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Having cited from authentic sources the carly impression
formed by Newzon, as to the nature of gravitation, and how
it is transmitted in the superfine medium of the acther, which
is treated of at much greater length in my New Theory of
the Acther, 1922, we may now resume the argument regarding
the interpenetration of the wave ficlds due to separate stars,
Two such wave-fields are illustrated by the following figure;
and the number of such wave-ficlds must be conceived as

RN
D=2 (x,v,5,0) = jjjjff’f AArBhar -1, U (& 4,0 dE dy ddda dpe die x
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or 1n full:
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5. This is the Infinite Integral which arises in the Theory
of the Acther, owing to the interpenetration of waves from
the infinite number of stars constituting the sidercal universe.
It results directly from  the Fowurier- Poisson method of
integration, for wave-motion,) and affords an impressive
ilfustration of the profound mysteries underlying the observed
laws of naturc.

x 11

Sondernummer

460

indefinitely increased (Plate VIII).

4. And as these waves interpenctrate at all points of
space, the separate integrations for @, @', ", @' -
naturally are not strictly independent; but are mutually
comected by the series of approximations incident to inte:

gration on integration, to infinite order, for an unlimited
number of bodies. The form of the integration thus becomes

rgorously:

D D (D (e @ (1 @D (1a4)
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Throughout the immensity of space it seems that very |

mutual
inaccordanece

perfect order 1s preserved.  This is due to the steady
actions of the stars, under universal gravitation.
with the Newtonian law: vet we find difficulty
the infinite complexity of this action without a study
above mfinite integral.

In coneeiving

of the

In spite of the complexity of the integration on inte-

gration, the value of the integral is finite, at cvery point of
space, like the foree of gravitation itself. In fact the elements

1) Since finishing the above discussion of the infinite integral arising in the New
might derive it also from the point of view of partial differential cquations, which apply to wav
the simultancous waves from the separate stars:

superposed waves always may coexist,
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ral often are nearly insensible, owing to the immense
tances of the stars composing the Milky Way or
other sidereal systems, to a depth of some two million light-
vears (of. my Determination of the Depth of the Milky Way,
Proc. Am. Philos. Soc., 1911). This was the extent of the
sidereal universe first inferred by Sir Wi, Herschel, 1799—1802,
and discussed at Paris between Herschel, Laplace, and
Napoleon, Aug. 8, 180z (cf. Herschel’'s Collected Scientific
Papers, vol. 1, p.12), reestablished by me in r19o9—1911,
by investigations based on the best modern data, and
recently  confirmed by Shep/er at Harvard observatory,
Ilubble at the Mt.Wilson observatory, and Dr. /. /7. Jeans,
Scerctary of the Roval Society, and President of the Royal
Astronomical Soctety, Tondon.
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Accordingly, it appears that nothing but the infinite
mtegral above described is adequate to define rigorously the

it occurs to me that we
c-motion. As the oscillations of

Theory of the Aether,

P =Q (v, p,5,0) D= (50 D720 Q7Y D= 0 DY =QY (Y v 27 )
give risc to the corresponding partial differential cquations:
‘-2(])’ T2 (Iv'y w2 VL’(])'” I S

Owing to the interpenctration of the waves it is obvious that we should add these differential equations into an expression
with an unlimited number of terms:

L3 UREE 30 QAR L A X! ! AN G B S AR A R
B N PR Y A
and then integrate successively, with infinite frequency, the arbitrary constants, ¢y, cp.¢5,¢4, - ¢r for the particular integrals,
P L L L L ,‘l“‘, when compounded into the ('omp]vtv integral:
L, ) ey (0 1) by @ (0 e ) e e @ (107,27, 0)

as by the above brackets, and the particular
serving for the etfects of the interpenctration of the waves

being so formed as to unite uu‘h particular integral with thc whole series,
tunctions Wy, under the scparate sextuple integrals, Wy th, Uy -ty
from all the stars of the sidereal universe. Note added Aug. 5. 19235,
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actual state of the Acther, as disturbed by the unlimited mass
of stars composing the Milky Way. The wave-field is cvery-
where infinitely complex, yet the value of @ is finite, becausc
the series of terms, higher than first order, depending on
@', " ete., in

{r+ [+ D"+ @ (14 - {1+ \]} (146)

rapidly converges, owing to the immense mutual distances
/7 s, with the wave-action therefore small, like the disturbing
gravitational forces to which the wave-fields give rise.

6. Analytical expression for the practical evanescence
of the higher terms. We may also show analytically why (he
smaller terms depending on remote stars tend to become
evanescent.

(&) From the form of the Infinite Intecgral:

D :ffﬁﬁf LMABANT =1, W (E,0) dE iy A dA dge dp x
—co

Sl @ )] ()

the disturbance is the wave-

AT+ @ 1o (1 (.

we notice that, in another form,
motion:
D=0 (x;v, 270 or D=0 (v, ¥, z)

/=0 (148

which reaches different points at different times; and is strong
or feeble according to distances of the stars involved.

(1) For a star, such as our Sun, the coordinates v, 1. 2,
or &, arc evervwhere of definite fixed value: but tor

another star such as Sirjus, the coordinates 2, v 5. or
&y, & (referred 1o the same origin as v, v, 5, & 4, & have

very different values, v+ ¢, VS sy S, yEB3, C+y, or
cquivalents, owing to the great distance of Sirius. Thus the
ratios of the coordinates X v efE ) or RISy A
would be evanescent, in the whole region about the Sun,
where the wave D=2(xy,50) is of importance in defining
the value of O,

(c) Hence in comparison with @), (' - Qe

.
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would be evanescent, or infinitesimal in value,  The higher
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When the series is thus developed, the value of /o5y is
may then be found by one additional integration T
O
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terms of the infinite integral thus
the series rapidly converges:

are very minute, so that

4+ 00

(n:fjjﬁﬁ AJ+”””V“14%(54@3dsdngdzdﬂdpx
- 00

O D} (149)
because at all points where @ is sensible, or appreciable, @ is
practically insensible, and @' is still smaller, — of the sccond
order of small quantities!

x {1+ [ D1+ @ (e (s

17. Numerical Example of anAnalogous Mecthod
of Integration, by Successive Approximations, used
in the Theory of the Sun,

The foregoing process of integrating by successive
approximations, in order to get the true value of the velocity-
potential @ in superposed wave-fields of the acther, when
hsturbed by an infinite number of stars, Is not cssentially

- different from that long known to geomecters for finding the

rigorous path of a curve, which mav be found roughly by a

few terms, but rigorously by many successive approximations.

1. The integration for the law of density in the Sun,

treated as a mass of monatomic gas (cf. AN 4053, 4104, 4152).

Let o denote the density at any point of the Sun’s

radius, 4, the density at the centre; 77 the temperature at

any point, and 77 the temperature at a point where the

density is o', Let « be the distance from the Sun’s centre,

X" the Hmiting value for a at the boundary of the photosphere,

which proves to he 4 = 3.053962; and let y denote the integral
R

e J"\'n":io‘ W dy=m'yra, (150)

8]

where w s the mass included

Then

within a sphere of radius .

X

f‘u/xz “da

o

which may be solved by successive approximations.
The law of density thus hecomes

1 —(afu)—

(151)
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determined, and the law of density is known; the value of 2

(153)

N
\

as follows:
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In these equations v varies between the Jimits v =o,
corresponding to the Sun's centre, and v =x"=3.653902,
which is the value at the houndary of the photosphere.

Such successive approximations give the true law for
the density within the Sun's globe, whereas the result of a
single integration, under the form:

M .
= Yologat dy ’:j Tjaton dx

1— (/o) (150}

0 o

would be too rough to give any high degree of rigor for the
curve (alog) throughout the Sun's mass. In 1903 I determined
the curve for g oand 1- (sloy) 1o terms in o of the
order, by actual calenlation involving about fifty successive
integrations, and to terms in x of the go™ order, by the re-
sulting differences. Thus T was enabled to compute the Taw
of density with high accuracy down to the very centre of the
Sun’s which could not have been traced by a less
Jaborious process, owing to the slow convergence of the

20()1

MRS,

SCTICS.

Accordingly, it appears that the successive integrations,
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involved in the infinite integral appropriate to the Theory of |

the Acther, have their analogy in the theory of curves, some
of which represent physical laws used in the theory of the
universe,

“Often a curve may he roughly approximated, by a few
terms of the series, vet a very rigorous caleulation of the curve
may involve many repetitions of the process of integration,
for fixing the higher terms, Therefore the process of successive
integrations for finding the exact laws of nature is of very
great use in physical science; and this general method of
approximation deserves increased attention from geometers
and natural philosophers. :

The investigation described above in section 16 is the
first case of a strictly infinite integrat which has come under
my notice. Tt appears to be very remarkable for the following
TCASONS !

() Tt arose from the consideration of the Theory of !

the ;'\(:tl(u‘r, under conditions existing in nature, and corres-
ponding closcly to the actual state of the AMilky Wav, Tt was
noticed by Siv H7llvam flersched, with characteristic pene-
tration, that the Galaxy is a clustering stream, made up of
star clouds and clusters in every degree of condensation.
Barnard’s magnificent photographs confirm ferschel’s con-
clusion that the Milky Way is gradually breaking up, under
the eontinued action of the clustering power of universal
gravitation; vet sensible changes in so stupendous a structure
could be expected to become appreciable only with the Japse
of millions of ages.

(1) Some 2300 years ago it was suspected by Democritus,
Anaxagoras, and other Greek philosophers that the Mitky
Way is made up of separate stars too small and too faint to
be perccived individually. These impressions of the ancients
were confirmed by the invention of the telescope, and now
Barnard’s splendid photographs illustrate the subject on a
stupendous scale,  The latest conclusions are somewhit
analogous to those of the Greeks in foretelling things not
yet seen by mortal eye: namely, owing to the vast extension
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of the universe in the plane of the Galaxy, to a depth of over
two million light-years, the number of stars beyond the reach
of telescope or photography many times exceeds those which
can he perceived by our most powerful telescopes. Thus the
observational indications are that the sidercal universe really
is infinite; and thus the velocity-potential of the waves that
pervade it could be expressed only by means of an infinite
integral, shown to be convergent and cverywhere of finite
value, like the gravitational forces operating throughout the
immensity of space.

() The splendid mathematical discoveries of Fowrier
and  Fuisson, in the theory of the integration of partial dif-
ferentinl cquations, have given us a method of analysis as
genernl, clegant and rigorous as the physical problems of
nature are complex.  Without this method of treatment we
could not express the cffects of the infinitely complex wave-
ficlds on which the wonders of universal gravitation depend.

() Accordingly, the theory of the infinite integral
offers several points of special interest to geometers.  In his
celebrated Rescarches in the Lunar Theory, 1877, Dr. G. 7
7777 discovered an Infinite Determinant, which he carefully
investigated, proved to be convergent, and always of finite
value. ‘The Infinite Determinant has since found applications
in the theory of sound and other branches of physical science;
o that it has proved to be of deepest interest to geometers
and natural philosophers.

May we not hope that the infinite integral here outlined
and applicd to the waves of the acther incessantly traveling
throngh the sidereal universe will also find new applications
in other branches of mathematical and physical science? Such
developments in analvsis enrich the fertility of our resources
in caleulation, and alone seem adequate for dealing with the
infinitely complex phenomena pervading all nature.

18. Another Example of the Process of Succes-
sive Integrations as used in the Planctary and
[Lunar Thecory.

The differential cquations of undisturbed planetary
motion, in rectangular coordinates, have the form:

A2 A2+ B2 (1 ) x[rP =0
ABJAPR R ) v =0
A2/ AR+ B (1 +m)s[rP =0
A2 Deing the Gaussian constant of attraction.
If we multiply the first of these equations by » and the
sccond by «x, and subtract the second product from the first,
we get by the first integration:
(xdv—ydx)fdz=c¢

and likewise (xdz—zda)fdz=¢ (r58)

(ydz—zdy)/dz=c"

whencee ca—c'y+cx=o0, (159)
which shows that the undisturbed motion of the planet lies
in a planc passing through the centre of the Sun, the constants
of the areas, under the central force, according to Aepler’s law
of arcas, being ¢, ¢/, ¢, in equation (158).

The complete integration of equation (157) yiclds six
constants, which are the clements of the planet’s undisturbed
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motion, usually written:
a1 longitude of the perihelion,
0 =longitude of the ascending node,
7=inclination of the orbit,
¢ =arcsine, the function of the eccentricity,
A7 =mean longitude of the epoch,
72 =mean motion.

Accordingly, if 4 be any coordinate of the place of the
body, 6=/, §3,7, ¢, M, ) we have:
A8 =d8)d - S+ A6[AQ A +Adds A7+ A8y A g +

+d8[d My 1A+ Ad]dn- M {160)

The place of the perturbed planet thus depends on the
variation of these six clements; but as the perturbations
usually are small, the solution of the differential equations
for the disturbed motion is rcqzlr(lod as similar to that of the
undisturbed motion but with varving elements, — the per-
turbations of the clements to he added to their initial values.

Accordingly, for the disturbed motion of a planet, we
have equations of a closely related form, yet with the sceond
members not zero, but very small, and under such constant
change that the method of integration is known by the name
of variation of parameters, or of the clements, regarded as
arbitrary constants.

If " denote the radius vector of the disturbing planct
from the Sun, and o 1ts distance from the planet whose motion
1s disturbed,

N S U

so that
and the perturbative function be (l(ﬂot((l by 2, we have:
Q=m'|(x +m) [r/o—{xx"+2y +¢z)/r"] -
+" (14 oy /u —(ax" +yy" w55 +
oRex=m [(L+m)(—1]oP dofdx —a'[3) +
ot (G (= x/u’z-(lu’/(lr =& g

[/\'~\ Vot =" [F ] +

(162)

. tiy L
=01 + i

[ =" = e (10y)
Then  the  diuferential  equations for the disturbed

moticn become:
A2fdr2 4 22 (v o) P =R (1 ) 06
A2 A2+ R (1A m) )P Qe (163)

=21+ 1) O
A2z/dR+ B () [P =F (v +m) 2820z .

(163)
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Accordingly in Zaplace’s treatment "of this question,

" Mécanique Céleste, Liv. II, Chap. V. § 41, he usually writes

“ where

the differential cquation in the form
d¥pldR+aly+ e Q=0 (167)

ce 1s a small constant coefficient, and @ a function

of the coordinates, and of their differentials.

As before noted, the right members of these cquations differ .

slightly from zero.

the perturbed motion are small, owing to the small masses
and great mutual distance of the plancts, as we see by the
cquivalent finite expression:

14+m) 002/0x = Vm' (=P =[] =
A-/ \’ SN N
=7
247771, [(vi—a)] Py —xifr?] (166)
FAE= |

as if the perturbative function were zcro.

To integrate the equation of the perturbed motion,
therefore, namely,
By/d+a’y+ e Q=0

we first integrate that for the undisturbed motion,

A2/d + oty = (168)
which gives » in functions of the time,
ve=clasinal+c arcosat (169)

thus corresponding to purely periodic motion.

For dy'd/=¢cosat—¢' sinaf (170)
and — A% = asinat+c'a cosat (171)
which vields, by (168, combined with (1696):
A2y AR ro
as i (168).
Therefore the original equation 7168} is integrated,
<ince we (nd direetly:
- X«l'—’_r A2y S(' asinat df+ Xr'a cosal dz—
=ccosal—¢ sinat=dy/d7s . 172
By repeating the integration we have:
= _\-(ly dz-dz s ccosal df— 'fr’ sina? df/=
=cla-sinat+c'fa-cosat . (173)

To determine the constants of the integration, ¢ and ¢,
we proceed as follows.  Ifirst, to find ¢ we multiply (169) by
asinas, and (170) by cosaz; and add:

a v sinal—csintal + ¢ sinat cosal

’

174

(175)

Sceond. o find ¢, we multiply (169) by @ cos a7, and
{170) by —sinat, and add:

~—

dvfdscosat = ccostar — sinat cosat

wherefore c=avsinags - dy/descosar

a ) cosal=c sinaf cosal + ¢’ costat
(176)

(1

Now we have found that in the equation of undisturbed

--dyfils-sinat = —c cosat sinat + ¢’ sinat

wherefore ' =aycosat—dy/dtsinat . 77)

; : - .  motion, the purely periodic function y depends on ¢ !
Now since the second members of the equations for ’ 1 v d el n a double

integration of the equation (168), and thus we may write the

. process in the form:

L=

~ [ fazy dre-dr ds —a2f[ydrdr=
H 2{(¢c/a-sinat +¢'|a-cosat)}de dz (178)

which is casily verified.
In the theory of perturbations, involving equations of

the form (167) above, it is shown, (Mécanique Céleste, Liv. 11,
we may in the first approximation integrate the above cquations |

Ch. V. § 41), that an additional integration is required for
the terms involving « Q.

31
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Thus we get for the perturbed motion

y=cla sinat+c'[a-cosat — «Ja-sin m‘jQ ds cosal+

+¢t/a-cos a/‘[Q dz-sinars . (179)

The double integration for v, in the theory of the
undisturbed motion, with the additional integration for the
terms involving the perturbations, — in all thercfore the
three integrations here explained — give a fair view of the
processes employed in the planctary theory: yet it may be
noticed that in fixing the perturbations in longitude, there is
a double integral involved, in addition to the double integrals
for the perturbation of the radius vector:

dr=a cosv s)n d¢-7sino {2 f(l R+7r (E‘A’/E‘)‘)} +

—a siny Y// dz- 7 cosv {2 r(]/\’ + r(f)/\’/ff)')} (180)
the integral for the longitude having the form:
V(x—e®)-do=(2r ddr +dr 02)/(a? n d7) +

+ 3a /- S) gn, A7 AR+ 2afpe- 51/ de-r(eR[ory . (181

These equations of Zaplace give the perturbations in
the radius vector and Jongitude, A being the disturbing
function, and g == A7+ the combined masses of the Sun and
disturbed planet, and 2 the mcan motion,

For our present purposes 1t 1s not necessary to go into
greater detail, as to the mathematical processes involved, in
these calculations. But we mav deseribe the physical signi-
ficance of such approximations, which are accurate to the
first powers of the attracting masses, or disturbing forces.
It 15 that when two planets mutually disturb cach other,
the effect upon one body 1s calculated just as if the motion of
the other body were undisturbed, and vice versa. Thus for
cither hody the undisturbed coordinates of the other are used,
as 1if its motion had not been perturbed.  When these first
order perturbations are obtained, for correcting the clements,
the resulting new osculating clements may be emploved to
calculate the perturbations imvolving the sccond powers of
the masses or disturbing forces.  And if these second order

corrections are applied, to give a sccond set of osculating

elements, the latter may then be used to caleulate the pertur-
bations to the third order of the masses or perturbing forces.
The process is therefore one of successive approxi-
mations. It presents no difficulty in numerical caleulation,
by the method of special perturbations; which i1s so much used
for the minor planets; and may be employed in the above
formulac of Zap/ace, if in the repetition of the integrations,
we successively correct the clements, to take account of the
perturbations of the first, sccond, or higher orders.

The formulac of Zaplace, however, are intended pri-
marily for gencral perturbations: that is for perturbations
incident to the cxpansion of the perturbative function in a
scries, thus involving the time as an independent variable,
which may serve for indefinite time.  The usual mode of
expansion involves the powers of the masses, and the various
powers of the eccentricities and the mutual inclinations of the
orbits.
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Objection is sometimes made to this method, even as
refined by Zansen, to ensure increased rigor in ZLaplace's
processes. It is held that the method of expansion in series is
inexact, because the number of terms is indefinite, and all of
them cannot be fully taken into account, without enormous
labor; and cven then an uncertainty will remain as to the
inclusion of all the terms, which could effect the result.

In 1895 DProfessor Neweomdb expressed to me this
fundamental objection to the theory of general perturbations,
and said that if he had his planetary researches to do again,
he would adopt the method of numerical integrations employed
in the theory of special perturbations, as applied to the aste-
roids.

Newcomdb remarked that it took Dr. GUIV. 7177/ 11 years
to complete his New Theory of Jupiter and Saturn; while the
method of special perturbations, to a degree of accuracy
adequate for several centuries, could be applied in very much
less time. The problem is onc which Dr. /77// used to describe
as depending on »pushing the approximations to sufficiently
high order as respeets the masses, eccentricities, mutual
inchinationsg, ete.

The eriticism of Nezwcomb 1s of weight, not so much in
theory as in practice — where the real difficulty of picking
out all sensible terms arises.  The trouble in practice is so
serious  that purely numerical processes are  increasingly
sought, yet the methods of Zaplace, 7/ansen and I/i/7 continue
to be used in the planctary and lunar theory.

Part IV. Theorems of Laplace and Poisson on the
Invariability of the Major Axes and Mean Motions
of the Planets generalized for all the Higher Powers
of the Masses: Criticism of Traditional Theories
from the Age of Newtfon, Criteria which overthrow
the Theory of Ultraz-Mundane Corpuscles: The Cal-
culus of Probability establishes the Wave:Theory as
the Order of Nature.

19. Zaplace’s Theorem of 1773, da;=0, d,n;=o0,
and the Mcean Plancetary Potential Theorem of 1799,

1. In addition to the theorem of 1773,

da;=0 dy=o0

(182)
we find in the Mécanique Céleste, Liv. II, Chap. VII, § 61,
1790, that Zaplace reaches for the planetary system a formula
connecting the masses and major axes very similar to that of
the potential; 1782, expressed as follows:
y
o T N
constant =mfa +m'la’ +m’" [a +ctc.:2 mia;=11 . (183)
7=0
»All these cquations take place in relation to the inequalitics
of very long period which might affect the elements of the
orbits of m, m', cte..

This really represents the sum of the mutual potential
cnergies of the bodies of the solar system. The theorem
reached 1n 1799 thus corresponds to a modern extension of
the carly conclusion of Laplace, in 1773, dja;=0, dyz,=o0,
that to the first powers of the disturbing masses, the major
axcs of the planetary orbits are invariable. This bears upon
the celebrated problem of the gravitational stability of the
planctary system.
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2. Ixtension of Zaplace’s theorem by Poisson, 1808S.
We are reminded that Zaplacc’s carly result of 1773, and the
above theorem of 1799, was first given a notable extension
in 1808, when the brilliant voung geometer Possson extended
such reasoning also to the second powers of the disturbing
masses, and rigorously demonstrated that cven under this
second approximation the major axes of the planctary orbits
remain constant and the mean motions invariable.

In his Alécanique Céleste, Tome I, Chap. XXV,
PP- 391403, 1889, Zysserand has a carcful discussion of this
celebrated problem.  Designating by d,a; the perturbations
of the semi-axes depending on the first powers of the masses,
and by d,a, the corresponding perturbations depending on
the sccond powers of the masses, he comes to the following

conclusions (p.g400):  »lt is therefore demonstrated  that

ddyw;'dr contains only periodic terms, and consequently |

that dya, does not include any sccular term. Accordingly,
a; has no secular incquality when we take account of the first
and seccond powers of the masses.« Hence Poseson’s conclusion :
»The major axes of the orbits deseribed by the planets about
the Sun have no secular equalities, neither to the first nor
to the second approximation .

In a carcful Historical Critique (b. q402-3) Zrsserand
reviews the efforts of later geometers to extend these re-
scarches to higher powers of the masses, vet in pointing out
the uncertainties in their conclusions, finds nothing definitely
established.

3. The author’s generalization of the theorems
Laplace and Poisson for the higher powers of the masses.
During 1924 I was able to devise a mathematical demon-
stration. based on the recognized properties of infinite series,
thatif the terms in d§y2, and d,e; disappear, as purely periodic,
not secular, then all higher orders as dya;, dya;, cte. will
also disappear, because the higher order terms are very much
smaller than dya; and dya;, and necessarily similar in charae-
ter, since Zagrange's force function has no other terms than
combinations of the masses in pairs:

/7/ =7 ij
J
(" =m, S my >’ \:‘ il of g (184
7 1A=

in which expression m, represents the mass of the Sun.

In respect to the mutual perturbative action of the
planets, in their orbital revolutions about the Sun, this ex-
pression for {7, reduced to the simplest form, mayv he still
further simplified, and put in the usual form:

i=i e

3 A
U= > 2 meiml ;.

7=0 j=1

(185)

Viewing the major axes and mean motions of the
planets as functions conforming analytically to Zay/or’s
theorem:
wy =20+ dufdx 2t + A2 fdx® 52 (1 2) +

+ P fdx® (1 2+ 3) +dhfdat- (o2 3o 4)+ 0 (186)
we may expand these assumed variables, with Z%sserand,
Mécanique Céleste, Tome I, p. 394, in a serics procecding
according to the powers of the disturbing masses:

of
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@i+ 0a;=a;+ 0ya; + Ooai + 0ga; + Ogay+ -+ (187)
Likewise the mean motions may be expanded in a similar
scries:
73400 =2+ & np+ Ogny + Oyny + Oyt 4« (188)
In acrordance with experience it is assumed that the:
m;tjor axes and mean motions a; and 7; arc constants connected
by the Kepleriun relation, for unchanging masses:
1 aP=k(mg+ ;). (189)
The assumed changes, therefore, would give, by the
use of the above series:
lait0gai+ Qga o) =
=k(my + m;)=n? a> (190) (A)
whenee we find the terms depending on the first and sccond
powers of the masses to be:

(i 4 005+ gy

Oyr=—1 nila;da;

N/
—inasdpa+ 1,{"((51(1,)2 . <191" (B)

oty =
But these terms are shown by the rescarches of Laplace,
1773, and Soisson, 1808, to vanish identically, term by term;
and therefore our cquation {1927\, to terms of the third
order In respect to the muasses, becomes merely:
(it dgmid (a4 Oqar+ -+ P=nf ap

by which it appears that the expansion yields:

{242, Oyt ((3'3/1,)2} {(1143 +

+3a® dgai+ 3a:(0ya)t + (030, (193) (D)
Now Lagrange’s force function ¢ is made up of terms
of the tvpe »m;' f; ;. and therefore any term depending
on higher powers of the masses than the second do not re-
present forees in nature, but only analytical terms in a scries,

(192) (C)

where an expression is expanded, in approximations, depen-

ding on the powers of the masses, which is usual in the
planetary theory,

4. Criticism on this method of scries, as not according
with the laws of nature.  Nerocomd and many other mathe-
maticians have complained of the unsatisfactory character of
these methods which depend on infinite series. Without rejecting
the result on any ground cxcept the hopeless character of
definitely evaluating the serics, owing to the unlimited number
of terms, we may remark:

a) That variations of the type 3y, dya;, dyns ) 0,a; -+
depending on powers of the disturbing masses higher than the
second, scem to be excluded from consideration under the
actual law of nature, by the conditions defined in Lagrange's
force function (7.

b) And this inference is .confirmed by the identical
canishing of &y, dpn;, Oya;, d.a,, under the careful
analysis of Zaplace and Poisson. The chance of terms depen-
ding on dyn;, dya;, d;, d4a;, -+ being different from
zero is casily scen to be infinitely small.  For if the terms
depending on the first two terms of the series 0,7, , da;,
0y72;, Oya;, vanish, then the probability of the higher terms
becoming sensible is practically zero. .

¢) The conclusion that 04a; vanishes like dya;, Oga;
must be held to be infinitely probable, in view of the character
of the forces operating in nature. It is inconceivable that
dya;, dya; should introduce no secular terms, and yet dja;
or’ d4a; do so!

*
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For under the laws of nature, we may deny the existence
of terms of the type considered by ZVsserand, Méc. CélL T,
D- 303 (rop)
where A is a function of the coordinates only: since, by analogy
with Zagrange's force function 7, we arc restricted in the
planctary theory to terms of the order mz,; m2,/.f; ; which results
from the grouping of the bodics in pairs under the Newtonian

Ir==nrphoan ooy A

Law,

This criticism is equivalent to the claim that i nature
all the actions of the bodices of the solar system are of the tvpe
included in Zaegrange's force function 7. Accordingly,
judging from the law of nature, 7vsserand had no right to
consider a term of the form /7, cquation {tgy) above. At most
such terms would arise from the imperfections of our methods
of approximation, by expansion in series, not from the forees
actually operating in nature!

Accordingly, the general theorem is that in the mutual
actions of the planets, we mav alwavs take da;=o , in cquation
(187) above, since we have:

@i+ Oa;=a;+ 0a;+ g+ Sqa; v Sy 1 b Sy = ay (193)
And, in like manner, since by (188)

27+ (7)/, ==+ ()‘1;;,- + d‘:”/’ + ()‘3/1,- t (yl//,,' P rY.J,', =11 {r()())
we may put: dn;=o0, da;=o {197y

which 1s a comprehensive generalization resulting {rom the
theorems of Zaplace 1573, 1700, and of Puiscon, 1508,

NMechanios, such as 7Vsserand’=
1t 1x ~hown that, to the second

In works on Celestial
Méeanique Céleste, 1. .
approximation, any clement mayv be put in the form:

3
N

rarnd

300,

('OS/

=D+ 4 PR ez 4) +
S

B 08, / .
+ 7 /\ /I'ii(:: (7687 () (1970)

yet owing to the theorems ol Zaplace, 1773, and Poisson,
1808, that dy2,--0, don; =0, we have
Lo, o for the major axes and mean motions,  Under
double integration the terms in the mecan longitude take the
form ((‘f'. Laploce. Néeanique Céleste, Livo T chap. VI
§ 54, chap. VI, ¥ 655

S0, dari=o0,

OF < kf Farjds-ards-

=ki D sil{Fo =7 " v -0 x

and with the small divisors incident to near approach to
commensurability in the mean motions, this gives rise to a
ereat inequality of Jupiter and Saturn, in g8 vears, and of
Uranus and Neptune, in about jooo yeurs.

The above diagram represents the theorv of the great
inequality of Jupiter and Saturn, under successive conjunctions
inthelines O/, .S, 0 /5 .8,, 07..5,, 07,5, cte, separated
cach ume by about 240
the planctary forces:

ARRRABIIS

xadvdrds o da” ' de” GO (rore)
with the resulting forees themsclves, acting mutually on the
plancts; in right lines, we sce that these forees are given in direce-

A5 N Y S A2 SN2 2]
U =mm'|.1; ;= —XPE (= -]
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Irom the nature of the potential of |

Fig. o.

Diagram representing  the theory of the great incquality of
Jupiter and Saturn, with line of conjunction through the points
OfNy, Oy Sy, 0F3 Sy, O, Sy etel, slowly revolving so as to
complete their evele in 018 vears. The aceelerating or retarding
after acting for 450 yvears in one direction, finally reverse

fovre s,

thepeecives cnd heginover again, as explained by Zaplaee, 17

tion by stes aned cosines of angles depending on differences in
the tcan motions, and thus are chieflv periadie, as in the two
latter terms of equation (v} above. The secular terms for the
changes of the orbits themselves are given by the terms 2
and /7" while the long-period incqualitics are given by (8).

20. Confirmation of the above Theorem by
the Method used in Zaplace’s Supplement to Vol IT1
of Céleste, 1808, and Re-
searches, 1816,

Meécanique in Poisson's

After the development of the eclebrated paper showing
that ) . which  Zorsson presented  to  the
Institute of Irance, June 2o, 1808, and published in Tome VITI
of the Journal de Plicale Polvtechnique, Cahier XV, pp. 1—50,
Laplace resumed the subject; and on Aug. 17, 1808, presented
to the Board of Longitude of I'rance a very simple demon-
stration, which he offered as an appendix to the Mécanique
Céleste, vol T, pp. 325-350, édition of the Paris Academy,
1878,

dwri o Ao

1. Laplace takes the perturbative function A as a function
c
of the mean motion, gll dz, and of the clements a, ¢, @, ¢, p, ¢,
whence under conditions of invariability, and then variability,
the differential expression results:
o=((R/¢a)da+(0R[0e)de +(0R]07) AT + (0R[0e) de +
‘ +(@R[epy dp +(@R[0g) dg . (A){198)
And for the finite variation, retaining only the first
powers of the increments d Y;z dz, da, de, 3@ | de, dp, dg,
e

the equation for d A becomes:
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OR =dR/[ndz [df}/ A7+ e +(8R[0a) da +(2R[0e) de +
+(@R[oaT) AT +(OR[Op) dp +(OR[eqy dg . (B) (199)
2. It is obscrved from the form of the function 2,
R=m'"{xx" +32 +z5)r—m'fo
e 4 5
o= [ 0+ (5 = 4 (e

(200)

where

that A is of the order of the disturbing mass m’; morcover,
the variations of the elements involve dA | or partial differen-
tials of /& 1 vespect to one of the clements, and thus the
variations de, de, cte., which depend on 2, are also of the

therefore in equation (B) the terms of the second
9

order w2’
member are of the order

Accordingly, if terms of the type R de?, RO (@R e det,
(€ R0y de?, cte., were considered they would be of the order
m™ . but they usually are neglected by Zaplace and Poisson,
yet we shall consider the effects of such terms in our final
estimate.

3. Laplace then considers the variations in d A4 depending
on the planet 7z , and finds results similar to those just cited,
namely, that to terms of the order 2% | only periodic changes
will take place in the coordinates of the two planets w and ' |
and thus dya, =0, dor, =0, as before cited,

He then considers the action of 22" on w | henee adding
to R the part

Roimonex” ey w2y ! (zo1)
And m the action of " on o, as before. he takes
R=m'"(axx"+ 00"+ 25" 7P —m’o . 202

Noticing in the development of A the terms which are
independent of #'7 and #”7/ ) he finds the terms to be of the

form .f‘”"

where Vs o function of the coordinates of 7 only.

.
)//'1//”§(L\': m" ' XN = (203)

'’ N produces in \(I/\’ non-pertodie quantities of the third

order of the masses o2 o' Cete, . which usually are neglected,

4. But we may constder the effect of such quantities as

follows:

ay The elements of the orbit of a planct mav be represen-
ted by systems of terms of the forms

Nsin{er+8), Neos(gr+p) (204
in which g is of the sume order as that of the disturbing masses
’ rr . .

mt oo etel, and henee the elements will vary slowly with
the time . but will he brought into the divisor by the inte-
grations for the mean motions of the plancts,

b) The double integration of & quantity, depending on
an angle of this Kind, viclds in the mean motion &, and its
variation ¢Z0 the following integral expressions:

; — -g‘// (I/ s 3[‘:‘:7 7t (‘/ (1/\)

0l =3a //’U?(l/ ASR + 3 rzf_“-fu ds d/\’fd/r‘

o

O

wn
NG

mtroduced -
cte.

and therefore upon actual integration, divisors are
of the formn ¢, which is of the order m'®, '™
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But since ddX and d/\’de both vanish, these divisors

can operate only upon terms of the third or higher orders,

Hm"g*=) m' (206)

yielding a term of the first order only, which is of the same

order of importance as the periodical inequalitics. We shall

first examine a little more closely the nature of these integr®s,

and then resume the consideration of the terms depending on
the third and higher powers of the masses.

5. "Phis Tatter integration in greater detail is as follows.

Irom the Keplerian equation
1
A =1 we gel an=a 'k (207)
- .ty
wherefore andR=a " dR . {208)
And sinee (Yz:—zf 2.d/ >
\ S ( ) a2 dR (_o())

we find, under varfation, as in differentiation,
N 1 - 7 9
Slan AR AR =a AR ~a R AR da=
=an d0R +a% n dR fd/\’ .
L2

Multiplving by zd7,

= ()‘(/7

(210)
and integrating twice ; we obtain:
s X

30 S ‘\;a ndr AR =3an f s A2 R + 302 r F/z dzdR rd/\’ (211)
the terms @z, @* | being placed without the double integration
signs, which may be done by neglecting terms of the order w? |
Therelore, by integrating relative to d, we get

. \;’r_ru nwdr dR

A== 3a ;/_”’(11 ddR -+ 3173.§ij.;z dz d/\’fd[\’ .

(212)

O, In approximations to the square of the masscs,

»'% 0 hoth ddAR o and (]/\"(ll?fo, vet terms of the form

rm™ gt

>

’

= ; m

(213

appear, owing to the double integrations of such trigono-
metric expressions for the clements as:
Nsin{g/+8), Nceos{gr+8).

It remains to add, however, that the above result,

P lon”is of the Grst order only: and as the differential equations

for the clements contain &, or (8R[éeY | for example | therefore

of the form 2" " | the combined result vields a term of the type:

Lo (CRJGe = 1 an'? (214)

which i still only of the second power of the masses, for which

Poisson and Laplace proved their theorems of invariability,

Necordingly, since

da; 20 dyar=0 =0 dpni=o (215)

even when we inelude terms of the third order as respects the

masses; owing to the above double integrations for the mean
longitude, we may write:

dya,=0 dyu=0.

(216)

By similar reasoning it may be shown that dya,=0
dypzi=o0, and =0 on, for all higher powers of the masscs.
Accordingly, it appears that under the double integrations
recquired for terms in the mean longitude, the order of the
terms as respeets the powers of masses is reduced by two: and
therefore the theorems of Zaplace and Poisson are again valid
for terms in ¢ and 05 of the order m/3 . And, owing to the
Keplerian relation o® 22 =1, also for the major axes.
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Finally, this fundamental theorem,

dyriio Do Syi=o Spri=o (217)
cte., 1s confirmed by an inference of Poissosn, who resumed the
subject in Tome VIIT of the Journal de I'Ecole Polytechnique,
Cahier XV, pp. 1-56, 1808, and published in the Mémoires de
l@cadémic des Sciences, 1816, pp. 55-67, a further investi-
gation in which he sought to show that the major axcs have
no secular incqualitics of the third order in respect to the
masses, when we have regard wholly to the variation of the
clcmcntc of the disturbed planet. He included terms of the
third order of the disturbing masses (%) arising from those
of the sccond order of the disturbed planct (#2%); and then, by
induction, infers that this will hold for all powers of the
masses, so far as they depend on the elements of the disturbed
planet (la planéte troublée).

The fundamental theorems for the invariability of the
major axes and mean motions of the plancts,
dni=0 (s. (218)
where =1, 2, 3, 4, *** are powers of the masses, thus appears
to be confirmed by the careful use of the methods of Zaplace
and Poisson.

No satisfactory proof has cver been brought forward
to invalidate this generalized theorem.  In his Mécanique
Céleste, 'Tome I, pp.qo2—3. 77scerand’s discussion shows that
he is skeptical as to the claims of /ferefie that the major axes
have sccular incqualitics of the third order with respect to the
masses. He points out that Zecerricr’s small third order term

QA;=0 ‘ootnote
J; g

in /2, in the development of the part of r)/ dz in the mean

longitude of Saturn disturbed Jupiter, (Ann.de ’"Obs.,
Tome XTI, Chap. NXIT, p.120) was got by a purely numerical
calculation, by interpolation, which therefore is not satis-
factory from the point of view of planctary theory,

In conclusion, therefore, the constancy of the major
axes and mean motions of the plancts for all powers of the
masses, being deduced from a critical review of the planctary
theory, and confirmed by the New Theory of the Aether,
must be held to be 1)(‘1”1&1]01]11)’ established. Any denial of
the theorem (218)

1s In violation of the
a new physical justi-
and 7 under the Kinctic Theory

by

da;=0 dmi=0

so long as the masses are unchanged,
conservation of energy. which acquires
fication from the functions (7
of the Acther.

The physical cause of gravitation, —
the stcady stress duce to the acther

namely
waves from all

as the is

the particles — shows that so long mass
constant, no change is possible in ¢, or »;, under

the mutual action of the plancts.

In order to confirm the foregoing gencralization, on un-
deniable physical grounds, we nced only point out that the
planetary forces are duc to the derivatives of Zagrange's
force function {7, cquation (yza), or for unit mass, of the
potential function as defined by Zaplace, 1782:

i=7 =
o 3TN IS =)

i=0 /=1 X 05 dx dy; dz; 07 day dyy ds ' (219)
V= jf ”)2 (o= 4 (c~2? " odadyde.

Note. T

of the theorems of La/w/nm and Porsson. (Jan. 16, 1026.)
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This latter expression is an integral for the superposed ampli-
tudes of the waves coming from ecach atom of the mass.

And since the forces arc as the squares of the integrated
amplitudes of the waves, or

XN=—0ljea Y=—-0V]ob Z=—-0V]oe R=)(X2+V2+2Z?)
~erea= [ {lla=)2 4+ (034 (c—20] e x (220)
x(a—x)odxdydz

we sce why this force of gravitation obeys the law of inverse
squares, observed in nature.

cte,

The curve of the varying amplitude for the waves, and
the square of the amplitude at double distance, yielding sur-
faces .S and s, of arca 4 and 1, are shown to scale in Plate I.
A study of this illustration shows exactly why the law of
gravitation follows the law of Newton, 1686:

S=mw' [P = f”ﬁlf (" =2+ (3 =p)2 4 (2 =) "

xodydyds-o da’ dy’ dz

(221)

The geometrical law of the inverse squares follows from
the physical law of the conservation of energy in the aether,
as the waves expand spherically in free space. This alone
proves that energy cannot be lost in the aether. Thus the
conservation of energy rests on the kinetic character of the
acther as the ultimate medium underlying thc operations of
nature.

And the accuracy of the Newtonian law becomes in
fuct a superb test of the vahdity Oft 1¢ principle of the conser-
vation of energy. H o there is no dissipation of energy, by
unknown transformation of the waves, as in free planctary
space, where no resistance is encountered, th
rigorous,

¢ conservation is
And this in turn assures us that no other medium
underlies the acther. It is the ultimate medium for the wave
stresses producing physical forces. Hence under the mutual
actions of the planets a@; and »; are invariable,
dni- 0.

or d,a;=o0,

Brief Criticism of Certain Traditional Theories.

tefore attempting the preparation of a succinet summary
of the chief conclusions at which we have arrived, it remains to
review briefly the theories of a few of the carlier investigators,
yet without attempting exhaustive historical critiques. Indeed
a detatled examination of the work of the carlier philosophers
in view of the bewildering diffi-
cultics of the problem of the nature and cause of gravitation,
which are admitted by alt writers since the initial epoch of
Tluyghens, Hooke, Wren, Ilalley and Newton, 250 years ago.

Accordinglv

sca I'("('I.\' SCCMs necessary,

we are called upon to notice chiefly the
both of which have come down to
us in an obscure and unsatisfactory,state: namely, the theory

of ultramundane corpuscles, and the associated problem of

progress of two theories,

b the veloeity of the propagation of gravitational action across

the celestial spaces.

21. «rago’s historical review of the theory of
Ultramundane Corpuscles, 13842: the thecory now
definitely rejected as disproved.

The chief considerations in the progress of the theory of
ultramundanc corpuscles, from the age of Newison to 1842, are

hese thcorems may be established with entire rigor and somewhat more directly, from the differential equations of the disturbed
motion, by showing that m-0%/Cx, ctc., involve only products of the masses in pairs.
to M. Z. licard, Per petual Sccretary of the Paris Academy of Sciences, on account of

On Jan. 6, 1926, I communicated this briefer analysis,
the interest of French geometers in the gencralizations
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incorporated in the report by Arage, of a committee of the
TFrench Chamber of Deputices, relative to the publication of a
new cdition of the works of Zaplace, and developed somewhat
more fully in the two volumes of Arage’s Idoges or Biogra-
phies of Distinguished Scientific Men, English translation by
Swmyth, Powell and Grant, 2vols., Ticknor and FIiclds,
Boston, 1859.

The only other suitable discussion of this question of
the cause of gravitation known to me is that by Professor
J. Clerke Alaxwell, articles Atom and  Attraction. Incye.
Brit., 9" ed., reprinted in Afaxzeell’s Scientific Papers, vol. 11,
PP- 473=476, 487-490. Maxwell’s discussion is as clear and
lucid as is usual with this distinguished physicist; yet it s
historically not quite so complete as that given by the Perpetual
Secrctary of the Paris Academy.  For Arago speaks of the
ideas of the Abbe [arrgnon (1654-1722), and of Fatio de
Duillier (16641753, both Intimate {riends of Newson, and
says these ideas were subsequently reinvented and perfected by
Le Sage (1723-1803 .

The work entitled: Traité Physique Mécanique par
George Lowis Le Sage, was published at Paris in 1818, by
Prerre Prevost, who was encouraged in the publication by
Dr. Wollaston of London, and by ZLaplace, Biot, Arago,
Lourrer and other members of the Paris Academy of Sciences.

In view of the two centuries which have elapsed since
the establishment of the law of gravitation, Ze Sage’s work
therefore has had o certain curreney, and  was  carefully
considered by the most eminent philosophers of the age of
Laplace, 100 vears after the age of New/on, and more recently
by Clerke Maxieel/ and Lord AeZosn, towards the end of the
19" century. The defects in Ze Sege’s theory of ultramundane
corpuscles have always been recognized, yet the theory has
had a certain favor in default of a better one.

In his carefully written biography of Zaplace, Arago
says, in the Tucid style characteristic of that eminent astro-
nomer:

yNature engenders the gravity of bodies by a process so
recondite, so completely beyond the reach of our senses and
the ordinary resources of human intelligence, that the philo-
sophers of antiquity, who supposcd that they could explan
everything mechanically according to the simple evolutions
of atoms, excepted gravity from their speculations.«

»Descartes  attempted  what  LZewcippus,  Democritus,
Lpicurus, and their followers thought to he Impossible

yHe made the fall of terrestrial bodies depend upon the
action of a vortex of very subtle matter circulating around the

carth. The real improvements which the illustrious Hwvglhens

applied to the ingenious conception of our countryman were
far, however, from mmparting to it clearness and precision,
those characteristic attributes of truth.e

»Those persons form a very imperfect estimate of the
meaning of one of the greatest questions which has occupied
the attention of modern inquirers, who regard Newson as
having issucd victorious from a struggle in which his two
immortal predecessors had failed.  Nezeton did not discover
the cause of gravity any more than Ga/Zileo did. Two bodies
placed in juxtaposition approach cach other. Newzon docs
not inquire into the nature of the force which produces this
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effect. Theforce exists, he designates it by the term attraction;
but, at the same time, he warns the rcader that the term as
thus used by him doecs not imply any definite idea of the
physical process by which gravity is brought into existence
and operates.q

»The force of attraction being once admitted as a fact,
Newton studies it in all terrestrial phenomena, in the revolu-
tions of the moon, the planets, satellites, and comets; and, as
we have already stated, he deduced from this incomparable
study the simple, universal, mathematical characteristics of
the forces which preside over the movements of all the bodics
of which our solar system is composed.«

»Ihe applause of the scientific world did not prevent
the immortal author of the Principia from hearing some
persons refer the principle of gravitation to the class of occult
qualities.  This circumstance induced Nezozon and his most
devoted followers to abandon the reserve which they had
hitherto considered it their duty to maintain, Those persons
were then charged with ignorance, who regarded attraction
as an essential property of matter, as the mysterious indication
of a sort of charm; who supposed that two bodies may act
upon cach other without the intervention of a third boedy.
This force was then cither the result of the tendency of an
acthereal fluid to move from the free regions of space, where
its density 1s a maximum, towards the planctary bodics
around which there exists a greater degree of rarefaction, or
the conscquence of the impulsive foree of some fluid medium.«

».Newson never expressed a definitive opinion respecting
the origin of the impulses which oceasioned the attractive
force of muatter, at least in our solur svstem. But we have
strong reasons for supposing, in the present day, that in using
the word mpulses, the great geometer was thinking of the
svystematic ideas of arignon and Fatio de Duillier, sub-
sequently reinvented and perfected by Ze Sage: these ideas,
in cffect. had been communicated to him before they were
published to the world.«

»According to Le Sage, there are, in the regions of
space, bodies moving in every possible direction, and with
excessive rapidity. The author applied to these the name of
Ultra-mundane Corpuscles.  Their totality  constituted  the
gravitative fluid, if, indeed, the designation of a fluid be
applicable to an assemblage of particles having no mutual
connexion.«

»A single body placed in the midst of such an ocean of
movable particles; would remain at rest although it were
impelled equally in every direction.  On the other hand, two
bodics ought to advance towards ecach other, since they
would serve the purpose of mutual screens, since the surfaces

! facing cach other would no longer be hit in the direction of

their line of junction by the ultramundane particles, since
there would then exist currents, the effect of which would no
longer be neutralized by opposite currents. It will be easily
seen, besides, that two bodies plunged into the gravitative
fluid, would tend to approach cach other with an intensity
which would vary in the inverse proportion of the squarc of the
distance.«

Arago’s statement above, that »this force was then
either the result of the tendency of an acthereal fluid to move
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from the free regions of space where its density is a maximum,
towards the planetary bodies around which there exists a
greater degree of rarefaction, or the conscquence of the
impulsive foree of some fluid mediume, is especially worthy of
attention.  Nezozor had entertained the idea that the density
of the acther was less towards the heavenly bodies, yet he
could not make out why it is less. It was only when we develo-
ped the Wave-Theory, AN goqq, p. 57, that a clear demon-
stration became available, showing that just as the ampli-
tudes of the waves mcrease towards the centre, under the law
A=4&r, so also the density of the acther increases as we
proceed outward in space, and hence the wave stress is to-
wards the centre with a force f=.4%=/4%r* | as observed in
Newzon's law of gravitation.

Altogether the admirable summary by lrago is so
luminous that T have thought it best to quote it in full, as the
best analvsis of the ideas transmitted to us by the phijosophers
who witnessed the progress sinee the foundation of the theory
of universal gravitation, 1686,

This account therefore of the carly speculations of
Farignon and of Jatio de Duillicr, and of their communi-
cation with ANew/Zon, prior to publishing their views on the
cause of gravitation, is of decided historical interest. It is
recalled that the friendship between Newzon and arrgnon
was such that in Nezefon’s study, to the end of his life, there
hung a portrait of 'arignoen, along with that of Lord //a/ifax,
the life-long friend and patron of the great philosopher. And
Fatio de Duillier was in Newson's mumate  friendship for
forty vears, 10871727 (of. Brewester's Life of Newson, 1833,
vol. IT, pp. 30—40; and as regards Tarignon, pp. 7o—74. and
200-295 ). .

Notwithstanding the plausible considerations adduced by
Arago above, and the similar arguments put forth by Maxwel/,
in regard to Ze Sage’s theory, 1t 1s certain that these ultra-
mundane  corpuscies, as discussed by Farignon, Jatio de
Duillicr, Newton, flalley and Le Sage, are not the cause of
gravitation, for the following reasons:

1. Gravitation is connected with magnetism, through
the law 7[g =322/ + %, 0 which s numerically verified
in the magnetic and gravitational forees of our globe, as
shown in the VII Paper on the New Theory of the Acther,
1922. For since the ultramundane corpuseles will not explamn
magnetism, they necessarily fail to account for gravitation,
which long stood in isolation, yet is now connccted with
another general force in nature characterized by a duality of
powers, or attraction to two poles. The wave-theory, und the
wave-theory alone, will explain these two great classes of |
phenomena,

-

The Iluctuations of the Moon’s mean motion dis-
covered by Newcomb, 1869- 1909, can be accounted for only
by the wave-theory, not by the theory of ultramundanc
corpuscles.  Ior ultramundane corpuscles would not account
for the decrease of the Moon's gravity to the earth at the time
of lunar cclipses, while the wave-theory does so perfectly.

3. 'The theory of ultramundanc corpuscles fails in
electrodynamics, acoustic attraction, the motion of Mercury’s
perihelion, cte., and in general will not satisfy the great
generalization known as the correlation of foreces, and the
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conservation of ‘energy, while the kinetic theory of the aether
meets all these requirements, and is established by necessary
and sufficient conditions drawn from the known laws of nature.

1. There 15, however, a slight similarity between the free
motion of the actheron and that of the ultramundane cor-
puscle: yet in the New Theory of the Acther it is shown that
wave-action underlies the forees of nature, and that they can
he accounted for in no other way, as we see by the clear and
unmistakable argument drawn from the phenomenon of
acoustic  attraction, where
not involved.

ultramundanc  corpuscles  are

5. Accordingly, by considering phenomena of attraction,
experimentally verified in the theory of sound, which do not
involve the ultra-mundance corpuscles, we may get rid of the
traditional theory of Ze Sage.  In its primitive form  this
theory of ultra-myundance corpuscles was carly considered by
Parignon, Fatio de Duillicr, Tlalley, and Newlon; yet two
centuries ago these natural philosophers were unacquainted
with acoustic attraction, and thus lacked a criterion for
rejecting the theory of ultra-mundane corpuscles.

6. The wave-theory alone, therefore, accounts for the
pressure of the acther towards the heavenly bodies, by the law
of density, which necessarily follows in the propagation of
waves from the atoms of matter: and such waves are actually
obscrved to come from the Sun in an infintte variety of pheno-
mena associated with sunspots, magnetic storms, aurorae,
Earth currents, the magnetie tides of our globe, ctc.

In addition to the above difficulties of the theory of
ultra-mundane corpuseles, Waxeaee// and Tord Aelozn have
both pomted out very serious objections based on the theory
of encrgy, which have not been overcome in the half century
since they were published.

The theory of ultra-mundane corpuscles thercfore
entirely fails, while the wave-theory of physical forces developed
in the Kinetic Theory of the Acther incontestably triumphs!

22. The Historical Problem of the Velocity
of the Propagation of Universal Gravitation
across the Celestial Spaces.

One other question deserving of historical review s
that relating to the velocity of propagation of gravitation.
In the Exposition du Systeme du Monde, English translation
by Pond, 1809, vol. 2, p. 230, Laplace ecnumerates five assump-
tions underlving the theory of universal gravitation, all duly
verified by experience and observation during the first century
of the Newtonian law:

»1. That gravitation takes place between the most minute
of bodies.«
2.
»3.
»4. That it is transmitted instantaneously from one body
to another.«

That 1t is proportional to their masses.

That it is inversely as the squarcs of the distances.«

»5. And it equally acts on bodies in a state of repose,
and upon those which, moving in its direction, seem in part
to withdraw themselves from its activity.«

In the discussion of the 4" proposition Zaplace reasons
as follows:
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»We have no method of measuring the length of time in
which gravity is propagated, because the action of the Sun
having once attained the planets, it continucs to act on them
as if the attractive force was communicated instantancously

to the extremities of the systeny; we cannot therefore ascertain

in how long a time it is transmitted to the Earth, no more than
we could measure the velocity of hight, were it not for the
aberration and cclipses of Jupiter’s satellites.  But it is not
the same with the small difference that may exist in the action
of gravity upon bodics, according to the direction and quantity
of their velocity.  Analysis has shown me, that there should
result an acceleration in the mean motions of the planets

round the Sun, and in the mean motions of the satellites about

their planets.«

»I had imagined this method of explaining the secular
equation of the Moon, when I believed with other geometri-
clans that it was inexplicable on the principle of universal
gravitation. | found that if it arose from this cause, we must
suppose in the Aoon, in order to release it entirely from its
gravity towards the Farth, a velocity in the centre of this
planet at least six million times greater than that of light;
the true cause of this equation being now known, we are
certain that the activity of gravity is much greater than this.
This force therefore acts with o velocity which we mav consider
as infinite, and we may conclude that the action of the Sun is
transmitted in an indivisible instant to the extremitics of the
planctary system.a

Zaploce’s discussion of the velocity of gravitation is
further clucidated in the introduction to volume 1V of the
AMécanique Céleste, 1805

»As no variation in the mean motion of the ecarth is
indicated by observation, we mav infer: First, that the Sun,
during the last two thousand vears, has not lost & two millionth
part of its substance; Scecond, that the effect of the impulsion of
light upon the Moon’s secular equation is insensible.  The
analysis of this effect may be applied to gravity, considered
as being the result of the impulsion of a fluid producing the
cffect of gravity, by moving with extreme rapidity towards
the attracting body.  Irom this it follows, that, to satisty the
phenomena, we must suppose this fluid to have an excessively
great velocity, at least one hundred million times greater than
that of Jight. "T'his velocity would be infinite in the hypothescs
admitted by mathematicians relative to the action of gravity;
these hypotheses may therefore be used without fear of any
pereeptible crror.«

ceutury ago, otherwise Zaplace would not have given it such
prominence in his leading works?),

Altogether this is an impressive presentation of the
historical difficulty of the problem of the velocity of the force
of gravitation. For a long time no progress could be made, as

~we see by this careful summary of the leading views transmitted

to us from the age of Newzon.

In the bingraphy of ZLaplace, 1842, Arago has a very
carcful discussion of this question, which should also be cited:

I attraction is the result of the impulse of a fluid,
its action ought to employ a finite time in traversing the
immense spaces which separate the celestial bodies. If the
sun, then, were suddenly extinguished, the earth after the
catastrophe would, mathematically speaking, still continuc
for some time to experience its attractive influence. The con-
trary would happen on the occasion of the sudden birth of a
planct; a certain time would clapse before the attractive foree
of the new body would make itself felt on the REarth.e

»Several geometers of the last century were of opinion
that the force of attraction is not transmitted instantancously
from one body to another; they even assigned to it a compara-
tively inconsiderable velocity of propagation.  Dawiel Ber-
newlli, for example, in attempting to explain how the spring
tide arvives upon our coasts a day and a half after the syzygics,
that 1< to sav, a day and a half after the epochs when the sun
and moon are most favourably situated for the production of
this magnificent phenomenon, assumed  that the disturbing
force required all this time Za day and a hadl) for its propagation
from the maon to the occan. So feeble a velocity was incon-
sistent with  the  mechanical explanation of attraction of
which we have just spoken. The explanation, in effect, neces-
sarily supposcs that the proper motions of the celestial hodies
arc insensible compared with the motion of the gravitative
fluid .«

»After having discovered that the diminution of the
cccentricity of the terrestrial orbit is the real cause of the
observed aceeleration of the motion of the moon, Laplace, on
his part, endeavoured to ascertain whether this mysterious
acceleration did not depend on the gradual propagation of

- attraction.«

It will be noticed that he speaks as if the »gravific fluide |

was conceived as moving towards the central masses with a
velocity 1oo million times greater than that of light.  No
reason is given why the »fluide is so moving, nor is it explained
how the motion is kept up: obviously the hypothesis is inad-
missible to-day, vet it must have been very much in vogue a

»The result of caleulation was at first favourable to the
plausibility of the hypothesis. It showed that the gradual
propagation of the attractive force would introduce into the
movement of our satellite a perturbation proportional to the
squarc of the time which elapsed from the commencement
of any epoch; that in order to represent numerically the results
of astronomical observations it would not be necessary to
assign a feeble velocity to attraction; that a propagation cight
millions of times more rapid than that of light would satisfv all
the phenomena.¢

1 In Pierre Prevost's edition of Ze Sage’s Theory of Ultramundane Corpuscles, Paris, 1818, pp. 21-23, the view is taken that the

speed of the corpuscles much surpasses that of light, yet the largest multiplier named (p. 22) is 100000 (cent mille fois plus vite
que la lumitre). which is much less than the multiplier used by Zaplace.

Ze Sage notes that light comes from the Sun in 8 minutes, which is 32 million leagues (1 league =3 miles) distant, and then
computes that it would traverse 20000000000000000 leagues in 10000 years: hence he concludes that the distance whence the ultra-
mundane corpuscles were projected for the ten thousand years of creation was two thousand trillions of leagues, a trillion being

1000000 billions, cte,

The principle of using the supposed velocity of the gravific corpuscles for computing the extent of the universe, from
the assumed duration of the world, evidently was too hazardous to appeal to Laplace.

32
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»Although the truc cause of the acceleration of the moon
is now well known, the ingenious calculation of which I have
just spoken does not the less on that account maintain its place
i science. In a mathematical point of view, the perturbation
depending on the gradual propagation of the attractive force
which this caleulation mdlcatcs has a certain existence  The
connection between the velocity of perturbation and  the
resulting imequality is such that one of the two quantities leads
to a knowledge of the numerical value of the other. Now, upon
assigning to the inequality the greatest value which s con-
sistent with the obscrvations after they have been corrected
for the effect due to the variation of the cceentricity of the
terrestrial orbit, we find the velocity of thc attractive
be fifty ml]llons of times the veloeity of lightle

»I{ it be borne in mind, that this number
limit, and that the velocity of the rays of light amounts to
7/ooo leagues (192000 Iinglish miles) per second, the philo-
sophers who profess to explain the fm((: of attraction I)\ the
impulsive cnergy of a fluid, will sce what prodigious velocities
they must satisfy.«

The rescarches of ZWsserand on the clectrodynamic law
of ITeher, Comptes Rendus. Sept. 30, 1872, p 760763, and
Mécanique Céleste, Tome 1V, Chapter XXVII, pp. 499508,
proved a uscful Quldc nmyc (Lrly Cdl(‘ulatlons (Electrodynamic
Wave-Theory of Physical Forees, vol. I, 1917, pp t42-151).
But we point out that this question did not admit of solution
prior to the development of the Wave-Theory of
Forces, 1913-1925.

Foven after the developed in the Wave-Theory,
some authorities continued to adhere to the views of Zap/ace.
This habit, only of thosc sight of
contemporary progress; and still think in terms of traditions
coming from the 18" century, and therefore it is not to be taken
scriously. It is certain that universal gravitation is due to
wave-action and therefore the chicf force of nature is propa-
gated with the velocity of light!

About the only celestial cffect of the propagation of
gravitation, with the veloeity of light, and of clectrodvnamic
waves in general, 1s a smali sceular })1()‘Tr(‘x51()n of the pe rihelion.
In the case of Mereury, 877 = +14751; Jupiter’s V" Satellite,
3T =4"237 Fuckes 07 =0"62: the double
A Perse, 329170, 3@ =065"7,  « Centauri,
d757 = 0"0018, per century of. Electrodynamic Wave-Theory of
Physical Forees, vol. I 1917, pp. 1g2—151, and AN 5048,
P. 137-138).

If we contemplate the results of the progress here outlined,
which was begun by ZVsserand, Comptes Rendus, Sept. 30,

1872, and concluded by me, in the publications just cited,
(1914~ 1922}, we shall not fail to be impressed by the progress
made since the age of Newron and Laplace. Newion and his
contemporaries assumed the action of gravitation to be instan-
tancous at all distances, and Zaplace tried to find an obscr-
vational criterton, from the outstanding part of the Moon's
seccular acceleration, by which the velocity of gravitation
could be concluded.

Among the reasons why the illustrious author of the
Mécanique Céleste failed in his attempt, may be mentioned:

He lived before the discovery that the velocity of electric
currents on wires is essentially identical with that of light:

Physical
proofs

however, was true who lose

Comet, stars:
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which was cxperimentally confirmed after the development
of Mavwell's clectromagnetic theory of light, some Go years
Although Gawss had considered clectrodynamic action
as perhaps propagated in time, like light, as early as 1835, yet
he did not bring his work to a conclusion until Weder’s law
had been formulated in 1846; and therefore in Zaplace’s
davs the idea of instantancous action, current since the days
of Newton, and implied in the form of Newton’s Law, still
held in the minds of most philosophers. 3. Zaplace failed
to note that the retarded distance, due to the finite velocity of
gravitation, »(1—wo,) 1s, to the first order, equal to the un-
retarded distance », with the result that the force is directed
approximately to the contemporary position of the attracting
body.

This last consideration was before Z¥sserand, in his
carly rescarches on Weber’s electrodynamic law, C. R, Sept. 30,
1872, and mysclf, in generalizing and extending the use of
Ieber’s Law, 1915, (Electrodynamic Wave-Theory of Physical
Forees, vol. 1, 1917, pp. 142—151). After the advances made
in the New Theory of the Acther, 1922, all these results seem
very obvious; yet they were far from plain in 1914, and in the
time of Zaplace could not even have been anticipated.

ago. 2.

Newocomd's Discussion of the Cause of Gravi-
1883: His Objcctions overcome, under the
Conditions fulfilled by the Wave-Theory.

It is tecognized that the late Professor Simon Newcomd
not only was one of the greatest mathematical astronomers of
his age but also endowed with an equally remarkable physical
ntuition, so that he was capable of going directly to the root
of anv problem in science. Thus it 15 worth while to examine
his discussion of “he cause of gravitation, which fortunately
we have found clearly outlined in the fourth edition, revised,
of the Astronomy, by WNewcombd and Holden, Amecerican
Science Series, Henry Holt and Company New York, 1883.
Chapter V| pp. 131-151 15 on Universal Gravitation, and of
more than usual interest as reflecting the mature philosophic
opintons of this great investigator.

Newweomd dwells on the validity and permanency of the
Newtonian theory, but remarks that gravitation »may yet be

23.

shown to be the result of some more general lawe —- appa-
rentlv in alluston to [Feder’s clectrodynamic law, already

considered |>_\' him in the Amertcan Ephemeris Paper on the
motion of Mercury's perthelion, 1881, He adds, however, that
sthus far no theory of the subject having the slightest pro-
babilitv in 1ts favor has been propounded.«  This shows that
up to 1883 the electrodynamic theory was not satisfactorily de-
veloped.

Neweomb then explains  Ze Sage’s theory of ultra-
mundane corpuscles, and the mutual screening effect claimed
{or two bodies, under the slight excess of corpuscles acting on
their outside.  He doces not scem to favor Ze Sage’s theory

Pany more than Sie W Zhomson (Lord Aelviny had done
i { Proceedings, Roy. Soc. Edinburgh,

1872), or Maxwell, in the
article A\tom, LHC)«,, Brit., 9 cd., 1875.
Neweomd’s final paragraph is the most significant:
»One of the commonest conceptions to account for
gravitation 1s that of a fluid, or cther, extending through all
space, which is supposed to be animated by certain vibrations,

th
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and forms a vehicle, as it were, for the transmission of gravi-
tation. This and all other theories of the kind are subject to
the fatal objection of proposing complicated systems  to
account for the most simple and elementary facts. If, indeced,
such systems were otherwise known to exist, and if it could
be shown that they really would produce the effect of gravi-
tation, they would be entitled to reception. But since, they
have been imagined only to account for gravitation itself,
and since there is no proof of their existence except that of
accounting for it, they are not entitled to any weight whatever.
Inthe presentstate of science, we are justified in regarding gravi-
tation as an ultimate principle of matter, incapable of alte-
ration by any transformation to which matter can be subjected.
The most carcful experiments show that no chemical process
to which matter can be subjected cither increases or diminishes
its gravitating principle in the slightest degree. We cannot
therefore see how this principle can ever be referred to any
more general cause.«

This is a good summary of Neweomb’s views, as known to
me by correspondence and later personal contact with himy, which
extended over nearly 25 vears, 1851—1909. It will be noticed
that he alludes to the »uid or cther extending through all
space, which is supposed to be animated by certain vibrations.
This is all the attention he gives to the wave-theory, — which
shows that in his time it was not so developed as to command
confidence.  He alludes to 1. B. Zaylor’s memoir in the
Smithsonian Report for 1876, entitled: Kinetic Theories of
Gravitation, which includes many deseriptive sketches, yet
nothing convineing,

Accordingly, the only part of Aezecomb’s discussion
calling for special consideration is an admission, which we put
in italics:

2Ify indeed, such systems wwere otherwise Awowow o
extst, and if 17 could be shownr thar thev reallv would produce
the cffect of gravitation, thev wowld be entitied to receplron

It is scarcely necessary to point out that these conditions
have now been fully complicd with in the New Theorv of the
Acther, and thus it is entitled (o favarable reception by the
scientific world

The present proot of Jebes's clectrodynamic law s
absolutely  overwhelming, the wave-theory  of magnetism
independently established by the laws of the lines of force, and
by ZFaradai’s rotation of the beam of polarized light, 1843,
while the connection with gravitation is numerically verified in
the observed theory of the Barth and Sun, VI paper, 1922,

The new theory of acoustic attraction makes visible 1o
our cyes some of the decpest scerets of wave motion, in
traversing the dense globes of the heavenly bodies.  This
deflection of the waves also finds confirmation in Nezocomd's
Fluctuations of the Moon's Mcan Motion, 1909, and in the
bending of radio waves about the terrestrial spheroid, (AN
5044 and AN s317).

Finally, in regard to Newcomb’s remark that the theory of
an acther animated by certain vibrations is too complicated a
system for explaining the most simple and clementary facts,
we need only point out that the wave-theory is not more
complex than the forces of gravitation themselves are. For the
potential duc to an integration of the waves from all the
particles, according to their several amplitudes, at distances 7,
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A =Hr = [( =2+ (5= )2 + (c— 2]

P Jiprdm= [ f fie =22+ 02 4 (-2 o dedy ds =
= f ff[(ﬂ — P+ (b= +(c—2)2 "k pdx dy ds (222)

yields the force of gravitation acting along the x-axis upon a
unit mass:

XN=—-aV/|0a=

= SHK” —aP2 (b= (e =2 R o(a - x) da dy ds (223)

with similar expressions for the forces ¥ and Z .

The Newtonian law of the attraction between any two
masses is given by a sextuple integral which often takes the
simpler form for particles shown in the sccond term:

S= SIS =0 oy (= 2

xodvdvdso do’ dy' dg’=mm/ [ (224)

Therefore the wave-theory is just as complex as ANezw-
ton’s Law, and not an iota more so: the perfect identity of the
constant 2 with the particles o in dv dy dz in the above inte-
grals (222) viclds the final triumph of the wave-theory!

It the present VI Paper the whole argument is
carcfully re-examined in the light of the caleulus of probability,
which in the hands of Zaplace rendered such signal service to
Science. And we venture to think that if Laplace’s arguments
were considered powerful, In case of the great problems with
which he dealt, the strength of the present arguments will be
found <till greater, at least in proportion to the difficulty of the
problem of the cause of gravitation, compared to such problems

Das the motion of Jupiter and Saturn, and the Moon's secular

acccleration,

Foromy part T confess to as extreme a surprise at the
manifold mimite strength of the present argument, as at the
bewtldering weakness of the arguments of the carlier investi-
gators. in not secing the inconceivable and overwhelming
strength of the wave-theory.

2za. The Order of Nature indicated by the
Calenlus of Probability: Summary and Conclusions.

1. Inexplanation of the use of the Caleulus of Probability,
for inferring the actual processes of nature, we remark at the
outset that a law of nature represents o vast mass of phenomena
observed to oceur in a certain order, both in time and spacc:
the series of phenomena thus represented depend on a physical
cause constantlv acting in a fixed way: the number of pheno-
mena conforming to the law may be, and usually is, infinitcly

Logreat.

[For example, in the phenomena of light, for all practical
purposes, an infinity of waves pass in a second, and certainly
ina year of time. And if magnetism be a wave-phenomenon,
as shown in the VII Paper, then the waves of magnetism
acting on Jaraday’s rotated beam of polarized light, in the
celebrated experiment of 1843, also represents a series of two
infinitics, — one of the waves of polarized light, the plane
of which is to be rotated, thus yielding an observed order that
is both constant and dependable; the other of the magnetic
waves acting on the light, in a fixed order, to produce the
constancy of the rotation of the plane of the polarized beam
observed.
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Similar reasoning applics to all the great groups of
related or associated phenomena.  Accordingly, when we
caleulate the probability of the observed order in nature,
from one group of phenomena, we do not duplicate the pro-
bability from the associated or related phenomena, but merely
take account of the independent groups which may properly
represent both classes of phenomena in combination.

The total probability calculated by this method therefore
18 a4 minimum!

For example in equation (A) (140) section 15, we con-
sidered merely the coincidence of the observed surfaces with
the theoretical surfaces throughout space, resulting from the
wave-theory. We did not integrate for the infinities of waves
from the two (‘Cntrcsl), m the three coordinates, nor for the
infinity of time involved in the constant action of gravitation,
and yet all of these latter considerations would have been
allowable.
we now introduce
Ix200=128007, viclding

Thus instead of a pmh‘lbilil\’ of S oo’
the additional multpliers: 8§ 207 % 8 oo

m all Ve 1024(010 (220

instead of 80 | as given in cquation (140) (A). NIm‘vovvr, 1l
volume integration Is required for cach mass, as
We must triply integrate for all the vibrating atoms of cach
body, in », ¢, ¢, as in cquation (126}, and thus we find that
three more infinitics arise from the new Hmits incident to the

follows.

volume and density of the masses. Our final value of AV there-
fore becomes for all the atomic waves:
Noroxy (22

Accordingly when we compute the total })101)11)1111\'
of the wave-theory, we have to take aceount not only of
metrical concordances

(Y(\()~
, but also of the physical Jaws verified by

unlimited numbers of observed phenomena, often in ather
sciences,  such as  clectrodynamics, magnetism,  acoustic

attraction. SUNSPOLs, mng‘m-li(‘ storms, aurorac, Farth currents,
the semi-diurnal magnetic tide, ete. After considerable investi-
gation of the relative vatues of these several lines of evidence,
drawn obzerved order of nature, | have Iabored to
reduce calculation by the following considerations
of the appropriate grouping and values.

from the
them o

For example the science of Electrodynamics vepresents
an unlimited mass of ordered phenomena, following definite
and exact Jaws, verified by careful observation, such as:

(2) Brot and Savart’s 1aw for the intensity of a current
in a straight wire, viclding coincidences with the \\”1\r'~1lwm'v
at all points of*the plane of Ay normal 1o z, the axis of the
wire, and extending indefinitely along that axis.  In addition
to this argument drawn from geometry, under the concor-
dances at all points of space, (v, 4, 2), cquivalent to 8oc?
we have the argument drawn from the physical grounds,
cquivilent to 8oo' x 2e0=16a0t: so that the total
become not less than

chuances
== 12807 .

B This would involve a sextuple integral of the type:

g
5) f f sa gay(h‘ dpdz da’ dy’ g’ =645 .
Dl

as in the second member, to avoid repetition of the integrals which alrcady are sufficiently explained.

Usually we write 1t simply
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(b) O/mn’s law for variable resistance, or variable electro-
motive force, at constant distance, in like manner, would
yield, from similar considerations of geometry and steady
physical action, constant in time, a total chance not less than

Cy=128007 .

(¢) Ocrsted’s cxperiment of 1819, which yiclds ordered
oricntation phenomena, for magnets of all lengths, at all
distances, -— in like manner, would give from geometrical
considerations, and physical action, constant in time, a total

chinee not less than ey =128 007 .

(1) The obscrved circularity of the lines of force shown
in iron filings free to arrange themselves in winrows, owing
to the opposite polarity of the adjacent particles in any winrow,
presents one of the most impressive groups of ordered pheno-
mena in physical science. Tt occurs at all points of space, at
any distance (v, 1) from the wire, and everywhere along the
axis z . Accordingly for reasons similar to the above, the total
chance of this order 1s not less than

cy=1287

The arguments thus adduced in favor of the wave-
theory from but four chief groups of the ordered phenomena,
in clecirodynamics, therefore, accumulates to the cnormous
('()I]]})()Un(l ]]IIIT]])CI"

Ny==ey ¢y ey cy=(128" (o (228)

We recall, by the mll(‘ulus of probability, that the
chances favorable to the wave-theory are as V, to 1, and hence
we need not extend the discussion to the consideration of other
I related, but Tess uniquely defined phenomena. Our number for
the chances &V, therefore is a minimum It is sutficient,
however, to enable us to conclude that the best defined pheno-
mena in electrodynamics cannot be explained except by the
wave-theory.  And we castly come to that conclusion without
dealime with any of the more involved phenomena, in which
the interpretation might be obscure or doubtful. The best and
conclusive evidence alone and that comes
from the simplest Tows admitting of & unique interpretation.

2 The phenomena of magnetism offer a field for the
study of ordered phenomena scarcely less rich and varied than
that of electrodynamies proper, to which magnetism is related.
It was Dy the action of moving currents (wave-ficlds) that

Ampére developed a practical process for making artificial
magnets, in the years immediately following Oersted’s experi-
ment of 1810,

=268 435 456008 .

st is sought,

Il we atiempt to compute the chances that magnetism
points to wave action, we should consider such phenomena as
the following:

(1) The shape of the lines of magnetic foree, at the various
points of space, and their uniform coincidence with the theo-
tetical forms they should have under the wave- theory. which
s accorded o physical hasis by the experiment of Dolbear who
rotated a series of dises on a flexible axis, and confirmed by

(223)
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Faraday’s experiment of 1845, on the rotation of the beam of

polarized light by magnetism. The chance that this vast mass

of ordered phenomena, physically confirmed through all space

and steady in time, represents the wave-theory s not less than
¢;=128007.

(by The connection of magnetism with gravitation,
discovered by me in 1922, and confirmed by the numbers
representing Gawss’ theory throughout our globe, thus cxplal-
ning the uncqual depths of the magnetic poles in the two
terrestrial hemispheres, with the geometrical and physical
basis thus shown to exist and to be constant in time, vields a
chanee in favor of the wave-theory not less than

(o= 128007 .

(¢) The connections between sunspots, magnetic storms,
aurorac, llarth currents, have been known since 1850° this
connection is illustrated and verified throughout our globe, in
the three coordinates (x, v, z) with three types of phenomena
in cach coordinate, all steady in time. The chance that this
vast mass of ordered phenomena represents the wave-theory
certainly is not less than €3 =128 o’
and might be held to be much greater yet.

(d) Then again we might consider the following additi-
onal masses of ordered phenomena:

‘() The increase of the total intensity towards the poles,

(8 The semi-diurnal magnetic tides, which so puzzled
Airy and Sir John 1erschel,

() The observed magnetism of the Sun and the form
of the solar corona, the lines of which coincide with the lines
of force in terrestrial magnetism.

These resulting laws follow both geometrical and physi-
cal Taws applicable to all space, and steady in time, and there-
fore would yicld chances favoring the wave-theory certainly
not less than ry=128007.

Without considering other associated phenomena, or
further mutual relationships between these, we may conclude
that the total chances favorable to the wave-theory in mag-
netism certainly s not less than Vg to 1, where

Ny=¢; ca¢; 03=208 435 450 oo, (229)

4. We shall now consider the related phenomena of
wave-bending or wave deflection, in such related groups as:

(«) Acoustic attraction,

(8) The propagation of radio waves about our globe,

(7) The assimilation of both types of waves to light.

(a) Here the coincidences of the obscrved result with
the indications of the wave-theory occur throughout space
‘v, 1, 2); they have a physical as well as a geometrical basis,
and the concordance is steady in time. Hence on these grounds
it seems certain that our minimum value is at Jeast:

¢ = 128007 .

(b) But such wave-action accords with the gravitational
requirements of inereased pressure bevond the heavenly bodics,
and increased tension between them: such results have hoth a
geometrical and physical hasis and are steady in time,
these considerations therefore ¢y is not less than:

From

ry=12807,

(¢) Associated phenomena of the following kind:

(«") The outstanding motion of Mercury’s perihelion,
(3" The fluctuations of the moon’s mean motion,
(;'y The loss of energy in radio transmission,
which have a geometrical and a physical basis, steady in time,
yield ux from similar considerations:
cy=128007.
(d) A final argument may be drawn from such pheno-
mena as:
(/") The correlation of forces,
(8""y 'The conservation of cnergy,
fy’"y The nature of the potential and the constancy of
the ])]1‘111(‘,1(\]"\' major axes.
The acther and the steady flow of waves in this clastic medium
explains all these ordered phenomena, geometrically, physi-
cally and in time. Accordingly, in like manner,
cg=128007,
From all these considerations, it follows therefore that
we may take MV, as not less than

Ny=¢, 305 ¢,=268 435 450 o0 .

(239)
Summary and Conclusions drawn from the
Caiculus of Probability.

It appears from the above considerations that the total
chance of the wave-theory in comparison with any other
theory, —— as judged by the infinitudes of .concordances,
observed throughout nature to support the wave-theory,—
becomes the product of the separate, numbers V,, V,, N3, V,,
as above cstimated: )

Il =1024(268435456)% 0% . (231)

In Part | above we have carefully investigated the
significance of the Taw of the inverse squares, and found
that in theory a double infinity of- other laws could occur,
if nature had a free hand in varying the exponents in the
law of foree:

F=kt =y = Yl R

=0 =960

(232)

Jr=0-*+p=1.000000000 .

But in fact Nature has no such freedom, and the observed
restriction of 7+ Lo 2.000000000 ******* thus adds chances
equivilent to an infinity of the sccond order to the indications
favorable 1o the wave-theory. Moreover the above cocffi-
cient, 1024(208435450)°, adds practically a Third Infinity,
1024 (268435450)° = o, and therefore our final calculation of the
chances favorable to the wave-thcory, becomes @ to 1
where @ is

’

7 = 1024(268435456)% 00" . 1233)
An Infinity of the bundredth order!
5 = o100 (234)

This caleulation of the total chances favorable to the
wave-theory involves no  violent hypothesis, nor extreme
assumption, but is based on concordances everywhere observed,
and where .the phenomena of nature are so simple and well
defined that the interpretation is unique. A result such as
the above for @ is hopelessly and forever beyond conceiving
even by a geometer.  Ior the value of @ is equivalent to an
integral of the hundredth order, between infinite limits:

v ok Ao o e BT
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where 7=r100.

Now it is well known that a triple integral between infinite
limits is cquivalent to an infinity of the third order and re-
presents a summation of all the points in space, taken singly.
An infinity of the sixth order represents a summation of all
the points in space taken singly, and then cach point again
combined with cvery other point, thus grouping all points
in pairs. ‘Thus a triple integration into a triple integration
lcads to the sextuple integral, with infinite limits.

This type of non-nuple integration Is an infinity of the
ninth order, equivalent to repeating again the above sextuple
integration for each point of space.

A duo-decimmuple integration is cquivalent to combining
again the non-nuple integral with every point in space, or
repeating again, in with the second sextuple
integration, step in the first sextuple integration.
in the duo-decimmuple integration there resylts four succeessive
integrations for every point in the immensity of space!

Let us now examine these impressive results philo-
sophically, in the light of experience, and the habits, judgement
and usage of the greatest mathematicians of former ages.
In the time of Nezzow, the doctrine of chances was not vet
reduced to a scientific ‘)A\l\ and thus the author of the Prin-
cipia did not avail himself of such aids to the human mind,
But from heginnings at the cpoch of Newezon
of probabihity took definite form a
especially in Zaplace’s 71
1812

combination

cvery I'or

the calculus
scientific century later,
‘héorie Analvtique des Probabilitds,
, which fixed the principles of the Science.

An infinity of the first order, yvielding a probability of
infinity to one in favor of any Theory, was justly held by
Laplace, the founder of the theory of probability, to be con-

clusive and definite ground for the conviction that the theory
under investigation represents a true law of nature.

T concur in this conclusion of the illustrious author of
the Mécanique Céleste, since no ground is left for supporting
any other theory.

Yet as the caleulated infinity of the 100" order
results naturally from the mercasing combinations of separate
and independent ordered phenomena supporting the wave-

above th

theory, and there 1s no ground for questioning the legitimacy

of the increase of the total probability with the multiplication
of infinitics of higher order, we conclude that the total chance
in favor of the wave-theory is of the order of 0! to 1, or an
Infinity of the hundredth order!

It scems therefore certain and incontestable that the
wave-theory corresponds to the true laws of nature, and all
other theories are forever barred from the consideration of
geometers and natural philosophers.

Concluding Note on the Lunar Theory

Hitherto we have considered carefully certain aspects
of the planctary theory, and many other large groups of
physical phenomena, yet have given somewhat slight attention
to the lunar theory, which is especially suitable for exhibiting
the gravitational theory of forces as directed
depending on wave-action.

magnitudes
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If A7 be the mass of the Sun, acting at a distance g,
and 1 the angle of elongation of the Moon from the Sun,
7 thc Moon’s distance, and s its mass, (the Earth’s mass
being unity); then the components of the Sun’s disturbing
force, which act on the motion of the Moon, to change its
path in space, in respect to the centre of the Earth, are:
The Tangential Component = 7'= 3§47 m 7[p®-sin2yy  (236)
The Radial Component=2R = m »[¢o* (1 — 3 cos? ) (23%)
The Perpendicular Component = = '
' =3M m r[g3-cos Y sin §3 sinZ  (238)
the total disturbing force being the vector magnitude,
=) (1+R?+ 7). (239)
As the total disturbing force /7 acts in various directions
depending on the variability of #, ¢, ¥, §1, and /7, the Moon’s
puath is continually changing. V\c shall analyse briefly a few
of these ¢ ‘hzmgcs:

(1) The tangential component 7" acts constantly
towards the line of syzygies. In the First Quarter it tends to
retard the orbital motion; but really accelerates it, by de-
creasing the centrifugal force and letting the Moon drop
nearer the Earth; in the Second Quarter the component 77

tendds to aceelerate the orbital motion, but by increasing the
centrifugal force lengthens the radius vector, and thereby
really retards the Moon’s motion: in the Third Quarter the
effect 1= similar to llmt i the First Quarter: and in the Fourth
Quarter the effect 1s similar to that in the Sccond Quarter,

The moxst celebrated Tunar inequality due to the tangen-
disturbing is the Variation, which was discovered
Tveho Brafe about AU DL 1590, but had
Arabian astronomer A bowul Wefw as carly
its maximum, in the octants, YP=45",
the Variation amounts to about 32" or a
Moon. corresponding to an orbital motion
Jt was first explained theoretically by Nezwzon
1686.

The radial component £ acts outwardly, decreasing

tial foree
from observation h.\‘
been known to the
as AL Duogl3o. At
135°, 2357, 325,
full diameter of the
of over an hour.
in the Principia,

(h)

the Moon’s gravity to the Barth, from tfr=0" to tf=55°
and inwardly from r=55° to Y =125; and .then again
outwardly, Yr=125° to YW=235"; mwardly, =235 to
. N . P e . . a — aQ
r = 305 and then again outwardly, == 305" to 1)) .—7360
I'he inward force at the Quadratures, cosifi=o, 1s K=
A morfo?, while at the Svzvgies, costp=tr1, it is A=

Ax the arc yr on which the outward force acts
, ina revolution, while the inward force extends
an arc of about 1407, and morcover the outward force
15 twice as powerful as the mward foree, the average effect
for the entire revolution 1s to decrease the Moon’s gravity
by 1/358" part of the whole, and thus lengthen the Moon’s
period by an amount corresponding to a decreased angular
motion of 1/179'"™ part, or ahout 4 hours.

—2 M rfod.
0

e is)

1s about 220

over

This does not alter the sector described by the radius
vector, since the component acts in the direction of the radius;
vet the Moon’s real velocity and angular velocity are diminished,
owing to the cffect of placing the Moon at a greater distance.
The centrifugal force is equal to its gravity diminished by
the action of the Sun, and the radius vector describes the same
sector that it would describe without this action, — the radius
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vector, however, being augmented by 1/358" part of the
whole, and the angular motion diminished by a 179" part.

((‘3 The Annual Equation results from the annual
Chsz*c in 0% vielding radial disturbing forces greater by a
h part at pcrlhclmn thus retarding the Moon by about 13’,
zmd less by a similar amount at aphelion, which correspondingly
accelerates the Moon’s motion.

(d) The ivection, discovered by Piolemy 140 A. D.,
is a distortion of the form of the lunar orbit, under the (lCIIOIl
of the disturbing forces, by which the eccentricity is increased
or diminished by about r/"" of the wholc,
return of the Sun to the same position relative to the perigec.
The Moon’s longitude may be increased or decreased by
about 17157, and thus the cvection is by far the largest of all
the Lunar Inequalities, the cecentricity being greatest when
the line of apses Passes through the Sun, and least when
the line of apses is at right angles to the line joining the
Earth and Sun.

(e} It remains to notice the progression of the pcnf*(c
which also depends mainly on the radial component. This 1s the
most difficult of all the tunar calculations, and is very celebrated
as confirming finally the rigor of the Newtonian law. In his
address to the British Association in Australia, 1914, Pro-
fessor /2 IV Brozenr estimated the exponent in the law not
to differ from 2 by more than 1 part in goooooooo, or
2.000000000 + 0.000000005.

(f) The perpendicular component 77 accounts for the
regression of the Moon's nodes in 18.6 vears: this component
acts towards the plime of the ccliptic, and the
revolves torward, the node or intersection point moves back-
ward, the inclination also varving between certain limits,
according to the power of the force /77,

s NMoon

(g) Without dwelling on the other chief i Inequalitics in
the Junar motions, such as the secular acceleration, the
mequalities in latitude  and ](mgitll(lc depending on the
figure of the Farth, the parallactic inequality, the incqualities
due to the action mf the principal planets, ete., -— we me rely
remark that they all conform strictlv to gravit mon il principles,
and thus the disturbing forces represent veetor magnitudes,
corresponding to wave-action,

It that these varied lunar inequalitics,
depending on the respective disturbing forces, all conform
to the Newtonian law, not onl_v at all points of space in the
three coordinates (v, v, z) but also for all lengths of the three
resolved components (77, R, /)\, and morcover throughout all
time —— for 20,45 yvears at ]c(m, since the lunar eclipses recorded
at Babylon in the reign of A ardocempad, 720 B. C.

[t is casy to sce how many powerful arguments for the
wave-theory could be based on these concordances.  From
some preliminary considerations T believe that if we include
likewise the corresponding inequalitics of the cight Major
Planets, about half of which may be large cnough to be
found by obscivation, it might casily be slm\\ n that we conld

calculate for the wave- thcm\' the additional chances, ¢, = o010,

1s obvious

Co= 0010 vens o= 0", and thus put at the minimum:
Ny=cyicgey - 10 = 00100 (240)
. R 240
making T = o200
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It is, however, unnecessary to accumulate further
arguments for the wave-theory; and therefore we merely
f remark that this thcory represents the true order of nature,
as certainly as Newtonian gravitation governs the 1111mltable
operations of the starry heavens!

In his reflections on the law of universal gravitation,
Exposition du Systéeme du Monde, Liv. IV, chap. XV, Zaplace
notes how the theory of gravitation has confirmed thL motion
of the LEarth, already evident from its simplicity; and then
sagaciously remarks: »We may increase the probability of a
theory, cither by diminishing the number of hypotheses on
which it rests, or by augmenting the number of phenomena
which 1t explains.«

e then shows that all the celestial phenomena follow
from the principle of gravitation, by which thcy arc connected
nto a true science of the hcmvcns, with concordances of the
highest and remarks, that if we consider that
there docs not exist a single phenomenon which cannot be
referred to the gravitation, we shall have no reason
to fear that any one will question its truth in consequence of
phenomena not herctofore observed.

x’l(‘('UI')l(‘}'I

Liw of

So it is with the New Theory of the Acther! Tt cxplains
not only the cause of gravitation, and conncets this force
with electrodynamic including molecular and atomic
forces: but also shows the way in which these various forces
arise from wave-action, so-that the myriad-fold order of vast
independent groups of phenomena, connected by the New
Theory of the Acther, are completely explained.

forces,

After this extensive investigation of the indications of
the caleulus of probabilities, it only remains to emphasize the
distinctive features in the progress of the theory of universal
gravitation durines thv past 2350 years.  This great advance
consisted essenti: xH\ in the verification of the Newtonian law,
during the first contury; and the development of elee tr()(]vmnnu
laws during the second century. This latter progress, however,
stopped short of real fruition, in default of the Kinetic Ihoorv
of the Acther, which was begun indecd by Sir Zsaac Newton,
107515721, vet not given definite formulation till the ap-
pearance of this series of Papers, 1920-1925.

Such a brief outline of the leading facts obviously
justifies a dise erning m\'(‘stlfratm in departing from the stereo-
typed usage oi the period since the close of the researches
of Zaplace, 1827, which became largely stationary, in that it
neglected the unfinished researches of New/on relative to the
cause of attractive forces.

To-day it no longer suffices merely to verify the theory
of gravitation, as ])cforc the publication of the Mécanique
Céleste, 170918252 we must carnestly resume the unfinished
rescarches of Sir /seac Nezwoton, definitely assign and prove
the cause of universal gravitation!

After being coneealed from mortal sight for centuries,
this sublime physical agency becomes to-day the greatest
outstanding mystery of the universe! And therefore it calls
for the resumption of the work of discoverv, as in other
creative cpochs of Science.

As the supplement here brought out was the occasion
of developing the theory of the Infinite Integral, by which
i alone the extreme complexity of the interpenetrating wave-
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felds of gravitation could be adequately treated, according
to the methods of Fowricr, T have dedicated the frontispiece
of this paper to that unrivaled mathematician.

In view of the course of my own rescarches during the
past forly years, no doubt it will seem very natural to add also
the portrait of Laplace, in appreciation of the inspiration and
guidance afforded in so many studies by the NMécanique
Céleste, and the Theéoric Analytique des Probabilités.  Jor
the mvstery of the force of gravitation, so profoundly treated
of in the works of Nezw/on and Zaplace, has been the subject of
the writer's meditation for nearly half a century.

In reviewing
especially how

the progress of these rescarches, [ recall
much T was impressed by the conclusions of
Nezrdon, in the General Scholium to the Principia, 1713, that
the force of gravitation penetrates 1o the
solid
diminution of its foree:

very centres of the

and by Laplace’s analogous reasoning
that the Sun’s gravitational action is transmitied undiminished
through the great spheroidal mass of Jupiter, — otherwise
very noticeable incqualities would be introduced into the laws
for the motions of the satcllites, when almost incessantly
celipsed in the <hadow of that giant planct.

Sondernummer

masses of the Sun and planets, without suffering the least

[t was not, therefore, until Dec. 10, 1016, that T was

able to break down the traditions of two coenturies, by detecting
periodicities in the lunar eclipse eveles, which indieated a slight
sereening effeet due to {he transmission of the Spn's gravitative
force through the [arth’s mass,
assign the physical cause of Nezwocomb's unexplained fluctu-
ations of the moon’s mean motion (ililc(‘tmd_\'nzlmir‘ Wave-
Theory of Physical Forees, vol I, 19173, which opened the
way to @ definite assignment of the cause of universal gravi-
tation, more fully developed in the New Theory of the Acther,
and now finally verified by the most incontestable
this Fighth Paper.

1t thus became possible 10

1920-22,
proofs in

In the carliest studies of the Principin, about 1885, it wis
noticed that the phitosophy of Newton is concerned chietly
with forces, as we see clearly from his Preface written in 1680

slior all the difficulty of (natnm]\) philosaphy seems to
consist in thix, from the phenomena of motions to investigate
the forces of Nature, and then from these forces Lo demon-
strate the other phenomena. And to this cend, the weneral
propositions in the first and sccond hooks are directed. In the
third hook we give an example of this in the explication of the
system of the World. Tor by the propositions mathematically
demonstrated in the first books, we there derive from the
celestial phenomena, the forces of Gravity with which bodies
tend to the Sun and the several Plancts. Then from these
forces by other propositions, which are also mathematical, we
deduce the motions of the Planets, the Comets, the Moon, and
the Sca. T wish we could derive the rest of the phenomena of
Nature by the same kind of rcasoning from mechanical
principles. Lot I am induced by many reasons to suspeet that
they may all depend upon certain forces by which the particles
of bodics, by some Causes hitherto unknown, arc
ally impelled towards cach other and coherc in regular figures,
or are repelled and recede from cach other; which forces being
unknown, philosophers Jhave hitherto attempted the search of
Nature in vain.é

\

cither mutu- \

|

|
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This last remark shows how deeply Newion was occupied
with the taws of gravitational and even of molecular forces,
and how he scarched for the various causcs involved. The
Wave-Theory is the only valid explanation of physical forces,
and of their modes of action, but it was very slow in being
developed, for several reasons which merit carcful analysis.
The solid foundation which made the wave-theory possible
was Maxzwell’s masterly proof of the existence of an actherial
medium, n the celebrated Treatise on Tlectricity and Mag-
netism, 13735 yet after Maxwell’s premature death, 1879, the

advance ccased, and about 1916-20, the movement temporarily

hecame  retrograde, under the pernicious influence of the
doctrines of Relativity, which increased the obscurity

hewilderment when real light was necded.

and

In the Introduction of this Paper we bave pointed o
the difficultices experienced by Newton and his jmmediat
anceessoTs, in attacking the problem of the causc of universd.
cravitation, and shown why the question was not discussed
Laplace, a century later — namely,
author of the Mécanique Céleste was concerned chiefly with
the verification of the Newtonian law, and its rigorous Te-
establishment for the great mass of phenomena made known
by the Progress of physical astronomy during the 18" centurs.

Ve

because the illustrios:

N that about another full century has clapsed, since th
roararches of Zaplace, is it not a little remarkable,
Afficting the progress of illumination,
contribuer au progres des homicres, as

in a matt
— tout cc qul pei
Laplace says 10 Nar
Jeow. in the dedication of the Théorie Analytique des Pro
habilites, that among hundreds of investigato:r
Auring thix period the author of the New ‘Theory of the Acthe
alone has attacked seriously ANewton's unfinished proble
of the cause of universal gravitation?

It is noted that about two centuries have passed sine
the last labors of the founder of the theory
it is remarkable that until the
Case

18712,

of gmvitution, Ve
present cffort, the problem of th
of gravitation scarcely has been touched by a sin
person, 1 way at all worthy of the dignity of the subjer

We may therefore appropriately conclude this paper by
remarkable observation of Archimedes, inaletter 10 Dosithe

r
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sIn fact, how many theorems in Geometry which b
scemed at first impracticable are in time successfully wor
out! Now Conon died before he had sufficient time to invt
gate the theorems referred to; otherwise he would k
discovered and made manifest all these things, and would b
enriched Geometry by many other discoveries besides.
1 know well that it was no common ability that he brou
to bear on Mathematics, and that his industry was €s
ordinary. But, though many years have clapsed since Con
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death, T do not find that any one of the problems has been

stirred by a single person.« (Sir 7. Z. FHeath’s English edition

of the Works of Archimedes, p. I51).

Apparently the tendency to follow the beaten path of
Least Resistance applics not only to the physical systems of the
universe, but also to the progress of science, hoth in the age
of Conon and Arciimedes, and throughout all time — except
under the creative efforts of the most extraordinary discoverers
during the past 2200 years!

Accordingly, the philosopher who dares to leave the
smooth but barren path, for the untrodden, yet fruitful road
to discovery; and in the difficult quest for illuminating the
great sccrets of nature, finally persists until he attains thosc
summits near the stars, already is beyond all praise! Even the
noblest verses for eternal work scarcely honor sufficiently the
exalted merits of the discoverer of the highest laws:

Exegl monumentum acre perennius,

regalique situ Pyramidum altius. (Horace, CarmenX X X).

For as regards the sublimity of such rescarch, and the
dignity of the discovery of the laws of the universe, Dr. Z0d-
mund Halley justly declares in the Hexameter Verses prefixed
to Newton’s Principia:

Vallejo, California, June 25, 1gz5.

Ausgegeben 1926 Febr. 27,

Son (]CI‘I]U]HAIH cr
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Nec fas est proprius mortali attingere divos.
Nor is it lawful for mortals to approach nearer the Deity.

Very grateful acknowledgements are due to several
sympathetic associates, without whose kind encouragement
it-would have been difficult to complete this Supplement, with
the detailed proofs and careful confirmation of the authorities
quoted during the past 250 years: Rear Admiral John H.
Dayeon, U.S.N., Commandant at Mare Island; Dr. C. 2.
Camerer, U. S. N., whose words of encouragement proved as
helpful as his eminent medical skill; Mr. 4. E. Axlund,
experienced Civil Engineer, who has read the whole paper
with an intcrest appropriate to our frequent conferences
during the past 17 years; Professor /. .S. Ricard, S. I,
Director of the Observatory, Santa Clara, who for years has
followed closcly all the rescarches made at Mare Island;
Mr. 1178, 7yankle, Assistant, whose timely aid in the pre-
paration of the Manuscript has been almost invaluable; and
above all to Mrs. See, who has contributed most to lengthen
those hours of quict study without which it would have been
impossible to record the traces of light as it came traveling
downward from the stars.

7.7.]. See.
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Tafel 1.

Astronom. Nachrichten Bd. 220.

Plate 1.

T.J.]. See. New Theory of the Aether.

1K

Hinstration of the Law of Amplitude A=4/r, and of the diminishing cross sections of
the waves, shown by the bases of the cones S and s, which give the relative
encrygies, f=4%r% of the waves at 411 distances. These contracting cones indicate the
Geometrical and Physical Basis of the Newtonian Law much more clearly than is shown by the
considerations employed by /HHalley and Newton, 1684; and point unmistakably to the Wave-
Theory of Gravitation, which is now proved to have chances in its favor cquivalent to o1 to 1.
compared to any other conceivable cause.

C. Schaidt, Inhaber Georg Oheim, Kiel.
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Plate 11.

Tlustration by curves of the Doubly Infinite Varicty of tl

he Functions /=47/r»1 which might be iinagined to represent Forces varying as
the inverse powers of the distances.

In Nature we find 2 +v =2.000000000- -+ +. and thercfore we here examine the occasion for the restriction
of the Forces to this one integral inverse power, n=2.

C. Schaidt, Inhabsr Georg Oheim, Kicl.
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he Earth’s magnetism, at different observatories, in the great
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Plate V.

Mustrations of the Lemniscate of Bernowlli, as used by Sir Jokn lerschel in the study of certain erystals under Polarized Light, for con-
firming the accuracy of the Wave-Theory. As the optical patterns of the Interference Fringes conform exactly to the Curve of the Lemniscate.
Herschel held that the observations fulfilled all requirements of the Theory of Undulations, which confirmed the rescarches of Fresuel.

C. Schaidt, Inhaber Georg Oheim, Kiel.
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Plate IV. () Newson’s diagram of the spread of waves to a new radius, after passing through an orifice BC; with Airy’s illustration of
the nature of the wave-motion below (cf. Tides and Waves, 1845).
(b) Nlustration of the simultancous compounding of wave motions from closcly adjacent orifices, by extension of Newton’s theory.
As the rotations about the axes are parallel, the tension in each wave-disturbance tends to shorten the arc of the whole wave
filament, and make the wave front a minimum. We thus get magnetic lines of force nearly straight in the equatorial regions
of the magnet, with rapid curvature towards the poles. This lower dingram (b), in connection with the diagram (a) above,
completely explains the observed phenomena in magnetism, and assures us that the wave-theory assigns the true cause of
magnetism. Drawn by /. 7. Greathead.

C. Schaidt, Inhaber Georg Oheim, Kiel.
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Plate VII. Diagram of the equipotential surfaces about two cqual masses, It and t, originally given in Zhomson and Zaif's Treatise on
Natural Philosophy, 1%t ed., 1873. Without regard to the cause involved this upper diagram represents the actual surfaces
which cxist under the potential of gravitation to two equal stars; but in the light of the New Theory of the Acther we may
now interpret the meaning of the distortions of the surfaces shown, which were first published about half a century ago.

In the lower figure we sce how the vectors directed to the two cqual stars arc compounded geometrically, in every
part of the diagram, according to the law expressed in equation (139). This illustrates the whele theory of the equipotential
surfaces, about two equal masses, and constitutes as triumphant a verification of the wave-theory as the incomparable Geometry
of Newton’s Principia docs for the law of universal gravitation, now referred at last to its true cause.

C. Schaidt, Inhaber Georg Qheim, Kiel.
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Plate VIII. Geometrical illustration of the wave-field about two equal stars. The wave-amplitudes increasc asymptotically towards either
body, which renders the acther of variable densitv s=v#, while the wave-motion in concentric sphercs, when reflected from
the surfaces of the confocal cllipsoids, yields stresses along the tangents to the hyperboloids, which intersect the ellipsoids at
right angles and with them constitute the system of confocal conics.

In nature the aether waves from the two centres arc not reflected by the ellipsoidal surfaces, Lut proceed onward into
infinite space; yet the reaction of the medium gives the stresses along the tangents to the hyperboloids exactly the same as
if the waves were perfectly reflected by the confocal cllipsoids, and thus the state of wave-motion is rendered perpetual.

C. Schaidt, Inhaber Georg Oheim, Kiel.



