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Preface

In the middle of the twentieth century, the terms numeracy and innumeracy
entered into our vocabulary. The words were coined as parallels to literacy and
illiteracy, the ability or inability to read and write at a level adequate to function in
society. Numeracy was used to mean a numerical literacy, a competence with the
basic mathematics that you need to function in the modern world.

When some people hear a phrase like basic mathematics, they think it just
refers to simple arithmetic. That’s not the case at all. A numerically literate person
can do arithmetic, of course, but also understands our number system, has a sense
of geometric and spatial relationships, and can intelligently analyze the flood of
numerical information all around us. Practice Makes Perfect: Basic Math gives
you the opportunity to strengthen your essential mathematical skills through
review and practice.

Literate people not only can read; they do read. They practice the skills over and
over again, day after day. Numeracy, mathematical literacy, also requires that you
exercise the mental muscles that you use to calculate, to determine relationships,
and to make sense of the data you encounter. Like any skill, basic mathematics
needs to be practiced.

The exercises in this book are designed to help you acquire and develop the
skills you need to be mathematically literate. With patience and practice, you'll
find that you've assembled an impressive set of tools and that youre confident
about your ability to use them properly. You must keep working at it, bit by bit. Be
patient. You will make mistakes, but mistakes are one of the ways we learn, so
welcome your mistakes. They’ll decrease as you practice, because practice makes
perfect.

xi
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Numbers and arithmetic

Just as every culture evolves its own language, different societies at different points
in history have had different ways of writing and thinking about numbers. You've
probably had some experience with Roman numerals, if only for dates on corner-
stones, but for day-to-day use in arithmetic, you're far more comfortable with the
numerals that come from Hindu and Arab mathematics. As opposed to the Mayan
system of numeration based on 20, or some other ancient systems with other
bases, our system is based on 10s, with the 10 digits: 0, 1, 2, 3, 4, 5,6, 7, 8, and 9
(unlike the Babylonian system with symbols for only 1 and 10). It’s a place value
system, meaning that the position of the digit within the number affects its value.
The 7 in 57 is worth less than the 7 in 87,345, because they’re in different places.
Each place, each spot in which you can write a digit, has a different value. There’s
a place for ones. In 57, there are 7 ones. In 87,345, there are 5 ones. The next place
to the left is for tens. In 57, there are 5 tens, and in 87,345, there are 4 tens. As you
move to the left, each place has a value 10 times larger than its neighbor. In 87,345,
there are 3 hundreds, 7 thousands, and 8 ten-thousands.

The families of numbers

The number system we use today didn’t suddenly appear one day, fully formed. It
developed and grew in response to people’s need to count, to measure, and to
evaluate different things. The natural numbers, or counting numbers, are just
that: numbers used for counting. The natural numbers include 1, 2, 3, 4, and so on,
and go on without end. You might notice there is no zero. If you don’t have
anything, you don’t have to count it, so zero isn’t officially a counting number.
Once you start counting, however, you pretty quickly want a symbol for nothing,
so if you add zero to the natural numbers, you have what are called the whole
numbers: 0, 1, 2, 3, 4, and so on.

—4 0000000000
01 23 456 7 8 910

Figure 1-1 The whole numbers begin
at 0 and go on forever.

In your first experiences with arithmetic using whole numbers, you learn
two things very quickly. You can’t subtract a bigger number from a smaller one,
and you can’t divide a smaller number by a bigger one. Your early encounters with
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7 —12 and 3 + 5 go in the “impossible” column. Soon, however, you learn about fractions and

decimals, and 3 + 5 is just % ,or 0.6. When your mathematical world expands enough to deal with

7 — 12, you discover the set of integers.

The integers introduce the idea of numbers less than zero, each carrying its signature nega-
tive sign in front. They let you deal with ideas like owing and having, above ground and below
ground, losing and gaining. The idea starts with the notion of an opposite. The idea is that for the
operation of addition, every natural number has an opposite, and when you add a number and its
opposite, the result is zero. So, 4 + —4 = 0 and 18 + —18 = 0. You're probably thinking that looks an
awful lot like subtraction, and it does, because mathematicians define subtraction as adding the
opposite. To subtract 38 — 23, add 38 and the opposite of 23, 38 + -23.

The integers are the set of numbers that include all the natural numbers and their opposites
and zero. The natural numbers, or positive integers, are sometimes written with a plus sign in
front but more often without. The negatives will always have a negative sign in front. It’s hard to
write out the set of integers, but it looks something like this: {... -4, -3, -2,-1,0,1,2,3,4 ...}. You
see the dots that say it goes on and on, both going up and going down.

-10-9 -8 -7 -6 -5 -4 -3 -2 -1
0000000 90000006900096¢0¢900¢>
1 2345678910

Figure 1-2 The integers include all the whole numbers and their
opposites.

Once you can count whole things and talk about their opposites, you find yourself wanting
to talk about parts of things, so you start to need fractions. This gives you a way to think about
dividing a smaller number by a larger one, and getting a part of a whole. The set of numbers that
mathematicians call the rational numbers include all numbers that can be written as fractions.
That means it includes the whole numbers, because you can write them as fractions by putting

5
them over a denominator of 1, for example, 5 is T The rational numbers also include every num-
15 114
ber that can be written in that form, like > = or 965’ as long as the number on top is a whole

number and the one on the bottom is a nonzero whole number. We can’t have a zero on the bot-
tom, for reasons we’ll talk about a little later.

Decimals, or decimal fractions, like 3.84 or 2.9, develop when you try to understand how
fractions fit into our base 10 system. In whole numbers, the rightmost digit was ones. If we go
another place to the right, on the other side of the decimal point, to maintain the decimal system,
that place must be worth one-tenth, or 0.1. The next one to the right will be one-hundredth, or 0.01
and the next one-thousandth, or 0.001. The fraction % can be written as the decimal 0.7, and the

fraction becomes the decimal 0.159. We’ll talk more about moving from fractions to deci-

15
1,000
mals or decimals to fractions in Chapter 4. Decimals that are fractions, just written differently,
are part of the rational numbers.

When you discover that there are decimals that can’t be written as fractions, you realize that
the rational numbers don’t include everything. Numbers that can’t be written as fractions are
difficult to picture at first, but when you write them as decimals, the decimal goes on forever
without repeating any sort of pattern. Rational numbers, when changed to decimals, either stop,
3

1
like % = 14Z =14.75, or if they go on forever, they repeat a pattern, like 3= 0.3333.... To show that

1 — -
a pattern repeats, you can write a bar over the top: 3= 0.3and - = 2.285714. But there are num-

PRACTICE MAKES PERFECT Basic Math



bers whose decimal goes on forever and never repeats any pattern. These are called irrational
numbers. You may feel like you've never seen any, because often we round them oft. Some of the
most useful irrational numbers have been given names, like the number called pi, represented by
the Greek letter 7. It comes up often when we talk about circles (more on circles in Chapter 14).
The number 7 is an irrational number approximately equal to 3.14159.... We say “approximately
equal to” (or write =) because its decimal goes on forever and we can never show it all. The num-

22
ber pi is often rounded to 3.14, or = but those are approximate values.

Faced with numbers like pi that don’t fit into the rational numbers, mathematicians expand
the number system to the real numbers, all the rational numbers and all the irrational ones as
well. If youre wondering why they’re called the real numbers—how could there be an unreal
number?—you might be interested to know that there are numbers that mathematicians call
imaginary numbers. You don’t need to worry about those now.

1-1

All of the numbers below are real numbers. Mark the sets of numbers they belong in.

NATURAL
OR COUNTING WHOLE RATIONAL IRRATIONAL
NUMBERS NUMBERS NUMBERS NUMBERS

Alw Y

5
5. 4=
47

193
18.328
18.3284502193...

© © N o

6.29
11

10. —
23

Vocabulary and symbols

In talking about numbers, there will be some words, phrases, and symbols that you’ll need to use.
This is a good time to review them. You've already learned the vocabulary of sets of numbers:
natural or counting numbers, whole numbers, rational numbers, irrational numbers, real
numbers. You'll sometimes see those sets denoted by fancy letters, like R for the real numbers or
N for the natural numbers.

If a number belongs in a certain set of numbers, it is an element or member of the set, and
you’ll sometimes see that written symbolically, using the symbol €. For example, 4 € N means

Numbers and arithmetic
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“four is an element of the natural numbers.” The real numbers are a big set of numbers that con-
tain the smaller sets like the natural numbers or the rational numbers. When a smaller set is
completely contained in a bigger set, it’s called a subset. The natural numbers are a subset of the
real numbers. The symbolic form of that statement is N R.

Basic arithmetic operations like addition and subtraction use standard symbols of + and —,
but multiplication and division have a little more variety. The multiplication problem “seven
times eighteen” can be written as 7 X 18 or 7 - 18 or 7(18) or (7)(18). The X, the dot, and the paren-
theses all mean “multiply.” (You’ll sometimes see calculators and computers use * as a multipli-

cation sign too.) To tell someone you want to divide 108 by 12, you can write 108 -+ 12 or 108/12 or

% or 12)108. The last is usually used for long division and the others for simpler problems.

To tell what the result is, you use the equal sign, =, but if you want to say two things are not
equal, you can write #. (Putting a slash through a sign is a common way to say “not.” For example,
you could write 0 ¢ N to say that zero is not part of the natural numbers.) If you want to be more
specific than “not equal” and want to tell which number is larger, you can use the signs > or <.
The first says “is greater than,” as in 19 > 5, and the second says “is less than,” as in 7 < 21. The
bigger number is at the bigger end of the symbol. Adding an extra line segment under the greater
than sign, >, changes the meaning to “is greater than or equal to,” and adding the extra segment
to the less than sign, <, changes it to say “is less than or equal to.”

When you start to do arithmetic, you encounter some new vocabulary. If you add, each of
the numbers is an addend, and the result is a sum. In the statement 9 + 14 = 23, the 9 and the 14
are addends, and the 23 is the sum. You subtract the subtrahend from the minuend to get a dif-
ference. (You don’t hear minuend and subtrahend very much, but you should know the result of
subtraction is a difference.) The difference of 42 and 18 is 42 — 18 = 24. In a multiplication problem,
each of the numbers is a factor, and the result is a product. The product of 8 and 7 is 56. If 6 is one
factor of 18, the other factor must be 3, because 6 x 3 =18. For division, the dividend is divided
by the divisor to produce a quotient, but there may be a remainder. If 79 is divided by 15, 79 is
the dividend, and 15 is the divisor. The quotient will be 5 because 15 x 5 = 75, and there will be a
remainder of 4.

To add the same number several times, you can use multiplication as a shortcut. 5+5+5+5+
5+5=6(5) = 30. To multiply the same number several times, asin 2 X2 X2 X2 x 2 X 2, you really can’t
find a shortcut for the work, but you can shorten the way it’s written by using an exponent.
2X2X2X2X2x2x2=2"The small, raised 7 is the exponent, and that tells you that you need to
multiply 2, the base, seven times. The expression involving an exponent is commonly called a power,
and the expression 2’ is commonly read “two to the seventh power.”

2X2X2X2X2X2X2=2=128.

The exponents you'll see most often are the second power, or square, and the third power, or
cube. Those powers take their common names from the geometric figures square and cube. (More
on those in Chapters 12 and 15.)

PRACTICE MAKES PERFECT Basic Math
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For questions 1 through 10 fill in the blank with the correct word, phrase, or symbol.

1. To say “4.38 is a real number," you could write 4.38 R.

2. If the symbol for the irrational numbers is Q, you can say “the irrational numbers are a
subset of the real numbers” by writing

For questions 3 through 6, fill in the blank with the operation sign that makes the statement true.

3.6 4=24

4. 6 4=10

5.6 4=2

6. 6 4=1.5

7. ? belongs to the set of numbers.

8. 3x3%x3x3= three to the power.

9. Write 2 X 2 X 2 X 3 X 3 using exponents.

For questions 10 through 15, complete each sentence with one of the symbols <, =, or > to make the
sentence true.

10. 72 5x%10

11. The product of 8 and 3 the quotient of 96 and 4.

12. The sum of 18 and 12

the square of 4.

13. The difference between 100 and 80 5 squared.

14. Two to the third power three squared.

15. The quotient of 84 and 6 the product of 7 and 2.

Calculation

You may think that the growing presence of calculators and computers makes calculation (basic
arithmetic) less important. While it’s true that you're probably going to turn to a calculator for
complicated operations or large numbers, you still need a command of how the calculation should
be done. You want to be able to handle smaller, simpler calculations without scrambling for a
calculator, and you want to be sure that youre getting the right results from your calculator. It’s
important that you not only know your basic addition and multiplication facts but also apply
them in the correct sequence.

Numbers and arithmetic



Order of operations

If a group of people looked at the problem 7+3x5—6+2+3*-(5+1)—admittedly, a complicated
problem—and there were no rules for what to do first, second, and so on, each person could easily
come up with a different answer. One person might decide to work right to left, while another
might want to do operations one by one, and a third might jump on the “easy” pieces first. All of
those are reasonable ideas, but they’ll very likely all produce different answers. So how do you
decide who’s right?

The order of operations is the set of rules mathematicians have agreed to follow in evaluat-
ing expressions that have more than one operation. The order of operations says:

1. Do everything inside parentheses or other grouping symbols. If you have parentheses
inside parentheses, work from the inside out.

2. Evaluate any powers—that is, numbers with exponents.
3. Do all multiplication and division, as you encounter it, from left to right.
4. Do all addition and subtraction, as you encounter it, from left to right.

People often use a memory device to remember the order of operations. Parentheses, Exponents,
Multiplication and Division, Addition and Subtraction can be abbreviated as PEMDAS, which
you can remember just like that or by a phrase like Please Excuse My Dear Aunt Sally.

Following those rules to evaluate 7 +3 x5 - 6 + 2+ 3*- (5 +1), you first add the 5+ 1 in the
parentheses. Once you take care of what’s inside the parentheses, you can drop the parentheses.

74+3%x5-6+2+32-(5+1)=7+3x5-6+2+3*-6
Exponents are next, if you have any, and this expression does. 3°=9, so

7+3x5-6+2+3*-(5+1)=7+3x5-6+2+32-6
=74+3%x5-6+2+9-6
Multiplication and division have equal priority, so move left to right and do them as you find them.
Jumping over a division to do all the multiplication first isn’t necessary and may cause errors.
7+3%x5-6+2+3-(5+1)=7+3x5-6+2+32-6
=7+3%x5-6+2+9:-6
=7+15-3+54

Finally, start back at the left again and work to the right, doing addition or subtraction as you go.

743x5-6+2+3*-(5+1)=7+3x5-6+2+3%-6
=7+3%x5-6+2+9-6
=7+15-3+54
=22-3+54
=19+54
=73
The placement of parentheses can change the value of an expression. If we write 8 +9 X2 +5

and follow the order of operations, we multiply to get 8 + 18 + 5 and then divide to get 8 + 3.6,
which gives us 11.6. If we put parentheses like this (8 + 9) x 2 + 5, that same expression will produce

6 PRACTICE MAKES PERFECT Basic Math



17 X 2 +5=34 + 5= 6.8. If the parentheses are placed like this (8 + 9 X 2) + 5, the calculation will
be (8 +18) + 5 =26 + 5 =5.2. Pay attention to the placement of parentheses when you're doing a
calculation, and make sure you put them where you need them when you write a problem.

1-3
Simplify each expression, following the order of operations.
1.35-17+22 6. 234+6x2+103
2. 505-100x3 7. (200 + 300 x 25 +15)+ 10
3. 125-18 +6%x21+7 8.2Xx3+5-25x4+10
4. 13x20+35+(48—-15)+ 11 9. 2% (3+5)-25x4-+10
5.20x3+4+23-17+83 10. 52+ (12—-7) + 8 x 3?

Calculations with integers

Your first experiences with arithmetic worked only with positive whole numbers. Later, you worked
with fractions and decimals. We’ll talk more about operations with fractions and decimals in
Chapter 3. They are different enough to deserve a chapter of their own. But operations with
integers—positive and negative whole numbers—are similar to working with just positive whole
numbers. We just need to point out a few rules about signs. First we need to define the absolute value
of a number.

Absolute value

The absolute value of a number is a measurement of how far from zero that number is. Think of
the numbers arranged on a line, with zero dividing the positives from the negatives, and the inte-
gers evenly spaced along the line. Positives go to the right, negatives to the left, and the positives
and negatives are mirror images of one another. Just imagine the integers for now, but remember
that all the fractions and decimals, and all the irrationals, are in those gaps in between integers.
This real number line is shown in Figure 1-3.

N T T O T T T RO R | R N N TR B B
T 1 LA B R R B p—
-10-98-7-6-5-4-3-2-10123 456 78

A

O —+
—_
=]

Figure 1-3

Now the number 7 is seven units away from zero—to the right of zero, but for absolute value, you
only care about how far, not which direction. The number -5 is five units away from zero. It’s five

units to the left, but again, direction doesn’t matter. The absolute value of 7, written |7|, is 7. The

=5

You can think of the absolute value of a number as the “number” part without the sign. You
can think of it as distance without regard to direction. Or you can think of it as the distance of
the number from zero. Whichever one makes sense to you, the idea of absolute value will help
you understand operations with integers.

absolute value of —5,

,18 5.

Numbers and arithmetic 7
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Addition

If you think about a positive number as a gain and a negative number as a loss, it’s easy to see that
a gain plus a gain is a gain, and a loss plus a loss is a loss. In other words, a positive number plus
a positive number is a positive number, and a negative number plus a negative number is a nega-
tive number. What about a gain and a loss? Your first thought was probably “how big?” How big
a gain and how big a loss? Do they cancel each other out? Did you win $1 and lose $100? That’s a
loss. But if you won $100 and lost $1, that’s a win. When you’re adding positive and negative
numbers, the absolute values of the numbers are key to the answer.
To add integers with the same sign, add the absolute values and keep the sign.

4+9=13
—54+-11=-16

To add integers with different signs, subtract the absolute values and take the sign of the number
with the larger absolute value.

19+-8=11

Winning 19 and losing 8 means winning 11.

15+-40=-25

Winning 15 and losing 40 means losing 25.

EXERCISE

1-4

For questions 1 through 5, find the absolute value of each number.

1. 4

2. +3
3.0
4. 178
5. =192

For questions 6 through 15, add the integers.

6. -8+9 11. 33 +-47
7. 3+-5 12. =87 +-91
8. =7+ 11 13. 44+ 35
9.12+-9 14. =101 + 110
0. =19+ 25 15. 93 +-104

PRACTICE MAKES PERFECT Basic Math



Subtraction

When you're asked to subtract integers, don’t. Remember that subtraction is defined as adding
the opposite, so when you're looking at a subtraction problem, you can rewrite it as an addition
problem. The subtraction problem 8 — 4 can become 8 + —4, and —6 —(-3) can become —6 + 3.
Notice that the first number doesn’t change. The operation changes to addition, and the last
number flips its sign. You can remember the pattern as keep, change, change.

Don’t subtract. Change the sign of the second number and add. Follow the rules for addition.

—14 —(-6)==14 + 6 =-8
—— —— ]

first second  keep change change

EXERCISE

1-5

Perform each subtraction.

1. 19— (=8) 6. 62— 28

2. =27 -14 7. 71 —(=35)
3. =35-(=29) 8. -84-70

4. 42 — (=37) 9. —90 — (-87)
5. -56 — 44 10. 107 =112

Multiplication and division

Multiplication is actually repeated addition. When you write 3 X 5, you're actually saying “add
three fives” (or “add five threes”). Adding a positive number several times will give you a positive
result, so 3 x 5=15. Adding a negative number several times will give you a negative result, so a
problem like 4 x —8 will give you a negative answer. 4 X —8 means —8 + —8 + —8 + —8, and that’s
—32. The tough one to think about is a negative times a negative, but if you remember that those
negative signs are telling you “the opposite of” and you know that 4 X —8 = —32, then putting in
another negative, as in —4 X —8, should say “the opposite of 4 x —8.” So —4 X —8 = 32.

When you’re multiplying or dividing, the rules for signs are exactly the same. If the signs are
the same, the result is positive.

7X9=63
—6X—-9=>54

It doesn’t matter if the numbers are both positive or if they’re both negative, as long as they’re the
same sign.

—-24+-8=3

35+7=5

Numbers and arithmetic



If the signs are different, the result is negative.

—14X3=-42 —-100+25=-4

7X-12=-84 81 +-3=-27

Powers

When you write a power, such as 2°, youre saying “multiply 2 five times.” 2° =2 X2 X2 X2 X2 =32.
When a positive number is raised to any power, the result is positive.

When you write powers with bases that are negative numbers, there are a couple of things
to watch. The first has to do with the writing itself. If you want to raise a negative number to a
power, put the negative number in parentheses and place the exponent outside the parentheses,
like this: (—3)% This tells your reader that you want to use the entire number —3 as a factor twice.
(-3)*=(-3) X (-3) =9. If you don’t use parentheses and you write —3, your reader will see that as
“the opposite of 3%, or —9.

The other thing to think about is the sign of the result. A negative times a negative is posi-
tive, so squaring a negative number gives you a positive result, but what if you raise a negative
number to a larger power? Think about (-2).

(2= (=2)x(=2) x(-2)x(-2)x(-2)

negative X negative = positive

= (@x(=2) x(=2)x(-2)

positive X negative = negative

(=8)x(=2) x(-2)

negative X negative = positive

= 16x(-2)

\é/——/
positive X negative = negative

=-32

Each time you multiply by —2, the sign changes. If the number of negative signs is even, the
result will be positive, but if you have an odd number of negative signs, the result will be
negative.

When a negative number is raised to an even power, the result is positive.

When a negative number is raised to an odd power, the result is negative.
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EXERCISE

1-6
For questions 1 through 15, perform each multiplication or division, as indicated.

1. 18%x2 9. 11 x-3
2. 5+-1 10. —20 + 4
3. -7%x3 11. =34 x 3
4. 50 +-5 12. 110+ =55
5. 6x-4 13. 9x-8
6. -12+-3 14. 42 +7
7. =13 x5 15. 6 %12
8. 49 +-7
For questions 16 through 20, evaluate each power.

16. (-3)? 19. —52

17. 23 20. (-1)*

18. (=2)3

Numbers and arithmetic
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Factors and primes

Did you learn your “gozintas” in grade school? What’s a gozinta, you ask? You know,
four gozinta twelve three times. Relationships between numbers are often defined
by division. Use half as much sugar as lemon juice in your lemonade, or mix oil
and gas in a 1 to 50 ratio. Of course, division is the opposite of multiplication, but
it’s so closely connected to multiplication that you can’t really talk about one with-
out the other.

In a multiplication problem, each of the numbers being multiplied is called a
factor, and the result is a product. If the remainder of a division problem is zero,
as is the case for 480 =+ 16, you may hear that 16 is a divisor of 480, or that 16 is a
factor of 480. If it sounds like a switch from division to multiplication, it is,
because if 480 + 16 = 30 with no remainder, then 16 X 30 = 480. If the remainder is
zero, the divisor is a factor of the dividend, and the dividend is a multiple of the
divisor. Because 42 + 7 = 6 with no remainder, we can say:

7 is a divisor of 42 and 6 is a divisor of 42

7 and 6 are factors of 42

42 is divisible by 7 and 42 is divisible by 6
42 is a multiple of 7 and 42 is a multiple of 6

All of those statements are just different ways of communicating that 6 X 7 = 42.

Prime or composite

Often when we work with numbers, we find it useful to break things down into
simpler, more fundamental parts. It can help us see patterns and understand how
numbers work with one another. One common way to think about numbers is to ask
whether they are even or odd. Whole numbers that are multiples of 2 are even
numbers, and whole numbers that are not even are odd. The number 8 is even
because it is 2 X 4, but the number 11 is odd because 11/2 = 5 with a remainder of 1.

Another way we organize our thinking about numbers is to ask whether a
number is prime or composite.

If a number has no factors except itself and 1, the number is prime. If it has
any other factors, it is composite. The only even prime number is 2, because any
other even number is a multiple of 2 and so has 2 and some other number as a
factor pair. The rest of the prime numbers are odd, but not all odd numbers are
prime. The number 15, for example, is composite because, besides 1 X 15, it could
also be expressed as 3 x 5. Because it has factors other than 15 and 1, 15 is composite.
On the other hand, the number 19 has no factors except 19 and 1, so 19 is prime.

13



When you're dealing with smaller numbers like 27 or 31, it’s not too hard to test all the pos-
sibilities. You can figure out pretty quickly that 27 is divisible by 3, so 27 is composite. It will take
a little more work to determine that 31 is prime.

You know 31 is not even, so it’s not divisible by 2 (or 4 or 6 or any even number) and its digits
add to 4, so it’s not divisible by 3 or 9. It doesn’t end in 5 or 0, so it’s not divisible by 5 or 10 or any
of their multiples. You’ll need to try 7, but 31 + 7 leaves a remainder of 3, so 7 is not a factor. You
could keep trying the other primes less than 31, but you don’t actually have to go that far. When
you divided 31 by 3, you got 10 and a remainder. When you divided 31 by 5, you got 6 and a
remainder. Notice that 10 is bigger than 3 and 6 is bigger than 5. But when you divided 31 by 7, you
got 4 and a remainder, and 4 is less than 7. Once the quotient is less than the divisor, you can stop
looking.

When you're checking a larger number to see if it’s a multiple of something smaller, you’ll
want to remember your “times tables,” but you’ll also want to know these divisibility rules. These
shortcuts can save you time.

Number is divisible by

2 Even numbers end in 0, 2, 4, 6, or 8.

3 If a number is a multiple of 3, the sum of its digits is
a multiple of 3.

4 If a number is a multiple of 4, the last two digits are
a multiple of 4.

5 Multiples of 5 end in 5 or 0.

6 Multiples of 6 are multiples of 2 and of 3.

9 If a number is a multiple of 9, the sum of its digits is
a multiple of 9.

10 Multiples of 10 end in 0.

2-1

For questions 1 through 8, label each statement true or false.

1. 57 is a multiple of 3. 5 48 + 4 is a multiple of 6.
2 483 is a multiple of 9. 6. 2,012 is a multiple of 4.
3. 452 is a multiple of 6. 7 51 is prime.

4 62 is a multiple of 9. 8 68 + 4 is prime.

Label each number prime or composite.

9. 17 14. 613
10. 29 15. 852
11. 111 16. 741
12. 239 17. 912
13. 517 18. 2,209
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Dividing and multiplying

The relationship between multiplication and division is clear. They are opposite, or inverse, operations,
but as you saw with divisors and factors, they are closely connected.

When we talk about divisors and factors, we depend on having no remainder from the division.
But what can we say when there is a remainder?

When you learned to divide, you probably learned to check your answer by multiplying. Is
489 + 27 =182 You'd check by multiplying 27 X 18 to see if you get 489. If you do that multiplication,
you'll find out that 27 x 18 = 486, so 489 + 27 # 18, at least not exactly.

A dividend of 489, divided by a divisor of 27, gives you a quotient of 18, but also a remainder
of 3. To check that, multiply the quotient, 18, by the divisor, 27. That will give you 486, and then
add on the remainder of 3 and see if your answer matches the dividend, 489. (Hint: it should.)

Anytime you divide, you should be able to rewrite the information in the form

quotient X divisor + remainder = dividend

For example, to check the division 110 + 9, which gives you a quotient of 12 and a remainder
of 2, check that 12 X 9 + 2 =110.

EXERCISE

2-2

For questions 1 through 5, label each statement true or false.

1. 9is a factor of 89. 4. 5is a factor of 790.

2. 6is a factor of 84. 5. 11 is a factor of 209.
3. 4is a factor of 8,710.

Questions 6 through 10 present you with division problems. Perform each division and write the result in the
form dividend = divisor x quotient + remainder.

6. 67 =11 9. 1,197 =3
7. 83+7 10. 401 + 8
8. 19413

Prime factorization

There are times when you’re working with large numbers and realize it would be easier to accom-
plish your task if the number were expressed as the product of smaller numbers. (Simplifying
fractions is one such situation.) It’s often convenient to express the numbers as a product of prime
factors. Remember that a prime number has no factors other than 1 and the number itself. While
a large number, such as 840, could be expressed in factored form many different ways—=84 X 10,
7 %120, 24 x 35, and others—its prime factorization is unique.

To find the prime factorization efficiently, you’ll need to find factors of the number, and then
possibly factors of the factors. It’s a good idea to review the divisibility tests in the first section of
this chapter.

Factors and primes



To find the prime factorization of a number, you can use either of two strategies. In the first
strategy, start with small primes like 2, 3, and 5 and divide your number by those. To find the
prime factorization of 9,240, notice that 9,240 is divisible by 2, so 9,240 = 2 x 4,620. But 4,620 is
also divisible by 2, so 9,240 = 2 x 2 x 2,310. Keep dividing by 2 as long as you can.

9,240 =2X%X2%x2x%x1,155

When the last number is no longer divisible by 2, check to see it it’s divisible by 3.1+ 1+ 5+ 5=12,
which is a multiple of 3, so 1,155 is divisible by 3. Divide by 3 as many times as possible (in this
case, just once).

9,240 =2X 2 X2 X3 X385
Move on to 5: 385 is a multiple of 5.
9,240 =2X2X2X3X5X%X77
Keep trying primes until all the numbers are prime.
9,240 =2X2X2X3X5%x7x11
Exponents can be used to write the prime factorization more compactly.
9,240 =2>x3x5x7x11

The other strategy is commonly called a factor tree. Start with your number, say 420, and find
any pair of factors for it.

420

/ \

42 10

If the factors are not prime, find factors of each of them.

420
/ \
42 10
/N /N
6 7 5 2

Repeat with any composite numbers, until you've reduced everything to primes.

420

/ \

42 10

/N /N
6
/N

The boxed numbers are prime, so the prime factorization of 420 is 2 X3 X7 X5 X 2, 0r 22X 3 x5 X 7.
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EXERCISE

2-3
Find the prime factorization of each number.
1. 48 6. 300
2. 92 7. 189
3.120 8. 364
4. 168 9. 1,944
5. 143 10. 5,225

Greatest common factor

The numbers 39 and 51 both have a factor of 3 in their prime factorization: 39 = 3 X 13 and
51 = 3 x 17. The number 3 is a common factor of 39 and 51. The numbers 48 and 64 have several
common factors: 2, 4, 8, and 16. The largest of those, 16, is called the greatest common factor. Two
numbers that have no common factors other than 1, numbers whose greatest common factor is 1,
are relatively prime. The numbers 42 and 25 are relatively prime. Neither one is a prime number
itself, but they have no factors in common.

The number 42 has factors of 1, 2, 3, 6, 7, 14, and 42. The number 25 has factors of 1, 5, and 25.
The only number that appears in both lists is 1.

If you prefer to look at the prime factorization of the numbers, 42 =2 X3 x 7 and 25=5 X 5.
The prime factorizations have nothing in common.

Finding the greatest common factor, or GCF, for large numbers is often easier if you first
find the prime factorization of each number. If you're looking for the greatest common factor of
525 and 135, start with the prime factorization of each.

525=3X5X5X%X7

135=3X3X3X5

Notice which factors appear in both factorizations: one 3 and one 5. The GCF is 3 X 5, or 15.
To find the greatest common factor for 86,625 and 3,900, begin with the prime factorization
of each number.

86,625=3X3X5X5Xx5x7x11

3,900=2X2X3x5x5x%x13

The factorizations have one 3 in common and two 5s in common, so the greatest common factor
is the product of 3 X 5 x5, or 75.

Factors and primes 17
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EXERCISE

2-4
Find the greatest common factor of each pair of numbers.
1. 35 and 42 6. 98 and 105
2. 48 and 60 7. 105 and 495
3. 64 and 96 8. 121 and 169
4. 65and 117 9. 144 and 342
5. 93 and 98 10. 275 and 2,125

Least common multiple

While the greatest common factor is the largest number that divides two or more numbers
without remainders, the least common multiple is the smallest number that two or more numbers
will divide. The least common multiple of 3 and 5 is 15, because 15 is the smallest number divisible
by both 3 and 5. The least common multiple of 8 and 12 is 24 because 24 is a multiple of 8 (8 x 3)
and a multiple of 12 (12 X 2) and it is the smallest number that is a multiple of both.

To find the least common multiple, or LCM, of two numbers, begin with the prime factoriza-
tion of each number. If you want the least common multiple of 28 and 42, factor each one.

28=2X2X7

42=2X3X7

Notice what the GCF is. In this example, it’s 2 X 7, or 14. The least common multiple starts there
but also includes other factors. If you strike out the 2 and the 7 that are common to the two fac-
torizations, any factors left are also factors of the LCM.

28=2X2X*Z

42=2X3XZ
LCM=2X7%X 2X3
—— ——

GCF remaining
factors

The LCM of 28 and 42 is 84.

There is another method for finding least common multiples, but it can get unwieldy for
large numbers. It simply makes lists of the multiples of each number until it finds a multiple that
appears on both lists.

To use this method to find the LCM of 12 and 15, list the multiples of 12: 12, 24, 36, 48, 60,
72, ... (you can go back and add more if you need to). The multiples of 15 are 15, 30, 45, 60, . . ..
As soon as you see that 60 is on both lists, you know that 60 is the LCM of 12 and 15.

You can imagine that this method might not be an efficient way to find the LCM of 235 and
482, but it may be useful for smaller numbers.

If two numbers are relatively prime, their least common multiple is their product.
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14 and 24
34 and 85
33 and 55
90 and 72
36 and 27

Find the least common multiple of each pair of numbers.

. 35and 42
. 88and 110

6

7

8. 48 and 60

9. 175 and 140
10

. 64 and 96

Factors and primes
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Fractions

Once you have the arithmetic of whole numbers and integers under control, the
next move is to master the arithmetic of fractions, whether common fractions,
decimal fractions, or percents. We’ll look at fractions in this chapter, decimals in
Chapter 4, and percents in Chapter 5.

Fractions are rational numbers in their most basic form. Each fraction is a
division statement. The division symbol (+) is a picture of a fraction, with the dots
taking the place of the numbers. The top number, the dividend of the division
problem, is the numerator, and the bottom number, the divisor, is the denominator.
A fraction with a numerator of 1 is called a unit fraction.

Denominator comes from the same root as denomination. The denominator
tells you what type of fraction you have and is based upon the number of parts
into which the whole was divided. If a pie is cut into eight equal pieces, each piece

is one eighth, or 3 When the same pie is divided into six pieces, each piece is one

sixth of the whole, or % The denominator tells you how many parts make a whole,

and the numerator tells you the number of those parts that you have. If the pie is
divided into eighths and you eat three of those pieces, you've eaten three eighths,

or %, of the pie.

Simplifying fractions
Just as both g and % represent a whole, there are many fractions that look different,

but are equivalent. They name the same amount. If you cut a whole into two equal
1

parts, each is > but if you cut the same whole into eight equal parts, % would

describe the same part as the %

|
N —

Since you don’t want to start cutting things up every time you want to know if
two fractions are equivalent, you need another tactic. You want to put each fraction
in its simplest form. Once both are in their simplest forms, you can see if theyre
equivalent. The key to getting them into their simplest form is disguised ones.
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A fraction in which the numerator and denominator are relatively prime, like % or %, is
in its simplest form. But a fraction like g is not in simplest form, or lowest terms, because the

numerator 6 and the denominator 8 have a common factor of 2.
6_3x2
8 4x2
The 2 in the numerator and the 2 in the denominator make a fraction that is equal to one
whole. That 1, although disguised as %, is still worth 1, and multiplying by 1 doesn’t change the

value of a number.

3x2

4x

xX1=

3
4

NN

2o
2

™| O\
)
NN

To express a fraction in simplest form, or reduce it to its lowest terms, you can find the prime
factorization of the numerator and the prime factorization of the denominator, and then elimi-
nate the disguised ones.

120 _ 2°X3X5 _2X2X2X3X5 |2 12 3 1 25l 2 | 2 1 ax 1 2 1= 2
300 22x3x5% 2x2x3x5x5 [2]7[2|7|3|7 575 575
For a faster method, find the greatest common factor of the numerator and denominator,
and divide both the numerator and denominator by that GCF. The GCF for 120 and 300 is 60.

120 _120+60 _2
300 300+60 5

Sometimes you need to change the look of a fraction without changing its value, but you
don’t want to put it in simplest form. Instead, you want a larger denominator. You can change to
an equivalent fraction with a different denominator by multiplying both the numerator and the
denominator by the same number. Once again youre using a disguised 1. By multiplying the
numerator and the denominator by the same number, you're actually multiplying by 1, changing
the look of the fraction, but not its value.

3_3x5_15
7 7x5 35
3_3x13_39
7 7x13 91
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EXERCISE

31
Express each fraction in simplest form.
.5 6. 18
60 369
2. 27 7. 88
36 110
42 35
3. 126 8. a
. 2 o, 105
49 280
5. 75 10, 123
125 187

Change each fraction to an equivalent fraction with the indicated denominator.

| —

5 _
T 16 352
4 5
2 7 _

14, 3 ___ 19, b___

14 84 16 80
7 11
15, L= 20. 15=133

Multiplying fractions
Multiplying fractions is a little easier if you think first about unit fractions. Remember a unit
fraction is a fraction with a numerator of 1. The simplest unit fraction to think about is %
Multiplying by > , taking half of a number, has the same effect as dividing the number by 2. Half

of 6 is 3, half of 20 is 10, and half of 500 is 250. Multiplying by a unit fraction hke 5 or % is the
equivalent of d1V1d1ng by the denominator.

Half of — isnot as easy to picture. If you were asked for half of g, you could say that you had
six things called sevenths so half of that would be three of those thlngs or 2 But you don’t want
to say that half of — is one and a half quarters. That’s just too many fractlons If you change the

way Z looks w1thout changlng its value, you might be able to use the same strategy. Change the look

of by multiplying by 5 You're multiplying by 1, so the value doesn’t change. 3 Now you

4 2 8
have six things called eighths. Half of that is .

Fractions 23
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6 . . 1 6
- Mmakes it easier to find 5 of 3

Figure 3-1 Changing % to 5

To find ; of g by this rather clunky method, you’d need to change g to an equivalent form with

1x3—1x3x7 121 3
775 77°\577)77 35 35

a numerator divisible by 7.

1 1x 1 3
Luckily, there’s a shortcut, and you've probably already spotted it. —><i 3.3 and =X—-=
274 2x4 8 75
1x3_ 3
7X5 35

To multiply fractions, multiply the numerators and multiply the denominators, and then
simplify the product, if possible.

To multiply a whole number and a fraction, write the whole number over a denominator of 1,
and treat it as a fraction.

32
Perform each multiplication, and simplify the result if possible.
6_1 4 1
1. 7><§ 6. Exf
12 1 14 1
2. =X— 7. —=X=
1776 257
15 1 6 1
3. =x— 8. =X—
2375 776
4 241 9. 32,1
35 8 50 13
9 1 49 1
5, Zx= 10, = x—
1073 100 7

Multiplying by a fraction that is not a unit fraction follows the same rules. Multiplying by = is
equivalent to multiplying by and then multiplying by 5, so it’s easy to put it all together.

5313 )osx 28
775 7>%7%5 35 35
When you multiply by a fraction that is not a unit fraction, there’s a greater chance that you will

1 X
can be simplified to —— > _ %5 3><5 3><1=§.

. . . 15
need to simplify the result. In this case, —— 3= 7xs — 7 XE=7 7

35
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EXERCISE

33
Perform each multiplication. Leave your answers in simplest form.
3.5 215
1. 22 6. x>
577 3722
2. 2,3 7. 343
9 8 4 21
7 6 3.10
3. x= 8. Zx—
1277 5711
4, 3><E 9 i E
11 3 0 3
5. 24 1 10, 4 x2
7 12 10 7

With a little bit of observation, you can get that simplifying done ahead of time. Once again, it’s
a matter of eliminating the disguised one.

_3, 8.3
778 7

When you multiply fractions, you can cancel a factor from any numerator with a match-
ing factor in any denominator.

><33

5,3 5x3_3x5
7 5 x5 7x5

léxé§—2X7x 5%9
27756 3x97 2x4x7

_Z><7>< 5%9
3X9 " Fxax7
5><2’
3)(2/ 4x7
75 155
) 4x7f 32712

You'll get the same result if you multiply the numerators and multiply the denominators, and
then simplify, but you’ll have to do all the work of multiplying 14 X 45 and multiplying 27 x 56,

and then figure out how to simplify L 53 i) 5 It’s a much easier job if you cancel first.

Fractions
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EXERCISE

34
Perform each multiplication and express the answer in simplest form.
3.5 5 16
1. 2= 6. _—
778 8725
yRLINE] 7. 13
4 7 10 14
3. 2,2 g. 8,33
38 11 6
110 6 49
4, _w—— 9. Zx2
5777 7750
12 3 24 35
5. —=x= 10. 2222
137°% 2536

Dividing fractions

If multiplying by a unit fraction is the equivalent of dividing by the denominator, then dividing
by a unit fraction is the equivalent of multiplying by the denominator. Dividing by a half is the
same as multiplying by 2 and dividing by one-tenth is equivalent to multiplying by 10. There are
two halves in one whole, and 15 thirds in five wholes.

24><%:24+2:12 and 24+%:24><2:48

The rule for dividing by a fraction turns the problem on its head and makes it a multiplica-
tion problem, but it requires a definition first. If the product of two numbers is 1, each number is

the reciprocal of the other. The reciprocal of 7 is ; because 7 x;:I. The reciprocal of % is %

because %x % =1. The reciprocal of a fraction can be found by switching the places of the numera-

tor and denominator, or inverting the fraction.
To divide by a fraction, multiply by its reciprocal. Put another way, to divide by a fraction,
invert the divisor and multiply.

To divide 12 by %, multiply 12 by % (Put the whole number over a denominator of 1 to make

it look like a fraction.)

7
To d1V1de — by , invert the divisor ; to get =, and multiply. Notice that the %, the

dividend, doesnt change. As you did in earlier multiplication exercises, you can often simplify
before multiplying, but you can multiply and then simplify if you prefer.

15 5 15 7 N8 7
4977 4975 }kg 5,

_3
7
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EXERCISE

35
Perform each division and express the answer in simplest form.

1. 3.1 6. 8.4

5 2 33 11
2. 2.1 7. 2.1

7 5 21 14
3093 g. 8.4

10 35 15
4. 15,35 9. 2.4

28 48 7 5
5.8.3 10. 2,20

7 14 52 39

Adding and subtracting fractions with
common denominators

Adding and subtracting fractions is a simple matter when the denominators are the same. The
denominator tells you what kind of things you have, and the numerator tells you how many of them
you have. If the denominators are the same, you have all the same kind of things, and all you have to
do is add or subtract the numerators, and keep the denominators. Simplify the result, if possible.

+

| —  oo| =

| i 0| O

A~ w

ool U oo Lt
| —

3-6

Add or subtract and express the answer in simplest form.

4 1 7 3
1. 4.1 6. 7_3
7%7 88
2.6 _4 7. 1.4
1 11 15" 15
3. 3,2 g 19_11
55 24 24
4 18_3 9 34, .1
25 25 45" 45
5. 6.3 10. 17_9
1711 20 20

Fractions



Adding and subtracting with different

denominators

If you add six apples to a bowl containing eight apples, the bowl will have 14 apples. If you add
six oranges to a bowl containing eight apples, it doesn’t have 14 apples, or 14 oranges, or
14 appleoranges. It has 14 pieces of fruit, and fruit is the best you can do for a category in which they

all fit. If you add é to %, you won't get three eights or three thirds. In order to describe what you
get, you've got to find a category in which both eighths and thirds fit. That category is called the

common denominator.
The smallest common denominator for two fractions is the least common multiple of the

1 2 ,
two denominators. For 3 and 3 the least common denominator for 8 and 3 is 24. You don’t have
to find the smallest common denominator when youre adding or subtracting fractions, any com-
mon denominator will work but if you use a bigger one, you’ll have more simplifying to do at the

end. If you used a common denominator of 48 or 240 to add % and %, you’d have to work at put-
ting the answer in simplest form. So, whenever possible, use the least common denominator to
save work.

To add % and %, you'll need to change the look of each fraction so that each fraction has a

) 1 1 3 3 2 2 8 16 .
denominator of 24. §_§X§_ﬁ and §_§X§_ﬂ' Once both fractions have the same

denominator, add the numerators, and simplify if necessary.

1.2 (1. 3),(2,.8|]_3 16_19
8 3 1873 378) 24 24 24

37
Add or subtract and express the answer in simplest form.
1. 3.1 6. 17_2
45 21 3
2. 71 7. 2,1
8 3 3 4
3.5 .1 g. 6>
272 7 14
4. 14 7 9. 2,1
15 9 18 6
5.3,5 10. 3_3
7 21 28 35
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Mixed numbers and improper fractions
Eight eighths make a whole, and six sixths make a whole. Eight sixths make more than a whole.

There is a whole, and there are two sixths left over. Written as g its called an improper fraction,

. . . 2 ., .
a fraction that is greater than one. Written as 15 itsa mixed number, a number made up of a

whole number and a fraction. It’s important to remember that a mixed number is a whole num-
ber plus a fraction (not times a fraction) even though you don’t see a plus sign.

To switch forms, you can think of the whole as eight eighths or six sixths, or whatever parts

: .. 2 6 2 8 . ,
youre working with. 1€:€+€:8' For a simple shortcut to change a mixed number to an
improper fraction, multiply the denominator times the whole number, and then add that to
the numerator.
2 _(6x1)+2 8

6 6 6
To change an improper fraction to a mixed number, divide the numerator by the denom-

inator. The quotient will be the whole number part, and the remainder over the divisor will be
the fraction part.

1 2
?7 =17 +5=3(with a remainder of 2) = 3§

3-8

Convert each improper fraction to a mixed number in its simplest form.

1. o 4. 140
12

2. 19 5. 14
3 6

Ul w

7. 5= 10. 9=
52
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Multiplying and dividing mixed numbers

To multiply mixed numbers, first convert them to improper fractions. Multiply, following the
rules for fractions, and if the result is an improper fraction, convert back to a mixed number.

7

3
57727% T 41
1 1

To divide mixed numbers, change to improper fractions, follow the rules for dividing frac-
tions, and if the result is an improper fraction, convert back to a mixed number.

3 1 5
6g+43=% "

3 1
2713

[
N

Y
Y

1

3-9

Multiply or divide as indicated. Leave answers in their simplest form.

1 1 1
1=X— L 2=+—
1 6. 23
1.2 1 7
2 3§><§ 7 4__ﬁ
3 1i><1l 8. §+ i
4 3 7 714
3,52 3 .4
4. 59X23 9. 65+1¢
1 .3 2 1
5. 75x3% 10. 123+32
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Adding and subtracting mixed numbers

To add mixed numbers in which the fraction parts have the same denominator, add the whole
numbers, and add the fractions. Change any improper fractions to mixed numbers and simplify
the results.

4— +3——(4+3)+(1 zj 7+é 7i

5 55 5 5
2 4 1 1
13+4 _(1+4)+(3 3] St3= 5+1§—6§

Subtracting mixed numbers is sometimes as simple as subtracting the whole numbers and
subtracting the fractions.

7 5) 2
85—2— (8— 2H{§ 9j 65

There are times, however, when you run into a problem. If you try to subtract 3%—1% by
subtracting the whole numbers and subtracting the fractions, you find yourself trying to subtract

g from é, which means subtracting 7 from 1, a larger number from a smaller one. You could try

using negative numbers, but that seems to make the task more complicated.
There are two strategies you can use to get around the problem:

+ Improper fraction method You can change the mixed numbers to improper fractions,
subtract, and convert back to a mixed number. Simplify the result as needed.

1 7 25 15 10 2 1
37T s s lsT:

+ Regrouping method The other way around the problem is to regroup, similar to the way

you “borrow” when subtracting whole numbers. You take one from the whole number
part and group it with the fraction, making an improper fraction.

1 1 8§ 1 9
3§_(2+1)+§_2+(§+§j_2§.

Then you subtract.

1 7 .9
3g-1g=2g~

|
|
|
—~~
\S)
P
N’

+
N
0| \©
|
e <IN
N——
Il
P
ool N
Il
ek
N
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EXERCISE

3-10

1. 1§+2l

5 5

12
1

kS

77

w
w

5 .5
3. 8—+5—
6 6
1 5
12 12
21 31
5. 5§+4§
3 .5
8 8

3 1
7. 12=49—
127+914

9.

10.

11.

12.

13.

14. =

15.

Add or subtract as indicated. Simplify your answers.

3 5
”Z+8ﬁ
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Decimals

Our number system is a decimal, or base ten, system. We start with 1 (or 0) and
count up through 2, 3,4, 5, 6,7, 8, and 9, but after that, we need another digit, and
another place to put it. By writing 10, which we read as “ten,” we’re saying we have
1 group of ten and 0 ones. Groups of ten are key to our system.

Place value

Two digits let us write numbers from 10 to 99, 9 groups of ten and 9 ones. To go
higher we need another place, worth ten tens or one hundred. To go beyond 999
we need a place for 10 x 100 or 1,000. Each new slot for a digit, or decimal place,
that we introduce has a value 10 times that of the place to its right.

1,000,000 100,000 10,000 1,000 100 10 1

Putting digits into these places allows us to express a number compactly. We
don’t have to say 4 groups of 100 and 2 groups of ten and 7 ones. We just write 427,
and the position of the digits tell us what they are worth. The number 427 is dif-
ferent from 274 or 742. In 427, the 7 is 7 ones. In 274, the 7 is 7 tens and in 742, it’s
7 hundreds. In the number below, read “three million, seven hundred forty-one
thousand, five hundred ninety-six,” the 7 tells us there are 7 groups of 100,000
each, the 5 says there are 5 groups of 100 and the 6 is worth 6 ones.

3,741,596= 3 7 4 1 5 9 6
1

1,000,000 100,000 10,000 1,000 100 10

Decimal fractions

What we commonly call decimals are decimal fractions, a translation of fractions
into our decimal system. Just as each place to the left of the decimal point repre-
sents ten times its neighbor on the right, and one-tenth its neighbor to the left,
each place to the right of the decimal point represents a fraction with a denomina-
tor that is ten times larger than the denominator of the place before. This means
each place to the right is one-tenth of the previous place. The first digit after the
decimal point tells the number of tenths, the second the number of hundredths,
then thousandths, ten-thousandths, and so on.

1,000,000 100,000 10,000 1,000 100 10 1. %7) yfoo %7000 %07000 %0;000
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The number 7.921 represents 7 ones, 9 tenths (%), 2 hundredths (%), and 1 thousandth

> you can see

1 92 1 90 . 20 1 _ 9l
CIf dd the fract e = =
(1,000) yor acd the Wactions 157160 * 1,000 ~ 1,000 T 1,000 T 1,000 1,000

that the decimal fraction is nine hundred twenty-one thousandths.

7921=7. 9 2 1 9 2 1

Ao yl_()() oo =7+E+W+1,OOO

The number 6.45 is 6 ones and 4 tenths and 5 hundredths, or 6 and 45 hundredths. The
number 0.0007 is 7 ten-thousandths.
The place in which the decimal fraction ends tells you its “denominator.”

4.831 is 4 and 831 thousandths. 0.4831 is 4,831 ten-thousandths. 483.1 is four hundred
eighty-three and 1 tenth. 0.00004831 is 4,831 hundred-millionths.

The decimal point between the ones place and the tenths place is read as “and.”

5.73 is tive and seventy-three hundredths. 1.000001 is 1 and 1 millionth.

4-1

Write in words the name of each number as you would read it.

1. 437

2. 16.025

3. 2.009

4. 87102

5. 1.426

Write each number. Make sure each digit is in the correct decimal place.
6. Eight and thirty-seven hundredths

7. Four and twelve ten-thousandths

8. Five and two hundred-thousandths

9. Three hundred and forty-five thousandths

10. Six and three hundred forty-five thousandths

Fraction to decimal

To change a fraction to its decimal fraction equivalent, divide the numerator by the denominator.
Remember that every fraction is a statement of division. You change a fraction to a decimal by
doing that division.
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Terminating decimals

To change % to a decimal, divide 7 by 8. Set up the division, with a divisor of 8 and a dividend of 7.

Place the decimal point after the 7 and add zeros. 8 )7.000. (If you're not sure how many zeros to

add, just start with a few. You can add more later if you need them or drop extras if you don’t need
them.) Let the decimal point move straight up from the dividend to the quotient. Start dividing
and keep dividing until you get a zero remainder or you start to see a pattern repeating.

0.875

8 i7.000

64
60
56

40
40
0

4-2
Use long division to convert each fraction to a terminating decimal.

.3 6.

4 100
2.2 7.3

5 8
3. 16 8. L

25 32
4. 3 9. 1

20 80
5. 3 10, 1

16 200

Repeating decimals
Not every attempt to change a fraction to a decimal will terminate with a zero remainder. Some
fractions convert to what we call repeating decimals. The fraction %, for example, when you divide
1 by 3, will give you 0.333..., and no matter how many zeros you add and how long you keep

dividing, you’ll never get a zero remainder. The decimal equivalent of % is an endless string of
threes behind the decimal point.

Decimals
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Repeating decimals won’t end, but they will repeat a pattern of digits. It may be a single digit

1 . ..
that repeats, as for 3 Or it may be a group of digits, but any number that can be expressed as a

fraction will, when changed to a decimal, either terminate or repeat, so keep dividing until you
see the pattern.

A number that can be written as the quotient of two integers, that is, as a fraction,
is called a rational number.
Every rational number, if changed to a decimal, either terminates or repeats a pattern.

To change % to a decimal, divide 5 by 6, adding a decimal point and zeros. Watch for the
repeating digit.
0.833

6)5.000
48
20
18
20
18

2

Once you see that the pattern is going to repeat, you can stop dividing and write the decimal
using a bar to show the repeating digit or pattern. The fraction % can be written as 0.3 and
5 —
€= 0.83. The bar over the 3 tells us that the 3 repeats, and the fact that the bar is not over the 8

says that 8 is not part of the repeating pattern. When there is more than one digit in the pattern,

1 R
the bar is placed over the entire pattern. -= 0.142857.

4-3

Change each fraction to the equivalent decimal. Use long division and keep dividing until
you can see the pattern. Write the decimal using a bar to show the digits that repeat.

L2 63
2. % 7. %
;8 o 4
2 o 1
5.; 10. 37—0
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Decimal to fraction

To change a decimal that terminates to its equivalent fraction, listen to its proper name. When
people see 0.87, they’ll often say “point eighty-seven,” but the proper name of that decimal is

eighty-seven hundredths. That proper name tells you exactly how to write it as a fraction:

100°

The only other work you might have to do is simplifying. The decimal 0.125 is one hundred
125 125 1
twenty-five thousandths, or —— 1000’ , but that fraction can be simplified. —— 1000°-38"

4.4

Change each decimal to a fraction in simplest form.

1. 0.7 6. 0.005

2. 0.91 7. 0.000012
3. 0.563 8. 1.85

4. 045 9. 2.0402
5. 0.16 10. 3.506

Repeating decimals

The process for changing a repeating decimal to an equivalent fraction is a little more compli-
cated, but only because there are variations. If every digit in the decimal is part of the repeating

pattern, like 0.3 or 5.29, place the digits in the pattergl 1n1the numerator and the same number of
29

nines in the denominator. Simplify if possible. 0.3= 9=3 and 5.29= 559"

If the pattern doesn’t begin right after the decimal point, so that a few digits occur after the

decimal but before the repeating pattern begins, you'll need to do a little calculating first. Let’s
look at the decimal 0.123:

+ Write the digits before the pattern and one pattern as a whole number (123).

+ From that, subtract the number formed by the digit before the pattern (12).
m Subtract 123 —12 =111. That will be the numerator.

+ For the denominator, use a 9 for each digit in the pattern, followed by a 0 for each digit
before the pattern.
m There is one digit (3) in the pattern and 2 digits (12) before the pattern, so the denominator is

one 9 and two zeros.

= 111
m 0.123—W.

To convert 0.12345 to a decimal:

& Subtract 12,345 — 123 = 12,222 for the numerator.
¢ Put that over a denominator of 99,000.
12,222 679

m 0.12345= 99.000 ~ 5.500°

Decimals
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EXERCISE

4-5
Change each decimal to an equivalent fraction in simplest form.
1. 0.1 6. 0.0857142
2. 018 7. 0.01923076
3. 0.037 8. 0.6
4. 0227 9. 054
5. 0285714 10. 046

Rounding and estimation

You might look up the fact that the average distance from the earth to the moon is 238,857 miles
and that the speed of the space shuttle, when in orbit, was 17,285 miles per hour. You could get

your calculator out and determine that, if you could travel at that speed, it would take an average
14,152
of13

17,285
if you could travel at the speed the shuttle was lifted into orbit by the solid booster rockets—

hours or approximately 13.8187445762 hours to reach the moon. On the other hand,

3,094 miles per hour—the trip would take 77— hours or approximately 77.20006464 hours.

619
3,094
(The second is the more reasonable, by the way.)

If those awkward fractions and long decimals left you feeling that 13 or 77 was as much
information as you really needed, then like most people, you recognize that often an estimate
is adequate, especially when you’re dealing with very large or very small numbers. When you
work with very large or very small numbers, estimating will be helpful. To arrive at a reason-
able estimate, you’ll want to round the numbers involved.

Rounding isn’t just randomly saying “it’s about this much,” although even that can be help-
ful sometimes. Rounding is a system to place a number between two boundaries and determine
which end of the interval the number is closer to. It starts with the decision to round to the
nearest and choosing a decimal place to fill the blank. For example, you might choose to
round a very large number to the nearest million or the nearest ten-thousand. If you choose to
round 13 to the nearest ten, you place the number in an interval from 10, the multiple of ten just
below 13, to 20, the multiple of ten just above 13. The decision you're making is whether 13 is closer
to 10 or closer to 20, and in the case of 13, it’s closer to 10. The number 13, rounded to the nearest
10, is 10, because 13 is closer to 10 than to 20. On the other hand, 17 rounded to the nearest 10 is 20,
because 17 is closer to 20 than to 10.

Of course, many situations in which you make a choice to round involve very large or very
small numbers. You might round the average distance from the earth to the moon, which is
238,857 miles, to 200,000 miles. That says that you want to focus on the largest decimal place, the
hundred-thousands, and that 238,857 is closer to 200,000 than to 300,000. You might round it to
the nearest ten-thousand by deciding if it’s closer to 230,000 or 240,000, the “round” numbers
below it or above it.

To round a number to a particular place:

¢ Determine the decimal place to which you want to round.
* Visualize the interval your number falls in; for example, between 200,000 and 300,000 or
between 238,000 and 239,000.
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+ Look to the digit following the place to which youre rounding.
m If the digit is 5 or more, round up; that is, declare that your number is closer to the upper
end of the interval.
m Ifit’s 4 or less, round down by declaring the number closer to the lower end of the
interval.

The number 238,857, if rounded to the nearest ten-thousand, rounds up to 240,000 because
the 8 in the thousands place is greater than 5, telling you that 238,857 is closer to 240,000 than
230,000. The number 3,094, if rounded to the nearest thousand would be 3,000 because the digit
following the thousands place is a 0, telling you to round down.

The process for rounding decimals is the same:

* Determine the decimal place to which you want to round. You might round 0.0034 to the
nearest thousandth, or round 6.879 to the nearest tenth or nearest hundredth.

¢ Visualize the interval your number falls in; for example, between 0.003 and 0.004, or
between 6.8 and 6.9. You can add trailing zeros, like 0.0030 or 6.800, if it makes it easier
for you to understand the interval.

* Look to the digit following the place to which youre rounding.
m If the digit is 5 or more, round up; that is, declare that your number is closer to the upper

end of the interval.

m Ifit’s 4 or less, round down by declaring the number closer to the lower end of the interval.

To round 0.0034 to the nearest thousandth, look to the digit in the ten-thousandths place,
which is 4. That’s less than five, so round down to 0.003.

To round 6.879 to the nearest tenth, look at the digit in the hundredths place, which is 7, and
round up because 7 is greater than 5. Rounding 6.879 to the nearest tenth gives you 6.900 or
simply 6.9.

Note that the 9 in the thousandths place of 6.879 plays no role when you’re rounding to the
nearest tenth. You're placing 6.879 in the interval from 6.800 and 6.900. It doesn’t matter if you
have 6.879 or 6.871. Only the digit immediately after the place to which you’re rounding matters.

Estimating calculations

The average distance from earth to the moon rounded to the nearest ten-thousand is 240,000 and
the orbital speed of the shuttle, 17,285 miles per hour, rounded to the nearest ten-thousand is 20,000.
With those estimates, you can easily divide 240,000 + 20,000 and get an estimated travel time of
12 hours. That estimate is a bit less than the actual calculation, but close enough for most needs.

Suppose you want to give everyone in your class a “stress ball” to help them through exams
and you can buy the balls for $0.16 each. There are 38 students in your class. What will this idea
cost? Round $0.16 to $0.20 and 38 to 40 and you can estimate the cost as $0.20 x 40 = $8.00. The
actual cost would be $0.16 x 38 = $6.08, so you’ll get change.

4-6
In exercises 1 through 5, fill in the first two blanks with numbers that surround the given
number, and fill the last blank with the number to which you would round.
1. When rounding 47,839.164 to the nearest thousand, it is between and
, closer to
2. When rounding 47,839.164 to the nearest hundred, it is between and
, closer to
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3.

4.

5.

When rounding 47,839.164 to the nearest ten-thousand, it is between
, closer to

When rounding 149.08403 to the nearest tenth, it is between

and

and

closer to

When rounding 149.08403 to the nearest ten-thousandth, it is between
, closer to

Round each number to the indicated place.

6.
7.
8.
9.

10.
11.
12.
13.
14.
15.

9.43598 to the nearest thousandth
0.908319 to the nearest hundredth
14,668.7 to the nearest thousand
5,147.02 to the nearest hundred
405,810 to the nearest ten-thousand
0.733813 to the nearest ten-thousandth
43,992 to the nearest hundred

339,362 to the nearest thousand
995.467 to the nearest tenth

2.0034 to the nearest hundredth

Estimate the result of each calculation.

16.
17.
18.
19.
20.

37,542 x 18

3.469 x 8.71

63.475 + 8.773
591,278,634 + 214,865
0.01637 x 0.004205

and

Adding and subtracting

To add or subtract numbers involving decimals, position the numbers vertically, with the deci-
mal points aligned. This will assure that the digits in the same decimal place are lined up. Add or
subtract as you would for whole numbers and place the decimal point in the answer directly

under those in the problem.

To add 72.392+8.57, position the numbers one under the other, with the decimal points

aligned. You can add zeros if the empty spaces bother you.

72.392
t 857

Add just as you would for whole numbers and bring the decimal point straight down.

72.392
+ 8.57

80.962
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To subtract 26.34 — 18.225, line up the numbers with the decimal points one over the other.
When you’re subtracting it’s a good idea to add zeros to give all the numbers the same number of
digits. Then subtract normally and bring the decimal point straight down.

26.34
—18.225

8.115

4.7

Add.

1. 439 +3.571 4. 16.009 + 47.0001

2. 19.3701 +7.92 5. 873.992 +75.2779
3. 102.396 + 83.2

Subtract:

6. 102.396 — 83.2 9. 19.3701 -7.92

7. 439 -3.571 10. 47.0001 — 16.009
8. 873.992 - 175.2779

Multiplying

1 1 1
When you multiply 75X 75 you get 100" If you think about that same problem in decimal terms,
it’s 0.1 x 0.1 =0.01. The decimals in the problem each had one digit after the decimal point, but the

1 1
answer has two digits after the decimal point. If you multiply 755X 75> or 0.01 X 0.1, you get ﬁ

or 0.001. The numbers in the problem have two digits and one digit after the decimal point, and
there are three digits after the decimal point in the answer.

To multiply decimals, multiply the numbers as though no decimals were present. Then count
the number of digits after the decimal point in each factor and add those together. Place the deci-
mal point in the product so that the number of digits after the decimal point is the total of the
number of decimal digits in the problem.

To multiply 459.72 x 8.37, begin by multiplying as though you were multiplying 45,972 by
837. Don’t worry about decimal points yet. Then, since each factor has two digits after the decimal
point, and 2 + 2 = 4, place the decimal point so that there are four digits after the decimal point
in the product.

459.72
X 8.37

321804
1379160
36777600

3847.8564
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It’s always helpful to make an estimate of the product to help you place the decimal point. In
the example above, 459.72 is between 400 and 500, and 8.37 is a bit more than 8, so the product
will be between 400 x 8 and 500 X 8, or between 3,200 and 4,000. When you're faced with the
digits 38478564, and you're trying to place the decimal point, knowing that your product should
be between 3,200 and 4,000 will help you place the decimal point as 3,847.8564.

If the problem had been 4597.2 x 83.7 (rather than 459.72 x 8.37), you would have estimated
it as about 5,000 x 80 or about 400,000 and would want to have two digits after the decimal point
in the answer. You'll place the decimal point between the 5 and the 6 in 38478564, getting a prod-
uct of 384,785.64.

4-8

Estimate the product by rounding and multiplying.

1. 3.2x4.8
2. 123 x29.8

3. 84.29x16.3
4. 423.8 x 2.7
5

. 41581 x24.6
Multiply.
6. 5.5x 86 11. 84 x8.93
7. 9.8 x0.28 12. 0.62 x 21.1
8. 0.27 x 0.012 13. 0.099 x 0.505
9. 0.072 x 4.2 14. 7.003 x 0.0357
10. 3.001 x 9.08 15. 9.03 x 0.80306

If 238 x 45 = 10710, find each of the following products.
16. 238 x 4.5
17. 2.38 x 045
18. 23.8 x 0.45
19. 0.238 x 4.5
20. 0.0238 x 0.045

Dividing

The rule for dividing by a decimal is simple: you don’t. You can divide a decimal by a whole num-
ber. You just divide as though the decimal point were not there, and then place the decimal point
in the quotient directly above the decimal point in the dividend. It’s a good idea to estimate the
quotient before you divide, to help you place the decimal point correctly.
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Dividing a decimal by a whole number

To divide 592.76 by 14, first make an estimate. 592.76 is close to 600, and 14 is close to 15.
600 + 15 = 40, so expect a quotient around 40. Then set up your division and divide without wor-
rying about the decimal point. Finally, move the decimal point straight up.

42.34

:
14 i592.76
56

32
28
47
42
56
56

Dividing by a decimal

There is no rule for dividing a number by a decimal. To do a division problem that has a decimal
divisor, you first transform it to a problem with the same quotient and a whole number divisor. It
may sound like you need to find your magic wand, but it’s all about those disguised ones we used
when we changed the denominator of a fraction.

To divide 4,821.6 by 7.35, first estimate the quotient. If you round 4,821.6 to 4,900 and 7.35 to 7,
you’ll have 4,900 + 7 = 700. Expect a quotient around 700. Then think about the division problem
7.35
ber will change the look of the fraction without changing its value. Multiplying each of these

4,821.6 x@_ 482,160
735 7100 735

written as a fraction:

. Multiplying the numerator and the denominator by the same num-

numbers by 100 will turn them into whole numbers.
whole number division.

. Work through that

656

735}482160

4410
4116
3675

4410
4410

Remember your estimate of 700, and remember that multiplying the dividend and the divi-
sor by 100 moved the decimal point to the end of each number. You can let the decimal point float
straight up, and you'll find that 4,821.6 + 7.35 = 656.

You don’t actually have to write your division problems as fractions every time you have a
decimal divisor. Just use this shortcut.

+ To divide by a decimal, move the decimal point to the end of the divisor.

+ Count the number of places you've moved the decimal point and move the same number
of places in the dividend, adding zeros if necessary.

+ Divide and bring the decimal point straight up.

Decimals



To divide 586.32 by 4.2, first estimate. 500 + 4 = 125 and 600 + 4 = 150, so expect a quotient
between 125 and 150. Move the decimal point in 4.2 one place right to make it 42. You’ve actually
multiplied by 10. Move the decimal in 586.32 one place to the right, making it 5,863.2, so that
you're multiplying both numbers by 10. Then divide 5,863.2 by 42.

139.6
T
42 i5863.2
42
166
126
403
378
252
252
0
4-9
Estimate each quotient.
1. 24,57 =3 4, 057 +29
2. 18,69 + 12 5. 66.3 + 8.5
3.71.8+8.9
Perform each division.
6. 93.3+0.24 9. 8.0206 + 0.063
7. 5.181176 =+ 1.001 10. 6.65 + 0.0099

8. 7.7959 + 3.01

If 1,575 + 63 = 25, find each of the following quotients.
11. 157.5 + 63 14. 15.75 + 0.063

12. 15.75+6.3 15. 1.575 + 0.00063
13. 157.5+0.63

Quick tricks

Because our decimal system is based on tens, multiplying or dividing by 10 or a power of 10 is a
special case. When you multiply 3.792x 10, you get 37.92, the same digits with the decimal point
moved one place right.

To multiply a number by 10, move the decimal point one place to the right, adding a zero
if necessary.

6.8%x10=68 74 x 10 =740
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To multiply by a power of 10, move the decimal point one place right for each power or

each zero in the multiplier.

+ To multiply by 100, move the decimal point two places.

+ To multiply by 1,000, move the decimal point three places to the right.

3.972x100=397.2 1.06x1,000=1060

To divide by 10 or a power of ten, move the decimal point to the left, one place for 10, two

places for 100 and so on. Add leading zeros as needed.

42.78+10=4.278 53+100=0.53 7.1+1,000=0.0071

EXERCISE

4-10

Multiply or divide by moving the decimal point.

1. 9.4x 100 6. 11942 +10

2. 82.7 x 10,000 7. 185.001 =+ 100

3. 16.32x10 8. 1.92 + 1,000

4. 118.902 x 1,000 9. 0.603 + 10,000

5. 414.87 x 100,000 10. 1213.49 + 100,000

Decimals
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Ratios, proportions, and
percents

. a3 .
One reason to write a number like g isto talk about a fraction, a part of some

whole. If a starting pitcher pitches 6 innings of a 10-inning game, he pitches % or

3 .
3 of the game. But the same notation can also be used to compare numbers. If a

chorus is made up of 6 men and 10 women, you can say that the men represent — 16

3
org of the chorus—a part—but you can also compare the number of men to the
number of women by saying that the ratio of men to women is “6 to 10.” You can

6 3
write that as 6:10 or 10 and you can simplify either one to 3:5 or = A ratio is a

comparison of two numbers by division, often written like a fraction.

Ratio and proportion

Suppose you know that for your favorite summer drink, the ratio of sparkling
water to fruit juice is 1:4. That says you're using one ounce of sparkling water for
every four ounces of juice. But if youre throwing a party and want to make a big
batch all at once, instead of glass by glass, you need to translate that 1:4 into more
useful terms. You can do that just the way you change the look of a fraction. Sup-
pose you have 64 ounces of sparkling water. How much juice will you need?

Think of the ratio as a fraction, i, and realize that you want to change the look

of that fraction so that the numerator is 64. lxg—j 2654 < For 64 ounces of spar-

kling water, you'll want 256 ounces of juice. You know that the drink will taste
1.

the same because the ratio 1 is equal to the ratio — 3 5 ¢

of the drink, but you've kept the same proportions. You've adjusted the amounts

proportionally.

You’ve made a bigger batch
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A proportion is two equal ratios. If you write your ratios like fractions, a proportion looks

1 64

like two equal fractions. 1= 756

(In some older books, you'll see 1:4 :: 64:256, but that double colon notation isn’t used much
anymore.)

When a proportion is written with colons, for example, 2:5 = 14:35, the first and last numbers,

the far ends, are called the extremes. The extremes are far out, on the ends. The 2 and the 35 are the

extremes. The two middle numbers, the 5 and the 14, are called the means. Mean refers to things in

If you write the ratios using colons, you write 1:4 = 64:256.

the middle. When the proportion is written as two equal fractions, for example, -
extreme  mean
mean  extreme’

5 =3g> You have

Those labels, means and extremes, just make it easier to explain the most important property
of proportions, which is officially called the means-extremes property: in any proportion, the

2
product of the means equals the product of the extremes. In the proportion = s

of the means is 5 X 14 = 70 and the product of the extremes is 2 X 35 = 70. In the proportion

1 64

i 256,4><64 256 and 1 X 256 = 256.

If you remember that a proportion is two equal ratios, or two equal fractions, it’s not hard to

14
=35 the product

6
see why that’s true. Look at 7 =5z, but remember that we got that second fraction by multiply-

the first " 64 te it thi 1 1x64
ing the first one by ¢z, so rewrite it this way: 1 4%64

and the product of the extremes is 1 x 4 x 64. The proportion is

The product of the means is 4 X 1 x 64

numerator numerator X multiplier
denominator _ denominator X multiplier

The product of the means is denominator X numerator X multiplier, and the product of the
extremes is numerator X denominator X multiplier.

You can test whether you have a proportion by checking to see if the fractions are equal. Do
they simplify to the same fraction? Or you can test by checking to see if the product of the means
equals the product of the extremes.
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EXERCISE

5-1
For questions 1 through 5, decide whether each statement is a proportion by simplifying
both fractions.
1 2 24 4 E 120
"3736 " 75 375
n_2 5, 143132
“15 33 " 169 156
3. 872
15 135

For questions 6 through 10, decide whether each statement is a proportion by finding the product of the
means and the product of the extremes.

12_8 120 _108
6 21714 % 150 ~ 135
6_72 4 _12
78798 10. 193717
3_18
8. 11765

Properties of proportions

The means-extremes property is the most important property of proportions, but there are others
that can be useful.

The flip property says that if you have a proportion %z %, then you can flip, or invert, both
fractions, and you’ll still have a proportion. - :g

b
The swap property says that if you have a proportion %= g, you can swap the means %= 7
d
or swap the extremes 7= £, and you’ll still have a proportion.

The addition (or subtraction) property says that if you have a proportlon 5= d
b ctd
add the denominator of each ratio to its numerator 2~ ==% and you’'ll still have a proportion.

b d
The same is true for subtracting the denominator from the numerator. And it will also work if
a c
bta dtc
Of course, since a proportion is two equal ratios, changing the look of one or both ratios

, you can

c
you add the numerator to the denominator. So if = 7 = g 1s a proportion, s0 is ——

without changing value will create a new proportion. Call it the equal ratios property. If 2 A d

a proportion, then % = % is a proportion. All that has happened is that each ratio has been mul-
tiplied by the disguised one we talked about in Chapter 3. That doesn’t change the values, so it’s
still a proportion.

Ratios, proportions, and percents
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EXERCISE

2e 8 72
The statement 75735 is a proportion. For each of the following statements, decide if the
statement is a proportion, and if it is, tell which property has been applied.
815 6. 135_72
72 135 15 8
2, 15135 7. 72_8
8 72 15 135
3. 23_87 g 8_064
15 135 15 120
4 8 B 9. E:E
7 63 23 143
5. 23_207 10, 13_72
15 135 8 135

Finding the missing piece

When you’re working with proportions, the most common question you want to answer is not “is
this a proportion?” but “what number completes this proportion?” You saw that earlier, when you
thought about the amount of juice needed to mix with 64 ounces of sparkling water. In that
1

—, and
4
The question was what number

example, it was easy to find an equivalent fraction. The ratio of water to juice was 1:4, or
1 64 64
4 64 256

1 o4
completes the proportion 7==-, and by multiplying, you could find that the missing number

was 256. That’s one way to find a missing number in a proportion.
Often, the numbers are not so cooperative. Suppose you're mixing paint, and you know that

you could just multiply to find the equal fraction.

5
to get a particular shade of orange you need to mix yellow and red in a ratio of = You need a large

quantity of the paint, and you have a quart, or 32 ounces, of the red paint. How much yellow do
you need? You could figure out what to multiply by changing the denominator of 7 to a denomi-
nator of 32, but that’s not going to be pretty.

5 2

The easier way to determine what number completes the proportion = - =735 is to use the

means-extremes property, or what’s commonly called crossmultiplying. Replace that question

5 x
mark with a variable. You can pick your favorite letter, but x will do. If = =35 Is a proportion,

then 7x =5 - 32, or 7x = 160. Then you can find out what x must equal by dividing 160 by 7. Since
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160+7=22 g, you’'ll need 22; ounces of yellow paint. (In real life, you'll probably wind up using

23 ounces of yellow paint, because measuring 6/7 of an ounce would be really difficult.)

To find the missing piece of a proportion, crossmultiply and then divide.

53
Find the missing number in each proportion.
1. X_6 6. 21_9
159 x 42
2. 12_96 7. X3
x 500 56 20
3.4_% g 18_8l1
7 49 20 x
4. 313 9. X _40
11 x 125 600
5. 2% 10. 21.21
5 42 x 51
Percent

When you work with ratios or fractions, it’s easy to compare fractions with the same denominator

4 1
or fractions whose common denominator is obvious. You know that T is bigger than g, and that 3
71
?

62
is less than % But which is bigger: 63 T 75 That comparison is more difficult, and you're prob-

ably not crazy about finding a common denominator for 63 and 72. (It’s 504, in case you were
wondering.) It would be nice if there were a way to compare a lot of different fractions using the
same denominator. That’s why you turn to percents.
The word percent actually means “out of 100.” Changing a fraction (or a decimal) into a per-
cent is like changing it to a fraction with a denominator of 100. If all your fractions have a denom-
61

. o 65 . .. 49 . .
inator of 100, it’s easy to compare them. 100 bigger than 100° and 100 18 smaller than either of

them. Another name for % is 65%, and % is 61%, literally, 61 out of 100.

Ratios, proportions, and percents

51



52

Decimal to percent

75
A decimal with two digits after the decimal point, like 0.75, is 75 hundredths, or 100" It’s easy to

change decimals like this into percents. Seventy-five hundredths is seventy-five out of one hundred,
or seventy-five percent, so 0.75 = 75%. In general, to change a decimal to a percent, move the deci-
mal point two places to the right, add zeros if necessary, and add a percent sign. So 0.683 is 68.3%,
and 0.7 is 70%. If the decimal repeats, you can write out the first few digits of the pattern, move
the decimal point, and then express the repeating pattern by putting a bar over the repeating

digits. The decimal 0.3=0.33333...=33.3%.

54

Change each decimal to a percent.

1. 0.45 6. 0.49
2. 0.867 7. 023
3. 0.02 8. 4.583
4. 0.0003 9. 29
5. 0.156 10. 0123

Percent to decimal

Moving in the other direction, changing a percent to a decimal, just requires reversing the steps.
To change 16% to a decimal, drop the percent sign, and move the decimal point two places left.
16% = 0.16. When the percent ends with a fraction, that’s a sign that the percent came from a
repeating decimal. It may be easier to think about moving the decimal point if you rewrite the
fraction part as a decimal.

16%%:m6%:0.165:0.15

To change a percent to a decimal, drop the percent sign and move the decimal point two places

to the left.
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EXERCISE

55
Change each percent to a decimal.
1. 29% 6. 0.6%
2. 43.5% 7. 129%
3. 7% 8. 4.59%
4. 33%% 9. 45.9%
5. 54.54% 10. 459%

Fraction to percent

To change a fraction to a percent, use whichever of these two methods is more convenient.
If it’s easy to change the fraction to an equal fraction with a denominator of 100, do so. Take

1 25
the numerator of the fraction with a denominator of 100 and add a percent sign. & =7155= 25%.

Otherwise, change the fraction to a decimal by dividing the numerator by the denominator.
Then change the decimal to a percent. Move the decimal point two places to the right (that is,

multiply by 100) and add a percent sign. To change % to a percent, first change to a decimal.

0.425

40)17.000

160
100
80

200

_ 200

Then move the decimal point two places to the right so that 0.425 becomes 42.5, and add a

percent sign.

17
—= 9
20 42.5%

Ratios, proportions, and percents
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You can also choose to put the remainder from the division over the divisor as a fraction. When

you change é to a percent, you first change to a decimal.

0.16

6)1.00
6

40
36

4

1 4 2
You could keep dividing and see that the 6 will repeat, or you could express G as 0.16-=0.16=

6 3
2

3%.

and then change to 16

EXERCISE

5-6

Change each fraction to a percent.

1.3 6. 3
4 20
2. 1 7. 8
8 15
3.3 8. 7
5 30
4, 2 9. 4
3 45
5 4 10. 2
9 16

Percent to fraction

To change a percent to a fraction, you can usually rely on its name. Percent means “out of one
hundred,” so to change 38% to a fraction, you can just put 38 over 100 and simplify.

38 19

Y= —_ "
38% 100 50

1 -
If the percent involves a fraction, change it to a decimal. The percent 45§ % becomes 45.1%. Drop

the percent sign, and move the decimal point two places left, to change the percent to a decimal.
45.1%becomes 0.45111.... Change the decimal to a fraction and simplify. 0.45111...becomes

451-45 406 203
900 900 450
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Here are more examples:

1 1725 69
05 = 0 = =" =
174A) 17.25%=0.1725 10000~ 400
85 17
0 = = = —
8.5%=0.085 1,000 200
5.7
Change each percent to a fraction.
1. 15% 6. 4%%
2. 120% 7. 0.1%
3. 2% 8. 0.1%
4. 0.75% 9. 1%
5. 66.6% 10. 100%

Percent problems

All percent problems, whether presented as simple “find this” statements or as story problems, fit
into one of three categories. Problems from all three categories can be solved by finding the miss-

e oo part _ % . s %
ing piece of a proportion: whole — 100 Some people like to remember this as of =100 because

the word is generally occurs next to the part and the word of next to the whole.
Every percent problem fits into one of these forms:

* Find the percent: 80 is what percent of 240?

Part [% Whole

part _ %
whole 100
80 _ x
240 100
240x = 8,000
8,000 1
X=750 ~33

80 is 33%% of 240.

Ratios, proportions, and percents

55



¢ Find the part: What is 60% of 3007

Part % Whole
part _ %
whole ~ 100

x 60
300 100

100x =18,000

18,000

100 =180

180 is 60% of 300.

¢ Find the whole: 15 is 75% of what number?

part _ %
whole 100

15_75
x 100

75x=1,500

1,500 _
X= T =20

15 is 75% of 20.

Percent change

Problems often talk about the percent increase or the percent decrease of a certain quantity. These
problems can be solved in the same way as basic percent problems if you just remember that the
change is the part, and the original amount is the whole.

Tim and Sarah both bought stock for $25 per share. When Tim sold his stock, the price was
$40 per share. When Sarah sold her stock, the price was $15 per share. What was the percent
change in each investment?

Tim’s investment increased in value from $25 to $40, a change of $40 — $25 = $15. The
change of $15 is the part, and the original price of $25 is the whole.

part _"_A)
whole 100
15_x
25100
25x=1,500
1,500 _
xX= 25 =60

Tim’s investment increased 60%.
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Sarah’s investment decreased in value from $25 to $15, a change of $10. The change of $10 is

the part, and the original price of $25 is the whole.

part _ %
whole 100
0 x
25100
25x=1,000
1,000
x= 75 =40

Sarah’s investment decreased 40%.

—_

_
—_

—_
N

13.
14.

15.

© v © N o Uk~ W N

EXERCISE

L

Solve each problem.

. 14 is what percent of 70?

What is 15% of 160?

27 is 80% of what number?

Find 2% of 1,492.

254 is what percent of 500?

95% of 849 is what number?

Find 250% of 78.

What number represents 0.25% of 200?

If a vehicle decreases in value from $30,000 to $23,500, what is the percent decrease?

An investment originally worth $50,000 had a 27% increase. Find the change in value.

. If the bill in a restaurant is $38, and you want to leave a 15% tip, how much should you

leave as a tip?

. If the government takes 28% of your income and you earn $75,000 a year, how much of

your income goes to the government?
If you buy a stock for $80 per share and sell it for $100 per share, what is the percent increase?

A car, purchased for $20,000, loses 14% of its value in the first year. What is the car worth
after one year?

You're planning a vacation and are considering a hotel room that is advertised at $120 per
night. You notice in the fine print that there will be an additional 18% tax on the room. How
much tax will you pay? How much will you actually be charged per night, including the tax?

Ratios, proportions, and percents
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Equations and inequalities

A variable is a letter (or other symbol) that stands for a value that can change or a
number that is unknown. If you want to say that there is some number that can be

added to 12 to make 33, you could write 12 + x = 33 or 12 + [ | = 33. The x or the
empty box is the variable because it takes the place of the number. The introduc-
tion of variables is where arithmetic begins to shift to algebra.

Once algebra introduces variables, the quest to know the unknown begins.
Solving equations and inequalities is the process of determining what value
(or values) could replace the variable and make the statement true. The methods
of solving equations and inequalities are similar. Let’s look at equations first.

Solving simple equations

An equation is just a sentence that says two quantities are equal. It can be
as simple as 8 = 8 or 2 + 2 = 4. The situations in which you see equations most
often are those where the equation contains a variable, a letter or other symbol
that stands for a number we don’t yet know. Even equations with variables can be
very simple, and in the case of an equation like x = 4, pretty obvious, but generally
they’re a little more challenging.

Simple equations contain only one variable and only the first power of that
variable. No exponents appear on the variable. The variable may be multiplied or
divided by a number, and there may be numbers added or subtracted. Sometimes
you can figure out the number the variable represents by applying what you know
about arithmetic. If x + 2 = 3, you can probably guess what x stands for.

Solving an equation means determining the value that replaces the variable
to make a true statement. If you replaced the x in x + 2 = 3 with 5, you’d have
5 + 2 = 3, which is not true. The solution of this equation is not x = 5. When the
solution of the equation is not obvious, you can find it by following two rules.

e First, simplify each side of the equation as much as you can.
e Then undo the operations you see by doing the opposite until you have
just the variable on one side and a number on the other.

Let’s talk first about ways to simplify, and then we’ll tackle the undoing process.

Terms and expressions

In arithmetic, you learn to work with numbers, and then as you move toward
algebra, you introduce variables, but when you start to combine numbers and
variables, what do you call the result? The word term is used to describe numbers
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or variables or products of numbers and variables. —4 qualifies as a term, because it’s a number,

. . .05 . 3
and x is a variable, so it’s a term, and so is —4x or 3.5 y* or 34 The powers are allowed because

they’re shorthand for repeated multiplication, and the fraction is OK because it’s a number. Any
number, variable, or product of numbers and variables is a term.

Once you start to add or subtract, however, you begin to form what are generally called
expressions. Examples of expressions include 4x* + 3xy and #* —3¢(5¢ + 2) and many others.
Generally, when you add or subtract terms, you form expressions. You always want to make
expressions as simple as possible, and the principal ways you do that are removing parentheses
and combining like terms.

Removing parentheses

Parentheses (and other grouping symbols) appear in expressions for one of three reasons.
Sometimes, the parentheses don’t serve any real mathematical purpose. Theyre just used to
help you understand what the expression is talking about. If you wanted to add the expression
4x* + 3xy to the expression 5x — 3x* y, you could just write 4x* + 3xy + 5x — 3x* y but you might
choose to write (4x* + 3xy) + (5x — 3x” y) just to make it clearer that you were adding those two
pieces. Parentheses that don’t have any mathematical purpose can just be dropped.

The principal use of parentheses that does have a mathematical purpose is to tell you that
you need to multiply a term times an expression, as in 3¢(5¢ + 2), or an expression times an expres-
sion, as in (x 4+ 5)(x — 3). To eliminate those parentheses, you need to do the multiplication, using
the distributive property.

The distributive property is a principle of arithmetic that tells you that when you have to
multiply a number times a sum, like4(8 + 3), you'll get the same answer whether you add first,
then multiply—4(8 + 3) = 4 x 11 = 44—or multiply each of the addends by 4, and then add:
4(8+3)=4x8+4x3=32+12=44. You'll get the same answer either way, so you can choose
the easier method, and when variables are involved, that’s usually multiplying first. So

3t(5¢t+2)=3t-5t+3t-2 =15+ 6t.

To multiply a single term times an expression, multiply each term of the expression by the
multiplier.

—3x(5x?+7x—2)=-3x-5x*—-3x-7x—3x--2
=-15x>-21x*+6x

The third reason for parentheses is to show that an expression, not just a term, is being sub-
tracted. If you want to subtract the expression 2x + 9 from the expression 5x + 12 and you write
5x + 12 — 2x + 9, your reader will understand that you want to subtract the 2x from the 5x but
won’t know that you want to subtract the 9 as well. To show that you're subtracting the whole
2x +9, you need to write 5x +12 — (2x + 9).

To eliminate parentheses that are used to show subtraction of an expression, remember that
subtracting is adding the opposite. To subtract 2x + 9, add —2x — 9.

5x+12—-(2x+9)=5x+12—-2x—-9

A subtraction sign immediately in front of parentheses changes the sign of every term in the
parentheses.

9t—4— (2 —5t+4)=9t—-4 -2+ 5t—4
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Combining like terms

Once you've cleared the parentheses, your next step in simplifying the expression is to combine
any like terms. Like terms are terms with identical variable parts. They must have the same vari-
able (or variables) raised to the same power. The terms 5x and — 12x are like terms, but 4x” and
3x*are not like, because they don’t have the same exponent. The terms 64’0’ and 9a°b* are unlike,
but —3a’b’ and 11a’b’ are like because their variable parts match. Only the multipliers in front,
called the coefficients, are different.

To combine like terms, add or subtract the coefficients, as indicated. In large expressions,
you may want to rewrite the expression with the like terms grouped together first to make the
arithmetic easier.

6x+2y cannot be combined because the variables are different.

6x+2y—4x=(6x—4x)+2y=2x+2y
3x?+5x cannot be combined because one x has an exponent and the other does not.
3x2+5x+2+2x*-7x—4
=(3x*+2x*)+(5x—7x)+(2—4)

=5x2—-2x-2

[EXERCISE]
6-1

Simplify each expression by removing parentheses and combining like terms.

1. 3t+8t 6. (5t+3)+(t—=12n—-8+9r+ (7t -5)
2. 10x — 6x 7. (5> =9% +7)+ (2x*+3x+ 12)

3. 5x+3y—2x 8. 2Xx—-7)—(y+2x)—(3+5y)+(8x—-9)
4, 2y — 3+ 5x+ 8y — 4x 9. 3x*+5x—3)— (x*+3x—4)

5.6 —3x+x>—7 + 5x— 3x 10. 2y — (3 +5x) + 8y — (4x — 3)

One-step equations

If you know someone added 4 to a number and got 7, you can work backward to find out that
the number was 7 — 4, or 3. That situation is represented by the equation y + 4 =7, and you
can find the value of y that makes the equation true by subtracting 4 to undo the addition.
Officially, you subtract 4 from both sides of the equation.

y+4—4=7—4
y=3

If an equation was formed by adding, you solve it by subtracting. If it was formed by subtracting,
you solve it by adding. The equation p —7 = 2 can be solved by adding 7 to both sides.

p—T7+7=2+7
p=9

Equations and inequalities



The key to solving any equation is getting the variable all alone on one side of the equation. You
isolate the variable by performing inverse, or opposite, operations. If the variable has been mul-
tiplied by a number, solve the equation by dividing both sides by that number.

—5x=35

ASx_35
5 -5
x=-7

If the variable has been divided by a number, multiply both sides by that number to find the value
of the variable.

X
=2
X
=6 =-2-6
8,
x=-12

6-2
Solve each equation by adding or subtracting.

1. x+7=12 6. z—29=3.1
3 1

2.y—-5=16 7. y—4Z—75

3.t+5=16 8. x+10=6

4, w—13=34 9. y-12=-4

1 7
5. X+§—§ 10. t+11=-4

Solve each equation by multiplying or dividing.

11. 8x =48 16. 1W—1=23
z 4 8
m
13. —6y—42 18. E——3.1
14, é:—7 19. —14x=42
V4
15. 15x = 45 20. 2=-35

Two-step equations

While the single inverse operation is the key to solving equations, most equations require two
or more operations to find a solution. The equation 4x — 5 =19 says that if you start with a number, x,
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multiply it by 4 and then subtract 5, the result is 19. To solve for x, you will need to perform the
opposite, or inverse, operations in the opposite order. You are undoing, stripping away what
was done to x, and working your way back to where things started. Undo the subtraction by

adding 5.
4x—-5=19
4x=19+5
4x=24

Then undo the multiplication by dividing by 4.

4x =24

_u
*=73
xX=6

6-3
Solve each equation.

1. 3x—11=37
2. -8t+7=23
3. 4 —3x=-11 (Hint: rewrite as —3x + 4 = —11 if that's easier)
4, 5+3x=26

X
5.2 _8=—

2 5
6. —-5x+19=-16

X
7. =+7=

3+7 16
8. 13—-4x=-15

x 3 1
9. - =_

2 4 4
10. 12x—-5=-53

Variables on both sides

When variable terms appear on both sides of the equation, add or subtract to eliminate one of
them. This should leave a one- or two-step equation for you to solve.

3x—7=2x+4
—2x —-2x
x—7=4
x=11

Equations and inequalities 63
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6-4

Eliminate the extra variable term by adding or subtracting, then solve the equation.

1. 5x - 8=x+22 6. 8x—-13=12+3x
2. 11x+18=7x—-14 7. 3x—-5=2-4x

3. 3x+18=4x-9 8. 1.5x—71=84+x
4. 30-4x=16+3x 9. 13-9x=7x-19
5. 1Mx-5=10-4x 10. =5x+21=27—-x

Simplify before solving

If an equation contains parentheses or has more than two terms on either side, take the time to sim-
plify each side of the equation before you try to solve. If there is a multiplier in front of the parentheses,
use the distributive property to multiply and remove the parentheses. Focus on one side at a time and
combine like terms. There should be no more than one variable term and one constant term on each
side of the equation when you actually start the process of solving by inverse operations.

Get ready to solve: 4(3x —8) =10x — (2x +3) —1
Remove parentheses: 12x — 32 =10x — 2x —3 — 1
Combine like terms: 12x — 32 =8x— 4

Now you have one variable term and one constant term on each side of the equation. You're ready
to actually solve.

Subtract the extra variable term: }82?6 -32= ffsx —4

Add 32 to both sides to eliminate the extra constant term: 4x —32=—4

+32 +32
Divide both sides by 4: % = %
x=7

If you simplify both sides of an equation and start solving, only to find that all your variables disap-
pear, that’s a sign that your equation either has no solution or has infinitely many solutions. If the
variables disappear and the statement that’s left is false, like 0 = 6, then the equation has no solution.
It’s a false statement, so no value for the variable will ever make it true. If the variables disappear and
the statement is true, like 0 = 0, then the equation is true for every possible value of the variable. It
is solved by any real number. An equation that is true for all real numbers is called an identity.

EXERCISE

6-5
Simplify the left side and the right side of each equation. Leave no more than one variable
term and one constant term on each side. Then solve each equation.

1. 5(x+2)=40 3. 5(x—4)=7(x-6)

2. 4x-7)+6=18 4, 4(5x+3) +x=6(x+2)
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5.8x—4)—-16=10(x—7) 8. 6(x—1)—2x=2(x+1)+4(2 —x)
6. 6(2x+9) —30=4(7x— 2) 9. 5(6x+2)+7(4—-12x)=35— (6 + 27x)
7. 7x—=1)+2x=12+5x+ 1) 10. 8(2x—5) —2(x—2)=5(xx+7) —4(x + 8)

Solving inequalities

When you solve an equation, you find the value of the variable that makes the two sides of the
equation identical. Inequalities ask you to find the values that make one side larger than the other.
The solution will be a set of numbers rather than a single value. Your answer needs to give the
number that divides solutions from nonsolutions, tell which side is which, and whether the
divider is a solution or not.

The rules for solving inequalities are the same as the rules for solving equations, with one
exception. When you are solving an inequality, and you multiply both sides or divide both sides
by a negative number, you must switch the direction of the inequality sign. If you're solving
— 5x > 15 and you divide both sides by —5, the greater than sign will switch to a less than sign.

—5x S 1_5
-5~ -5

x<-3

X

-10-9-8-7-6-5-4-3-2-101 23 435

Figure 6-1 The solution of x < -3 graphed on the
number line. The open circle shows -3 is not included.

If you multiply both sides of the inequality _L3S7 by =3, the less than or equal to sign will

reverse to a greater than or equal to sign.

| | P'S | | | | | | | | | | | | | | | | |
I I hd I I I I I I I I I I I I I I I I I

TR N N [
I I I I I I I
-23-22-21-20-19-18-17-16-15-14-13-12-11-10 -9 -8 -7 6 -5 4 -3 -2 -1 0 1 2 3

>t

Figure 6-2 The solution of t >-21 has a solid dot at —-21 because -21 is part of the solution.

The change only occurs when you multiply or divide by a negative number. If 6x > —12 and you
divide by 6, there’s no reversal. x > 2.

Equations and inequalities
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EXERCISE

6-6

Solve each inequality.

1.3x-5222

2x—5>13 —-4x
3x+2<8x+ 22

12x+ 3 <x+ 36

AR S

t—9224-10t

S v ® N o

2y—13>4(2—-y)
5x+10(x—1) =95
5x -4 <13x+28
3x—2<2x-3

—X+52-2+x
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Exponents and roots

To add the same number several times, you can use multiplication as a shortcut.
54+5+5+545+5=6(5) =30. To multiply the same number several times, as in
2X2X2xX2X2xX2x2,youreally can’t find a shortcut for the work, but you can
shorten the way it’s written by using an exponent: 2X2X2X2X2x2x2=2"
The small, raised 7 is the exponent, which tells you that you need to multiply 2,
the base, seven times. An expression involving an exponent is commonly called
a power, and the expression 2’ is commonly read “two to the seventh power.”

2X2X2X2X2X2X2=2"=128

Evaluating

The exponents you'll see most often are the second power, or square, and the third
power, or cube. Those powers take their common names from the geometric figures
square and cube. If you have a square in which each side measures 8 inches, the area
of the square is 8. The volume of a cube that measures 7 by 7 by 7 is 7°. (More on
area in Chapter 12 and volume in Chapter 15.)

Exponents are a short way of writing repeated multiplication, but there is
no shortcut for doing the multiplication. To find the value of 3°, you have to
multiply 3 X 3 X 3 X 3 X 3. Sometimes people will see a power like 2* = 4 and
think we just multiplied the 2s. But 3* is not 3 X 2. It’s 3 X 3 = 9. Don’t try to
invent a shortcut for the multiplication. You need to multiply:

3°=3Xx3x3x3x3
=9X3%x3%X3
=27X3X3
=81X%3
=243

When you raise a negative number to a power, watch your signs. A negative number
raised to an even power will be positive, but a negative number raised to an odd
power will be negative.

(=2)" =(=2)x(-2)x(-2)%x(-2) (=3)* =(=3)x(-3)x(-3)

=4x(=2)x(-2) =9x(-3)
=—8x(-2) =-27
=16

67



To raise a negative number to a power, always put the negative number in parentheses.

(2)*=(-2) X (-2) X (-2) X (=2) but 2*=—-(2*) =—(2x2 X2 X 2) =-16

EXERCISE

7-1

(o))
]

> W N
T
—
~=
=)

b
N
Nw
—

Multiplying

When you multiply two or more powers, you certainly have the option to evaluate each power

Evaluate each power.

10.

v © N o

and then multiply. That may be the best way to tackle many problems.

When you’re multiplying powers of the same base, however, there’s a shortcut available to you.
Think about a problem like 3* x 3°. You could do it as 81 x 27, but if you write out what the powers
mean, you have (3 X 3 X 3 x 3) x (3 x 3 x 3), which is clearly a power of 3. It’s 3/, because you have

42%x2°=16%x32=512

4 threes times 3 threes—7 threes being multiplied together.
To multiply powers of the same base, keep the base and add the exponents.

EXERCISE

31x33=3=3

7-2

1. 23x2°

2.
3.
4
5.

34 x 37
9> x 98
. 124 % 122

2 3

X°-X
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Perform each multiplication by keeping the base and adding the exponents, if possible.
Leave your answer as a power. Don't try to multiply out.

axa
2°x 3°x 38
a® x b*>x a°

7 5

X - X

32

732, Z'IS
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Dividing
When you divide powers, your choices are similar to those you face when multiplying. When dividing,

you can evaluate each power and then divide, but if the bases are the same, you can take advantage
of shortcuts. Because you're dividing powers of the same base, you can do lots of canceling.

5 B X B xBX5X5X5X5

5= Fxgxf

The second option is simpler. To divide powers of the same base, keep the base and subtract the
exponents.

712 = 79 — 712—9 — 73

EXERCISE

73

Perform each division by subtracting the exponents, if possible. Leave your answer as a

power.
a7
1. 25+ 23 6. o5
5 8
2.37+3¢ 7. 3x3
311
6>< 7
3. 98+ 9 8 L
4. 1254123 9. X+ x5
5
5 X—2 10. 22+ 2z
X

Powers of powers

When you raise a number to a power, you do a multiplication, in which the base is the only factor
and the exponent tells you how many times to use it as a factor. 7* tells you to multiply with 7 as
a factor four times: 7 X 7 X 7 X 7. When you raise a power, like 2°, to a power, youre saying you
want to use the power 2° as a factor a certain number of times.

(2} =22x2°x23x23x 23

You could evaluate 2° = 8, and then raise 8 to the fifth power. But if you write it out as the product
of five copies of 2°, you can use the multiplication of powers shortcut. You know that when you

multiply powers of the same base, you add the exponents. So you can say that 2° X 2° X 2> x 2° x 2° =
2(3+3+3+3+3) — 215'

But there’s an even quicker shortcut. Adding five 3s is equivalent to 5 x 3.
To raise a power to a power, keep the base and multiply the exponents.

(23)5 = 23 X 23 X 23 X 23 X 23 = 23+3+3+3+3 = 23)(5 = 215

B =£7=p5
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EXERCISE

74
Use the rules for powers to put each expression in simplest form.
1. (#)? 6. (x°)*
2. (5% 7. (a%°
3. (7 8. (y°)
4. (207 9. (b7
5. (21%)* 10. (v9*

Powers of products and quotients

When you raise a product, such as 4 X 5 or 24, to a power, you use the entire product as a factor
several times. (4 X 5)>= (4 X 5) X (4 X 5) =4 X 4 X 5 x 5 = 4% x 5. Each number in the product is
affected by the exponent.

To raise a product to a power, raise each factor to that power.

(2a)* =2%a?
. . .12 . .
A quotient, such as 12 + 7, can be written as a fraction, - When you raise a fraction to a power,
you multiply the numerators and multiply the denominators. Both the numerator and the denom-

inator are raised to the power.

LY_12 12 12
7)) 777 7

To raise a quotient, or fraction, to a power, raise both the numerator and the denominator to
that power.

EXERCISE

75

Use the rules for power of a product and power of a quotient to simplify each expression.

1. (4% 2)? 6. (2+4)
3
2. (3% 102 7. 1L
10
2
3. (2 8. [4xX°
8x3
2
4. (3x2)? 9. 3%
5x*
5. (<2a%bc*)? 10. w S
3abc

PRACTICE MAKES PERFECT Basic Math



Special exponents

Once you're acquainted with exponents and how they work, it’s a good idea to take a moment to
look at a few unusual exponents.

An exponent of 1, on any base, produces the base. You use the base as a factor once, so you
just get the base. So 4' = 4 and 107" = 107. You don’t generally show an exponent of 1, but you
sometimes get one; for example, 6° + 6° = 6'=6.

Another unusual exponent you run into when you divide is the zero exponent. According to
... 5
the rule that says we should keep the base and subtract the exponents when we divide, 5—4:5".
4

From arithmetic, you know that any number divided by itself equals 1, so 2—421. That means 5°

must equal 1. Any nonzero number, raised to the zero power, equals one. (Zero to the zero
power is indeterminate, because two conflicting rules would apply. On one hand, zero to any
power should be zero, and on the other, any number to the zero power should be one.)

If you follow the division rule, 8* + 8* should equal 8*~* = 87, If you look at that division

Axgxg 1

written out, you can see that the result is m =3g- A number to the —1 power is equal

-1
to the reciprocal of the number. 87! = é, 38271 = 31@, and gj = %

When you combine the definition of a —1 exponent with the power of a power rule, you can

1 1. 1.1 1
define any negative exponent.(5)’ =[§j =5 X5 X5 =57. An exponent of —1 produces the
reciprocal of the base. When you see any other negative exponent, find the positive power and

then find its reciprocal. 8° = 64 and 82 = %, the reciprocal of 64. A number to the —n power is

equal to the reciprocal of the nth power of the base.

7-6
Simplify each expression. Assume that all variables represent positive numbers.
1. 2x4)" 6. (2xy3)

(43 y-45)4 (43 yAS)—4

N
N
wl N
~—

w

N

2x3 )’
rr ‘)
15x°y?  xy™?
4. (x*y)° (2x? 0. .
by () 2x’y  5x3y?
12X5y8 3X2y 2
. —4X_2y_4 10 T?’yz
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Large and small

In the ancient Egyptian system of numeration, the symbol for one million was a hieroglyph
described as a man kneeling with his arms spread in amazement. For that society, a million was
an awe-inspiring number, so large it was hard to imagine. In contemporary society, where tele-
scopes and microscopes allow us to deal commonly with immense distances and infinitesimally
tiny objects, we need more flexible and powerful ways to deal with size. Working with exponents
often leads quickly to large numbers, and exponents give us a means to represent very large or
very small numbers in an understandable fashion.

In Chapter 4, we talked about rounding both whole numbers and decimals and using the
rounded version of numbers to estimate the result of a calculation. Now that you have that informa-
tion and some experience with exponents, we can introduce a method of representing very large or
very small numbers called scientific notation.

Scientific notation

Scientific notation is a method of expressing very large or very small numbers in a compact
form. It makes use of exponents and our decimal place value system. Each place in our system
represents a value that is a power of 10, so every number can be written as a small number times
a power of 10. The number 4,000 can be written as 4 X 1,000 or 4 X 10°. The number 0.000005 can
be written as 5 x 0.000001 or 5 X 10°°.

While there are many different ways that you could express the same number, the agreement is
that scientific notation writes a number as the product of a number greater than or equal to 1 but less
than 10, and a power of 10. For numbers greater than 1, the power of 10 has a positive exponent.

4,670,000=4.67x10°
93,000,000,000=9.3x10"

84,620=28.462x10*

To change a large number in standard form to scientific notation:
1. Count the number of digits in the number and subtract 1. This will be the exponent.
2. Place the decimal point after the first digit and drop trailing zeros.
3. Multiply by 10 with the exponent you found in step 1.

Count the digits in 4,300,000 and you get 7. Subtract 1 and your exponent will be 6. Put the deci-
mal point after the 4 and drop the zeros, so you have 4.3. Multiply by 10°. So 4,300,000 = 4.3 x 10°.
The exponent of 6 tells you to move the decimal point six places to the right.

4.3%x10°=4,300,000

six places right

You can also think of this process as counting from where you’re going to put the decimal point—
after the first digit—to where it actually is in the standard form of the number. Putting that
exponent on the 10 moves the decimal point the correct number of places. When you change a

PRACTICE MAKES PERFECT Basic Math



number less than 1 to scientific notation, you're dealing with a fraction, so the exponent on the 10
will be a negative number.

0.038=3.8x10~*
0.00072=7.2x10"*

0.000000000005=5x10""

In 0.00072, you want the decimal to sit after the 7 and to multiply by a power of 10 to move it back
where it belongs. From after the 7, the decimal needs to move to the left four places: one for the 7
and three for the zeros. The exponent you need is —4. To change a small number in standard form
to scientific notation:

1. Count the number of zeros after the decimal point but before the first nonzero digit and
add 1. Make the number negative. This will be the exponent.

2. Place the decimal point after the first nonzero digit and drop leading and trailing zeros.
3. Multiply by 10 with the exponent you found in step 1.

To change 0.0000784 to scientific notation, count the four zeros after the decimal point but before
the 7. Add 1 to get 5, then make it negative (—5). Place the decimal point after the 7 and drop the
zeros before the 7 to get 7.84. Multiply by 107°. 0.0000784 = 7.84 X 10~. The exponent of —5 tells you
to move the decimal point five places to the left.

7.84x107 = ,00007 84

five places left

The advantage of expressing very large or very small numbers in scientific notation is that it
allows you to use the properties of exponents to calculate easily.

To multiply or divide numbers in scientific notation, multiply or divide the decimals using
standard arithmetic. Multiply the powers of 10 by adding the exponents, or divide them by
subtracting exponents. Check the result of the multiplication to see if it is actually in scientific
notation. The multiplication or division of decimals can produce a result that is not a number
between 1 and 10. If that happens, you'll need to adjust so that the answer is in scientific
notation.

To multiply (2.5 X 10”) x (6.4 X 10"), multiply 2.5 X 6.4 to get 16.00 and multiply 10" x 10" = 10*.
Your preliminary result is 16 x 10*%, but that’s not scientific notation because 16 is greater than 10.

16 X10*%=1.6x10x 10*=1.6 X 10%

To divide (2.4 X 107®) + (9.6 x 107"), divide 2.4 + 9.6 to get 0.25, and notice that 0.25 is less than 1.
Divide 107+ 1072 = 10*'? = 10*. Adjust so that the quotient is in scientific notation.

(2.4%x107%) + (9.6 X103 =0.25x 10*=2.5x 10" x 10*=2.5 X 10°

Exponents and roots
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7-7

For questions 1 through 5, round each number to the indicated place, and use the rounded
versions to estimate the result of the calculation.

1. ten thousands: 83,681 + 119,392

2. millions: 9,384,583 — 5,639,299

3. thousands: 62,973 + 8,856

4. hundred thousands: 293,449 x 781,772
5. millions: 11,735,882 x 49,948,221

For questions 6 through 8, write each number in standard form.

6. 9.29 x 10°
7. 1.35x 1073
8. 473 x 10"

For questions 9 through 11, write each number in scientific notation.

9. 0.000234
10. 87,000
11. 972,734,000,000

For questions 12 through 15, evaluate each expression and write your answer in scientific notation.

12. (5% 107) (3 x 109

7.7x10™
1.1x10™

14. (5x1072)3
15. (4.2x1078) (3 x 10°)

Roots

Every operation has an opposite, or inverse. The opposite of addition is subtraction and the
inverse of multiplication is division. The opposite of exponentiation (the operation of raising a
number to a power) is the process of taking a root. If 6* = 36, then the second root, or square root,
of 36 is 6. The symbol for square root is called a radical, and the number under the radical sign

is called the radicand. In the statement /36 =6, 36 is the radicand. Every power has a corre-
sponding root, but the basic symbol remains the radical. For roots other than square roots, you
just add a little number, called an index, in the crook of the sign. If 4° = 64, then /64 =4. This is
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called the third, or cube root.4/16 is the fourth root of 16. It’s equal to 2 because 2 to the fourth
power is 16. 11,024 is the tenth root of 1,024. That’s also equal to 2. Don’t get frightened by that,

however. Most of the roots you encounter are square roots.

Simplifying radicals
Finding the value of a root is a job that often requires a calculator (or, in the days before calcula-
tors, a table of roots). Just think about the squares you know. 5* = 25 and 6* = 36, s0~/25 =5and

36 =6, but that means that all the numbers between 25 and 36 have square roots that are not
whole numbers. In fact, many square roots are irrational numbers. Remember that irrational
numbers are numbers whose decimal parts go on forever but never repeat a pattern. Rather than
dealing with all those decimals, you might round the decimal to two or three places. It makes the
arithmetic easier, but you’ll need to remember that the answer you get won’t be exact because of
the rounding. If you want an exact answer, you’ll want to put the radical in simplest radical form.
The bonus is the simplest radical form also makes the calculations a little easier.
A square root is in its simplest form when:

+ The number under the radical has no perfect square factors
+ There is no radical in the denominator of a fraction

To put a radical in simplest form, express the radicand, the number under the radical, as a product
of two numbers, at least one of which is a perfect square. Take the time to look for the largest per-
fect square factor possible. For example, to simplify the square root of 48, think 48 =4 x 12 and 4
is a perfect square, but 3 X 16 also equals 48, and 16 is a larger perfect square. You can look for these
factors by using a factor tree or by dividing the radicand by small divisors and checking to see if the

quotient is a perfect square. Once you have the factors, give each factor its own radical. /48 =

V3x16 =+/3x4/16. Then take the square root you know. /3 x+/16 =+/3x4=4/3. The simplest
radical form of \/48 is 4+/3. This is usually read as 4 radical 3 or 4 root 3.

Sometimes when you simplify a radical, you discover that the radicand was actually a perfect
square. /2,304 isn’t a square root you'd know from memory, but when you start to simplify it,
you discover that 2,304 is a perfect square.

2,304 =/4%576 =/4x4x144 =/4 x[4 x[144 =2x2x12=48

When you take the square root of a fraction, you take the square root of the numerator and the
square root of the denominator. (Does that remind you of the rule for exponents? It should.
There’s actually a way to express roots as exponents, but that’s for another time.)

When finding the simplest form, you don’t want to leave any radicals in the denominator.

, 3 3 3
Sometimes that’s easy. For example, you know 4/7 == and you know that</4 =2, so 47 =
4 /4 4
V3 _Vs
Ja o 2

N
a 3

. There is no radical in the denominator, so you've found the simplest form. But look
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You can figure out thaty/7 =—==-—, but you don’t want to leave that radical in the
g 3 \/g \/5 y

denominator. To eliminate it, you rationalize the denominator, which means you multiply the
numerator and the denominator by +/3 (or whatever radical you have in the denominator). You'll

be multiplying by% =1, so the value won’t change, but the look of the fraction will, and when

you multiply a square root by itself—that is when you square the square root, the squaring and
the square root cancel one another. We say the radical lifts, and you get the number under the

radical.
1 BB
3 J3 3
7-8
Put each expression in simplest radical form.
12
1. V128 6. —
J6
2. J675 7 25
52
3. 180 8. \75x%y*
4. /1,225 9. \/80a’*b*c?

1 120x2y
5. f 10. 15xy°

Multiplying and dividing
To multiply or divide radical expressions, the rule you want to remember is inside with inside,

and outside with outside. To multiply 6v/2 x5+/3, multiply the numbers that are inside radicals
and keep the result inside a radical, and multiply the numbers that are outside the radicals and
put the result outside.

62 X543 =6x5%x/2 x~/3=30/2%3 =306

Sometimes this will give you a result that has a radical that needs simplifying. 2/6 x5+/3 =10/18,
but that’s not in simplest form. You need to simplify the radical.

276 %53 =104/18 =10/9% 2 =10x~/9 x /2 =10x3x~/2 =30+/2
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Follow the same inside/outside rule when you divide radicals. % = % X \/g =2/3. If trying to

divide is going to give you decimals under the radical, just rationalize the denominator.

£27\f\f\f\/_\/_9\/3—

7-9

Perform each multiplication or division and give your answers in simplest radical form.

NN 6, 1815
6+/5
2. 535 7, V162
274/8
32475
3. 24/3 -6 8.
815
4. 4430 - 5433 o, 10V6
J8
5. —5.45 - 875 10, 7288
21./48

Adding and subtracting

Adding and subtracting radicals is a bit like adding and subtracting fractions or combining
terms. You need to have a common denominator to add or subtract fractions, and you can only

combine terms that have the same variable, so you must have like radicals to add or subtract.
When you write 5+/3, you're saying you have 5 of these numbers called “radical three.” If you add
5+/3+7+/3, you have 5 of these things plus 7 of the same thing, so you have12+/3, or 12 of those

things. But if you try to add 5+/3+7+/2, you don’t have 12 of anything. You have 5 of one thing
and 7 of another.
To add or subtract like radicals, add or subtract the numbers in front, and keep the radical.

15v7 -7 =647

Before you decide that you don’t have like radicals, and so can’t add or subtract, take a moment
to make sure both radicals are in simplest form. Radicals that may not look alike before sim-
plifying may turn out to be like radicals when you see them in simplest form.

350 +4+/98 =3x /25X 2 +4X~/49% 2
=3X5X2+4X7X2
=152 +28/2
=432
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For questions 1 through 5, simplify radicals and perform each addition or subtraction,
if possible.

1. /8472 4. /18 -3/50+5/8
2. 124248 5. 12405 +7+/500 —3+/180

3. 2475+9\147

For questions 6 through 10, rationalize denominators and put expressions in simplest radical form. Then
add or subtract, if possible.

6. £+ 6 9. _4 __2
J6 3J5 /45
;4 V2 10, &7 75
22 4 NN
g 82 7V3
63 92
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Quadratic equations

In Chapter 6, you worked on solving simple equations. You might have noticed
that each equation had a single number as its solution (as compared to an inequality,
which has a whole set of numbers as its solution). The equations we looked at there
generally had one solution. One exception is an equation so simple that it actually
says “a number equals itself,” like x = x. An equation like that will be true no matter
what number you put in place of x. It has infinitely many solutions. The other
exception is an equation that will never be true, no matter what value replaces x.
The equation x = x + 1 is one of those. No number will ever equal one more than
itself. That type of equation has no solution.

In this chapter, we’ll take a look at a type of equation that typically has two
solutions. That may be hard to imagine at first, but think about this. Suppose you
lie on the floor, toss a ball up in the air, and ask the question: when is the ball 3 feet
high? There are two answers. The ball will be 3 feet high at some moment as it
travels up from your hand, but after it reaches its highest point and begins to come
down, there is another moment when it is again 3 feet high. The equations we’ll
look at in this chapter will let us answer questions like that.

The key characteristic of these quadratic equations is that they contain a
variable squared, or raised to the second power. A simple example of a quadratic
equation is x* =16. Before you protest that there’s only one solution, remember
that not only does 4° =16 but (—4)*=16 as well. The equation x*=16 has two
solutions, x =4 and x = —4.

You can think of quadratic equations as two simple equations combined by
multiplying. Multiplying will produce the x?, but be careful. You might be tempted
to multiply x times x and multiply 4 times —4, but that will not give you x> =16.
It will give you x> =—16. Instead, rewrite x = 4 as x — 4 = 0 by subtracting 4 from
both sides. Then rewrite x = —4 by adding 4 to both sides to get x + 4 = 0. The two
simple equations are x — 4 = 0 and x + 4 = 0. We want them in this form because
we know from arithmetic that zero times any number is zero. So x — 4 (which
equals zero) times any number will be zero, and x + 4 times any number will be
zero, but most important for our purposes, x — 4 times x + 4 will equal zero.

(x—4)(x+4)=0

Multiplying

To multiply (x —4)(x+4), think about finding the area of a rectangle. You multiply
the length times the width. If you have a rectangle, specifically a square, that is
x units long and x units wide, its area will be x.
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Figure 8-1 The area of a square x by x is x2.

But to multiply (x —4)(x+4), in addition to multiplying the first x by the second x, we need
to multiply the other pieces as well. We can imagine one big rectangle whose length is x + 4 and
whose width is x - 4, but it might be easier if we imagine that rectangle broken into four smaller
rectangles: one x units long and x units wide, one x by 4, one x by —4, and one 4 by —4. We can
express the area of each small rectangle as shown below.

X -4
by x2 —4x
+4 +4x -16

Figure 8-2 The product as the area of four rectangles.

When we add up all these areas, we get x*>+4x—4x—16=x>—16, and we know the product
must be equal to zero. So (x—4)(x+4)=x>—-16=0. The equation x> —16=0 can be easily trans-
formed to x> =16. Before you start trying to solve these equations, let’s look a bit more at the
multiplication that can create a quadratic.

If you multiply a variable, or a single variable term, times the sum (or difference) of a vari-
able term and a constant, for example, 3x(x + 5), your area diagram will look like this.

X +5

3x [3x2|  +15x

Figure 8-3 Multiplying a single term by a larger expression.

You'll get a squared term and an x-term. 3x(x+5)=3x?+15x. This is the easier of the two types.
It’s easier to multiply because you have just two multiplications to perform, and there won’t be
any like terms to combine. You might feel after a few of these that you don’t need to draw the area
picture. If so, you can multiply using the distributive property, which tells you to multiply the
factor in front by each term in the parentheses.

Multiplierxfirst

1
3x(x +5)=3x-x

Multiplierxsecond

1
3x(x+5 )=3x-x+3x-5=3x2+15x
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Suppose you need to multiply (x + 5)(x + 3). Your area diagram will look like this.

X +5
x| x? +5x
+3 | +3x +15

Figure 8-4 Area model for (x + 5)(x + 3).

But what if you don’t want to draw the area diagram? You could use the distributive prop-
erty repeatedly. Just treat the (x + 5) as the multiplier and distribute it to both terms in (x + 3).

(x+5)(x+3)=(x+5)-x+(x+5)-3

multiplier

Then multiply (x+5)-x and (x+5)-3 by using the distributive property again.

(x+5)(x+3)=(x+5)-x+(x+5)-3

multiplier distribute distribute

=x-x+5-x+x-3+5-3
=x?+5x+3x+15
=x>+8x+15

Multiplications like this will often produce terms that are alike and can be combined, as
here with 5x and 3x. Using the distributive property multiple times will produce more terms that
will likely need simplifying.

You may have noticed that you had four little multiplications to do to produce those four
terms (that simplified to three terms). The word FOIL provides a shortcut to remember these four
multiplications. The letters in FOIL stand for First, Outer, Inner, Last. The words refer to the posi-
tion of terms in the problem.

cas)(¥ed) (5 es)ler5)

(x + Inger) n;er+ 3) (x + Lgs t) (x + Lgs t)

You multiply first X first, outer X outer, inner X inner, and last X last, and then combine any like
terms you have.

First
First:  (x+5)(x+3)—=>x?
Outer

Outer: (x+5)(x+3)—=>3x

Inner

Inner: (x+5)(x+3)—*>5x

Last
Last:  (x+5)(x+3)—2-15

Quadratic equations
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You will often find that there are like terms that can be combined after the four multiplications
are performed, and often—although not always—it’s the outer and the inner products that are

like.
To multiply (2x —3)(5x+7) using the FOIL shortcut, multiply:

First
Outer Inner Last

—
(2x-3)(5x+7)=2x-5x+2x-7-3-5x—3-7
=10x2+14x—15x—21

=10x2—x-21

8-1
Use the FOIL rule to multiply. Give your answers in simplest form.
1. (x+8)x +2) 6. (5x—6)(3x+4)
2. (y—-4y-9 7. (6x—1)(x+5)
3. (t=2)(t+6) 8. (1-3b)(5+2b)
4. (2x+ 8)(x - 3) 9. Bx—=7)(2x+5)
5. (y-9@y+1) 10. (5-2x)(5x—-2)

Solving quadratic equations

Now that you have seen where these quadratic equations come from, it’s time to talk about how
to solve them. We're going to look at the three most common methods. Which method you
choose to use will depend on how complicated the equation is. The first method, for the simplest
type of quadratic equation, is the square root method.

Square roots

If a quadratic equation contains just a squared term and a constant term, you can solve it by mov-
ing the terms to opposite sides of the equal sign and taking the square root of both sides. You've
seen this with the equation x* = 16. Remember that there is both a positive and a negative square
root of any positive number. That’s how you get two solutions. If the constant is not a perfect
square, leave solutions in simplest radical form unless there’s a very good reason to use a decimal
approximation.

Equations that are more than just x*=a number can sometimes be solved by the square root
method. If the equation has no x-term, but just an x* term and a constant term, you should be able
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to simplify it to x> equals a number. The equation 2x* — 64 = 0 has a squared term, 2x°, and a con-
stant term, —64, but no x-term, so it’s a good candidate for the square root method.

Move the terms to opposite sides of the equal sign. 2x*—64=0
2x* =64
Divide both sides by 2, to isolate the x2. x*=32
Take the square root, remembering both the positive and the negative possibility, and put
the radical in simplest form. x =132 =342
8-2
Solve each equation by the square root method.

1. x¥*=64 6. t2-1,000=0

2. ¥ -16=0 7. 22— 150=0

3. x*-8=17 8. 9x*=4

4. x*=18 9. 64y*=25

5. 3x*=48 10. 4x* -15=93

Factoring

The square root method is quick and easy, but it only works for equations that have only a squared
term and a constant term. If the equation has an x-term, the square root method won’t be any
help. That’s the bad news. The good news is that many quadratic equations that do have an x-term
can be solved quickly by a method commonly called factoring. Officially, it’s an application of the
zero product property. That’s the name for the observation that if you think of two numbers that
multiply to zero, one of them has to be zero. There’s no way you can get zero by multiplying unless
at least one of the factors is zero.

If the product of two factors is zero, then at least one of the factors is zero, so if a quadratic
can be written as the product of two factors, you know that at least one of those factors equals
zero. By looking at each one to see what value of the variable would make it zero, you can break
the quadratic equation down into two simple equations.

Factoring ax? + bx

An expression like 3x* + 9x, a squared term and an x-term, is the result of multiplying a single
term times an expression with an x-term and a constant. To factor it, realize this is the result of
using the distributive property, and think about what the problem might have been. Trying to
work backward from your area model may help. What do the two terms have in common? Both
have a coeflicient that is divisible by 3 and both have an x. Use 3x as the multiplier. 3x* + 9x =
3x(some expression). Divide each term of 3x* 4+ 9x by 3x to find that binomial. 3x* + 9x = 3x(x + 3).
Check by multiplying.
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71 3x2 +9x

Figure 8-5

Factoring x* + bx+ ¢

An expression of the form x* + bx + ¢ can can often be factored to the product of two expressions,
each with two terms. (There are some that can’t be factored, but there’s a way around that coming
up later.) If you can factor x* + bx + ¢, it will factor to (x + r)(x + f). The product of r and ¢ will equal
the constant term, ¢, and the sum or difference of r and ¢ will produce the middle coefficient, b.
Let’s look at an example.

To factor x* + 5x + 6, you first need to find a pair of numbers that multiply to 6. Factors of 6
are 1and 6 or 2 and 3, so you have two possibilities. If you think about the area model and try to
work backward, you know that x* comes from x times x. The +6 will either be from 1 times 6 or
from 2 times 3, but you don’t know which. The key is to figure out which pair will give you the
middle term of 5x. Then you have to choose the pair that add to 5, so you want 2 and 3. Put those
in the places of rand ¢ and you x* + 5x + 6 = (x + 3)(x + 2). You can check your factors by multiplying,
using the FOIL rule.

x +17 427 x K42
X X2 ? X X2 +2x
+6? b= ¢
9
+39 ? +6 43 +3x +6
Figure 8-6

You may have noticed that 6 and 1, the other possible factor pair, subtract to 5. Why can’t you
use those? It’s all about the signs. When the constant is positive, the two numbers must have the
same sign, and when you add numbers with the same sign, you add and keep the sign. When the
constant is negative, one of the numbers gets a positive sign and one a negative sign, and adding
numbers with opposite signs looks like subtracting.

Here’s a summary of what can happen. When you look for the factors of the constant, don’t
worry about the signs. Make a list of the possible factor pairs for your constant. Check the chart
to see if you need to add or subtract to the middle term, and then follow the chart for signs.

X+bx+c|Addtob | (x+7)(x+1t) | Both getthe X+5x+6=(x+3)(x+2)
sign of b

X —bx+c (x—1(x—1) X =5x+6=(x—3)(x—-2)

x’+bx—c | Subtract | (x+7)(x—1t) | Bigger number | x*+5x—6=(x+6)(x—1)
tob gets the sign

X —bx—c (x=1r(x+1) of b X =5x—6=(x—-6)(x+1
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Factor each expression. Check your answers by multiplying.
1. ¥+ 12x+35 6. x¥*—2x-3
2. ¥+ 11x+28 7. ¥=11x+18
3. ¥*—8x+15 8. ¥*—9%—-22
4. *—=7x+12 9. ¥+ 10x—39
5. ¥+x-20 10. x¥*+12x+32

Solving by factoring

As we mentioned earlier, solving by factoring depends on the fact that if two numbers or expressions
multiply to zero, at least one—and possibly both—are equal to zero. Factoring gets you to a place
where you have two expressions that multiply to zero, and then you have to look at the two simple
equations that come from saying the first factor equals zero or the second factor equals zero (or both).

If the quadratic equation you need to solve has only a squared term and a constant term, you
probably want to use the square root method. If for some reason that’s not your choice, you might
want to hang on for the third method. Factoring expressions with a squared term and a constant
is possible, but it’s a special case. Our third method will work for any quadratic equation.

If your quadratic equation has a squared term and an x-term but no constant term, such as
6x*—15x =0, you can factor it as x(6x—15)=0 or as 3x(2x—5)=0. Either version will get you to
the correct answer. Then solve 3x =0 and 2x — 5= 0 to get x = 0 and x = 2.5. You can check to see
that x(6x—15)=0 produces the same solutions.

If your quadratic equation has a squared term, x-term, and constant term, you’ll need to
factor it as you did earlier. If for some reason that’s not possible, again, wait for our third method.

To solve by factoring:

e Put the equation in standard form:
5x=24-x*
x*+5x=24
x*+5x—-24=0
e Factor the quadratic expression:

x*+5x—-24=0
(x+8)(x—3)=0

e Set each factor equal to zero:

(x+8)(x—3)=0
x+8=0 x—3=0
e Solve the resulting equations:
x+8=0 x—3=0

x=-8 x=3
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EXERCISE

8-4
Solve each equation by factoring.
1. x*+5x+6=0 6. x*+5=06x
2. xX*+12=7x 7. x*+3x=0
3. y¥’+3y=8+y 8. x> =5x
4. a*-3a-4=6 9. 2x*—1=3x>—2x
5. 20=x*+x 10. 2x*—=x=0

Quadratic formula

There is a method for solving quadratic equations that we’re not going to cover here. It’s called
completing the square. It is a method that adjusts the equation so that the ax*+bx+c side of the
equation becomes a perfect square, and you can take the square root of both sides. Were not
saying more than that, because it often gets messy with fractions, squares, and square roots, but
we bring it up because it’s the reason this last method exists.

After using completing the square to solve quadratics and getting tired of the messy
arithmetic, someone got the idea to take ax?®+bx+c=0 with the letters a, b, and c still in place of
the numbers, and complete the square. It was definitely messy, but once it was done, you had a
formula. It started with x =, and on the other side there was an expression with a, b, and ¢ in it.
The next time you wanted to solve a quadratic equation, you could just plug your a, b, and c into
this quadratic formula.

The quadratic formula is a shortcut to the solution of a quadratic equation. It’s a bit complicated,
but it will always work. It doesn’t matter if you have an x-term or not, if you have a constant or not,
whether the quadratic can be factored or not. The quadratic formula will give you a solution (or tell

you clearly that there is none).
—bx+b*—4ac

2a
values of a, b, and ¢ out of the equation, plug them into the formula, and simplify. Be certain your

equation is inax* + bx + ¢ = 0 form before deciding on the values of a, b, and c.
To solve5x = 2 — 3x%, first put the equation in standard form. Compare 3x* + 5x — 2 = 0to
ax® + bx + ¢=0, and you find thata = 3, b =5, and c = -2. Plug those values into the formula.

= —bt/b*—4ac
B 2a

The quadratic formula says that if ax® + bx + ¢ =0, then x= . You just pick the

_ —5%4/57—4-3-(-2)

= 23
Follow the order of operations and watch your signs as you simplify.

—5++/25+24

X = 3
—-5++/49
x =
6
57
xX=
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The two solutions that are typical of quadratic equations come from that plus or minus sign.

EXERCISE

_ —5%7
6
—5+7 x—_5_7
6
(=12
6
x=-2

85

Solve each equation by the quadratic formula. If necessary, leave answers in simplest

radical form.

1. X*+4x-21=0

2. 2=10-3t
3. y2—4y=32
4. x*=6+x

5 6x+x°=9

S © ©® N o

.62 —2=x

.t2+6t—15=0
4x> -3 =x
3x2—1=2x

X+5=3x2-x

Quadratic equations
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Basic geometry

Geometry takes its name from earth measurement. It’s a branch of mathematics
that looks at objects: their shape, size, essential properties, and relationship to one
another. The building blocks of geometry are points, lines, and planes. Such fun-
damental ideas are sometimes difficult or impossible to define, and since you have
to start somewhere, we take those terms as undefined, and then we start to com-
bine them into more complex figures.

A point can be thought of as a dot, a tiny speck, a position in space. A line
is formed by an infinite number of points organized, well, in a line. We could
have a discussion about what is and isn’t a line, but we’ll save time and establish
a few rules. A line is straight. It does not bend or curve. It goes on forever in
both directions. Finally, a plane can be thought of as a flat surface that, theoreti-
cally, has infinite length and infinite width. The floor, a wall, or a table top could
be thought of as part of a plane. A point is named with a single upper case letter,
for example, point P. A line is named by two points that sit on the line, with
a double-pointed arrow over the top. A line that passes through point P and

point Q could be named %

Segments, midpoints, and bisectors

A segment is a portion of a line between two endpoints. A segment is named by
its endpoints with a rule drawn over the top. The segment with endpoints A and B

can be named AB or BA.

A line goes on forever, so it is not possible to measure a line, to put a number
on it, because it has no beginning and no end. Segments, because they have two
endpoints, have a finite length. A segment can be assigned a number that tells how
long it is. What number describes the length of a segment will depend on what
units of measurement (inches, centimeters, and so on) are used.

When you use a ruler to measure the length of a segment, you may align the
zero of the ruler with one end of the segment and see where the other end falls, but
you don’t have to start at zero. You can place the ruler next to the segment and note
where each endpoint falls and then subtract. The number that corresponds to an
endpoint is called its coordinate. In Figure 9-1, the coordinate of point D is 2. Point A
has a coordinate of -7. The distance between two points is the absolute value of the
difference of their coordinates, or the number you get by subtracting the smaller
coordinate from the larger one. In this figure, the distance between point B and
point E is |-2—5| =7 units. (Remember that | | indicates absolute value.)
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A B C D E F

-109-8-7-6-54-3-2-10123456 728910

Figure 9-1 Number line with six points labeled.

The length of a segment is the distance between its endpoints, so the length of EF is the distance
between E and F, which is | 5—9|=4 units. The length of AB is | -7 ——2|=5. Write AB, without any
symbol over the top, to mean the length of segment AB. The length of BE is BE = 7 units, and AB =
5 units is the length of AB. Two segments that have the same length are congruent. If AC = DF, then
AC=DF.

The midpoint of a segment is a point on the segment that is the same distance from one end-
point as it is from the other. Point M is the midpoint of AB if M is a point on AB and AM = MB.
Each line segment has only one midpoint. A bisector of a segment is any line or segment that
passes through the midpoint. A segment has exactly one midpoint, but it can have many bisectors.

If the bisector of a segment also makes a right angle with the segment, it is called the perpendicular
bisector. In the following figure, M is the midpoint of the segment that has endpoints at —3 and 5.

Line AB, line CD, and line PQ are all bisectors of the segment, because they all pass through point M.
Line PQ makes a right angle with the segment, so it is the perpendicular bisector.

4units - Midpoint
& | | |

: A 1 1 1 #
-3-2-1 01 2 3 4 5
I

4 units

Figure 9-2 Midpoint of a segment.

Figure 9-3 Segment bisectors.

9-1

Use the following figure to answer questions 1 through 15. In questions 1 through 7, find the
length of each segment.

L M N o P Q

-109-8-7-6-54-3-2-1012345¢6 718910

1. 1P 5. QL
2. MO 6. MP
3. NQ 7. ON
4. NM 8. Name a segment that is congruent to LM.
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9. Name a segment that is congruent to MO.
10. Name a segment that is congruent to MP.
11. What is the midpoint of 0Q?
12. If A is the midpoint of NO, what is the coordinate of A?
13. If B is the midpoint of MN, what is the coordinate of B?
14. If M is the midpoint of LC, what is the coordinate of C?
15. If P is the midpoint of ND, what is the coordinate of D?

Angles and bisectors

An angle is the figure formed when portions of two lines called rays shoot out from a common
endpoint. The common endpoint is called the vertex, and the line parts are the sides of the angle.

In Figure 9-4, the point Y is the vertex of the angle, and YX and YZ are the sides. Because the sides
go on through X and Z but not beyond Y, the symbol over the top only has one arrowhead.

*
~
~

X

— z

—

«

Figure 9-4 Angle XYZ has vertex at
point Y, and sides YX and YZ.

Angles are named by naming a point on one side, then the vertex, then a point on the other
side. The three letters outline the angle. The angle in Figure 9-4 can be named ZXYZ or ZZYX.
The vertex letter must be in the middle.

If there is only one angle with a particular vertex and no confusion R

is possible, the angle can be named by just its vertex letter. The angle in

Figure 9-4 can be named Y, because it is the only angle with vertex ¥, | i

but in Figure 9-5, ZP is not a useful name because there are three angles 2 Q

with vertex P: ZRPS, ZQPS, and ZRPQ. \
When there are several different angles at the same vertex, it can be S

helpful to number the angles. ZRPQ can be named as Z1and ZQPSas £2. Figure 9-5 Angles that

share a vertex.

Measuring angles

The measurement of an angle has nothing to do with how long the sides are. The size of the angle
is a measurement of the rotation or separation between the sides. A full rotation, all the way
around a circle, is 360°. If the sides of the angle are rotated so that they point in opposite directions,
the measure of the angle is 180°. The hands of a clock make a 180° angle at 6:00. At 6:15, they form
only a quarter rotation, a 90° angle.

The instrument used for measuring angles is called a protractor. It is a semicircle with mark-
ings for the degrees from 0 to 180. Most protractors have two scales: one goes clockwise and one
counterclockwise. Be certain you read the coordinates for both sides of the angle on the same scale.
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A protractor, like the one pictured below, has a center mark, which should be placed over
the vertex of the angle. It’s usually marked by a 0 or by a small hole in the protractor. If a
protractor is properly placed on an angle that has its vertex at point Y, you can look at where
the sides cross the protractor’s scale to determine the measurement of the angle. If the coor-
dinate of side XY is 140 and the coordinate of side YZ is 50, the measure of ZZYX =140—50=90°.
A small m, written before the name of the angle, denotes the measure of the angle: mZZYX =90°.
In the following figure, m£AOB = |70 — 20| = 50. Notice that if you used the inner scale,
mZAOB = |110 — 160| = 50. You can use either scale; just be consistent.

If two angles have the same measurement, then they are congruent. ZXYZ = ZABC means
that the measurement of ZXYZ is equal to the measurement of ZABC. In the following figure,
ZAOB is congruent to ZCOE because mZAOB = mZCOE = 50.

Figure 9-6 Measuring angles.

Bisectors

The bisector of an angle is a line or segment that passes through the vertex of the angle and

divides the angle into two angles of equal size. Line segment AB is the bisector of ZCAD if
ZCAB = ZBAD. An angle has exactly one bisector. In the Figure 9-6, ray OC is the bisector of
ZBOD. Ray OC divides ZBOD into two angles: ZBOC and ZCOD. Those two angles are con-
gruent. mZBOC = mZCOD = 20.

9-2
Use the following figure to answer questions 1 through 10.
A
1. Name £1 with three letters. 3. Name three angles with a vertex at R.
2. Name Z4 with three letters. 4. Give another name for £6.
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5. Give another name for ZTSZ. 8. True or False: ZWVS is another name for ZWVZ.
6. What is the vertex of £5? 9. True or False: £YQV is another name for £5.

7. Name the sides of £2. 10. True or False: ZRVY is another name for Z4.

Use the following figure to find the measure of each angle in questions 11 through 20.

11. LAOF 16. ZFOB
12. ZBOE 17. £GOC
13. ZCOD 18. ZEOA
14. £ZDOB 19. ZCOB
15. ZEOG 20. £DOG

Use the following figure to answer questions 21 through 25.

21. True or False: Since m£TPU = mZWPX, PU is the bisector of /TPX.
22. True or False: PT is the bisector of ZSPU.

23. Name the bisector of ZQPS.

24. Where does the bisector of ZTPW fall on the scale of the protractor?

25. Where does the bisector of ZRPU fall on the scale of the protractor?

Basic geometry
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Angle relationships

Once you know how to measure an angle, your next step is to look at different ways to classify
angles and talk about their relationships.

Acute, right, obtuse

Angles can be classified according to their measure. Angles that measure less than 90° are called
acute angles. An angle that measures exactly 90° is a right angle. Two lines (or segments) that
form a right angle are perpendicular. If an angle measures more than 90° but less than 180°, the
angle is obtuse. An angle of 180° is called a straight angle because it looks like a straight line.

v

S T

A X
A
B
Y Z

Figure 9-7 Right, acute, and obtuse angles.

Complementary and supplementary

Two angles whose measurements add to 90° are complementary angles. Each angle is the complement
of the other. Two angles whose measurements add to 180° are supplementary angles. Each angle is the
supplement of the other. Keep the names straight by remembering that 90 comes before 180 numeri-
cally and complementary comes before supplementary alphabetically. An angle of 43° and an angle of
47° are complementary because 43 + 47 = 90. An angle of 16° and an angle of 164° are supplementary
because 16 + 164 =180. The supplement of an angle of 109° is an angle that measures 71°. You can find
that by subtracting 180 —109 =71. An angle of 11° has a complement of 90° —11°=79° and that 11° angle
has a supplement of 180° —11° = 169°.

Linear pairs

Two angles that have a common vertex, share a side, and do not overlap are adjacent angles.
When adjacent angles have exterior sides that form a line they are called a linear pair. The two
angles in a linear pair are always supplementary. In Figure 9-8, Z/JKM and ZMKL form a linear

pair. They both have vertex K, they share side KM, and they don’t overlap. That makes them adja-

cent angles. In addition, the other sides, Kj and KT, form a line, and that makes the angles a linear
pair. We are not given the measures of the angles, but we know they are supplementary because
they are a linear pair.
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Figure 9-8 Linear pair.

Vertical angles

When two lines intersect, the X-shaped figure they create has two pairs of vertical angles. Vertical
angles have a common vertex, but no shared sides. In Figure 9-9, line NP intersects line QR at
point O. That point is the vertex of all the angles in the figure. Some angles, like #1 and 22, share
a side (ON), and you may notice they form a linear pair. But £1 and £3 have the same vertex but do
not share a side. The sides of 21 are ON and OQ, but the sides of £3 are OR and OP. Angle 1 and
/3 are a pair of vertical angles. They have the same measurement, so they are congruent. Angle 2
and Z4 are another pair of vertical angles, and they are congruent. The two angles in a pair of
vertical angles are always congruent.

Figure 9-9 Vertical angles.

9-3

For questions 1 through 10, use the following figure to classify each angle as acute, right,
obtuse, or straight.
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1. ZRPS 6. LUPX
2. ZQPY 7. ZRPV
3. ZUPW 8. ZQPX
4. LTPW 9. ZWPX
5. ZQPR 10. ZXPR

11. Find the measure of the complement of an angle of 53°.
12. Find the measure of the complement of an angle of 31°.
13. Find the measure of the supplement of an angle of 47°.

14. Find the measure of the supplement of an angle of 101°.

Use the next figure to answer questions 15 through 20.

15. Name an angle that forms a pair of vertical angles with £ZHCI.
16. Name an angle that forms a linear pair with ZEAD.

17. Name an angle that forms a pair of vertical angles with ZGBA.
18. Name an angle that forms a linear pair with ZGBK.

19. Name an angle that is congruent to ZBAG.

20. Name an angle that is supplementary to £JGC.
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Polygons

Ask a friend to draw a picture of a building and he’ll probably start with a four-
sided figure. Not all buildings have four sides, of course. The Pentagon, in
Washington, DC, is one obvious example, but a building on an oddly shaped piece
of land might have only three sides, like the Flatiron Building in New York City.
Even when the building has four sides, parts of it may have other shapes. If you've
built a birdhouse or a gingerbread house, you probably needed some five-sided
pieces to support those sloping roofs. Understanding all those different shapes,
called polygons, is an important part of geometry.

A polygon is a closed figure formed by three or more line segments that inter-
sect only at their endpoints. The line segments are the sides of the polygon, and the
points where the sides meet are the vertices of the polygon. One such meeting place
is a vertex—more than one, vertices. If all the sides of a polygon are congruent (that
is, have equal measure), the polygon is equilateral.

At each vertex, the two sides meet to form an interior angle. If all the interior
angles of the polygon have the same measure, the polygon is equiangular. If one
of the sides is extended, an exterior angle is created. (See Figure 10-1.)

Exterior
angle

Interior
angle

Figure 10-1

A polygon that is both equilateral and equiangular is a regular polygon.
When a triangle is equilateral, it is automatically equiangular, but that is not the
case with other polygons. An equilateral triangle is regular, because all three of its
sides are the same length and all its angles measure 60°. A square is a regular
polygon because all its angles are right angles and all its sides are congruent.
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Figure 10-2 Regular polygons.

Figure 10-3 Polygons that are not regular.

Polygons are given specific names according to the number of their sides. Common poly-
gons include:

3 sides: triangle

4 sides: quadrilateral
5 sides: pentagon

6 sides: hexagon

8 sides: octagon

10 sides: decagon

L 2BK 2R JEK 2R 2K 2

Triangles

Triangles are named by the three letters on their vertices or corners, and those three letters are
usually preceded by a small triangle symbol. A triangle with vertices X, Y, and Z is named AXYZ.

Triangles are classified either by the size of their angles or by the number of congruent sides
they have. All triangles have three angles, and those three angles always add up to 180°. If the
triangle contains a right, or 90°, angle, it’s a right triangle, and if it contains an obtuse angle, or
an angle greater than 90° it’s an obtuse triangle. An acute triangle has three acute angles, each
less than 90°.

Isosceles

Equilateral

Figure 10-4 Classifying triangles by sides.
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Right

Figure 10-5 Classifying triangles by angles.

A triangle with three congruent sides is an equilateral triangle, and one with two congruent
sides is isosceles. If all sides are different lengths, the triangle is scalene.
AXYZ has the following measurements:

side XY =8 cm side YZ =12 cm side XZ =8 cm
mZ£X =98° mZLY =41° mLZ=41°
AXYZ is isosceles, because it has two congruent sides, XY and XZ, and obtuse, because /X is
greater than 90°.
Right triangles

In a right triangle, the two sides that form the right angle are called legs, and the remaining
side, which sits opposite the right angle, is called the hypotenuse. In any triangle, the longest
side is opposite the largest angle, so the hypotenuse is always the longest side of a right triangle.
(See Figure 10-6.)

B

c a

A b C
Figure 10-6

The sides of a right triangle always fit the Pythagorean theorem, a rule that says that if a and
b stand for the lengths of the legs and c¢ stands for the length of the hypotenuse, a* + b* = ¢ For
example, if you know the legs of a right triangle measure 8 centimeters and 6 centimeters, the
hypotenuse can be found using the Pythagorean theorem.

a*+b*=c?
82+6%=c?
64+36=c?

100=c?

c=+100=10

Polygons

99



100

Equilateral and isosceles triangles

In a scalene triangle, each side is a different length and each angle is a different size, but an equi-
lateral triangle is equiangular. It has three congruent sides and three congruent angles, each
measuring 60°.

If a triangle is isosceles, it has two congruent sides and two congruent angles, and those angles

sit opposite the congruent sides. The two equal sides are called the legs, and the third side is the base.
The base angles are the angles formed where each leg meets the base. The base angles of an isosceles
triangle are congruent. The remaining angle, formed by the two equal sides, is the vertex angle.

EXERCISE

10-1

In questions 1 through 5, classify each triangle by sides and angles.

. AABC with ZA =40°, /B =50°, AC = 8 centimeters, and BC = 5 centimeters.

2. AXYZ with £Y =20°, XY = 9 inches, and YZ =9 inches.
3. ARST with RS = 6 centimeters, ST = 7 centimeters, and RT = 8 centimeters. ZR=60°, £S =
65°, and £T = 55°.
4. ADOG with DO =5 inches, OG =5 inches, and DG =5 inches.
5. ACAT with ZC=50° ZA =110° and LT = 20°, CA = 4 centimeters, AT = 6 centimeters, and
CT =15 centimeters.
6. ASEA is an isosceles triangle with SE = EA. The measure of £S is 35°. Find the measure of ZE.
7. ABAY is an isosceles triangle with BA = AY. The measure of ZA is 100°. Find the measure of ZB.
In questions 8 through 10, use the Pythagorean theorem to find the missing side of the right triangle.
8. AABC with right angle ZB has AB =5 inches and BC = 12 inches. Find AC.
9. ARST with right angle ZS has RS = 7 centimeters and RT = 7+/2 centimeters. Find ST.
10. AXYZ with right angle £Y has XY = 6 meters and XZ = 12 meters. Find YZ
Quadrilaterals

A quadrilateral is a polygon with four sides. The four angles of a quadrilateral have measurements
that total 360°. Within the family of quadrilaterals, different shapes get special names according
to their distinct characteristics. In Chapter 9, we mentioned that if a line or segment crossed

Perpendicular

Parallel

Figure 10-7

PRACTICE MAKES PERFECT Basic Math



another and made a right angle, the lines were perpendicular. That idea will come up again in
discussing types of quadrilaterals. Another category of lines or segments that will be useful in
describing quadrilaterals is parallel lines. Parallel lines are two or more lines that will never cross,
no matter how far they are extended.

Trapezoids

A trapezoid is a quadrilateral with exactly one pair of parallel sides. The parallel sides are called
the bases and the nonparallel sides are legs. The pair of angles formed by one leg and the two
bases are consecutive angles, and consecutive angles are supplementary. (See Figure 10-8.) Every
trapezoid has two pairs of supplementary angles, one pair at the ends of each leg.

B C
Consecutive
Angles
A D
Figure 10-8

If the legs of a trapezoid are congruent, the trapezoid is an isosceles trapezoid. Figure 10-9
shows an isosceles trapezoid. The angles at each end of one of the parallel sides are called base
angles. Base angles of an isosceles trapezoid are congruent, but that’s true only in an isosceles
trapezoid. If the legs of the trapezoid are different lengths, the base A B

angles will be different sizes.
In figures with four or more sides, line segments that are not
P

sides but do connect two vertices are called diagonals. The diago- Q
nals of an isosceles trapezoid are congruent, but the diagonals of a / \
trapezoid that is not isosceles are not congruent. D C
The line segment that connects the midpoints of the legs of a
trapezoid is called the median of the trapezoid. (Sometimes it’s Figure 10-9
called the midsegment.) The median is parallel to the bases, and
its length is the average of the lengths of the parallel bases. This is illustrated in Figure 10-9.
In this figure, P is the midpoint of side AD, and Q is the midpoint of side BC in trapezoid
ABCD. Median PQ is parallel to bases AB and DC. If AB =4 centimeters and DC = 8 centimeters,

then PQ= 4—;8 =6 centimeters.

Parallelograms

A parallelogram is a quadrilateral with two pairs
of opposite sides that are parallel. Opposite sides
of a parallelogram are congruent, and opposite
angles are congruent as well. Consecutive angles
of a parallelogram are supplementary, and the
diagonals of a parallelogram bisect each other.
See Figure 10-10. Figure 10-10
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Rectangles

A rectangle is a parallelogram that contains a right angle. Since opposite angles are congruent
and consecutive angles are supplementary in any parallelogram, the rectangle has four right
angles. Every rectangle is a parallelogram and has all the properties of a parallelogram. Its
opposite sides are parallel and congruent, its opposite angles are congruent, its consecutive angles
are supplementary, and its diagonals bisect each other. In addition, the diagonals of a rectangle
are congruent.

B | C
I
M
|1
A H D
Figure 10-11

Rhombuses

A rhombus is a parallelogram with four congruent sides.
A rhombus has all the properties of a parallelogram. In
addition, the diagonals of a rhombus are perpendicular,
and the diagonals bisect the angles at the vertices they |
connect.

Figure 10-12

Squares

A square is a quadrilateral that is both a rectangle and a rhombus. Squares are parallelograms that
have four congruent sides and four right angles. They have all the properties of parallelograms, all
the properties of rectangles, and all the properties of rhombuses.

Figure 10-13
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10-2

ABCD is a trapezoid with AB parallel to DC. Find the measurement of the indicated angle.

1. ZA=84°and £C =63°. Find ZD.
2. AD=BC, /D =73°. Find £C.
3. AD=BC, Z/C=65°. Find ZA.

ABCD is a trapezoid with AB parallel to DC and median PQ. Find the length of the indicated segment.

4, AB =12 centimeters, CD = 28 centimeters. Find PQ.

5. AB=8inches, PQ = 15 inches. Find CD.

Tell whether the quadrilateral WXYZ is a parallelogram based on the information given, or say that it
cannot be determined.

6. WX is parallel to YZ and XY is parallel to wz.
7. LW =83° £X=97° and £Z=96°.

8. WX=YZ and XY=WZ

9. WX=XY and YZ=WZ

ABCD is a parallelogram. Find the measurement of the indicated angles.

10. LA =52°Find £B, £C, and ZD.
11. ZA=93° Find 4B, £C, and £D.
ABCD is a parallelogram. Find the length of the indicated segment.
12. AB =12 centimeters and BC = 8 centimeters. Find CD.
13. AB=4inches and BC =9 inches. Find AD.

Classify each quadrilateral as parallelogram, rectangle, rhombus, or square.

14. 15.

16. 17.

Polygons
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Find the length of the indicated segment.

18. ABCD is a square with AB =12 centimeters. Find the length of diagonal AC.

19. PQRS is a rhombus with diagonals PR and QS intersecting at T. QR = 13 inches and
QT =5 inches. Find RT.

20. WXYZ s a rectangle. WX = 4 meters and XY = 3 meters. Find XZ.

21. JKLM is a rhombus with diagonals JL and KM intersecting at N. JL = 18 centimeters and
KL =15 centimeters. Find MK.

Find the measurement of the indicated angle.

22. PQRS is a rectangle with diagonal PR. ZPRS = 28°. Find ZSPR.

23. ABCD is a rhombus with diagonals AC and DB intersecting at E. Find £LAED.
24. JKLM is a square with diagonals JL and KM intersecting at N. Find ZNJK.
25. WXYZis a rhombus with diagonal XZ. ZXZY = 53°. Find £ZWX.

Other polygons

Triangles and quadrilaterals are the polygons you’ll encounter most commonly, but there are
many others. As mentioned above, they take their names from the number of sides: pentagon,
hexagon, and so on. There are several differences between the various polygons, but a few char-

acteristics they share.

Diagonals

A line segment that connects two nonadjacent vertices, that is, a line segment that is not itself a
side but has vertices of the polygon as its endpoints, is a diagonal. The number of diagonals in a

polygon depends on the number of vertices.

NUMBER OF VERTICES NUMBER OF DIAGONALS
3 0
4 2
5 5
6 9

Figure 10-14
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There are n vertices from which to start drawing. Whichever vertex you choose, you can’t draw to
the starting vertex, or to either of the vertices adjacent to your starting point, so there are n — 3
vertices to which you can draw diagonals. There are n — 3 diagonals from each of the » vertices, so
there are a total of n(n — 3) diagonals. You need to cut that in half, however, because the diagonal
from A to E and the diagonal from E to A, for example, are actually the same line segment, and
n(n—23)
>

To find the number of diagonals in a decagon, remember that it has 10 sides and 10 vertices.
From each vertex, 7 diagonals could be drawn, which would seem to say there are 70 diagonals,
but you know you're counting each diagonal twice. To get rid of the duplication, you have to
divide 70 by 2. There are 35 diagonals in a decagon.

shouldn’t be counted separately. The number of diagonals you can draw is

Interior angles

The total number of degrees in all the angles of a polygon varies with the number of sides. The
three angles of a triangle add to 180°. A polygon with more than three sides can be divided
into triangles by drawing all possible diagonals from one vertex. The measures of the angles in all
those triangles add up to the measures of the interior angles of the polygon. A quadrilateral
divides into two triangles; its interior angles add to 2 times 180°, or 360°. In general, the number
of triangles created is two less than the number of sides, so the sum of the interior angles of a
polygon with # sides is (n — 2) - 180°. If you were to encounter a polygon with 15 sides, called a
pentadecagon, or a 15-gon, you would be able to draw 13 diagonals from any one vertex. That
would make 13 triangles whose interior angles together make up the interior angles of the 15-gon.
The interior angles of the 15-sided polygon would contain a total of 13 x 180 = 2,340°.

Figure 10-15

If the polygon is regular and all the interior angles are equal size, you can divide the total by
the number of angles to find the measure of one interior angle. In a regular polygon with # sides,

(n—2)-180°
n

the measure of one interior angle is . Any interior angle of a regular icosagon, a

20-sided polygon, measures 18(180)/20 = 18 X 9 = 162°.

Exterior angles

An exterior angle of a polygon is formed by extending one side of the polygon through one vertex
and beyond. The exterior angle formed this way is supplementary to the interior angle at that
vertex because they form a linear pair.
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In a triangle, an exterior angle and the adjacent interior angle add to 180° and the three
angles of a triangle add to 180°. As a result, you can show that the measure of an exterior angle of
a triangle is equal to the sum of the two remote interior angles. Since the exterior angle is equal
to the two remote interior angles combined, it’s larger than either one of them.

In the figure, Z1+ £2 + /3 =180, but you also know that /3 + 4 =180. That means that
L1+ L2+ £3=13+ L4,50 L1+ L2 = /4. /4 will be larger than /1 alone and larger than
Z2 alone.

Figure 10-16

In any polygon, if one exterior angle is created at each vertex and the measures of these exterior
angles are added up, the total is always 360° no matter how many sides the polygon has. If the
polygon is regular, all the interior angles are congruent, and therefore all the exterior angles are

) ) 360
congruent. In a regular polygon of # sides, each exterior angle measures — degrees.

Consider a pentagon, with five interior angles we’ll call /1, £2, /3, /4, and £5. We know
that these five angles have measurements that will add to 3 x 180°.

mA+mZL2+mL3+mL4+mL5=3x180°=540°

Each exterior angle is supplementary to its interior angle, so the measurements of the five
exterior angles is 180°—m./1, 180°—m.£2, 180°—m.3, 180°—m.L4, and 180°—m.5. We want to
know how many degrees are in the five exterior angles combined. All we need is a little algebra.

(180° —mL1)+(180° —m.L2)+(180° — mL3) +(180° —m.L4)+(180° — m.L5)
=(180°+180°+180°+180°+180°)+(—mLl —mL2—mL3—mL4—mL5)
=5(180°)+(-1)(mL+mL2+mL3+mL4+mL5)
=5(180°)—(mL+mL2+mL3+mLi4+mL5)

=5(180°)—3(180°)

=2(180°)=360°
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10-3

For questions 1 through 5, find the total number of degrees in the interior angles of the
polygon described.

1. Pentagon

2. Octagon
3. Hexagon
4. Decagon
5. 18-gon

For questions 6 through 10, find the measure of one interior angle of a regular polygon with n sides.

6. n=8
7.n=12
8. n=6
9. n=20
10. n=5

For questions 11 through 15, find the specified measurement.

11. An exterior angle of a regular hexagon

12. The exterior angle at the fifth vertex of a pentagon, if the exterior angles at the other four
vertices measure 70°, 74°, 82°, and 61°

13. An exterior angle of a regular polygon with 15 sides
14. The number of diagonals in an octagon

15. The number of diagonals in a polygon with nine sides
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Perimeter and area

The most fundamental ideas in geometry—point, line, and plane—combine into
straight-sided figures known as polygons. These plane figures are flat, two-
dimensional shapes, and often you’ll want to find their perimeters or their areas.
The perimeter of a polygon measures the linear distance around the figure, and
the area measures the space enclosed by a figure. Perimeter can be found by sim-
ply adding up the lengths of the sides, whether the polygon has 3 sides or 30.
Because perimeter is the sum of the sides, it is measured in the same units used to
measure the sides.

The perimeter of a triangle is the sum of the lengths of its sides. If those sides
are labeled a, b, and ¢, you can write a formula P =a + b + c. The perimeter of a
rectangle is also the sum of the lengths of the sides. Since the opposite sides are
congruent, the perimeter is twice the length plus twice the width or P = 2/ + 2w.
The perimeter of a square is four times any side, or P = 4s, because all sides are
congruent. In general, to find a perimeter, just add up the sides.

Area is a measure of the space a figure encloses. It depends on two dimensions,
so it is measured in square units. For most figures, you need to know the measure-
ment of one side, called the base, and you need to know the height, or altitude, of
the polygon. The height is always measured perpendicular to the base, so if the
polygon has two sides that meet at right angles, as happens in a rectangle or a right
triangle, you may be able to use one as the base and one as the height. In many
cases, the altitude is a distinct measurement. The area of common figures like
triangles and parallelograms can be found with the help of simple formulas.

Parallelograms

The area of a parallelogram is the product of the lengths of a base and the height
drawn perpendicular to that base, or A = bh. In a parallelogram, any side may be
the base. The height is the perpendicular distance from the base to its parallel
partner. Do not confuse the height
with the length of the adjacent
side. In rectangles and squares
you can use two sides as base and
height because the sides meet at a 13 inches
right angle, but that’s not true for
parallelograms.

To find the area of parallelo- -
gram ABCD shown in Figure 11-1, A 10 inches E S5inches B

you need to know the length of
Figure 11-1
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side AB and the length of altitude CE, which is perpendicular to side AB. You can find the length
of AB by adding the length of AE and the length of EB. AB =10+ 5 =15 inches. To find the length
of CE, use the Pythagorean theorem on right triangle ACEB. In the Pythagorean theorem, a and
b refer to the two sides, or legs, that meet to form the right angle, and c is the “slanted” side, called
the hypotenuse. The hypotenuse is always the longest side.

a+b*=¢2
a*+5*=13*
a*+25=169
a*=144
a=12

Parallelogram ABCD has a base of 15 inches and a height of 12 inches, so its areais A=bh =15 x12 =
180 square inches.

Rectangles and squares

The area of a rectangle is equal to the product of its length and width, or base and height. The
formula for the area of a rectangle is A = Iw = bh. Because a square is a rectangle with congruent
sides, the product of the length and width becomes the length of any side squared, or A = s

The area of a rectangle 8 centimeters long and 3 centimeters wide is A = Iw = 8 X 3 = 24
square centimeters. A square 5 feet on a side has an area of A = s* = 5> = 25 square feet.

Trapezoids

In a trapezoid, the height is the perpendicular distance between the parallel bases. The area of a
trapezoid is half the product of the height and the sum of the bases, or A= %h(b1 +b,). Since the

length of the median that connects the midpoints of the nonparallel sides is half the sum of the
bases, the area can also be found by multiplying the length of the midsegment times the height.

In trapezoid PQRS shown in Figure 11-2, side PQ measures 25 inches, side SR measures
17 inches, and altitude XY is 12 inches. Use the formula to find the area.

1
A=Zh(b,+b,)

:%x12(25+17)

=6x42
=252

The area of the trapezoid PQRS is 252 square inches.

S X R
1
P Y Q
Figure 11-2
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Triangles

In a triangle, any side can serve as a base, and the altitude is the perpendicular distance from the
opposite vertex to the base. Sometimes, when the triangle has a back-bending shape, caused by an
obtuse angle, and an altitude falls outside the triangle, you may have to extend the base to meet
the altitude, as shown in Figure 11-3. Don’t include the extension in the length of the base.

Altitude

/

Extension

——Base ———

Figure 11-3

The area of a triangle is half the area of a parallelogram with the same base and height.
Drawing a diagonal in a parallelogram divides it into two congruent triangles, each with half the
area of the parallelogram, so the area of a triangle is half the product of the length of a base and

the altitude drawn to that side, or A= %bh.

Base

Figure 11-4 The area of a triangle is half
the area of the corresponding
parallelogram.

If the base of a triangle measures 8 centimeters and the height is 9 centimeters, the area of

the triangle is A= %bh = %X 8Xx9=36 square centimeters.

Perimeter and area

111



112

(9]

O 00 N O

10.

11.
12.
13.

14.
15.

111

Answer each question based on the information provided.

. Find the area of a rectangle with a length of 14 centimeters and a width of 8 centimeters.
. Find the area of a square with a side of 9 meters.

. Find the width of a rectangle with a length of 13 centimeters and an area of

143 square centimeters.

. Find the side of a square with an area of 256 square centimeters.

. The length of a rectangle is 7 centimeters more than its width. If the perimeter of

the rectangle is 38 centimeters, what is the area?

. Find the area of a parallelogram with a base of 18 centimeters and a height of 12 centimeters.
. Find the area of a trapezoid with bases of 3 meters and 7 meters and a height of 5 meters.
. Find the area of a rhombus with a side of 14 centimeters and a height of 8 centimeters.

. Find the area of a trapezoid with a longer base of 35 centimeters and a height and shorter

base both equal to 9 centimeters.

Find the height of a trapezoid with bases of 31 centimeters and 43 centimeters and an area
of 740 square centimeters.

Find the area of a triangle with a base of 5 centimeters and a height of 3 centimeters.
Find the area of a triangle with a base of 83 centimeters and a height of 42 centimeters.

Find the area of an isosceles triangle with a base of 42 centimeters and congruent legs each
measuring 35 centimeters. (Hint: Drawing the height perpendicular to the base will create
two right triangles, with a hypotenuse of 35 centimeters and a leg of 21 centimeters. You
can find the height with the Pythagorean theorem.)

Find the area of an equilateral triangle with sides 16 centimeters long.

If a triangle with a base of 23 centimeters has an area of 149.5 square centimeters, what is
the height?
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Regular polygons

Finding the area of a polygon with more than four sides isn’t easy to reduce to a formula. Gener-
ally, the strategy is to break the polygon into triangles, find the area of each triangle, and add
them up. When you do that in a regular polygon, you can work out a general formula.

A polygon is regular if all its sides are congruent and all its angles are congruent. Regular
polygons are both equilateral and equiangular. If you drew a circle that passed through all the
vertices of a regular polygon, the center of that circle would also be the center of the polygon. The
radius of a regular polygon is the distance from the center to a vertex. The apothem is a segment
from the center perpendicular to a side of the polygon. (See Figure 11-5.)

Side
Apothem

L_Halfof _|
a side

Figure 11-5

The radius, the apothem, and half of a side of the polygon form a right triangle. If you know
the measurements of two of the three, you can use the Pythagorean theorem to find the missing

one. The angle formed by the radius and the apothem has its vertex at the center of the regular

. .. 360 180
polygon and its measure is ST

, where 7 is the number of sides of the polygon.

To find the area of a regular polygon, you'll need to know the length of a side and the length
of the apothem. The area of a regular polygon is equal to half the product of the length of the

apothem (a) and the perimeter (P), or A= %aP.
A regular pentagon 8 inches on a side has an apothem 5.5 inches long. The perimeter of the

1 1
pentagon is 5 X 8 = 40 inches. The area of the pentagon, then, is A:EaP:EXS.SXALO:llO

110 square inches.
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Use the formula for the area of a regular polygon to solve each problem.

1. Find the area of a regular hexagon with a perimeter of 84 centimeters and an apothem of
7\/5 centimeters.

2. Find the area of a regular octagon with a side of 10 centimeters and an apothem of
12 centimeters.

3. Find the area of a regular pentagon with a radius of 13 centimeters and a side of
10 centimeters.

4. Find the area of a regular decagon with an apothem of 19 centimeters and a radius of
20 centimeters.

5. Find the area of an equilateral triangle with a radius of 4 centimeters and a side of
4+/3 centimeters.

6. Find the apothem of a regular hexagon with an area of 1,458\/§square centimeters and a
perimeter of 108+/3 centimeters.

7. Find, to the nearest centimeter, the apothem of a regular octagon with an area of 2,028 square
centimeters an