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CHAPTER 1

Introduction

Quaternionic analysis is the most natural and close generalization
of complex analysis that preserves many of its important features. In
thirties and forties of the last century in the works of G. Moisil, N.
Theodoresco, R. Fueter and other authors this fact started to emerge.
Even earlier in [60] it was shown that the Dirac equation can be rewrit-
ten as a quaternionic equation, and in [38] it was observed that the
Dirac equation for a massless field can be represented as a condition
of analyticity for a function of a quaternionic variable. Later a similar
observation was made with respect to Maxwell’s equations for a vac-
uum. An example of a theory developed on the base of this fact can
be found in [37]. In spite of such clear evidence of the applicability of
quaternionic analysis to first order systems of mathematical physics, it
was not until quite recently that applications of quaternionic analysis
started to gain a wider popularity due to a considerable extent to the
book [31] as well as to [6]. An even wider spectrum of problems from
mathematical physics was considered in more recent books [35, 58, 32],
from the classical equations of elasticity to quark confinement, and from
applied electrodynamics to relativistic quantum theory. In principle,
the whole building which the equations of mathematical physics in-
habit can be erected on the foundations of quaternionic analysis, and
this possibility represents some interest due to the lightness and trans-

parency especially of the highest floors of that new building as well as
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due to high speed horizontal (apart from the vertical) movement allow-
ing an extremely valuable communication between its different parts.
Nevertheless the current major interest may be the tools of quater-
nionic analysis which permit results to be obtained where other “more
traditional” methods apparently fail. Examples can be found in the
books mentioned above.

The present small book was thought of both as a continuation of
the theory developed in [58], and as a friendlier introduction to this
theory (in fact its writing was inspired by a course given by the author
to graduate engineering students). Finally, restricting ourselves only
to Maxwell’s equations and the Dirac equation we show the progress
achieved in applied quaternionic analysis during the last five years,
emphasising results which it is not clear how to obtain using other
methods. Thus, the main objective of this work is to introduce the
reader to some topics of quaternionic analysis whose selection is mo-
tivated by particular models from the theory of electromagnetic and
spinor fields considered here, and to show the usefulness and necessity
of applying the quaternionic analytic tools to these kinds of problems.

Chapter 2 is a really brief familiarization with these topics where
together with quite well known facts which can be found for example in
[58] some very recent results, especially those corresponding to integral
representations in unbounded domains, are included.

In Chapter 3 we consider some problems for the Maxwell equations
in homogeneous media and for the Dirac equation for a free particle.
We start with the well known quaternionic reformulation of the time-
dependent Maxwell equations and show how this can be used to obtain
the solution for the classical problem of a moving source. Then we

consider some boundary value problems for the time-harmonic Maxwell
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equations as the problem of analytic extension of the electromagnetic
field and demonstrate that its complete analysis has become possible
due to the quaternionic approach. We show how the same technique
works in the case of electromagnetic fields in chiral media, and for the
Dirac equation for a free particle. It should be mentioned that the
quaternionic reformulation of the Dirac equation used here does not
coincide with that proposed in [60]. We explain the difference and
advantages of our reformulation.

Chapter 4 is dedicated to the Maxwell equations for inhomogeneous
media and to the Dirac equation with potentials. In spite of a relatively
large number of publications on the quaternionic approach to Maxwell’s
system, even the question as to how to write the Maxwell equations
for arbitrary inhomogeneous media in a compact quaternionic form re-
mained open until recently. In [49] such a reformulation was proposed
in the case of a time-harmonic electromagnetic field and in [48] for the
time-dependent case. Here we make one additional step which leads us
to Maxwell’s system in the form of a single quaternionic equation. As
is shown in the same chapter its form is similar to the quaternionic re-
formulation of the Dirac equation with potentials. For both equations
we construct exact solutions using the algebraic advantages of com-
plex quaternions and the relatively simple form of the equations. In
the case of a static electromagnetic field in an inhomogeneous medium
we show that the solution of the Maxwell equations can be obtained
using the fact that the corresponding quaternionic operator factorizes
the Schrodinger operator. This factorization is closely related to a
nonlinear quaternionic equation which can be considered as a spatial
generalization of the ordinary differential Riccati equation. The tra-

ditional Riccati equation is distinguished by its numerous applications
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as well as by some curious and unique properties. If a particular solu-
tion of the Riccati equation is known, the equation can be linearized.
Given two particular solutions, the general solution can be found in
one integration. These two facts were proved by Euler. Other interest-
ing properties were discovered by Weyr and Picard and correspond to
three and four particular solutions. We give the generalizations of all
these facts for the quaternionic Riccati equation.

Another special case, that of so-called slowly changing media, is
discussed separately. We show how in this case using only algebraic
properties of complex quaternions explicit solutions can be obtained.
The same approach leads us to exact solutions for the Dirac equation
with scalar, pseudoscalar or electric potential. In the case of for ex-
ample electric potentials, this works only for massless fields, which is
why in the last section we propose another method for obtaining exact
solutions of the Dirac equation with electric potential. This possibility
is also based only on algebraic properties of complex quaternions.

It is a pleasant duty of the author to thank Benjamin Williams of
the University of Canterbury, New Zealand as well as Raiil Castillo of
the National Polytechnic Institute of Mexico City for a critical reading
of the manuscript. The author appreciates very much the support of

this work by CONACYT through the project No. 32424-E.



CHAPTER 2

Elements of quaternionic analysis

2.1. Quaternions

An ample class of problems from electrodynamics, wave propaga-
tion, quantum mechanics, elasticity theory and many other fields of
contemporary science can be reduced to two-dimensional models. This
is possible in cases in which we have some additional useful information
about geometrical features of the physical process under consideration.
For instance, when only radial waves are considered in a propagation
phenomenon or when a cylindrical wave guide is studied we can reduce
the problem with some well known tricks to a model of fewer dimen-
sions. Why such a reduction is of great importance is quite clear. In
numerical analysis the reduction of dimension of the problem can be
vital for the precision of its solution. But also for analytical study of
the problem the reduction to two dimensions can signify the possibility
of its exact solution being found, because of the existence of such a
powerful tool as complex analysis which allows us to employ a variety
of well developed methods for solving boundary value problems. The
root of the power of complex analysis consists in the algebraic prop-
erties of complex numbers. Roughly speaking, the introduction of the
complex imaginary unit ¢ allows us to multiply any two points in the
plane in such a way that multiplication together with addition gener-
ates an algebra, that is all axioms of algebra are true: the commutative

law, the distributive law, etc.
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Nevertheless it is obvious that an overwhelming majority of physi-
cally meaningful problems cannot be reduced to two-dimensional mod-
els. Usually, in such cases vector calculus is applied, but the difference
between the power of complex and vectorial analysis is vast. The vector
product does not permit the formation of an algebra. It is not commu-
tative, nor associative. There exists no element which could be called
a unit, and it is impossible to divide. In the nineteenth century vari-
ous attempts were made to construct an algebra in three-dimensional
vector space until finally W.R. Hamilton in 1843 found out that it is
instead necessary to consider the space of four dimensions where the
algebra of quaternions had been waiting for the inquiring researchers.
The quaternions enjoy the same properties as the complex numbers
with one exception. The commutative law is not valid. This is an im-
portant loss which complicates quaternionic arithmetic, but as we will
see on the subsequent pages we will actively use the non-commutative
peculiarity of quaternions and in some cases it will be the key for ob-
taining the result.

A quaternion may be regarded as a 4-tuple of real numbers or in
other words as an element of R* which then is represented as a linear

combination of the elements of the standard orthonormal basis:

(2.1.1) q = Qolo + G121 + Gal2 + G3i3.

Here qo, q1, g2 and g3 are real numbers and called the components of
the quaternion q. We will say that two quaternions are equal if and

only if they have exactly the same components:
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The sum of two quaternions p and ¢ is defined by adding the corre-

sponding components:

3

(2.1.2) P+a=" (P + )i
k=0

Until now we have been considering only the definitions that do
not distinguish the quaternions from vectors from R*. The concept of
quaternions properly begins with the definition of quaternionic multi-
plication. The element 7, is regarded as the usual unit, that is ig = 1.
Nevertheless sometimes the notation 7, will be more convenient, e.g.,
in formulas which include summation such as (2.1.2). The other three

basic elements are regarded as imaginary units:
(2.1.3) i} =iy =i3=—1.

The products of different elements of the basis are defined in the fol-

lowing way

(2.1.4) iyt g = —lg -l = 13,
(2.1.5) Uy - 13 = —i3 - lg = 11,
(2.1.6) i3+ 01 = —iy - i3 = la.

Equalities (2.1.3)-(2.1.6) completely define the multiplication of quater-
nions. We have
P+ q = (poio + pri1 + paia + p3is)(qoio + qri1 + qois + gsis) =
= (pogo — P1q1 — P2g2 — P3q3)io+
(P10 + Poqr + P2gs — P3qa)ir+
(P2qo + Poga + P31 — P1gs)ia+

(2.1.7) (p3qo + Pogs + P1g2 — P21 )is.
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Very often the vectorial representation of a quaternion is used.
Namely, if ¢ = Zi:o qxik, then go (which is the same as qip) is called
the scalar part of ¢ and denoted as Sc(gq) and 22:1 qriy is called the
vector part of ¢ and denoted as Vec(q) or ¢'. Each quaternion q is a

H
sum of a scalar qo and of a vector ¢ :

q =Sc(q) + Vec(q) = qo + ¢

If Sc(q) = 0 then ¢ = ¢ is called a purely vectorial quaternion. Let
us notice that the basic quaternionic imaginary units i1, i3 and 73 can
be identified with the basic coordinate vectors in a three-dimensional
space. In this way we identify a vector from R? with a purely vectorial
quaternion with the same components.

Using the definitions of the scalar and vector products we can

rewrite the quaternionic product (2.1.7) in a vector form:

(2.1.8) P-q="pogo— < D,q > +poq + Pgo + [P’ X ql.
Here

<P, G >= p1g1 + P2q2 + P3qs

and
i1 g i3
Pxdq=|p p ps
i 492 93
as usual.
Note that
Sc(p-q) = pogo— <P, 7>
and

Vec(p - q) = poGd + Dao + [P % 4.



2.1. QUATERNIONS 9

An important corollary of (2.1.8) is that in general the product of two
purely vectorial quaternions is a complete quaternion whose scalar part
is not zero but is equal to the scalar product of the two vectors with
the sign minus

—

Dq == <pq>+[pxq.

Thus, Sc(p - ¢) = 0 iff the vectors P and ¢ are orthogonal, and
=0

Vec(p - q) iff they are colinear. Note that

(2.1.9) 2= P =—<pi>=—p".

Let us define the conjugate of the quaternion ¢ = gy + ¢ to be the
quaternion § = ¢y — ¢. A simple calculation gives us the following

important property of the quaternionic conjugation:

P-q=4q-p
From (2.1.8) we immediately obtain that
_ 2
(2.1.10) q-q=q5+qi+a+aq =gl
This real number represents the square of the distance from the origin
of the point with coordinates (qo, q1, ¢2, q3) in the Euclidean space of
four dimensions. Thus, in order to factorize the squared distance in
two dimensions we need the complex imaginary unit ¢. In three or four
dimensions we need three imaginary units iy, i3 and 3.
One more important conclusion which can be reached using (2.1.10)

is that each non-zero quaternion ¢ is invertible and its inverse is given

by

9

-1
(2.1.11) =

=
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Note that |p-gq| = |p| - |q], as
p-al* =pg-pa=pgg-p=pld’p=pp-laf* = |pI’ - la*.

To finish this introduction to quaternionic arithmetic we should
mention that all laws of algebra are valid in the case of quaternions with
a unique exception: quaternionic multiplication is not commutative.
Thus, in algebraic terms the quaternions form a skew field which we
will denote by H(R). The letter H is frequently chosen in honour of
the inventor of quaternions, and R here indicates that we consider the
real quaternions and not the complex ones, which will be introduced

in the next section.

2.2. Complex quaternions

If in the definition of quaternion (2.1.1) we suppose that all com-
ponents can be complex (instead of real) numbers we arrive at the de-
finition of complex quaternions (which are called also biquaternions).

Thus, a complex quaternion ¢ is an object of the form

q = qoto + q1t1 + gat2 + g3i3,

where qg, ¢1, ¢2 and g3 are complex numbers. In order to complete this
definition we must introduce an additional law of multiplication. We
establish the commutation rule for the usual complex imaginary unit ¢
with the quaternionic imaginary units i;, k = 1,2, 3. We define this as

follows
Ul =1 -1, k=123
That is, ¢ commutes with the quaternionic imaginary units. Although

such a rule seems the most natural, very often i is supposed to anti-

commute with i, £ = 1,2,3. In this way one obtains the algebra of
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octonions (Cayley numbers). As real vector spaces the set of complex
quaternions and the set of octonions are isomorphic, but their algebraic
properties are very different. The octonions form a division algebra,
- for each non-zero element there exists an inverse. Nevertheless the
price for such a wonderful property is the associativity. The algebra of
octonions is not associative. The complex quaternions, on the contrary,
enjoy the property of associativity but instead, as we will see further
on, there exist non-zero elements which do not have inverses. In these
lectures we will use the algebra of complex quaternions referring the
reader interested in octonions to the books [73, 39, 25, 35, 83]. The
algebra of complex quaternions will be denoted by H(C). Note that
any ¢ € H(C) can be represented as follows ¢ = Req + i Im g, where
Req = Zi:o Re qii, and Im g = 22:0 Im gyi) belong to H(R).

Let us consider the complex quaternion ¢ = 14-42; and its conjugate

q =1 —11,. Their product gives us
(2.2.1) qg-q=1+1ii;)(1—4di)=1-1=0.

We have two elements different from zero, whose product is equal to
zero. In general, if the product of two elements a and b is equal to zero
but a and b are not zero, then a and b are called zero divisors. Let us

denote the set of all zero divisors in H(C) by &:
(2.2.2) S:={acH(C)|la#0;Ib#0:a-b=0}.

It is important to characterize the subset G. How one can know a
priori if some given quaternion q is a zero divisor? First of all let us
note that if @« € & then a~! does not exist. The proof of this statement
is very simple. We assume that a € &, that is, there exists such b # 0

that ¢ - b = 0 and we assume that a~! exists. Then a 'a = 1. We



12 2. ELEMENTS OF QUATERNIONIC ANALYSIS

multiply this equality by b: a 'ab = b, from which we immediately
obtain the contradiction 0 = b. Thus, zero divisors are not invertible.

The following lemma gives us a more detailed description of &.

LEMMA 1. [58](Structure of the set of zero divisors) Let a € H(C)

and a # 0. The following statements are equivalent:

1

()aEG
(2)
(3)
(4)

@
@I

3
4

)

2 —92
0~ a
2 = 2q,

—>
=2aa.

a

PRrOOF. First, let us show the equivalence of 1. and 2. If 2. holds,
then we can choose b = @ and the definition of & (2.2.2) is satisfied.
If 2. does not hold, i.e., a-@ # 0, then there exists a~! defined by
o' = @/|a|* and this means that a ¢ &. Thus, 1. and 2. are
equivalent.

The equivalence of 2. and 3. follows immediately from the definition

of quaternionic conjugation:

a-a=0 & (ag+d)(ap—a)=0 & aj=T7a"

To prove the equivalence of 3. and 4. we consider the square of a:

- —
a® =aj+2a0a + a’.

Then we can see that a2 = @2 & a?>=2a?+2ad = 2da and
2=ad? & a®=2da+2ad = 2aqa. U

REMARK 1. If a € & and ag # 0 then according to 4. from the

preceding lemma the complex quaternion c := ﬁa 1s idempotent, that

is ¢* = c.
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As we can observe already, the modulus introduced by (2.1.10) in
the case of the complex quaternions in general does not give information
about the absolute values of their components, see (2.2.1). This is why
another kind of modulus is used frequently. We denote by |g|. the

following real number

(2.2.3) al, == /1ol + laa? + laal + lasl?,

Wk

where |q;€|2 = qxq; and stands for the usual complex conjugation.

(2.2.3) represents a natural Euclidean metric in R® and can be ex-

pressed also in the following manner
lal; = Req|* +Img|* = Sc(q - 7°) = Se(q" - ).

Note that Sc(p - q) = Sc(q - p) for any p, q € H(C).
In general, |p-q|, # |p|, - |¢|. and even |p - ¢|, can be greater than
the product |p|, - |q],.

EXAMPLE 1. Let p=q=1+41i. Then
p-ql, =21 +ii|, = 2V2,

but

The following simple statement gives us an important estimate.

LEMMA 2. Let p and q be complex quaternions. Then

p-al. < V2. ldl..
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PrOOF. We denote a := Rep, b:=Imp, c := Req, d := Imq. Then

Ip - q|i = |(a+ib)(c+2’d)|i = |ac — bd + i(bc + ad)|§ =
= |ac — bd|* + |be + ad|” < 2(|ac|® + [bd|* + |be|? + |ad|?) =

= 2(Jal* + [o")(Ie* + [dI*) = 2 |pl; - |al; -

2.3. Complex quaternionic functions

We will consider functions depending on three or four independent
real variables and taking their values in the algebra of complex quater-

nions, that is functions

/iR S H(C)
or

f:R* — H(C).

Such functions will be called complex quaternionic or biquaternionic
functions. Let © be some domain in R? or R* and B(f2) some Banach
space of complex valued functions defined in 2, for instance, C(2) or
L,(€2). Through the whole book we assume that a complex quater-
nionic function f belongs to the space B(€2; H(C)) iff each component
fr of f belongs to B(€2) where the corresponding norm for f is calcu-

lated in the following way

3 1/2
I1fllg = (Z ||fkué> -
k=0

If B(©?) is a Banach space then the space B(€2;H(C)) defined in this

manner is also a (complex linear) Banach space.
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2.4. The Moisil-Theodoresco differential operator

Let us introduce the following notation which will be used through-
out these lectures

= a_gjk’
and let f € C1(Q;H(C)). Then the following operator

3

Df = Z ’Lkakf

k=1
is called the Moisil-Theodoresco operator. Let us consider the action

of the operator D more explicitly

Df = (3101 + 120y + i303)(fo + fri1 + foia + faiz) =
= (1101 fo + 1202 fo + 1303 fo) — (O1f1 + Oafo + O3 f3)+
+ ((02f3 — O3 f2)ir + (O3 f1 — O1f3)ia + (O1f2 — Oaf1)is).

The expression in the first brackets is precisely the gradient of the
function fy:

grad fo = (i1(91 + igag + igag)fo.

H
The second brackets contain the divergence of the vector f:

—

div f = 01f1 4 Oz f2 + 03 fs.
Finally, the third brackets represent the rotational of 7):
—
rot f = (0afs — O3 f2)ir + (03f1 — 01 f3)ia + (O1fo — Oz f1)is.
Consequently,
— —
(2.4.1) Df =—div f +grad fo +rot f.

This equality needs some explanation, because if it were written by a
student in an exam on vector calculus the result would be deplorable.

What does the sum of the vector grad f; and the scalar — div 7) mean?
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What would be impossible in vector calculus, in quaternionic analy-
sis has a very simple and natural meaning. The result of the action of
the operator D on the biquaternionic function f is a complex quater-
nion whose scalar part is equal to — div 7) and whose vector part is the
sum grad fo 4 rot 7:

—

Sc(Df)=—div f,
Vec(Df) = grad fo + rot 7

We see that all three principal differential operators from vector calcu-
lus are contained in the quaternionic operator D. If they are considered
separately then many important features are lost, but their combina-
tion D allows us to obtain appropriate generalizations of the most of
basic facts from complex analysis.

The equation
(2.4.2) Df=0

is equivalent to the system

—

(2.4.3) div f =0,

(2.4.4) grad fo + rot 7 =0,

called the Moisil-Theodoresco system. It was studied for the first time
in [65] which marked the starting point in the development of hy-
percomplex function theory. Since then the Moisil-Theodoresco sys-
tem has been considered in hundreds of works (here are only some
books [16, 26, 31, 32, 58, 68]). Such interest was provoked in some
part by some physical applications of (2.4.3), (2.4.4), but mostly be-
cause the Moisil-Theodoresco system posessed such important prop-

erties that it was regarded as the most natural generalization of the
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Cauchy-Riemann system to the space of three dimensions. It became
clear what the Cauchy integral theorem, Morera’s theorem, Cauchy’s
integral formula, Plemelj-Sokhotski’s formulas and many others are in
three dimensions.

Note that using (2.1.9) the following property of the operator D is

obtained

(2.4.5) D? = -A

Y

where A = 97 + 05 + 02 is the usual Laplace operator. This property
guarantees that each component of a function f satisfying (2.4.2) is a
harmonic function.

The following generalization of Leibniz’s rule can be proved by a

direct calculation (see [31, p. 24]).

THEOREM 1. (Generalized Leibniz rule) Let {f, g} C C1(Q; H(C)),

where € is some domain in R®. Then

(2.4.6) DI[f -g] = D[f]-g+ [ - Dlg] +2(Sc(fD))lg],
where

(Se(fD)g) ==~ 3 fidhg.

An immediate corollary of (2.4.6) is that even if Df = Dg = 0 it
does not imply that D[f - g] = 0 also.

We will actively use the following

REMARK 2. If in Theorem 1 Vec(f) =0, that is f = fy, then

(2.4.7) Dlfo-g] = D[fo]- g+ fo- Dlgl.
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From this equality we obtain that the operator D + gra}—dofo can be factor-

ized as follows

grad fy
Jo

Let us note that the Moisil-Theodoresco operator was introduced

(2.4.8) (D + )9 = fo 'D(fo-9).

as acting from the left-hand side. The corresponding operator acting

from the right-hand side we will denote D,

3
(2.4.9) D,f = 0Ofix
k=1
In vector form the application of D, can be represented as follows
— —
D,.f =—div f + grad fy —rot f

(cf. (2.4.1)) and all the corresponding theory can be developed for D,

exactly as for D.

2.5. The operator D + ol

In this section we consider the operator D, := D + al, where
« is an arbitrary complex constant and [ is the identity operator.
The first work in which this operator (for « real) was studied, was
by K.Giirlebeck [30]. As we will see in the subsequent pages, the ad-
dition of « allows us to widen the spectrum of possible applications of
the quaternionic analysis techniques under consideration. Having them

in mind we will assume that
(2.5.1) Ima > 0.

As will be clear later, physically « represents the wave number which

usually is chosen to satisfy (2.5.1).
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2.5.1. Factorization of the Helmholtz operator and funda-
mental solutions. The operator D, is closely related to the Helmholtz

operator A + oI because of the following factorization
(2.5.2) A+ao*=—(D+a)(D—-a)=-D,D_,

which is a corollary of (2.4.5). The equality (2.5.2) means that any

function satisfying the equation

(2.5.3) Dof =0
or
(2.5.4) D_of =0

also satisfies the Helmholtz equation
(2.5.5) (A+a®)f =0.

In other words, each component of the quaternionic function f satisfy-

ing (2.5.3) or (2.5.4) is also a solution of the Helmholtz equation.
Another important corollary of (2.5.2) is the possibility of the cal-

culation of the fundamental solutions of the operators D, and D_,.

Suppose that ¥ is a fundamental solution of the Helmholtz operator:
(A + a®) = 0.

Then using (2.5.2) we obtain that the function

(2.5.6) Ko i=—(D—a)¥

is a fundamental solution of D, and the function

(2.5.7) K_o:=—(D+a)y

is a fundamental solution of D_,, that is

Dy Ky =0.
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Normally, the election of a unique fundamental solution is related
to its physical meaning. In the case of the Helmholtz operator the
additional assumption (2.5.1) leaves no choice (see the discussion on p.

27). The fundamental solution

eia|:c|

(2.5.8) 0@) =~

chosen in this case represents an outgoing wave (decreasing at infinity)
generated by a point source situated at the origin. Another possible
candidate, the distribution —e~*#l /(47 |2|), if Ima > 0, increases ex-
ponentially at infinity and for this reason does not serve for describing
fields produced by sources in a finite part of space. As will be seen
later, the problem is to “distinguish” the behavior at infinity of these
two fundamental solutions in the case when Im o = 0. This difficulty is
overcome with the aid of the so-called radiation condition. But every-
thing is good in its season, and this discussion will be continued on
p. 27. At this moment due to the physical substantiality of the solu-
tion (2.5.8) we choose it for constructing the fundamental solutions for
the operators D, and D_,. Substituting the function (2.5.8) into the
equality (2.5.6) we obtain that

(25.9)  Kao(z) = — gradd(z) + ad(z) = (a + ﬁ - mé—p 9(x),
x
where  := S0_ x3i;. Substituting (2.5.8) in equality (2.5.7) we find

the fundamental solution of the operator D_,:

T T

(2.5.10) K_n(z) = —gradd(z) — ad(x) = (—a + 2 — iam) -9(x).

|z

The functions (2.5.9) and (2.5.10) will play a crucial role in what fol-
lows. They were obtained in [44], see also [58, Section 3].
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2.5.2. Integral representations in bounded domains. Now
we will prove some important facts related with the integral represen-
tations of solutions of (2.5.3). Let us start with the following auxiliary
theorem which is nothing but a quaternionic version of Stokes’ formula.
We assume that € is a bounded domain in R? with a piecewise smooth

boundary I' := 0f2.

THEOREM 2. (Quaternionic Stokes’ formula) Let f and g belong to
CHQ;H(C)) N C(Q;H(C)). Then

(2.5.11) /Q(Drf(y))g(y)+f(y)(D9(y)))dy=/Pf(y)ﬁ(y)g(y)dfy,

The proof of this fact can be found in [58, Chapter 4] or [32, p.
86].
COROLLARY 1. Let g € C*(Q; H(C)) N C(;H(CT)). Then
/ Dy(y)dy = / 7 (y)g(y)dr,.
Q r

PrOOF. In (2.5.11) f was chosen equal to 1. O

COROLLARY 2. (Quaternionic Cauchy’s integral theorem)
Let g € CHQ; H(C)) N C(H(C)) and satisfy (2.5.3) in Q. Then

[ 7 wstoir, == [ gy

There is also an inverse result, the proof of which the reader can

find in [58, p. 70]:

THEOREM 3. (Quaternionic Morera theorem)
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Let a € C, g € CYQ;H(C)), Dug € L,(Q;H(C)) for some p > 1.
If for any Liapunov manifold without boundary r (f = 8@, QcC Q,
LcQ ) the following equality holds

/ﬁﬂwﬂwﬁlz—aﬁgwwy
r 0
then g is a solution of (2.5.3) in S.

The reader is reminded that a closed bounded surface I' is called
a Liapunov surface if in each point z € T' there exists a normal 7 (z)
satisfying the Holder condition on I', that is there exist numbers C' > 0

and € > 0, € < 1 such that
7 (x) = 7 (y)] < Clo -y

for arbitrary z,y € I'. From this definition it follows that the class
of Liapunov surfaces is contained in the set of Cl-surfaces, and each
C?-surface is necessarily a Liapunov surface. More information about
Liapunov surfaces can be found, for instance, in [82, Section 27].

In what follows, unless stated otherwise, we assume that I' is a
Liapunov surface. Practically all results presented here for Liapunov
boundaries can be generalized to the case of Lipshitz boundaries (see,
e.g., [64] and the bibliography there). However this requires some
technical complications unnecessary for explaining the main ideas in
these lectures.

Now we use Theorem 2 in order to prove a generalization of Borel-
Pompeiu’s formula. Let us introduce the main integral operators which
in their properties are very similar to their famous complex prototypes:
the T-operator, Cauchy’s integral operator and the operator of singular

integration, which guarantee an efficient solution of different kinds of
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boundary value problems:

(2.5.12) T, f)(z) = / Kalz — ) f(y)dy, = <R,
(2513)  Kalfl(z) = - / Kalz — )7 (9)f(y)dT,, =€ RO\T,

25.14)  Su[f](2) = —2 /F Ko(z — y)7 (y)f(y)dTy, «€T.

Note that the integral in (2.5.14) is considered in the sense of the

Cauchy principal value.
As usual, the operator of singular integration generates two impor-

tant operators
1 1

(2.5.15) P, = 5(] +S,) and Q,:= 5(] — Sa).
In what follows we assume that €2 is an open bounded domain in R3
with a Liapunov boundary I' := 0f2.

THEOREM 4. (Quaternionic Borel-Pompeiu formula)

Let f € CHQ;H(C)) N C(S;H(CT)). Then

Ko[f](z) + ToDaf](z) = f(z), VreQ.

PRrROOF. Let us consider the integral

(2516)  TuDalf(x) = / Kol — 1) Doy f (9)dy.

where the index y in D, , means differentiation with respect to y. The
main idea of the proof, as will be seen later, is to apply Theorem
2 to the volume integral (2.5.16) in order to reduce it to a surface
integral, but the problem here is that the function IC,(z — y) does
not match the conditions of Theorem 2. Namely, K,(z — y) is a C'-

function in the whole domain €2 excepted point y = x. Thus the first
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FIGURE 1. Domain €.

step of the proof is to cut out the point x together with a small ball
B, :={y| |r—y| <e} from Q and consider the integral (2.5.16) as

the following limit

(2.5.17) /Q Ka(e =y)Dayf(y)dy =limy | Ka(w = y)Day(y)dy,

where 2, := O\ B, as shown in Fig. 1. Now the integral

/ Ka(x —y)Day f(y)dy

is almost ready for the application of Theorem 2. We only need to

transform it to some more suitable form:

/Q Ka(z = y)Dayf(y)dy =
= /Q Kolx —y)Dy, f(y)dy + Oé/Q Koz —y) f(y)dy =
_ / Kl — 1)Dy f(y)dy + / Kale = 9)F(y)dy—

- / D, yKale — ) f(y)dy + / Dy ylKale — ) f(y)dy,

where D, is the right Moisil-Theodoresco operator (formula (2.4.9))
with respect to the variable y. Let us note that by definition of X, we

have

_Dr,y[lca(x —y)| = _Dy[’Ca(‘T —y)] = D.[Ko(z —y)].
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Thus, continuing the last equality we obtain
/ Koz = y)Day f(y)dy =

- / (Kalt — 5)Dy f () + Doy Kol — )] f () dy+

€

n / (Ka(z —y) + DalKalz — 9)])f(4)dy.
Qe

The first integral in the right-hand side falls victim to Theorem 2:
[ (Kale = )D,0) + Deyliale = )5y =
Qe

_ / Ka(z =) 7 (y) f(y)dTey,

€

where I'. := 0. Turning back to (2.5.17) we see that

ToDy [f] (x) = lim /Ca(x - y>7<y)f(y)dre,y

e—0 I,

+ hr% Dy Kalz —y)lf(y)dy.
=0 Jo.

The first limit gives us —K,[f](z) while the second is equal to

JREETHO
Q
and consequently to f(x). This completes the proof. O

This theorem immediately implies the following analogue of the

Cauchy integral formula.

THEOREM 5. (Quaternionic Cauchy integral formula)

Let f € CYHQ;H(C)) N C(LH(C)) and f € ker Do(Q). Then
(2.5.18) f@) = K.[fl(z), Vreo.

(Recall that f € ker A in some domain Q iff Af =0, Vo € Q).
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2.5.3. The radiation condition and integral representations
in unbounded domains. The next step is to obtain the Cauchy in-
tegral formula for null-solutions of the operator D, in the exterior
domain R?\ Q. Let us first discuss some heuristic arguments leading
to the notion of a radiation condition at the infinity.

Consider the Helmholtz equation
(2.5.19) (A +a?)u(z) =6(z), z€R?,

which mathematically defines the fundamental solution of the Helmholtz
operator. In order that the solution of (2.5.19) has a physical sense we
must remember that it describes a monochromatic wave generated by
a point source situated in the origin. It is physically reasonable to
require that u decrease at infinity, which ensures finite energy of the
propagation process. Supposing that Im « > 0 it is not difficult to see
(applying the Fourier transform to (2.5.19)) that the only solution of
(2.5.19) satisfying this requirement is the (generalized) function u =
defined by (2.5.8). The situation changes dramatically when we sup-
pose that Ima = 0. In this case there are two solutions of (2.5.19)

decreasing at infinity,

Nevertheless the uniqueness of the fundamental solution is crucial in
order to ensure the uniqueness of integral representations and of the
solutions of physically meaningful boundary value problems. There
are two ways to resolve this difficulty. The first is related to the so-
called limiting absorption principle which applied to (2.5.19) consists
in the following. We assume that there is some small absorption in the

medium characterized by a small parameter €. Then the corresponding
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equation becomes
(2.5.20) (A + (a+ie)®)u(z) = §(z), =R

As we have seen, for € > 0 the solution of (2.5.20) decreasing at infinity

is unique:
i(atie€)|x|

el
ue(x) = EavET
Considering the limit when ¢ — 0 we arrive at the solution u™ of
(2.5.19).

Another way to obtain a unique solution of (2.5.19) in the case
Ima = 0 is to impose a radiation condition at infinity. For the
Helmholtz equation, this was proposed by Sommerfeld and has the
following form. It is required that u satisfy the asymptotic equality

ou(zx) . 1

ol iou(z) = o(—), when |z|— oc.

|z
It can be verified immediately that this condition is fulfilled by u™ but

(2.5.21)

not by u™.
We observe a similar situation in the case of the operator D,. When

Im a = 0 the equation
D.K(z) =6(z), ze€R?

admits two solutions obtained (according to (2.5.6)) by application
of the operator —D_, to the fundamental solutions of the Helmholtz
operator u and u~ respectively:
K (7) = (0 + — Fiae) - u*(z).
|z] |z
In order to omit one of these possibilities we impose the following ra-
diation condition

(2.5.22) (a— — +ia—) -K(x) =0(—), when [z]— 0.

x T 1
R |

|z
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Let us see what happens with the function K. Consider

T T ) ( T x _ etell
ao—) - (o + —5 —ia— =
2] Els 2|4 |z]

I —— =l || Am |z
_ (a? (1 —ialz])?, el 1 2iar, el
|x|2 47 || |z|2 |z| “ 4 |x]

This function decreases at the infinity as O(1/ |z|*) and thus (2.5.22) is
fulfilled by K. The same procedure shows us that X~ does not satisfy
(2.5.22). Note that KT is precisely the fundamental solution /C, used
already on the preceding pages.

Now we are ready to prove the Cauchy integral formula for the

exterior domain.

THEOREM 6. (Quaternionic Cauchy integral formula for the exte-

rior domain) Let
f € CHRAN\QH(C)NCO(R}N\Q; H(C)), f € ker Do(R*\Q), Ima >0

and satisfy the radiation condition

(o — # + iaé—|) f(z) o(ﬁ), when  |z| — oo.
Then
(2.5.23) f(z) = —K,[fl(z), VxeR*\Q.

PROOF. Let ' be a sphere with center in the origin and with
radius R sufficiently large so that € is contained in the ball B with
the boundary 0B% = T'? (Fig. 2).
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FIGURE 2. Domain Q.

According to Theorem 5 in each point x of the domain QF := BF\Q
we have the equality
)
f@) = [ Kale =)7L, = | Kale =) 7T
r IR ||
Now let us consider the limit of this equality when R — oco. We have
the following asymptotic relation
Y R y Y R
[ Kl sy ~ [ dwa-yria D s@rs, R .
rr ] rr I—
Using the radiation condition we obtain that this integral tends to zero

when R — oo. Thus,

@)= [ Kalz = )T ) 1 @),
r
which gives us the statement of the theorem. U

The introduction of the radiation condition in the form (2.5.22)
allowed us to obtain a very simple proof of the Cauchy integral for-
mula for the exterior domain. Nevertheless we should mention that
A.MecIntosh and M.Mitrea in [64] proposed a radiation condition for
the operator D, in a more elegant form. Let us note that the expression

which appears in (2.5.22) can be represented in the following form

‘ 1
(o = % +ia—) = a(l+ =)+ 0(), o] = oc.

| ] ] ]

Thus, a natural idea is to introduce the radiation condition as

(2.5.24) 14+ —)f(x) =0o(—),
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because the term z/ |z|” apparently gives a faster decay. The problem
here is that (2.5.24) does not imply the decay of the product # - f(x)

when |z| — oo due to the fact that (1 + ﬁ) is a zero divisor. The

following simple example makes this clear. Consider f(z) := (1 — %) :
|z|*. This function obviously satisfies (2.5.24) but # - f(z) = O(|z)?),
|z| — oo. Thus, in order to be able to apply (2.5.24) instead of (2.5.22),
we should prove that if f belongs to ker D,,(R*\ Q) and satisfies (2.5.24)
then it decreases at infinity. Following arguments from [64] we prove

the necessary fact.

THEOREM 7. Let f € CY(R3\ Q;H(C)) N C(R3\ ; H(C)),
f €ker D,(R*\ Q), Ima >0 and satisfy (2.5.24). Then

(2.5.25) /|—R |f(x)]?dTE =0(1) as R — .

PROOF. Let us consider the expression

1T 2 7% — 1T V% —
\(1 | = Sell1-+ T (1 1) = 2861+ )T =
=2(|f? — Im SC(T*%f))-
Consequently,
i_m T 2 R 2)|>drf—
s20) [ Jaspse)| at=a(f @i
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Due to Theorem 2 we have (using the notation of Theorem 6)

/M @@t = [ @7 @)@

/QR((Dr(T*(x)) f(x)+ f (@) - Df(z))da

The first integral on the right-hand side is some constant C'. In order
to simplify the second one we remember that Df = —af and observe

that

Then

We obtain that

7 T R — 2t Im o z) [ d.
e[ T @@t =G —2itma | 17(w)i2a

kd
Substituting this expression in (2.5.26) and using the radiation condi-
tion (2.5.24) we have
/ |f(x)|ide:ImC’0—21ma/ |f(x)|?dz, R — oo.
|z|=R QR
The last term above vanishes when Ima = 0 and is negative when

Ima > 0. In both cases (2.5.25) is proved. O

This theorem establishes the equivalence of the radiation conditions
(2.5.22) and (2.5.24) for functions from ker D,,. In what follows we will

use the simpler version (2.5.24) of the radiation condition.
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REMARK 3. It is easy to see that for functions from ker D_, the
corresponding radiation condition at infinity has the form
1T 1

) f(x) = o(—).

(2.5.27) (1_W| "

Due to a close relation between the operators D, and the Helmholtz
operator one might expect that conditions (2.5.24) and (2.5.27) must
be connected with the Sommerfeld radiation condition (2.5.21), and

this is in fact the case. We explain this connection in the following

remark.

REMARK 4. Let us make use of the following fact proved in [57):
ker(A + o?) = ker D, ® ker D_,.

Here the Helmholtz operator is considered in general on H(C)-valued
functions. In other words each function u € ker(A + o?) can be repre-

sented in a unique way as the following sum

u=f+g,

where f € ker D, and g € ker D_,,. For a given u the corresponding
functions f and g are found easily. Namely,

1 1
f=—5D_qu and  g= —D,u.
20 2a

This fact is true also for scalar solutions ug of the Helmholtz equa-

tion. In this case

1
f= “%n grad ug + o

and

1 d +1
= —ygradu —Up.
g 2ag 0 20
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If now f fulfills (2.5.24) and g fulfills (2.5.27), we obtain the fol-
lowing asymptotic equality for ug:

1 1T 1
up=——-f+-9g+o )"

] ||

w (1 1
= m %graduo — Slo +

+ix 1 d + 1 N 1
— | — gradu —U o\ — =
2] \ 2q 8¢ 0 T g0 2]

i x (1)
=—— - gradug+o|— |,
a || |z

which gives us the Sommerfeld radiation condition:
. x 1
ioug(z) — <ﬂ,gradu0(a:)> =0 (ﬂ) , when |z| — 0.
x x

2.5.4. The quaternionic Plemelj-Sokhotski formulas and some
boundary value problems. Theorems 5 and 6 allow reconstruction
of solutions of the equation D, f = 0 both in the interior of the domain
2 and in its exterior when the values of the function f are given in
all points of the surface I' = 0€). The solution is then represented in
the form of the Cauchy integral K,f. Now the question arises as to
what happens to this integral representation near the boundary I'. It
is clear that for “reasonably good” functions (such as those satisfying
the conditions of the above mentioned theorems) the integral K, f is a
continuous function (even more, its derivatives of any order exist), but
on the boundary I" the kernel of the integral, the function IC,(z — y),
has a singularity which leaves no hope for the continuity of K,f in

the points of I'. The following fundamental fact, which is an analogue
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of the Plemelj-Sokhotski formulas from complex analysis, makes this
completely clear.

Let us denote O := Q, Q™ := R3\ Q. The set of all complex quater-
nionic functions f whose components satisfy the Holder condition on

I
|fe(z) — fuly)| < Clz—y|", 0<e<1
for arbitrary z,y € ', we will denote C%¢(T'; H(C)).

THEOREM 8. (Quaternionic Plemelj-Sokhotski formulas) Let T be
a closed Liapunov surface, f € C*<(T;H(C)), 0 < ¢ < 1. Then every-

where on I the following limits exist

lim K. [f](z) = K.[f]*(7),

Qfsz—71el

and the following formulas hold

(25.28)  KLfI7(r) = Rulfl(r),  KalfI™(7) = =QalfI(7),

where the operators P, and (), are those introduced on p. 23.

PrOOF. For a = 0 this theorem is very well known and its proof
can be found, for instance, in [16, p.177], [31, p.59] or [32, p.105].
Thus we need prove it only for o # 0.

Let us rewrite IC, in the following form

a62a|m|

Ka(z) = + Ko(z) - (emlwl — i |x] ei‘)‘|x‘),

dn |z



2.5. THE OPERATOR D + oIl 35

Having expanded the function ¢®®! into its Taylor series we obtain:

aelalx_m

Qfszx—rel QFfsz—7el

lim _ K.[fl(x) =~ lim /J—m

—iaKo(z — y) |z — y| Y 4 Ko(z — y) Z W)W(y)f(y)dfy
k=1 ’

—  lim /Flco(x—y)ﬁ(y)f(y)dFy-

Qfsz—7el
The kernel of the first integral has a weak singularity and hence it is a
continuous function. The second integral is nothing but Ky[f](x), for

which as was mentioned above the theorem is valid. Thus we have

lim  Kolf](x) = Ro[f](7),

Qtszr—71el

lim  Ko[f](z) = —Qolf](7).

Q- sdx—T7el

Substituting this into the preceding equality we complete the proof. [J

Theorem 8 implies some very nice properties of the operators P,,

Q. and S, . First of all we prove the following

THEOREM 9. The operator Sy, is an involution on the space C%¢(T; H(C)),
0 < e <1 and hence P, and Q). are mutually complementary projection

operators on the same space:

(2.5.29) Sa=1,

(2.5.30) P2=P, Q> =Q. P.Qo=Q.P,=0.

PrOOF. A simple calculation using the definition of these operators

shows us that (2.5.29) and (2.5.30) are equivalent, so that it is enough
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to prove (2.5.30). Let f € C%¢(T;H(C)). K,[f] € ker D,(2) and due

to the Cauchy integral formula we obtain that

Now letting x — 7 € T" and using (2.5.28) we obtain the first of the
equalities (2.5.30). The second is proved in a similar way considering
the exterior of €2. Thus, P, and (), are projection operators. By their
definition they are mutually complementary, that is, Q, = [ — P,.
Then P,Q, = P,(I — P,) = P, — P?> = 0 and we obtain the necessary
result. O

We proved that P, and @), are projection operators on the space
C%¢(T'; H(C)), but where do they project the functions from this space?
In other words, any f € C%(T'; H(C)) can be represented in a unique
way as the sum f = P,f + Q.f. What then are these “parts” of f,

P,f and Q,f? The answer is given in the following statement.

THEOREM 10. Let I' be a closed Liapunov surface which is the

boundary of a finite domain Q7 and of an infinite domain Q. Let

feC%(;H(C)), 0<e<1.

(1) In order for f to be the boundary value of a function F from

ker D, (Q7), the following condition is necessary and sufficient:

(2.5.31) f€imP,

(that is, there exists a function g € C*¢(I';H(C)) such that
f = Pag)'
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(2) In order for f to be the boundary value of a function F from
ker D, (27), satisfying (2.5.24) at infinity, the following con-

dition 1s necessary and sufficient:
(2.5.32) feimQ,.

PROOF. First, let f € C%(T; H(C)) be the boundary value of
F € ker D,(27). Then F is representable by its Cauchy integral:

F(z) = K,[f](z), VYzeQt.

Now let 7 € T" and QT > x — 7. Then F(z) — f(7) and according
to the Plemelj-Sokhotski formulas K,[f](x) — P.[f](7). Thus, f(7) =
P,[f](7) which gives us (2.5.31).

Now, on the contrary, let (2.5.31) hold. Let us consider F(z) :=
K, [f](z), z € QF. Then F € ker D,(2") and again by the Plemelj-
Sokhotski formulas, F'|r = P,[f] = f. The first part of the theorem is

proved. The proof of the second part is analogous. O

REMARK 5. The condition (2.5.81) can be rewritten as follows
(2.5.33) f(r) = S.lfl(r), Vrel,
and (2.5.32) as

(2.5.34) f(r) = =S.[f](r), Vrel.

Theorem 10, in particular, signifies that for any f € C%¢(T; H(C))
its “part” P,[f] is extendable into the domain Q" in such a way that the
extension belongs to ker D, (21), and the other “part” Q,[f] is extend-
able into 2~ in such a way that the extension belongs to ker D, (£27)
and satisfies the radiation condition (2.5.24). The function f itself is
extendable in this sense into Q* or Q7 iff Q,[f] =0or P,[f]=0on T
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respectively. In these cases we call the function a-extendable into Q7
or ()~ respectively.
Another possible interpretation of Theorem 10 consists in consid-

ering the following boundary value problems for the operator D,,.

PROBLEM 1. (The interior Dirichlet problem for the operator D)
Given a complex quaternionic function g € C%¢(T; H(C)), find a func-
tion f such that

D,f(z)=0, zeQt

and

PROBLEM 2. (The exterior Dirichlet problem for the operator D, )
Given a complex quaternionic function g € C%<(T'; H(C)), find a func-
tion f such that

D.f(z)=0, ze€Q,

fz) =g(z), wel,

and f satisfies (2.5.24) at infinity.

Let us analyse Problem 1 (Problem 2 can be analysed in a similar
way). From Theorem 10 we see immediately that the solution of Prob-
lem 1 does not always exist because not all functions g are a-extendable
into Q7. They must satisfy the condition (2.5.31) or equivalently, the
condition (2.5.33). If this is the case then the solution of Problem 1,
according to the Cauchy integral formula, is obtained from the Cauchy
integral of ¢g: f = K,g.

Let us consider another boundary value problem for the operator

D,,, the so-called jump problem.
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PROBLEM 3. (The jump problem for the operator D, )
Given g € C%(T;H(C)), find a pair of functions f+ and f~ such
that f* € ker Do(Q%F), f~ satisfies (2.5.24) and

(2.5.35) fH(x)— f () =g(z), zel.

The solution of this problem always exists and is obtained in the

following form

fH(x) = Kag(z), x€Q,

f ()= Kug(x), €.

We can see that due to the Plemelj-Sokhotski formulas the condition

(2.5.35) is fulfilled:

[T = f"=Kalg|™ — Kalg]™ = Palg] + Qalg] = 9.

A much more difficult problem is the analogue of the famous Rie-

mann boundary value problem.

PROBLEM 4. (The Riemann boundary value problem) Given two
functions g,G € C*(T';H(C)), find a pair of functions f* and f~
such that f* € ker D, (%), f~ satisfies (2.5.24) and

(2.5.36) ff(z)=f(2)G(z) + g(x), x€T.

Note that in the case when G is constant, the condition (2.5.36)
is reduced to (2.5.35) by denoting f~(z)G =: f~ (the operator D,
is right-linear). In the general case when G is a complex quaternionic

function, only results about the Fredholmness of the problem have been

obtained (see [74, 75, 54, 10, 11]).
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2.6. The operator D + M*“

In 1975, even before the operator D,, a € R was considered by K.
Giirlebeck, there appeared an article by E. Obolashvili [67] in which

the operator acting on quaternionic functions in the following way
Dsf:=Df+ fE

was studied, where @ is a purely vectorial real quaternion. This work
was written in matrix terms without using the notion of quaternions.
The development of both theories (for a = Sc(«) and for a = Vec(a))
led to principally similar results, but they existed separately one from
another. The natural desire to construct a theory combining them and
including the case when the components of o are complex numbers led
to a series of works [55, 56, 57] in which the operator D + M® was
studied. Here M“ denotes the operator of multiplication by a € H(C)
from the right-hand side:

Mof:=f-a.

As we will see in the next chapter, apart from this natural “mathemati-
cal” desire there exists an important “physical” reason for studying the
operator D + M®: it is closely related to the classical Dirac operator
from quantum mechanics.

The theory of the operator D + M® was expounded in detail in
the book [58]. Here we only outline some results necessary for these
lectures, giving them without proof. However we should answer first
the following obvious question which no doubt the observant reader is
already asking at this point. Why do we consider the multiplication by
« from the right-hand side and not the operator D+al, o € H(C)? The
explanation is that the study of this operator reduces to the study of
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the operator D+ agl, where ag = Sc(a). This stems from the following
fact [45], [58, p. 64]. A complex quaternionic function f belongs to
ker(D+al)(S?) if and only if the function g(x) := e<a>’?>f(a:) belongs to
ker(D + apl)(2). The proof consists in the application of the operator
D to g. Let f € ker(D + al)(€2). Then using Remark 2 we obtain

Of course, in the opposite direction the proof is similar. More details
can be found in [8].

Thus the operator D+al, when « is a constant complex quaternion,
being reduced to D + agl represents less interest compared to the

operator D + M“. We will use the notation D,, for this operator:
(2.6.1) D, :=D+ M*°,

where o € H(C). In order to introduce the integral operators K,, Ty,
and S, corresponding to (2.6.1) we have to distinguish different cases
depending on the algebraic properties of a. The following observations

will help us to understand the structure of the integral operators.

(1) Let a ¢ & and @2 # 0. We introduce the following auxiliary
complex numbers: A := vV @2 and £, := ap + A. ) is chosen
so that Im A > 0. The complex quaternions A + @ and A — @
are zero divisors. Hence the operators

1 1

+ .o = A+ - _— ar(=1a)
(2.6.2) P 2)\]\4 and P : 2)\M
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(2.6.3)

(2.6.4)
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are mutually complementary projection operators. Let us con-

sider the product

A+ @)=(ap+a)ANEQ)=a A+ A £ N+ e
=apA\ £ Q@) FAEA+ Q) =6 - (A £ Q).
Consequently,
PT(D+ M®) = PY(D+&.1)
and

P (D+ M%) =P (D+¢1).

Thus, the operator D + M can be rewritten in the following

form
D, = PJng+ + P D .

Moreover, the operators Pt and P~ commute with the oper-

ators D¢, and D, . This implies, for instance, that
ker D, = P*(ker D¢, ) ® P~ (ker D ).
The right inverse operator T, for D, can be written as follows
T,=P'Ty, + P T,

where the T, are defined by (2.5.12). All other integral oper-
ators in this case can be constructed by analogy.

Let o ¢ & and @2 = 0. Then the following trick helps us
to find a convenient form for the operator D,. We have the

equality

0

f = aT.q)(DOéof)'
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Then

Dagf + MO f = Do f+ MT -2 (Do f) = (I + MT 2D, 1.
4 M7 [ = Doy + M7 5 (Doy ) = (14 M7 520D f

We have managed to again reduce the operator D, with a €
H(C) to the operator with a scalar parameter. Thus for ex-

ample, the right-inverse operator T, is obtained in the form

5 0
T, = U+ M —)T,,.
(14 M7 5T,

Let a € G and ag # 0. In this case, as earlier, we denote

1 -
Pi — _M()\ia)
2\ ’

and note that A = ay or A = —ag. The sign is chosen so that
Im A > 0. For the sake of simplicity we suppose that Im oy > 0
and A = ag. Then

Do = PH(D+ M®) + P~ (D + M®) = P"Dyo, + P~ D.

Hence,

Ta = P+T2a0 + PiTo.

Let « € G and ap = 0. Then all necessary results for the

operator D, can be obtained using the following observation
—-D.,D_, =A.
If we denote the right-inverse operator for A as
W) = [ oo = )0,
where Jg(x) := —1/(47 |z|), then

Ty = (=D + M*YW =Ty + M°W.
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We have now considered all possible cases depending on algebraic
properties of a, and explained the construction of the right-inverse

operator T,,, which we can resume in the following equality

([ PIT., +P T, a¢& and @2#£0,

(265 T, — (I+M38+;)Tao, a¢ & and @?=0,
P+T2a0 + P_T(), a€e S and Q) 7é O,

{ Ty + MW, a€eG and ap=0.

In a similar way we construct the two other integral operators:

( P'K., +P K., a¢® and a%#0,
o 0 2
(266) K, = ([ +M*5-)Ksy, a¢6 and a*=0,
P+K2ao + P~ K, a€e G and o 7£ 0,
{ Ko — M*V, a€eG and ay=0,
where
267 Vi@ [ o~ )R, s BT,
r
and

PtSe, + P S, a¢6 and a%#0,
o

(2.6.8) S .= <I+ME%)SQO> a¢ & and 2,
Pt 854, + P~ S0, a€®G and ag #0,
. So — MO‘XA/, a€S and «ag=0,

where

Vf(z):= 2[@0(% —y)7 (y)f(y)dly, zeT.

As before, we define the operators P, and @, by (2.5.15), where S,, is
the operator (2.6.8).

The integral operators introduced in the way described above enjoy

the same properties as those which were obtained earlier in the case of
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a scalar v. We give these without proof (which can be found in [58, p.

75]) as the following theorem.

THEOREM 11. (Main integral theorems in the case of an arbitrary
biquaternionic parameter o) Let o be an arbitrary complex quaternion,
Q be a bounded domain in R3 with the Liapunov boundary T' := 01,
and let T,, K, and S, be as in formulas (2.6.5)-(2.6.8). Then the
following assertions are true:

(1) (Borel-Pompeiu’s formula for a biquaternionic parameter o)
Let
f e CHYH(C)) N C(QH(T)).
Then

Ko[fl(x) + TaDalf](x) = f(z), Ve

(2) (Cauchy’s integral formula for a biquaternionic parameter o)

Let f € CY(Q;H(C)) N C(QH(C)) and f € ker Do(S2). Then
f(z) = K,[f](x), Yz €.
(3) (Right-inverse operator for D,, o € H(C)) Let
f e CHYH(C)) N C(QH(T)).
Then

D, T,[f|(z) = f(x), Vxe.

The Cauchy integral formula for the exterior domain requires more
detailed analysis. We have to obtain the radiation conditions corre-
sponding to the different types of a. In other words we have to in-
troduce some appropriate conditions which guarantee the decay of the
integral K,[f] taken over a sphere whose radius R tends to infinity (see

the proof of Theorem 6).
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(1) Let a ¢ & and @2 # 0. Then as
K,f = P+K§+f +P K¢ f,

we obtain that the following independent conditions must be

fulfilled:
1 N 1
I+ =) flz)- A+ a)=o0(), |z|]— o0
|z ||
and
1T _

(1= ) f@) 0= @) =o(), o] o0

]

or in another form:

(1+ ﬁ) PHf(n) + (1- W P () = o

(2) Let o ¢ & and @2 = 0. Then K, = (I + M%;2)K,,.

Consider
0 0 T x _ etaolel
K, =2 |- R PV S
dag ° Jy (00 + Els wéo|x| 47 |z

. 6iag\x|
= —(1+ig |z| + o) - yra
. 1 1
=iap|z| (1 — —)-d(x)+O(—).

]

Thus, in order that the integral K,f, taken over a sphere

|z]

whose radius R tends to infinity, decrease the radiation condi-

tions

(1+12) - f@) = o), Jo] = oo
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and

1
1+ ) fl)- @ :O(W)’ |z — oo
are necessary.
(3) When o € & and « # 0, by analogy with the first case, we
obtain the radiation conditions:
1 1
—) P f(z) = 0(;|), |z — oo

(1+
|z]

and

P f(x) = o(1), |z] — oo

(4) If & € G and oy = 0, then we have the conditions in the form
flx) =o(1), |z[— o0

and
1

flx)a = O(I?I)’ |z — oo.
Under the obtained radiation conditions the Cauchy integral
formula (2.5.23) for the functions from ker D, (R?\ Q), a €
H(C) is valid.
In what follows we will be primarily interested in two cases a = «y
(considered in Section 2.5) and a = @ (that is ag = 0). In this second
case we can consider both situations @ € & and @ ¢ & together.

First of all let us notice that in both cases the operator K+ admits the

following representation

v —y _i)\(:c—y))ﬁ

YR (W) f(y)+

Kalfle) =~ 106 -

(2.6.9) +3(x — )7 (y) f(y) @ }dTy, re R\ T.
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Here
exp(iA |x])
Ne) = ——————
(z) Ar |7
Moreover, the radiation condition for any o = @ € H(C) can

be written also in a unified form as can be seen from the following
statement, which is nothing but the Cauchy integral formula for the

operator D+ in an exterior domain.

PROPOSITION 1. Let f € C*(R?\ Q; H(C)) N C(R?\ Q; H(C)),
f €ker D,(R3\ Q), a € H(C), Sca = 0 and let f satisfy the radiation

condition
' 1
(2.6.10) Af(x) + Ef(x)a> =0 (ﬂ) , when |z| — oo,
T

where A = Va2 € C and Im\ > 0. If a« € & then we suppose
additionally that f(z) = o(1). Then

f@) = —Kzlfl(z), VezeR’\Q.

PROOF. First we suppose that @ ¢ &. Multiplying (2.6.10) by
‘@’ /X from the right-hand side we obtain

(2.6.11) flx)a + )\%f(x) =0 (%) :
Adding and subtracting (2.6.10) and (2.6.11) we obtain
(V@ + 20 ) £ (10T 427 1) =
= (1 + f:c_ml) f(z)\ £ <1 + %) f(x)a =

(2.6.12) = (1 + ﬁ) fxy(A£7a) =0 (—) :

|z]
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which can be written as follows

(2.6.13) P+ ((1 + %) f(x)) + P ((1 - %) f(x)) —¢ (%)

when |z| — oo. Thus, (2.6.10) is equivalent to (2.6.13), from which
it can be seen that P f fulfills the radiation condition (2.5.24) and
P~ f fulfills (2.5.27). Consequently the integrals KiyP*f taken over

the sphere I'"! (see the proof of Theorem 6) decrease when R — oo.

Since K., commute with P* we obtain that the integral K f(z)

taken over the sphere I'' also decreases when R — oo.

In the case when « is a zero divisor the radiation condition (2.6.10)
becomes
' 1
(2.6.14) Ef@’ =0 (—) , when |z| — oo.
|| ||

Since the behavior of ¥y in (2.6.7) is of the type O <ﬁ> when
|z| — oo and since the expression M %V contains the multiplication
from the right-hand side by @, and in this case fa = o (ﬁ), it can

be seen that the integral (2.6.9) taken over the sphere I'® decreases at
infinity also. 0






CHAPTER 3

Physical models reducing to the operator D,

3.1. Maxwell’s equations

The impressive diversity of electromagnetic phenomena reduce to

the four Maxwell’s equations which are axioms of electromagnetic the-

ory:
(3.1.1) rot H = aa—];)—i-j,
(3.1.2) rot E = —%—]?,
(3.1.3) divD = p,
(3.1.4) divB = 0.

The notation used in these equations is explained in the following table.

Notation Physical quantity Units in the mks system
p volume charge density coulomb/m3
J current density amper /m?
E electric field intensity volt/m
H magnetic field intensity amper,/m
D electric induction vector coulomb/m?
B magnetic induction vector tesla=volt-sec/m?

51
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The Maxwell equations are considered together with the so-called
constitutive relations which describe the relations between the induc-
tion vectors and the field vectors. In general they can be written as

follows
D =D(E,H), B =B(E H).

The simplest interpretation of these relations is that, for instance, the
electric induction D(7',t) is completely determined by the intensity
E(7,t) in the same point 7" and at the same instant ¢ (B and H
are considered in a similar way). In other words, electromagnetic phe-
nomena in the medium are considered to be local and non-inertial: in
each point the state does not depend on the surrounding medium and
at each moment of time the state does not depend on its “history”.
Although such an interpretation is quite idealized, it is applicable in

many practical cases. Then

(3.1.5) D =¢pc,E
and
(3.1.6) B = o H,

where ¢y is the free-space permittivity measured in farad /meter and pq
is the free-space permeability measured in henry/meter; the adimen-
sional quantities €, and u, are called relative permittivity and perme-
ability respectively. The coefficients € := ¢pe, and p = pop,- are the
absolute permittivity and permeability respectively.

The constitutive relations (3.1.5) and (3.1.6) describe the rich vari-
ety of physical phenomena which represent the response of the medium
to the application of the electromagnetic field. We will assume that the

electromagnetic characteristics of the medium ¢ and ;¢ do not change
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in time. If in addition they have the same values in each point of some
volume © C R? then the medium which fills the volume is called homo-
geneous. If on the other hand ¢ = £(7') and/or = u(7’), the medium
is inhomogeneous. We will also suppose that the pairs of vectors D,
E and B, H are colinear. In this case the medium is called isotropic

(otherwise, anisotropic).

3.1.1. Maxwell s equations for homogeneous media in quater-
nionic form and the wave operator. The main part of the material
of these lectures corresponding to the electromagnetic models is dedi-
cated to the treatment of time-harmonic (monochromatic) electromag-
netic fields. Nevertheless, methods of quaternionic analysis can also be
very useful in the general situation. Let us suppose that the medium

is homogeneous (and isotropic). Consider the function

(3.1.7) V := \2E + i\ /uH.

It is easy to verify that the Maxwell equations (3.1.1)-(3.1.4) can be

rewritten in the following form

(3.1.8) Lo, +ip)v = (v + 2,
c Ve

where ¢ is the speed of propagation of electromagnetic waves in the

medium:

1
c=——=

NG

(in particular, in the case of a vacuum we have that ¢ = ¢y = 1/,/Eofio
is the speed of light).

We note an important property of the quaternionic Maxwell oper-
ator %Ot +¢D. That is, it factorizes the wave operator:

(3.1.9) la,? —A= (%at + z'D)(%&t —iD).

c2
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Moreover, each solution (scalar or biquaternionic) of the wave equation

1

can be written in a unique way as the sum of two functions f and g,

where f satisfies the equation
1 .
and ¢ satisfies the conjugate equation

In other words,

1, 1 _ 1 ,

ker(—0; — A) =ker(=09; +iD) @ ker(=9, — iD).

c c c

The proof of this result can be found in [20] and [50].
3.1.2. Moving charge. Asan example of the application of (3.1.9),

let us consider the well known problem of a moving charge. We follow
here the reasoning from [40]. It is required to find the electromagnetic

field generated by the charge ¢ moving with velocity v (¢). In this case
the charge density p has the form

p(t,z) = qo(x — s(t)),

where s is the trajectory of the charge, and the vector j is written as

follows
j(t,x) =V (t)p(t, ).

We will use equality (3.1.9) and the known solution (see, e.g., [19]) of

the equation

(3.1.10) <clza§ - A) u(t,z) = A®)5(x — (1)),



3.1. MAXWELL’S EQUATIONS 55

which is given by the formula

(3.1.11) u(t,z) =

where

is called the Mach number and 7 satisfies the equation

Iz = 5(7)] _CS(T” —(t—7)=0.

Taking into account the explicit form of p and j, equation (3.1.8) is
rewritten as follows

1 .
(3.1.12) (20, +iD)V = (Vi (t)q + %)5(:5 —s(1)).

Thus, the purely vectorial biquaternion
1
V(t,z) = (=0 —iD)u(t, x)
c
is a solution of (3.1.12) if u is a solution of (3.1.10) with

At) = —(JET (£)g + 7q>

Note that both A and u are complex quaternionic functions.

Using (3.1.11) we obtain that

uo(t, x) = — 'q ,
Am/e |z — s(r(t)[ (1 — M(7(1)))
and
2(t.2) = Vg (T(1))

dm |z — s(r(t)[ (1 = M(7(t)))
Thus, solution of (3.1.12) reduces to a simple differentiation. That is,

we have to calculate the following expression

1 N iq VEGU (T(t)) 1
V= (Cat D)<(47T\/g+ Ar ) |z —s(7(t))] (1 = M(7(t)))

)
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We introduce the auxiliary functions

1
7T s ) (1 = M(r(8)))’
g T (1))
/= 4rt\/e N A7 ‘
Then
(3113)  V=—(a—iD)[fl-¢— (0 —iD)lg]- S

It is easy to see that the scalar part of the expression on the right-hand
side is zero. For this purpose we give the following formulas, which can

be verified by a straightforward computation.

S
1—-M
(t) = e M+ (s = 5) = [
grad T = _c(l i M) é : ;7
o= |;/§2! - s|20?14— M)?
grad ¢ = —’;__;‘3 (1M_—;\41)2 + ol 1_ 5]2 ((17_)(]7\/)[)2 — (- S)T//) .

We are principally interested in the vector part of (3.1.13), which con-
tains the solution of Maxwell’s equations (3.1.1)-(3.1.4). Rewriting it

in vector form we obtain the following

1 — — ] — ) —
V= f ¢+ ) +iprot f +ifsgradp+i|gradp x f].
By the definition of V ( 3.1.7) we have:

1
VeE = —=
C

— —
O f -o+0p- f)— grad ¢

q
Aty\/e
and

ViH = gprot?#— [gradg@ X 7] )
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To obtain the vectors E and H in explicit form we use the following

intermediate equalities

- _ Vg v
"l ="i 1— M(r)’

rot?z%[

grad T x 0'1(7)],

e 7] = |£fx__s|§)<f —Uzbf’(g +(Fra—s) = 7).

Finally, the solution of the problem of a moving charge is obtained in

the form

—

_ g v
Az — 5| (1 — M)?
—
Ul —s|—clx—s)

cle— s> (1= M)

+

)&+ (Tra—s) = |TT)),

q [(x — ) x U]
A el — s> (1 — M)?
[(z —5) x ]

Al —s|*(1—M)>°

(E+(Vrz—s)—|T[)).

3.2. Time-harmonic Maxwell’s equations

Using the Fourier transform any electromagnetic field can be repre-
sented as an infinite superposition of time-harmonic (=monochromatic)
fields. These fields are normally the main object of study in radioelec-
tronics, wave propagation theory and many other branches of physics
and engineering. A time-harmonic electromagnetic field has the follow-

ing form
(3.2.1) E(z,t) = Re(E (x)e")
and

(3.2.2) H(zx,t) = Re(ﬁ(x)e_wt),
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where the vectors £ and H depend only on the spatial variables z =
(71,72, 23) and all dependence on time is contained in the factor e,
E and H are complex vectors called the complex amplitudes of the
electromagnetic field; w is the frequency of oscillations.

Substituting (3.2.1) and (3.2.2) into the Maxwell equations (3.1.1)-
(3.1.4) we obtain the equations for the complex amplitudes F and H

(the quantities p and j characterizing the sources are also assumed to

be time-harmonic p(x,t) = Re(p(x)e ™), j(z,t) = Re(?(x)e_"“’t)):

(3.2.3) rot H = —iweE + 7,
(3.2.4) rot £ = iw,uﬁ,
(3.2.5) div E = g,
(3.2.6) div H = 0.

Applying the divergence to (3.2.3) we find the relation between p and

-

]
(3.2.7) div j —iwp = 0.

Note that until Section 4.1.1 the medium is supposed to be homoge-
neous. Very often ¢ and p are considered to be complex quantities.
This allows us to describe additional physical phenomena such as, for
example, the inertia of the polarization processes (see, e.g., [66, Section
3.2]).

Let us denote a := w,/eu, where the square root is chosen so that
Ima > 0. The quantity « is called the wave number. Note that

equations (3.2.3)-(3.2.6) can be rewritten as two quaternionic equations

(3.2.8) DE =iwpH — 2,
g
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— = =

(3.2.9) DH = —iweE + j.
We now explain a simple procedure for the diagonalization of Maxwell’s
equations which was proposed for the first time in [44] (see also [58]).

We introduce the following pair of purely vectorial biquaternionic func-

tions
_)
P = —iweE +aH

and
H

= —
Y i=iwell +aH.
We apply the operator D to @ and use (3.2.8), (3.2.9):

— . - 4 277 . - . = - — . -
Dy = —weDE+aDH = o H+iwp—iwvea E+a j = ad+iwp+a j .
Thus, @ satisfies the equation
(3.2.10) (D —a)@ =divj + aj.

H
Analogously, 1 satisfies the equation
— 2 2
(3.2.11) (D+a)y =—divy + aj.

Equations (3.2.10) and (3.2.11) are equivalent to the Maxwell
system (3.2.3)-(3.2.6). This procedure of diagonalization can be

written in matrix form

— —
D —iwp E L[ D—« 0 E
— = Ba Ba -7 )
we D H 0 D+« H
where
—IlWE 1 —1/wwe 1/iwe
B, = and B.'=- / /
iwe o 2 l/a 1/

In this way we obtain two decoupled equations for the unknown vectors

P and E), which substantially simplifies the analysis of the Maxwell
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equations. Now we use this fact in order to obtain integral representa-
tions for vectors of the electromagnetic field.
Using the Borel-Pompeiu formula we can rewrite (3.2.10) and (3.2.11)

in the following form

(3.2.12) B =T o(divi+a)) + K &,

— 5 o —
(3.2.13) b = To(—divj+aj) + Kot .
Rewriting (3.2.12), (3.2.13) for the electromagnetic field we obtain:

—iweE + aH =T o(div] + aj) + K_o(—iweE + aH),

iweE + aH = Ty(—div ] + ) + Ka(iweE + oH),
or equivalently:

E = (iwe(Ky+ K_o)E + (Ko — K_o)H

2iwe
)

(3.2.14) — (T +T-o)div ]+ Ty — T-0)j)

L1 . B
H = 2—(04(Ka + K_o)H +iwe(K, — K_)E
«

(3.2.15) — (T = T-o)divy+ a(Ty + T 0)j)

To compare the last two equalities with some known formulas from

electromagnetic theory (3.2.14), (3.2.15) must be rewritten in vector
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terms. We remind readers that

= /{im?(x —y)(Ay), fy)) — (grad, 9z — ) x @(y)], f(y))F

+ [[grad, O(z — y) x 7i(y)] x f(y)]}dT,.

From this explicit form of the quaternionic integral we obtain the fol-

lowing necessary combinations

—

(o K1) flo) = /{ (fgad, 9(a ) x (o). Fw)

—

— (grad, 9(z — y),7(y)) f(y)

— Iz —y)[iy) x f(y)]}dr,.

Reasoning along similar lines we obtain explicit representations for

the necessary combinations of the operators T, and T,

(T + o) fol) = / grad, B(z — y) fo(y)dy,

Q

(To — T o) fole) = 20 / () foly)dy.
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(Tt To) () =2 / {{erad, 9(a—y), Fy)—lgrad, O(z—y)x F(y)]}dy,

Using all of these combinations we obtain the following integral repre-

sentations for the electromagnetic field

B(z) = / {—{lgrad, 0( — y) x 7)), B(y))—

—(grad, 9(x — y),7i(y)) E(y) + [[grad, d(z — y) x 7i(y)] x E(y)]}dT,+

sitap [ (=0~ o)), @) + 9o~ lity) x AL, +
+ / {i grad, ¥(z — y) div j(y) — iwud(z — y)j(y) by,
() = [ {~(lerad, o(a ~ y) x i(y)). F)-

—(grad, 9(z — y), 7i(y)) H (y) + [[grad, 9(x — y) x 7iy)] x H(y)]}dT,—

—iwe / {0 — y) (7). E(y)) + (a — y)[7ly) x E(y)]}dl,~

—

- / [0(x — y) div }(y) — {grad, 9(z — 1), J()) + [grad, Iz — v) x J()]}dy.
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Separating the scalar and the vector parts in the last two equalities we
obtain the following four equations

(3.2.16)
/{<[gradx Iz —y) x 7i(y)], E(y)) + iwpd(x — y){7ily), H(y))}dT, = 0,

/*i([gradm Iz —y) xii(y)], H(y)) — iwed(@ - y)(ii(y). E(y))}dT, =

(3.2.17) _ / (9(x — y) div(y) — (grad, 9(z — )] () }dy.

/{—grad Iz —y)div j(y) — iwpd(z — y)j(y) Hy,

(3.2.19)
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The last two equalities represent one of the central theoretical facts
of the modern electrodynamics, the Stratton—Chu formulas, which have
many useful applications in different types of boundary value problems
for the Maxwell equations (see, e.g., [22, 23, 86]).

To understand what the integral equalities (3.2.16), (3.2.17) are,
we remind readers of a simple auxiliary vectorial identity (see [44] and
also [58, p.120])

(3.2.20

)
/{<grad$ Iz —y), [7y) x f(y)]) + 9@ — y){@i(y), rot f(y))}dl, =0,

z € Q, which is valid for any f € C*(Q) and in general does not make
sense for € I". Then to obtain (3.2.16) from (3.2.20) we have to take
E as f and use one of the Maxwell equations: rot E = iwuf] . In order

to obtain (3.2.17) it is necessary to use the following chain of equalities:

/ (9(z — y)div, J(y) + {grad, 0(z — y), () }dy =

~ [ o - p)iwldy = [ 0 - y)Git). Sy,
Q r
where Gauss’ theorem was used as well as the following equality:

grad, ¥(x —y) = —grad, J(z — y).

Thus, (3.2.17) takes the form:

—

/H[gradx I —y) x ii(y)], H(y)) — iwed(a — y)(ii(y), E(y))}dl, =

(3.2.21) = — /19(:1: —y)(i(y), j(y))dTy,

T
which equals (3.2.20) if we take H as f and use the Maxwell equation:
rot H = —iweE + ;
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3.3. Boundary value problems for electromagnetic fields

3.3.1. The Dirichlet boundary value problem. Let g € C(92; H(C))
and v € C%([;H(C)). Consider the following boundary value prob-

lem.
PROBLEM 5.
(3.3.1) (D+a)f=g in
and
(3.3.2) flr = v.

We introduce a new function

u:=f —"T,g.

If f solves the problem (3.3.1), (3.3.2), u is a solution of the boundary

value problem

ulr = w,
where
w(z) :=v(xr) — Tog(z), xel.

Thus we obtain the Dirichlet problem considered on p. 38. The solution
of this problem exists if and only if the function w fulfills condition

(2.5.33)

w = S,w on I

In other words,

(3.3.3) v —Tag = Sov — SoThg on T.
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If this condition is fulfilled then the solution is
u=Kyw=Ky(v—T,9).

Consider the expression K,T,g9. From Borel-Pompeiu’s formula we

have that

(3.3.4) K, T,9=(I-T,D,)T,g = 0.
Thus

(3.3.5) u= Kyv.

Moreover, (3.3.4) gives us that P,T,g = 0 on I, that is T,g = —S,T4g,

and condition (3.3.3) can be rewritten as follows
v— S,v =2T,g on I

or

(3.3.6) Qav =Tug on I

Now, returning to the boundary value problem 5, we obtain its solution

in the form

J=Kw+Tug
under the necessary and sufficient condition (3.3.6). In fact such a
function obviously satisfies (3.3.1), and due to the Plemelj-Sokhotski

formulas and (3.3.6), we obtain on the boundary the required equality

(3.3.2)

flr = Pov 4+ (Thg)|lr = Pyv + Quv = v.

We now consider the inhomogeneous Dirichlet boundary value problem

for the Maxwell equations.
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PrROBLEM 6. Find a pair of vectors E and H satisfying (3.2.8)-
(8.2.6) in Q0 as well as the following conditions on the boundary:

ﬁ'p = ? and ﬁh‘ = E),

ﬁ
where € and h are given complex vector functions defined on T and

satisfying the Hoélder condition there.

This problem is equivalent to the following boundary value problem

for a pair of complex quaternionic functions.

PROBLEM 7. Find two purely vectorial biquaternionic functions @

and ? satisfying (3.2.10), (3.2.11) and the boundary conditions
Plr = —iwee + aﬁ and Jhﬂ = jwee + a?.

Necessary and sufficient conditions for the existence of the solution

of this problem are the equalities

(33.7) Qa(~iwe€ +ah) =T o(divj +aj) on T
and

(3.3.8) Quliwe e +ah)=Ty(—divj +aj) on I.

Thus, Problem 6 is solvable if and only if (3.3.7) and (3.3.8) are fulfilled

and if this is the case, the solution is given by the equalities

—
J

(T +To0)div ] +a(To—To0)j)
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and

1
ﬁz;ﬁﬂ@+K@7+mwQ—K@?
«

(T =T o) div j +a(Ta+T0)7),

or in vectorial form by the Stratton-Chu formulas on p. 63, where the
vectors E and H on the right-hand side must be replaced by their

boundary values € and n.

3.3.2. Charged boundary. Let I' be a boundary between two
different physical media, as shown in the next figure, with electromag-

netic characteristics €1, py and e, s respectively.

—

n

\/
<
kY

Medium;y Mediums

““\1\\1—\
S~

In general I' can be charged. The corresponding surface charge
density we denote by ps and the surface current density by 7)8. In
this case the set of the so-called natural boundary conditions for an

electromagnetic field has the form
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[ﬁ X ﬁ(l)] — [W X ﬁ@)} .

Here £ and H® represent the boundary values of the electromag-
netic field from Medium; and ﬁ(”, H® those from Medium,. The
scalar products (-, ) are called the normal components of the field
vectors which stand for the point in the brackets. The vector products
[ x -] are called the tangential components of the corresponding vec-
tors. If the boundary is not charged, then we see that the tangential
components of the electromagnetic field are continuous and only the
normal components “suffer” because of a sharp change of the electro-
magnetic characteristics of the medium.

Let us consider now the situation in which the charged surface I'
is submerged in a homogeneous medium with characteristics € and p.
In other words, Medium; and Medium, are the same but p, and 75
are not zero. We suppose that I' is a closed Liapunov surface which
divides the whole space R? into two domains. We denote the bounded
domain Q7 and its complement 2~. We suppose also that there are no
field sources in Q. We find an electromagnetic field E and H in the

whole space R? which satisfies the Maxwell equations

(3.3.9) rot H = —iwef,
(3.3.10) rot £ = z'w,uﬁ,
(3.3.11) div E = 0,
(3.3.12) divH =0

for any € R3\ T, as well as the boundary conditions on I'

(3.3.13) <§+W> . <TE>*%>> gLy
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(3.3.14) <ﬁ+, W> . <ﬁ—, ﬁ’> —0,
(3.3.15) [%’ X Eﬂ - [W X ﬁ—} —0,
(3.3.16) [ﬁ’ X ﬁ*] — [ﬁ’ X ﬁ’] =7,

and the Silver-Miiller condition at infinity:
(3.3.17) {E— % i} FWH —o(L), 2] — oo,
| 7] z|

which represents the radiation condition for the Maxwell equations.
Here W is the intrinsic wave impedance of the medium defined as
W = /it/\/e and measured in ohms. It is known (see, e.g., [22])
that if the field ﬁ_, H- fulfills (3.3.17) then another version of the
Silver-Miiller condition,
(3.3.18) Fi— x —} S lE o) e
also holds.

We rewrite the boundary value problem (3.3.9)-(3.3.17) in quater-
nionic form using the auxiliary biquaternions @ and E) The Maxwell

equations (3.3.9)-(3.3.12) take the form

(3.3.19) D_, @ =0,

(3.3.20) Dot =0

for any x € R3*\T'. In order to rewrite the boundary conditions (3.3.13)-
(3.3.16) we consider the expression

2t~ P ) = —iweT(EY —E-)+am(HY —H")
_)

=wps +ajs.
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That is, the boundary condition for 7 is obtained in the form

—

(3.3.21) P =0 = -7 (iwps +ajs).

ﬁ
In the same way we obtain the boundary condition for i :

— —

(3.3.22) D= =T (iwps — ] ).

Now let us consider the radiation condition (2.5.24) applied to @ and
J. We have

X 1
(3.3.23) 1— )¢ (x) =o(—), x| — o0,
(- G@ =0, o
and
1 — 1
(3.3.24) 1+ —=)v¢(z) =o(—), x| — 00
@ = ol
For
= 1 — _ = 1 ., —
E—M(w ¢)  and H—Qa(sﬁ+@/})
we obtain
= 1 =, — Iy azxzl, ., — 1
= W H o)
a || 2|

from which we have (3.3.18). Starting from H we obtain (3.3.17):

- 1, — Iy, we 1l z — 1
:%m(w—%bﬂﬂ(m)— (¢—¢)+0(m)

o 2iwe m

1 z—= 1
=——FE +o(—).
W | ]
Thus, the boundary value problem for Maxwell’s equations (3.3.9)-

—
(3.3.17) in terms of complex quaternionic functions 5 and 1 has the

form (3.3.19)-(3.3.24). It is easy to see that for each of the functions @
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é
and 1 we now have a jump problem with the corresponding radiation
condition at infinity (see Problem 3 on p. 39). The solution can be

found immediately:

For the electromagnetic field vectors we obtain the following represen-

tations
E-_(T-9
- lwe ¥
1 — —
= Kfa_)’ ) s .s Ka_)' ) s — .s)
o ([T (iwpy )]+ Kal W - (i, — )]
D) g(K—a"i‘Ka)[n ps) = iW(K o — Ko)[ - j ]
and
H= o (F+9
=% g+ )
1 —

_ ﬁ (é(Ka — K_)[7 - ps] +iW (K, + K_o)[7 - 75]) )

which give us the solution of (3.3.9)-(3.3.17).
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3.4. Chiral media

In this section we show that the same technique can be applied also
to the Maxwell equations in chiral media. The analysis of Maxwell’s
equations for chiral media is of great importance due to the numer-
ous applications of such materials in telecommunications engineering,
chemistry, physics and other fields (see, e.g., [59]). Here we use the
results of [41].

3.4.1. Electromagnetic fields in chiral media. Let us consider

Maxwell’s equations

(3.4.1) div E (z) = @,
(3.4.2) rot E (z) = iwB (),
(3.4.3) rot H (2) = —iwD (z) + j (z),
(3.4.4) divH (z) =0

with the constitutive relations [59]

(3.4.5) D=c(E(@)+protE()),

(3.4.6) B=ypu <f[ () + Brot H (m)) :
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where [ is the chirality measure of the medium. The Maxwell equa-

tions (3.4.1)-(3.4.4) can be also written as follows

(3.4.7) rot B () = iwp (f[ (z) + Brot H (x)) ,

(3.4.8) rot H (z) = —iwe (E (z) + frot E (m)) +7(x).

Introducing the notations

(3.4.9) E(x)=—/i-E (2),
(3.4.10) H(z)= e H(2),
(3.4.11) J(@)=ve T (2),

we obtain the equations

(3.4.12) rot £ () = —ix (ﬁ () + Brot i (x))
and
(3.4.13) rot H (z) = ia (ﬁ (x) + Brot E (x)) + 7 (),

where as before a = w,/eu is the wave number.
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3.4.2. Maxwell’s equations for chiral media in quaternionic

form. Let us consider the following purely vectorial biquaternionic

functions:
(3.4.14) F(2)=E (2) +iH ()
and
(3.4.15) D(2)=E () —iH (2).
We have that
(3.4.16) Dy () = pz) +rot E (x) +irot H (x).
Vi
Using (3.4.12) and (3.4.13) we obtain
N R -
Dy (z) = m — i (H (x) —|—Br0tH(x)) +

i (z’a <E> (z) + prot E (a:)) + T (x))

p(z) i E
_ ﬁ(l +af) — (iaH (x) + aE (z))—

That is,

DE (2) = ﬁ%u +aB)—aP (¢)— aBDP (1) +i] ().
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Thus the complex quaternionic function & satisfies the following equa-

tion
o« Noy_p@) T (@

H
By analogy we obtain the equation for

T Yo O C N I8 C)
s (p-t) o=t

Note that from (3.4.1) and (3.4.13) the continuity equation follows:

(3.4.19) P TawT.
e\/1h «
Introducing the notations
Q= Qg = ——
Co+af) 7 (1-af)
and using (3.4.19) we rewrite the equations (3.4.17) and (3.4.18) in the
form
v, = e
(3.4.20) (D+a1) @ (2) = ~(an j (2) —div j ()
and
— i . =
(3.4.21) (D—as) ¥ (z) = ——(as j (2)+div j (2)).

«

When $ = 0 we arrive at the quaternionic form of the Maxwell equa-
tions in the nonchiral case, but in general the wave numbers «; and
ap are different and physically characterize the propagation of waves

of opposing circular polarizations.
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In any case the analysis of Maxwell’s equations reduces again to the
analysis of the operators D, and results such as those discussed in the

preceding section can be obtained also for chiral media (see [41]).

3.5. The Dirac equation for a free particle

We will consider the Dirac operator in its covariant form
3
D[®] := (%at =k + im) [®],
k=1
where @ is a C-valued function ® = (@, ®;, Py, P3)7; m € R repre-
sents the mass of a particle and the Dirac v-matrices are defined as

follows (see, e.g., [18, 79])

10 0 0 00 0 -1
01 0 0 00 —1 0

Yo ‘= ) M= )
00 —1 0 01 0 0
00 0 —1 10 0 0
0O 0 0 1 0 0 -1 0
0 0 — 0 0 0 01

Y2 = ) V3 =
0 — 00 1 0 00
i 0 00 0 —1 00

We will need also the following matrix, usually denoted as ~;

0 0 -1 0
] 0 0 0 -1
Y5 = YoV1727Y3 =
— 0 0 0
0 -1 0 0
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(3) ViV = —YkVj5 ]7k = Oa 1727375a j 7é k.

3.5.1. Historical remarks. From the very appearance of Dirac’s
equation (introduced by P. Dirac in 1928) in quantum mechanics many
researchers considered that the form in which it was written is unsat-
isfactory. Their reason is that the algebra of matrices used for this
purpose has dimension 16, and there does not exist any physically
meaningful reason for using an algebra of 16 dimensions if the number
of equations under consideration is four. This discrepancy, which some-
times makes work with the Dirac equation more difficult that it could
be, motivates the posing by A. Sommerfeld of the following problem:
to rewrite the Dirac equation in a form in which the rank of the algebra
of the matrices involved coincides with the number of components of
the wavefunction. Apparently he made a first attempt to solve it (see
[76]). As early as 1929 appeared an article by C. Lanczos [60] in which

the Dirac equation

(3.5.1) D[®] =0

was rewritten in the following form

(3.5.2) (i0, + D — imZ,M™)F = 0,

where F' is an H(C)-valued function and Z, is the operator of complex
conjugation Z.F = F* = Zi:o Fyi,. This equation is equivalent to
the Dirac equation (see [58, Section 12]), and after C. Lanczos it was
rediscovered (see [29]) by a number of people, e.g., [33] and [36]. Equa-
tion (3.5.2) played an important role in the development of the Clifford
algebra approach to the Dirac equation, but it is not free of some im-
portant disadvantages which limited its possible applications. First

of all, the simple map transforming the classical Dirac equation into
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(3.5.2) is not even C-linear. However the most serious disadvantage is
the presence of the conjugation operator Z. which impedes application
of quaternionic analysis methods to (3.5.2). Obviously, the simplest
way to eliminate this difficulty is annihilating the corresponding term,
making m equal to zero. In 1930, one year after the publication of
Lanczos’ work, there appeared an article by D. D. Ivanenko and K. V.
Nikolski [38] in which the Dirac equation for a massless field was writ-
ten as an analyticity condition for a function of a quaternionic variable.
This observation was used in a number of works (see, e.g., [77]). The
problem remained, as to how to rewrite the massive Dirac equation in
quaternionic terms without undesirable presence of the complex con-
jugation operator. An important contribution was made in [7], where
the symmetrical analysis of the Dirac equation for a free particle with
spin 1/2 and non-zero rest mass was essentially simplified after using
a quaternionic analogue which fulfilled this requirement (see also [6]).
Nevertheless, there remained a very natural problem: to introduce a
transformation which would transform the Dirac equation from its tra-
ditional form to an appropriate quaternionic one. Not to introduce
one more analogue of the classical Dirac equation, but to establish an
equivalence between this and a quaternionic equation. A solution of
this problem was proposed in [46] where a simple matrix transforma-
tion which allows us to rewrite the classical Dirac operator (given in its
“traditional” form using v-matrices) applied to C*-vectors as a quater-
nionic operator applied to H(C)-valued functions (and not containing
the conjugation operator) was obtained. We will not discuss here a
quite lengthy procedure which led to the matrix transformation, refer-
ring the reader to [46] or [58, Section 12]. Its final form is simple and

easy to use. It is C-linear, as opposed to the Lanczos transformation.
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We will introduce only some necessary properties of this transformation

and with their aid apply the results of Chapter 2 to the Dirac operator.

3.5.2. Dirac’s operator in a quaternionic form. Let us in-
troduce an auxiliary notation f = f(t,z1, 72, —x3). The domain G
is assumed to be obtained from the domain G C R* by the reflec-
tion 3 — —x3. The transformation described above we denote as A
and define it in the following way. A function ® : G C R* — C* is
transformed into a function F : G C R* — H(C) by the rule

1 ~ o~ Y ~ = S~

F = A[q)] = 5 (-((I)l — @2)20 + Z(<D0 — @3)21 — ((DQ + @3)22 + Z((I)l + @2)23) .
The inverse transformation A~! is defined as follows

(1) - Ail[F} - (—Zﬁl - ﬁ27 —ﬁo - Z'ﬁg, ﬁo - iﬁg,iﬁl - ﬁg)

Let us present the introduced transformations in a more explicit matrix
form which relates the components of a C*-valued function ® with the

components of an H(C)-valued function F":

0 -1 1 0 d,
1 7 0 0 —2 5
F=A®] = '
21 -1 00 -1 o,
0 1 0 EIv)g
and
0 —i -1 0 Fy
B -1 0 0 —i 2
o= AF) = _
1 0 0 —i F,
0 i -1 0 Fy

We will need the following properties of the transformation .A.

LEMMA 3. (Algebraic properties of the transformation A)
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(1) Ay AT F] = —Aypys A EF] = it F

(2) Anyev372 AT F] = AN ATHF] = o F

(3) A 21373 ATF] = — AN AT F] = —i5F
(4) Anyev300 A [F] = —Ayomneys A~ F] = Fiy
(5) Ay17273 A F] = —iFiy .

ProOF. First of all let us note that A is a C-linear transform. We

prove first statement 1:

./4’72’73./4_1[F] = —ilF.

We have
0O — 0 O
- 0 0 O
Y23 =
0O 0 —2
0O 0 — 0

By the definition of A~!, we have

—iF — I

—Fy —iF:

AYF] = o

Fy — i1F5

1Fy — Fy

Thus,
—Fy — b3
_ | il - By
Y2y3A I[F] =1
1F1 — Fy
Fy —iF5
Then
Ay ATHF] =

- _%[—(—m — Fy — iy + Fy)io + i(—Fy — iFy — Fy + iF3)ii—
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—(—Fo —iF5 + Fy — iF3)ig + i(—iFy — Fy + 1 F) — Fy)ig) =
= —i[iFyig — i Foiq + i F3ig — iFyig] = Fiig — Foiy + Fyig — Fyiz = —ip F.
By analogy one can prove 2.-5. U

We introduce the following quaternionic operator
R := P/ (i0; + D) + P (=i0; + D) — mM™,
where
Pi — EM(limk)
B2
Using the algebraic properties of A and A~! we obtain the following
equality

(353) R = —./4’71’72’73]1))./4_1.

Thus, the operator R is the Dirac operator for a free massive

particle of spin 1/2 in quaternionic form.

3.5.3. Solutions with given energy. We will consider time-
harmonic solutions of the Dirac equation (3.5.1) or in other words
solutions with a specified energy w. In this case the solution ® of

(3.5.1) has the form

o(t, ) = q(z)e™",

where w € R and ¢ is a C*valued function depending only on z =

(21, T2, x3). From (3.5.1) we obtain the Dirac equation for ¢
(3.5.4) Dymq =0,

where

3
Dy = dwyo — Zwﬁk +iml.
k=1
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The corresponding quaternionic reformulation of D, ,, will be the

operator D, where @ := —(iwi; +mis). We have the following equal-
ity
(355) D@ = —A’717273Dw7m./4_1.

Thus, ¢ is a solution of (3.5.4) if and only if f := Ag is a solution of

the equation
(3.5.6) D& f =0.

All the results obtained for solutions of this equation can be im-
mediately transformed into results for solutions of the Dirac equation

(3.5.4). For example, introducing the operator
Ko m = ATKG A,
where K+ is defined by (2.6.9), we obtain the following statement.

THEOREM 12. [46] Let g € C*(Q; CH)NC(Q; C*) and q € ker D, ,,,(2).
Then

This equality, which can be considered as a Cauchy integral formula
for spinor fields, together with the Plemelj-Sokhotski formulas (Subsec-
tion 2.5.4) allows us to solve boundary value problems for the operator
Dy, . In particular, the boundary value problem corresponding to the
MIT bag model, well known in the theory of the quark confinement,
was completely solved [46]. Here we will not reproduce these results

instead referring the reader to [58, Section 14].
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In order to obtain a result similar to that of Theorem 12 for the ex-
terior domain R*\(2, we have to rewrite the radiation condition (2.6.10)
for functions from ker I, ,,,. Here we use results from [51].

Let us denote
(3.5.7) q:=A"f.

According to (3.5.5), if f € ker D then ¢ € ker D, ,,,. Suppose that f
fulfills the radiation condition (2.6.10). Then we have

v .
AN Y3 AT + »A%%%A_lgfo‘ — ¢ (?) .

|z]
Let us denote
fa = F

and consider the product

zF = (l’lil + .Tgig + Igig)F.

Using properties 1.-3. of the transformations A and A~! (Lemma 3),

we obtain

3
rF = Av17273 (Z Ik%) ATMF].
k=1
Consequently, using the properties 4. and 5., we have

k=1

zF(x) = Ay17273 (Z xk7k> A7 f(2) - (—iwiy — miy)] =

3
= Av17273 (Z l‘k%) AT Ayy27370 A7 f(2) - (—iw)+

k=1

3
+AY7273 (Z ﬂfwic) AT Ay oy AT () - (—im) =
h=1

3 3
= —iwA (Z xwk> YA f(z) — imA (Z xk%) A7 f(z),
k=1 k=1
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Using (3.5.7) we can rewrite the previous equation as

k=1

3
xF =A (Z xkfyk> (—iwyo — im)q.

Thus (2.6.10) can be rewritten as follows

1T
||

and hence the radiation condition for the Dirac operator in its tradi-

3
N 1 1
M TR = Mg AT S sl + mhg = o (—) ,
k=1

]

tional form is

T 1
(3.5.8) Ag(x) — (wyo — m)mq(a:) =0 o) |z| — oo
where 7, = Zi:l TV

With the aid of this radiation condition we immediately obtain the

following statement.

THEOREM 13. (Cauchy integral formula for D, ,, in the exterior do-
main R3\Q) Let ¢ € CHR*\Q; C*H)NC(R3\Q; CY), g € ker D, ,,,(R3\Q2),
and let q satisfy the radiation condition (3.5.8). Then

(3.5.9) q(x) = _Kw,m[Q] (2), S (R3\§)

The proof consists in the application of (3.5.5) and Proposition 1.
This theorem together with the radiation condition for the classical
Dirac operator allows us to treat the extension problem corresponding
to this operator for the exterior domain (the procedure is considered

in [58] for the interior domain).
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Let us introduce an integral operator which by its properties is

very similar to its famous complex prototype, the operator of singular

integration

|z — y|? |z —y|

Salflie) = -2 [0l ) (=0 - =) Ts)

+ (e —y) 7 (y)fly)d}dly,  xzel.

COROLLARY 3. (On the spinor extension from the boundary) Sup-
pose p : I' — C* satisfies the Holder condition. In order for this func-
tion to be a boundary value of a solution q to (3.5.4) in R3\Q satisfying

the radiation condition (3.5.8), it is necessary and sufficient that
(3.5.10) P = —Sump onT,

where S, := A™'SzA. Moreover, if (3.5.10) is satisfied, then q :=
—K,,.m[p| is the above-mentioned solution to (3.5.4).



CHAPTER 4

Fields in inhomogeneous media

4.1. Electromagnetic fields

4.1.1. Maxwell’s equations for inhomogeneous media in quater-
nionic form. Let us return to the Maxwell equations (3.1.1)-(3.1.4)

assuming now that € and p are functions of coordinates:

e=¢e(r) and p=p(x).

Using the constitutive relations (3.1.5) and (3.1.6) we rewrite the Maxwell

system in the following form

(4.1.1) rot H = 9,E +j,
(4.1.2) rot E = —poH,
(4.1.3) div(eE) = p,
(4.1.4) div (uH) = 0.

Equations (4.1.3) and (4.1.4) can be written as follows

grad e

divE+ < S E>=

™D

and

grad

divH+ < ,H >=0.

87
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Combining these equations with (4.1.1) and (4.1.2) we obtain the Maxwell

system in the form

d
(4.1.5) DE=<C g~ ,9u-"
g
and
d
(4.1.6) DH =< 82 H o [ 9E +j
1

Let us make a simple observation: the scalar product of two vectors p’

and ¢ can be written as follows

1 — —
<T.T =5 (OM 4 MT)T.

Using this fact, from (4.1.5) and (4.1.6) we obtain the pair of equations

1grad8 1 grad e P
4.1. D+ = E=—-M=<E-—uwH— -
(4.1.7) (D + 3 . ) 5 noH —
and
1 d 1 grad p
(4.1.8) (D+ -8 = M H L cOE 1.
2 pu 2
Note that

lgrade grad./e
N

Then using Remark 2, (4.1.7) can be rewritten in the following form

1 . p
4.1.9 —D E)+E- € =—uoH—- =
( ) \/E (\/g )+ € ,u t 57
where
- grad /e
= —\/g .

Analogously, (4.1.8) takes the form
1

(4.1.10) (Vi-H)+H- 7 = E +]j,

—D

NG

where

7 = grad /1t
NG
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Introducing the notations

g = VeE, ﬁ = /pH,

multiplying (4.1.9) by /¢ and (4.1.10) by /i we arrive at the equations

4.1.11 D+ M*© = - - —
( ) (D+M*=)&E “OH NG
and

— 1
(4.1.12) (D+MPYH = =0, + /i

where as before ¢ = 1/,/ep is the speed of propagation of electromag-
netic waves in the medium.
Equations (4.1.11) and (4.1.12) can be rewritten even in a more

elegant form. Consider the function
— —
V=¢&+iH

(this notation is in full agreement with (3.1.7)). Let us apply to it the

quaternionic Maxwell operator

1

-0y +1iD

c
introduced in Subsection 3.1.1. We obtain

1 1 — — 1 — —

Applying (4.1.12) and (4.1.11) to the real and imaginary parts of this

equation gives

(4.1.13) (%at +iD)V = —i(M

Note that
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Hence

— 1 — — — —
M ?JriM“ﬁ:é(M(”“)VJrM(E’“)V*).

Let us notice that

N grad c - grad W
€+ W =- and e — U =- ,
c w

where W is the intrinsic wave impedance of the medium (p. 70). De-
note

= grad Vo and V_>V = grad—W'

Ve AT

Then

— —— — T
M®E +iMPH = (M V+MYV?),

From (4.1.13) we obtain the Maxwell equations for an inhomogeneous
medium in the following form

1 N — .

(compare with (3.1.8)). This equation is completely equivalent to the
Maxwell system (4.1.1)-(4.1.4) and represents Maxwell’s equation for

inhomogeneous media in a quaternionic form.

REMARK 6. Equation (4.1.14) can be considered as a generalization
of the Vekua equation, well known in complex analysis, that describes
generalized analytic functions [80]. Recently in [62] using the L. Bers
approach [13, 14] another generalization of the Vekua equation was
considered. Most likely some of the interesting results discussed in [62]
can be obtained for (4.1.14) also. Their physical meaning would be of

great interest.
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4.1.2. Static case and factorization of the Schrédinger op-
erator. When the vectors of the electromagnetic field do not depend

on time from (4.1.11) and (4.1.12) we obtain two independent equations

— — p
D+ MHE =L

and
— = .
(D + MPYH = /.
Let us consider the sourceless situation, that is we are interested in
the solutions for the operator D + M ®, where the complex quaternion

o represents € or ji and has the form

—, grady
o =
¥

The function ¢ is different from zero.

Note that due to (2.4.8) the study of the operator D+ M practi-
cally reduces to that of D, as shown in [78]. In the case of the operator
D + M? the situation is quite different.

Consider the equation

(4.1.15) (D+ M%) F =0
Denote
_ Ay
v=—.
@

In other words ¢ is a solution of the Schrodinger equation
(4.1.16) —Ap +vp =0.

PROPOSITION 2. Let 1) be another solution of (4.1.16). Then the

function
(4.1.17) F=D-3W

is a solution of (4.1.15).



92 4. FIELDS IN INHOMOGENEOUS MEDIA

PrOOF. The proof consists of a simple calculation. Consider

— D D
Df =—Ay—Dyp- =2 - -D(f}
2
— - D22 (—) LR
2 2
D D —
= —(Dy - =F w—fz—f-a.
2 2

O

This proposition gives us the possibility to reduce the solution of
(4.1.15) to that of the Schrodinger equation (4.1.16). Here an important
detail is that we arrive at the Schrédinger equation already having one
particular solution. Moreover, if 1 is a fundamental solution of the
Schrodinger operator:

(_A + U)w = 57

then the function 7 defined by (4.1.17) is a fundamental solution of
the operator D+ M? as can be seen following the proof of Proposition
2.

Let us consider the following simple example of application of the

Proposition 2.

ExAMPLE 2. Consider equation (4.1.15) in some domain 2 C R3
and let Mg/ = —c* in Q, where ¢ is a complex constant. In this

case we are able to construct a fundamental solution for the operator

D+ M€ . Denote

ezc\x\

() =

This is a fundamental solution of the operator —A — c¢*. Then the

A7 |z|

fundamental solution of D+ M® is constructed as follows

iclz| d iclz|
€ T T ra T €
T et 8 p(x)

S nade() |
T ===y am ~ T TR T e ) e
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3 .
where x =Y\ _; Tiig.

Note that it is not clear how to obtain this result for the Maxwell

operators D 4+ M and D + M¥ using other known methods.

REMARK 7. Proposition 2 is closely related to the following factor-
ization of the Schrédinger operator proposed in [9], [12]. For a scalar

function u we have the equality

(4.1.18) (D+ M*)(D — M*)u=(—A+v)u,

if the complex quaternionic function o satisfies the equation
(4.1.19) Do+ ao? = —v.

It is easy to check that for a = (grad )/ the equation (4.1.19) is
equivalent to (4.1.16). Equation (4.1.19) can be considered as a natural
generalization of the ordinary differential Riccati equation. In [43] and
[85] the corresponding generalizations of the well known Euler theorems
for the Riccati equation were obtained. We consider these results in the

next subsection.

4.1.3. A quaternionic generalization of the Riccati differ-

ential equation. The Riccati equation
ou = pu® + qu +r,

where 0 is the operator of differentiation with respect to the indepen-
dent variable and p, ¢ and r are real valued functions, has received a
great deal of attention since a particular version was first studied by
Count Riccati in 1724, owing to both its peculiar properties and the

wide range of applications in which it appears. For a survey of the
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history and classical results on this equation, see for example [84], [24]
and [72]. This equation can be always reduced to its canonical form

(see, e.g., [17]),
(4.1.20) oy +y* = —v,

and this is the form that we will consider.

One of the reasons for which the Riccati equation has so many ap-
plications is that it is related to the general second order homogeneous
differential equation. In particular, the one-dimensional Schrédinger

equation
(4.1.21) —0%u —vu =0

where v is a function, is related to the (4.1.20) by the easily inverted

substitution
B ou

u

Y
This substitution, which as its most spectacular application reduces
Burger’s equation to the standard one-dimensional heat equation, is
the basis of the well-developed theory of logarithmic derivatives for the
integration of nonlinear differential equations [63]. A generalization
of this substitution will be used in this work.
A second relation between the one-dimensional Schrodinger equa-
tion and the Riccati equation is as follows.  The one-dimensional

Schrodinger operator can be factorized in the form

—0" —v(z) = —(0 +y(2))(0 — y(x))

if and only if (4.1.20) holds.
Among the peculiar properties of the Riccati equation stand out two
theorems of Euler, dating from 1760. The first of these states that if a

particular solution g, of the Riccati equation is known, the substitution
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y = yo + z reduces (4.1.20) to a Bernoulli equation which in turn is
reduced by the substitution z = % to a first order linear equation. Thus
given a particular solution of the Riccati equation, it can be linearized
and the general solution can be found in two integrations. The second
of these theorems states that given two particular solutions ¥y, y; of

the Riccati equation, the general solution can be found in the form

_ kyoexn([yo —y1) —
kexp([yo —y1) — 1

where k is a constant. That is, given two particular solutions of

(4.1.22)

(4.1.20), the general solution can be found in one integration.

Other interesting properties are those discovered by Weyr and Pi-
card ([84],[24]). The first is that given a third particular solution
y3, the general solution can be found without integrating. That is,
an explicit combination of three particular solutions gives the general
solution. The second is that given a fourth particular solution g4, the

cross ratio
(11 — ¥2)(y3 — ya)

(1 — ya) (Y3 — ¥2)
is a constant. Thus the derivative of this ratio is zero, which holds if

and only if the numerator of the derivative is zero. That is iff

(y1—va) (Y3—y2) (Y1 —12) (Ys—ya)) — (Y1—y2) (Y3— 1) O((y1—ya) (y3—12)) = 0.

Dividing by (y1 — y2)(ys — ya)(y1 — ya) (ys — y2), we see that Picard’s

theorem is equivalent to the statement

Iy1 — ya) 4 (Y3 — ya) _ Iy — ya) _ A(ys — ¥2)
Y1 — Y2 Y3 — Ya Y1 — Ya Yz — Y2
In Remark 7 we observed that equation (4.1.19) is related to the

(4.1.23) — 0.

three-dimensional Schrodinger equation (4.1.16) in the same way as in
the one-dimensional situation. That is, if ¢ is a solution of (4.1.16)

then its logarithmic derivative @ = (grad ¢)/¢ is a solution of (4.1.19)
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and if a complex quaternionic function « satisfies (4.1.19) then the
Schrodinger operator with the potential v can be factorized (4.1.18).
These relationships suggest that (4.1.19) can be considered a natural
generalization of (4.1.20).

For our purposes it is sufficient to consider purely vectorial solutions
of (4.1.19). In this case the equation which will be refered to as the

Riccati partial differential equation
(4.1.24) Da +7ad?=—v

is equivalent to the following system

e
—diva +a?% = —v,

rot @ = 0.

The second equation implies that for a simply-connected domain (2,
there exists a scalar function 7 such that o = gradn. Substituting

this in the first equation gives
(4.1.25) An+(Vn,Vn) =v.

THEOREM 14. (Generalization of Euler’s first theorem) Let W=

grad & be an arbitrary particular solution of (4.1.24). Then the general
solution of (4.1.24) has the form

(4.1.26) T=7+h,
where g = (grad W) /U and ¥ is a general solution of the equation
(4.1.27) AV + 2 (grad &, grad ¥) = 0,

or equivalently of

(4.1.28) div(e* grad ¥) = 0.



4.1. ELECTROMAGNETIC FIELDS 97

PROOF. Substituting (4.1.26) in (4.1.24) gives
— 7 — —2
(4.1.29) Dy -2(%.g)+g*=0.
Note that the vector part of (4.1.29) is rot g’ = 0, so that
G =grad ®
for some function ®. If ¥ = e®, this is equivalent to
g = (grad ¥)/ V.

Equation (4.1.29), written in terms of ¥, is
1

R

so that (4.1.29) is equivalent to

21,y 2 1 oope
(VO = GAY — 2 (VE, V) + o5(VE)” =0,

AV +2(VE V) = 0.
Noting that
div(eX VW) = 2% (VE, V) + X AT = X(AT 4 2(VE, V),
this equation can be rewritten in the form
div(e*V¥) = 0.
O

Thus, as in the one-dimensional case, having one particular solu-
tion of the Riccati equation allows us to linearize it. In the three-
dimensional case the corresponding linear equation (4.1.28) is quite
well known and appears in various applications, for example in elec-
trostatics [61], where € is the dielectric permeability and ¥ is the
electric field potential, and as the continuity equation of hydromechan-
ics in the case of an irrotational steady flow, where e* is the density

of the medium [27].
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Equation (4.1.27) is the well-known transport equation, which ap-
pears for example in the ray method of approximations of solutions to
the wave equation, coupled with the eikonal equation [4].

The second Euler theorem and Weyr’s property mentioned above

admit the following simple generalization.

PROPOSITION 3. [85] Let &y = gradm, k = 1,...,n be n particu-
lar solutions of the Riccati partial differential equation (4.1.24). Then

n
1
— — —
o = T enk(alem + g ay o e,
k=2 Tk k=2

where ay, are arbitrary complex constants, is a solution of (4.1.24).

PrOOF. We have that e are solutions of the Schrodinger equation

(4.1.16) which is linear. This implies that

n
p=en+ E ape’*
k=2

is also its solution. Consequently, @ = (grady)/¢ is a solution of

(4.1.24). O

Finally, we give a generalisation of the expression (4.1.23) shown

earlier to be equivalent, in one dimension, to Picard’s theorem.

PROPOSITION 4. [85] (Generalization of Picard’s theorem) Let ',
k=1,..,4 be four solutions of the Riccati PDE. Then
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where [a,b] = ab — ba is the standard anticommutator, assuming that

the tnverses exist.
PrOOF. Obviously
(5)1 + 34) + (Eg -+ 6)2) — (El -+ 32) — (Eg + Oé4) = 0

Multiplying each parenthesis on the right by 1 = (

2l
2
2l
2l
i

we obtain the equality

(@1+ ) (a1 —ay) (a1 —ds) " +(d3+a2)(d3— ) (a3— )"

(a+d))(di—ay) = ai=di-a,d;+d;d; = D(d;—a,)+[d;, i,

the result is obtained. O

4.1.4. Monochromatic fields in slowly changing media. When
the electromagnetic field is monochromatic (see Section 3.2) from (4.1.11),

(4.1.12) we obtain the following equations for the complex amplitudes

— — — —
E and H of the vectors £ and H:

— = P
D> FE =iaH — —

\/g?
— — —
Dy H = —iaE +\/1nj.
Here, as before, « = w/c is the wave number. In what follows we

consider the sourceless situation, that is the following pair of equations

(4.1.30) D-E =iaH,

4131 D-H = —iaE.
( y
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The medium is said to be slowly changing when its properties
change appreciably over distances much greater than the wavelength
[4, 81]. Usually this is associated with the possibility of reducing the
Maxwell equations (4.1.30) and (4.1.31) to the Helmholtz equations

(A+a2)§ =0 and (A+a2)ﬁ = 0.

It is easy to check that such a reduction is possible if only |Z’| and
77| are considered as relatively very small and the terms containing
the vectors 2 and 77 are supposed to be negligible. Then (4.1.30) and
(4.1.31) take the form

— —
DE =iaH,

— —
DH = —iaFE

and can be diagonalized. For the functions ¢ := E + iH and J =

H .H . .
E — 1H we obtain the equations

—

D_,g=0 and D,v¢ =0.

Let us analyze some possiblities for obtaining analytic solutions of these

equations.

4.1.5. The equation (D + «(z))u(z) = 0. Let o be a complex
valued scalar function defined in Q@ C R3. We consider the following

equation
(4.1.32) (D + a(x))u(z) =0 in Q.
Suppose that the function ¢ is some solution of the eikonal equation

(4.1.33) (Vo) =a* in Q.
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Then note that the H(C)-valued functions Q* := o 4+ V¢ are zero
divisors in 2. Let n = ¢?. Then V¢ = Vn/n, and the operator D + al

can be rewritten in the following manner

D+al =D+ (a+Vo—-Vo)l =

v
:D+%a+V¢—7gﬂ:

=n(D+Q )1
Consequently, (4.1.32) is reduced to the following equation
(4.1.34) (D+ Q" (x))v(z) =0 inQ,

where v = u/n. Note that (4.1.34) is equivalent to (4.1.32).
Let us look for the solution of (4.1.34) in the form

(4.1.35) v=Q s,

where s is an H(C)-valued function. Substituting (4.1.35) into (4.1.34)

we obtain an equation for s:
(4.1.36) D@ s=0.

Thus, we should describe the set ker D N im(Q~I) which would be a
simple task if ()~ were not a zero divisor. Let us consider the following
important cases in which it is possible to solve (4.1.36).

4.1.5.1. « is a function of one variable. Assume that o depends

only on one variable: o« = a(x1). Then, e.g., the functions
01 =10, ¢y = —iO

are solutions of (4.1.33). Here © is an antiderivative of a. Note that

any function of the form

(4.1.37) ¢ =+iO + ¢,
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where ( is an arbitrary analytic or antianalytic function of complex
variable z = x5 + ix3, will be also a solution of (4.1.33). Here the trick

consists in the fact that (e.g., for an analytic function ():

V¢ = %(ig + iig).

The complex quaternion iy + 23 is a purely vectorial zero divisor which
being squared gives us zero.

Let us consider first the function ¢;. We have
m(xy) = 1@ = @) OF (1)) = a(xy) Fiiyo(zy) = o) (14ii).

The function v is related with v by v = e~®'u, and we are looking for

it in the form
v(x) = a(r)(1 — iiy)s(z).

For the function s we obtain the following equation
(4.1.38) D(a(z1)(1 —iiy)s(z)) = 0.

Let us denote f = «-s and use the following quaternionic representation
of f:

[ = F1+ Fyia,
where I} = fo + fii1, Fy = fo + f3i1. We note that F; and Fj
commute with (1 —ii1), and (1 — 4y )iy = i2(1+4iy). Then (4.1.38) can

be rewritten as follows
(4.1.39) D(Fy(1 — iiy) + Fyis(1 + iiy)) = 0.

Note that DM +) = NfO+i) D Multiplying (4.1.39) from the right-
hand side first by (1 —i1) and then by (1+1i;) we obtain that (4.1.39)

is equivalent to the system

(4.1.40) D(F)(1 — iiy) = 0,
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D(Fyis)(1 +iip) = 0.
The last equation can be rewritten in the form

(4.1.41) D(F»)(1 — iiy) = 0.

Thus, F; and F5 must satisfy the same equation. Let us consider the

equation (4.1.40). Its solution obviously has the form

where Sy is an arbitrary two-component function, and Hy; = hg + hqtq

satisfies the equation
(4.1.43) DH, = 0.

We note that the last term in (4.1.42) does not contribute in the final
solution of (4.1.32) because of multiplication by @~ (4.1.35).
In order to solve (4.1.43) we rewrite it in explicit form (i10; +1i205 +

i305)(ho + h1i1) = 0 and obtain that it is equivalent to the following

system

(4.1.44) Oho = Oihi =0,
(4.1.45) doho + O3hi = 0,
(4146) 63h0 - aghl - O

From (4.1.44)-(4.1.46) we have that H; is independent of the vari-
able r; and is analytic in the usual complex sense with respect to
the complex variable z = z3 + i122 as (4.1.45) and (4.1.46) represent
the corresponding Cauchy-Riemann conditions. More precisely, both
Re Hy = Rehg + i1 Rehy, and Im H; = Im hg + i1 Im h; are analytic

with respect to z.
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In a similar way, F5 = Hs(xe,z3) is an analytic function with re-
spect to z. Thus,

s(x) = a(:lvl) (Hi(z2,23) + Ho(z2, 23)is),

and the function
Uy (2) = e?a(w) (1 — idy)s(x) =
= ei@(ﬂn)(Hl(l.% 1‘3)(1 — ’LZl) + HQ(CB% 1‘3)12(1 + ZZ1))

is a solution of (4.1.32). Moreover, due to the right H(C)-linearity of
(4.1.32), the following function is also a solution
(4.1.47)

uy(z) = eig(“)(Hl(wg, x3)(1 — 1i1) Ay + Ha(xo, x3)i2(1 4 diy) As),

where A; and A, are arbitrary constant complex quaternions.

Taking the function ¢ as a solution of the eikonal equation (4.1.33)
and repeating the procedure described above we arrive at another so-
lution of (4.1.32):

(4.1.48)
uy(z) = e 7@ (G (29, 23) (1 + 141 ) By 4 Ga(a, 13)ia(1 — 4y) By),

where G and G, similarly to H; and Hs, are analytic functions with
respect to z, and B;, B, are arbitrary constant complex quaternions.

Thus, we obtain the following proposition.

PROPOSITION 5. Let ©(xy) be an antiderivative of the function
a(xy); Hy, Hs, G1 and Gy satisfy the Cauchy-Riemann conditions
(4.1.45), (4.1.46), and Ay, As, By and By be arbitrary constant complex
quaternions. Then the functions (4.1.47) and (4.1.48) are solutions of

the equation

(D + aley))u(z) =0,
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4.1.5.2. « s an analytic function. Let us return to the equation

(4.1.36). We are interested in describing all complex quaternionic so-

lutions of the Moisil-Theodoresco equation
(4.1.49) Df=0

with the following additional condition
(4.1.50) f-f=0.

In [42] the equation

(4.1.51) Of+Df +f-f=0

was studied and its solutions obtained. Equation (4.1.51) is obtained
(34, p. 99] from the general self-duality equation taking the Jackiw-
Nohl-Rebbi-t’ Hooft ansatz for the gauge potential. The main result of
[42] reads as follows. For any u € ker(d; + D)(G), ug # 0, the function

1
= ——(Du+ D,
f =~ (Du+ Dru)

is a solution of (4.1.51). Here G is some domain in R* and D, denotes

the right Moisil-Theodoresco operator D,u = Zizl Opuiy. Note that
D,u = —divw + gradug — rot o

(compare with (2.4.1)). For the purposes of the present work it is
sufficient to limit ourselves with the case d;f = 0. Then Du = 0 and
from (2.4.3), (2.4.4) we obtain that D,u = 2 grad ug = —2rot . Thus,

considering the first of these equalities we arrive at the following

PROPOSITION 6. Let ug € ker A(Q2), @ C R3. Then f = Vugy/ug

satisfies the equation

(4.1.52) Df+f-f=0.
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REMARK 8. Equation (4.1.52) is a homogeneous Riccati partial dif-

ferential equation discussed in Subsection 4.1.3.

Then as a class of solutions of (4.1.49) and (4.1.50) we can consider
f = Vuy, where ug € ker A(Q) is such that (Vug, Vug) = 0. For in-
stance, ug can be an arbitrary analytic function of the complex variable
21 = x1 + iz (and independent of x3). In this case

Jug ,. ..
:a—zf(ll‘l"llg)

VUO
and f = Vuy satisfies (4.1.49) and (4.1.50).
Let us consider the following question. Under which conditions can

the expression Qs from (4.1.36) be equal to such a purely vectorial

f?7 In other words, when do we have the equality

(4.1.53) 0 = 2% L iig)st 7
821

Denote v = s~ and recall that Q= = a — V¢. Then (4.1.53) is

equivalent to the system

(4.1.54) o= —g—zj(m +ivy),
)

(4.1.55) Do = —8—:;)(% +ivy),
,é?uo .

(4.1.56) o = —za—zl(w) +ivs),
)

(4.1.57) 03¢ = ia—zo(l/l + ).

1

From (4.1.54) and (4.1.57) we obtain that

(4.1.58) ¢ = —103 + (,
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where O3 is an antiderivative of o with respect to x5 and ( is an arbi-
trary function of x; and z3. Then from (4.1.55) and (4.1.56) we obtain
the following equality

Taking into account that ¢ must not depend on z3 we see that (4.1.59)

is possible only if

Oa

(81 +282)Oé = 0_21 =0
and
a¢

Thus, o and ¢ are analytic functions with respect to z; = 7 + ixs.

Then for 01¢ and 0,¢ we obtain

a 0.,03
821 821

0, ¢
Consequently, comparing the last equality with (4.1.54)-(4.1.57) we can

:8216(1_i )

see that ( = ug. Then the following election of the functions vy, k = 0,

w

is possible

, a . 9,,0;
Vn = — YV = — Vo = Vo =
0 ) 1 821C7 2 ) 3 07;16
Then

-1 azlc

= —0.,¢ + oy — 0,,0313).
07 4 o2 + (0,05 D€ T 0~ 0:64is)

For ()~ we have the expression

L B 003 oC.,. .. o
Q —a—ng—cH—(zaZl aZl)(21+222)+za23.

It is easy to see that

@ -s= g—i(il + 1ip) = VC.
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Thus, the function v (4.1.35) is found and to obtain a solution u of

(4.1.32) we merely have to consider the product

, ¢
~ _ ¢ _ _Z®3+C . ..
u=n-v=e-v=e - = (i1 + il2).
m 821 ( ! 2>
Finally, the expression ec—gfl, where ( is an arbitrary analytic func-

tion, can be substituted by an arbitrary analytic function h, related
by ((21) = In H(z), where H is an antiderivative of h with respect to

z1. We obtain @ in the form
u= €—i®3(zl,x3) . h(Zl) . (21 + Z’Lg)

Due to the right-linearity of the operator D + a(x)I, the solutions of
(4.1.32) are invariant under multiplication by an arbitrary constant
complex quaternion from the right-hand side. We summarize the re-

sults of this subsection in the following

PROPOSITION 7. Let o be an analytic function with respect to the
complex variable zy = x1 + ixy and O3 be an antiderivative of o with
respect to x3. Let h be an arbitrary analytic function of z; and inde-
pendent of x3, A be an arbitrary constant complex quaternion. Then

the function
(4.1.60) u(zy, x3) = e 2T L p(2) L (i) +iiy) A
is a solution of (4.1.32).

REMARK 9. We note that the same can be done for an antianalytic

function «. In this case the solution is
(4161) U(Zl,$3) = ei@g(zl,xg) . h*(Zl) . (Zl — ZZQ)A,

where h* is an arbitrary antianalytic function with respect to z.
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REMARK 10. Note that o can be independent of x1 and xo. Then we

return to the case considered in 4.1.1. The solution (4.1.48) is obtained

from (4.1.60) and (4.1.47) from (4.1.61).
4.2. Spinor fields

4.2.1. The Dirac operator with potentials in quaternionic
form. In Subsection 3.5.2 we obtained a simple relation (3.5.3) be-

tween the classic Dirac operator for a free particle

3
D =00 — ¥ Ok + im
k=1

and the quaternionic operator
R = P (i0; + D) + P (—=i0, + D) — mM".

These two operators are related by the transformation A. Now we
will see the result of transformation of the most frequently studied
potentials. The Dirac operator with electric potential g (x) has the
form (see, e.g., [79])

D := D+igeyo.

Making use of the property 4 from Lemma 3 we see that

M9 = Ary1vyays(igeryo) A~
and hence
(4.2.1) R = — Ay DA™
where
R = R — M,
Thus, R is a quaternionic form of the Dirac operator with electric po-

tential. In the same way we obtain quaternionic reformulations similar

to (4.2.1) for the Dirac operator:
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a): with scalar potential
D% := D+geed,
b): with pseudoscalar potential
DP* := D + gpsV075,

c): with magnetic potential
3
D™ .= ]D)—f— Z Ak'yk-
k=1

Namely,

R =R+ Miﬁsclé?

RP* := R —igps1,
H
R™:= R— BI,

ﬁ
where the purely vectorial quaternionic function B has the form
g 5. <~ . - .
B = Alll + AQZQ — Ang.

In all these cases we have equalities similar to (4.2.1), where the oper-

ators R and ) have the corresponding superscripts. For example,
R™ = — Ay D" A

Thus, the Dirac operator with different potentials can be studied not
only in its traditional form using Dirac matrices but in a quaternionic
form which provides the possibility of utilizing algebraic advantages of

quaternions.
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4.2.2. Exact solutions. Exact solutions of the Dirac equation
are of special interest, since in many cases, due to general facts from
functional analysis and the theory of partial differential equations, it is
possible to make some qualitative conclusions from them about the be-
haviour of the quantum system or even solve the corresponding Cauchy
or boundary value problem. In particular, all corresponding Green’s
functions have been constructed using exact solutions of the Dirac equa-
tion. Of course, there exist dozens of works on the topic. The reader
is referred to the encyclopaedic monograph [5] for the corresponding
bibliography and review of known exact solutions of the Dirac equation
up to the late 1980’s.

In this subsection we explain how the results of Subsection 4.1.5 can
be used to obtain exact solutions of the Dirac equation with different
potentials. In several cases inaccessible to the application of these
results we demonstrate another possibility leading to a quite general
class of exact solutions.

4.2.2.1. Pseudoscalar potential. We begin with the pseudoscalar po-
tential because, as we will see, the corresponding quaternionic equation
can be reduced to that considered in Subsection 4.1.5. We will look
for solutions with a specified energy w € R, that is for H(C)-valued

functions of the form F(t,z) = f(x) - €™ satisfying the equation
RPPE =0,

from which we obtain the following equation for f

(4.2.2) (D + v(z)I + M%) f(z) = 0.

Here v := —ig,s and as in Subsection 3.5.3, o = —(iwiy +mis). Denote

Re =D+ v(x)l+M?.
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First we suppose that @ ¢ &. Using the notations of Section 2.6 we

obtain the following statement.

THEOREM 15. Let & be an arbitrary constant purely vectorial com-
plex quaternion and & ¢ &. Let Q be some domain in R® and v be an

arbitrary complex-valued function defined in 2. Then
ker Ry = P ker(D+ (v(z)+N)I)® P~ ker(D+(v(z)—N)I) in S,
where A2 = % and P* are defined by (2.6.2).
In other words f satisfies (4.2.2) if and only if the functions f* :=

Pt f and f~ := P~ f are respectively solutions of the equations

(D+ (v(@) + NI f(x) =0
and

(D + (v(z) = NI)f~(x) =0.
Thus, in the case @ ¢ & we reduce equation (4.2.2) to an equivalent
pair of equations with scalar coefficients as considered in Subsection
4.1.5.

Now let us consider the case @ € &. We look for solutions f of

(4.2.2) that satisfy the equations
(4.2.3) (D+v)f=0

and
f-a=0
simultaneously. Such solutions have the form

f:u-ﬁ,

where u is a solution of (4.2.3). In Subsection 4.1.5 we constructed

solutions of equation (4.2.3) for the case in which the coefficient v is a
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function of one variable. Using the results gathered in Proposition 5

we obtain solutions for equation (4.2.2).

PROPOSITION 8. Let ©(xy) be an antiderivative of the function
v(z,); HY, HY, Gf and G5 satisfy the Cauchy-Riemann conditions
(4.1.45), (4.1.46) and AF, A5, Bf and BY be arbitrary constant com-
plex quaternions. Then

1) if @ ¢ &, the function

(4.2.4)
1 )

f _ 5(61(9(@’1)—&-)\%‘1)(}[;—(1‘2, $3)<1 - ”1)141’— + H;_(Z'Q, fL‘3)'£2(1 + le)A;—)"‘
+ 6—i(@($1)+>\$1)(Gii'($27 J}g)(l + Ml)Br + G;(CCQ, x3)i2(1 — le)B;)()\ + E)‘f—
n 1
2\

+ e CEITA (G (29, 23) (1 + 101) By + Gy (w2, 23)ia(1 — i61) By )(A — @)

('O ([ (1 2:3) (1 — 44y ) AT + Hy (9, 3)io(1 + idy) A7 )+

is a solution of (4.2.2),
2) if @ € &, the function
(4.2.5)
f= (e (H (29, 25) (1 — 1i1) AT + Hy (w2, 23)ia(1 + 1) A3 )+

+ eiie(xl)(Gf(l’g, ZE3>(]. + ZZ1>Bfr + G;(I% Ig)lg(l - le)B;))a)
is a solution of (4.2.2).

REMARK 11. With the aid of the transformation A~' these solu-
tions can be rewritten in a “traditional” form and it can be checked
that they really satisfy the equation DP*® = 0. This is an easy excer-
cise executed in [47], but in fact unnecessary. We showed that equation
(4.2.2) is the same Dirac equation with pseudoscalar potential and all
the interesting physical information contained in the Dirac equation in

its “traditional” form is contained also in this quaternionic equation.
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4.2.2.2. FElectric potential. We now consider the Dirac operator with
electric potential R®. As before we look for the solutions of the form

F(t,z) = f(z) - €*t. Then from the equation
RIF =0
we obtain the following equation for f:
(4.2.6) (D — MGa@t@)itmi)y £y — .

Denote

Rf)lm = D — M(Z’(gel(r)‘f'w)il—‘,-miz)‘

Equation (4.2.6) in general cannot be reduced to the equation with a
scalar coefficient studied in Subsection 4.1.5. - it is possible in some
special cases only. For example, assuming that m = 0 we have the

operator R, which can be represented in the following form
Ry = Py (D + (ga(w) +w)I) + PH(D = (ga(x) + w)I),
where the operators

Py = %M“ﬂil)

commute with the operators in parentheses, and therefore we obtain

that any solution f of the equation
(4.2.7) RS f =0

has the form
f=P fT+Pf,
where

(4.2.8) (D = (Fulx) +w)f*() = 0.
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Thus, when m = 0 we reduce equation (4.2.6) to a pair of equations
(4.2.8) with scalar coefficients, and the results of Subsection 4.1.5 can
be used again to obtain solutions of (4.2.7) (see [47]).

Of course, the requirement m = 0 is very restrictive. Let us analyse
another approach proposed in [52] which allows us to obtain a wide
class of solutions of (4.2.6) without this requirement.

We assume that the potential g, is a function of one variable x;.

Denote
h(z1) :=i(ge(z1) + w).

Then we are looking for solutions of the equation

(4.2.9) (D — M(Mevivtmiz)y £ — (),

Obviously any solution of (4.2.9) can be written in the form
f=e¢-Q,

where ¢ is a scalar function and () is a complex quaternionic function.

From (4.2.9) we obtain

D(¢Q) — ¢Q - (hiy + miy) = 0.
According to Remark 6 this is
(4.2.10) v-DQ +gradp - Q — vQ - (hi; + mis) = 0.
Let us require the function @) to satisfy the following equation
(4.2.11) DQ = Q - mis.
Substituting this condition in (4.2.10), we obtain the equality

(4.2.12) grad p - Q = ©Q - hiy.
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We consider first the case when the function () has the form
Q=Q1=q + qu.
Thus we are looking for f; = ¢1();. Then (4.2.12) takes the form
1 = hep, Oatp1 = O3p1 =0
(we assume that (); is not a zero divisor). Consequently,
(4.2.13) pr=a-e®),

where H is the antiderivative of h and a is a complex constant.

Equation (4.2.11) takes the form
(1101 + 202 +i305)(qo + q171) = (go + quin) - iz
which is equivalent to the system

O2q0 + O3q1 = mqo,

(4.2.14)
03q0 — aq1 = mq
with the additional condition
01qo = 011 = 0.
Let us introduce the following notation
1 .
8; = 5(33 + 1182).

Then the system (4.2.14) can be rewritten as follows

mil

(4.2.15) 0-Q1 = (8: = - C1)@1 =0,
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where (' is the operator of conjugation with respect to iy:
CiQ1 = qo — 1q1-
We can construct a conjugate operator to the operator J_:
mi
9y =0, + —C4,
2
where
1 :
8z = 5(83 — 21(92>.
Note that the operators 0_ and 0, factorize the Helmholtz operator

a_5+ = 0+0_ = E(Az — mz),

where Ay := 92 + 92. Thus we can obtain solutions of (4.2.14) from
solutions of the two-dimensional Helmholtz equation by applying to
them the operator d,. We will restrict our consideration to the simplest

class of solutions of the Helmholtz equation, namely, to plane waves
(4.2.16) exp(—(mqz2 + mpz3)),
where m, and my are arbitrary numbers with the property

2

2 2 _
m, +m, =m".

Applying the operator 0, to (4.2.16), we obtain a solution to (4.2.14)
or equivalently to equation (4.2.15):

1
(4.2.17) Q) = dye~mararmors) — — 5 (my—(m+ma)ir) e~ (maz2tmpzs)

From (4.2.13) and (4.2.17) we obtain a particular solution to equation

(4.2.9) in the form

fi=p1Q1 =c- (my — (m +my)ir) - exp(H(21) — (Ma22 + mpr3)),

where ¢ is a complex constant.
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We consider now the quaternionic function Q)2 = ¢oi2 + g3i3, and
the corresponding solution f; = @2()s. Note that Q)2 = 6 - i3, where
0 = g2 + g3i1. Equation (4.2.12) takes the form

O1pa = —h - 2, Oatpa = 0309 = 0.

Thus @y = b- e 7@ where b is a complex constant.

From (4.2.11) we obtain that 6 is a solution of (4.2.15). Then

1
Q=101 = —§(md — (m 4 me)iy) - e~ (mevztmaza) g,

1

= —§(mdi2 — (m +my)ig) - e~ (mevatmaza)

where m?2 + m?2 = m?. Thus, another particular solution of (4.2.9) has

the form
fo = aQ2 = d - (mgia — (m + m.)iz) - exp(—H (1) — (mee + mars)),

where d is an arbitrary complex constant. Combining f; and fy we

obtain the solution of (4.2.9)

f=h+/f
=c-(my— (m—+mgy)i1) - exp(H(z1) — (Maxe + mpz3))
(4.2.18) +d - (mgia — (m + m.)iz) - exp(—H (x1) — (mexy + mgxs)).
REMARK 12. Using algebraic properties of quaternions we obtained
exact solutions for the Dirac equation with electric potential, but the

same procedure can be applied also to the Dirac equation with scalar

potential [52].

REMARK 13. The operator D — MW"@0n+mi2) congsidered in this

subsection can be written in the form D + M with @ = (grad ¢)/¢
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and ¢ = exp(—(H(x1) + mxs)). Thus the exact solutions obtained
here also give us expressions for static electric or magnetic fields (see
Subsection 4.1.2) in a medium whose permittivity or permeability is p?,
that is when € or p are functions of the form exp(n(x1) + cxs), where
n 18 an arbitrary function and c is an arbitrary constant. In order to
obtain from (4.2.18) an expression for the electric or magnetic field we
must ensure that the scalar part of (4.2.18) be zero. Hence under the
condition my = 0 the function (4.2.18) can be useful for obtaining exact
expressions for static electric or magnetic fields in this special class of

physical media. More details can be found in [53] and [71].
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