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Introduction

The present book is intended as a text for the geometry course in sec-
ondary schools. Several features distinguish it from currently available
texts.

Choice of topics. We do not think that the purpose of the basic geo-
metry course should be to do geometry a certain way, i.e. should one fol-
low Euclid, should one not follow Euclid, should one do geometry the
transformational way, should one do geometry without coordinates, etc.?
We have tried to present the topics of geometry whichever way seems
most appropriate.

The most famous organization of geometrical material was that of
Euclid, who was most active around 300 B.c. Euclid assembled and en-
hanced the work of many mathematicians before him, like Apollonius,
Hippocrates, Eudoxus. His resulting textbook, The Elements, was used
virtually unchanged for 2,000 years, making it the most famous school-
book in history.

Many new ideas have been added to the body of knowledge about
geometry since Euclid’s time. There is no reason a priori to avoid these
ideas, as there is no reason to push them excessively if inappropriate.

For certain topics (e.g. in Chapters 1, 5, 6, 7), Euclid’s way is efficient
and clear. The material in Chapters 3 and 4 on Pythagoras’ theorem
also follows Euclid to a large extent, but here we believe that there is an
opportunity to expose the student early to coordinates, which are
especially important when considering distances, or making measure-
ments as applications of the Pythagoras theorem, relating to real life
situations. The use of coordinates in such a context does not affect the
logical structure of Euclid’s proofs for simple theorems involving basic
geometric figures like triangles, rectangles, regular polygons, etc.
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An additional benefit of including some sections on coordinates is that
algebraic skills are maintained in a natural way throughout the year
principally devoted to geometry. Coordinates also allow for practical
computations not possible otherwise.

We feel that students who are subjected to a secondary school pro-
gram during which each year is too highly compartmentalized (e.g. a
year of geometry from which all algebra has disappeared) are seriously
disadvantaged in their later use of mathematics.

Experienced teachers will notice at once the omissions of items tradi-
tionally included in the high school geometry course, which we regard as
having little significance.

Some may say that such items are fun and interesting. Possibly. But
there are topics which are equally, or even more, fun and interesting, and
which in addition are of fundamental importance. Among these are the
discussion of changes in area and volume under dilation, the proofs of
the standard volume formulas, vectors, the dot product and its connec-
tion with perpendicularity, transformations. The dot product, which is
rarely if ever mentioned at the high school level, deserves being included
at the earliest possible stage. It provides a beautiful and basic relation
between geometry and algebra, in that it can be used to interpret per-
pendicularity extremely efficiently in terms of coordinates. See, for in-
stance, how Theorem 10-2 establishes the connection between the
Euclidean type of symmetry and the corresponding property of the dot
product for perpendicularity.

The proofs of the standard volume formulas by means of dilations
and other transformations (including shearing) serve, among others, the
purpose of developing the student’s spatial geometric intuition in a par-
ticularly significant way. One benefit is a natural extension to higher di-
mensional space.

The standard transformations like rotations, reflections, and transla-
tions seem fundamental enough and pertinent enough to be mentioned.
These different points of view are not antagonistic to each other. On the
contrary, we believe that the present text achieves a coherence which
never seems forced, and which we hope will seem most natural to stu-
dents who come to study geometry for the first time.

The inclusion of these topics relates the course to the mathematics
that precedes and follows. We have tried to bring out clearly all the im-
portant points which are used in subsequent mathematics, and which are
usually drowned in a mass of uninteresting trivia. It is an almost univer-
sal tendency for elementary texts and elementary courses to torture top-
ics to death. Generally speaking, we hope to induce teachers to leave
well enough alone.

Proofs. We believe that most young people have a natural sense of
reasoning. One of the objectives of this course, like the “standard”
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course, is to develop and systematize this sense by writing “proofs”. We
do not wish to oppose this natural sense by confronting students with an
unnatural logical framework, or with an excessively formalized axiomatic
system. The order which we have chosen for the topics lends itself to
this attitude. Notions like distance and length, which involve numerical
work, appear at the beginning. The Pythagoras theorem, which-is by far
the most important theorem of plane geometry, appears immediately
after that. Its proof is a perfect example of the natural mixture of a
purely geometric idea and an easy algebraic computation.

In line with the way mathematics is usually handled we allow our-
selves and the student to use in the proofs facts from elementary algebra
and logic without cataloguing such facts in a pretentious axiomatic sys-
tem. As a result, we achieve clearer and shorter chains of deduction.
Whatever demerits the old books had, they achieved a certain directness
which we feel should not be lost.

On the other hand, we are still close to Euclid. We preferred to use a
basic axiom on right triangles at first (instead of Euclid’s three possibili-
ties SSS, SAS, ASA) for a number of reasons:

It suffices for the proofs of many facts, exhibiting their symmetry
better.

It emphasizes the notion of perpendicularity, and how to use it.

It avoids a discussion of “congruence”.

Of course, we also state Euclid’s three conditions, and deduce further
facts in a standard manner, giving applications to basic geometric figures
and to the study of special triangles which deserve emphasis: 45-45-90
and 30-60-90 triangles.

We then find it meaningful to deal with the general notion of congru-
ence, stemming from mappings (transformations) which preserve distance.
At this point of course, we leave the Euclidean system to consider syste-
matically rotations, translations, and reflections. We also show how
these can be used to “prove” Euclid’s three conditions. In many ways,
such proofs are quite natural.

Exercises. While the exercise sets include many routine and drilling
problems, we have made a deliberate effort to include a large number of
more interesting ones as well. In fact, several familiar (but secondary)
theorems appear as exercises. If one includes all such theorems in the
text itself, only overly technical material remains for the student to prac-
tice on and the text becomes murky. In addition, it is pedagogically
sound to allow students a chance to figure out some theorems for them-
selves before they see the teacher do them. Omne cannot go too far in
this direction. Even for the theorems proved at length in the text, one
might tell the students to try to find the proof first by themselves, before
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it is done in class, or before they read the proof in the book. In some
cases, students might even find an alternative proof.

This policy has some consequences in the teaching of the course. The
teacher should not be afraid to spend large amounts of class time dis-
cussing interesting homework problems, or to limit some assignments to
two or three such exercises, rather than the usual ten to fifteen routine
ones. The students should be reassured that spending some time think-
ing about such an exercise, even when they are not able to solve it, is
still valuable.

We feel that even if the secondary results included as exercises were
for the most part entirely omitted from the course, even then the stu-
dents would not be hampered in their further study of mathematics. Any
subject (and especially one as old as geometry) accumulates a lot of such
results over the years, and some pruning every few centuries can only be
healthy.

The experiment and construction sections are especially suited to in-
class activity, working in groups, and open-ended discussions, as an al-
ternative to the daily class routine.

A Coherent Development. Like most mathematics teachers, we
are aware of the controversy surrounding the geometry course, and the
problem of structuring a course which is broader than the traditional
Euclidean treatment, but which preserves its pedagogical virtues. We
offer this book as one solution. Reforms of the curriculum cannot pro-
ceed by slogans—New Math, Old Math, Euclid Must GO, etc. We are
trying to achieve reform by proposing a concrete, coherent development,
not by pushing a new ideology.

SERGE LANG AND GENE MURROW
Spring 1988

Acknowledgement. We would like to thank those people who have
made suggestions and pointed out misprints in the preliminary edition,
especially Johann Hartl, Bruce Marshall, W. Schmidt, S. Schuster, and
Samuel Smith.

S.L. and G. M.



CHAPTER 1

Distance and Angles

1, §1. LINES

The geometry presented in this course deals mainly with figures such as
points, lines, triangles, circles, etc., which we will study in a logical way.
We begin by briefly and systematically stating some basic properties.

For the moment, we will be working with figures which lie in a plane.
You can think of a plane as a flat surface which extends infinitely in all
directions. We can represent a plane by a piece of paper or a black-
board.

LIN. Given two distinct points P and Q in the plane, there is one and
only one line which goes through these points.

We denote this line by Lp,. We have indicated such a line in Figure 1.1.
The line actually extends infinitely in both directions.

e

Figure 1.1

We define the line segment, or segment between P and Q, to be the set
consisting of P, Q and all points on the line Ly, lying between P and Q.
We denote this segment by PO.

If we choose a unit of measurement (such as the inch, or centimeter,
or meter, etc.) we can measure the length of this segment, which we
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denote d(P, Q). If the segment were 5cm long, we would write
d(P, Q) = 5cm. Frequently we will assume that some unit of length has
been fixed, and so will write simply d(P, Q) = 5, omitting reference to the
units.

Two points P and Q also determine two rays, one starting from P
and the other starting from Q, as shown in Figure 1.2. Each of these
rays starts at a particular point, but extends infinitely in one direction.

P
Q
P
a
(a) Ray starting from P (b) Ray starting from Q
passing through P and Q passing through P and Q.

Figure 1.2.

Thus we define a ray starting from P to consist of the set of points on
a line through P which lie to one side of P, and P itself. We also say
that a ray is a half line.

The ray starting from P and passing through another point Q will be
denoted by Rpy. Suppose that Q' is another point on this ray, distinct
from P. You can see that the ray starting from P and passing through
Q is the same as the ray that starts from P and passes through Q'
Using our notation, we would write

Rpo = Rpg--

In other words, a ray is determined by its starting point and by any
other point on it.

The starting point of a ray is called its vertex.

Sometimes we will wish to talk about lines without naming specific
points on them; in such cases we will just name the lines with a single
letter, such as K or L. We define lines K and L to be parallel if either
K =1L, or K# L and K does not intersect L. Observe that we have al-
lowed that a line is parallel to itself. Using this definition, we can state
three important properties of lines in the plane.
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PAR 1. Two lines which are not parallel meet in exactly one point.

PAR 2. Given a line L and a point P, there is one and only one line
passing through P, parallel to L.

In Figure 1.3(a) we have drawn a line K passing through P parallel to

L. In Figure 1.3(b) we have drawn a line K which is not parallel to L,
and intersects at a point Q.

K : K

o\
Figure 1.3
PAR 3. Let L,, L,, and L5 be three lines. If L, is parallel to L, and

L, is parallel to L, then L, is parallel to L.

This property is illustrated in Figure 1.4:

Figure 14

We define two segments, or two rays, to be parallel if the lines on
which they lie are parallel.
To denote that lines L, and L, are parallel, we use the symbol

Ly L.

Note that we have assumed propertics PAR 1, PAR 2, PAR 3. That
is, we have accepted them as facts without any further justification. Such
facts are called axioms or postulates. The statement LIN concerning
lines passing through two points was also accepted as an axiom.
We discuss this more fully in §4 on proofs.
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You should already have an intuitive idea about what a triangle is.
Examine the following precise definition and see that it fits your intuitive
idea:

Let P, Q, and M be three points in the plane, not on the same line.
These points determine three line segments, namely,

PO, OM, PM.

We define the triangle determined by P, Q, M to be the set consisting
of these three line segments. We denote this triangle by APQM (Figure
1.5).

Q

Figure 1.5

Note that if P, Q, and M do lie on the same line, we do not get a
triangle. We define points to be collinear whenever they lie on the same
line.

Remark. There is some ambiguity about the notion of a triangle. The
word is sometimes used to denote the region bounded by the three line
segments. One should really say “triangular region”. On the other hand,
we shall commit a slight abuse of language, and speak of the “area of a
triangle”, when we mean the “area of the triangular region bounded by
a triangle”. This is current usage, and although slightly incorrect, it does
not really lead to serious misunderstandings.

We define a triangle to be isosceles if two sides of the triangle have
the same length. We define the triangle to be equilateral if all three sides
of the triangle have the same length. Pictures of such triangles are
drawn on Figure 1.6(a) and (b).

(a) Isosceles triangle. (b) Equilateral triangle.

Figure 1.6.
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Remark on “Equality”. In mathematics, two quantities are said to be
equal if they are the same. For instance, the two segments AB and CD
in Figure 1.7(a) and (b) are not equal. They are not the same segment.
They constitute two segments.

p— - T

(a) (b}
Figure 1.7

However, their lengths are equal. Similarly, the two angles of Figure
1.8(a), (b) are not equal, but their measures are equal.

(a) (b)

Figure 1.8

If we say that a point P equals a point Q, then P and Q are the same
point, merely denoted by two different letters. (The same person may
have two different names: a first name and a last name!)

1, §1. EXERCISES

1. Ilustrate each of the following by labeling two points on your paper P and Q
and drawing the picture.

@) LPQ (b) RQP © F@ (d) RPQ

2. Draw three points M, P, and Q, and draw the rays R, and Rp,. Under
what conditions will these two rays together form a whole line?

3. Suppose points P, Q M lie on the same line as illustrated in Figure 1.9. Write
an equation relating d(P, Q), d(P, M), and d(Q, M).

P Q M

Figure 1.9
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4. By our definitions, is AB parallel to PQ?

A/B

Figure 1.10

5. Criticize the following statement:

The line segments connecting any three points in the plane make up a tri-
angle.

6. In Figure 1.11, line K is parallel to line U, and line L intersects line K at
point P. What can you conclude about lines L and U? Why?

—

P

Figure 1.11

7. In Figure 1.3(a) on page 3, we have drawn a picture illustrating PAR 2, where
point P is not on line L. Explain how PAR 2 is still true even if P does lie
on line L.

CONSTRUCTION 1-1

Since we study figures in the plane, it is useful to know how to draw
accurate pictures of them. We sometimes use these pictures to make
guesses about properties of various figures. Below we introduce the first
of some basic constructions. In all constructions, work carefully, use a
sharp pencil, and don’t be afraid to try different things on your own.

To construct a triangle given the lengths of the three sides.

You are given segments AB, CD, and EF (Figure 1.12), and you wish
to construct a triangle whose sides have lengths equal to the lengths of
the three segments.

Figure 1.12
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Draw a line on your paper. Set your compass at a distance equal to
‘he length of AB. Choose a point P on your line, place the point of the
compass (the tip with the needle) on P, and draw an arc which crosses
‘he line at a point Q. Set the compass tips at a distance equal to the
ength of CD, place a tip on P, and draw an arc above the line. Set the
sompass equal to the length of EF, place a tip on Q, and draw another
arc crossing the previous one. Where these arcs intersect is point R, and
riangle PQR is the desired one (Figure 1.13).

R

Figure 1.13

EXPERIMENT 1-1

[. Construct a triangle with sides equal in length to PQ, RS, and XY
(Figure 1.14).

Figure 1.14

—

Construct a triangle whose sides are 5cm, 7 cm, and 10 cm.

J. Choose one of the segments in Problem 1, and construct an equila-
teral triangle, whose sides have the same length as that segment.

k. Construct a triangle such that one of the sides has the same length as
PQ, while the two other sides have the same length as RS.

). Construct a triangle whose sides have lengths 5cm, 7 cm, and 15 cm.
). Can you explain why there is trouble with Problem 5?

I. Draw any triangle just using a ruler, and measure the length of the
three sides. Add up the lengths of any two sides and compare this
total with the length of the third side. What do you notice?

§. Construct a triangle with sides of length 5cm, 10cm, and 15cm.
What happens?
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9. Let P, Q, and M be three points in the plane, and suppose
d(P, Q) + d(Q, M) = d(P, M).

What can you conclude about point P, Q, and M? Draw a picture.

1, §2. DISTANCE

The notion of distance is perhaps the most basic one concerning the
plane. We define the distance between two points P and Q in the plane
as the length of the line segment connecting them, which we have al-
ready denoted d(P,Q). Keep in mind that this symbol stands for a
number. We often write |PQ] instead of d(P, Q).

A few ideas about distance are obvious. The distance between two
points is either greater than zero or equal to zero. It is greater than zero
if the points are distinct; it is equal to zero only when the two points are
in fact the same—in other words when they are not distinct. In addition,
the distance from a point P to a point Q is the same as the distance
from Q back to P.

We write these properties of distance using proper symbols as follows:

DIST 1. For any points P, Q, we have d(P,Q) = 0. Furthermore,
d(P,Q)=0if and only if P = Q.

DIST 2. For any points P, Q, we have d(P, Q) = d(Q, P).

The phrase “if and only if” which we used in DIST 1 is the way a
mathematician condenses two statements into one. In particular, we
could replace that phrase in DIST 1 with the two statements:

If P=Q, then d(P,Q)=0
and
If d(P, Q) =0, then P = Q.

Study DIST 1 and DIST 2 carefully and convince yourself that they ex-
press the ideas mentioned in the previous paragraph and that they fit
your intuition. We discuss “if and only if” some more in Experiment
1-2, and in a later section when we talk about proof.

Another important property of distance is one you might have dis-
covered for yourself in Experiment 1-1. It is called the

Triangle Inequality. Let P, Q, M be points. Then

d(P, M) = d(P, Q) + d(Q, M).
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In the case that d(P, M) < d(P, Q) + d(Q, M), points P, Q, and M de-
termine a triangle illustrated in Figure 1.15.

Q
Figure 1.15

This statement tells us that the sum of the lengths of any two sides of a
triangle is greater than the length of the third side. Notice that the
triangle inequality allows the case where d(P, Q) + d(Q, M) = d(P, M).
Under what circumstances does this happen? The answer (which you
might also have found in Experiment 1-1) is given by the following prop-
erty.

SEG. Let P, Q, M be points. We have
d(P, Q) + d(Q, M) = d(P, M)
if and only if Q lies on the segment between P and M.

This property SEG certainly fits our intuition of line segments, and is il-
lustrated in Figure 1.16(a) where Q lies on the segment PM; and in (b)
and (c) where Q does not lie on this segment.

(a) (b)

(c)
Figure 1.16
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Again, the “if and only if” is saying two things. The first is:
If Q lies on the segment PM, then
d(P, Q) + d(Q, M) = d(P, M).

This is really just a basic property of the number line which we can use
as a fact, just as we will use DIST 1, DIST 2, and the triangle inequality.
The second is: If

d(P, Q) + d(Q, M) = d(P, M),

then Q lies on PM. This is not so obvious, but we have already verified
it somewhat in the previous Experiment.

There is one final property concerning distance and segments which
we will use. The points on a segment PM can be described by all
numbers between 0 and d(P, M). For example, suppose d(P, M) =9. If
we choose any number ¢ such that

0<c=<9,

there is just one point on the segment whose distance from P is equal to
c. Another example is a ruler. Each number on the ruler corresponds to
a point a certain distance from one end. In Figure 1.17 we have drawn
a point Q on the segment whose distance from P is 3, and a point @’
whose distance from P is 2-3 = 6.

P Q Q- M

— + —

1 2 3 6 9
Figure 1.17

This relation between numbers and points on a line should already be
familiar to you from an earlier course in which the number line was dis-
cussed.

Using our precise notion of distance, we can define some other geo-
metric figures.

Let r be a positive number, and let P be a point in the plane. We
define the circle of center P and radius r to be the set of all points
whose distance from P is r. We define the disc of center P and radius r
to be the set of all points whose distance from P is <r. The circle and
the disc are drawn in Figure 1.18.
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Circle D.i.sc

Figure 1.18

Though we have only discussed distance between two points, we intuiti-
vely define the circumference of a circle as the distance “once around”
the circle. This idea is more fully developed in §4 of Chapter 8.

1, §2. EXERCISES

1.

Radio station KIDS broadcasts with sufficient strength so that any town 100

kilometers or less but no further from the station’s antenna can receive the

signal.

(a) If the towns of Ygleph and Zyzzx pick up KIDS, what can you conclude
about their distances from the antenna?

(b) If a messenger were to travel from Ygleph to the antenna and then on to
Zyzzx, he would have to travel at most how many kilometers?

(c) What is the maximum possible distance between Ygleph and Zyzzx? Ex-
plain why your answer is correct.

. Charts indicate that city B is 265 km northwest of city A, and city C is

286 km southwest of city B. What can you conclude about the distance from
city A directly to city C?

. Which of the following sets of lengths could be the lengths of the sides of a

triangle:
(a) 2cm,2cm, 2 cm (b) 3m,4m,5m (c) Scm,8cm,2cm
(d) 3km, 3km, 2km (¢) 1m,5m,3im ) 2icm,3icm,4icm

. If two sides of a triangle are 12 cm and 20 cm, the third side must be larger

than ___ cm, and smaller than ____ cm.

. Let P and Q be distinct points in the plane. If the circle of radius r, around

P intersects the circle of radius r, around Q in two points, what must be true
of d(P, 0)?

. If d(X,Y)=35, d(X,Z) = 11, and Z lies on XY, then d(Z, Y) = 1.

Draw a line segment AB whose length is 15 cm. Locate points on AB whose
distances from A4 are:
(a) 3cm; (b) 3 cm; (c) 74 cm; (d) 8¢cm;  (e) 14cm

. Let X and Y be points contained in the disk of radius r around the point P.

Explain why d(X, Y) < 2r. Use the Triangle Inequality.
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EXPERIMENT 1-2

We have seen in the previous section that the phrase “if and only if”
allows us to condense two separate “if-then” statements into a single
sentence. For example, consider the statement:

“An integer has a zero in the units place if and only if it is divisible
by 10.”

The two “if-then” statements which together are equivalent to the above
are:

(1) If an integer is divisible by 10, then it has a zero in the units
place.

(2) If an integer has a zero in the units place, then it is divisible by
10.

Both of these statements are true, so the original statement is true.
For each of the following statements, write the two “if-then” state-
ments which are equivalent to it:

(a) A number is even if and only if it is divisible by 2.

(b) 6x =18 if and only if x = 3.

(c) A car is registered in California if and only if it has California
license plates.

(d) All the angles of a triangle have equal measure if and only if the
triangle is equilateral.

() Two distinct lines are parallel if and only if they do not intersect.

Now consider the following statement: “A number is divisible by 4 if
and only if it is even.” The two “if-then” statements equivalent to it are:

(1) 1If a number is even, then it is divisible by 4.
(2) If a number is divisible by 4, then it is even.

Statement (2) is true (think about it!), but statement (1) is not (the
number 10 is even but not divisible by 4). Therefore the original state-
ment is not true, since one half of the “if and only if” condition is false.

Determine whether each of the following are true or false in a similar
manner. If false, give an example.

(a) The square of a number is 9 if and only if the number equals 3.

(b) A man lives in California if and only if he lives in the United
States.

(¢) a=bif and only if a® = b>.

(d) Point @ lies in the disk of radius 5 around P if and only if
d(P,Q) = 5.

(¢) The integers x, y, z are consecutive if and only if their sum
equals 3y.
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In an “if-then” statement, the phrase following the word “if” is often
called the hypothesis and the phrase following the word “then” is called
the conclusion. When we interchange the hypothesis and conclusion of
an “if-then” statement, we are forming its converse. For example, state-

ment (2) above is the converse of statement (1); also, (1) is the converse
Af (N
vi \L:}.

Look back over your work to answer the question: “Is the converse
of a true statement always true?”

Give some examples to support your answer. Make up five “if-then”

statements of your own and determine whether they are true or not.

1, §3. ANGLES

Consider two rays Rp, and Rp,, starting from the same point P. These
rays separate the plane into two regions, as shown in Figure 1.19:

Figure 1.19

Each one of these regions together with the rays will be called an angle
determined by the rays.

Note. You may already be familiar with the definition of an angle as
“the union of two rays having a common vertex”. We have chosen a
different convention for two reasons. First, people do tend to think of
one or the other sides of the rays when they meet two rays as pictured
above; they do not think neutrally. Second, and more importantly, when
we want to measure angles later, and assign a number to an angle, as
when we shall say that an angle has 30 degrees, or 270 degrees, adopting
the definition of an angle as the union of two rays would not provide
sufficient information for such purposes, and we would need to give ad-
ditional information to determine the associated measure. Thus it is just
as well to incorporate this information in our definition of an angle.
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Given two rays as indicated in Figure 1.20, there is a simple notation
to distinguish one angle from the other.

Q

m

Figure 1.20

We draw a circle whose center is point P, as in Figure 1.21(a). The por-
tion of the circle lying in each angle determined by the rays is called an
arc of the circle. The two arcs thus determined are shown in bold type
in Figure 1.21(b) and (c).

(b) (c)
Figure 1.21
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Since each arc lies within one of the angles, by drawing one or the other
arc, we can indicate which angle we mean, as in Figure 1.22.

% )

M M

One angle The other angle

Figure 1.22

We shall use the notation
LQPM

for either one of the two angles determined by the rays Rp, and Rpy.
The context will always need to be used to determine which one of the
two angles is meant. For instance, if we draw the figure as in Figure
1.21(b) or 1.22(a), we mean the angle containing the arc of circle as
shown. In another context, when dealing with a triangle as on the
Figure 1.23.

Figure 1.23

by LQPM we mean the angle which contains the triangle, also shown
with an arc in the figure. We shall also use the abbreviated

LP

instead of Z QPM, if the reference to the rays Ry, and Ry, is clear.

Suppose that Q, P, M lic on the same straight line, and that P lies
between Q and M. In this case, we say that the indicated angle L QPM
is a straight angle (Figure 1.24(a)). Observe that the other angle deter-
mined by the rays Rp, and Ry, is also a straight angle.
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Suppose Rpy = Rpy. Then the angle shown in Figure 1.24(b) is called

a full angle.

(a) Straight angle

ve
]
=

(b) Full angle
Figure 1.24

Just as we used numbers to measure distance, we can now use them
to measure angles, provided that we select a unit of measurement first.
This can be done in several ways. Here we discuss the most elementary
way.

The unit of measurement which we select here is the degree, such that
the full angle has 360 degrees. We abbreviate “degrees” by using a small
circle to the upper right of the number, and so we can write 360° to
mean “360 degrees”. Since the straight angle divides the full angle into
two equal parts, the straight angle has 180°, as shown in Figure 1.25.

180°

A

P
Figure 1.25

Usually, unless otherwise specified, if two rays do not form a straight
angle, by L QPM we mean the angle which has less than 180°. We shall
see later that the measures of the angles of a triangle add up to 180°,
and each angle of a triangle has less than 180°.

We define a right angle to be an angle whose measure is half the mea-
sure of a straight angle; in other words, a right angle is an angle of 90
degrees.

Figure 1.26
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With our conventions for abbreviating the notation for angles, this 90°
angle would also be denoted by

L P.

An angle that has one degree looks like this:

P 1°

Figure 1.27

The measure of an angle QPM will be denoted by m(LQPM). To say
that £ QPM has 50° means the same thing as

m(LQPM) = 50°.
We define angles £ P and LR to be supplementary if
m( L P) + m(LR)=180°.

We have drawn two supplementary angles in Figure 1.28.

62° 118°

Figure 1.28

An important example of supplementary angles is obtained by drawing a
line L, a point O on L, and a ray Ry, with vertex O, as in Figure 1.29.

M

(0]
Figure 1.29
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The ray separates one side of the staight angle into two angles which are
supplementary. If we label these angles £ 1 and £2 as in Figure 1.30 we

have that m(L. 1) + m(L2) = 180°.

o
Figure 1.30

We define two angles to be adjacent if they have a ray in common. In
Figure 1.30, the angles £ 1 and /2 are adjacent. In Figure 1.31, L MPR
and / RPQ are adjacent. Clearly,

m(L MPR) + m(L RPQ) = m(. MPQ).

Q
Figure 1.31

We define the angle bisector to be the ray which divides the angle into
two adjacent angles having the same measure (Figure 1.32).

m Bisector of LMPQ

Q
Figure 1.32
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Example. An angle of 10° cuts out an arc A on a circle whose cir-
cumference is equal to 15 cm. How long is this arc?

/S)o

Figure 1.33

We know that the full angle has 360°. Hence the angle of 10° is a frac-
tion of the full angle, namely

10 1

360 36

Hence the length of arc cut out is equal to that fraction of the full cir-
cumference, that is:

1 15
length of arc A = %-15 = 3%

This is a correct answer. You may sometimes wish to simplify the frac-
tion and get the answer 15, which is also correct.

Example. Let us represent the earth by a sphere. Let us draw a great

circle through the North Pole N and your home town T, as shown on
the Figure 1.34.

N

N

Figure 1.34



20 DISTANCE AND ANGLES [1, §3]

Let E be the point on the equator on this great circle. Let O be the
center of the earth. The angle £ EOT is called the latitude of your home
town. Suppose that the circumference of the great circle has length
40,000 km, and that your latitude is 37°. How far are you from the
equator?

Answer. The distance from the equator is equal to the fraction 3% of
the length of the great circle, so the answer is

37
——-40,000 km.
360 0,000 km

This can be simplified if you wish, to

%7' 1,000 km.

Both answers are correct.

Remark on Figure 1.34. The equator is drawn as if we were looking
at the sphere from above. This being the case, strictly speaking we
would then see the North Pole not on the top of the figure, as drawn,
but somewhat lower. Nevertheless, we have drawn the figure with the
North Pole at the top, despite the inconsistency, because visually we find
that the figure gives a better representation of reality. Controversies
about such drawings are very classical, and have occurred before, but the
practice we follow is adopted frequently, in many countries, for books in
astronomy and geometry. It may provide an interesting topic for discus-
sion in class whether the figure is more effective as we have drawn it, or
whether it should be drawn otherwise. Look up books on astronomy in
a library, and see how they draw similar figures.

Note. When we wish to measure an angle in a picture, we use an in-
strument called a protractor. Two common types are illustrated below in
Figure 1.35:

Figure 1.35
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To measure a given angle, place the “center” of the protractor, which is
usually indicated by a small arrow or cross, on the vertex, and align the
0° mark along one of the rays, as shown in Figure 1.36:

Figure 1.36

Read on the scale where the other ray crosses the protractor. In the ex-
ample, m(L P) = 55°. Check that you have read the correct scale on the
protractor by estimating the size of the angle—whether it’s more or less
than 90° and whether it’s nearer to 0° or 180°. To measure an angle
with more than 180°, measure the other angle determined by the rays
and subtract from 360°.

To draw an angle of a given size, draw a ray, place the center of the
protractor at the vertex, and make a mark opposite the appropriate
number on the scale. Figure 1.37 illustrates how we would draw an
angle of 110°,

T

Figure 1.37
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1, §3. EXERCISES

1. Name the indicated angles:

A
B
c
(a) (b}
/ (0]
Y
<—€——l-> A C
(0] X B
w
Y
(c) (d)

Figure 1.38

2. In each of the following, find x:

. x° 68° 2
X o
40° ' 35
(c)

(a) (b)
Figure 1.39

3. For each of the following, draw a ray, and draw an angle using a protractor
having the indicated number of degrees:
(a) 45° (b) 90° (c) 142° (d) 192° (e) 270°
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4. Without using a protractor, match the pictures of the angles with their mea-
sures:

(1) (2) (3
(4) (5) 6)
(1) 20°; (2) 60°; (3) 225°; (4) 45°; (5) 135°; (6) 90°.
Figure 1.40.

5. In the Figure 1.41, L P determines an arc of the circle centered at P. If the
circumference of the circle = 36, how long is the arc if 2 P = 90°?

A

Figure 1.41

6. Same question as above, except how long is the arc if Z P has:
(a) 45° (b) 180° (c) 60° (d) x°

7. There are 360 degrees of longitude on the earth. How “long” is one degree
longitude at the equator if the circumference of the earth is 40,000 km?

8. Suppose your home town has latitude 43°. Measure distance from your
home town along a great circle. How far would you have to travel if you go
(a) to the equator (b) to the North Pole?

[Hint: Going to the North Pole, referring to Figure 1.34, what is the measure
of the angle ZNOT?]

9. Look up in an atlas the latitude of your home city or town (to the nearest
degree). Now figure out the distance you would have to travel if you headed
directly north to the North Pole.
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10. Draw a circle on your paper using a compass; make it a good large circle.
Mark off an arc with endpoints 4 and B as shown:

A
Q
Figure 1.42

Choose any other point on the circle which is not on the arc, label it X, and

measure /. AXB.
A
X
Z B

Figure 1.43

Choose other locations for point X, and again measure 2 AXB. How do the
measures of the angles compare? (For a statement and proof of a general
theorem, see Theorem 5-3 in Chapter 5.)

11. Using a protractor, find the measures of the three indicated angles.

(a) (b)

Figure 1.44
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12. Draw a ray Rp, horizontally. Using a protractor, draw a second 1ay Rpy
such that angle QPM has:
(a) 60° (b) 120° (c) 135° (d) 160°
(e) 210° ) 225° (g) 240° (h) 270°

13. Write the converse of the following statement: “If m(ZQPM)=0°, then
points Q, P, and M lie on the same line.” Is the converse TRUE?

CONSTRUCTION 1-2

To draw the angle bisector of a given angle.

You are given angle 4, and you wish to construct the ray that bisects
it.

Figure 145

Choose a convenient setting of your compass, and with the point on
the vertex A, draw an arc crossing the two rays which determine the
angle. Label the points where the arc intersects the rays P and Q.

ol
Figure 1.46

Place the tip of the compass at P, and draw arc g, as below. Still using
the same compass setting, place the tip at Q and draw arc h. Label the
point where arcs g and h intersect point M. The ray starting at A4
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through M is the angle bisector. We shall see why this works later in
the course.

Figure 1.47

CONSTRUCTION 1-3
Duplicating an angle

Given an angle formed by two rays K and L with the same vertex at
0, and given a ray K’ with vertex at O’, we wish to construct a ray L’
with vertex at O’ such that K’ and L’ form an angle with the same mea-
sure as the given angle.

K’

(a) (b)
Figure 1.48

In the figure, angle A is given, K’ is given, and we want to construct L.
Select a point P % O on ray K. Set the distance between the tips of your
compass to be d(0, P). Put the tip of your compass on O and draw an
arc through P, intersecting line L in a point which you label Q as shown
on the figure.
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(a)
Figure 1.49

Without changing the setting of the compass, place the tip at O’ and
draw an arc intersecting ray K’ in a point which you label P'.

Next set the compass tips at a distance equal to d(P, Q). With the tip
placed on point P/, draw an arc intersecting the previous arc in a point
Q'. Then the angle L P'O'Q’ has the same measure as L POQ. Observe
that the triangles APOQ and AP'O’Q’ are isosceles. In fact, our construc-
tion shows that:

|PO| = |P'0’| = Q0| = |Q'0'|
writing |PO| for d(P, O0), and similarly for other distances. Furthermore,
|PQ| = |P'Q|.

Thus the two triangles APOQ and AP'O’Q’ have corresponding sides hav-
ing the same length. It is usually taken as a postulate that the corre-
sponding angles of such triangles have the same measure. This matter is
discussed at length in Chapter 7.

EXPERIMENT 1-3

1. Draw two lines K and L which intersect. These lines give rise to pairs
of angles 4, A" and B, B’ as shown:

Figure 1.50



28 DISTANCE AND ANGLES [1, §3]

Angles 4 and A’ are called opposite, or vertical angles. Similarly,

angles B and B’ are called opposite or vertical angles.

(a) Measure angles 4 and A"

(b) Measure angles B and B

(¢) Draw two other lines K and L, label the opposite angles, and
measure them.

(d) Repeat the experiment one more time.

What conclusion can you reach about opposite angles?

2. Draw a line L, and locate points Q, O, R on it. Choose any point not
on L, label it P, and draw ray R,p. Below are two possible illustra-
tions:

P
/
Q 0 R Q o R
(a) (b)
Figure 1.51

You have created two, adjacent angles, £ QOP and L ROP. Using
your ruler and compass, bisect each of these angles, and measure the
angle determined by the bisectors, as indicated:

(o)

! | R
Figure 1.52

(a) Repeat this experiment three or four times, and keep a record of
the size of the angle between the bisectors.
(b) State a conclusion concerning the size of this angle.

In the previous experiment it would have been possible to reach con-
clusions without appealing to constructions or measurements. Instead, we
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could have presented an “argument” that these conclusions must be true,
based on what we have learned so far in geometry and what we know of
algebra. You should now try to formulate such arguments which demon-
strate that your conclusions are true. Here are some hints to get you
started:

Exercise 1. What does m(L A) + m(LB)="? Why?
What does m(L A) + m(LB)="? Why?

From these two equations and some algebra, what can you conclude
about m(L A") and m(L A4)?

Exercise 2. Look at the two, original adjacent angles.
What does m(L QOP) + m(LROP)="? Why?

Let m(/Z QOP) = x°. What is the measure of £ ROP in terms of x? The
angle between the bisectors is the sum of 3 of L ROP plus § of LQOR.
Express this sum algebraically and simplify.

Look over your answers to the questions above and write out a com-
plete argument in paragraph form “proving” your conclusion for each of
the two exercises, just as a lawyer presents evidence to support his case
in court. Use full English sentences and correct mathematical statements.
In the next section, you will find a statement and proof, but don’t look
them up without first trying it out for yourself.

1, §4. PROOFS

In Experiment 1-3 you made a first try at writing a “proof”. What do
we mean by a “proof” in general? More specifically, what do we mean
by a “proof of a statement”? Let S denote the statement. In Experiment
1-3 you went through several steps. At each step, you made an asser-
tion, which was either an assumption, or followed from previous state-
ments by rules of reasoning. A proof in general is nothing more than
that.

A proof of a statement S is a sequence of assertions such that each
assertion is an assumption, or is a consequence of previous assertions by
the rules of reasoning, and statement S is the last assertion of the se-
quence.

A lot of the assumptions which we make are due to previous knowl-
edge which you acquired in other courses, for instance, the basic rules of
algebra, like a + b = b + a, or substituting equals for equals in an equa-
tion.
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A proof is very similar to a lawyer’s case in court. The lawyer points
out the known facts, called evidence, to the judge and jury. He then rea-
sons from these facts to draw conclusions: whether or not his client is
guilty, or who should be awarded damages, etc. Most importantly, his
listeners want him to justify every statement he makes; he must give rea-
sons for each “deduction”.

A theorem is a statement which has been proved on the basis of es-
tablished knowledge. If you were successful in Part 1 of Experiment 1-3,
you proved the following statement.

Theorem 1-1. Opposite angles have the same measure.

A typical write up of the proof might look like this:

L

Figure 1.53

Proof. Let lines K, L intersect at a point P, forming angles £ A, £ A4/,
LB, L. B. Since LA and L B together form a straight angle, we have

m(L A) + m(LB) = 180°.
Since £ B and L A’ form a straight angle, we have
m(LB) + m(LA") =180
Combining these statements, we see that
m(LAY+m(LB)=m(LB)+m(LA).
Subtracting m( L B) from both sides, we obtain
m(LA)=m(LA).

This proves the theorem.
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Though you did some measuring in Experiments 1-3, measurement
with a protractor or a ruler is not valid for a proof for the following
reasons:

1. The measurement is not totally accurate. It is only an approxima-
tion. Of course this approximation is good enough for some
practical applications, but we are interested here also in exact
statements. Most protractors and rulers would anyhow be good
only up to two or three decimal points of accuracy.

2. Measurement is only good for specific cases. Suppose you have
determined that a statement is true for angles with 54°. What
about angles which have 55°, or 65°, etc.? You would have to do
an infinite amount of measuring to check other angles, and that
you cannot do.

Though we often rely on pictures and measurements to give us a clue
about the way to prove some statement, nevertheless a proof will only
involve logical reasoning.

In the proof of Theorem 1-1, reasons are given for nearly every state-
ment made during the proof. Notice the use of the word “since”. For
the last statement, we point out-that we are “subtracting”. Statements
which are obvious from your knowledge of algebra or arithmetic do not
require explanation. An example in the above proof occurs when we
state that

m(L A) + m(LB) =m(LB) +m(LA.

This is obvious once you know that each side of the equation is equal to
180°, as stated at the beginning of the proof.

One final remark about proof. You might well ask why we don’t
prove everything. Though we proved that “opposite angles are equal”,
we just assumed as fact such notions as PAR 1, PAR 2, the Triangle In-
equality, and other statements earlier in the book. Why don’t we prove
these? On the other hand, why did we not just assume “opposite angles
are equal”, label it ANG 1, and be done with it?

The reason that we don’t prove everything is that we can’t; we have
to start with something. There must be some statements which we ac-
cept as true without proof, upon which we can build further knowledge.
Such statements are called postulates or axioms.

We prove theorems, rather than just call everything we feel is true a
postulate, because our brains would not feel comfortable accepting every-
thing on faith. Perhaps you would be willing to accept Theorem 1-1 on
faith, but there are many results in geometry that are very surprising,
and you will find yourself saying “prove it!”. Statements like PAR 1 and
PAR 2 are not surprising, and so we accept them as facts upon which to
build. Of course, much of this is a matter of taste. A statement that is
ridiculously obvious to one person might arouse doubts in someone else.
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We hope that in this book we have found a good balance between what
we assume as postulates, and what we prove as theorems.

Before you try your hand at writing some more proofs, we give other
examples.

Example. In the figure,

S P

Q T R
Figure 1.54

m(LSTQ) =m(LPTR). Prove that m(L PTQ) = m(L STR).

Proof. We know that m(LSTQ) = m(L PTR). Adding m(LSTP) to
both sides of the equation, we have:

m(LSTQ) + m(LSTP) =m(LPTR) + m(LSTP).
Since
m(LSTQ) + m(LSTP) =m(LPTQ)
and
m(LPTR) + m(LSTP) = m(LSTR),

substitute in the previous equation to get:
m(LPTQ) =m(LSTR).
This proves what we wanted.

Example. In the figure,

A
B
c
D
0] .
Figure 1.55

assume that
m(L AOB) = m(/ COD).

Prove that m(L AOC) = m( L BOD).
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Proof. Angles L AOC and L COD together form L AOD. Hence

m(L AOC) + m(L COD) = m( /L. AOD).
Similarly,
m( L AOB) + m( L BOD) = m(L AOD).

The right-hand sides of these equations are equal. Therefore, so are the
left-hand sides, that is,

m(L AOC) + m(L COD) = m(L AOB) + m(.L BOD).
By assumption, we can cancel m(/LCOD) and m(/ AOB) which are
equal. We are then left with
m(, AOC) = m(L BOD)

as was to be proved.

As you write proofs, remember two things:

1. Any postulate or any theorem that has already been proved is ac-
ceptable as known facts.

2. As you write, imagine that someone else will read your work, and
will want to follow your argument. This will help put your proof
in good form.

1, §4. EXERCISES

1. What is a postulate? Give an example of
(a) a postulate used in geometry;
(b) a postulate used in algebra.

2. Three lines intersect at point O as shown in Figure 1.56. Angle QOR has 55°
and angle POS has 90°.

P
Q
55°
s 0 R
N
M9
Figure 1.56

(a) What is m(L NOM)?
(b) Name another angle having the same measure as £ SOQ.
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3. Two lines intersect at a point P as shown in Figure 1.57. If m(L WPX) is
twice the measure of L WPY, find the number of degrees in L YPV.

w X

Figure 1.57

4. In Figure 1.58, R,y is the bisector of L AOC and R,. is the bisector of
L BOD. Prove that m(L AOB) = m(L COD).

Figure 1.58

5. Three lines intersect at a point O as indicated in Figure 1.59. Line QT bi-
sects £ POR. Show that it bisects £SOV as well.

Figure 1.59

6. In the Figure 1.60, d(P, Q) = d(R, S). Prove that d(P, R) = d(Q, S).

P Q R S
Figure 1.60

7. Let X and Y be any two points contained in the disc of radius r around
point P. Using the triangle inequality, prove that

Ad(X, Y) < 2r.
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8. Line L intersects lines K and U as shown in Figure 1.61. If L1 is supple-
mentary to L2, prove that m(£L3) = m(L4).

Figure 1.61

9. In triangle ABC shown in Figure 1.62, m(L CAB) = m(,L CBA). In triangle
ABD, m(L DAB) = m(L DBA). Prove that

m(L CAD) = m(L CBD).

c

A B
Figure 1.62

0. The lines L,; and Ly, are cut by the line Lpg at points Q and R. Assume
m(Lb) =m(Lc). Prove that m(La) = m(Ld).

A c

B
Figure 1.63
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11. Points P, B, C, and Q lie on a line as shown in Figure 1.64. Furthermore:

m(Lx)=m(Ly),
BK is the bisector of /£ ABC,
CK is the bisector of / ACB.

Prove that m(/L KBC) = m(L KCB).

x
<

Figure 1.64

1, §5. RIGHT ANGLES AND PERPENDICULARITY

We define two lines to be perpendicular if they intersect, and if the angle
between the lines is a right angle. Then this angle has 90°. Perpendicu-
lar lines are illustrated below.

Figure 1.65

Notice that we use a special “71” symbol, rather than a small arc, to indi-
cate a 90° (or right) angle. We define two segments or rays to be per-
pendicular if the lines on which they lie are perpendicular.

To denote that lines (or segments) L,, L, are perpendicular, we use
the symbols

L 1L,

As with parallel lines, we assume some properties of perpendicular lines,
namely:
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PERP 1. Given a line L and a point P, there is one and only one line
through P, perpendicular to L.

This is illustrated in Figure 1.66. Can you state the corresponding pos-
tulate for parallel lines?

Py
\ L
\

\
\

Figure 1.66

PERP 2. Given two parallel lines L, and L,. If a line K is perpendic-
ular to Ly, then it is perpendicular to L,.

PERP 2 is illustrated in Figure 1.67.

K
M L,
1 L,
Figure 1.67

Using these two new postulates, we can prove a theorem relating perpen-
diculars and parallels.

Theorem 1-2. If L; is perpendicular to line K, and L, is also
perpendicular to line K, then L, is parallel to L,.

K
Figure 1.68
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Proof. Either L, and L, are parallel or they’re not. Suppose they are
not parallel. Then by PAR 1 we know they intersect in one point, say P,
and we have a picture as below:

Figure 1.69

But here we have two lines passing through point P, each perpendicular
to line K (remember it is given that they are perpendicular to K). This
situation contradicts PERP 1, a postulate. Therefore lines L, and L,
must be parallel.

Incidentally, the proof for Theorem 1-2 is a little different from those
we have done before. Rather than proving directly that L, and L, are
parallel, we suppose for a moment that they are not, and then show that
this leads to a contradiction. This is an effective form of argument, used
often in everyday life, and sometimes known as “indirect proof” or
“proof by contradiction”

Let P be a point and L a line. By PERP 1 there is exactly one line K
through P, perpendicular to L. Let M be the point of intersection of K
and L. We define the distance from P to L to be the length of PM. In
other words, it is the length of the perpendicular segment from P to L.

P

a
m

Figure 1.70. Distance from P to line L = d(P, M).

Though there are many segments connecting P and line L, PERP 1 tells
us that there is only one perpendicular, and thus there is no confusion.
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The following postulate formalizes the intuitive notion that the “dis-
tance” between two parallel lines is constant “all the way along the
lines”.

PD (Parallel Distance). Let L, and L, be two parallel lines, and let P
and Q be any two points on L,. The distance from P to L, is
equal to the distance from Q to L,.

d(P.R) =d(Q,S)
Figure 1.71

Some final definitions:

Let P, Q, M, N be four points which determine the four-sided figure
consisting of the four sides PQ, OM, MN, and NP. Any four-sided
figure in the plane is called a quadrilateral. If the opposite sides of the
quadrilateral are parallel, that is, if PQ is parallel to MN and PN is par-
allel to QM, then the figure is called a parallelogram:

P o o)

Figure 1.72

A rectangle is a quadrilateral with four right angles, as shown in
Figure 1.73.

H

Figure 1.73
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In the definition of a rectangle we only assumed something about the
angles. The following basic properties will be used constantly.

Basic Property 1. The opposite sides of a rectangle are parallel, and
therefore a rectangle is also a parallelogram.

This is a direct consequence of Theorem 1-2.

Basic Property 2. The opposite sides of a rectangle have the same
length.

This follows from the first basic property and PD.

It is also true that the opposite sides of a parallelogram have the
same length, but to prove this we need additional axioms. You can look
up Theorem 7-1 in Chapter 7, §2 right away if you want to see how a
proof goes.

A square is a rectangle all of whose sides have the same length.

1, §5. EXERCISES

1. In Figure 1.74 line K is perpendicular to line V, and line L is perpendicular to
line V. What can you conclude about lines K and L? Why?

K L
1 1 y
Figure 1.74

2. In Figure 1.75 line K is drawn from point P perpendicular to L,. If L, and
L, are parallel, what can you conclude about K and L,? Why?

P 4

1 L

K
Figure 1.75
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3. In Figure 1.76,

PR is perpendicular to PT;
PQ is perpendicular to PS.

Prove that m(La) = m(LDb).

Figure 1.76

4. Below is an example of a non-mathematical proof by contradiction:

Johnny wants to go to the store after dinner. His mother says no, he
should stay home, do his work, and maintain his straight-A average. Johnny
argues: “Suppose I don’t go to the store tonight. Then I won’t be able to get
a protractor. Tomorrow, I'll be without one in geometry class, and the
teacher will get mad. As a result, I'll get an F. Since that is an intolerable
thing, you must let me go to the store.”

Give another example of a “proof by contradiction” that you might have
used some time in your life.

5. Below is an alternate definition for a rectangle:
“A rectangle is a parallelogram with one right angle.”

The figure below illustrates this definition; ABCD is a parallelogram where A
is the right angle.

D C
(1
A B
Figure 1.77

Use PERP 2 to show that all the angles are right angles.
Thus you see that this “new” definition is really saying the same thing as
our original one.
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6. Refer to Figure 1.78 to answer the following. We assume L., L L,p.

(@ m(LD)+m(L2)=_____ °
(b) If m(L3)=50° then m(L4)=__ __  °
(¢) Is L AOT the supplement of L TOB? .
(d) m(L1D) +m(L2)+m(L3)+m(L4) = °.
(e) If m(L4) =23 then m(L3)=___  °
(f) Name, using numbers, two angles that are adjacent to /2. and
(g If m(Ll) = 32°, then m(L TOB) = °
(h) Must R, be perpendicular to Ryg if m(£ 1) + m(L4)=90°?
A
c
T S
2|3
e ° 1 4 -
A 0 B
¢D
Y
Figure 1.78

7. Suppose L, and L, are both perpendicular to L, and they both intersect L,
at point P. What can you conclude about L, and L,?

8. In quadrilateral PBQC, assume that . PBQ and L PCQ are right angles, and
that m( L x) = m(L y). Prove that

m(L ABQ) = m(L DCQ).
A

B

Figure 1.79
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9. The axiom PAR 3 can actually be proved from axioms PAR 1 and PAR 2
using a proof by contradiction.
Given L, parallel to L,, and L, parallel to Ly. Suppose that L, and L,
are not parallel. Use PAR 1 and PAR 2 to derive a contradiction.
Once you have done this proof, PAR 3 can be considered a theorem, since
we have proved it from earlier facts.

CONSTRUCTION 1-4
To construct the perpendicular from a point on a given line.

P

L

Given line L, you wish to construct a line perpendicular to L through a
point P on L.
A perpendicular forms a 90° angle, which is 4 of a straight angle, and
so the construction essentially amounts to bisecting a straight angle.
Choose a convenient radius, place the tip of the compass on P, and
draw an arc, labeling points M and Q as shown in Figure 1.80.

m\ P ]o L

Figure 1.80

Using a larger compass radius, place the tip at Q and draw an arc
above P, and then place the tip at M and draw another arc intersecting
the first. The line through P and this intersection is the perpendicular.

K

al ; Jo t

Figure 1.81
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CONSTRUCTION 1-5
To construct a right triangle given the lengths of the two legs.

A right triangle is a triangle with a 90° (right) angle, as illustrated:

A

Figure 1.82

The sides which determine the right angle are called the legs. These are

CA and CB in the picture.
Suppose you wish to construct a right triangle with legs 6 cm and
8 cm. Draw a line, and mark off a segment CB whose length is 6 cm.

B c
d(C,B) =6cm.

Construct the line through C perpendicular to the first line, and locate
point A such that d(C, 4) = 8 cm.

Figure 1.83

Connect 4 and B to form the desired triangle.
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EXPERIMENT 1-4

1. Construct a right triangle with legs 8 cm and 11 cm. Label it ABC,
where C is the right angle. Use your protractor to measure angle A.
Measure angle B.

m(LA)+m(LB)y=".

2. Repeat Exercise 1 again, only this time make the legs of the right
triangle 10cm and 13 cm. (If you sec a method of getting a right
triangle using the squared-off corner of a piece of paper, use it!)
Repeat this exercise once more, using legs 2 cm and 9 cm. What can
you conclude about m( /. A) + m(L B)?

3. Cut out the first triangle you made is Exercise 1. Construct another
right triangle with legs 8 cm and 11 cm and cut it out. Can you make
this other triangle a different shape but still using the legs 8 cm and
11 cm?

4. Take two of the triangles you were working with in Exercise 3, and
put them together as shown below in Figure 1.84.

rd

5

Figure 1.84

What figure will be formed when they are joined?

5. Using a straight edge, draw any arbitrary triangle, and label the
angles A, B, and C, as shown below:

Figure 1.85
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Cut it out, tear off angles A and C, and place them alongside angle B
as shown:

N

Figure 1.86

Repeat this with three or four other arbitrary triangles. What do you
notice?

6. Explain how constructing a perpendicular from a point on a line
resembles bisecting an angle.

1, §6. THE ANGLES OF A TRIANGLE

In Construction 1-5 and Experiment 1-4, you worked with a special kind
of triangle, the right triangle, which will play an important role in what
follows. Many properties of arbitrary triangles, or other geometric
figures, can be reduced to an analysis of the properties of right triangles.

Recall that a right triangle is a triangle such that one of its angles is a
right angle. The sides of the triangle which determine the right angle are
called the legs; the side other than the legs is called the hypotenuse. In
Figure 1.87 below, PQ and PM are the legs, while OM is the hypoten-
use.

M

Figure 1.87

In Experiment 1-4, you probably realized that if two right triangles
have the same size legs, the two triangles are exact copies of each other.



[1, §6] THE ANGLES OF A TRIANGLE 47

(If you didn’t realize this, go back and cut up some more triangles!) We
formalize this notion in the next postulate.

RT (Right Triangle). Let AABC and AXYZ be right triangles whose
corresponding legs have the same length, that is:

|BC| = |YZ]
and
|AC| = | XZ]|.
A X
c B V4 Y
Figure 1.88

Then the hypotenuses have the same length, the corresponding
angles are the same size, and the triangles have the same area. In
particular,

|AB| = |XY|, m(LA)=m(LX), m(LB)=m(LY).

We can now prove a property that you most likely noticed in Parts 1
and 4 of Experiment 1-4:

Theorem 1-3. If A, B are the angles of a right triangle other than the
right angle, then

m( L A) + m(L B) = 90°.

A

B c
Figure 1.89
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Proof. Let PQRS be a rectangle where |PS| = |AC| and |RS| = |BC|,
and draw segment PR:

Figure 1.90

Note that right triangles APRS and AABC have corresponding legs of
the same length. By RT,

m(L1) =m(L A).
Since the opposite sides of a rectangle have the same length, we have
|QP|=|RS|  and  [QR|=|PS]|.
By RT then, we have
m(L2) = m(L B).
Since £ 1 and 42 form the corner of a rectangle, we have
m(L1) + m(L2) =90
Substituting, we then obtain:
m(L A) + m(LB) =90°,
thereby proving the theorem.

Example. Let 4, B, C be the angles of a right triangle, and suppose
that C is the right angle. If m(4L A) = 31°, then we can find m(Z B),
namely

m(LB) =90 — m(L A) =90 — 31 = 59

Since our measures of angles are in degrees, we should actually write
m( L B) = 59°.

Remark. If PQRS is a parallelogram, then the segments PR and QS
are called the diagonals. For instance, in Figure 1.90 we have used the
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diagonal of a rectangle. In the case of a rectangle or more generally a
parallelogram, a diagonal separates the parallelogram into two triangles.
We shall often encounter this way of looking at triangles. In the same
way one defines the diagonals of a quadrilateral. For the use of diagon-
als similar to that of Theorem 1-3, see the proofs of Theorems 3-1 and
3-3 in Chapter 3. You can read those proofs now without going through
Chapter 2.

Exercise. Prove that the diagonals of a rectangle have the same
length. Is this true for the diagonals of a parallelogram?

In a right triangle, if we know one angle besides the right angle, then
we can find the measure of the third angle by a subtraction as in the
example.

An interesting situation occurs when two parallel lines are crossed by
a third line. This is illustrated in Figure 1.91, where we have also
labeled the eight angles formed.

1/

3/4
5/6
/"

Figure 1.91

Certain pairs of these angles have special names. Angles 2 and 6 are
called parallel angles. Other instances of parallel angles are angles 4 and
8, angles 1 and 5, and angles 3 and 7.
Angles 4 and 5 are called alternate angles, as are angles 3 and 6.
Theorem 1-3 provides the means to prove the following useful
theorem.

Theorem 1-4. Given line K intersecting parallel lines L, and L,. Then
parallel angles A and B have the same measure, and so do alternate
angles B and A'.

Figure 1.92
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Proof. Let Q be a point on K lying above the line L, as shown in
Figure 1.93.

of
PAA
M L1
A
RAB N
=
/ -
K
Figure 1.93

If K is perpendicular to L, and L,, then A, B, A’ are right angles and
we are done. Otherwise, through Q we draw a line perpendicular to L,,
intersecting L, at M. Since L, and L, are parallel, PERP 2 tells us that
this new line is also perpendicular to L,. We label this point of intersec-
tion N. We have now created two right triangles, AQPM and AQRN.
By Theorem 1-3, we know that

m(LB) +m(LQ)=90° (applied to AQRN)
and
m(LA)+m(LQ)=90° (applied to AQPM).
Therefore m(L A) = m(L B). Since opposite angles have the same mea-
sure, we have
m(L A) =m(LA)
and thus
m(LB) =m(LA).

This proves our theorem.

The sum of the measures of the angles of any triangle is a constant,
namely 180°. This remarkable fact is proved in the next theorem.

Theorem 1-5. Let A, B, and C be the angles of an arbitrary triangle.
Then

m(L A) + m(LB) +m(LC) = 180°.
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Proof. Let K be the line through B parallel to AC, and label the
newly formed angles 21 and /2.

B
A c
Figure 1.94
B K
1 2
A c
Figure 1.95

Since K is parallel to L, ., angles A and 1 are alternate angles, as are
angles C and 2. Theorem 1-4 tells us that

m(LA)=m(L])
and
m(LC)=m(L2).
However, looking at the angles at B, we have
m(L1) +m(LB)+ m(L2)=180".
Substituting, we finally obtain:

m(L A) + m(LB) + m(LC) = 180°.

We can now prove the converse of Theorem 1-4. This tells us that in
the situation illustrated below, if m(Z A) = m(L B), then L, is parallel to

L,.
Aa

Ly

7

Figure 1.96
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This is a very useful test to determine whether two lines are indeed par-
allel.

Theorem 1-6. Let L; and L, be two lines, and let K be a line intersect-
ing L, at P, and L, at P,. Suppose P, # P,. Let A, B be the angles

between K, L, and K, L,, on the same side of L,, L, respectively. If
m(L A) = m(LB) then L,, L, are parallel.

The figure illustrating the theorem is as follows.

P1/<A
L,

L B2 \E
2 /
K
Figure 1.97

Proof. If L,, L, do not intersect, they are parallel and we are done.
On the other hand, suppose that L,, L, intersect in a point M, so that
possibly the situation looks like this.

Figure 1.98

We are going to prove that in this case when the lines L,, L, intersect,
then in fact we must have L, = L,. Let Q be a point on K as shown,
The triangles AQMP, and AQMP, have the angle C in common, and
by hypothesis, m(L A) = m(LB). It follows that ZQMP, and L QMP,



[1, §6] THE ANGLES OF A TRIANGLE 53

have the same measure, because

m(LC) +m(LA)+m(LQMP,) =180,
m(LC)+m(LB)+m(LQMP,)=180.
Therefore P, and P, lie on the same line. Since we assumed P; # P, it

follows that the lines L,, L, have two distinct points in common, so
L, = L, and the lines are parallel, thus proving our theorem.

Example. We wish to find the angle x in the diagram. The horizontal
lines are meant to be parallel.

L}

o4

50°

/

Figure 1.99

There is a supplementary angle for the angle of x° which we label 4 to
obtain the following picture. Then

X + m( L A) = 180°.
“ X
A

50°

/

Figure 1.100

By Theorem 1-4 we know that m(L A) = 50°. Hence we find
x + 50 = 180.

Subtracting 50 from both sides yields x = 130.

Remark. In Construction 1-3 we gave a procedure for duplicating an
angle. This can now be applied to the construction of a line parallel to
a given line, through a given point P. We are given a line L and a point
P, and we wish to construct a line through P, parallel to L.
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Draw any line K through P intersecting L in a point which you
label O.

K

/'o

Figure 1.101

Let ZLa be the angle which line K makes with L. The idea of the con-
struction is to draw a line L' through P, such that K makes an angle
/b with L', and such that

m(La) = m(LD).

K
P/<b
L

/T)

Figure 1.102

This is merely a special case of Construction 1-3 to duplicate the angle a.
Then Theorem 1-6 shows that the lines L and L’ are parallel.

1, §6. EXERCISES

1. Let A, B, and C be the angles of a right triangle, with 4 the right angle.
Find m( £ C) when m(Z B) has the following values:
(a) m(LB) =34° (b) m(LB) = 60° (c) m(LB)=30°
(d) m(LB) =45°

2. Let A, B, and C be the angles of any triangle. For each of the following
values of m(4) and m(B), find m(C):
(a) m(LA)=47°,m(LB) =110° (b) m(L A) =120°, m(L B) = 30°
(©) m(LA)=60°,m(LB)=170° (d) m(L A) =90°, m(L B) = 54°
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3. Find x in each of the following (if two lines look parallel, they’re meant to be
in this exercise):

116°
80°

90°
40°

(c) (d)
Figure 1.103

4. Without a protractor, find the value of x in each of the following:

(a) (b)

GULP is a parallelogram

(c) (d)
Figure 1.104
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5. In each figure below, L, is parallel to L,. Find x. [Hint: Draw a line
through P parallel to L,.]

25°

48 L

(a) (b)
Figure 1.105

6. The angles of a triangle have measure x°, 2x°, and 3x°. Find the number of
degrees in each angle.

7. In the igure, AABC is an _arbitrary triangle with m(LC) =70°. Further-
more, AP bisects LA and PB bisects £ B. What is m(/L P)? [Hint: First
find m( L A) + m(L B), then use half this value to find m(L P).]

c

Figure 1.106

8. What is the sum of the angles of a square? of a rectangle?

9. Let SWAT be any four-sided figure. Prove that the sum of the angles of the
figure is 360°. (Draw WT and consider the two triangles thus formed.)

W

A
Figure 1.107

10. An obtuse angle is an angle which has more than 90°. Prove (in a sentence
or two) that a triangle cannot have more than one obtuse angle. (You might
try a proof by contradiction—suppose a triangle could have more than one.)
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11. Can a triangle have no obtuse angles?
12. In the figure line M is perpendicular to line L,
m(Lx)=m(Ly) and L | K.

Prove that m(/L a) = m(LDb).

M
ul L
a
X
y
b K

Figure 1.108

13. In the figure, CL is parallel to AB. Prove that
m(Ls) =m(Lp)+ m(Lqg).

Figure 1.109

14. Let PMQ be a right triangle with right angle at M. Let the line through M
perpendicular to PQ intersect PQ at a point H. Prove that the three angles
of APHM have the same measure as the three angles of AMHQ.

m

Figure 1.110
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15. In the figure below, TALK is a parallelogram. Prove that m(Z K) = m(L A)
and that m(L T) = m(L L).

T A

\
\

K L
Figure 1.111

[Hint: Extend the sides of the parallelogram, and use Theorem 1-4.]

16. When you have done this, you will have proved:

Theorem 1-7. The opposite angles of a parallelogram have the same measure.
17. Let ABC be an arbitrary triangle, with AC extended. Prove that
m(L1) =m(L A) + m(L B).

B

Figure 1.112

18. In the figure below, QM and QN are perpendicular to the rays defining angle
A. Prove that angle A and angle C are supplementary.

Figure 1.113
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19. In the figure below, QN is perpendicular to PS and QM is perpendicular to
PT. Prove that angles £ P and £ Q have the same measure.

Q

Figure 1.114

20. Figure HELP is a parallelogram. Prove that L H is supplementary to LP.
(In other words, that m(L H) + m(L P) = 180°.)

H P

E L
Figure 1.115

21. Given two lines L; and L, cut by a third line K. If m(L A) = m( L B), prove
that L, and L, are parallel. [Hint: Use Theorem 1-6.]

K

Figure 1.116
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22. In the figure, L, || L,; XY L L, and AB L L,. Prove
m(L A) = m(L X).

Figure 1.117

[1, §6]

23. In right triangle ABC below, CN is drawn perpendicular to the hypotenuse.

Prove that m(L NCB) = m(L A).
A

Figure 1.118

ADDITIONAL EXERCISES FOR CHAPTER 1

1. Using your protractors, measure the following angles:

(a) (b)

Figure 1.119
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2. (Use ruler and compass.) Draw a triangle. Carefully bisect each angle of the
triangle. What do you observe?

3. Circle those combinations of lengths which will form a triangle:
(a) 2cm, 2 cm, 2 cm (b) 7cm, 12 cm, 13 cm
(c) 14 mm, 15 mm, 30 mm (d) 2km, 5km, 3 km

4. Let P, Q, and M be points in the plane.
(@) If LQPM = 0°, what can you conclude about P, Q, and M?
(b) If d(M, Q) =d(P, Q)+ d(M, P) what can you conclude about P, Q, and
M?

5. Explain briefly (using words and pictures) what’s wrong with the following
statement: “Points X and Y are in the disk of radius » around P if

(X, Yy < 207

6. Without measuring, find x in each of the following:
(In Figure (c), the horizontal lines are assumed parallel.)

287°

(a) (b)

45°

(c) (d)
Figure 1.120

7. In the figure, L, is parallel to L,. Prove that £ A is supplementary to Z B.

/[,

A

/ L,

Figure 1.121




62 DISTANCE AND ANGLES [1, §7]

8. Prove that a right triangle cannot have an obtuse angle.

9. In the figure, L, and L, are any two lines. Line K intersects L; at P and L,
at R. What’s wrong with the following “proof”?

“From @ draw a line perpendicular to L, and L,, meeting the lines at M and
N. In right triangle QMP, we know by Theorem 1-3 that m(L1) + m(L Q) =
90°. Similarly, in right triangle QNR, we know that m(/42) + m(L Q) = 90°.
Thus we obtain that

m(L 1) =m(L2)”

(a) (b)
Figure 1.122

1, §7. AN APPLICATION: ANGLES OF REFLECTION

Suppose a ray of light in a plane such as a laser strikes a flat mirror and
bounces off as shown on Figure 1.123.

1 2
Figure 1.123
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Then angle £ 1 in the figure is called the angle of incidence, and angle
L2 is called the angle of reflection. All measurements which have been
made confirm the law of physics that m(ZL 1) = m(L2), in other words:

The angle of incidence is equal to the angle of reflection.

Instead of representing a beam of light, the figure could also represent
the path of a billiard ball which is shot straight (without spin) against
the side of a billiard table. The same law applies.

Using results from the last section, prove the following beautiful prop-
erty as an exercise.

Suppose a beam of light in the plane bounces off one side of a right
angle, hits the other side, and again bounces off. Then the original path
line of the beam is parallel to the path line of the second bounce. In
other words, on Figure 1.124, the two segments PQ and MN are paral-
lel.

Figure 1.124

In the figure, m(£.0) =90°, so 2O is a right angle. Furthermore since
the angle of incidence equals the angle of reflection, we have

m(L1)y=m(L2) and m(L3)=m(L4).

From this, proving that PQ is parallel to MN is no harder than the
exercises of §6. [Hint for the proof: Draw the figure with the intersection
of the lines Lpy and Ly, and use Theorem 1-6.]

The same principle applies in a 3-dimensional situation. Suppose a
beam of light is directed toward one side of a rectangular box, bounces
off, hits another side, and again bounces off. Then the path line after the
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second bounce is parallel to the original path line, as illustrated on
Figure 1.125. In other words,

PQ is parallel to MN.

AL

P A}

Figure 1.125

One interesting application of this principle occurs in measurements of
laser beams sent to the moon and back, as described in the paper “The
Lunar Laser Reflector”, by J.E. Faller and E.J. Wampler, Scientific Amer-
ican, March 1970, pages 38-49. A lot of cubes are placed on the moon
with openings toward the earth. Then laser beams are shot toward them.
No matter how slanted the cubes are, the reflected path after the second
bounce is parallel to the original path, and therefore the laser beam
points back toward the earth so that we can measure the laser beam
when it returns.



CHAPTER 2

Coordinates

2, §1. COORDINATE SYSTEMS

In more elementary courses you have already studied the number line,
and so you already know that once a unit length is selected, we can rep-

resent points on a line by numbers. In Figure 2.1 we have drawn such a
line and a few points.

b

|

N

|

A

o

-
Nw T+

N+

w

D

o

Figure 2.1

We shall now extend this procedure to the plane, and we shall represent
points in the plane by pairs of numbers.

In Figure 2.2, we visualize a horizontal line and a vertical line inter-
secting at a point O, called the origin.

Figure 2.2

These lines will be called coordinate axes, or simply axes.



66 COORDINATES [2, §1]

We select a unit length and cut the horizontal line into segments of
lengths 1, 2, 3,... to the left and to the right. We do the same to the
vertical line, but up and down, as indicated on Figure 2.3.

Figure 2.3

On the vertical line, we visualize the points going below O as corre-
sponding to the negative integers, just as we visualize points on the left
of the horizontal line as corresponding to negative integers. We follow
the same idea as that used in grading a thermometer, where the numbers
below zero are regarded as negative.

We can now cut the plane into squares whose sides have length 1.

I
(3, 4)-

4
3
2

ey

Figure 2.4

We can describe each point where two lines intersect by a pair of in-
tegers. Suppose that we are given a pair of integers, like (1,2). We go 1
unit to the right of the origin and up 2 units vertically to get the point
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(1, 2) which has been indicated in Figure 2.4. We have also indicated the
point (3,4). The diagram is just like a map.

Furthermore, we could also use negative numbers. For instance, to
describe the point (—3, —2), we go 3 units to the left of the origin and 2
units vertically downward.

There is actually no reason why we should limit-ourselves-to--points
which are described by integers. For instance, we can also describe the

point (4, —1) and the point (—\/5, 3) as on Figure 2.5.

(—V2,3)
$———13

+

Figure 2.5

In general, if we take any point P in the plane and draw the perpen-
dicular lines to the horizontal axis and to the vertical axis, we obtain
two numbers x, y as on Figure 2.6.

P?—————— y

X b ————

Figure 2.6

We define the numbers x, y to be the coordinates of the point P, and we
write

P =(x,y).
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Conversely, every pair of numbers (x, y) determines a point of the plane.
If x is positive, then this point lies to the right of the vertical axis. If x
is negative, then this point lies to the left of the vertical axis. If y is pos-
itive, then this point lies above the horizontal axis. If y is negative, then
this point lies below the horizontal axis.

The coordinates of the origin are

0 = (0, 0).

We usually call the horizontal axis the x-axis, and the vertical axis the y-
axis (exceptions will always be noted explicitly). Thus if

P = (5, —10),

then we say that 5 is the x-coordinate and —10 is the y-coordinate. Of
course, if we don’t want to fix the use of x and y, then we say that 5 is
the first coordinate, and —10 is the second coordinate. What matters
here is the ordering of the coordinates, so that we can distinguish be-
tween a first and a second.

We can, and sometimes do, use other letters besides x and y for coor-
dinates, for instance ¢ and s, or u and .

Our two axes separate the plane into four quadrants, which are num-
bered as indicated in Figure 2.7.

N v

Figure 2.7

A point (x, y) lies in the first quadrant if and only if both x and y are
> 0. A point (x, y) lies in the fourth quadrant if and only if x > 0, but
y<O.

Finally, we note that we placed our coordinates horizontally and ver-
tically for convenience. We could also place the coordinates in a slanted
way, as shown in Figure 2.8.
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Figure 2.8

In Figure 2.3, we have indicated the quadrants corresponding to this
coordinate system, and we have indicated the point (3, —2) having coor-
dinates 3 and —2 with respect to this coordinate system. Of course,
when we change the coordinate system, we also change the coordinates
of a point.

Remark. Throughout this book, when we select a coordinate system,
the positive direction of the second axis will always be determined by ro-
tating counterclockwise the positive direction of the first axis through a
right angle.

We observe that the selection of a coordinate system amounts to the
same procedure that is used in constructing a map. For instance, on the
following (slightly distorted) map, the coordinates of Los Angeles are
(—6, —2), those of Chicago are (3,2), and those of New York are
(7.2, 3). (View the distortion in the same spirit as you view modern art.)

Figure 2.9



70 COORDINATES [2, §1]

Since a number line represents all real numbers, it is often denoted by R
or R A notation often used for the plane with coordinates determined
by two number line axes is R?.

2, §1. EXERCISES

For exercises with coordinates, it is convenient to use graph paper. Choose one
of the vertical lines in the middle of the paper as the y-axis, and one of the hori-
zontal lines as the x-axis.

1. Plot the following points: (—1, 1), (0, 5), (=5, —2), (1, 0).
2. Plot the following points: (%, 3), (—%, =), &, —2), (—%, —%).

3. Let (x, y) be the coordinates of a point in the second quadrant. Is x positive
or negative? Is y positive or negative?

4. Let (x, y) be the coordinates of a point in the third quadrant. Is x positive
or negative? Is y positive or negative?

. Plot the following points: (1.2, —2.3), (1.7, 3).
. Plot the following points: (—2.5,1), (—3.5,2).
. Plot the following points: (1.5, —1), (—1.5, —1).

. What are the coordinates of Seattle (S), Miami (M) and New Orleans (NO)
on our map? (See Figure 2.9.)

[ RN B N )

9. Tell whether the following points lie on the x-axis or the y-axis:

@ 0,49 (=40 (© (=10 (00

10. Let a be a number. The line x = a is defined as the set of all points whose
x-coordinate is a. For example, if a = 3, we have the line x = 3. Some of the
points which lie on this line are (3, 4), (3, —5), (3,0), etc. In a similar man-
ner, we define the line y = a as the set of all points whose y-coordinate is a.
On graph paper, draw:

(a) The line x = -3 (b) The line x =1
(c) The line y=0 (d) The line y =4

11. Fill in the blanks with the word “parallel” or the word “perpendicular”.

(a) The line x =3 is to the line x = —3,
(b) The line y = —7 is to the y-axis.

(¢) The line y = —7 is to the x-axis.

(d) The line y =4 is to the line x = 7.

12. The line x = 0 is equal to which axis? What about the line y = 0?

13. Which of the following triangles ABC are right triangles?
(@ A=(1,3) B=4 -2 C=(1,-2)
(b) A=(55 B=(,5 C=(8,3)
© A=(1,1) B=(-2,3) C=(3,3)
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14. Which of the following triangles XYZ are isosceles triangles?
(@ X=(-4-3) Y=(-22) Z=(0,-3)
®) X=(,-5 Y=@2,-1) Z=(, —6)
© X=40 Y=(8,2 Z=(@, -2

15. Three vertices of a parallelogram are at (0, 0), (3, 5), and (8, 0). What are the
coordinates of the fourth vertex (there’s more than one possibility)?

16. Plot some points whose x-coordinate and y-coordinate are equal. The set of
all such points form what figure?

17. Plot some points whose y-coordinate is twice the x-coordinate. Describe the
figure formed by all such points.

EXPERIMENT 2-1

Draw a number line on your paper such as the one below:

i 1 L 1 1 1 1 I }
T = T T T T T T T

+
—4 -3 —2 —1 0 1 2 3 4 5

1. What is the distance between the points 3 and 5 on the line? Remem-
ber that distance is always a positive quantity.

2. What is the distance between the points —2 and 4 on the number
line?

3. What is the distance between the points —3 and —1 on the number
line?

2, §2. DISTANCE BETWEEN POINTS ON A LINE

First let us consider the distance between two points on a line. For in-
stance, the distance between the points 1 and 4 on the line is 4 — 1 = 3.

0

+ t 4 +

1 2 3 4

Observe that if we take the difference between 1 and 4 in the other
direction, namely 1 — 4, then we find —3, which is negative. However, if
we then take the square, we find the same number, namely

(—3)2=32=09.

Thus when we take the square, it does not matter in which order we
took the difference.

Example. Find the square of the distance between the points —2 and
3 on the line.

4

-+
R

T
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The square of this distance is
B—=(=2)*=(3+2)?>=25
or computing the other way,
(=2 -3 =(-5?%=25.

Note that again we take the difference between the coordinates of the
points, and that we can deal with points having negative coordinates. If
we want the distance rather than its square, then we take the square

root, and we find
(=57 =5 =/25=5.

Because of our universal convention that the square root of a positive
number is taken to be positive, we see that we can express the general
formula for the distance between points on a line as follows.

Theorem 2-1. Let x,, X, be points on a number line. Then the distance
between x, and x, is equal to

V(X — x,)%.

2, §2. EXERCISES

Find the distance between the following points on the number line.

1. 3 and 7 2. —3 and 7
3.3 and -7 4. —3 and -7
5.7 and 9 6. 7 and 10

7. —7 and —10

8. Let x be a number such that the distance from x to 5 is
@1 ®»S @©6 (@7
What are the possible values of x?

9. Let x be a number such that the distance from x to —2 is
@2 ®»3 @©4 DS
What are the possible values of x?

10. Let x be a number such that the distance from x to 8 is h. What are the
possible values of x?
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2, §3. EQUATION OF A LINE

In this section we shall describe lines in terms of coordinates. The sec-
tion could be omitted without impairing the logical understanding of the
book, but it would fit well with Chapter 12.

Let F(x, y) be an expression involving a pair of numbers (x, y). Let ¢
be a number. We consider the equation

F(x,y)=c.

We define the graph of the equation to be the set of points (x, y) such
that F(x, y) =c. In this section, we study the simple case of equations
like

3x -2y =5.

Similarly, if y = F(x) is given as an expression in x, we define the graph
of the curve whose equation is y = F(x) to be the set of points (x, F(x)).
Consider first a simple example, namely

y = 3x.

The set of points (x, 3x) is the graph of this equation, or equivalently of
the equation
y—3x=0.

We can give x an arbitrary value, and thus we see that the graph looks
like Figure 2.10(a).

y=cx,c<0

(—1, 3 f—+

(a) . (b)
Figure 2.10
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If we consider the graph of
y = 4x,

we see that it is a line which slants more steeply. In general, the graph
of the equation
y = ax,
where a is a number, represents a straight line. An arbitrary point on
this line is of type
(x, ax).
If a is positive, then the line slants to the right. If a is negative, then

the line slants to the left, as shown in Figure 2.10(b). For instance, the
graph of

y=—x

consists of all points (x, —x), and looks like Figure 2.11:

y =-—x

Figure 2.11

If we drop the perpendiculars from the point (x, —x) to the axis, we ob-
tain a right triangle, which in this case has legs of equal length.
Let a, b be numbers. The graph of the equation

® y=ax+b
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is also a straight line, which is parallel to the graph of the equation

) y = ax.
To convince ourselves of this, we observe the following. Let
y=y—b
The equation
3 y =ax
is of the type just discussed. If we have a point (x, )") on the graph of
(3), then we get a point (x, )’ + b) on the graph of (1), simply by adding
b to the second coordinate. This means that the graph of the equation
y=ax+b
is the straight line parallel to the line determined by the equation

y = ax,

and passing through the point (0, b).

Example. We want to draw the graph of the equation
y=2x+ L

When x =0, then y =1. When y =0, then x = —3. Hence the graph
looks like Figure 2.12(b).

2 y=2x+1
y = 2x /
140, 1)

(a) (b)
Figure 2.12
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Example. We want to draw the graph of the equation

y=—2x—5.

5

When x =0, then y = —5. When y =0, then x = —3. Hence the graph
looks like Figure 2.13.

y=-—2x—5

\—5

Figure 2.13

If a line L is the graph of the equation
y =ax + b,

then we call the number a the slope of the line. For instance, the slope
of the line whose equation is

y=—4x+7

is —4. The slope determines how the line is slanted.

Let y = ax + b be the equation of a line.

The slope of this line can be obtained from two distinct points on the
line. Let (x;,y;) and (x,, y,) be the two points. By definition, we know
that

y1 =ax, + b,
VY, =ax, + b.
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Subtracting, we find that

Y2 — Y1 = a(xy — xg).

Consequently, if x, # x;, we can divide by (x, — x,) to find

Ya— V1
Xy — Xy

slope =a =

This formula gives us the slope in terms of the coordinates of two dis-
tinct points.

Example. Consider the line defined by the equation
y=2x+5.

The two points (1, 7) and (—1, 3) lic on the line. The slope is equal to 2,
and, in fact,

7-3
2 = —>
L—(=1
as it should be.
Geometrically, our quotient
Y2 =W
Xp = X4q

is the ratio of the vertical side and horizontal side of the triangle in
Figure 2.14.

/

Figure 2.14
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Observe that it does not matter which point we call (x,, y,) and
which one we call (x,,y,). We would get the same value for the sope.
This is because if we invert their order, then in the quotient expressing
the slope both the numerator and denominator will change by a sign, so
that their quotient does not change.

In general, the equation of the line passing through the point (x,, y;)
and having slope a is

Y=y = alx — xy).
For points such that x # x;, we can also write this in the form

y—¥1
X — X,

= a.

The equation of the line passing through two points (x;,y;) and
(x2,¥,) is
Y=V V2= N
X—X; Xp—X;

for all points such that x # x,.

Example. Find the equation of the line passing through the points
(1,2) and (2, —1).
We first find the slope. It must be the quotient

Yo— W1
E— ]

which in this case is equal to

~1-2

21 —3.

The equation of the desired line is then
y—(—=1) = —3(x—2).

This is a correct answer, but we can transform this equation by simple
algebra into an equation in standard form. First we rewrite the equation
as

y+1=-3x+6,
which is equivalent to

y= —3x+5.

This is the simplest equation for the desired line.
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Example. Find the equation of the line having slope —7 and passing
through the point (—1, 2).
The equation has the form

y—2=—T(x—(=1)
By simple algebra, this is equivalent with
y—2=—-Tx+1)=—Tx—-"7.
Again, this is equivalent with
y=—Tx—25.
This is the equation in standard form.

We should also mention vertical lines. These cannot be represented
by equations of type
y =ax + b.
Suppose that we have a vertical line intersecting the x-axis at the point
(2,0). The y-coordinate of any point on the line can be an arbitrary

number, while the x-coordinate is always 2. Hence the equation of this
line is simply

x = 2.

Similarly, the equation of a vertical line intersecting the x-axis at the
point (c, 0) is

2, §3. EXERCISES

Sketch the graphs of the following lines.
l.(@ y=-2x+5 (b) y=5x—3

X X
2.(a)y=5+7 (b)y=—§+l
33.(@y=3x—-1 (b)y y=—4x+2

What is the equation of the line passing through the following points?
4. (a) (—1,1) and (2, —7) ®) 3,Hand 4, —-1)

5.(a) (2, —1D and ((/2,1) () (=3, —5) and (/3,4
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What is the equation of the line having the given slope and passing through the
given point?

6. Slope 4 and point (1, 1) 7. Slope —2 and point (3, 1)
8. Slope —1 and point (\/2, 3) 9. Slope 3 and point (—1, 5)
Sketch the graphs of the following lines:

10. x=5 11. x= -1

12, x = -3 13. y= —4

14. y=2 15.y=0

What is the slope of the line passing through the following points?
16. (1,%) and (—1,1) 17. G, 1) and &, —1)

18. (2,1) and (\/2, 1) 19. (/3. 1) and (3,2)

What is the equation of the line passing through the following points?
20. (7, 1) and (/2,3) 21. ({/2,2) and (1,7)

22. (—1,2) and (/2, — 1) 23. (—1,./2) and (-2, —3)

24. Sketch the graphs of the following lines.
@ y=2x @®y=2x+1 () y=2x+5
dy=2x-1 () y=2x-5



CHAPTER 3

Area and the Pythagoras
Theorem

3, §1. THE AREA OF A TRIANGLE

We have already relied on your intuitive notion of area in Postulate RT,
when we spoke of two right triangles “having the same area”. In the
first section, we show how to compute areas of various figures.

Whenever we choose a unit of distance to measure the length of a line
segment (as we did in the first chapter), we are also selecting a unit of
area, with which we can measure the amount of space enclosed by a
region in the plane. For example, if we select the centimeter as the unit
of distance, the corresponding unit of area is the square centimeter. One
square centimeter is defined as the area of the region enclosed by a
square with sides of length one centimeter:

Tcm

1cm

Area = 1sq.cm = 1 cm?

Similarly, one square meter is the area of the region enclosed by a
square with sides of length one meter. Other “unit areas” can be defined
using other units of length.

EXPERIMENT 3-1 (Omit if familiar with basic area formulas.)

We can find the area of various regions in the plane by determining how
many unit area squares fit into the region. For example, suppose -we



82 AREA AND THE PYTHAGORAS THEOREM [3, §1]

have a square with sides of length 4 cm; we see that its area is 16 square
cm:

4 cm
] T T
f | I
| | |
T
I | I
————I————I—————:-——-— 4cm
I I
| | I
B
| |
L
Figure 3.1

Suppose the square had sides of length 35 cm. Look at the picture, and

count the number of unit squares, adding up the fractional parts of
squares:

| 1 T
| I I
| | ]!
- __I_ ]
3% cm I I | 1
- __I____.|.. —
| I P
| | |
-t —+—
I l l 2
3% cm
Figure 3.2
You will see that we have:
9 full squares for an area of 9 square cm
6 half squares for an area of 3 square cm
1 quarter square for an area of 1 square cm

TOTAL AREA 121 square cm

1. Draw a picture illustrating a square whose sides have length 10i cm.

Determine its area by counting unit squares and fractions of unit
squares.

2. Draw a rectangle whose sides have lengths 3 cm and 5cm. Determine
its area by counting unit squares.
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3. Draw a rectangle whose sides have lengths 95 cm and 5cm. Count
squares to determine its area.

4. In your picture for Problem 2, draw a diagonal of the rectangle (a line
segment joining opposite corners), which creates two right triangles.
(a) How do the areas of these two triangles compare? Why?

(b) Compute the areas of these triangles without counting.

The general formulas giving the areas of a square and a rectangle are
as follows.

Area of a square whose sides have length s is
S-S =52 square units.

Area of a rectangle whose sides have lengths a, b units is

ab square units.

These formulas will be taken for granted, but the experiment should con-
vince you of their truth.

Example. Look back at Part 3. To compute the area, we write
area = 9%-5 = 463 square cm.
Now rewrite the multiplication as
O+H5=95+%5

Looking at the right-hand side of this equation, see if you can discern
the relationship between it and the actual number of squares in the rec-
tangle.

Use a similar procedure to show that the number of unit squares
(adding up fractional parts when necessary) in a rectangle with sides of
length 21 inches and 3% inches can be found by muitiplying the number
21 by the number 33.

5. Using whatever method you wish, calculate the arca of the figure
given below:
13 em

17 cm

Figure 3.3
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A general formula for the area of such a figure will be derived in
Theorem 3-3, but think first before you look it up.

Hopefully you saw in the experiment that the familiar formulas for the
areas of squares and rectangles merely calculate the number of units of
area in each region, and therefore they determine what we intuitively call
area, rather than appear simply as formulas to be memorized.

Incidentally, the lengths of sides of these figures need not only be

whole numbers or fractions; they may be numbers such as ﬁ or @ or
any other positive irrational number.

Example. The area of the rectangle illustrated below is \/8 sq. cm.

\/§cm

\/icm

Area = /3 - \/§=\/(—Ssq.cm
Figure 3.4

From Part 4 of the experiment, you may have already discovered the fol-
lowing theorem:

Theorem 3-1. The area of a right triangle is one-half the product of

the lengths of the two legs.

c

Area = %IBC| - |ABI

B A
Figure 3.5
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Proof. Given triangle ABC, we th_en construct a rectangle PQRS
whose sides have the same lengths as AB and BC, and we draw diagonal

0S:

Figure 3.6

By our postulate RT, triangles AQPS, ASRQ, and AABC have the
same area. We know:

area of rectangle PQRS = |PQ||RS|
= |AB||BC].

The area of one of the two (equal-area) triangles in the rectangle then
must be equal to

3| AB||BC|,
which then also must be the area of AABC. This proves the theorem.

Example. The area of the right triangle in the figure is equal to

area = 3+6-5 =15 sq. cm.

bcm

Figure 3.7
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Example. The area of the right triangle in the figure is given by:

area = 3-2a-a = a? square units.

2a

Figure 3.8

We also use Theorem 3-1 to prove a theorem which tells us the area of
any triangle, not just right triangles. First, we define a couple of new
terms to simplify our discussion. Any side of a triangle can be consid-
ered a base of the triangle. We choose such a base. The perpendicular
segment from the opposite vertex to the line of the base is called the
height or the altitude of the triangle relative to that base. Sometimes the
length of that segment is also called the height. In Figure 3.9, we have
illustrated two possibilities for the base and height of a triangle 4BC.

(9]

//
c /\? height
| height \
I ‘o’bse \
| \\
A h B A B
base

(a) (b)
Figure 3.9

Notice that the segment which gives us the height relative to a given
base may fall outside the triangle, as in Figure 3.9(b).

We can now prove a theorem telling us how to compute the area of
any triangle.

Theorem 3-2. The area of a triangle is one-half the product of the
lengths of the base and its corresponding height, regardless of which side
we choose as a base. In other words, if b is the length of a base, and h
is the corresponding height, then the area of the triangle is

area = 1bh.
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Proof. There are two cases to consider, depending on whether the
height segment falls inside the triangle or outside the triangle.

Case 1. The height falls inside the triangle and divides the base into
two parts, with lengths x and y:

c

|

I

h

l

A b 8
X N y
b
Figure 3.10

We see that the area of our triangle ABC is equal to:
area of AANC + area of ABNC.

Theorem 3-1 tells us how to compute the areas of these two right tri-
angles:

area AANC =

Lxh,
area ABNC = }yh.

Therefore,
area of AABC = {xh + iyh

=3h(x + )
= 1hb,
since x + y = b.
The second case is illustrated below:

Case 1I.

c N
Figure 3.11
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The proof is left as an exercise for you. Notice that the area of
AABC is equal to the area of right triangle ABN minus the area of right
triangle ACN.

Students sometimes ask, “Why bother with Case II? Whenever you
need to find the area of a triangle, just choose a base so that the height
falls inside the triangle.” There are two reasons why we bother. First,
the theorem is more general, and consequently more pleasing, when we
do not have to make any restriction on which side you choose as a base.
Second, the Case II situation comes in handy in certain situations, as in
the proof of Theorem 3-3. For another example when both cases occur
in a physical situation, see the example at the end of Chapter 7, §1. We
shall now give numerical applications of the formula for the area of a
triangle.

Example. The front of a tent has the form of a triangle, and has a
base of length 1.5 m and a height of 2 m. How much material is needed
to make a cover for this front?

.—L—1.5 m—)'

Figure 3.12

By our general formula, the area is equal to
1.15.2=15m>
This is the answer.
Example. Find the base of a triangle if its area is 5 cm? and its height

is 3 cm.
From the formula area = 1bh, we have

1.b-3=5,
or in other words, 3b/2 = 5. We solve for b, and get

2.5 10
bziz—.
3

Hence the answer is b = 12 cm.
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Trapezoids

Another figure which comes up in practical as well as theoretical situa-
tions is the trapezoid. A trapezoid is a four-sided figure which has a pair
of parallel sides, called the bases. Figure 3.13 illustrates some trapezoids:

Figure 3.13

A property lot, or a water basin may have the shape of a trapezoid (see
Exercises 17 and 18). It is important to have a formula for its area,
which we shall now investigate.

The height of the trapezoid by definition is the perpendicular distance
between the parallel lines going through the bases. We illustrate the
height in the next figure.

A

Bases h Height = |ABl=~h

=,
|
|
|
-

B

Figure 3.14

Theorem 3-3. The area of a trapezoid with bases of length b, and b,
and height h is:

3(by + by)h.
Proof. Given trapezoid PQRS, with lengths as indicated:

S b, R

| ——
A

I h
|

—
//

b,

Figure 3.15
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We draw a diagonal PR, and notice that:
area of trapezoid = area of APQR + area of APSR.

So all we need to do is find the areas of the two triangles.

Looking at triangle PQR, the obvious choice for a base is segment
PQ, which has length b,. The height, drawn from vertex R, has the
same length as the height of the trapezoid, which is h. Therefore, by
Theorem 3-2:

area of APQR = 1b,h.
Looking at triangle PSR, the obvious choice for base is segment SR,
which has length b, . The height drawn from vertex P to (an extension
of) the base SR has the same length again as the height of the trapezoid,

namely h. Therefore, by Theorem 3-2 (and here’s where Case II comes
in handy)

area of APSR = 3b,h.
Adding these triangle areas together, we find

area of trapezoid = 1b,h + b,h

= 3(b, + bh.
An easy way to memorize this formula is to think:

“Average of the base lengths, times the height.”

Example. Find the area of the trapezoid shown below:

8

|
|6
|
|

10
Figure 3.16

We have bases of lengths 8 and 10, and height 6. The area is therefore

18 + 10)-6 = 54.
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3, §1. EXERCISES

1.

In each of the following, the base b and height & of a triangle is given. Find
the area:

(@ b=12cm, h=5cm ®)b=3m, h=Tm () b=2x,h=x

. Find a side of a square whose area is equal to the area of a rectangle with

sides 10 and 40.

. The height of a triangle is one half the base. Find its base if the area of the

triangle is 36 sq. m.

. Find the dimensions of a rectangle whose length is five times its width and

whose area is 1440 sq. cm.

. The piece of sheet metal illustrated below folds into a box with a square bot-

tom and no top:

r

Figure 3.17

(a) How much material is needed (in square cm) if /= 5cm and 2 =4 cm?

(b) Write a formula for the area of the metal in terms of ! and h.

. A man wishes to build a path 1 m wide around a garden which is a rectangle

15m by 20 m. What is the area of the path?

. The sides of a rectangle are in the ratio 3:4 and its area is 300 sq. cm. Find

its sides.

. Find the base of a triangle if its area is 36 sq. cm and its height is 12 cm.

9. A right triangle has legs of equal length and area 40. How long are the legs?
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10. In right triangles AABC and AXYZ below, each leg in AXYZ has twice
the length of the corresponding leg of AABC. What is the ratio of the area
of AABC to the area of AXYZ?

X
A
c B zU y
Figure 3.18

[Hint: Let a, b be the lengths of AC and BC. Then XZ and ZY have
lengths 24 and 2b. Compute the areas and compare.]

11. In Problem 10, suppose the legs of XYZ are n times as big as the legs in
NABC, where n is a positive integer. What is the ratio of the areas of the
triangles?

12. The length of a side of a square is 8 units. What is the length of a side of
the square whose area is three times as large?

13. A swimming pool measures 6 m by 9 m. You want to cover the floor with
tiles which come in squares 0.5 m on a side, and which cost $35 each. How
much will this project cost you?

14. Three squares, with sides of length 5, 4, and 3 respectively, are placed
together as shown. Find the area of the shaded region.

5

4
3

Figure 3.19

[Hint: Find this area by subtraction.]

15. Prove Case II of Theorem 3-2. In this case, the area of the given triangle is
a difference of areas of two right triangles.

16. If a trapezoid has a base 8 and height 7, what is the length of the other base
if the area of the trapezoid is 77.
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17. A swimming pool is 30 meters long and 1 meter deep at the shallow end.
The deep end extends for 4 meters at a depth of 5 meters. What is the area
of the illustrated side wall?

30

Figure 3.20
[Hint: Divide the region into a rectangle and a trapezoid.]

18. Three city lots, each with 25m frontage along the main drag, make up a
single tract, as illustrated below:

7

75 m

556m

£
o
<

30m

25m I 25m | 25m

Main Drag Boulevard

Figure 3.21

What is the total area of the tract?

19. Let APQM be a triangle, as shown below. Let N be the midpoint of the
segment QM. Prove that the triangles APQN and APNM have the same
area.

P

N
Figure 3.22

[Hint: What is the relation between the heights of these two triangles? Their
bases?]
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20.

21.

22.
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Let APQM be a triangle, as shown below. Let N be the point on the seg-
ment QM such that the distance from N to M is twice the distance from Q
to N, as shown.

Figure 3.23

(a) Prove that the triangle APNM has twice the area as APQN.

(b) How does the area of APN'M relate to the area of APQN if N’ is the
point two thirds of the way on the segment QM from Q to M?

(c) What is the relation between the area of APNN’ and the area of
APQN?

In Exercise 20 suppose that we select N on the segment QM at a distance
from Q equal to one-fourth of d(Q, M). What can you then say about the
areas of APQN and APNM? What if this distance was one-fifth?

Prove that if the diagonals of a quadrilateral are perpendicular, then the area
of the quadrilateral may be found by taking one-half the product of the
lengths of the diagonals. (Draw a picture, and label all lengths clearly.)

EXPERIMENT 3-2

L.

Using a ruler, carefully construct a right triangle with legs of length
8cm and 13cm. To be sure you have an accurate 90° angle, use a
protractor, the corner of a piece of cardboard, or the procedure given
in Construction 4 of Chapter 1.

. Carefully measure the length of the hypotenuse of the triangle you

constructed.

. Construct another right triangle with legs of length 10 cm and 10 cm.

Again carefully measure the hypotenuse of this triangle.

. Is it true that if a right triangle has legs of lengths a and b, then the

hypotenuse has length a + b?

. Suppose a right triangle has legs of lengths a and b and the hypoten-

use is length ¢. Do you know, or can you find an equation which
relates a, b, and ¢ that is true for all right triangles?

. Construct a right triangle with legs of lengths 3cm and 4 cm. Mea-

sure the hypotenuse.

. Construct a right triangle with legs of lengths 8 and 15. Measure the

hypotenuse.
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3, §2. THE PYTHAGORAS THEOREM

In the previous Experiment, you investigated the relationship among the
lengths of the sides of a right triangle. Suppose a right triangle has legs
of lengths x and y, and hypotenuse of length z. The relation x + y =z is
false. The-correct relation will be-stated and proved below, and is-gener-
ally attributed to Pythagoras. He was the leader of a group of philoso-
phers which flourished for over 100 years around 530B.c. The group
was interested in music, morals, and religion as well as mathematics.
Their contributions to geometry include proofs that the angles of a trian-
gle contain 180°, work on the theory of parallels, and on proportions (si-
milarities, as we would say today).

Theorem 3-4 (Pythagoras). Let ANXYZ be a right triangle with legs of
lengths x and y, and hypotenuse of length z. Then

x*+ y?=z%
z
y
X
Figure 3.24

Proof. Let PORS be a square with sides of length x + y, and locate
points A, B, C, D on the sides, such that each side is divided into two
segments, one of length x and one of length y, as shown.

P X D y N
X
14
c
A
y
X
Q > v < R

Figure 3.25
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Connecting points 4, B, C, D with four segments 4B, BC, CD, DA cre-
ates four right triangles to which we can apply postulate RT. Conse-
quently, the lengths of their hypotenuses are all the same, namely z, and
their areas are equal.

We now want to show that ABCD is a square. First, it clearly does
have four sides of equal length z. As for the angles, we start by looking
at L ABC, and we see that:

m(L ABQ) + m(L ABC) + m(L, CBR) = 180°,

By RT,
m(/L CBR) = m(LQAB)

and by Theorem 1-3, we have

m(L QAB) + m(L ABQ) = 90°.
Therefore
m( L CBR) + m( L ABQ) = 90°.

Substituting these quantities in the first equation, we have
m(L ABC) + 90° = 180°
and therefore we conclude that:
m(/L ABC) = 90°.

A similar argument holds for the other three angles in ABCD, and so
we conclude that it is a square.

We now compute areas. Since the length of one side of square PQRS
is x + y, the total area enclosed by PQRS is:

(x +y)? = x>+ 2xy + y*.

This area is equal to the sum of the areas of the four right triangles, plus
the area of the square ABCD whose sides have length z. Therefore

X
x2+2xy+y2=47y+zz=2xy+zz,

which simplifies to

X2 + y? = 22,
and the theorem is proved.

The Pythagoras theorem has many, many applications (see the next
chapter, or the section on coordinates, or the exercises). Consequently,
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you should learn it well, and be able to use it easily. Here are some typ-
ical calculations.

Example. Find the length of the diagonal of a square whose sides
have length 1.

Figure 3.26
Label this length d. We know that 12 + 12 = d? and so
d= /1> +12=/2.

Example. What is the length of the diagonal of a rectangle whose
sides have lengths 3 and 4? Here we have d? = 32 + 42, so that

d=./9+16=5

Figure 3.27

Example. One leg of a right triangle has length 10 cm, and the hypo-
tenuse has length 15 cm. What is the length of the other side? Let b be
this length. By Pythagoras we have

10% + b = 152
b? = 15% — 107,
b= /225 — 100,
b= \/Ecm.

Therefore

15 cm
10cm

b
Figure 3.28
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The Pythagoras theorem is also useful in 3-dimensional situations.
Consider an ordinary open box. Suppose we wish to calculate the length
of the diagonal from one corner of the box to the completely opposite
corner as illustrated:

B
Figure 3.29

Observe that AABC and AACD are right triangles, with right angles at
B and C respectively. If we are given the three sides of the box, we can
use the Pythagoras theorem twice to compute the diagonal.

Example. A rectangular box has sides of lengths 2, 3, 7. Find the

length of the diagonal.
D
d

N

/J\\ c

~N

//

A 3
2 B
Figure 3.30

By the Pythagoras theorem, applied to AABC, we have
|AC1? =22 +32=4+4+9=13.

Next we apply Pythagoras to AACD, whose right angle is at C. Then
we have the relation

|ACP? + 72 = &,
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where d is the length of the diagonal of the box. Therefore
d> =13+ 7*=13 + 49 = 62.
Finally, we find d = /62.

Example. A right triangle has legs of lengths 6 and 7 units.

(a) Compute the length of the hypotenuse.

(b) If the legs are multiplied by a factor of 2, how does the hypot-
enuse change?

(c) If the legs are multiplied by a factor of r for some positive
number r, how does the length of the hypotenuse change?

First, for (a), the hypotenuse has length

V6% + 7% = /36 + 49 = /85,

If the legs are multiplied by a factor of 2, so the new legs have lengths
12 and 14 respectively, the hypotenuse of the new triangle has length

V127 + 142,

The numbers are getting large, and so it is better to write this expression
without performing the squaring operations yet, in the form

J2-6)> + (2-7)? = /2%6* + 272

_ )
We know a rule of algebra which says that
Jab=/a\/b.

Hence we conclude that

JC62 + (27?2 = /2285 = /22, /85 = 2. /85.

Thus we see that the hypotenuse of the new triangle differs from \/g by
a factor of 2.

In general, if the legs are multiplied by a factor of r, then the hypot-
enuse changes to

J6r) (7 = /76 + P17 = /r’85 = 1,/85.

Hence the hypotenuse changes by a factor of r.
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Example. The lengths of the legs of a right triangle are in the ratio
3:5. If the area of the triangle is 16, how long is the hypotenuse?

We can write the lengths of the legs in the form 3a and 5a for some
number a. Then the area formula gives

1 1
16 = - 3a5a=—5— a?
2
Thus by algebra,
32
2 _ 22,
715

By Pythagoras, the hypotenuse squared is given by the formula
z2 = (3a)? + (5a)% = 94 + 25q% = 344>
Substituting the value for a®> which we found above, we obtain

32
2 - 34.°%.
z 3 T

Hence

a3
= 15

This is a correct answer, and there is no particular need to simplify it.

Theorem 3-5. Let P be a point and L a line. Suppose P is not on the
line. The shortest distance between P and points on the line is the dis-
tance d(P, M) where PM is the perpendicular segment from P to the
line.

Proof. Let Q be any point on the line unequal to M. Then P, M, Q
are the three vertices of a right triangle, with right angle at M, as shown
on the figure.

Figure 3.31
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By Pythagoras, we have
a* + b* = ¢,

and since b > 0 it follows that »? > 0 and hence ¢ > a?. Hence ¢ > a.
This means that

d(P, Q) = ¢ > a=d(P, M),

thus proving the theorem.

3, §2. EXERCISES

1. Find the length x in each of the following diagrams:

(a) (b)

a X

(c) (d)
Figure 3.32

2. What is the length of the diagonal of a square whose sides have length:
@ 2 ®) 3 (c) 4 @S5 (e r?

3. What is the length of the diagonal of a rectangle whose sides have lengths:
(a) 1 and 2 (b) 3 and 5 (¢c) 4 and 7 (d) r and 2r
(e) 3r and 5r (f) 4r and 7r?

4. What is the length of the diagonal of a cube whose sides have length:
(@1 (b) 2 ©) 3 d) 4 () r?
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5. Find the length of the diagonal of a rectangular solid whose sides
a, b, and ¢ have lengths:
(@ 3,4,5 (b) 1,2, 4 © 1,3 4 (d) a, b, ¢ (e) ra, rb, rc

Figure 3.33

6. A TV tower is to be anchored by wires from a point 30 m above the ground
to stakes set 25m from the base of the tower. How long does each wire
have to be?

Figure 3.34

7. How far is it from second base to home plate? (Note: A baseball “diamond”
is really a square, with sides length 90 feet.)

8. A square has area 144 sq. cm. What is the length of its diagonal?

9. One leg of a right triangle is twice the length of the other leg. The area of
the triangle is 72 sq. cm. How long is the hypotenuse?
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10. In the figure below, right triangle PQA, has two legs of length 1.
(a) How long is hypotenuse PA4,?
Segment A, A, is also of length 1, drawn perpendicular to PA,.
Segment A, A5 is of length 1, drawn perpendicular to PA4,; and so on....
(b) How long is segment PA,?
(c) How long is segment PA,?
(d) How long is the “n-th” segment, PA?

P 1
Figure 3.35

11. (a) A ship travels 6 km due South, 5 km due East, and then 4 km due South.
How far is it from its starting point? (The answer is NOT 15km!) You
may assume that the path of the ship is as shown on the diagram, and
lies in a plane.

T

Figure 3.36

(b) If actually the ship starts at the North Pole, on earth, what would the
actual distance be?
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12. (a) A right triangle ABC has legs of lengths 3 and 4. What is the length of
the hypotenuse?

(b) Suppose we double the lengths of the legs, so that they are 6 and 8.
How long is the hypotenuse in this case?

(c) Now triple the original lengths of the legs. How long is the hypotenuse
in this case?

(d) Suppose we multiply the lengths of the original legs by a factor of ¢ (c a
number greater than 0), so that they have lengths 3¢ and 4c. What is the
length of the hypotenuse?

(e) Prove your conclusion in part (d).

(f) In your head, compute the lengths of the hypotenuses of the following
right triangles whose legs are given:

(i) 300 and 400 (iiy 18 and 24 (iit) 27 and 36

13. In Problem 12, you found a number of Pythagorean triples, which are sets of
three integers a, b, and ¢ which satisfy

a? + b% = c2

Can you find other triples which are NOT multiples of the ones in Problem
12? For example, 5, 12, 13 is such a triple (5% + 122 = 132). Can you de-
velop a calculation method which will generate Pythagorean triples? [Hint:
Let x = a/c and y = b/c so x> + y* = 1. Use the formulas

1—1¢? d 2
1+2 YETE

X =

Substitute values for ¢, like t =2, t = 3, t =4, t = 7, or whatever.]

14. In each of the following right triangles, find x (think of Pythagorean triples).

144
4m X
X
15 108
X
-
36 3m
{a) (b) (c)
Figure 3.37

15. The lengths of the legs of a right triangle are in the ratio 2:3. If the area of
the triangle is 27, how long is the hypotenuse?
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16. One leg of a right triangle is 4/5 of the other. The area of the triangle is
320. Find the lengths of the legs.

17. A 20m pole at one corner of a rectangular field is anchored by a wire
stretched from the top of the pole to the opposite corner of the field as
shown:

30m
Figure 3.38

What is the length of the wire?

18. A smaller square is created inside a larger square by connecting the mid-
points of the sides of the larger square, as shown:

uJ

Figure 3.39

What is the ratio of the area of the small square to the area of the big
square? (Is it 1/2 the big square? 1/4?7 1/\/5? What 777) Proof?

19. A baseball diamond is a square 90 feet on a side. If a fielder caught a fly on
the first base line 30 feet beyond first base, how far would he have to throw
to get the ball to third base?

20. A square has area 169 cm?; what is the length of its diagonal?

21. Find the area of a square with a diagonal of length Sﬁ.

22. Find the area of a square whose diagonal has length 8.
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23.

24,

25.

26.

27.

The length and width of a TV screen must be in the ratio 4:3, by FCC regu-
lation. If a company advertises a portable TV with a screen measuring 25 cm
along the diagonal:

(a) What is the viewing area in square centimeters?

(b) If the diagonal measurement is doubled to 50 cm, does the viewing area

double? _____ If NO, how does it change?

In the figure, find |PQ]|.

R

20
S
12

8

.

P Q

Figure 3.40

Use Pythagoras to prove the following statement, which is an extension of
the RT postulate:

If a leg and hypotenuse of one right triangle have the same length as a leg
and hypotenuse respectively of another right triangle, then the third sides of
each triangle have the same length.

ABCD is a rectangle, and AQD is a right triangle, as shown in the figure. If
|AB| = a, |BQ| = b, and |QC| = ¢, prove the following:

(@) |AD| = /b* + 2a% + 2

(b) a®> = bc (This should be easy once you’ve shown part (a).)

B b Q c c

Figure 3.41

In triangle ABC, |AC| =|CB| and CN is drawn perpendicular to AB. Prove
that |AN| = |NB.
C

I
I
I
]
A m B
Figure 3.42
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28. Let AABC be a right triangle as shown on Figure 3.43, with right angle C.
C

P
Figure 3.43

Let P be the point on AB such that CP is perpendicular to AB. Prove:
(a) |PC|>=|AP|-|PB|
(b) |AC|?> = |AP|-|A4B|

29. Let PO and XY be two parallel segments. Suppose that line L is perpendi-
cular to these segments, and intersects the segments in their midpoint. (We
shall study such lines more extensively later. The line L is called the perpen-
dicular bisector of the segments.)

Given: L
L1PQand L1XY p M Q
[PM| = |MQ|
[XM'| = |M'Y|
X » Y
[YE
Figure 3.44
Prove:
(@) [PX|=|0Y]
(b) [PY]| =QX]

[Hint: Use the lines perpendicular to PQ and XY passing through P and Q
and intersecting XY in points P’ and Q' as on Figure 3.45. Use various
equalities of segments, and Pythagoras’ theorem.]

P . M Q
ol R
. [
X + ’ 1 Y
Pr M O/

Figure 3.45



108 AREA AND THE PYTHAGORAS THEOREM [3, §2]

30.

31.

Remark. Statements (a) and (b) can be interpreted by saying that if two
points are reflected through a line, then the distance between the two points
is the same as the distance between the reflected points. The two points
might be P, X or they might be P, Y, depending on whether they lie on one
side of the line L or on different sides of the line L. For a more systematic
study of reflections, see Chapter 11, §3 and §4.

Prove that the length of the hypotenuse of a right triangle is = the length of
a leg.

The next five exercises are “data sufficiency” questions. In this type of ques-
tion, you are asked to make a specific calculation (in this case the area of a
particular square), using the data given in the question. If the given data is
sufficient to determine the answer, you do so. If it is not sufficient, you
answer “insufficient data”. Each question is independent of the others.

Three squares intersect as shown in Figure 3.46. Find the area of AADG for
the following sets of data.

c
A
H D
G
F E
Figure 3.46

(a) |AF| =10
(b) |CE| =18
(©) |BD|=3,/2

(d) Area of square BCDH = 49
(e) Area of figure AGDEF = 27

EXPERIMENT 3-3

On a piece of graph paper, draw a pair of coordinate axes.

1.
2.
3.

Draw the points P =(—4,3) and Q = (5,3). d(P,Q)=_______?
Draw the point R =(—4, ~6). d(P, R)=______?
Draw the triangle determined by points P, Q, and R. What kind of

triangle is it?

. Use the Pythagoras theorem to compute d(Q, R).
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5. Plot the points X =(—1,7) and Y =(3, —2). Compute d(X,Y) by
drawing a right triangle and using the Pythagoras theorem.

6. Let A be the point (5,3), and let X be an arbitrary point (x, x,).
Plot point A4 on the graph paper, choose a random location for point
X, and label its coordinates (x,,x,). Try to write a formula giving
d(A4, X) using the procedure used above in terms of x, and x,. You
may wish to refer to the formula giving the distance along a line
stated in §2 of Chapter 2. (Theorem 2-1).



CHAPTER 4

The Distance Formula

4, §1. DISTANCE BETWEEN ARBITRARY POINTS

We shall apply the Pythagoras theorem to give us a formula for the dis-
tance between two points in terms of their coordinates. We are given a
coordinate system, which we draw horizontally and vertically for conve-
nience. The Pythagoras theorem told us:

In a right triangle, let a, b be the lengths of the legs (i.e. the sides form-
ing the right angle), and let ¢ be the length of the third side (i.e. the
hypotenuse). Then

a? + b =2

a

Figure 4.1

Example. Let (1,2) and (3,5) be two points in the plane. We will
find the distance between them using the procedure in Experiment 3-3.
First we draw the picture of the right triangle obtained from these two
points, as in Figure 4.2:
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(3, 5)
54
4+
3t
24
(1,2)
14+
ol
0 1 2 3
Figure 4.2

We see that the square of the length of one side is equal to
B-1)*=4
The square of the length of the other side is
5-22=03)2=9.

By the Pythagoras theorem, we conclude that the square of the length
between the points is 4 + 9 = 13. Hence the distance itself is ,/13.

Now in general, let (x,, y,) and (x,,y,) be two points in the plane.
We can again make up a right triangle, as shown in Figure 4.3.

(x5, ¥,)
i, y1)/
| —
Xy X2

Figure 4.3

The square of the bottom side is (x, — x;)?, which is also equal to
(x; — x,)®. The square of the vertical side is (y, — y,)? which is also
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equal to (y; — y,)% If d denotes the distance between the two points,
then

d? = (x; — x1)2 + (¥, — J’1)2,

and therefore we get the formula for the distance between the points,
namely

Theorem 4-1. If (x,,y,) and (x,, y,) are points in the plane, then the
distance d between the points is given by the formula:

d= \/(xz —x)% + (3, — y)>

Example. Let the two points be (1,2) and (1, 3). Then the distance
between them is equal to

JAI=1?+(3-22=1.

Example. Find the distance between the points (—1,5) and (4, —3).
This distance is equal to

J@— (=) + (=3 -5 = /8.

Example. Find the distance between the points (2,4) and (1, —1).
The square of the distance is equal to

1 -2+ (—1—4)>=26.
Hence the distance is equal to /26.

Warning. Always be careful when you meet minus signs. Place the
parentheses correctly and remember the rules of algebra.

We can compute the distance between points in any order. In the last
example, the square of the distance is equal to

2 — 1) + (4 — (= 1)? = 26.

If we let d(P, Q) denote the distance between points P and @, then
our last remark can also be expressed by saying that

d(P, Q) = d(Q, P).

Note that this is the basic property DIST 2 of Chapter 1.
We define a point P to be equidistant from points X and Y if
d(P, X) =d(P, Y).
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4, §1. EXERCISES

Find the distance between the following points P and Q. Draw these points on a
sheet of graph paper.

L
3.
5.
7.
9.
11.

12.

13.

14.
15.

16.

17.

18.

19.

P=(21)and Q= (1,5) 2. P=(=3,~1)and Q =(—4, —6)
P=(-21)and Q=3,7) 4. P=(—3,—4)and Q = (-2, —3)
P=(3,-2) and Q = (—6, —7) 6. P=(—3,2) and Q = (6,7)
P=(=3,—4)and Q =(—1,-2) 8. P=(—1,5 and Q=(—4,—2)
P=(2,7 and Q = (=2, —7) 10. P=(3,1) and Q = (4, — 1)

Points A, B, C, D have coordinates (0,0), (7,0), (9,5), (2,5) respectively.
Show that |AB| = |DC| and |AD|=|BC|. What can you say about the
quadrilateral ABCD?

A, B, C are the points (3,4), (3, —2), (—5, —2) respectively.

(a) State which of the line segments joining the points is horizontal and give
its length.

(b) State which of the line segments is vertical and give its length.

(c) Find the length of the third line segment.

Show that (3, 5) is equidistant from (—1,2) and (3, 0).
Find k so that the distance from (—1, 1) to (2, k) shall be 5 units.

A square has one vertex at (4,0) and its diagonals intersect at the origin.
Find the coordinates of the other vertices, and find the length of the side of
the square.

Let K = (0, y) be a point on the y-axis.

(a) If A = (4, 3), write the formula for the distance from A to K.

(b) If B = (—38,0), write the formula for the distance from B to K.

(c) If the distance from B to K is equal to twice the distance from A4 to K,
solve for y. (In other words, find the possible locations for point y.)

What are the coordinates of the point on the y-axis which is equidistant from
(—3,2) and (5, 1)?

Prove that if d(P, Q) = 0, then P = Q. Thus we have now proved two of the
basic properties of distance.

Let A =(a,,a,) and B = (b, b,). Let r be a positive number. Write down
the formula for d(4, B). Define the dilation r4 to be

rA = (ray, ra,).

For instance, if A =(—3,5) and r =7, then r4A =(—21,35). If B=(4, —3)
and r = 8, then rB = (32, —24). Prove in general that

d(rA,rB) = r-d(A, B).

We shall investigate dilations more thoroughly in Chapter 8.

20. If the point (k, 6) is equidistant from (1, 1) and (3, 5), find the value of k.



114 THE DISTANCE FORMULA [4, §2]

21. The vertices of a triangle are the points (1, 8), (4, 1) and (7,1). Find the area
of the triangle.

22. The vertices of square ABCD are (4,0), (4,4), (8,4) and (8,0). The areca of
ABCD equals
(a 2 (b) 4 () 8 @) 12 (e) 16

4, §2. HIGHER DIMENSIONAL SPACE

We have seen that a point on a line can be represented by a single
number. Similarly, once a coordinate system is chosen, a point in the
plane can be represented by a pair of numbers (x, y). We may do some-
thing analogous for 3-dimensional space. We choose three perpendicular
axes as shown in Figure 4.4, and call them the x-axis, y-axis, and z-axis.

A
Zz-axis

y-axis

Xx-axis

Figure 4.4

Given a point P in space, we can then represent P by a triple of
numbers, P = (x, y, z).

zZe
N

AN
AN

(x,y,z2) =P

AN
A
|
|
|
}
I
\l/
N/
X -~

Figure 4.5
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We call the numbers x, y, z the coordinates of the point as before.

The point O = (0,0, 0), whose coordinates are all equal to zero, is
called the origin.

The point (x, y) with the first two coordinates only is called the pro-
jection of P in the (x, y)-plane.

Example. Let P =(2,3,5). The projection of P in the (x, y)-plane is
the point (2, 3). Similarly, the projection of P in the (x,z)-plane is the
point (2, 5).

Example. Let P = (—3,2, —6). The projection of P in the (y, z)-plane
is (2, —6). The projection of P in the (x, z)-plane is (—3, —6).

What is the distance from the origin to a point P = (x, y, z2)? We refer
to the example when we derived the diagonal of a box from its sides, in
Chapter 3, §2. The situation is analogous here. Let P’ = (x,y) be the
projection of P in the (x, y)-plane. Let ¢ be the distance from the origin
O to P'. By the Pythagoras theorem applied in the (x, y)-plane, we find

2 =x*+ )y~
On the other hand, we have a right triangle AOP'P whose right angle
has vertex P. Let d be the distance from O to P. Applying the Pytha-
goras theorem to AOP'P we find

a?=t*+z
and therefore we have the general formula

d* = x* + y* + 2*

giving the distance from O = (0,0,0) to P = (x, y, z).

Example. What is the distance from the origin to the point (3, 1,2)?
Let d be this distance. Then

A?=324+12+22=9+1+4=14
Hence d = . /14.

Example. What is the distance from the origin to (—2,3, —5)? The
square of the distance is given by

d> = (=22 +32+(=52=4+9+25=38.

Hence d = \/§§
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Observe the negative coordinates in this example. The minus signs
disappear when we square the coordinates.
Let

A = (ay, a,, a3) and B = (b, b,, by)

be points in 3-space. Define the distance between them to be

d(4, B) = /(b — a;)* + (b, — a,)* + (b3 — a3)*.

This formula is a simple extension of the distance formula from 2-space
to 3-space.

Example. Let 4 =(3,1,5) and B= (1, —2,3). Find the distance be-
tween 4 and B.
By definition, the square of the distance is

dABP =132 +(—2—1)2+(B—52=4+9+4=17.
Hence d(4, B) = /17.

Note that it does not make any difference whether we compute
d(A, B) or d(B, A), we get the same number. For instance, in the previ-
ous example,

dB, A} =3 -1+ (1 - (=2)* +(5-3)
=2243%+22
= 17.
Hence again, d(B, A) = /17.

The reason for this in general is that in the formula for the distance,
we have

(b, — a1)2 =(a; — b1)2a (b, — az)z =(a, — bz)zy
(b; — a3)2 = (a3 — by~

We were motivated to study triples of numbers like (2, —1, 5) by our
spatial intuition of 3-dimensional space. However, nothing prevents us
from extending the concept of points and coordinates to higher dimen-
sional space. To be systematic, we denote by R' the set of all numbers.
We denote by R? the set of all pairs (x,, x,) of numbers. We denote by
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R3 the set of all triples of numbers (x,, x,, x;). We may then denote by
R* the set of all quadruples of numbers

(Xl, X25 X3, x4)

and we call such a quadruple a point in 4-space. Of course, we cannot
draw a point in 4-space the way we drew a point in 1-space, or in 2-
space, or in 3-space. But just because we cannot draw such a point does
not mean it does not exist. After all, we can write down four numbers,
like

(1’ _5’ 2’ 7)

and call that a point in 4-space. It exists because we have just written it
down. It’s that simple.

The question can arise whether it is useful to consider such quadruples
of numbers. The answer is yes. The general principle involved here is
that whenever you can assign a number to measure something, then you
can call this number a coordinate. You get new coordinates every time
you have a new way of assigning numbers. In this way, you will find
that you are led not only to 4-dimensional space, but to spaces of higher
dimensions.

Example. The oldest way of picking a dimension in addition to the
three standard ones is time. We first select an origin for the time axis,
say the birth of Christ. Then the time coordinate ¢ is positive when as-
sociated with an event occurring after Christ, and is negative when asso-
ciated with an event occurring before Christ. Suppose an airplane is
flying in the year 1927 across the Atlantic, and the unit of time is the
year. One could then give its four coordinates as

(x, v, z, 1927).

The idea of regarding time as a fourth coordinate is an old one. Al-
ready in the Encyclopedia of Diderot, dating back to the 18th century,
d’Alembert writes in his article on “dimension”:

Cette maniére de considérer les quantités de plus de trois dimensions est
aussi exacte que l'autre, car les lettres peuvent toujours é&tre regardées
comme représentant des nombres rationnels ou non. Jai dit plus haut qu’il
n’était pas possible de concevoir plus de trois dimensions. Un homme
d’esprit de ma connaissance croit quon pourrait cependant regarder la
durée comme une quatriéme dimension, et que le produit temps par la soli-
dité serait en quelque maniére un produit de quatre dimensions; cette idée
peut étre contestée, mais elle a, ce me semble, quelque mérite, quand ce ne
serait que celui de la nouveauté.

Encyclopédie, Vol. 4 (1754) p. 1010
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Translated, this means:

This way of considering quantities having more than three dimensions is
just as right as the other, because algebraic letters can always be viewed as
representing numbers, whether rational or not. I said above that it was
not possible to conceive more than three dimensions. A clever gentleman
with whom I am acquainted believes that nevertheless, one could view
duration as a fourth dimension, and that the product time by solidity
would be somehow a product of four dimensions. This idea may be chal-
lenged, but it has, it seems to me, some merit, were it only that of being
new.

Observe how d’Alembert refers to “a clever gentleman” when he ob-
viously means himself. He is being rather careful in proposing what
must have been at the time a far-out idea.

That idea became more prevalent in the 20th century, as you are all
aware. Don’t get the idea however that time is the fourth dimension.
Even the question: “Is time the fourth dimension?” is a bad one, because
it assumes implicitly that there is only one possible way of picking a
fourth dimension, and there are many ways. Whenever you can associate
a number with a situation, then this association constitutes a “dimen-
sion”. Of course, in our present study, we are interested in the three di-
mensions of space, and especially in the two dimensions of the plane, but
there are many other ways of associating numbers with certain situa-
tions.

Example. Suppose a car is traveling on a road at 50 km/hr, at 10
o’clock some morning. We can describe this situation by the four coor-
dinates

(x, ¥, 50, 10)
where (x, y) are the ordinary coordinates of the car in the plane, and the

other two coordinates (50, 10) represent the additional data mentioned
above.

Example. We pick a situation from economics. Consider the indus-
tries:

Chemical, Steel, Oil, Automobile, Farming.
Take billions of dollars as units. For each industry, its profits measured
in billions of dollars per year give us a way of associating a number to

the industry. Thus, for instance,

2,4,9,1,3,1973)
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would mean that the Chemical industry had profits of 2 billion dollars in
1973, the Steel industry had profits of 4 billion dollars in 1973, etc. In
this context, negative numbers would be used to indicate losses. Thus

(—1, 3,8, —2,4,1974)

would mean that the Chemical industry lost 1 billion dollars in 1974, but
the Oil industry made 8 billion dollars in 1974. This data is represented
by 6 coordinates, which can be viewed as a point in 6-dimensional space.

We won’t go any further in these higher dimensional spaces, because
in this course, we are principally concerned with the plane, in 2 dimen-
sions, but we thought it might interest you to get a preview of notions
which will appear in later years.

4, §2. EXERCISES

1. Give the value for the distance between the following:
(@) P=(1,2,4) and Q = (—1,3, —2)
(b)) P=(1,—2,1)and Q =(—1,1,1)
© P=(—2,—-1,-3)and Q=(3,2,1)
(d) P=(—4,1,1) and Q = (1, -2, —5)

2. Let r be a positive number, and let 4 = (a,, a,, a;). Define r4 in a manner

similar to the definition of Exercise 19, §1. Prove that

d(rA,rB) =r-d(A, B).

4, §3. EQUATION OF A CIRCLE

Let P be a given point and r a number > 0. The circle of radius r cen-
tered at P is by definition the set of all points whose distance from P is
equal to r. We can now express this condition in terms of coordinates.

Example. Let P = (1,4) and let r = 3. A point whose coordinates are
(x,y) lies on the circle of radius 3 centered at (1,4) if and only if the
distance between (x, y) and (1,4) is 3. This condition can be written as

€)) VE=DP+(y -4 =3
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This relationship is called the equation of the circle of center (1,4) and
radius 3. Note that both sides are positive. Thus this equation holds if
and only if

@) =D+ —-4*=9

Indeed, if (1) is true, then (2) is true because we can square each side of
(1) and obtain (2). On the other hand, if (2) is true and we take the
square root of each side, we obtain (1), because the numbers on each
side of (1) are positive. It is often convenient to leave the equation of

the circle in the form (2), to avoid writing the messy square root sign.
We also call (2) the equation of the circle of radius 3 centered at (1, 4).

Example. The equation
(x=22+(y+5*=16

is the equation of a circle of radius 4 centered at (2, —5). Indeed, the
square of the distance between a point (x, y) and (2, —5) is

=22+ (= (=5’ =(x—22+(y+ 5
Thus a point (x, y) lies on the prescribed circle if and only if
(x—22+(y+5>=4>=16.
Note especially the y + 5 in this equation.
Example. The equation
(x+2?+(x+3?*=7
is the equation of a circle of radius /7 centered at (—2, —3).
Example. The equation
x24+y2=1

is the equation of a circle of radius 1 centered at the origin. More gen-
erally, let r be a number > 0. The equation
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is the equation of a circle of radius r centered at the origin. We can
draw this circle as in Figure 4.6.

Figure 4.6

Theorem 4-2. In general, let a, b be two numbers, and r a number > 0.
Then the equation of the circle of radius r, centered at (a,b), is the
equation

(x—a)* + (y — b)> =12

This means that the circle is the set of all points satisfying this equation.

Proof. We wish to find the set of all points (x, y) at distance r from
(a,b). We use Theorem 4-1 to write the distance between (x,y) and
(a, b) and set this distance equal to 7:

Jx—a?+(y—bP=r

We then square both sides of the equation to obtain the formula above.

4, §3. EXERCISES

Write down the equation of a circle centered at the indicated point P, with ra-
dius r.
1P=(—3,1),T=2 2P=(1,5)’r=3

3. P=(—1,-2),r=1/3 4. P=(—1,4), r=2/5
5. P=(3,3),r=./2 6. P=(0,0), r=./8
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Give the coordinates of the center of the circle defined by the following equa-
tions, and also give the radius.

7. (x— 12 +(y—2)*=25 8. (x+ 72+ (y—3)72=2
9. (x + 12 +(y—9)2 =8 10. (x + )2 +y2 =5/3
1. (x =52 +y* =10 12, x2 + (y — 2)* = 3/2

13. A circle with center (3, 5) intersects the y-axis at (0, 1).
(a) Find the radius of the circle.
(b) Find the coordinates of the other point of intersection with the y-axis.
(c) State the coordinates of any points on the x-axis which are on the circle.

14. Write the equation of the circle given in Exercise 13. Give two points which
lie on the circle and which have x-coordinate = 4.

15. Below are two “variations” on the equation of a circle. Describe the set of
points in the plane which satisfy the equation in each case.
(@ x2+y* <4
®) x—8*+(y~17=0

16. Exercise in 3-space
The set of all points in 3-space at a given distance r from a particular point
P is called the sphere of radius r with center P. We can write the equation
for a sphere using the distance formula for 3-space given in the previous sec-
tion’s exercises in the same way we write the equation for a circle in 2-space.
(a) Write down the equation for a sphere of radius 1 centered at the origin
in 3-space, in terms of the coordinates (x, y, z).
(b) Same question for a sphere of radius 3.
(c) Same question for a sphere of radius .
(d) Write down the equation of a sphere centered at the given point P in 3-
space, with the given radius r.
i P=(1,-3,2andr=1
@i P=(,2, -5 andr=1
(iii) P=(—1,53)and r =2
@iv) P=(-2,—1,—-3)and r=2
(v) P=(—-1,1,4 and r=3
(vi) P=(,3,)and r=7

17. What is the radius and the center of the sphere whose equation is
@ xX2+(G-1D2+@+2?2*=16
B x+3+(y—-2+22=7
© (x+5*+y*+22=2
d x=2+y"+(z+1)72=8



CHAPTER 5

Some Applications of
Right Triangles

In this chapter, we will recognize the strength and utility of the Pytha-
goras theorem. It is surely one of the basic “building blocks” of much
mathematics.

EXPERIMENT 5-1

Recall that a point X is equidistant from points A and B if
d(X, A) = d(X, B); in other words, if its distance from A is the same as
its distance from B.

1.

2.

Locate a number of points which are equidistant from points 4 and B
on your paper (there are more than one). Can you describe carefully
where these points are in relation to segment AB?

Draw another segment AB which is 10cm long. Find the point X on
‘AB which divides the segment exactly in half, and draw a line through
this point which is perpendicular to AB (use your protractor or the
method given in Construction 1-4).

Now choose an arbitrary point M on this line, and measure
d(M, A) and d(M, B). Measure LAMX and L BMX. Repeat with
another point M. What can you conclude? Start thinking about how
you might prove your conclusions.

Here’s another problem to start thinking about. You will be able to
answer it readily after reading the next section.

Two factories A and B are located along a straight river bank.
They wish to build a single loading dock on the bank, sharing its use
and expense. At what point on the bank should the dock be located
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so that the distance from the dock to factory A is the same as the
distance from the dock to factory B. (See Figure 5.1)

Factory B
Factory A Ry
L]

e s,
< 1

Figure 5.1

5, §1. PERPENDICULAR BISECTOR

In Experiment 5-1 you were working with the perpendicular bisector of a
segment, which is defined to be the line perpendicular to the segment
passing through the segment’s midpoint. The precise definition of the
midpoint O of a line segment AB is that it is the point on AB such that
d(4,0) = d(0, B). We also say that the midpoint of a segment bisects
the segment.

Figure 5.2

Figure 5.2 illustrates a segment AB, its midpoint O, and perpendicular
bisector line L.

We next want to prove an important property of perpendicular bisec-
tors which you may have already discovered for yourself in the experi-
ment. In order to do this, we will need to use a new property about
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points and line segments, and so we prove this result first. Such a “mini-
theorem™ which necessarily precedes and aids the proof of a regular
theorem is called a lemma, a word borrowed from the ancient Greek
mathematicians.

Lemma. Given two distinct points P and Q. Let X be a point on line
Lpg such that d(P, X) = d(Q, X). Then X lies on segment PQ.

Proof. Suppose X is not on PQ. Then there are two possible situa-
tions, as illustrated in Figure 5.3.

(a) (b)
Figure 5.3

Looking at the situation in Figure 5.3(a), SEG tells us that
d(X, P) + d(P, Q) = d(X, Q).

Now we are given that d(X, P) =d(X, Q), so we can cancel, and we
are left with:

d(P,Q) =0.

But this is impossible, since we were given that P and Q were distinct
points.

Similarly, it can be proved that the situation in Figure 5.3(b) is also
impossible, and this is left as an exercise at the end of this section.

Therefore, X must lie on segment PQ.

If you have just been turned off because we wasted a page in this
book by proving the “obvious”, you may exercise your taste, make it a
postulate, and forget the proof.

We can now prove the desired theorem about perpendicular bisectors.
To make the language simpler we shall say (as we did in the experiment)
that a point X is equidistant from two points P and Q if d(P,X)=
d(X, Q).
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Theorem 5-1. Let P, Q be distinct points in the plane. Let M also be a
point in the plane. We have

d(P, M) = d(Q, M)
if and only if M lies on the perpendicular bisector of PQ.

Proof. Again, we have two “if-then” statements to consider. We will
first prove the statement:

If M is on the perpendicular bisector of segment PQ, then M is equidis-
tant from points P and Q.

Given that M lies on the perpendicular bisector L of PQ, as illustrated.
Looking at right triangles APOM and AQOM, we see that
[PO| = |Q0]|, and that both triangles share leg MO. Therefore, by RT,
the two hypotenuses are equal, and

d(P, M) = d(Q, M)

making M equidistant from P and Q.

Figure 5.4

We now prove the other “if-then” statement (the converse):

If M is a point equidistant from points P and Q, then M lies on the
perpendicular bisector of PQ.

We are given a point M and points P and Q with
d(P, M) = d(Q, M).

As far as we know, point M may be almost anywhere in relation to P
and Q; we certainly cannot assume that it will lie on the perpendicular
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bisector of PQ. And so, in Figure 5.5 we have drawn a couple of “exag-
gerated” pictures illustrating possible situations.

(b)

Figure 5.5

In each case, we have drawn the line through M perpendicular to Ly,
intersecting Lp, at X. We want to show that this perpendicular is in
fact the perpendicular bisector.

By Pythagoras, we have:

|[PX|?> + |XM|* = |PM|?
= |QOM|* since d(P, M) = d(Q, M)
=|XM|* 4+ |QX|*> by Pythagoras again.

Canceling like terms in this final equation:

|PX|* + | XM = | XM + |QX |?
we see that:
|PX|> =|0X|?
and therefore that:
|PX|=|QX]

since we are dealing with distances, which cannot be negative.
We now have that X is a point on Lp,, where

d(P, X) = d(Q, X).

By our lemma, X must lie on segment PQ (eliminating a situation like
that in Figure 5.5), and therefore it is the midpoint of PQ, making the
perpendicular through M the perpendicular bisector.

This proves our theorem.
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We shall now apply perpendicular bisectors in a situation having to
do with a triangle. Let P, Q, A be the three vertices of a triangle. By a
circumscribed circle to the triangle we mean a circle which passes
through these vertices. The next theorem will prove that there is one
and only one such circle.

Theorem 5-2. Let P, Q, A be the three vertices of a triangle. Then:

(@) The perpendicular bisectors of the three sides meet in one point.

(b) There exists a unique circle passing through the three points P, Q,
A, and the center of that circle is the common point of the perpen-
dicular bisectors of the sides.

Proof. We draw the perpendicular bisectors and the circle in Figure
5.6.

Figure 5.6

Let us now prove (a). Let O be the point of intersection of the perpen-
dicular bisectors of PQ and of Q4. By Theorem 5-1 we have

d(0, P) = d(0, Q) and d(0, Q) = d(0, A).

Hence d(O, P) = d(0, A). Again by Theorem 5-1, this implies that O is
on the perpendicular bisector of P4, and proves (a).

Let r =d(0, P) =d(0, Q) =d(0, 4). Then the circle centered at O
having radius r passes through the three points P, Q, and A, so there is
one circle passing through the three points. Finally, suppose that C is
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any circle passing through the three points, and let M be the center of C.
Then
d(M, P) =d(M, Q) = d(M, A).

By Theorem 5-1 it follows that M lies on the perpendicular bisectors of
PQ, QA, and PA, so we must have M = 0. This proves the theorem.

5, §1. EXERCISES

1. In Figure 5.7, line L is the perpendicular bisector of segment PQ. Find the
lengths a, b, and c.

™~

Figure 5.7

2. Line K is the perpendicular bisector of PQ, and line L is the perpendicular
bisector of QM in Figure 5.8. Prove that d(0, P) = d(0, M).

L K

Q

Figure 5.8
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3. In Figure 5.9
|[AX| =AY/,
L1XY.

Is L the perpendicular bisector of XY? Give your reasons.

Figure 5.9

4. Given that 4B is on the perpendicular bisector of XY. Is XY then on the
perpendicular bisector of AB?

5. A rhombus is a parallelogram whose four sides have the same length, as illus-
trated in Figure 5.10. Prove that the diagonals PM and QN are perpendicu-
lar bisectors of each other.

P Q

Figure 5.10

6. The diagonals of a rhombus have lengths 18 and 24. Find the lengths of the
sides.

7. The diagonals of a rhombus have lengths 12 cm and 16 cm. Find the lengths
of the sides.

8. Given that AC is on the perpendicular bisector of BD, and that BD lies on
the perpendicular bisector of AC. Prove that quadrilateral ABCD is a rthom-
bus.

9. In Figure 5.11, d(X, A) = d(Y, A) and d(X, B) = d(Y, B). Show that L, is
the perpendicular bisector of XY.
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B
Figure 5.11

10. KIDS has gone into the television business, and they now broadcast a TV
signal to an area of radius 100 km.

YGLEPHe

KIDS transmitter o

ZYZZX o

100 km

Figure 5.12

A cable TV operator wants to serve Ygleph and Zyzzx by cable. By law, he
must locate his receiving tower as far way from the KIDS transmitter as pos-
sible (and still receive the signal). He also wants to locate the tower so that
the length of cable from the tower to Ygleph is the same as the length of
cable from the tower to Zyzzx. How should he determine the tower’s loca-
tion?

11. Given three points P, Q, and R in the plane, not on the same line. Describe
how you would find a point X which is equidistant from all three points. Is
there more than one location for X?

12. Prove the second part of the lemma.
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13. Look back at the factory problem given at the end of the experiment begin-
ning this section. What is the solution?

14. A chord of a circle is a line segment whose endpoints are on the circle, as
illustrated in Figure 5.13. Show that the perpendicular bisector of a chord
goes through the center of the circle.

P

Figure 5.13

15. Show that the line through the center of a circle perpendicular to a chord
bisects the chord.

16. A circle centered at P and a circle centered at @ intersect at two points, X
and Y, as shown in Figure 5.14. Prove that segment PQ goes through the
midpoint of segment X Y.

Y

Figure 5.14

CONSTRUCTION 5-1

Constructing the perpendicular bisector of a line segment (or bisecting a
line segment).

We wish to construct the perpendicular bisector of a given line seg-
ment AB.

On your paper, draw an arbitrary line segment AB. Set your compass
tips at a convenient distance which is longer than half the length of the
segment. With the point of the compass at A, draw an arc above the
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segment. Repeat with the compass point at B, keeping the same setting,
producing a figure as below. Label the point where the arcs intersect X.

o

Figure 5.15

Now using the same compass setting (or a different one if you wish) re-
peat the procedure given above but draw the arcs below line segment
AB, labeling the point of intersection Y. (If you use a different compass
setting, you could also put the second pair of arcs above the line seg-

ment.)
-
kv

Figure 5.16

The line Ly, is the perpendicular bisector. Look back at the set of
exercises preceding this construction; which one proves that this line is
indeed the perpendicular bisector? Since the perpendicular bisector of a
segment passes through the midpoint of the segment, we also bisected
line segment AB.

1. Draw a large triangle on your paper using a straightedge. Construct
a circle which passes through the three vertices of the triangle. [Hint:
You need to locate a point which is at the same distance from each
of the vertices. This distance is the radius of the circle. Use perpen-
dicular bisectors to locate this point.]

2. As chief engineer for Dusty Desert Power and Light Co., you've been
asked to determine the location of a new distributing station which
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must be equidistant from the towns of Zyzzx, Ygleph, and Pfeifle. A
map is shown below:

T
/ —
, B -
L3 . 2 R
v y = 2 :
" — PP
— 5 oo
o - & ¥ s
Y
e ”. -
‘/. e - "
oy
-
e

The Dusty Desert

Figure 5.17

Use a straightedge and compass construction to locate the point
which is equidistant from the three towns.

3. Suppose you had a large disk made out of metal How could you
locate the center of the disk? [Hint: Draw two chords; look at Exer-
cise 14 in the previous exercise set.]

CONSTRUCTION 5-2
The perpendicular line through a given point to a given line.
We wish to construct the line perpendicular to a given line L, passing

through a point P not on L:

°P

Figure 5.18
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Set your compass tips so that, with the point of the compass on P, you
can draw two arcs which intersect line L, as shown:

op

Figure 5.19

Label these intersection points A and B. Using this same setting (or a
different one) place the point of the compass on 4 and draw an arc be-
low segment AB. Repeat with the compass point at B. Label the inter-
section point of these two arcs Q.

o P

X

Q

Figure 5.20

1. The line through P and Q is the desired perpendicular. Can you
prove why?

2. Construct a line through point P which is parallel to line L. [Hint:
Use the theorem that says that two lines perpendicular to the same
line are parallel.]

Figure 5.21
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5, §2. ISOSCELES AND EQUILATERAL TRIANGLES

In Figure 5.22 we illustrate a triangle ABC where |AB| = |BC]|.

B

Figure 5.22

Such a triangle, where two sides have the same length, is called an
isosceles triangle. Isosceles triangles seem to crop up often in mathemat-
ics as well as in practical situations; two examples are illustrated below:

P

Q
In the circle centered at O, The portion of the wall
APOQ is isosceles since beneath most pitched roofs
|OP| =|0Q| =r the radius. is an isosceles triangle region.

Figure 5.23

In any isosceles triangle, the point common to the two equal length
sides (point B in Figure 5.24) lies on the perpendicular bisector of the
third side, since it is equidistant from the endpoints of the third side.
Therefore, the height of the triangle drawn from this “equidistant” point
to the third side is the perpendicular bisector of the third side, and thus
divides it into two equal parts:

B

|

| A

I

A i c
M

|AMI| = McClI
Figure 5.24
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This is a handy situation, as it makes calculation of the area of an isos-
celes triangle possible knowing only the lengths of the sides.

Example. Find the area of triangle XYZ, whose sides have lengths as
indicated.

Y
10 10
X 3 z
Figure 5.25

We draw the height from vertex Y, meeting side XZ at M.

y
I
|
10/ 1 \1o
{h
|
.
X=—2—w 1 %
Figure 5.26

Since | XM| =|MZ|, we have | XM| = 4. By Pythagoras,

I XM]?> + h®> = | XY)?,
and so
42 + h? = 102,

h=./84.
The area of the triangle then is 3-8-,/84 = 4,/84 square units.
Example. The front of a house looks like a square together with an

isosceles triangle under the roof, as shown in Figure 5.27, with the indi-
cated dimensions.
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10m

16m

16 m
Figure 5.27

What is the area of the front of the house?
The area of the square is 16-16 = 256 m?.

Let h be the height of the roof as shown. By Pythagoras, we know
that
82 + h? = 10? = 100.
Hence
h? = 100 — 64 = 36.

Therefore h = 6. Hence the area of the triangle under the roof is equal
to
1.16-6 = 48.
Adding the area of the square and the area of the triangle yields the
total area, which is

256 + 48 = 304 m>.

Such a computation is useful when you want to paint the house. You
know how much paint is needed for each square meter, and you can
then compute how much paint you will need to do the house.

Example. We know enough now to prove that Construction 1-3
duplicates an angle as stated. In fact we are reduced to proving the fol-

lowing statement:

Let APOQ and AP'O'Q’ be two isosceles triangles whose corresponding
sides have the same measure, that is suppose that:

|PO|=10Q|=|PO'|=|0'Q| and |PQ|=I|PQ]
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Then
m(L POQ) =m(LPO'Q).

o

P
M e P’

Figure 5.28

Proof. Let OM be the perpendicular bisector of PQ, intersecting PQ in
M. Similarly, let O’'M’ be the perpendicular bisector of P'Q’, intersecting
P'Q in M'. Then

|PM| = 3| PQ|
=1|P'Q'| by assumption
=|P'M'|.
The right triangles APMO and AP'MO’ have hypotenuses of equal
length by assumption, and sides PM and P'M’ of equal length by what

we just proved. By Pythagoras, it follows that |OM| = |0'M’|. By RT, it
follows that

m(L POM) = m(LP'O'M).

Similarly m(LMOQ) =m(LM'0'Q). Hence m(LPOQ)=m(LP0OQ),
thereby proving what we wanted.

Theorem 5-3 (Isosceles Triangle Theorem). Given an isosceles triangle
POR with |PQ| = |QR|. Then the angles opposite to the sides PQ and
OR have the same measure. In other words: m( L P) = m(LR).

Q

|
|
|
]
P o) R

Figure 5.29
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Proof. By Theorem 5-1, the height QO of the triangle bisects PR,
making |PO| =|OR|. By RT, applied to APOR and AQOR, we con-
clude that

m(L P) = m(LR).

Incidentally, the converse of this theorem is also true, and we will be
able to prove it in Chapter 7, §2, Theorem 7-3. For convenience, we call
the equal-measure angles of an isosceles triangle base angles.

Example. In isosceles triangle AABC, m(/. B) = 40°. How large are
base angles £ A and £ C?

[>w

PYA AV

Figure 5.30

We know from the previous chapter that:
m(L A) + m(LC) + 40° = 180°.
Since m(L A) = m(L C), we have

2-m(L A) + 40° = 180°,
m( L A) = 70°.

So each of the base angles has measure 70°.

If all three sides of a triangle have the same length, we say that the
triangle is equilateral. Naturally, any equilateral triangle is also isosceles,
so properties of isosceles triangles apply to equilateral triangles as well.
For example, suppose we wish to calculate the area of an equilateral
triangle with sides of length 6. We proceed as we did with isosceles
triangles:
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c
l
6 ihG

|
Al 3 B3 \g
6

Figure 5.31

We use Pythagoras to calculate height h:
h? + 3% =62,
h? =21,
h= 3\/3.
area of ABC = 16k
= 9\/3.

Also, we can prove a result about the angles of an equilateral triangle
using the previous theorem about isosceles triangles. A result like the
next one, which can be deduced almost immediately from a previous
theorem, is called a corollary (from the Latin word for “gift”).

Then

Corollary to Theorem 5-3. All the angles of an equilateral triangle have
the same measure, which is 60°.

Figure 5.32

Proof. We have equilateral triangle AABC, with |AB| = |BC| = |CA|.
Since |AB| = |BC|, we have from Theorem 5-3 that

m(LA)=m(LC).
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Since [CA|=|AB| we have from Theorem 5-3 again (turn your head)
that:
m( L C) = m(LB).

Therefore, m(L A) = m(L B) = m(/.C), and each one must be one-third
of 180°, which is 60°.

Again, we will be able to prove the converse of this statement when
more powerful techniques are at hand.

In trigonometry and construction, a triangle which is useful as a “ref-
erence” is the isosceles right triangle, where both legs along the right
angle have the same length, as illustrated:

A

lacl = |8cl

Figure 5.33

By our isosceles triangle theorem, we can see that
m(L A) = m(L B) =45°.

Suppose we have an isosceles right triangle with legs of length s, as illus-
trated below:

S

Figure 5.34

If we let d be the length of the hypotenuse, by Pythagoras we have:

d2=SZ+S2

2
= 2s%,
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therefore
d

Nz
S5

This relationship is a useful one.

In an isosceles right triangle with legs of
length s, the hypotenuse has length \/5~s.

Example. What is the length of the diagonal of a square with side
length 12?

12

12
Figure 5.35

The diagonal is the hypotenuse of an isosceles right triangle with legs of
length 12. Thus its length is 12,/2.

5, §2. EXERCISES

1. Triangle ABC is isosceles, with |AB|=|AC|. For each of the values of
m( L A) below, find m(L B) and m(LC):
(a) m(L A4) = 40° (b) m(L A) = 60° (c) m(LA)=90°
(d) m(LA) = 110°.

Figure 5.36
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2. Find the height to base BC and the area of isosceles triangle ABC if its

dimensions are as follows:
@ a=35b=3 (b)) a=10; b =38 ©)a=5b=2

A

b

Figure 5.37

3. A cabin has dimensions as indicated below. Compute the area of the surface
formed by the sides and roof. Don’t forget the triangular pieces just below
the roof. The bottom of the cabin touching the ground is not to be counted.

/
/
L
_ e
3m /// I
7 |
/// -
3m 1
= 10m
-
4m
Figure 5.38

4. What is the area of an equilateral triangle whose sides have length:

@@6cm (b)3m () /3m

5. If an equilateral triangle has sides of length s, find a formula which will give
you the height of the triangle in terms of s. [Hint: Draw a picture, then use
Pythagoras.]

6. Looking at your result from Exercise 5, write a formula giving the area of an
equilateral triangle with sides length s, in terms of s. This is a good formula

to know, as it will save you a lot of time in computing these areas.

7. An equilateral triangle has perimeter 12 meters. Find its area. (The peri-
meter of a triangle is the sum of the lengths of its sides.)

8. An equilateral triangle has perimeter 24 meters. Find its area.
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9. The far wall of your bedroom has dimensions as shown in Figure 5.39. You
want to paint it in metal-flake pink paint, which comes in spray cans costing
$4.50 each. On the label, it says that each can will cover 9 sq. m of surface.

How much are you going to spend on this project?

4m 4m
4m
3m 3m
[]
4m
Figure 5.39

10. Find x in each of the triangles below:

B

‘ B

XO

¢ 50°
A A c
lABl = |BC! IAB| = |BCI
(a) (b)
Figure 5.40

11. In Figure 5.41, m(L MOP) = 90°, [MO| = |OP| = 1, and |MP| = |PQ|.

m

(0] 1 P

Figure 541

(a) What is the length of MQ?

(b) m(LQ) =
(c) m(LQMO) =
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12. In the figure, the circle centered at O has radius 8. If m(L AOB) = 60°, find
the area of triangle AOB. [Hint: What kind of a triangle is AOB7?]

B

A A

Figure 5.42

13. Show that if an isosceles right triangle has hypotenuse length x, then the
length of either leg is x/ﬁ.
14. Let APMQ be an isosceles triangle, with |PM|=|{MQ|. Let X and Y be

distinct points on PQ such that d(P, X) = d(Y, Q). Prove that AXMY is
also isosceles.

m

Figure 543

15. When you double the lengths of the sides of an equilateral triangle, the area

increases by a factorof _____ ?
(DON'T GUESS. Use the formula you derived in Exercise 6.)

16. Given: Triangle ABC is isosceles, with |AB| = |AC]|.
Prove: m(Lx) = m(Ly).
A

Figure 5.44
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17. In Figure 545, |BC| = |CA| = |AD|. Prove that m(LEAD) = 3-m(L B).

D

XO

A
Figure 545

18. Triangle QED is isosceles, with |QE| = |ED|. Segment IT is drawn parallel
to base OD. Prove that m(Lx) = m(Ly).

E

Figure 5.46

19. Prove that the length of the hypotenuse of a right triangle is greater than the
length of a leg. [Hint: Draw an arbitrary right triangle; write down the re-
lated Pythagoras equation. Suppose that the hypotenuse was the same length
as a leg, then derive a contradiction. Similar procedure to show that the hy-
potenuse cannot be shorter than a leg.]

20. In an isosceles triangle ABC where |AB| = | BC|, prove that the line through
B, perpendicular to AC, bisects L ABC; in other words, prove that
m( L ABO) = m( ., CBO).

B

|
|
A 1 c
|
|

Figure 5.47

21. Use your result from Exercise 20 to prove that the method of bisecting an
angle given in Construction 1-2 works. [Hint: Re-do the construction. Draw
segment PQ.]
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CONSTRUCTION 5-3
Constructing various size angles.

Without using a protractor, it is possible to construct angles of many
different sizes. This comes in very handy when laying out large projects
(such as woodworking) where the small protractors usually intended for
detailed work aren’t accurate enough in larger scale work. It is also just
a challenge to see how many you can do.

Look over the results in the previous section, and determine methods
that you could use to construct angles with the following measures:

(a) 45°  (b) 60° () 30°  (d) 15°

By constructing two angles adjacent to one another, you should be
able to construct angles with measures:

75° 105° 135° 120°

and others. Do as many as you can, and keep a record of how to do
them!

Example. To construct an angle of 45°, bisect an angle of 90°.

5, §3. THEOREMS ABOUT CIRCLES

Given a circle with center O, and two points P and Q on the circle. As
usual, rays Rpp and Ry, determine two angles, and these angles are
called central angles (since the vertex O of each is the center of a circle).

Figure 5.48

Each of the central angles determines an arc on the circle, in a man-
ner discussed in Chapter 1 when discussing the naming of angles. We
will say the central angle intercepts the arc.

It will be convenient in this context to say that an arc has x degrees
to mean that the central angle which intercepts the arc has x degrees. In
the example below, we say arc @ has 65° since central angle POQ has
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65°: Thus we define the measure of an arc to be the measure of its cen-
tral angle.

Figure 5.49

Let P, Q, and M be three points on a circle. The angle lying between
the rays Ry, and R, is called the inscribed angle ~PMQ. We illus-
trate some inscribed angles.

P P P
M
m
Q
Q
M
Q

(a) (b) (c)
Figure 5.50

Note that an inscribed angle intercepts an arc on the circle, as indicated
above. In the next experiment, you will discover a relationship between
the measures of an inscribed angle and its arc.

EXPERIMENT 5-2

This experiment leads to Theorem 5-4.

Draw a number of large circles with your compass, and in each draw
an arbitrary inscribed angle. Try to get some variation, including each of
the situations pictured in Figure 5.50.

In each example, measure the inscribed angle with a protractor, and
write down the number of degrees in each. Now determine the number
of degrees in the arc intercepted by each inscribed angle. Do this by
drawing the central angle which intercepts the same arc and measure it
with a protractor.
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What can you conclude about the measure of an inscribed angle and

the measure of its intercepted arc?
Here’s a problem to think about, which is related to the previous

exercise:

Points A4, B, C, and D are on the circle centered at O, and are con-
nected to make a four-sided figure:

A

c
Figure 5.51
What can you say about m(L A) + m(LC)?
What can you say about m(L A) + m(LB) + m(LC) + m(LD)?
Here is the theorem which might well be expected following your

work in Experiment 5-2.

Theorem 5-4. The measure of an inscribed angle is one-half that of its
intercepted arc.

Proof. There are a number of cases to consider (as suggested by
Figure 5.50). We let £ PMQ be an inscribed angle in all cases.

Case 1. One ray of the inscribed angle passes through the center of
the circle. We suppose this ray is Ry, as shown on Figure 5.52(a), (b).

(a) (b)
Figure 5.52
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Since the sum of the measures of the angles of a triangle has 180°, we
know that

m(LM) + m(LP)+ m(LMOP) =180°,
and we also have by the hypothesis of Case I
m(L POQ) + m(L MOP) = 180°.
Hence by algebra,
m(L M)+ m(LP)=m(LPOQ).

But |OM| = |OP| (why?), so by the Isosceles Triangle Theorem we con-
clude that

m(L M) =m(LP).

Hence
2m(L M) = m(L POQ), SO m(L M) = im(LPOQ),

thus proving Case 1.

Case II. The points P and Q lie on opposite sides of the line L.

M\/O

Figure 5.53

We wish to show that m(ZL M) = im(L POQ).
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For the proof, draw L,, which divides the inscribed angle M and
central angle 2 POQ into two parts and intersects the circle in point R:

Figure 5.54

Then we get:

m(LPMQ)=m(LPMO) + m(LOMQ)

im(L POR) + im(L ROQ) by Casel
i[m(L POR) + m(LROQ)]

im(L POQ).

This proves the theorem in Case II

Case TII. The points P and Q lie on the same side of the line L,,,.

Figure 5.55

Again we want to prove that m(/Z M) = 3m(L POQ).
Once again we draw line L, intersecting the circle in point R.
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m

/ a
Figure 5.56

Then we use the same method as in Case II, but with a subtraction in-
stead of an addition, namely:

m(LPMQ) =m(LOMQ) — m(LOMP)
=im(LROQ) — im(L ROP) by Casel
= 3[m(L ROQ) — m(L ROP)]
= 3m(L POQ),
thus proving Case III.
This concludes the proof of our theorem. If you are wondering what

happened to the situation illustrated in Figure 5.50(c), notice that it is
just an exaggerated version of Case II.

Example. In Figure 5.57(a) the measure of each angle L M,, LM,,
/L M, is 490, since they all determine the same arc as central angle £ O.
So this measure is 45°.

Figure 5.57(a)
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Example (Apollonius Theorem). Let A, B be distinct points on a circle.
Let M,, M, be points on the circle lying on the same arc between A
and B. Then

m(L AMB) = m(L AM, B).

This is because both angles have measure one-half of m(Z AOB).

Figure 5.57(b)

A chord is a line segment whose endpoints are on the circle. Figure
5.58 illustrates some chords:

(a) (b)
Figure 5.58

A chord which passes through the center of the circle (as in Figure
5.58(b)) is called a diameter of the circle. Notice that the length of any
diameter is twice the radius of the circle. In general, the length of a
chord is dependent on its distance from the center of the circle, as you
will see in the exercises.

An important special case of Theorem 5-4 is next stated as a theorem.

Theorem 5-5. Let P, Q be the endpoints of a diameter of a circle. Let
M be any other point on the circle. Then L PMQ is a right angle.
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Proof. Work this out as a special case of Theorem 5-4; in other
words, do Exercise 3.

If we have a circle centered at a point O and we are given a point P
on the circle, we define the tangent to the circle at P to be the line
through P perpendicular to the radius drawn from O to P.

Figure 5.59

It is an important property of this tangent that it intersects the circle
only at the point P. You should prove this as Exercise 8, referring back
to Theorem 3-5.

Warning. Although it has been repeated many times in the last few
thousand years that the tangent to a curve at a point is the line which
touches the curve only at that point, this statement is generally false.
It is true only in special cases like the circle. Examples when it is false
are given in the next figure.

(a) {b) (c)
Figure 5.60

In Figure 5.60(a), the line L intersects the curve in only one point P, but
is not tangent. In Figure 5.60(b), line L intersects the curve in two
points P, Q, and is tangent. In Figure 5.60(c), line L intersects the curve
in two points P, Q. It is tangent at P and not tangent at Q. Also, don’t
you want to say that a line is tangent to itself? But a line touches itself in
all of its points! So it certainly touches itself in more than one point.
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These examples show the extent to which stupidities can be repeated un-
critically over thousands of years. You can learn how to handle tangents
to more general curves in more advanced courses like calculus.

Also of interest are the formulas for the area of a disk and the cir-
cumference of a circle (the distance “around” the circle). We delay the

derivations of these formulas until Chapter 8, when we can use the
theory of dilations to make our work very easy.

5, §3. EXERCISES

1. Find x in each of the following diagrams:

Q) ]
4

AR is a diameter

{b) (c)

PRI = |RQ! I8Cl = 08I
(d) (e
Figure 5.61

2. I}\eferrfigg to Figure 5.62, what is the sum of the measures of the arcs ﬁ,
YZ, ZW, and WX?
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X
w
Y
Z
Figure 5.62

3. In Figure 5.63, PQ is a diameter, M is any other point on the circle. In tri-
angle APMQ, prove that / M is a right angle.

é M 3
P - Q
U
Figure 5.63

4. In Figure 5.64, the circle centered at O has radius 10 cm. If the distance
from O to chord AB is 8 cm, how long is chord AB? (Recall that the dis-
tance from a point to a line is defined to be the length of the segment from
the point perpendicular to the line.)

|
Bl

Figure 5.64

5. Same question as in Exercise 4, except that the distance from O to the chord
is 3cm.

6. In Figure 5.65, d(O, P) = 15 and line L is tangent to the circle. How long is
PO if the radius of the circle is 12?
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Figure 5.65

7. We say that two circles are concentric if they have the same center. Two
concentric circles have radii 3 and 7 respectively, as shown. What is the
length of the chord AB, which is tangent to the smaller circle?

A

Figure 5.66

8. In Figure 5.67, line L is tangent to the circle at P. Prove that no other point
on L can possibly intersect the circle. [Hint: If Q is a point on L and P # Q,
show that d(0, Q) > d(O, P). Cf. Theorem 3-5.]

Figure 5.67

9. Suppose that two lines tangent to a circle at points P and Q intersect at a
point M, as shown. Prove that |PM|=|QM]|.
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Figure 5.68

10. The sides of figure LOVE are tangent to the circle, as shown:

E

M

L
H
A
v
0 T
Figure 5.69

Prove that |OV| + |LE| = |LO| + |VE|.

11. In Figure 5.70, all three lines are tangent to the circle. If |PR|= 5 cm, what
is the perimeter of AQRS?

Figure 5.70

[Hint: Let E be the point where OS is tangent to the circle. How do |PQ|
and |QE]| differ?]



160 SOME APPLICATIONS OF RIGHT TRIANGLES [5, §3]

12. Let M be a point outside a circle, and let a line through M be tangent to
the circle at point P. Let the line through M and the center of the circle
intersect the circle in points Q, R. Prove that

|PM|? = |MQ|-|MR].
m
Q M
UR

Figure 5.71

(Actually, Exercise 9 is a special case of this relationship.)

13. Points P, U, N, and T are on the circle given below. Prove that the oppo-
site angles of the four-sided figure are supplementary.

b
~
<
=2

Figure 5.72

[Hint: Look at the arcs intercepted by the opposite inscribed angles. What is
the sum of the measures of these arcs?]

14. Chords PQ and RS intersect at a point O as illustrated (O is not necessarily
the center of the circle). Prove that the measure of L ROP is one-half the

sum of the measures of arcs RP and QS.

)

y
A

Figure 5.73
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[Hint: Draw PS. Look at inscribed angles £ RSP and L QPS, and triangle
POS.]

15. Two rays are drawn from the same point A4 outside a circle, and intersect the
circle as shown in the picture at right. Prove that rt\he measure of LA is
one-half the difference between the measures of arcs BD and CE.

Figure 5.74

[Hint: Draw DC. Look at inscribed angles Z BCD and £ CDE, and triangle
ACD.]



CHAPTER 6

Polygons

6, §1. BASIC IDEAS

Figure 6.1 illustrates some polygons:

(a) (b)

(d) (e}
Figure 6.1

(c)

{f)
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Figure 6.2 illustrates some figures which are NOT polygons:

A%
SEO

Figure 6.2

We shall give the definition of a polygon in a moment. In these figures,
observe that a polygon consists of line segments which enclose a single
region.

A four-sided polygon is called a quadrilateral (Figure 6.1(a) or (b)). A
five-sided polygon is called a pentagon (Figure 6.1(c)), and a six-sided
polygon is called a hexagon (Figure 6.1(d)). If we kept using special pre-
fixes such as quad-, penta-, hexa-, and so on for naming polygons, we
would have a hard time talking about figures with many sides without
getting very confused. Instead, we call a polygon which has » sides an n-
gon. For example, a pentagon could also be called a 5-gon; a hexagon
would be called a 6-gon. If we don’t want to specify the number of
sides, we simply use the word polygon (poly- means many).

As we mentioned for triangles (3-gons), there is no good word to use
for the region inside a polygon, except “polygonal region”, which is a
mouthful. So we shalil speak of the area of a polygon when we mean the
area of the polygonal region, as we did for triangles.

If a segment PQ is the side of a polygon, then we call point P or
point Q a vertex of the polygon. With multisided polygons, we often
label the vertices (plural of vertex) P,, P,, P;, etc. for a number of rea-
sons. First, we would run out of letters if the polygon had more than 26
sides. Second, this notation reminds us of the number of sides of the
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polygon; in the illustration, we see immediately that the figure has 5
sides:

Figure 6.3

Finally, if we want to talk about the general case, the n-gon, we can
label its vertices P,, P,, P;, ...,P,_, P, as shown:

Figure 6.4

We can now define a polygon (or an n-gom) to be an n-sided figure
consisting of n segments

P1P25 P2P3a P3P49""Pn—1Pn= PnP17

which intersect only at their endpoints and enclose a single region.
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EXPERIMENT 6-1

Below are two rows of polygons. Each polygon in the top row exhibits
a common property, while those in the bottom row do not.

NV
=R

Figure 6.5

Can you discover what the top row polygons have in common that
the bottom ones do not? Try to state the definition of your property as
specifically as possible, using terms and concepts that we have already
defined. There are many possible answers.

6, §2. CONVEXITY AND ANGLES

Polygons which look like those in the top row of Figure 6.5 we will call
convex. Thus we define a polygon to be convex if it has the following

property:

Given two points X and Y on the sides of the polygon, then the seg-
ment XY is wholly contained in the polygonal region surrounded by
the polygon (including the polygon itself).
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Observe how this condition fails in a polygon such as one chosen from
the lower row in Figure 6.5:

Figure 6.6

You might want to go back to Figure 6.5 and verify that this condition
does hold on each polygon in the top row.

Throughout this book we shall only be dealing with convex polygons,
as they are generally more interesting. Consequently, to simplify our lan-
guage, we shall always assume that a polygon is convex, and not say so
explicitly every time.

In a polygon, let PQ and QM be two sides with common endpoint Q.
Then the polygon lies within one of the two angles determined by the
rays Ryp and Ry, This angle is called one of the angles of the polygon.
Observe that this angle has less than 180°, as illustrated:

Q

Figure 6.7

EXPERIMENT 6-2

1. Besides the number of sides, two characteristics of polygons are the
lengths of its sides and the measures of its angles.
(a) What do we call a quadrilateral which has four sides of the same
length and which has four angles with the same measure?
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(b) Can you think of a quadrilateral which has four angles with equal
measures but whose sides do not all have the same length? Draw
a picture. What do we call such a quadrilateral?

(¢) Can you draw a quadrilateral which has four sides of equal
length, but whose angles do not have the same measure?

(d) What do we call a 3-gon which has equal length sides and equal
measure angles?

2. With a ruler, draw an arbitrary looking convex quadrilateral. Mea-
sure each of its four angles, and add these measures. Repeat with two
or three other quadrilaterals.

3. Repeat the procedure given in Part 2 with a few pentagons, and then
a few hexagons.

What can you conclude? Can you say what the sum of the measures
of the angles of a 7-gon would be? How about a 13-gon?

For the rest of this experiment, we will develop a formula to answer
these questions.

Consider a convex quadrilateral. A line segment between two oppo-
site vertices is called a diagomal. We can decompose the quadrilateral
(“break it down”) into two triangles by drawing a diagonal, as shown:

Figure 6.8

Notice that the angles of the two triangles make up the angles of the
polygon. What is the sum of the angles in each triangle? In the two
triangles added together? In the polygon?

Now look at a convex pentagon. We can decompose it into triangles,
using the “diagonals” from a single vertex, as shown:

Figure 6.9
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We see that in a 5-gon we get three such triangles. Again, the angles of
the triangles make up the angles of the polygon when it is decomposed
in this way. What is the sum of the measures of all the angles in the
triangles? What is the sum of the measures of all the angles in the poly-
gon?

Repeat this procedure with a hexagon to find the sum of the measures
of its angle. Continue the process until you can state a formula which
will give the sum of the measures of the angles of an n-gon in terms of n.
If you have succeeded, you will have found the next theorem.

Theorem 6-1. The sum of the angles of a polygon with n sides has
(n — 2)180°.

Proof. Let P,, P,, ...,P, be the vertices of the polygon as shown in
the figure. The segments

P,p,, P,P,, ....P,P,_,

decompose the polygon into n — 2 triangles. Since the sum of the angles
of a triangle has 180°, it follows that the sum of the angles of the poly-
gon has (n — 2)180°.

Pn—2

Figure 6.10

Example. The sum of the angles of a 7-gon has

(7 — 2)180° = 5-180° = 900°.



[6, §3] REGULAR POLYGONS 169

By definition, the segments P,P,, ...,P,P,_, are called diagonals of
the polygon.

6, §3. REGULAR POLYGONS

A polygon is called regular if all its sides have the same length and all
its angles have the same measure. For example, a square is also a regu-
lar 4-gon. An equilateral triangle is a regular 3-gon.

The perimeter of a polygon is defined to be the sum of the lengths of
its sides.

Example. The perimeter of a square whose sides have length 9 cm is
equal to 9-4 = 36 cm.

Example. Find the perimeter of a regular 11-gon, with sides of length
5cm. The perimeter = 11-5 = 55 cm.

Example. If each angle of a regular polygon has 135°, how many
sides does the polygon have?

Let n be the number of sides. This is also the number of vertices.
Since the angle at each vertex has 135°, the sum of these angles has
135n°. By Theorem 6-1, we must have

135n = (n — 2)180.
By algebra, this is equivalent with

135n = 180n — 360,
and we can solve for n. We get

360 = 180n — 1357 = 45n,
whence
_ 360 _

=5 =8

n

The answer is that the regular polygon has 8 sides.



170 POLYGONS [6, §3]

A polygon whose vertices lie on a circle is said to be inscribed in the
circle. We illustrate a regular hexagon inscribed in a circle below:

Figure 6.11

It is an interesting problem to try to construct various n-gons by in-
scribing them in circles using only a compass and straightedge. To con-
struct a regular hexagon, square, or octagon is fairly easy. A regular
pentagon is difficult. Some n-gons are impossible!

CONSTRUCTION 6-1

Suppose we wish to construct a regular hexagon. First observe that our
regular hexagon above can be decomposed into six equilateral triangles:

Figure 6.12

This means that the length of a side of the hexagon is the same as the
radius of the circle. Knowing this, we pick a point P, on the circle. Set
the compass at a distance equal to the radius of the circle. Put the tip
on P;. Draw an arc intersecting the circle in a point which you label
P,. Set the tip on P,. Draw an arc intersecting the circle in a new
point P;. Continue in this manner until you have found all the six ver-
tices of the hexagon.
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Figure 6.13

To construct a square, draw a diameter, and then construct another
diameter perpendicular to the first (refer to Construction 1-4 of Chapter
1). Connecting the endpoints of the diameters will produce the square.

We leave it to you to construct a regular octagon, and any other n-
gon you think you can figure out.

If we allow ourselves the use of a protractor, there is an easy way to
draw any regular n-gon in a circle. The procedure is to draw radii like
spokes of a wheel at intervals of 360°/n. We then connect the points
where the radii intersect the circle.

Example. If we wish to draw a regular pentagon, we divide the full
angle by the number of sides:

360 — e

We then draw “spokes” emanating from the center of our circle at inter-
vals of 72°. Use a protractor.

\/
S,

Figure 6.14
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Connecting the points where the spokes intersect the circle will produce
our regular pentagon.

An interesting variation on this is to draw the “pentastar” emblem of
the Chrysler Corporation. We leave it to you to figure out exactly how
Chrysler’s graphic designer did it.

Figure 6.15

When you have finished drawing various polygons using the protrac-
tor, use your technique to create a design similar to the pentastar based
on regular polygons.

Inscribed Polygons

In Construction 6-1 you constructed regular n-gons by inscribing them in
a circle. We give here a proof of the general fact behind this construc-
tion.

Theorem 6-2. Given an inscribed polygon in a circle, with vertices
Py, P,, ...,P,. Assume that the central angles formed with any two
successive vertices all have the same measure. Then the polygon is a reg-
ular polygon.

Proof. The radii from the center of the circle to the vertices will be
called the spokes of the polygon. The measure of the angle between the
spokes will then be

360°

n

We illustrate this general case below.
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Figure 6.16

We need to show that the measures of the angles of the polygons are
equal and that the lengths of the sides are equal.

Let’s first deal with the angles. Each one of the triangles AP,0P,,
AP,0OP,, and so on is an isosceles triangle whose sides have lengths
equal to the radius of the circle. If x denotes the measure of the base
angles of one of these isosceles triangles, then we must have:

2x + 360/n = 180°,
2x = 180 — 360/n,
x = 90 — 180/n.

This measure is the same for all the triangles. Therefore each angle of
the constructed polygon has a measure equal to 2x, which is:

180 — 360/n.
Thus for a pentagon, each angle has measure:
180 — 360/5 = 180 — 72 = 108°.

To see that the sides of the constructed polygon have the same length,
observe that O lies on the perpendicular bisector of the segment PP,
because d(O, P,) = d(0, P;). Furthermore, in an ecarlier exercise you
proved that the perpendicular bisector is also the bisector of the angle
P,0P;. Since P, lies on this angle bisector, we can conclude that P, lies
on the perpendicular bisector, and that

d(Pn Pz) = d(PZ,P3).
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Similarly, we prove that
d(P,, P3) = d(P3, P,)

and so on, thus showing that all the sides of our polygon have the same
length.

6, §3. EXERCISES

1. Determine whether or not each of the following figures is a polygon. If it is,
state whether or not it is convex:

/TN
=)

Figure 6.17

2. What is the sum of the measures of the angles of:
(a) an octagon (b) a pentagon (c) a 12-gon

3. Find the measure of each angle of a regular polygon with:
(a) 6 sides (b) 11 sides (c) 14 sides (d) n sides

4. Is it possible to have a regular polygon each angle of which has 153°? Give
reasons for your answer.

5. If each angle of a regular polygon has 165°, how many sides does the poly-
gon have?

6. How many sides does a polygon have if the sum of the measures of the
angles is:
(a) 2700° (b) 1080° () d°

7. If each angle of a regular polygon has 140°, how many sides does the poly-
gon have?
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8.

10.

11.
12.
13.

14.

Give an example of a polygon whose sides all have the same length, but
which is not a regular polygon.
Give an example of a polygon whose angles all have the same measure, but
which is not a regular polygon.

. An isosceles triangle has a side of length 10, and a side of length 4. What is

its perimeter? (Yes, there is enough information given.)

The sides of a triangle have lengths 2n — 1, n + 5, 3n — 8 units.

(a) Find a value of n for which the triangle is isosceles.

(b) How many values of n are there which make the triangle isosceles?
(¢) Is there a value of n which makes the triangle equilateral?

An equilateral triangle has perimeter 36. Find its area.
A square has perimeter 36. Find its area.

In the figure, angle X is measured on the outside of an arbitrary n-gon.
Prove that the sum of all n such outside angles equals (n + 2)180. [Hint:
What is the sum of all n interior angles?]

Figure 6.18

Squares of side length x are cut out of the corners of a 4 cm x 5cm piece of
sheet metal, as illustrated:

j< 5cm >|
~ Y
——————————
|
| |
4
I | cm
| I
I |
Y

Figure 6.19
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15.
16.

17.
18.

19.

POLYGONS [6, 8§31

Show that the perimeter of the piece of metal stays constant, regardless of
the value of x, as long as x < 2.

What is the area of the piece of metal in Exercise 14?
Prove that the area of a regular hexagon with side of length s is:

3s2\/§ ‘

2

[Hint: Divide the hexagon into triangles by drawing “radii”. What kind of
triangles are they?]

What is the area of a regular hexagon whose perimeter is 30 cm?

The length of each side of a regular hexagon is 2. Find the area of the hexa-
gon.

In the figure, ABCDEF is a regular hexagon. The distance from the center O
to any side is x; the length of each side is s. Prove that the area of the hexa-
gon is 3xs.

F s E
Figure 6.20



CHAPTER 7

Congruent Triangles

In previous chapters we have considered triangles which have special fea-
tures like isosceles triangles or equilateral triangles. Now we come to
studying arbitrary triangles.

7, §1. EUCLID’S TESTS FOR CONGRUENCE

First, what do we mean by “congruence”? Look at the two triangles in
Figure 7.1. They have the same dimensions.

(a) (b)
Figure 7.1

In what other respects are they the same triangles? They are not
“equal”. For instance, the triangle in (a) points to the left while the
triangle in (b) points to the right. Do you think this difference is impor-
tant? For the type of questions we wish to consider, it turns out not to
be important. We might be tempted to say that they are “equal”. This
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would be a bad use of the word. We have already mentioned that in
mathematics, when we say that two things are equal we mean that they
are the same. On the other hand, the above triangles are alike in many
ways: the lengths of their sides are equal; the measures of their angles
are equal; their perimeters are equal; their areas are equal. We might
say that one is an “exact copy” of the other.

In this chapter we shall use the informal definition: Two figures are
called congruent if we can lay one exactly on the other without changing
its shape. Then the triangles of Figure 7.1 are congruent. In this chapter
we shall apply the notion of congruence only to triangles. In Chapters
11 and 12 you will see how to deal with other figures.

The symbol for congruence is ~. Thus to denote that two triangles
AABC and AXYZ are congruent, we write

NABC ~ ANXYZ.

Figure 7.2

Suppose this is the case, and that we can lay one triangle on the other
in such a way that 4 corresponds to X, B corresponds to Y, and C cor-
responds to Z. Then we can conclude that:

m(LA) =m(LX), |AB| = | XY,
m(LB)=m(LY), |BC|=|YZ|,
m(LC)=m(LZ), |AC|=|XZ|.

Knowing that two triangles are congruent therefore gives us at least six
bits of information, namely that the corresponding sides and angles have
the same measure.

In addition, we can often “decompose” more complex figures into
triangles. If we can establish that certain of these triangles are congru-
ent, we can discover relationships in the more complex figures. We
apply this idea to parallelograms, for example.
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The main question is, what is the minimum amount of information we
need to know about two triangles to be able to conclude that they are
congruent? Experiment 7-1 will give us some clues.

EXPERIMENT 7-1

Use ruler, compass, and protractor to do the following.

1. Construct a triangle with sides of lengths 4 cm, 6 cm, 8 cm. Can you
construct another triangle with sides of lengths 4 cm, 6 cm, 8 cm which
is not congruent to the first one? If yes, do so.

2. Construct a triangle which has a side of length 6 cm, a side of length
8 cm, and an angle with 30°. Can you construct another triangle with
these dimensions which is not congruent? If yes, do so. Any others?

3. Suppose that we require the 30° angle in Step 2 to be placed between
the sides having lengths 6 cm and 8§ cm. How many non-congruent
triangles are there which satisfy this additional requirement?

4. Construct a triangle that has a 45° angle and a 60° angle. How many
different sized or shaped triangles can you construct with these re-
quirements?

5. Construct a triangle which has a 45° angle, a 60° angle, and a side of
length 6 cm. How many different sized or shaped triangles can you
construct with these dimensions?

6. If we require that the 6 cm side lic between the 45° angle and the 60°
angle in Step 5, how many different shaped triangles could be con-
structed with this additional requirement?

7. How many different right triangles are there with sides of length 2 cm
and 3 cm (“sides” also includes the hypotenuse)?

We can now attack the question of how much information we must
have concerning two triangles in order to conclude that they are congru-
ent.

Suppose we know that two triangles each have sides of lengths 5 cm,
6 cm, and 7 cm; we illustrate one in Figure 7.3.

5cm 6 cm

7 cm

Figure 7.3
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In Question 1 of the experiment, you probably realized that there is only
one possible shape for a triangle given the lengths of its sides. Thus any
other triangle with the same dimensions as the triangle in Figure 7.3
would have to be congruent. We take this property as postulate for this
chapter:

SSS. If the three sides of a triangle have the same lengths as the three
corresponding sides of another triangle, then the triangles are con-
gruent.

(SSS stands for side-side-side.)

Example. Given two triangles APQR and AXYZ with dimensions as
shown.

R X
6cm 4cm 4¢m 6 cm
Q Y
3v3cm 3v3cm
Figure 7.4

We can conclude that APQR ~ AXYZ by SSS. It is clear that P corre-
sponds to Y, Q corresponds to Z, and R corresponds to X. Thus we
may also conclude that

m(LP)=m(LY), m(LQ)=m(LZ), m(LR)=m(LX).

These pairs of angles are the corresponding angles.

Suppose we know that two triangles each have a side of length 3 cm
and angles with measures 45° and 60°. What may we conclude in this
situation? First, since the sum of measures of the angles of any triangle
is 180°, we can conclude that the third angle in each triangle has 75°.
But unless we know where the 3 cm side is in relation to the angles in
both triangles, we cannot conclude that the triangles are congruent. The
two triangles in Figure 7.5, for example, meet the requirements but are
not congruent (you may have drawn these triangles in Question 5 of the
experiment).
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Figure 7.5

On the other hand, suppose we require that the equal length side be
located in each triangle between the corresponding angles. Then it turns
out that the triangles are congruent (Figure 7.6).

75° 75°
60° 45° 60° 45°
| 3cm | Je 3cm .

Figure 7.6

This is a concrete case of Euclid’s second criterion for congruence.

ASA. If two triangles have one corresponding side of the same length,
and two corresponding angles of the same measure, then the

triangles are congruent.

(ASA stands for angle-side-angle.)
Example. Given triangles APQR and AABC as shown:
Q

100°

5cm

5 cm 100°

30°
30°
c

A

Figure 7.7

By ASA, we can conclude that APQR ~ AABC. This then tells us that
|PR| = |AC| and |QR]| = |BC]|.
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Example. Given triangles AXYZ and APQR as shown:

R V
40° Q
Z
40 6 cm
28°
x <12 N\
6cm y P
Figure 7.8

We first notice that m(LY)=m(LQ)=112°. Thus XY and PQ are
corresponding sides, and we apply ASA. Since AXYZ ~ APQR, we
know also that | XZ| =|PR| and |YZ]| = |RQ]|.

Remark. In ASA we did not assume that the corresponding side is
the common side to the two angles. However, if we had formulated ASA
by making this assumption we could deduce the stronger version. In-
deed, if two angles of a triangle are known, then the third angle is also
known because the sum of the measures of the angles of a triangle is
180°.

Example. Suppose we know two right triangles have hypotenuses with
the same length and corresponding acute angles with the same measure,
as shown:

5cm 5cm

60° 60°
B c Q R

Figure 7.9

By an argument like that in the previous example, we can conclude that
AABC ~ APQR. Thus we see that one pair of equal length correspond-
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ing sides and one pair of equal measure acute angles in a right triangle is
sufficient for congruence.

Having considered the situation where we have two angles and one
side with the same measure in two triangles, we now consider the case of
two sides and one angle having the same measure. Look back at Ques-
tions 2 and 3 in the experiment. In order to insure that the triangles
meeting these requirements are congruent it seems that we have to re-
quire, in addition, that the angles lic between the two given sides. With
this additional requirement, the triangles are congruent.

SAS. If two sides and the angle between them in one triangle have
the same measures as two sides and the angle between them in
another triangle, then the triangles are congruent.

(SAS stands for side-angle-side.)

Example. In the figure, with the given dimensions, we have

AHIM ~ AXYZ.

X
3cm
, Y 80°
(=]
3cm 80 4cm 4 cm
H M
V4
Figure 7.10

A common exercise in classical geometry is to prove that a triangle in
a given figure is congruent to some other triangle in the figure. The har-
dest part of these proofs is trying to decide which of the postulates about
congruent triangles (SSS, SAS, or ASA) is most applicable.

Example. Line segments PQ and RS intersect at O and bisect each
other as shown below. Prove that

APOR ~ AQOS.



184 CONGRUENT TRIANGLES [7, §1]

Figure 7.11

Proof. By Theorem 1-1 we know that the vertical angles £ QOS and
L ROP have the same measure. By hypothesis, we know that

|RO|=|0S| and  |PO|=]00Q].

We can then use SAS to conclude that APOR is congruent to AQOS.

Example. Point M lies on the angle bisector £ 0. Segment MQ is
drawn perpendicular to one ray of the angle; segment MP is drawn per-
pendicular to the other ray. Prove that AMOQ ~ AMOP.

Figure 7.12

Proof. Since ray R, bisects £ 0, we have
m(LQOM) = m(L POM).
Both triangles share side OM, which we notate:
|OM| = |OM|.
Since Z0QM and L OPM are right angles, we have
m(LOQM) = m(LOPM).
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At this point, we mark on the figure what we have established so far:

Figure 7.13

We have now established the ASA criterion, and we conclude that

AOQM ~ AOPM.

Example. In isosceles triangle AABC, |AB| = |BC|, and BN bisects
L ABC. Prove that AABN ~ ACBN.

N
Figure 7.14

Proof. We are given that |AB|=|BC|. By the definition of angle
bisector, we have that m(/Z. ABN) = m(/ CBN). Both triangles share side
BN. We therefore satisfy the conditions for the SAS congruence axiom,
and we conclude that AABN ~ ACBN.

Example. A surveyor wishes to measure the width of a lake without
getting his feet wet. He proceeds as follows. Pick two points 4, B on
opposite sides of the lake. We want to measure the distance between A
and B. Pick a point C on one side, such that the path from C to 4 and
C to B does not go over the water, as shown on the figure.
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Figure 7.15

We can then measure CA and CB. We now go along the line Ly to the
point D so that |CD| =|CB|. We go along the line L, to the point E
so that |CE| = |CA|. Then the triangles

ADCE and ABCA

are congruent by SAS: Their vertical angles at C have the same measure,
and the two adjacent sides have the same measure by construction.
Therefore

|DE| = |AB|.

Since the segment DE is on land, we can measure it, thus giving also the
length |AB|.

Example. By the 17th century it was known experimentally that the
planets in our solar system go around the sun along curved orbits called
ellipses. It was also observed that as a planet moves, the line segment
between the sun and the planet sweeps out equal areas in equal time as
illustrated in Figure 7.16(a).

P
3 P2

Figure 7.16(a)
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In the figure, S is the sun, and P, is the position of the planet at a cer-
tain time. Let P, be the planet’s position after one day; let P, be its
position after another day. The areas of regions 4, and A4, are equal. A
major question confronting scientists at that time was the nature of the
physical laws that governed this motion.

In the 1660’s, while still in his twenties, Englishman Isaac Newton
proposed the theory of gravity: a single universal force which keeps the
planets in motion around the sun, the moon in orbit around the earth,
and which causes apples to fall from the tree to the ground. Among
other things, Newton showed a connection between the fact that the
force acting on a planet is towards the sun, and the fact that the areas
are equal. In this example, we shall reproduce some of Newton’s reason-
ing, which uses the ideas about areas and congruences of triangles dis-
cussed in this chapter to approximate these areas.

Suppose the sun did not exert any force on the planet. Then the
planet would be moving on a straight line at uniform speed. Let the
planet be at position P, at a certain time. After one second, let the
planet be at P,, and after another second let the planet be at P,, as
shown on Figure 7.16(b).

P2
mo® vas® 5
co

Py

Figure 7.16(b)

Let S be the sun. Then |P,P,|=|P,P;|. The triangles ASP,P, and
ASP,P; have a common base SP,. By using ASA, show that their
heights with respect to this base are equal. It then follows that their

areas are equal, that is
area of ASP,P, = area of ASP,P;.

However, the sun exerts a force on the planet, and this force is
directed toward the sun. We shall draw an average approximation. The
effect of the attraction of the sun is to change the motion by some
amount in the direction of a line parallel to SP,. This means that the
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planet starting from P, after one second is located at P,, lying on the
line through P, parallel to SP, as shown on Figure 7.16(c).

Ps _——

Figure 7.16(c)

But then again triangle ASP,P, has the same base SP,, and the same
height with respect to this base, so

area of ASP,P, = area of ASP,P; = area of ASP,P,.

Note how we are using the formula of Chapter 3, §1, Theorem 3-2 for
the area of a triangle with the height over a given base, which is forced
on us by the physical situation.

We adapted this discussion from Richard Feynman’s book The Char-
acter of Physical Law (MIT Press), and we recommend very much read-
ing this book. Feynman states that the above argument, diagram and
all, is borrowed straight from Newton’s Principia.

7, §1. EXERCISES

1. Given that AABC ~ APQR. Write down everything you can conclude from
this fact.

2. Let ABC and XYZ be triangles. In each situation below, state whether or
not AABC ~ AXYZ, and give your reasons. Draw pictures!
(a) |14B| =|ZX]|, |BC| = |XY]|, |AC| = |ZY|
(b) |AB| = |XY|, |AC| = |XZ|, m(LB) =m(LY)
©) m(LA) =m(LX), m(LB)y=m(LY), m(LC)=m(LZ)
d) m(LA)=m(LX), m(LB)y=m(LY), |[AC| =|XZ]|
(e) m(LB)=m(LY), m(LC)=m(LZ), |BC|=|XZ|
@) |BC|=|ZY]|, |CA| =|YX]|, m(LC)=m(LY)

3. In isosceles triangle AABC below, |AB| = |BC]. Segment BN is drawn per-
pendicular to AC.
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Figure 7.17

Prove that BN bisects 2 ABC.

4. Prove the following corollary to ASA. Given right triangles AABC and
AXYZ, with right angles B and Y. Assume

|BC| =|YZ|

and
m(LA) = m(LX).

c V4

B A Y X

Figure 7.18

Prove that AABC ~ AXYZ.

5. Use the result of Exercise 4 to prove the converse of the Isosceles Triangle
Theorem (Theorem 5-3), namely:

Given APQR, with m(LP) = m(LR).
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Q
I
|
i
I
|
I
I

p 0 f

Figure 7.19

Prove: |PQ| = |QR|. [Hint: Draw a line segment from Q perpendicular to
PR]

. Use the results of Exercise 5 to prove that a triangle with three equal-sized

angles (i.e. 60° each) is equilateral. This is the converse of the Corollary 5-3.

. The figure shows a side view of an ironing board. So that the board may be

positioned at several different heights, the legs are hinged at H, and point B
is free to slide along a track on the underside. In addition, |CH| = |HB| and
|AH| = |HD|. Using congruent triangles, explain how this design ensures the
fact that, no matter what height the board is set to, it will always remain
horizontal.

Figure 7.20

. In order to measure the distance from the shore (point A) to a ship at sea

(point D), the Greek mathematician Thales devised the instrument shown in
the picture. He held rod AB vertically and sighted point D along rod BC.
Then, keeping L CBA constant, he revolved the instrument around AB so
that it pointed in to shore. Sighting along BC’, he then located point D'.
Using congruent triangles, explain how the device worked.
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B
5 /\C
4 N\
7/ N\
o Y
// 3
N
- N
// k.
N
D /s A N D

Shlo.re . - Sea

Figure 7,21

9. Another method used by Thales to measure the distance from shore (point
X) to ship (point Y) is pictured below. Picking another point Z along the
shore, he measured /ZXY and L XZY and reproduced them in LZXY’
and £ XZY’ respectively. Using congruent triangles, explain how this meth-
od worked.

Figure 7.22

10. The pliers in the picture are hinged at points B, C and E; and slotted at
points 4 and D. In addition, |AE|=|EC| and |BE|=|ED|. Using con-
gruent triangles, explain why the jaws will always remain parallel.

Figure 7.23
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7, §2. SOME APPLICATIONS OF CONGRUENT
TRIANGLES

We can sometimes use congruent triangles to establish properties of
more complex figures. The following theorem is an example.

Theorem 7-1. The opposite sides of a parallelogram have the same
length.

Proof. Given parallelogram ABCD:

D C

Figure 7.24

We draw diagonal AC, and label the angles as indicated. Since AB|DC,
we have

m(L.2) = m(L3).
Since AD|BC, we have
m(L1) = m(L4).

Both triangle AACD and triangle AACB share AC as a common side.
Therefore, by the ASA congruence property, we have

ANACD ~ ACAB

where A corresponds to C, and D corresponds to B.
Since the triangles are congruent, we can conclude that corresponding
sides are equal in length, namely:

|AB|=|DC| and |AD|=|BC|.

This proves the theorem.
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Theorem 7-2. A parallelogram of height h and base b has

area = bh.

Proof. We use again the decomposition as in Theorem 7-1 for the
parallelogram into two triangles, as illustrated on the figure.

b

b

Figure 7.25

Each triangle has base b and height h. Hence each triangle has area 1bh.
Hence the area of the parallelogram is equal to the sum of the areas of
the two triangles, which is

3bh + 1bh = bh,
thus proving the theorem.
The above proof followed the ideas of Theorem 7-1, and also followed
the pattern given for the proof of the area of a trapezoid. There is how-

ever an additional interesting symmetry. The formula is the same as that
for the area of a rectangle with sides of lengths b and h.

b D b c_
area = bh h area = bh h
_ —— I Y AN [1__
A M B N
Figure 7.26

Exercise. In the figure, let DM and CN be the perpendicular line seg-
ments as shown. Give another proof for Theorem 7-2 by proving that
triangles AADM and ABCN are congruent. Observe that

area of parallelogram ABCD = area of MBCD + area of triangle.
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We can now also prove the converse of the Isosceles Triangle
Theorem given in §2 of Chapter 5:

Theorem 7-3. In triangle NABC, assume that m(,L B) = m(L C). Then
the sides oppsite B and C have the same length.

Proof. The line through A perpendicular to BC intersects the line BC
in a point @ as shown in Figure 7.27.

A

m
B o c

Figure 7.27

The two triangles AAQB and AAQC have a side in common, namely
AQ. The angles . AQB and L AQC are right angles. The angles B
and £ C have the same measure. Hence the angles £~ BAQ and L QAC
have the same measure (why?). Therefore the triangles AAQB and
NAQC satisfy ASA, and are therefore congruent. If follows that
|AB| = |AC], thus proving the theorem.

Corollary. In triangle ABC, suppose that
m(L A) = m(LB) =m(LC).

B

Figure 7.28



[7, §2] SOME APPLICATIONS OF CONGRUENT TRIANGLES 195

Then triangle ABC is equilateral, in other words
|AB| =|BC| =|CA]|.
Proof. We apply the preceding theorem two times. Since
m(L A) =m(/LB), we have |AC|=|BC|. Since m(LB)=m(LC), we

have |AB|=|AC|. We conclude that all three sides have the same
length.

The proofs of the next two theorems will be left as exercises (see Exer-
cises 3 and 4).

Theorem 7-4. If the opposite sides of a quadrilateral have the same
length (i.e. each opposite pair have the same length), then the quadrilat-
eral is a parallelogram.

Theorem 7-5. If one pair of opposite sides of a quadrilateral are equal

in length and parallel, then the quadrilateral is a parallelogram.

7, §2. EXERCISES

Parallelograms
1. Given parallelogram ABCD, with diagonals intersecting at O:

D c

A

Figure 7.29

Show that
| 40| = |0C]|
and

|BO| = |0OD|
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using Theorem 7-1 and the ASA congruence property. This result is often
stated as a theorem:

The diagonals of a parallelogram bisect each other.

2. Given quadrilateral MATH. If the diagonals bisect each other, prove that
MATH must be a parallelogram.

(9]
by A
Figure 7.30
Given:
IMO| = |0T|,
|HO| = |0A]|.

Of course, this is the converse of Exercise 1.

Exercise 2 provides a test of whether a quadrilateral is a parallelogram. The
next two exercises give two more tests. In each, you must use what is given to
prove that the opposite sides of the quadrilateral are parallel, which is the defini-
tion of a parallelogram. Use congruent triangles.

3. Prove Theorem 7-4. [Hint: Draw a diagonal, and use the converse of the
Alternate Angles Theorem to show that opposite sides are parallel.]

4. Prove Theorem 7-5.

5. Prove that the diagonals of a rhombus bisect the angles of the rhombus, and
are perpendicular to one another.

6. Prove that if the diagonal of a parallelogram bisects a pair of opposite
angles, then the parallelogram is a rhombus.
Angle Bisectors and Inscribed Circle
7. Point O is on the bisector of L PQR. Prove that O is equidistant from the
sides of the angle. In other words, if the perpendicular from O to PQ inter-

sects PQ at X, and the perpendicular from O to QR intersects OR at Y, then

|0X| =|0Y].
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Figure 7.31

8. Prove the converse of the statement in Exercise 7. In other words prove:

Let O be a point inside an acute angle, and assume that O is equidistant
from the sides of the angle. Prove that O lies on the bisector of the angle.

9. (a) Prove the following theorem.

(®)

Theorem on the Angle Bisectors of a Triangle. Let APQA be a triangle.
Let Ly, L,, Ly be the three lines which bisect the three angles of the tri-
angle, respectively. Let O be the point of intersection of L, and L,. Then
O lies on L.

[Hint: Use the results of Exercises 7 and 8.]

Let T be a triangle. By an inscribed circle, we mean a circle such that
the three sides of the triangle are tangent to the circle.

Figure 7.32

An inscribed circle always exists. Namely, let » be the distance from O to
PQ, so r = d(0, X), where X is the point of intersection of PQ with the
line through O perpendicular to PQ. Then by Exercise 8 and the previ-
ous theorem r is also the distance from O to QA and to PA, so the circle
of center O and radius r is an inscribed circle. Is there another inscribed
circle? The answer is no.

Let C be an inscribed circle to the triangle APQA, and let M be the
center of C. Prove that M is the point of intersection of the angle bisec-
tors of the triangle.
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Since an inscribed circle is tangent to PQ, for instance, the radius of
the circle is the distance from O to the point where the circle intersects
PO (see Exercise 8 of Chapter 5, §3). Thus for any inscribed circle we
have determined in one and only one way its center and its radius.
Hence there is only one inscribed circle.

10. Triangle AXYZ is equilateral, and points A4, B, and C are midpoints of the
sides. Prove that ABC is also equilateral.

11. Prove that the line which bisects an angle of an equilateral triangle is the
perpendicular bisector of the side opposite the angle.

12. In the diagram, POR and QOS are straight line segments, m{/ 1) = m(L2)
and m(L3)=m(L4). Prove that O is the midpoint of OS. [Hint: First get
APQR ~ APSR. Then find another pair of congruent triangles to get
|SO| =109].]

Q

/O 3
P\ R
S

Figure 7.33

13. In the figure below, ECBF is a parallelogram and m(Z A) = m(/, D). Also
EFA and DCB are straight line segments. Prove that AEDC ~ AFAB.

N\

A
Figure 7.34
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14. The procedure for copying an angle (which we used in Construction 1-3) is
as follows.

Given an angle /Z AOB. Draw a ray, labeling its endpoint P:

o)
\
o

g

Figure 7.35

With the compass tip on O draw an arc intercepting the two rays of £ AOB
in points S and T. Using the same setting, draw an arc with the compass tip
on P; intersecting the ray in point Q.

sT A ol
Figure 7.36

Set the compass tips at distance d(S, T). With the point of the compass on
0, draw an arc intercepting the previously drawn arc in point R.

Figure 7.37
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The ray from point P through R gives rise to the angle £ RPQ.
Use congruent triangles to show that

m(L0) = m(L P).

This is one way of justifying Construction 1-3.

7, §3. SPECIAL TRIANGLES

In this section we discuss the most important special triangles in geo-
metry.

Suppose we have a right triangle with one angle of 45°. Since the
sum of the angles measures 180°, it follows that the other acute angle
also has 45°.

45°
m(LB) = 45°

Figure 7.38

By Theorem 7-3, the opposite sides have the same length. Thus we have
an isosceles right triangle, which we studied in §2 of Chapter 5. Recall
that if an isosceles right triangle has legs of length a, then the hypoten-

use has length aﬁ:

45° 45°

Figure 7.39
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We can summarize all of this in a theorem:

Theorem 7-6. If a right triangle has an angle of 45°, it is an isosceles
right triangle. Let a be the length of the legs. Then a./2 is the length
of the hypotenuse. Hence the sides stand in the ratio lzlzﬁ.

Example. Find the perimeter of the triangle below.

Figure 7.40

Since the triangle has one angle of 45°, we can conclude that both legs

have length 5, and that the hypotenuse has length 5\/5. The perimeter
therefore is

54+5+5/2=10+5/2

Theorem 7-7. In a right triangle with acute angles of 30° and 60°, the

side opposite the 30° angle is one half the length of the hypotenuse.
The sides stand in the ratio

I:Z:ﬁ.

30°

60°
gl c

Figure 7.41
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Proof. Given right triangle AABC as illustrated above. We wish to
show that

|BC| = 3-1AC|.
Let C" be the point on line Ly, such that |C’'B| = |BC| and C’ # C.

A

¢’ ]
3 c

Figure 7.42

Then triangles AAC'B and AACB are congruent by SAS: They have a
common side AB, we have |C'B| = |BC| by construction, and the angles
/L C'BA and /. CBA are right angles. By SAS we conclude:

AABC ~ NABC’
and therefore

m(L C'AB) = m(L CAB) = 30°,
m(LC)=m(LC) =60°
and
|CB| =|C'B].
This means that m(£ C) = m(LC) = m(L CAC') = 60°. By the corollary
proved earlier, we can conclude that triangle AACC' is equilateral
In particular,
|CC'| =]AC].

Since |CB| = |C'B|, we have

CB| = 1] 4C].
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If a=|CB]| then |AC| = 2a. By Pythagoras, we find the length of the
third side,

|AB|? = (2a)® — a® = 4a® — a* = 342,

whence

|AB| = /3a.

This shows that the sides have lengths a, 24, \/5 a respectively, and con-
cludes the proof of the theorem.

A triangle whose angles have measures 30°, 60°, 90° is called a
30-60-90 right triangle, or just a 30-60 right triangle.

Example. Suppose the short leg of a 30-60-90 right triangle has
length 1. Then the hypotenuse has length 2, and by Pythagoras, the
other leg has length /4 — 1 = \/5 This is illustrated by Figure 7.43(a).
If the short leg has length a, then the hypotenuse has length 2a, and the
other leg has length a\/g, as on Figure 7.43(b).

2 60 2a
1 a
30°
V3 aVv3
(a) {b)
Figure 7.43

Example. In a 30-60 right triangle, suppose the short leg has length
Scm. Then the hypotenuse has length 10 cm, and the other leg has

length Sﬁ cm.

Example. A man is flying a kite. He has let out 50 m of string, and
he notices that the string makes an angle of 60° with the ground. How
high is the kite?
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Figure 7.44

Since the angle at S has 60°, the angle at K must have 30°, and we have
a 30-60-90 triangle. Thus

|SP| =3%-|SK| =25 m.
Hence the height of the kite is 25\/3 m.

Example. Find the area of the illustrated trapezoid:

B 4 C

135°

60°

Figure 7.45

Draw perpendiculars BN and CM.

B 4 C
6 h
60°

N 4 M

Figure 7.46
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Triangle AABN is a 30-60-90 triangle, and therefore
|[AN|=4%-6 = 3.
If we let |BN| = h, we have

h? + 3% = 62 applying Pythagoras to AABN,
h? +9 = 36,
h? =27,

h=./21.

By our PD property, we have that

|CM| = |BN| = /7.
Since Z BCM is a right angle,

m(LDCM) = 135° — 90°
= 45°.

Therefore, ADCM is an isosceles right triangle, and we have
|CM| = |DM| = ./27.

We now have the lengths of the two bases and the height of the trape-
zoid:

upper base: 4,
lower base: 3+ 4 + /27,

height: ,/27.

We compute the area using the formula

area = (b, + by)h

=14+ 7+ /2127

= 3(11,/27 + 27) sq. units.



206 CONGRUENT TRIANGLES [7, §3]

Advice. Right triangles of the above types are so important in mathe-
matics that you should memorize the properties we have just discussed,
just as you memorized the multiplication table. This memorization
should be done by repeating out loud the following figures, like a poem:

Forty five, forty five; one, one, square root of two.
Thirty, sixty; one, two, square root of three.

7, §3. EXERCISES

1. Prove that AABC ~ AXYZ.

45°

"2 4

Figure 7.47

2. In the figure, the circle centered at O has radius 8. If m(L ROT) = 120°, find
the area of triangle AROT. [Hint: Draw the height from O to TR. Since
m{LT) = M(LR) =30°, you've created two 30-60-90 triangles.]

L/

Figure 7.48
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3. Find the area of the trapezoid illustrated below:

A D
6 6
135° 135°
B 6 c

Figure 7.49

[Hint: Draw perpendiculars from B and C to AD. Consider the area of the
rectangle, plus the area of the two right triangles.]

4. What is the area of the following trapezoid?

45° 450
3V 2
6

Figure 7.50

5. The roof in your attic is pitched at 60°, as shown. You wish to add a room
up there, with vertical side walls 3 m high. If the attic floor is 6 m wide, how
far away from the sides must you build the walls?

3m
60° — 60°
——
e———6m——»f

Figure 7.51
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6. Find the area of triangle AJOY.

Do

]

12
Figure 7.52

7. Given AABC is equilateral. Prove |BC| = |CD|.

Figure 7.53

8. In the figure below UI||QE and QU | EI. Find the area of quadrilateral QUIE
and the length of UT.

10cm

o
T 5cm E 6 cm /

Figure 7.54
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9. In the figure below XM | SA, MA| XS, and MO 1L 0S. Find the area of quad-
rilateral XM AS.

Figure 7.55



CHAPTER 8

Dilations and Similarities

8, §1. DEFINITION

Consider the pair of quadrilaterals as on Figure 8.1:

Figure 8.1

Obviously, the two quadrilaterals are not congruent, but they appear
related in a certain way. We would like to say that they have a “simi-
lar” shape. How can we describe the way we can obtain one of these
quadrilaterals from the other?

Let us start with a special case of the general concept, which will be
called a dilation.

Let O be a given point in the plane. To each point P of the plane we
associate the point P’ which lies on the ray R,p at a distance from O
equal to twice that of P from O. The point P’ in this case is also de-
noted by 2P. See Figure 8.2.
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Figure 8.2

The association which to each point P associates the point 2P (or ') is
called dilation by 2, relative to O. We shall write the point 2P also with
the notation

Dz,o(P) = 2P

If we have agreed to keep the origin O fixed, we do not need to mention
it in the notation, and we write simply

D,(P) = 2P.

We can dilate by other numbers besides 2. In fact, let » be any posi-
tive number (r > 0). We define the dilation by r relative to a point O in
a manner similar to dilation by 2. To each point P in the plane, we as-
sociate the point D, ,(P), which is the point on ray Ryp which is r times
the distance from O as P is. Again, if we do not mention the point O in
the notation, we simply write

D,(P)=rP.

In Figure 8.3(a) we have drawn the points Q, D,(Q), and D;(Q).
In Figure 8.3(b) we have drawn the points P, D,,,(P), and D, ,(P).

(a) (b)
Figure 8.3
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Notice in Figure 8.3(b) that the plane seems to be “shrinking” rather
than “stretching” as in Figure 8.3(a).

A dilation can also be thought of as a “blow-up” as in photography,
or as a “shrinking” as in scale models. In Figure 8.4(a) we have shown
the “blow-up” of a flower with respect to point 0. In Figure 8.4(b) we
show a “scaled-down” transistor which is a dilation with respect to the
point O, by a number less than 1.

\\\\
\\
~
l;‘ /:>0
//
//
/ \/\///
(b)

We shall now see how to describe a dilation in terms of coordinates.
Let A = (a,, a,) be a point of the plane, given in terms of coordinates.
Let r be a positive number. We define the product r4 to be the point

Figure 8.4

rA = (ray, ra,).

We have multiplied each coordinate of 4 by r to get the coordinate of
rA.

Example. Let 4 =(1,2) and r=3. Then 34 =(3,6), as shown on
Figure 8.5(a).

Example. Let 4 =(1,2) and r =%. Then

as shown on Figure 8.5(b).

g

64+———
54
a4+
3l
21—AA
14

Wt ———

ol 1 2

Figure 8.5
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Geometrically, we see that multiplication by 3 dilates 4 by 3 with re-
spect to the origin. On the other hand, dilating by 1 amounts to halving,
e.g. in Figure 8.5(b).

Example. Let A =(—2,3) and r = 2. Then r4 = (—4,6).

24 = (—4, 6) le
1s

14

A =(—2,3) T3

12

11

B/

Figure 8.6

In each example, we see from the picture that rA4 is the dilation of 4
by a factor of r. We can also prove algebraically that the distance of r4
to the origin is equal to r times the distance of 4 to the origin. In fact,

we have
d(0, rA) = /(ra,)? + (ra,)?
_ T
= Jr?Jd} + a3

=r-d(0, A).

It is natural now to define the product cA for any real number ¢, not
just a positive number, to be the point

cA = (cay, ca,).
Thus we multiply each coordinate of 4 by ¢ to get the coordinates of
cA. We shall discuss examples, and the geometric interpretation, which
will be used further in Chapters 10 and 11. You can skip the rest of this
section now if you are interested only in dilations and their applications.
Example. Let 4 =(2,5) and ¢ = —6. Then cA4 = (—12, —30).
Example. Let A =(—3,7) and ¢ = —4. Then c4 = (12, —-28).

Note that in this case we have chosen ¢ to be negative.
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Example. Take 4 =(1,2) and ¢= —3. We write —A instead of
(—1DA. We have drawn —A and —34 in Figure 8.7(a) and (b).

3A
6t-———
51 |
34 4+ {
A i
ZT 3T A l
24 |
T 14 |
. — . . !
-3 —2 —1 1 2 3 =3l2 1/ 1 2 3
1 | T
| 42
T2 [
—A L I +—3
- _3 l 4 _4
| 15
—34d—— -1 5
(a) (b)
Figure 8.7
If ¢ is negative, we write ¢ = —r, where r is positive, and we see that

multiplication of A by ¢ can be obtained by first multiplying A4 by r and
then taking the reflection —r4. Thus we can say that —rA points in the
opposite direction from A, with a stretch of r. We shall study reflections
more systematically in Chapter 11, §5.

8, §1. EXERCISES
1. On your paper, draw a point O, and some other points P, Q, R, as shown:

P
Re

Qe

®0

Locate and label each of the following points, representing dilations with
respect to point O:

@2P (3¢ (@©3R (DIP (o) 3P
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2. Is there any value of r such that D,(P) = P for all points P?

3.

Using a ruler, draw a triangle ABC on your paper. Choose a point O inside
the triangle. Dilate each point 4, B, and C by 2 with respect to 0. Connect
the points 24, 2B, 2C.

. Using the same triangle ABC as in the previous exercise, locate a point O out-

side the triangle. Dilate each point 4, B, and C by 2 with respect to this new
point 0. Connect the points 24, 2B, 2C. How does this dilated triangle com-
pare with the one created in the previous exercise?

Write the coordinates for ¢4 with the following values of ¢ and A. In each
case, draw 4 and cA.

(@) A=(—3,5andc=4 (b) A=@,—2)andc =3
() A=(—4, —5)andc =2 d) A=(2, -3)andc =2
() A=@3,2)andc =1 ) A=@3,2)andc=1%
(g) A=4,3andc=1 (h) A=(53)andc=1%

. Again write the coordinates for ¢4 with the following values of ¢ and A. In

each case, draw A and cA.

(@ A=(—3,5andc= —4 (b) A=(4, —2)andc = —3
(c) A=(—4, —5)andc= —2 (d) A=(2, —3)andc = —2
() A=@3,2)andc = —3 ) A=G,2)andc= —
(@ A=4,3andc= —3 (h) A=(53)andc= —
Compare the results of Exercises 5 and 6 on the same sheet of paper.

WD I

In each case copy the rectangle onto a piece of graph paper. Then draw the
rectangle obtained by dilating by 2 with respect to the origin. Write down the
area of the original rectangle and the area of the dilated rectangle.

44 4
34

24 1
14

12 3 4 5 1

(a) (b)

Figure 8.8

8. Copy the rectangles below onto graph paper, then draw the rectangles ob-

tained by dilating by 1.5 with respect to the origin. Write down the area of
the original rectangle and the area of the dilated rectangle.
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Figure 8.9

EXPERIMENT 8-1
1. Look at the right triangle illustrated below:

B

4

A 3 c
Figure 8.10

(a) How long is the hypotenuse of this triangle?

(b) Draw the triangle on your paper (a sketch will do). Dilate the
points C and B by 2 with respect to 4. Label the image points C’
and B/, as shown:

[ .
Al c

Figure 8.11
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(c) How long are the legs AC' and AB’ of the new triangle?

(d) How long is the hypotenuse of the new triangle? What is the
ratio of this length to the original length?

() What is the area of the new triangle? What is the area of the
original triangle? What is the ratio of the areas?

(f) How does the measure of L C compare with the measure of L C'?

2. Construct a right triangle with legs Scm and 8 cm. Use a ruler,
straightedge, protractor, etc. to get an accurate picture. Choose a
point O not on the triangle, as shown:

B
. 8cm
(0]
Al ¢
5cm
Figure 8.12

(a) Dilate each point A, B, and C by 2 with respect to 0. Use a ruler
to get an accurate picture. Label the image points A’, B/, and C'.

(b) Is triangle A'B'C’ another right triangle? N

(c) By measuring, find the length of the hypotenuse of AA'B'C'.
Measure the lengths of the legs and compute the area of AA'B'C'.

(d) Measure the angles of AABC and measure the angles of AA'B'C'.
How do the measurements compare?

3. Accurately draw a rectangle with sides of length 2cm and 3 cm as
shown:

A 3 B
Figure 8.13
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(a) Dilate the points 4, B, C, and D by 2.5 with respect to a point O
not on the rectangle.
(b) Compare the areas and perimeters of the two rectangles.

8, §2. CHANGE OF AREA UNDER DILATION

What happens to the area of a figure when the figure is dilated? We be-
gin answering this question by considering a simple case: the rectangle.
You have already done some investigating in Part 3 of Experiment 8-1.

We assume that a unit of length has been fixed. Then the area of a
square of side a is @? and the area of a rectangle whose sides have
lengths a, b is ab.

Consider a rectangle whose sides have lengths a and b as on Figure
8.14(a). Suppose that we multiply the lengths of the sides by 2, and ob-
tain the rectangle illustrated on Figure 8.14(b).

3b
I | .
a -  — I - J
2a 3a
(a) (b) (c)

Figure 8.14

Then the sides of this dilated rectangle have lengths 2a and 2b. Hence
the area of the dilated rectangle is equal to 2a2b = 4ab = 2%ab. Simi-
larly, suppose that we dilate the sides by 3, as illustrated on Figure
8.14(c). Then the sides of the dilated rectangle have lengths 3a and 3b,
whence the area of the dilated rectangle is equal to 3a3b = 9ab = 3%ab.

In general, let S be a rectangle whose sides have lengths a, b respec-
tively. Let rS be the dilation of S by r. Then the sides of rS have
lengths ra and rb respectively, so that the area of the dilated rectangle is
equal to

(ra)(rb) = r2ab.

Thus the area of rectangles changes by r? under dilation by r.
Consider what happens when r is less than 1, say r = 1, for example.
If we dilate a rectangle by %, then the area of the dilated rectangle is

as large as the original (3 = ()?). Figure 8.15 illustrates this fact.
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Area = ab Area = %a . 1b = %ab
Figure 8.15

We can use this information about rectangles to see what happens
to the areas of arbitrary figures in the plane when they are dilated. In
Figure 8.16 we illustrate an arbitrary region S.

Figure 8.16

We can approximate the area of this figure by drawing a fine grid of
squares, very much like those you see on graph paper:

Figure 8.17

We then count up the number of squares inside the figure, and multiply
this number by the area of one of the squares. This gives us an approxi-
mate area for S. We can make the approximation better by making the
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grid finer, that is by making the squares smaller. This process will be
illustrated in more detail later in the section when we consider the area
of a disk.

When the figure S is dilated by some number r, each of the squares is
dilated by r as well.

)
/
/ i
2 [
/1 N
/[ / )
|
/
/
\
\ 7
374
p

Figure 8.18

Since a square is a rectangle, the area of each square is multiplied by r2.
Therefore the sum of the areas of all the squares is multiplied by r2
Since the area of the dilated figure rS is approximated by the sum of the
areas of these dilated squares, the area of the dilated figure is #* times as
large as the area of the original figure S.

We state this result as a theorem:

Theorem 8-1. Let S be an arbitrary region in the plane with area A.
Let rS be the image of S under a dilation by a positive number r. Then
the area of rS is r?- A.

We apply this theorem to find the formula for the area of a disk of
radius r. Let D, be the disk of radius 1, and let D, be the disk of radius
r. If we draw D, and D, with the same center, we can easily see that D,
is the dilation of D, by r:

<

Figure 8.19
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By Theorem 8-1 the area of D, is r* times the area of D;. We let = de-
note the numerical value of the area of D,. Therefore:

the area of D, is r?m.

Of course there remains the problem of determining the value of =,
the area of D,. There are various devices to do this, and it can be
shown that = is equal to a decimal, which to five places is given by

= 3.14159....

In §4 we shall prove that n satisfies another relation, namely = is the
ratio of the circumference to the diameter of a circle:

¢c=mnd and T = c/d,

where ¢ is the circumference and d is the diameter. Thus the n we are
using now is the same one that you may already know. This relation-
ship between the circumference and diameter of a circle gives us a meth-
od for computing 7, as follows.

EXPERIMENT 8-2

Take a circular pan. Measure the circumference and diameter with a soft
measuring tape. Take the ratio. This will give you a value for 7, good
at least to one decimal place.

There are more sophisticated ways of finding more decimal places for
n. Those which give n with arbitrarily good accuracy come from calcu-
lus, and therefore will not be discussed in this course.

One of the methods used to compute 7 illustrates the approximation
technique we mentioned earlier. You may omit this discussion if you
find it too complicated, and just accept the value of =.

We draw a disk, and a grid consisting of vertical and horizontal lines:

Figure 8.20
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If the grid is fine enough, that is, if the sides of the square are suffi-
ciently small, then the area of the disk is approximately equal to the sum
of the areas of the squares which are contained in the disk. The differ-
ence between the area of the disk and this sum will be, at most, the sum
of the areas of the squares which intersect the circle. To determine the
area of the disk approximately, you just count all the squares that lie in-
side the circle, measure their sides, add up their areas, and get the de-
sired approximation. Using fine graph paper, you can do this yourself
and arrive at your own approximation of the area of the disk. (See
Exercise 8.)

Of course, you want to estimate how good your approximation is.
The difference between the sum of the areas of all the little squares con-
tained in the disk and the area of the disk itself is determined by all the
small portions of squares which touch the boundary of the disk, ie.
which touch the circle. We have a very strong intuition that the sum of
such little squares will be quite small if our grid is fine enough, and in
fact, we give an estimate for this smallness in the following discussion.

Suppose that we make the grid so that the squares have sides of

length ¢. Then the diagonal of such a square has length c\/i. If a
square intersects the circle, then any point on the square is at distance at

most cﬁ from the circle. Look at Figure 8.21(a).

(a) (b)
Figure 8.21

This is because the distance between any two points of the square is at
most ¢./2. Let us draw a band of width cﬁ on each side of the circle,
as shown in Figure 8.21(b). Then all the squares which intersect the
circle must lic within that band. It is very plausible that the area of the
band is at most equal to

2¢,/2 times the length of the circle.

Thus if we take ¢ to be very small, i.e. if we take the grid to be a very
fine grid, then the area of the band is small, and we see that the area of
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the disk is approximated by the area covered by the squares lying en-
tirely inside the disk.

This same type of argument also explains how areas of general regions
can be approximated by a grid of squares.

The formula for the area of a disk may be applied to find the areas of
a variety of regions. In doing computations, we may leave answers in
terms of 7, or we may use approximate values of 7, such as 2* or 3.14.

Example. Find the area of the band between concentric circles of
radius 4 and 6:

<

Figure 8.22

We have:
Area of the disk of radius 6 is: 6%xn = 36mx.
Area of the disk of radius 4 is: 4%z = 16m7.

Subtracting gives us the area of the band, 36n — 16n = 207, in terms
of m.

Example. A circle is inscribed in a square of area 36. What is the
area enclosed by the circle?

3

3

!
I
|
|
) . 6
|
|
|
|

Figure 8.23
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Since the area of the square is 36, a side has length 6. Therefore the
radius of the circle is 3, and the area enclosed by the circle is 3%n = 9.
Using 3.14 for n, we get the approximate value 28.26 for the area en-
closed by the circle.

Example. Find the area of the shaded region in the disk:

Figure 8.24

Since the angle between the radii is 60°, which is ith of the full angle
360°, the shaded area is Lth of the area of the whole disk. The area of
the disk is 4’z = 16m; therefore the shaded area is 167/6.

Regions of the disk like that in the previous example are sometimes
called sectors.

Example. Find the area of the shaded region below:

Figure 8.25

The shaded area is equal to the area of the 90° sector minus the area of
the right triangle. Proceeding as before, we take 4th the area of the disk
(90° is th of 360°) to find that

area of the sector = in6* = 9.
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The area of the triangle is 3-6% = 18. Therefore the area of the desired

region is 97 — 18.

Example. Find the area of a sector having angle 31° in a disk of
radius 5.

i )

Figure 8.26

We have:
Area of disk = 5%*m = 257

The area of the sector is equal to the fraction 31/360 of the total area.
Hence

31
Area of sector = 360 257,

This is a perfectly good answer, and you don’t need to simplify.
On the other hand, if you have a small calculator available, then it
will be easy to convert this answer into an approximate decimal form.

The examples illustrate a general formula which relates the area of a
sector and the measure of the angle, as follows.

Let A be an angle with vertex at a point P and let S be the sector de-
termined by A in the disk D centered at P. Let A have x degrees, that
is m(4) = x°. Then

__areaof S

= ——— 360.
area of D

See Figure 8.27(a).
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(b)

Figure 8.27

In the previous examples, we were given the measure of the angle x,
the area of the disk D, and we found the area of the sector. On the
other hand, given any two of these three quantities we can find the third
one.

Example. Let D be a disk having area 54 cm?, and let S be a sector
in D having area 12 cm?. Find the angle of the sector.
To do this, we use the formula, and get:

12 2
= — = — :2 = .
X = 360 9360 40 = 80

Thus the answer is 80°.

Example. Let D be a disk whose radius is 2cm. Let S be a sector in
D having area 7 cm?. Find the angle of the sector.
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The area of the disk is equal to 2n = 4n. By the formula, we obtain

630
x = l 360 = —-
47

Thus the answer is 630/n degrees.

Observe that in the formula we have not specified the radius of the
disk D. This is because the ratio

areaof S
arca of D

does not depend orn the radius. To see this, suppose we perform a dila-
tion by r. Then

areaof rS r?.areaof § areaofS

= = Fi 8.27(b
areaofrD r?.areaof D areaof D (Figure ®)

by canceling the factor 2. This also shows:

Theorem 8-2. The measure of an angle does not change under dilation,
in other words, for any angle A,

measure of rA = measure of A.

8, §2. EXERCISES

1. A rectangle has sides of length 30 mm and 60 mm. If the sides of the rectan-
gle are tripled in length, what is the area of the larger rectangle?

2. The area of a square is 10sq.cm. If the sides of the square are doubled in
length, what is the area of the new square?

3. When the sides of any square are doubled in length, the area is multiplied by
: ?

4. If the radius of a disk is doubled, its area is multiplied by ___ 7

5. Suppose you own a table which is a square with 1.5m sides. You wish to
build a second table whose area is twice as large as the first. How long must
each side be?

6. If you wish to double the area of a square, you must multiply the sides by
?
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7. If you were an officer in the state consumer fraud commission, what would
you point out to the company that put up the sign illustrated below?

LOTS: 40 m x 100 m
$2,000

HALF-SIZE LOTS: 20m x 50 m
at less than half-price
$900

8. Obtain a piece of fine grid graph paper (5 divisions to the centimeter will
work well). Locate a point O at the center of the paper. Using a compass,
draw a circle of radius 30 units with center O. Count the number of boxes
contained within the circle (you will probably discover some efficient ways of
doing this). If we say that each box has area of 1 square unit, your count
will approximate the area of a disk with radius 30 units. Since

area = mr?

= 11302
= 7-900,

dividing your count by 900 should give a fairly good estimate of 7.

9. Trace the border of the lake illustrated below on some graph paper.
Estimate its area using a technique like that described in the text.
Note the scale factor of 1 cm to the kilometer.

Figure 8.28
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10. Find the area of the shaded regions:

(a) (b)

(c) (d)
Figure 8.29

11. Let S be the shaded sector in the disk of radius 1 pictured below:

Figure 8.30

What is the area of the sector if the indicated angle 6 has value:
(a) 90° (b) 120° (c) 30° d) x°
Express your answer in terms of 7.
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12. (a) What is the area of a sector in the disk of radius r lying between angles
of 0, and 6, degrees, as shown in Figure 8.31(a) below?
(b) What is the area in the band lying between two circles of radii r, and r,
as shown in Figure 8.31(b) below?
(c) What is the area in the region bounded by angles of 0, and 0, degrees
and lying between circles of radii r, and r, as shown in Figure 8.31(c)?
Give your answers in terms of =, 6,, 8,, ry, 7,.

0

(a) (b)

(c)
Figure 8.31

13. Two circles with radius 6 intersect in two points P and Q as shown:

Figure 8.32
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m(£L0)=m(LO0")=90° as shown. Compute the area of the shaded region.
[Hint: Draw segment PQ.]

14. Find the area of the shaded region: The curved lines are semicircles:
8

Figure 8.33

15. A large metal washer has an inner diameter of 6 cm and an outer diameter
of 10 cm, as shown, Find the area of the face of the washer.

¥

Figure 8.34

16. A regular octagon has been inscribed in a circle of radius ». Prove that the
area of the regular octagon can be expressed as:

2-/2-r2

[Hint: Draw the altitude BX as shown. What is m(ZBOA)?]

Figure 8.35
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8, §3. CHANGE OF LENGTH UNDER DILATION

Let A and B be two points in the plane. What happens to the distance
between 4 and B when we dilate these points by a positive number r?

The answer is that the distance between the points is multiplied by r;
in other words,

d(rA,rB) =r-d(A, B).

You have already justified this to some extent using the Pythagoras
theorem in Experiment 8-1. The proof below using coordinates is simi-
lar.

Theorem 8-3. Let r be a positive number. If A, B are points, then

d(rA,rB) =r-d(A4, B).

Proof. Let A =(ay,a,) and B = (b, b,). Then rA = (ra,,ra,) and
rB = (rb,, rb,). Furthermore:

d(rA,rB) = \/(rb, — ra;)* + (rb, — ra,)?
= b, — a)? +(r(b, — a,))*
= /b, — a,)* + (b, — a,)*
= /r*[(by — a))* + (b, — a,)’]

=1/ (b, — a;)® + (b, — a,)*
=r-d(A, B).

Theorem 8-3 tells us what happens to the perimeters of geometric
figures when we dilate them. Consider a triangle with sides of length q,
b, and ¢ (Figure 8.36(a)). The perimeter of this triangle is a + b + c.

ra
/\

c rc

(a) (b)
Figure 8.36



8, §3] CHANGE OF LENGTH UNDER DILATION 233

If we dilate the triangle by r, Theorem 8-3 tells us that the length of
each side is multiplied by r (Figure 8.36(b)). The perimeter of the di-
lated triangle is

ra+rb+rc=r(a+b+c),

which is r times the perimeter of the original triangle. As we learned in
the previous section, the area of the triangle is multiplied by r* when we
dilate by r. Here we see that the perimeter changes by a factor of r.

What about a figure which does not consist of line segments? We can
investigate what happens to the perimeter of a general region S in the
plane under dilation by a number r using an approximation technique
again.

Figure 8.37

The borders of such regions are curves. If C is any curve in the plane,
we can approximate it by a series of line segments. Figure 8.38(a) shows
how we can approximate a curve using 6 segments.

Figure 8.38
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If we take more, smaller segments, we get a better approximation (Figure
8.38(b)). Note that this argument resembles the one we used concerning
areas in the previous section. When we dilate curve C by a number v,
each segment is also dilated by r. Since the length of each segment is
multiplied by r, and the sum of the lengths approximates the length of
the dilated curve, we see that the length of the dilated curve is multiplied
by r.

Figure 8.39

Thus it is plausible to conclude that the length of the border of an arbi-
trary region is multiplied by r when the region is dilated by r. However,
we recall from the previous section that the area is multiplied by r? in
the same situation.

Example. A square having area 36 cm? is dilated by a factor of 4.
What is the area of the dilated square? What is the perimeter of the di-
lated square?

Under dilation by a factor of 4, area changes by a factor of 42 = 16.
Hence the area of the dilated square is 36-16 = 576 cm?.

On the other hand, the side of the square is 6 cm because 62 = 36.
The perimeter is 6-4 = 24 cm. Length changes by the factor of 4. Hence
the perimeter of the dilated square is

4.24 = 96 cm.

8, §3. EXERCISES
1. A square of area 25 is dilated by a factor of 3. What is the area of the new,
dilated, square? What is the perimeter of the new square?

2. A triangle whose shortest side has length 7 is congruent to the dilation of a
triangle with sides of lengths 2, 4, 5. Find the perimeters of both triangles.

3. The perimeters of two squares are 10 and 16 respectively. What is the ratio of
their areas?
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4. The perimeters of two squares are a and b respectively. What is the ratio of
their areas?

8, §4. THE CIRCUMFERENCE OF A CIRCLE

The circumference of a circle is defined as the length of the circle. In this
section, we prove the standard formula for the circumference ¢ of a circle

of radius r:
c = 2nr.

Proof. Let D be a disk of radius r. We divide D into n sectors, whose
angles have

360
e degrees.

Here, n is an integer. The picture is that of Figure 8.40, drawn with

e
VAV

~————

)

The inscribed
polygon

Figure 8.40

You should now do Exercise 1, taking special values for n, namely
n=4,n=25 n=26 n=38 (more if you wish). In each case, determine
the number of degrees
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and draw the corresponding sectors. In general, we then join the end-
points of the sectors by line segments, thus obtaining a polygon inscribed
in the circle. The region bounded by this polygon consists of n triangles
congruent to the same triangle T, lying between the segments from the
origin O to the vertices of the polygon. Thus in the case of 4 sides, we
call the triangle T,. In the figure with 5 sides, we call the triangle Ts. In
the figure with 6 sides, we call the triangle Ty. In the figure with 8 sides,
we call the triangle T;. And so on, to the polygon having n sides, when
we call the triangle T,.

We denote the (length of the) base of T, by b, and its height by h,.
We denote the base of T; by bs and its height by hs. In general, we
denote the base of T, by b, and its height by h,, as indicated on Figure
8.40. Since the area of a triangle whose base has length b and whose
height has length h is $bh, we see that the area of our triangle T, is given
by

area of T, = 3b,h,.
Let A4, be the area of the region surrounded by the polygon, and let
P, be the perimeter of the polygon. Since the polygonal region consists

of n triangular regions congruent to the same triangle T,, we find that
the area of 4, is equal to n times the area of T,, or in symbols,

A, =n-area of T, = inb,h,.
On the other hand, the perimeter of the polygon consists of n segments

whose lengths are all equal to b,. Hence P, = nb,. Substituting P, for
nb, in the value for 4, which we just found, we get

A, =3P,h,.
As n becomes arbitrarily large,

A, approaches the area of the disk of radius r,

P, approaches the circumference of the circle of radius r,
and

h, approaches the radius r of the disk.

For instance, if we double the number of sides of the polygon succes-
sively, the picture looks like Figure 8.41.
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Figure 8.41

Let ¢ denote the circumference of the circle of radius . Then A, ap-
proaches nr®. Since A, = 3P,h,, it follows that A, also approaches 3cr.
Thus we obtain

nr? = ler.

We cancel r from each side of this equation, and multiply both sides by
2. We conclude that

c = 2mxr,

as was to be shown.

As a special case, we see that the circumference of the circle of radius
1 has length 2x.

That the circumference of the circle of radius r is r times 2z is con-
sistent with our earlier observation that the length of a curve is multi-
plied by r under dilation by r.

Remark. In Chapter 9, §5 you will find another proof for the formula
¢ = 2zr, based on an entirely different principle, assuming only the for-
mula for the area. You can read that proof right away if you like. The
reason why this other proof is postponed to the later chapter is that the
idea for that proof will be used to determine the area of a sphere. Such
interconnections between various topics show why it is often valuable
not to read a book in the order in which it is written.
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We now summarize our results about circles in

Theorem 8-4. Given a circle with radius r. Then:

the area = mr?,
the circumference ¢ = 2mr.

Example. What is the circumference of a circle of radius 5? Circum-
ference = 275 = 107

Example. The area of a circle is 36n. What is its circumference?

Area = nr? = 36m.
Thus r = 6, and the circumference is
2n-6 = 12x.
Example. Suppose that a disk has an area of 237 cm® What is the

length of the surrounding circle?
Let r be the radius of the disk. We know that

237 = 7r2.
r=,/23.
Therefore the length of the circle is 2rnr, or in other words, 27./23.

Since the area is given as cm? units, the length turns out in cm, so the
length of the circle is

Hence r* = 23 and

2n./23 cm.

Example. Four tin cans of radius 12 cm have to be tied together with
a plastic band as shown on the figure. How long must the band be?

A B

A

Figure 8.42
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The band consists of four segments which are horizontal or vertical,
and four curved pieces at the four corners. Label points as shown on
the figure. The segments are then

AB, CD, EF, GH.

Each segment has length equal to twice the radius of the cans, so each
segment has length 24 cm. Hence the four segments together have length
4.24 = 96 cm.

The curved parts of the band go over the cans, and each curved part
covers th of the circumference, as shown on the next figure, for one can.

Figure 8.43

Each such curved part has length equal to

1 1
1 2717':1 2n-12 = 67 cm.

Hence the four curved parts have total length = 4-6n = 24z cm.
The total length of the band is therefore equal to the sum of the four
segments and the four curved parts, and is equal to

96 + 247n cm.

This is a correct answer. If you want an approximation you can use the
approximate value 7 = 3.14 to get a decimal answer but it is just as well
to leave the answer in the other form until you actually need to cut the
band.

Example. A car is going 60 km/hr. Each wheel has a radius of 0.4 m.
How many revolutions per hour is the wheel turning?

Let N = number of revolutions per hour. Let ¢ be the circumference
of the wheel. Let S be the number of kilometers traveled per hour.
Then we have the formula

S = Nc.
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Therefore

S
N==.
C

We are given S =60. The radius has 0.4/1,000 km because 1km =
1,000 m. Hence the circumference is

c=2nr =

1,000
Plugging in the formula for N, we find

60 75,000
=— 1,000 = = .
08n 7

N

This is a correct answer. If you want an approximate decimal, you can
use 7 = 3.14 to 2 decimals, and then you find approximately 23,885 revo-
lutions per hour. Unless you have great need for it, it is just as well to
leave the answer with # in it, without converting to decimals.

8, §4. EXERCISES

1. Draw the picture of a polygon with sides of equal length, inscribed in a circle
of radius 5 cm, in the cases when the polygon has:
(a) 4 sides, (b) 5 sides, (c) 6 sides (d) 8 sides, (e) 9 sides.
Draw the radii from the center of the circle to the vertices of the polygon.
Use a protractor for the angles of the sectors. Using a ruler, measure (ap-
proximately) the base of each triangle and measure its height. From your
measurements, compute the area inside the polygon, and the circumference of
the polygon. Compare these values with the area of the disk and its circum-
ference, given as mnr? and 2nr respectively, and r = 5. Use the approximate
value = = 3.14.

2. Get a tin can with as big a circular bottom as possible. Take a tape, mea-
sure the circumference of the bottom, measure the diameter, take the ratio
and get a value for =, probably good to one decimal place. Do the same
thing to another circular object, say a frying pan, and verify that you get the
same value for z.

3. If a disk has an area of (a) 24n cm?, (b) 36m cm?, what is the length of the
surrounding circle?

4. If a circle has a length of (a) 157 cm, (b) 97 cm, (¢) 207 cm, what is the area
of the enclosed disk?

5. A rectangular sheet of metal is bent to form a cylinder. The radius of the
base is 3m, and the height of the cylinder is 5m. What is the total surface
area of the cylinder?



[8, §4] THE CIRCUMFERENCE OF A CIRCLE 241

o
3

Figure 8.44

6. A rectangular sheet of metal is bent to form half a cylinder, as shown. If the
radius of the base of the cylinder is 4 m, and the height of the cylinder is
11 m, what is the total area of the sheet of metal?

Figure 8.45

7. Suppose the roof of a cabin is in the shape of half a cylinder as shown.
(a) What is the surface area of the roof?
(b) What is the total area of the roof and the sides of the cabin?

_ |
1
| |
Jp N
ad /
pad 10m
je———9 M——»|

Figure 8.46
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8. Four equal sized cans are packed in a box with a square base as shown.

Find the area of the wasted space.

12 cm

/

Figure 8.47

12 cm

9. If the radius of a circle is doubled, what happens to the circumference?

10. Six beer cans are wrapped with a plastic strip as shown. How long must the
strip be if each can has diameter 6 cm?

Figure 8.48

11. A bicycle is going 15km/hr. A wheel has diameter equal to 1.2m. How
many revolutions per hour is the wheel turning?

12. Derive the formula which gives the area of a disk in terms of its perimeter.

13. Visualize a perfect doughnut as shown. Let b be the radius of a cross section
of the doughnut, and let a be the radius of a circle passing through the mid-
dle of the doughnut, as shown on the figure.

Figure 8.49
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(a) Guess what the total volume of the doughnut should be.

(b) Guess what the total surface area of the doughnut should be.

Give the answers in terms of a, b, n. The technical name for a doughnut is a
torus.

Suppose that the circumference of the earth is 40,000,000 m along a great cir-
cle. Assume that the earth is a perfect sphere, and that a plastic band has
been tightly fit around the earth along a great circle. Now suppose we cut
the band, and add a piece to it which is 1 m long. We then place the band
again like a circular belt around the earth. How good is the fit? Do you
think there is barely room for a piece of paper to slide between the earth
and this belt? Do you think there is enough room for a person to walk up-
right in between? After you have thought about this, why don’t you use the
formula for the circumference of a circle and prove what the answer actually
is. How relevant was the fact that a great circle is 40,000,000 m long?

ADDITIONAL EXERCISES ON CIRCLES

1.

A regular octagon is inscribed inside a circle of radius x. Prove that the
length of a side of the regular octagon can be expressed as x./2 — \/E

. A regular 10-gon inscribed in a circle of radius 1 has a side of length

%(ﬁ — 1). Describe how one might construct a line segment with this
length. [Hint: Using Pythagoras, first construct a segment of length \/g.]

. In the picture below, the two circles are externally tangent at point O; BC is

tangent to both circles; the radius of the large circle is 25 and the radius of
the small circle is 9. Find |BC]|.

Figure 8.50

. Two equilateral triangles are circumscribed about the same circle such that

their intersection is a regular hexagon (see picture below). If the radius of

the circle is 10, find values for the following:

(a) The area and the perimeter of the hexagon.

(b) The area and the perimeter of the six pointed star formed by the union
of the two equilateral triangles.
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Figure 8.51

5. If the circumference of a circle is 167, what is the perimeter of a regular hexa-
gon inscribed in it?

6. A square is inscribed in a circle. If the circumference of the circle is 80m cm,
find the length of a side of the square.

7. A wheel rolls along the ground at a speed of 350 revolutions per minute. If
the diameter of the wheel is 20 cm, find the ground speed of the wheel in cm
per minute.

8. If a square is circumscribed about a circle whose circumference is 10z, find
the perimeter of the square.

9. In a circle whose radius is 6 cm, find the number of degrees in the central
angle of an arc whose length is 4z cm.

10. In a circle, an arc of 72° has a length of 4n. Find the length of the radius.
11. If the circumference of a circle is 10z, find its area.
12. An 8 by 12 rectangle is inscribed in a circle. Find the area of the circle.

13. Circles A and B are tangent to each other internally, and circle B passes
through the center of A. If the area of circle 4 is 16, find the area of
circle B.

Figure 8.52

14. Quadrilateral PQRS is insc@_)gd in a circle of radius 10. If m(LPQR) =
150°, find the length of arc PQR.
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8, §5. SIMILAR TRIANGLES

At the beginning of this chapter, we illustrated two quadrilaterals which
were not congruent, but which were related in some way. We can now
accurately define this relationship.

We shall say that two figures in the plane are similar whenever one is
congruent to a dilation of the other. Therefore the two quadrilaterals
mentioned above are similar, since one is just an enlargement of the
other. Any two circles are similar. If the two circles have the same
radius, we simply take dilation by 1 to satisfy the definition.

For the moment, we will study similar triangles, as illustrated in
Figure 8.53.

Figure 8.53

We can easily generate similar triangles by dilating a triangle with re-
spect to one of its vertices (Figure 8.54(a)), or with respect to a point O
not a vertex (Figure 8.54(b)).

(a) (b)
Figure 8.54

Let T be a triangle whose sides have lengths a, b, ¢ respectively. If we
dilate T by a factor of r, we obtain a triangle which we denote by rT.
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The lengths of its sides will be ra, rb, rc, as we saw in the preceding sec-
tion. Note that r can be any positive number. For instance in Figure
8.55(a), (b), (c), we have drawn triangles T, 3T, and 2T.

a b 1
%ai : ib
c i€
(a) T (b) 3T
26
2a

2c

(c) 217

Figure 8.55

Denote by T’ the dilation of T by r. Let d', b’, ¢’ be the lengths of the
corresponding sides. Then we have

a =ra, b =rb, ¢ =rec.

Therefore the ratios of the corresponding sides are all equal, that is:

Example. Let T, T" be two triangles which are similar. Suppose that
two corresponding sides of T and T’ have lengths of 3 cm and 5cm re-
spectively. If another side of T has length 7 cm what is the length of the
corresponding side of T'?

To do this, we use the previous formula. Let
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We have to find »’. The formula tells us that

Hence

7-5 3
b=—
3

= —5.
The desired length is therefore 35/3 cm.

Example. Let T be the triangle AABC, as shown on the figure.
A

5¢cm

Figure 8.56

Let P be the midpoint of AB and Q the midpoint of AC. If PQ has
length 5 cm, find the length of BC.

To do this, we observe that AABC is the dilation by 2 of AAPQ,
and BC is the side corresponding to PQ. Hence

|BC|=2|PQ|=2-5=10cm.

Example. Again let T be the triangle AABC as shown in the figure,
but let P be the point one third of the distance from 4 to B, and let Q
be the point one-third of the distance from A to C.

A

A

Figure 8.57

If PQ has length 7 cm, find the length of BC.
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This time, we note that AABC is the dilation by 3 of AAPQ, and BC
is the side corresponding to PQ. Hence

|BC| =3|PQ| =3-7 =21 cm.

We have seen that if two triangles are similar, then the ratios of the
lengths of corresponding sides are equal to a constant ». We now prove
the converse.

Theorem 8-5. Let T, T' be triangles. Let a, b, ¢ be the lengths of the
sides of T, and let ', b', ¢’ be the lengths of the sides of T'. If there
exists a positive number r such that

a =ra, b =rb, c =rc,
then the triangles are similar.

Proof. The dilation by 1/r of T’ transforms T’ into a triangle T”
whose sides have lengths a, b, ¢, because

—-ra = a, rb = b, ~-rc = C.

1 1 1
r r v

Therefore T, T" have corresponding sides of the same length. By condi-
tion SSS we conclude that T and T” are congruent. Therefore T is con-
gruent to a dilation of 7", and triangles T and T’ are similar.

From Theorem 8-2 we know that:

Theorem 8-6. If two triangles are similar, then their corresponding
angles have the same measure.

The converse is also true.

Theorem 8-7. If two triangles have corresponding angles having the
same measure, then the triangles are similar.

Proof. Let T, T' be the triangles. Let 4, B, C be the angles of T and
let A', B, C' be the corresponding angles of T'. Let a, b, ¢ and «, b, ¢
be the lengths of corresponding sides. Let

r=d/a
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be the ratio of the lengths of one pair of corresponding sides. Then o' =
ra. Dilation by r transforms T into a triangle T” whose sides have
lengths

1 '

a’ =ra, b" =rb, " =rc

respectively. The triangles T' and T" have one corresponding side hav-
ing the same length, namely

(a) (b)

{c)
Figure 8.58

We have seen in the previous theorem that dilation preserves the mea-
sures of angles. Hence the angles adjacent to this side in T" and T” have
the same measure, that is:

m(LB)=m(LB") and m(LC)=m(LC").
It follows from the ASA property that T’, T” are congruent. Hence T” is

congruent to a dilation of T, and hence T’ is similar to T, as was to be
shown.
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Example. Given AABC, let P be a point on 4B, and let Q be a point
on AC as shown on the figure. Assume that PQ is parallel to BC.

Figure 8.59

Suppose that
|AP| = 6, |PB| = 4, |QC| = 5.
Find [AQ].
By Theorem 1-4 of Chapter 1, we know that m(L P) = m(L B) and
m(LQ)=m(LC). By Theorem 8-7 it follows that the two triangles

AABC and AAPQ are similar. The sides AP and AB correspond, and
their lengths are

|AP| =6, |AB|=6+4= 10,
The sides AQ and AC correspond, and their lengths are
|AQ| = x (unknown), |[AC| = x + 5.

Therefore by similarity,

We must solve for x. Cross multiplying yields

6x + 30 = 10x.
Therefore
4x = 30, X = Q = LS
4 2

The answer is |4Q| = 15/2.
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In the above example, many people feel that one should obtain the
answer also from the equation

6 x
4 5

and then solve for x. It is true that this gives the right answer, but it
does not follow from the general similarity formula which we have given
without some additional algebra. We shall now state and prove the
theorem which justifies this.

Theorem 8-8. Given triangle AABC, let P be a point on AB, let Q be
a point on AC, and assume that PQ is parallel to BC. Then

4P| _ 40|
|PB| |QCl|

Proof. Let x =|AP|, y =|PB|, u=|4Q| and v = |QC| as shown on
the figure.

Figure 8.60

By Theorem 1-4 of Chapter 1 and Theorem 8-7 we know that AAPQ
and AABC are similar. Hence

x
x+y u+v

Cross multiplying yields

xXu + xv = xu + yu.
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We can cancel xu to obtain
Xv = yu.

We divide both sides by v, and also by y to find

>

u
y v
as was to be shown.

Warning. Some people might feel that in the situation of Theorem
8-8, we should have the relation

4P| _|PQ)
|PB| |BC|’

These people are wrong! The correct relation is

X :lPQI
x+y |BC|

We illustrate this in the next example.

Example. Given AABC, again let P be a point on 4B, and let Q be
a point on AC as shown on Figure 8.61. Assume that PQ is parallel to

C.

Figure 8.61

Suppose that
|AP| = 6, |PB| = 4, |PQ| =5.
Find |BC]|.
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By Theorem 1-4 of Chapter 1, we know that m(/ P) =m(/, B) and
m(L Q) =m(LC). By Theorem 8-7 it follows that the two triangles
AABC and AAPQ are similar. The sides AP and AB correspond, and
their lengths are as before,

;)

|AP| =6, |[ABj=6+4=1

Let y = |BC| be the unknown. The sides PQ and BC correspond, and
their lengths are

|IBC[ =y, [PQ|=5.

Therefore by similarity,

6 5
10 y
We solve for y and obtain
_5-10_50
=76 "6

This is a correct answer. It can be simplified a little to give the equally
correct answer

25

3
The next theorem gives an important example of similar triangles oc-

curring frequently in geometry.

Theorem 8-9. Let AABC be a right triangle with right angle at A. Let
AD be the perpendicular segment from A to BC. Then the triangles

ANABC, AABD, AADC
are all similar.
Proof. We shall prove that AABC is similar to A4DC, and we leave

the other cases as exercises. By Theorem 8-7, it suffices to prove that
corresponding angles of AABC and AADC have the same measure.
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A

Figure 8.62

In fact:

Angles Z BAC and £ ADC have the same measure 90°.
The angle £ ACB is common to both triangles.

Since the sum of the angles of a triangle has 180°, it follows that the
third angle L CBA has the same measure as L CAD. This proves what
we wanted.

Exercise (i) Prove that AABC is similar to ADBA.
(ii) Prove that AABD is similar to AACD.

Do you have to go through the same type of argument again, or can
you use a general principle at this point? Think about it for a moment,
then use the next statement: If a figure U is similar to ¥V and V is simi-
lar to W, then U is similar to W.

8, §5. EXERCISES

1. Let T and T’ be similar triangles. Let a and a’ be the lengths of correspond-
ing sides. If T has a side of length 7 cm find the length of the corresponding
side of T" whenever a, a’ have the following values.

(a) a=2cm and ' =4cm
() a=3cm and ¢’ =8 cm
(c) a=1cm and ' =5cm

2. In each of the triangles below, what dilation will map AB onto A'B, given
that AB|AB?
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(a) (b}
Figure 8.63

3. If EF||GH in the diagrams below, find |DE| in each case and explain your
answers.

(a) {b)
Figure 8.64

4. In triangle AABC, m(/L ADE) = m(LC). Prove that AABC is similar to
AADE. How long is AB?

12

How long is AB?

Figure 8.65
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5. A meter stick held perpendicular to the ground has a shadow 2 m long when
a radio tower casts a shadow 8 m long. How high is the radio tower?

6. A clever outdoorsman whose eye-level is 2 m above the ground wishes to
find the height of a tree. He places a mirror horizontally on the ground
20m from the tree, and finds that if he stands at a point C which is 2m
from the mirror B, he can see the reflection of the top of the tree. How high
is the tree?

(Recall the law of incidence and reflection which states that m(L1) =
m(L2).)

Figure 8.66

7. Devise and explain a method to determine, using similar triangles, the dis-
tance from point 4 to point B by measurements made only on the ground.

Figure 8.67
8. The ratio of the area of two similar rectangles is 4:9. What is the ratio of
their perimeters?

9. The sides of a triangle are 5Scm, 7 cm, and 8 cm. Find the sides of a similar
triangle if its longest side is 10 cm.

10. State a sufficient condition for two rectangles to be similar.
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11. Two similar rectangles have lengths 18 m and 12m. What is the ratio of
their widths? What is the ratio of their perimeters?

12. The sides of a triangle are 5m, 7m, and 8 m long. Find the sides of a simi-
lar triangle if its shortest side is 10 m.

13. Let L,, L,, L, be three parallel lines as shown on the figure. Let K, K’ be
two lines intersecting L,, L,, L; as shown. Prove that x/y = u/v, where x, y,
u, v are the lengths shown in the figure.

K K’

/ \

/X
A
/A A

[Hint: Let P be the point of intersection of K’ and L,. Let K, be the line
through P parallel to K. This should reduce the present problem to a
theorem proved in the text.]

Figure 8.68

14. In the diagram, the lines L,, L,, L, are parallel. Find the length x in each

AN .
]/ V\ )
] N

(a)

(b)
Figure 8.69
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15. Prove: If two triangles are similar, and one pair of corresponding sides have
the same length then the triangles are congruent.

16. Consider a trapezoid with vertices P, Q, M, N as shown with parallel sides
PO and MN. Let R, S be the midpoints of PM and QN respectively. Let b
be the length of RS.

(a) Prove that the area of a trapezoid is equal to bh, where h is the height,
i.e. the perpendicular distance between MN and PQ.
(b) If by, b, are the lengths of MN and PQ respectively, prove that

by +b,

b=""

M by N

r ]

b,

Figure 8.70

[Hint: For part (a), use triangles as shown by the dotted lines.]

17. (a) Triangle ABC is similar to triangle XYZ. Let AN and XP be their
heights. Prove that these heights have the same ratio as a pair of corre-
sponding sides, i.e.

|AN| _|4B|
IXP| XY

(Consider AABN and AXYP.)

X

|

I
; |
| |
b\, , b
N P

Figure 8.71
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(b) Use part (a) to do this problem:
The bases of a trapezoid are 9 cm and 15 cm long, and the trapezoid
has an altitude of 12 cm. If the diagonals intersect at O, find the distance

of O from the longer base.

18. Given right triangle ABC, with CN L AB, and lengths as marked.

c

4

T
Y

Figure 8.72

Show that (i) b? = cd, (i) a® = ce, (iii) h?> = de. [Hint: Use Theorem 8-9,
write the appropriate ratios, and cross-multiply.]

19. Using the figure of Exercise 18, find the perimeter of AABC if e =6 and
h=8.

20. In right triangle ABC, let BD 1 AC, let |BD| =8 and |DC| = 4. Find |AD],
|BC|, and |AB|.

Figure 8.73

21. Suppose you build in your backyard a geodesic dome whose cross section is
a semicircle, as illustrated. If the diameter of the dome is 5m, how high
would a wall be if erected 1 m from the edge?
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X

e 5Em

Figure 8.74

[Hint: Draw triangle AXMN, and use Exercise 18.]

22. Given triangle AABC, with P, Q, and R the midpoints of the three sides.
Prove that APQR is similar to AABC.

Figure 8.75

23. Prove that the line segment connecting the midpoints of two sides of a trian-
gle is parallel to and one-half the length of the third side.

24, In quadrilateral MEAN, the points P, Q, R, S are midpoints of the four
sides. Prove that PQRS is a parallelogram.

N R

E

Figure 8.76

[Hint: Draw diagonal MA, and use Exercise 23. Repeat with EN.]

25. Use the results of Exercise 18 to prove the Pythagoras theorem.



CHAPTER 9

Volumes

You probably already have a good intuitive notion of volume, which
measures the amount of space enclosed by a 3-dimensional figure. Just
as we did for 2-dimensional figures to compute area, we define a unit
volume to be the volume of a cube whose edges are one unit long,
Therefore a cube with edges 1 cm long has volume 1 cubic centimeter,
which we abbreviate 1 cm3. In this section we show how to compute the
volumes of various figures.

9, §1. BOXES AND CYLINDERS

We start with the simplest types of volumes, those of rectangular boxes.
If the sides of a rectangular box have lengths a, b, ¢ then the volume of
the box is given by the formula

V = abc.

|

|

|

|
gy

7~ b

a

Figure 9.1
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Example. If the sides of a box have lengths 3 cm, 4 cm, 7 cm then the
volume of the box is

3.-4.7 = 84 cm>.

One can view a box as a 3-dimensional set of points lying above the
base. For instance, in Figure 9.1 we may view the base of the box to be
the rectangle with sides a, b, and we may view ¢ as the height h of the
box. The area of the base is

B = ab.

Then the volume of the box may be expressed as

V = Bh,

where B is the area of the base, and 4 is the height.
This same formula is valid for more general figures.

Example. Let D be a disk of radius r, and view D as the base of a
cylindrical box of height & above D as shown on Figure 9.2. The area of
D is B = nr?. The volume of the cylinder is then

V = nr’h.

?
|
|
|n

|
/”T‘\\

/ N\

Figure 9.2

Example. If a cylinder has a circular base of diameter 6 cm and
length 14 cm, find its volume.
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< 14 >|
/
/
66— —4————————— —{- —e
\
AN
Figure 9.3

The radius of the base is 3 cm. Hence the volume is
V = n3?%.14 = 126w cm?.

We will now define the general notion of a cylinder with arbitrary
base. Let S be a region in the plane, and let h be a positive number.
Given a direction perpendicular to the plane, the set of points in 3-
dimensional space which lie at distance <h from a point of S in the
given direction is called the right cylinder with base S and height A.

Thus an ordinary cylinder is a right cylinder with circular base. A
rectangular box as considered in the first example is a right cylinder with
rectangular base. Of course, we can make up right cylinders with other
types of bases.

Example. Let T be a triangle, as in Figure 9.4(a), or a polygon, as in
Figure 9.4(b). The right cylinder with base T and height h is called a
right prism.

.
i |
| RN
| I I
| J
/J\ ' / -\\
B

- IS

(a) (b)
Figure 9.4

In each of these cases, the volume of the right cylinder (prism) satisfies
the same formula as before,
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Example. Let T be an equilateral triangle whose sides have length 2.
What is the volume of the prism with base T and height 7?

You should know how to compute the area of an equilateral triangle,
given a side s. Recall that the formula for the area is

2
Area(T) = > Zﬁ

In the present case, the area of the base is therefore \/3 Consequently,
the volume of the prism is equal to

V=Bh=./3-7=17.3.

In Figure 9.5 we have drawn a right cylinder with a fairly arbitrary
base.

Figure 9.5

Example. Find the volume of the tent

!<—7———>|\‘/

Figure 9.6
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This tent is a right prism, whose base is a triangle T. The area of T is
given by

B=137-6=21.
Hence the volume of the tent is
V =21.-9 =1809.

Some figures in space are obtained in a manner similar to the solids
we have considered, but using some direction other than the perpendicu-
lar direction. Let S be a region in the plane. Let h be a given positive
number. Suppose also a given direction. The set of points X which lie
on a ray whose vertex is a point of S, in the given direction, and such
that the perpendicular distance of X to the plane is < h, is called the
cylinder with base S and height % in the given direction. We have drawn
such a cylinder in Figure 9.7. We emphasize that h is the perpendicular
height, not what is sometimes called the “slant height”.

Figure 9.7

A cylinder whose base is a polygon is also called a prism (not necessarily
a right prism).

Theorem 9-1. The volume of a cylinder whose base has area B and
whose height is h is given by the formula

V = Bh.

Example. Let T be a right triangle in the plane, whose legs have
lengths 4 cm and 5cm. Find the volume of the prism with height 2 cm
with T as a base, in some given direction.
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The area of the base is 3-4-5 = 10 cm? Hence by the formula, the
volume of the prism is

V =2-10 = 20 cm?.

The prism has been drawn in Figure 9.8.

Figure 9.8

Note the remarkable fact that the volume depends only on the base
and height. It does not depend on how much the solid “slants”; in other
words, it is independent of the direction. We shall now discuss in an in-
formal way why this is so.

We must go into transformations of a new type, which are called
shearing. For instance, a parallelogram is obtained from a rectangle by
shearing, as shown on Figure 9.9.

Figure 9.9

A shearing is therefore a stretching in some direction.



[9, §1] BOXES AND CYLINDERS 267

An informal way of thinking about the effect of shearing in 3-space is
to consider a deck of cards:

Figure 9.10

If we shear the deck, we get arnother prism consisting of the same
deck of cards. ‘

Figure 9.11

The volume of this new “slanted” prism is the same as that of the orig-
inal deck.

You already know that the area of the parallelogram with height h
and side b is bh. This is the same as the area of the rectangle with sides
b and h. Hence we see that for rectangles,

the area remains the same under a shearing transformation
(in the direction of one of the sides).

By approximating an arbitrary plane region by rectangles, one can
then deduce the following general principle:

Theorem 9-2. The area of a region in the plane is unchanged under
shearing transformations.

Example. Let T be a triangle with base b and height h. Any other
triangle with base b and height h can be viewed as a shearing of T, as
illustrated on Figure 9.12. We know that the areas of such triangles is
the same, namely $bh.
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Figure 9.12

The same principle applies to volumes. We also have shearing trans-
formations of 3-space, and the principle states:

Theorem 9-3. The volume of a region in 3-space is unchanged under
shearing transformations.

Example. Let S be a rectangle in the plane. A prism whose base is S,
and having height & is called a parallelepiped. All such prisms are trans-
formed from each other by shearing, as illustrated on Figure 9.13.

Figure 9.13

9, §1. EXERCISES

1. Lines L, and L, are parallel. Explain why all triangles ABX have the same
area.

A B 2

Figure 9.14
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2. Find the volume of each parallelepiped below:

2m 2a
Tm a

(a) (b) c)

Figure 9.15

3. The surface area of a solid is the total of the areas of all its faces. Find the
surface area of each parallelepiped above. (Note: Youll need to recall the di-
mensions of the 30-60-90 triangle for c.)

4. If the length of each edge of a cube is doubled, by what factor is the volume
increased? What if the edge is tripled—how do the volume and surface area
change? What if the edge is multiplied by a factor of r?

5. Find the volumes of the cylinders below:

a
)

25¢cm +2r .

T
|
/// \\\ IS cm
- — L
NN %
\4 cm
(a) (b) (c)

Figure 9.16

6. Suppose we have a tin can with a base of given radius, and a given height. If
we double the radius and halve the height to form a new can, will the volume
of the new can be larger, smaller, or the same as the original?
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7. A prism has a regular hexagon of side 4 cm as base and a height of 10 cm.
Find its volume and surface area.

8. Heating costs are dependent on the volume of air contained within a struc-
ture. The building illustrated below is 45m long, and 15m wide. On both
sides the eaves are 3 m high, and the highest point of the roof is 5m above
the ground. Calculate the volume of the building.

45 m

3m

Figure 9.17

9. A graduated cylinder used for measuring volumes of liquid has a base of
radius 3 cm. If the markings on the side of the cylinder are to indicate vol-
ume in units of 10 ml, how far apart should the marking lines be?

30 ml

20 mi

10 ml

100

9, §2. CHANGE OF VOLUME UNDER DILATIONS

How does volume change under a dilation of space by a factor of »? We
know that area changes by a factor of 2. We shall now see that volume
changes by a factor of r>. Let us first look at a rectangular box, with
sides a, b, ¢ as shown on Figure 9.19.
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Figure 9.19

Its volume is ¥V = abc. The sides of the dilated box have lengths ra, rb,
rc. Hence the dilated box has volume

rarbrc = r3abc = r3V.

Thus the volume of the box changes by a factor of 3.

An arbitrary region in space can be approximated by small boxes, just
as we approximated area by small rectangles in Chapter 8, §2. Thus a
similar statement holds for arbitrary regions in space, and we state this
as a theorem.

Theorem 9-4. Let R be a region in space, with volume V. Let D be the
dilation of space by a factor of r in each one of the three perpendicular
directions. Then the volume of D(R) is V.

For some applications, we have to consider dilations by different fac-
tors in different directions.

We first look at generalized dilations in the plane. Instead of dilating
a region by a factor of r in all directions, we may dilate the region by
this factor only in one direction. For example, if we have a rectangle
with sides a, b and stretch the rectangle in the direction of one side by a
factor of r, we obtain a rectangle with sides ra, b as shown on Figure
9.20.

Figure 9.20

The area of the original rectangle is ab, while the area of the partially
dilated rectangle is rab.

The easiest way to assign a direction is by means of the perpendicular
axes. Consider a rectangle R as shown in Figure 9.21(a). Let D be the
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dilation by a factor of 3 in the y-axis direction. Then the dilated rect-
angle D(R) is shown on Figure 9.21(b).

(a) (b)
Figure 9.21

If A is the area of R then the area of D(R) is 3A4.
By approximating an arbitrary region in the plane by means of rect-
angles, we are led to the following general principle.

Theorem 9-5. Let R be a region in the plane with area A. Let D be
the dilation of the plane in one of the perpendicular directions of a
coordinate axis, by a factor of r. Then the area of D(R) is rA.

Let us now consider what happens to volumes in 3-space. Let R be a
rectangular box with sides a, b, ¢ as shown on Figure 9.22(a). Let us
make a dilation D of space only in one direction, by a factor of r, for
instance, in the direction of the first side. Then the dilated rectangular
box D(R) is shown on Figure 9.22(b). The volume of R is abc, and the
volume of D(R) is rabc. Thus we see that for this partial dilation only in
one direction, the volume changes by a factor of r.

Volume abc Volume rabc
l
I c c
)l— )l_—
/ b 4 b
a ra
(a) (b)

Figure 9.22



[9, §2] CHANGE OF VOLUME UNDER DILATIONS 273

We can express a mixed dilation in terms of coordinates. Suppose we
have a rectangular box as shown in Figure 9.23(a), and we make a dila-
tion by a factor of 3 in the z-direction. Then we obtain the box illus-
trated in Figure 9.23(b).

AN

o
l

(x,y) (x, y)

(a) (b)
Figure 9.23

We see that the volume of the dilated box is equal to three times the
volume of the original box.

In general, if we make a dilation by a factor of r in one of the three
perpendicular directions, say in the z-direction, then the volume of a rect-
angular box changes by a factor of r. Indeed, the volume of the box
in Figure 9.23(a) is xyz, and the volume of the dilated box is
xy(rz) = rxyz.

By approximating an arbitrary solid region in 3-space by rectangular
boxes, we find the general principle:

Theorem 9-6. Let R be a region in space, with volume V. Let D be the
dilation of space by a factor of r in one of the three perpendicular
directions. Then the volume of D(R) is rV.

In the next sections, we shall apply Theorems 9-5 and 9-6 to find the
volumes contained by classical figures like cones and the sphere.
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9, §2. EXERCISES

1. Suppose you have a solid S in 4-dimensional space, and S has 4-dimensional
volume V. Make a dilation of 4-space by a factor of r in all directions. What
is the volume of the dilated solid?

2. What about n-space? How does n-dimensional volume change under a dila-
tion by a factor of r?

9, §3. CONES AND PYRAMIDS

Let D be a disk in the plane with center 0. Let P be a point not in the
plane, lying on the line through the center of the disk, perpendicular to
the plane. The set of points on all the line segments joining P with all
the points on D is called the right circular cone whose base is D. We call
P the vertex of the cone, and the distance |PO| is called the height h of
the cone, as shown on the figure.

Vertex P

Figure 9.24

Theorem 9-7. The volume V of the cone is given by the formula

where B is the area of the base.

We shall first work out some examples where you can find the answer
by using the formula. We shall then give reasons why the formula is
true.

Example. Find the volume of a right circular cone whose base has
radius 4 and whose height is 5.
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The base has area 16m, and hence by the formula, the volume is equal
to
80x

1
- S= .
3161r 3

The formula for volumes just given is true for even more general
figures, which are generalized cones. Let S be a region in the plane, and
let P be a point not in the plane. By the (generalized) cone with base S
and vertex P we mean the set of points which lie on the segments be-
tween P and all the points of S. We illustrate such a generalized cone in
Figure 9.25.

P

Figure 9.25

If the base is any polygon, then the (generalized) cone having this
base is also called a pyramid. The most usual pyramids in Egypt have a
square base, as shown on Figure 9.26, and are right pyramids. This
means that the line through P perpendicular to the base passes through
the center of the square.

Figure 9.26

The perpendicular distance from P to the plane in which S lies is
called the height of the cone.
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Theorem 9-8. Let a generalized cone or pyramid have base B and
height h. Then the volume is

V = 1Bh.

Example. Find the volume of a pyramid whose base is a square with
sides of length 3 m, and whose height is 5 m.
By the formula, the volume is

V=132.5=15m>

This is the right answer whether we deal with a right pyramid or not. In
other words, it applies to the pyramids drawn in Figure 9.27(a) and (b).

(a) (b)
Figure 9.27

We shall now prove Theorem 9-8. The idea is first to prove a special
case, and then to derive the formula in general by dilations and shearing.
The main problem is to show where the 3 comes from. Before you look
at what comes next, try to work out a special case where you will dis-
cover this % yourself. We shall in fact show two special cases where we
can see the factor § clearly. These special cases are based on situations

with lots of symmetry.

Special Case. Consider a cube whose sides have length a, and let P be
the center of the cube as shown on Figure 9.28.

a

Figure 9.28
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From the center P draw the line segments to the vertices of the cube.
The cube has six faces. In this way, the cube is decomposed into six
pyramids, each face being a base of one of the pyramids, and P being a
common vertex. By symmetry, these pyramids all have the same volume
V. Since the volume of the cube is a3, we conclude that

3

V =z¢a’.

O]

However, the height h of each pyramid is 1a, and the area of the base of
each pyramid is the area of each face of the cube, namely a®>. Hence we
see that the volume satisfies the formula

2

V = 3Bh = 3a” 3a.

W=
W=
[N

Now apply a dilation of space by a factor of r in the direction per-
pendicular to the plane. Then the dilated pyramid has the same base S,
and has height rh, as shown on Figure 9.29(b).

(a) (b)
Figure 9.29

By the general principle, the volume of the dilated pyramid is equal to
rV = 1Brh.

Hence if the formula for the volume of a pyramid with square base is
known for some height, it is then true for every height by using such a
dilation in the direction perpendicular to the base.

Since the formula for the volume of a right pyramid was verified in
the one case when the base is a square with side a, and the height has
length a/2 in an example of the previous section, it now follows that the
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formula for the volume of a right pyramid is true whenever the base is a
square, and the height is arbitrary. Thus we have proved:

If a right pyramid has square base B and height h then the volume of
the pyramid is

By shearing, we conclude that the formula for the volume of a pyra-
mid with square base is true, whether it is a right pyramid or not. By
approximating an arbitrary base by squares, one can then see that the
formula must be true in general for any base, as illustrated on Figure
9.30.

17

27/ %
L LT
2

Figure 9.30

Another Special Case. There is another way of finding a special case
of pyramid for which the volume formula can be verified directly.
Namely, we consider a pyramid whose base is one side of a cube, and
whose vertex is one of the opposite corners of the cube, as shown on
Figure 9.31.
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<

/

Figure 9.31

By symmetry, this pyramid has a volume which is equal to one-third the
volume of the cube. Indeed, if we let P be the vertex of the pyramid,
then we can construct two other pyramids, with vertex at P and whose
bases are the opposite sides, namely the front side of the cube, and the
right-hand side of the cube. These three pyramids cover the whole cube.
Here again, if V denotes the volume of the pyramid then

V =

wim

Bh,

However, the pyramid is not a right pyramid like an Egyptian pyramid,
because its vertex does not lie just above the center of the base, but lies
vertically above one of the corners of the base.

Once we have this example, we can argue exactly as before. By dila-
tions, we get the formula for the volume for any pyramid whose vertex
lies vertically above one of the corners of the base. By shearing we then
get the formula for the volume of any pyramid, including a right pyra-
mid.

Question. Do you have a preference for either one of the special cases
which can be used at the beginning of the proof of Theorem 9-8? We do
not. Discuss your preferences in class, and give reasons for them. For
instance, with the first special case, we could get the volume of a right
pyramid using only dilations, without using shearing. With the second
special case, we must use shearing to get the volume of a right pyramid.
On the other hand, it may seem clearer in the second special case where
the factor 4 comes from. Also the second special case will be used in the
proof of Theorem 9-10 below.
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9, §3. EXERCISES

1. Find the volumes of the cones and pyramids illustrated:

|e———5—>]
AN
e
3

|e—8—>

(d) (e)
Figure 9.32

2. If the radius of the base of a cone is doubled, by what factor is the volume of
the cone increased?

3. The Egyptian pyramids were built as tombs for the sovereigns of the Old and
Middle Kingdoms. The largest, that of Khufu, is 220 m? at the base, and
146.59 m high. Calculate its volume. How many blocks in the shape of cubes
1 meter on a side would be necessary to build such a monument (approxi-
mately)?

4. Find the total surface area and volume of a pyramid whose base is a regular
hexagon base with edge 8; and whose height is 10.

5. Derive the formula for the volume of a pyramid whose sides are equilateral
triangles with side s, and whose base is a square.

6. Suppose we have a pyramid with triangular base. Consider a cross section of
the pyramid obtained by slicing it with a plane parallel to the base. Show
that this triangular cross section is similar to the base. [Hint: First apply the
similarity theorems to each face.]

7. Consider a pyramid with triangular base and height H. Suppose we obtain a
cross section as shown in the figure by slicing the pyramid at a distance h
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from the top. Show that the ratio of the areas of the cross section triangle to
the base is h%/H>.

e > ———>|

Figure 9.33

8. A pyramid has an equilateral triangle of side 6 as a base, and has height 12.
Find the volume of the pyramid obtained by cutting off the top of the original
pyramid at a distance of 4 units from the top. Find the volume of the re-
maining solid with trapezoidal sides (called a frustram).

9, §4. THE VOLUME OF THE BALL

Let P be a given point in space, and let r be a number > 0. We define
the sphere of radius r and center P to be the set of all points in space
whose distance from P is equal to r. We define the ball of radius r and
center P to be the set of all points in space whose distance from P is less
than or equal to r.

We shall next determine the volume of the ball.

Theorem 9-9. The volume of a ball of radius r is $nr’.

Proof. Suppose we know the volume V of a ball of radius 1. Then by
Theorem 9-7 the volume of the ball of radius r is equal to

Vrd.
So it suffices to prove that the volume of the ball of radius 1 is 4x/3.
As before, our method is to approximate the ball by simpler regions

whose volume we already know. Such regions are cylinders, and we
know that

Volume of cylinder of radius r and height h = nrh.
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Instead of the ball, it suffices to prove the formula for the volume of the
upper half of the ball of radius 1, as shown on the figure.

Figure 9.34

Thus it will suffice to prove the formula for the half ball of radius 1,
namely

Volume of the half ball = .

We cut the half ball into slices, like this:

-_—

Figure 9.35

We approximate these slices with cylinders. In the next figure, we show
both a cross section of the cylinders, and a perspective figure of the
cylinders themselves.

—

| ™~
/1 AN
il

N
[l 1\
1L |
| |

(@) (b)
Figure 9.36

We need to determine the radii and the heights of the cylinders. Then
we can write down their volumes, add these up, and the sum of these
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volumes approximates the volume of the half ball. Let us first draw a
special case of six cylinders.

6/6

5/6 \
/ 4/6 \
// 36 \\
/ ; R
| \.

Figure 9.37

We make all the cylinders of the same height. Since the ball has radius
1, each height is equal to . If instead of six cylinders we use an arbi-
trary number n, all of the same height, then each cylinder has height 1/n.

Now for the radius of each cylinder, let us again look first at the case
of six cylinders. We shall use the Pythagoras theorem. Let us draw the

first cylinder at the bottom.

B
1/6 b

Figure 9.38

We have a right triangle 0A4,B, in Figure 9.38, and in a right triangle
we know that

a’ + b? =2

Let r; be the radius of the bottom cylinder. Here ¢ = 1, so

2 12 2
r1+€ =1=1

because 1 is the radius of the ball. Hence

1 2
2 == 1 _— - .
i=1-()
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Next we look at the second cylinder on Figure 9.39.

— -

Figure 9.39

We have a new triangle 0OA4,B,. Again c = 1, so by Pythagoras

2
()

and

We continue in the same way. For the third cylinder we shall get

32
2__,__1___7
3=1-()

and so on. (Draw the picture for this third one, the fourth one, the fifth
one and the sixth one.) We may write these together as follows:

1 2
2=1— - >
=1 ()
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The height of each cylinder is 2. Therefore:
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The sum of the volumes of the six cylinders =

1 RN + 1 2\ 1 + + 71 6\ .1
& 6) )6 " 6) )6 g 6) )6
Instead of six cylinders,we. could - take seven, eight, or—-an arbitrary

number n. In general, suppose we have n cylinders, each one of height
1/n. Then the radii of these cylinders are

1\? 2\2 7\ 2
"1=1—<E>= "2:1—<g>, cee rn=1—(ﬁ>.
Therefore
The sum of the volumes of the n cylinders =
1\?\ 1 N2\ 1 2\ 1
n(l—(-))._+n<1_<_>>._+...+n<1_<ﬁ>>.u.
n n n n n n

When n becomes larger and larger, the sum of the volumes of the
cylinders approaches the volume of the half ball of radius 1.

Figure 9.40

Observe that in the formula for the sum of the volumes of the n

cylinders, there is a common factor n/n. We factor this out, and we ob-
tain:

e N DO
=§[n—(%)z‘<> O]
A e G e ()
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Now we must evaluate what this expression approaches when n becomes
large. We do this in the following lemma.

Lemma. The sum

121+221+ +n21 N 1
i Il g B ) -, approaches o

when n becomes large.

Once we prove the lemma, we conclude that the volume of the half ball
of radius 1 is
1 2n
M=y m =
which is what we wanted to prove.

Now we want to prove the lemma. At first sight, this looks rather
tough. There are some squares, lots of n, and it is not at all clear how
the sum behaves. So what do we do?

We first consider the simpler problem without the squares, to see if
we can get a better idea of what goes on. We shall return to the
formula with the squares afterwards. So we write down a similar sum
without the squares as follows:

11 2 n 1
n

1
_+...+7.7.
n nn

nn

Can we see what this sum approaches when n becomes arbitrarily large?
To see it, we consider a square of sides 1 and we cut up this square into
little squares whose sides have length 1/n.

1
n

B = RE R R TR PP PR PR PR PR

Figure 9.41
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We observe that

11 . 1

—.— is the area of a square whose sides have length .

nn

21 . 2 1
—.— is the area of a rectangle whose sides have lengths — and -
n n n n
31 . . 3

—-— is the area of a rectangle whose sides have lengths — and -
nn n

n ) . 1
—.— is the area of a rectangle whose sides have lengths — and -—-
n n

T

Figure 9.42

The sum without the squares is just the area of the staircase. If we in-
crease n, if n gets bigger and bigger, then the staircase has more steps,
and its area approaches half the square. In other words, we have solved
our problem for the simpler sums, namely:

As n becomes larger and larger, the sum

11 21 nl 1
—+—+ —-—4 .-+ —.— approaches -
nn nn nn 2
This was not so bad, so we are now ready to try the original sum which
we encountered in the lemma. Instead of a square, we draw a cube with
sides 1, and we slice it up into little cubes of sides 1/n.
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Figure 9.43

In the sum

the first term is

1 3
1n Volume = ()
1/n n

1/n

Figure 9.44

The next term in the sum is

2\% 1
<—> - = = volume of rectangular box of height 1/n and

" square base with sides 2/n.

We draw this box just below the first one.

[9, §41
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1in 2/in

2/n

Figure 9.45

The third term is

3\2 1

<~> -— = volume of rectangular box of height 1/n and

n/ n .
square base of sides 3/n.

And so on, we go like this up to n/n.

Figure 9.46

So the picture illustrating the sum in the lemma is that of a 3-dimen-
sional staircase.

When n becomes bigger and bigger, the stairs approach a pyramid,
with a square base and height 1. The volume of this pyramid is one-
third of the volume of the cube. Since the cube has volume 1, the vol-
ume of this pyramid is 1/3. Therefore we find:

As n becomes bigger and bigger, the sum

(1)2 1 <2>2 1 <n>2 1 1
=) +=+|{=) -—+--+{=) -— approaches _.
n/ n n/ n n/ n 3
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This concludes the proof of the lemma, and also concludes the proof for
the formula

Volume of the half ball = %=.

9, §5. THE AREA OF THE SPHERE

To get the formula for the area of the sphere, we shall use a method
which could already have been used to prove the formula for the length
of a circle. This method is different from the method used in Chapter 8.

So we start with this new method to give a new proof of the formula
for the length of a circle. We only assume known the formula for the
area of a disc of radius r, namely

A = mr?,
and we prove:
Theorem 9-10. The length of the circumference of the circle is given by

c = 2mr.

Proof. Let h be a small positive number, and consider two concentric
circles of radii r and r + h respectively as illustrated.

The smaller \ e The larger
circumference ¢ circumference C

Figure 9.47

The circle of radius r is surrounded by a thin band of width h. The area
of this band is the difference between the areas of the disk of radius
r + h and the disk of radius r. Let us denote by B the area of the band
of width h. Then we can write the equation

B

n(r + h)* — nr?
= n(r? + 2rh + h?) — nr?
2nrh + mh?.
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If instead of a circular band we considered a straight rectangle of length
L and width h then the area of the band would be Lh.

L
Figure 9.48

Because our band is circular, instead of an equality, we have two in-
equalities for its area. First, consider a rectangle of width A and length c,
where ¢ is the length of the small circle. We wrap this rectangle around
the circle as shown on Figure 9.49.

-

Figure 9.49

If we curve the rectangle and wrap it around the circle, then the inner
side of the rectangle sticks exactly around the smaller circle, but we have
to stretch it so that the outer side fits around the bigger circle. This
means that the area of the rectangle is smaller than the area of the band
between the two circles. We can write this as an inequality:

hc < B.
Similarly, let C be the circumference of the big circle. We now take a

rectangle whose length is C and whose width is s, and we wrap this rect-
angle inside the larger circle.

9]

Figure 9.50
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Since we have to shrink the inner edge of the rectangle, the area of the
rectangle is bigger than the area of the band, and we can write the in-
equality

B < Ch.

We then write the two inequalities together in the form
ch < B < Ch.

Substituting the exact expression for B that we found previously, we
have

ch < 2nrh + ©h* < Ch.

You should know that we can divide both sides of an inequality by a
positive number, and we still have an inequality. We divide by h, and
obtain

¢ <2nr+ nh<C.

Suppose that h gets smaller and smaller. Then the circumference C of
the big circle approaches the circumference ¢ of the small circle. The
term 7mh approaches 0. Therefore the term 2nr + mh approaches both c
and 27r, that is, we get the inequality

cZ2ar<c.
This proves that ¢ = 2znr, and concludes the proof of Theorem 9-10.

Now we go back to the sphere, and we shall prove:

Theorem 9-11. Let A be the area of the sphere. Then
A = 4nr?

Proof. Again we let h be a small positive number, but now we con-
sider two concentric spheres of radii » and r + h respectively, as illus-
trated.

==
—

Figure 9.51
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Let s be the area of the sphere of radius r, and let S be the area of
the sphere of radius r + h. Let v be the volume of the ball of radius r,
and let V be the volume of the larger ball of radius r + h. The volume
of the thin shell between the two balls is then equal to the difference:

Volume of shell = V — v = 2n(r + h)® — 4nr’,

using the formula for the volume of the ball proved in the previous sec-
tion. You should know from algebra (see below) that

(r + h)> =7 + 3r2h + 3rh®> + 1.
Hence the above difference is equal to:
Volume of shell = £x[(r + h)* — r*]
Salr® + 3r2h + 3rh? + h® — r?]
a[3r2h + 3rh? + h*]
a[3r? + 3rh + h*]h

I
wis W Wl

after we factor out h in this last step.

On the other hand, the volume of the shell is approximately equal to
the area of the sphere times the width of the shell, and this width is h.
More precisely, we have the same inequality as for the area of the band
around the circle. The volume of the shell is larger than the area of the
small sphere times h; and it is smaller than the area of the big sphere
times h. We can write these inequalities in the form:

hs < volume of shell < hS.

Substituting the expression we found for the volume of the shell, we can
write

hs < £7[3r% + 3rh + h*]h < hS.
We divide by h to find
s <%n[3r* +3rh+ K*] < S.

As h approaches 0, the area of the big sphere S approaches the area
of the small sphere s. The expression in the middle approaches

4 2
§TC3V N

which is precisely 4nr?. This concludes the proof that the area of the
sphere of radius r is 4nr?.
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Remark. The formula
r+h?=r>+3%h+3rh®> + h®
is quite simple to prove. First, we have

(r+h?=@+hFr+h=r@r+h+hr+h

=r?+rh+hr+h?
=712+ 2rh + h%

Then
(r + h)3 = (r + h)(r + B)? = r(r* + 2rh + h*) + h(r* + 2rh + h?)
=73+ 2r%h +rh? + hr? + 2rk* + 13
=73+ 3r2h + 3rh? + k3,

as desired.

9, §5. EXERCISES

1. Write out and prove the expansion for (a + b)*, using the formula for
(a + b)%.

2. Write out and prove the expansion for (a + b)>, using the formula for
(a+ b)*.



CHAPTER 10

Vectors and Dot Product

Consider an airplane flying through a crosswind.

Figure 10.1

While the pilot keeps the plane facing in a certain direction, the action
of the wind alters the actual course of the plane. In this chapter we shall
use some geometry to describe mathematically objects which represent
the force of the wind and the direction of the airplane. Just as in the
picture, we represent these by arrows, as on the figure.

Q

Figure 10.2
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The distinctive thing about the arrow is its beginning point P and its
end point Q. Thus we define a located vector to be a pair of points PQ,
where P is the beginning point and Q is the end point. The length of
the arrow, that is the length of the segment |PQ|, represents the magni-
tude, and the arrow points in the given direction.

We can represent the force of the wind using a vector; the direction of
the vector is the direction of the wind, the length of the vector represents
the amount of force (speed) of the wind. For example, we can represent
a westerly wind of 50 km/hr by the vector OW, where W = (50,0), as
shown on the figure.

| 1 | -

O 10 20 30 40 50

Figure 10.3

To determine how the pilot should direct the plane so that it flies in the
desired direction, we have to study a new type of addition. Thus the
first section will develop the algebra necessary to compute the effect of
the wind on the direction of the airplane. The sections after that will de-
velop a very efficient algebra to deal with perpendicularity. The main
point of this chapter is therefore to translate physical and geometric con-
cepts into purely algebraic notions, which can be handled efficiently.
10, §1. VECTOR ADDITION
Let A and B be points in the plane. We write their coordinates,
A =(ay, a3) and B = (b4, by).
We define their sum 4 + B to be
A+ B=(a; +by,a; + by).
Example. Let 4 =(1,4) and B=(—1,5). Then

A+B=(1-1,4+5)=(0,9).
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Example. Let A =(—3,6) and B=(—2, —7). Then
A+ B=(-3—-2,6-7) = (=5 -1).

This addition satisfies properties similar to the addition of numbers—
and no-wonder, since the coordinates of a point are numbers. Thus we
have for any points 4, B, C:

Commutativity. A + B=B + A.

Associativity. 4 +(B+ C)=(4 + B) + C.

Zero element. Let O =(0,0). Then 4+ 0 =0+ 4 = A.

Additive inverse. If 4 = (a,, a,), then the point

—A= (—(11, —aZ)
is such that

A+ (—A)=0.

These properties are immediately proved from the definitions. For in-
stance, let us prove the first one. We have:

A+B=(a; +by,a, +by))=(y+a,b,+a,)=B+ A
Our proof simply reduces the property concerning points to the analo-
gous property concerning numbers. The same principle applies to the
other properties. Note especially the additive inverse. For instance,
if A=(2,—5), then —A=(—2,5).
As with numbers, we shall write A — B instead of 4 + (—B).
Example. If 4 = (2, —5) and B = (3, —4), then
A—B=02-3-5—-(—4)=(—1, -1

We shall now interpret this addition and subtraction geometrically.
We consider examples.

Example. Let A = (1,2) and B=(3,1). To find 4 + B, we start at A,
g0 3 units to the right, and 1 unit up, as shown in Figure 10.4(a) and

(b).
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41 4
B+A=A+8B
il /A+B 3r
A

2b 4 2b /
1F B 1F B

[ IR N B
0O 1 2 3 4 O 1 2 3 4

(a) (b)

Figure 104

Thus we see geometrically that 4 + B is obtained from A by the same
procedure as B is obtained from O. In this geometric representation, we
also see that the line segment between A and A + B is parallel to the
line segment between O and B, as shown in Figure 10.4(a). Similarly,
the line segment between O and A is parallel to the line segment between
B and A + B. Thus the four points

0, A, B, A+ B

form the four corners of a parallelogram, which we draw in Figure 10.5.

A+B

Figure 10.5

This gives a geometric interpretation of addition, and is sometimes re-
ferred to as the parallelogram law for addition.

Next, we consider subtraction. Let 4 — B=C. Then B+ C = A.
Thus 4 — B is the point C at one corner of the parallelogram illustrated
in Figure 10.6 such that B + C = A.
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Figure 10.6

We find this point C = A — B by drawing a segment ocC, starting at the
origin O, parallel to BA, and having the same length, in the same direc-
tion as BA. Pick several numerical values for 4 and B, and draw A, B,
A — B to check this in special cases.

Example. We may now return to the example given at the beginning.

Suppose a pilot sets a course of 30° East of North at a speed of
500 km/hr. What will his actual course be, considering the effect of the
westerly wind blowing at 50 km/hr? We first represent the plane’s direc-
tion and speed usmg another vector OP where the length of OP is 500,
and the direction of OP is 30° off the vertical (North):

N
A

0PI =500

Figure 10.7

It is a law of physics that the resulting force acting on the airplane is
the “vector sum” of the vectors representing the wind and the heading of
the plane. This sum is found by drawing a parallelogram and locating
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point P + W. The direction of the resultant vector O(P + W) is the
direction the plane will actually take, and the length of O(P + W) repre-
sents the net speed of the plane:

N
Y

-
-~

Figure 10.8

A navigator can accurately plot the vectors P and W, and find the re-
sultant P + W using a set of drafting instruments. He would then mea-
sure the length of O(P + W) and the angle it makes with true North to
determine the actual path and speed of the plane. This is the procedure
used when navigating “by hand” aboard a plane or boat.

10, §1. EXERCISES

Plot the points A, B, A + B, drawing appropriate parallelograms.

1. A=(1,4), B=3,2) 2.A=(—12),B=(3,1)
3.A=(—-1,1), B=(-1,2) 4. A=(1,5,B=(,1
5.4=(=21),B=(1,2) 6. A=(—3,—2), B=(—1,-1)

7. In Exercises 1 through 6 plot the points A, B, and A — B. Draw the paral-
lelogram whose vertices are O, 4, B, A — B.

8. Let A =(a,,a,) and B = (b,, b,) be two points, and let ¢ be a number. Re-
member that in Chapter 8, we defined cA.
(a) What are the coordinates of the point cA? of point ¢B? of cA — cB?
(b) What are the coordinates of the point 4 — B?
(c) Show that the point c4 — c¢B is equal to the point ¢(A — B).

9. Let A=(1,2) and B=(3,1). On a sheet of graph paper, draw A + B,
A+2B, A+3B, A—2B, A—3B, A+ 4B, A—4B. What do you observe
about the position of all these points?
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10. Let A = (2, —1) and B=(—1,1). Draw the points A+ B, 4 + 2B, 4 + 3B,
A+ 4B, A— B, A—2B, A—3B, A—4B, A+ 4B, A —4B. Again, what do
you observe about the position of all these points?

11. Exercise in 3-space.

(a) Define a point in 3-dimensional space to be a triple of numbers, for in-
stance, 4 =3, 1, =2). If B=(-1,4,5), how would you add 4+ B in
analogy with the 2-dimensional case?

(b) In general, if 4 =(a,,a,,a;) and B = (b, b,,b;), how would you add
A+ B?

10, §2. THE SCALAR PRODUCT

In §1 we introduced the idea of adding and subtracting points using
coordinates. Many students ask whether there is some way we can
“multiply” points that makes sense. The answer is yes, and we develop
the theory by first defining a product algebraically, and then later by
examining what its geometric implications are.

Let A = (a,,a,) and let B = (b;, b,). We define

A-B=ab, + a,b,.
Thus 4-B is a number, called the scalar, or dot product of 4 and B.

Example. Let A =(3,1) and B=(—5,4). Then

A-B=3(-5+1-4=—11L
Thus A-B is the number —11.

For the moment we do not give a geometric interpretation for this
product, but we shall soon see that it is a very useful concept. It satisfies
properties very similar to the properties of products of numbers. We list
these. They include commutativity and distributivity.

Theorem 10-1. The scalar product satisfies the following properties:

SP 1. It is commutative, that is A-B = B- A.

SP 2. If A, B, C are points, then distributivity holds, namely

A-B+C)=A-B+A-C=B+0)-A

SP 3. If x is a number, then

(xA)-B = x(A-B) = A-(xB).



302 VECTORS AND DOT PRODUCT [10, §2]

SP 4. IfA=0,then A-A=0, and if A+ O, then A-A> 0.
Proof. Concerning the first, we have
A'B = albl + azbz = b1a1 + b2a2 = B‘A.

Note how our proof reduces SP 1 to the commutativity property for
numbers.

For SP 2, let C = (¢4, ¢;). Then

B+ C= (b, + ¢y, by +cy)
and
A-(B+ C)=a,(b; + cy) + ay(b, + ¢c,)

=q.by + a;cy + a b, + azc,.
Rearranging the terms yields
a,b; +a,b, + acy + asc,,
which is none other than 4-B + A-C. This proves SP 2.
We leave the proof of SP 3 as an exercise.

Finally, for SP 4 we observe that if 4 # O, then one of the coordin-
ates a, or a, is not 0, and its square is > 0. Hence

al+a5>0

because one of a? or a2 is > 0. This proves SP 4.

From the commutativity and distributivity, we can derive formulas as
we did with numbers. For instance, let us use the notation

A-A=A>

Then with this notation, we have the usual formulas:

(A+B)?=A%+24-B+ B, (A—B)?*=A>—2A4-B + B,

(A + B)-(4 — B) = A% — B~
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Let us prove one of these formulas, say the second one, and leave the
others as exercises. We have:

(A—B)-(A—B)=A-(A—-B)—B-(4—B)
=A-A—A-B—B-A+ B-B
=A-A—24A-B+B-B
= A% —-2A4-B + B~

If you remember the proof of the analogous formula for numbers, you
will realize that it is the same proof that we have given above. Also note

that we have not used coordinates explicitly. We have only used proper-
ties SP 1 through SP 4.

Warning. We do not write A3, or any other power of A, except A as
above. Also, we do not take products of more than two points, i.e. we
do not form A-B-C. This would not make sense.

The “square” A2 has an interpretation in terms which we already
know. We observe that

A2 =a? + a2

is exactly the square of the distance between the origin O and the point
A, by the Pythagoras theorem. We shall use the symbol

|4]

to denote this distance. Thus we can write:

|A| = d(0, A) = /A -A = Ja} + d&}.

We shall call |A] the norm of A4.

Example. Find the norm of 4 if 4 = (-2, 4).
By definition, the norm of A4 is given by

4] = /(=27 + 4> = /4 + 16 = \/20.

Also observe that the formula for the distance between two points 4, B
can be written in the form

d(A, B) = |A — B| = \/(4 — B)-(A — B).
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10, §2. EXERCISES

1.

Find the scalar product of the following pairs A4, B.
(@ A=(,3) and B=(-1,5)

(b) A=(—4 —2)and B=(-3,06)

(¢) A=(3,7) and B= (2, —5)

(d) A=(-5,2) and B=(—4,3)

() A=(—6,3) and B=(-5, -4)

. Define the scalar product in the 3-dimensional case. Prove that it has the

same properties as in the 2-dimensional case. Find the scalar product of the
following pairs A4, B.

(a) A=@3,1,—-1) and B=(-2,3,4)

b) A=(—-4,1,1)and B=(2,1,1)

(©) A=3,—1,5 and B=(-2,4,2)

d A4=@,1,-2)and B=(3,2,7)

. Using distributivity and commutativity, write out the proofs for the formulas

concerning (4 + B)? and (4 + B)-(4 — B).

. Find the norm of A in each of the following cases.

(@ A4=G3) (b)y 4=(,-3) (©) A=(-5,3)
@ A=(=5-3) (e 4=(249) M 4=(-24
(& A=2 -4 (h) A=(-2 -4
. For each point A below, find a point B such that OB is perpendicular to OA.
(@ A=G1) (b) 4=1(6,2) (© A=(-4-2)
@ A4=(@1,0 () A=(3,0) fH A=01)

. For each point A4 in Exercise 5 above, find the point P = 24. Is OB perpendi-

cular to OP in each case?

. Look over your answers to Exercises 5 and 6. Can you find a simple formula

which, given points A and B, can tell if OA is perpendicular to OB?

10, §3. PERPENDICULARITY

In the previous section we defined the scalar or dot product. Note that
the dot product of two points 4-B may very well be 0 without either 4
or B being 0.

Example. Let 4 =(3,5) and B = (10, —6). Then
A-B=30—-30=0.

We want to find a simple geometric interpretation for the property

that A-B = 0. Ultimately, we wish L to convince ourselves that this condi-
tion is equivalent to the fact that 04 and OB are perpendicular. Recall
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Theorem 5-1 of Chapter 5, §1 concerning the perpendicular bisector. We

see that OA is perpendicular to OB if and only if
d(4, B) = d(4, —B)

as shown on Figure 10.9.

—B

Figure 10.9

But d(4, B) = |A — B|, and
d(A4, —B)=|A— (—B)| = |4 + B|.

Thus the condition
|A + B| =|A — B|

is the one expressing perpendicularity corresponding to the corollary of
the Pythagoras theorem. The next theorem will prove that this condition
is equivalent to A-B = 0. It then allows us to define 4 to_be perpendlcu-
lar to B if A-B =0, and similarly we define two vectors 04 and OB to

be perpendicular if A-B = 0.
We write

OALOB o ALB

to denote that OA is perpendicular to OB, or A is perpendicular to B.

Theorem 10-2. We have A-B =0 if and only if

|A + B|=|A— B|.

Proof. Taking the square of each side, we see that

|4+ B|=|A—B| ifandonlyif |4+ B]*>=

|4 — B2
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We expand the right-hand side according to our definition of the dot
product. We see that this condition is true if and only if

(A+B)-(A+B)=(A—B)-(4—B),
which is true if and only if
A-A+24-B+B-B=A-A—2A-B+ B-B.

We can cancel 4-A and B-B from both sides, and we see that our con-
dition is true if and only if

24-B= —2A-B,
which, in turn, is true if and only if
44-B=0.
This is true if and only if A-B = 0, and our theorem is proved.

Example. Given 4 = (3, 1), find a vector OB such that 04 is perpen-
dicular to OB (or A is perpendicular to B).
We do this by inspection. Let B =(—1,3). Then

A-B=3(—1)+1(3)=0.
So B is a possible solution. Observe that (—2,6), or (—3,9) are also
solutions. Can you describe still other solutions? What is the general

principle which leads you to find these other solutions?

We define two vectors F(j and MN to be perpendicular if and only if
Q — P is perpendicular to N — M, that is,

@—-P)(M—-N)=0.

Figure 10.10
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Observe that the order in which we take P, Q or M, N is unimportant,
and that we could have defined perpendicularity just as well for seg-
ments. Also, we could say according to our usual practice that a seg-
ment PQ is perpendicular to A if

(P—-Q)-A=0.
In this context, we visualize 4 as the endpoint of the located vector OA.

Example. Let P=(3,4), Q =(-5,1), M=(7,3), and N = (4,11).

Then PQ is perpendicular to MN. To verify this, note that
Q—P=(-8,-3) and N—M =(-3,8).
Hence
Q@—-P)(N—-M)=(-8(=3)+(-3)8=0.
This proves our assertion.

Example. Let P=(—1,2), Q0 =(3,1), and M =(—-2, —4). Find a
point N such that MN is perpendicular to PQ, and such that the length
of MN is equal to the length of PQ.

This is easily done. First we compute

Q—P=(4,-1)
Then (1, 4) is perpendicular to (4, —1) (their dot product is 0). Let
N=M+@L4H=(-2-49+14H=(-10).

Then N — M = (1, 4) which has been selected such that it is perpendicu-
lar to Q — P. Furthermore, (1, 4) has the same norm as (4, —1), because

V1P + 4= /8 (—1)2

Thus our choice N = (—1,0) solves our problem.
We draw a generalized picture below.

Figure 10.11
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It is now easy to prove the following statement:

If A is perpendicular to B and C = xB for some number x, then A is
perpendicular to C.

We leave the proof as Exercise 13(b).

10, §3. EXERCISES

In each of the following cases, determine whether A is perpendicular to B.

1. A=(45), B=(-31) 2. A=(4,5), B=(-54)
3.4=(45),B=(10,-8) 4. A=(=2,7), B=(-14,4)
5. A=(-27),B=(—14,-4) 6. A=(—2,7), B=(14, —4)

In each of the following cases, determine whether PQ is perpendicular to MN.
7. P=(1,5),0=(3,6), M=(7,2), N=(11,4)
8. P=(47 _6)5 Q =(57 _1)9 M= (69 1)5 N = (_124)

In each of _tk(_: following cases, determine two points N such that MN is per-
pendicular to PQ, and such that the length of MN is equal to the length of PQ.

9. P=(1,5), 0 =(3,6), M =(7,2)

10. P=(—3,4), Q= (=2, —1), M = (—4, —5)
1. P=(4, —1), 0 =(53), M= (7, —4)
12P=(3,1),0=(-1,1), M=(2, —1)

13. Prove:
(a) If A is perpendicular to B and A is perpendicular to C, then A is perpen-
dicular to B + C.
(b) If A is perpendicular to B and C = xB for some number x, then A is per-
pendicular to C.
Use only properties SP 1, SP 2 and SP 3 in your proofs.

14. (a) Give an example of 4, B, C such that 4-B= A-C but B # C. Thus the
cancellation law is not valid in general for the dot product.
(b) If A-X =0 how does A4-B compare with A-(B + X)? How does this re-
mark help you construct many examples in part (a)?

15. Analytic form of the Pythagoras theorem. Prove that if A and B are perpen-
dicular, then

|4+ B> =|A]* + |BJ~

Use only properties SP 1 through SP 4 in your proof, and also in the proof
of the next exercises.
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16. (a) Prove: For any A, B we have:
|A + B2 + |A — B|* = 2|A4}> + 2| B|~
(b) Draw a parallelogram with corners at O, 4, B, A + B. How does the re-

lation of (a) establish a relation between the lengths of the sides of the
parallelogram and the lengths of the diagonals?

17. Prove that for any A, B we have
[A+ B|> — |A— B|>=44-B.

18. Let A, B be perpendicular and not equal to 0. Let x, y be numbers such
that

xA 4+ yB= 0.

Prove that x =y = 0. [Hint: Dot both sides with 4 and B respectively.]

10, §4. PROJECTIONS

Let us return to the airplane and the wind. Suppose the airplane wants
to go in a direction represented by a vector B, and the wind blows in a
direction shown by the vector W in the figure.

Figure 10.12

We can decompose W into two parts, one which points in the same
direction as B, and one which points into a perpendicular direction.
These are denoted by W, and W, respectively, so that

W=Ww,+W, and W, LW,.

The directions are determined from the origin O. The part W, as drawn
in the figure would push the plane in the direction it wants to go. The
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part W, would push the plane in a perpendicular direction, where the
plane does not want to go. We shall now study how to compute those
parts W, and W, algebraically, which would be needed by a navigator
trying to direct the course of the plane.

Let 4, B be points, and assume B # O. Let P_be the point on the line
through O, B such that PA is perpendicular to OB, as shown on Figure
10.13(a).

(a) (b)
Figure 10.13

We can write P = cB for some number ¢. We want to find this number
¢ explicitly in terms of 4 and B. The condition PA 1 OB means that

A — P is perpendicular to B,
and since P = cB this means that ¢ must satisfy the equation

(A —¢B)-B =0,
or in other words,

A-B—cB-B=0.

We can solve for ¢, and we find 4-B = ¢B- B, so that

Conversely, take this value for ¢, and use distributivity. Then you find
that (4 — ¢B)-B =0, so that 4 — ¢B is perpendicular to B. Hence we
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have seen that there is a unique number ¢ such that 4 — ¢B is perpen-
dicular to B. We call this number ¢ the component of 4 along B and we
call ¢B the projection of A along B.

Example. Let A = (3,1) and B = (5, —2). Then the component of A
-atong B is the number
A-

C = ——=

B-

o

15—-2 13

254+4 29

>

The projection of 4 along B is the point ¢B, namely

¢B = 3 5, —2) = (65 _26>-

29 29" 29
Example. Let
E,. =(,0) and E,=(0,1).

We shall call E; and E, the basic unit points in R2. Let 4 = (a,, a,).
Then we note that A = a,E; + a,E,. Furthermore,

A-E{=ay and A-E, =a,.

Thus the component of 4 along E, is just the first coordinate of A4, and
the component of A along E, is the second coordinate of A.

Example. Suppose that B has norm 1, so |B|=1. Then B-B=1.
For an arbitrary point 4, we sec that the component of A along B is
simply A-B. A point B such that |B| =1 is called a unit point. We see
that the dot product of A with a unit point is a generalization of the dot
product of 4 with the basic unit points of the preceding example. We
also have a geometric interpretation of the dot product A-B as giving a
component of A along B, if B is a unit point.

10, §4. EXERCISES

1. Find the component of A along B in each of the following cases.
(@) B=(5,7) and 4 = (3, —4)
(b) B=(2, —1) and 4 = (-3, —4)
() B=(—3,-2)and 4 =(51)
(d) B=(—4,1) and 4 = (2, —5)

2. Find the projection of A along B in each one of the cases of Exercise 1.
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10, §5. ORDINARY EQUATION FOR A LINE

The theory of the dot product and perpendicularity give us a way of
writing down the equation of a straight line in the plane by one equa-
tion. We want to find a simple condition for a point X = (x, y) to lie on
the line L passing through a given point P, and perpendicular to a given
vector ON, with N # O. This is casily done. A point X lies on the line
if and only if the segment PX is perpendicular to ON. Going back to
the definition of §3 concerning the perpendicularity of such segments, we
see that X lies on the line if and only if

(*) (X —P)-N=0.

This is illustrated by Figure 10.14.

P+N

Figure 10.14

Using the distributivity of the dot product, we can rewrite equation (*)
in the form

X-N—P-N=J,

or also

X-N=P-N.

These equations are called the ordinary equations for a line passing
through P, perpendicular to N.
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Example. Let P =(2,5) and N =(—3,7). We wish to find the ordin-
ary equation for the line through P perpendicular to N. Let X = (x, y)
denote a point of the plane. Then X lies on this line if and only if

X-N=P-N.
With our special numbers, this yields
—3x+Ty=2(=3)+5-7T=129;

that is,
—3x 4+ 7y =29.

Example. Let P =(—4,1). Find the ordinary equation of the line
passing through P and perpendicular to the segment QM, where

0=(@3,2)
and

M =(—1,4).

Let N=M — Q =(—4,2). We must find the ordinary equation of the
line passing through P and perpendicular to N. It is

—4x +2y=P-N=16+4 2= 18;
that is,
—4x + 2y = 18.

In general, let P be a given point. Let N = (a,b), N # O. Let
P-N=c

Then the equation of the line passing through P and perpendicular to N
is

ax + by =c.

Example. The equation
S5x —Ty=9

is the equation of a line perpendicular to N = (5, —7). It is easy to find



314 VECTORS AND DOT PRODUCT [10, §5]

a point on this line. For instance, take an arbitrary x-coordinate, say
x =2, and solve for y. We get

_9-—-10 1
S
Thus P = (2,1) is a point on this line. Note how P-N =9, as it should.
Let L be a line perpendicular to N, and let L’ be a line perpendicular
to N'. We can take it as a definition that L is perpendicular to L' if and

only if N is perpendicular to N’. It is now easy to recognize from the
equations of two lines whether they are perpendicular.

Example. Let L be the line defined by the equation
Sx —T7y=09,
and let I’ be the line defined by the equation
3x + 4y =2.
Then L is perpendicular to N = (5, —7) and L’ is perpendicular to

N’ =(3,4).
Since

N-N=15-28= —13#0,
we conclude that L is not perpendicular to L'
Example. Let L be the line defined by the equation
S5x —Ty=09,
and let L’ be the line defined by the equation
14x + 10y = 17.
Then L is perpendicular to N = (5, —7), and L' is perpendicular to
N’ = (14, 10).
Since

N-N' = 5(14) — 7(10) = 70 — 70 = 0,
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we see that N is perpendicular to N’, whence L is perpendicular to L'
If a line L is defined by an equation of the form
y=mx+b,

recall that m is called the slope of the line. We can now give a condition
on the slopes of two lines for them to be perpendicular.

Theorem 10-3. Let y = mx + by and y = m,x + b, be the equations of
two lines. They are perpendicular if and only if

mym, = —1.
Proof. The equations for the lines can be written in the form
myx —y= —b, and m,x —y = —b,.

Let N =(m,, —1) and N’ = (m,, —1). Then N, N’ are perpendicular vec-
tors to the lines, and the condition of perpendicularity for the lines is
precisely that the dot product of N and N’ is 0, that is

O0=N-N=mm, + 1.
This is equivalent with m;m, = —1, as desired.

Example. The lines y = 3x — 5 and y = 4x + 1 are not perpendicular
because 3-4 =12 # —1.
The lines y = 2x + 9 and y = —3x + 6 are perpendicular because

2:(—3)=—1
10, §5. EXERCISES
Find the ordinary equation of the line perpendicular to N and passing through P

for the following values of N and P.

L (@ N=(,~-1), P=(-53) 2.(a N=(-5,4),P=(3,2
() N=(=3,5, P=(7,-2) () N=(28),P=(1)

3.@ N=@GD,P=(5-2)
() N=(=5,3), P=(6-7)

4. Are the lines with equations
3x —5y=1, 2x+3y=35

perpendicular?
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5. Which of the following pairs of lines are perpendicular?
(@) 3x—5y=1and 2x +y=2
(b)2x+7Ty=1land x—y=>5
() 3x —Sy=1and 5x + 3y =7
d —x+y=2and x+y=0

6. Which of the following pairs of lines are perpendicular?
(@ y=—x+4and y=3x+1
(b) y=3x—1land y= —4x+38
() y=4x—5and y= —4x—7
(d y=4x+1and y =2x —3

10, §6. THE 3-DIMENSIONAL CASE

We assume that you have done previous exercises on points in 3-space,
and that you know about addition of such points, and their multiplica-
tion by numbers. The properties are entirely similar to those of the
2-dimensional case.

We can then define the dot product in 3-space in a manner complete-
ly similar to the dot product in 2-space. Indeed, if

A =(ay,a,,0a3) and B = (by, by, b3),
then we define their dot (or scalar) product to be the number
A-B=ab, +a,b, + asb;.
Example. The dot product of A =(3, —1,4) and B=(—2,5,3) is

A-B=3(=2)+ (=15 +4(3)
=—6-5+12=1

The dot product satisfies the same properties SP 1 through SP 4 which
we stated before. The proofs for these properties must use now three
coordinates instead of two, but otherwise, they are entirely analogous,
and we can leave them to you. The idea is that the proofs reduce these
properties about vectors with coordinates to similar properties about
numbers. Just to convince you how easy they are, we shall give the proof
of SP 3.

Let x be a number. Let 4 = (a4, a,,a;) and B = (by, b,, b;). Then
xA = (xa,, xa,, xa;) by the definition of the product of a number times a
point. Again by the definition of the dot product, we have:

(xA)-B = xa,b, + xa,b, + xa;b;.
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We can now factor out x from this expression, which we see is equal to
x(a,by + a,b, + a3b;) = x(A - B).
This proves that (xA)- B = x(A - B), as we wanted.
You will find that your proofs for the formulas giving the expansion
of (4 + B)%, (A— B)?, and (A + B)-(4 — B) also work in the present

case, because they should have used only SP 1 and SP 2.
We can also define the norm of 4 to be

|A| = ./a} + a% + di.

In other words,

A-A=|AP? and |A|=./4-A.

Example. Let 4 =(—4,2,3). Then |A|=./16+4+9=./29. Ob-
serve that the norm of A4 gives the distance d(O, A) from the origin to
the point A4, using Pythagoras’ theorem illustrated in Figure 10.15. This
was discussed in Chapter 4, §2.

Figure 10.15

As in the 2-dimensional case, we define A to be perpendicular to B if
and only if A-B = 0. The argument of Theorem 10-2 applies in the pres-
ent case, because it used only properties SP 1 through SP 4, which are
valid. Thus Theorem 10-2 justifies our definition psychologically. Hav-
ing this definition of perpendicularity, we can now define the component
of A along B as before, to be the number

_AB

““BB

2
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provided of course that B # 0. The projection of A along B is defined to
be cB.

Example. Let A =(—3,1,4) and B = (2,1, —1). Then the component
of A along B is the number

A'B_ —6+1-4 -9 -3

BB 4+1+1 6 2
The projection of A along B in the present case is therefore equal to
cB=(-3, -3, 3.
To find the distance d(A4, B) we compute 4 — B which is

A—B=(-5,0,5).
Hence
d(A, By =25 + 0 + 25 = 50,

and d(4, B) = ./50.

10, §6. EXERCISES

1. Find the component of 4 along B in the following cases.
(@ A=@, 1,4 and B=(1,2, —1)
) A=(1,2,—1) and B=(—-1, =2, —5)
(©0 A=G,—-1,2)and B=(2, —2,1)
d) 4=(—4,3,1) and B=(—1,3, —=2)
() A=(,1,1) and B=(—4,2,1)

2. In each one of the tases of Exercise 1, find the projection of A along B.

3. Verify that Exercises 13 through 17 of §3 are valid in the 3-dimensional case.
In fact, their proofs should have used only SP 1 through SP 4, which shows
that they are valid.

4. Find the norm of 4 in each one of the cases of Exercise 1.
5. Find the distance between A and B in each one of the cases of Exercise 1.

6. Let A, B, C be non-zero elements of R3 which are mutually perpendicular
(that is, any two of them are perpendicular to each other). If x, y, z are
numbers such that

xA + yB + z2C =0,

prove that x =y =z=0.
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7. Let E; =(1,0,0), E, = (0,1,0), and E; = (0,0, 1). We call these the basic unit
points in R3. If 4 = (a, a,, a;), find the dot product of A4 with E,, E,, E;
respectively.

8. Define a point in R* (4-dimensional space) to be a quadruple of numbers 4 =
(a,, a,, as, a,). For instance,

(—1,3,5,2)

is a point of 4-space. Define the addition of such points, and multiplication
by numbers. Define the dot product in a manner similar to that of the text,
and show that SP 1 through SP 4 are valid. How about in n-dimensional
space?

10, §7. EQUATION FOR A PLANE IN 3-SPACE

The discussion of §5 concerning the equation of a line in 2-space genera-
lizes to that of a plane in 3-space as follows. Given g_goint N # 0,
which we visualize as the endpoint of the located vector ON, we wish to
write down an equation for all points lying in the plane passing through
a given point P, and perpendicular to ON (or as we also say, perpendicu-
lar to N). Again, we see from Figure 10.16 what condition a point X
must satisfy in order to lie on the plane, namely PX must be perpendic-
ular to ON. This is true, by definition, if and only if

(X -P)-N=0,
or in other words,

X-N=P-N.

This is exactly the same formula as in 2-space, but it now involves three
coordinates of a point X = (x, y, z).

P+N

Figure 10.16
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Example. Let X =(x,y,z). Let N = (3, —2,4). Find the equation of
the plane passing through the point P = (—1, 3, 5), and perpendicular to
N. This is easily done. We have

P-N=-3-6+20=11,
so that the equation of the desired plane is
3x -2y +4z =11
Example. The equation
T7x — S5y — 8z =33
is the equation of a plane perpendicular to N = (7, —5, —8).

We can also determine when two planes are perpendicular, using the
same criterion as for lines.

Example. Let two planes be defined by the equations
3x —Sy+4z=2 and —4dx + Ty —z=1.

Then the first plane is perpendicular to N = (3, —5,4) and the second
plane is perpendicular to N’ = (—4,7, —1). Since

N-N'=—-12-35—-4#0,

it follows that the planes are not perpendicular.

10, §7. EXERCISES

1. Find the equation of the plane passing through the given point P, perpendicu-
lar to the given N.
(@ P=(—4,51)and N =(2,3,1)
b) P=(1,-3,—7)and N =(-2,1,4)
() P=(-2,1,3)and N=(1,—-1,1)
dP=(@G3,1,-1)and N=(2,1,3)

2. Which of the following pairs of planes are perpendicular?
(@ 3x—2y+5z=0and d4x—y+7z=1
) 3x—2y+5z=0and 7x -3y +2z= —1
(©) 3x -2y —5z=8 and 6x + 4y + 2z =17
(d)3x+4y+11z=2and 2x — Ty + 2z =21
€ 7x—y+8=—-2and 8x +2y—z=0



CHAPTER 11

Transformations

11, §1. INTRODUCTION

Until now, we have studied primarily the properties of geometric figures.
Now we will begin dealing with relationships between figures. We pursue
the discussion which began Chapter 7. Look at the three triangles in
Figure 11.1.

4 4
12
8 8 8
6 6
16
(a) (b) (c)
Figure 11.1

Triangles (a) and (c) have the same dimensions, but we had already
noted in Chapter 7 that they are not “the same”. On the other hand,
the lengths of the sides of Triangle (b) are twice the lengths of the sides
of Triangle (a). In what other ways are these two triangles related?
What about their areas, or the sizes of their angles?
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In Figure 11.2, two clay pots are illustrated:

Figure 11.2

The one on the left seems more “regular” than the one on the right.
What property (geometrically speaking) does it have, which the other
one doesn’t?

Print the word MOM on a piece of paper using capital letters, and
then hold it up to a mirror. Can you read the word in the mirror? Try
it again with the word RED. What happens this time? What is different
between MOM and RED? How is this all related to clay pots, for in-
stance?

Finally, consider this problem. A manufacturing company bhas two
warehouses (4 and B) located along a river bank as illustrated:

Figure 11.3

The company wishes to build a pier on the river near the warehouses so
that supply boats can dock. A truck will deliver finished goods to the
pier for loading onto the boat, pick up raw materials, and drive them to
warehouse B for storage. Where should the company locate the pier so
that the distance from warchouse A (where the truck starts) to the pier,
plus the distance from the pier to warechouse B is as short as possible?
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This would make the driver’s trip each time as short as possible, saving
the company money.

We will be able to answer these questions and many more using the
notion of a geometric mapping.

11, §1. EXERCISES

1. Illustrated below are two right triangles with measurements given:

z

24 ¢cm ?

\4
5cm 10cm

Figure 11.4

(a) Can you find length |XZ| from the information given?

(b) How are the lengths of the sides of these triangles related?
(c) How are the perimeters related?

(d) Find the areas of the triangles. How are they related?

(e) Can you find any other relationships between the triangles?

2. Do the experiment with the word MOM and a mirror.
(a) Find two othier words besides MOM which have the same property.
(b) Describe as best you can, using geometric ideas, why these words “work”
the way they do in a mirror.

EXPERIMENT 11-1

Work on the warehouse problem. Draw a similar diagram on a piece of
paper. Pick a possible location for the pier, and carefully mecasure the
distances involved. Compare notes with your classmates. When you
think you have a method for determining the solution, see if you can
prove that your method does indeed give the shortest path. [Hint: The
easiest solution involves line symmetry.]
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11, §2. SYMMETRY AND REFLECTIONS

If you draw a line down the middle of the human body, the two halves
“match” each other. One half is the “mirror image” of the other, as
ilfustrated in Figure 11.5.

Figure 11.5

What we mean by “mirror image” is that you could place a small
pocket mirror on the line; the reflected image of one half of the figure
would match the other half exactly. Many other objects exhibit this
property. For example:

Figure 11.6

You can probably suggest many more man-made or natural objects
which can be divided into matched halves. Naturally, we would like to



[11, §2] SYMMETRY AND REFLECTIONS 325

have a good mathematical description of this property for figures in the
plane. A good set of figures to start investigating are the letters of the
alphabet, written in block capitals: A, B, C, D, E, F, G, H, 1, etc.

Consider the letter H. If we draw a line down through its middle, we
divide it into halves which are mirror images of each other:

Figure 11.7

We can also draw a horizontal line through the H which also divides it
into mirror image halves (up and down, rather than left and right):

Figure 11.8

The letter E only has a horizontal dividing line:

L

Figure 11.9
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Such lines are called lines of symmetry. A figure which has one or more
lines of symmetry is said to have line symmetry. Thus the letter H has
line symmetry, as does a plane representation of the human body, the
Eiffel tower, our Capitol, etc. We also say that these figures are symmet-
rical.

EXPERIMENT 11-2

1. Find lines of symmetry for as many capital letters as you can. Are
there other letters besides H which have more than one line of sym-
metry? Are there any which have none?

2. Notice that the word MOM is made up of letters which are symmetri-
cal. So is the word TOO and EYE. Write TOO on a piece of paper
and hold it up to a mirror. Can you read it in the mirror? Do the
same thing with the word EYE. Explain the differences in the words
MOM, TOO, and EYE.

3. Below are some geometric shapes. Find as many lines of symmetry
for each of them as you can.

\VARE
OV

Figure 11.10

4. Each of the shapes below is one-half of a geometric figure; the other
missing half is symmetric to the given half (in other words, the given
line is a line of symmetry). Draw the missing half of each figure.
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78—

Figure 11.11

5. Try to state in mathematical terms what the property of line sym-
metry is. Your description should use the concepts of point, line, dis-
tance, etc., and not use phrases such as “if you held up a mirror ...”,
etc.

From your work with the Experiment, you should see that a line of
symmetry divides a figure into two halves. If we consider the symmetry
line as a mirror, it’s as if each half of the figure were a “reflection” of
the other half. Of course, not all geometric figures have symmetry lines.

This idea of reflection is useful in relating two separate figures, as well
as giving us the idea of symmetry in a single figure. Look at Figure
11.12; do you see that triangle A’B'C’ is the “reflection” of triangle ABC
through line L?

AAB B'QA'

Figure 11.12

Line L is acting like a symmetry line for the whole plane! Figure 11.13
shows a line, three figures, and their reflections through the line.
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O

@O
~

Figure 11.13

By giving the idea of reflection through a line a mathematical defini-
tion, we will at the same time be able to define exactly what symmetry
is. You may already have a good definition for symmetry as your
answer to Exercise 5 in the Experiment.

To define reflection, we must start with a line. We wish to define the
reflection of a point through this line. So ... given line L, and any point
P:

Figure 11.14

Let K be the line through P perpendicular to L. Let O be the point
where L and K intersect. We define the reflection of P through L to be
the point P’ on the line K, having the same distance from O as P, but
on the other side of L. Mathematicians borrow a word from optics, and
say that P’ is the image of P, just as we talk about the image in a
mirror. If P happens to lie on line L, then P’ is just point P itself.

To reflect a whole figure through a line, we just reflect all of its
points. Looking back at Figure 11.12, visualize reflecting each point in
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triangle ABC through line L to get a new triangle, A’'B'C’. As you look
at the figure, you might ask: How do we know that all the points on
line segment AB, for instance, will reflect into another line segment?
Maybe the reflection of a line segment is not straight, but a curve, as
shown:

B

Xr
A ./—*\.B/

Figure 11.15

For the moment, this certainly doesn’t seem likely from our definition,
and we will see later that it is not so.

Finally, we can define line symmetry, as we set out to do at the begin-
ning. If you can draw a line L so that the reflection of the figure
through this line coincides with the figure itself, we say that the figure
has line symmetry.

CONSTRUCTION 11-1
Constructing the reflection of a point through a given line.

Given line L and some point P. We wish to construct the reflection
of point P through L.

First, construct a line through P perpendicular to line L (use Con-
struction 5-2). Label this line K, and label the intersection of K and L
point O:

Figure 11.16

Set the tips of your compass at a distance equal to |PO|. With the
tip of the compass on O, draw an arc across line K on the opposite side
of O from P. This arc crosses line K at a point P’, which is the reflec-
tion of point P.
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11, §2. EXERCISES

1. What symmetry properties does the phrase WOW MOM WOW have? Can
you think of other phrases which have all these properties? Look up the
meaning of the word palindrome as a clue.

2. Psychologists sometimes use a test called the Rorschach test, which is a set of
inkblot designs. Find out more about this test in your library (encyclopedias
have information about it). Explain how symmetry is involved, and why you
think the test uses symmetrical designs.

3. Read Chapter III, “Unusual properties of space” in One, Two, Three ... Infini-
ty by George Gamow. This chapter discusses questions about symmetry in 3-
dimensional space, and some unexpected properties our own universe might
have.

4. Notice that an equilateral triangle has three lines of symmetry:

Figure 11.17

and that a square has four:

e

Figure 11.18
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(a) How many lines of symmetry does a regular 5-gon (pentagon) have?
(b) How many lines of symmetry does a regular 6-gon (hexagon) have?
(c) Draw a 4-gon which has no lines of symmetry.

11, §3. TERMINOLOGY

Reflection through a line is an example of what is called a “geometric
mapping”. This idea of mapping is a very basic one in mathematics, and
with it we will be able to answer all the questions posed in the “Intro-
duction” section, as well as many others.

Recall the definition of reflection. Given a line L in the plane, we can
associate with any point P in the plane another point P’, which is its
reflection through L. Thus the rule of reflection gives us a way of “asso-
ciating” points—each point in the plane gets associated with another
point in the plane which we have called its image. The definition of
mapping uses precisely this idea:

A mapping (or map) of the plane into itself is an association, which to
each point of the plane associates another point of the plane.

We say “... of the plane into itself” to mean that each point in the
plane has an associate (no one is “left out”), and that this associated
point also lies in the plane (there are mappings which associate points in
the plane with points in space).

If P is a point, and P’ is the point associated with P by the mapping,
we denote this by the special arrow:

P—P.

We say that P’ is the image of P (even if the mapping is something
other than reflection), or that P is mapped onto P'.

Just as we sometimes use letters to stand for numbers, it is useful to
use letters to denote mappings. For example, we sometimes say “let x be
a number” when we want to prove something about numbers. Similarly,
we will say “let F be a mapping” when F stands for a mapping of the
plane (like reflection, for example).

If F is a mapping, we denote the image of a point P by the symbols:

F(P) (read “F of P”).
[f we label this image point P’, we can then write:

P = F(P).
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This equation tells us that the image of P according to the mapping F is
the point called P’. Another way of saying this is that F maps P onto P’,
or that P’ is the value of F at P.

Example. Let F be reflection through line L, and let X be some point
in the plane, as illustrated:

o X

[ ]
X’

Figure 11.19

In this situation, the expressions

XX
or
FX)=X
or
X' is the image of X under F
or

X' is the value of F at X
mean the same thing.

It turns out that certain mappings are more interesting and useful
than others. In the remaining sections of this chapter we describe these
standard mappings.

11, §4. REFLECTION THROUGH A LINE

This is a mapping we have encountered already. Let L be a line. If P is
any point in the plane, let line K be the line through P perpendicular to
line L. Let O be the point of intersection of L and K. Let P’ be the
point on K which is at the same distance from O as P, but in the oppo-
site direction. See Figure 11.20. Then P’ is the image of P under this
mapping, which is called reflection through line L.
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(a) (b)
Figure 11.20

We denote this mapping with a special abbreviation R;. We would then
write:

P’ =R/ (P) (read “R sub L of P”).

In Figure 11.20(b), we show the reflection of a flower through a line M.

We now describe reflection through a line in terms of coordinates.
We shall do this in the important special cases when the line is one of
the coordinate axes. For instance, let us start with the line being the x-
axis. Let P =(3,2). What are the coordinates of the point P’ which is
the reflection of P through the x-axis? We see that P'= (3, —2) as
shown on Figure 11.21(a).

2+ . . TP (3,2)
I
11+ [ ] [ ] I
I
I f %
|
1+ o o |
|

24+ o e dp=(3-2

(a)

Figure 11.21(a)
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Similarly, the reflection of P through the y-axis would be the point
P" = (-3,2), as shown on Figure 11.21(b).

P”=(~3, 2) e ——— 2 —— — — P =(3,2)
e o e 14 e e e
I f i I l i
-3 -2 1 12 3
(b)

Figure 11.21(b)

In general, if P = (x, y) then:

(x, —y) is the reflection of P through the x-axis,

(—x, y) is the reflection of P through the y-axis.

11, §4. EXERCISES

1. (a) Copy line L and points P, Q, and R on your paper.

Q
Figure 11.22

Draw the images of P, Q, and R when they are reflected through line L.
(b) Let P'=R;(P). In other words, P’ is the image of P when reflected
through line L. What is R (P")?

2. Given a line L, and the reflection mapping R,. Are there any points in the
plane which stay fixed under R;; in other words, are there any points where
R (P) = P? If so, where are they?

3. Redefine the reflection through a line L by using the idea of perpendicular
bisector.
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4.

5.

10.

In Figure 11.23, P’ is the image of P when reflected through L, and Q is on
line L. Prove that d(P, Q) = d(P', Q).

Figure 11.23

In the diagram below, X' = R;(X). Construct, using a straightedge only (a
ruler without any numbers), the point R, (Y).

Figure 11.24

. For each point P, write the coordinates of its image P’ when reflected

through the x-axis:
@ P=@37) () P=(-25 () P=G-7
@D P=(=5-7 () P=(psp2)

. For each point P above, write the coordinates of its image p” when reflected

through the y-axis.

. What is the image of the line x =3 when reflected through the x-axis? In

other words, if we reflect every point on the line x = 3 through the x-axis,
what figure would result?

. What is the image of the line x = 3 when reflected through the y-axis?

The result of Exercise 4 can be used to solve the problem about the two
warehouses given at the beginning of this chapter. You want to find the
point X on the river bank so that the distance |AX| plus the distance |XB|
is as short as possible.
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Figure 11.25

Reflect point A through the line determined by the river bank to get point
A’. Where line segment A’'B intersects the bank is the proper point X. Use
Exercise 4 to show that

|AX| + |XB| = |A’'B|.
Let Y be any other point on the bank. You need to show that

|AY| + |YB| > |A'B|.
Use Exercise 4 again and the triangle inequality. This shows that any other

location for the pier besides point X will cause the truck driver’s route to be
longer.

11. Let R; be the reflection through line L. Let P and Q be two points in the
plane, and let P’ = R, (P) and Q' = R;(Q). Prove that

d(P, Q) = d(P', Q).

Figure 11.26

[Hint: Draw lines like those indicated.]



[11, §5] REFLECTION THROUGH A POINT 337

12. Exercise in 3-space
Let P be a point in 3-space. Can you visualize how it could be reflected
through the (x,y)-plane? Suppose P had coordinates (p;,p,,ps). What
would the coordinates of its image be?
Suppose we reflected P through the (x, z)-plane. What would the coordin-
ates of its image be? Same question for reflection through the (y, z)-plane.

11, §5. REFLECTION THROUGH A POINT

Let O be a given point of the plane. To each point P of the plane, we
associate the point P’ lying on the line passing through P and O, on the
other side of O from P, and at the same distance from O as P. See
Figure 11.27(a).

lopPl = |OP’|

(a) (b)
Figure 11.27

This mapping is called reflection through point 0. In Figure 11.27(b),
we show a triangle reflected through one of its vertices, C = C'.

Suppose that O is the origin of our coordinate axes. We want to de-
scribe reflection through O in terms of coordinates.

First, consider a point P = (3, 0) on the x-axis. We see that its reflec-
tion through the origin is the point (—3,0) as shown on Figure 11.28.

Figure 11.28

Second, consider a point (0, 3) on the y-axis. Its reflection through 0
is the point (0, —3) as shown on Figure 11.29.
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3-¢ (0, 3)

—3 -¢- (0, —3)

Figure 11.29

[11, §5]

In general, let A = (a,, a,) be an arbitrary point. We define — A4 to be

the points (—a,, —a,).

Example. Let 4 =(1,2). Then —A =(—1, —2). We represent — A4 in

Figure 11.30.

A=101,2)

—A=(-1,-2)

Figure 11.30

D R —

Example. Let 4 =(—2,3). Then —A4 = (2, —3). We draw 4 and

— A in Figure 11.31.
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A=(-2,3)

———f3

N T —

A=(2,-3)

Figure 11.31

In each case we see that —A is the reflection of the point 4 through
the origin O. Thus in terms of coordinates, if R denotes reflection
through O, then we have

R(4) = —A.

11, §5. EXERCISES

1. Copy the points below. Draw the images of points S, T, and P when reflected
through the point O.
T
° *S
L]
0

e

Figure 11.32

2. Copy rectangle ABCD and point O onto your paper.
(a) Draw the image of the rectangle when reflected through O.

B c

A D

Figure 11.33
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(b) Draw its image when reflected through point A.
(¢) Let point X be the point where the diagonals of ABCD intersect. What is
the image of ABCD when reflected through X?

3. Redefine the reflection through a point O by using the idea of midpoint.

4. For each point A below, give the coordinates of — A4, its reflection through the
origin:
(@ A4=(7,5) ®) A=(-4-7) ()A4=G,-8

5. What is the image of the line x = 4 when reflected through the origin?

6. Exercise in 3-space
Let P = (py, P2, P3) be a point in 3-space. Write a suitable definition for the
reflection of P through the origin (0, 0, 0) in terms of the coordinates of P.

11, §6. ROTATIONS

We shall start with an illustration before giving the formal definition.
Consider the objects in Figure 11.34(a) and (b):

(a)

Figure 11.34

Do these objects have the same shape? Most people would say “yes”,
but that the object in Figure 11.34(b) is “rotated counterclockwise a
quarter turn, or 90°”. Some people might say 11.34(b) is 11.34(a) ro-
tated clockwise 270°! Others might say that 11.34(b) is the same as
11.34(a) rotated counterclockwise 450° (once around 360°, and then 90°
more)! Our definition of the rotation mapping will eventually encompass
all of these possibilities.

We start with a given point O in the plane, which will be a reference
point. For any point P in the plane, we wish to find its image when
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rotated around O by some amount. Roughly speaking, rotations work
like a record player: point O is like the center spindle, while the rest of
the plane rotates around it like a record. We can determine the amount
of rotation by giving an angle measure between 0° and 360°, and specify-
ing whether we move in the clockwise or counterclockwise direction.

The rotation mapping can then be defined as foiliows. Given a point
O and a number x such that 0 < x < 360. For any point P in the plane,
draw a circle with center O and radius |OP| (Figure 11.35). Starting at
P, move along the circle counterclockwise until you locate the first point
P’ such that

m(L POP’) = x°.

P

Figure 11.35

The association P+ P’ is the rotation by x° with respect to O. Since we
have already used the letter R for reflection, we choose another letter, G,
for rotation, and we denote the rotation by x° with respect to a point O
as: G, . Figure 11.36 shows the rotation of a flower 90° with respect to
0.

Figure 11.36

If the point O is fixed throughout a discussion, and all rotations are with
respect to O, then we often omit O from the notation and write G, in-
stead of G, ,.
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So far, we have defined rotation only in a counterclockwise direction.
We can also define rotation in a clockwise direction. Given a point O
and a number x such that 0 < x < 360. For any point P, we find the
point P’ by drawing a circle through P with center O, and moving along
the circle clockwise until we hit the first point where m(ZL POP") = x°, as
illustrated:

m{LPOP)) = x°

=

Figure 11.37

We denote this clockwise rotation by G_, ,. Notice the minus sign! A
minus sign in front of the angle measure means rotate in the clockwise
direction. Figure 11.38 illustrates a flower rotated by —45° with respect

to O.
//%
S

Figure 11.38

This convention allows us to talk about a rotation by any number of de-
grees between —360° and + 360°.

Equality of Mappings
Before considering more rotations, we define what it means for two map-
pings to be equal:
A mapping F and a mapping G are equal if and only if
F(P) = G(P)

for every point P in the plane.
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Example. Let O be a point in the plane. Let F be reflection through
point O, and let G be rotation by 180° around 0. Draw a point O on
your paper, pick out some arbitrary locations for point P, and convince
yourself that F(P) is the same point as G(P) in every case.

When two mappings F and G are equal, as in the above case, we
write: F = G.

Notice that the definition of equality depends on the value of the
mappings at each point, not on the descriptions of the mappings. In the
example above, we're reflecting points in one case, and rotating them in
another; but the effect is the same for all points, and so the mappings
are equal.

Consider a rotation by 0°. In this case, the image of any point P in
the plane is just P itself. This is a special mapping, called the identity
mapping. By definition, the identity mapping associates to each point P
the point P itself. This mapping is denoted by the letter I. Thus we
have:

I(P)=P

for every point P in the plane.
According to our definition of equality given above, we have:

I = Gy

Finally, we can even define what we mean by rotations by any
number, not just those between —360 and 360. For example, consider
Gso0°> a rotation by 500°(!). We can interpret this as a rotation by 360°
(once around back to start) with an additional rotation by 140°. See
Figure 11.39.

P’ 140°

/

Figure 11.39
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Thus we see that

Gs00c = G1a0--

In a similar manner, Gggo- is a rotation twice around (720° worth) plus
an additional 140°. Thus we have

Ggeor = G140 = Gs00--

The same kind of interpretation works for negative number rotations,
except that these go in the clockwise direction. For example,

G—450° = G—90° = G270°-

Notice that if we rotate the plane by 360° then every point P comes
back to itself. Thus according to our convention about equality of map-
pings, we have the equality

G0° = G360° =L

Sometimes people point out that rotating by 360° is not “the same” as
rotating by 0°, because rotation by 360° involves a “motion”. Never-
theless, it has been found convenient to use the terminology about equa-
lity of mappings as we have done.

It is too involved for this course to give a description of rotations in
terms of coordinates in general, and so we shall omit this. It is however
easy in special cases, like rotation by 180° or 360°, and we leave this as
an exercise (cf. Exercises 10-12).

11, §6. EXERCISES

1. Copy points P and O on your paper. Draw the image of P under each of
the following rotations with respect to O (label the image points P,, P,, P.,
etc.):

(a) Gy (b) G310 © G35 @) G,

Pe

oe

Figure 11.40
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2.

10.

11.
12.

13.

Give an equivalent rotation between 0 and 360 for each of the following
rotations:
(@) Guoo b) G_s5 (©) Gioso (d) G500 (® G_ns0

. Draw a point O and a point P on your paper. Draw the image of P under

each of the rotations given in Exercise 2 with respect to O.

. Draw an equilateral triangle XYZ on your paper. Draw its image when

rotated by 120° with respect to point X.

. Draw the point O and the “L” shape on your paper. Draw the image of the

L when rotated by 270° with respect to O.

D

Figure 1141

. Show that rotation by 180° or —180° with respect to a point O is equal to

reflection through point 0. (Choose an arbitrary point X, and show that the
image of X is the same whether you rotate or reflect.)

. Which rotations are equal to the identity map?

. Let x and y be numbers, and suppose that rotation G, , = G, ,. What can

you say about the numbers x and y. (Obviously, they may be equal, but the
rotations can be equal without x and y being equal. What then must be true
about x and y?)

. Let x be a number greater than 360°. Devise a method that will give a

number y which is between 0 and 360 (0 <y <360) such that G, =G,.
Write your method out precisely as if you were writing it up for a book.

Let P = (4,0) be a point in the plane. Write the coordinates of the image of
P under each of the rotations given below. All the rotations are with respect
to the origin.

(@) Ggor (b) Gysoe ©) G370 (d) Gsgor

Repeat Exercise 10 with P = (0, —6).

Repeat Exercise 10 above with P = (3,6). Use a piece of graph paper to get
a clear idea of what is going on.

A triangle has vertices P = (3,2), @ = (3, —2), and R = (6,0).

(a) Write down the coordinates of the images P, Q', and R’ when the trian-
gle is reflected through the y-axis.

(b) Can triangle PQR be mapped onto triangle P'Q'R’ by a rotation? If yes,
what rotation?
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14. P,
P3 P1
P, Py

P

5
Figure 11.42

(a) How many lines of symmetry does the regular hexagon have?

(b) Consider a rotation of the regular hexagon around its center point 0. By
how many degrees would you have to rotate it in order to map point P,
onto point P;?

(c) Now consider a rotation about the center point of an arbitrary regular n-
gon. If the n-gon is labeled in the same way (counterclockwise, Py to P,),
how many degrees would you have to rotate it around its center in order
to map point P, onto point P;? Your answer should have an » in it.

(d) Back to the regular hexagon. Now consider a rotation around point P,.
How many degrees would you have to rotate it in order to map point P,
onto point P;?

11, §7. TRANSLATIONS

A translation “moves” a point a particular distance in a given direction.

The easicst way to specify a direction and distance is to designate two
points in the plane as reference points, and draw an arrow between
them, as in Figure 11.43.

Figure 11.43

This arrow gives a direction, and its length gives us a distance. The ar-
row drawn in Figure 11.43 starts at 4, and B is its end point. A pair of
points, where A is the beginning point and B is the end point, is called a
vector, and is denoted by AB. If we draw the vector starting at B and
pointing to A, as shown in Figure 11.44, we would denote it BA.
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—

BA
Figure 11.44

We now can define a translation mapping. Given a vector AB with
length d. To each point P in the plane, we associate the point P’ which
is at distance d from P in the direction the vector points. This associa-
tion is called translation by AB, which we denote by T,5. We illustrate a
point P and point P’ = T,x(P):

A P

B P'=T,.(P)

Figure 11.45

Note that for any point P, the vector PP is paraliel to and has the same
length as the reference vector AB.

If we are willing to use Theorem 7-5, it follows that the points 4, P,
P', B are the four vertices of a parallelogram, because the two opposite
sides AB and PP’ of the quadrilateral APP'B are parallel and have the
same length.

Figure 11.46 illustrates the translation Tj,.

A Tpa(P)

B P
Figure 11.46

Notice that T,p(4) = B and that T;,(B) = A. What mapping do you
think is equal to T, ,?

11, §7. EXERCISES

1. Copy points A, B, P, and Q onto your paper.
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Be

°
P
Qe

Figure 11.47

Draw and label each of the following points:
(@) Tp(P) () T;5(Q) () Typ(4)  (d) Toe(B)  (e) Top(P)

2. Draw a triangle APQR on your paper. Draw the image of APQR under the
translation Tp,.

3. Draw three points on your paper (not on the same line), and label them A, B,
and X. What figure is formed by joining A, B, T,5z(X), and X?

4. The border design illustrated below has the property that it can be “translated
along itself” and still “look the same”. What we mean is that the image of
the design under the translation T, (for example) will coincide with the orig-
inal figure. Draw two other border designs which have this same property.

A rrrrr

Figure 11.48

5. Let T be a translation. Prove from Euclid’s tests that for two points P, Q we
have

d(P, Q) = d(T(P), T(Q)).

In other words, the distance between two points is equal to the distance be-
tween the translated points. [Hint: Use Theorem 7-5 of Chapter 7, §2.]

11, §8. TRANSLATIONS AND COORDINATES

We shall be able to give a coordinate definition of T,; where A and B
are any points in the plane in a moment. The next Experiment illus-
trates an important property that we will use.

EXPERIMENT 11-3

1. Let A=(2,4) and B=(5,8). On a piece of graph paper, draw 4, B
and AB. Compute (B — A), and locate it on the graph paper. Draw
O(B — A).
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2. Repeat Part 1 using A = (—2,3) and B = (4, —4).

3. In each case above, the points O, 4, B, and (B — A4) lie on the corners
of what geometric figure?

4. How do the lengths of vectors 4B and O(B — A) compare?
5. How do the directions of vectors 4B and O(B — A) compare?

6. Consider the translation Ty 4. How does this mapping compare
with translation T,g?

In the light of the Experiment, we see that translations described in §7
and the addition of points are related. This allows us to define transla-
tions using coordinates.

Let A be a point in R%. We first define translation by vector 0A. We
see that translation by OA is the association which to each point P of
the plane associates the point P + 4. In Figure 11.49, we have drawn
the effect of this translation on several points.

P+A.\ Q+A

P Q

X+A

Figure 11.49

The association
P—P+ A
has been represented by arrows in Figure 11.49.
Instead of writing T,, we shall write more simply T, to denote trans-

lation by OA. We shall also call it translation by A. Thus the value of
T, at a point P is

T,(P)=P + A.
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Example. Let A =(—2,3) and P =(1,5). Then
TP)=P+ A=(—-123).
To describe T,; for general A, B we observe that the vectors
AB and _0_(B_:_A$

are parallel, have the same direction and same length, as illustrated on
Figure 11.50, and in Experiment 11-3.

7

Figure 11.50

Thus

Tys = Tos-0 = Tis- -
Since

T(B—A)(P) =P+ (B—A),

we can write the formula for T,p.
Theorem 11-1. If A, B, and P are points in R?, then
T,;(P)=P+ B — A.
Example. Let 4 =(1,2), B=(2,3), and P = (—1,3). Then

B—A=(,1)
and
TP)=(—1,3)+ (1,1) = (0,4).

This is illustrated on Figure 11.51.
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Figure 11.51

Theorem 11-1 gives a simple test to determine when two translations
are equal.

Theorem 11-2. Translations T,z and Typ are equal if and only if
B—A=D-C.

Proof. Suppose T, p= T.p. Then for every point P, we have by
Theorem 11-1:

P+B—-A=P+D-C.

Subtracting P from both sides yields B— A4 =D — C. Conversely, if
B— A =D — C, then Theorem 11-1 shows that T,(P) = T.,(P) for all
points P, so T,z = T¢p.

Example. Let 4=(3,1), B=(—-1,2), C=(4,5), and D= (1, —3).
Determine whether T,5 = Tp,.
We have

B—A4=(-4,1) and D —C= (-3, -8).
Since B— A # D — C we conclude that T,, # Tpp.

To see how some of the notions discussed in this chapter apply to the
physical world, we suggest that you read Chapter 4 of Richard Feyn-
man’s book The Character of Physical Law. In that chapter Feynman
discusses “Symmetry in physical law™, and we could not write up such a
discussion better than he does. We shall quote a few lines from his
chapter just to give you the flavor:

Symmetry seems to be absolutely fascinating to the human mind. We
like to look at symmetrical things in nature, such as perfectly symmetrical
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spheres like planets and the sun, or symmetrical crystals like snowflakes, or
flowers which are nearly symmetrical. However, it is not the symmetry of
the objects in nature that I want to discuss here; it is rather the symmetry
of the physical laws themselves....

... That is the sense in which we say that the laws of physics are sym-
metrical; that there are things we can do to the physical laws, or to our
way of representing the physical laws, which make no difference, and leave
everything unchanged in its effects.... The simplest example of this kind of
symmetry—you will see that it is not the same as you might have thought,
left and right symmetric, or anything like that—is a symmetry called trans-
lation in space. This has the following meaning: if you build any kind of
apparatus, or do any kind of experiment with some things, and then go
and build the same apparatus to do the same kind of experiment, with
similar things but put them here instead of there, merely translated from
one place to another in space, then the same thing will happen in the
translated experiment as would have happened in the original experi-
ment....

Let us take as an example the law of gravitation, which says that the
force between objects varies inversely as the square of the distance between
them; ... If I have a pair of objects like a planet going around a sun, and
I move the whole pair over, then the distance between the objects of
course does not change, and so the forces do not change. Further, when
they are in the moved-over situation they will go at the same speed, and
all the changes will remain in proportion and everything go around in the
two systems in exactly the same way. The fact that the law says “the dis-
tance between two objects”, rather than some absolute distance from the
central eye of the universe, means that the laws are translatable in space.

That, then, is the first symmetry—translation in space. The next one
could be called translation in time, but, better, let us say that delay in time
makes no difference....

Let us take some other examples of symmetry laws. One is a rotation
in space, a fixed rotation. If I do some experiments with a piece of equip-
ment built in one place, and then take another one (possibly translated so
that it does not get in the way) exactly the same, but turned so that all the
axes are in a different direction, it will work the same way. Again we have
to turn everything that is relevant. If the thing is a grandfather clock, and
you turn it horizontal, then the pendulum will just sit up against the wall
of the cabinet and not work. But if you turn the earth too (which is
happening all the time) the clock still keeps working.

The mathematical description of this possibility of turning is a rather
interesting one....

Now go read Feynman.

11, §8. EXERCISES

1. Let A=(~2,5). Find T (P) for each point P given below:
(@ P=(1,5) (b) P=(-3, —6) (c) P=(2, -5
@ P=@00 () P=(ps,p)

In the next four exercises, we consider the translation T, where 4 = (—3, 2).
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2. Let S be the triangle with vertices (2,5), (—3,7), and (3,6). What are the
coordinates of the vertices of triangle T,(S), the image of S under translation
T,?

3. Let L be the line x = —4. Describe the image of L under the translation T,.
4. Let K be the line y = 4. Describe the image of K under the translation T,.

5. Let C be a circle centered at the origin with radius 3. What are the coordin-
ates of the center of the circle T,(C)? What is the radius of T,(C)?

6. Let 4=(0,0) B=(,3) C=(4,6)
D=(-2,-3) E=(3,2) F=(5,5)
State whether the following statements are true or false:
(@) Tp="Tg, () Typ= Ty
Q) Typ= Tpe () Toe = Tgr
©) Tye=Typ (&) Tpc = Tir
@ Tge = Tha (h) Top = Ty

ADDITIONAL EXERCISES FOR CHAPTER 11

1. Let F be a mapping of the plane into itself. We define a fixed point of F to
be a point P such that F(P) = P. For example, let F be rotation by 90°
around a given point O. Then O is a fixed point since F(O)= 0. State
whether each of the following mappings have any fixed points. If yes, say
how many and where they are:

(a) The identity mapping.

(b) Reflection through a given point O.

(c) Reflection through a given line L.

(d) A rotation not equal to the identity, with respect to a given point O.
(e) A translation.

(f) The constant mapping whose value is a given point X.

2. Two houses 4 and B and a power line L are situated as indicated below.
What is the minimum length of wire required to bring power to both houses
if there is to be only one transformer at the power line and separate wires
running to each house from the transformer.

transformer

Figure 11.52

[Hint: Reflect A through line L; connect A" and B.]

3. There are an infinite number of mappings; we have just looked at some of
them. It’s easy to make up others. For example, draw a line L on the plane.
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For any point P on the plane, let P’ be the point where a line through P
perpendicular to L intersects L (see illustration):

Figure 11.53

The association P+ P’ defines a mapping, called the perpendicular projection
on the line L.

Make up three mappings of your own. Keep in mind this important
property of mappings: two or more points may have the same image point
(like the constant map, or the one given just above) but each point may have
only one image. There is no room for ambiguity!! When you make up a
mapping, be sure that you describe exactly where the image of each point is
located.

For each of your three mappings, draw the image of some points and of a
triangle. Also, tell where the fixed points are, if there are any.

The next six questions refer to the graph below.

y-axis
A

A (3,3) B (6, 3)

6
5
4
3
2

> X-aXi5

Figure 11.54
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4. Reflect point A through the x-axis. Label the image A’ and write down its
coordinates.

5. Translate point B with respect to vector AB. Label the image point B’ and
write down its coordinates.

6. Rotate point B’ around point B by 90°. Label the image B” and write down
its coordinates.

. Find the value of d(4’, B").
. What is the area of AAB"B’?
. What is the measure of L AB"B'?

o e 3

10. Given points 4 and B, between lines L, and L,. Illustrate and carefully de-
scribe how you would find the shortest path from 4 to L, to L, to B.

Figure 11.55

[Hint: Reflect A through line L, and reflect B through line L,.]



CHAPTER 12

Isometries

12, §1. DEFINITIONS AND BASIC PROPERTIES

Some mappings which we have discussed have a special property which
will first be illustrated in the Experiment.

EXPERIMENT 12-1

1.

On your paper, draw three points X, Y, and Z which do not lie on a
straight line. Draw segments XY and YZ, so that your picture looks
something like:

Y

Figure 12.1

. Using a ruler, find d(X,Y) and d(Y,Z). Write these down. Record

also the measure of . XYZ.

. Draw a line L on your paper (it can be anywhere). Now reflect

points X, Y, and Z through L, using ruler and compass as given in
Construction 11-1. Mark the images of these points X', Y’, and Z’
respectively.

. Measure and write down d(X’, Y') and d(Y’, Z'). Draw segments X'Y’

and Y'Z’ and measure angle Z X'Y'Z'".

. How do the measurements in Part 4 compare with those in Part 2?
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On a new piece of paper draw and label four points X, Y, Z, and O.
Repeat Parts 1 through 5, except this time rotate the points X, Y, and Z
around point O by x° (you pick a value for x). Use compass and pro-
tractor to get accurate diagrams.

On a new piece of paper, draw a vector 4B and points X, Y, and Z.
Repeat Parts 1 through 5, using the translation determined by the vec-
tor rather than a rotation or reflection. Use a ruler to find the images of
these points as accurately as possible.

Repeat Parts 1 through 5 one more time, except this time dilate the
points X, Y, and Z by 3 with respect to a point 0. Again label the im-
ages X', Y, and Z', and measure distances as well as the original and
dilated angles.

What conclusions can you reach about these mappings?

6. Draw two parallel lines, L and K. Pick a few points on L and a few
on K. Draw a third line M, and reflect the points you've chosen
through line M (use ruler and compass). Where are the images of the
rest of the points on lines L and K?

7. Repeat Part 6 except rotate the points on lines I. and K around a
point O (you choose a number of degrees).

8. If two lines are parallel, and we rotate or reflect them, what can we
say happens?

We can now define the special property of these mappings.

Let F be a mapping, and suppose P and Q are two points in the
plane. When is the distance between F(P) and F(Q) going to be the
same as the original distance between P and Q? In other words, when
does

d(P,Q) = d(F(P), F(Q) 77

The Experiment should have given you a clue. When F is one of the
following mappings, then these distances WILL be the same:

reflection through a line,
rotation,
translation.

We say that a mapping F preserves distances or is distance preserving
if and only if:

for every pair of points P, Q in the plane, the distance between P and
Q is the same as the distance between F(P) and F(Q).

Such a mapping is called an isometry (“iso” is a prefix meaning “same”,
and “metry” means measure). In other words, we define an isometry to
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be a mapping F such that for every pair of points P, Q in the plane we
have

d(P, Q) = d(F(P), F(Q)).

Roughly speaking, isometries are mappings which do not “distort”
figures in the plane. The distance between points is not disturbed.
Sometimes isometries are referred to as “rigid” mappings.

We shall accept without proofs (so we accept as postulate) the follow-
ing property:

The mappings reflection through a line, rotation, and translation, are
isometries.

Remark. Actually, Exercise 29 of Chapter 3, §2 proved the statement
for reflections using only Postulate RT. Using Euclid’s SAS postulate,
you can prove that a rotation is an isometry. Conversely, on the other
hand, it is possible to give foundations of the theory of isometries by
avoiding completely the development we have given in most of this
book, and to prove directly that rotations, translations, and reflections
are isometries. Then one can prove Euclid’s tests for congruence, as will
be shown in §5.

For instance, in Exercise 4 of §2, using the definition of translations
by means of coordinates, you will prove directly that a translation is an
isometry.

For reflection through a line, by a suitable choice of coordinate sys-
tem, one can assume that the line is the x-axis, for instance. Then reflec-
tion is just the mapping

(X, y)t—>(x, _.V)

In this case, you can prove directly from the definition of distance in
Exercise 5 of §2 that the reflection is an isometry.

In the same way, you can prove that reflection through a point is an
isometry. By a suitable choice of coordinate system, you can assume
that the point is the origin (0,0), and then reflection through the origin
is simply the mapping

A— —A.

From the definition of distance in terms of coordinates, you can prove
directly in Exercise 6 of §2 that

d(4, B) = d(— A, —B).
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Similarly, one can give a definition of rotations using only numbers,
and one could verify that a rotation is an isometry. The algebra needed
to do so is more complicated, and we won’t do it in this course.

We also accept without proof:

Isometries preserve the measure of an angle.

Remark. Let F be an isometry. If P and Q are distinct points, then
F(P) and F(Q) must be distinct.

We can prove this easily. The distance between P and @ is not 0,
therefore the distance between F(P) and F(Q) cannot be O either (remem-
ber isometries preserve distances). Thus F(P) # F(Q). (Recall DIST 1 in
Chapter 1.)

There are two other important properties of isometries which will be
taken as postulates. In the exercises, you will check experimentally that
they are true for reflections, rotations, and translations by using con-
structions.

ISOM 1. Let F be an isometry. The image of a line segment under F
is a line segment. In other words, if we take the image under
F of each point on a line segment (by rotating, reflecting, or
whatever), we get a set of image points which themselves
make up a line segment.

Exercise. If you are theoretically inclined, use the postulate SEG from
Chapter 1, §2 to prove that if F is an isometry, and M is a point on the
line segment PQ, then F(M) is a point on the line segment between F(P)
and F(Q).

Example. Given line segment PQ, if we reflect it through line L, we
get another line segment P'Q’ as shown on the figure.

Figure 12.2
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ISOM 2. Let F be an isometry. The image of a line under F is a line.

12, §1. EXERCISES

1. On your paper, draw a line segment PQ and a line L. Choose four or five
points on PQ, and carefully reflect them through line L. Observe that the
image points also lie along a line segment.

2. Repeat Exercise 1, except rotate the points on PQ around a point O.
3. Repeat Exercise 1, except translate the points on PQ by some vector.

4. Draw the image of a circle of radius r, center P under
(a) reflection through its center;
(b) reflection through a line L outside of the circle, as in Figure 12.3(a);
(c) rotation by 90° with respect to a point O outside the circle as in Figure
12.3(b);
(d) rotation by 270° with respect to O;
(e) translation.

Qe

(a) (b)
Figure 12.3

5. Given points Q and M as shown:

/5
M
Figure 124

Let F be an isometry, and suppose F(Q) = Q.
(a) Draw all the possible locations for F(M).
(b) Explain why these are the only possible locations.

In Exercise 5, you have to explain two things. First, why the points on
your drawing are possible locations. Show that for each point of your draw-
ing, there is an isometry F such that F(Q) = Q and such that F(M) is equal
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10.

11.

to that point. Second, you have to explain why there are no other possible
locations.

. Given points P, Q, and M as shown, with M on the segment PQ.

.—//‘O
P M

Figure 12.5

Let F be an isometry. Suppose F(P)= P and F(Q) = Q.

(a) Draw the possible locations for F(M).

(b) Explain why these are the only possible locations. [Here, you may find it
useful to use Postulate SEG from Chapter 1, §2.]

. Given points P, Q, M as shown, with M on the line through P, Q,

.//M
P Q

Figure 12.6

Let F be an isometry. Suppose F(P) =P and F(Q) = Q.
(a) Draw the possible locations for F(M).
(b) Explain why these are the only possible locations.

. Let L and K be two parallel lines, and let F be an isometry. Prove that

F(L) and F(K) are parallel. [Hint: Assume that F(L) and F(K) are not par-
allel; then they intersect. Use the definition of isometry to deduce a contra-
diction.]

. Let L and K be two perpendicular lines, and let F be an isometry. Prove

that F(K) and F(L) are perpendicular.

Using the result from Exercise 9, prove that if F is an isometry and R is a
rectangle, then F(R) has the same area as R.

Suppose that the two segments PQ and MN meet in a point O and bisect
Sa_lgh other. Prove that d(P, M) = d(Q, N), by finding an isometry between
PM and ON.

N

m

Figure 12.7
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12. In Figure 12.8, we suppose that
|WOo|=|Y0|, |VO| =|ZO0|
and that m(LVOW) =m(L Z0OY). Prove that
[ZY|=|VW|
by using an isometry which maps Z on ¥ and Y on W.

w

Y

Figure 12.8

13. Line L is the perpendicular bisector of PQ and X Y. Prove that
d(P, X)=d(Q,Y)

by using an isometry which maps P on Q and X on Y.

P

Y

Figure 12.9

[12, §1]
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14. Let P, be the mapping which maps a point (x,y) in the coordinate plane
onto the point (0, y). This mapping is called the projection onto the y-axis.
For example, if X = (4, —2), we have

SeeWFigure 12.10 below.
y-axis
44
f t t } L } Xx-axis
—4 4
P(X) 4 .
X
T (4, —2)
.._.4 -+

Figure 12.10

(a) Let A =(—8,9) and let B =(1,3). Write the coordinates of P,(4) and
P,(B).

(b) Is the mapping P, an isometry?

(c) Let X =(x,y) and V = (u, v) be arbitrary points. Let X’ = P (X) and let
V' = P (V). Write a formula which gives d(X’, V').

(d) Suppose A and B are any two points in the plane, and that P (A) =
P,(B). What can you conclude about 4 and B?

(e) Suppose T is a triangle in the plane. What is the image of T under the
mapping P,?

12, §2. RELATIONS WITH COORDINATES

Since we have introduced addition and subtraction for points, we shall
now describe a way of expressing the distance between points by using
subtraction.

We recall that the distance between two points P, Q is denoted by
d(P, Q). We shall use a special symbol for the distance between a point
and the origin, namely the absolute value sign. We let

d(4, 0) = |A|.
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Thus we use two vertical bars on the sides of A. If A = (ay, a,), then

|A] = /ai + a3,
and therefore

2 2
|A|*> = a} + a3.

We call | 4] the norm of 4. The norm generalizes the absolute value of a
number. We can represent the norm of 4 as in Figure 12.11.

32 _— ’A

Al =d(0, A)

Figure 12.11

Note that |4| = | —A4|. See Exercise 3.
Using our subtraction of points, we can express the distance between
two points 4, B by

Theorem 12-1.

d(4,B)=|A— B| =|B — Al.

It is easy to see that this is true. Let 4 = (ay, a,) and let B = (b, b,).
Then

B—A=(b,—ay,b,—a,)

and

|B— Al =./(b; — a))* + (b, — a)*

But the right-hand side of the equation above is precisely d(A, B) accord-
ing to our distance formula. Thus we have

|A — B| = d(A, B).
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In a similar manner, we may prove that
|B — A| =d(A, B) as well.

Note that this tells us that the length of an arbitrary vector AB is equal
to the length of vector O(B — A) or O(A — B):

A'/B

*(B—A)

-

(A —B)edt—""

Figure 12.12

a fact which we recognized earlier, in the chapter on translations.
This “norm” notation makes our work with isometries much neater.
For example, we may write the definition of isometry as follows:

A mapping F of the plane into itself is an isometry if and only if for
every pair of points P, Q we have

|[F(P) — F(Q)| = |P — Q.

Many distance calculations become simplified when distances are ex-
pressed in norm notation. For example,

d(4, A + B) =|(A4 + B) — A|
=[|(B+ A) — A| since addition of points is commutative
=|B+ (4 — A)]| since addition of points is associative

=B
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This demonstration confirms our intuition when using the parallelo-

gram law:

dia, A+ B) =18l

A /Z//
_
4

A+B

Figure 12.13

12, §2. EXERCISES

1.

For each of the points P below, find |P|:
(@ P=(—-13) (b) P =(137,137) ) P=(,-3)

. For each pair of points A, B given below, find |4 — B|.

@ A=(.6.B=0,—4) () A=(-24),B=(-3-5)
(© A=(057,B=(—154) (d) 4=(/2/2,/2/2), B=(0,0)

. Let X = (x;, x,) be any point. Using the distance formula, prove that

|X|=|—X]|

. Let T, be the translation by point A. Prove that T, is an isometry using the

following steps:

(a) Let P and Q be arbitrary points. Express the distance between P and Q
using norm notation.

(b) What is T,(P)? T,(Q)?

(c) Express the distance between T,(P) and T,(Q) using norm notation, and
show that it equals the distance between P and Q.

. Prove that reflection through the x-axis is an isometry. (Take two arbitrary

points, compute the distance between them, etc.)

. Prove that reflection through O preserves distances. In other words, prove

that
d(4, B) = d(— A, — B).
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12, §3. COMPOSITION OF ISOMETRIES

It is possible to create new distance-preserving mappings (isometries) out
of the ones we already know. Experiment 12-2 suggests how to do this.

EXPERIMENT 12-2
Part 1

Draw a line on your paper and label it L. Pick a point O not on L.
Pick another point X at random.

1. Let R, be reflection through line L. Find R;(X). Label the image of
X under R, by X'

2. Let G be the rotation around point O by 90°. Find the point G(X")
and label it X”. In other words, rotate X’ (not X) around O by 90°.
The association

XX
is a new mapping, which is a combination of a reflection, followed
by a rotation. Is this an isometry? Test it out.

3. Pick another random point Y. Let Y' = R, (Y) be its reflection
through line L. Let Y” be the rotation of Y’ around O by 90°.
Measure the distances

dX,Y) and ax’, Y".

Are they equal? Perform Parts 1, 2, 3 several times for at least four
choices of X and Y.

Part 11

Use the same points and lines as before.

4. Let G be rotation by 90° around O again. Find G(X) and label it X.

5. Reflect X through L and label this reflection X.
The association

>

X

is a mapping. Is X = X”? Is this new mapping equal to the one
found in Part 2?
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6. Using the same point Y as before, rotate Y around O by 90° to ob-
tain the point Y. Then reflect Y through L and label this reflection

Y. Measure the distances
dX,Y) and d(X,Y).
Are those distances equal? Is the mapping

X—X
an isometry?

Part HI

Take a new piece of paper, and choose four random points X, Y, Z, and
0. Let G4, be rotation around O by 40°, and let G4, be rotation around
0 by 60°.

7. Find G,o(X), G4o(Y), and G4o(Z) and label these points X', Y’, and
zZ.

8. Find Ggo(X), Geo(Y"), and Ggo(Z') and label these points X”, Y”,
and Z".

Compare the locations of X”, Y”, and Z” with points X, Y, and Z.
Again we have created a new mapping X +— X” by combining two rota-
tions.

Part IV

For the following questions, use the same points as in Part IIL

9. Find Ggo(X), Go(Y), and Ggo(Z). Label the points X, Y, and Z.

Y,
10. Find G,o(X), G,o(Y), and G,4(Z), and label the points X, Y, Z.

Again we have created a new mapping X — X by combining the rota-
tions, but in the reverse order.

11. Does X" =X, Y' =Y, 2" =Z?

12. Is this new mapping the same as the mapping found in Step 8?

In the Experiment we saw how we can create new mappings by com-
bining two mappings which are already known.

In the first part of the Experiment, you took a point X and first
found R;(X). You then rotated R;(X) by 90° around O, and thus you
found the point

Goo(R(X)).
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Let P be any point in the plane, and let
P = GQO(RL(P))

as in the first part of the Experiment. The association P+— P” is a new
mapping, which can be written

P Ggyo(RL(P)),

and which is called the composition of R; with Gg,.

When we combine two mappings like this, we say we are composing
them. All we are doing is taking two mappings in succession, one after
the other. The new mapping formed is called the composite of the two
original mappings. There is a special notation for the composite map-
ping. In our example, the association

Pi— Goo(RL(P))
would be denoted

Goo o R,.

Thus Ggg R, is the new mapping formed by first doing R, followed by
Gooy. Thus we can also write:

Gogo RL(P) = GQO(RL(P))'

In general, if F and G are two mappings, we can form the composite
mapping FoG. If P is any point in the plane, then

F o G(P) = F(G(P)).

Remark. The notation Fo G is read “F circle G” or “F of G”. “F of
G” is a good way to read the notation since it implies that we are find-
ing the image under F of the image found by G. Namely, we do map-
ping G first, followed by F.

In Part II of the Experiment, we composed the reflection and rotation
in the reverse order. We first rotated the points, and then reflected them.
The composite mapping we formed in Part II is denoted R; o Go,. Thus

X = Ry 0 Goo(X) = RL(G90(X))'

Since X” was not the same point as X, we see that

Gopo Ry, # Rp- G90-
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Therefore:

When composing mappings
order often makes a difference.

One particular composition of mappings is very easy to see, but is im-
portant when working formally with compositions. Let I be the identity
mapping, that is

I(P)=P for all P.

Then I is an isometry, and for all isometries F we have
IcF=FoI=F.

This is immediate from the definition of the identity.
To summarize some of the results suggested by the Experiment:

Composition of Reflections

Let R, be reflection through line L. Then
R, R, =1, the identity.

In the exercises, you will consider the case where we compose two reflec-
tions through different lines.

Composition of Rotations

In Part III, we composed two rotations, to form the new mappings
Ggo © G4o. In Part IV, we reversed the order again, and formed the com-
posite mapping G,oo Ggo. In the case of rotations around the same
point, you probably noticed that the order does mot make a difference.
We have that

Ge0° Gao = Gup° Geo-

You may also have noticed that the mapping formed by composing two
rotations around the same point is another rotation. In the Experiment,
the composite mapping is rotation by 100°. This is an important proper-
ty, which we sum up as follows:

The composition of two rotations (with respect to the same point) is
also a rotation. If x, y are numbers and G, G, are rotations around
the same point, then

=G, G

x+y y x*
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Example. G, 5°Gys = Goo.

Example. G, g0 Gy70 = Gus0 = Goo as illustrated below.

70 Gyol)

Figure 12.14

Composition of translations

If F, T are translations, then the composite F o T is also a translation.
In fact,

TyoTp=Tyrp

Indeed, for any point P we have
T(TzP)=T(P+B)=P+B+A=P+ A+ B=T,, 3(P).
This proves our assertion.

In Experiment 12-2 you should have found that the composition of
isometries is again an isometry in each special case that was measured.
We now prove the general fact behind this.

Theorem 12-2. Let F and G be isometries. Then the mapping

FoG
is also an isometry.

Proof. To prove that a mapping is an isometry, we have to show that
the distance between two points is the same as the distance between the
images of the two points under the mapping. So we choose any two
points P and Q.

Since G is an isometry, we know that the distance between P and Q is
equal to the distance between G(P) and G(Q).
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Since F is an isometry, we know that the distance between G(P) and
G(Q) is equal to the distance between F(G(P)) and F(G(Q)), which is
equal to the distance between (F o G)(P) and (F - G)(Q).

This means that Fo G is an isometry, and proves the theorem.

We can compose more than two isometries step by step. Let F, G, H
be three isometries. We can compose G and H to form the new isometry
Go H. We may now compose it with F, to get

Fo(GoH).

This is an isometry since F and G o H are both isometries.

Of course we could have started by composing F and G, to get the
isometry (F o G). We then compose this isometry with H to get the new
isometry (FoG)oH. The question now is whether this is equal to the
one we formed just previously. In other words, is the following true:

Fo(GoH)=(FoG)oH?

Well, we know two mappings are equal if they each map an arbitrary
point into the same image point. Let P be any point in the plane. Ap-
plying our definitions of composition carefully, we have

Fo(Ge H)(P) = F((G° H)(P)) = F(G(H(P)))
and
(F > G)> H(P) = (F - G)(H(P)) = F(G(H(P))).
Since the right-hand side of both equations are the same, we see that the

two composite isometries are the same. They both boil down to doing
H, followed by G, followed by F.

Remark. Taking the composition of isometries is similar, although not
exactly the same, as taking “reflections” in succession in Chapter 1, §7.
They both amount to doing something, then doing something else, then
still something else, successively.

Inverses of Isometries
We have seen that the composition of a reflection through a line with
reflection through the same line produces the identity mapping. That is,

if R, is the reflection through a given line L, then

R R (P)=P for all points P,
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and therefore
R,oR, =1

Consider the mapping Gg,, rotation by 90° with respect to a given point
0. Is there a mapping we can compose with G, so that the result is the
identity mapping? Again, the answer is yes:

GoooG_gg=1.
In general, let F be an isometry. We define an inverse for F to be an

isometry T such that
ToF=1 and FoT =1L

Looking at the above examples, we would say that:

the inverse of Ggg is G _g¢;
the inverse of R, is R;.

Does every isometry have an inverse? We shall answer this question in
§6. It will follow from Theorem 12-12 that every isometry has an in-
verse. More generally, does every mapping have an inverse? The answer
is no, see Exercise 17.

For the moment, we construct inverses for the standard isometries
which we have been studying.

Rotations. Let G, be rotation by x degrees, with respect to a given
point O. Then G_, is an inverse for G, because

G_ oG, =Gy=1=G,-G_,.

Translations. Let T, be translation. Then T_, is an inverse for T, be-
cause

T 0T =Ty=1=T,oT_,.

Reflection Through a Line. Let R be the reflection through a line L.
Then R has an inverse, which is R itself, because

RoR=1
In general, if F has an inverse T, then this inverse is unique.

In other words, if T; is another inverse, then T; = T. This is easily
proved as follows:

T=Tel=TcFoT,=1-T, =T,
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The inverse of an isometry F is denoted by F~'. Thus we have the rela-
tion

F 'oF=F.F '=1
With this notation, we can write:

If G, is a rotation, then G, ' =G _,.
If T, is a translation, then T ' = T_,.

If R is a reflection through a line, then R~ = R.

12, §3. EXERCISES

1. In this exercise, all rotations are with respect to a single point O. For each
of the following, give the single rotation G, which is equal to the composition
of the two given rotations, with 0 < x < 360°.

(@) G30°Ggs  (b) GygooGigo  (©) Giq0°Gazs  (d) Gogo° Gioo

2. Draw three points A4, B, and C on your paper. What single translation is
equal to each of the following:
(@) Tpco Ty (b) Tpyo Typ ©) Tepo Tyc (d) Teqe Tye

3. In the figure below, let R, be reflection through line L, let Ry be reflection
through line K, and let R, be reflection through point O.

K

Figure 12.15

Let S be the set of points comprising the “L”-shape. Draw carefully the
image of S under each of the following mappings (label each image a, b, c,
or d):

(@ R¢ () RoeR;,  (¢) RyeRy  (d) RgoRg

4. Give examples of two isometries F and G where Fo G = G- F.
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5.

Give examples of two isometries F and G where FoG # G F.

6. What simple mapping is equal to R; o R;? to Ry o R; o R.?

7.

8.

10.

What must be true about vector AB and line L so that
Typ OWRL = Ry o Tyy?

Let P be the point shown below:

»P
/
s

G

Figure 12.16

Let Ry be reflection through line K, and let R, be reflection through line L.
The rotations G are around point O. Draw the image of P under the fol-

lowing isometries: (use P¢, P° etc. to indicate answers)

(@) Rg (b) Gyso (©) Rge Gy (d) RpoRgo°Ggo

. In each case name a single isometry which is equivalent to the composition

mapping.

@) TpcoTyp=

() Gy45°Gas = .

(©) Ryo Gy = (R, is reflection through point O.)
(@ RooRp =

Line L intersects line K at O, and L L K. In this exercise you will prove that

R} o Ry = reflection through point O

in two ways.

(a) Choose a random point X. Look at X, Rg(X), and R; o R(X). Using
right triangles (and RT), show that R; o Rg(X) = reflection of X through
0.

(b) Consider lines L and K as a pair of coordinate axes, and point O as the
origin. Let X = (x,;,x,). Use the coordinate definitions of reflection
through the x- and y-axis and reflection through the origin to prove the
desired equality.
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11.

12.

13.

14.
15.

16.

17.

Figure 12.17

Let R be reflection through the origin. Let 4 = (—3, 4).

(a) For the following points X, draw the point R T, o R(X)
i) X =05,6) (i) X = (0,0) (iii)) X =(—1, —1)

(b) Does RoT,oR = T,? If not, what does it equal?

Let Q be the point (3, 4).

(a) If P is the point (0, 5), what is the image of P when reflected through Q
(written Ry(P))?

(b) Same question for P =(—1, 2).

Let T be a translation and suppose that T = T~!. What can you say about
T?

Let G be a rotation and suppose that G = G~ 1. Is G necessarily equal to I?

Let F, T be isometries which have inverses F~! and T~! respectively. Show
that T o F has an inverse, and express this inverse in terms of F~* and T~

Suppose R;, R,, R, are reflections, and F = R; o R, R,. What is F'? Ex-
press F~1 as a composition of reflections.

Consider the mapping F defined by (x, y)—(x, 0).
(a) Find F(P) for each point P below:

P=(3,5; P=(3,-2); P=(—6,0); P=(-6,10).

(b) Is F an isometry?

(c) Is there an inverse of F? In other words can you define a mapping G so
that Go F(P) = F - G(P) = P for all points P?

(d) At this point, what can you say about the question: Does every mapping
have an inverse?

The next two sections are not needed for §6, and you may wish to read
§6 before you read §4 and §5. Conversely, §6 is not needed for §4 and

§5.
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12, §4. DEFINITION OF CONGRUENCE

At the beginning of Chapter 7 we already dealt informally with the
notion of congruence, but applied it to triangles, dealing with sides and
angles. We now deal with arbitrary figures in the plane.

For instance, the quadrilaterals illustrated in Figure 12.18 are “alike”
in ways similar to the two triangles at the beginning of Chapter 11, §1.

c

B Y

Figure 12.18

We might say that one is an exact copy of the other, and we can “lay
one over the other without changing its shape”, as we said in Chapter
11. We wish to make somewhat more precise what we mean by “laying
one figure on another”.

We say that a figure U is congruent to a figure V if there exists an
isometry F such that the image of U under mapping F is V. In other
words, if F(U)=V. We denote that two figures U and V are congruent
by the symbols

U~V.

If you think of rotations, translations, and reflections, and the applica-
tion of thesec mappings in succession, you should see that our definition
fits our intuition perfectly. It is precisely such mappings which allow us
to pick one figure up, and, without distorting it, place it on top of the
other figure so that the two figures match up point for point. This is
what an isometry does: It “moves” figures around without changing
their size or shape.
There are three useful and obvious properties of congruence:

1. Every figure is congruent to itself—we just choose the identity
mapping as the isometry.
2. Let S and U be two figures. If S ~ U then U ~ 8.

The proof depends on the fact that if there is an isometry F such that
F(S) = U, then there is an “inverse” isometry G such that G(U) = S. We
shall not go here into this question of the existence of the inverse.
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3. Let U, V, W be figures in the plane. If U~V and V ~ W, then
U~W.

Proof. Since U ~ V, there is an isometry F such that F(U) = V. Since
V ~ W, there is an isometry G such that G(V) = W. Then Go F is also
an isometry, and

GoF(U) = G(F(U)) = G(V)=W.
Since we have found an isometry G o F which maps U onto W, we can
conclude that U ~ W.
To prove that two figures are congruent using the definition, we try to
find an isometry, or composition of isometries usually, which will map

one onto the other. For example, we prove the following simple
theorem.

Theorem 12-3. Any two segments of the same length are congruent.

Proof. Let PQ and MN be segments of the same length.

Let T be the translation which maps M onto P, so T(M) = P. Then

d(T(N), P) = d(T(N), T(M))
= d(N, M) because T preserves distances

=d(P, Q) because |PQ| = | MN| by assumption.

See Figure 12.20(a).
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T(V) O~_ ¢

~__ N Tm)
P =TM) -
M P

(a) (b)
Figure 12.20
Since Q and T(N) are the same distance from P, there is a rotation G
around P that will map T(N) onto Q (see Figure 12.20(b)).
Of course G leaves P fixed, and G(T(N)) = Q. Thus we have:
G-T(M)=P
and
GoT(N) = Q.

By ISOM 1, G T maps the entire segment MN onto PQ, and the seg-
ments are congruent. We write:

MN ~ PQ.

We could have chosen another isometry which would have mapped M
onto Q and N onto P, and this would have worked as well. To show
MN =~ PQ, all we have to do is find at least one.

12, §4. EXERCISES

1. Pick out as many pairs of congruent figures as you can.

) A (c)
(b)

(a
(d)
/ l {f)
Q (9)
(h) (e)

Figure 12.21
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2. Illustrated below is a figure S.

|
]

Figure 12.22

Describe what isometries you would use to map the figure into each of the
positions pictured in A through E of Figure 12.23.

A | B

N — - -

Figure 12.23

3. Prove that two rectangles having corresponding sides of equal lengths are con-
gruent.
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4. Quadrilateral ABCD is a “kite”, meaning that

|AB| = |BC|
and

|AD| = |DC]|.

Find an isometry F of the quadrilateral with itself such that F(A4) = F(C).
[This provides a proof that m(ZA)=m(LC) in a system different from
Euclid’s three tests. Cf. Theorem 12-4 in the next section.]

B

D

Figure 12.24

5. Prove that two circles of the same radius are congruent. [If O, O’ are the
centers of the circles, find an isometry mapping O on 0'.]

12, §5. PROOFS OF EUCLID’S TESTS FOR
CONGRUENT TRIANGLES

In this section we describe how one can prove the three criteria SSS,
SAS, ASA for congruent triangles by means of isometries.

Theorem 12-4. Let ANABC and NXYZ be triangles whose sides have
the same lengths. Then the triangles are congruent.

Proof. We suppose the sides satisfy:
|4B| = |XY|, |BC|=1YZ], |AC|=|XZ|

as shown in Figure 12.25. We want to prove that the triangles are con-
gruent.
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X

Figure 12.25

Let T be the translation which maps A onto X. Then T(B) and Y
are equidistant from X, so there is a rotation G such that G(T(B)) =Y.
We have now found an isometry G o T which maps AB onto XY. Let

C' = G(T(C)).

If C' = Z then we are done. Suppose C' # Z. Since Go T is an isometry,
we conclude that

|XZ|=|XC'| and |YZ|=|YC'|

By the perpendicular bisector Theorem 5-1, we conclude that X, Y are
on the perpendicular bisector of ZC'.

c’

X
Figure 12.26

In that case, let R be reflection through Lyy,. Then R maps C' on Z.
Thus the isometry R Go T maps ABC onto XYZ, and we have

AABC ~ NXYZ.
Theorem 12:5. If two triangles have one corresponding side of the

same length and two corresponding angles of the same measure, then the
triangles are congruent.
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Proof. Suppose first that the corresponding side is a common side for
the two angles. Given AABC and AXYZ, with |AB|=|XY]|.
m(LA) =m(LX) and m(LB)=m(LY), as shown:

Y A B

Figure 12.27

There exists a translation T which maps 4 onto X. Since |XY|=|AB|,
there is a rotation G around X which will then map T(B) onto Y. As
before, we have simply mapped segment AB onto XY. Let C’ be the im-
age of C under the composition Go T. Two cases may arise:

C’ may lie on the same side of segment XY as Z does:
Y

Z=C"(?)

Figure 12.28

Since m(L A) = m(L X), the image of ray R, must coincide with ray
Ry,. Similarly, since m(/Z B) = m(L Y), the image of ray Ry, must coin-
cide with ray Ry,. Thus C’' = Z, and the triangles are congruent.

The other possibility is that C' may lie on the other side of XY, as
illustrated:

c’ z

X
Figure 12.29
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In this case, we reflect the triangle XYC' through line L,y, and we re-
duce the problem to the situation just discussed. This completes the
proof in the present case.

If the corresponding side is not a common side for the two angles,
then we can give a similar proof which we leave as an exercise for the
reader. Or we can use the fact that the sum of the angles of a triangle
has measure 180°, and reduce this seemingly more general case to the
case already treated. See the Remark following ASA.

Theorem 12-6. If two sides and the angle between them in one triangle
have the same measures as two sides and the angle between them in the

other triangle, then the triangles are congruent.

Proof. Given AABC and AXYZ, with |AB| =|XY|, |[AC|=|XZ]|,
and m(L A) = m(LX):

Figure 12.30

The details of this proof are left as an exercise. Proceed in a manner
similar to Theorems 12-4 and 12-5.

12, §5. EXERCISE

1. Finish the proof of Theorem 12-6.

12, §6. ISOMETRIES AS COMPOSITIONS OF
REFLECTIONS

We end our book with a section to prove a beautiful and important
theorem concerning isometries, namely that every isometry is either the
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identity or can be expressed as the composition of at most three reflec-
tions. In other words, all isometries are, fundamentally, reflections or
compositions of reflections. The beauty and importance of this result is
that it reduces our motley (and perhaps incomplete) collection of reflec-
tions, translations, and rotations, to a single, all-inclusive concept. This
kind of result not only pleases one’s mathematical sense, but also allows
us to discover properties which may not have been apparent before. For
example, it will allow us to answer a key question, namely that every
isometry does indeed have an inverse.

Not only mathematicians appreciate such simplifications. Much of the
work of physicists is aimed toward the same goal: classify the symmetries
of nature, and reduce fundamental concepts to as short a list as possible.

Before we can classify isometries, however, we need some preparatory
material.

We recall that a fixed point P for an isometry F is a point such that

F(P) = P.
Look at Exercises 5, 6, 7, 8 of §1, as preparation for what comes next.

Theorem 12-7. Let F be an isometry, and suppose F has two distinct
fixed points P and Q. Then every point of the line Lpy is a fixed point.

Proof. Let X be a point on Lpy. Suppose first that X lies on the
segment PQ. Then

d(P, Q) = d(P, X) + d(X, Q).
Since F is an isometry, we have

d(P, X) = d(F(P), F(X)) = d(P, F(X))
and
d(X, Q) = d(F(X), F(Q)) = d(F(X), Q).
Hence
d(P, Q) = d(P, F(X)) + d(F(X), Q).

Use the results of the Exercises mentioned above and postulate SEG to
show that F(X) = X. Use a similar argument for the case where X lies
on Lp, but not on segment PQ to conclude the proof.

Fixed points are the stepping stones to proving our desired result.
The approach is to characterize an isometry by the number of its fixed
points, and to investigate the results of composing it with reflections.

First, in Theorem 12-8, we show that if an isometry leaves fixed three
points which are not on the same line, then that isometry must be the
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identity. This is not a surprising result, and it can be proved fairly
easily. The importance of it, however, is that it reduces our problem to
considering only those isometries which leave zero, one, or two points
fixed! An isometry with three or more fixed points is necessarily the
identity.

In Theorem 12-9 we place the first stone and consider the first case.
We show that an arbitrary isometry (with perhaps zero fixed points)
must either be the identity, or it can be composed with a reflection so
that the resulting composition mapping has one fixed point.

Then, in Theorem 12-10, we place the next stone. We show that an
isometry with one fixed point must either have a second fixed point as
well, or it can be composed with a reflection so that the resulting com-
position mapping has two fixed points.

Theorem 12-11 places the last stone. An isometry with two fixed
points must either have a third fixed point or it can be composed with a
reflection so that the resulting composition mapping has three fixed
points. In other words, an isometry with two fixed points is either the
identity (has three fixed points to start with) or is a reflection (since
composing it with a reflection produces the identity).

Our desired Theorem, 12-12, forces any isometry to walk the path. It
concludes that an isometry is the identity or a composition of at most
three reflections. You'll see.

Theorem 12-8. Let F be an isometry. If F has three distinct fixed
points, not lying on the same line, then F is the identity.

Proof. Let P, O, M be the three fixed points. By Theorem 12-7 we
know that the lines Lp, and Ly, are fixed. Let X be any point. If X is
on Lpy or Ly, then X is fixed by Theorem 12-7, and we are done, so
we suppose X is not on the lines Lp, or Lyy. Let L be a line through
X which is not parallel to Lpy or Lyy, and also is not equal to Lpy or
Loy or Lyy.

Lpm

Figure 12.31
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Thus we exclude only a finite number of lines. Then L intersects Lpy in
a point Y # P, and also L intersects Ly, in a point Z # M. Further-
more Y # Z, otherwise Ly, and Ly, contain a common point Y = Z,
but Y#P, Y#Q, and Y # M. This would imply that Lpy = Loy,
which contradicts our assumption that P, 0, M are not on the same line.
By Theorem 12-7 we deduce that Ly, is fixed, and hence X is a fixed
point, thus concluding the proof.

Theorem 12-9. Let F be an isometry. Then either F is the identity, or
there exists a reflection R such that Ro F has one fixed point.

Proof. Suppose F is not the identity. Let P be a point such that
F(P) # P. Let F(P) =P Let L be the perpendicular bisector of the seg-
ment PP’. Let R be the reflection through L. Then

R(P) =P,
and so
R(F(P)) = P.

Hence R o F has a fixed point, thus proving the theorem.
Theorem 12-10. Let F be an isometry with one fixed point. Then F has
two fixed points or there exists a reflection R such that R F has two

fixed points.

Proof. Let P be the fixed point of F, so F(P)=P. Let X be any
other point, and let F(X) = X".

Figure 12.32

If X =X’ then we are done. Suppose X # X'. Since F is an isometry,
we have

d(P, X) = d(F(P), F(X)) = d(P, F(X)).

By Theorem 5-1 of Chapter 5, §1 we conclude that P lies on the perpen-
dicular bisector of the segment between X and F(X). Hence X’ is the
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reflection of X through this bisector. Let R be this reflection. Then
R(X") = X, and so

R(F(X)) = X.

But R(F(P))=R(P)=P, so RoF has two fixed points, as was to be
shown.

Theorem 12-11. Let F be an isometry which has two distinct fixed
points P and Q. Then either F is the identity, or F is the reflection
through the line Lp.

Proof. Suppose F is not the identity. By Theorem 12-7 we know that
F leaves every point on Lp, fixed. Let X be a point not on Ly, such
that F(X) # X. Since F is an isometry, we have

d(P, X) = d(F(P), F(X)) = d(P, F(X)).
By Theorem 5-1 of Chapter 5, §1 we conclude that P lies on the perpen-
dicular bisector of the segment between X and F(X). Similarly, Q lies on
this perpendicular bisector. Therefore the line Lp, is the perpendicular
bisector of this segment. Hence F(X) is the reflection of X through Lp,.
Let R be this reflection. Then
R(F(X)) = X.
Eut
R(F(P)=R(P)=P and R(F(Q)=R(Q) =0,

so RoF has three fixed points. Hence by Theorem 12-8, we conclude
that Ro F =1. Composing with R on the left yields

RoRoF =R.
Since R- R = I, we obtain
I-F=R and hence F =R,
thereby concluding the proof.

Finally, we are able to prove the main theorem of this section.

Theorem 12-12. Let F be an isometry. Then F is the identity, or F is a
composition of at most three reflections.
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Proof. If F is the identity, we are done. If not, then by Theorem 12-9
there is a reflection R, such that R, o F has a fixed point. If R; o F = I,
then composing with R; on the left yields

R,oR,oF =R, and hence F =R,

because RioR; =I and I-F =F. We are done. Suppose R, F # L
By Theorem 12-10 there exists a reflection R, such that R,o R, F has
two fixed points. If R, o R, o F =1 then we compose with R, o R, on the
left and we get

Ri°oR,oR,oR;cF=R;°R, and hence F=R,°R,

because R,oR, =1 and R,cR, =1 and I-F =F. We are done. Sup-
pose that R, o R, o F % I. By Theorem 12-11 there exists a reflection R,
such that

R,°R,oF = R,.
Then we compose with R, o R, on the left, and we obtain

F=R,sRycR;.

This concludes the proof.

12, §6. EXERCISES

1. Finish the proof of Theorem 12-7.

2. Let F, T be isometries. Let P, O, M be three points not on a straight line
such that

F(P)=T(/P), F@Q)=T(Q), FM)=TM).

Prove that F=T.

3. Let F be an isometry with one fixed point. Prove that there is a rotation G
such that Go F has two fixed points.

4. Let F be an isometry. Prove that there is a translation T such that ToF has
a fixed point.

5. Prove that every isometry F can be written in the form
F=To-G-R or F=To-gG, or F=G or F =1,

where R is a reflection through a line, G is a rotation, and T is a translation.

6. Prove that every isometry has an inverse. [See Exercise 16 in §3.]
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