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Geometry—Ancient Ropes and Modern Phones
Lesson 1

Topics

The Elements.

geometry

planar geometry

spherical geometry:  

three-dimensional geometry: 

Summary 
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The Elements

Example 1: Egyptian Ropes

Figure 1.1.

Solution

Example 2: Right Angles in Circles

Solution

Figure 1.2.

Study Tip

seem

3

4

5

Figure 1.1

Figure 1.2
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1.

2.
perfectly straight

3.

Problems



Lesson 2

Topics

acute angle

angle bisector  

bisects M AB AM = MB.

congruent angles

congruent line segments

collinear

coplanar

midpoint M AB  if M AM = MB.

obtuse angle

perpendicular

:

right angle:



straight angle: 

vertical angles

Notation

A and B is denoted .AB

A and B is denoted .AB

AB  is denoted AB.

.AB CD

PQ  and QR  is denoted PQR  or .RQP

.PQR ABC

.AB CD

Result 

 

Summary 
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Example 1

T .WX WT WX

Solution

Figure 2.1 T
.WX

The distance WT WX

Example 2

Figure 2.2 a and b

x and y are also 

.a b

Prove: .x y

x a  .

y b  .

a b  .

Solution 

.x y

W T X

Figure 2.1

Figure 2.2

a b
x y



Example 3

Solution

Study Tip

Pitfall

1. Figure 2.3 PQ  and SR  intersect at O .PQ

.PO OQ

P S R are collinear.

P R Q

PO = QO.

PO .QO

PO OQ = PQ.

P

Q

S

O
R

Figure 2.3

Problems



2. 

.AB CD

.AB CD

.AB CD

.AB CD

3. AB  and CD  that

AB CD

4. Figure 2.4.

A B D F

G B C H

F C H

E B F

A and D. B

A B C D

E

F
G

H

Figure 2.4



5. Points A B C AB AC BC. 

6. A B M AM = MB M AB

7. 

8. Figure 2.5 MNR  
x

9. Figure 2.6 m ASC  m FSO   
and m EST

.m FSI

.m FSU

.m CSE

.m TSI

.m USC

C

A E

T

I

O

U

F S

Figure 2.6

M

N

R

2x y

y + 3x  

2y x + 2  

Figure 2.5



10. Figure 2.7 EUS

E

D

G

UM

S

Figure 2.7
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Angles and Pencil-Turning Mysteries
Lesson 3

Topics

N

Summary 

N N

Example 1

Solution

 

Example 2

 



Solution

x x x x = 3x x

y y y

z z z

w w w

7

Study Tip

Pitfall

Figure 3.1

1. x and y in Figure 3.2. 

2.

40°

5y

yx

x

Figure 3.2

Figure 3.1

180°180°

180°
180°

180°

180°

180°

Problems
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3. x and y

20°
30°

y
x

10°
32°

y

x

20°

30°

y

x
80° 80°

4.  
 

 

 

5. Figure 3.6

.m IRY m IMY

Prove: .G L

Y

G

R

I

M
L

Figure 3.6

Figure 3.3

Figure 3.4

Figure 3.5



Proof

x w Figure 3.7.

ii. m G x w  
 

iii. m L x w  

m G
m L

G L . 

6. Figure 3.8.

m W  

7. LM .GLU

m G  and m U m MLU  
Figure 3.9

Figure 3.7

Y

x

x

w

G

R

I

M
L

M U

L

G

Figure 3.9

Figure 3.8

W

S

I

H
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8.  
Figure 3.10

x and y
  .OR OS

Prove: x z .

Proof

i. x y = 

ii. y z =  .

 .

9. x Figure 3.11

10.  
 

Figure 3.12

2x

x

x

x

x + 10

Figure 3.11

x
x

x
x

x

x
x

x

Figure 3.12

E S

z

x

y
O

R

Figure 3.10



Understanding Polygons
Lesson 4

Topics

concave polygon

convex polygon A and B in the interior of the 
AB

equiangular polygon

equilateral polygon:

exterior angle of a polygon:

N-gon: N sides.

polygon:

regular polygon

rhombus:
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Formulas 

N .
N

N N
N N

Summary 

Example 1

Solution

Example 2

Solution

N
N

 so N

Example 3

ABCDEFGHIJKL AB  and CD M. Find the 
BMC . 



Solution

BMC Figure 4.1

Study Tips

N N

Pitfalls 

1.

Figure 4.1

B

DA

C

M

30°30°

Problems



20

Le
ss

on
 4

: U
nd

er
st

an
di

ng
 P

ol
yg

on
s

2. 

3. 

4. 

20

5. 

6. 

7. 



8. 

9. 

x
x x x

10. 
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The Pythagorean Theorem
Lesson 5

Topics

Shortest distances.

hypotenuse

Results 

 

p q r r p2 q2 = r2

Summary 

Example 1

AB
Figure 5.1.

Solution

AC AC2 = 32 2 AC
AB AC

AB2 2 2 AB

C

A

B

3
4

12

Figure 5.1
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Example 2

 

 
 

Figure 5.2

not

Solution

 
  

 See Figure 5.3

Example 3

P  
a b c d  

Figure 5.4

Solution

P  
a b c d Figure 5.5  

P

P Figure 5.6

b d  

a c
a b c d

9 4 2

Figure 5.2

9 42

Figure 5.3

a

b c

d

p

Figure 5.4

a

b c

d

p

Figure 5.5

a

b c

d

p

Figure 5.6
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Study Tip

a2 b2 = c2 a b c

Pitfalls 

a b .a b

x x2 x

1.

120

119

18
9

13

61

2.1

5

42
58

5

5

8

6

7

3

17

13 3
4

1
2

Figure 5.7

Problems



2. .

3. 

4. Figure 5.8.

 
a > 3.

 
b

 
b > a.

5. P  
Q  

Figure 5.9

6. h Figure 5.10

AP = x and PC x
to solve for x and then for h.

a
b

3 2
Figure 5.8

Q

P

Figure 5.9

h

A P C

B

17

21

10

Figure 5.10
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7.

8.

9. A B C AB BC = AC

10. a b
c inches. 

PQ 2 2 2 .PQ a b c
Figure 5.11

c

a
b

P

Q

Figure 5.11
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Distance, Midpoints, and Folding Ties
Lesson 6

Topics

Cartesian coordinates: 

Cartesian plane/coordinate plane:  

origin

Formulas 

  2 2x y

P x y Q x2 y2

2 2
y yx xM

Summary 

th



Le
ss

on
 6

: D
is

ta
nc

e,
 M

id
po

in
ts

, a
nd

 F
ol

di
ng

 T
ie

s

Example 1

Let A B

AR = RB.

S k A and B AS = SB
k

Solution

2 2AR  and 2 2BR

2 22 2k k  

2 2

2 2

k k

k k k k
k k
k
k

Example 2

M A B

AM MB M A and B.

AM MB AB M does indeed lie on .AB

Solution

2 2 2 2
M

2 2
 and  is

2 2 2 2

AM



2 2
 and  is 

2 2 2 2

MB

These distances are indeed the same. 

2 2AB  so AM MB AB.

Example 3

P k m R k m S so that R .PS

Solution

S a b

k k and a

and 

m m and b. 

a k a k k

b m m m

S k m

Study Tips

AB  has x
x A and B and y y A and B
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Pitfall

1.

2. PQ  if

P Q

P Q

P Q

P a Q a b

3. A a M a M .AB B

x so that M x PQ x x
Q x x

Problems



4. ABC has vertices A B C  
M of BC .MA

 

5. P A and B if AP = PB. 

Let A B

P A and B.

Q A and B

R  A and B

k k A and B. 

6. y

7. x and y A x y  
B  

x 2 y 2  



32

Le
ss

on
 6

: D
is

ta
nc

e,
 M

id
po

in
ts

, a
nd

 F
ol

di
ng

 T
ie

s

8. Let F G

.FG .FG

and 3 .FG

9. 

Let A B C

A B C is isosceles. 

10. x y
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The Nature of Parallelism
Lesson 7

Topics

Parallel lines.

alternate interior angles: PQ

parallel:

same-side interior angles:

transversal:

Results 

Figure 7.1

x y

x y

a = b
if a = b

Notation 

The notation ||AB CD  denotes that lines AB  and CD

y

x a

b

a = bx + y = 180°
Figure 7.1
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Summary 

Example 1

127°

53°

36°

121° 59°

Solution

Example 2

Figure 7.4  

 
 

Figure 7.2 Figure 7.3

Figure 7.4



Solution

a Figure 7.5

a Figure 7.6

Study Tip

Pitfall

Figure 7.7
d is x w.

1. AIB DJK

AIK GKF GKI.

a

Figure 7.5

a

a

Figure 7.6

a

x
w

b c d

Figure 7.7

Problems

A

B

C

D

E

F
G

H

I
J

K

Figure 7.8
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2. 

x. 

x. 

Figure 7.9

3. x

x

88° x
2x

81°

x

Figure 7.9

x

x x

x

x
x

Figure 7.10

Figure 7.11 Figure 7.12
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6x
4x

x

72°

63°

4. w 

Figure 7.15

10°

23°

w

Figure 7.16

92°

123° w

5. x and y

40°

80°

x y
x50

4y

Figure 7.13 Figure 7.14

Figure 7.17 Figure 7.18
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x

y
20

40

x
y

20
30

6. PQRST m P  m T  .Q R  

S .R  

PQRST

7. Figure 7.21.

|| .GB LO

8. Figure 7.22. 

.z r

.y q

m y m x m r

Figure 7.21

87°

93°

97°

G

L

O

B

Figure 7.22

O

U

q

p

r
x

y

z

T

S

Figure 7.19

Figure 7.20



9. Solve for x y z in Figure 7.23.

10. Figure 7.24

.

.
a c
e d

Prove:  || .MO TH

Proof

i. c d

 .

  a c c d d e

.a e

||MO TH  .

3y

2y
y

x

z

16055 140

Figure 7.23

M

O

U

T

H

d

e

f

a

b

c

Figure 7.24
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Proofs and Proof Writing
Lesson 8

Topic

deductive reasoning: 

inductive reasoning: 

Summary 

Example 1 

AEC
.BD EC

Prove: .x y

Figure 8.1

Solution 

i. AEC

ii. BDE .BD EC

iii. |AE BD AEC  and BDE

iv. x y

A

B

CDE

x
y

Figure 8.1



Example 2 

.
BD EBC

x z

Prove:  || .AE BD

Figure 8.2

Solution

i. y z BD .EBC

ii. x y x z .y z

iii. ||AE BD

Study Tip

Pitfall

A

B

CDE

x
y z

Figure 8.2



Le
ss

on
 8

: P
ro

of
s 

an
d 

Pr
oo

f W
rit

in
g

1. .
.

a b
d c

Prove: || .AB DE

Figure 8.3

2. .PS SR
a  and c

Prove: .b c

Figure 8.4

3. || .

|| .

AB CD

AD BC

Prove: .A C

Figure 8.5

4. .UF UM

Prove: .FM LM

Figure 8.6

Problems

A

B

C

D

E

a
b

d

c

Figure 8.3

Figure 8.4

P

Q

R
S

a
b c

Figure 8.5

A

D

B

C

Figure 8.6

F

U

L

M



5. .

|| .

.

R RUY

RU YB

UB YB

Prove:  .YUB RBU

Figure 8.7

6. Prove:  z = x y. 

Figure 8.8

7. .

.

GT GO

GA TO

Prove:  A .TO

Figure 8.9

8. || .

|| .

BE CD

AC ED

Prove:  .a b

Figure 8.10

R

Y

U

B
Figure 8.7

Figure 8.8

x

y

z

G

T A O

Figure 8.9

A

B

C a

b

D

E

Figure 8.10
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9. || .EI NJ

KG EBH

FL NCH

Prove:  || .FL GK

Figure 8.11

10. 

A

F

G
H

I

J

K

L

M

N

E

B

D

C

Figure 8.11



Similarity and Congruence
Lesson 9

Topics

congruent polygons: k

isosceles triangle: 

similar polygons: 

k.

 The common ratio k

Notation
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Results 

 

Figure 9.1  

 This means that

all three sides come in the same ratio.

 

Figure 9.2

 This means that all three sides also match in the same ratio.

 

Summary 

Example 1 

The left half of Figure 9.3

ABCDEF

C

HG

CD

AF

b

ka
kba

A

A

Figure 9.1

C

B

A

C

B

A

Figure 9.2

A
J

I
H

G

F

E

D
C

B

Figure 9.3



Solution 

AJIHGF

.I

.DE

IH. 

.AF

Example 2

Figure 9.4  
x and y.

Solution

 

k

y y = 3k

x

Example 3

ABD  is similar to .DEF

xy = ab.

Figure 9.5

60°

60°

70°

70°
6

3

9

x

y

Figure 9.4

A

x

B

C

E
y

FD

b a

Figure 9.5
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Solution 

 
Figure 9.6

and transversal AF

AF

ABD  and DEF ABD DEF

  Side x a
  Side b y

.x b
a y

xy = ab.

Study Tip

Pitfall

A

x

B

C

E
y

FD

b a

Figure 9.6



1. Figure 9.7

HYB

k

m x

a 

2. Figure 9.8

x
y b

y

w

.yx
y b f

3. Figure 9.9 are similar.  
w

Problems

a

x

B

H
L

K

Y

30°
14

20

8

Figure 9.7

Figure 9.8

a

y

b

f

w

x

70°

70°

w

10

8

11

9

16

Figure 9.9
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d 
C
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4. Figure 9.10

a

b

d

d

5. Figure 9.11

6.

Figure 9.12

7. Figure 9.13
are similar. 

d

y

x

b

a

70°

50°

60°

70°

50°

60°

Figure 9.10

30 ft 80 ft

10 ft

Figure 9.11

12

5 7

18
?

Figure 9.12

Figure 9.13



8. ABC P is 
3

BA Q is 
3

.BC   
Figure 9.14

PQ .AC

AC .PQ

9. Figure 9.15. 

ABC BDC

x2 = y y z

10. 

Figure 9.16 x = y. 

A

P

B

Q

C

Figure 9.14A

B C

D

x

y

z

Figure 9.15

x

y
Figure 9.16
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Practical Applications of Similarity
Lesson 10

Topics

The SSS similarity principle for triangles.

The converse of the Pythagorean theorem.

Applications of similarity and congruence principles.

Results 

SSS principle: If two triangles have three sides that match in the 
Figure 10.1

 That is, the three angles of the triangles match as well.

Pythagorean converse: If a triangle has three sides of lengths p, q, and r satisfying p2 + q2 = r2, then the 
triangle is a right triangle with the side of length r the hypotenuse.

Summary 

In this lesson, we explore one more similarity principle for triangles, the SSS principle, and show how it follows 
as a logical consequence of the SAS and AA similarity principles. This allows us to establish the converse of the 
Pythagorean theorem. We also explore a number of practical applications of the three similarity principles. 

Example 1

How many essentially different triangles can you make with 3 sticks, one of length 11 inches, one of length 15 
inches, and a third of length 20 inches?

Solution

Just one. Any two triangles with these side lengths must be congruent by the SSS principle.

a c

b

ka

kb

kc

Figure 10.1



53

Example 2

Each of the following pictures shows a pair of triangles. Which pairs of triangles are certain to be similar? 
Which are certain to be congruent? Of those that are similar/congruent, explain which principle gives you this. 

Figure 10.2

Figure 10.3

Figure 10.4

a

b
3b 3a

Figure 10.5

Solution

 
clearly 1, so they are, in fact, congruent.

x x, 
as shown in Figure 10.6. We have a second angle of measure x. The two 

y, 
and each possess an angle of measure x

are similar.

x

x

y

x

Figure 10.6
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Study Tip

Triangles are the “atoms” of geometry, and identifying similar triangles in complicated diagrams 
is often the key to unlocking results about that diagram. Become familiar with all three similarity 
principles for triangles: SAS, AA, and SSS.

Pitfall

For the SAS principle, the angle in consideration must 
be sandwiched between the two sides in consideration. 
For example, in the diagram in Figure 10.7, triangles 
PQS and PQR both share the angle A and have two 
matching sides of lengths 10 and 3, yet they are clearly 

A is not sandwiched 

1. Each of the following pictures shows a pair of triangles. Which pairs of triangles are certain to be similar? 
Which are certain to be congruent? Of those that are similar/congruent, explain which principle gives 
you this.

3a

3b

b

a

Figure 10.8
Figure 10.9

x x
h

Figure 10.10
Figure 10.11

A
P RS

Q

10
3 3

Figure 10.7

Problems
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2. Are the two triangles in Figure 10.12 similar? 
If so, what is the scale factor?

3.  
for quadrilaterals. 
 

4. Explain why SNA A  in Figure 10.13.

5. Explain why each interior angle of an equilateral triangle must have measure 60°.

6. An angle bisector is drawn from the apex of an isosceles triangle. 
Suppose that it intersects the base at point M Figure 10.14

Prove: 

M is the midpoint of .AC

.BM AC

1.6

3.0

7.2

6.0
28.8

12.0

Figure 10.12

25 30
24

N

APS
Figure 10.13

B

A M C

x x

Figure 10.14
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7. A line is drawn from the midpoint of the base of an isosceles triangle  
Figure 10.15

Prove:

B.

.BM AC

8. A line is drawn from the apex of an isosceles triangle to meet the base  
Figure 10.16

Prove: 

M is the midpoint of .AC

B.

9. A line is drawn from the apex of a triangle to the midpoint M of the 
opposite side. Suppose that this line turns out to be perpendicular to that 

Figure 10.17

Prove that the triangle is isosceles.

B

A M C

Figure 10.15

B

A M C

Figure 10.16

B

A M C

Figure 10.17
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10. For Figure 10.18, prove that .ACE BCD

A D E B

C

Figure 10.18
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Making Use of Linear Equations
Lesson 11

Topics

The equation of a line.

The slopes of parallel and perpendicular lines.

The perpendicular bisector of a line segment.

Applications.

perpendicular bisector: The perpendicular bisector of a line segment is a line through the midpoint of 
the segment and perpendicular to it. 

Formulas 

A line of slope m a, b y b = m x a

Parallel lines have the same slope.

If one line has slope m, then a line perpendicular to it has slope 1
m

Summary

The algebraic equation of a line is nothing more than a restatement of our belief that the slope of straight lines is 
constant. In this lesson, we develop the equation of a line, discuss the slopes of parallel and perpendicular lines, 
and practice our algebraic skills in a variety of geometric settings about lines. 
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Example 1

Sketch graphs of the following lines.

y x

y = 20x + 1.

x = 3.

Solution

y x  

Figure 11.1

y x

Figure 11.2

x x = 3,  
so this is a vertical line. 

Figure 11.3

Example 2

Find the x y

1

3

y

y x

x

Figure 11.1

1

y

y = 20x + 1

x

Figure 11.2

3

y
x = 3

x

Figure 11.3
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Solution

Such a line has slope 5 6 1
62 4

 and, therefore, has equation 16 4 .
6

y x

The x x y = 0 at this point. 
Substituting and solving gives

10 6 4
6
32.

x

x

 

The x

The y y x = 0. Substituting 
and solving gives

16 0 4
6

15 .
3

y

y

The y 10, 5 .
3

Example 3

What is the slope of the line shown in Figure 11.4? Name a point this line 
passes through. Quickly write the equation of the line. 

Solution

The line has slope 2
3

22 .
3

y x

2 3 .
3

y x

Example 4

Write an equation for the perpendicular bisector of ,PQ  where P Q

3

y

2

x

Figure 11.4
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Solution

The segment PQ  has slope 0 7 7 ,
4 1 3

 so the perpendicular bisector to PQ  has slope 3 .
7

It also passes through the midpoint of ,PQ  which is 5 7, .
2 2

The equation of the perpendicular bisector is thus 7 3 5 .
2 7 2

y x

Study Tip

As Example 4 shows, there is no need to be perturbed by awkward numbers. Work to simply 
understand, and hold on to the basic theory behind the equations of lines.

Pitfall

Many students are locked into the y = mx + b formula for straight lines. It is rare that this is the easiest 

a line. 

1. Find the slopes of the lines passing through each of the following pairs of points.

a, b

a, a a + b, a + b

a b, c

a, b b, a

a a

Problems
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2. Find the slopes of each of the following.

x

3. A line intersecting the x y

4. A line of slope 4
3

 contains P Q k k?

5. A line intersects the y y = 8 and the x x

6. P Q R b, b  Find a value for b that makes PQ QR .

7. A B C D a  Find a value for a that makes || .AB CD
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8. Find an equation for each of the following lines.

y = 5x

AB  and perpendicular to ,AB  where A B

x

x y = 0.

x

9. Very quickly write an equation for each of the following lines.

slope = 3

2

y

x

Figure 11.5

5

y

x

Figure 11.6

7

3

y

x

Figure 11.7

y

x

Figure 11.8

3

y

x

Figure 11.9

2

y

x

Figure 11.10

3

y

x

Figure 11.11
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10. 

A B C

Part I

M of AB  and the equation of the line through M and C.

N of BC  and the equation of the line through N and A.

R of AC  and the equation of the line through R and B.

1 ., 4
3

 

Part II

M and perpendicular to .AB

N and perpendicular to .BC

R and perpendicular to .AC

Part III

C and perpendicular to .AB

A and perpendicular to .BC

B and perpendicular to .AC

Comment: Part I of this question constructs the three medians of a triangle, part II constructs the three 
perpendicular bisectors of a triangle, and part III constructs the three altitudes of a triangle. You can use 
algebraic methods to prove that each set of three lines do always pass through a common point for any given 
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Equidistance—A Focus on Distance
Lesson 12

Topics

Equidistance between points.

Equidistance between lines.

Circumcircles of triangles.

Incircles of triangles.

The Euler line.

circumcenter of a triangle: The center of the circumcircle of a triangle is its circumcenter. It is the 
location where the three perpendicular bisectors of the triangle coincide.

circumcircle of a triangle: For each triangle, there is a unique circle that passes through the vertices of 
the triangle. This circle is the circumcircle of the triangle. 

equidistant: A point is said to be equidistant from two or more objects if its distance from each of 
those objects is the same.

incenter of a triangle: The center of the incircle of a triangle is its incenter. It is the location where the 
three angle bisectors of the triangle coincide.

incircle of a triangle: For each triangle, there is a unique circle sitting inside the triangle tangent to 
each of its three sides. This circle is the incircle of the triangle.

Results

The set of points equidistant from a pair of points A and B is precisely the set of points on the 
perpendicular bisector of .AB

The three perpendicular bisectors of a triangle coincide at a single point. This point is equidistant from 
all three vertices of the triangle and, therefore, lies at the center of a circle that passes through all three 
vertices of the triangle.
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The set of points equidistant from a pair of intersecting lines is precisely the set of points on an angle 
bisector of those lines.

The three angle bisectors of a triangle coincide at a single point. This point is equidistant from all three 
sides of the triangle and, therefore, lies at the center of a circle inside the triangle tangent to all three of 
its sides. 

Summary 

Identifying the set of all points of equal distances from a given set of objects provides a powerful tool for 
proving results in geometry. In this lesson, we examine equidistance between points and between lines and 
prove the existence of special circles for triangles. We also solve some standard schoolbook geometry problems 
in sophisticated ways.

Example 1

A B

.AB

P on this line with x

P is indeed equidistant from A and B.

Solution

of slope 8 2.
4

AB  

 Its equation is thus 2 1 ,
5 2

y
x

 or 12 5 .
2

y x

x = 10 to see that 15 5 ,
2

y  giving 5 92 .
2 2

y  

 We have 910, .
2

P

2
2 3 9 2057 49

2 4 4
PA  and 

2
2 13 169 2053 9 .

2 4 4
PB

 
These are indeed equal.
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Example 2

Figure 12.1 is a map of two intersecting paths in a park.  
At point A stands a statue, and at point B is a fountain. 

Mark on this page the exact location Jenny should stand 
so that she is the same distance from each of the two paths 
and, at the same time, equidistant from points A and B. 

In fact, show that there are two different places 
Jenny could stand to meet the requirements of 
this challenge. 

Solution

Jenny should stand at the location where  
the angle bisector of the two lines and the 
perpendicular bisector of AB  intersect.  

Figure 12.2

Because there are two angle bisectors for the pair of 
lines, there is a second location Jenny could stand.  

Figure 12.3

Study Tip

If you are ever asked to prove that two given 
line segments are perpendicular, with at least 
one segment bisecting the other, consider 
looking for equidistant objects in the problem. 

Pitfall

If points P and Q are each equidistant from 
points A and B, then PQ  is the perpendicular 
bisector of .AB  Only the segment AB  is 
guaranteed to be bisected. 

A

B

Figure 12.1

A

B

perpendicular bisector

angle bisector

Here!

Figure 12.2

A

B

perpendicular bisector

another
angle bisector

Here!

Figure 12.3
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1. Which of the following points are equidistant from A B

(3,6)P

(2,7)Q

(6, 3)R

(12, 9)S

(2,3)T

(10, 4)U

2. A B C
isosceles triangle.

3. Given: P is on the perpendicular bisector of .AB
P is on the perpendicular bisector of .BC

Prove: PA = PC.

Figure 12.4

Problems

A

B

C
P

Figure 12.4
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4. Figure 12.5

P is on the angle bisector of ,RMN  then P is equidistant from  
lines ______ and ______.

P is on the angle bisector of ,RNM  then P is equidistant  
from ______ and ______.

P is equidistant from MR  and NR  then P lies  
on the ____________ of ______.

R lies on the perpendicular bisector of ,MN  then R is equidistant from ______ and ______.

P is equidistant from M and R, then P lies on the ____________ of ______.

5. 
Figure 12.6

P and R each lie on the perpendicular bisector of the 
diagonal .AB

6. 
of a deltoid be perpendicular?

7. 
 

P

M
N

R

Figure 12.5

PA a

a

b

b

B

R
Figure 12.6
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8. A treasure is buried at a location equidistant from points R and S on the 
ground precisely 10 meters away from point T Figure 12.7

This may or may not be enough information to determine the exact location 
of the treasure. 

the location of the treasure to one of two possible locations.

T, R, and S are just right, the information 
in the clue could narrow the location of the treasure to a single location. 

9. Given: 90°.m SJL
  TK  is the perpendicular bisector of .JL

Prove: T bisects .SL

Figure 12.8

10. For four given points in the plane, is there sure to be a single location P that is equidistant from all four?

T

S

R

Figure 12.7

S

J K L

T

Figure 12.8
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A Return to Parallelism
Lesson 13

Topics

Midpoint segments in triangles.

Midpoint quadrilaterals within quadrilaterals.

Transversals and triples of parallel lines.

The median of a trapezoid.

corresponding angles: For a transversal crossing a pair of lines, two angles on the same side of the 

median of a trapezoid: If a trapezoid has just one pair of parallel sides, then the line segment 
connecting the midpoints of the two remaining sides is the median of the trapezoid. 

parallelogram: A quadrilateral with two pairs of parallel sides.

trapezoid: A quadrilateral with at least one pair of parallel sides. 

Results 

The line segment connecting midpoints of two sides of 
a triangle is parallel to the third side of the triangle and 
is half its length.

If, for a triple of parallel lines, one transversal  
segment is bisected by them, then so are all  

Figure 13.1

The line that connects the midpoints of two transversal 
segments to a pair of parallel lines is also parallel to 

Figure 13.2

a

b

a = b

Figure 13.1

Figure 13.2
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The median of a trapezoid is parallel to the two parallel  
sides of the trapezoid and has length the average of the  

Figure 13.3

Summary 

 
back to parallelism. In this lesson, we explore the consequences  
of connecting midpoints in sides of triangles and quadrilaterals  
and in segments of transversals for parallel lines.

Example 1

Provide the full details that explain why, in Figure 13.4, 
length a matches length b.

Solution

Figure 13.5, and 
mark the lengths p and q.

Because the scale factor is 2, p + q = 2p, giving p = q.

factor 2, because p = q. Consequently, a + b = 2b,  
giving a = b.

Example 2

Provide the full details that explain why, in Figure 13.6, 
the central line is parallel to the two given parallel lines.

Solution

P and Q, as 
shown in Figure 13.7. 

b

a

x

x a b= +
2

Figure 13.3

a

b

Figure 13.4

aq

b
p

Figure 13.5

Figure 13.6

P Q

Figure 13.7
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We do not know if PQ  is parallel to the pair of lines.

Imagine drawing a line through P that is in fact parallel to the pair of lines. By Example 1, this line meets the 
Q. Thus, PQ  is the parallel line through P, and therefore, 

PQ  is indeed parallel.

Example 3

Find the values of x and y in Figure 13.8.

Solution

The unlabeled angle in the small triangle has measure 59°. 

Because the line connecting midpoints in a triangle is parallel to the base of the triangle, this angle and y are 
congruent corresponding angles. Consequently, y = 59°.

Also, x = 8, because the line connecting midpoints in a triangle is half the length of the base of the triangle. 

Study Tip

lines are parallel.

Pitfall

matter of author’s taste and, therefore, vary from author to author.

1. Given: M is midpoint of .AB
|| .MQ BC

Prove: Q is midpoint of .AC

Figure 13.9

20° 101°
5

5

4

y

x

Figure 13.8

Problems

A

Q

CB

M

Figure 13.9
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2. M, N, and O are midpoints of the sides of .ABC   
Figure 13.10

BC = 20, then MO = ?

MN = 13, then AC = ?

NO AB ?

B  is congruent to .MON

3. Consider the triangle with vertices A B C

M of .AB

N of .AC

MN  is parallel to .BC

4. In the diagram in Figure 13.11, B, D, F, and H bisect the line 
segments on which they lie. 

CG = 20, what are the values of HB and FD?

HB FD ?

5. The line segment inside the triangle in Figure 13.12 connects 
midpoints. Find the values of x, y, and z. 

A

N

C
O

B

M

Figure 13.10

Figure 13.11

A

D

C

E

B

H

G

F

y

10x + 1x + 4

4y

51°

z

Figure 13.12
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6. Points X, Y, and Z are midpoints of the line segments on 
which they lie. Explain why ~ .XYZ ABC  What is the 

Figure 13.13

Midpoints have been the focus of this lesson. But there is actually 
nothing special about them. Analogous results apply for other 
types of points as well. The next three problems demonstrate this. 

7. In ,ABC  the points M and N lie 5
8

 of the way down the sides on which  
Figure 13.14

Prove:

MN  is parallel to the base .BC

MN is 5
8

 the length of BC.

8. Consider a set of triangles sharing a common line segment as 
Figure 13.15

line segments connecting the points 5
8

 of the way down the 
sides of these triangles? 

9. Explain why segments connecting the points 5
8

 of the way down  

two pairs of sides of a quadrilateral, as shown in Figure 13.16,  
must be parallel.

B

A
C

OX

Y

Z

Figure 13.13

B

M

A

N

C

Figure 13.14

Figure 13.15

Figure 13.16
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10. Consider the following general triple of parallel  
lines theorem.

A triple of parallel lines cuts all transversal line 
segments in the same ratio Figure 13.17

the following steps.

First, draw a third transversal and label the lengths s 
and t, as shown in Figure 13.18.

.y s
y x s t

this means that .x t
y s

.t a
s t a b

.t a
s b

v. Steps ii and iv then show that .x a
y b

b

x

y

a

We have: x
y

a
b

Figure 13.17

b

x

y

a

s

t

Figure 13.18
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Exploring Special Quadrilaterals
Lesson 14

Topics

Properties of parallelograms.

 

Results 

In a parallelogram,

The diagonals of a rectangle bisect one another and are congruent. Conversely, if a quadrilateral has 

The diagonals of a rhombus bisect one another and are perpendicular. Conversely, if a quadrilateral has 

The diagonals of a square bisect one another, are congruent, and are perpendicular. Conversely, if a 
quadrilateral has diagonals that bisect one another, are congruent, and are perpendicular, then that 

Summary 

lesson, we explore the implications of imposing conditions on the diagonals of a quadrilateral.
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Example 1

Opposite angles in a quadrilateral are congruent. Prove that the quadrilateral must 
Figure 14.1

Solution

Following the labeling given in the diagram, because the angles in a quadrilateral 
sum to 360°, we have 2x + 2y = 360°, giving x + y = 180°. This means that each pair of angles x and y in the 

Example 2

Suppose that A B C D ABCD?

Solution

Midpoint 3 , 9 .
2

AC

Midpoint 3 , 9 .
2

BD

The diagonals bisect each other, so we have a parallelogram, at the very least.

2 23 4 5.AC

2 25 0 5.BD

These are the same. The parallelogram is a rectangle, at the very least.

Slope 4 .
3

AC

Slope 0 0.
5

BD

These are not negative reciprocals, so the diagonals are not perpendicular. The rectangle is not a square.  
ABCD

y

y

x

x

Figure 14.1
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Example 3

Prove that each diagonal in a rhombus bisects interior angles 
of the rhombus. That is, in the diagram in Figure 14.2, prove 
that x1 = x3 and x2 = x4.

Solution

The two triangles in the diagram are congruent by SSS. Thus, x1 = x3 and x2 = x4 because matching angles in 
x1 = x3 = x2 = x4

Study Tip

Work, instead, at being adept at reconstructing the basic proofs behind the facts and deducing what the 
properties must be.

Pitfall

1. The opposite sides of a quadrilateral are congruent. Prove that the 
Figure 14.3

2. For one pair of sides of a quadrilateral, edges are both congruent 
and parallel. Prove that the quadrilateral must be a parallelogram. 

Figure 14.4

Comment: Feel free to use the results of Problems 1 and 2, and Example 1, throughout the remainder of this 

x1 x2

x4x3

Figure 14.2

Problems

a

b
b

a

Figure 14.3

a

a
Figure 14.4
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3. Given:  ABCD is a parallelogram. 
 E is the midpoint of .AB  
 F is the midpoint of .DC  

Prove: EBFD is a parallelogram.

Figure 14.5

4.  
Figure 14.6  

must be a rectangle. 

 
Figure 14.7  

must be a rhombus.

5. Two interior angles of a parallelogram come in a ratio of 11:7. What are the measures of all four interior 
angles of the parallelogram?

6. Suppose that A B C D p, q p and q that make 
ABCD a parallelogram. 

7. The perimeter of parallelogram FRED is 22 cm. The longest side of FRED is 2 cm longer than the shortest 
side. What are the four side lengths of FRED? 

A B

CD F

E

Figure 14.5

Figure 14.6

Figure 14.7
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8.  
be a rectangle.

9. Quadrilateral DUCK is a rhombus. Two of its vertices are D C

.UK

.UK

10. Given:  TWXY is a parallelogram. 
 .YP TW  
 .ZW TY  
 TP = TZ. 

Prove: TWXY is a rhombus.

Figure 14.8
T P W

XY

Z

Figure 14.8
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Lesson 15

Topics

Classifying triangles via side lengths.

Classifying triangles via angles.

acute triangle: A triangle with each of its three interior angles acute.

obtuse triangle: A triangle with one interior angle that is an obtuse angle. 

right triangle: A triangle with one of its interior angles a right angle.  

scalene triangle: A triangle with three different side lengths.

Results 

Suppose that a triangle has three side lengths a, b, and c.

If a2 + b2 c2, then the angle between the sides of lengths a and b is acute.

If a2 + b2 = c2, then the angle between the sides of lengths a and b is right.

If a2 + b2 c2, then the angle between the sides of lengths a and b is obtuse.

The interior angle of largest measure in a triangle lies opposite the longest side of the triangle. 

Summary 

lengths and via measures of interior angles. 
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Example 1

Prove that the interior angle of a triangle of largest measure lies opposite the longest side of the triangle.  

Suppose that a triangle has interior angles of measures x and y and 
sides of lengths a and b, as shown in Figure 15.1. Assume that b  a.

a on the side of length b to create an 
isosceles triangle. Mark the congruent base angles of the isosceles 
triangle as x1, and mark the angle x2, as shown in Figure 15.2.  
Clearly, x  x1. 

x1  y.

x  y.

 
of the triangle. 

Solution

x2, y x1. Because the angles in a 
triangle sum to 180°, we have x2 + y x1 = 180. This gives x1 = y + x2, which shows that x1  y.

x  x1 and x1  y. It follows that x  y.

b  a, then the interior angle opposite b is larger than the interior angle 
opposite a. If b is the largest side length of the triangle, then the angle opposite b is also larger than the 

b is the largest interior angle. 

Example 2

 
Also give an example of a right isosceles triangle.

a
b

yx

Figure 15.1

a

a

yx
x > x1

x1

x1

x2

Figure 15.2



84

Solution

2 + 72  72

triangle.

2 + 22  32 2  triangle is 
isosceles and right.

Example 3

What is the value of y Figure 15.3

Solution

Angle y is part of a  triangle, and because 
2 22 = ,3 52  it is a right angle.

Example 4

What are the values of z and w Figure 15.4

Solution

 
z = 36. 

Because 152 + 362 = 392, we have w = 90°.

Study Tip

a2 + b2  c2, then the angle is … .” Instead, hold on to the 
image of the three squares on a right triangle and imagine how the area of the largest square changes as 
the right angle is decreased to an acute angle or increased to an obtuse angle. 

Pitfall

Save some work and apply the “a2 + b2 versus c2

namely, the largest one, opposite the largest side of the triangle. 

y
3

2

2

3

Figure 15.3

w

z

10
1524

26
39

Figure 15.4
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1. Classify the following triangles as scalene, isosceles, or equilateral and as acute, right, or obtuse. 
Also describe where the largest angle of the triangle lies. 

2. Classify the following triangles with the following vertices.

A B C

A B C

A B C

A B C

3.

all isosceles right triangles with hypotenuse length 1.

Problems
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4. Which is the longest side of a right triangle, and why?

5. 5,  10 ,
3

 and 5.97?  

 
of the third side.

 
of the rectangle?

a and b a smaller than b
greater than ______ in length and shorter than ______ .

6. always, sometimes, or never true.

7. Arrange the angles x, y, and z in increasing order of measure.  
Figure 15.5

y

z

x

15

17

Figure 15.5
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8. Prove: AB + BC + CD + DA AC

Figure 15.6

9. Given: m T  

Prove: .UH HS TS  

Figure 15.7

10. A triangle has sides of length x, x + 2, and 10. 

Find the range of values of x for which all three of the following statements are simultaneously true.

A

B

C

D
Figure 15.6

Figure 15.7

T

U

S

H
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“Circle-ometry”—On Circular Motion
Lesson 16

Topic

The sine and cosine of angles computed via points on a circle.

: A point moves in a counterclockwise direction along a circle  
of radius 1. If the angle of elevation of the point above the positive horizontal axis is x, then the length 
of the horizontal displacement, left or right, of the point 
is denoted cos x  and is called the cosine of the angle. 

: A point moves in 
a counterclockwise direction along a circle of radius 1. 
If the angle of elevation of the point above the positive 
horizontal axis is x, then the height of the point above the 
axis is denoted sin x  and is called the sine of the angle. 

Formulas 

sin 360° sin .x x

cos 360° cos .x x

sin sin .x x

cos cos .x x

2 2
cos sin 1.x x

Summary 

circle is indeed the natural and appropriate introduction to the subject. This is a preliminary lesson that sets the 
stage for trigonometry. In it, we introduce the basic concepts of the sine and cosine of an angle. 

x

1 sin x

cos x

Figure 16.1
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Example 1

Find sin 120°  and cos 120° .

Solution

Figure 16.2

We see half of an equilateral triangle. 

Thus, 1cos 120°
2

and an application of the Pythagorean theorem gives 3sin 120° .
2

Example 2

Find sin 135°  and cos 135° .

Solution

Figure 16.3

We have a right isosceles triangle. An application of the Pythagorean 
theorem gives each side length of that triangle to be 1 .

2
 

Thus, 1sin 135°
2

 and 1cos 135° .
2

Example 3

Find all values for x satisfying 1sin .
2

x

Solution

A sketch shows that there are essentially two locations for which 
1sin .
2

x Figure 16.4

We see half equilateral triangles, so these two locations are based  
on an angle of 30°.

Thus, x = 30° or 150° or the addition of multiples of 360° to these  
two angles.

1

60°

120°

Figure 16.2

1

45°

Figure 16.3

1 1
1
2

1
2

Figure 16.4
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Study Tip

isosceles triangles and half equilateral triangles. 

Pitfall

values 31 1, , and
2 22

 will eventually stick in your mind, but don’t force this. It never hurts to draw 

quick sketches to be sure that what you are half remembering is correct.

1. Find sin 30° and cos 30° .

2. Find sin 150° and cos 150° .

3. Find sin 150° and cos 150° .

4. Find all values of x for which sin 0.x

5. Find all values of x for which cos 0.x

Problems
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6. If sin 0.74,x  what are the two possible values of cos x ?

7. Sketch a graph of cos .y x

8. The sine and cosine of an angle x are both negative. What can you say about the possible values of x?

9. Which is larger: sin 65° or sin 130° ?

10. Which is larger: sin 80° or cos 100° ?
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Trigonometry through Right Triangles
Lesson 17

Topics

The sine, cosine, and tangent of angles via ratios of side lengths of right triangles.

Applications.

: If x is a non–right angle in a right triangle, then the ratio of the 
length of the side of the triangle adjacent to the angle x
the hypotenuse of the right triangle is called the cosine of the angle and is denoted cos .x

x

: If x is a non–right angle in a right triangle, then the ratio of the 
length of the side of the triangle opposite angle x to the length of the hypotenuse of the right triangle is 
called the sine of the angle and is denoted sin .x
circle with angle of elevation x

: If x is a non–right angle in a right triangle, then the ratio of 
the length of the side of the triangle opposite angle x to the length of the side adjacent to the angle 

tan .x

Formulas

oppsin .
hyp

x

adjcos .
hyp

x

sinopptan .
adj cos

x
x

x

Summary
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Example 1

you spy the plane at an angle of elevation of 57°. What is x, your 
Figure 17.1

Solution

In this problem, we have a right triangle for which we are given information about the side opposite  
to the angle of 57°, and we seek information about the side adjacent to it. 

This suggests that we look at the ratio opp tan 57° .
adj

 

A calculator gives tan 57° 1.539,  so  7000 1.539,
x

 giving x  4545 feet.

Example 2

According to Figure 17.2, what are sin , cos , and tan ,x x x  
each to two decimal places?

Solution

2 2 sin72.1 42.342.3 0.59
72.1 72.1 0.81cos

x
x x x

x
 

Study Tip

Pitfall

In trigonometry, only angles different from the right angle in the right triangle can be considered. 
Although sin 90° ,  

triangles, sin 90°  does not make sense: One cannot have a right triangle with a second right angle. 
When working with right triangles, one can only focus on the angles with measures strictly between  
0° and 90°.

42.3

72.1
x

Figure 17.2

x
57°

7000 ft

Figure 17.1
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1. Calculate x and y in each diagram, each to two decimal places.

x

y

57°

7

Figure 17.3

x
y

32°
5

Figure 17.4

x

y

17°
8

Figure 17.5

x

y
50°

3.4

Figure 17.6

x

y
13.2°

21.3

Figure 17.7

2. Find the values of a and b in each diagram, each to two decimal places.

40°20°

5
a

b

Figure 17.8

42°
2

a

b

Figure 17.9

Problems
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33° 15°

12

a b

Figure 17.10

65°

41°

32

a

b

Figure 17.11

3. At 6 p.m., the Sun has an angle of elevation of 10.6°. At this time, when you stand tall, your shadow is 32 
feet long. To the nearest inch, how tall are you?

4. 

5. 

6. Figure 17.12 to explain why, if two angles x and y are complementary,  
then the sine of one angle equals the cosine of the other. 

7. A jet climbs at an angle of 15°. How much altitude does it gain after  
it moves through the air 100 feet?

x

y
Figure 17.12



96

Le
ss

on
 1

7:
 T

rig
on

om
et

ry
 th

ro
ug

h 
R

ig
ht

 T
ria

ng
le

s

8. Compute the value of the length w Figure 17.13

9. 
window of a neighboring building 100 feet away is 33° and to a  

distance between the two windows?

10. 

20 15
5 w

Figure 17.13
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What Is the Sine of 1°?
Lesson 18

Topics

The sine and cosine addition formulas.

The “error term” in the Pythagorean theorem: the law of cosines.

Formulas 

addition formulas:

sin sin cos cos sin .x y x y x y

cos cos cos sin sin .x y x y x y

Changing y y sin sin and cos cosy y y y

sin sin cos cos sin .x y x y x y

cos cos cos sin sin .x y x y x y

Putting y = x

sin 2 2sin cos .x x x

2 2
cos 2 cos sin .x x x

2 2cos 2 cos sin .x x x

law of cosines: If a triangle has sides a, b, and c with angle x between sides a and b, then 

2 2 2 2 cos .c a b ab x

Summary

It is not at all obvious how a calculator works out the sine and cosine values for angles different from the 
familiar 0°, 30°, 45°, 60°, and 90°. In this lesson, we look at the sine and cosine addition formulas that allow us 
to compute trigonometric values for a wider range of values. However, as we see, the sine of 1° remains out of 
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Example 1

A calculator gives sin 1° 0.017.  What, then, is sin 2° and sin 3° ?

Solution

following.

sin 2° 2sin 1° cos 1° .  

Next, 2 2cos 1 sin 1 1  shows that 2 2cos 1 1 sin 1 1 0.017 ,  so 

2sin 2° 2sin 1° cos 1° 2 0.017 1 0.017 0.034.

Also,

2 2

sin 3° sin 1° 2°

sin 1 cos 2 cos 1 sin 2

0.017 1 0.034 1 0.017 0.034
0.051.

 

Example 2

Find all three angles of the triangle in Figure 18.1.

Solution

We have 2 2 25 10 11 220cos ,z  giving 196cos .
220

z  

1cos ” button on a calculator to convert the answer to a cosine value and return the original angle, 
we see the following.

1 196cos 27.0°.
220

z  

Also, 2 2 211 5 10 100cos ,x  giving 1 4cos 87.7°,
100

x  and 2 2 210 5 11 110cos ,y   

giving 1 46cos 65.3°.
110

y  

Study Tip

There is no need to memorize the formulas in this lesson. Just look them up if ever you need them.

x

y

z10

5
11

Figure 18.1
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Pitfall

these formulas look the way they do, and you will then be able to reconstruct them in your mind as you 

1. Find exact values of sin 75 , cos 75 , and tan 75 .
sin

tan .
cos

x
x

x

2. Consider Figure 18.2.

d. 

d using the Pythagorean theorem.

3. Consider the rectangular box shown in Figure 18.3.

AB?

CAB?

4.

5.

Problems

31.7

21.2
d

Figure 18.2

C

A
B

12

7

5

Figure 18.3
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6. Show that 2
2 tantan 2 .

1 tan
xx

x

7. Show that tan tantan .
1 tan tan

x yx y
x y

 

8. Consider a triangle with side lengths a, b, and c, as shown in  
Figure 18.4 m be the length of the median of the triangle  
to the side c  
to the midpoint of the side of length c

x

 
2

2 2 22 .
2
ca b m  

9. The diagram in Figure 18.5 shows that sintan .
2 1 cos
x x

x
 How? 

It also shows that 1 costan .
2 sin
x x

x
 How?

10. Prove that sin sin 2sin cos .
2 2

x y x yx y  

a

b

c

m

x

Figure 18.4

1

1

x

2
x

2
x

Figure 18.5
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The Geometry of a Circle
Lesson 19

Topics

Notation and jargon.

The converse of Thales’s theorem.

The tangent/radius theorem.

The two tangents theorem.

The inscribed/central angle theorem.

arc: For two given points on a circle, a section of the circumference of the circle between them is 
called an arc of the circle. The measure of an arc is the measure of the angle between the two radii 

: 

chord: A line segment connecting two points on a circle. 

: A chord of a circle that passes through the center of the circle is called a diameter of 

: If P and Q are two endpoints of an arc of a circle and A is a point on the circle not on 
the arc, then PAQ  is an inscribed angle.

radius: A line segment connecting the center of a circle to a point on the circle is called a radius of the 
circle. The length of any such line segment is called the radius of the circle. 

: A line that intercepts a circle at two distinct points.

: A line that meets just one point of a circle.
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radius/tangent theorem:

two tangents theorem:

 Two tangent segments from a given point to a circle are congruent. 

inscribed/central angle theorem:

 All inscribed angles from a common arc are congruent and have 

Summary

Having skirted around the topic of circles for a number of lessons, it is 
time to study circles as objects of interest in their own right and prove 
theorems about them. In this lesson, we establish three classic results: the 
radius/tangent theorem, the two tangents theorem, and the inscribed/central 
angle theorem. Our work begins with a puzzle that happens to establish the 
converse of Thales’s theorem from Lesson 1.

Find the values of x and y in the .

By the two tangents theorem, y = 2 and 10 = 3 + x, giving x = 7.

Figure 19.1

Figure 19.2

x

x x

x

x

2x

Figure 19.3

3

2

10

x

y

Figure 19.4
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In , O is the center of the circle.

Given:  PS  is the diameter. 
 .OQ SR

Prove:  Arcs PQ and QR are congruent.

i. Draw an additional radius and label angles x1, x2, x3, and x4, as 
shown in .

ii. x1  x2 because they are corresponding angles for parallel lines 
.OQ SR

iii. x2  x3 because they are base angles of an isosceles triangle  
ORS

iv. x3  x4 because they are alternate interior angles for parallel lines.

v. Thus, x1  x4.

vi. The two arcs in consideration are congruent because x1  
is the measure of arc PQ and x4 is the measure of arc QR.

Two circles of radii 7 and 2 have centers 12 units apart.  
Find the length x of the common tangent shown in .

Draw in two radii to make a quadrilateral containing two right angles 
. 

Draw a dotted line to make a rectangle within this quadrilateral.  

The Pythagorean theorem gives x2 + 52 = 122, yielding 119.x

P

Q

R
S

O

Figure 19.5

Figure 19.6

P

Q

R
S

O
x1

x4

x3 x2

237

x

Figure 19.7

2
237

7 x

Figure 19.8

12 2

2
5

x

x

Figure 19.9
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The radius of the Earth is approximately 6400 km. 

Find the radius r

Note that, like a circle in two dimensions, a sphere is a set of points equidistant from 
a given point in three-dimensional space. 

The key to answering this question is to note that the line from the center of the Earth 

We see cos34 ,
6400

r  giving 6400cos34 5306r  km.

Find the value of the length a in .

Draw two chords, as shown in , to create two triangles. 

The triangles have matching vertical angles and matching  
 

by AA, are similar. 

Consequently, matching sides come in the same ratio: 2 3 .
5a

  
This gives 13 .

3
a

Remember that the measure of an arc is a measure of an 

angle formed by the two radii to the endpoints of the arc. 

Figure 19.10

Equator

Sydney

34°

6400

r

34°

Figure 19.11

5

3

2a

Figure 19.12

5

3

2a

Figure 19.13
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Drawing in the radii to the endpoints of an arc marked with an angle measure can make a picture 
overly complicated. Do this only if it seems truly helpful to make the central angle explicit. 

Complete the proof of the inscribed/central angle theorem by 
showing that y = 2x in this picture of a central angle and an 
inscribed angle on a common arc of a circle. 

Find x, y, and z for the following circle with center O. 

Two congruent circles with centers A and B each have radii 
of 7 inches. If AB
common chord.

Hint: Draw a picture. Must the two circles intersect? 
What must “common chord” mean? 

Circles with centers A and B are externally tangent with 
point of contact P

Explain why A, P, and B are sure to be collinear.

Problems

xy

Figure 19.14

x
z

y

O
40°

110°

Figure 19.15

P

A

B

Figure 19.16
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Tangent circles with centers A and B have radii of 8  
and 6, respectively. 

Find the length of the common tangent segment shown  
in . 

Explain why the two chords shown in  must  
be parallel.

Find the measure of angle a in the diagram in .

Prove that ab = cd

The four corners of a parallelogram happen to lie on a circle. 
Explain why that parallelogram must be a rectangle.

The circle with center P of radius 25 and the circle  
with center Q of radius 29 intersect at A and B.  

If PQ = 36, what’s AB?

A
B

Figure 19.17

68° 68°

Figure 19.18

Figure 19.19

130°

40°
a

A B

C

D

Figure 19.20

a c

b
d

Figure 19.21

A

B

QP
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The Equation of a Circle
Lesson 20

Topics

The equation of a circle.

Pythagorean triples.

The equation of a circle with center C a, b r x a 2 y b 2 = r2

Summary

x, y
given radius. As a bonus, we explore an interesting connection to Pythagorean triples.

The equation is x2 y 2 = 292 = 841. Noting that 202 2 = 202 + 212 = 400 + 441 = 841, we see that 
2 + 72 = 149  841 shows 

The radius of the circle is the distance between the two given points—namely, 2 2 22 .  Thus, the 
equation of the circle is 

222 22 .x y  That is,

2 2 22 .x y
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Explain why the circle 
2

2 1 2513 2
2 4

x y  must be tangent to the x-axis.

The center of the circle is 113, 2 ,
2

 and its radius r 2 25 ,
4

r  giving 5 12 .
2 2

r

The center of the circle is the same distance above the x-axis as the radius of the circle. The circle must 
therefore be tangent to the axis.

x, y r a, b
x a 2 y b 2 = r2. There is no need to memorize the equation of a circle. Just see it as yet 

another application of the Pythagorean theorem.

x 2 y 2 

radius 28.r  Watch out for two things: We need the difference of coordinates on the left part of the 
equation and the radius squared

Write the centers and radii of the following circles.

2 22 3 16.x y

2 27 5 5.x y

2 27 1 10.x y

2 225 1.x y

2 2 19.x y

2 217 17 17.x y

Problems
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2 22 8 8.x x y y

2 220 10 25 0.x x y y

Write the equation of a circle with the following information.

1 1,
2 3

 and radius 1 .
4

x 2 y 2 = 169.

x-coordinate 2. Find a second point on the circle with x-coordinate 2.

y-coordinate 12?



110

Le
ss

on
 2

0:
 T

he
 E

qu
at

io
n 

of
 a

 C
irc

le

y-axis.

Consider the circles with the following equations.

 

2 2

2 2

25.

9 12 100.

x y

x y

Consider the circles with the following equations.

 2 2

2 2

2.

3 3 32.

x y

x y

Let A B AB  as its diameter.
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x 2 y 2 = 49 and x2 + y2 – 6x + 16y + 37 = 0 are 

A B AB  as its diameter. 

x x  y y

A a1, a2 B b1, b2 x a1 x b1
 y a2 y b2

equation of the circle with AB



112

Le
ss

on
 2

1:
 U

nd
er

st
an

di
ng

 A
re

a

Understanding Area
Lesson 21

Topics

The area congruence and area addition postulates.

The areas of rectangles, triangles, polygons and regular polygons.

area of a rectangle: length × width.

area of a triangle: 1
2

area of a regular N N triangles, each with its apex at the center of the polygon.

Summary

rely on identifying key beliefs we hold about what area means and how we operate with it. In this lesson, we 
establish two fundamental area postulates, make a single declaration about the areas of rectangles, and explore 
the concept of area for polygons. 

A parallelogram has height h and “base” of length b, as shown in 
. Find a formula for its area.

Draw a diagonal, as shown in 
into two triangles.

Each triangle has base b and height h and, thus, area 1 .
2

bh

By the area addition postulate, the area of the parallelogram is 
1 1 .
2 2

bh bh bh

b

h

b
Figure 21.1

b

h

b
Figure 21.2
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A trapezoid has bases of length a and b and height h,  
as shown in . Find a formula for its area.

Draw a diagonal, as shown in .

We see that 1 1 1area .
2 2 2

ah bh a b h

Comment: A triangle can be regarded as a trapezoid  
with base a of length 0.

A regular hexagon has area 100 cm2. What is its side length?

Call the side length of the regular hexagon s, as shown  
in .

The interior angle of a regular hexagon is 360
6

 

 
an equilateral triangle. 

The Pythagorean theorem gives the height of the triangle as 

2
2 2 33 .

2 4 2
ss s s  

Thus, the area of the hexagon is 23 3 316 .
2 2 2

s s s  

2 2 200100 ,
3 3 3 3

s  so 200
3 3

s  cm.

keep your wits about you.

a

h

b

Figure 21.3

a

h

b

Figure 21.4

S

S

S

SS

S
2

S
2

60°

Figure 21.5
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You can memorize that the area of a parallelogram is “base times height” or that the area of a rhombus 
is “half the product of its diagonals,” and so on, if you wish. Be selective about which formulas you 

the lengths of its diagonals.

Five students were asked to write a formula for the 
area A between two squares with dimensions as shown 
in .

Albert thought of this shaded region as the union of four 
3 × 3 squares and four 3 × x

Thus, he was compelled to write A = 12x + 36.

A x 2 x2. How was he viewing the 

A x
led him to write this formula?

4 3 6 4 9.A x  What did he 
visualize to see this formula as the natural answer to 
the problem? 

A x x. What did Egbert see to lead him to this expression?

Problems

3 3

3

3

3

3

x x

x

x x

x

x

3 3x

Figure 21.6

3 3

3

3

3

3

x x

x

3 3x

Figure 21.7
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length of John’s cake? 

a × b
is called the geometric mean of a and b

 
the parallelogram? 

 

30°

2 2

4

4
Figure 21.8

10 10

8
Figure 21.9



116

Le
ss

on
 2

1:
 U

nd
er

st
an

di
ng

 A
re

a

12
35

37
Figure 21.10

5

5

5
4

4

5

Figure 21.11

Find the area of each of the following.

r.

Here in , M is the midpoint of .AB

ABC  has area 50 square units, and BM = 10. What is the 
height of AMC AM A M B

C

I II

Figure 21.12
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In the diagram in , ABCDEF is a regular hexagon, 
and the area of the shaded region shown is 20 square units. 
What is the area of the entire hexagon? What is an elegant way 
to reach an answer to this question? 20

B C

D

EF

A

Figure 21.13
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Explorations with Pi
Lesson 22

Topics

Pi.

Circumference, arc length, and area formulas.

: The length of an arc of a circle.

pi

If C is the circumference of a circle, D is its diameter, r D = 2r  
and A is its area, then

  

2

.

2 .
.

C
D

C r
A r

If an arc of the circle of radius r has measure x 2 .
360

x r

2 .
360

x r

Summary

We like to believe that the ratio of the circumference of a circle to its diameter is the same value for all circles. 
In this lesson, we examine the basis of that belief and examine the arc length and area formulas that follow 
from it.
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x 2 + y2 = 17? What is the circumference of this circle?

2 = 16. This gives 4 .r

17.  

 The circumference of this circle is 2 17 ,

Find the area of the shaded region shown in .

We can compute the area of the shaded region by computing the area of the 

area of sector = 260 255 .
360 6

area of equilateral triangle = 
2

2 25 31 55 5 .
2 2 4

  

Thus, the area of the shaded region is 25 325
6 4

 square units. 

60°5

Figure 22.1

60°5
60°

Figure 22.2

5
30° 30°

5
2

Figure 22.3
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A small circle is inscribed in an equilateral triangle, which is inscribed in a larger 
circle of radius 2. 

The small triangle shown in  is half an 
equilateral triangle. Thus, a = 1 and 2 22 1 3.b

2  

1 2 3 3 3 3.
2

The area of the shaded region we seek is 3 3 .

Many geometry curricula have students memorize the side lengths of right 

 If the short side of the triangle has length q, then the hypotenuse is double 
this, 2q, and the Pythagorean theorem then gives the length of the third side 
as 3 .q  Because many textbook problems are designed to make use of 

triangles in a margin and compute their side lengths. 

Figure 22.4

2

2
a

b

2a

b
30°

Figure 22.5

30°
2q

q

3q

Figure 22.6
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An arc of a circle has length 7
2

A circle has radius 2. What do you notice about the area of a sector of that circle with central angle x
the length of the arc on that sector?

Find the areas of the shaded regions shown.

6

Figure 22.7

90°

radius = 1

Figure 22.8

30°

10

diameter

Figure 22.9

40°

90°

radius = 2

Figure 22.10

Problems
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A dog is tied to the corner of two buildings 
with a leash that is 13 yards long, as shown in 

The dog is convinced that a bone is buried 
somewhere in the yard, but its movement, of 
course, is restricted by the length of the leash. Find 
the total area of ground the dog can reach from its 
leash.

Two rectangles and two sectors are arranged as shown 
in .

Each rectangle is 2 inches by 8 inches. What is the sum of the 
areas of the two sectors?

 shows two concentric circles and a line segment of 
length 7 tangent to the small circle.

If the radius of the small circle is 6, what is 

A sector is inscribed in a regular heptagon. The sides of the sector 
match the sides of the heptagon. What, to one decimal place, is the 

10

10

4

6

8

13

Figure 22.11

60°

Figure 22.12

7

Figure 22.13

Figure 22.14
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You have a piece of string that is 40 inches long.

 What is the area of the square?

 What is the area of the circle?

 

 

Figure 22.15

Figure 22.16

Figure 22.17

3

6

6

8

102

4

4

Figure 22.18
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.

why, imagine that we have two circles, one of radius r and 
the other of radius kr for some number k. 

First, approximate each circle as a union of 12 congruent 
triangles, as shown in .

with scale factor k.

k times the 

agree every time?

to-diameter ratio for the two original circles would still be the same for each? 

r

kr

Figure 22.19
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Three-Dimensional Geometry—Solids
Lesson 23

Topics

Names of three-dimensional shapes.

Cavalieri’s principle and the volume cylinders.

The volumes and surface areas of cylinders, cones, and spheres.

: 

 

selecting a point P  

drawing a line segment from each and every point on the boundary  
of the planar region to the chosen point P

: 
connecting, with straight line segments, matching boundary 

segments are parallel. 

 If the line segments connecting matching boundary points are perpendicular to the planes containing 

: 

prism: A cylinder with a polygon for its base.

pyramid: A cone with a polygon for its base.

P

Figure 23.1

oblique right

Figure 23.2
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or : A cone or cylinder is said to be regular if its base is a regular 
polygon and all of its lateral faces are congruent. 

: The slant height of a circular cone with cone point above the center of its base is the 
distance of the cone point from any point on the perimeter of the base. The slant height of a regular 

 

: 

volume of a cylinder, right or oblique

 V = area base × height.

volume of a cone

 V = 1
3

area base × height.

volume and surface area of right circular cylinder

 V = 2h.
 lateral area = 2 .
 total surface area = 2  + 2 2.

 

 V = 1
3

2h.

 lateral area = .
 total surface area =  + 2.

h

Figure 23.3

Figure 23.4

r

h

Figure 23.5

r

slant height s

Figure 23.6



127

volume and surface area of a sphere

 V = 4
3

3.

 total surface area = 4 2.

Summary

 
three-dimensional shapes and develop formulas for their surface areas and volumes. 

Derive a formula for the surface area of a right circular cylinder with height h and  
base radius r

We can image a cylinder as constructed by rolling a rectangular 

h.  

h, and its total surface area is 

2 2 22 2 2 .rh r r rh r

A cone has a regular hexagon with side length 6 inches for its base. Each lateral edge of the cone has length  
10 inches.

r

Figure 23.7

Figure 23.8

r

h

r

h h

2 r

Figure 23.9
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Call the slant height of the cone s and the height h. 

The slant height is the height of this triangle. 
By the Pythagorean theorem, we see that 

  
2 210 3 91.s

  1lateral area 6 6 91 18 91.
2

composed of 6 equilateral triangles. We have the following.

  1total surface area 18 91 6 6 27 18 91 9 3.
2

2 210 6 8.h

1 1Volume area base 9 3 8 24 3.
3 3

h

One cylinder is twice as wide as the other, but only half as tall.  

. 

2 2
left 2 4 .V r h r h  

2 2
right 2 2 .V r h r h

s h
10

3
3

3 36
6

6 6
66

Figure 23.10

Figure 23.11

r

h

2r

2h

Figure 23.12
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The Pythagorean theorem can help compute either the slant height, height, or a lateral edge of a given 
pyramid or cone. Always look for right triangles on the surface or in the interior of the solid.

A right triangular prism has lateral area 100 square centimeters. If its base edges have lengths 3, 3, and 
4 cm, what is the height of the prism? 

A right triangular prism has height 6 inches, and each base is an equilateral triangle of side length 2 inches. 
What are the lateral area, surface area, and the volume of the prism? 

A regular octagonal pyramid has base edge 4 meters and lateral area 40 meters squared. What is its 
slant height? 

one slant height another slant height slant height

Figure 23.13

Problems
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is 7 mm. What are the lateral area, surface area, and volume of the cone? 

Find the volume, lateral area, and surface area of a right triangular prism of height 100 meters and base 
edges 7, 24, and 25 meters. 

pyramid, its volume, and its surface area? 

pyramid, its volume, and its surface area?

its volume, and its surface area?

slant height, and its surface area?

Find, to one decimal place, the volume of the regular hexagonal pyramid  
shown in .

1
11

64°

Figure 23.14
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70% of the surface of the Earth is covered in water. What area does 
this represent? 

room. How much paint is needed to paint the remainder of the 

hemispheres, as shown in .

Five units of paint are needed to paint one hemisphere of the 
capsule. How much of the paint is needed to paint the remainder 
of the capsule?

in . 

What is the volume of air around the balls compared to the 
volume of one ball?

Consider a regular pyramid with a regular N-gon for its base. 
x inches and each 

face of the cone has slant height s

as follows.

lateral area = 1
2

 × perimeter of base × slant height.

Imagine a regular pyramid with a 100-sided regular polygon as its base. Would the shape of the base be 
very close to being a circle? Consider instead a pyramid with a 1000-sided or 100,000,000,000,000-sided 
regular polygon as its base. Is the base closer still to being a circle? The following formula holds in 
each case.

lateral area = 1
2

 × perimeter of base × slant height

Figure 23.15

30 mm

20 mm

Figure 23.16

Figure 23.17

s

x

x
x

x

x

Figure 23.18
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As a leap of faith, you might be willing to say that this formula still 
holds for the case with the base of the cone actually being a circle.  

  lateral area = 1
2

 × perimeter of base × slant height 

 translates to the following formula

  lateral area = 

 for the case of a circular cone.

r

slant height s

Figure 23.19
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The Volume and Surface Area of a Sphere
Appendix to Lesson 23

r is 
given by the formula 32

3
r 34

3
r

He did this by enclosing the hemisphere in a circular cylinder of radius r and height r and comparing the space 

More precisely, Archimedes compared cross-sectional slices of this space with cross-sectional slices at matching 
heights x. 

On the right, the cross section is a circle. By noting that we have isosceles right triangles, we see that the radius 
of this circle is x, so this cross section has area 2.

On the left, the cross section is a ring made of a large circle of radius r and a small circle of radius 2 2 .r x
Its area is 

2
2 2 2 2 .r r x x

Because these areas are the same, Archimedes argued, like Cavalieri, that the volume outside the sphere equals 
the volume inside the cone. Now,

2 3

2 3

cylinder .
1 1outside hemisphere cone .
3 3

V r r r

V V r r r

Thus,

3 3

3

hemisphere cylinder outside hemisphere
1
3

2 .
3

V V V

r r

r

The volume of the entire sphere is indeed 34 .
3

r

r

rx

r

rx

x

Figure 23.20
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To obtain a formula for the surface area of a sphere, Archimedes imagined 
the surface of the sphere divided into polygonal regions. Drawing radii as 
suggested by the diagram in  divides the volume of the sphere 

close to r, the radius of the sphere.

The volume of each cone is 

1 area of base .
3

r

If B1, B2, ... , Bn are the areas of all the individual bases, then the approximate volume of the cone is 

1 2 1 2
1 1 1 1 .
3 3 3 3n nB r B r B r B B B r

The true volume of the sphere is 34 ,
3

r  and this approximate formula approaches the true value if we use 
r

Now, B1 + B2 + ... + Bn

3
1 2

1 1 4surface area .
3 3 3nB B B r r r

Algebra gives that surface area  4 2

polygons used. To many, it seems reasonable to believe that the true surface area of a sphere can thus only 
be 4 2.

the leap to believe that the formula remains true in an “ultimate” sense 
is the basis of calculus. 

Historical comment: Archimedes was so proud of these results that the 
diagram of a sphere inscribed in a cylinder was placed on his tombstone 
at his request. 

Figure 23.21

Figure 23.22
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Introduction to Scale
Lesson 24

Topics

The effect of scale on lengths, areas, and volumes.

Changing units.

The role of scale in the natural world.

In scaling by a factor k,

all lengths change by a factor k.

all areas change by a factor k2.

all volumes change by a factor k3.

all angles remain unchanged.

Summary

The mathematical effects of scaling are manifest in profound ways in the natural world. In this lesson, we 
examine scaling in two and three dimensions, explore scaling through the viewpoint of a change of units, 
and look at effects on natural phenomena. 

The triangle on the left side of  has area 18 square units. 
What is the area of the triangle on the right?

4 2
6 3

k

Because area scales by k2, the area of the right triangle is 2 4 820 20 8
9 9

k  square units.

6

4

Figure 24.1
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Find the ratios area I
area I + area II

 and area II
area I

 for .

 
5

11
k  or 11 ,

5
 depending on one’s perspective. Thus, 

2area I 25 .
area I area II 121

k

Algebra then gives the following.

121 area I 25 area I area II
121 area I 25 area I 25 area II
96 area I 25 area II.

area II 96 .
area I 25

A model ship is built in the scale of 1:100.

 
real ship?

real ship?

 
on the model?

6

5 II
I

Figure 24.2
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This question, of course, is contrived: You can’t match the materials of a model ship with those of a real ship, 
for example, so weights don’t scale with volume in this setting as claimed. Nonetheless, this is a useful exercise 

We are told that the scale factor between the two objects is k 1
100

k   

k2 = 10,000. Thus, 2 × 10,000 = 20,000 gallons of paint are needed for the real ship.

 k3 = 1,000,000. The weight of the real ship is 50 million pounds.

1 ,
100

k  so the length of the model’s mast is 150 0.5
100

 feet.

2
2 1 ,

100
k  so the area of the matching window on the model is 

2160 0.006
100

 
square feet.

The altitude of a right triangle from the vertex of the right angle 
to the hypotenuse of the right triangle divides the hypotenuse into 
two sections of lengths x and y, as shown in 
that the length h of the altitude is given by .h xy

Label the vertices of the triangle A, B, and C, as shown  
in , and label the point at the base of the  
altitude P. 

If A  has measure a 90 ,ABP a  
90 90 ,PBC a a  and 90 .BCA a  

By the AA principle, it follows that ABP  is similar  
to .BCP  

Thus, matching sides in these two triangles come in the same ratio. In particular, ,x h
h y

 from which it follows 
that .h xy

h

x y

Figure 24.3

h

x
a

a
a

a
A

B

P Cy

Figure 24.4
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k
with ease by multiplying values by k2 or k3, respectively.

If you slice a cone at half its height, then, despite intuition, the volume of the top portion of the cone is 
just 1

8
 the volume of the original cone. 

1 ,
2

k  and the volume changes by a factor of 3 1 .
8

k

A rectangle has area 6 inches squared. What scale factor on a photocopy machine would yield a scaled copy 
of that rectangle with area

A model airplane has scale 1:200.

paint the plane?

Problems
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Two similar cones have volumes 3 and 375. Find the ratio of their

The radius of the Earth is approximately 6400 km. The radius of the Moon is approximately 1600 km. 
What is the ratio of the lengths of the equators of these two planetary bodies? What is the ratio of their 
surface areas? What is the ratio of their volumes?

 

shape of 5 × 5 inch squares and cost $6.39 each. How much will it cost to pave the terrace with these 
paving stones?

the scale factor between the two spheres?



140

Le
ss

on
 2

4:
 In

tr
od

uc
tio

n 
to

 S
ca

le

A regular hexagonal cone is divided into two parts by a plane parallel to 
the base of the cone halfway along the height of the cone, as shown in 

. 

The volume of the top portion of the cone is 20 cubic feet.

A cross section of a circular cone is parallel to the base of the 
cone at a distance of 4 cm from the base and 16 cm from the 
cone point, as shown in .

This creates two similar cones.

 
the large cone?

 
circles shown?

 
height 4 cm?

Through their skin, earthworms absorb oxygen, which is needed for the function of the cells within  
their bodies. 

material? Does the amount of oxygen it absorbs in a given period of time depend on its surface area or 
on its volume?

Figure 24.5

16 cm

4 cm

Figure 24.6
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basically the same shape as the small worm, has length 15 cm. What is its surface area and its volume?

small worm? Why?

Little John is 6 feet tall. His friend, Big John, a giant, is 72 feet tall.

femur? Big John’s?

cross-sectional area on Little John’s femurs? Big John’s? 

Brittney weighs 120 pounds and is 5 feet tall. Her surface area is 10 square feet.

water weighs 70 pounds. 

weight is this?

this? Would Brittney likely be able to move?
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Playing with Geometric Probability
Lesson 25

Topics

The theory of geometric probability.

Examples, and a word of caution.

geometric probability: This principle states that if a point of a  
region B is chosen at random, then the probability that it lands  
in a subregion A

  probability = 
area

.
area

A
b

This seems to be an intuitively valid notion. 

Summary

The theory of geometric probability allows us to use geometric intuition to solve problems of chance even if, at 

principle of geometric probability and apply it to a variety of situations.

Q is the midpoint of ,RT  and S is the midpoint of .QT  A point is picked at random on .RT  What are the 
chances that it lands in RS ?

Probability = 3 3 .
4 4

x
x

A

B

Figure 25.1

R Q S Tx2x x

Figure 25.2
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At a bus stop, a bus arrives every 8 minutes, waits exactly 1 minute, and then leaves. 

minutes for a bus to arrive?

 is a schematic time line.

1-minute interval with a waiting bus. 

 The probability of seeing a bus is thus 1 .
8

we are in the last 2 minutes of that period is 2 .
7

A dart is thrown at random at the following diagram of a square  
inscribed in a circle, which is inscribed in a square. What are the chances 
that it lands in any of the shaded regions shown in ?

r. Then, the side length of the 
large square is 2r, and the side length of the small square is 

2 2 2 .r r r  The probability we seek is as follows.

Probability 

22
2 2

2 2

2 2 2 .
442

r r r r
rr

r: 2 28.5%.
4

Drawing a picture to accompany a word problem often reveals the steps needed to solve the problem.

Figure 25.3

Figure 25.4
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Even if no explicit values are given in a problem, determining an explicit value for such a ratio might 
still be possible.

You break a stick into two pieces at some point chosen at random along its length. What is the probability 
that the left piece is longer than the right piece?

A bus arrives at a particular station every 15 minutes. Each bus waits precisely 4 minutes before leaving. 

minute for the bus to leave?

than 3 minutes to see one arrive?

A sphere sits snugly in a cube. A point inside the cube is chosen at random. What is the probability that this 
point also lies inside the sphere?

A circular pond sits in Mr. Foiglesplot’s back yard. The pond has radius 5 feet, and the yard is rectangular, 

the pond? 

Problems
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An equilateral triangle is inscribed in a circle. A dart is thrown at random and lands in the circle. What is 
the probability that the dart lands outside of the triangle?

However, someone can take an aerial photograph of 
the spill, digitize it, and then have a computer select 
1000 points at random. 

If the photograph represents a total area of 42 square 
km and 875 of those 1000 points chosen at random 
landed in a shaded region of the photograph, what is 
the approximate area of the spill?

 
Of 100,000 points that were selected at random in the room, 7143 of them landed inside the closet.  
What is the approximate volume of the closet?

A point is chosen at random somewhere in the room where you are currently sitting. Estimate the 
probability that the chosen point is inside your head.

A point is chosen at random in a square of side length 6 inches. What is the probability that that point is 
within a distance of 3 inches from some corner of the square?

Figure 25.5
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A point is chosen at random in a triangle ABC. What is the 
probability that this point lies inside the triangle MNO formed 

N

B

O

C

M

A

Figure 25.6
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Exploring Geometric Constructions
Lesson 26

Topics

Constructible numbers.

Constructible regular polygons.

: A real number a
a if given 

only a line segment of length 1 already drawn on the page.

Summary

compass? This classic question from the ancient Greek scholars has proved to be surprisingly rich and complex 
in its mathematics. In this lesson, we explore the basic constructions we can perform with these primitive tools 
and survey the mathematics of constructible numbers and constructible regular polygons. 

Given a line segment AB  drawn on a page, show how to construct an equilateral triangle with AB  as its base.

AB, and draw two circles of this 
radius, one with endpoint A as center and one with endpoint B as center.

Let C be one of the points of intersection of the two circles. 
Then, AC  is a radius of the circle with center A, so AC = AB. 
By similar reasoning, BC = AB. Thus, triangle ABC is equilateral. 

We can complete the picture by drawing the line segments 
AC  and .BC

A B

C

Figure 26.1
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Given that we know how to construct segments of any whole-number length and perpendicular segments, show 
how to construct a line segment whose length is 13 .

11

Construct a segment of length 11 and a perpendicular segment of length 13, 
as shown in , and draw the hypotenuse of the right triangle. 

Draw a segment of length 1 along the base, and construct a perpendicular 
segment from its endpoint, as shown. Using matching ratios in similar 
triangles, we see that 1 ,

13 11
x  showing that this perpendicular segment 

has length 13 .
11

If two circles have the same radius, then any line segments that represent radii have the same length. 

ingenuity and innovation. It is often not clear how to proceed, or whether the task hoped for can even 
be done. Be patient, and be kind to yourself as you try out many different possible approaches.

Construct each of the following shapes on separate blank sheets of paper using only a straightedge and 
compass. Accompany each diagram—on the reverse side of your paper—with a detailed set of instructions 
that another person could follow to construct her or his own shape of the indicated type.

x

1 10

13

Figure 26.2

Problems
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Construct an angle bisector for the angle in .

For the triangle in , construct a circle that passes through each of its three vertices.

Using only a straightedge and compass, pinpoint the exact center of the circle from which the arc  
in  came.

Is the number 1 2 3  constructible?

Figure 26.3

Figure 26.4

Figure 26.5
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Lesson 27

Topics

Fagnano’s problem.

A to a 
point B via a location along a given straight line is the path 
that produces congruent angles, as shown in .

Summary

famous problem in geometry—Fagnano’s problem—as well as explore a number of additional applications.

Adit stands at point A at the end of a long corridor with three perpendicular walls, as shown in .

He wishes to throw a ball in some direction so that it bounces off all three walls and returns directly to him. In 
which direction should he throw the ball? Draw the direction on this page.

A
B

xx

Figure 27.1

A

Figure 27.2
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A, as shown in .

does not lose energy as it bounces, that there is no drag due to 

Of all rectangles of perimeter 100 centimeters, which has the 
largest area?

We can write the dimensions of the rectangle as  
x x x

x x x2, 
which is clearly as large as it can be when x = 0—in which 
case the rectangle is a 25 × 25 square.

Comment: Think about the dual problem: Of all rectangles of 
area 100 square centimeters, which has the least perimeter? 
The answer turns out to be a square, but proving this is  
not straightforward.

This lesson is purely optional, and this topic does not appear in typical geometry courses. There are 
no recommended study tips for this lesson other than to enjoy the lesson and let the thinking about it 
strengthen your understanding of geometry as a whole.

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

A

A A

A

Figure 27.3

xx

25 + x

25 + x

Figure 27.4
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n × m billiards table. The 
ball traverses the diagonals of the individual squares marked on the table, bouncing off the sides of the tables at 

fall into if it entered that corner. 

 shows the beginning of the path of a ball on a 5 × 9 table.

Trace the motion of the ball in the diagram, and verify that the ball eventually falls into the 
bottom-right corner. 

Draw examples of 3 × 5, 5 × 9, and 7 × 3 tables. Does a ball shot from the top-left corner land in the 
bottom-right corner in each case? 

Must a ball on a 103 × 5001 table also land in the bottom-right corner? Explain. Is this the case for all 
odd × odd tables?

Problems

Figure 27.5
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Verify that a ball shot from the top-left corner of a 4 × 5 table lands in the bottom-left corner. Explain why 
this is the case for all even × odd tables.

Verify that a ball shot from the top-left corner of a 3 × 8 table lands in the top-right corner. Explain why  
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Tilings, Platonic Solids, and Theorems
Lesson 28

Topics

Platonic solids.

The Pythagorean theorem revisited, Napoleon’s theorem, midpoint areas, and variations.

Summary

The visual beauty of regular tilings provides intellectual beauty, too: We can prove mathematical theorems via 
tiling patterns. In this lesson, we pick up on the tiling theme of Lesson 4 and establish mathematical results. 

Example 1

Why is it not possible to make a convex three-dimensional polyhedron with faces that are congruent regular 
octagons?

Solution

be convex, the sum of the interior angles of the octagons meeting at each vertex must be less than 360°.

However, each interior angle of a regular octagon is 360°180° 135°.
8

Example 2

A square is inscribed in a circle, and a rectangle, with one side 
twice as long as the other, is inscribed in the same circle. 

Figure 28.1

Establish that the area of the rectangle is 4
5

 the area of the square.

Figure 28.1
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Solution

Imagine that the circle is drawn on a tiling of the plane 
with squares, as shown in Figure 28.2.

Here, the rectangle has width 2, height 4, and, therefore, 
area 8 units. 

By the Pythagorean theorem, the side length of the square is 10 ,
so the square has area 10 units. 

The area of the rectangle is indeed 4
5

 the area of the square.

Study Tip

This lesson is purely optional, and this topic does not appear in typical geometry courses. There are 
no recommended study tips for this lesson other than to enjoy the lesson and let the thinking about it 
strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

1. A square is inscribed in a circle, as is a rectangle with one side three times as long as the other. What can 
you say about the areas of these two quadrilaterals?

2. Twelve congruent equilateral triangles are used to construct a tetrahedron and an octahedron. The two 

Figure 28.2

Problems
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3. Twelve congruent equilateral triangles are used to construct a tetrahedron and an octahedron. What is the 
volume of the tetrahedron compared to the volume of the octahedron? 

4. Lines are drawn in a unit square, as shown in  
Figure 28.3  
shaded inner square in terms of the value x. 

1
2

x  and 1 .
3

x

x

x

x

x

x

x

x

x

Figure 28.3
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Folding and Conics
Lesson 29

Topics

The parabola, ellipse, and hyperbola via folding.

The parabola, ellipse, and hyperbola via conic sections.

ellipse: Given two points F and G in the plane, the set of all 
points P for which the sum of distances FP + PG has the same 
constant value traces a curve called an ellipse. The points F 
and G Figure 29.1

hyperbola: Given two points F and G in the plane, the set of all 
points P for which the differences of distances FP PG and  
GP PF have the same constant value traces a curve called a 
hyperbola. The points F and G are called the foci of the hyperbola. 

Figure 29.2

parabola: Given a line m and a point F not on  
that line, the set of all points P equidistant from m 
and P form a curve called a parabola. F is called 
the focus of the parabola, and m is its directrix.

Summary

The ancient mathematical topic of conic sections makes 
appearances in many realms, including astronomy, physics, 
and medicine. In this supplemental lesson, we construct the 

and then by the classic approach of slicing a cone. We show that these two methods of construction do indeed 
yield precisely the same set of curves.

P

FP

FP + PG = k

PG

F G

Figure 29.1

P

FP PG k

GP PF k

F G

Figure 29.2

F

m

Figure 29.3
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Example 1

Figure 29.4

Figure 29.5

Figure 29.6

Solution

wall represents a slice of this cone. 

Example 2

Show that the graph of y = x2, called a parabola in algebra class, really is a parabola. 
10,
4

F  and directrix the horizontal line 
1 .
4

y

Solution

x, y 10,
4

F
and directrix 1 .

4
y

Its distance from F is 
2

2 1 ,
4

x y  and its distance from the 
directrix is 1 .

4
y

These need to match, giving the equation 
2

2 1 1 .
4 4

x y y

Figure 29.4

Figure 29.5

Figure 29.6

x, y1
4

1
4

Figure 29.7
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Squaring and simplifying produces the following.

2 2
2

2 2 2

2

2

1 1
4 4

1 1
2 16 2 16

2 2
.

x y y

y yx y y

y yx

x y

This parabola is indeed the graph of y = x2.

Study Tip

study tips for this lesson other than to enjoy the lesson.

Pitfall

Don’t forget to keep the geometry of conics in mind if you later study conics in an algebra course.

1. A stick of butter is the shape of a rectangular prism 
with a square cross section. 

If we cut the stick with a vertical cut parallel to a 
square face, the cross section obtained is a square, 
as shown in Figure 29.8. 

If we tilt the plane, we obtain a rectangle, as shown 
in Figure 29.9.

Problems

square

Figure 29.8

rectangle
Figure 29.9
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Figure 29.10

Figure 29.11

 
Figure 29.12

 
and no sides congruent?

2. Figure 29.13
curve produced an ellipse? 

3. In Lesson 20, we saw that the equation of a circle can be written as x2 + y2 = r2. 

This equation can be rewritten as follows.

 22

2 2 1.yx
r r

We also hinted at the end of that lesson that the graph of a more general  

equation of the form 
22

2 2 1yx
a b

 is an oval shape that looks like an ellipse. 

Prove that this is indeed the case. Do this by showing that if an ellipse is centered about the origin and has 
foci on the x c c x, y
of the form 

 22

2 2 1.yx
a b

Warning: Answering this question requires hefty algebraic work!

Figure 29.10

Figure 29.11

Figure 29.12

Figure 29.13
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4. Show that the centers of circles each tangent to a given line and a given circle lie on a parabola.  
Figure 29.14

Figure 29.14
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The Mathematics of Symmetry
Lesson 30

Topics

dilation: A dilation in the plane from a point O with scale factor k is the mapping that takes each point 
P different from O to a point P  on the ray OP  such that .OP kOP  The dilation keeps the point O

L in a plane is the mapping that results from performing 
a translation in a direction parallel to L L.

isometry: A mapping that preserves distances between points.

mapping: A mapping of the plane is a rule that shifts some or all points of the plane to new locations 
in the plane.

L is a mapping that takes each point P in the plane not on 
L to a point P  so that L is the perpendicular bisector of .PP  It keeps each point on L

rotation: A rotation in the plane about a point O through a counterclockwise angle of x° is the mapping 
that takes each P in the plane different from O to a point P  such that the line segments OP  and OP
are congruent and the angle from OP  to ,OP  measured in a counterclockwise direction, is x°. The 
rotation keeps the point O

symmetry

translation
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Summary

Example 1

Explain why a translation is an isometry.

Solution

distance d in parallel directions, takes points A and 
B to A  and ,B Figure 30.1

Quadrilateral AA B B  has one pair of sides that are both congruent and parallel. By Problem 2 of Lesson 14, the 

that .AB A B  Thus, the translation has preserved the distance between points. 

Example 2

Identify all the symmetries of a regular pentagon. How many line symmetries does it have? How many 
rotational symmetries does it have?

Solution

symmetries, rotations of 72°, 144°, 216°, and 288° 

rotational symmetries if they choose to include the 

Figure 30.2

Example 3

Prove that a dilation maps three collinear points to three collinear positions.

d

d
A

A

B

B

Figure 30.1

72°

Figure 30.2
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Solution

Assume that the dilation is centered about the origin O and has 
scale factor k. Suppose that the three collinear points A, B, and C
are mapped to positions , , and ,A B C  respectively. Our goal is to 
prove that , , andA B C  are collinear. Mark the angles a and b as 
shown. We have that a + b Figure 30.3

We have that ,OA k OA ,OB k OB  and OC k OC

It follows that ~A OB AOB k, and the triangles share a 
common angle at O

Thus, ,A B O a  because they are matching angles in similar triangles. 

Similarly, ~B OC BOC  and .OB C b

Thus, 180°,A B C A B O OB C a b  which shows that , , andA B C  are indeed collinear.

particular, dilations map straight line segments to straight line segments.

Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

1.

2. Which regular polygons have 180° rotational symmetry?

a
b

O

A

A

B

B

C

C

Figure 30.3

Problems
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3. 
of equilateral triangles across the entire plane has. 

Figure 30.4

4. If possible, draw an example of each of  
the following.

5.  

. . .. . .

. .
 .

. .
 .

Figure 30.4
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The Mathematics of Fractals
Lesson 31

Topics

Applications in the natural world.

fractal

fractal dimension: If a fractal is composed of N parts, each a scaled copy of the original fractal with 
scale factor k, then its fractal dimension is the number d so that 1 .dk

N

Formula

geometric series formula:

2 3
1 1 1 1

1N NN N
 for whole numbers N  2.

Summary

objects in the natural world.

Example 1

In what way does the Figure 31.1 illustrate the geometric series 
formula for N = 3?

Figure 31.1
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Solution

If the area of the entire rectangle is 1 square unit, then the areas of the light-gray regions sum to 
1 1 1 1 .
3 9 27 81

 

Thus, 1 1 1 1
3 9 27 81

 must equal 1 .
2

1 1 1 1 1 .
4 16 64 256 3

Example 2

What is the fractal dimension of the Koch curve?  
1
3

 of the boundary of the Koch  

Figure 31.2

Solution

We see that the Koch curve is composed of four sections,  
each a 1

3
-scaled copy of the original curve. 

1 1original size original size.
3 4

d

This gives 3d d = 1 is too small a value for d, and d = 2 is too large. The Koch curve is somewhere 
between being a length and an area. Experimentation on a calculator gives d  1.26.

Study Tip

This lesson is purely optional, and this topic does not appear in typical geometry courses. There are 
no recommended study tips for this lesson other than to enjoy the lesson and let the thinking about it 
strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

Figure 31.2
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1. What is the fractal dimension of the fractal in Figure 31.3? 

2.
dividing it into 27 small cubes and removing the very center 
cube and the center cube of each face. The action is then 
repeated on the 20 remaining cubes, and then repeated over 
and over again in the cubes that remain after each iteration. 

3. 1 .
9

4.

5. Two walls of identical size are to be painted. One has a smooth surface, and the other has a textured 
surface. Which wall will require the greater amount of paint to cover?

Problems

Figure 31.3

. . . 

Figure 31.4
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Dido’s Problem
Lesson 32

Topics

The legend of Dido.

The isoperimetric problem and its solution.

isoperimetric problem

Result

Of all shapes with a given perimeter, the circle encloses the maximal area. 

Summary

In this lesson, we use the legend of Dido to motivate a famous problem in geometry: the isoperimetric  
problem. We prove what the answer to the problem must be—if you believe that the problem has an answer in 

Example 1

Solution

Suppose that the base of the triangles under consideration is the 
horizontal line segment .FG
length L requires locating a point P such that FP + PG equals the 

L FG. As we saw in Lesson 29, the locus of all 
possible such points P Figure 32.1

P

F G

Figure 32.1
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Because the area of the triangle is 1
2  × FG × height and FG

occurs when P is at the position of maximal height. This occurs when P is directly above the midpoint of FG  

and the triangle FPG x gives the 

largest possible value for y in the equation 
22

2 2 1yx
a b

Thus, of all triangles with FG  as its base, the isosceles triangle has the largest area.

Example 2

Of all triangles with perimeter 15 inches, which encloses the largest area? 

Solution

increase the area of the triangle shown in Figure 32.2 by moving P along the 
QR

triangle fails to have maximal area, and the same argument shows that the 
area of any triangle that is not equilateral can be increased and, therefore, fails 
to have maximal area, too.

So, this leaves the 5-5-5 equilateral triangle as the only possible candidate to answer this question. 

Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

P

R

Q

7

4

4

Figure 32.2
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1.

2.

what remains of the brownies exactly in half in area and divide the perimeter of the hole exactly in half and
divide the perimeter of the decagon exactly in half? 

3. Given 40 inches of string, what shape for it encloses the largest 

Figure 32.3

4. A point is chosen at random inside a square. Line segments from it to 
each of the four corners of the square divide the square into four triangles. 

Figure 32.4

If two opposite triangles are shaded gray and the remaining two opposite 
triangles are shaded white, prove that the total portion of the square 
colored gray has the same area as the total portion colored white.

5. Does every line through the center of an equilateral triangle cut the area of the triangle in half?

Problems

Figure 32.3

Figure 32.4
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The Geometry of Braids—Curious Applications
Lesson 33

Topics

Braids with no free ends.

Dirac’s string trick.

The waiter’s trick.

The national mathematics salute.

Result

If strings that are attached to an object and that object is rotated two full turns, then the tangle of strings 
that results is physically equivalent to the beginning state of untangled strings. This is not the case if 
the object were given only one full rotation.

Summary

This highly unusual lesson demonstrates that the physical effect of rotating an object through one full turn is 
fundamentally different from rotating that object through two full turns. This topic usually does not appear in 
any school or undergraduate curriculum, but it is richly engaging, completely accessible, and shows a side of 
mathematical thinking that will astound. 

Example 1

In the lesson, we proved that it is impossible to untangle three strings attached to a teacup if that teacup has 

underwent one full turn?

Solution

If it were possible to untangle four strings, then it would be possible to untangle three: Simply imagine a fourth 
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Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

1.
alternately cross the left two strands, then the right two strands. Try crossing the left two a few times, then 

middle position. Next, tie the three loose ends to a wooden spoon, again with the middle string tied in the 
middle position. 

Is it now possible to maneuver the wooden spoon through the tangle of strings and completely undo the 
braid? Try it.

2. Show that, with three strands in a braid, a single overcrossing 
is physically equivalent to a single undercrossing. 

Figure 33.1

3. Show that, with three strands in a braid, two crossings in 
a row between the same pair of strings is physically 

Figure 33.2

Problems

Figure 33.1

Figure 33.2
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4. Show that, with three strands in a braid, a left crossing  

Figure 33.3

5. Explain Problem 1: Why is any braid on three strings with the middle strand ending in the middle position 
physically equivalent to no braid at all?

Figure 33.3
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The Geometry of Figurate Numbers
Lesson 34

Topics

Square, triangular, and squangular numbers.

squangular number: A number that is both square and triangular.

square number: A number is a square number if a count of that many pebbles can be arranged in a 
square array.

triangular number: A number is a triangular number if a count of that many pebbles can be arranged 

Formulas

21 2 3 1 1 3 2 1 .N N N N

N odd numbers is N 2.

N even numbers is N N

N counting numbers is 
1

1 2 3 .
2

N N
N

The N th square number is S  = N 2.

The N th triangular number is 
1

.
2

N N
T N

Summary

The Greeks of antiquity saw all of mathematics though the lens of geometry—even number theory. In this 

geometric arrangements, sophisticated summation formulas. 
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Example 1

Albert buys one piece of candy on January 1, two pieces on January 2, etc., all the way up to 365 pieces on 
December 31. How many total pieces of candy did Albert buy that year? 

Solution

Albert bought 365 3661 2 3 365 66,795
2

 pieces of candy.

Example 2

If T N N th triangle number, show that T N + M T N T M N × M.

Solution

Figure 34.1  
base row of N dots and one with a base row of M  
a rectangle to create a triangular array of dots with a base row  
of N + M dots. 

Figure 34.2 is the diagram for N = 6 and M = 4 with the dots 
drawn in.

Algebraically, we have the following.

2 2

2 2

1
2

2
2

2
2 2 2

1 1
2 2

.

N M N M
T N M

N MN M N M

N N MN M M

N N M M
MN

T N MN T M

M

M

N

N

Figure 34.1

4

6

6 4

Figure 34.2



177

Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

1. If every year you were given a birthday cake with as many candles as your new age, how many birthday 
candles have you blown out in your life?

2. The number 1225 is both square and triangular. It is the 35th S 2

Which triangular number is it? 

3.
copies of the middle number combined with the other two is sure to give a square number.

4. If S N N th square number, show that S N + M S N S M MN. 

Problems
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5. We have proved that 

 
1

1 2 3
2

N N
N

and that 

 21 2 1 1 2 1 .N N N N

 

1 1 1 2 1 3 1 4
2 1 2 2 2 3 2 4
3 1 3 2 3 3 3 4
4 1 4 2 4 3 4 4

 

 
2.

  1 1 1 2 1 3 1 4
2 1 2 2 2 3 2 4
3 1 3 2 3 3 3 4
4 1 4 2 4 3 4 4

 Explain why the sum of the entries in the entire table is also

3 + 23 + 33 + 43 2.
22

3 3 3 3 1
1 2 3 .

4
N N

N
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Complex Numbers in Geometry
Lesson 35

Topics

Introduction to complex numbers.

The geometric effect of multiplication by i.

Applications to geometric problems.

complex number: A number of the form a + ib, with a and b each a real number and i an alleged 
quantity with the mathematical property that i2

median of a triangle: A line segment that connects one vertex of a triangle to the midpoint of its 

Result

If a point P a, b a + ib iP i a + ib b + ia
represents the point P rotated about the origin counterclockwise through an angle of 90°.

Summary

thereby be able to perform arithmetic on them. This provides a powerful new approach to proving geometric 
results. In this lesson, we introduce complex numbers, discuss their arithmetic, and explore some applications 
of their might.
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Example 1

The median of a triangle is a line from one vertex of a  
triangle to the midpoint of its opposite side. Each triangle  
has three medians. 

Use complex numbers to prove that the medians of a triangle 

intersection is 1
3

Figure 35.1

Solution

ABC with A, B, and C regarded as complex numbers. Then, the midpoints of its sides are

, , .
2 2 2

B C C A A BM N O

Let P be the point 1
3

 along the median MA . We have

1 1 2 1 2 1 .
3 3 3 3 3 2 3 3

B C A B CP M MA M A M M A A

Let Q be the point 1
3

 along the median NB . We have

1 1 2 1 2 1 .
3 3 3 3 3 2 3 3

A C A B CQ N NB N B N N B B

Let R be the point 1
3

 along the median OC . We have

1 1 2 1 2 1 .
3 3 3 3 3 2 3 3

A B A B CR O OC O C O O C C

These are all the same point!

Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

The mathematics in this lesson is visually overwhelming—but it is not conceptually overwhelming. 
Just be steady in your resolve as you work your way through the algebra. 

A

O

B

M
C

N

Figure 35.1
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1. If A B P on AB  such that AP:PB = 3:5.

2.

i i

i i

i i

3.
complex numbers? 

1
4 3i

a + ib
a + ib i

1
i

?

1 ,
p iq

 for p and q real numbers, not 
both zero.

4. What is i403?

Problems
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5. 
Let P1, P2, P3, and P4 be the centers of those squares 
labeled in a clockwise order. Draw the segments  

1 3P P  and 2 4P P  connecting opposite midpoints.  
Figure 35.2

Prove that 1 3P P  and 2 4P P

P1

P4

P3

P2

Figure 35.2
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Bending the Axioms—New Geometries
Lesson 36

Topics

Spherical geometry.

Taxicab geometry.

taxicab geometry: If distances between two points A a1, a2 B b1, b2

sum of the horizontal and vertical displacements, 1 1 2 2( , ) | | | |d A B b a b a , rather than via the 
Pythagorean theorem, and all other structures of planar geometry are left the same, then the geometry 
that results is called taxicab geometry.

Formula

The area of a spherical triangle with interior angles of measures x°, y°, and z° is

180
total surface area of the sphere.

720
x y z

Summary

the like, while still obeying all but one of the postulates of geometry. That way, you can develop a feel for the 
degree to which a particular postulate in geometry is important and see how things drastically change if that 

brand new geometry called taxicab geometry.

Example 1

In taxicab geometry, what are the distances between the following pairs of points?

P Q

P Q

13 , 6
5

P
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Solution

15 606.76 611.96
5

.

Example 2

A B

P whose taxicab distance from A is the same as its taxicab distance from B
such points. Actually, graph the set of all points that are equidistant from A and B in taxicab geometry. 

AB

Solution

This graph is surprising! 

Study Tip

This lesson is purely optional. There are no recommended study tips for this lesson other than to enjoy 
the lesson and let the thinking about it strengthen your understanding of geometry as a whole.

Pitfall

Don’t forget to have fun in your thinking of mathematics. This is a fun topic.

x

y

A

B

Figure 36.1
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1.

2. Plot the points A B all the points that are equidistant from A and B in 

3. P that is equidistant from each of A, B, and C.

Problems

A

C

B

Figure 36.2
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4. Is it possible to draw an equilateral triangle on the surface of a sphere with three 60° angles?

5. The radius of the Earth is approximately 6400 km.  
At what latitude x° can you walk directly east for 1 mile 

Figure 36.3

x°

Figure 36.3
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Solutions

Lesson 1 

1. False. A circle drawn on the surface of a donut, for example, need not 
Figure S.1.1

2. There is no example of a perfectly straight line in the room you currently 
sit in. At the microscopic level, there are sure to be bumps and niches in anything you point out. 

3. Like the scaling feature on smartphone maps, it seems that all shadows of straight objects are again straight 

Lesson 2

1.

2.

.AB CD

AB = CD.

Figure S.1.1
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3. A
C

D B
Figure S.2.1

A C

D
B

Figure S.2.2

A

C D

B

Figure S.2.3

4.  

5. BC = 4 if we have the following.

BC = 14 if instead we have the following.

6. 

 

A

M

B
Figure S.2.6

A CB

9
5

Figure S.2.4

AC B

9 5

Figure S.2.5
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7. 

 

1.111  gradian. 

8. x y y + 3x y x

 4 18 98x
x
x

 

y

9. 

10. EUD.  

DUG or EUG or SUM will do.

SUG, for example.

SUM, for example.

DUG  SUM

DUM  GUS.

DUG and GUE
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SUG and GUD

SUE and EUD

Lesson 3 

1. y + y y y

 x x y
x x

x
x

 

2. x and y x + y x + y = 
x y 

3.  

x x

x + y x + y y

x x

y y

y y

x y x
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4. Figure S.3.1

5. ii. GMI. 

iii. LRI. 

iv. m G x y
m L x y

6.  

7. L  is divided into two congruent angles by .LM  Label each x.

x x x

Thus, m MLU  

8. i. x + y  

ii. y + z .OR OS  

x + y = y + z, giving x = z.

140°

Figure S.3.1

15°

75°
90°

15° 75°

W

S

I

H
Figure S.3.2

M U

L

G 30
10

xx

Figure S.3.3
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9. 

 x x x x x
x

x
x

10. 

 x x x x x x x x
x
x

 

x

Lesson 4 

1. 

2. 

 
x

5x

Figure S.4.1

 x x
x
x
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N

N

N

N

 

3. 

4. 

5. 

 

13.3.

N
N

N

N

That is, the polygon has 13.3 sides. This is absurd. There can be no regular polygon with interior  

6. 

Figure S.4.2

An elongated stop sign. 
All angles are 135°.

Figure S.4.3

6 36 4
Measure of an exterior angle 18 1
Measure of an interior angle 179
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7. x x + x x

8.  
7

 
answer is no. 

9. Let N be the number of sides of the polygon.

 2x7x

Figure S.4.4

x x x

N
 shows that the number of sides is N = 9.

10. Let N be the number of sides of the polygon.

 N

N

N

N

N



Lesson 5 

1. 

2. Label the remaining side length x, as shown in Figure S.5.2.

 36 4

8 .

x

x

x

 

Figure S.5.1

120

119

169 18
9

13

61

2.1

5

42

40

58

5

5

8

6

7

3

13

17

58

243

10

50

20.59

3552
2

13
4

3
4

1
2

6
5

x

2

Figure S.5.2
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3. 
are 4x and 3x for some value x, as shown in Figure S.5.3.

 

.

x x

x x

x

x

x

 

63 84and .  

4. Label the remaining side h, as shown in Figure S.5.4.

 9
9 more
9
3.

a h
a
a
a

 

 b h
b
b

b h , which is obviously larger than 9 + h  = a

 Thus, b   a . This gives b  a.

h a
b

3 2

Figure S.5.4

4x

3x 21

Figure S.5.3
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5. Label x, the length of the diagonal at the base of the cube, as shown  
in Figure S.5.5.

1  + 1  = x , giving x

x  + 1  = d .  
d , giving 3.d

6. Figure S.5.6

x h

x h

x x x h

x x
x
x

64
8.

h
h
h
h

7.

than the third side.

triangle shown in Figure S.5.7. 

Q

P

1

1

1
x

d

Figure S.5.5

x x

h

A P C

B

17 10

Figure S.5.6

1
400

160,001

Figure S.5.7
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8. a, b, and c, as shown in 
Figure S.5.8. 

a + b + c = perimeter

c is longer than half the perimeter, then a + b is less than half 
the perimeter. This means that a + b is smaller than c. But this is 
impossible. For a triangle, we need a + b c.

9. A, B, and C are not collinear, then they 
Figure S.5.9

AB + BC AC. 

But we are told that AB + BC = AC. This means that the points 
cannot form a triangle and, therefore, must be collinear.

10. Label the lengths x and d, as shown in 
Figure S.5.10.

x  = a  + b .

triangle, d  = x  + c  = a  + b  + c .

.PQ d a b c

Lesson 6 

1. 117.

18.

a

b

c

Figure S.5.8

A

B

C

Figure S.5.9

c

a
b

P

Q

x

d

Figure S.5.10
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2.  

196, .

b

3. a a, we have an increase of a. Another increase gives 3a.

 This shows that B a

3 4x xx  which happens to be automatically true. 

9 ,x x  which says that 18 = 3x + 3, yielding x

4. M AM  

5. AP  and BP  

 These are the same.

AQ  and QB  

 These are not the same. The point Q A and B.

AR  and BR  

 These are the same, and the point R

M k, k AM k k k k  and 

BM k k k k  

 These are the same, so AM = MB.
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6. A B x AB

 x

x

x
x

x

 

B B

7. x y   

8. , 8, 1 .M Figure S.6.1

FM  is 1
4

 the way along .FG  

 This is 11 3, .

 The midpoint of MG  is 3
4

 the way along .FG  

 This is , .  

9. 

4 4 .

AB

BC

AC

 

AB = BC Figure S.6.2

M = midpoint of 6, 6 .AB   
N = midpoint of AC   
O = midpoint of 8, 4 .BC  

4 6MN  and 6 4ON MO

MN = ON, so we have another isosceles triangle.

F
M

G

Figure S.6.1

AB

C

Figure S.6.2



10. Let A B x, x AB

 

8 33
8 16 49

4 49
4 7 or 7
11 or 3.

x x

x x

x x x x
x x

x x
x x

x
x
x  

Lesson 7 

1. Figure S.7.1.

 m AIK
m GKF
m GKI

 

2. Figure S.7.2.

A

B

C

D

E

F
G

H

I

J

K

32

32
88 92

60

60

Figure S.7.1

x x

x x

x

x
x

x x

x
x

x

Figure S.7.2
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3. x

x x

x + 6x x

 
x x

4.  
w Figure S.7.3  

 
that w Figure S.7.4

5. x y y, if you  
 

x y x, giving y x

x x y y

y y
 x + y x

6. Figure S.7.5.

 x
x
x

 

10°
10

23°

23w

Figure S.7.3

92°

123°
88

57 w

Figure S.7.4

160140
x

x

P

Q

R

S

T

2x

Figure S.7.5



 

x = 60

R

S
2x = 120

Figure S.7.6

.ST RQ  

7. .GB LO  

8. z  r gives congruent alternate interior angles, making .OU TS  

y  q

y x + r .OU TS

9. 

 y y y
y
y

 

Looking at same-side interior angles, x  
giving x

Finally, z + y z

10. i. … because they are vertical angles.

iii. … because a and e are congruent alternate interior angles.

3y

2y
y

x

z

16055

105

20 140

Figure S.7.7
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Lesson 8

1. i. b = c because vertical angles. 

ii. a = d because a = b, b = c, c = d from the givens and the previous step.

iii. AB DE  because a and d are congruent alternate interior angles.

2. i. a + b .PS SR  

ii. a + c a and c

iii. b a c a  because of algebra.

b = c.

3. i. Label the angles x1, x , y1, y , z, w as shown in 
Figure S.8.1. 

ii. x1  x  because they are alternate interior angles 
for .AB CD  

iii. y1  y  because they are alternate interior angles 
for .AD BC

iv. w x y z x y  because 

v. w = z because x1 = x  and y1 = y .

 That is, .A C  

A
w

z
D

B

C

x1

x2

y2

y1

Figure S.8.1



4. i. Label the lengths a, b, x, y, z as shown in Figure S.8.2.  

ii. Triangles FUM and LUM U
because .UF UM

iii. a x y z  and b y z  because 
theorem.

iv. a  b because x + y  y.

That is, FM  LM.

5. i. Label angles a1, a , b, c, d, e as shown in Figure S.8.3.

ii. a1 = a  because given.

iii. e = a  and d = a1 because alternate interior angles for 
parallel lines.

iv. d = a  because of the previous two steps.

v. d + c .UB YB  

vi. a  + b

vii. c d b a  because of algebra.

viii. b = c because a  = d from step 4.

That is, .YUB RBU  

6. i. Label angle w as shown in Figure S.8.4.

ii. z + w

iii. x + y + w

iv. z w x y w  because of algebra.

z = x + y.

F

U

L

M

a

b

x

y

z

Figure S.8.2

R

Y

U

B

a1 a2 b

c
de

Figure S.8.3

x

y

zw

Figure S.8.4
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7. i. Label lengths as shown in Figure S.8.5

ii. a1 = a  because GT = GO.

iii. andx a h y a h
theorem.

iv. x = y because a1 = a .

v. A bisects TO  because x = y.

8. i. Label angles w and z as shown in Figure S.8.6.

ii. a = z because alternate interior angles  
for .BE CD  

iii. z = w because vertical angles.

iv. w = b because alternate interior angles  
for .AC ED  

v. a = b because of algebra.

9. This one is tricky!

i. Label angles x1, x , x3, y1, y  as shown  
in Figure S.8.7.

ii. x1 = x  because KG  bisects .EBH

iii. y1 = y  because FL  bisects .NCH  

iv. x x m CBI  because they are 
vertical angles. 

v. m CBI y y  because they are 
alternate interior angles for .EI NJ

vi. x1 + x  = y1 + y  because of the previous 
two steps.

G

T A Ox y

ha1 a2

Figure S.8.5

A

B w
z

a

b

C
D

E

Figure S.8.6

A

F

G
H

I

J

K

L

M

N

E

B

D

C

x1

x2

x3

y2

y1

Figure S.8.7



x y  because x1 = x  and y1 = y .

viii. x  = y  because of algebra.

ix. x3 = x  because of vertical angles.

x. y  = x3 because of the previous two steps.

xi. FL GK  because x3 and y  are congruent alternate interior angles.

10. x and y Figure S.8.8

Proof

i. Label another angle z, as shown in Figure S.8.9.

ii. x z y z  because each form a straight angle.

x + z = y + z, giving x = y. 

Lesson 9

1. ~HYB LYK B K  

.
14

k

x

8 14
a  gives .

7
a

2. 
 

small big
x y b
y x a
w f

 

.yx w
y b x a f

 

x y

Figure S.8.8

Figure S.8.9

x y
z
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3.
k w = 8.

4. a x

b d

d y

d
factor is 1.

5. The two triangles in Figure S.9.1 share an angle, 

,H  giving 36H  feet.

6. Figure S.9.2.

The top two triangles are similar by AA. 

6 ,x  giving 1x

The height of the middle pole is 1 1  feet.

7.

Figure S.9.3

30 ft

shared angle

80 ft

10 ft

h

Figure S.9.1

12 12 12

5

5

7

7

6
x

Figure S.9.2

Figure S.9.3



8. Figure S.9.4.

ii. ~PBQ ABC x and 3x, y and 3y, 
and share angle B

iii. a = b because they are matching angles in ~ triangles.

iv. PQ AC  because the same-side interior angles 
marked b a

k = 3, so 
3 .AC PQ  

9. C. By AA, they are 
Figure S.9.5  

x in the big triangle matches side y in the small triangle. 

y + z in the big triangle matches side x in the small triangle.

 Because matching sides in ~ triangles come in the same ratio, 

.y zx
y x

 Algebra gives x  = y y + z

10.  
Figure S.9.6. 

ii. a = b because they are alternate interior angles for top  
and bottom parallel lines.

iii. c = d because they are alternate interior angles for left  
and right parallel lines.

iv. The two triangles are ~ because AA.

v. k = 1 because they share the diagonal.

vi. x = y because k = 1.

A

a

b

x
yP

B

Q

C

a

3x

3y

Figure S.9.4

A

B C

D

x

y

z

Figure S.9.5

x
a

c

b
d

y
Figure S.9.6
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Lesson 10 

1. 

Figure S.10.1

a1 a2 Figure S.10.2

2 2
1a x h 2 2

2 ;a x h
a1 a2

Figure S.10.3 x

y

2. k

k

3. 

Figure S.10.4

Figure S.10.5

x

x

y

y

Figure S.10.1

x x
h

a1 a2

Figure S.10.2

x x
y

y

Figure S.10.3

Figure S.10.4

Figure S.10.5
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4. 

2 2

2 2

SP

PA

SA SNA A

5. x y z
Figure S.10.6

x y x y

y z y z

6. a b x y z Figure S.10.7

~ABM CBM AB BC x BM

k BM

a b k

M AC a b

y z

y z

y z

BM AC y

x y

z

Figure S.10.6

y z

B

A M C

x

a b

x

Figure S.10.7
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7. x y z w Figure S.10.8

~ABM CBM AB BC AM MC BM

x y

MB B x y

z w

z w

z w

BM AC  y

8. x y a b
Figure S.10.9

2 2 2 2a AB BM b BC BM

a b AB BC

9. Figure S.10.10

2 2 2 2AB AM BM BC MC BM

AB BC AM MC

B

A M C

x

z w

y

Figure S.10.8

B

A M C

x y

a b

Figure S.10.9

B

A M C

Figure S.10.10
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10. x1 x2 a Figure S.10.11

~ACD BCE

x1 x2

1 2ACE x a BCD x a

ACE BCD x1 x2

Lesson 11

1. 10
2

2 1
4 2

b
a

b
b

c
b a

b a
a b

2“ ”
0

2. 11
10

1
4

3. 0y
x

y x x y y

4. 
4 3

k 16 1
3 3

k

A D

a

E B

C

x1 x2

Figure S.10.11
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So
lu

tio
ns

5. 8
4

8y
x

y x

6. 8 8;
1

PQ 6
4

bQR
b

6 1
4 8

8 48 4

7

b
b

b b

b

b

7. 3 ;AB 8
2

CD
a

8 3

40 3 6

34
3

a
a

a

8. 
2

y x

y x

12 6
14 7

AB 7
6

AB

7
6

y x

y x y

x y 2
3

y x 2
3

3
2

3 ;
8 2

y
x

3 8
2

y x

x



9. 2y
x

y x

y

7
3

7 7
0 3

y
x

7
3

y x

2y
x

y x

x

6 2
4 0

2y
x

y x

0
3

y
x

y x

10. 

M MC y

N NA y x

R RB 3
4

y x

1
4

x y 1
3

1
2

y x

y x

y x

1
2

y x x y

y x  3x y
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So
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y x y x

1
3

Lesson 12

1. 
AB

2 1
4 2

AB

AB

y x

P

Q

R

S

T

U

2. 2 2

2 2

2 2

AB

BC

AC

AC BC
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 M AB

 N
2 2

BC

 O 1 3
2 2

AC

2 23 1
2 2

MO

2 21 3
2 2

NM

3. PA PB P AB

PB PC P BC

PA PC

4. MR MN

MN NR

MRN

M N

MR

5. P R A B
AB

P R AB
PQ AB
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So
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6. Figure S.12.1

7. 

Figure S.12.2

ABCD
BD AC

x y z Figure S.12.3
AC

2 2 2 2AB x y CB x y

2 2 2 2AD x z CD x z

8. Figure S.12.4

A

R

a a

b b

P

B

Figure S.12.1

x x

y

B

A C

D

z

Figure S.12.3

T

S

one of these 
two places

R

Figure S.12.4



9. JL KL TK JL

~LKT LJS L

k

SL TL k

T SL

10. A B C O D P
 A B C P

O P  D

Lesson 13

1. Figure S.13.1

Q
AC

2. 1
2

MO BC

AC MN

 

B AMO BC MO AMO MON
AB NO B MON

3. M

N

1
4

MN 2 1
8 4

BC

S

J K L

T

Figure S.12.5

A

Q

CB

M

Figure S.13.1
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So
lu

tio
ns

4. 

1 1
2 2

HB CG FD CG

CG

5. z

10 1 2 3 4
10 1 6 8

7
4

x x
x x

x

4 2 7 3
4 2 7 21

3

y y
y y

y

y

6. 
k

7. ~MAN BAC A

8
k

8
AM AB

8
MN BC

8
k

AMN ABC

MN BC AMN ABC

B

M

A

y

x

N

C

5
8

x 5
8

y

Figure S.13.2
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8. 
8

9. 
Figure S.13.3

10. 

y s
y x s t

y s
y x s t

ys yt ys xs

yt xs

t x
s y

t a
s t a b

x a
y b

t
s

Lesson 14

1. Figure S.14.1

x1 x2 y1 y2

a x1 x2

b y1 y2

Figure S.13.3

a

b
b

a

x1

x2

y2

y1

Figure S.14.1
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So
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2. b1 b2

Figure S.14.2

a

b1 b2

3. EB DF

AB CD

1 1
2 2

EB AB DF DC E F

EB DF

EBFD

4. 

a

a

b1 b2

Figure S.14.2

A B

CD F

E

Figure S.14.3
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5. x x x

6. 

AC

4 12
2 2

p qBD

4
2

p p 12
2

q q

7. x x x x x

2 2 22

4 18

1
2

x x x x

x

x

1 1 1 1
2 2 2 2

8. ABCD

AB BC CD DA

Figure S.14.5

A C
x

y

x y

11x

7x

Figure S.14.4

x

x

x

x

A B

CD

y

y

y

y

Figure S.14.5
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9. DC UK 1
2

1
2

DC
1
2

y x

10. Figure S.14.6

~TPY TZW T

k TP TZ

TY TW k

TW YX TY WX

WX TY TW YX

TWXY

Lesson 15

1. 

T P W

XY

Z

Figure S.14.6



2. 

AB AC BC
22 2

37

3. Figure S.15.1

Figure S.15.2

2 2

2

2

1

2 1

1
2
1
2

x x

x

x

x

1 1
2 2

4. 

1
2

Figure S.15.1

1

x

x

Figure S.15.2
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5. 10
3

x x x
x x

x Figure S.15.3

d2 x2 2 d2 2 d
Figure S.15.4

a b x x a b x b a
x b a b a

 b a x b a Figure S.15.5

6. 

Figure S.15.6

Figure S.15.7

7. x y z z y
y

z y
y x z

8. AB BC AC AD DC AC

AB BC AD DC AC

9. UH HS US

US TS T TUS

UH HS TS

x

6

7

Figure S.15.3

x d

50

Figure S.15.4

a
b

x

Figure S.15.5

Figure S.15.6

Figure S.15.7
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10. 

 x x x x

 x x

 x x

x x

22 2

2 2

2

2

2

2

2 10

4 4 100

2 4 4 100

x x

x x x

x x

x x

x x

x

x x

x

x x
16
4

Lesson 16 

1. 31
2 2

2. 31
2 2

3. 31
2 2

4. x x

x

x + 2
10

Figure S.15.8
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So
lu

tio
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5. x
x

6. 
2 2

x x
2 2x

x

7. Figure S.16.1

8. x x
x

9. Figure S.16.2

10. Figure S.16.3

cosy x

Figure S.16.1

65°50°

Figure S.16.2

80°80°

Figure S.16.3



Lesson 17

1. x y

x y

8x y

x y

x y

2. a aa b
b

b
2
a a

12 12a
a

12 12a b
a b

b a

32
a a

a ab
b

3. H Figure S.17.1

32
H H

4. Figure S.17.2

100
H H

10.6

32

H

Figure S.17.1

100
H

40°

Figure S.17.2
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So
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5. Figure S.17.3

x
x

6. Figure S.17.4

bx
c
by
c

ay
c
ax
c

7. Figure S.17.5

8. Figure S.17.6

h h

h w
w w

w

850

x
33°

33°

Figure S.17.3

Figure S.17.4

x

y

a

b

c

15°

100
rise

Figure S.17.5

20 15
5 w

h

Figure S.17.6
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9. Figure S.17.7

100
x x

100
x d x d

d

10. Figure S.17.8

20 20x y

very

Lesson 18

1.

31 1 1
2 22 2

1 3
2 2

3 1
2 2

3 1
3 1

100

100

d

x

17°
33°

Figure S.17.7

40°

20 20

44°
x y

Figure S.17.8
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So
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2. Figure S.18.1

1x x

x d
d x

2 2d

3. 2 2AB

1 7
13

m CAB

4. x

2 2 2 x

128 28
72 72

x x

5. x

3x 1 3x

6. 2 2

x x x
x

x x x
2 x

2

2 2 2

2

x x
x x

x
x x x

x

 “ 2 x
2

x 2 x
2

x

31.7

21.2
d

x

Figure S.18.1
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7. 
x y x y

x y
x y x y

x y

x y x y
x y x y x y

x y x y
x y x y x y
x y x y

8. 

2
2 2

4 2
c cm a a x

2 2 2b a c ac x

2 2 2ac x a c b

2 2 2 2
2 2

4 2
c a c bm a

2 2 2 2 2 2m a c a c b

2 2 2 2m a b c
2

2 2 2

2
ca b m
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9. Figure S.18.2

2
x

x
x

2
x

xx
x

2
x

2
x

xx
x

10. 

2 2 2 2

2 2

2 2 2 2

2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2

y yx x

y y y yx x x x

y y y y y yx x x x x x

y y yx x 2 2

2 2 2

2 2 2 2

2 2 2 2

y x x

y yx x

y yx x

x y

1

1

x

2
x

2
x

2
x

90
2
x

sin x

Figure S.18.2
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Lesson 19 

1. Draw an additional radius and label points as shown in Figure S.19.1. 

OAC  is isosceles, so the two angles labeled a are congruent.

OBC  is isosceles, so .OBC x a  

The two vertical angles at M are congruent, and these have  
y a x x + a

y a x  x a, from 
which y = 2x follows. 

2. y = 20°; x z = 1
2

x = 15°. 

3. See Figure S.19.2.

2 + h2 = 72, so 33, giving 2 33.h AB  

4. Draw a common tangent through P as shown in 
Figure S.19.3.

By the tangent/radius theorem, twice, we see two right angles. 

Thus, 90 90 180°,APB  and A, P, and B are indeed collinear.

xy

a

a
O

M

A B

C

Figure S.19.1

4

7 7

7 7

4

A

B

h

Figure S.19.2

P

A

B

Figure S.19.3
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5. See Figure S.19.4.

22 + x2 2 gives 192.x  

6. Draw one line as shown in Figure S.19.5.

The inscribed/central angle theorem shows that we have 
congruent alternate interior angles, so the chords are parallel. 

7. Draw a chord as shown in Figure S.19.6, and use the  
inscribed/central angle theorem to identify an angle of 20°  
and an angle of 65°.

Because the angles in a triangle sum to 180°, we have  
a a = 85°.

Comment: It is not a coincidence that 85 happens to be the average  

8. Draw two chords as shown in Figure S.19.7.

Using vertical angles and the fact that two inscribed angles from the 
same arc have the same measure, we see that the two triangles formed  
are similar by AA. 

Consequently, matching sides of those triangles come in the same ratio. 

We have .a c
d b

 The result follows by cross multiplying.

9. Recall that opposite angles of a parallelogram are congruent.  
Suppose that a parallelogram with two angles of measure x and two  
angles of measure y sits in a circle, as shown in Figure S.19.8.

Each angle x is half the measure of the arc AB: One arc AB has  
measure 2x, and the other arc AB also has measure 2x. Because the  
two arcs cover the entire circle, 2x + 2x = 360°, giving x = 90°. By  
the same reasoning, y  
therefore a rectangle.

A
B

x

x

14

2 6

6

Figure S.19.4

Figure S.19.5

68° 68°
34°

34°

130°

65°20°

40°
a

A B

C

D
Figure S.19.6

a c

b
d

Figure S.19.7

A

B

x

x y

y

Figure S.19.8
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10. PAQB is a kite.

Recall that the diagonals of a kite are perpendicular, and one 
diagonal bisects the other. Label the lengths h, x x  
as shown in Figure S.19.9.

We have x2 + h2 = 252 x 2 + h2 = 292.

That is, 362 x + x2 + h2 =  292. That is, 362 x + 252 =  292, 
x

This gives x = 15. 

So, 2 2 2 225 25 15 20h x  and AB = 2h

Lesson 20

1. C r   

7, 5 ; 5.C r

7, 1 ; 10.C r

25, 0 ; 1.C r

0, 0 ; 19.C r

17, 17 ; 17.C r

2 2

2 2

2 1 8 16 8 1 16x x y y

x y

 C r

2 2

2 2

20 100 10 25 0 100

10 5 100

x x y y

x y

 

 10, 5 ; 10.C r

A

h

h

25 29

25 29

B

QP
36 x x 

Figure S.19.9
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2. 2 22 2 81.x y  

2 23 16.x y  

2 21 1 1 .
2 3 16

x y  

2 20.67 9.21 0.01.x y  

3. 2, 1 ; 13.C r

2 27 2 11 1 169.  Yes.

2 27 2 11 1 169.  No.

2 2

2

2 2 1 169

0 1 169

1 13 or 13

y

y

y

y

 

2 2

2

2

2 12 1 169

2 169 169

2 0

2 0

2.

x

x

x

x

x

r Figure S.20.1  

4. 2 23 7 58,r x 2 y 2 = 58.

5. x 2 y 2 Figure S.20.2

Figure S.20.1

6

Figure S.20.2
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6. r1 = 5 and r2 = 10.

C1 C2
2 29 12 15.  

Figure S.20.3

7. 1 2r r  

C1 C2
2 23 3 18 3 2.  

3 2,  is the 
difference of the two radii:  The two circles  
must be tangent as illustrated in Figure S.20.4.

8. The center of the circle is the midpoint: 15 , 17 .
2

 

The radius is half of AB, which equals 21 2921 20 .
2 2

 

The equation of the circle is 
2

217 .x y  

9. x 2 y 2 C1 r1 = 7.

For 

 2 2

2 2

2 2

6 16 37 0

3 8 36

x y x y

x x y y

x y

 

we have C2 r2 = 6.

The distance between the centers is 2 2
1 25 12 13 ,r r   

the sum of the radii.

The two circles must be tangent as shown in Figure S.20.5.

5 10

Figure S.20.3

2

4 2

Figure S.20.4

7 6

Figure S.20.5
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10. 

 Radius = 2 21 1 1
2 2 2

AB  

x 2 y 2 = 5.

2 2

2 2

2 2

6 8 18 77 0

6 9 18 81 5

3 9 5.

x x y y

x x y y

x x y y

x y

 

 It’s the same equation.

1 1 2 2

2 2
1 1 1 1 2 2 2 2

2 2 2 2
1 1 2 2 1 1 2 2

1 1 2 2

2 2 2 2 2 2
1 1 2 2 1 1 1 1 2 2 2 2

2
1 1 2

0

0

2 2 2 2

2 2

2

x a x b y a y b

x a b x a b y a b y a b

a b a b a b a bx y a b a b

a b a b a b a b a b a bx y

a b ax y
2 22

1 1 2 22 .
a b a bb

 

 This is a circle with center 1 1 2 2, ,
2 2

a b a b  the midpoint, and radius 
2 2

1 1 2 2 ,
2

a b a b
 

which is half the distance of AB, as hoped.

Lesson 21

1. Recall that the diagonals of a rhombus bisect one another and  
are perpendicular. 

Suppose that their lengths are 2a and 2b, as shown  
in Figure S.21.1.

We see four right triangles, each with base a and height b,  
so the area of the rhombus is 1 1

2 2
ab ab a b  

a

a
b

b

Figure S.21.1



2. x 2 x2.

Figure S.21.2. 

area of four 3 × 3 squares to compensate, 
as shown in Figure S.21.3.

of a smaller size, as shown in Figure S.21.4.

they all equal 12x + 36.

3. x2 x = 6.

x2 = 96, so 96.x

.x ab

4. The triangle on the left is a right isosceles triangle. 
Figure S.21.5

By the Pythagorean theorem, we have h2 + h2 = 82, 

giving 8 .
2

h

By Example 1 in the lesson, the area of the parallelogram 

is 8010 .
2

h

5. Area = 1 20 10 10 10 tan 72° 100 tan 72° 307.8.
2

h h

Figure S.21.6

3 3

3

3

3

3

x x

x

x x

x

x

3 3x

Figure S.21.2

3 3

3

3

3

3

x x

x

x x

x

x

3 3x

Figure S.21.3

3 3

3

3

3

3

x x

x

x x

x

x

3 3x

Figure S.21.4

45°

8

10

h

Figure S.21.5

72°
1010

h

Figure S.21.6
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6.  
with apex at the center of the decagon, as shown in Figure S.21.7. 

With the labels given, we see that 1tan ,x
a  

giving 1 .
tan

a
x

 

Now, 2x is 1
10

 of a full turn, so 3602 36.
10

x  

Thus, x = 18°, 1 ,
tan 18°

a  and

 area = 1 110 2 10 10 30.8.
2 tan 18

a a  

7. Figure S.21.8.

 The triangle on the left is half an equilateral triangle  
 

 Thus, h = 1. Using Example 1 from the lesson for  

Figure S.21.9.

 
2 2 1

2
h h  

2 + 352 = 372 Figure S.21.10

 Area = 1 12 35 210.
2

 

Figure S.21.11.

 Area = 1
2

 

8. Figure S.21.12.

 x2 + x2 = 72, so 7 .
2

x  

 Thus, area = .
2 2

 

a

1 1

x

Figure S.21.7

30°

2 2

4

4

h

Figure S.21.8

1010

8

h

Figure S.21.9

3512

37

Figure S.21.10

Figure S.21.11

4

4

3

3

5 5

5

5

x

x

7

Figure S.21.12



Figure S.21.13.

 75 5 3 and area 25 3.h  

 
Figure S.21.14

 Thus, the side opposite the angle of 30° is 10,  
and the Pythagorean theorem gives the remaining  
side as 10 3.  

 We have area = 50 3.  

Figure S.21.15.

 Area = 21
2

r r r  

 
of the circle. Because of the inscribed/central angle theorem,  

Figure S.21.16

 x  

9. 

 Because M is the midpoint of ,AB  they have the same  
base lengths, too. Thus, they have equal areas.

 So, 1 10 25
2

H  gives height h = 5.

10. Figure S.21.17

The shaded 8 of them have area 20. Thus, the full 12 of them  

Figure S.21.13

h
10 10

55

10 320

10

30°

Figure S.21.14

r

r
r

r

Figure S.21.15

x

180°

5

5

8

Figure S.21.16

A

B C

D

EF

Figure S.21.17
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Lesson 22 

1. Arc length 315 72 .
360 2

r  This gives 7 72 ,
8 2

r  so r = 2.

2. We have area 22 ,
360 360

x x  and arc length 2 2 .
360 360

x x

They are the same numerical value.

3. 21 16 6 6 9 18.

23 1 3 1 3 1area circle 1 1 1 .
Figure S.22.1

therefore, half an equilateral triangle. 

Its sides are 5, 10, and 5 3,  and its area is 25 31 5 5 3 .
2 2

The shaded region is half the circle minus this triangle and, therefore, 

has area 2 25 3 25 31 255 .
2 2 2 2

r, the area of the shaded wedge 
shown in Figure S.22.2 is given as follows.

2

2

2

2 2

1 2
360 2

360

sin cos
360 2 2

sin cos .
360 2 2

x r b h

x r bh

x x xr r r

x x xr r

90°

1 1

Figure S.22.1

x°

b
b

h

Figure S.22.2



So, for our question, we do the following.

2 2 2 2 2

360 360

9
11.31.

4. See Figure S.22.3.

Area 2 2 2 27 13 5 1 .

5. 2 260 120 1 1
360 360 6 3

6. By the tangent/radius theorem, we have a right 
triangle, as shown in Figure S.22.4.

The radius of the large circle is 2 26 7 85,  and the 
area between the circles is 

2
2 2 2 2

7. The shaded region  in Figure S.22.5 is a “wedge” in a circle 
of radius 2. We are working with an interior 
angle 360180 128.6°.

7
x

2 2126.6
360

126.6
360

10

7

7

10

10

4 4

1

6

8 5

13

13

Figure S.22.3

7
6

Figure S.22.4

2

2

x

Figure S.22.5
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8.  

20 ,r  so area 2
2 .r  

1
2

r r  That is, 2r + .
2

r  

 So, area 
2

2
2 .

2 2 2 2
r  

9. 

a × b = 2a + 2b, then 2 .
2 2 2

a ab
a a a

 

 For this to be an integer, we need a

 If a a = 3 and b = 6, and we have the 3 × 6 rectangle.

 If a a b

 If a  a = 6 and b = 3, and we have the 3 × 6 rectangle again.

 These are the only possibilities.

10. 

r and r with 30° between them and sides kr and kr with 30° between them.

k k times the length of each 
k.

x, then this ratio is 12 .
2

x
r  

12 12 ,
22

kx x
rkr  which is the same.



we humans could probably not detect the difference. Many would then say that it seems reasonable to 

Lesson 23

1. 3h h + 3h = 100 gives h Figure S.23.1

2. The area of the base is 1 2 3 3.
2

 

 12 12 12 36.

36 2 3 36 2 3.

3 6 6 3.

LA

SA

V

Figure S.23.2

3. The area of one face is 5.
8

 So, 1
2

s  giving 5 .
2

s

4. Figure S.23.3.

  

21 .

21 9 30 .

1
3

h

LA rs

SA

V

 

5. 3 3x  gives 
33 3, so 3 3 3.

3
x V Figure S.23.4

3

4

3
h

Figure S.23.1

6

2

2 2

Figure S.23.2

7

3

h

Figure S.23.3

3x

2x

x

x

x

Figure S.23.4
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6. 2 2 = 252 1
2

 

 

LA

SA

V

 

7. 2 21 1
3 2

V SA   
Figure S.23.5  

V = 11,760; LA  
Figure S.23.6

2 2 16 2 32; 16 32; 16 8 32.
3

V SA  

e be the base edge. Then, 2110 6 gives 5.
3

e e  

 Slant height: 
2

2 56 36 .es  

  2 1
2

SA e e s  

8. Area base 3 31 16 1 3 .
2 2 2

 

 1
h h  

Thus, 

 3 31 2.05 1.8.
3 2

V  

9. 22 2r  

2. Area of hemisphere = 2 21
2

r r

8 10

6

Figure S.23.5

20 29

21

Figure S.23.6



2 2

2 2 2

1 1
2 2
1 1
2 2

SA r r rh

One hemisphere 2 21
2

5150 gallons.
3
351050 gallons.
3

We need 211
3

 more units of paint.

space cylinder sphere

2 3

3 3 3

3 3

sphere

3

16 168 8
3 3

2
3 3
2 .

V V V

r r r

r r r

r r

V

Figure S.23.7

10. 1 .
2

LA n xs

1 .
2

LA nx s  Because nx = perimeter of the base, this reads

lateral area = 1
2

× perimeter of base × slant height.

r, then the perimeter = 2 . The formula becomes

lateral area = 1 2 .
2

r s rs

r

8r

Figure S.23.7
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Lesson 24 

1. k2  k = 2. 

k2 = 12 gives 2.k  

k2 = 3 gives 1 .
2

k

2. k = 200.

221 1 200 20,000 gallons.
2 2

k  

33

3

2 2 200 16,000,000 cubic feet

116,000,000 592592.6 cubic yards.
3

k  

3. 3k3 = 375 gives k = 5. 

k2 = 25.

k2 = 25. 

k = 5.

4. k 

Equators are lengths and have ratio k 

Surface areas have ratio k2 = 16.

Volumes have ratio k3 

5. 

k2 2

21
12
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3 = 27.

31
12

 

2 2. 

 Number of tiles 
25

 tiles.

2 2. 

V1
3 in3 and V2 = 800 in3. So, k3 = 123, and k = 12.

6. k = 2. 

V = 20k3 3.

Vbottom
3.

7. 
20 5

k 5k

2 16 .
25

k  

2 16 .
25

k  

A. 

 Then, the lateral area of the entire cone is 2 25 ,
16

Ak A  so the lateral area of the bottom portion is 
25 9 .
16 16

A A A  

 The ratio of the two lateral areas, top over bottom, is 16 .
9 9

16

A
A

 

V. 

 Then, the volume of the entire cone is 3 125 ,Vk V  so the volume of the bottom portion is 
125 61 .V V V  

 The ratio of the two volumes, top over bottom, is .
61 61
V

V
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8. 

k = 5, so SA k2 = 100 cm2 and V = 2k3 = 250 cm3.

is 2
2

SA
V

 for the small worm and 100
250

 for the big worm. This is much worse for the 
big worm.

SA
V

9. k3

k = 12 inches.

2
2 2 2

little big
1 0.786 in , and 0.786 113.097 in .
2

A A k  

2200Little 127 lbs
2 .07

/
86

in .  

 2Big 6112 lbs
2 113.

/ n
09

.
7

i

10. 1 ,
100

k  so weight = 120k3 = 0.00012 pounds, and SA = 10k2 = 0.001 ft2.

3. This weighs 0.7 pounds, which is 0.7
120

 of her weight.

3. This weighs 0.00007 pounds, which is 
0.00007
0.00012

 of her body weight. She would not be able to move.

Lesson 25

1. Probability 1 .
2

 

2. .  

3 .
11
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3. If the radius of the sphere is r, then the side of the cube is 2r

 Probability = 
3 3

2 3
3 3 .

82

r r

rr
 

4. Probability = 
25 25 .

30 60 1800 72
 

5. Let r be the radius of the circle. 

Note the half equilateral triangle in Figure S.25.1 with  
hypotenuse r

2
r  and the other 

2
2 3 .rrr  

r2.

Area of the triangle 

2

31 1base height 2
2 2 2 2

3 31 33 .

r r r

rr r

 

Probability 
2 2

2

3 3 3 3
.

r r

r
 

6. We have that approximately 875 ;
1000

 that is, 0.875 of the photograph represents oil. 

2. 

7. 3

100,000
 

8. You need to estimate the volume of the room and the volume of your head  
to compute this probability.

9. The probability we seek is 
23 . Figure S.25.2

3
2

r
30°2

r r

Figure S.25.1

3 3

3 3

3

3

3

3

Figure S.25.2
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10. ANM  is similar to ABC  by SAS with scale factor k = 2. The area of ANM  is 1  the area of .ABC  
The same is true for and .CMO BON  

3 of the area of the triangle, and the shaded region represents just 1 . 

The probability that the chosen point lies in this shaded region is thus 1 .

Lesson 26 

1. 

 Draw a line and a line segment AB  along it. 

 Using a circle of radius AB and center A, mark a point B  on the line  
so that AB  = AB, as shown in Figure S.26.1.

 Drawing two circles, each of radius BB , one with center B  
and the other with center B , gives two intersecting points  

A, as shown  
in Figure S.26.2.

 Using A as the center and a circle of radius AB, mark a point C  
along the perpendicular segment, as shown in Figure S.26.3.  
We now have two sides of a square.

 Turn the page 90° and repeat this work starting with line  
segment CA  to construct a perpendicular segment through C  
to make the third side of the square. Connect the ends of the  

A BB

Figure S.26.1

A BB

Figure S.26.2

A

C

BB

Figure S.26.3
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Figure S.26.4 shows how to draw an equilateral triangle 
with a given segment as one of its sides.

 To draw a hexagon, draw an equilateral triangle.  
And then draw a second equilateral triangle on one  
of its sides. 

 Do this six times to construct a hexagon.  
Figure S.26.5

2. Draw a circle with the vertex of the angle its center. This circle  
intersects the rays at two points, A and B Figure S.26.6

Draw circles each of radius AB with centers at A and B. 

Let P be one of their points of intersection. Also, call the vertex of the angle O. 

Then, the line OP  is the angle bisector of .AOB Figure S.26.7

To see why, notice that OA = OB AP = BP by our second step. 

So, triangles OAP and OBP are similar by SSS and, therefore, .AOP BOP  

3. 
shown in the lesson. We know from Lesson 12 that these three line segments 
meet at a common point P that is the center of the circle that passes through 
each vertex of the triangle. Set one point of the compass at P and the other at 
one corner of the triangle, and draw the circle of this radius with center P. 

three

r

r r

Figure S.26.4

A

B

Figure S.26.6

A

O P

B

Figure S.26.7

Figure S.26.5
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4. Draw a chord across part of the arc, and construct a perpendicular bisector of the chord. Do the same for a 

Comment: If you rip the page from the book and hold it up to the light, you can fold a section of the arc 
onto itself. The crease is a perpendicular bisector of a chord. Do this again. Where the two creases intersect 
is the center of the circle.

5. Yes. We have seen that if a and b have been constructed, then it is possible to construct a + b and also .a  

So, use the following steps to construct 1 2 3 .  

 Next, construct a segment of length 3.  

 Next, construct a segment of length 2 3.  

 Next, construct a segment of length 2 3 .  

 Next, construct a segment of length 1 2 3 .  

 Finally, construct a segment of length 1 2 3 .  

Lesson 27 

1. Verify that it does.

2. In each case, they do.
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3. Color the corners of the squares of the table  
black and white according to a checkerboard 
pattern as shown in Figure S.27.1, with the  

It is clear that the ball will only ever pass from 
black corner to black corner. So, if the ball is to 

corner of the table, the only black corner.  

To prove that the ball must land in a corner, we need to establish two things.

from which square it just came. So, if the ball traverses some square more than one time, the previous 
square in the ball’s path was also repeated more than once, and so on. 

 
the ball will never pass through the same square of the table twice. This means that the ball cannot bounce 

remaining three corners. 

Comment: This conclusion that the ball falls into one of the remaining three corners applies to tables  
of all dimensions.

4. 
This is the corner into which the ball must fall.

5. 
This is the corner into which the ball must fall.

Figure S.27.1
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Lesson 28

1. On a square grid, mark a point O, and mark a point P 1 unit to the east and 3 units to the north. Use OP as 
a radius to draw a circle with center O. In this picture, we see a 2 × 6 rectangle and a square of side length 

20.  The ratio of their areas is 12 3 .
20 5

 

2. 

The following is the picture of a tetrahedron with the midpoints  
of its sides marked and line segments connecting drawn to create  

Figure S.28.1

This shows that one octahedron and one tetrahedron stack together to 

3. V. 

Each small tetrahedron in the corner of this large one is a scaled copy with scale factor 1 .
2

k  

Thus, its volume is 3 .
8
Vk V  This means that the volume of the interior octahedron is 4 .

8 2
V VV  

The ratio of volumes of one small tetrahedron to the octahedron is 18 .
4

2

V

V
 

4. w and sides a and b as shown in Figure S.28.2. 
Notice that 21 .PQ x  

Looking at the small shaded triangle and the large shaded 
triangle, we see

 
2

2

sin
1

1cos .
1

a xw
x x

bw
x x

2

2 2
and .

1 1
x xa b

x x
 

Figure S.28.1

x

x

xP

Q

x

b a

a

w
b

x

x

x

x

Figure S.28.2



259

The area of the inner square is
222

2
2

2

2

2

2

1 1
1

1

1
1

1
.

1

x x x
x a b

x

x
x

x
x

Lesson 29 

1.
that intersects a pair of opposite faces has a pair of parallel sides. 
Thus, all cross sections are parallelograms—or trapezoids if the slicing 

Figure S.29.1. 

2.
cylinder that each just touch the plane of the cross section. 

3. P x, y
F c G c FP + PG = k, for some 

k. FP + PG
FG. That is, k  2c Figure S.29.2.

The equation FP + PG = k reads

2 22 2 .x c y x c y k

Rewrite this as

2 22 2 ,x c y k x c y

2 2 22 2 2 22 .x c y k x c y k x c y

Figure S.29.1

P x, y

CC

Figure S.29.2
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This gives

 22 2 2 2 2 2 2 22 2 2 ,x cx c y k x cx c y k x c y  

yielding

 2 2 22 4k x c y k cx  

or

 2 2 2 .
2
k cxx c y

k
 

 
2 2 22 2

2
42 ,

4
k c xx c y cx

k
 

 
2 2 2

2 2 2
2

42 2 ,
4
k c xx cx c y cx

k
 

yielding

 
2 2

2 2 2
2

41 .
4

c kx y c
k

 

Because k  2c, the quantities 
2 2

2
2

41 and
4

c k c
k

2
2

4
k c  

gives 

 
22

22
22

2

2

1,

44
41

yx
kk cc

c
k

 

which is indeed an equation of the form 
22

2 2 1yx
a b

2
2

2
2

2

2

4 and .
441

k c ka b c
c

k
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4. r. Call its center F.

r  
Call this line m.  

The diagram in Figure S.29.3 shows that the center of  
any circle tangent to the given circle and the given line  
is equidistant from F and m
with focus F m.

Lesson 30

1. A and B L to the  
points A  and B , respectively. First assume that A and B lie on the  
same side of L. 

P AA  and line L and Q  
BB  and L Figure S.30.1

Now, BQP  and B QP ,BQ B Q  
PQ x 

and ,PB PB

Thus, ,APB A PB x.

APB  is congruent to A PB AP = A P, ,APB A PB  and PB = PB

Thus, AB = A B

A and B.

In the same way, you can show that this distance is preserved in the case where A and B lie on opposite 
sides of the line, in the case where one of the points A or B

 
is an isometry. 

r
r

r r

F

m

Figure S.29.3

A

x
x

A

B

Q

P
L

B

Figure S.30.1
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2. 

3. 

there are plenty of glide symmetries.

4. 

5. 

vertical line symmetry. 

Lesson 31

1. 
see that the fractal is composed of 4 scaled copies of itself, each at 1

3
 the scale. Thus,

 1
4

original size = 1
3

d

 original size,

giving 3d = 4. Thus, d  1.26.
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2. 1
3

 the scale. Thus, 

 1
20

original size = 1
3

d

 original size,

giving 3d = 20. This yields d 

3. 2 3 4
1 1 1 1 10.1111 0.1 0.01 0.001 0.0001 .

10 910 10 10
 

4. We start with 1 equilateral triangle and add to it 3 triangles at 1
3

 the scale, then 12 triangles at 1
9

 the scale, 

then 48 at 1  the scale, and so on. 

iteration, and these triangles are each 1
3

Figure S.31.1

k2

 
2 2 2

2 4 6
2

1 2 3
2

2
2

1 1 11 3 1 12 1 48 1

1 1 11 3 1 3 4 1 3 4 1
3 3 3

1 1 11 3 1 3 4 1 3 4 1
9 9 9

1 1 1 11 3 4 4
3 9 9 9

1 1 41
3 3

24 .
9 9

. . . 

Figure S.31.1
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2 3

2 3
4 4 4 1 1 1
9 9 9 9 99

4 44

1
9 1
4

4
9 4
4 ,
5

 

1 1 4 81 .
3 3 5 5

 

2 3
1 1 1 1equal ,

1xx x x
 even if x is not  

Notice that 2 3 2 3
1 1 1 1 1 1 1 1 .
x x x x x x x x

 

If 2 3
1 1 1
x x x

 equals A, then this equation reads 1 1 .A A
x x

 

x and solving for A gives 

 1

1 1

1 .
1

xA A

x A

A
x

 

2 3
1 1 1 1 .

1xx x x
 

2 3
1 1 1 1 .

99 99 1
44 44

 

5. 
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Lesson 32

1. 

 

half, too. 

2. 

3. 
region it encloses, we see that we are trying to enclose a 
region along a straight line using a perimeter of 80 inches. 

Figure S.32.1

4. x. 

 
a and b, as shown in Figure S.32.2. Clearly, a + b = x.

Then, the total area of the portion of the square shaded gray is 
21 1 1 1 ,

2 3 2 2
xa bx x a b x  which is half the area of the square. 

 
of the square.

5.  
Figure S.32.3

 

Figure S.32.1

a b

x

Figure S.32.2

Figure S.32.3
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Lesson 33

1. 

2.  
as shown in Figure S.33.1.

This result shows that we can always convert undercrossings  
to overcrossings, and vice versa, as convenient.

3. 
undercrossing to an overcrossing, or vice versa. Then, it is clear 

Figure S.33.2

4. 

Figure S.33.3

5. 

 LLLRRRLRLLRRRLLLRRLLLLLRRRRRRRLLRLRLRLLLRRRL, 

equivalent to one of the form LRLRLRLRLRL… or RLRLRLRLR… .

untangled state.

Figure S.33.1

Figure S.33.2

Figure S.33.3



Lesson 34 

1. If you are N
1

1 2 3
2

N N
N  candles.

2. 49 5049 1225.
2

T  

3. Figure S.34.1 generalizes for any size of triangle. 

 

2

2

2

1 6 1

1 6 1 1 2
2 2 2

8 8 2
2

4 4 1

2 1 .

T N T N T N

N N N N N N

N N

N N

N

4. 2 2 2 2 2S N M N M N M MN S N S M MN . 

Geometrically:

 N

N

M

M

Figure S.34.2

5. 

  

2

1 1 2 3 4 2 1 2 3 4 3 1 2 3 4 4 1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 .

 

Figure S.34.1
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factor of 3, and the fourth a common factor of 4.

  1 1

1 2 2 2 2 1

1 3 2 3 3 3 3 2 3 1

1 4 2 4 3 4 4 4 4 3 4 2 4 1

1 1 2 1 2 1 3 1 2 3 2 1 4 1 2 3 4 3 2 1 .

  
2 2 2

3 3 3 3

1 1 2 1 2 1 3 1 2 3 2 1 4 1 2 3 4 3 2 1

1 1 2 2 3 3 4 4

1 2 3 4 ,

 

n × n 21 2 .n  
3 3 31 2 .n

Lesson 35 

1. A i and B = 5 + 6i. The point we seek is

 3
5
3
5

2 3
5 5
2 31 10 5 6
5 5
13 38 .
5 5

P A AB

A B A

A B

i i

i

Thus, 13 38, .
5 5

P  



269

2. i i i  

i i i  

i i i

3. a + ib i

a b i a + 4b

 This suggests solving

  4a b = 1
  3a + 4b = 0.

 The second equation gives 3 .
4

b a  

94 1,
4

a a  giving 4 3, so .
25 25

a b  

 It seems that 1 4 3 .
4 3 25 25

i
i

 

i i = 1, it seems that 1 .i
i

 

2 2 2 2
1 .p q i

p iq p q p q
 

4. From i2 i4 i2 2 2 = 1. Thus, i400 i4 100 = 1100 = 1. Consequently,

 403 400 2 1 1 .i i i i i i
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5. A, B, C,  
and D as shown in Figure S.35.1, and regard these  

P1, P2, P3, and P4 in terms  
of A, B, C, and D.

A, to reach P1  
along AB  
walk the same distance again. 

Thus,

 1
1 1 1 1 1 .
2 2 2 2 2 2

i i iP A AB i AB A B A B A A B  

In the same way,

 3
1 1 1 .
2 2 2 2

i i iP C CD CD C D  

Thus, 1 3P P

 1 3 3 1
1 1 1 1 .

2 2 2 2
i i i iP P P P A B C D  

In the same way, 

 2 4 4 2

1 1
2 2 2 2

1 1 1 1 .
2 2 2 2

P P P P

i iD A D A D B C B C B

i i i iA B C D

 

Now, notice that

 2 4 1 3
1 1 1 1 1 1 1 1 .

2 2 2 2 2 2 2 2
i i i i i i i iiP P i A B C D A B C D P P

Thus, 1 3 2 4isP P P P  
and perpendicular.

P1

A

B

CD

P4

P3

P2

Figure S.35.1



Lesson 36

1. y

x

Figure S.36.1

2. y

A

B

x

perpendicular bisector

Figure S.36.2
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3. 
A

C

B
8

8

8

Figure S.36.3

4. 
60 60 60 180

 total surface area = 0. The angles of any 

5. Let R r the radius  

lengths as shown in Figure S.36.4

1.609 0.256 km.
2

r  

We see that 

 
10.256 0.256

6400 6400
rx x
R

 

x°

R

R

r x°

Figure S.36.4



Formulas

Polygons

N N
N N

Regular Polygons

N-gon is .
N

Distance and Midpoints

2 2distance difference in -values difference in -values .x y

The midpoint of the line segment connecting P x1, y1 Q x2, y2
1 21 2 , .

2 2
y yx xM

Lines

 m a, b y b = m x a

If one line has slope m, then a line perpendicular to it has slope 1 .
m

Area

area of a rectangle: length × width.

area of a triangle: 1
2
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area of a regular N N

Circles

The equation of a circle with center C a, b r x a 2 y b 2 = r2

If C is the circumference of a circle, D is its diameter, r D = 2r A is its area, then

 .C
D

 2 .C r

 
2 .A r

If an arc of the circle of radius r has measure x 2 .
360

x r

2 .
360

x r

Volumes and Surface Areas

 V

Figure F.1

volume of a cone

 V = 1
3

Figure F.2

h

Figure F.1

Figure F.2



volume and surface area of right circular cylinder

 V = 2h.

 lateral area = 2 .

 total surface area = 2  + 2 2.

Figure F.3

 

 V = 1
3

2h.

 lateral area = .

 total surface area =  + 2.

Figure F.4

volume and surface area of a sphere

 V = 4
3

3.

 total surface area = 4 2.

Figure F.5

Trigonometry: Through “Circle-ometry”

 x x  

 x x

 sin sin .x x

 cos cos .x x

 
2 2

cos sin 1.x x

r

h

Figure F.3

r

slant height s

Figure F.4

r

Figure F.5
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Trigonometry: Through Right Triangles

 oppsin .
hyp

x

 adjcos .
hyp

x

 
sinopptan .

adj cos
x

x
x

Addition Formulas

 sin sin cos cos sin .x y x y x y  

 cos cos cos sin sin .x y x y x y

Changing y y sin sin and cos cosy y y y

 sin sin cos cos sin .x y x y x y

 cos cos cos sin sin .x y x y x y

y = x

 sin 2 2sin cos .x x x  

 
2 2

cos 2 cos sin .x x x

2 2cos 2 cos sin .x x x

law of cosines: If a triangle has sides a, b, and c with angle x a and b, then

 
2 2 2 2 cos .c a b ab x  

Scale

k,

k.

k2.



k3.

all angles remain unchanged.

Fractal Dimension 

If a fractal is composed of N parts, each a scaled copy of the original fractal with scale factor k, then its 
d so that 1 .dk

N

Geometric Series Formula

2 3
1 1 1 1

1N NN N
 2.

Figurate Number Formulas

 21 2 3 1 1 3 2 1 .N N N N

N N 2.

N N N

N
1

1 2 3 .
2

N N
N

The N th S N  = N 2.

The N th
1

.
2

N N
T N

Spherical Triangles

The area of a spherical triangle with interior angles of measures x y z

 
180

total surface area of the sphere.
x y z
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Glossary

acute angle 

acute angle.

: Given a pair of lines and a transversal, a pair of nonadjacent angles sitting 

:
that angle. 

:

: The length of an arc of a circle. arc.

: M sitting on a line segment AB AM = MB.

:

:

:
arc.

: The center of the circumcircle of a triangle is its circumcenter. It is the 
circumcircle of a triangle.

: For each triangle, there is a unique circle that passes through the vertices of the 
triangle. This circle is the circumcircle of the triangle. 



: Two or more points are collinear if they lie on a common line.

a + ib, with a and b i an alleged quantity 
with the mathematical property that i2

 convex polygon.

: 

selecting a point P

point P.

: Two angles of the same measure are congruent.

: Two line segments of the same length are congruent. 

: Two polygons that are similar with scale factor k = 1 are congruent.  
similar polygons.

a
a if given only a line 

segment of length 1 already drawn on the page.

A and B in the interior of the polygon, 
the line segment AB concave polygon.

coordinate plane See Cartesian plane/coordinate plane.

: Two or more points are coplanar if they lie on a common plane.

x, then the length of the 
horizontal displacement, left or right, of the point is denoted cos x  and is called the cosine of the angle.  

cosine of an angle  
.
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: If x is a non–right angle in a right triangle, then the ratio of the 
length of the side of the triangle adjacent to the angle x
hypotenuse of the right triangle is called the cosine of the angle and is denoted cos .x

x
.

: For a transversal crossing a pair of lines, two angles on the same side of the 

: 

: 

: 

chord.

O with scale factor k is the mapping that takes each point P 
different from O to a point  on the ray OP  such that  = kOP. The dilation keeps the point O
place. mapping.

: Given two points F and G in the plane, the set of all points P for which the sum of distances  
FP + PG has the same constant value traces a curve called an ellipse. The points F and G are called the foci of 
the ellipse.

: 

: 

: 
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: If a fractal is composed of N parts, each a scaled copy of the original fractal with scale 
factor k d so that 1 .dk

N
 fractal.

 
curves, points, and shapes drawn in space. planar geometry, three-dimensional geometry,  
spherical geometry. 

L in a plane is the mapping that results from performing a 
translation in a direction parallel to L L. mapping.

: Given two points F and G in the plane, the set of all points P for which the differences of 
distances FP PG and GP PF F 
and G

: The side opposite the right angle in a right triangle. 

: The center of the incircle of a triangle is its incenter. It is the location where the 
incircle of a triangle.

: For each triangle, there is a unique circle sitting inside the triangle tangent to each 
of its three sides. This circle is the incircle of the triangle.

: 

: If P and Q are two endpoints of an arc of a circle and A is a point on the circle not on the 
arc, then PAQ

mapping.

: 

: 

 cone, cylinder.

 
in the plane.
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: If a trapezoid has just one pair of parallel sides, then the line segment connecting 
the midpoints of the two remaining sides is the median of the trapezoid.  trapezoid.

: 

: M is a midpoint of line segment AB  if M lies on the segment and AM = MB.

N : N sides.  polygon.

: 

: obtuse angle.

: Given a line m and a point F not on that line, the set of all points P equidistant from m and P 
F m

: 

: 

: 
segment and perpendicular to it. midpoint.

common value of this ratio is called pi and is denoted . 

: 
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: cylinder.

: cone.

: 
circle. The length of any such line segment is called the radius of the circle. 

L is a mapping that takes each point P in the plane not  
on L to a point P L .PP  It keeps each point on L  

mapping.

: 

 equiangular, equilateral.

regular cone or : 
and all of its lateral faces are congruent.  cone, cylinder.

: 

: 

: right angle. 

O through a counterclockwise angle of x
that takes each P in the plane different from O to a point P andOP OP  are 
congruent and the angle from to ,OP OP  measured in a counterclockwise direction, is x
the point O mapping.

: Given a pair of lines and a transversal, a pair of nonadjacent angles sitting 
 

: 

: 



284

G
lo

ss
ar

y

: 

all side lengths encountered in turn match in the same ratio k.

The common ratio k of the side lengths is called the scale factor. 

 
x, then the height of the point 

sin x
.

: If x is a non–right angle in a right triangle, then the ratio of the length 
of the side of the triangle opposite angle x to the length of the hypotenuse of the right triangle is called the sine 
of the angle and is denoted sin .x
elevation x .

: 

cone, pyramid.

: 

: 
sphere.

square number,  
triangular number.

 
a square array.

: 

mapping.

: If x is a non–right angle in a right triangle, then the ratio of the 
length of the side of the triangle opposite angle x

tan .x  
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: 

mapping.

A a1, a2 B b1, b2

of the horizontal and vertical displacements, 1 1 2 2d A B b a b a
theorem, and all other structures of planar geometry are left the same, then the geometry that results is called 

: 
dimensional space.

: 

: 

: Two angles on opposite sides of the point of intersection of two intersecting lines are 
vertical angles. 
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V = 1
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Lesson 23. 

2013. This video shows the national math salute and its solution. 

 equal to 4 is mathematically appropriate for a square.


