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PREFACE TO VOLUME 3 

THIS is the third of three volumes intended to cover the electromagnetism 
and potential theory usually included in an undergraduate's course of study. 
These books are intended only as an introduction to electromagnetism and 
have been prompted by discussion with first-, second- and third-year under­
graduates. 

The general scheme of the volumes is to start with the simple case of 
steady fields and to develop the appropriate generalizations when this 
constraint is relaxed. Thus, in the first volume we started with the fields 
associated with stationary charges and relaxed the stationary condition to 
allow consideration of the flow of steady currents in closed circuits. 

In the first volume we considered the experimental results which require 
mathematical explanation and discussion, in particular those referring to 
phenomena which suggest that the simple Newtonian concepts of space 
and time are not fully valid. Then we considered steady state fields and dealt 
next with electrostatics including dielectrics, energy theorems, uniqueness 
theorems, and ended that volume with a chapter on the steady flow of 
electric currents. SI units were used throughout, although the older systems 
were briefly mentioned. 

In the second volume we first of all considered the magnetic field of steady 
currents—magnetostatics. This was followed by a chapter on the methods 
of solving potential problems drawn from electrostatics, magnetism, current 
flow and gravitation. Relaxing the constraint of stationary steady currents, 
we were led to consider electromagnetic induction when the current strengths 
in closed circuits vary or when the circuits move. This led to the necessity 
of considering the breakdown of Newtonian ideas and the introduction of 
special relativity. When we further relaxed the contraint of closed circuits 
and considered the motion of charges we were led to introduce the displace­
ment current because of the relativistic theory already set up, and so were 
led to Maxwell's equations. 

In this third volume we consider the implications of Maxwell's equations, 
such as electromagnetic radiation in simple cases, and deal further with 

vii 
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the relation between Maxwell's equations and the Lorentz transforma­
tion. 

We assume that the readers are conversant with the basic ideas of vector 
analysis, including vector integral theorems. 

Our thanks are due to the University of Oxford, to the Syndics of the 
Cambridge University Press and to the Senate of the University of London 
for permission to use questions set in their various examinations. 



CHAPTER 11 

ELECTROMAGNETIC WAVES 

11.1 Plane electromagnetic waves 

We have shown earlier, pp. 419-420 of Volume 2, that the various field 
vectors and potentials of Maxwell's theory each satisfy a wave equation. 
The general solution of the wave equation is of little practical value; parti­
cular solutions are much more important and contribute a great deal to our 
understanding of certain physical phenomena. One simple solution of 
Maxwell's equations corresponds to a plane wave; its importance stems 
from the fact that complicated fields can be constructed from plane wave 
solutions by application of Fourier's theorem. Further, a plane wave can be 
produced experimentally to a fair degree of accuracy in the shape of a 
parallel beam of light. 

For a plane-wave solution we seek a solution of Maxwell's equations in 
which the field quantities depend upon distance along the direction of pro­
pagation of the beam, and upon the time, but are uniform in directions ac­
ross the beam. We choose the direction of the frame of reference so that the 
x-axis gives the direction of propagation of the beam, and consider only free 
space in which there is no charge or current density. With these restrictions 
Maxwell's equations reduce to eight component equations as follows, and 
all quantities depend, in general, only on x and t. 

dDx dEx divD = ρ = 0; 

div£ = 0; 

ot 

UJSx 

dx 

dEz 

dx 

dx 

dx 

dt 

dt 

(11.1) 

(11-2) 

(11.3) 

(11-4) 

441 
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dEy , dBz 

curl H- dt = 0; 

1 dBz 

μο 3x 

1 dBy 

μο dx 

δ°Ί3Γ 
dEy 

dEz 

= o, 

= 0, 

= 0. 

,x+~W = 0' < 1 L 5 > 

(11.6) 

(H.7) 

(11.8) 

Equations (11.1) and (11.6), (11.2) and (11.3) show that both Ex, Bx are 
independent of x and of /. This means that they must be constants. Since we 
are primarily interested in varying fields we take these constants to be zero. 
The remaining components By9 B2, Ey, Ez all satisfy the wave equation 

dx2 c2 dt2' 

where ε0μο = 1/c2. The general solution of this equation is 

f(x91) = F(x-ct) + G{x+ci) 

where F and G are arbitrary functions of a single argument. The term F(x—ct) 
corresponds to a wave travelling in the positive x-direction with speed c, 
and G(x+ct) to another wave travelling in the negative x-direction also with 
speed c. In our discussion of the propagation of a wave we consider, without 
loss of generality, only one of these terms. 

We see that eqns. (11.4), (11.8) relate E2, By and that eqns. (11.5), (11.7) 
relate Ey9 Bz, one pair being independent of the other pair. Hence we write 
forB, 

Bx = 0, By^F^x-ct), B2 = F2(x-ct); (11.9) 

and obtain for E, 

Ex = 0, Ey = cF2{x-ct\ Ez = -cF^x-ct). (11.10) 

These results show 

(i) that both fields are perpendicular to the direction of propagation, i.e. 
the waves are transverse·; and 

(ii) that ixE = cB. This latter relation shows thatf-, B and the direction 
of propagation, i, form a right-handed set of mutually perpendicular 
directions. 
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The most important case of the plane-wave solution is the harmonic plane 
wave. This is one in which the time variation of all the field quantities is a 
simple harmonic variation with frequency ω/(2π) and corresponds to 

Fi(x—ct) = acos(cot—ωχ/c+a), (H-H) 

where a is a phase angle (constant). The wavelength λ is given by λ = 2πε/ω, 
and the wave number is k = ω/c — 2π/λ. The most convenient method of 
handling these harmonically varying quantities is to use complex exponen­
tials (see § 9.7, Vol. 2) so that the time variation is given by the factor elait, 
which can in most cases be removed by cancellation on both sides of an 
equation. Using this method we take 

By = Ael«*-kx\ Bz = Bel«*-kx> (Π.12) 
so that 

Ey = cB&<*"-k*\ Ez=- cAe^*-^, (11.13) 

where A, B are (constant) complex numbers whose arguments give the phase 
constant a, and whose moduli give the amplitude of the oscillations. The 
basis of this method is that physical values are given by the real parts of the 
complex expressions (sometimes by the imaginary parts); its main advantage 
lies in the fact that differentiation w.r. to the time (d/dt) can be replaced by 
multiplication by ico, and differentiation with respect to the space coordinate 
(d/dx) is replaced by multiplication by — ik. 

The solution given by (11.12), (11.13) corresponds to (mutually ortho­
gonal) vectors E, B at any point which change their magnitude and direction 
with time. If we imagine the vector B (or E) as a directed segment of a line 
drawn from the point, then (11.12) and (11.13) imply that the end of the 
vector traces out an ellipse. This wave is therefore said to be elliptically 
polarized. 

Since we are considering physical values the real parts are, for By and Bz> 

By = a cos (cot—kx+<x), Bz = bcos(cot—kx+ß). 

We solve these two equations for cos (cot—kx) and sin (oot—kx) and obtain 

cos (cot—kx) sin (cot—kx) 1 
aBz sin oc — bBy sin ß ~ aBz cos <x — bBy cos ß ~ ab sin (α—β) ' 

Hence 
(aBz sin oc-bBy sin ß)2+(aBz cos oc-bBy cos ß)2 = a2b2 sin2 (a-/?), 

i.e. b2B2y-2abByB2 cos (oc-ß) + a2B2
z = a2b2 sin2 (a-/S). 
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This relation implies that the end of the vector B traces out an ellipse (see 
Fig. 11.1a). 
(In all these cases illustrated in Fig. 11.1 the direction of propagation of the 
wave is towards the reader.) The special cases are illustrated in the figure 
as follows: 

Figure 11.1 (b) (i). In this case a — b, ß = oc+n/2. The ellipse becomes a 
circle which is traced out as indicated. Such a wave is circularly polarized 
in the right-hand sense. 

/ 

Bz 

By 

(a) (b) (c) 
FIG. 11.1 

Figure 11.1 (b) (ii). In this case a = b, ß = α— π/2. The ellipse is a circle 
traced out in the opposite sense; this wave has left-hand circular polarization. 

Figure 11.1 (c). In this case the arguments of both A and B are equal and 
the ellipse degenerates to a straight line. This wave is a plane-polarized wave, 
the orientation of the plane being given by the angle a. 

11.2 Reflection and transmission: normal incidence 

Light is reflected from the smooth surface of a sheet of metal; at the sur­
face of glass, water, or other transparent media, some of the incident light is 
reflected and some is transmitted—after refraction at the surface—if the 
light is incident obliquely on the surface. These general phenomena are 
familiar in daily experience and the laws governing the directions of the rays 
are well known in elementary physics: 

reflection: θ' = Θ; 
refraction: n sin 0" = sin Θ (Snell's law), 

where n is the refractive index of the (optically dense) medium occupying 
the region below the surface as illustrated in Fig. 11.2. Also, all three rays 
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Incident \ 
ray \ X " ~ X / l R e f l e c t e d 

QX ray 

l Refracted ray 1 
Θ " 

FIG. 11.2 

and the normal lie in one plane—the plane of incidence. The special ease we 
consider in this section is that of normal incidence in which Θ = 0A = 0" = 0. 

We give an account of these phenomena in terms of Maxwell's theory and 
the conditions which must apply at the surface of discontinuity separating 
the two regions. We assume that the permittivity of the upper region 
(x > 0) is ε0 (i.e. the medium is a vacuum or a gas such as air) and that the 
permittivity of the lower region (x < 0) is Κε0, where K is the dielectric 
constant of the optically denser medium. We take the magnetic permeabilities 
to be μο for both x > 0 and x < 0, and assume that there is no charge or 
current on the surface of separation, Fig. 11.3. 

To discuss the process of reflection and refraction we assume an expression 
obtained from eqns. (11.12) and (11.13) for a plane harmonic wave, and 
take one such expression for each of the incident, reflected and refracted 

Incident 
wave 

Refracted 
wave 

1 

Reflected 
wave 

FIG. 
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waves. For the incident wave we take 

B = {0 0 fte^'***)}, (11.14) 
£ = { 0 -cW<*'+**> 0}. (11.15) 

Here we have altered the sign of c, compared with (11.12) and (11.13), 
because this wave is moving in the negative x-direction and we have chosen 
the z-direction to coincide with the vector B. We also have the relation 

c = colk (11.16) 
for the velocity. 

Similarly, for the reflected wave we take 

B' = {0 b'% b3 }β*°''-*'*>, 
E' = {0 cb'3 -cb'2)eW-k'xK 

ere we must have 
c = co'/k'. 

For the refracted wave we take 

B" = {0 b'2' b3}e^"'+k"x\ 
E" = {0-vb'3' vb'2'}^°>"'+k"x\ 

(11.17) 
(11.18) 

(11.19) 

(11.20) 
(11.21) 

Here v is the velocity of propagation of the wave in the optically dense 
medium given by 

μο^ο^ = l/v2, v = ω"'/k"9 

i.e. v = a>"/k" = c/y/K. (11.22) 

We know from the previous section that these expressions satisfy Maxwell's 
equations in the various regions. The resultant fields are 

B+ = B+B', E+ = E+E\ for x > 0; 
£_ = B\ E- = E", for x < 0. ( ' } 

At the surface of discontinuity the unit vector normal to the surface is /, 
and so the field vectors in (11.23) satisfy the four conditions 

f .(Ä+-Ä_) = 0, ιχ(Β+-Β_)Ιμ0 = 0, (11.24, 25) 
ί.(ε0Ε+-Κ0ε0Ε) = 0, ι χ ( Ε + - ^ _ ) = 0. (11.26, 27) 

We now have to find the various quantities b'2, b's'9 ω', ω", etc., in eqns. 
(11.17), (11.18), (11.19), (11.20), (11.21) so that the boundary conditions are 
satisfied at all times. 
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First we notice that, since x = 0 on the boundary, the field vectors are 
constant there except for the time factors ela>', eiö/', elw"'. Because the boundary 
conditions must apply for all, arbitrary, values of t, the time factors must be 
identical, so that 

ω = ω ' = ω " . (11.28) 

We deduce from this that incidence on the surface does not alter the fre­
quency of the wave. 

We now substitute the vectors into (11.24)—(11.27) and obtain the follow­
ing results. 

(11.24): 
(11.25): three component equations, 

(11.26): 
(11.27): three component equations 

0 = 0. 
0 = 0, 

-b-b'3+b'z' = 0, 
b'2-b'2' = 0. 

0 = 0, 
0 = 0 

cb'2-vb'2' = 0. 
-cb+cb'3+vb'z' = 0 . 

(11.29) 
(11.30) 

(11.31) 
(11.32) 

These give the results 
K = b'z = 0, 

Κ=°-^^ bf
3
f = -^-b. (11.33) 

c+v v+c ' 
This last result can be expressed in alternative forms 

VK-l n - l 
b»ssVK+ibssH+lb' 
„ 2Λ/Κ In 

b* =^Kr\b = -nT\b> 

(11.34) 

(where we have used the result n2 = K, which we derive later, for the refractive 
index). The expressions in (11.34) give the amplitudes of the reflected and 
refracted waves in terms of the amplitude of the incident wave. 

The Poynting vector EXH gives the density of energy flow corresponding 
to a given field; when we use the complex notation we can obtain the mean 
value of this flow as the real part of the expression \ExH* (see Vol. 2, 
p. 406) and evaluate the energy carried by the incident, reflected and re-
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fracted rays. (Here the star * denotes complex conjugate.) The densities are 

incident cfe2/(2^o) = /, 

reflected α?/(2μ0) = ~~~ I, (11.35) 

1 An2 

refracted νο^2/(2μ0) n (n+1)2 

in the appropriate direction along the x-axis. The mean energy flow on the 
positive side of the surface of separation (x > 0) is Re (\E+ X//+) , where 

^E+xH% = ~E+xB*+ = ^-(E+E')x(B*+B'*). 
2 Ζμο ^μο 

We substitute the expressions (11.15-18) for the field vectors, remembering 
that b'2 = 0, and obtain 

~E+xH% =^(-beikx+b'3e~ikx)(be-ikx+b3*eikx){l 0 0}. 
2 2μο 

The coefficient of the unit vector {1 0 0} is 

^ { - * 2 + ^ * + i ( i 5 e - ^ - ^ e2i**)}. (11.35a) 
Ζμο 

To obtain the energy flow we need the real part of this, which is (taking b to 
be real) 

Hence the energy transported toward the surface is that of the incident ray, 
from the term — b2, and away from the surface is that of the reflected ray. 
The remainder of (11.35a) is imaginary and makes no contribution to the 
energy flow. Since E_ = E", B_ = B" for x < 0, the energy transported 
away from the surface into the medium is that in the refracted ray. We see 
from eqn. (11.35) that the sum of the reflected and refracted energies is equal 
to the incident energy. A reflection coefficient R and a transmission coefficient 
T can be defined as the ratio of the corresponding energy to the incident 
energy and have the values 

R = ( ι ,-Ι)» T = 4H 
(«+1)2' (n+lf 
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Example 1. The field vectors of a train of plane-polarized electromagnetic waves, 

travelling in vacuo are given at the point (x, y, z) by 

Prove that 
E = E0 cos κ(ζ—et), B = B0 cos κ(ζ - et). 

kXE0 = cB0, c(BXk) = E0. 

If such a train of waves is incident normally on a perfectly conducting plane z = 0, 
show that the density of the induced surface current is 

(2/μ0) (B0Xk) cos κα 

and prove that the average pressure on the plane is 2Βο/μ0. 
First we find the relations satisfied by E0, B0 in order that the expressions given satisfy 

Maxwell's equations. We consider the equations in succession: 

div E = 0; div E — E0 «grad cos κ(ζ -et) = - (E0 ·Κ)κ sin κ(ζ - et) = 0. 
Therefore 

E0.k = 0, 

Similarly the equation div B = 0 implies that 

B0.k = 0. 
c)B curl E+ -=— = 0; curl E = -E0x grad cos κ(ζ - et) = (E0 x Κ)κ sin κ{ζ - et), 

Therefore 

9 * n . / 
-̂ — = cκB0 sin κ(ζ — et). 

E0xk+cB0 = 0, i.e. kxE0 = cBG 

(1> 

(2) 

(3) 

curl H dD 
dt 

= 0; curl H = -(Β0/μ0) x grad cos κ(ζ-c/) = μ~1(Β0 χ Α)κ sin x(z-c0 

8/ cxe0EQ sin κ(ζ — c/). 

B0xk = μ0ε0εΕ0, i.e. c(J?0 X Λ) = J?0> (4) Therefore 
since ^0

εο — V^2· 
Because the metal is a perfect conductor there can be no fields on the side z < 0 of the 

surface, when the wave is incident from the side z > 0. We assume the presence of a 
reflected ray, but no refracted ray, Fig. 11.4. The charge and current distributions on the 
metal are such as to "screen" the region in the metal from all fields. 

We use the forms used in the first half of the question and write: 

Incident ray: E = E0 cos κ(ζ+ et), B — -B0 cos κ(ζ+α); 
Reflected ray: Ε' = Ε'ύ cos κ(ζ - et), Β' = B'0 cos κ(ζ — et). 

EET 3-2 

Reflected 
ray 

Incident 
ray 

MmmmM^MMMMmr, 
B = 0 E=0 

FIG. 11.4 
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The minus sign occurs in the incident ray since it is travelling in the negative direction 
of the z-axis. Consequently the relations (3) and (4) become 

Incident ray: kXE0 = cB0, c(kXB0) =-E0; (3a) 

Reflected ray: kXE0 = cB& c(kXB'0) = -E'0. (4a) 

The boundary conditions take the form, for z = 0, 

k*(e0E+e0E') = σ, kX(E+E') = 0, k*(B+B) = 0, kX(B+B')fa0 = AT, 

where σ, Κ are the surface charge and surface current densities. When we put z — 0, 
these conditions reduce to 

k.{E0 + Eo) cos xct = σ/ε0, (5) kX(EQ + E'0) = 0, (6) 

k.(-B0 + B'0) = 0, (7) kX(-B0 + B'0) cosκα = μ0Κ (8) 

In eqn. (6) we use the relations (3a) and (4a) so that 

cB0+cB'0 = 0, i.e. B0 = -B0. 

We can therefore deduce that 
E'Q = -c(kXB'0) = +c(kXB0) = -E0 

and so σ = 0 at all times. Because eqn. (2) applies to both reflected and refracted rays (7) 
is satisfied identically and finally we have 

μ0Κ = —2(kXB0) cos net, 

giving the required result. 
This current is situated in a field of strength B+B' evaluated for z = 0. This field strength 

is — 2i?i cos xct, and so the force exerted on unit area of the conductor is 

KX(-2BQ COS κεί) = -(4/μ0) ([B0Xk]XB0) cos2 xct = -(4/μ0) kB\ cos2 net. 

The minus sign shows that the force is into the metal, i.e. a pressure of amount 
(4/μ0)Βο cos2 net having a mean value 2Βΐ/μ0. 

Example 2. Prove that the formulae 

Ex = 0, Ey = A exp J 2 m v ( / + ^ U , Ez = 0 

for the resolutes of the electric vector and the formulae 

^ = 0, By = 0, Bz = -^-exp hmv(t+~\\ 

for the resolutes of the magnetic vector represent a plane-polarized simple harmonic wave 
of frequency v travelling in a homogeneous dielectric of specific inductive capacity n2 and 
permeability μ0. 

Such a plane-polarized wave falls normally from free space on an infinite slab of homo­
geneous dielectric of thickness h, the back face of which is coated with a layer of perfectly 
conducting matter. Show that the amplitudes of the incident and reflected waves in free 
space are equal, but that, at the front face of the slab, the phase of the reflected wave 
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exceeds that of the incident wave by 
i / ^ n Θ \ 7r-2tan- 1 l 1, 

where Θ = 2nvnh/c. 

451 

(1) Incident ray 

(1) 

FIG. 11.5 

Reflected ray 

In order to represent the reflections and transmissions that occur we use an incident ray 
in each section, free space and the dielectric, and corresponding reflected rays, Fig. 11.5. 
At the conducting plane we apply boundary conditions as in the previous example; fur­
ther, at the plane x = h we also apply boundary conditions as in (11.24-27). 

First we write down suitable expressions for the fields corresponding to the diagram 
of Fig. 11.5. They are: 

Incident ray (1): Exl = 0, Eyl = A exp {2πΐνίί+—U, Ezl = 0, 

Bxl = 0, Bel = 0, Bzl = ~exp { 2 m v ( / + | ) } . 

Incident ray (2): Ex2 = 0, Ev2 = A2 exp hmv(t+^-\ J, Ez2 = 0, 

Bx2 = 0, By2 = 0, Bz2 = - ' ^ exp ( ^ ( / + ϊ ) | . 

Reflected ray (2): E'x2 = 0, Ey2 = A2 exp |2πίνί /—^-U, E[2 = 0, 

B'x2 = 0, B'y2 = 0, B:2 = ̂ e x p J2«iv(i-y)}. 

I ray (1): E^ = 0, E'yX = A' exp ίΐπϊνίί-— U , E'zl = 0, 

B*xl = 0, Byl = 0, B'zX = ^ - exp {inivit- £ -U. 

Reflected ] 

[The expressions differ in the reflected rays from the corresponding incident expressions 
in the sign of c; otherwise they correspond, with n = 1 for region (1).] 

At the conductor (Λ:=0) the tangential components of E, and the normal component of 
B, are zero. The remaining components correspond to the charge and surface currents 
induced on the conductor by the radiation. These conditions, in terms of components, 
give 

Ey2 + Ey2 = 0, Ez2+Ez2 = 0, Βχ2-τΒχ2 — 0. 
2* 
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These equations lead to the one relation 

A2 exp (2πϊνί)+Αί exp (2mvt) = 0, i.e. A2+A2 = 0. 

At the surface x — h there is no charge or current density so that the boundary condi­
tions give: 
Tangential components of E: 

Ey2 + Ey2 — Ευ1+Ε'υ1, Ez2 + E^ = Ezl+E'gl. (1), (2) 

Normal component of D: ε0η2(Εζ2+Ε'ζ2) = ε0(Εζ1+Ε'ΖΙ). (3> 

Normal component of B: μο(Βχ2+Β'χ2) = μ>ο(Βχι + B'zl). (4> 

Tangential components of H: 

(By2 + Βϋ2)Ιμ0 = (Byl + Β'92)Ιμ09 (# 2 + Βζ2)/μ0 = (Bzl + Β'ζ1)/μ0. (5), (6> 

[In the subsequent work we incorporate the result A2 = —A2 already obtained.] 
Of these relations only (1) and (6) give non-trivial relations. We obtain the relations by 

putting x = h so that, from (1), 

y42{exp (2τπvnh/c)- exp (-Imvnh/c)} = A exp (2n\vhlc)+A' exp (-2nivh/c), 

and from (6) 
{exp (Imvnh/c) + exp ( - Inivnh/c)} = exp (2mvh/c) H exp ( - 2nivh/c). 

c c c 
These reduce to 

A^+A'e-»'" = 2iA2 sin 0, A^-A'tT*1* = 2nA2 cos Θ. 

Aew,n «cosö+is inö 
Therefore 7*r- = . (7> 

Λ'β-*/η #icos0-isin0 

Hence \A\ = |Λ' |, showing that the amplitudes of the incident and reflected rays in free-
space are equal. At the front face of the slab in free space the incident and reflected rays, 
are given by the (complex) expressions 

Aew,n exp (2mvt), Ae~w,n exp (2mvt). 

Hence the phase difference between these two waves is the difference between those of 
Ae1*", A'e-W». From eqn. (7), 

A'e -Ιθ/η _ 

where tan δ = (tan 0)/w. Thus the phase of the reflected ray exceeds that of the incident: 
ray by 

π — 2ό = π — 2 tan *m 
Example 3. Show that E, B defined by 

Ex = Ae-icai'-uz\ E„ = EZ = 0, Bx = 0, cBy = V W ^ " k o ( i ~ , e ) , Bu = 0, 
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where Af ω are constants, satisfy Maxwell's equations for a uniform medium of dielectric 
constant K and permeability μ0, provided that u = VK/c. 

The region 0 =«s z =sg h is filled with material of dielectric constant 4 and permeability μ0, 
and the rest of space is empty. A plane-polarized plane wave of frequency ω/2π, travelling 
in the positive direction of Oz, is normally incident on the face z = 0. Show that the ratio 
of the amplitude of this incident wave to the amplitude of the reflected wave in z < 0 is 

(l + ^cosec20)1/2, 
where Θ = 2coA/c. 

incident _ 
ray 

Reflected ̂ _ 
ray 

_ω_^ 

~w~ 
0 

V///// 

Ü m 
FIG. 11 

h 

6 

-Refracted ray 

2 

The expressions quoted can easily be shown to satisfy Maxwell's equations. Since 
reflection and transmission can occur at both surfaces we assume a set of incident rays as 
shown in the diagram of Fig. 11.6. Adopting the notation of the first part of the question, 
we use the following expressions. 

Incident ray (1): Exl = Αε-1ω«-*ι°\ Eyl = 0, Ezl = 0, 
£,i = 0, Byl = W/c)e-to<'-/'>, Bzl = 0. 

Incident ray (2): Ex2 = Α2ε-ίω«-**ι·\ Ey2 = 0, Ez2 = 0, 
Bx2 = 0, By2 = (2Α2/φ-^'-2*ι°\ Bz2 = 0. 

Refracted ray: E'x' = A"e-iü)«-zie), E'/ = 0, E" = 0, 
B'x' = 0, B'y' = M'Vcle-^'-"·» B'z' = 0. 

Reflected ray (2): Ex2 = A'2e-i(0«+2*ic\ E'y2 = 0, E'z2 = 0, 
^2 = 0, Β'η=-(2ΑίΙό&-ι°«'+*Ί<\ B'l2 = 0 

Reflected ray (1): Exl = A'e-lt0«+Mie\ E'yX = 0, E'zl = 0, 
A i = 0, B'yl =-(A'/c)e-w+*i°\ B'tl = 0. 

;0 

0 =s z ^ h 

0=£Ξζ<= /z 

z ^ 0 

The boundary conditions to be applied at each surface are the standard ones corres­
ponding to no charge or current on either surface. As in previous cases, only a few of the 
component equations give non-trivial relations. 

From the conditions at z = 0 we obtain: 
tangential components of E: 

AQ-lcot + A'Q-ia>t = A2Q-i(at + A2t-'l(0i, 

tangential component of B: 

(Alcfc-to'-iA'/cye-10* = (2^2/c)e-icui-(2^^/c?)e-iwi, 
i.e. A+A'= A2+A'2, A-A' = 2(A2-A2), 
whence A = (3A2-A'2)/2, A' = (-A2 + 3A'2)/2. (1) 
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From the conditions at z = h we obtain: 

tangential components of E: A^^'+A'^-2^' = A"^^e, (2) 
tangential component of B: 2A2e2ia)h>e-2Af

2G-2iwhic = ,4"eiCüA/c. (3) 

We eliminate the quantities A2, A'2, A" by solving (2) and (3) for A2, A2 and then sub­
stituting into eqn. (1). After some manipulation we obtain 

A_ _ 3eie-3e-i* _ 3i sin Θ 
~A ~ -e i 0 +9e~ i e ~ 4cos 0-5i sin 0 ' 

\'A' j2 9sin20 1 
; A \ ~ 16 cos2 0+25 sin2 0 ~ l + i|cosec20 * 

This shows the required relation between the amplitudes. 

Exercises 11.2 

1. Show that a solution of the equations of the electromagnetic field in a vacuum is given 
by B = vxA and E = -A, where vA = 0, V2A-(\/c2)A = 0. Verify that these 
conditions are satisfied by taking A to be 

{cos (cot+ kz) sin (cot+kz) 0}, 

where kc = ω; determine the corresponding vectors B and E. 
A wave of this sort in the region z > 0 falls upon the face z — 0 of a perfect conduc­

tor. Find the reflected wave, and show that, at any fixed point, the vectors B and E for 
the combined field of the incident and reflected waves are parallel and constant in 
magnitude. 

2. Space is empty except for a uniform slab of dielectric of unit permeability and dielectric 
constant n2, and of thickness h. A polarized plane electromagnetic wave of vacuum 
wavelength 2nh is incident normally on the slab. Show that outside the slab there is no 
reflected wave and that in the centre of the slab the amplitude of the electric field is 1 In 
of its amplitude outside the slab. 

3. A plane polarized wave of period 2π/η travels in free space and is normally incident on 
a plane slab of thickness h and dielectric constant q2. Prove that the intensity / of the 
transmitted wave is related to the intensity I0 of the incident wave by 

where 0 = qnhjc. 
4. Show that a solution of Maxwell's equations for the electromagnetic field in a non­

magnetic insulator with dielectric constant K is given by 

Ex — A exp ΐ(ω/-αζ), Hy — A(C(X./CU) exp ΐ(ωί—ccz), 

where A is constant and the remaining components are zero, provided that coc = ω \/Κ. 
Three such media, with dielectric constants Kl9 K2, K3, occupy the regions z < 0, 

0 < z < d , d < z respectively. There is an incident wave of the above form in the first 
medium. If the thickness of the second medium in one-quarter of a wavelength, so that 
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cc2d = \n (where ca2 = ω ̂ /K2), show that the ratio of the amplitudes of the reflected 
wave and the incident wave in the region z < 0 is 

| ν{ΚχΚζ)-Κ2 j 
| V ( * A H * . Γ 

11.3 Reflection and refraction: oblique incidence 

To discuss the process of reflection and refraction at oblique incidence in 
terms of Maxwell's equations we now need to use plane harmonic wave 
solutions of Maxwell's equations whose direction of propagation is inclined 
to the normal. We use a coordinate frame of axes which has the positive 
direction of the x-axis directed into the optically less dense medium, i.e. 
the same frame as we used in the last section; and so we must use waves 
which are propagated in a direction specified by the unit vector n, which is 
not parallel to a coordinate axis. 

For a wave propagated in this direction the space variable x in (11.12) 
and (11.13) must be replaced by £·#·, where r is the position vector of a field 
point. When the wave is a plane polarized wave of frequency co/(2n) we can 
take the expression for B as 

B = b exp ί{ωί-Λ(π·ι·)}, (11.36) 

where b is a constant vector. Since E, B9 n form a right-handed triad we then 
have 

E = c(Axn)expi{G)f-fc(Ä-r)} (11.37) 

for the electric field. The velocity of propagation c is given by [eqn. (11.16)] 
c = ω/k. 

Taking directions of reflected and refracted rays as indicated in Fig. 11.2 
we assume the following forms: 
reflected ray: B' = b' exp \{ω'ί—k'{n'·ν)Υ 

i l l 38Y 
E' = c(Ä'xÄ')expi{a)7 —&'(Λ' · Ι ' )}; 

refracted ray: B" = b" exp \{co"t—k"(h"*r)}> 

E" = v(A"xii")exp i{co'7-/c"(/i".r)}. (11.39) 

In these expressions the velocities of propagation are given by 

c = ω'/Λ', v = ω''/k" = c/y/K. (11.22) 
All these expressions can be shown to satisfy Maxwell's equations in the 
respective regions. 
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The conditions which must be satisfied at the boundary x = 0 are the 
same as those set out in the previous section in eqns. (11.23) to (11.27), 
viz. 

B+ = B+B', E+ = E+E' for x> 0, 
#_ = £ " , E- = E" for x < 0; 

and, at the surface of discontinuity, 

HB+-BJ) = 0, ix(B+-B_) = 0, 
Ηε0Ε+-ε0ΚΕ-) = 0, ι χ (E+ -Ε.) = 0. 

For the same reason as before, in order to ensure that these conditions 
are satisfied at all times we must have 

ω = ω' = ω". 

Now, however, when we put x = 0 on the boundary the exponential factors 
nvolve y and z in the following way: 

incident ray: exp i{ — kit · (jy+kz)}; 
reflected ray: exp i{—k'h' · (jy+kz)}; 
refracted ray: exp i{ — k"n"»(jy+kz)}. 

The boundary conditions have to be satisfied at every point on the surface 
x = 0 and so each of these exponential factors must be the same, and we 
obtain the following results by equating coefficients of y and z, 

k(n.j) = k'(n'-j) = k"(n".j\ (11.40) 
fc(n.Jfc) = £'(«'.*:) = k"(h".k). (11.41) 

Since the orientation of the y- and z-axes is, as yet, unspecified we now choose 
the z-axis to be perpendicular to the plane of incidence, i.e. nxi is parallel 
to k, or n*k — 0. Equation (11.41) now shows that the reflected and refracted 
rays also lie in this plane. We take the plane of the diagram of Fig. 11.7 to 
be the "plane of incidence" in which the dotted lines represent the wave-
fronts of the respective rays. When we substitute for k, k', k" in eqn. 
(11.40) from eqns. (11.16) and (11.22) we obtain 

ω(η·$)\ο — ω(Ά'*j)/c = co<\/K(n"*j)lc. 

Therefore 
Λ·7 = S'«y, i.e. sin Θ = sin θ', (11.42) 

h'.j = (n-j)/VK, i.e. sin 0" - sin Θ/Λ/Κ. (11.43) 
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FIG. 11.7 

Hence the refractive index is given by 

n2 = K (11.44) 

and the laws of reflection and refraction are verified. Since v = c/\/K we 
see that the refractive index is also given by 

c/v. (11.45) 

Thus far the vectors b, b\ b" have not entered into the calculations; the 
remaining steps in working out the implications of the boundary conditions 
at the line x = 0 give the relations between the amplitudes of the incident, 
reflected and refracted rays, corresponding to the results in eqn. (11.34) 
for normal incidence. When we substitute the expressions (11.36) to (11.39) 
into the boundary conditions, the exponential factors cancel out and we 
are left with four relations which must be satisfied by the amplitudes b, b\ b". 
These relations are: 

/ . ( * + - * _ ) = 0; 
ix(B+-B-) = 0; 
i-{eQE+-Ke0EJ) = 0; 
ix(E+-E-) = 0; 

Hb+b'-b") = 0; (11.46) 
ix(b + b'-b') = 0; (11.47) 
i.{c(bxn) + c(b'xn')-vK(b"xii")} = 0; (11.48) 
ix{c{bxn) + c{b'xn')-v{b"xn")} = 0. (11.49) 

In order to make progress in working out the implications of these equa­
tions we must take account of the direction of polarization of the fields. 
The reflected and refracted waves depend upon the direction of polarization 
of the incident wave. In § 11.1 we saw that the magnetic vector consisted of 
two components at right angles, each component corresponding to a plane-
polarized wave. Combinations of two such components with various ampli-
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tudes and phase relations give rise to elliptic, circular, left-handed or right-
handed polarization. Therefore, in working out the consequences of eqns. 
(11.46)—(11.49) we resolve the vectors into two components, one lying in the 
plane of incidence and the other being normal to this plane; each component 
is at right angles to the direction of the ray. When we resolve the vector b in 
this way, with the direction of the ray given by Λ, we denote the magnitudes 
of the components by bp parallel to the plane, and bn normal to the plane. 
Thus, for the incident ray we have the following resolutions, in the xyz-
frame: 

Incident ray: n = {—cos 0 sin 0 0}, (11.50) 
b = {bp sind bpcosd bn}, (11.51) 

bxn = { — bn sin Θ — bn cos 0 bp). (11.52) 

The same resolution applied to the other rays gives 

Reflected ray: h' = {cos 0 sin 0 0}, (11.53) 
V = {bp sin 0 -b'p cos 0 b'n), (11.54) 

b'xn' = {-b'n sind bncos6 b'p}. (11.55) 
Refracted ray: n" = {-cos 0" sin 0" 0}, (11.56) 

b" = {bf; sin0" bp'cos Θ" b'n'}, (11.57) 
b'xh" = {-b'n' sin0" -ZCcosö" bp'}. (11.58) 

We can now use eqns. (11.46)—(11.49) to determine the amplitudes b'p, 
b'n, bp, b'n in terms of those for the incident ray, viz. bp, bn. We obtain the 
following relations on taking the components of eqns. (11.46)—(11.49): 

(11.46) gives: bp sin Θ +b'p sin Θ -b'J sin 0" = 0; (11.59) 
(11.47) gives: bp cos 0 -bpcosd + % cos 0" = 0, (11.60) 

K +b'n -K' = 0 ; (11.61) 
(11.48) gives: - cb'n sin 0 - cb'n sin 0 + vKb'n' sin 0" = 0; (11.62) 
(11.49) gives: - cbn cos 0 + cb'n cos 0 - vb'n' cos 0" = 0, (11.63) 

cbp +cb'p -vb'J =0. (11.64) 

Because of SnelPs law and the relation between the velocities, the refractive 
index and AT given in eqns. (11.43), (11.44), (11.45), we see that eqns. (11.61) 
and (11.62) are identical, and eqns. (11.59) and (11.64) are identical also. 
Thus eqns. (11.59)—(11.64) reduce to two pairs of equations; one pair relates 
b'p, b'p' to bp, and the other pair relates b'n, b'n' to bn. In fact the components 
polarized parallel and normal to the plane of incidence behave independently 
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of each other. The relations (Fresnel's formulae) are: 

for Z£, bp : cb'p - vbp
f +cbp = 0, 

-b'p cos θ+bp cos θ'' + bp cos (9 = 0; 

_ c cos θ"-υ cos(9 _ 2 cos (9 m ^ 
* " c cos 0" + i; cos 0 p' p ~ c cos 0" + ?; cos 0 " l ' 

and for %, b'H' b'n -b'n' +bn = 0, 
cb'n cos θ—vb'n cos Θ" — cbn cos 0 = 0; 

, , _ CCOS 0 — VCOS 0" A " — 2 C COS 0 
n ~ ccos0+vcos0" "' " " ccos 0+t; cos 0" "* ( } 

Note that when 0 = 0 eqns. (11.65) and (11.66) both reduce to the result 
(11.33) obtained for normal incidence. These equations can be expressed 
alternatively, after use of Snell's law, in the form 

c v 
sin 0 sin 0" ' 

thus 

and 

sin (0-0") „ _ sin 20 
sin (0+0") p ' p ~~ sin (0+0") °p = ΤΠΓ7α-Γα7\ °P> bp = c;„ rnj_A»\ °P> (H.65a) 

tan (0-0") fc „ sin 20 m «*Λ 
^ tan (0+0")*"' K =sin(0+ncos(0-r)^* ( 1 L 6 6 a ) 

The resultant fields can now be written out in the two cases. 

(a) Magnetic vector normal to the plane of incidence, i.e. bp = 0 so that 
l—kbn. Then for the incident ray: 

Ba = kbn exp i{o)i-/c(fl.i·)}, 

2?e = c(kxn)bn exp ί{ωί—&(Λ·Ι·)} = c(/?ax/i); 

for the reflected ray: 

B'a = kb'n exp i{a)t-k'(n'-r)}, l 

££ = c(kxn')b'n exp i{G>f-ifc'(S'.r)} = c(B'axh'); 

for the refracted ray: 

B'a' = kb'n' exp ΐ{ωί-Λ"(«".Γ)}, 1 

jBi' = c(ftxn'X' expi{roi-fe"(»".r)} = «(fi;'x»")· 
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(b) Magnetic vector in the plane of incidence, i.e. bn = 0. In this case the 
electric vector is normal to the plane of incidence so that we have the follow­
ing results: 
Incident ray: 

Bb = (nxk)bp exp i{cot-k(n*r)} = (nxEb)/c9 

Eb = ckbp exp i{oot—k(h·!·)}, 
Reflected ray: 

Βί = (n'xk\hL exn i(tut-k'(n'.rW = (nxELVc. 
(11.71) 

B'b = {n'xk)b'p exp i{a>/—Λ'(ϋ'τ)} = (nxEßlc 
E'b = ckb'p exp ί{α>/-Λ'(Α'.Γ)}, 

Refracted ray: 
Äi' = (fi"xA)*;' exp i{o>f-*"(fi".r)} = (n"xE'b')/v, 
E'b'= vkb'p'expi{cot-k"(n"-r)}. l ' ' 

These formulae also prove another well-known physical result, Brewster's 
law. If, in eqn. (11.66a), the angles 0, 0" satisfy 

0 + 0" =π/2, (11.73) 

then b'n = 0, Ẑ  ^ 0. Hence, when eqn. (11.73) is satisfied so that the 
reflected and refracted rays are perpendicular, the reflected ray is polarized 
in one plane. The angle of incidence, 0, for which this occurs is called the 
polarizing angle and is given by 

sin 0 sin 0 n / M _ n 
= tan 0. (H.74) sin 0" cos 0 

For other angles of incidence, provided that bp and bn are of comparable 
orders of magnitude, this result means that b'p > b'n and the reflected light 
is predominantly composed of light polarized in one plane. If this light is 
viewed through spectacles which do not allow light polarized in this plane 
to pass, then the glare caused by light reflected from a surface is consi­
derably reduced. This is the principle behind the action of polaroid spectacles 
which reduce the glare of reflected light off a shiny road surface or the sea. 

11.4 Energy relations for oblique incidence 

In discussions of energy in connection with harmonic waves the results 
are simplified by using mean values which are easily obtained in the complex 
number representation we are using. We may assume that one of the ampli­
tude components of the incident ray is real; then for elliptic or circular 
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polarization the other component differs in its argument as well as its 
amplitude from the first (see § 11.1, p. 444). 

The mean rate of propagation of energy in connection with a harmonic 
wave such as that given by eqns. (11.36) and (11.37) is the real part of 
P = -\iExH*) = (ΕχΒ*)Ι(2μ0). Therefore, 

P = C(AX£)XA7(2JKO). 

If we consider an incident ray given by eqns. (11.50-52), 

But b>b* = bpb;+b„b*, h>b = 0 = h-b*. 

Therefore P = ■—■ {\ bp |*+1 bn |2} it. (11.75) 
Ζμο 

Similarly there are energy flows associated with the reflected and refracted 
rays given by 

P' = ^-(\bP\2+\b'n\2)n', (11.76) 
Ζμο 

and 

Ρ" = -^-(\Κ'\2+\Κ'\*)*". (H.77) 
Ιμο 

To investigate the pattern of energy flow on each side of the surface of 
separation we consider the two vectors 

P+ = i-E+xHl = (Ε+Ε')χ(Β* + Β'·)Ι(2μ0) 
and 

P_ = -l-E-xHl =P'. 
The flow in the positive region (x > 0) is given by the real part of 

P+ = P + P ' + ( £ X Ä ' * + £ ' X Ä * ) / ( 2 ^ O ) . (H.78) 

Although it is not obvious at first sight, substitution of the various expres­
sions in (11.36-8) for the field vectors shows that the last term in (11.78) 
is an imaginary quantity, so that the energy flow above the surface of sepa­
ration reduces to the sum of the contributions from each ray separately. 
The flow of energy in the normal direction toward the surface in the positive 
region is 

-P+.i = c cos 0(|bp|2+1bHI2-1έ;ΐ2-1Ζ>;ΐ2)/(2μ0) (H.79) 

file://-/iExH*
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and the flow in the negative region away from the surface is 

- P _ . / = v cos θ"(\νρ'\2+\Κ'\2)Ι(2μ0). (H.80) 

The relations obtained from the boundary conditions [used best in the forms 
(11.65) and (11.66)] show that the energies involving bp, bp9 bp, and the 
energies involving bn, b'n, b'„ balance separately in (11.79) and (11.80). Hence 
the two modes of polarization discussed on pp. 459-460 of the previous 
section behave independently, and the energy brought to the surface by the 
incident ray, for either polarization, is carried away from the surface by the 
reflected and refracted rays of the same polarization. The components of 
P+, P_ in directions parallel to the surface are not equal; this means that 
the oblique rays give a net flow of energy both parallel to the surface of 
separation and normal to it. It is only the latter components which, through 
eqns. (11.79) and (11.80), need to satisfy conservation of energy. 

We define coefficients of reflection and transmission for these oblique 
rays, as in § 11.2, but here we have one of each coefficient for each mode of 
polarization, four coefficients in all. They are: 

(a) Magnetic vector normal to the plane of incidence: 

Reflected energy flow |b'n|2 c cos 0 \b'n\2 

Rn Incident energy flow | bn |2 c cos 0 \ bn |2 

tan2 (0-0") 
tan2 (0 + 0") ' 

(11.81) 

TH = Refracted energy flow _ | b'n |2 v cos 0" 
Incident energy flow | bn |2 c cos 0 

- 2 sin 20 cos 0" sin 0" 
" sin2 (0 + 0") cos2 (0-0")* 

(b) Magnetic vector parallel to the plane of incidence: 

(11.82) 

Reflected energy flow 
p Incident energy flow 

sin2 ( 0 -0" ) 
sin2(fl + e") ' 
Refracted energy flow 

p ~~ Incident energy flow 

2 sin 20 sin 0" cos 0" 
sin2 (0+0") 

\b'p\2 c cos 0 
~ \bp\2 c cos 0 

_ \bp\2vcos6,f 

\bp\2 ccos 0 

w 
\bP\2 

(11.83) 

(11.84) 
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In these expressions we have eliminated the velocities v and c by using SnelFs 
law of refraction in the form v sin Θ = c sin 0". It can easily be verified that 
Rn+Tn= 1, and 7^+7 ;= 1. 

These coefficients are different, for a given angle of incidence, for the 
two modes of polarization and so it follows that the polarizations of the 
reflected and refracted rays are both altered from that of the incident ray 
by the encounter with the surface, and these differences, as well as the inten­
sities of the rays, vary with the angle of incidence. 

Exercises 11A 
1. State the conditions under which a linearly polarized plane electromagnetic wave 

will be totally reflected at a plane interface separating two dielectric media of dielectric 
constants Kx and K2 and permeability μ0. Obtain an expression, in terms of Kl9 K2 and 
the angle of incidence 0, for the phase difference δ between the components in and nor­
mal to the plane of incidence of the electric vector of the reflected wave, and show that 
δ cannot exceed the value 

2„..(^). 
where n = */(KzIKJ. 

2. A plane electromagnetic wave, polarized with the electric vector in the plane of inci­
dence, crosses a plane boundary from a medium with dielectric constant K1 to a medium 
with dielectric constant K2, the magnetic permeability being μ0 for each. If 0, φ are the 
angles of incidence and refraction, respectively, prove that the angle of reflection is 0, 
and that K{i2 sin 0 = K\i* sin</>. 

Prove also that the amplitudes El9 E', E2, of the incident, reflected, and refracted 
fields are related by 

E' _ tan(0 —φ) E2 __ 2 sin φ cos 0 
£ 7 ~ "tan(0+<^")' ~E[ ~ sin (θ + φ) cos (0-φ)' 

3. The field vectors of a train of plane polarized electromagnetic waves travelling in a 
medium of dielectric constant k and permeability μ0 at a field point of position vector r 
are given by 

E = A exp {ίω(/ —if ·!·)}, 
H = Cexp {ico(/-«·!·)}, 

where A, C and « are constant vectors. Prove that 
| u \-χ = (fce0i"o)1/2» f okE = Hxu, μ0Η = u X E. 

If such a train of waves is incident normally on the plane face of a semi-infinite block 
of glass of refractive index //, show that the intensities of the incident, reflected and 
refracted waves are in the ratio (/z-h l)2 : (//-1)2: An. 

4. A plane electromagnetic wave in free space is incident at an angle 0 on the plane bound­
ary of a non-conducting medium of dielectric constant K and of permeability μ0, the 
wave being polarized with the electric vector in the plane of incidence. Prove that the 
angle of refraction φ is given by sin θ = -γ/ΛΓ sin φ and that the ratio of the electric 
field strength of the reflected wave to that of the incident wave is given by 

tan(0-</>)/tan(0-f-</>). 
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5. If/, TW, n are a right-banded triad of constant unit vectors, show that the fields 

E = exp < ιω 11 ------- J >/, B = A \/μ exp Ι'ιωΙί — ) i/w, 

with v — (με) 1/2, satisfy Maxwell's equations for a uniform non-conducting medium 
of permittivity ε and permeability μ, and that they form a plane-polarized plane wave 
travelling with velocity v in the direction n. 

Such a wave travelling in the vacuum is incident on the plane face z — 0 of a semi-
infinite uniform dielectric medium of permittivity ε and permeability μ0. The electric 
vector is in the plane of incidence, and the acute angle between the direction of propa­
gation and the z-axis is θ1 — tan_1V(fc,/eo)· Show that the boundary conditions at the 
surface are satisfied if there is no reflected wave, if the transmitted wave has the same 
plane of polarization as the incident, and if it is propagated in the plane of incidence 
in a direction making an angle 0 — \τι-Οί with the normal. 

11.5 Total internal reflection 

Total internal reflection is a phenomenon well known in elementary 
physics. It occurs when a ray, travelling through an (optically) dense medium, 
meets the boundary surface at an angle of incidence which is greater than the 
critical angle. The critical angle is that angle of incidence (in the dense 
medium) which corresponds to an angle of refraction (in the external medium, 
of a right angle (see Fig. 11.8). The difference between the situations of 
Figs. 11.7 and 11.8 is that in Fig. 11.8 the incident and reflected rays, i.e. 
the region with x > 0, are in a medium with permittivity Κεο, and their 
velocity of propagation is v = 1/\/(Κε0μο)ΐ the region x < 0, containing 
the refracted ray, is a medium with permittivity ε0 corresponding to a velo­
city of propagation c = l/Vi^o^o). The results obtained in § 11.3 can there­
fore be adapted to the present case by interchanging the roles of c, v wherever 
they occur in the formulae. 
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So long as the angle of incidence Θ is less than the critical angle, the analy­
sis of § 11.3 applies without change except for replacing c by v, and vice 
versa. We are here concerned with the case in which Θ exceeds the critical 
value. We shall see that this leads to the appearance of imaginary, or com­
plex, values instead of some of the real values in § 11.3, and we give here a 
changed interpretation which takes account of this appearance of complex 
quantities in the analysis. 

The boundary conditions which we applied in § 11.3 must continue to 
hold even for angles of incidence exceeding the critical angle, so we deduce, 
because of the interchange of v and c, that 

v = ω Ik, c = ω Ik" = v y/K. (11.85) 

As before the frequency ω must be common to all three rays, and they 
must lie in one plane, i.e. h*k = n *k = n"*k = 0 [eqn. (11.41)] for the 
same reasons. The condition which led to Snell's law (11.43) now gives 

ii'.j = (k/k")(n-j) = (k/k") sin Θ = (c/v) sin Θ = (y/K) sin Θ. 

This must hold for all possible angles of incidence including angles of inci­
dence greater than the critical angle. We write 

£"•7* = cosh φ, 
cosh φ sin Θ 

when sin Θ > v/c = ljy/Κ. Since n"*k = 0 and n" is a unit vector, we must 
also have 

cos θ" = η"·ι = V ( 1 — cosh2 φ) = i sinh φ. 

Therefore n" = {i sinh φ cosh φ 0}. (11.86) 

The case of critical incidence therefore corresponds to φ = 0. The applica­
tion of the boundary conditions now leads to the following results [instead of 
those of eqn. (11.65)] 

, _ v cos Θ" — c cos Θ i sin Θ sinh φ — cos Θ cosh φ 
p v cos 6"' + c cos Θ p ~~ i sin Θ sinh φ + cos Θ cosh φ ρ 

= _ c o s ( 9 + i ^ ) ( 1 1 8 7 ) 
COS (Ö —10) 

where tan oc = tan Θ tanh φ. Similarly, 

v cos Θ — c cos 0" , sin Θ cos Θ — i cosh φ sinh φ . 0.Λ. 
I) = fo = : — ft = Q — ilVQ 

n vcos θ + ccos Θ" n sin Θ cos Θ + i cosh φ sinh 0 M Λ' 
(11.88) 

EET 3-3 
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where n cosh φ sinh ώ 
tan β = cos 0 sin 0 

This shows that \b'p\ = \bp\, \b'n\ = \bn\ and that the reflected ray differs 
from the incident ray in phase, but not in amplitude. 

The results corresponding to (11.65-6) for the refracted ray are 

,, _ 2v cos 0 _ 2 sin 0 cos 0 
p v cos θ'' + c cos 0 p cos 0 cosh φ+i sin 0 sinh φ ρ 

= ( P - 1 s i n 2 0 ) e - i a ^ , (11.89) 

where P = | cos (β—ιφ) \; 
,, _ 2v cos 0 2 sin 0 cos 0 

ν cos ö+ccos θ" Λ sin ö cos 0+ i sinh φ cosh φ η 

= (iV"1 sin 2e)e~Vbn, (11.90) 

where iV = |sin 0 cos 0 + i sinh φ cosh φ |. 
We now consider the interpretation of the expressions we have obtained, 

and the effect of the complex components. Since the quantities referring to 
the incident and reflected rays are real, as in § 11.3, there is no change to be 
made to the interpretation for the region x > 0. We look at the region 
x < 0 where the field is given by B'\ E". 

The exponential factor in B'\ E", when the angle of incidence exceeds the 
critical angle, is given by 

exp \{ωί—k"(n"*r)} = exp ico{t—i(x/c)sinh φ — 07c) cosh φ) 
= ew(*/c) sinh φ exp ieo{f-(y/c)cosh φ). 

.'. B" = (£''e"(*/')sinW) exp ia){t-(y/c) cosh φ}9 (Π.91) 
E" = c(b" x n,,)e£u(jc/c) sinl1 * exp ico{i-(j/c) cosh <£}. (11.92) 

Since the factor β
ω(*/Γ) smh ** is real we interpret this as harmonic waves, 

exp Ίω{ί—(y/c) cosh φ}9 with amplitudes which depend on x through the 
f a c t o r ζω(<χΙό) sinh φ. The harmonic wave is propagated in the ^-direction, i.e. 
along the surface of separation, with speed 

c _ v 
cosh φ sin 0 ' 

Because the region is one for which x < 0 the dependence of the amplitude 
of the wave on distance from the surface is a rapid exponential decrease; 
the rate of decrease is greater for higher frequencies. The reader can picture 
the situation by visualizing a train of straight (water) waves approaching a 
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— ^ A \ t a i l ' / 
v/sin Ό 

FIG. 11.9 

straight shore obliquely, Fig. 11.9. The "tail" of each wave dies out as it 
runs a short distance up the shore, and each tail runs directly along the shore 
line as the wave arrives; this is the velocity v/sin 0. The fact that B'\ E" 
are not zero but decrease exponentially for x < 0 shows that there is slight 
penetration by the field into the "forbidden" region. 

The results obtained in § 11.4 can be used to investigate the transport 
of energy by the fields we are considering. The situation in the region 
x > 0, except for the interchange of v and c, is exactly as given in § 11.3 
and the transport of energy is given by eqns. (11.76-8). Since \b'p\ = \bp\ 
and \b'„\ = \b„\, it follows from (11.79) that there is no net flow of energy, 
either toward or away from, the surface, in the region x > 0. For the region 
x < 0 w e use (11.80) and obtain 

- P _ . i = ic sinh φ(\νρ
§ \*+\Κ' |2)/(2//0), (11.93) 

since cos 0" = i sinh φ. Since this is a purely imaginary quantity, it implies 
that there is no transport of energy by the field E", B". Therefore the whole 
of the energy brought to the surface by the incident ray is carried back into 
the medium by the reflected ray. Hence there is total internal reflection. 

11.6 Propagation of waves in a conducting medium 

In this section we consider the effect of conductivity when an electro­
magnetic field is established in a conducting medium. We assume a uniform 
medium specified by the constants: permittivity ε, permeability μ, conduc­
tivity a; and we assume that these constants are independent of position, 
time and field strength. The equations to be satisfied now are 

divZ) = ρ, divl? = 0, curl E+~~ = 0, c u r l # - — = / , 

where D = εΕ, Η= Β/μ, J = oE. 

As in § 11.1 we look for a field which depends only on x, t and assume that 
ρ = 0. We cannot assume that / = 0, as we did in § 11.1, for if there is an 
3* 
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electric field inside the conductor a current must flow. The last of Maxwell's 
field equations therefore becomes 

do curl //— —- = aE. 
ot 

We consider each equation separately in terms of components. 

divD = div(sE) = 

div B = 0: 

curl E+^ = 0: 
dt 

dD cnr\H--^- = σΕ; et 

0: ψ-ο. 
ox 

^ = 0. dx 

dt 

dEz ^ oBy 

dx 'dt ' 

QEy dBZ 

dx dt 

dEx -e— = oEx, 

1 dBz dEy 
~ e —— = aE,,, 

1 8 5 , 8£Γ _ 
μ dx dt 

(11.94) 

(11.95) 

(11.96) 

(11.97) 

(11.98) 

(11.99) 

(11.100) 

(11.101) 

From (11.95-6) we can take Bx = 0 as before. However, (11.94) implies 
that Ex can depend only on t, and (11.99) gives this dependence as 
Εχ=Εχ0ε~σί/ε. This shows that the longitudinal component of E dies out 
exponentially with t, but is not identically zero as is Bx. However, the time 
(of relaxation) is very short, i.e. Ex dies out very rapidly so that we can 
effectively consider this as zero also. (The term "longitudinal" is used be­
cause Ex is the component of E in the direction of propagation.) 

The remaining equations fall into two independent pairs (11.97) and 
(11.101) involving E2, By9 and (11.98) and (11.100) involving Ey, Bz. It is 
easy to see that all four of these components satisfy the scalar equation 

d2f d2, df 
Ί^ = ^ψ? + μ σ ^ · (1L102) 

This differs from the wave equation in containing the extra term μσ df/dt; 
it is this term which gives rise to the special properties of the conducting 
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medium. If the medium were non-conducting (a = 0), the velocity v of 
propagation of waves would be given by με = l/v2. 

We will, for simplicity, consider one of the independent pairs of equations, 
viz. (11.98) and (11.100), and seek a solution corresponding to (11.12-13), a 
harmonic wave. We notice that the vectors B, E are perpendicular to each 
other and to the direction of propagation. We write 

Ey = E exp \{wt-kx\ Bz = B exp i(cot-kx), (11.103) 

where E, B are constants. From (11.98) we obtain 

— \kE exp \{ωί—kx) = —iwB exp \{mt—kx), 

and from (11.100) 

ikB exp ί(ωί—kx)+με( — ί£)Ε exp \(ωί—kx) — oE exp \{ωί—kx). 

These two last equations reduce to 

kE = wB, (11.104) 

and 
ikB = (ίωεμ + μσ)Ε. (11.105) 

Therefore k2 = ω2εμ — \μσω. (11.106) 

A convenient, quick method to obtain the results for a conducting medium 
is to replace ε for the medium by ε — ίσ/ω. Thus, for the refracted ray, 
k"2 = ω2/ν2 = ω2εμ in eqn. (11.22), and k"2 — ω2μ(ε —icr/co)ineqn. (11.106). 

This implies that A: is a complex number, and that E, B differ in their 
arguments as well as moduli. (In § 11.1 both amplitudes were real—or had 
the same complex arguments.) We write 

k = oc — iß (α, β real) so that, 

α2-/?2 = ω2εμ9 2ocß = μσω, (11.107) 

and obtain for the field strengths 

Ey = Ee-P* exp \(ωί—<χχ\ 
n π R v [ (11.108) 
Bz = Bt-P* exp \{ωί-(χχ). v J 

These represent harmonic waves having a phase velocity ω/α, propagated in 
the positive x-direction, but having amplitudes Ee~ßx, Be~ßx which decrease 
with increasing x, i.e. the wave is attenuated as it is propagated through the 
conductor. Both the attenuation factor e~ßx and the phase velocity ω/α 
vary with the frequency co. This dependence of the velocity of propagation 
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on ω is a new feature; the different frequencies travel with different speeds. 
If a wave containing more than one frequency enters the conductor its 
profile and energy distribution alter as it travels. In general this means that 
energy is propagated with a velocity different from the phase-velocity and 
the concept of "group-velocity" arises. This dependence of velocity on 
frequency causes "dispersion". However, the dominant effect of conductivity 
is that of attenuation, or absorption, of the wave in the conductor. Because 
of this a wave never penetrates very far into a conducting medium, the 
higher the frequency, or the greater the conductivity, the less the penetra­
tion. This results in the "skin effect" which means that all oscillating fields 
are confined to a narrow layer, or skin, near the surface of the conductor. 
For a perfect conductor {σ -*οο) the penetration is zero and there is no 
field at all inside a perfect conductor. 

In order to see more clearly the effect of the conductivity we obtain 
expressions for α, β corresponding to small and large (but not infinite) 
values of o. 

When a is small 
k = (ωηνϊ-Ίμσω)1'2 = (ω/υ) ( Ι- ίσ/ ίεω)}1 ' 2 

% (ω/ν){1-ίσ(2εω)}. 
Therefore α = ω/ν, β = σ/(2εν), (11.109) 

where we have written v = (εμ)~1/2, ν being the velocity of propagation of 
a wave in a similar medium without conductivity. In this case, a small, the 
velocity of propagation α/ω has the "normal" value v, and the attenuation 
is slight. 

When a is large (compared with εω), as in "good conductors" such as 
copper, we write from (11.106), 

k2 = - 'ψσω; k = (1 - i) (μσω/2)1'2. 
Therefore α = (μσω/2)1'2 = β. (11.110) 

In this case the velocity of propagation is ω/α = ν(2ωε/σ)112. This shows 
that the velocity of propagation is reduced well below the "normal" value 
v, and the attenuation is heavy. 

The extent of the penetration is measured by the skin-depth δ. This is 
the distance in which the amplitude of the wave is reduced to 1/e of its 
value originally. Therefore 

1 / 2 \1 /2 

0 = ^ * 1 ) (11.111) β \μσω] 

for large values of a, or high frequencies. These are the cases when the effect 
is important. 
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At certain levels in the earth's atmosphere the gas is ionized to an 
appreciable extent so that the atmosphere at this level has an appreciable 
conductivity. Because of this fact radio waves cannot penetrate the layer, 
but are reflected back to the surface of the earth. Roughly speaking, this 
explains why reception of radio signals is possible although the radio trans­
mitter is well "out of sight" of the receiver and the rays have had to come 
round the curvature of the earth's surface. They have been reflected around 
the curvature from one of these conducting layers (e.g. the Appleton layer). 

This process of reflection by a conductor can be investigated by a discus­
sion similar to that used in § 11.3. We consider a surface z = 0 separating 
a region z > 0, which is a vacuum with permittivity and permeability ε0, μο, 
from the conducting region z < 0 where the permittivity, permeability and 
conductivity have the respective, uniform, values e, μ, σ. We assume a 
plane wave incident on the surface together with a reflected and a refracted 
wave and the boundary conditions, corresponding to (11.24-27), are now 

i.(B+-B-) = i.(B+B-B") = 0, (11.112) 
Ηε0Ε+-εΕ_) = HeoE+e&'-eE") = 0, (11.113) 
ix(H+-H-) = ίχ(Β/μο+ΒΊμο-Β"/μ) = 0, (11.114) 
ix(E+-EJ) = ix(E+E'-E") = 0. (11.115) 

We adopt the notation and representations used in § 11.3 [see Fig. 11.7 
and eqns. (11.36) to (11.39)]. First, the requirement that the exponential 
factors are identical for all points and times on the boundary surfaces leads 
to 

ω = ω' = ω", k = ω/c = k'. 

But for the refracted ray complex values must be used for k", cos 0", sin 0" 
though the forms of the results remain the same. Since k"2 = ω2εμ—ιμσω 
[eqn. (11.106)] and 

k sin 0 = k sin 0' = k" sin 0", k cos 0 = k cos 0' = k" cos 0", 

both sin Θ" and cos 0" are complex. We have 
k" cos 0" = (k"2-k"2 sin2 0")1/2 

= (ω2με—ίωσμ — & sin2 0)1/2, 

where με = l/v2
9 k2 = co2/c2. 

Therefore k" cos 0" = p—iq, 
where p2-q2 = (co2/v2) - (co2/c2) sin2 0 ( > 0) 

2pq = ωσμ, 

and we may take p,q>0. 

(11.116) 
(11.117) 
(11.118) 
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Now, since n" — { — cos 0" sin 0" 0} the exponential factor is 

exp ϊ{ωί—k"(h"*r)} = exp i{oot+k"x cos 0" — k"y sin 0"} 
= e**exp i{oot+px-yk sin 0}. (11.119) 

This is a harmonic wave in which surfaces of constant amplitude, x —con­
stant, are different from surfaces of constant phase, px—ky sin 0 = constant. 
Since ^ > 0 w e see that as the wave penetrates further into the metal (x < 0) 
the amplitude must decrease, and the "skin effect" is displayed as before. 
The planes of constant phase advance in a direction given by the unit vector 
{ — cos ψ sin 0 0}, i.e. ψ is the effective angle of refraction. The velocity 
of propagation is given by 

u = ωΙ{ρ*+&ύη2θγ* = ωΙ^2+ω2/νψ2. (11.120) 

The direction ψ is given by 

cos ip = p/u, sin ψ = k sin θ/u = (k/ω) (q2-\-(u2jv2)li2 sin 0. (11.121) 

The last result shows that the effective refractive index is 

_ sin 0 __ k 
sin ψ co(q2+co2/v2)112 

and this depends upon the angle of incidence 0, through the dependence of 
q on 0 given by eqns. (11.117-118). This is yet a further complication in the 
effect of the metallic surface on the wave. When we look at the Fresnel 
formulae in (11.65-66) the occurrence of the complex quantities in cos 0" 
shows that the process of reflection at a metallic surface is by no means so 
simple as it appears. We can deduce, in general, that unlike reflection from 
a non-conducting surface, there is a difference of phase between bp9 bp and 
b'n, bn; also that \b'n\ = \bn\ and \bp\ = \bp\. This latter result implies that all 
the energy in the incident ray is reflected by the surface. The detailed discus­
sion of the relations between the amplitudes of the various rays is given in 
advanced books on electromagnetic theory; the calculations are tedious 
but mostly elementary. 

Exercises 11.6 

1. State the electromagnetic field equations, and deduce that for an uncharged medium 
of homogeneous properties ε, μ, σ9 the electric field satisfies the equation 

._ 62E dE 
^Ε=εμ-^+ομΎ{, 

where a system of rectangular cartesian coordinates and components is implied. 



11.7 ELECTROMAGNETIC WAVES 473 
The plane z = 0 is the interface between two media; for z < 0 the medium is of zero 

conductivity, and for z > 0 the conductivity of the medium iso. The dielectric constants 
and permeabilities are el9 μχ and ε2, μ2 respectively. An electromagnetic wave, for which 

Έ = £Ό{0 exp [ίων-ζ/νύ] 0} 

is incident on the interface from z < 0. State the value of vl9 and show that the trans­
mitted wave varies as 

exp {ico(t - kz% 

where k2 = ε2μ2 — . 
CO 

Determine the complete electromagnetic field, and find the ratio of the amplitudes 
of the reflected and incident electric fields. 

2. The electric intensity E of a wave in a medium of conductivity σ, permeability μ and 
permittivity ε is given by 

where / is a unit vector along the x-axis. Determine k and the magnetic field. 
A linearly polarized plane wave of period 2π/ω is incident normally from free space 

on the plane face of a semi-infinite metal. Ifcr » ωε anda ?> ωμ show that the amplitude 
of the electric vector is reduced on reflection in the ratio 1 - \/(ωμ/2πσ) approximately. 

3. A uniform isotropic material has conductivity σ, permeability μ and permittivity ε. 
Show that Maxwell's equations have a solution in which the only non-zero components 
of i? and H are Ey and Hz, and in which Ey = Ae~wmxlc cos co(t — nx/c) where 
tr — m2 = ο2εμ and nm — \ε2μσ/ω. 

An infinite slab of this material fills the space x 2» 0 and a plane electromagnetic 
wave with E = {0 £ cosco(/-;t/c) 0} is incident on the slab. Determine the reflected 
and transmitted waves. 

4. Prove that in a medium of conductivity σ, permeability μ and permittivity e there is a 
solution of Maxwell's equations of the form 

E = iE0Qxp (ϊωί — Ίηω z/c—awzjc), 
B — jB0 exp (icot — ϊηωζ/c—ctcoz/c), 

where B0 = {n-\<x)EJc2 and (/2-ia)2 = ^(με-ισμ/ω). 
Material of conductivity σ fills the region 0 =s z, and a plane harmonic wave in vacuo 

of frequency ω/2π, given by 

E = iA exp (ϊωί - icoz/c), B = j(A/c) exp (icot - icoz/c) 

in the region z ^ 0, is incident on the face z = 0. Prove that the ratio of the energy of 
the wave reflected by the material to the energy of the incident wave is (n — \)/(n+1). 
Find the fraction of the incident energy which crosses a plane distant z (>0) from the 
surface of separation. 

11.7 Waveguides 

A waveguide is a hollow metal tube, made of highly conducting material 
down which electromagnetic waves are propagated. In this section we inves­
tigate the effects of the conducting walls on the waves which can pass along 
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the tube. In our theoretical discussion we assume that the tube is a cylinder 
whose generators are parallel to the z-axis and that the medium inside the 
tube is a vacuum (ε0> μο), the walls of the tube being perfect conductors. 
Waveguides used in practice approximate to this, but have imperfectly con­
ducting walls, may have bends or junctions in the tube, and may even be 
partly occupied by dielectric media. We do not discuss the effects of these 
latter modifications, but merely establish the basic types of wave that can 
travel in a straight waveguide. 

The discussion has two aspects: first, we look for a special form of solu­
tion of Maxwell's equations which corresponds to a wave propagated in the 
z-direction, but whose amplitude is not uniform across the tube. (This is the 
chief difference between our analysis and our previous discussion of plane 
waves.) Second, we see what restrictions the presence of boundary walls 
of perfect conductors place on the solutions so obtained. We use complex 
exponentials to represent the oscillating fields and assume no charge or 
currents inside the tube. (There will, of course, be charges and currents on 
the walls of the tube to correspond with the fields.) 

We seek solutions of the form 

E = e(x, y) exp {i(oot—γζ)}, B = b(x, y) exp {ί(ωί—γζ)}. (11.122) 

Here, unlike previous discussions, e and b depend upon x, y, but z only 
occurs in the exponential factor. These expressions correspond to harmonic­
ally varying fields in which the planes z = constant are planes of constant 
phase; these planes advance with the phase-velocity ω/γ. We consider, when 
necessary, complex values for γ which will correspond to attenuation of the 
wave. But, so long as γ is real (and positive) the solution corresponds to 
propagation without attenuation. 

We substitute the expressions (11.122) into Maxwell's equations and 
obtain 

or 

div£ = 0: 

divB = 0: 

I « 7 , dB 

c u r l £ + ^ : 

dive—ίγ(/ί·β) = 0; 

d\vb — \y{k»b) = 0; 

dex dey 

dx dy 

dbx dby 

dx dy 

= 0: curl e — \y(kxe) + l(öb = 0, 

de 
-^-+iyey + icobx = 0, c3y 

-iyez 

-vybz 

= 0; 

= 0; 

(11.123) 

(11.124) 

(11.125) 

(11.125a) 



curl b— 

dbz 

dbz 

~dx 

dby 

dx 

iy(*XÄ)-i(<a/ 

Λ-'iyby-

-\ybx-

dbx 

dy~ 

ico 
c2 

ico 

'c2)e : 

= 0, 

= 0, 

= 0. 
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-^-iyex+icoby = 0, (11.125b) 

%-*L+ia*, = 0; (11.125c) 

curl H-~ = 0; curl b-iv(kxb)-i(co/c2)e = 0, (11.126) 

or ^+iyby-^ex = 0, (11.126a) 

(11.126b) 

(11.126c) 

In eqn. (11.126) we have used the relation ε0μ0 = 1/c2. From (11.125) and 
(11.126) we see that 

Ä.curl <?+ΐω(Α·Λ) = 0, A:·curl b-i(co/c2)(e-k) = 0. (11.127) 

This shows that there are three possible types of solution. 
1. One for which Ar «curl e = 0 = (b*k) in which case there is a transverse 

magnetic field; these are called TM-waves (sometimes E-waves). 
2. One for which A «curl b = 0 = (e*k) in which case there is a transverse 

electric field; these are called TE-waves (sometimes H-waves). 
3. One for which both A «curl e and A »curl b vanish, in which case 

both electric and magnetic vectors are transverse. These are called 
TEM-waves. The general solution of the form (11.122) is an arbitrary 
linear combination of these three types. 

We continue the discussion further for TM-waves, and give, without 
derivation, the corresponding results for TE-waves. 

TM-waves 

For these waves b2 = 0, and the equations show that all other components 
of b and e can be expressed in terms of e2. Since bz = 0 everywhere, 

dbx dby dex dey . 



476 ELEMENTARY ELECTROMAGNETIC THEORY, VOL. 3 

/ ω \ de2 . 1Λ ω2 \ _ 

dbv dbx ιω 9 ^ _ 9 ^ = Q 
8x 8y 8x dy c 

Elimination of all components except ez leads now to 

8x2 

Hence we may write 

8x2 + 8 / 1γ[ f(?) \dx + dy ) V c*/ ez = ~ v2ez. 

8x2 8;̂  

»>2 8 x ' ' v2 9 ^ ' 

T M _ ko_ θ ^ Τ Μ _ jco_ 8φ 
i>2c2 9 j ' ·" A * Bx 

The corresponding results for TE-waves are 

J M Φ, 

b™ = 0. 

,,ΤΕ _ _ ίω 8^ 
Ί ^ dy' 

'νγ dip 

ίω 8^ 
Ί? dx9 

ΛΤΕ _ 0, 

ATE = _^21 ^ ATE _ _ i Z δ ^ 
ι>2 8 x ' y " v2 8y 

Z>JE = v . 

(11.128) 

(11.129) 

(11.130) 

(11.131) 

We now have to apply the usual boundary conditions 

n.i? = 0, nxE = 0, 
where Λ stands for the unit normal to the bounding surface drawn into the 
field, see Fig. 11.10, which must apply to any field at the surface of a perfect 
conductor. 

C 
FIG. 11.10 
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First we consider TM-waves. On the boundary, with the unit normal 
given by it = il+jm (/2+m2 = 1), 

Therefore _ / ^ + m 5 ^ = o. (11.132) 
dy dx v J 

Also 

Αχ£ = <.7+»χ{4(/»+,·|)+*Ψ| 

=·"♦-*-&*('£-£)-«■ <1U33> 

Both these conditions are satisfied if φ = 0 everywhere on the boundary 
curve C in the xy-plane. Since φ depends only on x and y, 

g rad0 = , ^ + . , ^ . 

Therefore 

fix grad φ = ♦-<*+>■>><('&+>£)-*('£-"£) 
But since φ = 0 on C, grad 0 is parallel to the normal it, and their vector 
product is zero. Hence, to determine the TM-waves given by eqns .(11.128-129) 
we must solve (11.128) subject to the condition φ = 0 everywhere on the 
boundary C. This is an eigenvalue problem which has solutions φ. only for 
certain eigenvalues v{\ also these eigenfunctions φ. satisfy an orthogonality 
condition 

J j φίφ] dx dy = bu 

where the integral is taken over the area enclosed by C. Further, an arbitrary 
solution satisfying the boundary conditions can always be written as a 
Fourier-type expansion φ = ]Γ α.φ;. By means of such an expansion we can 

I 

obtain a TM-wave corresponding to any given field values at the end z = 0 
of the tube. 

From the derivation of (11.128) we have 

?2 = C02/C2_V2^ (11.134) 

Because v can only take one of a set of discrete values vi only certain values 
of y are possible for a given frequency. Also, if attenuation of the wave is 
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not to take place, γ must be real and therefore ω must exceed the value cvr 

Hence frequencies below cvjiln) cannot be transmitted down the tube in 
the mode corresponding to φ^, there is a cut-off frequency. Note that 
different frequencies corresponding to a given mode vi travel with different 
velocities, and different modes with a given frequency also travel with diffe­
rent velocities. Hence, in addition to the "cut-off" effect, the "profile" of 
the signal is altered as it travels down the tube and distortion takes place. 
(This effect is familiar in acoustics where the sound of a voice after it has 
travelled along a pipe is very different from the original.) 

The situation with TE-waves is closely similar. When we apply the bound­
ary conditions to eqns. (11.131) we obtain 

These conditions are both satisfied if 

A+m*L=*L = 0, (11.135) 
dx dy dn 

where dipjdn is the derivative of ψ along the normal to C. Therefore the 
possible TE-waves are obtained from the solution of eqn. (11.130) subject 
to the boundary condition drp/dn = 0 everywhere on C. This again is an 
eigenvalue problem which has a solution ψ{ only for certain, discrete values 
of v = vv The other considerations apply as for TM-waves. 

The solution for TEM-waves is trivial unless the region in the xy-plane 
enclosed by C is multiply connected. The discussion of this case is given in 
the example below (p. 480). 

The determination of the TM- or TE-waves depends first of all on the 
solution of eqns. (11.128) or (11.130) subject to the boundary conditions, 
followed by derivation of the fields from (11.129) or (11.131). 

The mean energy-flow in the tube associated with either TM- or TE-
waves is easily obtained as the real part of the complex Poynting vector 

P = \(ExH*) = (ΕχΒ*)Ι(2μ0). 

Provided that φ, or ψ, obtained from the solution of (11.128) or (11.130), 
is real, the Poynting vector for TM-waves is 

1 ί \ω , do . Ίω , ΰφ . ωγ 
2μο 1 v2c2 d* v2c2 dy v*c2 [(£)■♦(£)» 
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So long as γ is real this shows a mean energy-flow only in the z-direction 
of amount 

ωγ ί/Βφγ / 80 \»1 

If γ is imaginary, the mean energy flow is zero since P has no real part, 
and corresponds to the fact that, when y2 < 0, attenuation of the wave takes 
place. Similarly for TE-waves the mean energy flow is 

2μον*\\Ζχ) +\dy)\ 
in the z-direction. 

The energy in the field is distributed with mean density 

Re \{\εοΕ.Ε* + \μζ1Β.Β*}. 

In the TM-mode, the energy in unit length of the tube is therefore the real 
part of 

W = 
1 JMS(£K(£)V 

_! 0)' 

where the integral is taken over the area of cross-section of the tube. This is 

W 4v* J{("+£)[(&H£)'M*«'· 
From Green's theorem and eqn. (11.128) we show that, since φ = 0 on C, 

^ | £ ds = f ί {0 ν2φ+(νφ)2} dx ay = f {-j>2<£2+(V<£)2}d;cd>\ 

Therefore 

so that 

dx dj> 

βοωζ 

"2^2 dx dy. 
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The rate of flow of energy down the tube is 

p= ωγ 

2ν^2μ0 m+m dx dy = Wvgi 

where vg9 the "group-velocity" is the velocity with which energy is apparently 
propagated along the tube and differs from the phase-velocity vp. Note that 

ωγ 2v*c2 y d 1 . _ 
Vg = _ . '— — = = - — , i .e. VpV„ = c~. 

ζν^μο £oco" εομοω νρ 

(The phenomenon of "group-velocity" arises whenever the phase-velocity 
of a wave depends on the frequency. This dependence on frequency occurs 
here.) 

Example. The discussion for TEM-waves. 

These waves correspond to case 3 on p. 475 with 

(e.k) = 0 = et9 (b*k) = 0 = bz. 

The remaining equations from (11.123-126c) now give 

e,=-(a>Mbx, (5) 
ex = ( ω / ν ) ^ , (7) 

Clearly, eqns. (5)-(8) are satisfied, apart from the trivial case ex 
only if 

ω yc „ ω2 

— = —, i.e. γ2 = - y -
γ ω cL 

This is equivalent to v2 = 0 in (11.134). This also implies that eqns. (1) and (3) are the 
same as eqns. (4) and (2) respectively. We can satisfy (4) by writing 

(i.e. b = grad/) 

where - ^ + ^ = 0. (10) 

H e r e / i s a single-valued function only if the region enclosed by C in the χμ-plane is singly 
connected. Otherwise/ is a cyclic function. 

Now the imposition of the boundary conditions on the solution of (10), v i z . / = 0, or 
d/'/dx = 0 on C, implies that the only solution, in a singly connected space, i s / = 0. Hence 
there can be no waves of type TEM in a single hollow pipe. Such waves can be propagated 
in a coaxial cable, where one conductor encloses the other. In this case / i s a cyclic function 

dbx ,cby_ 
~6* 67 

dy dx 
by = (<olyc2)ex, 
bx = -(co/yc2)ey. 

il case ex = ey = bx -

(2) 

(4) 

(6) 
(8) 

= b„ = 0, 

(9) 

K = 0/ 
6JC ' 

b = *L 
" By 

dx2 dy2 
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and non-zero fields exist. We cannot pursue the discussion of propagation along coaxial 
cables here; for this the reader should consult special treatises. If the field is established 
in the space outside a conducting tube, the area is doubly connected and the TEM mode 
can exist (see § 11.8). 

Rectangular waveguides 

We develop the solution for the special case of a tube with rectangular 
cross-section shown in Fig. 11.11. We will consider only TM-waves. 

We have to solve (11.128), viz. 

subject to the boundary condition φ = 0 on all boundaries x = 0, x = ay 

y — 0, y = b. The solution is found by the method of separation of variables 
which gives 

(j>rs = Ars sm 1 — 1 sm \-γ\, 

where the eigenvalues are given by 

- + -b2 ' 

and r, s (= 1, 2, . . . ) must take integral values in order to make φη = 0 
on all boundaries. (It is here obviously convenient to use two suffixes r, s, 
instead of the single suffix /, when we label the various eigenvalues and 
eigenfunctions.) 

The various components of the field are given by 

S ™ = -Ϊ%Α„ ( ^ ) cos ( ^ ) sin ( f ) e x p ^ - r f , 

Φ = - f A„ ( f ) sin ( ^ ) cos ^ e x p ^ - ^ z ) } , 

EET 3-4 
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E™ - A„ sin (™\ sin (*ψ\ exp {Kcot-γ,,ζ)}, (11.136) 

B™ = ^ A"(j)sin ( Ί Γ ) c o s (?)exp ^mt~y^)i 

*T>M = - W , * . ( - ) cos ( — ] sin ( - / ) exp {(ia>/-ywz)>, 

£ ™ = 0, 

where 
Λ2 ( Γ2 s2 \ ω2 

These results, as they stand, are not particularly illuminating but we can 
-obtain certain other results from them. 

The simplest mode of TM-wave occurs with r = s = 1 and 

*="■(? 4 ) 
.and the "cut-off" frequency is 

ωο =cvii c / J_ J_\1/2 

2π 2π" 2 \ a 2 + 62j ' 

A wave of this frequency has a wavelength in free space of 

l[a*+W) -; , = ^ = 2| 
ω0 

This indicates that the wavelength in free space of radiation which can pass 
down the tube without attenuation must have the same order of magnitude, 
or less, as the transverse dimensions of the tube. For a square section of 
side 5 cm the maximum wavelength transmitted is 7-1 cm. (We give the wave­
length "in free space" because inside the tube the wavelength is given by 
2π/γ; but for the critical frequency of cut-off γ = 0 and the wavelength 
in the tube is infinite.) 

The corresponding solutions for TE-waves come from the solution of the 
«equation 
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subject to the conditions: 

-^- = 0 on x = 0, a; -~-= 0 on y = 0, b. ox oy 

The solutions, obtained by the method of separation of variables, are 

Wrs = Brs COS 1= j COS l - T - l · 

rs~ \a2+b*)' 7rs~~ c* rs' 

The simplest modes correspond here to 

Vio = #io cos j — J, φοι = B01 cos I — J. 

The critical wavelengths of cut-off are 2a9 2b having frequencies c/(2a\ 
c/(2b) respectively. 

Example 1. The parallel plate waveguide 

This is a waveguide with walls consisting of the planes x = 0, x = a only in which 
propagation takes place in the z-direction, but there is no dependence on y. We include 
this because the solution enables us to understand how the more complicated phenomena 
with rectangular, and other shaped, waveguides arise physically. 

Because there is no dependence on y we start, for TM-waves, with the solution of 

| * έ + ν 2 φ = 0; </> = 0 on x = 0, a. 

This is given by 

φτ = Arsin ( ^ H . 

m β ω2 

The field components are, from eqn. (11.129), 

r= 1,2, . . . , 

rW 
a2 ' (1) 

£ , = - — Λ cos ( — ) exp {i(eot -γ,ζ)}, Ε, = 0, vr \ a j 

Ez = A, sin f—J exp {\(cot-yrz% (2) 

« Λ „ io> . lrnx\ ... ., Λ Λ 
£x = 0, 5 y = Λ cos exp {ι(ωί->νζ)}, £z - 0. 

4* 
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From (1) we may put 

a 
ω . ω 
— sin a, vr — — cos a, 
c c 

(rnx\ 1 (\rnx\ 1 / \rnx\ 
and insert cos ( — ) = y exp ( — ) + y exp ^ - — J 

1 f (ιχω sin a \ / ίχω sin a \ > 

= T \exp (~^-) + e x p (—5—)} 
into the field components. We obtain, for example, 

Ez = - ( i /2 ) (cot a) Ar[exp {(ΐω/c) (c/— * sin a - z cos a)} 
-r exp { ( - ϊω/c) (ct + x sin a - z cos a)}] 

with similar expressions for £2,#j,. These expressions represent the combination of two 
harmonic waves with constant amplitudes propagated with phase-velocity c in the direc­
tions — / sin a + k cos a, i sin a -}- A: cos a (see Fig. 11.12). 

F I G . 11.12 

The expressions (2) correspond to a wave (with variable amplitude) propagated in the· 
z-direction, having frequency ω/(2π), wavelength 2π/γ„ and phase velocity ω/γτ. These are 
seen to be the resultant of plane waves, with constant amplitude, reflected obliquely to and 
fro between the plates, each wave having frequency ω/(2π), wavelength 2πο/ω (the "free 
space value") and phase velocity c. The "cut-off" wavelength corresponds to an angle 
α = π/2 in which the waves are reflected directly across perpendicular to the plates and so 
transmit no energy in the z-direction. In this solution (a TM-wave) B is always transverse, 
while E has a component in the z-direction; the corresponding TE-wave has Ex = Ez = 0 
and B has a z-component, the solution being given by reflection as before. 

We can now understand how the reflection from another pair of faces in the rectangular 
waveguide, or from the curved surface of some other shaped tube, builds up the more 
complicated modes in the general investigation. 

Example 2. Show that the formulae 

E = curl curl S. B 1 . ( d S \ 

for the electric and magnetic vectors satisfy Maxwell's equations in empty space provided 
that in a rectangular coordinate system the vector function S is a solution of the wave 
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equation 
c2 V25 - d2S/dt2. 

Verify that Ak sin ax sin (ωί—γζ) is a possible form of S, where Α,α,γ are real, con­
stants, x, y, z rectangular coordinates and k is a unit vector along the z-axis, if a, y, and ω 
satisfy a certain condition. 

Find the condition that such a solution should represent a field between two perfectly 
conducting planes x = 0 and x = a, and prove that if the field is that of a wave propagated 
along the z-axis then ω > ηπο/α, where n is an integer. 

Show also that the time average of the energy-flow is parallel to the z-axis and of amount 
<ωγαοι2Α2/(4μ0) per unit width. 

With the suggested forms for the field vectors the equations 

i ΆΡ 
div E = 0, div B = 0, — curl Β-ε0~~ = 0, 

μ0 dt 

are satisfied identically. The remaining equation gives 

curl E+— = curl {curl curl 5 + ^ ^ - J 

= curl {grad div S- V 2 S + i - | ^ } . 
Since curl grad u = 0, where in this case « = div 5, the fourth of Maxwell's equations is 
satisfied when S satisfies the stated relation. 

When S = kA sin (ccx) sin (cot - yz\ 

V25 = k( - a2 - y2),4 sin (ax) sin (ωί - }'z), 

-ττγ = - (ü2kA sin (ccx) sin (ωί - yz). 

Therefore a2 + y2 = ω2/ο2. (1) 
Also 

curl S = -ya/ί cos (ax) sin (ωί - yz), 
curl curl S = - iy<x.A cos (ax) cos (ωί - yz) + Λα2^ sin (ax) sin (a>/ - yz) = E. 

Therefore B = —jctcoA cos (ax) cos (cot — yz). 
The boundary conditions to be satisfied on x = 0, x = a are ι·Β = 0, i x E = 0. The 

first of these is identically satisfied, and the second is satisfied for x = 0. When x = a we 
must have the condition sin (oca) = 0 so that 

α = «π/α, (n = 1, 2, . . . ) . 

For propagation of a wave in the z-direction y must be real and y2 > 0, and so, from (1), 

ω ηη 
c a 

The instantaneous value of the energy-flow is given by the Poynting vector P, where 

μ0Ρ=: μ0(ΕχΗ) = (ΕχΒ) 
= icooL3A2 sin (ax) cos (ax) sin (tot—yz) cos (cot—yz) + kaPycoA2 cos2 (ax) cos2 (cot— yz). 
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Because of the factor sin (ωί-γζ) cos (ωί-γζ) the time-average of the x-component of P 
is zero, and the z-component has the mean value \[ycov.2A21 μ0] cos2 (ccx). Therefore the 
total flow in the z-direction across unit width in the ^-direction between the plates is 

a 

γωΑ2α2 r γωα2Α2α Co Vc 

cos2 (a*) ax = --2μ0 J 4μ0 

Example 3. Electromagnetic waves travel along a perfectly conducting guide of rectan­
gular cross-section bounded by x = 0, x = a; y = 0, y = b. Prove that, for the Emn 
mode, the component of the electric field parallel to the axis of the guide can be expressed 
in the form 

Ez = sin (rrmx/a) sin (rmy/b) exp {[(cot-ßz)}, 

and determine the other components of E and B. 
Determine the critical wavelength and the wavelength in the guide corresponding to a 

wavelength λ in the unbounded medium. 
Find the limits between which the length of the side of a guide of square cross-section 

must lie in order that only the Elx mode is transmitted without attenuation. 

This case was discussed in the text, with a slight difference of notation, viz. r, s were 
used instead of m, n here, and yrs was used instead of β here. With these changes the field 
vector components are given in eqns. (11.136). 

The critical wavelength for any mode of oscillation is the wavelength Ac in free space 
which a wave having the "cut-off" frequency must have. The "cut-off" frequency for the 
mode given here is ω/(2π) where ω/c has the value making yr9 (or β) vanish, i.e. 

-(?+£)" - 2nc ^(m2 n2\-lV 
Ac — 

CO 

F o r o ther frequencies the wavelength in the tube is Xt where Xt = 2π/β, a n d the free 
space wavelength is λ = 2TIC/OJ. Hence , from the re la t ion 

co2
 0/m2 n2\ 

we deduce tha t 
r-$-*$+i) 
1 1 1 im2 n2\ 

λ2 λ2 4 

For a square waveguide and an oscillation in the En mode, a = b,m = n = 1. Hence the 
frequency of the oscillation must exceed the cut-off frequency. Therefore 

co2 2JI2 

73- =*■ -jT > ΙΛ- α > Vß)nclco. 

T h e modes with the nearest cut-off frequency t o this value a re the E2±, E12 modes wi th 
vi2 = v i i = 5π2/α2. Hence , if these m o d e s a re n o t t o be t ransmi t ted , t he frequency mus t 
lie below the "cut-off" value for these modes , i.e. 

-jjT -< -^ , i.e. a < Λ/(5)πο/ω. 
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We thus obtain the limits on a to be 

(nc/co) \/2 < a < (nc/ω) <y/5, 

where ω/(2π) is the frequency of the wave being used. 

Example 4. A long circular cylinder, of uniform material, of radius a and permittivity 
s and permeability μ, is embedded in a perfect conductor, the axis of the cylinder being the 
z-axis. If the magnetic field has no component along this axis, and all other field quantities 
are of the form R(r) Θ(θ) exp (i(co/-/?z)}, where ω, β are constants and (r, 0, z) are cylin­
drical polar coordinates, show that Jn(va)—0, where Jn(x) is the Bessel function of the 
first kind, n being an integer, and 

--(?)->■· 
where v is the phase velocity of electromagnetic waves in the medium. 

Show that, for a given n, there is a critical value co0 which ω must exceed if waves of this-
type are to be transmitted in the cylinder. 

We include this example as an indication of how non-rectangular wave guides may be 
discussed, and to show how there is a corresponding pattern of possible modes of oscillation. 

We return to eqns. (11.123), (11.125) and (11.126) where the field vectors are expressed 
in terms of e, b, which depend only on the position of the field point in the cross-section 
of the waveguide, the dependence on z and / being included in the factor exp {i(cot— βζ)}. 
[Here β replaces γ of the previous discussion.] Since we use cylindrical polar coordinates 
(/% Θ, z) (suggested by the form of the boundary) we now regard e, b as functions only of 
r,0. 

Since we are given that the magnetic field has no component along the z-axis, we put 
b»k = bz = 0 and take e·k — φ. We find, as before, that all field quantities can be ex­
pressed in terms of φ. The form taken by Maxwell's equations now is [we replace c2 by 
1 /(μέ) since the medium is not a vacuum]: 

div e-iß(k.e) = 0; 1 {A («,)+A (ie)J = [βφ 

div b-iß(k.b) = 0; 1 { - | - ( , 6 r ) + A φ(ή = α 

curl e-iß(kxe)+icob = 0: 

T { έ ( φ ) " έ {ree)] = W-")-ia>*.; T%= -&e-icobT; 

ö^ (*r) - gjr (Φ) = tfter) ~ ϊω6β; -?r- = -ißer+icobe; 

curl b — iß(kxb) — iωμεe = 0: 

7" {"θθ ^ ~ θ ζ ( r ^ } = ^ ~ b^+ίω^ε*'; ^ö = ivwlßter; 

~dz ̂  ~ ~dr ̂  = ^^ + i a )^eee ; K=- {ωμεΙβ)€θ; 

i ί δ / Μ e / L X ) . , ez?̂  z>0 l dbr . , 
τ[wirb9)'wlbr)s= ιωμεφ; -W+Ύ-Τ w = ιωμε^ 
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After some manipulations these equations lead to the following results, which corre­
spond to eqns. (11.128-129), 

62c/> 1 θφ 1 θ2φ 2 
θ^+Τ ^Γ+7^ w = ^ - ω ^ = - ^ ' ( 1 ) 

i)3 θφ ij? 1 θφ ... ef == —^- -—-, efl = — ^ — -=£-, ez = φ, (2) vl or vz r ov T 

ιωμε 1 θφ ίωμε δφ 
ν2 r οθ ν2 or 

Since the boundary of the field is a perfect conductor, eqn. (1) must be subject to the 
boundary condition φ = 0. 

When we seek a solution of (1) in the form given we obtain 

■i(r+T*h Θ" - _ 2 

If© is to be a single-valued function of position we must have 

Θ" 
- ^ - = -n\ Θ = A cos (Λ0) +J? sin («0), (n - 0, 1, 2, . . . ) , 

so that 

W' + rR' + ̂ -t^R = 0. 

This is Bessel's equation of order n with the general solution 

R = C1Jn(vr) + CtYn(vr). 
Because Yn(vr) -> - oo as r -> 0 we must choose C2 = 0 in order to make R (and there­
fore φ) finite everywhere inside the waveguide. It follows that 

R(r) = CxJn{vr). 

The boundary condition at the metal surface requires that JH{va) = 0, and implies that v 
must take one of a discrete set of values v(. 

The velocity of propagation of the waves is given by ω/β where 

vf = ω2με -β2 = (ω/ν)2 -β2. 

As in the discussion in the text, if the wave is to be transmitted along the guide, β must be 
real and so ω must exceed a critical value given by ω0 = vvim 

Example 5. Verify that Maxwell's equations for free space are satisfied by 

i f^ 
B = -j -p- grad φχ/c 

, 1 θ2φ θ . , 

•where k is the unit vector along the z-axis, and φ satisfies 
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Show that φ can be of the form 

A sin (ax) sin (ßy) cos (yz) cos {on), 

provided that the angular frequency ω and the constants a, ß, y satisfy a certain relation. 
Find the cartesian components of E in this case, and deduce that such a field can exist in 
the region 0^x=^l,0^y^l,0^z^l, where the boundaries are perfectly conduct­
ing, if a, ß, y have suitably chosen values. If the field does not vanish identically, show 
that the least allowed value of ω is (ncjl) \/2. 

This is not strictly a problem on waveguides but its solution has many features in 
common with waveguide problems and shows how problems concerning electromagnetic 
fields inside cavities with conducting walls can be treated. 

The verification of Maxwell's equations is a matter of manipulation of the vector diffe­
rential operations. Since Ac is a constant vector, we can write the expression for B in the 
form 

B = F wcurl (Ιίφ)-
Hence div B = 0, identically. Also 

grad φ = grad f^p) = grad (Ac. grad φ). dz 

Therefore 
, _ i s 2 . , , , . dB 

curl grad (fH-
k θ2φ 

Since the term —^ -^~r has only a z-component, c Θ/2 

,. _ Θ / 1 82φ\ Θ .,. _ ,. 

Θ f 1 θ2ώ 9 . 1 

by virtue of the condition satisfied by φ. Finally 

curl H = μΰ1 curl B = ε0 — curl curl (£ψ) 

= ^o^{grad άϊνμφ)-ν2&φ)} 

-|{-(¥)-"*}-β{4^έ*-*} 
" £ f l 3 / ~ 6/ 

Hence, all of Maxwell's equations for free space are satisfied. 
Substitution of the given expression for φ into the wave equation shows that 

a2+ß2+y2 = OJ2/C2. 
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The field components corresponding to the given φ are 
8 /δφ Ex = - Aaty cos (ax) sin (ßy) sin (γζ) cos (cot\ \ = -^ k H 1; 

Ey = -Αβγ sin (ax) cos (ßy) sin (yz) cos (cot), = ^ ί y - J ; 

^ =-^(a2+^2)sin(ax)sin(^)cos(yz)cos(iü/), [ = - ^ + ^ ) ] . 

The value for Ez is obtained by noting that, since φ satisfies the wave equation, 
_^_θ*φ ο2φ__^φ_ο2φ 

2 " c2 ~8/2+8ζ2 ~~ 8x2 dy* ' 

Also, since grad oxk — i-~--j^~, 
oy 8x 

Βχ = ~2 δ~^ ; = - ^ - Λ sin (αχ) cos (ßy) cos (yz) sin (ωί), <r oy ot c& 

By = - -y g - ? - = - γ - Λ cos (ax) sin (jffy) cos (yz) sin (ωί), #3 = 0. 

When we substitute, in succession, x = 0, y = 0, z = 0 into these expressions we find 
that 

on x = 0 
on j> = 0 
on z = 0 

Ey = Eg = Bx = 0; 
Εχ — Ez = By = 0; 
Ex = Ey = 0, with £z = 0 identically. 

These results conform to the boundary condition 
h.B = 0, hxE=0 

on each face. When we substitute x = /, y = /, z = / we find that 
on x = / 
on>> = /: 
on z = /: 

Ey = Ez = Bx = 0 if sin (a/) = 0, a = mac//; 
£χ = EZ = 5y = 0 if sin (/W) = 0, β = ηπ/1; 
Ez = Ey = 0 if sin (y/) = 0, y = ρπ/l; 

where m, n = 1, 2, 3, . . . , and /? = 0, 1, 2, 
The extra possible value p = 0, whereas m, n ^ 0, occurs because the dependence of φ 
on z is through cos (γζ). Equation (1) now shows that 

ω2/ί2 = π2(/«2+/ι2+ρ2)//2, 

and so the minimum possible value for ω is given by m = 1 = n, p = 0, i.e. 
« W = (crc//) V2. 

Exercises 11J 

1. If the field resolutes are referred to rectangular axes Oxyz, show that there exists a 
solution (possessing continuous second derivatives) of the form 

Ey = Bx = Bz = 0; Ex = oiploz, Ez = -oxpjox, c2By = -dtp/dt, 
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where ψ is a function of x, z and t satisfying 

62^J 82y 1 82y> 

Assuming a solution of the form ψ0(ζ) exp {ϊ(κχ — vt)}, of given frequency ν/2π9 
where v > κο, find the form of the function ψ0(ζ) valid in the region 0 ^ z =̂  a, and 
the value of«, ifψ0 vanishes only for z = 0 and z = a. 

2. An Emn-wave of frequency ω/2π is propagated along a perfectly conducting wave­
guide whose sides are the planes x = 0, x = a, y = 0, y = b. Show that the electric 
field component along the axis of the guide is of the form 

E, = ,„„(=)„(=) 

Determine the other field components, and obtain an expression for the energy-flow 
along the guide. 

3. An electromagnetic £-wave of frequency ω/2π is propagated along a rectangular wave 
guide having perfectly conducting walls x = 0, x = a, y = 0, y = b. Obtain the field 
components in the form 

^ iß A mn lmnx\ . Inny\ _ AicoK ηπ . (mnx\ (nny\ 
E*=-^^rcos(—)smbr); B* = ^vTsin (—)cosbr); 

^ iß A ηπ . lmnx\ lnny\ _ ΑίωΚηιπ (mnx\ . lnny\ 

*. = -^ττsin (—)cos br); B> = —*? ̂ rcos br)sm hr); 

where K is the dielectric constant of the medium filling the guide, the permeability is 
unity, 

P V2 V> 

„ lmn\2 /ηπ\2 

w and n are integers and v is the velocity of propagation in the unbounded medium. 
Show that at all points in the field, the electric and magnetic fields are perpendicular 

and that there is a phase difference of π/2 between the magnetic vector and the longi­
tudinal resolute of the electric vector. 

4. Prove that a wave whose field components are 

Ex = A sin (^ΊΓΗ exp {i(cot-ßz)}t 

Hv = B sin i^~\ exp {i(cot-ßz)}, 

HZ = C cos {"-ψ\ exp {ι(ωί-βζ)}9 
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where n is an integer, may be propagated in the direction of Oz between two perfectly 
conducting planes y = 0 and y = b, in a medium of dielectric constant K and per­
meability μ. Give the equation satisfied by β and find the ratio A: B.C. 

If λ is the wavelength of these waves and λ0 that for waves of the same frequency in 
an unbounded medium, show that 

J_ _ J if_ 
A2 ~ XI Ab2 ' 

Under what conditions could this field exist in a rectangular waveguide? 
5. Show that Maxwell's equations for an isotropic homogeneous non-conducting medium 

of permeability μ and permittivity ε can be satisfied by taking 

E = real part of curl curl (tpk), 

B — real part of -*— curl {xpk) 

provided that ψ is a solution of the wave equation ν2ψ = μεΰ2ψ/ΰί2. 
Taking v>=.XYexp {ϊ(ωί-βζ)}, where X is a function of x only and Y is a function 

oiy only, obtain the components of E, B for a field in a rectangular waveguide bounded 
by perfectly conducting planes x = 0, x — a, y = 0, y = b, and find the condition 
that this field should be propagated without attenuation. 

11.8 The transmission line 

Like a waveguide, a transmission line is an arrangement of conductors 
which "guide" the propagation of an oscillatory electromagnetic field. 
Whereas the waveguide is a hollow conductor with the field propagated 
down the inside, a transmission line consists, usually, of two parallel con­
ductors and the field is established between them. One kind of line is exempli­
fied in telegraph or telephone wires, or power cables, where the conductors 
are outside one another. Another kind is the coaxial cable where one con­
ductor completely encloses the other and the field is established in the space 
between them. 

We shall discuss chiefly the simplest case of two straight conductors^ 
having infinite electrical conductivity, which are embedded in a uniform 
medium. This medium may have a finite electrical conductivity correspond­
ing, for example, to a submarine cable. In practice the medium surrounding 
the conductors is not uniform, e.g. there are layers of special insulation 
surrounding the wires, nor is the conductivity of the wires infinite. 

We saw that, unless the section of a waveguide was a doubly- (or multiply-) 
connected region, only TM- or TE-type waves were possible; waves of 
TEM-type were impossible, and the "cut-off" frequency was due to the 
reflections which took place from the walls of the tube. Since the transmission 
line field is established outside the conductors these reflections (from the 
outer walls) do not take place. Consequently, only TEM-type waves can 
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occur; in this case TM- and TE-type waves cannot be established with 
perfectly conducting boundaries. 

The "field outlook" regards the space where the field is established as 
the primary seat of the phenomena of electromagnetism. Hence, correspond­
ing to this field there are distributions of current, charge and voltage on the 
conductors of the transmission line. In most practical applications these 
currents and voltages—the signals transmitted—are of more importance 
than the field strengths. Also the quantities we consider all vary harmonically 
with time and so, effectively, the conductors carry alternating currents and 
voltages. So it is natural to describe the behaviour of the line in terms of 
impedances, which relate the currents and voltages, as in alternating current 
theory. 

The arrangement we consider is made up of one or more, usually two, 
long, straight conductors with uniform cross-section perpendicular to the 
z-direction. We look for fields which correspond to the propagation of 
waves in the z-direction by the same assumptions as in § 11.7 and use expres­
sions (11.122) for the field strengths. The analysis is identical as far as eqn. 
(11.131). Because the field now extends to infinity we must impose condi­
tions to be satisfied at infinity, as well as on the conducting boundaries, 
before we can determine unique solutions to the field equations. These 
conditions are usually known as the "Sommerfeld radiation conditions". 
We cannot give a thorough discussion of these here, and content ourselves 
with the following account which draws an analogy with the conditions for 
uniqueness in electrostatics. The "standard" boundary conditions applied 
there for a field in two dimensions (and uniform in the z-direction) were 

K = 0 ( l n r ) , \E\ = 0(1/r), r - « > . 

In physical terms this means that the potential and field correspond to the 
field of a line charge through the origin; this is the simplest cylindrically 
symmetric solution of Laplace's equation. 

In considering TE- and TM-waves we found that the functions φ, ψ had 
to satisfy Helmholtz's equation for two dimensions, viz. 

&Φ &Φ 9± Λ 

The "radiation conditions" require that at infinity φ, or ψ, should correspond 
to the simplest (cylindrically) symmetric wave propagated from a source 
lying along the z-axis. The conditions for this are 

φ = Oiljr^l r - - ; lim r12 (^+ίνφΧ = 0. (11.137) 
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When these conditions are satisfied at infinity, Helmholtz's equation has a 
unique solution if φ and/or θφ/θ« is specified on finite boundaries. (The 
conditions are sufficient for uniqueness; this does not imply that they are 
also necessary.) Equation (11.137) replaces the qualitative statement about 
the absence of reflections. The consequence of applying (11.137) is that TE-
and TM-waves do not exist outside perfectly conducting transmission lines. 

Example. We illustrate the above by considering the case of a perfectly conducting 
cylinder of radius a. 

Because of the complete cylindrical symmetry we look for an axially symmetric solution 
of 

δ2φ θ2φ 2JL Λ 

which vanishes for r = a. In cylindrical polars this becomes, because φ is independent of By 

ά2φ I do 2, Λ 
or2 r ar ^ 

which has the general solution 

φ = AJ0(vr)+BY0(vr), 

where J0(vr) and Y0(vr) are Bessel functions of the first and second kinds of order zero. 
To investigate the behaviour of φ at infinity we use the asymptotic forms 

w, v sin w+cos vr „„, . sin vr — cos vr 
JoM % , Y0(vr) « 

yf{nvr) <\/{7ivr) 
for large values of r. 

It is clear that the first of conditions (11.137) is satisfied for 

|r1/2(/)(r)| « IW + ^ s i n vr+(A-B)co& vr\l<y/(nv) < K. 
Also 

(A + iA + B-'\B)vcosvr+(-A + \A + B+iB)vunvr 
*"(¥+*)-

(A + B) sin vr + (A — B) cos vr 
2r \/(πν) ' 

If the second of conditions (11.137) is to be satisfied, the coefficients of cos vr and sin vr 
in the first fraction must both vanish, i.e. 

A(\ + i)+B(l-i) = 0, Α(-1 + ϊ)+Β{\ + ϊ) = 0. 
Therefore B ~ -ΊΑ 
and φ(ή = A{Mvr)-iY0(vr)} = AH\?\vr). 

This particular combination of J0 and Y0 is known as a Hankel function, H§\vr), which 
has the property that it does not vanish for any real value of the argument. Hence we can 
only satisfy the boundary condition φ(α) = 0 by taking A = 0. Therefore, as long as 
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v ^ 0, there is no solution corresponding to TE- or TM-waves. (A similar argument 
applies to solutions which depend on the polar angle Θ. Again there are no TE- or TM-
solutions.) 

dex 

dx 

dex 

dy 

ey = 

+1r = 0' 
dy 

dx 

(co/y)bx, bx 

γ2 = ( 

dbx 

dx 

dbx 

dy 

dby 
dy 

dby 
dx ~ 

= (ωμε/γ^, 

Ίβμε, 

o, 

o, 

by = 

Since only TEM-waves are possible the field vectors satisfy eqns. (11.122),. 
wi th^ = 0 = 5,. Hence 

(11.138> 

(co/y)by, ey = (ω/γ)οχ, bx = (ωμε/γ^, by = ~(ωμε/γ)βΧ9 

so that 

(i.e. v — 0). We use μ, ε, rather than μ0, ε0, so that we can include in our 
discussion the case of conductors embedded in a medium, instead of a 
vacuum, and, by using a complex value for the permittivity ε' = ε—ίσ/ω, 
we can also include the case of a surrounding medium with conducting, 
properties. When ε is real, the velocity of propagation of the waves is 
v = ω/γ = 1/vVO. 

The solution of eqns. (11.138) is obtained by introducing a potential 
function <V as follows: 

** = - ^ > *=-ΈΓ> bx=i-^-, b, = - 2 - ^ , (11.139) 

where 

d(ü 
dx ' ey = d(ü 

dy ' 
γ d<V 
ω dy 

dW dW _ 
dx2 dy2 

ω dx 

In addition <V must be constant on the boundaries, or d<V/dn must be speci­
fied. At infinity <V must satisfy the radiation conditions (11.137). 

We notice that Φ is the potential function of a two dimensional electro­
static field. Since the first of conditions (11.137) prevents <V from containing 
a term In r, the net charge residing on the finite boundaries of this electro­
static field must be zero. Because the charge on a single isolated conductor 
in a field must be all of one sign (see Vol. 1, p. 80) it follows that no wave, 
of the kind we consider here, can be propagated along a single perfectly 
conducting guide. Therefore, in what follows we shall consider a transmission 
line consisting of two conductors. [The assumption that we make by adopting. 
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the forms (11.122) as our starting-point is that the harmonic wave extends 
uniformly along the whole (infinite) length of the line. If a charge, for example, 
is situated on part of the line a disturbance is propagated, both ways, along 
the line with velocity v, but this disturbance cannot be represented by a 
wave of the kind considered here with a single frequency. If the line is not a 
perfect conductor, then a wave can be propagated along it, but this wave 
is not of the TEM-type.] 

With the addition of the factor exp (i(coi—γζ)} the expressions in (11.139) 
give the instantaneous values of the field quantities. Hence the "static" field 
given by Φ gives the amplitude, in any transverse plane, of the oscillatory 
quantities which constitute the complete field. We now investigate what 
charges, currents and voltages on the conductors of the line correspond to 
these fields. 

FIG. 11.13 

We consider two curves S\ and S2 in the xy-plane (Fig. 11.13) which are 
the profiles of the conductors. The static field Φ corresponds to charges Qi, 
Q2 on unit length of these conductors, where 

Q1 + Q 2 - O (11.140) 
and 

n idrU A n " f dn d , (11.141) 

Si S2 

Also the surface current density on the boundary corresponding to the mag­
netic field is given by ηχΗ = (ηχΒ)/μ. This corresponds to total currents 
3 i and 3 2 flowing in the z-direction along each conductor given by 

3i = -M¥^, 32=-^f^U (11.142) 
ωμ J en ωμ J an 

Si S2 

since (ηχΒ)/μ = —(γ/ωμ)@<νβή)ίε. Hence we see that 3 i = — 3 2 and 
the current flowing along one conductor returns along the other. If we denote 
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these currents and charges by ± 3 , +Q, we see that 

3 = γ(1/(ωμε) = ß / y W · (l 1143) 

The conductors in the "static" field are at potentials (ü\ and <V2 where 
CO — CQX—φ29 and so the capacitance C of unit length of the two conductors 
is given by 

θΦ1-Φ2) = Q = C(Ü (11.144) 

and C may be calculated from the potential function but depends only on 
the shape and relative dispositions of the curves Si, *S2. We also define the 
inductance per unit length, L, in terms of the magnetic energy 

Wif 2 ^ - . , . . 1 1 B2dxdy, 

where the integral is taken through the field outside the conductors. Then 

1 
2 -L3» = mm+m^ 

2ω2μ J J dn <V^-ds, 

where we have used Green's theorem remembering that d/dn is here taken 
into the field region. The contribution from infinity is zero. Therefore 

Yi 3 ! -^νο^ΦΛύ = g g = \m- (n.145) 
These results mean that at any point on the length of the conductors the 
current strength is given by (the real part of) 

/ = 3{exp i(cot—yz)} 

and the potential difference between the conductors at this point is (the real 
part of) 

V = Φεχρ {ί(ωί-γζ)}. 

These quantities are found in a system with a capacitance C and inductance 
L per unit length. From eqn. (11.144) we have Q = ΟΦ, and, from (11.145), 

L3 = Qfüß = Λ/{με)Φ = (y/ωγθ. 
dV 

Therefore -— = — \y<O exp {i(cot—γζ)} = — icoLS exp {i(cot—γζ)} = —i(oLL 

(11.146) 
EET 3-5 
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Also, since 3 = {CD/Y)Q = (a>ly)C<V, 

| ^ = -U^\cv = -koCV. (11.147) 

If we remember that in this case d/dt = ico these results are equivalent to 

^ + L - ^ = 0, £ + C ^ = 0, (11.148) 
dz dt dz dt v ' 

which lead to 

d2I d2I d2V d2V 

*"*??■ V? = ww- ( , U 4 9 > 
These latter equations, (11.149), are known as the "equations of telegraphy" 
for a loss-free transmission line. (We can write ιωΐ = 87/3/ in general 
because an arbitrary periodic function 7 of the time can, by Fourier's 
theorem, be written as the sum of a number of different frequencies, to each 
of which this relation applies.) Since V, I are alternating quantities, we define 
the characteristic impedance of the line Zc by 

fr-ni-vp-i-i&i-^. aus» 

In this case the current 7 and voltage V are in phase. 
We consider now what modifications become necessary if the medium 

surrounding the conductors is a conducting medium (with a conductivity 
small compared with that of the line itself). In practice this means that the 
current entering an element of the line divides into a component which goes 
on down the line and another, small, component (the "shunt" current) which 
"leaks" across the medium to the other line conductor. The modifica­
tion we make is to use a complex permittivity ε = ε—Ίσ/ω. Since 
γ[ = (με)1/2{\— ίσ/(εω)}112] is complex, the imaginary part of γ leads to 
attenuation of all quantities, including V, I along the line. 

We consider unit length of line and the field enclosed between two planes 
z = constant at unit distance apart. The mean rate of dissipation of heat 
in this part of the field is given by (the real part of) ^σΕΈ*. If we regard 
this heat as produced by the passage of the "leak" current flowing between 
the conductors at a potential difference Φ the expression for this is \G(O<V*, 
where G is the conductance, i.e. the reciprocal of the resistance, between 
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unit length of the conductors of the line. Then 

<V —=L— as = -^σ-
2 J dn 2 ε ' 

Therefore G<V = aQ/ε, i.e. G = aCje. 

If we use ε', instead of ε, in the expression for the capacitance, we obtain 
a complex value 

i1 ™)wy <V ] dn \ ωε) <V \ dn ωε 

Hence 
C = C- iG/ω. 

Hence the modifications we have to make to the results already obtained 
are: 

from (11.146) ^ = -icoL/, (no change); (11.151) 
oz 

from (11.147) ^~ = -'mC'V becomes -r- = -(i<oC+G)V; (11.152) 
OZ OZ 

from (11.148) ^ + L | ^ = 0, ^ + C ^ + GV = °> ( 1 U 5 3 ) 

and from (11.150) 
L(C-iG/co) = μ(ε-ίσ/ω). (11.154) 

Finally, we consider line conductors which have a large, but not infinite, 
conductivity. When this is the case there must be a component of £ in the 
direction of the line because, in general, there is a current flowing in the 
z-direction through the resistance of the line. Hence Ez ^ 0, and the field 
is no longer of the TEM-type. We assume, for lines made of good con­
ductors, that the TEM-field gives a sufficiently close approximation to 
the field outside these conductors, but inside these conductors there is 
the necessary longitudinal component E2. The alternating current 
3 e x p {i(cot—γζ)} is not now exactly a surface current, but it penetrates 
into the conductor through the skin effect. This has two consequences. 
First in addition to the variation of voltage in the z-direction given by 
dVjdz = — \y(ü exp {i(cot—yz)\ we must have a variation 3i?, bz in a length 

5* 
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bz due to Ohmic resistance, the "internal" resistance of the line R; per unit 
length. Hence the voltage bV between two points separated by a line-
distance bz is given by 

bV — —ΊγΦ bz exp {\(ωί—γζ)}—IRi bz. 
Therefore 

dV 
— = —IRj—ιγΦ exp {i(cot—γζ)}. 

The second consequence is the addition of an internal inductance L 
to L. The magnetic energy in unit thickness of the field is (the real part of) 
1/(4μ) ff Β·Β* dx dy, where the integral must now include the cross-section 
of the line-conductors where the current is no longer strictly zero. We 
therefore write 

1 
4μ j*.*-d*d, = £ j j *.,.d*d,+iL J] B.B* dx ay 

The first integral is taken outside the conductors (oo— S\—S2) and is the 
same as in eqn. (11.145); the second integral over (S1+S2) is the internal 
integration. Hence we replace L by L-\-Li9 where Li is the internal inductance 
of the wires in the line. The further modifications necessary in eqns. 
(11.151-153) now give 

% = -/[Α, + ίωίΙ,+Ι*)], Ι ^ = -(io>C+G)F. (11.155) 
oz oz 

If, instead of the harmonic time variation, we consider any variation, we have 
the results 

g + ( L + Z , ) f + * , · / = (), f + c f + G F = 0 . (11.156) 

Elimination of V, or /, leads to the final version of the "equation of tele­
graphy". 

^-C(L+L^-{CRi+G{L+L,))—-R,<}I = Q, (11.157) 

which is also satisfied by V. 
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Example. For our subsequent use we consider here a network of impedances which is 

made up of a sequence of elements ArAr+2Br+1Br connected end to end forming two 
conducting lines AXA2 . . . ArAr+1Ar+2 . . . and BXB2 . . . BrBr+1Br+2 . . . as in Fig. 11.14. 

A! 
o—«Jlf iÄf iJL»— 

B, 

Ar L+Li R. 
O-·—vüfififiA> ΛΛ/V-

Ir 

Ir 

S=1/G 

Xr 

A r + 1 L+L j Rj 
—o—vufifl&b—/wv-

^ C 

Ir+1 

Ar+2 

S=VG| ±:C 

yr + i 

-vfiöflfilL·--

Br Br+1 

FIG. 11.14 
Br+2 

We denote the current entering each element at Ar, and leaving at Br by /„ at Ar+i by 
/ r + i , and so on; similarly the potential difference between Ar9 Br is Vr, between Ar+u 
Br+1 is Vr+i, and so on. The equations for the network, when the time variation is given 
by the factor eitoi, are 

Vr-Vr+l = IJLRt+n>(L+Lt)]9 

V, + 1 = Sxr = xJG, Vr+1 = yrKicoC\ 
IT = /r + l + *r + JV> 

(1) 

where xr and yr are the currents "leaking" through the "shunts" 5" and C The latter 
equations give 

/ r - / P + i = ^r+Λ = Fr+1(G + io;C). (2) 

The results (1) and (2) of the above example show an obvious (and 
contrived) resemblance to the equations of the transmission line. We can 
make the resemblance complete if we regard the element ArAr+1Br+1Br 
as a model of part of the transmission line of length bz. Then we make the 
following identifications: 

/, = /, 7Γ+ι = / + | ^ β ζ , Vr=V, Vr+1 r+%* 

and the impedances are replaced as follows: 

Ri by Ri δζ, L+Li by (L+Li) δζ, 

~ = G by Gdz, C by C bz. 

In the latter two identifications we are using the rules for connecting resist­
ances in parallel, and capacitors in parallel. Then eqns. (1) and (2) of the 



502 ELEMENTARY ELECTROMAGNETIC THEORY, VOL. 3 

above example become 
dV 
— bz = /[ii,+ico(L+L,)] δζ, 
oz 

After division by δζ these become identical with (11.155) in the limit bz -> 0. 
This model of a network of impedances is usually used in discussions of 

transmission lines, and because the final equations are identical with (11.155) 
all the results are equivalent to a discussion using the field vectors. In this 
model the conductor Bx . . . Br... Bn is usually taken to be the earth, and the 
line consists of the single conductor Ax . . . Ar . . . An. This differs from 
our original specification of two conductors. The discrepancy can be avoided 
if we regard the two conductors as separated by an infinite conducting plane 
at zero potential. The second line is then the image of the line of the first 
conductor in this plane. This plane is taken to be the earth conductor in the 
model. 

We now complete our discussion of the transmission line starting from 
the equations (11.156-157) and pay little attention to the field strengths; we 
shall use a model of the type we have just used to make any modifications 
for special cases. So far we have considered an infinite line, but now we shall 
consider a "long" line, i.e. one whose total length in the z-direction is very 
large compared with the separation of the conductors, or their dimensions; 
a "signal" is applied at one end, consisting of a varying voltage or current 
which is transmitted down the line and at the other end the two conductors 
are connected together through an impedance representing the receiving 
apparatus. The mathematical discussion consists of finding a solution of 
eqns. (11.156-157) subject to boundary conditions at z=0 and z—l (or ~), 

Because of the resistance in the conductors the signal suffers attenuation 
as it is transmitted down the line; the important practical case is that in 
which attenuation occurs without distortion. If the attenuation depends on 
the frequency, a given signal, which contains many different frequencies, 
will have these different components attenuated to different degrees when it 
reaches the end of the line, and so suffers distortion. Similarly distortion 
occurs if the different frequencies are transmitted with velocities which 
depend on the frequency. We shall see that by adjusting the values of the 
parameters R., L, Li9 C,G a. line can be made distortionless. Such a line can 
have amplifiers inserted into it at suitable points along its length to over­
come the attenuation, and a clear signal can then be transmitted over long 
distances. 



§11.8 ELECTROMAGNETIC WAVES 503 

To simplify the working we drop the suffix / (for "internal") and combine 
L-\-Li into a single term L to denote the total inductance of unit length of 
the line. The equations governing the behaviour of the line are therefore 

g : + L § + A / = 0, f + C ^ + G F = 0. (11.158a, b)' 

For a signal of frequency ω/2π these become 

~+(R+icoL)I = 0, ^-+{G+i(oC)V = 0. (11.159 a, b) 
ÖZ ΌΖ 

A wave given by V = Φ exp {i(cot±yz)9 7 = 3 exp {i(cot±yz) is propagated 
along the line if 

±i7V+(R+icoL)I = 0, ±iy/+(G+icoC)K = 0, 
.·. γ* =-(R+io)L){G+i(uC) = fr2W-RG)-to(lJG+RC). 

Since LG+RC ^Owe write γ = oc—iß where 

a2-/?2 = co2LC-RG, 2χβ = a>(LG+ÄC% (11.160) 

so that a, /? are either both positive or both negative, corresponding to the 
two cases +y, — y. When a, /? > 0 the wave is 

K = r0e-^ exp {i(co/-az)}, 7 = 9e~^ exp {ί(ωί-αζ)}. 

The velocity of propagation of the wave along the line is ω/α, and the factor 
Q-ßz gives the attenuation; the positive signs for α, β correspond to propaga­
tion in the positive z-direction with attenuation; and the negative signs for 
α, β correspond to propagation in the negative direction, also with attenu­
ation. 

If the quantities α, β are independent of ω, then all frequencies are pro­
pagated with the same speed and suffer the same attenuation. In this case 
the line is distortionless. If we eliminate a from eqns. (11.160), we find 

cu2(LG+RC)2-4ß2(co2LC-RG)-4ß* = 0. 

The value of ß is independent of ω if the coefficient of ω2 vanishes, i.e. if 

4ß2LC = (LG+RC)\ 4ß2RG-4ß* = 0, i.e. ß2 = GR. 

Therefore 4RGLC = (LG+RCf, i.e. (LG - RCf = 0. 
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Hence for a distortionless line we must have 

■£ = 4 ' p = BG, ** = co*LC, (11.161) 

and the velocity of propagation is (LC)~1/2. 
The general solution of the eqns. (11.159) corresponding to a harmonic 

wave is 

/ = ( P e - ^ + Q e ^ e * " ' , V = i y f - P e - ^ + ß e ^ e ^ V i G + i c u C ) , 

and corresponds to a wave in each direction. For a single wave travelling 
in (say) the direction z > 0, at any point we have (with 0 = 0) 

—iyP 
/ = P exp {\{ωί-γζ% V = g + j Q ) C exp {i(o>/-yz)}. 

Therefore 

Z c - T - G + k i C - \ G T k ^ j ' ( 1 1 1 6 2 ) 

The quantity Z c is the characteristic impedance of the line. 
Thus far we have not considered the effect of the ends of the line. We 

suppose that the signal put into the line at A, z = 0, is given by current JA 

and voltage VA. Then the impedance "seen by the transmitter" is ZA — VA/IA, 
where 

IA = (P+ Ö)e-<, VA = ZC(P- Q)e<»<. 

At the end B, where z = /, we suppose that there is an impedance Z7 (the 
load) connecting the two conductors of the line. For z = / we have 

IB = (Pe-W+ße^efo*, vB = Zc{P^-iyl-Qeyl)tX(at. 
Then 

K* _ ^ - 7 - 7 g e ^ - P e - ^ 
_ - Z . B - ^ - Z C ö e i y / + p e - i y / · 

From these equations we deduce that 

_Ö =
 Z c ~ z / c - 2 j , / . ^ = Z , + i Z c t a n y / 

- P Zc+Z 7 ' Z c Zc-fiZ/tan y/* v * ; 

We can draw certain conclusions from these results. In general we see that 
every signal must give rise to a reflection from the far end (Q ?± 0, in general). 
There are three particular results: 

1. If Z7 = Z c , 0 = 0 and there is no reflection. 
The line is then matched and ZA = Z c . 



§11.8 ELECTROMAGNETIC WAVES 505 

2. When the line is on open-circuit Z7 is infinite, ZA — —iZccoty/, and 
Q=— Pe~2ly/, so that there is a phase difference π—2γί between 
the signal at A and its reflection. 

3. When the line is short-circuited Zl = 0, then 

ZA = iZctany/, ß = Pe" 2iy/ 

If there are no (heat) losses R = 0 and G = 0, so that y2 = co2LC and y 
is real, and there is no attenuation. In general, the solution of problems 
concerning transmission lines requires ideas and techniques very closely 
similar to those required for waves on strings, both finite and infinite in 
length. 

Example. In a transmission line A0AXA2.. .An+i each of the elements AXA2, . . . , 
An_iAn has inductance L, and each of the junctions Ai,A2, . . . , An is connected to earth 
through a capacitor of capacitance C Resistance is negligible, and the impedance of the 
elements A0A1 and AnAn+\ is zero. A (complex) alternating current x0 is fed in at the 
terminal A0, and xr is the current along ArAr+im, show that, provided LCcol2 < 4, 

xr — 2xr+1 cos 0 + *r + 2 = 0, 
where cos Θ = \-\LCa>2. 

Write down the general solution of this equation. 
Show that if the terminal An+i is connected to earth through a receiver of resistance R 

and inductance \L, and if RCco = ± sin Θ then the current xn through the receiver is 
* 0 e T ! Λ » + M0 

L L L L L L L 
A 0 A, A 2 A3 Ar_! A r Ar+1 A r + 2 An_2 An_i An An + 1 

I nJ&Q&Lry^aäJKL/-j ρ^ί^ΗΙΟ^η-^Μί^^η-νΔ^^ΰ^-] p,.Q0.Q0.0 ypjif l f l f l jbr-ι -, 

oyT îyT-î T T^vTi^T^vT Tx^3-T ẑvT^̂  YL 

Br-1 Br Br+i Br+2 Bn_2 Bn_i Bn 

F I G . 11.15 

We represent the currents flowing in this network by currents x0, xl9 JC2, . . . , xr, . . . , 
*n-i> Xn circulating in the closed loops as indicated in Fig. 11.15. By this means Kirchhoff's 
first law is satisfied. We apply Kirchhofes second law to the various loops and obtain 

j^(xr+1-xr) + iojLxr+1 + j^(xr+l-xr+2) = 0 

forr = 0, 1,2, ...,n-2. 

. · . x r + 2 -2 ( l - iLCw 2 )x r + 1 + xr = 0. (1) 

If 1 -jLCco2 > — 1, i.e. LCco2 < 4, the difference equation (1) can be written 

xr+2 - 2 cos θχτ+ τ + χ, = 0, (2) 
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where Θ is a real angle such that cos Θ — 1 -\LC(U2, 0 =s Θ <Ξ π. The solution of (2) is 

xr = Aert+Be-M. (3) 

By putting r = 0 we obtain 
x0 = A + B. (4) 

We apply Kirchhoff's second law to the loop BnAnAn+1Bn+i and find 

Rxn+~icoLxn+-r^(xn-xn_1) = 0. 

Since RCOJ — ± sin Θ, 

*n_i = JC„(1 -\LCco2+'\RCco) = xn(cos6±i sin 0). 
i-e. *»-i = *»e±!·. (5) 

Substituting from (3) into (5), we obtain 

Aeine+Be~in$ = ε+ΰ{Α&(η-1)θ+Β&-^η-1)Θ}. 

Using the upper sign we find, with the help of (3), 

A G™e + Be-ine = A QHn-2)$+BQ-ine; A = 0 , 5 = JC0, 

Using the lower sign we find 

Aein&+Be~inB = AQine+Be~^n~2^; B = 0, A = x0. 
. · . xn = x0eTi*·. (6) 

The conditions cos Θ = 1—|LCco2, RCco — ±sinÖ imply that either ω = 0 or 
ω2 = 4(L - CR2)/(L2C). Hence this transmission line will transmit only signals with this 
frequency without diminishing the amplitude, i.e. |jcn| = |x0l-

Exercises 11.8 

1. A uniform cable has constant resistance R, capacity C and inductance L per unit length. 
Prove that the potential φ at a point at distance Λ: along the cable from a fixed point 
satisfies the equation 

-^-LC-w+RC~di' 
An alternating e.m.f. of amount E cos pt is applied at the end x = 0, and the other 

end x = I is connected to earth through an instrument of complex impedance k(R + ipL). 
Show that the phase difference between the potentials at the two ends of the cable is 

( kn 
arg- t kn cosh nl+ sinh nl y 

where lr = —p2LC+ ipRC. 
2. A potential E sin cot is applied at x = 0 to a cable that stretches from x = 0 to x = oo 

and has an earth return. Show that it induces a periodic potential at distance *, whose 
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value at time / is 
Ee~*x sin (cot-ßx), 

where (a+iß)2 = (R+ίωΧ) (D+icoC). 

3. A transmission line of length /, for which R/L = G/C, is initially at unit potential. At 
/ = 0 the end x = 0 is earthed. Show that at subsequent time / the potential at x is 

4 # ^ 1 . (2η+\)πχ (2η+1)παί — e~ρ* > -= τ- sin —, cos —. , π η4=Ό 2η+\ 2/ 2/ 

where ρ = RjL and α = (LC)-1'2. 

Miscellaneous Exercises XI 

1. State Maxwell's equations for an isotropic conducting medium of conductivity σ, 
permeability μ, and permittivity ε and show that the interior of such a conductor may 
be assumed to be uncharged. 

Show also that the propagation of electromagnetic waves, of period 2π/ω, in such 
a medium is the same as for propagation in a transparent medium of complex per­
mittivity «' given by 

ε' = ε—σί/ω. 

The field vectors of a train of plane polarized electromagnetic waves, travelling in 
the above medium, at a field point of position vector r are given by 

E = A0 exp {/ω(/-«·#·)} 
H = B exp {/ω(/-«·#·)} 

where B = 2?0e^, u = i#0ea and the resolutes of A0, B0 and u0 are all real. Show that 
M, E and H form a right-handed triad. Show also that 

β=λ=-\\*χτχ(σΙεω\ 
|«0 |- i = φ 0 μ Γ 1 / 2 where e\ = ε2+σ2/ω2. 

2. An infinite conductor fills the region z < 0 and has a plane face z = 0. The region 
between the planes z = 0 and z = a is filled with uniform isotropic dielectric material 
having dielectric constant K. A plane electromagnetic wave, whose wavelength is 
(2njk) propagates freely in the region z > a so that it is normally incident on the surface 
of the dielectric. Prove that the reflected wave in the region z > a is either in phase with 
the incident wave, or has the opposite phase to the incident wave, provided 

V^tan (ka+^ρπ) = tan (ka Λ/Κ), 
where/? = 0, or 1. 

3. Obtain from Maxwell's equations for a homogeneous medium of dielectric constant 
K, conductivity a and magnetic permeability μ the "equation of telegraphy" satisfied 
by the electric vector E, and obtain a similar equation for the magnetic vector H. 
Discuss the propagation in this medium of plane polarized waves of period 2π/ω,. 
and determine the wave velocity and absorption coefficient. 
If the medium is highly conducting, show that the E waves and H waves are out of 
phase by approximately π/4, and that the "depth of penetration" is \/(λο/μσ)9 where λ 
is the wavelength in free space. 
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4. Prove that, if an electromagnetic field independent of y exists in the space 0 ^s z ^s a 
between perfectly conducting planes, then 

dz dx c dt J 

satisfy Maxwell's equations, provided that xp(x, z, t) satisfies the wave equation. 
If ψ = t/i0(z)ei(^~w), whereto is chosen to satisfy the boundary condition (tangential 

electric force zero over z = 0 and z — a), show that, if v > ßc, 

v2/c2-ß2 = ω2 = rW/a2, (r = 1, 2, 3, . . . ) , 

and that any one of these solutions corresponds to the portions 0 <s z ^ a of two 
unlimited trains of plane waves propagated with speed c in the directions of unit 
vectors 

— {coi±ßk}. v l 

5. Show that the field defined by 
dA £ = - — , B = curl A, A = {A0 sin ay cos (cot-γζ) 0 0}, 

satisfies Maxwell's equations for free space provided a2+y2 = co2/c2. 
Establish conditions on a and ω which must be satisfied so that these expressions can 

represent a possible field propagating without attenuation in the region between two 
perfect conductors with surfaces y = 0 and y = a. 

6. A surface current of density / flows in a metal sheet occupying the plane z = 0 and the 
rest of space is empty. 

By integrating Maxwell's equation for curl H over a suitable surface, or otherwise, 
express / in terms of the discontinuity in the magnetic field at z = 0. State the other 
conditions which must hold. 

Verify that a possible solution of Maxwell's equations is, using cartesian coordinates, 

E = {00 A sin n(x-ct)} 
H= {0 -XAsmn{x-ct)0) 

for z > 0, where λ = \/(μ0ο), and E — H = 0 for z < 0. Determine the current in the 
sheet necessary to maintain the oscillation. 

7. A general dielectric medium is divided into two regions, denoted 1 and 2, by a metal 
sheet S which carries a current of surface density /. By integrating Maxwell's equation 
for curl H over a suitable infinitesimal surface, or otherwise, show that i is related to 
the discontinuity (Hh - Htl) in the tangential component of H across S by the formula 

H\t—Hti = i X Λ, 

where n is a unit vector along the normal to S directed from region 1 into region 2. 
The sheet S is in the shape of an infinite cylinder of radius a, whose axis lies along 

the z-axis; the space inside and outside S is empty. Verify that a possible solution of 
Maxwell's equations is, using cylindrical polar coordinates (r, Θ, z), 

H = — cos w(t-z/c) Θ, 

E = cos w(t - z/c) ? 
e0r 
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for r > a, and H = 0, E = 0 for r < a, where r and 0 are unit vectors in the directions 
of increasing r and Θ. Determine the current in the sheet necessary to maintain this 
oscillation. 

Λ- Γ 1 8 / ^ 1 8*e 8*". [' 
— (l§-S)^(f-¥)-(l^4f)-] 

8. Prove that in an electromagnetic field independent of the coordinate y, where the 
axes Ox, Oy, Oz are rectangular cartesian, and i, j , k are unit vectors along them, 
the vectors 

_ ds . es as. 

satisfy Maxwell's equations provided that S satisfies the wave equation 

dx2 + θζ2 " c2 ~dt2 ' 
where β is a constant, to be found, dS/dz = 0, and c is the velocity of light. 

Find an electromagnetic field in the region of space 0 =εΞ χ =ss a, 0 ^s z ^ b, so cho­
sen that the tangential electric field vanishes over the planes x = 0, x = a, z = 0, 
z — b, and show that, if the frequency is ω/2π, then 

ω2 /*2π2 52π2 . . _ _ 
-S=-rf+-p' ( r ,*= 1,2,3,. . .)-

9. Show that Maxwell's equations for an isotropic homogeneous non-conducting charge-
free medium can be satisfied by taking 

( a , 

- γ ν χ ψ α , fl= Re ( ν χ ν χ ψ α ) 
where n is a constant unit vector and φ satisfies the wave equation. 

Taking a in the z-direction, show that the wave equation in cylindrical polar coor­
dinates (R, Θ, z) has an axially symmetric solution 

φ = /„(»IQe«*·-»» 

where κ2 = co2/c2 — k2 and J0 denotes the Bessel function of zero order. 
For a hollow waveguide with a perfectly conducting cylindrical boundary R = a, 

show that the solution represents transverse electric wave modes. Find the permissible 
values of k for a given frequency and show that the critical frequency coc for a given k 
satisfies the relation ω2 = a>2-c2Ä2. 

10. For a certain electromagnetic field in a non-conducting dielectric the scalar potential 
is zero and the vector potential is Ar — 0, Αφ = 0, Az = f(r) g^)ei<x{z-ut) in cylindrical 
coordinates r, </>, z. Determine the electric and magnetic field intensities. 

Show that electromagnetic waves of this type can be propagated along a dielectric 
cylinder with perfectly conducting boundaries at r — a, φ = 0 and φ = π/2 with a 
velocity w{l-f-(S2/a2)}1/2, where «isthe velocity of light in the dielectric and 5 is a 
root of J2m(Sa) = 0, where m is a positive integer. 
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11. Show that Maxwell's equations for a vacuum possess a solution of the form 

Ex = du/dy, Ey = -duldx, Ez = 0, 

Hx = 0, Hy = 0, Ht = ε0 du/dt, 

where w satisfies the equation 

d2u d2u _ 1 d2u 
dx2+dy2 " c2 Θ/2 ' 

Obtain an integral of this equation in the form 

W = Q-ikctf(xy) = eik(y-ot) f e-'*'" d5, 

0 

-where k is a constant and r2 = x2+y2. 
Prove that the wave function 

e-'*" cos i t y + e - ^ W ^ ) 1 ^ ^ 4 ! / ^ , >>)+/(*, ->0] 

furnishes a solution of the problem of the diffraction of an infinite, plane, monochro­
matic beam of light, incident normally on the semi-infinite perfectly reflecting plane, 
y = 0, x s> 0. 

12. In an electromagnetic field which is independent of z new coordinates ξ, η (ξ s* o) are 
introduced where x = |(l2—η2), y = ξη. Find those electric fields which are time-har­
monic with frequency ω/2π and which have the form Ex = 0,Ey = 0, Ez = / ( f )e~ ' ^ 2 , 
where k = co/c. 

The plane wave Ex = 0, Ey = 0, J^ = Qikx is incident on the perfectly conducting 
parabolic cylinder y2 + 2x = 1 from x > 0. Find the reflected wave. 



C H A P T E R 12 

THE L0RENTZ INVARIANCE OF 
MAXWELL'S EQUATIONS 

12.1 Groups of transformations 

We have already considered how some of the electromagnetic quantities 
transform when we make the coordinate transformations 

f = ß(t-vx/c2), χ' = ß(x-vt), y' = y, z' = z, 
where ß = (l-v2/c2)-112, 

and we write the equations in t first (as we shall for the rest of this chapter). 
It is now time to take up the general question of invariance. A scientific 
theory is, generally speaking, invariant under some group of transforma­
tions. The reader may be reminded that by a group is meant a set of quan­
tities between which a binary operation is defined. (This binary operation, 
often regarded as a product, for transformations consists of applying 
two transformations in succession.) The binary operation is associative and 
for the existence of a group there must be an identity element and a reciprocal 
of every element. In the case of transformations the identity element is the 
identity transformation and the reciprocal element is the inverse transfor­
mation. These ideas are already familiar in the case of the orthogonal group 
in three dimensions (i.e. transformations from one set of orthogonal axes to 
another), under which Euclidean geometry is invariant. Indeed the whole 
invariance under this group is automatically built into a theory as soon as 
it is expressed in vectorial form. Accordingly the theory of electromagnetism 
must be invariant under some group which has the orthogonal group in 
three dimensions as a subgroup. Exactly what group this is we shall return 
to shortly. Before that, let us consider exactly what it means to say that the 
theory is invariant. 

We can envisage using different coordinate systems, connected by a group 
511 
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of transformations, and corresponding to each coordinate system the physi­
cal situation is represented by a set of numbers. For example, in the case 
of electromagnetic theory the numbers might be the six components of the 
electric field and the magnetic flux density, E and B. Imagine then three 
coordinate systems 

S i , 5*2, S3 

with the corresponding sets of numbers 

01, 02, 03-

Here 0i denotes a set of numbers—for instance, it might be the six compo­
nents ofE and B in the coordinate system 5Ί. The coordinate systems are 
related by certain transformations which can be represented diagrammati-
cally by 

O l ►· 0 2 >* ^ 3 · 

As a result the sets of numbers are transformed by corresponding trans­
formations 

01 —'—+ 02 — ^ 03-

Now the transformations of coordinates obviously have as a result a single 
transformation 

and this can be thought of as giving rise to a single transformation of the 
numbers 

0i — -̂* 03-

Of course from the mere definition of the transformation of coordinates it 
follows that 

T23T12 = Tie 

where the product is meant to be read from right to left in accordance with 
the usual method of writing transformations, i.e. we write 

S2 — T12S1, 

S$ = T23S2 
so that 

Sz — T23(7Ί2Si) = (T23Ti2)Si. 

In such circumstances it is to be expected that, if and only if the numbers 
really represent properties of the physical system, and not merely properties 
of the coordinate system, then the corresponding transformations for them 
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will satisfy ut = v. On the other hand, if they are merely numbers represent­
ing in part the properties of the coordinate system, it must make a difference 
whether one proceeds from the first to the third system directly or via some 
intermediate stage, and in this case the conditions ut = v will not be ful­
filled. The condition just expressed on the transformations of the sets of 
numbers is known technically as requiring the transformations to be a 
representation of the original group and the argument which we have just 
given (which is the general form of the principle of relativity) can be put by 
saying that any physically significant set of numbers must transform under 
a representation of the group of transformations of the theory. 

The next problem is how to find such representations. It is instructive to 
look first at the example of the orthogonal group in three dimensions. Here 
we know of one example of a representation in the components of an ordin­
ary vector. We may write 

3 
u = Σ utei 

i=l 

where d, e2, £3 are taken as unit vectors along the three axes, and when 
we make a coordinate transformation, say by rotating the unit vectors along 
the three axes to three new directions e\ we have 

3 

* = Σ Uiei · 
i = l 

Such a rotation must be expressible, however, in the form 
3 

e'i = Σ l*JeJ> 
J = I 

since the new unit vectors have certain components along the old ones, and 
this is all that is expressed by this equation. However, not all linear transfor­
mations of this kind are permitted, since we have to ensure that the new set 
of unit vectors are again at right angles and the condition for this is easily 
derived as follows: both the original and the new unit vectors satisfy 

erej — dij9 e'i*e} = dy 
where <5,y· = 0 if i V j , and <5/7 = 1 if i = j . 
Hence 

Σ liPljqeP*eq = Yilipljp = ay. 
P,Q P 

This is the condition for the linear transformation to be an orthogonal one. 
Returning now to the original vectors it is clear that the transformation of" 
EET 3-6 
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-components is determined by 

j UJ 

i.e. uj = £ hui, 

which, by using the condition of the transformation, can be rewritten in the 
form 

Σ lPJuJ = Σ hjhju'i = Σ δΡΜ = "P 
y Uj i 

(cf. the equation for e\ above). In this case, then, we see that the components 
of the vectors transform in the same way as the unit vectors themselves, but 
this is a coincidence. 

What has basically been done here is to derive a representation of the 
group by regarding a vector as a displacement; in other words, one chooses 
something which, from its geometrical or physical interpretation, is known 
to be independent of the coordinate system and so to transform under a 
representation of the group, and uses its representation to define a whole 
class of such objects. In this way one could construct a series of more com­
plicated representations. For example, continuing with the orthogonal group 
in three dimensions one could consider the array of quantities 

Aij = UiVj 

where ui9 Vj are both components of vectors, and then evidently this array 
will transform under the rule 

3 
Aij — 2-i 'ip'jqApq, 

P, <7 = 1 

which must from its construction define a representation of the group, as the 
reader may verify. These more complicated transformations are called the 
tensor representations of the group. The particular transformation above is 
of a tensor of rank 2. By taking products of more than two vectors we get 
the higher order tensor representations. 

These are by no means all the possible representations, although they are 
important ones, as can be seen from the following example. Consider, for 
simplicity, a tensor of rank 2 in two dimensions for which the orthogonal 
transformations can be represented by [(for a vector u\9 u2)]: 

u[ = Hi cos ö+w2 sin Θ, 
u'2 = — wi sin Ö+W2 cos Θ. 
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Writing out the transformation of the tensor at length it is easy to derive 

A'n = An cos2 0+(A2i+ A12) cos 0 sin Θ+Α22 sin2 0, 
A'VL = A\z cos2 0—^2i sin2 0+(^22—^11) cos 0 sin 0, 
^21 = A2\ cos20—Λ12 sin2 0+(^22—^in)cos 0 sin 0, 
^22 = A\\ sin2 0 —(^21+^12) cos 0 sin 0+^422 cos2 0, 

from which it follows that 

A11-\-A22 — A11 + A22. 

It is already well known, and is again obvious from the formulae, that 
another invariant is given by A12—A2u so that the parts of the tensor which 
actually transform are only two in number, and their transformation can be 
conveniently represented by 

A[2+Ä21 = (A12+A21) cos 2Θ + (Α22-Αη) sin 20, 
A22-A'n = -(^21+^12) s i n 2 0 + ( ^ 2 2 - ^ n ) cos 20. 

It is a very striking fact that this transformation is of exactly the same form 
as that originally assumed for the vectors except that the angle of rotation is 
replaced by double its original value. This suggests reversing the whole 
argument and beginning by considering two quantities φχ, φχ whose trans­
formation is 

φ[ = φχ cos (0/2) + φ2 sin (0/2), 
φ'2=-φ1 sin (0/2) + φ2 cos (0/2). 

By interpreting these as one of the vectors in the above argument and intro­
ducing ψΐ9 ψ2 for the other, and then halving all the angles, it is then clear 
that the two quantities (φιψ2-\-φ2ψι, Φ2ψ2—φίψι) are the components of a 
vector in the two-dimensional space. The quantities φι, φ2 are then trans­
formed under a two-valued or spin representation of the group since, when 
the new vector is rotated through an angle 2π and so returns to its original 
value, these quantities are rotated through π and so are changed in sign. 

12.2 Four-vectors and six-vectors 

It is now time to consider the different transformations of sets of numbers 
corresponding to coordinate systems in uniform relative motion. In this case 
we have a rather obvious choice to begin with, when we seek for sets of 
quantities obviously transforming under a representation of the group, for 
we can choose (t9 r) as a prototype. 

6 
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Any set of quantities 

(φ, A) = (φ, Au A2, Az) (12.4) 

transforming in the same way will be called a four-vector. We have then, 
for any four-vectors, the transformation 

φ' = ßtf-vAJc*), A[ = β{Αλ-νφ\ A'2 - A29 A'3 = Az, (12.5) 

and we may notice about such a four-vector the important fact that 

όψ-Α2 

is also unchanged by the transformation. In the particular case of the time 
and space coordinates the corresponding quantity which is also unchanged is 
c2t2—r2 = c2t2 — x2—y2 — z2. Corresponding to two four-vectors 

(φ, A), (v, B) 

we can define their sum as (φ+ψ, Α+Β), and in view of the linear character 
of the transformations concerned, this sum will also be a four-vector. It will 
have a corresponding invariant 

c2W+y))2-(A + B)2 

and, if we subtract from this the parts ο2φ2—Α2, ο2ψ—Β2 already found as 
being invariant, we are left with an important invariant bilinear product of 
two four-vectors, ^φψ- Α·Β, which is obviously related to the scalar pro­
duct in ordinary vector analysis. 

The next step is to inquire about analogues of the vector products in 
ordinary vector analysis. It is, of course, obvious that under the orthogonal 
group, for example, we could consider, instead of the vector product, the 
array of nine quantities transforming under the second-order tensor repre­
sentation but it is not convenient to do so here because electromagnetic 
theory is not concerned, in general, with such quantities. (They enter, for 
instance, in rigid mechanics, in the definition of moments and products of 
inertia, and in certain other branches of applied mathematics, such as elasti­
city.) Accordingly we shall consider products of (</>, A) and (ψ, Β) which are 
made up of the following scalar and vector expressions: 

φψ, ψΑ, φΒ, Α·Β, ΑχΒ. 

By the very way in which these are written down they must be automatically 
invariant under the orthogonal group in three dimensions but we are con­
cerned also in transforming between coordinate systems in uniform relative 
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motion. Writing down the transformations we get 

φ'Α[ = β2[ψΑ1-νΑ1Β1/ϋ2-νψφ + ν2φΒ1/€21 (12.6) 
ψ'Α^βΙφΑζ-vBiAzlc*], (12.7) 
y'Ä3 = ß\yA3-vBxA3\c2\ (12.8) 

and it is at once obvious that, in eqn. (12.7), quantities (2?iv42) are entering 
which do not arise in the original set of scalar and vector expressions; 
similarly ΒχΑ$ enter eqn. (12.8). Accordingly, the quantity ψΑ by itself 
cannot be part of our product, but by observing the details of its transforma­
tion it suggests that we should consider instead φΒ—ψΑ. When we do this 
we get 

φ'Β[-ψ,Α[ = φΒχ-ψΑΐ9 (12.9) 

φ'Β'2-ψ'Αί = β(φΒ2-ΨΑ2)-^-(Α1Β2-Α2Β1), (12.10) 

φ'Β'ζ-ψ'ΑΪ = β(φΒ^ΨΑζ)-^(ΑιΒ3-Α3Β11 (12.11) 

and we now see that we are half-way to a satisfactory formulation of the 
product. The only remaining difficulty is that the transformation involves, 
as well as the particular combination of vectors with which we started, the 
components of the vector product of the two vectors. But the transformation 
of these, 

Ä2B'3-Ä3B2 = A2B3-A3B2, (12.12) 
Apl-AM = β(Α3Β1-Α1Β3)+βν(φΒ3-ΨΑ3), (12.13) 
Α[Β2-Α2Β[ = β(Α1Β2-Α2Β1)-βν(φΒ2~ΨΑ2), (12.14) 

does not introduce any new quantities and so we have succeeded in defining 
something which does transform under a representation of the group. 

If we write the vectors P, Q for 

P = φΒ-ψΑ, Q = AxB, 

their components in the new frame are given by eqns. (12.9-11) and eqns. 
(12.12-14) and may be written 

P'2 = 0 ( * 2 ~ £ ß s V Ö2 = ß(Q2+vP*)> O2·15) 

P'S = ß(P* + ^ ß»)> Ö3 = β(&~νΡύ· 
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We can now call any quantity (P, Q) transforming like (φΒ—ψΑ, AxB) 
a six-vector. 

It is interesting to notice that for transformations in which the velocity 
v is small compared with that of light, eqns. (12.15) reduce to 

P' ^P, Q' =Q-VxP. 

Example 1. Prove that (div P, curl Q-dP/dt) is a four-vector if (P, Q) is a six-vector. 
Prove also that P 2 -ß 2 /c 2 , P*Q are invariant. 

An immediate calculation gives 

which is the transformation for the "time-component" of a four-vector. The remaining 
results follow directly from the transformations. 

Example 2. If P, Q is a six-vector, and (φ, A) is a four-vector, prove that 

(A.P, AxQ+ctyP) 
is also a four-vector. 

First consider A ·Ρ. 
Then 

Λ . Ρ ' = A\P^Af
2Pf

2+Af
zPf

z 

= ßPiAl^ßP1f^+ß^Pt^Qay%+ß^P9+^Qty3 

= ß{P-A--^(A2Q3-A3Q2 + c^P1)}. 

This is the transformation of the time-component of a four-vector if the quantity in brack­
ets, A2Q3—A3Q2 + c2(pP1 is the x-component; and in fact it is the jt-component of 
AxQ+ctyP. 

The calculations of the transformation of the remaining components are carried out in 
similar manner. 

Example 3. (a) Prove that the operator 
/ l Θ \ 

(?w-v) 
is a four-vector. Use this to deduce the first part of Example 1 again, 

(b) If (φ, A) is a four-vector, deduce that 

f + d iv , 
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is invariant and that 

is a six-vector. 

(a) ;? 6/' ~ cT \θ? är"+ 67 θϊ; 

(-έ)-'Κ-έ)-(ϋ)]· 
which proves the first result. Then Example 1 follows, by using the result of Example 2,. 
with (φ, A) taken as 

/ l Θ \ 
( ? 6 7 ' - v > 

(b) The first expression is obviously the invariant derived from 

tö7' ~v)' and {φ'Α)· 
The second is the six-vector constructed from them. 

12.3 The Lorentz group 

We must now inquire exactly what is the group with which we are concerned 
here. We know already that it has the orthogonal group in three dimen­
sions as a subgroup. In fact we can prove that the set of all rotations, to­
gether with all Lorentz transformations of the kind considered before, that 
is transformations of the form 

f = Η'-Ά x' = #*-«*)· y' = y> z' =z with ß = ί1--?)"1'2' 
do form a group. In order to establish this we have to show that the product 
of any two elements of the group again belongs to the group. As far as the 
product of two rotations is concerned this is well known and amounts to 
the theorem that any member of the rotation group is a rotation in the ele­
mentary sense about a certain axis (Euler's theorem). If we are concerned 
with the product of a Lorentz transformation and a rotation, it is clear from 
the way in which we are able to write our Lorentz transformation in vectorial 
form that this will again lie in the group. Indeed we tacitly take account of 
this whenever we choose the x-axis as the direction of separation of the two 
coordinate systems; for this is equivalent to performing a rotation of the 
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axes so that the given direction is along the common x-axis. It only remains 
therefore to consider the product of two Loren tz transformations. Two 
cases arise depending on whether the direction of the velocity in each case 
is the same or different. If it is the same, we have for the first transformation 

f = ßu{t-uxjc2\ χ' = ßu(x-ut), 

and then applying a second transformation we have 

n n Λ UV\ l U+V X \ , ._ , „ 

n n / UV \ 
x = ßvßu\x-ut-vt+-Y x\, 

In order to establish that the resultant transformation still belongs to the 
group it is clear from these equations that we only need to show that 

ßv = ßußvll+-jp\, 

where 

ßy = (l-V/<*)-™ V=-^±^ (12.18) 

and corresponds to a relative velocity V between the frames. The reader may 
instantly verify this by using the definitions. 

If the two velocities are not in the same direction, we consider first the 
case in which they are perpendicular, and we choose these directions as the 
x- and j-axes. The first transformation becomes 

? = ßu(t-ux/c2), x' = ßu(x-ut\ y' = y. 

The second transformation as well gives the result 

t" = ßv{ßJ-(ußux+vy)/c% (12.19) 
*" = ßu(x-ut), (12.20) 
/ ' = ßv(y-vßut+ßuuvx/c*). (12.21) 

Since the z-coordinates are unchanged in both of these transformations we 
need not consider them at all in this piece of work. In order to show that the 
transformation /, x, y to t"9 x", y" is a transformation of the group we 
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rearrange the relations, by a suitable choice of V, | , η9|", η" in the form 

*" = ßv(t- Vl\c2\ I" = βν(ξ- Vt), η" = η. (12.22-24) 

First we consider the coefficient of / in the equivalent relations (12.22) and 
(12.19). We must have 

ßv = ßußv, i.e. \-V2\c2 = ( l - i / 2 /c 2 ) ( l -^ 2 /c 2 ) . 

The latter relation can be written in the alternative forms: 

V2 = u2+ v\\ - u2/c2) = u2+v2/ß2 (12.25) 
or 

V2 = v2+u2(l-v2/c2) = v2+u2/ß2. (12.26) 

The remaining terms, concerned with space coordinates, give 

βν¥ξ = ßv(ußux+vy). 
Therefore 

ux vy 
ξ = — + —7Γ = x cos a+j> sm a, (12.27) 

V Vpu 
where 

cos a = w/K, sin a = v/(Vßu) or tan a = v/(ußu) (12.28) 

in accordance with eqn. (12.25). 
We now eliminate t between eqns. (12.20) and (12.21). This leads to 

vßvx" — uy" = vßußvx—ußvy—ßußvu2vx/c2 

= vßußvx(l — u2/c2)-ußvy 

νβΌ o 
= -f-x-ußvy 

Pu 
or 

„ uy" vx / 1 Λ Λ Λ , 
vx" —f- = -7r-uy. (12.29) 

Guided by the form of eqn. (12.27) and the relations (12.25) and (12.26) 
we divide (12.29) by — V and obtain 

-yx +ψβ/ -~vfu
x+Yy 

or — x" sin cc"+y" cos a" = —x sin a + j cos a, (12.30) 

which we identify with (12.24) in the form 

η" = — x" sin cc"+y" cos a" = —x sin oc + y cos oc = η, (12.31) 

where cos a" = u/(Vßv), sin a" = v/K, or tan a" = ν/?„/κ. (12.32) 
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Corresponding to the first section of (12.31) we should have 

w, ,/ /, · ux" vy" 
ξ = x c o s a - f j ; s i n a = -T7ö- + -jr 

_ Uß" ί„ „ A . Vßv Λ , „,tf * ι ßuUVX 
~Tfv 

- vßv y+~c^)x+ vy \vßv+ v y 
_ußußVx+V^y^{u2+v2ßl)t 

vßv / n puuvx\ (x-ut)+^\y-vßj + ^ \ 

t 

V V " Vßv 

- R R l UX 1 Vy \ ß.u- (U2+v2-U2v2lc2\ 

-P»p\v + Vßu) Vßv[ l-v*/c* ) 

= ßv(x cos a+7 sin a ) ~ ^ r2i2 

= βν(ξ-νή9 

which is eqn. (12.23). 
The relations between (ξ, η) and (x, y) and between (|", 77") and (x", j>") 

are both rotations through the angles a, a" respectively with a 5* a". Hence 
these two successive Lorentz transformations are equivalent to a space-
rotation through an angle a, followed by a Lorentz transformation for 
velocity V along the new axis (l-axis), followed by a further rotation through 
—a" to give the final positions of the x'\ y" axes. The chief importance of 
this result is that by a suitable choice of u, v the angle a, i.e. the direction 
of the velocity V, can be given any value and so we deduce that a Lorentz 
transformation in any direction is equivalent to two such transformations 
along axes at right angles. This result, combined with that for two transfor­
mations in the same direction, suffices to prove that we are dealing with a 
complete group of transformations. When we speak of the invariance of 
Maxwell's equations we are referring to their transformation properties 
under this group of transformations. 

Example 1. When the two velocities in perpendicular directions have equal magnitudes 
we have the special results: 

V2 = u2(2-u2/c2); 
cos a = u/V, sina = u/vß, tana = l/ß, 

cos a" = u/Vß, sin a" = u/V, 
tan a" = ß; ß = ßu = ßv = (1 -tf/c2)-1'2. 

Hence a" = π/2—ct. 
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Example 2. If V, a are chosen, the velocities along perpendicular axes which give the 
same transformation are given by 

Therefore 

u = V cos a, V2 = w2 + v2 — u2v2/c2. 

v2{l-(V2/c2) cos2a} = V2(l-cos2a), 
v= Fsinafl-iFVc^cos2^-1/*. 

12.4 Maxwell's equations 

In order to establish these transformation properties we need certain 
experimental results. The first result is that the charge, being simply the 
number of electrons present, is unchanged by the transformation. Let us 
adopt two coordinate systems, in which the primed coordinate is that in 
which a small element of charge is at rest. We can write for the total charge 

e = ρο dx' dy' dz'. (12.33) 

Now consider the transformation to another coordinate system in which 

dt' = ß(dt- i ^ A , dx' = ß(dx- V df), dy' = dy9 dz' = dz. 

We are concerned with an element of volume in the new (primed) coordinate 
system, which is dx dy dz (with dt = 0) unlike in the primed system where 
it is dx' dy' dz' (with dt' = 0). That is to say the volume of the element has 
the value dx' dy' dz'/ß. If the total charge is not to be altered by the trans­
formation, then it must follow that 

e = ρ dx dy dz = (ρ/β) dx' dy' dz' = ρ0 dx' dy' dz', 

and as a consequence 
ρ = ßgo. (12.34) 

It is useful now to relate this to the way in which velocity transforms, 
because a moving charge also constitutes a current and a product of the 
charge density and the velocity gives the current density. We have already 
considered the formulae for transformation of velocity: 

v'x = - 5 ^ , , ; = J - — ^ , and so on, 
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and in the discussions above about the combination of Lorentz transforma­
tions in the same direction we proved [eqn. (12.18)] that 

PvPv = -
1 Vvx 

It follows immediately as a consequence of these two results that 

ßv'Vx = ßv(ßvVx-ßvV), ßv>Vy =ßvVy. 

In other words, the expression (/3, ßv) behaves just like the time and space 
coordinates (t, r) under the transformation, and is therefore a four-vector. 
Accordingly if one defines the charge and current four-vector as (ρ, / ) 
= (ρ, PÜ) the expression will have as its scalar (time) component the density 
in any frame. Accordingly we take the charge-current four-vector as the 
basis needed to estimate the transformation properties of the whole set of 
equations. 

In discussing the invariance of the equations it is necessary to take up 
again the method of derivation which was discussed in the last volume. 
We will take for granted the three equations 

div D = ρ, div B — 0, curl 2? = — — . 
ct 

(It is, of course, an assumption that these particular equations are to be 
left unaltered, and only the remaining equation is to be changed. At this 
stage the main reason for this assumption is that it is logically consistent 
to assume these three equations, whereas the remaining one cannot hold for 
non-steady currents. But ultimately the justification is the agreement of the 
predictions of the whole set of equations with observation.) The remaining 
equation was derived from the fact that curl£T ^ / , by observing that the 
equations of continuity for the charge-current vector gives 

d i v / = _ ! ^ o . 
ot 

Now in fact our derivation, which followed Maxwell's argument, was in­
complete, since all that is shown by these arguments is that the expression 
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has zero divergence. By well-known theorems in vector analysis it follows 
that 

curl H = ^ß+J + curl G, 
ot 

where we can in addition impose the supplementary equation div (7 = 0. 
Now it follows from Example 1 of p. 518 that (ρ, / ) will be a four-vector if 
(Z>, H—G) is a six-vector. By a similar argument, (B, —E) is also a six-vector. 
The difference between the equations found by this method, and Maxwell's 
equations as found in Volume 2, is not in the four main equations at all. 
For these become identical with the previous set by writing H' = H—G 
for the magnetic field vector. But the difference appears, of course, in the 
constitutive relations. In vacuum the introduction of the field G may lead 
either to the relation 

(a) B = μοΗ' 
or to (b) B = μ0Η. 

If we assume the first of these we have at once 

curl curl H' = V2B = -ε0 ^ 
μο οίΔ 

in free space so that 

c2 dt2 i l ä - V 2 * = 0, (12.35) 

where ε2ε0μο = 1. In the same way 

1 d2F 

^w~^E-°- (I236) 

On the other hand, if we assume the second we find 

curl curl H = — - V2£ = - e 0 ζ | - V2G, (12.37) 
μο οίΔ 

1 c&R 
— ™-ν*Β = -μ0ν*α, (12.38) 

y^-V*E = -^cWlG. (12.39) 

The first of these relations, eqns. (12.35) and (12.36), predicts the existence 
of freely travelling electromagnetic waves and is therefore in agreement with 
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Hertz's experimental results. The second pair, eqns. (12.38) and (12.39), do 
not have the form of wave equations, because of the expressions on the right-
hand side which depend upon the auxiliary field G. Accordingly we use 
Hertz's experiments to decide in favour of the first alternative and so identify 
the field which arises including the auxiliary field as the magnetic field which 
we now call H. From the fact that (Z>, H) (B, —E) are six-vectors we may 
write down at once the transformation laws of the electric and magnetic 
quantities and they are as follows: 

D[ = Dl9 H[ = Hl9 

D'2 = ß(»2-^H\ H2 = ß(H2+VD3), (12.40), (12.41) 

Ζ>ί = ß(D3 + ̂ H2\, Hi = ß(H3-VD2)9 

B'i = Bi> E'i = El9 

Β2 = β(Β2+^Ελ E'2 = ß(E2-VB3), (12.42), (12.43) 

B's = ßfa — E^, E'3 = ß(Es+VB2). 

An immediate consequence of these transformations is the following. 
We can, by the ordinary rotation of the axes, obviously reduce one of the 
two vectors which form any six-vector (P, Q) to the form Q = {0 0 ß3}, and 
in general the axes can be chosen so that the other one has then the form 
p = {0 P2 P3}. Suppose now that a transformation of coordinates of the 
usual form is made. As a result these two forms acquire the expressions 

ΡΊ = ο, ρί = o, 

P'2 = ß(p2-^ QX 02 = ßVPZ9 (12.44), (12.45) 

i>3 = /?P3, 03 = £ ( 0 3 - ^ 2 ) . 

Two different cases now arise. Firstly, let it be supposed that P3 = 0, so 
that the original two vectors were perpendicular. By choosing 

it follows that 

c2P2 . , cP2 

03 

P = 0, 

Q = {00Q a 

1, 

(12.46) 
(12.47) 
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and the magnitude of the only remaining component of the form is 

03 = V(Qi-< c2P%). 
On the other hand, if 

ν = ψ- and 
■^2 

03 
cP2 

< i , 

the reduction is carried out the other way round to the form 

Q = o, 
P = {0Pz 0}, 

with the sole remaining component 

(12.48> 

(12.49) 
(12.50) 

p* = ][(n~Qi)-
Both of these reductions are impossible in the case of Q\ = <?P\, which 

is the one arising for plane waves, see Chapter 11. Another reduction, which 
is always possible, even when P3 ^ 0, is to make the two vectors parallel. 
From the same equations the condition for this is 

P2-(V/c2)Qz Ps 
VP3 6 3 - F i V 

and this easily reduces to 
V/c P2Q3/C \PxQ\ 

l + yz/c* P2-Q*/c2 P2-Q2/c2' 

By a simple algebraic manipulation this can be written 

1 - V/c\* P2+P2-Q2/c2-2P2Q3lc 2 
— — oc% V + V/c) Pi+P2s-Q2s/c2+2P2Q3lc 

and if a is the positive number determined by this equation we have 

V _ 1-a 
c ί+α * (12.51) 

Notice that the above reductions can be carried out either with the six-vector 
(Z>, H) or with (B, —E). The reader can easily verify the equivalence of such 
reductions in the special case of vacuum, where D = ε0Ε, B = μ0Η. 

Another interesting application of the transformations is to the experiment 
of Wilson and Wilson mentioned earlier. This experiment concerns a mag-
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netic dielectric (which was made by embedding small steel balls in sealing 
wax). This dielectric is between the plates of a moving condenser and the 
plates of this condenser are short-circuited by means of brushes and a wire 
which passes through a ballistic galvanometer. The condenser moves with a 
uniform speed in the direction of the x-axis, the x-y plane being chosen 
parallel to the plates of the condenser. A magnetic field is then applied in 
the .y-direction (see Fig. 12.1). In the laboratory coordinate system it follows 

FIG. 12.1 

that B = {0 B 0}. We have to apply the constitutive relations in the dielec­
tric, and accordingly we must transform to a frame of reference in which the 
dielectric is at rest. In this frame of reference, because the plates are short-
circuited, it follows that E3 = 0 in the dielectric and therefore also, in parti­
cular, 

Hi = ß(H2+VDz), 
B2 = ßB2, 
E* = ßVB2, 

Ds = ß(n3+~H2y 

Applying the constitutive relations gives 

B V 
2 = μ(Η2+ VDz), D3 + -^H2 = eVB2, 

or, as an expression for D in terms of the magnetic field, 

νΗύμε-1/<?) 
D» = 

1-μεν2 
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The way in which the experiment is carried out is for the direction of the 
magnetic field to be suddenly reversed, in which case a charge is observed 
to flow by means of the ballistic galvanometer. This charge moves because 
the value of Z>3 alters by an amount 

2VH^e-\\c*) 
l-μεν2 

which is equal to the change in a, the charge density on the plates. The mag­
nitude of this charge is in good agreement with the results predicted by the 
theory. The experiment is difficult to discuss at all without special relativity, 
but the most plausible classical argument gives a corresponding result with 
μ replaced by μο (so that the magnetic properties of the dielectric should not 
affect the result according to classical theory). 

12.5 The electromagnetic potentials 

It remains to say a few words about the representation of the field vec­
tors by means of scalar and vector potentials. We saw above that, since 
/ 1 8 \ 
I —2" 07—V I, is a four-vector, any four-vector (φ9 A) gives rise to 

(i) an invariant -^- 4- div A, ot 

(ii) a six-vector J — ^ (-07+V($c2) j , curl A l. 

Let us now compare these expressions with those derived in Volume 2 for 
Maxwell's equations 

curl£ = - ^ , divU = 0. ot 

From div B = 0 it follows that B = curl A and so the remaining equation 
becomes 

curl (*+£)-* 
showing that E + dA/dt is a gradient. This suggests that the six-vector (ii) 
is (£/c2, B), and that 

£ = - — -c2V<£. 

EET 3-7 
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In other words, the time-component of the four-vector (φ, A) is not the 
usual electrostatic potential but differs from it by a factor c2. If instead 
V has its usual meaning in electrostatics, then (V/c2

9 A) is a four-vector. 
This identification is confirmed by observing that the invariant expression 
(i) is the one expected from the usual Lorentz condition [eqn. 13.5]. 

Example L If (P, Q) is a six-vector, show that (ß, -c2P) is a six-vector also, and there­
fore show that the fact that (E/c2, B) is a six-vector is consistent with the fact (found earlier) 
that (B, —E) is a six-vector. 

We can rewrite the transformation equations for P in the form 

-c2P'x = -c2Plf 

-c2P'2 = ß(-c2P2+VQ3), 

-c2P'3 = ß(-c2P3-VQ2), 

and similarly for those of O. 

Example 2. Show that Maxwell's equations for a field in empty space are covariant 
under Lorentz transformations. 

The equations D = εΕ and B — μΗ are valid for a medium at rest. Obtain expressions 
for D and B in terms of E, H, ε, μ when the medium is moving with uniform velocity v. 

Choose Ό in the direction of the x-axis. We then have 

D[ = D1 = eEi = εΕ[, 

D'2 = ß(D2-^H3} 

= ß(eEt-%H8) 

= ß**Ei+vB$-^(Hi+vD'J, 

v so that D2 = eE2evB3 —2H3. 
C 

Similarly 

which gives 

B3 = ß[B3--2E2j 

= β(μΗ9-^Ει) 

= β*{μΗί+μυΏ'%- ^{E't+vB$}9 

B3 = μΗ3 + μνΏ2--^Ε2. 
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Eliminating Z>g gives 
(\-μεν*)Β'3 = ^με-^νΕ'2+μ(\-^Η^ 

Similarly for the other components 

D'z= eE'z-evB'z+(vlc*)H'2i 

B2 = μΗ^-μνΏ^+(ν/ϋ2)Ε;. 

Example 3. A linearly polarized plane electromagnetic wave is propagated in free space 
from a transmitter fixed in an inertial frame S. The fields of the transmitted wave observed 
in S are 

E = jo Ai exp icoJt-— \ o | 

B = JO 0 c~lAi exp icoJt-—U. 

The wave is normally incident on the plane face x' = 0 of a dielectric medium of refractive 
index n carried by a frame S' moving with uniform velocity { V 0 0} relative to S. Prove 
that 

(i) in the frame S', the observed reflection coefficient is (1 -n)/(l + n); 
(ii) in the frame 5, the observed frequency ωΓ of the reflected wave is given by 

(iii) in the frame S the observed reflection coefficient is 

(ι4)α-«)/(ι+Ζ)(ΐ+η). 
In the dielectric the speed of propagation of light is c/n (see Fig. 12.2). 

FIG. 12.2 

(i) The observed reflection coefficient in 5' is that for the wave normally incident on a 
stationary plane face; this is the type of problem on plane waves considered in Chapter 11, 
where the reflection coefficient was shown to be (1 -n)/(\ + /?), see p. 447. 

(ii) In 5' the fields are 
E' = {0 ß{\~vtc) Ai^1-*^ 0), 

r= JO 0 — ß(\ -vie) At βίω,ίΐ-«/·)! 

7* 
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Moreover, the indices of the exponential are such that 

coiit—x/c) = a>('(f' —x'/c) 
= cotf(t-xlc)(\ + vlc\ 

-worn-
But in S' the face is stationary, so the reflected frequency is 

«; = *; = »«V(irl£)· 
The exponent of the reflected wave is therefore 

= i £ üV(ir i ) ( , + x / c ) ( 1 - i ' / c ) 

= ico'i(t+x/c). 

Hence the reflected frequency is as stated. 
<iii) The reflection coefficient is found in a corresponding way. 

Example 4. A particle of rest mass m0 and charge e moves from rest in a uniform 
electric field Ej and a uniform magnetic field Bk, where E < cB. By means of a moving 
frame of reference such as will eliminate the electric field, or otherwise, show that the 
position of the particle at time / may, by suitable choice of coordinates, be expressed in 
the form 

in c EB m c2E 
* = g(g*-EVc*)»'*(e~Sh>e) ' y = 4P-PI<*) ( 1 ~ C 0 S 9 ) 

where 
Θ = e(B*-E*/c*)W (t_Ex\ 

m0c2 \ Be2)' 

Making the usual transformation we find 

Εί = β(Ε- VB) = 0 if V = E/B < c. 
Then also 

8 lL· (β2 ~E2/c2) = -T V(& -E*lc\ V(£2-£2/c2) Be* v ' ' c2 

Hence — (mr') = e(E'+D X £'), 
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where m = mQl\/(\-v'2lc2\ so that 

—r-r (mz") = 0, so that i' = 0, z' = 0 always, at 

-^Amx') = -^f ^/{B2-E2lc2), 

-&■("&) = -?*' V(B2-E2/c2). 

From the last two equations 

x' -gp- ( w x ' H / ^ 7 (»#') = 0, 

/2 dm , d /1 ,2\ _ i.e. v2 -τ-Γ+m -r- ( — v2) = 0. d/' d/ \ 2 / 

Since this is easily seen to be inconsistent with the usual relation between m and v' it fol­
lows that dm/d/' = 0 and v' = constant. 

The starting velocity in this frame is - V = -E/B, so that this is the constant value of 
the velocity and 

m0 = m0B 

V('-£)V(--S)' 
Altogether, then, 

m0Bx,= -^y/(B2-E2/c2), 

m = 

cz 

mQBy' =—^x'(B2-E2lc2), 

which integrate to give 
. , , . . , , ie(B2-E2/c2) , , , . , . £ 

i.e. -A- [U' + i / ) exp {ie(i?2-£2/c2) /7(w0c2J5)}] = - J [exp{ie(B2-E2/c2)t'/(m0c2B)}} 
so that 

(y + i / ) exp {ie(Z?2-£2/c2) t'/(m0c2B)} = - _ J j 2 g _ 
[exp {ie(52-£2/c2)r7(/w0c2jB)}- 1]. 

But 

*' = V̂ "3/ = V(B2-E2lc2) \ ~Bd*Y 

so the exponents are Θ, and 

Hence 
y+iy = Em°c2 n-e-*\ 

^ y ie(B2-E2/c2) {i e '* 
EmQc2 . ü 

e(B2-E2/c2) 
Em0c2

 / t m 
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The expression for A: comes from 

x = ß(x' + vt') 
B (E B I Ex\ Em0c2 
B (E B / Ex\ EmQc£ . ϊ 

V(B2-E2/c2) \B V(B2-E2/c2) V Ä?/e(B2-E2/c2) M n J 
τ η 0 ο 8 £ Β 

e(B2-E2/c2)*l* {0-sin0}. 

Miscellaneous Exercises XII. 

1. (a) A particle of charge e and mass m is in a region of space in which there are uniform 
electric and magnetic fields perpendicular to each other. Find the possible states of 
motion of the particle for which the acceleration will be zero. 

(b) Prove that if £ and B are perpendicular in one Lorentz frame, they are perpendi­
cular in all Lorentz frames, and that if | E | < | cB | in one Lorentz frame, then | E | < | cB \ 
in all Lorentz frames. 

2. Prove by direct use of the Lorentz transformation that the operator V2-0/c2)(92/6i2) 
is invariant under the transformation. 

If y, ρ, A, φ are the usual current-density vector, charge density, vector potential and 
scalar potential, so that 

B = curl A, 

c»ri/y = | £ + y , 

div D = ρ, 

show that (ρ,/1,/2,/3) is a four-vector, and so is (</>c2, AUA2, A3). 
3. A classical point magnetic dipole μ at rest has a vector potential A — μ X r/r*. Show 

that, if the magnetic dipole moves with a velocity v such that v « c , there is an electric 
dipole of momentp associated with the magnetic dipole, where/? = νΧμ. 

4. The equations for the electromagnetic four vector in vacuo are 

| ± > = 0 , ^ = 0 ( Λ € - 1,2,3,4), 

χλ = x, x2 = y, x3 = z, *4 = icf. 
Verify that Λ^ = ap exp (zfcffjctf) satisfies these equations, provided ap, kq(p, q = 

= 1, 2, 3, 4) are constants such that apkp = 0, k2 = 0. By considering the four-vector 
property of Ap> deduce that ap must transform as a four-vector under the Lorentz 
transformation and that kpxp must be a scalar, so that kp also transforms as a four-
vector. 

An observer, moving with uniform velocity v in the negative x1-direction, uses coor­
dinates xp related to xp by 

- _ *i—i(v/c)jc4 _ _ _ _ Jt4+i(iVc)*i 
Xl ~ 7 ϊ /Λ»/Λ2\ \1 /2 ' X* ~~ *̂ 2» -*3 — *3> * 4 jl-^/cl))»/! ' Λ2 Λ2' Λ3 Λ3» <*4 {l-^/ct)}!/! 
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By considering a similar transformation for kp show that the new observer regards 
the frequency of a plane monochromatic electromagnetic wave as being increased by 
the Doppler factor 

where a is the angle between the direction of propagation and the positive jq-direction 
as determined by the first observer. Show also that the corresponding angle ä determined 
by the new observer is given by 

/ v \ (Λ VCOS0L\~X 

cosa=lcosaH J (lH 1 . 

5. Describe briefly a method for transforming the components of the electromagnetic 
field in free space from one Lorentz frame to another. 

By means of this transformation, show that the field at a point P due to a charge e 
moving with uniform velocity V is, at time /, 

*= -# [ ( ' + ? ) /4 H=ExV]> 
where β = ß(V), r is the position vector of the charge relative to P, s = r+ V*r/c, 
and square brackets indicate that the quantities enclosed are evaluated at time /-[r]/c. 
Show that the fields are as expected for V <c c. 



CHAPTER 13 

RADIATION 

13.1 General properties of radiation 

We shall be interested in this chapter in electromagnetic fields which 
change at high frequency. In this case the inequality 

dD . 

holds. Accordingly the ordinary current in the Maxwell equations is negli­
gible compared with the displacement current and we may take the equations 
as 

curl// 

so that, since B 

curl H 

By taking curl of each equation and using the identity 

curl curl A = grad div A — V2A9 

one can at once derive 

where c is the velocity of propagation of the disturbance described by the 
equations and has the value c = (εομο)~1/2. 

These equations contain the essential features of the propagation pro­
perties of the field and were investigated in detail by Hertz. His investigation 
will be given in the next section but before this it is a good idea to try and 

dD 

μοΗ, 
BE 

ε ο θ 7 ' 

i i r d B cmlE = - - = 7 

D = ε0Ε, 

536 
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obtain some intuitive idea of how outgoing radiation behaves. It is clear 
from the equations, since they are wave equations, that the field will be 
transmitted with a finite velocity c. If one considers some particular changing 
configuration of charges, for example, the field of two equal and opposite 
charges, which give the field of a dipole at large distances, one can think of 
their electric and magnetic lines of force related to each other in a spatial 
pattern which moves with this velocity (of value about 3 X108 m s_1). In a 
complete oscillation of the charges the field lines will alter their direction 
twice, once in each half-period of oscillation, and so the change of direction 
becomes more rapid the higher the frequency of the oscillation. One can see 
in a general way the effect of this. Since the field propagates with a finite 
speed, the field lines which are remote from the source will have no time to 
return to the directions corresponding to the ones nearer to the charges. 
In other words, as frequency increases, the field lines tend to separate. Those 
which are near enough to the dipole will move away from it and back 
towards it, but there will be some critical surface which separates these 
from the more distant ones which cannot get back. These more distant ones 
correspond to the radiation field in which we are principally interested here. 

13.2 The Hertz vector 

In considering the fourth Maxwell equation 

div B = 0 

we have in earlier chapters made the substitution 

B = cm\A. 

However, in this substitution it is clear that the vector A is not uniquely 
determined and could be altered to the form 

Α' = Α + νψ, 

and accordingly further restrictions are usually placed upon the vector 
potential A. In the case of the static or slowly changing field the most con­
venient further restriction is 

div A' = 0. (13.2) 

This involves solving the equation 

V2^ = —div A, 
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Poisson's equation, and this is always possible in general. However, it will 
prove to be more satisfactory to use a different restriction here. Substituting 
in the equation 

H = — curl A (13.3) 

we find 

curl I Ε+Ά=0. 

From this it follows in the usual way that 

Ε = -νφ~™, (13.4) 

and by putting this back into the original equations and using the identity 
for the repeated curl again, the equation 

grad div A - V2A = - μ0ε01 grad — + ^ I 

results. It would be very convenient at this point if the vector A also satisfied 
the wave equation. We see that this is indeed the case provided that 

8 ^ ldi\ Α + ε0μ0-^-\ = 0. 

Since we have the possibility of imposing some additional restriction, we can 
choose the restriction 

div A+\d4 = 0. c2 dt 

If this condition is not satisfied already we can transform to a new vector 
potential A' = Α + νψ> In order that E should be unchanged we must then 
transform to a new φ', so that 

i.e. 

Let us choose, then, 

,, dA' ± dA 

ν(Φ'+ψ-Φ) = o. 

A' = Α + νψ, 



§ 13.2 RADIATION 539 

and then 

so that we have only to solve the inhomogeneous wave equation 

/ 1 92 „ Λ ,· ^ 1 90 

The condition 

d i v ^ + ^ | = 0 (13.5) 

is often known as the Lorentz condition. It has the effect of making both 
A and φ satisfy the same wave equations as the field vectors (which the reader 
may verify in the case of φ). Now the starting-point for Hertz's analysis is to 
notice that, if the potentials are to satisfy the Lorentz condition, then they 
can always be written in the form 

0 = - d i v / 7 , A = ± ^ 9 (13.6) 
C" Oi 

where Π is some new vector, and it is again the case that the new vector 
which has been introduced here, known as the Hertz potential, satisfies 
the two conditions 

3 / l Θ2ΖΓ 

These conditions are very reminiscent of the wave equation and accordingly 
we propose to consider the special case in which the field satisfies 

1 62i7, ^-^-ν*Π = 0. (13.7) 

(This was the special case considered by Hertz.) Substituting for the poten­
tials the field strengths take the form 

#=e0|-curli7, (13.8) 
et 

E = grad div Π — ί ζ ^ = curl curl Π. (13.9) 
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Exercises 13.2 

1. A region contains no charge or current densities but contains a distribution of electric 
polarization P, so that D = εΕ+Ρ, Β = μΗ. Show that the Hertz potential satisfies 
the equations 

in the region concerned. 
(This relates the Hertz potential to the distribution of electric dipoles.) 

2. Show that Maxwell's equations, in the absence of charge and current densities, are 
satisfied by the following substitutions 

a A* 
D = curl A*, H = grad V* + ̂ r- , 

ot 
where 

ν 2 Κ * - μ β ^ - = 0, ν*Α*-με^Γ= 0, 

oV* if άινΑ* + με-^— = 0. ot 

3. A region contains no charge or current densities but contains a distribution of magnetic 
polarization so that D = sE, B = μ(Η+ Μ). Show that Maxwell's equations are satis­
fied by (see eqn. 2) 

dA* 
D = curl A*, H = grad F* + ̂ r - , 

ot 
6/7* 

A" = -μί 

where 

with A* =-με -^— , V* = div 77* 

I θ2/7* \ o ( o2IT* \ 
div ( V

2 / 7 * - ^ ^ L + M j =0 , £ ^Π*-με°~- + Μ)) = 0. 

13.3 Solutions with axial symmetry 

The use of Hertz's vector is particularly appropriate in conditions of 
symmetry. The first kind of symmetry which springs to mind is that of 
spherical symmetry. Now the Hertz vector would have the form 

Π = Xr 

where X = X(r, t) is a function of A* and t only. However, when one prepares 
to substitute this value into the expression for the field strength, it at once 
follows that 

curl 77 = (vX)xr = 0, 
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corresponding to zero field. This suggests that spherically symmetric waves 
are impossible, a conclusion which is immediately verified by making the 
substitution 

£ = / ( ! > , H = g(r)r, 

in the original equations. It is therefore necessary to go up to the next stage 
of complication, that is, to the situation where there is symmetry about a 
line, which we may take as the z-axis. 

We shall suppose that the charges present, which produce the field, are 
located very near to the origin and are fluctuating in some way so as to 
produce the radiation conditions necessary. In fact the solution which we 
shall find is mainly applicable to a dipole whose strength varies with the 
time, but we shall also consider the general case. It is natural to use polar 
coordinates for the more detailed calculations; because the axis of sym­
metry is the z-axis, the angle between this and the radius vector r may 
be taken as Θ. The Hertz vector, 77, in order to preserve the axial symmetry 
can only have components radially outwards and parallel to the z-axis. 
Both of these components can only depend upon the distance from the origin. 
However, Maxwell's equations are all linear equations, so that the radial 
component which would correspond to a superimposed spherically symme­
trical field will in fact contribute nothing and we may choose for the Hertz 
vector some vector in the direction of the z-axis. 

This Hertz vector now satisfies the wave equation which may be expressed 
in polar coordinates as 

In this equation the Hertz vector is to be assumed in the form 

n=f(r,t)k, (13.11) 

so that we have, in effect, a scalar wave equation for the function/! We shall 
be particularly interested in the special case in which the wave field has a 
periodic character, in which case we would write the Hertz vector in the 
simpler form 

Π =n(r)ei(ütk. (13.12) 

(Here, as usual, the real part of the exponential function is intended.) 
By making this substitution in the wave equation we obtain the ordinary 
differential equation for the dependence of Π on the distance, viz. 

d2n 2 dn co2 _ Λ - + — - ~ - + -ö-i7 = 0. 
dr2 r dr c ,2 
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This equation may be integrated at once by the substitution rll = u and 
leads to the solution 

Πο __,. 
Π(Γ) -icor/c 

The Hertz vector therefore takes the form, in this particular case, 

Π = — exp {ico(t-r/c)}k = /(/*, t)k9 (13.1 3) 

in which the outgoing wave nature of the solution is clearly exhibited. 
In the general case the function/must simply be some solution of the wave 
equation and therefore has the form 

Π = -g(t-r/c)k, (13.14) 

by means of a similar argument. However, it will be more convenient to 
leave it in its original formiJ = f(r, t)k for subsequent calculations. 

13.4 Discussion of the field strength 

Taking then the Hertz vector in the form 

n=f(r,t)k. 
it follows that 

curli l = %rxk. or 

Accordingly the magnetic field is given by 

H=e°~§wPxk' ( 1 3 · 1 5 ) 

and so the magnetic field lines are circles whose centres lie on the z-axis. 
In polar coordinates the only non-zero component of the magnetic field is 
therefore 

a2/ ^ 
drdt 

Taking the particular case 

Ηφ = ε0 0 ^ sin Θ. 

M 
/ ( r ' f) = J^r CXP W-'/*)}' 
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where Μ/(4πε0) is now written for the constant i70, corresponding to periodic 
solutions, an immediate calculation gives 

M 
tf, = ~ s i n 

Λ ico ω2] t. , , ^ 
e{~7^+^}e x p { l £ u ( i - '" / c ) } · 

Since the real part has to be taken, this means that the component of the 
magnetic field has the form 

Ηφ = — sin in θ\^ sin co(t-—\ + — cos co(t-—\ 1. (13.16) 

We notice that one of these parts falls off inversely as the square of the 
distance while the other falls off inversely as the distance. The distinction 
between these two parts corresponds to that between the near zone and the 
distant zone mentioned in our earlier intuitive argument. 

Next, for the calculation of the electric field we have 

{y I-'}· 
and this immediately reduces to the form 

2 8 / , , 9 / l 8 / \ , . . . n 

The electric field now has components in the two directions at right angles 
to the magnetic field, radially and transversely. The value of these compo­
nents can at once be calculated as 

Er = r.E = -^r-cos 0, 
r or 

r 2 9 / . , 3 / l 8A . a 
θ = 7 Usm θ7'"" "̂  ■Sln \r drj 

Taking again the particular case of the periodic solution, these components 
have the values 

M c o s 0 f l / r\ ω . / r\] ,Λ~ Λ~ 

^ Msin 
ΕΘ = 

ι Θ f 1 / r\ ω . / r\ ω2 I r\\ \-T cos ω\ί ^-sm colt r c o s c o U I. 4πε0 | r 3 \ c J cr2 \ c J c2r \ c)\ 
(13.18) 
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Here again the distinction between the near and distant zones is very clear. 
The part of the electric field which is important nearest to the origin falls 
off as the cube of the distance and the part which is important a great way 
off again falls off inversely as the distance. Approximately, one can say that 
the values of the fields near to the oscillating system are 

^=^c°^(4 ) . (13-19) 

cos colt ( ' - 7 ) . (13-20) 

coMsin Θ 

whereas those a great way away have the form 

Er = 0, (13.22) 
Moo2 sin Θ 

Anarch 

Moo2 sin Θ 
^-"iS^^H)' (1323) 

MooL sin 6 I r\ ,** ΛΛ 

^ = ^ ^ c o s T - 7 > ( 1 3 2 4 > 
approximately. It is important to notice that the field in the distant zone 
satisfies the two conditions 

ε0Ε2 = μ0Η2, Ε.Η = 0 (13.25) 

which we have already discussed in connection with plane radiation fields. 
These conditions do not depend upon the particular Lorentz frame of 
reference. 

13.5 Interpretation of the results 

We first consider the results corresponding to a periodic oscillation 
because the interpretation of this is most straightforward and this is in fact 
the most important form of solution. Very near to the oscillating charges 
the fields have the form 

M cos Θ 
Er = —= Ö- cos cot, 

2πε0Γ3 

M sin Θ 
£«=^wr-COSiü'' 

Μω sin Θ . 
Ηφ = —-Λ—s— sm cot 
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In order to interpret this one needs to compare the electric field with that 
of a dipole. The field of a dipole of moment m directed along the polar-
axis is 

m cos Θ m sin Θ 
Ιπεοΐ3 ' Απε^ή ' 

so that the electric field corresponds to such a dipole with varying moment 
m. Now such a varying moment may be considered as due to a current 
element. One can think of a current element whose length is equal to /,, 
that of the dipole (considered as a very short length). Accordingly the value 
of H for such an element will be given by 

_. V2/ / s in0 . , 
Ηφ= Anr* Sm0)t 

where / is the r.m.s. value of the current (so that Iy/2 is the peak value)? 
and ω is its frequency. If now 

Ily/2 = coM, 

the magnetic fields agree. Moreover, this equation involves 

co 

When the dipole is thought of as a charge oscillating up and down a short 
length / the charges at the ends of / are ± q cos cot and m = ql cos cot. The 
current / in the element arises from the variations given by d/dt(q cos cot) = 
—coq sin cot. Hence the peak value is Iy/2 = coq. This is in complete 
agreement with the electrical picture. Thus both the fields imply that the: 
solution we have found corresponds to an oscillating dipole at the origin 
directed up the z-axis. 

It is to be noticed that from the equations for the field in the near zone 
the squares of the field strength (which enter into the expression for the· 
energy) are inversely proportional to the sixth power of r. Moreover, the; 
electric and magnetic field strength differ in phase by \π. The Poynting vector, 
which describes the passage of energy, is therefore proportional to (using the; 
polar components): 

ΕχΗ=(ΕθΗφ, -Ε,Ηφ,Ο), 

i.e. has both its components proportional to 

cosa(t-i)sin(o(t-i) = jnn{2(0(t-i)} 
EET 3-8 
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As a result of this the energy from the dipole flows out during half the period 
of oscillation into the near zone, and then in the next half it flows back 
again. On the other hand, the equations for the distant zone show the 
electric and magnetic fields in phase. The Poynting vector now has compo­
nents proportional to {ΕθΗφ 0 0}, i.e. it is purely radial and proportional to 
cos2cu(t—r/c). There is therefore an energy-flow outwards. (Since the radial 
component of the electric field vanishes the shape of the distant field is 
generally a cylindrical one, which accounts for the fact that it falls off in­
versely as the distance.) As a result the energy decreases only as the inverse 
square of the distance. 

Thus apart from the two zones differing by the size of the fields and the 
manner in which these fields fall off with distance there is also another 
important distinction in the behaviour of the energy in them. In the near 
zone the energy flows out and back, so that in so far as the transmission of 
radiation is concerned the whole behaviour is really a pretence. On the 
other hand, the energy in the distant zone flows continually outwards and so 
there is a genuine transmission of radiation. The region in which the pretence 
takes place will be larger when the near zone is larger, that is, the lower the 
frequency or the longer the wavelength. For a wavelength of about 60 cm 
the near zone has a radius of about 5 cm, whereas for a wavelength of 6 km 
the near zone has a radius of about 500 m. This is the basic reason why 
experimental demonstration of the waves which Maxwell saw must exist was 
delayed for about 10 years. It is also the reason why long-wave radio trans­
mitters need a large amount of apparatus and a considerable source of 
energy whereas very short-wave transmitters may be small enough to be 
carried in the hand. The large amount of energy consumed by the long-wave 
transmitter is mostly used in setting up the pretence of transmission in the 
near zone which is in fact only a pumping in and out of energy. 

13.6 Other kinds of radiative solutions 

The solution of Hertz, which has been described above, is historically of 
the greatest importance, but the reader will have noticed that there is a 
certain element of luck in its derivation. Certain plausible assumptions 
about the scalar and vector potentials lead to a solution which can then, 
by looking at the near field, be seen to correspond to an oscillating dipole 
at the origin. Two different directions suggest themselves for proceeding 
from this point. Firstly we might preserve the general features of the deri­
vation of the scalar and vector potentials from a Hertz vector which is again 
the product of a constant vector and a scalar field (but without making 
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the same restrictions on the dependence of the scalar fields on time and space 
variables). In the present section we look at one example of a solution found 
in this way. Alternatively we might seek to find the radiation field from a 
system of moving charges, by building this field up from that of a single 
charge. In this way the physical significance of what is found is certain, but 
there is the disadvantage that the calculation of the field in general is not so 
easy. 

Returning then to the first course of action, let us write 
Π = kf(r, t), 

where A: is a unit vector which may, without loss of generality, be chosen to 
lie along the z-axis, a n d / i s now any function of position and time. Since 

. A. π Α l dn 

we have 

0 = - * . V / , A = ^kf. (13.26) 

From this it is easy to calculate the fields. Here/is a scalar function satisfying 
the wave equation 

From any solution of this equation we can derive corresponding radiation 
fields. 

In illustration, instead of considering the type of solution involved in 
Hertz's calculation, let us try something of a more symmetrical kind. If/is 
independent of/, we know that there is a so-called elementary solution of the 
resultant equation (Laplace's equation) of the form/= l/r. Now if, for the 
time being, we define \r = s so that the wave equation becomes 

32/ a2/ Θ2/ 62/ Λ 
-A — A —A — = 0 d(ctf dsf ' ds% ds% 

\i.e. Laplace's equation in four dimensions), we can expect a similar elementary 
solution except that the power of R = ^/{ch2A-s\-^s\-\-^) may well be 
different. In fact, if 

f=g{R\ 
♦u df ct / 
then \c~-c = -zrZ, 

d(ct) R * ' 
sothat Wf = R"+-w^ -ws-
«* 

file:///c~-c
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Hence 

Therefore 

so that 
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d(ctf + ih 8if R g 8 WK g} 

R?g' = A (a constant) 

g = i\+c> (13.27) 

where B, C are constants. Disregarding the constant C, since it results in no 
field, we can take the elementary solution as 

g = B2 = cW+sf+sl+si= cW^V2' (13,28) 

Strictly speaking, this is a solution of the wave equation at all points 
except those at which c2t2 = r2, at which this solution has a singularity. 
If we confine ourselves to values of t > 0 we can think of this singularity 
as beginning at the origin at / = 0. Then, as t increases, the singular points 
all lie, at any instant, on a sphere of increasing radius (a sphere, in fact, 
whose velocity is given by \r\/t = c). The solution therefore represents an 
extremely short pulse of light emitted at the origin at t — 0. 

There is, however, a purely formal procedure that enables us to derive 
from such a solution, with a singular surface, another solution with no singu­
larities. First suppose that the original singular event occurs, not at the 
origin, but at the time to and the position r0. The solution then obviously 
becomes 

8 = c2(t-to)2-(r-röf' ( 1 3 , 2 9 > 

In this solution one can replace to, HO by complex numbers, say 

to = α-f iß, 
ro = a+ib, 

and a short calculation proves that here [ß -^ (1 — v2/c2)~i] 

1 
g~Ä^ÄB' 

where A = c2(t-oc)2-(r-a)2-c2ß2+b2
9 

B = 2[c2ß(t-oc)-b-(r-a)]. 
Hence also 
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and, since g satisfies the wave equation, it follows that U, V satisfy it also. 
Now U, Fcan only be singular if A2-\-B2 = 0, and this involves A = B = 0. 
So long as c2ß2 > b2, this means that 

c%t-oc)2 > (r-af 
(by using A = 0), and so 

ß2c2(t-ocf > ß\r-af 
>b2(r-af/c2 

^ [b-(r-a)]2/c2 

so that 5 > 0, and therefore t/, K are non-singular. 
Now that the complex numbers have done their work they can be dis­

regarded; the linearity of the wave equation is what makes this method 
possible. Of course, by a (real) change of origin it is possible to make 
a = 0, a = 0. Since c2ß2 > b2 it is also possible, by means of a real Lorentz 
transformation, to make the real four-vector (ß, b) correspond to the time-
axis, i.e. to make b = 0. Then 

A = c2t2-r2-c2ß\ B = 2c2ßt, 
and so the V solution (for example) has the form 

2c2ßt 
{c2t2-r2--c2ß2)2+Wß2t2' ( 1 3 ' 3 0 ) 

How is one to interpret such a solution of Maxwell's equations ? There 
are no singularities—that is, no sources of the field anywhere or at any time. 
But, none the less, there are field strengths that can be calculated with a 
little trouble from the potentials given by the formulae 

φ=~ι^νν, 1 dV 
c2 dt 

(13.31) 

To get some idea of how the field varies, we can plot V as a function of time 
for given r. The curve is obviously of the form shown in Fig. 13.1 since V=0 

FIG. 13.1 
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when t = 0, V % Kt when t is very small, and when / is large V % K/t3. Thus a 
disturbance builds up, changes somewhat, and disappears again. 

The existence of this kind of solution of Maxwell's equations suggests 
that Maxwell's theory may be incomplete. It seems to lack some additional 
restriction that will serve to ensure that fields originate only from sources 
like charges and magnets. But we do not know how to modify the theory so as. 
to rectify this defect. 

13.7 The fields of moving charges 

We now seek to investigate the fields (in particular the radiation fields) 
of a number of charges in motion. Consider first the Maxwell equations in 
the absence of other matter than the charges: 

curl E = -u0—~, div E = — , 
at ε0 

dE curl H = €0 -r- + / , div H = 0. at 
Thus 

curl curl E = grad (ρ/ε0) — "72Ε 

3 ί dE J 

1 ?)2F riT 1 
- t h a t _ _ _ ν . £ = _ / Ι β _ _ _ ν ρ . (13.32) 

Similarly -^ ^ - V 2 H = c u r l / ( 1 3 3 3 > 

It is to be noticed that the sources on the right-hand sides of these equations 
are very intractable, because they involve the derivatives of ρ and / . This 
suggests a simpler situation, where we can write E, H as derivatives; in other 
words, if one introduces the potentials. 

When we write, then, as before 

H = — curl A, 
μο 

Ε = -νφ-—9 
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it follows that 

- V 2 ^ - g - ( d i v A) = ρ/ε0 

, , . 1 d2A /l ΰφ\ 
curl curl ,ί = - _ _ - v ^ - ^ ) + /*»/. 

curl curl Λ = grad div Λ — ν 2Λ, 

If we again fix A, φ by the Lorentz condition 

div^ + l ^ = 0 c2 dt 

it follows that A will satisfy the (inhomogeneous) wave equation. Moreover,. 
φ will satisfy 

~2" ^ ^ 2 " ~ " V Φ = ' 
c2 dt2 ε0 

A word is appropriate here about the solution of these wave equations. 
A common method in some theories (e.g. acoustics), where the scalar wave 
equation arises, is to seek for coordinate systems in which there exist separ­
able solutions. In point of fact, there are known to exist exactly eleven such 
coordinate systems, of which cartesian, spherical polars and cylindrical 
polars are the best known. But here we have to solve a vector wave equation 
also; in every coordinate system but cartesians the operator V2 must be in­
terpreted as — curl curl ■+ grad div. As a result one component of the operation 
of V2 on a vector involves the other components also. Very little is known 
about the separable solutions of this equation. Accordingly we must have 
recourse to other methods. 

Consider then the scalar wave equation above. As usual with differential 
equations of the inhomogeneous type, the complete solution consists of any 
solution of the homogeneous equation 

(complementary function), together with some particular integral of the 
original equation. To find such a particular integral let us divide the space 
up into very small portions and find the separate fields produced by the 

and 

But 
so that 
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charges in each of these small elements. The resultant of all these fields will 
then be a particular integral. For any given volume element dr containing a 
charge ρ dr we have then to solve the homogeneous wave equation every­
where, except in the immediate neighbourhood of the volume element where 
the charge corresponds to a point charge ρ dr (which is a function of time). 
Choosing, for a moment, the origin at the volume element, we have to solve 
the wave equation which will be (for a spherically symmetric partial func­
tion δφ) 

1 6 W ) 1 9 / 28W>)\ 
c2 δί2 A·2 dr [ dr j 

As usual, we can solve this by writing δφ = ru, when we find that 

1 B2u 82w 

Τ*-£-Ί£ = °> ( 1 3 · 3 4 > 
which has the solution u = f{t—rlc)+g{t+rjc\ for any functions / , g. 
We are here looking for one particular solution, so we may choose one of the 
functions / , g to be zero. In most elementary cases, the most convenient 
choice is g = 0. This corresponds to a solution in which a disturbance in the 
charge produces effects in the field afterwards rather than before it happens. 
But it by no means follows from this rough appeal to causality that the same 
choice is always required. Certainly Maxwell's theory allows the choice 
f = 0, which has been put forward in some theories of the classical electron. 
However, for our present purposes it will be sufficient to confine ourselves to 
the case g = 0. 

As a result δφ = (l/r)f(t—r/c); and the function / i s still at our disposal. 
We have to choose it so as to make the potential correspond to the correct 
value of the charge, that is, to make the potential have the correct value 
very near the origin, as r —■ 0. Accordingly, for our case 

/(0 = e(')-dr 
4τΓ£ο 

We must now transform to a general origin, and so derive 

Q(t-r/c, r')dr' 
A0(r) : 4πε0Γ 

where r = \r—r'|, and r' is the point occupied by charge (so that dr' is the 
volume element at that point) whilst r is the position of the field point, at 
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which δφ is required. The total field is therefore 

' g(t-rlc9 r ' )dr ' 
Φ(0 = -p 4πε0Γ 

where we introduce square brackets to mean the so-called retarded value~ 
To this field we should in general add any solution of the homogeneous 
wave equation which is then chosen so as to satisfy the conditions of the 
problem. For our purposes, however, it will be sufficient merely to consider 
in detail the particular integral found (called the retarded solution). By writing, 
the vector wave equation in cartesians, a similar argument on each compo­
nent leads to the result 

' [ /Jdr ' 
A(r) = μο Anr ■ ( 1 3 3 6 > 

13.8 The Lienard-Wiechert potentials 

The general formulae which we have just found for φ, A are not usually 
very easy to apply in practice. But their chief importance is that they express 
the potentials of the field of a moving charge in an explicit form which, 
as we can see from the expression, depends on its velocity but not on its 
acceleration. 

Suppose that we have a single charge, moving in any manner. We have to 
consider the limiting case of these formulae as the density corresponds to the 
singular one of the point charge. However, a little care is needed in the 
limiting procedure. We cannot simply replace [ρ] dr by e since we have 
initially a distribution of charge, and different parts of it will have different 
retarded times. It is not true that it makes no difference whether we carry out 
the limiting operation before or after taking retarded values. There is only 
one frame of reference in which this is true—that in which the charge is 
instantaneously at rest. In this frame of reference the potentials are 

φ = 1Γ^—9 Α = 0. (13.37) 

Now we use two facts: first, from the form of the expression for φ, A 
in a general reference frame, it is clear that they will depend only on the 
velocity of the charge and not on its acceleration. Second, we are concerned 
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with retarded values; so that the signals at a point (say, the origin) at time t, 
from a moving charge e at r = r(t) will arise from the charge when it is at a 
point r(f')> where 

|r(OI =<#-*')· 
Let us first apply this formula in the frame of reference in which the charge 

is at rest. Then 

Ύ Ansocit-t') 

in this frame of reference. 
In order to see the value in any other frame of reference it is necessary 

to express everything in four-vector form. The velocity four-vector, for the 
charge, is defined by (/?, βν) where β is, as usual, (1 —v2/c2)"112. Accordingly 
in the rest-frame of the charge, it is (1, 0). Moreover, the combination 
(φ/c2, A) is also a four-vector, and has in this reference frame the value 

(*&?>■ · ) · <ΐ3·38> 

These two four-vectors are proportional, and we should therefore expect the 
factor of proportionality to be independent of the reference frame. Now the 
condition for the retarded time, above, can be written 

c\t-t'f-r2 = 0, 

which is certainly an invariant relation for the four-vector (t—t', — r) ob­
tained by subtracting the two four-vectors (t, 0)and (ί', r(t')) =(*', r'). Now 
from this four-vector and the velocity, in the reference frame in which the 
particle is at rest, the invariant 

s = <*ß(t-f)+ßO.r (13.39) 

has the value c\t—t'). Hence in this frame of reference the potential 
four-vector is derived from the velocity four-vector by multiplying it by 
μ0££/(4π£). Since this factor is invariant the same is true in every reference 
frame, so that, in general 

Φ=μ^Φ Α=μ^Φ (1340 
c2 Ans Ans ' 

It only remains to put these into three-dimensional form. For this purpose 
it is more useful to go over to having the origin chosen at the charge, and to 
consider the field at a point r; this corresponds to a change of sign of r in 
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these formulae. Using 
c%t-t')2 = r2, 

we have, with the understanding that everything on the right-hand side is 
evaluated at the retarded time t\ 

φ __ μ<# e 
*~ Λ~1.-'»\ ΟΓ *~Λ~..1^"<\' (13-41) 

(13.42) 

An\r 1 4πεοί/· Ϊ 

and A = — , where r = \r\. 

These are the Lienard-Wiechert potentials. 

13.9 Calculation of the field strengths 

We now have to use the formulae 

^ . dA „ 1 , j Ε = -νφ—=-, H= — cvarlA 6/ μο 
to determine the field strengths. But the differentiations here are all with 
respect to t and r, whereas the Lienard-Wiechert potentials are given in 
terms of t'. Some care is therefore needed in the differentiation. 

Since r(tf) = c(t—1'\ it follows that 

£-«('-£)· 
But we can find an alternative expression by differentiating in the form 

dr _ dt' dr 

Now r2 = i·2, 

so that rW = r*W 

and dr/dt' = — Ü (by definition). Hence 
dr r*v 

dr r.o dt' and — = -̂— . 6/ r dt 
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Collecting these results together, it follows that 

δί _ ! 
re 

Using r{t') = c(t-t'), it also follows that 

1 
V* = Vr, 

c 

(13.44) 

Hence Vf' —■ 

1 [dr , r) 
-c-\wvt+7\ 

1-3 (13.45) 

In carrying out the calculations, it is convenient to use two subsidiary 
definitions: 

R = r- —-, (13.46) 
c 

and s = r-—, (13.47) 
c 

noticing that, when both / and t' are held constant 

VR = r = - , 
c r 

and r-S = rR. 

Moreover, at a fixed point, 

dR r*v r*v r*r r*v r*v 
dt' c c r c c 

and r = — v, so that 

dR i··» v2 r*v O*S r*v 
dt' r c c r e ' 

The potentials now take the form 

♦■553- A-£s· (13'48) 
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so that 

Notice here that the gradient is to be evaluated when t is held constant, 
not t\ so that, collecting all the results together, 

_ eS e /ο ·5 r*v\ r 
4ne0R2r ^ne0R2 \ r c J cR 

^b L^J^L (^l+ ™\ L as 4m 
AnR R AnR2 \ r + c j R' l > 

The details do not matter so much as the fact that E contains some terms 
that are independent of the acceleration, and these terms fall off, roughly, 
as the square of the distance (counting, for this purpose, r, R and 5 as all 
of the same size), whilst there are other terms proportional to the accelera­
tion and these—the characteristic radiation terms—fall off as the distance. 

In fact the terms independent of the acceleration become (remembering 
that £2μο£ο = 1) 

e 
E = 

\S (vS)r _ J_ o(p.5)1 = e l_ / ο-5\ 
4ne0R2 [ r cRr c2 R j 4ne0R2 r \_ cR j 

(13.50) 

(If o = 0, so that the charge is at rest, this at once reduces to the electro­
static form.) For the radiation terms, we have 

Γι··οι* vr ο/τ·ο 

4ne0c2R3 

But we noticed before that 
Rr = r . J , 

so that the expression for E can be rewritten 

4ne<>R2 [c2R c2 c*R 

e Γι··ό / rv\ vrl 
l^R V""c"/~?J 

[(r.ü)S-Rrb]. (13.51) 

4ne0R2 

e 

£2i[rx(Sxe)]. (13.52) 

The first field (independent of the acceleration) is evidently the field of 
charge in uniform motion and this expression could have been derived by 
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making a Lorentz transformation of the field strengths directly. The second, 
however, depends on the acceleration, and so is non-zero even for a charge 
which is instantaneously at rest. In fact, for such a charge, with acceleration 
/ , the total field consists of the Coulomb field together with a radiation 
component of 

E = ^rx(rxf). (13.53) 

The calculation of the magnetic field is carried out in the same way, and it 
turns out that 

:(£)· (,3S4> l~fr 
Thus the magnetic field is everywhere perpendicular to the electric field. 
This fact was to be expected of the radiation parts of the fields but it is 
surprising that it holds of the total field. 

It remains to draw the readers' attention to one disquieting fact about 
these results. We began by solving the wave equation for the potentials* 
found a solution that depended only on velocity and not on acceleration, 
and then differentiated this solution in order to derive a field that depended 
both on velocity and on acceleration. This suggests that, if we had begun 
with the Hertz potential being independent of the acceleration, then the 
ordinary potentials would have depended on acceleration, and the fields on 
its derivative. Does our argument forbid this? Some discussion has taken 
place on this subject, and the matter is still not clear. It is our opinion, 
however, that the argument we have given contains a hidden assumption. 
When we solved the scalar wave equation 

c2 dt2 ε0 

we sought a particular integral that was spherically symmetric, about an 
origin chosen at the position of charge involved. If φ were to depend on the 
acceleration—which would then have a definite direction, even in the rest-
frame of the charge—this assumption of spherical symmetry would no longer 
be justified. Instead we would need axially symmetric solutions, of which, 
of course, there are many, involving Legendre polynomials. Conversely, 
when we make the assumption of spherical symmetry, we are assuming, 
that the accelerations are unimportant here. The solution that we have 
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derived must then rely, for its complete justification, on its experimental 
confirmation, and fortunately there is ample experimental verification that 
it is, in fact, true. 

Example L An infinite uniform wire occupies the z-axis in free space, the current in it 
vanishing for / < 0 and having the constant value / for / > 0. Show that the vector poten­
tial at a point P, whose cylindrical coordinates are r, φ, z, is given by 

A = μ0 — k In for / s> r/c, 
2TZ r 

and 
A = 0 for t < r/c, 

and that the electromagnetic field of the current at P when / Ξ> r/c is given by 

F = ~Jkc u #7 = Jct* 
2n{c2t2-r2fi2 ' μ° 2nr(c2t2-r2)112 ' 

Find the flux of energy across unit length of a cylinder passing through P and coaxial; 
with the wire, when / s* r/c. 

(i) Using formula (13.36) in the text 

[Jk] άζ1 

4^J V{Ui-^)2+x2+>;2} 4TIJ V{U!-z)2+/·2} ' 

where the part of the wire involved is such that 

t V{(z1-z)2 + r2}_Q 

c ~~~ ' 

i.e. ( z ! - z ) 2 ^ c 2 / 2 - r 2 

so that Z! - z ranges from ± \/(c2t2 - r2), if c/ ̂  r. 

Changing variables gives 

V<«2'2-»·2) 

-V<'2«2-'2> 

- ^ o / * - s i n h - l i V ( c 2 ' 2 ~ r 2 ) * - ^0*7* 
2π 1 {^! f^} = ^cosh-1(f) 

= ^ , n | c i ± V ( ^ ! ) j ) (c^r)_ 

If c/ =s= r, the field is obviously zero 
(ii) For the field vectors 

dA Θ f μ0Μ 

μ0Jk c/r — μ0Μο 

E 6/ dt 

2π V [(c2t2/r2) -1 ] 2π ̂ {cH2 - r2) * 
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Similarly 
[μ0./Α 

ft^=cnri{i^-coeh->(^)}, 

/ - (-ct/r2) 
-Φ-2π^ Vl(c2t2/r2)-l] 

Jct$ 
2nr ^{c2t2-r2) 

a J2c2tr (iii) Finally ExH = . Γ" 9 9—57- which then gives the flux of energy. 4πν·(<τ r - r) 

Example 2. Show that in a vacuum Maxwell's equations are satisfied by 

1 &u 1 dhi /62f/ 1 d2u\ 
θ~ r Wdr' φ~ T s r n T ä ^ ' r " I 8r2 c2 Θ/2/' 

0 r sin 0 θφ 8/ ' * r" 80 θ7 ' r ? 

where /% 0, φ are spherical polar coordinates and u satisfies a certain differential equation. 
Show that if the field is symmetrical about 0 = 0 this equation has a solution 

■-«■»•»-'(τ-έΗτ-Ή)}· 
From the double differentiations involved in the expressions for the field quantities, 

it is clear that some analogue of the Hertz potential is required. Recalling that 

H = e0 curl Π 

suggests that we try a vector Π whose components of curl in spherical polars are 

Jo L·^!^} 
I rsin0 Θφ r 60 J sin 0 8</> r 80 J 

But a comparison with the general expression for curl in spherical polars shows that JT 
must then be radial, of magnitude -w. With this choice 

H = ε0 curl Π 
so that div H = 0. Next calculate 

cur curl i \ r2sm 0 [θ0 I 80/J+r2sin20 8φ2 r "Or80 rsin0 8 r 8 ^ / ' 

This will agree with the given solution only if u satisfies the differential equation 
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(Note that this is not the wave equation in spherical polars!) If u satisfies this equation, 
then we have 

E = curl curl Π 
so that div E = 0 

l i r dE dD 
and curl H = e0 -^- = — . 

Three of Maxwell's equations are therefore satisfied, and it remains only to verify that 
curl£ = -μ0(ΘΤ//80. 

The first step is to calculate the r-component of curl E thus: 

_ _ J (d_(. 1 d2u \ 8 / 1 d2u \ i 
rsin0 \80 V rsinÖ 8φθ/· / θφ \ r 606/ · / / 

In calculating the other components the terms involving mixed derivatives with respect to 
r, 0, φ cancel, leaving 

IF= fo 1 θ ^ LJÜL.I 
curi * | υ Λ s . n Q d(2 c V 8 Ö 6 / 21 

= ~ £o/"o 

sin 0 θφ ör2 cV 80 8/2J 
Ö(J5f/e0) 

8/ 
as required. 

If the solution is independent of φ, one term vanishes in the "wave" equation. By 
exactly the same treatment, as in the case of Laplace's equation, 

sin 0 80 ( s i n 0 ^ = - / 2 ( / 7 + l ) / 

if/ = P„(cos 0), so that a separable solution is given by u = A(r, t) Pn(cos 0), where 

j_^A_^A n(n+1) 
c2 8f2 8r2 + r2 

The given solution in the case n = 0 is obvious. 
Consider next the case n = 1. Then the given solution is 

where C satisfies 

i.e. the true wave equation. 

1 
Ϊ2 

In fact, 

1 d2A 

A 

82C 
θ/2 : 

ec 

82C 2 
" dr2 + r 

8 / l 82C 

8C 
8 r ' 

8 /82C 2 dC\ 
dr χδ/*2 r dr ] 

r&C 2 8 2 C 2 dC 
8r3 8r2 r 8r 

d2A 2 
8r2 r2 

which is the correct equation. 
EET 3-9 
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In the general case, if 

\r dr) C 

and 

then 

/ 1 Θ \n+1 

and a similar piece of working proves the result by induction. 

Example 3. Show that a charge moving in a circle with constant speed u emits no radia­
tion in the plane of the circle in directions inclined at an angle cos _ 1 (u/c) to the direction 
of motion. 

The radiation fields contain the factors 

Eozr x {('-?)x*}· 

Hence 
B= — rxE. 

c 
ExHocEx(?xE) = E2? 

since E*f = 0. Thus the direction in which there is no flux of radiation is the direction 
in which E vanishes. For the circular motion there is one obvious way of satisfying this, 
by making 

if ) parallel to v. 

Since b is along the radius to the circle this shows at once, from Fig. 13.2, that sin a = u/c9 
which gives the result. 

FIG. 13.2 

But might there be other directions for which E = 0? It is clear that there cannot be, 
since r, u and b are all in the plane of the circle, so that the contents of the braces are 
normal to this plane and cannot be parallel to a direction r in the plane. 
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Example 4, Two Hertzian radiators Plf P2 are oscillating in phase in free space. Each 

has dipole moment p0ci(Otk9 and the position vector of P2 relative to Px is ak, k being a 
unit vector. Show that the electromagnetic field at the point r relative to Px is the field 
of Pi alone multiplied by the factor 

1 + exp {ia)ak»r/(cr)}9 
provided fl«r. 

If a = ηλ, where λ is the wavelength and n an integer, discuss the radiation pattern 
in the wave zone. Show that the ratio of the total energy radiated to that radiated by two 
non-interfering oscillators is 

1 ? _ . 
4(/ιπ)2 

FIG. 13.3 

With reference to Fig. 13.3 it is a sufficient approximation to consider the field point F 
equidistant from the two oscillators as far as the field strengths are concerned, but it is 
necessary to take account of the difference in calculating the retarded time. Then 

/ 2a \1/2 

p2F= (r2+a2-2arcosd)112 κ rll cos0] « r-acos Θ. 

Since, from the text, EQ and Ηφ are each proportional to p = —ω2ρ^ω\ the total field is 
proportional to 

=P M'-f)} +«f Μ'-7+ίίΓ^)} 

which is the result given, since cos Θ = vkjr, 
\ia — ηλ, then, since λν = c and ω = 2πν, it follows that a = 2nnc/(o, so that the factor 

is i+e27r incoe0. The energy radiated at an angle Θ is proportional to the square of the 
modulus [since (a+i^)eJ^ = |a+i^|e i (^+^) where γ = tan- 1ß/aL i.e. to 

[1 + exp {(ίωα cos 6)/c}] [1 + exp {(-Ίωα cos 0)/c}] = 2+2 cos {(coa cos 0)/c} 
= 2[1 + cos (2πη cos 0)]. 

There are therefore nodal lines whenever cos (2πη cos Θ) = — 1, 

i.e. cos Θ = — — (k = 0, . . . , n— 1). 
In 
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The energy emitted at an angle Θ is proportional to [1+cos (Inn cos Θ)] sin2 Θ, since 
the factor sin Θ occurs in the expressions for the field strengths. The total energy is therefore 
proportional to 

π 
J [1 + cos (Inn cos 0)] sin2 Θ sin θ άθ 
o 

n 
— 4-1+ J cos (Inn cos Θ) sin2 Θ sin Θ ad. 

The second integral is (if u = cos Θ) 
1 

(1— M2)cos27r/zw dw 
-1 l· 

- s w2 cos 2πλζ« au = — -

after integrating twice by parts. 
If the two oscillators did not interfere, the corresponding integral is f, so the ratio is 

3 
1 4(πη)2 

Example 5. A wire of negligible resistance lies along the z-axis and carries a varying 
charge q(z, t) per unit length and a current y(z, /). Given that the lines of force of E run 
radially outwards from the wire, and that those of B are circles round the wire, evaluate 
E(r, z, t) and B(r, z, t) in terms of q and j , where r denotes distance from the wire; and 
show that 

0, aE as 
dz + dt 

dB 1 dE Λ 
θ ζ 8/ 

Comment on the relation between the last equation and the equation of conservation 
of charge on the wire. 

The expression for A is 

A(r, z, 0 = 
μ0ί(ζ\ί-//ο)άζ/ 

4π J r' 
— oo 

where r'2 = r2+(ζ' — z)2. 
The corresponding expression for the field is 

oo 

μ0 [„ Cj{z\t-r'lc)az' B = curl A 4π (ν/ί xk 

— oo 
oo 

i"o f / r öy rj \ ,~ 

?xk 
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t being understood that/ and 8y'/8/ are retarded values. The scalar potential is most easily 
ound by noting the Lorentz condition, 

-^- = - c - div A 
di 

- -^1 f l^zll dj' i <Z~Z>A H,' ~ 4π J \ c/*'2 8/ + r'3 7 °Z 

— oo 

in the same way. Since, moreover, j = dq/dt, we can integrate this to give 

♦--^fe'*^)*·· 
— oo 

From φ, A the electric field can be found. 
The Lorentz condition 

c2 dt 

gives, since E — — v<p — -=-, 

8£ , /dA -7T— = curl I -?r- = — curl E. 
8/ \ 8 / / 

If E — {JEO 0 0} in cylindrical polars, it readily follows that curl E — {0 8is/8z 0}, so 
that 

dB dE Λ 

The other Maxwell equation can be written 

1 , B 8Z> dE — curl B = -5Γ— = e0 r̂— μ0 8/ ° 8/ curl / / = — curl B — -^- = e0 

and since B = {0 J? 0} it follows that 

8£ Λ 1 8 — M°li» 
(of which the last component must vanish). Hence 

dB 1 8 £ 
Θζ + c 2 8/ ~ 

The last equation can be written in the form 

J ^ a ß 82?_8J7 dD Q 

μ0 8ζ ° 8/ 8z 8/ 

When applied to the field immediately outside the wire we can take H to be equal to the 
current density on the surface of the metal, and D is equal to the charge density on the 
surface. The equation can therefore be written in terms of the scalar values of the vectors. 

dz + dt 
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In this form the equation denotes conservation of charge on the conductor, implying that 
changes in the current strength along the surface of the conductor (the z-direction) are 
due to corresponding variation—in time—of the charge density. It is the relevant form, 
for the surface, of the equation 

aiwJ+dg/dt = 0. 

Miscellaneous Exercises XIII 
1. Verify that, in the notation of § 13 : 9, 

vS R+ c <-a 
and so deduce the alternative form for the field of a particle moving with uniform 
speed. 

2. Carry out the calculation of the magnetic field mentioned in § 13.9, eqn. (13.54). 
3. Show that the electric and magnetic intensities, E and H, can be expressed in terms of 

potentials φ, A by the equations 
dA E = -grad φ - ^ - , μ0Η = curl A. 

Derive the second-order differential equations connecting φ and A, and show that 
it is possible to simplify them by taking φ and A to satisfy 

d i v Λ + ± ^ = 0. 
c2 dt 

gia>(r/e— t) 
The vector Z is defined by Z = a , 

r 
where a is a constant vector, ω is a constant, and r is the distance from a given origin. 
Verify that 

(i) φ ^ - d i v Z , Λ = 1 ^ , 

(ii) φ = 0, A = curl Z, 

give two solutions of Maxwell's equations in vacuo (r ?£ 0). What is the relation be­
tween these solutions? 

4. Distributions of charge and current of densities ρ(χ, /) andy(jc, t) in a region in which 
there is no dielectric or magnetic material give rise to electric and magnetic intensities 
E and H. Prove that it is possible to express E and H in the form 

μ0Η = curl A, E = -A-grad φ, 

where A, φ satisfy the equations 

div Α + -^φ = 0, V2A-^Ä = -y(*, 0, 

ν2φ--ϊΦ = -e(*. 0/e0. 
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Prove that, in a region where there is no current, 

A = k{f(r-ct)-rfXr-ct)}C-^-

is a solution of the wave equation determining A. In this expression A; is a constant 
vector, r = \r |, cos Θ = z/r, and / i s any thrice-differentiable function. 

5. Write down Maxwell's equations for free space and show that there is a possible 
solution given by 

E — curl curl (£φ), 
μ0Η = curl (φΑτ/c2), 

where A: is a fixed unit vector and φ is a scalar function that satisfies the wave equation 
ν2φ = φ/c2. 

An electric dipole at the origin has a moment kM(t) which varies with the time. 
Find the function φ for the field produced by this dipole and show that the equation 
of a line of electric force in a plane containing the origin and the polar axis is, in terms 
of polar coordinates, 

c-1M(/-r/c) + /-1M(/-/-/c) = A cosec2 0, 

where A is a constant, Θ being measured from the direction of k. 
6. Show that there is a solution of Maxwell's equations for electromagnetic waves in 

vacuo in which the components of the magnetic intensity are 

Hz = d2S/dy Θ/, Hy = - d2S/dx dt, Hz = 0, 

where rS —f(ct—r), r is the distance from the origin, c the speed of light and / an 
arbitrary function. 

Obtain the corresponding formulae for the components of the electric intensity; 
and prove that the lines of electric force are the meridian curves of the surfaces 

gdS/dg = constant, 
where 

ρ = (x2+y2)112. 
7. Write down Maxwell's equations for the vacuum. Show that these equations are 

satisfied if E, H are given by 

£ = -^r--grad(/>, μοΗ = curl^, 

where the scalar φ and the vector A are related by 

c2 dt 

and where φ and the cartesian components of A satisfy the homogeneous wave 
equation. 

Prove that the expression 
dm+n+8 f f(ct-r) g(ct+r)\ 

dxm dyn dz° \ r r ) 
satisfies the homogeneous wave equation, where/, g are arbitrary differentiable func­
tions, m, /i, 5 are positive integers, and r is the distance from the origin. 

[P.T.O. 
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It is given that 

Verify that 
. k Θ ffict-ry 

A~ c*~dT I 
satisfies the equations, and show that this solution gives the field of a dipole of moment 
kf(ci) situated at the origin, k being a unit vector in the direction of the z-axis. 

8. Show that for an electric dipole of moment e0kf(t) situated at the origin, the vector 
potential at any point is given by 

J_ _θ_ 
v er dtJ "-^M-Tl· 

where k is a unit vector in the direction of the z-axis and r is the radius vector. 
Determine the corresponding scalar potential, and hence find the fields E and H 

expressed in spherical polar coordinates. 
In the case of an oscillating dipole with/(/) = M sin cot, prove that the mean rate 

of energy radiation is 47TM2CÜ4/(C3£0C3). 
9. A current j flows in a homogeneous region V of dielectric constant A'and permeability 

μ. Assuming that the vector potential A and the scalar potential φ may be chosen to 
satisfy 

μΚ ^φ 
c2 ~θ7 ν . Λ + ^ ^ = ο, 

find the equations satisfied by A and φ. 
Assuming that a solution for A at the point (χ', y\ z') wheny = J(x, y, z)e~ky< 

of the form 
/· Q-i(oi)t-kr) 

A(x, y', z') = μ J ox 6y dz, 
v 

where 
r2 = (x-x')2 + (y-yy + (z-z')\ k = ω(μΚε0Υ'2, 

show that a solution for the electric field vector is 
-icüi 

where 

E(x', y, z') = —^ J [ ( / . V) V + k*J] — ax ay dz, 

v = i JL +J a +k β . 
ΟΛ: 03; dz 

10. Define the electromagnetic vector potential A and the scalar potential φ. Determine 
what condition on A and φ will ensure that in the absence of material, 

A point charge q is oscillating in free space, so that at time / its position is 

/?(/) = R0 cos ωί, 

where /?0ω « c. Show that, for r » c/ω, 

Α(#·,/) = - ^ 5 Γ Χ Α ( / - / · / Γ ) . 



C H A P T E R 14 

THE MOTION OF CHARGED 
PARTICLES 

14.1. Introduction 

The motion of electrically charged particles in electromagnetic and 
gravitational fields is of interest in various studies of astronomical and 
engineering problems. During the past five decades research into the motion 
of charged particles in the terrestrial magnetic and gravitational fields has 
greatly improved our understanding of the structure and extent of the 
terrestrial magnetic field. In electronics, devices such as the magnetron were 
designed after theoretical studies similar to those illustrated in the examples 
of this chapter; in thermonuclear research, studies of magnetic bottles, wells 
and traps are of prime importance. 

However, much care must be taken when attempts are made to generalize 
the results for a single particle to the case of an ionized gas, which consists 
of a multitude of charged particles, in a magnetic field, since the interactions 
between charged particles can modify or completely change the calculated 
(and observed) results concerning a single particle. In fact the essential 
feature of the motion of a charged particle in a magnetic field is the tendency 
of the particle to spiral around the magnetic field lines. This is regarded as 
the counterpart of the magnetohydrodynamic (or ionized-gas) phenomenon 
in which a highly (electrically) conducting material can flow freely along the 
lines of magnetic force but motion of the material perpendicular to the 
magnetic field carries the magnetic field lines with the material. [This result 
is similar to the classical hydrodynamic result that vorticity lines are "frozen" 
into a perfect fluid.] 

In this chapter, we first give an account of the non-relativistic motion of a 
charged particle in uniform crossed electric and magnetic fields. This is 
followed by a brief account of the flow of charged particles when space 
charge density is taken into account. Finally relativistic corrections are 

569 
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considered. However, in this chapter we give only an elementary account 
of the motion in crossed electric and magnetic fields. For more detailed 
investigations in cases where the magnetic field is non-uniform or gravita­
tional fields are present the reader should consult more advanced works 
devoted entirely to this subject. 

14.2 Non-relativistic motion of an electric charge in an 
electromagnetic field 

The fundamental equation for the motion of a particle of mass m carrying 
an electric charge e in crossed electric and magnetic fields E and B respec­
tively and moving with velocity v, is (in the absence of other forces) 

m^ = e(E+vxB). (14.1) 

[The term evXB on the right-hand side is, of course, the Lorentz force on 
the particle (see Vol. 2, p. 359).] 

Clearly, since the Lorentz force is perpendicular to the velocity, the 
magnetic field does no work on the charge and so the changes in kinetic 
energy of the particle arise solely from the effect of the electric field. In fact, 
taking the scalar product of eqn. (14.1) with v we find 

^(^mv^eE.v. (14.2) 

In particular, when E = 0 the kinetic energy, and therefore the speed v 
of the particle remain constant. Further, if the magnetic field B is constant, 
the path of the particle is a circular helix described at constant speed. This 
result is proved as follows: 

Choose the z-axis of coordinates to be parallel to B so that 

B = {0 0 B}9 r = {xy z}. 

The resolutes of the equation of motion are 

mx = eBy, my = —eBx, mz = 0, 

which can be written 

x = ny> y =—nx, £ = 0, 

where n = eB/m. Writing ζ = x+iy these equations are equivalent to 

ζ = _irt(j£-f-ij;) = —inC, z = 0 
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which integrate to give 

C = -iw(C-Co), z = w, 

where Co, w are constants of integration. Integrating again 

C -Co = at~'xnt, z = wt+zo, 

where a (complex), z0 are constants. Writing a = oc e1<5, where α, δ are real, we 
find 

C-Co = ae-i^-<5> , (14.3) 
so that 

x—xo = a cos(«f—δ), j—yo = —a sin(«/—δ), z—Zo = wf. 

These are the parametric equations of a circular helix. In fact the particle 
moves so that the resolute v^ of its velocity parallel to B remains constant 
and if e > 0 it gyrates about the lines of magnetic force in the (clockwise) 
sense shown in Fig. 14.1. This gyration about the lines of magnetic force 

FIG. 14.1 

is the fundamental characteristic of the motion of a charged particle in a 
magnetic field. Note also that since the speed of the particle is constant the 
resolute of velocity perpendicular to the magnetic field, v±, is also constant 
and so the trajectory cuts the lines of force at a constant angle. The radius 
of the circular cylinder on which the spiral lies is called the Larmor radius 
of the particle; this radius is, in fact, a where a is defined in eqn. (14.3). 
But, from (14.3), |f| = «a, and since v± = V(*2+y2) = If I, we find that 
the Larmor radius is 

v±/n = mv±/(eB). (14.4) 
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We can best describe the motion as a uniform drift along a line of magnetic 
force combined with a steady circular motion around that line of force. The 
angular velocity of rotation about the line of force is n = eBjm and is 
called the cyclotron frequency (or Larmor frequency) of the charge. 

In the following examples we discuss a number of phenomena which 
bear on problems of physical interest. 

Example 1. A particle of mass m and charge e moves in a uniform magnetic field 
B = {BOO} and a uniform electric field E = {0E0}, referred to rectangular cartesian 
axes Οχχχ^χζ. The particle initially moves in a plane perpendicular to Οχγ. Prove that in 
general its path is a uniform circular motion relative to a centre which drifts with the velo­
city {0 0 —E/B}. Show also that the frequency of the circular motion is eBj(2nm), 

The equation of motion 

has resolutes 

du „ Λ m — = eE+evXB at 

mx\ = 0, (1) 
mx\ = eE+eBx3, (2) 
mx\ = -eBx2. (3) 

The initial conditions can be taken to be 
Xi = fll9 x2 = a2, x3 = a3, Xi = 0, x2= U, x3 = V, at / = 0. (4) 

Integration of eqn. (1) gives xl = ax so that the particle moves in a fixed plane perpendi­
cular to Oxv Writing ζ = χ2 + '\χ& ω = eB/ιη, eqn. (2) +i eqn. (3) leads to 

f + ia>C = — . (5) 
m 

The solution of eq. (5) subject to the initial conditions (4), which can be written ζ= α2+iaz, 
ζ = U+iV, is 

C = -'-§-+α, + ια, + ̂  (■§" i l / + V) (1 - β " ί ω ί ) > 
i.e. ζ-ζΡ = RQ-iw-n+φ)^ (6) 
where 

«·" (*+a*£M*4-f )■ -—id*"-»)· 
so that /?, φ are real constants. 

Equation (6) implies that the point ζ is a fixed distance /? from the point Cp which itself 
drifts with velocity -E/B parallel to Ox3. Further the vector ζΡ rotates clockwise with 
angular velocity ω. Therefore the motion is as described, the frequency of the angular 
motion being ω/(2π) = eBl(2nm). 

Example 2. A beam of electrons passes through a small aperture into a uniform magne­
tic field Of strength B. If the electrons have a speed v at the aperture and are moving in 
directions nearly parallel to the magnetic field, prove that the beam will focus at a 
distance 2nmvj{eB) from the aperture, where — e and m denote the charge and mass of 
the electron. (Neglect interactions between the electrons.) 
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Again we use rectangular cartesian coordinates Oxxx2x3 but this time take B = {0 0 B}. 

Then the equation of motion for a single electron is 

m -j- = - ev X B 
d/ 

with resolutes 
χχ+ωχ2 = 0, x2-coxi = 0, x3 = 0, 

where ω — eB/m. Integrating these equations as in Example 1 above we find that the 
coordinates of the particle which starts from {0, 0,0} with speed {U Vv), where U, V are 
small compared with v, are 

Xl+ix2 =-h-L(i i / - V) (1 -&<*), (!) 
ω 

x3 = vt. (2) 
Then 

xi-ix* = - — (ilZ+KXl-e^O. (3) 
ω 

Multiplying corresponding sides of eqns. (1) and (3) we find 

x\+x\ =2(U2+V2)(l-coscot)/to2. 

The beam will focus where *i+*2 is least, i.e. where cosco/ = 1. This focussing first takes 
place when t = 2π/ω at which instant the particles are distant 2πν/ω = 2jzvm/(eB) from 
the aperture. 

Example 3. An electron of negligible mass carries a charge e and moves with uniform 
velocity v in a medium which offers a resistance kv to its motion. The motion is driven by 
uniform electric and magnetic fields 

E={E 0 0}, B = {0 B 0}. 

Calculate 0 in terms of e, k, E, and B. 
A conducting medium may be regarded as composed of a large number n of electrons 

per unit volume, whose motion is resisted (according to the above law, with k given) by 
a. fixed framework of positively charged particles, the total charge-density of the medium 
being zero. On the assumption that the magnetic field due to the current j is negligible, 
calculate the conductivities σλ and σ2 in the relation 

j = {σχΕ 0 σ2Ε}. 

When the conductor is bounded by planes z = constant, initial currents in the z-direc-
tion establish surface charges on the bounding planes which give rise to a z-component 
of electric field. Calculate the strength of this field in the final steady state when the 
z-component of current has been reduced to zero. Show also that the corresponding con­
ductivity σ3 in the relation 

j = {σ3Ε 0 0} 
satisfies the equation 

σί 

The equation of motion of the electron is 

m-ß- = eE-kü+evxB. (1) 
Qt 
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When the electron moves with constant velocity, άϋ/άί = 0, and eqn. (1) reduces to 

eüxB-kü = -eE. (2) 

Taking scalar product of (2) with B gives 

-kvB = -eE.B. (3) 

Also taking vector product of (2) with B gives 

e(OxB)XB-koxB = -eExB, 
i.e. e{(o*B)B - B2v) -koxB = -eExB. 

Then using eqn. (2) to substitute for o x B and eqn. (3) to substitute for ο·Β, we have finally 

D = ic^ew{eExB+kE+T(E'B)B}· (4) 

The current density vector j is given by 

j = neo, (5) 

see Vol. 1, p. 153. With the given expression for E, B we find 

' - Ä 5 S F < * °eB)-
kne2 ne3B 

Hence σχ = , g , g „„ , σ2 -k2+e2B2' 2 k2+e2&' 

When the z-component of current has been reduced to zero, let the z-component of 
electric field be E3. Then eqns. (4) and (5) now give 

i==¥T7¥{kE'eBE3 ° eBE+kEJ> 
(he vanishing of the z-component implies that 

E3 = -eBE/k. 
Therefore 

where 
; = {/x o o}, 

ne\kE+e2B2E/k) 
k2 + e2B2 

_ ( kne2 I ne*B \ 2 / / kne2 \1 
" \k2 + e2B2 + \k2 + e2B2) \\k2 + e2B2)) 

Therefore 

: σΆΕ. 

σϊ 
<3\ 



§ 14.2 THE MOTION OF CHARGED PARTICLES 575 
Example 4» A particle of mass m and charge q, initially at rest at the origin, is acted on 

by a constant electric field iE and a constant magnetic field kB, where i and k are unit 
vectors along the jc-and z-axes. The particle is subjected to a resistance mh>, where υ is 
the velocity and λ is a constant. Show that the subsequent motion is given by 

and determine the direction and magnitude of the terminal velocity. 

As in Example 3 above, the equation of motion of the particle is 

do qE . go n -rr = - λν+—χΒ at m m 
with cartesian resolutes 

> H - # + ^ * = 0, (2) 

ζ+λζ = 0. (3) 

The initial conditions are x = y = z = 0, x = y = z = 0, at t = 0. 
Equation (l) + i eqn. (2) gives 

\ m) m 
where ζ = x+iy. The solution of this differential equation (subject to the initial conditions 
£ = 0 = f a t f = 0)is 

pm mp2 

where p = λ + iqB/m, as required. Equation (3) integrates to give z = 0. 
As f -*- oo, 

.. qE qE/q-iqB/m) 
X+y "* pm m(X2 + q*B2/m2) ' 

Hence the terminal velocity has resolutes 

(XqE q2EB/m \ 
i K' K ur 

where^ = m(k2+q2B2/m2). 

Example 5. A certain rectifying device consists of two coaxial circular cylindrical con­
ductors of radii a and b(a < b). A potential difference is maintained between the conduc­
tors, and a magnetic field parallel to the axis is applied; the space between the conductors 
is evacuated. Electrons, of mass m (assumed constant) and charge q, are released from the 
inner cylinder with negligible velocity. Assuming that the electric potential φ and the 
magnetic flux density B are functions of the axial distance r, prove that 

\m{r2 + r262) = q{4>(a)-</>(/■)} and mr26 = -qf sB(s) as, 
a 

where Θ is the longitude. 
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Deduce that, if the electrons reach the outer cylinder, the potential difference between 
the cylinders must be at least as great as 

\q\N2/(Sn2mb2), 

where N is the magnetic flux between the cylinders. 
[Neglect interactions between the electrons.] 

We use cylindrical polar coordinates (r, Θ, z) with the origin on the common axis of the 
conductors and Oz along the axis. Then the longitudinal (transverse) and axial resolutes of 
the equation of motion are 

m'z = 0. (2) 

Equation (1), written in the form 

m-^(r26)=-qrB(r)^, 

integrates (w.r. to /) to give 
r 

mr2U=-q $ sB(s) ds (3) 
a 

on using the conditions r = 0 = 6 when r = a (following from negligible velocity of 
emission). 

Equation (2), combined with the initial condition z = 0 = i at emission, implies that 
z = constant and so each electron moves in a plane perpendicular to the axis. Then the 
energy equation (14.2) implies that the gain of kinetic energy \mv2 is equal to the loss of 
potential energy q{4>(a)—(f)(r)}. Expressed in cylindrical polar coordinates this gives 

\m{r2+r262) = q{<t>(a)-cj)(r)}. (4) 

From eqns. (3) and (4) we find 

>2 = ^Wä-wb-ih Um*)* (5) 

For the electrons to reach the outer cylinder r2 =- 0 for a ·< r -< b and in particular r1 s= 0 
when r = b, i.e. 

J W « ) - # ) } > ^ fjJXidi · (6) 

But the magnetic flux, N, between the cylinders is given by 

b 

N=2n$s B(s) as 
a 

and so the inequality (6) becomes 

-ς{φΨ)-φ(α)} 2* q2N2/(Sn2mb2) 
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which, since q is negative, reduces to 
φφ)-φ(ά) Ξ> \g\N2/(Sn2mb2) 

which is the required relation. 

Example 6. The equation of motion of a charged particle moving in uniform constant 
electric and magnetic fields E and B is 

f=E+rxB (1> 

where r is the position vector and dots denote differentiation with respect to time. 
The particle is projected from the origin with velocity v; E is parallel to r, but perpendi­

cular to B. Show that after a time /, 

r = Et+rxB+v, (2> 
hf = p.u+2£.r, (3) 

r.B = 0, (4> 
r+B2r = E+vxB+ExBt. (5) 

Hence deduce that 

r = (£+ Ü X B) (1 - cos 5 0 AB2+(B2v+BxE) (sin JB/)AB3+(E x B)t/B2. 

Equation (1) integrates at once to give 

f = Et+rxB+C, 

where C is a constant vector. The initial conditions r = 0, r = 0 give C = v and so eqn*. 
(2) follows. 

Taking the scalar product of both sides of eqn. (1) with r we have 

ϊ·ϊ = Er, 
d Z 1 · \ d . r , 
drlTr-r)=d7(/r-f)· Integrating we find 

JO L JO 

i.e., ϊ·ϊ = vo+2E»r. (3> 

Taking the scalar product of both sides of eqn. (2) with B, remembering that r x B is, 
perpendicular to B by definition and that E and Ό are given to be perpendicular to B, we: 
find 

ϊ·Β = 0. 

Therefore -3- (r.fl) = 0 
a/ 

or #··# = A, where Λ is a constant scalar. Since r — 0 at / = 0, it follows that A = 0 and 
eqn. (4) holds. 

Now substitute f from eqn. (2) into the r.h. side of eqn. (1). Then 

r = E+(Et+rxB+ü)xB= E+ExBt+(rxB)xB+DXB 
= E+ExBt-B2r+{B*r)B+OXB, 

i.e. r+B2r = E+vxB+ExBt (5> 

on using eqn. (4). 
EET 3-10 
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The solution of eqn. (5) is 
r = re+rp9 (6) 

where 
re+B*re = 0, 

i.e. rc = L cos Bt+M sin Bt, (7) 

L, M, being arbitrary vectors. The particular integral of (5) is clearly 

rp = (E+DXB+ExBt)/B2. (8) 

^Substituting from eqns. (7), (8) in eqn. (6) and using the initial conditions r = 0, r = o 
leads to the required answer. 

Example 7. A particle, of mass m carrying a charge e, moves in vacuo in an electric 
field E and a magnetic field with magnetic flux density vector B. Referred to a system 
of rectangular cartesian axes Oxyz, E = {E0x E0y 0}, B = {0 0 B0}, where E0, B0 are 
constants. Show that the velocity of the particle parallel to Oz remains constant. Show 
also that, if e2B\ > 4meEQ, the distance of the particle from the axis Oz remains finite. 

If this is so and the particle is initially at rest at the point {a 0 0}, find the maximum 
distance of the particle from the origin O during the subsequent motion. 

Referred to rectangular cartesian axes Oxyz the resolutes of the equation of motion 
of the particle P are 

mx = eE0x+eB0y, (1) 

my = eE0y-eB0x, (2) 

mz = 0. (3) 
Equation (3) integrates at once to give i = constant, implying that the velocity of P 

parallel to Oz remains constant. Writing ζ = x+iy and taking eqn. (1) + i eqn. (2) gives 

^ζ+ϊβΒοξ-βΕοζ = 0. (4) 

The general solution of eqn. (4) is 

ζ = PQ^ + QQ^ 

where P, Q are complex arbitrary constants and ω1? ω2 are the roots of the auxiliary equa­
tion 

mco2 + ieB0(u — eE0 = 0, 

i.e. ωΐ9 co2 = { - ieB0 ± y/(4meE0 - e2J5J)}/(2w). 

If ωΐ9 ω2 are purely imaginary, then \ζ | is bounded and so V(x*+y2) remains finite. There­
fore the distance of P from Oz remains finite if 

e2Bl > 4meE0. 

In this case, and when the particle is initially at rest at {a 0 0}, eqn. (3) integrates to 
•give z = 0. Also 

ζ = iV^'+ße1**' 
where 

*i.K* = {-eB0±V(e2Bl-4meE0)}/(2m) 
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and ζ = a, ζ = 0 at t = 0. Therefore 

P+Q = <*, hiyP+hcß, = 0, 
whence 

ζ = — - — ( « ί β ' ^ - κ χ β 1 « « * ) . 
κ 2 -«ι 

In this case 

(«j—κ 2 ) 

The greatest value of r = V(x?+y2) occurs when cos (κ1-κ2)ί = - 1 and in fact 

''max = \α(κ1+κ2)/(κ1-κ2)\ 
aeB0 

(e2Bl-4meE0) 

Example 8. Find the equation of motion in cylindrical polars r, φ, z if a particle of 
mass m carrying a charge e is moving in the magnetic field due to a constant current / in a 
long straight wire along the axis of z. Find r2 as a function of/* and, by sketching this func­
tion, prove that the distance of the particle from the wire oscillates between fixed upper 
and lower bounds. 

In the equation of motion 
mü = e(E+oxB\ (1) 

B = {° 2̂ r °}' Ό = ^ ^ '̂ Ε = °' 

Therefore the resolutes of eqn. (1) are 

To ßoel z 
r - ^ = -2^7· (2 ) 

1 -A (*£) = 0, (3) 

! = f4L±. (4) 
The energy integral gives 

r2 + (r^)2+z2 = a (constant) (5) 

and the angular momentum integral [the integral of eqn. (3)] is 

r*cf> = h. (6) 
The first integral of eqn. (4) is 

i = μ°βΙ 

2πτη '»(τ)· (7) 

where b is constant. Therefore eqn. (5) gives [using eqns. (6), (7)] 
Λ2 μ*β2Ρ Γ /r\]2 

r2 4:r2m2 

Then 
[ln(y)] =/W, say. (8) 

d/ 1 Γ2/*2 /ipW / r \ 1 
dr ~ r L/·2 2π2/η2 U / J * 

10* 
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2h2/r2 

n(r/b) 

FIG. 14.2 

The first term in the bracket is a strictly decreasing function of/*, the second term an increas­
ing function, see Fig. 14.2. 

Therefore df/ar has only one zero which must be a maximum of/(d//dr changes from, 
+ ve to - ve there). The conditions of projection imply that r2 ^ 0 at, say, r — R. 

♦ fin 

FIG. 14.3 

When r2 > 0 at r — R, f(r) > 0 there. Also, as r -*► 0, f(r) > -oo; and as r -> oo,. 
f(r) -*■ -oo. The graph of/(r) is therefore as sketched in Fig. 14,3, and the shaded portioa 
corresponds to the possible positions of the particle which must oscillate between a and β^ 
the time of oscillation being finite since 

converges. 

yrffflfifthk* 

(i) 

« R\ 

Oi) 
FIG. 14.4 

7T 
(Hi) 
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When r2 = 0 at r = R, we may have one of the following cases shown in Fig. 14.4. 
(i) the particle oscillates between R and ß, 

(ii) the particle oscillates between a and R, 
(iii) r remains constant. 

Example P. The use of the Lagrangian 
Show that the equation of motion of a charged particle may be written 

d /ΘΖΛ dL 

where 

d /dL\ dL . Λ . _. 
-r- τττ- = ~— , (α = 1, 2, 3) at \θχα/ θ*α 

L = ^mtf — eifr + evA, 

and where A and φ are the potentials of the external field, xa are rectangular cartesian 
coordinates, and d/d/ operating on a field variable denotes the time derivative following 
the motion of the particle. 

If E — 0 and B is uniform, show that the particle moves in a helix. 

When the "generalized" coordinates χΛ are in fact the cartesian coordinates of the 
particle, then Lagrange's equations of motion in the form 

A(9 7V— -x m 
df WJ θ*α - x' ( 1 ) 

have the rectangular resolutes of the force acting on the particle as the right-hand sides. 
In mechanical systems under the action of conservative forces the components are the 
derivatives 

* α = - δκ /δ* α (2) 

of the potential energy. When the forces depend on the velocities xa in a special manner 
the usual form of the equations of motion can be retained. This is possible when 

d (W\ ötf (3) X*- at [dxj 
This reduces to (2) ifdU/dxa = 0.] The Lagrangian function is defined as 

L = T-U 
so that (1) becomes the usual form 

d (dL\ dL 

The Lorentz force acting on a charged particle can, in fact, be put into the for m (3) 
Expressed in suffix notation the Lorentz force is 

X = e(E+DXB)a = eEx+εχβγΧβΒγ. 

We now substitute the vector and scalar potentials 
dA E = -grad<£-^- , B = curl A, 

i.e., 
F __?£_ ?d« R - F ML 
** " δ*α dt ' α ~ ade dx* ' 
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Then 
6φ dAa . dAe ( 8φ dAa t . dAe\ 

( do Θν4α . dAß . 6Λαϊ 

Since /Ια depends upon χα and / we can write 

<L4g ΘΛ« ΘΛ* 
df 8/ ^ ^ dxß ' 

Also ^_(^) = ^|J. 

Therefore ΧΛ = e | - — (φ - * ^ ) - - ^ J. 

If we now introduce 1/ = β(φ — ΧβΑβ), we find 

d (dU\ άΑα 

dt [dxj ~ at 

*-{-£+£©}■ 
The equation of motion of the particle can thus be put into the Lagrangian form (4) 

with 

L = T-U = ^mü2-ecf) + exßAß = ^mo^-ecfr + eivA). 

For the uniform fields E = 0, B = Bk we take φ = 0, A = |£(Λχ#·). 

Then L = lim^ + f *Β(ι>·Λχι·) = ^mixl + xl + xlY+^eBix^-x^) 

and the equations of motion are 

— (ιηχχ — \ eBx2) — \ eBx2 = 0, 

at 

-^ (rnx^) = 0, 

i.e. x1 — (eBlm)x2 = 0, x2 + (eB/m)x1 = 0, x3 = 0. 

These equations are the same as those given on p. 570 and lead to eqn. (14.3) and corre­
spond to motion on a helix. 

(mXz + leBxJ + ̂ eBx! = 0, 
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Exercises 14.2 
1. A charged particle of mass m and charge e moves under the influence of a uniform 

electric field of intensity E parallel to the x-axis and a uniform magnetic field of intensity 
B parallel to the z-axis. The particle starts from rest at the origin at time t = 0; show 
that at time / its coordinates are given by 

E E x = —^(1— coscot), y — -(cot — sincot), z — 0, coB coB 

where ω = eB/m, and show that the speed of the particle is given by \/(\2eEx/m\). 
2. An electron of mass m and charge — e is emitted with negligible velocity from a thin 

straight wire, and thereafter moves under the action of a magnetic field of intensity 
B parallel to the wire and an electric field of potential Er, where / is the distance from the 
wire and E and B are constants. Show that the electron describes a cardioid with 
angular velocity eB/2m about the wire, 

3. A bead of mass m, and bearing a charge e, is free to slide on a smooth, circular, non­
conducting loop of radius a, fixed horizontally. A vertical magnetic field has magnitude 
B0(t)a2/(a2+r2), where / is the time, and r the radial distance in the horizontal plane 
from the centre of the wire. Show that if the bead is initially at rest, its velocity at time 
/, with an appropriate sign convention, is 

eo. v = ~[B0(0)-B0(t)]\nZ 

4. A magnetic field, parallel to the z-axis, whose magnitude depends only on distance 
from the z-axis, holds a charged particle in a circular orbit about the z-axis. Show that 
the speed of the particle can be increased by the action of the electric field induced 
by varying the magnetic field, without any change in the radius of the orbit, provided 
that the average magnetic field inside the orbit is twice the field at the orbit. 

5. A radial electric field of uniform intensity —Eis maintained between a circular cylinder 
of radius a and a uniform wire lying along its axis, and a uniform magnetic field of 
intensity B is applied parallel to the wire. If electrons of mass m and charge — e leave 
the wire with negligible speed, show that the path of such an electron is a cardioid and 
that none of the electrons will reach the cylinder if 

B2 > SmE/(ea). 

6. An ion of mass m and charge e moves in a gas in a constant electromagnetic field of 
vectors!?, 2? and undergoes a resistance of amount v/k, where v is its velocity. Assuming 
a terminal velocity V for the motion of the ion, show that this is given by 

V(l+k2e2B2) = keE+k2e2ExB+k3e3B(B.E). 
7. Current / flows along a circular cylinder of radius a, surrounded by a concentric 

conducting cylinder of radius b, which is maintained at a constant potential V above 
that of the inner cylinder. A uniform field B is applied parallel to the cylinders. 

Electrons of mass m and charge — e are released with negligible velocity from the 
inner cylinder. Neglecting variation of mass with velocity, show that, in cylindrical 
polar coordinates (r, 0, z) 

£<!-*/*. i » - g M * 
[P.T.O. 
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From energy considerations, or otherwise, show that if electrons are to reach the outer 
cylinder, 

"$. A particle of mass ra, carrying a charge q, moves in free space in an electric field 
E = -grad/(r) and in a uniform magnetic field of induction BT = BQ = 0, Bz — B. 
(r, Θ and z are cylindrical polar coordinates.) At time / = 0, z = 0. Show that 

z, \m{r2 + r202)+qf(r), mr26+±qBr2 

remain constant throughout the motion. 
An infinite earthed wire of negligible radius lies along the axis of an infinite circular 

cylinder of radius a whose potential is V; a uniform magnetic field of induction B is 
applied parallel to the wire. An electron of charge — e(e > 0) and mass m is emitted 
from the wire with zero velocity. Show that it cannot reach the cylinder if 

T, ea2B2 
V< —-— . 8m 

9. Prove that the path of a particle moving in a uniform magnetic field B0k is a helix 
of the form 

x = ((//iw)sincy/, y = (i/Aw)cosG>/, z = Wt, 

where ω = eB0/m, and {U0 W} are the components of the velocity of projection. 
If the field is non-uniform, being given by 

B= B0(eyi+exj+k), 

where e is small, prove that the components {u v w} of the velocity at time / are 
approximately, 

u — U cos cot, v — -1/(1 — eW/co) sin ω/, w = W, 

the circumstances of projection being the same as above. (The unit vectors /,/, k 
denote the directions of the coordinate axes.) 

10. A particle of mass m and charge e moves in the magnetic field of a current / flowing 
in an infinite straight wire. 

Show that 
(i) the angular momentum of the particle about the axis of the wire is constant, 

βμ0Ι 
(ii) mv cos Θ — —— In r = constant, 

L7l 
where v is the speed of the particle, r its distance from the axis of the wire, 
and θ the angle its direction of motion makes with the direction of the current. 

Show further that if the particle be projected from a point P distant a from the wire 
with velocity u in the direction of the magnetic field at P, the trajectory will be confined 
to the region of space a ^ r ^ b, where b is the positive root of the equation 

rl xlnmuj \ aj 
other than a. 
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14.3 Charged particles and currents 

Since electric currents consist essentially of moving electric charges,, 
some insight into certain problems of current flows can be obtained by 
considering the motion of a number of electric charges under the influence 
of electromagnetic fields. A complete discussion of the dynamics of a fully 
or partially ionized gas (or plasma) is beyond the scope of this book; as 
indicated on p. 569 the mutual interactions between the moving particles 
may profoundly influence the results which those for an isolated particle 
might suggest. However, we derive below two results of physical importance 
from the elementary equations. 

1. THE POYNTING VECTOR 

Since the force acting on a charged particle is, with the usual notation,. 
F = e(E+vxB), the rate of working by the electromagnetic field on the 
particle is F*v, i.e. βΕ·υ. Suppose now that in an element dr of the volume 
contained within a closed surface T there are N charges of magnitude + e, the 
velocity of the rth of these charges being Vr, and n charges of magnitude 
—e, the velocity of the 5th of these being OS. Then the rate of working of the 
electromagnetic field on all the charges within the element dr is 

( TV n \ 

But the electric current j is defined by 

N n 

^Σ Vr-eYjvs=j dr 
1 1 

(see Vol. 1, p. 153). It follows that the rate of working of the electromagnetic 
field on the charges within dr is j*E dr and so the rate of working on the 
charges within T is 

JJ/M dr. 
T 

Here, of course, E is the total electric field. Then it follows by the results of 
Vol. 2, pp. 425-427 that the Poynting vector ExH may be interpreted as the 
intensity of flow of electromagnetic energy. 



5 8 6 ELEMENTARY ELECTROMAGNETIC THEORY, VOL. 3 

2. CURRENT LIMITED BY SPACE CHARGE 

The emission of electrons and ions from charged conductors is important 
in various problems of electronics. We now consider the steady flow in 
vacuo of a current in which only electrons or ions are present so that the 
current is carried by charges of one sign only and the net space charge ρ in 
the neighbourhood of charges is not zero. Further, we assume that the 
motion of the charges is so slow that the electrostatic potential V and field 
E can be calculated as if the charges were stationary. Then Poisson's equation 
must be satisfied so that 

ν2Κ = - ρ / ε 0 . (14.5) 

If each particle has mass m and gains its energy solely from the electric field, 
then the energy equation of a typical particle is 

±mü* = e(V0-V), (14.6) 

where V0 is the electrostatic potential at the point of emission of the particle. 
Further, the current density j at any point is given by 

j = QO. (14.7) 

Eliminating ρ and v from eqns. (14.5)—(14.7) gives a differential equation 
for V. 

Unidirectional flow 

As a special case we consider a one-dimensional flow. Suppose that the 
charges are emitted freely in unlimited quantity from the plane x = 0, at 
which V— Vo, and move parallel to Ox, the current per unit area flowing 
parallel to Ox being /. Then in this case the equation for V is 

Since in the steady state charges are emitted at the plane x = 0 until the 
electric field vanishes there (i.e. until the field can no longer move the charges 
away from the plane) the boundary conditions are 

dV V = Vo, -r- =■ 0 at x = 0. dx 
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The first integral of eqn. (14.8), obtained after multiplying by the integrating 
factor dF/dx, is 

/άνγ = 4I f[m(V0-V)\ 
\ άχ) ε0 ]/ \ 2e ]' 

A further integration, after taking the square root, gives 

If V = 0 when x = a, so that the plane x — a is an earthed plate, eqn. (14.9) 
gives 

4ε0 {2βγΐ*ν*12 

~9 ( 2e \ 1/2 Vz11 

Equation (14.10), known as Child's equation, shows that the current varies as 
the voltage to the power \. The effect of the space charge is to retard the 
flow of current which is therefore said to be space-charge limited. Note that 
since m is much larger for ions than for electrons the space-charge limitation 
effect is much greater for ions than electrons. 

Example. Electrons of mass m and charge — e are liberated with negligible velocity 
from an infinite cylindrical conductor of radius a at zero potential and pass towards an 
outer concentric cylindrical conductor maintained at a higher potential. Treating the 
particles in the space between the cylinders as a continuous distribution of negative 
charge, show that when a steady current / per unit length of the cylinder is flowing, the 
potential V at a distance r from the axes of the cylinders satisfies the equation 

d2V _ 4V 
άχ2 ~ 9y2 ' 

where 

x = \n (r/e), ryH = — [-^-j . 

Hence, show that y satisfies the differential equation 

*£—'■-(£)■-*(£) 
and find the three coefficients A, B,C of the series solution 

y = Ax+Bx2 + Cx*+ . . . 

This example is a much closer approximation to cases which occur in practice where 
electrons are emitted from a long cylindrical cathode (of small radius) and accelerated by 
a radial electric field so as to move towards a coaxial (larger) cylindrical anode. 
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Using cylindrical polar coordinates as specified, and assuming axial symmetry so that 
all variables depend on r only, eqns. (14.5)—(14.7) become 

an r dr ε0 

\mv2 = eV, (2) 
I = —2nrgvr, (3) 

where vr is the (radial) velocity, / is the total current emitted per unit length of the 
cylinders. Elimination of ρ, vr from eqns. (l)-(3) gives 

d2F dV I /( m \ 

Making the substitution r = aex so that 
r d V/dr = d V/dx, r2 d2 V/dr2 = d2 V/dx2 - d V/dx, 

eqn. (4) becomes 
— - -^— /I m \ 
dx2 ~ 2πε0 V \2eVr 

Then defining y by the relation 
2 . 8πε0 /2eJ/3\*/2 

^ / = -y-(-^r) (6> 

transforms eqn. (5) into 
#L_*V (7) 
dx2 V w ; 

as required. 
To obtain the equation for y, we eliminate V from eqn. (7) and eqn. (6), which can be 

written V = ke2xl3y*13, where k is constant. We find 

K dx2 ~ 9 + 9y dx + 3y dx2 + 9y2 \dx) 
and substitution in eqn. (7) gives 

»3->-'-m'-+& 
as required. 

Assuming the series solution specified and equating coefficients in the usual manner, 
we find the solution of eqn. (8) to be 

y * ~5 * + 120 * 3300 * + " ■ · 
after using the initial conditions y = 0, dj>/djt = 1 at JC = 0. These conditions follow 
from the fact that V = 0 = dVjdr when r = a, i.e. K = 0 = dF/dx when x = 0. 

14.4 Relativistic motion of charges 

The correct equation of motion for a charge which may be moving at a 
speed comparable to that of light was obtained in Vol. 2, p. 359, in the form 

| = i ( £ + r x i ) , (14.11) 

file:///2eVr
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where 

P = " · = V ( l _ , 2 / c a ) · (14.12) 

These equations of motion are far from easy to solve in general, and we 
shall confine ourselves in this section to cases where the electric and magnetic 
fields are constant both in time and space. The first step is to derive the 
change of the mass of the particle with time, that is, we calculate 

am _ ά [ rtip 1 movvlc2 (\A\3\ 
at " dt \ V O - ^ / c 2 ) } ~ (l-v2/c2f12 " 

In order to do this it is only necessary to notice that 

, - Λ mov*dO/c2 mo dp 
dp = vdm+mdv = vn «,, 2Λ3/2 + · (l-v2/c2f'2 ' <s/(\-v2lc2) # 

Hence v»dp/c2 = dm, 

so that by using the original equation of motion the magnetic field drops 
out and the result 

^ = *4-° (14.14) 
dt c2 

follows. Thus the rate of change of mass is determined only by the work 
done by the electric field on the particle. This is because the magnetic force 
acts on the particle in a direction at right angles to the direction of motion. 

Consider now a charge in a uniform constant electric field E, when the 
magnetic field is zero. The direction of the field may be chosen as one of the 
coordinate axes, say the x-axis. It is clear from the equation of motion that 
the path will lie in one plane which may be chosen as the plane Oxy. With 
these conventions the equation of motion can be written [if/? = {p\PiP$[ 

p! = eE, p2 = 0 

and these may be integrated once to give 

P! = eEt+cl9 P2 = c2. 

It is clear from the form of the first of these equations that, for some value 
of the time, the x-component of the momentum vanishes. It is therefore 
convenient to choose this moment as the zero for time reckoning and use 
the simpler solution in the form 

pi=eEt, p2 = c2. (14.15) 

file:///a/3/
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But the mass of the particle may be written in the form 

m = VK+/>2/c2), (14.16) 

and so, by inserting this into eqn. (14.15) the mass is determined as a function 
of the time in the form 

m = ,/{n%+{<*lcf+(eEtfl<?) = {m2
0+(eEt)*/c2}, (14.17) 

where m0 denotes the mass at time t = 0. Now the velocity of the particle 
has the form υ = p/m, and, since this is the time derivative of the position, 
the x-coordinate can be found by one integration thus: 

A γ pEt C^ 
^ = zr-9 / τ̂ Λ9/ 9i > * = - F Viml+ieEtflc*}. (14.18) at V{ml+(eEt)2/c2}9 eE V l ° v )l ' v r 

Here the origin has been chosen as the initial position of the particle so that 
there is no constant of integration. In the same way y is easily found, thus: 

dy _ c2 _ cc2 . - x [eEt\ 
~dt ~ V{m2o+(eEtf/c2}' y " ~eE \mVc)' 

By eliminating / the equation of the path is found to have the form 

that is, a catenary. 
Consider next the case when there is a magnetic field but no electric 

field. Choose the direction of the field as the z-axis. The equation of motion 
now takes the form 

p = μοβΌΧΗ. 

However, m is now constant (so that | v \ must be constant) and so 

du μ0β 
dt m 

μοβΗ . μοβΗ . i.e. vx = vy, vy = - υΧ9 νζ = 0. m m 

These are just the equations in the non-relativistic case, except that m has a 
different (but constant) value. We integrate them in the same way. If the 
second of these equations is multiplied by i and added to the first, we obtain 

— (vx+ivy) = - ico(vx+ivy), where ω = , 
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which can be integrated at once. Writing the solution in the form 

vx+ivy = at~ia)t, a = £e~ia, 
where b, a are real, it follows that 

vx = b cos (cot+oc), vy = — b sin (ω/+α). (14.20> 
The results which have just been found can easily be integrated again and 
show that the projection of the motion on the x—y plane is a circle. At the 
same time, from the third equation of motion it follows that 

2 — zo+kt, 
corresponding to a uniform motion up the z-axis. The total path is therefore 
again that of a circular helix. 

It remains to consider the case when both electric and magnetic fields are 
present. The interesting special case here is that in which the fields are 
perpendicular. Even without this restriction one way of dealing with the-
problem is by successive approximation. We first of all solve the non-
relativistic equation as in § 14.2 above, which is straightforward because the 
mass is constant. The Newtonian solution may then be used as an approximate 
solution for determining the variation of the mass and the resulting equations 
integrated again. This is not, however, a very satisfactory way of proceeding, 
for it requires that the velocity of the particle shall remain very small and 
this is found to require the component of the electric field perpendicular to 
the magnetic field to be very small. In the case in which we are most interested 
the electric field is entirely perpendicular to the magnetic field. 

A better way of proceeding is to use the transformation of electric and 
magnetic fields found in Chapter 12. It was shown there that any pair 
of mutually perpendicular electric and magnetic fields could be transformed 
into either a purely electric or a purely magnetic field by a Lorentz transfor­
mation. The only restriction is that if the fields are mutually perpendicular 
and a certain relation exists between their magnitudes (i.e. μοΗ2 = ε0Ε2) this 
transformation is impossible. For perpendicular fields, then, it is only neces­
sary to consider this limiting case. This can be done as follows: choosing the 
coordinate axes so that the Ζί-field is parallel to the j-axis, and the Zf-field 
is parallel to the z-axis, we have 

n evy Z7 px = βμ0νγΗ = E, 

py = βΕ-βμ0νχΗ = eE(l-—\, (14.21> 

(Here we have used the fact that H = \/(ε0/μ0)Ε, and also ε2μ0εο — 1.) 
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These equations have the usual consequence that 

dm e e 
—r- = -^Ε·υ — —EVy. at c2 c2 y 

Accordingly, on integrating, 

pz = constant, 
Px—mc = constant = —a (say). 

Moreover, 
m2c2 = mlc2jrp2, 

so that 
m2c2-p2 = m2c2+p2

y+p2 =p2 + k2 (say), (14.23) 

where k is constant. Hence 

{mc+px)*=p2+k2, (14.24) 
so that 

P2y+k2 
mc+px = -^ , a 

whilst 

mc—px = a 

as before. Hence 

mc 

(14.22) 

Moreover, since /^ = mvx, the second equation of motion becomes 

mpy = eEim-^\ =~. (14.26) 

This now gives a differential equation that will connect py and t. For since 
mc = px+<x, and /^ is given in terms of /τ ,̂ it follows that 

so 

a a op, + y *7 + —Ä- = 2eEa/. (14.28) 
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(Here we are assuming thatpy = 0 when / = 0.) The rest of the determination 
of the trajectory is performed by changing the variable from / to py, for 

eEoc Λ m apy = at, 

and 

so that 

Hence 

mdF = /?" 

dx _ cpx __ 1 c i pf+k2 

Apy eEoc 2 eE<x 1 oc 

C ΠΛ „2\„ . Cfi 

\ 

and similarly, 
* = ^ < * - ^ + * & · (14"29) 

y=ik^ z=I£r» (1 4·3 0> 
which define a twisted cubic curve in parametric form. 

Example. A particle of rest mass m and charge e moves in a uniform magnetic field 
of flux density B. Show that the velocity v of the particle has a constant magnitude v 
and that the particle describes a helix with axis parallel to the magnetic field. If the angle 
between v and B is a, show that the helix lies on a cylinder of radius 

(mcv sin x)/[eB{l -(v/c)2}1'2]. 

By means of a moving frame of reference, or otherwise, show that if such a particle 
moves in uniform fields of intensities E and B, at right angles to each other and such that 
cB > E, and the particle starts from rest at t = 0, its mass at time t is 

m{B2-(E2lct)cos6} 
B2-(E2/c2) 

where te{B2 -(E2/c2)}312 = m{B26 -(E2/c2) sin 0}. 

m 
Let M = -—: Γ—ΓΓ be the relative mass. The equation of motion is 

V(l - v2 c2) 

Hence 

4- (Mr)= erxB. at 

Mr. 4- (Mr) = 0 at 
so Mr2 = constant, 

mr2 

i.e. - — ^ τ τ = constant, 

which implies r2 — constant and s o M = constant. 
EET 3-11 



594 ELEMENTARY ELECTROMAGNETIC THEORY, VOL. 3 

We return to the original equation and integrate once: 

Mr == erxB+c, 
so that 

B*r = c*B/M = constant. 

Since f2 is also constant, this proves that the tangent to the path makes a constant angle 
with the fixed direction B, i.e. that the path is a helix. 

Taking B = Bk, by a suitable choice of axes, we then have 

Mx = eBy + cl9 

My = — eBx + c2, 
Mi = c3, 

so that the z-component of velocity is also constant. By choosing the origin suitably, it is 
obviously possible to make cx and c2 vanish. Then 

M2x = -e2B2x, 
so that 

x = Pcos fiahösin (ΊΓ) = *cos (Ί?-4 (say) (1) 

with y = Mx/(eB) = - R sin (f^L-φΥ (2) 

In order to determine R, we observe that 

^ -+^ 2 = w» = v sin2 a. 

_ Mv sin a _ mv sin a 
e5~" ~ eBy/{l-v*/c*) ' * 

When £ and B are at right angles and cB > £ it is possible to choose a frame of reference 
in which the electric field vanishes, for if B = Bk, E — Ej and we perform a Lorentz 
transformation along the x-axis, with velocity V, then in general 

E{ = E19 B[ = Bl9 

El = β(Ε2- VBZ\ Bl = ß(Bt+ VE Je2), 
Ei = ß(E3+ VB2) B'3 = ß(Bs- VE2/c2), 

which give, with the special choice V = E/B, 

E' =0, Bf = {0 0 B/ß). 

In the primed coordinate system the initial velocity of the particle is 

{-E/B 0 0} 
so that 

v/2 = E2/B2. 
In this frame O'x'yz' there is no electric field and so the motion corresponds to tha 

discussed above leading to eqns. (1), (2) and (3). Since the initial velocity of the particle 
in this frame, is {-E/B 0 0} the phase constant, ψ, in eqn. (1) is π, and the (constant 
speed of the particle is v' = E/B. Because z = 0 initially the motion takes place entirely 
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in the plane z' = 0, i.e. a = π/2, and is the circle 

le&t'\ , n, leB't' »> · i e B t \ > τ>> l e B t \ > A (4) 

corresponding to (1) and (2). The radius of this circle is 

M V wv' mis 
fl' = e ß ' eB'(l-v'2lc2)1'2 " eBB'{\-E*l(B'c*)}11* ' 

Since β ' - ß{B-E2/(Bc2)}112 = ( ß 2 - £ 2 / c 2 ) 1 / 2 , 

/ J I E 
/T = e(B2-E2/c2)112' 

The information concerning the mot ion is required in terms of observat ions made in the 
frame Oxyz and /. 

.·. / = fif + iV/r») = {^-gg(;glg) sin (-'££)} (1 -£./(JW)}-... 

We put 0 = < j " ' ( * _ * ) , , 
M /??ß \ C2 / 

so that 
//?ßö 

e(B2-E2lc2) ' 

_ m{ß 2 ö-(E 2 /c 2 )s inö} 
e^-Ez/c*)*'2 

In order to calculate the mass we must know the velocity; and we can easil· find this 
in the frame O'x'y'z' and transform it to the frame Oxyz by using the addition formulae 
for velocity (see Vol. 2, § 9.2). 

Now 
" ' '" i f- V'XEI\BC2) ' v» ~~ ~ 1 + » ; E / ( ß c 2 ) ' 

, d*' ß ' e ß ' £ 
??i — -Γ7 = - ----7- cos 0 — - -~- cos 0, 

d/ M ' ß 

, d / ß V ß ' £" . 
?' = -r-r = — - — - sin 0 = - ---- sm 0. 

* d/' M ' 5 

( E / ß ) ( l - c o s 0) _ _ (E/B) sin 0{1 -E2/(ß2c2)}1 / 2 

?'x ~ Ϊ ~(E2/B2c2) cos 0 ' V* ~ 1 -(E2jB2c~2) cos Θ 

giving 

Hence 

£)2 — ν ϊ + w j 

E2B2 

{ ß 2 - ( £ 2 / c 2 ) c o s 0 } 2 

Λ v2 (B2-E2/c2)' 

(1 - cos 0)2 +(\ — — \ sin2 01. 
\ B2c2) J 

{ ß 2 - ( £ 2 / c 2 ) c o s 0 } 2 

a n d M = ? L _ _ m{B2-(E2/c2)cose) 
( 1 ~ D 2 / C 2 ) 1 / 2 B2-E2/cz 

Π* 
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Miscellaneous Exercises XIV 

1. Solve the problem of a particle moving relativistically in an electric field Ej and a mag­
netic field Bi by successive approximation. 

Find conditions for your solution to be valid (so that v « c throughout the motion). 
Contrast the first approximation found in the case when μηΗ- = εηΕ* with the solu­

tion found in the text. 
2. A stream of electrons, each of mass m and charge —e, is emitted normally from a 

cathode lying in the jyz-plane, and moves under the action of an electric field of variable 
intensity E(x), parallel to the *-axis, and a magnetic field of uniform intensity mco/e, 
parallel to the z-axis, ω being a constant. If w, v are the x, y components of the velocity 
of the electrons at any point, show that in the steady state 

it-r— = E(x)—cov, and — = o, ιι ^ 0. 
ax m ax 

3. An electron of mass m, charge —e and velocity D, moving in a constant uniform mag­
netic field Bk, experiences a force 

- eBv x k, 

where k is a fixed unit vector. Prove that if the electron is subject also to a force F = /(/)#*, 
where r is the position vector of the electron relative to a fixed origin 0, the equation 
of its motion relative to a frame rotating with constant angular velocity ok about O is 

m{r I 2o)k Xr \-ork x(kx#·)} = F-eBr xk-eBo)(k xr)xk. 

Hence show that if eB/m is small the effect of the magnetic field is, to the first order 
in eB/m, to cause electron orbits to precess with angular velocity (eB/2m)k. 

When there is no magnetic field an electron moves in simple harmonic motion with 
frequency n along a straight line /. Show that in a constant uniform magnetic field, 
inclined at an acute angle a to / and of magnitude B such that eB/m is small, the motion 
oi the electron is composed of vibrations with frequencies /*, n Vn and n — n\ where 

//' = eB/(4nm). 

4. Electrons leave the surface of a conducting circular cylinder of radius a with negligible 
initial velocity and are accelerated towards the surface of a coaxial conducting cylinder 
of radius b(b> a) by means of a radial electric field. The difference in potential between 
the cylinders is V and a current / flows along the inner cylinder. Neglecting effects 
due to space charge, show that if a uniform magnetic field B is applied parallel to the 
axis of the cylinders the electrons will fail to reach the outer cylinder if 

Show also that the radial component of velocity of an electron at distance /· from the 
axis is given by 

2e.V , . . . e2B2 . „ ,,.„ ßle2J'2 .. . , ..„ 
m In (b/a) Anrr Απ-ητ-

5. Assuming that the force on a unit charge moving with velocity v in vacuo in an electric 
field E and magnetic field of induction B is 

E+DXB, 

file:///-ork
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show that the rate at which work is done by the field on a continuous distribution of 
charge moving in a region V bounded by a surface Σ is 

-i5*"«-»-iij//("»+'-)*· 
Σ V 

6. Electrons of charge e and mass m leave an infinite plane cathode x = 0 at zero potential 
with initial speed vQ and zero initial acceleration, to impinge upon a parallel plane 
anode x = a at potential V. Show that, if there is a steady thermionic current / across 
a unit area perpendicular to the jt-direction, then the speed v of the electrons at distance 
Λ* from the cathode is given by 

(v — v0)(v-\-2v0)2 = 9Iex2/{2e0m). 

Hence, if v0 is small in comparison with the speed of impact upon the anode, show 
that 

9a2 \m) 9a1 ' 

7. A current / flows in a circular loop of radius a. Prove that a particle of mass m and 
charge q can move in a circular orbit of radius /* (<«), concentric and coplanar with 
the loop, provided its angular velocity is 

fhlq ψ (2/1)1(2/14-1)! 
~'2ma£0 2«"(/i!)"*~~ 

[The formulae 
(if-

may be used without proof if required.] 
8. A particle of mass m and electric charge q moves in the magnetic field produced by 

a constant current / in an infinitely long straight fixed wire. Derive the equations of 
motion of the particle in cylindrical polar coordinates r, 0, z with the wire as axis. 

The particle is projected from a point at distance a from the wire with a velocity of 
magnitude v in the direction coplanar with and perpendicular to the wire and away 
from it. Show that in the subsequent motion /* will vary between the limits ae±k and that 

2nmv 
the radius of curvature of the path is kr, where k = -. Show that when the 

particle is for the first time again moving directly away from the wire it will be displaced 
from its original position by a distance 

1 

4ka Jsinh(fc ^/(\-λ2))άλ 
0 

measured parallel to the wire. 

9. A polar molecule, free to rotate in space about its centre under the influence of an 
electric field, is represented by two particles each of mass m, carrying equal and opposite 
charges ± e, at the ends of a light rigid rod of length 2a, whose mid-point is fixed. 

The particle with charge 4- e is assumed to be at 

{a sin Θ cos v* a sin 0 sin ψ a cos 0} 
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and that with charge - e at 

{-ösinöcosyj — esinösinyj -acosö} . 

The electric field is taken to be of strength E in the z-direction. Show that the Lagrangian 
function for the system is 

L = ηια2(θ*+ψ2 sin2 0) + 2eEa cos 0. 

Obtain the Lagrangian equations of motion and prove that a steady motion is 
possible with 0 = π/4 if 

ψ2 = y/2eE/(mä). 



ANSWERS TO THE EXERCISES 

Exercises 11.2 (p. 454) 
1. E = ω{sin(ωί + kz) -cos(cot + kz) 0} 

B = k{-cos (cut+ kz)-sin (cot \kz) 0} 
E'= co{ —sin (cot —kz) —cos (cot-kz) 0} 
B' —- k{-cos (cot — kz) - sin (cot — kz) 0} 
IE+ E'| - 2ω sin kz, \BlB'\ --- 2k cos &z. 

Exercises 11.6 (p. 472) 

μ2-μ^νι I 
1. vt = ( ^ e O - i « | ^ - I — Γ - - Τ - I· 

2. /c2 = ω2με - ίωσμ, Ä = (kjco)j exp {ί(ω/ - &z)}. 
3. Reflected wave: 

L> _ » I/"2 ~ (^2 +//2) ^ΌΙ c o s ω ( ' + A"/c')— 2nWlo sin ω(Η Jt/c) __ 
y (μ + ημ0)* + ηι2μΙ 

Iransmitted wave: 
(μ -+- /ιμ0) cos ω(/ — nx/c) + ιημ0 sin co(t - /w/c) 

£ " =2c5e-mtt,:r/c-
(μ + ημ0γ+ηι*μΙ 

B" =2S e-■"«»/· [ ^ + (y|8 ~^ 8 ) ^οΐ CQS ω^*nx^ + ( " ^ + 2 " ^ o ) s i n «*(/~ nxlc) 
(μ + ημ0)2 + ηί2μΙ 

4. 2e-2a^/c/(/z 1-1). 

Exercises 11.7 (p. 490) 

1. ψ0(ζ) = A sin (πζ/α), κ2 = v2/c2 —π2/«2. 

2. See eqn. (11.136) with ΛΓβ - A, /*„ = £, iß = π 8 ^ - + ~ ) = v2. 

, .. n ßco (m2n2 ., / /WTTJC \ . , ίηπν\ ήιπι . ., imnx\ ., (ηπν\ \ 
3. Energy-flow ^ ^ { - ^ - cos- ( - - - ) sui' ( ^ ) + - ^ - sur ( — ) coS- ( - ^ ) j . 
4. />'* = coZ/vP-nW/b2, μω: β: —ίηπ/b. 

r2 s2 * ( r s \ 
"2" + ΤΓ) ^ °-5 

599 
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Miscellaneous Exercises XI (p. 507) 

5. (/ -~ rn/a, r — 1, 2, 3, . . . ; ω - rxc/a. 
6. / - [Hy 0 0}. 
7. / = k(cA/a) cos (oj(t-zlc), a — (A/a)cö$uj{t~z/c). 

[cos Ί 
sin j 

9. /c2 = ctr/c2 —κ2, where J^ra) = 0, i.e. κ,« are the zeros of ^^κ). 

Miscellaneous Exercises XII (p. 534) 

1(a). It can move in a direction perpendicular to E with a speed ν= \Ε\/Β±, where #χ is 
the component of B in a direction at right angles to o in the plane containing v and B. 

Miscellaneous Exercises XIII (p. 566) 

6 £ = 1 — F = [ — E = ί ί θ - - - 8 2 5 Ί 
x /«o 9z δ* ' "v /% dy dz ' * //0 \ δζ2 c2 θί2 / " 

Miscellaneous Exercises XIV (p. 596) 

9. αϋ - a v> sin 0 cos 0 + (eE/m) sin 0 = 0 , ~ (p sin2 0) = 0. 
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