and part ly ref lected, by the faulted
blocks of the ciust.

Yet i f  the two classes of waves actual ly separated in
practice, rve ought to perceive two dist inct shocks from earth
waves incident to explosions, as of powder magazines, masses
of T.N.T., and other high explosives, which are powerful
enough to be felt  at a great distance, but do not invol le
complex direct and ref lex actions in the crust, as in the lava
adjustments due to earthquakes.

So far as I have been able to ascertain there is no
weli  establ ished record of double waves from such explosions

29



4 3 5

above ground; and thus the experinrental evidence would seenr
to point to a merging of the two classes of waves into one.

In the case of the aether i t  is certain that only one
class of waves is observed, rvhich in free space travel with
uniform velocity, as in the case of sound in gases. Accor-
dingly the aether certainly behaves as a gas, yet i ts elast ici ty
is so gleat that waves of any kind may be transmitted, as
in an elast ic sol id, but apparently the velocity is uniform,
u'hether the rvaves involve a r igidity, with sl iding of one layer
over another, or compression, as in gases.

I o .  G e o n r e t r i c a l ' l ' h e o r y  o f  t h e ' I r a n s m i s s i o n
o f  L i g h t  a n d  o t h e r  P h y - s i c a l  l i o r c e s  a l o n g  F e r n a t ' s
X l i n i n r u n r  P a t h ,  d r  :  6 . 1 ' t l " . d 3  :  6 .

( i)  The proLrlenr of refract ion in the minirnunr path.

For any path in syrace, with'radius of curvature q, and
curvature r :  q, we have for the length of the cun'ed path s
and the curvatr lre:

r : Q L  r l g : d 1 l d s  ( t r l )

whete 1 is the angle betrveen the osculat ing tangent yl lanes,
and ds is the elemerit  of the curie, and g the radius of
curvature, for the osculat ing circle passing through three
consecutive Doints.

' I 'he 
cun'ature for any l tath is

r le = 
y ' [ (azr las")z-+(ai , /asr) ' -+-(drs/d{r)2] .  (r  z8)

And the  d i rec t ion  cos ines  o f  the  rad ius  o f  curva ture

l 'r  :  Q d2, '- /cls2 ), t  :  Q dtr ' / t ls: T:t :  Q cle;/ds:, (r rS)

Norv in rcfract iqn, t l re 1;nth lnust be consistent with
the  pr inc ip le  o f  l cas t  t ime,  and a lso  conform to  the  pr inc ip le
o[ Ieast act ion. ' I 'he principle of least t inte was recognized
by  the  ( i reek  geonre ters  a t  A lexandr ia ,  about  3oo B.C. ,  in
t lre constructions of Eul: l id, (cf.  Electrod. Wave-Theory of
Phys .  Forc . ,  vo l .  I ,  r9 r7 ,  pp .  63-66) ,  bu t  the  pr inc ip le  o f
the rniuinrurn path, . in simple refract ion, was discovered by
Fernat  ( r6or - r665) ,  who found the  ac tua l  pa th  to  conform
to  the  law: r : :  h u 1 * 1 2 u , ( ' s o )
where the second rnernber is made up of the sum of two
terms, each a product of the length of path, I  by the velo-
c i ty  in  tha t  pa th ,  z .

In gradual refract ion, such as that of l ight in the
atmosphere, the direct ion of the ray changes at every point,
chief ly because of the varying density. And thus i f  r  be the
time .of passage, rve have the integral

r :  ) . , f u , d s .  ( , r r )
And, -Fcrnat's condition of the rninimuur path becomes:.

d r :  d [ r l u . d 5 : 6  .  ( r s r )

To bring out the geometrical conditions of the theory
of the minimum path, we have to develop the subject sorne-
what  as out l ined in the author 's  work of  rgr7.

By the rnethod of the Calculus of Variat ions. equation
( t s  t ) y ie lds

o,t

If 2 be the
would be defined

o , - o
:  

) r l u .  d d s - J  t f u 2 . d s d u .

rvave-length, i t  is obvious that
by the functional relat ion

u : f (),; n, J,, z)

(  r : s )
the velocity

( r s + )

.
5 0 8 5 $ 6

the form of the function ,f depending on the arrangernent
of  the par ts  of  the medium.

Ir{aking use of this value of u in (r33) rve obtain

6c : !{r14 (or ddr-rd-7 ddy-+-d: dd:)/ds
- 

J' $ 1 ",1 
ds (du I d t . 6 ]" -+ du f dx. 6 x -r du I dy. 61, -r du fdz. dz) ( r 3 5 )

or 6t - 
fft1")@rlas'6r-+il,f ds.6y-rdzlds.6z))
- dt"!Gl,\ auf ar.as - o,IG 1,,) duf d,r.ds
- o1,f ft lr') duf fu,.ds * orf i l,\ duf dt.ds. (, s6)

Tlre last three integrals of (r 35), under Eanil tois
stat ionary condit ion, varr ish, because the f ixed terrninal points
make <)r, 6-y, 6z each equal to zero. ' l 'he 

rest of the ex-
pression depends on the ternt inal points of the path, and on
the wave-length only.

' T'hese conditions therefore lead to fotrr
dr /dt  :  ( t lu)  Ar las 6r f  d1,  :  j lu)  a l las
6rf 6z : f t lu)azlas t lrf  i l ,  :  - 

) ' l r lr tyauli l".as.
( ' : z )

Now the tangent to the curved path ds is defined by
the three dif ferential direct ion cosines, fulf i l l ing the condit ion

(ar/os)2-+-(ayfas)r-r(azlas)z: r.  1,.s;
And therefore i f  we square and add the f irst three equationq
o f  ( r 3 7 )  r v e  s h a i l  o b t a i n

( d z / d r ) ! + - ( d r l d 1 , ) ' - r ( d r l d z ) z  : ' 1 , , t .  ( , : s )

( i i )  ( leon.retr ical condit ions ful6l led by I{att t i / t t i t is
charac ter is t i c  func t ion .

ln r823, rvhen only eightcen .1'ears of a,ge, I{aui l lon
obta ined ins igh t  in to  h is  method,  and gradua l ly  in t roduced
the consideration of a characterist ic function ,4 defined by.
the fol lowing dif ferential equarion for a single part icle of
unit  mass.

dA :  [dr lat .M-rd1,f  dt . i l , - rdzf dt .6s)

. 
-(Ar.u/Or. d ro-rd1,rf dt. 66-rd,zof dt. dzola- t 6H (t ao)

wlrere ZI is the constant of the total energy I{ :  T-+ Iz.
I f  the  mov ing  par t i c le  be  en t i re ly  f ree ,  the  seven

var iab les  in  the  r igh t  rnenrber  o f  ( rao)  a re  independent  o t '
one  another ; .and thus  the  charac ter is t i c  func t ion ,4  tu l f i l l s
the fol lorving remarkable dif ferential equations:

0ef7x: <*f dt 7ztl1^-o: -d.r.n/dr
0'tf0y : 6t,f 4s 02101, : -il,ol,tt
7efDz : dzf dt O,<fDzn : -tuoldt

O.tl1tt : t.
Therefore we have at once

(0 a I 0 r), -r (0 a I A1,), + (a e I 2,), :
: (d.r/d/)2-r (ay,l at)r -r(azl at)r : u2 : z(il - ()

(0 e l? r), + (0 t I a r)r -+- (0 A f 0 zr)2 :

( , + ' )

( ,  + r )

:  ( d r n / d r ) ? - r ( d t o / d r ) ' - r ( o z r f  a t ) 2 : y o 2 :  z ( H -  y o )  ( r + s )

Now it  is obvious that i f  physical forces be due to
wave-action, these forces also rvi l l  conforn to the reruarkable
geometrical propert ies of l{ani/ /on's characterist ic function,
and his analysis wil l  be applicable al ike to the l tropagation
of l ight, electrodynamic action and universal gravitat ion.

Since the characterist ic function z/ satisf ies the part ial
d i f fe ren t ia l  equat ion :

equations

t,l



+ J l

(D,el?rf-+(0el7y),-r(0,<lAz), : s,! : z(rt- rr) (, ++)
i t  fol lows that the part ial  dif ferential coeff icients with respect
to  the  coord ina tes  represent  the  components  o f  the  vd loc i ty
in a motion possible under the forces rvhose potential is Z.
And as Z is the potential energy of tbe system, this result
is lery remarkable ; for i t  assinri lates tbe propagation of
rvave disturbances, such as l ight, and electrodynamic action,
to  the  ac t ion  o f  un iversa l  g rav i ta t ion ,  rvh ich  a lso  fu l f i l l s  the
same cond i t ion .

By partial differentiation of (raa) with respect to the
co-ordinates we have
0 tt l?x - 0z e l0 12 +0 Z f Dy. 02 A f1x 0y -r0 A l0 z. ?, e l0 r0, -

-  -A yf7s :  X :  d|r ldtz :  (dldr)(dxldt)
0al0r.D'!ef?r01,-+0a101,.0,,a10y2-+0tf0t.6zafataz : / \-  -Ar lA t :  y :  d2 t ld t2 :  (a la t ) (a t la t )  \ r4s /
A tl lfu . D2 zt I D s 0 z -+0 A I At . A, A I At 0 z -r ? A f 0 z . 02 A f 0 z2 :

- -A lfqz : Z : d2zldt2 : (d/d4 ftzlat) .
. \ lso, dif f 'erentiat ing in respect to d we have

drlat'D2t l0r2 -+ dtlat.7zt 1axel,-+ dzf dt.02A F*az :
: (o/az) (atl0r)

.l.t/dr. U,'t f ? r 1jt -+ dy f d t' At rq 1 3-t, * dz f (V . A2,4 f q' A t :
. : (dlat)(aalay)

<t r f d t. F,1 i 0,r 0 z + <\' I d t' A, A I At A z -+ d z I dt . 02 A l0 z' :

( ' + 6 )

:  (d/d4 (aAla,).
Qn compar ing  equat ions  ( ra5)  and ( r46) ,  rve  f ind  tha t

ds,idt : 0Afqr a.tlat : 7ztl7y (tzf dt : AAf Az (r+l)
satisfy simultaneously the two sets of equations.

If  norv rve take a, B to be constants which may com-
b ine  w i th  11  to  g ive  the  comple te  in tegra l  o f  ( l++) ,  i t  fo l lows
tha t  the  cor respond ing  pa th  and the  t ime o f  i t s  descr ip t ion
r re  g iven by  the  equat ions :

oAfoa : o, o,<lop : p, aAlau : t-re (t+8)
rvhere a1, p1, e are three addit ional arbitrary consrants.

By complete dif ferentiat ion of (ra8) .rvi th respect to / ,
through the three coordinates r,  l r  z, we have at once:

D,A l0t0o.drf  at  -r1tr t l01,0a.dyf dt-+
- r32A l0z0a .dz f  d t :  o

3ta l0t0p. dxf dt  -+D2af 0y0p.fu, ldt-+
-+02,t f0z0p.dzfdt:  o

A, A I 0,r0 tt. dr f d t -+-A2 A fAtA E. dy I dt -r
- r j zZ f lz l t t -dz fd t :o .

( '+s )

Sinrilar differentiation in respect to a, B, ZI, respec-
tively, gives:

02 a f 0 a 0 *. 0 A f0 s +02 A P a At. A A fAt -+-
-+0zel0a0z.7AfOz : o

A,A lAp 0x.0Af0*-+0r.<10 p 0y.0Al\-r
+-0zef0p0z.0ef0z - o

?2,< I 0 IIA x' 0,a I A r -r 0, z l0 tt7y. 0 e lD1, -+
'-+02el0rt7z.0Af0z: 

r

( t s o )

On comparing these two sets of equations, we find
dxf dt : 0eflr a1,lat : 0tl7y dzf dt :0,tl0z . (r S r)
And as the first members of these equations represent the
components of the velocity of the moving particle, it follows
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that the second members also represent the same thing, Ac-
cordingly the proposit ion stated after equation (r44) above
is establ ished, and obviously appl ies eqtral ly to i ight, electro-
dynamic action and gravitat ion.

( i i i )  The physical interpretat ion o{ I{anti l ton,s analysis
points to wave-action.

We have now to consider the physical interpretat ion
of Eanil fon's analysis,.  and lve note f irst that the celebrated
function A was invented by lfanilton for the treatment of
l ight. Yet i f  al l  physical forces depend on rvaves due to
vibrat ions in atoms, - rvi th equatorial planes lying hap-
hazard ,  o r  mutua l l y  inc l ined  a t  var ious  ang les ,  -  i t  n  i l l
app ly  a lso  to  magnet ism,  g rav i ta t ion ,  and a l l  k inds  o f  e lec t ro -
dynanric act ion. I fani l tot is characterist ic function ,4 is there-
fore above al l  a wave-function, equally appl icable to al l  the
forces of the universe.

To interpret the above analysis, for the path of l ight,
through a physical rnediunr l ike the luminiferous aether, rve
resume the equation

(dr/dr) '2-+-(dr l61,) ' -+(dr ldz),  -  r fuz. ( 's ' )
And we see tha t  i f  rve  can ob ta in  a  comple te  in tegra l  o f
th is  e r lua t ion ,  con ta in ing  there [ore  two arb i t ra ry  cons tan ts
a ,  E ,  in  the  fo rm

? : F(r, 1', z, ),, a, P) ( ' s s )
then  the  der ived  er lua t ions

?rf1ct : 7f;(r, J,, z, )", n, F)l7o : q' / \
?,rf7p : 7-F(r, 1,, E, l, ct, F)I\B : f, 

( r 54]

wil l  represent two series of surfaces, wfrose intersections gir,e
the  pa th  o f  the  l igh t  in  the  med ium.  .

As a' and p' are also arbitrary constants, the four
constants &, F, d' ,  B' 'are necessary and suff icient for the
pl lrpose of making the two intersecting snrfaces each pass
through any  t l vo  g iven po in ts  ? t ( ro , !0 ,  z6)  and p( " ,y , ) .

' Ihese 
I{ani l laaian considerations, on simple refract ion

in non-hornogeneous rnedia, shorv, as was original ly found
b y  F r r n a t ,  t h a t  t h e  a c t u a l  p a t h  i s  t h a t  o f  l e a s t  t i m e ,
a s  w e l l  a s  t h a t  o f  l e a s t  a c t i o n .

Now in the case of l ight the physical cause of such
action is known to be waves in the highly elast ic aether,
and propagated with unequal velocit ies, in dif ferent media,
according to density, effect ive elast ici ty, and wave-length.
Increase of density, due to the presence of ponderable matter,
hinders the progress o[ the wave of given length, while in-
crease of elast ici ty under thinning out of the matter accelerates
it .  And in general decreasing the wave.length increases the
retardation in velocity.

Equiactional surfaces, orthogonal to the path of l ight,
are so distr ibuted that the distances between them, for geo-
metrical reasons, are always inversely as the velocity in the
corresponding path.

Now [ i t  is clearly shown in the third paper on the
New Theory of the Aether (eU 5o79), that electrodynamic
action is conveyed by waves, travel ing in free aether with
the velocity of l ight, and therefore these waves wil l  fol low
the same general laws as the waves of l ight. Such a physical
cause necessari ly takes the path of least t ime and of least
action, which is also that of least resistance to the distur-

2g '



439

bances of the mediurn. And as the motions of the planets
confornr to these principles, the question nay properly be
asked whether any other cause than electrodynamic wave-
action could be irnagined to produce the attract ions o[ the
heaveniy bodies.

This question has been dealt with at sonte length in
the second papeq (eN 5o48), and from the addit ional dis'
cussion included in section l2 below it  would seem to fol low
incontestably that no cause other than wave-action could
explain the phenomena of universal gravitat ion.

I  t .  T h e  N e r v  l V a v e - ' f  h e o r y  o f  L i g h t  a c c o u n t s
f o r  a l l  I ( n o w n  O p t i c a l  P h e n o m e n a  -  l { e f r a c t i o n ,
D  i  s  p e r s i  o n ,  A n  o  m  a l  o u s  I )  i s p e r s i  o n ,  I ) i f f r a c t i o n ,
I n t e r f e r e n c e ,  a n d  t h e  A b e r r a t i o n  o f  I - i g h t  f r o m  t h e
F i x e d  S t a r s .

( i)  . l .ne problem o[ refract ion

It norv renrains to survey brief ly the leading optical
phenomena, to see i f  the nerv l 'ave-t l teor) '  of l ight wi l l

explain the observed phenomena as well  or better than the
old wave-theory, rvhich a.ssulr)es vibrat ions entirely normal
to the direct ion of the ray, as in the rrot ion of a stretched
cord, but does not assurne vibrat ions f lat in the planes of

t lre equators of the atoms.
And, f irst,  the phenomenon of sinrple refract ion presents

no d i f f i cu l ty .  For  the  bend ing  o f  the  l igh t  a lways  is  due
to the unequal resistance offered to the trvo sides of the
rvave front, -  the one rvhich is more resisted l teing held
back in i ts advance and the other therclore propagated nrore
rapidly, and thus turning the direct ion o[ the ray of l ight
torvards the dens&r mediur.n. 

' fhis reasoning holds for re'
fract ion in water, a prisrn of glass, or such a sl ightly hetero-
geneous nrediunt as the earth's atmosll l terc, where the air
is nearly homogeneous for sn.ral l  dist:rnces, 1'et in the larger
problenrs of the globe arranged ir-t  concentr ic layers, with
increased density and refract ive power torvards the earth's
surface.

On the old rvave-theory of l ight this explanation has
alrvays been considered satisfactorl ' ;  and on the new wave-
theory i t  is et lual ly val id, because rve consider a beam of
l ight to be nrade up o[ an inf inite number of independent

tvaves from the separate vibrat ing atoms. And as each wave

is transmitted independently of the rest by the superf ine

medium of the aether, - just as on a telephone or tele-
graph rvire large numbers of independent nressages rnay be

sent at the sarne instant - i t  fol lows that in transmitt ing
the inf initely complex waves of common l ight, each atolnic

rvave wil l  be refracted exactly as i f  the others did not exist,
and the integrai effect after traversing a distance ds rvi l l  be

that al l  the waves wil l  be refracted in the same direct ion,

owing to the greater resistance on the same side of their

common wave front.
Accordingly, the explanation of relract ion retnains un'

changed, while that for dispersion is iur l>roved, as shorvn

below.

( i i )  ' f ' f re  phenomena o f  d ispcrs ion ,  inc lud ing  anonra lous

dispersion.
In ordinary refract ion, as we have seen, al l  the rays

depending on the rvaves ernit ted by the individual atoms,

5085 440

in the same direct ion; and thus i t  is evident that
be of unequal length,.they wil l  encounter unequal

are bent
i f  waves
resistance, - the shorter waves, owing to their more rapid

osci l lat ion, being relat ively more resisted than the longer

ones. 
' fhe result of this unequal resistance is that the waves

are dispersed, as in the spectrum, the longer waves being

least refracted, while the shorter waves, in normal dispersion,
suffer maxirnum refraction, thereby producing the spectrum

effect of dispersion, as in a grat ing,

Now however, many separate waves enter a relract ing

medium, the refract ive action on each vibrat ion occurs as

if  the other vibrat ions did not exist:  thus rve have not merely

refract ion but also dispersion. In fact dispersion, depending
on dif ference of wave length, seems to inrply that the sepr-

rate atoms, or same atoms, are ernit t ing not only their orvn

dist inct waves, but in most cases each atom gives quitc- a

variety of these waves, as we see by comparing the table
o[ wave-lengths for the dif ferent elements, as sodiunr, calciurtt ,
hydrogen,  i rou ,  t i tan i t t r t t ,  e tc .

' l 'he observed phenon-renon of dispersiort is therefore
lavorable to the nerv rva'r,e-theor1,; for rve real ize from t lre

knorvn phenorncna of the spectral l ines that each atom has

its orvn several periods of l i l t rat ion; and thrts dispersion,

or unetlual refract ion clepending on wave length, ought to

occl lr .
A s  f o r  a n o m a l o u s  d i s p e r s i o n  t h e  p r o b l e r n  i s  m o r e

conrplex, because the substances giving this phenomenon erl-

hibit  extrenrely vari lble effects. But as each aton of a giverl

snbstance emits i ts orvn characterist ic rvaves, there is no reason

rvhy the eft-ect of a given refract ive tnediurn should at lect

atoms of the dif lbrent substances in the same way. l 'he

proport ion of energy absorbed chtrnges rvith each substan<:e,

and the resistance to each color is a function of the rvave:

length, but not the sanrc ibr al i  wave-lengths, owing to the

var iab le  molecu la r  reac t ion  on  the  l lass ing  l igh t  waves .

Accordingly just as refract ion depends on the rvave-

leneth, for homogeneous waves of one color, so also anomalous

dispersion rnust depend on dif ferent resistances for di l l -erent

colors or wave-lengths, - drte either to the absorptive effects

of the substance, by which dif ferent wave lengths are un-

equally affected, rvi th the thinning out of part icular wave-

lengths, or to the increased resistance of the substance to certain

waves, thus causing then to crorvd over into an adjacent

part of the spectrunr.
In the well  ktrown case of fuchsine, rvi th the abnort-nal

deviat ion of the violet rays, by which this color is less deviated
than the longer red rays, we may suppose the fuchsine to

have an inherent attract ion for the violet rays great enough

to offset i ts shorter rvave length as cotrpared to the red.

Kundt's careful observations on anomalous dispersion

showed that i t  r \ras common in bodies having surface color
- or a dif ferent shade by ref lected l ight from that given

by transrnit ted l ight. Norv since in ref lect ion we perceive

the colors which are not absorbed, i t  fol lows that bodies

presenting surface color, dif ferent from that shown by l ight

transrnit ted through thetn, nrust absorb the colors rvhich they

do not transmit.  And therefore in transmission the spectrutn

is deficient, -  certain waves being absorbed or taken up b1'

the vi l l rat ing rnolectl les, - so as to nrake possible the ob-
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served deviat ion of the remaining waves frorn their arrange-
ment in t lre normal spectrum shown by a grat ing. '

I t  would appear from these considerations that ' the

phenomenon o[ anomalous dispersion is highly favorable to
the wave-theory. f lnless al l  rnolecules enrit ted and absorbed
Naves appropriate to their orvn molecular structure, according
to liirchholf''s law, it does not seern possible to account for
the actual results of obsen'at ion. 

' fhe theory that each nrole-
cule or atoln vibrates in i ts olvn period, so as to absorb cer-
tain rvaves in transmission, but ref lect others from the surface
of a body so consti tuted, seems to harmonize al l  knowrr facts
in  a  s imp lc  way.

( i i i )  The problem of dif fract ion, interference, stel lar
a l  re r ra t i  on .

' l 'he phenomenon of dif fract ion consists in the bending
of the rvaves through srnal l  apertures and at sharp corners,
by which l ight is spread around and gathered into fr inges
rvhich beconre dist inct. The wave-theory accounts for the
phenonrenon, under the hypdthesis that the rvaves are very
short,  which is ful ly r,eri f ied by actual measurements. In
thct for a given width of sl i t ,  di f ferent colored l ight gives
an apprec iab le  change in  the  pos i t ion  o f the  f i inges ,  depend ing
on the length of the rvaves in the l ight used: u'hich obviously
confirms the wave-theory, not only as herctofore tausht, brrt
also as now modif ied to tal ie accorint of r l 'ales f lat in the
planes of the equators of the atoms. 1'he theory of the rvavcs
fron.r the individual atoms therefore does not add to t l ' re
dif f iculty of the problem of dif fr 'act ion in an1' , l r 'ay.

In the matter of interference, the conclusion is sirni lar,
as we have alreadv found in section 8 above. - l 'his is natural,
since the rvaves from each atom are by hypothesis inr iependent
of those fr:om the other atoms; and rvhatever the posit ions
of the equa-tors, each wave is transnrit ted by the aether in-
dependently of the waves frorn the other atoms. lnter-
ference thus takes place in the modif ied theory just as in
the older theorl ' ,  except for the detai led changes already
described.

In  AN So48,  p .  r8? ,  rve  have g iven a  uerv  and s imp le
explanation of the problem of stel lar aberrat ion. I t  is so
very direct and sinrple as to be rernarkable. In view of the
diff ictr l ty felt  since Bradlc1"s discovery in r727, which has
been increased rather than decreased by the investigations
of the last half  century, i t  is surprising that this sirnple
analysis of the problen o[ stei lar aberrat ion has not been
developed before. l t  presents no dif f iculty from the old or
the new point of vierv of the rvave-theory, but rests wlrol l l '  on
the motion o[ the earth relat ively to the independent motion
of the rays of the star, in the moving wave-f ield carr ied along
with the earth in i ts orbital motion about the sun.

All  that rve need consider is the independent motion
of the rays of l ight relat ively to the nroving earth. We there-
fore give the paral lel rays of l ight a common backward motion
exactly equal and opposite to the foru,ard motion of the earth
in i ts orbit .  The diagonal of the paral lelogram :gives the
true nrotion of l ight relat ively to the nroving earth; and by
drawing this diagonal of the paral lelograrn rve have a direct
and perfect ly satislrrctor,v explanation of the stel lar aber-
rat ion.
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( iv) Stohes' investigation of r845 harmonizes with the
neu' theory of stel lar aberrat ion.

In the Phil. Mag., 1845, 2J.9, Sir Gabriel Stohcs at-
tempted to examine the theory of aberrat ion so as to f ind
out rvhat distr ibution of velocity may be imparted to the
aether al;out the earth, without changing the path of the
rays of l ight in space. As the nerv kinetic theory of the
aether (AN 5o44) rvas not yet devcloped, Stohrc was unrvi l l ing
to accept the vierv that the earth could pass freely through
thc aether whithout sett ing i t  in r.notior.r;  and he tr ied to f ind
the r:ondit ions which rvould leave the observed aberrat ion
unchanged.

IL r be the velocity of l ight in the stagnant aether, in
a direct ion whose direct ion-cosines relat ive to axes f ixed in
space are /,  n, n, and the colnponents of the supposed
velocity of the aether at an1, point are zl,  u, to; then prior
to  the  deve lopment  o f  the  nerv  k ine t ic  theory ,  rv i th  i ' - ' l rn  I - ,
the  ve loc i ty  o f  the  ray  in  space a t  the  po in t  i r r  t lues t ion
rvouid be I' - 

c -t- I t -+- lrt 2.t -t lt ill ( '  s  s )
Ji 'nuat 's minirnun path and I{ani/ /ott 's principle ot

strt ionary t ime, as appl ied by SloLrs, rvould lead to the geo-
met r ica l  cond i t ion

"  " rd r :  d . l  o s / ( r - r / u * r t t u - r n u ) :  o .  ( r s 6 )
' lo rluantit ies of the first order in (u , u, z,)/,:, this is

c t l r t i va l en t  t o

a,  :  d ja r / . - , )J ( r f  c2 \ ' i , , ch ' - f  zc l r , -+  r ,dz)  -  o .  ( ,s ; )
' I f  

the  med ium fu l f i l l s  hydrodynamica l l y  i r ro ta t iona l
conrl i t ions, rvi thout rvhir l ing motion of the parts en mass,
so that d(D : u dj |*u d),-rro 6ls :  e is a perfcct dif l 'crential,
the scconcl intcgral rvi l l  deperrd on the values of u, . t / ,  t t)
a t  the  te rmina l  po in ts ,  and thus  rv i l l  be  indcpendent  o f  the
motion in the aether about the earth. When this hydrodynarnical
condit ion is satisf ied, the patb of the ray of i ight, l tetween trvo
po in ts  whose ve loc i t ies  ave  g iven,  i s  de te  rn r incd  rvho l l y  by  the
values o[ these velocit ies anri  does not depend on the motion
of  the  ae ther  be t rveen these po in ts  in  the  pa th .o f  the  l igh t .

I f  the  te rnr ina l  po in ts  be  c0 ,  ) ,0 ,  i r t ,  and  11  ,  ) , t ,  i t ,
-  and the intervening rnedium be f i l led rvith a uniform
stream of aether l lowing with a uniform velocity whose com-
ponents are u, u, u t  -  then rve shal l  have

- l - , 1 , t  ^ l , t t . l

"  " P  ,  " P  /
d t :  dJ  t f  r ' ds -  6 )  r l c ' ! ' ( u  d r+ - t t  d1 ' - r  zu  d : )  :  o  ( r  sg )

xt ) 'o it .rr,. l ,o arl

rt )j tr

" f ' .  t  |  |: d-l d.r- d I r f r '  lu\4- tc,,) * r( -t ' t - _t'o) * i l '(st-rn ) ] ] . ( t s s )

But by hypothesis
of  th is  last  equat ion is

the second term of the r ight member
zero, and therefore we have

5t /ot tt

:  d J d s  :  o .  ( 1 6 o )
xo/o zo

Accordingly the path s obviously is a straight l ine, in
the free aether, from (re,J'0,50) to (,r '1 ,  J ' t ,  st),  which are the
terrrrinal points of the path. Slohes found, that rhe differenti-
al ly irrotat ional condit ion rvould be ful6l led i f  the aether
behaves l ike a perfect f luid for the slorv motion of material
bodies throueh i t .

6 r
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Norv in our nelv theory of the aether (AN 5oaa, 5oag)
rl .e have shown that the aetber part icles fulf i l l  the law of
ntean velocity ?- - 1f 

zn It  :  47 rz39 krns/sec.
Accord ing ly ,  the  e l r th 's  mot ion  is  on ly  r  :  rqToBth  par t

of the mean velocity of the part icles. And since the ,reloi i ty
of the €arth is very small  and nearly uniform, owing to thl
circulari ty of the orbit ,  i t  fol lorvs that our planet expir iences
no secular resistance from the aether.

Nloreover, the earth carr ies i ts aether u,ave-f ield with
it ,  al l  arranged in perfect kinetic equi l ibr iunr, tvi th law of
dens i ty  and wave ampl i tude

( t : y r  A : A l r ( r 6 r )
extending away fronr i t  indefinitely. ' I 'hus 

a ray ol l ight from
a f ixed star enters the earth's aether lvave-f ield as i f  this
medium were absolutely stagnant. And unrler the relat ive
motion of the rays of l ight and the moving earth, the stel lar
aberrat ion discovered by Bradhy, r727, real ly takes place,
jus t  as  in  the  emiss ion  theory  o f  l igh t .

For the ray of l ight fronr the star pursues a stra. ight
I ine in the earth's wave.f ield, and the identical componint
of the earth's motion lbrward, but directed backward, may-be 

transferred to the moving rays of l ight before they reach
our globe. l 'hus, relat ively to the moving earth, the rays of
l ight real ly come from the direct ion in which the stars appear,
and ds is a straight l ine.

This explanation of stel lar aberrat ion is therefore geo-
metrical ly r igorous and perfect ly satisfactory. And since in
the new rvave-theory of l ight, no change is made in a ray
o f  l igh t  as  respec ts  ve loc i ty  and d i rec t ion ,  bu t  on ly  as  regards
the internal t i l t ing of the planes of the vibrat ions lrom the
individual atoms, we perceive that the explanation of aber-
ra t ion  leaves  no th ing  to  be  des i red .

Accordingly i t  fol lbrvs that in respect to aberrat ion
not the smallest dif f iculty is encountered in the confirmation
oi the new wave-theory of l ight. Such entire agreement, in
such diversif ied optical phenomena, can have no other mea-
ning than that the n€w wave:theory of l ight accords with
the order of nature.

Other phenomena examined under the new wave_
theory of l ight.

In addit ion to the above general phenornena there are
many special phenomena which might be used to investigate
the nature of l ight. With this object in vierv I  have loo-ked
into a variety ol observed data to ascertain i f  any contra-
dict ion of the new rvave-theory could be establ ished, or even
rendered probable. No such result could be brought out,
though I have gone over the principal phenomena i ir  optics
and electro-optics.

r.  Polarization in crystals, which presents conrplex and
intr icate interference phenomena, and would be l ikely to
offer a contradict ion i f  any existed in nature.

z, Brcutsttr 's law, n: tgg, where z is the index of
refract ion, and g the angle of polarization by ref lect ion. The
partial failure of this law discovered by Janrin and others,
when g dif fers from 55o35,3o,, seems to point to the new
theory rather than the old. I t  appears that the outstanding
residuary phenomena, not in conformity with this law, bu-t
yielding rnaximum polarizing effect when ,:  tgg, is not
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easi ly explained on the old conceptions of waves wholly
transverse to the direct ion of propagation.

'  
3. The external conical refract ion mathematical lV pre-

dicted by Sir l , I t .  R. .Ffani l ton about rg3z, and soon'aiter_
rvards experimental ly veri f ied by Ltoyd for aragonite was
fbund to be definite and decisive. yet in examining the
cusp-ray refraction Llo.yd found that the >bounclaries were
no longer rect i l inear, but swelled out in the form of an oval
clrve( - showing a very.gradual dif fusion, due to appre-
ciable scattering of l ight (cf.  Lloyd,s Miscel laneous papers
Connected  w i th  Phys ica l  Sc ience,  London,  rg7 j ,  p .  r4 ,
f igures i  and k).

4. Nearly al l  the very exact measurelnents on polarized
light by Lord Raylcig/t, Drudc, Janir, and others trins out
rcsiduary phenornena rvhich shorv a sensible del>arture fron
the classic undulatory theory .(cf.  Glazcbroo/t, I ,hysical Optics,
L o n d o n ,  r 9 r 4 ,  p p .  3 5 5 - 3 8 2 ) .

5. In the donrain of electro-optics, the,(arr phenomenon
directly points to the rvave-theory, including the rotat ion o[
the  p lane o f  po la r iza t ion  by  magnet isnr ;  and a l l  th is  i s  even
more consistent with the new wave-theory than rvith the old.
I f  the poles of an electro-magnet are pol ished, and plane
polarized l ight is ref lected therefronr, i t  is found that rvhen
no current passes the plane of polarization is not rotated.
If  then the current f lows in one direct ion, there is a cor-
respond ing  ro ta t ion  o f  the  p lane o f  po la r iza t ion ;  and the
lnonrent  the  cur ren t  f lows in  the  oppos i te  d i rec t ion ,  and thus
changes the  po le  to  oppos i te  po la r i t y ,  the  p lane o f  po la r i -
za t ion  is  ro ta ted  in  the  oppos i te  d i rec t ion .  1 .h is  i s  very
definite proof of the wave-theory, both for optics and mag-
netisnr, for the l{et and Zecnan phenomena.

6. The production of el l ipt ical ly polarizecl l ight by
lett ing a polarized bean fal l  upon a transparent inJulator,
such as glass, l iquids or gases, under strong electr ic stress,
- the region being f i l led by electr ic rvaves rotat ing in definite
direct ion, as in a magnetic f ield - rvas f irst discovereci by
Kcrr, and confirmed by Btcqutrcl, I{undt, Ri)ntgtn, euinc/:i,
Lippiclt ,  Du.Bois, and others. When the medium.is connected
with the poles of an electr ic machine, the waves consti tut ing
the discharge make i t  possible to produce double refract ion,
as in a crystal,  and in Zeenmn's phenonrena, where the spec-
tral l ines are doubled. Al l  these phenornena are founci to
harmonize with the new wave-theory, quite as well  as or
better than with the classic theory of Fresnel.

I z .  T h e  W a v e - T h e o r y  o f  G r a v i t a t i o n  t o  w a r d s
a  S i n g l e  R o d y  e x t e n d e d  t o  t h e  C a s e  o f  W a v e s  f r o n r' I ' w o  

E q u a l  B o d i e s  b y  m e a n s  o f  t h e  G e o n l e t r i c a l
T h e o r y  o f  C o n f o c a l  C o n i c s ,  i n  C o n f o r n r i t y  w i t h  t h e
O b s e r v e d  M o t i o n s  o f  P l a n e t s  a n d  C o m e t s  u n d e r  t h e
N e w t o n i a n  L a w .

(i)  Why the aether remains heterogeneous and presses
towards a single body l ike the sun.

r. In our theory of the emission of l ight and heat
waves from the sun, (AU 5oaa), we have shown that under
the spherical expansion of the wave surface in free space,
the ampli tude of the waves fol lows the law

A :  k l r ft6zl
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and the force
is therefore as

which has the
nature.

towards the centre due to the receding rvaves
the square of  the anrpl i t r ide:

" f  
-  4z -  Trzf  7z (16S)

fonn of the larv of gravitation observed in

z. The mere existence of waves, as of l ight and heat,- rvhich certainly radiate fronr the sun with tremendous
energy, thus necessari ly operates to malie the aether
heterogeneous, according to thi law o: r,r ,  . . t 'here 

is no
doubt  o f  th is  law ho ld ing  fo r  l igh t  and heat  rvaves ;  and i f
gravitat ional and magneti .  ,u"ueJ exist,  they too rvi l l  fol lorv
this same larv. I t  appea.rs that ,Xtlagnetic Siorms, and ,X{ag_nctic Tides' :rre referable onlv to i"n"".,  , ,s shorvn in rr iv
rvork on Physical Forces, r g r 7 ;  and aside frorn the con-
nection of electrodynamics with gravitat ion previously sholn
to exist,  i t  is fair to ask the broad question:

. 
What is the probabil i ty that the force -f  :  A2 - 4zf , .2

n'ould give arr appropriate lvave ampli tude ) - 4f 7, ,rn1'"r,
gravitat ional waves also exist i  No such coincidence coulci
occur by nrere chancel In fact the chances against such a
coincide.nce occurring for al l  the atoms of a body in the
] )o ten t ia l

a n n

/ -  :  
J  J  J  [ ( ' - . u ' ) ? - r  ( t ,  - / ) r * ( r -  r , ) t ) - ' t a .  o d r d y d z  ( ,  6 + )

js at least inf ini ty of the third order (oos) to r.
l \{oreover, since electrodynarnic act ion certainly. is clue

to $'aves, and these exert a tnechanical act ion l ike magnetism
a 'd  g rav i ta t ion ,  rvba t  i s  the  chance tha t  there  is  a  

-sudden

break in the continuity of natural forces at the boundary
rvhi<;h is assumed to divide electr ical act ion fronr urr iuersal
gravitat ionl Evidently the .probatr i l i t l ,  is zero. For rve f ind
b' experirr-rents on al l  the forces of nature that the <ioctr ines
of the correlat ion of forces and the conservation o1. enerey
are val id. ' l 'hus 

i t  is irrpossible to separate gravitat ion from
the other forces of nature, rvhose electr ical character is so
rve l l  es tab l i shed.

3. 
' Ihe 

aether is thus thinned out by rvave ari tat ion,
tos'ards al l  single masses; ancl as the aetheions have-a vclol
c . i t y  o f  47r23g k ' rs  per  second,  we perce ive  tha t  the  eras-
t i c i t y ,  c  -  68S3zr6ooooo t imes grea ter  than tha t  o f  our
air in proport ion to i ts density, r ioulcl secure an instant
hornogeneity of the aether everywhere but for the incessant
a<:t ion of the receding waves. Accordingly the world is f i l led
Nlth waves, constantly received and constantly elnit ted from
all  atonrs. The rvaves are in some tvay due to the motions
of the aetherons, rvhich col l ide with ani l  are ref lected by the
reactions of the atorus.

4 .  Thus  on  the  one hand,  the  reced ing  waves  wou ld
give by reaction the central pressure ot. gravitat ion; and
on the  o ther ,  the  resu l t ing  he terogene i ty  o isu .h  an  e las t i c
kinetic nredium also implies the 

.saire cent.al pressure. Owing
to the e.normously rapid nrot ions of the aetherons they tenJ
pou'erful ly to become equally cl istr ibuted, and thus male the
rr-redium horrogeneous, but as they are ref lected violentl f
fronr the atoms, - the col l isions and rel lect ions keeping up
th.e. rvaves incessantly - the medium remains heterogeneous,
with the energy of the central inrush of the aethe.ons luribalancing the loss of energy by the waves receding o*:oy.

5 0 6 5

Fig.  rz.  I ) iagrarn of  thc d isturbance s, ,
reflccted from the srrrfacc ,5
abou t  t hc  po in t  l i , ,  and  t hus
rnainta incd in perpetui ty .
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I

6.  I t  thus  n l )pears
that cl isturbances el l tana-
t ing from lu torvards dS
in a conical sol id angle
do,  may be  ascr ibed to
disturbances from the
e le rnent  dS o f  the  same
cor r ica l  so l id  ang le  d r , r ,
l ron t  an) '  c losed sur face
about  1 | .  Jus t  as  the
integral of the outf lorvirrg
rvaves  q ives  { iTJa ,  €QU4-
t r o n  ( r 6 5 ) ,  s o  a l s o  r h e  i r r -
tegra l  o f  thc  energy  o f
the  i r r f l  o$ ' ing  d is tu rbences
are et lual,  and oppositely
r l i rected, which proves
the  propos i t ion .

have  t he
cOnStant ,

c

( r 6 0 )

same value

( ' 6 2 )

t ,_ . .5 . ,  
In  D.n(Cs ' lheor ] '  

o f  Opt ics,  r  917,  pp.  r  79-rgo,(iinglish translation by Mann ^na ,lfitt;t7,rj, o 
'u".y 

;".;;j
kable theorem is drarvn from the rigorous formuiation of
I{tq,,g/tms' principle, as follows I

rWhen the or ig in l ies wi th in the sur lace S,
oo tn : ! 

p[s(t- rl 7z)lr] lar.cos(n r)
- f t  l r )asQ- r l  r . , )pnld,s.  [ :s]  ( ,os)

; f 'his equation may be interpreted in the fol lowing.rva1':  1'he l ight disturbtnc€ .16 at any point .Pe (r"f , i l f ,  f ," i
been. taken as origin) nray. l3e looked upon as the -super_posit ion of disturbances rvhich 

"." 
prnpogoted rvith 

" 
u"foi i ,y

/, ' tou'arcl -Pe lronr t lre surlace elcnrerrts d.!  of any cl.r .cd
s , r facc  wh ich  i ' c ludes  the  Po i . t  / f , .  l i o r ,  s ince  the  e lenren ts

? t  11 . , , .u . t .e  . in tegra l  [35 ]  a rc  funcr ions  o f  the  urgurn .n ,
l - r l  l ' ,  any  g , i ven  phase o f  the  e lementary  d is tu rbar ice  rv i l l
ex is t  a t  I i ,  r l  I , ' seconds a f te r  i t  has  ex is ted  a t  dS.<

7.  The in tegra l  o f the  v ib ra t ions  in  the  separa te  sources
of the inf lowing disturbances clS has to be taken over the
who le  c losed sur face ,  and thus  the  ca lcu la t ion  is  compl ica ted ,
invo lv ing  a  sur face  in tegra l  a t  the  in te rva l  d l  over  the  so i id
arrgle rrr :  4ir about the point 1'6. And in orcler to rnain-
tain the action the integral has to be renerved ,at inf ini tely
short intervals, d1, corresponcl ing to surface thickness

dr
. .  . , Po)' ,  d /  :  a,n r!  l ,Jr .. J

o

But as these renewed integrals
for the interval dl,  u'e may take d /. '

<1r
d I -  

'  n
: 47t r=,ldr :

o
owing  to  the  un i fo rmi ty  o f  the  propagat ion  o t .  l i gh t .
.  Accordingly, i f  the aetherotrs \ \ ,ere once heterogeneous,
in spacial distr ibution, they u,ould alrvays ,t , .h inluJ.d, u,. , j
perhaps  genera te  $ ,aves  even i f  thcy  d i i  no t  a l ready  cx is t .
But. once exist ing, and enrit ted ,,  i ight, hcar or other l ike
radiat ion, 

. the heterogeneous density oi the aetherons rvi l l
ahvays exisr. Hence the wave-f ield about a body l ike the
sun depends on the kinetic exchange of the rapidly moving
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aetherons, under the steady outf low of wat.es, and is there-
fore eternal like matter itself.

8. This explains r igorously the central pressure of
gravitat ion. I f  waves exist,  the density thereby becomes
d : y r;  and since the waves of l ight and heat fulf i l l  this
law, the waves of magnetism and of gravitat ion also necessa-
ri ly conform to i t .

The moon's f luctuations shorv that gravitat ional waves
real ly exist,  and are long enough to traveri the earth's mass,
just as similar gravitat ional lvaves traverse the bodies of
Jupiter, Saturn, etc. I t  also fol lows that the aether is ex-
cessively f ine grained,.otherwise these ref lract ive phenomena
would not be dist inct ly real ized, so as to become sensible
to observation in the effects they produce on the moon's
motion.

9. The above nrathematical theorem, relat ive to the
inrvard propagation of the disturbances from a closed con-
centr ic surlace S, with velocity I / ,  e<yual to the velocity of
the waves travel ing outward from the centre Zs, wi l l  be ful-
f i l led by the energy f lorv conveyed through the aether by
the individual aetherons from any spherical surface g- 4nri .
I t  is not necessary that the i l isturbances s6 from the elements
o f  the 'enc los ing  sur lace  dS be rvaves ;  they  may be  s t resses
due to the energy of the individual aetherons produced by
the heterogeneity incident to the receding waves, and thus
converging to the centre whence the waves come.

5085

Fig .  t . ; .  
' l -he  

upper  f igure  is  a  d iagram o f
pagated frorn two equal loci. r\s
the  enc los ing  e l l ipso ida l  sur face ,
the confocal hyperbolas norrnal
en t i re  sys tem o f  con foca l  con ics
d is t inc t  in  the  lo rver  f igure .

(d) 1'hese novel considerations throw a new l ight on
dynamical problems, and bring the laws of celest ial mecha-
nics into harnrony with the wave-theory. They are therefore
of deepest interest in the theories of the motions of bodies.
Every possible notion in a system of two bodies is ac-
counted for, by the effects of perfectly siniple waves, and
the result ing stresses in the aether, towards central masses.
Celestial nrechanics thus acquires a hydrodynamical basis,
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a conic section, by giving i t  an init ial  velocity equivalent
to the integrated effect of the two bodies frorn infinity, (the
smaller being now rernoved from the simpli f ied problem).
Accordingly i f  the inf luence from the otber focus be cut off ,
at the instant of start ing, yet i ts integrated effect be included
in the init ial  velocity, we have the motion in conic sections
for a single body as laid down by Ncuton. There are in-
f ini te systems of hyperbolas, parabolas, el l ipses, which may
be described, depending on the init ial  condit ions, as more
ful ly set fort ir  belorv.

Accordingly, the above intbgral (r65) r igorously fulf i l ls
the geometrical condit ion for a heterogeneous aether: i t  is
kept  to  the  la rv  o f  dens i ty  6 :  r ,  r .  by  the  reced ing  waves ,
and the aetherons alrvays pressing inu,ard, by virtue of
th is  very  he terogene i ty ,  and the  enor r r )ous  e las t i c i t y .  e  :
689rz r6ooooo t in res  grea ter  than tha t  o f  our  a i r  iu  p ro-
por t ion  to  i t s  dens i ty .

( i i )  l 'hysi<.al i l lustrat ion of the ettects of- waves Irorn
the trvo foci of an el l ipsoid, corrcsponding to a double star
rvith equal components.

The acconrpanying rvave plate Fig. r3 (Guit lenin, Les
Ph inomdnes de  la  Phys ique,  r86g,  p .  r8z)  represents  a  fa in t
systenr of confocal conics due to waves receding from two
equal centres, such as a double star o[ equal cornDonents:

(a) The confocal hypertrolas ..pr"..nt the reacting
pressures at the el l ipsoidal boundary, i f  ref lect ion were to
take place there, or the inwardly direcred stresses fulf i l l ing
the above equation lor 4rtsu, under l f ig.ghrns,principle for
th is  more  complex  sys tem o f  t rvo  bod ies ,  ins tead o f  the  one
cent ra l  mass  a l ready  cons idered.

(b) Each wave from any centre as i t  reaches the hy-
pothetical el l ipsoidal boundary is nret there by a wave from
the other centre; and in ref lect ion the reaction lronr the
assumed bounding surface is in the direct ion of the hyper-
bolas, as shorvn in the f igure. The ref lect ion is perpendicular
to the surface of the bounding el l ipsoid; and, whether re-
f lected. or not, the stresses are along the .hyperbolas shown.

(c) I f  one of the bodies be r learly insensible in mass,
i t  is obvious that the other wil l  emit practical ly al l  the waves,
and the reaction or ref lect ion would be central,  as in the
case of a spherical body l ike the sun. ' fVhen 

there is a single
centre of waves, a comet may be nrade to move about i t  in

the rvaves pro-
rcflected l iolr)
they  produce
thereto. 

-fhe

is  'made more
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the aether being always subjected
waves receding from the stars and
sical universe.

A very remarkable comparison may now be made be-
tween the waves from two foci reflected from an enclosing
el l ipsoidal surface, and that above given for .u'aves ref lected
from a spherical surface enclosing a single centre.

r.  We have seen that i f  the waves emanating from a
single centre be ref lected from the enclosing spheiical sur-
face  S :  4 f i r2 ,  we have the  equat ion  (165) .

z. From this equation i t  fol lows that i f  we imagine a
wa'r 'e-f ield establ ished, in kinetic equi l ibr ium, about a radi-
at ing star, and suddenly enclose that star by a perfect ly
ref lect ing surface, $: 4/t121 the energy near the centre wil l
f low outward, t i l l  ref lected at the enclosing boundary, rvhi le
tha t  near  the  boundary  w i l l  as  s tead i l y  f low inward ,  ro
restore the energy lost by the central spherical she)ls,

3 .
we have

/
P "

4n  l r '  d r  .
o

And as  the  ve loc i ty  o f

to stresses, owing to the
other bodies of the phy-

V i s consta nt,

r-+ dr ./l- d1t
( " .  P . .

4 7 t l f - o r :  4 n l r ' d r .
a d
, . 4

Accordingly, the loss of wave energy from the centre
perfect restorat ion goes on without ceasing, and the
of the waves thus confined is eternal.

4 .  Now in  the  same way,  le t  us  imag ine  waves  e lna-
nating from two equal foci,  as in the case of a double star
rvith equal components, and suppose both foci suddenly
enclosed by a perfect ly ref lect ing, confocal, concentr ic, el l ip-

( r  6 8 )

and i t s
motion

( ' 6 s )
soidal surface:

12 f  (a2-+) , ) -+ -22 f  (02+1) -+zz f  (c2+- ) " ) :  , .
Then the waves from either focus wil l  return to the

other in an interval of t ime dl,  corresponding to the distance
za, traveled before and after ref lect ion, in any plane section
of the el l ipsoidal surface; and thus the wave-f ield about either
focus rvi l l  be perpetual. And just r is the wave-f ield ref lected
for restorat ion is perpetual, so also the inward stress, from
the aeth,:r outside the surface, is equal to the radiant energy
constantiy ref lected, and thus also eternal. This is the foun-
dation of celest ial dynamics, result ing from the nerv theory
of the aether.

5. Tbe inwardly directed system of conlocal hyper-
bolas indicate the direct ion of the rvave stresses sustained by
the el l ipsoidal ref lect ing surface. And since i f  rve remove
the surface, the waves wil l  proceed into inf ini te space, we
recognize that a wave.f ield about the two radiat ing foci must

inward stress of rhe
EEll to

(  \er :< : :s  s: :ess a.e:- i  : lc  t rDt?at3 :o : ' : t< sss:e:x.  " :  crn.

I O (  a l  f , \ ' p e r l O . a .

6 .  
' f h i s  

gc -o :ne : r i ca .  i e r : : : ; : : oa  con reus  : o  c : j !  l r . ) nc j s
a very c lear c jvnamical  i i ,us:- rzt :on of  the beirar ' :or  of  ihe
aether about a slstem of tro egrnl srrs. The inward stress
is no longer directed to e.ch o"ntrc lcp.ntely, but the total
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effects for the two centres are combined as shown by the
system of confocal hyperbolas. The system of confocal conics
shown in the acconrpanying i l lustrat ions is thus of the highest
dynamica l  in te res t .

( i i i )  The wave-theory r igorously extended to a system
of two bodies, by n.reans of the geometricai theory of con-
focal conics.

We have just investigated the physical theory of waves
propagated from the two foci of an el l ipsoid, and shown
that very remarkable phenomena may thrrs arise. As the
theory thus outl ined may have great dynamical importance,
i t  is necessary to examine the problem somewhat mbre cri t i -
cal ly from the point of view of geometrical r igor.

Perhaps i t  is not immediately obvious what al l  the
physical phenomena would be in a wave-f ield about two eoual
stars. Yet there obviously is ample assurance rhat should
the wave-theory tr iumph for a pair of equal binary stars, i t
would necessari ly hold for tr iple and quadruple stars, and
sidereal systems of higher order such as rve f ind in the
globular clusters. These splendid sidereal systems are so
crowded with stars in their inner spherical shel ls as to attain
a perfect blaze of starl ight towards the centre, and thus the
glory of globular clusters, l ike M.r3 in Hercules, ro Cen-
tauri ,  and 47 Toucani, is unrivaled by any other objects in
the  s ta r ry  heavens.

Accordingly we recal l  br ief ly the geometry of confocal
con ics ,  in  the  hope o f  i l l unr ina t ing  the  wave- f ie lds  in  s iderea l
systems of high order, so much studied by the elder l fcrschcl.' l 'he 

equation of a system of confocal conics in the
r_1 .p lane is  f f (a2-+ l ) -+ l f (b2- r l ) :  r .
And for the more general systen) of confocal conics,
dimensional space, rhe corresponding equation is

12f (a2-+),)-+yzl(t t-r7l+-z2f (c2-r l)  :  1 .

( ' z  o )
i n  t r i -

t r o g l
Fronr the forms of these equations, we perceive that, what
applies to the plane of .r7, wi l l  apply also to the system of
confocal conoids in r1tz. Thus for the sake of simplici ty we
shall  consider the system of confocal conics chief ly in the
plane 11, as sufficiently g.eneral for the requirements of our
present problern in tr i-dimensional space.

If  ,1, is posit ive in the equation, the result ing curve
is an el l ipse; but i f  /"  is negative the curve becomes an
hyperbola. The tranSit ion lrom the el l ipse to the hyperbola
is explained as fol lows.

From the form of ( l7o) we perceive that the principal
axes of the curve rvi l l  increase as l .  increases, and their rat io
wil l  tend more and more to equali ty as l ,  increases. Accor-
dingly a circle of inf ini te radius, (a :  b - oo), gives the
l imit ing form of the ei l ipt ical conlocals.

On the other hand, when /,  is negative, the
axes rvi l l  decrease as I increases; and the rat io

g : (t)2-+),)l@r-+),)
x i i l  a lso  decrease as  2  inc reases .  The e l l ipse  thus  becomes
t le r te r  and f le t te r ,  un t i l  l ,  i s  equa l  to  -1 ,2 ,  when the  minor
a x i s  v a n i s h e s ,  b 2 + ) , :  o ;  a n d  t h e  m a j o r  a x i s  i s  e r l u a l  t o
the distance between the foci.  The curve thus narroivs dou.n
to the l ine-el l ipse joining the foci,  which is a l imit ing form
of one of the confocals.

principal

( t z ' )
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the aether being always subjected to stresses, owing to the
'n'aves receding from the stars and other bodies of the phy-
sical universe.

A very remarkable comparison may now be made be-
trveen the waves from two foci reflected from an enclosing
el l ipsoidal surface, and that above given for waves ref lected
from a spherical surface enclosing a single centre,

r.  We have seen that i f  the waves emanating from a
single centre be ref lected from the enclosing spherical sur-
face  S:  4 / t r21  we have the  equat ion  (165) .

z. From this equation i t  fol lows that i f  we imagine a
wave-f ield establ ished, in kinetic equi l ibr ium, about a radi-
at ing star, and suddenly enclose that star by a perfect ly
ref lect ing surface, $ :  4n121 the energy near the centre wil l
f low outward, t i l l  ref lected at the enclosing boundary, while
tha t  near  the  boundary  w i l l  as  s tead i l y  f low inward ,  ro
res tore  the  energy  los t  by  the  cent ra l  spher ica l  she l l s ,

a

+ n ) r 2  d r .

3. And as the n.to.i,y of propagati on I/ is constant,
rve have r_rdr n_d_/l

P o ,  P " ,
4 7 t J /  6 7 :  4 r ) r - d r .

r R
( r  0 8 )

Accordingly, the loss of wave energy from the centre and i ts
perfect restorat ion goes on without ceasing, and the motion
of the waves thus confined is eternal.

4 .  Now in  the  same way,  le t  us  imag ine  waves  e tna-
nating fronr two equal foci,  as in the case of a double star
rvith equal components, and suppose both foci suddenly
enclosed by a perfect ly ref lect ing, confocal, concentr ic, el l ip-
so ida l  sur face :

x2f (a2-r),)-+t2f (brr-).)-+zzf (cz-+),):  1 ( ' 6 s )
f 'hen the waves from either focus wil l  return to the

other in an interval of t ime dl,  corresponding to the distance
za, traveled before and after ref lect ion, in any plane section
of the el l ipsoidal surface; and thus the wave.f ield about either
focus wil l  be perpetual. And just : is the wave-f ield ref lected
for restorat ion is perpetual, so also the inward stress, from
the aethr:r outside the surface, is equal to the radiant energy
constantiy ref lected, and thus also eternal. ' Ihis is the fotrn-
dation r>f celest ial dynamics, result ing from the nerv theory
of the aether.

5. The inwardly directed system of confocal hyper-
bolas indicate the direcl ion of the rvave stresses sustained by
the el l ipsoidal ref lect ing surface. And since i f  we renrove
the surface, the waves wil l  proceed into inf ini te space, we
recognize that a wave.f ield about the two radiat ing foci must
have i ts equi l ibr ium sustained by the inward stress of the
external aether, which is therefore at every point normal to
the enclosing el l ipsoidal surface. The external aether thus
exerts i ts stress along the tangents to the systems of con-
foca l  hyperbo las .

6. This geometrical descript ion conveys to our minds
a very clear dynamical i l lustrat ion of the behavior of the
aether about a system of two equal stars. The inward stress
is no longer directed to each centre separately, but the total
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effects for the two centres are combined as shown by the
system of confocal hyperbolas. The system of confocal conics
shown in the accompanying i l lustrat ions is thus of the highest
dynamica l  in te res t .

( i i i )  The wave-theory r igorously extended to a system
of two bodies, by nreans of the geometrical theory of con-
focal conics.

We have just investigated the physical theory of waves
propagated from the two foci of an el l ipsoid, and shown
that very remarkable phenomena may thus arise. As the
theory thus outl ined may have great dynamical importance,
i t  is necessary to examine the problem somewhat more cri t i -
cal ly from the point of view of geometrical r igor.

Perhaps i t  is not immediately obvious what al l  the
physical phenomena would be jn a wave-f ield about two equal
stars. Yet there obviously is ample assurance that should
the wave-theory tr iumph for a pair o[ equal binary stars, i t
would necessari ly hold for tr iple and quadruple stars, and
sidereal systems of higher order such as we f ind in the
globular clusters. These splendid sidereal systems are so
crowded with stars in their inner spherical shel ls as to attain
a perfect blaze of starl ight towards the centre, and thus the
glory of globular clusters, l ike M.r3 in Hercules, ro Cen-
tauri ,  and 47 Toucani, is unrivaied by any other objects in
the  s ta r ry  heavens.

Accordingly we recal l  br ief ly the geometry of confocal
conics, in the hope of i l lunrinating the wave-f ields in sidereal
systems of high order, so much studied by the elder Ecrschrl.

' I 'he 
equation of a system of confocal conics in tbe

ry-plane is r / /  ' ,  1 \  . r l l , r  ^ \
\- | \a- 

-t- ̂ ) --t-!- i \0- 
-+- t") : 1. ( ' 2 " )

And for the more general system of confocal conics, in tr i-
dimensional space, rhe corresponding equation is

12 f (az -+ ),) -ryL f (12 -r ),) -r z2 f (c2 -r )u) - 1 . ( ' 6 s )
Fronr the forms of these equations, we perceive that, what
applies to the plane of ry, wi l l  apply also to the system of
confocal conoids in tyz. Thus for the sake of simplici ty we
shall  consider the system of confocal conics chief ly in the
plane xy, as sufficiently g.eneral for the requirements of our
present problern in tr i-dimensional space.

If  i  is posit ive in the equation, the result ing curve
is an el l ipse; but i f  ,?, is negative the curve becomes an
hyperbola, The transit ion from the el l ipse to the hyperbola
is explained as fol lows.

From the form of (r7o) we perceive that the principal
axes of the curve rvi l l  increase as I increases, and their rat io
wil l  tend more and more to equali ty as /,  increases. Accor-
dingly a circle of inf ini te radius, (a :  b - oo), gives the
l imit ing form of the el l ipt ical confocals.

On the other hand, when l .  is negative, the principal
axes wil l  decrease as i  increases; and the rat io

n: \t2-+)") l@r-r2,) ( ' z ' )
rvi l l  also decrease as l ,  increases. The el l ipse thus becomes
flatter and f latter, unti l  ,1, is equal to -b2, when the minor
ax is  van ishes ,  bz- r ) " :  o ;  and the  major  ax is  i s  equa l  to
the distance between the foci.  The curve thus narrows down
to the l ine-el l ipse joining the foci,  which is a l imit ing form
of one of the confocals.

3o
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I f  the process continue t i l l  b2-+I == - ' t i t  a stnal l  ne'

gative quanti ty, the transverse axis of the hyperbola is very

nearly equai to the distance between the foci;  and the com-

plement of the l ine joining the foci is a l imit ing form of the

hyperbola. 
' fhis l imit ing fornr of the hyperbola is the narrow

hyperbola shorvn in the f igure at the r ight and lcft  respec-

t ively. When /e-+,1, - - ' r l  is a larger negative cluanti ty, the

hyperbola spreads i ts branches more rvidely and the vertex

becomes rnore distant from the foci on thc horizontal axis,

as sholn in the central part of the f igurc' As , l '  becorr.res

greater and grcater, the angle between the asynrptotes of the

hyperbola increases, and in the l i rnit  both branches coincide

with tbe axis of 1,.
Accordingly, wc pcrceive that by nraking i ,  approach

-1,2, we narrow up the confocal el l ipses into a straight l ine

joining the foci.  And rvhen the change continues st i l l  f trr thcr,

l2z1)" - -r l ,  a vcry small  negative quanti ty, t l te curve passes

f rom the  s t ra igh t  l ine  jo in ing  the ' foc i  in to  another  s t rx igh t

l ine running ftor.n eithcr loctts to in{inity, rvhich givc the

l ine-hypc ' rbo la ,  cor respond ing  to  the  in te r r ta l  l i ne-e l l ipse .  The

point describing thc l inc-el l ipse thus ccases to r l)ove between

the foci,  and returns to the ot irer focus through inFnity,

whcn thc l inr i t ing cl l ipt ical confocal passcs into the l i rnit ing

h1'perbol ic confocal. lVhcn l ,  is negative and nunterical ly

g ia t ta t  t l tan  ae ,  the  curvc  is  in rag i r r : t ry .

Let us now rett lrn to thc al;ove lrgttres, and inragine

two eryual wave ccntrcs, as lronl a dotr lr lc star of cr l t tal  cot l l -

ponents ,  l i ke  TVi rg in is ;  then obv ious ly  we have two e t l t ta l

lvave-f ields, one about each focus, u' i th the double systcm

o[ confocal hyltcrbolas, as shown in the above t igure' 
' l 'he

entire sol id angle altorrt  the centre of the confocal el l ipses

i s  9 :  4 n .
But we may spl i t  the system of contbcal hyperbolas

into two equal parts, on either side of the rnedian plane,

each equa l  to  L f rg  :  27 t .

I t  w i l l  be  ev ident  on ' rc f lec t ion  tha t  a l l  the  hyperbo las

about the lorver focus wil l  curve about the r ight star I '  j t tst

as in the case of comcts rel 'olving abottt  our 'sun: and al l

about the upper focus rvi l l  curve about the lctt  star , / ' .  And

these in6nite systems of hyperbolas rvi l l  include curvcs of al l

possible eccentr ici ty, rvi th a perihel ion distance less than a,

haif the distance betrveen the trvo foci.

The waves propagnted froln trvo eqttal stars by ge-

nerating a doubly inf ini te system of confocal conics - the

el l ipses cutt ing the corresponding hyperbolas at r ight angles
- f ix the paths of inf ini te variet ies of cornets about either

focus, as wil l  tre nrore ft l l i l '  discussed bclo*"

( iv) Geometrical propert ies of confoctr l .  conics'

(a) Two conics of a confocal system pass through any

given point - one an cl l iprse, tbe other an hyperbola. After

the above outl ine this is alnost obvious, rvi thout t l r ther

discussion, for i f  the e(i t lat ion of the original conic be

( r t  r )

wil l pass throtrgh

the

sl f  a2+-1t2f  bz:  r

equat ion of  the conlbcal  conic ' is

12 I @2 -r 7) -+- ) '! f (b! + ).) :

And it is obvious that this cun'e
given point  (x '2 ' ) ,  i fthe
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x ,2 f (a2-+- ) , ) - rJ /2 f ( t )2 - r l ) :  r .  ( tZ f )
' fo f irrd the solut ion for this condit ion, n'e remember

t h a t  / 2  :  6 2 - s 2  e 2 ,  a n d  p u t  / : - f  2  -  q '  :  a 2 - e 2  c 2 + - I ,

and thus  ob ta in  t ' ro r t r  ( r  7  r )
',,t 

,, 
-ry,') (r1, -r a't c") -- t1, Qi 

-+- a2 e2) : o 
( , Z +)or , ' : t  

-  ot (r,z -+ l /2 - a2 ,r) -  o'  e2 1{! :  6 .
' fhis is a r luadratic with trvo roots, both real,  but of opposite

s igns ,  and thus  there  arc  two con ics ,  [2a) ' :  - r7 '  be i l rg

the  e l l ipse ,  and I t2+- l :  -7 , '  be ing  the  cor respond ing

h ypcrbo l r .

(t  )  One conic of a conlocal syste r)r and only one rvi l l

touch a  g iven s t ra igh t  l ine .
!-rom the equations

l r - rn1 , - r  :  o  r2 f (a2- r ) ' ) -+1 ' ' ! f ( t ,2 -+) " )  :  r  ( t lS )

rve f ind lor tange'ncy:
( r  z 6 )

which  is  l inear  in  / , ,  and  y ie lds  one va lue  o f  i , ,  cor respon-

ding to one coufocal conic, and only one, bounding the

given straight l ine. 1'his might be tangent to the el l ipse,

or to the hyperltola, btt t  rrot to both ir t  the sal lre point, be-

cause the hyperbolas always are at r ight angles to t lre el l ipses

at theit  intersections. '
I ly subtraction rve have frolt l  thc trvo ct luations

i f  a t ,+1 'z f  t , ) :  r  : t2 f (a2-+) . ) - * l f  (b2- r ) . ) :  I

s ' ! f [u ) (a ! - r l ) l+ ) / ' l u ) ' ! (a ' -+ / .11  :  
"  

.  ( '  zz )

And r rs  , t r "  .n t r { i t io r t  o l '  ta r rg t 'ncy  is

x / f  d - r 1 ' 1 r f  / 1 2 :  v  r r f  ( a 2 - + 7 ) - + 1 , 1 t f ( 1 2 - + - 7 ) :  t  ( t Z S )

we see tha t  ( r78)  shows the  rec tangu lar i t y  o f  the  curves  a t

the i r  in te rsec t ions .
'  (v) r\ppl icat ion of the theory of confocal conics to

the rnotions o[ cotnets, as under t ] ,e rvave-theory of physical

forces.
I leferr ing to the f igure given abovc for the waves l iour

t lvo eryual stars, we notice that t i re boundary thcre represented

is  onc  o f '  the  confoca l  e l l ipscs ;  o thcrs  o f  g rca tc r  ob la te t ress

are shown ncarcr the ccntrc of the f igure, but the approxi-

mations to the l ine-el l ipses very near the centre are ottr i t ted,

for reasons of clcarness.
It  rvi l l  l le found that the spheri<:al waves propagated

from thesc two centres give the confocal el l ipses, and also

the confb<:al hyperbolas, as cleai ly outl inecl in this f igure.
' l 'he independent circles about the two foci are at distanccs

a \ ,  a / 2 ,  a h ,  .  .  . A h .
At the boundary the waves l iorn the trvo foci are re-

f lected, with reaction in the direct ion of the perpendicular

to the surlace. Hence we see that the nortnals at these points

of ref lect ion give the confocal hyperbolas. Accordingly, i f

waves were travel ing with uniform velocity from' both foci,

and ref lected at the confocal el l ipt ical boundary, there would

thereby rcsuit stresses in the aether directed along the con-

lbcal hyperbolas at the intersections of these two systems.
' l 'his result of the intersecting system of confocals is very

renrarkable, since i t  wi l l  hold for every point of inf ini te

space, and thus for el l ipses and hyperbolas of every possible

form, nrutual ly intersecting at r ight angles, as shorvn in the

figure.



It was established by the researches of prof. Strbngrcn,
o f the  Roya l  Observa tory ,  Copenhagen,  about  rg ro- r r ,  tha t
al l  the comets heretofore observed describe el l inses about
the sun in one focus, l t  htt i  previously bccn sul iposed t lrat
the orbits of certain col.r lcts were hyperbol ic, yl t  greater
ref inement of research proved the el l ipt ical characier of
al l  these orbits; so that they return to our sun, and thus
are rel ics of our primordial solar nebula, as set forth in
my Researches on the Hvolut ion of the Stel lar Svstenrs.
v o l .  l I ,  r 9 r o .

If  the comets had greater than the parabolic vclocity
o [  movement  re la t i ve ly  to  our  sun,  u> / t t / ( t - rn t ) .  l l ( z f  r ) ,  the
paths would be hyperlrolas; snch orbits, horvevcr, are nor
yet of record. I t  is obvions that we can now interoret thc
physical signif icancc of the s),stcrn of confocal conics, in
conforni i ty with the obscrved larvs of celest ial ntechtnics,
and thc indications of thc \Vlvc- ' l ' l rcory of physical l . 'orces.

For examplc, i f  a cornet rvi th zero velocity lvcrc to
cross the boundary to enter the f icld about the trvo foci,  . in
the abo'r 'e wave-f igure, thc instantancous stresscs to the foci,
on the l ine of the rcf lected rvavcs, wonld cause the comet
to pursue the indi<--ated hypcrlrola, passing throuslr thc point
b ,  t ) .  Under  s l igh t ly  rnoc l i f red  cond i t i Jns  th is  reason ing  ]

4 5 3 5 0 8 5

Star l igh t  on  Lout re ,  l \ {on tgonrc ry  C i ty ,  I ' 1o . ,  rg :o  Sept .  6 .

Der VerHnderl iche RS Virgi
I) iesen Vcrd.nderl ichen habe ich nnr in dcn Jahrcn

rgoo,  rgo2,  rg r8  r rnd  rg rg  h r tu f iger  bcobachtc t .  N le ine
Vergleichsterne lvaren :

might be greatly extended, but we shal l  not enter uDon
i t  here .

, In conclusion, i t  only remains. to add that in the f i f th'ancl 
sixth pal)ers I  hope to throrv some l ight on the obscure

physical cause undcrlying molecular and atomic forces. The
calculat ion of the wave-stresses at the boundary of a l iquid
globule, such as a rain drop or a drop of dew, wil l  lead
rus to the cause o[ surface tension, constantly act ing for the
generation of rninimal surfaces throughout narure.

I t  i s  no t  by  chance tha t  a l l  I iqu id  d rops  take  the
spherical tbrml The qcomcter may disbover theiein a sreat
secre t  o f  thc  phys ica l  nn iverse !

If  so, this acir.ance wil l  i l luminate also the dif f icult  ,
p rob lcm o f  cap i l la r i t y ,  wh ich  has  a l ready  en .gaged the  a t_
tcn t ion  o f  so  manv en t incn t  geo lne tc rs .  \Vhence we hoDe
to attack the subject of cohesion anci adhesion, and euln
of explosive forces, n'hich hcretofore hirvc appeared even
nrore  bewi lder ins .

Mr. W. ,5. I) 'an/t l t  has laid nre under last ing obl iga-'
t ions  by  lac i l i ta t ing  . the  comple t ion  o f  th is  four th  paper .
And IVIrs. Siz"s synrpnthetic interest in t l tese researches has
lent a support which olten proved so invaluable as to be
I ' cyor id  a l l  p ra ise .
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die I l l )-(]rr j fJe. lVleine sitnrt l ichen l leobachtungen 
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