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lIntvoAuction 
five you m a Basic Math ov Pre-Algelbva class? Ave you trying to help a 

friend ov loved one with a math class but Aiscoveving that you Aow't 
vemember evevything you used to know about math? Ave you the 

cuvious sovt who used to dislike math but now want to figuve it out, once 

anda Lov all? 

If you answevea YES to any of these questions, then you NEED this 

book. Heve’s why: 

Fact #1: The best way to Aevelop basic math and pre-algebra 

skills is by working out math problems. 

There's no Aenying it. If you coula figure this class out just by 

veading the textbook ov taking good notes in class, everybody 
would pass with flying colors. Unfortunately, the harsh truth is 

that you have to buckle Aown and wovk problems out until your 

fingers ave numb. 

Fact #2: Most textbooks only tell you WHAT the answers to theiv 

practice problems ave but not HOW to Ao them! 

Suve your textpock may have |75 problems fov every topic, but 

most of them only give you the answers. That means if you Aon't 

get the answer vight you've totally out of luck! Knowing you've 

wrong is no help at all if you Aon't know WHY you've wrong. 

Math textbooks sit on a huge thvone, like the Great ana 

Powerful Oz and say, “Nope, try again,” and you Ao. Over ana 

ovey, usually getting the problem wrong. What a delightful way 

to leavu! (Let’s not even get inte why they only tell you the 

answers to the oad problems. Does that mean the book's actual 

AUTHOR Aaidw’t even feel like wovking out the even ones?) 
Fa 
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Fact #3: Even when math books try to show you the steps for a problem, 

they Ao a lousy job. 

Math people love to skip steps. You'll be following along fine with an 

explanation and then ail of a sudden BAM, youve lest. You'll think to 

youvsel®, “How Aida they Ao that?” ov “Wheve the heck aid that 42 

come fvow? It wasn’t theve in the last step!” 

Why Ao math textbooks insist that in ovAer to work out a problem on 

page 200, you'A better know pages | through 177 like the back of 

your hana? You Aon’t wamt to spend the vest of your life on homewovk! 

You just want to know what you've supposed to Ao when youve Aividing 

by a number that has a Aecimal point in it, which you'll leavn in 

Chapter 10. 

Fact #4: Reading lists of facts is fun fov a while, but then it gets olA. 

Enough with this list—let’s cut to the chase. 

Just about every single kind of basic math ov pve- 

algelbva problem you could possibly vun inte is in heve. 

After all, this book is HUMONGOUS! If 850 problems 

aven't enough, then youve got some kind of cvazy 
math hunger, wy friend, and |’A seek professional help. 

All of wy 

notes ave off to 

the side like this ana 
point to the pats of 

the book I’m trying 
to explain. 

This practice book was 900A at ist, but to make 

tt GREAT, | went through and worked out all the 
problems and took notes in the mawvgins when | 

thought something was confusing ov needed a little 

move explanation. | also Avew little skulls next to the 

havAest problems, so you’A know not to freak out if 

they weve too challenging. After alll, if youve working 
on a problem and youve totally stumped, isn’t it better 

\ f to know that the problem is SUPPOSED to be hawa? It’s 

ey veassuving, at least fov me. 
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| think you'll be pleasantly suvpvisea by how Aetailea the answer 

explanations ave, and | hope you'll find wy litte notes helpful along the 

way. Call me crazy, but | think that people who WANT to leavn basic 

math and pre-algebva and ave willing to spend the time avilling theiv 

way through practice problems shoulda actually be able to figuve the 

problems out and learn as they go, but that’s just my 2¢. 

Good luck and make suve to come visit my website at 

www.calculus-help.com. If you feel so inclined, Avop me an e-mail anda 

give me your 2¢. (Not litevally, though—veal pemnies clog up the 

Internet pipes.) 

—Mike Kelley 
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Chapter | 
NUMBERS 

Easy as lace? 

As alphabetic systems use a fixed, finite series of symbols called letters to 

form words and represent language, numeric systems use symbols called 
digits to represent numbers. The Hindu-Arabic number system is, for 

all intents and purposes, the exclusive number system in the modern 
world. Using the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9, it is capable of easily 

representing any numeric value, regardless of how large or small. In this 
chapter, your study of basic mathematics and pre-algebra begins with an 
exploration of numbers mechanically and conceptually. 

Ten simple Aigits can construct any number value. T hink about that for 

a minute—pretty powerful stuf. However, with great power comes great 

vespousibility (ov so says a certain super hevo who got bitten by a spidey). All 

of these numbers have to go in very specitic places, ov the number system 

breaks Aown. 

You'll start this chapter with the place values of numbers ana then wovk 

into vounding numbers to one of those specific place values. Next, you'll 

look at the ways numbers ave classified (even, oAaA, whole, veal, etc.), 

ana then finish up with common math symbols youll find stuck between 

numbers for the vest of the book. 



Chapter One — Numbers 

Place Values 

Hundaveds, thousands, millions, and billions 

The ones Aigit 

is on the vight only 

when theve’s no 
Aecimal in the number. 

In that case, the ones 

Aigit is the fivst Aigit 

left of the Aecimal. 

(Move on Aecimails 

Stavting in 
Chapter 10.) 

Not 

“two hunarea 
AND eighty-five. 

Leave out ana’ 

yecause that word 
vepvesents aA 

decimal pot. 

1.1 List the place values for a digit in the. number 
to identify the number. 2 

The rightmost digit of a number is in the “ones place.” Moving left, the next 

digit in the number is in the “tens place.” The number 17 is comprised of two 

digits: 

e 7 isin the ones place 

e 1 isin the tens place 

The number 17 is read “seventeen.” 

1.2 — List the place values ie oe digit in th 
to identify the number. 

As Problem 1.1 epliiae, the rightmost digit in a number represents the ones 
place, and the next digit as you move left represents the tens place. Continuing 
to move left, the next digit represents the hundreds place. The number 285 

consists of three digits: 

e 5 is in the ones place 

e 8 is in the tens place 

e 2 isin the hundreds place 

The number 285 is read “two hundred eighty-five.” 

1.3 List the place values for each digit in the number 3, 460 an 
information to identify the number. 

Numbers larger than three digits usually include commas, as they make the 
place values of the digits easier to identify. Working left from the ones place, 
a comma is inserted after every group of three digits. In this problem, a 
comma separates the hundreds place (the third digit from the right) from the 

thousands place (the fourth digit from the right): 

¢ (isin the ones place 

e 6is in the tens place 

e 4is in the hundreds place 

e 3 isin the thousands place 

The number 3,460 is read “three thousand, four hundred sixty.” Notice that a 

comma separates the words “three thousand” from the words “four hundred,” 
just as a comma separates the digit 3 from the digit 4. 
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Chapter One — Numbers 

Two digits of the number 62,009 appear before the comma. As Problem 1. 3 
explains, the digit 2 is in the thousands place. To its left, the digit 6 appears in 
the ten thousands place. Notice that zeroes appear both in the hundreds and 
tens place. 

¢ 9 isin the ones place 
Without those 

zevoes the number 
Would be 624, 

¢ (isin the tens place 

¢ 0 isin the hundreds place 

e 2 isin the thousands place 

e Gis in the ten thousands place 

The number 62,009 is read “sixty-two thousand, nine.” 

umber 407,211 a 

Moving from right to left, the third digit of a number represeue: the hundreds 
place. Similarly, the digit three places further to the left represents the hundred 
thousands place. 

e 1 isin the ones place 

¢ 1 isin the tens place 

e 2 isin the hundreds place 

¢ 7 isin the thousands place 

¢ (isin the ten thousands place 

¢ 4is in the hundred thousands place 

The number 407,211 is read “four hundred seven thousand, two hundred 

eleven.” 

| ist the bare aie for each digit in the number 8,450, 700.4 and u use e that 
: seers) to identify the notes, 

Notice Oat this number contains two commas that separate the digits into 
groups of three, as you work from right to left. With the introduction of each 

new comma, a new term is used to describe its place values. For example, in 

Problem 1.3, the word “thousand” is introduced to describe the digit left of the 

comma. Here, the term “million” is used to describe the digit left of the second 

comma. One million is equal to one thousand thousands. 

1,000 = 

one thousana 

1,000,000 = 

one million 

¢ 0 isin the ones place 
|,000,000,000 = 

one billion ¢ (isin the tens place 

e 7 isin the hundreds place 

|,000,000,000,000 = 
one tvillion 

e (isin the thousands place 

¢ ’ 
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Chapter One — Numbers 

One million is 
a! Lollowea by six 

Os. Compave that to one 920901, which is a | £o)- lowea by one hundvea Os The giant number was un Usplvation behind “Google,” the populay Search ehgine that indexes A massive 
amount of Aigital 

information, 

e 5 is in the ten thousands place 

e 4 isin the hundred thousands place 

e 8 isin the millions place 

The number 8,450,700 is read “eight million, four hundred fifty thousand, seven 

hundred.” 

Problems 1.1-1.6 demonstrate how to identify the place values of digits in 
a given number. In each case, you work from the rightmost digit, which 
represents the ones place. Similarly, given a number written as a word or 
phrase, you should begin with the rightmost word—in this case, “thirteen.” The 
number thirteen (13) has a 3 in the ones place and a | in the tens place. Moving 
left in the phrase, the words “eight hundred” indicate an 8 should occupy the 

hundreds place. 

Thus, the numerical representation of eight hundred thirteen is 813. 

The rightmost word in this phrase is “fifty-three,” which indicates a 3 in the 

ones place and a 5 in the tens place. Moving left, the words “six hundred” direct 
you to place a 6 in the hundreds place. 

Continuing to move left in the phrase, you cross a comma, so a comma 

should be placed in the number at this location. Finally, the words “eighty-five 
thousand” prompt you to place a 5 in the thousands place and an 8 in the ten 
thousands place. 

Eighty-five thousand, six hundred fifty-three is represented numerically as 

85,653. 

Begin at the right side of the phrase, with the words “nine hundred.” This 
indicates a 9 belongs in the hundreds place. Because you are given no 
information about the ones or tens place, both should be occupied by Os. 
Moving left, the phrase “five hundred two thousand” provides values for the 
hundred thousands place (5) and the thousands place (2), but no information 

about the ten thousands place is given, so another 0 should be used. Finally, 
moving left across the second comma in the phrase, the digit 4 is presented as 

the value for the millions place. 

Four million, five hundred two thousand, nine hundred is represented 

numerically as 4,502,900. 
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| 0 Write the value numerically: thirty-five billion, seventy million, twenty. ove billion = 

|,000,000,000. 

It has TWO wove 

sets of tviple zevoes 

than one thousana 

(1,000), which is why it’s 

called one billion. “Bi 

is a prefix that means 

“Ewo.”) one trillion has 

THREE move sets of tviple 

nevoes than one thousand 

(\,000,000,000,000). 

Quaavillions have FOUR 

times as many, ANA 

quintillions have 

FIVE times as 

Only four place values are provided in this problem: “twenty” indicates a 2 in 
the tens place; “seventy million” indicates a 7 in the ten millions place; and the 
phrase “thirty five billion” provides the values for two digits—5 in the billions 
place and 3 in the ten billions place. 

Thirty-five billion, seventy million, twenty is represented numerically as 
35,070,000,020. 

Rounding and Estimating 

Accuracy to Specific Place Values 

1.11 Round 29 to the nearest ten. 

In order to round a number to a specific place value, first identify the digit 
immediately to the right of the place to which you are rounding. If the digit is 4 
or less, change it to a 0 and do nothing else. If, however, the digit you identified 
is 5 or greater, change that digit to a 0 and add | to the left digit. 

In this problem, you are asked to round to the nearest ten. The number 29 has 
a 2 in the tens place, so you investigate the digit 9, which is immediately to the 
right of the tens place. Because 9 is greater than or equal to 5, change it toa 0 
and add | to the value in the tens place: 2 + 1 = 3. 

The number 29, rounded to the nearest ten, is 30. 

1.12 Round 73 to the nearest ten. 

You are asked to round to the tens place; this number contains a 7 in the tens 

place, so your ultimate goal is to decide whether to leave 7 in the tens place 
or add | to it, changing it to 8. This decision is made by considering the digit 
immediately to the right of 7, the value in the ones place: 3. Because 3 is less 

than 5, change the digit 3 into 0 and do nothing else. 

Rounding a 

number in the 70s 

to the neavest ten 

will either give you 
TO ov 80 aS an answer. 

Youve basically asking 

this question: ls the 

number closer to 70 ov to 

80? If the number is 74 

ov less, it’s closev to 70. 
If the number is. 75 

ov move, it’s closer 

+o £0. 

The number 73, rounded to the nearest ten, is 70. 

1.13 Round 482 to the nearest hundred. 

The problem directs you to round to the nearest hundred. This number has a 

4 in the hundreds place, so consider the digit immediately to the right of 4—in 

this case, 8. Because 8 is greater than or equal to 5, you must add | to the digit 

in the hundreds place (4 + 1 =5). 

The number 482, rounded to the nearest hundred, is 500. Notice that a 

rounded number always has zeroes for each of the place values to the right of 

the digit you are rounding. In this problem, you are rounding to the nearest 

hundred, so the tens and ones places both contain zeroes. 

Fs 

| 
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aS Vy 1.14 Round 2,984 to the nearest hundred. : 

& You are instructed to round to the hundreds place, and in this number, the 

V7 3 hundreds place is occupied by a 9. Consider the digit to its right (in the tens 

place), which is 8. Because the tens digit is greater than or equal to 5, you 

should add | to the hundreds place. 

Ws 

only Maprens 

when the Place 
ou ave YOUnAny 

bo is 1 and YOu WE 
Revcea *o yound YP 

Wecause rhe 

number ro sine 

ight is greare 
than ov CAUA 

to S. 

This poses a dilemma, because adding 1 to the 9 in the hundreds place causes 

a one-digit number (9) to change into a two-digit number (9 + 1 = 10). You 

cannot squeeze both digits of the sum 10 into the hundreds place. Instead, 

place the right digit of 10—which is 0—into the hundreds place and add the left 

digit—which is 1—to the thousands place. The number 2,984, rounded to the 

nearest hundred, is 3,000. 

If these steps are counterintuitive, disregard the rote technique often applied 

to rounding problems, step back, and see the proverbial forest for the trees. 

Rounding to the nearest hundred means providing an answer ending in “00,” 

just as the number one hundred (100) ends in “00.” The problem asks this 

question: “Is 2,984 closer to 2,900 or 3,000?” In this problem, rounding to the 

nearest hundred is the same as rounding to the nearest thousand. 

Round 2,783 to the nearest: (a) ten, (b) hundred, n 

This 
problem asks: 

ls 2,783 is closer to ... 

(a) 2,780 ov 2,790? 
() 2,700 ov 2,800? 
(<) 2,000 ov 3,000? 

(a) Identify the digit to the right of the tens place. In this case, that digit is oe 
Because 3 is less than five, you should change it to 0 and leave the digit in 
the tens place unchanged. The number 2,783, rounded to the nearest ten, 
is 2,780. 

(b) Identify the digit to the right of the hundreds place; in this number, 
that digit is 8. Because 8 is greater than or equal to 5, change 8 and the 
numbers to its right to zeroes and add 1 to the hundreds place. The 
number 2,783, rounded to the nearest hundred, is 2,800. 

(c) Identify the digit to the right of the thousands place, in this case 7. 
Because 7 is greater than or equal to 5, change it and the digits to its right 
into zeroes and add | to the digit in the thousands place. The number 
2,783, rounded to the nearest thousand, is 3,000. 

1.16 Round 18,495 to the nearest: (a) ten, (b) hun 

(a) The ones digit (5) is greater than or equal to 5, so add | to the tens digit. 
Notice that the tens digit is 9, so you should change it to 0 and add 1 to the 
hundreds digit instead. The number 18,495, rounded to the nearest ten, is 
18,500. 

This is very 

similav to Problem 

|.14. When you vounda 
up ad, make tt ad ana 
aad one to the Aigit 

on its left instead. 

(b) The tens digit (9) is greater than or equal to 5, so add 1 to the hundreds 
digit. The number 18,495, rounded to the nearest hundred, is 18,500. 

(c) The hundreds digit (4) is less than 5, so change it and the digits to its 
right into zeroes, leaving the thousands digit alone. The number 18,495, 
rounded to the nearest thousand, is 18,000. 
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ee 

nd 419, Make 
Suve you 

Start with the 
Oviginal humbey 

t (a) hundred, (b) thousand, and (c) ten 

(a) To round to the nearest hundred, inspect the digit in the tens place 
(in this case, 8). Because 8 is greater than or equal to 5, you should 414,085 ae 
add 1 to the hundreds digit. The number 419,085, rounded to the ain: the 
nearest hundred, is 419,100. ; a of each 

AVT o . 

(b) To round to the nearest thousand, inspect the digit in the hundreds Dou't this Problem, 
place. Because 0 is less than 5, the thousands digit is unchanged. The USE ay 

alveady voundeg 

Version from 

Ahothey Part 

number 419,085, rounded to the nearest thousand, is 419,000. 

(c) To round to the nearest ten thousand, inspect the digit in the 
thousands place. Because 9 is greater than or equal to 5, you should 
add 1 to the ten thousands place. The number 419,085, rounded to 
the nearest ten thousand, is 420,000. 

1.18 Estimate the sum 68 + 25 by rounding each of the numbers to the nearest 

When a precise answer is not required, you can round the numbers in a 
problem in order to calculate a relatively close approximation, or estimate, 

of the answer. (The mathematics symbol ~ is used in place of the familiar 

equal sign "=" to indicate that values are approximately equal, rather than 
exactly equal.) 

This problem directs you to round each of the numbers to the nearest 
ten: 68 ~ 70 and 25 = 30. Rewrite the addition problem using the rounded 

values. 

68 + 25 = 70 + 30 

While it is not difficult to add 68 and 25, it is arguably quicker to add 
70 + 30 because you do not have to contend with any digits in the ones 
place of either number. Notice that 70 + 30 = 100. Therefore, 68 + 25 ~ 100. 

1.19 Estimate the sum 492 + 385 by rounding each of the numbers to the 
nearest hundred. _ | - 

Round each of the numbers to the nearest hundred: 492 ~ 500 and 

385 ~ 400. Replace the numbers in the addition problem with the rounded 

values. IMstead of ada- 
tng 492 + 385, youve 

Adding S00 + 400 

which is no are 

than Adding S+4. 

S hundaveas plus 4 
hunaveas equals 9 

hunaveas, 

492 + 385 = 500 + 400 

Because 500 + 400 = 900, you conclude that 492 + 385 ~ 900. 

1.20 Estimate the un 16,214 + 3,548 by rounding each of the numbers to the 

Round each of thé numbers to the nearest thousand: 16,214 = 16,000 

and 3,548 ~ 4,000. Add the rounded values: 16,000 + 4,000 = 20,000. You 

concludé that 16,214 + 3,548 ~ 20,000. 
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Number Classifications 

Even, oAA, natural, whole, integer, rational, ivvational, veal 

1.21 Describe, and give two examples of, odd numbers 

If a number contains a 1, 3, 5, 7, or 9 in the ones place, it is considered an 

odd number. Regardless of how large or how small the number is—or how 

many digits the number contains—only the digit in the ones place determines 

whether or not a number is odd. For example, the number 27 is odd because the 

ones digit is 7. Similarly, the number 2,842,603 is odd because the digit in the 

ones place is 3. ; 

Describe, and give two examples of, even numbers. 

According to Problem 1.21, odd numbers contain a 1, 3, 5, 7, or 9 in the 

ones place. Even numbers, on the other hand, have either 0, 2, 4, 6, or 

8 in the ones place. For example, the number 30 is even because it 

contains 0 in the ones place. Similarly, the number 13,598 is even 

because it contains 8 in the ones place. 

Identify the set of numbers classified as “natural numb 

The natural numbers are the set of numbers beginning with one and counting 
upwards. For this reason, they are also called the “counting numbers”: 

iy 253, 4,5, 67, 8, 9, 10, Lie 

gf 

Identify the set of numbers classified as “whole number: . 

The whole numbers include all of the natural numbers (described in Problem 

1.23) and the number zero: 
books Aefine 

"whole numbers as 

any number that 

isn't a fraction ov 
Aecimal—even if 
it's negative, 

0,1 925 34,5, Oy 0 SO Ope 

The inclusion of zero as the defining difference between the natural and whole 
numbers represents the general consensus among mathematicians, but that 
distinction is not absolute mathematical canon. Some mathematicians and texts 
make no distinction between natural, counting, and whole numbers; they use 

the words interchangeably to describe the set of numbers listed above. 

1.25. Describe, and give two examples of, negati 
Positwe a

i cia 

ther Wr 

cohae wn fv
our oF pgs 

ov no SI9h ar ai.
 Allo 

the wuamoev
s in Problems

 

\.\-\.24 hav
e yeen 

positive wu
mddeys.- 

Negative numbers are values less than zero and are identified by the symbol “—” 

that immediately precedes them. For instance, the number —2 (read “negative 

two”) is negative. Although Chapter 3 will feature a more in-depth discussion 
of positive and negative numbers, you likely have an innate understanding of 

negative numbers already. For example, if a meteorologist is forecasting cold 

temperatures for your region, he may express “ten degrees below zero” as the 

negative number —10. 
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a ee 

Zi 

Integers are positive and negative numbers that do not contain fractional or 
decimal portions. Any whole number, like 3, is an integer, as is its negative (or 
opposite). Therefore, —3 is also an integer. The integers are best described as 
the set of numbers listed below, noting that “...” means the numbers continue 
infinitely in each direction: 

Bee ee etre. 0) 1 9 AU oe 

Rational numbers are values that can be expressed as fractions. Any fraction, 

whether positive or negative, is considered a rational number. Thus, “and -; This book Wont 

Factions until 
hap tev 7, 

are both rational numbers. 

Although rational numbers may be expressed as fractions, they may also be 
expressed in other forms as well. See Problem 1.29 for more information. 

Mp 

A .28 What are the primary characteristics of a number expressed as a decimal? _ 

A number expressed as a decimal contains the symbol “.” called the decimal 

point. A number may have digits on both sides of the decimal point, but the 

decimal point is usually omitted if the numbers to its right are all zeroes. 

Consider the decimal 152.94. The digit immediately left of the decimal point 
(in this case, 2) represents the ones place. Therefore, 5 occupies the tens place 
and 1 occupies the hundreds place. The digits right of the decimal place are 
similarly named, but they contain the suffix “-ths.” In the decimal 152.94, 9 

occupies the tenths place and 4 occupies the hundredths place. A more in-depth 
discussion of decimals begins in Chapter 10. 

Theve is no 

oneths place, 

The first digit to 
the vight of the 
Aecimal point vepve- 
Seuts the tenths 

Place, 
‘fy the two circumstances under which decimal numbers are also rational 

rs, and give an example of each. 

If a decimal does not have infinitely many digits to the right of a decimal 
point, it is called a “terminating decimal.” For instance, 0.25 and 6.1775 are 

both terminating decimals, as 0.25 contains two digits after the decimal point 

and 6.1775 contains four digits after the decimal point. Because the decimal 
portions of these two numbers do not continue infinitely, they are both rational 
numbers, which means they can both be represented as fractions. (The 
technique used to transform decimals into fractions is presented in Problems 

11.1-11.15.) 

If the decimal portion of a number does not terminate but does repeat itself in a 
predictable pattern, then that number is also rational. For example, the decimal 

0.3333333333..., which contains the digit 3 in each of its decimal places, is a 

rational number. That number may be written as 0.3; a bar is drawn over 3 to 

indicate that the digit repeats infinitely. 
& aw 
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V3 is veaa 

“squawe voot of 
three.” Aside from a 
quick mention heve, 
you won't hea about 

squave voots again 

until Chapter |4. 

1.30 

1.31 

Given the decimal form of a number, explain how you can determine whet 

By definition, if a number is rational, you must be able to express it as a fraction. 

If you transform that fraction into a decimal, then the decimal will either 

terminate or infinitely repeat. As a final example, consider the fraction Z. The 

decimal form of this fraction is 0.53846153846153846... . The notation “...” 

at the end of the decimal indicates that it continues infinitely (and therefore 

does not terminate). However, the digits “538461” repeat, so you could write 

as = 0.538461. 
13 

» 

or not that number is irrational. 

According to Problem 1.29, the decimal portion of a rational number either 
terminates or infinitely repeats. The mathematical opposite of “rational” is 
“irrational,” so by definition, an irrational number has a decimal portion that 

neither terminates nor repeats itself. Consider the decimal representation of the 

irrational number a : 

V3 = 1.7320508075688772935274463415058... 

Although certain digits repeat (the decimal contains “88,” “77,” and “44”), the 

entire decimal does not settle into a repetitive pattern, no matter how many 

digits you list to the right of the decimal point. Therefore, ate is an irrational 

number. 

What two number classifications, when combined, comprise the real numbers? — 

Use your answer to construct a rudimentary definition of real numbers. 

To construct the set of real numbers, combine the set of all rational numbers 

with the set of all irrational numbers. Any real number, therefore, is either 

a rational or an irrational number. According to Problems 1.29 and 1.30, 
which define rational and irrational numbers, a real number is a decimal that 

terminates, continues infinitely and repeats, or continues infinitely but does 

not repeat. Any conceivable decimal meets one of those conditions, so the most 
basic definition of a real number is “any number than can be expressed as a 

decimal.” 
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Common Math Symbols 

A gue to the hon-numeric Ns oo see 

The chal “=” joins two é.equal values, alice ae ae “x” Joins two 
approximately equal values. Use = to rewrite the left sentence and ~ to rewrite 
the right sentence. 

40=40 , 4140 You can also 
use a slash to 
mate the symbols 
“not greater thaw,” 
“not less than,” 
“not greater thay 

ov equal te” ana 

“not less than or 
equal to,” 

To construct the symbol for “not equal to,” draw a slash through an equality 
symbol: #. The “not equal to” symbol is the first of five inequality symbols 
introduced in this section of the book. The other four inequality symbols are 
introduced in Problems 1.37-1.38. 

Ay 

Identify the phen asicd symbol that eee the operations « f addition 
and subtraction and use oe to rewrite the sentences lon 

The s sum non two ae Six is a to eight. The difference of ten 
and three is equal to seven. _ - 

The ee “+” represents sdlitions and the symbol “—” represents subtraction. 
There are two key words in the given sentences that indicate which symbol 
should be used. When two values are combined through addition, the result is 

called a “sum”; when one value is subtracted from another, the result is called 

the “difference.” 

2+6=8 10-3=7 

Identify the three notation styles most commonly used to represent 
multiplication and rewrite the sentence below using each notation. 

__ Two multiplied by five is equal to ten. 

In elementary mathematics, the symbol “x” is used to represent mulepleation 

2 x 5 = 10. However, the variable x often used in algebra looks very similar to 

the multiplicative symbol x, so two alternate annotation techniques are used in 

more advanced mathematics: parentheses and a multiplication dot. 
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A multiplication dot indicates multiplication when it replaces the “x” symbol: 

9 . 5 = 10. Similarly, values separated by parentheses are also multiplied: 

2(5) = 10. 

Sometimes 

multiplication 

needs no symbol at 
all. The expression 

ao Meomns 

‘a times b.” 

the three notation 
e the sentence be 

The traditional division sign, first used by primary students, is consistently used 

in intermediate and advanced mathematics: 8 + 4 = 2. A slash may be used to 

indicate division, though it is less common: 8 / 4 = 2. Fractions, by definition, 

also express division: == 9. 

1.37 Identify the mathematical symbols that represen : 
equal to.” Use them to rewrite the senten lov 

__ Any number 
ts less thay OR 

EQUAL To itself pe- 
= oe €vevy numbey 
'S Equal to itself. Fo, 
the Same veasony 

any number is al. = 
Jreater thay 

ov equal toe 
itself, 

The inequality symbol “<” represents “less than”; the value on the left side of 
the symbol must be less than the value on the right side. Placing a line segment 
beneath the symbol transforms it into “<,” which translates “less than or equal 

to.” 

le<e3 4<5 

92 “Greater than” is represented by the inequality symbol “>”; adding a line 
segment beneath the symbol (like in Problem 1.37) changes its meaning to 
“greater than or equal to”: 2. 

The 
bottom 

of the symbol 
has two lines, so 

it almost looks like 
AN equal sign Aowy 

there. Some people 
vite the “ov equal to” equality symbols like 
this: 2 ¢. Those lock 
alittle move like 
equal signs, 

Yj 

1.39 using ow to round 52 to the nearest ten 
explanation. _ . 

Wl: 

In order to round a number to the nearest ten, you must consider the digit in 
the ones place. In this instance, that digit is 2. Because 2 < 5, you should change 
the digit 2 to a 0 and leave the digit in the tens place unaltered. The number 52, 
rounded to the nearest ten, is 50. 

\ 
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- 40. "Explain how t to row a u to the nearest hundred, using an inequality symbol 

in ee eapenaie  . | - 

In Erde to ound a number to the nearest hundred, you should consider the 
digit in the tens place. If it is greater than or equal to five, you must add one to 

the digit in the hundreds place. 

In this problem, a 5 appears in the tens digit. Because 5 2 5, you should add one 

to the hundreds digit: 1 +1 =2. Therefore, the number 153, rounded to the 

nearest hundred, is 200. 
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Chapter 2 
BASIC BINARY OPERATIONS 

1 apy OMA = 

algorithms, represented by a symbol,
 that produce a 

alues. The most basic binary operation is addition, 

represented by the addition sign “+”; two numbers connected by an addition 

e combined into a sum. Similarly, the binary operations of 

produce differences, products, 

The chapter 

Binary operations are 

value given two input v 

sign should b 

subtraction, multiplication, and division 

and quotients, respectively, each time given two input values. 

concludes with common axiomatic assumptions that govern binary 

operations. 

Yikes. That pavagvaph is a mouthful. Heve’s what you need to know: Thi 

chapter helps you veview how to add, subtract, multiply, and dAivide = W : 

four calculations ave called binavy operations because ie Stowt with e “pi-* 

meen two) numbers, one on each side of the symbols you've probably £ = im 

with (+, -, *, and +). The fancy wova for the vesult you get when sas en a 

numbers is called the sum. Each operation has its own fancy ee wee 

= sudtvaction, product = multiplication, amd quotient = Aivision | a 

At the end of the chasptey, things get a little theovetical. The book 

intvoAuces axioms (which ave also called properties) of binavy opevations. Th 

ave mathematical vules that explain commonsense vules like “you con we % 

numbers in any ovder and still get the same answey.” That a ae) 
commutative property of addition. : 

Fa 



) Chapter Two — Basic Binary Operations 

Addition 

Combine numbers to get a sum So it’s a line with 

numbers on tt. Makes 

sense. 2.1 Use a number line to calculate the sum: 2 + 3. 

A number line is a line with equally spaced segments that represent numeric 

values. Consider the number line below, on which the natural numbers are 

evenly spaced. The first number in the addition problem 2 + 3 is marked with a 

dot. 

If you Aon't 
know what the 
natuval numbers 

ave, flip to 

Problem |.2%3. 

a» 

The problem instructs you to add 3 to the number 2. Therefore, you should 

move three places to the right of the dot you placed at 2, as illustrated in the 

following figure. 

The new location of the dot identifies the sum: 2 + 3 = 5. 

22 Use a number line to calculate the sum: 4 + 7. 

Draw a number line and place a dot at 4, the first number in the addition 

problem. 

0 1 2 3 4 5 6 i 8 9241510 Sie 

The second number in the addition problem is 7, so move seven places to the 
right of the dot you placed at 4. 

0 1 2 3 4 5 6 7 8 OM CLG | ates 

The final location of the dot represents the sum of the numbers: 4 + 7 = 11. 
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- 
“ ; . Me 

Once numbers are sufficiently large, adding them using a number line (like Line uF ke : 5 ‘ e@ 
in Problems 2.1—2.2) is neither easy nor helpful. Instead, you should list the numbers So th i 

numbers vertically, as demonstrated below. ones places ee a 

rhe right column 7 
35 

Pe fl 
rhe teus places Ae 

in the left column. 
¢ 

Begin with the right column, which contains the ones digits for each number: 5 
and 1. Add the digits together and write the sum below the horizontal line. 

"35 

+4] 

6 

Now add the digits in the tens places (3 + 4 = 7) and write the sum below the 
horizontal line beneath the column of tens digits. 

35 
+4] 
76 

The two-digit sum appears below the horizontal line: 35 + 41 = 76. 

2.4 W te the additior ‘problem | eI ‘ica 

Write the number 25 below the number 17 so that the ones and tens places 
align. 

17 

+25 If you 
AAA one-dAigit 

numbers and get 

a two-digit numbev, 

only put the vight 
Aigit of the answer 
below the line. The 
left Aigit appears as 

a tiny number at the 
top of the left cel- 

umn. This is usually 
callea “cavvying 
the one.” 

Add the digits in the ones column: 7 + 5 = 12. This sum contains two digits, 
but you should only write the ones digit of the sum (2) below the vertical line. 
The tens digit of the sum (1) should be written above the tens digits in the left 

column. 
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Add the numbers in the tens column, including the digit 1 produced when 

calculating the sum in the ones column: 1 + 1+2=4. 

1 
17 

+25 

42 

Thus, 17 + 25 = 42. 

(2.5. Write the addition problem 

Write the numbers 68 and 12 so that the tens and ones places are.in distinct 

columns. 

68 

+12 

Add the numbers in the ones column: 8 + 2 = 10. As demonstrated in Problem 

2.4, you should write the ones digit (0) of the sum below the horizontal line in 

the ones column and carry the tens digit (1) to the top of the tens column. 

1 
68 

+12 

0 

Add the digits in the tens column, including the 1 carried from the previous 

step. 
This 

time 

the Aigits in 

1 

68 

the tens column +12 

AAA up to a two- 80 

Aigit number. Put 

the vight Aaigit below 

the line ana the left 

digit at the top of 

the column to the 

left (in this case, 

the hundaveas 
place column). 

The sum of 68 and 12 is 80. 

Write the addition problem vertically and calculate the : 

Write the numbers 251 and 364 so that the digits in the hundreds, tens, and 

ones places align. Then, add the columns of digits from right to left, beginning 
with the ones place: 1 + 4= 5. Notice that the sum of the digits in the tens place 
is a two-digit number: 5 + 6 = 11. You should carry the tens digit (1) of the sum 
to the top of the hundreds column and add it to that sum. 

Bie 

Om} o9 Nw me | Or? OF ou ee 

Thus, 251 + 364 = 615. 
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Write the problem vertically and add the ones digits: 8 + 5 = 13. Place the 3 
below the line in the ones column and carry the tens digit to the top of the next 
column. 

me OOH 

Oo! Ot CO 

Add the digits in the tens column, including the digit carried from the previous 
steps l+:3 4 b= 5. 

+ N 

ot me 69 + 

or 

Add the digits in the hundreds column: 9 + 6 = 15. Place the ones digit of the 
sum (5) below the line and place the tens digit (1) above the numbers in the 
next column. 

rm wwe 

Suse ac OU eS oon 

Or 

Add the digits in the thousands column: 1 + 4+ 2=7. 

~ 

OU MD © OG eet (GO 

1 

4 
+. 2 

7, 

The sum of 4,938 and 2,615 is 7,553. 

Each column of digits has a two-digit sum, so you will need to carry the digit 1 
to the top of each column as you proceed from right to left. 

I 

5 

a8 pad 

» 
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Subtraction 

Find the Aiffevence between numbers 

Draw a dot on a number line that marks the first number in the subtraction 

problem: 9. Note that the order in which subtraction takes place affects the 
answer, so make sure to place a dot on the number appearing left of the 

subtraction sign. 
In addition, the 

ovAev Acesu't matter: 
2+%3 andas+2 both 

equal S. That’s almost 
never tvue th 

subtvaction: 6 - 2 is 

not the same as 
2-6, 

0 1 a 3 4 5 6 7 8 9c a0 
i 

Problems 2.1—2.2 explain how to add numbers using a number line: A dot 
representing one number is moved to the right, according to the value of 
the second number. Addition and subtraction are opposite operations, so to 

subtract a value, you should move /eft. In this problem, you are subtracting 8 

from 9, so you should move the dot eight spaces to the left. 

Place a dot on a number line representing the value left of the subtraction sign. 

0 1 2 3 4 5 6 7 8 DT) 

You are subtracting 4 from 7, so move the dot 4 spaces to the left of 7 along the 

number line. 

The difference 7 — 4 is equal to 3. 

270 «* he Humongous Bock of Basic Math ana Pre-Algelva Problems 



Chapter Two — Basic Binary Operations a ee eee 

Write the number 21 below the number 85 so that the ones and tens places of 
the numbers align. 

85 

-21 

Subtract the digits in the ones column (5 - 1 = 4) and write the answer below 
the horizontal line in the ones column. 

85 
at 

4 

Now subtract the digits in the tens column (8 — 2 = 6) and write the answer 

below the horizontal line once again, this time in the tens column. 

85 
aol 
64 eating? 

Therefore, 85 — 21 = 64. unaer the 

. Write the subtraction problem verti ¢ lly an calculate the diff , rence: 16 - 2 | 

Write the number 3 below the number 16, ensuring that the corresponding 

place values align. 

You Aow’t have 
to write this Zevo iy 

here—people usually 
leave it out, Just Aon’p 

Forget that you need 
i Subtract in the tens 
Aigits, even if you Aow’t 
write the zevo, 

Now subtract the digits in the tens place. Note that the bottom number, 3, does 
not have a tens digit, so imagine that the missing tens digit is 0. The difference 
of the tens digits is 1 -0=1. 

# 4 

Thus, 16-3 = 13. 
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2.13 Write the eviction problem vertically and calculate the difference: 34 - 9. 

Write 9 below 34, ensuring that the digits in the ones es (4 and 9) are 

aligned in the right column. 

34 

ee ; 
You can take 

1 away from 34 
without getting a 

hegative wumber—vyou 

JUSt cow’ take J aw ay 
Lvowm 4, Time Poy A new 

technique: borrowing, 

Problems 2.11-2.12 direct you to subtract the digits in the ones column, but you 

cannot: 4-9 would be a negative number. In order to calculate the difference, 

you must first “borrow” from the tens place. Subtract one from the tens digit in 

the top number (3 - 1 = 2) and place it next to the 4 in the ones place. 
ae 

2al4 

Sa 

Now that 4 has been transformed into 14 (by adding the 10 you borrowed from 

the tens place), you can calculate 14-9 =5. 

Subtract the digits in the tens place. Remember that you subtracted 1 from 3. 
Thus, you are subtracting 0 (there is no tens digit in the bottom number) 

from 2. 

The difference of 34 and 9 is 25. 

Write the subtraction problem Verically and calculate the difference: 62 - 48. 
Use addition to check your answer. 

2.14 

Write 48 below 62 so that the ones and tens places of each number align. 
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Notice that you cannot subtract the digits in the ones column, so you must 
borrow from the tens column. Subtract one from the tens place of 62 and write 
it in front of the ones place. 

In Problem 2.4, 

you “cavvieA the |.” 

Now you've Aoing the 
opposite, “borrowing 

the |.” 

Calculate the difference in the ones column (12 - 8 = 4) and the tens column 
(5-4=1). 

4 8 

14 

Thus, 62 — 48 = 14. To check your answer, add the difference (14) to the smaller 

number in the subtraction problem (48). The sum should be the larger number 
(62). 

1 

14 

+ 48 

62 

2.15 Write the subtraction problem vertically and cal
culate the difference: 

513 — 247. 2 

The tens 
Aigit of the top 

number is 0 at the 

moment—vyou had to 
Subtvact | Lyowm thin 
the first step. When you 
Pur the | in front of it 
that you've bovvowing 
from the hunaveas 
column, YOU end up 
with |0 tn the tens 
Column, 

Express the difference vertically and borrow from the tens place to subtract the 
digits in the ones place. 

aes Ue 

eat e 027 

To subtract the digits in the tens column, you must once again borrow a digit, 

this time from the hundreds place. Subtract 1 from the hundreds digit of the 
top number (5 — 1 = 4) and place the 1 in front of the tens digit in the top 

number. Calculate the difference in the tens column. 

Finally, subtract the digits in the hundreds column. 
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47 ly 1g 

If you want to, ee aa 
2 Oe ane you can check your 

answer by adding 266 

ana 247. The sum is 
S13 (the oviginal num 
bev you subtvactea 

Pyowm) so you got 
the problem 

vight. 

Thus, 513 - 247 = 266. 

2.16 Write the subtraction problem verticz 
3,602-895. 

Align the digits, ensuring that corresponding place values appear in the same 
columns. 

Ye 3,602 
OY — 395 

IS —— You cannot subtract the digits in the ones column because 2 < 5. However, you 
cannot borrow a digit from the tens place of 3,602, because that digit is 0. So 

that you may eventually borrow from the tens column, you must first borrow 
a digit from the hundreds column and place it before the digit in the tens 
column. 

Subtract | 

yom the & in the 
hundaveas column 
of 3,602 (6 - 1 = 9) 
and place thar | 

vn Prout of the Om 
the tens column. 

5 Pe ee 
8° 9.5 

Now that the tens place of the top number contains something other than zero, 

you can borrow from it to subtract the digits in the ones column. 

3). 76 2 42 
— 8 9 5 

a 
Subtvact | 

fvom 10 to get 9 

and place that | in 
fvont of the 2. 

Both of the digits in the tens column are 9. Calculate the difference: 9 — 9 = 0. 

Subtvact: 3, 5 B 9 Ww lo 

I2-S=7. . 8 ee 

Ose 

Borrow | from the thousands column to subtract the digits in-the hundreds 
column and complete the problem. 

2g 15 gy Ie lo 

— 8 9 5 

Pe. a Oring 

Thus, 3,602 — 895 = 2,707. 
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In order to subtract the ones digits, you must borrow from the tens digit of U 
5,000. However, like Problem 2.16, that digit is 0. When you attempt to borrow 

from the hundreds place instead, that digit is 0 as well. Therefore, you must 
borrow from the thousands place in order to change the hundreds digit of the 
top number into something other than zero. 

e 

oe 10.1020 
= Ree 

Borrow from the hundreds place to change the tens place into a value other 

than zero. 

+7 716 10. 0 
_ een Ae 

Finally, borrow from the tens place to change the ones place into a value other 

than zero. 

+ %. IW 91 10 

= ) An 03 

Subtract the digits in each column to calculate the difference. 

A 16-10 
_ a AMS 

4, 2 ann: 

Therefore, 5,000 — 743 = 4,257. 
This proAuct 

(multiplication 
problem) could also be 

written 2 x 6 OR Multiplication 

AAA a group of numbers vepeatedly 

2.18 Explain how the operation of multiplication derives values by age: 
oe oo of spree Use th ys Weer a 6 as an eae 

The auction of HUphiGHIBH ts is, at its core, repetitive addition. Consider 

the product 2 - 6. To calculate this value, imagine 2 groups of 6 objects, as 

illustrated below. 

s 0990000 09990909 

The total number of objects in the two groups is 12, so 2 - 6 = 12. 
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2.19 Calculate 4 - 5 using the method described in Problem 2.18 and verify that _ 

455254. — 2. 

Represent the product 4 - 5 visually by drawing four groups of five objects, as 

illustrated below. 

@eeee @eee0@ @eeee @eeee 
» 

You can 
veverse the num- 

bevs when you ada 
ov multiply and it 
Aoesw't affect the 
auswey. See Problem 

238 Lov move 

information. 

There are 20 total objects, so 4 - 5 = 20. Now represent the product 5 - 4 visually, 

as five groups of four objects. 

Once again, there are 20 objects, so the products 5 - 4 and 4 - 5 are both equal 

to 20. 

Write the multiplication problem vertically and calculate the prod yee 13-2 

Write the number 2 beneath 13 so that the ones places of both numbers align 

in a column. Note that multiplication problems written vertically often use the x 

symbol, instead of the - symbol. 

13 

x 2 
IF you Aow’t know 
that3 .2 = 6, you 
shoula memorize the multiplication tables at the end of the book in Appendix A. 

Multiply the digits in the ones column: 3 - 2 = 6. Write the product below the 

horizontal line in the ones column. 

Now multiply the bottom digit in the product (2) by the digit in the tens place 
of the top number (1): 2 - 1 = 2. Record the result below the horizontal line 

beneath the tens digit. 

Tes 

x2 

26 

The product of 13 and 2 is 26. Unlike addition and subtraction, in which you 
only perform operations on digits in the same columns, multiplication requires 
you to multiply each digit of the top number by each digit of the bottom 
number. In this case, you multiplied the single digit of the bottom number (2) 
by each digit of the top number (13), one at a time. 
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2.21 Write the multiplication problem vertically and calculate the product: 615. 

Align the ones digits of the numbers and write the smaller number beneath the 
larger number. 

15 

<6 

Multiply the digits in the ones column: 5 - 6 = 30. Because this product is larger 
than one digit, record only the right digit of 30 beneath the horizontal line; 

write the tens digit above 1, the tens digit of the top number. 

3 
15 

xX 6 

0 
x 

Now multiply the digit directly above the horizontal line (6) by the tens digit 
of 15: 6 - 1 = 6. Before you record this value below the horizontal line, add the 
small number 3 that resulted from the previous step: 6 + 3 = 9. 

3 

15 

<6 

90 

Thus, 6- 15 = 90. 

2.22 Write the multiplication problem vertically and calculate the product: 283 - c 

Write 7 below 283, aligning the digits in the ones place. Your goal is to multiply 
7 by each of the digits of 283, one at a time, from right to left. The first product 

is 7 - 3 = 21. Write the ones digit 1 below the horizontal line and the tens digit 2 

above the tens digit of 283. 

Now multiply 7 by the tens digit of 283 and add the 2 that resulted from the 

previous step: 7-8=56, and 56+ 2=58. 

52 
283 

Sint 

4 81 

—_—_—_ 
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pe | 

Finally, multiply the hundreds digit of 283 by 7 and add the tens digit 5 from the 

previous step: 7-2 = 14, and 14+5=19. 

52 
283 

aun Fh 

1,981 

Thus, 283-°7 = 1,981. 

2.23 Write the multiplication proble 
Both of these 

numbers have two 
daigits, unlike the last 

couple of multiplica- 
tion problems, wheve 

Align the digits so that the tens places—as well as the ones places—align. Begin 
with the ones digit of 18 and multiply it by each of the digits in 45, from right to 

left. 

4 

you multiplied by 45 
a one-digit x 18 

360 

Before you multiply the tens digit of 18 by the digits of 45, add a place holder 0 
below 360. Erase the small 4 above the problem that was used in the previous 
step. 

You 

need this a 
ecause 

7” 360 by a aigit the tens 

place wow. If oe 

multiplying by a Aigik 
the mundveas place, 

you'a need a place 
holaer of SOO! 

0 

Now multiply the tens digit of 18 by each digit of 45, from right to left: 1-5=5 
and 1 - 4= 4. Record the products next to the placeholder digit 0. 

45 

x 18 

360 

450 

Add the numbers below the horizontal line. 

45 

x 18 

1 

360 

+450 
eet 

810 

The product of 45 and 18 is 810. 
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0. ee eee 

ation problem vertically.and calc 

3-97=217,s0 

7 goes below the 
line and 2 floats 

above the 0 in 607. 

Multiply the ones digit of 23 by each digit of 609, from right to left. 

2 

609 

eh 3: 0=0,anda 0+ tny 

erste ; 1,827 floating 2 = 2 

Include a place holder digit 0 below the ones place of 1,827. Then, multiply the 
tens digit of 23 by each digit of 609, from right to left. 

609 

Kiet a 

1,827 

Amt2,180 

Record the sum of 1,827 and 12,180 below the horizontal line. 

609 
923 

od le 
1,827 

512,180 
14,007 

Thus, 609 - 23 = 14,007. ON Ly 

Multiply each digit of 453, one at a time, by each digit of 726, from right to left. 

Remember to include a place holder digit 0 when multiplying by the tens digit 

of 453 and place holder digits 00 when multiplying by the hundreds digit of 453. 

726 0 ana 00 
x 453 ave the place 

2,178 holAevs. The next 

line, if theve weve 

one, woulda have a 

place holAev of 

000. 
328,878 

The Humongous Book of Basic Math ana Pre-Algelbva Problems 29 



Chapter Two — Basic Binary Operations 

Division 

Serarate a number into smaller gueiiie “Distinch” means 

the groups Aon’t 
overlap. Every object 
can only belong to one 
gvoup. 

2. 26 Solve the division problem 1228 visually . 
distinct Brus, ay ss oe 

Consider the below illustration of 12 objects. ; 

09090090009090000 

Use slashes to separate the group of 12 objects into smaller groups, each 
containing three objects. 

9990/9990 /99090/ 90% 

The larger group of 12 objects divides into four groups of three objects. 
Therefore, 12 + 3 = 4. 

2.27 Explain how to check your solution to Problem 2.26. — 

Multiplication and division are opposite operations, much like addition 
and subtraction. In Problem 2.14, addition is used to check the answer to a 

subtraction problem; similarly, you use multiplication to check answers to 
division problems. 

According to Problem 2.26, 12 + 3 = 4. To check the quotient, multiply it (4) and 

the number by which you were dividing (3). The answer should be the number 
that was divided into groups (12). 

4s Bal? 

2.28 ie the method described i in protien: 2, 26 to sient 
fence! OF the cit problem and check your: 

Draw a group of 21 oped 

@eeeeneneneoeneneoeeeneoee e080 @ 

Beginning on the left, count groups of eight objects and separate them from the 
larger group using slashes. 

eocecce/ceeeeee /eecee 

You are able to form two groups of eight objects, so the quotient is 2. However, 
you are left with a partial group of five objects in the rightmost group. That 
number is called the remainder. The answer is written “21 + 8 = 2 r 5,” and is 

read “Twenty-one divided by eight is equal to two with a remainder of five.” 

The 
number you've 

Aividing by. 

To check your answer, multiply the quetient (2) and the divisor (8). Then, add 
the remainder (5). The result should be the dividend (21). 

The 

number you've 
Aividing inte, 

-— 
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(quotient . divisor) + remainder = dividend 

(2-8)+5=21 
16+5=21 

91=21 

2.29 Calculate the quotient: 73 9. 

To apply the method described in Problem 2.26, you would need to draw 78 
objects and divide them into groups of 2. Whereas this would produce the 

correct answer, the process itself is not viable as the numbers in the division 

problems increase in size and complexity. Instead, you should apply the process 

often called “long division” by writing the divisor and dividend as illustrated 

below. 

a You coula 
] 

Divide the first digit of the dividend (7) by the divisor. Because you are now a ie a yourself 

dealing with much smaller numbers, you can apply the technique described at's the biggest 
in Problem 2.26 if you wish. The result is 3 r 1. Write the digit above 1,.a8 number that, when 
iUlustrated below. 

multiplica by 2, gives 
A vesult no bigger 

3 than Vie The answer 

2)78 is 3, 

Multiply 3 by the divisor 2 and write the product (3 - 2 = 6) below 7. Then, 
subtract 6 from 7 as illustrated below. Note that the difference 7 - 6 = 1 is equal 

to the remainder you calculated in the previous step. 

2) 78 

=6 

1 

You are now finished with the first digit of the dividend. Drop the second digit 

(8) down so it shares the same line with 1, the difference you calculated in the 

previous step. 

3 
2). 78: 
64 
sis, 

fie cena ee a | 
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Divide 18 by the divisor 2. Notice that there is no remainder this time: 

18 = 2 =9. Write 9 at the top of the problem above the digit 8 you placed next to 

the difference in the previous step. 

a 

2) 78 

-6 

18 : 

Multiply the new digit of the quotient (9) by the divisor and write the result 
(9 - 2= 18) below 18. When you subtract, the difference is 0, which again 

matches the remainder calculated in the preceding step. 

39 
2) 78 

aos 
18 

18 
0 

There are no digits left in the dividend, so the problem is complete. The 

quotient is the number above the division symbol: 78 + 2 = 39. 

2.30 Calculate the quotient: 49 + 3. 

Prepare the problem for long division. 

5) 
Dividing the first digit of the dividend by the divisor produces a quotient of 
1 r 1. Write the quotient above the division symbol, multiply by the divisor 
(1 - 3= 3) and subtract the result from the first digit. 

the Aiwidena 

is th e vy nwuwdey, 

44. s04 7% = 
vemMainaey 

3) 49 

Drop the next digit of the dividend to the lowest line. 

1 

3) 49 

=H 
19 
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2.31 

Now calculate 19 + 3. This time, the numbers do not divide evenly—a remainder 
islet 10 = 3 = 67 1. 

16 
3) 49 

-3 
19 
-18 

1 

No digits are left in the dividend to drop down and place next to 1, the 
difference calculated in the previous step. Therefore, the problem is complete 
and the number left at the bottom (1) is the remainder. You conclude that 

49+3=16rl. 

Calculate the quotient and check your answer: 194-8 - 

Reéwrite the expression as a long division problem. 

8)194 

The first digit of the dividend (1) is less than the divisor (8), so rather than When the 
divide only the first digit by 8, you should divide the first two digits of the number you've 

dividend: 19 + 8=2r3. dividing by is greate Ps 
5 see the -ivst Aigit 

ot the number you! 
8) 194 Via a Aividing into, divide inte 
—16 the fivst TWo digits 

3 tustead., In this case, 
9+ ¢ \ustead of 

Note that you write the digit 2 above 9 rather than above 1 in the quotient. This | + ¢, 
indicates that you divided 8 into 19 rather than dividing 8 into 1. Drop the next 

digit to the lowest line of the problem and divide by the divisor: 34 + 8 = 4r 2. 

24 
8) 194 
-16 

34 
—32 

2 

Thus, 194 + 8 = 24 r 2. Check your answer by multiplying the quotient and the 

divisor and then adding the remainder to the result. 
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(quotient c divisor) + remainder = dividend 

(24)(8)+2=194 

1922-194 

194=194 

The result, 194, is equal to the original dividend, so the answer is correct. 

» 

2.32 Calculate the quotient: 287+25. J 

Prepare the problem using long division notation. 

25) 287 

This problem has a two-digit divisor, so you should divide it into the first two 
digits of the dividend: 28 + 25 = 1 r 3. Write the quotient above the second digit 
of 28 to indicate that you divided into the first two digits of the dividend. 

If the fivst 

two Aigits of the 

Aividena weve 2], 

you'A have a problem, 
because 2| < 25. In 

that case, you'A have 
to include another 

Aigit and Aivide 25 

into ALL THREE 
digits of 287. 

a 

1 

25) 287 

Write the product of 1 and 25 below the dividend, and subtract it from 28. 

1 

25) 287 

=25 
3 

Drop the final digit of the dividend to the lowest line and repeat the process: 
Sh 20)=1 x 12, 

11 

25) 287 
= 25 

37 
—25 

12 

Therefore, 287 = 25 = 11 r 12. 
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The student placed a 2 above 41 in the dividend and then correctly multiplied 
that number by the divisor 12 to get 24. Next, 24 is subtracted from 41 to get a 
correct result of 17. However, this difference presents a red flag; it is too large. 

Whenever a difference in a long division problem is greater than the divisor, you 
did not place a large enough digit above the dividend. In this case, the number 
2 above 41 should have been 3, because 41 + 12 = 3r5, and the remainder (5) is 

now less than the divisor (12). 

As the number of digits in the divisor grows, so does the difficulty choosing the 
correct number to place above the dividend. Many students use trial and error 
to identify the correct number. They select a digit, multiply it by the divisor, and 
calculate the difference. If the difference is larger than the divisor, as it was in 
this incorrect work sample, they choose a larger number and repeat the process. 

Note: Problems a ie at refer to to the following division problem: 415 = 12. 

234 ‘(alcuiate the quotient, correcting the error identified i in n Problem 

According to Problem 2.33, the digit 3 aud replace 2 above the dividends 

3 
12) 415 

—36 
5 

Drop the remaining digit of the dividend to the lowest line and notice that 

55 =+12=4r 7. 

34 
12) 415 

—36 
55 

— 48 
a 

Therefore, 415 + 12 = 34r 7. 
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\ 

fH WH The first two digits of the dividend form a number that is less than the divisor, 

~ so you should divide 21 into the first three digits of 1,074: 107. 

2.35. Calculate the quotient: 1,074 

5 

— 105 

2 

Drop the final digit of the dividend to the lowest line and complete the 

problem: 24 + 21=1r3. 

5] 

91) 1,074 

= 105 

24 

=Z21 

3 

Thus, 1,074 + 21 =51 r3. 

Fundamental Properties 

“Common Sense’ vules 

2. ~ ‘Identify the algebras proper y th 
Theve’s a verify t that ¢ the statementis true. 

specific ovAerv fov 

opevations that’s 
wove Aetailea than 
“paventheses fivst.” 
This is covevea 

in Problems 
4.29-4.40. 

An operation in pane note be completed before other operations. 

According to the associative property of addition, the manner in which a set of 
numbers is grouped does not affect the sum of those numbers. 

You add the numbers 2, 9, and 6 in a different order on each side of the equal 

sign. Even though the numbers are written in the same order, they are grouped 
differently. On the left side of the equation, 2 and 9 appear within parentheses 
and should be added first. 

(2+9)+6 

=11+6 

=17 

Compare this result to the addition problem on the right side of the equation, 
in which 9 and 6 appear in parentheses. 
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(237 

2.38 

verify that the statement is true. 

eae the c commutative properties of adios and multiplication a give 

Chapter Two — Basic Binary Operations 
a 

2+(9+6) 

=2+15 

=r 

Think of 
it this way: 

Numbers th 

paventheses 

associate with 

each other move 

closely, but no 
matter where 

the paventheses 

ave and how the 

numbers ASSOCI- 

ate, it Aoesw’t 
change the 

Final sum. 

Both expressions produce the same sum, illustrating the associative property of 
addition. 

ene the algebraic property chs guarantees a 2) 5 (2-5) and 

In Problem 2.36, two adenueal sets of numbers are added—the only difference 
between the expressions is the order in which they are added, based on the 

presence of parentheses. According to the associative property, both of the 

sums are equal. Similarly, in this problem, two identical sets of numbers 
are multiplied, and the only difference between the sets is the order of 
multiplication dictated by the parentheses. 

On the left side of the equation, you must calculate 3 - 2 first and then multiply 

the product by 5; on the right side of the equation, you calculate 2 - 5 first 
and then multiply that product by 3. Notice that both produce the same final 
product of the three numbers, as demonstrated below. 

(3-2)-5=3-(2-5) 

6°5=3-°-10 Theve is no 
30 = 30 ASSOCiative prop- 

evty for Subtvaction 

ov Aivision. Theve's 
also no Commutative 

Property for subtraction 
ov Aivision (see P | 
2.38), oe 

The associative property of multiplication states that numbers have the same 
product regardless of the way in which they are grouped by parentheses. 

an example of each. 

The commutative property states that the order in which an operation is 

completed has no effect on the sum or product. Given the numbers 2 and 7, the 

sum is always 9, regardless of which number is written first. 

2+7=9 #229 

Similarly, the product of 2 and 7 is 14, regardless of the order in which the 

multiplication is expressed. 

2:7=14 77-2214 

The commutative property applies neither to subtraction nor to division. 

Consider the differences and quotients below, which change when the numbers 

are reversed. 

4—-141-4 10+242+10 

34-3 540.2 

— 
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Chapter Two — Basic Binary Operations 

2.39 _ Describe the additive inv : onstrate it using the 
number 10. __ Avy 

wumbev minus 

itself equals 

zevo. Technically, 
subtracting is just 
addig a negative 

number, so that’s why 
a property involving 
sudtvaction is callea 
the additive inverse 
propevty. 

According to the additive inverse property, the sum of every number and its 
opposite is zero. For instance 10 — 10 = 0. 

2.40 Describe the multiplicative inverse property and demonstrate it using the 

The multiplicative inverse property states that the product of a number and its 
reciprocal is equal to one. For example, multiplying 7 by its reciprocal produces 
the following expression: 

Theve ave a lot 
of words in this Seutence that you learn late in the book. Foy how, think of it this way: Any umber Aivided by itself is equal to |. 
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Chapter 3 
SIGNED NUMBERS 

Positives ana negatives 

Chapters | and 2 introduce the concept of negative numbers, but only briefly. In Chapter 
1, groups of numbers are defined, including integers, which may be positive or negative. 
At the end of Chapter 2, the additive inverse property is defined based on the sum of 

a number and its opposite—or negative—value. In this chapter, you will explore the 
concept of negative numbers in depth, and special attention is paid to the combination of 
positive and negative numbers via the binary operations presented in Chapter 2. 

this chapter is all alpout signea numbers, which a
e (unsurprisingly) ‘ 

numbers that have signs—either positive ov nee al echwically, A 

numbers have signs, but when you Aaowt actually wet
s a sigh, you Ss 

the number is positive. For example, most people write a positive 4 as 

not “+4.” 

Chapter 2 is all alpout adding, su
btracting, multiplying, ana ave 

uumbers, anda this chapter builds on that momentum. Most o the 

problems involve the same opevations, but now some of the ee . 

ave negative. Youll even see a Few problems that deal with alpsolute 

values—grouping symbols that act Vike specializea paventheses put look 

like shovt vertical lines: ele 



nRpiEE Three — Signed Numbers 

Negatives and Opposites 

What ave negative numbers? 

3.1 | Drawa number line and darken the portion that represents the set of 

negative numbers. 

A traditional number line representation of the real numbers places the 

positive numbers right of the number zero and negative numbers to the 

left of zero, as illustrated below. (Graphs like these will be investigated 

further in Problems 5.19—5.27.) 

6 -5 4-3 2 -l 0 1 2 3 4 5 6 

Zevo is nor A 

negative wuwMbbey, 

$0 you Avaw a hollow 

civcle avound it to 

say, “Every number 
left of—out not 
including—zevo is 

negative.” 

All of the numbers along the shaded half of the number line are negative. 

Notice that an open point is placed at zero and acts as the upper boundary 

of the negative numbers. The circular boundary is an open (not solid) 

point because the boundary is not inclusive. 

3.2 Plot the numbers A = 3 and B=-—4 ona number line. 

As illustrated below, A = 3 is a positive number, so it is three units right of 

zero along the number line. B= —4 is a negative number, so it is located 

four units left of zero. Place a solid point at each location and label each 

point with the corresponding letter. 

6 - 4 -3 -2 -l 0 1 2 3 4 5 6 

3.3. Plot the number 5 and its opposite on a number line. 

The opposite of 

a positive number Is 

a negative number 

(ana vice versa), 
so the opposite 

of Sis -S. 

Opposite numbers are the same distance from zero in opposite directions. 

The number 5 has no explicit sign, so 5 is understood to be positive and 
is located five units to the right of zero. Therefore, the opposite of 5 is five 

units left of zero: —5. 

3.4 Plot the number —2 and its opposite on a number line. 

Negative numbers are located left of zero on the number line, so plot 

—2 two units left of zero. Its opposite (2) is two units right of zero. Both 

numbers are illustrated below. 

—— peck lS oy 
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Chapter Three — Signed Numbers 

“ie 

The opposite of -8 is +8, so calculate the sum of 5 and 8. You can uvite “Lhe 

opposite oka humbey” 

BSINd A negative sign 
In othey wovas, “the : 

Opposite of -9" Coula ie 

written -(-9), 

5+8=13 

~ 

The opposite of —6 is 6, so you are asked to identify the number that is 

2 less than 6. The phrase “less than,” in this problem, cues you to apply 
subtraction: 6 — 2 = 4. 

Vili 

The opposite of a number is often written as that number preceded by a 

negative sign. In this case, the expression —(3 - 11) represents the opposite 
of the product 3 - 11. Thus, the opposite of the product of 3 and 11 is —33. 

Absolute Values 

A happy place, where everything is positive 
Absolute 

values change 
negatives into 
Positives and leave 
Positives alone. Ounce 
You make the number 
inside Positive, you Stop 
writing the absolute 
value signs. 

po << 

The short vertical bars surrounding the numbers —10 and 6 are absolut 
value symbols. They are grouping symbols, like parentheses, but aside 
from merely grouping numbers, they also perform a specific role: They 
limit results to positive values. 

Specifically, the absolute value of any negative number is the opposite, 
positive value of that number. In this problem, |— 10| = 10. However, the 

absolute values do not indiscriminately change the signs of the numbers 
within. The absolute value of any positive number is that number, so |6| = 6. 
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Chapter Three — Signed Numbers 

expression: 12+\-4, 

The number within the absolute value symbols is negative, so replace |—4| 

with the opposite of —4, which is 4. Once you have replaced the absolute 

value expresssion, calculate the sum. 

The abselute 

value of -4 is 4, so 

charge -4 to 4 ana 

Avop the absolute 
value baws. 

12+|-4|=12+4 
=16 

Simplify the expression: 16 —|[5| - . 

The absolute value of any positive number is that positive number; in this 

case, |5| = 5. Rewrite the expression and calculate the difference: 

16—|5|=16—5 
=11 

3.11 Simplify the expression: |-3|—|3| 

This expression contains the absolute values of opposite numbers: —3 

and 3. Note that both have the same value: |—3| = 3 and |3| = 3. Rewrite the 

expression replacing both absolute value expressions with the equivalent 

value of 3. 

Taking 
the absolute 

value of a number 
basically amounts to 

Avopping the negative [-3|—[B|=3—3 
sign out front (if 

theve is one). Calculate the difference. 

3-3=0 

Thus, |—3|—|3|= 0. 

: Simplify the expression: |9 — 7|. 

Absolute value symbols, like parentheses, are grouping symbols, so any 
operations within absolute value bars should be completed before any 
other steps are taken. In this problem, the difference 9 — 7 appears within 
absolute value symbols, so you should begin by subtracting the values. 

I9—7|=[2I 

Complete the problem by simplifying the expression |2|. Note that the 

absolute value of any positive number is that positive number: |2| = 2. 
Therefore, |9 — 7| = 2. 
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Chapter Three — Signed Numbers 

Y, 

This expression is a product of three absolute values. Note that each set of 
absolute values contains a negative number, so the absolute value of each is 
the opposite of that number. 

Theve 

Ave NO operation 

symbols between the 
numbers (like +, -, ov -), 
so that meous you've 
supposed to multiply 
them—after you 
calculate theiv 

absolute values, 
that is. 

[-3||-5||-2| = (3)(5)(2) 

To calculate the product, multiply from left to right: 3 - 5 = 15, so replace 
(3)(5) in the expression with 15. 

(3)(5) (2) = (15)(2) 

Finally, multiply 15 - 2 to complete the problem. 

|-3||-5||-2| = 30 

This expression contains the absolute values of two negative numbers and 
one positive number. Replace each with the appropriate absolute value: 
|—4] = 4, |-3| = 3, and |8|=8. Stowt 

by adding 
|4+ 4, Subtract 

3 from that answer 

ana then ada &. 

14+|-4|—|-3/+|8|=14+(4)-(3)+(8) 

Add and subtract the numbers, working from left to right. 

=18-3+8 

=15+8 

= 23 

Thus, 14 +|-4|—|—3/+|8] = 23. 

Sums and Differences of Signed Numbers 

AAA amd subtvact + and - numbers 

Note: Problems 3.15—3.16 refer to the following expression: ol >? 

3.15 Simplify the expression using a number line. _ _ 

In othev wovds, 

a wumber further 

to the left on the 

number line. 

The expression —1 — 5 can be interpreted in two ways, both equally valid 

and both resulting in the same answer. You can choose to interpret the 
expression as a difference, subtracting 5 from the number —1. More 

commonly, however, the expression is interpreted as a combination of 

positive and negative numbers: Two negative numbers (—5 and -1) are 

combined to produce an even more negative number. 

F a 
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Chapter Three — Signed Numbers 

In the illustration below, a point is placed on a number line at —1, the 

first value in the expression when it is read from left to right. The value 

that follows is —5, so the point should be moved 5 units in the negative 

direction (left along the number line). 

COOGZENF ENNIO’ 

7 -6 - 4 -3 -2 -1 0 1 2 3 4 

The combination of the negative numbers results in —6, so -]1 — 5 =—- 

The expression consists of two numbers with the same sign—they are both 
negative. To combine the numbers, add their values while temporarily 
ignoring the shared negative sign (1 + 5 = 6) and then place the negative 
sign in front of the result: -1 — 5 =-6. 

When combining two numbers in an expression, if the numbers share the 
same sign—whether positive or negative—you should add the numbers 
and then place the shared sign in front of the sum. 

Begin on the left side of the expression and place a point on a number 
line at —-7. The second number in the expression is +3, so move the point 

3 units in the positive direction (to the right) on the number line, as 

illustrated below. 

_ 

This poablen asks you to combine two numbers that have different signs— 
one is positive and one is negative. To do so, temporarily ignore the signs 
of the numbers and subtract the smaller number from the larger. In this 
case, if you omit the signs, you are left,with the menos 7 and 3. Calculate 
the difference: 7-3 = 4. 
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Note: Problems 3.19-3.20 refer to the following expression: 3 8 

3.19: 

< 

Chapter Three — Signed Nobels 

Now compare the two numbers you subtracted and identify the greater of 

the two. In this case, 7 is greater than 3. Refer back to the original problem 
and note that 7 is negative. Therefore, you should place a negative sign in 
front of the difference you calculated in the previous step: —7 + 3 = —4. 

Simplify the expression using a number line. 

To combine the numbers +3 and -8, place a point on the number line at 3 

and then move 8 units in the negative direction, as illustrated below. 

6 -5 —4 -3 2 -1 0 1 2 3 4 5 6 

The final location of the point is 5 units left of 0, so 3-8 =—5. 

Note: Problems 3.19-3.20 refer to the following expression: 3 — 8. 

3.20 

3.21 Simplify the expression: —11 + 6 - 2. 

Simplify the expression without the use of a number line. 

The two numbers combined by this expression (3 and —8) have opposite 
signs. As explained in Problem 3.18, you should temporarily ignore the 
signs and subtract the smaller from the larger number: 8 — 3 = 5. Next, 

compare the two numbers (while still ignoring the signs attached). 
Because 8 > 3, you should place the sign associated with 8 in front of the 
difference you calculated in the previous step (5). Because 8 is negative, so 

is the answer: 3-8 =—5. 

This expression directs you to combine three numbers. You accomplish 
this by combining two numbers at a time, working left to right. Start 
by combining —11 and +6. Because the numbers have opposite signs, 
you should calculate the difference of 11 and 6 and use the sign of the 
larger number. Therefore, —11 + 6 = —5. Rewrite the original expression, 

replacing —11 + 6 with the equivalent value —5. 

wlle6.2=-5-2 

Now combine the remaining numbers: —5 and —2. They both have the 
same sign, so you should add 2 and 5 and apply the shared negative sign to 

the sum. 

25 Pp Qac7 

You conclude that -11 + 6 — 2 =-7. 

(1) lgnove 
the signs ana 
suotvact the 

numbers. 

(2) Place the sign 

of the number you 
subtvactedA FROM in 

fyvout of the vesult 

of Step (I). 

-$ is move 

negative than +% is 

positive, so when you 
combine the numbers, 

the answer has to 

be negative. 

Meese 

ANA || is 
negative, so the 

Aiflevence is 
hegative, 

a 
The Humongous Book of Basic Math and Pre-Algelova Problems 

45 



3.22 ey ike expression: 6 ay + 1- 3 

Combine the terms st the expression two at a time, onda fom vileht to 

right. In other words, calculate 6 - 4, add 1 to the result, then subtract 

3 from that'result. These calculations are completed below, each ona 

separate line to clarify the arithmetic. 

6—4+1-3=2+1-3 
=3-3 
=0 

Thus, 6-4+1-3=0. 

3.23 Simplify the expression: 5 - (-9). 

This expression contains two adjacent signs. Before you can simplify 
the expression, you need to replace the “double signs” with a single sign 

according to the following criteria: 
Two negative signs 

next to each other 

with no number ih 
yetween. 

° If the adjacent signs are the same, they should be replaced with a 
single positive sign. 

° If the adjacent signs are different, they should be replaced with a 
single negative sign. 

This expression contains a negative sign adjacent to —9 in parentheses. 
Both signs are negative, so according to the rules above, the double 
negative signs should be replaced with a single positive sign. 

5-(-9) =5+9 

To complete the problem, calculate the sum: 5 + 9 = 14. You conclude that 

— (-9) = 14. 
Double negative 

Sigus turn into a 
Positive sign (and so Ao 
Aouble positive signs), 

3.24 Simplify the expression: -l1+ . 

The expression contains adjacent signs + and — between —11 and 7. 
According to Problem 3.23, two adjacent signs that are different (one 
positive and one negative) should be replaced with a single negative sign. 

alla) ate 

Calculate the sum: —11 — 7 = -18. Thus, —11 + (—7) =-18. 

3.25 Simplify the expression: 2+ (-1) : (45). 

The expression contains two pairs of adjacent signs: + — before the middle 
term and — + before the final term. In both cases, the adjacent signs are 
different, so each pair should be replaced with a single negative sign. 

-2 + (-1) = 45) =-2-1-5 
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3.27 

3.28 

Chapter Three — Signed Numbers 

The result is an expression that combines three negative numbers. They 
all share a common sign, so you should‘calculate the sum of all three 
numbers and apply the shared negative sign. 

of hens 

Therefore, —2 + (—1) — (+5) =-8. 

The expression contains two pairs of adjacent signs: — — preceding the 
middle term and + — preceding the last term. Pairs of like signs are 
replaced with a single positive sign and pairs of unlike signs are replaced 
with a single negative sign. ; 

10S (-6)44(-3) =-1046=3 

Combine the numbers in the new expression, working left to right. 

=10+6-3=—4—3 

Thus, —10 — (—6) + (-3) =- 

Simplify the expression: 4 -\- “KA 
YI 

Although this ¢ expression contains two pairs ror adiacents signs, you cannot 
eliminate them using the technique described in Problem 3.23. Absolute 
values must be simplified before any other steps can be undertaken. Note 
that |—8| = 8 and |+7|= 7. Rewrite the expression, replacing the absolute 

values. 

14+ |-8|—-|+7|= 14+(8)-(7) 

Combine the resulting numbers to simplify the expression. 

14+(8)—(7)=22-7 

= 15 

Thus, 14+|—8|—|+7|= 

Simply the reser bs 9| - 1 6. 

Begin by eae the: expressions es the absolute vale symbols: 

—3 —9 =-12 and -11 - 6 =-17. 

|-3-9|—|-11-6|=|-12|—|-17| 

Note the subtraction sign between the absolute values. It will remain after 
the absolute values of -12 and -17 are determined. 
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K————— 

|-12|—|-17|=12-(17) 

= 207 

a 

You conclude that |—3—9|—|-11-—6|=—5. 

ON jy 3.29 Simplify the expression: 16-(4+5)+|-3+2| — _ 

The parentheses and absolute value symbols are grouping symbols, so the 

VY —< expressions within should be simplified first: 4 + 5 = 9 and -3 + 2 = -l. 

A 16—(44+5)+|-3+2|=16—(9)+|-]l 

The absolute value of a negative number is its opposite: |- 1|= 1. Substitute 

this value into the expression and combine the remaining numbers. 

=16-9+(l) 

=74+1 
=8 

Products and Quotients of Signed Numbers 

Multiply and Aivide + and - numbers 

3.30 Is the following statement true or false? Explain your answer, 

S.62=63)-6) 

This question asks whether the product of two numbers is equal to the 

product of their opposites, and the statement is true. Both products are 

equal to +18, according to the following rules: Most books 

use paventheses 
to indicate multipli- 

cation when negative 
numbers ave involved: 
-3 --6 looks weiva with 

- and « vight next to 

each othey. 

° Two numbers with the same sign, whether positive or negative, 
have a positive product. 

Two numbers with different signs have a negative product. 

The numbers +3 and +6 (on the left side of the equation) both share a 

positive sign, so the product is also positive: 3 - 6 = 18. Similarly, -3 and —6 
share a common sign, in this case a negative sign. Therefore, that product 
is positive as well: (—3)(-—6) = 18. 
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Chapter Three — Signed Numbers 

Temporarily ignore the signs of both numbers and calculate the product: 
2-4=8. Because 2 and —4 have opposite signs—one is positive and one is 
negative—the product is a negative number. Therefore, 2(—4) =-8. 

Like the numbers in Problem 3.31, the two values in this expression have 
opposite signs. Therefore, the product of the numbers is negative: (-10) 
(7) =-70. 

According to Problem 3.30, two numbers with the same sign have a 
positive product. In this case, —-5 and —3 are both negative, so they have the 

same sign. Therefore, (—5)(—3) = 15. 

Calculate the product of the first two numbers: (—2) (3) =—6. Rewrite the 

expression, replacing (—2)(3) with the actual product. 

(=2) (3) (4) = 4-6 (4) 

Complete the problem by calculating the product of the remaining 
negative numbers. 

(-6)(-4) = 24 

Therefore, (—2)(3)(—4) = 24. 

ey 

1e expression: (-3) 9-4) 3.35 Si 

so begin by simplifying the expression —9 — 4 within the absolute value 

symbols. 

(=3)|-9—4|=(—3)|=13| 

Note that the absolute value of —-13 is 13. 

(—3)|-13| = (—3)(13) 

The product of a positive number and a negative number is negative. 

(-3) (13) =-39 

You conclude that (—3)|-9 — 4| = —39. 
Ws 

This expression contains grouping symbols in the form of absolute values, 

The 
signs of the 
numbers youve 
multiplying only 
affect the SIGN 
of your answer, not 
the answer itsel?: 
(10)(7) = 70 ana 
COC) = <70. 

When 
youve multiplying 

(ov Aividing) groups 

of numbers, count 

the negative signs. If 
that count is even, 

then the proAuct 
is positive. If the 

count is Ad, the 

proAuct is 

negative. 
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If you need help 
with long division, 

veview Problems 

2.26-23S5. 

50 

3.36 

3.37 

3.38 

Simply ae expression: oe a 

The ates that govern the signs of dtaieee eta an in Probleni 3.30—also 

apply to the signs of quotients: 

° Two numbers with the same sign, whether positive or negative, 

have a positive quotient. 

° Two numbers with different signs have a negative quotient. 

This expression contains one positive and one negative number, so the 

quotient is negative. Use long division to divide the values; you have 

already determined that the answer will be negative, so there is no reason 

to include the negative sign in the long division problem. 

12 
2) 24 

Remember to apply a negative sign to the quotient: —24 + 2 =—12. 

Simplify the expression: -153 = (—7). 

According to Problem 3.36, the quotient of two negative numbers is 

positive. Because the sign of the answer has been determined, omit the 
negative signs from the divisor and dividend. 

aA 
7) 153 

—14 
ets 
27 

mo | 

Thus, -153 + (-7) = 21 r 6. 

Simplify the expression: 48 + (6) + (-4). 

If an expression contains a string of values that are multiplied and/or 
divided, like this expression, the operations should be carried out from 
left to right. Begin by calculating the quotient 48 + (—6) =—8. Notice that 
the answer is negative because the divisor and dividend have different 

signs. Substitute that value into the expression. 

48 = (6) Ae ek 4) 
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3.39 

3.40 

3.41 

Complete the problem by dividing —8 by —4. Because both numbers have 
the same sign, the quotient is positive. © 

-8 + (-4) =2 

Therefore, 48 + (—6) + (—4) =2. 

Simplify the expression: — 125 [5 / 
” 

Before you ‘divide, simplify the absolute value expression: |—5| = 5. 

—125+|-5|=-125+5 

Apply long division to calculate the quotient. 

25 

Bios The answer is 
A) negative because 
eu? “I2S and 5 have 

opposite signs. 
20 

0 

You conclude that —125 +|—5|=—25. 

Simplify the expression: — 6+ ( 2) : c 7\, 

According to Problem 3.38, multiplication and division should be 
completed from left to right, but before either operation is undertaken, 

you should simplify the absolute value in the expression. 

—6+(—2)-|-7|=-6+(-2)-7 

Begin by dividing —6 by —2 and then multiply that result by 7. 

Or (=a) 7 = 377 
= 9] 

Thus, —6 +(—2)-|-7|= 21. 

Simplify the expression: 40 + 4 (-2) = (-5). 

Work from left to right, multiplying or dividing only two numbers at a 

time. 

40 +4+(—2)+(—5) =10-(—2)+(-5) 
= —20+(—5) 

=4 
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Chapter 4 
ORDER OF OPERATIONS 

What Ao you simplify fivst? 

Unlike the English language, which is read from left to right, the order in 
which mathematics expressions are simplified is not dictated by the order 
in which the symbols appear, but rather the order of operations. In this 
chapter, you will explore grouping symbols and exponents and then apply 
those concepts to correctly simplify expressions of varying complexity based 
solely on the order of operations. 

You've Probably heava the mnemonic phrase “Pleaseexcuse uw 5 
Sally.” The fivst letter of each WovA vepvesents a a - _ , the order of the words provides the order in which Jou ShoulA Simp ate 
paventheses; exponents; multiplication ana AWVision; ANA addition Oe 

. 
That sequence is callea the ovAev of operations, 

Tas Charter begins with a auick review of grouping symibals (lke paventh land bvackets], which clump together pieces of an expression, It the, ee 

Fo exponents, the “excuse” of the Aunt Sally mnemonic hres takes a a Aetouy inte the Aistvilbutive Property (A 900A example of the Bae of =e 

Didi an you work with Aunt Sally herself, in alll hev avithmetic oe 



Chapter Four — Order of Operations 
fr SN 

Grouping Symbols 

ee clumps in in an expression 

Verify that 

The expression 16 — 5 + 7 on the left side of the "does not equal" sign is very 

similar to the expressions in Problems 3.21—-3.22. To simplify the expression, 

combine the numbers working from left to right: Begin with 16, subtract 5, and 

then add 7 to the result. 

You can ada 

anda subtvact 

numbers ih ovAer from 

left to vight as long 
as the expression 
only contains 
addition ana 

subtraction. 

16-5+7=11+7 

=18 

You cannot add and subtract from left to right to simplify the expression 
16 — (5 + 7) on the right side of the equation, because it contains grouping 
symbols in the form of parentheses that must be simplified first. 

16-(5+7)=16-—(12) 

=4 

The expressions on both sides of the equation, which are the same except for a 

single pair of parentheses, produce different values. The grouping symbols on 
the right side cause you to subtract 12, instead of subtracting 5. 

4.2 Verify that 5 -9- 2: € B o- . -2) a and explain wh 
_ unequal. — 

Like Problem 4.1, despite the same numbers, operations, and signs in the same 
order on both sides of the "does not equal sign," the grouping symbols on the 

right side will affect the result. Rather than multiplying 5 by 9 on the left side 
of the equation, the parentheses on the right side cause you to multiply 5 by 7. 
Verify that the expressions have unequal values by simplifying the expressions 
independently. 

Treat the 

opposite sides of the 
equations as sepavate 

expressions. 
5:-9-2#45-(9-2) 

45-2#5-(7) 

43 #35 

implify the expression: - 

The brackets in this expression, like the parentheses in Problems 4.1—4.2, are 
grouping symbols. The difference between parentheses and brackets is merely 
cosmetic—both serve the same purpose. Therefore, the expression within the 
brackets should be simplified first. 

<9 [AS28216] 
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Chapter Four — Order of Operations 

Calculate the product of -2 and -6. Both numbers have the same sign, so the 
product is positive. 

—2 - [-6] = 12 

Therefore, —2 - [-18 + 3] = 12. 

A fraction consists of two expressions, the numerator, which appears above 
the fraction bar, and the denominator, which appears below the fraction bar. 

A fraction bar acts as a grouping symbol, separating the expressions in the 

numerator and denominator. Simplify both of the expressions independently. 

44+8 12 
-19+13 -6 

A fraction is also a quotient—the numerator of the fraction is divided by the 
denominator. To simplify the expression further, you should express it as a 
division problem and calculate the quotient. 

12 
paces 6)=-2 a 

Ye lude that > = 32: ou conclude tha “19 +13 

simplify the expression: ne 7 7) oo - 

There are two ifferent grouping symbols at icct in ne expression: a set of 
parentheses and a fraction. Multiply the numbers within the parentheses and 
add the numbers in the numerator of the fraction. 

11-5 16 4-7)-—_—" =-98-— (—4:7) : 5 

Simplify the fraction by expressing it as a quotient. 

1 
-28-— =-28-(16 +2) 

=—28-8 

Complete the problem by combining the negative numbers that remain. 

-28 - 8 =-36 

PS 

2 
= — 36. Thus, (-—4:7)- 
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4.6 Simplify the expression: 4 BB 2 (5- a . 

The quantity (5-9) is entirely contained (or “nested”) within the larger 

quantity [3 — (5 — 9)]. To simplify, begin with the innermost grouped expression 

and work outward. In this case, your first step is to calculate 5 — 9 = —4. 

4:(3=(5-=@)|=4-[3 >a) e 
A “quamtity” 

is an expression 

inside grouping symbols. 
Fov exawple | + (2 +%) 

is vead “| plus the 
quoutity 2 +4,” 

Next, simplify the expression within brackets, the remaining grouping symbols 
in the problem. The expression 3 — (—4) contains adjacent negative signs, which 

should be replaced with a positive sign. 

4-[3-(—4)]=4-[3+4] 

=4°7 
= 28 

3 - (-4) 
looks a lot like 

Problem 3.23, in 
CASE you need help 
with adjacent 

Signs. 

Therefore, 4-[3—(5—9)] = 28. 

4.7 Simplify the expression: 26 [(-i- 4) 4
17 ~10)} | . 

Like parentheses, brackets, and fractions, absolute value signs also act as 

grouping symbols. In this problem, two distinct quantities, (—1 — 4) and (7-10), 

are contained within a larger quantity that is bounded by brackets. They should 
be simplified first. 

=6-[C1—4)+|7 —10]]= 6-5) 4 |= 3) 
=—6-[-5+3] 

Though you have now eliminated two grouped expressions, one remains; 

simplify it next. 

4.8 Simplify the expression: —20 = [4- - 2 al). 

The expression |—2 + 5| is nested within the larger quantity [4-|-2+5l], so 

simplify the nested expression first. 

—20-[4-|-2+5|]=-20-[4-|3]] 

=-20—[4-3] 

Next, simplify the expression within brackets, the only remaining grouping 
symbols. 

—20—[4:3]=—-20-[12] 

=—20-12 

= —32 
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Distributive Property ‘ 

Multiply a bunch of things by one number 

S times the 
quantity (| + ¢) 

is equal the sum 

of S times each 

of the things in 
paventheses. 

The left expression consists of the parenthetical quantity (1 + 6) multiplied 
by the number 5. According to the distributive property, you can “distribute” 
5 through the parentheses—multiplying it by each of the numbers inside and 
then adding the results—and get the same answer. 

Consider the left side of the equation. Simplifying it requires you to add the 
numbers within parentheses first. 

5 (146) =5(7) 
= 35 

The 
Now simplify the right side of the equation to verify that it produces the same Aistvibutive 
value, 35. Calculate the products 5(1) and 5(6) first and then add the results. Propevty 

only applies to 
Aautities that 
Contain AAAItion 

ANA subtvaction, 
For example, 

25 - 9) #205) - 20) 
because that 

quantity Contains 

multiplication, 

5(1)+5(6)=5+30 

= 35 

Peaiphie 4 ines the Aoanity: See iapieiniy it te every value pnidaiaeally 

4(2-9-1) =4(2) + 4(-9) + 4(-1) 

Calculate each of the products and simplify. 

4(2)+4(-9)+4(-1) =8- 36-4 
=—28-—4 
= —32 

| 4.1 refer to the following expression: 4(. o 22). 

4.11 Simplify the expression without using the distributive property. 

papressions within Woot or any grouping symbol—should be simplified 

before any other operations are completed. You should begin this problem by 

simplifying the parenthetical expression 2-9 — 1. 

4(2-9-1)=4(-7-1) 

=4(-8) 

= —32 

Problems 4.10 and 4.11 both produce the same result: 4(2 - 9 — 1) =-32. 
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4.12. Simplify using the following expression using the distributive property and 
check your answer: oc —3 + — 

The distributive property states that a number inuleiplied by a sum or dite renee 

can be multiplied by each of the numbers within that sum or difference. In 

this problem, only a negative sign appears outside the quantity. To apply the 

distributive property, treat the negative sign as if it were the number —1 
Unlike Problem 

4.10, which haa 
a4 outside the 

Paveutheses this 
Problem only has a 

negative Sign, 

—(-3 + 12) =-1(-3 + 12) 

Now that the quantity (-3 + 12) is multiplied by a number—rather than just 

a negative sign—you can apply the distributive property. Multiply each of the 

values inside the quantity by -1 and combine the results 

=1(-3+12)=(— (= 3)+(— 2) 
=3-12 

=-9 

To check your answer, simplify the original problem by combining the grouped 
numbers first. The answer should be the same: —9 

~(-3 +12)=—(9) 
=-9 

The book 
daoeswt take - 

an extra step to 

eliminate Aoudle 

signs from this point 

RovwowA—it just changes 

them on the fly. Here 

ave the vules one last 

time for vefevence: 

+++ 

--=+ 

4.13 Simplify the expression using the distributive property: 2(3 +7) +9(-12 +8). 

Multiply both terms in the quantity (3 + 7) by 2, and multiply both terms in the 

quantity (-12 + 8) by 9. Both of the expressions may be expanded in the same 
step, as demonstrated below. 

2(3+7)+9(-—124+8) = 2(3)+2(7)+9(—12)+9(8) 

=6+14+(-—108)+72 

The expression contains adjacent signs + and — between 14 and 108. Opposite 
adjacent signs are replaced by a single negative sign 

+-=- 

See 

=6+ 14-1084 72 

Combine the four remaining terms two at a time, working from left to right 

= 20-108+72 

=—884 72 

=-16 
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he d istributive propery 0-8- -9) - os 3), 

This protien is very dmilat to siBeabiemn ‘ 13 with one een excettion: Pie 
number distributed to the expression on the right is negative. Both of the terms 
in the quantity (4 — 3) should be multiplied by —5. 

6(-—3-—9)-—5(4-—3) =6(—3)+ 6(-9) —5(4)-5(-3) 

IF would be 

much easier (and 
Probably Smarter) to 

_=-18-54—20+15 simplify the grouped 
=O, =-72—20+15 eens first, but 

=-92+15 YOU Ao, you won't 
ty ena uP Aistributing 

twice, Suppress the 
AVJe to simplify inside Paventheses and 
brackets until the end, 

4.15— Apply the distributive © propery) twice to simplify he expres 

Q1- oa 134 4(-2+12)| 

This expression contains two quantities, one bounded by parentheses 

within a larger quantity bounded by brackets. According to Problem 4.6, the 
smaller quantity that appears within the larger quantity should be addressed 
first. Therefore, you should begin by distributing 4 to the terms within the 

parentheses. 

21—[-13+ 4(—2+12)] =21—-[-13+4(—2) + 4(12)] 
= 21—[-13-8+ 48] 

The problem directs you to distribute twice, so rather than simplifying the 
terms within the brackets, you must distribute —1 to each of terms in the 

Problew 4.12 brackets. 

= explains why 
= 21-1[-13-8+48] that —-—in vont of 

ie 1G) = 1 (= 8) = 148) the brackets shoula 

= 214+13+8-—48 be tveated like -|. 

= 34+8-48 

= 42-48 

=-6 

Exponents 
powers and vepeateda multiplication 

4. 16 Evaluate the expression by expanding it: 3°. 

You are given an exponential expression with base 3 raised to the second power. 

This notation indicates that two 3s should be multiplied. 

3° =3-3 
=9 

id a 

ee . 
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4. 17, ‘Evaluate the expression n by expa 

This Weconenale expression He a base of 4 and a power of 3. To evaluate fe 

expression, multiply three 4s. 

4°=4-4-4 

=16°4 

= 64 

4.18 Evaluate the os i expanding i it: 2 

Like Problions 4.16—4.18, this eee expression is a ee method 

that indicates repeated multiplication. In this problem, a total of five 2s should 

be multiplied. 

Baa? 

=4-2-2:2 

=8:2-2 

=16-2 

= 32 

Raising 

something to 

the second power 
is callea “squaving 

it.” You can vead (-8)? 
s “negative eight to 
the second powev” 

ov “negative eight 
squavea.” 

4.19. Simplify he expression: LC 13+ 5). 

Eppieaeus catban parentheses—or any grouping sir pnteeaehoule be 
completed first when simplifying an expression. Combine the numbers —13 and 

5 within the parenthetical quantity. 

(-13+5) =(—8) 

Calculate the product of —-8 and —8. Remember that the product of two negative 
numbers is a positive number. 

(8) =(=8)(=8) 
= 64 

4.20 simplify the oe 10° = ar This vule seems 
pee but it’s 

not. If you've confused, 
lip ahead to Problem 
4.29, which explains 
the exact ovder of 
opevations explicitly, 

Fe creel expressions shoal i‘ ralunen cfore aarnbause are adie 
subtracted, multiplied, or divided—unless, of course, one of those four 
operations occurs within grouping symbols, because grouping symbols are 
always completed first. 

10° —11* =(10)(10)0)- (11) 1) 

= (100)(10)-1)(11) 

=1,000-(11)Q1) 

=1,000-121 

= 879 
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Simplify the expression within brackets. 

[- fs ore a [—3]** 

Next, simplify the expression in the exponential power. 

ey [3 
Rewrite the exponential expression using repeated multiplication and calculate 
the product. 

[-3? =[-3][-3]{-3][-3][-3] 
= 9[-3][-3][-3] 
=-27[-3][-3] 
=81[-3] 

The expression consists of a quantity raised to an exponential power. Begin by 
combining the numbers within parentheses. 

(6-8-5) =(-2-5) 

=(-7)' 
Expand the expression, multiplying (-7) three times. 

Gee) 
= (49)(—7) 
= —343 

; Go from left to 

right: (7) = +49 
AnA they 

(+49)(-7) = 343, 

lowing s atem nt is true or fal eC: 

The equation is read, “The negative (or opposite) of four squared is equal to 
the quantity negative four squared.” The statement is not true, as demonstrated 
below, because the left side instructs you to square 4, while the right side 
instructs you to square —4. 

Look back 
at Problem 4.20: 

10° - ||? simplifies 
to 1,000 - |2I. 

Ae (—4y You squawve ||, not 
—(4-4)#(—4)(—4) -|l, because the 

ea negative sign is not 
in paventheses 

like (4). 
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The student incorrectly applies the distributive property, distributing the 

exponent through the terms in the parentheses. An exponent cannot be 

distributed to numbers within a quantity that are added or subtracted. Instead, 

the quantity (5 + 3) should be simplified before the exponent is applied. 

Note: Problems 4.24-4.26 refer to the following expression: 25+. 

4. a Another student’s incorrect ce to simplify the e se 

Like Problem 4.24, the student incorrectly applies the distributive property. 
You cannot multiply each of the terms within the parentheses by 2 because the 
quantity is raised to the second power. If the exponent were missing from the 
expression 2(5 + 3), it would be appropriate to apply the distributive property, 
producing the expression 2(5) + 2(3). However, the presence of the exponent 

prevents you from applying the distributive property. 

Simplify the expression correct] 

If an expression contains grouping symbols (like parentheses) that define a 

quantity, that quantity must be simplified first. Calculate the sum 5 + 3. 

2(5+3) =2(8) 

Expand the exponential expression and calculate the product. 

2(8)° = 2(8-8) 

= 2(64) 

=128 
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+ 

MSS x Wi 

Begin by simplifying the expression within parentheses. 

(4-3)° =(12)° 
Youve probably 

sensing a theme 
by now. Always 

simplify anything 

in paventheses, 

brackets, ov other 

grouping symbols 
Ffivst. 

Expand the exponential expression and calculate the product. 

12) = 12) (12) 
ce 

The expression within brackets should be simplified before it is raised to the 
second power. Within the bracketed expression, you should expand and simplify 
2° before multiplying by 5. 

oe 

[2°-5] =[2-2-2-5f 
= [4-9-5] 

=[8-5] 
=[40]° 

Complete the problem by expanding the exponential expression and 
calculating the product. 

[40] = 40-40 

= 1,600 

Order of Operations 

Please excuse wy Aeow Aunt Sally 
yy 

+ 

ions should | 

One set of 
JVOUPINA symbols is completely encloses by another set of 
Symbols, like the 
brackets ave enclosed within Paventheses 
heve: (1 + [2 4 3). 

One of the most popular mnemonic devices students use to memorize the order 
of operations is the phrase “Please Excuse My Dear Aunt Sally.” The first letter 
of each word represents an operation, and the order of the words conveys the 
order in which the operations should be conducted: 

Parentheses (or other grouping symbols) should be completed first. If an 

expression contains nested grouping symbols, you should simplify from 
inside out, beginning with the innermost, nested quantity. 

Exponents are the second priority in an expression. 
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Multiplication and Division should be completed in the same step, working 
from left to right. Even though the mnemonic study aid contains the words 
“My Dear,” in that order, multiplication does not always occur before division— 

always simplify these two operations from left to right. 
Technically, 

addadition ana 

sutvaction ave 

the same opevation— 
you've either adding 

a positive ov a negative 

number, so that’s why 
they've grouped in 
the same step. Same 

goes fov multiplication 
and aivision. As you'll 
leavn later in the 

book, Aivision is just 
multiplication by a 

veciprocall. 

Addition and Subtraction are undertaken in the same step once all other 
operations have been completed. These two operations should also be 
conducted from left to right. 

» 

It is important to note that the final two categories in the order of operations 
each consist of two operations, and the order in which each pair of operations is 
prioritized depends entirely upon which is written first, as you read from left to 
right. 

4.30 Simplify the expression: 1 +3 - 4. _. 

The three numbers in this expression are connected by two operations: addition 
and multiplication. According to the order of operations stated in Problem 4.29, 
multiplication should occur before addition. Therefore, you should calculate 

the product of the numbers joined by the multiplication sign and then add 1 to 
that product. 

1+3°4=1+12 

=13 

4.31 Simplify the expression: 5 - 2°. 

This expression features two arithmetic elements: an exponent of 4and a 
multiplication symbol. The order of operations indicates that exponents should 
be simplified first. One question remains: What is actually raised to the fourth 
power? Because no parentheses are present, you should raise 2 to the fourth 
power. 

Inserting 

paventheses 
changes the answer: 
(S + 2)* = \0* 

= 10,000. Expand the exponential expression, calculate its value, and then multiply that 
value by 5. 

5-2* =5(2-2-2-2) 

=5(4-2-2) 

= 5(8-2) 

= 5(16) 

= 80 

SiigeneenTR TEES. 
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All four numbers in this expression are connected by addition or subtraction 
signs. The order of operations dictates that both addition and subtraction occur 
in the same step, from left to right. However, before you begin simplifying the 

expression, you should eliminate the adjacent negative signs between 2 and 1. 
(See Problem 3.23 to review the technique for eliminating adjacent signs.) 

1I6-D42=(-YH18-5+241 
é¢ 

Combine the numbers, beginning on the left and progressing to the right. 

18-—5+2+1=13+2+1 

=15+1 

=16 

~~ 
S 

Simplify the expression: 1224. 
as ‘ s NS % = SS 

The order of operations stipulates that multiplication and division—both 
present in this expression—should be completed from left to right. Note that 
grouping symbols (in the form of parentheses) are present, but no expression is 

contained within. 

Youve 

supposed to 
simplify paventheses 

fist, pur the only thing 

im these parentheses 
is -6. There's nothing 

in there you can 

simplify. 

12+4-(-6)=3-(-6) 
=-18 

4 Simplify the expr ssion: [ J 

The power of this exponential expression contains multiplication and addition. 

Even though multiplication precedes addition in the order of operations, the 

addition problem occurs within parentheses, so it should be simplified first. 

= We a fe 1p” 

=[-1f 

Rewrite the exponential expression as a product and multiply the expanded 

values. 

Staal 
=i 
=-1[-1] 
=1 

As the above steps demonstrate, a negative number raised to an even power 

produces a positive result; a negative number raised to an odd power produces a 

negative result. 
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4. 35 ‘Simplify the expression: 6+ (-4 + 13). 

Begin by simplifying the expression in parentheses. 

6° +(—44+13)=6°+9 

Exponents precede division in the order of operations. 

=(6-6)+9 
= 36+9 

=4 

4.36 Simplify the expression: (1— 2 y oo . ae 

Begin with the expression inside parentheses: 1 — 2’. Before you can subtract, 
Raising to the 

you must first raise 2 to the third power: 2-2-2 =8. 
thiva power is also 

callea “cubing’: 2° is 

vead “two cubed.” 
(1-2) +9=(1-8)' +9 

=(-7)' +9 

Calculate the square of -7 and then add 9. 

=49+9 

= 58 

- - 4--10)+5° 
4.37 Simplify the ee ca : | 

OA 4 This fraction consists of two expressions that should be simplified 
independently. You may begin with either the numerator or denominator 

—— (or simplify both simultaneously). The numerator is simplified first in the 

CZ steps below. Note that exponential expressions should be simplified before 
multiplying. 

4(—10)+5°  4(—10)+25 

12—3°2-1," 12-322—1 

_ 40425 
+ 19=3-9-1 
— =15 
eee al 
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4.38 

4.39 : Simplify the expression: 4 (-1)+|-3 43-5). 

Now simplify the denominator, multiplying before you subtract. 

2H 15 
7 6=1 

_ 15 
ht 

= 15 
ia 

Rewrite the fraction as a division problem and calculate the quotient. 

=-15+5 

=-3 

Simplify the expression: (8- 2 oe ~ iv | 

Simplify the expression within parentheses; according to the order of 
operations, you should multiply —-2 and 7 and then add the product to 8. 

(8-2-7) -11? =(8-14) -17 

=(-6)'-11 

Simplify the exponential expressions and then calculate the difference. 

= 36-121 
=—85 

This expression contains addition, subtraction, multiplication, grouping Ae, 

symbols, and exponents. Begin by simplifying the grouped, bracketed YY \S 

expression. Note that within that quantity, multiplication must occur first. 

4° -(-1)+[-3+3-5] =4°-(-1)+[-3+15]} 

= 4°-(-1)+[12) 

Evaluate the exponential expressions. 

=(4-4-4)-(—1)+[12-12] 

=(16-4)-(—1)+[144] 

= 64-(—1)+144 

To complete the problem, multiply 64 by —1 and then add 144. 

=—64+144 

= 80 
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Yi \S 

The absolute value symbols in the numerator are grouping symbols like the 
parentheses in the denominator. Both sets of grouping symbols in this problem 
contain the same expression, 1 — 7, and should be simplified first. 

=a Sor 
(1-7)’ (-6) 

You are not finished simplifying the absolute value expression in the numerator 
until you actually calculate the absolute value. 

Oa? 
(-6)° 

Squaring a number and its opposite produce the same positive value: 
6? = (-6)? = 36. 

_ 36 
36 

Express the fraction as a division problem and calculate the quotient. 

= 36+ 36 

=] 
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INEQUALITIES 

Greater thow, less thon, and some “equail to” spvinklea in 

Whereas mathematics is often characterized—and accurately so—as a 
study of precisely preserved equality, more advanced mathematical studies 
require the investigation of inequalities. Restricting values to intervals of 
the real numbers, rather than insisting upon specific values, has sparked 
innovation that led to discoveries including differential calculus. This 
chapter does not delve as theoretically into the study of inequalities, 
sufficing to provide a rudimentary introduction that focuses on notation 
and one-dimensional representations. 

Inequalities involve the symbols <7, 5, and 2. T his chapter will make suve you . 

understand what these symbols mean ana how to Oats statements a contain 

those symbols on a number line. It will also explain what ian. Moe is, yee 

can make sense of things like [-1/3] ana (-00, 0). The last seach ties means ities 

back to the skills you've Aevelopea since Chapter |—simplifying expressions that 

contain inequality symbols. 



Chapter Five — Inequalities ; fa 

Inequality Statements 

what's bigger than what? 

lity statement. e the following sentence as an ine 

If |4 23, then 

3 \4isalsoa 

true statement: 

“rThvee ts 

less than 
fourteen.” 

_ Fourteen is greater than three. 

The inequality symbol “>” represents “greater than,” so the mathematical 
representation of the sentence is 14 > 3. To ensure that you apply the correct 
symbol, think of the inequality symbol as the head of an arrow. In this problem, 

the arrow would point to the right, toward 3. In all inequality statements, the 
arrow should point toward the lesser value; in this problem, 3 is less than 14. 

5.2 Write the following sentence as an inequality statement and explain why iti 

Ue. a =. — 

) negative three. Two is either greater than or eq 

Although inequality statements, by definition, are used to compare the sizes of 
unequal values, occasionally, the possibility of equality exists. This statement 
represents one such case: two may be greater than negative three or it may be 
equal to negative three. When the possibility of equality exists, use one of the 
following symbols: < (less than or equal to) or 2 (greater than or equal to). 

22>-3 

Whereas +3 is greater than 2, —3 is less than 2. If you graph the values on a 
number line, the point representing —3 is left of the point representing 2. 

6 - -4 -3 2 -1 0 i 2 3 4 5 6 

The phrase “left of” is equivalent to the phrase “less than,” when you are 
referring to a number line. 

WwW ‘ite the following sentence as a simplifi di 

Five is greater than the opposite of twelve minus four. 

You could write the entire sentence as an inequality, but it is easier to simplify 
first. Specifically, the statement includes the phrase “the opposite of twelve 
minus four.” Start by calculating the difference of 12 and 4. 

12-4=8 
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Ts 

The opposite of a number has the opposite sign. Because 8 is positive, its 
opposite is negative: —8. Therefore, the original sentence can be simplified 
to read, “Five is greater than negative eight.” Use the inequality symbol > to 
represent “greater than.” 

; Ui 

_ This statement compares the product of two and negative nine to the absolute 
value of that product. You are directed to simplify the statement, so you should 
begin by multiplying the numbers. 

Flip back to 
Problem 3.% if you 
need to veview 

absolute values. 

a 2(-9) =-18 

Now calculate the absolute value of the product. Remember that the absolute 

value of a negative number is positive. 

I-18|=18 

Now that you have identified the values described in the original sentence, you 
can express it mathematically. Use the symbol < to represent “less than.” 

2(-9) <|2(—9)| 
—-18<18 

This 

negative means 
“the opposite of” 
the opposite of a 

number is the same 

thing as its negative. 

The opposite of a 

negative number 

is a positive 

numbey. 

Wi | ‘ 7 ow 

This inequality statement compares two values: “nine more than the opposite of 
negative five” and “the square of negative two.” Each value should be simplified 
independently. 

“Nine more than the opposite of negative five” is written —(—5) + 9. You can 

simplify —(—5) one of two ways: either replace the adjacent signs “— —” with “+” or 
interpret —(—5) as “the opposite of —5.” Either way, the result is +5. 

—(-—5)+9=5+4+9 

=14 
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1p the original 
sentence War 

incluaea 
e < ws 

” 

Soy equal FOr 
teaa 

5.6 

The second part of the sentence is “the square of negative two,” or (-2)?. 

Expand this expression and calculate its value. 

(-2)’ =(-2)(-2) 
=4 

Now that you have identified the two values that the inequality compares, you 

can express the inequality mathematically. Use the symbol “>” to represent 

“greater than or equal to.” 

—(—5)+9=(-2) 

14>4 

a 

inequality statement. Write the following sentence as a comp 

Ten 1s less than fifteen but greater than negative one. 

A compound inequality statement combines two separate inequality statements 
into a single statement that contains two inequality signs. In this problem, you 
are given two separate inequality statements that involve the number 10. Express 
each as an inequality statement: 

Ten is less than fifteen: 10 < 15 

Ten is greater than negative one: 10 >-1 

To construct a single, compound inequality statement, write the numbers —1, 10, 

and 15 in order, from least to greatest. 

=I) 105 45 

There is no possibility of equality, so place “less than” signs between the values. 

-1<10<15 

You can read the compound statement from left to right as “—1 is less than 10, 

which is less than 15.” Alternatively, you can write the values from largest to 

smallest and use “greater than signs.” 

1b5>10>-1 

While both techniques of expressing compound inequalities are correct, the 
former—using “less than symbols”’—is a more common convention. 
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\\ Medi Sida. NN 

ares —1 to two different values, —3 and 5: 

Negative one is greater than negative three: -1 > -—3 

Negative one is'less than or equal to five: -1 <5 

Write the three values compared in the statement from least to greatest, as 
illustrated below. 

—3. -l' 5 

Insert “less than” symbols between the values, but note that a “less than or 

equal to” symbol should be used between -1 and 5, as the problem indicates the 
possibility of equality between those values. 

& 

-3<-1<5 

An interval is a portion of the number line defined by two values: a lower 
boundary and an upper boundary. This problem states that the number seven 
belongs to the portion of the number line that lies between six and eight. This is 
true, because six is less than seven and seven is less than eight. 

You can express this relationship between the numbers as a compound 

inequality statement. List the values seven, six, and eight in order from least to 

greatest. 
You might be 

thinking, “op Course @ Aoesw’t equal ¢ ov 8! Why is Anyone even wondering that?" The book is getting you used to the Symbols, because latev, when you use Vaviables (like x and y) that vepreseyt unknown Values, you won't be able to tell it things ave eq i i by looking at 

Gay iO 

You use “less than” symbols to separate numbers that are written from least to 
greatest, but you need to determine whether to use “<” or “s.” Notice that 

the original statement concludes with the word “exclusive.” That means that the 

boundaries six and eight are excluded from the interval—the portion of the 
number line that the statement describes begins at (but does not include) six 

and ends at (but does not include) eight. 

If the boundaries of an interval are excluded, so is the possibility of equality. 
Therefore, you should use “<” rather than “S” to separate the values in the 

compound interval. 

6<7<8 
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5.9 Wi Write the following sentence as a compound inequality statement. 

_ Negative four belongs to the interval bounded by two and negative 

eleven, inclusive. 

This problem states that —4 belongs to the portion of the number line bounded 

above by 2 and bounded below by —11. To express this statement as a compound 

inequality, write all three numbers in order, from least to greatest. 

-ll -4 2 

“ ” 

You now need to determine whether to use “<” or “S” symbols to complete 

the compound inequality. Notice that the original statement uses the word 

“inclusive” to describe the boundaries. Thus, the boundaries not only define the 

extreme values at the ends of the interval, they belong to the interval as well. 

When the boundaries of an interval are included, you should write the 

accompanying compound inequality using “<” symbols to indicate the possibility 

of equality. 

-l1<-4<2 

5.10 Write the following sentence as a compound inequality statement. : 

|The interval containing zero has an excluded lower bound of 
negative five and an included upper bound of four. 

This statement explains that 0 belongs to an interval with a lower boundary of 
—5 and an upper boundary of 4. Further, it explicitly states that the lower bound 
should be excluded (indicating that the symbol “<” should be used to separate 
—5 and 0 in the compound inequality) and the upper bound should be included 
(indicating that the symbol “s” should be used to separate 0 and 4). 

An interval may 
include one endpoint 

put exclude the 
otherv—both endpoints 

avewt automatically 
tveatead the same 

way. 

—-5<0<4 

Interval Notation 

Section of f the number line with brackets and paventheses 

I dentify the portion of the number line described below using interval 
notation. 

All real numbers greater than one but less than eight 

An interval is a portion of the real number line that is defined by two 

boundaries. Thus, intervals have many of the same characteristics as the 

compound inequality statements in Problems 5.6—5.10; In both cases, real 

numbers define the lower and upper boundaries of a range of real numbers, 

and in both cases, the segments of the number line explicitly include or exclude 
the boundary endpoints. 
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5.12 

Interval notation consists of two numbers—the lower boundary of the interval 
(which is always written first) and the upper boundary of the interval. The 
numbers are separated by a comma and the pair of values is surrounded by 
brackets, parentheses, or a combination of one bracket and one parenthesis, 
depending upon whether or not the specific boundaries should be included on 
the interval. 

This problem specifies a lower boundary of one and an upper boundary of 
eight, so write the numbers in a order from least to greatest and separate them 
with a comma. 

1,8 

The problem specifically states that values in the interval must be greater than 
one and less than eight. Therefore, neither boundary is included in the interval. 
Use parentheses next to boundaries that are not included on an interval, as 
illustrated below. 

(1,8) 

The interval (1,8) represents the portion of the number line between (but not 

including) 1 and 8. 

Identify the portion of the number line desibed below using interval 
notation. 

All real numbers less ae or equal to 19 and greater t 
equal to —2 

This problem lists the boundaries in a different order than Problem 5.11, 
but that does not affect the order in which the interval is written. The lower 
boundary should always precede the upper boundary in interval notation. 
Write the boundaries in order, from least to greatest, and separate them with a 

comma. 

Look for the 
words “ov equal te.” 

When you see them 
next to a number, 

that boundary is 

included, ana you 
shoula use a 

bracket. 

—2,19 

Unlike Problem 5.11, both of the boundaries are included on the interval. 

Consider the lower boundary =2. According to the description of the interval, 
all values less than or equal to 19 are included and all values greater than or equal 

to -2 are included. Similarly, 19 also belongs to the interval. 

To indicate that the boundary of an interval should be included, place a bracket 
next to that boundary. In this problem, both boundaries are included, so 

brackets should be placed next to —2 and 19, as demonstrated below. 

[-2,19] 

Thus, the interval notation [-2,19] represents the set of real numbers on the 

number line between, and including, the boundaries of —2 and 19. 
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“Reals” 

is a shovter way 

of saying Veal 

numbers.” 

Always put a 
paventhesis next 

to oo fov interval 

notation. Always, 
always, always. 

Only one of the boundaries is included on this interval. In order to belong 
to this interval, a number must be greater than (and not equal to) 4 and less 
than (or equal to) 20. Hence, the lower boundary 4 is excluded but the upper 
boundary 20 is included. Place a parenthesis next to 4 and a bracket next to 20. 

(4,20] 

Numbers between 4 and 20 belong to the interval (4,20], as does the number 

20. However, 4 does not belong to the interval. 

sntify the portion of the nu 

Whereas Problems 5.11—5.13 featured intervals with two boundaries, this 

interval has only one explicitly stated boundary: three. More specifically, three 
is identified as the lower bound for the interval, because any number belonging 
to the interval must be greater than (and not equal to) three. No upper 
boundary is identified. 

Correct interval notation absolutely requires two boundaries, but in this 
problem, any number greater than three qualifies for the interval. Consider a 
number line with the point three marked on it. Any number to the right of (and 
therefore greater than) three belongs to the interval—it extends infinitely to 
the right in the positive direction. 

Because the interval has no upper boundary other than infinity itself, the 
symbol for infinity is used to represent the upper boundary: ©. Write the 
boundaries next to each other and separate them with a comma. Note that 
should be written second, as it represents the upper boundary. 

3,00 

To complete interval notation, you need to decide whether or not the endpoints 
should be included. The problem explicitly excludes the lower bound of three, 
so a parenthesis should be placed next to it. Because infinity is not a real 
number, you cannot include it in the interval, and a parenthesis should be used 

next to © in interval notation. 

(3,00) 
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5. 15 Identify the pects of the number line described belo. using interval 
notation, 

Al real numbers less than or equal to negative five 

Any number that is less than —5 (and the number -5, itself) belong to 
this interval. Like Problem 5.14, this interval has only one explicitly stated 
boundary—in this case, the upper bound. Note that Problem 5.14 uses the 
infinity symbol %-to represent an infinitely large upper boundary. Similarly, 

you use the negative infinity symbol (—%) to represent an infinitely small (or 

negative) lower boundary. 

List the lower bound of the interval followed by the upper bound, and separate 

them with a comma. If the lower 
bound isn’t 

explicitly stated, 
Use —oo, Use +o0 (ov 

JUSt 02) to vepvesent 
A MISSING Upper 

bound. 

=O ras) 
> 

The problem indicates that —5 should be included in the interval (because it 
includes the modifier “or equal to”), so a bracket should be placed next to —5. 
An infinity symbol, whether positive or negative, cannot be included in any 
interval, so a parenthesis should be placed next to it, as illustrated below. 

(=00,-5] 

5.16 Identify a value that belongs to the following interval and construct a _ 
compound inequality statement that verifies your conclusion: [0,7]. 

The interval [0,7] consists of the real numbers between 0 and 7, including the 

boundaries themselves. There are infinitely many real numbers that belong to 

the interval, but one such example is the integer 5. 

The 

“ov equal 

to” phrases ave 
vequivea because 

of the brackets. 

Brackets mean 
equality is 
possible, so 0 ana 

7 also belong to 

the interval. 

To construct a compound statement that claims 5 belongs to the interval, place 
the value between the lower and upper bounds of the interval, as illustrated 

below. 

Like 5, the number you choose should be greater than (or equal to) 0 and less 
than (or equal to) 7. The brackets in the original interval direct you to place less 
than or equal to symbols between the values. (If the interval were written with 

parentheses instead, you would substitute less than symbols when constructing 

the compound inequality.) The final compound inequality is presented below. 

0<5<7 
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5. 17 ‘Identify oe that bese to the following 
compound lec statement that verifies your. ee [-9, 1). 

The lower Bound of (tis interval is —9 and the upper pune is 1. Any oie 

number between those values belongs to the interval, including—for example— 

the number —4. To construct a compound inequality statement, list the value 

you choose and the bounds of the interval in order, from least to greatest. 

-9 -4 1 

To determine whether to place < or < between the values, you should consult the 

original interval. A bracket is placed next to the lower bound —9, so it belongs to 

the interval and should be included with the < symbol. 
Re 

-9<-4 | 

A parenthesis is placed next to the upper bound 1, indicating that it is not 

included in the interval. Exclude the upper boundary from the compound 

inequality statement using the < symbol. 

-9<-4<] 

5.18 _ Identify a value that belongs to the following interval a id construct a1 an _ 
_ inequality statement that verifies your | conclusion: Ge oo] » . 

Any number between —& and 11 pelanie' to this interval. More simply stated, 
you can choose any number less than (but not including) 11. For instance, 
the number 2 is less than 11, which you can state mathematically using the 

inequality below. that’s 

because you've 
only given one veal 

number (||). The 
-o9 in the interval 

is a Aead giveaway 

that you'll use the < 
sign, just like a +oo 

Would indicate 

Oral 

Unlike Problems 5.16—-5.17, a compound inequality statement is not used. 

Graphing Inequalities 

Davken sections of the number line 

5.19 Graph the inequality ona number hne: x20. 

Antoueh savanies will not be discussed in detail atl ae 15; ae are 
necessary in the context of graphing problems. Specifically, the variable x 
is used to represent any number that satisfies the conditions set forth in the 
statement. 

Given the inequality x 2 0, your goal is to identify the portion of the number 
line that contains all of the numbers that are greater than or equal to 0. The 
mathematical expression x2 0 is preferred to the unwieldy sentence “any 
number greater than or equal to zero,” which is why the variable x is necessary. 
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5.20 

5.21 

To graph the inequality, place a solid dot at 0 and draw an arrow that points 
to the right, in the same direction that the inéquality sign would point if it were 
the head of an arrow. The arrow you draw should be thicker and darker than 
the number line so that you can distinguish between them, as illustrated below. 

Use closea 
Aots when you see 

< and > symbols. 
Open Aots ave used 

fov < and 7? symbols, 
as you'll see in 

Problems $.22- 
S.23. 

6 - -4 -3 2 -1 0 1 2 3s 4 5 6 

Any number along the darkened portion of the number line satisfies the 
inequality statement. For instance, x= 1, x= 2, x= 3, ... each belong to the 

darker, positive half of the number line, and each of those numbers satisfies the 

inequality x 2 0. A solid dot is used on the graph to explicitly include 0 as part of 
the graph, as 0 = 0 is a true statement. 

Some textbooks graph inequalities using parentheses and brackets, much like 
interval notation. The inequality expression x = 0 translates to the interval 
[0,0). The graph below replaces the closed dot on the original graph with a 
bracket that indicates 0 should be included. 

6 - -4 -3 -2 -1 0 1 2 3 4 5 6 

Graphs using interval notation are less conventional, so this book will default to 
inequality graphs that feature points, or “dots,” instead. 

Graph the inequality on a number lin 

This inequality expression allows the possibility of equality, because 2 includes 
the phrase “or equal to.” Therefore, a closed dot should be used to mark —2 on 

the number line. Notice that the inequality symbol 2 points to the right, so you 
should darken the portion of the number line to the right of —2, as illustrated 

below. 

Graph the inequality on a number line: x < 3. 

The inequality symbol <, like 2, indicates that the adjacent number should 

be included in the graph. Therefore, a solid dot should be placed at 3 on the 

number line. Notice that the inequality symbol < points to the left, so the 
portion of the number line that is left of 3 should be darkened, as illustrated 

below. 
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5.22 — the inequality on a number 7 x> 7 : 

Unlike Problems 5.19-5.21, the paunasee in this sd equate expression Bnoutd 

not be included, as the inequality symbol > does not allow for the possibility 

of equality. Recall that a solid dot is only used to mark an included boundary 

value on the number line. An open, or hollow, dot is used to mark an excluded 

boundary. 

Place an open dot at 1 on the number line to represent the lower, but excluded, 

boundary of x> 1. Because the inequality sign points to the right, you should 
darken the portion of the number line to the right of 1. 

6 -5 4 -3 -2 -l 0 1 a 3 4 o 6 

You Aavken 

the graph in the 
Aivection that the 
inequality symbol 

points. If you Aon’t put 
x on the left Side, you 

end up Aavkening 
the wrong side, 

Although it is less common, some textbooks use a parenthesis instead of an 

open dot on inequality graphs, as illustrated below. 

5.23 Graph the inequality on a number line: -5 > x. 

In order to use the graphing technique described in Problems 5.19-5.22, the 
variable x must appear on the left side of the inequality. However, when you 
reverse the sides of an inequality, you need to reverse the direction of the 
inequality symbol as well. In this problem, you should change the inequality 
symbol from > to <, as illustrated below. 

x<-—-5 
Reversing the inequality statement does not invalidate it. Rather, it represents 
an alternate way to state the same relationship: —5 > x (negative five is greater 
than an unknown number x) and x<—5 (an unknown number is less than 

negative five) are logically equivalent statements. 

To graph the inequality, place an open dot at —-5. Draw a darkened arrow 

that points to the left, in the same direction as the inequality symbol in the 
statement x<—). 

5.24 Graph the inequality on a number line: -2 < x< 2. 

The graph of a compound inequality is a darkened portion of the number line 
that is bounded on both sides by a closed or an open dot. Both of the inequality 
symbols in this statement allow the possibility of equality, so the dots placed at 
—2 and 2 are both solid. 
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Complete the graph by darkening the number line between —2 and 2. 

6 - -4 -3 -2 -l 0 1 

No “ov equal 
to” means hollow 

Aots. 

so open dots should be the inequality symbols exclude the possibility of equality, 
used to mark the values on the number line. Darken the portion of the number 

line lying between the points. 

6 -5 -4 -3 -2 -l 0 1 

_ Graph the inequality on a num 

Thig compound inequality statement contains two different inequality 
symbols, < and <. Therefore, two different dots should be used to represent the 

boundaries of the interval. The symbol adjacent to —4 allows for equality, so 
place a solid dot at —4. The upper bound of the interval, however, is excluded, 

and should be marked with an open dot. 

Unlike 
inequality 

gvaphs with one 

youndavy (like 
Problems S.|9-S.23), 
you don't have to 
wovvy about veversing 
everything to get x in 
a certain place. If you 
do veverse everything, 
make suve the 
numbers and the 
iMmequallity symbols 
wove together. 

6 - -4 -3 2 -1 0 

5.27 Graph the inequality on a numbe 

This compound inequality is written differently than the inequalities in 
Problems 5.24—5.26, because the upper bound is written on the left and the 
lower bound is on the right. You can rewrite the statement by reversing 
the numbers and the inequality signs, but it is not necessary to complete the 
problem: -6 < x< 0. Place an open dot at —6 and a closed dot at 0. 
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Completing Inequality Statements 

se Sea aus se ie ee so 

cle with one 

Smplity the expressions on each side of ite missing inequality symbol 

separately, following the order of operations described in Problem 4.29. 

To simplify the left expression, apply the exponent and then calculate the 

difference. 

4—3? © 4+(-3) : te 

4—(3°3) O 44+(-3) 

4-9 O 4+(-3) 

—5 O 4+(-3) 

Simplify the right side of the statement, following the same order of operations. 

—5 O 4+(-3)(-3) 

—5- Ore eo 

Spr ols 

lf you mavkea 

-S and |3 on the 
number line, -S woula 

be further to the 
left. That meous it’s 

less than |%. 
Negative numbers are less than positive numbers, so you should complete the 

statement using the < symbol. 

—5< 13 

5.29 Eogler the inequality statement below, replacing the die oa. one c of he” 
ie boas <, >, or = — 

ay bostl 6 

Expressions within grouping symbols should always be completed first, so 
calculate the sum 8 + 1 before you multiply by 6. 

(8+1)-6 O 8+1:6 

26S SOM Sls 6 

Da Oi S456 

Because no parentheses are present on the right side of the statement, 
multiplication precedes addition. 

DAO O46 

Sa Ors 
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The left side of the expression is greater than the right side, so complete the 
statement using the > symbol. 

54> 14 

YG 

5.30 oe the ae statement below, ‘replacing t the circle ith ak of the 
une symbols: — _ 

. ce ak 1 s+) : 
FN 
LN 

You Aow’t 
have to simplify 

the sides one at 
a time like the book 
Aoes—it's just going 
slow so you Aon't get 
lost. If you think you 

Absolute value symbols are Classified as aiGUBHE symbols, so the expressions 
within should be simplified before you multiply. On the left side of the 
expression, you should combine —1 and —4, take the absolute value, and then 
multiply the result by 2. Recall that the absolute value of a negative number is 
positive. 

tae cam simplify them 
. eae ste oth ae vie | 

Or aoe Same time, go 
10 © 2h1+4| Por it. 

Now simplify the right side of the expression. Recall that the absolute value of a 
positive number is positive. 

10 oO 2\5| 
1000 2(5) 

102.@* 10 

Both sides of the statement have the same value, so complete the statement 

using the = symbol. 

10 = 10 

5.31 ake the eae statement below, replacing ¢ the circle with 0 one on the . 
as symbols: <7, Or 

—3+9 2 2 
2°6 a 

Simplify the numerator and denominator of the left fraction independently. 

Make sure to divide 9 by 3 before subtracting 3 in the numerator. 
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4 

—SHoas = 

2-6 & 
0 34 2 — = ee oz 

sine 4 
0 Aividea by any non-zeve ow O ~ 

umber is equal to 0. 0 - a 

12 ae 
94 

0 O Bz 

Now simplify the right side of the expression. 

Or 2 22 ee 
Or"O AA 

Any number RS ee 2 

divided by itself 16 
equals |. 8-2 

16 

16 
O as 

: 16 

Oo Orel 

Zero is less than one, so complete the statement using the < symbol. 

Olan 

To simplify the left side of the statement, begin with the expression within 
absolute value symbols. Make sure to multiply 2 and 7 first and then subtract 
the product from 3. Once a single value lies within the absolute value symbols, 
calculate the absolute value and square it. 

I3-2:77 O (3-2-7) 

3-14) © (3-2-7) 

|-11f O (3-2-7) 

12 O (3-2-7) 

121 O (3-2-7) 
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The right side of the expression, aside from the absence of absolute value 

symbols, requires the same steps. i 

121 O (8-14) 

12 Oe (esl 1): 

12M Os 191 

Both grouping symbols contain expressions equal to —11. On the left side, 

absolute values change that number to +11 before squaring it. On the right 
side of the expression; (-11)? also equals 121. Whether you square a negative 

or a positive number, the result is positive. Complete the statement using the = 
symbol. 

From heve 

until the end of 

the chapter, the 

book stops simplifying 
the sides in 

sepavate steps. 

121 = 121 

5.33 Complete the inequality statement below, replacing the circle with one of the 
following symbols: <, >, or =. 

ay : - (-1)’0 (-1)° 

Expand the exponential expressions on both sides of the statement and multiply 
numbers in pairs, working from left to right, on each side. In each of the steps 

below, the underlined pair of numbers is multiplied to progress to the following 

step. 

(=i) Oty) 
EVEVEVENGVEVEDOCH)EDGEVEVEDCD 

Le ieiicl (ait) © 11) t)t1) 1) 

EVE Veyveve)oOoeve yey y 

Ree) 1) Ov T)(=)) 

EVE) EDO Ii) 
1(-l ol 

-l1<1 Theve’s an 
algelbva pvopevty 
that says vaising 
A power toa 

power is the same 

as multiplying the 
powers. In other 

wovas, (2°)? = 2°? = 2’. 
This book won't 
get quite that 

adavoucea, 

though. 

5.34 Complete the inequality statement below, replacing the circle with one of the 
following symbols: <, >, or =. 

(2*) 0(8') 

This statement contains exponents raised to other exponents. According to the 

order of operations, you should simplify the expression within parentheses first. 
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(2°) 0(3*) 
(2-2-2) 0 (3-3) 

(4:2) o(9) 

8° C9? 

8°8:8 09-9 
64:8 O81 

512 >81 

5.35 Complete the elu statement below, replacing the circle v with 
following symbols: <, >, Ore a — 

[5G =1-4)F0 5: 

Both sides of this expression contain similar elements, but the left side of the 

expression squares 5 and the parenthetical quantity, whereas the right side 

squares only the quantity. The other major dissimilarity between the sides is the 
pair of nested grouping symbols on the left side of the statement. Make sure to 

simplify the innermost quantity (3 — 1 - 4) first. 

[5(3-1-4)] 0 5(3-1-4)" 

[5(3-4)] oO 5(3-4)° 

[5(-l] 0 5(-1)° 

On the left side of the statement, calculate the product 5(-1) before squaring, 

as it appears within grouping symbols. However, on the right side of the 
statement, the order of operations directs you to simplify the exponential 
expression before multiplying. 

5) oO Sl 
P=Sil aio at! 

95 >5 

Comper the inequality statement Loy replacing the circle with 0 one of fthe I know you've 5.36 
Supposed to aAA 

from left to vight, but 
+7 and -F ave vight 
next to each other. 
It woulA save time 
to combine them 

and get 0, leaving 
IS +O= 13. 

following ee <, >, Or =. 

Simplify the entire See within brackets on the Beles of this statement 

before raising the value of that expression to the second power. 

(8-5-2)? © [13+(-3)'-3?] 

(8-10)"° o [13+(9)-(9)} 

(2) Cy22 4; 

(-2) o List 

The Humongous Book of Basic Math and Pre-Algelbva Problems 
86 



Chapter Five — Inequalities ——— ee EE eee 

Simplify the exponential expressions to complete the problem. 

(—2)(—2)(—2) o[18][13] 
4(-—2) 0169 

—8 < 169 

statement. The right side contains nested quantities, so start by calculating the 
product 7 - 2 within the innermost quantity. 

—4(5-3-2) O (40+[-6+7-2]) 

—4(5-6) © (40+[-6+14]) 

Rs —4(-1) 0 (40+8) 

4<5 

On the left side of this statement, the order of operations is division, 

multiplication, and then subtraction. The right side is a bit more complicated; it 
requires you to simplify the nested quantity, evaluate an exponent, divide, and 
then raise the result to the third power. 

16+2-7-40[-6? +(-6+9-2)] 

8—7-40[-6+(-6+18)] 

8-280 [-67 +12] 

Note that —6? = —36, which is read “the opposite of 6 squared equals —36.” If 
the expression were written (—6)’, “the square of negative six,” then the answer 

would be +36. 

—20 © [-36 +12] 

—20 0 [-3] 

200 |= sil<3i=3| 
—20 0 9[-3] 
-—20> -27 
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5.39 | Compleie Oe inequality st stater 
_ ee symbo 

Begin by simplifying the bracketed quantity on the left side of the statement 

and the exponential expression on the right side. 

9-30+6—-[8+4-5] 0 2:7-32+47 +11 

9-30+6-—[8+20] O 2-7-32+16+411 

9-30+6-—28 O 14—32+16+4+11 

Division is the next priority on both sides of the statement. 

Oy = sy ©) 4b ae IL phlei 

A= 28 O)12 + Tt 

—24 < 23 

\ 3 5.40 Complete the inequality st statement 1 belo r repl 
ye: oo <; >, oe. — 

of (ee, oo oe (+I 12410) Te [a0 
NS In orler to Ror eed from one step to the 4 next in ie solution below, you need to 

simplify the underlined portion of the preceding step. 

Jo | (1o-4-6)+(9+[12+4))]+1 

—6[ 28+(4?-2)] o[(0-4:6)+(9+3)]+1 

—6[28+(16-2)] o[ (10-24) +(9+3)]+1 

—6[28 +14] o[-14+(9+3)]+1 

~6[2] O[-14+3]+1 
=O beled 

—12<-10 

“ s ‘ 

—6[ 28+(4? +[-12+10] 

The problem is 
pretty long, so the book 
helps you by underlining 
what needs to be 
Aone in each step. 
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Chapter 6 
FACTORS, MULTIPLES, AND DIVISIBILITY 

What Aivides into a number? 

This chapter explores a key tenet of algebra, appropriately titled the 

Fundamental Theorem of Arithmetic, which states that every integer 
greater than or equal to two can be expressed as a unique product of prime 

factors. However complex this principle may appear at the outset of the 

chapter, once you have worked through these problems, you will understand 

the vocabulary and implications of this simple but important theorem. 

Heve’s a quick preview of what you'll learn in this chapter, 

using the number |2 as an example: 

0 2°-G= |2,802 ana é ave factovs of 12 

eo |Zis awmultiple of 2 and a multiple of 6 

e |Zis Avisible by 2 ana 6 
o is prime, but |2 is a composite number 

o the prime factovization of |2 is 27-3 

o the least common multiple of 6 and |2 is |2 

e The greatest common factor of 6 ana |2 is © 

The fivst thvee bullets ave pretty easy concepts, and the last four ave a 

bit move complicated, but all of the topics in this chapter ave velateA—they 

all have to Ao with numbers that Aivide into one another. 



Chapter Six — Factors, Multiples, and Divisibility 

Basic Factoring Terminology 

What do the terms i in oe crete title oe 

6. L “enti all poe: of 20. _ - 

A number is a fcr of 20 if dividing 20 by that number produces a remainder 
of zero. Similarly, if a number is a factor of 20, you conclude that 20 is “divisible 
by” that number. All integers are divisible by 1, so technically | is a factor of 
all integers. Similarly, all integers are divisible by themselves; in this case, 20 is 
a factor of 20. Because all numbers contain these two factors by default, some 

texts consider them inconsequential and don’t include them in lists of factors. 
In the interest of completeness, they are included in this book. 

An integer isa 
number like -3 ov 7 
that has no Aecimall 

ov fvactional pawt. 

Beginning with 1, divide 20 by consecutive integers and identify the quotients 
that produce no remainder. The boxed numbers in the list below‘are factors of 
20. 

20 +[1]=20 r 0 

20+|2]}=10 r0 
20+3=6r2 

20+[4]=5 r0 

90+[5]=4 r0 
20+6=3r2 

20+7=2r6 

20+8=2r4 

20+9=2r2 

20 +(10]=2 r0 

20 +(20|=1 r 0 

The quotients that correspond with the boxed factors in the list above are 
also factors of 20. For instance, the second row of the list states 20 ~ 2=10r 0. 
Therefore, 2 is a factor of 10. However, when you divide 20 by 2, the result is 10, 
which is also a factor of 10, as evidenced by the last row of the list. Furthermore, 
when you divide 20 by 10, the result is 2. 

Essentially, it is a duplication of effort to construct a list from 1 to 10, because all 
of the factors are identified in the first four rows: 1, 2, 4, 5, 10, and 20. Because 
20 is divisible by 1, 2, 4, 5, 10, and 20, you can also conclude that 20 is a multiple 
of each number. 

The list should stop with 20 + S, 
because S was alveady iAentifieda as a factor 

in the previous vow, which stateaA 20 +4=5, As soon 
AS you get a vepeat factov, you can stop listing 

possible factors. 

KE oitiicies ptr tS Fa 
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ee SS 

6.3 

6.4. 

_ composite number. 

Beginning with 2, divide 36 by consecutive integers until you have identified 
all of the factors. (Problem 6.1 states that every number is divisible by itself and 

1, so 1 and 36 are factors of 36. No additional work is necessary to verify those 
factors.) 

36+2=18r0 

Dividing 36 by 2 produces a remainder of 0, so 2 and the resulting quotient 18 
are both factors of 36. Continue dividing by consecutive integers greater than 2 
until one of the factors repeats. 

36+3512r0 

36+4=9r0 

36+5=7rl 

36+6=6r0 

Dividing 36 by 6 produces no remainder, but the quotient (6) matches the 

number by which you divided. Once you encounter a repeated factor, the search 
for factors is complete. You conclude that the factors of 36 are 1, 2, 3, 4, 6, 9, 12, 

18, and 36. 

Based on your answer to Problem 6.2, determine whether 36 is a prime or 

All positive integers fall into one of two categories: prime or composite. 
According to Problem 6.1, all numbers are divisible by themselves and divisible 
by 1. Prime numbers are divisible only by the numbers themselves and 1. 
Composite numbers, however, have more than those two factors. Problem 6.2 

states that 36 has nine different factors including—but not limited to—l and 
36. Thus, 36 is a composite number. 

Identify all factors of 25 and determine whether 25 is a prime or composite 
number. 

Without performing any calculations, you can conclude that 25 has factors 1 
and 25. To identify other factors, divide 25 by consecutive integers beginning 

with 2. 

25=2=12 r | 

25+3=8rl 

95+4=6rl 

25+5=5r0 

Dividing 25 by 5 produces a remainder of 0, so 5 is a factor of 25. Notice that the 

quotient (5) repeats the number by which you are dividing (5), so the search for 

factors is complete. The factors of 25 are 1, 5, and 25. Because 25 has more than 

the default factors of 1 and 25, it is a composite number. 

4 
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WSS oS 

Every number is divisible by 1 and the number itself. Thus, 1 and 13 are 

factors of 13. To identify additional factors, divide 13 by consecutive numbers 

beginning with 2. 

13+2=6rl 13+8=I1r5» 

13+3=4rl 13+9=1r4 

Stop at one 13+4=3rl 13+10=1r3 

less than the 13+5=2r3 _ 18+1l=1r2 

nuniber, in this case 13+6=2rl 13+12=I1rl 
12. You alveady 

13+7=1r6 

factoy, None of the quotients listed above have a remainder of 0, so none of the 

numbers between 2 and 12 are factors of 13. The only factors of 13 are the 
default factors of 1 and 13, so by definition, 13 is a prime number. 

Divide 60 by consecutive numbers beginning with 2 until one of the factors 
repeats, as demonstrated below. 

ce 6047 =6r4 
ky ese rae 60+8=71r4 
ert 6049 = 61 6 
Soe 60+10=610 
60+6=10r0 

Dividing by 10 produces a quotient of 6. Notice that 6 and 10 were previously 
identified as factors of 60 (60 + 6 = 10 r 0), so the search for factors is complete: 
1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, and 60. 

4 Ya AK 

This statement is false, and the easiest way to demonstrate why is with an 

example. Consider the prime numbers 5 and 7; calculate the product. 

5 37 = 35 

The Humongous Book of Basic Math and Pre-Algelbva Problems 



Chapter Six — Factors, Multiples, and Divisibility 

This problem asks whether the product (35) of the prime numbers (5 and 

7) is also prime. By definition, 35 is only prime if it has two factors: 1 and 35. 
However, the number 35 was generated by multiplying two numbers together, so 

35 is divisible by those numbers. 

35°25 =7- and °35%+ 725 

If 35 is divisible by 5 and 7, then 5 and 7 are factors of 35, and 35 must be a 

composite number. 

Divisibility Tests 

Quick wavs to identify factors of numbers 

6.8 Apply a divisibility test to confirm that 7,158 is divisible by 2 and verify your 
answer. | 

Divisibility tests are quick, accurate ways to determine whether large numbers 

are divisible by smaller numbers without having to resort to trial and error. This 
is especially useful because long division is a cumbersome process when large 
numbers are involved, so long dividing only when you can be sure of a zero 

remainder is a sensible strategy. 

The divisibility test for 2 is very straightforward: Any even number is divisible by 
2. The last digit of 7,158 is 8, so 7,158 is an even number and, hence, divisible by 

2. Verify the answer using long division. 

A number is even 

if the ones Aigit is 

0,2, 4, 6, ov &. 
33579 

2) 7,158 

Zo 
11 

The remainder of 7,158 + 2 is 0, so 7,158 is divisible by 2. 

Which also meous: 

(A) 2 is a factor of 7,159 

(B) 7,IS¥ is a multiple of 2 
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A number is divisible by 3 if the sum of its digits is also divisible by 3. In other 
words, treat each digit of 1,365 as a separate number and calculate the sum. 

1+34+6+5=15 
» 

The sum (15) is divisible by 3 because 15 + 3 = 5 has no remainder. You can 

conclude, therefore, that 1,365 is also divisible by 3. Verify your answer using 

long division. 

455 

3) 1,365 

il 

16 

If the last two digits of an integer are divisible by 4, then the entire number is 
divisible by 4 as well. In this problem, discard the thousands digit 3 and the 

hundreds digit 7; consider only the two-digit number 88 that remains. A quick 
long division problem verifies that 88 is, indeed, divisible by 4, and it is certainly 
preferable to dividing the entire number by 4. 

Especially if 3,788 
had a lot move 

Aigits. 

Because 88 is divisible by 4, you can conclude that 3,788 is also divisible by 4. 
Verify this using long division. 

947 
4) 3,788 
—36 

18 
—16 

28 
— 28 

0 
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The divisibility test for 5 is very simple: a number is divisible by 5 if its ones digit 
is either 0 or 5. The ones digit of 4,995 meets this requirement, so 5 is a factor of 

4,995. Check your answer by applying long division. 

999 
5) 4,995 

-~45 

49 
— 45 

" 45 
— 45 

es | ee 
6.12 Apply a divisibility test to confirm that 30,762 is divisible by 6 and verify your 
- ae rissa rs Because 

A number is divisible by 6 only if it satisfies the divisibility tests for 2 and 3, 
described in Problems 6.8 and 6.9. In other words, the number must be even 

and the sum of its digits must be divisible by 3. The number 30,762 is even, so 
it is divisible by 2. Add the digits of 30,762 to determine whether the number is 
divisible by 3. . 

34+0+74+6+4+2=18 

Because 18 + 3 =6r 0, you conclude that 18 is divisible by 3 and, by extension, 
30,762 is divisible by 3 as well. Now that you have verified that 2 and 3 are 

both factors of 30,762, you know that 6 is a factor of 30,762 as well. Apply long 
division to check your answer. 

5,127 

6) 30,762 

205 
07 

-6 
16 

- 
42 

— 42 

0 
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6.13 Apply a divisibility test to confirm that 357 is divisible | 
| answer. ——rt—“<‘i—™OCOC~—™OCUCOCOCOCN 

The divisibility test for 7 differs a bit from the other tests explored in this 
section, but it is no more difficult. Begin by separating the ones digit of 357 

from the rest of the number. 

In othev wovds, 

multiply 7 by 2 to get 
4 and then subtvact 

|4 fvom 35, 
DO mith, 

Double the ones digit that you detached in the previous step and subtract it 
from the other number. 

3) 

—14 

Zak 

Because the difference is divisible by 7 (the quotient 21 + 7 = 3 has no 
remainder), then the original number is divisible by 7 as well. Apply long 

division to verify your conclusion. 

51 
7) 357 
— 35 

07 
=7 

0 

You take the ones 
Aigit 4 off of 6,244 
ana Aoudvle it to get 

8. 
Apply a divisibility test to confirm that 6,244 

_ answer. : _ 

According to Problem 6.13, you should remove the ones digit of 6,244 and 
double it. This results in two separate numbers: 624 and 8. Subtract 8 from 624. 

624 

— 8 

616 

Unlike Problem 6.13, it is not immediately obvious that the result is divisible 
by 7. However, the divisibility test for 7 can be applied multiple times. Separate 
616 into two numbers by removing the ones digit (which results in 61 and 6). 
Double the digit you removed (6 - 2 = 12) and subtract it from 61. 

61 

=12 
49 

a 
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The difference is 49, which is more obviously divisible by 7 (especially when 

compared to the previous result of 616). Use long division to verify your answer. 

892 
7) 6,244 
—5 6 

64 
~ 63. 

14 
— 14 

The divisibility test for 8 is very similar to the divisibility test for 4, explained 
in Problem 6.10. In that procedure, you divide the last two digits of a number 
by, 4 to determine whether the entire number is divisible by 4. In this problem, 

you divide the last three digits (the hundreds, tens, and ones places) by 8. If 8 is 

a factor of that three-digit number, then 8 is a factor of the original number as 

well. 

Therefore, to determine whether 8 is a factor of 77,396,192, divide the last three 

digits (192) by 8. 

24 
8) 192 

~16 
32 

—32 
0 

Because there is no remainder, 8 is a factor of 192 and, by extension, 77,396,192. 

The ‘adding 
the Aigits” 

with 3 and 7, 

The divisibility test for 3, explained in Problem 6.9, states that a number is 

divisible by 3 when the sum of its digits is divisible by 3. Similarly, a number is 

divisible by 9 when the sum of its digits is divisible by 9. Calculate the sum of the 

digits that comprise 51,093. 

5+14+04+94+3=18 

Because 18 + 9 = 2 r 0, 18 is divisible by 9 and, by extension, 51,093 is divisible by 

9. Apply long division to check your answer. 
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BGM 

9) 51,093 

— 45 

6.17 Apply a divisibility test to confirm that 33,740 is divisible by. 10and verify your 
To Aivide 

JUSt evase the 

0. The answer 

answer. 

A number is divisible by 10 if its ones digit is 0. Therefore, 33,740 is divisible by 

10. Check your answer using long division. 
ts 3374, 

multiply a, 3,374 

by 10, place eae 
AN extva 0 on a2 

the end of 37 

the number: — 30 
337,400, 74 

=n 10) 
40 

— 40 
0 

Factor Trees and Prime Factorization 

Factov a wumber visually For example, 
the number ¢ 

is equal to the 
proAuct of prime 

numbers 2 ana 3. 

By the way, | is not 
comsidevea a prime 

number, so 2 is the 

smallest positive 
prime numbey. 

6.18 Describe the relationship between factor trees and the Fundamental Theorem 
of Arithmetic. _ a 

A factor tree is a tool that visually organizes the factors of a number. A number 

is first expressed as a product of two numbers, and branches are constructed 

from each of the composite factors until only prime factors rémain. According 
to the Fundamental Theorem of Arithmetic, every positive integer can be 

expressed as a unique product of prime factors; the factor tree is a simple, 

straightforward way to identify those prime factors. 
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By directing you to use the product 6 - 5, this problem identifies the first two 
branches of the factor tree. Write 30, the number for which you are constructing 
the factor tree, and below it, list the pair of numbers 6 and 5, whose product is 

30. 

30 

7x 
bes 

The factor 5 is a prime number, so the right branch of the factor tree is 

complete. However, the factor 6 is a composite number, so a new pair of 
branches needs to be constructed below it. Write 6 as a product of two numbers, 
but always avoid constructing branches using a factor of 1—rewriting 6 as the 
product 6 - 1 is not helpful. Rather, you should express 6 as the product 2 - 3, as 

illustrated below. 

Each branch of the factor tree must end in a prime number. Consider the 

diagram below, which marks the end of each branch by circling the prime 

number at which it terminates. 

30 
va. 

6 - ©) 
a 
@-@ 

The prime factorization of 30 is the list of circled prime factors, multiplied by 

one another and written in order from least to greatest: 30 = 2 - 3 - 5. To check 

your answer, ensure that each of the factors listed is prime and multiply them 

together to ensure the result is 30. 
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According to the Fundamental Theorem of Arithmetic, every positive integer 
has a unique prime factorization, regardless of the numbers that form the first 

two branches of the factor tree. Therefore, 3 - 10 should produce the same final 

prime factorization as the initial product 6 - 5 used in Problem 6.19. 
> 

Begin by writing 30 as the product 3 - 10, as directed by the problem. 

30 

ix 
Se LY) 

~ So it Aoesw’t 
matter if you 
Stawt with 6-5 ov3- 10 
to coustvuct the factor 
tvee fov 30—they both 
give you the same 
answer when youve 

Aone. 

Notice that 3 is a prime number, so that branch of the factor tree is complete. 

However, 10 can be expressed as the product 2 - 5. Extend two new branches 

below 10 that end in the new factors, as illustrated below. 

30 

@ - 10 

The end of each branch in the factor tree above is circled. Each of the circled 
numbers is prime, so the factor tree is complete. List the factors from least 
to greatest: 30 = 2 - 3 - 5. This is the same prime factorization generated in 

Problem 6.19. 

We 

To construct the first branches of the factor tree, identify two numbers that have 
a product of 18. The solution below uses initial factors 2 and 9, but the product 
3 - 6 will produce the same final answer. 
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Each of the branches now terminates in a prime number: the rightmost branch 

terminates at 2 and the two lower branches both terminate at 3. List the prime 
factors of 18 in order, from least to greatest. 

18=2-3-3 

This prime factorization includes a repeated factor: 3. Textbooks conventionally 
list such factors using exponential notation, so express 3 - 3 as 3? in the final, 

prime factorization of 18. 

18 = 2 - 3? 

6.22 Identify the prime factorization of 200. 
* 

According to the divisibility test described in Problem 6.17, a number is 

divisible by 10 if its ones digit is 0. Divide 200 by 10 to identify a second factor: 

200 + 10 = 20. Use the factors 10 and 20 to construct a factor tree. 

ee 

The prime factorization of 200 1sk2? 1s: 

6.23 Identify the prime factorization of 48. 

According to the divisibility test discussed in Problem 6.12, the number 48 is 

divisible by 6 because it is even and the sum of its digits is divisible by 3. Divide 

48 by 6 to identify another factor and use it in conjunction with 6 to construct a 

factor tree. 

48 

— 
ee eae 

hai fi 
Qe GiQei 

yon 
@-@ 

The prime factorization of 48 is 2* - 3. 
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The sum of the digits of 1,224 (1 + 2+ 2+ 4 = 9) is divisible by 9, so according 

to the divisibility test described in Problem 6.16, 1,224 is divisible by 9 as well. 

Apply long division to determine that 1,224 + 9 = 136. 

The last two digits of 136 are divisible by 4; according to the divisibility test 
described in Problem 6.10, 4 is also a factor of 136: 136 + 4 = 34. 

1,224 

ae 
On 136 

a 
Gy Qe 4. 34 

To complete the factor tree, notice that 34 is divisible by 2 because it is an even 
number: 34 + 2 = 17. 

The last two digits of the number are divisible by 4, so 9,828 is divisible by 4 as 
well: 9,828 + 4 = 2,457. The digits of that quotient have a sum that is divisible 
by 9, so you can divide 2,457 by 9 to identify another factor: 2,457 ~ 9 = 273. 
According to the divisibility test described in Problems 6.13-6.14, 273 is divisible 
by 7: 27 — 6 = 21, and 273 = 7 = 39. Apply all of these divisibility tests to construct 
the factor tree below. 

Sepavate the last Aigit to create two 
numbers: 27 and 3. Double the smaller number 

and subtract it from the lavger: 27 - 6=2I. 

That number is Aivisible by 7, so 273 is 
also divisible by 7. 
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9,828 

noeN 
2,457 4 : 

oN ES 
@ = Oeo se 273 

Ai ahi 
@ - @O® - 

ae SB 
The prime factorization of 9,828 is 2? - 3°. 7 - 13. 

Least Common Multiple 

alsa to make numbers match 
Aisa 

MULTIPLE of & 
because you can 
MULTIPLY & by a 
whole number 
(3) to get 24. 

a 26 Explain wy the least common ak Lem) of 8 and 24 j is 24. 

The ieast common aultiple of a group of values is the anes multiple those 
values have in common. To identify the least common multiple of 8 and 24, 
consider the larger of the two numbers. Because 8 - 3 = 24, by definition, 24 is 

a multiple of 8. Similarly, 24 is a multiple of itself—in fact, every number is a 
multiple of itself just as every number is a factor of itself—because 24 - 1 = 24. 
Thus, 24 is a multiple of both numbers. 

However, 24 is not the only multiple of both numbers. To demonstrate this, 

double the larger of the two original numbers: 24 - 2 = 48. This new value is a 
multiple of 8 and 24: 8 - 6 = 48 and 24 - 2 = 48. Multiplying 24 by 3 produces 
another multiple of 8 and 24. Of the infinitely many common multiples of 8 and 

24, the smallest (or least) common multiple is 24. 

Noles Problems 6. 27-6. 28 demonstrate two different methods to calculate the least common - 

multiple of 10 and 15. — 7 

6.27 Identify the least common multiple by listing multiples of the larger number. 

This problem directs you to apply the technique described in Problem 6.26. 
Simply put, you should multiply the larger of the numbers (in this case 15) by 

consecutive integers beginning with 1. 

Ana if that 

didn't work, you A 

multiply IS by %, then 
by 4, then S, until 

the smatier numoer 
divided in evenly. 

1-15=15 

Note that the smaller number (10) does not divide evenly into 15. To continue 

searching for the least common multiple, now multiply 15 by 2. 

2-15=30 

The smaller of the two original numbers (10) is a factor of 30, so 30 is the least 

common multiple of 10 and 15. 
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Note: Problems 6.27-6.28 demonstrate two different methods to calculate the least common 

multiple of 10 and L. : 

6.28 Identify the least common multiple using prime factorizations. 

Use the method described in Problems 6.19—6.25 to identify the prime 

factorizations of 10 and 15. 

10=2-5 15 = 35 

You have identified three unique prime factors: 2, 3, and 5. To generate the least 

common multiple, multiply all three of the factors, raising each to its highest 

power from either factorization. In this case, 2, 3, and 5 are all raised to the first 

power, so the least common multiple is the product of 2, 3, and 5, 

The bvigger 

number wight be 

the LCM (like tt was 

in Problem 6.26) so Aon't 
LCM = 2-3-5 

=6:5 
= 30 

Povget to tvy ana Aivide 

the smailer number into 

the bigger number vight 

away, pefove you 

wultiply by 2,%, 4, 

ANA So on. 

This answer verifies the result of Problem 6.27. 

Note: Problems 6.29-6.30 demonstrate two different methods to calculate the least common 
multiple of 12 and 16. 

6.29 Identify the least common multiple by listing multiples of the larger number. 

The larger of the two numbers in this problem is 16. Notice that 16-1= 16is 

not divisible by 12, so you should multiply 16 by 2. 

16252 

While 32 is (by definition) a multiple of 16, it is not a multiple of 12. Multiply 16 

by the next largest whole number to continue the search for the least common 

multiple. 

16-3=48 

Both 12 and 16 are factors of 48 (48 + 12 = 4 and 48 + 16 = 3), so 48 is the least 

common multiple of 12 and 16. 

Note: Problems 6.29-6.30 demonstrate two different methods to ealeuled the lea coon 

multiple of 12 and 16. 

6.30 Identify the least common multiple using prime factorizations. 

Calculate the prime factorizations of 12 and 16. 

IZ = 2y3 16 = 2% 
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Two different factors appear in the prime factorizations: 2 and 3. Notice that 
the factor 2 is raised to different powers: 2? and 2‘. The least common multiple 
is the product of every unique factor raised to its highest power. 

LCM = 2% - Use 2* instead of 

=16°3 2’ to compute your 
48 LCM, because youve 

supposea to choose 
the highest power of 

each factov. 
Mi Winn IN 7 

Construct the prime factorizations of both numbers. 

28 = 27 07] a 2 

Three distinct prime factors are present; 2, 3, and 7. The least common multiple 
is the product of the factors when each is raised to its highest power. Specifically, 
the factor 2 should be raised to the third power rather than the second. 

a LCM = 2° «37-7 

=8-9-7 

= 2.7 

= 504 

Vdd 

Construct the prime factorizations of 9 and 15; note that 3 is already a prime 
number. 

3 9=3? 15=3-5 

Two prime factors are present: 3 and 5. Raise each to its highest power and 
multiply the results. 

LCM = 37:5 

=9-5 

= 45 

Construct the prime factorizations of all three numbers. 

112=2*-7 600 = 2°: 3 - 5? 882=2-3?. 7? 

There are four different prime factors that appear in one or more of the 
numbers: 2, 3, 5, and 7. Raise each to the highest power it appears in any of the 
factorizations and multiply the results to calculate the least common multiple. 
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LCM = 2% +3? -5?-7? 

=16-9-25-49 

= 176,400 

Greatest Common Factor 

The De thing that aides into a oe evenly 

= 34 Explain ge the oe common factor of 15 and 40 is 5. 

The predient common beter (GCF) o of a set of valucsti is the largest iftbee By 

which each value in the set is divisible. Use the technique described in Problems 

6.1-6.7 to list the factors of 15 and 40. 

15:1,3,[5,15 

40 :1,2,4,[5], 8,10, 20,40 

The largest number that appears in both lists is 5, so 5 is the greatest common 

factor of 15 and 40. 

Note: Problems 6. 35-6. 36 demonstrate two different methods to ouear the nee 
_ common factor o 21 oe 42. 

6.35 jdcatihy the greatest common factor by listing the factors of both numbers. 

Apply the technique described in Problem 6.34, listing all factors of both 

numbers and then identifying the largest factor both lists have in common. 

21:1,3,7,[21| 

42 :1,2,3,6,7,14,[21], 42 

Both lists contain factors 1, 3, 7, and 21. The largest of these is the greatest 
common factor: 21. 

Note: Problems 6.35-6. 36 demonstrate two different methods to calculate the greatest 
common factor of 21 and 42. 

636 Ydeaue, the greatest common factor using prime factorizations. 

Construct the prime factorizations of each number using the method described 
in Problems 6.19—6.25. 

21=3-7 42=2-3-7 
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There are three unique prime factors: 2, 3, and 7. Disregard any factors that 

are not common to both numbers. In this case, 2 is not a factor of 21, but both 

3 and 7 are factors of 21 and 42. Therefore, the greatest common factor will be 
a product of 3 and 7. Raise each of the shared factors to the lowest power it is 
raised in either factorization. In this problem, all of the factors are raised to the 

first power, so the greatest common factor is the product of 3! and 7’. 

GCF = 3-7 

=21 

Though this technique differs from the technique in Problem 6.35, the result is 

the same. 

Note: Problems 6.37—6.38 demonstrate two different methods to calculate the greatest 
common factor of 54 and 72. - 

6.37 Identify the greatest common factor by listing the factors of Phodh palmer : 

List all factors of both numbers. 

54 :1,2,3,6,9,[18], 27,54 

72 :1,2,3,4,6,8,9, 12, [18], 24, 36,72 

The greatest common factor of 54 and 72 is 18. Notice that 72 has a lengthy list 
of factors. The larger the number, the longer the potential list of factors. Thus, 

the procedure described in Problems 6.36 and 6.38 is more practical for larger 
numbers. 

Note: Proplens 6.37-6.38 deniogstale two different methods to calculate the greatest a 
common factor of 54 and 72.  . 

6.38 Identify the greatest common factor using prime factorizations. 

Construct the prime factorizations of both numbers. 

pA =O 3. 

72 =o 3 

Two prime factors are present (2 and 3) and the factors are common to both 
numbers. To calculate the greatest common factor, raise each common factor to 

its lowest power. In other words, 2' should be used in lieu of 2° and 3? should be 

used instead of 3’. 

Gch=2-37 
=2-9 
=18 
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This process 

is similav to the 

steps in Problem 

6.28. To fina the 

LCM, you take ALL 
of the factors and 

vaise them to the 

HIGHEST power. To 
finda the GCF, you 
take ONLY the 
common factors 

and vaise them 

to the LOWEST 

power. 
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[| 

Construct the prime factorizations of the numbers. 

60 =2?-3-5 108 = 2? - 3° 

There are two common prime factors: 2 and 3. Raise each to its lowest power 
and calculate the product. ; 

GCF =2’ -3 

=4-3 

Construct the prime factorizations of each number. 

40 =2°-5 

56=2°-7 

176=2 +11 

The numbers 40, 56, and 176 have only one common prime factor: 2. The 

lowest power to which it is raised in the prime factorizations is 3, so the greatest 
common factor is 2° = 8. 

Identify the prime factorizations of each number. 

wed NS 306 = 2-37-17 

459 = 3° -17 

561= 3-11-17 

The numbers have two common prime factors: 3 and 17. The lowest power to 
which each is raised in the factorizations is 1, so the greatest common factor is 

S6| has a prime 
Lactovization of 

ae Ny 
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Chapter 7 
INTRODUCTION TO FRACTIONS 

One number Aided by another number 

Few mathematical concepts provoke visceral reactions in students as 

strongly as fractions, especially considering the time an average student 

spends studying fractions. However, an appropriate and methodical 

introduction to fractions helps to eliminate, or at least lessen, a too- 

typical histrionic knee-jerk response. This chapter will provide just such 
an introduction. Among the concepts that are investigated: proper and 

improper fractions, mixed numbers, equivalent fractions, and reducing 

fractions. 

Lots of people ave atvaia of fractions, 
Aown, fractions veally avew't all that h 
alveady used to performing avithmetic operations on single numbers. Now : : mou i be performing them on two numbers that ave glued together, ok So it's a little tvickier than that, but not much. nai 

but when you break things 
ava to understand. Youve 

In Chapters & and 4, you leavn how te AAA, 
i. 

subtvact, multi Aide fractions, 
as 

but this chapter only Aeals with the vevy basics, It Answers questions like, “Which number is the Aenominatov?” ana “ Ao | veAuce a fraction?” 
i 



Chapter Seven — Introduction to Fractions 

Proper Fractions 

Little number over big number 
< a ~ : Z _ : yy oe : : 5 

7.1 Identify the numerator and denominator of the fraction: ¢. 

the fancy, 

official name 

Lov a fraction bay 

is “vinculum,” but 
nobody (and | mean 
NOBODY) uses 
that term. 

The number written above a fraction bar is the numerator, so the numerator of 

a : : : ’ 
6 is 5. The denominator is the value below the fraction bar, so the denominator 

f oe 6 of — is 6. 
6 

7.2. Given the fractions listed below, identify the proper fractions and expl. 
answer. - — 

Ay 

A proper fraction has a numerator whose absolute value is less than the absolute 

value of its denominator. A fraction need not be reduced to be a proper 

fraction—the single qualification criterion is a denominator that exceeds the 

: 4 Sw Noe wea 6 
numerator. There are four proper fractions in the list: -,—-,-+, and —. 

7 8 

Sometimes 

you'll see the 
wova “vational 

number” instead 
of “Pvaction.” 

Technically, any 
number that CAN BE 
written as a fraction 

is vational, so dis a 

whole number AND a 
vational number. 

7.3 Express the whole number 9 as a fraction. 

Any number divided by 1 is equal to the original number; in this case, 9 + 1 = 9. 

Express that quotient as a fraction. 

To express an integer as a fraction, use that integer as the numerator with a 
denominator of 1. 

7.4 Drawacircle and shade a olit, © 

A circle illustration is an effective way to visualize a simple fractional value. To 
construct one, draw a circle and divide it into equally sized regions according to 
the number in the denominator. The denominator of this problem is 2, so you 
should divide the circle into two equal parts, as illustrated below. 
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The value in the numerator of the fraction represents the number of sections 

that should be shaded. The fraction 9 has a numerator of 1, so you should shade 

one of the two sections of the circle. It does not matter which section you shade 

and which is left unshaded—either way, half of the circle is shaded and half is 

not. 

Apply the procedure described in Problem 7.4. The denominator of th 
fraction is 4, so you should draw a circle that is divided into four equal parts, as 
illustrated below. 

The numerator of the fraction is 3, so shade 3 of the 4 sections of the circle. 

3 
Three-fourths (2) of the circle is shaded in the illustration above. Once again, it 

does not matter which three sections of the circle are shaded. 
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1. 
7.6 Draw a circle and shade 7 it. 

Draw a circle and divide it into three equal regions, as illustrated below 

B 
The numerator ae — is 1, so you should shade one of the sections. | 

7.7 Drawacircle shade Z of it, and verify that the shaded portion is equivalent to 

the shaded portion in Problem 7.6. — 

Divide a circle into six equal regions, as illustrated below Shade 

two vegions that 
ave next to each 

other. Pick the two 
sections that make up 
the lavgev, shaded 
Section from Problem 
7.6, 

Shade two regions of the circle, as directed by the numerator. To help verify that 

2 1 ; 
ic and S (the fraction from Problem 7.6) have the same value, it is helpful to 

shade two adjacent regions in the corresponding position 
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Problems 

7.18-735 Aiscuss 

equivalent fractions 

Two-sixths of a circle and one-third of a circle represent equivalent regions. 

ircle ai 
‘illustration? in move Aepth. Flip 

back heve after you 

wovk through these 

problems, and the 

Consider the illustration below, in which all six equal regions of a circle are 

shaded. 

sentence ee 

- to get ma will 

make sense. 

When you shade all six of six equal regions, you have shaded the entire circle. 

All six pieces combine to form one, complete whole. This conclusion translates 
6 

into the following equation: ee 1. More generally, any fraction with equal values 

in the numerator and denominator is equal to one. 

Mixed Numbers and Improper Fractions 

Integers and fractions glued together ana top-heavy fractions 

ions below is ; 

In other wovds, 

when you ignove 
the signs, the top is 
bigger than the 
bottom. 

The defining characteristic of an improper fraction is a numerator whose 

absolute value is larger than the absolute value of the denominator. Because 

a Stee 
8 > 3, the improper fraction is re 

Fs 
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7.10 When asked to provide an example of a mixed number, a student responds 
with the incorrect answer below. Identify two errors in the response and 

explain your answer. - 

i . 
2 

A mixed number is the sum of a whole number and a fraction. However, the 

sum is understood and not explicitly indicated with an addition sign. Even 

though it is technically a sum, it is considered a single value, and an addition 

symbol would split a mixed number into two, separate values. 

The second error in the student’s response is the improper fraction 9 A 

mixed number is defined as the sum of a whole number and a proper fraction. 

Therefore, the fraction portion of a mixed number must feature a numerator 

that is less than the denominator. 

With a slight modification, you can use the numbers in the student’s response to 
: 2 

correctly construct the mixed number ae 

5 
7.11 Express the improper fraction au? mixed number. 

An improper fraction is precisely the opposite of a proper fraction. This allows 
you to divide the numerator by the denominator to produce a quotient that is 
greater than one. Apply long division to divide 5 by 3. 

1 
3) 5 
3 
2 

the absolute 

yalue of the 

numerator is 
vearer than the 

aosolute value of 
the aenominator 

in an improper 

Lyaction. 

Thus, 5 +3=1r 2. Use the following steps to convert the results of long division 

into a mixed number: 

1. The mixed number begins with a whole number equal to the quotient, 1 
in this example. 

2. The numerator of the fraction in the mixed number is the remainder, 2 

in this example. 

3. The denominator of the fraction in the mixed number is the 

denominator of the original, improper fraction, 3 in this example. 

: pee Os i : 2 
The improper fraction 3 is equivalent to the mixed number IS. 

114 The Humongous Book of Basic Math and Pre-Algelva Problems 



Chapter Seven — Introduction to Fractions 

7.12 Express the improper fraction . as a mixed fumber. 

Apply the method described in Problem 7.11: Divide 29 by 4 and make note of 
the resulting quotient and remainder. 

7 
4) 29 

=28 
1 Heve’s 

wheve the parts 

of aAmixed number 
come from: 

vemainder 

ovig.Aenom, 

The quotient (7) is the whole part of the mixed number, the remainder (1) is 

the numerator of the proper fraction, and the original denominator (4) is the 

Quotient : G ee 29, ‘ 
denominator. You conclude that the improper fraction Si is equivalent to the 

¥ 1 
mixed number La 

7.13 Express the improper fraction as a mixed number. 

Identify the quotient and remainder of 86 = 7. 

12 
7) 86 

ad, 
16 

le 

2 

The whole part of the mixed number is the quotient (12), the numerator is the 

remainder (2), and the denominator matches the denominator of the original, 
86 2 

improper fraction (7). Thus, 7 = ae 

7.14 Verify your answer to Problem 7.13 by transforming the final mixed number 
_ into an improper fraction. © 

The process outlined in Problem 7.11 allows you to express improper fractions 
as mixed numbers. A different technique is required to reverse the process. 

To transform a mixed number into an improper fraction, multiply the 

denominator by the whole number, add the numerator, and keep the original 

denominator, as illustrated below: 

numerator (denominator)(whole) + numerator 
whole=——_——_—— = 

denominator denominator 
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2 
According to Problem 7.13, — =12;. To verify that the mixed number answer 

f 7 
is correct, multiply its denominator by its whole number part and add the 

numerator. 

7(12)+2=84+2 

= 86 

The result is the numerator of the improper fraction. Its denominator matches 

; ; 2 86 
the denominator of the mixed number, in this case 7. Therefore, 12 = = — 

aT 
Because this improper fraction matches the improper fraction with which you 

started Problem 7.13, the mixed number representation is correct. 

TU \ eX 

Multiply the denominator (3) by the whole number (4) and add the numerator 
(1) to that product. This process identifies the numerator of the improper 
fraction. 

3(4)+1=12+41 

=13 

The denominator of the improper fraction and the denominator in the mixed 

13 
number are the same: 3. Therefore, 8 =—, 

3 

as Ws A Vi lo 

Multiply the denominator (13) by the whole 
numerator (9). 

Ge N WA Wi 

number (2), and add the 

13(2)+9=26+9 

= 35 

Therefore, the numerator of the improper fraction is 35. The denominator is 

equal to 13, the denominator of the mixed number: oo = pa 
Bootes 

pO . 

Apply long division to identify the quotient and remainder of 423 = 11. 

38 
11) 423 
= 

93 
~88 

5 

116 The Humongous Book of Basic Math ana Pre-Algera Problems 



Chapter Seven — Introduction to Fractions 
+ 

{—_____ 

The whole portion of the mixed number is the quotient (38), the numerator of 

the proper fraction is the remainder (5), and the denominator is equal to the 

; 4 423 5 
denominator of the improper fraction (11). Therefore, > = 38—. 

7.18 Verify your answer to Problem 7.17 by converting the mixed number back into 
an improper fraction. 

: aes 423 5 
According to Problem 7.17, the improper fraction ha is equivalent to 38 7 

Multiply the denominator (11) by the whole number (38) and add 5. 

11(38)+5=4184+5 
= 493 

; ; 423 
The result is 423, the numerator of the improper fraction TW so the mixed 

number representation is correct. 

we 

A auick veview 
on the vules of 
Civcle Avawings 
Lov fractions: The 
bottom numbey of the Praction tells you how Many Sections the 
Civcle is Aividea into, 
The top number tells You how many of those Sections to shade. 

Equivalent Fractions 

They feel the same but they Aon't look the same 

7.19 Explain why multiplying the numerator and denominator of a fraction by 
the same number may change the numerator and denominator but does not — 
change the value of the fraction. 

Consider the diagram below, which also accompanies the answer to Problem 

6 
7.8. That problem instructs you to interpret the value of 6 and it generates a 

visual representation of the fraction by shading all six sections of a circle that is 

divided into six equal regions. 

You've not 

allowed to 

Aivide by 0,s0a 

fyvaction with 0 in the 

Aenominator breaks 

all kinds of vules. 
Ot 44 ae 

Problem 7.8 concludes that — of a circle represents one, entire circle. Hence, 

6 ‘ a f 
— =1. By extension, any fraction with the same, non-zero value in the numerator 

and denominator has a value of 1. 
a 
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According to the Identity Property of Multiplication, if you multiply a real 

number by 1, the result is the original real number—its identity is returned 

unaltered. For example: 3(1) = 3 and —-6(1) =-6. 

This problem asks why multiplying a fraction’s numerator and denominator by 

the same number does not change the value of that fraction. According to the 

logic outlined above, multiplying both parts of a fraction by the same number 
is akin to multiplying that fraction by 1, which does not alter the value of a 

fraction according to the Identity Property of Multiplication. 

For example, multiplying the numerator and denominator of the fraction 5 by 2 

produces a fraction with different values but is nonetheless equivalent to 5 

soe 
5-2 10 

4 8 
You are assured that 5 and 10 equivalent fractions because multiplying by 9 

is the equivalent of multiplying by 1. Problems 7.27-7.34 explain in detail how 

to demonstrate the equivalency of the fractions by reducing numerators and 

denominators that share common factors. 

In case you've 

Cuvious, both of 
the fractions ave 

equal to 0.5, but the 

book Aoesn’t veally 
Stewt talking about 

Aecimals until 
Chapter 0, 

According to Problem 7.19, multiplying the numerator and denominator of a 
fraction by the same integer generates an equivalent fraction, as the operations 
do not affect the value of the fraction. 

1 5 : : : ; 
Thus, — and — are equivalent fractions, two different representations of the 

same value. 

a 
You are given the fraction ¢ and asked to identify the numerator of an 

equivalent fraction ae Recall that you can multiply the numerator and 

denominator of a fraction by the same number in order to pencrale an 

equivalent fraction, according to Problem 7.19. You already know that the 

denominator should be changed from.3 to 21, so divide.the new denominator by 

the original denominator. 

21+3=7 
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ee 

When you multiply the original denominator (3) by 7, the result is the new 
denominator (21). If you also multiply the numerator of the original fraction 
by 7, you create an equivalent fraction with a denominator of 21, the precise 
fraction that is requested by this problem. 

aug aie 
Sh 21 

(7220 Identify a fraction equivalent to = that has a denominat : } 

You are asked to identify the numerator of a fraction with a denominator 

of 75. For the purposes of illustration, you can identify the fraction you are 
> 

constructing as ~~. (Later in algebra, variables like x are used to represent 
75. 

unknown values, but a question mark will suffice for the moment.) 

Divide the desired denominator by the original denominator. 
™e 

15 
5) 75 
=5 
25 
= 25 

According to the quotient above, multiplying the original denominator (5) 

by 15 produces the desired denominator (75). Recall that a fraction’s value is 

unchanged when both its numerator and denominator are multiplied by the 

~ same integer. Therefore, you can produce a fraction equivalent to : that has a 

denominator of 75 by multiplying the numerator and denominator by 15. 

1:15 15 
ie es 

7.23 Identify a fraction equivalent to 7 that has a numerator of 48. 

Divide the desired numerator by the original numerator. 

48+6=8 

Multiplying both the numerator and denominator of S by 8 produces an 
equivalent fraction with a numerator of 48. 

6252 9 A8 

78.56 
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‘7.24 Identify an improper fraction equ 

Before you can identify an equivalent improper fraction, apply the technique 
described in Problem 7.14 to convert the mixed number into an improper 

fraction. 

7 roe 
Given the improper fraction on asked to identify an equivalent 

improper fraction with a denominator of 36. Divide the desired denominator 

(36) by the current denominator (4). 

36+4=9 

To generate the equivalent improper fraction, multiply the numerator and 

Df 
denominator oo by 9. 

27:9 243 
4:9 36 

(7.25 Identify an improper fraction equivalent to os that has anumerator of 192. 

Express the mixed number as an improper fraction. 

1 . ia i i! 
9 9 

_ 6341 
9 

64 
9 

Divide the desired numerator (192) by the numerator of the improper fraction 
(64). 

192'= 64= 3 

Multiplying the numerator and denominator of “ by 3 generates an equivalent 
fraction with a numerator of 192. 2 

02") lye 

OAS Ri 27 

ae — 
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the fraction in improper form until your calculations are complete. Your final 
step will be to convert the equivalent improper fraction into a mixed number. 

Although you are directed to report your final answer as a mixed number, leave a D | SS 

Divide the desired denominator (156) by the given denominator (4). 

39 
ails: 4) 156 

-12 
36 

— 36 
———_— 

0 

Multiply the numerator and denominator of = by 39 to generate an equivalent 

improper fraction that has a denominator of 156. 

75-39 2,925 
4:39 156 

2,925 
156 

To convert into a mixed number, divide 2,925 by 156. 

18 
156) 2,925 

=156 
1,365 

—1,248 
117 

The quotient (18) is the whole portion of the mixed number, the remainder 
(117) is the numerator of the proper fraction, and the denominator of the 

equivalent fraction (156) matches the denominator of the mixed number. 

2 apse sl 
156 «156 

Reducing Fractions 

Transform fractions into a simpley, equivalent form 

A fraction reduced to lowest terms is equivalent to the original fraction but has 
one specific, defining characteristic: The numerator and denominator cannot 
share any common factors. In other words, they cannot be divisible by the same 
number. 

#4 
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The fraction = is not expressed in lowest terms because 6 and 10 share a 

Just like common factor; they are both divisible by 2. Reduce the fraction by dividing 

you can 

multiply the 
top anda bottom 

of a fraction 

by the same 
number to create 

an equivalent 

fraction, you 
can Aivide the 
top and bottom 

of a fraction by 
the same number 

without changing 

the fvaction’s 

both the numerator and denominator by the common factor. 

6+2 3 
10225 

The numerator and denominator no longer share any common factors, so the 

3 6 ‘ 4 
fraction is reduced to lowest terms. Note that 5 and 10 are equivalent fractions. 

7.28 Reduce the fraction to lowest terms: 16° oe 

Like Problem 7.27, this fraction has a numerator and denominator that are even 

numbers and are thus divisible by 2. However, dividing by that common factor 
does not reduce the fraction to lowest terms, as demonstrated below. 

ovevall value. Fe ot 
Any number fOr 2 

Awidea by | You can once again divide by 2 on both sides of the fraction bar to continue the 
is the same process of reducing to lowest terms, but the result will still not be expressed in 

lowest terms. number, 

Consider the original fraction = once again. Although the factor 2 is common 

to both the numerator and denominator, it is not the greatest common factor. 

Apply the technique described in Problem 6.34, listing the factors of 8 and 16, 

to identify the greatest common factor. 

8 :1,2,4,[8] 

16: 1,2,4,[8],16 

é 8 
To reduce the fraction — to lowest terms in a single step, divide both the 

numerator and denominator by the greatest common factor, 8. 

8=+8 _l 
16+8 2 

7.29 Reduce the fraction to lowest terms: = 

List the factors of 21 and 49 in order to identify the greatest common factor. 

21:1,3,[7], 21 

49 :1,[7],49 
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Divide the numerator and denominator by 7, the greatest common factor of 21 
and 49, to reduce the fraction to lowest terms. 

91+7 eS 

49277 7 

15 
educe the { raction to lowest terms: — 

One isa 

factor of every 
number, So you coula 
avgue that including 

it iu the list is a 

waste of time. 

The denominator of the fraction is a rather large number, especially when 
compared to the numerator. Rather than identify all factors of the denominator, 

list only the factors of 15. 

15: 1535-5815 

Because 15 has only four factors (and only three nontrivial factors), you can test 
whether each, individually, is a factor of 1,353 as well. This expedites the process 

of identifying the greatest common factor in this example. 

According to the divisibility test described in Problem 6.11, a number is divisible 
by S, only if the digit in the ones place is 0 or 5. Because the ones digit of 1,353 is 
equal to neither of those numbers, 1,353 is not divisible by 5 and, by extension, 

not divisible by 15. The only remaining factors of 15 are 1 and 3. 

If 1393 
Weve Aivisible 

by IS, it would also 
have to be AWvisible 

by the factors of 
Is (including 5). You 

alveady know [353 
can’t be Aividea 
evenly by S so theve’s 
NO way it coulda be 
Aivisible by Is. 

Apply the divisibility test described in Problem 6.9: If the sum of the digits of 
1,353 is divisible by 3, then 1,353 is divisible by 3 as well. 

14+34+54+3=12 

Because 12 is divisible by 3, 1,353 is also divisible by 3. Therefore, 3 is the 

greatest common factor of 15 and 1,353. In fact, it is the only common factor 
other than 1. Divide the numerator and denominator of the original fraction by 

3 to reduce it to lowest terms. 

Pao. EON 

1,353+3 451 

: 24 
Reduce the fraction to lowest terms: o 

Like Problem 7.30, this fraction contains one value that is significantly higher 

than the other. Rather than list all the factors of both to identify a greatest 

common factor, list the factors of the smaller number—in this case the 

numerator. 

272 1, 3, 9,27 

The denominator (81) is divisible by all four of the factors listed above. 

Thus, the largest factor of 27 is also the greatest common factor of 27 and 81. 

Divide the numerator and denominator by 27 to reduce the fraction to lowest 

terms. 

Beers 

81+27 oo | Re 
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98 
\ ” 7.32 Reduce the fraction to lowest terms and express it as a mixe | number: <7. | 

aN 

The quotient (|) is 

the whole number, the 

vemainder (|) is the 

numevatov, and the 
Aenominators (6) ave 

equa. 

124 

Identifying all factors of the numerator and denominator becomes more time 

consuming as the numbers in the fraction increase. Rather than list all factors 

of 98 and 84 to calculate the greatest common factor, apply the technique 

described in Problem 6.36: Construct factor trees to identify the prime 

factorizations of both numbers. 

ws 
O-@ 

The prime factorizations are 84 = 2? - 3 - 7 and 98 = 2 - 7°, so the numerator and 

denominator have two prime factors in common: 2 and 7. Multiply the lowest 
power of each to generate the greatest common factor. 

GCF = 2'-7' 
=14 

ee 98 ‘ 
Divide the numerator and denominator of 34 by 14 to reduce the fraction to 

lowest terms. 

98+14 _ ao 

84+14 6 

The problem directs you to report your answer as a mixed number. Note that 

Express the mixed number as an improper fraction reduced to lowest terms: 

Before you express the mixed number as an improper fraction, you should 

reduce the proper fraction portion to lowest terms. Both the numerator and 
denominator are divisible by 60. 

OO= O01 

180+60 3 

60 1 
Therefore, 1580 = i Express the mixed number as an improper fraction by 

multiplying the denominator (3) by the whole number (1) and adding the 

numerator (1). Divide the result by the denominator (3). 
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The numerator and denominator contain large numbers, so you should 
construct factor trees to identify the greatest common factor of 1,890 and 2,106. 

1,890 2.106 

oN we 
10. =. 189 Oy) Ped 

yo FOX Pel OSS 
(On G) Onee | (eG) <9: tee 

ei cle 7 i ea 
@:-@O©:-@ @:-O®@-®@ 

The prime factorizations are 1,890 = 2 - 33-5 - 7 and 2,106 = 2 - 3*- 13, so the 

numbers share two prime factors: 2 and 3. Multiply the lowest power of each to 
generate the greatest common factor. 

GCF =2-3° 

ee 

= 

Divide the numerator and denominator of the original fraction by 54 to reduce 

The last 
SEveNn problems 
of this chapter 
each contain a pally 

of fractions, Figure 
out which fraction in 
each paiv is biggev 
(ov show that 

they're equal) 

it to lowest terms. 
1,890 + 54 ae 

2106+54 39 

Comparing Fractions 

Which fraction is biggev? 

‘omplete the statements in Problems 735-741 by replacing the circle with one of the 
g symbols: <, >, or =. Explain your answers. — 7 

7.35 Compare the fractions: OF. 

Given two fractions that share the same denominator, you should compare the 
numerators; the fraction with the larger numerator is also the greater fraction. 
This is not a stretch of logic, and is even easier to understand in the context of 

an example. 
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If you order pizzas and ask that each be cut into five equally sized slices, then 

1 3 ace. 
each slice represents 5 of a pizza. Therefore, = of a pizza is equivalent to 3 slices 

5 

and 5 of a pizza is equivalent to 7 slices. Clearly, three slices are less than seven 

3 
slices—in fact, 5 of a pizza is more than one entire pizza and 5 is less than one 

ak 
pizza. You conclude that 5 <—, because 3 < 7. . 

5 

Unlike Problem 7.35, these fractions do not share the same denominator. 

Therefore, you cannot compare the numerators and draw a definitive 

conclusion about which is larger. However, the larger denominator (4) is 

a multiple of the smaller denominator (2). If you multiply the numerator 
19 

and denominator of ry by 2, you generate an equivalent fraction that has a 

This is denominator of 4. 

exactly what 
youve asked to Ao 

in Problems 7.2|-7.2¢, 
so if you've working 
the problems in ovdey, 

youve alveaday 
practicea this 

Seay: 
19:2. 38 
9- 

: se, ieee Le et 
Rewrite the original statement, replacing ey with the equivalent fraction ae 

38). 39 

4 4 

Now that the fractions have a common denominator, it is clear that they are 

nearly equal. However, the numerator of the left fraction is less than the 

numerator of the right fraction (38 < 39), so - < - and Es) < a Remember 

that you can only compare numerators to identify the larger fraction when they 

share a common denominator. 

Multiply the numerator and denominator of ; by 5 to generate an equivalent 

fraction that has a denominator of 15. . 

2-5 _10 
525 015 
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- 

Za: 
Replace 3 in the original statement with the equivalent fraction — 

10 8 
15" 5 

15° 

Given two fractions with the same denominator, the fraction with the larger 

numerator is also the larger fraction. Here, 10 > 8, so the fraction on the left is 

larger. 

Bus: py ASH Bs 
1S ES: 3 Lah 

o q 4 

x 38 Compare the fractions: ss 

Problem 7.35 deserves a technicue that identifies the larger of two fractions 

when they share the same denominator. This problem contains fractions that 
share a common numerator, and a different, but similar, technique exists for 

comparing these fractions. 

Same 

Aenominatovs: 

Biggev top number = 
bigger Lyvaction 

If two or more positive fractions have the same numerator, the largest of the 

fractions will have the smallest denominator and vice versa. To understand this 
concept, once again think in context of slices of pizza. If you order one pizza 
that is divided into nine equal slices and another pizza that is divided into eight 
equal slices, then each slice of the first will be smaller than each slice of the 

second—the more pieces into which you divide a whole, the smaller those pieces 
are. 

Same wumevatovs: 

Smalley bottom 

number = bigger 

A fraction with denominator 9 is smaller than a fraction with denominator 8 (if 

1 
both share the same numerator): ; me 6 

Note Complete the statements in Problems 735-741 by replacing the circle with one of the 
following ee 3 > or = es oes answers. 

6 12 
7.39 Compare ae facdone: Oe 

There are multiple ways to correctly complete this problem, but whether you 
choose to rewrite the fractions with equal numerators or denominators, the 

symbol you choose as your final answer will be the same. The following solution 
is arguably the most expedient, because it only requires you to rewrite one of 

the fractions. 

Note that 12 is a multiple of 6. Because 12 + 6 = 2, you can multiply the 

numerator and denominator of = by 2 to generate an equivalent fraction that 
5 

has a numerator of 12. 
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ae A 

6:2 318 
bez SLO 

po! 
Rewrite the statement, replacing 5 with the equivalent fraction 10° 

12) 12 
@ oe 

du 16 

According to Problem 7.38, given two fractions with the same numerator, 

compare the denominators: The smaller the denominator, the larger the 

Pai 12 6 
fraction. Because 7 < 10, you can conclude that a = ior nd => 

Te And improper 
fractions ave 

easier to Aea| 
with than mixed 

numbers, 

Note: Complete the statements in Problems 7. 35-7, 41 by replacing the circle with one of the 

following symbols: <, >, or =. Explain your answers. 

6 _ 80 
7.40 Compare the fractions: Pe © OL: 

It is easier to compare two fractions that are written in the same manner; 

ee) 
rewrite 35 as an improper fraction. 

6 7-3+6 
ee, 

_ 2146 
a7 
ee: 
urih 

Rewrite the original statement, replacing the mixed number with the equivalent 

improper fraction. 

2% 2h oo 80 

fear 

In order to compare the fractions, they need to share either the same 

numerator or the same denominator. Notice that 7 is a factor of 21; because 

: 27 
21 + 7=3, you can multiply the numerator and denominator OF by 3 to 

generate an equivalent fraction that has a denominator of 21. 

21S 8d 

T3524 

Rewrite the statement a O 7 replacing = with the equivalent fraction 

calculated above. 

81 ., 80 
Ne tee Del 
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Given two fractions with the same denominator, the larger numerator identifies 
the larger fraction. In this problem, 81 > 80. 

81 , 80 6 80 
= and 3— >— 
ot ote 67 oi Q 

Note: ‘Complete the statements in Problems 7, 35-7 41 by replacing the circle with one of the 
(gtegre oni <; ° OF = =. Explain er answers. / 

7. 41 Coupe the ea fractions by expressing them in terms of a common 
nominate 

While you can compare fractions that share a common numerator, it is much 
more useful to express fractions in terms of a common denominator. In order 
to express the fractions in this statement in terms of a common denominator, 
apply the technique described in Problems 6.26-6.33 to identify the least 
common multiple of 18 and 15. 

As you leayvy 
Pretty eawly in 

Chapter 8. Spoiley 
alert: you can’t 

AAA ov subtract 
fractions unless they 
have a Common 

Aenowminatoy, 

Calculate the prime factorizations of the denominators. 

18 = 2 - 3? 15=3-5 

The factorizations contain three unique prime factors: 2, 3, and 5. To construct 

the least common multiple, calculate the product of those factors, raising each 

to the highest power it is raised in either factorization. 

LCM = 2:-3?-5 

= 2-10-15 

=18-5 

= 90 

Divide 90 by each of the denominators: 90 + 18 = 5 and 90 + 15 = 6. These 
results are the numbers by which you should multiply the numerator and 

denominator of each fraction in order to create equivalent fractions with 

common denominator 90. Specifically, 90 + 18 = 5, so both parts of the fraction 

with denominator 18 should be multiplied by 5. 

LTD 55 

18:5 90 

Similarly, 90 + 15 = 6, so both parts of the fraction with denominator 15 should 

be multiplied by 6. 

8-6 48 

15: 90 

Rewrite the original statement, replacing the fractions with the equivalent 

fractions calculated above. 
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itt 8 

18 15 
55 _ 48 

90 ° 90 

The fractions share a common denominator, so the fraction with the larger 
55 _ 48 bled 

numerator is greater: — >— and —>—. 
90 90 18; = 15 
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ADDING AND SUBTRACTING FRACTIONS 

Make suve the Aenommators match 

The actual process used to add and subtract fractions is extraordinarily easily. Essentially, 
% you add or subtract fractions simply by adding or subtracting their numerators. However, 

this process can only begin once the fractions share a common denominator, and this is 

the most difficult part of the process. 

By design, Chapters 6 and 7 have introduced all of the prerequisite skills you will need 
to understand and master the problems in this chapter, so make sure you have carefully 
worked through all of the examples in those chapters before undertaking the problems 
here. 

mite 6 aMA T haa theiv shave of weiva topics, including problems that es Se you to pace equivalent fractions with a Specific numerator ov enominatoy. It’s not tewibly Aiffcult te multiply the top and bottom of a Pvacti by the same number, but what’s the point? 
See 

You may have wondered, “What is a least common multiple, and why has th book 
Barely mentioned it after the end of Chapter 67 Why aid | spena cos Ha a x 
leavning something useless?” on secona thought, | hope you've veally not thi wa. 
Phat, because it Probably means you've frustrated, or grumpy, ov mayo i at ae ut | Aigvess. ’ ybe nungvy, 

| have 900A news! If you tuvested time on the problems in the last two chapt Chapter & is going to be ALOT easiev, IL you've never added ov eee a Practions befove, you shoula know that it can be very confusin unless yo : understand what's going on. Don’t wovvy, though. As long as ane Aone af the problems iM Chapters GC and 7, the problems in Chapter & will be very straight forwava, and you'll breeze vight through them. 
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Least Common Denominator 

Werks We least common Ss 

To generate ramleice ofa founiver eaalialy it oe consecilive ee inteners 

beginning with 1. The first 15 multiples of 6 are listed below as an example. 

6-1=6 6-6=[36] 6:11=66 

G:2512 6:7=42 6:12=(79] 
6-3=[18] 6:-8=48  6:13=78 
6:4=24 6-9=[54] 6°14=84 ae 

6-5=30 6-10=60  6:15=(90] 

Now multiply 9 by consecutive positive integers, beginning with 1, to generate 

the first 10 multiples of 9. 

9-1=9 9-6 =[54] 
9-2=[18] 9-7=63 

9-3=27 9-8 =[72| 
9-4 =[36] 9-9=81 

9°5=45 9-10=(90] 

The five multiples common to both lists are 18, 36, 54, 72, and 90. Of these 

common multiples, 18 is the least: 18 < 36<54< 72 < 90. Therefore, the least 

common multiple of 6 and 9 is 18. 

Notice that you had to list 15 multiples of 6 but only 10 multiples of 9 in order to 
identify the four required common multiples. Furthermore, it is not necessary 
to list the factors of both numbers to identify the least common multiple. 
Problem 6.27 outlines a slightly more efficient technique: Multiply the largest 
number by 2, 3, 4, 5, ... until you identify the number into which everything 
divides evenly. 

IS +I=2v0 

ana | ~+c¢=3v0. 

Both numbers Aivide 

evenly into 1% because 
neither quotient has 

a vemainder, 

In this example, you would multiply 9 by 2 to get 18. Because both 6 and 9 
divide evenly into 18, the process is complete and 18 is the least common 
multiple. This method is preferred to the brute force technique of listing all 
multiples of both numbers. 

\ 

Problem 6.28 describes how to identify a least common multiple using prime 
factorizations. Begin by building factor trees for both numbers. 
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The prime factorizations are the products of the circled prime numbers that 
end each branch of the factor trees. 

504 = 2° -32-7 

588 = 2? -3-7? 

The prime factorizations contain three unique prime factors: 2, 3, and 7. To 
calqulate the least common multiple, multiply the factors, raising each to the 
highest power from either factorization. 

LCM = 2° -3° +7? 

= (8)(9)(49) 
= (72)(49) 
= 3,528 

The least common multiple of 504 and 588 is 3,528. Notice that both 504 and 

588 divide into 3,528 evenly, as demonstrated below. 

3,528+504=7 

3,528 +588 =6 

Explain how the concepts of least common multiple and least common _ 
denominator (LCD) are related, and describe how to choose between the 

methods presented in Problems 8.1 and 8.2 when you are required to calculate 
a least common multiple during a problem. 

Given two or more fractions, you can identify the least common denominator by 
calculating the least common multiple of the denominators. For example, given 
two fractions with denominators of 6 and 9, according to Problem 8.1, the least 

common denominator is 18 because it is the least common multiple of 6 and 9. 

The techniques presented in Problems 8.1 and 8.2 are both valid methods 
to accurately calculate a least common multiple (and hence a least common 
denominator), but the method in Problem 8.1 works best given small numbers 

or cases in which one of the denominators is clearly a multiple of the other. If 
presented with large denominators, or if your attempts to apply the method 
of Problem 8.1 prove unfruitful, you should opt for the prime factorization 
technique described in Problem 8.2. 
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Choose 2° instead 

of 27,3? instead of 3, 

anda T instead of 7. 

Most 

people try 
the easy way 

(Vist multiples of 

the lavgest number 
until all the numbers 

Aivide evenly) First, but 
once youve multiplicaA 
the lavgest number by 
6 ov 7 and still haven't 
founda the LCM, it’s 
probably time to 

break out the 
factov tvees. 
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84 

Consider the denominators of the fractions: 2 and 8. The larger denominator 

is also the least common denominator because 8 is evenly divisible by 8 and 2. 

To express 9 in terms of the least common denominator, you need to generate 

a fraction equivalent to 9 that has a denominator of 8. Divide the desired 

denominator (8) by the current denominator (2). 

8+2=4 

1 . ; 
The numerator and denominator of 9 should be multiplied by 4, the quotient 

calculated above. 

—_— oo 

Co | ho od 

: | 5 : : : 
The fractions — and 3 written in terms of the least common denominator, are 

4 5 
sae all Ciie=: 
8 8 

The LCD can’t 
be smaller than the 

lavgest Aenominatoy. 

Write the fractions in terms of the least common denom 

Like Problem 8.4, the larger denominator of these fractions is also the least 

common denominator; 3 and 18 both divide evenly into 18. Therefore, 

the fraction = is, by default, already written in terms of the least common 

denominator. To construct a fraction equivalent to : that has a denominator of 

18, divide the desired denominator (18) by the current denominator (3). 

18+3=6 

: . 2 
Multiply the numerator and denominator of 3 by 6 to generate an equivalent 

fraction. 

2h 
3:6 18 

Therefore, the fractions written in terms of a common denominator are 

TE 2 
— and —. 
18 18 
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Unlike Problems 8.4—8.5, the larger denominator of these two fractions is 

not the least common denominator, because 6 is not evenly divisible by 4, the 
smaller denominator. Apply the method described at the end of Problem 8.1: 

Multiplying the largest denominator by consecutive integers beginning with 2 
until both denominators divide into the product evenly. 

Begin by multiplying the largest denominator (6) by 2: 6 - 2 = 12. Notice that 12 
These ave 

the numbers you 
just got when you 
daividea |2 by 4 
and 6, 

is evenly divisible by both denominators: 12 + 4 = 3 and 12 + 6 = 2. Therefore, 

12 is the least common denominator. Use the quotients that demonstrate even 

divisibility to identify the numbers by which to multiply the fractions: 4 should 

3 5 Z 
by multiplied by 3 and 6 should be multiplied by 9° 

“4 893 29" 542 10 
ee 1S 1629" 19 

; 3 5 ; : ‘ 
The fractions — and —, written in terms of the least common denominator, are 

Write the fractions 

Multiply the larger denominator (5) by consecutive integers, beginning with 
2, until you produce a number into which both denominators (4 and 5) divide 

evenly. 

5:2=10 

5-3=15 

5:4=20 

Notice that 20 + 4=5r0and 20+5=4r 0, so 20 is evenly divisible by 4 and 5. 

Thus, it is the least common denominator. Because dividing 20 by 4 results in 5, 

both parts of the fraction with a denominator of 4 should be multiplied by 5. 

oe a 

4-5 20 

Because 20 + 5 = 4, both parts of the fraction with a denominator of 5 should be 

multiplied by 4. 

Ore le 

5-4 20 

The fractions and 2 written in terms of the least common denominator, are 

Se 2 
20 20 

e 
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7 
8.8 Write the fractions in terms of the least common denominator: § and i 

Multiply the larger denominator (12) by consecutive integers until the product 

is divisible by both denominators (9 and 12). 

12°2=24 

12-°3=36 

The least common denominator is 36. Because 36 + 9 = 4, multiply the 
4 

numerator and denominator of 9 by 4. 

4-4 16 

9-4 - 36 

ri 
Similarly, 36 + 12 = 3, so the numerator and denominator nae should be 

multiplied by 3. 

ros oe 

2315 O 

The original fractions, written in terms of the least common denominator, are 

16 yA | 
Sean Ge 
36 36 

. : il 13 
8.9 Write the fractions in terms of the least common denominator: 1 and 15° 

List multiples of the larger denominator until you identify a value that is evenly 

divisible by both denominators. 

15:2=30 

15:3=45 

15:4=60 

The least common denominator is 60. Because 60 + 12 = 5, the numerator 

11 
and denominator of — should be multiplied by 5; similarly, 60 + 15 = 4, so the 

umerator and denominator of — should be multiplied by 4. 

bbe 55 13°4 52 

12°5 60 15-4 60 

The original fractions, written in terms of the least common denominator 60, 
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List multiples of the larger denominator until you identify a number into which 
both denominators divide evenly. 

10-2=20 

10°3=30 

- 10:4=40 

Express both fractions in terms of the least common denominator, 40. 

1 Layee 
8-5 40 10-4 40 

ns in terms of the least common denominator: 

Although these denominators contain larger numbers than most of the 

denominators of the preceding problems in this section, it is still appropriate to 

apply the technique described and modified in Problem 8.1. List multiples of 21 
until the result is also divisible by 14. Even though 

LCMs of lavger 
Aenowminators (like in 
Problems ¢. 12-9, I3) ave Usually easier to puila using factory trees ana Prime factovizations 
Aon’ Povget to try the multiples technique 

vst, just in case, 

21+2=42 

The first multiple on the list is evenly divisible by 14. 

42+14=3 

Write both fractions in terms of the least common denominator, 42. 

13-3 39 2:2 4 
14:3 42 91:2 42 

Write the fractions in terms of the least common denominator: as eS \ 

The denominators of the fractions are large, three-digit numbers. Rather than 
list multiples of the larger denominator (432) until you identify a number into 

which the smaller denominator (252) also divides evenly, you should apply of (WH ~ 

the method described in Problem 8.2. Begin by building factor trees for each 

denominator to identify their prime factorizations. 
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Remember: 

The factors Aow’t 
have to appeaw in 

both factovizations, 
like when you 
calculate GCFs. 

8.13 

Sis a prime 

number, So its prime 

factovization is S, ov 

Sif you've feeling 
wacky. 

138 
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_ Write the fractions in terms of the least common denominator: Te and —. 

The prime factorizations of the denominators are 432 = 2* - 3° and 

252 = 2? . 3°. 7. Three unique prime factors are present: 2, 3, and 7. The least 

common denominator is the product of all three factors, when each is raised to 

its highest power from either factorization. 

LCD =2*+3"-7 

=16°27-°7 

= 432-7 

= 3,024 

Divide the least common denominator (3,024) by each of the original 

denominators. 

3,024 + 432 =7 3,024 + 252 = 12 

The quotients above are the numbers by which you should multiply the 
numerators and denominators of the original fractions in order to express them 

in terms of the least common denominator. 

101-7 et 707 97-12 ood 

432-7 3,094 952-12 3,024 

5 

When problems contain more than two fractions for which you are required to 
calculate the least common denominator, it is more likely that you will need to 
apply the prime factorization method described in Problem 8.2. Each additional 
fraction vastly increases the probability that the multiples technique of Problem 
8.1 will not be an efficient technique. 

The denominators in this problem are small, so there is no need to build 

factorization trees to identify the prime factorizations. 

There are three unique prime factors: 2, 3, and 5. The least common 
denominator is the product of all three when each is raised to its highest power. 

LCD = 2? -3°5 

= 4-3-5 

= 12-5 

= 60 

Write all three fractions in terms of the least common denominator, 60. 

1:15, 15 2-12 24 5-10 _ 50 
4:15 60 5-12 60 6-10 60 
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es for all three denominators. 

63 24 55 GY SS 
Ve 

Construct factor tre 

Identify the prime factorizations of the denominators, based on the factor trees 

63:-='3? > 7 24=2°.3 55=5-11 

Five unique prime factors are present: 2, 3, 5, 7, and 11. Multiply all five of the 

unique factors, raising each to its highest power. 

LCD =2° «37 -5-7°11 

=8:9:°5-7-11 

=/2-5-/-11 

= 360-7-11 

= 2,520-11 

= 27,720 

Write each of the original fractions in terms of the least common denominator, 27120 + 62-2 440 

27,720. 27,720 24 = | Iss 
27,720 + SS=S04 Daa 2200 17 71,155 _ 19,635 49-504 24,696 

63°440 27,720 94-1,155 27,720 55-504 27,720 

Adding and Subtracting Proper Fractions 

AAd the tep, leave the bottom alone 

— - lt Aoesw't 
_ | _.. have to be the 

You can only add or subtract fractions that share a common denominator. The LEAST common 

fractions in this expression share a common denominator of 7, so calculate the deneminetvor—the 

sum of the fractions by adding the numerators; that sum should be placed over Me Wouentare 

the common denominator 7. just have to 

match. 
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Only the numerators are added when you calculate the sum of two fractions— 

not the denominators. 

8.16 Simplify the expression, reducing the answer to lowest terms: oe 

The directions in this problem are actually redundant, and future problems will 
not include the modifying phrase “reducing the answer to lowest terms.” When 
a problem directs you to simplify an expression containing fractions, you should 
always assume that includes the final step of reducing the answer'to lowest 
terms. 

This is 
important, 
Remember this, 

The fractions share a common denominator, so add the numerators and write 

the answer above the common denominator. 

2 4 2+4 
—— 

9>9 9 

§ 
9 Check 

out Problems 

7.27-1:34 if you 
need help veducing 
fvactions to lowest 

terms. 

6 ee 
The numerator and denominator of 9 share a common factor: 3. Divide the 

numerator and denominator by 3 to reduce the fraction to lowest terms. 

Therefore, A + é = = 
9219 43 

8.17 Simplify the expression: ata 

When fractions share the same denominator, you can add or subtract the 
corresponding numerators. Combine the numerators and divide by the 
common denominator, 6. 

Bry eer 
6 

Notice that the sign that precedes each fraction is transferred to the 

corresponding numerator. For example, the negative sign in front of Ee is 

placed in front of the numerator when the fractions are combined: —7. Similarly, 
cieeere i ; 

the positive sign that precedes 6. placed in front of its numerator: +1. Combine 

the numbers in the numerator and reduce the fraction.-to lowest terms. 
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———-—_ 

Recall that any number divided by itself is 1; therefore, 6 + 6 = 1. Any number 
divided by its opposite is equal to -1. In this problem, —6 + 6 =-1. 

: 2 1 
Simplify the expression: — — —. a pression 3 19 

€ 

You cannot combine the fractions until they share a common denominator. 

Both denominators divide evenly into the larger denominator, 12. Therefore, 12 

is the least common denominator. Construct a fraction equivalent to 2 that has 

a denominator of 12 by multiplying the numerator and denominator by 4. 

heel .e2 ae 1 This 

hegative sign 

Moves heve 

Now that both fractions are written in terms of the least common denominator, 

you can combine the numerators. 

_ 8-1 

12 

be 
12 

7 8 2 
Simplify th lon: — 4 implify the expression ioe 

7 3 
Two of the fractions share a common denominator, 10 and aay Express the 

remaining fraction in terms of the least common denominator by multiplying its 

numerator and denominator by 2. 

Tee te es Bee 
1110) G10) 10", 5-2 

By ON OM ak 
SOeei0 + 10 

Combine the numerators of the fractions. 

ne oe 

Eiagli 
_44+4 

10 

10 
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Reduce the fraction to lowest terms by dividing the numerator and denominator 

by the greatest common factor, 2. 

Multiply ene. 
10+2 

4 =— 
bottom of Bie by 4, 5 

and multiply the top 

AnA bottom of el 
4° 8.20 Sime ify the exy oression: — oot 

The ae aanaguiiaion in ie expression is also the least common 

denominator, because both of the smaller denominators divide into it evenly: 

20 +5 =4 and 20 + 4=5. Rewrite the expression in terms of the least common 

denominator. 

S. This is very similay 
to Problem &.7, so lock 
theve if you need 

move help, 

Se one a G0) 

200 5.4 20 5:4 4:5 

22518, 5 
20; 720° 20 

Now that all three fractions share a common denominator, combine the values 

in the numerator. 

_ 3-16+5 
Tt ea 
=13+5 

90 
—8 
20 

Reduce the fraction to lowest terms to complete the problem. 

Ce oa 

1.22024 

wre 
oes) 

8.21 ‘Simplify the expression: ato 

The larger denominator in this expression (9) is not the least common 
denominator, because it is not evenly divisible by the smaller denominator 
(6). Apply the method described in the solution to Problem 8.1: Investigate 

mutliples of the larger denominator until you identify a number that is 
divisible by the smaller denominator. In this case, simply multiplying the larger 
denominator by 2 generates the least common denominator. 

9-2=18 
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Write both fractions in terms of the least common denominator. 

6% 63. 9.2 
ae 

=—+— 

is 18 

erga” ls : f 3. 4:2 

Add the numerators and divide by the common denominator. 

_u 
. : 18 

Because 1] is a prime number, and 1] is not a factor of 18, the fraction cannot 

be reduced any further. 

List multiples of the larger denominator until you identify one that is evenly 
divisible by the smaller denominator. 

a 
12:2=24 

12°3=36 

12°4=48 

12°5=60 

The least common denominator is 60, as it is the smallest positive integer that 

is evenly divisible by 10 and 12. Rewrite the expression in terms of the least 

common denominator. 

Oe eto Se 11:5 

10 12 10:6 12:5 
Poe oe 

~ 60 60 

The second fraction is subtracted from the first, so the second numerator 

should be subtracted from the first numerator. 

54-55 If theve ave 

~~ 60 negative signs 
= in the numevator 
0. AND Aenominatoy, 

then you can 
evase both of 
them, because the 

fraction is positive! A 

negative Awvidea 

by a negative is 
a positive. 

You can place the negative sign in the numerator, as written above, or in the 

denominator: ; the placement of the negative sign does not affect the value 

of the fraction. However, it is most common to place the negative sign in front of 

the fraction, as demonstrated below. 
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eee 

8.23 Simplify the expression: 2 6 

List multiples of the larger denominator until you identify a product that is 

divisible by the smaller denominator. 

8:2=16 

8°3=24 

Rewrite the expression in terms of the least common denominator, 24. 

dee see 
8 6 8:3 6:4 

3 20 
~ 94 94 

Combine the numerators of the fractions and divide by the common 

denominator. 

Leo 

24 

-17 

24 
ees 
Hod 

oo 
8.24 Simplify th ion: —+—. implify the expression Vee 

Apply the technique described in Problem 8.2 to calculate the least common 
denominator. Begin by constructing factor trees for the denominators of the 
expression in order to identify their prime factorizations. 

14 18 

2 @ Ore Oe 

The prime factorizations of the denominators are 14 = 2-7 and 18 =2- 3?. The 

least common denominator is the product of all three unique factors (2, 3, and 

7) when each is raised to its highest power. 

LCD $2237 +7 

=2-9-7 

=18-7 

= 126 
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Note that 126 + 14=9 and 126 = 18 = 7. Use these quotients to rewrite the 
expression in terms of the least common denominator. 

Oe mere. ae! 
14°18 44-9 18-7 

wm 2T 8S 
126 126 

Combine the fractions and reduce the result to lowest terms. 

ae W274 3D 
196 

_ 62 
~ 1296 
_ 62+2 

~ 196 +2 

23! 

~ 63 

N \ SM NS 

Construct factor trees to identify the prime factorizations of the denominators. 

9 ae 

Yors TS 
®- @ 4 6 

ees ON 
O22 

The prime factorizations are 9 = 3? and 24 = 2’ - 3. Use the highest powers of the 

prime factors to calculate the least common denominator. 

Once your 
Aenowminators 

Jet close to (or ave 
greater than) 20, 

you shoula Probably 
use the Lactoy tree 

method to calculate 
the LC). the multiples 

method will probaly 
take too long. 

LCD =2° - 3° 

=8:-9 

=) 2 

Write the original expression in terms of the least common denominator. 

earns /2ie 
24 9 24:3 9:8 

pial 26 
ae 

_ 37 
ae 
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ne 
8. 26 ‘Simplify the expression: 36 42" . 

ves, Construct factow trees to identify t ae prime eons of 36 an 42. 

36 49 
Be OS VN 

ig) = @ 14,0 -@) 
Vek ve ; 

J ait@) @-@ 
vox 
®- @ 

According to the figure, 36 = 2? - 3? and 42 = 2 - 3 - 7. Calculate the least 

common denominator. 

_ 

LOD =2:3°-7 

=4-9-7 

= 36-7 

= 252 

Notice that 252 + 36 = 7 and 252 + 42 = 6. Use these quotients to write the 
original expression in terms of the least common denominator. 

29.37 29-7 37-6 
36 42 36-7 42-6 

203 222 
202i) 252 

Combine the fractions. 

_ 203-229 
2 E069 

oe 
eo? 

19 
952 

The numerator is prime and is not a factor of the denominator, so the fraction 

cannot be reduced any further. 

8.27. Simply the expression: 2. fa i 

List multiples of the largest denominator (9) until the product is divisible by 

both of the smaller denominators (3 and 4). 

9-2=18 

9-3=27 

9:4=36 

Note that 36 + 9 = 4, 36 + 3 = 12, and 36+ 4=9. Use these quotients to rewrite 

the expression in terms of the least common denominator, 36. 
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Daeg Oe 212 19 
G98 ad Ok 12° 4-9 

20, 24 9 
13686. 36 

Combine the numerators and ensure that the resulting fraction is reduced to 
lowest terms. 

_ 20-2449 
36 

_=449 

a. 1 6 
8. 28 Simplify th + implify the a 162 12 

Listanultiples of the largest denominator (16) See the product is aaa by 

both of the smaller denominators (2 and 12). 

16°2=32 

16:3=48 

Note that 48 + 16 = 3, 48 + 2 = 24, and 48 + 12 = 4. Use these quotients to write 

the expression in terms of the least common denominator, 48. 

Sign laa we tady 024. Be 
16,72 212, 16 -85,)0°24 12-4 

Diggs 20 
~ 48 48 48 

Combine the numerators and ensure the resulting fraction is reduced to lowest 

terms. 

_ 9+24-20 
Meas 

_ 33-20 
5 048 
were 
~ 48 

oe 
29° ‘Si lify the expression: — +——-=—. Nag ae e expr Tu | 

Gansivaet factor trees for the denominators in order to identify their prime 

factorizations. 

If you 
list multiples of 

0, it’s going to take 

You a long time to 

get to the LCD, 
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10 8 6 

Tak ex a 
© -. @ Aa Ce 

vas 

The prime factorizations of the denominators are 6 = 2 - 3, 8 = 2’, and 10=2 - 5. 

Raise each of the prime factors (2, 3, and 5) to its highest power and calculate 
the product to determine the least common denominator. 

LED =2*-3°5 

=8-3-5 

= 24°% 

190 ; 

Note that 120 + 10 = 12, 120 + 8 = 15, and 120 + 6 = 20. Use these quotients 

to express the fractions in terms of the least common denominator, 120, and 

combine the fractions once they all share the same denominator. 

lage ee al le 3°15 | 1-20 

1098 6 10°10" 8-15 6-20 
_ 84 45 20 
~ 120 120 120 
_ 844+45-20 
a7 BOG 
_ 129-20 

190 

G= 3° 

14=2-7 

35=5-7 

Calculate the least common denominator by multiplying the highest powers of 
the prime factors identified above: 2, 3, 5, and 7. 

LCD = 2-3°-5-7 
=2:°9°5-7 

=18-5-7 

=90°7 

= 630 
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—— ee eee 

Divide the least common denominator by each of the individual denominators: 

630 + 9 = 70, 630 + 14 = 45, and 630 = 35 = 18. Use the quotients to write the 

fractions in terms of the least common denominator. Divisibility 
Test fov 7: Take 

off the last Aigit, 

Aouvle it, and subtract 

4) Db Ge eae 45. 19°18 

9 14 38070 14-45), 35-18 

= 280 225 342 it vom the vest of the 
630 630 630 number to see if you get 

_ 280 — 225 ~ 342 something aivisible by 7. 
630 

_ 257342 287: 28 -2(7) = 28 - \4= |4 
630 630: €3 -2(0) = 63 -0 = 63 

_287 
630 

The numerator and denominator are divisible by 7; reduce the fraction to lowest 

terms. 

ee Pers ee 

> 63027 
04) 

~ 90 

7 50 1 19 
8.31 Simplify th Oh . 
2 unplity the expression 27-99 12 30 oe 

Identify the prime factorizations of all four denominators, using a factor tree if de 

necessary. 

97 ='9° 

99 = 3° -11 

12=27 3 

30 =2-3°-5 

Compute the least common denominator. 

LCD =2°-2° +511 

=4-97-5-11 

=108-5-11 

= 540-11 

= 5,940 

Divide the least common denominator by each of the denominators in the 

expression. 
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5,940 +27 = 220 

5,940 +99 = 60 

5,940 +12 = 495 

5,940 + 30 =198 

Use the quotients listed above to write the expression in terms of the least 

common denominator, 5,940. 
» 

TODO! 1 Gee 20 as Oe BO a tea00. 1 Os Los 

97 99 12 30 27-220 99-60 12-495 30-198 
1,540 3,000, 495 3,762 

~ 5,940 5,940 5,940 5,940 
_ 1,540 —3,000 + 495 — 3,762 
a 5,940 
_ 1,460 + 495 — 3,762 
- 5,940 
_ —965 — 3,762 

5,940 
4,727 
5,940 

Although the numerator and denominator are relatively large numbers, they do 
not share any common factors, so the fraction is, by default, already reduced to 

lowest terms. 

Improper Fractions and Mixed Numbers 

AAA awd subtvact weivA oes fyvactions 

. _ common denominator. 

There is no difference in the techniques used to add proper and improper 

fractions; like Problems 8.15—8.31, improper fractions require only a common 

denominator before they are added or subtracted. In this case, 9 is the least 

common denominator, so you should identify a fraction equivalent to 2 that has 

a denominator of 9. 

191 pangs o 

ee ts 
eee) 

8 14,9833 14 
of 
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The fractions now share a common denominator, so their numerators can be 

combined. 

_ 24414 
Cig Most teachers 

38 want you to leave 
ag impvoper fraction 

answers alone, 
instead of converting 

them to mixed 

numbers. Problem 

833 shows you why 
wmixeda numbers ave 

havder to wovk 

with. 
Apply the technique described in Problem 7.11 to express the improper 
fractions as mixed numbers: If each numerator is divided by the corresponding 
denominator, the quotient is the whole part of the mixed number, the 

remainder is the numerator of the proper fraction, and the denominator of the 

praper fraction matches the denominator of the original improper fraction. 

8 
5 = 25) because 8+3=2r2 

Sey because 14+9=I1r5 
9 9 

Rewrite the original expression, substituting equivalent mixed numbers for the 

improper fractions. 

Odes ne Py D 
—4+—=2-4]— 

ee = 9 

Recall that mixed numbers are the sum of whole numbers and proper fractions, 

though the addition sign that separates the whole numbers and proper fractions 
is omitted. Insert the implied addition symbols. 

Z 5 
=2+—=+1+-— 

3 9 

Regroup the expression, separating the whole numbers from the proper 

fractions. 

-(2+1)+(2+3) 

Rewrite the proper fractions in terms of the least common denominator, 9. 

=2+1+(So42] 

=2+1)+(3+2) 
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Add the whole and fractional parts independently. 

6+5 
=(2+1)+ (P=) 

9 

11 
=3+— 

9 

11 te ; 
the problem Rewrite — as a mixed number: Pa =1-. Substitute the mixed number into the 

wants the answev : expression. 
the form of a mixea 
nuwmdbev, which cant =3+4] 2 

contain an iwmpvopey 

racy oh: Seige : 
9 

ae 
9 

If you convert the answer above into an improper fraction, the result exactly 
matches the solution to Problem 8.32. Thus, the technique that you use to add 

or subtract improper fractions and mixed numbers does not affect the final sum 

or difference. 

gee 
9 9 

_ 3642 
a8 
_ 38 
neo 

2733 
& 4 

8.34 Combine the improper fractions after writing them in terms of the least 
common denominator. 

Note: In Problems 8.34—8.35, you use different techniques to simplify 

List multiples of the larger denominator until the product is divisible by the 
smaller denominator. 

14:2=28 

14:3=42 

14°-4=56 

Write both fractions in terms of the least common denominator, 56. 
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ee 

PIMEIS NG LEET BBr 4 

Side 6-7 ) 1484 

189 132 
eu) 
_ 189-132 
ne" R56 

Convert the ner faiOnS to peed nunibers and insert the implied signs 
between the whole number and proper fraction portions of the mixed numbers. 

_ Bi) 33 3 5 

Notice that a negative sign appears before 2 and before ~ In the mixed 

number expression, the entire fraction on% is subtracted. Therefore, the whole 

number 2 and the proper fraction re should be subtracted when the parts of 

the whole number are separated. Combine the whole numbers and write the 

fractions in terms of the least common denominator, 56. 

soon 
weno 24 

-(3-2)+(2-2) 

=6-94(2=%) 

=14+5 

oie 
56 
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Note: In Problems 8.36-8.37, you use different techniques to simplify 4 + 

8.36 

All veal numbers 

ave Aaivisible by |. 

Note: In Problems 8.36—8.37, you use different techniques to simplify 4 + S 

8.37 

154 

ve the answer as a mixed ra 

If you convert this mixed number to an improper fraction, it exactly matches 

the solution to Problem 8.34. 

(ss ell 
56 56 

_ 56+1 
7 56 
157 4 
56 

17 

Express 4 as an improper boca and ee the fractions using the least - 

common denominator. -.. — . 

Recall that any number divided by one is equal to that number. Therefore, any 

fraction with a denominator of one is equal to the integer that appears in the 
A 

numerator. In this problem, 4= T Rewrite the expression, replacing 4 with the 

equivalent fraction. 

The larger of the two denominators (5) is also the least common denominator, 

because it is divisible by the smaller denominator (1). Write the expression in 

terms of the least common denominator and simplify the expression. 

ao la 
oni ge By 

90 17 
= 

5 OB 
_ 20417 

5 
cuge 
ei 

Convert the improper fraction to a mixed number and simplify the expression, 

Express ~ as a mixed number. 
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Replace the improper fraction in the expression with the equivalent mixed 
number. 

pee 3" 
5 5 

To calculate the sum, add the whole numbers in the expression. 

2 =(4+3)+= Set) 2 

sine 
5 

If you convert the answer to an improper fraction, it exactly matches the 
solution to Problem 8.36. 

p22 
5 5 

_ 3542 
‘ SD 

sbi 
Cee 

Whereas it is usually easier to add improper fractions than it is to add mixed 
numbers (as demonstrated in Problems 8.32-8.35), it is slightly easier to add 

integers to mixed numbers than to add integers to improper fractions. 

Simplify the expression: 6 + > 

Rewrite the expression, converting the mixed number to an improper fraction. 

1 45) BO eo. 
= ——_ 4+ — ba 

3 12 8 12 

_ 4841, 51 Multiply the larger 
= 3 1D Aenowminator by Dans 

_49 51 wee get |2-2= 24, 
St ae which is also a multiple 

of 8, 5024 is the LGD: 
Rewrite the expression in terms of the least common denominator (24) and 

combine the fractions. 

_ 49°3 512 
oe oe toe 

147... 102 
i 

94.) 94 
_ 147+102 
POA 
_ 249 
«94 
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Reduce the fraction to lowest terms. 

2403 

~ 9443 
_ 83 
ieee 

Convert the mixed number to an improper fraction. 

37. 5 37 18-345 
og ison 18 

_ 37 B4At5 ae 
od 218 | 
_ 37 59 
94 18 

Write the fractions in terms of the least common denominator, 72, and combine 

them. 

Soa eee 
_ 111 236 
SP 

ee — . 8 4 8.40 Simplify the expression: — —— +6. 8.7 ee . poe 27 : 18 7 

Identify the prime factorizations of the denominators. Note that you can 

express the integer 6 as the fraction -, but there is no need to include the 

denominator | when you calculate the least common denominator. 

27= 3° 
18=2-3° 

Compute the least common denominator. 

LCD = 23° 
=2:27 

= 54 
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Rewrite the expression in terms of the least common denominator. 

Oe eg age oe 2a, 47:86:54 
7-18 = 497-9 18-3 1-54 

_184 141 , 324 
54-54 «254 

The Aenominator 
is |, so multiply the 

top and bottom of 

the fraction by 
the LCD ($4). 

Combine the fractions. 

184-1414 324 
= 54 
_ 434324 
Taba 
_ 367 
ave 

The fraction cannot be reduced any further, as 367 and 54 share no common 
factors (apart from the trivial factor 1 that is shared by all integers). Note 
that answers are typically expressed as improper fractions rather than mixed 
numbers. Under no circumstances should you convert a fractional answer to a 
decimal unless specifically instructed. (This process is described in Chapter 11.) 

: 17 1 3 
Simplify the e ion: —+— —5—. implify the oF 5 PR 28 , 

Express the mixed number as an improper fraction. 

Lor 287543 

OB Nein 28 
2 40rr 3 

28 

_143 
28 

Identify the prime factorizations of the denominators 5, 12, and 28. 

5=5 

eS 

98=97 +7 

Compute the least common denominator. 

LCD =2* -3-5-7 

=4-3-5°7 

=12+5-7 

= 60-7 

= 420 

Write the expression in terms of the least common denominator. Notice that the 

mixed number in the original expression is replaced by the improper fraction 

calculated in a previous step. 

¢ * 

a 
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U7 AO epi Bijele NO (148 
5 Lok OB he ioe 

17°84 19-35 143-15 

420 420 £420 

Combine the fractions. . 

_ 1,428 + 665 — 2,145 
Ee 420 
_ 2,093 — 2,145 
% 420 

52 
~ 420 

Reduce the fraction to lowest terms. 

- 52+4 

420+4 

_13 
105 
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MULTIPLYING AND DIVIDING FRACTIONS 

Much easiey than adding and subtracting them 

The process of adding and subtracting fractions, investigated in substantial 
detail in Chapter 8, is straightforward but rarely simple. To complicate the 
matter, the larger the denominators of the fractions involved, the more 

complex it is to combine those fractions. The processes of multiplying and 
dividing fractions, on the other hand, are simple in concept and practice. 
Furthermore, the sizes of the denominators (or for that matter, the 

numerators) do not affect the difficulty of the problems in a substantial way. 

This chapter begins by exploring proper fraction multiplication and 

division, graduates to the manipulation of improper fractions and mixed 
numbers, and concludes with a brief study of complex fractions—fractions 

whose numerators and/or denominators consist of other fractions. 

Chapter & was all about the least common Aenominator 
LCD that. LCD, LCD, LCD. You’ | 
this chapter. In fact the only time you’ 
AN AAAition ov subtvaction problem inte 
only intevesting concepts in the book, so 
the things you'll learn in this chapter: 

; Honestly. LCD this, 
bavely vead about least common Aenominators in 

ll see them at alll is when the book sneaks 
the mix. If | say too much move, |’ll spoil the 
allow me to be Coy ANA just tease some of 

e es can leave Aenominators alone when you multiply and Aivide fractions! @ Dividing fractions works just like multiplying fractions oa e You can veduce fraction products befove you get to 
e Fractions inside fvactions? No problem, 

just with a twist 
the final answeyv! 

Some 900A news: As tricky and Hme-consumi 
much easiev and move intevesting. (Di 

7 4 
fewer least common Aenominatovs?) 

ng as Chapter & was, Chapter 7 is 
Al mention that you'll be calculating a lot 
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Multiplying Proper Fractions 

Top times top, bottom times bottom 

9.1 Explain how denominators are treated differently when ups fractions 
versus adding fractions. 

Whereas you can only add fractions that are exbneeeed in terms of a common 
denominator, no such requirement exists for the multiplication of fractions. 
A very simple procedure, described in Problem 9.2, allows you to calculate the 
product of any two fractions, regardless of the numbers in the numerators and 

denominators. 
Multiply the 

top numbers and 

the bottom numbers 

sepavately. The 
auswey is top times top 

ovey bottow times 

Another key difference is the treatment of the denominator. When fractions are 
added, only their numerators are combined, and the result is recorded over the 

common denominator. However, when fractions are multiplied, the numerators 

and the denominators are both involved in the computation of the product. 

9.2 Simplify the expression: = 

The product of two or more fractions is the product of the numerators divided 
by the product of the denominators. 

9.3 Simplify the expression: 2.5 

Apply the technique described in Problem 9.2: The product of two fractions 
is equal to the product of their numerators divided by the product of their 
denominators. 

eee, 
94 9-4 

_ 21 
36 

Reduce the fraction to lowest terms 

21=3 

36+3 

at 
We 
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product will be expressed in lowest terms by analyzing the individual numbers 
in the numerator and denominator. If any term in the numerator shares a 
common factor with‘any term in the denominator, then that common factor will 

need to be divided out of the numerator and denominator of the product in 

order to reduce that product to lowest terms. 

: 4 : : 
Write the product a as a single fraction, but do not yet multiply the numbers 

in the numerator and denominator. 

5. 

8- CO | Or aS 
ee 

“NI 

- 
The numerator contains two terms: 5 and 4; the denominator contains 

two terms as well: 8 and 7. Notice that 4 (in the numerator) and 8 (in the 

denominator) are both evenly divisible by 4. Thus, to reduce the product to 
lowest terms, you will have to divide the numerator and denominator by 4. 

Verify this by simplifying the expression. 

5:4 20 
8-7 56 

20+4 
56+4 
5 
14 

fractions. — 

te: Problems 9.4-9.5 describe how to reduce a product of fractions while multiplying those 

“= to lowest terms before multiplying the fraction: 

As Problem 9.4 explains, if a value in any numerator shares a common 

factor with a value in any denominator, that common factor will need to be 

addressed once the fractions are multiplied. Rather than wait until the end of 

the multiplication process, like Problem 9.4, you may choose to eliminate the 

common factor as the first step in the process. 

\ Ue Wi eM) Z ih WS 
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Consider the product - . a Notice that the values 4 in the numerator and 8 in 

the denominator share the common factor 4, because 4 divides into 4 and 8 

without any remainder. Divide both numbers by the common factor: 4+ 4 = 1 

and 8 + 4=2. Then, draw a slash through 4 and 8 in the expression to indicate 

that you are reducing those numbers by a common factor and replace them with 

the quotients you calculated (2 and I, respectively), as demonstrated below. The 

informal a 5 Al 

name for eye Cree 
7 

this process is 87 £2 
“cancelling out” ered 

| the common factov, 

because you've 
physically crossing 
out a wumber 

When you calculate this product, the result exactly matches the solution to 

Problem 9.4. 

and veplacing 
ee Dol 

it with another 2:7 
number, Most 2a 5 

14 math teachers 
Aow't like that 
terminology, 
though. They 
prefey 
‘veAucing.” 

coe 14 13 _ — 
9.6 Reduce the product BG 98 to lowest terms before multiplying the fractions. 

If you do not reduce before multiplying, the numerator and denominator of the 
product will be large, and a fair amount of work will be required to reduce the 

answer to lowest terms. Identify pairs of numbers that share a common factor. 
Be mindful of one restriction: One of the numbers must appear in a numerator 
and one must appear in a denominator. 

For instance, 14 from the numerator and 28 from the denominator are both 

divisible by 14. Divide each of them by the common factor: 14 + 14=1 and 

28 + 14= 2. Rewrite the expression, replacing 14 and 28 with these quotients. 

1413 2 43 
Do you feel 

like veducing 13, ; 

[$2%. 39 28 39 262 
1072 ok eps 

= Son 
| Aow+. 

The product is not yet fully reduced. Notice that the numerator value 13 and 

the denominator value 39 are both divisible by 13, as 39 + 13 = 3 and 13 + 13=1. 
Replace 13 and 39 with those quotients. 

81 
2 

| . S 
© | no|le 
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i a SRS nc a aoa Sco enue cere ie, REC RI 

This product is much easier to calculate, and you do not have to reduce the 
result to lowest terms. 

a 
6 

a7 Re Reduce the product wer. ek to lowest t terms s before muplying ne fr 

The numerator value 77 and ie dovomitater vale ul are Se divisible by 
11, so divide both of the numbers by 11 and replace them by the corresponding 
quotient. 

716 77 6 
45 11 45 “W1 

ee Be) 

aa it 

The numerator value 6 and denominator value 45 share a common factor as 

well: 3. Divide those values by 3 and replace them with the correct quotients. 

7 62 
1 

sl 
Compute the product of the fractions. 

awe 

15-1 

_i4 
15 

9.8 _ Simplify the expression: 2 4, 

Any integer is equivalent to the fraction with that integer in the numerator and 
4 ’ 

a denominator of one. In this problem, 4= T Rewrite the expression as the 

product of two fractions. 

ele 

ge 
[2 ete 

While you can now multiply the numerators and divide by the product of the 

denominators, it is worthwhile to note that a number in the numerator (4) and 

a number in the denominator (12) share a common factor (4). 
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You can vedAuce 

both paivs at 

the same time 

if you ave feeling 
confident, instead 

of Aoing it in two 

sepavate steps. It 

might look messy with 
all of the original 

numbers crosseA 

out at the same 

time, but if that 
Aoesw't confuse 
you, go fov it. 

Divide 

4 avd |2 by 4 

and veplace those 
numbers with the 

quotients: 4-4 = | 
AnA 12 +~+4= 3. 
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poe 

Ee 8 
: : ao 
— 

tt 

=) 

— 3 

a » 

3 

The word “of” in a mathematical statement often indicates multiplication. In 

this problem, to calculate one-half of twelve-thirteenths, you should multiply one- 
half and twelve-thirteenths. 

1 12 

23 

To predict the value of the product, consider the literal translation of “one-half.” 

Halving a quantity divides it by two. Hence, one-half of 12 would be 6, because 

12 + 2 =6. If you are given a quantity that consists of 12 “thirteenths,” then half 

of that quantity is 6 “thirteenths,” or 13° 

To verify the prediction, calculate the product of the fractions above, noting 
that 12 and 2 (a numerator-denominator pair) share the common factor 2, 

which can be eliminated from the product. 

112_ 1 46 
DC 1She cele es 

aoe 
Lk 
1:6 

1:13 
6 

13 

The product is equal to the prediction: = 
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9.10 Simplify the expression: ee 

9.11 

He 
. The Humongous Book of Basic Math and Pve-Algelbva Problems 

0 60 7 
Before you multiply the values in the numerators and divide by the product 
of the denominators, you should identify numerator-denominator pairs of 
numbers that share a common factor. There is no single, correct way to reduce 
the product, and all techniques, if performed correctly, will lead to the same 
answer. 

For example, you may choose to divide the numerator value 6 and the 
denominator value 10 by common factor 2 as a first step. An equally valid 
approach is to divide the numerator value 6 and the denominator value 60 
by common factor 6. This solution follows the latter approach—both will 
eventually result in the same product once the reduction process is complete. 

zy eo 
10 6027* 10 6610 7 

41 1 
Th 10:7 

GEM oro ty 

ey 

Now reduce the numerator value 21 and the denominator value 7, which share 

common factor 7. 

ee gl 

10-10 71 

Eta! 
10 10 1 

The only numerator and denominator values that remain—other than 1—are 

3 and 10; those numbers share no common factors, so you can calculate the 

product with the assurance that the result will be reduced to lowest terms. 

hs ales 
~ 10-10-1 

NS 
~ 100 

Simpiily the expression: —-—---—'—- 

Five of the numerator values in this expression are equal to five of the 

denominator values: 2, 3, 4, 5, and 6. Except for the numerator value | and the 

denominator value 7, each of the other numbers in this expression is paired 

with a matching value on the other side of the fraction bar. Therefore, each of 

the numbers 2, 3, 4, 5, and 6 can be eliminated from the expression. 

For example, consider the pair of 2s that appears in the numerator and 

denominator. They are equal, so their value is also the greatest common factor. 

Chapter Nine — Multiplying and Dividing Fractions 
—— 

The GCF of 2 
and 2 is 2. When you 
Avide the 2s by 2 

the vesult is 2 +2 = 
The same goes Lov al) 
of the othey equal) 
Paivs: The 3s) ecome 
Is, AS Ao the 4s, Ss 

ONA Gs. 

—— 
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The ovdAev in 

which you choose 
the paivs of numbers 
Aoesn't matter. You 
can wait to veaAuce 

the 2| and 49 paiv 

until last if you 
wat, 
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9.12. 

Similarly, the pair of 3s in the numerator and denominator shares a greatest 

common factor of 3. 

Continue to simplify the expression, eliminating the remaining pairs of 

numbers. 

At the outset of the solution, it was stated that only the values 1 and 7 did not 

have a corresponding, matching value opposite the fraction bar. Hence, they are 

the only values left once the product is reduced to lowest terms. 

Simplify the expression: eo 21 aa 
15 34 49 20 _ 

Reduce the product to lowest terms by dividing individual numerator- 
denominator pairs of numbers by common factors. As Problem 9.10 states, there 
may be alternate ways to choose these pairs of numbers, but all of them will lead 
to the same final answer. This solution begins by reducing the numerator value 
21 and the denominator value 49, which share common factor 7. 

8) 21: 25 17 wee Seo ee Ls 
15 34 49 20 15 34 4f7 20 

ABO S Bole 
"15 34 7 20 

The denominator value 34 is a multiple of the numerator value 17, so that pair 
of numbers has a greatest common factor of 17. 

B38 ee eal 

"15 942 7 20 

(Ba Seep uils 
"152 7 20 
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The numerator value 25 and the denominator value 15 have common factor 5; 
similarly, the numerator value 8 and the denominator value 20 are both even, so 
they share common factor 2. 

In the aftermath’of the previous steps, it is now possible to reduce further. The 
pair 4 and 2 shares common factor 2, the pair 3 and 3 have common factor 3, 
and the pair 5 and 10 share common factor 5. 

£2 61 B11 
[81-2 162 
Pee c 1 : bet 

eae: 

Finally, numerator value 2 and denominator value 2 share the obvious common 

factor 2. 

UPA 
SPAS AL eared 
era 1 ih 1 

See 
aod 

aa 

9.13 _ Simplify the expression: == -= 

In this expression, you are directed to multiply and subtract fractions. The 
order of operations still applies to expressions containing fractions, so 

multiplication must be completed before subtraction. 

St aera ore 

4 Sida AR x12 
Stic 
ee. D 

Only fractions with common denominators can be subtracted, as explained in 
Chapter 8. Thus, you need to calculate the least common denominator for the 
expression. The prime factorizations of the denominators are 12 = 2? - 3 and 
32 = 2°. These factorizations contain the unique prime factors 2 and 3. The least 
common denominator is equal to the product of the prime factors, when each is 
raised to its highest power. 

LCD = 2” -3 
= 32:3 
= 96 
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Rewrite the expressions in terms of the least common denominator and 

combine the fractions. 

Leo eal ab omen 

32 12 32-8 12-8 
R45 ec8 

96 96 
aoe 

eo bas 
at 
~ 96 

Dividing Proper Fractions 

Keep, flip, change 

9.14 Describe the Multiplicative Inverse Property, using ; as an example. 

The reciprocal of a fraction is that fraction with its numerator and denominator 

reversed. The numerator of the original fraction is equal to the denominator of 

3 
the reciprocal, and vice versa. Therefore, the reciprocal of 5 1S 3° 

According to the Multiplicative Inverse Property, any fraction multiplied by its 

reciprocal is equal to 1. Consider the product of 2 and its reciprocal S) 

Je) 
O23 

Because the reciprocal is defined in terms of the original fraction, any number 
in the numerator of one fraction will, by definition, appear in the denominator 
of the other fraction. This creates exactly two pairs of equal numbers that can 
be reduced using the method introduced in Problem 9.5. In this problem, both 
3s can be divided by 3 and both 5s can be divided by 5. 

The product of any fraction and its reciprocal, like the product in this example, 
will always equal one. 
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By slightly modifying one of the fractions in the expression, you can change 
a quotient of fractions into a product. Specifically, change the divisor to its 
reciprocal and change the division symbol into a multiplication symbol. 

¢ 

Calculate the product using the technique described in Problems 9.1—9.13: 
Multiply the numerators and divide by the product of the denominators. 

278 

= 975 
_ 16 

45 

7 
Express the quotient as a product by replacing the divisor (=) with its 

18 
1 

reciprocal (=) and replacing the division symbol with a multiplication symbol. 

male ans 18. 
IF 18 eA: hy 

Notice that the numerator value 18 and the denominator value 15 share 
common factor 3. Reduce the product, dividing the pair of numbers by the 
common factor (the process first described in Problem 9.5). 

786 
7 

E 
R 5 

ou 
po. 
7 

Calculate the product of the fractions. 

_4:6 

3 : 
To express an integer as a fraction, divide it by 1:3= i Rewrite the expression 

as the quotient of two fractions. 

1 eer 
Fo as Oa ee 

12. 12. 1 
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When you 
Aivide fractions, 

you Keep, Flip, and 

Chavge. 

|. Keep the first 
fvaction the way it is. 

2. Flip the fraction 

youve dividing by. 

3. Change aivision 

to multiplication. 

You can only 
“cancel out” like 
this when you've 
multiplying. You can’t 
Ao it while the + 
symbol is still in 
theve, 
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Convert the division problem into a multiplication problem by changing the 

divisor to its reciprocal. 

oo | = 

ee 
12 

Calculate the product. 

I 

2n0 —_ 

1 

3 m 
If you ask 

“How many one- 
halves fit into |0?” 

the answer is not 
S. As you'll see, the 
answer is 20. You can 
Fit twice as many one- 
halves into 10 than 
you can Fit ones 

into 10, ana 

9.18 Simplify the expression: 10 - . < : 

This problem encompasses a very common student error. You are directed to 

1 
divide 10 by 9 which is not the same as calculating half of 10. Make sure to 

employ the division technique described in Problem 9.15 instead of applying (in 

this case) faulty logic to produce the inaccurate quotient 5. 

1 Zz 
Replace 9 with its reciprocal 7 change the division symbol to a multiplication 

symbol, and calculate the product. 

9.19 | Simplify the expression: Le 

Rewrite the expression, replacing the divisor with its reciprocal and changing 
the quotient into a product. 

7 eT 
9°15 9 14 

The numerator value 7 and the denominator value 14 share common factor 7; 

similarly, 9 and 15 share common factor 3. Reduce the product to lowest terms. 
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* aR g 09 
eel 5 aren 

gi ded 

~3-2 
zo 

- 6 

9. 20. ‘simplify the < expression: 55 24, 2 aes a 
35 25 a 

The order of operations dictates that division precedes addition. Rewrite the 

quotient as a product and reduce it to lowest terms. Make no changes to the 
4 

fraction 91 until the quotient-turned-product is simplified. 

24 eels O45 95 4 
35 25 21 35 16 21 

Identify the numerator-denominator pairs that share a common factor: 24 and 

16 share greatest common factor 8; 25 and 35 share common factor 5. 

7 14s 81 

Rewrite the expression in terms of the least common denominator, 42, and 

combine the fractions. 

15:3 4:-2 
= — + —— 

14°3 21-2 

anand 
—+— 

49 42 

ito 8 

42 

_53 
42 

Unless otherwise directed by your instructor, improper fractions should not be 

converted to mixed numbers or decimals. 
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9.21 

The order of operations dictates that multiplication and division should occur 
16 3 3 

from left to right. Thus, you should multiply 197 before you divide by 35° 

Ie sae Bless Sey 
10° 7 35) 10-7) -35 

Rather than multiply the values in the numerator and denominator (16 - 3 and 

19 - 7), leave them as products. This will assist in the identification of common 

factors in the next step. Express the quotient as a product. 

_ 16-3. 35 
19°77 32 

Reduce the fraction: 16 and 32 share common factor 16; 35 and 7 share 

common factor 7. 

i 2 

_1:3 5 
EylOc led 

It’s not that dig 1-3-5 
a Aeal. You can go ~ 19-1-2 

Ahead ana multiply 215 
38 the fivst two fractions 

to get 2. You'll just 
need ter vecoguize 

that |0 and 40 have 

a common factor, 

instead of 10 ana S; 
27 ana 2| have a 

common factov, 

instead of $ 

and 2\. 

This expression contains two quotients. Calculate them one at a time, in order 

from left to right. Begin by expressing z oo : as a product. 

8 Bh i2bey Se OL 
5 O10 25, 8 10 

See 
5-8 10 

Like Problem 9.21, the left fraction contains a product that shouldn’t be 
simplified until the remaining quotient is rewritten as a product in the next 
step. 
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————— 

Reduce the product: 3 and 21 share common factor 3; 5 and 10 share common 
factor 5. 

Il ll 
Le =|= Oo | 

01 x5 ~1| no 

= Oo © N ~T] po Wer} 
1M 

— @ J 

The fraction is not yet reduced to lowest terms—2 and 8 share common factor 2. 

Boo 2 
“184-7 
ees 

1467 
saul 
~ 28 

9.23 Simplify the expression: Do 

Like Problem 9.22, this expression requires you to divide twice. Begin by 

calculating the left quotient. 

Reduce the product to lowest terms—there is no need to wait until you divide by 

9 to do so. 
Divide 4 

nan lz by theiv 
greatest common 

factor: 4, 

II Me 

= oo | ~I | 
G9 

|: © 

| © 
oO }]NT 09 

Express the integer 9 as the fraction 2 and calculate the final quotient. 

ll 

aI Oo|nN OoO|N 

+|- 

re |o 

ll 

Ine 
oO 

® II 
oO bat 
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Improper Fractions and Mixed Numbers 

Up fov some conversion? 

The eed ee to multiply proper fractions (explored in Problems 9.1— 

9.13) is also used to multiply improper fractions. The comparative values of the 

numerator and denominator are irrelevant—the product is still equal to the 

product of the numerators divided by the product of the denominators. 

6 115-11 
3.8 3-8 

_55 =o 2 

Unless otherwise instructed, you should not convert an improper fraction 

solution into a mixed number or a decimal. 

9.25 a the expression: ion: +e. —. 

Rewrite the quoticnt: as a product ae veduce it to lowes! terms. 

Divide 24 ana 1 » 48 5 
by the GCF: %. 

Rewrite the avonenis as products, one at a time, in order from left to right. As 
first discussed in Problem 9.21, when three or more fractions are present, you 
should avoid multiplying until you have reduced the product to lowest terms. 

121 | bao Le eto 05: 

TUB apne a Feta FBS 
121:3 | 55 
2-14 42 

_121:3 42 
~ 9-14 5B 
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Numerator value 121 and denominator value 55 share greatest common factor 
11; similarly, 42 and 14 share greatest common factor 14. 

Sea 42 3 
241 BS 

9.27 Determine wheth er the foll 

parts and proper fractions individually, and then combining the results. This 
problem asks whether that method applies to multiplication as well. In other 
words, it asks whether you can multiply the individual pieces of two mixed 

numbers to calculate their product. To determine whether or not the statement 
is true, you should evaluate the expressions on both sides of the equal sign and 
then compare the values. 

The product on the right side of the equation is relatively straightforward. 
Convert the integers to fractions, reduce the product to lowest terms, and 

multiply. 

ie ea 
Ora ome hy? 1.5 

elas 5 
bY et V8 
_ 3:1-2°3 
11-155 
pele 
es 

The proper way to calculate the product of two mixed numbers—and thus to 
evaluate the left side of the original equation—is to convert the mixed numbers 

to improper fractions and then multiply. 

The Humongous Book of Basic Math ana Pre-Algelbva Problems 

According to Problem 8.33, you can add mixed numbers by adding the integer 

In other 

wovas, tuvn 

thew into improper 
fyvactions ana 

then multiply them 
like in Problems 
9.24-1.26, 
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Se 

2 

dee 

Pari 
as 
2s5 

Sahl 

. ip. 

18> 161 et : 
Because 7 # 97 conclude that the original statement is false. The product 

of two mixed numbers is not equal to the product of the component integer and 

proper fraction parts. Rather, the product is best calculated by converting the 

mixed numbers to improper fractions before multiplying the values. 

Note: In Problems 9.28-9.29, you test the validity of a shortcut for dividing 
° 1 

9.28 Simplify the expression: f *) = (7 5} 

Convert the mixed numbers to improper fractions and rewrite the quotient as a 

eee 
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Evaluate the right side of the equation, expressing 1 + 7 as a fraction and 

calculating the quotient : = - 

cones tlie 
a(t! 
Eee 

+ 

es 
ND | G9 

Write the fractions in terms of the least common denominator (14) and simplify 

the expression. 

le Hoe 
DO 227 

al 

pa 16 
23 
a 

According to Problem 9.28, the quotient of the mixed numbers should be 

30° so the statement is false and the shortcut presented in this problem is 

invalid. You cannot divide mixed numbers by dividing the whole numbers and 

proper fractions individually and then adding those quotients. 

(13}+(75)-a+7+(2+5) 

a as 
30 14 
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a 

9.30 Simplify the expression: (55) +(- 22} 

Convert the mixed numbers to improper fractions and calculate the quotient. 

ese sg} ss) cae 
= -(-2) ' 
Orr 3 

A positive 

fvaction times a 
negative fraction 

equals a negative 
fvaction, just like a 

positive integer times 
a negative integer 
equals a negative 

52 
zon | “sta 
20 

12 

Complex Fractions 

Fractions within fractions within a crunchy candy ee 

9.31 Identify the defining characteristic of a complex fraction and describe the . 

method used to simplify complex fractions. _ - 

A complex fraction has a numerator or a denominator (or both a numerator 

and a denominator) that is, itself, a fraction. Follow the steps below to simplify a 

complex fraction: 

1. Write the complex fraction as a quotient, the numerator 
divided by the denominator. 

2. Use the technique described in Problem 9.15 to convert the 

quotient to a product. 

Reduce the product to lowest terms. 

4. Multiply the fractions. 

2/5 
4/5. : 

Follow the steps outlined in Problem 9.31, beginning by expressing the complex 
fraction as a quotient of two fractions. 

2/52 A 
4/5 5 5 

9.32 Simplify the 9 complex fraction: 
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Rewrite the quotient as a product. 

Ine | ox 

Saeed 

The value 5 appears in the numerator and the denominator; reduce the product 
by eliminating the common factor. 

28 
ae 

—_ 

SHORTCUT 

ALERT! 
IP the Aenowminators 
MA Complex fraction 

match , Just Cvoss 
thew out, In this case, 

This fraction is not yet reduced to lowest terms, but note that its numerator and 
2/5 

denominator are reminiscent of the original fraction, 4s: The numerator and 

denominator of the answer match the numerators in the complex fraction: 2 

appears above the fraction bar and 4 appears below it. This result is not unique 

to this problem. Reduce the fraction to lowest terms. 

a = > ae Aenea 
Ss of — 
1 o S ana = =aSO evase 

9 ans and youve left 
with a 

4 

1/3 
Ws eee? the complex fraction: 

Like Problem 9.32, the denominators in this complex fraction are equal. Thus, 

WSs ut 
the result should be the quotient of the numerators: a =F: Verify this result 

using the procedure outlined in Problem 9.31. 

ver This is the 
Ue te =O shortcut ly talking 

«ly, About in Problem 932. 

Sat 

ele tel 
aasikseut 
jell el 

ait. 
oa 

“ue 
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EE 

78/6 
9. 34 _ Simplify the comple paces 5 

iipee che complex fraction as a quogent of the numerator and denaminaee 

be wants 
5/9 6 "6 

The numevators 
/ ie 

of the oviginal complex 
ss sae E 

fraction ave equal. 

Heve’s a shovtcut: Keep 
Reduce the product to lowest terms and multiply the fractions. 

only the Aenominatovs 
Bl 

5 
£2 BT 

5 ana then take the 

3 eins 
veciprocal (5 . of 

=5 

course, you'll have to 
3 

2 veauce, too. 

5 
2 35 Simplify the Soc fodiod 7 O° 

Express the numerator as a fraction ane then rewrite the eouplex fcdon asa 
quotient. 

oe 95/0 
7/10 7/10 

Beey 
1°10 

8510 =o 

Calculate the product. 

Like Problem 9.35, part of this complex fraction should first be converted to a 
ari 4 

fraction itself before calculating the quotient: 4 = r 

22/13 _ 22/13 
47 4 

22.4 
‘men 

_22 1 
213.4 
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Reduce the product and multiply the fractions. 

ee AT 

Pan ee 
ent 

Tigea 
el 

36 

9.37 Simplify the complex fraction: es 

Express the complex fraction as the quotient of the numerator and 
denominator. 

24/65 24 8 

8/39 65 39 
ty weet 

65 8" 

Numerator value 24 and denominator value 8 share greatest common factor 8; 
similarly, 39 and 65 share greatest common factor 13. 

ot 8 

= 85, 61) 
ae =o 

9 

re 

9.38 Simplify a reer es fe = 

Before you can address the sum, you must first simplify the complex fraction. 

2 3-(342)42 
15/57) SBTR OR. <7). 8 

(ea) 
(Ph 
“(es)*s 
pales 
“M038 
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Rewrite the expression in terms of the least common denominator and add the 

fractions. 

If you need _ 21:4 3°5 
hele, check out 10:4 8: 

Problem &.10. It e848 Seles 
coutains fractions ~ 40 40 

with the same _ 99 . 
Aenominators. (Which 40 

ave, ivonically, § anda 
10.) Weiva. 

9.39. “Simply the comple fraction: = 

ee Begin by simplifying the complex fraction in the numerator. 

lo id 18 
5/12 4 12 

Substitute this fraction into the original expression and simplify the resulting 
complex fraction. 

1/4 

5/12 __3/5 
27 27/25 
25 

3227 
5 25 
3-25 
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Simplify the complex fractions in the numerator and denominator 
independently. 

© 

a eee ae 
B49 14 6/1 8. 11 

Ele eth 
eons 86. 

ee es 
~ 45 ~ 48 

Replace the complex fractions in the original expression with the fractions 
calculated above. 

2/9 
5/14 28/45 
718 77/8 
6/11 
eG 
45 48 

_ 28 48 
545-97 

Note that numerator value 28 and denominator value 77 share greatest common 
factor 7. Similarly, 48 and 45 share greatest common factor 3. 

_ 284 4816 
~ A515 P71 
_ 4:16 
~ 15-11 
_ 64 
~ 165 
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Chapter 10 
DECIMALS 

Time Lov a “pointed Aiscussion 

me The preceding three chapters have discussed, in some depth, the concept 
of fractions. Fractions are, by definition, a means by which to express a 

quotient, but they are also commonly used to represent values that aren’t 
whole numbers. (They aren’t restricted from such representations, of 

course, but the set of rational numbers dwarfs the set of whole numbers.) 

Decimals present another method by which to express non-whole number 

values by extending the place values discussed in Chapter | across a 
punctuation mark called a “decimal point.” Though it resembles a period, 

a decimal point is placed in the middle of a decimal, rather than at the end 
of a numerical sentence. This chapter identifies the additional place values 

introduced by decimal notation and explains how to apply the four basic 
binary operations (addition, subtraction, multiplication, and division) to 

decimals. 

When you see the fraction ab i ; 7 YOU Mt ht think “ ont Sve” . 

equal to 0.5.” However, ; : : he" <4 knowing that a Aecimal point looks like a luside a number Acesn’t help 
Luckily, 

“one half is 

pont (ov a ‘Aot”) ‘ : you add, subtvact, multiply, ov Aivide them 
OSE tour opevations wovk al fie 

Re pcnlieniie. vk almost tae same way as they do with vegulay, 
€ numbers. Each operation has its own little extva twist you ne€eA to vemembey, but they all build o 
/ n the procea . ; 

detail in Chapter 2. Procedures that ave explained in 

Befove you can even think about working with Aecimails you need to underst their place values, so the first two sections of the chapt ae ev stavt theve. 



Chapter Ten — Decimals 
Jj]_ NN i :.0 

Place Values 

Ten, hunavea, and thousand + “ths” 

10.1 List the place values for each digit in the number 2.6 and use that information 
to identify the number. 

As explained in Chapter 1, the rightmost digit of a whole number—a number 
that does not contain a decimal portion—is the ones place. The digit 2 appears 
in the ones place of the number 2.6, as it is the digit immediately to the left of 
the decimal point. You could also 

vead it “2 point ,” but 
that’s sovt of informal. 

Use the wovd “ana” 
instead of 

“point.” 

The first decimal digit of a number appears directly on the opposite side of the 
decimal point, and it occupies the “tenths place.” Thus, 6 is in the tenths place. 

The number “2.6” is read “two and six tenths.” Note that the word “and” is used 

to indicate the position of the decimal point, separating the ones place from the 
tenths place. 

10.2 List the place values for each digit in the number 15.37 and use that 
information to identify the number. 

The digits 1 and 5 appear left of the decimal point and occupy (in order from 
right to left) the ones and tens place. 

You name whole 
digits Prom vight 

to left ana Aecimall 
Aigits fyow left to 

vight. 

e 5 isin the ones place 

e 1 isin the tens place 

The digits 3 and 7 appear right of the decimal point and occupy (in order from 
left to right), the tenths and hundredths place. 

¢ 3 isin the tenths place 

¢ 7 isin the hundredths place 

The number 15.37 is read “fifteen and thirty-seven hundredths.” The key to 

identifying decimals is the rightmost decimal place value; only that decimal 

place is explicitly named at the end of the number. In this case, there are two 

digits right of the decimal point, so the number ends in “hundredths.” 

10.3 List the place values for each digit in the number 406. 12 and use that 
ior agon to oe the number. : 

This number contains three digits right of the decimal — so it ends in ihe 
“thousandths” place. 

e 4 isin the hundreds place 

¢ (isin the tens place 

¢ 6is in the ones place 

e 9 isin the tenths place 

e 1 isin the hundredths place 

e 2 isin the thousandths place 

The number 406.912 is read “four hundred six and nine hundred twelve 
thousandths.” 
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10.4 Express the number as a decimal: nine and four tenths. 

The word “and” separates the whole portion of the number from the decimal 
portion; the whole portion appears before the word, and the decimal portion 
appears immediately after it. Therefore, the whole portion of this number is 
nine and the decimal portion is four tenths. 

The decimal is presented as “tenths,” which means one digit will appear to the 
right of the decimal point, in this case the digit 4. Therefore, the numerical 

representation of nine and four tenths is 9.4. 

_ Express the number as a decimal: one hundred fifty-six and seventy-nine 
7 hundredths. ; 

The whole portion of the number is 156. If you need help with this step, consult 

the problems at the beginning of Chapter 1, which discuss place values of whole 
numbers. The key to deciphering the decimal portion of a number is the final 
word in the phrase, which ends in “ths.” Here, the word “hundredths” indicates 

that exactly two digits should appear right of the decimal point. Consider the 
terms below and the corresponding number of digits that should appear right of 
the decimal point for each. 

Key Word Decimal Digits 
This iswt true 

a the next problem, The Aecimal Aigits 
ANA the expected 

Aigits Aow’t i 
hundred thousandths 

ee 
billionths 

The decimal representation of one hundred fifty-six and seventy-nine 
hundredths is 156.79. Notice that the decimal portion, “seventy-nine,” is a two- 
digit number and the word “hundredths” indicates that exactly two digits should 
appear right of the decimal point. 

Zevoes 

placeaA at 

the end of a 

Aecimal have 

no effect on the 

Aecimal’s value. In 
othev words, theve’s 

no veason to write 

“39600000” ustead 

of “3.96” unless youve 
Aemoustrating 

how exact a 

measurement is. 

Express the number as a decimal: eighty-two and eleven thousandths. 

The whole portion of this number is 82. However, the decimal portion, 11, is 

a two-digit number and the word “thousandths” indicates that three decimal 

digits should be included. In these instances, “place holder” zeroes should be 

placed before the non-zero digits, immediately after the decimal point. 

For example, in this problem, three digits are needed after the decimal, but 

11 only occupies two of those places. Therefore, a single zero should be placed 

before 11, after the decimal point. The decimal representation of eighty-two 

and eleven thousandths is 82.011. 
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10.7 Express the nut ten thousandth. 

The whole portion of this number is 4 and the decimal portion contains a single 

explicitly stated digit: 1. However, according to the chart presented in Problem 

10.5, the words “ten thousandth” indicate that four digits must appear after the 
decimal point. Therefore, three zeroes should precede the digit 1 to ensure 
that the required number of digits appears in the decimal portion. The decimal 
representation of four and one ten thousandth is 4.0001. 

Rounding 

What's the neavest “th”? as 

10.8 — Round 94.63 to the nearest tenth oF 

‘Review the technique described in Problem 1.11 that is used to round whole 
numbers. It is based upon the digit immediately to the right of the place to 
which you are rounding. If that digit is less than 5, change it (and any digits 
right of it) to 0. If the digit is 5 or greater, you still change that digit (and the 
digits to its right) to 0, but this time you add | to the place to which you are 

rounding. 

Rounding decimals works similarly. You still base any decision about rounding 
upon the digit immediately to the right of the place to which you are rounding. 
In this case, you are asked to round to the nearest tenth, so you consider the 
hundredths digit 3, which is immediately to the right of the tenths digit 6. 
Because 3 < 5, you change the hundredths digit to 0 and leave the tenths digit 
alone. The number 94.63, rounded to the nearest tenth, is 94.6. 

10.9 Round 8.1794 to the nearest hundredth. ; - 

The hundredths digit of 8.1794 is 7, so you must decide whether to leave the 
digit alone (resulting in a rounded value of 8.17) or to add 1 to the digit 
(resulting in 8.18). Consider the digit immediately to the right of 7, the 
thousandths digit 9. 

Always 

use Sas the 

deciding value 
fov vounding, 

¢ Less than $7 

Round Aown,. 
¢ Greater than 

ov equal to $7 

Round up. 

Because 9 2 5, you should add 1 to the hundredths place and change all digits 
that are right of the hundredths place to Os: 8.1800. There is no need to list 0 
digits that appear at the end of a decimal, so your answer is more correct if they 
are omitted. The number 8.1794, rounded to the nearest hundredth, is 8.18. 
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10. 10: Round 3. 141592 to rhe. nearest (a) tenth, wi thousandth, and © whole 

10.11 

10.12 

number. 

The bei vdiaie of 3.141592 is 1. Note that the ec Berean to its right— 
the hundredths digit 4—is less than 5. Therefore, the tenths digit is unchanged 
and all decimal digits beginning with the hundredths place to the end of the 
number are omitted. The number 3.141592, rounded to the nearest tenth, is 3.1. 

The thousandths digit of 3.141592 is also 1; consider the digit to its right, the ten 
thousandths digit 5. Because this digit is greater than or equal to 5, add one to 

the thousandths digit and omit all digits to the right of the newly changed place 
value. The number 3.141592, rounded to the nearest thousandth, is 3.142. 

When a problem asks you to round to,the nearest whole number, it is asking you 

to round to the ones place. In this case, the problem asks you to decide whether 
3.141592 is closer to 3 or 4. To decide, consider the digit to the right of the ones 

place—the tenths place, in this case 1. Because 1 < 5, you leave the ones digit 

unchanged and omit the entire decimal portion of the number. The number 

3.441592, rounded to the nearest whole number, is 3. 

Round 821.0007 to the nearest thousandth. : 

The thousandths digit of 821.0007 is the third digit right of the decimal point— 
in this case, the third 0 as you read from left to right. The digit immediately to 
its right, the ten thousandths digit, is 7. Because 7 = 5, you should add | to the 

thousandths digit (0 + 1 = 1) and truncate the numeral at the thousandths digit. 
The number 821.0007, rounded to the nearest thousandth, is 821.001. 

Round 483.52967 to the nearest hundred. 

Make sure to read the directions to this problem carefully. You are asked to 
round to the nearest hundred, not to the nearest hundredth. The hundreds place 

is the third digit left of the decimal point, in this case the digit 4. This problem 

is more like Problem 1.13, which also asks you to round to the hundreds place, 

than Problem 10.9, which involves rounding to the hundredths place. In fact, 
the decimal portion of this number does not influence the answer at all. 

To round 483.52967, consider the digit immediately to the right of 4, the tens 

digit 8. Because 8 = 5, you should add 1 to the hundreds digit and change all 

digits right of the hundreds digit to Os. 

483.52967 ~ 500.00000 

Recall that zeroes after a decimal are unnecessary unless a non-zero number 
follows them. In this case, the only non-zero digit is 5 and it appears before the 
decimal point. Therefore, your final answer should contain no decimal portion. 

The number 483.52967, rounded to the nearest hundred, is 500. 
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$00.000009 is fine, but 
$00.00000 is not 

You ave 

asked to voundA 
to the neavest 

WHOLE number, so 

it makes sense to 
leave off the 

Aecimais. 

“Truncate” 
means end the 

Aecimal by chopping 
off the vest of the 

Aecimal Aigits. 

In other words, 
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See Problem |.14 it 

you need help with 
this. 

Decimal 

place value 

names work just 
like vegulav place 

value names (Prom 
Chapter |), if you ada 

“ths” at the ena: tens, 
hundveas, thousands, 

millions, billions, 

trillions, etc. 

10.13 Round 4.8399992 to the nearest hundred thous a d : 

10.14 Round 99,9999999999 to the nearest billionth. 

Identify the place values of the decimal digits. 

e 8 isin the tenths place 

e 3is in the hundredths place 

e 9 isin the thousandths place 4 

e 9 isin the ten thousandths place 

e 9 isin the hundred thousandths place 

e 9 isin the millionths place 

e 2is in the ten millionths place 

Consider the millionths digit 9, which is immediately to the right‘of the 
hundred thousandths digit to which you are rounding. Because 9 2 5, you 

should add 1 to the hundred thousandths digit. However, that produces a 
two digit number: 9 + 1 = 10. Thus, you should record a 0 for the hundred 

thousandths digit and, in turn, add 1 to the digit on its left, the ten thousandths 

digit 9. Repeat this process until the sum is a one-digit number, as demonstrated 

below. 

SE RO DESO N GM 
4 0 0 0 

4 8 

4 8 

The number 4.8399992, rounded to the nearest hundred thousandth, is 

4.84000. Notice that the zeroes at the end of the number are used to indicate 
that the number is accurate to the hundred thousandths place. While it is true 
that 4.84000 = 4.84, when you are asked to round to a specific decimal place, it 
is customary to clarify your answer using the appropriate number of zeroes, so 
that the final digit appears in the place to which you are asked to round. 

Unlike digits left of the decimal point, decimal digits are not separated by 
commas into groups of three to assist in the identification of place values. It may 
help to name the decimal places in order, beginning with tenths, while counting 

to identify the digit to which you are rounding: (1) tenths, (2) hundredths, (3) 

thousandths, (4) ten thousandths, (5) hundred thousandths, (6) millionths, (7) 

ten millionths, (8) hundred millionths, (9) billionths, and (10) ten billionths. 

In this number comprised entirely of 9s, you are asked to round to the ninth 
decimal place. 

Consider the digit immediately following the billionths place, the ten billionths 
place: 9. Because 9 2 5, you add | to the billionths place, but like Problem 10.13, 

this causes a chain reaction. Adding 1 to 9 produces the two-digit number 10, so 
you insert a 0 into the billionths place and carry the 1 to the hundred millionths 
place, one digit to the left. This, in turn, causes a two-digit sum, and you repeat 

the process. 
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Each time you add 1 to a place value—including the place values on the integer 
side of the decimal point—that place value becomes 0 and the 1 is passed to the 
preceding place value. Finally, when that 1 is added to the 9 in the tens place, its 
migration ends in the hundreds place. The number 99.9999999999, rounded to 

the nearest billionth, is 100.000000000. 

Adding and Subtracting Decimals 

ao the Bea) ro Mas ae 

curate z answer oo belor ~ 

the sum correctly. 

‘ S 

The student correctly adds the digits in the right column: 3 + 8 = 11. The ones 
digit (1) is placed below the horizontal line, and the tens digit (1) is added to 

the upper digit in the middle column: 6 + | = 7. The student then adds the 
digits in the middle column correctly: 7 + 1 = 8. Finally, the student adds the 
numbers in the left column: 2 + 0 = 2. 

While all of the columns have been correctly summed, the student is unable 

to arrive at the correct answer because the problem was set up incorrectly. 
Arguably the most critical step when adding or subtracting decimals is aligning 
their place values. In the student’s work, the hundredths place 3 of 2.63 is 
aligned with the tenths place 8 of 1.8. 

The most straightforward way to ensure that place values are correctly aligned 
is to align the decimal points—they should appear one above the other, 
points on a vertical line that runs north and south along the written page, as 

demonstrated below. 

2.63 

+ 8 

Many teachers advise students to “fill in” missing place values with zeroes as 

a visual aid. Using place holder zero digits does not affect the values of the 

decimals, and you may find it more visually appealing. 

2.63 

+ 1.80 
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Add the columns of digits. Note that the sum in the tenths column is a two-digit 

number. You may choose to “carry the one” using the notation presented in 

Chapter 1 (writing the 1 above a column of numbers) or by explicitly adding 1 

to the upper digit in the column (like the student in this problem). 

3% 63 
+) 1260 

4.43 . 

10.16 Calculate the sum: 46.19 + 7.03. - 2 : 

Align the decimal points to ensure that all of the place values appear in 

corresponding columns. x 

46.19 

ie POO 

The sum of the digits in the hundredths column is 9 + 3 = 12. Place the ones 
value of 12 below the horizontal line and add the tens value to the upper 

number in the tenths column. 

46.219 
+ 7.03 

ao? 

The sum of the values in the ones column again requires you to carry a ones 
digit, this time adding it to the 4 in the tens column. 

5 The tenths A6.19 
places of both + 7.03 

5322 numbers line up, as 
Ao the hunaveaths 
places, etc. 

Calculate the sum: 20.14 + 7.859. 

Write the addition problem vertically, aligning the decimal points so that 
corresponding place values appear in the same column. 

20.14 

+ 7.859 

The lower number contains three decimal digits, whereas the upper number has 

only two. Insert a zero place holder so that both numbers have three decimal 

You coula wvite 

7.8579 on top and 

20.|4 underneath, 

ut either way, you 

should still stick a 
0 after the 4. 

digits. 

20.140 

+ 7.859 
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Add the digits in each column. 

Write the problem vertically and align the decimal points. Insert a zero place 

holder at the end of 5.3816 to increase its number of decimal digits to five, 
matching the number of decimal digits in 24.01097. 

24.01097 

tf, 0.98160 

Add the values in each column; note that the sum in the ten thousandths 

column is a two-digit number, so | should be added to the thousandths place in 

the'upper number. 

24.011997 

+ 5.38 160 

29:39 257 

Thus, 24.01097 + 5.38160 = 29.39257. The problem directs you to round to the 
nearest tenth. Notice that the hundredths digit is 9. Because 9 = 5, you should 

add one to the tenths place and truncate the decimal at that digit. The answer, 

rounded to the nearest tenth, is 29.4. 

Subtracting decimals requires the same initial setup as adding decimals: Ensure 
that the decimal points—and thus the place values of the numbers—are 
properly aligned. In this problem, 2.27 should be placed below 3.692, because 
2.27 is subtracted from 3.692. 

3.692 

cad 

Like decimal addition, decimal subtraction also uses zero place holders to 

ensure both numbers contain the same number of digits after the decimal 

point. In this case, a zero should be inserted after the 7 in the lower number. 

3.692 

— 2.270 

Subtract the lower digit from the upper digit in each column and record the 
difference below the horizontal line. 

3.692 

Fs — 2.270 

1.422 
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10.20 Calculate the difference: 19.428 — 2.063. _ 

If you need to 
veview bovvowing, flip 
back to Problem 2.13 
and stavt theve. 

Align the decimal points and the corresponding place values; zero place holders 

are not necessary because both numbers contain three decimal digits. 

19.428 

= 2.063 
» 

Subtract the lower digit from the upper digit in each column, beginning with 

the thousandths column. 

19:428 

= 12.063 

5 

In order to subtract the digits in the hundredths column, you must first 

“borrow” one from the tenths column. Reduce the digit 4 by 1 and place that 1 
in front of the hundredths digit 2, transforming it into the two-digit number 12. 

19. 34198 

= 9.10 63 

5 

Subtract the digits in the hundredths column (12 — 6 = 6) and the tenths 

column (3 — 0 = 3), as well as the digits on the left side of the decimal point. 

19.341928 
=,.2 HORS 

175¢:3),.65 

Thus, 19.428 — 2.063 = 17.365. 

Calculate the difference: 5.93-4.275. — . 

Align the place values of the decimals and insert a zero place holder to increase 
the number of decimal digits in 5.93 to match the number of decimal digits in 
A 2 Te. 

30 

4.275 

Subtract the digits in the thousandths column, borrowing one from the 

hundredths column. 

5.97280 
SATs 

5 
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In order to subtract the digits in the hundredths column, you must once again 
borrow, this time from the tenths column. 

she? ly 

Sr et) 

10s OVO 

Thus, 5.93 — 4.275 = 1.655. 

¢ 

10.22 Calculate the difference: 7.2 — 10.83. 

The number being subtracted is larger than the number from which it is 
subtracted: 10.83 > 7.2. Therefore, the difference will be a negative value. 

Now that the sign of the difference is known, you may ignore the signs of the 

numbers. Place the larger number (10.83) above the smaller number (7.2), 

aligning the decimal points and the corresponding place values. Insert a zero 
place holder after 7.2 to ensure that 7.2 and 10.83 have the same number of 

dééimal digits. 

10.83 

=e) 

Calculate the differences of the digits in each column. You may elect to borrow 
a digit from the tens column to subtract the digits in the ones column or you 

may simply subtract the integers: 10 — 7 = 3. 

10.83 

= deo) 

3.63 

Remember that the difference must be negative, as determined at the outset of 

the problem: 7.2 — 10.83 = —3.63. 

10.23 Calculate the difference: 803.9 - 8.039. 

Align the decimal points and the corresponding place values. Use zero place 

holders to ensure an equal number of decimal digits. 

803.900 

=" 45.059 

To subtract the digits in the thousandths column, you must borrow from the 

hundredths column. However, you cannot borrow from 0, so you must first 

borrow from the tenths column, changing the digit 9 to 8 and transforming the 

0 in the hundredths column into 10. 

803.89 100 

— 9/0039 
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Now you can borrow from the 10 in the hundredths column, changing it to 9, in 

order to transform the 0 in the thousandths column into a 10. 

803.89 916 lo 

= 8,0) BOme 

Subtract the columns of decimal digits. 

803.89 916 1o 
= 38) OURS n9 

8). 6571 In other 
wovds, the slashes 

ava little floating 
numbers you usea 

when subtracting the 

decimals ave left 
out to make voom 
Lov new slashes 
ana floating 

numbers. 

Repeat the above process to subtract the digits in the ones column: Borrowing 
from the tens column requires you to first borrow from the hundreds column. 

For clarity, the borrowing undertaken in the previous steps is omitted. 

78 91613.900 
= 8.039 

7: 9.5861 

Thus, 803.9 — 8.039 = 795.861. 

thrown in 
. 

Multiplying Decimals 

Regulay multiplication with a little counting 
Y y Yj YW 

Li Wi \\ oN 

more digits is placed Write the product vertically. Typically, the number with 
above the other. In this case, 1.3 is placed above 2. 

1.3 

Keo 

Multiply the lower digit (2) by the rightmost digit in the top row: 2 - 3 = 6. 

ES 

x 2 

6 
Now move one digit to the left in the top number (1), and multiply it by the 
lower number: 2: | = 2. 

1.3 

BD 

26 
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The problem is not yet complete; you still need to place the decimal point in 

the product. Count the number of digits that appear behind the decimal point 

in the original product 2(1.3). In this case, only one digit appears behind 
a decimal point, the digit 3. Therefore, only one digit in the answer should 

appear behind the decimal point: 2.6. 
This is just like 
Problem 2:20, with on 

Aecimal stuck in, 
10.25 ¢ alculate the product: He . 

Write the product vertically, placing the number with more digits (7.406) above 

the number with fewer digits (5). 

7.406 

Ms 

When you multiply the lower number by the rightmost digit in the upper 
number, the result is a two-digit product: 6 - 5 = 30. Write the digit 0 below the 
horizontal line and place the digit 3 above the next digit in the top number, as 
you,move from right to left. 

3 
7.406 

<i 

0 

Multiply the bottom number by the hundredths digit in the top 

number and add 3, the digit resulting from the last step, to the product: 

(5-0)4+ 3=0 +3 = 3. 

3 

7.406 

ae 

30 

Continue moving from right to left, multiplying each digit of the upper number 

by 5. 

7.406 

x 5 

37 030 

There are a total of three digits behind the decimal point in the original 

product 5(7.406), so three digits of the answer calculated above should appear 

to the right of the decimal point. 

5 (7.406) = 37.030 

You do not need to include zeroes that appear at the end of the decimal portion 

of a number. Therefore, 5(7.406) = 37.03. 
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Write the product vertically. Both decimals contain one digit of significance (a 

single zero placed before a decimal point does not affect the value of a decimal 

any more than a single zero placed at the end of the decimal portion of the 

number). 

6 : 

x 9 

Calculate the product of 6 and 9. 

6 

X.0 2 

"54 
A total of two digits appear after the decimal point in the original product 
0.6(0.9)—one digit appears after the decimal point in the number 0.6 and one 
digit appears after the decimal point in the number 0.9. Therefore, two digits 

must appear after the decimal point in the final answer. 

0.6(0.9) = 0.54 

th e Hy 

symbol is used 
Lov multiplication 
instead of the ™" 
symbol, because 
the "-" multiplication 
symbol can get 
confused with the 
Aecimal point. 

ulate the product: 4.3(1.6). - 

Begin by writing the product vertically. 

4.3 

x 1.6 

Multiply the rightmost digit 6 of the lower number 1.6 by both digits of the 
upper number 4.3, moving from right to left. Carry digits when the results are 
two-digit numbers, as demonstrated in Problem 10.25. Review Problems 2.20-— 
2.25 for additional help with the multiplication algorithm. 

1 
2 8) 

x 1.6 

258 

Insert a zero place holder before you move to the ones digit of the lower 
number. 

4:5 

x 16 

258 

0 
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10.28 Calculate the product: 8.5 (0.924). oo 

Now multiply each of the digits in the upper number by the ones digit of the 
lower number. 

4.3 

x 1.6 

258 

430 

Add the results between the horizontal lines. 

43 

1G 

2 5.8 

+430 

688 

A total of two digits appear behind the decimal points in the original product 
4.31.6), so two digits of the final answer should appear behind the decimal 

point. 

4.3(1.6) = 6.88 

Express the product vertically. The number with the most digits should be 
written above the other number. 

ae 

8. 

Multiply the rightmost digit of the lower number by each digit of the upper 
number, moving from right to left and carrying digits when necessary. 

12 
oa 

x 85 

4620 

Repeat the process, this time using the ones digit in the lower number. 
Remember to include a zero place holder directly below the rightmost digit of 

the previous result, 4620. 

13 
(24 

x 8.5 

4620 

73920 
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Add the numbers between the horizontal lines. 

924 

x 8.5 

4620 
73920 

78540 . 

Ouly Avop that 
zeve after you place 
the Aecimal point four 
Aigits in Prom the 
vight. 

A total of four digits appear after the decimal points in the original product 

8.5(0.924), so four digits must appear after the decimal point in the final 

answer. 

8.5(0.924) = 7.8540 
re) 

The final zero at the end of the number should be omitted: 8.5 (0.924) = 7.854. 

10.29 Calculate the product: 3.1(0.0007). 

Write the product vertically. 

.0007 

<eeeeoell 

Apply the process explained in Problems 10.27-10.28, multiplying each of the 

digits of the upper number by each digit of the lower number in an orderly 

fashion. 

.0007 

xy eae 

0007 

+ 00210 

217 

A total of five digits appear behind the decimal points in the original 
product 3.1(0.0007), so five digits must appear behind the decimal point in 
the final answer. However, the answer contains only three digits. In order to 
accommodate the required number of decimal places behind the decimal point, 
you must add two zeroes at the beginning of the number, changing 217 to 00217. 

3.1(0.0007) = 0.00217 

10.30 Calculate the product: 2.6(40.132). 

Express the product vertically. 

40.132 

en AG 

Multiply the right digit of the lower number by each digit of the upper number, 
working from right to left. 
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11 - 
40.132 

x 26 

240792 

Repeat the process for the remaining digit in the lower number; remember to 
include the zero placeholder. 

40.132 

Te x 26 

240799 This is the 
+ 802640 zevo placeholaey 
——_—_— the bock is talking 

Calculate the sum of the numbers between the horizontal lines. about. 

40.132 

x 26 

240792 

+ 802640 

1043 43 2 

A total of four digits appear right of the decimal points in the original product 
2.6(40.132), so four digits should appear right of the decimal point in the final 

answer as well. 

2.6(40.132) = 104.3432 

Compute the product, applying the procedure described in the preceding 
problems. Theve ave 

thvee digits in 
7.58 the lower number 

x 193 (1933), so theve 
9974 ave thvee sets 

68 220 

+75800 

146.294 

of Aigits between 

the hovizoutal lines. 
Theve’s one zevo 
placeholder in the 
second line and two 
zevo placeholaers 

in the thiva line. 

According to the order of operations, multiplication should be completed 
before addition. Begin by calculating 4.5(1.2). 

4.5 

x12 

90 
a +450 

5.40 
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Replace the product in the original expression with its actual value. 

4.5(1.2) + 8.9607 = 5.40 + 8.9607 

Now calculate the sum, aligning the decimal points and the corresponding 

place values. 

5.4000 . 

+ 8.9607 

14.3607 

Thus, 4.5(1.2) + 8.9607 = 14.3607. 
Look at Problems 

2.29-2.35 if you need 

to veview, but the book 
does hola youv hana 

a little bit Auving 
this problem, 

Dividing Decimals 

Long Aivision i is back—with aA VV 

10. 33 Calculate the ee 8.46 = 2. 

In order to divide neces you must first understand the process of long 
division. The solutions in this section assume that you have first mastered that 
procedure. Begin by writing the divisor in front of, and the dividend within, a 

2)8.46 

Before you begin dividing, place a decimal point above the horizontal line so 

that it aligns with the decimal point in the dividend. 

2)8.46 

Divide the first digit of the dividend (8) by the divisor (2). Record the result 
(8 + 4=2) above the dividend digit. 

4. 

2)8.46 

Because 8 + 2 = 4, it follows that 4 - 2 = 8; the number above the horizontal line 

multiplied by the divisor is equal to 8. Record this value beneath the dividend 

long division symbol. 

and subtract. 
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Copy the next digit of the dividend (4) nextto the difference you just 
calculated. 

4, 
2) 8.46 

me 
04 

Repeat the process, dividing the number below the horizontal line (4) by 
the divisor (2), recording the result above the horizontal line (4 + 2 = 2), 
multiplying that value by the divisor (2 - 2 = 4), writing the product below the 
digit 4, and subtracting. 

4.2 

2) 846 

ue 
04 

diy —4 

0 

Complete the division problem by copying the last digit of the dividend (6) 
below the difference you just calculated and repeat the process. 

NOW the long 
| 

Aivision veview i 
2 

over, so if you aa 
. 

Understand how lo 
= 

Aivision works, make 
SUVE YOu 90 back and 

ci 
review those Problems 

: 

(tn Chapter 2. 
6 

0 

You conclude that 8.46 + 2 = 4.23. 

culate the quotient: 0.92 + 4. 

Use long division notation to write the quotient and copy the decimal point 
above the horizontal line. Note that 4 divides into 0, the first digit of the 
dividend, 0 times. In fact, any non-zero integer divides into 0 exactly 0 times. 

0 

40.99 

Divide the second digit of the dividend by the divisor: 9 + 4= 2 r 1. Place the 
quotient (2) above the horizontal line. When you multiply that 2 by the divisor 
and subtract, the result is the remainder (1). 
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0.2 

4) 0.92 
a 

1 
Copy the remaining digit of the dividend next to the difference you just 

calculated and complete the problem. 

0.23 
4) 0.92 

cha 
12 

-12 
0 

You conclude that 0.92 + 4 = 0.23. 

Gs 

Apply the process described in Problems 10.33—10.34. 

15.97, 
3) 47.91 
=3 

17 
-15 

29 

= 27 
21 

real 
0 

You conclude that 47.91 + 3 = 15.97. 

Rewrite the quotient using long division notation. Copy the decimal point above 
the horizontal line and note that 5 divides into 0 exactly 0 times. 

0. 
5)0.2 

You are now faced with a dilemma: The next digit in the dividend (2) is less 

than the divisor (5), so you must record a zero above divisor digit 2. 

0.0 
5)0.2 . 
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10.37 Calculate the quotient and verify your answer: 6.5 + 1.3. 

If you were dividing integers, this would signify the end of the problem—a final 
dividend digit less than the divisor represents the remainder. However, this is 
not the case in decimal division, where remainders are not traditionally applied. 
Instead, you place a zero at the end of the dividend and continue to long divide. 
(Recall that zeroes placed after the decimal point at the end of a number do not 

affect the number’s value.) Remember this! 

Decimal long Aivision 

0.0 = no vemaindAevs. 
5) 0.20 

The dilemma is now resolved; 20 is evenly divisible by 5. 

0.04 

5) 0.20 

=20 
0 

Finite is 

the opposite of 

infinite. Theve 

avent an infinite 
number of Aigits in 

0.04 (it Aoesw’t 90 
On ANA ON ANA ON 

fovever), so there 

ave a fnite 

number of 

Now that you have recorded a difference of zero and no digits in the dividend 
remain, the long division problem is concluded: 0.2 = 5 = 0.04. The quotient 
0.04 is described as a “terminating decimal,” because it—like the preceding 
quotients in this section—contains a finite number of digits. 

When a divisor contains decimal digits, the long division process includes an 
additional step. Move the decimal point to the right, counting the number of 
digits as you move it, until all of its digits are left of the decimal point. In this 
case, you move the decimal point one place to the right, transforming 1.3 into 
13.0, or simply 13. You must also move the decimal point within the dividend 

the same number of places. Thus, 6.5 becomes 65.0, or 65. 

13)65. 

The newly placed decimal point is typically omitted from the divisor, but you 
may choose to include it at the end of the dividend. Like Problem 10.36, the 

solution may require you to add zeroes to the end of the dividend, so including 

the decimal in the initial step ensures that it will be located in the correct place 

later if needed. 

The dividend is evenly divisible by the divisor: 65 + 13 = 5. 

oO 
13) 65: 

—65 

0 

Therefore, 6.5 + 1.3 = 5. Verify the solution by multiplying the divisor and 

quotient. If your answer is correct, the result will be the dividend. 

3 

x 5 

6.5 
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10.38 Calculate the quotien 

Rewrite the quotient using long division notation. 

1.8) 4.266 

Move the decimal point one place to the right in the divisor to eliminate the 
decimal digits; move the decimal point in the dividend one place to the right as 

well. 18(2) =3¢ 

Ale (P= Diy on 18) 42.66 

Begin the long division process by calculating the number of whole times 18 

divides into 42. ae 

2: 
18) 42.66 

= 36 
6 

Copy the next digit of the dividend (6) next to the difference you just 
calculated. Continue the long division process. 

2.3 
18) 42.66 

-36 
66 

—54 
Le 

Copy the final digit of the dividend (6) next to the most recent difference (12) 
and repeat the process. 

2.37 
18) 42.66 

—36 
66 

—54 
1 26 

= 1526 

0 

You conclude that 4.266 = 1.8 = 2.37. 

Write the quotient using long division notation. The decimal point in the 
divisor should be moved two places to the right, so that the result is a whole 
number with no decimal digits. As a result, the decimal point in the dividend 
should be moved two places to the right as well. 

206 The Humongous Book of Basic Math and Pre-Algelbva Problems 



Chapter Ten — Decimals eee 

- 

239)1983.7 

The first three digits of the dividend (198) comprise a number that is less 

than the divisor (239), so you should divide 239 into the first four digits of the 
dividend. 

Multiply 239 
8. by lavger and 

3 , 299) 1983.7 lavgev integers (2, 
—1912 3,4,5, etc.) until 

7] you get the biggest 
possible number 
that’s still less than 
1,483. 

Copy the next digit of the dividend (7) next to the difference (71) and repeat 

the process. : 

8.3 

239) 1983.7 239(7) = 1,673 
—1912 234(8) ad 1912 

ra Fa gis 239(9) = 2,151 

zie Looks like you shoula 
0 go with 8, because 

7 is too lavge: 
All of the digits in the dividend have been addressed and the final difference is 2,151 > 1,483. 

zero. Therefore, the quotient is a terminating decimal: 19.837 + 2.39 = 8.3. 

10.40 Calculate the qu nt: 9.6 + 1.8 

Express the quotient using long division notation, moving the decimal points in 
the divisor and the dividend one place to the right. 

18)96. 

Begin the long division process, identifying the largest number by which you 
can multiply 18 to obtain a product less than or equal to 96. 

5 
18) 96. 

—90 
6 

The difference does not equal zero, so you must place an additional zero at 

the end of the dividend. Copy that 0 next to the difference you calculated and 

continue dividing. 

Bo 
18) 96.0 

-90 
60 

— 54 

e. 6 
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Once again, the remainder is a non-zero number. Place another zero at the end 

of the dividend and continue dividing. 

5.33 
18) 96.00 

=90 

Youve vight back 60 
wheve you stavtea. —54 . 

You stavtead with a ¢ 60 

anda ended with a , aed 

and every time you aa 

Avop Aown another 0 
fyom the Aividena, 

youll end up with 
another ¢, 

Each time a 0 is placed at the end of the divisor, a difference of 6 is transformed 

into the number 60. You then multiply 18 by 3 to get 54, subtract it from 60, and 

get a result of 6. You could repeat this process infinitely, and each time a zero is 
placed at the end of the dividend, the result is a difference of 6. 

You conclude that 9.6 + 1.8 = 5.333333333.... This is described as a “repeating 
decimal,” because the same decimal digit repeats endlessly; continuing to 

add zeroes to the dividend in hopes of identifying a terminating decimal is a 
pointless exercise, because each decimal place will be equal to 3. 

Repeating decimals are usually written using shorthand notation; a small 
horizontal bar is placed above the digit or digits that repeat infinitely: 

DiS =D. 339393330 .06: 

10.41 Calculate the quotient and express it as a decimal: 5 + 11. 

Rewrite the expression using long division notation. Like Problem 10.36, this 
divisor is greater than the dividend. Therefore, you should place an additional 

zero at the end of the dividend. Ensure that the decimal point is also included, 

as the value of the dividend cannot change. It is appropriate to rewrite 5 as 5.0, 
but omitting the decimal produces unequal values: 5 # 50. 

115.0 

Treat 5.0 as though it were the number 50; now that the decimal point is 

correctly placed above the horizontal line, pay no attention to it in the dividend. 

The divisor (11) divides into 50 a total of 4 times with a remainder of 6. 

4 
11) 5.0 

—44 

6 

The difference is not equal to zero, so place an additional zero at the end of the 
dividend and continue the long division process. 
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ED OO 

45 
11) 5.00 ~ 

—44 

60 

5D 

5 

Continue to place additional zeroes at the end of the dividend until the decimal 
either repeats (like Problem 10.40) or terminates (like Problem 10.38). 

4545 
11) 5.0000 

—44 
60 

—55 
50 

- 44 
60 

— 55 
5 

The digits of the quotient will repeat infinitely: 0.4545454545.... Because the 
quotient is a repeating decimal, you can conclude the long division process: 
5+11=0.45. Note that a horizontal bar is placed over both of the digits 4 and 5 
in the answer, because both digits repeat. 

10.42 Calculat 

Write the quotient as a long division problem, moving the decimal points one 
place to the right in both the divisor and the dividend. Place zeroes at the end 
of the dividend until the quotient either repeats infinitely or terminates. 

2.6875 
16) 43.0000 

—32 
110 
-96 

140 

seal ee 

The quotient tepminates at the ten thousandths place, and you conclude that 

4.3 + 1.6 = 2.6875. 
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Chapter II 
CONVERTING BETWEEN 

FRACTIONS AND DECIMALS 

Here comes the long Avision 

The four preceding chapters have investigated fractions and decimals, 

including the application of the four primary binary operations to both. 
In this chapter, you will learn how to convert between fractions and 

decimals, including a method that converts a repeating decimal into a 

fraction regardless of the number of decimal digits that repeat. Make sure 

you complete the sections of Chapters 2 and 10 that address long division, 
as that is a prerequisite skill for the vast majority of the problems in this 
chapter. 

Do you like long Aivision? No matter what you actually answered, | AWA going to pretend that you said, “ol course | Ao!” Good pacheee thi chapter is chock full of long Aivision. Ave those teas of hes | see? No? s Just the vegulay kind of teays? Understandardle, : em 

oo have A piece of 900A news. Even though theve ave lots of lon Aivision problems ahead, the Processes you'll leavy in this ae ave vevy vepetitive. Vevy, VERY vepetitive. Theve’s a lot of practice but not a lot of new concepts until Chapter |2, so at least theve’s that 



Chapter Eleven — Converting Between Fractions and Decimals 
KK .——___ = Jaa ne AP a 

Expressing Fractions as Decimals 

Via the top number Bey the bottom number 

Hd Express the practi 1 asa decimal: 

To convert a fraction into a decimal, express the fraction as a quotient and then 

eh i 1 : 
apply decimal long division. In this problem, 9 =1+2; express the quotient 

using long division notation. 

ai 
The divisor (2) is greater than the dividend (1). As first demonstrated in 

Problem 10.41, you should place a decimal point and a zero at the end of the 

divisor. 

This is 

allowed because 

1.0 ana | ave 

equal values. You 

cam stick a decimal 
point after an integer 
and then write as 
many Zevoes as you 

want after the 

2jL0 
Notice that 2 divides into 10 a total of 5 times. If you are unsure how to divide 

decimal values, review Problems 10.33-—10.42. 

Aecimal point. It > 

won't affect : 
2) 1.0 

the integer’s 
=150 

0 

The quotient is .5, which is commonly written 0.5 in textbooks—given a decimal 

with no whole place values, a zero place holder is inserted left of the decimal You can 

wvite the 

answer as .S ov 

0.5. Either one is 

covvect. Math books 
don't like the empty 
space that’s left of 
the Aecimail point, 
so they stick a 
zevo in theve. 

1 
point. You conclude that 9 = 0.5. 

ress the fraction as a decimal: eee 
Apply long division to calculate the quotient of the numerator and 
denominator. Because the divisor is greater than the dividend, you will need to 
place a decimal point and a zero at the end of the dividend. 

4)3.0 

Temporarily ignore the decimal point in the dividend, treating 3.0 as the 
integer 30 while you divide. 

7 
4) 3.0 

=2'3 

2 
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The problem is not complete until the decimal in the quotient either repeats 
infinitely or terminates. Place another zero at the end of the divisor and 
continue the long division process. 

sho 

s oe If you Aid, youwrA 
— be subtracting 0 

20 from 0, getting 0, 
=120 ana vepeating forever 
5 ana ever. In other 

words, you'A get 
0.75000000000... . 

Because the difference is equal to zero, the decimal terminates; there is no 

reason to continue to place zeroes at the end of the dividend. You conclude that 
3 
—=0.75. 
4 

11.3 Express the fraction as a decimal: = 

Apply the procedure described in Problems 11.1—11.2: Express the fraction as a 
quotient and use long division to calculate that quotient. 

6 
3) 2.0 

Ls 

2 

Like Problem 11.2, the first difference you calculate is not equal to zero. 
Therefore, you should place additional zeroes at the end of the dividend until it 

is clear that the decimal quotient either repeats or terminates. 

666 
3) 2.000 

-18 

20 
~18 

20 
-18 

2 

Each time a zero is placed after the decimal point in the dividend, it results in a 

place value of 6 in the quotient. Therefore, this is a repeating decimal and you Any Aigit ov Aigits under this 
Dav vepeat infinitely, 

That means the 
Aecimal 0,32] is equal 
to 0.32132132|32|,.. 3 

conclude that 3 = 0.666666... or, more succinctly, a = 0.6. 
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11.4 Express the fraction as a decimal: . 

Apply long division to calculate the quotient of the numerator and 

denominator. 

6 
8) 5.0 

—48 : 

2 

Continue placing zeroes at the end of the dividend until the quotient either 

repeats or terminates. 

625 
8) 5.000 

-48 

20 
—16 

40 
—40 

0 

Because you calculate a final difference of zero—rather than falling into a 

repeating pattern that leads to an infinitely repetitive string of digits, like in 

Problem 11.3—you conclude that ; = 0.625. 

1.5 Express the fraction as a decimal: z 
Any number 
over 7 is equal 

to that number 

vepeating itself 
fovevev asa 
Aaecimai: 

Divide the numerator by the denominator until either a terminating or 
repeating decimal emerges as the quotient. 

LL 
9) 7.000 
—63 

70 
-63 

70 
-63 

7 

0.) i 

Each time you place a zero at the end of the dividend, it results in the same 

difference, which leads to a place value of 7 in the quotient. Therefore, the 

result is a repeating decimal and you conclude that . 0.7. 
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Unlike Problems 11.1-11.5, you are given an improper fraction. This does not 

change the procedure used to convert the fraction into a decimal, but you may 
notice one appreciable difference in the result. Because the divisor is no longer 
greater than the dividend, the quotient will be greater than one—at least one 

non-zero digit will appear left of the decimal point. 

1 
5) 9 
-5 
4 

You are instructed to report the answer as a decimal, so you cannot stop and 
conclude that 9 + 5 = 1 r 4. Instead, place a decimal point and a zero at the end 

of the dividend and continue the long division process until the decimal either 

repeats or terminates. 

“ 1.8 
5) 9.0 

=D 

40 

—40 

0 

9 
The quotient is a terminating decimal; you conclude that 5 =1.8. 

xpress the fraction as a decimal: 7 

Like Problem 11.6, this problem requires you to place a decimal point and 

additional zeroes at the right side of the dividend in order to report the quotient 

as a decimal value. 

bil D 
4) 23.00 
—20 

30 
-28 

20 
—20 

0 

You conclude that = = 5,75. 
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(ee eS 

11.8 Verify your answer to Poblen 11.7 by « expressing = asa mixed ake and 

then converting the proper fraction portion of ihe tied number into a 

decimal. | 
Divide 

23 by 4. The 
Quotient is the 

whole number, 

the vemainder ij is 

the proper fraction 
wUMmevatoy, AnA 

the Prope fvaction 

Aenominator j is 
the same as te 

\mpvopey fraction 

Aenominator, 

Rewrite the improper fraction as a mixed number. 

Recall that a mixed number is equal to the sum of its whole and fractional parts. 

pee 
4 4 

a 

Replace the fraction with its decimal equivalent. According to Problem 11.2, 

22075: 
4 

5° =5+0.75 
4 

= 5.75 

The result is exactly equal to the decimal representation of ou presented in 
Problem 11.7, thus verifying that the solution is 5.75. 

11.9) Express the fraction as a decimal: i 

Apply long division to calculate the quotient 4 + 11, and continue until that 

decimal quotient either repeats infinitely or terminates. 

3636 
11) 4.0000 

= 3.3 

70 
~66 

40 
a 

70 
~ 66 

4 

Consider the sequence of consecutive differences in the long division problem: 
7, 4, 7, 4. This pattern will continuously repeat as you place zeroes at the end of 
the dividend. Therefore, the corresponding digits in the quotient (3, 6, 3, 6) 
will repeat as well. You conclude that the quotient is a repeating decimal. 

4 Ee 
— = 0.36 
11 

Note that the horizontal bar specifying the repeating decimal digits extends 
over 3 and 6, as the entire string “36” repeats infinitely. 
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Udi 

Compute the quotient 14 + 15 using long division. 

Sa 
15) 14.0000 

= 155 

50 

=45 
50 

= 40" Not all of 
50 the aigits have 
eo to vepeat. They 

5 just have to settle 
into some sovt of 

vepeating pattern Consider the sequence of differences calculated above: 5, 5, 5, 5. Each time you 
eventually. 

place a zero at the end of the dividend, it produces a difference of 5. Therefore, 

eos ; 14 3 : 
the quotient is a repeating decimal. You conclude that eo 0.93. Notice that the 

horizontal bar is placed only above the digit 3. Although the tenths digit 9 is 

part of the quotient, it does not repeat infinitely. 

Compute the quotient 56 + 125 by applying long division. 

44 
125) 56.00 

=500) 

6 00 

—'5 00 

100 

You may be tempted to conclude that the quotient is equal to 0.4, as you have 
identified two consecutive decimal place values that are equal. Notice, however, 
that the sequence of differences in the long division problem do not repeat 
infinitely: 60, 100; for the moment, you cannot conclude that this quotient is 
a repeating decimal. Place an additional zero at the end of the dividend and 

continue dividing. 
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448 
125) 56.000 

—50'0 

6 00 

= 9:00 

1000 

— 1000 : 

0 Problem 

\l.¢ 
converts the 

veciprocal of = 

into a Aecimall. 

The vesults ave 

totally aiffevent. 
that’s one way to 
prove that Aivision is 

not commutative. 

In othev wovas, 

SHIFITS. 

k 56 
The result is a terminating decimal: 195 = (0.448. 

11.12 Express the mixed number as a decimal: 10 es 

The whole number portion of the mixed number will also serve as the whole 
number portion of the decimal, so 10 will appear left of the decimal point. 
Compute the quotient 5 + 9 to identify the digits right of the decimal point. 

B55 
9) 5.000 

-45 

50 
—45 

50 
~45 

5 

The sequence of differences in the long division problem is 5, 5, 5; adding 

additional zeroes to the dividend will result in a continued string of 5s. Thus, 

you conclude that the quotient is a repeating decimal. Remember to include the 

whole number portion 10 of the decimal: eS 10.5: 

11.13 Express the fraction as a decimal: =~ 

Apply long division to determine whether the quotient 16 + 37 is a repeating or 
terminating decimal. 

4324 

37) 16.0000 

—148 

120 
atl 

90 
a7 

160 

= eo: 
12 
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One of the digits in the quotient (4) has repeated. It is possible that the 4 
continues to repeat infinitely, or perhaps the entire string of digits 432 will 
repeat. Continue dividing to determine which occurs. 

Holt? 
37) 16.000000 

-148 

120 
payee alti 

90 
=74 
160 

= 185 
120 

seul 
dn 90 

ti 
16 

The sequence of differences repeats: 12, 9, 16, 12, 9, 16. Therefore, the quotient 
1 ier 

is a repeating decimal: = = ().432. 

press the fraction as a decimal: —— 

Apply long division to identify the decimal representation of 17 + 222. Note 

that you will have to place a decimal point and two zeroes behind the dividend; V4 3 

placing only one zero results in the quotient 170 + 222, in which case the divisor 

is still greater than the dividend. Thus, the first digit of the quotient should be 
recorded above the second zero in the dividend, in the hundredths place. 

.0765 

222) 17.0000 

—1,5 54 

1460 

- 1332 
1280 

= 1110 
170 

Although none of the digits in the quotient have repeated, the last difference 
you calculate is equal to 170. Placing a zero at the end of the dividend and 
copying that zero next to the difference—the next step in the long division 
process—results in 1,700. Not coincidentally, these are the first four digits of the 
dividend, and also constitute the first number into which you divided 222. 
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Thus, you can conclude that the decimal digits of the quotient will repeat. If you 

are not convinced, continue dividing to confirm that the digits 765 will repeat 

infinitely, as demonstrated below. 

0765765 
222) 17.0000000 

—1554 

1460 ‘ 

—1332 

1280 

=H10 
1700 

=1554 
1460 

— 1332 

1280 

— 1110 
170 

So Aow’t put zevo 
underneath the 
“these Aigits vepeat’” 

hovizontal bay, 
The tenths digit of the quotient (0) does not repeat; the hundredths, 

thousandths, and ten thousandths digits constitute the repeating sequence. You 

conclude that aD = (0.0765. 
222 

ie es YS Apply long division until the decimal in the quotient either terminates or 
repeats. 

6153846 

13) 80000000 
—78 

20 
Dow’t give up. ane 
This problem takes a se 

while—it won't vepeat 70 
ov terminate after two —65 
ov three Aigits like the 50 
other problems in -39 
this section. 110 

=104 
60 

52 
80 

18 
2 
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Consider the sequence of differences calculated above: 2, 7, 5, 11, 6, 8, 2. The 

final value is 2, which matches the first difference; the sequence will infinitely 

repeat. Therefore, you conclude Fe = 0.615384. 

Expressing Decimals as Fractions 

Denominators « BRU Ae oF l0—well, Pea 

UL. 16 

[1.17 

11.18 

Express the decimal 4 asa factiow 0. 7 

E ie Sect alee 
The fraction 10 is read “one tenth,” which is (not coincidentally) the same way 

to read the decimal 0.1. Furthermore, if you apply long division, you can verify 

fat =1+10=0.1. 
10 

bn I 
Similarly, the fraction one hundredth (=) is equal to the decimal with a value 

of 1 in the hundredths place: 0.01. These observations are the foundations upon 

which the decimal-to-fraction conversion process is based. 

The decimal 0.7 contains exactly one digit right of the decimal point, the 

digit 7 in the tenths place. The equivalent fraction contains the digit 7 in the 

numerator and the value 10 in the denominator: 0.7 = 2 

Express the decimal as a fraction: 0.6. ’ 

One digit appears right of the decimal point, in the tenths place, so that digit 
(6) should appear in the numerator and 10 should appear in the denominator. 

6 
0.6 = — 

10 

To complete the problem, reduce the fraction to lowest terms. 

G2 3 

LOA 25 

3 
You conclude that 0.6 = 5 

Express the decimal as a fraction: 0.29. 

Two digits appear right of the decimal point; the rightmost digit appears in the 

hundredths place. Place both digits in the numerator of the fraction and 100 in 

the denominator. 

0.29 = ae 
e 100 

? 
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There are two techniques you can apply to choose the correct denominator 

when converting decimals to fractions: 
Powers 

of |0 ave 
numbers that 

stavt with | and 

ena with zevoes: |0; 

100; |,000; |0,000, 
100,000; \,000,000, 

etc. They ave callea 
powers of 10 because 

they ave equal to |0 

vaisea to Aiffevent 

exponential powers: 

10° = |00, 
10° = 1,000, 

etc. 

Choose the power of 10 that corresponds with the name of the 
rightmost digit. In this problem, the rightmost digit appears in the 

hundredths place, so the denominator is one hundred. 

° The denominator should start with the digit 1 followed by as many 
zeroes as there are digits right of the decimal point. In this case, there 

are two digits right of the decimal point, so the denominator is 100, 

the digit 1 followed by two zeroes. When you are counting digits right 
of the decimal point, do not include zeroes appearing at the end of 

the number. For example, 0.29 and 0.2900000 both contain two digits 

after the decimal point, because the zeroes at the end of the latter 

decimal are unnecessary. chi ie 

11.19 Express the decimal as a fraction: 0.050. _. 

Although three digits appear after the decimal point, the final digit is a zero; it 
can be omitted without changing the value of the decimal: 0.050 = 0.05. Note 
that the zero between the decimal point and the digit 5 cannot be eliminated, 
because doing so would affect the value of the fraction: 0.05 # 0.5. 

To express 0.05 as a fraction, note that two digits appear right of the decimal 

point, ending in the hundredths place. Those digits comprise the numerator of 
the equivalent fraction, and the denominator is 100, based upon the name of 

the rightmost decimal place. 

You coulaw’+ 

do this when the 

Aecimal point was 

still in theve (0.05), but 
now that the Aecimal 

is gone, writing S as 

OS Aoesn't make 
much sense. 

Omit the 0 preceding the digit 5 in the numerator and reduce the fraction to 
lowest terms. 

05 5 

You conclude that 0.050 = x 

11.20 Express the decimal as a fraction: 0.84. - 

Two digits appear right of the decimal point, terminating in the hundredths 

place. Those digits comprise the numerator of the equivalent fraction, and the 
denominator is equal to 100. 

84 
0.84 = —— 

100 
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a 

Reduce the fraction to lowest terms. - 

ee poe 4 

100 100+4 

pal 
25 

You conclude that 0.84 = = 

: 1 
According to Problem 11.20, 0.84 = - Verify the fractional representation of 

0.84 by calculating the quotient 21 + 25. The result should be 0.84. 

84 
< 25) 21.00 

—200 

100 

= 7100 

0 

e decimal as a frac 

Three digits appear right of the decimal point, terminating in the thousandths 
place. Thus, the denominator of the fraction should be 1,000. Although one of 

the decimal digits is 0, it must be counted among the decimal digits. You may 
omit the 0, however, when you record the decimal digits in the numerator of the 

fraction. 
The only time 

you Aon’t count Os 
AS Aecimal Aigits ave 

when they arppeow 

at the end of the 
Aecimal, 

025 25 
1,000 1,000 

Reduce the fraction to lowest terms. 

2a eo eo 

1,000+25 40 

ion: 0.348. e decimal as a fract 

Three digits appear right of the decimal point, so the denominator of the 

equivalent fraction is 1,000; the numerator is the string of decimal digits: 348. 

48 
0.348 = eee 

1,000 

Reduce the fraction to lowest terms. 

ae 348+4 87 
1,000+4 250 
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11.24 Express the decimal as a mixed number: 1.4. 

Separate the decimal into its whole portion 1 and its decimal portion 0.4. The 

whole portion of the decimal also serves as the whole portion of the equivalent 

mixed number. To identify the proper fraction portion of the mixed number, 

express the decimal portion as a fraction. 

ae 
10 

_ 442 
~ 10+2 

» 

0.4 

5 sea 

Write the proper fraction portion of the mixed number next to the whole 

number portion to complete the problem. 

2 
14=1- 

5 

Multiply the 
Aenominator by 

the whole number, 
add the numevatov, 

ana Aivide by the 
Aenominatoy, 

11.25 Verify your solution to Problem 11.24 by expressing the mixed number as a 
decimal. - 

According to Problem 11.24, 1.4= 12. Convert the mixed number into an 

improper fraction. 5 

p2qeslere 
be We 

5+2 
baa 

fei 
ae: 

Verify that the quotient 7 + 5 is equal to 1.4. 

1.4 
5) 7.0 

=5 
20 

=20 

0 

11.26 Express the decimal as an improper fraction: 9.55. 

Begin by converting the decimal into a mixed number by applying the 

procedure outlined in Problem 11.24: Separate the decimal into whole and 
decimal portions (9 and 0.55) and then express the decimal portion as a 
fraction. 

224 The Humongous Bock of Basic Math and Pre-Algelbva Problems 



Chapter Eleven — Converting Between Fractions and Decimals 

oe - 

100 
Poo 

~ 100+5 
eat 

~ 20 

0.55 = 

The mixed number equivalent of 9.55 is the whole portion (9) together with the 
proper fraction calculated above. 

11 
955=9— 

20 

Convert the mixed number into an improper fraction. 

11_ 20-9411 
20) 0 

_ 180411 
he te! 

_ 191 
~ 20 

191 
You conclude that 9.55 = sat 

Convert the decimal portion into a proper fraction. Note that four digits appear 

right of the decimal point, terminating in the ten thousandths place. 

0026 

10,000 

m326 

~ 10,000 

0.0026 = 

Reduce the fraction to lowest terms. 

2G = 2 

10,000 + 2 

ia 

5,000 

Combine the proper fraction with the whole portion from the original decimal 

(3). 

2 0026 =3—— 
; ~~ 5,000 
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Convert the mixed number into an improper fraction. 

fe 5,000(3)+13 

5,000 
_ 15,000 +13 

~ 5,000 
ST, O82 

~~ 5,000 

11.28 Express the decimal as a fraction: 0.2. 

To express a repeating decimal as a fraction, apply the following procedure: 

Count the number of digits in the repeating string, the number of 
digits below the horizontal bar in the decimal. 

Construct a fraction whose numerator is a single copy of the repeating 

You counted th S 
Aigits in Step |. iL you 

count three Aigits in 
that step, there shoula 
be three 4s in the 
Aenominatoy (999), Only 

use the Aigit gq. 

string. 

Complete the fraction with a denominator consisting only of the digit 
9, appearing once for each digit in the repeating string. 

The decimal 0.2 = 0.2222222... consists of the single digit 2 repeating 
infinitely. That repeating digit is the numerator of the equivalent fraction. 
Because a single digit repeats in this decimal, the single digit 9 appears in the 

denominator. 

S hol II 
co |r 

11.29 Verify your answer to Problem 11.28 by returning the fraction to decimal form. 

Apply long division to calculate the quotient 2 + 9 and verify that the result 

is 0.2. 

e222 

9) 2.000 

=13 

20 

= LS 

20 

=18 

Z 

Consider the sequence of differences calculated above: 2, 2, 9: Placing 

additional zeroes at the end of the dividend will consistently produce a 
difference of 2, so you conclude that the quotient is a repeating decimal: 

2+9=0.2. 
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‘11.30 E 

The decimal consists of one repeated digit: 6. Therefore, the numerator of 

the equivalent fraction is 6 and the denominator is a single 9. Recall that the 
denominator is a whole number consisting entirely of 9s; the number of 9s is 

dictated by the number of digits that are repeated in the decimal. 

cee 
9 

Reduce the fraction to lowest terms. 

0.6 Az 6=3 

9+ 3 

_2 
3 

11.31 Express the decimal as a fraction: 097 

The decimal 0.97 is constructed of two infinitely repeating digits: 
0.97 = 0.979797979797.... Place the repeating digits in the numerator of the 
equivalent fraction. The denominator of the fraction is 99—a two-digit number 
consisting entirely of 9s. The number of 9s in the denominator is equal to the 
number of digits repeated infinitely in the decimal. 

0.97 = pi 
99 

CoulAn’t use this 
technique to convert 
0.82|= 
into a eee 2121... 
because the tenths 
Aigit is not Pavt 

of the vepeating 
Pattern, 

Note that this process, first outlined in Problem 11.28, does not apply if any 

non-repeating digits appear on the right side of the decimal point. The entire 

decimal portion of the number must consist of repeating digits. 

ll .32 Express the decimal as a mixed number: 5.186. 

The whole part of the decimal (5) also serves as the whole part of the mixed 

number. Notice that the decimal portion of the number is the three-digit, 

infinitely repeating string 186. A single copy of the repeated number pattern 

appears in the numerator of the equivalent fraction; because the pattern 
contains three digits, the denominator should contain three 9s. 

—- 186 
5.186 = 5— 

999 

Reduce the proper fraction to lowest terms. 

186 _186+3 
999 ~ 999+3 

nte62 
"333 
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According to the procedure outlined in the solution to Problem 11.28 ,.a 

denominator of 9,999 indicates a decimal with a four-digit string that infinitely 

repeats. The numerator should contain the four-digit string of digits. Because 

the numerator contains only two digits (41), you should insert two zeroes 

immediately preceding those digits: 41 = 0041. 

4] 
—— = 0.004100410041... 
9,999 

= 0.0041 

To verify that you have identified the correct decimal, apply long division to 

ensure that 41+ 9,999 = 0.0041. 

00410041 
9,999) 41.00000000 You need to 

Avop Aown two 
—39996 

extva zevoes heve, so 

10040 you can divide 41,000 

= SS means you need to 

41000 stick two extva zevoes 
— 39996 in the quotient as 

i. Th 
10040 Carre 

— 9999 

41 

Simplifying Fraction and Decimal Expressions 

Work with both at the same time 

The problem directs you to report the sum as a decimal, so apply long division 

= Nek : 
to express the fraction 3 as a decimal. 

5 
2) 

=0 

0 

Substitute the decimal equivalent calculated above into the original expression. 
1 ; 

9 + 0.089 = 0.5 + 0.089 
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Calculate the sum. 

Wa AEN _ Ge ; 

You are instructed to report the sum as a fraction, so convert the decimal 0.31 
into a fraction. 

0.31=—— 
100 

Substitute the equivalent fraction into the original expression. 

4 =2031=54+—— 
de 5 5 100 

Express the sum in terms of the least common denominator. 

4:20 3] 
~ 5-20 100 

80 31 
eee 

100 100 
_ 80431 
7 0G 
td 
~ 100 

Just like 

Problem || 3%, 
you have to copy 

You are directed to express the difference as a decimal, so apply long division to 
convert the fraction into decimal form. 

.9090 an extva zevo from 
11) 10.0000 the Aividenda next 

— 99 to the Aifference 

(1) so you cam Aivide 

|| into 100 usteaa 

of Aiding it into 10. 

Make suve to stick 

an extva Zevo in 

the quotient as 

well. 

100 

09 

10 

Substitute the decimal equivalent calculated above into the original expression. 

~ — 0.47 = 0.90 — 0.47 
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You are instructed to calculate the difference and round it to the thousandths 

place. In order to round to a specific place, you examine the digit one place 

to the right. In this case, you examine the ten thousandths digit in order to 

round to the thousandths place. Both of the decimals in the expressions repeat 

infinitely, but only the digits up to and including the ten thousandths place 

must be included. 

0.9090 

—0.4747 

0.4343 

The ten thousandths digit of the difference (3) is less than 5, so the 

thousandths digit is not changed when the difference is rounded. 

10 | 0.47 =0.434 = eee 
ll 

11.37 Simplify the expression and write the answer as a decimal rounded to the _ 

thousandths place: 03( 5} 

Apply long division to convert the fraction into a decimal. 

.5833 
12) 7.0000 

—60 

100 
— 96 

40 
— 36 

40 
=46 

4 

The quotient is an infinitely repeating decimal: 5 = 0.583. As Problem 11.36 

explains, in order to round to the thousandths place, you must consider the 

digit in the ten thousandths place, so replace the fraction 1p with the decimal 

0.5833 and multiply by 0.3. 

0.5833 

x. 073 

1 7499 

A total of five digits appear right of the decimal points in the product, so 

you conclude that 0.5833(0.3) = 0.17499. Therefore, 03(7] rounded to the 

thousandths place is equal to 0.175. 
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a ee 

ving the produet 0. as ]a asa fraction. 

The desinal 0.3 ag a aap digit 3 that terminates in the tenths place. Thus, 
the equivalent fraction has a numerator of 3 and a denominator of 10. 

7 ofS 127. 1LO\I2 

The numerator value 3 and the denominator value 12 have common factor 3. 
Reduce the product by eliminating the common factor before you multiply. 

tS 

“ola 
ae 

40 by 

If you convert this fraction into a decimal, the result is * = 0.175. Recall that 

Problem 11.37 reported a final answer of 0.1749, which is very nearly equal to 

0.175. In fact, once rounded, both had a final answer of 0.175. 

Problem 11.38, the answer in fraction form, is exactly accurate, whereas the 

decimal form of the answer, presented in Problem 11.37, is limited by the 

number of digits you use in the product. These two problems reinforce an 
important rule: fractions always provide an exact answer, whereas decimals may 
only provide answers correct to a specific number of decimal places. Thus, you 
should elect to report answers as fractions (instead of decimals) whenever an 
expression contains a fraction. 

Simplify the expression and write the answer as an improper fraction: 

Begin by converting the decimal into a fraction. According to Problem 11.28, 

tis I the decimal portion of 1.1 consists of a single digit that repeats 

infinitely, so the numerator of the equivalent fraction is the repeated digit (1) 

and the denominator is the single digit 9. 

eer ee ty 
3 3 9 

Express the mixed number as an improper fraction. 

“89-141 

o5 AG 

8 9t1 
on 9 
8 10 

es -+ 

Eas) 
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Dividing by a fraction is the equivalent of multiplying by its reciprocal. 

Look back at Problem 

F.\S if you need to 
veview this. 

Reduce the product before multiplying the fractions. Notice that 8 and 10 share 

common factor 2; 3 and 9 share common factor 3. 

Ws le 
ss aoe 

Ou] oo 

cones oi 
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PERCENTAGES 

A vefevence point Pov Aecimals and fractions 

In the preceding chapters, you have investigated two significant means by 
which to report portions of whole numbers: fractions and decimals. This 

chapter explores percentages, a third method with very clear connections 

to its predecessors. It begins by exploring the techniques used to convert 
between fractions, decimals, and percentages and then moves into topics 

unique to percentages. 

The wova “percent” veally meous “per cent” ov “out of 100,” because “cent-” is a prefix meaning 100. (A century decree 100 i 100 ue anes a Adllav, a centennial is a 100-yeav amniversary, ve ave centimeters i 
. “8SK” ov “8S percent” ae Bee in Se ies 

Why ave percentages useful? T hey standavdize things. | Aow’t know aout you, but a test grade of "103 out of [3¢ Covvect” is not as easy to interpret as “75.7%.” 

This chapter explains how to calculate Pevceutages, and it may even help you understand stove Aiscounts better, if you've evev wondevea how to calculate a 30% Aaiscount ov what a 210% mavkup means 



Converting Between Percentages, Fractions, and Decimals 

Move the decimal point vight or jet 

12.1 ope the fraction implied 7 os percent” and explain your answer. 

The ee “15 percent” is EAnDReRP written using the percent anor! in 

mathematics: 15%; it compares the given quantity to a larger population of 100. 

For instance, in this example, 15% literally means “15 out of 100.” 

To express a percentage as a fraction, divide it by 100 and reduce the fraction to 

lowest terms. 

ELS, 

eee 8 
4 165 

~ 100+5 
te 

= 120 

12.2 Expres the percentage as a fraction reduced to poe terms: 88%. 

nae rhe ova. Eeccibeds in Prien IZ: Construct a fraction Mah 
a denominator equal to the number preceding the percent sign anda 
denominator of 100. 

88 88% = — 
Ar 160 

Reduce the fraction to lowest terms, dividing the numerator and denominator 

by the greatest common factor, 4. 

88 88+4 
100 100+4 

_ 22 
: 19% 

3 Express the percentage as a fraction reduced to lowest terms: 6%. 

Divide the value preceding the percent sign by 100 and reduce the fraction to 

lowest terms, dividing both the numerator and denominator by 2, the greatest 

common factor. 

6 6% =—— 
= 700 
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I 2.4 Express 5% asa a comple fraction and a simplify it. ’ : 

ecards to the rechnnreine dtenneai in Proplent 12. 1, to convert a percentage 
into a fraction, you should divide the number preceding the percent sign by 100. 

1/2 
100 

Problem 
931 lists the 

steps you shoulA 
Follow to simplify a 
complex fraction, in 
CASE YOu neeA to 
veview, 

5% 

The result is a complex fraction—a fraction whose numerator and/or 

denominator is also a fraction—and should be simplified. Express the complex 

fraction as a quotient of the numerator and denominator. 

] 
=—+100 

One 

Divide the integer 100 by 1 to convert it into a fraction. Recall that any number 

divided by | is equal to the original number, so this step does not alter the value 
of the expression. 

= ala LOO 

Ore eI 

Convert the quotient into a product by replacing the divisor with its reciprocal. 

leer 

2 100 This makes sense. 
De Wee If theve ave |00 ones in 

2-100 100, then there shoula 
be 200 one-halves in 

il 
Therefore, —% =——. erefore 9 G 500 

AZ.5 Uxpress7 oh as a complex fraction and simplify it. 

Express the mixed number as an improper fraction. A A 

73 _ 5743 
5 5 

_ 3543 
am 
_ 38 
ca 

Thus, 72% = =f Apply the procedure described in Problem 12.4 to convert 

the new percentage into a fraction. 
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38/5 
= = 100 

_ 38 . 100 
5 
38 100 
eer 

38 
- 5 100 ‘ 

Reduce the product before multiplying. 

_19 38 1 

5 50100 

ede Laas 

~ 5 50 
_ 19-1 
~ 5-50 
19 

~ 950 

3 19 
Ye lude that 7—% = —. ou conclude tha ie 350 

To convert a decimal into a percentage, move the decimal point two places 
to the right. In this problem, you should move the decimal to the right of the 
tenths place and then to the right of the hundredths place. Once the decimal is 
correctly positioned, place a percent sign at the right side of the number. 

0.97 = 97% 

As Problem 12.6 explains, to convert a decimal into a percentage, move the 
decimal point two places to the right and end the number with a percent sign. 

2.37 = 237% 

When you move the decimal point two places to the right and add a percent 
sign, the resulting value still contains a decimal point. 

0.015 = 001.5% 

Zeroes on the left side of a decimal wait that begin a ne like zeroes on 
the right side of a decimal point that end a number, should be omitted from the 

final answer. 

0.015 = 1.5% 
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BY 
RULE Of THUMB: 

The Percentage 

always looks bigger, 
For example, 

0.5 = SO%, and os i 
less thay SO. That's 

A JO00A way to make 

Suve YOu movea the 

Aecimal in the vight 
Avection, 

12.9 Express the percentage as a decimal: 64.3%. ~ 

According to Problem 12.6, to convert a decimal into a percentage, you 
move the decimal point two places to the right. Conversely, to convert from a 
percentage to a decimal, you move the decimal point two places to the left. 

64.3% = 0.643 

12.10 Express the percentage as a decimal: 110%. 

As Problem 12.9 explains, you convert a percentage into a decimal by moving 

the decimal point in the percentage two places to the left. In this problem, you 
are given a whole number that does not contain an explicitly stated decimal 
point. Place a decimal point at the end of the whole number, as demonstrated 

below. 

110% = 110.0% 
—_ 

Move the decimal point two places to the left. 

f\dadA a Levo 

in the tenths 
place for context— 

to make it cleav that 
the punctuation mark 

is a Aecimal point 

and not an oddly 

positioned period. 

110.0% = 1.100 

Omit the zeroes at the end of the decimal. 

1.100 = 1.1 

12.11 Express the percentage as a decimal: 0.092%. 

Move the decimal point two places to the left. 

0.092% = 0.00092 

i 
12.12 Express the fraction as a percentage: a 

To convert a fraction into a percentage, first convert it to a decimal and then 

apply the technique described in Problems 12.6-12.8: Move the decimal two 

places to the right to convert the decimal into a percentage. 

Begin by applying long division to calculate the decimal equivalent of the 

fraction. 

00. 
20) 7.00 

—60 

100 

—100 

0 

$$ 
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Thus, = = (0.35. Convert the decimal into a percentage to complete the 

problem. 

0.35 = 35% 

12.13 Express the fraction asa a pereentage: 35 ; 6 

Apply oe division to convert the sation into a decimal. 

5625 
16) 9.0000 

—80 aes 
100 
— 96 

40 
— 32 

80 
— 80 

0 

Express the decimal as a percentage by moving the decimal point two places to 

the right. 

0.5625 = 56.25% 

iy 

100, 000° 
‘12. e oe the fraction asa percentage: 

Chapie: 11 denevilice the reehnugue used to convert decimals into hackers: 
Of particular interest in this problem is the method for converting terminating 
decimals into fractions. When the denominator of a fraction is a power of 10 
(examples include 10; 100; 1,000; 10,000), it is a simple matter to express that 

fraction as a decimal by reversing the method presented in the preceding 

chapter. 

The 

steps ave listea 

in the solution to 

Problem |I.18. 

The denominator of this fraction is a power of 10; the fraction is read 

“seventeen one hundred thousandths,” so the equivalent fraction should have 
five digits to the right of the decimal point and terminate in the one hundred 

thousandths place. You may also choose to count the number of zeroes in a 
denominator that is a power of 10. The number of zeroes is equal to the number 
of decimal digits in the equivalent decimal—in this case, five. 

The numerator of the fraction represents the digits that are to appear right of 
the decimal point. In this problem, the numerator contains only two digits, so 
you must insert three place holder zeroes immediately after the decimal point 
to ensure that 1 and 7 are the fourth and fifth digits, respectively, following the 

decimal point. 

17 
—_—— = (0.00017 
100,000 
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To convert the decimal into a percentage, move the decimal point two places to 
the right. 

0.00017 = 000.017% 

Omit unnecessary zeroes in the final answer. 

17 

100,000 
= 0.017% 

The same technique is applied to convert both improper and proper fractions 
into decimals; use long division to divide the numerator by the denominator, 
continuing to place zeroes after the decimal point in the dividend until the 
quotient either terminates or infinitely repeats. 

7.66 
*e 3) 23.00 

=o 1 

20 

= 18 

20 

= 18 

2 

Thus, = a 7.6, or 7.66666.... To express the decimal as a percentage, move the 

decimal point two places to the right. 

> = 766.6666...% 

The decimal portion of the number consists of the infinitely repeating 

single digit 6. Apply shorthand notation to identify the repeating digit, as 
demonstrated below. 

: = 766.6% 

Problem 11.28 summarizes a technique used to convert infinitely repeating 
decimals into fractions. According to the steps listed in that solution, the 
repeating string of digits should appear as the numerator of a fraction, and 
the denominator should consist entirely of 9s. Furthermore, the number of 9s 
appearing in the denominator is equal to the number of digits that are repeated 
in the decimal. 
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In this problem, you are given the fraction aa, Its denominator contains two 

Qs, so the decimal representation of the fraction infinitely repeats the digits 14. 

Apply long division to verify this observation. 

1414 
99)14.0000 

-~99 : 

410 

=3 96 
140 
— 99 

410 ae 

=9896- 
14 

Thus, ma = 0.141414.... Convert the decimal into a percentage by moving the 

decimal point two places to the right. Use shorthand notation to identify the 

infinitely repeating decimal values. 

14 aaa 
—=1414 
99 e 

Percentage Increase and Decrease 

How much of the oviginal amount changed! 

12. 17 An item with a suggested retail price of $12 is discounted 40% ata local store. : 
Calculate the discounted price of the item. 

To calpulate percentage increase and decrease, apply the formula s+ p= c, 
in which s represents the starting value, p represents the percentage change 
(expressed as a decimal), and c represents the change from the original value. 

Most percentage change problems will provide two of the three values and you 
are required to calculate the third. 

C answers the 

question, “What 

is P percent of <?” 

In this problem, C 

vepvesents 40% of $12, 
the amount of the 

Aiscount. 

In this problem, you are given a suggested price of $12, so s = 12. You are also 
given the percentage change: p= 40%. Convert the percentage into a decimal 
by moving the decimal point two places to the left. 

p= 0.40 

Substitute the known values of s and pinto the percentage change formula. 

Spi ic 

12(0.40)=c 

According to the above equation, c= 12(0.40). Multiply 12 and 0.40 to 
calculate c. 
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2 

x .40 

4.80 

Note that c= $4.80 is not the new price of the item. Rather, c represents 40% 

of 12. In other words, the original price of $12—when discounted 40% —will 
decrease by $4.80. Subtract c from s to calculate the new price. 

12.00 

—4.80 

7.20 

The discounted price of the item is $7.20. 

12.18 The stat 

Sales tax is a fee added to the purchase price of an item. In this problem, the 
consumer is responsible for the purchase price of $300, as well as an additional 

6% of that purchase price. The starting purchase price is $300, so s = 300; the 
percentage value is p= 6% = 0.06. Substitute these values into the percentage 

change formula. 

Se DiC 

300(0.06) =c 

Calculate the product to determine the value of c. Recall that cis equal to p 
percent of s, in this case, 6% of $300. 

300 

x .06 

18.00 

Thus, 6% of $300 is $18. Specifically, the tax on the purchase is c= 18. Add the 

sales tax to the pre-tax price to calculate the total cost of the item. 

$300 + $18 = $318 

When 
you take P% 
of S, you get C. 
In this case, you'll 
calculate 1% of 
2,500, which is the 
number of people 

This problem identifies the original values of the population and the 

percentage by which it decreases: s = 2,500 and p = 9% = 0.09, respectively. 

Substitute these values into the percentage change formula to calculate c. 

SO aa that left Auving 
2,500(0.09) =c the yea. 

225=c 

The population of the small town decreased by a total of c= 225 people between 

January 1, 2010 and December 31, 2010. Therefore, the population at the end of 

2010 was 2,500 — 225 = 2,275. 
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You wawt it to 

look like “p =” just like 
Problems |2.17-12.19 

looked like “c =” 
once you got to 

this step. 

, wen 
is VeaAa 

hice inches.” 
You can Fit 25 

cubes of helium into 

the balloon, if each 

little gassy cube haa 
a length, width, 
and height of 

one inch. 

242 

2. 20 After ednniae. a ies! | population grows from 2,150 to 62, 875. es 

the percentage increase in the a accurate to the tenths a 

This problem provides the starting value s= 2, 150 ae the final value, once 

the change has been applied. You are not given the actual change value ¢, the 

amount by which the original value either increased or decreased; however, 

calculating cis a simple matter. To determine the total change, subtract the 

original value from the final, larger value. 

c= 2,875 —2:150'='725 

Now that you have identified s and c, substitute them into the percentage 

change equation. 

P= 6 ” 

2,150- p=725 

Notice that p is multiplied by a number on the left side of the equation. To 

complete this problem, you need to isolate p by itself on the left side of the equal 

sign. To accomplish this, divide the value on the other side of the equation 

(725) by the number next to p. 

Ned oO 

2,150 

Apply long division to calculate the quotient 725 + 2,150 or—if allowed by your 

instructor—use a calculator. 

p = 0.337209302 

Convert the decimal into a percentage. 

p © 33.7209302% 

The problem directs you to round to the tenths place. 

p= 33.7% 

The population of the school increased by 33.7% after redistricting. 

A latex balloon purchased at a florist contains 25 in’ a heli mat the tim of 
purchase. Twenty-four hours later, the balloon contains only 211 ium. 
Calculate the et ee decrease in n volume. / 

The Ee identifies the starting value s= 25 and directs you to calculate the 
percentage change. Before you can calculate p, you must first calculate c, the 

amount by which the starting value changed after 24 hours. 

c= 25-21 =4 

Substitute s= 25 and c= 4 into the percentage change equation. 

Si DP= 

25: p=4 
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Notice that pis not isolated on one side of the equal sign, because it is 
multiplied by 25. Divide by 25 to solve the equation and calculate p. 

ages 
Pm 35 

= 0.16 

Convert the decimal into a percentage to complete the problem. Over a 24-hour 
period, the balloon’s volume decreased 16%. 

‘12. 224 total of 44, 200 on attend a football ae whi h occupies ye the 
Befove 

You calculate 
S, think about 

what it shoula lek 

like. It has to be 

bigger than 44,200, 
because 15% of the 
Seats weven’t Ly]) 
when the crowd 
totalea 44209, 

This problem states that 85% of the total Cae Lae of the eee a 

44,200. You are given p= 0.85 and c= 44,200 and need to calculate s. If you 
have difficulty deciding which values should be assigned to which variables, 
remember that c should always be equal to p% of s. In this problem, c= 44,200 is 

equal to p= 85% of the unknown value s. 
be 

SPE 

s (0.85) = 44, 200 

Notice that sis not isolated on one side of the equation—it is multiplied by 0.85. 
Divide 44,200 by that value to solve for s. 

44,200 

0.85 
sS= 

Apply long division to calculate s. Remember that no digits of the divisor may 
appear right of the decimal point. Therefore, you should move the decimal 

point two places to the right in the divisor and the dividend. This adds two 

additional zeroes to the dividend. 

52000 
85) 44, 20000 

—425 

170 

=1)70 

0 

You conclude that the stadium has a maximum capacity of s = 52,000 fans. 
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At the beginning of the se ae whole cake is uneaten; after one hour, half of 
the cake remains. Recall that the word “of,” especially when used in reference 

to fractions, indicates multiplication. Multiply one (which represents one, whole 

cake) by one-half (the amount of cake remaining) to identify the portion of 
cake remaining at the end of the first hour. 

ee 
gs 

Multiply that product again by one-half to identify the amount of cake 
remaining at the end of the second hour. 

Peed 

22 4 

Repeat this process three more times, multiplying the preceding product by 
one-half in each case. 

rT a|- CO; Ble NO|R role role iS) eee CO | — Bl- sale | 

At the end of five hours, approximately = of the original cake remains. Apply 

long division to convert the fraction into a decimal. 

03125 
32) 1.00000 

~96 
40 

32, 
80 

— 64 
160 

= 160 
0 

Move the decimal point two places to the right to express the decimal as a 
percentage. 

0.03125 = 3.125% 

At the end of the five-hour party, only 3.125% of the cake remains. 

244 The Humongous Bock of Basic Math and Pre-Algelova Problems 



Chapter Twelve — pereelitezes 

Note: In Problems 12.24—12.25, a consumer is comparing the sale prices of an item at two 
different stores. The manufacturer’ 5 suggested retail price for the item is $800. Assume no 
sales tax is applied to the purchase. 

ae: 24 te leiate the sale ee of the i item at Store A, which pies a 30% discount. 

The suggested retail price ae the item is s= 800, and Store A offers a 

p= 9.30 = 30% discount. Substitute these values into the percentage change 
equation to calculate ¢, the total discount (in dollars) offered by Store A. 

SPC 

800(0.30) =c 

240 =¢ 

Store A offers the item at a c= $240 discount; calculate the discounted price of 

the item by subtracting c from s. 

s— c= 800 — 240 = 560 Se 

The sale price of the item at Store A is $560. 

Note: In Problems 12.24—12.25, a consumer is comparing the sale prices of an item at two 
different stores. The manufacturer’ ’s suggested retail price for the item is $800. re no 
sales tax is applied to the purchase. 

12.25 Store B offers a similar sale, discounting the suggested price 15% and then 
applying a second discount of 15% to the already discounted price. The sale 
circular claims a total of 15% + 15% = 30% in savings. Support or dispute this 
claim and explain your answer. 

The sale at Store B is a bit more complicated than the sale at Store A, described 
in Problem 12.24. Once again, the suggested retail price is s = 800, but the 
discount p= 0.15 = 15% is applied twice in succession. Use the percentage 
change equation to calculate the initial discount of 15%. 

OG SRG 

800(0.15)=c 

120=c 

Subtract the discount, c= $120, from s = $800 to calculate the price of the item 

after the first discount. 

s— c= 800 — 120 = 680 

The second 15% discount is applied to the new price of $680. Use the 

percentage change equation once more, this time given s = 680 and p= 0.15. 

Sp = 

680(0.15) =c 

102=c 
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The second discount is less than the first, because it is calculated based on 

a smaller initial price—the price that was discounted in the first part of the 

problem. Calculate the final cost of the item, reflecting both discounts. Now you know 
when stoves say 

“25% off vegulav 
price and then an 

additional 25% off at 

the vegister,” that’s 
not the same as 50% 
off the vegulay 

price. You've onto 

theiv trickery. 

$680 — $102 = $578 

The sale price of the item at Store B is $578, which is $18 higher than the $560 

sale price at Store A. Therefore, discounting an item 15% twice is not the same 

as discounting it once at 30%. 

Computing Percentages 

What percent of something equals see aoe 

12.26 Use cross-multiplication to demonstrate that the statement below is true. 

5 10 

An equation stating that two eihiods 4 are Saat is called a bronareens in this 
case, the equation states that two out of five things is proportionately equal to 
four out of ten things. A technique called cross-multiplication is used to solve 
proportions. Its name is derived from the direction in which you multiply. 

Consider the diagram below, in which the numerator of the left fraction 

is multiplied by the denominator of the right fraction. Similarly, the 

denominator of the left fraction is multiplied by the numerator of the right 
fraction. Line segments connect the values you multiply, for the purposes of 

illustration. Because those line segments cross, the technique is termed “cross- 

multiplication.” 

You'll Aeal 2. 4 

with proportions in ena 

a lot move detail in 9-10=5°4 

Chapter ae If youve 20 oe 20 

struggling with Problems 
12.27-|2.4], skip 
ahead to Problems 
17.28-|7:34 to get 

some help solving 
Pvopovtions, 

Notice that the two products are both equal to 20. This result is not unique to 
this proportion. Cross-multiplying allows you to transform a proportion into 
another valid equation that does not include fractions. 

16 

24 jj 

This problem contains a variable x, a symbol used to represent an unknown 
quantity. You’re asked to solve for x, which means you should isolate x on one 
side of the equation and thereby identify that value of that unknown quantity. 
Because this book has not yet explored solving equations in detail, we will limit 
the scope of equation solving to proportions containing one unknown. 

12.27 Solve the proportion for x: 37 

Cross-multiply, as directed by Problem 12.26, to rewrite the equation. Note 
that one side of the equation is equal to a product of two numbers, whereas the 
other side is equal to the product of a number and x. | 

x-24=3-16 

246 The Humongous Book of Basic Math and Pre-Algelva Problems 



Chapter Twelve — Percentages 
OT 

It is customary to express the product x - 24 as 24x; the number usually precedes 
the variable, and no multiplication dot is needed to indicate multiplication. 

24x =3:-16 

24x = 48 Technically, 
youve Aividing 
both sides of the 
equation by 24, 

not just the vight 
side. You'll learn 
more about this 
latev, in Chapter 17. 

To solve the equation for x, divide 48 by 24. 

_ 48 
pa ad 

Divide the numerator and denominator by the greatest common factor (24) to 

reduce the fraction to lowest terms. 

48 +94 a now, re ee 
Ne e number NO 

24+24 
9 next to x by the 

mr number that IS 

a next to x. 

me 

Therefore, x = 2. If you substitute x = 2 into the original proportion, you 

conclude two-thirds is proportionately equal to sixteen twenty-fourths. 

12.28 Solve tl proportion fo 

Cross-multiply to transform the proportion into an equation that does not 
contain fractions. 

12-39=x-36 

468 = 36x 

Divide the number isolated on the left side of the equation by the number that 

is multiplied by x. 

468 a = 
36 

Reduce the fraction to lowest terms. 

468 +36 _ 
36236 1- 

is == 

13 =% 

x 

Thus, x= 13. 
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12.29 Solve the proportion fOr 55 = oo 

Cross-multiply and solve the equation for x, reducing the fraction to lowest 

terms. 

3:22=8-x 

66 = 8x 

66 ery 
8 

66210 

S22 

33 pies 
4 

12.30 State the percentage proportion formula and identify the three variables 
within it. o 

The percentage proportion formula, like the percentage change equation 
presented in Problem 12.17, allows you to calculate one value given two other 
values. The following variables are used in the formula: 

In other 

wovas, Use P = 60 

to vepresent 60%, 

NOT P= 0.60. ¢ w, which represents the whole—the number of which you are calculating a 

percentage 

¢ p, which represents a portion of w 

¢ c, the percentage written as a whole number, not as a decimal 

The formula, written below, is a proportion stating that one fraction is equal 

to another fraction with a denominator of 100. In other words, the formula 

equates any fraction with its percentage equivalent. gq y Pp ge eq 

a So & 

To help you correctly assign values to the variables in the formula, remember 
that p should represent c percent of w. For example, consider the following 

proportion, in which c= 50, p= 2, and w= 4. 

50 2 
100 4 

When you 
calculate less 

than 100% of a 
number, you'll get 
something smalley. For 
example, 50% oL a 
number is equal te 
halt of that number. 
Il <> 100, then the 
Opposite is tvue: 

Pw. 

The percentage proportion formula above correctly states that 2 is 50% of 4. 

12.31 Use the percentage proportion formula to calculate 25% of 84. 

Apply the percentage proportion formula (presented in Problem 12.30) to 
calculate p, which represents c= 25 percent of w= 84. To ensure you have 
correctly assigned the variables, note that p< w when c< 100. Substitute cand w 

into the formula. 
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Bt ac? ‘ 
100 w 

25 _ Pp 
100 84 

Cross-multiply to transform the proportion into an equation that does not 
contain fractions. 

25:84=100-p 

2,100 =100p 

To solve the equation for p, divide the number that is isolated on one side of the 
equation by the number that is multiplied by p. 

2,100 _- 
100 
21=p 

You. conclude that 25% of 84 is equal to 21. 

To quickly and accurately calculate 10% of a number, move its decimal point 
one place to the left. In this problem, you are asked to calculate 10% of 139, 
which can also be written with an explicitly stated decimal point: 139.0. Move 
the decimal point one place to the left: 13.90 = 13.9. 

This shortcut is valid because calculating 10% of a number is equivalent to 
dividing that number by 10. (Note that the same is not true for all percentages; 
for example, you do not divide a number by 50 to calculate 50% of it.) Much 
like multiplying by 10 adds a zero to that number and effectively moves the 
decimal point one place to the right, dividing by ten moves the decimal point 

one place to the left. 

NS 

To calculate c= 10 percent of w= 139, substitute the values into the percentage 
proportion formula and solve for p. 

SOs PD 
100 w 

JOM Spa 
100 139 
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Cross-multiply and solve for p. 

10-139 =100: p 
1,390 =100p 
1,390 
LOOMe 
13.9= p 

12.34 It is customary to leave a tip of 15% for good service at a restaurant, but some 
customers struggle to calculate 15% of their bill without the aid of a calcula Or. 
Modify the technique described in Problem 12. 32 to y compute a 15% Ue - 
bill of $70. 

According to Problem 12.32, you can calculate 10% of a number by moving its 
decimal point one place to the left. Therefore, 10% of $70.00 is equal to $7.00. 

Once you have calculated 10% of a number, calculating 5% of the same number 
is a simple matter. 

Because 10% + 2 = 5%, it follows that $7.00 + 2 = $3.50 is equal to 5% of the 

total bill. The sum of these percentages represents 15% of the total bill, as 
illustrated below. 

15% of $70 = (10% of $70) + (5% of $70) 

= $7.00 + $3.50 

= $10.50 

12.35 Calculate 65% of 112. 

You are directed to calculate p, which repkebents c= 654 brah of w= 112. cna 
the percentage proportion formula and solve for p. 

sl ae 
100 w 

er 
LOOSE 

peer ce 65-112=100-p 
tells you to move the 7,280 = 100 

Aecimal point one place 

to the left to divide by os 
10. To Aivide a number by 100 

100, move the Aecimal point 72.8= p 
TWO places to the left: 

7,280 + |00 = 72.80. 

No need to break out 
the calculator. 
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beri is equal to 162? | . . 

This one differs slightly from the A Sbicaib th that precede it, beiuse you are 
given values that correspond to different variables in the percentage proportion 
formula. Notice that 162 is equal to 36% of some unknown number. You are not 
asked to calculate 36% of 162; rather, p= 162 is c= 36% of some larger value w. 

Apply the percentage proportion formula. 

wae 
100 w 

36 _ 162 
100. ow 

Cross-multiply and solve for w. 

36:w=100-162 

36w = 16,200 Torleunie 

a ee 16, 200 check youv answev, 

36 multiply 450 by 036 
w = 450 and vevity that 

Ou get |¢ 
Therefore, 36% of 450 is equal to 162. em der tz, 

12. 37 Twenty-four} is 60% o of what number? 

You are ickoat to identify the number w, of wach c= 60 percent is p= 04, pple 

the percentage proportion formula. 

eae 
1008 w 
60 _ 24 
100. w 

60-w =100-24 
60w = 2,400 

_ 2,400 
—— “60. 
w= 40 

You conclude that 24 is 60% of 40. 

EO 
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Given that c= 22 percent of some number w is equal to p= 12, you are asked to 
calculate w. 

See : 
100 w 

2h 
100 w 

22-w=100:12 

22w = 1,200 

1,200 Stas 
w=— 

22, 

Reduce the fraction to lowest terms. 

ie 200 2 

22=2 

600 
w=— 

11 

Apply long division to express the fraction as a decimal. 

54.545 
11) 600.000 

=5b 

50 

=44 

60 

a, 

50 

ae 
60 

=8D5 

5 

The sequence of differences in the long division problem repeats infinitely (5, 
6, 5, 6, 5), so the digits of the quotient repeat infinitely as well (5, 4, 5, 4, 5). You 
conclude that 22% of 54.54 is 12. 
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de Wee 

In this problem, you are given a number and a portion of that number, and you 
are asked to identify the percentage that the portion represents. In other words, 
calculate c given w= 30 and p= 13. 

GC MOL 

100 30 
c-30=100-13 
30c = 1,300 

_ 1,300 Be 

_ 1,300+10 
ea 

130 
na kss, 

it 

Apply long division to express cas a decimal. 

43.33 
3) 130.00 

=12 

Like Problem 12.39, you are given values for p and wand are asked to calculate 

c. However, unlike Problem 12.39, the portion is greater than the whole: p= 80 tC re 

is greater than w= 16. The percentage c will be larger than 100. 

Cea. 
100. w 

¢ _ 80 
100 "16 Soke c-16=100-80 

of 2s, weaties ae 16c = 8,000 
toe AS lavge as " 

c=500 ZS: 

Therefore, 80 is 500% of 16, because 16 - 5 = 80. 

Fs 

ee 
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_ question tes lent. 
your answer asa decimal. _ 

If a student answers 27 of 72 questions incorrectly, then he answers 72 —-27= 45 

questions correctly. Calculate the percentage c given p = 45 of the w= 72 answers 

were correct. 

EES. 
100m 72 

c+72=100-45 

72¢ = 4,500 

4,500 
CSS 

72 
Reduce the fraction to lowest terms, dividing the numerator and denominator 
by the greatest common factor, 36. 

_ 4,500 +36 
72 +36 

125 
c=— 

2 

Apply long division to express cas a decimal. 

62.5 
2) 125.0 
-12 

05 
-4 

10 
-10 

0 

You conclude that the student answered 62.5% of the questions correctly. 
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EXPONENTS 

An in-Aepth look at tiny, floating numbers 

” Exponents are more than a step within the order of operations. In the 

preceding chapters, you have encountered exponents primarily as notation 

for repetitive multiplication, a shortcut allowing you to express 4 - 4 - 4 as 

the more concise expression 4’. In this chapter, you will explore additional 

uses of exponents, including techniques for simplifying exponential 

expressions. The chapter concludes with the introduction of negative 

exponents, which represent reciprocals within an expression. 

It’s time to move Away from the weavy world of fractions, Aecimals and percentages, Don't get me wvong—it’s impovtant to know nan to aaa 7 multiply, and divide alll of those things, and it’s just as mpovtant to sea ce convert from one to another, It Just gets a bit tedious after a while ee 

Im this chapter, you'll still wovk with Aecimals, but not like you had toi Chapters 10 and ||. Instead, you'll work with veally gigantic ana veal teeny numbers, expressing them in scientific notation. Then you'll ae on + some handy exponential tvicks like “a Power to a power equals the prod a of the powers.” Finally, you'll take a look at negative exponents, ee - 
moody and negative because they've sitti Yve sitting so ) 
iagned! Cee ey donk belong. 



Chapter Thirteen — Exponents 
{= 

Scientific Notation 

Something point something times 10 to the something 

13.1 Describe the purpose of scientific notation. 

Scientific notation is used to express numbers of very large and very small 

magnitude, including great distances and exact, microscopic measurements. 

For example, you would use scientific notation both to measure the distances 

between stars in a galaxy and the distances between genes within a cell. 

You can have 
any wumbev of 

Aigits to the vight oF 
the decimal point. 

13.2 Identify the two elements that together comprise a number in scientific _ 
notation. 

a 

A number in scientific notation is a product of two specific things: 

e A decimal with a single non-zero digit left of the decimal point, in the 
ones place 

e The number 10 raised to an exponential power 

If you are using scientific notation to represent a number greater than or equal 
to 10, the exponential power will be positive; when numbers less than zero 

are written in scientific notation, the exponent is negative. Note that scientific 
notation is not traditionally used to represent numbers between 0 and 10, as 

traditional decimals suffice. 

13.3 Identify the equivalent whole number: 10°. 

An exponential expression indicates repeated multiplication. Hence, 10” is 
equal to the product of five 10s multiplied together. Work from left to right, 

multiplying two numbers at a time. 

For example, 10° =10-10-10-10-10 
if yn =%3 then =100-10-10-10 

lo? = 1,000; = 1,000-10-10 

ifn = 7 then =10,000-10 
107 = |,000,000,000. = 100,000 

Notice that there are five zeroes in 100,000, which is the same number that 

appears in the exponent. This is no coincidence. You can conclude that for any 
positive whole number n, the exponential expression 10” is equal to a number 
beginning with the digit one followed by n zeroes. 

13.4 Identify the equivalent decimal: 10~. 

Like Problem 13.3, raising 10 to a negative power will also produce a number 
containing ones and zeroes. The more negative the exponent, the smaller the 
resulting number will be. In other words, 10° < 10° because —9 <—5. In other wovds, 

write 10% without using 

any exponents. 
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To express 10 to a negative power as a decimal, place a decimal point and a 
string of zeroes to the right of the decimal point. The number of zeroes should 
be equal to one less than the exponent (if the negative sign in the exponent is 

ignored). In this problem, you should begin with a decimal followed by seven 
zeroes, as seven is one less than the exponent eight. 

0.0000000 

The final digit in the decimal, which follows the zeroes you listed in the previous 
step, is l. , 

10° = 0.00000001 

The exponential expression 10-* is equal to a decimal constructed entirely of 0 
digits, except the final digit 1, which appears eight places right of the decimal 
point. 

Recall that a number in scientific notation must have exactly one digit 
positioned left of the decimal point. All four digits of this number currently 
appear left of the decimal point. You may wish to write the number with a 
decimal point and a zero in the tenths place to clarify the position of the 
decimal point. 

1,652.0 

Move the decimal point to the left, counting the number of digits the decimal 
point passes. Stop when exactly one non-zero digit appears left of the decimal 

point, as illustrated below. 

If you’A movea 
the Aecimail point 
thvee places to the 
RIGHT, the power 

woulda have been -3 

instead of +3. 

When you move the decimal point three digits to the left, the number 1,652.0 
becomes 1.6520; the single digit 1 appears left of the decimal point, as required 
by scientific notation. Because you moved the decimal point three places to the 

left, raise 10 to the third power. 

16652 1,652 x10? 

Notice that the final zero in the decimal portion of 1.6520 x 10° is omitted. 
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13.6 Express ihe number in scientific notation: 4,390,000. 

‘13.7 

13.8 

Explain why the number below is not correctly expressed in scientific notatio 

Express the number in standard notation: 6.57 x 10". : 

It is helpful to explicitly place the decimal after the ones digit before you 

convert the number into scientific notation. 

4,390,000 = 4,390,000.0 

Move the decimal point to the left, counting the number of digits you pass along 

the way, until only the leftmost digit 4 appears left of the decimal point. You will 

first pass the three digits 000, followed by the three digits 390. 

43900000 

The zeroes appearing at the end of the decimal, after the decimal point, should 

be omitted. 

4.39 

You moved the decimal point a total of six places to the left, so multiply 4.39 by 

10 raised to the sixth power. 

4,390,000 = 4.39 x 10° 

and correct the error. 

13.74 x 10° 

Only one non-zero digit may appear left of the decimal point in scientific 
notation, but this number has two digits (1 and 3) left of the decimal point. To 

correct the error, move the decimal point one place to the left, transforming 

13.74 into 1.374. 

You have to reflect the movement of the decimal point in the exponential power. 
As Problem 13.5 explains, each time a place value is passed by the decimal point 
as it moves left, you add one to the power of 10; thus, 10 should now be raised to 

the seventh power instead of the sixth power. 

13.74% 10° 28374 xd? 

Consider Problems 13.5—13.6, which require you to write a number in scientific 

notation. In both examples, your final result is a decimal multiplied by 10 raised 
to a positive power. Furthermore, in each case, the power is equivalent to the 
number of digits you pass as you move the decimal point to the left. 
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To reconstitute the original number given scientific notation, work backwards; 
move the decimal point to the right a total of 11 places. Because 6.57 only 
contains two decimal digits, you will have to place nine additional zeroes at the 
end of the number; this allows you to move the decimal point a full 2 + 9 = 11 
places to the right. 

6.57 x 10" = 657000000000.0 

Use commas to form groups of three digits, beginning at the right side of the 
number. 

6.57 = 657,000,000,000 

Thus, 6.57 x 10" is equal to six hundred fifty-seven billion. 

In order to express this number in scientific notation, exactly one non-zero 
digit must appear left of the decimal point. Unlike the preceding problems, this 
requires you to move the decimal point to the right. Count the digits passed by 
the decimal point as you move it to the right, as illustrated below. 

Total digits passed 
Number F , 

by the decimal point 

Exactly one non-zero digit (8) now appears left of the decimal point. Omit the 
unnecessary zeroes when writing the number in scientific notation. You moved 
the decimal point four places to the right, so raise 10 to the —4 power. Note that 
the exponent is negative; this indicates the direction in which the decimal point 

was moved. In preceding problems, you moved the decimal point to the left, 
which corresponds with a positive exponent. Conversely, when you move the 
decimal point to the right, it results in a negative exponent. 

ln other wovds, 

use the Aecimal 
8.1 instead of 
00008.|. 

0.00081 = 8.1 x 10% 

r in scientific notation: 0.00000000009. 

Move the decimal point to the right until it passes exactly one non-zero digit. 
This will require you to pass ten 0 digits and a single 9 digit. In total, you 
must pass 11 digits to produce the decimal 9.836, which has exactly one non- 
zero digit left of the decimal point. Multiply that decimal by 10 raised to the 
-11 power to express the number in scientific notation. Remember that the 
exponent must be negative, because you moved the decimal point to the right. 

* 0.00000000009836 = 9.836 x 10" 
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Consider Problerhs 13.9-13.10, in whitch you express values less than one in 

scientific notation. In each case, you move the decimal to the right in order to 

secure a single non-zero digit left of the decimal point. Because you move the 

decimal point to the right, 10 is raised to a negative power. 

Therefore, to ensure the digit 2 appears left of the decimal point in this 

number, the decimal point had to be moved 16 places to the right. To express 

this number in standard notation, you have to move the decimal point back to 

its original position, 16 places to the left. Begin by moving the decimal point 

one place to the left. 

Look back at 
Problems 1373 ana 

\3.4: A positive exponent 
means a big number 

(10° = 100,000) ana 
a negative exponent 
means a small number 

(10% = 0.0000000)). 

0.255 * 

To continue moving the decimal point the remaining 15 places, you will have to 

insert place holder zeroes. 

0.000000000000000255 

To the right of the decimal point, this decimal consists of fifteen zeroes followed 
by the digits 255. When you convert a number in scientific notation to standard 
notation and that number has a negative exponent, the result will be a decimal 

point followed by a series of zeroes that number one fewer than the exponent of 
10—in this case, there are fifteen zeroes preceding the non-zero digits and 10 is 

raised to the sixteenth power. 

co in Scientific Notation 

+=, oot = ~ wumbers | in psec a. 

This problem directs you to calculate the sum in two ways, first by leaving the 
numbers in scientific notation, and second by converting the numbers into 

standard notation to verify your answer. 

Note that you cannot add numbers that are written in scientific notation unless 
10 is raised to the same power in each. In this problem, 5.2 x 10? and 1.4 x 10? 
both contain 10 to the second power, so the requirement is met. Apply the 
following process to add numbers expressed in scientific notation. 

1. Add the decimal portions of the numbers. 

2. Multiply the sum by 10 raised to the shared power. 

3. Ensure that exactly one non-zero digit appears left of the decimal point, 
and adjust if necessary. 
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Begin with Step 1, adding the decimal portions of the given numbers. 

Ore Fle = 6.6 

Multiply that sum by 10’, the power of 10 shared by both of the original 
numbers. 

6.6 x 10? 

Because exactly one non-zero digit appears left of the decimal point, the sum is 
complete. Move 

the Aecimalls 

two places to 

the vight. When 

(5.2 x 10°) + (1.4 x 10*) = 6.6 x 10? 

To verify that your answer is correct, express both of the numbers in standard 
notation: 5.2 x 10° = 520 and 1.4 x 10? = 140. Calculate the sum of the numbers. 

520 + 140 = 660 

Finally, express 660.0 in scientific notation by moving the decimal point two 

places to the left. 

opposite is true 

fov negative 

exponents. 

660.0 = 6.6 x 10? 

The sums, calculated in scientific and standard notation, are equal, so the 

solution is verified. 

13.13 Simplify the -xpression: (9.3 x 10”) — (4.7 x 10"). - 

Like addition, subtraction of numbers in scientific notation is possible only 

when they share the same power of 10. In this problem, both 10s are raised to 

the 21 power. To calculate the difference, apply a procedure that mirrors the 
steps outlined in Problem 13.12. 

1. Subtract the decimal portions of the numbers. 

2. Multiply the sum by 10 raised to the shared power. 

3. Ensure that exactly one non-zero digit appears left of the decimal point, 
and adjust if necessary. 

Begin by subtracting the decimal portions of the numbers. 

9.3 — 4.7 = 4.6 

Multiply the difference by 10 raised to the shared exponent. 

4.6 x 10” 

Exactly one non-zero digit appears left of the decimal point, so the problem is 

complete. 

(9.3 x 1071) — (4.7 x 10”) = 4.6 x 10” 
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notation will be larger 

than the oviginal 

Aecimal: $20 7? 5.2 

and |40 > |.4. The 
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13. 14 Simplify the. ae - 43 10" + 6 952 x 109, 

Both e the ane focide 10 a to be same power (13), so you can apply 

the steps described in Problem 13.12. Begin by adding the decimal portions of 
the numbers. Make sure to align the decimal points and place values, and insert 
a zero place holder into the thousandths place of 8.43 so that both numbers 

have the same number of decimal places, as illustrated below. 

8.430 

+ 6.952 

15.382 

Multiply the sum by 10 raised to the shared power, 13. 

15.382 x 10% 

Notice that the number is not correctly expressed in scientific notation, because 
two non-zero digits appear left of the decimal point. Apply the procedure 
described in Problem 13.7: Move the decimal point one additional place to the 
left, and reflect this movement by adding one to the exponent. 

1.5382 x 10" 

You conclude that (8.43 x 10") + (6.952 x 10") = 1.5382 x 10”. 

13.15 Simplify the expression: (52.75 x 10") = (4.3 x 108). 

Recall that numbers in scientific notation may only be added or subtracted if 

the powers of 10 are equal. In this problem, the numbers are raised to different 

powers, but notice that the first number, 52.75 x 10’, is not written in scientific 

notation—two digits appear left of the decimal point. If you move the decimal 
point one place to the left, you must also add one to the exponent. 

52.75 X 1072 ).275 < 10° 

The powers of 10 in both numbers are now equal. 

(5.275 x 108) — (4.3 x 108) 

Subtract the decimal portions. 

5.275 — 4.3 = 0.975 

Multiply by the shared power of 10. 

0.975 x 108 
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The number is not written in scientific notation, because the only digit left 
of the decimal point is 0. Move the decimal point one place to the right, and 
subtract one from the power of 10 to reflect this action. 

0.975310" =.9:75 x: 107 Theve’ SO symbol 

between the numbers, 

SO you've supposed to 
multiply them, 

You conclude that (52.75 x 10’) — (4.3 x 108) = 9.75 x 10”. 

13.16 Simplify the expression: @. a x 0) é 8 x 10 

Unlike aaditieks and subtraction, a leet in aoc ine notation need not ae 

raised to the same power of 10 in order to multiply or divide. Follow the steps 
below to calculate the product. 

1. Multiply the decimal portions of the numbers. 

2. Multiply the sum by 10 raised to the sum of the exponents. 

3. Ensure that exactly one nonzero digit appears left of the decimal point, 
and adjust if necessary. 

Begin by multiplying the decimal portions of the numbers. 

(7.1) (2.8) = 19.88 
AAA up the 

powers of |0. 

When you aivide 
numbers in scientific 
notation, you'll 
subtvact the 

numbers. 

Multiply the product by 10 raised to the sum of the exponents. In this problem, 
both 10s are raised to the third power. 

19.88 x 10°*? = 19.88 x 10° 

Move the decimal point one place to the left to express the number in scientific 

notation. Add one to the exponent of 10 to reflect the movement of the decimal 

point. 

19.88 x 10° = 1.988 x 10’ 

You conclude that (7.1 x 10°) (2.8 x 10°) = 1.988 x 10’. 

1B. 7 Verity your soliton to Problem 13,16 65 eine the product : the 
uae written in standard notation. 

To ¢ express the factors as Peer in standard notation, move the decimal point 

to the right three places in each, as directed by the exponent of 10. 

7.1%10° =7,100 

2.8 10° = 2,800 

Calculate the product of 7,100 and 2,800. 

7,100 x 2,800 = 19,880,000 

Express the number in scientific notation by moving the decimal point of 

19,880,000.0 seven places to the left. 

¢.  19,880,000.0 = 1.988 x 10’ 

This answer matches the final result in Problem 13.16, so the solution is verified. 
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13.18 Simplify the expression: (4.9 x 10%) (6.302 x 10°), 

Apply the procedure outlined in Problem 13.16, the first step of which is to 

multiply the decimal portions of the numbers. 

(6.302) (4.9) = 30.8798 

Multiply the product by 10 raised to the sum of the powers in the original 

Adding |S ana expression: 15 and -8. 

-8 is the same as 
subtvacting & from 

is: 

30.8798 x 10+ = 30.8798 x 10’ 

Express the number in scientific notation by moving the decimal point one 

place to the left. ihe 

30.8798 x 10’ = 3.08798 x 10° 

13.19 Simplify the expression: (6.441 x 10-7)(1.3 x 10°). 

Multiply the decimal portions of the numbers. 

If two numbers 

have the same sign 
(either both + ov both 

-), ignove the signs, aaa 

the numbers, and then 

stick the matching 
sign in fvont of 

the sum. 

(6.441) (1.3) = 8.3733 

Multiply the product by 10 raised to the sum of the powers in the original 
expression: —7 and —9. Recall that the sum of two negative numbers is the sum 

of their absolute values multiplied by -1. Thus, (-7) + (-9) =—16. 

8.3733 x 10* © =18.3733 x 10 

13.20 Simplify the expression: (15.68 x 10”) + (9.8 x 10°). 

Follow the steps below to divide two numbers expressed in scientific notation. 

1. Divide the decimal portions of the numbers. 

at tebe 2. Multiply the sum by 10 raised to the difference of the exponents. 

insensitive, but 

if you can't long 
divide by yourself at 

this point, you veallly 
need to go back ana 
veview it. It needs to 

be automatic 

3. Ensure that exactly one non-zero digit appears left of the decimal point, 
and adjust if necessary. 

Begin by calculating the quotient of the decimal portions of the numbers using 
long division. As numerous examples of long division have been demonstrated 
throughout the preceding chapters, this step is omitted. 

15.68 + 9.8 = 1.6 
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Unlike the process used to multiply numbers in scientific notation (described 
in Problem 13.16), the power of 10 is equal to the difference of the exponents 7 
and 5, not the sum. Ensure that you subtract the power of the divisor (5) from 
the power of the dividend (7), regardless of the values of these numbers. For 

instance, if the power of the divisor is greater than the power of the dividend, 

then the difference will be a negative number. Multiply the quotient calculated 
above by the difference of the exponents. 

1.6 + 107-* = 1.6 x 10? 
é 

You conclude that (15.68 x 10’) + (9.8 x 10°) = 1.6 x 107. Because 1.6 x 10? = 160, 

that answer is also correct. 

Calculate the quotient of the decimal portions of the numbers. 

1.118 + 2.6 = 0.43 a 

Multiply the quotient by the difference of the exponents. Note that you are 
subtracting a negative number from a positive number: 13 — (—4). According 

to Problem 3.23, two adjacent negative signs should be replaced with a single 
positive sign: 13 — (—4) = 13+ 4. 

0.43 x 10° = 0.43 x 10°" 
= 0.4310" 

Note that the number is not in scientific notation, because the only digit left of 

the decimal point is zero. Move the decimal point one place to the right and 
subtract one from the exponent of 10. 

0.43 x 10” = 4.3 x 10" 

Therefore, (1.118 x 10'*) + (2.6 x 10-*) = 4.3 x 10”. 

13.22 Simplify the expression: (3.1694 x 107") = (2.9910). 

Divide the decimal portions of the numbers. 

3.1694 + 2.99 = 1.06 

Multiply the quotient by 10 raised to the difference of the powers. Note that 
-15 — (-20) =-15 + 20, as explained in Problem 13.21. 

L0G x10." ~* =1.06x10-""™ 

=1.06x10° 

You conclude that (3.1694 x 107°) + (2.99 x 10°”) = 1.06 x 10°. 
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Tricks ana PESANARCS to simplify exponential SAHESsIcree 

13. 23 Calculate xin ic expression below and decaibe te oil tat allows you i 
ee = not expanding the exponential eee 

Where two exponential expressions saith the same base are multiplied, the 

product is equal to the shared base raised to the sum of the powers. In this 

problem, on the left side of the equation, a common base of 2 is raised to 

two different powers: 3 and 5. To calculate the product of 2’ and 2’, raise the 

common base of 2 to the sum of the powers. 

98 2 9° = Ore 

= 9° 

Thus, 2° - 2° = 2°. Notice that the 8 in this expression and the xin the 

original expression appear in the same, corresponding location, and that the 
expressions are otherwise equal. Therefore, you conclude that x= 8. 

You can only add exponents to simplify an expression, as described above, if two 

conditions are met: 

e Both exponential expressions have the same base. In other words, the 
numbers that are raised to exponents in both expressions are equal. 

e The exponential expressions must be multiplied. For example, 3? - 3° = 3° 
because you are calculating a product, but 3° + 3° 4 3”. 

In othev wovas, 

figuve out what 2° 

ana 2° ave equal to 

ana then multiply 
those numbers. 

You will revisit this technique throughout the remainder of the book, especially 

upon the introduction of variables in Chapter 15. 

13. 24 Venn, your answer to Problem 13.23 by expanding the ¢ exponential expressions 
and sane the product. . 

i Aeeoeding to Problem 13. 23,2°° 9 Zi Eepane the eeponennal expressions 2°, 
2°, and 2°, multiplying two factors at a time and working left to right. 

2° =2-2-9 2° = 2°2°9-2°92 2° = 2-2-2-9-9-9+9-9 

=4:2 =4:2:2-2 422292326252 

=8 =8:2°2 = 8" 2°2'292:2 

=16-2 =16°2"2°2°2 

= 32 =92°2°2°2 

=64:2:-2 

=128-2 

= 256 
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Substitute the values calculated above into the expression 2° - 2° = 2° to verify 
that the equation remains true. 

poe 08 
8-32 = 256 
256 = 256 

Because both sides of the equation are equal, you conclude that the solution to 
Problem 13.23 is correct. 

According to Problem 13.23, to multiply two exponential expressions with the 
same base, you raise the shared base to the sum of the exponential powers. To 
divade two exponential expressions with the same base, raise the shared base to 
the difference of the exponential powers. To calculate the quotient of 9° and 9°, 
subtract the exponent of the divisor from the exponent of the dividend. 

ae pes coy EZ 0° 

= Olea. 

= 9’ 

13 

Yj \ 

To verify this statement, recall that raising 3* to the power of 7 is the equivalent 
of multiplying seven of the quantities 3* together, as illustrated below. 

(3*)’ =3*-3*-34- 34-34-34. 3 
Think of it this 

_ ey: When a Power 

IS YAISEA to @ power 
multiply the powers : 

togethey, 

According to Problem 13.23, the product of exponential expressions with the 
same base is the shared base raised to the sum of the powers. 

34.94.94 .94 94.94 94 _ gttdtatatatatd 

ae O28 

7 : 
Therefore, the statement (3*) = 3” is true. This property of exponents can be 

summarized as follows: If a number raised to an exponent is, in turn, raised 

to an exponent, the expression is equal to the base raised to the product of 
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the exponents. In this Problem, 3 is raised to the 4 power, and that entire 

expression is raised to the 7 power. The answer is 3 raised to the 4-7 = 28 

power. 

(3* )’ = oe 

In other wovds, 

vewvite 32! as 2 
vaised to some powev. 

That power will 

be x. Your goal in this problem is to express 32" as an exponential expression with 

base 2. It is helpful to list powers of 2. 

Zin? 
ooo aA 
2° = 99-D=8 
2*=2-2-2-2=16 

2 =2-2:2-2-2=32 

Replace 32 in the original equation with the equivalent expression 2”. 

32" = 2" 

(ey a2 
Multiply the exponents on the left side of the equation to identify the value of x. 

ook = 9* 

OF 4 9* 

You conclude that x= 55. 

The rules described in this section apply only to exponential expressions that 
share a common base. Thus, you must first express 10" and 100° in terms of the 
same base. Because 100 = 10’, you can substitute the expression 10? for 100 in 

the original expression. 

10° +100° = 10° + (10?) 

According to Problem 13.26, (10°)’ = 10°? = 10°. 

10° +(107) =10% +10° 
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Problem 13.25 states that the quotient of exponential expressions with the same 
base is equal to the shared base raised to the difference of the powers. 

10° +10° =10'°* 

= 10 

You conclude that 10° = 100° = 10°. 

: 5 

13.29 Calculate x in the following statement: sik oe 

The problem directs you to rewrite the expression as a single exponential 
expression with base 6. Begin by listing consecutive powers of 6. 

6' =6 

6° =6:6 = 36 

6° =6-6:°6=216 

Replace 36 in the original equation with the equivalent value 6°; similarly, 

replace 216 with 6°. 

36° a 
216° 

9\5 (y's, 
(ey 

Exponential expressions raised to powers are equal to the bases raised to the 

products of the powers. 

6°° i 

638 =0 

6° i 

Ga = 6 

The quotient of two exponential expressions with the same base is equal to the 
shared base raised to the difference of the powers. 

Problems 
1332-|3.40 

Aeal with negative 
exponents; that’s 
when you'll find out 
what ¢-'4 actually 

vepvesents, 

Gi = 6* 

Gas ae 6* 

You conclude that x=-14. 

13.30 Calculate x in the following statement: 256° + 16° - 64° = 4°. 

Because you are directed to express a product as a single power of 4, list 

consecutive powers of 4. 

4) = 4 

427 =4-4=16 

4°=4-4-4=64 

4*=4-4-4-4=256 
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Replace each base on the left side of the original equation with the equivalent 

exponential expression and simplify the expression. 

256° +16° -64° = 4" 

Gye ee 
gies 2 Ace 2 Ave = 4° 

A a Ae 7428 = 4* 

Work from left to right, first calculating the quotient 4° = 4°, and then 

multiplying the result by 4°. 

436-6 . 418 — 4* 

439.438 = 4* 

430418 _ 4* . 

A ae A" 

Therefore, x = 48. 

geen 

a pies 13.31 Calculate xin the following statement: ( oe ze] 22 

Each GE the bases in an expression is a power of two: 1, 024 = 2°. 64 = 2°, and 

128 = 2’. Substitute the equivalent values into the equation. 

1,024° 
64 

2] 
fret 

2 

he = 2 

Subtract exponents of common bases to calculate quotients; add exponents to 
calculate products. 

(ger oe =0 

(2°? 9%)’ =9 

Ca iers 
eo 
9 

(2 2 

8 2 

You conclude that x= 28. 
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Negative Exponents - 
The moving case for negative powers 

Any integer can be expressed as a fraction by dividing the integer by 1. Thus, 

3= = Replace 3 in the given expression with the equivalent fraction. 

a) 
Raising a fraction to the —1 power is the equivalent of taking its reciprocal. 
Recall that the reciprocal of a fraction reverses the numerator and 
denominator. 

If an 

entive fraction 
is vaisea toa 

negative power, lip 
the fvaction upside 
Aown. If an integer 
(like 3 in this problem) 
is vaisea to a negative 

power, make tt into a 
fraction (stick on a 
Aenominator of |) 
and lip it upside 
Aown, 

=e 

The problem asks you to calculate the same quotient a second time, using the 

techniques outlined in Problems 13.23-13.31. This expression writes the divisor 
4 as a power of 2 so both exponential expressions have a common base. This 
allows you to subtract the powers of the quotient. 

1 
In the steps above, you have determined that 2+4= 9 and 2 + 2? = 2". Because 

= and 2"' are both equal to the same expression (2 + 4), you can conclude that 

those values are also equal to each another. 

| 
—-= 9! 

vs 

‘ a reel 
This result verifies the solution to Problem 13.32, which states that 3°! =—. 

Raising an integer’to’ the —1 power results in the reciprocal. 3 
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13.34 Simplify the expressions below: (a)107 and (b)10°. 

10"! 
is equal to | 

Aivided by |0'. 

As explained in Problems 13.32-13.33, raising an integer to the —1 power results 

in the reciprocal. 

That means |07 is 102 

equal to | AivideA 107 -(7) 

by 10°. Basically, a 5 

10 
negative exponent 
means a number has 

to be moved acvoss 

the fvaction baw, Prom 

the numerator to the 

Aenominator ov vice 

Raising an integer to any negative power has an effect similar to raising the 

integer to the -1 power. Like 107, the fraction equivalent of 10~ also has a 

numerator of 1. However, the power of the 10 in its denominator is 2, rather 
a 

than 1. 

Versa, Once you move 1 
the number to the 10° = 10? 
covvect pavt of 1 

~ 100 the fvaction, the 

exponent is once 

AJAIN positive. You conclude that 10°? = —— 
100 

j =) 

13.35 Simplify the expression: (=) : 

As first explained in Problem 13.32, raising a fraction to a negative power 1S 

equivalent to calculating the reciprocal of the fraction. Once the fraction is 

wer rewritten as its reciprocal, take the absolute value of the exponent, eliminatin 
A simplifiea R Pp g 

€xpvession Aces not 
contain any negative 

exponents, 

3 : 4. : 5 % 
the negative sign. Thus, once zB is rewritten as z the -1 exponent is changed 

Get 
2) 28 ou Raising any number to the first power does not affect its value: 
4 5 

4 —1 

conclude that (2) =—, 
5 4 

to +1. 

A —2 

13.36 Simplify the expression: (Z| . 

The fraction is raised to a negative exponent, so replace the fraction with its 
reciprocal and take the absolute value of the exponent. 

VOL TEV 

5] “s (] 

The entire fraction is raised to the second power. To simplify the expression, 

the numerator and denominator should each be raised to the second power 

independently. 
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Two quantities are multiplied in this expression, but only one is raised to a 
negative power. Rewrite that quantity, 9~, as its reciprocal and simplify. 

-2 
53-97 = 53 (3) 

1 

1 =125:— 
81 

To multiply an integer (like 125) and a fraction, first rewrite the integer as a 
fraction. The product of two fractions is equal to the product of the numerators 
divided by the product of the denominators. 

125-1 
Po 1 Bi 
_ 125-1 
Seat. 
_ 125 
EST 

Rewrite each exponential expression that has a negative power as its reciprocal 

and simplify. 

Reduce the product before you multiply the fractions, noting that 64 and 128 
share greatest common factor 64. 
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=2 

You conclude that 47° - 2’ - (=) =—. 
3 32 

ys : “gist 
13.39 Simplify the expression: at 3 

Exponential expressions with negative exponents should be moved across the 
fraction bar; this is the equivalent of applying the reciprocal. Thus, 2* should be 
moved to the denominator and the absolute value of its power taken, resulting 
in 2%. Similarly, 6° should be moved to the numerator, and the absolute value of 

You can only 
“move” expressions 

with negative exponents 
its power taken as well. 

acvoss the fraction bay S52 Dr eA Or 
when you've multiplying. Gini | 

If the numeratov were 27-36 
Tie 3? + 2%, you wouldn't 

be able to move 2* 

to the Aenominator Numerator value 36 and denominator value 16 share greatest common factor 4. 

ea 27-369 
positive. M6 4 

ah 

ste 
6245 

ea, 
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Any real number (other than zero), when raised to the power of zero, is equal 
to one. In this expression, 9° = 1. Rewrite expressions with negative exponents as 
their reciprocals raised to positive powers. 

= Sale toni nk 1 4a 9s GO aes! 

oe ee 
LEA 
ako aed 

~ 64:1-2-1 
Pee 

~ 128 

ey 

The Humongous Book of Basic Math and Pre-Algebra Problems 275 



4 

‘ ryeR ims 

Ther ae 

“ate 

Nes dad tpn a 

py i LS iat ho Jot een 



Chapter 1/4 
ROOTS AND RADICALS 

the opposites of exponents 

Chapter 13 explores the concept of exponents—notation that represents 

repeated multiplication. This chapter explores the inverse of exponents, 

roots. Basic algebra focuses primarily on two types of roots: square roots 

and cube roots. However, you will also investigate other roots, and apply 

similar principles to simplify those expressions. The chapter concludes by 

explicitly tying roots to exponents by expressing the former as the latter 

using fractional exponents. 

In Chapter 13, you veview exponents. Actually, you Ao move than veview 

ens yeu go into quite a bit of Aepth. This chapter goes back to the 

basics of exponents but puts everything in vevevse. For example, you alveady 

know that 3? = 7, but after you' 1 ev youve vead this chapte ‘) 

the squave voot of 7 is 3. 
ptey, youll understand why 

nok might already be familiav with squave voots, but this chapter alse 

discusses cube voots and other voots that Aow't have nicknames (like 

the fourth voot and the fifth voot). Don’t wovvy if you haven't heava 

of those—the same vules apply. To wrap up Chapter 14, you'll tvauslate 

fractional exponents into voots (which ave also callea vadical expressions) 



Chapter Fourteen — Roots and Radicals pa ee ee 

Square Roots 

If x-x =y, then Vy =x 

14.1 Describe the relationship between perfect squares and their square roots. - 

Perfect squares are integers that are equal to the product of some integer and 

itself. For example, calculate the product of the integer 2 and itself to identify a 

perfect square: 2 - 2 = 4. Because 4 is equal to the product of an integer (2) and 

itself, 4 is a perfect square. 

Some books call them 

squave wumbers. 

The square root of a perfect square is equal to the number that is multiplied 

twice in order to produce the perfect square. Square roots are represented 

using the radical symbol elite ” To summarize this example mathematically, you 

conclude V4 = 2. 

Technically, 
0 is the smallest 

perfect square, 

because 0: 0=0. 

List the twenty smallest perfect squares, beginning with 1. 

Calculate the squares of all consecutive integers beginning with 1 and ending 

with 20. 

ig a 8* = 64 15* = 225 

Dred 9? = 8] 16? = 256 

37 =9 10° = 1001216 175 = 289 

ACeaNG) 210 12 Vo aise 824 

Heo 2 aaa 19361 

6° =36. 13° =169%. 1207 = 400 

1 40 147 =] 196 

Memorizing these perfect squares significantly increases the ease with which 
you simplify square roots, so make a point of committing all of these perfect 
squares to memory, especially the squares of the integers between and including 

0 and 15. 

14.3 Calculate the square root: V64. _ 

Consult the list of perfect squares in Problem 14.2. Notice that 64 is a perfect 
square, as 8° = 64. The square root of a number is equal to the value which must 
be squared in order to produce that number. In this case, because 8° = 64, you 

conclude that /64 = 8. 

144 Clclae: be root: ai. 

ee the nattect squares listed in probion 14, 2, you find 11? = 121. If thes 
square of 11 is 121, then the square root of 121 is 11. 

Vv121=11 
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The vadicana 

is the number 

(ov expression) 
inside the squave 

voot symbol, If the 
vadicand iswt a 

perfect squave, your 
answer will contain a 

vadical symbol—it 
won't vanish like 

in Problems 

|4:3-14.4, 

Simplify the left side of the equation by calculating the product within the 
radical. Note that the product of two perfect squares (9 and 25) is also a perfect 
square (225). 

V9-25 =J9-/25 

4223 =/9 -./95 

Calculate all three square roots in the equation, noting that 15? = 225, 3? = 9, 

and 5? = 25. 

= 15=3-5 

Because the above statement is true, you conclude that the original statement, 
J9-25 =J/9 -./25, is true as well. 

14.6 _ Simplify the expression: Vis - 

When a radicand is not a perfect square, your goal is to identify factors of the 
radicand that are perfect squares. Among the factors of 18 (1, 2, 3, 6, 9, and 18), 

the largest perfect square is 9. Express 18 as a product of two numbers, one of 
which is 9. 

In othey Wovds, 

2 ANA then wvite |¢ 
AS Ti?” 

V18 = /9-2 

As explained in Problem 14.5, the square root of a product is equal to the 
product of the individual square roots. 

V9-2= 9-2 

Calculate the square root of 9. 

V9-/2=3-/2 

Mathematics convention omits the multiplication dot from the final product; 

you conclude that V18 = 3/2. 
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14.7 oy the a 8. 

The factors of 98 are, 24,01, 14, sand 28. The ped Hee square among 

those factors is 4, so write 28 as a product of two integers, one of which is 4. 

J28 = J4-7 

Express the root of the product as a product of the roots and simplify. 

RL 
=9-/7 

=9,/7 

Thus, J28 = 9/7. 

14.8 Simplify the expression: /72. 

Consider the perfect squares listed in Problem 14.2. Whereas 9 is a factor of 72, 

it is not the largest perfect square factor. Write 72 as a product of two numbers, 

one of which is its largest perfect square factor: 36. 

V72 = J36-2 
136 -/2 
6 

They 
have to be the 

same kind of voots, 
Eau, Fov example, 

iP youve multiplying a 
SQuave voot by a cube 

voot, this process 

Aoesw’t apply. 

mm & 

14.9 Simplify the expression: J2 (V8 ) 

According to Problem 14.5, the square root of a product is equal to the product 
of the square roots. The reverse is also true: The product of two square roots is 

equal to the square root of the product of the radicands. In this problem, the 

square roots of 2 and 8 are multiplied, and that product is equivalent to the 

square root of 2 - 8. 

nN oo (3 (V8)= 28 
iG 
=4 

You conclude that J2 (V8 ) 4a 

14.10 Simplify the expression: J5 (/90 ). 

Like Problem 14.9, you are given a product of square roots, which is equal 
to the square root of the product of the radicands 5 and 90. However, given 
large radicands such as 90, it is often helpful to simplify the square root before 
multiplying. Notice that the perfect square 9 is a factor of 90. 
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15 (J90) = V5 (VO-10) 
= \5(v9-V10) 
= /5 (310) Bara 

CINS The resulting expression still contains a product of square roots. To organize 
the product visually, you may choose to write those square roots next to one 
another. 

= 3V5V10 

The product of the square roots is equal to the square root of the product of the 
radicands. 

$ 

= 35-10 

= 3/50 

Simplify the square root. 
ee 

= 3,/25-2 

= 3./25./2 
= 3-5/2 

Multiply the integers to complete the problem. 

= 15/2 

The square root within parentheses can be simplified, because one of its factors 
(16) is a perfect square. 

v7( 
v7( 
v7( 

= 4,/7,/2 

The product of two square roots is equal to the square root of the product of 

the radicands. 

V7 (V32) = V7 (16-2) 

Vi6 - V2) 
4/2) 

= 4,/7-9 

=4/14 

The radical expression V14 cannot be simplified, because 14 has no factors 
(other than 1, which is a factor of all integers) that are perfect squares. 
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/24 
14.12 Simplify ieexpieco pully DIC J6 

According to Problem 14.9, the product of two square roots is equal to the 

square root of the product of the radicands. Similarly, the quotient of two 

square roots is equal to the square root of the quotient of the radicands. 

J24__ [24 
v6 V6 

Reduce the fraction to lowest terms and simplify. 

_ (e4a=6 
N66 

lusteaa 

of two sepavate 
vadicals, Avaw one 

big radical symbol that 

covers the entive 

fyaction. 

lI 

i = |e 

14.13 Simplify the expression: 3v11 +711. 

While you are able to multiply and divide square roots simply by multiplying 
or dividing their radicands and then taking the square root, as demonstrated 

in Problems 14.9 and 14.12, the same is.not true for addition. In order to add 

square roots, the radicands of the square roots must be equal. In this problem, 

both of the square roots have radicand 11, so that condition is satisfied. 

The other significant difference between adding (or subtracting) square 

roots and the operations of multiplication and division is the treatment of the 
radicands. Whereas you multiply radicands when multiplying square roots, 
you do not add the radicands when adding square roots. Rather, you add the 
coefficients—the numbers multiplied by and immediately preceding—of the 
square roots. 

Thus, to simplify this expression, add the coefficients 3 and 7; the result is 
multiplied by the common radical expression V11, as demonstrated below. 

3V11+7V11 =(3+7)V11 

=10V11 

14.14 Simplify the expression: J12 + /27 

According to Problem 14.13, you cannot add square roots unless they share the 

same radicand. The radicands in this expression (12 and 27) are not equal, so at 

first glance, it appears as though the expression cannot be simplified. However, 
each of the radicands has a perfect square factor, allowing you to simplify. 

282 The Humongous Book of Basic Math and Pre-Algelbra Problems 



Chapter Fourteen — Roots and Radicals Re Eee 

J12 +/27 = J/4-34/9-3 

=(V4-V/3)+(V9-v3) 

= 2/3 +33 

The radicands of the sum are now equal. Add the coefficients of the radical 
expressions and multiply by the shared radical. 

=(2+3)v3 

= 5/3 

Perfect 

squaves ave 

always positive, 
ut perfect cubes 

can be negative. 
IF you multiply a 

negative number 
times itself thvee 
times, the final 

answery Is 

Cube Roots 

IPa-a-a=b,thendo=a 

Memorizing the ten smallest positive perfect cubes is worthwhile, because 
the speed at which you recognize perfect cube factors of radicands is directly 
proportional to the speed at which you can simplify cube roots. 

negative. 
P=4 6 = 216 

28 7 = 343 

2 07 8 =512 

4° = 64 9° = 729 

5? = 1295 10° = 1,000 A cube 

voot looks like a 

squave voot, but 

it has a tiny little 
3 callea the “index” 
tucked into the 
“checkmavk” pavt of 
the vadical symbol. 
Squave voots Aow’t 
need an index 

number, but all 

other voots 

For each positive cube root there exists a corresponding negative cube root. For 
example, 4°=4-4-4=64 and (-4)’ = (—4)(-4) (-4) =-64. 

Consider the list of perfect cubes in Problem 14.15. Each perfect cube is 

associated with the number that must be cubed in order to produce that value; 
for instance, 5° = 125. Because cubing 5 produces 125, the cube root of 125 is 5: 

¥125 =5. 

: fF 59. 

According to Problem 14.15, 9° = 729. Therefore, 729 is a perfect cube and the 

cube root of 729 is 9: 3/729 = 9. Furthermore, the cube root of the opposite of 

729 is equal to the opposite of 9: 4-729 =—9. 
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14.18 Simplify the expression: ¥B4.0 

Unlike Problems 14.16-14.17, the radicand of this expression (54) is nota 

perfect cube. Therefore, to simplify the radical, your goal is to identify factors of 

54 that are perfect cubes. List the factors of 54. 

This is the 
same thing you Ao 

in Problem 14.6, but 
now youve looking 

Lov perfect cube 

actors instead of 

perfect squave 
factovs. 

1, 2; 3,6; 9, 185-27, 54 

Of those factors, the largest perfect cube is 27. Write 54 as a product of two 

numbers, one of which is 27. 

3/54 = 3/97-2 

The cube root ofa product is equal to the product of the individual cube roots. 

997-2 = 327-32 

14.19 Simplify the expression: 4/40. 

To simplify the cube root, identify perfect cube factors of the radicand. The 
largest perfect cube factor of 40 is 8, so rewrite 40 as the product of 8 and 
another integer by dividing 40 by 8: 40 + 8 =5. 

40 = 8-5 
= 8-35 

\ 2 = 245 

: 14.20 simplify the expression: /—16 (4/4). 

i If a root with an odd index (cube roots, fifth roots, seventh roots, etc.) has a 

negative radicand, that negative sign may be moved outside of the radical. In 
this problem, /—16 =—¥16. Rewrite the expression, moving the negative sign 
out of the radicand. 

Roots 

with 

even indices 

(including squave 

voots) can't 

have a negative 
vadicana—you 
won't see a 
negative sign 
under those 
vadicals. 

¥-16 (1/4) =-¥16 (3/4) 

Neither radicand in the product is a perfect cube, but 16 has perfect cube factor 
8. Rewrite 16 as the product 8 - 2 and simplify. 

= —8-2(%/4) 

=(-¥848)(04 
= — 24/2 (9/4) 
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The radical expressions share the same index (3), so the product of the roots is 

equal to the root of the product of the radicands. 

=—-24/2°4 

= —298 

The product of the radicands is a perfect cube; simplify the expression. 

=—2(2) 
=-4 

You conclude that 2/—16 (7/4) =-—4, 

14.21 Simplify the expression: ¥9 (3/48), 
Simplify the radical expression 4/48, noting that the radicand has perfect cube 
factor 8. 

ct V9 (3/48) = 79 (8-6) 

= 99 (38-6) 
= 9-2-6 

Calculate the product of the cube roots and simplify the expression. 

=2-79-¥6 
= 2/9-6 

= 23/54 

The radicand has perfect cube factor 27; simplify the radical expression. 

S27 2 

= 207-42 
=9-3- 3/9 

= 63/2 

14.22 Simplify the expression: a 

It Aoesw’t 
matter that 2 

is stuck between 
the cube voots. As 
long as expressions 
ave multiplied, you 

can move them 
AVOUNA, 

The cube root of a quotient is equal to the quotient of the individual cube roots. 

[2,000 is 8/2,000 

216 3/216 

The radicand in the numerator has perfect cube factor 1,000; the radicand in 

the denominator is a perfect cube: DiGi =.0°: 
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To reduce the fraction to lowest terms, divide the numerator value 10 and the 

denominator value 6 by their greatest common factor, 2. 

5 WY2 
3B 

_ 58/2 ‘ 
3 

[2,000 _ 5¥2 

216 3 

5 
hus, . Itis also correct to report the answer as 3°? : 

Other Roots 

InAices other than 2 ana 3 

14.23 Describe the method used to simplify roots other than square or r cube roots by 
_ generalizing the techniques Bo in Problems 14. ee a 

Consider the preceding problems in this chapter. Before you are asked to 
simplify square roots, Problem 14.2 directs you to construct a list of common 
perfect squares. This is a useful exercise, because it aids in the identification 

of perfect square factors. Similarly, in Problem 14.15, you list common perfect 
cubes before you are asked to simplify cube roots. 

The same inverse relationship exists between all corresponding exponents and 
roots. For example, noting that 5* = 625 (five to the fourth power equals 625) 
allows you to conclude that 625 = 5 (the fourth root of 625 equals 5). 

‘14.24 Simplify the expression: 4/81. 

To simplify a fourth root, you need to identify factors of the radicand that are 

integers raised to the fourth power. Generate a short list of possible candidates 
by raising five consecutive positive integers to the fourth power, beginning 
with 2. 

The expression 7¥] 
asks “What number, if 
vaisea to the fourth 

power, is equal to 

Se 94 =16 

3* =81 

4* = 256 

5* = 625 

6* = 1,296 

Because 3* = 81, you conclude that 4/81 = 3. 
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Construct a list of consecutive integers raised to the seventh power, beginning 
with 2. 

97 =128 

37 =9 187 

There’s no need to generate a longer list, because raising additional integers 

to the seventh power quickly becomes unwieldy: 4’ = 16,384, 5’ = 78,125, and 

6’ = 279,936. As the exponents grow larger, the number of candidate numbers 

you should identify will decrease. In this problem, because 3’ = 2,187, you 

conclude that 7/2,187 = 3. 

14.26 Simplify the expression: $4,096. 

Raise consecutive integers to the sixth power, beginning with 2, until the list 

contains the radicand 4,096 or the list produces a number greater than the 

radicand. 

o'= 64 

3° = 799 

4° =4 096 

Because 4° = 4,096, you conclude that %/4,096 = 4. 

14.27 Simplify the expression: yi215. _  . : . - 

Determine whether the radicand 1,215 is equivalent to an integer raised to the 
fifth power by raising consecutive integers to the fifth power, beginning with 2. 

Ey 

3° = 243 

4°-= 1,024 

5 = 8,125 

Because 1,215 > 4° but 1,215 < 5°, you can conclude that 1,215 is not equal to 

an integer raised to the fifth power; it is not worthwhile to calculate 6° or any 

higher base, because their values will be greater than 3,125. Therefore, your 

goal is to determine whether any of the fifth powers in the list you generated 

above are factors of 1,215. 

Notice that 1,215 + 243 = 5. Rewrite the radicand as the product 5 - 243 = 1,215 

and simplify. 

91,215 = [243-5 

= §/243 - 3/5 
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Theve’s 
nO veason 

to stavt with I, 

because | to any 
Power equals |. 

That Acesn’t veally 
help You simplify 

vadicails, 

IP 4,096 
is on the list, 

youve Aone. If 
you get a number 

lavgev than 4,096, 

then stop making 
the list ana go 

back to see if 
tt contains any 

factors of the 
vadicana. 
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Because 3° = 243, it follows that 4/243 = 3. Substitute this value into the 

expression. 

= 3-3/5 

= 33/5 

You conclude that #7/1,215 = 33/5 : 

14.28 Simplify the expression: 4/7 ,5900. 

Problem 14.24 lists consecutive integers raised to the fourth power. Continue 

the list until it produces a value greater than or equal to the radicand 7,500. 

PS = 16 7 =2,401 

3*=81 8* = 4,096 

4* = 256 9* = 6,561 

5* = 625 10* = 10,000 

6 = 1-296 

Whereas 7,500 is not equal to an integer raised to the fourth power, it is evenly 

divisible by 5*, as demonstrated below. 

7,500 +5* = 7,500 + 625 

= 12 

Rewrite the radicand as the product 625 - 12 and simplify. 

4/7,500 = 625-12 

= 4625 - 4/12 
= 54/19 

14.29 Simplify the expression: 9/192 (93,125 ) 

Consult the list of integers raised to the fifth power presented in Problem 
14.27. The radicand 3,125 appears on the list (5° = 3,125) and radicand 192 

has a factor that appears on the list (2° = 32). Rewrite the expression, explicitly 
identifying factors that are integers raised to the fifth power, and simplify. 

192 (3/3,125 ) = §/32-6 (9/3,125) 

= 932 - 46 (%/3,125) 

If youve 

multiplying a stving 
of numbers and 
vadical expressions 

. 
: 

: “ } 

multiply the numbers 
on MUNA vadicals 

aes =109/6 Sepavately, In this 
Problem,2-S5= 19, 
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OO 

The student has generalized the rule stating, “The root of a product is equal to 
the product of the roots” to subtraction, incorrectly concluding that the root of 
a difference is equal to the difference of the individual roots. Whereas you can 

split a product within a radical into two separate radicals (4 81-16 = 4/81 - 4/16 ) 

you cannot split a difference within a radical into two separate radicals 

(81-16 # #81 — 4/16). 

Ue ANE 

Consult the list of consecutive integers raised to the fourth power presented in = 

Problem 14.28. Note that the radicand 7,203 has factor 7! = 2,401 that appears CZ 
on the list; similarly, radicand 768 has factor 4* = 256 that appears on the list. 
Rewrite the radicands as products that feature these factors. 

4/7, 203 + 4/768 = 4/2,401-3 +4/256-3 

= (2,401 - /3)+ (4/256 - 48) 
= 74/3 + 44/3 

Problem 14.13 states that radical expressions cannot be added unless they have 
the same radicand. More specifically, both the radicands and the indices must 

match in order to calculate the sum or difference of radical expressions. In this 

problem, both roots have an index of 4 and both radicands are equal to 3, so 

the requirements are met and the sum may be calculated. Add coefficients 7 
and 4 and multiply the sum by the shared radical expression. 

=(7+4)4/3 
=1143 

Fractional Exponents 

Changing fractional powers into voots 

A value raised to a fractional power may be rewritten as a radical expression. 
The numerator of the exponent becomes the power of the radicand, and the 
denominator of the exponential power becomes the index, as illustrated below. 

¢ / a yl? = b x 
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In this problem, base 7 is raised to the ; power. The base becomes the radicand 

Use this 
version when 

the vadicana x is 

a \avge numpev ana 

VAISINY it to a power 

vefove taking the 
voot would create 

an even bviggev 

yuwmdbey. 

of the new expression, its exponent is the numerator of the fraction (1), and the 

index of the radical expression is the denominator of the fraction (2). 

ee 

An index of two need not be explicitly written, as it indicates a square root. 

Similarly, an exponent of one may be omitted: 7'= 7. 

m2 = tT. 

Occasionally, an alternate form of the radical expression is preferable, in which 

the entire radical expression—not just the radicand—is raised to the a power: 
a 

xo = (x ) . In this example, the alternative form produces the same result. 

WV? (3/7) 

=V7 

14.33 Rewrite the exponential expression as a radical exp 
ZN oo q / : _ a fe y | : 

As Problem 14.32 explains, the base of the exponential expression (5) is the 
radicand of the new expression, the denominator of the exponent (3) is the 

index of the radical, and the numerator (2) is the power of the radicand. 

52/3 = 3/52 

= 3/95 

(14.34 Rewr e the exponential expression as a radi 

The equivalent radical expression will have a radicand equal to the base (10), 
raised to a power equal to the numerator of the exponent (3), within a radical 
symbol with an index equal to the denominator of the exponent (5). 

10°" os 3/103 

= */1,000 
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The Pe identified i in this erchlen peneriics: a oath root ay al Wa 

of 16 raised to the fifth power. 

16° = ¥16° 
= 4/1,048,576 

The radicand 16° = 1,048,576 is a rather large number, especially when 

simplifying the expression without the aid of a calculator. In fact, simply 
evaluating 16° is a time-consuming task. Given an number raised to a fractional 
exponent, the radicand of the equivalent exponential expression literally grows 
exponentially larger as the base and the numerator of the exponent increase. 

This Srna Pagulitcs the aah root a 16 bas raising the nadine to ene 
fifth power, which results in significantly smaller values. 

16 =(4T6)" 

Note that 2¢ = 16, so it follows that 4/16 = 2. Replace the radical expression with 

its equivalent value in the equation above. 

16’! (2): 
= 32 

Therefore, 16° = 32. 

Roots ae Fortis Ants in Problem 14.36, euien se a root es 

raising the radicand to a power. 

27 = ((R7) 
Recall that 3° = 27, so it follows that 3/97 = 3. Substitute the equivalent value into 

the equation above and simplify. 

BO 7e7® sa BS 

= 81 
id a 

Therefore, 27*” = 81 

xponential expression a asa radical expression and simi O78, 

Both 
of the 

exponential-to- 
vadical expression 
formulas (Prom 
Problems |435 
and 1436) ave 
useful in Aiffevent 
Civcumstoances, If 
you get stuck in a 
problem, vestart 
and try the 
other formula. 
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T”, Dut that’s 
wrong. 
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14.39 Given the radical expression {/2°, identify two diffe ¢ it € ' 

You may only add exponential expressions that have equal bases raised to equal 

powers. Therefore, you cannot calculate the sum of 4°? and 5*” immediately; 

they share the same exponent, but they contain different bases. Convert both 

into radical expressions and simplify. 

4??? +59? = 4? +5? , 
= /64 + /125 

Both radicands have perfect square factors; identify them and simplify the 

expressions. 

= /64 +/25-5 

= /64 + (/25 -V5) 

=8+5/5 

No further simplification is possible. However, there are other, equivalent 

solutions to this problem, based upon the method by which you convert the 

exponential expressions into radical expressions. The answer above assumes you 
apply the formula from Problem 14.35 to rewrite the exponential expressions; if 

you apply the formula from Problem 14.36, you get the solution below. 

(V4) +(V5) =2° +(V5) 
=8+(v5) 

While both 8+ 55 and 8+ (V5 ‘i are equally valid answers, the former is 

preferable; it contains no explicit exponents, so it arguably represents a better 

simplified solution. 

expressions. 

This problem directs you to reverse the procedure explored in Problems 
14.32-14.38. Rather than beginning with an expression containing a fractional 

exponent, it begins with a radical expression and requires you to work 

backward. The same principles apply: 

e The radicand is the base of the exponential expression. 

e The exponent of the radicand is the numerator of the exponent. 

e The index of the root is the denominator of the exponent. 

In this problem, the radicand is 2, its exponent is 5, and the index of the 

root is 6, so /2° = 2°”°. To identify another exponential representation of the 
expression, evaluate 2° before undertaking the conversion. 
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The new radical expression will translate to an exponential expression with a 

base of 32, an exponential numerator of 1, and an exponential denominator 
of 6. 

9/32 = 32" 

14.40 Express the product as a simplified exponential expression: V5 : 35. 

While it is true that the product of two roots is equal to the root of the product 

of the radicands, that relationship only holds true if the indices of the roots are 

equal. In this problem, a square root is multiplied by a cube root, so you cannot 

conclude that V5 . 3/5 is equal to either V5:°5 or /5°5. 

In order to calculate the product, first rewrite the expression as a product of 

exponential expressions. 

You 

Aow't have 

to wvite the | 

exponents ov the 2 

index, but itt makes it 

easier to see where 

all of the numbers 

in the next line 

Ave Coming 

fvow, 

™" = 5? 53 

According to Problem 13.23, the product of two exponential expressions with 

the same base is equal to the shared base raised to the sum of the powers. In 

this problem, 5'” and 5'3 both have a base of 5, so the product is 5 raised to the 

Z + I power. 
3 2 

ad aa 
= 52 3 

Add the fractions by rewriting them in terms of the least common denominator 

6. 

3,2 
— 5) 

5 
= 56 

You conclude that J5 - 3/5 =5°”*. 

14.41 Express the product as a simplified exponential expression: 8/9 . 4. 4 e 

Like Problem 14.39, this expression represents the product of two roots with 

different indices. To multiply them, first rewrite the radical expressions as 

exponential expressions. 

= 93.49 
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2 Express the product as a simplified exponenti 

Chapter Fourteen — Roots and Radicals 

Exponential expressions may be multiplied only when the bases are equal. The 
bases in this expression (2 and 4) are unequal, but because 4 is a power of 2, 

that complication is easily remedied. Note that 2? = 4, so you can replace 4 with 
the exponential expression 2’, which has the necessary base. 

~9¥3. (22) 

According to Problem 13.26, if an exponential expresston is, itself, raised to 

a power, you should raise the base of the expression to the product of the 

exponents. In this problem, 2 is raised to the power of 2, and that expression is 

raised to the a power. 

1 

= 91/3 > os) 

hacer 
— 9/3 97/9 

Now that the expressions share a common base, you can calculate the product 
by adding the exponents. To add the fractions, you must first rewrite them in 
terms of the least common denominator, 9. 

Ue, 

= 93 9 

32 
=99 9 

= o7/9 

You conclude that 3/9 : 9/4 =e! 

Like Problems 14.40-14.41, this problem begins with an expression containing 
radicals with different indices. Rewrite the expression using exponential 
notation. 

1 VG lft 
The bases of the exponential expressions must be equal before you can 

calculate the product. Recall that an exponent of —-1 produces the reciprocal of 

a fraction. Specifically, Problem 13.32 states 37! = ; the reciprocal of 3 is equal 
1 

to —. 

= 34 (31)! 
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An exponential expression that is, itself, raised to a power is equal to the base 

raised to the product of the powers. 

— 31/4 (1) 

= 3/4 (a3) 

The product of two exponential expressions with the same base is that base 

raised to the sum of the powers. 

1 1 Ee 
ii 

— 34 2 

A simplified exponential expression should not contain a negative exponent. 

c 1 1/4 

“(3 
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Chapter I|5 
VARIABLES 

Letters that vepvesent numbers 

Re The principles explored throughout the preceding chapters are not solely 

applicable to real numbers. In fact, the true strength of mathematics lies 
in its abilities to identify unknown values and draw conclusions based on 

known data. In this chapter, you will explore the foundations of variables, 

begin to construct simple variable expressions, and calculate the values 

of those expressions when specific values are assigned to the variables 

within them. 

The two most common Aivections for math problems ave “simplify” (which you've 

Aone a lot of if you've worked through Chapters |-14) ana “solve Pov x.” Befove 

you can solve for x, however, you need to understand what vole x, ov any other 

vaviale, actually plays in an expression. If youve the philosophical type, you a 

wonder, “How can | vepresent that which is unknown by a concrete, known letter! 

| woulaw't let it keep you up at night. Fov now, Pocus on learning the language or 

vavialsles, because the familiavity you'll build in this chapter will be important th 

Chapters |¢ ana |7. 



Chapter Fifteen — Variables 

Types and Uses of Variables 

Constants, unknowns, Aependent, anda independent 

15.1 Identify the variables in the expression: 2x+ 3y’-1. 

This expression is comprised of numbers, operators (that represent addition 
Awide ; : : : : 

“ ae . Beveuce and subtraction), and variables. Variables are letters—in this case x and y—that 

the whee o th represent numbers. For example, 2x is the product of the number 2 and some 

of a civcle by Tue other real number. Rather than write “2 - unknown number,” the variable x 

diameter of the same takes the place of the unknown value. 
Civcle, you always get 

the same Aecimail: 

a =3A4ISI7.... LP you 

have no idea what | 

aw talking about, 

the book gets to 

this in Chapter 

its 

The variables most commonly used in algebra are x, y, 2, w, a, b, c, d, and 

m; textbooks traditionally express variables italicized and in lowercase. 

Occasionally, Greek letters are used as variables. The most common 
Greek variable is z (spelled “pi” and pronounced the same as “pie”) is a 

nonterminating, nonrepeating decimal that represents the quotient of the 

circumference of a circle and its diameter. 

15.2 Describe the difference between variables and constants. _ 

The word “variable” describes any letter that represents a numeric value. 
However, within an expression, some values vary less than others. A “constant” 

is a variable whose value is either permanently or temporarily fixed, even if the 
value is only fixed for the duration of a single problem. This is a very subtle 
distinction, and many textbooks do not differentiate between them; further, not 

all texts agree on the distinction. However, this is a suitable working definition, 

especially in the context of basic algebra. 

Consider the following problem as an example: “Given the expression 4ax, 
assume that a= 5 and evaluate the expression for x= 1, x= 2, and x= 3.” The 

expression 4ax contains two variables (a and x), but one of those variables (a) is 

assigned the same value for the entire problem, whereas the other variable (x) 

truly varies—it is assigned three different values. In this context, though a and x 
are considered variables, ais also considered a constant, because it might as well 

be the fixed, constant number 5, at least in this problem. To help distinguish 

constants, they are often assigned to variables such as a, b, c, and d, whereas 

more generic variables are often identified as x, y, or z. 

To make things even less clea, plain 
olA wumbers ave also calleaA constants. For 

example, in the expression “xy + 2,” the number 2 
is callea a constant because its value Aoesn't 
change. 
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15. 3 The statement iowa den ibes the de formula, which 
_ construct equations whose graphs are straight lis 

variables. Based on the statement, determine whic 
oe explain your answer. 

ee 

number x, you can “caleuliie a corresponding ponte 

Even if you have no knowledge of lines and the formulas used to construct their 

equations, this statement contains all the information you need; the key word is 

“fixed.” Every line has a specific slope (which describes the steepness of the line) 
and a specific y-intercept (which describes an important intersection point on 
the graph). 

Different lines have different slopes and y-intercepts, but all lines have one fixed 

slope and one fixed y-intercept. Because the variables m and b, which represent 
thoée fixed values, do not change if you are discussing a single line, they are 

constants, whereas x and y fall under the less specific category of “variables.” 

15.4 Translate the expression x + 9 into a phrase that describes its valu 

The expression x + 9 represents the sum of an unknown value x and the whole 
number 9. If you add 9 to an unknown value, the result is “nine more than some 
number x,” which is usually written “nine more than a number.” 

15.5 Translate the expression 7y into a phrase that describes its value. 

The expression 7y is read “the product of seven and a number.” It is also correct 
to translate the expression as “seven times a number” or “a number times seven.” 

15.6 Translate the expression 2w- 5 into a phrase that describes its value. 

This expression multiplies the variable w by two and then subtracts five from 
that product. The order of operations applies to expressions containing 
variables, which is why multiplication must be completed before subtraction. 

There are many correct answers to this problem, but a generally preferred 
response is “five less than twice a number.” Other examples of correct responses 

are listed below: 

The “less” 
ana “less thaw’ 
phvases ave tvicky. 
“two less THAN 
a number” means 
x - 2, but “two less a 
number” is 2 - x. The 

ovAey im which you 
subtvact matters: 

x-2andA2-x 

usually aven’+ 

equal. 

e Twice a number less five 

e Five less than a number doubled 

e The sum of twice a number and negative five 

e Two times a number minus five 

Translating between English phrases and mathematical expressions is explored 

further in Problems 15.9-15.20. 

Fs 
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15.7 Describe t 
If you ASSIQn 

a value (usually 
by Substituting 
Something in), it’s an 
MAependent Vaviable, 
I the value is the 
vesult of simplifying 
after Substitution, 
it’s a Aependent 
Vaviable, 

Dependent and independent variables are typically paired with one another, 
appearing in the same equation or formula. The value of a dependent variable 
is dictated by the value of an independent variable. You typically “substitute 
a real number value for one variable in an equation; that value replaces the 
independent variable. Once the formula or equation is simplified, the net result 
is a value for the remaining, dependent variable. 

7 a the Baer of r’ ? and the fied v: ie? m = 3.141519... 
area A of the circle. This formula contains three variables: ° 

The word “fixed” identifies he constant in nh foreule: Tr, nics isa axed value 
not only for this problem but for mathematics in general. The independent 
variable is the variable to which you assign a value, the variable you “substitute 
into,” replacing it with a real number. The problem states, “For any radius value 
ryou choose,” which indicates that you are replacing rwith a value of your 
choice. Thus, ris the independent variable. 

Once a value is assigned to 7, you can square it and multiply by z; that product is 
equal to A. The value of A depends entirely upon the value you choose for 7, so 
A is the dependent variable. 

Constructing Variable Expressions 

aa: English to math 

Y nslate the phras below into a mathe ati 

Six more than a number 

You are directed to write an expression in terms of x, which means the unknown 
number referenced in the expression should be represented by x. Six more than 
some number x is equivalent to the mathematical expression x + 6. 

To check your answer, assign a real number value to x. For example, assume 
the “number” in the expression is one. Six more than one is seven. When you 
replace x with the value you assigned (1), the result is 7, as demonstrated below. 

x+6=14+6 

= 7 
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15.10 Translate the phrase below into a mathematiéal expression written in terms 
of x. LY DO _- ye 

Ye 

Eleven less thana number > 

“Eleven less than a number” is best represented by the expression x— 11. Like 

Problem 15.9, this concept is more easily understood in the context of a real 

number example. Choose a number and substitute it into the phrase; for 

instance, “Eleven less than fifteen.” The result is four: 15 — 11 = 4. 

If the original phrase, itself, did not cue you that you needed to perform 
subtraction, the real number example should. To calculate 11 less than a 

number x, you should subtract 11 from x. 

15.11 Translate the phrase below into a mathematical expression written in terms 

OLX. _ | 

a The difference of a number and eight _ : 

The word “difference” indicates subtraction should be performed. Unlike 

addition and multiplication, the order in which you subtract is important, and 

it is dictated by the order in which the quantities appear in the expression. 

The phrase, “The difference of A and B,” should be translated A — B; the first 

quantity named in the phrase (A) is the first quantity written in the subtraction 
problem. 

Phvases 

that indicate 

In this problem, “a number” appears before “eight,” so the phrase translates 

mathematically as x- 8. 

15.12 Translate the phrase below into a mathematical expression written in terms 
of x. Minus. 

_ Nineteen less a number 

In Problem 15.10, the phrase, “Eleven less than a number” translates into x- 11. 

In order to calculate eleven less than some value, you must subtract eleven 
from that value. This problem contains a phrase that is slightly different; it 
omits the word “than.” If the problem had read, “Nineteen less than a number,” 

the correct answer would have been x— 19. However, the omission of the word 

“than” reverses the order in which you subtract. 

The phrase “nineteen less a number” suggests that you begin with an initial 

value of nineteen and remove some value from it. The result is “less” because 

you subtracted “a number.” Hence, it is represented mathematically as 19 - x. 
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Chapter Fifteen — Variables , 

Ol Xe 

Translate the ph as
 belo 

While it is not an absolute rule without exception, the word “of ” generally 

represents multiplication, especially in the context of fractions. In this problem, 

“one-fifth of a number” is equal to the fraction one-fifth multiplied by the 

number: =e If you wish to express the quantity as a single fraction, divide x by 1 

to express it as a fraction and multiply, as demonstrated below. 

1 % Se ee “ 
1 

The product of six and one less than an 

The word “product” in the phrase indicates multiplication. However, “less 
than” also indicates the presence of subtraction. Read the phrase carefully to 
determine which operations are applied to which quantities. The phrase begins 
with, “The product of six and...,” so you deduce that 6 is multiplied by the value 
following the word “and”; that phrase is “one less than a number.” 

6 - (one less than a number) 

According to Problem 15.10, “one less than a number” should be translated 
x—1. Substitute this value for the parenthetical phrase above. 

6(x- 1) 

Check your answer by translating it back into an English phrase. The expression 
6(x— 1) is read, “Six times one less than some number,” which is equivalent to 

the original phrase given in the problem. 
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Heve ave some 
multiplication 

tviggev words: times, 

ProAuct, of (see 
Problem |S. |3), 
twice, Aouble, 

triple, quadvuple, 

etc, 

“More than” indicates that the answer will contain addition. “Twice” is a specific 
indicator of multiplication—twice a number is equal to that number multiplied 
by two. There are two operations present in this phrase, so both must appear 
in the mathematical expression. Reread the phrase carefully: “Four more than” 
indicates you should add four to the phrase that follows, “Twice a number.” 

(Twice a number) + 4 

Twice some number x is written 2 - x or 2x. Substitute this into the parenthetical 

phrase above. 

2x+4 

Thérefore, four more than twice a number is translated mathematically as 

2x+ 4. 

( ven a real nun ber, dhe quotient of one more ete 1 

pumb r and one - han the number 

The word mentieut® indicates division. In this problem, you are dividing 
two quantities: one more than some number and one less than that original 
number. One more than a number is written x + 1; one less than a number is 

written x— 1. 

Like subtraction, the order in which a division problem states its quantities 
is important. The quotient of A and Bis equal to A + B; the first value in the 
phrase is the dividend and the second value is the divisor. This problem states 
that the sum is divided by the difference. 

Another 

Covvect answer 

is — You can 

veverse the numbers 
in the numerator, 

but not in the 

Aenominator. 

x+1 

x—l 

If the problem had not specifically instructed you to express the quotient as a 

fraction, the answer (x + 1) + (x— 1) would also have been acceptable—as long 

as both sets of parentheses are included. 
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15.17 Translate the phrase below into a mathematical expression written in terms _ 
of x. oe 

The square of the sum of a number and three — 

The phrase, “The square of” indicates that the phrase that immediately follows 

should be raised to the second power; thus, you should square “the sum ofa 

number and three.” Key wovdAs 

that indicate 

addition: sum, move, 

move thaw, in addition 

to, ucveased by, and 

(of course) plus. 

(the sum of a number and three)’ 

The word “sum” cues you to add “a number” and “three.” Replace the phrase 

above with its mathematical equivalent. 

Ce) 

15.18 Translate each of the phrases below into a mathematical expression written in 
terms of x: : - 

(a) Theoppositeofthesquareofanumber = | 

(b) The square of the opposite of a number , 

(a) You are asked to calculate the opposite of something; specifically, the 

problem asks you to calculate the opposite of the square of a number: x’. 
(Recall that squaring means raising something to the second power.) To 
calculate the opposite of a number, multiply by —-1. Thus, the opposite of x? 
is —1x’ or, more simply, —x”. 

(b) This phrase begins with “the square of,” so the entire quantity that is 
described following those words should be enclosed in parentheses and 
squared. 

(the opposite of a number)? 

The opposite of some number xis the product of that number and —1; in 
other words, the opposite of xis (-1) - x=—x. 

(-x)* 
Notice that the square of a number, x*, and the square of its opposite, 

(—x)*, are both equal to x’. A negative number times itself is a positive 

number. 

(-x)? = (+x) (+x) = x 
Though you can simplify the expression (—x)’ to get x’, the problem 

specifically asks you to express “The square of the opposite of a number” 
mathematically, so the correct answer is (—x)’. 
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Analyze the expression, identify all three operations that are present, and 
determe how each affects the mathematical expression. The first phrase, “nine 
less than,” tells you to subtract nine from the entire phrase that follows. 

(the square of five more than a number) — 9 

The phrase “the square of” directs you to raise the proceeding quantity (five 
more than a number) to the second power. 

(five more than a number)? — 9 

Finally, the remaining parenthetical phrase translates mathematically as x + 5. 
Substitute it into the expression above. 

i (x+5)?-9 Ow Ur 

A quotient is a division problem. The dividend consists of the words between 

“quotient of” and the word “and,” which marks the beginning of the divisor. In 
this problem, the dividend is “triple a number” and the divisor is “the cube of 

another number.” 

Theve coula 

be multiple ANDs 
MA Problem, but it 
shoulan’t be hava te tell which S€pavates 
what youve dividing 
INTO ana what 

you've Aividing BY. 

(triple a number) + (the cube of another number) 

Note that “another number” is used to describe the divisor, so you should use 

different variables for each expression. To triple a number, multiply it by three. 
To cube a number, raise it to the third power. 

(3x) + 9° 

You do not have to use x and y in your answer—just ensure that the variables 
are different. It is also important that 3x be enclosed in parentheses; the answer 
3x + y’ is technically correct here, but parentheses are recommended when 
quantities are multiplied and divided. To avoid using parentheses altogether, 
you may choose to express your answer as a fraction. 

3K 
3 
J 
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Evaluating Variable Expressions 

Substitute val ues into vera 

_ x+1asan example, evaluate the expression given c 

The substitution property a secmialily allen you to reniiee one value with an 

equivalent value. In terms of variable expressions, you will normally replace one 

or more variables with real number values. For instance, you may be asked to 

evaluate the expression x + 1 if x= 2. According to the substitution property, you 

can replace x in the expression x + 1 with its equivalent value, 2. 

x+1=2+1 : 

=3 

You conclude that x + 1 is equal to 3 if you assume that x = 2. 

‘A. 22 Evaluate dee 9 given x= 5, 

enti to the substitution property of ee you can replace xin the 
expression 4x + 9 with the value 5, because x= 5. 

If you need 
to veview the 
ovAev of operations, 

flip pack to 
Chapter 4. 

4x+9=4(5) +9 

Simplify the expression. According to the order of operations, you must multiply 

before you add. 

4(5)+9=20+9 

= 29 

Therefore, 4x+ 9 = 29 if x=5. 

15.23 Evaluate 6x*y given x =—1 and y= 2. 

Replace x with -1 and y with 2 in the expression. Note that you are squaring 
x, so —1 should be placed in parentheses. It is usually beneficial to surround 
numbers with parentheses when they are substituted into an expression, in 
this case resulting in 6(-1)?(2) rather than 6-1’2. The parentheses do not 

add complexity, but they do produce a more meaningful and understandable 
expression. 

The expression 
contains x’, so 

whatever x is, that 
number needs to be 

multiplied by itself: 
DE) = +1 

6x2y = 6(—1)?(2) 

Exponents must be evaluated before you multiply. 

=6(1)(2) 

Multiply from left to right to complete the problem. 

= 6(2) 

=12 

You conclude that 6x*y = 12 if x =—-1 and y= 2. 
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Substitute x, y, and z into the expression. 

x— xy— 4z= (4) — (4)(3) - 4(9) 

The second and third terms, as you count from left to right, contain products. 
Multiplication precedes subtraction in the order of operations. 

= 4—(12)—(36) 
= 4-12-36 
=—8-36 ' 
=-44 

Thus, x— xy -— 4z = —44, if x= 4, y= 3, and z=9. 

Substitute the variables into the expression and simplify. Note that y = 0, so the 
middle term (—xy) will be equal to zero and is effectively eliminated from the 
expression. 

SF eZ 
x — xy—4z =(—6)—(—6)(0)-—4(—5) because the : 

=—6-0+4+20 ProAuct of two 
=-6+20 negatives isa Positive, 

=14 

Substitute the values of x and y into the expression, then simplify the numerator 
and denominator independently. 

20 - y _ 207) =) 

y—x (5) -(7) 
_ 14-5 
25-7 
MG 
~ 18 

Divide the numerator and denominator by their greatest common factor (9) to 

reduce the fraction to lowest terms. 

_ 949 

"48295 
1 

ar =— 

2 
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‘Subsnture the values of x and y into the expression. Grouping symbols—in the 
form of absolute value bars—are present, so the expression within must be 
simplified first. 

5|xy?|=5 )(- x) 

ee Pith 2 in nthe expression, us aie y pith —3, and simplify. 

5|ay*| = 5[(-2)(—3)" 
=5|(—2)(-27)| 
=5|54| 

The absolute value of any positive number is that positive number. 

= 5(54) 

= 270 
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I 5.29 Evaluate the expression ,/y” — x? given x =—4and y= 5. 

The squares of both positive and negative numbers are positive numbers. 

Vy — x? = (5) —(-4)° 

= [95 —(16) 

3 

15.30 Evaluate the expression fa- w)(3w +1) given w= 5: 

15.31 

Substitute w= 5 into the expression. There are three groups present, two 

defined by parentheses and a larger group that is the radicand—everything 
beneath the radical symbol. Begin by simplifying the parenthetical groups 
independently. 

Y-())(3(5) +1) 

3(1—5)(15 +1) 

¥(-4) (16) 

°/-64 

3 —w)(3w +1) 

Radical expressions with even indices cannot have negative radicands. However, 

this expression has an odd index (3), so the negative sign may be moved outside 

of the radical. 

=—-V64 

Because 4’ = 64, you conclude that 364 = 4. 

=-(4) 
=—4 

Therefore, $/(1— w)(3w +1) =—4 if w=5. 

Evaluate the expression —x* + 1 given x= 4. 

Substitute x = 4 into the expression. 

—x°+]=-(4)?4+1 

Notice that only 4 is squared in the expression, not —4. 

=—(16)+1 

=-16+1 

=—15 

Exponents 
come befove 

multiplication: 

JWes you opposite 
adjacent Signs -+ 

which turn inte ca 

oe 
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1S. ee Evaluate the expression (53)" 2 a . given x= 20a 

SibsTtees pe aque of iG akan y into the expression. 

(5x)? ae y ps (5 k 90)? a (16)'”" 

=100'7 =16" 

Apply the formula presented in Problem 14.32 to convert the exponential 

expressions into radical expressions. 

= /100 — 3/16 

The radicand of the square root is a perfect square; the radicand of the cube 

root has perfect cube factor 8. f 

The answer 

10 - 2°” is also 

covvect, because: 

242 =2'-2" 
— De) 

4/3 
=2 

15.33 Evaluate the ox ression Oy3/4 ben ysl 

Substitute the value of y into the expression, rewrite the exponential expression 

as a radical expression, and simplify. 

Dy°/* = 2(81) 
3 

= 2(4/81) 

= 2(3)" 

Exponents must be evaluated before multiplication. 

= 2(27) 
= 54 

Terms ave 
little clumps 

of numbers, 
Vavialbles, ov 

numbers multiplica 
by vaviables. When 

YOU ave aAAing two 

things together ov 
sutvacting one 

thing from another, 
those things ave 

calleA terms, 

Anatomy of an Algebraic Expression 

CoeP ficients, Wade ave unlike terms 

15. 34 4 Identity the terms in the expression: Bet + ee 5. 

The terms in an expression are RIG: . the’ sper one of addition and 
subtraction. They typically consist of a number or variable, may be a product of 
a number anda variable, and may include exponents. This expression consists of 
three terms: 3x’, 11x, and —5. 
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As Problem 15.34 explains, the terms in an expression are separated by addition 
or subtraction symbols. Thus, 6x‘ and y’ are not separate terms because they are 

multiplied; the term containing that product is best written 6x‘y’. There are a 
total of three terms in this expression: 19x’, 6x‘y*, and —6xy. 

According to Problems 15.34—15.35, terms of an expression are separated by 
addition or subtraction. The following expressions are possible solutions to the 
first part of this problem—they both contain terms x, y, and z. 

Roby 7 Wid hat zohed 

Notice that the right expression above contains an additional term, the constant 
11*This does not violate the requirements of the problem, which only require 
that the expressions contain the terms x, y, and z. 

Whereas terms are numbers or variables separated by addition or subtraction, 

factors are numbers or variables that are separated by multiplication. Hence, an 

expression that has factors x, y, and z must contain the product of the variables. 

The following expressions are possible solutions to the second part of the 

problem—they both contain factors x, y, and z. 

xyz —3xyz 

When theve’s no 
number in front 

of a vaviable, its 

coefficient is |. 

When theve’s only a 
negative sign in front 
of a vawviale (like 

-w in this problem), 

the coefficient 

is -I. 

Note: Problems 15.37-15.38 refer | to the expression Tw + Qu! - w +9. 

15 37 Identity de coefficients) in the expression. 

Céefficients are the real numbers in a term ee are multiplied by variables. 

This expression contains four terms, three of which contain variables: 7w*, 2w’, 

and —w. The numbers preceding w’, w‘, and w, respectively, are the coefficients 

of those terms: 7, 2, and -1. 

Note: Problems 3 7-15. a refer to the expression Jw + 2w'—w + 9. 

15.38 Identify the constan() in ‘ihe expression. 

As protlern 15.2 ee the word “constant” may either refer to a variable with 

a fixed value or a real number that appears in an expression. In this problem, 

no variables are assigned values, so the word “constant” refers to the real 

number 9, which (unlike the other terms in the expression) is unaffected by the 

unknown value wand thus remains constant for all values of w. 
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I 5.39 Identify the like terms in the expression: 14x’ + 4x — 6x" 42 

Like terms contain matching variables raised to identical powers. For example, 

14x° and 4x are not like terms. Although they both contain the same variable (x), 

that variable is raised to the second power in one term and the first power in the 

other. 

Notice that terms 14x? and —6x* contain the same variable (x) raised to the same 

power (2). Therefore, 14x* and —6x’ are like terms. 

15.40 Identify the like terms in the expression : 10x" + yx® + _ : 

As Problem 15.39 explains, like terms contain the exact same variable (or 
variables) raised to identical powers. Notice that terms —10x*y and yx° both 
contain the same variables (x° and y) and each variable is raised to the same 

corresponding power (both x’s are raised to the sixth power and both y’s are 
raised to the first power). Although the variables are written in a different order 

in each term, they are still like terms, according to the commutative property of 

multiplication. 

Which says that you can 

multiply in any ovdey you want ana 

you get the same thing: 

2 G42 6 
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Chapter 16 
SIMPLIFYING VARIABLE EXPRESSIONS 

Ada, suotvact, and multiply things that have vaviables 

Basic math and pre-algebra topics often follow a predictable pattern, 

because the sequence of topics is a reliable scaffold for the construction of 

algebraic understanding. As the preceding chapter introduced variables 

and variable expressions, important new concepts, this chapter will serve to 
contextualize those concepts via the same medium used for whole numbers, 

fractions, decimals, percentages, exponential expressions, and radical 

expressions: the application of binary operations. 

That very wovday pavagvarh is basically an apology. In fav move 

words than necessary it says, “As soon as you leavn something new (in 

this case, Chapter |S talked alpout expressions that have x's ANA 

y's in them), the first thing you always have to Ao is add, suldtvact, 

multiply, and Aivide them. It isn’t exciting, so sovvy.” 

One piece of good news: You can forget alpout Aivision, because it’s 

a little too tricky Pov now. Focus on the other three opevations. 



Chapter Sixteen — Simplifying Variable Expressions 

Addition and Subtraction 

Only combine like terms 

16.1 Simplify the expression: 2x* + 5x’. 

This expression contains two terms, 2x° and 5x*. As first explained in Problem 

15.34, two terms are deemed “like terms” if they contain the same variables 
raised to the same powers. In this example, both terms contain the same 
variable (x) raised to the same exponent (3), so 2x’ and 5x’ are like terms. 

This is 
not true Lor 

multiplication (ov 
Avision). You can 
multiply unlike terms 
together just as easily 
as like tevrms—theve's 
WO vestviction on 
PvoAucts (ov 
quotients), 

Distinguishing between like and unlike terms is important when simplifying 
expressions, for one specific reason: You can only add or subtract like terms. 

Unlike terms cannot be combined via addition and subtraction. 

To add the like terms, add their coefficients (2 and 5, respectively) and multiply 

by the shared variable. 

2° + 5x8 = 7x? 

This may feel familiar, as it is very similar to the process used to add and 

subtract radical expressions (outlined in Problem 14.13). To calculate a sum or 

difference of radical expressions, the radicands and indices of each term had to 

be equal. 

16.2 Simplify the expression: 8x° + 4x. 

Because 8x° and 4x are unlike terms (they share the same variable, x, but it is 

not raised to the same power in each term), they cannot be added together. 
Hence, you cannot simplify the expression any further; 8x* + 4x is the simplest 
form of the expression. 

16.3 Simplify the expression: (4x° + 10x) + (11x? + 2x). 

; ov This expression is split into two groups, each in a separate set of parentheses. 
Trick ee However, the terms and the groups are added together, so the terms can be 

You cant regrouped and reordered without changing the value of the expression. 
simplify it! 

re It is helpful—though not required—to rewrite the expression, grouping pairs of 
like terms separately. 

(4x? + 10x) + (11x? + 2x) = (4x? + 11x?) + (10x + 2x) 

Now the parentheses define two groups of like terms, one pair that contains 
x° and one pair that contains x. Add the pairs of like terms independently, by 

calculating the sum of the coefficients of the x’-terms (4 + 11 = 15) and the sum 
of the coefficients of the x-terms (10 + 2 = 12). 

= 15x? +.12x 

b ws eee are 
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16.5 Simplify the expression: V7x! — 9x4 — $22 + 420. 

16.6 

jon: (15x + 2y) + (y+ 8x)+ (Bx + 9+4y). 

There are three categories of like terms in this expression: terms containing x, 

terms containing y, and constants. Regroup all seven terms into groups of like 
terms and calculate the sum of each group. Note that the expression contains 
only one constant, so it appears in a group of its own. 

Constants ave 
tevms that don't 

Contain any vavialles 
at all, like 9, 

(15x + 2y)+(7y+ 8x) + (3x+9+4y) = (15x + 8x + 3x) +(2y+7y+4y)+(9) 

= (23x + 3x) +(9y+4y)+(9) 

= 26x +13y+9 

“Subtracting terms” and “adding negative terms” refer to the same technique, 
which is very similar to the technique used to add terms (described in Problems 
16.1-16.4). You can subtract terms only when they share the same variables 

raised to the same exponents—when they are like terms. Furthermore, you once 
again combine the coefficients of the like terms, as dictated by the signs. 

Rewrite the expression, grouping the x*-terms and x’-terms separately. 

17x* — 9x4 — 3x? + 4x? = (17x* — 9x") + (-3x? + 42°) 

Notice that an addition symbol is placed between the groups of like terms, 

despite the fact that 3x’ is a negative term. Combine the coefficients of the pairs 

of like terms: 17-9 = 8 and-3+4=1. 

= OX amin 

It is not necessary to write coefficients of 1. However, it is important to 
remember that terms without an explicit coefficient are understood to have a 

coefficient of 1. 

SON Xe 

Simplify the expression: (9x° + Oy) +(x -y). 

Rewrite the expression, grouping like terms. 

(Ox? + By?) + (x? — 9?) = (9x? + x?) + (Sy? — 9?) 

Actually, x’ has 

a coefficient of |, 

but -y’ is negative, so 

it has a coefficient 

of -|. 

Although the x’ and —-y’ terms have no explicit coefficients in the expression, 

Problem 16.5 reminds you that such terms have implied coefficients of 1. 

Combine the coefficients of the like terms: 9 + 1 = 10 and 5-1 =4. 

= 10x? + 4y° 
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16.7 Simplify the expression: (5x- 

Like terms contain the exact same variable or variables, raised to the same 

corresponding powers. In this expression, —4y and —8y are like terms because 

they both contain y'. Notice that —9xy and 2xy are also like terms, because 
they contain the same variables (x and y) raised to the same powers (1 and 1, 

respectively). Rewrite the expression, grouping like terms. 

(5x —9xy—4y) + (2xy— 8y) = (5x) + (-Yxy + Qxy) + (-—4y— 8y) 

Combine the coefficients of the like terms: —9 + 2 =—7 and -4- 8 =-12. 

= 5x-Txy- 12y 

16.8 Simplify the expression: (5x)? — 8x’. _ 

Although 5x and —8x? are not like terms—because the shared variable x is raised 
to different powers in each term—the order of operations prohibits you from 
combining the terms until you apply the exponent 2 to 5x. 

(5x)° — 8x? =5? «x? — 8x? 

= 25x? — 8x? 

Now that the first term has been squared, the resulting expression contains two 
like terms, which can be combined. 

a7 

16.9 Simplify the expression: 4x(xy) — 2y(yx) + 6y(x2). 

This problem requires you to simplify the individual terms before you can 
simplify the expression as a whole. Recall that the product of two exponential 
expressions is equal to the shared base raised to the sum of the powers. 

4x (xy) —2y(yx) + 6y(x?)=4+x-x- yD ye yee +6: yx? 

=x! y — yy + Gy? 

Fov example, 

to calculate 
the proAuct 4x(xy), 

Stavt by writing in 

the implied powers: 

Ax'(x'y'), Then, aaa 
the powers when the 

bases match. In this 
case, 4x' and x'y! 
poth contain an x, 

so the proAuct 

contains 

= 4x7 y — Qy?x + 6 yx” 

Convention dictates that multiple variables within a term should be written 

alphabetically. Thus, —2y’x = —2xy’ and 6yx* = 6x’y. 

= 4x? — 2xy? + 6x?y 

Two of the three terms in the expression are like terms: 4x*y and 6x*y both 

contain x raised to the second power and y raised to the first power. Regroup 
like terms and combine their coefficients. 

= (4x°y + 6x79) — 2x? 
= 10x? y — Qxy? 

x’, 
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» oy ( 16.10. Simplify the expres on: a 4x°) + Txy? + 12x%y. 

The first term multiplies y and y to produce y’; the second term multiplies x and 

x* to produce x’. 

xy(—l0y) — 3xy(—4x*) + Tay? + 12x°y = -lOxy? + 12x°y + Txy? + 12x5y 

Simplify the expression by combining the two pairs of like terms. 

= (—10xy? + Txy?) + (12x°y +12x°y) 

=—3xy? + 24x°y 

The Distributive Property Revisited 

One thing times a bunch of things 

16.11 Apply the distributive property to produce an equivalent expression: x(y +2). 

The distributive property, first introduced in Problem 4.9, allows you to 
multiply a quantity contained within grouping symbols—usually parentheses 
or brackets—by a single term. In this expression, the terms y and z within 
parentheses are each multiplied by x. Rewrite the expression, literally 
distributing the term outside the grouping symbols, multiplying it by each of 
the terms within. 

x(y+z)=x-ytxrz 

= xy + xz 

16.12 Apply the distributive property: 3(x +5). 

Multiply the constant 3 by each of the terms within parentheses. 

3(x+5)=3-x+3°5 

= 3x+15 

16.13 Apply the distributive property: 2(y+ 92). 
ln this 

Distribute 2 to each term in the quantity. It is often helpful to indicate Say oe, 

multiplication using parentheses (rather than dots), especially when terms have ‘ = ollie 
multiple factors or are negative. quantity 

means “things 
in paventheses.” 
YowA veaa 

2) + 12) as, 

“Two times the 
quantity y 

plus 92.” 

2(y+9z) = 2(y)+2(9z) 

= 2y+18z 
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16. 14 Apply the distributive oder ee By . 

This expression is the phodlice of -7 abd a quantity istsin atcnitiones The 
quantity, unlike the preceding examples in this section, contains three terms, 
but the procedure described in Problems 16.11-16.13 applies; —7 is distributed 

to—and hence multiplied by—each term in the quantity. 

—7(4x —5y-1)=-7(4x) —7(-5y)-7(-1) 

Note that you are multiplying by a negative number (—7), so the addition 
signs that appeared between terms in the preceding examples are replaced 

by negative signs. Two of those signs change in the next step, because the 
second and third terms are the products of two negative numbers. Recall that 

multiplying two negative values produces a positive result. . * 

=-28x+ 35y+7 

This expression does not contain any like terms, so you cannot simplify it. 

16.15 Per the distributive Pe ae ye 

In this expression, the term to be dienaenied appears on the aah ade of the 
parentheses. You may choose to rewrite the expression as x(x + 10), so it better 
resembles the preceding examples in this section, but that step is not necessary. 
Regardless of the order in which the expression is written, when a single value is 

multiplied by a quantity within grouping symbols, you can distribute that value 
through the grouping symbols, multiplying by each of the terms within. 

(x+10)x =x(x+10) 

= x(x)+x(10) 

=x +10x 

16.16 Apply the distributive property: by B a _ 

The grouping symbols in this expression are brackets, but the difference 
between brackets and parentheses in an expression is purely cosmetic. One type 
of grouping symbol is not prioritized above another. Mathematically speaking, 
parenthesis and bracket notation are interchangeable. 

5y[8x — 2] =5y[8x]+5y[-2] 

= 40xy -10y 
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Distribute —42’ to each of the terms bounded by parentheses. Note that —4z° and 

6z contain the same variable, so their product will contain z to the sum of the 

powers of z: —4z°(6z) =—242'. 

—42° (5x — 3y + 6z) =—42° (5x”) — 42° (—3y) — 42° (62) 

= —20x"z? +12yz° — 242" 

16.18 Apply the distributive property: 6xy(-2x 

Distributing the term 6xy to the first term within the quantity produces a term 
containing x’; distributing to the second term in the quantity produces a term 
containing y”. 

6xy(—2x — 9y + 7) = 6xy(—2x)+ 6xy(—9y) + 6xy(7) 

= —12x?y — 5Axy? + 42xy 

16.19 Apply the distributive property: 4x*) 

Add the powers of like variables when you distribute 4x’*y’ to each term in 

parentheses. 

Ax? y° (5x° — 8x? y+ xy? — 3y°) = 4x7? (5x° ) + 4x? y° (—8x"y) + 4x7 y° (xy? ) + 4x? y° (- 3y°) 

= 20x?*? y? a B27? yet oe 4° yr? ro 12x? y°** 

= 20x? y> — 32x*y* +.4x°y° —12x7y° 

16.20 Apply the distributive property and simplify: 

——-9x#(10x - 8) + 6x(x? - 2x) - 7(x4+ 4). 

The distributive property is applied three times in this expression. Expand the 

expressions, multiplying the quantities grouped by parentheses by the outer, 

preceding factors. 
Multiply the 

Stu inside each 

Set of Paveutheses by 
the term that’s stuck 

to the outside of that 
Pavticulay set of 

—9x? (10x — 3) + 6x (x? — 2x) —7(x +4) 

= —9x? (10x) — 9x” (—3) + 6x (x?) + 6x (—2x) —7(x) —7(4) 

= —90x?*! + 97x? + 6x!*? —12x'*! —'7x — 28 

= —90x? + 27x? + 6x° — 12x” —7x — 28 

Rewrite the expression, grouping like terms. 

= (—90x° + 6x° ) + (27x? — 12x" ) eo 

=, 84x! +15x* —'7x — 28 
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The FOIL Method 

Fivst, Outev, Innev, Last 

16.21 Demonstrate and explain the FOIL method for multiplying a pair of 
expressions containing two terms each, using (x + y)(a+ 6) as an example. 

Problems 16.11-16.20 explore the distributive property; which allows you to 
multiply an expression within grouping symbols by a single term. The FOIL 
technique also applies to a specific kind of multiplication problem; it calculates 

the product of two quantities, each containing exactly two terms. 

The fancy 
Wovd fov a 

Vavialle expression that Contains two 
terms is “binomial” So YOU CaM say that FOIL 'S USEA to multiply 
Paws of binomials. 

To calculate the product (x + y)(a@+ 6), you must first multiply four pairs of terms 
and then add the results. The letters in FOIL serve as a mnemonic device to 

identify the pairs you are required to multiply: First, Outer, Inner; and Last. 

e First: The first term in each of the quantities, literally the term that 
appears first—the furthest to the left—in each set of parentheses. In 

this expression, the first term of (x + y) is x; the first term of (a+ 0) is a. 

Therefore, the product of the first terms is x: a. 

¢ Outer: The outer terms of the product are the terms that appear at the 
far left and far right side of the expression. In this example, the outer 
terms are xand 3}, as the terms y and aare physically sandwiched between 
x on the left and } on the right. Thus, the product of the outer terms is 

ne: 

e Inner: As explained above, y and aare the inner terms of this product 

because they are located between the outer terms x and b. Thus, the 
product of the inner terms is y- a. 

e Last: The last terms appear at the end of each set of parentheses—the 
right-hand terms in each group. In this expression, the last terms are y 
and 6; their product is y- 8. 

Each of the letters in FOIL represents a product that is calculated in the bullets 
above. The product (x + y)(a+ b) is equal to the sum of those four individual 
products. 

(x+y)(at+b) =(x-a)+(x-b)+(y-a)+(y-8) 

= ax + bx + ay + by 

Remember to list the variables within a term in alphabetical order. For example, 
according to mathematics convention, x + ais best expressed ax. 
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Calculate the products in each row of the table above and add the results. 

(x+2)(x +7) = (a+) +(x+7)+(2-x)+(2°7) 
=x°+7x+2x+14 

Finish simplifying the expression by combining like terms. 
s 

= x°+9x+4+ 14 

16.23 Write the product as a single, simplified express on: (et 9) (ee 

Construct a chart, as demonstrated in Problem 16.22, which identifies the pairs 

of terms required to apply the FOIL method. 

Multiply the terms in each row and calculate the sum. 

(x +9)(x—9) = (x)(x) + (%)(—9) + (9) (x) + (9)(-9) 
=x" —9x+9x—81 

The like terms in the expression, —9x and 9x, are opposites, so the final answer 

will only contain two terms. 

=x? +0x-81 

=x*—81 

The Humongous Book of Basic Math anda Pre-Algebra Problems 

When you multiply 

(x + numbey) by 
(x - wawber), and 

“number” vepresents 
the same value in both 

gvoups, the product is 

x’ - (number). 
In this case, 

(x + D(x - 1) = 

x - 7, 
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Apply the FOIL method to calculate the product. 

(y—3)(2y+1)=(y)(2y) + (9) @) +(-3)(2y) + (3) ) 
=2y? + y-6y—3 

= 2° +(y—6y)—3 
=2y" —5y—3 

‘16. 25. Write the ¢ product asa a single si simplified 

You may wish to use the chart presented in Problems 16.22-16.24 to organize 

the terms into first, outer, inner, and last pairs. However, it is not necessary to do 
so. In the solution below (and in subsequent solutions) the chart is omitted. 

(4x —5)(3x —8) = (4x) (3x) + (4x)(—8) + (—5) (3x) +(—5)(-8) 

= 12x? — 32x —15x+40 

= 12x? —47x +40 

ey the FOIL Mediog to dalediate the peace Nate that the first terms, 
as defined by the FOIL method, are 2x* and 7x’; they have a product of 
1a = 148 

(2x? + 7)(7x° - 1) = (2x? \(7x? ) + (2x? \(- 1)+ (7) (7x? ) +(7)(-1) 

=14x* —2x? + 49x? —7 

=14x* +47x? —7 

Cay. 

16. 27 Exp nd and simply the € expressio : (ay 3)? 
~~ 

N 

To cana a quantity, a that quantity times itself. In the same way you can 
rewrite a’ as a: a, you can express (4y + 3)? as the product (4y + 3)(4y + 3). Apply 
the FOIL method. 
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(4y+3) =(4y+3)(4y+3) 

= (4y)(4y) + (49) (3) + (8)(49) + (8)(3) 
=16y? +12y+12y+9 

=16y? +24y4+9 

More generally, squaring the variable expression (a+ b) produces the 
expression a’ + 2ab + b’. In the context of this problem, a= 4y and b= 3, so 
(a+ b)? is equal to (4y)? + 2(4y) (3) + (3)?, or 16y? + 24y + 9. 

ingle, simplified expression: (x 4y)(8x- 7). 

Apply the FOIL method. In this expression, the first terms are x and 8x, the 
outer terms are x and —7y, the inner terms are —4y and 8x, and the last terms are 

—4y and -7y. 

(x — 4y)(8x — 7y) = (x)(8x)+(x)(—7y)+ (—4y)(8x) ~ (-4y)(—7y) 

- = 8x" — 7xy — 32xy + 28y° 

Combine like terms —7xy and —32xy. 

This 
iS A Very 

COMMON evvoy, 
Students see 
(x + y)* and think 
they should square 
the things in the 

Paventheses one ata 
time, Unfortunately, 

that only works if 
theve's A single term 
" Paventheses. 
In other wWovds, 
(xy) y3 
but (2 + 4 yy? Z 

27+ xP y’. 

= 8x’ — 39xy + 28y? 

6.29 Write the product as a single, simplified expression: (3x°+x)(10x-9). 

Apply the FOIL method to calculate the product. 

(3x? + x) (10x — 9) = (3x?) (10x) + (3x” )(—9) + (x) (10x) + (x)(—9) 

=O0e ere + 10x —9x 

Simplify the expression by combining like terms —27x° and 102’. 

= 30x° — 17x? — 9x 

Rewrite (x+y)? as (x+ y)(x+ y) and apply the FOIL method. 

(x+y) =(x+y)(x+9) 
=(x-x)+(x-y)+(y-x)+(y-y) 
=x? +xytxyty" 

= x? + Qxy+ 9" 

Thus, (x+ y)? = x? + 2xy+ y’. The product does not equal +9. 
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Multiplication 

Multiply coefficients, AAA exponents 
SEY 

As Problem 16.21 explains, the FOIL method may be used to multiply two 
quantites only if each contains two terms. In this problem, the quantity 
(x+y +z) contains three terms, so you cannot apply the FOIL method— 
the terms “first,” “outer,” “inner,” and “last” are not defined for expressions 

containing more than two terms. 

In order to multiply the expressions, you will distribute each of the terms in 
the left quantity (a + b) individually to each of the terms in the right quantity 
(ews Z)s 

Begin with the first term in the left quantity (a); distribute it to each of the 

terms in the right quantity. 

a(x+y+z) =ax+t ayt+ az 

Now distribute the second term of the left quantity (5) to each term of the right 

quantity. 

Each term b(x+ y+ z) = bx t+ by + bz 

in the left 
quantity, one at a 

time, gets multipliea 

by the entive vight 
quantity: 

(atv\x+y+2= 
ax+y+2)+ 

bik + y+ 2) 

The final product is equal to the sum of the six individual products identified 
above. 

(a+ b)(x+ +z) = ax+ ayt az+ bx+ by+ bz 

The order in which the product of expr 

Apply the procedure described in Problem 16.31. Begin by distributing the firs 
term of the left quantity (x) to each term of the right quantity (x° + 4x +5). 

x(x°+4x+5) = 29+ 42° + 5x 

Now distribute the second term of the left quantity (2) to each term of the right 
quantity. 

2(x? + 4x+ 5) = 2x? + 8x+ 10 
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The product (x + 2)(x* + 4x +5) is equal to the sum of the individual products 
identified above. Combine like terms to simplify the expression. 

(x+2)(x? +4x+5)=(x° +4x? +5x)+(2x” + 8x +10) 

=x° +(4x° + 2x?) + (5x + 8x) +10 

=x" + 6x? +13x+10 

Note: ik Probiens 16. 30-16. a you denon Wee conan eae property Os multiplication, 
‘The order? in which the product of expressions is written does not affect the answer. — 1 

‘16. 33 Verify your solution to Problem 16.32 b wouine the yee asa single, 

simplified expression: (x* + 4x + 5) (ed 2). 

Whereas Problem 16.32 has two terms in the left expression, this permutation of 

the same product has three terms in the left expression. The procedure remains 
the same—distribute x’, 4x, and 5—one at a time—to the terms in the right 

expression. 

x (x +2) =x? + 2x? 

4x (x +2) = 4x" + 8x 

5(x+2)=5x+10 

Add the individual products and combine like terms. 

(x? +4x+5)(x+2) = (x* + 2x7) + (4x? + 8x) + (5x +10) 

= x° + (2x? +4x")+ (8x + 5x) +10 

=x + 6x" +13x+10 

Stavting 

with this 

problem, the book 
wvites all of the 

Aistvibution as a 

single step, instead of 
treating each term in 

the left quantity as 
an entively sepavate 

step and then adding 

everything together 
at the ena. No 
chawge tn the 
process—just a 
aiffevent way 

to wvite th. 

The product exactly matches, and therefore verifies, the solution to Problem 

16.32. 

16.34 Write the product as a single, simplified expression: (x — 3)(8x° + 2x— 9). 

Multiply each term of the left quantity by the entire right quantity and add the 

individual products. 

(x— 3)(8x? + 2x—9) = x(8x? + 2x-—9) — 3(8x? + 2x-9) 

Notice that the second term of the left quantity (—3) is negative. Make sure to 

include the sign when distributing. 

= (8x* + 2x* — 9x) + (—24x" — 6x +27) 

= 8x? + (2x? — 24x? ) + (—9x —6x)+27 

= 8x* — 22x” —15x +27 
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16. 5 Write d the product asa single simplified expression: (3y- - Ny + Ly oe 6). 

The right quantity in fe pisduce contains four terms. This ices not affect the 

technique you use to multiply the expressions; each time you distribute the 

terms in the left quantity (3y and —4), it will produce four products. Combine 

like terms in the eight resulting products to simplify. 

(3y -4)(—5y? +119" -y+6) 
= 3y(—5y? +115? — y+ 6)—4(-5y* +115" — y+ 6) 

= (—15y* +33y° — 3y + 18y) + (20y° — 449° + 4 — 24) 

=—15y* +(33y° + 20°) +(—3y" — 449") + (18y+4y) —24 

=—15y* +53y° —47y° +22y—24 * 

» 

‘16. 36 Verity that che ecaic ti described in Problems 16. 31-16. 35 ee 
same result as the FOIL method when multiplying a pair of expressions 

y es two terms. Use (wt 8)(10w— he as an ae 

noe the eee described in Problems 16.31-16. 35, alae (10w —- 3) 

first by w and then by 8. 

(w+ 8)(10w—3)=w(10w -3)+8(10w — 3) 

= 10w* — 3w + 80w — 24 

Before you simplify like terms, notice that this result is exactly the same 

expression that is produced using the FOIL method. 

(w+8)(10w — 3) = (w)(10w) + (w)(—3) + (8) (10w) + (8) (—3) 

=10w? — 3w + 80w — 24 

In fact, not only are the expressions equivalent, they are exactly alike—the 
terms even appear in the same order. The FOIL method is nothing more than 
the general multiplication algorithm with an acronymic name. In either case, 
(w+ 8)(10w- 3) = 10w? + 77w — 24. 

16. 37 Write the product asa single Simplied. expression: 0+ + 6 + a ( y * 3). 
_ 

re to the order of operaciones; malipieadon should be Coe roth 
left to right. Begin by multiplying (y+ 1) and (y+ 2). 

(y+1)(y+2)(y+3)=[(y+1)(y +2) ](9+3) 
=[9° +2y+ y+2](y+3) 

=[y° +3y+2](y+3) 

You can 

veverse the 

quantities if you 
want to: 

(y +3)6 +%3y + 2). 
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Distribute each of the terms in the left quantity to the entire right quantity and 
combine like terms. 

= 9° (y+3)+3y(y+3)+2(y+3) 
=y +3y 4 3y° + 9y + 2y+6 
=y+6y +1ly+6 

Like Problem 16.37, this problem is the product of three quantities, each 
containing two terms. Begin by calculating (4w + 1)(2w-6). 

(4w +1)(2w — 6)(w — 9) =[(4w +1) (2w — 6)](w — 9) 

=| 8w° — 24w + 2w — 6 |(w —9) 

=o [ 8w? —22w —6|(w-9) 

Multiply the product calculated above (8w* — 22w- 6) by (w-9), the remaining 

quantity from the original expression. 

= 8w" (w— 9) — 22w(w—-9)—-6(w—9) 

= 8w® —72w* —22w*? +198w — 6w +54 

= 8w® —94w? +192w + 54 

oO wd so 3 ot oO : = = 8. S oO 8 it} A” © = 5 we & 2 ©) ae sp o 2. B > oe om R g © D NS . Or 3B + Oo oe 

Expand the expression, writing the squared quantity as the product of the 

quantity multiplied times itself. 

(x? + 5x + 3)? = (x? + 5x + 3) (x? + 5x + 3) 

Distribute each term of the left quantity to the entire right quantity. 

=? (x" +5x+3)+5x(x° +5x+3)+3(x? +5x+3) 

= (x* + 5x* + 3x7) +(5x° + 25x? + 15x) + (3x? +15x+9) 

Group like terms and simplify the expression. 

= x* +(5x° +5x°)+ (8x? + 25x" + 3x?) +(15x+15x)+9 

=x*+10x* + 31x" + 30x +9 
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16.40 Write the product as a single, simplified expression: (2z— 1)? (2z+ 1). 

Expand the expression and multiply the first two quantities, as you read from 

left to right. 

(2z—1)° (22 +1) = (22-1) (22-1) (2z +1) 

=[(2z-1)(2z-1)|(2z+1) 

= [ 42? —22-22+1](2z+1) 

=[427 —42+1](2z+1) 

Multiply the product calculated above (4z* - 4z + 1) by the rightmost quantity in 

the original expression (2z + 1). 

= 427 (22 +1) —4z(2z +1) +1(2z4+1) 

= 87° +42? — 87? —4z4+2z41 

= 82° —4z7 —9z+1 

16.41 Write the product as a single, simplified expression: 

cS (8 Bx 42+ (Qx— 5) 4 28-7) . : 

Rather than simplify the entire expression at once, calculate the two products in 
the expression independently and then calculate the sum. Begin by expanding 
and simplifying (x* + 8x—- 4)’. 

(x2 +8x—4) =(x? + 8x—4)(x? + 8x—4) 
= x(x" + 8x —4)+8x(x? +8x—4)—4(x? +8x—4) 

2 (x* + 8x° — 4x” ) ds (8x° + 64x" — 32x) a (4x? = O20 16) 

= x* +(8x° + 8x°)+(—4x? + 64x? — 4x”) + (—32x — 32x) +16 

= x* +16x° + 56x" — 64x +16 

Now calculate the product (9x— 5) (x? + 2x— 7). 

(9x — 5) (x? +2x—7) eS 9x (x? + 2x —7)—5(x? + 2x —7) 

= Ox" 18x" — 03x 5x 10x35 

= 9x° + (18x — 5x") + (—63x — 10x) + 35 

= 9x" + 13x" — 73x + 33 

Add both of the results above and combine like terms to simplify. 

(x? +8x—4) +(9x—5)(x? +2x—7) | 

=[x* +16x° + 56x? — 64% +16 ]+[9x* +13x” — 73x + 35 | 

= x* + (16x? + 9x°)+ (56x? + 13x”) + (—64x — 73x) + (16 + 35) 

=x" +25x° +69x* —137%+-51 
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BASIC LINEAR EQUATIONS 

What value of x makes the statement true? 

% While most of the preceding chapters have addressed expressions—strings 
of mathematical terms, factors, and operations that do not contain an 
equal sign—this chapter begins the study of equations in earnest. Because 
an equation is little more than a pair of equal expressions, the concepts 
and skills explored thus far in the book will still prove useful and, in fact, 
necessary. 

The chapter begins by identifying the unique skills that are required to 
solve equations. It then graduates from simple, one-step equations to those 
requiring multiple steps to solve. It concludes with a review of proportions, 
providing the rationale for the techniques first discussed in the context of 
percentages in Chapter 12. 

SN equations is much move fun, at least iM my humble opinion, than long Aivision ov adding fractions. An equation is Awystevy, a eae It’s aAvaucead version of “Try to guess what number | aw thi ki oe solving the equation 2x + 7=249 is the same as answering 
s 

the question, “wW numbey, when multiplica by two and added to seven een is equal to twenty-nine?” 
; : ‘ IN admit that it’s pevhaps not the most Lun Jame ever created, but at least you know if your answer is vight when you've Aone, After alll, if multiplying your 

Fo 
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ee 

Equation Solving Techniques 

eet the equation palancea A linea 

equation is an 

equation that 

contains only one kind 
of vavialble (usually x) 

that is vaised to the 

fivst power. Equations 
that contain x’, 
fov example, ave 
calleA quadvatic 

equations, anda 

they ave solvea 
in a completely 
Aifvfevent 

- Explain otal it means to eal for, or isolate, a aebie ina linear equation. 

<y 

When you solve for the variable in a linear equation, you are physically isolating 
it on one side of the equation. No matter what the original equation looks like, 

you perform a series of well-defined steps, manipulating the appearance of the 
equation without affecting its fundamental defining quality: the expressions 
on both sides of the equal sign have the same value. The eventual goal of this 
process is a single variable, alone on one side of the equal sign. Thus, the 
solution to any linear equation is “x =” or “= x.” 

& 

I 7.2 Solve oe egectign and identify the oT of equality that allows 2 to 
isolate the variable: x+3=11. | 

The solution to the equation x + 3 = 11 answers the question, “What number, 

if added to three, is equal to eleven?” Although you can make an educated 
guess and eventually discern the answer using trial and error, it is important to 
understand the properties of equality that allow you to solve equations. As you 
proceed through the chapter, the equations will become increasingly difficult, 
and intuition alone will be insufficient to find solutions. 

As Problem 17.1 explains, when you are solving linear equations, your goal is 
to isolate x on one side of the equal sign, usually the left side for reasons of 

convention although this has no impact on the answer. Notice that x already 
appears on the left side of the equation; however, the term 3 also appears left of 

the equal sign. 

In order to isolate x, you must eliminate 3 from the left side of the equation, 

but simply subtracting 3 will invalidate the statement. It is very important to 
preserve an equality statement, or the solutions that result will also be invalid. 

Happily, it is a trivial matter to maintain equality in a simple linear equation. 
According to the subtraction property of equality, you may subtract any real 
number value from one side of an equation as long as you subtract the same 
value from the other side as well. 

Think of 
the two sides 

of the equation 
as perfectly 
balaucea weights 
at the ends of a 
Playground seesaw. If 
you subtvact three 
pounds from one Side, 
the only way to keep 
things balance is 
to subtvact three 
pounds from the 
other side, too, 

To summarize, you need to subtract 3 from the left side of the equation, and in 
order to do so, you must subtract 3 from the right side as well, as demonstrated 

below. 
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Combine like terms, which are written above and beneath one another in the 

same columns. 

Meee eee 

— 3 —3 

Kentomet() > == 8 

Omit “+ 0” from the left side of the equation. 

=O 

You conclude that x= 8 is the number that, when added to 3, is equal to 11. 

Like Problem 17.2, this problem contains a variable (x) and a constant (—5) on 

the left side of the equal sign. In order to solve the equation, you must isolate x; 
thigrequires you to eliminate —5 from the left side of the equation. Eliminate 
the constant using its opposite, in this case +5. Add 5 to both sides of the 
equation, as demonstrated below. 

C5 oS 2 

+ 5 +5 

x +. 0 = 3 

The addition property of equality allows you to add any real number value to 
one side of an equation, as long as that value is also added to the other side of 
the equation as well. In this problem, adding 5 to both sides of the equation 
isolates x, and the solution is x = 3. 

4 Verify your solution to Problem 17,3. 

According to Problem 17.3, x = 3 is the solution to the equation x— 5 = -2. 
To verify the solution, replace x in the original equation with the proposed 
solution, 3. Place parentheses around the real number value when you 
substitute it into the equation to avoid errors involving signs. In this problem, 
the parentheses are not particularly helpful, but it is a good practice to employ 

nonetheless. 

sd ==2 

(3)-5 =-2 
3-5 =—2 

—2=-2 

Because you end with a true statement (-2 = —2), you conclude that x = 3 is the 

solution to the equation x— 5 =—2. 
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Consider the operations applied thus far to isolate a variable: 

e In Problem 17.2, the left side of the equation is x + 3. To eliminate 3, you 

combine it with its opposite, -3. The opposite of addition is subtraction, 

so you apply the subtraction property of equality. 

e In Problem 17.3, the left side of the equation is x— 5. To eliminate —5, 

you combine it with its opposite, +5. The opposite of subtraction is 

addition, so you apply the addition property of equality. 

You can 
Aivide both sides 
by any veal number 
except zevo. Division by 

zevo is not allowed. 

In this problem, x is multiplied by the coefficient 9. The opposite of 

multiplication is division, so to eliminate 9 from the left side of the equation you 

must divide both sides of the equation by 9. This is permitted, according to the 

division property of equality. 

9x = 54 

Ox _ 54 
9 9 

Note that 9+9=1and54+9=6. 

Ix=6 

You do not need to write a coefficient of 1—that coefficient is assumed if none is 

written. 

x= 6 

According to Problem 17.5, in order to eliminate whole number coefficients, 

you should divide both sides of the equation by the coefficient. In this problem, 
the coefficient of x is a fraction. To eliminate fractional coefficients, apply the 
multiplication property of equality, which allows you to multiply both sides of 
the equation by the reciprocal of the fraction. 

Technically, 
youve aividing 

both sides of 
the equation by g 

because Aaividing by a 

fraction is the same 
thing as multiplying by 
its vecipvocal. (Flip 

back to Problem 
9.\5 Lov proof!) 

The coefficient of x in this equation is = so multiply both sides of the equation 
3 

Dye e 

When you multiply the fractions on the left side of the equation, the result is 

> which equals 1. 
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[——— 

BES 
yg ge) 
63 —x= —(96 

6% 9 (6) 
3 Ix == (26 «= 3(26) 
3 =~ (26 «= 3(96) 

To simplify the right side of the equation, divide 26 by 1 to express it as a 
fraction. Notice that numerator value 26 and denominator value 2 have greatest 
common factor 2, so reduce the fractions before multiplying. 

aie 
“alte 1 

‘ iG] 1\ 1 

= 39 

17.7 Verify your solution to Problem 6. 

According to Problem 17.6, the solution to the equation =* = SSRN tos 

Replace x in the original equation with the solution, 39. 

=x=26 

2 
—(39) = 26 =(39) 
2 (39 
=—(=— | = 26 ac 

Numerator value 39 and denominator value 3 share greatest common factor 3; 

use it to reduce the fractions and then multiply. 

seh 
(2 = 26 

V1 Aud it’s the 
26 _ 26 only one—lineay 
1 equations only have 
26 = 26 one solution 

The final statement (and thus each of the preceding statements in the problem) 
is true, so you are assured that x = 39 is the solution to the equation. 
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Basic Linear Equations 

Only two steps vequivea 

Problems 17.1-17.7 underscore the importance of isolating a variable in order 
to solve an equation. By ensuring that the variable appears by itself—with a 
coefficient of 1—on one side of the equation, you are assured that the value 
appearing on the other side of the equation is the solution to the linear 
equation. However, isolating a variable is rarely as simple as adding, subtracting, 
multiplying, or dividing by a single real number. 

The following steps outline the general procedure you should follow to solve a 
linear equation. Remember, the final goal of these steps is to isolate the variable 
on one side of the equation. 

1. 

2 

Simplify the expressions on both sides of the equal sign independently. 

Use the addition and subtraction properties of equality to move the 
x-terms to one side of the equal sign. 

Use the addition and subtraction properties of equality to move all 
other terms to the opposite side of the equal sign, as demonstrated in 
Problems 17.2-17.3. 

Combine like terms so that a single x-term appears on one side of the 
equal sign and a single constant appears on the other side. 

Eliminate the coefficient of the x-term using the multiplication property 
of equality or the division property of equality, as demonstrated in 
Problems 17.5-17.6. 

Not all equations will require you to complete each of the steps, but any linear 
equation can be solved by completing these steps in the prescribed order. 

> steps listed in Probler 
Consider the steps outlined in Problem 17.8. Each is listed below and is applied 
to the equation 2x — 7 = 19. 

ih Simplify the expressions on both sides of the equal sign independently. The left 
side of the equation contains unlike terms 2x and —7, which cannot be 
combined. The right side contains the constant 19. This step does not 
apply to this equation, as neither side can be simplified. 

Move all of the x-terms to one side of the equation. Only a single x-term 
appears in the equation: 2x. Thus, all of the x-terms are already located 
on a single side of the equation. 
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‘17.10 

3. Move all of the other terms to the other side of the equation. In Step 2, the 
left side of the equation is designated as the side that will contain the 
variable term 2x. Hence, the right side should contain the constant. To 
eliminate —7 from the left side of the equation, add 7 to both sides. 

IT = 19 

seine] +7 

2a ep 226 

The constants 
“7 ANA +7 on the 

left Side of the 

equation ave also 
combined, They 

AAA up to 0. 

4. Combine like terms on both sides of the equal sign. Technically, this was 
completed in Step 3; constants 19 and 7 are combined to produce a sum 
of 26. 

2x = 26 

5. Eliminate the coefficient of the x-term. To complete the process of isolating x 

on the left side of the equation, divide both sides of the equation by its 
coefficient, 2. 

Qe _ 26 
me eZ 2 

x=13 

The solution to the equation 2x— 7 = 19 is x= 13. 

Solve the equation and verify your solution: 4y-1) 1 _ 

The steps outlined in Problem 17.9 are also applied in this problem, but the 
detailed rationale for each step is omitted. Begin by adding 11 to both sides of 
the equation, in order to move all of the constant terms to the right side of the 

equation. 

Bee 1 

+ ll +1] 

4y + 0 = 12 

Divide both sides of the equation 4y = 12 by the coefficient of y. 

4y=12 

ANS ple 

As 4, 
y=3 

To verify your solution (y= 3), substitute it into the original equation. 

4y—11=1 
4(3)-11=1 
12-11=1 

1=1 

The statement | = 1 is true, so the solution y = 3 is correct. 
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[7.11 Solve the equation: 3x + 5 =0. 

Separate the variable term 3x and constant term 5 on opposite sides of the equal 

sign by subtracting 5 from both sides of the equation. 

8x + 5 = 0 
—- 5 35 

8x + 0 = —5 

Divide both sides of the equation 3x = —5 by 3. 

aN eP 
3 3 

5 
US 

2 

Do not convert the improper fraction into a mixed number or decimal unless 

specifically instructed to do so. 

17.12 Solve the equation: 8w = 9w + 6. 

Both sides of the equation contain variable terms. The second step of the linear 
equation solving process, as explained in Problem 17.8, is to apply the addition 
or subtraction property of equality to move all of the variable terms to one 

side of the equal sign. The right side of this equation contains a constant, so 
designate the left side of the equation for the variable terms. 

Subtract 9w from both sides of the equation to eliminate the variable term from 
the right side of the equation. 

oa 9w + 6 

—9w —9w 

—-lw = 0 + 6 

The equation —lw = 6 may also be written —w = 6. It is not solved for w, because 

its coefficient is not +1. In order to eliminate the —1 coefficient, either multiply 

or divide both sides of the equation by —-1; both operations have the same effect. 

—w=6 

(—1)(-w) =(-1)6 
w=—6 

This line says, “The 
opposite of w is 6.” That also 
meaus the opposite of ¢ is 
equal to w. In other wovds, 
w= -6, 
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i 

Eliminate the constant term -10 from the left side of the equation by adding 10 
to both sides. 

\ 

ie 
3 

+10 +10 

ae 
3 

To solve for y, you must eliminate the fractional coefficient. According to 

Problem 17.6, you need to multiply both sides of the equation by the reciprocal 

fac ich is ——. oO regnieh is 9 

“  h 
y 

Os 
6 

fy 245 
Re 

According to Problem 17.13, y= ae Substitute this value for y in the original 
equation. 2 

Reduce the product, dividing pairs of numerator and denominator values by 
their greatest common factors. Divide 2 and 2 by 2; divide 45 and 3 by 3. 

-10-—S]- =5 
Doin alee: 

1/ 15 
-10——-|-—|=5 

ip 1 

-10-1(-15)=5 

The Humongous Book of Basic Math ana Pre-Algebva Problems 337 



Chapter Seventeen — Basic Linear Equations 

Simplify the left side of the equation; remember that multiplication precedes 

addition: (-—1)(-15) = +15. 

—104+15=5 

5=5 

; 45. 5 
Because the statement 5 = 5 is true, y= a is the correct solution to the 

2 
equation —10— aos 5: . 

Equations Requiring Multiple Steps 

Slightly move complicate Saas 

1. 15 Solve the equation: 3(xt 2) - = 18, 

"naa the left side of the eqnadan by cane the distributing ippery 

3(x)+3(2)=-18 

3x +6=-—18 

Isolate the x-term on the left side of the equation by subtracting 6 from both 

sides. 

3x s+ 6 = .-18 

=6 =6 

3x = —24 
This time 

the bock is Divide both sides of the equation by 3 to solve for x. 

moving all of the Bn 9d 

x-terms to the vight 3 = 734. 

side of the equation Soe 
instead of the left. 
Why? Probably just to 
show you that the x’s 
don't always have to 
go on the left. If you 
sudtvact |7 from, and 

subotvact Sx to, both 

sides, you get the 
same answer with 
the x’s on 
the left. 

1716 Solve ihe equation: W7- oe 5 (= 1) 
ENG 

sea the nntabutive property to ahi the right side of the equation. 

17 -6x=5x-5 

Add 6x to both sides of the equation. 

17 -—- 6x = 5x - 5 

+ 6x = +6x 

Lect. 20 lix = 5 
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Add 5 to both sides of the equation 17 = 11x—5 to isolate the x-term on the right 

side of the equation. 7 

Tian oe 5 

+5 FD 

ean tly FO 

Divide both sides of the equation by the coefficient of x to solve. 

22 _ lx 
11 11 

2x 

This equation contains two sets of grouping symbols, one nested within the 
other. Simplify the expression within the brackets by distributing 3 to the 
quantity (x- 4) and then add 10 to the result. 

i —2[3(x-4)+10]=9x-6 

—2[3(x)+3(—4) +10] =9x-6 

—2[3x-12+10]=9x—-6 

—2[3x —2]=9x—-6 

Distribute —2 to the quantity [3x- 2] to expand the left side of the equation. 

—2[3x]—-2[-2]=9x-6 

—6x+4=9x-6 

Subtract 9x from both sides to eliminate the x-term from the right side of the 

equation. 

(—6x —9x)+4 = (9x —9x)-—6 

—15x+4=-6 

Subtract 4 from both sides of the equation and isolate x. 

~15x+(4-4) =(-6—-4) 
—15x =-10 
—15x _—10 
-15  —-15 

—10 
emer ea —15 

Reduce the fraction to lowest terms and remember that the quotient of two 

negative numbers is a positive number. 

_10 
15 

10-5 
x= 

15+5 

é ee 
3 

The book 
sutvacts Ix 

inside the equation 

itself this time, 

instead of writing 

-Ix underneath both 

sides. If you prefer 
writing tb the other 

way (like Problem 

17.16, which adds 
6x to both sides 

of the equation), 

that’s fine. 

a accion iincics Wann cd Pc dla cAcsPoatiacu™ 
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Distribute x, 8, and 2x to their corresponding quantities and combine like 

terms. 

x (2x —4)+8(x +2) = 2x(x—2) 

[x (2x) + x(—4)] + [8 (x) + 8(2)] = 2x (x) + 2x (—2) 

[ 2x? — 4 ]+[8x +16] = 2x? — 4x 
2x? +(—4x% + 8x) +16 = 2x? — 4x 

2x" + 4x +16 = 2x" — 4x 

This is not a linear equation because it contains x*-terms; the strdtegy you 

use to solve linear equations will not solve quadratic equations. However, if 
you subtract 2x? from both sides of the equation, those terms are eliminated, 

resulting in a linear equation. 

(2x? — 2x?) + 4a +16 = (2x? — 2x") — 4x 

4x+16=—4x 

Subtract 4x from both sides of the equation to group the variable terms right of 
the equal sign. 

(4x —4x)+16 =—4x —4x 

16=—-8x 

Divide both sides of the equation by the coefficient of x to solve. 

16 _-8 
-8 -8 

—2=*x 

Substitute x =— 2, the solution calculated in Problem 17.18, into the equation 
and simplify. 

x (2x —4)+8(x +2) =2x(x-—2) 

—2(2[-2]-4)+8(-24 2) =2(-2)(-2-2) 

—2(-—4-—4)+8(0) =2(-—2)(—4) 

—2(—8)+0=-4(-4) 
16=16 

Substituting x = —2 into the original equation results in the true statement 
16 = 16, which verifies the solution. 
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lS SE NSS 

7.20 Solve the equation: ox 7 = ax a 

Move the x-terms to the left side of the equal sign by subtracting » from both 

sides of the equation. : 

ox-7=2x-25 

(Fx-is] 1=(4x-3x|-25 
4 4 4 

fx-7=-25 

Reduce the fraction to lowest terms. 

eee —7==25 ao 2 

1 
eee? 

iy 

Isolate the x-term on the left side of the equal sign by adding 7 to both sides of 
the equation. 

att (-747)=-2547 

Ly 2h16 
2 

1 
—~x=—18 
2 

Multiply both sides of the equation by the reciprocal of the coefficient of x. 

rte 
2 —36 Ee eee 
2 ] 

x=—36 

The coefficient of x is 2. So 2 / 

multiply everything by a 
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a eee 

: 17.21 Solve the equation: = (4x +30) 49. . 

Distribute the fraction to the terms in parentheses. 

=(4s +30) = 42 

» 

3 3 
5 (4x) Te 5 (30) = 42 

Write each of the whole numbers within parentheses as fractions and multiply. 

seb eee! Bil 

oo oe B; 
5 5 

12, , 9025 49 
5 5+5 

ae 
5 1 

erg 42 
5 

Isolate the x-term on the left side of the equation and eliminate its coefficient. 

Sx+(18-18)= 42-18 

1 
eee 

A 
12\5 en 

Reduce the product on the right side of the equal sign before you multiply. 

i 
at 
x=10 
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SW 2 

In other 

wovds, Aow’t 

get viA of the 

x 
Eliminate = from the right-hand expression by subtracting it from both sides of 

the equation. 

Ratan E 4 *) te 
ee ae fractions until 
Se youve getting via 
2 3 of the fractional 

coefficient in 
front of the 

isolated x-tevm, 

Common denominators are required to simplify the left side of the equation. 

Begin by expressing each term as a variable multiplied by a coefficient. 

1 1 
—=x——x=1 “ee : 

Express the difference on the left side of the equation using the least common 

denominator, 6. 

2 3 
3 
ea 

6 6 

Pe Toy 

6 

1 
—x=1 
6 

To eliminate the fractional coefficient of the x-term, multiply both sides of the 

equation by its reciprocal, fa 

“(3 6 
—|—x}j=--l 
1\6 1 

6-1 6:1 Sees Sa 
1-6 1 

6 6 ey ee 
6 1 

x=6 
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\ \ Z < : x : y 

Note: Problems 17.22-17.24 refer to the equation * = 3 + 1. They compare two different 

ways of solving equations containing fractions. | : - 

17.23 Verify your solution to Problem 17.22 using substitution. - 

According to Problem 17.22, x= 6. Substitute the solution into the original 

equation and simplify. 

aaa : 
33 

Set 
2 3 
3=241 
3=3 

Because substituting x = 6 into the equation produces a true statement, the 

solution is correct. 

Note: Problems 17.22-17.24 refer to the equation ~ = 1. They compare two different 

ways of solving equations containing fractions. 

17.24 Solve the equation once again, but this time, begin by multiplying the entire . 
equation by the least common denominator before you isolate x. 

Rewrite the equation, expressing each x-term with an explicit coefficient. 

1 1 
== a) 
2 

Multiply both sides of the equation by the least common multiple of 2 and 3, 

which is 6. 

1 1 
6| —x |= 6|—x}+60 ()-o{52] +60 

6 6 
—x=—-—x+6 
2 3 

3x = 2x 4-0 

Because you 
Aon't have to spend 

any time wovvying 

about common 

Aenowminators. 

Subtract 2x from both sides of the equation to solve for x. 

3x — 2x = (2x —2x)+6 

lx =6 

x=6 

Compared to the solution in Problem 17.22, fewer steps are required when 
fractions are eliminated early in the equation solving process. 
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You should eliminate the fractions from an equation before you solve it, as 
demonstrated in Problem 17.24. The denominators in this problem are 3 and 9, 
so multiply all of the terms in the equation by the least common 
denominator, 9. 

1H} ae 
Reduce the products before you multiply. 

Tie Tia) hae} 
~ HERE) 

12x -—7=5x+9 

Subtract 5x from—and add 7 to—both sides of the equation, and solve for x. 

(12x —5x)+(—7+7) =(5x —5x)+(9+7) 

7x+0=0+4+16 

7x =16 

dx 16 

Ts 
_ 16 

a 

The denominators in this equation are 8 and 6; multiply all of the terms by the 

least common denominator, 24. 

1 1 Flip back te 
Bo ee Problems 8.|-9.|4 if 

you need to veview 

24 a + (=*)(= es (=*)(25) ae (7*)\(=*) least Common 
1 /\8 ae Ae 1 /\6 1 1 Aenominators. 

24 Stee: 3) = y+(24)(- 5) 

3y +72 = 4y—120 

Isolate the y-terms on the right side of the equation and the constants on the 

left side. 

(3y — 3y) + (72 +120) = (4y — 3y) + (120 +120) 

0+192=1ly+0 
192=y 

ee |v ovo 
a he Humongous Book of Basic Math ana Pve-Algelva Problems 

345 



Chapter Seventeen — Basic Linear Equations 

w Ve cf 27 Solve the equation: (5 x+ | ae -2. 

(es, Apply the distributive property to expand the left side of the equation. 

a M7 ~S 1 (2 2) [31 0e5 Sat ab ag emt te 
Tk2 ee eo 6 

EERE 
1 2 _13 5 lAentify 

the prime 

Lactovizations of 

the Aenominators: 

3=%3 

= 
i BOOS 6 

Multiply all of the terms by the least common denominator, 210. 

(4 : (7 \(=)- (A \2 al | 
~ x |+|——||-= 

1. \14 LL /\35 le yNao 1 6 

Reduce the products before you multiply. 

15 240 e) + (O20 _ (70 240 ve) 4 | 32 240. vaes 
Oe ae 1 a\d ele 1 1 3 1 16 

= (el) CISPR 
15x +12=910x —-175 

GA2 Ss 
\4=2-7 
65 = S- 7 

the LCD is the 
product of the 
unique factors: 

2°3-°S-7=2I0. 

Separate the variable terms and constants on opposite sides of the equation and 

solve for x. 

(15x —15x) + (12+175) =(910x —15x) + (—175+175) 
187 = 895x 

187 i OOOK 

895 895 

187 
895 

Proportions 

TI wo fractions that ave equal 

17, 28 Solve the proportion: — = e 

A proportion is a spacie type of equation; it states that two fractions are equal, 
as exactly one fraction appears on each side of the equal sign. This concept is 
introduced in Chapter 12, where it is used to calculate percentages. In Problems 
12.26-12.29, the cross-multiplication technique is introduced. 

Cross-multiplication is beneficial because it changes an equation entirely 
constructed of fractions into an equation completely devoid of them, simply 
by multiplying the numerator of one fraction by the denominator of the other 
and setting the products equal. In this problem, to cross-multiply, you set the 
products x- 5 and 15 - 2 equal. 
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4 

ee ee ae eres 

x2 - 

15 5 
x-5=15-2 

5x = 30 

Divide both sides of the equation by the coefficient of x to isolate the variable on 
the left side of the equal sign, and thus solve the equation. 

_ 5x _ 30 
: 5 5 

x=6 

Notice that the right side of the equation is negative. Before you cross-multiply, 
you must assign the negative sign to either the numerator or the denominator— 
it does not matter which. In the solution below, the negative sign is assigned to 
thénumerator, 12. 

3. nyeb? 

2 e You cow't 
eee assign the 

2 x negative sign to 

. the numerator AND 
Cross-multiply and solve for x. Lhevounnee 

3-x =2(-12) because a negative 

3x = —24 Awidea bya 

Bx —94 negative is a positive, 

ret ee go ana the vight side 

etd of the equation 
is not positive. 

This equation is not a proportion, because the expression to the right of the 

equal sign is not a fraction. You may express the constant 3 as a fraction and 

then apply cross-multiplication to solve the resulting proportion. 

(=! 
It is equally valid, however, to apply the process first introduced in Problem 

17.24—multiply the entire equation by the least common denominator (5) to 
eliminate the fractions from the equation. The following solution below uses 

the this approach. 
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x+7 

5 

Q\)as0 
(F)e+7)=15 

x+7 =15 

=3 

The book Aoeswt 
show the “subtvacting 

7 from both sides” 
step—probaly because 

the sentence above 
the answer explains 
what's happening. 

Subtract 7 from both sides of the equation to solve. 

17. 31 Solve the proportion: io 

ona nulioly to sae the fractions from the equanea! 

os 

was 

8:3=(x—3)-2 

24 = 2(x—3) 

Apply the distributive property to the right side of the equation. 

24 = 2(x)+2(—3) 

24 = 2x —-6 

Isolate the variable on the right side of the equation to solve. 

24+6=2x+(-6+6) 

30 = 2x 

If you 30 eS 2x 

subtvact 8x 2 2 

fvow both sides, eae 

you get x on the : 
4x — ae a+ 5 vight side. If you 

subtvact Ix from 
yoth sides, you get 
-x, So you have to 
multiply (ov Aivide) 

yoth sides by -| 
to solve fov x. 

- z 

‘Grose ee ea er, the dis busve TOMEI to ie expressions on both 
sides of the equal sign. 

17. 32 Solve the proportion: 

Ag eT 

Gr 2 
(4x —3)-2=9:(x+5) 

2(4x — 3) =9(x«+5) 

2(4x)+ 2(—3) =9(x)+9(5) 

8x -6=9x+45 

If you isolate x on the right side of the equation, it shortens your solution by one 
step. 

(8x — 8x) +(—6 — 45) = (9x — 8x) + (45 — 45) 

—5l=x 
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ee ee ee eee 

17. 33 Sohve the BO eee 
5x 1 te 

ily and apply the ai aibutive property on both sides of thiste equation 

tree 2 

eel a7 

(x—2)-7=(5x—-1)-2 

7(x—2)=2(5x—-1) 

7(x)+7(—2) = 2(5x)+2(-1) 

7x—-14=10x-2 

Isolate x to solve the equation. 

(7x —7x)+(—14+2) = (10x — 7x)+(-24+2) 

—12=3x 

=12 _ 3x 
a 32. ¢3 

—-4=x 

17.34 Solve the proportion: Be i 

‘Ks po on in BAshicin 17. 99, When one ae both) of the fractions ina 

proportion is negative, the negative sign must be assigned to either the 
numerator or the denominator of that fraction before you cross-multiply. In the 
solution below, the negative sign on the left side of the equal sign is assigned to 
the numerator, changing it from 3x to -3x. 

ox x4 

fice) A po 
Sone aor 

oa 

Cross-multiply and solve for x. 

—3x(2) = 8(x+4) 

—3x (2) = 8(x)+8(4) 

—6x = 8x+ 32 

(—6x — 8x) = (8x — 8x) + 32 

—14x = 32 

aR oe 

-14 -14 

32 
x= — 

14 

Reduce the fraction to lowest terms. 

_ 3242 

i {429 
~ >. Es 16 

ay 
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Solving for a Specific Variable 

Same tee ee move vavialbles in oe eee 

Note: Bole I 7 35-1 7.36 refer @ he pee equal nit rs = 10% 

17. 35 Solve the equation f for t. 

xihough 1s = 108i is not a linear equation, you use ne same techniques 

described in the preceding problems to isolate a particular variable on one 
side of the equal sign. To solve an equation for a specific variable, complete the 
following steps: 

Theve ave lots 

of veasonus it’s not 

a lineav equation, 

but one big veason 
is that it contains 

move than one 

vawviale. 

1. Simplify both sides of the equation (if necessary). 

2. Use the addition or subtraction property of equality to move all of the 
terms containing the variable for which you are solving to one side of the 
equation. 

3. Combine like terms. The end result should be a term containing the 
variable for which you are solving on one side of the equation. The other 
side of the equation has no specific form—it may vary. 

4. Eliminate the numbers and variables multiplied by the variable for which 
you are solving. Usually, this is accomplished by dividing both sides of 
the equations by those values. If, however, a fraction is involved, you 

may need to multiply both sides of the equation by the reciprocal. (See 
Problem 17.6.) 

This problem instructs you to solve rs = 10¢ for ¢. Notice that the term containing 
tis already isolated on the right side of the equal sign. In order to solve for ¢, all 

you must do is eliminate its coefficient, 10. Divide both sides of the equation 
by 10. 

rs = 10t 

Bee 
10a s10 

eet 
10 
TS 
—=f 

10 

1 ; 
The answer ic. =t is also correct, because the product rs may be expressed as a 

fraction with a denominator of 1, as demonstrated below. 

1 ers) crs 
— 75 = — - — = 

104 Rio ol 16 
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The term rs, which contains the variable for which you are solving (7), is already 

isolated on the left side of the equation. In Problem 17.35, you eliminate 
a constant using the division property of equality. Use the same strategy to 
eliminate a variable from one side of the equation. In other words, divide both 

sides of the equation by s to solve for 7. Technically, 

you can’t 
rs = 108 divide by s unless 
rs _ 10¢ you assume that s 
saeas cannot equal zevo. 

. 107 You've not allowed to 

divide by zevo, It’s 
a technicality, but 
that’s why the book 
includes “s #0” 
with the final 
answer. 

Bie 10¢ t 
Therefore, the correct solution is r=——, s #0. Note thatr =10-, s#0Oand 

5 S he | : 
r=10t-, s#0are also acceptable solutions. 

S 

“Note: Problems. 1 17 37- 738 refer o the folio | 

U7. 37 Solve the equation 

sok the term cpelanine yon the left side of rite Santen by subtracting 3x 

from both sides. 

3x — y = 6z 

(3x — 3x) — y = 6z— 3x 

== OZ = OX. 

The equation is now solved for —y. To solve it for y, multiply both sides of the 

equation by —1. 

—1(-y) =-1(6z- 3x) 

-1(- 9) =( (—1)(6z) + (-1)(—3x) 

y=—6z+ 3x 

Although the above solution is acceptable, mathematics convention dictates that 

you list the terms in alphabetical order, according to their variables. Thus, the 

preferred solution reverses the terms: y = 3x- 6z. 

Ice 
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| A 

You cow wvite 

this as the sum 

of two sepavate 

fyactions if you 

want to: 

ye 6z 
=— + — 

a A 
Howevey, you shoula 
divide 6 by3 ana 
get 2 to simplify the 

fvaction on the 

vight: 

oY x=—-+2 3 Zz 

352 

Note: Problems 17.37—17.38 refer to the following equation: 3x — y = 62. 

17.38 Solve the equation for x. 

Add y to both sides of the equation to isolate the x-term to the left of the 

equal sign. 

3x — y = 6z . 

3x+(-yt+y)=6z+y 

3x = y+ 6z 

Divide both sides of the equation by 3, so that only x remains on the left side of 

the equation. 

1 
Alternatively, you may multiply both sides of the equation 3x = y + 6z by 3 to 

eliminate the x-coefficient. If you choose this method, it produces the equally 

; 1 
valid solution x = 3 (y - 6z). 

17.39 Solve the equation below for c. 

d= — 4a 

Isolate the term containing c by subtracting 0’ from both sides of the equation. 

d—b’ =(b? —b’)—4ac 

d—b’ =—4Aac 

You are asked to solve for c, and it is multiplied by —4 and a within the term 

—4ac. Divide by those two values to solve for c. 

d=b' =4ac 

Big da 

age 
; 4a a 

—b? +d 
= vs =c,a#0 
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t-———————.S—O  O 

If you choose to assign the negative sign to the numerator of the fraction on the 
left side of the fraction, it produces the equivalent solution below. 

sie td) 

4a hg 
—(-0?) —(d) i 

4a 

2a 

; =c, a#0 
¢ a 

Cross-multiply and divide by any factors that are multiplied by cin order to solve 
LOC 

noe: 
100 w 

cw =100p 

cw _100p 

ww 

100 
ees wt0 

w 

The solution c = 1002, w #0 is also a valid solution. 

x 4atc 

y  atD 

x(at+b)=y(4at+c) 

x(a) + x(b) = y(4a)+ y(c) 
ax + bx = 4ay + cy 
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Subtract ax from both sides of the equation in order to isolate the term 
containing 6 left of the equal sign. 

(ax —ax) + bx = 4ay + cy — ax 

bx = 4ay + cy —ax 

Divide both sides of the equation by x to solve for 5. 

bx _ daytq—ax 
Xx x 

4ay + cy— pa AVtOR=O 20 
x 
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Chapter 18 
CARTESIAN COORDINATE SYSTEM 

A quick wtvodAuction te graphing 

The Cartesian coordinate system allows you to visualize equations 

graphically in a two-dimensional plane using coordinates, pairs of x- and 

y-values that represent points in the plane. Collections of these coordinates 
are called graphs, so the process of plotting collections of related points 

is described as graphing. In this chapter, you will explore the components 
of the coordinate system, plot points, and investigate the graphs of linear 

equations. 

This chapter is very unique, It 
world of gvaphs by first examin 
that act as the skeleton to hol 
After you understand how the 
plotting points, and before long, 
put your equation solving skills £ 

Provides a basic intvoAuction to the 
ng the pieces of a coovdinate System 
A the muscle of points and gvaphs. 
coordinate system works, you'll start 
you'll be graphing lines. You'll even 
vow Chapter |7 to work. 



Chapter Eighteen — Cartesian Coordinate System 

Elements of a Graph 

Axes, quadvauts, and the ovigin 

A Cartesian coordinate system consists of two axes, each representing one 
dimension of the two-dimensional system. Each dimension is described using a 
different variable, so each axis is named after that variable. A typical coordinate 
system has a horizontal axis, which is referred to as the x-axis. 

Positive values of x are plotted on the right half of the x-axis and negative values 
of x are plotted on the left half. This problem asks you to identify the positive 
portion of the x-axis, so darken the right half of the x-axis, as demonstrated 

below. 
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Problem 18.1 explains that the horizontal axis of a typical Cartesian coordinate 
system represents the x-axis. Hence, the vertical axis represents the remaining 
dimension of the two-dimensional system, and it is called the y-axis. The y-axis 
is perpendicular to the x-axis, and at that point of intersection, it—like the 
x-axis—is divided into positive and negative portions. 

The half of the y-axis appearing above the x-axis represents positive values of y, 
so it is darkened in the diagram below, as requested by this problem. The half of 
the y-axis lying below the x-axis represents negative values of y. 

+ y-axis 
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Problems 18.1-18.2 identify the x- and y-axes of a Cartesian coordinate system. 
Those axes intersect at exactly one point, where the lines are perpendicular 
to one another. The point at which the axes intersect is called the origin, as 
illustrated in the diagram below. 

Pevpendiculay 

Vines fovm 90°, ov 

vight, angles. Look at 
Problems 19.2-193 fov 

wove information. 
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dimensional plane into four distinct regions called quadrants. The quadrants 
are numbered for the purpose of reference in a very specific way. Most students 
assume that the quadrants are numbered beginning with the upper-left region. 
However, this is not true. The first quadrant is the upper-right region of the 

plane, and you proceed from there in a counter-clockwise direction. The 
diagram below identifies the quadrants by number. 

: Ana, foy Some 

Il I reason, they ave 
usually labelea with 
Roman numevails, 

Ht | iv 

To complete this problem, plot a point D anywhere in the upper-right region of 
the coordinate plane—the portion of the plane bounded by (but not including) 

the positive x- and y-axes, the darkened portions of the axes that you identified 

in Problems 18.1-18.2. 
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18.5 Plot a point B that lies in Quadrant II of a Cartesian coordinate system. — 

Consider the visual aid presented in Problem 18.4, which labels each of the 

four quadrants in the coordinate plane by number. The second quadrant—also 

called Quadrant II—is the upper-left region of the plane. It is bounded on 

the right by the positive y-axis, and it is bounded below by the negative x-axis. 

To complete this problem, plot a point labeled B that lies in Quadrant II, as 

demonstrated below. 

18.6 Plota point C that does not lie in Quadrants I, H, I, or IV, and is not th 

origin. L 

Because the x- and y-axes bound the quadrants, but do not actually belong to 
the quadrants, any point that lies on either axis (other than the origin) satisfies 
the conditions of this problem. One such point appears in the sample solution 
below. 
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Plotting Points - 
x = hovizontal, y = vertical 

A point on the Cartesian coordinate system is identified by two coordinates 
within parentheses. They take the form (x,y); the x-coordinate is listed first, 

followed by the y-coordinate. The point (4,1) has positive x-coordinate 4. As 
Problem 18.1 explains, points with positive values of x should be graphed on 
the right side of the x-axis. Beginning at the origin, move four grid lines to the 
right. The point will lie along the vertical line labeled 4. 

The point has positive y-coordinate 1. As Problem 18.2 explains, points with 
positive values of y should be graphed along the upper portion of the y-axis, 
above the x-axis. From the origin, move one horizontal line upwards. The point 

(4,1) will lie along this line. 

Therefore, (4,1) is the point at which the vertical line located four units right 
of the origin intersects the horizontal line located one unit above the origin, as 
illustrated in the following diagram. The point is 

above the x-axis 
ANA vight of the 
Y-axis, So it Appeavs 
iM Quadvout |. 
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The x-coordinate of a point dictates whether the point will be located right or 
left of the origin. This point has positive x-coordinate 2; so the point lies along 
the vertical line two units to the right of the origin. The y-coordinate of a point 
determines whether the point will be located above or below the origin. This 
point has negative y-coordinate —3, so the point lies on the horizontal line three 
units below the origin. 
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A yf 

WE / 

Plot point (2,—3) at the intersection of vertical line x = 2 and horizontal line 

=o5, aot , 
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The coordinate system in this problem looks slightly different than the systems 
in Problems 18.7-18.8; the grid lines are omitted. While you may find graph 
paper to be a useful tool as you begin graphing, once you are comfortable with 
the process, you can construct your own axes with regularly spaced marks along 
the x- and y-axes to represent units (instead of full grid lines). The process, 

however, remains the same. 

The x-coordinate is —3, so the point is located on the vertical line three units 

left of the origin. The y-coordinate is —5, so the point isalso located on the 

horizontal line five units below the origin. Plot the point at the intersection of 
the specified vertical and horizontal lines, as illustrated below. 

Positive x: 

move vight 

Negative x: 

wove left 

Positive y: 
move up 

Negative y: 

move Aown 
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To plot a point, begin at the origin and travel the horizontal and vertical 
distances specified by the x- and y-coordinates. The point in this problem is 
located two units left of, and six units above, the origin. 
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Each quadrant is bounded by portions of the x- and y-axes, which define the 
signs of the values within the regions as follows: 

¢ Quadrants I and IV are located right of the y-axis, along the positive 
portion of the x-axis. Therefore, points within these regions have positive 
x-coordinates. 

¢ Quadrants II and III are located left of the y-axis, along the negative 
portion of the x-axis, so they contain points with negative x-coordinates. 

¢ Quadrants I and II are above the x-axis, along the positive portion of the 
y-axis, so the points within those regions have positive y-coordinates. 

¢ Quadrants III and IV are below the x-axis, along the negative portion of 
the y-axis, so points within these quadrants have negative y-coordinates. 

The first two bullets in the preceding list define the signs of the x-values for all 
four quadrants; the final two bullets define the signs of the y-values. Use the 

information in the list to complete the diagram. 

Quadrant II: Quadrant I: 

(—x,+9) (+x,+y) 

Quadrant III: Quadrant IV: 

(—x,-y) (+x,-y) 
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This problem does not provide a system upon which to plot the point. Create 
your own coordinate system using graph paper or by drawing evenly spaced 
marks along the axes. The solution below opts for the latter coordinate system. 
The point (—4,0) is four units left of the origin and zero units above or below it. 

The point lies on the x-axis, four units left of the origin. 

oint (0,2) on a coordinate plane. < 18. 13 Plot the p 

The x-coordinate of this point is zero, so you do not travel any horizontal 

distance. According to the y-coordinate, the point should be located exactly two 

units above the origin along the y-axis. 

ome The Humongous Book of Basic Math ana Prve-Algebva Problems 

“CoovAinate 
plane” ana 
“coovaAinate 
systew’ mean the 
same thing. “Plane” 
just means “flat 
surface that helas 
the graph’—in other 
wovas, the sheet of 

papev you Avaw 

the axes on. 
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/K— 

18.14 Plot the point (-Z.- ;| on a coordinate plane. 

It may help you to convert the improper fractions to mixed numbers, using the 

technique first described in Problem 7.11. 

1 
Plot the point 35 units left of, and 1S units below, the origin. The point should 

lie halfway between —3 and —4 horizontally and halfway between —1 and -2 

vertically. 
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The point lies on the vertical line one unit left of the y-axis and 55 units above 

the x-axis. It is also acceptable to write the y-coordinate as the equivalent 

1 
improper fraction > Thus, A =|— Woes or A=|— LS : 

Equations of Horizontal and Vertical Lines 

“x =” meaws vertical, “y =" means hovizontal 

We i : a _ i SS 

In Problem 18.12, you graph the point (—4,0) on the x-axis, four units left of the 
origin. Note that the y-coordinate of the point is 0. Because you move zero units 
in the horizontal direction—you neither move up nor down from the x-axis 
once you have accounted for the x-coordinate —4 by moving four units left of the 
origin—the point lies on the x-axis. 

In fact, all points with a y-coordinate of 0 lie on the x-axis. Therefore, the 

equation of the x-axis is y= 0. 
So the 

equation of the 
AKIS Aoesn’t have 

an x in it, only a y. 

7» 
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8. 7 Based upon your answer to Problem 18. 16, ident ile equation that 
_ represents the y-axis and pn your answer. ] 

According to Problem 18.16, the cake of the x-axis is y = 0. It is reasonable 

to hypothesize, therefore, that reversing the variables also produces a true 
statement: The equation of the y-axis is x = 0. Not only is it reasonable, it is 
also mathematically correct. Each of the points on the y-axis must have an 
x-coordinate of 0, because signed (positive and negative) x-coordinates would 
move the points in one of the quadrants, as explained in Problem 18.11. 

Just as all points on the x-axis must have a y-coordinate of 0, all points on the 

y-axis must have an x-coordinate of 0: Hence, a point that lies on the y-axis 
satisfies the equation x= 0. 

8 Based upon your answers to Problems 18.16-1 8.17, draw. a heel cor 
oe the equations of horizontal and vertic ee 

According to Problems 18.16, the fidiizoneal mans has equation y= 0. By 
extension, all horizontal lines have equation y= d, where dis its vertical distance 

from the x-axis. For example, a horizontal line that is one unit above—and 
parallel to—the x-axis has equation y= 1. The horizontal line one unit below 
the x-axis has equation y=-l. 

Problem 18.17 explains that the vertical y-axis has equation x = 0. The equations 
of all vertical lines take the form x= d, where dis the horizontal distance 

between the vertical line and the y-axis. For example, the vertical line five units 
left of—and parallel to—the y-axis has equation x =—5. The vertical line five 
units right of the y-axis has equation x= 5. 

Pick one point on the y-axis, say (0, -<) 
Pov exawele. It has coovdinates x = 0 ana y = -6, 

The equation of the y-axis is x = 0. If you substitute 
the x-value of this point into the equation, you get 0 = 0, 

which is true. That means (0,-6) lies on 
the line y = 0. 
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7 

The x-coordinate of Pis —4, which lies on the vertical line x= 

y-coordinate of Pis 3, which lies on horizontal line y = 3. 

-—6 -5 

-1 

=2 

-3 

5 

-6 

- lines intersect. 
\ 

: 18.20 Graph the lines x= 2 and. =. Identify th point at which t 

The graph of x = 2 is a vertical line two units right of the y-axis; the graph of 
y=—5 is a horizontal line five units below the x-axis. The graphs of the linear 
equations intersect at point (2,—5). 
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All vertical lines have equation x = d, where dis the horizontal distance between 
the line and the y-axis. This vertical line is six units right of the y-axis, so the 

equation is x= 6. 

BNE ES me See S . ee : . 5 i : : ee . 

The rectangular shaded region is bounded above by horizontal line y= 2 and 
below by y =-3. The left side of the rectangle lies on vertical line x = —2 and the 
right side is bounded by x= 4. 
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Graphing Lines Using Substitution 
Me in a few x's to make points 

Note: In Problems 18.23-18.24, you create a table of values to ae ao equation 
“yexsl. 

18. 23 Substitute x-values —2, 0, and 3 into ic equation to calculate corresponding 
values of y. 

A table of values is a chart in which the left column contains the x-values that 

you substitute into an equation. The substitution is completed in the right 
column. Each value of x that you substitute into a linear equation corresponds 
with exactly one value of y. Substitute x =—2, x= 0, and x= 3 into the equation, 

using separate rows in the table for each value of x, and calculate yin each row. 

Note: In Problems 18.23-18.24, you create a table of values to aopk linear ae 
y=xe+. 

18. 24 Construct points using the pairs of x- and y-values you generated in Problem 
18.23 and plot them on a coordinate plane to graph the linear gee 

According to Problem 18.23, subeunaeie x =—2 into the Paintin: y=xt] 
produces the corresponding y-value —1. Therefore, the point (x,y) = (-2,-1) 

belongs to the graph of y= x + 1. By the same logic, the points (0,1) and (3,4) 

also belong to the graph. 

Plot all three points on a coordinate plane and draw a line through them to 
graph the equation. The equation y= x + | is a linear equation because all of the 
points on its graph lie on the same line in the coordinate plane, as illustrated in 

the following graph. 

Technically, 
you only need 

two points to Avaw 

the graph of a 
line. It’s a good idea 

to use thvee points, 

howevey, to guava 

against avithmetic 

mistakes. One, 

stvaight line shoula 
pass through all 

thvee points. 

— 
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Note: In Problems 18.25-18.26, you create a table of values to graph linear equation _ 
1 

=——xt 3. J 3° : 

18.25 Substitute x-values -4, 0, and 2 into the equation to calculate corresponding 
_Naluesofy. : ree 

Substitute x =—4, x= 0, and x= 2 into the equation and calculate the 

corresponding value of y for each. Note that even values of x are chosen, 
because the equation requires you to calculate half of x. Choosing odd numbers 
for the table of values will result in fractional coordinates and add unnecessary 
difficulty to the task of graphing in Problem 18.26. 

Choosing 
x= 0 for your 

tale is usually a 
JO0A idea, because 
any term Containing an 
x will vanish, making 
your calculations 
easy. 
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Abeoteliiig to Prchiews 18. 95, ata x= rey x= 0, and x= 9 into nite 
equation produces the following y-values, respectively: y = 5, y= 3, and y= 2. 
Thus, the graph of the line passes through the points (—4,5), (0,3), and (2,2). 

Ne In Problems 18. 27-18. 28, you create a table of values to 
raph i linear ces - < 

eet) 1s eg 6 

18. 7 ‘Choose ee dierent values of. x and substitute thon into the equation oe - 
create a bes of values. 

Pare you ee srilttce of x to substitute into the equation, you should solve 

the equation for y. Otherwise, you will need to solve for y each time you choose 

an x-value. Notice that the equations in Problems 18.23 and 18.25 are already 

solved for y. 

2(—3x+ y)—1= y-2x-6 

2(—3x)+2(y)-1= y—2x-6 
Oot 2) 1=y—27—6 

The Humongous Book of Basic Math ana Pre-Algelbva Problems 375 



Chapter Eighteen — Cartesian Coordinate System 

Isolate the y-term on the left side of the equal sign by subtracting y, adding 6x, 

and adding 1 to both sides of the equation. 

(—6x + 6x) +(2y— y) + (—1+41) =(y—y) + (—2x + 6x) +(-6 +1) 

O+yt+O0=0+4x—-5 
y=4x—-—5 

Choose three values of x to substitute into the equation y = 4x— 5 and create 
a table of values. The solution below uses the x-values 0, 1, and 2, but you may 

select any real number values for x. 

Note: In Problems 18.27-18.28, you create a table oo values to graph linear equation 
2(-3x +y) —1l=y- 2x-6. 

18.28 Use the table of values generated in Problem 18.27 to graph the equation. _ 

Use the x-coordinates you chose in Problem 18.27 and the corresponding 
y-coordinates generated by the table of values to create three coordinate pairs. 
According to Problem 18.27, the graph of the line passes through points (0,—5), 

(1,-1), and (2,3). 
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18. 

You Aow’t 
HAVE to Ao this, 

but if you Ao, 

Like the equation in Problem 18.28, this equation should be solved for y before 
you create a table of values. 

x—3y=15 
Ce ysis eee 

you see that the ies: 
x-values you choose Pes 
for the table shoula eae 
be Aivisible by3 to ee 
AVOIA y's that ave -— 
fractions. 

Divide each of the terms in the numerator by the denominator. 

ee x 
eee 

1a Ree 8 
thy eee 

3 

Choose three x-values to construct a table of values. The solution below 

substitutes x = —3, x= 0, and x= 6 into the equation. 

Plot the resulting points on the coordinate plane. The above table of values 

generates points (—3,—6), (0,-5), and (6,-3). 
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Calculating Slope of a Line 
Vee | 
x, —*, 

Solve for y ov use 

18.30 Line | passes through points P= (1,1) and Q= 6, 2) i in the os below 
Identify the slope of the line by starting at Pand an the total horizontal / 
and vertical distance you travel to arrive at S 

eS A je 

yy 

NS 

Litevally put 
you finger on 

Point P ANA count 
the hovizontal ana 

Vertical lines you Cross until you get to 
Point Q. 

—O : ¢ Ce 
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The slope of a line is defined as its rise (the distance you travel up or down) 
divided by its run (the distance you travel right or left), as you pass from one 
point on the line to another. This quotient is constant no matter which two 
points you choose on the line or the direction you choose to travel between 
those points. 

In Problems 18.34-18.38, you will apply a formula to calculate the rise and run 
(the change in y and the change in x) between points on a line. For now, simply 
begin at one point and jump from gridline to gridline, counting the total 
distances you travel horizontally and vertically. This problem directs you to start 
at Pand travel to Q. This requires you to travel a total of four units to the right 

and one unit up, as illustrated below. 

6 

5 

4 

3 4 units right 
ee ee eS 

2 e ; 

: } 1 unit up 
lt e--------- 4 

Remember that the slope is defined as the rise divided by the run, the change in 
y divided by the change in x. Thus, you should divide the vertical change (1) by 
the horizontal change (4). According to mathematics convention, the slope of a 

line is represented by the variable m. 

1 change in y 
6s == 

ne change in x 

1 
m = — 

4 

1 
The slope of line /is m= a 
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This wovks just 
like x- and y-values 

in the coovdainate 
plane. 

Like Problem 18.30, you should place your finger at point A and count the units 
as you jump from gridline to gridline to reach point B. You will travel a total of 
three units to the right and seven units down, as illustrated below. The direction 

in which you travel is important. Moving right is considered a positive change in 
x; moving down is a negative change in y. 

+x = move vight 
—* = move left 

+y = move up 
-Y = move Aowny 

3 units right 

7 units down 

=2 

-3 

& 

-5 

pare lise 
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The slope (m) of the line passing through Aand Bis defined as the change in y 
(—7) divided by the change in x (+3). 

Note: In Potn 18. 31-18. 32, you travel betes points A= (2, 3) a B- { 7 . _4 a ay 2 

_ different directions to calculate the ee a the bine illustrated i in Problem 1 8. 3 1 

‘18. 32 Taentifyt the horizontal a el dour. acca ey you begin: at point Bi in 
Se Iv and end at vow Ain cas Tee 

fine from Sone Bto paint A requires you to eel up seven units and left 
three units, as illustrated below. 

3 units left 

7 units up 
1 
1 
1 
1 
1 

8 ! 
I 
1 
e 

The total change in yis +7 and the total change in x is -3. Like traveling 
downward in Problem 18.31 resulted in a negative change in y, traveling 
leftward in this problem results in a negative change in x. 

+7 
m = — 

—3 

cp 
m=-— 

3 

Notice that the slope exactly matches the slope calculated in Problem 18.31, so 
no matter which direction you travel along the line, you get the same result. 
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To travel from (—5,2) to (3,2), you move eight units to the right, so the total 

change in xis +8. (As Problems 18.31-18.32 demonstrate, you could also move 
in the opposite direction and will produce the same slope once the calculations 
are complete.) However, you do not move up or down along the path—both 
points are on the same horizontal line so there is zero change in y. Recall that 
the slope is the quotient of the change in y and the change in x. 

ones change a y 

change in x 

0 
m= 

8 

m=0 

Zero divided by any non-zero number is equal to zero. Therefore, the slope of 
the line y= 2 is m= 0. 

ALL hovizontall lines 
have a slope of zevo, 
not just this particular 
hovizontal line. 
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In order to calculate the slope of a line passing through two points without 

graphing those points and counting the distances you travel on the coordinate 

plane, you can apply the slope formula. It states that a line passing through 

Does 

ies 
points (x,, y,) and (xz, y.) has slope m = 

In other words, the slope is equal to the difference of the y-values divided by 
the difference of the x-values. However, it is important to note that the differ- 

ences must be calculated in the same order. For example, if you subtract the 
y-coordinate of the first point from the y-coordinate of the second point in 
the numerator, then you must subtract the x-coordinate of the first point 
from the x-coordinate of the second point in the denominator as well. 

In this problem, a line passes through points (1,1) and (5,2), so x, = 1,9, =1, 
$= 5, and y, = 2. Substitute all four of the coordinates into the slope formula 

and simplify. 

Jeaiel m 
cn 

Peg ik 

Ono 

ms 
4 the formula is 

also much better 

than counting by 
hand when the 

points have fractions 

Lov coovAinates. 

1 
According to Problem 18.30, the slope of the line is m = z so you have 

successfully verified the answer. 

Note that the slope formula does nothing more than calculate the distances that 

you calculated by hand in Problems 18.30-18.33. The numerator of the formula 
(2-1 =1) states that you move a total of one unit up as you travel from (1,1) to 

(5,2); the denominator (5 — 1 = 4) states that you travel a total of four units to 

the right. However, the formula does not require you to graph the points, so it 

generally ee an accurate answer more quickly. 

18. 35 Calculate the slope o of the line passing through the points (4, 6) a and A. a 

Apply the eae cas ee in Problem 18.34, setting x, =—4, y, = 6, 

x, =—l, and y, =—9. 

see 

Xo — % 

Beno (6) 

ao 6 

~ =144 
=15 

e: 3 

The slope of the line passing through points (—4,6) and (—1,-9) is m= —5. 
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18.36 Calculate the slope of the vertical line x =—1 by selecting two points on the line 
_ and applying the slope formula. 

Points on the vertical line x = —-1 have an x-coordinate of —] and a y-coordinate 
that is any real number. For example, the points (—1, 3) and (I, —10) lie on 

the vertical line; these points are used in the solution below. However, you 

may choose any two points (-1, y,) and (-1, y,), as long as both points have 

x-coordinate —l. 

A vertical 

line Aoeswt 

have slope at 

all. It just sticks ee 
stvaight up into the pe 

aiv. Hovizontal lines ts eins (3) 

ave perfectly level, =I 1) 
so they have a slope =~) 
of zevo, Undetnea aa Ty 

slopes and zevo slopes —13 
ave wot the same ee 
thing—they’ve 

opposites. Arithmetic rules prohibit division by zero; the result is best described as 

“undefined.” Therefore, the slope of vertical line x = —1 is undefined. In fact, all 

vertical lines have undefined slopes. 

18.37 A line & passes through points (3,-5) and (—7, c), where cis areal number. For _ 

what value of cis the slope of k equal to = 

In this problem, the y-coordinate of the second point is not known. However, 

you can calculate it by substituting x, = 3, y, =—5, x, =—-7, y, = c, and m = — into 

the slope formula and solving for c. 

a Jove yt 

Xo — X 

3 6-5) 

5) 27) 
Dade 

bers 
Boag GAD 

5a io 

Cross-multiply to solve the proportion. If you need to review proportions and 
cross-multiplication, see Problems 12.26-12.27. 

3(-10) =5(c+5) 
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Apply the distributive property and solve for c. 

3(—10) =5(c)+5(5) 

—30=5c¢+25 

(—30 — 25) = 5c + (25 — 25) 

—55 = 5c 

Bop we 

pee 
-ll=c 

If c=—11, then line k has slope = \ 

18.38 Calculate the slope of the line passing through the points _ 
(5-8) ana (2.3), 

Substitute x, ==, y, =— % 
13 

and y, = a into the slope formula. 

Least common denominators are required to combine the fractions in the 

numerator and denominator. 
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fe 

Simplify the complex fraction. 

=| 4 | 
= —| 

Bil ol 

Numerator value 4 and denominator value 8 have greatest common factor 4. 

Simplify the product before you multiply. 

“Bt 
Stavt by multiplying 
the nuMmevatoy by 
the VeCipvocal of the 

. (Se 
913 | ) € Problem 

-2(-5) 
a 

28 
Ue cas 34 

eyes) Ye LOLS; 
The slope of the line passing through points (5-5 and (-4.2| is 

93 2 4 LoS 
Daa emia 

34. 

18.39 Solve the linear equation 4x + yd for y to calculate the slope fits graph. 

Problems 18.30-18.33 demonstrate how to calculate the slope of a line by 
counting the horizontal and vertical distances between two points on the graph 
of the line. Problems 18.34—18.38 extend that concept, replacing the physical 
act of counting distances on a graph with a formula that accomplishes the same 
goal. In the final three problems of this section, you are presented with a third 

method for calculating the slope of a line. 

If you solve a linear equation for y, such that y is on one side of the equation 
and exactly two terms lie on the other side of the equation (one x-term and one 
constant), the equation is said to be in slope-intercept form. The coefficient of the 
x-term is the slope of the line and the constant is the location at which the line 
intersects the y-axis. For now, you will focus on calculating the slope of the line. 

To solve 4x + y= 7 for y, subtract 4x from both sides of the equation. 

y=—4x+7 

The equation is in slope-intercept form, because it is solved for y and the other 
side of the equation contains exactly two terms, an x-term and a constant. 

Therefore, the slope of the line is m= —4, the coefficient of x. 

18.40 Solve the linear equation 3x— 2y = 18 for y to calculate the slope ofits graph. _ 

Solve the equation for y by subtracting 3x from both sides and then dividing 

each of the terms in the equation by —2, the coefficient of y. 

—2y=—3x+18 
-?2 = Sees 
2 

a 
=—x-9 y a” 

The coefficient of the x-term is the slope of the line: m = 2 
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18.41 Solve the linear equation 2(5x — 3y) + G- 8x+ 1 for y to calculate the slope of 

: “iis eraph. 7. ee 

Simplify the left side of the equation by applying the distributive property. 

2(5x—3y)+9=8x+t1 

2(5x)+2(—3y)+9= 8x41 
10x —6y+9=8x+1 

Isolate y by subtracting 10x and 9 from both sides of the equation and then 

dividing each term by —6, the coefficient of y. 

(10x — 10x) —6y + (9-9) = (8x —10x)+ (1-9) 

—6y=-2x-8 

—6 Ree oe 

Oy ek ae 
—6 —-6 -6 

2 n 8 Sali ole 
*e 66 

Reduce the fractions to lowest terms. 

D2 8+2 
1S See anne, 5 emer 

6+2 =e 

d + = — 

223-418 
1 

The coefficient of the x-term is the slope of the line: m = ee 
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Chapter 19 
BASIC GEOMETRY 

Important facts about simple shapes 

The majority of this book is directed toward the introduction and 

exploration of algebraic concepts and algorithms, but the final three 

chapters present cursory introductions to other basic mathematics 

topics. This chapter discusses fundamental geometric concepts, focusing 

primarily on two- and three-dimensional figures and shapes. As you will 

learn in subsequent courses, geometry is more than simply measuring and 

quantifying these objects. Logical thinking and proof are integral parts of 

geometry, but they are sufficiently complex topics to require more space 

than may be allotted in this chapter. 

eure only going to spend one chapter on geometry, 
rime ov space to Je nto gveat Aetail, Howevey, theve 
tiguves in heve to keep you busy, 
AVE, 

so theve’s not enough 
z : ave enough shapes and 

ANA each of them has its own ( 
. 

pavticulay perimeter, and/ov volume formulas to leavn, They've all listed in Appendix B: Important Formulas Loy easy access. By the way handful of the algebva topics covevea in Preceding chapters throughout, including squave voots, 

you'll see a 
spvinklea 



Chapter Nineteen — Basic Geometry , 

Lines and Angles 

Pavallel, pevpendiculav, acute, obtuse, ana vight 

Parallel lines have equal slopes, so they stay the same distance apart from each 
other infinitely in each direction, never intersecting. This diagram contains 
parallel lines and n. In order to assure students that lines appearing parallel 
truly are, textbooks often indicate parallel lines using arrowheads that appear 
on the lines themselves, in addition to the arrowheads placed at the ends of 
the lines. 

These matching arrowheads 
indicate that lines and n are 
parallel. 
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Perpendicular lines meet at right angles—angles that measure 90 degrees. 
In this diagram, lines /and n are both perpendicular to line g. If you are not 
familiar with the concept of a right angle, picture a square, whose four sides 
all intersect in right angles. In fact, small squares are often used in geometric 
diagrams to indicate perpendicular lines. 

Small squares placed at the 

intersection of two lines 

indicate that those lines are 

perpendicular to each other. 

to the same ine are. to 0 each other: - 

fe this fee lines l a n are both rR to fe same iwi q: fr 
addition, lines /and nare parallel to each other. Thus, two lines perpendicular 

to the same line are parallel to each other. The statement is not only true for this 

specific diagram. Rather, it is true in general, and proving this statement is a 
common exercise for a new student in a geometry course. 

To leavn how toe 
Prove this Statement, 

look at Problem 6.23 i iw 
The Humongous Book of 
GEOMETRY Problems. 
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19.4 Determine whether angle A below is acute or obtuse and explain your answer. 

Angle A is an obtuse angle because its measure is larger than 90°; note that the 
small, circular symbol “°” represents degrees. In other words, angle A is larger 

than a right angle, which measures exactly 90°. The diagram below verifies this 
assumption visually, by constructing a pair of dotted perpendicular lines. The 
right sides of the right angle and angle A overlap, but the left sideof angle A 
extends beyond the left side of the dotted right angle. | 

—— = = = > 

19.5 Determine whether angle B below is acute or obtuse and explain your answer. — 

As the diagram below demonstrates, angle Bis smaller than a right angle, and 

thus measures less than 90°. Any angle measuring between (but not including) 
0° and 90° is defined as an acute angle. Thus, angle Bis acute. 

——— = = > 

PREP — 
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and then draw lines perpendicular at each vertex of the triangle. In the diagram 
below, the extended sides and the lines perpendicular to those sides are drawn 
as dotted segments. ; the “covney” of a 

Sides intevsect. 

Only angle 2 is larger than a right angle, so angles 1 and 3 are acute, and angle 
2 is obtuse. 

Triangles 

fAvea, pevimeter, and the Pythagovean Theovem 
NS 

The area A of a triangle is defined as half the product of its base b and height 

h; thus, A= oh Note that you do not necessarily need to know the lengths of 

all three sides of the triangle. Rather, you need the length of a single side—any 

side—called the base, and the corresponding height, the length of the segment 

perpendicular to the base that ends at the opposite vertex of the triangle. 
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Consider the triangle below, in which one side of the triangle is identified as 

the base. The dotted segment in the diagram is perpendicular to the base 

and extends to the vertex of the triangle opposite that base. The length of the 

dotted line is the height of the triangle. 

base 

In this problem, you are given b= 10 and h= 6. Substitute these values into the 

triangle area formula and simplify the expression. 

1 
A=—bh 

2 

= 5 (10)(6) 

Multiply from left to right, beginning by calculating half of 10, and then 

multiplying the result by 6. 

=5(6) 
= 30 

The area of the triangle with base 10 and height 6 is 30. 

| 19.8 ‘ Calculate the area of a triangle with base 8 and height z 

7 
Substitute b= 8 andh= 6 into the triangle area formula A = bh 

1 
A=—bh 

2 

Hf 
Multiply from left to right. 
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The numerator value 4 and the denominator value 6 share greatest common 
factor 2. Reduce the product before you multiply. 

Ter] 
“UIE 
a 

3 

The area of the triangle with base 8 and height <i is > 

In geometry, 
you identify 
the lengths of 
sides using the two 
letters that mavk 
the endpoints of the 

sides. For example, 
the left side of this 
triangle has endpoints 
A and B, so you can 

‘19. 9 Calculate ae perimeter 9 of fwiangle ABC. 

The sides of triangle ABC have eeethe AB iE BC= 5, and AC= 8. The 

perimeter of the figure is defined as the sum of the lengths of the sides. 

perimeter of triangle ABC = AB+ BC+ AC 

=7+5+8 say AB =7 ov BA=7. 
=12+8 Usually, the letters 
= 90 ave written in 

alphabetical 
ovdey. 

As Problem 19.7 eine the height of a one is defined as the eee of Just like 

the segment that is perpendicular to one side of the triangle (called the base) the symbol for 

and intersects the opposite vertex. In this diagram, the segment with endpoints “perpendiculav” 

Band Dis perpendicular to the side of triangle ABC with endpoints A and C. looks like 

pevpendiculay lines, 

the symbol for 
“pavailel” looks like 
pavallel lines: ||. 

(This is written BD 1 AC; the symbol “L” is read “is perpendicular to,” and the 

segments are named by their endpoints.) In addition, segment BD intersects 

point B, the vertex opposite side AC. 
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Therefore, if the base of the triangle has length AC = 8, the corresponding 

height is BD = 4. Substitute these values into the triangle area formula. 

1 , 

A=—bh 
Z 

5(8)(4) 
= 5|@) ” 

ll uN 
~*~, 
ys — 

The perimeter of a triangle is the sum of the lengths of its sides. Notice that two 
sides of triangle XYZ have the same length. Any triangle in which at least two of 
the sides have the same length is isosceles. Notice that you must add lengths XW 
and WZin order to calculate XZ: 5 + 5 = 10. 

perimeter of XYZ = XY + YZ + XZ 

=13+13+10 

= 26+10 

= 36 

Notice that XZ .L WY, so the base with length XZ= 10 has a corresponding 
height of WY = 12. Substitute these values into the triangle area formula. 

| 
=bh 
2 

5 10)(12) 

A 

> (12) 

=5(12) 

J eee 
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19.12. Calculate the length of the hypotenuse in right triangle LMN below. 

N 

The legs ave 
pevpendiculay, so 

they meet at a 
vight angle. 

If two sides of a triangle are perpendicular, then those sides are defined as 

the legs of the right triangle. The lengths of the sides of a right triangle satisfy 
the following formula, called the Pythagorean Theorem. Assume that aand b 

represent the lengths of the legs and c represents the length of the hypotenuse. 

GOS 

Note that the hypotenuse of a right triangle is opposite the right angle, and it 
is always the longest side: c> aand c> b. In triangle LMN, the perpendicular 
sides—the legs of the right triangle—have lengths 3 and 4. Thus, you can 
substitute a= 3 and b= 4 into the Pythagorean Theorem to solve for c. Note that 
substituting a= 4 and b= 3 into the formula produces the same final result; it 

does not matter which leg length you substitute into each variable on the left 

side of the Pythagorean Theorem. 

a+b =c* 

Cyr Ga 
9+16=¢ 

250 If you 
SQuave c they 

voot, you get c. 

To solve the equation 25 = ¢, take the square root of both sides of the equation. 

Because an exponent of two and a root of two—a square root—are opposites, 

the operations cancel one another, and the result is Vc? =c. 

J25 = Vc? 
SSC 

The length of the hypotenuse of triangle LMNis LN= 5. 
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19.13 Calculate the length of the | 
lengths 8 and 15. : 

Substitute a= 8 and )= 15 into the Pythagorean Theorem and solve for the 

length of the hypotenuse, c. 

a+b =c 

(8) +(15) =e? 

64+225=¢* 

289 =c* 

289 = vc? 
7 =< es gat 

The length of the hypotenuse of the right triangle is 17. 

(19.14 Calculate the area and oe 
and a leg with length 24. - 

In this problem, yo aie aien the Renato the dry potenise and one leg. Set 
c= 25 and either a or b equal to 24 in the Pythagorean Theorem—it does not 
matter which. Solve for the length of the remaining leg. 

G+ =. 

(24)? +5? =(25)° 

576 + b* = 625 

b? = 625 — 576 

b* = 49 

WF =8 
b=7 

If a right triangle has a hypotenuse of length 25 and a leg of length 24, the 
remaining leg has length 7. 
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II 

Quadrilaterals 

Rectawgles, rhombi, squawes, pavallelogvams, tvapezoiAs 

- 

The perimeter of a rectangle, like the perimeter of a triangle or any polygon, is 
the sum of the lengths of its sides. The sides of rectangle ABCD have lengths 11, 
6, 11, and 6. 

A polygon is a 
two-dimensional 

shape with sides that 
ave line segments. 

perimeter of ABCD = AB+ BC +CD+ AD 

* =11+6+11+6 

= 34 

Notice that opposite sides of a rectangle have equal lengths. In this diagram, 
AB= CD= 11 and AD= BC= 6. The longer dimension is the length of the 
rectangle, and the shorter dimension is the width. Therefore, the length of 

rectangle ABCD is [= 11 and its width is w= 6. 

You can also use the formula P= 21+ 2w to calculate the perimeter of a 
rectangle, because two of the sides have length /and two of the sides have 

length w. This formula returns the same value for the perimeter of ABCD as 
calculated above. 

P=21+2w 

= 2(11)+ 2(6) 

=22+12 

= 34 

The area of a rectangle is equal to the product of its length and width. 
Substitute /= 11 and w= 6 into the rectangle area formula A = lw. 

A=lw 

= (11)(6) 
= 66 
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#— 

A diagonal 

connects two 

corners of a figure 
put iswt a side of 
the figuve—it slices 

through the inteviov. 

This Aiagonal 

literally cuts the 
vectangle in 

half. 

400 

Nis IONS eee 

19.16 Calculate : and width 
was . 

the perimeter and area of a rectangle with length | 

Apply the formulas presented in Problem 19.15. Recall that the perimeter is 

equal to twice the length plus twice the width of the rectangle. 

P=21+2w 

= 2(9)+2(4) 

=18+8 

= 26 

@ 

The area of a rectangle is equal to the product of its length and width. 

A=lw 

=(9)(4) 
= 36 

19.17 Calculate the area and perimeter of rectangle WXYZ, illustrated below. . 

Yy 

9 

Z 

| 

You are given the length of one side (WZ= 9) and a diagonal (WY= 15). The 

sides of a rectangle intersect at right angles, so triangle WZY is a right triangle. 

Apply the Pythagorean Theorem to calculate length YZ. 

(Wz)’ + (YZ) =(wYy 

(9)’ +(¥z)° =(15)’ 
81+ (YZ) = 225 

(YZ)° =225-81 

(YZ) =144 

J(vzy =~144 

YZ =12 
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Opposite sides of a rectangle have equal lengths. Therefore, WZ= XY=9 and 
WX= YZ= 12. The longer of the dimensions is the length and the shorter is the 
width of the rectangle: /= 12 and w= 9. Apply the perimeter formula presented 
in Problem 19.15. 

P=21+2w 

= 2(12)+2(9) 

= 24+18 

= 42 

Multiply the length and width of the rectangle to calculate the area. 

A=lw 

= (12)(9) 
=108 

All four sides of a rhombus have equal lengths—if one side has length 10, then 
the three remaining sides have length 10 as well. Therefore, to calculate the 
perimeter P of a rhombus, multiply the length of a single side, s, by 4. 

P=As 

In this problem s = 10. Substitute it into the rhombus perimeter formula. 

P=4s 

= 4(10) 

= 40 

s - Wy 

The height of a rhombus is the length of the perpendicular segment from a 
vertex to the side opposite it. This problem states that the height of the rhombus 
is h = 8. To calculate the area, multiply the side length s = 10 by the height. 

A=sh 

= (10)(8) 
= 80 
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Note: Problems 19.18-19.20 refer to a rhombus with side length 10 and height 8. 

19.20 In the diagram below, the rhombus is divided into three figures, two right 

triangles and a rectangle. Add the areas of the figures to verify your answer to 

Problem 19.19. 

x oD 

Recall that the height of the rhombus, AE = BD = 8, is perpendicular to the 

side from which it extends. Therefore, angles AEF and DBC are right angles. 
Furthermore, triangles AEF and DBC are right triangles. Apply the triangle area 

formula presented in Problem 19.7, setting b= 6 and h=8. 

The legs of 

a vight tviangle 

ave pevpendiculaw, 

so tveat one of them 

as the base and the pease i. . 

other as the height— 
ight triangle 9 

it Aoesw’t matter at 

which is which. ~ 9 (6)(8) 

6 
=|—1|(8 (se 
= 3(8) 
= 24 

Each of the right triangles has area 24. Now calculate the area of rectangle 
ABDE, which has length 8 and width 4. 

Bee. = lw 

= 8(4) 
io 

The area of rhombus ACDF is equal to the sum of the areas of rectangle ABDE 

and right triangles AEF and DBC. 

Area(ACDF) = Area(s ABDE) + Area(s AEF) + Area (a DBC) 

= 32+ 24+ 24 

= 80 

The sum of the individual areas is equal to the area calculated in Problem 19.19 
using the rhombus area formula. 
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FI 

19.21 Calculate the area ofa rhombus with diagonals oflength 4and6. 

As Problem 19.19 explains, the area of a rhombus may be calculated by 
multiplying its height by the length of one side. In this problem, however, you 
are given neither length. Instead, the lengths of the diagonals are known. Apply 
the alternative rhombus area formula below, in which d, and d, represent the 
lengths of the diagonals and A is the area of the corresponding rhombus. 

=5(4)(6) 

(Sj 
=2(6) 

=12 

~*~ 

19.22 Calculate the area and perimeter of a square with side length? 

A square is both a rectangle and a rhombus. Like a rectangle, it contains four 
right angles, and like a rhombus, all four sides are the same length. Therefore, 

you can apply either the rectangle or rhombus area and perimeter formulas to 
calculate the area and perimeter of a square. You should choose the easier of 
the formulas in each case. For example, to calculate the perimeter of a square, 
apply the rhombus perimeter formula. Note that the square has side length 
s=7. 

P=A4s 

= AC?) 
= 28 The avea of aA 

SQUARE is the side 

length SQUARED! 
To generate the area formula for a square, apply the rectangle area formula. 
Note that the length and width of a square are equal: /= w= s, given side length 
s. Substitute s into the rectangle area formula for both /and w. 

A=lw 

= s(s) 
2 

= 

Therefore, the area of a square is equal to the side length raised to the second 

power. 

2 
A'S 

=(7) 
= 49 
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Z 

‘in which LM = 9, MN 

19.23 Classify LMNOas a specific type of quadri ral and calculate its perime 

As explained in Problem 19.1, arrowheads in geometric diagrams indicate 

parallel lines. The left and right sides of this quadrilateral are parallel, as 

each has a single arrowhead on it. Similarly, LM || ON because those sides are 

illustrated with two arrowheads. Quadrilaterals with parallel opposite sides are 

parallelograms. 

All of the quadrilaterals in the preceding problems of this section are also 
parallelograms, but they have additional characteristics that allow you to 
classify them as specific types of parallelograms. LMNO does not have those 
characteristics (its sides are not perpendicular nor are they all the same length), 
so it is not a rectangle, a rhombus, nor a square. However, because it is a 

parallelogram, you conclude that its opposite sides have the same length. 

Therefore, LM= ON=9 and MN= LO= 5. To calculate the perimeter of a 

parallelogram, add the lengths of its sides. 

Perimeter of LMNO = LM + MN + NO+ LO 

=9+5+94+5 
= 28 

The opposite 

ANGLES of a 

pavallelogram also 
have the same 
measuve. In this figure, 

angles L anda N ave 
equal, as ave M 
ana O. 
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Now Problems 19.23-19.24 refer to ee LMNO illustrated in Problem 19, 23, in 
which LM = 9, MN = 5, and RS = 3. 

19.24 Clee the area oO LMNO. 

To calculate the area of a parallelogram, multiply the length of one side (the 
base) by the perpendicular segment that stretches from a vertex to the opposite 
side of the figure (the height h): A = bh. 

In parallelogram LMNO, RS is perpendicular to sides LM and ON. Select one 
of those parallel sides as the base and set the height equal to the length of the 
perpendicular segment: b= ON=9 and h= RS = 3. Substitute these values into 
the parallelogram area formula. 

A=bh 

= (9)(3) 
=27 

Note: Problems 19.25-19.26 refer to quadrilateral WXYZ oe in which WP 1 ZY and — 

17-9. 

ze P 

19.25 Classify WXYZas a specific type of quadrilateral and calculate its perimeter. — 

Unlike the quadrilateral in Problems 19.23-19.24, this quadrilateral has only 

one pair of parallel opposite sides; therefore, WXYZ is a trapezoid. The parallel 

sides of a trapezoid are called the bases, so the bases of WXYZ are WX and 

YZ. The nonparallel sides of the trapezoid are the legs. The legs do not 

necessarily have the same length, but when they do—as they do in WXYZ—the 

figure is best classified as an isosceles trapezoid. 

To compute the perimeter of a trapezoid, add the lengths of the bases and the 
legs. Note that you are given YZ= 9, the length of the longest side. 

Perimeter of WXYZ = WX + XY + YZ+WZ 
=34+54+94+5 
= 

The Humongous Book of Basic Math and Pre-Algebra Problems 405 



Chapter Nineteen — Basic Geometry 

According to Problem 19.25, the parallel sides of a trapezoid are its bases. The 
area of a trapezoid is calculated according to the formula below, in which b, and 

b, are the lengths of the bases and his the height of the-trapezoid. 

h 
A=5( +b) 

The height of a trapezoid is the length of the segment bounded by, and 
perpendicular to, the bases. The height of trapezoid WXYZis WP = 4. Substitute 

b, = 3, b, = 9, and h= 4 into the area formula. (Note that you can reverse the 

bases; substituting 5, = 9 and b, = 3 into the formula produces the same result.) 

h 
A=5(4 +b.) 

5(3+9) 

=5.(12) 
= 2(12) 

=24 

Circles 

Radius, Aiametev, avea, civcumfevence 
ANS 

A circle is defined as the set of points that are equidistant from a fixed point, 
called the center. The center also names the circle. This diagram contains a 
circle named C, so the center of the circle is point Cin the diagram. All of the 
points on the circle, including Xand Y, are the same distance from C, a distance 
called the radius. 
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This problem states that the diameter of circle Cis 14. A diameter of a circle is a 
line segment with endpoints on the circle that passes through the center. Thus, 
XY is a diameter of the circle, because Xand Yare points on the circle and the 
segment passes through center C. A diameter is exactly twice the length of a 
radius, so to calculate the radius of the circle, divide its diameter by two. 

The Aiameter 

of C has length 

radius = diameter +2 = |4, It is made 
eo tt up of two vadii =14+2 

=7 stuck together: 
xC + CY =Xy. All 

vadii have the same 

length, so XY is 

twice as long as 

XC ana CY. 

The radius of circle Cis 7; this is typically written r= 7. Note that the two 
segments in the diagram that begin at Cand end at points Xand Yon the circle 
are radii of the circle, so CX = CY= 7. 

Note: Rotion: 19. 27-19, 29 velo . ae an m Potten 19, 2%, in n which circle : he _ 
diameter 14 and fees X and y ae on the ade = = 

I 9. 28 Caleutate a. area of ae i 

The area af a eitled is cad to the square of its edit mgultinliedd bri the 

mathematical constant 7, a nonrepeating, nonterminating decimal. Unless 

specifically directed otherwise by your instructor, do not estimate the value of 
with a fraction or decimal—leave it in your final answer, as demonstrated in the 

following solution. 

According to Problem 19.27, the radius of circle Cis r= 7. Substitute it into the 

area formula for a circle. 

A=ar’ 

= n(7) 

= (49) 

= 497 

Notes aoe 19. 27-19, 29 refer to the Genus in Froblea: 6 27,1 in ‘which circle c has 
ene I4 and Le x ee Y lie on the circle. : 

27 

19. - Calculate . circumference of f circle C. 

The circumference of a circle is the equivalent of the perimeter of a triangle or 
quadrilateral—it is the total distance around the shape. It is used in lieu of the 
term “perimeter” to acknowledge that a perimeter is defined as the sum of the 
lengths of the sides of a figure, but a circle does not have sides. 

The circumference of a circle is defined as the product of z and the diameter, 
so the circumference of circle Cis 147. Because the diameter of a circle is equal 

to twice the radius, it is common to express the formula as the product of 1 

and 2r: circumference = 2717. 
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\O Note: Problems 19.30-19.32 refer to circle P in the diagram below. Points F and G lie on 

& circle P and FG = 10. 

/ i 

ASS 

19.30 Calculate the radius of circle P. 

Segments PF and PG are radii of circle P, because each has one endpoint on 

the circle and the center of the circle as its other endpoint. Thus, both segments 

have length r. Notice that triangle FPG is a right triangle because the radii in the 

diagram are perpendicular. Apply the Pythagorean Theorem to calculate the 

radius of circle P. 

(FP) +(PG) =(FGY 

(ry +(ry’ = (10) 

r? +r? =100 

2r? =100 

2r? 100 

pe 
r? =50 

Vr? = 50 
Simplify the radical expression, noting that 25 is a factor of 50 and is a perfect 

square: 25 = 5°. 

r= 25-2 

= /25-/2 

= 5/2 
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According to Problem 19.30, the radius of circle Pis 5V2. Apply the 

circumference formula introduced in Problem 19.29. 

C=2ar 

= 2n(5y2) 
=(2:5)-a-J2 

=102J/2 

The area A of the circle is equal to the product of a and the square of the 
radius. 

A=ar° 

2 

=1 (52 ) 

Square each of the factors within parentheses and simplify the expression. 

= 2(5)' (V2) 
= 1 (25)(V4) 

= 257(2) 

= 507 

; total : 
Substitute C = au into the circumference formula and solve for 7. 

C=2zr 

8 
—7=27 3 TG 

‘ ; 1 
If you divide both sides of the equation by 7, or multiply both sides by Fos 
eliminate z from the equation. 
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Cross-multiply to solve the proportion. 

8(1) = 3(2r) 

8=6r 

8 _ 6r 
6He76 

8+2 
——— 
6+2 . 

4 ay 
3 

Solids ss ol 

Volume of prisms, pyramids, cylinders, cones, and spheves 

‘19.34 Calculate the volume of the re tangular prism belo 

A prism is a three-dimensional solid, essentially a two-dimensional figure 
called the base that extends a distance called the height. In this problem, you are 
given a prism with a rectangular base; the base has length 5 and width 4. That 
rectangular base is then extended upwards to a height of 11, creating a solid 
rectangular box with rectangular sides that are perpendicular to the base. 

Think 
of the solia 

as a whole bunch 

of vectangles with 
length 5 and width 
4, stacked up toa 
height of ||. 

If you slice the solid horizontally at any location, the cross-section will be a 
rectangle with the same dimensions as the base. To calculate the volume, 

multiply the area of the base (A,) by the height (A). 

V=A,-h 

a 
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The base is a rectangle; multiply its length and width to calculate its area. 

A; =lw 

=5:4 

= 20 

Substitute A, = 20 and h= 11 into the volume formula to calculate the volume of 

the prism. 

V=A,‘h 

= 20-11 

= 220 

Textbooks often present the rectangular prism volume formula as V=1-w-h. 

The area of the base A, is replaced with the area formula for a rectangle, J+ w. 
This is correct, but the more generic formula V= A, - his more useful when the 

base of the prism is not rectangular. 

Like 
ty Problem 

193¢, 

19. 35 A ae prism with, height 2 and volume 14 has a base wid ee 4. 
Calculate the width of the ee ’s base. / 

Recording to Problem 19, 34, the ionnala v- koh computes the volume of a 
rectangular prism. You are given V= 14, /= 4, and h= 2. Substitute those values 
into the formula and solve for w. 

V =lwh 

14=(4)w(2) 

14 =(4w)(2) 

14=8w 

Divide both sides of the equation by 8 and reduce the fraction. 

14 8w 

he 8 
14 
8 

14+2_ 
Seo 

qi 
——— 

4 
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This prism has a triangular base, so you cannot apply the volume formula 
V= lwh. Rather, you must apply the more generic prism volume formula 
V=A,- h, in which A, is the area of the prism’s base and his its height. The 

triangular base of this prism has base YZ= 9 and height XA = 4. Apply the 
triangle area formula. 

A prism has two 

bases—one at the 
top and one at the 5 1 Pt 

bottom. You can use BD 

either one in the 1 

volume formula. = 969) (4) 

9\(4 

alee 

Don’ Sn Ont get confused, “la }l 4 
the base of the ove 
Prism isa triangle, = a S 

ANA to calculate the 3 1 

avea of a triangle 
you take half of ye 

tviangle’s base times 

he triangle’s height. 

Substitute A, = 18 and h= 12 into the prism volume formula. 

V=A,°h 

=18-12 

= 216 
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A cylinder is very similar to a prism—both have a base that is extended to a 
fixed height, and a cross-section parallel to the base is exactly the same size as 
the base. For example, this cylinder has a circular base of radius 6, and if you 
were to slice the cylinder parallel to the base, the cross-section would also be 
a*eircle of radius 6. Like a prism, you calculate the volume Vof a cylinder by 
multiplying the area of the base A, by the height h. 

V=A,:h 

Apply the circle area formula to calculate the area of the base of the cylinder. 

A, = sr 

= (6)" 
= 7(36) 

= 367 

Substitute A, into the cylinder volume formula. 

V=A,°h 

= (36)(10) 

= 3607 
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9 8 Calculate t 7 N 
base ABCD with 

A pyramid, or tetrahedron, is a solid comprised of faces that extend from the sides 
of its base and meet at a single point a fixed distance away from the base called 
the height. In this problem, the pyramid rests on square base ABCD, and each 
side of the base has length 3. The faces of the pyramid (triangles XDC, XCB, 

XBA, and XAD) extend from the sides of the square to meet at point X; the 

pyramid has a height of XY= 6. 

It’s the prism 
volume formula 

multipliea by 
one-thiva. 

I 
The formula for the volume of a pyramid is V = Sone such that A, is the area of 

the base and his the height of the pyramid. Begin by calculating the area of the 

square base, given the length of a side is s = 3. 

An = 

= (3) 
=9 

Substitute A, = 9 and h= 6 into the pyramid volume formula to calculate V. 

1 
V Se 

| = 5 (9)(6) 

-B}o 
= (3)(6) 
=18 
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You apply the same formula to calculate the volume of a cone and the volume 

of a pyramid: V = = Agh The base of this cone is a circle with radius PQ = 2. 

Calculate A,, the area of the base. 

A, =r 

= 97 (2). 

= (4) 

=47 

Substitute A, = 47 and h= 12 (the height of the solid) into the cone volume 

formula. 

1 3 Aol 

= (4a)(12) 
4 \(12 
2 1 

Ss ll 

Reduce the product before you multiply, noting that denominator value 3 and 
numerator value 12 have greatest common factor 3. 

4M 
iz" 1 

Mires 
jothen NCL: 
=1l6z 
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I 9.40 Calculate the volume of a sphere with radius a 

To calculate the volume of a sphere with radius 7, apply the formula V = a 

4 
V=—ar° 

3 

4 
= 52(3) . 

AA 
=—1(27 “7 (27) 

4 & ] 
= — 7) — 

Sted 

Reduce the product to lowest terms and then multiply. 

£ A227) 
12 

“HC 
= 367 
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WEIGHTS AND MEASURES 

With a camed by the metvic systew 

_ The world’s most ubiquitous system of measurement is the metric system. The most 

notable exception to the worldwide adoption of the metric system as a standard is the 

United States, which prefers the English system of measurement (although scientific 
measurements are typically reported in metric units, even in the U.S.). The two systems 
are vastly different. While the metric system assigns one base unit for each kind of 

measure (for example, volume is expressed in liters and distance in meters) and modifies 
them with prefixes (including kilo-, centi-, and milli-), the English system uses a vast array 

of units (including the foot, mile, pint, quart, gallon, ounce, and pound, to name a few), 

and no defining prefixes. 

In this chapter, you will first convert between units in one system (grams to kilograms, 

ounces to pounds) and then convert between the two systems of measurement. The 

latter task is not complex, but it is arithmetically intensive. Using a calculator to complete 

the multiplication portions of these problems is not only permitted, it is encouraged. 

Otherwise, these exercises are merely tests of multiple-digit multiplication. 

w how many meters ave in a mile? How aout the numbers of grams 
Do you kno 

: 

in a pound? Ave tons and metvic tous the same thing! Each of these questions 

Aeals with two Aiffevent systems of measurement, ana to convert from one 

system to the othey, you need to know a secret cowversion number to multiply (ov 

Aivide) by. That's all theve is to it. By the way, all of the important conversion 

Povmulas ave listed at the ena of the ook in Appendix D. 

the book Acesw't use abbreviations for the units (lip instead of pounds, mL 

instead of milliliters) until Problems 20.29-20.42. They appeaw in the big chart 

vefove Problem 20.21. 
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Converting Units of Time 

Practice converting between units 

20.1 Calculate the number of seconds in an hour. 

One hour contains 60 minutes, and each of those 60 minutes contains 60 

seconds. 

seconds = (hours) (minutes per hour) (seconds per minute) 

= (1)(60)(60) 
= 3,600 

There are 3,600 seconds in one hour. 

20.2 Calculate the number of hours in one week 

One week consists of seven days. Each of those days contains 24 hours. 

hours = (weeks) (days per week )(hours per day) 

= (1)(7)(24) 
=168 

Thus, there are 168 hours in one week. 

20.3 Calculate the number of full, seven-day weeks in one (non-leap) year. Round | 
your answer to the nearest hundredth. 

In a leap yea, 
Febvuavy has 27 Aays 
instead of 28, so 

theve ave $66 Aays 
instead of Ses, 

There are 365 days in a non-leap year and there are seven days in a week. To 
calculate the total number of weeks in a year, divide 365 by 7. 

365 +7 =52.142857 

The horizontal bar above the digits 142857 indicates that those digits repeat 
infinitely. The problem directs you to round to the hundredths place, two digits 
right of the decimal point: 365 + 7 = 52.14. To review rounding, see Problems 
10.8-10.14. 

20.4 _ Calculate the number of seconds in one day. 

A day contains 24 hours. Each of those 24 hours contains 60 minutes, and each 

of those minutes contains 60 seconds. Multiply each of the units to calculate the 
answer. 

1 day = (hours per day )(minutes per hour)(seconds per minute) 

= (24)(60) (60) 

= (1,440) (60) 

= 86,400 

There are 86,400 seconds in one day. 
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20.5 Calculate the number of minutes in one (nor-leap) year. = 

You alveady 
know the answer if 

you've familiar with 
the song “Seasons 
of Love” fvom the 
musical Rent. 

One non-leap year contains 365 days, each of which contains 24 hours. Each 
hour contains 60 minutes. Multiply these values to solve the problem. 

1 year = (days per year )(hours per day )(minutes per hour) 

= (365)(24)(60) 

= (8,760) (60) 

= 525,600 

20.6 \Geledlase the ae of days in one week ane ae number of weeks in one 
/ 2 Round your answer to the nearest,hundredth. 

A week contains seven days. Because a week represents a longer period of time 

than a single day, expressing the number of weeks in a single day will produce a 

decfmal value less than one, a value equal to the reciprocal of the relationship. 

For example, there are 7 days in a week, so there are = weeks in a day. 

1+7=0.142857 

Round your answer to the nearest hundredth. 

1+7#0.14 

There are approximately 0.14 weeks in one day. 

English System 

Inches, feet, pints, gallons, ounces, and pounds 

20.7 Convert the distance into feet: 7 yards. 

One yard is exactly three feet in length. This problem presents a distance of 
7 yards, each of which is 3 feet long. Multiply 7 by 3 to express the distance in 

terms of feet. 

feet = (yards)(feet per yard) 

=(7)(3) 
=21 

Therefore, 7 yards and 21 feet represent the same distance. 

___———_—_ 
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Fa, 8 Convert the dista 

One ee contains 12 iaenes Thus, a aiseante of 5 feet is equal to 5 - 12 = 60 

inches. Because an inch is exactly one-twelfth the size of a foot, a distance 

expressed in inches is 12 times as large as the same distance expressed in feet. 

Aud a distance 
expressed in feet is 
one-twelfth the size 
of the same distance 
expressed in inches, Convert the ¢ distance int inches: 3 

_ 

One mile measures 5,280 oe ne each of those ae contains 12 inches. 

Multiply the distance (expressed in miles) by the number of feet per mile and 

the number of inches per foot to express the distance in inches. 

3.5 miles = (distance in miles)(feet per mile)(inches BS foot) 

= (3.5)(5,280) (12) 

= (18,480) (12) 

= 221,760 

A distance of 3.5 miles is equivalent to a distance of 221,760 inches. 

20. 10 Galeulate the pole! of fluid ounces in 4 cups. 

One cup contains 8 fluid ounces. 

fluid ounces = (cups) (fluid ounces per cups) 

= (4)(8) 
= 32 

You conclude that 4 cups is equal to 32 fluid ounces. 

IT Calculate the number of cups in 3 pints. — 
So a half-pint 
is equal to one cup. 

One gallon contains four quarts. However, you do not multiply 7 quarts by 4 
to calculate the number of gallons—the result would be 28. Gallons are larger 
than quarts, so concluding that a volume of 7 quarts is equal to a volume of 28 
gallons is illogical. 

As Problem 20.6 explains, when you convert from a smaller unit to a larger 

unit—like in this problem, when you convert from quarts to gallons—you 

divide rather than multiply. If there are 4 quarts in a gallon, then each quart is 
1 

1+4= az of a gallon. 
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(7 quarts) e (quarts per gallon) = gallons 

7+4=gallons | 

a 
a = gallons 

7 
Therefore, 7 quarts and 3 gallons represent the same volume. It is also correct 

to express your answer as a decimal: 1.75 gallons. 

& 

20.13 ‘Calculate the number of fluid ounces in 10 gallons. = 

One gallon contains 4 quarts, each quart contains 2 pints, each pint contains 2 
cups, and each cup contains 8 fluid oynces. Multiply those values to calculate 
the number of fluid ounces in one gallon. 

(quarts per gallon )(pints per quart) (cups per pint)(fl. ounces per cup) 

= (4)(2)(2)(8) 
=428 

Therefore, one gallon contains 128 fluid ounces. Multiply by 10 to calculate the 

number of fluid ounces in 10 gallons. 

10 gallons = 10(fluid ounces per gallon) 

= 10(128) 

= 1,280 fluid ounces 

Ounces (anda 

pounds) measure 
weight. Fluia 

ounces (anA cups, 

pints, quavts, ana 

gallons) measure 

volume. 

20.14 Which represents the greater volume: 47.5 cups or 3 gallons? — 

According to Problem 20.13, one gallon contains 128 fluid ounces. Therefore, 3 

gallons contain 3(128) = 384 fiuid ounces. Recall that one cup contains 8 fluid 

ounces. Thus, 47.5 cups contain 47.5(8) = 380 fluid ounces. Three gallons (384 

fluid ounces) represents a larger volume than 47.5 cups (380 fluid ounces). 

20.15 Express a weight of 120 ounces in pounds, 

One pound contains 16 ounces. In this problem, you convert from a smaller 

unit (ounces) to a larger unit (pounds), so you should divide by 16 rather than 

multiply by 16—each of the 120 ounces represents 16 of a pound. 

pounds = ounces + (ounces per pound) 

=120+16 

_ 120 

THe 
_ 120+8 

~ 16+8 
sl 

eo So) 
15 

You conclude that 120 ounces is equal to 9° or 7.5, pounds. 
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20. 16 Convert the weight Ano pounds: 8 t tons. 

One: ton is ical to 2, 000 RT Thus, 8 tons is Lene to 8 (2, 000) = 16, 000 

pounds. 

20.17 Convert the weight into tons: 3,500 pounds. 

According to Problem 20.16, one ton contains 2,000 pounds. Therefore, one 

pound is equal to 9 = of a ton. Divide 3,500 by 2,000 to convert the weight 
> 

into tons. 

tons = pounds + 2,000 

= 3,500 + 2,000 

~*3, 000 

~ 2,000 
_ 3,500 +500 

~ 2,000 +500 

You conclude that 3,500 pounds is equal to ~ or 1.75, tons. 

Metric System 

Meters, liters, grams, and a whole lot of Cee 

20.1 Is Identify th the metric prefixes that rcorrespond to ae following ie @) i 000; 

2) 100; (c) 10; @= wrth) ng and. a(t ; — 

The metric system uses prefixes to deseaie aed of measure. For 
instance, a kilogram is equal to 1,000 grams because the prefix “kilo-” 
represents 1,000. It, and five of the other most common prefixes, are listed in 

the chart below. 

Some books 

Spell this one 

‘Acka’, both ave 
Pronounced 
“DECK-uh.” mili 
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20.20 

20.21 

According to Problem 20.18, the prefix “kilo-” corresponds with 1,000. In the 

context of this problem, a kilometer is equal to 1,000 meters. Multiply 4.2 
kilometers by 1,000 to convert the distance into meters. 

meters = (kilometers) (meters per kilometer) 

= (4.2)(1,000) 
= 4,200 

Therefore, 4.2 kilometers = 4,200 meters. 

Convert the distance into meters: 4.2'millimeters. 

1,000 
millimeter is equal to one one-thousandth of a meter; in other words, one meter the 

is equal to one thousand millimeters. To convert from millimeters into meters, 

divide by 1,000. 

} One The prefix “milli-” corresponds with one one-thousandth 

meters = (millimeters) + (millimeters per meter) 

ee 

~ 1,000 
= 0.0042 

Therefore, 4.2 millimeters is equal to 0.0042 meters. 

Convert the distance into decameters: 700 centimeters. 

One meter contains 100 centimeters; the prefix “centi-” corresponds with the 
1 ‘ 

value one one-hundredth ( . To express 700 centimeters in terms of meters, 

divide by 100. 

meters = (centimeters) + (centimeters per meter) 

= 700 +100 

=7 

The problem directs you to express your answer in decameters. According 
to Problem 20.18, one decameter is equal to 10 meters. You are converting 
from a smaller to a larger unit, so divide by 10. (If you were converting from 
decameters to meters—from a larger to a smaller unit, you would multiply 

by 10.) 

decameters = (meters) + (meters per decameter) 

=7+10 

7 

e+ 10 
7 

You conclude that a distance of 700 centimeters is equal to 0 0.7 decameters. 
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In other 
ovas, convert 

convert liters to 

milliliters. 

I 

20.23 Convert the volume into milliliters: 950 microliters. 

20.22 Convert the volume into milliliters: 8.21 liters. 

According to Problem 20.20, one meter contains 1,000 millimeters. Although 

those units measure distance, a similar relationship exists for other units of 
measure and the “milli-” prefix. For example, one liter contains 1,000 milliliters. 

Therefore, multiplying 8.21 liters by 1,000 converts the volume into milliliters. 

milliliters = (liters) (milliliters per liter J 

= (8.21)(1,000) 

= 8,210 

You conclude that 8.21 liters is equal io 8,210 milliliters. 

There are different methods you can apply to convert between different 

metric units, but because metric prefixes are all defined in terms of the base 

unit (in this case, liters), it is often helpful to convert to that base unit as an 

intermediate step. 

One liter contains 1,000,000 microliters. To convert from the smaller unit 

microliters to the larger unit liters, divide by 1,000,000. 

liters = (microliters) + (microliters per liter) 

_ 950 
~ 1,000,000 
_ 950+50 
~ 1,000,000 +50 
ads 
~ 20,000 
= 0.00095 

Therefore, 950 microliters is equal to 0.00095 liters. Recall that one liter 
contains 1,000 milliliters. As Problem 20.22 explains, multiplying by 1,000 
converts from the larger unit liters to the smaller unit milliliters. 

milliliters = (liters) (milliliters per liter ) 

= (0.00095)(1,000) 
= 0.95 
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As demonstrated in Problem 20.23, it is often helpful to convert to the base 
metric unit of measure as an intermediate step. First convert deciliters to liters 
and then convert the result into kiloliters. 

Le A Z 

One liter contains 10 deciliters. To convert from the smaller unit deciliters to 
the larger unit liters, divide by 10. 

‘liters = (deciliters) + (deciliters per liter ) 

= (2,900) +10 

= 290 

One kiloliter contains 1,000 liters. Dwide by 1,000 to convert from the smaller 

unit liters to the larger unit kiloliters. 

kiloliters = (liters) + (liters per kiloliter ) 

mgegO 

™ 1,000 
= .290-=10 

~ 1,000+10 
Reg 

~ 100 
= 0.29 

You conclude that 2,900 deciliters is equal to 0.29 kiloliters. 

20.25 Describe the difference between an object’s weight and its mass. 
Sen) 

The mass of an object measures the amount of material in the object. Mass is 
constant regardless of the object’s location. For example, a bowling ball on 
Earth has the same mass as that bowling ball if it were lying on the surface of 
the moon. 

The weight of an object describes the pull of gravity on that object. To build 
upon the previous metaphor, a bowling ball on Earth weighs more than it does 
on the moon, because the force of gravity is stronger on Earth. 

In this chapter, you will assume that all measurements are taken under the 

same force of gravity, so weight and mass are roughly equivalent. Although 

they describe fundamentally different characteristics of an object, it is not 
inappropriate to convert between units of mass and units of weight. This is 

important because English units such as ounces, pounds, and tons measure 
the weight of an object, whereas metric units such as milligrams, grams, and 
kilograms measure an object’s mass. 
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the mass into grams: 295 kilograms. | 

One kilogram contains 1,000 grams. Multiply by 1,000 to convert from the 
larger unit kilograms to the smaller unit grams. 

grams = (kilograms) (grams per kilogram) 

= (225)(1,000) 

= 225,000 
» 

You conclude that 225 kilograms is equal to 225,000 grams. 

The prefix “pico-” corresponds with one one-trillionth 

1 1072 = nwo Therefore, each gram contains one trillion 

pictograms. To convert from grams to pictograms, multiply by 10”. 

picograms = (grams) (picograms per metric ton) 

=16(1,000,000, 000,000) 

= 16,000,000, 000,000 

You conclude that 16 grams is equal to 16 trillion picograms. 

20. 8 Convert the mass into metric tons: 500 kilograms. | 

According to Problem 20.16, one ton in the English system is equal to 2,000 
pounds. In the metric system, one ton (or tonne) is equal to 1,000 kilograms. 

Divide by 1,000 to convert from the smaller unit kilograms to the larger unit 
metric tons. 

The metvic 

system vefers to 
English system tons 
as “shovt tons” to 
AVCIA confusion with 

the metvic ton. 

metric tons = (kilograms) = (kilograms per metric ton) 

500 

~ 1,000 
500 +500 

~ 7,000 +500 

=0.5 

You conclude that 500 kilograms equals 0.5 metric tons. Because a kilogram is 
equal to 1,000 grams, a metric ton contains 1,000,000 grams. The prefix 

“mega-” corresponds with a value of one million, so a metric ton is also known 

as a megagram. Therefore, a final answer of 0.5 megagrams is also correct. 
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Converting Between Metric and English Units 

Including Celsius and Fahvenheit 

Note: The values in the table below identify equal measures in the English and metric 
systems. To convert from English to metric units, use the constants in the left column; 
use the constants in the right column to convert from metric to English units. 

The following abbreviations are used in the English system: ounce (oz), pound (Ib), 
ton (t), fluid ounce (fl oz), cup (c), pint (pt), quart (qt), gallon (gal), inch (in), foot 

(ft), yard (yd), mile (mi). The following abbreviations are used in the metric system: 
gram (g), milligram (mg), kilogram (kg), metric ton (MT)/megagram (Mg), liter (L), 
milliliter (mL), meter (m), centimeter (cm), millimeter (mm), kilometer (km). 

| =| English > Metric Metric > English 
1 0z = 28.3495 g 1 g=0.0353 oz 

Weight / Mass |_ 1 lb=0.4536 kg 1 kg = 2.2046 Ib 

1t=0.9072 Mg 1 Mg =1.1023 t 

1 fl oz= 29.5735 mL | 1 L=1.0567 qt 

1 qt = 0.9464 L 1 L=0.2642 gal Volume 

1 gal = 3.7854 L 1 mL = 0.0338 fl oz 

lin =2.54 cm 1 cm = 0.3937 in 

1 ft = 30.48 cm 1 cm = 0.0328 ft 

1 yd =0.9144 m 1 m=1.0936 yd 

1 mi=1.6093 km 1 km = 0.6214 mi 

20.29 Convert 7 oz into grams and round your answer to the hundredths p 

According to the preceding table, one ounce is approximately equal to 
28.3495 g. To convert a weight expressed in ounces into a mass expressed in 
grams multiply by 28.3495. 

grams = (ounces)(g per oz) 

= (7)(28.3495) 
= 198.4465 

Note that the conversion value 28.3495 is not precise—rather, it is rounded 

to the ten-thousandths place. It is more precise and more accurate to say 
that 1 oz = 28.3495231 g, but it is rare that you would need such an accurate 
answer in non-scientific applications. Thus, it is appropriate to use the shorter 

conversion value 28.3495. 

To acknowledge the impreciseness of the conversion calculations between 

different systems of measure, you are directed to round to the hundredths 

place. You conclude that 7 0z ~ 198.45 g. 
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As explained in Problem 20. 28, a metric ton is also enlled a megagram (Mg). To 

convert from megagrams to tons, multiply by 1.1023. (This value appears in the 

right column of the chart that precedes Problem 20.29.) 

tons = (megagrams) (t per Mg) 

= (4.1)(1.1023) 

= 4.51943 

You conclude that 4.1 Mg ~ 4.52 t. 

The abbveviation 
fov pounds is lp, shovt 

fox “lipve pondo,” which 
is Latin Pov “pound 

of weight.” 

Dow’t make 
unit abbreviations 

pluval. Two liters 
is wvitten 2 L, not 

2 Ls. The answer is 

0.53 gal, not 0.53 gals. 

It’s okay to put 
peviods after the 

abbreviations (2 L. 

ana 0.53 ga.), 

Dut most 

textbooks 
Aow't. 

428 

20.33 Cal 

According to the chart that precedes Problem 20.29, 1 kg ~ 2.2046 Ib. Each of 

the 828 kg is approximately equal to 2.2046 Ib, and each pound contains 16 oz. 

ounces = (kilograms) (Ib per kg) (oz per Ib) 

= (828) (2.2046) (16) 

= (1825.4088) (16) 

= 29,206.5408 

You conclude that 828 kg ~ 29,207 oz. 

each stone contains 14 Ib, and E eoalige to ee conversion chart preceding 
Problem 20.29, 1 Ib = 0.4536 kg. 

kilograms = (stone)(Ib per stone) (kg per Ib) 

= (13)(14)(0.4536) 

= 182(0.4536) 

= 82.5552 

Thus, 13 stone ~ 82.56 kg. 

Vy 

culate the ee in ie gallons of a bctiter soft drink bott 

your answer to the hundredths a 7 

Multiply. a volume rHeainreds in ae by 0. 2642 to convert it to gallons. 

gallons = (liters) (gal per L) 

=2 (0.2642) 

= 0.5284 

Therefore, 2 L = 0.53 gal. 
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20.34 Convert 5 mL into fluid ounces and round your answer to the 
| thousandthsplace. . 

According to the chart preceding Problem 20.29, 1 mL = 0.0338 fl oz. 

fluid ounces = (milliliters) (f1 Oz per mL) 

= (5)(0.0338) 
=0.169 

You conclude that 5 mL ~ 0.169 fl oz. 

20.35 Convert llc into liters and round your answer. to the hundredths place. 

The chart preceding Problem 20.29 states that 1 qt = 0.9464 L. To apply this 
conversion, you must first convert 11 cups into quarts. Recall that each cup 
represents half of a pint (because one pint contains two cups). 

dy pints = (cups) am (c per pt) 

=11+2 

Pad 

Bee 
Divide by two again to convert pints into quarts. 

To Aivide 

quarts = (pints) +(pt per qt) when fractions 

a} > +9 jean. take 
Procal of the 

é weet number youve Aiviain 

mio by and change the 
Tt Avision symbol to 

= 7 multiplication, 

= 275 

Thus, 11 c = 2.75 qt. Multiply by 0.9464 to convert to liters. 

liters = (quarts)(qt per L) 

= (2.75) (0.9464 ) 

= 2.6026 

You conclude that 11 c ~ 2.60 L. 
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20. 36 Convert 3 3 pt into milliliters and roun your ay hu Bo place. 

One pint contains two cups, each cup contains eight fluid ounces, and 

according to the chart preceding Problem 20.29, 1 fl oz = 29.5735 mL. Multiply 

as directed below to convert from pints to milliliters. 

milliliters = (pints) (c per pt) (fl Oz per cup)(mL per fl oz) 

= (3)(2)(8)(29.5735) , 

= 48 (29.5735) 

= 1,419.528 

You conclude that 3 pt 1,419.53 mL. 

20. 37 Convert 5 cm into inches and round your answer to the hundred e Cae 

Refer to “che chart Seas Peek 20. 29 t to determine that 1 cm = 0, 3937 in. 

inches = (centimeters )(in per cm) 

= (15)(0.3937) 

= 5.9055 

You conclude that 15 cm ~ 5.91 in. 

20. 38 Galcuare the difference (in ees of the iba. oft two athicue fields, if if one 
of the fields measures 100 y and the other measures 100 m. Round sour answ wer 
to the nearest hundredth. - 

Multiply a length measured in yards by 0.9144 to convert it to meters. 

meters = (yards) (m per yd) 

= (100)(0.9144) 

= 91.44 

Now that both lengths are expressed in meters, you can calculate the difference. 

100 m—100 y=100 m—91.44 m 

= 8.56 m 

The chavt 

Aoesn't contain 
a formula to 

convert from feet to 

meters, but you can 

convert from feet to 

centimeters and 

then convert from 

centimeters to 

20. 39 Convent a height of 5 feet 9 nce to meters sand round your answer to > the 
nearest hundredth. - 

One foot contains 12 inches, so 9 inches represents > = 0.75 ft. Therefore, a 

height of 5 feet 9 inches is equal to 5.75 feet. According to the chart preceding 

Problem 20.29, 1 ft = 30.48 cm. 

centimeters = (feet)(cm per ft) 

= (5.75) (30.48) 
= 175.26 
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One meter contains 100 cm. To convert from the smaller unit centimeters to the 
+ 

larger unit meters, divide by 100. 

meters = (centimeters) + (cm per m) 

= 175.26 +100 

= 1.7526 

You conclude that a ee of 5 ft 9 in is approximately equal to 1.75 m. 

20 40 Ligne aves 5 at np of 299, 792, 458 n meters per seco ceio the p 
miles eo second, and round - answer to the nearest hundred. i 

Gaver 299,792,458 ern to Ua is idtinty chee 1 ie i 000 r m. 

299,792,458 km/sec + 1,000 = 299,792.458 km/sec 

To convert from kilometers to miles, multiply by 0.6214. 

miles = (kilometers) (mi per km) 

= (299,792.458) (0.6214) 

= 186291.0334012 

You are instructed to round your answer to the nearest hundred, so you 

conclude that the speed of light is approximately 186,300 mi/sec. 

20.41 Water boils at a temperature of 100 cage Celsins (200-0) Calculate the: 
a eine point of water in ee Penne! ee _ 

cosy the formula below, in manich c TeeenG qe Celsias ad ae Fen eeee, 
degrees Fahrenheit, to convert from the metric unit for temperature to the 
English unit for temperature. 

9 
=—c+32 

f a 

In this problem, c= 100. Calculate the corresponding value of f 

f= 3(100) +32 

Jes2 9(200 
ell 

= 2 (2H 22 

2(2) +32 
ae 

= 180+ 32 

= 212 

You conclude that 100°C is equal to 212°F. 
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Problem 20.41 presents a formula to convert from Fahrenheit to Celsius. To 

convert from Celsius to Fahrenheit, solve that formula for f’ You will need to 

subtract 32 from both sides of the equation and then multiply everything by the 
coefficient of c. 

fazer32 : 

9 
f ~32= 56+ (82—32) 

Q- 

Reise Nee 

5 5/9 
a(f-38)=3 (2 

5 
gif ~82)=« 

Substitute f= 95 into the formula to calculate the corresponding value of c. 

=(95-32)=« 

2(68) =< 

-. 
(=< 
aay 

‘Ge 
35=C¢ 

You conclude that 95°F = 35°C. 

~~ 2 
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Chapter 21 
BASIC STATISTICS 

Visualizing ana analyzing Aata 

You are presented with collections of data every day, and you routinely 

make decisions based upon the way you interpret them. Whether you are 

packing vacation clothing based on weather predictions or monitoring your 
progress in an academic course based upon your quiz and test scores, data 

offers you numeric snapshots in time. The appropriate use of statistics helps 

you characterize and visualize the data without having to study each of the 
values individually, allowing you to view the proverbial forest without having 
to inspect each tree. 

Full statistics courses dedicate much of their time to hypothesis testing, 
including research studies that attempt to validate claims based upon 

experimental data, but that is far too complex to investigate within the 
scope of this book. Instead, this chapter introduces basic statistical concepts 

and explores different ways to present collections of data visually. 

Statistical tools allow you to look at a giant pile of numbers and Avaw 

conclusions about those numbers. For example, academic classes constantly 

collect Aata when you take tests and quizzes. If a teacher gives a test, it is 

important to ask, “What Ao these scoves mean?” 

To analyze the scoves, the teacher might construct a bav chart that compaves 

the number of As, Bs, Cs, Ds, ana Fs that weve earned. He ov she might also 

calculate the ceutval tendency of the students: How aid the “average” 

student perform? It may also be helpful to Aivide the scoves into four chunks, 

each containing, 25% of the Aata to see how similavly ov aiffevently students 

performed. You'll leavn how to Ao alll of these things (and move) in this charptey. 
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Interpreting Charts and Graphs 

Baw, pie, and scatter chavts 

The second horizontal bar from the top represents the number of chocolate ice 

cream cones. It stretches a total distance of 14 units from the vertical axis, as 

illustrated below. Therefore, a total of 14 chocolate cones were sold. 

Butter Pecan 

Chocolate 

Chocolate Chip 

Strawberry 

Vanilla 

0 5 LO) a L2 sie a5 20 

AGS: eee 

Calculate the length of each horizontal bar to determine the total sales for each 
flavor, as illustrated in the following graph. 
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Butter Pecan 

Chocolate 

Chocolate Chip 

Strawberry 

Vanilla 

0 5 , 10 ls 20 

The total sales per flavor, from least to greatest, are: chocolate chip (6), butter 

pecan (8), strawberry (10), chocolate (14), and vanilla (20). 

Note: Problems 21.3—21.4 refer to the diagram hele, a grouped vere al bar oe that 
_ compares the winning Pere ees oo the fone na ae eel month during two years they 
won the World Series. 

80 

Winning 
Percentage, = a ae Notice that 

tothe 60 the vertical axis 
nearest (winning percentage) 
woole stavts at 40%, not 0%. 
number 

The teaw's winning 
percentage Aid not 

fall below 40% Lov 

any month Auving 
the 2004 ov 2007 

June —_ July SEASONS. 

Month 

21.3 Identify the months in which the 2007 Red Sox team had a higher winning — 
percentage than the 2004 Red Sox team. 

This diagram is called a grouped bar chart because each month along the 

horizontal axis has two vertical bars—a lighter-colored bar that represents the 

2004 winning percentage and a darker-colored bar that represents the 2007 

winning percentage. The team had a higher winning percentage in 2007 for 

each month in which the darker bar is taller than the lighter bar: May, June, and 

July. 

— 
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Note: Problems 21. Jo) 4 refer to the diagram in Problem 21. . a | grouped bar chart that _ 

compares the winning percentages a the Boston Re Sox each month aig two tls es 

won the World Series. Oo _. 

On teams had the highe: 2 1.4 d he month i in which th 

a nth i in et S combined winn ng m ned winning percentage a the 
ie ae was lowest. _ : 

The Fei chis of the individual columns represent the winhing percentages for 

the 2004 and 2007 teams each month, as illustrated below. 

80 

2004 

| 2007 

70 : 

Winning 
Percentage, 

rounded 

to the 60 

nearest 

whole 

number 

50 

40 : 
April May June July Aug Sept 

Month 

Add the winning percentages for the 2004 and 2007 teams each month. The 
highest and lowest combined winning percentages are, respectively, the highest 
and lowest sums in the following chart. 

Total Winning % 

71+ 67 =138 

53+71=124 

44+ 48 =92 

July 54+56=110 

August 75+ 55 = 130 

September | 64+59=123 

You conclude that the 2004 and 2007 Red Sox teams had the highest combined 
winning percentage in April and the lowest winning percentage in June. 
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Note: Problems 21.5—21.7 refer to the stacked column bar chart below, which compares the 
total sales of an item at two different retail locations during four quarters of a financial year. 

400 
a Store A 

[ _] Store B 

300 q 

— Sold 

hy Quarter This Problew is 

a lot like Proplew 
2/.4, but because 

the bars ave 
Stacked, it’s easier 

to tiguve out which 

Combined total is 
highest—just look Loy 
the tallest Stackea 

column, 

21.5 Rank the quarters according to total combined sales at both stores, from least 
to greatest. 

A stacked column bar chart combines similar data from multiple sources and 
creates a single column that represents all of those sources at once. In Problems 

21.3—21.4, a grouped column bar chart compared data about two different 
baseball seasons by placing columns representing similar data next to one 
another. In a stacked bar chart, similar groups of data are combined into a 
single column. 

In this chart, the leftmost column reaches a height of 350, so a total of 350 units 

were sold in Quarter 1. A portion of those units was sold in Store A (represented 
by the darker region at the bottom of the column) and a portion was sold in 
Store B (the lighter region at the top of the column). 

The shortest column represents the least total sales, and the tallest column 

represents the greatest total combined sales. To rank the quarters from least to 
greatest, list the columns from the shortest to the tallest in the graph: Quarter 
4, Quarter 2, Quarter 1, and Quarter 3. 

Note: Problems 21.5-21.7 refer to the stacked column bar chart in Problem 21.5, which 
compares the total sales of an item at two different retail locations during four quarters of a 
financial year. 

21.6 Identify the quarters in which Store A sold more units than Store B. 

Store A recorded more sales than Store B whenever Store A’s sales represent 

more than half of the total sales that quarter. In the following figure, the height 

of each stacked column is identified (which represents total combined sales), 

as well as the height of the darker region at the bottom of each column (which 

represents sales at Store A). 

7 a 
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400 
WH Store A 

Store B 

300 
ou 

Sold 

100 

Quarter 

To calculate the total units sold at Store B, subtract Store A’s sales from the total 

combined sales. For example, the total combined sales for Quarter 1 is 350, 

and Store A accounts for 150 units sold. Therefore, Store B sold 350 — 150 = 200 

units. The sales of Store B are calculated in the following stacked column bar 
chart. 

400 

300 

Units 200 

Sold 

100 

Quarter 

Store A sold more units than Store Bin Quarter 2 (200 > 100) and Quarter 3 

(225 > 150). In Quarter 1, Store B outsold Store A, and in Quarter 4, both stores 
sold the same number of units. 

438 ~ he Humongous Book of Basic Math ana Pre-Algebra Problems 



Chapter Twenty-One — Basic Statistics 

Note: Problems ai. 5-21. 7 refer to the stacked column bar chart i in Problem 21.5, which 
compares the total sales of an item at two ae retail locations pgs ita quarters hy a 
tee ae : | 

21.7. Rank the quarters according to total ae at Store B, from lon to greatest. 

21.8 

“ € 

eee to the solution! to Bechler 21.6, Store Bsold 200 units in Quarter 1, 
100 units in Quarter 2, 150 units in Quarter 3, and 125 units in Quarter 4. Rank 
the quarters by units sold from least to greatest: Quarter 2, Quarter 4, Quarter 
3, and Quarter I. 

Consider the pie chart below, representing total ales of decronic books 
(eBooks) by year between 2000 and 2010, based on sales revenue. Describe the _ 

general trend in sales, referencing the chart to support your conclusion. — 

7 00 . 
2000-2003. sf 2008. 

Sectors 

Ave pie slice- 

shaped pieces of 
the civcle, In this 

graph, each year has 
tts Own Sector except 

foy 2000-2003, which 

AVE Jvouped into a 
Single sectov, 

Total eBook sales, 2000-2010 

Revenue generated by eBook sales has increased each year since 2004, as the 
areas of the sectors representing successive years increase. This trend began 
in 2004, when total sales were approximately equal to eBook sales in the years 
2000-2003 combined. Although sales have steadily climbed, the most dramatic 
jumps in sales occurred during the last three years. More than 75% of total 
eBook sales occurred between 2008 and 2010, but even more noteworthy was 

the year 2010, in which nearly half of the sales between 2000 and 2010 occurred. 
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21.9, The scatter plot below illustrates the relationship between the time individual 

students studied for a test and their scores on that test. What score did the 

student who studied 35 minutes receive? Is there a relationship between the 

length of time studied and scores earned on the test? _ 

100 

Or 

oF 
Test Sh 

Score 
(%) 80 

(Foe 20 ce 40 

Time Spent Studying (in minutes) 

Time studied is recorded along the horizontal axis. A single data point appears 
above the number 35; that point appears at a height of 80 along the vertical 
axis. Therefore, the student who studied 35 minutes earned a score of 80%. 

There appears to be a relationship between the time studied and the scores 
earned. Statistically, this means that a correlation exists between the data sets. 

Generally speaking, the further left the points are on the scatter plot, the lower 

they are on the graph. In other words, the less time a student spent studying, the 
less likely it is that the student received a high grade. Similarly, points nearer the 
right side of the graph are generally higher, so longer periods of study generally 
led to higher scores. 

There are a few exceptions to the trend. One student who studied 20 minutes 
earned a 93%, while another student who studied the same length of time 

earned an 80%. The student who studied 35 minutes scored the same as 
two students who studied significantly less. These exceptions do not nullify 
the positive correlation between studying and scores. Real-life data is rarely 
perfect—you should not expect the student scores to lie on a perfectly straight 
line. 
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Stem-and-Leaf Plots 

Data that looks like bav chawvts 

8 into data values.
 _ 

A stem-and-leaf plot is a visual organization tool that groups data according 
to a shared stem. In this diagram, the stems are 4, 5, 6, 7, and 8; they are listed 

in a column left of the vertical line. Notice that the problem states 4|8 = 48. 
Therefore, each stem represents the tens digit of a number, and the leaves listed 
to the right of the stems are ones digits. 

The stem value 8 has four leaves, which appear to the right of the vertical line 
separating the stems from the leaves: 0, 5, 7, and 9. Place the digit 8 in front of 

each leaf value to convert the bottom row of the stem-and-leaf plot into data 
values: 80, 85, 87, and 89. 

-and-leaf plot in Problem 21.10, which reports 
a two- veek PP such that Ae ae 2 | 

Equal values in a stem-and-leaf plot must occur in the same row—they must 
share the same stem. In this diagram, the row with a stem of 6 has two leaves 
that equal 1. Therefore, on two days during the two-week period, there were 

6|1 = 61 guests in the hotel. 

2 ‘How mi many a did the hotel accommodate between 70 and 79 eee tiene 

_ the two-week period? What percentage of the total number of Bee does oe 

represent perma to the nearest hundredth)? 

The stem value 7 has three leaves: 3, 6, and 8. Therefore, three of the days 

during the two-week period featured guest totals of 73, 76, and 78, for a total 

of 227 guests. To determine the percentage of total guests this represents, you 

need to convert all of the stem-and-leaf data to actual values and calculate the 

total. 
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4/8 48 

Bal aye 2a 

Oil 1,230 =, 261568 65,06 

ay BEA. 8 73, 76, 78 

col BUDE Te ae) 80, 85, 87, 89 

Calculate the sum of the data values to compute the total number of guests. 

48 +524+544+61 + 61 + 63 + 66 + 73 + 76+ 78 + 80 + 85 + 87 + 89 = 973 

Divide the number of guests that stayed when there were between 70 and 79 

registered guests by the total number of guests. 

total when number of guests is in the 70s 

total number of guests during two-week period 

umeed, 

973 
= ().2332991 

= 23.33% 

Approximately 23.33% of the total guests during the two-week period stayed at 
the hotel on the three days when guest registration was between 70 and 79. 

21.13 A sample of smart phone customers is asked how many applications 
they paid for in the last year. Their responses appear in the ordere 
Construct a stem-and-leaf plot representing their responses. _ 

1, 5, 7,8, 9, 11, 18, 15, 15, 18, 20, 22, 26, 29 

The stem of a data set is often the tens digit, and that is true for this set of data. 

Separate the values according to their tens digits. 

0 tens digit: 1),5, 7,8; 9 

Itens digit! 11913515;'15; 18 

2 tens digit: 20, 22, 26, 29 

The tens digit of each row is the stem value for that row. The ones values in each 

row are the leaves. For example, there are five data values with a digit of 1 in the 

tens place: 11, 13, 15, 15, and 18. The common tens digit 1 is the stem and the 

corresponding leaves are 1, 3, 5, 5, and 8. 

OF Abeer 8 ee 

15) 23a Note: 2|0 = 20 

ZnO me ZaOmeS 
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Begin by writing the values in order, from least to greatest. 

79, 93,95, 98, 98, 100, 110, 112, 114, 119, 120, 128 

This data set has a minimum of 79 and a maximum of 128, so the stems will 

range from 7 to 12. Note that three of the stems (10, 11, and 12) include 

hundreds digits as well as tens digits. Once again, only the ones digits appear as 
leaves. 

8 This stew 
? 9/13 5 8 8 has no lea 
€ Note: 10|0=100 Ves 

10 |0 ore 0 (theve ave no 
11 072" ao values between 80 
12/0 8 and §7) but you 

shoula include 

tt and leave it 
blank. \ a 1 mabe be cole 5 Coe a stem-and- ie fc b 

'L on Steeler defense ee the 2010, made by each member ° 
: ge / ; 

132 109 100 90 82 63 59 50. 39 a 

22 200 20 18 16 15 2 a 4. - 

Pe 
The stems for this set of data range between 0 and 13, as the ae values 

have no digit in the tens place and the largest value has a hundreds digit of 1 

and a tens digit of 3. 

ae a) 

SOM eee oOo & or ro 

no & NO 

co NO 

. Note: 13]2=132 

COmiGOy ST (Coe Oss 159) NO 

SS © 

— ee oo NOS © NO So 

a © 

I 
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Measures of Central Tendency 

Mean, MeAlon, and mode 

Note: Problems 21.16~21.19 ca to the data set below, student ae 
midterm exam. 

52, 63, 68, 76, 79, 80, 83, oF 

21.16 Calculate the average (caiman mean) of the data. 

Note that the problem gece: the arithmetic picen sn is the calealauien 

most familiar to students, commonly called the average. However, the word 

“average” is not specific enough; it describes the “middle” of the data, but the 

arithmetic mean does not always return the most correct answer to the question 

“What is the central point in the data set?” 

Some books omit the 

wova ‘avithmetic,” 

The arithmetic mean of a data set, written x, is equal to the sum of the data 

values divided by n, the number of data values. 

sum of data 
a Soo ———————— 

You vead this as n 

"baw. _ 52+634 68 +76 +79 + 80 +83 + 85+ 88+ 914+ 91+ 97 +100 
7 13 
_ 1,053 
Be 

= 8] 
The arithmetic mean of the data is a test score of 81. 

Note: Problems 21.16—21.19 refer to the data set below, st 

‘midterm exam. — 
_ 32, 63, 68, 76, 79, 80, 83, i 88, OL 

21. 17 Calculate the median of the data. 

The median of a data set is the middle value when the data is ordered from least 

to greatest. Just as a grassy median splits a highway into two equal halves, the 
statistical median splits a data set into two equal halves. This set of data contains 
n= 13 values, so the median is the seventh value in the ordered list, with six 

values preceding it and six values following it. 

52, 63, 68, 76, 79, 80, 83, 85, 88, 91, 91, 97, 100 

The median is underlined in the above list: 83. Note that six values precede it 

(52, 63, 68, 76, 79, and 80) and six values follow it (85, 88, 91, 91, 97, and 100). 

When a data set contains an odd number of values (like this data set, in which 
a 

n= 13), the median is the (* Jen value in the ordered list. Substitute n = 13 

into the formula to verify this claim. 
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nt+1_ 1341 
ee... 

els 
Ww 
=7 

According to these calculations, the median is the seventh value in the ordered 

data set, the number 83. Remember that this formula is only true when the data 

set has an odd pumber of values. 

Note: Problems 21. 16-21.19 refer . the dete set blow, student percentages scores on a 
midterm exam. 

52, 63, 68, 76, 79, 80, 83, 85, 88, 1, 91, 97, 100 

21.18 Calculate the mode of the data. If the Aata 

contains no 

vepeating values, 
theve is no mode. 

The mode of a data set is the value that appears most often. Two students scored 

91% on the test, and that is the only score that repeats, so the mode of the test 

sc6res is 91. 

_ Note: Problems 21.16-21.19 refer to the data set ee den percentage scores ona 
midterm exam. 

52, 63, 68, 76, 79, 80, 83, 85, 88, a 91, 97, 100 

21.19 A student absent on the day the test was administered returns to school. Once 
her score is added to the data set, the class oe mean is oe equal to 
82. What score did she earn on the test? : 

To compute the arithmetic mean, add the total scores of the students and divide 

by the total number of test scores. According to Problem 21.16, n= 13 students 

took the test and the sum of their scores was 1,053 before the new score— 

described in this problem—is added. Let x represent the new student’s score. In 
order to calculate the new class score average, you will need to add x to the total 

sum of the scores and divide by n = 14. This problem states that the new average 

is x = 82. You ave 

including one 

extva student nv 
sum of scores 

A — 

n the average now, so 

89 = 1,053 + x you need to ada her 

14 scove to the total 
(you Aow't know what 
hev scove is, so you 
use the vawviale x) 

and divide by the 
total number of 

students, now |4 
instead of 

13. 

Cross-multiply to solve the proportion for x. 

82 _ 1053+: x. 

rt 14 

82(14) =1(,053+ x) 

1,148 =1,053+ x 

1,148 —1,053 = x 

95=x 

The final student to complete the exam scored 95%, which increased the class 

average from 81% to’ 82%. 

ese 
= 
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Note: Problems 21.20-21.23 re to the data set ee the total calories i in 12 popular m menu 

choices at i Paclonalas fast food restaurant chain. | 

4, 510, 740, 540, eee oo 750, 530, 380, 360, 300, 20 

21.20 Calculate the mode of the data. 

Before you perform any statistical analysis on the data, sesbder the values from 

least to greatest. This will help you identify the mode and will assist in the 

identification of the median, in Problem 21.22. 

360, 380, 440, 460, 500, 510, 530, 530, 540, 740, 750, 790 

Only one value repeats in the data set: 530. Therefore, the mode for this 

selection of menu items is 530 calories. ‘ 

Note: Problems 21.20-21.23 refer to the data set below, the total re in 12 —— menu 

choices at the McDonald’s fast food restaurant chain. 

440, 510, 740, 540, 460, 790, 750, 530, 380, 360, 500, 530 

21.21 Calculate the arithmetic: mean of the data. 

Calculate the sum of the data values and divide by the total number of items for 

which you are given calorie information: n= 12. 

sum of data ee 
n 

_ 440 +510 + 740 + 540 + 460 + 790 + 750 + 530 + 380 + 360 + 500 + 530 

5 12 
_ 6,530 

12 

= 544.16 

The 12 menu items have an arithmetic mean of 544.1666666..., or 544.16, 

calories. 

Note: Problems 21.20-21.23 refer to the data set bela, the total calories i in 12 popular menu 
choices at the McDonald’s s fast food restaurant chain. 

440, 510, 740, 540, 460, 790, 750, 530, 380, 360, 500, 530 

21.22 Calculate the median of he data. 

Place the calorie values in order, from least to greatest, as demonstrated in 

Problem 21.20. 

360, 380, 440, 460, 500, 510, 530, 530, 540, 740, 750, 790 

The median is the “middle number” of the ordered data‘set, which splits the 

set into an equal number of values that precede and follow the median. This 
data set contains an even number of values, so unlike Problem 21.17, there is no 

single value that divides the data evenly. Instead, you select the two values in the 

middle of the data set, 510 and 530. 
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360, 380, 440, 460, 500, 510, 530, 530, 540, 740, 750, 790 

Notice that five values precede the underlined values above and five values 

follow them as well. To calculate the median, compute the arithmetic mean of AAA SIO 
the two underlined values. ae 330. Then Aivide 

by 2, 510 +530 
9 

_ 1,040 
Tae 
= 520 

median = 

The median of the data set is 520 calories. Note that the median is not always 
one of the data values in the set—none of the menu items contains 520 calories. 

This should not be off-putting, as you'do not assume that another common 

measure of central tendency—the arithmetic mean—is necessarily a data value 
either; in this example, no item contains x = 544.16 calories. 

If a data set contains an even number of values, the formula 3 identifies the first 
iy 

of the two numbers for which the arithmetic mean is the median of the data set. 

; : ; 4 12 
In this problem, n = 12, so the arithmetic mean of the data value in place o =6 

(510 calories) and the value that immediately follows it (530 calories, in position 

seven) is the median of the data set. 

‘Note: Problems 21.20-21.23 refer to the data set below, the total calories i m 2 popular menu 
choices at the McDonald’s fast food restaurant chain. 

440, 510, 740, 540, 460, 790, 750, 530, 380, 360, 500, 530. 

21. 23 Armed with nutrition informa tion abou the n menu 1 items, , you choose to avoid — 

_ the three items that contain the most calories. Calculate the arithmetic mean 
_of the smaller data set mat excludes noe three items. 

{ee the three highest calorie items (containing 740, 750, and 790 

calories) and ordering the remaining values from least to greatest produces the 

following data set. 

360, 380, 440, 460, 500, 510, 530, 530, 540 

To compute the average, add the values and divide by the total number of items. 

sum of data 
——— 

n 

_ 360 + 380 + 440 + 460 + 500 + 510 + 530 + 530 + 540 ee eS 

_ 4,250 
ree 
= 472.2 

The remaining nine menu items have an arithmetic mean of 472.2 calories. 
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Note: Problems 21.24-21.25 refer to the data set below, honeys ue eer by. Ba 
Ruth and Roger Maris during their careers. Note that Babe Ruth’s homerun totals are list 
beginning in 1918, the year in which the number of, games he uo pas season si ignificantly 
increased. _ 

Ruth |11 29 54 59 35 41 1625 47 ; 
54 46 49 46 41 34 22 6 

28 8 TF ie 8 2. 
6468 

21. 24 Felore the steroid era of baseball, the record- -breaking mark of 61 homeruns 
ina year set by Roger Maris—narrowly edging out the longstanding record of 
60 homeruns set by Babe Ruth—stood for decades. Compute the mean and 

median number of homeruns per year for Babe Ruth, rounding each to th 
~ nearest whole number. 7 

Csieniats the sum of Babe Ruth’s homeruns per year and divide by the total 
number of years represented, n= 18. 

sum of data 
ee 

n 

_ 705 
You coula AeA 

write the values = 39.16 Prom gveatest to ~~ 39 
least ustead—as 
long as they ave 
Sequential, 

To compute the median, you should first rewrite the data values in order, from 

least to greatest. 

6, 11, 22, 25, 29, 34, 35, 41, 41, 46, 46, 46, 47, 49, 54, 54, 59, 60 

There are n= 18 data values—an even number—so the value in position 9 is the 

first of the two consecutive values in the ordered data set that must be averaged 

to calculate the median. 

The data value in position nine is 41, and the data value in position ten is 46. 
Compute the arithmetic mean. 

41+ 46 
median = 

_81 
2 

= 43.5 

= 44 

Beginning in 1918 and throughout the rest of his career, Babe Ruth hit an 
arithmetic mean of 39 and a median of 44 homeruns per season. 

S — 
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a 

25 refer to he data set below, homeruns hit each h year by Babe 
ring their careers Note that Babe Rut : 

s Problems 21. 24-21. 28, who was the better homerun hiter? 
The Benne mean Tae ee} Maris i is fas eal fsa of homeruns divided 

by n= 14 seasons. 

sum of data 
i 

n 

% _ 303 
FTA 
= 21.6428571 

= 22 

To calculate the median, first list Maris’ homeruns in order, from least to 

greatest. 

5,.8999) 13) 14, 16,19, 23,26, 285.33, 39, 61 

: n 
The data set contains an even number of values, so apply the formula 9 to 

identify the position of the first of two consecutive data values used to calculate 

the median. 

=7 

The seventh and eighth data values in the ordered set are 16 and 19. Their 

arithmetic mean is the median for the data set. 

16+19 
median = 

we 
2 

= 17.5 

=18 

You conclude that Roger Maris hit an arithmetic mean of 22 and a median of 

18 homeruns per season, significantly lower than the yearly statistics for Babe 
Ruth. In fact, in 12 of his 14 seasons, Maris’s homerun total was less than Ruth’s 

lifetime average. 

If you compare tHeit performances using the arithmetic means, Maris hit 
39 — 22 = 17 fewer homeruns per year on average. Using the medians confirms 
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this disparity: Maris hit 44 — 18 = 26 fewer homeruns per year. Maris’s single- 

season homerun record was as significant as it was surprising statistically. 

Clearly, Ruth was the more consistently successful homerun hitter, but a single 

outstanding season by Maris eclipsed his record of 60 homeruns. 

The value of this historical statistical study is somewhat lessened by the 
ubiquitous use of steroids that began at the end of the twentieth century, 
artificially inflating statistics and making it difficult, if not impossible, to 

reconcile the data from the two different eras. 
» 

Quartiles 

Mavking the 25% and 7S% points in a Aata set 

Problems 21.26-21.30 refer to the data set below, the mumber of pets owned _ members ofan 
elementary school class. 

21.26 Calculate the second quartile (Q,) for the data set. 

Quartiles divide a data set into four quarters, each representing approximately 

25% of the data. Not all statisticians agree upon a singular method to 
accomplish this task, so different textbooks present different techniques. No 

particular method is inherently more accurate than any other, but the methods 
described in this section represent the most common techniques for calculating 
quartiles in a basic statistics class. 

This weivA 

locking thing is 
just an italicizea 
Q@. 

The first quartile Q, (or lower quartile) denotes the endpoint for the first 25% 
of the data, and the third quartile (or upper quartile) marks the 75% boundary 
for the data. If you have completed the preceding problems in this section, you 
are already familiar with the second quartile Q,, which marks the halfway point 

in the data—also called the median. Apply the techniques from the previous 
section to calculate the median for this data set, which has an odd number of 

values. 
Look at 

Problems 21.17 ana oes 
21.22-21.25 to Bee 2 2 

calculating the it 10 

median 2 

= 

The value in the fifth position of the ordered data set is the median: 3. 

= v7 
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According to Problem 21.26, the median of the data set is 3 pets. This value 
divides the data into two equal halves. The lower half contains values 0, 1, 1, and 

2; the upper half contains values 4, 4, 5, and 6. 

OUT 2 2 4,475, 6 

lower half median upper half 

The first quartile, Q,, is the median of the lower half of the data values 0, 1, 1, 

and 2. To calculate the median of a data set containing n = 4 values, compute 
the arithmetic mean of the middle two values (in this case, 1 and 1). You 

conclude that Q, = 1. 
The Average 

of any number and 
itself (like | ana l) 
is that number: lz 

As Problem 21.27 demonstrates, the median of the data (3) separates the 
ordered values into two equal halves. 

Oa 4 52 3 4,4, 5,6 

lower half median — upper half 

The third quartile, Q,, is the median of the upper half of the data: 4, 4, 5, and 6. 
Like Problem 21.27, this subset of the data contains an even number of values: 
n= 4. Thus, the median is equal to the average of the two middle values, 4 

and 5. 

At} 

nies 
ll 
no | 0 

i} _ or 

You conclude that Q, = 4.5. 
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A five-number summary describes a set of data by listing, in order, the following 
values: the minimum (the smallest value in the data set), the lower quartile (Q), 
the median (Q,), the upper quartile (Q,), and the maximum. This data set has a 

minimum value of 0 and a maximum value of 6; according to Problems 21.26— 

21.28, Q, = 1, Q, = 3, and Q, = 4.5. Therefore, the five-number summary for this 
data set is 0, 1, 3, 4.5, 6. 

A box-and-whisker plot is a visual representation of the five-number summary, 
as described in Problem 21.29. It consists of two vertical line segments called 
the whiskers (which represent the minimum and maximum values of the data) 
and a rectangular box whose left and right boundaries are the lower and upper 
quartiles. The median is drawn as a line segment between and parallel to the 
segments representing Q, and Q,. 

first third 
(lower) median (upper) 
quartile quartile 

Q) Qo Qs 
min max 

As Problem 21.26 explains, the second quartile (Q,) is the median of the data 
set. However, in order to identify the median, the data values must be listed in 

order, from least to greatest. 

1,-2,.2,.0, 10, 12, 15,165 20,31 
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————— 

There are n= 10 data values, an even number, so the median is equal to the 

: : ; ai nl 
arithmetic mean of the number in position 9 — a = 5 and the number that 

follows it: 10 and 12. 

me LOa 12 

The second quartile of the data set is Q, = 11 hours of pleasure reading. 

Problems 21.31-21.34 refer to the data set below, the length of time (in hours) a sample of — 
adults spent reading for pleasure during a one-week period. — 

- 10, 13, 2, 5, 31, 16, 1, 20, 2, 12 

‘21.32 Calgulate the lower quartile (Q,) for the data set. 

According to Problem 21.31, the median of the ordered data set below is Q, = 11. 

1, 252, >, 10,142,155 16,°20; 31 

The median splits the data into two equal halves. Note that the median does not 
actually appear within the data set, so all of the data values belong either to the 
lower or upper half of the data. 

1b, PA ee IW) Jet 

lower half median 

Seal Om 20 seo 

upper half 

The lower quartile is the median of the lower half of the data, which contains 

the values 1, 2, 2, 5, and 10. The middle value of this set is the number in the 

Unlike 
Problems 

2\.26-21|.28, 

when the median 

ZSwas a daata 

value. It split the 
aata into two halves 

Dut wasn't containea 

in eithev. Remembev, 

some books Ao this 
a little aifferently, 

pecawuse for some 
VEASON, Statisticians 

caw *t agree on One 

way to calculate 

quavtiles. 

Welva. 

third position: Q, = 2. 

Problems 21.31-21.34 refer to the data set below, the length of time (in hours) a sample of 
adults spent reading for pleasure during a one-week period. 

10, 13, 2, 5, 31, 16, 1, 20, 2, 12 

21.33 Calculate the upper quartile (Q,) for the data set. 

According to Problem 21.32, the upper half of the data set is 12S 1 Ge20 ana 

31. The upper quartile is the median of this ordered set containing = 5 values: 

Q, = 16. 

| 
The Humongous Book of Basic Math ana Pre-Algebbva Problems 453 



Chapter Twenty-One — Basic Statistics 

Problems 21.31-21.34 refi ne oe set below, the length c ours) a sample of 
adults spent Be pr pee sure during a gree pene 

10, 13, 2, 5, 31, 16, 1, 20, 2, 12 
~ 

21. 34 Generate a five-number summ: : e data and use it to con uct box: 

| and- at plot. o 

The eA ieatite value of the data set is 1 and the maximum value is 31. 

According to Problems 21.31-—21.33, Q, = 2, Q, = 11, and Q, = 16. Therefore, the 

five-number summary for the data is 1, 2, 11, 16, 31. 

The box-and-whisker plot for the data illustrates the maximum and minimum 
values as small vertical segments that extend toward a rectangle bounded on the 
left by Q,, bounded on the right by Q,, and divided by a vertical ségment located 
at Q,, as illustrated below. 

2 11 16 

Note: Problems 21. 35-21. 3 7 vert to dae set bee the monhey ch urges (in dollar je 

eae of consumers pay for monthly cable or satellite television service. — 

74, 82, 128, 75, 86 61, a ae 78, 65, 96 

te © the median monthly charge oS 21 35 ae 

A sample 
is a small, 

vepresentative group 
from a population, 

because asking a 
giant population of 

List ihe aes charges in order, from aay to greatest. 

45, 53, 61,65, 74, 75, 78,82, 96, 107,128 

The median of an ordered set containing an odd number of data values (n = 11) 
is the number in position six, as calculated below. 

people something n+1.11+1 

Oi eon 
ee: 

a 

=6 

The sixth value in the ordered list is 75, so the median price paid for monthly 
cable or satellite television service is $75. 
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According to Problem 21.35, the median Q, = 75 divides the ordered data into 

two halves, each containing five data values. The median is a value in the data 

set, so it is excluded from both halves of the data. 

45,.53, 61, 65, 74 15 78, 82, 96, 107, 128 

lower half median upper half 

The lower half of the data contains the values 45, 53, 61, 65, and 74; the third 

number of this ordered data set is the median, and is therefore the lower 

quartile: Q, = 61. The upper half of the data contains the values 78, 82, 96, 107, 

and 128. Once again, the third number of this data set represents a quartile: 
Qe 96. 

ve-number 
" and-whisker ‘plo 

Meaeaeh to Eee 91. 35- OL. 36, Q- él, be 75, aie a 96. The § maximum 
and minimum values are 45 and 128, respectively. Therefore, the five-number 
summary for the data is 45, 61, 75, 96, 128. Apply these values to construct the 

following box-and-whisker plot. 

61 75 96 

20 40 60 80 100 120 140 
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Appendix A 
Multiplication Table 

The proAuct of the numbers in the top vow and the left column is 
the value at which that vow and column intersect. 

— 

Ze) 
3] 3 
4/4 
So: 

oul 
Ae 
pile 
ala 
S S 
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Appendix B 
lmpovtant Formulas 

Chapter ¢ 

: Even numbers 

: Sum of Aigits is Aivisible by 3 

: Last two Aigits Aivisible by 2 

: Ones Aigit is 0 ov S 
: Divisible by 2 ana Aivisible by 3 

~~ NH FWY 

Divisivility Tests for Integers 

: Sepavate ones Aigit, Aoudle it, and subtvact it from oviginal number 

excluding the ones Aigit; test Aivisibility of Aiffevence by 7 

8: Last thvee Aigits Aivisible by & 

4: Sum of Aigits Aivisible by 7 

10: Ones Aigit is 0 

Chaptev 7 
* Improper fraction to mixeaA number: 

If A + B has quotient Q@ and vemainder R, then 4 st 

* MixedA number to improper fraction: Ww —— ey eS 

Y 

Chapter 79 

Pah Vapliea Practions: pe te ultiplying fractions: Seo 

* Dividing fractions: — + ~ eT Ee ms 

€ » 

~|70 
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Chapter |2 
* Percentage increase and Aecvease: $+p = 

* Cvoss-multiplication: = . is equivalent to ad = bec 

* ; c P 
Percentage proportion formula: Wane 

Chapter |% 
Exponential Rules: 

en (a* )(a’ ) = a +y 

Chapter |4 

Multiplying radicals: Ja (7) = Varo 

¥ Dividing vadicals: Vx ~7Vy = Ee 

. Ss 
* Fractional powers: x’S = 4/x*® 

Ov 

x = (fe) 

Chapter |¢ 
* FOIL Method: (at bi(c+ A)=actadt+bet+ba 

* Multiplying expressions: (a+ b)\(x + y+ 2) = ax t+ ayt+ art dbx + by + bz 
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& Slope of the line through points (x,, y,) ana (x,y, ): ene 

Chapter |79 

| ¥ Pythagovean T Pere Neel ate 

AREA FORMULAS 

* Avena of atviangle: A= ah 

x Aven of avectawgle: A=\w 

* Avea of avhowmbus: A=sh ov A= (A May) 

2 
* fvea of asquave: A=Ss 

* fpvea of a pavallelogvam: A= bh 

h 
® pvea of atvapezoia: A= 2 (0, 4 b, ) 

Q 2 
* Pvrea ok acivcle: A=7v 

PERIMETER FORMULAS 

& Pevimeter of avectangle: P= 21+ 2w 

* Pevimeter of a vhom\bbus/squave: P = 4s 

* Civcumfeveuce of a civcle: C = 214v 
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VOLUME FORMULAS 

* Volume of a prism: V= Ah 

¥ Volume of a vectangulay prism: V=lew-h 

£ Volume of a cylinder: VEarvh 

| 
*® Volume of a pyramid: V = Bie 

lee 
* Volume of a cone: V= a h 

* Volume of a sphere: V= a 

Chapter 2| 
i 2 ae sum of Aata 

* avithmetic meow: x = 
number of Aata values 

The Humongous Book of Basic Math and Pre-Algelbva Problems 



Appendix C 
lmpovtant Concepts 

Chapter 2 
* Associative Property of Addition: (a+b) + c=at+(o+0 

* Associative Property of Multiplication: (xy)z = x(yz) 

* Commutative Property of AAdAition.v+s=st+v 

* Commutative Property of Multiplication: xy = yx 

% PAaditive luvevse Propevty: x + Cx) =-x +x = 0 

* Multiplicative Inverse Property: y- * =|,ily40 

Chapter 4 
Double Signs 

teat 

ses 

-+-2=-—- 

Chapter 4 
* OvAev of Opevations: 

|. Paventheses (ov othev grouping symbols) 

2. Exponents 

3. Multiplication and Division Prom left to vight) 

4, Addition anda Subtvaction (From left to vight) 

* Distvibutive Property: a(x + y) = ax + ay 

€ + 
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Chapter ¢ 
* Fundamental Theovem of Avithmetic: 

Every positive integey is a unique product of prime numbers 

* Least Common Multiple (LCM): 

The smallest multiple that a set of values have in common 

* Greatest Common Factov (GCF): 

The lavgest number by which a set of values is Aivisible 

Chapter & 
Least Common Denominator (LCD): 

The least common multiple of a set of Aenominators 

Charptev (2 
* Expvess percentages as Aecimalls: Move Aecimall point two places to the left 

* Expvess Aecimals as percentages: Move Aecimal point two places to the vight 

Chapter |¢ 
* Like Tevms: 

Terms that contain the same vaviarble(s) vaisea to the same exponent(s) 

Chapter |7 
Steps to Solving Equations 

|. Simplify expressions on both sides of the equation independAently 

2. Move x-tervms to one side of the equation 

3. Move alll other tevms to the other side of the equation 

4, Cowdvine like terms 

S. Eliminate coefficient of x-tevm 

464 The Humongous Book of Basic Math and Pre-Algebva Prolblems 



Chapter 18 
Y-axis 

Quadvont Quadvont 

Z | 

The 

Cavtesioan s see 

CoovAinate es 

System 
Quadvoawnt Quadvawnt 

‘ % 4 

Chapter |9 
¥ Right angles: Measuve 10° 

* Acute angles: Have measuves greater than 0° and less than 90° 

* obtuse angles: have measuves gveatev than 10° and less than 180° 

Chapter 2| 
* Median: Middle value of an ovAeveA Aata set 

* Mode: Data value that occurs most often 

* Five-Number Summavwy: Lists five statistics of a Anata set in the 

following ovdev: minimum, Gi, Median, G,, Maximum, 
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Appendix PD 
Measuvement Conversion Formulas 

ENGLISH UNITS : METRIC PREFIXES 

DISTANCE i 
c * milli: =O 

* | Loot = 12 inches |,000 

* | yavA =% feet : Chee elon 

* | mile = 5280 Leet 100 

VOLUME * Deci: = =|0' 
0 

* | cup = & fluid ounces 

* | pint = 2 cups * Decou 10 = 10! 

* | quavt = 2 pints 

* | gallon = 4 quavts 

WEIGHT 

* | pound = 16 ounces 

* Hecta: 100 = 10° 

¥ Kilo: 1,000 = 10° 

* | ton = 2,000 pounds 
Ewglish to Metvic ~— Mettvic to English 

| 02 = 28.3495 9 | 9 = 0.0383 oz 

Weight/Mass| =| lb = 0.4536 kg | kg = 2.2046 Np 

| Mg = 1.1023 + 

| L= |.0S¢7 at 

| L= 0.2642 gal 
| mL = 0.0338 £1 02 

| cw = 03737 in 

| cm = 0.0328 ft 

| m= |.0%36 ya 

| kw = 0.6214 mi 

| += 0.072 mg 
| Pl oz = 29.8735 wt 

| at = 0.9464 L 

| gal = 3.7854. L 

|iw=2.54 cw 

| f+ =S0AS cw 

| yA=0.1|44m 

| mi = 1.6073 kw 

Volume 

Distance 
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Index 
ALPHABETICAL LIST OF CONCEPTS WITH 

PROBLEM NUMBERS 

This comprehensive index organizes the concepts and skills discussed within the book alphabetically. 
Each entry is accompanied by one or more problem numbers, in which the topics are most 
prominently featured. 

Al) of these numbers vefer to problems, 

ninth problem in Chapter 4. 

A 
absolute value: 3.8-—3.14, 3.27-3.29, 3.35, 

3.39-3.40, 4.7—4.8, 4.40, 5.4, 5.30, 5.32, 

15.27-15.28 

acute angle: 19.5-19.6 

addition 

decimals: 10.15—10.18, 10.32 

exponential expressions: 14.38, 14.40-14.42 

fractions: 8.15-8.41, 9.1, 9.20, 9.38 

inverse property of: 2.39 
notation: 1.34 

positive and negative numbers: Doo, 

3.15-3.29 

property of equality: 17.3 
roots: 14.13—14.14, 14.30-14.31 

scientific notation: 13.12, 13.14 
variable expressions: 16.1—16.10 
whole numbers: 2.1-2.8, 2.36, .2.38-2.39 

additive inverse: 2.39 

adjacent signs: 3.23-3.26 

area e, 
Ce. & 19.28, 19 3219.97, 19.39 
parallelogram: 19.24 
rectangle: 19.15-19.17, 19.20, 19.34-19.35 

not pages, in the wock. For example, 4.7 is the 

rhombus: 19.19-19.21 
square: 19.27, 19.38 
trapezoid: 19.26 
triangle: 19.7-19.8, 19.10-19.11, 19.14, 19.20, 

19.36 

arithmetic mean: 21.16, 21.19, 21.21, 21.23-21.25 

associative property: 2.36-2.37 

average: see arithmetic mean 

B 
bar charts: 21.1—21.7 

base 
(of a) solid: 19.34-19.39 
(of a) trapezoid: 19.25—-19.26 
(of a) triangle: 19.7-19.8, 19.10-19.11, 19.36 

billions: 1.10 

billionths place: 10.5, 10.14 

binomial: 16.21 

“borrowing one”: 2.13-2.17, 10.20-10.21, 10.23 

boundaries (of intervals): 5.8—5.18 

box-and-whisker plot: 21.30, 21.34, 21.37 

brackets: see grouping symbols 

branch: see factor tree 



“carrying the one”: 2.4—2.8, 10.16 

Cartesian coordinate system: see coordinate plane 

Celsius: 20.41—20.42 

center: 19.27, 19.30 

centimeters: 20.21, 20.37 

change in x, change in y: see slope 

charts 
bar: 21.1-21.2 
box-and-whisker plot: 21.30, 21.34, 21.37 
grouped bar: 21.3—21.4 
pie: 21.8 
scatter plot: 21.9 
stacked bar: 21.5-21.7 
stem-and-leaf plot: 21.10—21.15 

circle: 15.8, 19.27-19.33, 19.37, 19.39 

circle illustrations: 7.4—7.8, 7.19 

circumference: 19.29, 19.31, 19.33 

coefficient: 15.37-15.38, 18.39-18.41 

common 

denominator: 7.41, 8.3—-8.41 

factor: 6.34-6.41 
multiple: 6.26—6.33 

commutative property: 2.38, 16.32—16.33 

complex fraction: 9.31—9.40, 12.4-12.5 

composite: 6.3-6.7, 6.19 

compound inequalities: 5.6—5.10, 5.16-5.17, 
5.24-5.27 

cone: 19.39 

constant: 15.2—15.3, 15.8 

conversion 

English to English units: 20.7-20.17 
English to metric units: 20.29, 20.32, 

20.35-20.36, 20.38-20.39, 20.42 

metric to English units: 20.30-20.31, 
20.33—20.34, 20.37, 20.40-20.41 

metric to metric units: 20.18—20.28 

coordinate: 18.7-18.15 

coordinate plane: 18.1-18.15 

correlation: 21.9 

counting number: 1.23-1.24 

cross-multiplication: 12.26-12.29, 12.31, i233: 

12.35-12.41, 17.28-17.29, 17.31, 17.34, 

17.40-17.41 

cube root: 14.16-14.22, 14.33, 14.37, 14.40-14.41 

cups: 20.10-20.11, 20.14, 20.35 

cylinder: 19.37 

vs . WS yy 

\ yee if 7 ee 
yj U5 © WSS 5 7- Ae Ny 

— : - 

data: see statistics 

days: 20.4, 20.6 

decameters: 20.21 

deciliters: 20.24 

decimal point: 10.1-10.7 

decimals 
adding: 10.15-10.18, 10.32 
combining with fractions: 11.34-11.39 
converting to fractions: 11.16—11.33, 11.35, 

11.38-11.39 
converting to percentages: 12.6—12.8 
definition of: 1.28—1.31 
division: 10.33-10.42 
expressing fractions as: 10.41, 11.1-11.15, 11.21, 

11.2), 11.29, 11,53-11. 34, 11.36-1137, 
12.12-12.15 

expressing percentages as: 12.9-12.11 
multiplication: 10.24-10.32, 10.37 

place values of: 10.1-10.7 
repeating: 10.40-10.41, 11.28-11.33 

rounding: 10.8—10.14, 10.18 
subtracting: 10.19-10.23 
terminating: 10.33—10.39, 10.42, 11.16—11.27, 

11.35, 11.38-11.39 

denominator: 7.1, 7.19-7.20, 9.1 

diagonal: 19.17, 19.21 

diameter: 19.27, 19.29 
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difference: see subtraction 

discount price: 12.24-12.25 

distance: 20.7—20.9, 20.19-20.21, 20.37-20.40 

distributive property: 4.9-4.10, 4.12-4.15, 

pints: 20.11, 20.36 

pounds: 20.15-—20.17, 20.32 

quarts: 20.12 
stone: 20.32 

tons: 20.16—20.17, 20.30 4.24—4.25, 16.11-16.20, 16.31-16.41 

divisibility test 

for 2: 6.8, 6.12, 6.24 
for 3::6.9,.6.12, 6.16; 7.30 
for 4: 6.10, 6.15, 6.24-6.25 
for 5: 6.11, 7.30 
jor6: 6.12, 6.23 

for 7: 6.13-6.14, 6.25, 8.30 
for 8: 6.15 
for 9: 6.16, 6.24—6.25 
for 10: 6.17, 6.21 

divisible:.6.1-6.2, 6.8-6.17, 6.34, 8.1 

division 

decimals: 10.33-10.42 
definition: 2.26—2.28 
fractions: 9.15-9.23, 9.25-9.26, 9.28—9.30, 

9.32-9.40 
notation: 1.36 

positive and negative numbers: 3.36—3.41 
property: 17.5 
remainders: 2.28, 2.30—2.35 

roots: 14.12, 14.22 

scientific notation: 13.20-13.22 
whole numbers: 2.29-2.35 

double signs: see adjacent signs 

English system 
cups: 20.10-20.11, 20.14, 20.35 

Fahrenheit: 20.41—20.42 

feet: 20.7-20.8, 20.39 

fluid ounces: 20.10, 20.13, 20.34 

gallons: 20.12—20.14, 20.33 

inches: 20.8—20.9, 20.37, 20.39 

miles: 20.9, 20.40 

ounces: 20.15, 20. 29, 20. 31 

yard: 20.7, 20.38 

equal sign: 1.32 

equations 
graphing: 18.16-18.29 
solving for a specific variable: 17.35-17.41, 

18.27, 18.29, 18.39-18.41 
solving linear: 17.2-17.3, 17.5-17.6, 17.8-17.13, 

17. 15-17.18, 17.20-17.22, 17.24—17.34 
solving proportions: 12.27-12.29, 12.31, 12.33, 

12.35-12.41, 17.28-17.34, 17.40-17.41 
verify solutions of: 17.4, 17.7, 17.10, 17.14, 

1719, 17-25 

estimating: 1.18—1.20 

evaluating expressions: 15.21-15.33 

even: 1.22, 6.9, 6.24 

exponents 
adding expressions containing: 14.38, 

14.40-14.42 
converting into radical expressions: 14.32—14.42, 

15.32-15,33 
negative: 13.4, 13.32-13.40 
simplifying expressions containing: 13.23-13.31 
whole number: 4.16—4.28, 13.3 

factor: 6.1-6.7, 6.18—6.25, 6.28, 6.30—-6.41, 15.36 

factor tree: 6.18—6.25, 7.31—7.32, 7.41, 8.2, 
8.12=8.14, 8.24-8.26, 8.29 

Fahrenheit: 20.41—20.42 

feet: 20.7-20.8, 20.39 

fifth roots: 14.27, 14.29, 14.34 

first quartile: see lower quartile 

first terms: see FOIL method 

five-number summary: 21.29, 21.34, 21.37 

fluid ounces: 20.10, 20.13, 20.34 

FOIL method: 16.21—-16.30 

fourth roots: 14.24, 14.28, 14.30-14.31, 

14.35-14.36, 14.42 
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fractions 
adding/subtracting: 8.15-8.41, 9.1, 9.13, 9.20, 

9.38 
circle illustrations of: 7.4-7.8, 7.19 
combining with decimals: 11.34-11.39 
comparing: 7.35—7.41 
complex: 9.31-9.40, 12.4-12.5 
converting to decimals: 10.41, 11.1-11.1), 11.21, 

Mie e229, 11: 3311.34, 1136-11 37, 
12.12-12.15 

converting to percentages: 12.12—12.16 
dunding: 9.15—9.23,.9.25-9.26, 9. 28-9, 30, 

9.32-9.40 
equivalent: 7.7, 719-741, 8.3 

(as) exponents: 14.32—14.42, 1D.32=1)9.33 
expressing decimals as: 11.16—11.33, 11.3, 

11.38-11.39 
expressing percentages as: 12.2—-12.5 
(as) grouping symbols: 4.4—4.5, 4.37, 4.40, 5.31 
improper: 7.9, 7.11-7.17, 7.24-7.26, 7.32, 

8.32-8.41, 9.24-9.30 
least common denominators of: 7.41, 8.3—8.14, 

8.18-8.41, 17.22, 17.24-17.27 
mixed numbers: 7.10—7.17, 7.24—7.26, 7.32, 

8.33, 8.35, 8.37-8.39, 8.41, 9.27-9.30 
multiplying: 9.1-9.14, 9.21, 9.24, 9.27 
proper: 7.1—-7.2, 7.4-7.7, 7.10, 7.20-7.23 

reducing: 7.27—7.34, 8.16, 9.4-9.7, 9.31 

Fundamental Theorem of Arithmetic: 6.18—6.25 

G-A 
gallons: 20.12—20.14, 20.33 

GCF: see greatest common factor 

geometry: 19.1-19.40 

grams: 20.26-20.27, 20.29 

graphing 
horizontal lines: 18.16, 18.18—18.20, 18.22, 

18.33 
inequalities: 5.19—5.27 
linear equations: 18.16—18.29 
(on a) number line: 3.1—3.4 

points: 18.7-18.15 

statistics: see charts 

(using a) table of values: 18.23-18.29 
vertical lines: 18.17-18.22, 18.36 

greatest common factor: 6.34—6.41, 7.28—-7.34 

grouped bar chart: 21.3-21.4 

grouping symbols: 4.1-4.8, 4.11, 4.19, 4.21-4.23, 

4.26-—4.28, 4.35—4.40 

height: 19.7-19.8, 19.10-19.11, 19.24, 19.26, 
19.34-19.39 

horizontal lines: 18.16, 18.18-18.20, 18.22, 18.33 

hours: 20.1—20.2 

hundreds place: 1.2-1.9, 1.13-1.17, 119-1.20, 

1.40 

hundredths place: 1.28, 10.2, 10.5, 10.9-10.10 

hypotenuse: 19.12-19.14 

I-J-K 
Identity Property of Multiplication: 7.19 

improper fractions: 7.9, 7.11-7.17, 7.24—7.26, 
7.32, 8.32-8.41, 9.24—9.30 

inches: 20.8-20.9, 20.37, 20.39 

index: 14.16, 14.20, 14.31-14.32, 14.39, 14.41 

inequality 
compound: 5.6—5.10, 5.16—5.17, 5.24-5.27 
graphs: 5.19-5.27 
simple: 5.1-5.5, 5.18-5.23, 5.28-5.40 
symbols: 1.33, 1.37-1.40 

infinity: 5.14—5.15, 5.18 

inner terms: see FOIL method 

integer: 1.26, 6.1-6.2, 7.3, 7.8, 7.10, 9.8, 9.17 

interval notation: 5.11—-5.18 

inverse properties: 2.39-2.40, 9.14 

irrational number: 1.30-1.31 

isolate: see solve 

isosceles: 19.11, 19.25 

kilograms: 20.26, 20.28, 20.31—20.32 

kiloliters: 20.24 

kilometers: 20.19, 20.40 
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last terms: see FOIL method 

LCD: see least common denominator 

LCM: see least common multiple 

least common denominator: 741, 8.3-8.14, 

8.18—-8.41, 17.22, 17.24-17.27 

least common multiple: 6.26-6.33, 7.41, 8.1-8.3 

leg 
(of a) right triangle: 19.12-19.14 
(of a) trapezoid: 19.25 

length (of a rectangle): 19.15-19.17, 19.34 

like terms: 15.39-15.40, 16.1-16.10 

linear equations: see equations 

liters: 20.22, 20.33, 20.35 

long division: 2.29-2.35, 3.36-3.37, 3.39, 

6.8—6.17, 10.33-10.42, 11.1-11.15 

lower quartile: 21.27, 21.32, 21.37 

lowest terms: see reducing fractions 

mass: 20.25 

mean: see arithmetic mean 

measures of central tendency: 21.16—21.25 

median: 21.17, 21.22—21.26, 21.31, 21.35 

megagram: 20.28, 20.30 

meters: 20.19—20.20, 20.38-—20.40 

metric system 
Celsius: 20.41—20.42 

centimeters: 20.21, 20.37 

decameters: 20.21 

deciliters: 20.24 

grams: 20.26—20.27, 20.29 

kilograms: 20.26, 20.28, 20.31-20.32 

kiloliters: 20.24 

kilometers: 20.19, 20.40 

liters: 20.22, 20.33, 20.35 

megagram: 20.28, 20.30 
meters: 20.19-20.20, 20.38—20.40 

metric ton: 20.28, 20.30 

microliters: 20.23 

milliliters: 20.22—20.23, 20.34, 20.36 

millimeters: 20.20 

picograms: 20.27 
prefixes: 20.18 

metric ton: 20.28, 20.30 

microliters: 20.23 

miles: 20.9, 20.40 

milliliters: 20.22—20.23, 20.34, 20.36 

millimeters: 20.20 

millions: 1.6, 1.9-1.10 

millionths place: 10.5, 10.14 

minutes: 20.5 

mixed numbers: 7.10—7.17, 7.24—7.26, 7.32, 8.33, 
8.35, 8.37-8.39, 8.41, 9.27—9.30, 11.8, 11.12, 
11.24 

mode: 21.18, 21.20 

multiple: 6.26—6.33, 8.7-8.11, 8. 21 8:23, 
8.27-8.28 

multiplication 
decimals: 10.24—10.32, 10.37 

definition of: 2.18—2.19 
fractions: 9.1—-9.14,. 9. 21, 9.24, 9.27, 

inverse property of: 2.40, 9.14 
notation: 1.35 
positive and negative numbers: 3.7, 3.13, 

3.30-3.3), 3.40-3.41 
property: 17.6 
roots: 14.9-14.11, 14.20-14.21, 14.29, 

14.40-14.42 
scientific notation: 13.16—-13.19 
variable expressions: 16.11—16.41 
whole numbers: 2.20-2.25, 2.37-2.38, 2.40 

oh-O.. 
natural number: 1.23-1.24 

negative 
exponents: 13.4, 13.32-13.40 

numbers: 1.25, 3.1—3.41 

negative sign placement for a fraction: 8.22 

number line: 2.1-2.2, 2.9-2.10, 3.1—-3.4, 3.15, 

3.17, 3.19 
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numerator: 7.1, 7.19-—7.20 

obtuse angle: 19.4, 19.6 

odd: 1.21 

ones place: 1.1—-1.12, 1.15-1.18, 1.39 

opposite::2.39, 3.3-3.7,5.11, 5.3, 5.5, 15.18 

order of operations: 4.29—4.40, 5.28—-5.40 

origin: 18.3, 18.6 

ounces: 20.15, 20.29, 20.31 

outer terms: see FOIL method 

- 

parallel 1915°19,5,.19.23, 19.25 

parallelogram: 19.23-19.24 

parentheses: see grouping symbols 

percentage change formula: 12.17-12.22, 
12.24-12.25 

percentage proportion formula: 12.30-12.31, 
1233712 .35-12 41 

percentages 
calculating: 12.31-12.41 
converting to decimals: 12.9-12.11 
converting to fractions: 12.2-12.5 
definition of: 12.1 
expressing decimals as: 12.6—12.8 
expressing fractions as: 12.12—12.16 
increase and decrease: 12.17-12.25 

perfect cubes: 14.15-14.22 

perfect squares: 14.1-14.4, 14.6-14.10, 16.8, 

16.27, 16.30, 16.39-16.41 

perimeter 

parallelogram: 19.23 
rectangle: 19.15-19.17 
rhombus: 19.18 

square: 19.22 

trapezoid: 19.25 

triangle: 19.9, 19.11, 19.14 

perpendicular: 19.2-19;3, 19:10=19.11, 19.17, 

19.24, 19.30 

pi Gr): 15.1 1a6 

picograms: 20.27 

pie chart: 21.8 

pints: 20.11, 20.36 

place holder zero: 10.15, 10.17-10.19, 

10.21-10.23, 10.27—10. ae 

place values 
(of) decimals: 10.1—10.7 
(of) whole numbers: 1.1—1.20 

points: 18.7-18.15 

pounds: 20.15-20.17, 20.32 

prime: 6.3-6.7, 6.18-6.25, 6.28, 6.30-6.33, 
6.36-6.41 

prime factorization: 6.18—6.25, 6.28, 6.30-6.33, 

6.36-—6.41, 7.31-7.32, 7.41, 8.2, 8.12-8.14, 
8.24-8.26, 8.29-8.31 

population increase and decrease: 12.19-12.20, 
12222 

prefixes (of the metric system): 20.18 

prism: 19.34—19.36 

product: see multiplication 

proper fractions: 7.1-7.2, 7.4—7.7, 7.10, 7.20-7.23 

properties 
addition: 17.3 

associative: 2.36—2.37 
commutative: 2.38, 16.32—16.33 

distributive property: 4.9—4.10, 4.12-4.D, 
4,24—4.25, 16.11—16.20, 16.31-16.41 

division: 17.5 
identity: 7.19 
inverse: 2.39-2.40, 9.14 

multiplication: 17.6 
substitution: 15.21 

subtraction: 17.2 

proportions 
cross-multiplication defined in terms of: 12.26 
defined: 12.26 
solving: 12.27-12.29, 12.31, 12.33, 

12.35-12.41, 1728-1754, 17.40-17.41 

pyramid: 19. 38 

Pythagorean Theorem: 19. 19-19, 14, 19.17, 19.30 
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Q,, Q;, Q,: see quartiles 

quadrant: 18.4-18.6, 18.11 

quadrilateral: 19.15—19.26, 19.34-19.35, 19.38 

quantity: 16.13 

quartiles: 21.27-21.37 

quarts: 20.12 

quotient: see division 

radical expressions: see roots 

radicand: see roots 

radius: 19,27-19.33, 19.37, 19.39-19.40 

rational number: 1.27-1.29, 1.31 

real number: 1.31 

reciprocal: 2.40, 9.14-9.15, 13.32-13.40, 17.7, 

17.13, 17.20-17.21 

rectangle: 19.15-19.17, 19.20, 19.34-19.35 

reducing fractions: 7.27—7.34, 8.16, 9.4—9.7, 9.31 

regrouping: see “borrowing one” 

remainder: 2.28, 2.30—2.35, 6.1-6.2, 8.1 

repeating decimals: 10.40-10.41, 11.3, 11.5, 

11.9-11.10, 11.12-11.15, 11.28-11.33 

rhombus: 19.18-19.21 

right angle: 19.2-19.6 

right triangle: 19.12-19.14, 19.17, 19.20, 19.30 

rise: see slope 

roots 
adding and subtracting: 14.13—14.14, 

14.30-14.31 
converting into exponential expressions: 

14.32-14.42 
cube roots: 14.16—14.22, 14.33, 14.37, 

14.40-14.41 
dividing: 14.12, 14.22 
wnaen Of. 14.10, 120 Iga) 14.92, 14.52, 
FAI 

multiplying: 14.9-If.11, 14.20-14.21, 14.29, 
14.40-14.42 

other roots: 14.23-14.31, 14.34—14.36, 14.39, 
14.4]-14.42 

square roots: 14.1, 14.3-14.14, 14.32, 14.38, 

14.40, 14.42, 19.12—19.14, 19.17, 19.30 

rounding 
decimals: 10.8—10.14, 10.18, 11.36—11.37 

whole numbers: 1,.11—1.20, 1.39-1.40, 10.12 

run: see slope 

sale price: 12.24—12.25 

sales tax: 12.18 

scatterplot: 21.9 

scientific notation 
addition: 13.12, 13.14 
defined: 13.1—-13.2 
division: 13.20-13.22 
expressing numbers in: 13.5-13.11 
multiplication: 13.16—-13.19 
subtraction: 13.13, 13.15 

second quartile: see median 

seconds: 20.1, 20.4 

seventh roots: 14.25 

simple inequalites: 5.1—5.5, 5.18—5.23, .5.28—-5.40 

sixth roots: 14.26, 14.39 

slope: 18.30-18.41 

slope formula: 18.34—18.38 

slope-intercept form of a line: 15.3, 18.39-18.41 

solid: 19.34-19.40 

solve 

for a specific variable: 17.35-17.41, 18.27, 
18.29, 18.39-18.41 

linear equations: 17.2-17.3, 17.5-17.6, 

17.8-17.13, 17.15-17.18, 17.20-17.22, 

17.24-17.34 | 

proportions: 12.27-12.29, 12.31, 12.33, 

12.35-12.41, 17.28-17.34, 17.40-17.41 

speed of light: 20.40 

sphere: 19.40 
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square? 19.2219.38 

square numbers: see perfect squares 

square root: 1.30, 14.1, 14.3-14.14, 14.32, 14.38, 

14.40, 14.42, 19.12-19.14, 19.17, 19.30 

stacked bar chart: 21.5-21.7 

statistics: 21.1-21.37 

stem-and-leaf plot: 21.10—21.15 

stone: 20.32 

substitution property of equality: 15.21 

subtraction 

decimals: 10.19—10.23 

fractions: 8.17-8.20, 8.22-8.23, 8.26—8.31, 

8§.39-8.41, 9.13 

notation: 1.34 

positive and negative numbers: 3.6, 3.10—3.12, 

BAILY 

property: 17.2 
scientific notation: 13.13, 13.15 
whole numbers: 2.9—2.17 

sum: see addition 

pes RG . . yy 

ee : WS 7 \ 

table of values: 18.23-18.29 

tax, calculating: 12.18 

temperature: 20.41—20.42 

tens place: 1.1-1.19, 1.39-1.40 

tenths place: 1.28, 10.1, 10.4, 10.8, 10.10, 10.18 

terminating decimal: 10.33-10.39, 10.42, 

11.16-11.27, 11.35, 11.38-11.39 

terms: 15.34-15.36 

test score: 12.41 

tetrahedron: see pyramid 

third quartile: see upper quartile 

thousands place: 1.3-1.6, 1.8, 1.15-1.17, 1.20 

thousandths place: 10.3, 10.6-10.7, 10.11 

time 

days: 20.4, 20.6 

hours: 20.1—20.2 

minutes: 20.5 

seconds: 20.1, 20.4 

weeks: 20.2—20.3, 20.6 

years: 20.3, 20.5 

tip: 12.34 

tons: 20.16—20.17, 20.30 

trapezoid: 19.25-19.26 

tree, factor: 6.18—6.25 

triangle: 19.7-19.14, 19.20, 19.36 

upper quartile: 21.28, 21.33, 21.36 

variable: 15.1-15.3, 15.7-15.8 

variable expressions 
adding and subtracting: 16.1—16.10 
coefficients of: 15.37-15.38 
constants within: 15.2—15.3, 15.8 

evaluating: 15.21-15.33 
like terms: 15.39-15.40 
multiplying: 16.11-16.41 
terms of: 15.34-15.36 
translating from sentences: 15.9-15.20 
translating into sentences: 15.4-15.6 
verify solutions: 17.4, 17.7, 17.10, 17.14, 17.19, 

L723 

vertical lines: 18.17-18.22, 18.36 

volume 
cone: 19.39 
cylinder: 19.37 
percentage decrease in: 12.21 
prism: 19.34-19.36 
pyramid: 19.38 
sphere: 19.40 
units of: 20.10-20.14, 20.22—20.24, 

20.33-20.36 

weeks: 20.2—20.3, 20.6 

weight: 20.15-20.17, 20.25-20.32 

whole number: 1.24, 7.3, 7.8, 7.10 

width (of a rectangle): 19.15-19.17, 19.34 

word problems: 12.17-12.25, 12.34 
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x-axis: 18.1, 18.16 

y-axis: 18.2, 18.17 

yard: 20.7, 20.38 

years: 20.3, 20.5 

zero place holder: 10.15, 10.17-10.19, 

10.21-10.23, 10.27-10.32 

(ee a q 
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