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Analysis of the Progreéss of the Problem.

In the preceding papers T have discussed somewhat
carefully the nature of gravitation as a wave-phenomenon, and
Yaper, Oct. 2 finally connected this
under o law of nature, which is verified
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This question, however, Tong was neglected, very largely
because the wave-fields of the acther are wholly invisible. Yet
in dealing with those subtile phenomena of nature which are
not disclosed to mortal sight our processes of vestigation
penetrating and so exhaustive that

obvioushy ought to be

nothing is left undone. even when it becomes advisable to

invoke the cateulus of probability,
known that from the
Invariability of the major axes and

It s well beginning of his great

discoveries - - such as the

mean motion of the planets, 17730 the Dynamical Theory
of the Tides, for the motions of our sea, 17775 the Invariable
Plane of the solar system, and the Physical BExplanation of the

Laws of the the
the Great Inequality of Jupiter and Saturn, 1785 the
the secular aceeleration of the Moon's mean motion, 1787 —
Laplace always studied the phenomena of nature from the
point of view of the theory of probability.  Hix repeated
triumphs  where such fuler, Clairanlt,
7 Alemibers. and Zaoronge had failed, are sufficient testimony

Jupiter’s satellites, 1584

maotions of

oreat o masters as

to the value of the method, Tt is therefore not surprising to
find the foliowing reasoning in the Théorte Analvtique des
Prohabilités: '

»We are so far from knowing all the ngencies of nature,

and their various modes of action, that it would he unbecoming
in o phitosophcr 1o deny the phenomena simply because they
are inexplicable in the present state of our knowledge, Only
we must examine them with an attention which is the more
serupulous the more difficult it appears to be to admit them,
And the indispensable for

determining

caleulus of probabilities hecomes
far the observations must be mu!ti])liv(l

order to obtain in favour of the agents indicated by them a
probability superior to the reasons one may have for rejecting

how

them e

Accordingly, in the difficulties
encountered by investigators since the age of Nezefon,
to me that the hidden processes of gravitation offer an especially
suttable field for the use of the method of the calculus of
probability; and thus it is desirable to add a supplementary
Fighth Paper, dealing comprehensively with this subject,
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In the 240 vears since the preparation of t‘T‘ﬁk{LL}nawa;
168486, two distinet epochs may' be recognized:

‘a7 The Century of Verification of the New tonian T.aw
— - inchuding the celebrated analytical rescarches of Clasran/e,
Fouler, 10 Aleambert, Lagrange and Laplace — which may be
sadd to exactly roo vears after the publication of the
Laplace’s trimmphant discoveries of the vause of
1785, and of the
1787 - vet

close,
Principia,
the great tequality of Jupiter and Saturn,
sceular accecleration of the Moon's mean motion,
with the results given final form in the Mécanique Céleste vols.,
I and I, 1799, vol. ITI, 1801, vol. IV, 1805, vol. 1823,

This remarkable period of verification, which even later
culminated in the greatest of all these triumphs, the
theoreticnl discovery of Neptune from the perturbations of
Uranus, by A dams and Leverrier, 1846 — was characterized
by o concentration of effort on the analyvtical consequences of
the T of universal gravitation, with little or no thought of the
this great Law of nature.

phvsical cause which might underlic

The general h.wmnpti(m of mvestigators found expression
in the opening paragraph of the Mécanique Céleste,
thiat »the that singular modification, by means of
which a hodv is transported from one place to another, is now
and alwavs will be unknown; it is designated by the name of
Foree. We and the laws of
s actione,

(by The Century of Llectrodynamic Rescarches,
ginning with the experiments of Qersted, 1819 which very
soon found expression in the lows of fmpére, and led te the

experimental  discoveries by Faraday, the
mathematical theory of the Earth’s magnetism, by Gawss, 1838,
and  the fundamental  electrodvnamie law,  discovered by
[ eher, 1806 — the whole progress culminating in Maxewe/l’s
attempt at o nudthematical interpretation of the observations of
the 1860—-1806) of that cminent

1799,

nature of

can only asc mtdm its ceffects,

be-

long  series of
=

Faraday during last vears

mvestigator,

It is well known that during this later period ZFaraday
was deeply impressed  with a connection between  electro-
dynamics, magnetism and gravitation. At his advanced age,
however, the experimental attacks on the problem failed, and
Jaxeae/l’s brilllant work was left incomplete at his
premature death in Yet Maxwell's celebrated Treatise
on Electricity and Magnetism, 1873, became a standard work
on the subject, and is not yet supplanted by a more comprchen-
sive treatment of the whole question.

Turning aside from the promising start thus made by
Faraday and MHaxweell) @ few investigators, some twenty years
ago, apparently forgot the lessons of History, and began a
movement for explaining many related phenomena of nature
by the Theory of Relativity: vet it proved to be so clearly
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retrograde that it failed, and only led to the diffusion of a mass
of errors which never should have been given currency in the
literature of science. Such an example of retrogradation as
the recent ill-advised attempt to modify the Newtonian law,
without really understanding its geometrical, physical and
historical significance, may serve to emphasize the importance
of a more diligent search for the cause of gravitation, along
the clectrodynamic lines already begun by Fareday, when
Aaxwel/ was a young man, yet neglected for sixty years,
till the appearance of the New Theory of the Acther, 1922.

Contemplating therefore the entire period of 240 years
since the preparation of the Principia, it is apparent that the
greatest carly cultivator of the analytical theory of gravitation
was fTw/er.  ‘Then came the complete restoration of the
Newtonian law, under the profound physical intuition of
Laplace, as fimally set forth in the Mécanique Céleste.

When occupied with any verv difficult problem it was
Laplace’s habit to exclaim: »Read Zwler! read Fuler! he is
our masterle  Likewise, in comparatively recent times, Dr.
G. W. H:l] related that the germs of the method employed in
his famous Rescarches in the Lunar Theory, 1877, already
had found partial expression in a paper of Fwuler, whose
Collected Works happily are reappearing, and again coming
within the reach of the modern reader,

But great as was the analvtical mastery of Zuw/ler, it is
recognized that the physical intuition and dvnamical judgement
of Laplace was indispensable to the final triumph of the
Newtonian law.

Accordingly in our dayv the great outstanding problem
of Astronomy is the causce of universal gravitation. This is an
inheritance from the great masters of former ages, and we
cannot shirk it.

Although this problem of the cause of gravitation
profoundly engaged the attention of Newson, a solution of it
was not possible In his time; vet he- correctly attributed
gravitation to impulses (waves) in the aetherial medinm, but
it was exactly two centuries after the appearance of the 37
edition of the Treatise on Opticks, 1721, before it became
possible to resume NMezwrton’s unfinished work, by developing
the Kinctic Theory of the Acther.

In view of this Lapse of time the thoughtful investigator
should not hesitate to go back to the greatest ouistanding
mystery of the universe since the age of Mezefon. 1t relates to
the nature of universal gravitation, under which the heavenly
bodies everywhere are mutually drawn together in pairs, and
often physically coupled into revolving systems of Binary Stars,
The physical bond uniting our plancts to the Sun, the satellites
to their several planets, and the components of the physically
coupled double stars, one to another, is the mysterious power
of gravitation.

The attractive foree is so stupendous as to exceed the
tensile strength of millions of immense cables of the strongest
steel, yet conveyed in right lines through the all-pervading
medium of the acther. This subtile medium is wholly invisible,
yet adequate to bind together the whole structure of the starry
heavens, by wave-action everywhere pursuing minimum paths,
—- and thus exerting mutual tensions on the heavenly bodies,
in lines as rectilinear as delicate spider webs joining them
in pairs,
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It was feared by Sir Zsaac Newton that under the mutual
gravitation of the heavenly bodies the existing order of the
solar system eventually might be in danger of subversion, and
require the exertion of a restorative power.” By improving and
extending the Newtonian theory, Euler was able to discover
that the mutual gravitation of the planets itself is largely
preservative of the order of the solar system; and when Ew/er’s
processes were still further extended by Lagrange, Laplace
and Poisson, it became known that the order of the solar
system is essentially stable, if not forever, at least for millions
of ages. Thus on June 15, 1829, Fourier could exclaim in his
Eloge Historique de Zaplace:

»In general nature holds in reserve conservative and
ever-present forces which act as soon as the trouble begins and
augment In proportion as the disturbance is greater. They
quickly re-establish the accustomed order. We find in all parts
of the universe this preservative power.  The forms of the great
planctary orbits and their inclinations vary and oscillate in
the course of ages: but these changes are limited. The
principal dimensions are maintained and this immense assem-
blage of hcavenly bodies oscillates about a mean position
toward which it is always carried. Everything is adjusted for
order, perpetuity and harmony.. . ...

»Whatever may have been the physical cause of the
formation of the plancts, it imparted to all the bodies a projectile
motion in @ common direction about an immense globe; in
this wayv the solar svstem has been rendered stable. The same
effect ix produced in the systems of satellites and of rings.
Order is there maintained by the power of the central mass.
Hence, there is not, as Newson himself and Zuler had su-
spected, an adventitious foree which should one day repair
or prevent the disturbance which time had wrought. This
is the law of gravitation itself, which rules all, is sufficient for
all, and maintains order and variety. Having proceeded once
only from supreme wisdom, it has presided since the origin of
time, and renders all disorder impossible.  Newton and Fuler
did not vet recognize all the perfections of the universe. In

o general whenever any doubt has arisen in regard to the

exactness of the Newtonian law, and, for the explanation of
apparent irregularitics, we have proposed the accession of a
forcign cause, it has always happencd, after a profound
é¢xamination, that the original law has been verified. Tt
explains to-day all known phenomena.  The more precise
the observations, the better do they conform to theory. Of all
the great mathematicians, Laplace is the one who has pene-
trated most profoundly these great questions; he has, so to
speak, settled them .«

The mystery surrounding  the cause of universal
gravitation in Nezwson’s time was so extreme, that although
the illustrious author of the Principia ascribed gravitation to
impulses (waves) in the subtile aethereal medium that is
diffused over the universe, yvet as he could not make out the
mode of operation,. he would frame no hypotheses.  The
cautious attitude of the founder of the theory of universal
gravitation extended to his successors, and even to Zaplace,
the great restorer and perfector of the Newtonian theory.

After the researches of Faraday and Maxwell, however,
a less cautious and less despairing attitude became allowable:
so that in the researches on the Tlectrodynamic Wave-Theory
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begun in g1y, and further developed in
the New Theory of the Aether, 1920-1922, T was able to
recognize in wave-action the cause of universal gravitation,
and to adduce satisfactory proof that this force is transmitted
across space with the velocity of light.

This proot ix based on a great mass of closely related
phenomena —— inastronomy, magnetism_ clectrodynamics,
radio-telegraphy,  magneto-optics, and  other branches of
physics: se that perhaps little doubt will exist in the mind of
any experienced natural philosopher that the real cause of
gravitation is correctly assigned,

Yet it may be well to elucidate the discussion still
further, by the rescarches made during the past three years.
Among the grounds for such procedure we cite the following
papers by two celebrated German mathematicians:

1o OO Gass, Aligemeine Lehrsittze in Bezichung auf
die im verkehrten Verhiltnisse des Quadrats der Entfernung
wirkenden Anzichungs- und Abstoflungskrafte, Resultate aus
den Beobachtungen des Magnetischen Vercins im Jahre 1839,
Letpzig, 1840, reprinted in Gawss” Werke, Bd. 3, 197-242.

2. LG Lejeune-Dirichles, Vorlesungen diber die im
umgekehrten Verhiltnis des Quadrats der Entfernung wir-
kenden Kritfte, Leipzig, 1876,

These mathematical rescarches by Gawss and Dirichict
arc of great clegance and extreme generality, and leave very
little to be desired as respeets the g('r)lﬂ(‘lri(‘(l] Consequences
of forces varving inversely as the the distances.
Net Gawss and Diriehler are as silent as Newoon himself in
respect to the causes which might underly forces varving in the
ratio of the SQUATeS,

MacLawrin, who was a friend and disciple of Aewzon,
says of his great master: »He found he was not able, from
experiment and ohservation, to give a satisfactory account of
this (subtile actherial) medium, and the manner of its operation,
in producing the chief phenomena of naturee. (Account of the
Philosophical  Discoveries of Sir Jsawe Newton, London,
1748, p. 1)

Accordingly,
of the operation of the fmpulses or waves
which he ascribed gravitation, and Gawss and Dirichles have
treated almost wholly of the geometrical consequences of Taws
of the Newtonian tvpe, / 72 vet have not attempted to
assign the physical cause of such forees in nature, that unsolved
problem obviously deserves increased attention. For iff
careful analysis should definitely disclose the cause of great
laws of nature, heretofore hidden
the result would be eminently worthy of the meditation of the
geometer! No triumph could be more welcome to a philosopher
occupied with the observed order of the heavens!

It has been customary, from the time of ANewton, to
ascribe the gravitation of the plancts to some power emanating
from the Sun, and to imagine that as the arca of the's phere
surfaces in space increases outwardly directly as the square
of the distance, the intensity of the influence controlling the
motion of the planct ought to decrease with increasing distance
n thc inverse ratio of the square of the distances.

square of

nverse

as NewZor could not make out the manner
in the acther, to

nii'

from mortal eve for centurics,

1) This original presentation copy,
writer's library, —-

with Huy, gr/zrn.r'

to the earliest formulation of the law of the inverse squares.
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Such general reasoning appears to be essentially sound,

as noted by WhezwelZ in his History of the Inductive Sciences,
3™ edition, 1857, vol.1I, Lib. VII, ch. Tand IT, pp. 114=140. Yet
as this .\11})](‘(L very scldom is VICWCd in its true historical
development, we shall quote Wiewell’s discussion in sufficient
detail to show how the law of the inverse squares first arose:

»I'he proposition that the attractive force of the sun
varies inversely as the square of the distance from the centre,
had already been divined, if not fully established. If the orbits
of the pl'mot\' were cireles, this proportion of the forces might
be deduced i the same manner as the propomlom concerning
circular motion, which /Zuyghens published in 1673; vet it
does not appear that ZJuvghens made this application of his
principles. NezeZon, however, had already made this step some
vears before this time. Accordingly, he says in a letter to
Halley, on flooke’s claim to this discovery (Biog. Brit., art.
Iooke).  "When ffuvgenius put out his Horologium Os-
cillatorium, a copy being presented to mel), in my letter of
thanks [ gave those rules in the end thereof a particular
commendation for their usefulness in computing the forces of
the moon from the carth, and the carth from the sun‘. He
SAVS, T am almost confident by circumstances, that
Siv Charistopher Wren knew the duplicate proportion when
[ gave him a visit; and then Mr. Hooke, by his book Cometa,
the Tast of us three that knew it'. /fooke's Cometa
I'hese inferences were all connected
with A'ep/er’s Taw, that the times are in the sesquiplicate
ratio of the major axes of the orbits. But /Za//ey had also been
led to the duplicate proportion by another train of reasoning,
namely, by considering the force of the sun as an emanation,
which must hecome more feeble in proportion to the increased
spherical surface over which it is diffused, and therefore in the
inverse pmpmlmn of the square of the distances. (Bwllialdus,
in 1645, ul asserted that the force by which the sun ’prehendit
ct lmrp,w 11", tikes hold of and grapples the planects, must be
as the inverse >(111:1rc of the distance.) In this view of the
matter, however, the difficulty was to determine what would
be the motion of a body acted on by such a force, when the
orbit 15 not circular, but oblong. The mvestigation of this
casc was a problem which, we can easily conceive, must have
appearcd of very formidable complexity while it was unsolved,
and the first of its kind. Accordingly, /7a//cv, as his biographer
says, 'finding himself unable to make it out in any geometrical
way, first applied to Mr. Zooke and Sir Christopher Wren,
and meeting with no assistance from either of them, he went to
Cambridge in August (1684), to Mr. Newton, who supplicd
him fully with what he had so ardently sought‘.«

moreover,

will prove
wis published i 1678,

This record of the early history of the law of the inverse
squares shows that the development of it extended from
Bullialdus” work of 1645 to the confirmation and general proof
of the law in the Principia, 1687, where Newton first showed
that it explains the motions of the planets in clhptlcal orbits,
as well as the motions of the comets in the three conic sections.

Whezells citation of Halley’s early view that gravitation
1s an emanation, and thercfore decreases with the geometrical

is now in the
with respect
(Note added July 2, 1925.)

27
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expansion of the spherical surfaces over which 1t is diffused, !

as we recede from the Sun, is important, since in his perplexity,
as to the law of nature, he visited Nesozon at Cambridge,
August, 1684, and then induced that great philosopher to
prepare the Principia, 1686, as finally published at /Zal/ey’s
personal expense, 1687.

It is doubly gratifying to find that the views entertained
by HHalley and Newton, as Whewell explains, are justified —
above all, because under contraction the cross sections of all
waves receding from a centre are now shown, by new illustra-
tions, to follow rigorously the law of the inverse squares. Gravi-
tation therefore incontestably is a wave-phenomenon!

Our conelusion in confirmation of the wave-theory is the
more satisfactory, sinee it is shown at the close of this paper,
that the theorv of ultra-mundane corpuscles, originally put
forth by Zatio de Diwillier, and Abbe arignon, after com-
munication with Nezezon, but re-invented half a century later
by Le Sage of Geneva, and published by Prepost at Paris in
1818, is permanently overthrown, by definite criteria of undoub-
ted validity. Henee the wave-theory alone survives, 1s sufficient
to explain all phenomena, and therefore, attains o complete
triumph!

Unfortunately at the present time it appears that very
few astronomers or geometers have been trained to look upon
the cause of unmiversal gravitation as discoverable, whereas 1t

seems that this discovery s attainable along the very hines of

experimental and  mathematical inquiry  considered most
suttable by Zallev and Siv Jsaac Newton, 168,

And if the clear recognition of the cause of gravitation
should make it possible for us to ascertain the reason for the
celebrated theorems discovered by Zaplace, 1773, that to the

first power of the masses the major axes and mean motions of

the planets arve invartable, and the similar beautiful theorem
discovered by Poisson, 1808, that the constancy of these
elements holds also to the second powers of the masses - two
thecorems which we now generalize to all powers of the masses,
so that we may declare theabsolute invartability of the planctary
axes and mean motions, so long ax the masses are imvariable - -
the outcome would be doubly interesting to all investigators
of the geometry of the heavens.

No problem could be more worthy of the contemplation
of astronomers and natural philosophers than the demonstrated
cause of the forees on which the order and stability of the
universe depends,

Part 1. An Investigation of the Physical Cause
underlying the Forces of Nature which follow the
Law of the Inverse Squares.

1. The Geometrical Significance of the Function
S= R or v= R
Apparently itis not generally realized that the Newtonian
law can be expressed rigorously only by means of a sextuple
integral, which takes account of every particle in cach of the
two attracting muasses:

dmr =adydy ds n = _f’sisia dv dr ds

£ .
dn'=¢"dx" dy dz" ' = s ﬁ o da’ dy” ds’

at the squares of their several mutual distances,
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= =)t (V)P (2 -2

(2)

thus:
=f=mm'|72(3)
R

1
/' / /“ /' /"/' odadydz-o da’ dv' d2’
O B 0 S G Ry
‘The usual expression for the gravitational force is the
latter simplified integral form, f=smm'[»?, which is accurate
only for spherical masses made up of concentric layers of

uniform density, or for the individual particles regarded as
points.

Under these restrictions the law of gravitation has the
integral form, f=mm’'[r*=kr?, wherc % is the Gaussian
constant.  For the sake of clearness and simplicity, let us
represent this integral function graphically on the plane of ay.
Then the general form will be’

_f_ A2 — N A
pefm Rl = (5

when we put A=1, which is the simplest casc.
1. The case where z=1, a rectangular hyperbola. If

n==1 we find y=1/x, and thus the curve obviously is a rect-
angular hyperbola referred to its asymptotes. It passes through
the point p (v, 3)=p (1,1), and is shown in the accompanying
figure Plate 1T, by the line through the point « which i1s sym-

metrical with respect to the two axes.

2. Having found the, geometrical representation of the
function v =1/v, we naturally extend the inquiry to other
integral values of the exponent »#; and thus take #=2. The
aives no curve, but only a horizontal hne through the

poimt » 1.1 . and mav be dismissed from consideration.

case o)

The function v =1/x?=/=4%r* is shown by the next
curve through the point 4, which cuts that of ¥ =1/x in such a
way that for values of v greater than 1, the curve is above the
rectangular hyperbola referred to its asymptotes, and for values
less than 1, it 1s below the rectangular hyperbola.

3. In o similar manner the function y =4%7%=1/2% is
shown by the next line indicated m the diagram. Thus this
curve is similar to that of 1= 1/x2, but with the departure from
the rectangular hyperbola more accentuated. A curve y =1/at
would be vet more separated from the rectangular hyperbola,
e n. Tt is scarcely worth while to
pursue this series of higher curves, since we see the tendency
resulting from inereasing », from 7 =1, to 7n=4.

and so on, w=3, 6

1. 11 we extend this reasoning to higher values of #,
we tind that, when sz is very large, the function v =4%/r" =1 /2"
ix the limiting curve above the point p (1,1), and below descends
rapidly, as shown in the diagram. It must be conceived as

very nearly parallel to the axis of v, and close to the x-axis,

exeept near the point p (1), For 7 =00 the curve would
coincide in divection with the axes, except near the point p(1,1).

5. From this reasoning it will be scen that a series of
tines may be drawn in the plane (x,v), for the function of the
force varying with the inverse powers of the distances, f=
A7 For the integers n=1, 2, 3, ... .7, we get the isolated
curves shown.  They are separated by finite intervals at all
points of the plane (x,1), except at the point of intersection
2(1,1), and are casily understood from the accompanying figure
Plate I, The lines thus intersect at one point only, p (1,1),
but are otherwise spread over the plane (x,), within a certain

Y
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region .S, lying above the rectangular hyperbola for y =1,
to v=o00; and below the said hyperbola .S” is the region for
values of ¥ less than 1.

6. Now let our function
general form .

y=Akx" be given the more

=R (5)
where 1 15 a decimal fraction, y=o, to r=r1. This will give
continuity to the function between the integral values 7=

I,2.3, 4y ... /=20,
Consider then the decimal fractional exponent »,
)'==0.0000 . . ... Or,7=0.9990 . . ... n.r=o0,1r=1. Bymaking

» vary continuously from r=o. to y =1, we shall obviously
fill in the finite spaces between the curves corresponding to
integral values of s,

7. Thus the function of the forces y=4%/»"1" will be
continuous, since the expression y =1/ 1/x", n=1,2, 3,...7.
r=o, r=1, will hold al any point of the region under dis-
cussion. The whole series of curves obviously involves a

double summation:

2R

22

om0 im0

I
I/.\’" . I/x" — /)(”’ v

I
‘\()/‘

over the space representing the function p=1/x”- 1/x", which
is outhined in the above illustration. Forany one value of 1, the

values of the function of the forces is restricted to a horizontal

line, vet /%, vy may be at any point on the line, corresponding

to different Taws of foree /o A2 707,

8. Accordingly the function /=427 or y=1fa71/x!
15 continuous over the space included between the extreme
curves: and the sum total of the curves which could be traced

would be the doubly infinite series,
n =00

. < \J .
=9 ,= > ‘}_/ 1

VRN |

7)
om0 Voo

depending on the laws by which the force varies with the

distance,

9. Within the it 2 <o, #=o0, there are an infinity
of curves: and between the limits )y =0, =1, there is a second
mfinity of curves.  Henee in the space .S, ,, over the area
deseribed above, we have the integral:

[/ SR | 7o ]
N\ ‘ S .
S= /\ > AU ANN AURN S s S/;\\"ry(l.\: dv=.. (8
) g j AN FAQ R . .
o0 Y ro W@ YO

1o. In conclusion, we
no curve, but only a straight line parallel to the a-axis, yet for
all mtegral values, w=1,2, ... %, there are isolated lines,

everywhere separated by finite intervals, except near the point -

2 1.1). By introducing the fractional exponent », 1 =1/x" 1/x",

r=o....r=1, we get the continuous scries of lines for filling

in the plane. between the integral lines, which gives an area

Sy covered by the curves =0 (1)
n= [ SR |

Sei={ [ dedy

nOV-S0

= (9)
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11. It appears that the expression for the gravitational
forces which govern the motions of the planets in their orbits,
2, has the form here treated of,

F=y=Rr =1/ (10)

if the gravitational constant of Gawss, A=o0.01720209814, be
taken as unity, which we can do in studying the function
of the attraction in a single system,

/

namely: f=smr '}

12. The function of the planctary forces, f=y=
Z[r*=1/a? thus corresponds to a single line in a bounded
region of a plane.  And the question naturally arises:why is
Nature’s law restricted to this one choice? Are notan infinity
of other laws possible by a mere change of the exponent from
2 to n+?

13. (a) It 1s certainly established by observation that
no integral exponent can explain the planctary motions,
except 7 =2,

() Tt is certain that no fractional cxponent, y=o,
to r=1, will hold for the solar system, unless it is =
0.0000001046, or smaller, corresponding to the motion of
Mercury. For this value will explain the outstanding anomaly
in the motion of Mercury’s perihelion, if any such anomaly
really exists. (cf. AN, 5048, p. 143.)

14. Thus the restriction of Nature’s law to the integral
number 2 1s an extraordinary phenomenon: there is too small
a probability, one out of a double infinity, to allow us to ascribe
this result to chance. It is therefore worthy of the meditation
of philosophers why nature prefers such restriction when a
double infinity of other laws are mathematically possible, yet
we know by observation that only 2 =2 .really exists.

2. Geometrical and Physical Interpretation of the
Law of Newton.

As shown in the passage above cited, from Whetwell's
History of the Inductive Sciences, the reasoning of Halley,
August, 1684, just prior to his visit to Nezwzon at Cambridge,
which led to the preparation of the Principia, 1684-1686, was
to the following effect:

1. Gravity s an emanation from the sun, and decreases
inversely as the square of the distance, because the sphere
surface over which the emanation 1s diffused in space increases
directly as the square of the distance.  Thus two sphere
surfaces at distances 7 and A are respectively:

S=aqm R

5 =012 (11)
have from the proportion between thesc
S=s5 R2r2. (12)
And if A=2r the result is S=4s, which puts Halley's
geometrical reasoning in the simplest algebraic form.

Accordingly, we
surfaces:

‘ 2. /aller’s reasoning is also illustrated by the following

. geometrical figure, which shows graphically how the sphere:
surface 1s quadrupled at double the distance.

; The Lww of decrease for a physical emanation should,

~however, have a physical ground for following the law of

~apparent angular magnitude, which is the inverse of the
geometrical expansion, and is developed in paragraph 4 below.
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Hlustrating the increase of the hase in a pvramidal clement
of a sphere surface, at distances » and A. At a distance

A =2r, the clement of the surface S=4s, which expanse of
the sphere surface was imagined by Zalley, 1684, to weaken
the emanation of the Sun. The veal physical reason for this
weakening of the emanation at increased distance, however,
is the decreased cross section, under the square of the amplitude
of the waves, shown in Plate T above, making the wave energy
follow the law f=2%,% not the purely geometrical ground
originally assigned.

3. Accordingly, it appears by the spherical pyramid
shown in Fig. 1 that the sphere surface is quadrupled at the
original double distance; and therefore the whole sphere

Sondernummer

412

surfaces of radii » and &, drawn about a common centre, stand

In the ratio: s:S=gqmrtiqm RE S=s(R[r)?

whatever be £ and 7.

It is truc, therefore, as Halley conceived in August,
1684, hefore his visit to Newfon at Cambridge, which resulted
in the preparation of the Principia, that a geometrical emanation
from the Sun would become diffused, so as to decrease inversely
as the square of the distances: yet the question remains as to
the physical nature of this emanation, and why it follows a law
the inverse of the geometrical increase of the sphere surface.

4. In AN 5044, p. 54, by rigorous reasoning, in respect
to waves proceeding from a centre, we find that the law of
amplitude for the waves is 4 = 4/r; and the law of force, given
by the action of the waves, under steady flow, is S=&2 as
confirmed by obscrvation in the gravitation of the heavenly
bodies. It thus appears that the formula y=1/x points to
wave-action as the law of nature. The amplitudes of the waves
at different distances are illustrated in Figure 2, which shows
how the acther is churned up by the increase of amplitude
towards the centre, and thereby rendered of heterogeneous
density (13)

g=)7r.

Fig. 2.

Hustrating the asymptotic increase of the amplitude of the waves towards the centre, which renders the

acther heterogeneous. The arrow shows the proper motion of the star carrving the wave-field with it.
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5. This result is so important in showing that the acther |
about the Sun, under a steady flow!) of waves from that centre,
cannot be of homogencous density, but must decrease in density |
towards that centre of disturbance, owing to the increasing
amplitude of the waves, that we repeat part of the discussion,
AN 5044, p. 54

The displacement of any particle of a4 medium due to
wave motion, of a given wave length, is independent of the
periodic time, and since the oscillatory orbits of the particles
are described in equal times, under continuous flow of the waves,
these orbits will he proportional to the displacements or other
homologous lines pertaining to the periodic paths of the
particles. Let the velocities of the moving particles be z, and
m their mass; then their kinetic energies will be represented
by Yym o, In the spherical expansion of the acther waves
there will he no loss of energy in free space; hence on two
successive sphere surfaces of thickness dr, the energies are
“equal, so that we have:

s 1 , A
an Yoot =g 7 no'?
or v t=y"2,2,

(1)

The kinctic energy of the vibrating molecules varies
inversely as the squarc of the distance. But the veloeity varies |
also as the amplitude, in simple harmonic motion: therefore
for the amplitudes A" and 4", corresponding to the radii »
and »", we have, by taking the square root in equation (rg7:

A A= 1%

A=A =R 16
Accordingly the amplitude or side displacement becomes,
A=rir “ry)
and A adxdy ds 1
Ve=l]r= / / / ) - - (18) |
S e =2 b=y (e ) ‘l
|

which is the law of the potential first used by Laplace in 1782
(Ocuvres Complétes de Zaplace, Tome X, pp. 348-352). Thus
it appears that if there be acther waves propagated outwardly
from any molecule of matter, the amplitude, or maximum side
displacement of the oscillating particles of the acther, will
vary inversely as the radius of the spherical wave-surface,

6. The theory of the amplitude of steady wave motion
from the Sun’s centre being thus established, on valid geo-
metrical and physical grounds, it only remains to inquire into

the Taw of energy for this wave action, at any distance. As a |
particle in simple harmonic motion has the velocity i
we=an Al =(an]ty by (19}

and the energy is
Fo=onot=2m 2t 2R
the energy being proportional to 'ym 2, we have for the energy |
of the action in any unit of time, the simple expression
fo= 222

(20) |

"It s remarkable that the wave-theory as now developed leads to the celebrated theory
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which is the well known formula for the central force - of
gravitation under the Newtonian law,

7. We come therefore to the obvious conclusion, that if
gravitational waves in the acther be receding .from the Sun,
under steady flow — as they certainly do in the form of light
and heat — then the aether will react towards that centre
with the force f=4%/7%, as shown for gravitation by Newton
in the Principia, 1687.

(a) In paragraph 4 above, we show that the amplitude
of the waves increases towards that centre, inversely as the
radius, o/ =4/», and thus the aether is heterogencous, with
many of the properties of an acolotropic infinite elastic solid
(Aefvin), yet really a world gas in kinetic equilibrium.

(b) The energy of wave action is as the square of the
amplitude, /=/4%/*, as observed in the law of gravitation,
and discussed above in paragraph 6.

(¢} Is such an emanation conformable to the reasoning
of flallev, August, 1684, when he discussed the problem with
Neawton, and brought about the preparation of the Principia,
16862 This is an important question, owing to Newson's view
that gravity s due to impulses (waves) in the acthereal medium.

fd: Weanswer that the waves in the aether here described
correspond exactly with what Mezwton called impulses in the
acther, and fulfill the law of the inverse squares, entertained by
Haliev, August, 168y, but already known some time before to
Str Christoplier 1Wren and Newwton.

S. The waves, as a steady flow of emanation directed
from the Siun. hut reacting towards that centre, fultill the
law of the intensitv required geometrically by Plate 1 and
Hlustrated more generally by Fig, 2 above. The solid angle
subtended by a hody at any distance is @ =g471/n, where
is any number representing the fractional part of the sphere
surface, and hence the formula S=s (R/#)?, gives for a greater
distance. R, o’ =y:1/n', the cquation: o R2=w#?, whence

' =m ([ R)? (21)
which ix the formula for the solid angle, in place of the surfaces,
Fig. 1.

In this wav, by the decreasing solid angle, one could
explain the emanation entertained by Hallev, August, 1684,
under the vw of the inverse squares already known to Hren
and Vew/on some time before,

9. But it ix very important to show that therc is a
physical as well as a geometrical way of looking at the ex-
pression for the square of the amplitude of the waves as
follows. T.et us remember that the amplitude A =4/7 is the
side motion depicted in the plane of the wave-field shown above
in paragraph 4: and hence that the square of the amplitude
Ar=F=4#%r* 15 the relative solid angle or conical element of
the sphere surfiuce do’ occupied by the contracting waves at

Cany greater distance 2, so that:

(22)

of the Music of the Spheres held by

dw’ =dm (#/R)?

Dythagoras, Philolaos and other Greek philosophers. For us mortals ordinary music is wave vibration in the coarse medium of

the air. repeated in such periods as to furnish harmony and rhythm.

Naturally if there be Celestial Music proceeding from the

infinitely complex gravitational and magnetic wave-fields about the plancts. the waves in the acther, yielding the divine melody,

would be heard only by the gods, with senses analogous to radio receiving scts,
At suitable distances therefore the distinctive wave-ficlds accompanying the several planets

witbigs valow (Homer. Miad, TV, 166).

appropriate to beings living in the aecther,

might produce a superfine celestial harmony and rhythm not inappropriately called the Music of the Spheres.  Tor a vision of the

infinitely complex nature of the wave-fields of the planets

the reader is referred to equation (Yra).
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The energy of the waves is as the square of the amplitude;
but the contracted arca of the sphere surface on which this
same wave energy acts is also proportional to (#//)? at the
distances » and K. Hence as the energy in wave action is as

the square of the amplitude, and the clement of the solid angle”

of the sphere surface dm’, on which the contracted wave acts,
follows the same law of distance inversely, there is a double
proof that the law of the inverse squares should hold true in
naturc. It results geometrically and also physically!

1o. In visible confirmation of this result we may imagine
a point on the asymptotic tangent, of any one of the wave-rays,
above depicted, to revolve about the central axis of the wave-
ray, so as to gencrate in space the base of a tapering cone:
then the cross section of the cone at anv distance » will be
proportional to £2/72. This is the surface on which the receding
waves act, and conforms to the law of universal gravitation.
It the waves therefore exist, as postulated, there can be no
doubt that the Newtonian law should have the form f= k2/72.

We sce also by this inward increase of the amplitude
A=2~r, that under the steady flow of waves, the acther is
uncqually churned up, so that medium cannot be homogencous,
but must be of less density towards the centre, where the
amplitudes are greater; the density of thisx kinctic medium
therefore mercases outwardly directly as the radius, and thus
it presses steadily inward towards the centre from which the
waves are receding. This reaction of the outflowing waves,
corresponding to the law /=422 which at the same time
keeps the acther heterogeneous, and under steady imward
pressure, the
amplitude, o/ =4[y, vielding the central force f—A%2.

1% cause of universal gravitation, the law of

From the considerations adduced in dealing with Plate T1
above 1t would appear that nature might choose for the
intersecting path of her law that of any curve of the type
p=~y7 cutting the line ac in any one of the infinite
number of points included between @ and ¢; vet she restricts
her chotee rigorously to the one point 4, corresponding to
=2, r=o.

The true explanation of this severe restriction, when an
mfinity of points on the line ac are available, thus follows
meontestably. Tt points to the wave-theory of physical forces
as the only conception fulfilling the necessary and sufficient
conditions imposed by geometry and by the observed faws
of nature!

[l
2

3. Observational Proof of the Existence of Electro-
dynamic Waves from the Sun, Moon and Plancts.

The data furnished by observation may be grouped under
a number of distinet headings, but they severally confirm the
existence of waves proceeding from the Sun, Moon and other
heavenly bodies.

1. It is found by observation, as reported in AN 5140,
p. 130, footnote, that long waves, up to 2000 metres in length,
actually do come to the carth from certain sunspot arcas:
that is, irregularities in the Earth’s clectromagnetic wave-ficld
arc definitely associated with commotions in the Sun, incident
to the development of sunspots. On this point the experimental
proof is overwhelming, and absolutely beyond controversy.
Morcover, the following is historically truce:
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{a) Ever since 1852 it has been recognized that the
»Magnetic Stormse observed upon the Earth are associated
with the development of the sunspots, and by similarity of
follow the same mathematical law., The identical
curves for the two phenomena matured by Rudolf 11olf. of
Zurich, 1875, are fully verified and beyond question, now for
3, of a century.

{b) The aurora upon the Earth is also periodic and
associated with these commotions in the Sun, because it
follows the same law as the sunspots and magnctic storms.
All these phenomena are associated wave-phenomena, and
depend on moving waves in the aether, proceeding from the
Sun and passing the Earth with the velocity of light. These
incident to the commotions in the Sun cause the
magnctic needle to tremble: the »Magnetic Stormse are due to
gusts of waves, not unlike our gusts of wind, except that
they act chiefly by variable wave action or induction.  This
causes the needle to tremble, and hence the eyele of tremors
corresponds perfectly to the cycles of spot development in the
Sun, as graphically illustrated by Rwdelf Wolf, and other
mvestigators,

(c) Tt has been known since the middle of the 1g™
century that the Earth currents of our globe, which affect the
clectric state of telegraph and cable lines, arc also directly
associated with the sunspots, aurorae and magnetic storms.
In regard to these electrie disturbances, Sir George A7ry) in
his Treatise on Magnetism, 1870, p. 204, says:

»They are not connected with thunder-storms or anv
other known disturbance of the atmosphere; but they arc
invariably connected with exhibitions of Aurora Borealis, and
with spontancous galvanic currents in the ordinary telegraph-
wires: und this connection is found to be so certain, that upon
remarking the display of one of the three classes of phenomena,
we can at once assert that the other two are observable (the
Aurora Borealis sometimes not visible here, but certainly
visible in @ more northern Jatitude).«

curves

Waves

2. The above discussion of the sunspots, aurorae and
magnetic storms and Earth currents gives good evidence that
a wave-ficld with variable inductive action is passing the
Larth, the magnetism of which at times should be conspicuously
disturbed as w whole.  This is definitely and visibly demon-
strated Dy the following phenomena which show simultaneity”
of action in all parts of the globe:

(a) Inthe Phil. Trans. of the R. Soc. for 1892, A, Plate§,
Professor H7. Grvlls Aldams has given a graphical record of
simultancous disturbances of the magnetic needle throughout
the world, in the great »Magnetic Storm« of June 25, 1885.
The plate is here shown, with all the separate records reduced
to Gireenwich Mcan Time, and speaks for itself (s. Plate IV).

It was correctly interpreted for the first time in my
Electrodynamic Wave-Theory of Physical Forces, vol. I, 1917,
PP 3355, and still further verified and extended in the New
Theory of the Acther, Seventh Paper, AN 217, Oct. 22, 1922, to
which latter paper the reader is referred for proof of the cause
of the semi-diurnal tide in the magnetism of the Earth,

3. The variable inductive action of the Sun’s rotating
magnetic poles upon the Earth’s rotating magnetic poles
explains the semi-diurnal tide in the magnetism of the Earth.
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Just as the motion of a magnet near a wire was found |
! that magnetism is a wave-phenomenon, was able to declare

by Zaradav, 1834, to give rise to the induction of a current

in the wire, which could be measured by the galvanometer, and |

thus led to the discovery of the dynamo, so also my discovery
and proof of the wave-theory of magnetism, VII. Paper on the
New Theory of the Acther, AN 217, Oct.22, 1922, led to the
correct explanation of the semi-diurnal tide in the Barth’s
magnetism, which so greatly perplexed Sir George Airy, Sir

%

John Herschel, and Dr. Humplrey Lloyd, 1870.

(a) The formula for the total magnctic intensity,
discovered by me in Febh., 1022, involves two terms, but
otherwise has o form similar to that of gravitation:

T=pp’ |2+ up’[s?
/, ) '/ I<23)
g=f=mm'[s J

where g is the magnetic pole strength of the Earth, and g that
of the unit bar magnet or suspended needle, and s and s” are the
distances to the magnetic poles in our globe, measured along
the curved lines of magnetic force. If the magnetic action of
the Sun varies, owing to the relative motion of the poles of the
Earth or Sun, then the terrestrial pole strength g will be
variable, by induction, and we shall have a truc tide in the
magnctism of the Tarth.

See, 1922
Newiton, 1686

(b) The magnetic tide thus introduced will take the
form therefore of a cyclical change in e which becomes variable
by an amount -+ in half a dayv. Accordingly we have:

T=p vy st (0 F ) s T2
The magnetic tide will pull back and forth, in the line from the
Red Sea to Hudson’s Bay, changing its direction in periodic
cvcles, like the ebb and flow of the sea, twice daily: for at such
intervals arc the Farth’s opposite poles brought nearest the
Sun by the Earth’s rotation.

In the well known cquutions for the tidal analysis of our
sea we may put for the semi-diurnal tide:

Olre=d cosant+Bsinant . (25)
By similarity, in the magnetic tide, we may put
y=dp=cccoszni+Bsinznt (26)
and hence we could write the above equation in the periodic
form: la‘u/v-- 11 (e cosant+ B8 sinzn i), /1
~{}l:/.\~-{ “lecosant+ B an"ﬁf),,u (27)

Tt is unneccssary to comment on this result, except to
say it is one of the most impressive arguments for the wave-
theory of physical forces. Just as the approach of the waters of
our sea to the point beneath the Moon, and the anti-lunar
point, is followed by two tides of the sca daily, so also the
movement of the two magnetic poles of the Farth, under the
rotation of our globe, gives rise to semi-diurnal inductive
action in the magnetism of our globe, under the powerful
magnetic ficld of the Sun, and therefore to a truc semhi-diurnal
tide in the magnetism of the Iarth.

4. The Wave-Theory of Physical Forces con-
firmed by the Discovery of the Wave-Theory of
Magnetism, and the Connection of Magnetism
with Gravitation. :
[ established the New Law:

Ilg =12 (2s 4+ »2s"?) . (28)

1. In 1922

connecting magnetism with gravitation; and having shown

definitely that gravitation also is a wave-phenomenon.

\(1) ‘his inference is theoretical, or mathematical, yet
confirmed by Faraday’s experiment of 1845, on the rotation
of a beam of plane polarized light by magnetism. Thus it is
deduced mathematically, but verified by most conclusive
experiments, and numerically confirmed in the magnetic and

¢ gravitational forces of the Earth.

(bY If the observations, prior to 1922, confirmed the
passage by the Earth of aether waves, some of them as much
s 2000 metres in length, and (Icﬁmtcly known to proceed from
certain disturbed areas in the Sun, — this is all the observational
proof we could desire for the wave-theory of gravitation,
which conforms to the wave-theory of nmgnctlsm the aurora,
magnetic storms, ctc.

(¢) The law f=4?%/72 points to waves of the type observed:
they are shown to proceed from the Sun, and are therefore
the sole cause of universal gravitation. Out of all the waves
passing the arth only a few will be obscrvable, chiefly the
irregular magnetic waves connected with changing sunspots;
yet the proof of the few cstablishes the existence of the whole,
and thus of the waves of gravitation, through the magnetic
and clectric commotions associated with disturbances in
the Sun.

The argument here outlined gives continuity to the
theories of m'wm‘tism, clectrodynamies, and magneto-optics,
by connecting o1l of these phenomena with universal gravita-
tion, in 11 ca~ s of the Barth, Sun and Moon, from which
two latter bodies semi-diurnal magnetic tides are found to
proceed.  This is the only possible way of explaining the
magnetic tides of our globe, which so greatly puzzled and
surprised Siv George Airy, Siv Jokhn Herschel, and Dr. JTumphrey
Lloyd, 1870.

2. The wave-theory of magnetism is so clearly proved
in the VII. Paper on the New Theory of the Acther, AN
217, Oct. 22, 14922, that we reeall part of that discussion:

(a) Imagine adjacent additional centres of disturbance,
A, o and ey iy, Ay oo, all in vertical
line with the centre /. And make additional orifices above
and below A, as 27, B7C7, B C , BLCy, By,
B,C, ..., through which the wave disturbances may pass.

(l) Then the waves in the same phase will cvcrywhcre
mutually support cich other: the disturbing centres being in
the same parallel line, the wave fronts will become straightened
by the mutual support of the separate independent disturbances.

(¢) Now imagine the orifices brought closer and closer
together, yet maintained as distinet centres of disturbances:
we sce that bevond the line #C, prolonged in both directions,
the wave fronts will become quite straight in the centre, but
will curve around rapidly only near the end of the extreme
orifice °C", 13.C,, above and below respectively. This
is exactly what occurs in magnetism: the lines of force curve
around conspicuously as we approach the ends of the magnet.

(d) The poles, in fact, are the centres of the reacting
stress in the medium when agltated by all the atoms vibrating
in concert, and emitting waves of the kind here described. The

28
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lines of force being axces of rotations for the aetherons, as the
waves move along, there is a tendency in these lines to shorten
themselves, as in Dolbear’s experiment: the result is tension
along the lines; and as they are of minimum length, they
tend to keep straight near the centre of the magnet, and to
curve sensibly only necar the ends of the bar, just as in the
water-wave experiment  above  described  from  Newton's
diagram of 1687,

3. The diagrams for illustrating the true nature of
magnetism are so suitable for this purpose that we reproduce
them without further comment. Cf. Plate TV,

4. The experiments here described are accurate and can
be verified by actual trial for water waves, which are simple
and easily understood. They disclose to us the true nature of
magnetism, for the following reasons:

(1) The results conform to Dolbear’s experiment, where
the dynamical influences at work are casily understood, and
admit of but onc interpretation.

(b) They are verified in the actual movement of water,
the waves of which also have tension along their axes and tend
to straighten themsclves to a maximum in the rotational
motion of the filaments about their axes,

§= ﬂjx

e}

(29)

on the principle of Least Action.

By actual experiment, 1845, /Zaraday found that the
plane of a beam of polarized light was rotated when passed
along the line of force, through heavy glass, carbon disulphide
and similar substances, and the more rotated the longer the

paths. This fact shows clearly that acther waves of the type |

here described underlic magnetism
exist by the practical experiments with water waves, by
Dolbear’s experiment, on tangible models, and by Zaradar's
celebrated experiment on the rotation of the plane of polarization
by magnetism,

There is one other experiment which equally supports

the above conclusion, namely the revolution of a flexible hoop . . . ) .
L P of Bios and Savart, 1820, for a straight wire. It is shown by a
set Joosely on an axis, in the apparatus commonly used to

show the effects of centritugal force. When the hoop is spun
rapidly about its axis, it hecomes of oval shape, bulged out
at the cquator and drawn in at the poles of rotation, like the
figures of the planets, which it is used to illustrate,

Now imagine a series of such hoops mounted side by
side, and tied together mutually adong the axis. Then, when

the rotation develops, the whole line of conneeted hoops will |

shorten itself, under the centrifugal force, just as in furadar’s
lines of force. Tt is impossible to imagine a more convincing
proof than that here suggested.

The argument here cited establishes the wave-theory of
magnetism upon a permanent basis.  And as magnetism
is connected with gravitation through the mathematical law

of 1922, ;
9 J=pp s+ uls®

{23)

They are proved to
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5. The wave-theory of gravitation is also strikingly
confirmed. by the close agreement of the calculated with the

obscrved periods in the Fluctuations of the Moon’s mean

motion, cstablished by Newcomdb, 1909, after researches
extending over 4o years (cf. AN 5048, pp. 155-161), and by
the simple explanation given in the New Theory of the Acther,
IT. Paper, AN 5048, p. 143, of the small outstanding anomaly
of 28" per century in the progression of Mercury’s perihelion.

There is no other explanation than that here cited of the
Fluctuations of the Moon’s mean motion. Morcover, the
thcory of the bending of the waves in passing through the
‘arth <o as to partly release the Moon, is verified by the
theory of light, and by a large body of phenomena in radio
telegraphy, showing that the waves travel more slowly in the
globe than in the air and free space above the Earth, and
thereby the wave-front in radio telegraphy is bent around the
globe, even to the antipodes, as in the French obscrvations
of the signals from Bordeaux at Chatham Island, East of
New Zcaland, (cf. AN 5317, Sept., 1924).

The Theory of Relativity has heen completely overthrown,
and thus, owing to its failure to account for the motion of
Mercury’s perihelion — by postulating 43" per century, when
only 28" or less is available — the wave-theory alone holds
its place to-day. And as it corresponds to a small deviation
from the law of gravitation f=mm'[»?, yielding

f= m m'/rz.ooooooxmﬁ (30)
such as Newton forcsaw, in the Principia, 1686, there can be
no doubt of the validity of the wave-theory, under Heder's
Electrodynamic Law, now established as the more general
form of Newlon’s Law.

5. The Geometrical and Physical Interpre-

“tation of the Electrodynamic Law of ABiof and

Savart, 18z20.

1. Biot and Savar?s law of 1820 for the intensity of the
ficld about a straight wire. '

In the IT. Paper on the New Theory of the Aether,
AN 5070, pp. 255-258, we have discussed with care and
accuracy the geometrical and physical significance of the law

precise analysis of the known facts that the only admissible
conclusions are the following:

() The straight wire is surrounded by a wave-field, as
shown also by Oersted’s experiment of 1819, for the action of
current upon a magnetic needle. The waves are gencrated by
the surge of the electric disturbance from side to side, on all
sides of the wire, like the oscillatory surge observed in the
discharge of a Leyden jar: but as the waves cannot expand
freely in tridimensional space, because of their simultancous

- origin at cvery point of the wire’s cylindrical surface, the

which T discovered by extending Gawss’ General Theory of -

Terrestrial Magnetism, 1838, it follows from this verified
mathematical theory that gravitation is a wave-phenomenon - -
as held by Newron as far back as 1678.

expansion can only be cylindrical in character; and hence
there results the formula derived from observations by Bioz
and Sewvare, 1820, namely:

I=kH|r 31)
where / is the intensity, 2 a constant, 7 the current strength,
and » the distance {cf. Bios and Savars, Ann. Chim. Phys. 15,
p- 222, 1820).

) This law is verified by observation at all distances 7,
and for any fixed current strength Z. It gives a curve of the
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following type, which is a rectangular hyperbola referred to |
. i " |
1ts asymptotes. i

0
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Hlustration of the law of ARBrotr and Savart, 1820, for the
intensity of a current in a straight wire, The curve is a
rectangular hyperbola referred to its asymptotes, /=4i/r, v=
1/x; and the physical basis for such a law is explained by:
the action of waves restricted in their expansion, as illustrated |

in figurc 4 below.

Fig. 3.

(c) In the expanding cylindrical surface about the wire,

the clement of surface is
ds=d/-»dwm (32)
where /7 1s the element of length parallel to the axis of the
cylinder, and rdm 1s the product of the distance into the

|
|
i
‘
|
clement of the angle dm, which gives the element of the arc |
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This remarkable electrodynamic law of 1820 establishes
the dependence of current action on waves expanding about
the cylinder, in the one possible dimensinn #, and therefore
the intensity following Biot and Savart's simple law of the
inverse distances.

(d) This law is different from most of the other laws
of nature, which follow the inverse square of the distances; but
the rcason for it is made plain in a way which admits of no
dispute.  Onc interpretation of Biof and Sawvarf's law is
possible, and only one: the variation in the intensity therefore
is a direct result of the only possible expansion of the waves
about the wire as the distance 7 increases.

A single cquation defines perfectly a single unknown:
for any values, /7y, 4y, £, ... ... .1, there are the correspon-
ding inverse distances 7, 7o, 75 - ... ... .

(¢) The law of Biot and Savart holds rigorously at an
infinity of points, r=1, 1 =o00; and as the path of the
law therefore Is a true rectangular hyperbola referred to its
asymptotes, the probability of this event, without a geometrical
and physical cause, is only p=1:00.

The chances are thus rigorously infinity to one that
Lior and Savart’s law would not be verified by observation
unless the wave theory were true. See section 24 for final
caleulations in the theory of probability.

2. The wave-theory confirmed by the form of arrange-
ment which iron filings take in the field about a straight wire.

The argument for the wave-theory deduced from the
wonderfully simple law of Bios and Savart, 1820, is in the
highest degree satisfactory; yet if an independent argument,
confirming the law of B/of and Savart and the wave-theory,
could be deduced from other observed phenomena, it would
materially incrcase the probability of the wave-theory as
representing the true order of nature. What do we find
pointing to such independent confirmation?

(a) In AN 5079, pp.259-2060, Fig.z2, Plates, of the
IIT. Paper on the New Theory of the Acther, we give a simple
and obvious explanation of the circles taken by iron filings
in the field about a wire bearing a current. When the current

around the axis. When the intensity of the wave-action ; flows each little filing becomes a magnet; and the filings
deercases it must be inversely as » — the other elements d7 | therefore form into concentric circles about the axis of the
and dm being constant. ) Fwire. They act like the magnetic needle in Oersted’s experiment
Wir of 1819, l?y setting their axes at rlght angles to

= e e the direction of the current in the wire.
S ! b) This situation assumed by the filings,
=33 = - l‘\\‘.} A un(lcr<t}20 inductive action of the waves, makes
RS — e e the north pole of one filing adhere to the south
IR A \\\ \ of the next adjacent filing, and vice versa. Thus
‘;@ \\\\\ . the filings form into winrows, or concentric
oS \\\\ == s> \\ N circles, about the axis of the wire bearing the
== 3“‘3\ - ~ > current; and the more the plate on which the
= filings rest is gently tfmpped, the more perfect be-

S . vdw.dl comes the circular winrows of filings.
Fig. 4. Hlustration of the law of Bios and Sawars, in which the waves cannot (c) The ordered phenomena exhibited by

expand endwise, along the cylindrical axis of the wire, because of other
waves originating at every point, and therefore are restricted to expansion
Waves, under such restricted
expansion, are the only possible explanation of this simple law, /=£47/r,
which therefore becomes a very powerful argument for the wave-theory.

in the circle »dw, as shown in the figure.

such filings on a plate of glass involves thousands,

vea millions of small pieces of iron; they all obey

the circular law, with the north pole of one joined

to the south pole of the other, and vice versa.
28*
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2. It thus appears that Odm’s law is

T AT P L N L

a special case of Bior and Savar?’s law of

1820. Tt is what follows under variable 7
’ or £. In AN 5079, p. 258, the following

summary of conclusions occurs:

(@) In Biot and Savars’s law we vary
the distance, with fixed clectromotive force,
and obscrve the change in the intensity: the
observed result confirms the wave-theory .«

»(b) In Qin’s law we also deal with a
current in a wire, or wires, and when the
clectromotive force is fixed, we study the law
of resistance (), or intensity of action (7}, at
a fixed distance, where the needle of the gal-
vanometer may be located.«

»(c) Thus s and Savart’s aw, with
a fixed steady current, serves for calculating
the varying intensity at any distance, in
accordance with the requirements of the
wave-theory., In the same way, Ohm’s law,
when /7 is constant, but with varying resi-
stance, R, serves for caleulating the intensity
at o fixed distance.«

3. The two laws are brought into

mutual relationship as follows:

Fig. 5. HNMustration of o magnetic whirl about o wire, with wave-theory of this whirl, »We may write Brof and Savars’s law
on the right. Each httle piece of iren filing hecomes a small magnet. andd in the form: ]:[\'H//r and O/w»'s law in
t»hf'}' are drawn Irw;:ct-]mr l)y' the attractions of their opposite poles. .Ihw the form: /:/{//e.«
filings also tend to form winrows, when they are disturbed by tipping.

Lecause each pole slightly repels its neighbor of the same
next roaw,

a true

The law therefore 1s rigorous and always fulfilled
law of nature!

We mav explain all this orderly arrangement by assig-
ning to the acther waves rotations in the plane through the
axis of the wire bearing the current. This, and this alone, will
account for the observed phenomena! The explanation is
unique, and confirmed by necessary and sufficient conditions:
it 1s the only explanation possible, and the chances are infinity
to one that it represents the true laws of nature,

6. The Proper Interpretation of Okw’s Law,
1826, and of Oersted’s Experiment, 1819.

1. Okm’s Law of Resistance, and its relationship to
Bior and Savart’s Taw,

In the ITL Paper on the New Theory of the Acther,
AN 5079, pp. 2582359, we have considered the geometrical
and physical significance of Odm’s Law of 1826, namely,

I=1H[R {33
the intensity 7, or clectromotive foree, is cqual to a constant /7
divided by the resistance A,

This law is shown to be identical with B7oz and Savars's
law at a fixed distance: because at such fixed distance the only
change that will be felt will be that depending on Zor £. When
the resistance & is fixed, the only change will be incident to
change of the electromotive force, 7. If 7 is constant, a change
may occur by varying &, the resistance, and vice versa. No !
other changes are possible at a {ixed distance.

»Accordingly on combining the two ex-
pressions, which we may do by equating the
identical intensity at any point, we obtain

NHlr=HIR or K=rR. (34)

»Therefore we find on substituting for A its value, for
any vidue /7 and 7,
(33)

[=rH|Rr=HR
which again vields O/%m’s law, in the form which holds for any
fixed distance.«

»Iese two laws therefore confirm the wave-theory of
the entire ficld about a wire bearing a steady current. Okm’s
law 1mplies a cylindrical wave-field — the resistance and
intensity being the axes of a rectangular hyperbola referred
to its asymptotes — Bior and Savart’s law also represents a
rectangular hyperbola of the same type, but with » varying
instead of A«

polarity in the

4. 'This theory of magnetism confirmed by Oersted’s
experiment, 1819,

Ocrsted’s celebrated experiment of 1819 throws a much
clearer light on the nature of magnetism than most persons
SUppose. ‘

(3 When the current in the wire flows, the needle sets
itself at right angles to the axis of the wire. If therefore we
could prove the nature of the magnetic field by some other

" process, as by the winrowing of the iron filings formed on a’
1 3

plate picrced by a vertical wire — the filings becoming minute
magnets with opposite ends joined, in the concentric circles
of the winrows — then we should have good proof as to why



425

the needle sets itself at right angles to the axis of the wire
bhearing the current.

(b) The theory of solenoids and of clectromagnets
verifies this theory of magnetism. Ampire first made artificial
magnets by the use of solenoids, in which steady currents
were made to flow,  This confirmed the nature of solenoidal
magnets, and brought such magnetism into direct relationship
to the winrows of iron filings, when such filings are sprinkled
upon a plite normal to a vertical wire bearihg a current.

(¢) Without such waves of magnetism with rotations of
the acther filaments about the lines of force, Faraday’s .
experiment of 1845 for rotating the heam of polarized light
would not be possible. As the rotation of the plane of polarized
light is an observed fact, magnets must emit waves of the
type above explained: and nothing but such rotations of the .
clements of the aether about the lines of foree will account for
the tension of these lines.

(dj Thus onc argument confirms another, and the whole
of them are so interlocked mutually that any breaking down
of the connection is impossible. The proof is based on necessary
and sufficient conditions: one cause and only one, namely,
the rotation of the acther about the lines of force, will explain
magnetism and clectrodynamices.

Part II. The Geometrical and Physical Significance
of Laplace’s Potential Function V: Lagrange’s Force
Function U, for Newton’s Law of the Mutual Attrac-
tions of the Heavenly Bodies in Pairs, Explained by
Wave:Action, giving Tension on the Aether pulling
in Straight Lines between the Bodies: Illustrations
of the Known Processes of the Wave:Theory in
Acoustic Attraction, and in Newcomb’s Fluctuations"
of the Moon’s Mean Motion.

7. Critical Examination into the Significance
of the Potential, as found in the Barliest Usages of
Geometers.

The expression for the potential of a planctary body

of mass N = ss“u duvdrds (35)
was first used by Zaplace in 1782 (Ocuvres Completes de
Laplace, Tome X, pp. 348-353) ‘

b “don odudydz

:,/ 7 :,/ ,4/ ./ ]'[((Vzt—r.\?‘,‘;;(k/) —v)? +ﬁ<(?Az>2] ’

(cf. AN 5044, pp. 68-70).  This indicates that we take a
summation of every atom of matter at its respective distance,
=
wave-cffects from the several particles under the law of wave-
amplitude, :K","/', known to exist in nature. The potential

’ 2

o
= (30

t/r-dm, which corresponds to an integration of the

thus depends on the mass, and inverse distance, because this
is the law of amplitude; the value 7= 437/7 for a spherical
" body being of the well known form given by the above triple
integral =A//r.

The potential is thus a stiate of stress in the acther,
incident to the mass of a body, and its inverse distance, and
therefore depends on waves procceding from the several
particles of matter, under the law of amplitude A =4/r.

In AN 3044, p. 70, a brief summary of the mathematical i
reasons for this conclusion occurs. |
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Taking the expressions for two independent curves, the
amplitude and the potential, we have:

A=y=hlx V=y=Mx. {37)
It will be noticed that they belong to the same geometrical
species -~ both heing rectangular hyperbolas referred to their

asymptotes — and can be made identical throughout, from

x=o0, to a=o0z, by Introducing a summation =, such that
Nh=7= | dm,

j‘_s?f{r/r ~dydrdz= jjfk/r -dedyde. (38)

Accordingly it appears that, by the mcre variation
of a parameter, the curves are made to coincide rigorously
point by point, from x=o0, to x=00. Therefore the chances
against such @ rigorous coincidence accidentally occurring
throughout infinite space, v=o0, to x=o00, becomes Infinity
to one, or,

f:‘fd.\"zoo
o

(39)

and thus its actual occurrence points unmistakably to a true

- law of naturc.

Tt scems therefore certain and incontestable that the
potentinl represents geometrically and physically the total
accumulated stress due to the whole mass under the average
wave amplitude of the field about the attracting body in
question,

In order. however, to remove forever the possibility of

contesting the foregoing interpretation of the geometrical and

physical significance of the potential, we shall now traverse,
as an addendum to this scction 7, the history of the subject
from its first introduction by Laplace, 1782.

1. Zaplace’s analysis. In the Mém. de I'Acad. Roy. des
Sciences de Paris, 1782; 1785, (reprinted in Ocuvres Complétes
de Laplace, Tome X, pp. 341—419), Laplace has a celebrated
memoir entitled: »Théorie des Attractions des Sphéroides et
de Ia Figure des Planttes.«  After putting for the element of
mass of o planet, 437 =2 dr dp dg sinp, so that in the polar
coordinates the mass

M = 'U"fr? dr dp dg sing (40)
Laplace says:

»Si 'on nomme J7 la somme de toutes les molécules du
sphéroide divisées par leurs distances 4 un point extérieur, on
aura

Iy e ddt = j‘jfr dr dp dg sing =
= {,J;’f(r'z — %) dp dg sinp .« (41)

"This latter result he then writes in a slightly different notation,
This carlicst delinition shows the sense in which J7 originally
was used,

On page 3523 of the same memoir Laplace comes to
the following results:

»Si Pon désigne par /7 la somme de toutes les molécules
du sphéroide, divisées par leurs distances respectives au point
attiré, que Pon nomme «, », z les coordonnées d’une molécule

A7 du sphéroide, ct @, 4, ¢ celles du point attiré, on aura

P [l =@ (= ppa (=P 7hdd « (42)



427

Sondernummer

»IEn désignant ensuitc par A4, B, C les attractions du |

sphéroide, parallelement aux axes des x,
N .3
A= [lla—a2elb—yia(c—s2]"
on aura parcillement
B==0lleb  c=-0V]oc {(44)
d’olu il suit géndralement que, si P'on connait 7, il scra facile
d’en conclure, par la scule différentiation, Pattraction du
sphéroide, parallelement & une  droite  quelconque a, en
considérant cette droite comme une des coordonnées rectangles
du point attird.«

des v et des 2, on aura
(@ —x)dM= -2 Floa (43)

»La valeur précédente de 17,

} ' a7 |: N
t/l,(:” (_2) 1+

2, 5%
.\4

rédutte en séric,
j2ax+2bydacz—at—y?—z?
a®+ 5% 42
(2(7 Y 2bytacz—alt—ytogtE
v e T |(49)
(a% + 82+ )2
cette suite est ascendante relativement aux dimensions du
sphéroide ct descendante relativement aux coordonnées du
point attiré, et si Pon n’a égard qu’z‘l son premier terme, ce
qui suffit lor<quc lc point attiré est a unc trés grande distance,
con aura =4 (a®+ 5?2 +¢2) ' A7 étant la masse entiere du
sphéroide. Cette expression sera plus exacte encore si 1'on
place Porigine des coordonnées au centrede gravité du sphéroide,
car on a, par la propriété de ce centre,
. )
s‘\'(Ul:o gy(U/:o fz ddf =0
» LA .

en sorte que, si 'on consideére le rapport des dimensions du
sphéroide a sa distance au point attiré comme yne trés petite
quantit¢ du premier ordre, 'équation
1
V=2 (a%+ 5%+ c2) e
scra cxacte aux quantités pres du troisiéme ordre.«

\
{46,

These passages give a clear and \implc explanation of
the definitions employed by Zaplace in the carliest paper
dealing with the subject. The definition here cited gives no
physical significance to the function 17, except to define it
as the sum of all the molecules of the spheroid divided
by their respective distances from the attracted
point;:

= 'YI/P(UI: rg‘fl/l r2drdpdgsing
=@~ aP+(6—y2+{c—-2)]

so that by differentiating J” we get the force acting in any
direction. In this respect F” resembles the Force Function, (7,

(48)

(47) i

devient

mtroduced by Zagrange for dealing with the mutually attrac-

ting plancts of the Solar System.

1828.

The weil known paper entitled: »An Essay on the
Application of Mathematical Analysis to the Theorics of
Electricity and Magnetisme, was first published at Nottingham,

The Analysis of George Green,

1828, and reprinted in Green's Mathematical Papers, edited

by Ferrers, 1870. In the preface to this essay, pages 37-38,
of this reprint, Green remarks on the use of analysis in physical
science: »M. Fowrder, by his investigations relative to Heat,
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enabled to give the complete theory of the motion of waves in
an indefinitely extended fluid.«

In dealing with the action of electricity (p. 19), Green

. uses /7 1o denote the sum of all the clectric particles acting on

a ]mm (ll\ldCd by their respective distances from this point.
If +%, ", 2" be the coordinates of the clectrified particle and
R DA lu (oordmatm of an exterior point, so that the distance
» s defined by the cquation

7= =2 (=) 4 (5 -2
then Green puts:

(49)

(50)

the mtegral comprchending every particle in the electrified
mass under consideration, ¢ being the density of the electricity
in this particle, da’ dy’ dz being the element of volume, and
therefore o” dx” dy” dz’ the quantity of electricity in the element
of volume.
The function  thus defined, and shown to fulfill the
differential equations of Laplace, for an exterior point
PV0x*+ 02V [oy? + 02V [822 = o (51)
and of Fpisson for an interior point
PV [oxt+ 2V [oy? + 02 V[022 = —47Q (52)
(lrww calls the Potential Function, (p. 27). This is the earliest
the term, and preceded Hf/m/m/lzs theory of the
(onx(n iion of ]‘ncrgy 1847, by some twenty years.

V= 51/7’-9' dx’ dy’" dz’

use

I'rom Iln\ outline 1t will be seen that Green follows the
definitions of Zaplace, though he extends the researches on
clectricity and magnetism, not only to volumes of matter but
also to surface action, and thercfore develops the celebrated
transformation known as Green’s Theorem (p. 23).

3. Analysis of Gawss, 1839. The results of Gauss”
rescarches on forces varying inversely as the square of the
distance, arc given in Resultate aus den Beob'u:htungcn des.
\hgmtlxchcn Vereins im Jahre 1839, Leipzig, 1840, (reprinted
in Ganss’ Werke, Band V, pp. 197-242). On page 199 of-
Gawss’ Werke, B md V, we find that this celebrated geometer
also follows Zaplace very strictly, putting for the potential:

)l (53)

rella—xP+(6—y)p+(c~2)] (54)
whence the expression for [7 takes the form:

it

]/':141”/’70+‘u’/r’+/1 [ +ete.=

T2

- ( ’si fl/r-é 72 sing du d2 dr

O 0 O

(55)

%df=o dx dv dz being the mass in an element of volume
d¢=7r*sinudu di dr (56)
in polar coordinates.

Accordingly it appears that Gawuss does not depart from

. the definitions or mathematical analysis of Zaplace, Poissor

and Green, though his results are more general and compre-

. hensive than those of the earlier investigators, who founded

has not only discovercd the general equations on which its

motion depends, but has likewise been led to new analytical
formulae, by whose aid MM, Cawchy and Poisson have been

the theory of the potential function, and first introduced the:
usc of it into physical science. As before remarked, Zaplace’s.
potential function F for the particles of an attracting mass is.
cxactly analogous to Zagrange’s force function U, as applied

to the mutually attracting planets, in that a simple differen-
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tiation of the Cxprewon in respect to the coordinates gl\es ‘
the force resolved in any direction.

|
4. Analysis of Dirichlet, 1856—57, and of Riemarr, 1861, |
The lectures of Dirichlet at Géttingen for the winter
semester of 1856—57, were finally published by Grude, under
the title: Vorlesungen iiber dic im umgckehrten Verhiiltnis
.des Quadrats der Entfernung wirkenden Krifte von 7. G
Le Jeune-Dirichiet, Leipzig, 1876. Dirichlel takes the |
Potential as the sum of all active mass-particles, each divided |
by its distance from the attracted point, thus (p. 4):
V= 2_7 (s7)
Accordingly, as in the works of Gauss and Zaplace. this
is also written by Dirichlet (pp. 69—70):

r

1r-m=mfr+m'ly +m" [r"

V= ’fr/r-/e ds= 'Y.U’I/r-k dedy ds {58)
h=density, »=1la—x)?+ -2+ (c—22]. ‘
It we introduce polar coordinates,
a=R cos I’ X =g cos
b—=Rsin cosg’ ¥ =gsindcosp (59)

¢ =Rsin¥ sing’  z=gpsinsing

the expression for » becomes

r={R2 402 —2R ¢ [cos} cos I +sin ) sin )’ LOS\‘]’_q’ pll (6
7 °
where m is the angle between the radii vectores £, ¢,
to the origin at the centre of the attracting mass.

o)

referred

cos m = cos # cos 4 4 sin & sin# cos (¢ ~

And the Potential Function becomes:

27 s
] - . o ot
R? ‘dqw’ Y "{(REP—2R g cosmt 0¥,
. . 4 L

[¢] 6]

] =

ssin O dy {61)

which admits of development in converging scries of spherical
harmonics, having the form

" \ \J n : ’ ; : o oGt ’ g
J ik}_, (o) | [# 2, (cosw)siny’ A" g’ (62)
O
for an mner point, g A,
& !
e . NV
"= R‘}." { /\’/Q)”*‘J j & P, (cosm)sin ¥ d% dy’  (63)

O

for an outer point, o -A. *

The Vorlesungen delivered by Rzemann at Gottingen,

1861, and closely related to those of Dirichlet, were published

by Hattendorf/, under the title: Schwere, Elektrizitit und

Magnetismus, Hannover, 1875.  Riemann’s definition of the
Potential follows the smnd\rd form:

=[S

L (S I

cpdadbde
Y d 4 (()4’\]
c=2)]

Accordingly it appears that the function of the potential
defined by Zaplace in 1782 as

= J)'Hzl/w addydyds

was adopted by his successors without change. The occasion
for the geometrical significance of the function, in connection
with the physical basis upon which it rests, was not carefully

(05)
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' Magnetism,

" magnetic waves, except that they are not
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inquired into until the problem was taken up by the present
U writer in the New Theory of the Aecther, 1920, AN 5044.

It is now obvious that the integral of the density into
the element of volume, divided by the distance:

p=fffollamwp+G-pra(e-aphdudyds (66)
means physically that cach atom sends out a wave of amplitude
A = %[r, and thus the potential is the integral of these superpo-
sed wave amplitudes, for every element of mass, at its appro-
priate distance.  The accumulated stress of the aether is
therefore proportional to the superposed effects of all the
atoms, and thus proportional to the whole mass, and inversely
as the distance,

/'d/l/ gdxdydz N
J /./ Ta—x2+(6—y2+(c—27]

and the forces resolved parallel to the coordinate axes:

xS S S
31/ b—y)dxdyds
e [ f f [(a— x§2(+(éyg)7ﬁf 2"
P _ole—x)dxdyds
S S S

67)

2+ (b =y )+ (e =2
The rcml tant total force thercfore is
R=)[X2+ ¥V2+27]. (68)

Final conclusion rcegarding the geometrical
and phyvsical significance of the potential.

Maxwell’s celebrated Treatise on  Electricity and
1873, contains cxact definitions and suggestive
discussion of the geometrical and physical significance of the
potential: in fact Maxwel/ is the best guide I know of, in
dealing with this hitherto obscure subject. But as he says in
section 863 that he could not solve the mystery from C. New-
mann’s latest treatment, I finally was led to the theory deve-
loped 1n this paper. v

After studying MaxwelI's critical discussion, which is
condensed in Chapter 23, Sections 846-866, I conclude that
the whole case may be summed up as follows:

1. The validity of Weber's fundamental electrodynamic
law of 1846 is admitted, and that implies wave action propa-
gated in time, and therefore generating inductions, by the
action of the waves, — not only electric and magnetic, but
also gravitational.  Gravitational waves are similar to the
polarized, and thus
cannot be used in a dynamo, nor can their effects be perceived,
except bv the deflections, etc., in transmission through the
Earth, at the time of lunar eclipses — such as occur in
Neweomb’s Fluctuations of the Moon’s Mean Motion.

2. The criticism of Clausius (Poggendorf’s Annalen,
Band 135, p. 612) correctly shows that Riemann’s clectro-
dynamic formula is inadmissible, in that it implies a propagation
of the potential, like light, under the modificd form of Porsson’s
equation:

A2t A2y + 2V + gt =1/a- A2 V]2 (69)

a = Vclocity
and otherwise does not conform to Weber's law, and other
known clectrodynamic laws, such as those of Ampére. Maxwell
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notes the cqually valid criticism of (VZawsius against €. New-
mann’s theory of the transmission of the potential from particle

to particle, but in a manner different from thatof light. 3axeee//

savs he could not form from Newmann's theory the »Construir-
bare Vorstellungaof the process of transmission which appeared
necessary o Gawss, in the letter to Weber, March 19, 1843,

3o AL sueh theories, tmplyving that the potential s
transmitted 10 time. manifestly are untenable. "The potential
Is a state of wavesstress in the aether, depending for gravi-
tational bodies upon the triple integral

=V

and thus a fimction of the mass and inverse distance, hecause
cach atom cmits characteristic waves, and their amplitudes
vary inversely as the distances,  This state of wave-stress
I":_rly')‘-(lm, hut
does not depend on the time, except in moving bodies as »
changes.

For electrical and  magnetic bodies  corresponding
potentials exist, as defined by AZaxzee/l: but these potentials
too are states of stress in the acther due to waves. The waves
produce forces, which themselves are transmitted in time like
light, while the potentials arc superposed states of stress, not
agencies of action.  All hypotheses of the transmission of the
potential in time, as if representing action, are misleading!

Perhaps we ought to add that the forees, which are
transmitted 1 time, could be changed only by change of mass:

N

a=al 4 (b—y2+(c—22] Trdvdrds (50

varies with the mass and distance simply,

A ! ! i o
=gy [ Ay wrgmig g+ 2giny! 1 o

om0 s

L rramtg ./2‘3 R

-+

f=n—17=n

[ Q) . . ; - -\
= }, /\’ ”]i’”j/‘ II'J'a . /,2 ;T <:1 - ;/)2 + <’/ ;T ]I/',\)l + (SI’ - Sj)l (72)
P .
720 71

shows that the gravitational forces act in right lines between
the bodies, severally connecting them in pairs, and thus
consist In tensions or stretehing of  the  acthercal medium
filling the celestial spaces,

Accordingly all the foregoing discussion applies to
Lagrange’s foree function (7 for a system of separate bodies
in space, at mutual distances /4, as well as 1o Zaplace’s
function /7, for the particles of a single mass like the Earth or
Sun. We notice mcrdy that in Zagrange's force function {7

ERARRRR Y

da, (1\l g dyy dz (Ll

—lo/

=1 7 /

ap day dyydsy oy doy doyy ds,
= < j‘j nyj)] [(YI‘V—R’;/‘)Z + (j’;‘ ,,Ij,j.)z; (S/,-— ;)z] .

7 _o J= I
Tt will be seen thercfore that Zagrange’s function in
reality is made up of a series of sextuple integrals: yet we often

g oy dag elvy g vy dzg dz

g~ a2+ Oy
T Ta, da, ]‘,L Lq
" 'S jj J)J 'J ]/K(‘; i2~"(1>‘“]; <\.":' _1,1"1(/" +(<5; (‘ v 2

3

in that sense the potential also would be Changcd correspond-
inglv, and the change would come about with the velocity of
light. Rut whilst the forces act upon bodies with the velocity
of light, the potential is merely a superposed wav e-state,
making possible the stresses for generating the forces ohserved
in physical actions. These latter act upon bodies and thus do
work, whilst the potential is a fixed state of stress making
possible the action of the forees.

+. Ttisremarkable that the simple theory of the potential
set forth in the New Theory of the Acther so long escaped the
notice of geometers and natural philosophers, Tt is directly
'r]/";“dm, 1782
vet the natural development from the amplitude of the waves
wis ovitinnked for about 140 years.  As the laws of [ eher,
Ampere, Biot and Sawvart, Okm, Qersted, cte., are harmonized
by this simple theory, we have no hesitation in affirming that
the wave-theory represents the true order of nature. Any
attempt to deny this obvious conclusion is equivalent to the
contradiction of the plainest truths of geometry, and the
rejection of the best experimental evidence of our senses in
the vast seience of Electrodynamics.

deducible from Laplace’s definition of | =

Interpretation of ZLagrange’s force function .

We may now point out that in the force function,
introduced by ]aqrange for the mutual potential of a svstem
of bodics, taken in pairs, m; m,, at mutual distances iy,
the very form of the expression for this function, namely:

i 1//”;;/,”/‘,/0_,, i=o0, j=1,""j=unu
conn Ay, =, je=2cejen

oty i=2, j=3,0cj=n (71)

my sw A F=a—1, J=n

the bodies arce treated as particles of mass m, m; acting from
their several centres of gravity.  Thus Zagrange’s force
functicn has a finite algebraic form, and does not involve
integrals — which greatly simplifies many calculations in the
Theory of universal gravitation.

In forming a more critical judgement, however, of
,[ngm//,;w's I'unction; it should be borne in mind that the
terms of the p]mctarv potential do rcally involve sextuple
integrals, the differentiation of which gives the Newtonian
! forees ]\ullm(r m right lines between the bodies in pairs. Owing
to limitations of space we shall here write only six terms of the
semi-quadritateral of integrals:

A a«:_g; »
PSR e

[(vg =22+

7y g davy dag- - -
ffjﬁ gfjﬁaj_)fi e

+eee (g1

(72a)

N
24 (e
EAVYARN ¢

use the hnite algebraic form for the terms when we treat the
heavenly bodies as having their masses collected at their
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centres of gravity, which at a distance is very nearly correct,

owing to their figures, under universal gravitation, taking the |

form of spheroids made up of concentric spheroidal shells
of uniform density. The above integrals (71a) arc well adapted

tor showing the complexity of the planetary forces, under the |

waveficlds of the different bodies, which, if spaced at suitable
intervals, might give rise to the Music of the Spheres, as

explained in the footnote of scction 2, between cquations |

(13) and (14).

8 The Integrals required for the Evaluation

of the Mutual Interaction of two Infinite Inter- !

penctrating Masses.

In taking up the more general problem of attraction
we shall begin with the integrals which arise in the evaluation
of the mutual interactions of ponderable bodies, when the
badies interpenctrate and are of unlimited extent, so as (o
occupy all space.

Let us imagine the universe filled with any one kind
of matter, such as Hydrogen, of density o, so that the element
of mass becomes

din =g dady ds . (3)

The integral for all such matter in the Universe is
L OO+ 00 0O

J/:.r 'r r odadrds.

EAA S IEES SRR )

(74)

If there be another kind of matter, such as Helium, spread
over the universe, of density o', and with the clement
dm’ =o' da’ dy’ ds’ (75)
then the integral for all such matter in the universe s
FOO 4+ 00 oo
N
A= s r ro" da’dv ds”.
. . .. -

SO0 -0 —

(76)

Matter of the type of Hydrogen and Helium would
frecly interpenctrate, owing to the movement of the molecules;
and thus to compute the mutual potential energy of two such
infinite masses, we should have to evaluate a sextuple integral,
which not only includes every particle of cach mass, but
gives the potential of each element, dm =« dv dy dz in respect
to every element of the other body do’ = o da’ dy’ d2’ at the in-
finitely varying distances », 7 =] [(x" =22+ (1" = )2 ¢ (s~ 277,
which mutually connect these two clements in pairs throughout
all space.

The mutual potential energy of two infinite interpene-
trating masses can therefore be expressed only by means of a
sextuple integral of the following form:

o ""/' ”/"/' T odadyds o' da’ dy’ ds” (77)
P4 —'/ ./ ] J VKQJ __‘@2 + (_)//“}02 +<Z’—Z>2] . 77

For if the potential due to one body in respect to unit

mass be
In*/q/;f . Gdedyds
R (RS R

the forces resolved along the coordinate axes for an indefinitely
extended mass would be:
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_g(a-x)dedyds

4 00
A= (,r//(/d*'j '/ ,/[(rz—x)er</J—J/)2+(£—5)2]%
— 0
1oo
5= / / ' J  o@opdedyds
coL), [(a—a)+(2—3)2+(c~2)2]"
-— 00

- %'OO"“JK:QQ? dyds
. [l W s e L

i

et
4

I

i
S}
-~
.
)

(77b)

|
f Z= el e
|
|

And as the total foree is
R=1TX*+ YZ+ZZ]
so that the components are:
OR[GO = X[X24 V24 72"
ARy = N PAEES )’2-&-22]*‘/2
—OR[Ez=Z [N+ Y24 22

(78)

(79)

we casily verify the form of (77) above, when the mutual
potential encrgy 1s sought between both masses, by means
i of the sextuple integration. It must include each element of
; cither mass with the corresponding clement of the other at
| all distances.

* Accordingly, it appears that a triple integral, of the

form of {74 above,

+ 0o
I = f j j. odx dy dz
— 0

includes all points of space; and since the integral (76) also
includes another independent summation of all points of
- space, it follows that the sextuple integral (77) includes a
summation of all points of space in respect to all other points
of space at their several distances r=](x" =22 +(y —y)?+
+(5"--2¥]. This conception is very important not only in the
theory of the potential and attraction of gravitating matter,
but also in the theory of the velocity-potential @, which comes
up in the Theory of the Aether, in which the forces are ex-
plained by wave-action.

Before leaving the problem of potential energy, we may
‘ cite a practical example given by Lord Kelvin, Baltimore
I Lecetures, rgoyg, p. 270, as follows.
‘ If £ denote the resultant force acting on any particle
Cdm=adydrdz at any point p(x, », z), the exhaustion of
‘ gravitational energy produced by bringing a vast number &
. of equal masses from rest at an infinite distance to an equally-
| spaced distribution through a sphere of radius 7 is easily

shown to be

: +00 4+ 00 + 00
| /= 1’/8,7-’[‘ f ij dedydz= % F»

—0 -0 -0

(80)

where /7 denotes the resultant force of the attraction of the A
equal masses on a material point of mass M equal to the sum
of their masses, 4/ =Np, where g is the mass of any one of
. the globes, placed at the spherical surface of radius 7.

By such methods it is possible to calculate the resultant
force of an indefinitely expanded nebulous mass upon a

29
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particle, within or without, and we may also study the mutual
action of two infinite interpenctrating nebulous masses, such
as the hydrogen and helium of the sidereal universe. But in
view of our ignorance of the laws of density, and of the distances
7, at which the clements dwe, dm’ act, there arc limits on the
practical usefulness of the calculations, owing to the uncer-
tainty of the hypotheses underlying the clements of the
integral and therefore affecting its evaluation.

9. The Mutual Actions of Masses are to be
grouped in Pairs, made up in Accordance with the
Terms of Zagrange’s Force Function,

If a svstem of bodies be subjected to the mutual action
of their gravitational forces, we sce by the form of Zagrange's
force function, equation (71) above, that the grouping of the
masses s in pairs, the general form for the potential being

mimig] A

(81)

For the forces are found by differentiating {in respect
to the coordinates, since that gives the components of the
stress acting along the axes,

1. For just two masses the potential, like the foree, 1s
confined to a single term of the same integral form as that for
the Newtonian law, 1'<mm’/r:

(e (82)

while for three masses there are two additional terms, namely:

! .
mrgni oy s

CO = prgmr [ od gy + gl Ao (83
+ gy g . B83)

And in general for 7 bodics, each increase in 2 adds the
column of terms to the right, in the semi-quadrilateral form
outlined in equation (71). Thus the mutual interactions of
the parts of the system become very complex with increase
in the number of bodies composing it.

As we see by equation (773 above the mutual potential
encrgy of two infinite interpenetrating masses is given by
sextuple int(‘grul:

/‘M):» // // nn(l\(,d\“
' 1T, =l

in which dwrg =064 dag dy, dsg is the element of the first mass,
and  dpey = o dvy dry dsp that of the second masss and the
distances are

the

dzy

vy gl e (s

cop day diepdsy

SOPI (34)

/o B S T S U ‘Qc
A =] [\\A\, VAR ,-—}»,) +(q, -3 ] (83)

for the mutual distances of the clements dae and dwy.
If there were conceived a third infinite mass, with
element  dmy =0, day vy dzy  the mutual potential energy

relative to dmz, would involve two additional integrals: namely
that relative to (lm2

‘ 1y, dzg- 0y day, dyy dzy
]«(O 2)_ / J / J / / ’0( o (L7g g Oy thlg (L}'y U5y —IR6
o e+ (e

-0

And that relative to dm,

i Tespective inverse
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g, day d;' dz;-ay day dy, dzg
+ (g =3+ (e — 2]

(87)

I{ there bc a fourth infinite mass dwiy =0y day dy, dzg,
we should have to add in like manner three additional integrals:

Jilows) — / / / / g dxg dyg dzg - 0y dovy dy; dzg (88)
! (e, _“0) + (35 =20) + (23— 20)%]

7500 [ / / / f @y Ay dJ’Vdjl 7y dxg dyg dz, (30)
s ‘% —x)2+ (=1 : + (25— 2,7

/ / / / j 0y oy dyy dzy -0y day dys dzy {50)

T )

[y —ap)? +(H“" ) +(03—22) ] ?
However high the order of the system may be, the

integrals will follow the form of the algebraic terms in Lagrange's
force function, and thus may be summed up like the algebraic
terms in cequation {71).

in passing from the algebraic terms of (71) to the
integrals (84)—(9o) inclusive, we go from an action conceived
as concentrated in the centres of gravity of the mass, at their
distances, to an action which must be
integrated as operating  between  the particles  throughout
and cannot as concentrated anywhere.
Now if the diffuse matter of a nebula may be concetved
as diffused indefinitely through the universe, and two such
Interpenetrating could mutually interact, according
to the Newtonian law of universal gravitation, still more 1s
such interaction conceivable for wave-disturbances, proceeding
from two separate centres, with the waves so Interpenetrating
at all points of space, that the mutual actions of the waves
must be integrated throughout all space.
the
the
potent

space, be concelved

Masses

We shall investigate
effects of this wave-interpenctration after we have defined
IFunction ), known as the velocity
il seetion 13, but meanwhile we may contemplate the
wave movement from the physical point of view.

IFourter- Potsson

1o. 1Tow the Wave-IEffcets spread from two
Centres of Disturbance, to give Tension between

the Bodics and Increase of Pressure beyond them.

In explanation of the earlier rescarches on the wave-
theory of gravitation, which took definite direction since 1014,
it mav be added that for many years 1 had been familiar
with the optical interference patterns, formed when polarized
light transmitted through uniaxial and biaxial crystals,
Mustrated in Ganor’s Physics, 14" edition, 1893, Art. 667,
Pl;m‘ 1. figs. 4. 5, 05 and in Sir John Herschel’s great Treatise
on Light, Eneve. Metrop., London, 1849, Figs. 176-183,
Arts. 8g2-go2, pp. 518-519. Cf. Table V.

Sir John /Herschel experimentally tested the form of
this pattern by comparing it, as obscrved, with the curve known
as the lemmiseate, so carefully studied by Gawss. fHerschel's
discussion runs thus:

»This variation of form, as wcll as the general figure
of the curves, bears a perfect resemblance to what obtains

15
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in the curve well known to geometers under the name of the
lemniscate, whose general cquation is

(T4t a2 = 2 (0% + 407, (91)
when  the parameter 4 gradually diminishes from infinity
to zero; 2q representing the constant distance between the
poles.«

»The apparatus just described affords a ready and very
accurate method of comparing the real form of the rings with
this or anv other proposed hypothesis.  If fixed against an
opening in the shutter of a darkened room, with the lens /7
outwards, and a beam of solar light be thrown on the latier,
parallel to the axis of the apparatus, the whole svstem of rings
will be seen fincly projected against a screen held at a moderate
distance from /. Now, if this screen be of good smooth paper
tightly stretched on a frame, the outlines of the several rings
may casily be traced with o pencil on it, and the poles being
in like manner marked, we have a farthful representation of
the rings, which may be compared at leisure with g system
of lemniscates, or any other curve graphically constructed,
S0 as to pass through points in them chosen where the ting is
most decided. This has accordingly been done, and it has been
found that lemniscates so constructed  coincide throughout
their whole extent to minute precision, with the outlines of
the rings so traced, the points graphically laid down falling
on the pencilled outlines, The graphical construction of these
curves is rendered casy by the well known property of the
lemmiscate, in which the rectangle under two lines VAN
L7 drawn from the poles to any point . in the periphery
Is invariable throughout the whole curve.  This is casily
shown from the above cquation, und the value of this constant
rectangle in anv one curve is represented by g x b

»When we shift from one rmg to another, @ remuaing
the same, heeause the poles are the same for all. To determine
the variation of 4, let the rings be iluminated with homogencous
light (or viewed through a red glass), and outlined by pro-
jection, as above. Then, if we determine the actual value of
a 6 by measuring the lengths of two lines 72, 1A drawn
from 72, /7"t any point of cach curve; and, caleulating their
product, (to which 44 ix cauali, it will be found that this
product, and therefore (he parameter 4 increases in the
arithmetical progression o, 1, 2, 3, 4, cte. for the several
dark intervals of the rings beginning at the pole, and in the
progression 1/2, 3/2 s/> ete. for the brightest intermediate
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spaces. To ensure accuracy, the mean of & number of values of |

L, P, at different points of the periphery, may be taken
to obviate the effect of any imperfection in the cryvstal.«

Already in 1914, when studying Siv John Zersohel’s
Treatise on Light I became greatly impressed ) with the
work of Gawss, Allgemeine Theorie des Erdmagnetismus, 1838,
which includes the following figure (Gawuss Werke, Band V,
p. 176).

1) It was of course recognized from the first

physically with the problem of

s the surface forms due (o interference. in the transmission
surfaces about two equal stars, as drawn by Lord Aclin.
between the light wave interference patterns and

more studied,
surfaces confirmed.,
May properly be compared, —

and the closcness of the analogy

Fig. 6.

Gawnss” illustration of the magnetic equipotential surfaces about
two neighboring points /7* and %%, which have maximum
vilues of the potential 17, namely /7% and xxlike two
adjacent poles. The potential for any point between them, as
Z2"** has a smaller value J7***  Ip general the value of J7
decreases in the outer closed lines, as in the gravitational
cquipotential surfaces drawn by ZViomson and Zait, 1873,
Plate VII; all of which is found to be the best possible argument
for the wave-theory” of magnetism, gravitation, and similar
physical forees,

Owing to constant familiarity with the nature of the
attraction about two masscs, which T had studied for 25 years,
the forms of these surfaces, and their conformation about the
two centres, — corresponding to the two axes in crystals
around which Arefon’s rings in the interference pattern are
formed, when light is transmitted through thin layers of the
material. as described in Zerschel's experiments above cited, —
at once impressed me as furnishing an accurate picture of the

, Wave-operations underlying universal gravitation, magnetism,

cte.

Accordingly, in the Electrodynamic Wave-Theory of
Physical Forces, vol. L, 917, pp. 137-139, I discussed the
equipotential surfaces about two attracting masses, — one
case representing a pair of equal stars, the other case having
masses in the ratio of 10 (o I, as treated also somewhat
claborately in mv Rescarches on the Tvolution of the Stellar
Systems, vol. 11, 1910 —— and showed that at every point of
the surface of the hour-glass figure about the two centres,
sthe total resultant force is normal to the surface and directed
inward. There is thus a process of constriction at work, under
the gravitational action of the two bodies, which is less powerful
as the surfaces become more distant from the centres. The
constant of  Jacobi also correspondingly decreases, as the
surfaces recede and are less constricted.«

»It s justly obscrved that the narrowing of the surface
into an hour-glass form between the two bodies is a visible
and obvious cffect of the tension in the medium.q

»T'he

pressure in the medium towards the separate

beentres, due to the waves propagated from those centres,

that the transmission of polarized
formation of the interference pattern analogous to NMewton's rings, but resembling the lemniscate of Bernoull,
the cquipotential surfaces under the

In both cases there is a radiation of waves taking form about two centres;
even if the movement of the
are polavized and the movement so restricted that only interference patterns result about the

light through thin plates of crystal, with the
is not quite identical
free waves of gravitation proceeding fromr two centres, Yet
ot the light wives through the crystal, are similar to the equipotential
1873, the problem of the equipotential surfaces came to be more and
the gravitational equipotential
and thus the surfaces and patterns
gravitational waves in space is free, while in the crystal the waves
axial centres of the crystal.
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thus gives tension between the bodies, tends to narrow the
surfaces of constant relative energy, or equipotential surfaces,
and gives them the forms here shown.e

The subject here treated of in 1917 is discussed with
more detail in the V1L Paper on the New Theory of the Acther,
AN 5140, pp. 103110, to which the reader s especially
referred. The figures and veetorial analysis with geometrical
composition given in AN 3140 (cf. Plate VII below), afford
perfectly conclusive evidence for the wave-theory of universal
gravitation,  Tivery poszible combination of the
vectors, directed to the two centres of attraction,

separate
s treated

of in / <110, DD. 105—106, Plate VIT below, and all the
5140, Pi D )

phenomena confirm the wave-theory.
In fact it mayv be said that if in any case waves are

known to exist, as recorded by observation in solar disturbances,
S0 systematic: \]l\ studied in magnetic storms, aurorace, Larth
currents, — then the mere chance that such ordered conc entric
surfaces could exist about two attracting masses, without
depending on waves from these centres, would exceed all
the points in infinite space to one, or
REIE
S e
‘ :j " s dodr den St

N S e VY

[

(92)

an infinity of the third order!

1. New
of the Molecules of
coustic Attraction:
of Universal
Experimoents

Diagram for illustrating the Motion
Air in the Phenomenon of A-
Confirmationof theWave-Theory
Gravitation by Definite Laboratory
admitting of but one Interpretation.

The diagram Plate VT illustrates in considerable detail

the wave-theory of acoustic attraction worked out by me
in 1917, but not published until the appearance of the V.
and VI Papers on the Aether, AN 5130, 5140, Nov. 192713
Jan., 1922,

make out the
particles in acoustic
analogous 1o the disturbances
actherons in the wave-theory of

this
disturbances of the air

From the study of figure woe may

nature of the
attraction, which are

of the

exaetly
gravitation,

11t will he seen that as the sound waves from either
centre, WS or S
dioxide, a

Cadvance through the balloons fitlled with carbon
gas heavier than air, the wave in the air outruns
that proceeding through the heavier gaseous medium filling
the balloons. Thus in any phase of the wave the disturbance
outside either globe is ahead of that passing through that
inert muss: the result is a series of uncompensated impulses
exerted in rapid succession on the rear of the halloons, which
arc elastic membranes vielding physical reactions on - the
whole musses.

These balloons react to the uncompensated agitations
or nnpul\(‘x in their rears: and the rebound of either balloon
is towards the other! Thus the pressure is increased bevond
either balloon, by the waves from the other working the wir
particles out from  between  the  balloons, and
transferring them around to the rear, where slight mpulses
are developed with the passing of cach wave of sound. Accor-
dingly, by this process of wave ,xglmtl(m, a partial rarcefaction
de\'elop> between the balloons, vielding & tension in the line

gradualiv
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S .87, and an increased pressure bevond the |
same axis prolonged.

3. The inercase of pressure bevond, with simultancous
development of tension in the line .S .S” connecting the bodics,
is precisely the mechanical effect required for explaining the
abserved  facts of universal gravitation.  All the known
gravitational phenomena would be perfectly accounted for
if this could he proved to occur in nature. And such proof
i« fortheoming not only in the air, from the experiments on
acoustic attraction, by Guyot, Schellhack, Guthrie and Sir
1. 7homson, veportedd in the Phil. Magaz. for June, 1871,
but also in the acther from the present known facts of radio
wave-transmission about the Earth (ef. AN 5317, Sept., 1924),
in which wave-hending is exactly similar to that here described.

»alloons, on the

4. The bending of the radio-wave about the Larth is
shown 1o extend to the very antipodes, in the careful experi-
ments conducted by the French from the towers at Bordeaux,
when the waves were noted at Chatham Island,
miles Fast of New Zealand.

some 300
It has been recognized by me
g1y (cf. AN 5044, pp.j0—71), that the radio-wave
bends around the Barth, for the same reason that light bends
n I(l\\ll]” through a prlsm. namely, because the velocity
is less in the dense mass, owing to the wave motion being
there resisted by the ponderable matter in the path, whereby
the normal to the wave front is tilted towards the denser body.
This correet theory of 1920 has been demonstrated more and
.+~ by concerts heard in deep mines, and in remote
continent<.  Thus it follows that the acther waves in radio
telegraphe do pass through the globe. This is also required
by the clasticity of the aecther, ¢=689321600000
that of air in proportion to its density,
which docs not permit a break in the continuity of that medium.

since

more,

CNOTMMOUS
times ereater than

5.\ vist mass of observed phenomena connected with
aurorac and Earth currents point
from the Sun,
Farth, and thus are simultancously

observed at all points of our globe.

SUNspots, Mmagnetic storms,

to clectrodvnamic waves The waves are almost
meessantly passing the
These waves also are

bent about the Barth as indicated in the celebrated Fluctuations

of the Moons Mean Motion, first formulated by Nerwcomd,
1909, but first explained by the present writer, Dec. 1o,
110, Electrodynamic  Wave-Theory of  Physical - Forces,

vol. T, 1oy

6. Now the above celestial phenomena involving waves
in the acther correspond exactly with the wave-theory of
acoustic attraction, as illustrated above.  And since acoustic
attraction ix a4 tangible phenomenon of our laboratories,
which mayv be dealt with definitely, in precise measurements,
admitting of not the shightest doubt, it is justly cited as an
objective demonstration of the true bcha\ ior of the aether waves
passing through and refracted about the heavenly bodies.
The wave-theory of universal gravitation therefore is amply
confirmed by experiments of undoubted validity, which admit
of one interpretation and only one.

of the Moon’s Mean
Newcomb, 1909, point to the

12. ‘The TFluctuations
Motion established by
Wave-Theory.

This subject has been discussed at length in volume I
of mv Electrodynamic Wave-Theory of Physical Forees, 1917;
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but at that time the proofs of the wave-theory were much
less complete than they are now, and therefore we shall bring
the argument up to date, by a few considerations, which
should be borne in mind at the present day.

1. 1t is now fully recognized that radio waves of the
length of thousands of metres, which
distance transmission, go through the Farth itself.  Musical
concerts conveved by such waves are heard In deep mines,

cand even in distant continents — a Pittsburg concert heard

in Calcutta, a Chicago concert in Melbourne, cte.  And
finallv signals from the Lafayette Towers at Bordeaux, using
wave lengths of 22.5km, were heard at the antipodes, ncar
Chatham Island, some 300 miles cast of New Zealand.

are employed 1 long

2. The only way we can cxplain these phenomena is
by rccognizing that the waves travel through the Barth
itself, but at a slower pace than through the air, owing to the
increased resistance of the salid globe, and thereby the wave-
front bent the Farth, even to the antipodes, at
Chatham Istand.  The theory of this movement is exactly
similar to that of light through a prism, and was first published
by mein AN 5044, p. 51, May, 1920, Accordingly il gravitation

is around

be due to waves, these waves will also be bent in passing
through the Earth, and thus the Sun’s action on the Moon
will be less when our satellite
the Barth, as at the time of Tunar eelipses.

Y. AL Roli-
Dissertation. at the

3. This subjeet was first touched upon by 1
linger, M a crowned prize Inaugural
University of Munich, 1or2, printed in Fretburg, rgrz,

But although  RBottlinger first treated  the
carefullv, he did not find the result he expected, not being
able 1o the the theoretical
cclipse cveles corresponding to the obscrved fluctuations. In

prohlem

discover from Moon's motion
my work of 1917 1 was more successtul, as shown by the
following table of the observed fluctuations and theoretical

fluctuations depending on echipse cyeles.

fluctua -
tions deduced

Perinds of the observed Theoretical

fluctuations, according from Ditferences,

to Neweomb 701 Rrowen, the theory of Tanar Obs, Cule
and others., celipses, 1917,
275 vears 275,59 vears 2,50 vears
6o years Oi.j000 vears 1.7000 vears
- 18.03  vears

4. The eclipse cveles emploved by me have been in use
since the time of Z7o/emy, and were deduced by the Greeks

Is 1in or near the shadow of
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from observations rccorded in the chronology of the era of
Nabonassar.  Modern investigators therefore are unable to
deny the validity of their observational foundation, based on
the records of 2500 years. The only way they can evade the
argument built up in 1916-17 is to hold that the Moon’s
motion hax no regular periodicity.  Newcomb, Brown and
others are on record, however, as verifying the periodicity,
by their researches in the lunar theory, with the cycles above
cited. They spoke confidently of these observed fluctuations
a few years hefore Todiscovered the theoretical cycles of
eclipses on which they depend.

5. I now Professor Brown hesitates to uphold a theory
which he indicated, vet did not-deduce,!) we may well dismiss
the discussion as a case of Brown, 1914, versus Brown, 1920.

The Moon continues to depart a little from its predicted
place, - as at the reeent eclipse in New York, Jan. 24, 1925,
when it proved to be about 47 behind of 1ts caleulated place.
This vesult shows that the old theory is defective.
new hope therefore lies in the Junar echipse eyeles

The only
with the
theorctical fluctualions n 18.03, 61.5006, and 297.59 vears,
bv n

)

worked out me 917,

6. The theorctical fluctuations thus deduced leave no
outstanding anomaly between the years 1829 and 1909 — 8o
vears of the best modern records — which 1s much in excess

[ cannot believe that the later records
materiadly different, 1f the Lunar calculations were

of 17 or at most 27

will be
properly carreed outs Tt ds most improbable that the Moon
would suddent depart from eveles shown by
Thso,
7o Professor £
give onlv very slight differences from ZZansen’s Tables of the
Moon, 857, Neither of these tables really represent the
actual motion of the Moon. As far back as 1878 Newcomb had
to introduce an empirical correction of 16”7, with period of
275 vears, and before 19o7—1909 he discovered another of
6o vear period, with coefficient of 37 Both of these periods
are distinetly indicated, and some trregularities already were
known to Laplace in 1802, Now the periods are found from
the Tumir theory, incelipse cveles used since the age of the
[t is not casy to see how such a
result, referred to true physical causes, can be cvaded by
investigators interested in the progress of celestial mechanics.
The very essence of the Newtonian theory in astronomy
is to reler observed phenomena to known physical causes.
8. To get at the basis of this reasoning we notice that
just ax the long wireless wave from Bordeaux, France, is bent

occultations
\i]ll'l'

H FHrowen’s New Lunar Tables, 1922,

Greeks and Babylonians,

B oIn the Address to the British Assoctation in Australia, Aug. 220 1914, Report, pp. 318-319, Professor Brown first
points out that the outstanding residuals in the Moon's motion sconsist mainly of long-period fluctuations in the mean longitudes

»These unexplained differences between theors and observation may be separated into two parts,

First, Newcomb's term of period

between 250 and 300 vears and coefficient 137 and, second. the fluctuations which appear to have an approximate period of 6o

to 70 vears., The former appears to be more important than the Tatter, but from the investigator's
The force depends on the degree of inclination of the curve to the zero line or on the curvature,

made,

more likelv to Jead to the sources of these terms than the longer period.

In cither case the shorter period term is much more striking.

point of view it is less so.
according to the hypothesis
and, as 1 have pointed out on several occasions, it is much
It is also, at least for the last sixty vears, much

Letter determined from observation, and is not likely to he confounded with unknown secular changes.«

»Various hvpotheses have been advanced within the last few yvears to account for these terms.«

»The shading of

gravitation by interposing matter, e, g, at the time of eclipses. has lLeen examined by Bottlinger. For one reason alone, 1 believe

this is very doubtful,
already present in the moon's motion,

It is difficult to sce how new periodicities can be produced; the periods should be combinations of those
The sixty (o seventy vears” fluctuation stands out in this respect because its period is
not anvwhere near any period present in the moon’s motion or any probable combination of the moon's periods.

Indeed

Drv. Rottlinger’s curve shows this: there is no trace of the flictuation.«
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around to the antipodes, near New Zealand, so also the |
gravitational waves from the Sun should be bent towards the |
axis of the Earth’s shadow, as shown in the following figure,
19147, with wave front put in r920:

Sondernummer

The Earth. N * /

Fig. 7.
through the Earth, at the time of lunar eclipses.
the Moon's mean motion with

result is the fluctuations in

1869 1000,

tational waves here illustrated.

It is casy to sce that the verified radio wave bending |
absolutely confirms this theory: it is therefore verified by the
best observational data in radio telegraphy and by the whole
wave-theory of light. Better proof of the refraction, deflection,
and absorption of  gravitational wave-energy
through our globe could not be desired.

n

passing

9. Therefore sinee the waves of gravitation, which mav
be of any length between a metre and a thousand kilometres,
would be hent as shown above, it is clear that the attraction
of the Sun upon the Moon will vary a little in different parts
of this shadow. It would be a miracle if the interposition
of the arth's solid mass in the path of the Sun’s gravitational
waves did not decrease shightly the solar pull on the Moon,
by which our satellite would tend to fly the tangent near the
time of lTunar eclipses.

I'rom the movement of the sound
waves about the carbon dioxide balloons, the pressure is
increased bevond them: therefore the pressure in the aether
bevand the Earth would be inereased, and the Sun’s tension
on the Moon relaxed, by the interposition of the Iharth’s

globe. The analogy is perfeetly plain, and this conclusion is
incontestable.

to. Bortlinger’s method of analysis 15 sufficiently
condensed in vol. © of the Electrodvnamic Wave-Theory of
Physical Torces, pp. rig—115. e considers the interaction
between a mass-point and a sphere made up of homogencous

concentric lavers. If yo be the mass of the mass-point, A7 the

Tilustration of the bending of the Sun’s gravitational waves in propagation
This slightly
the Sun's control of our Satellite, and it tends to fly the tangent.
[w('rilw]& of
18,03, 61.7 and 277.50 vears, as found hy the rescarches of Newecom/,
Radio Telegraphy sends long waves to the antipodes, and
this bending of the radio wave likewise is due to the slower propagation
in the solid globe of the Earth, just as in the case of the Sun's
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mass of the sphere, & its radius, and g=0a(») its density;
thén the attraction on e is the integral of the acceleration

i vector to the elements of mass of the sphere:

z= tf])’ dmn

} T 5
where —"fd "
o (94)

/? being the Gaussian constant of attraction, » the
absorption constant, and ¢ the angle about the axis
of symmetry, and the other quantities as illustrated
mn the figure 8.

(v3)

B=ro%¢

Boltlinger’s theory of a slight absorption of
arayof gravitation in traversing the Earth,

Accordingly, the attraction becomes

.
o= S 7 cosee dm =

s
—v\=dp

:/czf YY agdpdedpsinecosee {95)

If we introduce the angle 8, the integration being

between o and 1w, we have

sinee=Rj4-sinf  cosecda=R[4-cosBdB. (g96)

Then, the definite integral for the attraction becomes:
releases

The Yo

—%\aodp

o (97
(98)

Rottliuger points out that in this cxpression the integral
is independent of 4, the distance of the point g from the
sphere, and the attraction of the sphere of concentric layers
reciprocally as the square of the distance, as in the Newtonian
law. The constant of attraction alone remains indeterminate
and a spectal function of the property of the sphere. He

O [¢

xad3dodypsingcosBe
gravi-
where

c=0(r)=0c[R2+.S52—-2R ScosB]".

i then procceds to show that a factor should be introduced

of the form: )
(-tnaR) (99)
the fraction {x o & representing the loss of gravitational

Fig. 8.
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energy due to absorption. He calls this factor /%, and deduces
for the Larth, (100)

11. This explains the method of procedure. The
absorption coefficient is #, and from what we know of wave
motion in general, throughout nature, this cocfficient 15 not
zero, though it mayv be very small.

/& =1/160000 .

Iet us examine the problem in another way. Is the
Sun’s gravitational action on the Moon constant, in spite of
the bending of the gravitational waves in passing through the
Larth's mass? Does not the interposition of the Farth’s mass
in the path of the Sun’s waves, with their refraction, deflection,
absorption, necessarily decrease their action on the Moon at
the time of eclipses, — as first considered by Zoltlinger, 1912,
yet first proved by me, 1917, from the carcful study of cclipse
cycles of the required periods?

Tt scems difficult if not impossible to deny the variabi-
lity of the integral for the attraction: and thus we may put,
as confirmed by the celipse eveles:

‘ § ) ‘,"271\ 2"'- 27 cosd
aor=" [mn/m : s (8 );5 Trp)éf(sﬁ .

—#yodp
xagdg dodypsinfcosBe ¢ J:",‘zo‘/\’. (101)

12. The wave process at work in acoustic attraction
Jends support to the above equation.
variable, and confirmed by the cclipse cycles i theoretical
periods of 1803 vears, 017006 years, and 277.50 vears!
Otherwise how are we to explain such close accordance
between observation and theory?

No amount of caution will justify an investigator in
trying to deny the cause of the Tunar fluctuations, thus ac-
counted for on valid eclipse eveles dating back to the age of the
Greeks, and confirmed by laboratory experiments in sound,
which any one can verify and illustrate by diagrams making

the bending of the waves visible to the eve, as in the case of |

the radio waves observed to be hent around the globe to the
antipodes. To deny such evidenee is to reject the best experi-
mental data in light, radio telegraphy, and the theory of
sound: and thus to deny the plainest evidence of our senses,
when the indications arve supported by several independent
sciences!

Part III. The Velocity-Potential @, with Solution of

the Fourier-Poisson Partial Differential Equation in

the Case of Waves from more than one Centre: the

State of the Aether under the unlimited series of

Waves from the Stars of the Sidereal Universe leads

to an Infinite Integral, which may be integrated by
the Process of Successive Approximations.

12. The Physical Significance of the Velocity-
Potential @, in Accordance with Lagrange’s Theorem,
wdv+odv+wds=d® for the Motion of Fluids.

A remarkable theorem applicable to the motions of
fluids was first enunciated by ZLagrange. Suppose that for
any part of a fluid mass, we express the velocity components
of the particle in terms of the coordinates x, v, 5 and the
tme /.
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3(z)/07 necessarily is

Cof a

Then if after a small interval d7, a new particle has -
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reached x, 7, ¢, we have for the excess of its velocity over the
first particle the components:

dufde-de dofds-de dew/ds-de (102)
while the components of the change of velocity of the original

particle are
dv/de-de daw[dz-d . (103)
The change in the position of the new particle, in space,
is expressed by d/d7, and remains invariable, while the change
of velocity of the original particle /02 is in respect to a particle
of the: fluid relatively to another particle. Hence we have
in brief (of. Maxwell, Scientific Papers, vol. I, ». 468), for
any component of the velocity #:
doedt = daefdt + 2 dufdx + 0 dufdy + 0 dufdz;  (104)
and if the motion is very small, the terms » du/dx, v du/dy,
20 /A=, cte., diminish in relative importance, and ultimately
On/0t =dufdz. (103)
Now Zagrange enunciated the important theorem that
if in any part of a fluid muss, for any moment, a perfect
differential exists, such that

dufdz-dz

wdx+ody+wde=dd

(106)

then this perfect differential will hold for all subsequent time.

This condition ensures a steady state of the fluid mass,
suitable to the uniform propagation of waves, under Poisson’s
equation

AD[As = a® (PDox® +2 D[y + D3ty . (107)

This condition may be otherwise expressed in the form
of the invariability of the line-integral for the circulation:

(IOS)

or the line-integral of the tangential component velocity
around any closed curve of a moving fluid remains constant
throughout all time.  This line-integral is known as the
circulation, and hence in anv closed line moving with the

d \ ".'/( duvtody+w (lz)] /’ dr=o

fluid the circulation remains constant, or (Y's’(lfl):o.
Accordingly, when the exact differential exists,

wda todytawds=did (1006)

the veloeity in any direction.is expressed by the corresponding
rate of change of @, which is called the velocity-potential.

Therefore for such conservative movement, under steady
conditions, as in wave propagation:
Qe daldy Fdae/ds =e2Moxt £ e2D /8y + 2D [0z* . (109)

When the fluid is incompressible this integral round
a closed cirenit is evanescent, and the momentum, like the
cireulation, is zero; but for a compressible fluid, the existence
velocity-potential @ does not imply evanescence of the
integral for the momentum round a closed circuit {cf. Lord
Ravleish, Theory of Sound, 2" ed., 18906, vol. 2, pp. 8-¢).
In the case of the acther, however, the fluid 1s so nearly
absolutely incompressible that the above theorems will hold,
and we may take d@ to be essentially an exact differential;
so that the velocity in any direction is expressed by the
corresponding rate of change of @, and therefore
dufdx + dofdy + dew/dz = 82D [ox? + P D[9y* + 0 ®foz2 . (110)
[.et us now consider, as in AN 5083, pp. 391—392, the
motion of a wave across a closed surface, such as a sphere of
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radius », S=4m72. Then the rate of the flow of the fluid
outward, across the clement d.S) becomes: L.S-dM/dx And
when the density is constant, the total loss of fluid in time ¢

is given by the double integral:

ddmarh))dr= frd(l),( .S dr
where the integration is to be extended over the entire surface
S=yq7 2.

at the
fluid vanishes,

Now when the s])hcrc surface S is full both
beginning and at the end of d7, the loss of
so that

(112)

The equation of continuity, for an incompressible fluid
deduced fmm the spacial element da dy dz, under this condition

S o) dr = Y'S.(i hjdn-d.Sdi=o .

of no loss of fuid across the boundary, 1s
e + 2oy + 02D/t = o (r13)
or briefly Y2 =o.
And as Poisson’s equation of wave motion is
CED)Or a2 XD {11y)

we see that T2 =0 excludes the existence of waves, if this
condition held rigorously for the time dz.

Wherefore we conclude that in traversing the surface S,
the condition in (r12) will hold for the wave from the centre
at the beginning and also at the end of the tim(‘ dz, corre-
sponding to the propagation of a wave through all its phases,
over the \\';n'c»](n;:tl\ L represents a complete os-
cillation of the fluid.

, which

Jut for shorter intervals, the cquation {112} will not
hold rigorously; so that temporarily, over an interval less
than the wave frequency r=z2a/r=2/F, there is both slight
compressibility and a flow of the fluid across the boundary
S=g7 22, and, for d/<Zr we have:

S oM dr= Hd(l)/(l)z d.Sds dm (113)

where dm is the total fluid temporarily lost, an infinitesimal
mass positive or negative.

Accordingly, in 1hc wave motion of the acther, there is
shght (ompro&sll)lllt\ ) and a minute temporary radial motion
of the fluid does take place. Hence we cannot have purcly
transverse motion, as assumed in the traditional form of the
wave-theory of light due to /freswel and Cawchry.

This discussion comprchends the points of chief interest
in respect to the acther, which has an elasticity 689321600000
times greater than that of air in proportion to its density.
Tt is in this ultimate medium that the waves of gravitation,
magnctism, electrodynamics, light and radiant heat are
transmitted.  No other medium underlies the acther, and

Sondernummer
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i motion of the great comets of 1680,
I had unusually small perihelion distances.
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thus the encergy can not
wive-changes,

A definite proof that energy is not lost in the acther is
furnished by the law of the inverse squares: for observation
shows that this law holds rigorously truc between the Sun
and a body at all distances. It would not do so, however, if any
energy were lost in transmission to increased distance.

Proof of this may be drawn from the motion of certain
comets, such as Halley’s. This body has made nearly 30
revolutions since it was first observed before the beginning
of the Christian Tira. The records of the carly revolutions,
to be sure, are too vague to give reliable data on the orbital
motion, yet since the time of Newfon, when exact data became
available, three revolutions bave been carcfully followed, as
the comet receded away to great depths in space, — without
disclosing the smallest deviation of the attractive force from
the law of the inverse squares. The same law 1s tested in the
1843 and 1882,

be lost, but only transformed

which

And as was pointed out by Newzon and Lapla-e, the
fixitv of the perihelion of a planet of appreciable eccentricity
s the most delicate test of the rigor of the Newtonian law,

. As the outstanding progression of the perihelion of Mercury

is perfectly explained by the wave-theory (AN 5048), we have
in the three centuries of observations of this rapidly revolving

body, which also travels in the most eccentric orbit of any
planct, the most delicate test of the rigor of the law of the
inverse squares.  In view of the lunar fluctuations, when the

Sun’s gr'n‘it-ltion;ll waves arc transmitted through the Earth
as at the time of lunar eclipses, the law of Newton pcrfcct]y
accounts for the motion of Mercury’s perihelion (cf. AN
5048, pP. Li3.

14. Integration of the Differential Equation

for @ in the Theorv of the Velocity-Potential for
Waves in the Aether.

Inthe New Theory of the Acther, AN 5130, pp. 283286,
we show that the treatment of the velocity-potential @ takes
the form used by Foisson in the Theory of Sound and other
clastic media:
2D ]os = o {2 D [ox? + D |[9y? + > D[022)
D=0 (x,y,2¢ O=02(,y12 t=o.
or the equivalent form used by Fowrier, in the Théorie Analy-
tique de la Chaleur, 182r:

FOor = a® [*()[ox? + 82 ()0 + 82 (052
O=f(x,7,251) @O=f(x,y2) t=o.
In the theory of waves, we have for plane waves along

the a-axis:
(118)

(116)

(117)

v=c sin[ziwfA (V1 —x)+ ]

1 Buau:o the clasticity of the acther, =689 321600000 times greater than that of air in proportion to its density, enormous as

it s, is not really infinite. Thus the acther can

sustain the action of any forces,

however great, vet it nndergocs some com-

pression and rarefaction about great binary stars, and about any star fulfills the law of density 6=V, owing to the central in-

crease of the wave amplitades.
per second,

And the waves arc cvervwhere propagated with the enormous, yet finite velocity, = 300000 km
the velocity of the aetheron being 471239 km,

In AN 5370, May 28, 1925, Professor .S. Mohoroviéié has a suggestive paper which was presented to the St. Stephan Acad.

of Sciences, Budapest, rcl)r 27, He quotes my

1925.

of C.A.Mebius (Uber die Dichte des Acthers und ihre Bezichung zur /Yanckschen Konstante,

Samh. Handl. F,
These newer researches show notable progress since

value z=1/,Tcy= 1.57 F =471239 km'sec™7, as conforming to the researches

S.8 Got. kungl. Vet. och Vitt.-

F. XNVIII: 5 Gateborg 1924), yet by somewhat different premises himself deduces = +¢y)2=424263 km'sec™
the publication of the New Theory of the Aether, 1920-22.
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But in tri-dimensional space, the disturbance spreads | which we have treated in previous papers.
in all dircctions with the velocity | In the treatment of Poisson’s equation of wave motion,
V=at, (af)=x+3243° {119) |

. ! ’ g : P2 = a® {PD]ox? + P D]Ay? + 2D ]85 I

and from any point /~ (x, ), ), the sphere surface becomes: | ! ! / oy fezt) (r21)
5 e . . o i D=02(x,y,2) =0

(at)F=(x+atcosdP+(y+atsind sinm)®+ !
+(s+atsindcosw)®  (120) - we have found (AN 5048) that for threc variables (x, 3, 2)

h=22{x,y, 2= /bﬂq).f.f.s.f.f.f 2(E 9, &y cos E(v =2y cosy (=) cos Lz =) dE dy AL dA dge dp (122)

in which & 5, {and 4, ¢, » extend from — oo o + o0,

This may be transformed into

EN )
D=0 (x, v, 2)=(1/87%) (o S, 0 cos{E—xcosnly — v cos (=2 dEdy AL A2 dp dy (123)
=T P2 0 0 0 I (4 ) e . p / h 123)
~ (1810 SZUH’S Q(E D oo IPE=D A ) =) - A dy df da dy dz. (124)

]3\ including the factor 1/84% in the arbitrary function, this may be written in the well l\no“n form of the expression
for any time ¢,

+ oo
=0 (x,y,2.7) :j&fj 'fj ld v Bhn -1, Y, (55,0 dEdy dE dA dpe do . (125)
(e8]
And finally, in the TV. Paper, AN 5085, we have reached Porsson’s double integral: M =@ + @”
¥ per, g

=1fqTe s Flaovarcosd, vvarsind sinm, z+ 0/ <md cosm)fsiné dd dw

g .E(t '(1 'f// lx+arcosd, y+arsindsinm, z+a/sind cosmlssind dd dw . (126)
O 0
This expression for the velocity potential @) will hold r1g0rou<] for the waves emanating from any mathematical
point 72 (x, vz, and traversing all space from that centre of disturbance. . But in nature the waves proceed from all
atoms of a muss, and thus we must extend the integral of Pozsson by taking the triple integral for the volume and density:

7 V2% T o2n
= f S) s (a/. ;7)‘ Y/ \Wekafcosd, vyarsing sinm, z+azsind cosm| 22 sind dr dé dm-£sind dd den

000 00 ’
/ T IH{x+atcosb, v+atsind sinm, z+azsind cosm! »2sind dr dé dwm-2siné dd dm . 12
ey B ) J 7

(7 0 0 O (e}
This is a double quintuple integral, and by referring to the Compounding of the velocity-potentials for
| I srat, 3 8 1 g Y-P

two wave-centres, like a Sun and planet, planet
and satellite, or a binary star,

equations (122} or (125) above we see that (127) corresponds
to a single non-nuple integral in the original form of these
cquations, beeause the disturbances must be conceived to ! The velocity-potential for a single centre of disturbance
procced from ecach atom of the mass, has the form:

)y e 27
7 = F Y j‘(r 72 sind dr dd de . (128)

00 o0,

= 's 'HO' ‘j‘f (A+BIOV=T .y, (55,0 dEdydldidpdr. (129)

It is C\'ldont that for two such centres, the waves of which

Now in the physical universe, such independent gra- : . 3
mutually interpenctrate, the velocity-potentials would be of

vitational waves must be imagined to proceed from the several
atoms of all bodies whatsoever, just as light waves do from  the types

cach atom of the self-luminous gases of the stars. Accordingly, h=20(x, 56 D=2 ,21) (130)
such integration has to be extended to the waves from all
masses severally; and as there is an infinitude of bodics, the
result is an integral infinitely repeated, or an infinite integral,
though the value of the disturbance remains finite at every For it 1s clear physically and geometrically that ¢ is
point of space. . common to both expressions, while the coordinates (x, y, 2)

30

or M= (x+atcosd, y+alsind sinm, z+assind cosm,?)
(=0 (& +atcosd, ¥y +artsind sinm, 2" +arsind cosm, z).
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and A’ 2} are different in the two wave-fields, owing to ‘ D=, v, 5,0 [T+ 22, ", 2, )] =D (1 + @) (131)
the different origins of the disturbances, at points p and p. Likewise, for the secondary wave centre,
Therefore, as ¢ is stimultancous, the two equations for the D=2 [T+ 2 (x5, )] =@ <1+G)) (132)

scparate velocity-potentials are connected by o relation tor |

denoting the double wave-fickds which interpenctrate:

o - H’ff\ff SAFBEOT =1 v S AEdy dSAD s

_—

the integration to be extended over
the coordinates

7 S G Ay A
. j’fﬂ:i .Y”

the two fields one after the other,
and their simultancous changes incident to the double interpenctration of the waves.

The integral form for the ve oc1t§ potentlal in a double
ave-ficld thus becomes:

+ 00

Lo (80,00 AE Ay A dV dpd dit) (133)

which double sextuple integration will include all

If the centre of disturbance be of finite dimensions included within o surface of sensible dimensions, (» 4, « we

must moreover extend the integration for

fs rfrfrr(; \mé(wd,”] (AvBhoy -

)

r 2.; -

e fS 1)

O 00
so that we should have
of the masses 27 and »':

5

]

/)/:[
ol
0«

= 2%
r ‘ agdrerdd-r sind dw
3y

which, by Pozssen’s reduction, mayv he tansformed into o
double quintuple integral

Tt thus appears that the wave-field about cven two
bodies ix highly complex. The compleation scems Tess
formudable, however, it we recall that cach contre of disturbanee
sends out the spherical waves: ()= 0 v oand oy

O

-2 WV s

'S0 that under the inte rpe netration of these waves

we get as above, when 7 0s common to both fields:
, 2 N AN |
=0 \J,L,/\ O G L 31 )

£130)

I

Q7 (! SO+ 20 5 00

This (-,\])rcssi(m holds true rigorously only for unique
point-wave commotions, which must he extended by integration
to all the matter in cach of the
waves are to he

if the whole of the
mvestigation,

two stars,

mcluded m our

The compound velocity-potential D or O naturally corres-
ponds to the composition of stresses with resulting forces in the
acther These forees are indicated in the ac-
companving diagram  Plate VIE by the geometrical compo-
sttion shown i the outer part, and by the visible stretching and
distortion of the surfaces between the stars, and the erowding
together of the surfaces in the regions of Increased
bevond them, on the extremities of the

r about the two stars,

pressure
~ horizontal axis,
The equipotential surfaces here shown were first given
in Zhomson and Tait's Treatisc on Natural Philosophy, 1
edition, 1873, They are drawn from Vezzon's law of gravi-
tation, treated simply as a fact, without regard to the cause
underlying that force. Yet the fact that the vectorial stresses
in the acther are geometrically compoundable, so as 1o give
these distorted surfaces, points incontestably to the
theory of gravitation. In rcceding from cach of the stars,
the necessarily would  react towards those centres,
with forces proportional to the masses, into the square of the

wave-

WAVes

"
. ‘ ( o Ayt dd s sind’ de’

“amplitude of the waves, as shown by

the volume of the vibrating matter

Ve (B, O dE iy A8 AL e doe

S‘ffffo‘ #2dr A8 dw'] e Clremioyp—r, Sy TE O

a double non-nuple integral of the above form,

A dy Ay da" dp” dv'} (134

from extending the integration to the clements

(133)

Laplace’s definttion of

the potential, 1582
\ [IPERVAS VH} [la—a) 4 (=102 +(c—2)2]" o da dv oz
which seids the foree:

¢! er RVAR

I the case of the resultant foree A is not
directed towards either body, except at the ends of the longer
axis of the hgure, where thc directions of the forces coincide
with the line connecting the bodics.  In all other points &
points between the masses, as shown by the vectors,

"odedrds,

two stars,

as 2eo-

metrically compounded in the diagram. Plate VI,
¥
15. Some Geometrical and Physical Grounds
for holding that the Wave-Theory represents the
True Order of Nature.

First: we point out that the law of the inverse squares
the aravitational waves of cach body at all points
and therefore m geometrical composition wherever
these waves mutually interpenetrate.,

for the cross section of the wave motion
at the surfaces .S and s, already discussed above, mayv vield
us i more general inference which is of such high importance
as to be worthy of the careful attention of geometers.

holds {or
of space,

The lustration

. We sce that the cross section of the amplitude of
any wave whatever, at distances £ and », & being the solar
radius, or any convenient multiple thereof, and » any larger
planctary distance, follows the Lm s= S(/{/r)z whatever be
the distances separating the wave surfaces in free space.
Accordingly the waves from every centre conform to this
law of the inverse squares, which holds rigorously true through-
out the universe of free acther.
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2. Now let us imagine waves mutually interpenctrating
from, say, opposite dircctions: then it is cvident, from this
rigorous geometrical law of wave-expansion, that as ecach
wave will separately follow the law, the resultant of the
combinations of wave motions throughout space, likewise
will conform to the laws of wave expansion from the separate
centres, ,

3. The waves are everywhere mutually in combination,
according to the law of the inverse squares. The geometrical !
components, yielding the two vector magnitudes, representing
the forces divected to the two bodies s and 2" are of the type:

SRt = B [ (137)

= el fer=

Son (](?I'HUIHIHCI‘
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Sl el ey

= [f f ey

(139) |

A P (=T e Ay ds

And the geometrical composition  follows the law
(cf. AN 5140, p. 1035):
. 5140, p 5)
P2 (B |12 - (2m |7 B2 4 2B 1% (2 7' ?) cos y (130)

cosy=(va’ 413 4255y

which is illustrated above, in the foregoing ficure, Plate VII,
% being the angle hetween the radii vectores drawn from /°
to the two stars.

4. The geametrical composition just described is known
to take place with rigorous accuracy. The equipotential |
surfaces computed  from the law of gravitation by Tord
Aelvin, 1873, and minutely verified by the law of vector-
composition, shows the coincidence of these two results at
all points of space.  This coincidence is an overwhelming |
argument for the wave-theory of gravitation.

The wave-theory, and no other theory whatever, will
explain the perfeet coincidence of the surfaces above deduced
from the law of gravitation, (without regard to the cause
involved), with the surfaces which would result from the law
of vector composition.  Under the wave-theory here set forth,
as the physical cause of universal gravitation, this coincidence
is perfect throughout all space, the extent of which is:

BREe VENINC S

S= "‘ .r r dv dv ds=80? .

~ NN — G

SO

(A).. . (140)

And therefore this verified triply extended concordance
at cvery point of space, an infinity of the third order to one,
is the chance that the wave-theory represents the true order
of nature, compared to any other theory which might be
suggested.

Second: Inview of the geometrical foundations already
explained as pointing unmistakably to the wave-theory, it
only remains to assign some physical grounds why the theory
of waves in the acther is especially suited for explaining the
tremendous forces operating to bind together the heavenly
bodics, by an unscen mechanism, which holds the comets,
satellites, planets and stars in their orbits.

(4 These stupendous forces are equivalent to the tensile
strength of millions of immense cables of the strongest steel, |
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To pull the Moon daily about our Earth requires the exertion
of the full power of 5000000000000 cables of steel a foot in
diameter, when each square inch of it would lift 30 tons.
And to hold our Iarth in its orbit, there would have to be an
11-inch cable of such steel on cach square foot of a cross
section of our globe, —— thus practically covering our Earth
over solid with such a tightly crowded forest of steel cables —
all stretched to the limit of their tensile strength!

(b} Now onc of the most remarkable facts known to
us s that although we sce the physical world by means of
the aether waves entering our eyes, yet the acther itself is
perfeetly invisible. The medium pulling between the planets
is less visible to mortal sight than spider webs stretched
across the planetary spaces!  That could hold true only if
the acther were enormously elastic, capable of renewing its
stresses instantly, and yet so superfine that its waves penetrate
the heavenly bodies, without resisting their orbital motions.
And the acther is shown to have these properties! This
renders 1t wholly invisible and also non-disruptible by any
forces to which it may be subjected under the attraction of the
giant masses of the stars.

(cr The clasticity of the aether is 689321600000 times
greater than that of air in proportion to its density. We notice
that cven the sluggish air is not casily disrupted, since to start
violent waves in it we require the action of a high explosive.
In view of this cnormous clasticity it is therefore almost
infinitely more difficult to start violent waves in the acther
than in our air.  But, on the other hand, when waves once
exist in the acther thev cannot be destroyed, since no finer
medium underlies the acther. The waves may be transformed
and renewed, in this wave medium, yet they travel incessantly,
as Lourier says of radiant heat, and thereby are always
generating and sustaining the forces observed to be at work
in nature,

(d) The velocity of the wave-motion in free space 1s
3ooooo km per second, and that of the aetherons 1.57 V
=471239 Km, or 294000 miles.  With this enormous speed
of the actheron we sce that the acther always maintains itself
in a state of kinctic cquilibrium. The medium cannot be
disrupted, owing to the cnormous velocity of the aetherons.
If the medium were really displaced, it would restore itself
in a millionth of a second, and yet such an adjustment would
be wholly invisible.  In the case of lightning discharge,
which represents the release of accumulated wave stresses
on rain drops, when their size is growing, the jarring of the
Larth indicates how truly the acther is in commotion through-
out our physical world.

(e) Moreover, the high velocity of the actherons above
mentioned renders the acther non-resisting to the planets and
similar uniformly moving bodies. But as the planets have
wave-ficlds about them, which are carried along in their
orbital motion, there arises a readjustment of the wave-ficld
when the velocity changes, and this readjustment of the
motion thus gives risc to inertia, and momentum. The inertia

“of a body is duc to the adaptation of the wave-ficld about

it to the new state of motion: and the momentum of a body

s due to the adaptation of the wave-field of a moving body

to a state of rest.
30"



455

Yrom the time of ANewrson it has been difficult for
philosophers to explain the inertia and momentum of bodies.
In his day Newzon took these laws as facts, without assigning
any cxplanation of such phenomena, — probably because
he could not malke out clearly the mode of operation underlying
inertia and momentum; just as he made no hypotheses
regarding the cause of gravitation, because he could not
discover the processes underlying this chief foree of nature.

(f) From the definition by Zaplace, 1782, of what is
now . called the potential:

"= jl/r' dA7 = .S’,Y.YK” — 2 (b= (e —5)7) “egdvdyds

we have an integral for the whole mass of a body, divided
by the distance of cach particle from a fixed point {a, b, ¢).
Accordingly the triple integral of the potential is really a
summation of the stresses due to the amplitudes of the waves
from all the particles.  For the law of amplitude, A =klr,
applied to each atom at its appropriate distance, gives the
above triple integration as extended to the whole mass.

() And in proportion ax the total mass mereases, the
accumulated wave stress also increases, when the distance »
from the attracted point iz constant.  Henee the potential
or accumulated wave stross of fixed amplitude is proportional
to the mass dircctly.  And at different distances we see from
the same formula that the potential or accumulated wave
stress varies as the distance inversely, which 1s a proof that
the amplitude of the wave is the other chief variable factor.

This analvsis proves definitely that the potential is
nothing but an expression for the wave stress appropriate
to the mass and inverse distance, or amplitude. The potential
is therefore umiquely identified as an integration for the
stresses duc to superposed waves.  The true nature of the
potential as an integration for the wave-stress depending on
the mass for the number of the waves superposed, and on
the amplitudes for inverse distances, is thus made clear and
1)(‘)‘(”](1 (\()ntl'()\'(,‘r.\"\'.

‘hy However great a body may become the acther
about it can take on a fow more vibrations, as thc muass 1s
correspondingly increased: and thus with the inerease of the
mass, the potential augments, and the force of gravitation
augments correspondingly, according to the luw of the square
of the amplitude. This superposition of waves increases the
stress, proportionally to the mass: and as the acther 15
highly eclastic kinetic medium. it cannot be disrupted by the
however great he

attractions of the heavenhy bodies,

mav
their masses.

(i Accordingly it is gratifying to know that without
the slightest danger of disruption, the acther can support
any force arising in nature. This is one of the chief problems
to he overcome in solving the problem of the cause of universal
gravitation.

Therefore since the physical grounds assigned for the
wave-theory, from the New Theory of the Acther, are in
cvery way as probable as the geometrical grounds, and such
waves are cverywhere observed in nature, we conclude that
the wave-theory assigns the true cause of universal gravitation.
No other theory is admissible, when the wave-theory is proved
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by an accumulated probability, section 24, not less than
@ =o0!" to onc!

In conclusion it only remains to add a final word in
support of the wave-theory and of Sir Zsaac Newton’s geo-
metrical methods, which lie at the basis of the Principia.
Newlton used geometrical methods, because the
gravitational forees are dirccted magnitudes, corresponding
to the wave-theory; and such forces have to be compounded
geometrically, — by completing the parallelogram of forces,
and thereby  finding the magnitude and direction of the
disturbing foree.

alwavs

1. Thus the whole of Newfon’s geometrical method in
the Principia is an incomparable argument by that great
geometer, for the wave-theory of gravitation.

2. To overthrow the wave-theory, thus unconsciously
supported by New/on, throughout the Principia, by the most
masterlv geometrical methods, it would in fact be necessary
to overthrow the Principia, the highest development in the
physical sciences, which Zaplace justly declared will always
have an interest surpassing that of any other achievement
of the human ntellect.

3. Such is the incomparable, though hitherto unsuspec-
ted, strength of the wave-theory of universal gravitation,
shown in this paper to have a probability in its favor of more
than ' to 1, compared to any other theory which could
be conceived, and therefore it is incontestably established as
the law of nature.

16. Investigationof an Infinite Integralarising
in the Theory of the Aether as applicd to the Stars

of the Sidereal Universe.

The theory of the mutual attractions of the heavenly
bodies. under the Newtonian law of universal gravitation,
to many notable advances, not only in the sublime
ceienee of celestinl mechanices, but also in the theory of dif-
ferentinl equations and other important domains of higher
analvsix. Thus the mathematical requirements of astronomy
have enriched geometry; and in turn the Improvements in
the processes of pure analysis have made possible those
penetrating physical rescarches, on the mutual actions of the
heavenly bodies, which justly rank the recondite theories of
celestial mechanics among the most impressive monuments
of the human intellect. The rigorous development of the theory
of universal gravitation by Newton and Euler, Lagrange and
Laplace, Gawss and Hansen, Leverrier and Newcomb, Adams
and  Darwin, 1770 and  Poincaréd, make the creations of
celestial mechanies the wonder of succeeding ages!

Turs Ted

In the course of this historic development it is remarked
that the analvtical processes brought to light, and at length
perfected are of extreme generality, and well adapted to the
solution of the problems presented by the solar system. It is
true that the general problem of three bodies remains insoluble,
owing to the existence of infinite series of solutions for different
dynamical conditions: yet the methods developed by Newzon,
Luler, Lagrange and their successors, apply to the double,
triple, and multiple stars, and even give indications of solutions
for sidereal systems of higher order, such as the globular
clusters observed in the Milky Way and other portions of
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the immensity of space (cf. Dynamical Theory of the Globular
Clusters, cte., Proc. Am. Phil. Soc., 1912).

Notwithstanding this brilliant development and its wide
applicability to the systems of the sidercal universe, an extension
of method has become necessary, in dealing with the cause
of universal gravitation, under the wave-theory of physical
forces, where we have to avail ourselves of the partial dif-
ferential equations, and the processes of integration discovered
by Fowurier and Poisson.

The need has thus avisen for an investigation of the
existence of an infinite integral encountered in the Theory
of the Acther which heretofore has received but shight
attention from gcometers.

It turns out, however, that the processes of approximation
met with universally in the integrations of the New Theory
of the Acther are somewhat known, in a much more restricted
form, in the development of the planctary and lunar theory,
and many other branches of mathematical and physical
science.  We shall therefore study several of these carlier
processes in sufficient detail to enable us to unfold by analogy
the newer extension of analvsis in the higher order of develop-
ment required in the Kinetic Theory of the Aether.

[t s only by such an anadvsis of the great historie
processes of dynamics that we may hope to lend continuity
to the successive steps in astronomy and mathematical analvsis,
And even then a few examples must serve for the various
methods of approximation, which may be attained by manv
processes, and thus are as limitless as the literature of mathe-
matical and physical science.
of

1. As shown above, the sextuple integrals the

Fourier-Poisson differential equation,
EEDEL = DA D[t 4 D)5

D=y vzt =0 ‘v

(141)

z) /=0

)

may be reduced to the double integrals ohtained by Poisson
(AN 5130, p. 286, . 13).

For brevity, however, we adhere to the standard sextuple
form (AN 5048, p. 166, ¢q. 46,

D =0Q{x 7y 2 I8

+ o0

:'fff‘f’f’i‘ ol Bhng = Un (&, OdEdy AL da dpdi {142)
—_

and thus avoid the longer form of the double quintuple
integral under Possson’s reduction, or the unreduced non-
nuple imtegral which results when we extend the integration
for the vélume and density (AN 5130, 1. 283, cq. T4), SO as
to include the wiaves from cach atom of matter.  Thus we
treat the stars as points, —— great centres of disturbanece,
with waves procecding therefrom under the form 0 = O (v, 1,2.70)
defined by the above sextuple integral.

Any other star will send out waves independent of the
first, and thus the series of velocity-potentials will be in-
definitely increased

D, D @y

PO, =0

2. In the Principia, 1686, (Lib. TI1, prop. V1) Aeavon
shows clearly, when treating of the motion of the Moon and
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of the satellites of Jupiter and Saturn, that the attractive
force of the Sun or of any planet penetrates right through

- the sphere of attraction of any other body: and that their -

several attractions must be calculated independently and then
compounded, to get the forces at work on the satellites, comets,
or other bodies.

This is as if the forces depended on waves or impulses
in the acther, which was the opinion held by Newzon for the
last go years of his life, (1677-1727), as clearly appears by
Haclaurin's statement that he ecarly held this view, in his
correspondence with - Bovle, 1678, (MacLaurin’s Account
of the Philosophical Discoverics of Sir Zsaac Newton, 1.ondon,
1748, poara),

Inthe General Scholium to the Principia, 1713, Newton’s
mature opinion is expressed as follows:

»Hitherto we have explained the phenomena of the
heavens and of our sca by the power of gravity, but have not

yet assigned the cause of this power. This is certain, that it

must proceed from a cause that penetrates to the very centres
of the sun and planets, without suffering the least diminution
of its force; that operates not according to the quantity of
the surfaces of the particles upon which it acts ( as mechanical
causes use to do), but according to the quantity of the solid
matter which they contain, and propagates its virtue on all
sides to immense distances, decreasing always in the duplicate
proportion of the distances.  Gravitation towards the sun ix
made up out of the gravitations towards the several particles
of which the body of the sun is composed; and in receding
from the sun decreases accurately in the duplicate proportion
of the distances as far ax the orb of Saturn, as evidently

~appears from the quicscence of the aphelia of the plancts;

nay, and even to the remotest aphelia of the comets, if those
apheliae arve also quiescent.  But hitherto T have not been
able to discover the cause of these properties of gravity from

phenomeni, and 1 frame no hypotheses.«
3o Accordinglv, at that - Nezwton  expressly
emphasizes the penetrating power of gravitation: »This is

dppears

Ccertam, that it must proceed from a cause that penetrates

to the very centres of the sun and planets, without suffering
the least diminution of its force.« Thus he recognized not
only that the action of one body would penetrate the sphere

P of action of another, but that gravitation is cven transmitted

through solid masses like the Sun, Earth, Jupiter and Saturn,
without sensible diminution of its force, — otherwise con-
siderable 1rregularities would be introduced into the motions
of the satellites when immersed in the shadows of their primary
planets.

How Newrson conceived the aether, in which he held

that the gravitational impulses are transmitted, is shown by
the letter to Aovies Feb. 28, 1678—1659:
And, hirst, 1T suppose that there is diffused through
all places an acthereal substance, capable of contraction or
dilatation, strongly elastic; and, in a word, much lke air in
all respeets, but far more subtile.«

»2. I suppose this acther pervades all gross bodies, but
vet 5o as to stand rarer in their pores than in free spaces;
and so much the rarer, as their pores are less.«  (Newion's
Opera, edition Horselev, vol. IV, 1782, pp. 385-386).
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