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What Are Quaternions?

Quaternionsarenumberdike therealnumberstheycanbe added subtractedmultiplied, and
divided. Thereis somethingpddaboutthem,hintedat by the Latin. Quaterniong@recomposeaf
four numberghatwork togetherasone. Theywerediscoveredy severapeoplebackin the
eighteerhundreds.Someenthusiastthoughtquaternionsvould be ableto expressverythingthat
couldhappenn ourthreedimension®f spaceandonefor time becauseguaternionsaturallyhad
thatform too. Math accidentslo nothappen- theyreveldeepthingsabouthow Natureworks.

Unfortunately the big fansof quaterniormathematicglaimedfar morethantheywould deliver.
Usefulideasbornfrom initial quaternionwork — for examplethe notionof scalarsyectors div,
grad,andcurl — werestrippedout of theirinitial contextandmademore"general”. | usethe
quotesbecausdérom my viewpoint,thereis nothingmoregenerathana numberthatcanbe added,
subtractedmultiplied, anddivided. | amtrying to continuethe projectof applyingfour—dimen
sionalquaterniongo the four—dimensionaspacetimave live in.



Unifying Two Views of Events

An experimentalistollectseventsabouta physicalsystemA theoristsbuildsa modelto describe
whatpatternf eventswithin a systemmight generateéhe experimentalist'slataset.With hard
work andluck, thetwo will agree!

Eventsarehandledmathematicallyas4—-vectorsTheycanbeaddedor subtractedrom anotherpr
multiplied by a scalar Nothingelsecanbedone.A theoristcanimportvery powerfultoolsto
generatgatterns|ike metricsandgrouptheory.Theoristan physicshavebeenableto construct
the mostaccuratemodelsof Naturein all of science.

| hopeto bringthefull powerof mathematicslownto thelevel of the eventshemselvesThis may
be doneby representing@ventsasthe mathematicalield of quaternionsAll the standardoolsfor
creatingmathematicapatterns- multiplication,trigonometricfunctions,transcendentdlinctions,
infinite seriesthe specialfunctionsof physics— shouldbe availablefor quaternionsNow athec
rist cancreatepatternof eventswith events.This mayleadto a betterunificationbetweerthe
work of atheoristandthework of anexperimentalist.

An Overview of Doing Physicswith Quaternions

It hasbeensaidthatonereasorphysicssucceedss becausall thetermsin anequationaretensors
of thesamerank. Thiswork challengeshatassumptionproposingnsteadanintegratedsetof
equationsvhich areall basedn the same4—-dimensionaimathematicafield of quaternions.
Mostly thisdocumenshowsin cookbookstyle how quaterniorequationsareequivalento
approachealreadyin use. As Feynmarpointedout, "whateverwe areallowed to imaginein
sciencemustbeconsistent with everything else we know." Freshperspectivesarisebecausen
essencetensorof differentrank canmix within the sameequation. The four Maxwell equations
becomeonenonhomogeneouguaternionrwaveequationandthe Klein—Gordonequations partof
a quaterniorsimpleharmonicoscillator. Evengravity maybe partof a simplequaternionvave
equationaresearchopic of muchinterestto me.Sinceall of thetoolsusedarewovenfrom the
samemathematicalabric, theinterrelationship®ecomemoreclear. Hopeyou enjoy.



A Brief History of Quaternions

Complexnumberswverea hot subjectfor researchn the eighteerhundreds.An obviousquestion
wasthatif arule for multiplying two numbergogethemwasknown,whataboutmultiplying three
numbers?For overadecadethis simplequestiorhadbotheredHamilton,the big mathematician
of hisday. Thepressureo find a solutionwasnot merelyfrom within. Hamiltonwroteto his son:

"Every morningin the early partof theabove—citeanonth[Oct. 1843]on my comingdownto
breakfastyour brotherWilliam Edwin andyourselfusedto askme,’'Well, Papacanyou multiply
triplets?"Wheretol wasalwaysobligedto reply, with a sadshakeof thehead, No, | canonly add
andsubtracthem.™

We canguesshow Hollywood would handlethe BroughamBridge scendan Dublin. Strolling
alongthe Royal Canalwith Mrs. H-, herealizeghe solutionto the problem jotsit downin a
notebook. Soexcited,hetook out a knife andcarvedthe answerin the stoneof the bridge.

Hamiltonhadfoundalong sought-aftesolution,butit wasweird, very weird, it was4D. Oneof
thefirst thingsHamiltondid wasgetrid of the fourth dimensionsettingit equalto zero,andcall
ing theresulta "properquaternion.”He spenttherestof his life trying to find a usefor quater
nions. By theendof the nineteentttentury,quaternionsvereviewedasanoversoldnovelty.

In the earlyyearsof this century,Prof. Gibbsof Yale founda usefor properquaterniondy redue
ing the extrafluid surroundingHamilton’swork andaddingkey ingredientfrom Rodriguescon
cerningthe applicationto therotationof spheres.He endedup with thevectordot productand
crossproductwe knowtoday. Thiswasa usefulandpotentbrew. Ourinvestmenin vectorsis
enormouseclipsingtheir placeof birth (Harvardhad>1000referencesinder'vector”,about20
under"quaternions"mostof thosewritten beforethe turn of the century).

In the earlyyearsof this century,Albert Einsteinfounda usefor four dimensions.In orderto
makethe speedf light constanfor all inertial observersspaceandtime hadto beunited. Here
wasatopic tailor-madefor a4D tool, but Albert wasnot a mathbuff, andbuilt amachinethat
workedfrom locally availableparts. We cansaynow that EinsteindiscoveredMinkowski space
time andthe Lorentztransformationthetoolsrequiredto solveproblemsn specialrelativity.

Today,quaternionsreof interestto historiansof mathematics Vectoranalysigperformsthe daily
mathematicatoutinethatcouldalsobedonewith quaternions.l personallythink thattheremaybe
4D roadsin physicsthatcanbe efficiently traveledonly by quaternionsandthatis the pathwhich
Is laid outin thesewebpages.

In alongerhistory, Gaussvould getthe creditfor seeingquaterniongirst in oneof his notebooks.
RodriguesdevelopedD rotationsall on his own alsoin the1840’s. The Paulispinmatricesand
Penrose’spinorsarereinventionof thewheelthatmissouton division. Althoughl believethatis
amajoromissionandcauseof subtleflaws at the foundationsof modernphysics spinmatricesand
spinorshavemanymoreadherentsodaythanquaternions.



Mathematics



Multiplying Quaternionsthe EasyWay

Multiplying two complexnumbersa+ b | andc + d | is straightforward.
(a, b) (c, d) = (ac - bd, ad + bc)

Fortwo quaternionsb | andd | becomethe 3—vectorsB andD, where B=x1+yJ+zK and
similarly for D. Multiplication of quaternionss like complexnumbersputwith theadditionof the
crossproduct.

(a, B) (c, D) = (ac - B.D, aD + Bc + BxD)

A mnemonic{firsts — lasts,outside+ inside+ the cross) Notethatthe crossproductwould change
its signif theorderof multiplicationwerereversedunlike the otherterms. Thatis why quater
nionsin generado notcommute.

If ais theoperatord/dt,andB is thedel operatorpr d/dx | + d/dy J+ d/dzK (all partialderiva
tives), thentheseoperatorsacton the scalarfunctionc andthe 3—vectorfunctionD in thefollow-
ing manner:

d _ dc N dD _ N
(W’ v) (c, D) = (T - V.0, G +Ve+9xD

This onequaterniorcontainghetime derivativesof the scalarand3—-vectorfunctions,alongwith
the divergencethegradientandthe curl. Densenotation:-)



Scalars,Vectors, Tensorsand All That

Accordingto my mathdictionary,atensors ...

"An abstracbbjecthavinga definitely specifiedsystemof componentsn everycoordinatesystem
underconsideratiorandsuchthat,undertransformatiorof coordinatesthe componentsf the
objectundergoes transformatiorof a certainnature."

To makethis introductionlessabstract] will confinethediscussiorto the simplesttensoraunder
rotationaltransformations A rank—0tensoris knownasa scalar. It doesnotchangeatall undera
rotation. It containsexactlyonenumbernevermoreor less. Thereis a zeroindexfor ascalar. A
rank—1tensoris avector. A vectordoeschangeunderrotation. Vectorshaveoneindexwhich can
run from 1 to thenumberof dimension®f thefield, sothereis no way to know a priori how many
numbergqor operatorsor ...) arein avector. n—ranktensorshaven indices.The numberof num
bersneededs the numberof dimensionsn thevectorspaceaisedby therank. Symmetrycan
oftensimplify thenumberof numbersactuallyneededo describeatensor.

Thereareavarietyof importantspin—offsof a standardsector. Dual vectors whenmultiplied by
its correspondingector,generata realnumber by systematicallymultiplying eachcomponent
from thedualvectorandthevectortogethemandsummingthetotal. If thespaceavectorlivesin is
shrunk,a contravarianvectorshrinks,but a covariantvectorgetslarger. A tangentvectoris, well,
tangento a vectorfunction.

Physicsequationsnvolve tensorsof the samerank. Therearescalarequationspolarvectorequa
tions, axial vectorequationsandequationgor higherranktensors.Sincethe sameranktensors
areon bothsidestheidentity is preservedinderarotationaltransformation.Onecoulddecideto
arbitrarily combinetensorequation®f differentrank,andtheywould still bevalid underthe
transformation.

Therearewaysto switchranks. If therearetwo vectorsandonewantsaresultthatis a scalarthat
requirestheinterventionof a metricto brokerthetransaction.This processn knownasaninner
tensorproductor a contraction. Thevectorsin questiormusthavethe samenumberof dimen
sions. Themetricdefineshow to form a scalarastheindicesareexaminecone—by—one.Metrics
in mathcanbeanything,but natureimposesonstraintsn which onesareimportantin physics.
An aside:mathematiciansequirethe distancas non—negativebut physicistsdo not. | will be
usingthe physicsnotionof ametric. In looking ateventan spacetimga 4—dimensionaVvector),
the axiomsof specialrelativity requirethe Minkowski metric,whichis a 4x4 realmatrix which has
downthediagonall, -1, -1, -1 andzeroselsewhere.Somepeoplepreferthe signsto beflipped,
but to be consistentvith everythingelseon this site,| choosethis convention. Anotherpopular
choiceis the Euclideanmetric,whichis the sameasanidentity matrix. Theresultof general
relativity for a sphericallysymmetric hon—rotatingnasss the Schwarzschilanetric,which has
"non-one"termsdownthediagonal zeroselsewhereandbecomeshe Minkowski metricin the
limit of themassgoingto zeroor theradiusgoingto infinity.

An outertensormproductis away to increaseherankof tensors.Thetensormproductof two vectors
will bea2-ranktensor. A vectorcanbeviewedasthetensomproductof a setof basisvectors.



m What Are Quaternions?

Quaternionkouldbeviewedasthe outertensorproductof a scalaranda 3—-vector. Underrotation
for aneventin spacetimeepresentetly a quaterniontime is unchangedput the 3—vectorfor
spacewould berotated. Thetreatmenbf scalards the sameasabove butthe notion of vectorsis
far morerestrictive asrestrictiveasthe notion of scalarsQuaternionganonly handle3—-vectors.
To thosefamiliar to playingwith higherdimensionsthis mayappeatoo restrictiveto be of inter
est. Yet physicson boththe quantumandcosmologicakcaleds confinedto 3—spatialdimensions.
Notethattheinfinite Hilbert spacesn quantummechanics functionof the principlequantum
numbem, notthe spatialdimensions.An infinite collectionof quaternion®f theform (En, Pn)
couldrepresena quantunstate. The Hilbert spacds formedusingthe Euclideanproduct(g* q).

A dualquaternions formedby takingthe conjugatepecause* g = (t*2 + X.X, 0). A tangent
guaternions createdoy havinganoperatoracton a quaternion—valueéunction

6 RN
(= V) (@), Fa)) -
(H—VF, W+Vf +VXF

Whatwould happerto thesefive termsif spacenvereshrunk? The 3—vectorF would getshrunk,as
would thedivisorsin the Del operatormakingfunctionsactedon by Del getlarger. Thescalar
termsarecompletelyunaffectedoy shrinkingspacepecauself/dt hasnothingto shrink,andthe
Del andF canceleachother. Thetime derivativeof the 3—vectoris a contravarianvector,because
F would getsmaller. Thegradientof the scalarfield is a covariantvector,becaus®f the work of
the Del operatoiin thedivisor makest larger. Thecurl atfirst glancemightappeaiasadraw,but

it is a covariantvectorcapacitybecausef theright—anglenatureof the crossproduct. Notethatif
time whereto shrinkexactlyasmuchasspacenothingin thetangeniguaternionwould change.

A gquaterniorequatiormustgeneratehe samecollectionof tensoron bothsides. Consideithe
productof two eventsg andq’:

0% 1) K] < [0 - XX, UX - Xt XX
scalars :t, t’, tt - XX

polar vectors : X, X, t X + Xt’
axial vectors : Xx X

Whereis theaxial vectorfor theleft handside? It isimbeddedn themultiplicationoperation,
honest-)

t, X)) (t, X) = (t’'t - X.X t’'X+Xt+XxX
X X X X
= (tt’—X.W, tW+Xt'—XxW)

The axial vectoris the onethatflips signsif theorderis reversed.

Termscancontinueto getmorecomplicated.In a quaterniortriple product,therewill betermsof
theform (XxX’).X". Thisis calleda pseudo—scalahecausét doesnotchangeunderarotation,
butit will changesignsunderareflection,dueto the crossproduct. You canconvinceyourselfof
this by notingthatthe crossproductinvolvesthe sineof anangleandthe dot productinvolvesthe
cosineof anangle.Neitherof thesewill changeunderarotation,andanevenfunctiontimesanodd



functionis odd. If theorderof quaterniortriple productis changedthis scalarwill changesigns
for ateachstepin the permutation.

It hasbeenmy experiencehatanytensorin physicscanbe expressedsingquaternions.Some
timesit takesa bit of effort, butit canbedone.

Individual partscanbeisolatedif onechooses.Combinationf conjugationoperatorsvhich flip
the signof avector,andsymmetricandantisymmetrigroductscanisolateany particularterm.
Hereareall thetermsof the examplefrom above

(t, X) (t, X) = (tt’" - XX, t X + Xt’+ XxX)

- B q i q* , q, " q1 *
scalars t_—2 , =5
tt/_XX?:qq"i'(qq,)*
' 2
polar vectors : X-= % X = %
tX?-l-Xt/: (qq’+(q’ q>>_(qq’+<q’ q)>*
4
axial vectors : Xx X - 99 _Z(q’ 4
The metricfor quaternionss imbeddedn Hamilton’srule for thefield.
2 2 2 NN

i =] =k =ijk=-1

This lookslike away to generatescalardrom vectors putit is morethanthat. It alsosaysimplic-
itly thati j =k, j k=1, andi, j, k musthaveinverses.Thisis animportantobservationbecauset
meanghatinnerandoutertensorproductscanoccurin the sameoperation Whentwo quaternions
aremultiplied togetheranewscalar(innertensorproduct)andvector(outertensorproduct)are
formed.

How canthe metricbegeneralizedor arbitrarytransformations?lhetraditionalapproactwould
involve playingwith Hamilton’srulesfor thefield. | think thatwould be a mistake sincethatrule
involvesthe fundamentadtefinition of a quaternion.Changetherule of whata quaternioris in one
contextandit will notbe possibleto comparet to aquaterniornin anothercontext. Insteadcon
sideranarbitrarytransformationl whichtakesqinto g’

q—0q =T¢q

T is alsoa quaternionijn factit is equalto g’ g*-1. Thisis guaranteedo work locally, within
neighborhoodef g andq’. Thereis no promisethatit will work globally,thatoneT will work for
anyq. Undercertaincircumstancesl will work for anyq. Theimportantthingto knowis thata
transformationl’ necessarilgxistsbecauseuaternionsreafield. Thetwo mostimportanttheo
riesin physics generarelativity andthe standaranodel,involve local transformationgbut the
technicaldefinition of local transformations differentthantheideapresentedherebecausdt
involvesgroups).

This quaterniordefinition of atransformatiorcreatesaninterestingelationshipbetweerthe
Minkowski andEuclideanmetrics.

Let T = I, the identity matrix



10

lqlg+ dglag” _ >
5 - (t2-X X 0)

lg)*lq=(t?+XX 0)

In orderto changerom wrist watchtime (theintervalin spacetimejo thenormof a Hilbert space
doesnotrequireanychangdn thetransformatiorguaternionpnly a changan the multiplication
step.Thereforeatransformatiorwhich generatethe Schwarzschildnterval of generarelativity
shouldbeeasilyportableto a Hilbert spaceandthatmight be the startof a quantumtheoryof
gravity.

m SoWhat Is the Difference?

| think it is subtlebut significant. It goesbackto something learnedn a graduatdevel classon
thefoundationf calculus. To makecalculusrigorousrequireshatit is definedovera mathemati
calfield. Physicistsdo this be sayingthatthe scalarsyectorsandtensorgheywork with are
definedoverthefield of realor complexnumbers.

Whatarethe numberausedby nature? Thereareeventswhich consistof the scalartime andthe
3-vectorof space.Thereis masswhichis definedby the scalarenergyandthe 3—vectorof momen
tum. Thereis theelectromagnetipotential, which hasa scalarfield phi anda 3—-vectorpotentialA.

To do calculuswith only informationcontainedn eventsrequireshata scalaranda 3—-vectorform
afield. Accordingto atheoremby Frobeniusonfinite dimensionafields,theonly fields thatfit
areisomorphicto the quaterniongisomorphicis a sophisticateahotion of equality,whosesubtle
tiesareappreciateanly by peoplewith a deepunderstandingf mathematics).To do calculus
with amassor anelectromagnetipotentialhasanidenticalrequiremenaindanidenticalsolution.
Thisis thelogical foundationfor doing physicswith quaternions.

Canphysicsbe donewithout quaternions?0f courseit can! Eventscanbedefinedoverthefield
of realnumbersandthenthe Minkowski metricandthe Lorentzgroupcanbe deployedo get
everyresulteverconfirmedby experiment.Quantummechanicsanbe definedusinga Hilbert
spacedefinedoverthefield of complexnumbersandreturnwith everyresultmeasuredo date.

Doing physicswith quaternionss unnecessarynlessphysicsrunsinto acompatibilityissue.
Constraininggenerarelativity andquantummechanic$o work within the sametopologicalalge
braicfield maybetheway to unitethesetwo separatelpuccessfuareas.
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Inner and Outer Products of Quaternions

A goodfriend of mine haswonderedvhatis meango multiply two quaternionsogethetr(this
guestionwasahottopicin the nineteenttcentury). | caremoreaboutwhatmultiplying two quater
nionstogethercanaccomplish. Therearetwo basicwaysto do this: just multiply onequaternion
by anotheror first takethetranspos@f onethenmultiply it with the other. Eachof theseproducts
canbeseparatethto two parts:a symmetric(innerproduct)andanantisymmetriqouterproduct)
components.Thesymmetriccomponentill remainunchangedby exchanginghe placesof the
quaternionswhile theantisymmetriccomponentvill changats sign. Togethertheyaddupto the
p{]od.uct. In this section bothtypesof innerandouterproductswill be formedandthenrelatedto
pnysics.

m The Grassmaninner and Outer Products

Therearetwo basicwaysto multiply quaterniongogether. Thereis thedirectapproach.
(t, X) (t7, X) = (tt’ -X X, t X +Xt’+XxX)

| callthisthe Grassmamroduct(l don’t knowif anyoneelsedoes butl needalabel). Theinner
productcanalsobe calledthe symmetricproduct,becausdét doesnot changesignsif thetermsare
reversed.

even ((t, X), (t/, X)) =

(t, X) (t/, X))+ (t’, X) (t, X)
2
ut'—XW;tW+XV)

| havedefinedthe anticommutatofthebold curly braces)n anon-standaravay, includinga
factorof two sol do nothaveto keeprememberingo write it. Thefirst termwould betheLorentz
invariantintervalif thetwo quaternionsepresentethe samedifferencebetweerntwo eventsn
spacetimdi.e.tl=t2=delta,...). Theinvariantintervalplaysacentralrole in specialrelativity.
Thevectortermsarea frame—dependensymmetricproductof spacewith time anddoesnot
appeaon the stageof physics butis still avalid measurement.

The Grassmaruterproductis antisymmetriandis formedwith acommutator.

odd ((t, X), (t", X)) =

a,X>aqXﬂé<r,W)a,m _ (0, XxX)

Thisis the crossproductdefinedfor two 3-vectors.It is unchangedor quaternions.
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m The EuclideanInner and Outer Products
Anotherimportantway to multiply a pair of quaternionsnvolvesfirst takingthetransposef one

of thequaternions.For areal-valuednatrix representatiorthis is equivalento multiplicationby
the conjugatewhich involvesflipping the signof the 3—vector.

(t, X)© (t/, X) = (t, -X) (t’, X)
= (tt" +X X, t X - Xt -XxX)
FormtheEuclideannnerproduct.

(t, X" (t, X))+, X)) (t, X (tt +X X, 0

Thefirst termis the Euclideamormif thetwo quaternionsrethe same(this wasthereasorfor
usingtheadijective'Euclidean”). The Euclideaninnerproductis alsothe standardlefinition of a
dot product.

FormtheEuclideanouterproduct.

= (O, t X - Xt’ —XXW)
Thefirst termis zero. Thevectortermsareanantisymmetrigoroductof spacewith time andthe
negativeof the crossproduct.
The Euclideanproductis non—associative:

(ab)*c+ (a)* bc
The normsof Euclideanproductsareassociativdbecauseéhe normsarerealvalued:

| (ab)*c | =1 (a)" bc |

The Euclideanproductof quaternionsnightbeawayt connecto the algebraof octonions,anon—
associativelivision algebra.

m | mplications

Whenmultiplying vectorsin physics,onenormallyonly considerghe Euclideaninnerproduct,or
dot product,andthe Grassmarmuterproduct,or crossproduct. Yet, the Grassmatnnerproduct,
becauset naturallygenerategheinvariantinterval,appearso play arole in specialrelativity.

Whatis interestingo speculateboutis therole of the Euclideanproduct.The Euclideanproduct
might beadirectconnectiorto thealgebraicstructureof quantummechanicwvia Hilbert spaces.
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Quaternion Analysis

Complexnumbersarea subfieldof quaternions.My hypothesiss thatcomplexanalysisshouldbe
self-evidenwithin the structureof quaternioranalysis.

Thechallengas to definethederivativein away sothataleft derivativealwaysequalsaright
derivative. If quaternionsvould only commute...Well, the scalarpartof a quaterniordoescom
mute. If, in thelimit, thedifferentialelementtonvergedo a scalar thenit would commute. This
ideacanbedefinedprecisely. All thatis requiredis thatthe magnitudeof the 3—vectorgoesto
zerofasterthanthescalar. This mightinitially appearasanunreasonableonstraint. However,
thereis animportantapplicationin physics. Considera setof quaternionghatrepreseneventsn
spacetime.lf themagnitudeof the 3—spacerectoris lessthanthetime scalareventsareseparated
by atimelikeinterval. It requiresa speedessthanthe speedf light to connectheevents. Thisis
true no matterwhatcoordinatesystemis chosen.

m Defining a Quaternion
A quaterniorhas4 degree®f freedomsoit needst real-valuedrariableso be defined:
q = (ap, a1, az, as)

Imaginewe wantto do a simplebinary operationsuchassubtractionwithout havingto specifythe
coordinatesystemchosen.Subtractiorwill only work if the coordinatesystemsarethe same,
whetherit is Cartesiansphericabr otherwise.Let €0,el,e2,ande3bethesharedbutunspeci
fied, basis. Now we candefinethedifferencebetweerntwo quaterniorg andq’ thatis independent
of thecoordinatesystemusedfor the measurement.

dg = q° - q = ((ap’ -ap) €o,
(a1’ -ap) ey /3, (ap’ —ax)ex/3, (a3’ -az) e3/3)

Whatis unusuakboutthis definition arethe factorsof athird. Theywill be necessarin orderto
defineaholonomicequationaterin this section. Hamiltongaveeachelementparity with the
others,averyreasonabl@approach.l havefoundthatit is importantto give the scalarandthe sum
of the 3—vectorparity. Withoutthis "scale"factoron the 3—vector,changan the scalars not
givenits properweight.

If dgis squaredthescalarpartof theresultingquaterniorformsametric.

2 2 2
dq~2 = (dag? ep? +da;? eé + day? es + dag? %,
2 dao da1 €0 eTl, 2 dao daz €o 6?2, 2 dao dag €0 eTS

Whatshouldthe connectiorbe betweerthe square®f the basisvectors? Theamountof intrinsic
curvatureshouldbe equal,sothata transformatiorbetweertwo basis3—vectorsdoesnot containa
hiddenbump. Shouldtime betreatedexactlylike space?The Schwarzschilanetricof general
relativity suggest®therwise.Let el,e2,ande3form anindependentiimensionlessprthogonal
basisfor the 3—vectorsuchthat:
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1 1 1 2
B ST e,2 T e,z ~Co
€2 €3

This unusuakelationshipbetweerthe basisvectorsis consistentvith Hamilton’schoiceof 1,1, j, k
if &2 = 1. Forthatcasecalculatethe squareof dq:

da12 da22 da32

2 _ 2 2 _ _
dq = |dao0” €9 9 eg? 9 ep2 9ep?’
Zdao Ck%’ 2dao Ck%, Zdao (i%

The scalarpartis knownin physicsasthe Minkowski intervalbetweertwo eventsn flat space
time. If e0”2doesnotequalone,thenthe metricwould applyto anon—flatspacetime.A metric
thathasbeenmeasure@xperimentallys the Schwarzschilanetricof generakelativity. Set

&2 =(1-2=(1-2GM/c"2R), andcalculatethe squareof dq:

2 (4.2 (s 2GM)  dA dA
o o 1 2W] g
Zdao Ck%’ 2dao Ck%, Zdao (i%

Thisis the Schwarzschilanetricof generakelativity. Noticethatthe 3—vectoris unchangedthis
may be a definingcharacteristic).Therearevery few opportunitiesor freedomin basicmathemati
cal definitions. | havechoserthis unusuarelationshipdetweerthe square®f the basisvectorsto
makea resultfrom physicseasyto express.Physicsgguidesmy choicesn mathematicatlefinitions

=)
m An Automorphic Basis for Quaternion Analysis

A quaterniorhas4 degree®f freedom. To completelyspecifya quaterniorfunctiononthe mant
fold #*, it mustalsohavefour degree®f freedom. Threeotherlinearly-independentariables
involving q canbedefinedusingconjugatesombinedwith rotations:

q" = (ap €9, —-a1 €1 /3, -aep /3, -azez/3)

"l - (-apep, aye1/3, —ape,/3, —azesz/3) = (e1qeg)”

q
q**=(-apep, -az1e1/3, +axey/3, -azez/3) = (e2qez)”

The conjugateasit is usuallydefined(g*) flips thesignof all butthescalar. Theg*1 flips the
signsof all buttheelterm,andg*2 all butthee2term. Thesetq, g*, g*1, g*2 form the basisfor

quaternioranalysisonthe+* manifold. The conjugateof a conjugateshouldgive backthe origi-
nal quaternion.

@9 =q, Q@Y =q (q2)?%=q

Somethingsubtlebut perhapglirectly relatedto spinhappengooking at how the conjugate®ffect
products:

(@q’)"=q" " q
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L [y |

(g’ )t =-q *tg, (qq’)?=-q *2q*2
(g’ qq’ )t =q *tqtq g

The conjugateappliedto a productbringstheresultdirectly backto thereverseorderof theele
ments. Thefirst andsecondconjugatepointthingsin exactlythe oppositeway. Thepropertyof
going "half way around"is reminiscenof spin. A tighterlink is exploredin the sectiononintegral
andhalf integralspin.

m Future Timelike Derivative

Insteadof the standardapproacho quaternioranalysiswhich focuseson left versusight deriva
tives,| concentrat®ntheratio of scalargo 3—vectors. Thisis naturalwhenthinking aboutthe
structureof Minkowski spacetimewheretheratio of the changean time to thechangan 3—-space
definesfive separateegions:itimelike past.timelike future,lightlike past,lightlike future,and
spacelike. Thereareno continuoud_orentztransformationso link theseregions. Eachregionwill
requirea separatelefinition of the derivative,andtheywill eachhavedistinctproperties.| will
startwith the simplestcase andlook at a seriesof examplesn detail.

Definition: Thefuturetimelike derivative:

Considera covariantquaterniorfunctionf with adomainof H andarangeof H. A futuretimelike
derivativeto be defined,the 3—vectormustapproactzerofasterthanthe positivescalar. If thisis
not the casethenthis definition cannotbe used. Implementingheserequirementsvolvestwo
limit processeappliedsequentiallyto a differentialquaterniorD. Firstthelimit of thethree
vectoris takenasit goesto zero,(D — D*)/2 —> 0. Secondthelimit of thescalaris taken,(D +
D*)/2 —> +0 (thepluszeroindicateghatit mustbeapproacheavith atime greatetthanzero,in
otherwords,from thefuture). The neteffectof thesetwo limit processess thatD—>0.

of (q, 9, g%, q*?)
oq

= limit as (d, 0) -
+0 (limit as (d, D) -
(d, O) (f (@+ (d, D), g, a**, q*?) -
f (@, a*, 9%, 9'2)) (d, D) )]

Thedefinitionis invariantundera passivdaransformatiorof the basis.

The4 realvariablesa0,al,a2,a3canberepresentedy functionsusingthe conjugatessa basis.

f(q g%, g%, q2) =ag = =0 <q2+q*>

f .. €1@+9t) _ (@+9t) e
ST T(=273) T T (-27/3)

_ €2 (9+Q9*®) _ (q+Q*?) e
(-27/3) (-2/3)
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f .. 8 (a+9q +9t+g?) _ (Q+Q+Qt+9?) eg
° (27/3) 273)

Beginwith a simpleexample:

f(q, g%, q*l, q2) =ag = 20 <q2+q*>

%20 - 239 —lim (lim ((eo ((q+ (d, D) +q*) - (q +q*)))
2 D) ")) =L
0 ap 0 ap

@q*lzaq*Zzo

The definition givesthe expectedesult.

A simpleapproacho atrickier example:

.. _ e (qa+qth

F=a = =53

O ai B

oq

981 _jim (lim ((e1 ((q+ (d, D) +ql) - (q+ql)))
@q*l !

((-2/3) (d, D>>_1)) =—3§1
da; Oa -0
aq* 0Q*?

Sofar, thefancydoublelimit processhasbeenirrelevantfor theseidentity functions,becaus¢he
differentialelementasbeeneliminated. Thatchangesvith the following example wherethee;
Is written on theright, buttheresultis thesame.

* *1 *2 _ _ (q+q*1)el
f(a g% g7, ) =a1 = 273
68.1_ 0 ai B
Oq - @q*l_

-lim (lm (((q+ (d, D) +q**) - (q+q*!))
e1 ((-2/3) (d, D)) 1)) -

= lim (lim ((d, D)e1 ((-2/3) (d, D)) ")) =



-lim ((d, 0) e ((-2/3) (d, O)) ) :‘3261

Becausdhe 3—vectorgoesto zerofasterthanthe scalarfor thedifferentialelementafterthefirst
limit processtheremainingdifferentialis a scalarsoit commutesvith anyquaternion.Thisis
whatis requiredto dancearoundthe el andleadto the cancellation.

Theinitial hypothesisvasthatcomplexanalysisshouldbe a self-evidensubsebf quaternion
analysis. Sothis quaterniorderivativeshouldmatchup with the complexcase whichis:

z =a+bi, b= (Z2-2)/2i
db i ob

dz 2 9z

Thesearethe sameresultup to afactorof three. Quaterniondavethreeimaginaryaxes.

The derivativeof a quaterniorappliesequallywell to polynomials.

let f = g?
%:Iim (im ((g+(d, D))" -a?) (d, D) ')) =
= lim (lim

((a2+q (d, D)+ (d, D) g+ (d, D)* -q?) (d, D) ")) =

im (lim (g +(d, D)q(d, D)+ (d, D))) =

lim (2qg+ (d, 0)) = 2q
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Thisis theexpectedesultfor this polynomial. It would be straightforwardo showthatall polyno

mials gavethe expectedesults.

Mathematiciangnight be concernedy thisresult,becauséf the 3—vectorD goesto —D nothing
will changeaboutthe quaterniorderivative. Thisis actuallyconsistentith principlesof special
relativity. Fortimelike separate@ventsright andleft dependontheinertial referencdrame,soa
timelike derivativeshouldnot dependon the directionof the 3—vector.

m Analytic Functions

Thereare4 typesof quaterniorderivativesand4 componentunctions. Thefollowing table
describeshe 16 derivativedor this set



\
O
oq
_9_

e}

o]
*

‘i“”
:

5]

JQJ

oq

18

ap ai az as
€0 €1 P €3
2 -2/3 -2/3 2/3
€0 _€3
2 0 0 2/3
€1 €3
0 -2/3 0 2/3
€2 €3
0 0 -2/3 2/3

This tablewill beusedextensivelyto evaluatdf afunctionis analyticusingthechainrule. Let’s
seeif theidentity functionw= q is analytic.

g - €1 €2 €3
Letw_q_(aoeo, a13,a23,a33)
Usethechainrule to calculatethe derivativewill respecto eachterm:

ow Jdagp _ e €0 _ l
dag 0q 22 T 2

Ow Jda; e e ~ l
da; 0q 3 (-2/3) 2

Ow Jdax e e 1
da, g9 3 (-2/3) 2

Ow Jdaz €3 €3 1
daz o4 3 (2/3) 2

Usecombinationof thesetermsto calculatethefour quaterniorderivativesusingthechainrule.

@W_ oW 0 ap OW O ai oOw O ar oOw O as
0q dap O0(Q da; 0Q dazx 0( daz O0(Q

i 1.1 1 _

2 2 2 2
6W_@W6a0+awaa3_£_£_o
oaq* Jday O0Q* daz o 2 2
ow _ ow 0da oW @ag_l_l_o
oql!  o0a; oql  oaz oqgrl 2 2

Ow  Ow O ap o w @ag_l_l_o
oQq*2 Oda, 0Q*2 Oaz O Qq+? 2 2

This hasthe derivativesexpectedf w=q is analyticin q.

Anothertestinvolvesthe Cauchy—Riemanequations.The presencef thethreebasisvectors
changeghingsslightly.
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Let u = (ap e, 0, 0, 0), V= (0, a3 %1—, a, S2. a, e—3)
ou eq oV

dap 3 :Oal €o.

auez_ave du es OV
- 0 dap 3 O as

dapgp 3 0 as €o

This alsosolvesa holonomicequation.

o u oV oV oV
calar e;, e -
Scala ((@ao' 5a;’ 0a Oa (€o, €1, €2, €3)
€1 €2 €3 B
eoeo+3e1+3e2+3e3_0

Thereareno off diagonaltermsto compare.

This exercisecanberepeatedor the otheridentity functions. Onenoticeablechangds in therole
thatthe conjugateplay for thebasisvectors. Considertheidentity functionw = g*1. To showthat
thisis analyticin g*1 requireshatonealwaysworkswith basisvectorsof theq*1 variety.

Let u = (-apgeg, 0, 0, 0),

e e e

Ve (0 g -d g -as o

ou €1 3 oV

O agp <_3>_ 0 a €o.

du ey @VeO’ du ez OV eo

dag 3  Jdap dapg 3 9 as

This alsosolvesa first conjugatenolonomicequation.

Scalar ou oV oV 9V (eg, €1, €y, e3) | =
@aoi @al’ 6a21 @a3 01 1’ 21 3 -
e -e -e
-€o (-€p) +T161—T262—T393=0
Powerfunctionscanbe analyzedn exactlythe sameway:
2 2 2
Let w = g2 = (a02 e + ag2 S, g,2 €27 .2 €37
9 9 9
Zaoaleo%, 2aoa2eoeT2, 2&08380%)

2 2 2
e e e
u = (ao2 eo? + a;? —é— + an? S + ag? —S—, 0, O, 0)
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e e e
V= (0 2apaie =, 2apaz € —, 2apaseo —= |

3 3 3
du ey 2apep’e; @Ve
dap 3 - 3 G ag 0
du ey 2ap 602 e 0 \ e
dap 3 - 3 BRG] as 0
du ez 2ap 632 0 \
dag 3 3 - O az

This time therearecrosstermsinvolved.
ou e = 2 a; ep 812 B o Vl €1
0 az 0~ 9 ~ Odapg 3
ou e = 2 ax ep 822 B o V2 €o
O as 0= 9 - dap 3
ou e = 2 asz ep 832 B o V3 €3
O as 0= 9 ~ dap 3

At first glance,onemightthink theseareincorrect,sincethe signsof the derivativesaresupposédo
be opposite. Actually theyare,butit is hiddenin anaccountingrick :=) Forexamplethederiva
tive of u with respecto al hasafactorof e1°2,which makest negative. Thederivativeof the
first componenbdf V with respecto a0is positive. Keepingall theinformationaboutsignsin the
e’s makeghingslook non-standardyut theyarenot.

Notethatthesearethreescalarequalities. The otherCauchy—Riemanequationsvaluateo a
single3—vectorequation. Thisrepresentfour constrainton thefour degree®f freedomfoundin
guaterniongo find outif afunctionhappengo beanalytic.

This alsosolvesa holonomicequation.

ou oV oV oV
dap’ da’ O9da’' 09 as

Scalar (( (€o, €1, €2, €3)| =

2a 2 2
0€0€1 e, + dp €p €2 e, + dp €0 €3
3 3 3
Sincepowerseriescanbeanalytic,this shouldopenthedoorto all formsof analysis. (I havedone
the casefor the cubeof g, andit too is analyticin q).

:2aoeo3+ e3 =0

m 4 Other Derivatives

Sofar, thiswork hasonly involvedfuturetimelike derivatives. Therearefive otherregionsof
spacetimeo cover. Thesimplestnextcases for pasttimelike derivatives. Theonly changes in
thelimit, wherethe scalarapproachegerofrom below. Thiswill makemanyderivativedook time
symmetric,whichis the casefor mostlawsof physics.
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A morecomplicatedcasenvolvesspacelikederivatives.In the spacelikeegion,changesn time
go to zerofasterthanthe absolutevalueof the 3—vector. Thereforethe orderof thelimit processes
Is reversed.Thistime the scalarapproachegero,thenthe 3—vector. This createsa problem,
becausafterthefirst limit processthedifferentialelemenis (0, D), which will not commutewith
mostquaternions.Thatwill leadto thedifferentialelemeninot cancelling. Theway aroundthisis
to takeits norm,whichis ascalar.

A spacelikdifferentialelemenis definedby takingtheratio of adifferentialquaterniorelement
D toits 3—vector,D — D*. Letthenormof D approactzero. To bedefined thethreevectormust
approactzerofasterthanits correspondingcalar. To makethe definition non—-singulaevery
Wk;lere,multiply by the conjugate.In thelimit D D*/((D — D*)(D — D*))* approache€l, 0), a
scalar.

of (q, 9+, g%, q2) of (q, 9%, g%, %)’
oq oq

= limit as (0, D) -0 (limit as (d, D) - (0, D
((f (9 + (d, D), a*, 9*, 9**) -f (9, 9", 9*, q*%))
(d, D) " (f (@ + (d, D), ", g, q?) -
f (g g, g, g?))" (d D) 7))
To makethis concreteconsidera simpleexamplef = g"2. Apply thedefinition:

6 g2
dq

Norm ( ) =limt ((0, D) -0 (limt as (d, D) - (0, D)

((((a B) + (d D))"~ (a, B)") (d D)
(((a B) + (d D)’ -(a B)?) (d D 7)) =

=lim (((a, B) +
(0, D) (a, B) (0, -D) /norm ((0, D)) + (0, D))
((a, B) + (0, D) (a, B) (0, -D) /norm ( (0, D)) +
(0, D)) ) =

The secondandfifth termsareunitaryrotationsof the 3—vectorB. SincethedifferentialelementD
couldbepointedanywherethisis anarbitraryrotation.Define:

(a, B") = (0, D) (a, B) (0, -D) /norm ( (0, D))
Substituteandcontinue:
=lim (((a, B) + (a, B") + (0, D))
((a, B)+(a, B")+ (0, D)) ) =
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lim (4a"2 +2B.B+2B.B" +2D.B +2D. B’ , O)

- (4a%2 + 2B.B +2B.B’, 0) <|2q|?

Look at howwonderfullystrangethisis! Thearbitraryrotationof the 3—vectorB meanghatthis
derivativeis boundby aninequality. If D is in directionof B, thenit will beanequality,butD
couldalsobein the oppositedirection,leadingto a destructiorof a contributionfrom the 3—vector.
The spacelikederivativecanthereforenterferewith itself. Thisis quiteanaturalthingto doin
guantummechanics.The spacelikederivativeis positivedefinite,andcouldbe usedto definea
Banachspace.

Defining thelightlike derivative wherethe changdn timeis equalto thechangen spacewill
requiremorestudy. It mayturnoutthatthis derivativeis singulareverywherebutit will require
someskill to find atechnicallyviable compromisébetweerthe spacelikeandtimelike derivativeto
synthesighelightlike derivative.

Thetimelike quaterniorderivativeon a quaterniormanifoldis effectivelyadirectionalderivative
alongtherealaxis Thespacelikederivativeis a normedderivative Theduallimit definitionestab
lishesthelink betweerthesetwo well-knowntypesof derivatives.
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Topological Properties of Quaternions

m Topological Space

If we choosedo work systematicallfthroughWald’s "GeneralRelativity", the startingpointis
"AppendixA, TopologicalSpaces".Roughly,topologyis the structureof relationshipghatdo not
changef aspaces distorted. Someof theresultsof topologyarerequiredto makecalculus
rigorous.

In thissection,| will work consistentlywith the setof quaternionstH”1, or justH for short. The
differencebetweertherealnumbersR andH is thatH is notatotally orderedsetandmultiplica-
tion is notcommutative. Thesedifferencesarenotimportantfor basictopologicalpropertiesso
statementandproofsinvolving H areoftenidenticalto thosefor R.

Firstanopenball of quaternionsieedgo be definedto setthe stagefor anopenset. Definean
openballin H of radius(r, 0) centeredarounda point(y, Y) [note:smalllettersarescalarscapital
lettersare3—vectorsjconsistingof points(x, X) suchthat

VIX-y, X-Y)* (x-y, X-Y)) < (r, 0)

An opensetin H is anysetwhich canbe expressedsa unionof openballs.

[p. 423translatedA quaterniortopologicalspacgH,T) consistof the setH togethemwith acollec
tion T of subset®f H with theseproperties:

1. Theunionof anarbitrarycollectionof subsetseachin T, isin T
2. Theintersectiorof afinite numberof subset®f T isin T
3. TheentiresetH andtheemptysetarein T

T isthetopologyonH. Thesubset®f H in T areopensets. Quaterniongorm atopologybecause
they arewhatmathematiciansall a metricspacesinceq* q evaluatego arealpositivenumberor
equalszeroonly if gis zero. Note:thisis notthe meaningof metricusedby physicists. Forexam
ple, the Minkowski metriccanbe negativeor zeroevenif apointis notzero. To keepthesame
word with two meaningdgistinct,| will referto oneasthetopologicalmetric,theotherasaninter
val metric. Thesedescriptivdabelsarenotused in generakincecontextusuallydetermines
which oneisin play.

An importantcomponento standardapproacheso generakelativity is productspaces.Thisis
how atopologyfor R"nis created.Eventsin spacetimeequireR"4, oneplacefor time, threefor
space.Mathematiciangetto makechoiceswhatwould changdf work wasdonein R"2, R"3, or
R"5? The precisionof this notion,togethemwith thefreedomto makechoicesmakesexploring
thesedecisiondun (for thosefew who canunderstandavhatis goingon :-)

By working with H, productspaces&reunnecessaryEventsin spacetimeanbe memberof an
opensetin H. Timeis thescalarspacehe 3-vector. Thereis no choiceto bemade.
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m Open Sets

The edgeof setswill beexaminedy definingboundariesppenandclosedsets,andtheinterior
andclosureof aset.

| amapracticalguy who likes pragmatiadefinitions. Let therealnumberd. andU represent
arbitrarylower andupperboundsrespectivelysuchthatL < U. Forthequaterniortopological
space(H, T), consideranarbitraryinducedtopology(A, t) wherex anda areelementf A. Use
inequalitiesto define:

anopenset : (L, 0) < (x-a)" (x-a) < (U 0)
aclosed set : (L, 0) < (x-a)" (x-a) =< (U, 0)
ahalf openset : (L, 0) < (x-a)* (x-a) < (U, 0)
or (L, 0) < (x-a)* (x-a) =< (U, 0)
aboundary : (L, 0) = (x-a)* (x-a)
Theunionof anarbitrarycollectionof opensetsis open.
Theintersectiorof afinite numberof opensetsis open.
The unionof afinite numberof closedsetsis closed.
Theintersectiorof anarbitrarynumberof closedsetsis closed.
Clearlythereareconnectiondetweerthe abovedefinitions
open set union boundary -> closed set

This createcomplementarydeas. [Wald, p.424]

Theinteriorof A is theunionof all opensetscontainedwithin A.
TheinteriorequalsA if andonly if A is open.

The closureof A is theintersectiorof all closedsetscontainingA.
Theclosureof A equalsA if andonly if A is closed.

Defineapoint setasthe setwherethelower boundequalsheupperbound. Theonly opensetthat
Is apointsetis thenull set. Theclosedpointsetis H. A pointsetfor therealnumbershasonly
oneelementwhichis identicalto theboundary. A pointsetfor quaterniondiasaninfinite number
of elementspneof themidenticalto theboundary.

Whataretheimplicationsfor physics?

With quaternionsthe existenceanopensetof eventshasnothingto do with the causalityof that
collectionof events.

anopenset : (L, 0) < (x —a)" (x-a) < (U, 0)
timelike events : scalar ((x -a)?) > (0, 0)

lightlike events : scalar ((x -a)?) = (0, 0)
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spacelike events : scalar ((x-a)?) < (0, 0)

A propertime canhaveexactlythe sameabsolutevalueasa purespacelikeseparationsothese
two will beincludedin the samesetswhetheropen,closedor onaboundary.

Thereis no correlationthereversewnay either. Takefor examplea collectionof lightlike events.
Eventhoughtheyall shareexactlythe sameinterval— namelyzero- their absolutevaluecanvary
all overthemap,not stayingwithin limits.

Althoughindependentthesetwo ideascanbe combinedsynergistically ConsideranopensetS of
timelike intervals.

S={x, aEH, afixed ; U,
LER| (L, 0) < (x-a)" (x-a) < (U, 0),
and scalar ((x -a)?) >0}

The setS coulddepicta classicaworld historysincetheyarecausallylinked andhavegoodtopo
logical properties.A closedsetof lightlike eventscouldbeafocusof quantumelectrodynamics.
Topologypluscausalitycould bethe key for subdividingdifferentregionsof physics.

Hausdorff Topology

This propertyis usedto analyzecompactnessomethingyital for rigorouslyestablishinglifferentia
tion andintegration.

[Wald p424] ThequaterniortopologicalspacgH, T) is Hausdorffoecausdor eachpair of distinct
pointsa, b E H, anotequalto b, onecanfind opensetsOa,Ob E T suchthataE Oa,b | Oband
theintersectiorof OaandOb s thenull set.

For examplefind the half-waypointbetweeraandb. Letthatbetheradiusof anopenball
aroundthe pointsaandb:

let (r, 0) = (a-b)" (a-b) /4
Oa={a, xEH, ais fixed , r ER| (a-X)" (a-X) <r}
Ob={b, XxXEH, bis fixed , r ER| (b-x)" (b-x) <r}

Neithersetquitereacheshe other,sotheirintersections null.

m Compact Sets

In this section| will beginaninvestigationof compactsetsof quaternions.l hopeto sharesome
of my insightsinto this subtlebut significanttopic.

Firstwe needthe definition of acompactsetof quaternions.

[Translationof Wald p. 424] Let A bea subsebf thequaterniondd. SetA couldbeopenedclosed
or neither. An opencoverof A is theunionof opensets{Oa} thatcontainsA. A unionof open
setsis openandcould haveaninfinite numberof members.A subsebf {Oa} thatstill coversA is
calledasubcover.If thesubcoveihasafinite numberof elementst is calledafinite subcover.
The setA subsebf H is compacif everyopencoverof A hasafinite subcover.

Let’s find anexampleof acompacisetof quaternions.Considera setS composeaf pointswith a
finite numberof absolutevalues:
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S={x1, x2, .. , xnEH, al, a2, .. ,
an ER, nis finite | (X1 «x1)".5 = (al, 0),
(X2 »x2)".5 = (a2, 0), .. }

The setS hasaninfinite numberof memberssincefor any of the equalities specifyingtheabsoe
lute valuestill leaveghreedegree®f freedom(if thedomainhadbeenx E R, thenS would have
hada finite numberof elements).The setS canbe coveredby anopenset{O} which couldhave
aninfinite numberof members.Thereexistsasubse{C} of {O} thatis finite andstill coversS.
Thesubse{C} would haveonemembelifor eachabsolutevalue.

C={yE{O}, eER e>0| (al-e) <+/y*y < (al +e, 0),

(a2 -e) <+\y*y < (a2 +e, 0), .. ,
one y exists for each inequality }

Everysetof quaterniongomposedf afinite numberof absolutevalueslike the setS is compact.

NoticethatthesetSis closedbecausét consistf a boundarywithoutaninterior. Thelink
betweencompactclosedandboundsetis important,andwill be examinechext

A compactsetis a statemenaboutthe ability to find a finite numberof opensetsthatcovera set,
givenanyopencover. A closedsetis theinterior of a setplustheboundaryof thatset. A setis
boundif thereexistsarealnumberM suchthatthe distancebetweera pointandany memberof
the setis lessthanM.

For quaternionsvith the standardopology,in orderto havea finite numberof opensetsthatcover
the set,thesetmustnecessarilyncludeits boundaryandbe bound. In otherwords,to be compact
is to beclosedandbound,to be closedandboundis to be compact.

[Wald p. 425] Theoreml (Heine—Borel) A closedintervalof quaternionss:
S={xEH a, bER a<b| (a, 0) <+/x*x = (b, 0)}

with the standardopologyon H is compact.

Wald doesnot providea proof sinceit appearsn manybookson analysis. Invariablythe Heine—
Borel Theorememploysthedomainof therealnumbersx E R. However,nothingin thatproof
changesy usingquaterniongsthe domain.

[Wald p. 425] Theorem?. Letthetopology(H, T) be Hausdorffandlet the setA subsebf H be
compact. ThenA is closed.

Theorem3. Letthetopology(H, T) becompactandlet thesetA subsebf H beclosed. ThenA is
compact.

Combinethesetheoremgo createa strongerstatemenbn the compactnesef subset®f quater
nionsH.

Theoremd. A subsefA of quaternionss compacif andonly if it is closedandbounded.
The propertyof compactness easilyprovedto be preservedindercontinuousmaps.

Theoremb. Let(H, T) and(H’, T') betopologicalspaces.Suppos€H, T) is compactandthe
functionf: H —> H’ is continuous.Thef[H] ={h’ EH’ | h’ =f(h)} is compactThiscreates
corollary by theoremd.



Theorem6. A continuousunctionfrom a compactopologicalspacento H is boundandits
absolutevalueattainsa maximumandminimumyvalues.

[endtranslationof Wald]

m R! versus R"

It is importantto notethatthesetheoremdor quaternionsarebuild directly on top of theoremdor
realnumbersR!. Only thedomainneedgo bechangedoH!. Wald continueswith theoremson
productspacesspecificallyTychonoff'sTheoremsothatthe abovetheoremsanbe extendedo

R". In particularthe productspaceR* shouldhavethe sametopologyasthe quaternions.

Hopefully, subtletymattersin thediscussiorof foundations.R* doesnot comeequippedwith a
rule for multiplication,soit is qualitativelydifferentfrom H*, evenif topologicallysimilarto the
quaternions.A similarissuearisesfor R? andthe complexnumbemanifoldC?.

27
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A Quaternion Algebra Tool Set

Hereis acompilationof basicalgebrafor quaternions.It shouldlook very similarto complex
algebragsinceit containghreesetsof complexnumberst + x i, t +y j, andt + zk. To strengthen
thelink, andkeepthingslooking simpler,all quaterniondiavebeenwritten asa pair of a scalart
anda3-vectorV, asin (t, V). All theserelationshavebeentestedn aC library anda Javaquater
nion calculator.

Technicalnote:everytool in this setcanbe expressea@sworking with awholequaterniory. This
is to showhow to work with automorphidunctionson a quaterniormanifold.

m Parts

scalar (q)

Il
o)
+
o)
*
~
N
Il
—

o

vector (q)

I
o
|
o
>(_
~
N
Il
o
=

m Simple Algebra
a | =+/(ag«) = (Vt2+V.V, 0]
norm (q) =qq = (t2 +V.V, 0)
det (q) = (qq )% = ((t2+V. V)%, 0)
sum (g, 9’ ) =qg+q’ = (t +t", V+V')
df (g, 9’)=q9-9" =(t-t', V-V")
conj (q) =q = (t, -V)
inv (q) =q=/ (qq«) = (t, -V) / (t2+V. V)
adj (q) =g (qq«) = (t, -V) norm (q)

m Multiplication

The Grassmamproductasdefinedhereuseshe samerule Hamiltondeveloped.The Euclidean
producttakesthe conjugateof thefirst of thetwo elementgfollowing atraditionfrom quantum
mechanics).

Grassman_product (g, q’ ) =
qq’ = (tt * -V.V' | tV’ +Vt’ +VxV")



28

Grassman_even _product (g, q' ) =

a9 +2q’ Dt -V, V' V)

Grassman_odd _product (g, q’') = 99 _2q7 9 _ (0, VxV')

Euclidean_product (q, q') =
gqxq’ = (tt 7 +V.V' , tV’' -Vt’ -VxV")
Euclidean_even _product (g, q') =

q+q ;q’ 9* _ tt " +V. V', 0)

Euclidean_odd _product (g, q’ ) =

q+q’ éq’ 9* _ 0, tV' Vi’ -VxV')

m Trigonometry

sin (q)

(sin (t)ycosh (| V]), cos (t)sinh (|VI])V/|V])
)
(

cos (q
(cos

tycosh (| V]), -sin (t)ysinh (| V[)V/|V])
tan (q) =sin (q) /cos (Q)

Note: sincethe unit vectorsof sineandcosinearethe samethesetwo commutesotheorderis
irrelevant.

asin (q) =-V/|V]asinh (qV/ |V])
acos (q) =-V/ |V ]acosh (q)
atan (q) =-V/ |V ]atanh (qV/ |V])
sinh (q) =
(sinh (t)cos (|V]), cosh (t)sin (| VI])V/|V])
cosh (q) =
(cosh (t)cos (| V]), sinh (t)ysin (| VI])V/|V])
tanh (q) =sinh (qg) /cosh (q)
asinh (q) =In (g+ (q*"2+1)".5)
acosh () =In (gq+ /-(q*"2-1)".5)
atanh (q) =.51In ((1+q9)/(1-Q))



m Powers

exp (q) = |
(exp (t)cos (| V), exp (t)sin (|V])V/][V])

qtq’ =exp (In (q)xq’)

m Logs
In (q) = (05 In t*"2+V.V), atan2 (| V], t)V/|V])
log (q) =In (q) /In (10)

m Quaternion Exponential Multiplication
qq’ ={9, 9’ }+ | [g, g ] [exp (pi[g, 9" ]/2][q, q°

g*0’ ={d*, q' )+ | [q% q ] |
exp (pi [g*, 0’ 1/2][q* ' ]1)

Andrew Millard suggestetheresultfor the Grassmaroduct.

1)
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Newton's Second Law

32

Theform of Newton’ssecondaw for threeseparateaseswill be generatedisingquaternion
operatorsactingon positionquaternions.In classicaimechanicstime andspacearedecoupled.
Oneway thatcanbe achievedalgebraicallyis by havingatime operatoractonly on spacepr by
spaceoperatoronly acton a scalarfunction. | call thisthe"2 zero"rule: if therearetwo zerosin
thegeneratoof alaw in physicsthelaw is classical.

m Newton’s 2nd Law for an Inertial Reference Frame in Cartesian Coordinates

Defineapositionquaternion.
R= (t, R

Operateon this oncewith the differentialoperatorto getthe velocity quaternion.

d .
s O) (t, R = (1, R

Operateon thevelocity to getthe classicainertial acceleratiorquaternion.
d : -
A< (g 0] (L R) - [0 R

This is the standardorm for acceleratiorin Newton’ssecondaw in aninertial referencérame.
Becausehereferencdrameis inertial, thefirst termis zero.

v |

m Newton’s 2nd Law in Polar Coordinates for a Central Force in a Plane
Repeathis processbutthis time startwith polarcoordinates.

R=(t, r Cos[o], r Sin [6], 0)
Thevelocityin aplane.

a
dt ’

= (1, r Cos[©] -r Sin [6] &, r Sin [6] +T1 Cos[6] 6, O)

Vo= ( 0) (t, r Cos[6], r Sin [6], 0) =

Accelerationin aplane.
d
A= g O
(1, r Cos[6] -r Sin [6] 6, r Sin [6] +r Cos[6] 6, 0) =
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= (O, -2r Sin [6] 6-r1 Cos[6O] & +r Cos[e] -r Sin [©] 6,
2r Cos[0] &-r Sin [6] & +F Sin [6] +r Cos[o] 6, 0)

Not a prettysight. Foracentralforce,® = L/mr?, ando = 0. Makethesesubstitutiorandrotate
the quaterniorto getrid of thethetadependence.

A= (Cos[e], 0, 0, -Sin [9])
2
(%, O) (t, r Cos[e], RSin [6], 0) =

L2 Lp 2Lr
nér3 omr2’

Thesecondermis theaccelerationn theradialdirection,thethird is accelerationn thetheta
directionfor a centralforcein polarcoordinates.

- (o, 0

m Newton’s 2nd Law in a Noninertial, Rotating Frame

Considera noninertialexample with the framerotatingatanangularspeedomega. The differen
tial time operatoiis putinto thefirst termof the quaternionandthethreedirectionsfor theangular
speedareputin the nextterms. This quaternioris thenmultiplied by the positionquaterniorto get
thevelocity in arotatingreferencdrame.Unlike the previousexamplesvherethetime t did not
interfer)ewith thecalculationsherethetime t mustbe setexplicitly to zero(I wonderwhatthat
means?).

a
dt ’
Operateon the velocity quaterniorwith the sameoperator.

%, w) (-0.R, R+ 0xR) -

V=g @) (0, R) = (-2.R, R+ 0xR)

- |

_ (—é.R, é+2@x§+éxR—@.R@)

Thefirst threetermsof the 3—vectorarethetranslationalcoriolis,andazimuthalalterationgespee
tively. Thelasttermof the 3—vectormaynotlook like the centrifugalforce,butusingavector
identity it canberewritten:

_o.RD = -0X (®XR) + o° R

If theangularvelocity antheradiusareorthogonalthen

OX (@XR) = o°Riff @ R=0

Thescalartermis not zero. Whatthisimpliesis notyet clear,butit mayberelatedto thefactthat
theframeis notinertial.
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m Implications

Threeformsof Newton’ssecondaw weregeneratedby choosingappropriateperatorquaternions
actingon positionquaternions.It is impressivahatcomplicatedexpressionm Newtonianmechan
ics canbe encapsulateth quaterniorone-lineformulas. Thedifferentialtime operatomwasdecou
pledfrom anydifferentialspaceoperators.This maybe viewedasanoperationatefinition of
"classical"physics.
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Oscillators and Waves

A professof mineoncesaidthateverythingin physicsis a simpleharmonicoscillator. Therefore
it is necessaryo geta handleon everything.

m The Simple Harmonic Oscillator (SHO)

The differentialequationfor a simpleharmonicoscillatorin onedimensioncanbe expresswith
quaternioroperators.

(% 0)2 (0, x, 0, 0) + |0, %x, 0, o):
o §F K 0 0] <0

This equationcanbe solveddirectly.

X > C[2] Cos[\/fr_nt ] +CI1] Sin [\/\/?_ﬁ;[ |

Find thevelocity by takingthe derivativewith respecto time.

X%\/?C[l]Cos[%} _\/YC[z]sm[%t}

Vm \/m

m The Damped Simple Harmonic Oscillator

Generatahedifferentialequationfor adampedsimpleharmonicoscillatorasdoneabove.

(d 0)2(0, x, 0, 0) +

dt

d Kk

(T’ 0) (0, bx, 0, 0) +(0, —x, 0, 0]-=

d2x bdx kx
:(O, dt2+ G m 0, 0):0
Solvetheequation.
(-bm/AKmb2 17 ) t (-bm/AKmb2 17 ) t

Xx->C[1]E Zm +C[2] E Zm
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m The Wave Equation

Considerawavetravelingalongthe x direction. The equationwhich governsts motionis givenby
d d 2
(W, d—x, O, O) (0, O, f [t V + X], 0) =
d? d?
T2 T g2
dx dt < v2

Thethird termis theonedimensionalvaveequation. Theforth termis theinstantaneoupower
transmittecby thewave.

20d2f [t v+X]
dt dx v

:(0, 0, ( )f[tv+x],

m Implications

Usingthe appropriatecombinationof quaternioroperatorsthe classicasimpleharmonicoscilla
tor andwaveequationwerewritten outandsolved. Thefunctionaldefinition of classicaphysics
employedhereis thatthetime operatoiis decoupledrom any spaceoperator. Thereis noreason
why a similar combinationof operatorsannotbe usedwhentime andspaceoperatorsarenot
decoupled.In fact, the four Maxwell equationsppeato be onenonhomogeneouguaternion
waveequationandthe structureof the simpleharmonicoscillatorappearsn the Klein-Gordon
equation.



Four Tests for a Conservative Force

Therearefour well-known,equivalenteststo determinef aforceis conservative:thecurlis
zero,apotentialfunctionwhosegradientis the force exists,all closedpathintegralsarezero,and
the pathintegralbetweeranytwo pointsis the sameno matterwhatthe pathchosen.In this see
tion, quaternioroperatorgperformthesetestson quaternion—valuetbrces.
m 1. The Curl Is Zero
To makethediscussiorconcretedefineaforcequaterniorf.

F=(0, -kx, -ky, 0)

The curlis thecommutatoof the differentialoperatorandtheforce. If thisis zero,theforceis
conservative.

[ ?) F] =0

Let thedifferentialoperatomuaternioracton theforce,andtestif the vectorcomponentgqual
zero.

(%, v)F = (2k, 0, 0, 0)

m 2. There Exists a Potential Function for the Force

Operateon force quaterniorusingintegration. Takethe negativeof the gradientof thefirst compo
nent. If thefield quaternionis thesametheforceis conservative.

F = JF(dt, dx, dy, dz) =

:J(kxdx + Ky dy,
-k xdt + kydz, -kydt - kxdz, 0) =
(kx?  ky?
( 2 T2
-kt x+kyz, -kty-kxz, 0] =




(4 7) (S5 2 o
(0, -kx, -ky, 0)

Thisis thesameforce aswe startedwith, sothe scalarinsidetheintegralis the scalampotentialof
this vectorfield. Thevectortermsinsidetheintegralariseasconstant®f integration. Theyare
zeroif t=z=0. Whatrole thesevectortermsin the potentialquaterniormay play, if any,is
unknownto me.

m 3. The Line Integral of Any Closed Loop Is Zero
Useanyparameterizatiom theline integral,makingsureit comesbackto go.
path = (0, r Cos (t), r Sin (t), 0)

27
J Fdt =0
0

m 4. The Line Integral Along Different Paths Is the Same

Chooseanytwo parameterizationsom A to B, andtestthattheyarethe same. Thesepathsare
from (O,r,0,0)to (O, -r, 271, 0).

(0, rCos (t), 2r Sin (t ), 0)

2
2 71
J dt = 2kr2
0
path2 (0, -tr +r, tr, 0)

2
J Fdt = -2kr?
0

pathl

Thesame!

m Implications

Thefour standardestsfor a conservativdorce canbe donewith operatorquaternions.Onenew
avenueopenedupis for doing pathintegrals. It would beinterestingto attemptfour dimensional
pathintegralsto seewherethatmightlead!
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Rotations and Dilations Create the Lorentz Group

In 1905,Einsteinproposedhe principlesof specialrelativity without a deepknowledgeof the
mathematicastructurebehindthework. He hadto rely on his old mathteacheMinkowski to
learnthetheoryof transformationgl do notknow the detailsof Einstein’seducationputit could
makeaninterestingdiscussion-) Eventually,Einsteinunderstoodjeneratransformationsgmbod
ied in thework of Riemannwell enoughto formulategenerarelativity.

A. W. ConwayandL. Silbersteinproposeda differentmathematicastructurebehindspecialrelativ
ity in 1911and1912respectively(acopyof Silberstein’svork is availableat quaternions.com).
Cayleyhadobservedackin 1854thatrotationsin 3D couldbeachievedusinga pair of unit quater
nionshavinganormof one:

qg' = agb where a*a = b*b =1

If thisworksin 3D spacewhy notdothe4D transformation®f specialrelativity? It turnsoutthat
the unit quaternionsnustbe complex—valuedor biquaternions.ls thissobad? Let me quote
P.A.M. Dirac (Proc.Royallrish AcademyA, 1945,50, p. 261):

"Quaternionghemselve®ccupya uniqueplacein mathematicén thattheyarethe mostgeneral
guantitiesthatsatisfythe division axiom—-thathe productof two factorscannotvanishwithout
eitherfactorvanishing. Biquaterniongio not satisfythis axiom,anddo not haveanyfundamental
propertywhich distinguisheshemfrom otherhyper—-complexumbers.Also, theyhaveeight
componentswhichis rathertoo manyfor a simpleschemedor describingquantitiesn space-time.’

Justfor therecord:plenty of fine work hasbeendonewith biquaternionsandl do notdenythe
validity of anyof it. Much effort hasbeendirectedtoward"otherhyper—complexaumbers”such
asClifford algebras.| ammakinga choiceto focuson quaterniongor reason®utlinedby Dirac.

Dirac took a Mobiustransformatiorirom complexanalysisandtried to developa quaternion
analog. Theapproachs too generalandmustberestrictedo grafttheresultsto the Lorentz
group. | foundhis approacthardto follow. | neededsomethingsimpler:-)

It wasquitethewait, but De Leofinally figuredoutarealquaterniorrepresentationf the Lorentz
group(S.De Leo, "Quaternionsaandspecialrelativity,” J. Math. Phys.,37(6):2955-2968]1996).
He definedanoperatothe called"bar” which multiplied a quaterniorby two quaternion®n either
side. He effectivelydid a commutatoof this baroperationwhich madefor boostswithoutany
termsfrom thecrossproduct. It definitelyis anapproactthatworks.

m Rotation + Dilation

Multiplication of complexnumberscanbethoughtof asarotationandadilation. Conwayand
Silberstein’sproposalonly havetherotationcomponentlbeitusinga complexnumber. An
additionaldilation termmightallow quaterniongo do the necessaryork.

C. Moller wrotea generaform for a Lorentztransformatiorusingvectors("The Theoryof Relativ
ity", QC6F521,1952,eq.25). Forfixed collinearcoordinatesystems:
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X =X+ (v - 1) (W.X) VT vtV
t’ =yt - ¥y (V. X)
where ¢ =1, vy = 1

\/1 ~ (v/c)?

If V isonly in thei direction,then
X = (yX-ytV)i+yj +zKk
t’ = vyt - v (V.X)

Theadditionalcomplicationto the X’ equatiorhandlesvelocitiesin differentdirectionsthani.

This hasavectorequationanda scalarequation. A quaterniorequatiorthatwould generateéhese
termsmustbe devoidof anytermsinvolving crossproducts. The symmetricproduct(anti—-commu
tator) lacksthe crossproduct;

even (g, ') = aq ;q’ 9 _ (tt” - XX, t X+ Xt’)

Moller’s equationiookslike it shouldinvolve two terms,oneof theform AgA (arotation),the
otherBq (adilation).

q =
even (even (V', q), V \
q+ (v - 1) ( |V(|2 a). V) + yeven (V, q*) =
Sgs (v - 1) even ( (V. X, -t \2/), (0, V)) .
| V|
yeven ((0, -V), (t, -X)) =
_ ot X) s (v - 1) [t <v.x>|vL|2 Y (V. X), t V)

Thisis thegeneraform of the Lorentztransformatiorpresentedby Moéller. Realquaternionsre
usedin arotationandadilationto performthework of the Lorentzgroup.

m Implications

Is thisresultatall interesting?A straightrewrite of Mdller's equationwvould havebeendull. What
is interestings the equationwhich generateghe Lorentztransformation.Noticehow the Lorentz
transformatiordependsinearly on g, butthegeneratodepend®n g andg*. Thatmayhave
interestingnterpretations.The generatoinvolvesonly symmetricproducts. Therehasbeensome
guestionin theliteratureaboutwhetherspecialrelativity handlesotationscorrectly. Thisis proba
bly oneof the moreconfusingtopicsin physics,sol will justlet theobservatiorstandby itself.



Two waysexistto usequaterniongo do Lorentztransformationgto be discussedh the nextsee

tion). Theothertechniqueeliesonthepropertyof a division algebra. Thereexistsa quaterniori.
suchthat:

g’ = L gsuch that
scalar (q', q') = scalar (g, q) =t?- XX

Foraboostalongthei direction,
L -9
q

((Yt B YVX, _YVt + YXI y1 Z) (t1 _X1 —y, _Z))
(t2 + X2 + y2 + 22) -

yt2 -2yt vx+ yx% +y?2+22, yv (-t?+ x?),
Yy - XZ -yt (Y +VZ) +yX (VY + 2),

Z + Xy +yt (Vy - 2z2) + yX (-y +Vvz))/
2+x2+y2+22)

if X =y =2z 0, then L (y, -yv, 0, 0)

O, then L = (y, yv, 0, 0)

The quaterniorL depend®n thevelocity andcandependon locationin spacetimg85% of the
type of problemsassignedindergraduateis specialrelativity useanL thatdoesnotdependon
locationin spacetime).Somepeopleview thatasabug,but| seeit asamodernfeaturefoundin

the standardnodelandgenerakelativity asthedemandhatall symmetryis local. Theexistence
of two approachemay be of interestin itself.

if t =y =2z

42
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An Alternative Algebra for Lorentz Boosts: Local Transformations

Many problemsn physicsareexpresseefficiently asdifferentialequationsvhosesolutionsare
dictatedby calculus. The foundationsf calculuswereshownin turnto rely onthe propertiesof
fields (themathematicavariety,notthe onesin physics). Accordingto thetheorenof Frobenius,
thereareonly threefinite dimensionafields: therealnumberg1D), thecomplexnumberg2D),
andthequaterniong4D). Specialrelativity stressetheimportanceof 4—dimensionaMinkowski
spacesspacetimeenergy—momentungndthe electromagnetipotential. In this section.eventsn
spacetimavill betreatedasthe4—-dimensionafield of quaternions.It will be shownthatproblems
involving boostsalonganaxisof areferencdramecanbe solvedusinglocal quaterniortransforma
tionsasapposedo the globaltransformation®f the Lorentzgroup.

m The Tools of Special Relativity

Eventsarerepresenteds4-vectorswhich canbeaddor subtractedor multiplied by ascalar. To
form aninnerproductbetweertwo vectorsrequireshe Minkowski metric,which canberepre
sentedby thefollowing matrix (wherec = 1).

1 0 0 0
o -1 0 o0
9% =10 0 -1 0
00 0 -1

{t, X, ¥, 2}. 0w - {t, X, y, 2} =t2-x2_-y?_2?

The Lorentzgroupis definedasthe setof matricesghatpreservesheinnerproductof two 4-vee
tors. A memberof this groupis for boostsalongthex axis,which canbe easilydefined.

1
V1 - 2

Y[B] -Bv¥[B] 0 O
A - | BYIBL ¥[Bl 00O
0 0 1 0
0 0 0 1

Theboostedd—vectoris
A {t, X, VY, Z} =
{ t B X3 X B t 3 y Z}

To demonstratéhattheintervalhasbeenpreservedcalculatetheinnerproduct.
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Ax - {t, X, ¥, 2} gpY A {t, X, y, 2} =t? -x% -y2_2?

Startingfrom a 4—vector thisis theonly way to boosta referencédramealongthe x axisto another
4-vectorandpreservaheinnerproduct. Thetransformations classifiedasglobalbecausdt
depend®nly onthevelocityandnotont, x, y, or z.

m Using Quaternions in Special Relativity

Eventswill betreatedasquaternionsa skewfield or division algebrathatis 4 dimensional. Any
tool built to manipulategquaternionsvill alsobeaquaternion.In thisway, althougheventsplay a
differentrole from operatorstheyaremadeof identicalmathematicatabric.

A squaredjuaterniornis:

22X X 2t X)

Thefirst termof squaringa quaternioris theinvariantintervalsquared.Thereis implicitly, aform
of the Minkowski metricthatis partof therulesof quaterniormultiplication. Thevectorportionis
frame—dependentlf asetof quaternionganbefoundthatdo notaltertheinterval,thenthatset
would servethe samerole asthe Lorentzgroup,actingon quaternionsnot on 4-vectors.If two
4-vectorsx andx’ areknownto havethe propertythattheirintervalsareidentical, thenthefirst
termof squaringg[x] andq[x’] will beidentical. Becauseuaterniongreadivisionring, there
mustexista quaterniorL suchthatL q[x] = gq[x’] sinceL = q[x’] q[x]*-1. Theinverseof aquater
nion s its transpos®verthe squareof the norm(which s thefirst termof transpos@f a quater
nion timesitself). Apply thisapproacho determine. for 4-vectordhoostedalongthex axis.

L= (vt -ByX, -Byt +¥yX, y, z) (t, x, y, z)*=

(t, X)

= (yt2+ yx?2 -2y Bt x+ (y2+22), ¥B (-t? +x?),
t Byz+y (1-v))-X(yBY +Z2 (1 - v)),
t (yBY+zZ (1-v))+X (yBz+y (1 -v)))
/ (t2+x2+y2+22)

DefinetheLorentzboostquaterniorL alongx usingthis equations.L depend®ntherelative
velocity andposition,makingit alocal, not global,transformationSeeif L q[x] = q[X’].

L[t1 X! y1 Zl B:I (t’ X1 y, Z) =
<Yt _YBXI _YB‘[ + ¥ X, y1 Z)
Thisis aquaterniorcomposeaf theboostedd—vector. At this point, it canbesaidthat_any
problemthatcanbe solvedusing4-vectorsthe Minkowski metricanda Lorentzboostalongthe x
axis canalsobe solvedusingthe abovequaterniorfor boostingthe eventquaternion.Thisis

becauséothtechniquedransformthe samesetof 4 numbergo the samenewsetof 4 numbers
usingthe samevariablebeta.

Confirmtheintervalis unchanged.

(L (t, X, vy, z))?%=
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_ t2—x2—y2—22,
2 (125+xX2B8-t X (1+82))

_1+52 '
2y (t -xB) 2z (t -xj)

J1-82 0 A1-p2

Thefirst termis conservedsexpected.Thevectorportionof thesquards framedependent.

m Using Quaternions in Practice

TheboostquaterniorL is too complexfor simplecalculations.Mathematica doesthe grunge
work. A greatmanyproblemsn specialrelativity do notinvolve angulatmomentumyhichin
effectsetsy = z= 0. Further,it is oftenthecasethatt = 0, or x = 0, or for Dopplershift problems,
x =t. In thesecasestheboostquaterniori. becomes very simple.

If t=0,then
L:Y (1, B, 0, O)
q->q = Lq

(0, x, 0, 0) -> (t, x’, 0, 0) = (-yBXx, yx, 0, 0)
If x =0, then
L=y, -3 0, 0)

q->q = Lg
(t, 0) -> (t’, x, 0, 0)= (yt, -yBt, 0, 0)

If t=x, then
L=y (1-8 0, 0, 0)
q->q = Lqg

(t, x, 0, 0) —>(t’, x', 0, 0)=yv(1-p) (t, x, 0, 0)
Note:thisis for blueshifts. Redshiftshavea plusinsteadof the minus.

Over50 problemsn asophomore-leveaklativisticmechanicglassatMIT (8.033)havebeen
solvedusinglocal quaterniortransformations90%requiredoneof thesesimpleformsfor the
boostquaternion.
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m Implications

Problemsan specialrelativity canbe solvedeitherusing4—-vectorsthe Minkowski metricandthe
Lorentzgroup,or usingquaternions.No experimentatlifferencebetweerthetwo methodshas
beenpresented At this pointthedifferenceis in themathematicaloundations.

An immenseamountof work hasgoneinto the studyof metrics,particularin thefield of general
relativity. A largeeffort hasgoneinto grouptheoryandits applicationgo particlephysics. Yet
attemptgo unitethesetwo areaf studyhavefailed.

Thereis no division betweereventsmetricsandoperatorsvhensolving problemsusingquater
nions. Onemustbejudiciousin choosingguaternionshatwill berelevantto a particularproblem
in physicsandthereinliestheskill. Yet this createiopethatby usingquaternionsthelong divi-
sion betweemmetrics(the Grassmarmnnerproduct)andgroupsof transformationgsetsof quater
nionsthatpreservehe Grassmarnnerproduct)maybe bridged.



Electromagnetism
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ClassicalElectrodynamics

Maxwell speculatedhatsomedayquaternionsvould be usefulin theanalysisof electromagnetism
Hopefully aftera 130yearwait, in this sectionwe canbeginthatprocess.The Maxwell equations
havebeenwritten with complex—valuedjuaterniondackin Maxwell’s time. PeterJackwasthe
first personto write the Maxwell equationsusingonly real-valuedjuaternions.My own efforts
aroseayearlater,independently.Theapproachelieson ajudicioususeof commutator&nd
anticommutators.

m The Maxwell Equations

The Maxwell equationsaareformedfrom a combination®f commutatorandanticommutatorsf
the differentialoperatorandthe electricandmagnetidields E andB respectivelyfor isolated
chargesn avacuum.

even ((%, @), (0, B)) + odd ((%, ?), (0, E)) =
(_v.B, vxe+%): (0, 0)

odd ((% @), (0, B)) - even ((% ?), (0, E)) =
(v.E, vxs_g_f) _4n (o, )

where even (A, B) = M, odd (A, B) = w

Thefirst quaterniorequationembodiegshe homogeneouMaxwell equations.Thescalartermsays
thatthereareno magnetianonopoles.Thevectortermis Faraday’daw. Thesecondjuaternion
equationis thesourceterm. Thescalarequations Gauss’law. Thevectortermis Ampere’slaw,
with Maxwell’s correction.

m The 4-Potential A

The electricandmagnetidields areoftenviewedasarisingfrom the samed4—potentialA. These
canalsobeexpressedsingquaternions.

E

vector (even ((@—Gt_’ _v), (¢, —A))) = (O, - -V

B - odd ((%, —7), (0, —A)) = (0, YxA)
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Theelectricfield E is the vectorpartof theanticommutatoof the conjugate®f the differential
operatorandthe 4—potential. Themagnetidield B involvesthe commutator.

Theseformscanbedirectly placedinto the Maxwell equations.

even ((Git ﬁ), odd ((ait —?), (¢, —73\)) +

odd ((@it’ v), vector (even ((ait’ _v), (o, —A))>) =
_ (_v.va, OUXA _9x2A _vxm] _

-v-8 52+ x| - (0. 0
odd [ (1, 7], odd (=, -9}, (s, A))] -

even ((%, ?), vector (even ((%, _v), (¢, —A)))) -
_ (_v.w 9. 9B ox9xA . gztf ; 6;05) _

(@ - E, ?XB—S—F) =457 (p, J)

The homogeneoutermsareformedfrom the sumof bothordersof thecommutatoandanticommu
tator. Thesourcetermsarisefrom thedifferenceof two commutatorandtwo anticommutatorslt
Is almostasif the even/oddperatorgiestructivelyinterfereto generatéghe homogeneousqua
tions,while theeven/everandodd/oddoperatorsonstructivelyinterfereto describea source.

m The Lorentz Force

TheLorentzforceis generategimilarly to the sourcetermof the Maxwell equationsbuttherea
smallgamerequiredto getthe signscorrectfor the4-force.

odd ((v, ¥B), (0, B)) —even ((-v, vB), (0, E)) -
(YB'E’ YE + ¥PB XB)

Thisis the covariantform of the Lorentzforce.

m Conservation Laws

The continuity equation- conservatiorof charge- is formedby applyingthe conjugateof the
differential operatorto the sourcetermsof the Maxwell equations.
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scalar ((@i, —7) (7-E, 7XB—%)) =
2 v.E- 9. 9E . v.9xB-
_ scalar ((ait’ _v),4n<p, J)):4n(v.j+g_f

Thedot productof the E field andthe currentdensityplustherateof changeof the chargedensity
mustequalzero. Thatmeanghatcharges conserved.

Poynting’stheoremfor energyconservations formedin avery similarway, exceptthatthe conju
gateof electricfield is usedinsteadof the conjugateof the differentialoperator.

oE oE
scalar ((O, -E) (v E, vXB—@—t)] -E-VXB-E-. 30
=scalar ((0, -E), 47 (p, J)) =4nE-J
Additional vectoridentitiesarerequiredbeforethefinal form is reached.
E. (YXB) =B. (VXE) +9v. (BXE)
o OB
VXE = - @—t
2
g OE 1 (0E
"ot 2 | ot
.08 1 (0B
ot 2 | ot
Usetheseequationgo simplify to thefollowing.
2 2
OE 1 (oB

Thisis Poynting’sequation.

m Implications

Thefoundationf classicaklectrodynamicarethe Maxwell equationsthe Lorentzforce,andthe
conservatiotaws. In this section thesebasicelementdavebeenwritten asquaterniorequations,
exploitingtheactionsof commutatorandanticommutators.Thereis aninterestindink between
the E field anda differentialoperatorfor generatingonservationaws. More importantly,the
meango generateheseequationsisingquaternioroperatordiasbeendisplayed. This approach
looksindependentrom the usualmethodwhich relieson anantisymmetri@-rankfield tensorand
aU(1) connection.
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ElectromagneticField Gauges

A gauges ameasuref distance.Gaugesareoftenchoserto makesolvinga particu
lar problemeasier. A few arewell known:the Coulombgaugefor classicaklectroe
magnetismthe Lorenzgaugewhich makeselectromagnetisriook like a simple
harmonicoscillator,andthe gaugeinvariantform which s usedin the Maxwell
equations.In all thesecasesthe E andB field is thesamepnly theway it is mea
suredis different. In this sectiontheseareall generatedisinga differentialquater
nion operatoranda quaterniorelectromagnetipotential.

m The Field TensorF in Different Gauges

Theanti-symmetri@-rankelectromagnetitield tensor- has3 propertiesits trace
IS zero,it is antisymmetricandit containsall thecomponent®f the E andB fields.
Thefield usedin derivingthe Maxwell equationshadthe sameinformationwritten
asaquaternion:

oA R
(0, —W—vaanA)

Whatmakeshis form gauge—invariantsono matterwhatthe choiceof gauge(involving dphi/dt
andDel.A), theresultingequationis identical? It is thework of the zero! Whateverthe scalarfield
Is in thefirst termof the generatogetssubtractechwayin the seconderm.

Generatinghefield tensorF in the Lorenzgaugestartingfrom the gauge—invarianfrom involves
swappingthefieldsin thefollowing way:

(%1 j) ( (¢, A) +2<<b, -A) ) _
( (¢, A) - (@ -A) ) (2, 9] -

L oA . o
_(W+V.A, —W—ngvXA)

Thefirst termof thegeneratoinvolvesthe scalarfield only, (phi, 0), andthe seconderminvolves
the 3—vectorfield only, (0, A).

Thefield tensor in the Coulombgaugeis generatedby subtractingawaythe divergenceof A,
which explainswhy the secondandthird termsinvolve only A, eventhoughDel.A is zero:-)
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o . o o\ [ (6 A - (6 -A
i N R ) ( 4 *
(6 -A) - (6 A) ) [0 oy
( 4 ) 5t 7) =
(08¢ oA .
= (W’ _W_VCDJFVXAJ

Thefield tensorF in thetemporalgauges quite similar to the Coulombgauge put someof the
signshavechangedo targetthedphi/dtterm.

( (0. ) + (0. A ) (2, 9 -
_ (_v.A, _g_f_mmxzx)

Whatis the simplestexpressiorthatall of thesegeneratoshare?| call it thefield tensorF in the
light gauge:

%_7;\, 9A o4, UXA

(@ v - ot

S v/ -A) =
= V) (¢ A (
Thelight gaugeis onesigndifferentfrom the Lorenzgauge putits generators a simpleasit gets.

m Implications

In the quaterniorrepresentatiorthe gauges a scalargeneratedh suchaway asto notalterthe
3-vector. In alists of gaugesn graduate—levejuantuntfield theorywritten by Kaku, thelight
gaugedid not makethelist of thetop 6 gauges.Thereis areasorfor this. Gaugesarepresente@s
a choicefor aphysicistto make. Themostinterestinggaugesaveto do with along—running
popularitycontest. Therelationshipbetweergaugess guessednot written explicitly aswasdone
here. Thetermthatdid not makethe cut standsout. Perhapsomeof thetechnicalissuesn quan
tum field theorymightbetackledin this gaugeusingquaternions.



The Maxwell Equations in the Light Gauge: QED?

What makesa theorynon—classicallUseanoperationatlefinition: a classicabpproachmeatly
separatethe scalarandvectortermsof a quaternion.Recallhow the electricfield wasdefined
(where{A, B} istheevenor symmetricproductover2, and[A, B] is theodd,antisymmetric
productovertwo or crossproduct).

E = vector (even ((@—i—, @), (0, —A))) = (O, _w_%@
B - odd ((%, 7), (0, A)) - (0, VXA)

The scalarinformationis explicitly discardedrom the E field quaternion.In this sectionthe
scalarfield thatariseswill beexaminedandshownto bethefield which givesriseto gauge
symmetry. The commutatorandanticommutatorsf this scalarandvectorfield do notalter
the homogeneoutermsof the Maxwell equationsbut may explainwhy light is a quantized,
transversavave.

m The E and B Fields, and the Gauge with No Name

In the previoussection the electricfield wasgeneratedlifferently from the magnetidield,
sincethe scalarfield wasdiscard. This time thatwill notbedone.

E = even ((%, ?), (O, —A)) = (%— v - A, —%—@¢>
B - odd ((%, 7), (0, A)) = (0, VXA

Whatis the nameof the scalarfield, d phi/dt— Del.A which lookslike somesortof gauge?It
is notthe Lorenzor Landaugaugewhich hasa plussignbetweerthetwo. It is noneof the
populargaugesCoulomb(Del.A = 0), axial (Az = 0), temporal(phi = 0), Feynmanunitary...

[specialnote:l amnowtestingtheinterpretatiorthatthis gaugeconstitutegshe gravitationalfield.
Seethesectionon Einstein’sVision]

The standardiefinition of a gaugestartswith anarbitraryscalarfunctionpsi. Thefollowing
substitutionsdo not effecttheresultingequations.

Ly - Y
0 > ¢ =¢ - =

A->A =A+ Yy

This canbewritten asonequaterniortransformation.
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The goalhereis to find anarbitraryscalaranda 3—vectorthatdoesthe samework asthe scalar
functionpsi. Let

(6, A) — (&', A") = (¢, A) , VU

p = —% and a = Vy
Look at howthe gaugesymmetrychangedy takingits derivative.
(50 ?) (-5t 7] -
(-9 - vy- gztf, vXvy - v 2 L9 o)
(B-v-a o

Thisis thegaugewith noname! Call it the"light gauge". Thathamewaschoserbecauséf
therateof changen thescalamotentialphi is equalto the spatialchangeof the 3—vector
potential A asshouldbethe casefor a photon thedistancds zero.

m The Maxwell Equations in the Light Gauge

The homogeneoutermsof the Maxwell equationsareformedfrom the sumof bothordersof
the commutatomandanticommutator.

even ((%, 7), odd ((%, @), (¢, A))) +
odd ((% ?), even ((% —@), (o, —A))) =
= (-V- VXA, -VXV¢) = (0, 0)

The sourcetermsarisefrom of two commutator&ndtwo anticommutatorsin theclassical
casediscussedh the previoussection thisinvolvedadifference. Herea sumwill beused
becauset generates simplerdifferentialequation.

oad ({5 o] oae ([ 5 9], )]

even ((@it’ v), even ((it —@), (¢, —A))) =
_(gifm.m, _%+vx<vxm_vv.z\)
:(gifqtﬁzcb, —gzt—f\—@zﬁ\):4ﬂ(p, J)
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Notice howthe scalarandvectorpartshaveneatlypartitionedthemselves.Thisis awave
equation exceptthatasignis flipped. Hereis the equationfor alongitudinalwavelike sound.

A2 W
ot 2
The secondime derivativeof w mustbethesameasDel*2w. This hasa solutionwhich

dependn sinesandcosinegfor simplicity, the detailsof initial andboundaryconditionsare
skipped,andtheinfinite sumhasbeenmadefinite).

2
-v w=0

W = ZCos[nnt ] Sin [ntR]
n=0

Of Oy W-O0rOrRW =0

Hit w with two time derivativesandoutcomes-n"2pi*2 w. TakeDel"*2, andthatcreateshe
sameresults. Thuseveryvalueof n will satisfythelongitudinalwaveequation.

Now to find the solutionfor the sumof the secondime derivativeandDel*2. Oneof thesigns
mustbe switchedby doingsomeoperationwice. Sounddike ajob for i! With quaternions,
thesquareof a normalized3-vectorequalg—1,0), andit isi if y =z =0. Thesolutionto
Maxwell’s equationsn thelight gauges

W = ZCos[n nt ] Sin [ntRV]
n=0

if V' - -1, then 6 0 W+ Og O W = 0

Hit thistwo time derivativesyields—n"2 pi*2 w. Del*2w hasall of thisandthe normalized
phasdactorvV”2 = (-1,0). V actslike animaginaryphasefactorthatrotateshe spatialcompo
nent. Thesumfor anyn is zero(the detailsof the solutiondependn theinitial andboundary
conditions).

W Implications

The solutionto the Maxwell equationsn thelight gaugeis a superpositiorof waves— each
with a separatealueof n — wherethe spatialpartgetsrotatedby the 3D analogueof i. Thatis
aquantizedfransversavave. That'sfortunate becausdight is a quantizedransversavave.
The(laquationwveregeneratedby takingtheclassicaMaxwell equationsandmakingthem
smpler.
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The Lorentz Force

The Lorentzforceactson amovingcharge. The covariantform of thislaw is, whereW is work
andP is momentum:

dw dP
dt’ drt
In the classicakasefor a point charge petais zeroandthe E = k e/r*2,sothe

Lorentzforcesimplifiesto Coulomb’slaw. Rewritethisin termsof the poten
tials phi andA.

(dW dpjzye([j.( 6A—w], @—pi—mmBXWXA)

|- ve(pE E-BXE]

dt’' drct - ot - ot

In thissection| will look for aquaterniorequatiornthatcangeneratehis covart
antform of the Lorentzforcein the Lorenzgauge. By usingpotentialsand
operatorsit maybe possibleto createotherlawslike the Lorentzforce,in
particular,onefor gravity.

m A Quaternion Equation for the Lorentz Force

The Lorentzforceis composeaf two parts. First, thereis the E andB fields.
Generatd@hosejustaswasdonefor the Maxwell equations

o (00 o 6A _ .
(5 7)o A - (@—t_v'A’ ot "VerUXA

Anothercomponents the4-velocity
V= (v, vB)

Multiplying thesetwo termstogethercreateghirteenterms,only 5 of whom
belongto the Lorentzforce. Thatshouldnotbe surprisingsincea bit of algebra
wasneededo selectonly the covarianttermsthatappeain the Maxwell equa
tions. After somesearching| foundthe combinationof termsrequiredto
generatahe Lorentzforce.

(2, ; 3y (0

= = 9] (9 A) =

—

ye(B.E, E+B><B)



This combinationof differentialquaternioroperatorguaterniorpotentialand
guaterniond—velocitygeneratethe covariantform of the Lorentzoperatoiin

the Lorenzgauge minusafactorof the chargee which operatessa scalar
multiplier.

m Implications

By writing the covariantform of the Lorentzforceasanoperatoractingon a
potential it maybe possibleto createotherlawslike the Lorentzforce. For
point sourcesn theclassicalimit, thesenewlawsmusthavetheform of Cou
lomb’slaw, F =k ee’/r*2. An obviouscandidatas Newton’slaw of gravity, F
=-Gmm’/r"2.
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The Stress Tensor of the Electromagnetic Field

| will outlineaway to generateéhetermsof the symmetric2—rankstress—momentumensorof an
electromagnetiield usingquaternions.This methodmay providesomeinsightinto whatinforma
tion the stresgensorcontains.

Any equationwritten with 4-vectorscanberewrittenwith quaternions.A straighttranslationof
termscould probablybe automatedvith a computemprogram. Whatis moreinterestings whenan
equationis generatedby the productof operatorsactingon quaterniorfields. | havefoundthat
generatoequationoftenyield usefulinsights.

A tensors abookkeepinglevicedesignedo keeptogetherelementghattransformin a similar

way. Peoplecanchoosealternativebookkeepingystemssolong asthetensorbehaveshe same
way undertransformationsUsingthetermsasdefinedin "The classicatheoryof fields" by Lan-
dauandLife-sized,theantisymmetri@-rankfield tensorf is usedto generatehe stresgensorT

ik _ 1 [ CiLoek 1 ik LM
T_47r FFL+4<3 Fuv F
| havea practicalsenseof anE field (the stuff thatmakesmy hair standon end)andaB field (the
invisible handdirectinga compass)but havelittle senseof thefield tensorf, a particularcombina
tion of theothertwo. ThereforegxpresshestresdensorT in termsof the E andB fields only:

W Sx Sy Sz

Tk _ SX mxx mxy myz
Sy myx myy myz
Sz mzx mzy mzz
1 2 2
W: ﬁ (E + B )
1
1 2, gl
mab = s (—EaEb - BaBb+ 0.5 &4 ( + ))

Togethertheenergydensity(W),Poynting’svector(Sa)andthe Maxwell stresgensor(m_ab)are
all thecomponentsf the stresgensorof the electromagnetitield.

m Generating a Symmetric 2-Tensor Using Quaternions

How shouldonerationallygo aboutto find a generatoequationthatcreategshesetermsinsteadof
usingthe month—longhunt—and-peckechniqueactuallyused?Everythingis symmetricsouse
the symmetricproduct:



58

even (g, ') = aq ;qu = (ttr - XX, tX + Xt’)

Thefields E andB arekeptseparatexceptfor the crossproductin the Poyntingvector. Individual
directionsof afield canbe selectedy usinga unit vectorUa:

even (E, Ux) = (-Ex, 0) where Ux = (0, 1, 0, O)

Thefollowing doublesumgeneratesll thetermsof the stresgensor:

Tik _
y.zv,z 1 [(/even (Ua Ub) ((0, E)?2 + (0, B)?)
agx ng 4 [( 3 -1 2 -

-even (E, Ua) even (E, Ub) - even (B, Ua) even (B, Ub) -
- even (odd (E, B), Ua) - even (odd (E, B), Ub) =

- (-ExEy - ExEz - EyEz - BxBy - BxBz - By Bz
+ EyBz - EzBy + EzBx - ExBz + ExBy - EyBx, 0) /2
T

Thefirst line generatetheenergydensityW, andpartof the+0.5delta(ab)(E"2+ B"2) termof
the Maxwell stresdensor. Therestof thattensoris generatedby thesecondine. Thethird line
createghe Poyntingvector. Usingquaternionsthe netsumof thesetermsendsup in the scalar.

Doesthe generatoequationhavethe correctproperties?Switchingthe orderof UaandUb leaves
T unchangedsoit is symmetric. Checkthetrace,whenUa= Ub

trace (T®) =

vz 1 even (Ua, Ua) ((0, E)? + (0, B)?)
-5 (( 3 —1) >

a-x 47t
even (E, Ua)? - even (B, Ua)zj -0

Thetraceequalszero,asit should.

Thegenerators composeaf threepartsthathavedifferentdependenciesn the unit vectorsthose
termsthatinvolve UaandUb, thosethatinvolve Ua or Ub, andthosethatinvolve neither. These
arethe Maxwell stresgensor the Poyntingvectorandthe energydensityrespectively.Changing
the basisvectorsUaandUb will effectthesethreecomponentslifferently.

m Implications
Sowhatdoesthe stresdensomrepresent?t lookslike everycombinationof the 3—vectorsE andB

thatavoidsquadraticglike Ex"2) andover—countingcrossterms. | like whatl will call the"net"
stresgquaternion:

net (Tk ) =
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- (-ExEy - ExEz - EyEz - BxBy - BxBz - By Bz
+ EyBz - EzBy + EzBx - ExBz + ExBy - EyBx, 0) /2

T

This hasthe samepropertiesasanstresdensor. Sincethevectoris zero,it commuteswith any
otherquaternion(this maybeareasorit is souseful). Switchingx termsfor y termswouldflip the
signsof thetermsproducedoy the Poyntingvectorasrequired but notthe others. Thereareno
termsof theform Ex"2, whichis equivalento the statementhatthetraceof thetensoris zero.

Onapersonahote,l neverthoughtl would understanavhata symmetric2—-ranktensorwas,even
thoughl listenin on adiscussiorof thetopic. Yes,| couldnodalongwith thealgebraputwithout
anysensef F, it felt hollow. Now thatl havea generatoanda netquaterniorexpressionit looks
guite elegantandstraightforwardo me.
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A Complete Inner Product Space with Dirac’s Bracket Notation

A mathematicatonnectiorbetweerthe bracketotationof quantummechanicandquaternionss
detailed. It will bearguedhatquaternionfavethe propertiesof a completenner—producspace
(aBanachspacdor thefield of quaternions).A centralissueis the definition of the squareof the
norm. In quantummechanics:

e l12 =<0]o>

In this section thefollowing assertiorwill beexamined* is the conjugatesothevectorflips
signs):

1t X) 12 =t X)) (t, X) (t, X)) (t, X)

Theinner—producbf two quaternionss definedhereasthetransposéor conjugate)of thefirst
guaterniommultiplied by the second. Theinnerproductof afunctionwith itselfis thenorm.

*

m The Positive Definite Norm of a Quaternion

The squareof the normof aquaterniorcanonly be zeroif everyelements zero,otherwiset must
havea positivevalue.

(t, X)" (t, X) = (t?+X X, 0

Thisis the standardcuclideamormfor areal4—dimensionalectorspace.

The Euclideannner—producbf two quaterniongantakeon anyvalue,asis thecasen quantum
mechanicdgor <phi|theta>.Theadjective"Euclidean'is usedto distinguishthis productfrom the
Grassmarnner—productvhich playsa centralrole in specialrelativity (seealternativealgebrafor
boosts).

m Completeness

With thetopologyof a Euclidearnormfor areal4—dimensionavectorspaceguaternionsre
complete.

Quaternionarecompleten amannerequiredto form a Banachspacef thereexistsa neighbor
hoodof anyquaterniorx suchthatthereis a setof quaterniony

2 4
X =Yy ll® <€

for somefixed valueof epsilon.
Constructsucha neighborhood.
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([t X) -5 (t, X)) (b, X) -5 (t, X))
([t X) - F (t, X)) ((t, X) -7 (t, X)) =
:(%, 0, 0, o)<<e4, 0, 0, 0)

An infinite numberof quaterniongxistin the neighborhood.

Any polynomialequationwith quaterniorcoefficientshasa quaterniorsolutionin x (aproofdone
by EilenbergandNivenin 1944 citedin Birkhoff andMac Lane’s"A Surveyof ModernAlgebra.
m Identities and Inequalities

Thefollowing identitiesandinequalitiesemanatdrom the propertiesof a Euclideamorm. They
areworkedoutfor quaternionserein detailto solidify the connectiorbetweerthe machineryof
guantummechanicandquaternions.

The conjugateof the squareof the normequalshe squareof the normof thetwo termsreversed.
<olo>" = <o|d>

For quaternions,
((t, )" (t7, X)) = (tt'+ XX, -t X + Xt’ + XxX)

*

(t, X)) (t, X) = (t't + X.X t'"X-Xt -X xX)

Theseareidentical,becaus¢hetermsinvolving the crossproducewill flip signswhentheirorder
changes.

For productsof square®f normsin quantummechanics,
<9 lep> = <plo><od| o>

Thisis alsothe casefor quaternions.

< (t, X) (t7, X)) | (t, X) (t, X) > =

I
—_
—

~+
~
—_
—

~

: \I,
S~———
S~———

:<t', W) (t?2 +x2+y%2+2z% 0, 0, 0) (t’, W)
= (t?+x%2+y%+2z%2, 0, 0, 0) (t’, W) (t’, W)
- (t, X)"(t, X) (t, X)) (t, X)
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:<(t,X)‘(t,X)><<t’, W)‘(t’, W)>
Thetriangleinequalityin quantummechanics:
<O+ PP+ 0> < (<plo>+ <¢|Pp>)?

For quaternions,

< (t, X)+ (t7, X)) | (t, X)+ (t7, X)) >% =

((t+tr, XeX)" (t+t7, X+X))°

2
(tz + t’2+X2+X?2+ 2ttt +2 X X, O)

=<

2
(tz +X2+ t2 X &

*

2~/ (t, X)) (t, X) (tr, X)) (tr, X, 0)’\2 -

2

<<(t, X) ‘ (t, X) >+ < (t’, W) ‘ (t’, W) >)

If the signsof eachpair of componentarethesamethetwo sideswill beequal. If thesignsare
different,thenthecrosstermswill cancelontheleft handsideof theinequality,makingit smaller
thantheright handsidewheretermsnevercancelbecausehereareonly squarederms.

The Schwarznequalityin quantummechanicss analogougo dot productsandcosinesn Euclic
eanspace.

| <0lo>17 = <0lo><d]¢>
Let athird wavefunction,chi, bethe sumof thesetwo with anarbitraryparametelambda.
X =0+
The normof chiwill necessarilypegreatetthanzero.
(P+A0)" (0+A0) = Q" O+A0" P + A" Q"0 + A" A¢" ¢ = 0

Choosehevaluefor lambdathathelpscombineall thetermscontaininglambda.

9
A= s
s QTN O
0" 5 & >0

Multiply throughby thedenominatorseparaté¢he two resultingtermsanddo someminor
rearranging.
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(0" ®)" 0" ¢ <0" ¢ " ¢
Thisis nowthe Schwaranequality.
Anotherinequality:

2Re <p | ¢d> = <o |lo>+<d| P>

Examinethe squareof the normof the differencebetweerntwo quaternionsvhichis necessarily
equalto or greatetthanzero.

0= < (t, X)-(t, X} | (t, X)-(t/, X) >
= ((t -t)?% + (X-X). (X-X), 0)

The crosstermscanbe put on the othersideof inequality,changinghe sign,andleavingthe sum
of two normsbehind.

(2 (t t’ o+ X.X?), U) < (t2+ X2+ t’? +W2, 0)

Theinequalityholds.
The parallelogramaw:

<P+l d+o> + <p-d|d-0>=2<0|lo>+2<d|d>
Testthequaterniomorm
< (t, X)+ (7, X | (t, X))+ (7, X)) >+ < (1, X) - (t7, X |
(t, X) - (t7, X) > =

((t +t)2 4 (X+W). (X+W), O) +
((t - t)2 + (R-X). (R-X), O) -

2 (t2+ X2+ t 2 +X?2, 0) —

=2 < (t, X) ‘ (t, X)>+2<<t’, W) | (t’, W)>

This is twice the squareof the normsof thetwo separateomponents.
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m Implications

In the casefor specialrelativity, it wasnoticedthatby simply squaringa quaterniontheresulting
first termwasthe Lorentzinvariantinterval. Fromthatsolitaryobservationthe powerof amathe
maticalfield washarnessetb solveawide rangeof problemsan specialrelativity.

In asimilarfashion,it is hopedthatbecauséhe productof atransposef a quaterniorwith a
quaterniorhasthe propertieof acompletennerproductspacethe powerof the mathematical
field of quaternionganbeusedto solvea wide rangeof problemsn quantummechanics.Thisis
animportantareafor furtherresearch.

Note:this goalis differentfrom the one StepherAdler setsoutin "QuaternionicQuantumMechan
ics andQuantumFields." He triesto substitutequaternionsn the placeof complexnumbersn the
standardHilbert spacormulationof quantummechanics.The analyticalpropertieof quater
nionsdo not play acritical role. It is the propertieof the Hilbert spaceoverthefield of quater
nionsthatis harnessetb solveproblems. It is my opinionthatsincethe productof atransposef
a quaterniorwith a quaternioralreadyhasthe propertiesof anormin a Hilbert spacethereis no
needto imbedquaternionagainwithin anotheHilbert space.l like a closeshavewith Occam’s
razor.
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Multiplying Quaternionsin Polar Coordinate Form

Any quaterniorcanbewrittenin polarcoordinateform, which involvesa scalamagnitudeand
angle,anda 3-vectorl (whichin somecasesanbethe morefamiliari).

q=1[lqgl|l exp[6l] =9"q (Cos[o] + I Sin [6])

This representationanbe usefuldueto the propertiesof the exponentiafunction, cosinesand
sines.

Theabsolutevalueof a quaternions the squareoot of thenorm,whichis thetranspos®f a quater
nion multiplied by itself.

g1 =va-q

Theangleis thearccosineof theratio of thefirst componenbf a quaternioroverthenorm.

6 = ArcCos (g%qq'_)

Thevectorcomponents generatedy normalizingthe purequaternionthefinal threeterms)to the
normof the purequaternion.

I B
21q -9 |
"2 equals-1justlike i"2. Let(0,V) =(q-g*)/2.
12 _ (0, V) (0, V) _ (-V.V, VxV) _ 1
| (0, V) [] (0, V)| (V2, 0)

It shouldbe possibleto do Fourieranalysiswith quaternionsandto form a Dirac deltafunction(or
distribution). Thatis a projectfor thefuture. Thosetoolsarenecessaryor solvingproblemsn
gquantummechanics.

m New Method for Multiplying Quaternion Exponentials

Multiplying two exponentialss atthe heartof modernanalysiswhetheroneworkswith
Fouriertransformsor Lie groups. GivenaLie algebraof a Lie groupin a sufficiently small
areatheidentity, the productof two exponentialganbe definedusingthe Campbell-Haus
dorff formula:

Exp[X] EXp[y] = (X + Y) + %[x, Y] (X + V)
+% (LIX YT, Y] - [IX Y], X]) (X+Y) + .



This formulais not easyto use,andis only applicablen a smallareaaroundunity. Quater
nion analysighatrelieson this formulawould bevery limited.

| havedevelopedperhapdor thefirst time) a simplerandgeneralway to expresghe
productof two quaterniorexponentialg@sthe sumof two components.The productof two
guaternionsplitsinto acommutingandananti—-commutingpart. Therulesfor multiply-
ing commutingquaternionsreidenticalto thosefor complexnumbers.Theanticommut
ing partneeddo bepurelyimaginary. The Grassmaroduct(q gq’) of two quaternion
exponentialandthe Euclideanproduct(q* g’) shouldbothhavetheseproperties.
Togetherthesedefinethe needdor the productof two quaterniorexponentials.

Let = Exp[X] q° = EXp[Y]
qq’ =

H * 1 * 7_(
(9, 9" 3" + Abs[q, Q' ]"Exp[5 %

9, 9’ ]° ]
bs{aq, q' 1"
where {q, Q' }" =

49 +3 "9 and [q, 9’1" =qq -q* g

g q = sameas above
where {q, q'} =

99’ +gq'"qand [q, 9] =9°q" -9 "¢

| call theseoperatorsconjugators’becauseheyinvolve takingthe conjugateof thetwo
elements.AndrewMillard madethe suggestiorior the Grassmaproductthatunifiesthese
approachesicely. Whatis happenindereis thatbothcommutingandanticommuting
partsscalethemselvesppropriately.By usinganexponentiathathaspi/2 multiplied by a
normalizedquaternionthis alwayshasa zeroscalarasit mustto accuratelyrepresenan
anticommutingpart.
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Commutators and the Uncertainty Principle

Commutatorsandthe uncertaintyprinciplearecentralto quantummechanics.Using quaternions
in theseroleshasalreadybeenestablishedby others(Horwitz andBiedenharnAnnalsof Physics,
157:432,1984). Thefirst proof of theuncertaintyprinciple! sawreliedsolelyonthe propertiesof
complexnumbersnoton physics! In this section,| will repeathatanalysisshowinghow commu
tatorsandanuncertaintyprinciple arisefrom the propertiesof quaterniongor their subfieldthe
complexnumbers).

m Commutators

Any quaterniorcanbewrittenin a polarform.

v \%
1oV q*qE“ﬂ«ﬁiq vW*v]

Thisis identicalto Euler'sformulaexceptthattheimaginaryunit vectori is replacedy thenormat
ized 3—-vector. Thetwo areequivalenif j = k = 0. Any quaterniorcouldbethelimit of the sumof
aninfinite numberof otherquaterniongxpresseth apolarform. | hopeto showthatsucha
guaterniommathematicallypehavedike thewavefunctionof quantummechanicsevenif the
notationis different.

To simplify things,usea normalizedquaternionsothatg* g = 1. Collectthenormalized3—vector
togethemwith | = V/(V* V)N.5.

Theangles/(g* g)*.5is arealnumber. Any realnumbercanbeviewedasthe productof two other
realnumbers.This seeminglyirrelevantobservatiolendsmuchof theflexibility seenn quantum
mechanics—) Hereis therewriteof q.

g = Exp[abl]
S VvV
Varq - VeV

Theunitvector"l" couldalsobeviewedasthe productof two quaternionskor classicalquantum
mechanicsthis additionalcomplicationis unnecessarigecausell "i"’s commute.

where qgq*q =1, ab =

A pointof clarificationon notation:the sameetterwill beused4 distinctways.Thereareopera
tors,A hat,which acton a quaterniorwavefunctionby multiplying by a quaternioncapitalA. If
the operatorA hatis anobservablethenit generatea realnumber,(a, 0), which commuteswith
all quaternionsywhatevertheirform. Thereis alsoa variablewith respecto a componenbf a
guaterniona_i,thatcanbe usedto form a differentialoperator.

DefinealinearoperatorA hatthatmultipliesqg by the quaternionrA.
Aq = Aq

If theoperatorA hatis anobservablethenthequaternionA is arealnumber(a,0). A realnum
berwill commutewith anyquaternion.This equationis functionallyequivalento aneigenvalue



70

equationwith A hatasaneigenvectoof g and(a, 0) astheeigenvalue.However all of thecompe
nentsof this equationarequaternionsnot separatstructuresuchasanoperatoibelongingto a
groupandavector. This might makea subtlebut significantdifferencefor the mathematical
structureof thetheory,a pointthatwill notbeinvestigatechere.

DefinealinearoperatoB hatthatmultipliesq by thequaterniorB. If B hatis anobservable then
this operatorcanbe definedin termsof the scalarvariablea.

d
Let B = -I da
~, dExp[abl] _
Bg = -I I3 = bqg

OperatorA andB arelinear.
(A+B)g=Ag +Bg=aqg+bqg-=(a+b)qg
A+9)=Aq+Ag’ =aq+a ¢
CalculatethecommutatofA, B], whichinvolvesthe scalara andthe derivativewith respecto a.

_ _ 4 49 dag
[A, Blg = (AB-BA) q = -al I3 + | T3
a

d d d
dg +al—da +Iq—da:Iq

The commutatomctingon a quaternions equivalento multiplying thatquaterniorby thenormat
ized 3—vectorl.

m The Uncertainty Principle

Usetheseoperatorgo constructhingsthatbehavdike averagegexpectatiorvalues)andstandard
deviations.

The scalara——generatetly the observableperatorA hatactingonthenormalizedg——canbe
calculatedusingthe Euclideanproduct.

q° (AQ) = q"aq =aq'q = a
It is hardto shufflequaternion®r their operatoraround. Realscalarcommutewith any quater

nion andaretheir own conjugates.Operatorghatgeneratesuchscalarscanmovearound. Look at
waysto expresghe expectatiorvalueof A.

q* (Adq) =q*aq =aq'q =a*q'q=(Aq) q = a
DefineanewoperatorA’ basedn A whoseexpectatiorvalueis alwayszero.

Let A" = A-q" (AQ)

qg* (A"q) =9 (A-g* (Ag))g) =a-a=0

Definethesquareof theoperatorin away designedo link up with the standardleviation.
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Let DA'2 = q* (A2q) - (" (A q))° = q" (A 2q)
An identicalsetof tools canbe definedfor B.
In the sectionon bracketnotation,the Schwaranequalityfor quaternionsvasshown.
A*B +B*A
2

The Schwarznequalityappliesto quaternionsnot quaternioroperators.If theoperatorsA’ and
B’ aresurroundeabn bothsidesby g andg*, thentheywill behavdike scalars.

< [A] |8 ]

Theleft-handsideof the Schwarzinequalitycanberearrangedo form a commutator.
qg* (A*B +B*A)q =
Qg A*B g+qg°"B*Ag=q9g*a*B g+ g (-1)* dd—aA' q-=
=gq'a Bg- g () (f—aA q=
g (A B -BA)qg=0q1[A, B]q

Theright—handsideof the Schwarznequalitycanberearrangedo form the squareof the standard
deviationoperators.

A | IBla=
qg*A" A B " Bqg=q9q"A*B*qg=0q"DA?DB “q

Plugbothof thesebackinto the Schwarznequality,strippingthe primesandthe q’s which appear
on bothsidesalongtheway.

[A’Z—B] - DX DR

Thisis theuncertaintyprinciplefor complementarypbservabl@perators.
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m Connections to Standard Notation

This quaterniorexercisecanbe mappedo the standardhotationusedin physics

bra : |¢y> —(

ket : <y | —Q*

operator : A — A

imaginary . i — |

commutator : [A, B] — [A B]

norm: <y |y> —qgq*q
expectation of A: <y | Ay > mapsto q* Aq
Operator Ais Hermitian —
(0, A)is anti - Hermitian
9" ((0, Aya) = ((0, -A)d) q
The square of the standard
deviation : S6A? = <y | A2 y>- <y | Ay>? — DR

Onesubtletyto noteis thata quaternioroperatotis anti—-Hermitianonly if the scalars zero. This
Is probablythe casefor classicalguantummechanicsbut quantumfield theorymayrequirefull
quaternioroperators.The proof of the uncertaintyprinciple shownhereis independentf this
issue. | do notyetunderstandhe consequencef this point.

To getto the position—momentunancertaintyequationmakethesespecificmaps
A— X

: d

| = [A B] — i A[X P]

A Bl L cokop - I PL LR e op2

The productof thesquare®f the standardieviationfor positionandmomentumin thex—direction
hasa lower boundequalto half the expectatiorvalueof the commutatoiof thoseoperators.The
proofisin thestructureof quaternions.
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m Implications

Therearemanyinterpretation®f the uncertaintyprinciple. Here,theuncertaintyprincipleis about
quaternion®f theform q = Exp[ab I]. With thisinsight,onecanseeby inspectiorthata plane
wave Exp[((Et- P.X)/hbarl], or wavepacketghataresuperpositionsf planewaveswill have
four uncertaintyrelations,onefor the scalaret andanothetthreefor thethree—parscalarP. X.

This perspectiveshouldbe easyto generalize.
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Unifying the Representations of Integral and Half-Integral Spin

| will showhowto represenbothintegralandhalf-integralspinwithin the samequaternioralge
braicfield. ThisinvolvesusingquaterniorautomorphismskFirsta sketchof why this mightwork
will beprovided. Secondsmallrotationsin a planearoundtwo axeswill be usedto showhowthe
resultingvectorpointsin anoppositeway, dependingon which involutionis usedto constructhe
infinitesimalrotation. Finally, ageneraldentity will be usedto look atwhathappensinder
exchangeof two quaternionsn acommutator.

m Automorphism, Rotations, and Commutators

Quaternionsreformedfrom thedirectproductof a scalaranda 3—vector. Rotationaloperators
thatacton eachof the 3 component®f the 3—vectoractlike integralangulaTmomentum. | will
showthata rotationoperatoithatactsdifferently on two of thethreecomponent®f the 3—-vector
actslike half-integralspin. Whathappensvith the scalars irrelevantto this dimensionatount
ing. Thesamerotationmatrix actingon the samequaterniorbehaveglifferently depending
directly on whatinvolutionsareinvolved.

Quaterniondave4 degree®f freedom. If we wantto representjuaternionsvith automorphisms,
4 arerequired: Theyaretheidentity automorphismthe conjugateanti—automorphisnthefirst
conjugateanti—automorphismandthe seconcconjugateanti—automorphism:

|l : g ->q
L g5 g
1. q 5 gl
*Z:q%q*Z

where

gt =(e1qer)”

q2 = (epqez)”

el,e2,e3arebasisvectors

The mostimportantautomorphisnis theidentity. Life is stablearoundsmallpermutation®f the
identity:—) The conjugatdlips the signsof theeachcomponentn the 3—-vector. Thesetwo automor
phismstheidentity andthe conjugatefreatthe 3—vectorasa unit. Thefirst andseconcconjugate
flip thesignsof all termsbutthefirst andseconderms,respectively. Thereforeheseoperatorsact
on only thetwo of thethreecomponentsn the 3—vector. By actingon only two of threecompo
nents,acommutatomwill behavedifferently. This smalldifferencein behaviorinsideacommuta
tor is whatcreategheability to represenintegralandhalf-integralspins.
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m Small Rotations

Smallrotationsabouttheorigin will now be calculated.Thesewill thenbeexpresseth termsof
the four automorphismsliscusse@bove.

| will befollowing theapproactusedin J.J. Sakurai’sbook"ModernQuantumMechanics"chap
ter 3, makingmodificationsnecessaryo accommodatguaternions.First,considerotationsabout
theorigin in thez axis. Define:

Re,-0 (©) = (cos (6) eg, 0, 0, sin (0) 673)
if g = (O, ai eTl, as eTZ, 0)
Res-0 () =0' = (0, (a1cos () -azsin (6)) eo 4,

(ap COS (O) +ai sin (0)) ey eTZ, 0)

Two technicalpoints. First, Sakuraiconsideredotationsaroundany pointalongthez axis. This
analysisis confinedto the z axisatthe origin, a significantbut not unreasonableonstraint. See
ond, theserotationsarewritten with generalizecoordinatesnsteadof the very familiar andcom
fortablex, y, z. Thisextraeffort will be usefulwhenconsideringhow rotationsareeffectedby
curvedspacetime.This machineryis alsonecessaryo do quaternioranalysigpleaseseethat
section,it's great:—)

Therearesimilar rotationsaroundthefirst andsecondaxesat the origin;

Re.-0 (6) = (cos (0) o, sin (6) <, 0, 0
Re;-0 (6) = (cos (6) eo, 0, sin (o) <2, 0
Consideraninfinitesimalrotationfor thesethreerotationoperators.To secondrderin theta,
2

sin (©) = 6 +0(6%), cos (6) = (1—%) + 0 (%)
B 62 e 3

Relzo (6<<1)—((1—7>e0,6T, 0,0 +O<9)
B @2 € 3

Re, 0 (6<<1) = ((1_7) e, 0, 6 <2, o) + 0 (6%)
_ @2 €3 3

Re,.0 (6<<1) = ((1—7) e, 0, O, QT) + 0 (6%

Calculatethe commutatoof thefirst two infinitesimalrotationoperatorgo seconcdorderin theta:



[Re;-0, Re,-0] =
(5 oo 0% 0.0] (1% e 0.0 % 0]
(G o000 % 0] (1 F o 05 0.0
= ((1-6%) eo?, 0071, 0 072, 2 SLE2)

((1-6%) eo?, o eogel, o e°3ez, - 67 919#) -
=2(0, 0, 0, 8 =272} =2 (Rey.0 (6%) -R(0))

To secondorder,thecommutatoof infinitesimalrotationsof rotationsaboutthefirst two axes
equalstwice onerotationaboutthethird axisgiventhe squaredangleminusa zerorotationabout
anarbitraryaxis (afancyway to saytheidentity). Now | wantto write this resultusinganti—aute
morphicinvolutionsfor the smallrotationoperators.

[R*81:01 R*GQZO] =
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[(1- %) e ~0 2 0, 0) ((1- %] eo 0, -0 22, 0] -

2 3 2 3
o? e o2 e
-((1- %) eo 0, -0, 0] [(1-5]eo -0, 0, 0
_ <(1—82) 602, _5 80391’ _ 6 60382’ o2 61962 ) ~
((1-06%) eo?, —6%, —6%, - 62 %) -
=2 (0, 0, 0, 8 ZF2) =2 (Rey (6%) -R(0))

Nothing haschanged.Repeathis exerciseonelasttime for thefirst conjugate:

(Rle,0, R, 0] = (-1~ i) e, 05,0, 0

2 3
-G e 0 -0 0]
(e 0 -0 %o
-G e o %00
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€o € €o € e, e
:<<1_92>eoz’_9 031,—9 032’92 192)_
€p € €p € SIS

2(0, 0,0, 62 ZLF2) = -2 (R0 (6%) ~R(0))

This pointsexactlythe oppositeway, evenfor aninfinitesimalangle!

Thisis thekernelrequiredto form a unified representatioof integralandhalf integralspin.Imag
ine addingup a seriesof thesesmallrotations say2 pi of these. No doubttheidentity andconju
gateswill bringyou backexactlywhereyou started. Thefirst andsecondconjugatesn thecommu
tatorwill pointin theoppositedirection. To getbackon coursewill requireanother2 pi, because
the minusof aminuswill generate plus.

m Automorphic Commutator ldentities

This is avery specificexample.ls therea generaldentity behindthis work? Hereit is:

@, a' ] = (9 9 *] = (g% g 217 = (g2, g 21"

It is usuallya goodsignif aproposalgetsmoresubtleby generalization-) In this casethenega
tive signseenonthez axisfor thefirst conjugatecommutatoiis dueto theactionof anadditional
first conjugate.Forthefirst conjugatethefirst termwill havethecorrectsignaftera2 pi journey,
but the scalar third andforth termswill pointthe oppositeway. A similar, butnotidenticalstory
appliesfor thesecondconjugate.

With theidentity, we canseeexactlywhathappensf q changegplaceswith g’ with acommutator.
Notice, | stoppedight atthecommutatornotincludinganyadditionalconjugator).In thatcase:

(@, 9" ] =-[a’, a] =[9°, 9" "] = -[d"" 7] =
= (0, dp asz —_92963 + ag ap 63992’

ez € e e e e e, €
as a; 391 +a; az 193, a; az 192 rap ag 291)
[, 9" ™) = -, g =
= (0, dp asz 92963 +dsz ap 93962’

€z € e e e e €, €
~agay —g - - 8183 g -, ~A18 —g - -A a1 —g
(A, a’ %] = -[q" "%, q?] =

e € ez €

= (01 —a2 a3 293 _a3 a2 3927

ez e e e e e e e
as ai 391 + ai as 193, - a1 az 192 —az a 291>



78

Underanexchangetheidentity andconjugatecommutatorgorm a distinctgroupfrom the commu
tatorsformedwith thefirst andsecondconjugates.The behaviorin acommutatounderexchange
of theidentity automorphisnandthe anti—automorphiconjugateareidentical. Thefirst and
secondconjugatesresimilar, butnotidentical.

Therearealsocorrespondingdentitiesfor the anti—-commutator:

(@ 9’} ={9*, 9" "} =-{q*t, g1}t = -(q2, q 23"

At this point, | don’t know howto usethem,but again,theidentity andfirst conjugatesappeato
behavdlifferently thatthefirst andsecondconjugates.

m Implications

Threedifferentoperatordiadto be blendedogetherto performthis feat: commutatorsgonjugates
androtations. Thesenvolve issueof even/oddnessnirrors,androtations. In acommutatomunder
exchangef two quaternionstheidentity andthe conjugatébehavan aunitedway, while thefirst
andsecondconjugatesorm a similar, but notidenticalset. Becausehisis ageneraljuaternion
identity of automorphismsghis shouldbevery widely applicable.
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Deriving A Quaternion Analog to the Schriédinger Equation

The Schraingerequationgivesthekinetic energyplusthe potential(a sumalsoknownasthe
HamiltonianH) of thewavefunctionpsi, which containsall the dynamicalinformationabouta
system. Psiis ascalarfunctionwith complexvalues.

., 0y -h?
=115t 2m

Forthetime-independentase energyis written atthe operator-i hbard/dt, andkinetic energyas
the squareof themomentunoperatorj hbarDel, over2m. Giventhe potentialV(0, X) andsuit
ableboundaryconditions solvingthis differentialequationgeneratea wavefunction psiwhich
containsall the propertieof the system.

V2 o+ V (0, X) ¥

In this section the quaternioranalogto the Schrdalingerequatiorwill be derivedfrom first princk-
ples. Whatis interestingarethe constrainthatarerequiredfor the quaternioranalog. For exam
ple, thereis afactorwhich might serveto damprunawayterms.

m The Quaternion Wave Function

Thederivationstartsfrom a curiousplace:—) Write out classicabngulatmomentunwith
guaternions.

(0, L) = (0, RxP) = odd ((0, R) (0O, P))

Whatmakeghis "classical"arethe zeroesn the scalars.Makethesento completequaterniondy
bringingin time to go alongwith the space3-vectorR, andE with the 3—-vectorP.

(t, R) (E, P) = (Et —-R P, ER+Pt +RxP)
Defineadimensionlesguaterniorpsithatis this productoverh bar.
(t, R (E, P)

h

Thescalampartof psiis alsoseenin planewavesolutionsof quantummechanics.The complk
cated3-vectoris anewanimal,but noticeit is composeaf all the partsseenin thescalar just
differentpermutationghatevaluateo 3—vectors.Onemightarguethatfor completenessll
combinationsf E, t, R andP shouldbeinvolvedin psi, asis thecasehere.

Y= = (Et -R P, ER+Pt +RXP) /h

Any guaterniorcanbeexpresseth polarform:

s v
arccos  (qr) T

q- |afe

Expresgsiin polarform. To makethingssimpler,assumehatpsiis normalizedso|psi|= 1. The
3-vectorof psiis quite complicatedsodefineonesymbolto capturet:
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ER+Pt +RxP
| ER+Pt +RXxP |

Now rewritepsiin polarform with thesesimplifications:

v = e B R P)I/n

Thisis whatl call thequaterniorwavefunction. Unlike previouswork with quaternioniguantum
mechanicgseeS. Adler’'s book"QuaternionicdQuantumMechanics")] seeno needto definea
vectorspacewith right—handoperatomultiplication. As wasshownin the sectionon bracket
notation,the Euclideanproductof psi(psi* psi) will haveall the propertiegequiredto form a
Hilbert space.Theadvantag®f keepingbothoperatorandthe wavefunctionasquaternionss
thatit will makesensdo form aninteractingfield directly usinga productsuchaspsipsi’. That
will notbedonehere. Anotheradvantagés thatall the equationswill necessarilypeinvertible.

m Changes in the Quaternion Wave Function

We cannotderivethe Schrdlingerequationperse,sincethatinvolvesHermitianoperatorghat
actingon acomplexvectorspace.Insteadthe operatordierewill beanti—-Hermitianquaternions
actingon quaternions.Still it will look very similar,downto thelasth bar:-) All thatneedgo be
doneis to studyhow the quaterniorwavefunction psichanges.Makethefollowing assumptions.

1. EnergyandMomentumareconserved.

S—F =0 and g—tp =0
2. Energyis evenlydistributedin space
VE=0
3. Thesystemsisolated
VxP=0
4. Theposition3—-vectorX is in the samedirectionasthe momentunf3-vectorP
X. P de"

= 1 which implies =0 and Vxe' = 0

| X[ P dt

Theimplicationsof this lastassumptiorarenot obviousbut canbe computedirectly by takingthe
appropriatederivative. Hereis averbalexplanation.If energyandmomentumareconservedthey
will notchangean time. If the position3—vectorwhich doeschangds alwaysin the samedirection
asthemomentunB-vector.thenl will remainconstanin time. Sincel is in thedirectionof X, its

curl will bezero.

This lastconstraintmayinitially appeatoo confining. Contrasthis with thetypical classical
guantummechanics.In thatcasethereis animaginaryfactori which containsno information
aboutthe system. It is amathematicalool tossedn sothatthe equatiorhasthe correctproperties.
With quaternionsl| is determinedlirectlyfrom E, t, PandX. It mustbericherin information
content. This particularconstrainis areflectionof that.

Now takethetime derivativeof psi.



81

oY El U

ot  h )
\/1+<EthRP>

Thedenominatomustbeatleastl, andcanbegreatethanthat. It canserveasadamperagood
thing to tamerunawayterms. Unfortunately it alsomakessolvingexplicitly for energyimpossible
unlessEt — P.X equalszero. Sincethegoalis to makea directconnectiorto the Schrdainger
equationmakeonefinal assumption:

5.Et-R.P=0
Et -RP =

Thereareseveraimportantcasesvhenthiswill betrue. In avacuumE andP arezero. If thisis
usedto studyphotonsthent = |R|andE = |P|. If thisnumberhappengo be constanin time,then
this equationwill applyto thewavefront.

OEt -R P R
ot =0 BE=gr PO =5

6R E

if

Now with theseb assumptiongé hand,energycanbe definedwith anoperator.
oy  EI
ot h

oy _ _ _1p 9
_Iﬁdt = Ey or E = Ih@t

The equivalencef theenergyE andthis operatoiis calledthefirst quantization.

Y

Takethespatialderivativeof psiusingthe underthe sameassumptions:

Pl U

h
\/1+<EtﬁR.P>2

Fravy =Py or P =

VY= -

Squarethis operator.

P’ = (my) —2m¥: 2mMKE = -n% V¥

The Hamiltonianequalghekinetic energyplusthe potentialenergy.

2

Hy = -Th @w =m0y Vo

Typographicallythis Iooks_very similarto the Schralingerequation. Capitall is anormalized
3-vector,andavery complicatecbneatthatif you reviewtheassumptionshatgotushere. Phiis
not avector,butis aquaternion.This give theequationrmore,notless,analyticalpower. With all
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of theconstraintsn place,l expectthatthis equatiornwill behaveexactlylike the Schrodinger
equation. As the constraintareremovedthis proposabecomesicher. Thereis adamperto
guenchrunawayterms. The 3—vectorl becomegjuitethe nightmareto dealwith, butit shouldbe
possible givenwe aredealingwith atopologicalalgebraidield.

m Implications

Any attemptto shift the meaningof anequationascentralto modernphysicshadfirst beableto
regeneratall of its results. | believethatthe quaternioranalogto Schralingerequationunderthe
listed constraintsvill dothetask. Theses animmenseamountof work neededo seeasthe con
straintsarerelaxed whetherthe quaterniordifferentialequationswill behavebetter. My senseat
thistimeis thatfirst quaternioranalysisasdiscusse@arliermustbe madeasmathematicallysolid
ascomplexanalysis. At thatpoint, it will beworth pushingthe envelopewith this quaternion
equation. If it standson afoundationasrobustascomplexanalysisthe profoundproblemsseenin
guantumfield theorystanda chanceof fadingawayinto the background.
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Introduction to Relativistic Quantum Mechanics

Therelativisticquantummechaniequationfor afreeparticleis the Klein—Gordonequation
(h=c=1)
62
ot 2

The Schrdaingerequationresultsfrom the non-relativistidimit of thisequationln this section,
the machineryof the Klein—Gordonequatiornwill beportedto quaternions.

~v2im)lo=0

m The Wave Function

Thewavefunctionis the superpositiorof all possiblestatef a system.The productof the conju
gateof awavefunctionwith anothemavefunctionformsa completennerproductspaceln the
energy/momentumepresentatiorthis would involve all possibleenergylevelsandmomenta.

¢ = the sumfrom n = 0to infinity of (E,, Pn)

This infinite sumof quaternionshouldcontainall theinformationabouta system. The quaternion
wavefunctioncanbenormalized.

[ee] . [ee] 2
D (Eny Pn)" (En, Po) = ) (B2 +Pq, 0) =1

n=0 n=0

Thefirst quaternioris the conjugateor transpos®f the second.Sincethetranspos@f a quater
nion wavefunctiontimesawavefunctioncreatesa Euclideamorm,this representationf wave
functionsasaninfinite sumof quaternionganform a complete nhormedproductspace.

m The Klein—-Gordon Equation

TheKlein—Gordonequationcanbe dividedinto two operatorghatacton thewavefunction: the
D’Alembertianandthe scalaimm”2. The quaternioroperatorequiredto createthe D’Alembertian,
alongwith vectoridentities,hasalreadybeenworkedout for the Maxwell equationsn theLorenz

gauge.
i((@it’ v)2+ (@it' —?)2) (En, Pn) /2=
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S A2E, . N
:Z(T;—v-vEn—v-vXPn,
n=0

&% Py

@tz —vv'Pn‘l‘vxvxpnﬁ—vvan

Thefirst termof the scalarandthe secondermof thevector,arebothequalto zero. Whatis left
is the D’Alembertianoperatoractingon the quaterniorwavefunction.

To generatehe scalamultiplier m”2, substituteEn andPnfor the operatorgl/dt anddel respee
tively, andrepeat. Sincethe structureof the operatoiis identicalto the previousone,insteadof the
D’Alembertiantimesthe wavefunction,thereis En*2-Pn”2. The sumof all thesetermsbecomes
m"2.

Setthe sumof thesetwo operatorsequalto zeroto form the Klein—-Gordonequation.
3 2 o 2

> (9 (S 9] + P e (B P
0

&% En

otz ’

vx (vxpn> +7X(7En) +PnX(Pn Xpn) + (Pn Xpn) En —7
8% Py

ot2

I:)n : (Pn XPn) - (Pn 'Pn) En +En3+

(v‘Pn) +Pn EnZ—F’n (Pn 'Pn> +

It takessomeskilled staringto assurdhatthis equationcontainghe Klein—Gordonequationalong
with vectoridentities.

m Connection to the Maxwell Equations

If m=0,thequaternioroperatorof the Klein—Gordonequationsimplifiesto the operatorsisedto
generatehe Maxwell equationsn the Lorenzgauge. In thehomogeneousase the sameoperator
actingon two differentquaterniongqualshe sameresult. Thisimpliesthat

e¢]

((pi A) = Z (En, Pn)
n=0
Underthisinterpretationa nonzeromasschangeshe waveequationinto a simpleharmonicoscilla

tor. Thesimplerelationshipbetweerthe quaterniorpotentialandthe wavefunctionmayhold for
thenonhomogeneousaseaswell.
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m Implications

TheKlein—-Gordonequationis customarilyviewedasa scalarequation(dueto the scalarD’Alem-
bertianoperatorandthe Maxwell equationsarea vectorequation(dueto the potentialfour vector).
In this section the quaternioroperatoithatgeneratedhe Maxwell equationsvasusedto generate
the Klein—-Gordonequation. This alsocreatedseveralectoridentitieswhich areusuallynot men
tionedin this context. A quaterniordifferentialequationis neededo performthework of the
Dirac equationput sincequaternioroperatorsareafield, anoperatothatdoesthetaskmustexist.
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Time Reversal Transformations for Intervals

Thefollowing operatoR for quaterniongeversesime differencebetweertwo events:
(dt, dX) -> (-dt, dX) = R(dt, dX)
The quaterniorR existbecaus@uaternionsreafield.

TheoperatoR will equal (-dt, dX )(dt,dX)™. Theinverseof quaternioris thetransposever the
squareof thenorm,whichis the scalartermof thetranspos®f a quaterniortimesitself.

R = (-dt, dX) (dt, dX) " =
(-dt?+ dX dX 2dt dX)/ (dt?+ dX dX)
For anygiveneventthetime-reversabperatoR canbedefinedbasedntheabove.

A criticism of this operatoris thatit is local, meaningt depend®xplicitly on spacetime.Thetwo
mostimportanttheoriesn physicsthestandardnodelandgenerarelativity, arealsolocal, sothis
quality is consistentvith thosetheories.

m Classical Time Reversal

Examinetheform of the quaternionwhich reversegime undertwo conditions. In the classical
region,thechangdan time dtis muchgreatethanspacedX. Calculater in thislimit to oneorder
of magnitudean theratio of dX/dt.

R = (-dt, dX) (dt, dX) "=
(-dt?+ dX.dX, 2dt dX)/ (dt? + dX. dX, 0)

if dt >> |dX| then R= (-1, 23

The operatoR is almostthe negativeidentity, butthe vectoris non-zerosoit would notcom

mute. In theclassicalimit, time reversahow depend®n velocity, notthelocal positionin space

time, soclassicatime reversals aglobal,notlocal operator.

m Relativistic Time Reversal

For arelativisticintervalinvolving oneaxis,theintervalcould be characterizety the following:
(T+¢€, T, 0, 0)

Find outwhatquaternioris requiredto reverseiime for this relativisticintervalto first orderin
epsilon.
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R (TZ— (T+e)? 2T (T+e)
T2+ (T+e)?’ T2+ (T+e)

(-< +0[e]?, 1+0[€]?, 0, 0

This approacheg[-€e/T,1, 0, 0], almosta purevector,aresultdistinctfrom the classicakase.
Again, in thislimit, thetransformatiorapproachea globaltransformation.

-, 0, o):

m Implications

In specialrelativity, theintervalbetweereventss consideredo be4 vectorareoperatecn by
elementf the Lorentzgroup. Theelementf this groupthatreversesime hasalongits diagonal
{-1, 1,1, 1}, zeroexlsewhere.Thereis no dependencen relativevelocity or anylocal informa
tion. Thereforespecialrelativity predictsthe operationof time reversakhouldbe indistinguishable
for classicabndrelativisticintervals. Yet classically the boundaryconditionof time reversal
appeargo involve entropy. For relativisticinteractionstime reversalinvolvesantiparticles.

In this section atime reversaluaternioroperatomhasbeenderivedandshownto work. Time
reversalfor classicalndrelativisticintervalshavedistinctlimits, butthesetransformationfiave
not yetbeentied explicitly to lawsof physics.
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Gravity

Thisis acurrentareaof activeresearctor me. | havetwo distinctapproachesThefirst uses
scalarsyectorstensorsandthe Christoffelsymbolto characteriz&adynamicmetric. Thework
attemptdo unify gravityandEM in arank1 field theoryusinganasymmetridield strengthtensor
in the Lagrangedensity. It hasthreetestablgoredictions. Light shouldbe bentmoreat second
orderparameterizegost—Newtoniaraccuracyln a gravity wave,the modeof emissiorwill notbe
transverséthatmodeof emissions doneby light). Thereis alsoannewconstantelocity solution
for gravity thatmay eliminatethe needfor darkmatterfor the velocity profile of thin disk galaxies.

Theapproacho gravity thatusesguaternionsnakeshe samethreeexperimentapredictions. The
differenceis thatthe Christoffelsymbolis not used. It will requirethe effortsof someonevith
moretechnicalmathskills thanl posses$o determinef this approachs valid. Thereareaspects
of thequaterniorapproacHh prefer,butatthistime | ampromotingthe form thatuseshe Christof
fel sincethe oddsof it beingacceptedarehigher.
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Gravity by Analogy to EM

m Abstract

A Lagrangedensityfor gravity is proposedasedn a strictanalogyto the classical.agrangiarfor
electromagnetismThefield equationsareafour—dimensionalvaveequation. Theclassicfield
equationgontainboththe Maxwell equationsandNewton’sfield equationsindercertaincondi
tions. Thefour—dimensionalvaveequatiorhasbeenquantizedefore.The scalarandlongitudinal
modesof emissiomareinterpretecasspin2 gravitons sotheycando thework of gravity. If gravita
tional wavesaredetectedthis proposabpredictsscalaror longitudinalpolarization How the pro-
posalintegratesvith the standardnodelLagrangians workedout.

A forceequations written basedn the samestrictanalogyto therelativisticLorentzforce of
electromagnetisntor geodesienotion,the causeof the curvatures dueentirelyto thegravita
tional andelectricpotentials.Thisis a newtype of statemenaboutcurvature A specific,normat
ized, weak—fieldpotentialis investigatedAnalysisof smallperturbationgieldschangesn the
potentialthatdependon aninversedistancesquaredBy breakingspacetimesymmetry Newton’s
law of gravity results By usingthechainrule,a stable constant—velocitgolutionis apparent,
which mayyield insightto therotationprofile of galaxiesandearlybig bangcosmology since
both requirestable constant—velocitgolutions If spacetimesymmetryis preservedthe second-or
derdifferentialequationcanbe solvedexactly.Eliminatingthe constantandrearrangeerms
generateanequationthathasthe form of a metricequation.The Taylor seriesexpansiorof the
metric equationis identicalto the Schwarzschildnetricto parameterized—post—Newtoniancu
racy. The Taylor seriedfor thetwo metricsdiffer for higherordertermsandmaybetested
experimentally.

m Introduction

The goalof this paperis to createonemathematicastructurefor gravity andelectromagnetisrthat
canbequantizedThedifferencebetweergravity andelectromagnetisns the oldestcoreproblem
facing physics,goingbackto thefirst studiesof electromagnetisim the seventeentbentury.
Gravity wasthefirst inversesquardaw, discoveredy IsaacNewton.After twentyyearsof effort,
he wasableto showthatinsidea hollow massiveshell,the gravitationalfield would be zero.Ben
Franklin,in his studiesof electricity,demonstrated similar propertyusinga conductingcup.
JoseplPriestlyrealizedthis meantthatthe electrostatidorce wasgovernedoy aninversesquare
law justlike gravity. Coulombgotthecreditfor the electrostatidorcelaw modeledon Newton’s
law of gravity.

Overahundredyearslater, Einsteinstartedrom the tensorformalismof electromagnetisran the
roadto generarelativity. Insteadof anantisymmetridield strengthtensor Einsteinuseda symmet
ric tensorbecausehe metrictensons symmetric.Thereis a precedencéor transformingnathemati
cal structureetweergravity andelectromagnetism.

The proces®f transformingmathematicastructuresrom electromagnetisrto gravity will be
continued.Specifically,thegravitationalanalogto the classicelectromagnetitagrangedensity
will bewritten. Thereareseverakonsequencef this simpleprocedureThe Lagrangiarcontains
bothtermswith a connectiorandthe FermiLagrangiarof electromagnetismlhis makest reason
ableto supposeheLagrangiarcandescribebothadynamicgeometryrequiredfor gravity andthe
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Maxwell equationdor electrodynamicsThe gravitationalfield equationsareanalogueso Gauss’
andAmpere’slaws,andcontainthe Newton’sgravitationalfield equation.Thesefield equations
arenotsecondanklike thoseusedin generakelativity. It mustbe stressedhatthefield strength
tensoris asecondrdersymmetrictensor sothis doesnot conflict with proofsthatatleasta sym
metric secondanktensoris requiredto completelydescribespacetimeurvature The Maxwell
equationgesultif themasscurrentandgravitationalfield arezero.Thefield equationdhavebeen
quantizedbefore but newinterpretationsvill flow from theunificationeffort. A link to the
Lagrangiarof the standardnodelwill bedetailed.

A weakstaticgravitationalfield in avacuumwill bestudiedusingstandardnodernmethods:
normalizingthe potentialandlooking at perturbationsThe potentialwill bepluggedinto agravita
tional forceequationanalogouso the Lorentzforce equationof electromagnetisnlheforce
equationleadsto a geodesiequatiorwherethe potentialcauseshe curvature somethingvhichis
missingfrom generakelativity. Newton’slaw of gravity is apparentf spacetimesymmetryis
broken.A newclassof solutionsemergedor the gravitationalsourcewherevelocity is constant,
but thedistributionof massvarieswith distanceThis mayprovidenewwaysto look at problems
with therotationprofilesof disk galaxiesandbig bangcosmologyIf spacetimesymmetryis pre
servedsolvingtheforceequationandeliminatingthe constantereatesa metricequationsimilar to
the Schwarzschildnetric. The metricsareequivalento first—orderparameterizegost—Newtonian
accuracyThereforethemetricwill pastall weakfield tests.The coefficientsaredifferentto see
ond-ordersothe proposakanbe verify or rejectedexperimentally.

m Lagrangians

The classicelectromagnetitagrangiandensityhasthreeterms:onefor kinetic energy,onefor a
moving changeandathird for theantisymmetricsecondankfield strengthtensor:

1
4 c?

An analogoud.agrangiarfor gravity would alsocontainthesethreecomponentshut threechanges
arerequired First, gravity depend®n massnotelectriccharge sowherethereis anelectrical
charge—q, aninertialmass+tmwill be substitutedThechangen signis requiredsothatlike
chargesattractfor gravity. Massdoesnot havethe sameunitsaselectriccharge somasswill have
to be multiplied by the squareroot of Newton’sgravitationalconstants to keepthe unitsidentical.
Secondpecausegravity effectsmetricswhich aresymmetric the sourceof gravity mustalsobe
symmetric.The minussignthatmakeshe electromagnetifield strengthtensorantisymmetriawill
be madepositive.Third, in orderthatsymmetricobjecttransformdike atensomrequiresareplace
mentof theexteriorderivativewith a covariantderivative:

o) 1 1
LG:_?-’-EJmHAM_W(

Thetotal Lagrangiarwill beamergerof thesetwo which only applyif the otherforceis notin
effect. Thekinetic energytermis the sameaseitherLagrangiarseparatelyThe movingcharge
termis a sum.Withoutlossof generality theregularderivativesn the electromagnetitagrangian
(Eq.L_EM) canbewritten ascovariantderivativesThis leadsto the unified Lagrangiarfor grav
ity andelectromagnetism:

0 1
Lem= -2 - =34 A
EM Y s

S (6" A - 3¥ AY) (8, A, -8, A,)

VoA 1V, A (THA, + T A,

1
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LGEM= —% - (Jg" -Im") A,
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qg-+V/Gm

% o (9-A-V) -
%@AV O A, - %r% (T, A° A, +23,A A,)

Thekinetic energytermis for oneparticleexperiencingpothgravity andelectromagnetisnihe
FermiLagrangiarof electromagnetisis a subsetThis establishea link to electromagnetisni.he
Christoffel symbols(or connectiorcoefficientsyepresenderivativesof metrics.Because
dynamicmetricis partof the Lagrangianthis Lagrangiarcould describehe dynamicsof the
metric,whichis a centralaccomplishmendf generarelativity. The potentialto do bothgravity
andelectromagnetisns here.

In local covariantcoordinatesthe connects zero,which leadsto a simplerexpressiorof the
Lagrangian:

2
LGEm—rvn\/l— (O_R) _q_—\/am (¢_A.v) _

ot czV
2 2
iz |[52) - 00 (2] - om)

Thisis almostidenticalto working with the classicaklectromagnetifield equationby choosing
the Lorenzgauge thedifferencebeingtheinclusionof a masserm.Becauséhe gaugewasnot
fixed, thereis morefreedomfor this Lagrangianwhichis requiredif thisfield equationdoesmore
thanjustelectromagnetism.

m Classical Field Equations

Thefield equationcanbefoundby applyingthe Euler-Lagrangequationdo the Lagrangeden
sity (assuminghe connections zerofor simplicity):

Dz A,Ll = Jq'u - w.]mu

Thefields areexpresseth termsof the potential. The symmetricandantisymmetridield strength
tensorsarevery similar, differing only in thesignof A*v;u. Theclassicafieldsrequiredto repre

sentthefield strengthtensorsshouldalsobesimilar. Thereis asymmetricanalogto theelectricE
andB fields: To makea connectiorto the classicafields of gravity andelectromagnetismysethe
following substitutions:

oA

E:—W'FCVCb
é:@—tA+C?<b
o o o o o o
B:_C(Oy "9z’ 6x 9z’ ox _@y>A:_CVXA
6 0 o 0 o 0 .
B_C(_W_a—z’ - 9x 0z’ X _@y)p‘:VXA
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The symmetriccurl asdefinedabovehasall the samedifferentialoperatorsbutall the signsare
negative soit is easieito remember.The symmetricfield strengthtensorhasfour morecompae
nentsthatlie alongthediagonal. Defineafield g to representhediagonalelements:

_(O¢ 0 A oAy O0A, \ u
g_ @t’C@X’C@y’C@Z —VMA

Thediagonalof thefield strengthtensorv,, A" is g. Thefirst row andcolumnof theasymmetric
field strengthtensoris the sumof theelectricfield E andits symmetricanaloge. Therestof the
off-diagonaltermsarethe sumof the magnetidield B andits symmetricanalogb. If thetraceof
field strengthtensoris zero,thenthe equationsarein the Lorentzgauge.

Substitutethe classicalfieldsinto thefield equationsstartingwith the scalarfield equationlmpor
tanttechnicalnote:all theV operatorsisedfor the divergencesndcurlsarecontravariantthat
meangheybringin anextraminussignto theseexpression$or thefield equationof theform
VE(V, A =]

1 6%2¢ 2
Dq—pm:€6t2 -CV ¢
_C v.E+v.e) s 08
-2 ot

This equationcombinesGauss’law andanalogougquationfor gravity. Thetwo equationsare
unified, butundercertainphysicalconditions canbeisolated A relativisticform of the Newtonian
gravitationalfield equationcanbe seenwith thefollowing constraints:

2
-om=-CO ¢
iff pq =0, and a—:—cw

This equationshouldbe consistentvith specialrelativity without modification. Theclassical
Newtonianfield equationarisesrom thesephysicalconstraints:

2
/Om:CZv o)

oA og°
ot ot

Everyaspecbf classicaNewtoniangravity canberepresentetly this proposaunderthese
constraints.

=0

iff  pq =0, = -cV¢p and

Gauss’law appearsinderthefollowing conditions:

1 62%¢ 2
Pa=¢ otz ¢V O
iff  om=0, and g—f‘:cw

Repeatheexercisgor thevectorequation.
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1 6%2A 5
Jg-In- = T8 _cv2a
—§ _@—t+ B‘f‘@—t—CVXB +2CVg

This hasAmpere’slaw anda symmetricanalogfor Ampere’slaw for gravity.

This proposafor classicagravitationalandelectromagnetitield equationss expresseavith
tensorsof rankone(vectors) Einstein’sfield equationsaresecondank. Thereforethetwo
approachearefundamentallydifferent. Onemustremembethatalthoughthefield equationsare
rankone,thefield strengthtensoris secondank.

With no gravitationalffield, the Maxwell sourceequationgesult. The homogeneouMaxwell
equationsarevectoridentitieswith thesechoicesof mapsto the potentialsandareunaffectedoy
the proposal.

m Canonical Quantization

Theclassicaklectromagnetitagrangiarcannotbe quantizedOneway to realizethisis to con
siderthegeneralizedl-momentum:

7= hG SR - PO

c ot

Unfortunately the energycomponenbf the momentoperatoiis zero.Thecommutatoi A°, 7°]
will equalzero,andcannotbe quantizedThe momentunfor the unified Lagrangiarof gravity and
electromagnetisrdoesnot sufferfrom this problem:

- oo 2

Whenexpresseavith operatorsthecommutator A°, 7°] will notbezero,sothefield canbe
guantizedlf theconnections zero,L_ GEM generatethe samefield equationsastheclassical
electromagnetit agrangiarwith the choiceof the Lorenzgauge Thatfield hasbeenquantized
before,first by GuptaandBleuler(S.N. Gupta,Proc.Phys.Soc.London,63:681-6911950).
Theydeterminedhattherewerefour modesof transmissiontwo transversepnescalarandone
transversenode.Theinterpretatiorof thesemodesappearsnternallyinconsistento this author.
Theydiscuss'scalarphotons” but photonsasthe quantaof electricandmagnetidields must
transformasavector,notascalar.Theyintroducea supplementatonditionsolelyto makethe
scalarandlongitudinalmodesvirtual. Yet thereis no needto makea nonsensg@articlevirtual.

Thefield in this proposaimustrepresenbothgravity andelectromagnetisni hetwo transverse
modesarephotongthatdo all thework of electromagnetisnThe symmetricsecond-ranitield
strengthtensorcannotberepresentetly a photonbecaus@hotongransformdifferently thana
symmetrictensor Whatevermparticledoesthe work musttravelatthe speedof light like thetrans
versemodesof transmissionsf thefield. Theseconstraintgictatethatthe scalarandtransverse
modesof transmissiorfor this proposakregravitons.

Thereareeffortsunderwayto detectthetransvers@ravitationalwavespredictedby generarelativ
ity. Thisproposabredictsthe polarity of a gravitationawavewill beeitherscalaror longitudinal,
nottransversehecaus¢hosearethe modesof transmissionThe detectionof thefirst gravitational
wavepolarizationwill markeithersucces®r failure of this unifiedfield theory.
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m Integration with the Standard Model

The standardnodeldoesnotin anobviousway dealwith curvedspacetimeA moreexplicit con
nectionwill beattemptedy condensindghe unitaryaspect®f thesymmetriedJ(1), SU(2),and
SU(3)with the4—-vectorsanda curvedmetric. Startwith the standardnodelLagrangian:

Lsm=T yH D, @

where

_ _ ra . AP
D, =0u-19 gm YA, - 19 yeak 2 V\Z ~ 19 strong 2 Gg

TheelectromagnetipotentialA_muis acomplex—valuedi-vector.Theonly way to form ascalar
with a4-vectoris to useametric.Sinceit is complex—valuedysethe conjugatdike so:

AAT Gy = [ A 12— A2 - [ A2 | A )P
Usethe parity operatotto flip the signof the spatialpartof a4—vector:
AAP g, = [ Ao |2+ AP+ [ A |2+ | A |?
Normalizethe potential:
Al AV+P
AT TAT 9=t

Fromthis, it canbe concludedhatthe normalized4d—vectoris anelementbof the symmetrygroup
U(1) if themultiplicationoperatoris the metriccombinedwith the parity andconjugateoperators.
OnedoesnotneedtheY in standardnodelLagrangiansothis simplifiesthings. The samédogic
appliesto the4-vectorpotentialsfor the weakandthe strongforceswhich happerto haveinternal
symmetries.

In curvedspacetimethe previousequationwill notequalone.MassbreaksJ(1), SU(2),andSU(3)
symmetry butdoessoin a preciseway (meaningonecancalculatewhatthe previousequation
shouldequal).Thereis no needfor the Higgsmechanisnto give particlesmasswhile preserving
U(1)xSU(2)xSU(3symmetry sothis proposapredictsno Higgsparticlewill befound.

m Forces

The LorentzForceof electromagnetisimvolvescharge yvelocity andthe anti-symmetridield
strengthtensor:

Féw = q % (64 A - 5" A
Formananalogousorcefor gravity usingthe samesubstitutionsasbefore:
Fo, = -G m% (VA + v, AY)

The gravitationaforceandthe electromagnetiforce behavdifferently underchargenversion.|f
the masschangesigns,thenbothsideflip signs,sonothinghasreally changedlf electricchange
changesigns,thechangan momentunmwill notchangesigns.Thedifferentbehaviorundercharge
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inversionmay explainwhy gravitationaforceis unidirectional but electricalforcescanattractor
repul se.

Thetotal forceis acombinationof thetwo:
FGENL[ = (qu -Jmv) V/JAV - (qu +Jmy) Vv, A

If q>>+/G m, theequationapproachetheform of the Lorentzforcelaw of electromagnetisnif
theforceis zero,theequationhastheform of aKilling’s equationwhichis usedto determinehe
iIsometriesof a metric. Geodesicaredefinedby examiningthe left—-handsideof F_GEM:

omW oW om
- =-m— -+ — =0
ot ot " ot
Assumedm/dtau= 0. Apply the chainrule, andthenthe definition of a covariantderivativeto form
ageodesi@equation:

X+ m
Ozmw‘i—Eruva\/w

This equationsaysthatif thereis no force,all theacceleratiorseenn spacetimes dueto space
time curvaturethe Christoffelsymbol.The covariantderivativeson theright sideof F_gEMcan
alsobeexpanded:

0=(q-+Gm) ngt 8, A -

(@+vGm o a2y, v

This equationsaysthatspacetimeurvatures causedy the changen the potentialif thereis no
externalforce.Thisis anovelstatementln generarelativity, onecompareswo geodesicsand
basedon ananalysisof thetidal forcesbetweerthe geodesicsjetermineshe curvature Theuni
fied geodesiequationassertshatthe curvaturecanbe calculateddirectly from the potential.
Noticethatthis equationcontaingermslinked to amassm anda chargeq, sothegeodesiequa
tion appliesto electromagnetisraswell asgravity.

m Gravitational Force for a Weak Field

Thetotal unified forcelaw is relevantto physicsbecausét containghe Lorentzforcelaw of electro
magnetismlt mustbe establishedhatthetermscoupledto the massm areconnectedo whatis
known aboutgravity.

The nexttaskis to find a solutionto the unified field equationsandthenput the solutionsinto the
forceequation.The Poissorfield equationof classicaNewtoniangravity canbe solvedby a 1/R
potential. The potentialhasa point singularitywhereR = 0. Theunified field equationsarerelativis
tic, sotime mustalsobeincorporatedA 1/distanceotentialdoesnot solvethefield equationsn
four dimensionslin local covariantcoordinatesvherethe connectioris zero,the potentialA_mu=
(1/sigma”20) solvesthefield equationswheresigmasquareds the Lorentzinvariantdistancepr
the negativeof the squareof the Lorentzinvariantintervaltau. Distances usedinsteadof the
interval becauselassicalgravity depend®on distancenottime. Theideais to considerthetime
contributionto bevery smallrelativeto the distance.Sucha potentialhasasa singularitythatis
the entirelightcone wheresigma”2 = 0. This singularitymay not be problematidbecausenassless
particlesaredescribedy the Maxwell equationsbutthathopewill requireda detailedstudy.

Gravity is aweakeffect.It is commonin quantummechanics$o normalizeto oneandstudypertur
bationsof weakfields,anapproachhatwill befollowed here.Normalizingmeangherearesmall
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stepswill beawayfrom one.Only first ordertermswill bekept.Hereis the normalizedpotential
with alinearperturbation:

A“:(\/Eh o)ﬁ

c2 o2’

o/

Es

—1_ + L Z ’ — —1_ + _5_ t ’ O

NP NP ’
This potentialsolvesthe 4D waveequationbecauséehe shift by the oneoverroot two factorand
therescalingoy the springconstank oversigmasquaredo not effectthe differentialequation.

Oneinterestingaspecis the shift of unitsfrom onethatdepend®n h — suggestingjuantum
mechanics- to the normalizedperturbationwhich appeargo be classicabecausé¢hereis no h.

Takethederivativewith respectoft, x, y, andz:
o¢  c?k

2
5 " \/602 + 0O (k9)
¢  c?k 5
C X __\/602 + O (k)
o0 c? k 2
C = — O k
oy \/G o2 O K
2
c 99 __ ¢k L oie

0z~ /G o2

The changean the potentialis afunctionof a springconstank oversigmasquared.Theclassical
Newtoniandependencen distancas aninversesquaresothisis promising. Oneproblemis that
a potentialthatappliesexclusivelyto gravity is soughtyetthenon-zerogradientof ¢ indicatesan
electricfield. Thesignof the springconstank doesnot effectthe solutionto the 4D wavefield
equationdut doeschangethe derivativeof the potential. A potentialthatonly hasderivatives
alongthediagonalof thefield strengthtensorcanbe constructedrom two potentialghatdiffer by
springconstantghateitherconstructivelyinterfereto createnon—zeraderivativespr destructively
interfereto eliminatederivatives.

diagonal SHOA® =

i[E
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Takethecontravariantlerivativeof this potential keepingonly thetermsto first orderin the
springconstank.

1 0 0 O
B c? L O -1 0 O
- \/6 o2 |0 0 -1 O

O 0 0 -1
All thiswork to geta multiple of theidentity matrix! Plugthisinto the gravitationalforce equation:

kot k OR
o2 Ot’' o2 Ot

v, A

U
Fg_mc

Thisis arelativisticforcelaw for aweakgravitationalffield for theinverseintervalsquaredliagce
nal potential. Whenspacetimeymmetryis broken,this equationwill leadto Newton’slaw of
gravity in thenextsection.If spacetimesymmetryis maintainedthensolvingtheforceequation
andeliminatingthe constantyieldsa metricequationfor gravity.

m Newton's Law of Gravity and More

Severalassumptiongeedto be madeto applytheweakgravitationalforce equationto a classical
gravitationalsystemFirst,assumehatthe springconstants dueto the sourcemassk = GM.
Secondassumehatthefield is static,sothato? = R? — ¢? t2 ~ R?. In theapproximationijt does
notdependntime.

Newtonianspacetimas differentfrom Minkowski spacetimdecauséhe speedf light is infinite.
Spacetimesymmetrymustbe broken.A questionarisesabouthowto do thisin aformal mathemati
cal senseThe Minkowski intervaltauis aconsequencef therelationshipbetweertimet and
spaceR. Thefunctionalrelationshipbetweertime andspacemustbe severedBy the staticfield
approximationthereis adistanceR whichis the samemagnitudeastheintervaltau.If theinterval
tauis replacedvy the scalardistancer, thenthatwill severthefunctionalrelationshipbetween
time andspace:

ot OR . c Ot OR
ot’ CcOort O | R|" 0 |R|

= (01 R)

Plugthesethreeassumptiongto forceequation:
GMm
r N

This is not quite Newton’sgravitationalforce law. Thereasons thatonemustconsidertheleft—
handsideof theforceequationcarefully. Accordingto thechainrule:

omW oW om
BT E i =

An openquestionis how shouldspacetimeymmetrybe brokenfor the derivativeswith respecto
theintervaltau?An intervalis composeaf bothchangesn time andspaceFortheacceleration
term,if theintervalis only abouttime, thenonegetsbackNewtonianaccelerationForlogical
consistencypnemight betemptedo alsosubstitutdime in thedm/dtauterm.However thesys
temis presumedo be static,sothiswould necessarilype zero.If thisderivativeis to haveany

- (o
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chanceatbeingnon-zerojt would haveto bewith respecto theabsolutevalueof R ashasbeen
doneearlierin thederivation.Sothe classicaforcelaw shouldlook like so:

@2R+C 6R om ~ GMm
ot 2 ot 8 |R| R

m (R+\7)

Thisis Newton’slaw of gravity working alonga newdirection,thatfor thevelocity vector.This
new effectwill necessarilype smalldueto theconstant in theterm.

For apointsourcethedm/d|R[termwill notmakea contribution,andonegetsNewton’slaw of
gravity. It is only if theinertialmasss distributedoverspacdike for the big bangor galaxieswill
thetermcomeinto play. If thevelocity is constantthentheaccelerations zero.Theequation
describeghedistributionof theinertial massm thatmakesup thetotal gravitationalsourcemass
M. Thesolutionto theforceequationwvhenthereis no accelerations a stableexponential Big
bangcosmologyhastwo problemsall matteris travelingat exactlythe samespeedeventhoughit
IS not possiblefor themto communicatéthe horizonproblem),andthe modelrequirehigh levels
of precisiononinitial conditionsto avoidcollapse(theflatnessproblem).[A. H. Guth,Phys.Rev.
D., 23:347-356,1981] Theforceequatiorhasa stable constantelocity solutionwhich may
resolveboth problemsof the big bangwithouttheinflation hypothesisTheiris alsoa problemwith
therotationprofile of thin disk galaxies.[SM. Kent, Astron.J.,91:1301-13271986;S. M. Kent,
Astron.J.,93:816-832,1987] Oncethe maximumvelocity is reachedthe velocity staysconstant.
It hasbeenshownthatgalaxiesshouldnot be stableatall.[A. Toomre Astrophys.J.,139:1217,
1964]Both problemsmayagainberesolvedwith stableconstantelocity solutions Numerical
approachesn the aboveequationshouldbe conducted.

m A Metric Equation

Theweakgravitationalforce equationis two second—-ordedifferentialequationsThe equationcan
be simplified to a setof first-orderdifferentialequationgy substituting(U”0, U) = (c dt/dtau,
dR/dtau)

o] Kk
W‘TZUO‘O
oU k
E*?ZUZO

The solutioninvolvesexponentials:
k k
U= (ve ©, Ver)

For flat spacetimeU”mu = (v, V). Theconstrainon relativisticvelocitiesin flat spacetimes:

2 4t 2 APR2
gy, = AT AR o2yl
dc
Solvefor the constantsandplug backinto the constraintmultiplying throughby dtau”2.
2
2 2k 2 2 k dR
dt =e T dt -e" C—2

Make the sametwo assumptionasbefore:the springconstants dueto the gravitationalsourcek
= GM/c"2,andthefield is static,sor? = R? /¢ — t> ~ R? /¢?. Thereis onemoredegreeof free-
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dom, becausé¢heradiusR couldeitherbe positiveor negative.To makethe metricconsistentvith
experimentchoosehe negativeroot:

de?2 = e 2 @r dt 2 - e2 @k dR2

This equatiorhastheform of ametricequation Performa Taylor seriesexpansiorto seconcorder
in GM/c"2R:

dc? =

GM GM 2 GM GM 2
1-2 55 +2 (g |7 (142 Fn+2(5g) | dR

If onecompareshis metricto the Schwarzschilametricin isotropiccoordinateso parameterized
post—Newtoniaraccuracythe coefficientsareidentical.For thatreasonthis metricis consistent
with all experimentatestsweakfield testsof generarelativity. [C. M. Will, "Theoryandexperi
mentin gravitationalphysics:Revisededition”, CambridgdJniversity Press;1993.]

For higherordertermsof the Taylor seriesexpansionthetwo metricwill predictdifferentcoeffi
cients.Thevalidity of this proposakanthusbetestedexperimentallylt will requirea greatdealof
effort andskill to conductsuchexperimentssincemanyphysicalphenomenavill haveto be
accountedor (anexamplethe quadrupolenomentof the Sunfor solartests).Accordingto per
sonalcommunicatiorwith Prof. Clifford Will — aleadingauthorityin experimentatestsof gravity
theories— no experimentarebeingplannedo monitorsecondrderPPNcoefficientsat thistime.

m Conclusion

Usinganineteentrcenturyapproachaneffort to unify physicsfrom the twentiethcenturyhasbeen
attemptedThedescriptionof geodesicdy generarelativity is not completebecausét doesnot
explicitly showhow the potentialsourcecausesurvature A dynamicmetricequations foundbut
it usesasimplersetof field equationgarankonetensorinsteadof two). In the standardnodelas
elsewherecombiningtwo 4—-vectorgequiresa metric. By normalizingthe 4—vectorsthe unitary
aspecbf thestandardnodelcanbeself-evident.

This theorymakeshreetestablepredictionsiwo subtle,onenot. First, the polarity of gravitational
waveswill bescalaror longitudinal,nottransversaspredictedoy generarelativity. Secondif
gravitationeffectsaremeasuredo secondaryparameterizegost—Newtoniaraccuracythe coeffi
cientsfor themetricderivedherearedifferentfrom the Schwarzschilametricin isotropiccoordk
nates.Suchanexperimentvill be quitedifficult to do. Thethird testis to seeif the completerelativ
istic forceequatiormatchesll the datafor athin spiralgalaxy.lt is this testwhich shouldbe
investigatedirst.
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Einstein’s Vision I: Classical Unified Field Equations

m Abstract

The equationgjoverninggravity andelectromagnetisrashowboth profoundsimilaritiesandunam
biguousdifferences.Albert Einsteinworkedto unify gravity andelectromagnetisnmainly by
trying to generalizeRiemanniargeometry. Hamilton’squaternionarea 4—dimensionatopologk
cal algebraidield relatedto therealandcomplexnumbersequippedwith a staticEuclideard—-ba
sis. Riemanniamquaternionasdefinedhereinexplicitly allow for dynamicchangesn thebasis
vectors. Theequivalenceprinciple of generakelativity which appliesonly to masss generalized
becausdor any Riemanniarguaterniordifferentialequationthe chainrule meansa changecould
be causedy the potentialand/orthe basisvectors. The Maxwell equationsaregeneratedising
guaterniorpotentialsandoperators.Unfortunately thealgebras complicated. The unified force
field proposeds modeledon a simplificationof the electromagnetifield strengthtensor being
formedby a quaterniordifferentialoperatoractingon a potential,Box* A*. Thisgeneratean
even,antisymmetric—matrifield strengthquaterniorfor electricityandanodd,antisymmetric—ma
trix field strengthquaterniorfor magnetismyherethe evenfield conserveds signif the orderof
the differentialandthe potentialarereversedinlike theoddfield. Gaugesymmetryis brokenfor
massiveparticlesby the even,symmetric—-matrixerm,whichis interpretedasbeingdueto gravity.
In tensoranalysisa differentialoperatoractingon thefield strengthtensorcreateshe Maxwell
equations.Theunifiedfield equationdor anisolatedsourcearegeneratedby actingon the unified
forcefield with anadditionaldifferentialoperatorBox* Box* A* = 4 pi J*. Thiscontainsaquater
nion representationf the Maxwell equationsa classicalink to thequantumAharonov-Bohm
effect,anddynamicfield equationgor gravity. Vacuumandzeronetcurrentsolutionsto the
unified field equationsarediscussed.Thefield equationsonservebothelectricchargedensityand
massdensity. Undera Lorentztransformationthe gravitationalandelectromagnetiéelds are
LorentzinvariantandLorentzcovariantrespectivelyput thereareresidualtermswhosemeanings
not clearpresently. An additionalconstrainis requiredfor gaugetransformationef a massive
field. (PACS:12.10.—g)

m Einstein’s Vision Using Quaternions

Threeof thefour knownforcesin physicshavebeenunified via the standardnodel:the electromag
netic,theweak,andthe strongforces. The holdoutremainsggravity, thefirst force characterized
mathematicallyoy IsaacNewton. The parallelsbetweergravity andelectromagnetisrareevident.
Newton’slaw of gravity andCoulomb’slaw areinversesquardaws. Both forcescanbeattractive,
but Coulomb’slaw canalsobearepulsiveforce. A long-standinggoal of modernphysicsis to
explainthesimilaritiesanddifferencesetweergravity andelectromagnetism.

Albert Einsteinhada specificideafor how to formulateanacceptablenified field theory(seeFig.
1, takenfrom A. Pais,"Subtleis the Lord..." thescienceandlife of Albert Einstein”,ClaredonPres,
1982).
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Oneunusuakspecof Einstein’sview wasthathe believedthe unified field would leadto anew
foundationfor quantummechanicsanideawhich is not sharedy mostof today’sthinkers(S.
Weinberg,"Dreamsof afinal theory,"PantheorBooks,New York, 1992). Mostof Einstein’s
effortsover40yearsweredirectedin a searchto generalizeRiemanniardifferentialgeometryin
four dimensions.

To adegreewhich haspleasantlysurprisedhe author,Einstein’svision to unify gravity andelectre
magnetisimhasbeenfollowed. Theconstructiorof anew4-dimensionageometryis dictatedby
insightsgarneredrom physics. Eventsin spacetimearecomposeadf a scalarfor time anda 3-vec
tor for space.Thefour—dimensionatopologicalalgebraidield of quaterniondiasthe samestruc
ture,soquaternionsvill bethestartingpoint of this effort.

Laws of physicsareexpresseth a coordinate—independeniay. The sumor differenceof two
guaternionganonly bedefinedif thetwo quaternionsn questionsharethe same4—basis.Rieman
nian quaternionsnakecoordinate—independenegplicit. In specialrelativity, regionsin space
time aredelimitedby thelight cone ,wherethe netchangen 3—spacas equalto thenetchangan
time. Theparity betweerchangesn 3—spacendtimeis constructednto the definition of a Rie-
mannianquaternion.In generakelativity, thefield equationsnakethe metricadynamicvariable.
The basisvectorsof Riemanniamquaterniong€anbe dynamic,sothe metriccanbedynamic. The
dynamicnatureof the basisvectorsleadsto the generakquivalencerinciple,wherebyanylaw,
eventhosein electromagnetisntcanbetheresultof achangen referencdrame.

Physicallawsaretheresultof simpleRiemanniarquaterniordifferentialequations.First—-order
Riemanniamuaterniordifferentialequationsreateforcefields for gravity, electricity,andmagne
tism. Second-ordedifferentialequationsreatedynamicfield equationdor gravity, the Maxwell
equationdor electromagnetisnanda classicakcounterparto the Aharanov-Bohneffectof quan
tum mechanics.Third—orderdifferentialequationsreateconservatiotaws. Homogeneousolu
tionsto thesecondrderdifferentialequationsrerelatedio gaugesymmetry.

The secondpaperin this seriesof threeinvestigates unified forcelaw, with afocuson a particular
solutionwhich may eliminatethe needfor dark matterto explainthe massdistributionandvelocity
profile for spiralgalaxies. Thethird paperdevelopsanewapproacho quaternioranalysis. The
equationsof thefirst two papersarerecastwith the newdefinition of a quaterniorderivative,
resultingin aquantumunified field andforcetheory.

m Events in Spacetime and Quaternions

An eventin spacetimas consideredy theauthorasthe fundamentaform of informationin phys
ics. Eventshavestructure. Therearefour degree®f freedomdividedinto two dissimilarparts:
timeis ascalarandspacdas a 3-vector. This structureshouldbereflectedin all the mathematics
usedto describepatternof events. Forthis reasonthis paperfocusesexclusivelyon quaternions,
the4-dimensionahumberwherethetermsscalarandvectorwherefirst used.
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Hamilton’s quaternionsalongwith the far betterknow realandcomplexnumberscanbeadded,
subtractedmultiplied, anddivided. Technically thesethreenumbersarethe only finite—dimen
sional,associativetopological,algebraidields, up to anisomorphism(L. S. Pontryagin, Topologk
cal groups" translatedrom the Russiarby EmmalLehmer,PrincetonUniversity Press;1939).
Propertieof thesenumbersaresummarizedn thetablebelowby dimension|jf totally ordered,
andif multiplicationcommutes:

Number Dimensions  Totally Ordered Commutative
Real 1 Yes Yes
Complex 2 No Yes
Quaternions 4 No No

Hamilton’squaterniondiavea Euclideand—basiscomposedf 1,1, j, andk. Therulesof multiplica-
tion wereinspiredby thosefor complexnumbers1/2=1,i"2=j"2=k"2=ijk=—1. Quaternionslso
haveareal4x4 matrix representation:

t -x -y -z

lx t -z y
q<t,X, y’ Z)— y 7 t -X

z -y Xx t

Althoughwrittenin Cartesiarcoordinatesguaternionganbewrittenin anylinearly—independent
4-basisbecausenatrix algebrgprovidesthe necessaryechniquegor changinghebasis. There
fore, like tensorsa quaterniorequationis independendf the choserbasis. Onecouldview quater
nionsastensorgestrictedo a4—-dimensionaalgebraidield. Forthesakeof consistencyall
transformationgrealsoconstrainedo the samedivision algebra. This constrainimight first
appeaittoo restrictivesincefor exampleit eliminatessimplematricesfor row permutations.Since
guaternionsreanalgebraidield, therenecessarilgxistsa combinationof quaternionghat
achievegheactionof a permutation. The needfor consistencyvill overruleconvenience.

Lawsin physicsareindependenof coordinatesystems.To makethe coordinatendependence
explicit, amplitudesandbasisvectorswill be separatedisinga newnotation. Considera quater
nion4-function,A_n=(a_0,a 1,a 2,a_3),andanarbitrary4-basisJhat_n=(ihat_Oihat_1,
ihat_2,ihat_3). In spacetimetheline thatdividescausalityis defineby thelight cone. Onthe
light cone,thetotal changan 3—spaceverthechangen timeis equalto one. Physicsherefore
indicatesparity betweerthetotal 3—vectorandthe scalar insteadof weighingall four equally. A
coordinate—independeRiemanniarquaternionis definedto be A_0 lhat_n=(a_Ghat_0,a_1
ihat_1/3,a 2ihat 2/3,a 3ihat_3/3).

The equivalencegrinciple of generarelativity assertswith experimentso backit up, thatthe
inertial massequalgthe gravitationalmass. An acceleratedeferencdramecanbeindistinguish
ablefrom the effectof amassdensity. No correspondingrincipleappliesto electromagnetism,
which depend®nly ontheelectromagneti@ield tensorbuilt from the potential. With Riemannian
guaternionsthe 4—unitvectordoesnot haveto be static,asillustratedby takingthetime derivative
of thefirst termandusingthechainrule:

dag i o _~ Oap i o
Al g _IO@i0+a0 Al g

Theunit vectorfor time, ihat_0,canchangeoveraninfinitely smallamountof time,i_0. Any
changen a quaterniorpotentialfunctioncould be dueto contributionsfrom a changean potential,
theihat_Oda_0/di_Qterm,and/orachangen thebasisthea_ Odihat_0/di_Oterm. Is this mathema
ical propertyrelatedto physics?ZConsiderGausslaw written with Riemanniargquaternions:
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in OE, inEy 0in _ B
S T I =470, n=1, 2, 3

Thedivergenceof theelectricfield mightequalthe source pr equivalently thedivergenceof the
basisvectors. The"generalequivalencerinciple” asdefinedheremeanghatany measurement
canbedueto achangen the potentialand/ora changdan the basisvectors. Thegenerakequiva
lenceprincipleis applicableto bothgravity andelectromagnetism.

m Metrics and Quaternion Products

Thetheoriesof specialandgenerakelativity dictatethe distancebetweereventsin spacetime.
Althoughfundamentallydifferentin their mathematicastructurejnertiais alink betweerthetwo.
Specialrelativity dictateghe transformationrulesfor observersvho changeheirinertia,assuming
the systemobservedloesnot change. Thefield equation®f generakelativity detailthe changesn
distancedueto a systemchangingts inertiafrom the vacuumto a non—zercenergydensity. A
guaterniorproductnecessarilgontainanformationaboutthe metric,but alsohasinformationin
the 3—-vector. Thisadditionalinformationaboutquaterniomproductswill suggesa provocative
link betweermmetricsandinertiaconsistentvith bothspecialandgenerarelativity.

Most structuresn Naturedo not transformlike a scalaranda 3—vector. Quaterniorproducts
multiply two 4-basisvectors,andthoseproductswill transformdifferently. Therulesof quater
nion multiplicationmirror thoseof complexnumbers.Insteadof theimaginarynumber, thereis a
unit 3—vectorfor eachquaterniorplayingananalogousole. Thedifferenceis thatunit 3—vectors
do notall haveto pointin thesamedirection. Basedon the anglebetweerthem,two differentunit
3-vectorshavebothadotandcrossproduct. Thedotandcrossproductscompletelycharacterize
therelationshipbetweerthetwo unit vectors. Comparehe productof multiplying two complex
numberga, bi) and(c, di):

(a, bi) (c, di) = (ac -bd, ad + bc),
with two quaternions(a, B T) and(c,DT),
(a, Bl') (¢, DI'") = (ac -BDI' - I'", aDl'" +Bc [l +BDI xI'")

Complexnumberscommutebecaus¢heydo not havea crossproductin theresult. If theorderof
guaterniommultiplicationis reversedthenonly the crossproductwould changets sign. Quater
nion multiplicationdoesnot commutedueto the behaviorof the crossproduct. If thecrossproduct
is zero,thenquaterniormultiplicationhasall of the propertiesof complexnumbers.If, onthe
otherhand,theonly valueof a quaterniomproductis equalto the crossproduct,thenmultiplication
is anti-commutative Individually, the mathematicapropertiesof commutingandanti—-commut
ing algebrasarewell known. A quaterniorproductis the superpositiorof thesetwo typesof
algebraghatformsadivisionalgebra.

Severaktepsarerequiredto squareof thedifferenceof two Riemanniargquaterniongo form a
measuref distance.First, the basisof thetwo quaternionsnustbe shared.It makesno sensdo
subtractsomethingn sphericakoordinategrom somethingn Cartesiarcoordinates.Thebasis
doesnot haveto be constantpnly shared.Everyquaterniorcommuteswith itself, sothe cross
productis zero. Therearesevenuniquepairsof basisvectorsin asquare:

2 2
dag I/\o, dA, r?n) = 2 rg

I/\0 rn

o~ 2
dao l o —dAn 3

y 2 dao dAn
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The signswerechoserto be consistentvith Hamilton’squaternioralgebra. Thefour squarebasis
vectorsi_mu”~2definethemetric. If thebasisvectorsarenot constantthenthe metricis dynamic.
Definea"3-rope"to bethethreeotherterms,which havetheformi_01_n. Noticethatthe3-rope
startsin onetime-spacédocationandwill havea non-zerdengthif it endsup atadifferentloca
tion andtime. With quaterniorproductsthe 3—ropeis a naturalcompaniorto a metricfor informa
tion aboutdistance.

In specialrelativity, if theinertiaof the observeibut notthe systemis changedthe metricis invari-
ant. The3-ropeis covariantbecausd is knownhowit changes.A complementarjnypothesigo
theinvariantmetric of specialrelativity would proposeheif theinertiaof the systembut notthe
observeiis changedthereexistsa choiceof basisvectorssuchthatthe 3—ropeis invariantbut the
metricchangesn aknownway. This couldbewrittenin algebraicallyusingthefollowing rule:

(o = —%, [Toln|=1

[

If themagnitudeof thetime and3—-spacdasisvectorsareinverselyrelatedthe magnitudeof the
productof thetime basisvectorwith each3—-spacdasisvectorwill beconstanevenif thebasis
vectorsthemselvesredynamic. This hypothesisassertshereexistssucha basis but thatparticu
lar basisdoesnot haveto beused.

Hamiltonhadthe freedomto usetherule foundin theaboveequationput madethe moreobvious
choiceof i_0"2=-1_n"2. Theexistenceof a basiswherethe 3-ropeis constantlespitea change
in theinertiaof the systemwill haveto betreatedasprovisionalin this paper. In thesecondoaper
of this seriesametricwith this propertywill befoundanddiscussed.

m Physically Relevant Differential Equations

Is therearationalway to construciphysicallyrelevantquaterniorequationsThe methodusedhere
will beto mimic thetensorequationf electromagnetismTheelectromagnetifield strength
tensoris formedby a differentialoperatoractingon a potential. The Maxwell equationsare
formedby actingon thefield with anotherifferentialoperator. The Lorentz4—torceis createdy
the productof a electricchargetheelectromagnetifield strengthtensor,anda 4-velocity. This
patternwill berepeatedtartingfrom anasymmetridield to createthe samefield andforceequa
tionsusingquaterniordifferentialsandpotentials. The challengen this exercisas in theinterpreta
tion, to seehow everytermconnectgo establishedawsof physics.

As afirst stepto constructingdifferentialequationsexaminehow the differentialoperator(d/dt,
Del) actson a potentialfunction(phi, A):

o (o o 6A L . .
(—@—t—’ V) (d), A)—(W—V.A, W+V¢+VXA

For the sakeof clarity, the notationintroducedfor Riemannquaternionfiasbeensuppresssothe
readelis encouragedb recognizehattherearealsoa parallelsetof termsfor changesn the basis
vectors. Thepreviousequationis a completeassessmemf the changen the4-dimensional
potential/basisinvolving two time derivativesthe divergencethe gradientandthecurl all in one.
A unifiedfield theoryshouldaccountior all conceivabldormsof changen a4-dimensional
potential/basisasis the casehere.

Quaternioroperatorsandpotentialshavenot beenusedto expresghe Maxwell equations.The
reasorcanbefoundin the previousequationwherethe signof thedivergenceof A is oppositeof
thecurl of A. In the Maxwell equationsthedivergenceandthe curl involving theelectricand
magnetidfield areall positive. Many others evenin Maxwell’s time, haveusedcomplex—valued
guaterniongor thetaskbecauséhe extraimaginarynumbercanbe usedto getthe signscorrect.
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However,complex—-valuedjuaternionsrenotanalgebraidield. Thenorm,t"2+x"2+y"2+z"2,
for anon-zeraquaterniorcouldequalzeroif thevaluesof t, x, y, andz werecomplex. This paper
involvesthe constrainof working exclusivelywith 4-dimensionablgebraidields. Thereforeno
matterhow salutarythe work with complex—valuedjuaternionsit is notrelevantto this paper.

Thereasorto hopefor unificationusingquaterniong€anbefoundin ananalysisof symmetry
providedby Albert Einstein:

"The physicalworld is representedsa four—dimensionatontinuum. If in this| adopta Rieman
nian metric,andlook for the simplesiawswhich sucha metriccansatisfy,| arriveattherelativis
tic gravitationtheoryof emptyspace.If | adoptin this spacea vectorfield, or theantisymmetric
tensorfield derivedfrom it, andif | look for the simplesiawswhich suchafield cansatisfy,l
arrive atthe Maxwell equationdor freespace.’[einstein1934]

The"four—-dimensionatontinuum"couldbeviewedasa technicalconstraininvolving topology.
Fortunately quaternionglo haveatopologicalstructuresincetheyhavea norm. Natureis asymmei
ric, containingbotha symmetricmetricfor gravity andanantisymmetridensorfor electromagne
tism. With thisin mind, rewriteoutthereal4x4 matrix representationf a quaternion:

t 0 0 O 0O -x -y -z

(0t 00 x 0 -z vy

At X ¥ 2)=1g 0+t 0| |y z 0 -x
O O 0t z -y x O

The scalarcomponentt in representatioabove)canberepresentetly a symmetric4x4 matrix,
invariantundertranspositiorandconjugation(thesearethe sameoperationgor quaternions).The
3-vectorcomponen(X, y andz in therepresentatioabove)is off-diagonalandcanberepresentec
by anantisymmetricix4 matrix, becauséakingthetransposevill flip the signsof the 3—vector.
Quaternionsareasymmetridn their matrix representatiorg propertywhichis critical to using
themfor unifying gravity andelectromagnetism.

m Recreating the Maxwell Equations

Maxwell speculatedhathis setof equationsnight be expresseavith quaternionsomedayJ. C.

Maxwell, "Treatiseon Electricity andMagnetism,"Doverreprint,third edition,1954). Thediver
gencegradientandcurl wereinitially developedy Hamiltonduringhis investigationof quater

nions. Forthe sakeof logical consistencyany systemof differentialequationssuchasthe Max-

well equationsthatdepend®n thesetools musthavea quaterniorrepresentation.

The Maxwell equationsaregaugeinvariant. How canthis propertybe built into aquaternion
expressionTonsideracommongaugesuchasthe Lorenzgauge dphi/dt+ div A = 0. In quater
nion parlancethisis aquaternion—scaldormedfrom a differentialquaternioractingon a poten
tial. To beinvariantunderanarbitrarygaugetransformationthe quaternion—scalanustbe setto
zero. This canbedonewith thevectoroperator(q—q*)/2. Searchifor acombinationof quaternion
operatorsandpotentialghatgeneratehe Maxwell equations:

(0* Vector (o*A*) -oVector (O0A))”




= (0, 413).

Thisis Ampere’slaw andthe no monopolesectoridentity (assuminga simply—connectetbpot
ogy). Any choiceof gaugewill not makea contributiondueto thevectoroperator. If thevector
operatoiwasnot used thenthe gradientof the symmetric—matriXorcefield would belinked to the
electromagnetisourceequation Ampere’slaw.

Generatahe othertwo Maxwell equations:

- (oVector (o* A*) +o*Vector (oA))”*

>
_ (v.(_g_f_w), %ﬁ\vx(_g_f‘_m)) _
:(v.E, 98 .9 xE| -

- (47p, O).

Thisis Gauss'andFaraday’daw. Again,if thevectoroperatothadnotbeenusedthetime deriva
tive of thesymmetric—-matriXorcefield would be associateavith the electromagnetisource
equationGausslaw. To specifythe Maxwell equationsompletely two quaterniorequationsare
requiredjustlike the4—vectorapproach.

Although successfulthe quaterniorexpressions unappealingor reason®f simplicity, consis
tencyandcompletenessA complicatedcollectionof sumsor differenceof differentialoperators
actingon potentials- alongwith their conjugates- is required. Thereis no obviousreasorthis
combinationof termsshouldbe centralto the natureof light. Onemotivationfor thesearchor a
unified potentialfield involvessimplifying the aboveexpressions.

Whena quaterniordifferentialactson a function,the divergencealwayshasa signoppositethe
curl. Theoppositesituationappliesto the Maxwell equations.Of coursethe signsof the Maxwell
equationgannotbe changed.However it maybeworth the effort to exploreequationswith sign
conventiongonsistentvith the quaternioralgebrawherethe operatorgor divergenceandcurl
wereconceived.

Informationaboutthe changen the potentialis explicitly discardedy the vectoroperator. Justif
cationcomedrom the pleafor gaugesymmetry essentiafor the Maxwell equations.The Max-
well equationsapplyto masslesparticles. Gaugesymmetryis brokenfor massivdields. More
informationaboutthe potentialmight be usedin unificationof electromagnetisiwith gravity. A
gaugeis alsomatrix symmetric,soit could providea completepictureconcerningsymmetry.

m One Unified Force Field from One Potential Field

For masslesgarticles the Maxwell equationsaresufficientto explainclassicabndquantum
electrodynamigphenomenan agauge—-invarianivay. To unify electromagnetisrwith gravity, the
gaugesymmetrymustbe broken,openingthe doorto massiveparticles. Becausef the constraints
iImposedby quaternioralgebrathereis little freedomto choosehe gaugewith a simplequaternion
expression.In the standardapproactho the electromagneti@eld, a differential4—vectoractson a
4-vectorpotentialin suchaway asto createanantisymmetricsecond-rankensor. The unified
field h_;élpothesisproposednvolvesaquaterniordifferentialoperatoractingon aquaternion
potential:
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Thisis anaturalsuggestiowith this algebra. The antisymmetric—-matricomponentf the unified
field hasthe sameelementsasthe standaralectromagneti@eld tensor. Definetheelectricfield E
astheeventerms,theonesthatwill notchangesignsif the orderof thedifferentialoperatorandthe
potentialarereversed.Themagnetidield B is thecurl of A, theoddterm. Thejustificationfor
proposingthe unified forcefield hypothesigestson the presencef the electricandmagnetidields.

In someways,theaboveequationooksjustlike the old ideaof combininga scalargaugefield
with the electromagneti@ield strengthtensor,asGuptadid in 1950in orderto quantizethe Max-
well equations.He concludedhatalthoughusefulbecausé is writtenin manifestlyrelativistic
form, no newresultsbeyondthe Maxwell equationareobtained. Examinejustthe gaugecontribu
tion to the Lagrangiarfor this unifiedfield:

1 /690 1 8Ac 1 oAy 1 oA \°

L=-3 15t "3 ax 3 9y ' 3 oz

Takethederivativeof the Lagrangiarnwith respecto the gaugevariables:

9k -0
@axu

By Noether’stheoremthis conserveaurrentindicatesa symmetryof the Lagrangian.This is why
the proposalinvolvesnewphysics. The gauges a dynamicvariableconstrainedy the
Lagrangian.

A guaterniompotentialfunctionhasfour degree®f freedomrepresentetly the scalarfunctionphi
andthe 3—-vectorfunctionA. Acting onthiswith one[ormore]differentialoperatorgloesnot
changethedegree®f freedom. Insteadthetangenispace®f the potentialwill offer moresubtle
viewsontherulesfor how potentialschange.

Thethreeclassicaforcefields, g, E, andB, dependnthe samequaterniompotential,sothereare
only four degree®f freedom. With sevencomponentso thethreeclassicaforcefields, theremust
be threeconstraintdbetweerthefields. Two constraintsarealreadyfamiliar. Theelectricand
magneticfield form a vectoridentity via Faraday’daw. Assumingspacetimes simply connected,
theno monopolesequations anotherdentity. A newconstraintarisesbhecausdoththeforce
fields for gravity andelectricityareeven. It will be shownsubsequentiyiow the evenforcefields
canpartially constructivelyor destructivelyinterferewith eachother.

m Unified Field Equations

In the standardapproachio generatinghe Maxwell equationsa differentialoperatoractson the
electromagneti@ield strengthtensor. A unifiedfield hypothesidor anisolatedsources proposed
which involvesa differentialquaternioroperatoractingon the unified field:

4x (o, 3 = [ v)* (. v)* (0, A)" =

[ 2
_ [@ ¢ _26.2—;\_@.@%@. (9 xA),

ot 2 t
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This secondordersetof four partialdifferentialequationshasfour unknownssothisis acomplete

setof field equations.Rewritethe equationsabovein termsof the classicaforcefields:

47 (o, I = (@—9 +9.E+ T.B,
ot
~ oE oB o~
Y —— - VXB+ ==~ - VxE|.
ST 5t
Theunifiedfield equationgontainthreeof the four Maxwell equationsexplicitly: Gausslaw, the
no magnetianonopolesaw, andAmpere’slaw. Faraday'daw is avectoridentity, soit is still true
implicitly. Thereforeasubsebf theunifiedfield equationsontainsa quaterniorrepresentationf
the Maxwell equations.The presencef the Maxwell equationgustifiestheinvestigationof the
unified field equations.

Thereis asimplerelationshipbetweerFaraday’daw andthe equationabove. All thatneedgo be
doneis to subtractwice thetime derivativeof the magnetidield from both sides. Whatdoesthis
do to the4-vectorcurrentdensityJ?Now thereis a currentthattransformdike a pseudo—current
density.Theinclusionof a pseudo—currerdglongwith a currentmakingthe proposaimorecom
plete. Thevolumeintegralof this pseudo—currerdensityis thetotal magnetidlux:

oB e
kJJJWdV:R@B

Theunifiedfield equationpostulates pseudd-vectorcurrentcomposeaf the difference
betweerthetime derivativeof the magnetidield andthe curl of theelectricfield. The Aharonov—
Bohmeffect(Y AharonovandD. Bohm,"Significanceof electromagnetipotentialsn thequan
tumtheory,"Phys.Rev,115:485-4911959)depend®n thetotal magnetidlux to createchanges
seenin theenergyspectrum.Thevolumeintegralof thetime derivativeof the magnetidield is a
measuref thetotal magnetidlux. Thepseudo—currerdensityis quite unusualtransforming
differently underspacanversionthantheelectriccurrentdensity. Onemightimaginethata
Lorentztransformatiorwould shift this pseudo—currerdensityinto a pseudo—chargédensity. This
doesnot happermowever becausehevectoridentity involving the divergenceof a curl still
applies. The Aharonov-Bohnphenomenorijrst viewedasa purely quantumeffect,mayhavea
classicalanaloguen theunified field equations.

Thefield equationsnvolving the gravitationalforcefield aredynamicanddependn four dimen
sions. Thismakeshemlikely to be consistentvith specialrelativity. Sincetheyaregenerated
alongsidehe Maxwell equationspnecanreasonablgxpectthe differentialequationswill share
manypropertieswith the onesinvolving the symmetric—matrixgravitationalforcefield being
moresymmetricthanthoseof the electromagneticounterpart.

The unified sourcecanbe definedin termsof morefamiliar chargeandcurrentdensitiedy sepa
rately settingthe gravity or electromagnetitield equalto zero. In thesecasesthe sources due
only to electricityor massrespectively.This leadsto connectiondetweerthe unified source,
massandcharge:

J=Jn iff E=B=0
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J:Je-l-jAB iff g:0

It would beincorrect- butalmosttrue - to saythatthe unified chargeandcurrentaresimply the
sumof thethree:massglectriccharge andthe Aharanov-Bohnpseudo-curren{pr total magnetic
flux overthevolume). Thesetermsconstructivelyinterferewith eachother,sotheymaynotbe
viewedasbeinglinearly independent.

Up to four linearly independentinified field equationcanbeformulated. A differentsetcouldbe
createdby usingthedifferentialoperatomwithout takingits conjugate:

4 7)* =oo* A" =

_ (gztf 496 -T - (T xA), —gztf V' A-UxT¢
_ (6_?_75_ v. B,

vg+@_F+ vxs+@_:3+ IXE|.

This is anelliptic equation. Sincethe goal of thiswork is a completesystemof field equationsthis
may turn outto beanadvantage An elliptic equationcombinedwith a hyperboliconemight more
fully describegravitationalandelectromagnetigvavesfrom sources.Unlike thefirst setof field
equationsthe crosstermsdestructivelyinterferewith eachother.

Theelliptic field equationagaincontainghreeof four Maxwell equationsexplicitly:Gausslaw,
the no magnetiomonopoles/ectoridentity andFaraday’daw. Thistime, Ampere’slaw looks
different. To beconsistentvith Ampere’slaw, againa pseudo—currennustbeincluded. This
may bethedifferentialform of a classicalAharonov-Bohneffect.

Theonly termthatdoesnot changebetweerthetwo field equationss theoneinvolving the
dynamicgravitationaforce. Thismightbea cluefor why thisforceis only attractive.

m Solutions to the Unified Field Equations

All thesolutionsthathavebeenworkedout for the Maxwell equationswill work with the unified
field equations.Forexamplejf the potentialis static,the scalarequationfor hyperbolicfield
equationis the Poissorequation. The unified equationsaremoreinformative,sinceany potential
which is a solutionto the scalarPoissorequatiorwill alsocharacterizéhe correspondingurrent.

Thefield equation®f generakelativity andthe Maxwell equation$oth havevacuumsolutions,
suchasplanewavesolutions.Theunifiedfield equationslo nothavesucha solution,otherthana
constant.Givenhistoricaltradition,this may seemlike a deadlyflaw. However,it maybesome
thing thatis requiredfor afinal andcompletetheory. In aunifiedfield theory,the gravitational
parlt maybezerowhile the electricalpartis not, andvisaversa. Non-zerosolutionsareworth
exploring

An inversesquarepotentialplaysanimportantrole in bothgravity andelectromagnetisnExamine
the scalarfield involving theinverseintervalsquared:

2 2 2 2
- - 21 i 2’0):(4(3t +X% +y +23>,(j
- X —y -Z (t2_x2_y2_22>
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This potentialsolvesthe Maxwell equationsn the Lorentzgauge:

1
2
Stz oxzoyz oz 0)=0

The non-zergpartmay haveeverythingto do with gravity.

A planewavesolutiondoesexist,but notfor a purevacuum.nsteada planewavesolutionexists
with the constrairthatthe netcurrentis zerofor theelliptical field equations

Thefield equation®f generarelativity andthe Maxwell equation$othhavevacuumsolutions. A
vacuumsolutionfor the unifiedfield equationis apparentor theelliptical field equations:

A - (CDO eK~R—wt , AO eK-R—wt )

Theunifiedfield equationwill evaluateo zeroif
2
Scalar ((ﬂ K) ) -0
C

Thedispersiorrelationis aninverteddistancesoit will dependonthe metric. The samepotential
canalsosolvethe hyperbolicfield equationsinderdifferentconstraintandresultingdispersion
equation(notshown). Thereweretwo reasongor notincludingthe customarymaginarynumber
"I in theexponentiabf the potential. First, it wasnotnecessarySecondijt would havecreatech
complex—valuedjuaternionandtherefores outsidethe domainof my work. Theimportantthing
to realizeis thatvacuumsolutionsto the unified field equationexistwhosedispersiorequations
de_pencbnlthe metric. Thisis anindicationthatunifying gravity andelectromagnetisris anappre
priategoal.

m Conservation Laws

Conservatiorof electriccharges implicit in the Maxwell equations.ls therealsoa conserved
quantityfor the gravitationalfield? Examinehow the differentialoperatoractson the unified field
equation:

2 2
0“9 @B+ﬁZB

2
572 @E+?2E+

oo* o* At = +V - VQ, 512 512

Noticethatthe gravitationalforcefield only appearsn the quaterniorscalar. Theelectromagnetic
fields only appeain the 3—vector. This generateswo typesof constraint©n thesources.No
changan theelectricsourceappliesto thequaterniorscalar. No changen the gravitationalsource
appliesto the 3-vector.

Scalar (oJe*) = %‘;e +V -Je =0

Scalar (DJAB*> =V - jAB* =0

83 . _
c’)tm +Vom-VxIm=0

Thefirst equations knownasthe continuityequationandis thereasorthatelectricchargeis
conserved.Foradifferentinertial observerthiswill appeamlasa conservatiorof electriccurrent

Vector (odpy") = -
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density. Thereis no sourcetermfor the Aharanov—-Bohnturrent,andsubsequentiyo conserva
tion law. The 3-vectorequationis aconstrainion the masscurrentdensity,andis thereasommass
currentdensityis conserved.For a differentinertial observerthe massdensityis conserved.

m Transformations of the Unified Force Field

Thetransformatiorpropertiesof the unified field promiseto be moreintricatethaneithergravity or
electromagnetisreeparately. Whatmight be expectedo happerundera Lorentztransformation?
Gravity involvesmassghatis Lorentzinvariant,sothefield thatgenerate# shouldbe Lorentz
invariant. Theelectromagnetifield is Lorentzcovariant. However,a transformatiorcannotdo
both perfectly. Thereasoris thata Lorentztransformatiormixesa quaterniorscalamwith a 3-vec
tor. If atransformationeft the quaterniorscalarinvariantandthe 3—vectorcovariantthetwo
would effectivelynot mix. Theeffectof unificationmustbe subtle sincethetransformatiorproper
tiesarewell knownexperimentally.

Considera boostalongthe x—axis. Thegravitationalforcefield is Lorentzinvariant. All theterms
requiredto makethe electromagnetiield covariantundera Lorentztransformatiorarepresent,
but covarianceof the electromagnetiields requireshefollowing residualterms:

0 Ay b (y2 - 1) oo

(0" A) Residual = (0, (¥* B -1)

ot ox '’
2B (G ) 2 (G- )

At thistime, the correctinterpretatiorof theresidualtermis unclear. Mostimportantly,it was
shownearlierthatcharges conserved.Thesetermscould be a velocity—dependerhaseactor.
If so,it mightprovideatestfor thetheory.

The mechanic®of the Lorentztransformationtself might requirecarefulre—examinationvhenso
strictly confinedto quaternioralgebra. For a boostalongthe x—axis,if only thedifferentialtransfor
mationis in theoppositedirection,thenthe electromagnetiéield is Lorentzcovariantwith the
residualtermresidingwith the gravitationalfield. The meaningof this observations evenless
clear. Only relativelyrecentlyhasDelLeobeenableto representhe Lorentzgroupusingreal
guaterniongS. De Leo, "Quaternionsandspecialrelativity,” J. Math. Phys.,37(6):2955-2968,
1996). Thedelayappear®ddsincetheintervalof specialrelativity is the scalarof the squareof
the differencebetweenwo events. In thereal4x4 matrix representatiortheintervalis a quarterof
thetraceof thesquare.Therefore any matrix with atraceof onethatdoesnot distortthelengthof
the scalarand3-vectorcanmultiply a quaterniorwithout effectingtheinterval. Onesuchclassis
3—-dimensionalspatialrotations. An operatothataddsnothingto thetracebut distortsthelengths
of the scalarand3—-vectorwith the constrainthatthe differencein lengthsis constaniill also
suffice. Theseareboostsn aninertial referencdrame. Boostsplusrotationsform theLorentz

group.

Threetypesof gaugetransformationsvill beinvestigateda scalara 3—-vector,anda quaternion
gaugefield. Consideranarbitraryscalarfield transformatiorof the potential:

AsA =A-o

The electromagneti@ields areinvariantunderthis transformation.An additionalconstrainon the

gaugefield is requiredto leavethe gravitationalforcefield invariant,namelythatthe scalargauge

field solvesa homogeneouslliptical equation. Fromthe perspectivef this proposalthefreedom

]Eo chc]zp?ceia scalargaugefield for the Maxwell equationss dueto the omissionof thegravitational
orcefield.

Transformthe potentialwith anarbitrary3—-vectorfield:
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AsA =A_o*A.

This time the gravitationalforcefield is invariantundera 3—vectorgaugefield transformation.
Additional constraintsanbe placedon the 3—vectorgaugefield to preservea choserelectromag
neticinvariant. Forexamplejf thedifferencebetweerthetwo electromagneti@ieldsis to remain
invariant,thenthe 3—vectorgaugefield mustbethe solutionto anelliptical equation. Otherclasses
of invariantscouldbe examined.

The scalarand3-vectorgaugefields couldbe combinedo form a quaterniorgaugefield. This
gaugetransformatiorwould havethe sameconstraintsasthoseaboveto leavethefields invariant.
Is thereany suchgaugefield? The quaterniorgaugefield canberepresentethe following way:

AsA =A-0" A

If aforcefield is createdy hitting this gaugetransformatiorwith a differentialoperatorthenthe
gaugefield becomes unifiedfield equation. Sincevacuumsolutionshavebeentoundfor those
equationsa quaterniorgaugetransformatiorcanleavethefield invariant.

m Future Directions

Thefields of gravity andelectromagnetisiwereunified in away consistentvith Einstein’svision,
not histechnique.Theguiding principlesweresimplebut unusualgeneratexpressiongamiliar
from electromagnetisrasingquaternionsstriving to interpretany extratermsasbeingdueto
gravity. Thefirst hypothesisaboutthe unified field involved only a quaterniordifferentialopera
tor actingon a potential,no extratermsaddedby hand. It containedhetypical potentialrepresenta
tion of theelectromagnetitield, alongwith a symmetric—matriXorcefield for gravity. Thesee
ond hypothesisoncerned unified field equationformedby actingon the unified field with one
moredifferentialoperator. All the Maxwell equationsareincludedexplicitly or implicitly. Addi-
tional termssuggestetheinclusionof a classicarepresentationf the Aharanov-Bohneffect.
Fourlinearly independentinified field equationgexist,but only the hyperbolicandelliptic cases
werediscussedA largefamily of vacuumsolutionsexists,andwill requirefutureanalysisto
appreciate.

Why did this approactwork? The hypothesighatinitiatedthis line of researchwasthatall events
in spacetimeould berepresentedy quaternionsno matterhow the eventsweregenerated.This
is abroadhypothesisattemptingto reachall areascoveredoy physics. Basedon theequations
presentedn this paper.alogical structurecanbe constructedstartingfrom eventseefigure
below).A setof eventdormsa patternthatcanbe describedy a potential. Thechangen a poten
tial createsfield. Thechangdn field createsfield equation. Thetermsthatdo not changeunder
differentiationof afield equationform conservatiortaws.
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Einstein’s Vision Il: A Unified Force Equation with Constant Velocity
Solutions

m Abstract

In quantumelectrodynamicgphotonshavefour modesof transmissionat leastmathematically:
two transversenodedor electrodynamicsa longitudinal,anda scalarmode.The probabilitiesof
the lasttwo modescanceleachotherout for aspinl field, butthatdoesnot haveto bethe casefor
afield with spin1 andspin2 particles.Onepotentialsolutionto thefield equationss foundwhich
dependontheinverseof anintervalbetweerntwo eventssquaredTheforcefield createdoy the
potentialis constructedy comparisorwith the classicaNewtoniangravitationalfield. The
Lagrangedensityl = scalar(—(JA*) — 1/2Box* A Box A*) cancontributeto ascalarmode,but
still hasthefield equationf Maxwell with the choiceof the Lorenzgauge A relativisticforce
equationis proposedgreatedyy the productof charge normalizedforcefield, and4-velocity:
dmuU/dtau= kg Box* A/|A| U*. Thesolutionto theforce equationusingtheinversesquaranterval
potentialis found. Eliminatingthe constantgenerates metricequation,

GM

dr? = e2 7 — 7+ dR?/c?, wheretau is alightlike intervalwith almostthe samemagnitudeas
theradiusR of separatioetweersourceandtestmassesk-or aweakgravitationaffield, the
metricwill passhe sametestsasthe Schwarzschilanetricof generakelativity. Thetwo metrics
differ for higherorderterms,which makeshe proposednetricdistinctandtestableexperimen
tally. A constant—velocitgolutionexistsfor the gravitationalforce equationfor a systemwith an
exponentially—decayinghasddistribution. The dark matterhypothesiss not neededo explainthe
constant—-velocityrofilesseenfor somegalaxies Gravity is ametrictheory,electromagnetisris
not. By usingRiemanniarguaternionsvhich canhavedynamicbasisvectors,it becomegossible
to mergemetrictheorywith the linearMaxwell equations.The proposalimayalsohaveimplica
tionsfor classicabig bangtheory.

m An Opportunity for Classical Gravity?

The electrodynamidield canbe quantizedn a manifestlycovariantform by fixing thegauge(K.
Bleuler,Helv. Phys.Acta, 23:567,1950,andS. N. Gupta,"Theoryof longitudinalphotonsn
guantumelectrodynamics'Proc.Phys.Soc.,63:681-691)Thestartingpointis the 4—potential
A”mu. Therearefour modesof transmissiorior photonscorrespondindo thefour degreeof
freedom:two transversegnescalarandonelongitudinal.Guptacalculatedhat"the probability of
the emissionof areallongitudinalphotonis canceledy the’negativeprobability’ of theemission
of acorrespondingcalarphoton.”He notesthatthis doesnot alwayshaveto bethe casefor the
nonhomogeneouglaxwell equationswhichis thefocusof thiswork. A scalamphotonwould not
changesignsundera spaceor time reversal soits symmetryis differentfrom the electric3—-vector
field andthe magnetic3—pseudo-vectdield, andthusdoesnot haveanobviousrole to playin
electrodynamics.

My hypothesiss thatthe scalarandlongitudinalphotonsfor the electromagnetifield constitute
gravity. Thehypothesisnakesseverabpredictionsevenat this preliminarystage First, the mathof
gravity andelectromagnetisrahouldbe similar but notidentical. Theinversesquargorm of New-
ton’s law of gravity wasadirectinspirationfor Coulomb’slaw. Gravity shouldbe moresymmetric
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thanelectromagnetisrhecauseéhe modeis scalar,jnsteadof transverseThe secondankfield
strengthtensorin generakelativity is symmetricwhile theanalogousensorfor the electromagnetic
field is antisymmetricSincethe modeof gravity is orthogonato electromagnetisnthe charges
canbelikewise,sotherewill beno simplerelationshipbetweergravitationalcharge(mass)nd
electriccharge Gravitationalwavesin generakelativity aretransversesothis proposais distinct
from generakelativity. Natureexploitsall the mathavailable soit is unreasonabl& supposehat
scalarandlongitudinalphotonsareneverusedfor anything.Whatevemphenomenorxploitsthe
scalarandlongitudinalphotonsmustbe similar, but justasimportantaselectromagnetisnGravity
Is anaturalcandidate.

m A Gravitational Field Inside Maxwell

Newton’sclassicalgravitationalaw arisefrom a scalarpotential. Hereis the scalarfield equation:
v2 ¢ = 4 nGo

Forthe caseof avacuumwhenrho = 0, thisis knownasthe LaplaceequationForaspherically
symmetricsource pnesolutionis:

GM
X2 +y2 472

The problemwith thefield equationis thatthe Laplaceoperatordoesnot haveatime differential
operator Any changdn the massdensitypropagatesat infinite speedin conflict with special
relativity (MTW, chapter7). Oneway to derivethefield equation®f generarelativity involves
makingNewton’slaw of gravity consistentvith thefinite speedof light.

b= -

A wayto repairthefield equationss to usethe D’Alembertianoperatorwhichis four dimen
sional. Thatexpressiors identicalto the A0 componentf the Maxwell equationswith thechoice
of theLorenzgauge. The sourcesareof coursedifferent. Yet theargumenbeingmadehereis
thattherearedegree®f freedomwhich haveyetto be exploited. Forthetwo degree®f freedom,
we canhavea differentsourceterm, mass:

D2A347T (Jq —Jm>

If oneis studyingscalaror longitudinalmodesthesourceis J_massthe masscurrentdensity. If
oneis working with transversenodesthesources J_charge™mutheelectricchargedensity.
Sincethemodesareorthogonalthe sourcesanbealso.

To beconsistentith the classicscalampotentialyet still berelativistic,the potentialmusthave
x"2,y"2,z"2,andt"2. This suggests particularsolutionto thefield equations:

A= c2t2—x21—y2—22’ O) - (7:1—2 O)

This potentialis interestingfor severakeasonsilt is theinverseof the Lorentz—invariantnterval
squaredLike massthe4—potentialwill notbealteredby achangedn aninertial referencdrame.
Theintervalbetweeranytwo eventswill contributeto the potential.Generakelativity appliesto
anyform of energy,ncludinggravitationalfield energy A potentialthatembracegveryinterval
may havea broadenoughscopeto do thework of gravity.

The potentialalsohasseriousproblems Classicalravity depend®n aninversesquareorcefield,
not aninversesquarepotential. Takingthe derivativeof the potentialputsaforth powerof the
intervalin thedenominatorAt this point, | couldstopandsaythatthis potentialhasnothingto do
with gravity becausdt hasthewrongdependencen distanceAn alternatives to look for an
algebraiowvay to repairthe problem.This is thetype of approachusedby the earlyworkersin



guantummechanicdike de Broglie,andwill beadoptedhere.Theequation®f motioncanbe
normalizedto the magnitudeof the 4—potential:

02 A
| Al

Sincethe magnitudeof the potentialis theinverseintervalsquarediheresultingequationrhasonly
anintervalsquaredn thedenominatorAn intervalis not necessarilyhe sameasthe distanceR
betweerthe sourceandtestmassusedin the classicatheory.However,| canimposea selection
rule thatin theclassicalimit, theonly eventghatcontributeto the potentialarethosethatare
timelike separatetbetweerthe sourceandthetestmassesdlt takesatimelike intervalto know that
the sourcas adistanceR away.Action—at—a—distanceespectshe speedf light asit must.

=4 77 (K charge + GImass)

m Search for the Source Mass

Whereis the sourcemassn the potential ?All thathasbeendiscussedofar is aninterval,adis
tance,nothingaboutmass An ideafrom generakelativity will beborrowed thatmasscanbe
treatedgeometricallyif multiplied by the constant$s/c"2. Thedistancebetweerthe Earthandthe
Sunis approximatelyl.5x10711m, while the Sun’smassexpresseth unitsof distanceGM_-
Sun/c”2,is 1.5x1073m, eightordersof magnitudesmaller.Theoveralllengthof theintervalwill
not be changedoticeablyif the spatialseparatiorandthe Sun’smassexpresse@dsa distanceare
summedHowever theforcefield is the derivativeof the potential,andany changen positionin
spacetimevill havea far greatereffectproportionallyon the smallergeometrionassthanthe
spatialseparationMakethefollowing changeof variables:

. GM

t%t —A+2C—2At

RoR =B+ ——M R
2c2 | B|

whereA andB arelocally constantsuchthattau®2~= A2 — B"2. Thechangeof variabless
valid locally, but not globally, sinceit breaksdownfor arbitrarily long time or distanceaway.
Generakelativity is alsovalid locally andnot globally.

Whatis the physicalinterpretatiorof theinversesquarepotentialandthe abovesubstitution?
Newtonobservedhatmotionin anellipsecouldbe causedy eitheralinearcentralforceor an
inversesquardaw. With theabovesubstitutionthereis alineardisplacemene¢quationinsidean
inversesquarepotential.lt is like a simpleharmonicoscillatorinsidea simpleharmonicoscillator!
This oscillatorworkswith four dimensionsAlthoughit is confusingto confronttheideaof oscilla
tionsin time, thereis no needworry aboutit, sincethe equationsarequite simpleandtheir mathe
maticalconsequencesanbeworkedout. If all thetermswhereincluded,the equationwould be
nonlinear.

Thefield is the derivativeof the potential. To becorrecttechnically,it is the contravarianteriva
tive. Thisrequiresbotha metricandaconnection.In effect,all thework presenteavith quater
nionsuseshe Minkowski metricwith Cartesiarcoordinates.For sucha choiceof metricand
coordinatesthe contravarianterivativeequalshe normalderivative. The derivativeof the poten
tial understudy,anormalizedntervalsquaredvith thelineardisplacemensubstitutionjs
approximately:

1 0 & GM

| %] ot — c2r?
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1 0% GM

| =1 oR c*r?

This shouldlook familiar, rememberinghatemployingthe eventselectiorrule from above the
magnitudeof tau”2 is almostthe sameasR”2, differing only by the geometrianassof the source.

m A Lagrangian for Four Modes

Despiteits formulationusingquaternionsthis unificationproposais strikingly similarto earlier
work. Guptawantedto quantizetheradiationfield usinga form thatwasmanifestlycovariantin
its explicit treatmenbf time andspaceHe fixed the gaugewith this Lagrangedensity:

L=-J'A, - % (0"A)? - % (0" A - 3Y AY) (8,A, -8, A,)

The equation®f motionfor this Lagrangiararethe sameaschoosinghe Lorenzgauge:
0° A = JH

The problemwith theLagrangians thatthefield strengthtensoris antisymmetricDueto thezeros
alongthediagonalit cannotcontributedirectly to a scalatmode.Whatis neededs aLagrange
densitythatcouldcontributedirectly to the scalacTmodebut still havethe samefield equations.
Hereis suchalLagrangian:

L = scalar - (Jg —Jm) A" - % 0 AoA*

Thisis notasmiraculousasit mightfirst appearlt is thefirst of four termsgeneratedh thecontrae
tion of theelectromagnetitield strengthtensor.In essencenformationis notdiscardedwhichis
whathappensn makingthefield strengthtensorantisymmetricThe oneremainingmodificationis
to normalizeboththe Lagrangiarandequationf motionto the sizeof the potential.

m From a Relativistic 4—-force to a Metric

A relativistic4—forceis thechangen momentunwith respecto theinterval. The covariantforce
law is similarin form to the onefor electromagnetisraxceptthatthe secondanktensoris asym
metricandnormalized:

_ 9P _me OB
F = 31 _mcét + 3C

om o* A* .
ot KA TAT P

If thisequationis to transformlike the Lorentz4—forceof electromagnetisnthe normalizedpoten
tial mustbeinvariantundera Lorentztransformation.Thatis the caseof the potentialunderstudy.

In thefirst applicationof theforcelaw, assumehe derivativeof the masswith respecto theinter

val is zero.Forthe scalarphotonsassumehe chargeq is the gravitationattestmass Experiments
havedemonstratethatgravitationalandinertial massesreequal Assumingsphericasymmetry,
theinverseintervalsquaregotentialleadsto thefollowing equationf motion:

6t GM ot o&°R __GM OR _ (0, O
o2 c2t?2 ot’' Oot? c2t?2 ot \7

Solvethesesecond-ordedifferentialequationgor the spacetimegoosition:
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GM . GM
t =cy (tGEgM—C—ZEI <02t>)+C2

~ev  GM_. GM
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) +C

wherekEi is the exponentialntegral,Ei(t)=theintegralfrom negativeinfinity tot of er/tdt. The
exponentiaintegralplaysotherrolesin quantummechanicssoits presences interesting.

Eight constantsmeedto beeliminated:(c_1C 1)and(c_2,C_2). Takethederivativeof thespace
time positionwith respecto tau. Thiseliminatesour constants(c_2,C_2). Theresultis a
4-velocity:

ot _GM_
—@t =C1 €
AR B 2GM
—@t = Cl e

In flat spacetimebeta_mubeta”mu=21providingfour moreconstraints.Spacetimas flat if M
goesto 0 or taugoesto Infinity, leadingto e’(GM/c"2|tay) goesto 1.:

[L)-(88)- (£

ot
Solvefor c_1"2andC_1.C 1:

2 __GM™ ot
=@ c?t -
ot

:C12—C1-C1:1

Ci

C, -G -eet OoR
ot

Substitutebackinto theflat spacetimeonstraint. Rearrangénto ametric:
o _GM_ _GM_ 2
or? =e?w: ot?2-e?w: OR

If thegravitationalfield is zero,this generatethe Minkowski metricof flat spacetime.Con
versely,if thegravitationalffield is non—zerospacetimes curved

A?_ expectedthis becomethe Minkowski metricfor flat spacetimef M goesto 0 or taugoesto
infinity.

No formal connectiorbetweerthis proposalindcurvaturehasbeenestablished Insteada path
betweenra proposedjravitationalforce equationanda metricfunctionwassketched.Thereis a
historicalprecedencéor theline of logic followed. SirIsaacNewtonin the Principiashowedan
importantlink betweerforceslinearin positionandinversesquareorcelaws. More modern
effortshaveshownthatthereasorfor the connectionis dueto the conformalmappingof z goesto
z"2 (T. Needham;Newtonandthe transmutatiorof force," Amer. Math. Mon., 100:119-137,
1993). Thismethodwasadaptedo a quaterniorforcelaw linearin therelativisticvelocity to
generatea metric.

Foraweakfield, write the Taylor seriesexpansionn termsof thetotal massovertheintervalto
second-ordein M/|taul:
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GM GM |2
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i GM+2(GM>2)6R2+O((CC§M)3)

c2rt T

Contrastthis with the Schwarzschilgolutionin isotropiccoordinategxpandedo secondrderin
M/R (MTW, eq.31.22):

o1z G2 () o
(142 G'\é 25 ((S—“g)z)aRﬂo((g—'\gf)

The magnitudeof thelightlike intervaltauin theunified field metricis nearlyidenticalto the
radiusR in the Schwarzschilanetric,the differencebeingthe geometrionassof the source
includedin theintervaltau. Themetricfor the scalarpotentialwill passthe sameweakfield tests
of generakelativity asthe Schwarzschildnetricto post—Newtoniamccuracywhich doesnot use
the secondrderspatialterm. Thedifferencein the higherordertermscanbethebasisof anexpert
mentaltestto distinguishthis proposafrom generarelativity. Sincethe effectis secondorderin
thefield strengthsuchatestwill challengeexperimentatechniques.

Thetwo metricsarenumericallyvery similar for weakfields, but mathematicallydistinct. For
example the Schwarzschildnetricis static,but the unified metriccontainsa dependencentime
sois dynamic. The Schwarzschilanetrichasa singularityat R=0. The unified gravitationalforce
metricbecomesindefinedor lightlike intervals. This might poselessof a conceptuaproblem,
sincelight hasnorestmass.

m The Constant Velocity Profile Solution

In the previoussection the systemhada constanpoint—sourcenasswith avelocity profile that
decayedvith distance.Herethe oppositesituationis examinedwherethevelocity profile is a
constantputthe masddistributiondecayswith distance.Expandthe definition of therelativistic
forceusingthechainrule:

omp o3 om
5c - MC g vhC a7

Thefirst termof theforceis the onethatleadsto anapproximatiorof the Schwarzschilanetric,
andby extensionNewton’slaw of gravity. Foraregionof spacetimavherethevelocityis con
stant,thistermis zero. In thatregion,gravity’s effectis on the distributionof massoverspacetime.
This newgravitationakermis notdueto the unifiedfield proposaperse. It is morein keeping
with the principlesunderlyingrelativity, looking for changesn all componentsin this casemass
distributionwith respecto spacetime.

Startwith the gravitationalforcein aregionof spacetimavith no velocity change:

BcC @_ng = k my Scalar (o*A*) B~

Make the sameassumptionasbefore:the gravitationalmasss equalto theinertial massandthe
gravitationalfield employstheinterval betweertheworldlinesof thetestandgravitationalmasses.
This generateanequatiorfor thedistributionof mass:
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Solvefor themasdflow:
(ym yBm = (c ew i, Ce’?GT%Ml“)

As in thepreviousexamplefor a classicaweakfield, assuméhe magnitudeof theintervalis an
excellentapproximatiorto theradiusdivided by the speedf light. Thevelocityis a constantsoit
is themasddistributionthatshowsan exponentialecaywith respecto theinterval,whichis
numericallyno differentfrom theradiusoverthe speedf light. Thisis a stablesolution. If the
masskeepsdroppingof exponentiallythe velocity profile will remainconstant

Look atthe problemin reverse.Thedistributionof matterhasanexponentialecaywith distance
from thecenter. It mustsolveadifferentialequationwith the velocity constanbverthatregionof
spacetimdike theoneproposed.

The exponentiatlecayof the massof a disk galaxyis only onesolutionto this expandedjravita
tional forceequation. The behaviorof largersystemssuchasgravitationalensingcausedy
clusterscannotbe explainedoy the Newtonianterm(A. G. Bergmann)/. PetrosianandR. Lynds,
"Gravitationallensimagesof arcsin clusters,"Astrophys.J.,350:23,1990.S. A. GrossmarandR.
Narayan,'Gravitationallylensedmagesn abell370," Astrophys.J.,344-637-6441989.J. A.
Tyson,F. Valdes,andR. A. Wenk,"Detectionof systematigravitationallensgalaxyimagealign
ments:Mappingdark matterin galaxyclusters,"Astrophys.J. Let., 349:L1,1990). It will remain
to be seenf this proposals sufficientto work onthatscale.

m Metrics and Forces

Gravity wasfirst describedasa force by IsaacNewton. In generakelativity, Albert Einstein
arguedthatgravitywasnotaforceatall. Rathergravity wasRiemanniargeometry curvatureof
spacetimecausedy the presencef a mass—energgensity. Electromagnetisrwasfirst described
asaforce,modeledon gravity. Thatremainsavalid choicetoday. However electromagnetism
cag?otbeldepictedn purelygeometriderms. A conceptuafjapexistsbetweerpurelygeometrical
andforcelaws.

Thegenerakquivalencerinciple,introducedn thefirst paperof this seriesplacesgeometryand
force potentialson equalfooting. Riemanniarquaternions(a_0i_0,a 1i 1/3,a 2i 2/3,a_3
i_3/3), haspairsof (possibly)dynamictermsfor the 4—potentialA andthe4-basid. Gausslaw
written with Riemanniarquaterniorpotentialsandoperatordeadsto this expression:

|n @En rnEn @rn _ _
S el @in_4ﬁp,n—l, 2, 3

If thedivergenceof theelectricfield E waszero,thenGausslaw would bedueentirelyto the
divergenceof the basisvectors. Thereversecasecouldalsohold. Any law of electrodynamics
written with Riemanniarquaternionss a combinationof changesn potentialsand/orbasisvectors.
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m Future Directions

An algebraigathbetweera solutionto the Maxwell equationsanda classicaimetricgravitational
theoryhasbeenshown.No effort hasbeenextended/etto quantizethe unificationproposalLike
the earlywork in quantummechanicsa collectionof hunchess usedto connectequationsOneis
left with the questionof why this mightwork? The actionof a gaugenvarianttheorycannotbe
invertedto generatehe propagatoneededor quantummechanicsFixing thegaugemakeshe
actioninvertible,butthe additionalconstraindecreasethe degree®f freedom By usingquater
nions,adivision algebrathe equationis necessarilynvertiblewithoutimposinga constraintlf the
operationof multiplicationsurpassewhatcanbe donewith division,thenNaturecannotharness
the mostrobustmathematicastructure atopologicalalgebraidield, the foundationfor doing
calculus.Naturedoescalculusin four dimensionsandit is this requirementhatfixes thegaugeln
the future,whenwe understandhow to do calculuswith four—dimensionahutomorphidunctions,
we may havea deepappreciatiorof Nature’smethods.

Thereis aphysicalexplanatiorfor gravity — it is alocal, nonlinear four—dimensionasimple
harmonicoscillator. Gravity is all aboutoscillations. The Earthreturnsto approximatelythe same
placeafteroneyearof travel. If therewereno interferingmatterin theway, anappledropped
would fall to the centerof the Earth,reachthe otherside,andreturnin alittle overeighty minutes.
The metricequationthatresultsfrom this analysigs within the experimentatonstraint®of current
testsof generakelativity. Thatmakeshe proposareasonableForhigherordertermsof aweak
field, the proposals differentthanthe Schwarzschilanetricof generarelativity. Thatmakest
testable. Therearevery few reasonablegstableclassicaunified field theoriesn physics,sothis
aloneshouldsparkinterestin thisline of work.

For aspiralgalaxywith anexponentiamassdistribution,dark matteris no longerneededo
explaintheflat velocity profile observedr thelong termstability of thedisk. Massdistributed
overlargedistance®f spacehasaneffecton the massdistributionitself. Thisraisesaninteresting
guestionis therealsoaneffectof massdistributedoverlargeamountsof time?If theanswelis
yes,thenthis might solvetwo analogousiddlesinvolving largetime scalesflat velocity profiles
andthe stability of solutions. Classicabig bangcosmologytheoryspanghelargestime frame
possibleandfacestwo suchissues.Thehorizonprobleminvolvesthe extremelyconsistentveloc
ity profile acrosgartsof the Universethatarenot casuallylinked (MTW, p. 815). Theflatness
problemindicateshow unstablehe classicabig bangtheoryis, requiringexceptionafine tuning
to avoidcollapse.Considerableffort will berequiredto substantiatéhis tenuoushypothesis.
Any insightinto the origin of the unified enginedriving the Universeof gravity andlight is
worthwhile.
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Strings and Quantum Gravity

In this section,a quaterniorB-stringwill bedefined. By makingthis quantitydimensionlesd, will
arguethatit my beinvolvedin arelativisticquantumgravity theory,atleastoneconsistentvith
currentexperimentatests. At the currenttime, thisis anideain progressnotatheory,sincethe
equationf motionhavenot beendetermined.lt is hopedthatthework in the previoussectionon
unified fieldswill providethatsomeday.

m Strings

Let usrevisitthedifferencebetweertwo quaternionsquaredasworkedoutin the sectionof
analysis. A quaterniorhas4 degree®f freedomsoit canberepresentely 4 realnumbers:

qg = (ap, az, az, as)

Takingthedifferencebetweerntwo quaternionss only avalid operationf theysharethe same
basis. Work with definingthe derivativewith respecto a quaterniorhasrequiredthata changen
the scalarbe equalin magnitudeto the sumof changesn the 3—vector(insteadof the usualparity
with components).Theseconcerndeadto the definition of the differencebetweertwo quaternions

€1 €2 €3

dq = <da0 eo, da]_ ?, da2 T, da3 ?>
Whattype of informationmuste0,el,e2,ande3sharen orderto makesubtractiora valid opera
tion? Thereis only onebasis sothetwo eventghatmakeup the differencemustnecessarilype
expressedh thesamebasis. If not,thenthe standarccoordinatearansformatiomeedso bedone
first. A moresubtleissueis thatthedifferencemusthavethe sameamountof intrinsic curvature
for all threespatialbasisvectors. If thisis notthe casethenit would notlongerbe possibleto doa
coordinatetransformatiorusingthetypical methods. Therewould be a hiddenbumpin another
wise smoothtransformation!At this point, | do notyetunderstandhetechnicalink betweerbasis
vectorsandintrinsic curvature.| will proposethefollowing relationshipbetweerbasisvectors
becausets form suggesta link to intrinsic curvature:

1 1 1 2
T2 T T e,2 T ez~ ®o
€1 €2 €3

If e0= 1, thisis consistentvith Hamilton’ssystemnfor 1, i, j, andk. Thedimensiondor thespatial
partarel/distance”2the sameasintrinsic curvature. Thisis aflat spaceso—1/e1”2is something
like 1+ k. In effect,| amtrying to mergethe basisvectorsof quaternionsvith toolsfrom topol
ogy. In math,l amfreeto definethingsasl chooseandif lucky, it will proveusefullateron:-)

Formthe squareof the differencebetweerntwo quaternioreventsasdefinedabove:

2 2 2
dg? = (dao? eo? + das? St +das? S2— +das? °F-,
2 dag da; eg 63—1, 2 dag daz eq eTZ, 2 dag das eq e% -



124

- (interval 2, 3 -string )

Thescalars theLorentzinvariantinterval of specialrelativity if e0= 1.

Why useawork with a powerfulmeaningn the currentphysicslexiconfor thevectordt dX? A
stringtransformglifferently thana spatial3—-vector the formerflipping signswith time, thelatter
inert. A stringwill alsotransformdifferently undera Lorentztransformation.

The unitsfor astringaretime*distance.For a stringbetweertwo eventshathavethe samespatial
location,dX = 0, sothestringdt dX is zero. For a stringbetweertwo eventshataresimultaneous,
dt = 0 sothestringis againof zerolength. Only if two eventshappenrat differenttimesin different
locationswill thestringbenon-zero.Sinceastringis notinvariantundera Lorentztransforma
tion, thevalueof astringis

We all appreciatehecritical role playedby the 3—-velocity,whichis theratio of dX by dt. Hope
fully we canimagineanothemole asimportantfor the productof thesesametwo numbers.

m Dimensionless Strings

Imaginesomesystemthathappendgo createa periodicpatternof intervalsandstrings(a seriesof
eventsthatwhenyou took the differencebetweemeighboringeventsandsquaredhem,theresults
hada periodicpattern). It couldhappen-) Onemightbeableto usea collectionof sinesand
cosinedo regenerat¢he pattern sincesinesandcosinescando thatsortof work. However the
differenceswould haveto first be madedimensionlesssincetheinfinite seriesexpansiorfor such
transcendentdlnctionswould not makesense.Thefirst stepis to getall theunitsto bethesame,
usingcf. LetaOhaveunitsof time,andal,a2,a3haveunitsof space.Makeall componenthave
units of time:

2 2 2
e1 2 €2 2 €3

dg? = (dag? eg? + da;? + da +dag? ==,
q 0” €o 1" gz 2" gz 3" 9¢2
€1 €2 €3
-~—, 20ag daz eg 5=, 2dap daz eg 5=
3C 0 Udz2 €0 3¢ 0 Uas €0 3¢
Now theunitsaretime squared.Usea combinationof 3 constantdo do thework of makingthis
dimensionless.

2 dag daj eg

2 5

1 mass time

time C5 N distance
G distance

- -
2 time

:r||—\

mass distance

Theunitsfor the productof thesethreenumbersarethereciprocalof time squared.Thisis the
sameasthereciprocalof the Plancktime squaredandin unitsof secondss 5.5x10785s"-2.The
symbolsneededo makethedifferencebetweertwo eventsdimensionlesaresimple:

c® e12 €52 e3?
dg? = o dag? eo? + da;? 922 + day? 922 + das? 9—3;2—
2 dag da; eg g—t, 2 dag das eg e—i, 2 dag das eg g—%

As far astheunitsareconcernedihis is relativistic(c) quantum(h) gravity (G). Takethiscon
stantsto zeroor infinity, andthe differenceof a quaterniorblowsup or disappears.
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m Behaving Like a Relativistic Quantum Gravity Theory

Althoughtheunitssuggesh possiblerelativisticquantumgravity, it is moreimportantto seethatit
behavedike one. Sincethis unicornof physicshasneverbeenseen will present casesvhich
will showthatthis equatiorbehavedike thatmysteriousdeast!

Considerageneratransformatioril thatbringsthedifferencebetweertwo eventsdqginto dq'.
Therearefour casedor whatcanhapperto theintervalandthe stringbetweerthesetwo events
underthis generakransformation.

Case 1: Constant Intervals and Strings

T: dg »dg’ such that scalar (dg?) =
scalar (dq’?) and vector (dg?) = vector (dq’ ?)
This lookssimple,butthereis no handleon the overallsignof the4—-dimensionafjuaterniona

smokesignalof O(4). Quantummechanicss constructedrounddealingwith phaseambiguityin
arigorousway. Thisissueof ambiguougphasess truefor all four of thesecases.

Case 2: Constant Intervals

T: dg »dg’ such that scalar (dg?) =
scalar (dq’ ?) and vector (dq?) # vector (dq’ ?)
Case2 involvesconservinghe Lorentzinvariantinterval,or specialrelativity. Stringschange

undersuchatransformationandthis canbe usedasa measuref theamountof changebetween
inertial referencdrames.

Case 3: Constant Strings

T: dg »dq’ such that scalar (dg?) #
scalar (dq’ ?) and vector (dgq?) = vector (dq’ ?)

Case3 involvesconservinghe quaterniorstring,or generakelativity. Intervalschangeundersuch
atransformationandthis canbe usedasa measuref theamountof changebetweemon—inertial
referencdrames. All thatis requiredto makethis simplebutradicalproposakonsistentvith
experimentatestsof generakelativity is thefollowing:

GM 1 1 1
L 2R 67 T g7 T gz T %0

Thestring,becausét is the productof eOel,e0e2,ande0e3,will notbechangedy this. The
phaseof the stringmay changehere,sincethis involvestheroot of the squaredasisvectors. The
Intervaldependslirectly on the square®f the basisvectors(l think of thisasbeingl+/-theintrin-
sic curvature putdo notknowif thatis anaccuratdechnicalassessment)This particularvalue
regeneratethe Schwarzschilgolutionof generakelativity.
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Case 4: No Constants

T: dg »dg’ such that scalar (dg?) #
scalar (dq’?) and vector (dg?) # vector (dq’ ?)

In this proposalchangesn thereferencdrameof aninertial observeiarelogically independent
from changinghe massdensity. Thetwo effectscanbe measuredgeparately.Thechangdn the
length—-timeof thestringwill involve theinertial referencédrame,andthe changen theinterval
will involve changesn the massdensity.

m The Missing Link

At thistime | do notknow howto usethe proposedinified field equationgliscusseearlierto
generatahebasisvectorsshown. Thiswill involve determiningthe preciserelationshipbetween
intrinsic curvatureandthe quaterniorbasisvectors.



Answering Prima Facie Questions in Quantum Gravity Using
Quaternions

(Note:thiswasa postsentto the newsgrougsci.physics.researclune28, 1998)

Chrislsham’spaper'PrimaFacieQuestionsn QuantumGravity" (gr—qc/9310031,0October,
1993)detailsthe structurerequiredof anyapproacho quantumgravity. | will usethatpaperasa
templatefor this section notingthe highlights(but pleasereferto this well-written paperfor
details). Whereverappropriate| will pointouthow usingquaternionsn quantumgravity fits
within this superstructurel will arguethatall thetechnicalpartsrequiredareall readypartof
guaterniommathematics.Thesetoolsarerequiredto calculatethe smallesnormbetweertwo
worldlines,which mayform anewroadto quantumgravity.

m What Is Quantum Gravity?

Ishamsortstheapproachet quantumgravity into four groups. First, thereis the classical
approach.This beginswith Einstein’sgenerarelativity. Systematicallysubstituteself-adjoint
operatordor classicatermslike energyandmomentum.This getsfurthersubdividednto the
‘canonical’ schemavherespacetimas split into time andspace——Ashtekar\work——anda covart
antformulation,whichis believedto be perturbativelynon-renormalizable.

The secondapproachakesquantummechanicgindtransformst into generarelativity. Muchless
effort hasgonein this direction,buttherehasbeenwork doneby Haag.

Thethird anglehasgenerarelativity asthelow energylimit of ideasbasedn conventionafjuan
tum mechanics.Quantumgravity dominategsheworld on the scaleof Planktime, length,or
energy,aplacewhereonly calculationsango. Thisis wheresuperstringheorylives.

Thefourth possibilityinvolvesa radicalnewperspectivewheregenerarelativity andquantum
mechanicareonly differentapplicationsof the samemathematicastructure. Thiswould requirea
major "retooling”. Peoplewith the patienceio havereadmanyof my posts(evenif notfollowed
:—) know thisis thetaskfacingwork with quaternions.Replacehetoolsfor doingspecialrelativi-
ty——4-vectorsmetrics,tensorsandgroups——withquaternionghatpreservehe scalarof a
squaredquaternion.Replacehetoolsfor derivingthe Maxwell equations——4-potentials)etrics,
tensorsandgroups—-byquaternioroperatorsaactingon quaterniorpotentialsusingcombinations
of commutator&ndanticommutatorslt remaingo be shownwhetherquaternionslsohavethe
structurerequiredfor a quantumgravity theory.

m Why Do We Study Quantum Gravity?

Ishamgivessix reasonstheinability to calculateusingperturbatiortheorya correctionfor general
relativity, singularitiesguantumcosmology(particularlythe Big Bang),Hawkingradiation,unifica-
tion of particles,andthe possibility of radicalchange.Thislastreasorcouldbealot of fun, andit

Is thereasorto readthis post:-)
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m What Are Prima Facie Questions?

Thefirst questiorraisedby Ishamis therelationbetweerclassicabndquantumphysics. Physics
with quaternion$asa generalguide. Considentwo arbitraryquaternionsg andq’. Theclassical
distancebetweerthemis theinterval.

((t, X) - (t, X)) = (dt?-dX dX 2dt dX)

This involvesretooling,becausé¢hedistancealsoincludesa 3—vector. Thereis nothinginherently
wrongwith this vector,andit certainlycould be computedwith standardools. To becomplete,
measurahe differencebetweertwo quaternionsvith a quaterniorcontainingthe usualinvariant
scalarintervalanda covariant3—vector. To distinguishingcollectionsof eventghatarelightlike
s?paratedvheretheinterval IS zero,usethe 3—vectorwhich canbe unique. Neverdiscarduseful
information!

QuantummechanicsnvolvesaHilbert space.Quaternionganbe usedto form aninner—product
space.Thenormof thedifferencebetweerg andq’ is

((t, X) = (t', X)) ((t, X)-(t', X)) =
(dt? +d X dX 0

*

Thenormcanbeusedto build all theequipmenexpectedf a Hilbert spacejncludingthe
Schwarzandtriangleinequalities. The uncertaintyprinciple canbe derivedin the sameway asis
donewith thecomplex—valuedvavefunction.

| call g’ aGrassmamroduct(it hasthe crossproductin it) andg* g’ the Euclideanproduct(it is a
Euclideannormif g =q’). In generalclassicaphysicsinvolvesGrassmamroductsandquantum
mechanicsnvolvesEuclideanproductsof quaternions.

Ishammovesfrom big questiongo onesfocusedon quantumgravity. Which classicakpacetime
conceptareneededWhich standargartsof quantummechanicareneeded?Shouldparticles
be united? With quaternionsall theseconceptsrerequired butthetoolsusedto build them
morphandbecomeunified underonealgebraicumbrella.

Ishampointsoutthedifficulty of clearlymarkinga boundarybetweertheoriesandfact. He writes:

"...whatwe call a’'fact’ doesnot existwithout sometheoreticaschemdor organizingexperimental
andexperientiadata;and,converselyijn constructingatheorywe inevitablyimposesomeprior
ideaof whatwe meanby afact.”

My structures this: thedescriptionof eventsn spacetimaisingthetopologicalalgebraidield of
guaternionss physics.

m Current Research Programs in Quantum Gravity

Thereis alist of currentapproachet quantumgravity. Thisis solid a descriptionof thefamily of
approachebeingusedcircal993. Seethetextfor details.

m Prima Facie Questions in Quantum Gravity

Ishamis concernedvith theform of theseapproachesHe writes:

"I mean(by backgroundstructurethe entireconceptuabndstructuraframeworkwithin whose
languageany particularapproachs couchedDifferentapproaches quantumgravity differ signifi-
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cantlyin theframeworkgsheyadopt,which causesio harm—-indeedhe selectionof suchaframe
work is anessentiapre—requisitéor theoreticaresearch——providethe choiceis made
consciously."

My frameworkwasstatedexplicitly above butit literally doesnot appeatwon theradarscreerof
this discussiorof quantumgravity. Momentslatercomesthis comment:

"In usingrealor complexnumberdn quantuntheorywe arearguablymakinga prior assumption
aboutthe continuumnatureof space.”

This statemenimakesa hiddenassumptionthatquaternionglo not belongon alist thatincludes
realandcomplexnumbers.Quaternionhiavethe samecontinuumpropertiesastherealandcom
plex numbers.Theimportantdistinctionis thatquaternionglo not commute. This propertyis
sharedby quantummechanicsoit shouldnot banishquaterniongrom thelist. Theomission
reflectsthe history of work in thefield, notthelogic of the mathematicastatement.

Generalelativity mayforce non-linearityinto quantumtheory,which requirea changen the
formalism. It is easyto write non—linearquaterniorfunctions. Nearthe endof this sectionl will
dothatin anattemptto find the shortesnormin spacetimavhich happengo benon-linear.

Now we cometo the partof the paperthatgot mereally excited! Ishamdescribedll themachin
ery neededor classicalgenerarelativity. Thepropertiesof quaternionslovetailthe needer
fectly. I will quoteatlength,sincethisis helpful for anyonetrying to geta handleon the natureof
generalelativity.

"The mathematicamodelof spacetimeisedin classicalgenerarelativity is a differentiablemant
fold equippedwith a Lorentzian metric. Someof the mostimportantpiecesof substructur@inderly
ing this pictureareillustratedin Figurel.

Thebottomlevelis asetM whoseelementsareto beidentifiedwith spacetimépoints’ or 'events’.
This setis formlesswith its only generaimathematicapropertybeingthe cardinalnumber. In
particular,thereareno relationsbetweerthe elementof M andno specialway of labelingany
suchelement.

The nextstepis to imposeatopologyon M sothateachpointacquiresafamily of neighborhoods.
It nowbecomegossibleto talk aboutrelationshipsbetweerpoint, albeitin arathernon—physical
way. This defectis overcomeby addingthekey of all standardriews of spacetimethetopology
of M mustbe compatiblewith thatof a differentiablemanifold. A pointcanthenbelabeled
uniquelyin M (atleastlocally) by giving thevaluesof four realnumbers.Sucha coordinatesys
temalsoprovidesa morespecificway of describingelationshipsbetweerpointsof M, albeitnot
intrinsically in sofar asthesedependon which coordinatesystemsarechoserto coverM.

In thefinal stepaLorentzianmetricg is placedon M, therebyintroducingtheideasof thelengthof
a pathjoining two spacetimgooints,paralleltransporiwith respecto a Riemanniarconnection,
causalelationsbetweemnairsof pointsetc. Therearealsoa varietyof possibleintermediatesteps
betweerthe manifoldandLorentzianpictures;for example assignifiedin Figurel, theideaof
causalstructureis moreprimitive thanthatof a Lorentzianmetric."

My hypothesigo treateventsasquaterniongendsmorestructurethanis foundin thesetM. Specit
ically, Pontryaginprovedthatquaternionsreatopologicalalgebraidield. Eachpointhasaneigh
borhood,andlimit processesequiredfor a differentiablemanifold makesense.Labeleveryquater
nion eventwith four realnumbersusingwhichevercoordinatesystemonechooses.Earlierin this
sectionl showedhowto calculatethe Lorentzinterval,sothe notionof lengthof a pathjoining two
eventsis alwaysthere. As describedy Isham,spacetimestructures built up with carefrom four
unrelatedrealnumbers.With quaterniongsevents spacetimestructures the observedroperties
of themathematicsnheritedby all quaterniorfunctions.

Much work in quantumgravity hasgoneinto viewing how flexible the spacetimestructuremight
be. The mostcommonexamplenvolveshow quantunfluctuationsmight effectthe Lorentzian
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metric. Physicistdhavetried to investigatehow suchfluctuationwould effecteverylevel of space
time structure from causality to the manifoldto thetopology,eventhe setM somehow.

Noneof theseavenuesreopenfor quaternionwork. Everyquaterniorequationinheritsthis
wealthof spacetimestructure. It is thefamily quaterniorfunctionsarebornin. Thereis nothingto
stopcombiningGrassmarmndEuclideanproductswhich atanabstractevel, is theway to merge
classicalandquantumdescription®of collectionsof events. If anon-linearquaterniorfunction
canbedefinedthatis relatedto the shortespaththroughspacetimethe castrequiredfor quantum
gravity would becomplete.

Accordingto Isham,causaktructures particularlyimportant. With quaternionsthatissueis
particularlystraightforward.Couldeventq havecausedy? Takethedifferenceandsquaret. If
the scalaris positive,thentherelationships timelike, soit is possible.Is it probable?Thatmight
dependonthe 3-vectorwhich couldbe morelikely if thevectoris small(l don’t understandhe
detailsof this suggestioryet). If thescalaris zero,thetwo havea lightlike relationship.If the
scalaris negativethenit is spacelikeandonecouldnot havecausedheother.

This causaktructurealsoappliesto quaterniorpotentialfunctions. For concretenesset q(t) =
cos(pit (2i + 3j + 4k)) andq’(t) = sin(pi t (5i — .1j + 2k). Calculatethesquareof thedifference
betweerng andq’. Dependingontheparticularvalueof t, thiswill be positive,negativeor zero.
Thedistancevectorscouldbe anywhereonthemap. Eventhoughl don’t knowwhattheseparticu
lar pacIJtentiaIfunctionsrepresentthe causarelationships easyto calculate pbutis complexandnot
trivial.

m The Role of the Spacetime Diffeomorphism Group Diff(M)

Ishamletsme off thehook,saying"...[for type 3 and4 theories] thereis no strongreasorto sup
posethatDiff(M) will playany fundamentatole in [such]quantumtheory." Heis right and
wrong. My simpletool collectiondoesnotincludethis group. Yet the concepthatrequireshis
ideais essential. This groupis partof the machinerythatmakespossiblecausaimeasurementsf
lengthsin varioustopologies. Metricschangedueto local conditions. The conceptof aflexible,
causalmetricmustbe preserved.

With quaternionsgausalityis alwaysfoundin the scalarof the squareof the difference. Fortwo
eventsin flat spacetimethatis theinterval. In curvedspacetimethe scalarof the squaras differ-
ent, butit still is eitherpositive,negativeor zero.

m The Problem of Time

Time playsadifferentrole in quantuntheoryandin generakelativity. In quantumtimeis treated
asabackgroungarametesinceit is notrepresentetly anoperator. Measurementaremadeata
particulartime. In classicagenerarelativity in curvedspacetimetherearemanypossiblemetrics
which mightwork, but noway to pick theappropriateone. Without a cleardefinition of measure
ment,thedefinitionis non—physical.Fixing the metriccannotbe doneif the metricis subjectto
guantumfluctuations.

Ishamraiseshreequestions:
"How is the notionof time to beincorporatedn a quantumtheoryof gravity?

Doesit play afundamentatolein the constructiorof thetheoryor is it a’phenomenological’
conceptthatappliesfor examplepnly in somecoarse—grainegemi-classicadense?

In thelattercase how reliableis the useat a basiclevel of techniquesirawnfrom standardjuan
tumtheory?"

Threesolutionsarenoted:fix thebackgroundcausaktructureJocateeventswithin functionalsof
fields, or makenoreferenceo time.
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With quaternionstime playsa centralrole, andis in factthe centerof the matrix representation.
Time is isomorphicto therealnumberssoit formsatotally orderedsub—fieldof the quaternions.
It is nottime perse,butthelocationof time within the eventquaterniont, x i, y j, z k) thatgives
time its significance. The scalarslot canbe heldby energy(E, pxi, pyj, pzk), thetangenif
spacetimeby theintervalof classicaphysics(t*2 — x"2 —y"2 — z"2,2 tx i, 2ty |, 2tz k) or the
normof quantummechanicgt"2 + x"2 + y*2 + z”2,0, 0, 0). Time, energy intervals,
norms,...theall cantakethe samethroneisomorphicto therealnumberstakingon the properties
of atotally orderedsetwithin alarger,unorderedramework. Eventsarenottotally orderedput
timeis. Energy/momentarenottotally orderedputenergyis. Square®f eventsarenottotally
orderedputintervalsare. Normsaretotally orderedandboundedoelowby zero.

Time is theonly elemenin the scalarof anevent. Time appearsn differentguisesfor thescalars
of energy ntervalsandnorms. Therichnesof timeis in theway it weaveshroughtheseother
scalarssharingthe centerin differentwayswith space.

m Approaches to Quantum Gravity

Ishamsurveyshefield. At thispointl think I'll justexplainmy approach.lt is basedn aconcept
from generakelativity. A painterfalling from aladdertravelsalongthe shortespaththrough
spacetime.How doesonego aboutfinding the shortespath? In Euclidean3—spacethatinvolves
thetriangleinequality. A proofcanbedoneusingquaternionsf thescalarns setto zero. That
proof canberepeatedvith thescalarsetfree. Theresultis the shortestlistancehroughspacetime,
or gravity, accordingto generakrelativity.

Whatis the shortestistancebetweertwo pointsA andB in Euclidean3—space?
A= (0, ax, ay, az)
B = (0, bx, by, bz)

Whatis the shortestlistancebetweerntwo worldlinesA(t) andB(t) in spacetime?
At) = (t, ax (t), ay (t), az (1))
B(t) = (t, bx (t), by (t), bz (t))

The Euclidean3—spaceaguestions a specialcaseof theworldline question. The sameproof of the
triangleinequalityanswerdothquestions.Parameterizéhe normN(k) of thesumof A(t) andB(t).

N (k) = (A+ kB)* (A + kB)
- AA+k (A“B+BA) +k"2B* B

Find the extremumof the parameterizedorm.

ﬂ =0=A"B+B*"A+2kB*B
dk
The extremumis aminimum
2
d—i\l =2B*"B =0
dk

The minimumof a quaterniomormis zero. Plugthe extremumbackinto thefirst equation.
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(A* B + B* A)? (A* B + B* A)?

0 = A"A- 2B B ’ 1B B
Rearrange.

(A*B + B A)2 <4 A" AB* B
Takethesquareoot.

A“B + B A<2+A AB* B
Add thenormof A andB to bothsides.
A« A+ A B+B"A+B"B<AA+ 2~ /A~AB B + BB

Factor.

N(A+B)=(A+B) " (A+B) < (VAA + VBB

Thenormof theworldline of A plusB is lessthanthenormof A plusthenormof B.

List themathematicastructuresequired. To movethetriangleinequalityfrom Euclidean3—-space
to worldlinesrequiredtheinclusionof the scalartime componenbdf quaternions.The proof
requireddifferentiationto find theminimum. Thenormis a Euclideanproduct,which playsa
centralrole in quaterniorguantummechanics.Doubling A or B doesnotdoublethe normof the
sumdueto crossterms,sothe minimal functionis notlinear.

To address questiorraisedby generarelativity with quaternionsequiredall the structurelsham
suggesteexceptcausalityusingthe Grassmamproduct. Theaboveproof couldberepeatedising
Grassmarmroducts. The only differencewould bethatthe extremumwould beanintervalwhich
canbe positive,negativeor zero(a minimum,a maximumor aninflection point).

m Certainty Is Seven for Seven

| thoughtl’d endthislong sectionwith a personaktory. At theendof my collegedays,| started
drinking heavily. Not alcohol,soda. I'd buy a Mellow Yellow andsuckit downin underten
seconds.See|| wasthirsty. Guzzlethatmuchsodaand,well, | alsohadto goto thebathroom,
evenin themiddleof thenight. | wastrappedn astrangecycle. Thenl noticedmy tonguewas
kind of foamy. Bizarre. | askedafriend with diabetesvhatthe symptomf thatdiseasavere.
Sherattledoff six: excessivehirst, excessivairination,foamytongue badbreathweightloss,and
low energy. | concludednthespotl haddiabetes.Shesaidthat!l couldn’tbe certain. Six for six
is too stringenta match,andl felt very confidentl hadthis chronicillness. | gottheseventHhater
whenshetestedmy bloodglucoseon hermeterandit wasoff-scale. Shegaveme sympathy put |
didn’t feelatall sorryfor myself. | wantedfacts:how doesthis diseasavork andhowdo| cope?

Nothingwasmadeofficial until | visitedthe doctorandheransometests. Thedoctor’'sprescrip
tion gotmeaccesgo theinsulinl couldno longerproduce. It was,andstill is today,a lot of work
to managehedisease.

Whenl look atIsham’spaper,| seesix constraint®n the structureof anyapproacho quantum
gravity: eventsaresetsof 4 numberseventshavetopologicalneighborhoodgheylive ondifferen
tial manifolds,thereis oneof thethreetypesof causakelationshipsetweerall eventsthedistance
betweereventss theintervalwhoseform canvary andaHilbert spaces requiredfor quantum
mechanics.Quaternionsaresix for six. Theseventhmatchis thenon-linearshortesnormof
spacetime.l haveno doubtin thediagnosighatthe questionsn quantumgravity will beanswered
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with quaternions.Nothinghereis official. Therearemanytestthatmustbe passed.l don’t know
whenthedoctorwill showup andmakeit official. It will takealot of work to managehis
solution.
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Length in Curved Spacetime

m The Affine Parameter of General Relativity

The affine parameters definedin Misner, ThorneandWheelerasa multiple of the propertime
plusadisplacement.

A =at+Db

The affine parameteris usedto determindengthin curvedspacetime.In this section thelengthof
aquaternionn curvedspacetimavill beanalyzed.Undercertainapproximationsthis lengthwill
dependonthesquareof the affine parameterbut the two measuresareslightly different.

m Length in Flat Spacetime

Calculatingthe squareof theintervalbetweerntwo eventsn flat spacetimevasstraightforward:
takethe differencebetweerntwo quaternion@ndsquaret.

Lt = (q - q)% = (dt? - dX, 2dt dX)

Thefirst termis the squareof theinterval. Spacetimas flat in the sensahatthefirst termis
exactlylike the Minkowski metricin spacetimeTherearequaternionsvhich preserveheinterval,
andthosequaternionsvereusedto solveproblemsn specialrelativity.

Althoughnotimportantin this context,it is significantthatthe valueof the vectorportiondepends
uponthe observer.This givesaway to distinguishbetweervariousfrequencie®f light for
example.

m Length in Curved Spacetime

Considerif theorigin is locatedattwo differentlocationsin spacetime.Characterizeachorigin
asaquaterniongallingtheo ando’. In flat spacetimethetwo originswould beidentical. Calcu
late theintervalasdoneabove butaccountor thechangean theorigin.

Leuved = ((Q+0) — (@' +0'))*

S (d (t +t0)? = d (R+%o)", 2d (t +to) d (X+Xo)]
Examinethefirst termmorecloselyby expandingt.

(dt2 -dX) + (dto? -d R’ )+ 2dt dto -2dX dX

Thelengthin curvedspacetimas the squareof theinterval(invariantundera boost)betweerthe
two origins, plusthe squareof theintervalbetweerthetwo eventsplusa crossterm,which will
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not beinvariantunderaboost. Thelengthis symmetricunderexchangef the eventwith the
origin translation.

L curvedlookssimilarto the squareof the affine parameter:
22 =b%?+2abc+a®?

In thiscase p”2is theorigin intervalsquarecanda= 1. Thereis adifferencein thecrossterms.
However,in thesmallcurvaturdimit, deltato >> deltaXo, sotau~ deltato. Underthisapproxima
tion, the squareof the affine parameteandL curvedarethesame.

For a stronggravitationalfield, L curvedwill bedifferentthanthe squareof theaffine parameter.
Thedifferencewill besolelyin the natureof thecrossterm. In generakelativity, b andtauare
invariantunderaboost. ForL curved,thecrosstermshouldbe covariant. Whetherthis hasany
effectsthatcanbe measurecheeddo beexplored.

Thereexistquaternionsvhich preserve. curvedbecaus@uaterniongreafield (I haven’tfound
themyet becauséhe mathis gettingtoughatthis point!) It is my hopethatthosequaternionsvill
help solveproblemsn generakelativity, aswasthe casen specialrelativity.

m Implications

A connectiorto the curvedgeometryof generarelativity wassketched.It shouldbe possibleto
solveproblemswith this"curved"measure. As always,all the objectsemployedwerequaternions.
Thereforeany of the previouslyoutlinetechniqgueshouldbe applicable.In particular,t will be
fun in thefutureto think aboutthingslike

((Q+0) - (@ +0'))" ((q+0) - (g +0"))
(d(t +to)2 +d (R4 X)), 2d (t +to) d (R+%o))

S ((dt?-dX) 4 (dto?-dX )+ 2dt dto +2dX dXs, .. )

which couldopenthedoorto a quantumapproacho curvature.
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A New ldea for Metrics

In specialrelativity, the Minkowski metricis usedto calculatethe intervalbetweerntwo spacetime
intervalsfor inertial observers Einstein recognizedhatinertial observesvere"special”,a unique
class. Thereforehesetoutto understanadvhatwasthe mostgenerahotionfor transformations
andmetrics. Thisleadto his studyof Riemanniargeometry andeventuallyto generarelativity.

In this sectionl shallstartfrom the Lorentzinvariantintervalusingquaternionsthentry to general
ize this approactusingadifferentway which might provecompatiblewith quantummechanics.

For the physicsof gravity, generarelativity (GR) makesheright predictionsof all experimental
testsconductedo date. Forthe physics of atoms,quantummechanic§QM) makesheright
predictionsto aneven high degreeof precision. The problemof building a quantumtheoryof
gravity (QG) hidesbetweergenerarelativity andquantummechanics.Generakelativity deals
with themeasurementsf intervalsin curved spacetimespecialrelativity (SR) beingadaptedo
work in flat space.Quantummechanicss usedto calculatethe normsof wavefunctionsin aflat
linear space.A quantumgravity theorywill be usedto calculate normsof wavefunctionsin
curvedspace.

Measurement

interval norm
diff. flat SR QM
geo. curved GR QG

This chartsuggestshatthe form of measuremer{interval/norm)should be independenof
differentialgeometry(flat/curved). Thatwill betheexplicit goalof this section.

Quaterniong£omewith ametric,a meansof taking4 numbersandreturninga scalar. Hamilton
definedtheroleslike so:

i? ok -1 TR = -1

The scalarresultof squaringa differentialquaterniorin theintervalof specialrelativity:
2
scalar ((dt, dX)°) =dt?-dX dX

How canthis begeneralizeddt might seemnaturalto explorevariations on Hamilton’srules
shownabove. Riemanniargeometryuseshatstrategy. Whenworking with afield like quater
nions,thatapproachothersme becausddlamilton’srulesarefundamentato the very definition of
a quaternion.Changeheserulesandit maynotbevalid to comparegohysics donewith different
metrics. It may causea compatibilityproblem.

Hereis adifferentapproactwhich generalizeshe scalarof the squarewhile beingconsistentvith
Hamilton’srules.

2

interval = scalar (gdggdq)



if g = (1, O),

then interval 2 =dt?2- dX dX

If gistheidentity matrix. Thenthenresultis theflat Minkowski interval. The quaterniorg could
be anything. Whatif g =i? (what wouldyou guess) wassurprised-)

scalar (((0, 1, 0, 0) (t, x, vy, z))?) =
= (-t?+x®-y?-z%, 0)

Now the specialdirectionx playsthe samerole astime! Doesthis make sensehysically? Hereis
oneinterpretation.Wheng=1,atime-like intervalis beingmeasuredavith awristwatch. When
g=i, aspace-likeintervalalongthex axisis beingmeasuredvith a meterstick alongthe x axis.

Examinethe mostgenerakasewheresmalllettersarescalarandcapitallettersare3—-vectors:

interval 2 =scalar ((g, G) (dt, dX) (g, G) (dt, dX)) =

= g2 (dt?-dX dX) -4gdt GdX+
(G dX)°-dt2dBG ds - (Gxd X). (Gxd X) -
In componentorm...
= (+0% - G - Gy - GZA) dt? +
+ (-g% + G2 - Gy - GZ) dx? +
+ (-g% - G + Gy - GZ) dy?
+ (-g% - G - Gy + GZ%) dz? +
-4 gGxdt dx - 4 gGydt dy - 4 g Gzdt dz
+4 GxGyds dy + 4GxGzdx dz + 4 GyGzdy dz

This hasthe samecombinationof tendifferentialtermsfoundin the Riemanniarapproach.The
differenceis thatHamilton’srule imposean additionalstructure.

| havenotyetfiguredouthowto representhe stresgensor,so therearenofield equationgo be
solved. We canfigure out someof the propertieof a static,spherically-symmetrimetric. Since
it is static, therewill be notermswith thedeferentiaklementdt dx, dt dy, or dt dz. Sinceit is
sphericallysymmetric therewill be notermsof the form dx dy, dx dz, or dy dz. Theseconstraints
canbothbeachievedf Gx = Gy = Gz=0. Thisleavedour differentialequations.

Herel will haveto stop. In time, | shouldbeableto figure out quaterniorfield equationghatdo
the samework asEinstein’sfield equationsl betit will containthe Schwarzschilégolutiontoo :-)
Thenit will be easyto createa Hilbert spacewith anon—Euclideamorm, anormthatis deter
minedby thedistributionof mass—energyWhatsort of calculationto dois a mysteryto me,but
someonewill getto that bridge...



The Gravitational Redshift
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Gravitationalredshiftexperimentsaretestsof conservatiorof energyin a gravitationalpotential.

A photonlowerin a gravitationalpotentialexpendsnergyto climb out, andthis energycostis
seenasaredshift. In this section the differencebetweenveakgravitationalpotentialswill be

calculatedandshownto be consistentvith experiment.Quaternionarenot of muchusehere
becausenergyis a scalar thefirst termof a quaterniorthatis a scalamultiple of theidentity

matrix.

m The Pound and Rebka Experiment

The PoundandRebkaexperimenusedthe Mossbaueeffectto measure redshiftbetweerthe
baseandthetop of atowerat HarvardUniversity. Therelevantpotentialsare

GM
Dtower = ﬂ;

GM,

¢base = r—,

The equivalencegrincipleis usedto transformthe gravitationalpotentialto a speedthis only
involvesdividing phi by the constant”2).

GM

Btower = c2 r + h) )
GM .
Bhase c2r !
Now the problemcanbeviewedasarelativisticDopplereffectproblem. A redshiftin afrequency
Is givenby
v == (v[B] + B¥I[B]) vo

For smallvelocities,the Dopplereffectis
Series [y [B] + B¥y[B], {B, 0, 1}]

=1+B+0[B]2
The experimenmeasuredhe differencebetweerthetwo Dopplershifts.
Series [ ((1 + Brower ) - (1 + Bbase )) Vo, {h, 0, 1}]

~ _GMyp h

S +O[h]?

Or equivalently,



v = ghyvg

This wasthe measurea@ffect.

m Escape From a Gravitational Potential

A photoncanescapdrom a starandtravelto infinity ( or to us,whichis agoodapproximation).
Theonly partof the previouscalculationthatchangess thelimit in thefinal step.

Limit [ ((1 + Brower ) — (1 + Bpase )) Vo, h —> Inﬁnity ]

~ GMv,
c2r

This shift hasbeenobservedn the spectralinesof stars.

m Clocks at different heights in a gravitational field

C. O. Alley conductecanexperimentwhichinvolvedflying anatomicclock at high altitudeand
comparingt with anatomicclock ontheground. Thisis like integratingtheredshiftoverthetime
of theflight.

f GMh Gh Mt

LU TR L L
0 C2r2 C2r2

This wasthe measurea@ffect.

m Implications

Conservatiorof energyinvolvesthe conservatiorof a scalar. Consequentlynothingnewwill
happerby treatingit asa quaternion.Theapproachusedherewasnotthe standardbneemployed.
The equivalencegrinciplewasusedto transformthe probleminto arelativisticDopplershift effect.
Yet theresultsareno different. Thisis just partof thework to conneciquaterniongo measurable
effectsof gravity.

m References

For the PoundandRebkaexperimentandescape:
Misner, Thorne,andWheeler Gravitation,1970.

Fortheclocksatdifferentheights:

Quantumoptics,experimentagravitationandmeasuremeriheory,Ed. P. Meystre,1983(also
mentionedn TaylorandWheeler Spacetimd>hysicssection4.10)



A Brief Summary of Important Laws in

Physics Written as Quaternions

Summary

14C

ClassicalMechanics
Newton’s2ndLaw in anlInertial Referencd-rame CartesiarCoordinates
Newton’s2ndlaw in anlnertial Referencd-rame PolarCoordinatesfor a CentralForce
Newton’s2ndLaw in a NoninertialRotatingReferencd-rame
The SimpleHarmonicOscillator
TheDampedSHO
TheWaveEquation

SpecialRelativity
RotationsandDilations Createa Representationf the LorentzGroup
An AlternativeAlgebrafor the LorentzGroup

Electromagnetism
The Maxwell Equations
Maxwell Written With Potentials
TheLorentzForce
Conservatio.aws
TheField TensorF in Different Gauges
The Maxwell Equationsn the Light Gauge(QED?)
The StressTensorof the Electromagneti€ield

QuantumMechanics
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Quaternionsn PolarCoordinaté=orm
Multiplying QuaterniorExponentials
Commutator®f Observabléperators
TheUncertaintyPrinciple
AutomorphicCommutatoidentities

The SchrdalingerEquation
TheKlein—-GordonEquation

Time Reversallransformation$or Intervals

Gravity

The3 Fields:g,E& B

Field Equations

Recreatinglaxwell

Unified Field Equations

Conservatio.aws

GaugeTransformations

Equationsof Motion

Unified Equationsof Motion

Strings

Dimensionles$trings

BehavingLike a RelativisticQuantumGravity Theory
Eachof thefollowing lawsof physicsaregeneratedby quaternioroperatorsactingon theappropri
atequaternion—-valuetunctions. The generatoref thesecommonlawsoftenprovideinsight.
m Classical Mechanics

Newton’'s 2nd Law for an Inertial Reference Frame in Cartesian Coordinates

A= (0} (1, R = [0, R

Newton’'s 2nd Law in Polar Coordinates for a Central Force in a Plane

A= (Cos[e], 0, 0, -Sin [9])
2
(dit’ 0) (t, RCos[6], RSin [6], 0) =
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L2 - 2LR
_(O, W+R’ — = 0)

Newton’s 2nd Law in a Noninertial, Rotating Frame

A- (%, w) (-2.R, R+ 0xR) -
- (-3.R, R+20xR+0xR-0. R0

The Simple Harmonic Oscillator (SHO)

d 2 k
(W’ 0) (0, x, 0, 0) + (0, =X O, o):
2
o, X XX "0, 0] -0
dt m
The Damped Simple Harmonic Oscillator
d 2
(W’ 0) (0, x, 0, 0) +
(i 0)(0 bx, 0 o>+(o kK% o0, o)-
dtl ] ) ] ] m ] ]
d2x bdx kx
:(O, e + It + . 0, 0):0

The Wave Equation

(L, d o o)2 0, 0, f[tv +x], 0) =
v dt dx
d? d?
oz T 2 2
dx dt © v
Thethird termis theonedimensionalvaveequation. Theforth termis theinstantaneoupower
transmittecby thewave.

2d?2f [t Vv+X]
dt dx v

:(o, 0, ( )f[tV+X],

A Force Is Conservative If The Curl Is Zero

odd (-, 9), F| =0



A Force Is Conservative If There Exists a Potential Function for the Force

(&) w0

A Force Is Conservative If the Line Integral of Any Closed Loop Is Zero

gngt =0

A Force Is Conservative If the Line Integral Along Different Paths Is the Same

<96>th:<96>th

path 1 path 2

m Special Relativity

Rotations and Dilations Create the Lorentz Group

q’:

even (even (V', q), V)

g+ (v - 1)
|V |?

An Alternative Algebra for Lorentz Boosts

scalar ((t, x, y, z)?) =scalar

For boostsalongthex axis...

If t=0,then
L=y (1, 3 0, 0)
If x=0,then

L = Y <1s _By 01 0)
If t =x, thenfor blueshifts
L=y(¢(1-3 0, 0, 0)

For generaboostsalongthex axis

+ y even (V*, q°)

((L(t, x, y, 2))?)

14Z



t (Byz+y (1-v)) -X
t (yBy+z (1-v)) +X
(t2+X2+y2+22)

L= (vt?+ yx? -2y Bt x+ (y2+2%), ¥vB (-t? +x?),
( (1 -
( _

m Electromagnetism

The Maxwell Equations

even ((@it, 7)., (0, B)) + odd ((ait, 7). (0, B)) -
-v-B. vxE-SB|- (0, 0)
odd((a—ﬁt— @), (0, B))—even ((@—i— ?) (0 E)):
(v E VXB—?—F):4N(Q 1

m Maxwell Written with Potentials
Thefields

ot - ot

144
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,9), odd (S -9), (6, A))] -

: ?), vector (even ((%, _v), (¢, —A)))) -

. 32 A . a9 ¢
At 2 ot

The Lorentz Force

-

odd ((v, vB), (0, B)) - even ((-y, ¥B), (0, E)) =
(YB'E’ vyE + ¥vB XB)

Conservation Laws
The continuityequation

(5, -9) (v.E, vxs_@—E)) _

scalar S0 oT

o - . OE - -
(@—tv-E—v-—t+v-vXB, O):

op

@t’o

= scalar ((Oit, _v), 4 7 (p, J)) :47T<E~j+

Poynting’stheorenfor energyconservation.

scalar ((O, -E) (v-E, vxs_g_f)j =

ot

2
-v. (E)(B>_%(@_E) - 1 (@] ’ o)

(E.vXB_E. oE o) _

=scalar ((0, -E), 47 (o, J)) =4x (E-J, 0)

The Field Tensor F in Different Gauges

Theanti-symmetri@-rankelectromagnetifield tensor-
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F in theLorenzgauge.

(6 _v)(wb, A) + (¢, —A>)_

ot ! 2
<(b’ A>_<®l _A) @ N B
( 7 ) 5t 7) =
I oA . .
_(W+V.A, —W—anvXA)

F in the Coulombgauge

( (0. B - (6. A ) (2, 9 -
:(%?, g? v¢+vXAj
F in thetemporalgauge.
( (0. B + (0. A ) (2, 9 -
_ (_v A _g_f_mmxzx)
F in thelight gauge.
(2, -9) (o -A) - (%_77&, _g_f\_mmx;x

Thelight gaugeis onesigndifferentfrom the Lorenzgauge putits generators a simpleasit gets.



The Maxwell Equations in the Light Gauge

Note: subsequenwork hassuggestethatthe scalarin theseequationss partof a unifiedfield
theory.

even ((Git ﬁ), odd ((ait ﬁ), (¢, A))) +
odd ((@it’ v), even ((@it’ —ﬁ), (¢, —A))) -

ot ot
oven ([ 9). even ([ ). 0. #)) -
(&% o o A Ly o .o B
(@tZ +V .-V, 512 VX (VXA) - VV A)_
¢ 2 2A 2
(OtZ Vo0, -5t A):47T(p, J)

y.z v,z 1 even (Ua, Ub) ((0, E)?
agx ng 4 1 (( 3 _1)

-even (E, Ua) even (E, Ub) - even (B, Ua) even (B, Ub) -
- even (odd (E, B), Ua) - even (odd (E, B), Ub) =

- (-ExEy - ExXEz - EyEz - BxBy - BxBz - By Bz
+ EyBz - EzBy + EzBx - ExBz + ExBy - EyBx, 0) /2

JT

m Quantum Mechanics

Quaternions in Polar Coordinate Form

q=1[1dgl|l exp[6ll =qg° g (Cos[e] + I Sin [6])
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Multiplying Quaternion Exponentials
qq’ =
{d, 9’}" + Abs[q, g’ 1" Exp[5

[, 9" 1" ]
bs{g, q']"

Commutators of Observable Operators

A Blq- (AB-BA)q - -al 99 ,, dadg

_ dqg dg d
= -al da al da qua | q

The Uncertainty Principle

lf%rﬁL - %—s S5A? 5B?

Unifying the Representation of Spin and Angular Momentum

For smallrotations:

[Re;-0, Re,-0] =2 (Res—0 (6%) ~R (0))

Automorphic Commutator ldentities

x1

4, 9’1 = [9*, a9 *] = gt g 117 = [q

(@ 9} ={q", 9" "} =-{g*%, g 11" = (g2, q' *?)

The Schradinger Equation

\}
T = Exp (wt - K X)
VV. V
.oy -h?
Hw_—lﬁ@t = 2mvarV(O, X)

The Klein—-Gordon Equation



n=0
2
Pn - (Pn Xpn) - (Pn 'Pn) En +En3+ %thn )

VX (VXPn) + VX (VEy) +Pq X (Py XPn) + (Phn XPy) Ep -V
o 2 0% Py,
<V‘Pn) +Pn En —Pn <Pn ‘Pn) + 7@1:2
It takessomeskilled staringto assurdhatthis equationcontainghe Klein—Gordonequatiomalong
with vectoridentities.

Time Reversal Transformations for Intervals

Classically
if B<<1then R~ (-1, 2t B)

R=(-=, 1, 0, 0
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m Gravity

The 3 Fields: g, E& B
o N
(W’ —V) (o, —A) =
(6 - V.A -A-9¢ + VxA) = (g, E+B)
Field Equations: Almost Maxwell and a Dynamic g
o N
(@_t, v) (g, E+B) =
(0 - V.E- 9.B, E+VYxB+B+ YxE+ vg) -
4 71 (pg + Pe, j‘g +Je)
o N
(50 ") (@ BB -
(0 + V.E+ 9.B, E- VxB+B - VxE- vg) -
47T(pg + Pe, jg +Je)
Recreating Maxwell

Let U = (—7E—7B+g, E+9XxB+B+ UXE +7g)

W= (9.E+9.B+g, E- 9xB +B - VxE -9g)

Mirror ((W+ U) /2) + (W-U)* /2 =
(7E+7B+g, —E+7XB+B+7XE+79>

Unified Field Equations

(i, v) o _v) (¢, -A) =
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Conservation Laws

(& ) (& 9] 6w -

_\2 . N . N IR . IR N
(0+ 99, E+ VXB+9YV.E- VXE - 9Yx VxB) =
- (9, 9)a4 Jg+3e) =
_(W’ —V) 7T (Pg + Pe, g tJde) =
=4 5
(g + e +9.3g +9.Te, Jg+Je -V pg -V pe-VxIg-VxJIe)
De + 7 je = O
Jg-Vpg-VxJg=0
If thedifferentialoperatoractson the hyperbolicequation,analogousesultsareobtained:
o} = o} N
50 ¥ (50 Y] @ E+B) -

- (g+ v°g, E+B+99.E- ¥x VxB- Ux UxE) -

o
= (W’ v)47T(Dg + Pe, jg +Je) =

=4 5

(g + Pe -9 Tg-9.Te, Jg+Je+Vpg+7Vpe+9xIg+VxJIe)

Therearetwo conservatiodaws here,chargeconservatiorfor electromagnetisrim the scalar,and
avectorconservatiorfor gravity.

De—v.je: 0



jg +vpg +vng :O

Gauge Transformations

(¢, A) — (", A)=(¢p - A- V.8 A+ V-

o
ot

(0, A) +

9 )

Equations of Motion

(v, ¥B) (g, E+B) =
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(vg - yB.E- yB.B, yE + yBxB+ yB+ yBXE+ yBg) =

m Unified Equations of Motion

Repeatheexercisdrom above butthistime, look to the potentials.

(v, YB)(E%ﬂ —7)(@ -A) =

(v, ¥B) (& - 9.A -A-9¢ + VXA

~

- (y(p YV A+ yB A+ YR Y6 -vB VXA
YA - YV + YUXA + dyB-
vV.AY B —yBXA ~YBXVo +7(BX7XA>

Thatis prettycomplicated! Thekey to simplifying this equationis to seewhathappensor light,

wheredt/dx = dx/dt. Gammablowsup, butif theequation's overgammathatproblembecomes
scalingfactor. With betaequalto one,a numberof termscancelwhich canbe seemmoreclearlyif

the termsarewritten out explicitly.
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8 OA OX OJA oX 0 oX 0

=12 ox 5t et ot T oot ax ® ot ax M
A_ O 09 90 @A+a¢@x_
axX ot ax = ot ot ot
o OX—@XOA—@XaqurixixA
oxX ot oxX =~ ot OX  8XxX oX ~ aXxX

It would takearealmathematiciarno statethe properconstraintsn thethreepairsof cancellations
thathapperwhenvelocitiesgetflipped. Therearealsoa pair of vectoridentities,presumingsim-
ple connectednessThis leadsto thefollowing equation:

o OX s 0 X 0 % A
ox Ot oX  oXx
Thescalarchangen energydepend®nly onthe scalarpotential,andthe 3—vectorchangen
momentumonly depend®n the 3—vectorA.

:(2¢, _A -

Strings
2 2 2
dg? = (dag2 eo? + da;2 S1° 1 da,2 £2° a2 &3°
9 9 9
Zdao da1 €o es—l, Zdao daz €o eTZ, Zdao da3 €0 GT3 =
- (interval 2, 3 -string )
Dimensionless Strings
5 2 2 2
2 C 2 o 2 2 €1 2 € 2 €3
dg“ = Gh dag” ep© +dajg 9¢cz * da, 9cZ + das 92’
€1 (S) €3
2daoda1eo3c,2daoda2eo C,2daoda3eo3c

As far astheunitsareconcernedthis is relativistic(c) quantum(h) gravity (G). Takethiscon
stantsto zeroor infinity, andthedifferenceof a quaterniorblowsup or disappears.

Behaving Like a Relativistic Quantum Gravity Theory

Case 1: Constant Intervals and Strings

T: dg »dg’ such that scalar (dg?) =
scalar (dq’?) and vector (dgq?) = vector (dq’ ?)
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Case 2: Constant Intervals

T: dg »dg’ such that scalar (dg?) =
scalar (dq’?) and vector (dq?) # vector (dq’ ?)

Case 3: Constant Strings

T: dg »dg’ such that scalar (dg?) #
scalar (dq’?) and vector (dgq?) = vector (dq’ ?)

Case 4: No Constants

T: dg »dq’ such that scalar (dg?) #
scalar (dq’ ?) and vector (dgq?) # vector (dq’ ?)

In this proposalchangesn thereferencdrameof aninertial observesarelogically independent
from changinghe massdensity. Thetwo effectscanbe measuredgeparately.Thechangdn the
length—timeof the stringwill involve theinertial referencdrame,andthe changen theinterval
will involve changesn the massdensity.
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Conclusions

m What's been done

It is anold dream(or perhapsnoreaccurately,arecurringnightmare)o expressawsof physics
usingquaternions.In thesewebpagesguaternioroperatoravereemployedo expressentral
laws of physics: Newton’ssecondaw, the Maxwell equationsandthe Klein—-Gordonequation
for relativisticquantummechanics.Applicationsof quaterniongo specialrelativity weredonein
detail, with over50 problemsworkedout explicitly. Quaternionslo not makeproblemsolving
easy. Rathertheyhelpunitethelawsthemselves Significantly,ananalysisof thelengthof a
guaternionintervalif theorigin is movedestablishea connectiorto the machineryof general
relativity, the affine parameter.

m What's new

Onemightsuspecthatthereasorfor the succesglaimedaboveis thatnothingproposeds new.
After all, quaternionsrea linearcombinationof tensorsof rankzeroandone,andwhile usedin
anewway here,doesanythinggenuinelynovelappear?

| believethata newvery powerfulideadrivesthis work, namely thateventsrepresentedsquater
nion areatopologicalalgebraidield. Thisimpliesthatanycollectionof eventscanbegenerated
by anappropriatequaterniorfunction. Scalarsaandvectorsmix undermultiplication,soquater
nionsarea mixedrepresentation.

A newview of relativisticquantummechanicsvasoutlined. TheKlein—-Gordonequationis a
scalarequation. Whenquaternioroperatorsareemployedthe Klein—-Gordonequationis partof
alargerset,includinga scalarandvectoridentity analogougo the Maxwell equations.These
additionalidentitiesarealsovalid by the conventionabnalysis puttheydo not naturallyarise,so
the parallelto the Maxwell equationss lessclear.

A newlink to generarelativity hasbeenproposedvhichis slightly different. Theinvariant
intervalin specialrelativity wasthefirst termof thedifferencebetweerntwo eventsguaternions
squared.If theorigin changesthenthefirst termof the differencebetweerthetwo eventquater
nionsandtheorigin quaternionsquareds similarto the squareof the affine parameteof general
relativity. Theonly differenceliesin thecrossterm.

Everyevent,everyfunction,everyoperatorusedwasa memberof thefield of quaternions.This
might strike someasa comicrelianceon a solitarytool. | preferto think of it asa greatdemo
craticprinciple. Physicdgs impressivelydemocraticwith eachphotonor electronobeyingthe
samecollectionof lawsinterchangeably The mathematicsinderlyingthelaws of physicsshould
reflectthisinterchangeability.
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m What needs to be done

Nothing presentedvasprovenrigorously. Therewerefew referenceso theliterature. This body
of work is morelike a skeletonof work, areflectionof the author’'ssemi—formalrainingand
isolationfrom the professionaphysicscommunity. Thereis a needto fleshtheseideasout only

if thereis the potentialfor newinsights. Although| appreciatehe standarcapproach| feel like |
havegainednewinsightinto why Maxwell’'s equationsaarenecessaryhavea newway to view
relativisticquantummechanicsandcling to a noveltoeholdon generakelativity. And sinceeach
of theseds a quaternionjt becomegossibleto mix andmatchthemto createnewareasof study.

| hopethiswork generatemterestin the physicscommunity.

More problemsneedto be solved. My upcomingfocuswill bethe DiracfunctionandFourier
analysisusingquaternions.If | canbuild thesefunctions,it shouldbe possibleto approactprob
lemsin electromagnetisrandquantummechanics.l won'’t beeasy it neveris, butit mightbe
elegant. And maybel’ll dabbleallittle with curves...



