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Chapter 1

Algebra, Trigonometry and
Geometry

A polynomial of degree n is an expression of the form

P(z)=apx" + 12"+ o+ agz® + a1zt + ag

n

Sigma Y a; =a1+as+as+ ...+ ap—1+ay
i=1

Factorial n!=n(n—1)(n—2)..3.2.1

Finite series

- 1
Z k= in(n +1)
k=1

n

n 2
Zk:?’ = (Z k‘) = inz(n +1)?
k=1

k=1
1.1 Indices and logarithms
If £ > 0 then we have the following properties:
=1, zl=1/z, 2™ =gmz" ™" =2"/z", ™ = (z™)"
Ifa >0 and a # 1 then
log,1=0, log,(z ') =log,(1/z) = —log, =

log, = + log, y = log,(xy), mlog,xz = log,(z™)
loga T — 1Oga Yy = loga(x/y)



The logarithm and power functions are inverse functions, i.e.

if x =log, y then y = a”

and if x = a¥ then y = log, x
Change of base log, r = log, x/log, a
Logarithms to base e, i.e. log, z, are often written Inx. Such logarithms are
called natural logarithms. e is the exponential constant given by
e=1+q+g+g+.. =271828. ..

1.2 Factors and roots of equations

(a +£b)? = a® + 2ab + V?

a? —b? = (a+b)(a—1b)

a® + b3 = (a £ b) (a® F ab+ b?)

a” —b"=(a—0b) (a" ' +a" P+ a" P + ..+ ab" + ")

Quadratic equation ax?® + bx + ¢ = 0 with roots «, 8

a, 3= [—bi Vb2 — 4ac} /2a

a+f=-bla, af=c/a
Cubic equation ax>® + bx? + cx + d = 0 with roots a, 3,7
a+B+v=-bla, af+py+ya=cla, afy=—d/a

f(a) =0 if and only if (z — a) is a factor of f (z).

Remainder Theorem

Suppose P(x) = anz" + ap_12" ' + ... +a1x + ag is a polynomial of degree
n and that a is a root of the equation P(z) = 0. Then (x — a) is a factor of
P(x).

1.3 Partial fractions

If the degree of the polynomial f(z) is less than that of the denominator
then:

/(@) _ A B
(x +a)(z+D).. r+a xT+b
f(z) Az + B C
(az? + bx +¢) (dr + €) - ax2+bx+c+d:v—|—e
f(z) B A B c
(az +b) (cz +d)* a$+b+cx+d+(cx—|—d)2



1.4 Permutations and combinations

The number of ways of selecting r objects from n objects with due regard

to order is
n!

The number of ways of selecting r objects from n objects without regard to
order is

nPr:

A ti itten "C.
r ) T moom (sometimes written "C})

Properties

(7)=C ) () =)+

Binomial Theorem
For any positive integer, n,

o =3 (")

r=0

1.5 Trigonometric functions

Degrees and Radians
360° = 2rrad 1° = Zsrad 1rad = (19)° ~ 57.296°
cosnm = (—1)", sinnrTr =0

cos[(2n+1)7/2] =0, sin[(2n+1)7/2] = (-1)"

cos (/4) = sin (7/4) = 1/v/2
cos (m/3) = sin (7 /6) = 1/2
cos (7/6) = sin (1/3) = v/3/2

cos (/2 —60) =sinf, sin(n/2—0) = cosb

Trigonometric identities

cos 'z =m/2—sin'w, tan'z=m/2—tan"'(1/z)

2

sin®z + cos?x = 1,
2

1+tan?x = sec? x

1 + cot? & = cosec 2z

sin (z +y) =sinxzcosy + cosxsiny
sin (z —y) =sinxzcosy — cosxsiny



cos (x +y) = cosxcosy — sinxsiny
cos (r —y) = coszcosy + sinxsiny

tan (2 + y) tanx + tany
an (x =
4 1 —tanxztany
tanx — tany

tan (z — y) =

1 + tanz tany

2 2

xr=2cos?r—1=1-2sin’zx
2tanx

cos 2 = cos“ x — sin

sin2r = 2sinzcosz, tan2zx =-———5—
1 —tan“z

cos 3z = 4cos®x —3cosx, sin3z = 3sinz —4sindz

sinx+siny:2sinx+ycosxgy
. . Tty . T—Y
sinx — siny = 2 cos sin ,
2 2
r+ T —
cosx + cosy = 2cos ycos 2y
LTty L x—y
cosx — cosy = —2sin sin —

cosz cosy = 3 [cos (z + y) + cos (z — y)]
sinzsiny = £ [cos (x — y) — cos (z + y)]
1
2

sinz cosy = 5 [sin (x 4+ y) + sin (z — y)]

2

cos?z =1 (14 cos2z), sin?z=3(1— cos2z)

sin~!z £sin~!y = sin™! (m\/ 1—y2+yvl— x2)
cos 'x+cos™ly = cos™! <xy FVI—22y/1 - y2)

tan"'z +tan "ty =tan"'[(z £ v) / (1 F 2y)]

If t = tan g, then

2t 1—t2 2t
—Q, COST =-——>, tanr=-—-
1+ ¢2 1+ ¢2 1—¢2

cosz = (eJ% + e79%) /2, sinz = (eJ* — e7I7) /25

sinz =

De Moivre’s Theorem
(cosx + jsinx)" = cosnx + jsinnx

e/ =cosx+jsinz, e ¥ =cosr—jsinz



1.6 Hyperbolic functions

coshx = (e* +e7%) /2, sinhzx=(e*—e7)/2
e’ = coshz +sinhx, e =coshx —sinhz

sinh z e —e % e2r 1 1—e 2@
tanhzx = = = =

coshz e +e® 241 14e 20
sinh™'z = In <x + Va2 + 1)
cosh ™'z =+1In <x + Va2 — 1)

1 1
tanh 'z = = 1In Tt
2 1—=x

Relationship with trigonometric functions

cos jx = coshxz, coshjzr = coszx
sin jx = jsinhx, sinhjr = jsinx

Osborne’s rule

An identity involving hyperbolic functions may be obtained from the equiv-
alent trigonometric identity by replacing the trigonometric functions with
the corresponding hyperbolic functions and changing the sign of a product

(or implied product) of two sines.
e.g.

cosh?z —sinh?z =1, 1 — tanh?z = sech?z

N.B. The Maclaurin series in powers of z for the hyperbolic functions may be
found from the Maclaurin series for the corresponding trigonometric function

by changing the sign of a product of two x’s
e.g.

x2n+1

.%'2 1.4 1.211
coshle—{—g—l—z—l—---—i—(zn)!
3 5 7
_ x 3z bx (2n)!
inh le=0—- "4+ -4  +(-1)"
siah e =@ =+ oy g e

1.7 Geometry

22n(n)2 (2n + 1)



Pythagoras’ theorem

a4+ b =2

Theorems

The angle sum of a triangle is 180° or 7 rad.

The sum of the interior angles of an n-sided polygon is (2n —4) x 90° or
(n — 2)mrad.

The exterior angle of a triangle is equal to the sum of the interior opposite
angles.

The angle subtended by a diameter at the circumference of a circle is 90°.
The angle subtended by a chord at the centre of a circle is twice the angle
subtended by the same chord in the opposite segment.

The diagonals of a parallelogram bisect each other.

1.8 Conic sections

A conic section is the locus of a point that moves in a plane so that the ratio
(the eccentricity) of its distance from a fixed point (the focus) in the plane,
to its distance from a fixed line (the directrix), is a constant, e.

1. Parabola (e = 1) ; focus at (a,0), directrix x = —a
Cartesian equation: 32 = 4ax
Parametric equation: = = at?,y = 2at

2. Ellipse (e < 1); foci at (fae,0), directrices z = +a/e

Major axis of length 2a, minor axis of length 2b

2
Cartesian equation: 2 + Z—Q =1withb=a (1 — 62)

Parametric equation: z = acosf, y = bsinf

NI

3. Hyperbola (e > 1); foci at (fae,0), directrices at x = +a/e
2 2 1
Cartesian equation: — — y__ 1 withb=a (62 — 1) 2
a? b2
Parametric equation: z = asecf,y = btanf

Rectangular hyperbola referred to its asymptotes as axes: zy = c?

4. Circle (e =0)
Cartesian equation 22 4+ y? = a
Parametric equation x = acosf,y = asinf

2



The polar equation for these three conic sections with the pole at a focus is

=1+ e€ecosb

S =

The general conic

The equation ax? 4 2hxy + by? + 2g9x + 2fy + ¢ = 0 represents:
a circle if a=band h =0

a pair of straight lines if af? + bg® + ch? = 2fgh + abc

a parabola if h?> = ab

an ellipse if h? < ab

a hyperbola if h? > ab

a rectangular hyperbola if a +b =10

1.9 Mensuration

Circle, radius r: perimeter is 27r, area is 712

For a segment of angular width 6 (radians), arc length is 76 and area is %7’29
FEllipse, axes 2a and 2b: perimeter is approximately 274/ (a? + b2) /2,
area is mab
Cylinder, radius 7, height h: surface area is 27r (h + r), volume is 7r2h
Cone, base radius r, height h, slant height [:
curved surface area is 7rl, volume is 7r2h/3
Sphere, radius r: area is 4772, volume is 4773 /3,
area cut off by parallel planes distance h apart is 2wrh
Triangle, ABC' sides a,b, c:
area of triangle is
A =lbesinA = \/s(s—a)(s—b) (s —c), (Heron’s formula)
where 2s =a+b+c
Radius of circumcircle is R = abe/4A
Radius of inscribed circle is r = A/s

b c

sinA sinB sinC

2R

sine rule

cosine rule a® = b%® + ¢ — 2bccos A

sin (4/2) = /TG =8 (=) b}
cos (A/2) = \/{(s — a) /bc}

1.10 Complex numbers

The algebra of complex numbers follows the same rules as that for real
numbers with the addition of the unit imaginary number j which has the



property j2 = —1or j = /—1.

Cartesian form z = x + jy where x is called the real part of z, Re(z), and
y is called the imaginary part of z, Im(z).

The Argand diagram is a geometric representation of the complex number
z = x + jy, the point (z,y) represents z.

Polar form z = r(cosf + jsinf) where (r,0) are the polar coordinates of
(z,y)

Exponential form z = rel?

Complex conjugate Z = x — jy = r (cos — jsin @) = re=7?
Modulus |z| = /22 +y%, 22 =12 =%+ 4>

Argument (principal value) argz =6, (—7 < 0 < 7).

De Moivre’s theorem (cos + jsin )" = cosnf + jsinnf

Euler’s formulae

e1? = cosf + jsinb, e 9% = cosf — jsind
— 1 (.50 —3j0 inh = L (edf — o3
0089—2(6 +e ), smé?—2j (e e )

Complex roots If z = re? then the n complex roots of z are given by

0+ 2km

2= M exp{j————)} k=0,1,2,...,n—1
n

These roots are equally spaced around the circle, radius /", centred on the
origin.

Fundamental theorem of algebra
A polynomial, P (z), of degree n given by
P(2) =apz" +an_12" '+ +arz+ap (an #0)
can be factorized into n complex factors:
P(z)=apn(z—21)(z—22)...(2 — zp) .

The numbers z1, 29, . .., 2, are called the roots of the equation P (z) = 0.
If the coefficients ag, a1, ..., a, are all real then the complex roots occur in
conjugate pairs.



Complex variable
If f(2) = u(x,y) + ju(x,y) is an analytic function of the complex variable
z = x + jy, then v and v satisfy the Cauchy-Riemann equations

ou Ov ou ov

dr 9y dy oz

1.11 Inequalities

Basic rules based on ‘greater than’ (the same rules apply to >, <, >, <)
r>yssrta>yta

if p> 0 then z >y < px > py
if n <0 then x >y < nr <ny
ifa>band x >y thena+x>b+y
if x>y andy>zthen x> 2
Vaty < Vot
if £,y >0thenz <yer? <y’ e Vo< y
if £ > 1 then 2™ > 2" & m>n
if0<z<1lthenz™>z"<m<n
if > 1 then /™ > 2" & m>n

Bernoulli’s inequality
If x> —1then (1+2)" > 1+ nx
Arithmetic mean 3(z +vy)  Geometric mean /Ty
3 +y) = yay
Triangle inequality |z + y| < |z| + |y
] = Jyl <[] = |yl| <]z -yl

Cauchy Schwarz inequality |u.v| < ||u|||v]]
Minkowski inequality ||[u+ v|| < |lull + ||v||



Chapter 2

Determinants and Matrices

2.1 Determinants

a b
2x2: = ad — bc
c d
@i dizdis a2 Q23 a1 as3 a1 Q22
3X3:| az1 aze a3 | =ai —ai2 +ais3
as2  as3 a3l ass a3l as2
azr asz2 as3
a1l a2 o Qg
a1 a2 - Q2p
nxn:A=
anpl1 QAp2 -+ QAapn

The minor, «;j;, of the element a;; is the (n—1)th order determinant formed
from A by omitting the row and the column containing a;;.

The cofactor, A;j, of the element a;; is given by A;; = (—1)Hj Qj.
The value of the n x n determinant is

A = apAi + apAip + ...+ ainAin(expansion by ith row)
= a1;A15 + azjAz; + ... + a,jAy;(expansion by jth column)

valid for 4,57 = 1 to n.

Properties

1. The value of the determinant is unchanged if its rows and columns are
interchanged.

2. The value of a determinant is unchanged if a multiple of any row (or
column) is added to any other row (or column).

3. If the elements of two rows (or columns) are proportional, i.e. linearly
dependent, then the value of the determinant is zero.

10



4. If the elements of two rows (or columns) are interchanged then the
resulting determinant has the same numerical value but its sign is
changed.

5. If the elements of a row (or column) are all multiplied by a constant
k, then the value of the determinant is also multiplied by k.

Cramer’s rule (efficient for only two equations in two unknowns or three
equations in three unknowns).

1121 + a12x2 + a13r3 = hy ail al2 a3

a21x1 + a2 + a3r3 = ho A= ax axp a3

a31w1 + azaws + azz3rs = h3 a3l asz ass

hi a2 a3 air h1 a3 ain a2 M
Ay =| hy ap ax |, As=|an hy a3 |, Az=|ax axn h

hs a3z as3 az1 hg as3 az1 azz hs

The solution is

T = A1/A, T2 = A?/Aa r3 = As/A

2.2 DMatrices

The m X n matrix is written as

a1l ai2 Tt Aln

a21 a9 T a2n
A p—

Gm1 Am2 **°  Omp

or A = [a;]

Transpose matriz AT = [aj;] isn x m

A is called a symmetric matriz if AT = A

If A and B are of the same order then aA + 3B = [aa;; + [byj]
If Aism xr and B is r x n then

T
E aikbkj] iIsmxn

k=1

AB =

Unit matriz or identity matriz I = [6;;] where the Kronecker § is given by

0, i#j
%=1 =

11



Null matriz or zero matriz 0 = [0]

For a square matrix A if det A # 0 then the inverse matriz, A~!, exists

and is given by A~! = de% xadj A, where adj A is the transposed matrix of

cofactors.

The inverse matrix has the property AA™' = A7'A =1
If det A = 0 then A is said to be singular.

A is called an orthogonal matriz if AT = A™1

For a 2 x 2 matrix
a b1 1 d b
c d ad—be| —c a

det A = det AT and det (kA) = k™ det A

For an n x n matrix

The rank of a matrix, A, is the largest non-zero sub-determinant of A.
A set of vectors {vi,va,...,v,} for a finite dimensional space is said to be
linearly dependent if there exist scalars aq, ao, ..., a,, not all zero such that

alvi +agve+ ...+ a, v, =0

otherwise the set is linearly independent.

Suppose that {vi,va,...,v,} is an arbitrary basis for a finite dimensional
inner product space. Then the orthogonal basis {wi,was,...,w,} may be
obtained by the Gram Schmidt process

< Vp,Wp > < Vp,Wg > < Vp,Wp_1 >

W, =V, — Wi — Wo—., ... W, _
P Wl T wel2 T w2

2.3 Systems of equations

For a system of m linear equations in n unknowns we write in matrix form

Ax=Db
The explicit form is
a1x1 + apxre+ - Hapr, = b
a1 + agexo+ -+ Fasmxn, = b
Am1T1 + amaT2+ -+ +AmpTn = bm

1. If rank [A,b] > rankA then there is no solution.

2. If rank [A,b] = rankA = n then there is a unique solution.

In the case m = n, the solution is given by x = A~ 'b.

12



3. If rank [A,b] = rankA < n then there is an infinite number of solu-
tions.

It follows from 2. and 3. that, for a square matrix A, the homogeneous set
of equations Ax = 0 has a non-trivial solution if and only if detA = 0.

2.4 Eigenvalues and eigenvectors

For a square matrix A, the eigenvalues \; and corresponding eigenvectors
X; are given by

AXZ' = )\ixi
Thus the eigenvalues satisfy det [A — \I] =0
Properties
Matrix pA AT A1 AP A4l [A+ pI]f1

Eigenvalues pX\; A;  1/\ )\f Xi+q 1/ (Ni+p)

In each case the corresponding eigenvectors are Xx;.
The trace of the matrix A, is given by

trA =aj1 +ax+...+ann

Y ai=trA,  J[ri=detA

Suppose that A is an eigenvalue of A then A = 0 iff det A = 0.

13



Chapter 3

Vector Algebra

3.1 Vector addition

a

Triangle law a+b=c
Component form a+b = (a; +b1) i+ (ag +b2)j+ (a3 +b3) k

3.2 Vector products

N

An

0 is the angle between the two vectors a and b, 1 is the unit vector perpen-
dicular to both a and b in the sense that a, b and 1, in that order, form a
right-handed system.

a.b =abcosf = b.a, axb =absinfn

14



In component form
a=ai+as]+ask, b=0bi+bj+bsk

a.b = a1b1 + asbs + asbs

~ ~

i j k
axb=|a; a2 a3 |=—-bxa
by by b3
Magnitude: |a] = a = +/a} + a3 + a3
Unit vector in the direction of the vector a is & = Wa =
a
ap az as
a.(bxc)=(axb).c=| by by b3 |=[abc]
Ccl1 C2 cC3

ax (bxc) = (a.c)b—(a.b)c
(axb) x ¢ = (a.c)b— (b.c)a

(axb).(cxd) =

a.c a.d
b.c b.d

(axb) x (cxd) =[ab cJc—[ab c|d

3.3 Polar coordinates in two and three dimensions
Plane polar coordinates (r,6)
r=rcosf, y=rsind

A)Y

(r, 6)

r

/o) .

15



Cylindrical polar coordinates (R, ¢, z)
x=Rcos¢, y= Rsing

A

kTA

T(R’ 0, z)
| i
—P
|
- R |

VAL

=

A

R

Unit vectors (f{, (;3, R) form a right-handed system.
Relationships with Cartesian unit vectors:

R = cosgbi—l—sin(bj, (ﬁ = —sin¢i+cos¢j

Spherical polar coordinates (7,0, ¢)

r=rsinfcos¢, y=rsinfsing, z=rcosb
kA A r
¢
8
(1,6,6) .
| J
0/ e
| -
A |
AL
\
|

Unit vectors (f’, é, ([S) form a right-handed system.

Relationship with cylindrical unit vectors:

r= sinHR—i—cosHlA{, 6 = — cosOR + sin 0k

16



Chapter 4

Calculus

4.1 Rules for manipulation of derivatives and integrals

Differentiation p p p
. . u v
Linearity rule a(au + bv) = a— + b@
d du dv
Product rule T (uv) = U tuo

. d (u du dv 9
Quotient rule — <—> = (v% — u%> Jv

Leibniz rule

D" (wv) = uD™ + ( le > (Du) D" v + ( g > (Du) D" %0 + ... 4+ (D™u) v
“~(n _ d
= Z < > (D"u) D" "v, where D = —
—\r dz

Chain rule for ordinary differentiation (function of a function rule)
Leibniz notation
y=y(e) and z = o (u);
dy _dyds
du  dxdu

Function notation
[F (g ()] = F'(g()) g (x)
Chain rule for partial differentiation
F (u,v) = f (2,y) with 2 =2 (u,0),y = y (u, )
oF _0for ojoy  0F _0for 0joy
ou Oxdu Oyou’ v dxOv Oyodv

17



Total differential
_of of
df = 8xdx+ aydy

Integration
Integration by parts

dv du
/u@dx = uv — /vadx

Integration by substitution

/f (x)dx = /F (u) Z—zdu where F' (u) = f (z (u))

P&y
[ e = mis@)

f (@) o

[r@lf@ra= 2,

Differentiation of integrals

v(z)
If I(z) :/ F(z,t)dt, then

(z)

dI dv du /U@) or
_|_

T = F(a,v(w)— — Fla,u(z)) o 5 (&bt

dx dx

18



4.2 Standard derivatives and integrals

Table of derivatives and integrals 1

dfjde fx)  Fla)= / f(x)da

(add arbitrary constant where necessary)

e T (a1
n x n#— .
n+1
1 1
2 - In |z| (4.2)
e’ e’ e’ 4.3
al‘
1 r — 4.4
a’lna a na (4.4)
1
— Inz z(lnz-1) (4.5)
x
1
.y logyz  z(log, x — logy e) (4.6)
cosx sinz  —cosz (4.7)
—sinz  cosx sinz (4.8)
sec?z  tanz  In|secz (4.9)
In|secz + tan x|
secrtanx  secw { In | tan(z/2 + /4)| (4.10)
In |cosecx — cot x|
—cosecz cot x  cosecx { In | tan(z/2)| (4.11)
—cosec’r  cotz In|sinzl (4.12)
1
sinTtz asinlz 41— a2 (4.13)

—1
——— cos 'z wcos 'z —/1—2a? (4.14)
V1—a?

1 -1 -1 1 2

T2 tan™' x xtan "z — 2lm(l + z*) (4.15)

coshx sinhx coshx (4.16)

sinhz coshz sinhz (4.17)

In cosh
2
sech“x tanhx { In(e? + e~ (4.18)

continued. . .
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Table of derivatives and integrals 2

20

dlde  fl@) P = [ f@)s
(add arbitrary constant where necessary)
2tan~!(tanh z/2)
—sechzx tanh x sechz 2tan~!e” (4.19)
tan~!(sinh )
In | tanh(z/2)]
—cosechz cothx  cosechz — In |cosechz + coth | (4.20)
Inf(e” —1)/(e” +1)|
—cosech?x cothz In| sinh ] (4.21)
In|e” — e 7|
1
Nigwr sinh™'z  zsinh 'z — 1+ 22 (4.22)
x
1
— cosh™ 2 zcosh™ta— /22 -1 (4.23)
x —_—
1 —1 —1 1 2
tanh™ &  ztanh™ z — —In(1 — z°) (4.24)
1— a2 2
T 1 sin~ ! z
a 4.25
(a? xz)% a? — x? —_cos1E ( )
a
—2z 1 1
(m2 T a2)2 x2 i a2 E tan a (426)
a? — 2z? 1 1 1 T
—sec”  — 4.27
22 (2? — a2)% V2 —a? a a (4.27)
- 1 sinh~! = (4.28)
a .
(a2 +22)2  Va®+2? In |z + V22 + o?|
—x 1 cosh 12 (4.29)
a .
(xz_a2)% 2 — g? ln]m—l—\/HI
1
5 1 ~ tanh™1 2
x a a
4.30
(a2 —22)2  (a? —2?) 1 Llate (4.30)
2 |la—=x
continued. . .



Table of derivatives and integrals 3

dfjde  f(x) F(x)= / f(@)dz

(add arbitrary constant where necessary)

2
22+ a? + % In|z + Va2 + a?| (4.31)

2

€ ‘/2i 2 E
vz? + a2 T
T

2

a;f p.> a? — x? a? —z? + % sin~! g (4.32)
eCLZB

e (acosbr — bsinbx) e cosbx P (acosbx + bsin bx) (4.33)
ax

e (asinbxr + bcosbr) e* sinbx P (asinbx — bcos bx) (4.34)

4.3 Definite integrals

Wallis’s formulae (reduction formulae also hold if upper limit is 7 or 27.)

s

-1
S, = / Csin"0dg = "8, o
Oﬂ'
2 -1
Cn:/2cos"9d9: z Cn—2.
0
jus _1 _1
Imn:/2 Sin™ 0 cos™ 0df = ———— m—2n = n mn—2-
) 0 m+n ’ m—i—?’L ’

(n—1)(n-3)(n—-5)...
nn—2)(n—4)... D

(m=1)(m=3)...(n=1)(n—=3)...

Sp=0Cp =

A
T ) (mtn—2)(mtn—4)... "
where p = 5 neven _ | 5 bothm and n even
P= 1 nodd 1= 1 otherwise

For all integer values of m and n:

/ sin m#@ cos nfdf = 0

/ sinm#é sin nfdf = / cos mb cos nldf = woy, m,n # 0

—Tr —Tr

(6mn is the Kronecker § see page 11)
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/ e dr =/ / e~ (aa?+b2) gy — \/gexp(bQ/éla)

/oo cosazr , _ _ —la, /OO sin ax dr — 0
oo 1+ 22 ’ oo 1+ 22

Error function

2 xX
erf(x) = ﬁ/o €_t2dt

Complementary error function

2 R
erfe(z) =1 —erf(z) = — e Vdt
VT Ja

erf(0) = erfc(oo) =0, erf(co) = erfc(0) =1
For the Chebyshev polynomials T, (x), T, (x) (see page 57)

0 n#m

! T (2)T () o o
e S P

Gamma function
o
I'(t) = / e %z ldx t#0,—-1,-2,...

() = (£ — )0( - 1)
= (t—1)(t—2)(t—3)...T(t— [t])
r(}) = v

I'(n+1) = n! when n is an integer

Beta function

1
B(s,t) = /0 2571 — 2)tde = T(s)D(t)/T(s + t)

Legendre polynomial

1

T or

1 4

Py (z)

27
2 —1cosf]"dd = — (22 - 1)"
/0 [x+ Ve cos 0] Sl dn (z )

a>0

Py(x)=1, Pi(z)==x, Pzx)=32">-1)/2, P3(z)= (52> —32)/2,...

Generating function

(1—22h+1%)72 =3 By(a)h"
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P,(x) is a solution of Legendre’s equation (1 —22)y" —2xy’ +n(n+1)y = 0.
A second, linearly independent, solution is the Legendre function of the sec-
ond kind @,,(z) which is not a polynomial.

Bessel function

cos(z sin ) cos>" Odo.

)= TG b

Jn(x) is a solution of Bessel’s equation z%y" + xy’ + (22 —n?)y =10

A second, linearly independent, solution, Y, (x), is the Bessel function of the
second kind.

The modified Bessel function, I, (x), satisfies the equation

22y" + xy’ — (2% +n?)y = 0 and a second linearly independent solution is

K, (x), the modified Bessel function of the second kind.

4.4 Radius of curvature of a curve

d
Intrinsic coordinates: p = d_s Curvature: Kk = —.
p
1 N2 3/2
Cartesian coordinates: p = %
Yy
-2 \23/2
Parametric coordinates: p = ((3:) + (y))
g — @y

4.5 Stationary points

Functions of one variable

The function f(z) has stationary points given by f’(x) = 0. The stationary
point, (zg, f(x0)), is a local mazimum if f”(x¢) < 0 or a local minimum if
f"(xo) > 0. If f"(x¢) = 0 then the second derivative test is inconclusive
and we consider the sign of f/(x 4+ €) where € is small and positive. If
1" (x0) = 0 and f'(x¢ £ €) are both positive or both negative then z is a
point of inflection.

Functions of more than one variable

Stationary points occur when the first partial derivatives vanish. For a
function of two variables, f(x,y), stationary points are given by f, = f, = 0.
The Hessian is given by

H(m,y)— fmc fxy'

B fy:v fyy

The stationary point is:
a mazimum if fr, <0, fy, <0 and H > 0,
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a minimum if fyo >0, fy, > 0 and H > 0,
a saddle point if H < 0.

Lagrange multipliers

To find the stationary point of f(x,y) subject to the constraint g(z,y) = 0,
find the stationary points of the function

¢($,y; )‘) - f(xay) + )‘g(xvy)

4.6 Limits and series

. sinx . tanzx . r\" -
lim =1, lim =1, lim (1 + —) =e".
z—0 X zr—0 X n—o0 n

limz®Inz =0, lim 2 %lnz=0, lim 2% *=0, (in all cases a > 0).
z—0 r—00 T—00

De L’Hépital’s rule

If f(a) = g(a) =0, then %11)% % = ilir}l i;((g, provided ¢'(a) # 0.

Taylor’s theorem

_ )2 _\n
£@) = Fla) + @ - a)f @)+ C L a4 EE D ) 1,
where €, = wf("ﬂ)(c) for some ¢ € (a,x)
" (n+1)! e
Taylor’s series for a function of one variable
—_ 1)2 _\n
Fa) = fl@) + (2 - a) o) + E @) 4 E D ),

or, writing z = a + h,

2 n
fla+h) = f(a)+ hf'(a) + %f”(a) +..F %f(”)(a) + ...

Maclaurin series (put a = 0,h = = in Taylor’s series)

562 Z
Fla) = FO0) +2f'(0) + 5 "(0) + oo = F(0) + ..

Power series

[e.e]

If the power series ag —|—a1x—|—a2x2 +...Fap+... = Z anpx™ is convergent
n=0

for |z| < R then R is called the radius of convergence of the series.

R = lim [0 1]
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Some useful series:

In(1+ z)

In(1 —x)

1+x)"=1+nx+

(

2!

nn—l)xgin(n—l)(n—Q) 3

ey

3!

x° 4+ ...

L, —1l<z<L1

-1<z<1

—-1l<z<l1

[This is the binomial series. If n is a positive integer the series terminates
after n 4+ 1 terms, otherwise it converges if and only if |z| < 1.]

(1Faz)!

ltz+22+22+. . 422+ 4 2| <1
2 3 xt "
I+t ord ot r ot ot alle
3! n!
x3 x $7 (1)nx2n+1 1
1.2 .%'4 .%'6 N N (_1)nx2n N 1
-t ——— 4+ ...+ ————+..., alzx
20 41 6! (2n)! ’
J 2| < Z
T+ —+—+ - x >
3 15 315 ’ 2
m 1
5 cos T
+x3+3x +5£C . (2n)! g tl n
6 40 112 22"(n!)2 (2n+1) ’
.%'3 .%'5 il 1.2n+1
4 4+ e <1
v+ + +(=1) (2n+1)+ ||

lz| <1

To obtain the series for the corresponding hyperbolic functions, see the note
following Osborne’s rule on page 5.

Taylor’s series for a function of two variables

fla+hb+k) =

4.7 Multiple

°°'1 o 9
n= 0
integration

f(clz, b) + {hfu(a+b) +kfy(a,b)}
5 {h? Faa(a,b) + 2k fay(a,b) + K2 fyy (a,b)} +

) st

[ [ saoas = [ [ sttt (

where the region R in the zy-plane is mapped to the region R’ in the wuwv-
plane and the Jacobian of the transformation is given by

d

Y\ _
wv/)
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Plane polar coordinates

J =r, so that dA = dxdy = rdrdf

Ay

)/ dr
/ ///
/d@/ )
/////0\ x»

Volume and surface integrals
Cylindrical polar coordinates

dS = Rdpdz and dV = RdRd¢dz

2 A Rd¢
R\\ ) dz
|
\dR
Yy
N |
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Spherical polar coordinates

dS = r?sin8dfd¢ and dV = r? sin Odrdfde

2 A rsinfd¢

SN

rsinf /<
N

v@

X

Line integrals
Green’s theorem in the plane

/ (Pdx + Qdy) = // (ﬁ - a—P> dady

where C is the closed curve bounding the region R.
P
/ (Pdz + Qdy) is independent of the path if and only if 8@@ 88 .
£z Y

The line integral of F is independent of the path C' joining A to B, if and only
if there exists a potential function ¢ such that F = grad¢, or equivalently,
if and only if curlF = 0. In this case

AABF.dszABd¢=¢B—¢A

4.8 Applications of integration

Arc length of a curve

b
Cartesian form: / V14 (y)%dx
(2 “
Polar form: V1% + (dr/df)%do
01
to
Parametric form: V2 + g3dt
t1
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Solid of revolution
The surface area of the solid of revolution obtained by one complete revo-
lution of the curve y = f(x) about the z-axis is given by

b
271/ yv 1+ (y)%dx

The volume of the solid of revolution obtained by one complete revolution
of the curve y = f(x) about the z-axis is given by

b
m / y2dx
a
Centroid

The centroid of the volume of the solid of revolution above is at (z,0) where

b b
x:/ nydx// yide

The centroid of the area between the curve y = f(z), the x—axis and the
lines x = a,x = b is given by

b b b b
x:/xydx// ydx | y:/ygdx/Q/ ydx

Mean value
The mean value of f(x) between x = a,z = b is

b
bia/ f(z)dz

Root mean square value
The RMS of the function f(z) between x = a,z = b is given by

(bia/ab [f(as)]%z:c)é

Moments of area and inertia
The first and second moments of a plane area A about an axis are given

respectively by
//’I“dA and //’I“QdA
A A

where 7 is the distance from the axis of the element dA.
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The moment of inertia, I, of a body, of density p and volume V', about

an axis is given by

/ r2pdV
\%4

where 7 is the distance from the axis of the element dV.

Parallel axes theorem

If I is the moment of inertia about an axis through the centroid and I is
the moment of inertia about a parallel axis distance d away, then

I =Ig+ md?

Table of moments of inertia 1

Uniform Body Axis M.of I.
mass m
Perpendicular to bar ma?
1. Bar length 2a through one end 5
Perpendicular to bar 4ma’?
through centroid 3
2. Rectangular lamina Parallel to side 2b a?
sides 2a and 2b through centroid 3
Perpendicular to plane m(a? + b?)
through centroid 3
3. Rectangular solid edges Perpendicular to face 4ab  m(a? + b?)
2a and 2b, depth 2d through centroid 3
4m(a® + b
Coinciding with edge 2d m(a3—i— )
2 2
4. Solid sphere radius r Diameter TZT
Tmr?
Tangent
5
5. Spherical shell radii . 2m(R® — r°)
R oand r Diameter 73(}%3 )
T ; m(7TR5 — 5R?r3 — 2r°)
angen
& 5(R3 — 19)
continued. . .
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Table of moments of inertia 2

Uniform Body Axis M.of I.
mass m
mr?
6. Disc radius r Diameter o
Perpendicular to disc 2
through centroid 2
. .o 2 2
7. Annular ring radii Diameter m(R* +1r7)
R and r 4
Perpendicular to plane of — m(R? + 7?)
ring through centroid 2
8. Solid cylinder radius . mr?
Axis —
r length 2a 2
Perpendicular to axis a_2 n 7“_2
through centroid m 3 4
9. Cylindrical shell 2 9
radii R Axis m(f 2+ r)

and r length 2a

Perpendicular to axis
through centroid

a? +R2+r2
m —_—
3 4

For entries 2, 6 and 7 the second moment of area J is given by J = [A/m

where A is the area.
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4.9 Kinematics and dynamics

Kinematics

Position vector

r = zi+yj+zk (Cartesian coordinates)
ri (Plane polar coordinates)

Velocity vector

i = di+gj+ 2k (Cartesian coordinates)
= 7F+760 (Plane polar coordinates)
= st (Intrinsic coordinates)

Acceleration vector

i o= ii4ij+zk (Cartesian coordinates)
. 1d .
= (F —r0?)i + —5(729)9 (Plane polar coordinates)
r
a5 L :
= §t+4+ —n (Intrinsic coordinates)
p

For uniform motion with angular velocity w in a circle of radius a, speed
is v = aw and acceleration is v?/a = aw? directed towards the centre.

Dynamics
Newton’s second law for a particle of mass m moving under the influence of
an external force F

F=mr

For a rigid body moving about an axis with angular velocity w and external
torque I we have
r=1Iw

where [ is the moment of inertia about the axis.
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Chapter 5

Ordinary Differential
Equations

5.1 First order equations

d
ﬁ = F(z,y) or ¢y = F(z,y)

Variables separable

Z—z = f(z)g(y) (9(y) #0)

General Solution is

/@dy = /f(x)dx + constant

Linear equation (integrating factor method)

Y+ Py = Q)

Integrating factor: p(xz) = exp([ P(z)dz)
Then %(,u(w)y) = p(z)Q(z) and the

General Solution is

u(x)y = /,u(ac)Q(ac)dac + constant

Initial-value problem
Find the general solution of

W Ple) subject to ylao) = 1o
Xz

i.e. solve the differential equation containing one arbitrary constant and
determine the value of the constant to satisfy the initial condition that
y = yo when = = zg.
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5.2 Second order equations

The general linear equation with constant coefficients

d? d
ad—;; + bﬁ +ey = f(x) or ay” + by +cy = f(x)
Complementary function y.
Solution of the associated homogeneous equation

ay’ +by +cy=0 (a,b,c real)

Auziliary equation aX?> +bA+c=0
Three cases:
Two real distinct roots, i, Ao

Linearly independent solutions e

17 and e?2®;

Yo = Cle)q:v + C26)\2:B

One real repeated root, A1

Linearly independent solutions e

T and zeM®;

Complex conjugate roots, a + j
Linearly independent solutions e** cos fx and e** sin Gx;

Yo = e**(C cos fx + Cysin fx)

Particular integral y,
Any solution of the non-homogeneous equation

ay” + by + cy = f(x)

Method of undetermined coefficients
Choose a suitable trial function for y, according to the right-hand-side, f(z).

f(x) trial function
constant constant
pr +q lr +m
pr? +qr+r 12> + mx +n
polynomial degree n | a,z" + a,_ 17" 1 + ... + a1z! + ag
P COS WL m cos wx + nsinwz
gsinwx mcos wr + nsinwr
Re[(p — jg)e/*"] Relze/7]

Beware: If the rhs includes one of the complementary function linearly
independent solutions then choose = times the appropriate trial function.
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General Solution The sum of the complementary function and a particular
integral y = y. + yp-

Initial-value problem
ay” + by + cy = f(x) subject to y(x) = yo, ¥ (w0) = yj
Find the general solution containing two arbitrary constants and then use
the initial conditions to determine the values of the constants.
5.3 Higher order equations
The general linear equation with constant coefficents
any™ + a1y + .+ agy” + @y + aoy = f(x)

The complementary function, y., is found in a similar manner to that on
page 33 using the auxiliary equation
AN+ @ A N+ adtag=0

A particular integral, v, , is also found in a similar manner to that on
page 33 using suitable trial functions.
The general solution is ¥y = y. + yp.
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Chapter 6

Fourier Series

Full-range series
f(x) is defined for —l < x < [.

The Fourier series for f(x) is given by:

:—a0+2ancos—+2b smw

1 l
= 7/_lf(x)dx
l
/ f(x)cos —dac by, = %/lf(:v) sin n—?xdx

F(x) extends f(x) periodically with period 21.
F(z) = f(z) at all points, —] < x < [, at which f is continuous. If f is
discontinuous at g, then F'(z¢) = {f(xo+) + f(xo—)}/2.

where

Half-range series
f(x) is defined for 0 < x < [.
The Fourier half-range cosine series is:

1 = 2 [t
F.(z) = 540 + Zan cos #; ap, = 7/0 f(x)cos #d
n=1

F.(z) extends f(z) periodically as an even function with period 21.
The Fourier half-range sine series is

9 l
Zb sin 2L by, = 7/ f(:v)sin?dx.
0

Fy(x) extends f(z) periodically as an odd function with period 21.
The Fourier series of some frequently occurring functions are given on page 47.
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Complex Fourier series f(z) is defined for —I < z < [.
The complex Fourier series for f(z) is given by

[e o]

F(CC): Z Cnejmrm/l

n=—oo
where

L ‘ (an — jbyp)/2 n>0
Cn = 5/ f(x)eﬁ"”/ldx =1 ap/2 n=>0
-t (@a_n+3jb_n)/2 n<O0

The constant term, i.e. %ao or ¢y, is the average value of f(z) over the
interval (—[,1).

Parseval’s theorem

1 [ 1 <1 >
3 l[f(x)]de = ZagJFZi(aieri) = > el
- n=1

n=—oo
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Chapter 7

Vector Calculus

7.1 grad, div and curl

Nabla operator V = ii +j£ + Rg

ox oy 0z
0.  0O0p: 0o
= =—i+—j+ =—k
gradg = Vo (9:131 + ay‘] + 92
divF = v.p = 20 OFe | O

Oz + y + 0z

i j k
curlF =V xF=| 0/0x 0/0y 0/0z
1] F F3

_ 0F3 0F .  ,0F OF3, ,0Fy OF »
_(8y—8z 1+(62—8x)‘]+(8:6_8y)k

0
grad ¢ = —¢ﬁ
on
where i is the unit vector normal to the surface ¢ = constant.

Directional derivative. The rate of change of a scalar field, ¢, in the direction
of the unit vector i is given by

% = grad ¢.n

If 6V is volume bounded by the surface 4.5 then

1
= 1 _
grade s 1m0 5V /55 ¢dS

divA = lim L/ A.dS
sV—00V 58
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1
curlA = lim —/ dS x A
oV —0 58

Laplacian operator

0? 0? 0?
2 e —_ I I
Vi=VV Ox? + Oy? + 022

Vector identities

V(gy) = oV + ¢V V(p+¢) =Vo+ Vi
V.(pA) = A.Vp+ ¢V.A V.(A+B)=V.A+V.B
V x (pA) =V x A+ ¢V X A Vx(A+B)=V xA+VxB

V.(AxB)=(VxA).B-A.(VxB)

Vx(Vg)=0 V.(VxA)=0
V x(VxA)=V(V.A) - VA

V(¢ + 1) = Vg + V2 V2(¢1h) = ¢V + 2V .V + V3¢

V(A.B)=(A.V) B+ (B.V) A+AXx (VxB)+Bx (VxA)
V x (A x B) = A(V.B) - B(V.A) + (B.V)A — (A.V)B

Cylindrical polar coordinates

s 1. -

10 _op.  10% 0%
2., . — = e _ __
Vv =rarar) T mage o
10 104, 0A,
V.A = Eﬁ(RAR) + Ea—qb Bp
104, A\ 4 (04 0A . 1[0 04n)
VXA‘{R@¢ 62}R+{62 aR}¢+R{aR(RA¢) a¢}k
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Spherical polar coordinates

O, s 1 B

V=5t 568 T s ae 2
10 o0 1 9, . o 1 0%
2.0 2 - i
v ¢_r 20r o 67“)+T251n969(5m969)+r281n203¢2
10, B 1 94,
VA = 5, A+ g ag S0 + e
1 (9 dAy 1 (94, . @ X
A= 0A , A\ 6
VX rsine{ae(“n 6) = a¢} +rsin9{ 26 ar " ¢)}

1(0 9A) »

General orthogonal curvilinear coordinates
Transformation from x = (z1,x2,x3,) to u = (uy, ug, us)
where x; = z;(u,ug,u3) ©=1,2,3
dx = (dulhlél, dUthé, dU3h3é3)
where h; are scale factors (metric coefficients)
€; are unit vectors

. 0x ox

and h;€&; = a—uz h; = o,

Element of arc dl = [h3(du1)? + h3(duz)? + h3(dus)?] 1z

Area element on uj-coordinate surface dA = hohzdusdusg
Volume element dV = hihohsduidusdus

i=1,2,3

Vector calculus

1 0 . 1 0y . 161,1)

do = e
gra 1/} V’l/) h1 Bu e T hg 8UQe 2t 7 h3 3U3
A =Aé + Aréy + Azés
1 0 0 0
divA = V.A = Aihoh Ashsh Ashih
iv \Y% ol [8u1( 1ho 3)8 (Aghs 1)(9“3( 3hq 2)]
hi1€é1 heés hsés
curlA =V x A = 1 9 9 9

hihohs | Ou;  Ous  Ous
h1A1 hoAs h3As
1 0 [hahs 0 0 [hshy O 0 [hihe O
V2 = 0 | hohs 0¢ L9 b 1 0y L9 (I 2 0Y
h1h2h3 aul hl 8u1 8UQ h2 6u2 6U3 h3 6U3
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7.2 Integral theorems of the vector calculus

V' is the volume bounded by the closed surface S
Gauss’s divergence theorem

/dideV:/F.dS
v S

Green’s theorem
First form:

/ (pV%) + gradg.grady)dV = / pgradip.dS
|4 S

Second form:
) 9 B o 09
[ vt — v = [(o3h-vas

C' is the curve bounding the open surface S

Stokes’s theorem

/curlF.dS:/ F.ds:/ F.dr
S C C

40



Chapter 8

Tables of Transforms

8.1 The Laplace transform

[e o]

Lf(t)] = /0 e Stf(t)dt or Llx(t)] = /0 e Sta(t)dt
= F(s) = I(s)
f)y = L7E(s)] a(t) = L7'z(s)]
Table of Laplace transforms 1
f(t) LIf(1)]
L7HF(s)] F(s)
1 % (8.1)
¢ 5% (8.2)
n!
(n a positive integer)
PO > 1) % (8.4)
e - i - (8.5)
. b
sin bt R (8.6)
cos bt SQSW (8.7)
sin(at +¢) > Smj; i o ¢ (8.8)
continued. . .
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Table of Laplace transforms 2

@) LIf@)]
L7HF(s)] F(s)
b
cosh bt SQSW (8.10)
. 2bs
t sin bt m (811)
52 — b2
t cos bt m (812)
_ 263
sin bt — bt cos bt m (813)
. 2bs?
Sin bt + bt COS bt m (814)
—atyn n!
t —_— 1
e G o (8.15)
(n a positive integer)
b
“dsinbt — 8.16
Y Grazy (8.16)
_ +a
ot eosbt —— 12 1
e COS (3 T a)2 + b2 (8 7)
b
—at -
e sinh bt m (818)
—at . st+a
€ COSh bt m (819)
1
H(t) X (8.20)
H(t - a) . (8.21)
S
1—e %
H(t) — H(t - a) . (8.22)
5(t) 1 (8.23)
o(t —a) e~ (8.24)
e—as
t 8.25
O (3.25)
su;at tan—1 = (8.26)
continued. . .
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Table of Laplace transforms 3

f(t) L[ ()]
L7HF(s)] F(s)
cos 2v/at e~a/s
= = (8.27)
erfc <2—\/E> 5 (8.28)
a e—a2/4t efa\/g )
—QW (8.29)
efa2/4t e—aV's
= — (8.30)
Ee*a2/ t_ gerfe [ —L ¢
2\/; 4 f ( \[> 7 (8.31)
%6_“%2 erfc (2—8(1) es*/4a® (8.32)
af(t) + Bg(t) aF(s) + BG(s) (8.33)
H(t—a)f(t—a) e % F(s) (8.34)
e U f(t) F(s+a) (8.35)
f(t) sF(s) — f(0) (8.36)
£ s?F(s) —sf(0) — f'(0)  (8.37)
FO) s F(s) = s"LF(0) — 52 f(0) —
R i (1)) (8.38)
t f(u)du Fls) (8.39)
0 s
—tf(t) F'(s) (8.40)
(=)™ f(t) F(s) (8.41)
@ / F(u)du (8.42)
| £ttt = ui F(s)G(s) (8.43)

(convolution integral)

fE+T) = f(t)

— P(oy)
1;1 Q’(ak)eXp(akt)

P polynomial of degree less than n

T
1_ o Ts /0 e ™ f(u)du (8.44)

P(s)/Q(s) (8.45)
Qs)=(s—a1)(s—ag)...(s — ay)
where a1, a9, ..., a, are all distinct
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Limiting theorems

Inversion formula

1 /’Y+j00
275 Jy—joo

lim, o0 F(s) = 0,

et F(s)ds = {

Stehfest numerical inversion
Given f(s), the Laplace transform of f(t), seek the value f(T') for a specific

value t =T. 9
n

Ch P = —
oose §; = j T

i=1,2,..

limy—o f(t) = lims_,o sF(s)

f(t) t>0
0 t<0

., M where M is even.

The approximate numerical inversion is given by

where the weights, w;, are given by

min(j, %)

wj = (=1)7 %

k=[3(1+7)]

n2 & -
f(T) ~ - ijf(sj)
=1

M
2

k' (2Kk)!

2

(X — )k — 1)1 — k)(2k — j)!

Stehfest’s weights for M = 6,8,10,12 and 14

M=6 M =38 M =10 M =12 M =14
1 1/3 1/12 -1/60 1/360
-49 145/3 -385/12 961/60 -461/72
366 -906 1279 -1247 18481/20
-858 16394/3 -46871/3 82663/3 -6227627/180
810 -43130/3 | 505465/6 | -1579685/6 4862890/9
-270 18730 ~473915/2 | 13241387/10 | -131950391/30
-35840/3 | 1127735/3 | -58375583/15 | 189788326/9
8960/3 | -1020215/3 | 21159859/3 | -2877521087/45
328125/2 | -16010673/2 | 2551951591/20
-65625/2 | 11105661/2 | -2041646257/12
-10777536/5 | 4509824011/30
1796256/5 | -169184323/2
824366543 /30
-117766649/30
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8.2 The Z-transform

[e.9]

Zlem) =) an)z " =2(z),  a(n)=2"[#(=)]

n=0

Table of Z-transforms

The variable ¢ is related to the sampling interval, T', by t = nT.

z(n) Z [x(n)]
Q) z(2)
5(n) 1 8.46)
1lor H(n) . i T (8.47)
n ;71)2 (8.48)
22(2
n? T(z(— :_)31) (8.49)
(%) e (8:30)
a” - z . (8.51)
d(n —m) z7™ (8.52)
e an — Ze — (8.53)
. zsin(aT)
sin(an) 22 —2zcos(aT) + 1 (8:54)
Ze—aT
ne " (ZT—67“T)2 (8.55)
22 — zcos(aT)
cos(an) 22 —2zcos(aT) + 1 (8:56)
azy(n) + Bxa(n) azi(z) + fra(2) (8.57)
x(n —m) 27"T(2) (8.58)
e “"z(n) z(zeT) (8.59)
a "z(n) z(az) (8.60)
z(n+1) z[z(z) — x(0)] (8.61)
z(n+2) 22[z(z) —z(1)z~! — z(0)] (8.62)
> a(m)y(n —m) z(2)y(2) (8.63)
m=0

Limiting theorems

limy, o0 2(n) = lim,_,;



8.3 The Fourier transform

Flre) == [ fweia Fre) - o= [ reea
= Fig) = J(@)

(@) Fl@)
FR(E) F(e)
1 €
o H
e %
a—jzx 2 = H(E)
Hila) = Hila| —a) | /255
6—@‘2/@ ge—a52/4
2
'(a) JEP(E)
7)) “er(e)

8.4 Fourier sine and cosine transforms

£ @) =\/§ /Ooof(:v)sinﬁxdx Flf(@) =\/§ | #w)cosgads
_ Ry(¢)

FAEE) =2 [ R@eneas FE©) =2 [ R©wmc
= J(a) = J(a)
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Table of Fourier sine and cosine transforms

F(z) £ F(z) 7.(6)
o . Ve
v~ /2 -2 ¢
sn J%ln 1f§‘ Ho) - Hio - ) %singag
e —€76) e SO~/ 21(0)
P eR© a2 @ eRO- 20

8.5 Some periodic functions: Laplace transforms
and Fourier series

Graphs of the Laplace transform, F'(s), and the Fourier series, Fs(z), Fi.(x)

or F(z):

For the Laplace transform it is assumed that f(x) =0 for x < 0.

1. Square wave (odd function) height h, period 2a

)= {

—h
h

—a<zx<0
0<zr<a

h as 4h K1 . [(2n+ D)7z
(s) . tan 5 (x) - 7;) Gnt D) sin [ - }
A
n LS
1 1 1 —
| | | | | |
| | | | | |
| | | | | |
| | | | | |
2a  |-a 0 la 12a | 3a lda >
| | | | | |
| | | | | |
| | h | | | |
_ | I —| I — |
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2. Square wave (even function), period 2a

—h —a<z<—a/2
f(z) = h —a/2<z<a/2
—h a/2<z<a

F(s) = %eas/Q tanh <§) F,(z) = % i ((—1)n cos [(Zn + 1)71'36]

— (2n+1) a
A
J(x)
1 e [ —

| |
| |
| |
| |
3a2 15z Tajz T "
| |
| |
| |

| | | |
| | | |
| | | |
| | | |
5a/2] -3a/2, -a/2] 0 |a/2
| | | |
| | | |
| | | |

JES— 1 _h S | S |

3. Triangular wave, period 2a

| —hz/a —a<zx<0
f(x)—{ hx/a 0<z<a

h as h  4h & 1 2n+ D7rx
F(s) = —~ tanh (-) Fo(z) =222
(s) = o5z tanh (5 @) =52 L@+ 12 " [ a }
Jx)
h
1-2a l-a 0 la 2a 3a (da > 7
4. Sawtooth wave, period 2a
f(x)= hx/2a 0<zx<2a
h he~2as h 4dh = (=)
F(s) = - c — Flz)=-—-— (=1) sin {mrx}
2as2  s(1 —e20s) 2w on 2a
J(x)
h
/: | |
| | |
[ [ [
| | V
.2a 0 '2a 2a > 7
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5. Rectified sine wave, period a

f(z)= hsin(z/a) 0<z<a

wah as 2h  4h = cos(2nmz/a)
F th (2 Fo(z) = 28 - 22\ 5T/ 4)
() a2s2 + 12 ¢ ( 2 > (z) T om A= (dn? 1)
NED)
h
I-2a a '0 a 2a 3a Ta > 7
6. Half-rectified sine wave, period a
| hsin(2x/a) 0<z<a/2
f(ac)—{ 0 a/2<z<a
mah h 2h = cos(2nmxz/a) h . (wx
F(s) = Fp) = 2zt~ costenmrja) v . (T
(s) (a?s? 4+ w2)(1 — =) () T omAi (dn?-1) 2 > ( a >
J(v)
m h m
I-2a l.a '0 Ta 2a '3a Ga >
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Chapter 9

Numerical Methods

9.1 Interpolation

Polynomial interpolation: Suppose that f is defined on the interval —1 <z <1
with n+ 1 continuous derivatives. If the n-degree polynomial approximation
at the n+1 points xg, x1, ..., x, is given by p,(z) then the error at any point
x € (—1,1) is given by

$a) = (o) = I () 20 ) o some € € (-1.1)

Lagrange interpolation polynomials

(x—zo)(x—21) ... (. —2im1) (T — Tig1) ... (T — )
(1‘1‘ - .%'0)(.%'Z — .%'1) e (.%'Z — xi—l)(xi — xi-i-l) N (1‘2 — xn)

Li(z) =

The n'* degree collocation polynomial through the points
(z0,90), (x1,91) - - (Tn,yn) Is given by

Pu(a) = 3 Li(x)y,
=0

Cubic splines
The cubic spline interpolating function, S(z), through the points
(z0,90), (x1,Y1) - - - (Tn, yn) has the properties S(x;) = y; i.e. S is continuous
at (x;,y;).
S'(z) and S”(x) are continuous.
S(z) is a cubic polynomial, S;(z), in each interval [z;, z;t1].
Yirr(r — ;) vyl —xi01)

() — _

i(@) h; h;

M; [(z—xi11)3

where M; are found from

My {(w —x;)°

6 hi — hl(.%' —1‘2‘)
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ano
ho
0

where h; = x;4+1 — ;.

ao1 0 0
2(h0 + hl) h1 0
hy 2(h1 + hz) ho
0 hn—2 Q(hn—Q + hn—l)
0 0 Ann—1
_ by -
Y2—y1 _ Yi—Yo
h1 ho
Ys—Y2 _ Y2—uy1
-6 h h1
L bn, |

Natural spline, My = M,, = 0 so that

apo = Apn = 17

)

hn—l

Ann

ap1 = Gpp—1 =byp = by, =0

If the derivative of the underlying function is known at zy and yy then
bo = (y1 — yo)/ho — f'(x0)

bn, = fl(mn) — (Yn — Yn—1)/hn—1

ago = 2hy,

Gpn—1 = hn—la

aop1 = ho,

Qnpn = 2hn—17

9.2 Finite difference operators

Forward Ay = yiv1 — y;
Central 5yi+% =Yi+1 — Vi

Backward Vi, =y — vi_1

Shift

Eyi = yit1

Average 1y 1 = (yi + yi+1)/2 Differential Dy; = (dy/dx),,
Relationship between the operators

E A o, \Y hD
E E 1+A 1+ps+6%2/2 (1-v)! ehP
A E—1 A pué +46%/2 V(1 -V)" ehP —1
§ | EP-E% A(l+A)3 5 V(1-V)"2 2sinh(hD/2)
v 1- B! A1+ A)"Y s —6%/2 v 1 —e P
hD InFE In(1+A) 2sinh™(6/2) —In(1—-V) hD
p| (B2 + E-2)/2 (14 62/4)2 cosh(hD/2)
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9.3 Non-linear algebraic equations

Formula iteration method for x = F(z).

An iterative scheme has the form x,,; = F(x,), which converges to the root
x = a, only if |F'(«)| < 1. The convergence is first order; i.e. if |F'(z)| < M
for x near «, then the error at each stage satisfies |e,41] < Mep|.

Newton-Raphson method for f(z) = 0.

Tp+1 = Tn — f/(.%' )
n

The method converges to the root x = « if xg is sufficiently close to a. The
convergence is second order i.e. if |f”(x)] < 2M for x near « then the error
at each stage satisfies |, 1| < M|e,|?.

Newton’s method for a system of equations f(x) = 0, where

f={f1(x), fo(x),..., fn(x)} and x = {z1,29,...,2p}.

I R )

where J,, is the Jacobian matrix given by

9.4 Numerical integration

The region of integration is subdivided into n equal intervals of width
h=({b-a)/n, ; =a+ih and f; = f(x;).

Trapezoidal rule
b
[ @ b (o + /24 (Rt fab oot o)
The error, €,, is bounded as follows:
h2
len] < (b— a)— My, where My = max |f"(z)]
12 z€[a,b]

Simpson’s rule (n must be even)

b
[ I~ o+ St A+ o+ fm) + 2 S )
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The error, €,, is bounded as follows:

4

h .
[en] < (b~ )35 Ma, where My = max | 1) (x)]

z€[a,b]

Gauss quadrature
Whenever f(z) is known explicitly Gauss quadrature can be employed:

1 n
/ @~ Y f (@)
- =1

The error, €,, is bounded as follows:
22n+1(n!)4
2n 4+ 1)[(2n)!]

Gauss quadrature: integration points and weights

max | ()|

5 M3 where M3 =
z€[—1,1]

|En| < (

:|:£CZ'

Wi

0.00000 00000 00000

0.57735 02691 89626

0.00000 00000 00000
0.77459 66692 41483

0.33998 10435 84856
0.86113 63115 94053

0.00000 00000 00000
0.53846 93101 05683
0.90617 98459 38664

0.23861 91860 83197
0.66120 93864 66265
0.93246 95142 03152

The x; are the positive zeros of the Legendre polynomial P,(z).

2.00000 00000 00000

1.00000 00000 00000

0.88888 88888 88889
0.55555 55555 55556

0.65214 51548 62546
0.34785 48451 37454

0.56888 83888 88889
0.47862 86704 99366
0.23692 68850 56189

0.46791 39345 72691
0.36076 15730 48139
0.17132 44923 79170

formula integrates exactly all polynomials of degree 2n — 1. Any interval
a < X < b can be transformed to the interval —1 < x < 1 by the change of
variable

X=(a+b)/2+(b—a)x/2

For double integrals:

1 1 n n
/1 /1 fz,y)dxdy ~ Z Zwiwjf(xi,yi)

i=1 j=1
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9.5 Numerical solution of ordinary differential equations

First order equations

/

y' = f(z,y) with y(z0) = yo

The equation is solved successively at discrete points x1, s, x3, ...
where x;41 — x; = h.

Yn is the exact value y(x,,).

Y, is the approximation to y,, used in the recurrence relation.

Single-step methods
Euler’s method
Yis1n =Yi+hf(zi,Yi), Yo=yo
h2
The error is Ey"(g) where x; < £ < Tjy1.

Modified FEuler method
h
Yipn =Yi+ 3 {f(@:,Y3) + flzis, YD)}, Yo=wo

where Y;il =Y, +hf(z;,Y:)
3

h
The error is —Ey"'(f) where x; < £ < Tj41.

Runge-Kutta (fourth order formulae)
1
Yin=Yi+ é(kl + 2k2 + 2k3 + ka), Yo =10

where ki = hf(xz, YZ), ko = hf(.%'l + h/2, Y, + k1/2),
The actual form of the local truncation error, €;41, is extremely complicated;
it is, however, of the order h°.

Multi-step methods (Predictor-corrector)

Milne-Simpson method

, 4h
Predict Y| =Yi_g+ ?[sz — fi—1+2fi-2)]

h
Correct Y, = Y1+ g[fi—l +4fi + fz‘]il]

14
The error in the predictor is Eh‘r)y(v) (&1)

ho
and the error in the corrector is —%y(v) (&2)

where z;—3 < &1 < ®it1,  Ti—1 <& < Tip-
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Adams-Moulton methhod
Predict Y, =Y; + ﬂ[55fi —59fi—1 4+ 37fi—o — 9fi_3]

h
Correct Y, =Y; + ﬂ[fi—Q —5fF +19f; + 9fi 1]

14
The error in the predictor is Ehg’y(v) (&)
5
and the error in the corrector is —%y(v) (&2)

where x; < £ < zj41 and x; < &9 < Tia1.

Higher order equations
The methods given above are easily generalised for use with a system of
first order equations, thus we consider only the first order equation in one
dependent variable.

The n'* order equation y(™ = fz,y, ... ,y(”*l)) may be reduced to
the system of first order equations

V=Y, Y2 =Y Y=Yy o Ynol=Yp o
y;z :f(wvylay%---ayn)
i.e.y =f(z,y)

The corresponding Euler recurrence relation is

Y1 =Y +hf(zi,y;), Yo=Yy

9.6 Systems of linear equations, n x n

al1r1i+ axre+ ...+ aiprn = by

a1 T1+ a2+ ...+ apTp = by . .

. . . in matrix form Ax=b
a1 T1+ 222 + ...+ GppTp = by

Direct method
Gauss elimination, with partial pivoting
Computational procedure, (k=1...(n—1)):

1. Rearrange the equations so that
|ake| = lag|, i=(k+1)(1)n

2. Compute
ik = —Qig/agg, i=(k+1)...n

3. Compute
ai; = aij + pigarj, j=(k+1)...n
b = bi + pirby
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4. Compute
n
z = | b, — Z agxy | Jag, i=(nm-1)...1
j=i+1
Indirect methods

Jacobi
An iterative scheme is given by

. 1 .
CC( +1) bl —

i = —

/
(r) -
i, , t=1,2,....n
Q5 1

j=

In matrix form

x ) = b — [L 4+ Ux™
Gauss-Seidel

An iterative scheme is given by
1 i—1 n
r+1 r+1 r .
CARRToL U oI S DR L) MR TR
Qi — =
Jj=1 Jj=i+1

A sufficient condition for convergence of both methods is that the matrix A
is diagonally dominant
1.e.

n
jail > > lagl, i=1,2,....n
7=1
i#1
In matrix form

X(T‘+1) —b - LX(T’-HI) o UX(T)

where
0 0 0 0 0] [0 G2 4w ma
@9 0 0 0 0 0 an o
g%% ass azg as9
L = s ass 0 0 0 ,U: :
. 0 0 0 0 aanfln
anl an?2 Apn—1 0 n—Iln—1
| oo = 0 o0 0o o 0 |

and b = [bl/an bg/agg e bn/ann]T.

o6



The Gauss-Seidel process converges if and only if all the eigenvalues of
the matrix [I 4+ L]~'U have modulus less than one.

Successive over-relazation (SOR)
The SOR iterative scheme is

x) = x4 (b — Lx) — x() —Ux(™),
where 1 < w < 2 for over-relaxation, and w = 1 for Gauss-Seidel.

The SOR process converges if and only if all the eigenvalues of the matrix
[T+ wL]7'[(1 — w)I — wU] have modulus less than one.

9.7 Chebyshev polynomials

Recurrence relation

Thi1(z) = 22T, (z) — To1(z); To(x) =1, Ti(z)==x

T, (7) = cos(ncos™ ) (coefficient of 2™ is 2"71)

Ty(w) =222 — 1, Ts(z) =423 -3z, Ty(x)=8x*—8x% + 1,

Ts(x) = 162° — 2023 4 5z

The polynomial (1/2"1)T},(x) has a smaller upper bound to its magnitude
over [—1,1] than that of any other polynomial with leading term z".

9.8 Numerical eigenvalues and eigenvectors
The matrix eigenvalue problem is given by, see page 13,
Ax = )Xx

Power method

(for a non-repeated dominant eigenvalue Aj, and eigenvector x1).

Let zp be an arbitrary vector, but not x;,Xas, ..., X,, then the iterative pro-
cess Z;11 = kliAzi (where k; is the element with the largest absolute value
in z;) converges, with k; — A\; and z; — x;, provided that A has n linearly
independent eigenvectors. The convergence will be slow if || & |A1].
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Inverse iteration
(for the eigenvalue A closest to p and eigenvector x)
Let zg be an arbitrary vector, then the iterative process

1
Ziy1 = E[A —pl] 'z

(2
converges with k; — )\%p and z; — x, where k; is the element with the
largest absolute value in z;.

Jacobi method

(for symmetric matrices)

Suppose that A is diagonalised by using a sequence of orthogonal transfor-
mations

D=TiT, ,...ToT{AT|Ty... T)_1 T = M'AM, say,

then the columns of M are the eigenvectors and the diagonal of D comprises
the corresponding eigenvalues.
Computational procedure:

1. Locate largest off-diagonal element a,,, say.
2. Compute 0, where tan 26 = 2a,,/(aqq — app), 0] < 7/4.

3. Compute new elements in rows p and ¢

Ay = App — (tan @) ap, Ugq = Ggq + (tan 0)ay,
tpq =0
a,; = (cosO)ay; — (sin@)ag; ay; = (sin)ap; + (cos O)ay;

4. If any off-diagonal element is non-zero, return to 1.

LR method

(for all the eigenvalues)

Form the sequence Ay = A, A,;; = U,L,, where A, = L, U, with
L, lower triangular, all diagonal elements are equal to 1 and U, is upper
triangular.

For suitable A the sequence converges to an upper triangular matrix whose
diagonal elements are the eigenvalues of A, arranged in order of decreasing
modulus.

If the method fails to converge try applying it again to A + pI where p is a
suitable real number. Convergence in this case will be to A; + p.
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9.9 Least squares approximation

Given the data set {(xo,v0), (z1,¥1),.--, (zN,yn)}, the least squares best
fit n" degree polynomial (n < N — 1) is

yzao+a1x+a2m2+...+anx"

where the coefficients a; are found from the normal equations

Ny Yy o yap ag [ i
POETIDIEH Sad o Yapt a1 > TiYi

symmetric

>oapn an, | > x|
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Chapter 10

Statistics

10.1 Sample statistics

The following definitions are concerned with the data set x1,xs,...

71.77,'

Where appropriate, the data value x; occurs with frequency f;.

Sample Mean

(arithmetic)
or Average

Population variance

Standard deviation

Sample variance

Pooled variance

Standard error of mean

1n k k
I ST o
i=1 =1

1=1
(C@)?
UQ:li(ﬁi—j)szw?_ n

2 (3 firi)®
k | > fixs S

2 fi

Q

n 502 (S

1 - n
52:n_12(xi—x)2: (n—1)
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10.2 Regression and correlation
> (xi — ) (yi —¥)

Y
Pearson’s Product-moment \/[Z(xz 7)* 2 yi <
Correlation Coefficient of > oxiyi —

n sample pairs (z;, y;) _\/{[sz sz >0 - Zyz ]}

¥)]
Zw) 2. Ui)

| e EmEw
Least squares estimates b— Y (xi — )y — ) _ vt n
a and b in the fitted S(x; — )2 ,  (m)?
regression line §j = a + bx 2T = T
a=179y—bx
Residual Variance 9 1< o SSE
in simple linear regression T2 Zzl(yl —a—bri)t = -2

Spearman’s rank correlation
coefficient of n pairs re=1-—
of sample rankings (z;, y;)

10.3 Distributions

Discrete uniform distribution
k: the possible number of values

1
Probability function P(x) = Z
r=21,22,...,Tk
k+1
Mean e
2
k?—1
Vari
ariance B

Hypergeometric distribution

N: population size

n: sample size

k: number of items in population labelled “success”

( k > ( N—k >
x n—ux
Probability function P(r) =

(%)
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=~

n
Mean —

Nk: k N
) -n
Variance nﬁ <1 — N) <N — 1)

Binomial distribution
n: number of trials
p: probability of “success” at each trial

Probability function P(z) = < Z > pt(1—p)n*

r=0,1,...,n
Mean np
Variance np(l —p)

Negative binomial distribution
r: no. of successes required

z: no. of the trial when the r
or alternatively, if ¢ is the number of “failures” preceding the r

Probability function P(z) = < f:ll ) pr(l—p)*"

th “guccess” occurs

th “success”

r=n7r,r+1,...,00
Mean r
p (1
Variance ! 5 p)
p
Probability function P(c) = ( et Z -1 ) pTq°
the general term of the binomial expansions of p"(1 —¢)~"
1—
p
1_
Variance 7”(7217)
p

Geometric distribution
p: probabililty of “success” at each trial
Probability function P(z) =p(1 —p)*!

Mean

Variance —
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Poisson distribution
m: average number of random events in a given interval

—m xT
Probability function P(x) = ¢ 'm
x!
z=0,1,...
Mean m
Variance m

Continuous uniform distribution
«: minimum value
B: maximum value

1
Probability function flx;o, ) = 3
-«
a<z<p
Mean fta
2
, (8 — )
V. w=4
ariance T

Exponential distribution
m: average number of random events in a given interval
Probability function flzym) =me™* x>0

1

Mean —

m

) 1
Variance —

m

Normal distribution

[ mean

o2: variance

1 1 —
Probability function fx; p, 02) = exp {_5 (x K

Mean I
Variance o
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Chapter 11

S. I. Units (Systéme
International d’Unités)

11.1 Fundamental units

The kilogram (kg) is defined as the mass of the international prototype
platinum-iridium cylinder kept at Sevres.

The second (s) is defined as the time taken by 9 192 631 770 periods of the
radiation from the transition between the two hyperfine levels of the ground
state of the atom Caesium-133.

The metre (m) is defined as the path length of light in a vacuum during an
instant of 1/(2.99792458x10%) seconds.

The mole (mol) is defined as the amount of substance of a system which
contains as many elementary entities as there are atoms in 0.012 kilograms
of the isotope Carbon-12.

The ampére (A) is defined as that constant current which, if maintained in
each of two infinitely long straight parallel wires of negligible cross-section
placed 1 metre apart in vacuo, would produce, between the wires, a force
2 x 1077 newtons per metre length.

The kelvin (K) is defined as the fraction 1/273.16 of the thermodynamic
temperature of the triple point of water.

The candela (cd) is defined as the luminous intensity from a source of

monochromatic radiation of frequency 540x10'2Hz which has a radiant in-
tensity of 1/683 Watts per steradian in a given direction.
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11.2 S. I. Prefixes and multiplication factors

Factor Prefix Symbol
10% yotta Y
102 zetta 7
10'8 exa E
101 peta P
1012 tera T
10° giga G
106 mega M
103 kilo  k
102 hecto h
10 deca da
1071 deci d
1072 centi C
1072 mili m
1076 micro p
107° nano n
10712 pico p
1071 femto f
1071®  atto a
10721 zepto =z
1072 yocto vy

11.3 Basic and derived units

Table of basic units

Physical quantity Dimensions S. I. unit  Symbol
mass M kilogram kg
length L metre m

time T second S
amount of substance dimensionless mole mol
electric current 1 ampere A
temperature 0 kelvin K
luminous intensity C candela  cd

Table of supplimentary units

Physical quantity Dimensions S. I. unit  Symbol

angle dimensionless radian rad
degree °
solid angle dimensionless steradian sr

2w rad = 360°; 1rad = 57.296°
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Table of derived units

Physical quantity Dimensions S. L. unit (symbol)
area L? m?

volume L3 m3

frequency T-! hertz(Hz)
speed LTt ms !
acceleration LT—? ms 2

angular speed T-1 rads !

angular acceleration T2 rads 2

density ML™3 kgm 3
momentum MLT! kgms ™!
moment of inertia ML? kgm?

angular momentum ML*T! kgm?s~!

force MLT—2 newton(N)
torque, moment of force ML?T2 Nm

energy, work ML?T2 joule(J)Nm
pressure, stress ML T2 pascal(Pa)Nm 2
power, radiant flux ML*T—3 watt(W)Js !
viscosity (dynamic) ML-tT—1 Pas

surface tension MT™2 Nm~!

electric charge TI coulomb(C)
electric potential ML?T=3I71 volt(V)WA~!
electric resistance ML*T=3172  ohm(Q)VA~!
electric conductance M~YL72T31?  siemens(S)
electric field strengh MLT3171 Vm~!

electric charge density L73TI Cm™3

electric flux density LTI Cm~—2
capacitance M~YL72T41?  farad(F)AsV—!
magnetic flux ML*T2I"!  weber(Wb)
magnetic flux density MT—2171 tesla(T)Wbm 2
inductance ML*T~2172  henry(H)WbA~!
permittivity () M=L=3741? Fm™!
permeability () MLT—2[72 Hm™!

quantity of heat ML?T2 joule(J)

heat capacity, entropy ML?T729-t  JK!

specific heat capacity, specific entropy ~L?T 267! Jkg 1K1
radiant flux density MT—3 Wm 2
thermal conductivity MLT—30~1 WmK~!
latent heat L?T—2 Jkg™!

molar energy ML?T—2 Jmol ™!

molar entropy, molar heat capacity ML?’T720=1  Jmol 'K™!
luminous flux(led=1l,, sr~!) ML?T—3 lumen(ly,)
illuminance MT2 lux(ly)
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11.4 Values of some physical constants

Quantity Symbol Value
speed of light in a vacuum c= (eo,uo)fé 2.99792458 x 10%ms~!
permeability of a vacuum 1o 47 x 107 "Hm™!
permittivity of a vacuum €0 8.854187817 x 10~ 2FM~!
elementary charge e 1.60217733 x 10~°C
Coulomb force constant ke 8.9875 x 10°Nm?C~2
fine structure constant a = e?/(4neghc) 1/137.0
gravitational constant G 6.67258 x 10~ 'm3kg~1s—2
atomic mass unit u 1.6605402 x 10~2"kg
energy equivalent of u 931.494MeV
rest mass of electron Me 9.1093897 x 10~ 3'kg
0.0005486u
electron rest energy MeC? 0.5109991MeV
rest mass of proton mp 1.6726231 x 10~ 2"kg
1.007276u
proton rest energy mpc? 938.27231MeV
rest mass of neutron My 1.6749286 x 10~ 2"kg
1.008665u
neutron rest energy myc? 939.56563MeV
Planck’s constant h 6.626075 x 10~34Js
h = h/(2n) 1.05457266 x 10~34Js
Rydberg energy Roo = a®mec?/2  13.61eV
Bohr radius ao 5.29177249 x 10~''m
Compton wavelength of electron Ac 2.42631058 x 10~ 1?m
Avogadro constant NA 6.0221367 x 10?3mol !
Boltzmann constant k 1.380658 x 10723 JK 1
Stefan-Boltzmann constant o 5.67052 x 10~ 8Wm2K~*
Wien’s (displacement law) constant 2.8978 x 1073mK
Bohr constant UB 9.2740154 x 10~24JT!
nuclear magneton UN 5.05057866 x 1027 JT 1
triple point temperature Ti 273.16K
molar gas constant R 8.315JK~'mol~!
micron pm 10~%m
angstrom A 10~ m
femtometre or fermi fm 10~ m
barn b 10~28m?

11.5 Useful masses

The atomic mass unit, u, is defined to be & of the mass of the Carbon-12

12
atom.

67



Table of particle masses

particle/atom mass
p mp = 1.6726231 x 10~ %"kg
= 1.007276u
= 938.272MeV /c?
e me = 9.1093897 x 103'kg
= 0.0005486u
= 0.511MeV /c?
n my = 1.6749286 x 10~2"kg
= 1.008665u
= 939.566MeV /c?
H 1.007825u
H 2.014102u
*H 3.016049u
SHe 3.016029u
3He 4.002603u
SLi 6.015121u
TLi 7.016003u
B 12.014352u
$2c 12.000000u
g 13.003355u
e 14.003242u
2N 12.018613u
13N 13.005738u
1N 14.003074u
2Kr 91.8973u
1Ba 140.9139u
20po 209.982848u
218Po 218.008965u
220Rn 220.011369u
22°Rn 222.017574u
221Ra 224.020187u
220Ra 226.025402u
27Th 227.027701u
238Th 228.028716u
230Th 230.033127u
21Pa 231.035880u
24Th 234.043593u
235U 235.043924u
238U 238.050784u
235Np 235.044057u

68



11.6 Astronomical constants

Mass of Earth

Radius of Earth (equatorial)
Gravity at Earth’s surface

Mass of Sun
Radius of Sun

Solar effective temperature

Luminosity of Sun
Astronomical unit
Parsec

Jansky

Tropical year
Standard atmosphere

5.976 x 10%*kg
6.378 x 10%m
9.80665ms 2
1.989 x 103kg
6.9599 x 10%m
5800K

3.826 x 1026W
1.496 x 10 m
3.086 x 10'6m
107 26Wm2Hz !
3.1557 x 107s
101325Pa

11.7 Mathematical constants

pi (Archimedes’ constant)

exponential constant
Apery’s constant
Catalan’s constant
Dottie’s number
Euler’s constant
Feigenbaum’s constant
Feigenbaum’s constant
Gelfond’s constant
Gibb’s constant
Golden mean
Khintchine’s constant
omega constant
parabolic constant
plastic constant
Sierpinski’s constant
Trott’s constant
Wallis’s constant

mﬁmggﬁwa\mﬂ

XU ITOXRSQ

=&

3.141 592 653 793
2.718 281 828 459
1.202 056 903 160
0.915 965 594 177
0.739 085 133 215
0.577 215 664 902
2.502 907 875 096
4.669 201 609 102
23.140 692 632 78
1.851 937 051 982
1.618 033 988 750
2.685 452 001 065
0.567 143 290 410
2.295 587 149 393
1.324 717 957 245
2.584 981 759 579
0.108 410 151 223
2.094 551 481 542
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11.8 The Greek alphabet

Letter lowercase uppercase

Alpha
Beta
Gamma,
Delta
Epsilon
Zeta
Eta
Theta
Iota
Kappa
Lambda
Mu

Nu

Xi
Omicron
Pi

Rho
Sigma
Tau
Upsilon
Phi

Chi

Psi
Omega
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Index

Acceleration vector, 31
Adams-Moulton method, 55
Ampere, 64

Analytic function, 9
Apery’s constant, 69

Arc length of a curve, 27
Archimedes’ constant, 69
Argand diagram, 8
Argument, 8

Arithmetic mean, 9
Astronomical constants, 69
Auxiliary equation, 33
Average, 60

Bernoulli’s inequality, 9
Bessel function, 23
Bessel’s equation, 23
Beta function, 22
Binomial series, 25
Binomial theorem, 3

Candela, 64
Catalan’s constant, 69
Cauchy Schwarz inequality, 9
Cauchy-Riemann equations, 9
Centroid, 28
Chain rule, 17
ordinary differentiation, 17
partial differentiation, 17
Chebyshev polynomials, 22, 57
Circle, 6, 7
Circumcircle, 7
Cofactor, 10
Combinations, 3
Complementary error function, 22
Complementary function, 33
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Complex conjugate, 8
Complex numbers, 7
Complex roots, 8
Complex variable, 9
Cone, 7

Conic sections, 6
Convolution, 43
Correlation, 61
Cosine rule, 7
Cramer’s rule, 11
Cubic equation, 2
Cubic splines, 50
Curl, 37

Curvature, 23
Cylinder, 7

De L’Hopital’s rule, 24

De Moivre’s theorem, 4, 8

Degrees and Radians, 3

Determinant, 10

Diagonally dominant, 56

Differentiation, 17
chain rule, 17
differentiation of integrals, 18
Leibniz rule, 17
linearity rule, 17
product rule, 17
quotient rule, 17
standard forms, 19-21
total differential, 18

Directional derivative, 37

Directrix, 6

Distributions, 61
binomial, 62
continuous uniform, 63
discrete uniform, 61



exponential, 63 double integrals, 53

geometric, 62 Gauss’s divergence theorem, 40
hypergeometric, 61 Gauss-Seidel iteration, 56, 57
negative binomial, 62 Gelfond’s constant, 69
normal, 63 General conic, 7
Poisson, 63 General orthogonal curvilinear coor-
Div, 37 dinates, 39
Dottie’s number, 69 Geometric mean, 9
Dynamics, 31 Geometry, 5

Gibb’s constant, 69

Eccentricity, 6 Golden mean, 69
Eigenvalues, 13 Grad. 37

Figenvalues and eigenvectors, 13
inverse iteration, 58
Jacobi method, 58
LR method, 58

Gram Schmidt process, 12
Green’s theorem, 40
Green’s theorem in the plane, 27

power method, 57 Half-rectified sine wave, 49
Eigenvectors, 13 Heron’s formula, 7
Ellipse, 6, 7 Hessian, 23
Error function, 22 Hyperbola, 6, 7
Euler’s constant, 69 Hyperbolic functions, 5
Euler’s formulae, 8
Euler’s method, 54 Imaginary part, 8

modified, 54 Indices, 1
Exponential constant, 2, 69 Inequalities, 9

Initial condition, 32

Factorial, 1 Initial-value problem, 32, 34
Factors and roots of equations, 2 Inscribed circle, 7
Feigenbaum’s constant, 69 Integrating factor method, 32
Finite difference operators, 51 Integration, 18
Finite series, 1 by parts, 18
Focus, 6 by substitution, 18
Formula iteration, 52 definite integrals, 21
Fourier series, 35, 47 differentiation of integrals, 18

complex series, 36 standard forms, 19-21

half-range series, 35 Interpolation, 50

sine and cosine series, 35 Intrinsic coordinates, 23, 31
Fourier transform, 46

sine and cosine transform, 46 Jacobi iteration, 56

Fundamental theorem of algebra, 8  Jacobian, 25
Fundamental units, 64

Kelvin, 64
Gamma function, 22 Khintchine’s constant, 69
Gauss elimination, 55 Kilogram, 64
Gauss quadrature, 53 Kinematics, 31
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Kronecker 4, 11, 21 standard table, 29, 30

Multiple integration, 25
Lagrange interpolation poly., 50

Lagrange multipliers, 24 Nabla operator, 37

Laplace transform, 41, 44, 47 Natural logarithm, 2
inversion formula, 44 Newton’s second law, 31
standard forms, 4143 Newton-Raphson method, 52

Laplacian operator, 38 systems of equations, 52

Least squares approximation, 59 Numerical integration, 52

Least squares regression, 61 Numerical odes, 54

Legendre function, 23 first order equations, 54

Legendre polynomial, 22 higher order equations, 55

Legendre’s equation, 23

Limiting theorems, 44 Om(.aga con§tant, 69 .
o Ordinary differential equations, 32
Limits, 24

first order equations, 32

higher order equations, 34

second order equations, 33
Osborne’s rule, 5, 25

Line integrals, 27
Linear equations, 12, 55
Linearly dependent, 12
Linearly independent, 12
Logarithms, 1 Parabola, 6, 7
Parabolic constant, 69
Parallel axes theorem, 29
Parseval’s theorem, 36
Partial fractions, 2
Particular integral, 33
Pearson’s correlation coefficient, 61
Periodic functions, 47
Permutations, 3
Physical constants, 67
Plane polar coordinates, 31
Plastic constant, 69
Polar coordinates, 15

cylindrical, 16, 26, 38

plane, 15, 26, 31

Maclaurin series, 5, 24
Mathematical constants, 69
Matrices, 11
identity matrix, 11
inverse matrix, 12
null matrix, 12
orthogonal matrix, 12
singular matrix, 12
symmetric matrix, 11
trace of a matrix, 13
transpose matrix, 11
unit matrix, 11
zero matrix, 12

M

e, o spherical, 16, 27, 39
Mean value, 28 el o
Metre, 64 olar equation,

Polynomial, 1, 2
Polynomial interpolation, 50
Pooled variance, 60

Milne-Simpson method, 54
Minkowski inequality, 9

Minor, 10 Pobulati . 60
Modified Bessel function, 23 op.u.a 1011 variance,

Position vector, 31
Modulus, 8 p function. 9
Mole, 64 ower function,

Power series, 24

M t of inertia, 28, 31 .
OMCHE OF HETa, 28, Predictor-corrector methods, 54
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Probability function, 61 Basic and derived units, 65
Pythagoras’ theorem, 6 S. I. Prefixes, 65

Quadratic equation, 2 Taylor’s series, 24

one variable, 24

two variables, 25
Taylor’s theorem, 24
Trapezoidal rule, 52
Trial function, 33
Triangle, 7
Triangle inequality, 9
Triangle law for vectors, 14
Triangular wave, 48
Trigonometric identities, 3
Trott’s constant, 69

Radius of convergence, 24
Radius of curvature, 23
Rank, 12

Real part, 8

Rectangular hyperbola, 6, 7
Rectified sine wave, 49
Regression, 61

Remainder theorem, 2
Residual variance, 61

Root mean square (RMS), 28
Roots of equation, 9
Runge-Kutta 4th order method, 54 Undetermined coefficients, 33

Unit vector, 15
cartesian, 16
cylindrical, 16

Sample statistics, 60
Sample variance, 60
Sawtooth wave, 48

Second, 64 Variables separable, 32
Second moment of area, 30 Vector addition, 14
Series, 24 Vector calculus, 39
Sierpinski’s constant, 69 Vector identities, 38
S%gma notation, 1 Vector products, 14
Simpson’s rule, 52 Velocity vector, 31
Sine rule, 7 Volume integrals, 26
Solid of revolution, 28
surface area, 28 Wallis’s constant, 69
volume, 28 Wallis’s formulae, 21
Spearman’s rank correlation coef., 61
Sphere, 7 Z-transform, 45

Square wave, 47, 48
Standard deviation, 60
Standard error of mean, 60
Stationary points, 23
more than one variable, 23
one variable, 23
Stehfest method, 44
Stokes’s theorem, 40
Straight lines, 7
Successive over-relaxation (SOR), 57
Surface integrals, 26
Systeme International d’Unités, 64
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