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Preface

COORDINATE GEOMETRY BOOSTER with Problems & Solutions for JEE Main and Advanced is meant for aspirants
preparing for the entrance examination of different technical institutions, especially NIT/IIT/BITSAT/IISc. In writing this
book, I have drawn heavily from my long teaching experience at National Level Institutes. After many years of teaching, I have
realised the need of designing a book that will help the readers to build their base, improve their level of mathematical concepts
and enjoy the subject.

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has six
chapters. Each chapter has the concept booster followed by a large number of exercises with the exact solutions to the problems
as given below:

Level - 1 . Problems based on Fundamentals

Level - 11 . Mixed Problems (Objective Type Questions)
Level - III . Problems for JEE Advanced Exam

Level - IV : Tougher Problems for JEE-Advanced Exam
0......9) : Integer Type Questions

Passages . Comprehensive Link Passages

Matching : Matrix Match

Previous years’ papers : Questions asked in previous years’ JEE-Advanced Exams

Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. So
please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are confident
in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually require advanced
thinking.

I hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type of
problem easily and skilfully.

My special thanks goes to Mr. M.P. Singh (IISc. Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B. Tech.),
Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Igbal, who have helped, inspired and motivated me to accomplish this task. As
a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most for writing this
book.

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with
patience my neglect during the period I remained devoted to this book.

I also convey my sincere thanks to Mr Biswajit Das of McGraw Hill Education for publishing this book in such a beautiful
format.
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I owe a special debt of gratitude to my father and elder brother, who taught me the first lessons of Mathematics and to all my
learned teachers— Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, who instilled
the value of quality teaching in me.

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions toward
the improvement of the book.

Rejaul Makshud
M. Sc. (Calcutta University, Kolkata)
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Straight Lines

RecTANGULAR CARTESIAN CO-ORDINATES

ConcerT BooSTER

1. InTRODUCTION

A french mathematician and great philosopher Rane Descartes
(1596-1665) introduced an idea to study geometry with the
help of algebra.

It is called co-ordinate Geometry or analytical geometry.
Here we use points, lines and curves by the different forms of
algebraic equations.

2. Co-orpINATE Axes AND RecTANGULAR AXES

The position of a point in a plane with reference to two in-
tersecting lines called the co-ordinate axes and their point of
intersection is called the origin. If these two axes cut at right
angles, they are called rectangular axes, else they are called
oblique axes.

Y
II(Second) I(First)
(7’ +) (+’ +)
X 0 X
I (Third) IV (Fourth)
(_7 _) (+a _)

Let P be any point in the plane. Draw perpendiculars from
P parallel to reference lines X’OX and YOY’, respectively.
The lengths PN and PM are called the co-ordinates of the
point P.

3. Cartesian Go-0RDINATES

This system of representing a point in 2-dimensions is called
cartesian system. We normally denote PN by x and PM by y.
Thus an ordered pair of two real numbers describes the carte-
sian co-ordinates of P.

The reference lines XOX" and YOY” are respectively, called
x- and y-axis. These lines divide the plane into four equal
parts and each part is called quadrant.

4. PorLar Co-0RDINATES
Y

The position of a point in a plane can also be described by
other co-ordinate system, called polar co-ordinate system. In
this case, we consider OX as initial line, O as origin. If P be
any point on the plane such that OP = r and ZPOX = 6, then
(r, 0) is called the polar co-ordinate of the point P, where
r>0and0< 0<2m

5. RELATION BETWEEN THE GARTESIAN
AND PoLAR Co-ORDINATES

Let P(x, y) be the cartesian co-ordinates with respect to OX
and OY and P(r, 0) be the polars co-ordinates with respect to
the pole O and the initial line OX.



1.2

Now from the figure, x = cos 8 and y = r sin 6

Thus, 7 = /x> + y2 and 6 = tan™' (Z)

X

Therefore, (x, y) = (r cos 0, r sin 0)

and (r,0)= (\/xz + yz, tan ™! (XD .

X

6. Distance BETween Two Points (CARTESIAN FORM)

Y 0, 1)

(xlayl)
| P iR

0 A(xy, O0)

B, 0)  ~

The distance between any two points P(x,y,) and Q(x,, y,) is

|PQ|=\/(X2_X1)2+(J’2_J’1)2

Coordinate Geometry Booster

(i) an equilateral triangle, show that all sides are
equal

(iii) a scalene triangle, show that all sides are un-
equal.

(iv) aright-angled triangle, say A4BC, show that 4B>
+BC* = AC*

2. When 4 points are given and in order to prove
(1) a square, show that all sides and diagonals are

equal.

(i1) a rhombus, show that all sides are equal but di-
agonals are not equal.

(iii) a rectangle, show that opposite sides and diago-
nals are equal.

(iv) a parallelogram, show that opposite sides and
diagonals are equal.

7. Section FormMULAE

Note: If the three points P, O, R are collinear, then
|PO| £ |OR| = |PR|.

Polar Form Y
Let P(r,, 6,) and QO(r,, 6,)
be any two points in polar s

form and 6 be the angle be- 6,

tween then. v 0, "
Then o

2, 2 2
i+ — PO

2nr, Y

Q(rZs 02)

P(ry, 6))

cos 0 =

2 .24 .2
= PQ*=r>+r}—-2rr,cosd

= PQO= \/rlz + 15 — 2137y 08 6

Notes:
1. When 3 points are given and in order to prove
(i) anisosceles triangle, show that any two sides are
equal.

(1) Internal Section formula
m n

P(xy, y1) R(x, ) 0(x2, y2)

If a point R(x, y) divides a line segment joining the
points P(x,, y,) and QO(x,, y,) internally in the ratio
m : n, then

5= % tnxmy +ny,

m+n

m+n

(i) External section formula

m
—— @--————---—--—- .

P(x1, y1) 0(x2, y2) R(x,y)
If a point R(x, y) divides a line segment joining the
points P(x,, y,) and Q(x,, y,) externally in the ratio

m : n, then
L = Iy = ’y=my2—ny1
m-—n m—n
(ii1) Tri-section formula
', )
. 2 s ',
P 1 R 2 0
(1, 1) (x, ) (%2, 12)
Letthepoints Pand Obe (x,,y,) and (x,,y,) respectively.
Then the co-ordinates of the point R is
Xy +2x ¥+ 2y,
S
and the co-ordinates of the point S is
(2x2 +x 2y,+n j
37 3 )

(iv) Mid-point formula
If a point R(x, y) divides a line segment joining the
points P(x,, y,) and Q(x,, y,) internally in the same
ratio, then
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2’ 2
(v) If the line joining the points (x,, y,) and (x,, y,) is
divided by the

(a) x-axis,then its ratio is _A
bp)
. . . .ox

(b) y-axis, then its ratio is ——.
35

(vi) If a line ax + by + ¢ = 0 divides the line joining the
points P(x, y,) and O(x,, y,) at R, then the ratio
PR ax,+ by, +c
RO ax,+by,+c

Important Points of a Triangle

(i) Centroid: The point of intersection of the medians of a
triangle is called centroid.

Axy, y1)

1
B(x2, y2) D C(x3, ¥3)

If the vertices of AABC be A(x, y,), B(x,, y,) and C(x,,
»,), the co-ordinates of its centroid is

X|+Xy+ X3 Y+ Y+
37 3 '
(i) If (a,, b)), (a,, b,) and (a,, b,) be the mid-points of
the sides of a triangle, its centrod is also given as
a+a,+a; b+b,+b
373 '
(ii1) Incentre: The point of intersection of an angle bisec-
tors of a triangle is called its incentre.

C(xs, )

A(xlayl) Dec B(x23y2)

If the vertices of AABC be A(x, y), B(x, »,))
and C(x,, y,), the co-ordinates of its incentre is

(axl +bxy +cxy ay + by, +cyy j

a+b+c a+b+c

where a=BC, b= CA, c = AB.

1.3

(iv) If AABC is an equilateral triangle,
in-centre = centroid.
(v) Ex-centre: The point of intersection of the external bi-
sectors of the angles of a triangle is called its ex-centre.

B /&
Paci

The circle opposite to the vertex A is called the escribed
circle opposite 4 or the circle excribed to the side BC.
If /, is the point of intersection of internal bisector of
ZBAC and external bisector of ZABC and ZACB, then

I —ax;+ bx, + cx; —ay,+ by, +cy;
! —a+b+c —a+b+c

I = ax,—bx, +cxy ay;— by, + ¢y,
2 a-b+c a-b+c

4 7 ax, +bx, —cx; ay;+ by, — ¢y,
an =
} a+b-c a+b-c

respectively.

(vi) Circumcentre: The point of intersection of the per-
pendicular bisectors of a triangle is called its circum-
centre.

A

B D c

If the vertices of AABC be A(x, y,), B(x,, y,) and C(x,,
¥,), then the co-ordinates of its circumcentre is
x;8in 24 + x,sin 2B + x;8in 2C
( sin 24 + sin 2B +sin 2C
»;8in 24 + y,sin 2B + y;sin 2C
sin 24 + sin 2B +sin 2C j

Notes:
1. If O(x, y) be the circumcentre of AABC, its co-ordi-
nates is determined by the relation
04 =0B=0C.
2. In case of a right-angled triangle, mid-point of the
hypotenuse is the circumcentre.

(vii) Orthocentre: The point of intersection of the altitudes
of a triangle is called its orthocentre.
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_
B D ¢

If the vertices of AABC be A(x,, y), B(x,, y,) and
C(x,, y,), the co-ordinates of its orthocentre is

(xltan A+x,tan B + x;tan C

tan 4+ tan B + tan C

yitan A+ y,tan B + ystan C
tan A+ tan B+ tan C

Notes:

1. In case of a right-angled triangle, orthocentre is the
right-angled vertex.

2. Inan isosceles triangle, G, O, I and C lie on the same
line and in an equilateral triangle, all these four points
coincide.

3. The orthocentre of AABC are (a, b), (b, a) and (a, a)
is (a, a).

4. The orthocentre, the centroid and the circumcentre
are always collinear and centroid divides the line
joining ortho-centre and the circumcentre in the ratio
2:1.

%" Oyrthocentre

Euler line

5. Incase of an obtuse-angled triangle, the circumcentre

and orthocentre both lie outside of the triangle.

8. AReA oF A TRIANGLE

A(xlayl)

('x39 X3)

(X2, ¥2

0 ML N X

If A(x,, y,), B(x,, y,) and C(x,, y,) be the vertices of AABC, its
area is given by

1
E[?ﬁ()/z =13)+ 53— )+ x5y = »)]

Coordinate Geometry Booster

1 v o»n 1
—|lx 1
or 52 V2
x3oy 1
or LX) 1 ) 1ix s
2%y 2|x% y3l 2w oy
Notes:
1. The area of a polygon, with verti-
ces (xla y|)7 (xza yz)’ (x3> y3)7 caog (x,,a y,,) iS
L R Y TR Y T T B LU
2% »m| 2|x% 3 2|l »n

2. If the vertices of a triangle be A(r,, 0,), B(r,6,) and
(5, ), its area is

1 . . .
> [rr,sin(a,—6,)+rrsin(6,—6,)+rrsin(6,-6)]

3. Ifax+by+C=0,i=1,2,3be the sides of a tri-
angle, its area is

1 aq b ¢
—la, b, c
26,G,C, 2 bz 3 o

a; by G

where C,, C, and C, are the cofactors of ¢, ¢, and c,
aq b q
in the determinant (a, b, ¢,|.
a by ¢
4. If A(x,, y), B(x,, y,) and C(x,, y,) be the vertices of a
triangle, its area is given by
1

2

X=X

=0

Xy = X3

Y2 =)

5. If A(x,, y)), B(x,, y,) and C(x,, y,) be three collinear,
points then
=5

=3

Xy = X3

Vo=

=0

or

xl(yz_y3) +x2(y3 _yl) +x3(y] _yz) = 0

9. Locus AnD ITs EquaTion

The locus of a moving point is the path of a point which satis-
fies some geometrical conditions.

If a point moves in a plane in such a way ~ .--7"~,
that its distance from a fixed point is always / B
the same. Then the locus of the movable point ‘:
is called a circle. \ K

If a points moves in a plane in such a way e
that its distances from two fixed points are always the same,
the locus of the point is a perpendicular bisector.
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Equation of a Locus

If the co-ordinates of every point on the locus satisfy the
equation as well as if the co-ordinates of any point satisfy the
equation, that point must lie on the locus.

Rule to Find Qut the Locus of a Moving Point

(i) Ifx and y co-ordinates of the moving point are given in
terms of a third variable, say ¢, eliminating ¢ between x
and y and then get the required locus.

(il) Sometimes the co-ordinates of the moving point is tak-
en as (x, y). In this case, the relation in x and y can be
directly obtained by eliminating the variable.

(iii) If some geometrical conditions are given and we have
to find the locus, we take a variable point (¢, ) and
write the given conditions in terms of ¢« and . Elimi-
nating the variables and the relation between o and 3
is obtained. Finally replacing o by x and 8 by y the
required locus is obtained.

10. GeomeTRICAL TRANSFORMATIONS

When talking about geometric transformations, we have to
be very careful about the object being transformed. We have
two alternatives, either the geometric objects are transformed
or the co-ordinate system is transformed. These two are very
closely related, but the formulae that carry out the job are dif-
ferent. We only discuss transforming geometric objects here.

We shall start with the traditional Euclidean transforma-
tions that do not change length and angle measures.

Euclidean Transformations

The Euclidean transformations are the most commonly used
transformations. An Euclidean transformation is either a
translation, a rotation, or a reflection. We shall discuss trans-
lations and rotations only.

(i) If the origin be shifted to a new point, say (4, k) and
the new axes remain parallel to the original axes, the
transformation is called transiation of axes.

(i1) If the axes are rotated through an angle 0 and the origin
remain fixed, the transformation is called rotation of
axes.

(iii) Ifthe origin be shifted to a new point, say (4, k) and the
axes also be rotated through an angle 6, the transforma-
tion is termed as translation and rotation of axes.

1.5

The coordinates of a point in a plane, when the origin is
shifted from origin to a new point (4, k), the new axes remain
parallel to the original axes.

Yy v
P(X',y")
P(x, y)
o M X
k
T kL v X

Let O be the origin and, OX and OY the original axes.

Let the origin O be shifted to a new point O’, whose co-
ordinates are (4, k). Through O" draw O’X” and O’Y” parallel
to OX and OY, respectively. O’ is the new origin and, O'X’,
and O’Y” are the new axes.

Let P be any point in this plane, whose co-ordinates ac-
cording to the original and new axes be (x, y) and (x’, y)
respectively.

Now we have to establish a relation between the new co-
ordinates and the original co-ordinates.

From P, draw a perpendicular PM to OX which intersects
OX at M.

Again from (0, draw a perpendicular O’L to OX.

Then OL=h, O'L=k;
OM=x, PM=y;
OM=x",PM =y
x=0M=0OL+LM
=0L+O'M
=h+x'=x"+h
and y=PM=PM + MM
=PM + MM
= y’ +k
Hence, we obtained the relation between the new and the
original co-ordinates as

{xzx'-kh {x':x—h
, and<{
y=y'+k Yi=y—k

11. Rotation oF Co-0RDINATE AXES

Thus,

Y
Y X
R(C:_y_)““{’(x,y)
/,/’/;: P, ’y,)
A 0w, 0
Nl .
O(x, 0)
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Let OX and OY be the original axes and OX” and OY” be the
new axes obtained after rotating OX and OY through an angle
0 in the anti-clockwise direction. Let P be any point in the
plane having co-ordinates (x, y) with respect to axes OX and
OY and (x", y") with respect to axes OX” and OY".

Coordinate Geometry Booster

Then x=x'cos O—y’sin O .
o, , ...(1)

y=x"sin 8—y’cos 0
and x’=xcos O—ysin 0 (i)

y =xsin 0—y cos O

STRAIGHT LINE

1. InTRODUCTION

The notion of a line or a straight line was introduced by ancient
mathematicians to represent straight objects with negligible
width and depth. Lines are an idealisation of such objects.

Euclid described a line as ‘breadthless length’, and in-
troduced several postulates as basic unprovable properties
from which he constructed the geometry, which is now called
Euclidean geometry to avoid confusion with other geometries
which have been introduced since the end of nineteenth cen-
tury (such as non-Euclidean geometry, projective geometry,
and affine geometry, etc.).

A line segment is a part of a line that is bounded by two
distinct end-points and contains every point on the line be-
tween its end-points. Depending on how the line segment is
defined, either of the two end-points may or may not be a part
of the line segment. Two or more line segments may have
some of the same relation as lines, such as being parallel, in-
tersecting, or skew.

2. DerINITIONS

Definition 1
It is the locus of a point which moves in a plane in a constant
direction.

Definition 2

Every first-degree equation in x and y represents a straight
line.

Definition 3

A straight line is also defined as the curve such that the line
segment joining any two points on it lies wholly on it.
Definition 4

In 3D geometry, the point of intersection of two planes be a
line.

Notes:
1. The equation of a straight line is the relation between
x and y, which is satisfied by the co-ordinates of each
and every point on the line.
2. Astraight line consists of only two arbitrary constants.

3. AncLE oF IncLINATION OF A LINE

The angle of inclination of a line is the measure of the angle
between the x-axis and the line measured in the anti-clock-
wise direction.

The angle of inclination of the
line lies in between 0° and 180°.

Slope or Gradient of 0
a Lines /

If the inclination of a line be 6,
Rz % is called the slope or gradient of the line. It is usually

then tan 6 where 0 < 8 <180° and

denoted by m.

(1) If a line is parallel to x-axis, its slope is zero.
(i1) If a line is perpendicular to x-axis, the slope is not de-

fined.
(iii) If a line is equally inclined with the axes, the slope is
*l.
(iv) If P(x, y) and Y
O(x,y,) are two O 2)
points on a line L, the
slope of the line L is Ply1) )0
equal to
NN X~ N X
X=X
r C

(v) If three points 4, B, C are
collinear, then
m(AB) = m(BC)
=m(CA).

(vi) If two lines, having slopes m, and m, and the angle be-
tween them be 6, then

m—m
tan@:#

1+ mm,

(vii) If two lines, having slopes m, and m,, are parallel, then
m, =m,
(viii) If two lines, having slopes m, and m,, are perpendicu-
lar, then m m, = -1
(ix) Ifmisaslope of aline, the slope of a line perpendicular
to itis —.
m
(x) The equation of x-axis is y = 0.
(xi) The equation of y-axis is x = 0.
(xii) The equation of a line parallel to x-axis is y = constant
= b (say)
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(xiii) The equation of a line parallel to y-axis is x = constant
= a (say).

4. Forms oF A STRAIGHT LINE

(i) Slope-intercept Y
Form

The equation of a
straight line  whose 0 9
slope is m and cuts an

intercept ¢ on the y-axis 6 c}
is

P(x, )

y=mx+tc.

Notes:

1. The general equation of a straight line is
y=mxtc.

2. The equation of non-vertical lines in a plane is
y=mx-+c

3. The general equation of any line passing through the

origin is

¥y =mx.

(ii) Point-Slope Form

Y

wa\\ 0

The equation of a line passing through the point (x,, y,) and
having slope m is

Y-y, =mx—x).

Note: The equation y —y, = m(x — x,) is also known as one-
point form of a line.

(iii) Two Point Form

P
v 9 (x,»)
R

QQWYO

O|L N w X

1.7

The equation of a line passing through (x,, y,) and (x,, ,) is

y—y1=(u)x(x—xl)

Xy =X
or
Yo=Y
y—yzz(#jx(x—xz)
X2 =X
x y 1
or x » 1=0
X, ¥y 1
X=X Y=n -0
or =
X=X N—N
(iv) Intercept Form
Y
B(0, b)
0 A0 X

The equation of a straight line which cuts off intercepts a and
b on x- and y-axes, respectively is

ERAY

a b

Notes:
1. The intercepts @ and b may be positive or negative.
2. The intercept cut on negative side of x and y axes are
taken as negative.

(v) Normal Form

The equation of a straight
line upon which the length
of a perpendicular from the
origin is p and this normal
makes an angle o with the
positive direction of x-axis is

B(0, b)

P(x, )

Y=o a0 X

X cos @+ ysina=p. 14

Note: Here, p is always taken is positive and ¢ is measured
from the positive direction of x-axis in anti-clockwise di-
rection such that 0 < o < 2.

(vi) Distance Form or Parametric Form or
Symmetric Form

The equation of a line passing through the point (x, y,) and
making angle 6 with the positive direction of x-axis is
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X—xn_Y-h_
cosf sinf
where r is the distance of the point (x, y) from the point

()
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-4 -B ___cC
- [JAZ +B’ Jx _[\/AZ + B’ Jy (424 B

which is the normal form of the line Ax + By + C=0.

6. PosiTion oF Two Points witH RESPECT
10 A Given Line

Notes:

1. If O(x,, y,) be a point on a line AB which makes an
angle 6 with the positive direction of x-axis, there
will be two points on the line 4B at a distance » from
O(x,, y,) and their co-ordinates will be (x, = 7 cos6, y,
+ r sinb).

2. If a point, say P, lies above Q(x,, y,) on the line 45,
we consider 7 is positive.

Thus, the co-ordinates of P will be
(x, +rcos0, y, + rsin0).

3. Ifa point, say R, lies below O(x,, y,) on the line 45,
we consider 7 is negative.

Thus, the co-ordinates of R will be

(x, — 7 cos6, y, —rsinf).

5. Reouction oF GENERAL EQUATION INTO
StanparD Form

Let Ax + By + C = 0 be the general equation of a straight line,
where 42+ B2 # 0.
(i) Reduction into slope-intercept form
The given equation is Ax + By + C=0.
= By=-4Ax-C

- - (8)-(3
B B
which is in the form of y = mx + c.
(il)) Reduction into intercept form

The given equation is Ax + By + C=0.
= Ax+By=-C

- A B
-C -C
I S

S

which is in the form of = +2 =1,
a b
(i) Reduction into normal form
The given equation is Ax + By + C=0.
= -Ax-By=C

The points P(x,, y,) and Q(x,, y,) lie on the same or on
the opposite sides of the line ax + by + ¢ = 0 according as
atbnte o o<,
ax, + by, +c¢

Notes:

1. The side of the line, where origin lies, is known as
origin side.

2. A point (e, B) will lie on the origin side of the line
ax + by +c¢=0,if aff + bf + ¢ and ¢ have the same
sign.

3. A point (¢, B) will lie on the non-origin side of the
line ax + by + ¢ =0, if ac + b + ¢ and ¢ have the
opposite signs.

7. EquaTion oF A LiNe PaRALLEL T0 A Given LiNe

The equation of any line parallel to a given line
ax+by+c=0isax+tby+k=0

Note: The equation of a line parallel to ax + by + ¢ =0 and
passing through (x,, y,) is

alx—x)+bly—-y)=0

8. EquaTion oF A Line PerPENDICULAR TO A GivEN LINE

The equation of a line perpendicular to a given line
ax+by+c=0isbx—ay+k=0.

Note: The equation of a line perpendicular to ax + by + ¢ =
0 and passing through (x, y,) is

blx—x)—a(y-y)=0.

9. Distance From A PoinT 10 A LINE

The length of the perpendicular from a point (x,, y,) to the
line ax + by + ¢ = 0 is given by
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ax,+ by, +c¢ 4 (OQ”J»
/ 22+ b2 10 4
Bo
Area of APAB
1 M
=5><AB><PM 0 A(-cla. 0) X
We know that
x on 1
a=llle o
2| a
0o —— 1

ﬁ+£( +£j
b a7
o o,

a ab

c
= E(axl +by,+c¢)

S

Also, PM =ja* + b*
Thus, —x PM x AB = —S—(ax, + by, + ¢)
2 2ab

2 2

1 c c c
—XPM X, ,|[—+—=—(ax;+ by, + ¢
= > RS 2ab( |+ by +0)
C 2 2 C
= PM x——Ja“+b° =——(ax; + by, + ¢
2ab 2ab( itbn+o)
(ax1+by]+c)

= PM =

Ja*+b*

Rule 1. The length of the perpendicular from the origin to
the line ax + by + ¢ =0 is

@
Jat+b?

Rule 2. The distance between two parallel lines ax + by +
¢, =0and ax + by + ¢, = 0 is given by

-6

\1a2+b2

p ax+tbyt+tc =0

O ax+by+c,=0
Rule 3. The area of a parallelogram whose sides are a,x +
by+e =0,ax+by+d=0ax+by+c =0andax+
b,y +d, = 0is given by
XD _ |(Cl —d)e; - d2)|
sin® | (ayhy - ayby)

1.9

D C
D1
0
A B
M 0
P2
F

The distance between two parallel sides a x + b,y + ¢, = 0,
ax+by+d =0is given by
(q—4d)

Y
aj +b;

The distance between two parallel sides ax + b,y + ¢, = 0,
ax+b,y+d, =0is given by

P =

D, = (¢, —d,)
2_ .
«/a§+b22
b _ %
b, —ab
Now, tan@= a'b az _|aabimay|
1+, %2 |“1a2+b1b2|
@ @
aib, — a,b
= sin 0 = Lz 21
\/a12+b12\/a§+b22
Thus, the area of a parallelogram = M
sin 0
:|(Cl_d1)(cz_d2)|
| (a,by — ayby) |

Rule 4. If p, = p,, the parallelogram becomes a rhombus
and its area is given by

(¢ = d1)2

2, .2
a; +b
|(a1b2—a2b1)|\/[ 12 12]

Rule 5. The area of a parallelogram whose sides are y = mx
+a,y=mx+b,y=nx+candy=nx+dis given by

(a=Db)c~d)

(m—n)

10. Point oF INTERSECTION OF TWO LINES

Letax+by+c =0andax+by+c,=0be two lines.

(1) Simply solve the given equations and get the point of
intersection P.

(ii) Concurrent lines: If three or more lines meet at a
point, we say that these lines are concurrent lines and
the meeting point is known as point of concurrency.

The three lines ax + by + ¢, =0,i=1, 2, 3 are said
to be concurrent if
a b ¢
a, by, ¢|=0

a; by ¢
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(i) Family of lines: Any line passing through the point of
intersection of the lines L: ax+by+c =0 and L,
ax+ b,y +c,= 0 can be defined as
(ax+by+c)+Max+by+c)=0,where e R.

/

'
I
1
1
I
1
1
: /
/

11. EquaTion oF STRAIGHT LINES PASSING THROUGH A
Given Point AND MAKING A GIVEN ANGLE WITH A
Given Line

The equation of the straight lines which pass through a given
point (x,, y,) and make an angle o with the given straight line
y=mx +care

y—y =tan (0% o)(x —x),

where m = tan 6.

F

\

'S

12. A Line 1s EquaLLy IncLinep with Two Lines
L,

Ly

0
If two lines y = mx + ¢ and y = mx + ¢, be equally inclined
to a line y = mx + ¢, then

m-—m)\_ (m—m
1+ mmy 1+mm, )

13. EauaTion oF BISECTORS

The equation of the bisectors of the angles between the
lines ax + by +c =0and ax + by +c, =0 is given by

ax+by+c¢ . ax+by+c,
\Jai + b} a3+ b3

Coordinate Geometry Booster

>

“J
&

%

Ny
-
o

N

Notes:

1. When we shall find the equation of bisectors, first we
make ¢, and c, positive.

2. Two bisectors are perpendicular to each other.

3. The positive bisector, the equation of the bisector
contains the origin.

4. The negative bisector, the equation of the bisector
does not contain the origin.

5. If a,a, + bb, > 0, then the negative bisector is the
acute-angle bisector and the positive bisector is the
obtuse-angle bisector.

6. If aa, + bb, < 0, then the positive bisector is the
acute-angle bisector and the negative bisector is the
obtuse-angle bisector.

7. Ifaa,+ bb,> 0, the origin lies in obtuse angle and
if a,a, + b b, <0, the origin lies in acute angle.

8. The equation of the bisector of the angle between the
two lines containing the point (¢, B) will be positive
bisector according as (a,cc+ b, + ¢,) and (a,0c+ b,
+ ¢,) are of the same sign and will be negative bisec-
tor if (a,ac + b B+ ¢) and (a,0t + b, + c)) are of the
opposite signs.

14. Foor or THE PerPENDIcULAR DRAWN FROM THE
Point (X, y,) To THE LINe ax + by + ¢ =0

P(x1, y1)

A Max+by+c=0B
The foot of the perpendicular from the point (x , y,) to the line
ax+ by + ¢ =0 is given by
=X _»=n__(aqtby+c)
a b (a® +b%)

15. Image oF A Point (X, y,) with ResPect 1o A LinE
Mirror ax + by + c=0

The image of a point (x,, y,) with respect to a line mirror
ax + by + ¢ =0 is given by
=X _ Y2 N g ax,+ by, +c¢
a b a+b?
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P(xla )’1) Y
Rule 6 The image of a point 4 T x
P(at, B) with respect to the line i
y=xis O(B, 0. o
M =08 : : 0
4 ! axtby+e=0 Note: The image of a line X X
| ax + by + ¢ = 0 about the
| liney=xisay+bx+c=0. Y
Q(X2, yz)
' ' Y Rule 7 The image of a point P(c, ) with respect to the line y
Rule 1 The image of a point P = mx, where m = tan 6, is given by
P(o, B) with respect to x-axis ] )
is given by O(a, — B). O(orcos 20+ Bsin 26, o sin 26— B cos 26).
2 o) i Y
Note: The image of the line !
ax + by + ¢ = 0 about x-axis i R M
is given by ax — by + ¢ = 0. Q' <
Y 0 ™ Q
Y X 0 *
Rule 2 The image of a point g
P(a, B) with respect to y-axis Q""" P g
is given by Q(—¢, B).
X Y
Note: The image of the line 0
ax + by + ¢ = 0 about y-axis Note: The image of a line ax + by + ¢ = 0 with respect to the
is given by —ax + by + ¢ =0. M line y = mx, where m = tan 6, is given by
a(ocos 20+ Bsin 26) + b(orsin 26— Bcos 26) +c=0.
Rule 3 The image of a point Y
P(c, B) with respect to the P
origin is given by Q(—c, —f3). 16. RerLECTION OF LiGHT
Note: The image of the | X 0 When you play billiards, you will notice that when a ball
line ax + by + ¢ = 0 with bounces from a surface, the angle of rebound is equal to the
respect to origin is given 0 angle of incidence. This observation is also true with light.
by —ax—by +¢=0. . When an incident light ray strikes a smooth surface (like a
. . plane mirror) at an angle, the angle formed by the incident
Rule 4 The image of a point .
. ray measured from the normal is equal to the angle formed
P(o, B) with respect to the
i o Y by the reflected ray.
ine x = a is given by Q(2a »
—o P P70 Law of Reflection
Note: The image of the | ,, The angle of incidence is equal to the angle of reflection. The
line ax + by + ¢ = 0 with reflected and incident rays lie in a plane that is normal to the
respect to the line x = A is x=a reflecting surface.
given by a(2A —x) + by +
- Y
c=0.
Angle of
Rule 5 The image of a point Y P incidence
P(cr, B) with respect to the line "
y=bis given by O(c, 2b — B). y=b |
- ! Incident ra Reflected
Note: The image of the X 9 Y crecled Ty
line ax + by + ¢ = 0 about 0
the line y = p is ax + b(2u .
. Plane mirror
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22 The vertices of a AABC are A(0, 0), B(0, 2) and C(2, 0).

Levee 1

(Problems based on Fundamentals)

ABC OF COORDINATES

1.

Find the polar co-ordinates of the points whose carte-
sian co-ordinates are (3, —4) and (-3, 4).
Transform the equation 7 = ¢? into cartesian form.

. Transform the equation » = 2a cos @ into cartesian form.

2 2

Transform the equation x_2 + ;;—2 =1 into polar form.

a
Transform the equation 2x* + 3xy + 2)% = 1 into polar
form.

DISTANCE BETWEEN TWO POINTS

6.

7.

10.

11

Find the distance between the points (a cos @, a sinq)
and (a cos B, a sinff), where a > 0.
Find the  distance  between

(3, E) and (7, 5—”)
4 4

the  points

. If the point (x, y) be equidistant from the points (6, —1)

and (2, 3) such that Ax + By + C = 0, find the value of
A+B+C+10.

The vertices of a triangle ABC are A(-2, 3), B( 2, -1)
and C( 4, 0). Find cos 4.

Prove that the points (-4, —1), (-2, —4), (4, 0) and (2, 3)
are the vertices of a rectangle.

Two vertices of an equilateral triangle are (3, 4) and
(-2, 3). Find the co-ordinates of the third vertex.

SECTION FORMULAE

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the point, which divides the line joining the points
(2, 3) and (5, —3) in the ratio 1 : 2.

In what ratio does y-axis divide the line segment join-
ing A(-3, 5) and B(7, 2).

Find the ratio in which the join of the points (1, 2) and
(=2, 3) is divided by the line 3x + 4y =7.

Find the co-ordinates of the points which trisect the
line segment joining (1, —2) and (-3, 4).

The co-ordinates of the mid-points of the sides of a tri-
angle are (1, 1), (3, 2) and (4, 1). Find the co-ordinates
of its vertices.

The co-ordinates of three consecutive vertices of a paral-
lelogram are (1, 3), (—1,2) and (2, 5). Find its fourth vertex.
Find the centroid of AABC, whose vertices are 4(2, 4),
B(6, 4), C(2, 0).

Two vertices of a triangle are (—1, 4) and (5, 2). If its
centroid is (0, —3), find its third vertex.

Find the in-centre of AABC, whose vertices are A(1, 2),
B(2, 3) and C(3, 4).

If a triangle has its orthocentre at (1, 1) and circum-
centre at (3/2, 3/4), find its centroid.

Find the distance between the circum-centre and ortho-
centre.

AREA OF A TRIANGLE

23.

24.

25.

26.

27.

28.

29.

30.

Find the area of a triangle whose vertices are (3, —4),
(7,5) (-1, 10).

Find the area of a triangle whose vertices are (¢, 7 + 2),
(t+3,Hand (¢+2,¢+2).

If A( x, y), B(1, 2) and C( 2, 1) be the vertices of a
triangle of area 6 sq.u., prove that x + y +9 = 0.

Find the area of a quadrilateral whose vertices are
(1, 1),(7,-3), (12,2) and (7, 21).

Find the area of a pentagon whose vertices are (4, 3),
(-5, 6) (0, 07) (3, -6) and (-7, -2).

Prove that the points (a, b + ¢), (b, ¢ + a) and (¢, a + b)
are collinear.

Let the co-ordinates of 4, B, C and D are (6, 3), (-3, 5),

ADBC 1
4, -2) and (x, 3x), respectively and =—, find x.
(4,-2) and (x, 3x), respectively ABC - 2 x

Find the area of a triangle formed by the lines
Tx—-2y+10=0,7x+2y—10=0and 9x+y +2=0.

LOCUS OF A POINT

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

If the co-ordinates of a variable point P be (a cos 0,
a sinf), where 0 is a parameter, find the locus of P.

If the co-ordinates of a variable point P be (a?, 2at),
find the locus of P.

Find the locus of a movable point P, where its distance
from the origin is 3 time its distance from y-axis.

If a point moves in a plane in such a way that its dis-
tance from the point (a, 0) to its distance is equal to its
distance from y-axis. 1 1
If the co-ordinates of a variable point P be (t + ;, t— ;) s

where 7 is a parameter, find the locus of P.

Find the locus of a movable point P, for which the sum
of its distance from (0, 3) and (0, —3) is 8.

A stick of length / slides with its ends on two mutually
perpendicular lines. Find the locus of the mid-point of
the stick.

If O be the origin and 4 be a point on the line y* = 8x.
Find the locus of the mid-point of OA.

If P be the mid-point of the straight line joining the
points A(1, 2) and Q where Q is a variable point on the
curve x*> +3* + x +y = 0. Find the locus of P.

A circle has the centre (2, 2) and always touches x and
y axes. If it always touches a line 4B (where 4 and B lie
on positive x and y axes), find the locus of the circum-
centre of the AOAB, where O is the origin.

Find the locus of a movable point P, for which the dif-
ference of its distances from (2, 0) and (-2, 0) is 6.
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42.

43.

44,

45.

If A(1, 1) and B(-2, 3) are two fixed points, find the
locus of a point P so that the area of APAB is 9 sq.u.
Find the locus of a point whose co-ordinates are given
by x=#+t¢,y=2t+ 1, where ¢ is parameter.

If a variable line X + % =1 intersects the axes at 4 and

a
B, respectively such that &> + b* =4 and O be the origin,
find the locus of the circumcentre of AOAB.

A variable line cuts the x and y axes at 4 and B respec-
tively where OA4 = a, OB = b (O the origin) such that
a® + b*> =27, find the locus of the centroid of AOAB.

TRANSFORMATION OF COORDINATES

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56

Levee 1

Find the equation of the curve 2x? + y? —3x + 5y — 8 =
0, when the origin is shifted to the point (—1, 2) without
changing the direction of the axes.

The equation of a curve referred to the new axes retain-
ing their directions and origin is (4, 5) is x> + 3? = 36.
Find the equation referred to the original axes.

At what point, the origin be shifted if the co-ordinates
of a point (-1, 8) become (-7, 3) ?

If the axes are turned through 45°, find the transformed
form of the equation 3x? + 3y? + 2xy = 2.

Transform to parallel axes through the point (1, -2), the
equation y? — 4x + 4y + 8 = 0.

If a point P(1, 2) is translated itself 2 units along the
positive direction of x-axis and then it is rotated about
the origin in anti-clockwise sense through an angle of
90°, find the new position of P.

If the axes are rotated through il , the equation
x* + y* = &* is transformed to Axy Ao = 0, find the
value of A= 10. -

Transform to axes inclined at 3 to the original axes,

the equation x> + 2x/§y - y*=24%.
What does the equation 2x? +2xy + 3)% — 18x — 22y +
50 = 0 become when referred to new rectangular axes

through the point (2, 3), the new set making r with
the old? 4

If a point P(2, 3) is rotated through an angle of 90°
about the origin in anti-clockwise sense, say at Q, find
the co-ordinates of Q.

If a point P(3, 4) is rotated through an angle of 60°
about the point Q(2, 0) in anti-clockwise sense, say at
R, find the co-ordinates of R.

STRAIGHT LINE

(Problems Based on Fundamentals)

ABC OF STRAIGHT LINE

1.
2.

Find the slope of the line PQ, where P(2, 4) and Q(3, 10).
Find the value of A, if 2 is slope of the line through (2, 5)
and (4, 7).

1.13

Prove that the line joining the points (2,-3) and (-5, 1)
is parallel to the line joining (7,—1) and (0,3).

Prove that the points (a, b + ¢), (b, ¢ + a) and (c, a + b)
are collinear.

. Find the angle between the lines joining the points

0,0),(2,2)and (2,-2) (3, 5).

If the angle between two lines is 45° and the slope of
one of them is 1/2, find the slope of the other line.
Find the equation of a line passing through the point
(2, -3) and is parallel to x-axis.

. Find the equation of a line passing through the point

(3, 4) and is perpendicular to y-axis.
Find the equation of a line which is equidistant from
the lines x = 6 and x = 10.

VARIOUS FORMS OF A STRAIGHT LINE

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Find the equation of a straight line which cuts off an
intercept of 7 units on y-axis and has the slope 3.

Find the equation of a straight line which makes an
angle of 135° with the positive direction of x-axis and
cuts an intercept of 5 units on the positive direction of
y-axis.

Find the equation of a straight line which makes an

a(3) . TP .
angle of tan ! (gj with the positive direction of x-axis

and cuts an intercept of 6 units in the negative direction
of y-axis.

Find the equation of a straight line which cuts off an
intercept of 4 units from y-axis and are equally inclined
with the axes.

Find the equations of bisectors of the angle between the
co-ordinate axes.

Find the equation of a line passing though the point
(2, 3) and making an angle of 120° with the positive
direction of x-axis.

Find the equation of the right bisectors of the line join-
ing the points (1, 2) and (5, 7).

Find the equation of a line which passes through the
point (1, 2) and makes an angle 6 with the positive

direction of x-axis, where cos 8 = ——.

A line passes through the point 4(2, 0) which makes an
angle of 30° with the positive direction of x-axis and is
rotated about 4 in clockwise direction through an angle
of 15°. Find the equation of the straight line in the new
position.

Find the equation of a line passing through the points
(1,2) and ( 3, 4).

The vertices of a triangle are A(10, 4), B(—4, 9) and
C(-2,-1). Find the equation of its altitude through 4.
The vertices of a triangle are A(1, 2), B(2, 3) and
C(5, 4). Find the equation of its median through A4.
Find the equation of the internal bisector of ZBAC
of the AABC, whose vertices are A(5, 2), B(2, 3) and
C(6, 5).
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23. A square is inscribed in a AABC, whose co-ordinates
are A(0, 0), B(2, 1) and C(3, 0). If two of its vertices lie
on the side AC, find the vertices of the square.

24. The line joining the points A(2, 0) and B(3, 1) is rotated
about 4 in the anti-clockwise direction through an angle
of 15°. Find the equation of a line in the new position.

25. Find the equation of a line which passes through the
point (3, 4) and makes equal intercepts on the axes.

26. Find the equation of a line which passes through the
point (2, 3) and whose x-intercept is twice of y-intercept.

27. Find the equation of a line passes through the point
(2, 3) so that the segment of the line intercepted be-
tween the axes is bisected at this point.

28. Find the equation of a line passing though the point
(3, —4) and cutting off intercepts equal but of opposite
signs from the two axes.

29. Find the equation of a line passing through the point
(3, 2) and cuts off intercepts @ and b on x- and y-axes
such thata — b =2.

30. Find the area of a triangle formed by lines x y =0 and
2x +3y=6.

31. Find the equation of a straight line passing through the
point (3, 4) so that the segment of the line intercepted
between the axes is divided by the point in the ratio 2 : 3.

32. Find the equation of the straight line which passes
through the origin and trisect the intercept of the line
3x +4y=12.

33. Find the area of a triangle formed by the lines xy —x—y
+1=0and 3x +4y=12.

34. A straight line cuts off intercepts from the axes of co-
ordinates, the sum of the reciprocals of which is a con-
stant. Show that it always passes through a fixed point.

35. The length of the perpendicular from the origin to a line
is 5 and the line makes angle of 60° with the positive
direction of y-axis. Find the equation of the line.

36. Find the equation of the straight line upon which the
length of the perpendicular from the origin is 2 and the
slope of the perpendicular is 5/12.

DISTANCE FORM OF A STRAIGHT LINE

37. A line passing through the point (3, 2) and making an
angle 6 with the positive direction of x-axis such that
tan 6 = 3/4. Find the co-ordinates of the point on the
line that are 5 units away from the given point.

38. Find the co-ordinates of the points at a distance 42
units from the point (-2, 3) in the direction making an
angle of 45° with the positive direction of x-axis.

39. 1} p(lint P(3, 4) moves in a plane in the direction of

i + j . Find the new position of P.

40. A line joining two points 4(2, 0) and B(3, 1) is rotated
about A4 in anti-clockwise direction through an angle of
15°. Find the new position of B.

41. Find the direction in which a straight line must be
drawn through the point (1, 2) so that its point of inter-
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section with the line x + y = 4 may be at a distance \/z
from the point (1, 2). 3
42. The centre of a square is at the origin and one vertex is
P(2, 1). Find the co-ordinates of other vertices of the
square.
43. The extremities of a diagonal of a square are (1, 1) and
(=2, —1). Find the other two vertices.

44. A line through (2, 3) makes an angle 3777: with the

negative direction of x-axis. Find the length of the line
segment cut off between (2, 3) and the linex + y = 7.

45. If the straight line drawn through the point P(\/g ,2)

. T . .
and making an angle of — with the x-axis meets the

line \/3x — 4y +8=0 at Q. Find the length of PQ.

46. Find the distance of the point (2, 3) from the line
2x — 3y + 9 =0 measured along the line 2x — 2y + 5=0.
47. Find the distance of the point (3, 5) from the line
2x + 3y = 14 measured parallel to the line x — 2y =1
48. Find the distance of the point (2, 5) from the line 3x + y
+ 4 = 0 measured parallel to the line 3x — 4y + 8 =0.
49. A line is drawn through A(4, —1) parallel to the line
3x — 4y + 1 =0. Find the co-ordinates of the two points
on this line which are at a distance of 5 units from 4.

REDUCTION OF A STRAIGHT LINE

50. Reduce x + x/gy +4 =0 into the
(i) slope intercept form and also find its slope and
y-intercept.
(ii) intercept form and also find the lengths of x and y
intercepts.
(iii) normal form and also find the values of p and o

PARALLEL/PERPENDICULAR FORM OF A STRAIGHT LINE

51. Find the location of the points (2, 2) and (3, 5) with
respect to the line
(i) 2x+3y+4=0
(iii) x+y—-7=0
52. Determine whether the point (2, —7) lies on the origin
side of the line 2x +y + 2 = 0 or not.
53. Write the parallel line to each of the following lines.
(1) 3x—4y+10=0 (i) 2x+5y+10=0
(iii)) —x+y—-2012=0 (iv) y=x
(v) x=5 (vi) y=2013
54. Find the equation of a line parallel to 3x +4y +5=10
and passes through (2, 3).
55. Find the equation of a line parallel to 3x —4y + 6 =0
and passing through the mid-point of of the line joining
the points (2, 3) and (4, —1).
56. Find the equation of a line passing through (2, 1) and
parallel to the line joining the points (2, 3) and (3, —1).
57. Write the perpendicular line to each of the following
lines.
(1) 5x-3y+2010=0

(i) 3x—2y+2=0

(i) 3x+5y+2011=0



Straight Lines

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

(i) x+y—-2012=0  (iv) y=2011x

(v) x=2014 (vi) y=2013

Find the equation of a line perpendicular to 2x + 3y —
2012 = 0 and passing through (3, 4).

Find the equation of a line perpendicular to 2x — 3y — 5
= 0 and cutting an intercept 1 on the x-axis.

Find the equation of the right bisectors of the line
joining the points (1, 2) and (3, 5).

Find the equation of the altitude through 4 of A4BC,
whose vertices are A(1, 2), B(4, 5) and C(3, 8).

Find the equation of a line passing through the point of
intersection of the lines 2x + y =8 and x —y = 10 and is
perpendicular to 3x + 4y + 2012 = 0.

Find the distance of the point (4, 5) from the straight
line 3x— 5y +7=0.

The equation of the base of an equilateral triangle be
x+y=2and one vertex is (2, —1). Find the length of the
sides of the triangle.

If a and b be the intercepts of a straight line on the x and
y axes, respectively and p be the length of the perpen-

. .. 1 1 1
dicular from the origin, prove that — + — =

2 B 2
Find the distance between the lines 3x — 4y l=) 5 and
6x—8y+11=0.
Let L has intercepts a and b on the co-ordinate axes.
When the axes are rotated through an angle, keeping
the origin fixed, the same line L has intercepts p and g,

R
provetata—2+———2+—.

b2 q2

ARIA OF A PARALLELOGRAM

68.

69.

If the area of a parallelogram formed by the lines x + 3y
=a,3x—-2y+3a=0,x+3y+4a=0and 3x -2y + 7a
= 0 is md?, find the value of 11m + 30.

Prove that the four lines ax + by + ¢ = 0 enclose a rhom-
2

. 2c
bus, whose area is — .
|ab|

FAMILY OF STRAIGHT LINES

70.

71.

72.

73.

74,

75

Find the point of intersection of the linesx —y+4 =0

and 2x +y = 10.

Prove that the three lines 2x -3y +5=0,3x +4y =7

and 9x — 5y + 8 = 0 are concurrent.

Find the equation of a line which is passing through

the point of intersection of the lines x + 3y — 8 = 0,

2x+3y+5=0and (1, 2).

Find the value of m so that the lines y=x+1,2x + y =

16 and y = mx — 4 may be concurrent.

Ifthe linesax+y+1=0,x+by+1=0andx+y+c

= 0 (where a, b, c are distinct and different from 1) are
1 N 1 + 1 .

l-a 1-b 1-c

If 2a + 3b + 6¢ = 0, the family of straight lines

ax + by + ¢ = 0 passes through a fixed point. Find the

co-ordinates of the fixed point.

concurrent, find the value of
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78. If 4a® + 9b* — ¢* + 12ab = 0, the family of the straight
lines ax + by + ¢ = 0 is either concurrent at (m, n) or
(p, q). Find the value of m + n+ p + g + 10.

79. The family of lines x(a + 2b) + y(a — 3b) = a — b passes
through a fixed point for all values of @ and b. Find the
co-ordinates of the fixed point.

80. Find the equation of a line passing through the point
of intersection of 2x + 3y +1 =10, 3x — 5y —5=0 and
equally inclined to the axes.

81. Find the slope of the lines which make an angle of 45°
with the line 3x —y +5=0.

EQUATION OF STRAIGHT LINES PASSING THROUGH A GIVEN
POINT AND MAKING A GIVEN ANGLE WITH A GIVEN LINE

82. Find the equations of the lines through the
The line makes an angle 45° with the line x — 2y = 3.

83. Avertex of an equilateral triangle is (2, 3) and the equa-
tion of the opposite side x + y = 2. Find the equation of
the other sides of the triangle.

84. Aline 4x + y = 1 through the point 4(2, —7) meets the
line BC, whose equation is 3x — 4y + 1 = 0 at the point
B. Find the equation of the line AC so that 4B = AC.

85. Find the equations of straight lines passing through
(=2, =7) and having an intercept of length 3 between
the straight lines 4x + 3y =12 and 4x + 3y = 3.

86. Find the equations of the lines passing through the
point (2, 3) and equally inclined to the lines 3x —4y =7
and 12x — 5y + 6 =0.

87. Two straight lines 3x +4y =5 and 4x — 3y = 15 intersect
at 4. Points B and C are chosen on these lines such that
AB = AC. Determine the possible equations of the line
BC passing through the point (1, 2).

88. Two equal sides of an isosceles triangle have the equations
7x—y+3=0andx+y=3 and its third side passes through
the point (1, —10). Find the equation of the third side.

EQUATIONS OF BISECTORS

89. Find the equations of the bisectors of the angle between
the straight lines 3x —4y+7=0and 12x + 5y -2 =0.

90. Find the equation of the bisectors bisecting the angle
containing the origin of the straight lines 4x + 3y = 6
and 5x + 12y +9=0.

91. Find the bisector of the angle between the lines 2x + y
=6 and 2x — 4y + 7 =0, which contains the point (1, 2).

92. Find the equation of the bisector of the obtuse angle
between the lines 3x —4y + 7 =0 and 12x + 5y = 2.

93. Find the bisector of the acute angle between the lines
x+y=3and 7x—y+5=0.

94. Prove that the length of the perpendiculars drawn
from any point of the line 7x — 9y + 10 = 0 to the lines
3x+4y=>5and 12x + 5y = 7 are the same.

95. Find the co-ordinates of the incentre of the triangle
whose sides are x + 1 =0,3x -4y =5, 5x + 12y =27.

96. The bisectors of the angle between the lines

y=+3x+3 and 3y =x+3v3 meet the x-axis re-
spectively, at P and Q. Find the length of PQ.
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97.

98.

Two opposite sides of a rhombus arex+y=1andx+y
= 5. If one vertex is (2, —1) and the angle at that vertex
be 45°. Find the vertex opposite to the given vertex.
Find the foot of perpendicular drawn from the point
(2, 3) to the line y = 3x + 4.

IMAGE OF A POINT WITH RESPECT TO A STRAIGHT LINE

99.

100.

101.

102.

103.

104.

Find the image of the point (-8, 12) with respect to the
line mirror 4x + 7y + 13 =0.

Find the image of the point (3, 4) with respect to the
line y = x.

If (-2, 6) be the image of the point (4, 2) with respect to
the line L = 0, find the equation of the line L.

The image of the point (4, 1) with respect to the line y =x
is P. If the point P is translated about the line x = 2, the
new position of P is Q. Find the co-ordinates of Q.

The image of the point (3, 2) with respect to the line x =4

is P. If P is rotated through an angle il about the origin

in anti-clockwise direction. Find the new position of P.
The equations of the perpendicular bisectors of the
sides AB and AC of AdBC arex—y+5=0and x + 2y
=0, respectively. If the point 4 is (1, —2), find the equa-
tion of the line BC.

REFLECTION OF A STRAIGHT LINE

105.

106.

107.

108.

Levee I

1.

A ray of light is sent along the line x — 2y = 3. Upon
reaching the line 3x — 2y =5, the ray is reflected from it.
Find the equation of the line containing the reflected ray.
A ray of light passing through the point (1, 2) is re-
flected on the x-axis at a point P and passes through the
point (5, 3). Find the abscissa of the point P.

A ray of light is travelling along the line x = 1 and gets
reflected from the line x +y =1, find the equation of the
line which the reflected ray travel.

A ray of light is sent along the line x — 6 y = 8. After re-
fracting across the line x + y =1, it enters the opposite side
after turning by 15° away from the line x + y = 1. Find the
equation of the line along with the reflected ray travels.

(Mixed Problems)

If P(1, 2), O(4, 6), R(5, 7) and S(a, b) are the vertices of
a parallelogram PORS, then

(@) a=2,b=4 (b) a=3,b=4

() a=2,b=3 (d) a=3,b=5

. The extremities of the diagonal of a parallelogram are

the points (3, —4) and (-6, 5). Third vertex is the point
(=2, 1), the fourth vertex is
(@ (1,1
(c) (0, 1)

(b) (1,0)
(d) (-1,0)

. The centroid of a triangle is (2, 3) and two of its verti-

ces are (5, 6) and (-1, 4). Then the third vertex of the
triangle is
(@ (2,1
(© (1,2)

(b) 2,-D
(d (1,-2)

10.

I1.

12.

13.

14.

15.
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If a and b are real numbers between 0 and 1 such that
the points (a, 1), (1, b) and (0, 0) form an equilateral
triangle, then a, b are

(@) 2-3,2-43 b)) V3-1,43-1

(©) V2 - 1, V2 -1 (d) None

. If O be the origin and Q (x,, y,) and Q,(x,, ,) be two

points, then OQ,00, cos (£Q,0Q,) is

(@) xy, tx,, (b) (7 +y7) () +y,)

(© (r—x)+0,-y) (@ xx,+yy,

If the sides of a triangle are 3x + 4y, 4x +3 and 5x + Sy
units, where x > 0, y > 0, the triangle is

(a) right angled (b) acute angled

(c) obtuse angled (d) isosceles

A triangle is formed by the co-ordinates (0, 0), (0, 21) and
(21, 0). Find the number of integral co-ordinates strictly
inside the triangle (integral co-ordinates of both x and y)
(a) 190 (b) 105 (c) 231 (d) 205

. The set of all real numbers x, such that x> + 2x, 2x + 3

and x* + 3x + 8 are the sides of a triangle, is

(a x>4 () x>5 (c) x<5 (d) x<4
The area of a triangle with vertices at the points
(a,b+c),(b,cta)and (c,a+t b)is

(a 0 (b) at+b+c

(c) ab+bc+ca (d) none

If the vertices of a triangle ABC are (A, 2 —2A), (A + 1,
22) and (4 — A, 6 — 2A). If its area be 70 sq. units, the
number of integral values of 4 is

(a) 1 (b) 2 () 3 (d) 4

If the co-ordinates of points 4, B, C and D are (6, 3),
(-3, 5), (4, -2) and (x, 3x), respectively and if

AABC 1 .

——=—,thenxis

ADBC 2

(a) 8/11 (b) 11/8 (c) 7/9 (d 0

The area of a triangle is 5 and two of its vertices are
A2, 1), B(3,-2). The third vertex which lies on the line

y=x+31is

7 13 55
@ (3:3) ® (33)
(d) (0,0)

33
© (-3:3)
If the points (2%, k), ( k, 2k) and (k, k) with k > 0 en-
closes a triangle of area 18 sq. units, the centroid of the
triangle is equal to
(a) (8,8) (b) (4,4
(©) (~4,-4) d) (42,43)

If r be the geometric mean of p and g, the line px + gy

+r=0

(a) has a fixed direction

(b) passes through a fixed point

(c) forms with the axes of a triangle of

(d) sum of its intercepts on the axes Constant area is
constant.

A line passing through the point (2, 2) cuts the axes of

co-ordinates at 4 and B such that area OAB =k (k > 0).

The intercepts on the axes are the roots of the equation
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

(@) ¥*—kx+2k=0 (b) x*—2kx+k=0

(¢) X*+hkxt2k=0 (d) *+hkx+k=0

If A and B be two points on the line 3x+4 y+15=0 such
that O4 = OB = 9 units, the area of the triangle OA4B is
(@ 92 (b 18V2 (¢) 1242  (d) None.
The line segment joining the points (1, 2) and (-2, 1) is
divided by the line 3x + 4y = 7 in the ratio

(a) 3:4 (b) 4:3 (c) 9:4 (d) 4:9

If a straight line passes through (x, y,) and its segment
between the axes is bisected at this point, its equation
is given by

(b) 2(xy, +x ) =x, ¥,

(d) None.

A straight line through the point P(3, 4) is such that its
intercept between the axes is bisected at P. Its equation is
(@) 3x—4y+7=0 (b) 4x+3y=24

(¢) 3x+4y=25 (d) x+y=7

If the lines 4x + 3y =1,y =x + 5 and bx + 5y = 3 are
concurrent, then b is

(@) 1 (b) 3 (c) 6 (d o

The linesax + by +c=0,bx+cy+a=0andcx +ay +
b = 0 are concurrent if

(a) Xa®*=3abc (b) Za*=0

(¢) Xa*>=Zab (d) None
Thelinesax+2y+1=0,bx+3y+1=0andcx +4y +
1 =0 are concurrent if a, b, ¢ are in

(a) AP (b) GP (c) HP (d) none
Ifthelinesax+y+1=0,x+by+1=0andx+y+c=
0 (a, b, c are distinct and not equal to 1) are concurrent,

the value of ! + ! + !
l-a 1-b 1-c¢

(@) 0 b) 1 (c) 2 (d) none
The points (—a, —b), (0, 0), (a, b) and (&2, ab) are
(a) collinear (b) vertices of a rectangle
(c) vertices of a (d) none

parallelogram
If25p* + 9¢* — ¥* — 30pg = 0, a point on the line px + gy
+r=01is
(@) (5,3) (b (1,2) (¢) (0,00 (d) (5,3)
The set of lines ax + by + ¢ =0 where 3a +2b+4c =0
are concurrent at the point
(@ (3,2) () 2,4 (c) (3/4,%) (d) None.
If a, b, ¢ are in AP, the straight line a + by + ¢ = 0 will
always pass through the point
(@ (L) () 22 (© 2D @ (1,-2)
The equation of the line which passes through the point
(-3, 8) and cuts off positive intercepts on the axes
whose sum is 7, is
(a) 3x—4y=12 (b) 4x+3y=12
(c) 3x+4y=12 (d) 4x-3y=12
If a pair of opposite vertices of parallelogram are (1, 3)
and (-2, 4) and the sides are parallel to 5x —y = 0 and
7x +y =0, the equation of a side through (1, 3) is
(a) 5x—-y=2 (b) 7x+y=10
(c) 5x—y+14=0 (d 7x+y+10=0

is

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
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The point P(a, b) and Q(b, a) lie on the lines 3x + 2y —
13 =0and 4x —y — 5 =0. The equation of the line PQ is
(a) x—y=5 (b) x+y=5

(c) x—y=-5 (d) x+ty=-5

The sides AB, BC, CD and DA of a quadrilateral are
x+2y=3,x=1,x-3y=4,5x+y+ 12 =0 respectively.
The angle between diagonals AC and BD is

(a) 45° (b) 60° (c) 90° (d) 30°

Let PS be the median of the triangle with vertices
P(2,2), O(6,—1) and R (7, 3). The equation of the line
passing through (1, —1) and parallel to PS is

(a 2x-9y-7=0 (b) 2x-9y-11=0

() 2x+9y—-11=0 (d 2x+9y+7=0

The equation of the base of an equilateral triangle is
x +y=2and the vertex is (2, —1). The length of its side is

1 3 2
(a) @ (b) @ (©) \E @ 2

The distance between the lines 4x + 3y =11 and 8x + 6y
=151is

@) 72  (b) 7/3

1+ i 2+ ij
27T 2
two parallel lines x + 2y = 1 and 2x + 4y = 15, the range
of A is given by
42 5\2
(a) 0<l<% (b) 5 <A<—6

(c) —# <A<0
The sum of the abcissae of all the points on the line
x + y = 4 that lie at a unit distance from the line 4x +
3y—10=01is

(a) -4 (b) -3 (c) 3 (d) 4

If the algebraic sum of the perpendicular distances from
the points (2, 0), (0, 2), (1,1) to a variable straight line
be zero, the line passes through a fixed point whose
co-ordinates are

(@ (1,1) (b) (2,2) (¢) (0,0) (d) None

If a, b and c are related by 4a*> + 96> — 9¢* + 12ab =0,
the greatest distance between any two lines of the fam-
ily of lines ax + by + ¢ =0 is )

(a) 4/3 (b) EXx/E
(©) 313 (d o

If the axes are turned through an angle tan™! 2, the equa-
tion 4xy — 3x? = a*> becomes

(a) xX2—4y* =24 (b) x*—4y*=a?

(c) X*+4*=a? (d) x*-2x°=a?

The number of integral values of m for which the x co-
ordinate of the point of intersection of the lines 3x + 4y
=9 and y =mx + 1 is also an integer, is
(@ 2 (b) 0 (c) 4
Given the family of lines
a@x+y+4)+b(x-2y-3)=0.

The number of lines belonging to the family at a dis-
tance /10 from any point (2, -3) is
(@ 0 (b) 1 (c) 2

) 7/5 ) 7/10

A variable point ( lies in between

(d) none

(d) 1

(d) 4
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

If — + Y21 be any line through the intersection of
x Z—1 and—+——1 then
a b b a
1 1 1 1 1 1 1 1
a) —+t—=—+— b) —+—=—+—
(@) c d a b ®) a d c b
1 1 1 1
c) —+—=—+— d) None.
© yto=—t— (@ )
The point of intersection of the lines —+%:1 and
a
2+ 2 =1 lies on the line
a
(@ x-y=0

(b) (x+y)(a+tb)=2ab

(©) (px+qy)(a+b)=(p+qab

(d) (px—qy)(a-b)=(p—q)ab

The equation of the right bisector of the line segment
joining the points (7, 4) and (-1, -2) is

(a) 4x+3y=10 (b) 3x—-4y+7=0

(c) 4x+3y=15 (d) none

The points (1, 3) and (5, 1) are two opposite vertices of
arectangle. The other two vertices lie on the line y = 2x
+ ¢, the other vertices and ¢ are

(@ (1,1),2,3),c=4 (b) 4,4,2,0),c=-4

(¢) (0,0),(5,4),c=3 (d) none

The four lines ax + by + ¢ = 0 enclose a

(a) square

(b) parallelogram

(c) rectangle 202

(d) rhombus of area <
ab

The area bounded by the curves y =
x|+ 1is

(@ 1 (b) 2 © 242 (d) 4

The area of the parallelogram formed by the lines
y=mx,y=mx+1,y=nxandy=nx+11is

x| =1 and y =

|m+n| 2
(@) P (b) ]
© — @ —

|m + n| |m — n|

The line which is parallel to x-axis and crosses the
curve y = Jx atan angle of 45° is

(@ x=% () y=W (c)y="% (dy=1
The reflection of the point (4, —13) in the line 5x + y +
6=0is

(a) (-1,-14) () 3.4

(¢ (1,2) (d) (-4,13)

The area enclosed within the curve |x| + |[y| =1 is
(a) 4 b 2 (©) 1 d 3

The incentre of the triangle formed by the lines x = 0,
y=0and3x+4y=121is

11 1 1
o man (Y ol

53.

54.

55.

56.

57.

58.

59.

60.

61.
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The incentre of the triangle formed by the axes and the
line Z+2=1 is
a b
a b a b
b
® (2 2) ®) (3 3)
ab ab
© 2, 42’ 2, 22
a+b+\/a +b a+b+\/a +b
(d) ab ab
a+b+~Jab a+b+-ab
The orthocentre of a triangle whose vertices are (0, 0),
(3,4),(4,0)is
7 5)
a — b) |3,—
@ (3.7] o (3.2
3
© (5,-2) @ |35
The orthocentre of the triangle formed by the lines xy =
Oandx+y=1is
11
- = b
® (2 2) ®) (3 3)
¥ o (L)
© (0,0) @ |33
The mid-points of the sides of a triangle are (5, 0),
(5, 12) and (0, 12). The orthocentre of the triangle is
(@) (0,0) (b) (10,0)
© (0.24) @ (? 8)
One side of an equilateral triangle is the line 3x + 4y +
8 =0 and its centroid is at O(1, 1). The length of its side
is

(a) 2 ® V5 © 653 (@ V7
The incentre of the triangle with vertices (1, ND)) ,(0,0)
and (2, 0) is

B 5%)
(a) (1,7 (b) ENNE)

= &

Let P (-1, 0), (0, 0) and R (3, 3\/5) be three points.
Then the equation of the bisector of the ZPQOR is

(a) gﬁy:o (b) x+-3y=0

© y+x3=0 (d) x+§y=0

The vertices of a triangle ABC are (1, 1), (4, —2) and
(5, 5), respectively. The equation of the perpendicular
dropped from C to the internal bisector of £4 is

(a) y=5 (b) x=5

() 2x+3y=17 (d) none

The vertices of a triangle are A(-1, —7), B(5, 1) and
C (1, 4). The equation of the internal bisector of the
ZABC is



Straight Lines

62.

63.

64.

65.

66.

67.

Levee N

1.

(a) 3x—-7y=8 b) x-Ty+2=0

() 3x-3y-7=0 (d) none

The bisector of the acute angle formed between the
lines 4x —3y +7=0and 4x —4y + 1 4 = 0 has the equa-
tion

(@) x+y=7 b) x—y+3=0

(c) 2x+y=I11 (d) x+2y=12

The opposite angular points of a square are (3, 4) and
(1, -1), the other two vertices are

15 9 1 9 1 7 1
(@) (‘5’5)’(5’5) ®) (5’5)’(5’5)

7 1 7 1 7 1 7 9
© (533)’(‘5"5) @ (‘5"5)’(‘5"5)

A line through 4(-5, —4) meets the lines x + 3y +2 =0,
2x+y+4=0andx—y—-5=0atB, Cand D, respec-

2 2 2

tively. If (1—5) + (ij = (i) , the equation of
AB AC AD

the line is

(a) 2x+3y+22=0 (b) 5x—4y+7=0

() 3x-2y+3=0 (d) none

The equation of the lines through the point (2, 3) and

making an intercept of length 2 units between the lines

2x+y=3and 2x+y =15 are

(@) x+3=0,3x+4y=12

(b) y—2=0,4x-3y=6

(c) x—2=0,3x+4y=18

(d) none

Aline is such that its segment between the straight lines

Sx —y =4 and 3x + 4y = 4 is bisected at the point (1, 5).

Its equation is

(a) 23x-7y+6=0 (b) 7x+4y+3=0

(c) 83x—35y+92=0 (d) None

A straight line through the origin O meets the parallel

lines 4x + 2y =9 and 2x + y + 6 = 0 at points P and Q,

respectively. Then the point O divides the segment PO

in the ratio

(a) 1:2 (b) 3:4

(c) 2:1 (d) 4:3

(Problems for JEE Advanced)

Derive the conditions to be imposed on f so that (0, f3)
should lie on or inside the triangle having sides y + 3x
+2=0,3y—-2x-5=0and4y+x—-14=0

Find the number of integral values of m, for which the
x-co-ordinate of the point of intersection of the lines
3x +4y=9and y = mx + 1 is also an integer.

. Let P=(-1,0), 0 = (0, 0) and R=(3,33) be three

points. Find the equation of the bisector of the LPQOR.
A straight line through the point (2, 2) intersects the lines

V3x+y=0and Bx—y=0atthe points A and B. Find
the equation to the line 4B so that the AOAB is equilateral.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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The area of the triangle formed by the intersection of a
line parallel to x-axis and passing through P(h, k) with
the lines y = x and x + y = 2 is 4h%. Find the locus of the
point P.

Two rays in the first quadrantx + y =|a|and ax —y =1
intersects each other in the interval a € (a,, «). Find the
value of a,.

A variable line is at constant distance p from the origin
and meets the co-ordinate axes in 4 and B. Show that

. 1 1 9
the locus of the centroid of the AOAB is — +—=—.
X y

p
The line segment joining 4(3, 0) and B(5, 2) is rotated
about 4 in the anti-clockwise direction through an an-
gle of 45° so that B goes to C. If D(x, y) is the image of
C with respect to y-axis, find the value of x + y + 7.

. Find the equation of the line passing through the point

(4, 5) and equally inclined to the lines 3x — 4y = 7 and
S5p—12x=6.
If A(3, 0) and C(-2, 5) be the opposite vertices of a
square, find the co-ordinates of remaining two vertices.
For what values of the parameter m does the point
P(m, m + 1) lie within the AABC, the vertices of which
are A(0, 3), B(-2, 0) and C(6,1)?
A straight line passes through the point (4, k) and this
point bisects the part of the intercept between the axes.
Show that the equation of the straight line is

i + l = 1

2h 2k
Find the values of the parameter m for which the points
(0, 0) and (m, 3) lie on the opposite lines 3x + 2y — 6 =
Oandx—4y+16=0.
If A(0, 3) and B(-2, 5) be the adjacent vertices of a
square. Find the possible co-ordinates of remaining
two vertices.
Find the co-ordinates of two points on the line x + y
= 3 which are situated at a distance /8 from the point
(2, 1) on the line.
If a and b be variables, show that the lines (a + b)x +
(2a — b)y = 0 pass through a fixed point.
Determine all values of o for which the point (a, o?)
lies inside the triangle formed by the lines 2x + 3y -1 =
0,x+2y—-3=0and 5x—-6y—1=0.
The points (1, 3) and (5, 1) are two opposite vertices of
a rectangle. The other two vertices lie on the line y = 2x
+ ¢. Find ¢ and the remaining two vertices.
A vertex of an equilateral triangle is (2, 3) and the equa-
tion of the opposite side is x + y = 2. Find the equation
of the other two sides.
Two consecutive sides of a parallelogram are 4x + S5y
=0 and 7x + 2y = 0. If the equation to one diagonal is
11x + 7y =9, find the equation of the other diagonal.
A ray of light coming from the point (1, 2) is reflected
at a point 4 on the x-axis and then passes through the
point (5, 3). Find the point 4.
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Levee IV

1.

A man starts from the point P(—3, 4) and reaches the
point Q(0, 1) after touching the line 2x + y = 7 at R.
Find R on the line so that he travels along the shortest
path.

2
A ray of light is sent along the straight line y = Ex -4.

On reaching the x-axis, it is reflected. Find the point of
incidence and the equation of the reflected ray.

If the point (a, a) is placed in between the lines |x + y| =
4, find a.

The equations of two sides of a triangle are 3x — 2y + 6
=0 and 4x + 5y =20 and the orthocentre is (1, 1). Find
the equation of the third side.

Two vertices of a triangle are (4, —3) and (-2, 5) . If the
orthocentre of the triangle is (1, 2), prove that the third
vertex is (33, 26).

The equations of the perpendicular bisectors of the
sides AB and AC of a AdBC arex —y +2=0and x +
2y = 0, respectively. If the point 4 is (1, —2), find the
equation of the line BC.

A line 4x + y = 1 through the point 4(2, —7) meets the
line BC whose equation is 3x — 4y + 1 = 0 at the point
B. Find the equation of the line AC, so that AB = AC.
Find the equations of the straight lines passing through
(-2, —=7) and having an intercept of length 3 between
the straight lines 4x + 3y = 12 and 8x + 6y = 6.

IfA(1, p?), B(0, 1), C(p, 0) are the co-ordinates of three
points, find the value of p for which the area of the
AABC is minimum.

The straight lines 3x + 4y =5 and 4x — 3y = 15 intersect
at A. Points B and C are chosen on these lines, such that
AB = AC. Determine the possible equations of the line
BC passing through the point (1, 2).

The centre of a square is at the origin and one vertex
is A(2, 1). Find the co-ordinates of other vertices of the
square.

Two equal sides of an isosceles triangle are 7x —y + 3 =
0 and x +y —3 =0 and its third side passes through the
point (1, —10). Find the equation of the third side.

Two opposite sides of a rhombus are x + y = 1 and
x+y=>5.If one vertex is (2, —1) and the angle at the ver-
tex is 45°. Find the vertex opposite to the given vertex.
Two sides of a thombus ABCD are parallel to the lines
y=x+2andy="7x+ 3. If the diagonals of the rhombus
intersect at the point (1, 2) and the vertex 4 is on y-axis.
Find the possible co-ordinates of 4.

(Tougher Problems for JEE
Advanced)

The equation of two sides of a parallelogram are
3x—2y+12=0and x — 3y + 11 = 0 and the point of
intersection of its diagonals is (2, 2). Find the equations
of other two sides and its diagonal.

10

11.

12.

13.

14

15.

16
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Let the point B is symmetric to 4 (4, —1) with respect to
the bisector of the first quadrant. Find 4B.

A line segment 4B through the point 4(2, 0) which
makes an angle of 30° with the positive direction of
x-axis is rotated about A4 in anti-clockwise direction
through an angle of 15°. If C be the new position of the
point B(2 + V3, 1), find the co-ordinates of C.

The point (1, —2) is reflected in the x-axis and then
translated parallel to the positive direction of x-axis
through a distance of 3 units, find the co-ordinates of
the point in the new position.

A line through the point A(2, 0) which makes an angle
of 30° with the positive direction of x-axis is rotated
about 4 in anti-clockwise direction through an angle
of 15°. Find the equation of the straight line in the new
position.

A line x — y + 1 = 0 cuts the y-axis at 4. This line is
rotated about 4 in the clockwise direction through 75°.
Find the equation of the line in the new position.

. The point (1, 1) is translated parallel to the line y = 2x

in the first quadrant through a unit distance. Find the
new position of the point.

. Two particles start from the same point (2, —1), one

moving 2 units along the line x + y = 1 and the other
5 units along the line x — 2y = 4. If the particles move
towards increasing y, find their new positions and the
distance between them.
If a line 4B of length 2/ moves with the end 4 always
on the x-axis and the end B always on the line y = 6x.
Find the equation of the locus of the mid-point of AB.
The opposite angular points of a square are (3, 4) and
(1, -1). Find the co-ordinates of the other two vertices.
[Roorkee, 1985]
Two vertices of a triangle are (4, —3) and (-2, 5). If
the orthocentre of the triangle is at (1, 2). Find the co-
ordinates of the third vertex. [Roorkee, 1987]
A line is such that its segment between the straight lines
Sx—y—4=0and 3x +4y—4=0is bisected at the point
(1, 5). Obtain its equation. [Roorkee, 1988]
The extremities of the diagonal of a square are (1, 1)
and (-2, —1). Obtain the other two vertices and the
equation of the other diagonal. [Roorkee, 1989]
A variable straight line passes through the point of in-
tersection of the lines x + 2y =1 and 2x — y = 1 and
meets the co-ordinate axes in 4 and B. Find the locus
of the mid-point of 4B. [Roorkee, 1989]
A variable line, drawn through the point of intersection

of the straight lines 2421 and %-f- pA 1, meets
a a

the co-ordinates axes in 4 and B. Find the locus of the

mid-point of AB. [Roorkee, 1989]

A line joining 4(2, 0) and B(3, 1) is rotated about 4 in

anti-clockwise direction through. If B goes to C in the

new position, what will be the co-ordinates of C?
[Roorkee, 1989]
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17.
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19.

20.

21.

22.

23.

24.

25

Which pair of points lie on the same side of 3x — 8y —7
=0?

(a) (0,-1)and (0, 0)
(¢) (3,-4)and (1,2)

(b) (4,-3)and (0, 1)
(d) (-1,-1)and (3, 7)
[Roorkee, 1990]
Determine the conditions to be imposed on f so that
(0, B) should lie on or inside the triangle having sides
y+3x+2=0,3y-2x-5=0and4y+x—-14=0.
[Roorkee Main, 1990]
Aray of light is sent along the line x —2 y—3 = 0. Upon
reaching the line 3x — 2y — 5 = 0, the ray is reflected
from it. Find the equation of the line containing the re-
flected ray. [Roorkee Main, 1990]
A line parallel to the straight line 3x —4y —2 =0 and at
a distance 4 units from it is
(@) 3x—4y+30=0
(©) 3x—4y+18=0

(b) 4x-3y+12=0

(d) 3x—-4y+22=0
[Roorkee, 1991]

The equation of a straight line passing through (-5, 4)

which cuts an intercept of V2 between the lines x + y
+1=0andx+y—-1=0is
(a) x-2y+13=0

() x—y+9=0

(b) 2x—y+14=0
(d) x—y+10=0
[Roorkee, 1991]
P(3, 1), O(6, 5) and R(x, y) are three points such that
the ZPRQ is a right angle and the area of ARPQ =7,
the number of such points R is
(@ o0 (b) 1 (c) 2 (d) infinite
[Roorkee, 1992]
P is a point on either of the two lines y — x/g\x| =2 at
a distance of 5 units from their point of intersection, the
co-ordinates of the foot of the perpendicular from P on
the bisector of the angle between them are

@ (o, 4+5\Bj0r(0’ 4—5\5)
2 2
depending on which line P is taken

© ( 0 4t 25«5 j
s

. (z ﬂ)
272

If one of the diagonals of the square is along the line x
= 2y and one of its vertices is 4(3, 0), its sides through
the vertex A are given by

(@ y+3x+9=0;3y+x-3=0

®) y-3x+9=0;3y+x-3=0

() y-3x+9=0;3y—x+3=0

(d y-3x+3=0;3y+x+9=0 [Roorkee, 1993]
The sides AB, BC, CD and DA of a quadrilateral have
the equations x + 2y =3, x=1,x—-3y=4and 5x + y +
12 = 0 respectively. Find the angle between the diago-
nals AC and BD. [Roorkee Main, 1993]

[Roorkee, 1992]
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Given vertices A(1, 1), B(4, —2) and C(5, 5) of a tri-
angle, find the equation of the perpendicular dropped
from C to the interior bisector of the £4.
[Roorkee Main,1994]
The co-ordinates of the foot of the perpendicular from
the point (2, 4) on the line x + y =1 are
(a) (1/2,3/2) (b) (-1/2,3/2)
(c) (4/3,%) (d) (3/4,-1/2)
[Roorkee, 1995]
All points lying outside the triangle formed by the
points (1, 3), (5, 0) and (-1, 2) satisfy
(a) 2x+y>0 (b) 2x+y-13>0
() 2x+y—-12<0 (d 2x+y<o0.
[Roorkee, 1995]
In a AABC, the equation of the perpendicular bisector
of ACis 3x -2y + 8 = 0. If the co-ordinates of the points
A and B are (1, —1) and (3, 1), respectively, find the
equation of the line BC and the centre of the circum-
circle of the AABC.
[Roorkee Main, 1995]
Two sides of a rhombus, lying in the first quadrant are
given by 3x — 4y = 0 and 12x — 5y = 0. If the length
of the longer diagonal is 12, find the equations of the
other two sides of the rhombus.
[Roorkee Main, 1996]
What is the equation of a straight line equally inclined
to the axes and equidistant from the points (1, —2) and
(3, 4)? [Roorkee, 1997]
If the points (24, a), (a, 2a) and (a, a) enclose a triangle
of area 8, find the value of a.
(a x—y-2=0 (b) x+y-2=0
() x—y—-1=0 d x+y-1=0
[Roorkee, 1997]
One diagonal of a square 7x + 5y = 35 intercepted by
the axes. Obtain the extremities of the other diagonal.
[Roorkee Main,1997]
The equations of two equal sides 4B and AC of an isos-
celes triangle ABC are x + y = 5 and 7x — y = 3, respec-
tively. Find the equations of the side BC if the area of
the AABC is 5 sq. units. [Roorkee, 1999]
Find the position of the point (4, 1) after it undergoes
the following transformations successively:
(i) reflection about the line y =x—1
(i1) translation by one unit along x-axis in the positive
direction.

. v/ L
rotation through an angle 7 about the origin in

the anti-clockwise direction.
[Roorkee Main, 2000]

36 Two vertices of a triangle are at (-1, 3) and (2, 5) and

its orthocentre is at (1, 2). Find the co-ordinates of the
third vertex.
[Roorkee Main, 2001]
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Integer Type Questions

1. Let the algebraic sum of the perpendicular distances
from the points (3, 0), (0, 3) and (2, 2) to a variable
straight line be zero, the line passing through a fixed
point whose co-ordinates are (p, q), where 3(p + ¢q) — 2
is....

2. Ifthe distance of the point (2, 3) from the line 2x — 3y +
9 = 0 measured along the line 2x — 2y + 5=0is d2,
find (d + 2).

3. Find the number of possible straight lines passing
through (2, 3) and forming a triangle with co-ordinate
axes, whose area is 12 sq. units.

4. Find the number of integral values of m for which the
x-co-ordinate of the point of intersection of the lines
3x+4y=9and y = mx + 2 is also an integer.

5. Find the area of the parallelogram formed by the lines
y=2x,y=2x+1,y=xandy=x+1.

6. If one side of a rhombus has end-points (4, 5) and (1, 1)
such that the maximum area of the rhombus is 5m sq.
units, find m.

7. Find the area of a rhombus enclosed by the lines x £ 2y
+2=0.

8. P(x, y) be a lattice point if x, y € N. If the number of
lattices points lies inside of a triangle form by the line
x +y =10 and the co-ordinate axes is m(m + 5), find m.

9. P(x, y) be an IIT point if x, y € I*. Find the number of
IIT points lying inside the quadrilateral formed by the
lines2x+y=6,x+y=9,x=0and y=0.

10. If the point P(a?, a) lies in the region corresponding to
the acute angle between the lines 2y = x and 4y = x such
that the value of a lies in (p, g), where p, g € N, find the
value of (p + g + 1).

Comprehensive Link Passage

Passage |

Sometimes we do not take x-axis and y-axis at 90° and as-
sume that they are inclined at an angle . Let OX and OY,
the x-axis and the y-axis respectively, are inclined at an angle
. Let P be a point on the plane. Draw parallel lines from P
parallel to y- and x-axis. We will write PN =x and PM =y and
will say that the co-ordinates of P are (x, y), where such axes
are called oblique axes.

1. The distance of P(x, y) from origin must be

(@ ¥+ () ¥+ =2 sin 0

(© \/x2 er2 —2xycosw (d) none

2. If M(x,, y,) and N(x,, y,) be two points in oblique sys-
tem, the co-ordinates of the mid-points of 4 and B are

(a) (Xl"‘xz yl"‘)’z)
2 72

+y, .
24! yzsma)j

(b) (x‘ J;x2 sin o,

Coordinate Geometry Booster

+ +
(c) (xl 2x2 cos w, 24| 2y2 cos w)

(d) none
3. Ifaline makes intercepts a and b on x and y axes (obvi-
ously oblique axes), its equation be

(@) ——+—2—=1
acosw bcosw

Xy
b) —+=—=1
(b) PR
© —X +—¥
bcosw acosw
(d) none

4. If axes are inclined at 45°, the radius of the circle x? +
xy+)y*—4x—-5y-2=0is
(a) 2 (b) 4 @ 5
Passage 11
Let us consider a rectangular co-ordinate system OX and OY
be rotated through an angle 0 in the anti-clockwise direction.
Then we get a new co-ordinate system OX and OY'. If we
consider a point P(x, ) in the old co-ordinate system and
P(X, Y) in the new co-ordinate system, we can write
x=XcosO—Ysinfand y =X sinf+ Y cos6.

(c) 3

Then

1. The value of X is
(a) Xcos@+ Ysinf (b) Xsin@+ Y cosO
(¢) Xcosf@-Ysind (d) X'sin6- Y cos6.

2. The equation of a curve in a plane 17x? — 16xy + 17)?
= 225.Through what angle must the axes be rotated, so
that the equation becomes 9X? + 25Y%=225?

(a) 30° (b) 45° (c) 60° (d 75°

3. If the axes be rotated at 45°, the equation 17x> —16xy
+ 17y? = 225 reduces to AX? + BY? = (2, the value of
A+B+Cis
(a) 59 (b) 50 (c) 58 (d) 57.

4. If the axes are rotated through 45°, the equation
3x? + 2xy + 3y? = 2 reduces to
(a) X2+27%=1 (b) 2X2+71?2=1
(¢) 2X*+37%2=1 (d) 5x*+37*=1.

5. The equation 4xy — 3x? = a* become when the axes are
turned through an angle tan™! 2 is
(a) ¥ +4y* =4 (b) X*—4*=a*

(c) 4x?+y*=a? (d) 4x*—y*=d%.
Passage I11
The equations of adjacent sides of a parallelogram are x + y +

1 =0and 2x — y + 2 = 0. If the equation of one of its diagonal
is 13x — 2y — 32 = 0. Then the

1. equation of the diagonal must be
(a 7x-8 +1=0 (b) 2x-y=0
() 2x—y=17 (d) 3x+4y=5
2. area of the given parallelogram must be

(a) 45 (b) 452 () 35 () 42
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3. equation of the side of the parallelogram opposite to
the given side 2x —y + 2 = 0 must be

(@ 2x—y+5=0 (b) 2x—y=0
() 2x—y=17 (d) x+3y=4
Passage IV

The vertex C of a right-angled isosceles AABC is (2, 2) and
the equation of the hypotenuse 4B is 3x + 4y = 4. Then
1. the equations of the sides 4C and 4B must be

(@ 7y—x=12,7x+y=16

(b) 3x—4y+2=0,4x+3y=14

() xty=4,2x-3y=10

(d) x—y=2,3x+2y=>5.
2. the area of the AABC must be

(a) 1 sq. units (b) 2 sq. units

(c) 242 sq. units (d) 4 sq. units
3. The in-radius of the AABC must be

2 4
() ) (b) )
2-2 1
© G

Passage V
The vertex 4 of a AABC is (3, —1). The equations of median
BE and angular bisector CF are, respectively x —4y + 10=0
and 6x + 10y — 59 = 0. Then the
1. equation of 4B must be
(@ x+y=2 (b) 18x+ 13y =41
(¢) 23x+y=170 (d) x+4y=0.
2. slope of the side BC must be

(a) 1/7 (b) 1/9 (c) 2/9 (d) 3/4
3. length of the side AC must be
@ V83 () V85 (0 V89 () 88
Passage VI

In a AABC, the equation of altitudes 4AM and BN and the side
AB are given by the equations x + 5y =3 and x + y = 1. Then
1. the equation of the third altitude CL must be
(@) 3x-y=2 () 3x—y=1
(¢) 3x+y+1=0 (d) x+3y+1=0.
2. the equation of BC must be

(a) Sx—y=5 (b) 5x+y+5=0
() x—-2y=3 (d) x+2y+3=0
3. if R is the circum-radius of the triangle, 2R cos B must
be equal to
1 1 1 1
a) — b) — c) — d —
(a) NG (b) 7 (© 3 (d) 2
Passage VII

Let the curve be S: f(x, y) = 0 and the line mirror L:
ax + by + ¢ =0. We take a point P on the given curve in para-
metric form. Suppose Q be the image or reflection of point
P about the line mirror L = 0, which again contains the same
parameter. Let O = (¢(7), y(¢)), where ¢ is a parameter. Now,
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let x = ¢(¢) and y = y(¥). Eliminating 7, we get the equation of
the reflected curve S’. Then

1. the image of the line 3x —y =2 inthe liney=x—11is
(a) x+3y=2 (b) 3x+y=2
(c) x-3y=2 (d) x+y=2

2. the image of the circle x* + y* =4 in the line x + y =2 is
(a) ¥ +)y*-2x-2y=0
(b) X*+)?—4x—-4y+6=0
() X*+)*—2x-2y+2=0
(d) ¥*+)?—4x—-4y+4=0

3. the image of the parabola x> =4y in the linex + y=a is
() (x—af=—4(v—a) (b) (v—ay=—4(x—a)
(©) x—ay=4(y+a) (d (y-a)=4(x+a)

4. the image of an ellipse 9x> + 16y* = 144 in the line
y=x1is
(a) 16x*+9)2 =144 (b) 9x*+16)* =144
(c) 16x*+25y*=400 (d) 25x*+ 16y =400

5. the image of the rectangular hyperbola xy =9 in the line
y=31is
(a) xy+9=0
() xy+6y-9=0

(b) xy—6x+9=0
(d) xy+6x+9=0.

Matrix Match
(For JEE-Advanced Examination Only)

1. Match the following columns:
In AABC, AB : x +2y =3,
BC:2x—y+5=0,AC:x-2=0
be the sides, then the

Column I Column IT
(A) | circumcentre of AABC is |(P) | (—7 11
P) (?’ ?)
(B) | centroid of AABC is Q| (13 131
(5%
(©) | orthocentre of AABC is (R) | (R) (2 19)
"4

2. Match the following columns:
A line cuts x-axis at 4 and y-axis at B such that 4B =/,
the loci of the

Column I Column II
(A) | circumcentre of AdBCis | (P) | , , [
Xty =
9
(B) |orthocentre of AdBCis  |(Q)| , , /2
X+ yr=—
(C) | incentre of AABC is R) | x*+y*=0
(D) | centroid of AABC is o) |y=x

3. Match the following columns:
The vertex C of a AABC is (4, —1). The equation of
altitude 4D and median AE are 2x — 3y + 12 = 0 and
2x+ 3y = 0, respectively then
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Column I Column II (C) | The bisector of the angle | (R) [ 6x—2y=5
(A) | slope of side 4B (P) | -3/7 between the lines 2x + y =
; 6 and 2x — 4y + 7 = 0 which
(E) s:ope Oi s%je jg (IQ?) iﬁl contains the point (1, 2) is
— e bisector of the angle x+9y =
(€) | slope of side ®) (D) | The b f the angle | (S) | 7x+ 9y =3
4. Match the following columns: between the lines
The general equation of 2nd degree is 4x+3y=06 .
lx2+2y2+4xy+2x+4y+2’:0 and5x+12y+9=0WhICh
It represents containing the origin is
P (E) | The bisector of the angle | (T) | 9x -7y =41
Column I Column IT berveentnelines
(A) | distinct lines if P) | k=1 4x+3y=6
(B) | parallel lines if Q) | k=3 an Sx+ 12y +9 = OII’VhiC.h
: ] : ] — oes not containing the ori-
(C) | imaginary lines if R) k=9 g
5. Match the following columns: . Match the following columns:
Column I ' Column IT Column I Column 11
(&) | 1f3a+2b+6c=0, the family | (P) | (=2, =3) (A) | The image of a line ) [x—y_ 11
of lines ax + by + ¢ = 0 passes _ . B
. 2x + 3y +4 =0 w.r.t. x-axis is =
through a fixed point. Then - -
the fixed point is (B) | The image of a line Q) [5x+3y+7
. ; 7x — 3y — 10 = 0 w.r.t. y-axi =
(B) | The family of lines x(a +26) | (Q) | /1 1 o WAL y-axis
+ y(a + 3b) = a + b passes 23 - -
through a fixed point. Then (C) | The image of a line (R) |x—4y+29
the point is 3x + 5y + 7 =0 w.r.t. the line =0
(C) | If4a2+ 90— 2+ 12ab=0, the | (R) | (2, 1) L :
famlly of straight lines ax + by (D) The 1mage of a line . (S) Tx+ 3y +
+ ¢ =0 passes through a fixed 2x + y + 3 = 0 w.r.t. the line 10=0
point. Then the fixed point is x=2is
(E) | The image of a line (T) |2x—-3y+4
6. Match the following columns: x + 4y +5=0 w.rt. the line -0
Column I | Column II y=3is
The area of a parallelogram formed by the lines 9. Match the following Columns:
A) ixo— 1}; t ;y=_0i 3:x0— 4y +3 | (P) | 20/11 units Column 1 Column I1
and ’4x —3y-2=0is (A) | The image of a point | (P) | (4,5)
. 2, 3) w.r.t. x-axis i
(B) | x+3y=1,3x—2y+3=0,x | (Q) | 2/7 units (2, 3) wrt waxls i
+3y+4=0 (B) | The image of a point | (Q) | (1,-1)
and 3x — 2y +7=01is (3, 4) w.rt. y-axis is
(©) |y=2x+3,y=2x+5. (R) | 2/5 units (C) | The image of a point ®R) | 2,-3)
y=Tx+4andy="Tx+5is (5, 4) w.rt. the line
y=xis
7. Match the following columns: (D) | The image of a point | (S) | (-3, 4)
Column I Column I1 (2,5) w.r.t. the line
(A) | The equation of the obtuse | (P) | 6x+2y—5 *= 3. 18 .
angle bisector of the lines =0 (E) | The image of a point | (T) | (4, 5)
3x—4y+7=0and (1, 5) w.r.t. the line
12x+5y-2=0is y=21is
(B) | The equation of the acute- | (Q) | 21x + 77y (F) | The image of a point V) (Zﬁ —1,2+3 )
angle bisector of the lines -101=0 (2,4) w.rt. the line
xty=3and7x—y+5=0is y=x/§x is




Straight Lines

10. Match the following columns:

Column I Column II

(A) | The orthocentre of the trian- | (P) 3,1
gle formed by the lines xy =0
andx+y=4is

gle formed by the lines
xty=4,x—y=2

and 2x + 3y =6is

(C) | The orthocentre of the trian- | (R) (0, 0)
gle formed the lines
6x*+5xy— 6> +3x—2y=0
andx+4y=>51is

(B) | The orthocentre of the trian- | (Q) ( 1 lj

11. Match the following columns:

Column I Column II

(A) | A light beam emanating | (P) |2x + 3y =12
from the point (3, 10)
reflects from the straight
line 2x + y = 6 and the
passes through the point
B(7, 2). Then the equa-
tion of the reflected ray is

(B) | Aray of light is sentalong | (Q) [x +3y =13

the line y=§x—4. On

reaching the x-axis it is
reflected. Then the equa-
tion of the reflected ray is

(C) | A ray of light is sent | (R) [19x—22y=-9
along the line x — 2y + 5 =
0. Upon reaching the line
3x + 2y + 7 = 0, the ray
is reflected from it. Then
the equation of the line
containing the reflected
ray is

Questions asked in Previous Years’
JEE-Advanced Examinations

1. The area of a triangle is 5, two of its vertices are (2, 1)
and (3, —2). The third vertex lies on y = x + 3. Find the
third vertex. [IIT-JEE, 1978]

2. One side of a rectangle lies along the line 4x + 7y + 5
= 0. Two of its vertices are (-3, 1) and (1, 1). Find the
equation of the other three vertices. [IIT-JEE, 1978]

3. A straight line segment of length / moves with its ends
on two mutually perpendicular lines. Find the locus of
the point which divides the line in the ratio 1 : 2.

[IIT-JEE, 1978]
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4. Two vertices of a triangle are (5, —1) and (-2, 3). If
the orthocentre of the triangle is the origin, find the co-
ordinates of the third vertex. [IT-JEE, 1979]

5. Find the equation of the line which bisects the obtuse
angle between the lines x — 2y +4 =0 and 4x — 3y + 2
=0. [IIT-JEE, 1979]

6. The points (—a, —b), (0, 0) and (a, b) are
(a) collinear
(b) wvertices of a rectangle
(c) vertices of a parallelogram
(d) none [IIT-JEE, 1979]

7. The points (-a, —b), (0, 0), (a, b) and (a?, ab) are
(a) collinear
(b) vertices of a parallelogram
(c) vertices of a rectangle
(d) None [IIT-JEE, 1979]

8. A straight line L is perpendicular to the line 5x —y = 1.
The area of the triangle formed by the line L and the
co-ordinate axes is 5. Find the equation of the line L.

[IIT-JEE, 1980]

9. Given the four lines with the equations x + 2y = 3,
3x+4y=7,2x+3y =4 and 4x + 5y = 6. Then
(a) they all are concurrent
(b) they are the sides of a quadrilateral
(c) only three lines are concurrent
(d) None [IIT-JEE, 1980]

10. The point (4, 1) undergoes the following three trans-
formations successively
(i) reflection about the line y = x
(i1) transformation through a distance 2 units along the
positive direction of x-axis.
(iii) rotation through an angle % about the origin in

the counterwise direction. Then the final position
of the point is given by the co-ordinates

17 2,72
1 7
(©) (——,—] d) (2,7V2)
V2’ V2 [IIT-JEE, 1980]

11. The points (1, 3) and (5, 1) are two opposite vertices
of a rectangle. The other two vertices lie on the line
y=2x+ c. Find c and the remaining two vertices.

[IIT-JEE, 1981]

12. The set of lines ax + by + ¢ =0, where 2a +3b +4c=0
is concurrent at the point... [IT-JEE, 1982]

13. The straight lines x +y =0, 3x + y =4 and
x + 3y =4 form a triangle which is
(a) iscosceles (b) equilateral
(c) right angled (d) none

[IIT-JEE, 1983]

14. The ends 4 and B of a straight line segment of length
¢ slide upon the fixed rectangular axes OX and OY, re-
spectively. If the rectangle OABP be completed, show
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15.

16.

17.

18.

19

20

21.

22.

23.

24.

25.

26.

27.

that the locus of the perpendicular drawn from P to 4B
is x?3 + y?3 = g%, [IIT-JEE, 1983]
The vertices of a triangle are [att, a(t, + t)],
[att,, a(t, + )], [att,, a(t, + t)]. Find the orthocentre
of the triangle. [IIT-JEE, 1983]
The straight line 5x + 4y = 0 passes through the point of
intersection of the straight lines x + 2 y =10 and 2x +y
+5=0. Is it true/false? [IIT-JEE, 1983]
The co-ordinates of 4, B and C are (6, 3), (-3, 5) and
(4, —2) respectively and P is any point (x, y), show that

the ratio of the area of the APBC and ABC is ‘x-l-—y—2

[IIT-JEE, 1983]
Two equal sides of an isosceles triangle are given by
the equations 7x —y+3=0and x + y — 3 =0 and its
third side passes through the point (1, —10). Determine
the equation of the third side. [IIT-JEE, 1984]
If a, b and c are in AP, the straight line ax + by + ¢ =
0 will always pass through a fixed point, whose co-
ordinates are... [IIT-JEE, 1984]
Three lines px + gy +r=0,gx +ry+p=0and rx + py
+ g = 0 are concurrent if
(@ ptg+r=0
(b) pP+q’+r=pg+qrtrp
(© p’+q*+r=3pgr
(d) none of these [IIT-JEE, 1985]
The orthocentre of the triangle formed by the lines
x+y=1,2x+3y==6and 4x —y + 4 =0 lies in quadrant
number... [IIT-JEE, 1985]
Two sides of a thombus ABCD are parallel to the lines
y=x+2andy=7x+ 3. If the diagonals of the rhombus
intersect at the point (1, 2) and the vertex 4 is on the
y-axis, find the possible co-ordinates of 4.

[IIT-JEE, 1985]

x n 1 |l b 1
If |, »n
X3 w1 lay by 1

tices (x,, ¥,), (x,, ¥,), (x;, ¥;,) and (a,, b)), (a,, b,), (a,, b,),
must be congruent. Is it true or false?

[IIT-JEE, 1985]
One of the diameter of the circle circumscribing the
rectangle ABCD is 4y =x + 7. If A and B are the points
(=3, 4) and (5, 4), respectively, find the area of the rect-
angle. [IIT-JEE, 1985]
The set of all real numbers a such that a®> + 2a, 2a + 3
and @® + 3a + 8 are the sides of a triangle is...

[IIT-JEE, 1985]
All points inside the triangle formed by the points
(1, 3), (5, 0) and (-1, 2) satisfy
(a) 3x+2y>0 (b) 2x+y-13>0
(c) 2x-3y—-12<0 (d 2x+y<0
(e) None [IIT-JEE, 1986]
The equation of the perpendicular bisectors of the sides
AB and AC of a triangle ABC are x — y + 5 = 0 and

ll=|a, b, 1|,thetwo triangles with ver-

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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x +2y=0, respectively. If the point 4 is (1, -2), find the
equation of the line BC. [IIT-JEE, 1986]

The points (0, g), (1, 3) and (82, 30) are the vertices
of
(a) an obtuse-angled triangle
(b) an acute-angled triangle
(c) right-angled triangle
(d) an isosceles triangle
(e) None
No questions asked in 1987.
The lines 2x + 3y + 19 =0 and 9x + 6y — 17 = 0 cut the
co-ordinate axes in concylic points. (T/F)

[IIT-JEE, 1988]
Lines L: ax + by +c=0and L,: ax + my + n =0
intersect at the point P and make an angle 6 with each
other. Find the equation of a line L different from L,
which passes through P and makes the same angle 0
with L. [IIT-JEE, 1988]
Let ABC be a triangle with AB = AC. If D is the mid-
point of BC, E the foot of the perpendicular drawn from
D to AC and F the mid-point of DE. Prove that AF is
perpendicular to BE. [IIT-JEE, 1989]
Striaght lines 3x + 4y = 5 and 4x — 3y = 15 intersect at
the point A. Points B and C are chosen on these two
lines such that AB = AC. Determine the possible equa-
tions of the line BC passing through the point (1, 2).

[IIT-JEE, 1990]
A line L has intercepts a and b on the co-ordinate axes.
When the axes are rotated through a given angle, keep-
ing the origin fixed, the same line L has intercepts p and
q, then

[IIT-JEE, 1986]

11 1 1
(@) @+b=p*+q’ (b) a_2+b_2=?+q_2

11 1 1
© @+p=b+qg (d) PRI

[IIT-JEE, 1990]

A line cuts the x-axis at A(7, 0) and the y-axis at
B(0, —5). A variable line PQ is drawn perpendicular to
AB cutting the x-axis in P and the y-axis in Q. If AQ and
BP intersect in R, find the locus of R.
[IIT-JEE, 1990]
Find the equation of the line passing through the point
(2, 3) and making intercept of length 2 units between
the lines y+2x=3 and y +2x=5. [IIT-JEE, 1991]
Let the algebraic sum of the perpendicular distance
from the points (2, 0), (0, 2) and (1, 1) to a variable
straight line be zero, the line passes through a fixed
point whose co-ordinates are.... [HT-JEE, 1991]
If the sum of the distances of a point from two mutually
perpendicular lines in a plane is 1, its locus is
(a) square (b) circle
(c) straight line (d) two intersecting lines
[IIT-JEE, 1992]
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38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

Determine all values of o for which the point (o, o?)
lies inside the triangle formed by the lines 2x + 3y — 1 =
0,x+2y—3=0and 5x—6y—1=0. [IIT-JEE, 1992]
The vertices of a triangle A(—1, —-7), B(S5, 1) and C(1,
4). The equation of the bisector of the angle ZABC is...

[IIT-JEE, 1993]
A line through 4(-5, —4) meets the lines x + 3y +2 =0,
2x+y+4=0andx—y—5=0 at the points B, C and

2 2 2
D, respectively. If (i) + (i) = (i) , find the
AB AC AD

equation of the line. [IIT-JEE, 1993]
The orthocentre of the triangle formed by the lines
xy=0andx+y=1is

11 11 11
@ (33) ©(33) @00 @ (53)
[IIT-JEE, 1995]

A rectangle PORS has its sides PQ parallel to the line
v =mx and vertices P, O and S on the linesy =a,x=5b
and x =— b, respectively. Find the locus of the vertex R.
[IIT-JEE, 1996]
No questions asked in 1997.
The diagonals of a parallelogram PQORS are along the
lines x + 3y =4 and 6x — 2y = 7. Then PORS must be a:
(a) rectangle (b) square
(c) cyclic quad. (d) rhombus
[IIT-JEE, 1998]
No questions asked in 1999.
Let PS be the median of the triangle with vertices
P(2,2), O(6,—1) and R(7, 3). The equation of the line
passing through (1, —1) and parallel to PS is
(a 2x-9-7=0 (b) 2x-9y—-11=0
(c) 2x+9y-11=0 (d) 2x+9y+7=0
[IIT-JEE, 2000]
A straight line through the origin O meets the parallel lines
4x +2y=9and 2x + y+ 6 =0 at points P and Q, respec-
tively. The point O divides the segment PQ in the ratio
(a) 1:2 (b) 3:4 (c) 2:1 (d) 4:3
[IIT-JEE, 2000]
For points P= (x, y,) and Q = (x,, y,) of the co-ordinate
plane, a new distance d(P, Q) is defined as d(P, Q) =
ey~ )+ by, ~ .

Let O = (0, 0) and 4 = (3, 2). Prove that the set of
points in the first quadrant which are equidistant (with
respect to the new distance) from O and 4 consists of
the union of a line segment of finite length and an infi-
nite ray. Sketch this set in a labelled diagram.

[IIT-JEE, 2000]
The area of the parallelogram formed by the lines
y=mx,y=mx+1,y=nxand y=nx + 1 equals

|m+ n| b 2
(@) (m—n)* ®) |m + n|
© — @ —

|m + n| |m — n|

[IIT-JEE, 2001]

48.

49.

50.

51.

52.

53.

54.

55.

56.
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The number of integral values of m, for which the x-

co-ordinate of the point of intersection of the lines 3x +

4y =9 and y = mx + 1 is also an integer, is

(a) 2 (b) 0 (c) 4 (d 1
[IIT-JEE, 2001]

Let P=(-1,0),0=(0,0)and R=(3, 3 \/g) be three

points. The equation of the bisector of the angle POR is

(a) %xw:o (b) x+3y=0

() V3x+y=0 (d) x+§y=0
[IIT-JEE, 2002]
A straight line L through the origin meets the lines
x+y=1landx+y=3atPand Q, respectively.
Through P and Q two straight lines L, and L, are
drawn parallel to 2x —y =5 and 3x + y =5, respectively.
Lines L, and L, intersect at R. Show that the locus of R
as L varies, is a straight line. [IIT-JEE, 2002]
A straight line L with negative slope passes through the
point (8, 2) and meets the positive co-ordinate axes at
points P and Q. Find the absolute minimum value of
OP + OQ as L varies, where O is the origin.
[IIT-JEE, 2002]
A straight line through the point (2, 2) intersects the
lines +/3x + y=0and V3x —y =0 at the points 4 and

B. The equation to the line 4B so that the triangle O4AB
is equilateral, is

(a x—y=0 (b) y—2=0
(¢) x+y—-4=0 (d) none of these
[IIT-JEE, 2002]

A straight line through the origin O meets the parallel
lines 4x + 2y =9 and 2x + y + 6 = 0 at points P and Q
respectively. The point O divides the segment PQ in
the ratio
(a) 1:2 (b) 3:4 () 2:1 (d) 4:3.

[IIT-JEE, 2002]
The orthocentre of the triangle with vertices (0, 0), (3,

4) and (4, 0) is
5
@ (33)
d) (3,9

o ()
4 [IIT-JEE, 2003]

If the equation of the locus of a point equidistant from

the points (a,, b,) and (a,, b,) is

(a,—a)x +(b,—b,)y +c=0, then the values of ‘c’ is

(@) %(a§+b§—af—bf> (b) (a2—ad+b—b2)

(b) (3,12)

© S@+ @b 48 @ -3+ 5 -0))
[IIT-JEE, 2003]
The area of the triangle formed by the lines x + y =3
and angle bisector of the pair of straight lines
xX2—y*+2y—1=0is
(a) 2 (b) 4

(c) 6 (d) 8

[IIT-JEE, 2004]
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57.

58.

59.

60.

61.

The area of the triangle formed by the intersection of a
line parallel to x-axis and passing through P(h, k) with
the lines y = x and x + y = 2 is 44%. Find the locus of the
point P. [IIT-JEE, 2005]
Two rays in the first quadrant x + y = | a | and
ax —y = 1 intersects each other in the interval a € (a,
o). Find the value of a,. [LIT-JEE, 2006]
Lines L : y —x =0, L,: 2x +y = 0 intersect the line L,:
y+2=0at Pand Q, respectively. The bisector of the
acute angle between L, and L, intersect L, at R.

Statement I: The ratio PR : RQ equals 2725
Statement II: In any triangle bisector of an angle, di-
vides the triangle into two similar triangles.
[IIT-JEE, 2007]
Consider the lines given by
L:x+3y-5=0,L:3x—ky—1=0,
and L;:5x+2y-12=0

Column I Column IT

(@) L, L, L,are concurrent if (p) k=-9
(b) OneofL, L, L, is parallel (@ k=-6/5

to at least of the other two, if
(¢) L, L, L, formatriangle,if  (s) k=5/6
(d L, L, L,donotforma ) k=5

triangle, if

[IIT-JEE, 2008]

The locus of the orthocentre of the triangle formed by
the lines (1 + p)x —py + p(1 + p) =0,
(I+gx—qy+q(l+¢g)=0andy=0,

62.

63.

64.

Coordinate Geometry Booster

where p # ¢, is
(a) ahyperbola
(c) anellipse

(b) aparabola
(d) astraight line
[IIT-JEE, 2009]
No questions asked in 2010.
A straight line L through the point (3, —2) is inclined at
an angle 60° to the line x+ y=1.1If L also intersects
the x-axis, the equation of L is
(a) y+\Bx+(2-33)=0
(b) y—Bx+(2+3/3)=0
(©) —x+3y+@B+23)=0
(d) x+By+(=3+23)=0
No questions asked in 2012.
For a > b > ¢ > 0, the distance between (1, 1) and the
point of intersection of the lines ax + by + ¢ = 0 and
bx + ay + ¢ =0 is less than 242, then

[IIT-JEE, 2011]

@ atb-—c>0 (b) a-b+c<0
(c) a-b+c>0 (d) a+b-—c<0
[IIT-JEE, 2013]

For a point P in the plane, let d (P) and d,(P) be the
distances of the point P from the lines x — y = 0 and
x +y =0, respectively.

The area of the region R consisting of all points P
lying in the first quadrant of the plane and satisfying 2
<d(P)+d(P)<4,is ...

[IIT-JEE, 2014]

Levee /

(CARTESIAN CO-ORDINATES)

[u—

10.

[T

R )

. (24P =2ax

a’ b* r_2
r= 2
(4+3sin20)

sin(a;ﬁ)‘

cos’® sin’0 1
+ =

2a

11.

12.
13.
14.

15.

16.
17.

18.

19.
20.

21.

22.
23.
24.
25.
26.

(11\5 715\/5]
2 72
G, 1D

3/7

12:1

(=5 0)ma(-52

(0,1),(1,0)and (3, 1)
(4,06)

(53]
373
(-4, -15)
2,3)

54)

2

46

2
x+ty+9=0,x+y—-15=0
132



Straight Lines

27. 54
28. 0
29. x=7/4

30 oo

31. X2+y?=a?
32. y*=4dax
33. y2=8x2
34, y*=2ax—a
35. ¥*—y*=4

36, 142 1
7

!
37. X +yt=—
7 =7

38. y*=4x
39. 22 +))—x—-y+1=0

40. xy=x+y+\bc2+y2

44, x> +y*=4

45, x2+y*=3

46. 2x* +y*-Ix+9y+1=0
47. X2 +y*—8x—10y+5=0
48. (-6,-5)

49, 2x* +y*=1

50. y2=4x

51. (-2,3)

52. 12

53. X*—y*=d?

54, 42 +2y*=1

55. (-3,2)

(1—4\5 4+\5j

2 72

56.

Levee /

(STRAIGHT LINES)

1. 6
3

0 =tan"! (i)
4

3or-1/3
y+3=0
y=4
x=8
y=3x+7
y=x+5

N

p— —
FoveNe W

12. y=mx+c=%x—6
13. y=mx+c=xx+4
14, y=mx+c==x.

15. Bx+y=23+3
16. 8x+ 10y = 69

17.

18.
19.
20.
21.

22.

23.

24.
25.
26.
27.
28.
29.
30.
31.
32.

35.
36.
37.
38.
39.

40.

41.
42.

43.

44,
45.
46.

47.
48.
49.
54.
55.
56.
57.
58.
59.
60.
61.
62.

63.

64.

4x + 5y =14
2-V3x-y-22-3)=0
x—y+1=0
x—=5y+10=0
3x-5p+7=0

4-2

4_5(x 5)=-2(x-5)

(3/2,0), (9/4, 0), (9/4, 3/4) and (3/2, 3/4)
y—0=\/§(x—2),x\/§—y—2\/§zo
x+y=7

2x+y=17

3x+2y=12

x—y=7

y-2=

x—-y=1,2x-3y=12
3

2x+y=10
3x—-8y=0,3x—-2y=0
x+3y=10
12x + 5y =26
7,5),(1,-1)
(2,7)and (-6, -1)
4.5)

(2+«/§-%,ﬁ-§)=£2+%,€)

75°, 15°
R(-2,-1), O(-1, 2) and S(1, -2)

( 33) (1 3)
—,—|and| =, ——
2°2 27 2
V2

6

2

J5

5

(8,2) and (0, —4)
3x+4y—-18=0
3x-4y-5=0
4x+y=9

3x-2y—-1=0
3x+2y+3=0
4x + 6y =29
x=3y+5=0.
4x-3y-36=0

w o 6"0\
=

1.29
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65 Lol L Levee N
a b p
)] . 2@ 3(M 4@ 5 (@
66. 2% 6.(d 7. () 8 () 9 (a 10. (a)
L1 1 1 1. ) 12. (ac) 13. (d) 14. (¢) 15. (a)
67. =+ 3=—3t— 16. ) 17. d) 18. (@ 19. (b)  20. (c)
a po 4 21. (a) 22. (@ 23. (b) 24. (@ 25. (a,d)
68. 50 26. (¢) 27. (d 28 (b) 29. (a,b) 30. (b)
5 2 3. (¢)  32. (d) 33.(c) 34.(d) 35 (b
" |ab| 36. (a) 37. (@) 38. (b) 39. (b) 40. (a)
70. 2.6) 41. (b) 42. (@) 43. (abc) 44. (c)  45. (b)
o 46. (d) 47. (b) 48. (d) 49. (c)  50. (a)
72 Tx 48y +89-0 51. () 52. (b) 53.(c) 54.(d) 55 (o)
73 w2 56. (@ 57. (¢) 58.(d) 59. (¢) 60. (b)
: . . 61. (d 62. (b) 63. (1) 64 (a) 65 (c)
74. ——p—=1 66. c) 67. b) 68. (0  69. (O  70. ()
l-a 1-b 1-c¢
75. x= ! and y = !
3 2 Leved I
78. 10
1 5 7
81. m=-2andm 5 1. 3Sﬁ£2 2.2
82. 3x—y-7=0andx+3y-9=0 3. \/§x+y:0 4. y=2
83. 2+\3)x—y—(2/3+1)=0 and 5. 2r—yp+1=0,2c+y-1=0
Q2-Vx—y+2B-1n=0 6. a,=1
84. 52x+89y+519=0 8. 22+2)
85. x+2=0and 7x—24y+182=0 9.

86. 9x—7y+3=0and 7x + 9y =41 10. (5,3)and (-3, 95)

87. x—Ty+13=0and Tx+7=7 N
88. 3x+y+7=0andx—3y=31 I
89. 21x+77y =101 and3x—y+3=0 12. ..
90. 7x+9y=3 13. R—(-4,0)
91. 6x—2y=5 14. (=2,1) and (-4, 3)
92. 21x+ 77y =101 15. 232
93. 6x+2y=>5 16. (0,3), (4, -1)
94, 7x—9y+10=0 3 |
12 17. e —E,—l |\ 5,1
95 (5’5) 18. c=—1;(4,4),(2,0)
96. PO=6 19. y=Q2+B)x-1+23
97. (2-2v2,3+242) 20. y=nx.
98. (~1/10, 37/10) 21. (13/5,0)
99. (0, 28 22. (42/25,91/25)
100. (4, 3). 23. (6,0);2x+3y=12.
101. 3x-2y+5=0 24, 2<a<2
102. (6, 1) 25. 26x— 122y =1675.
( 3 7 26. 27.B(-7,6); C(11/5, 2/5)
103. | 7= 7 28. 52x+89y+519=0
kel :
+2= +24y+182 =
105, 29— 2y — 31 29. x 210and7x 24y + 182 =0.
13 30, p=—ro
106. PR
107. y=0 31. x—7y+13=0and7x+y=9.

108. (70=373)x—13y —153+ 743 =0 32. R(42/25,91/25)



Straight Lines

33. 3x+y+7=0andx—3y-31=0
34. D: (6+242,—-1-242)

orD: (2-242,3+2/2)
35. (0, 0) or (0, 5/2).

Levee W

1. Sides are: x —3y=3,3x -2y =16,
Diagonals are x + 4y =10, 5x — 8y + 6 =0.

2. 5\2
_[3\5—1 (\E+1)]
V20 2

S
~
Ny
[\
~

8. (2-+2,v2-1),(25+2,5-1),429+ 2410

9. 9x?—6xy + 10y? = 9/?

INTEGER TYPE QUESTIONS
1. 8 2. 6 3.3 4.1 5.1
6. 5 7. 4 8. 4 9. 6 10. 7

COMPREHENSIVE LINK PASSAGES

Passage I: I. (¢) 2. (@ 3. () 4 (¢
PassageII: 1. (a) 2. (b) 3. (a) 4. (b)
Passage II: I. (b) 2. (@) 3. (¢)
Passage IV: 1. (a) 2. (b) 3. (b)
Passage V: I. ) 2. (¢) 3. (b)
Passage VI: 1. (b) 2. (a) 3. (b)
Passage VII: 1. (¢) 2. (a) 3. (b) 4. (a)
MATRIX MATCH

1. (A) = (R), (B) = (Q), (C) = (P)

(A) = (Q), (B) = (R), (S) = (R), (D) = (P)

(A) = (R), (B) = (Q), (C) = (P)

(A) = (P), (B) = (R), (C) = (P)

(A) = (Q), (B) = (R), (C) = (P),

(A) = (P), (B) = (Q), (C) = (R),

(A) = (Q), (B) = (R), (C) = (R),

(D) = (9),(E) = (D),

8. (A) = (T), (B) = (8), (C) = (Q), (D) = (P),
(E)—=®R)

9. (A) = (R), (B) = (8), (C) = (D),
(D) = (P), (E) = (Q), (F) = (U)

10. (A) = R), (B) = (P), (O) = (Q)

1. (A) = (Q), (B) = (P), (C) = (R)

e Tl ol
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5. (b)

5. (b).

HINTS AND SOLUTIONS

Levee 1

(RECTANGULAR CARTESIAN CO-ORDINATES)
1. We have,

(3,-4)= (w/32 +(-4)%, tan™! (-%D
= (5, —tan”! (i)j
3
and
(-3,4)= (\/(—3)2 +(4)%, tan™" (—%D

- ooy

2.. We have,
P =a*cos 20
= r*=ad*(cos’0—sin’6)

x2 y2
ey r2:a2 _——

2 2

r r

= a*(x* — %)
= @HrP=ae-y)

3. We have,
r=2acos 20

= r= Za(f)
r

= rP=2a
= (P +)y*=2ax)

4 We have,

2 yz
— + — =1
a b

— b2 + azyz = 22

= b¥%c0s’0 + a*’sin’0 = a’b?

- r?cos’® r’sin’0 _
a’ b?
- cos20+sin29:i
a’ b? P2
5. We have,

22+ 3xy+ 22 =1
= 2r%0s*0+ 3r’sinfcosf + 2r2sin’6 = 1
=  7r*(2cos’0+ 3sinfcosO + 2sin*6 =1

= 2 (2+%sin 29)=1
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7”2_—2
(4+3sin 20)

6. The required distance

=

= \/a2 (cos o — cos B) + a*(sin o — sin B)?

= a\/(cos o — cos B)* + (sin o —sin B)>

= a\/[(coszoc +sin’0) + (cos’ B + sin’B)
—2(cos o cos 3+ sin & sin B)]

sin(a;ﬁj

7. The required distance

=\/32+72—2x3x7xcos(5—”—£j
4 4

=2a

=32 +77 - 2x 3% 7 x cos(r)

=49+49+42 =+100 =10

8. LetP=(x,y),A=(6,-1)and B= (2, 3).

We have,
PA=PB
= @-6P+@+1)yY=x-2>*+@-3)2
= xX-12x+36+3*+2y+1
=x’—4x+4+)y*—6y+9
= —12x+36+2y+1=-4x+4-6y+9
= 8x+8 +37-13=0
= Bx+8+24=0
= A=-8,B=8,C=24

Hence, the value of 4 + B+ C + 10
=-8+8+24+10=34
9. We have,

AB=\J2+27+(-1-3) =42
BC=\J2-4+ (-2 =+5
and  CA=\[(4+27+(3) =/45=35
(42)2 + (3v5)2 - (/5)°
2% 442 %35
32+45-5 72 3

cos A= = =
= 24410 24410 10

10. Do yourself.

(uﬁ 715@)

Thus, cos 4=

11. > T 5
12. Let the point be (x, y).
Thus, x=ﬂ=3,y=g=1
2+1 2+1

Hence, the point is (3, 1).

13.

14.

15.

16.

17.

18.

19.

Coordinate Geometry Booster

Let the ratio be m : n.
Since the point lies on y-axis, so x co-ordinate will be
Zero.

Thus, 7m—3n:0
m+n
= Tm-3n=0
m_3
n 7
Let the ratiobe A : 1.
1-2A4 31-2
Thus, the pointis | —, —— |.
P (/l+l ),+1)
Since, the point ﬂ,l%/l_—Z lies on the line
A+1° A+1

3x+4y =17, we get

3[1—2A)+4(3/1—2]=7

A+1 A+1

= 3(1-20)+4BA-2)=T7A+17

= 12A-6A-71=8+7-3

= A=-12

Hence, the ratio is 12 : 1 externally.

Let A =(1,-2) and B = (-3, 4) and the line 4B is tri-
sected at P and Q, respectively.

Therefore P divides 4 and B internally in the ratio 1 : 2
and Q divides 4 and B in the ratio 2 : 1.

Thus, the co-ordinates of P and Q are (—%, 0) and

)

Let the co-ordinates of the vertices are (x,, y,), (x,, »,),
and (x,, y,).
Therefore, x, +x,=1,x, +x,=4,x +x,=3
= x*tx,+tx,=4
Thus,x, =0,x,=1,x,=3
Also, y +y,=1,y,+y, =1y, +y =2
= oyt tys2
Thus,y, =1,y,=0,y,=1
Hence, the vertices are (0, 1), (1, 0) and (3, 1).
Let the co-ordinates of the third vertex be(x, y).
As we know that the diagonals of a parallelogram bi-
sect each other.
x—1=1+2 arldy+2=5+3
2 2 2
= x=4,y=6
Hence, the fourth vertex is (4, 6).
The co-ordinates of the centroid of AABC are

(2+6+2 4+4+0)_(10 8)
37 3 ) \3°3
Let the co-ordinates of the third vertex be (x, y).
x—14+5

Thus,

Therefore, =0 = x=-4and

y+4+2

3
Hence, the co-ordinates of the third vertex be (-4, —15).

=3 = y=-15



Straight Lines

20. Leta=BC, b= CA, c = AB be the lengths of the side of
the given AABC.

Therefore, a = \/(3 —2)’+(4-3)7° = \/5’

b=yB-12+(4-2%=22
and c=2-12+(3-2)>2=2

Thus, the incentre are

(axl +bxy +cxy ay,+ by, +cys )

a+b+c a+b+c
_(1~«5+2-2«5+3~«/§ 2-«E+3-2«/§+4-ﬁ]
U V222442 2+ 242+42
42 42
=(2,3)

21. As we know that the centroid divides the orthocentre
and the circumcentre in the ratio 2 : 1.
Thus, the centroid are

>

3 3
2-5+1-1 2-Z+1-1 _(i 2)
2+1 2+1 376
22. Clearly, it is a right-angled triangle.
As we know that in case of a right angled triangle, the
circumcentre is the mid-point of the hypotenuse and

the orthocentre is at right angle.

Thus, Circumcentre :(M M)

T2
=(1, 1)
and
Orthocentre = (0, 0)

Hence, the required distance = /(1 — 0)2 +(1- 0)2
=2

23. The required area

1a—x -x
2n=ys Y2— 0
_1‘3—7 7+1

“2l-4-5 5-10

-9 -5
1
= 5(20 +72) =46 sq.u.

24. The required area
1

T2
1

2

XN~ X3
N=n
t—t-3
t+2—t

X = X3
2=
t+3-1t-2

t—t-2

1.33
13
202 =2
—1(6—2)—2s u

2 q.u.

25. Given area of a triangle is 6.

1{x—1 1—2_+6
= 2ly-2 241
x—1 -1
= =%12
y=2 1

= @E-DH+@E-2)==£12
= x+ty-3+12=0,x+y-3-12=0
= x+ty+9=0,x+y—-15=0
Hence, the result.

26. The required area of a quadrilateral

I 1
7 =3
=—[12 2
7 21
I 1

=%{(—3+14+252+7)—(21+14—36+7)}

= %(270 —6)=132sq.u.

27. The required area of a pentagon

4 3
5 6
1|0 7
203 =6
7 2

4 3

=‘%{(24—35+0—6—21)—(—8+42+21+0+15)}

:%(38 +70) =54 sq.u.

28. We have,
1

2

X=Xy XHpTX
N=)V2 Vo= )3
1 a—>b b-c ‘

_Eb+c—c—a c+a—a-b
_1
2

a-b b-c
b—a c-b

=%m—mw—o

1
-1 —1‘
=0
Hence, the result.
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29.

30.

31.

32.

33.

Now,
ADBC) = 1|x+3 -3-4
ar(@ADBO=Rh 3 542
= %(7x+21—21x—21)‘
—l(—14x)—7x
2
and
116+3 -3-4
ar (AABC) =—
( A 213-5 5+2
119 -7
202 7
1 49
=—(63-14)=—
2( ) 2
It is given that
71
49 2
2
7
= x=-—
4
The required area
| 7 =2 10f
=—2 |CCC\7 2 -10| ,
X
e 2
2 7 =2
where C)= =-11, C,=- =-25,
1 9 1
7 =2
and C;=- =-28
7 2
1
=—————————(%)’
2Xx11x25%28
B 9216
2X11x25%x28
9216 2304

=——=—-sq.u.
15400 3850
Let x = acos0, y = asin@
Then x* + )? = a*cos’0 + a*sin*0 = o>
which is the required locus of the point P.
Let x = a* and y = 2at.
Then, y? = 44’ = 4a(af*) = dax
which is the required locus of P.
Let the movable point P be (x, y) and the point on
y-axis be (0, y).
Given condition is

wlxz + y2 =3x

= x*+)y*=9x2
= *=8x?
which is the required locus of P.

34.

35.

36.

Coordinate Geometry Booster

Let the movable point be (x, ).
Y

M| P(x, )

0| 0(a,0)

Given condition is
PO=PM

= Jx-al+y'=x

= (@-aP+y’=x?

= yP=xr-(x-al=2ax-4d

which is the required locus of the given movable point.
Let the co-ordinates of the variable point P be (x, y).

1 1
Then x=¢t+-and y=1t—-
t t

1Y 1Y
e G G EY

which is the required locus of P and represents a rect-
angular hyperbola.
Let P be (x, ).

P(x, )

B3.0) 0] 4G~

Given condition is
PA+ PB=28.

= JEP+(r+3) +(0)+(y-3) =8

= J@P+( 3 =802+ (y-3)°

= (P+@+3y

=64+ ((x)* + (y = 3)2) — 16y(x)* + (y = 3)°
6y = 64— 6y —164/(x)* + (y — 3)*

=
= 12y-64=16(x)*+(y-3)°
= 3y-16=4Jx) >+ (y-3)
= (By-16y=16(x)+(-3))
= 92— 96y +256=16(x>+1*>— 6y +9)
= 16x2+ 72 =256—144=112
LA
7 16

which is the required locus of the given point and rep-
resents an ellipse.



Straight Lines

37.

38.

39.

LetAB=1. Y
Consider the point 4 B
lies on x-axis and B P
lies on y-axis such that

A=(a,0)and X 0 4

B=(0,b)
Therefore, AB=1
= a +b* =1 Y
= d&+bh="r (D)
Let the mid-point of 4 and B be (¢, )

a b
Thus, o 5 B 5
= a=20,b=28
From Eq. (i), we get,
2
o+ Br=—
4 2

Hence, the locus of (a, fB) is XX+ y2 = % .
Let the point M be (e, B) and A(2¢x, 28) where M is the
mid-point of OA.

A
M
X 0 X
Y
Since A4 lies on the curve * = 8x, so
2By =8(20)
= 4F =160

= p’=4a
Hence, the required locus of M is y* = 4x.
We have

X*+yP+x+y=0

o (oot -]

X 7 0 X
C(-Yi 14

Y
Let the point Q be

(—1+L0059 —1+Lsin 9)
2 2 T2 2
and P be (o, B)

40.

1.35

Then a:%+Lcose,ﬁ=§+ sin 6

|
22 4 22

e o2

=co0s?0+sin’0=1

= 8(a2+ﬁ2—g—£j+l+2—1=0
2 2 2 2

= 8(a2+ﬁ2—g—ﬁj+4:0
2 2

= 2@+ -a-38+1=0
Hence, the locus of (a, P) is

2+ —x-y+1=0,
Let O4A =a and OB = b.

Since the circle touches both the axes and the line 4B,
so the inradius of AOAB be 2.

Y
B
Y
From trigonometry, we can write
A .
yr=—>: .. (1)

s
where A = area of a triangle

and s = semi-perimeter of the triangle.

Let (x, y) be the circumcentre of AOAB, then

a b
x=—and y=—
2 4 2

Thus, a =2x and b =2y.
Putting the values of a and b in Eq. (i), we get

% (20 (2)

(2x+ 2y + /4 + 4y? J

2

= xy=x+y+xi+)?

is the required locus.

2:

4. X2+ =4
45. x> +y*=3

46.

Given curve is
2x2+)?—3x+5y-8=0 6]
Replacing x by x — 1 and y by y + 2 in Eq. (i), we get
20— 1P+ (¥ +2P2-3(x-1)+5@p+2)-8=0
= 22—+ 1)+ (P +4y+4)
SBx-1)+5(0+2)-8=0
= 2%+ -Tx+9+11=0
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47.

48.

49.

50.

Given curve is
xX*+y*=36 ...(0)
Replacing x by x —4 and y by y — 5 in Eq. (i), we get
(x—4)>+(@y-52=36
= xX2+)P-8—10p+16+25-36=0
= xX2+)yP-8x—-10y+5=0
which is the required equation of the original axes.
Let the point be (x, y).
Thusx—1=-7,y+8=3
= x=-6,y=-5
Hence, the point be (— 6, — 5).
Given equation is
3x?+2xy +3)2=2 6)]
Replacing x by (x cos45° — y sin45°)
and y by (x cos45° + y sind5°) in Eq. (i), we get

x—y2 x+y2 x—y\x+y
(7] F AR F)
= 3@y T -y)=2
= 4x?+22=2
= 22+y’=1
Given equation is
V—4x+4y+8=0 (1)
Replacing x by x + 1 and y by y — 2 in Eq. (i), we get
-22-4(x+1)+4(rp-2)+8=0
= YP-4y+4-4x-4+4y-8+8=0
= =4
which is the required transformed equation.

51. Ifthe point P (1, 2) is translated itself 2 units along the
positive direction of x-axis, then P becomes (3, 2).
LetZ=(3,2)=3+2i
Thus, the new position of P = iZ

=i(3 + 2i)
=-2+3i=(-2,3)

52. 12

53. X¥*—y*=4a?

54. 4x* +2y* =1

55. (-3,2)

(1 —4f3 4443 )
56. > T,
Levee !
(STRAIGHT LINE)
. o=y _10-4
1. Hence, the required slope of PQ= —=——=—""-=06
. X—x 3-2
2. Given slope =2

Coordinate Geometry Booster

. Letm, be the line joining the points (2, -3) and (- 5, 1)

and m, be the line joining the points (7, ~1) and (0, 3).
Thus m1:i:—i and mzzﬂ:_i
-5-2 7 0-7 7

Since, m, = m,, so the slopes are parallel.

. Consider the points P = (a, b + ¢),

O=((b,ct+a),R=(c,a+b)

Therefore, m(PQ):C+a_b_c=a_b:_1
b- b-a

and m(QR)=a+b—c—a=b—c=_1
c—b c—b

Since, m(PQ) = m(QR)
= Thus, the points P, Q and R are collinear.

. Let m and m, be the slopes of the line joining the points

(05 0)’ (27 2) and (27 _2)’ (39 5)
Therefore, m, = 2-0_ land m, = S*2_ 7
2-0 3-2

Let 0 be the angle between them
7-1
1+7.1

= tan9=3
4

= O=tan" (é)
4

tan 0 =

. Let m be the slope of the other line.

Given,

1

m——

tan 45° =|—2

m

1+—

2
= tan 45° = 2m =1
2+m

= @Cm-1)=x2+m)
= @Cm-1)=Q2+m)
and 2m-1)=—2 +m)

= m=3andm=—%

Hence, the slopes of the other line are 3 or —1/3.

. Equation of a line parallel to x-axis is y = k.

Which is passing through (2, —3), we have, k= -3.
Hence, the equation of the line is y + 3 = 0.

. Equation of a line perpendicular to y-axis is y = k which

is passing through the point (3, 4), we have, k= 4.
Hence, the equation of the line is y = 4.

. Hence, the equation of a line, which is equidistant from

6+10

the linesx=6andx=101is x= =8



Straight Lines

10.

I1.

12.

13.

14.

15.

16.

17.

Givenm=3andc=7.

Hence, the required equation of the line is
y=mx+c=3x+7

Here, m =tan (135°) =—1 and ¢ = 5.

Hence, the required equation of the given line is
y=mx+c=-x+5

Given,

0 = tan”' (é)
5

= tan@zé
5

= m=§andc=—6

Hence, the equation of the given straight line is

y=mx+c= éx -6
5

Given m =+1 and ¢ = 4.

Hence, the equation of the line is
y=mx+tc=xx+4

Here, m =tan (45°) =1

and m=tan (135°)=1andc=0

Hence, the equation of the bisectors is
y=mx+c==xx

Here, m = tan(120°) = —+/3 and the point (x,, ) =(2,3)

Hence, the equation of a straight line is
Y-y = m(x —xl)ot

= y-3=-3(x-2)

=  Bx+ y= 23+3

Let the points 4 and B are (1, 2) and (5,7), respectively.
7-2 5

5-1 4

and the mid-point of 4 and B are

(1+5 2+7)_(3 g)
27 2 "2

Hence, the equation of the right (perpendicular) bisec-
tor is

Therefore, m(AB) =

4
——=—(x-3
Y5 5( )

= 8x+10y=69
Given,
cosO:—i

= tan @ = ——
5
4

= m=—-——
5

Hence, the equation of the given line is
4
-2=—(x-1
y Sx-1

= 4x+5y=14

18.

19.

20.

21.

22.

1.37

We have,

m=tan(15°) = (2 —+/3)
Y

15°

30°

2 %(2, 0) o

Hence, the required equation of the line is
y=0=2-3)(x-2)

= @2-)x-y-22-3)=0
Hence, the equation of a line is

Yy=>n
N=r2
x=1 y-2
3-1 4—2‘
= 2x-1)-2(-2)=0
= x-y+1=0.

X—Xx

=0

X=X

Z1=9__10_ g
2+4 2

Hence, the equation of the altitude through 4 is

Here slope of BC =

y—4=%(x—10)

= x-5y+10=0

The co-ordinates of the mid points of B and C are

(2+5 3+4j_(1 1)
27 3 2°2

Hence, the required equation of the median through A4
x=1 y-2

iS =
L
2 2

= 3x-1)-5(r-2)=0

= 3x-5+7=0

Here, 4B =4/10, AC =/10, BC =210

Let AD is the internal bi- 4

sector of the angle ZBAC.

If AD is the internal bisec-

toroftheangle Z/BAC, then

BD _ 4B _10_1

DC AC o 1

= BD:DC=1:1 B D ¢

Thus D is the mid-point of B and C, i.e. D = (4, 4)

Hence, the equation of the internal bisector is

0

_i(x—S)z—Z(x—S)

2=
YTy

= 2x+y=12
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23.

24.

25.

Let the square be PORS, whose length of the side is £.
Consider the point of P be (a, 0).

B

A(0,0) P 0 (3,0

Then Q=(a+k, 0),R=(a+k, k)and S = (q, k).
The equation of the line 4B is
1-0

-0= -0
y T o0
= x-2y=0 ...(0)
and the equation of the line BC is
-1
-1= -2
y 3,72

= xty=3

Since, the point S(a, k) on Eq. (i), we get,
a=2k

and the point R(a + k, k) on Eq. (ii), we get,
a+2k=3.

Thus, k=3/4 and a = 3/ 2.

Hence, the co-ordinates of P, O, R and S are
(372, 0), (9/4, 0), (9/4, 3/4) and (3/2, 3/4).

Let slope of AC is m. The slope of AB is 1. We have

Y

.. (ii)

C
15° B

0 4/1

tan(15°) = ‘;1:_—_1‘
m

Q-ym+2-B)=m-1

=

=  (1-B)ym=(-3+3)

=  (1-VHm=(=3+B)=301-3)

= m=+3

Hence, the equation of the line AC is
y-0=-3(x-2)

= x\/g—y—2\/§=0

Let the equation of the line is §+%=1.

Since, the line makes equal intercepts with the axes, so
a=bh.

Thus x + y = a which is passing through (3, 4).
Therefore a =7.

Hence, the equation of the required line isx +y = 7.

26.

27.

28.

29.

30.

31.
32.
33.
34.

Coordinate Geometry Booster

Let the equation of the line is ~ +2 =] ()

. .. . a
Given condition is a = 2b

From Egs (i) and (ii), we get,

2x+y=2b
Which is passing through the point (2, 3).
Therefore, 2b=4+3="17

= b=Z
2

Hence, the equation of the line is 2x +y = 7.

Let the equation of the line be Ty % =1,

a
where 4 = (a, 0) and B = (0, b).
Consider the given line is bisected at the point M (2, 3).

a

Thus, 2= = a=4

and 3= = b=6

SRR Y

Hence, the equation of the line is
4 6
= 3x+2y=12

Let the equation of the line be RPN , where 4 = (a,
0) and B = (0, b) a b

Given condition is a = —b

Therefore, x — y = a which is passing through (3, —4)
Thus, a=17.

Hence, the equation of the lineisx —y = 7.

Let the equation of the line is R % =1

a

which is passing through (3, 2), so

3 2 .
—+—=1 ..
2% @
Also given conditionisa—b =2 ...(i1)
From Eq. (i) and (ii), we get

3b+2a=ab=>5b(b+2)

= 3b+2b+4=bp+2b
= b-3b-4=0

= b-49HB+1H=0
= b=-1,4
Thus,a=1, 6.

Hence, the equation of the line are
x—y=1,and 2x -3y =12.

Let the equation of the line AB is
2x+3y=6 =

Given lines are x y =0
= x=0,y=0

. 1
Hence, the area of a triangle = 5 3-2=3sq.u.

2x +y=10.
3x-8y=0,3x-2y=0.
Do yourself
Do yourself.
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35.

36.

37.

38.

39.

40.

41.

Here, p =5 and o= 60°

Hence, the equation of the line is
xcoso + ysina = p

= xcos (60°) + ysin (60°) =5

= x+3 y=10

Here, p =2 and tan 0 = %

5
sin @ =—and cos 6 =—
= 13

Hence, the equation of the line is
xcos@+ ysinf=p

= 12x+5y=26.

Hence, the co-ordinates of the required points are
(x, £ rcosb, y, £ rsinb).

5, (x,3)=0,2)

4 .
and tan@z%:cos@z;,smez—

Here r=

Thus, the points are
(x, £ rcosb, y, = rsin6)

(3i5-i,2i5-§j
5 5

(3+4,213)

= (79 5)9 (_19 _1)
Here, r = 442 , (x,,y,)=(-2,3)and 6=45°.
Hence, the co-ordinates of the points are

(x, £ rcos, y, + rsin6)

=(—2+4\f[3 +442 - \/_)

=(2+4,3+4
=(2,7)and (-6,-1)
Given point P is (3, 4).
Here, r = V2 and 6 = 45°
Let Q be the new position of P.
Hence, the co-ordinates of Q are

(“If“f fj—<4,5>

Let the new position of B is C.
Here, r=AB=AC= (3 -2)>+(1-0)* =2 and
0=45°+15°=60°
Thus, the co-ordinates of C are
(2 + /2 c0s(60°), 0 +~/2 sin(60°))

=(2+ﬁ-%,ﬁ~?j=(2+%,€}

Let the point P be (1, 2) and the line PO makes an angle
6 with the positive direction of x-axis.

Here, r = \/g and (x,y)=(1,2)

42.

43.

Thus, the co-ordinates of Q are

(1+\/§cos9,2+\/§sin9j
3 3

Since, the point Q lies on x + y =4, so

\/gcose+2+\/§sm0 4
= \/:c059+\/:s1n0—1
= cos@+sinf= \/g
= %cos@+%sin0=73

- (o-g)eds

= 0=C1%_75 150,
476

R(-2,-1), O(-1, 2) and S(1, -2)

(33)ml53)

44 2

45. 6

46.

47.
48.
49.

50.

42
J5

5.

(8,2) and (0, 4)

Given line is x+\/§y+4=0
(1) slope intercept form is

)
Thus, slope = —%

and y-intercept = ———=

NG

(i1) Intercept form of x + \/gy +4=01is
x y o

NG
where x-intercept = 4 and
443
(iii) Normal form of x + \/gy +4=01is

—x—\/§y=4

(2o

=xcoso+tysino=1,

y-intercept =

where o = 77 + tan™! (\/3) =240°

1.39
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51.

52.

53.
54.

55

56.

57.
58.

59.

(i) Let (x,y)=(2,2)and (x,,y,)=(3,5) and a =2,

b=3,c=4.
Now, agt+by+e _22+32+4
ax,+by,+c 23+35+4
=ﬂ>0
25

Thus, the points (2, 2) and (3, 5) lie on the same
side of the line 2x + 3y + 4 = 0.
(i) Do yourself
(iii) Do yourself.
As we know that, if ax, + by, + ¢ and c have the same
sign, then the point (x|, y,) lies on the origin side of the
line ax, + by, +c.
Here, 2 > 0 and
ax, + by +¢=2.2-7+2=6-7=-1<0
Thus, the point (2, —7) does not lie on the origin side of
the line 2x +y +2 =0.
Do yourself.
Equation of a line parallel to
3x+4y+5=0is3x+4y+£k=0.
which passes through (2, 3).
Therefore, 6 + 12+ k=0

= k=-18
Hence, the equation of the line is
3x+4y-18=0.

The co-ordinates of the mid-point of the line joining

the points (2, 3) and (4, -1) is (3, 1).

Equation of any line parallel to 3x —
3x—4y+k=0

which is passing through (3, 1).

Therefore, 9 -4+ k=0

= =-5

Hence, the equation of the line is
3x—-4y-5=0

The slope of the line joining the points (2, 3) and

. —1-3
3,—-1)is =—4
( 3-2

4y+6=0is

Equation of the line parallel to the given line and pass-

ing through (2, 1) is
Y=y, =mx—x)

= y-1=-4(x-2)

= 4x+y=9

Do yourself.

Equation of any line perpendicular to
2x+3y—2012=0is
3x-2y+k=0

which is passing through (3, 4).

Therefore, 9 -8+ k=0

= k=-1
Hence, the equation of the line is
3x-2y—1=0.

Equation of any line perpendicular to 2x —3y—5=01is
3x + 2y — k=0 which is passing through (1, 0).

60.

61.

62.

63.

64.

Coordinate Geometry Booster

Therefore,3+0+ k=0

= k=3
Hence, the equation of the line is
3x+2y+3=0.

The slope of the line joining the points (1, 2) and (3, 5)
5-2 3

is =—.
3-1 2

The mid-point of the line joining the points (1, 2) and

(lS)B(liéfziéj:(;Z).
2 2 2

Hence, the equation of the line is

7 2
—=—Z(x=2
y 3u )

2

= 4x+6y=29

S ch—g_5 -3
ope o 34

Let the altitude through A4 is AD.
Therefore, the slope of AD is % .

Hence, the equation of the altitude through 4 is

1
—2==(x-1
y Jx )

= x-3y+5=0
The point of intersection of 2x + y=8 and x —y =10 is
(6,—4).
Equation of any line perpendicular to
3x+4y+2012=0is
4x-3y+k=0
which is passing through (6, — 4).
Therefore, 24 + 12+ k=0= k=-36
Hence, the equation of the line is
4x-3y-36=0.
Hence, the distance of the point (4, 5) from the straight
line 3x -5y +7=0is
3x4-5x5+7

| e +52\

+7] 6
ey

Let ABC be an equilateral triangle, where 4 is (2, —1)
and BCisx +y=2.

Let AD be the length of perpendicular from 4 on BC.

Thus, AD = 2-1-2/_ L
JEez| V2
Therefore,
AD
sin (60°) =
AB
2 1
= AB=—F—X—F4==
V3042

Thus, the length of the side = \/g
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65.

66.

67.

68.

69.

70.

Equation of a straight line, whose intercepts are a and b

s T+2=1.
a b
Given, the length of the perpendicular from the origin
=p.
0+0-1
b,
a’ b
1 1 1
= —+—=—

Cl2 b2 p2

Clearly, both the lines are parallel
Hence, the required distance

E+5
2 —‘— =—=2—units.
25 10 10

Nzl

11+10‘_21 1

Equation of the line L is RARA
a
After rotation, the line L becomes, X + Y_ 1.
p q
Therefore, the lengths of perpendicular from
the origin to both the lines are same. Thus,

| 0+0-1] [ 0+0-1 |

11 11

N
11

S
a2 b2 p2 q2

Hence, the result.
As we know that, area of a parallelogram whose sides
areax+by+d =0,ax+by+c,=0
andax+by+d,=0is
(¢, —d)c;—d,)

(b, — ayby)
(4a +a) x (Ta —3a)| _ 20a°

(I1x(-2)-3x3) | 11

_ 20

Thus,mfﬁ.
Now 11m +30=20+30=150
Given four lines are ax + by + ¢ =0,

ax+by—c=0,ax—by+c=0
and ax—by—c=0.
(c+c)(=c—0)
(a-(=b)=b-a)
4c*| [262 _2(:2
2ab| | ab| |ab|

Hence, the points of intersection of the given lines is
(2, 6).

Hence, the area

71.

72.

73.

74.
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As we know that, the three lines ax +by +c¢,=0,i=1,
2, 3 are concurrent, if

a b g

a b, o

a3 by

2 3 5
3 4 -7
9 -5 8

2(32 —35) +3(24 + 63) + 5(-15 - 36)
=—-6+261-255
=0

Hence, the three lines are concurrent.

Equation of any line passing through the point of inter-

section of the lines
x+3y—8=0and2x+3y+5=0is
x-3y+8)+A2x+3y+5)=0 ...(0)

which is passing through (1, 2).

Therefore, (1-6+8)+ A2 +6+5)=0

3

= A=-=
13

From Eq. (i), we get

(x—3y+8)—%(2x+3y+5)=0

= 13x-3y+8)-32x+3y+5)=0

= Tx—-48y+89=0

On solving y=x+ 1 and 2x + y = 16, we get,
x=5andy=6.

Thus, the point of concurrency is (5, 6)

Since, the given lines are concurrent, so

6=5m—-4
= 5S5Sm=10
= m=2

Hence, the value of m is 2.
Since the given linesax+y+1=0, x+by+1=0and
x +y + ¢ =0 are concurrent,

a 1 1
SO 1 b 1|=0
1 1 ¢
a-1 0 1
= 0 b-1 1/=0
l-c 1-c¢ ¢
= (a-Dh-DH-(O-c)—-(1-c)(b-1)=0
= ca-DO-1D)-(@-D(A-c)-(1-c)b-1)=0
= ccl-a(-b+(A-a)(1-c)+(1-c)(1-b)=0
c 1 1
= + + =0
l-¢c 1-b 1-a
= 1+ ¢ + ! + ! =1
l-¢c 1-b 1-a
1 1 1
= =1

+ +
l-a 1-b 1-c¢
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75. Given family of lines are = 2m=-4and4m=2
ax+by+c=0 ..(d) |
and also the given condition is = m=-2 andm:E
2a+3b+6¢c=0 ...(i) % Theref
From Egs (i) and (ii), we get . Therefore, 1
ax+by—g—é:0 m=
3 2 tan(45°) =|—=
1 1 1+ —
= a|lx—-—|+bly—-=|=0 )
3 2
= (x—lj+é( _lj_o = 22m—1‘=1
3) a Y 2 +m
2m—1 2m—1
! ! = =1land =1
- (X—§j=0and(y—5)=0 2+m 24+ m

1
= x:%andy:% = m=3andm=—§

78. We have 42 + 92 — 2 + 12ab =0 Hence, the equation of the lines are

= (@a+9p’+12ab)—*=0

1
—2=3(x-3)and y-2=—-(x-3
= Qa+3p)-c=0 Y ( ) Y 3( )

= (2at3b+c)2a+t3b-0)=0 = 3x-y-7=0andx+3y-9=0
:>, (2af3b +,c): Oand (2a+3b-c)=0 83. Let ABC be an equilateral triangle, where A4 is (2, 3)
Given family of lines are and BCisx +y=2.

ax+by.+c:0 . () Equation of any line passing through (2, 3) is
and also thegiven conditions are Y3 =mx—2)

2a+3b+¢)=0 -..(i '

(2a c)_ (H) The slope of the line x + y =2 is (- 1).
and (2a+3b-¢)=0 ...(1i1)
From Egs (i) and (ii), we get Therefore, .

ax+by—2a-3b=0 tan(60°):‘m+
= ax-2)+by-3)=0 1=m

+1
= (x—2)+£(y—3)=0 = Z =+3
a 1-m

= x=2,y=3 m+1 m+1
= m=2n=3 = mZﬁﬁﬂdl_MZ—\B
From Egs (i) and (iii), we get

ax+by+2a+3b=0 = m3+)=RB-DandmB+1)=H3-1)
= ax+t2)+by+3)=0

3-1 3+1
= (x+2)+2(y+3)=0 = =(—§ ljandm{% 1]
a 3+ 3-

= x=-2,y=-3 = m=2-andm=2++3

= p=-2,9=-3

Thus, the value of Hence, the equations of the line are

m+n+p+q+10=2+3-2-3+10=10 y=3=2-V)x-2)
81. Let m be the s}ope of the given line and the slope of andy—3:(2+\/§)(x—2)
3x—y+5=0is3.
Therefore, =  (+3)x-y-@VB+D=0and
m—-3 2=V3)x-y+2V3-1D=0
tan 45° =
14+3m 84. LetAB:4x+y=1,
m—3 AC:3x—4y+1=0
= =1 .
1+3m and slope of AC is m.
m=3 m—3 . The slope of AB =—4 and the slope of AC = 3/4.
_ - -

Let LZABC = 0= ZACB

=]an =
1+3m 14+3m
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85.

86.

3_. 43

Thus, = ‘;
1+=m 1-4-=

4 4

3—4m) (-16-3
4+3m) | 4-12
3—4m) 19
= |—|==
4+3m) 8

= 5Tm+76=24-32m

= 8Im=24-76=-52
52

89

Hence, the equation of AC is

= m=

52
+7=-"(x-2
y 89(>C )

= 52x+89+519=0

Let PQ line intersects the line 4x + 3y = 12 at 4 and

4x + 3y =3 at B, respectively.

Equation of any line PQ passing through (-2, —7) is
y+7=m(x+2) (D)

33—-6m 20m—28
Thus, 4=

443m° 4+3m

443m° 4+3m
Given, AB =3 = AB*=9
81 81m?
7t 7 =9

(4+3m)” (4+3m)
=  9+9m*=16+24m + 9m?
= 24m=-7
= m=-724and m=-co
Hence, the line PQ can be x + 2 =0 and
= xt2=0and7x+24y+182=0
Equation of any line passing through (2, 3) is

and B=(24—6m 11m—28)

y=3=m(x-2) ...(1)
Equation (i) is equally inclined with the lines
3x—4y=17 ...(11)
and 12x-5y+6=0 ...(1ii)
12
m—= m——
Therefore, 4 |=_ S
12
1+—m 1+—m
4 5
3 12
m—= m-— r
= =-
1+ Em 1+ Em

dm -3 12—-5m
= =

4+4+3m 5+12m
63m*—32m—-63=0
63m*—8lm+49m —63=0

iy

87.
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= 9Im(Tm-9)+7(Tm-9)=0
= (m-9)Om+7)=0
9 7
> m==,-—
79
From Egs (i), we get,
y—3=2(x—2)andy—3=—z(x—2)
7 9
= O9x—-Ty+3=0and7x+9y=41
which is the equations of the lines.
1,2)
B A ¢
Let AB:3x+4y =5 ..
and4x -3y =15 ...(11)
On solving Egs (i) and (ii), we get
x=3andy=1

Thus, the co-ordinates of the point 4 be (3, 1).

Equation of any line BC which passes through the point
1,2)isy—2=m(x—-1) ...(iii)
On solving Eqs (i) and (iii), we get the co-ordinate B,

ie.
B (4m—3 2m+6)
4m+3 4m+3)
On solving Eqs (ii) and (iii), we get the co-ordinate C,
ie.
c- [21—3m 11m+8j
4-3m’ 4-3m )

Given condition is AB = AC
= AB*=AC?
2 2
3| 4 3HUm
4-3m

21-3m
( 4-3m
_[4m—3 )2 (6+2m )2
= =3 +|——+1
dm+3 dm+3
(9 + 6m)* + (12 + 8m)*
(4-3m)*
_ (-8m—12)* + (6m +9)*
- (4m +3)°
= (4m+3)2(100m> + 300m + 225)
= (4 — 3m)X(100m* + 300m + 225)
= (100m?+ 300m + 225)
[(4m +3)*— (4 —3m)*] =0

= (@m*+12m+9)[(4m+3)7 - (4-3m)*]=0
= CCm+3)m+7(Tm-1)=0
= m:—i,—7,l

2 7
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88.

89.

90.

91.

Putm= —% in Eq. (iii), we get

3
—2=—(x-1
y z(x )

= 3x+2y-7=0
Clearly, it passes through A(3, —1).
Thus, it can not be the equation of BC.
Put m = -7 in Eq. (iii), we get,

y=-Tx-1)=-Tx+7
Thus, the equation of BC'is 7x + y =17.
Also, put m = 1/7 in Eq. (iii), we get

1

y=2= 2 (x=1)
= x-Ty+13=0
Hence, the equations of BC can be x — 7y + 13 = 0 and
Tx+7=1.
3x+y+7=0and x—3y=31.
Do yourself.
Hence, the equations of the bisectors are

[3x—4y+7| [12x+5y 2|

‘ 2+ 4 H J122+5 ‘

- (3x—4y+7):i(12x+5y—2)
5 13

= 13@Bx-4y+7)=512x+5y-2)
= 13Bx-4y+7)=5(12x+5y-2)
and 13(3x—4y+7)=-5(12x+5y-2)

= 2lx+77y=101land3x-y+3=0
Hence, the equation of the bisector, containing the ori-
gin is

—4x—-3y+6) (Sx+12y+9
4+ 3 {57 +122

N (—4x—3y+6)=(5x+12y+9)
5 13

= 13(4x-3y+6)=505x+12y+9)

= Tx+9=3

The given lines are 2x -y + 6 =0

and 2x—4y+7=0.

Therefore, 2.1 -2+6=-4+6=2

and 2.1-4.2+7=9-8=1

Thus, positive one is the equation of the bisector.
Hence, the equation of bisector is

—2x—y+6) (2x—4y+7

[ J22+ 12 J_[ \/22+42J

—2x—-y+6 2x -4y +7
- ( N5 N 25 )
= 2(2x—-y+6)=Q2x-4y+7)
= 6x-2y=5

92.

93.

94.

95.

Coordinate Geometry Booster

The given lines are 3x —4y +7=0

and —12x—5y+2=0.

Now, a,a,+bb,=-36+20=-16<0.

Therefore, negative one is the obtuse-angle bisector.
Hence, the equation of the bisector of the obtuse angle

is
3x—4y+7)_ (-12x-5y+2
P+ 4 J122+5
(3x—4y+7)__(—12x—5y+2)

5 13
= 2Ix+77y=101
The given lines are —x—y+3=0and 7x—y +5=0.
Now, a,a,+bb,=-7+1=-6<0.
Therefore, positive one is the acute-angle bisector.

Hence, the equation of the acute-angle bisector is

—Xx—y+3) (Tx—y+5
JP+1 J7+12
R (—x—y+3)_(7x—y+5)
V2 5v2

= 5(=x-y+3)=Tx-y+5)
= 6x—-2y=5
The lengths of perpendicular from any point on the line
7x -9y + 10 =0 to the lines 3x + 4y =5 and 12x + 5y
=7 are same if 7x — 9y + 10 = 0 is the bisector of

3x+4y=5and 12x + S5y ="7.
Hence, the equation of bisectors is

=3x—-4y+5) (—-12x-5y+7
NEER J122+5

= 13(-3x-4y+5)=5-12x-5y+7)
= 2lx-27y+30=5
= Tx-99+10=0
Hence, the result.

Let ABC be a triangle,
where AB:x+1=0,BC:3x—4y=5and C4: 5x+ 12y
=27.

Case I: Acute-angle bisector between AB and AC
The given lines are x + 1 =0 and -3x + 4y + 5=0.
Now, aa,+bb,=1.(-3)+0=-3<0.

Thus, positive one is the acute-angle bisector.
Hence, the acute-angle bisector is

(FH

(x+1)_(—3x+4y+5)
1 5

= S5x+1)=(Bx+4y+5)

= 2x-y=5 ...(1)
Case II: The acute-angle bisector between BC and
AC.

The given lines are -3x +4y +5=0
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96.

97.

and -5x-12y+27=0.
Now,aa,+bb,=15-48=-23<0

Thus, the positive one is the acute-angle bisector.
Hence, the acute-angle bisector is

=3x+4y+5) (S5x—-12y+27
3P+ 4 J5?+122
(—3x+4y+5)_(—5x—12y+27)
5 13

= x-8=-5 ...(10)
On solving Egs (i) and (i), we get
L2
37Ty
Hence, the in-centre is (g, 5) .
The given lines are J3x - y+3=0 and
X — \/gy +33=0
Hence, the equation of bisectors are
\/gx—y+3 _ x—\/§y+3\/§
J3+1 JI+3
and  (Bx—y+3)=—(x—3y+3\3)
W3-Dx+B-1)y=33-1
= and(V3+Dx+(3+D)y=-3B+1)
= xty=3andx+y=-3
Thus, the point P is (3, 0) and the point Q is (-3, 0)
Hence, the length of PQ = 6.
Give lines are AB: x +y =1 ...()
and CD:x+y=5 ...(i1)

Slope of AB =—1 = tan (135°)

Since, AB makes an angle of 45° with AC, therefore it
will make an angle of (135° — 45°) or (135° + 45°), i.e.
90° or 180° with the positive direction of x-axis.

Thus, AB is parallel to x-axis or y-axis.
Hence,x—2=0and y+1=0.

Case I: Consider the lines are -x —y+ 1 =0

and —x+2=0

Now,aa,+bb,=1+0=1>0

Thus negative one is the acute-angle bisector.

Hence, the equation of the acute-angle bisector of
ZBAC is

—x—y+l)  [(—x+2
[ NIEE j ( NE ]
= W2+Dx+y=(2V2+1) ...(i)
CaseII: Consider the linesare—x—y+1=0andy+1=0
Now, aa,+bb,=0-1=-1<0
Thus, positive one is the acute-angle bisector.

Hence, the equation of the acute-angle bisector of
ZBAC is

S

=  x+ 2+D)y=(1-2)

...(1v)

98.
99.

100.

101.

102.

103.

1.45

On solving Egs (i) and (iii), we get
Xx=6+22,y=-1-242

Thus, the co-ordinates of C can be
(6+242,1-22)

Again, solving Egs (i) and (iv), we get
x=2-22,y=3+2\2

Thus, The co-ordinates of C may be
(2-22,3+242)

(-1/10, 37/10)

Let the image of the point (=8, 12) be (x,, y,).

X+8 y,—12  2(4--8+7-12+13)

Then

4 7 4*+7%)
_2(-32+84+13)
65
_ 2 X 65 PN
65
X, +8 12

:2andL:2
7

= x,=0andy, =28

Hence, the image of the point (-8, 12) is (0, 28).
Hence, the image of the point (3, 4) with respect to the
line y = x is (4, 3).

Let the point (4, 2) be P and the point (-2, 6) be Q.
Now the mid-point of P and Q is M (1, 4).

Equation of a line passing through (4, 2) and (-2, 6) is

6-2 2
—2=— S (x—4)=—-Z(x-2
y=2= 2 - 4)=-1(-2)

= 3y-6=-2x+4

= 2x+13y=10 ...(1)
Equation of any line perpendicular to Eq. (i) is
3x-2y+k=0

which is passing through M(1, 4).
So k=8-3=5.
Hence, the equation of the line is
3x-2y+5=0.
Let the point M be (4, 1).
The image of the point M(1, 4) with respect to the line
y=xbe P4, 1).
Now, if the point P be translated about the line x = 2,
then the new position of Pis (4 + 2, 1).
Hence, the co-ordinates of Q is (6, 1).
Let the point P be (3, 2).
The image of the point P with respect to the line x = 4
is 024 -3,2)ie. 005, 2).
LetZ=5+2iand Rbe Z,
Now, by rotation theorem of complex number,

R ZI_O_|Z_O|e’%

Z-0 |Z,—-0|
é:|Zl—0|ei%:ei%
Z 1Z-0|
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104.
105.

106.

107.

=  Z= Z><e4—(5+21)(—+—j

NG

= Zl=%(5+5i+2i—2)=$(3+7i)

3 7
Hence, the co-ordinates of R are | ——, — |.
(JE 2 j

Let PM: x — 2y + 3 = 0 be the incident ray and MR be
the reflected ray. Produced MQ in such a way that PM
= MQ. Now we shall find the image of Q w.r.t. 4B is R.
Co-ordinates of M are (1, — 1).

Let co-ordinates of O be (3, 0) and R be (4, k).

Thus, R is the image of O with respect to 3x — 2y = 5.

h-=3 k-0 _ 233+20-5) 8
Now = =— -
3 -2 (3*+2%) 13

h=22 ana k=10

13 13

Thus, the co-ordinates of R be (15 16)
13713

29
Slope of MR = EY

Therefore, the equation of MR is
y+l1= %(x -1

= 29%x-2y=31
Hence, the equation of the reflected ray is
29x -2y =131
Let N be the image of M with respect to x-axis. Thus N
is (5,-3)
-3-2 5
Slope of NQ= ———=——
P 0= 5-1 4
Therefore, the equation ON is

5
—2=—2(x-1
y 2 (x—1)
= Sx+4y=13
13
Thus, the co-ordinates of P be (?, 0) .

Hence, the abscissa of the point P is % .

Let PM be the incident ray and QM be the reflected ray.
Let P(1, 5) be any point on the line x =1

Produce PM in such a way that PM = RM,

where M = (1, 0)

Clearly, R = (1, -5), since, the incident ray is parallel to
y-axis.

Now, image of R with respect to the linex+y=11s Q.
Let the co-ordinate of Q be (4, k).

Now, h=1_k+5_-2(1-5-1) _
1 1 1+1)
= h=6,k=0

108.

Coordinate Geometry Booster

Thus, the co-ordinates of Q is (6, 0).
Since, the co-ordinates of M is (1, 0) and the co-ordi-
nates of Q is (6, 0), so the equation of the reflected ray
isy=0.
Let PM: x — 6y = 8 be the incident ray

AB: x +y =1 is the mirror, MQ is the reflected ray
and MS is the refracted ray.
Clearly, Mis (2,-1)

m——

6

1+2
6

Now, tan15°=

= @-B)= +(6’" 1)

m+6
(6’” j 2-3 or 3-2
m+6
_70-37\3 3743 -170
13 13

Let the angle between x + y = 1 and the line through
M(2, -1) with the slope

_T0-3743
13

+1

70-373
‘ T _[83-3743]

‘I_W—Wﬁ‘_lwﬁ—ﬁl
13

Then tan(o) =

_83-37\3
3743 - 57
and the angle between x + y = 1 and the line through
M(2, 1) with slope m = 37[ 70 be S.
3743 =170
S
Then tan(f) :‘ 13 :| 3733 -9 |
‘1_ 37\5—70‘ 131-3743]
13
_ 3733-9
1313743
Here, tan (&) > tan ()
= a>p
Therefore, the slope of the refracted ray is % .

Hence, the equation of the refracted ray is

(=29

+h= (x=2)

=  13y+13=(70-373)x—140+ 743
= (70-37V3)x—13y—153+74/3 =0
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Levee I

1. On solving, we get, A

the co-ordinates of 4,

Band C. o -

Thus, 4 = (2, 3), ,\j/ N

A\

B=(1,1) ,\7{ P(0, B %

and C=(-2,4).

Now, the points P and B C

A lie on the same side 3x+y+2=0

of the line

Ix+y+2=0.

3.0+ 5+2
6+3+2

S

So, >0=p>-2 ..(d)

Also, the points P and B on the same side of the line

x+4y=14
S0, QFr4B-l4
-1+4-14
= 4p-14<0
I P ...(ii)
2
Again, the points P and C lie on the same side of the
line
3y—2x=5
So, 3ﬁ—_5>0
12+4-5
5
= B> ...(1i1)
3
From Egs (i), (ii) and (iii), we get,
5 7
3 P 2
2. We have,
3x+4y=9
~ = 9—-3x
4
and y=mx+1
9—-3x
=mx+1

= 9-3x=4mx+4
= (@Am+3x=5
5
X=——
(4m+3)

When m = -1, then x is -5
When m = -2, then x is —1
Hence, the number of integral values of m is 2 for
which x is also an integer.

1.47

Y
0
(3,343)
X
Y
Since OM is the internal bisector of the angle POR.

oM _00 _6

PM  OP 1 (_é ﬁj

Thus, the co-ordinates of M= 7

Therefore, the equation of OM is
y=—x

= y+ V3x=0

Equation of any line passing through (2, 2) is
y=2=m(x-2)

Let the points 4 and B are

(o))
wi -2 ()

m=-3" " \m-3
Since the AOAB is equilateral, so
0A=0OB=AB

m-2 Y 5 2m-2 2

((m+ﬁ)) " ((;wﬁ))
_(2m=2 Y 2m-2Y
{m—ﬁJ (m—ﬁJ
4 4

m+BY (m-3)
= (m+3)=(m-+3)

= m=0
Hence the required equation of the line is y = 2.
Y
b 1)
y=k P(h, k)
Y
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The co-ordinates of 4, B and C are (1, 1), (k, k) and
2 -k k).

1 11
Givenl ko k 1l=4n?
2—-k k1
1 ! 0 0 C,—>C,-C,
= |k 0 1-kl=ap?* * 2
2 C,— Cy—C,
2—k 2k-2 k-1
0 1-k
= 1 = 4p?
22k-2 k-1
0 1-k
= =4h
k-1 k-1

= (k=1 =4nr

= (k—-1)==%2h

Hence, the locus of Pis 2x—y + 1 =0.

Given linesarex+y=|a|andax -y =1

Since two rays intersect in the first quadrant, so the
lines shouldbe x + y=agand ax —y = 1.

On solving, we get, the point of intersection is (1, a — 1)
Clearly, a,= 1.

Let the variable line be 2~ + % =1 and the co-ordinates
a

of O, 4, B are (0, 0), (a, 0), (0, b).
Let the centroid be G(¢, B).
a b
Thus, o =—, B=—
3 P 3
= a=30,b=3p

It is given that

OM=p
0+0—1]|
L
a*> b
o L1t
@ b PP
S S S
Go)*  (3B?* P’
o L 1.9
o B PP
Hence, the locus of G(a,, P) is
.12
232
. Letz, = A(3,0),z,=B(5,2)and z, = C
We have
nza_|mzal, 4
5 B 5 R

Coordinate Geometry Booster

37 :|ZS_ZI|X6’%

-z |z— 7|

= (23_21):(22_21)elZ
1
zy=z1+(5+ 2 =3) X —({+1
= 3 1 ( ) JE( )

1
= z3:zl+(2+2i)><—2(i+i)

NG

= z3:3+%(1+i)2:3+\/§(1+i)2

= z;=3+ 2\2i
= C=(3,202)
It is given that D is the image of C w.r.t. y-axis
Thus, D = (-3, 24/2)
So, x=-3,y=22
Hence, the value of
x+y+7
=—3+22+7
=22+42)
9. Let the line L: y = mx + ¢ be equally inclined to L :
3x—4y=Tand L,: S5y —12x=6.
Since the line L = 0 is equally inclined with the lines

L ,=0and L,= 0, so we have
3 12

~——-m m
4 _ 5
1+gm 1+Em
4 5
3—-4m _Sm—12
44+3m 5+12m

15+ 16m —48m* = 15m* — 16m — 48
63m*—-32m—63=0
63m*—81m +49m —63=0
Im(Tm—-9)+7(Tm-9)=0
(Tm—-9)O9m+7)=0

9 7

779
Hence, the equation of the line is

U

L

9 7
-5=—(x—4)ory-5=——(x—-4
y 7(x )or y 9(x )

= OWx-Ty=1lor7x+9y=73
10. Letz, = A4(3,0);z,=B;z,=C(2,5) andz, =D
D C2,5)
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I1.

Now, B7TH _|BTHI .
17 |17 2
_ 23_22:|Z3_22|Xe*i3:_l-
71—z, |z— 2]
= 23—22:—z'zl-i-iz2
= (+iz,=z+iz
zytizy  2+5i+3i
= 5= — = ;
1+ 1+
24+5i14+3i 2(1+40)
= 5= = 5
1+ 1+1i
N 22:2(1+4,“)><(1_l.)
1+i (1-1)
20+ 41 —i
B T(E ()
2
= z,=1+3i+4=5+3i
Thus, B = (5, 3)
Let D=(o, P)
Thus,a+5=1,—ﬁ+3=4
2
= o=-3,B=5

12.

1.49

-m+4
4
= m<4
Case III: When the points P and C lie on the same
side of 4B.
3m+2(m+1)—6>

>0

0
So, 18+2-6
- 5m—4>0
14
4
= m>—
5

Hence, the value of m lies in

4
—<m<4
5

Let the line be ~ + Y_ 1

a b
It intersects the x-axis at A(a, 0) and y-axis at
B(0, b).Clearly, the point M(#, k) is the mid-point of 4
and B.

Therefore, D = (-3, 5)
First we find the equations of the sides of the triangle
ABC,i.e. AB, BC and CA.

3-0
AB: y=3=—— (x=0)
= 2y+6=3x
= 3x+2p=6
-1
AC: y 3—6_0(x 0)
= 2y-6=x
= x-2y+6=0
: 0—1_0(+2)
BG y=0m e
= 8y=x+2
= x-8+2=0

- h:a+0,k:0+b
2 2
= a=2h,b=2k
Hence, the equation of the line is
i+l=1
2h 2k

13. Since the points (m, 3) and (0, 0) lic on the opposite
sides 3x+2y—6=0andx—4y+16=0,

Case I: The points P and A4 lie on the same side of the
line BC

m—8(m+1)+2>

So, 0
0-24+2
o TIm=6.,
=22
= Tm+6>0
= m>——
7

Case II: When the points P and B lie on the same side
of AC

0,

m—2(m+1)+6>
-2-0+6

0

3m+6-06
so, —<0
0+0-6
= 3m>0
= m>0
Also, 12416
0-0+16
= m+t4<0
= m<-4
Hence, the values of m lies in
R—-(-4,0)
14. Letz, = A(0, 3); z,= B(-2,5); z,= Cand z, = D
D C
A(0, 3) B=(-2,5)
Now, 575 BT
1T 15177
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15

16.

17.

=2 |55, -l

= Xe 2=—]

71—z, |z— 12|
=  z,—z,=-iz, tiz,
= z,=z,t-iz,—iz
= z,=2+5i-2i-5+3=-4+3i
Thus, C= (4, 3)

and M=(-2,3)

Let D= (o, B)
a—2__2 B+5

Thus,
2

3

= a=-2,p=1
Therefore, D = (-2, 1)
Hence, the co-ordinates of the points are
(x, £ rcos B,y £rsin 6)
= (2 £+/8 cos(135°),1 £ /8 sin(135°))

(22 (-5 1[5

=27F2,1+2)
=(0,3)and (4,-1)
Given family of lines be
(a+bx+2a-by=0
ax+2y)+b(x—-y)=0

(x+2) + Alx-y)=0

x+2y)=0,(x-—y)=0
On solving, we get the co-ordinates of the fixed point is
(0, 0).
Hence, the family of lines passes through a fixed point
is (0, 0).

=

> @)+ 2G-p=0
a

=

=

A(-7,5)

A
v P(0, 02) o

B(1/3,1/9) 5x—6y—1=0 C(5/4,7/8)

On solving the equations, we get the co-ordinates of 4,
B and C, respectively.
Now, 4 and P lie on the same side of the line
Sx—6y—1=0
50— 6a* -1
us, —————————>
5(-7)-6(5) -1
= 60-5a+1>0
= GBo-DRa-1)>0

= g<torast ()
3 2

18.

19.

Coordinate Geometry Booster

Again, the points P and B lie on the same side of the
linex+2y—-3=0.
2

Thus, 2% =3

1 2

—+—-3

39
= 200+a-3<0

= QRo+3)(a-1)<0

3
= ——<oa<l
2

...(11)
Finally, the points P and C lie on the same side of the
line2x-3y—-1=0

200+30% -1

(2] +3( 1)1
4 8

= 302+2a-1>0
= (@Bo-)(a+1)>0

Thus >0

...(iif)

1
= a<—lora>§

From Egs (i), (ii) and (iii), we get
oe (—E, —1) ) (l, lj
2 2

D cG, 1)

M@,

A(1, 3) B(p, q)

Clearly, the mid-point (3, 2) of (1, 3) and (5, 1) lies on
the diagonal.

So, 2=6+c¢

= c=-4

Equation of one diagonal is y = 2x — 4.

Let B=(p,q)
Now, m(BC) x m(4B) = -1

- (ﬂjx(ﬁ)=_1
p-5 p—1

= @-D@g-3=-@-H-5

= C]274q+3=fp2+6p—5

= pPt+g-6p-4g+8=0 (1)
Also B lies on the line y = 2x — 4.
So, g=2p-4 ...(i1)

On solving Egs (i) and (ii), we get,
p=2,4andg=0,4

Hence, the co-ordinates of the other vertices are (2, 0)

and (4, 4).

Clearly, the slope of the given line is —1.

Thus, 8= 135°.
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Therefore, the equation of the other two sides are
y—3=tan (135° £ 60°)(x — 2)

= y-3=tan (195°)(x-2)

or y-3=tan(75°)(x—-2)

= y-3=tan(15°)(x-2)

or y—-3=cot(15°)(x-2)

=  y=3=2-V3H-2)

or  y-3=(2+3)x-2)

20. Y
C
B
7 Ax+By+k=0
4x +py =0 * > Y
LS
9
A
Ix+2y=0 X

On solving OA4 and 4B, we get

(33
3'3

On solving OB and 4B, we get

)
373
Therefore, the equations of BC and AC are
Tx+2y=9,4x+5y=9

On solving BC and AC, we get,
c=(,1).

Hence, the equation of the other diagonal is y = x.

21. The reflection of the point (1, 2) w.r.t. x-axis is (-1, 2)
Thus, the equation of line containing the reflected ray

1s
3-2

5+1

y=2= (x+1)

= y—2=%(x+1)

= 6y—12=x+1

= x-6y+13=0

Hence, the point 4 is (—13, 0).
22.

23.

24.

1.51

Given equation is line 4B is

2x+y=17 (D)
Let S be the image of the point P(-3, 4).
Equation of PM is x — 2y + k = 0 which is passing
through P(-3, 4)
So, -3-8+k=0
= k=11
Thus,PMisx—-2y+11=0 ...(i)
Solving Egs (i) and (ii), we get,

3 29

X=—, Y=

5 5

Thus, M =(é,§j
55

Let S=(a,b)

a-3 29 b+4
and —=——
5 2

Then é =
5

azgandbzﬁ
5 5

Thus, S =(2,§)
55

Therefore, the equation of SO is
38
5 1
y-l=
2y
5

(x=0)

= y—lzix

= 33x-21y-21=0
= 1lx-7y-7=0 ...(iii)
On solving Egs (i) and (iii), we get,
42 91

YT s

Thus, R = (E, 2)
25° 25

The incident ray intersects the mirror at A(6, 0).
Let B(0, —4) be a point on the incident ray.
The reflection of the point B w.r.t. x-axis is C(0, 4).
Hence, the equation of the reflected ray is

f + X =1

6 4
= 2x+3y=12
The lines |x + y| =4 are

xt+y=4,x+y=-4
Clearly, both are parallel lines.
Now a line y = x intersects both the lines at (-2, —2) and
2,2
Thus, if the point (a, a) lies between the lines, so,
a>-2anda<2.
Hence, 2 <a<2.
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25.

26.

Here, altitude 4D passes through the intersection of 4B
and AC.

Let AD: (3x — 2y + 6) + 1(4x + 5y — 20) = 0 which is
passing through H(1, 1)

= (B-2+6)+A4+5-20)=0

= 7-11A=0
= =L
0

Thus, (3x — 2y + 6) +%(4x +5y-20)=0

= 6lx+13y-74=0
Consider BC: 13x— 61y + k=0
Now, altitude BE:

3x-2y+6 13x—-6ly+k

34-25 13.4-61.5
which is passing through H(1, 1)
7 k—48
S0 57527305
7 k-48
)
7 1675

= k=48-_x253=-

Hence, the equation of the BC is

13x—61y—$=0

= 26x-122y-1675=0

A(4,-3)

B(-2,5)
Let C=(a, b)
Now, m(AB) x m(CF) = -1
543 2-b
2-4"1-a
2-b 3

l-a 4

-1

X

27.
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= 8-4b=3-3a

= 3a-4b=-5 ...(1)
Also, m(AC) x m(BE) =—1
b+3 2-5
= X—==
a—-4 1+2
b+3
= =1
a—4

= a-4=b+3

= a-b=7

Solving Egs (i) and (ii), we get,
a=33,b=26

Hence, the third vertex is C(33, 26).

...(i)

Let the co-ordinates of B and C are (x,, y,) and (x,, y,)
respectively.

Clearly the mid-point of 4 and B and 4 and C lie on the
perpendicular bisectors x + 2y =0andx—y + 5=0.

1 -2
So, T +2(y1 ):o
2 2
= x 12 -3=0 @)

= x,+y,+13=0 ...(i)
Also, nt2 (_l):_l
x-1 2
= 2x,-y,-4=0
-2
and [yz j(1)=—1
x,—1
= x,+ty,+1=0 ...(1v)

Solving Eqgs (i) and (iii), we get the co-ordinates of B,

i.e. B= (1—1’ gj
55

Solving Egs (ii) and (iv), we get the co-ordinates of C,
ie. C=(-7,6)

62

5 28 14

Now, m(BC)=—5H=_E=_5
3

Therefore, the equation of BC is
14
—6=——(x+7
y =+

= 23y—138=-14x-98
=  14x+23y-40=0
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28.

29.

B 3x—4y=1 C

Let m be the slope of AC.
It is given that 4B = AC.
Clearly BC is equally inclined with AB and AC

%4‘4 m—z
So, 3 = 3
I+=%x(=4) 1+—-m
4 4
19 4m-3
= e
-8 3m+4
52
= m=——
89

Hence, the equation of AC is
52
+7=—F(x-2
y 22

= 89y +623=-52x+104
=  52x+89y+519=0

A(-2,-7)

p/ 4x+3y=12
3

Q 4x+3y=3

Equation of any line passing through A(-2, —7) is
y+T7=m(x+2).

Clearly, it is equally inclined to parallel lines with slope
—4/3.

= m=—aandm:°°

Hence, the equation of the required lines are
y+7
x+2
X2 oy 168=—7x—14

y+T oo

= xt2=0and7x+24y+182=0

7
o, y+T=——(x+2
y 2 +2)

30. Given points are A(1, p?), B(0, 1), C(p, 0)

2
p

Area of the triangle =

N | —
—_N o

1
0

1 p2
A=—(+p = p)
dA

1 .5
o= (3pP-1
0 2(1) )

For maximum or minimum,

Clearly, its area is minimum at p = ﬁ

31. Clearly, the point 4 is (3, —1)
Equation of BCisy —2 =m(x — 1)

m+ =
Thus, 4 = tan 45°
3
1-—-m
4
dm+3|
= (4 3m
4m+3 41
4—-3m
= m=—7,l
7

Hence, the equation of the line BC is
1
y—2=—7(x—l)ory—2:7(x—l)

x=Ty+13=00r7x+y-9=0
32. Given4=(2,1) B

So, z,=2+i
Then z, = i(2 + i) 90°
=—1+2i Q
B=(-1,2)

Therefore, C=(-2,-1)and
D = (1, -2), since O is the
origin.

1.53

2D

33. Two given linesare 7x—y+3=0andx+y—-3=0.

So the point of intersection is (0, 3)
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34.

35.

Let m(B)=m
m(AB) =17, m(AC) = -1

Clearly, ZABC = / »~
ACB . S
m—17 ‘ _ ‘m +1

A(0,3)

Thus,

1+7m| |1-m

=6m*+16m—-6=0 B C
=3m+8m-2=0
1

= m=-3,-

Hence, the equation of the BC is
y+10:—3(x—1)0ry+102§(x—1)
3x+y—-7=00rx—-3y-31=0

Given lines are x +y — 1 4

0endat o 5—0 xty=1 " p@2, -1
=0andx+y—-5=0. WV
Let the slope of BC be 4
m.

So,

1

tan (+ 45°) = 1 F

1-m

m+1

1_m=i1 D x=y=5 C

m=0, o0

Thus, the equation of BCmay be y+1 =0 orx—2=0.
Now, the equation of the bisector of Z4ABC are

y+1_+x+y—l
NG

or x—2:ix+y—1
1 V2

The equation of the bisectors of the acute angle in two
cases are

X+ (2 +1D)y=(01-+2)
and (V2 +D)x+y=(1+22)
On solving, we get the co-ordinates of D be
(6+ 242, -1-242) or (2-22,3+242).

Let the co-ordinates of
A be (0, a).

As the sides of the
rhombus are parallel to
the liney=x+2and y
= Tx + 3, the diagonals
of the rhombus are par-
allel to the bisectors of
the angles between the
given lines.

Equation of the bisectors of the angles between the
lines

A(0, a)

(1.2 N\,

C

Levee IV

1.

2.

Coordinate Geometry Booster

xX—y+2

J1+1

Tx—y-3
J49 +1
xX—y+2 Tx—y-3
V2 5v2
S5x—y+2)=2(Tx-y-3)
2x+4y=7,12x-6y+13=0
Thus, slope of MA is either 2 or —1/2

a_2:20r—l
2

Il
I+

Il
I+

=

So, a:00r§
2

Hence, the co-ordinates of 4 may be

5
(0, 0) or (0, Ej

Sides are x —3y=3,3x -2y =16

Diagonals are x + 4y =10, 5x -8y +6=0

Clearly B = (-1, 4), since the equation of the bisector in
the first quadrant is y = x

Thus, 4B =25+ 25=+/50=5\2

We have,
34 _|B375 Xei%
T4 2274
Zy— Z d 1
3724 _ My .
= =et=—=(1+1i)
Zy— 7 V2
1
= Z3:ZI+(22_ZI)E(1+I)
= z3=2+(2+\/§+i—2)%(1+i)
= z3:2+%(«/§+i)(l+i)
= z3=2+%(\/§+i+i\/§—l)

= z3=2+%[(ﬁ—1)+i(ﬁ+1)]

_,, W2-D W2+

AN 72
= z=3\/5_1+i(\/§+1)
2 V2
(3W2-1 2+
= C‘( RN )
Let 4 =(1,-2).

Thus, the image of 4 w.r.t x-axis is, say, B(1, 2).
Thus, the new position of B is C(4, 2).
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5. Clearly, the slope of the new line, m = tan (45°) = 1.
Hence, the equation of the new line is
y=-0=1(x-2)
= y=x-2
= x-y=2
6. Clearly, 4 = (0, 1) and

1
m = tan (45° +105°) = tan (150°) = ——

N

Hence, the equation of the new line is

1
—l=——(x-0
= Yy \/g(x )

= \/gy—x/5=—x
= x+3y=3
7. Clearly, tan =2
2 1
= sinf=—,cos0=—
5 5

Hence, the required point
=(x, T rcos Oy +rsin 0)

=[1+1-%,1+1-%)
:(1+%,1+%)

8. Thus, the point of intersection of the two given lines is
(2’ _1)
Let Q the point where P moving 2 units along the line
x+y=1

So, Q:(2—2~%,—1+2~%j
=(2-2,v2-1)

and R be the point where the point P moves 5 units
along the line x — 2y = 4.

2 1

So, R=|2+4+5—F/—,-1+5-—

oo 5]
=2+245,V5-1)
Hence, the required distance

=0R
=2 =257 + (2 -V5)?
=2 +257 + (2 - \5)?
_ 37205245

=29

9. LetA4 =(a, 0), B=(b, 6b)
and M(h, k) is the mid-point of 4B, where

h=9Fb 3

Thus, a=2h—£,b:£
3 3

10.

1.55
We have, 4B =2]

= AR =42
= (a—b)+360>=4P

2 2
= (2;155) +36(5) =412
3 03 3

2
= (2}; _%) + 4k = 4

2
= (h—%) +k* =1

Hence, the locus of M(h, k) is

2
(xlj +k2=1
3

=  92-6xy+ 10> =92

A(3,4) B

Letz, = A3, 4),z,= Band z, = C(1, -1)

T

Za— Z Zr—Z —i
Now, 3722 _|5=a],
2172 |i1T %

T
3=z, |-zl -5
- B 213 72
51—z |z— 2]
Zr—Z .
- 232 _, 2__
)
= Z3*ZZI*I.ZI+I'ZZ
= (A+iz,=z *iz
+i 1-i+i(3+4i
R 22=Z3 z.zl= i z(. i)
(1+19) (1+19)
-34+2i
= Zy= -
(1+19)
= z,- (=3+2i)(1—-9)
2
—3+3i+2i+2 -1+5i
= = =
2 2

15
Thus, the co-ordinates of B are (_E’ E)

Let the co-ordinates of D be (¢, ).

The mid-point of AC = M= (2, %j

1
a_i

2=2:>oc=

Now,

SN IN=]

2



1.56

I1.

12.

Pra 3 41
2 2 2

and

Hence, the co-ordinates of D are (%, %) .

A4,-3)
F E
B(2,5) D c
First we find the equation of BC and AC.
m(AD) = 2+3 5
1-4 3

Now, m(BC) :%
Thus, the equation of BC is
3
y - 5= g(x + 2)

S5y—-25=3x+6
3x-5y+31=0 (D)
2-5 —E——l
1+2 3
m(AC) =1
Thus, the equation of AC is
3=t 4)

Also, m(BE) =

x—-y+1=0

..(i)

On solving Egs (i) and (ii), we get the co-ordinates of C
are (13, 14).
Thus, the third vertex is (13, 14).

Let the points 4 and B be (x,, y,) and (x,, y,), respec-
tively.

Thus, 5x, —y,—4=0and 3x, +4y, -4=0
Also, x, +x,=2andy, +y,=10
Therefore,

y,+y,=10

=  Sx -4+

= 20x1 — 3)c2 =52

13.

Coordinate Geometry Booster

On solving, 20x, —3x, =52 and x, +x, =2,
we get,

8 12
x;=—and x, =——
23 23
and so L
N 23 > 23
Hence, the points 4 and B are
58 158 12 32
—,— |and | —, —
23" 23 23723
83

Now, slope of AB is = —
35

Hence, the equation of the line is
83x—35y+92=0

D C(-2,-1)
MeA72,0)
A1, 1) B
Letz, =A(1,1),z,= B, z, = C(-2,-1)
Now, Z3_ZZ=|Z |><e 2
21—z, |z —zz|
=2z, |z3—z,|  -in
=5 220 TTve 2=
2=z |a-2
= z,-z,=iz tiz,
= (+iz,=z +iz
= (A+idz,=-2-i+i(1+1i)
= (I+iz,=-3
. -3 —3(1—1)
=
2T+ 2
—-3+3i 33
= ===,
2 2°2

33
Thus, the co-ordinates of B are ( 2 2)

Let the co-ordinates of D be (¢, ).

aié
Now, —2=—l=>oz:l
2 2 2

3
ﬁ"'E 3
and =0=pB=-=
2 2

Therefore, the co-ordinates of D be (% —%)
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14.

15.

Hence, the equation of the other diagonal is

= y+ SR
3_.3..3
YT,
303
= —x+ty+———=0
2 2 4
= + +3 0
EJNN
) Ty

Equation of any line passing through the point of inter-
section of the linesx +2y=1and 2x—y=11s

_l_m(x_i)
Y75 5

Clearly, the co-ordinates of 4 and B are

(3m_1,0)and(0,1_3m)
Sm 5

Let M(h, k) be the mid-point of 4B

Thus, h=3m—1 andk=1_3m
m 10
1 1-10k
= = ,m=
3-10A 3
1 1 3
= = ,— =
3-10h m 1-10k
Eliminating m, we get
1 3
X =
3-10n 1-10k

= (B-10"H1-10k)=3

Hence, the locus of the mid-point M(4, k) is
B-10x)(1-10y)=3

The point of intersection of the lines

I S I
a b b a a+b a+b

Thus, the equation of the line passing through

ab ab .
, is
a+b a+b

16.

17.

18.

1.57

ab ab
_ =ml x—
a+b a+b
Therefore, the co-ordinates of 4 and B are

ab (1-% and —2_ (1 = m)
a+b

a+b m

Let the mid-point be M(#, k).

ab (1—1)andk=“—b(1—m)
2a+0)\ m 2(a+b)

2h(a +b) [ ) 2k(a +b)
m

Thus, &=

=(-m)
(2h(a+b) 1)_ 1 nd(Zk(a+b) 1)——m
ab T om ab -

Eliminating m, we get

(Zh(a +b) _lj(2k(a +b) _1]_1
ab ab -

Hence, the locus of M(h, k) is

oy — ab oy ab _ ab
@+ \ 7 " @+b)) @+b)
We have,

m=tan (15°) = (2 —/3)
Y

30°

0 %(2, 0) X

Hence, the equation of the line is
y=0=2-3)x-2)
= 2-Hx-y-22-3)=0
Clearly, _3+8_7: 2 :i>0
9-32-7 =30 15

Thus,the points (—1,—1) and (3, 7) lie on the same side
of the line.

On solving, we get the A
co-ordinates of 4, B S

and C. < >
Thus, 4 = (2, 3), B = ) ",

CLDandC=(2.4). o/ pop 2
Now, the points P and
A lie on the same side

ofthe line3x +y +2 = B 3x+y+2=0 ¢
0.
. 2 .
So, 20+BH2 o ps o )
6+3+2

Also, the points P and B on the same side of the line x
+4y =14
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19.

20.

0+4p—14
—1+4-14
= 4B-14<0

So,

..(i)

7
= <—
P 2

Again, the points P and C lie on the same side of the
line 3y —2x=>5

So, 3ﬁ—_5>0

12+4-5
= B> ... (iii)
3
From Egs (i), (ii) and (iii), we get
5 7
3 P 2

A M 3x-2y-5=0 B

Let incident ray = /M and reflected ray = MR and MN
be the normal.
On solving, we get

M=(1,-2)
Now, slope of IM = 1/2 and slope of AB = 3/2 and slope
of MN =-2/3.
As we know that the normal is equally inclined with the
incident ray as well as reflected ray.

1,2 _2_
Thus, 2 3 _ 3
1 2 2
l-———= 1-—-m
23 3
3+44 -2-3m 3m+2
= = =
6-2 3-2m 2m -3
7 2+43m
—% —_=
4 2m-3
= 14m-21=8+12m
29
m=—
2

Hence, the equation of the reflected ray
29
y+2= ?(x -1

= 2y+4=29x-29

= 2%x-2y-33=0

Equation of any line parallel to 3x —4y—2=01is 3x -4y
+k=0

Given distance between parallel lines = 4

Coordinate Geometry Booster

k+2
= =
JI+16
- k+2:4
5

= k+2=220

= k=-2120

= k=18,-22

Hence, the line is 3x —4y + 18 =0 and 3x —4y—-22=0.
21. Givenlinesarex+y+1=0andx+y—-1=0

Clearly both are parallel.

Distance between them is /2 .
Thus, the line must be perpendicular to the given lines.
Equation of any line perpendicular tox +y + 1 =0 is
x —y + k=0 which is passing through (-5, 4).
Thus,-5-4+k=0
= k=9
Hence, the equation of the lineisx —y + 9 =0.

22. Given ARPQ =17

1x y 1
= =3 1 1|=7
2
6 5 1
x y 1
= 3 1 1|=14
6 5 1

= x(1-5-yB3-6)+1(15-6)==14

= 4x+3y+9==I14

= Ax+3y-5=0,-4x+3y+23=0

Clearly, infinite number of points satisfy the point R.
23.

Clearly, the co-ordinates of P are
x-0 y-2
cos 60°  sin 60°

5 44583
27 2
Thus, the co-ordinates of M are

(O 4+5x/§J

2
24.
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25.

26.

27.

28.

D(-2,2) x-3y=4 Cc(1,-1)
S
Il
q
+ x—l
N
JF
A
A(=3,3)  x+2p=3 B(1, 1)

Clearly, the diagonal AC on the line y = —x and the di-
agonal BD on the line y = x. Thus, the angle between
y=xand y =—x is right angled.

C(s, 5)
4
AL 1) D(31/7, 1)
3
B(4,-2)
Here 4D is the internal bisector of the angle ZBAC.
Thus, ﬁ = @
AC DC

BD_AB_32 3
DC AC 42 4
Therefore, the co-ordinates of D = (%, 1).

Hence, the equation of AD isy—1=0

Thus, the equation of the perpendicular from C on the
internal bisector AD is x = 5.

Let the foot of perpendicular be (4, k).

They P2 _k=4_ (2+4-1
1 1+1
h=-2 k-4 5
ey —_—
1 1 2
P W
2 2
I R

2 2 | 3
Hence, the foot of perpendicular is (—E , E) .

All the points inside the A(1, 3)
triangle will lie in the half
plane determined by ax +
by + ¢ 20 (=) if all the
vertices lie in it.
For the first,
3x+2y>0,
3(1)+2(3)=920
3(5)+2(0)=1520
3-1)+2(2)=120

B(5, 0) C(-1,2)

29.
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Thus, all the vertices lie in the half plane determined by
3x+2y>0.
For the second,
2x+y—-13>0

2(1)+3-13=-8<0
2(5)+0-13=-3<0
2(-1)+2-13=-13<0
Thus, all the vertices do not lie in the half plane deter-
mined by 2x +y— 13> 0.
For the third,
2x-3y—-12<0
2(1)-33)-12=-19<0
2(5)+3(0)-12=-2<0
2(-1)-32)-12=-20<0
Thus, all the vertices lie in the half plane determined by

2x—-3y—-12<0

For the fourth,
2x+y<0
2(1)+3=120
-2(5)+0=-10<0
2(-1)+2=42>20

Thus, all the vertices do not lie in the half plane deter-
mined by —2x +y < 0.
Hence, all points inside the triangle satisfy the inequali-
ties 3x + 2y >0 and 2x — 3y — 12 <0.
Given OF:3x -2y +8=0
AC is perpendicular to
OE.
AC:2x+3y+k=0
which is passing through
A(1,-1) Alael
Thus,2 -3 + k=0 BE.h D ¢
= k=1
Hence, the equation of AC is 2x + 3y + 1 =0.
Let the co-ordinates of E be (a, b)
Thus,2a+3b+1=0
and 3a-2b+8=0
On solving, we get,
a=-2andb=1

Therefore, E = (-2, 1)
Now, E is the mid-point of 4 and C.
Thus, C = (-5, 3)
Hence, the equation of BC'is

1-3

3+5

A1, -1)

= y-1= (x-3)

1
= yol=— -3

= x+4-7=0

Now, D = (-1, 2)

OD is perpendicular to BC
OD:4x—-y+k=0
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30.

31.

which is passing through D(-1, 2)
Thus,4-2+k=0

= k=6

Hence, the equation of OD is4x -y + 6=10
Now, we solve the equations 4x —y + 6 =0
and 3x — 2y + 8 =0, we get,

. . ( 4 14)
circumcentre 1S | ——, — | .
55

¢ .
S
0] o

Clearly OB is the angle bisector of LZ40C.
Thus, OB: 7y—-9x=0

It is given that OB = 12

Let the co-ordinates of B be (4, k).

Now slope of OB = tan 6 =%

sin@ cos@ 1
9 7 130
Now. B=(0+12-L O+12-L)
’ V130 V130
e )
V1307130
Here BC is parallel to OA
BC:3x—4y+k=0
which is passing through B.
180
Thus, k= m
Hence, the equation of BC is
180
4y —3x = ﬁ
Similarly, we can easily find that the equation of AB is
480
S5y —12x + ﬁ =0

The equations of the line which are equally inclined
with the axes are

xty=a,x—-y=a
It is given that,

3—4—a_+1+2—a
V2 2
= -1-a=13-a)
= -1-a=0B-a),-1-a=-3+a
= -l-a=-3+a
= 2a=2
= a=1

Hence, the equation of the lineisx—y—1=0

32.

33.

34.

Coordinate Geometry Booster

Given,
ar(A) =8
12a a 1
= —la 2a =8
2
a a 1
2a a 1
= a 2a 1=16
a a 1
= 2a(a-a)+(a*-2d*) =16
= 2a*-a*=16
= a*=16
= a=t=l4
Clearly slope of CDz% B(0. 7) D
tan 0 = ; \\\\ ///
- sin@ cos6 1 /,,v\\IY{(\S/z,WZ
5 7 \/ﬁ /// \\\
Thus, MD = % ¢ A(5, 0)
Now, D= §+Ecos 9,Z+L4sin 0)
2 2 2 2
_[§+ﬁx 7 7. 374 5)
20 2 14’2 2 T
= §+Z,Z+§ =(6,6)
2 22 2
4 4
Now, C = [é—ﬂco 0, ! —ﬂsin 0)
2 2 2
(5., 7 1 14 s
2 2 a2 2 T
(32225
2 22 2
A
6|6
% '
/ﬂ N\
> I
—
B D C

On solving x + y = 5 and 7x — y = 3, we get the co-
ordinates of 4, i.e. 4 =(1, 4)

LetAB=AC=m
Thus, BC = 2m sin 6
Now, ar(A4BC) =5



Straight Lines

1 .
= —-2msin@-mcos@=5

= m’sin0=10
2 10 10 25

= " =sin29=4_/5=7
= m=—s
2
Now, slope of AC =tan ¢="7
|
= CosSQP=——,sinQ=——=
9 =0 9
Thus,C=(1J_ri-L,4J_r
V2 450
= C—(lil,4izj
2 2

- (1
22 2°2

h-4_k=-1__,
-1
= h=2,k=3
Thus, the required image is (2, 3).
(i1)) Now (2, 3) becomes (2 + 1, 3) i.e., (3, 3)

(i) Let z,=3+3i

T
fud
Then z,=z Xxe*

= 22:(3+3i)><%(1+i)

N
=j§6+30x0+0

NEDUICRE S
—\/5(1+l) \/El

36.
A(-1,3)
Also, Slope of AB =tan y=—1
cosl//——Landsinl//—L

2 2 E

5 1 5 1
Thus, D=|1£t—=:|—— |, 4t —= - — H(1,2)

( 2 ( \/5) V2 2 N
B2, 5) D ¢

Therefore, the four possible equations of BC are

A
—| x
2

15 3
15 5 o(. 3)_
_2_3_7@ 2)”

2 2

15 3

7+7

2 2

1 3
1 2 o 1) _

= 772 U(“Ej

2 2

1 13
I

35. Let (h, k) be the image of (4, 1) w.r.t. the liney =x— 1,

ie.x—y—1=0

Th
us, — =)

h—4_k—1__24—1—1
1?+1°

To find the equations of BC and AC.

2-3 1
BC: M(AD)=m=—E
= mBC)=2
Equation of BC is
y=5=2(x-2)
= 2x-y+1=0
2-5

AC: BE)y=——-=3
¢ mBE)=1—

= mQMDZ—é

Equation of AC is
1

-3=——(x+1

y s +D

= 3y-9=—x-1

= x+3y=8

Solving Egs (i) and (ii), we get
5,17

B

Thus, the co-ordinates of the third vertex are (;
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1.

Integer Type Questions

Let the line be ax + by + ¢ =0 ...()
Let p,, p, and p, are the perpendicular distances from
the line (i).

Clearly, p, +p, + p,=0

3a+c 3b+c 2a+2b+c
+ =

\/a2+b2 \/a2+b2 \/a2+b2

3a+c+3b+c+2a+2b+c
\/c12+l72

S5a+5b+3c
= 2T

\/a2+b2
= S5a+5b+3c=0

= §a+§b+c=0
3 3

which passes through a fixed point (g, %) .
5

5
Thus, p=—,g=—.
p 3 1 3

Hence, the value of
3pt+tq)-2

= 3(2.’_2)_2
33
=10-2=8
Clearly, slope of the line 2x -2y +5=0is 1, i.e. 92%

Equation of any line passing through (2, 3) and making

an angle r is
4

x—2 -
= =r
(5] sm()
4
N xl =y13_r
o2
= (x—z)=<y—3>=% )

Thus, any point on the line (i) is

2

which lies on 2x — 3y +9=0

So, 2(2+%j_3(3+%)+9:0

= —-—=-4

N

Coordinate Geometry Booster

= r= 4\/5
Clearly, d\2 =42
= d=4
= d+2=6
. Equation of any line passing through (2, 3) is
y=3=m(x—-2)
= mx—-y=2m-3
X Ly
(Zm - 3) (3-2m)
m
It is given that,
%x(zm_3)x(3—2m)=i12

= @-2mP=7324m

= 9-12m+4m*=3F24m

dm*+ 12m+9=0,4m*>-36m+9=0
= (m+3P2=0,4m*-36m+9=0
= (m+3)=0,4m*-36m+9=0
= m=-3/2,D>0

So, the number of lines is 3.

. We have,

3x+4(mx+2)=9
= @+4dmx=1
B 1
~ (3+4m)
when m =—1, then x = -1
Thus, the number of integral values of m is 1.

=

. Hence, the required area of the parallelogram

:M—®0—®|| L

- Isqu.
2 [EEE
-
c
A(4,5)
@
B 1)
We have

AB =4 -1+ (5-1)* =o+16=+25=5

Area of a rhombus = 2ar (AABC)
= 2(%x5x5><sin9)

=25sin 6
Maximum area of a rhombus is 25.
Thus, 5m =25
= m=5



Straight Lines

7.

10.

. Number of latice point =

Here, the rhombus represented by the lines
x+2y+2=0
x+2y-2=0
x—-2y+2=0
x—2y-2=0
Hence, the required area of the rhombus

_|e-(2pe-(-2)|
1 2 ‘

16
=—=4sq.u.
4 q

8(8+1) 136
Clearly, m(m + 5) =36

= m+5m-36=0

= m+9Y)(m-4)=0

= m=4,-9

Hence, the value of m is 4.

. Given lines are

2x+y=6,x+y=9,x=0and y=0.

. Letthe equationof D

From the above figure, it is clear that the number of IIT

points is 6.
Given lines are 2y =x and 4y = x

X X
= yzzandyzz

Y

2 2
We have a—%>0anda—%<0

= (4a-d)<0and Qa-d*)>0
= (*-4a)<0and(a®>-2a)>0
= ala—4)<0anda(a-2)>0

= 0<a<4anda<0,a>2
= 2<a<4
= ae(2,9=(@p.q
Hence, the value of (p + ¢ + 1)
=2+4+1
=7

1. Let the third vertex be (x, y) i.e. (x, x + 3).

2 1 1
It is given that l3» -2 1||=5
x x+3 1
= l(4x—4)=ir5
2
= (4x—-4)==I10
= 4x=4%10
= 4x=14,-6
7 3
2772

Thus, the co-ordinates of the third vertex be

(7 13) ( 3 3)
_’_ Or __’_
272 272
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Previous Years’ JEE-Advanced Examinations

(1, 1)

DCisdx+ 7y +k
= 0 which is pass-
ing through (1,
1).Thus, k=-11.

Hence, the equa- rTy+5=0

tion of DC is 4x + A3, 1)

Ty—11=0

Clearly BC is perpendicular to AB.

Let the equation of BCis 7x —4y + k=0
which is passing through (1, 1).

So, k=-3

Hence, the equation of DCis 7x —4y —3 =0.
Also, AD is parallel to DC

Let the equation of DCis 7x —4y + k=0
which is passing through (-3, 1)

So, k=25

Thus, the equation of DC is 7x — 4y + 25 =0.

Y
B(0, b)
2
P(h, k)
1
X<—5 A0 X
Y
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Here, h=294+0_2a , b+0_b
2+1 3 2+1 3
azﬁ,b=3k
2

It is given that, AB =/

= ﬂaz +b% =1

= a+tbh=r

= %hz +9k% =

= OR2+36k2=4P

Hence, the locus of (4, k) is
9x? + 36y =4P

. Here,a,=1,b,=-2anda,=4,b,=-3

Now, aa,+bb,=4+16=10
Thus, the obtuse-angle bisector is
x—2y+4 4x-3y+2

Ji+4  Jl6+9

x=2y+4 4x-3y+2

=
J5 5

N x—2y+4:4x—3y+2
I V5

=  (4x-3y+2)=/5(x—-2y+4)
= @-V)x-GB-2V5)y+2-45)=0
Let A = (—a, —b), B= (0, 0), C=(a, b)

b _ (Bo)
a

Thus, the points 4, B and C are collinear.
Let A = (—a,-b), B=(0,0), C=(a, b)
and D = (&, ab)

Now, m(AB) =

Now, m(A4AB) = S =m(BC)=m(BC)

Thus, the points 4, B, C and D are collinear.

. Equation of any line perpendicular to Sx —y =1 is

x+5—-k=0 i
Let it intersects the x-axis at (k, 0) and y-axis at (0, gj

Thus, l><k><£:5
2 5

= k=50

= k=152

Hence, the equation of the line L is
x+5y= +5\2

Now, consider the lines x + 2y = 3, 2x + 3y = 4 and
4x + 5y =6.
- 1 2 3
23 Ry,—>R,— R
Now, |2 3 -4 =[] 1 -1
Ri—>Ry—R,
4 5 -6 I 1 -1

=0
Thus, the above three lines are concurrent.

Coordinate Geometry Booster

10. Reflection of the point (4, 1) w.r.t. the line y = x is

11.

12.

(1, 4).

After transformation of 2 units along the positive direc-
tion of x-axis, it becomes (3, 4).

Let z, = 3 + 4i and the final position of the point is z,.

T

iE 1 1
Thus, z, =z Xe 4=z X| —=+i - —
smaxf=ax{ i )

= zz=(3+4i)><iz(1+i)

1 V2
= 22=Ex(3+4i)><(1+i)
= z2=%><(3+4i+3i74)
= ZzZ%X(—HW)
S Z_(_LL]
L2
D cGs, 1)
M3, 2
A(1,3) B(p, q)

Clearly, the mid-point of (1, 3) and (5, 1) is (3, 2) lies
on the diagonal.

So, 2=6+c¢

= c=-+4

Equation of one diagonal is y = 2x — 4.

Let B=(p, q)
Now, m(BC) X m(4AB) =—1

T
p-35 p-1

= (@-D@g-3)=—(p-DPE-5)

> ¢ -49+3=p*+6p-5

= p+g@P-6p—-49+8=0 ...(1)
Also B lies on the line y = 2x — 4.
So, g=2p-4 ...(i1)

On solving Egs (i) and (ii), we get,
p=2,4andg¢=0,4

Hence, the co-ordinates of the other vertices are (2, 0)

and (4, 4).

Given lineisax + by +¢=0 ()

and 2a+3b+4c=0

..

1
= —a+%b+c=0

Subtracting Eqs (ii) from (i), we get
1 3
—=|+bly——|=0
“(x 2j (y 4)
-3+l
= X——=|+—|y—-=1=0
2 a 4



Straight Lines

13.

14.

15.

1 3
= x:—’yz—

2 4 1 3
Thus, the point is concurrent at (E’ Zj .

Clearly, the given lines intersect at (2, —2), (-2, 2) and

(1, 1).

LetP=(2,-2),0=(-2,2)and R=(1, 1)
PO=.J16+16 =42

Thus, PR=~/1+9 =+/10

and QR=.9+1=4/10.

So, P, QO and R form an isosceles triangle.

Given AB=c

B(

o

Let AB:Z+2=1 (0
h k

and PM:y—k=%(x—h) ..(ii)

On solving Egs (i) and (ii), we get

W n k(W
x:h2+k2 :C_Zandy:k—l_Z[c_z_hj

3 3
Thus, x=—2andy=—2
c c
23 23
3 3
w, o | h k
Now, x™"+y""=| — +(—2)
c c
2,42
w o, oan Wtk
= Xty ET
c
2
o 2By el
R

= x2/3 +y2/3 — CZ/S

(atity, a(t; + 1))
A

B D ¢
(atats, a(ty + 13)) (att3, a(t; + 13))

16.

17.

18.

1.65

First we find the equations of AD and BE.

Now, m(BC) :ti
3

= mD)=1,

Thus, AD is y —a(t, + t,) = —tx + at 1t

Similarly, BE is y — a(t,+ t,) = —t,x + at 1,1,

On solving the equations of AD and BE, we get
x=-a,y=a(t,+t,+t,+tLt)

Thus, the required orthocentre is
(—a, a(t, + t,+ t, T {L1)).

The point of intersection of the lines x + 2y =10 and

20 25

2x+y+5=0is | ——, .
d ( 3 3)

Clearly, the line 5x + 4y = 0 passes through the point

S
373)

Given the co-ordinates of 4, B, C and P are (6, 3),
(_33 5)9 (49 _2) and (xs y)

Now, ar (APBC)
X 1
1 Y
=—|-3 5 1
2
4 =21
—l|7x+7 — 14
5 Y
7
=—|lx+y-2
zlx y=2|
16 31
ar(AABC):E—3 51
4 21

1 4
Lipioioa=2
2 2

! 2
ar(APBC) Wty =2

Thus, =
ar (A4ABC) 49
2
h+yfﬂ
7

Two given lines are 7x—y +3 A(0, 3)

=0andx+y—-3=0.So

the point of intersection 2 -

is (0, 3). » X,

Let m(BC)=m A N
m(AB) =1, N o
m(AC)=-1

Clearly, ZABC = / B ¢

ACB

Thus, m_—7‘:‘m+l

1+7m| |1-m
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19.

20.

21.

= 6m*+16m-6=0
= 3m+8m-2=0
1
= m=-3,=
3
Hence, the equation of the BC is

1
y+10==3(x=Dory+10=_(x-1)

= 3x+y-7=0o0rx-3y-31=0.
Given a, b, ¢ are in AP.

= 2b=a+tc
Now, ax +by+c=0

2ax +2by+2c=0

2ax +(a+c)y+2c=0
ax+y)+c(y+2)=0

Qx+ ) +<(r+2)=0
a

2x+»)=0,(r+2)=0
x=-1,y=-2

A

Thus, the given straight line passes through a fixed
point is (1, -2).
Three given lines are concurrent, if

p q r

qg r p|=0

r-p q
PP+ ¢@+r=3pgr)=0
@+ +r-3pgr)=0
ptq+n @ +q+r-pg—qr—mp)=0
@+q+rN=0,p*+¢*+r*—pg—qr—-rp)=0
= @Etqgtr=0,p*+q¢g*+rr=pg+qr+rp)=0

S

x=y=1
On solving the given equation, we get

A:(_E’EJ’B:(—i,ijandCZ(—3,4)
77 55

Equation of AD is

_E_(XJ,E)
_ 7

= Tx-T7y+19=0
Equation of BC is

1
-4=—(x+3
y 03
= x+4y-13=0

22.

23.

24.

Coordinate Geometry Booster

On solving AD and BC, we get the orhocentre is

3 22 o
(—, 7) , which lies in the first quadrant.

A(0, b)
2

7

Since the sides of the o
rhombus are parallel to
the linesy=x+2andy=
7x + 3, so its diagonals
are parallel to the bisec-
tors of the angles between
these lines. C

y—x—-2 _ y—"7x-3
me () )
y—x-2 _ y—="Tx-3
- ()5
= 5y-x-2)=x@r-T7x-3)

= 2x+4y-7=0o0r12x-6y+13=0
Therefore, the slope of AM is 2 or —1/2

Th b_2—20r—l

Y01 2
= b=00r§
2

Hence, the possible co-ordinates of 4 are

5
(0,0) or (0, E)

xx »n U |l b 1
l|=la, b, 1
oy I jay by 1

Given |x, y,

x »n 1 a b 1

= —lx lj=—la, b, 1
5% b% 5|92 >

X3 oy 1 a; by 1

Thus, areas are the same.
But it is not sure that it will be congruent.

0
D¢ C(h, k)
(\\‘\
* \\‘\
s S
_ B(5, 4
A(N4) a (5, 4)
P
Let C=(h,k).

Slope of AB =0 and BC is perpendicular to AB.
Thus,7—-5=0

= h=5

Clearly the mid-point of AC lies on the given diameter

PO.
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25.

26. All the points inside the

27.

Thus, 4(MJ=E+ 7 -8
2 2

= k=0

Therefore C'is (5, 0)

So, BC=4and AB=28

Hence, the area of the rectangle ABCD is
=ABXBC=8x4=325sq.u.

A(1, 3)
triangle will lie in the
half plane determined by
ax+by+c=0
if all the vertices lie in it.
For the first,
3x+2y>0,
3(1)+23)=920
3(5)+2(0)=1520
3-1)+2(2)=220
Thus, all the vertices lie in the half plane determined by
3x+2y>0.
For the second,
2x+y—13>0
2(1)+3-13=-8<0
2(00+0-13=-3<0
2(-1)+2-13=-13<0
Thus, all the vertices do not lie in the half plane deter-
mined by 2x +y— 13> 0.
For the third,
2x-3y-12<0
2(1)-3(33)-12=-19<0
2(5)-3(0)—-12=-2<0
2(-1)-3(12)-12=-20<0
Thus, all the vertices lie in the half plane determined by

B(5,0) C(-1,2)

2x-3y—-12<0.

For the fourth,
2x+y<0
2(H)+3=120
-2(5)+0=-10<0
2(-1)+2=420

Thus, all the vertices do not lie in the half plane deter-
mined by —2x +y < 0.

Hence, all points inside the triangle satisfy the inequali-
ties3x +2y=0and 2x—3y—12<0.

28

29.

30.

1.67

Let the co-ordinates of B and C are (x,, y,) and (x,, y,),
respectively.

Clearly the mid-point of 4 and B and 4 and C lie on the
perpendicular bisectors x + 2y =0andx—y +5=0.

So, xl_+1+2(yl__2)=0
2 2
= x+2y-13=0 ..()

+1 -2
and L B P T +5=0
2 2

= x,-y,t13=0 ...(i1)
y1+2( 1)
Al -—|=-1
SO’[xl—lj 2
= 2x,-y,-4=0
-2
and [yz—](l):—l
x,—1
= x,*ty,+1=0 ...>1v)

Solving Eqgs (i) and (iii), we get the co-ordinates of B,

ie. B= (E, gj
5°5

Solving Egs (ii) and (iv), we get the co-ordinates of C.
ie. C=(-7,06)

6_2
5 28 14
Now, m(BC)=———=——=——
_7_% 46 23

Therefore, the equation of BC is
14
—-6=——(x+7
y »*+D

= 23y-138=14x-98
= 14x+23y-40=0
The slope of

(0, g] and (1, 3) and (1, 3) and (82, 30)

are same. So the given points are collinear.

No questions asked in 1987.

We know that two linesax + by +c,=0and ax + by
+ ¢, = 0 cut the co-ordinate axes in concyclic points if
aa,=bb,

19 17 243
Here, qjay = ——X—=——+
29 18
19 1 24
and bb,= D X 7__24
3 6 18

Thus, the given lines cut the co-ordinate axes in con-
cyclic points.

According to the question, the required line passes
through the point of intersection of L, and L,.
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Equation of any line passing through the point of inter-
section of L, and L, is

L +AL,=0
= ax+tbytc+tAMix+my+n)=0
Here, L is equally inclined with L and L,, thus

my—m _ m—nm

I+mmy 1+ mm,
a+ Al a a |
b+im b p m
1+(a+/llJ(a)_1+( j(lj
b+ Am )\ b m
A(bl — am)
T+ b2+ Mbm + al)
a*+b?
al +bm +1

am—>bl
al + bm

= A=-

Hence, the equation of the required line is
a*+b?

ax+by+c————
al +bm+1

(Ix+my+n)=0

31.
A(0, b)

Ba.0) D Cla, 0)

Let the co-ordinates of 4, B and C are (0, b), (—a, 0) and
(a, 0), respectively and D as origin.
Equation of AC is Ti2o

a
t
Consider the co-ordinates of £ be [f b (1 - —D .

a
t
b(l_a) _bla-1)
t

at

Now, m(DE) =

and m(4AC)= _b
a

Since DE 1. AC
b(a—1)

— 7% (_2) =—1
at a

32.

33.

Coordinate Geometry Booster

= b(a-t)=dt
ab?

= =5
a“+b

Thus, the co-ordinates of E are

ab? a’b
a+b> a2+ b

and the co-ordinates of " are
ab® a’b
2@ +b%) 2(a*+b%)

Now, sl fAF—(aerZ)
ow, slope of AF = =

d sl f BE ab
and slope o = -
P a’+b?

Clearly, AF 1 BE.
Clearly, the point 4 is (3, —1).
Equation of BCisy—2=m(x— 1)

m+=
Thus, = tan 45°
1-=m
4
dm+3
= —_— =
4—-3m
4m+3)
=
1
= m=-7-
"7

Hence, the equation of the line BC is
y—2=—7(x—1)0ry—2=%(x—1)

x=Ty+13=00r7x+y-9=0.

Let L “+2=1
a b
After rotation through a given angle is
L 2+2=
P g

So, the distance from the origin of both the lines will be
the same.

| 0+0-1

J+
\/ B 1 1 R 1
= —_—t—= [— 4 —
a2 b2 p2 q2

Thus,
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34.

35.

Y
(0, b)
R
P(a, 0)
o A(7, 0)
M
B(0, 5)

Equation of 4B is % + lS =1

Equation of PQ is Ty % =1
a

Here, PQ is perpendicular to AB.

Thus,—éxéz_l
a 7
b a
= —=—=k(sa
- =5 = ksay)
Therefore, the equation of BP is
Xy
a 5
= i—Zzl
5k 5

= x-—-ky =5k
Similarly, the equation of 40 is

£+X:1

7 b
= Zi2

7 Tk
= lxty=T7k

From Egs (i) and (ii), we get

x X
x+y=7
(y+5] [y+5j

= xX*+)y*-Tx+5y=0

Y

(i)

1.69

Equation of any line through P is

y=3=m(x-2) ...(1)
The line (i) intersects the given lines at 4 and B, respec-
tively.
Thus, the co-ordinates of 4 and B are

4= 2m ’6—m
m+2 m+2
2m+2 m—-06

m+2 m+?2

and B=(

It is given that, AB =2
= AB*=4

dm+2-2mY (m—-6-6+m)
+ =4
m+2 m+2
2 2
2 N 2m—12 _4
m+2 m+2
1 m—62
+ =1
m+2 m+2

=
= 1+m-6)y=(m+2)y
=
=

U

l1+m?*—12m+36=m?>+4m+4

3
=>m=—
16

Hence, the equation of the line is

16m =33

33
—3=""(x-2
y 16@ )

= 16y—-48=33x-6
= 33x-16y=66-48=18
36. Let the variable line be ax + by + ¢ =0.
(2a+c)  (2b+c) (atb+c)
\/az+b2 \/az+b2 \/az+b2
= QRa+tc)+Rb+tce)+(a+tb+c)=0
= 3at+tb+c)=0
= (at+tb+c)=0
Thus, the line ax + by + ¢ = 0 passes through the point
1, 1.
37. x|+ =1
Clearly, the locus is a square.
38. AT, 5)

0

Given

N 2
Y, )
5 N
* >
v P(o, o?) \\0

B Sx—6y—1=0 C
(1/3, 1/9) (5/4,7/8)
On solving the equations, we get the co-ordinates of 4,
B and C, respectively.
Now, 4 and P lie on the same side of the line
S5x—6y—-1=0
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39.

40.

50— 60’ -1
S, —M8M8M8M >
5(-7)-6(5) -1
= 602-50+1>0
= @Ba-1)QRu-1)>0

1 1 .
= o<-oroa>— ...(1)
3 2

Again, the points P and B lie on the same side of the
linex+2y—3=0.
2

Thus, ZF2% =3 09

1 2

—+—--3

39

200+ 00-3<0

=
= QRo+3)(x-1)<0

.(ii)

3
——<aoaxl
2

Finally, the points P and C lie on the same side of the
line 2x—-3y—-1=0

2
Thus, — 223 —1

zfj+{7}4
4 8

= 30*°+20-1>0
= @Bo-D(@+1H)>0

... (i)

1
= a<—lora>§

From Egs (i), (ii) and (iii), we get

o e (—3, —lj U (l, 1)
2 2
Let BD is the angle bisector of the ZABC.

AD _BA _36+64 10 2

Now, —=—+=
DC BC 16+9 5 1

Thus, the co-ordinates of D are (é, éj
Therefore, the equation of BD is

@—D=%@—$

= x-Ty+2=0
Equation of any line passing through 4 is
x+5 y+4

= =Nn,rn,rn
N 1>72-73
cos@ sin@

LetAB=r,AC=r,,AD=r,
Clearly, the point (r,cos6— 5, r sinf—4) lies on the line

x+3y+2=0

So, (r,cosf—5)+3(rsinf—-4)+2=0
15

=

r:—
i ;
cos @+ 3sin 6

= E=(cos0+3sin@)
g

41.

42.
43.

44,

45.
46.
47.

Coordinate Geometry Booster

15 .
——=(cos 8 +3sin 0)
AB
o 10 .
Similarly, — =2 cos 0 +sin 8
AC

and i=c0s9—sin9
AD

It is given that

15V (10 (6 Y
[3) () (35
(cosO + 3sin6)? + (2cosO + sinB)* = cosO — sinb)>
4c0s?0 + 9sin?0 + 12sinf cosf=0

(2cosB + 3sin6)> =0
(2cos6+ 3sinf) =0

L A

tan 6 = 22

3
Hence, the equation of the required line is
y+4= —%(x +5)

= 3y+12=-2x-10

= 2x+3y+22=0

As we know that the point of intersection of any two
perpendicular sides of a triangle is also called ortho-
centre.

Given lines are xy=0and x +y =1

= x=0,y=0andx+y=1

Ans. (m* — Dx—my +bm*+ 1) +am=0

The given lines are x + 3y =4 and 6x — 2y = 7 which
are mutually perpendicular to each other. Thus, PORS
must be a thombus.

Equation of PS'is 2x + 9y = 22.

Equation of any line parallel to PS'is

2x+9y+k=0

Which is passing through (1, -1)

So, k=7

Hence, the equation of the required line
is2x+9y+7=0.

Y
y=mx+1
\Q y=mx
P
R
y=nx+1
Y y=nx

Area of a parallelogram OPQR
=2 (ar of AOPQ)



Straight Lines

= ZX%XOQXPM
=00 x PM
1

~|m—n|

48. Wehave 3x +4mx+4=9
=

x(3+4m)=5

5
© (3+4m)

When m =-1, thenx=-5

m+1
+
L,:3x+y= 9 +3m
m+1
Let the co-ordinates of R be (4, k)
When m = -2, then x = -1 Thus,h:11+2m,k:12+9m
Thus, the number of possible integral values of m is 2 S(m +1) S(m+1)
49. Eliminating m from the above relations, we get
Y 5h—15k+25=0
0 = h-3k+5=0
. (3,3B) Hence, the locus of (4, k) is
\\\ 6 x=3y+5=0
M 51. Equation of any line passing through (8, 2) is
1 N y—2=m(x—28)
X<~—p 0 X
(1,0 0,0

Since OM is the internal bisector of ZPQOR
oM _0Q _6
PM OP 1
. 3 33
Thus, the co-ordinates of M=

3.3
Therefore, the equation of OM is

y=—3x
= y+ Px=0
50.
Y \
‘\ L2
N Line pafallel to 3x +y =35
vo/ Lo
\ \ Lite parallel to 2x +y =5
-7 ‘\/R( B )
-7 \ \ +X
- PN J”\\J
X<— Y X
/”// 0 ‘\>< \
Ly/=mx \%\\
\\ 7
Y
LetL: y =mx

Then the co-ordinates of P and Q are

2
Li:2x—-y= ~

Put y=0, m(x-8)=-2.
2
= (x-8)=-—
2
= x=8-—
m
2
Thus, OP =8 — —
m
Putx=0,theny=2—-8m
Thus, OQ =2 —-8m

-8
dm m2

Let S=0P+0Q=(8—3)+(2—8m)
m
as 2
= _—

a5 _y

dm

For maximum or minimum,

1 m
P= R and
m+1 m+1
3 3m
0= ,
m+1 m+1

Equation of the lines L, and L, are

1.71
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Thus, the sum will provide us the least value.
The least valueis=8 +4+2 +4 =18.
52. Equation of any line passing through (2, 2) is
y=2=mx-2)
Let the points 4 and B are

2m—2 2m—2
g -A(d)

i B:[2m—2 \B[zm—zn

m—-3"\m-3
Since the triangle OA4B is equilateral, so
0A=0B=A4B

2m—2 2+3 2m—2 Y
(m++3) (m+3)

_(2m=2 Y 2m-2 Y
_((m—@j ((m—@)
4 _ 4
(m++3)*  (m-+3)
= (m+3)=(m-~3)

= m=0
Hence the required equation of the line is y = 2.
53. Triangles OPA and OQC are similar.
W OP_04_94 3
00 oC 3 4

Th
Y
B
P
v N _ A(9/4, O)X
(-3, o& \4x +2y=9

D\2x+y+6=0

Y

54. Equation of the altitude BD is x = 3.
Y

B@3,4)

[9) D A4, 0)

3-4

Slope of AB is =-4

and Slope of OF is %

55.

56.
57.

Coordinate Geometry Booster

Equation of OE is y = %x
Thus the line BD and OF meet in (3, %)

Hence, the centroid is (3, %j .

Let the point P be (x, y)

Given
Ja=a) + (=5 = -+ (y - b,)?
(x_a1)2 + (y_bl)zz (x_a2)2+(.y_b2)2
a?-2ax+b?-2by=a’—-2ax+b?-2by
a’—a’+b?—=b?=2a —a)x+2(b —b)y

1
(a= ay)x + (b= by)y=—(af = a3 + b = b3)

Thus, the value of ¢ is %(af —al+bI—b).

Ans. (a)
Y
x+>\ yex
y=k ! P(h, k)
X /6 5 0 \ X

The co-ordinates of 4, B and C are (1, 1), (k, k) and
2 -k k).
1 11

Given Wk oal=aw

2 2—-k k1
1 0 0
= |k 0 1-k|=4n’
2—k 2k-2 k-1

N | =

CG—-GCG-(

0 1-k

- 1L = 4h?
2R2k-2 k-1
0 1-k
= — 4h
k-1 k-1

= (k-1)Y=4r
= (k—-1)==%2h
Hence, the locus of Pis 2x —y + 1 =0.

58. Ans. a,= 1
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59.

60.

64.

Y
2x+Xx=0 1// y=x
Bisectg
X % X
/F(*Q, —2)/R g(l: -2) y+2=0
Y
PR P 242
In AOPQ, PR_OP_22
RO 00 5

But statement II is false.
(a) The point of intersection L : x + 3y — 5 = 0 and
L;:5x+2y-12=0is P(2, 1).
If L, L, and L, are concurrent, the point P must
satisfy L, =0
Thus,6—k—1=0
k=>5.
(b) Let L, and L, are parallel.

Then l=i:>k=—9
3 k

Again, let L, and L, are parallel.

Then E:i:>k:—E
5 2

5
6 . .
(c) For k#5,-9, 3 they will form a triangle.

(d) For k=5,-9, —g they will not form a triangle.

Clpg, (+p)1+q))

X
% D) 0BG 0) |0

Intersection point of y = 0 with first line is A(—p, 0)
Intersection point of y = 0 with second line is B(—¢, 0)
Intersection point of the two lines is

Clpg. (p+ D(g + 1))
Altitude from C to AB is x = pg
Altitude from B to AC is

lq (x+p)
+q

y=-

62.

63.

1.73

On solving, we get,

x=pqandy=-pq
Thus, the locus of the orthocentre is x + y = 0 which is
a straight line.

Y

y=t/§§1

G.-2)

Equation of a line passing through (3, -2) is
y+2)=m(x-3)
It is given that,

609y | 3
tan (60°) l—m\/§
m++3

=+/3
1—7’)’l\/§ f
m++3
——=%3
1—m«/§ +I

= (m+B)=tB01-m3)

= m=0,m=\/§

Hence, the equation is
(y+2)=~3(x-3)

= \/§x—y—(2+3x/§):0

= y-Vx+(2+3/3)=0

bx+tay+c=0 L.

ax+bytc= -

Clearly, the point of intersection of the lines
ax + by +c=0and bx + ay + ¢ =0 lie on the line y = x.
Let the point be (7, »).

Given +/(r — 1)2 +(r- 1)2 <242

= 20 -D)* <242

= 2|r-1)|<2v2
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64.

= J(r-D<2

= 2<(r-1<2

= -1<r<3

Thus, (-1, —1) lies on the opposite side of origin for
both lines.

Therefore, —a—b+c¢<0

= at+tb-c>0

Y

P(a, B)

0 x={2 x=242

Coordinate Geometry Booster
Given2<d (P)+d(P)<4
a—p, |le+B
2 |2

=  2V2<jo-Bl+|e+plcH2
=  2J2<2a<4J2, when a> B, for P(o, B)
= 2<a<2V2.
Area of the region = (2V2)2 - (+2)?

=8-2

=6

= 2< + <4




Concept BoOSTER

1. InTRODUCTION

A pair of lines is the locus of a point moving on two lines.

Let the two lines be
ax+by+c =0

and ax+by+c,=0

The joint equation of the given equations is
(ax+by+c)lax+by+c)=0

and conversely if joint equation of two lines be
(@ax+by+c)(ax+by+c)=0,

then their separate equations will be
ax+by+c =0andax+by+c,=0

Notes:

1. In order to find the joint equation of two lines make
RHS of equation of the straight lines to zero and then
multiply the equations.

2. In order to find the separate equations of two lines,
when their joint equation is given. Simply factorize
the joint equation and reduces into two linear factors.

2. Homoceneous EquaTion

In an equation, if the degree of each term throughout the
equation is same, it is known as homogeneous equation.

Thus ax? + 2hxy + by? = 0 is a homogeneous equation of

2nd degree and ax® + 2Ax%y + by* = 0 is a homogeneous equa-
tion of degree 3.

3. Pair oF STRAIGHT LINES THROUGH THE ORIGIN

Theorem

Any homogeneous equation of 2nd degree in x and y repre-
sents two straight lines which are passing through the origin.

Pair of Straight Lines

Y

A homogeneous equation of 2nd degree in x and y is
ax* +2hxy + by*=0

= y2+(%)x+2x2—0
b
(211) 4h*  4a
_ xt |54
- b ¥ b
2
2
b )
2
_ _[ﬁ)i h —abjx

)
(e hz_abg NES=n)

= (v —mx)(y —myx)
where m; + m,=—— and m;- m a
1 2 b 1My = b

= y-mx=0ory—mx=0
both of which are pass through the origin.
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4. AncLE BETweeN THE LiINES REPRESENTED BY
ax’ + 2hxy + by’ =0

Let the lines are represented by
ax*+2hxy + by*=0

are y-mx=0andy—-mx=0
where  m+ my= Y 4
2a
and my-my,=—
1M =
Let O be the angle between them.
Then tan @ = |12 5
1+ mym,
_ \/(ml +m,)” = 4mm, |
1+ mym,
2
% _44
1+
_[2/h* —ab
a+b
[12
Thus 0 = tan™! | |2V~ @b ||
a+b

(i) Condition of parallelism
In this case, 6=0
= h=ab
(i) Condition of perpendicularity

In this case, 6 = il
= at+b=0

(ii1) Condition of coincidency
In this case also, 6= 0
= kW =ab.

5. BisecTors oF ANGLES BETWEEN THE LINES
RepReSENTED BY ax? + 2hxy + by =0

Y L,
A, A,

Ly

0, o

Coordinate Geometry Booster

Let the given equation represents the straight lines
y-mx=0andy—-mx=0
2 a
Then m, + m,=——, mm,=—.
1171 p =

The equation of the bisectors of the angles between the given
straight lines are

yomx _y-imx
\/l+m12 \/1+m§
y—mx Y —nmyXx
and === >
\/1+m1 \/l+m2

The joint equation of the bisectors is
N yomx Yo mpyX \fyomY YY),
\/l+m12 \/l—i-m% \/H—m]2 \/1+m§

2 2
y—mx |\ _[Y =X

N =

[\/1+me [\/1+m§]
0= mP(L+ md) = (= ) (1+m?)
(1 +m3) 0 = 2m xy + mx*)

=1 +m}) (= 2mpxy + mx)
S mrem) @)

I}

+2(mm,—1) (m —m)xy =0
= (m, + m)(x*—y*) + 2(mm,— 1)xy =0

= (—%)(xz—y2)+2(%—l)xy=0

h
R (—%j(xz— )= —2(5— l)xy

2_ .2

L Irw
a->b h

which is the required equation of bisectors of the lines rep-

resented by

ax?*+ 2hxy + by* =0

6. GeneraL EquaTioN OF 2ND DEGREE IS
axt+2hxy + by + 2gx+ 2fy+ c=0

Theorem

The general equation of 2nd degree is
ax> +2hxy + by +2gx + 2fy +¢=0
which represents a pair of straight lines if
abc + 2fgh — af* — bg* — ch*=0.
Proof: The general equation of 2nd degree is
ax*+2hxy + by* +2gx + 2fy +¢=0 ...()
= by* +2(hx + fiy + (ax* + 2gx +¢) =0

“2(hx + f) £ JAhx + f)? — Ab(ax® + 2gx + c)
r 2

_—(hx+ F)E (= ab)x> +2(gh—af )x+(g>—ac)
- b




Pair of Straight Lines

Equation (i) represents two straight lines if LHS of Eq (i) can
be resolved into two linear factors, therefore the expression
under the square root should be a perfect square.

Hence, 4(gh—af)*—4(h’ —ab) (g*—ac)=0

= gh* + df* = 2afgh — h*g* + abg* + ach* — a*bc = 0
= alaf* + bg* + ch* — 2fgh—abc) = 0

= abc + 2fgh—af— bg —ch*=0

which is the required condition.

Result 1
The lines represented by
ax’ +2hxy + by* + 2gx +2fy + ¢ =0
are parallel if
A= abc + 2fgh — af* — bg* — ch*=0
and h—ab=0
Result 2
The lines represented by
ax?+2hxy + by* +2gx +2fy +¢=0
are perpendicular if
A= abc + 2fgh—af* — bg> — ch*=0
and at+b=0.
Result 3
The point of intersection of the lines represented by
ax’ +2hxy + by* + 2gx +2fy +¢=0
is obtained by
5—f =0 and 5—f =0

Ox oy
ie 2ax +2hy +2g=0
= ax+hy+g=0

and 2hx +2by +2f=0

= hx+by+f=0

Result 4

The point of intersection of the lines represented by
ax’ +2hxy + by* + 2gx +2fy + ¢ =0

is f?=bc |g*-ac
W —ab’ \ h*—ab
bg —hf of —gh

or 5 P T
h“—ab h”—ab

Result 5
The angle between the lines represented by
ax’ +2hxy + by’ + 2gx + 2fy + ¢=01is

2.3

21— ab

(a+b)

0 =tan"!

Result 6
The lines represented by
ax* +2hxy + by* +2gx + 2fy + ¢ =0
will be coincident if
WP—ab=0,g*—ac=0and f>— bc=0

Result 7
The pair of bisectors of the lines represented by

ax® + 2hxy + by? +2gx + 2fy + ¢ =0 ...(0)
is

=0’ -(=P° _ (x=0)x=p)
(a—b) h ’
where (@, ) be the point of intersection of the pair of
straight lines represented by Eq. (i).

Result 8
The combined equation of the straight lines joining the ori-
gin to the points of intersection of a second degree curve

ax* +2hxy + by* +2gx + 2fy + ¢ =0
and a straight line Ix + my + n=0is

—n

2
+2ﬁ;(lx+my)+c(lx+my) _0

—n —n

+
ax* + 2hxy + by* + 2gx + 2gx (lx—myj

A

o

After simplification, the above equation will be reduced to
Ax?+ 2Hxy + By*= 0 and it will represent two straight lines,
which are passing through the origin.

Let 6 be the angle between them, then

2JH? - AB

A+ B

0 =tan"!

Levee
(Problems Based on Fundamentals)
ABC OF PAIR OF STRAIGHT LINES

1. Find the joint equation of the lines x —y + 2 =0 and
2x+y+4=0.

2. Find the joint equation of the linesx =y andx + y = 1.

3. Find the separate equations of the lines represented by
xX2=3xy+2)?=0.

4. Find the separate equations of the lines represented by
xX2—y*+2y—1=0.

5. Find the straight lines which are represented by
X2+ Sxy +6y*=0.
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Find the area of the triangle formed by the lines
V' —5xy+6y*=0and y=6.

Find the orthocentre of the triangle formed by the lines
xy=0andx+y=2.

. Find the circumcentre of the triangle formed by the

linesxy—x—y+1=0andx+y=4.
Find the angle between the lines represented by
2013x2 +2014xy — 2013y = 0.

10. Find the angles between the lines represented by
2% - 4\/§xy + 6y2 =0.

11. Find the angle between the lines represented by
x*+4xy +)2=0.

BISECTORS OF THE LINES

12. Find the equation of the bisectors of the angle between
the lines represented by 3x* + 5xy + 4y* = 0.

13. If y = mx is one of the bisectors of the lines x? + 4xy +
y? =0, find the value of m.

14. Prove that the lines 9x> + 14xy + 16y* = 0 are equally
inclined to the lines 3x* + 2xy + 4y* = 0.

15. Prove that the bisectors of the angle between the lines
ax* + acxy + ¢y* =0 and
(2013 + l)f +xy+ (2013 + l)f =0

c a

are always same.

16. If pairs of straight lines x> — 2pxy — y* = 0 and x> — 2qxy

—3%=0 be such that each pair bisects the angle between
the other pair, prove that pg = —1.

GENERAL EQUATION OF A STRAIGHT LINE

17.

18.

19.

20.

21.

22.

23.

24,

For what values of m, does the equation mx* — 5xy — 6)*
+ 14x + 5y + 4 = 0 represents two straight lines?
For what value of A, does the equation 12x*> — 10xy +
22+ 11x— 5y + A= 0 represents a pair of straight lines?
If Ax* + 10xy + 3y? — 15x — 21y + 18 = 0 represents a
pair of straight lines, find the value of A.
Find the separate equation of lines represented by
X2=5xy+4+x+2y-2=0
Prove that the equation
x2—2\/§xy+3y2—3x+3\/§y—420
represents two parallel straight lines and also find the
distance between them.
Find the equation of the straight lines passing through
the point (1, 1) and parallel to the lines represented by
the equation

X*=5xy+4*+x+2y-2=0.
If the equation

3x2+5xy—py* +2x +3y=0
represents two perpendicular straight lines,then find
the value of p + 2010.
Prove that the equation

16x2 +24xy + 92 +40x + 30y —-75=0
represents two parallel straight lines.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Coordinate Geometry Booster

Find the point of intersection of the lines represented
by x*—5xy+4y2+x+2y—-2=0.
Find the point of intersection of the straight lines repre-
sented by the equation
3x2—2xy—8*—4x+18y—-7=0
Find the point of intersection of the straight lines is
given by the equation
37— 8xy—3x*—29x +3y—-18=0
If the equation
1232+ Txy —py* = 18x+qy+6=0
represents two perpendicular lines, then find the values
of pand g.
Prove that the four lines given by
3x2+8xy—3)=0
and 3x2+8xy—3)*+2x—4y—-1=0
form a square.
Find the angle between the lines represented by
3x?=2xy -8 —4x+18y—-7=0
Find the angle between the lines represented by
X2=5xy+4P+x+2y-2=0
If the angle between the lines represented by
2x*+5xy+ 3y +7y+4=0
is tan"'(m), then find m.
Prove that the lines represented by
xX2—8xy+16)+2x -8y +1=0
is coincident
Find the equation of bisectors of the lines represented
by x> —5xy+2)2 +x+2y—-2=0.
Find the angle between the lines joining the origin to
the points of intersection of the straight line y = 3x + 2
with the curve x* + 2xy + 3)? + 4x + 8y — 11 = 0.
Find the equation of the straight lines joining the origin
to the points of intersection of the line y = mx + ¢ and
the curve x* +y? = b2,
Find the equation of the straight lines joining the origin
to the points of intersection of the line Ix + my =1 and
the curve y* = 4bx.
Find the equation of bisectors of the angles represented
by the lines 12x? — 10xy + 2y* + 9x + 2y — 12 = 0.
Prove that the lines joining the origin to the points
of intersection of the line 3x — 2y = 1 and the curve
3x2 + Sxy — 3y? + 2x + 3y = 0 are perpendicular to each
other.
If the equation ax? — 2hxy + by* + 2gx + 2fy + ¢ = 0.

represents two straight lines, prove that the product of

the perpendiculars drawn from the origin to the lines is
c

Ja—-b2+an

Find the value of m, if the lines joining the origin and
the point of intersection of y = mx + 1 and x> + 3)? = 1
perpendicular to one another.



Pair of Straight Lines

Levee I

10.
I1.
12.
13.
14.

15.

(Mixed Problems)

. The orthocentre of the triangle formed by the lines

xy=0and2x+3y=061is

(@ (1,1) (b 0,00 (o) (1,2) (@) 2,1
The orthocentre of the triangle formed by the lines
xy—x—-y+1=0and3x+4y=121is

(@ (L) (b (0,00 (¢) 22) (d) 3.3)
The image of the pair of lines represented by ax? + 2Axy
+ by* = 0 by the line mirror y = 0 is

(a) ax?+2hxy+by*=0 (b) ax*+2hxy—by*=0
©) ax?-2hxy+by*=0 (d) ax*—2hxy—by*=0
The image of the pair of lines represented by ax? + 2/xy
+ by? = 0 by the line mirror x = 0 is

(@) ax*+2hxy+by*=0 (b) ax*+2hxy—by*=0
) ax*-2hxy+by*=0 (d) ax*—2hxy—by*=0

. The point of intersection of the two lines given by

23 =5xy+2y2+3x+3y+1=01is

I 1
b) | =, ——
® (3-3)
i)
@ 373

If the equation 12x* + 7xy — py* — 18x + qy + 6 = 0 rep-
resents two perpendicular lines, the value of p + ¢ + 7 is

(a) 15 (b) 20 (c) 25 (d) 30
The angle between the lines x> + 4xy +3)? =0 is
(a) w2 (b) /6 (c) n/3 (d) w4
. The angle between the lines given by x? + 2013xy — )?
=0is
(a) 2 (b) @6 (c) n/3 (d) w4

The area of the triangle formed by the lines )? — 9xy +
18x*=0and y=9is

(a) 27/4 (b) 31/4 (c) 18/5 (d) 27

If x2 — 3xy + A% + 3x — 5y + 2 = 0 represents a pair of
straight lines, the value of A is

(a) 1 (b) 4 (c) 3 (@ 2

If the equation 2x? — 3xy — ay* + x + by — 1 = 0 repre-
sents two perpendicular lines, thena + b + 2 is

(a) 2 (b) 5 (c) 6 (d 3
Ifxy+x+y+1=0andx+ay—3 =0 are concurrent,
the value of a + 10 is

(@) 5 (b 7 (c) 6 (d) 4

The circumcentre of the triangle formed by the lines xy
+2x+2y+4=0andx+y+2=0is

@ (0,0) (b) (-1,-D) (¢) (-1,-2) (d) (-2,-2)
The distance between the pair of parallel lines
9x2 —24xy + 16)> — 12x + 16y — 12=10 is

(@ 5 (b) 8 (c) 8/5 (d) 5/8

If one of the lines given by 6x* — xy + 4¢y* = 0 is
3x + 4y =0, then the value of ¢ is

@) 1 (b) -1 (c) -3 @ s

Levee I

10.

11.

2.5

(Problems for JEE Advanced)

. Find the internal angles of the triangle formed by

the pair of the straight lines x*> — 4xy + »* = 0 and the
straight line x + y + 46 = 0. Give the co-ordinates of
the vertices of the triangle so formed and also the area
of the triangle. [Roorkee, 1983]
From a point A(1, 1), straight lines AL and AM are
drawn at right angles to the pair of straight lines
3x% + 7xy + 2y* = 0. Find the equations of the pair of
straight lines AL and AM. Also find the area of the quad-
rilateral ALOM, where O is the origin of co-ordinates.
[Roorkee, 1984]

. The base of a triangle passes through a fixed point (f; g)

and its sides are, respectively, bisected at right angles
by the lines y? — 8xy — 9x% = 0. Determine the locus of
its vertex. [Roorkee, 1985]
Show that the four straight lines given by 12x2 + 7xy +
12y*=0and 12x* + 7xy — 122 —x + 7y =1 = 0 lie along
the sides of a square. [Roorkee, 1986]
The distance between the two parallel lines given by
the equation x° + 2«/§xy +3y%—3x— 3x/§y —-4=0 is
(a) 3/2 units (b) 2 units
(¢) 5/2 units (d) 3 units

[Roorkee, 1989]
Pair of straight lines perpendicular to each other are
represented by
(@) 2x°=2y(x +y)
(¢) 2x*=y(2x +y)

(b) ¥*+y*+3=0
(d) ¥*=2(x-y)
[Roorkee, 1990]

. If one of the lines represented by ax? + 2hxy + by* =

0 bisects the angle between positive directions of the

axes, then a, b, h satisfy the relation

(a) a+b=2H (b) (a+ by =4hn?

(c) a—b=2|n (d) (a—b)y=4n?
[Roorkee, 1992]

Show that all the chords of the curve 3x* — )* — 2x +

4y = 0 which subtend a right angle at the origin are

concurrent. Does this result also hold for the curve

3x?+3)2-2x +4y=0? [Roorkee Main, 1992]

. A pair of straight lines drawn through the origin form

with the line 2x + 3y = 6 an isosceles triangle right
angled at the origin. Find the equation of the pair of
straight lines and the area of the triangle correct to two
places of decimals. [Roorkee Main,1993]
The distance between the two parallel lines given by
the equation is
(a) 3/2 units

(¢) 5/2 units

(b) 2 units
(d) 3 units

[Roorkee, 1994]
Mixed term xy is to be removed from the general equa-
tion of the second degree ax? + 2hxy + by* + 2gx + 2fy
+ ¢ = 0. One should rotate the axes through an angle
given by tan (26) equal to
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12.

13.

Levee IV

2h a+b 2h
a+b © 2h @ a-b
[Roorkee, 1996]
What is the conditions for the second degree polyno-
mials in x and y to represent a pair of straight lines
ax? + 2hxy + by* + 2gx + 2fy + ¢ = 0? [Roorkee, 1997]
A variable line L passing through the point B(2, 5) in-
tersects the lines 2x? — 5xy + 2y = 0 at P and Q. Find
the locus of the point R on L such that distances BP, BR
and BQ are in harmonic progression.
[Roorkee Main, 1998]

a

-b
@ —-= ®

(Tougher Problems for JEE
Advanced)

. Find the area of the triangle formed by the pair of lines

ax? + 2hxy + by? = 0 and the lines Ix + my = 1.

If (o, B) be the centroid of the triangle whose sides are
the lines ax? + 2hxy + by* = 0 and /x + my = 1, prove that
o B 2 ' 1
bl—hm am—hl 3 bl*>=2him+ am?

. A triangle has the lines ax? + 2hxy + by* = 0 for two of

its sides and the point (/, m) for its orthocentre. Prove
that the third side has the equation

(a+ b)(Ix + my)=am® —2h/m + bl
If the equation

ax*+2hxy + by* +2gx + 2fy+¢=0

represents a pair of straight lines, prove that the dis-

2
tance between the lines = 2 £ —ac .
a(a+Db)

Prove that two of the four lines represented by the joint
equation ax* + bx’y + cx}?* + dxy® + ay* = 0 will bi-
sect the angles between the other two if ¢ + 6a =0 and
b+d=0.

. Find the new equation of the curve

4(x -2y + 1) +9Q2x+y+2)* =25,
if the lines 2x + y + 2 =0and x — 2y + 1 = 0 are taken
as the new x and y axes, respectively.

. The lines x* — 3xy + 2y* = 0 are shifted parallel to

themselves so that their point of intersection comes to
(1, 1). Find the combined equation of the lines in the
new position.

. If the straight lines represented by

ax*+2hxy + by* +2gx + 2fy +¢=0
are equidistant from the origin, prove that
f1=g'=cbf* - ag’)
If the lines joining the origin and the point of intersec-
tion of the curves

ax’*+2hxy+by +2gx=0
and ayx’+2hxy+by’+2gx=0
are mutually perpendicular, prove that
gla, +b)=ga,+b,.

Coordinate Geometry Booster

10. If one of the lines denoted by the line pair ax* + 2Axy +
by* = 0 bisects the angle between the co-ordinate axes,
prove that (a + b)* = 4h?

Integer Type Questions

1. If ax® — 9x% — x)? + 4)* = 0 represents three straight
lines such that two of them are perpendicular, then find
the sum of the values of a.

2. If the curve

(tan? 6+ cos? O)x* — 2xy tan O+ (sin? 6))* =0
represents two straight lines, which makes angles 6,
and 6, with the x-axis, find (tan 6, — tan 6,).

3. If pairs of straight lines x? — 2pxy —* = 0 and x* — 2¢xy
—3?= 0 be such that each pair bisects the angle between
the other pair, find the value of (pg + 4).

4. If two of the lines represented by

ax* — 103y + 12x%2 - 20x)°* + ay* = 0
bisects the angle between the other two, find the value
of a.

5. If the equation 4x> + 10xy + my? + 5x + 10y =0

represents a pair of straight lines, find m.
Comprehensive Link Passages
Passage 1

Let the lines represented by 2x? — 5xy + 2y? = 0 be the two
sides of a parallelogram and the line 5x + 2y = 1 be one of its
diagonals. Then

1.

the one of the sides of the parallelogram passing
through the origin is

(a) x—2y=0 (b) x+2y=0
(c) x-3y=0 (d) x+3y=0
the equation of the other diagonal is

(a) x—2y=0 (b) 11x—10y=0

(c) 10x—11y=0 (d) 10x+11y=0

3. the area of the parallelogram is
1 1
a) — sq.u. b) — sq.u
(@) 7 s ®) 27 sa
(©) € sq.u (d) € sq.u
75 S 96 1%
Passage 11

A general equation of 2nd degree is

Then
1.

2.

8x?+ 8xy+2)*+26x+ 13y +15=0 (1)

the given Eq. (i) represents two straight lines, which
are

(a) 2x+y+5=0,4x+2y+3=0
(b) x+2y+5=0,2x+4y+3=0
(¢) 2x—y+5=0,4x-2y+3=0
(d) x-2y+5=0,2x—-4y+3=0
the given Eq. (i) represents

(a) two perpendicular lines

(b) two parallel lines

(c) two intersecting lines

(d) none of these
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3. the distance between the lines is

;
(a) PN

5

Matrix Match

2
(b) PNzl ©) 7

5

@ 27

(For JEE-Advanced Examination Only)

1. Match the following columns:

2.7

4. Match the following columns:

Column I Column II

(A) | The image of the pair | (P) | 24x*+ 10xy +
of lines represented by =0

2x* + 3xy + 3)? = 0 with
respect to the line mirror
y=0is

(B) | The image of the pair | (Q) | 2x> —3xy + 3)?
of lines represented by =

X2 + 5xy + 6y = 0 with
respect to the line mirror
x=0is

(C) | The image of the pair | (R) | x> —5xy + 6)?
of lines represented by =
X2+ 10xy + 24y? = 0 with

respect to the line y =x is

Column I Column IT

(A) | The separate equations of | (P) [x—2=0,
x2—y*+2y—1=0are y-2=0

(B) | The separate equations Q) |x-y=0,
of x> —y* +4x +4 =0 are x+y+1=0

(C) | The separate equations R)|x—y+1=0
of x> —x—y*—y =0 are x+y—1=0

(D) | The separate equations S) [x+y+2=0
ofxy—2x—-2y+4=0are x—y+2=0

2. Match the following columns:

Column I Column II

(A) | The joint equation of the | (P) |xy — 3y — 2x +
linesx=yandx=-yis 6=0

(B) | The joint equation of the | (Q) | x2+)*=0
linesx=2and y=3is

(C) | The joint equation of the | (R) | x> —)* + 4y —4
linesx=yandx=1-y =
is

(D) | The joint equation of the | (S) |x* —)* —x +
lines x + y — 2 = 0 and =0
x—y+2=0is

3. Match the following columns:

Column I Column IT

(A) | The orthocentre of the trian- | (P) | (11/2, 9/2)
gle formed by the lines xy =0
and x +y=2013 is

(B) | The orthocentre of the trian- | (Q) | (-2, —-2)
gle formed by the lines x> —)?
+4y—-4=0andy+ 2014 =
0is

(C) | The circumcentre of the (R) | (0,2)
triangle formed by the lines
xy—y=0andx+y=101is

(D) | The circumcentre of the (S) | (0, 0)
triangle formed by the lines
xy—x—-y+1=0
andx+y+4=0is

Questions asked in Previous Years’
JEE-Advanced Examinations

1. Show that all chords of the curve 3x* —)? — 2x + 4y =0,

which subtend a right angle at the origin, passes through
a fixed point. Find the co-ordinates of the fixed point.
[IIT-JEE, 1991]

No questions asked in between 1992 to 1993.

. The equations to a pair of of opposite sides of a paral-

lelogram are x> — 5x + 6 = 0 and y* — 6y + 5= 0. The
equations to its diagonals are

(a) xt4y=12andy=4x-7

(b) 4x+y=13and4y=x-7

(¢) &xty=13andy=4x-7

(d y—4x=13andy+4x=7 [IIT-JEE, 1994]

No questions asked in between 1995 to 1998.

. Let POR be a right angled isosceles triangle, right an-

gledat P(2, 1). Ifthe equation of the line QR is 2x +y =3,
the equations representing the pair of lines PQ and PR
is

(a) 3x2-3)*+8xy+20x+ 10y +25=0
(b) 3x2-3y*+8xy—20x— 10y +25=0
(¢) 3x*-3)*+8xy+10x+ 15y +20=0
(d) 3x*-3)?—8xy—10x—15y-20=0
[IT-JEE, 1999

No questions asked in 2000.

. Let 2x* + y* — 3xy = 0 be the equations of a pair of

tangents drawn from the origin O to a circle of radius 3
with centre in the first quadrant. If 4 is one of the points
of contact, find the length of OA. [IIT-JEE, 2001]

No questions asked in between 2002 to 2003.
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5.

The area of the triangle formed by the angle bisectors
of the pair of lines x> — y* + 2y — 1 = 0 and the line
x +y =3 (in sq units) is
(a) 1 (b) 2

(c) 3 (d) 4

[IIT-JEE, 2004]

No questions asked in between 2005 to 2007.

Let a and b be non-zero real numbers. Then the equa-

tion (ax? + by* + ¢)(x? — Sxy + 6)%) = 0 represents

(a) four straight lines, when ¢ = 0 and a, b are of the
same signs.

Coordinate Geometry Booster

(b) two straight lines and a circle, when a = b, and ¢ is
of sign opposite to a.
(c) two straight lines and a hyperbola, when a and b
are of the same sign and c¢ is of sign opposite to a.
(d) a circle and an ellipse, when a and b are of the
same sign and c is of sign opposite to that of a.
[IIT-JEE, 2008]

No questions asked in between 2009 to 2014.
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2x*—yP—xy+8x—-2y+8=0
X*=y'—x+y=0
x—y=0andx—2y=0

.xty—1=0andx—y+1=0
. (x+2y)=0and (x+3y)=0

3

. (0,0)
. (2,2)
. 90°

OO

. 60°
.52 =-2xy—-5y"=0

(/3 —2)and (=3 - 2)

cac(x*=y)-2(a—-cxy=0
. pg=-1

. m=6

. x—y—1=0,x-4y+2=0
. 52
.x—y=0andx—-4y+3=0
. 2013

.2,

(LD

. q=1,-23/2

. O=tan’'(2)

0 = tan”! (éj
1 5

m=—

5

. 5x22xy -5y —18x+24y+11=0

L IxX2=2xy—3* =0

. (= DPmP)x? + 20Pmxy + (2 - b*)r =0
. 4blx* + 4bmxy —y*=0

(x —14)* = (y — 69/2)* _(x—14)(y —692)

I
2

ENE]

Levee I

1.
6.
11.

Levee I

Levee IV

6.

(b) 2. (a)
(b) 7. (a)
b)) 12. (o)

3. (a)
8. (a)
13. (b)

4. (¢)
9. (a)
14. (¢)

5. (d)
10. (d)
15. (¢)

1643 sq. units.; triangle is equilateral
7/10

(©)

(a)

(d)

2% part: Not Concurrent

5(x =) —24xy=0;2.77

(©)

. (d)
. abc +2fgh—af* — bg®> —ch*=0

17x - 10y =0

Jh = ab
(am* = 2him + bl*)
4x2=9*=5

7. xX2=3xy+2)*+x-y=0

INTEGER TYPE QUESTIONS

1.
5.

1 2. 2 3. 3 4. 3
4

COMPREHENSIVE LINK PASSAGE

Passage I:
Passage II:

2. (b) 3. (¢)
2. (b) 3. (a)

1. (a)
1. (a)



Pair of Straight Lines

MATRIX MATCH

1

AW

(A) = (R); (B) = (S);

(©) = (Q); (D) — (P)

(A) = (Q); (B) = (P); (C) > (S); (D) = (R)
(A) = (S); (B) = (R); (C) = (P); (D) = (Q);
(A) = (Q); (B) = (R); (C) — (P);

2.9

QUESTIONS ASKED IN IIT-JEE EXAMINATIONS

1.

N R e

(1,-2)

(©)

(b)

(9 +3+/10) units.
(b)

M\

HinTs AND SOLUTIONS

Levee /

1.

Hence, the joint equation of the given lines is
(x—y+2)2x+y+4)=0.
= 22—y -xy+8x-2y+8=0

. Hence, the joint equation of the lines is

x-y»)x+y-1)=0.
= xX-) —x+y=0

. The given equation is

xX*=3xy+2)*=0
= x*—xy —2xp+2y2=0
= xx-y)-2x-y)=0
= (r—)E-2)=0
Hence, the separate equations of the given lines are
x—y=0andx—-2y=0.
The given equation is
=y +2y—1=0
= xX-0*-2y+t1)=0
= xX-07-17=0
= @+y-DEx-y+1)=0.
Hence, the separate equations of the given lines are
x+y—-1=0andx—-y+1=0.
The given equation x*> + 5xy + 6)? = 0 can be written as
(x+20)(x + 3) = 0
= (x+2y)=0and (x+3y)=0
Hence, the required lines are
(x+2y)=0and (x+3y)=0
The given equation of the lines
V=5xy+672=0
can be reduced to y = 2x and y = 3x.
Then, A = (2, 6) and B= (3, 6)
Hence, the area of the triangle OAB is

0 0
P 9L so1y=3squ
212 6 2
0 0

. The equation xy = 0 gives to x =0 and y = 0.

Clearly, OAB is a right-angled triangle and right angle
at O.

10.

11.

12.

As we know that the point of intersection of two per-
pendicular sides of a triangle is known as the othrocen-
tre of the triangle.

Hence, the orthocentre is (0, 0).

The given equation xy —x —y + 1 = 0 can be reduced to
- DHE-1)=0

= x-1=0andy-1=0

= x=landy=1.

Here, ABC be a right-angled triangle and right angled
atA4.

As we know that, the mid-point of the hypotenuse is
the circumcentre of the right-angle triangle.

Now, the mid-point of BC'is (2, 2).

Hence, the circumcentre is (2, 2).

. Here, a = 2013, b = 2013 and 4 = —1007. Since,

a+b=2013-2013 =0, so the angle between the lines
is 90°.

Here,a=2,b=6and = -2/3.

Now, i —ab=12-12=0.

Hence, the angle between them is 0°.
Here,a=1,b=1and h=2.

Let 0 be the angle between them, then

2
n (6) - [Z_Jhb j

a+b

:[Ejzﬁzmg

1+1

= 0=—

3
Hence, the angle between them is 60°.
The given equation is 3x2 — 5xy + 4)* =0
Here,a=3,b=4and h=-5/2

Hence, the equation of the bisector is

2 2
-yt xy

a—b h
- x2—y2 o xy
3-4 —(52)

2
= -(x’-y)= 3

= S5x?-2xy-57=0
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13.

14.

15.

Since y = mx is one of the bisector of the given lines
x* + 4xy + )* = 0, then y = mx will satisfy the given
lines.

Therefore, x* + 4mx* + m*x*> =0

= 1+4m+m*=0

= m+4m+1=0

=  (m+2)°= (\/g )
= m= i\/g -2
Hence, the values of m are

(V3 —2) and (—/3 - 2)
The given pair of lines are

9x?+ 14xy + 16> =0 ...(0)
and 3x*+2xy+42=0 ...(i1)
The two pairs will be equally inclined if the two pairs
of the straight lines have the same bisectors.

The equation of the bisectors of the angle between the

lines represented by 9x? + 14xy + 16y* =0 is

xz_yz_ﬂ

9-16 7
= xX+xy—)y"=0
The equation of the bisector of the angle between the
lines represented by 3x2 + 2xy + 4> =0 is
P oy
3-4 1
= x*+txy-)*=0
Hence, the pair of lines of Eq. (i) are equally inclined to
the pair of lines of Eq. (ii).
The given equations of the lines are
ax*+acxy +¢y*=0 ...(0)

and
1) » | A ..
2013+ — [x"+xy+| 2013+—|y"=0 ...(i1)
c a

The equation of bisectors of Eq. (i) is

Xz - y2 Xy

a-c =\/§—2/2
= ac(x*-y)=2(a-c)xy

=  ac(x®-y)—-2(a—-cxy=0
Also, the equation of bisectors of Eq. (ii) is

K2oy? x
(2013+1)—(2013+1J 172
c a
22
act =),

(a—c)

= ac(x*-y*)=2(a—-c)xy
= ac(x*>-y)-2(a-cxy=0
Hence, the result.

16.

17.

18.

19.

Coordinate Geometry Booster

From the problem, it is clear that, the bisectors of the
angles between the lines given by

xX2=2pxy—3»*=0 ..()
isx2—2gxy—3*=0 ...(i1)
The equation of the bisectors of Eq. (i) is
x*—y? Xy
I-(=1) —g¢
= g +2y+qPr=0 ...(iii)
Here, Eqs (ii) and (iii) are identical.
Thus, comparing the co-efficients, we get
1 -2p -1
-4 -2 q
= pg=-1
Hence, the result.
The given equation is
mx®—5xy— 6>+ 14x + 5y +4=0 (D)

Here,a=m,h=-5/2,b=-6,g="7,f=5/2and c =4.
The Eq. (i) represents a pair of straight lines if
abc —2fgh — af* — bg®> — ch*=0

m——"—""m+294-25=0
2 4

= —(24m +£mj=£— 269
4 2

L2136
4 2
= m=6
Hence, the value of m is 6.
Given equation is
X2=5xy+4yP+x+2y-2=0
x-y»)(x—4)+x+2y-2=0 (1)
The joint equation can be written as
(x-y+e) -dy+e)=0
(x=»)(x=4) +(c, +c)x—(4c, +c,)y+cc,=0
...(i)
Comparing Eqgs (i) and (ii), we get
(c,*c)=1,(4c, +c)=-2,cc,=2
Solving, we get
c,=-1,¢,=2
Hence, the separate equations of the lines are
x—y—1=0andx—-4y+2=0.
The given equation is

=2Bxy+32=3x+33y—4=0  ...(D)
Here,a=1,b=3and h= —\/5
Now, ”*—ab=3-3=0
Thus, the given equation represents two parallel
straight lines.
Equation (i) can be reduces to

(x =3y =3(x~3y)-4=0
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20.

21.

22.

23.

24.

25.
26.

= m*-3m-4=0, where M=(x—\/§y)
= (m-4m+1)=0

= m=4andm=-1

= x-By-4=0

and x—\/§y+l:0

Hence, the required distance =

I+4] 5
. . . V 1 + 3 2 .
The given equation is

X=5xy+4?+x+2y-2=0
= (@X—y)x-4)+tx+2y-2=0 ...(1)
Thus, the Eq. (i) represents two parallel straight lines,
whose joint equation is

@—y+Dx—4y-—)=0
which is passing through (1, 1).
Therefore, A=0and u=3
Hence, the parallel lines are
x—y=0andx—4y+3=0.
The given equation is
3x2+5xy—py* +2x +3y=0 ...(0)
Since, the Eq. (i) represents two perpendicular straight
lines,
so, a+b=0
co-efficients of x2 + co-efficients of > =0
= 3-p=0
= p=3
Hence, the value of p + 2010 =2013.
Here,a=16,h=12and b=9
Now, #*—ab=144-144=0
Hence, it represents two parallel straight lines.
The given equation is
X*=5xy+4*+x+2y-2=0.
6f

Now, —=0 =
X

2x=5y+1=0

anda—f=0 = 8y-5x+2=0
oy

Solving, we get,x =2 and y = 1
Hence. the required point of intersection is (2, 1).
The given equation is

3x2-2xy— 87 —4x+18y-7=0
Here,a=3,h=-1,b=-8,g=-2,f=9and c=-7.
Therefore, ”» —ab=1+24=25bg—hf=16+9 =25,
af—gh=27-2=25
Hence, the point of intersection is

:(bg—hf af—ghj

W —ab’ h*—ab
25 25
=l—=,— =11
(25 25) @1
Do yourself

Clearly 12-p=0
= p=12

27.

2.11

Also, the given represents a pair of straight lines if

a h g
h b f|=0
g f ¢
12 7 -9
2
= | 2 4=
2 2
o 4
2
= ¢=1,-23/2
We have,
3x*+8xy—3y*=0
= 3xX+%y-xy-32=0
= 3x(x+3y)-yx+3y)=0
= (x+3»)Bx-»)=0
= (x+3)=0,C3x-y)=0

Also, 3x*+8xy—3y*+2x—4y—-1=0
= (x+3)Bx—-y)+2x—-4y-1=0 ...(1)
The joint equation of the above equation can be written
as
(x+3y+c)Bx-y+c)
=  (@+3))Bx—y)+(@c, +e)x—(c,~3c)y+cc,=0
...(ii)
Comparing Eqgs (i) and (ii), we get
Be,+c,)=2,(c,~3c)=4,cc,=-1
Solving, we get
c,=1l,c,=-1
Thus, the separate equations are
x+3y+1=0and3x—-y-1=0
Therefore, the four lines are
x+3y=0,3x-y=0
x+3y+1=0and3x—y—-1=0

A(0, 0) B(3/10,-1/10)
x+3y=0
(98]
(=) =
! :
|
R p—
@ Il
(e
x+3y+1=0
D(-1/10, -3/10) Cc(1/5,-2/5)

Clearly, £BAD = 90°

and AB:AD:L

2

Thus, ABCD is a square
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28. We have,

6=tan'(2)
29. The given equation is
X=5xp+4?+x+2y-2=0
Here,a=1,h=-5/2,b=4,g=1/2,f=1,c=-2.
Let 8 be the angle between them.

2 —

a+b

2% 4
_ 4 =2

1+4 5

= f=tan’’ (éj
5

. (3
Hence, the angle between them is tan™' (g) .

32. We have

tan 6 =

2«/h2— ab ‘

a+b

| —

2 §—6
= = 4 =

2+3

= O=tan"’ (lj
5

= tanl(m)ztan_l(%)
S me=n
5
33. The given equation is
xX2—=8xy+16*+2x—-8y+1=0
Here,a=1,h=-4,b=16,g=1,f=—4andc=1.
Now, #*—ab=16-16=0,
g —ac=1-1=0and
fP—bc=16-16=0

[\S]

S .
[\

W | —

.G

Hence, the Eq. (i) represents two coincident straight

lines.
34. The given equation is
X*=5xy+2y*+x+2y-2=0

Now, 2L 20 = 2v—sp+1=0
ox

...()

35.

36.

Coordinate Geometry Booster

of
—=0
oy =

Solving, we get

and —5x+4y+2:O

x=2andy=1.
Therefore, the point of intersection is (2, 1).

Hence, the equation of bisector is

(x-a)’-(=p)° _(x-a)x=p)

(a —b) h
(x=2’-(-D* _(x=2(r-1
(1-2) (=5/2)

= 5 -2xy-57-18x+24y+11=0
which is a homogeneous equation of 2™ degree.

The equation of the straight line is
y=3x+2

—3x .
N yT -1 ...(1)
The equation of the given curve is

X2+ 2xy+3)y*+4x+8y—-11=0 ...(i1)
Making the Eq. (ii) homogeneous in the second degree
in x and y by means of Eq. (i), we get

x2+2xy+3y2+ 4()/ —23xe

2
+8(y_—3xjy—ll(y_—3xj =0
2 2

On simplification, we get
Tx*—2xy—y*=0

which is the required equation of the line joining the
origin to the points of intersection of lines (i) and (ii).

Here,a=7,h=-1and b=-1
Let 0 be the angle between them.

2 —
Then, tan 6 = (2— Jzab]

a+b

=( 1+7J=2Jézzﬁ

7-1 6 3
= fO=tan"’ (g)

The equation of the straight line is
y=mx-+tc

= (M):l ..(0)

¢
The equation of the given curve is

x2+y2:b2

..
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37.

38.

39.

Making the Eq. (ii) homogeneous of the second degree
in x and y by means of Eq. (i), we get

2
x2+y2=b2(y_mx)
c

= A+ =b(y — mx)*
= (A= bmP)x*+20mxy + (> - b*)*=0
which is the required equation of the straight lines join-
ing the origin to the point of intersection of the lines (i)
and (ii).
The given line is

Ix+my=1

(lx+my)_l
1

The given curve is

y?=4bx ...(i1)
Making the Eq. (ii) homogeneous of the second degree
in x and y by means of Eq. (i), we get

v =4bx(Ix + my)
=  4blx* +4bmxy—1*=0
The given curve is

12— 10xy + 2> +9x +2y—-12=0

Now, ‘;_f=o gives 24x— 10y +9 =0
X

and 6—f=0 gives Sx—2y—1=0
oy
Solving, we get

_®
2

Hence, the equation of the bisectors is

(x—a)’=(y-b) _(x-a)y-b)
(a—b) h

(x —14)> = (y — 69/2)* _(x—14)(y - 6972)

)
2

The given curve is

x=14,y

3x?+5xy -3y +2x +3y=0 ...(0)
The equation of the straight line is
3x—2y=1 ...(11)

Making the Eq. (i) homogeneous of the second degree
in x and y by means of Eq. (ii), we get

3x+5xy -3+ (2x+3y) Bx-2y)=0
= 9+ 10xy-972=0

clearly, they are mutually perpendicular to each other.

2.13

40. Letax®+2hxy +by* +2gx+2fy +¢

41.

Levee I

1.

=(x+my+n)(lx+my+n)
=l x*+mmy* + (Im, + 1 m)xy
+(In, + 1 n)x + (mn, +nm)y + nn,

Comparing the co-efficients, we get

Il,=a,mm =b,nn =c, (Im +ml)=2h,

(In, +nl)=2g, (mn, +nm)=2f
Let p, and p , be the length of perpendicular from the
origin.

Thus, p;p,=

n__ M
\/12 +m? \/llz-i- m12

- nn

@@+ m?)

- nm

B \/12112 +mPmi + Pmi + [Pm?

- nm

B \/12112 +m*mi + (Imy + [m)* = 21L,mm,
c

Ja2 0P an? - 2ab

B c
(a —b)* + 4h?

Given curve is x> + 3y =1 ...(1)

...(11)

Making the Eq. (i) homogeneous of the second degree

in x and y by means of Eq. (ii), we get

X2+ 3y = (y — mx)?
= X+ 3)P =)+ mx>-2mxy
= (1-m?x*+2mxy+2*=0
Clearly, (1 -m*)+2=0
= m*=3
= m= i\/g
Hence, the value of m is +/3

and given line is y = mx + 1

We have x> —4xy +3? =0
= Y -4xy+x*=0
dxt16x° — 4x°
- 2
_4x+23x

= )

=(2+23)x
=2+2¥3)x, y=(2-23)x
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Thus

OB:y=(2+23)xand 04:y=(2-23)x
and AB:x+y+4\/g=0
Clearly, the angle between OA4 and OB is % .
Solving, we get

0—(0,0),A:[

a2 8&(1—@))
2- 2-3)
42 8\/5(1+\6)]
2437 2+43)

Hence, the area of the

AOAB = %[64(1 ++/3) + 64(1 - 3)]

and B:[—

1
= —(64+ 64
2( )

=64sq.u.
Also, the angle between O4 and AB is % .

and also the angle between OB and AB is Uy

Hence, the triangle is equilateral. 3

Given lines are 3x2 + 7xy + 2)* =0

= 3x*+6xy+txy+2)?=0

= 3x(x+2y)+x+2)=0

= (+2y)Bx+y)=0

= (x+2y)=0,3x+y)=0

Thus, the equation of AL and AM are
2x—y+A=0,3x—y+u=0

which is passing through A(1, 1)
A=-1,u=-2

Hence, the equations of AL and AM are
2x-y—-1=0,3x-y-2=0

Solving, we get

L:(—l,éj and M :(E,—lj
5°5 55

Hence, the area of the quadrilateral ALMO

Coordinate Geometry Booster

|
S n|Ww —

N | —

0
21
5
1

2

1(3+1+2+1) 7
— s =—sq. U

3. Given lines are

PV —8xy—-9x?*=0
V=9xy+xy-9x2=0
Y@y —-9x)+x(y—9x)=0
G+x)(y-9%)=0
Y+x)=0,y-9)=0

tueul

A(e. B)

@
P(g) B ¢
Equations of 4B and AC are
x+9=(a+9B)andx—y=(ax+ P)
Here, B and C are the images of 4 w.r.t. the lines y = 9x
and y = —x

So, C=(—ﬂ,—a)andB:(

98 — 400 408 + 90()

41 41
Now, P, B and C are collinear, so,
S g 1
9B8-400 408+ 9« =0
41 41
-B - 1
A g 1
= (98 -40) (40B8+9) 41|=0
B o -1
S g 1
= (96 - 400x) (40[3+9a) 41|=0
f+B (g+a) 0

T Uh gt | |B) (gt
= (g+a)98-400)—(f+ B)(40B+90c)
—41(fa—gP)=0
= 40(c?+ )+ 10(4g + 5Ha+ 10(4f-52)B=0
= 42+ +{@g+5Ha+@Ef-52)B=0
Hence, the locus of A(a;, f) is
4(x* +)*) + (4g+5)x + (4f-5¢)y =0

(98-400) (40B+9c) _41‘ f g
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4. The equations of the four sides are

(Bx+4y)=0,4x-3y=0,
(Bx+t4y—-1)=0and4x—-3y+1=0
o0 4x+3y=0 C(3/25,4)25)

(e
(= Il
Il —
5 L
+ <t
(};} +

=

on

x=3y+1=0
A(-4/25, 3/25) B(-1/25,7/25)

Clearly, the angle between OA and 4B is 90°.

and OA:AB:%

So, ABCD is a square.
. We have
x2+2\/§xy+3y2—3x—3\/§y—420

(x+3y)>=3(x+~3y)-4=0

=

= a2—3a—4=0,a=(x+\/§y)
= a-3a-4=0

= (a—4)(a+1)=0

= a=-1,4

Thus, the parallel lines are
x+\/§y—4=0,x+\/§y+l=0

Hence, the distance between them is

=S
Sl S1+3 ] 2

. We have 2x? =2p(x + )
22— 2xy—29*=0
Now, a+ b
Co-eff of x* + Co-eff of y?
=2-2
=0
Hence, the result.
. Given lines are ax? + 2hxy + by =0
The line bisects the axes is y = x.
, ax?+2hx-x+bx*=0
ax> +2hx* + bx* =0
a+3h+b=0
atb=-2h
(a+ by =(-2hy
(a+by=4nm
. Let Ix + my =1 be any chord of the curve 3x? —)* —2x +
4y =0.
Let the equation of the pair of straight lines and passing
through the point of intersections of the chord and the
curve is given by
GBx* - - 2x+4y)(Ix + my)=0
B-2Dx*+(@m—-1)*—(2m+4)xy=0

L1444 g

2.15

Since the chord subtends a right angle at the origin, so
B-2)+@Am-1)=0
= 2-2/+4m=0
= 1-1+2m=0
= [-2m=0
which shows that all such chords pass through a fixed
point (1, —2) and hence are concurrent.
If we repeat the process for the curve 3x? + 3)% — 2x +
4y =0, we get
B-2+@B+4m)=0
= (6-2/+4m)=0
= @-I/+2m=0
= [-2m=3
which shows that such chords Ix + my = 1 are not con-
current.

) X

Suppose the lines O4 and OB are

y=mx,y=m,yx respectively.
Here, OA = OB and ZAOB = 90°
So, ZOAB=45°=/0BA

Thus,
m+=
tan (459) = — 3
1—§m1
3m+2
=1
= 3-2my
= (@Bm+2)=03-2m)
= Sm =1
1
= m=—.
5
my,+ =
Also, tan (135%) = —— 3
]—gmz
3m,+2 -
3-2m,

=  3m,+2=-3,2m,

= m,=-5

Hence, the equations of the pair of straight lines
+ Sx)(y —%x) =0

= @+5x)06y-x)=0

=  5(2-)»)-24xy=0
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Solving, we get
the co-ordinates of 4 and B as

4(306) 5 (L6 30
13713 13713

Thus, the area of the triangle OAB is

Let
and
So,
and

Coordinate Geometry Booster

P=(a,b), 0=(c,d)and R= (h, k)
RB=r,PB=r and OB =r,
P=@2+r cos 6, 5+r cos 0)
O=(2+r,cos0,5+r,sin 0)

0 0
06
11313
20 6 30
1313
0 0
_l(900+36j
200 169
=lx%=@=2.76sq.u.
27169 169
10. See Q. 15

11. Let the axes be rotated through an angle 6

12.

13.

so that x — x cos 8—y sin 6
and y —>xsin@+ysinf
Given curve is
ax*+2hxy + by* +2gx + 2fy +¢=0
= a(x cos O—y sin B)’ + a(x sin 6+ y cos 6)
+ 2h(x cos 60—y sin O)(x sin O+ y cos 6)
+ 2g(x cos O —y sin ) + 2f(x sin?> 6+ y cos® )
=0
= (b—a)sin20+ 2hcos260=0
Remove the term xy, we get
(—asin 20+ b sin 26) + 2h(cos*0 — sin’0) = 0
= (b—a)sin20+2hcos20=0
= tan(20)= 2
a-b
A general equation of 2nd degree represents a pair of
straight lines if
abc +2fgh—aff —bg* —ch*=0
We have,
2x* = 5xy+2y*=0
2xr—4xy —xy +2y*=0
2x(x — 20) ~y(x—21) = 0
(xr=2y)(2x-») =0
(x=2y)=0,2x-y)=0
x=2yandy=2x
Y

tsuedu

’5)
’b)

RAK)

Levee IV

1. Let three lines be

and R=(2+rcos 6,5+ rsin 6)
Since P lies on y = 2x,

1 .
so, —=2cosf—-sinf

Ui
Also, Q lieson x =2y

1 cos@—-2sin6
So, —=—"7—_—"7—"
7 8

L 2 1 1

It is given that —=—+ —
ronon

2 17c0os0—10sin0

r 8

o
r 8 r 8 r
= 16=17h-34-10k+ 50

= 17h-10k=0
Hence, the locus of R is 17x — 10y = 0.

y=mx,y=mux,Ix+my=1

2 a
where m + m,=——, mm, =—
b b

Thus area of a triangle OA4B, where

0=(0,0), 4=,
[+ mm [+ mm
and B= ! , !
[+ mm, [+ mm,
is 0 0
1 m
|+ mmy T+ mmy
2 1 m,
[+mmy, [+ mm,
0 0
_1 (my —my)
2\ (0 +mmy ) + mm,)
_1 \/(m1 + m2)2 —4mym,
2 1% + (my + my)Im + (mymy ym*
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4n° _4a
RIER T
2 lz—zb—hlm+ﬁm2

1
2\ b1% = 2him + am?

[

b1% = 2him + am?

2@]

2. Let three lines be

y=mx,y=myx,and Ix + my =1

where my+ m,= - mm, =2
1 2 p Ty
Thus, the points O, 4 and B are
1 m
0=(0,0), A=( : )

I+ mm,’ | +mm,

1
and B=( 2 )
I+ mm, [+ mm,

1 1 1
Therefore, & =— +
3\ +mm; 1+ mm,

and ﬂ=l( ™, ]

3\I+mm; [+ mm,

1 21+ (m+my)m
= o=

3L+ mmy )+ mm,y)

L[ (my+ my)l + 2(mym, )m
and B=-

30+ mm)(I + mmy)

2 bl — hm
= =70 o 7

3\ bl° = 2him + am

2 am — hl
and =

p 3 (bl2 —2hlm + amzj

Thus,

o B2 1
(bl —hm)  (am—hl) 3 (bz2 — 2him + am* j
Hence, the result.
. Letthe linesbe y=m xandy = mx

a
where m, + m,=——, mym, = —
1 2 p T

Equation of OA4 is y = m x
BE is perpendicular to OA
So, BE: x + my + A, = 0 which is passing through
H(l, m), we get
I+mm +A =0
= A =-(+mm)
Thus, BE: x +my — (I +mm ) =0
Similarly, AF: x + m,y — (I +mm,) =0

2.17

Solving OA4 and AF, we get
4= ( [+mmy, m(l+ mmz)J

1+ mym, T4+ mm,
Solving OB and BE, we get
B_(l+mm1 m2(1+mm1)]

b
1+mm, 1+mm,

Equation of 4B is [x + my + A,= 0 which is passing
through 4.

So, l(l+mm2 J+m(m1(l+mm2)j+ =0

+ mym, 1+ mym,

I*+ Im(my + m,) + m*mym, £ 2,20
1+ mym,
o A=- lz+lm(m2+m1)+m2m1m2J
1+ mym,
12—(2bhjlm+2mz
= ,13_—
a
1+—
b
blz—2hlm+am2]
= AL=-|—
a+b

Hence, the equation of the third side AB is
bl* = 2him + am®
+my—-| ———— [=0
a+b

= (Ix+my)(a+b)=(bl*—2hlm+ am?)
Hence, the result.

. Given equation is

ax*+ 2hxy + by +2gx + 2fy + ¢ =0 ...()

Equation (i) represents a pair of parallel straight lines
Ix+my+n =0andlx+my+n,=0

Thus, (Ix +my +n)) (Ix +my +n,)
=ax’+2hxy + by* + 2gx + 2fy + ¢

Comparing, the co-efficients, we get

— — 2 —
a=P,b=m’nn,=c
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6.

and h=Im,I(n +n)=2g mn, +n)=2f
Hence, the distance between the lines

)

\(m + ny)’ — 4nn, |

\/12+m2

g’ —ac
a(a+Db)

We have
4(x -2y + 1P +92x+y+2) =25

= 4X2+9Y?=25,

where X=x -2y + 1,
Y=2x+y+2

which represents an ellipse.

Given lines are x> — 3xy +2)? =0

= (@-y»x-2)=0

Let the equation of the lines be
=y +Hx-2y+w)=0

which is passing through (1, 1), i.e.
(1-1+D)(1-2+w=0

= (-1+1)=0,1-2+w=0

= A=0,u=-1

Hence, the combine equation is
x=-»x-2y+1)=0

= (@-»E-2)+x-y)=0

= xX*-3xy+2*+x-y=0

. Given equation is

ax*+2hxy + by* +2gx + 2fy +¢=0
Let the lines represented by Eq. (i) be
lx+my+n=0and/x+my+n,=0
We have
ax*+2hxy + by* +2gx + 2fy + ¢
=(x+my+n)Px+my+n,)
Comparing the co-efficients, we get
LL,=a,mm,=b,nn,=c
In,+1Ln =2g,lm,+1m =2h
and mpn,+mpn =2f,
Since they are equidistant from the origin, so
n )

JRemd 2+ m

2,02, 2 2,2, 2
= m(+my)=ny(lf +my)

22_ 22 2.2 22
nyly =Nyl = nymy — nypim,

U

22 2.2 2 2 2 )
= nly —nmyl = nym; — nym;

10.
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=  (nl-nl)nl +nl)
= (n,m —nm,)(nm +nm,)

= (nl,-nl)Q2g = (nm, —nm,)2f)
= (nl,—nl)(g) = (nm —nm)(f)
= [(nl,+nl)y—-4nnll(g)]
= (nym, +nm,)* —4m mpn n,(f")
= (4g°—4dac)g® = (4F — 4bo)f
= (g-a0g =(f-bo)f
= (g'-glac)=(f'—fbc)
= f-g'=dfb-ga)

Hence, the result.
Given curves are
ax*+2hxy+by’+2gx=0 ..()
and ax’+2hxy+by*+2gx=0 ...(i1)
Multiplying Eq. (i) by g, and Eq. (ii) by g,, we get
alg,x2 + 2g,hyxy + blgly2 + 2g]2x =0 ...(iii)
and a2g2x2 +2h,g,xy + b2g2y2 + 2g22x =0 ...(iv)
Subtracting Eq. (iii) and Eq. (iv), we get
(a8, —a,g)x* +2(gh, - g,h)xy
+(bg —b,g)y=0
These lines will be right angles to each other if
(a,g,—ag)*(bg —bg)=0
= (ag +tbg)t(ag,thg)
= gla,+b)=gla,+b)
Given lines are ax? + 2hxy + by* = 0.
The line bisects the axes is y = x.
ax? + 2hx-x + bx*=0
ax* + 2hx* + bx* =0
a+2h+b=0
a+b=-2h
(a+ by =(-2hy
(a+ b)?*=4n*

LiuL Ly

Integer Type Questions

. As we know that if ax® + bx?y + cxy? + dy* = 0 repre-

sents two perpendicular lines then
ad+ac+bd+d=0
a@—-a-36+16=0
a@?—-a-20=0
(a=5)(a+4)=0
a=5,-4

Hence, the sum of the values of g is 1.

Let m, = tan 6, and m, = tan 0,

N o m 2h 2tan 6
ow, =——=—
e b sin’0
tan’0 + cos’6
sin“6@



Pair of Straight Lines

Thus,
tan 6, —tan 6,

~ \/4 tan’0 _ 4(tan6 + sin’6)
sin‘g sin’0

2 \/tan29 - sin29(tan29 + 00529)

sin“@
2
sin 9\/ ec’6 — (tan’6 + cos’0)
sin’6
= ,2 1-cos’0
sin 6
=——xXxsinf
sin 6

=2.

3. From the problem, it is clear that, the bisectors of the

angles between the lines given by
xX2=2pxy—y*=0

and x*—2qxy—1)*=0

The equation of the bisectors of line (i) is

2.2
Xy X

1-(=1) -g¢
= g+ 2xp+qPr=0
Here, Eqs (ii) and (iii) are identical.
Thus, comparing the co-efficients, we get
1 -2p -1
-4 -2 q
= pg=-1
Hence, the value of pg + 4 is 3.
4. As we know that
ax* + b’y + exhy* +d + ayt =0
bisects the angle between the other two
then 6a+c+b+d=0
= 6a-10+12-20=0

= 6a=18
= a=3.
5. We have

a h g
h b f|=0
g f c
4 5 572

= 5 m 5(=0
52 5 0

= 3(25—5—’”)— (20——)
2 2

= 2oBm o, 1B
2 4

...()
...(i)

... (i)

2.19

= 125—25—m—100 0
4

= 25—25—m:0
4

= 25——25m
4

= m=4

Previous Years’ JEE-Advanced Examinations

1.

Let the equation of the chord be Ix + my = 1
The joint equation of the curve
3x? —y?*—2x +4y =0 and the chord
be Ix+ my=1 to the origin is
3x2 -2 - (2x—4)(Ix + my)=0
(B=2Dx*+ (4l -2m)xy + (4m — 1))* =
which subtends a right angle at the origin, if co-
efficient of x> + x co-efficient of > =0
= 3-2[+4m-1=0
= [-2m=1
Now, Ix + my =1
= Iktmy=[-2m
= Ix-1)+m@y+2)=0

= (x—1)+%(y+2)=0

= @@-D+Ay+2)=0

= @-1)=0,(r+2)=0

= x=-l,y=-2

Hence, the chord passes through the fixed point is
1,-2).

No questions asked in between 1992 to 1993.

. The sides of the parallelogram are

xX>—5x+6=0and)y*-6y+5=0
x-2)x-3)=0and(y-1)(y—-5)=0
x=2,x=3andy=1,y=5
Thus, the angular points are
A=2,1),B=(25),C=@3,5,D=3,1)
Equation of the diagonal AC is

(y-2)= (5 J( x—1)

= -2)=4(x-1)
= y=4x-7
Equation of the diagonal BD is

(v—5)= (1 j(x 2)

= @-5=-4(x-2)
= 4x+y=13.
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3. Ans. (b) R
Clearly, the slope of
PMis—1/2
Here, PM is equally M
inclined with PQ and "
PR. <3
Let the slope of PQ be v
m, then the slope of !
PR will be —1/m.

2 )
"\ 2 Um
Thus, m

(0 (I
2 2 m
2m+1_ 2
2-m  2m+1
QCm+1)>= (2 - m)?
4m* +4m+ 1 =4 —4m + m?
3m*+8m—-3=0
3m*+9m-m—-3=0
3m(m+3)—1(m+3)=0
(m+3)3m-1)=0

1

m=-3,—
3

Thus, the equations of PQ and PR are

L O 2 2 2

po1==30-2), - 1=2(-2)

= @-1)=-3x-2),30-1)=(x-2)
Hence, the joint equation of PQ and PR is
B=2)+ (- DHE-2)-3p—1)} =0
= 3x-2P%-3(-1P+8x-2)(y-1)=0
= 3x2-3?+8xy—-20x- 10y +25=0
4. Given equations of tangents are
2x*+y*=3xy=0
2x=y)(x-y)=0

y=x,y=2x
Y
B AN
oS C
Y,
o)
g
[y =x
ol X

Let 2 be the angle between these pair of tangents.

0 ' P2, 1)

Then tan Qo) = mom | 211
I+mm,| 1+2 3
= tan(2(x)=§
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2 tan o _l
1-tan’a 3
= 6tano=1-tan’a
= tan’a+6tana—1=0
-6%./36+4
2
= tan(a)=—3ix/w
=  tan(a)=~/10-3

Since 0<a<%.

= tan(a)=

Thus,
CA 3
tanot=—=—
04 04
= 04= 3
tan o
3
=  04=
V10 -3

=  04=3(/10+3)
=  04=9+310

. Equation of the angle bisectors of

X2—yP+2y—1=0is
== x(y-1)

1+1 0
= x(y-1)=0
= x=0and(y-1)=0
Y
C(0, 3)
A0, 1) B(2\)
0 X

Hence, the area of the

AABC:%XABXAC

:%x2x2:25q.units

. Given curve is

(ax® + bx* + ¢)(x* = 5xy + 6) =0
= (a?+bx*+c)=0,(x*-5xy+6»)=0
= (ax*+bh*+c)=0,(x-2y)(x—-3y)=0
= (ax*+bh*+c)=0,(x-2y)=0,(x-3y)=0
= = (-2)=0. (- 3)=0

which represents two straight lines and a circle.
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1. InTRODUCTION

The word ‘circle’ is derived from the Greek word kirkos
which means a circle, from the base ker which means to turn
or bend. The origins of the words ‘circus’ and ‘circuit’ are
closely related.

The circle has been known since before the beginning of
recorded history. Natural circles would have been observed,
such as the Moon, Sun, and a short plant stalk blowing in the
wind on sand, which forms a circle-like shape in the sand.
The circle is the basis for the wheel, which, with related in-
ventions such as gears, made much of modern civilisations
possible. In mathematics, the study of the circle has helped
the development of geometry, astronomy, and calculus.

2. MatHEmATICAL DEFINITIONS

Definition 1

The intersection of a right
circular cone and a plane is
a circle, in which the plane
is perpendicular to the axis
or parallel to the base of the
cone.

Definition 2
A circle is a conic section
whose eccentricity is zero.

Definition 3
A conic ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a
circle if
(i) a=b,
(i) ~=0, and
(iii) A#0, where A = abc + 2fgh — af* — bg” — ch?

Circle

Definition 4

It is the locus of a point which moves
in a plane in such a way that its dis-
tance from a fixed point is always
the same. The fixed point is called
the centre and the distance between
the point and the centre is known as
the radius of the circle.

Definition 5

N

In 3D geometry, the section of a sphere by a plane is a circle.

Definition 6

Let z be a complex number and a be a positive real number.
If |z| = a, the locus of z is a circle.

Definition 7

Let z be a complex number and a € R, b€ R. If |z — b| = a,

the locus of z will be a circle, with the centre at b and the
radius a.

Definition 8
Let z, z, and z; be three non-zero complex numbers such that
z—1z

Circle

Sphere

=k, where k # 1. The locus of z is a circle.
zZ— 22

Definition 9

Let z, z; and z, be three non-zero complex numbers such that
|z —z,|* + |z — z,]* = |z, — z,/*. The locus of z is a circle with the

centre at (u) and the radius %\ Zi— Z,].
2
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Definition 10
Let z, z, and z, be three non-zero complex numbers such that

zZ—Z T . .
arg( 2 J =2, the locus of z is a circle.
z-z

Definition 11
Let z, z; and z, be three non-zero complex numbers such that

-z,
zZ—Z

= , where o # 0, . The locus of z is a circle.

3. Stanparp EquaTion oF A GIRcLE

(i) x*+y? = d?, where the centre is (0, 0) and the radius is
a.

Y

/}P(x,y)
y
X Qﬂ X

Y
(ii) (x—h)*+ (y—k)* = a* where the centre is (4, k) and the
radius is ‘a’.
Y
Px, )
X 0 X
Y

4. GeneraL Equartion oF A CIRcLE

The general equation of a circle is x* +y* + 2gx + 2y + ¢ =0,

where the centre is (—g, ) and the radius is \/g>+ f*—c .

As we know that the equation any of circle, when centre
of a circle is not the origin, is

(=R + -k =
= X =2hx + W+ —2ky + I* = &
P+ —2hx-2ky+ W+ —-a*=0
P+y2+2gx+2f+c=0,
where h=-g, k=—fandc=h* + k> - a*
= P+y2+2gx+2f+c=0,
where h =—g, k=—fand

az\/h2+k2—c=\/g2+f2—c

(I
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5. NATURE OF THE CIRCLE

The nature of the circle depends on its radius.
Let the equation of a circle is x> + y* + 2gx + 2fy + ¢ =0

and its radius is «/g2 + f2 -c.

(i) If(g®+f%*—c)> 0, it represents a real circle.
(ii) If (&% + /2 — ¢) <0, it represents a virtual circle or an
imaginary circle.
(iii) If (g% +f%—c) =0, it represents a point circle.

6. ConcenTric GIRCLES

Two circles having the same centre, say (4, k) and different
radii, say r; and r, respectively, are called concentric circles.

Thus, (x—h)’+(y—k)’=r
and  (q =+ —k)’=r
are two concentric circles.

Y
P(x, )

A O(x1, y1)

7. Concyctric Points

If P, O, R and S lie on the same circle, the points P, O, R and
S are known as concyclic points.

8. ParameTric EquaTion oF A GIRCLE

If the radius of a circle, whose centre is the origin, makes an
angle 6 with the positive direction of x-axis, then O 1is called a
parameter and 0 < 6 < 2.
(i) If the equation of a circle be x* + y* = @2, its parametric
equations are
x=acos 0, y=asin 0,
where 0 is a parameter.
(ii) If the equation of a circle be (x — h)* + (y — k)* = &, its
parametric equations are
x=h+acos 0, y=k+asin6,
where 6 is a parameter.



Circle

9. DiamMETRIC FORM OF A GIRCLE

The equation of a circle, when the end-points (x;, y;) and
(x5, ¥,) of a diameter are given is

(x=x)x-x)+(-y) -y =0.

10. EquaTion oF A CIRcLE PASSING THROUGH
THuree Non-coLLINEAR PoinTs

Let the equation of a circle be
¥+ +2gx+ 2y +¢=0.

If three points (x;, ¥;), (x5, ¥5), (x3, ¥3) lie on a circle, then
x12+y12+2gx1+2ﬁ/1+c=0,
x§+y§+2gx2+2jj/2+c:03nd
x32+y32+2gx3+2fj/3+c=0.

Eliminating g, fand ¢, we get

x2+y2 x y 1

xlz + y12 x n 1 —0
x% + J’§ X, ¥, 1
x32 + J’32 x5 ¥y 1
11. Gycuic QUADRILATERAL D, C

If all the vertices of a quadrilateral lie
on a circle, the quadrilateral is called a
cyclic quadrilateral and the four vertices
are known as concyclic points.

A B

12. Conbition For Goneycric Points

A B

D C

If 4, B, C and D are concyclic points, then
OA. OD = 0OB. OC,
where O is the point of intersection of the chords AD and BC,
and O is not the centre of a circle.
If the lines a;x + b,y + ¢, = 0 and a,x + b,y + ¢, = 0 cut the
x-axis and y-axis in four concyclic points, then
a,ay =b,b,.
Two conics
apx® +2hxy + by +2gx +2f,y+c;, =0

and ayx® + 2hyxy + byy? + 2gx + 2fy + ¢, = 0

3.3

will intersect each other in four concyclic points, if
a=—b _n

a,—b, hz.

13. InTercerts MAaDE on THE AXes BY A CIRCLE
Let the circle be x* + y* + 2gx + 2fy + ¢ = 0. Then the

(1) length of x-intercept = 2 g2 -c
(i) length of y-intercept = 24/ f loc.

14, Dirrerent Forms oF A CIRCLE

(i) When the circle touches the x-axis
The equation of a circle is (x — 4)? + (y — k)* = K%,

Y
C(h, k)
!

0 P X

(ii) When the circle touches the y-axis
The equation of a circle is (x — h)? + (y — k)* = I*.

Y

C(h, k)

(iii) When the circle touches both the axes
The equation of a circle is
(c—hy?+ (@ —h?=HK
or (x—kP+@-k?=k
Y

0 C(h, h)

NI

o P
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(iv) When the circle passes through the origin and the
centre lies on x-axis
The equation of a circle is
(=P + 2= 1P
or x*+)?—2hx=0

Y

(v) When the circle passes through the origin and the
centre lies on y-axis
The equation of a circle is

x2+(yfk2:k2
or xX*+)y?—2ky=0
Y
0, k)
0 X

(vi) When the circle passes through the origin and has
intercepts @ and b on the x and y axes respectively
The equation of the circle is
¥ +y —ax—by=0
Y

B(0, b)

0 W@, 0 X

(vii) When the circle passes through the origin
The equation of the circle is
X+ +2gx + 2 =0
Y
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15. Position oF A Point witH ResPecT T0 A CIRCLE

(1) A point (x;, y;) lies outside, on and inside of a circle
X+ y2 =d, if

x12+y12—a2>0,=0,<0

P

~
~

~

P

(i) A point (x;, y;) lies outside, on and in-
side of a circle x> + y* + 2gx + 2fy + ¢ = 0, if
Xt 4+ yi+ 2gx0 + 2fy +¢>0,=0,<0.

16. SHORTEST AND LARGEST DISTANCE OF A
CiRcLE FROM A PoINT

Let P(x;, y,) be any point and the circle be
¥+ )2 +2gx+ 2y +c=0.
Case I: When P lies inside the circle. y

Draw a line through P passing through the
centre and intersects the circle at 4 and B,

respectively.
Shortest distance, P4 = CA — CP
Longest distance, PB = CP + CB. B
Case II: When P lies outside on the  p
circle.
Draw a line through P passing through A

the centre and intersects the circle at 4
and B, respectively.
Shortest distance = PA = CP — CA
Longest distance = PB = CP + CB

Case III: When P lies on the circle A
Draw a line through P passing through B
the centre and intersects the circle at 4
and B, respectively.

Shortest distance = 0

Longest distance, PB = 2 radius.

17. InTersecTioN oF A LiNe AnD A CIRCLE

Let the circle be x* + )% = ...(0)
and the line be y = mx + ¢ ...(i1)
From Egs (i) and (ii), we get
x>+ (mx + 0)2 =

= (1 +mHx® +2mex + (2 —a?) =0

(1) The line y = mx + ¢ will intersect the circle in two dis-

tinct points, if
D>0



Circle
=  4Am*C -4 +m*) (P -a>)>0
= m-[+mP-d(1+mH)]>0
= A-d1+mH)>0
= dl+mH)>3
2

2, ¢
= (1+m?)
= a> |C|

J(1+m?)

= radius > the length of the perpendicular from the
origin to the line y = mx + c.
(i1) The line y = mx + ¢ will intersect the circle in two coin-
cident points if
D=0.

=  4m*P -4 +m)PF-d*)=0
= m-1+m)c*-d*)=0
= c=d1+md)
2 ¢’
= a4 ="
(1+m")
c]

= a=m.

= radius = the length of the perpendicular from the
centre of a circle to the line y = mx + c.
(ii1) The line y = mx + ¢ will not intersect the circle if
D<0

=  4m*P -4+ m*) (P -aH) <0
= m-[+mP-ad(1+mH)]<0
= cz—a2(1+m2)<0
= dl+mH)<?
2
= 612 < C—2
(1+m")
lc]
= a<

A+ m?)

= radius < the length of the perpendicular from the
origin to the line y = mx + c.

18. LencTH oF INTERCEPT GUT OFF FROM A
Line BY A GIRCLE

The length of the intercept cut off from the line y = mx + ¢ by

2 2 2
the circle x* +y* =@ is 2 % M .
(1+m”)

e
N~ 7

3.5

Proof: We have,
c

NIES m?

In AMMOD, AD*=04* - 0OD?

2 ¢
A+ md)

_at(mP+ ) -

(1+m?)

2, 2 2
N AD = a“(m +l)2 c
(1+m”)

Thus, the length of the intercept = 4B
=2A4D

— o az(m2+l)—c2
(1+m?)

19. TANGENT AND SECANT

OD =

If a line intersects the curve in two coincident points, it is
called a tangent and if a line intersects the curve in two dis-
tinct points, it is called a secant.

Here, PT is a tangent and MN a secant.

02
03

Different forms of the Equations of Tangents
1. Point form
(i) The equation of tangent to the circle x* + )* = &* at
(1, 1) B8 xx + yyy =
Proof: Let C be the centre of the circle.

Now slope of CP
a0 n
x—-0 x ' (0.0

Here, PT is the perpen- ©.0)

dicular to CP.

Thus, slope of PT= _A4

T

g PGrr. )

Hence, the equation of
the tangent is

X
= y-n=-"t-x)
N
2_ 2
= WTn=-xtx

2. 2 2
= Xqtwm=Exty=a
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(i1) The equation of tangent to the circle
X +1?+2gx +2fy +c=0at (x;, y,) is
X2+ )2 +xx,+yy, +c=0.
Proof: Let C (—g, —f) be the centre of the circle.

Now, slope of CP = nrJ f
xN+g
Here, PT is the perpendicular to CP.
n+g
Thus, slope of PT= ————.
n+/f

Hence, the equation of the tangent at (x, y,) is

(y—y)=-28 (x—x)

n+f

=  xxtyy g tx)+Hf+y)+e=0.

Note: The equation of the tangent to the 2nd degree
curve ax’ + 2hxy + by? + 2gx + 2fy + ¢ =0 is

axx; + h(xy; +x,y) + byy, + glx +x) + iy + ) + ¢
=0

In order to find out the equation of tangent to any 2nd
degree curve, the following points must be kept in your
mind

x? is replaced by xx,,

y* is replaced by yy,,

xy is replaced by M,

+ X

x is replaced by al

y is replaced by J 2yl

and ¢ will remain c.

This method is applicable only for a 2nd degree conic.

2. Parametric form
The equation of a tangent to the circle x*> + y* = a” at (a cos 6,
asin B)isxcos O+ ysin O=a

Proof: The equation of the chord joining the points (a cos 6,
a sin 6) and (a cos @, a sin @) is

xcos(eJr(P)+ysin(0+(p)=acos(9;(pj.

The equation of the tangent to the circle
(x—h?+@—-k?=d*at(h+acos 6, k+asin ) is
(x—h)cos 6+ (y—k)sin 0=a

Condition of tangency
The line y = mx + ¢ will be a tangent to the circle x* + y* = &*
if 2 =a*(1 + m?).
Proof: The line y = mx + ¢ will be a tangent to the circle
x* + y* = ¢* if radius = the length of perpendicular from the
centre of a circle to the line y = mx + c.

el

=
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2

2 C
= = oy
(1+m”)
= A =d1+md

which is the required condition.

3. Slope form
The equation of tangent with slope m to a circle x> + y* =

is y=mx+a\(1+m?) and the co-ordinates of the point of
contact are

am a
x > F
[ J+m?) \/(1+m2)]
Note: Equation of any tangent to the circle can be consid-

ered as y=mx+a\/1+m2.

Number of tangents

(1) If a point lies outside of a
circle, the two tangents can
be drawn. Here, 7P and 7Q
are two tangents.

(i1) If a point lies on the circle,
then one tangent can be
drawn. Here, ARB be a tan- P 0
gent.

(iii) If a point lies inside the cir-
cle, then no tangent can be
drawn.

a2

Tangents from a point to a circle

B

Let the point be (x,, y,) and the circle be x* +y* = &,

The equation of any tangent from a point (x;, y,) to a circle
¥yt =dis
=y)=mlx—x) (1)
The line (i) will be the tangent to the given circle if the
length of the perpendicular from the centre of a circle =
radius of a circle

(mx, — ) —u
1+ m?
= (mx; =y, = a*(1 +m?)
= mlez = 2mx y; + ylz =a’+a’m’

which is a quadratic in m, gives two values of m.
Put those values of m in Eq (i), we get the required equa-
tions of tangents.



Circle

Length of tangent from a point to a circle
(1) The length of the tangent from a point (x;, y;) to the

. o[22 2
circle x* +y? =a’is \Jx{ + y[ —a” .

P(xla)ﬂ)

T

(i1) Thelength ofthe tangent from a point (x,, ;) to the circle
x2+y2+2gx+2ﬁ;+c=0is\/x12+y12+ 2gx, + 2fy +c.

Power of a point with respect to a circle
The power of a point P with re- B
spect to any circle is

PA - PB. 4
From the geometry, we can write  p
PA-PB=PT*

Thus, the power of a point is the

square of the length of the tan-

gent to a circle from that point.
(i) The power of a point (x;, ;) with respect to a circle

¥ +yP=d*is (x12+y12—a2).
(i1)) The power of a point (x;, ;) with respect to a circle
X +y?+2gx+ 2y +c=0is
(x12+ y12+ 2gx,+ 2fy+c¢) .
Pair of tangents Ty
(i) The equation of a pair of

tangents to a circle x> + )?
= 4* from a point (x,, y,) is
SS, =T7, o
where S =x% +1? — a%
S15x12+y12—aZ;TExx1+yy1—a2.
(i1) The equation of a pair of tangents to a circle
X+ +2gx+ 2y +c=01is
SS, =T,
where S=x*+3% +2gx + 2y +¢; S,
=x{ +y{ +2gx, + 2+
T=xx;+yy +glx+x)+fiyty)+e

(iii) The angle between the pair of tangents from (x, y;) to
the circle x> +y? = a* is

2

2 tan™! (%} , where S, =x? +yi —a*.
1

20. Director CIRCLE

P(h, k)
The locus of the point of intersec-
tion of two perpendicular tangents
to a circle is known as the director
circle. It is a concentric circle hav- y B
ing radius V2 times the radius of
the original circle.
The equation of the director
circle to the circle x* + ) = & is
x*+y? =2d%

21. NormaL N

If a line is perpendicular to the

point of contact to the tangent is

called a normal. b
The relation between tangent

and normal is

m(T) x m(N) =-1. T
Different Forms of the Equation of Normals

1. Point form
(i) The equation of a normal to the circle x*> + 1 = &” at
(xp1,y) is LA
XN
Proof: Let PT be a tangent and PN be a normal.
Clearly PN must be a perpendicular to PT.

N
(0, 0)
Plxi, 1) g
Equation of tangent at P is
xx, +yy, = a* ...(1)

Equation of normal at P is
xy,—yx, k=0 ...(1i)

which is passing through (0, 0)

Therefore, k= 0.

Hence, the equation of the normal is xy; —yx; + k=0

L F_Y
XN

(ii) The equation of a normal to the circle
K +y2+2gx+ 2 +c=0at (x;, ;) is

XThH_YTh
xtg nt+f
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Proof: As we know that the normal always passes
through the centre of a circle.

Thus, the equation of the normal at P to the circle
X+ +2gx+ 2/ +c=01is

+
y_ 1=y1 f(x xl)
X+g
X=X _Y=—Nn
=
x+tg nt+f

(ii1) The equation of a normal to a conic
ax® + 2hxy + by + 2gx + 2fy + ¢ =0
at (x, ;) 1s
X=X% __Y~hn
ax;+hy+g  hx+by+ f

2. Parametric form

The equation of the normal to the circle x* + )% = o at
(acos 6, asin 0) is L:_L
cos@ sin6

3. Slope form
The equation of a normal to the circle x> + y* = & is y = mx.

4. Normal always passes through the centre of the circle

5. Line y = mx + ¢ will be a normal to the circle x? + y? =
aifc=0.

22. Guorp oF GonTAcT

R

From any external point, two tangents can be drawn to a giv-
en circle. The chord joining the points of contact of the two
tangents is called the chord of contact of tangents.
Here, QR is the chord of contact of tangents.
(i) The equation of the chord of contact of tangents drawn
from a point (x,, y,) to the circle x* + > = &’ is

— 2
XXyt =a
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(i) The equation of the chord of contact of tangents drawn
from a point (x|, y,) to the circle

¥y +2gx+ 2/ +c=0
s xxptyy teltx)tfyty)+te=0
(iii) The chord of contact exists only when if the point P not

lies inside of the circle.
2LR

JR+ 12

(v) Area of the triangle formed by the pair of tangents and
2

its chord of contact = ———.
R +L

(iv) The length of the chord of contact, 7,7, =

where R = radius and L = length of tangent.

(vi) Tangents of the angle between the pair of tangents from

. 2RL
the point (x, y,) = g
(vii) Equation of the circle circumscribing the triangle

APT\T, is
x=x)x+g+ -y +H=0

(viii) The distance between the chord of contact of tan gents
to x> + 37 + 2gx + 2fy + ¢ = 0 from the origin and the

point (g, f) is
2+ f2—c

WNCET )

23. GHorp BisecTep AT A Given Point

(i) The equation of the chord of
the circle x* + y? = a* bisected

at a point (x, y,) is given by T 19)
=8, where S;=x{+ y}—a’
and T'=xx, +yy, — a*. 4 ; B

(ii)) The equation of the chord of
the circle x* +y? + 2gx + 2y + ¢ = 0 bisected at a point

(x;, yy) is given by
T=S5,, where S; =xi + y{ + 2gx, + 2y, + cand T=xx,

Ty tglxtx) +fy+y)te

24. DiAMETER OF A GIRCLE

The locus of the mid-points of T
a system of parallel chords of a :
circle is known as diameter of
the circle.

The diameter of a circle al-
ways passes through the centre
of a circle and perpendicular to ;
the parallel chords. | L

Let the circle be x*> + y* = ¢* and parallel chord be y = mx
+ec.

a
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Equation of any diameter to the given circle is perpendicu-
lar to the given parallel chord is my + x + A = 0 which passes
through the centre of a circle.

Thus 0+0+A=0
= A=0
Hence, the required equation of the diameter is x + my = 0.

25. PoLe anD PoLAr

If from a point P, any straight line is drawn to meet the circle
in O and R and if tangents to the circle at Q and R meet in
T, the locus of T is called the polar of P with respect to the
circle.

The point P is known as the pole of its polar.

Polar

Polar of a circle exists only when the point P lies either
outside or inside of the given circle.
(1) The equation of a polar of the point (x|, y;) with respect
to the circle x* + y* = a® is xx, + yy, = a®
(i1) The equation of polar of the point (x;, y,) with respect
to the circle x> + y> + 2gx + 2y + ¢ =0 is
xxptyy gt x) Ay +y) +e=0.

(iii) If a point P lies outside of a circle, then the polar and
the chord of contact of this point P are the same straight
line.

(iv) If a point P lies on the circle, then the polar and the
tangent to the circle at P are the same straight line.

(v) The pole of a line /x + my + n = 0 with respect to the
2 2
circle x> +y? =@’ is (_a_l’ —M) .
n n

(vi) If the polar of a point P with respect to a circle passes
through Q, then the polar of O with respect to the circle
will pass through P.

Here, the points P and Q are called the conjugate
points.

(vii) Conjugate Points: Two points are said to be conju-
gate points with respect to a circle, if the polar of either
passes through the other.

(viii) If the pole of a line L, with respect to a circle lies on
another line L,, then the pole of the other line L, with
respect to the same circle will lie on the first line L,.
Here, the lines L, and L, are conjugate lines.
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(ix) Conjugate lines: Two straight lines are said to be con-

jugate lines if the pole of either lies on the other.
(x) Ifthelines ax + by +c,=0and ayx + b,y +c, =0 are

conjugate to each other with respect to the circle x> + y?
=% then aya, + bb, = % .

(xi) If O be the centre of a circle and P be any point, OP is
perpendicular to the polar of P.

(xii) If O be the centre of a circle and P be any point, then if
OP (produced, if it is necessary) meet the polar of P in
Q, then OP - OQ = (radius)’.

26. Gommon Guorp oF Two GIRCLES

B

The chord joining the points of intersection of two given cir-
cles is called their common chord.

The equation of the common chord between two circles
isS;-5,=0

= 2g —gx T 2(fi Ly =c,— ¢y,

where S, =x>+)*+2gx+2f;y+¢,=0

and S,=x*+ )2+ 2gx+ 2y +c, =0
(1) The length of the common chord = PQ = 2-PM =

2(CP)* = (CM ),

where
C,P = radius of the circle S, =0 and

C,M = Length of the perpendicular from C; on the
common chord PQ.

(i) The common chord PQ of two circles becomes of the
maximum length, when it is a diameter of the smaller
one between them.

(iii) If the circle on the common chord be a diameter, then
the centre of the circle passing through P and Q lie on
the common chord of the two circles.

(iv) If the circle S; = 0, bisects the circumference of the
circle S, = 0, then their common chord will be the di-
ameter of the circle S, = 0.

27. InTersecTion BETWEEN Two GIRCLES

Let the two circles be (x — @)? + (v — B> = rf and (x — P* +
(v — 8)* = r3, where centres are C(c, B) and C,( ) and radii
are r| and r,, respectively.



3.10

@

(i)

When two circles do not intersect

Then C,C,>r + 1,

Thus four common tangents can be drawn.

Let P be the point of intersection of two transverse tan-
gents and D be the point of intersection of two direct
common tangents.

Then the co-ordinates of P and D are

HX ¥ 10X hY, T h) — (h, k)
ntn ot ’

and (’ixz_”le ’ ”1)’2‘6)’1]2 (A, 1)

n—n n—n

respectively

The equation of the transverse common tangents is (y
— k) = m(x — h) and the equation of direct common
tangent is (y — ) = m,(x — A).

Now values of m; and m, can be obtained from the
length of the perpendicular from the centre C, or C, on
the tangent is equal to »; or r,. Put two values of m; and
m, on the common tangent equations, then we get the
required results.

When two circles intersect

Then |r) —ry| < C,C, <7+ 1,

Thus two common tangents can be drawn.

Let two direct common tangents intersect at D exter-
nally in the ratio 7, :7,.

Then the co-ordinates of D are

(’ixz_”le Ny, —hHh ) = (h, k)

n—-n n—-n

B

Hence the equation of the direct common tangent is
y—k=m(x—h).

Now values of m can be obtained from the length of the
perpendicular from the centre C; or C, on the tangent
is equal to 7| or 7.

Put two values of m on the common tangent equation, then
we get the required equation of direct common tangents.

(iii)

(iv)

V)
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When two circles touch each other externally

G G

Then C,C,=r, + 7,
Thus three common tangents can be drawn.
Let the point of contact be P.
Then the co-ordinates of P are
X%+ 0% Khthn
I"l + }"2 }"1 + 7'2

Hence the equation of the common transverse tangent
is S| — S, = 0 which is the same as the equation of the
common chord.

Let two direct common tangents intersect at D exter-
nally in the ratio | : 7,.

Then the co-ordinates of Dare | 12221 112 710y
n=n n—-n

=(h, k)

Hence the equation of the direct common tangent is

y—k)=m(x—h).

Now values of m can be obtained from the length of
perpendicular from the centre C; or C, on the tangent
is equal to 7, or r,. Put two values of m on the common
tangent equation, then we get the required equation of
direct common tangents.

When two circles touch each other internally

P

Then C,C, = |r; — 1y

Thus, only one tangent can be drawn.

Equation of the common transverse tangent is
S, -8,=0.

When one circle lies inside the other one

Then C,C, > |r) — 1y
Thus, no common tangent can be drawn.
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(vi) The direct common tangents meet at a point which di-
vides the line joining the centres of the circles exter-
nally in the ratio of their radii.

(vil) Transverse common tangents meet at a point which
divides the line joining the centres of the circles inter-
nally in the ratio of their radii.

(viii) The length of an external common tangent and inter-
nal common tangent to the two circles is given by the
length of external common tangent

Lex: \Idz_(’”Z_’ﬂl)2

and the length of internal common tangent

Lin:\/dz_(r2+rl)2 )

(it is applicable only when d > r| + r,)

Where d is the distance between the centres of two
circles and | and r, are the radii of two circles where

29. AncLE oF InTErsEcTION OF Two GIRCLES

Let the two circles be
S +y?+2gx+2fy+c; =0
Sy + )2+ 2gx+2fy+c, =0

(_gz _f;)

Let C; and C, are the centres of the given circles and 7, and
r, are the radii of the circles.

Thus C; = (g, /1) and C, = (=g, -/»)
”1:\/812"‘f12_cl ,
and 1f2=«/‘g§+f22—c2
Lt d=CC=\(g-&)+(i- /)
=\l + @+ S+ - 2Aega+ 1)

’”12 4 r22 —d? j
2riry

In C,PC,, cos o= [

2,2 g2
r1+r2—d]

= cos (180°—-0) = [
2rir

Orthogonal Circles

If the angle between two circles is 90°, then the circles are
said to be orthogonal circles.
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Condition of Orthogonality

P
¢

AN
\/

Here, 8= 90°, then

L nam-d
21
r12+r22—d2=0
= r,2+r22=a’2
= g+ f-a+g+fi-o

=gl + [P+ g+ =28+ L))
= g thh) = t o

which is the required condition.

30. RapicaL Axis

G

The radical axis of two circles is the locus of a point which
moves in a plane in such a way that the lengths of the tan-
gents drawn from it to the two circles are same.
Consider

S ix*+yP +2gx+2fy+c, =0
and Sy i x*+3? +2gx +2fy+c,=0
Let P(x,, y,) be a point such that P4 = PB
Thus, PA*> = PB
= X+ v 28+ 2t

=X+ 7 +28,5,+ 260, + ¢

= Ag1—gx+2(h Ly =c—¢

31. ProrerTiES OF THE RADICAL AXIS

(1) The radical axis and common chord are identical.
Since the radical axis and common chord of two circles
S, =0 and S, = 0 are the same straight line S, - S, =0,
they are identical.



3.12

The only difference is that, the common chord exists
only if the circles intersect in two real points, while the
radical axis exists for all pair of circles irrespective of
their position.
(ii) The radical axis is perpendicular to the straight line
which joins the centres of the circles.
P

Consider
Sy ixt+y?+2gx +2f,y+c¢; =0
and S, :x*+12+2gx+2fy+c,=0
Here, A(—g,, —f,) and B(-g,, —f;) are the centres of the
circles.

Now the slope of AB = M
&~ &

Equation of the radical axis is
2g —gx +2(fi —fy=c,—cy.
.. Slope of the radical axis is _&17&
fi= 12
Clearly the product of their slopes is —1.
Hence AB and radical axis are perpendicular to each
other.
(iii) If two circles touch each other externally or inter-
nally, the common tangents itself becomes the radi-
cal axis.

Radical axis Radical axis

(iv) The radical axis bisects common tangents of two

circles.
P

0

Radical axis

In this case the radical axis bisects the common tangent

V)

(vi)
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The radical axis of three circles taken in pairs are
concurrent.
Let
Sy + 2+ 2gx +2fiy+ ¢ =0,
Sy i x*+? +2gx +2fy+c,=0
and

Sy:ix?+)? +2gx +2fy+c3=0
L

S3:0

Now 8, =8, :2(g —g)x +2(/, —fLly =, — ¢
$=83:2g gt 2(h-fly=c3- ¢,
S3=81:2(g—gx +2(h-fily=c; ¢

Adding we get, both the sides are identical.

Thus three radical axes are concurrent.

If two circles cut a third circle othogonally, the radi-

cal axis of the two circles will pass through the cen-

tre of the third circle.

P

B
Let S;:x*+)*+2gx+2f,y+c, =0, ..(D)
Sy 2+ +2gx+ 2Ly + ¢, =0 ..(ii)
and S;:x*+)2+2gx+2fy+c;=0 ...(1i1)

Since (i) and (ii) both cut (iii) orthogonally, then
2gigz thh) =crt e
2Agg th) = ta
Subtracting, we get
25381 - &)t 2/(h—fH)=c1—¢ (1)
Also radical axis of (i) and (ii) is
S1=8,:2(g1 —gx +2f, Sy =cr— ¢

Since it will pass through the centre of third circle, so
we get

-2g3(81 - &) - 26(fi—f)=—c o
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= 2g5@-g) t2h(h-H=c-q
which is identical with (iv).

(vii) Radical axis need not always pass through the mid-
point of the line joining the centres of the two cir-
cles.

It will pass through the mid-point of the line joining the
centres of the two circles only if they have equal radii.

(viii) The centre of a variable circle orthogonal to two fixed
circles lies on the radical axis of two circles.

(ix) If two circles are orthogonal, then the polar of a point

P on the first circle with respect to the second circle
passes through the point Q, which is the other end of
the diameter through P.
Hence the locus of a point which moves in such a way
that, its polars with respect to the circles S; =0, .S, =0
and S; = 0 are concurrent in a circle which is orthogo-
nal to all the three circles.

(x) Pairs of circles which do not have radical axis are con-
current.

(xi) A system of circles, every two of which have the same
radical axis, is called a coaxial system.

32. RabicaL GenTRE

The radical axes of three circles, taken in pairs, meet at a
point, which is called their radical centre.

Let S +y?+2gx+2fy+¢, =0,
Sy x? + 12+ 2gx + 2fy+ ¢, =0
and Syt +)P+2gx+2fhy+e;=0
Equations of three radical axes are
S1 =8 2g —gx +2(h -y =c,— ¢
S =83 2g — g 2 -y =c3- ¢

Sy =S 2Ag—gX T 2(h—fi)y=c¢— ¢
Solving the three equations of radical axes, we get the re-
quired radical centre.

and

Properties of the Radical Centres

1. The radical centre of the three circles described on the
sides of a triangle as diameters is the orthocentre of the
triangle.
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2. The radical centre of the three given circles will be the
centre of a fourth circle, which cuts all the three circles
orthogonally and the radius of the fourth circle is the
length of the tangent drawn from the radical centre of
the three given circles to any of these circles.

@Y

Let the fourth circle be (x — 4)* + (v — k)* = r*, where
(h, k) is the centre of the circle and r be the radius. The
centre of the circle is the radical centre of the given
circles and r is the length of the tangent from (4, k) to
any of the given three circles.

33. FamiLy or CircLES

Family of circles

1. The equation of the family of circles passing through
the point of intersection of two given circles S; = 0 and
S, = 0 is given by
S, + AS, =0, where A is a parameter and A # —1.

2. The equation of the family of circles passing through
the point of intersection of a circle S = 0 and a line
L =0is given by
S+ AL =0, where A is a parameter.
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L=0
§=0

3. The equation of the family of circles touching the circle
§=0and the line L=0is
S+ AL =0, where A is a parameter.

4. The equation of the family of circles passing through
the two given points P(x,, y,) and Q(x,, y,) can be writ-
ten in the form

Coordinate Geometry Booster

(x=x)x=x) + =y —»)

x y 1
+Alx, » 1|=0
X o1
P
o

§=0

Levee 1
(Problems Based on Fundamentals)

ABC OF CIRCLES

1. Find the centre and the radius of the circles
() ¥*+)*=16
(i) X*+)>—8x+15=0
(iii) ¥*+)P—x—-y=0

2. Prove that the radii of the circles

FH+yP=1,x2+) -2x—6y=6
and x*+ )% —4x— 12y =9 are in AP.

3. Find the equation of the circle concentric with the cir-
cle x> + y* — 8x + 6y — 5 = 0 and passing through the
point (-2, =7).

4. Find the equation of the circle passing through the
point of intersection of x + 3y =0 and 2x — 7y = 0 and
whose centre is the point of intersection of lines x + y +
1=0andx-2y+4=0.

5. Find the equation of the circle touching the lines
4x — 3y =30 and 4x — 3y +10 = 0 having the centre on
the line 2x + y = 0.

6. Let the equation of a circle is x*> + y* — 16x — 24y + 183
= 0. Find the equation of the image of this circle by the
line mirror 4x + 7y + 13 =0.

7. Find the area of an equilateral triangle inscribed in the
circle X2 +y? + 2gx + 2fy + ¢ = 0.

8. A circle has radius 3 units and its centre lies on the line
y =x — 1. Find the equation of the circle if it passes
through (7, 3).

9. Find the point P on the circle x* + y* —4x — 6y + 9 =0
such that ZPOX is minimum, where O is the origin and
OX is the x-axis.

10. Find the equation of the circle when the end-points of a
diameter are (2, 3) and (6, 9).

11. Find the equation of a circle passing through (1, 2),
(4, 5) and (0, 9).

12. Find the equation of a circle passing through the points
(1, 2) and (3, 4) and touching the line 3x + y = 5.
13. Find the length of intercepts to the circle x* + ) + 6x +

10y +8=0.
14. Find the length of y-intercept to the circle x* +y* —x—y
=0.

15. Show that the circle x> + y* — 2ax — 2ay + a* = 0
touches both the co-ordinate axes.

POSITION OF A POINT WITH RESPECT TO A CIRCLE

16. Discuss the position of the points (1, 2) and (6, 0) with
respect to the circle x* + % — 4x + 2y — 11 = 10.
17. If the point (4, —A) lies inside the circle

x? +y? —4x + 2y — 8 =0, then find range of A.

SHORTEST AND LONGEST DISTANCE OF A CIRCLE FROM A POINT

18. Find the shortest and the longest distance from the
point (2, —7) to the circle

x> +y?—14x—10y—151=0

INTERSECTION OF A LINE AND A CIRCLE

19. Prove that the line y = x + 2 touches the circle x> + 1% =
2. Find its point of contact.

20. Find the equation of the tangent to the circle x*> +1? =4
parallel to the line 3x + 2y + 5 =0.

21. Find the equation of the tangent to the circle x*> +? =9
perpendicular to the line 4x + 3y = 0.

22. Find the equation of the tangent to the circle x*> + y? +
4x + 3 = 0, which makes an angle of 60° with the posi-
tive direction of x-axis.

23. If a tangent is equally inclined with the co-ordinate
axes to the circle x* + y* = 4, find its equation.

24. Find the equation of the tangents to the circle x* + * =
25 through (7, 1).
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TANGENT TO A CIRCLE

25. If the centre of a circle x*> + y* = 9 is translated 2 units
parallel to the line x + y = 4 where x increases, find its
equation.

26. Find the equation of the tangents to the circle x> + y* =
9atx=2.

27. Find the equation of the tangent to the circle x* + y* =
16 at y =4.

28. Find the points of intersection of the line 4x — 3y = 10
and the circle.

29. Find the equation of the pair of tangents drawn to the
circle x> + y* — 2x + 4y = 0 from (0, 1).

30. Find the equation of the common tangent to the curves
x> +y*=4andy® =4(x - 2).

31. Find the shortest distance between the circle x*> + y> =9
and the line y =x — 8.

LENGTH OF THE TANGENT TO A CIRCLE

32. Find the length of the tangent from the point (2, 3) to
the circle x* + ) = 4.

33. Find the length of the tangent from any point on the
circle x* + y* = a* to the circle x> + y? = b*.

34. Find the length of the tangent from any point on the
circle x* +y? + 2011x + 2012y + 2013 = 0 to the circle
x? 432 +2011x + 2012y + 2014 = 0.

POWER OF A POINT W.R.T A CIRCLE

35. Find the power of a point (2, 5) with respect to the cir-
cle x* +y*=16.

36. If a point P(1, 2) is rotated about the origin in an anti-
clockwise sense through an angle of 90° say at O, then
find the power of a point Q with respect to the circle
X +y*=4.

PAIR OF TANGENTS

37. Find the equation of the tangent from the point (1, 2) to
the circle x* + ) = 4.

38. Find the equation of the tangent to the circle x* + y* —
4x + 3 =0 from the point (2, 3).

39. Find the angle between the tangent from the point (3, 5)
to the circle x* + y? = 25.

40. Ifapoint (1, 2) is translated 2 units through the positive
direction of x-axis and then tangents drawn from that
point to the circle x> + y? = 9, find the angle between
the tangents.

DIRECTOR CIRCLE

41. Find the locus of the point of intersection of two per-
pendicular tangents to a circle x> + y? = 25.

42. Tangents are drawn from an arbitrary point on the line
y=x+ 1 to the circle x> + y* = 9. If those tangents are
orthogonal to each other, find the locus of that point.

43. Tangents are drawn from any point on the circle x> + y?
=20 to the circle x*> + y* = 10. Find the angle between
their tangents.
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44. Find the equation of the director circle to each of the
following given circles.
(i) ¥*+y*+2x=0
(i) X*+y*+10y+24=0
(iii) x> +)y?+16x+12y+99=0
(iv) x*+y*+2gx+2fp+c=0.
(v) X*+y*—ax—by=0.

NORMAL AND NORMALCY

45. Find the equation of the normal to the circle x> + y? =9
atx=2.

46. Find the equation of the normal to the circle x> + y* +
2x +4y+4=0at (-2, 1).

47. Find the equation of a normal to a circle x*> + y* — 4x —
6y + 4 =0, which is parallel to the line y = x — 3.

48. Find the equation of the normal to a circle x> + ) — 8x —
12y + 99 = 0, which is perpendicular to the line 2x — 3y
+10=0.

CHORD OF CONTACT

49. Find the equation of the chord of contact of the tan-
gents drawn from (5, 3) to the circle x* + y* = 25.

50. Find the co-ordinates of the point of intersection of the
tangents at the points where the line 2x + y + 12 =0
meets the circle x> + )? —4x + 3y — 1 =0.

51. Find the condition that the chord of contact from an
external point (%, k) to the circle x*> + y = a* subtends a
right angle at the centre.

52. Tangents are drawn from the point (%, k) to the cir-
cle x* + y* = d* Prove that the area of the triangle
formed by the tangents and their chord of contact is

(W2 + k2= a?)?
a|—————|.
[ (h*+k)
53. The chord of contact of tangents drawn from a point on
the circle x> + 1y = &’ to the circle x> + y* = b* touches
the circle x> + y2 = ¢? such that b" = a"c?, where m, n, p
€ N, find the value of m + n+ p + 10.

CHORD BISECTED AT A POINT

54. Find the equation of the chord of the circle x* +? = 25,
which is bisected at the point (-2, 3).

55. Find the equation of the chord of the circle x* + ) + 6x
+ 8y — 11 = 0, whose mid-point is (1, —1).

56. Find the locus of the middle points of the chords of the
circle x* + y* = a* which pass through the fixed point
(h, k).

57. Find the locus of the mid-point of a chord of the circle
x? + y* = 4 which subtend a right angle at the centre.

58. Let AB be a chord of the circle x* + y* = 4 such that

A= (\/5, ). If the chord AB makes an angle of 90°
about the origin in anti-clockwise direction, then find
the co-ordinates of B.

59. Let CD be a chord of the circle x> + y? = 9 such that

C= (2\/5, 1). If the chord CD makes an angle of 60°
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about the centre of the circle in clockwise direction,
find the co-ordinates of D.

60. Find the locus of the mid-points of the chords of the
circle x* + 3 = 9 which are parallel to the line 2012x +
2013y +2014 =0.

61. Find the locus of the mid-points of the chords of the
circle x* + y* — 4x — 6y = 0, which are perpendicular to
the line 4x + 5y + 10 = 0.

COMMON CHORD OF TWO CIRCLES

62. Find the lengths of the common chord of the circles
X +)y?+3x+5p+4=0andx* +)* + 5x + 3y +4=0.
63. Find the equation of the circle whose diameter is the
common chord of the circles
P+ +2+3y+1=0
and x*>+)?+4x+3y+2=0.

INTERSECTION OF TWO CIRCLES

64. Find the number of tangents between the given circles
(i) *+1y*=4andx*+1°—2x=0
(i) ¥*+)*+4x+6y+12=0and
X+ —6x—4y+12=0
(iii) x*+y*—6x—6y+9="0and
P+ +6x+6y+9=0
(iv) x*+3y*—4x—4y=0and
X+ +2x+2y=0
(v) ¥*+y?*=64and x> +)* —4x -4y +4=0
vi) x>+ =201++2)x-2y+1=0 and
X+ —2x—2y+1=0.
65. Find all the common tangents to the circles
X+ —2x—6y+9=0and x>+ +6x—2y+1=0.
66. If two circles x> + y* + ¢ = 2 and x* + y* + ¢* = 2by

11 1
touches each other externally, prove that — = 2 +—.
a

67. If two circles x* + > =9 and x> +)* — 8x — 6y + n* =
0, where » is any integer, have exactly two common
tangents, find the number of possible values of 7.

ORTHOGONAL CIRCLES

68. Find the angle at which the circles x> + > + x + y =0
and x*> + y? + x —y = 0 intersect.

69. If the circles x> + )% + 2a,x + 2b,y + ¢, = 0 and x* + )
+ a,x + by + ¢, = 0 intersect orthogonally, prove that
aay+bb,=c| +c,.

70. Iftwo circles 2x? +2y? — 3x + 6y + k=0 and x* + y* — 4x
+ 10y + 16 = 0 cut orthogonally, find the value of .

71. A circle passes through the origin and centre lies on the
line y = x. If it cuts the circle x* + y> —4x — 6y + 18 =0
orthogonally, find its equation.

72. Find the locus of the centres of the circles which cut the
circles x> +1? +4x—6y+9=0and x> +)*> - 5x + 4y -2
= 0 orthogonally.

73. If a circle passes through the point (a, b) and cuts the
circle x* + y? = 4 orthogonally, find the locus of its centre.
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74. Two circles having radii »; and r, intersect orthogonal-
ly, find the length of the common chord.

RADICAL AXIS

75. Find the radical axis of the two circles
X +)y?+4x+6y+9=0
and x*+)?+3x+8+10=0

76. Find the image of a point (2, 3) with respect to the radi-
cal axis of two circles x*> + y* + 8x + 2y + 10 = 0 and
¥+yP—2x—y—-8=0.

77. Find the radical centre of the three circles x> + y* = 1,
¥ +y?—8x+15=0and x* +y* + 10y + 24 = 0.

78. Find the equation of a circle which cuts orthogonally
every member of the circles

¥ +y?-3x—6y+14=0,
P+ —x—4y+8=0
and x*+)*?+2x—6y+9=0
79 Find the equation of the circle passing through the
points of intersection of the circles
¥ +y?+13x-3y=0
and 2x>+2)° +4x—Ty—25=0
and the point (1, 1).

80. If the circle x* + y* + 2x + 3y + 1 = 0 cuts the circle
x?+)?+4x+ 3y +2=0in two points, say 4 and B, find
the equation of the circle as AB as a diameter.

81. Find the equation of the smallest circle passing through
the intersection of the line x + y = 1 and the circle
¥ +yr=9.

82. Find the equation of the circle, which is passing through
the point of intersection of the circles

¥y —6x+2y+4=0
and x*+)*+2x—4y—6=0
and its centre lies on the line y = x.

83. Find the circle whose diameter is the common chord of
the circles x* + y? + 2x + 3y + 1 =0 and x*> + y? + 4x +
3y+2=0.

Levee I

(Mixed Problems)

1. The equation ax® + 2hxy + by* + 2gx + 2fy + ¢ = 0 rep-
resents a circle if
(@) a=b,c=0 (b) a=b,h=0
() a=b,g=0 (d) a=b,f=0
2. The equation of the circle passing through the points
(0,0),(1,0)and (0, 1) is
a) >+ +x+y=0 (b) ¥*+y*—x+y=0
(a) y y y y
(c) x2+y27xfy:O (d) x2+y27x:0
3. The equation x> + y? + 4x + 6y + 13 = 0 represents a

(a) point (b) circle
(¢) pair of straight lines (d) a pair of coincident
lines
4. The circle x* + y% + 4x — 7y + 12 = 0 cuts an intecept on
y-axis is
(a) 7 (b) 4 () 3 @ 1
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5.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

The equation of the diameter of the circle x* + ) — 6x +

2y—8=0is
(@) x+3y=0 (b) x=3y
(c) x=2y (d) x+2y=0.

The length of the tangent drawn from any point on the
circle x* + 3 + 4x + 6y + 4 = 0 to the circle x> + y* + 4x
+6y+11=0is

(a) 4 ® V7 @5 @ 17
The value of ¢ for which the points (2, 0), (0, 1), (0, 5)
and (0, ¢) are concyclic, is

(a1 (b) 2 (c) 3 (d) 4

The equation of a circle passing through the origin is x
+y? —4x + 6y = 0, the equation of the diameter is

(@) x=y (b) 3x+2y=0

(c) y=3x (d) 3x—4y=0

2

. The equation of the common chord of the circles

X+ —dx+6y=0and x>+’ —6x+4y—12=01is
(a) x+y+6=0 ®) x—y+6=0

(c) x—y—-6=0 (d x+y+6=0

The circumcentre of the triangle whose vertices are
(0, 0), (2, 0) and (0, 2) is

@ (1,2) ®) 2,2)

© (1,1 (d) (-2,-2)

If the lines a;x + b,y + ¢, =0 and a,x + b,y + ¢, =0 cut
the x-axis and y-axis in four concyclic points, then

(@) ayay=bb, (b) a,b,=ayb,

(¢) a\b,=a,b, (d) None

If the circles x* + % + 2g,x + 2,y = 0 and x* + 17 + 2g,x
+ 2f,y = 0 touch each other, then

(@ gigt/1,=0 (®) g8, =/

© gh=rfig, (d) None

Any point on the circle x* + y* — 4x — 4y + 4 = 0 can be
taken as

(@) 2+2cos6,2+2sinb)

(b) (2—2cos 6,22 sin 6)

(¢) 2-2cos B,2+2sin 6)

(d) (2+2cos 6,2—2sin 6)

The equation of the chord of the circle x* + y* = 25
whose mid-point is (2, —5) is

(a) 3x-2y=11 (b) 2x-3y=13

(¢) 2x+3y=10 (d) 3x+2y=11

The value of A for which the line 3x — 41 = A touches
the circle x* + y> = 16 is

(a) 4 (b) 20 (c) 15 (d) 10

The locus of the point of intersection of two perpen-
dicular tangents to the circle x* + y? = 1006 is

(@) x*+y*=2012 (b) x*+37=2020

(c) x*+y*=2010 (d) x*+)*=2000

The equation of the normal to the circle x* + y? — 2x —
2y + 1 =0, which is parallel to the line 2x + 4y =3 is
(a) x+2y=3 () x+2y+3=0

(c) 2x+4y=-3 (d) none

The image of the centre of the circle x> + y* — 2x — 6y +
1 =0 to the line mirror y = x is

@ (1,3) (& G D (9 (1,-3) @ (3. 1)

19.

20.

21.

22.

23.

24.

25.

26.

27

28.

29.

30.
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The length of the common chord of the circles x> + y* +
2x+3y+1=0andx*+)?+3x+2y+1=0is

1 3 V2
@32 o © 5 @

The number of common tangents to the circles x* + ?
+2x—8y—23=0and x> +)? —4x— 10y + 19=0 s
(a) 4 (b) 2 (c) 3 @ 1

The angle between the tangents drawn from the origin
to the circle (x — 7)*+ (y + 1) =25 is

(a) /3 (b) /6 (c) m2 (d) w4

The ends of a quadrant of a circle have the co-ordinates
(1, 3) and (3, 1), the centre of such a circle is

@ L) 0 22 @© 26 @ 44
The line 2x — y + 1 = 0 is a tangent to the circle at the
point (2, 5) and the centre of the circles lies on x — 2y =
4. The radius of the circle is

@ 35 () 53 (© 25 (@ 52
Two circles of radii 4 cm and 1 cm touch each other
externally and 6 is the angle contained by their direct
common tangents. Then sin 0 is

(a) 24/25 (b) 12/25 (c) 3/4 (d) None
The locus of poles whose polar with respect to x> + )2
= ¢* always pass through (k, 0) is

(@) kx—a®>=0 (b) kx+d*=0

(c) ky+a*>=0 (d) ky—a*=0

The locus of the mid-points of the chords of the circle
x* + y* — ax — by = 0 which subtend a right angle at

(z é)-
232 1S

(@) ax+by=0
(b) ax+ by =a*+ b*
2,42
¢) X*+1y’—ax—bh +a +b =0
(©) y y 3

a’+b?

(d) x*+y*—ax—by— =0

From (3, 4), chords are drawn to the circle x* + y* — 4x
= 0. The locus of the mid-points of the chords is

(@) X*+)*—5x—4y+6=0

(b) ¥*+y*+5x—4y+6=0

(c) X*+)*—5x+4y+6=0

(d) ¥*+)y*—5x—4y—-6=0

The lines ¥y — yy=m(x —x;) a1+ m* are tangents
to the same circle. The radius of the circle is

(a) a2 (b) a (©) 2a (d) none
The centre of the smallest circle touching the circles x?
+y?—2y—3=0andx*+)*—8x— 18y +93=01s

(@ 3,2) (b 44 (© 27 (@ 2595
The ends of the base of an isosceles triangle are at
(2, 0) and (0, 1) and the equation of one side is x = 2,
the orthocentre of the triangle is

33 5 3 4 7
(330 () o 31 o (5
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31.

32.

33.

34.

35.

36.

37.

38.

39.

A rhombus is inscribed in the region common to two
circles x> +3)? —4x —12=0and x> +)* + 4x - 12=0
with two of its vertices on the line joining the centres of
the circles. Then the area of the rhombus is

(a) 83 sq. units (b) 43 . units

(c) 163 $q. units (d) none

The angle between the two tangents from the origin to
the circles (x — 7)* + (y + 1) =25 is

(a) w4 (b) m/3 (c) w2 (d) None.
The equation of the circle having normal at (3, 3) as the
straight line y = x and passing through the point (2, 2) is
(@) ¥+ —5x+5y+12=0

(b) X+ +5x-5y+12=0

(c) ¥*+y*—5x—5y—-12=0

(d) X*+)y?—5x—5p+12=0

In a right triangle ABC, right angled at A, on the leg
AC as diameter, a semi-circle is described. If the chord
joining A with the point of intersection D of the hypot-
enuse and the semicircle, the length AC equals to

AB - AD AB - AD

(@) —— (b)) ———
/ABZ+AD2 AB+ AD
AB - AD

(¢) JAB-AD d) ——

JAB* - AD?
If the circle C, : x*> + y* = 16 intersects another circle
C, of radius 5 in such a manner that the common chord
is of maximum length and has a slope 3/4, the co-ordi-
nates of the centre of C, are

(a) (i% i%) (b) (i% 1%)

12 .9 12 _9

© (is’isj @ (i5’+5j
Two lines p;x + ¢,y + 7, = 0 and p,x + g,y +r, =0 are
conjugate lines with respect to the circle x* +y? = &* if
@ pprtqigy=rir;  (b) PPyt g9+ 1 =0
© @Eprta1g)=rir (&) @2+ a19) =arry
If a circle passing through the point (a, b) cuts the circle
x? + y? = k? orthogonally, the equation of the locus of its
centre is
(a) 2ax+2by—(a*+b*+K)=0
(b) 2ax +2by— (> —b*—k*)=0
(c) X*+y*—3ax—4by—(*+b*—k*) =0
(d) x*+y*—2ax—3by—(a* - b* -k =0.
Consider the circle

S:x*+1y?—4x—4y+4=0.
If another circle of radius r less than the radius of the
circle S is drawn, touching the circle S, and the co-ordi-
nates axes, the value of 7 is
(@) 3-2V2 (b) 4-2v2
) T-42 d) 6-42
The distance between the chords of contact of tangents
to the circle x>+ + 2gx + 2fy + ¢ = 0 from the origin
and the point (g, f) is

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.
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2 2
g+ fT-c
(@) &'+ /° (b)

(©) g2+f2—C d) \/g2+f2—c
7 /g2+f2 ) [g2+f2

The locus of the centres of the circles which cuts the
circles x*> +y? +4x— 6y +9=0and x> +y* — 5x + 4y —2
= 0 orthogonally is

(a x+10y-7=0 (b) x—y+2=0

() 9x—10y+11=0 (d) 9x+10y+7=0.

The locus of the centres of the circles such that the point
(2, 3) is the mid-point of the chord 5x +2y + 16 =0 is
(@) 2x-5y+11=0 (b) 2x+5y—-11=0

() 2x+5y+11=0 (d) None.

The locus of the mid-points of the chords of the circle
¥ +y* + 4x — 6y — 12 = 0 which subtends an angle of x
radians at its circumcentre is 3
(@) (x—2*+ (@ +3)P%=625

(b) (x+2)*+(-37’=6.25

() (x+27+(y-3)%=18.75

(d) (x+2)*+ (@ +3)*=18.75

If two chords of the circle x* + y? — ax — by = 0 drawn
from the point (a, b) is divided by the x-axis in the ratio
2:11is

(a) a*>3b° (b) a*<3b?

(c) a*>4p? (d) a*<4p?

The angle at which the circles (x — 1)* + y* = 10 and
x* + (y—2)* = 5 intersect is

(a) 76 (b) m/4 (c) 3 (d) =2

Two congruent circles with centres at (2, 3) and (5, 6)
which intersect at right angles has radius equal to

@@ 242 (b 3 (c) 4 (d) none

A circle of radius unity is centred at origin. Two parti-
cles start moving at the same time from the point (1, 0)
and moves around the circle in opposite direction. One
of the particle moves counter-clockwise with constant
speed v and the other moves clockwise with constant
speed 3v. After leaving (1, 0), the two particles meet
first at a point P and continue until they meet next at
point Q. Then the co-ordinates of the point Q are

@ (1,0) ®) ©0,1) (0 0,-1) (d) (1,0)
The value of ¢ for which the set {(x, y) :x*>+)?+2x< 1}
N {(x,y) : x—y+c=0} contains only one point in com-
mon is

(@) (oo, —1]U[3,)  (b) {-1,3}

() {3} (d {13

A circle is inscribed into a thombus ABCD with one
angle 60°. The distance from the centre of the circle to
the nearest vertex is equal to 1. If P be any point of the
circle, then |PA]> + |PB? + |PC* + |PDJ? is equal to

(a) 12 (b) 11 © 9 (d) none

P is a point (a, b) in the first quadrant. If the two circles
which pass through P and touch both the co-ordinates
axes cut at right angles, then
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50.

51.

52.

53.

54.

55.

56.

57.

(@) &®—6ab+bH=0 (b) @®+2ab-b*=0

(c) &®—4dab+hH =0 (d) @®>—8ab+b*=0

The range of value of @ such that the angle 8 between
the pair of tangents drawn from the point Q(a, 0) to the
circle x* + y* = 1 satisfies 7/2 < < ris

@ (1,2) ) (1,v2)

(©) (—v2,-D (@) (—V2,-DUL2)
Three concentric circles of which the biggest is x*> +
y* =1 have their radii in AP. If the line y = x + 1 cuts
all the circles in real and distinct points the interval in
which the common difference of AP will lie is

1 1
@ (0] ® (O’ﬁ)
(c) [0, 2_4\5) (d) none

A tangent is a point on the circle x> + y? = &” intersects a

concentric circle C at two points P and Q. The tangents

to the circle C at P and Q meet at a point on the circle

x> +y? = b?, the equation of the circle is

(a) ¥*+)y>=ab (b) ¥ +)y*=(a—b)

(¢) X>+1y*=(a+b) (d) P +)y*=d®+ b

AB is the diameter of a semicircle &, C is an arbitrary

point on the semicircle (other than 4 or B) and S is the

centre of the circle inscribed in triangle ABC, then the

measure of

(a) Z£ASB changes as C moves on k

(b) £LASB =135 forall C

(c) £ASB =150 forall C

(d) ZASB is the same for all positions of C, but  can-
not be determined without knowing the radius.

Tangents are drawn to the circle x> + y? = 1 at the

points, where it is met by the circles x> +? — (1 + 6)x +

(8 —2A)y —3 =0, A being the variable. The locus of the

point of intersection of these tangents is

(a) 2x—y+10=0 () x+2y-10=0

(¢) x—2y+10=9 (d 2x+y-10=0

Given 1 + > =1 and ax + by =1 are two variable lines
Xy

a and b being the parameters connected by the relation

a* + b* = ab. The locus of the point of intersection has

the equation

(@ ¥*+y?+xy—1=0 (b) ¥+ —xp+1=0

(¢) ¥*+y*+xy+1=0 (d) x*+y*—xp—1=0

B and C are two fixed points having co-ordinates

(3, 0) and (-3, 0) respectively. If the vertical angle BAC

1s 90°, the locus of the centroid of the AABC has the

equation

(@) ¥*+y*=1 (b) X*+)2=2

(c) x¥*+y*=1/9 (d) x*+)?=4/9.

If (1, lj, (b, l), (c, l) and (d, lj are four distinct
a b c d

points on a circle of radius 4 units, then abcd is equal to
(a) 4 (b) Y () 1 (@ 10

58.

59.

60.

61.
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65.
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The triangle formed by the lines x +y =0, x —y =0 and

Ix+my=[. If ] amd m vary subject to the condition /* +

m?* = 1, the locus of its circumcentre is

@ -y =x+)? (b)) (C+y)=xt-)?

(©) (F+)%) =4’ @ (F+)y?=x" -y

Tangents are drawn to a unit circle at the origin from

each point on the line 2x + y = 4. Then the equation to

the locus of the mid-point of the chord of contact is

@ 202+ =x+y  (b) 207 +)D) =x+2y

(c) 4(x*+)y*)=2x+y  (d) none

ABCD is a square of unit area. A circle is tangent to two

sides of 4ABCD and passes through exactly one of its

vertices. The radius of the circle is
1 1

@ 2-42 0) 21 © 7 @ 3

A pair of tangents are drawn to a unit circle with centre

at the origin and these tangents intersect at 4 enclosing

an angle of 60°. The area enclosed by these tangents

and the arc of the circle is

2 T
(a) N (b) f—g

T 3 T
© - @ ﬁ(l—g).

Two circles are drawn through the points (1, 0) and
(2, -1) to touch the axis of y. They intersect at angle

(a) cot™! (%) (b) cot™! (%)

(©) % (d) tan'(1)

If the line x cos 6 + y sin 6 =2 is the equation of trans-
verse common tangent to the circles x> + y* = 4 and
x4y - 633x — 6y + 20 = 0, the value of @ is

(a) 5m/6 (b) 2m/3 (c) @3 (d) w6

A circle of constant radius a passes through the origin
O and cuts the axis of co-ordinates in points P and Q,
the equation of the locus of the foot of perpendicular
from O to PQ is

(a) (x*+ yz)(i2 + izj =44°
Xy

(b) (x*+y?)? (Lz + %j a*

=

(©) (x*+ yz)z(%+%j=4a2
Xy

SN O S U B
@ +J’)(x2+y2j a.

A square is inscribed in the circle x> + y* — 2x + 4y + 3
= 0. Its sides are parallel to the co-ordinate axes. Then
one vertex of the square is
(@) (1+v2,-2)
(©) (L-2++2)

(b) (1-+2,-2)

(d) none



3.20

66.

67.

68.

69.

70.
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74.

The point of contact of the tangent to the circle x* + ?
= 5 at the point (1, —2) which touches the circle x> + )?
—8x+6y+20=0,is

(@ (2,-1) (b) 3,-1)

(c) (4,-1) (d) .-

The centre of the circle passing through the point (0, 1)
and touching the curve y = x* at (2, 4) is

(a) (-16/5,27/10) (b) (-16/7,53/10)

(c) (-16/5,53/10) (d) none

The locus of the mid-points of the chords of the circle
x* +3? — 2x — 6y — 10 = 0 which passes through the
origin is the circle

(@ ¥*+y*+x+3y=0 (b) ¥’ +)*—x+3y=0

(€) ¥*+y*+x-3y=0 (d) ¥+ -x-3y=0
The equation of the circle through the points of inter-
section of x> + > =1, x* + > —2x — 4y + 1 = 0 and
touching the linex +2y =01is

@ ¥*+y*+x+2y=0 (b) ¥*+)*—x+2y=0

(©) ¥*+y*-x-2y=0 (d) 2(*+)»)-x—-2y=0
y —x + 1 = 0 is the equation of the normal at

) to which of the following circles?

(© (x=3y+)*=6

(d) (x=37+(@-3)"=9

The radical axis of two circles whose centres lie along
x and y axes is

2 2
(a) ax—by—[“ Zb j:o

2 2
(b) 2g2x+2f2y—(—g L) ):o

4
() gx+fy=g'+1*
(d) 2gx -2+ -/*=0
A circle has its centre in the first quadrant and passes
through the points of intersection of the lines x = 2 and
vy = 3. If it makes intercepts of 3 and 4 units on these
lines respectively, its equation is
(a) X*+)?=3x—5y+8=0
(b) ¥+ —dx—6y+13=0
(c) X*+y*—6x—8y+23=0
(d) ¥*+)*>—8x—9y+30=0
The radius of the circle passing through the points
(1,2),(5,2)and (5,-2) is
(@ 5v2 () 25 (o) W2

Lines are drawn from the point (-2, —3) to meet the
circle x* + y? — 2x — 10y + 1 = 0. The length of the line
that meets the circle at two coincident point is

(@ 43  (b) 16 (c) 48

d 242
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(d) Cannot be calculated unless coincident points are
given

The equation of the circle, which touches both the axes

and the straight line 4x + 3y = 6 in the first quadrant and

lies below it is

(@) 4(x*+)*)—4x—4y+1=0

(b) >+ —6x—6y+9=0

(c) ¥+ —6x-y+9=0

(d FP+y*—x-6y)+4=0

Circles are drawn through the point (2, 0) to cut the

intercepts of length 5 units on the x-axis. If their centres

lie in the first quadrant, their equation is

(@) ¥*+)*-9x+2ky+14=0

(b) 3x2+3)2+27x—2ky+42=0

(c) ¥*+y*—9x—2ky+14=0

(d) ¥*+y*—2kx—9y+14=0,

where £ is a positive real number.

If the tangent to the circle x> +1? = 5 at (1, —2) touches

the circle x* + y* — 8x + 6y + 20 = 0 at the point

(@ 2,-D (b) 3,-D

(©) (4,-D (d) 5,-D

The centre of the circle passing through the point (0, 1)

and touching the curve y = x at (2, 4) is

(a) (-16/5,27/10) (b) (-16/7,53/10)

(c) (-16/5,53/10) (d) none

If the lines 2x —4y =9 and 6x — 12y + 7 = 0 touch a

circle, the radius of the circle is

WL w02 el

5 65 3 35
If the co-ordinates at one end of a diameter of the circle
x? +y* —8x— 4y + ¢ = 0 are (-3, 2), the co-ordinates of
the other end are
(@ (5,3) (b) (6,2) (o) (1,-8) (d) (11,2)
If a circle is inscribed in an equilateral triangle of side
a, the area of the square inscribed in the circle is
(a) a’/6  (b) a*/3 (c) 24%5  (d) 24%3
The equations of lines joining the origin to the point of
intersection of circle x* + y* = 3 and the line x + y =2
is
(a) y-(3+2¥2)x=0 (b) x—(3+242)y=0
(© ¥-(B-2V2)y=0 (@ y-(B3-2v2)x=0
Two circles x> + y> — 10x + 16 = 0 and x> + y* = /2 inter-
sect each other at two distinct points if
(a) r<2 (b) r>8
(c) 2<r<8 (d 2<r<8
If the equations of the tangents drawn from the origin
to the circle x* + y2 —2rx—2hy + K =0are perpendicu-
lar, then
(@ h=r (b) W=7
(¢) h=-r @ #+r=1
If a circle C and x* + y2 = 1 are orthogonal and have
radical axis parallel to y-axis, then C is
(@ ¥+ —1+x=0 (b) ¥+’ —1-x=0
() ¥*+y*+1-y=0 (d) ¥*+y*+1+x=0
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The equation of the line meeting the circle x* +1? = o?,

two points at equal distances d from a point (x;, ;) on
the circumference is

(a) xx1+yy1—a2+ =0

247

5 1
b) xx—yy—a +——-5=0
(b) 1~ N 24>

2 1
) Xxx;+ +a°"———=0
(c) xx+n e

(d) xx1+yy1—a2—#=0

The equations of the tangents drawn from the origin to
the circle x* +y? — 2rx — 2hy + h* = 0 are

(@) x=0 (b) y=0

(c) (WP —r)x—2rhy=0 (d) (W —r)x+2rhy=0
Two circles x*> + y* = 6 and x* + y* — 6x + 8 = 0 are giv-
en. Then the equation of the circle through their points
of intersection and the point (1, 1) is

(@) X*+)y*—6x+4=0 (b) X*+)*—3x+1=0

(c) X*+)y*—4x+2=0 (d) none

The equation of the circle passing through (1, 1) and
the points of intersection of x* + y* + 13x — 3y = 0 and
22+ 2% +4x—Ty—25=01s

(a) 4x*+4y* —30x—10y—25=0

(b) 4x*+4y* +30x—13y—-25=0

(c) 4x*+4y> —17x—10y—25=0

(d) none

The centre of the circle passing through the point (0, 1)
and touching the curve y = x* at (2, 4) is

16 27 16 53
(@) (‘?ﬁ) ) (‘755]

16 53
© (‘?Ej

AB is a diameter of a circle and C is any point on the

circumference of the circle. Then

(a) the area of the triangle ABC is maximum when it is
isosceles.

(b) the area of the triangle ABC is minimum when it is
isosceles.

(c) the area of the triangle ABC is minimum when it is
isosceles.

(d) None

The locus of the mid-point of a chord of the circle

x> + )% = 4, which subtends a right angle at the origin is

(a) x+y=2 (b) P*+y*=1

(c) x¥*+y*=2 (d x+ty=1

If a circle passes through the point (a, b) and cuts the

circle x* + y* = 2 orthogonally, then the equation of the

locus of its centre is

(@) 2ax+2by— (P +b*+k)=0

(b) 2ax+2by—(a*—b*+k)=0

(c) x*+y*—3ax—4by+ (> +b*—k*)=0

(d) X +y*—2ax—3by+ (@ + b k) =0

(d) none
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The equation of the tangents drawn from the origin to
the circle x* + y* + 2rx — 2hy + B> = 0 are

(a) x=0 (b) y=0

(c) (WP =r)x—2rhy=0 (d) (W —r)x+2rhy=0

If two circles (x — 1) + (v — 3)> = #* and x> + 1* — 8x +
2y + 8 = 0 intersect in two distinct points, then

(a) 2<r<8 (b) r<2

(c) r=2 (d) r>2

The lines 2x — 3y = 5 and 3x — 4y = 7 are diameters of
a circle of area 154 sq. units. Then the equation of the
circle is

(@) X*+)*+2x-2y—-62=0

(b) x> +)*+2x-2y-47=0

(€) ¥ +)*—2x+2y-47=0

(d) x> +)*—2x+2y-62=0

The centre of a circle passing through the points (0, 0),
(1, 0) and touching the circle x> +* =9 is

(a) (3/2,%) (b) (1/2,3/2)

(©) (1/2, %) d) (1/2,1/4/2)

The locus of the centre of a circle which touches ex-
ternally the circle x> + y> — 6x — 6y + 14 = 0 and also
touches the y-axis is given by the equation

(@) X*—6x—10y+14=0

(b) ¥*—10x—6y+14=0

(c) Y —6x—10y+14=0

(d) Y —10x+6y+14=0

The circles x* + y*> — 10x + 16 = 0 and x* + y* =/ inter-
sect each other in distinct points if

(a) r<2 (b) r>8

(c) 2<r<8 (d) 2<r<8

The angle between a pair of tangents drawn from a
point P to the circle x* + y* + 4x — 6y + 9 sin*a + 13
cos’ac=0 is 2c.. Then the locus of P is

(@) X>+)*+4x—6y+4=0

(b) ¥*+y*+4x—6y—9=0

(c) X*+)*+4x—6y—4=0

(d) ¥*+y*+4x—6y+9=0

The number of common tangents to the circles x* + y?
=4andx*+)*—6x—8y—24=01is

(a0 (b) 1 (c) 3 (d) 4

Let AyA,A4,A,4445 be a regular hexagon inscribed in a
unit circle. Then the product of the lengths of the line
segments AyA,, Ay, and 4yA, is

(a) 3/4 (b) 33

© 3 @ 3372

If two distinct chords, drawn from the point (p, ¢) on
the circle x> + y* = px + gx, where pg # 0 are bisected
by the x-axis, then

@ p’=¢ (b) p>=8¢

(©) p*<84 d p*>8¢°

The triangle POR is inscribed in the circle x* + y* = 25.
If O and R have co-ordinates (3, 4) and (-4, 3), respec-
tively, then ZQOPR is
(a) w2 (b) w3

(c) w4 d) 6.
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If the circles x* + % + 2x + 2ky + b = 0 and x* + 1 + 2ky
+ k = 0 intersect orthogonally, then £ is

(a) 2or-3/2 (b) —2o0r-3/72

(c) 20r3/2 (d) —2o0r372

Let AB be a chord of the circle x* + y* = #* subtending
right angle at the centre, the locus of the centroid of the
triangle PAB as P moves on the circle is

(a) aparabola (b) acircle

(c) anellipse (d) a pair of straight lines
Let PQ and RS be tangents at the extremities of the di-
ameter PR of a circle of radius r. If PS and RQ intersect
a point x on the circumference of the circle, then 2r
equals

(a) /PO RS

(b
) 2
© 2P0O + RS @ [PO* + RS?
PO+ RS 2
If the tangent at the point P on the circle x* + y? + 6x +

6y = 2 meets the straight line 5x — 2y + 6 = 0 at a point
0 on the y-axis, the length of PQ is

(a) 4 ® 25 () 5 @ 2v5

If a > 2b > 0, the positive value of m for which

y=mx —by1+m* isacommon tangent to x> + > = b?
and (x —a)’ +y* = b’ is

(a) 2 (b) —\"’2_4172
\a®—4b® 2a

2b
© a—2b ) a—2b

The centre of the circle inscribed in a square formed by
the lines x> — 8x+ 12=0and y* — 14y +45=0is

(@ &7 O 7,49 (© 949 @ &9

If one of the diameters of the circle x* +y* — 2x — 6y + 6
=0 is a chord to the circle with centre (2, 1), the radius
of the circle is

@ V3 ® V2 (03 (d 2

A circle is given by x* + (y — 1)* = 1, another circle C
touches it externally and also the x-axis, the locus of its
centre is

@ {(ny):xX =4 U{(xy):y<0}

(®) {ry):x+ (=1’ =4} U {(x,1):y <0}

© {0y :x =y} U{0,y):y<0}

(d) {0r2) =y} U {(0,):y<0}

The tangent to the curve y = x> + 6 at a point P(1, 7)
touches the circle x> + y> + 16x + 12y + ¢ = 0 at a point
Q. Then the co-ordinates of Q are

(@) (-6,-7) (b) (-10,-15)

(¢) (-9,-13) (d) (=6,-11)

Let ABCD be a quadrilateral with area 18, with side
AB parallel to the side CD and AB=2 CD. Let AD be a
perpendicular to AB and CD. If a circle is drawn inside
the quadrilateral ABCD touching all the sides, then its
radius is

(a) 3

PO+ RS

() 2 (c) 32 @ 1

115.

116.

117.
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Tangents drawn from the point P(1, 8) to the circle
x* + 3% — 6x — 4y — 11 = 0 touch the circle at 4 and B.
The equation of the circumcircle of the triangle PAB is
(@) ¥*+y*+4x—6y+19=0

(b) ¥*+y*—4x—10y+19=0

(c) ¥ +)*—2x+6y-29=0

(d) >+ —6x—4y+19=0

Two parallel chords of a circle of radius 2 are at a dis-
tance /3 +1 apart. If the chords subtend, angles of %

and 27” at the centre, where k£ > 0, the value of [£] is,

where [, | = GIF

(@ 1 (b) 2 (¢) 3 (d) 4

The circle passing through the point (-1, 0) and touch-
ing the y-axis at (0, 2), also passes through the point

NN

35
(©) (_E’Ej (d) (4,0)

(Problems for JEE Advanced)

. Find the number of points with integral co-ordinates

that are interior to the circle x> +y? = 16.

If the circle x* + y* + 2gx + 2/ + ¢ = 0 cuts each of the
circles x> +1? =4, x>+ —6x—8y+10=0

and x*+)? + 2x — 4y — 2 = 0 at the extremities of a
diameter, find the equation of the circle.

. The equations of four circles are (x + a)*> + (v  a)* =

. Find the radius of a circle which touches all the four
circles.

A square is inscribed in the circle x* + y* — 10x — 6y +
30 = 0. One side of the square is parallel to y = x + 3,
then one vertex of the square is ....

. If a chord of the circle x> + y* = 8 makes equal inter-

cepts of length @ on the co-ordinate axes, then |a| < ....
The equation of a circle and a line are x> + y* — 8x + 2y
+ 12 =0and x — 2y — 1 = 0. Determine whether the line
is a chord or a tangent or does not meet the circle at all.
If the circles (x — a)> + (y — b)? = ¢? and (x — b)> +
(v — a)* = ¢? touch each other, find the value of a.

Find the locus of the mid-points of the chords of the
circle x> + y? + 4x — 6y — 12 = 0, which subtends an

angle of 3 radians at its circumference.

Find the equation of a circle, which touches the axis of
yat (0, 3) and cuts an intercept of 8 units on the axis of
X.

Find the distance between the chord of contact of tan-
gents to the circle x* + ) + 2gx + 2fp + ¢ = 0 from the
origin and the point (g, f).

If (1 + ax)" =1+ 8x + 24x*> + ... and a line through
P(ct, n) cuts the circle x> + y? =4 in A and B, then PA.
PB=...
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The circle x* + y* = 4 cuts the circle x* + %+ 2x + 3y -5
=0 in 4 and B, the centre of the circle AB as diameter
is ...
Find the length of the tangents from any point of the
circle x> + 1 + 2gx + 2fp + ¢ = 0 to the circle x* + y* +
2gx+2fy+d=0,(d>c).
Find the equation of the circle whose diameter is the
chord x + y = 1 of the circle x* + y* = 4.
Find the equation of the image of the circle (x — 3)* +
(v — 2)*> = 1 by the line mirror x + y = 19.
Two circles (x — 1)* + (y—3)>=#? and x> +)* — 8x+ 2y
+ 8 = 0 intersect in two distinct points, prove that 2 <r
<8.
If exactly two real tangents can be drawn to the circles
x*+y*—2x—2y=0and x* +)* — 8x— 8y + A =0, prove
that 0 <A <24.
Two vertices of an equilateral triangle are (-1, 0)
and (1, 0) and its third vertex lies above the x-ax-
is. Prove that the equation of the circumcircle is
x2+y2—%y—l=0.
Find the equation of the circumecircle of the triangle
formed by the lines y + 3x= 6, y-— V3x=6 and y
=0.
If the equation of incircle of an equilateral triangle is
x? +3? + 4x — 6y + 4 = 0, prove that the equation of the
circumcircle of the triangle is x> + y* + 4x — 6y — 23 =0.
If a square is inscribed in the circle x* +y? + 2gx + 2
+ ¢ = 0 of radius r, prove that the length of its side is
2.
If » be the radius, prove that the area of the equilateral
triangle inscribed in the circle x* + y* + 2gx + 2fy + ¢ =
0is ﬁ X7,

4
Prove that the equation of a circle with centre at the
origin and passing through the vertices of an equilateral
triangle whose median is of length 3a is x> + y* = 44’
A circle is inscribed in an equilateral triangle of side a.
Prove that the area of any square inscribed in the circle
is (&%, 6).
Find the co-ordinates of the point on the circle x* + 7 —
12x + 4y + 30 = 0 which is farthest from the origin.
A diameter of x*> +? — 2x — 6y + 6 = 0 is a chord to the
circle with centre (2, 1), find the radius of it.
Prove that angle between two tangents from the origin

to the circle (x — 7)* + (y + 1) =25 is %

Prove that the tangents are drawn from the point (4, 3)
to the circle x* + y* — 2x — 4y = 0 are inclined at an angle

.
is —.
2

Find the number of tangents that can be drawn from the
point (0, 1) to the circle x* + y> — 2x — 4y = 0.

30.

31.

Levee W
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Prove that the locus of the point of intersection of tan-
gents to the circle x* + % = & at the points whose para-
2
. . T . 4a
metric angles differ by 3 is x>+ y2 =—
Prove that the area of the triangle formed by positive
axis and the normal and the tangent to the circle x> + )?

=4at (1,33) is 24/3.

(Tougher Problems for JEE
Advanced)

. A circle of diameter 13 m with centre O coinciding

with the origin of co-ordinates axes has diameter AB
on the x-axis. If the length of the chord AC be 5 m, find
the following:
(1) Equations of the pair of lines BC and BC".
(il) The area of the smaller portion bounded between
the circle and the chord AC.
[Roorkee, 1983]

. Acircle I of radius 5 m is having its centre A4 at the ori-

gin of the co-ordinate axes. Two circles II and III with
centres at B and C and radii 3 and 4 m, respectively,
touch the circle I and also touch the x-axis to the right
of 4. Find the equations of any two common tangents
to the circles II and III. [Roorkee, 1983]

. Find the equation of a circle which is co-axial with the

circles 2x> +2)? — 2x + 6y —3 =0 and x> + ) + 4x + 2y
+1=0 [Roorkee, 1984]
Find the condition such that the four points in which
the circles x? -l-y2 +ax+by+c=0and x? -l-y2 +a'x
+ b’y + ¢’ = 0 are intersected by the straight lines Ax +
By + C=0and A’x + B’y + C’' = 0, respectively lie on
another circle. [Roorkee, 1986]
Obtain the equation of the straight lines passing through
the point 4(2, 0) and making an angle of 45° with the
tangent A4 to the circle (x + 2%+ y+ 3)? =25.
Find the equations of the circles each of radius 3 whose
centres are on these straight lines at a distance of 542
from A4. [Roorkee, 1987]
A circle has radius 3 units and its centre lies on the line
y =x — 1. Find the equation of this circle if it passes
through (7, 3). [Roorkee, 1988]
Find the equation of the circles passing through the
point (2, 8) touching the lines 4x — 3y — 24 = 0 and
4x + 3y — 42 = 0 and having x co-ordinate of the centre
of the circle less than or equal to 8.

[Roorkee, 1989]
The abscissa of two points 4 and B are the roots of
the equation x* + 2x — @* = 0 and the ordinates are the
roots of the equation y* + 4y — b*> = 0. Find the equation
of the circle with 4B as its diameter. Also find the co-
ordinates of the centre and the length of the radius of
the circle. [Roorkee, 1989]
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16.

The point of contact of the tangent to the circle x* + ?
= 5 at the point (1, —2) which touches the circle x* + 7
—8x+6y+20=0,is
(@ (2,-1)
(©) (4.-1)

(b) 3,-1)
(d 6,-D

[Roorkee, 1989]
The centre of the circle passing through the point (0, 1)
and touching the curve y = x* at (2, 4) is
(a) (-16/5,27/10) (b) (-16/7,53/10)
(c) (-16/5,53/10) (d) none
The locus of the mid-points of the chords of the circle
x* +3? — 2x — 6y — 10 = 0 which passes through the
origin is the circle
(@ X*+y*+x+3y=0
(c) X*+y*+x-3y=0

Xty ' —x+3y=
(b) x*+)*—x+3y=0
Xty —x-3y=
(d) ¥*+)y?—x-3y=0
[Roorkee, 1989]
The equation of the circle through the points of inter-
section of x* +y* =1 and x> +* — 2x — 4y + 1 = 0 and
touches the line x + 2y =0 is
@ ¥*+y*+x+2y=0 (b) ¥’ +)*—x+2y=0
(©) ¥+ —x-2y=0 (d) 2(*+)»)-x—-2y=0
[Roorkee, 1989]
y —x + 3 = 0 is the equation of the normal at
3 3
34—, —
( 2’2

@ (x—a—%)2+(y_%j2:9
0 Ex—3—%)2+y2:9

(© (x=37+y'=6

(d x=3)P%+@-3?%=9 [Roorkee, 1990]
The radical axis of two circles whose centres lie along
x and y axes is

2 2
o asor-( 550

(b) 2g%x+2f?y - (ﬁ) =0

4
©) gx+fr=g'+/*
(d) 2gx -2/ +g—Ff=0 [Roorkee, 1990]
Find the equations of the circle having the lines x +
2xy + 3x + 6y = 0 as its normals and having size just
sufficient to contain the circle x(x — 4) + y(y — 3) = 0.

[Roorkee Main, 1990]

A circle has its centre in the first quadrant and passes
through the points of intersection of the lines x = 2 and
y = 3. If it makes intercepts of 3 and 4 units on these
lines respectively, its equation is
(@) ¥*+y*+3x—5p+8=0
(b) X+ —dx—6y+13=0
(c) ¥*+y*—6x—8y+23=0
(d) X*+)*—8x—9y+30=0

) to which of the following circles?

[Roorkee, 1991]
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The radius of the circle passing through the points
(1,2),(5,2)and (5, -2) is
@ 52 ) 25 (© W2 @ W2
[Roorkee, 1991]
Find the equations of the circle passing through the
points A(4, 3) and B(2, 5) and touching the axis of y.
Also find the point P on the y-axis such that the angle
APB has largest magnitude.
[Roorkee Main, 1991]
Find the radius of the smallest circle which touches the
straight line 3x —y = 6 at (1, —3) and also touches the
line y = x. Compute up to one place of decimal only.
[Roorkee Main, 1991]
Lines are drawn from the point (-2, —3) to meet the
circle x> + 32 — 2x — 10y + 1 = 0. The length of the line
that meets the circle at two coincident points is
@) 43 (b) 16
(c) 48
(d) Cannot be calculated unless coincident points are

grven [Roorkee, 1992]
The equation of the circle which touches both the axes
and the straight line 4x + 3y = 6 in the first quadrant and
lies below it, is
(@) 40> +)y*)—4x—4y+1=0
(b) ¥*+y*—6x—6y+9=0
(c) 49(x* + %) —420(x +y) +900=0
(d) ¥*+y*-x-6+4=0 [Roorkee, 1992]
Circles are drawn through the point (2, 0) to cut inter-
cepts of length 5 units on the x-axis. If their centres lie
in the first quadrant, their equation is
(@) x>+ —9x+2ky+14=0
(b) 3x2+3)2+27x—2ky+42=0
(c) X*+1>—9x—2ky+14=0
(d) ¥*+y*—2kx—9y+14=0
where £ is a positive real number. [Roorkee, 1992]
From a point P, tangents are drawn to the circles x> + ?
+x-3=0,3x>+3y> - 5x + 3y =0 and 4x> + 4)* + 8x
+ 7y + 9 = 0 are of equal lengths. Find the equation of
the circle through P which touches the line x + y =5 at
the point (6, —1). [Roorkee Main, 1992]
Find the equation of the system of co-axial circles that
are the tangent at (V2,4) to the locus of the point of
intersection of mutually perpendicular tangents to the
conic x* + ) = 9. [Roorkee Main, 1993]
If the tangent to the circle x> +1? = 5 at (1, —2) touches
the circle x* + y* — 8x + 6y + 20 = 0 at the point
(@ (2,-1) (b) G,-1)

(¢) (4,-1) (d) (5,-1)

[Roorkee, 1994]
The centre of the circle passing through the point (0, 1)
and touching the curve y = x at (2, 4) is
(a) (-16/5,27/10) (b) (-16/7,53/10)
(c) (-16/5,53/10) (d) none

[Roorkee, 1994]
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Find the equation of the circle which touches the circle
x* + )% — 6x + 6y + 17 = 0 externally and to which the
lines x* — 3xy — 3x + 9y = 0 are normal.

[Roorkee Main, 1994]
If the lines 2x — 4y = 9 and 6x — 12y + 7 = 0 touch a
circle, the radius of the circle is

3 17 NG 17

(a) 5 (b) 675 0 == (@ NG
[Roorkee, 1995]

If the co-ordinates at one end of a diameter of the circle
x? +y? — 8x— 4y + ¢ =0 are (-3, 2), the co-ordinates of
the other end are
(@ (5,3)
(©) (1,-8)

() (6,2)
(d (11,2)

[Roorkee, 1995]
If a circle is inscribed in an equilateral triangle of side
a, the area of the square inscribed in the circle is

2 2
24?

a a 24*
(@) r3 (b) 3 (©) —~ (d) =

[Roorkee, 1995]
The equations of lines joining the origin to the point of
intersection of circle x* + y* = 3 and the line x + y =2 is

(@) y-3B+2V2)x=0 (b) x—(3+2v2)y=0

(© ¥=(B-22)y=0 (@) y-G-2V2)x=0
[Roorkee, 1995]

From a point on the line 4x — 3y = 6, tangents are drawn

to the circle x* + y? — 6x — 4y + 4 = 0 which make an an-

(24
gle of tan : (7j between them. Find the co-ordinates

of all such points and the equations of tangents.

[Roorkee Main, 1995]
Two circles x* + y? — 10x + 16 = 0 and x* + y? = /* inter-
sect each other at two distinct points if
(a) r<2 (b) r>38
(c) 2<r<8g (d) 2<r<8

[Roorkee, 1996]

A tangent is drawn from the point (4, 0) to the circle
x> + )% = 8 touches at a point 4 in the first quadrant.
Find the co-ordinates of another point B on the circle
such that AB = 4. [Roorkee Main, 1996]
If the equations of the tangents drawn from the origin
to the circle x* + y? — 2rx — 2hy + h* = 0 are perpendicu-
lar, then
(@ h=r
() h=—r

(b) =
(d H+r=1

[Roorkee, 1997]
If a circle C and x> + y* = 1 are orthogonal and have
radical axis parallel to y-axis, then C is
(@) X*+y*—1+x=0 (b) ¥*+)*—1-x=0
() ¥*+y*+1-y=0 (d) ¥*+y*+1+x=0
[Roorkee, 1997]
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The equation of the line meeting the circle x> + y* = a?,
two points at equal distances d from a point (x;, y;) on
the circumference is

5 1
a) xx;+ —a"+—=0
(a) 1IN 242

) 1
b) xx—y—a +——5=0
(b) 1= N 242

() xxl+yy]+a2—$=0
, 1
(d) xx+y—-a"+—5=0
2d [Roorkee, 1998]
The equations of the tangents drawn from the origin to
the circle x> + y* + 2rx — 2hy + h* = 0 are
(@) x=0 (b) y=0
(c) (B —=rHx=2rhy=0 (d) (K —rP)x+2rhy=0
[Roorkee, 1998]
Find the equation of a circle which touches the
line x + y = 5 at the point (-2, 7) and cuts the circle
x? + 3% + 4x — 6y + 9 = 0 orthogonally.
[Roorkee Main, 1998]
Extremities of a diagonal of a rectangle are (0, 0) and
(4, 3). Find the equations of the tangents to the circum-
circle of the rectangle which are parallel to this diago-
nal. [Roorkee Main, 2000]
Find the point on the straight line y = 2x + 11 which is
nearest to the circle 16(x* + y?) + 32x — 8y — 50 = 0.
[Roorkee Main, 2000]
A circle of radius 2 units rolls on the outer side of the
circle x* + y* + 4x = 0, touching it externally. Find the
locus of the centre of this outer circle. Also find the
equations of the common tangents of the two circles
when the line joining the centres of the two circles
makes an angle of 60° with x-axis.
[Roorkee Main, 2000]

pxtqy=r 0

Tangents 7P and 7Q are drawn from a point 7 to the
circle x> + y* = &%. If the point T lies on the line px + gy
= r, find the locus of the centre of the circumference of
the triangle TPQ.

[Roorkee Main, 2001]
Find the equation of the circle which passes through
the points of intersection of circles x* + y> — 2x — 6y + 6
=0and x*>+)? + 2x — 6y + 6 = 0 and intersects the circle
x? + 3% + 4x + 6y + 6 = 0 orthogonally.

[Roorkee Main, 2001]
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Integer Type Questions

1. Find the number of common tangents between the cir-
cles x> +y? =10 and x*> + y* — 6x — 8y = 0.

2. If the equations x* + y* + 2x + 2ky + 6 = 0 and x> + * +
2ky + k = 0 intersect orthogonally, find the number of
values of k.

1
3. If (mi,—),iz 1,2,3,4 are four distinct points on a
m;

circle, find the value of (mm,m;m, + 4).

4. If the circumference of the circle x*> + > — 2x + 8y — ¢
= 0 is bisected by the circle x> + y* + 4x + 22y + p = 0,

find the value of (le(r)q + 2) .

5. Ifthe two circles (x — 1)*> + (y — 3)> = * and x* + y* — 8x
+ 2y + 8 = 0 intersect in two distinct points such that »
<r<m where m, n € N, find the value of (m — n).

6. If a straight line through P(— 242,242 ) making an
angle of 135° with x-axis cuts the circle x = 4 cos 6,
y =4 sin 0 in points 4 and B respectively, find the
length of the segment 4B.

7. Ifacircle passes through the point of intersection of the
co-ordinate axes with the lines Ax—y +1=0and x — 2y
+ 3 =0, find the integral value of A.

8. Findtheradius of the circumcircle of the triangle formed
by the lines y ++/3x=6, y—3x=6and y=0.

9. Ifthe circle x* + 1 — 4x — 6y + 2= 0 touches the axis of
x, find the value of A.

10. If the straight lines y = m,x + ¢; and y = m,x + c, meet
the co-ordinate axes in concyclic points, find the value
of (mym, + 4).

Comprehensive Link Passage

Passage 1

If 7/ — 9m* + 8/ + 1 = 0 and we have to find the equation of
circle having /x + my + 1 = 0 is a tangent and we can adjust
the given condition as

167 + 81+ 1=9( + m?) or (41 + 1)* = (P + m?)
(4l +1)

V@ +m?)

Thus centre of a circle = (4, 0) and radius = 3.
Also when two non-parallel lines touching a circle, the centre
of circle lies on angle bisector of lines.
1. If 16m*> — 81— 1 =0, the equation of a circle having /x +
my + 1 =0 1is a tangent is
(a) x>+ +8x=0 (b) x> +)?—8x=0
(c) X*+)y*+8y=0 (d) ¥*+)?—-8y=0
2. If42 —5m*+ 6l + 1 =0, the centre and the radius of the
circle, which have Ix + my + 1 = 0 as a tangent, is

(@) (0,4);+/5 (b) (4,0):5
© (0,355 @ (3,05

=3
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3. If 167> + 9m* = 24Im + 6/ + 8m + 1 and if S be the equa-
tion of the circle having Ix + my + 1 = 0 as a tangent,
when the equation of director circle of S is
(@) x>+ +6x+8y=25

(b) X*+)*—6x+8y=25

(c) ¥*+)*—6x—-8y=25

(d) X*+)y*+6x-8y=25
Passage 11

A circle C of radius 1 is inscribed in an equilateral triangle
PQOR. The points of contact of C with the sides PQ, OR, RP
are D, E, F respectively. The line PQ is given by the equation

B+ y =06 and the point D is (3\/_ 3) Further it is giv-

en that the origin and the centre C are on the same side PQ.
1. The equation of the circle C is

(@) (x=2V3)’+(y-1)*=1
2
(b) (x—zﬁ)%[y—%) -1

© (x=BYP++1)’=1
(@) =3+ (y-DP=1
2. Points E and F are given by

@ (I 3) W30 ® (I lj<f0>

o[£35 0 (2H3)

3. The equation of the sides OR, PR are

(a) y=%x+l,y=—2«/§x+l
1
(b) y=$x+1;y=0

(© y=(%)>€+l;y=(—gjx—1

d) y=3xy=0

Passage I11
The equation of the tangent and the normal to the circle x* +
4+ 2gx +2fp + ¢ =0 at (x,, x,) are
tangent : xx1 tyy g tx)+fly+y)+e=0
M _YNn
xtg nt+fo
Clearly, the normal always passes through the centre of the
circle.
1. The equation of the tangent to the circle x* + y? + 4x +
6y—12=0at(1,1)is
(a) 3x+4y=7 (b) 3x—-4y=7
(¢) Bx+4y=7 (d) Bx—-4y=7
2. The tangent to the circle x> + y* = 5 at (1, —2) also
touches the circle
(@) x*+)y*—8x+6y—-20=0
(b) ¥*+)*+8x+6y—-20=0

Normal:
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(c) ¥*+)*—8x+6y+20=0
(d) ¥+ —8x+9y+20=0

3. The area of the triangle formed by the positive x-axis,
the normal and the tangent to the circle x>+ y* =4 at
(L/3) is
(@) 3\3s.u. (b) 243 s.u.
© 43su d S5V3su.
4. The extremities of a diagonal of a rectangle are (-4, 4)
and (6, —1). A circle circumscribes the rectangle and
cuts an intercept AB on the y-axis. The area of the tri-
angle formed by 4B and the tangents to the circle at A
and B is
363 365

(a) 3 s.u. (b) S s.u.
363 365

(©) 2 s.u. (d) 2 S.u.

5. The equation of the normal to the circle x* + y* — 5x +
2y — 48 = 0 at the point (5, 6) is
(a) 14x+5y=10 (b) 14x—5y=40
(c) 5x—14y=40 (d) none

6. If the normal to the circle x> + y* — 6x + 4y — 50 =0 is
parallel to the line 3x + 4y + 5 = 0, the equation of the
normal is
(a) 3x+4y+1=0 (b) 3x+4y=2
(c) 3x—-4y=1 (d) 3x+4y+2=0

Passage IV

Let P(x,, y,) be a point lying inside the circle S : x* +* + 2gx
+ 2fy + ¢ = 0. If the tangents from P to the circle S =0 at 4
and B, then 4B is called the chord of contact.

The equation of the chord of contact is

xx) +yy;+glx +x) +fiy +y) +c=0.

Let the tangents P4 and PB are drawn from P(0, —2) to the
circle x> +y? + 2x — 4y = 0.

1.

The equation of the chord of contact is

(a) x—4y+4=0 (b) x-3y-3=0
(c) x+4y+4=0 (d) x+5y+6=0.
The length of the chord 4B is

60 65 12 37

The area of a triangle PAB is

5 7 11 5
(a) 12\1F—7 (b) 12\1F—7 () 12\1F—7 (d) 6\/;

The area of a quadrilateral PACB, where C is the centre
of the circle, is

(@ 2215 () 315 (© 415 @@ 515

. The angle between P4 and PB is

(a) tan~! (—4\égj (b) tan~! (@)
(©) tan~! (—16\7/Ej (d) tan_l(—&ﬁgj
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6. The chord of contact of the tangents drawn from a point
on the circle x* + y* = & to the circle x* + y? = b? touch-
es the circle x? + y* = ¢?. Then a, b, c are in
(a) AP (b) GP (c) HP (d) AGP

Passage V
The line y = mx + ¢ will be a tangent to the circle x*> + y* = a

if c:ia\11+m2.
2

The equation of any tangent to the circle x*> + y* = a* can

2

be considered as y = mx + a\/1+ m? and the co-ordinates of

am _a
, +
+m? \/1+m2

length of the tangent from the point P(x,, y,) to the circle x* +

the points of contact are [i \/ J and the
1

VY +2ex+2fy+c=0is \/x12+y12+2gx1+2ﬁ/1+c.

1. The equation of tangent to the circle x> + y* + 4x + 2y
= 0 from the point P(1,-2) is
(a x-2y-5=0 (b) x+2y+5=0
(c) x—2y=0 (d) y—-3x=0

2. The equation of the tangents from the origin to the
circle x> +)* —2x —4y=01is
(a) 3x—4y=0 (b) 4x-3y=0
(¢) 3x+4y=0 (d) 4x+3y=0.

3. The length of the tangent from any point on the circle
x% + 37 —2009x — 2010y + 2012 = 0 to the circle x> +
¥ —2009x — 2010y + 2020 = 0 is

@@ 242 ) 32 (© N2 @ V2

4. If the angle between a pair of tangents from a point P
to the circle x* +y* + 4x — 6y + 13 cos’ac + 9 sin*a =0
is 2. Then the equation of the locus of P is
(@) (x+272+(y-37%=1
(®) -2+ -3P=1
() x=2+(@+3P =1
(@ (x+27+(+3)°=1

5. Tangents PA and PB are drawn from P(-1, 2) to the
circle x? + y> — 2x — 4y + 2 = 0. The area of a triangle

PAB is

3 3 23 43

(a) 2 (b) - (c) e (d) =
Passage VI

The equation of the chord of the circle x* + y* = a* bisected at

the point (x|, y,) is =S|, i.e. xx;+ yy, — a’= xl2 + y12 —a*.

1. The equation of the chord of the circle x* + y* — 6x +
10y — 9 = 0 bisected at the point (-2, 4) is
(a) 5x-9y+40=0 (b) 5x—-9y+46=0
(c) 3x—4y+46=0 (d) 4x-5y+46=0.

2. The locus of the mid-point of a chord of the circle
x? + )% =4, which subtends a right angle at the origin is
(a xty=1 (b) x+y=2
(c) ¥*+)y*=2 (d *+y*=1
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3. The equation of the locus of the mid-points of the
chords of the circle 4x* + 4y — 12x +4y+ 1 =0

2 . .
that subtends an angle of Y at its centre is

(@) 16(x* +)?) —48x+ 16y +31=0
(b) 16(x*+)*)—16x+48y+31=0
(c) 16(x*+)?)—16x—48y+31=0
(d) 16(x*+)*) —16x—48y—31=0

4. If two distinct chords, drawn from the point (p, ¢) on
the circle x* + y* = px + gy (where pg # 0) are bisected
by the x-axis, then
@ p’=¢ (b) p>=8¢
(©) p*>8¢ (d) p* <8¢’

5. Let a circle be given by 2x(x — a) + 2y(y — b) = 0,
(a, b # 0). If two chords are bisected by the x-axis, can

be drawn to the circle from the point (a, %)

(a) &> b (b) a*>2b*
(c) a*<2p’ (d) &#<p?

6. The locus of the mid-points of the chords of the circle
x> + y? = &%, which subtend right angle at the point
(c,0)is
(@) 2%+ —2cx=a*—?

(b) 2(x* +y) —2cx = a* + 2

(©) 20+ +2ex=a*+ 2

(d) 2> +yH) +2ex =a* — 2
Passage VII
The equation of the family of circles passing through the
point of intersection of two given circles S; =0 and S, =0 is
given by S; + AS, =0, A #—1, where A is a parameter.

The equation of the family of circles passing through the
point of intersection of circle S =0 and a line L = 0 is given
by S + AL = 0, where A is a parameter. The equation of the
family of circles touching the circle S =0 and the line L =0 at
their point of contact P is S+ AL = 0, where A is a parameter.

1. The equation of the circle passing through (1, 1) and
the points of intersection of the circles x> + y? + 13x —
3y=0and 2(x> + y?) + 4x— Ty —25=01s
(a) 4(x*+ %) +30x— 13y =25
(b) 4(x*+)*) —30x— 13y =25
(c) 4(x*+y%) —30x+ 13y =25
(d) 4(*+)?) +30x+ 13y =25

2. The equation of the circle passing through the point of
intersection of the circles x* + y* — 6x + 2y + 4 = 0, x> + )7
+ 2x — 4y — 6 =0 and with its centre on the line y = x is
(@) 72 +1%)—10(x+y)=12
(b) 7+ —10(x—y) =12
(c) 7> +yH) +10(x—y) =12
(d) 703+ +10(x +y) =12

3. The equation of the circle through the points of inter-
section of the circle x> + y? — 2x — 4y + 4 = 0 and the line
x + 2y = 4 which touches the line x + 2y =0 is
@ ¥+ -x-2y=0 (b) ¥’ +)*+x-2y=0
(c) ¥*+y*+x+2y=0 (d) x>+ —x+2y=0

. Match the following columns:

. Match the following columns:
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4. The equation of the circle whose diameter is the com-

mon chord of the circles x* + y* + 2x + 3y + 1 = 0 and
¥y +ax+3y+2=0is

(@) 2> +)y)+2x+6y+1=0

(b) 262+ +3x+6y+1=0

(c) 2(x*+)y)+2x+5y+1=0

(d) 20 +)y)+x+6y+1=0

Matrix Match
(For JEE-Advanced Examination Only)

1. Match the following columns:

Column I Column IT
(A) | If the shortest and the lon- | (P) | L+ M =10
gest distance from the point
(10, 7) to the circle
X +)?—4x—2y—-2=0are
L and M respectively, then
(B) | If the shortest and the lon- | (Q) | L + M= 20
gest distance from the point
(3, —6) to the circle x> + y?
—léx—12y—125=0are L
and M respectively, then
(C) | If the shortest and the lon- | (R) | L + M =30
gest distance from the point | (S) | M—L =10
(6, —6) to the circle (T) [ M—L=26
¥ +y*—4x+6y—12=0are
L and M respectively, then

Column I Column I1

(A) | The radius of the circle ®) |2
¥ +y?P—2x—2y=0 is

(B) | The radius of the circle Q) |4
P+’ —4x—4y+4=0is

(C) | The radius of the circle R) 2
x> +)?—6x—10y+30=01is

(D) | The radius of the circle o) |3
202 +)?) —4x— 6y +16=0is

(E) | The radius of the circle (T) |5
¥ +y*—10x=0is

Column I Column I1
(A) | The point (4, A + 2) lies inside | (P) | -1
the circle x* + y* = 4, the value
of A can be
(B) | The point (4, A +2) lies outside | (Q) | —1/2
the circle x* + y? — 2x — 4y =0,
the value of A can be
(C) | If both the equations R)| 372
P+ +2AA+4=0 S) | 3
and x* +)* —4AL+8=0rep- [(T) | 5
resent real circles, the value of
A can be
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4. Match the following columns:

Column I

Column II

(A)

If the straight lines y =a;x + b
andy = a,x + b, (a, # a,) and
b € R meet the co-ordinate
axes in concyclic points, then

(P)

2, 2
ai +a; =4

(B)

If the chord of contact of the

Q)

ata,=3

tangents drawn from any
point on x* + y*= al2 to
x? + 37 = b* touches the circle

R)

aa,=b

2, 2_ 2
X"+ y“=a; , where (a; #
a,), then

)

aa,=1

©

If the circles

¥ +)?+2ax+b=0and

x> + y* + 2a,x + b = 0 where
a,#a,and b € R cuts orthog-
onally, then

(T)

—_ 2
aa,=b

5. Match the following columns:

Column I

Column II

(A)

The lines 3x — 4y + 4 = 0 and 6x
— 8y — 7 =0 are the tangents to a
circle, its radius is

(P)

2

(B)

The radius of the circle inscribed
in the triangle formed by the lines
x=0,y=0and 4x +3y=241is

Q

3/4

©

The radius of the circle
3x(x—2)+3y(y+1)=41is

R)

D)

The lines 2x — 3y =5 and

3x —4y =7 are the diameters of a
circle of area 154 s.u., its radius
is

()

6. Match the following Columns:

Column I

Column IT

(A)

The length of the tangents from
any point on the circle
X2 +)?+4x+6y+2008=0

(P)

342

to the circle
¥+ +4x+ 6y +2012=0is

Q

(B)

The lengths of the common
chord of the circles
¥+yP+2x+3y+1=0
andx’+)?+3x+2y+1=0is

(R)

©

The number of tangents which
can be drawn from the point
(2, 3) to the circle x2 +y? = 13 is

)

5/3

D)

The radius of the circle
ax* + (2a-3)? —4x—7=0is

(T)

4/3

7. Match the following columns:
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Column I

Column II

(A)

Number of common tangents
to the circles x* +y? —2x =0
and x* +)? + 6x — 6y +2=01is

® |1

(B)

¥ +3*—4x— 10y +4 =0 and
X +yP—6x—12y—55=0is

Number of common tangents
to the circles

Q|2

©

Number of common tangents
to the circles x> + y> — 2x — 4y
=0andx’+)?—8y—4=01is

R) |3

(D)

x> +)?+2x—8y+13=0and

Number of common tangents
to the circles

¥+ —6x-2y+6=0is

S) [0

8. Match the following columns:

Column I

Column II

(A)

(e D) (5.2 o o
a b c
(d , %) are four distinct points

on a circle of radius 2012 units,
the value of abcd is

®) |2

(B)

If a circle passes through the

@1

point of intersection of axes
with the lines Ax —y + 1 =0 and
x — 2y + 3 = 0, then the value
of Ais

R)

©

If the curves
a’+4xy+2 +x+y+5
= (0 and

)

ax*+6xy+ 52 +2x+3y+8=0
intersect at four concyclic
points, the value of a is

(T) |3

9. Match the following columns:

Column I

Column II

(A)

If one of the diameters of the cir-
clex?+)?—2x—6y+6=0

is a chord to the circle with centre
(2, 1), the radius of the circle is

®) |7

Q|9

(B) | If the tangent at the point P on the | (R) | 5
circle x2 + % + 6x + 6y =2 ) |2
meets the straight line
5x—2y+6=0atapoint Q on the
y-axis, the length of PQ is

(C) | If the angle between the tangents | (T) | 3

from a point P to the circle
¥ +y*+4x—6y+4cosla+9=0

is 2¢, the radius of the locus of

Pis
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10.

Match the following columns:

Column I Column I

(A) | The locus of the point of | (P) | x*+3*—10x—
intersection of two per- 25=0
pendicular tangents to a
circle x> +y* =10 is

(B) | The equation of the direc- | (Q) | x* + y* — 6y +
tor circle of the circle 1=0
¥+ —10x=01is

(C) | The equation of the direc- | (R) | x?+1? =20
tor circle of the circle
KP+)y?—6y+5=0is

Questions asked in Previous Years’
JEE-Advanced Examinations

. Find the equation of the circle which passes through the

point (2, 0) and whose centre is the limit of the point of
intersection of the lines 3x + 5y =1, 2+ c)x + 5cly =1
as ctends to 1. [IIT-JEE, 1979]
Two circles x> + y? = 6 and x> + y* — 6x + 8 = 0 are
given. The equation of the circle through their points of
intersection and the point (1, 1) is

(@ x*+y*—6x+4=0 (b) x>’ +)*-3x+1=0

¢) X*+12—4x+2=0 (d) none
(©) "ty @ [IIT-JEE, 1980]

. Let 4 be the centre of the circle x> + y* — 2x — 4y — 20

= 0. Suppose that the tangents at the points B(1, 7) and
D(4, -2) on the circle meet at the point C, find the area
of the quadrilateral ABCD. [IIT-JEE, 1981]
Find the equations of the circles passing through (-4, 3)
and touching the linesx +y=4 and x —y = 2.
[IIT-JEE, 1982]

S PA
. If 4 and B are points in the plane such that E:

k (constant) for all P on a given circle, the value of £
cannot be equal to.... [IIT-JEE, 1982]

. The points of intersection of the line 4x — 3y — 10 =0

and the circle x> +)? — 2x + 4y —20=0, is ...
[IIT-JEE, 1983]

. The equation of the circle passing through (1, 1) and

the points of intersection of x> + y* + 13x — 3y = 0,
202+ 27 +4x—Ty—25=01s

(a) 4x>+4y? —30x—10y—25=0

(b) 4x*+4y? +30x—13y—-25=0

(c) 4 +42—17x—10y—25=0

(d) none [IIT-JEE, 1983]

. The centre of the circle passing through the point (0, 1)

and touching the curve y = x* at (2, 4) is

16 27 16 53
(@) (‘?ﬁ) ®) (‘— —)

7710
(©) (—%, %) (d) none

[IIT-JEE, 1983]

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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AB is a diameter of a circle and C is any point on the
circumference of the circle. Then
(a) The area of triangle ABC is maximum when it is

isosceles.

(b) The area of triangle ABC is minimum when it is
isosceles.

(c) The area of triangle ABC is minimum when it is
isosceles.

(d) None [IT-JEE, 1983]

Through a fixed point (4, k) secants are drawn to the
circle x* +? = *. Show that the locus of the mid-points
of the secants intercepted by the circle is x> + y* = hx +
ky [IIT-JEE, 1983]
The locus of the mid-point of a chord of the circle
x? +y* =4, which subtends a right angle at the origin is
(@) x+y=2 (b) ¥*+y*=1
(c) X*+)y*=2 (d x+y=1

[IIT-JEE, 1984]
The abscissa of the two points 4 and B are the roots of
the equation x? + 2ax — b> = 0 and their ordinates are the
roots of the equation y* + 2py — ¢*> = 0. Find the equa-
tion of the circle on 4B as diameter. [IIT-JEE, 1984]
The lines 3x —4y + 4 =0 and 6x — 8y — 7 = 0 are tan-
gents to the same circle. The radius of the circle is...

[IIT-JEE, 1984]
From the origin chords are drawn to the circle (x — 1)
+y? = 1. The equation of the locus of the mid-points of
these chords is... [IIT-JEE, 1984]
Let x> + y* — 4x — 2y — 11 = 0 be a circle. A pair of
tangents from (4, 5) with a pair of radii form a quadri-
lateral of area... [IIT-JEE, 1985]
The equation of the line passing through the points of
intersection of the circles 3x* + 3y? —2x + 12y =9 =0
andx® +y? + 6x+2y—15=01s...

[IIT-JEE, 1986]
From the point A(0, 3) on the circle x* + 4x + (y — 3)* =
0. A chord 4B is drawn and extended to a point M such
that AM = 24B. The equation of the locus of M is...

[IIT-JEE, 1986]
Lines 5x + 12y — 10 = 0 and 5x — 12y — 40 = 0 touch
a circle C; of diameter 6. If the centre of C| lies in the
first quadrant, find the equation of the circle C, which
is concentric with C; and cuts intercepts of length 8 on
these lines. [IT-JEE, 1986]
Let a given line L, intersects the x and y axes at P and
0, respectively. Let another line L, perpendicularly
cuts the x and y axes at R and S, respectively. Show that
the locus of the point of intersection of the lines PS and
OR is a circle passing through the origin.

[IIT-JEE, 1987]
The circle x> + y* — 4x — 4y + 4 = 0 is inscribed in a tri-
angle which has two of its sides along the co-ordinate
axes. The locus of the circumcentre of the triangle is
x+y—xy+ k(xz + yz) =0, find the value of %.

[IIT-JEE, 1987]
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

The area of the triangle formed by tangents from the
points (4, 3) to the circle x> +y* = 9 and the line joining
their points of contact is... [IT-JEE, 1987]
A polygon of nine sides, each of length 2, is inscribed
in a circle. The radius of the circle is...

[IIT-JEE, 1987]
If the circle C; : x* + y* = 16 intersects another circle
C, of radius 5 in such a manner that the common chord
is of maximum length and has a slope equal to 3/4, the
co-ordinates of the centre C, are...

[IIT-JEE, 1988]
If a circle passes through the point (a, b) and cuts the
circle x* + y* = k* orthogonally, the equation of the lo-
cus of its centre is
(@) 2ax+2by— (P +bH*+k)=0
(b) 2ax +2by— (> —b*—k*)=0
(c) X*+y*—3ax—4by+ (> +b*—k)=0
(d) X*+1y*—2ax-3by+ (@ +bH -k =0

[IIT-JEE, 1988]
The equation of the tangents drawn from the origin to
the circle x* +y? + 2rx — 2hy + h* =0 are
(@ x=0 (b) y=0
(c) (W= x—2rhy=0 (d) (B —rP)x+2rhy=0

[IIT-JEE, 1988]
Let S = x*> + 17 + 2gx + 2fp + ¢ = 0 be a given circle.
Find the locus of the foot of the perpendicular drawn
from the origin upon any chord of S which subtends a
right angle at the origin. [IIT-JEE, 1988]
If the two circles (x — 1)*> + (y — 3)* and x* + * — 8x +
2y + 8 = 0 intersect in two distinct points, then
(a) 2<r<8 (b) r<2
(c) r=2 (d) r>2

[IIT-JEE, 1989]
The lines 2x — 3y = 5 and 3x — 4y = 7 are diameters of
a circle of area 154 sq. units. Then the equation of the
circle is
(@) X*+)y*+2x—-2y—-62=0
(b) ¥*+)y?+2x—2y—-47=0
(c) ¥*+y*—2x+2y—47=0

(d) X+32—2x+2y-62=0 [IIT-JEE, 1989]

If (mi,L) i=1, 2,3, 4 are four distinct points on a
m;

circle, show that mm,mym, = 1

[IIT-JEE, 1989]
The line x + 3y = 0 is a diameter of the circle x> + y* —
6x + 2y =0. Is it true/false?

[IIT-JEE, 1989]
The area of the triangle formed by the positive x-axis
and the normal and the tangent to the circle x> +y* =4
at (1,+/3) is... [IIT-JEE, 1989]
A circle touches the line y = x at a point P such that
oP=42 , where O is the origin. The circle contains
the point (-10, 2) in its interior and the length of its
chord on the line x + y =0 is 6+/2 . Determine the equa-
tion of the circle. [IIT-JEE, 1990]

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

3.31

A point P is given on the circumference of a circle
of radius 7, a chord QR is parallel to the tangent at P.
Determine the maximum possible area of the triangle
POR. [IIT-JEE, 1990]
Two circles each of radius 5 units, touch each other at
(1, 2). If the equation of their common tangent is 4x +
3y = 10. Find the equations of the circles.

[IIT-JEE, 1991]
If a circle passes through the points of intersection of
the co-ordinate axes with the lines Ax —y + 1 =0 and
x—2y+3=0, the value of A is...

[IIT-JEE, 1991]
Three circles, each of radius 5 units, touch each other
externally. The tangent at their points of contact meet
at a point whose distance from a point of contact is 4.
Find the ratio of the product of the radii to the sum of
the radii of the circles. [HT-JEE, 1992]
Let a circle be given by 2x(x —a) + y(2y —b) =0, (a, b
# 0), find the condition on a and b if two chords, each
bisected by the x-axis, can be drawn to the circle from

(a, %) [IIT-JEE, 1992]

The centre of a circle passing through the points (0, 0),
(1, 0) and touching the circle x> + y* = 9 is
(@) (3/2,%%) (b) (1/2,3/2)
@ (3

[IIT-JEE, 1992]
The locus of the centre of a circle which touches ex-
ternally the circle x> + y> — 6x — 6y + 14 = 0 and also
touches the y-axis is given by the equation
(@) ¥*—6x—10y+14=0
(b) x*—10x—6y+14=0
(c) Y —6x—10y+14=0
(d) > —10x+6y+14=0 [IIT-JEE, 1993]
Consider a family of circles passing through two fixed
points A(3, 7) and B(6, 5). Show that the chords in
which the circle x* + y* — 4x — 6y — 3 = 0 cuts the mem-
bers of the family are concurrent at a point. Find the
co-ordinates of this point. [IT-JEE, 1993]
Find the co-ordinates of the point at which the circle
¥+ —4x—2y+4=0and x* +)*— 12x — 8y + 36
= 0 touch each other. Also find equations of common
tangents touching the circles in distinct points.

[IIT-JEE, 1993]

The equation of the locus of the mid-points of chords of
the circle 4x* + 4y — 12x + 4y + 1 = 0 that subtend an

() (1/2,%)

angle of 2% at its centre is... [IIT-JEE, 1993]
The circles x* +y? — 10x + 16 = 0 and x> + y* = /% inter-
sect each other in distinct points if
(a) r<2 (b) r>8
(c) 2<r<8 (d) 2<r<8

[IIT-JEE, 1994]
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44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

A circle is inscribed in an equilateral triangle of side
a. The area of any square inscribed in this circle is...
[IIT-JEE, 1994]
The angle between a pair of tangents drawn from
a point P to the circle x* + y* + 4x — 6y + 9 sina +
13 cos>a =0 is 2¢x. Then the locus of P is
(@) X+’ +4x—6y+4=0
(b) P+ +4x-6y-9=0
(c) X*+)y*+4x—6y—4=0
(d) P+ +4x-6y+9=0
[IIT-JEE, 1996]
A circle passes through three points 4, B and C with the
line segment AC as its diameter. A line passing through
A intersects the chord BC at a point D inside the circle.
If angles DAB and CAB are o and J respectively and
the distance between the point 4 and the mid-point of
the line segment DC is d. Prove that the area of the

. . 7td X cos>a
circle is

cos’or + cos® B + 2 cos o cos B cos (B — o)

[IIT-JEE, 1996]
Find the interval in which a lies for which the
line y + x = 0 bisects two chords drawn from

the point (1+aﬁ,l_a\/§j to the circle
2 2
2(x2+yz)—(1+ax/§)x—(1—a\/§)y=0.

[IIT-JEE, 1996]
Intercepts on the line y = x by the circle x> +? — 2x =0
is AB. Equation of the circle with 4B as diameters is...
[IIT-JEE, 1996]

Let C be any circle with the centre (0, V2 ) . Prove that
at the most two rational points can be there on C. ( A
rational point is a point for which both the co-ordinates
are rational numbers.) [LIT-JEE, 1997]
Consider a curve ax® + 2hxy + by* = 1 and a point P on
the curve. A line drawn from the point P intersects the
curve at point O and R. If the product PQ- PR is inde-
pendent of the slope of the line, show that the curve is
a circle. [IIT-JEE, 1997]
For each natural number £, let C, denotes the circle with
radius & centimetres and centre at the origin. On the
circle C,, a particle moves k centimetres in the counter-
clockwise direction. After completing its motion on
C,, the particle moves to C,; in the radial direction.
The particle starts at (1, 0). If the particle crosses the
positive direction of the x-axis for the first time on the
circle C,, thenn=... [IIT-JEE, 1997]
The chords of contact of the pair of tangents drawn
from each point on the line 2x +y = 4 to the circle x* +
y* =1 pass through the point... [IIT-JEE, 1997]
Two vertices of an equilateral triangle are (-1, 0) and
(1, 0) and its third vertex lies above the x-axis, the
equation of its circumcircle is... [IIT-JEE, 1997]

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Coordinate Geometry Booster

The number of common tangents to the circles x* + )?
=4andx*+1°—6x—8y—24=0is
(@ 0 (b) 1 (c) 3 d 4

[IIT-JEE, 1998]
C, and C, are two concentric circles, the radius of C,
being twice that of C,. From a point P on C,, tangents
P4 and PB are drawn to C,. Prove that the centroid of
the triangle P4B lies on C;. [HT-JEE, 1998]
Let 444 ,4,A45A4,45 be a regular hexagon inscribed in a
unit circle. Then the product of the lengths of line seg-

ments AgA;, AgA,, A, 1s
(@) 34  (b) 33 d 3v3/2
[IIT-JEE, 1998]
If two distinct chords, drawn from the point (p, ¢) on
the circle x> + y? = px + gy, where pg # 0 are bisected
by the x-axis, then
@ p’=¢

(©) p* <8¢

©) 3

(b) p* =8¢
d) p*>8¢°

[IIT-JEE, 1999]
Let 7| and T, be two tangents drawn from (-2, 0) on the
circle C: x? + y* = 1. Determine the circles touching C
and having T, T, as their pairs of tangents. Further find
the equations of all possible common tangents to these
circles, taken two at a time. [HT-JEE, 1999]
The triangle POR is inscribed in the circle x? + y? = 25.
If O and R have co-ordinates (3, 4) and (-4, 3) respec-

tively, then ZOPR is ... [IIT-JEE, 2000]
(a) 72 (b) /3
(c) w4 (d) 76

If the circles x> + y? + 2x + 2ky + 6 = 0 and x? + )% + 2ky
+ k = 0 intersect orthogonally, then & is

(a) 2or-3/2 (b) —2 or-3/2
(c) 2or3/2 (d) —2or3/2
[IIT-JEE, 2000]

Let 4B be a chord of the circle x* + y* = * subtending
right angle at the centre, the locus of the centroid of the
triangle PAB as P moves on the circle is
(a) aparabola (b) acircle
(c) anellipse (d) a pair of straight lines
[IIT-JEE, 2001]
Let 2x% + y% — 3xy = 0 be the equation of pair of tangents
drawn from the origin O to a circle of radius 3 with
centre is in the first quadrant. If 4 is one of the points
of contact, find the length of OA. [IT-JEE, 2001]
Let PO and RS be tangents at the extremities of the di-
ameter PR of a circle of radius 7. If PS and RQ intersect
a point x on the circumference of the circle, then 2r
equals

(a) /pQ -RS (b) @
2 2
© 2PQ- RS ) fPQ + RS
PQ+RS 2
[IIT-JEE, 2001]
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

Let C; and C, be two circles with C, lying inside C;.
A circle C lying inside C, touches C, internally and C,
externally. Identify the locus of the centre of C.

[IIT-JEE, 2001]
If the tangent at the point P on the circle x* + y* + 6x +
6y = 2 meets the straight line 5x — 2y + 6 = 0 at a point
Q on the y-axis, the length of PQ is

(a) 4 b 25 (5 @ 35
[IIT-JEE, 2002]

If a > 2b > 0, the positive value of m for which

y=mx—b\1+m® is a common tangent to x* + 2 =
b and (x —a)* +y* = b is

O O i
a* - 4b? 2a
2b d b
© —5 @ —
[IIT-JEE, 2002]
Tangents are drawn from P(6, 8) to the circle x> + )?
= 2. Find the radius of the circle such that the area of
the triangle formed by the tangents and the chord of
contact is maximum. [LIT-JEE, 2003]
If I, represents area of n-sided regular polygon in-
scribed in a unit circle and O, be the area of the n-
sided regular polygon circumscribing it, prove that

2
2 n [IIT-JEE, 2003]

The centre of the circle inscribed in a square formed by
the lines x> — 8x + 12 =0and y? — 14y + 45 =0 is

(@ 4.7 (b (7,4)

(©) 9.4 (d 4,9

[IIT-JEE, 2004]
If one of the diameters of the circle x> +y* —2x — 6y + 6
=0 is a chord to the circle with centre (2, 1), the radius
of the circle is
(d) 2

@ 3 (b 2
[IIT-JEE, 2004]

Find the centre and the radius of the circle formed by
all the points represented by z = x + iy satisfying the
lz—of

(c) 3

relation = k(k #1) , where crand f3 are constant

z- Bl
complex numbers given by a= ¢, + i, and f=f3; +
iB,. [IIT-JEE, 2004]

z-1= 2 is a circle inscribed in a square whose one

vertex is 2 +i/3 . Find the remaining vertices.
[IIT-JEE, 2005]
Find the equation of the circle touches the line 2x +
3y + 1 =0 at the point (1, —1) and is orthogonal to the
circle which has the line segment having end-points
(0,-1) and (-2, 3) as the diameter.  [IIT-JEE, 2004]
Three circles of radii 3, 4 and 5 units touches each other
externally and the tangents drawn at the point of con-

75.

76.
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tact intersect at P. Find the distance between point P
and the point of contact. [LIT-JEE, 2005]
A circle is given by x* + (v — 1)> = 1, another circle C
touches it externally and also the x-axis, the locus of its
centre is
@) {(xy): X’ =4y} U {(x,y):y<0}
() {():x+@-1)7=4} U {(x,»):y<0}
© {x%y): =y} U{(0,y):y<0}
(@ {(e0) %=y} U{0,): <0}

[IIT-JEE, 2005]
The tangent to the curve y = x> + 6 at a point P(1, 7)
touches the circle x> + 3 + 16x + 12y + ¢ = 0 at a point
Q. Then the co-ordinates of Q are

(a) (~6,-7) (b) (~10,-15)
(©) (-9,-13) (d) (-6,-11)
[IIT-JEE, 2005]

Comprehension Link Passage

Let ABCD be a square of side 2 units. C, is the circle through
vertices 4, B, C, D and C in the circle touching all the sides
of the square ABCD, L is a line through 4.

77.

78.

79.

80.

81.

82.

If P is a point on C; and Q in another point on C,, then
PA*>+ PB*+ PC* + PD?
04> + QB* + OC* + QD?
(a) 0.75 (b) 1.25 () 1 (d) 0.5

A circle touches the line L and the circle C, externally

such that both the circles are on the same side of the

line, the locus of the centre of the circle is

(a) ellipse (b) hyperbola
(c) parabola (d) pairs of straight lines

A line M through A4 is drawn parallel to BD. Point S

moves such that its distances from the line BD and the

vertex A are equal. If locus of S cuts M at T), and 75 and

AC at T\, the area of AT\ T,T; is
(a) 1/2 sq. unit (b) 2/3 sq. units
(c) 1sq.unit (d) 2 sq. units

[IIT-JEE, 2006]

Let ABCD be a quadrilateral with area 18, with side

AB parallel to the side CD and AB = 2CD. Let AD be

perpendicular to AB and CD. If a circle is drawn inside

the quadrilateral ABCD touching all the sides, its radius

is equal to

is [IIT-JEE, 2007]
(@ 3 (b) 2 (c) 32 (d 1.
Tangents are drawn from the point (17, 7) to the circle
¥ +y?=169.

Statement 1: The tangents are mutually perpendicular.
Statement 2: The locus of the point from which mutu-
ally perpendicular tangents can be drawn to the given
circle is x + y* = 338. [IIT-JEE, 2007]
Consider L;:2x+3y+(p-3)=0
Ly 2x+3y+(p+3)=0,
where p is a real number and
C:x>+y*+6x—10y+30=0
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Statement 1: If L, is a chord of circle C, then L, is not
always the diameter of the circle C.

Statement 2: If L, is a diameter of circle C, the line L,
is not a chord of circle C. [LIT-JEE, 2008]

Comprehension

A circle C of radius 1 is inscribed in an equilateral triangle
PQR. The points of contact of C with the side PO, OR, RP
are D, E, F, respectively. The line PQ is given by the equa-
tion ~/3x + y =6 and the point D is (3\/3/72, 3/2) . Further it
is given that the origin and the centre C are on the same side

PO.
83. The equation of the circle C is
@ (x=2437+(-1’=1
(b) (x=23)+(y-12)>=1
© (x=3)+(y+1’=1
A (x=B3)+(-1’=1
84. Points E and F are given by
@ (f3/2,3/2),(+/3,0)
() (+3/2,1/2), (+/3,0)
©) (V3/2,3/2),/3/2,1/2)
d) (3/2,3/2),(\3/2,1/2)
85. Equations of the sides OR, PR are

(@) y=Q\B)x+1,y=—(23)x-1
(b) y=@1/B)x+1,y=0
© y=WBR2)x+1,y=(=3/2)x-1

d) y=+3xy=0 [IIT-JEE-2008]
86. Tangents are drawn from a point P(1, 8) to the circle

x> +y* — 6x — 4y — 11 = 0 touch the circle at the points 4

and B. The equation of the circumcircle of the triangle

PAB is

(@) ¥*+y*—6x—4y—19=0

(b) ¥ +1y?—6x—10y—19=0

(c) ¥*+)*-2x+6y—-29=0

(d) >+ —6x—4y+19=0 [IIT-JEE, 2009]
87. The locus of the point (%, k) for which the line Ax + ky

= 1 touches the circle x> +)? =4 is....

[IIT-JEE, 2009]

88. Two parallel chords of a circle of the radius 2 are at

a distance /3 +1 apart. If the chords subtend, at the

[IIT-JEE, 2008]

[IIT-JEE, 2008]

centre angles of % and 277[ , where k > 0, the value of

[£] is..., where [,] = GIF [IIT-JEE, 2010]
89. The straight line 2x — 3y = 1 divides the circular region
x? +y? <6 into two parts. If

90.

91.

92.

93.

94.
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(-2 -
4)\2 4)\4 4)\8 4

the number of point(s) in S lying inside the smaller part
is... [IIT-JEE, 2011]
The locus of the mid-point of the chord of contact of
tangents drawn from points lying on the straight line
4x — 5y =20 to the circle x> + y? =9 is
(@) 20(x*+ %) —36x +45y=0
(b) 20(x* +y?) +36x—45y=0
(c) 20(x*+y?) —20x +45y=0
(d) 20(x* +y?) +20x — 45y =0 [IIT-JEE, 2012]
A tangent PT is drawn to the circle x> +1? = 4 at the
point P(\/g, 1). A straight line L, perpendicular to PT
is a tangent to the circle (x —3)* + )% =1
(1) A possible equation of L is

(a) xfx/gyzl (b) x+\/§y=1
(© x-By=-1 (&) x+3y=5
(il) A common tangent to the two circles is
(@) x=4 (b) y=2
(c) x+-3y=4 (d) x+242y=6
[IIT-JEE, 2012]

No questions asked in 2013.
A circle S passes through the point (0, 1) and is or-
thogonal to the circles (x — 1)> +y* =16 and x> +* = 1.
Then the
(a) radius of Sis 8 (b) radius of S'is 7
(c) centre of Sis (-7, 1) (d) centre of Sis (-8, 1)
[IIT-JEE, 2014]
The common tangents to the circle x* + y* = 2 and the
parabola y* = 8x touch the circle at the points P, Q and
the parabola at the points R, S. Then the area of the
quadrilateral PORS is
(@ 3 (b) 6 () 9 (d) 15
[IIT-JEE, 2014]
Let RS be the diameter of the circle x> + y* = 2, where
S is the point (1, 0).
Let P be a variable point (other than R and S) on the
circle and tangents to the circle at S and P meet at the
point Q. The normal to the circle at P intersects a line
drawn through Q parallel to RS at point E. Then the

locus of E passes through the point(s)

olbw) o)
0w 0G)

[IIT-JEE-2016]
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Levee 1
1.

[98)

10.
11.
12.

13.

.x+y

(1) centre is (0, 0) and radius is 4
(ii) centre is ( 4, 0) and radius is 1

(iii) centre is (%,%) and radius is
X +)? - 8x+ 6y =27
x2+y2+4x72y=0

2 2
(x—éj +(y+£j =16
7 7

1
N

X2+ +4y=23

3f(+f)

—8x—6y+16=0
and x*+1?—14x— 12y +76=0.

)
13713

X +y?—8x—12y+39=0
22 + %) - 13x =33y —135=0
K +)y?—5x-5p+10=0

217

14. 1

15.
16.

17.
18.
19.
20.
21.

22.
23.
24.

25.

26.
27.

28.

29.
30.

31.

the centre is (a, a) and the radius is a.
the point (1, 2) lies inside of the circle and (6, 0) lies
outside of the circle.

(_17 4)

2,28

(_17 1)

3x+2y+2413=0
3x—4y+15=0and3x—4y—15=0
y=Bx+(2312)

y=txt4

4x —3y=25and 3x + 4y =25
x2+y2—2x/§x—2x/§y—5=0
2x++/5y=9and 2x —/5y =9

(2ol +4)
10 10
x+2y—-1=0and2x—-y+1=0

x=2

(442 -3)

32. 3

33.
34.
35.
36.
37.

a’—b*
1
13
1
y=2,4x-3y+2=0

38.

39.

40.

41.
4.
43.
44,

45.

46.
47.
48.
49.
50.

51.

52. a

53.
54.
55.
56.
57.

58.

59.

60.
61.
62.
63.
64.
65.

66.

67.
68.
70.

71.

72.
73.

y=3+22(x-2)

2 tan”! (2)
3

2 tan”! (é)
2

¥ +)2=50

¥ +1y?=18

90°

() X+ +2x-1=0

(i) x> +y*+10y+23=0

(iii) x> +y*+16x+ 12y +98 =0

(iv) X>+)y*+2gx + 2 - - +2¢=0

) x2+y2—ax—by—%(a2+b2):0

J5

= ﬁx and =——X
y 2 y )

3x+y+5=0
x—y+1=0

3x+2y =24

Sx+3y=25

(15_2)

P2+ 37) = (e + k)
2+ k2= a®)y"?

[ (B> + k%) J
m=2,n=1landp=1
2r—3y+13=0

4x +3y=17

x> +y?=hx+ky
x2+y2=2

-1,43)

(\/_-f'[ 1 ﬁ)
2012x + 2013y =0
Sx—-4y+2=0

4

20 ) +2x+ 6y +1=0
@)1 ()4 @(i)4 (v)3 (V)0
D.CT:y=4,4x-3y=0
T.C.T: x=0and 3x + 4y =10
1 1 1

PEA
4
90°

k=4

2 18
X4y Sx 5y—O
9x—10y+11=0

2ax +2by — (> + b*+4)=0
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o 11. 16
74, —2— 12. (2/13,3/13)
i+ 13. Jd—c
75. x-2y—-1=0 14. —6
76. (3,2) 15. (x— 17>+ (y—16)=1
5 2 2 _ —
- (2’__) 19. X +y*—4y—12=0
2 25. (9,-3)
78. X2 +12 - 2x—y-8=0 26. 3
79. (42 +4y? +30x — 13y —25) =0 2.0
80. (*+)*+2x+6y+1)=0
8. X2 +)?—x-y-8=0 Levee W
10 10 12
82. x2+y2—7x—7y—7=0 1. (1)24y=+52x+13)
83. 2> +)H) +2x+ 6y +1=0. (ii) @sin_l(@j—w sq.m.
8 169
2.
Levee N 3. 42+ 42+ 6x+ 10y 1=0
4. (a—d)(BC —CB)+(b—b)CA - AC")
1. 2 (¢ 3() 4 (b 5 (@ +(c—C)AB' —BA)=0
6. (b) 7. (@ 8 (® 9 @ 10. () 5. (- 12+ (-T2 =9
11. (@ 12. (@ 13. (@ 14. (b) 15. (b) or (x— T+ (y— 1 =9

16. (@ 17. (@ 18. (b) 19. (c)  20. (c)

2 (¢) 22 (b) 23. () 24 (a) 25. (a) 6. 4" —8r—6y+16=0

2. (d) 27. () 28 (b) 29. (d) 30. (b) andx” "~ 14z~ 12y +76 =0
31. (a)  32. (¢) 33.(d) 34. (b) 35 (b) 7. x4y =2x—6y—12=0
36. () 37 (@) 38 (d) 39 (c) 40. () o Jiipes

41. (a) 42. (b) 43. (a) 44. (b) 45. (b)

46. (d) 47. (d) 48 (b) 49. (c) 50. (d) 9.3, -D)

51. (c) 52. (@) 53.(b) 54 (a) 55 (b) 10. (0)

56. (a) 57. () 58.(a) 59. (c) 60. (c) 11. (d)

61. (b) 62. (c) 63.(c) 64 (c) 65 (d) 12. (c)

66. (b) 67. (c) 68. (d) 69. (c) 70. (c) 13. ()

71. (d) 72. (a) 73. (d) 74. (a) 75. (b) 14. (d)

S@ B 8@ @ 8o | 55T eyt
. a . . (C . (C . 5 2 2 —
86. (a) 87. (a,c) 88. (d) 89. (b)  90. (c) 16. x* 4y —8x =9y +30=0
91. (a) 92. (¢) 93. (@ 94 (a,¢) 95 (a) 17. 22
96. (¢) 97. (d) 98. (b) 99. (c) 100. (d) 18. (0,3),x° +y* —4x—6y+4=0

101. (b) 102. (¢) 103. (d) 104. (¢) 105. (a) 19. B:(3_2\/§,3_2\/§)

106. (b) 107. (a) 108. (c) 109. (a) 110. (a) 2. (a)

11. (¢) 112. (d) 113. (@) 114. (b) 115. (b) 2. (o)

6. (© 17 (d) 22. 4902 + ) — 420(x + ) + 900 = 0

22. (c)

Leved 23. X+ —Tx+Ty+12=0
1. 45 24, ¥+ —42x—42=0
3. a2 -1),22a 25. (b)

4. (3,3):(7,3) 26. (c)
5.4 27. ¥+ —6x—-2y+1=0
6. (3/25,4/25) 28. (b)
7. a=btc2 29. (d)
8. (x+2)2+(y-3)>=6.25 a2
9. x4y~ 2x—4y+4=0 30. —
o, &0 31 (d)

5 /g2+f2 32. (0,-2), (6, 6)
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33. (¢) PassageII: 1. (d) 2. (a)
34. B=(2,-2)or(-2,2) PassageIIl: 1. (a) 2. (¢) 3. (b) 4. (a)
35. (a) 5. (b) 6. (a)
36. (a,d) PassageIV: 1. (a) 2. (a) 3. (@) 4. (a)
37. 5. (@ 6. (b
38. (d) Passage V: . @ 2. (@ 3. (@ 4 (@ 5. (2
39. X*+y*+Tx—11y+38=0 Passage VI 1. (b) 2. (¢) 3. (a) 4. (¢
40. 8y —6x£25=0 5. (b) 6. (a)
( 9 j Passage VII: 1. (a) 2. (a) 3. (@) 4. (a)
41. | —=,2
2 MATRIX MATCH
2. y=(B-D=PG-(B-1) L (A)>@Q; B)>T); (©>(EFS)
and y = (3 =D =3(x+ (3 +1) 2. (AR B)=@); (€)— (P (D) - (R);

(E) = (1)
43. x2+y2+(%)x—6y+6=0

A)=(M; B)=®R); (O)=(S)
A)—=>®R); B =F); ©)—=Q

3. (A)—=>®,Q); B)—(S5,T);(C) > (R)

4. (A)—>(0); B)—=>(M); (©)—>®R);

5. (A)—=>@Q; B)—=>(@); (©)—=>(S)(D)—[R)
INTEGER TYPE QUESTIONS 6. (A)> (Q); (B)—=((P); (C)— ®R); (D)= [R)
1. 1 2. 2 3.5 4. 7 5.6 7. (A)—> Ry B)=>(S); (€)= (P);(D)—=(Q)
6. 8 7.2 8. 4 9. 4 10. 5 8. (A)—=>(@Q); B)—=>®); (©O)—=()

9.

0.

COMPREHENSIVE LINK PASSAGE
Passage I: 1. (b) 2. (a) 3. (b)

—_—

HINTS AND SOLUTIONS

Levee 1 and r=4+36+9=7
Therefore, | +r; =7+ 1=8=2(4) =2r,.
Thus, 7y, r,, r; are in AP.

1. (i) The given equation of circle is x*> + y* = 16

B Henc§, the centr‘e is (0, 0). and fche radius = 4. 3. Since the circle is concentric, so the centre of the circle
(i1) The glzven ;,quatlon of a circle is is the same as
¥ +y*—-8x+15=0 P+)yP-8x+6y-5=0
2, 2. _
= (x-4)+ty=16-15=1 Let CP is the radius.

Hence, the centre is (4, 0) and the radius = 1.

Th — A _")2 _ 2
(iii) The given equation of a circle is en CP \/( 4-27+(=7+3)

¥+ —x-y=0 =\/36+16=x/§=2\/6
1Y 1N 11 1\ Hence, the equation of the circle is
:(X_E) +(y—z) :Z+Z:E:(Ej (x—4)2+(y+3)2=(2\/ﬁ)2
(11 1 = x+)y?—8x+6y=27
the centre is ) and the radius is ﬁ : 4. The point of intersection of x + 3y =0 and 2x — 7y =0
2. The equations of given circles are is g’(O, 0) and the point of intersection of x + y + 1 =0
24 .2 . an
el () X—2p+4=0is C (2, 1).
+ 12 2% — =
and ¥y -h-6y=6 -+ (i) Thus, CP is the radius, i.e. CP = 4 +1= NG
L) _ Hence, the equation of the circle is
X+y —4x-12y=9 ...(iii) ( +2)2+( _1)2_(\5)2
Let r|, r, and r; are the radii of the circles (i), (ii) and N Y -
(iii). = P+ +4-2y=0
Then r, =1, 5. Clearly, the radius of the circle is
RS _1130-(=10)| 1 _40
B=Ag +f —c=1+9+6=4 —ET—EX?—4
A7 +3
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Let (4, k) be the centre of the circle.

Thus 2h+ k=0
= =-2h
8h — 3k —30
Also, |—F—=|=4
4% +32
- 8h—3(72h)—3o|=4
5 |
- 14h—30‘=4
5
= 14h-30=+20
= 14h=30+20=50,10
25 5
= =—,=
777
So, ko0 _10
777

Hence, the equation of the circle is

2 2
(x—gj +(y+ﬂ) =16
7 7
2 2
5 10
—— | +|y+—| =16
o (x 7) (y 7)

6. The centre of the circle

2+ > 16x - 24y + 183 =0 is C(8, 12).

Let the centre of the new circle be C’(h, k).
h—8 k—-12  2(-32+84+13)
—4 7 16+49
= h=0,k=-2
Hence, the equation of the new circle is
X+ (y+2) =33y
= X+ +4Y=23
7. Let ABC be an equilateral tri-

angle such that OM is perpen-
dicular on BC.

Here, OB = \/g2+f2—c

Clearly, ZBOM = 60°.

Now,

Now, sin (E) = BM
3 OB

= BM=§OB=?Xw/g2+f2—c
3

Thus, ar (AABC) = 73 X (BC)?

3

=" x (2BM)?
. (2BM)

T
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8. Let the centre of the circle be (%, k) such that k =/ — 1.

We have,

(h=77%+ (k—3)*=3?
= (h=7>+h-4)>=3?
= K-11h+28=0
h=7,4andk=6,3
Hence, the equation of a circle can be
=7+ (y-6)7=3
& (x—4)+(y—3)?=3?
= ¥+ -8x—-6y+16=0
and x*+)?—14x- 12y +76=0

,
o—= L
2
3R7P
0

o N M

~

X

Let ZPOX=0,
then ZNCP =0

Here, CP=2, 0C= 2} +3* =13
OP=\0C?-0P* = 13-4=49=3

C=2,3)and ON=2
Now, OM = ON + MN = ON + PR
OPcos 0=2+2sin 6
3cos0=2+2sin 6
9 ocs? O=4+ 4 sin> O+ 8 sin O
9—-9sin?0=4+4sin> 6+ 8sin O
13sin” @ +8sin @—5=0
13sin> @+ 13sinO—5sinO—5=0
13 sin B (sin 8+ 1) —5(sin 6+ 1) =0
(sin @+ 1)(13sin 8-5)=0

L A 2

sin9=i
13

= cosf= E
13
Therefore,
13713

P =(OP cos 8, OP sin 0)=(36 15]



Circle

10.

I1.

12.

Hence, the equation of the circle is
x=2)x-6)+(-3)(-9)=0
= x*+)P-8x—12y+39=0
Hence, the equation of the circle be
X +y*+2gx+2fp+c=0 ...(1)
which is passing through (1, 2), (4, 5) and (0, 9).
Thus when (x, y)=(1,21) 1 +4+2g+ 8f+c=0

= 2g+8f+tc=-5 ...(11)
when (x, y) = (4, 5)
16 +25+8g+10f+c=0
= 8g+10f+c=-41 ...(1i1)
when (x, y) = (0, 9)
0+81+18f+c=0
= 18f+tc=-81 ...(1v)
Eqgs (iii) — Eqgs (ii), we get
6g +2f=-36
= 3gt+tf=-18 ...(v)
Eqgs (iii) — Egs (iv), we get
8g — 8f=40
= g-f=5 ...(vi)
From Eqgs (v) and (vi), we get
4g=-13
= g=-13/4
and f=g-5=-13/4-5
= f=-33/4
Now, from Eq. (iv), we get,
c=-81-18f

=-81—-297/2=-135/2
Put all these values of f, g and ¢ in Eq. (i), we get

= 2+ -13x-33y—135=0
Let the equation of the circle is
X+ +2gx+ 2 +c=0
which is passing through (1, 2) and (3, 4).
Now, when (x, y)=(1,2) 1 +4+2g+4f+c=0
= 2g+t4f+c=-5 @)
And, when (x,y)=3,4)9+ 16+ 6g+ 8 +c=0

= 6g+8f+c=-25 (i1)
Eq. (ii)) — Eq. (i), we get
4g +4f=-20
= g+tf=-5 (ii)
-3g—-f-5

=g+ fi-c

=Jg+ D)7+ (f +2)

(Bg+/+5>=10{@g+17+(g+3)"}
(2g-5+5°=10(g"+2g+1+g +6g+9))
4g> =10(2g> + 8g + 10)

4g2+20g+25=0

2g+57°=0

g=-5/2

Also,

3?+1°

L/ I A

13.

14.

15.

16.

17.

18.

19.

3.39

Thus, f=-5-g=-5+ % = —% and c= 10

Hence, the equation of the required circle is

x2+y2—2(§)x—2(§)+ 10=0
2 2

= xX*+)P—5x—5y+10=0
The lengths of the x-intercept

=2\g’—c=29-8=2

and the y-intercept
=2{fr-c=225-8=217
The length of the y-intercept

=2Jf*-c=2 /%—O:ZX%:I

The given equation of a circle is
¥ +y?—2ax—2ay+a* =0

= (x-al+@y-al=d*

Thus, the centre is (a, a) and the radius is a.

Let N=x>+)?—4x+2y—11

The values of N at (1, 2) is
1+4-4+4-11=5-11=-6<0

and at (6, 0) is
36+0-0+12-11=37>0

Thus, the point (1, 2) lies inside of the circle and (6, 0)

lies outside of the circle.

Since, the point (4, — A) lies inside the circle x* + % — 4x

+2y—-8=0,so0

P+ 22 —4A-21-8<0

227~ 61-8<0

P -31-4<0

A-4HA+1)<0

-1<A<4

Thus, the range of A is (-1, 4).

Let N=x?+)? — 14x — 10y — 151

The value of N at (2, -7) is

4+49-28+98—-151=153-151-28

=2-28=-26.

Thus, the point P(2, —7) lies inside of the circle.

The centre of the circle is C(7, 5) and the radius is
=CA=CB=15.

Now,

CP=\(7T-2+(5+7)

=25+ 144 =169 =13

Hence, the shortest distance,
PA=CA-CP=15-13=2

and the longest distance
=PB=CP+CB=13+15=28.

The line y = x + 2 touches the circle x*> + y? = 2, if the

length of the perpendicular from the centre to the given

line is equal to the radius of a circle.
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20.

21.

22.

23.

Thus, the radius of the circle is V2.

The length of the perpendicular from the centre (0, 0)
to the linex—y+2=0is

0-0+2| 2

W =ﬁ= \/E = radius.

Hence, the line y = x + 2 touches the circle x> + y? = 2.
On solving y =x+2 and x> + 7 =2, we get x> + (x + 2)°
=2

P +4x+4-2=0

23 +4x+2=0

¥+2x+1=0

x+1?*=0

x=-l,y=1+2=1

Thus, the co-ordinates of the point of contact is (-1, 1).

The equation of any line parallel to the line
3x+2y+5=0is3x+2y+k=0 ...()

The line (i) will be a tangent to the circle x* + y* = 4,

if the length of the perpendicular from the centre to the

line (i) is equal to the radius of the circle.

tueuul

Therefore, w =2
J32+2°
=  k=%2J13

Hence, the equation of the tangents to the given circle

are 3x + 2y +2/13 = 0.

The equation of any line perpendicular to the line
4x+3y=0is3x—4y+k=0 ...()

The line (i) will be a tangent to the circle x> + y* =9,

if the length of the perpendicular from the centre to the

line (i) is equal to the radius of the circle.

30-4.0+4%
{32+ 42
= k=15
Hence, the equation of the tangents are
3x—4y+15=0and3x—-4y—-15=0
Let the equation of line be
y=mx+c=Bx+c

Therefore, =3

(D)
(- m = tan (60°) =/3)
The line (i) will be a tangent to the circle x* +y? + 4x +
3 =0, if the length of the perpendicular from the centre
(=2, 0) to the line (i) is equal to the radius (= 1) of a
circle.

—2J3-0+c
A3+1

= c-2/3=%2

=  c=2J3%2

Hence, the equation of the tangents becomes
y=~Bx+(2312)

A line is equally inclined to the co-ordinate axes is
y=tx+c ...(1)

Therefore,

24.

25.

26.

Coordinate Geometry Booster

The line (i) will be tangent to the circle x* + y* = 4, if
the length of the perpendicular from the centre (0, 0) to
the circle is equal to the radius (= 2) of the given circle.
0+0+c

JE+1

= c=%4

Hence, the equation of the tangents becomes
y=txxt4

The equation of any line passing through (7, 1) is
y—1l=mx-17) ...(1)

The line (i) will be a tangent to the circle x> + y? = 25,

if the length of the perpendicular from the centre of the

given circle is equal to the radius of the same circle.

Therefore,

Therefore, M =5
«/m2+1
=  (Tm-172=25m*+1)
= 12m*-Tm-12=0
= 12m*-16m+9m-12=0
= @Bm-4)A4m+3)=0
43
371

Hence, the equation of the tangents are
4 3
y—lzg(x—7)andy—1=—z(x—7)

= 4x-3y=25and3x+4y=25

The centre of a circle is (0, 0) and the radius is 3. Here
oC=2.

‘We shall find the co-ordinates of C.
Let Cbe (x, ).

Then x=2cos (—45°) = V2
and y =2 sin (-45°) = —/2.
Thus, the co-ordinates of C becomes (ﬁ , -2 ).
Hence, the equation of a circle is
(r =27+ (y+427=3°
= X4y’ -22x-22y-5=0
When x =2, then y = +5.
Therefore, the points are (2, J5 )and (2, -5 ).
Thus, the equation of the tangents at (2, J5 )and (2, -5 )
are 2x+x/§y=9and2x—«/§y=9.
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27.

28.

29.

30.

When y =4, then x = 0.

Therefore, the point is (0, 4).

Hence, the equation of the tangent to the given circle at
(0,4)isx-0+y-4=16

= y=4
The given equations are

4x-3y=10 ...(1)
and x*+)?—2x+4y-20=0 ...(ii)
On solving Egs (i) and (ii), we get

2
x2+(4x_3) —2x+4(4x_3j—2020
10 10
= 9+ (4x—10)*— 18x +48x—120-180=0
=  25x*-50x-200=0
= x*-2x-8=0
= @-4)x+2)=0
= x=-2,4and y=—£,£.
1010
Hence, the points of intersection are
—2,—E and 4,E
10 10

The given circle is x> + y* — 2x + 4y =0
= (x-1)P}+@+2)?*=5 ...(0)
The equation of any line passing through (0, 1) is

y—1=m(x-0) ...(ii)

The line (ii) will be a tangent to the circle (i), then the
length of the perpendicular from the centre (1, —2) to
the line (ii) is equal to the radius of a circle (i).

Therefore, LZH =\/§
~/m2+1

=  (m+37=5m*+1)

= m+5m+9-5m*-5=0

= 2m*-3m-2=0

= m-2)2m+1)=0

1
m=—-—,2
2
Hence, the equation of the tangents are
1
y—lz—Exandy—1:2x

= x+2y-1=0and2x—y+1=0
The given curves are x> + y*> =4 and y* = 4(x — 2).
Y

N,
N

31.

32.

33.

34.

35.

36.

37.

3.41

From the graph, it is clear that the equation of the com-
mon tangent is x = 2.

¥ +y?—2x+4y—-20=0

Y
A
B
X = /’X
N
0
o
4
Y
Let AB: y=x—4 and CD be a tangent parallel to A4B.
0-0-8] 8
Now 0g= [2==H_ %43
OO | 2

and OP = radius of a circle = 3.
Thus, the shortest distance = PO
=0Q - 0P
= (4W2-3)
Hence, the length of the tangent from the point (2, 3) to
the circle x* +y* =4 is

JEFod =53
2

Let P(x,, y,) be any point on the circle x* +* = &°.

2, .2 2
Therefore, x; +y; =a”.

Now, the length of the tangent from (x|, y,) to the circle
x> +y?=5his
\/xlz+y12—b2 =\/a2—b2 .
Let P(x,, y;) be any point on
x?+ )2 +2011x + 2012y + 2013 =0
Therefore,

x2+ y2+2011x,+ 2012y, + 2013 =0

Now, the length of the tangent from (x;, y,) to the circle
x4+ +2011x + 2012y + 2014 =0 is

X7+ 324+ 201 1x, + 2012y, + 2014

=,—-2013+2014

=1
The power of a point (2, 5) with respect to a circle
¥ +y?=16is (4+25-16)=13.
Let the point P represents a complex number Z. i.e. Z=
1+ 2i
Then, from the rotation theorem,

O=iZ=i(1+2)=i-2=-2+1.i=(-2,1)

Thus, the power of a point O with respect to a circle is
4+1-4=1.
Hence, the equation of a pair of tangents to a circle
x* +y? =4 from a point (1, 2) is SS, = 7>
= @+ - +4-4)=(x+2y—4)
= @+ -4)=+47+16+4xy—8x— 16y)
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38.

39.

40.

41.

42.

= 3 +4(x-4)y+4(5-20)=0
—4(x = 4) £ 16(x — 4)° - 48(5 — 2x)

= y=

6
—4(x—4) £ 4x* —8x+16—15+ 6x
= y=
6
_ _4)+ _
I CE T e

6
= y=2,4x-3y+2=0
Hence, the equation of the pair of tangents are SS, = 7*
= @+ —4x+3)4+9-8+3)
=(2x+3y—2(x +2) + 3)?

= 8+ —4x+3)=QCy-1)°
= 8P+ —4x+3)=9"—6y+1
= -8 +32x—6y—-23=0
= P —6y—(8x*—32x+23)=0
6% /36 + 4(8x” — 32x + 23)
= y=
2
6+ 3267 — 128x + 128
= y=
2
_632(x" —4x+4)
B 2
_6142(x-2)

2

=  y=3+2/2(x-2)
Hence, the angle between the tangent from the point
(3, 5) to the circle x> + y? =25 is

2tan”' | —— |=2tan™" >
JSi J9+25-25

=2tan"! (éj
3

After translation the point (1, 2) becomes
(1+2,2)=(3, 2).

Hence, the angle between the tangent from the point

(3, 2) to the circle x> +y? =9 is

2 tan”! 4 =2tan"! ;
JS Jo+4-9

=2tan"' (Ej
2

The locus of the point of intersection of two perpen-
dicular tangents to a circle is the director circle of the
given circle.

Thus, the equation of the director circle to the circle
¥ +y?P=25isx?+)?=2x25=50

Clearly, the locus of the arbitrary point is the director
circle of the given circle x> +)? = 9.

Hence, the equation of the director circle to the circle
¥+y?P=9isx?+)*=2x9=18.

Coordinate Geometry Booster

43. Clearly, the equation x> + y* = 20 is the director circle

of the circle x* + 3 = 10.
Hence, the angle between the pair of tangents is 90°.

44. (i) The given circle x> + y* + 2x = 0 can be reduced to

(x+17°+y*=1.
Hence, the equation of the director circle to the
circle (x + 1) +)? =1is
(x+1)P?+y?=2x1=2
= xX+y’+2x-1=0
(i) The given circle x> + y* + 10y + 24 = 0 can be re-
duced to x>+ (y +5)* =1
Hence, the equation of the director circle to the
circle x> + (y +5)* = 11is
P+ +5)P=2x1=1
= x>+ +10y+23=0
(iii) The given circle
¥ +y2+16x+ 12 +99=0
can be reduced to
(x+8)?%+(y+6)=64+36-99=1
Hence, the equation of the director circle to the
circle (x + 8 + (y + 6)* =1
is(x+8?+(y+6)7>=2x1=2
= X+ +16x+12y+98=0
(iv) The given circle
x* + )% + 2gx + 2fy + ¢ = 0 can be reduced to

(+ 22+ (r+ )=+ f1-¢)’

Hence, the equation of the director circle to the
circle (x+)*+ (v + /)’ =(g*+ /=) is
@+’ + @+ =2 +f~0)
= Py 2gx+ 2 g —fF+2c=0.
(v) The given circle x> + y? — ax — by = 0 can be re-

2
2 2 [2 2
duced to (x—%) +(y—é) :[a—er]

2 2
Hence, the equation of the director circle to the
circle
2
2 2 2,12
+b
(=T[4 -5 »

(-2) +[s-2) (<42

:>x2+y2—ax—by—%(a2+b2)=0

45. Whenx =2, y==%4/5.

So, the points are (2, \/g) and (2, — \/g) .
The equation of the normal to the circle at

(2,/5) and (2, -/5) are

X_ Y X Y
—=——=and —=-——"=
2 52 s
5
=—uxand y=—
y X y 2x
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46.

47.

48.

49.

50.

51.

The equation of the normal to the given circle at (-2, 1)
is

- XM _rYTn
nt+tg ntf
x+2 y-1
2+1 142

= 3xt6=-y+1
= 3x+ty+5=0
The centre of a circle x* + )% —4x — 6y + 4 =0 1is (2, 3).
The equation of a normal parallel tox—y -3 =01is
x-y+k=0 ...(1)
As we know that the normal always passes through the
centre of a circle.
Therefore,2 -3 +k=0=k=1.
Hence, the equation of the normal is
x—y+1=0
The centre of a circle
X +y?—8x— 12y +99=0is (4, 6).
The equation of the normal which is perpendicular to
2x—3y+10=0is3x+2y—k=0 ...(1)
which is passing through (4, 6).
Therefore, 12 + 12 - k=0 = k=24,
Hence, the equation of the normal is 3x + 2y = 24.
The equation of the chord of contact of tangents from
(5, 3) to the circle x* +* = 25 is 5x + 3y = 25.
Let the point be (x|, y;).
Clearly,2x+y+12=0 (1)
is the chord of contact of the tangents to the circle
x*+y? —4x+3y—1=0 from (x, y,).
The equation of the chord of contact of tangents to the
circle x> + y* — 4x + 3y — 1 = 0 from the point (x,, y,) is

3 ..
xxtyy—2(x+x)+ 5(y+y1)f 1=0 ...(i)

Clearly Eqgs (i) and (ii) are identical.

3 3
xl_zz)ﬁ"'E_EJ’l_le_l

1 12

Therefore,

=  x;—2y,=5and4x; +21y, =-38
= x=Ly=-2
Hence, the point is (1, -2).
The equation of the chord of contact QR is
hx + ky = (1)

The chord of contact subtends a right angle at the cen-

tre of the circle x*> + )? = &°.

2, .2 2
Therefore, al +2y = (hx +2ky)
a

a

= @ +y)=(x+ky)y
= X2 (P-1)+yHd - k) —2hkxy =0

52.

53.

54.

55.

3.43

Since, the line (i) makes a right angle at the centre, so
(@-h)+(@-k)=0

= K+i2=24

which is the required condition.

Let AB be the chord of contact.

Then 4B : hx + ky = a*
W+k*-a’

N
The length of the chord of contact,
2LR

N

where L = the length of the tangent and R be the radius
of the circle.
Therefore,

Now, PM =

2a x AW+ k= d*
AB =
JIP 4K —d)+d
2ax W+ k- d?
NGRS S
Thus, the area of the A PAB

1 X[2a><\/h2+k2—a2]x[h2+k2—a2]

2 N N
_, (W2 + K2 — g%
(W + k%)

Let P(a cos 6, a sin 6) be any point on the circle x* + y?

=d%
Therefore, OR:

ax cos O+ ay sin = b? ..()
Since the line (i) be a tangent to the circle x* + 1 = ¢?,
SO

| o+0-b |

=c
‘\/azcosze + azsinze‘

= b =ac
Thus,m=2,n=1andp=1.
Hence, the value of m + n+ p + 10 = 14.
The equation of the chord of the circle x> + y* = 25
bisected at (-2, 3) is

T=5,
= 2x+3y-25=4+9-25
= 2x+3y=13
= 2xx-3y+13=0
Hence, the equation of the chord of the circle x> + y* +
6x + 8y — 11 =0, whose mid-point is (1, 1) is =S,
= x—-y+3x+D+4@p-1)-11

=1+1+6+8-11

= 4x+3y-1=16
= 4x+3y=17
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56.

57.

58.

59.

60.

Let the chord 4B is bisected at C(x;, ;)

The equation of 4B is xx,+ yy, = X{ + y{
which is passing through (4, k), so
h+ kyy = X + i
Thus, the locus of (x, y;) is
¥ +yP=hx+ky
Let M(h, k) is the mid-point of 4B

In AOAM,

sin (45°) = % = %

—  OM =2sin (45°) AB
el NS

= OM*=2

= W+E=2

Hence, the locus of (A, k) is x> + y* = 2.

Let 4 represents a complex number Z.

ie. Z=\B+i

Here, ZAOB = 90°.

By rotation theorem, we can say that
B=iZ=i(\3+i) =—1+i3

Hence, the point B is (-1, «/5).

Let C represents a complex number Z and D be Z,.

Here, ZCOD = 60°

By rotation theorem, 4,-0 _ Z,-0 y e—ig
Z-0 |Z-0
= éz@x.e_%:e_’%
Z |Z

i
= Zi=Ze

= 21:(2\/5+i)(%—i?)
= le(x/z+§)+i(%—\/§)

Hence, the co-ordinates of D are
31
[\/5 + £ ——3 J
22

As we know that the locus of the mid-points of the
chord of the circle is the diameter of the circle. Thus,
the equation of the diameter which is parallel to

2012x + 2013y +2014=0
is  2012x+2013y+k=0
which is passing through the centre of the circle x* + *
=9.
Therefore, k=0

Hence, the equation of the diameter is
2012x +2013y=0

61.

62.

63.
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Obviously, the locus of the mid-point of the chords of
the circle is the diameter of the given circle.

Here, the centre of the circle x* + )* — 4x — 6y = 0 is
(2, 3).

The equation of the diameter of the circle, which is per-
pendicular to the line 4x + 5y +10=01is 5x—4y + k=0
which is passing through (2, 3).

Therefore, k=12 - 10=2.

Hence, the equation of the diameter is

Sx—4y+2=0

The equation of the common chord of the circle is
2x-2y=0

= x=y

On solving y = x and the circle
¥y +3x+ 5y +4=0,
we get the points of intersection.

Thus, x=—2+x/§=yandx=—2—x/5=y

Let the common chord be PQ, where
P=(-2++2,-2++2)and
0=(-2-+2,-2-42)

Thus, the length of the common chord, PQ
=22+ 242+ (-2=V2 +2-2)?
=8+8=+16=4

The equation of the common chord of the given circles
is2x+1=0.
On solving 2x + 1 =0 and

¥ +y?+2x+3y+1=0,

we get the points of intersection.
Thus, the points of intersection are

1 3
x=——and y=->++2
2T

Let PQ be the common chord, where

P:(—%,—%ﬁ-\ﬁj and

The mid-point of P and Q is the centre of the new cir-
cle.

1 3
Th isC=|—-—=,——=
us, centre is C [ 5 2)

Now, radius »r= CP = \/E .

Hence, the equation of the circle is

(x+l)2+( +§)2—2
2) T\

= 20+y)+2x+6p+1=0
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64.

@

(i)

(iii)

(iv)

™)

The given circles are x> +* =4 ...(1)
and x> +1? - 2x=0 (ii)
Now, C,(0,0) and Cy(1,0)and r;, =2 and r, = 1.
Thus, C,C,=1=r,—r,

Hence, both the circles touch each other internally.
Thus, the number of common tangent = 1.

The given circles are x* + y> + 4x + 6y + 12 =0
and x* +3)% —6x -4y +12=0

Now, C;: (-2,-3), C,: (3,2),r;=1land r, =1
Therefore,

C,Cy =3 +2)+(-3-2)
=25+25 =50 =52
andr,+r,=1+1=2.
Thus, C,C,>r; + 1,

Hence, the number of common tangents = 4.

The given circles are
¥+ —6x—6y+9=0
andx® + >+ 6x+ 6y +9=0
Now, C;=(3,3),C,=(-3,-3),r;,=3and r, =3.
Therefore,
CCy=(-3-2)2+ (-3 -3)

=36 +36=72=6\2
and r+rn=3+3=6
Thus, CiCy>r +r,
Hence, the number of common tangents = 4.
The given circles are
P+ —dx—4y=0
and x> +)?+2x+2y=0
Now, C; = (2, 2), C, = (-1, —1), r; = 24/2 and
=12
Therefore,
C,Cy= (-1 -2+ (-1 -2)
=J9+9=118=32
and ry +r,= 22 +2=32
Thus, C,C,=r, + 1,
Hence, the number of common tangents = 3.

The given circles are x> + y* = 64
and x*+)*—4x—4y+4=0
Now, C;: (0, 0), Cy: (2,2),r,=8and r, =2
Therefore,
C,C, =2 -0 +(2-0)
=Ja+4=22
and r+r,=8+2=10
Therefore, C,C, <r; +r,

Thus, one circle lies inside of the other.
Hence, the number of common tangents = 0.

3.45

(vi) The given circles are

2= 2(1+2)x =2y +1=0

and x> +)?—2x—2y+1=0

Now Cp: (1++/2,1), Cy: (1, 1),
ri=+2+1andr,=1.

Therefore, C,C, = y/(+/2)* =2

and 7, —r,= 2.

Thus,C,C, =7, -1,

Hence, the number of common tangents = 1.

65. The given circles are

P+ -2x-6y+9=0
and xX*+)?+6x—-2y+1=0
Now, C;: (1, 3), Cy: (-3, 1), r,=1and r, = 3.
Therefore,

C,Cy = (=3-17+(1-3)

= J16+4=y20=25

and r+r=1+3=4
Then, C,C,>r, + 1,
Thus, both the circles do not intersect.
Hence, the number of common tangents =4, in which
2 are direct common tangents and another 2 are trans-
verse common tangents.
Here, the point M divides C,(-3, 1) and C(1, 3) inter-
nally in the ratio 3 : 1.
Then, the co-ordinates of M are

3.1-13 33+1.1 _(0 2)
341 7 341 ) (72
Also, the point P divide C,(-3, 1) and C| (1, 3) exter-

nally in the ratio 3 : 1.
Then, the co-ordinates of P are

3.1+1.3,3.3—1.1 ~(3.4)
3-1 3-1

Case I: Direct common tangents
Any line through (3, 4) is
y—4=m(x-3) ...(1)
= mx-y+4-3m=0
If it is a tangent to the circle,
m—-3+4-3m

\1m2+1

=1

= (A-2mP=m*+1)
= 3m’—4m=0
= mBm-4)=0
m=0,—.
3

Hence, the direct common tangents are
y=4,4x-3y=0.

Case II: Transverse common tangents

Any line through (0, 5/2) is
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66.

67.

5 .
y—E:m(x—O) ...(1)
= 2mx-2y+5=0

If it is a tangent to a circle, then

m-1—3+E

\/m2+1
@m— 1 =4(m*+1)
dm* —Am + 1 =4(m* + 1)
4m+3=0

=1

3

m:oo,m:——
4

L/

Hence, the equation of transverse tangents are x = 0 and
3x+4y=10.
Given circles are x* + * + ¢? = 2ax

= (x—a)+ 1y =(d*-c*)? ..(0)
and x?+)?+ 2 =2by

= (b= (h )
Now Cj: (a, 0), C, : (0, b),

n= Ja*—¢* and ry= NiEre

Since both the circles touch each other externally, then
CGy=r+n

...(ii)

= at+b* = az—cz+\/bz—c2
= a2+b2:a2—cz+b2—c2+2(\/a2—cz)(\/b2—c2)
= 2P=2(d =) =)
= =@ -A*-A)=d** - A+ )+
= P -HF+b)=0

LR I

at b
The given circles are

¥ +y*=9 ...(1)

and x*+)?—8x—6y+n*=0

= (=42 + (-3 =(25-n?) ...(i)

Here, C;: (0, 0), Cy: (4, 3), r, =3 and r, = |25 — n°
Since the circles have only two common tangents, so
we can write,

Iry—r| <C\Cy<ri+r

=  PB-y25-n|<5<3++25-n"
Case I: When |3—\/25—n2\<5
Then —5<3—4/25—n* <5

= —5-3<—425-n*<5-3

=  —2<425-n7<8

= 4<25-n*<64

68.

69.

70.

71.
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21<-n*<39
-39 <n?<21
0<n<\/ﬁ

n=1,2,34

Case II: When 5<3++/25—n?
Then, \l25—n2 >2

= 25-n*>4
= n?<2l

=  n<421
= n=1234
Hence, the number of integers = 4.
The given circles are
¥y +x+y=0
and x>+ +x—-y=0
Here, g, =-1/2, fi =-1/2, g, =-1/2, , =1/2, ¢, = 0,
c=0
Now, 2(g, &, +/1./,)=2(-1/4+1/4)=0and ¢, + ¢, =0.
Hence, the angle between the given circles is 90°.
The given circles are
¥ +y?+2ax+2by+c, =0
and ¥*+1?+ax+by+c,=0
Here, g, =ay, /i =0, & =a,/2,/,=b,/2,¢c,=c,and ¢,
=c,
Since the given two circles are orthogonal, so
2g&th)=cte

= 2(a]-a72+bl-b?2)=cl+c2

LUy

= (a-aytbh-b)=c te
Hence, the result.
The given circles are

202 +2)7 = 3x+6y+k=0

3 k

2 2

= X4y -——x+3y+—=
y 5 Y )

and x*+)?—4x+10y+16=0
Since, the two given circles are orthogonal, then
gt =cta

= 2 —Ex—2+§x5 =E+16
4 2 2

= Kiie-1s
2

= 5:18—16
2

= k=4

Hence, the value of k is 4.
Let the equation of the circle be
¥y +2gx+ 2/ =0 (1)
Therefore, the centre of the circle is (—g, — f).
Since, the centre lies on the line y =x, so
“=-g
= f=g



Circle

72.

73.

74.

The Eq. (i) is orthogonal to
X+ —dx—6y+18=0,
so, 2[g(-2)+f-3)]=0+18
= 2(-5g)=18 (- f=9
9
= = —_—=
g="7% S

Hence, the equation of the circle is
> o, 18 18
X +y s X s y
Let the equation of the circle be
X +y*+2gx+ 2/ +c=0 ...(1)
The equation of the circle (i) is orthogonal to
X+ +4x—6y+9=0
and x*>+)?—5x+4y—-2=0
Thus,(4g—-6f)=c+9
and (S5g+4f)=c-2
Subtracting, we get -9g + 10f+ 11 =0
= 92 -10-H+11=0
Hence, the locus of the centre is
9x—10y+11=0
Let the equation of the circle be
X +y*+2gx+2fp+c=0 ...(1)
which is passing through (a, b).
Therefore,
@+ b +2ga+2fb+c=0 ...(ii)
It is given that the circle (i) is orthogonal to x> + y* = 4,
so 2(g0+f0)=c-4=>c=4
From Eq. (ii), we get
A+ +2g-a+2f-b+4=0
Hence, the locus of (—g, —f) is
2ax +2by — (@* + B> +4)=0
Let C; and C, be the centres of the two orthogonal cir-
cles with radii | and r,, respectively.
Here ZC,PC,=90° and let
ZPC,C,=6and ZPC,C, =90°- 0
Thus,

..(i)
...(iii)

sin (0) = M and sin (90°-0)= %

n r

Squaring and adding, we get

(PM)Z (PMJZ
= || 4= =1
n ]

i r
2.2
nr
= PM’=—12
ntn
nr-
= PM=—rC
ntn

Hence, the length of the common chord,
21ir

PQ=2PM= ——2=
,’,,12_‘_ rzz

75.

76.

71.

78.

79.
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Hence, the equation of the radical axis is

(P +y2+4x+6y+9)—

(2+y*+3x+8+10)=0

= (4x-3x)+(6y-8)+(9-10)=0
= x-2y-1=0
Hence, the equation of the radical axis is
O+ +8x+2p+10)— (> +y*+ Tx + 3y +10)=0
= Bx-Tx)+2y-3y)=0

= y=x

Hence, the image of (2, 3) with respect to the line y =x

is (3, 2).

Let S :x¥*+)°=1 ...(0)
S, x*+)?—8x+15=0 ...(i1)

and S;:x*+)2+10y+24=0 ...(iii)

Eq. (i) — Eq. (i), we get
x=16=>x=2

Eq. (i) — Eq. (ii1), we get
-10y=25=y=-5/2

5
Hence, the radical centre is (2, _E) .

Let the equation of the circle be
¥ +y*+2gx+2f+c=0 ...(0)
The circle (i) is orthogonal to
¥ +yP—3x—6y+14=0,
¥+ —x—4y+8=0,
and xX*+)?+2x-6y+9=0
Therefore,

2(g~(—%)—3f)=c+14

= (B3g-6f)=c+14 ...(1i1)
2{g-(—%)—2f}=c+8
= (2g-4H)=c+8 ...(1i1)
and
20¢-1-3-)=c+9
= (2g-6H=c+9 ...(1v)

Eq. (iii) — Eq. (ii), we get

5g+2f=-6 (V)
Eq. (iii) — Eq. (iv), we get

f=—1=f=-12
Put the value of in Eq. (v), we get,

g=-1
Also, put the values of fand g in Eq. (iv), we get
c=-8.

Hence, the equation of the circle is

¥ +)y?P—2x—y—-8=0
Equation of any circle passing through the point of in-
tersection of the circles

¥ +)y?+13x-3y=0
and 2x2+2)° +4x—Ty—25=0
is (P +)y*+13x—3y)

A2+ 22 +4x—Ty—25)=0 ..()
which is passing through (1, 1).
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80.

81.

82.

Therefore,
(1+1+13-3)+A2+2+4-7-25=0
= 12-242=0

= A:l
2

Put the value of A in Eq. (i), we get
2, 2 L 2 52 _
(x*+y +13x—3y)+5(2x +2y°+4x—-Ty—-25)=0

= 2% +2)% +26x— 6)) + (2% + 27 +4x — Ty —25)=0
= (4x* + 4% +30x — 13y —25)=0
The equation of radical axis is
P+ +2x+3y+1)
~(*+y +4x+3y+2)=0

= (x+3y+1)-(“@x+3y+2)=0
= 2x+1=0

1
= X=——

2

Thus, the equation of the circle is
P+ +2x+3y+ 1)+ A2x+1)=0
= @+ H2A+Ix+3y+(1+4)=0
Since 4B is diameter of the circle, so the centre lies on
it.
Therefore, 2A—-2+1=0

= A:—l.
2

Hence, the equation of the circle is
1
(x2+y2+2x+3y+l)—5(2x+1):0

= (Z+)y?P+2x+6p+1)=0
Any circle passing through the point of intersection of
the given line and the circle is
P+ -9+ AUx+y-1)=0
= X+ ++A-9+1)=0

So the centre is (—i, —&) .
22

Since, the circle is smallest, so the centre
lies on the chord x +y = 1.

(-3

Hence, the equation of the smallest circle is
XY -9-(x+y-1)=0
= xX*+)P—x-y-8=0

Therefore, —i—&=1 = A=-1.
2 2

The equation of any circle passing through the point of
intersection of the given circle is

P+ —6x+2p+4)+ AP +)*+2x—4y—6)=0

= 1+ + 1 +Ap?+2(A=3)x+2(1 -2y
+22-30)=0

&3.

Levee I

1.
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= x2+y2+2(;t_3jx
A+1
‘2 1-24 y+ 2(2-34) _0
A+1 A+1
3-1 224-1
A+17 A+1 )
Since, the centre lies on the line y = x,
2A-1 _3-14
A+l A+l
= 31=4
= A=4/3
the  equation  of
10 10 12
—x—-—y——=0.
7 7 7
The given circles are x> + y* + 2x + 3y + 1 = 0 and
X +y2+4x+3y+2=0.
Hence, the equation of the common chord is 2x + 1 =0.

Therefore, the equation of the circle is
P+ 22+ DU+ )P+ +3y+2)=0

So its centre is (

Hence, the circle is

PHyi-

..(0)
= (1 + A+ (1+A? +2(1+2x +3(1 + A)y
+(1+2)=0
1+24 1+21)
2 2,9 3 _o
= x+y+ ((l+l)jx+ + T
. . [ 1+21 3)
So, its centre is | — ,—=
A+l 2

Since 2x + 1 = 0 is the diameter, so centre lies on it.
Therefore,

1+24
2| - +1=0
( /l+l)
= 2-4A+A+1=0
= /”t=—l
3
Hence, the equation of the circle (i) is

203+ 1) +2x+6y+1=0

Given circle is x> + )% = 16.
Y

S

T




Circle

2.

3.

Thus, the number of integral points inside the circle
=5+7+7+7+7+7+5
=45
Let S;:x*+)*+2gx+2f+c=0
Sy:x*+y* =4
Syx? 4+ —6x—-8y+10=0
and S;x*+)*+2x—-4y-2=0

Now, §;—-S,=0

2ex +2fy+c+4=0 ...()
Centre of a circle x* + y* = 4 lies on (i)
So, ¢c+4=0

c=-4 ...(i1)

Again, S| —S8;=0

2(g+3)x+2(f+4)y+(c-10)=0 ...(1i1)
So, the centre of a circle x> +y* — 6x — 8y + 10 = 0 lies
on (ii), so

= 2g+3)3+2(f+4)4+(-4-10)=0
= 2(g+3)3+2(f+4)4+-14=0
= 6g+8f+18+32-14=0
= 6g+8+36=0
= 3g+4f+18=0 ...(iv)
Also, S, -8,=0
= 2g- Dr+2(f+2p+(c+2)=0
So, centre (-1, 2) lies on (iii).
Thus, 2(g—1)+4(f+2)+(4+2)=0
= 2g-1)+4(F+2)-2=0
= (g-D-2(f+2)+1=0
= g-2f=4 ..(v)
On solving, we get
g=-2and f=-3

Hence, the equation of the circle is
XA+ —dx—6y—4=0
Given circle is (x = a)? + (y £ a)* = &’

Hence, the radius of the smallest circle
= (\/a2 +a* —a), (\/a2 +d’ +a)
=a2-a,a\2 +a
=2 -1a, (V2 +1)a

3.49

4. Given circle is

X412 10x—6y+30=0 e EN
= (x-5%*+@y-3)
=25+9-30 €(5 3)
= (-57+(-3)P=4 ' ‘

Clearly, CP = radius =2 P Q
Let PQ is paralleltoy=x+3

Therefore, the co-ordinates of P and R are obtained by

x-=5 _ y=3 — 49

cos (45°)  sin (45°)
x=5 y-3

:_:+

RO E
V2o 2

2

= x-5=y-3=+—

TR

= x—5=y—3:ix/§
=  x=5%2,y=3%2
Thus, R=(5+~2,3+2)
and  Q0=(5-+2,3-42).

. Clearly,

V2) + (2V2)? = d?
=  a*=02V2)*+(2V2)

= &#=8+8=16
= |da/=4

. Given circle is

X+ —8x+2y+12=0
= (x-42+@+1)P=16+1-12
= @-4*+@+1)y2=5
As we know that the line is a chord, tangent or does not
meet the circle at all, if

p<r,p=rorp>4,
where p is the length of the perpendicular from the cen-
tre to the line.

42715 _ g
= —|=—==A+5=7r
So. PR ITA T s

Thus, the line be a tangent to the circle.

. Itis given that

CG=r+n

Ja-b2+b-ay =c+c

J2(a-b)? =2¢
2(a—b)* =4c?
(a—by* =22
a—-b= ic\/i
a=b=x c\/z

L
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8.

Given circle is
¥+ +4x—6y—12=0
(x+2)+(y-3)7=5

Thus, C=(-2,3)and CA=5=CB

and ZCAB= %
Now, sin (E) = Mc
3 5 (=2, 3)
o, _mc
2 5
A M(h, k) B
o w33
2
= mc=2
4
= (h+2)2+(k—3)2:77{5
Hence, the locus of M(h, k) is
2+ (-3 =2
Y
(0, 3)
o4 B X

Let the equation of the circle be
X+ +2gx+ 2 +¢c=0 ...()

which touches the y-axis at C.

Put x =0 in Eq. (i), we get
V2 te=(y-3)

= Y +2/+c=)"—6y+9

= 2fytc=-6y+9

Comparing the co-efficients, we get
2f=-6,c=9

= f=-3,c=9

Intercepts on x-axis is

= 2 gz—c=8
w/gz—c=4
\/g2—9:4

=

=

= g-9=16

= g=25

= g=45

Hence, the equation of the circle is
¥+ +10x—6y+9=0

10.

11.

12.
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The equation of the chord of contact of tangents to the
circle
¥+ 2 +2gx+2fp+c=0
from (0, 0) is
x-0+y-0+g(x+0)+fy+0)+c=0
gx+fy+c=0 ...(1)
Hence, the required distance from the point (g, /) to the
chord of contact (i)

(g e
Jei+rt )
We have,
(1+ ox)" =1+ 8x+24x> + -

(n=1

1+ n(ax) + 2 > (ax)* + =1+ 8x + 24x> + ---

Comparing the co-efficients, we get

= na:g,wzz4
8- _,,
= @B-m=6

= a=2,n=4

Thus, the point P is (2, 4)

Therefore, PA - PB
=(PTP=4+16-4=16

Given circles are x> +1? =4

and x*+)*?+2x+3y—-5=0

Hence, the common chord is
2x+3y=1 ...(1)

Thus, the equation of the circle is
S+AL=0

= P+ -H+A2x+31-1)=0

= ¥+ +2+3-A+4)=0

So centre of the circle is

[+

Since the chord 2x + 3y =1 is a diameter of the circle, so

—21—%:1
2

= -13A=2

= 1:_3

13

Hence, the equation of the circle is

2 2 2

2 2

+y +2l——|x+3|-——=|y—-|[4—-—— =0
Y ( 13)" ( 13)y ( 13)
= 1362+ —4x—6y—50=0

Therefore, the centre of the circle is (%, %) .
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13.

14.

15.

16.

17.

Let (4, k) be a point lies on the circle
¥ +y?+2gx+2f+c=0
Thus, the length of the tangent from (4, k)

=W+ K+ 2gh+ 2k +d

= (12 + K>+ 2gh + 2k) + d
_Jevd
_ i
Equation of the circle is
S+AL=0
= @Y -H+AUx+y-1)=0
= X+ ++l-A+4)=0

i_i)
2’72

Since the chord x + y = 1 is a diameter of the circle, so

A_A_

S

So centre of the circle is (—

2 2
= -A=1
= A=-1

Hence, the equation of the circle is

X+ —x-y-3=0
Now the image of the centre (3, 2) to the line x + y =19
is obtained by

a—3_ﬂ—2__2[3+2—19]

1 1 1> +1?

a=17,B=16
Hence, the equation of the new circle is
(x—17+(-16)>=1
Given circles are
(x—1P2+@y-3P%=/7 ...(0)
and x*>+)?—8x+2y+8=0
= (x-4+@+1)=16+1-8
= -4+ @E+1Y’=9
Two circles (i) and (ii) intersect, if
Iy =r| <CCy<r+r,

F=3<{JA0-42+3B+1)* <r+3

r=3|<5<r+3

r—=3|<S5andr+3>5

S5<(r-3)<5,r>2

2<r<5+3,r>2

r<8,r>2

2<r<8

Since there are two real tangents drawn, so the circles
intersect.

Given circles are (x — 1)* + (y — 1) =2

(i)

st u el

18.

19.
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and (x-4)7>+(@y-47°=032-1)
It is given that [r| —r,| < C,C, <1, + 1,

W2 - B2-A1<3V2 <2 +.32-2)
Now, 3v2 <(2 +32-2)

= 32-A>242

= 32-1>8
= A<24 ..(1)
and |\/§—m\<3\/§

“42<-B2-1<22
2 < B2-2 <42

8<(32-1)<32

24 <-A<0

0<A<24

From Egs (i) and (ii), we get
0<A<24

Since two vertices of an equilateral triangle are

B(-1, 0) and C(1, 0).

So, the third vertex must lie on the y-axis.

Let the third vertex be 4(0, b).

Now, AB=BC=CA

= AB*=BC*=AC?

= 1+bh=4=1+p

= b=4-1

= b= \/5

Thus, the third vertex is 4 = (0,+/3)

As we know that in case of an equilateral triangle,

tueu iU

...(i)

Circumcentre = Centroid = (0, Lj
NE)

Hence, the equation of the circumcircle is

) 1Y ) 1Y
=  (x-0) +(y—$j =(1-0) +(0_$)

xz+( _LJz_i
= y \/5 3

The vertices of the triangle are
A=(0,6), B=(24/3,0),C=(0,23)
Let P(h, k) be the circumcentre, then
PA=PB=PC
= PA*=PB*=PC
= K+ k-6>=h-2V3)+k>
=2+ (k- 23)?
On solving, we get
h=0and k=2

Thus, radius, » = \/hz + (k- 6)2 =4

Hence, the equation of the circle is
¥+@-2P°=16

= xX+yP—4y-12=0
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20. Given circle is 24. Let ABC be an equilateral triangle with 4B = a.
X+ +4x—6y+4=0 P
(x+27+(-37=3 !

SO, Cc= (—2, 3) andr=3 C(*Z 3) |
As we know that the centroid D ! ¢
divides the median in the ratio o
2:1 i
Here, circumradius = 2 and in- A : B
radius = 6 0 M R
Hence, the equation of the circumcircle is Let PM=p
(x+272+(-372=6 PM p
24 .2 02 = Now, sin (60°)=——=*—
=>. X .+y .+ 4x—-6y—-23=0 (60°) PO a
21. Given circle is L P ﬁ
X2 +)2+2gx+ 2 +c=0 D - a 2
We have, NE)
az+az:(r+r)2 (o) a = PZTCI
=  a?=2/ r Here O is the centroid.
= =272 So the centroid divides the median in the ratio 2 : 1
A
= a=r2 ¢ b Thus, OM:§
Hence, the result. - =P

22. Given circle is 3

X +y?+2gx+2fp+c=0 = 2r:2—p:2x£a:i
Here, 04 = r, ZAOM = 60° 33723

Let x be the side of a square.

Now, Thus,
sin(60°)=A—Aj=AM S izza_z
(0) r 5 3
AM 3 2
TS = ==
r 2 3
2
= AM= ﬁr = x2=%
2 6 )

=  AB=24M =13 Area of the square = %
Hence, the area of an equilateral triangle is 25. Given circle is

G ¥y —12x+4y+30=0

=—3><(AB)2 = (-6’ +(¥+2°=36+4-30
4 2 2 2
i = (@-6’+(y+2’=(10)
= x3r? Any point on the circle is
33 P(6+\/E0059,—2+\/Esin9)
= TF ? Let d be the distance from the origin
. . ' Thus, d= OP
23. Given centre of the circle is (0, 0). d2=(6+ J10 cos 0) + (-2 + J10sin 0)
As we know that the centroid divides the median in the .
ratio 2 - 1 =50+ 4+/10(3 cos 6 — sin 6)
Circumradius = 2a =40+ 4.10(—3 cos 6 — L sin Gj
Hence, the equation of the circle is V1o J10
x* + )% = (2a)? =40 + 40(cos O cos a—sin Osin )

= P+ =dd =40 + 40(cos(0 + o))

=40 + 40, when cos(6+ &) = 1 =cos 0°
=80 and 6=—«
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Hence, the point is

=(6+Mcos0,—2+ﬂsin0)

=(6+\/ﬁ- ,—2+x/ﬁ-(—LD

3
Jio Jio

=(6+3,-2-1)
=,-3)

26.

27. The equation of any tangent through origin is
y=mx

If y = mx be a tangent to the given circle, then

Tm+1
\/m2+1
=  25m*+1)=(Tm+ 1)

=  25m>+25=46m>+ l4dm + 1
=  24m*—14m-24=0

Let its roots are m,, m,.

=5

So, product of the roots = —1
= my-my=-1
= ¢==
2
28. Given circle is
K+ -2x-4y=0
= (-1 +@-27°=5
Equation of any tangent passing through (4, 3) is
y=3=m(x-4)
= mx-y+3-4m)=0

If (ii) is a tangent of (i), then

- m—2+3—4m:\/§
m2+1
173m :\/5
\/m2+1
= 5m*+1)=(1-3m)
=  5m*+5=1-6m+9n?
= 4m’—6m—-4=0
= 2m’-3m-2=0

Let its roots are m,, m,.
So, product of the roots = —1
= m-my=-1

- ==
2

29. Given circle is
X+ —2x—4y=0
= @-1*+@y-2?*=5

.G

...(ii)

...()

The equation of any tangent passing through (0, 1) is

y=m(x-1)

30.

31.
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...(ii)

= mx-y-m=0
If (ii) is a tangent of (i), then

o |m=2om_ 5
\/m2+l

= —2 =5
m*+1

= m=——1=——
= m=¢
So, no real tangents can be drawn.

Thus, number of tangents = 0.
The equation of the tangent to the circle x> + y* = a

at (acosb, asin6) and {a cos (%+ 9), asin (%+ OH

2

are x cos O+ ysin 0=a
and xcos(%+0)+ysin(%+9):a

Let (h, k) be the point of intersection.
On solving, we get

2a(sin(’3’ ¥ ej —sin e)

NG

2a(cos(’3r + 9) — cos 9)
NG

Now, squaring and adding, we get

h=

and k=

ﬁ_{_ﬁ—l
4a®>  4a®
4a’

=  h+k’=

Hence, the locus of (4, k) is
4a®
2, .2
Xty =—o
Y73
The equation of tangent to the circle x> + y* = 4 at

(1L,4/3) is x+\3y=4
Y

B
P(1,43)
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Clearly, 4=(4,0), B=(0,4/3)
Thus, the area of the triangle OPA is

= %x4><\/§=2\/§sq.u.

Levee IV
1. (i) Here,AB=13 mand AC=5m
Y
X X

Let the co-ordinates of C be (Ecos 0, %sin 9)
It is given that AC =5
= AC*=25

2 2
= (Ecos 0- E) + (Esin 9) =25
2 2 2

238119

= cosf=—=——
338 159

2
119 120
1 9: l— — T —
= s (159) 169

= @=sin"! (@)
169

The co-ordinates of C and C” will become

119 60 119 60

—,— |and| —, ——

( 26 13) ( 26 13)
. 13

Thus, the co-ordinates of B are (—?, Oj

Hence, the equations of the pair of lines BC and BC”

are
+
_go X013 (13
(119 13) 2
7+7
26 2
15( 13
S
=7 36(x 2)
50 13
R
= 12(x 2)

= 24y=+502x + 13)

Coordinate Geometry Booster

(i1) Area of the sector OAC

1(13)2 . _l(uoj
=—|—| sin” | —
202 169

169 . _1(120j
=——sm | ——|sq.m.
169

1
Area of the triangle OAC = Erz sin

_l(Ejz (@)
2\ 2 169
=15sq.m.

Thus, the area of the smaller portion bounded by the
circle and the chord AC.

= Area of sector OAC — Area of AAOC

= @sin_l(@)—w sq. m.
8 169

. Here, the co-ordinates of the centres 4, B and C are

(0,0), (+/55,3) and (+/65, 4).

el :
N

. The equation of the radical axis is

Py +ax+2p+ 1)
—(x2+y2x+3y§j=0
2
= 5x—y+§=0

10x—2y+5=0 ...(0)

The equation of the co-axial circle is
3
(x2+y2—x+3y—z)+

A2 +y? +4x+2y+10)=0
, 5 (4A-1 2A+3 A-3/2
X +y + X+ y+ =0
A+1 A+1 A+1

...(i)
Thus, l 44 -1 ’l 24+3
20 A+1 ) 20 A+1

Clearly the centre lies on the radical axis.
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So 10(1(4’l "ID+ 2(1(2’“3D+5=0
20 A+1 20 A+1
= A=1
Put the value of A =1 in Eq. (ii), we get
4y’ + 42+ 6x+ 10y —1=0.

4. A circle passing through the point of intersection of
X*+y*+ax+by and Ax+By+C=0is
¥y +tax+by+c+ Adx+By+C)=0 ...>i)

and a circle passing through the point of intersection
¥ +y*+dx+by+c=0and
Ax+By+C'=0is
x2+y2+a’x+b’y+c’+l’(a’x+3'y+C’):O

...(i1)

Since the point of intersection lie on the circle, so,
atid=d + X4
bt AB=b+ AP

and ctAC=c +AXC

Eliminating A and A’, we get

A A a-a
= B B b-b'|=0
C C' c-c
B b-b’ A a-a A a-a
= A - +C =
C’ c-c’ C’ c-c B b-b

=  AB'(c—c)-AC'(b—-b")—BA (c-¢")
+BC'(a—a’)+CA'(b-b")-CB(a—a’)=0
= (a—a")BC'=CB)+((b-b")(CA — AC)
+(c—c")(AB"—BA")=0
5. The equation of the tangent to the given circle

(x+2)*+ (y+3)2=25at A(2, 0) is
4x—3y—8=0 (D)

Let m and m’ be the slopes of the lines AB and AC.
m—(4/3)
1+m-(4/3)
and tan (135°) = _m=@3)
L+ m”-(4/3)

On solving, we get

Thus, tan (45°) =

m==T7,m =—
7

Therefore, the equations of the lines 4B and AC are

3.55

y—O:7(x—2)andy—0:%(x—2)

= Tx+y=14andx—-Ty=2
Now, the centres of the circles lie on the lines AB and
AC at a distance of 5\/5 units.

Thus C;: x—2=y_—0=5\/§

7
52 52
(,y)=(1,7)
and CZ:X7;2=yT_0=5\/5
252
,)=0,1

Hence, the equations of the circles are
@-1*+@-77=9
or (x=7P+@-1?*=9
6. Let the centre of the circle be (4, k) such that k=4 — 1.
We have, (h —7)> + (k—3)* =32
= (h-TV+Hh-4>=32
= W=11h+28=0
= h=74andk=6,3
Hence, the equation of a circle can be
-7+ @-6y=3
and (x—4)7+(y-3)%=32
= xX*+)P-8x—6y+16=0
and x*+)?—8x—6y+16=0
7. Here, CM=CN

X 5 X
Y

- |4h =3k — 24| _|4h+3k - 42|

| Jle+9 | | J16+9 |
= (4h-3k-24)==(4h+ 3k - 42)
= k=3
Also, r=CM
= P2=CM?

2

N (h2)2+(k—8)2=(W)
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10.

4h+9—42)2

= (h2)2+(3—8)2=( 5

2
= (h—2)2+25:(4h33)
On solving we get,
h=2
Thus, the equation of the circle is
(x—2P2+(y-3)%=25
= xX*+)yP-2x—6y—-12=0

. Letx,, x, are the roots of x* + 2x —a” = 0.

Then x, + x, = -2, x,x, = —a°

Similarly, y, +y, =4, yy, = -b*

Hence, the equation of the circle is
(x=x)x=x)+—y)y—1,)=0
X = Fxpx Fxxy 37— () )y +y, =0
X+ —d+y?+4y—b1=0
x2+y2+2x+4y—(a2+b2)=0

Therefore, the centre of the circle = (-1, —2) and the

radius = \/az +b7+5 .

Equation of the tangent to the circle x> + y? = 5 at (1,
—2)isx—2y=>5.
Given circle is
X +y?—8x+6y+20=0
Centre = (4, —3) and radius = J5.
Let the point of contact be (4, k).
Thus, h—2k=5 ...(0)
and (h—4)7>+(k+3)*=5
= W+ -8h+6k=20=0
On solving Eqs (i) and (ii), we get
h=3,k=-1
Hence, the point of contact is (3, —1).
Given curve is y = x

...(i)

Y

N T
k)
o 1) P(2,4)
X- X
¥
d_y =2x
dx

11.

12.

13.
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The equation of the normal is
1
—-4=—(x-2
-4=—7(6-2)

= 4@y-4)=-x-2)

= x+4y=18

Let (A, k) be the centre of the circle.

Thus,h+4 k=18 ...(1)
Also, CP=CQ

= R+k-172=0h-2"+ k-4’
= 2k+t1=-4h+4-8k+16

= 4h+6k=19

On solving Eqgs (i) and (ii), we get

..

pe 16,9
5 10
Hence, the required centre is (%, %) .

Let the mid point be M(h, k).
Equation of the chord bisected at M is
T=5,
hx+hky—(x+h)—=3(p+k)y=h+k—2h-6k
which is passing through the origin. So,
—h—3k=h*+k —2h—6k
= W+ikP-h-3k=0
Hence, the locus of (%, k) is
¥ +yP—x-3y=0
The equation of a circle passing through the points of
intersection of x* +)? = 1
¥y —2x—4y+1=0is
P+ —2x—4y+ D+ A2 +y2-1)=0
= 1+ +A+Ap*—2x—4p+(1-1)=0
). s 2 4 -
zTT T oy T an Tary

..(0)

e [ 2
e = 0+ ) a4+ 4

2 2 2
J( T2 (1)
(1+l) (1+/l) (1+/1)

Equation (i) touching the straight line x + 2y = 0. So,
the length of perpendicular from the centre is equal to
the radius of a circle.

2 2 2
o o () (2] (52)
1+ A1) 1+ A1) 1+ A1) 1+A)

= (1-1*+5=5
= A=1
Hence, the equation of the circle is
¥+ —x-2y=0
As we know that the normal always passes through the
centre of the circle.
So, the equation of the circle is
(x-372+y*=6
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14 Let the equations of the two given circles are

15.

16.

17.

¥+ +2ex+g> =0

and > +y?+25+/2=0

whose centres lie on x and y axes.

Thus, the equation of the radical axis is
20x+ -2/ —f2=0

= 2ex-2H+g-1*=0

Equations of the normals of the circle are
x+2xy+3x+6y=0

= (@+2y)x+3)=0

= (x+2)=0,(x+3)=0

Thus, the centre of the circle is C;: (—3, 3) .

. . . 2
Given circle is

xx—4)+y(y-3)=0
= xX*+)P—4x-3y=0

Centre is C,: (2, %j and the radius is %

According to the questions, we get

CiG=r—-n,

= «/(—3—2)2+0=r—§
5 15
= r=54+—=—
2 2

Hence, the equation of the circle is

2 2
e

= x*+)y*P+6x-3y—45=0

Here A =(2,3), B=(6,3)and D= (2, 6)

Thus, the centre of the circle is (4, 9/2) and the radi-
us =5/2.

Hence, the equation of the circle is

5 9V 25
(x 4)+(y 2) 2
= xX*+)?—8x—9%+30=0
Let the centre be (4, k)
Thus, (h — 1> + (k—2)* = (h—5)* + (k- 2)?
=(h-5)+(k+2)
Now, (h—5)* + (k—2)>=(h—5)> + (k + 2)
(k—2)?=(k+2)
K—4k+4=1>+4k+4
8k=0
k=0

teu

18.

19.
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Also, (h— 17+ (k-2 =(h—5)*+ (k-2)
= (h-17>=(h-5)

= W-2h+1=H-10h+25

= 8h=24

= h=3.

Thus, the centre is (3, 0)

Hence, the radius of the circle is 2.

Let the co-ordinates of P be (0, k) and the centre of the
circle be C(h, k).

Now, CA = CB=CP
= (CA>=CB*=CP?
= -4+ k-3P=h-2+k-5>=h
Now,
(h—4P+ (k=3)*=(h-2)*+ (k- 5)

~8h— Gk =—4h+4— 10k
4h—4k+4=0
h—k+1=0 ..(0)

d (h=22+(k-1?=h
(h=2+(h—-4P>=n
W —4h+4+h —8h+16 =i
Ah+4+h -8h+16=0
W —12h+20=0
(h-2)=0,(h—10)=0
(h-2)=0,(h—10)=0
h=2,10

Thus,k=h+1=3,11

Hence, the point on y-axis is P (0, 3).

Thus, the equation of the circle is
(x=2+(-3)%=9

= xX—4x+4+)y’ —6y+9=9

= x>+ —dx—6y+4=0

Let the centre of the circle be C(#, k).

L -

Y
P(3,3)
y=x
. o X
X % 3)C7y=6
A(1, -3)
Y

Here, PA=210
Let Bbe(a,a).
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Thus, PB =210
= (a-3P+(a-3)*=40
= (a-3)*=20
=  (a-3)=+25
— a=3+2J5
= a=3- 2\/5
Hence, B=(3-2+/5,3-2/5).
20. The length of the line = the length of the tangent

=4+9+4+30+1
=48 =43

21. Let the centre be C(#, /)
Y

X
Y
Now, CM=h
4
‘ h+3h‘:6
5
= Th=30
= ]1:2
7

Hence, the equation of the circle is

- (223

, 60 900 , 60

= ——x+—+y " ——y=0
T T 7Y T

= x2+y2—@x—@y+ﬂ=0
7 7 49

= 4902 +1%) —420(x + y) + 900 = 0

22. Hence, the equation of the circle is

2 2
(x—%) +(y—k)2:(%—2) +k?

Y

C(9/2. k)

Ol 4, 6) 3(7, 0)

23.

24.
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25
4
= X+ -9x-2kp+14=0
Let P be (h, k)

= x2—9x+%+y2—2ky:

Here, PA = PB=PC
= PA*=PB*=PC?
= RW+EP+h-3=30P+K)-5h+3k
=4+ k) +8h+Tk+9
On solving, we get
h=0,k=-3.
So, the point P is (0, -3).
Let the centre of the new circle be (a, b).

We have,

%]’2_5‘ =J@a-62+(b+1)

=Jd*+(b+3)

On solving, we get

azz,bz—Z
2 2
52

and radius is r =——

Hence, the equation of the circle is

(-2 (-2

= X+ -Tx+Ty+12=0

Clearly, the locus of the mutually perpendicular tan-
gents to the circle is the director circle. So its equation
isx?+y?=18.
Thus, its centre is (0, 0) and the radius = 2.
Let the equation of the co-axial system be

¥+ +2gx+c=0

whose centre is (-g, 0) and the radius = /g? — ¢ .



Circle

25.

26.

Clearly, —g2+ 0 =2

= g= -2\2
Also, CC'=r,+r,

g=3V2+4g*-¢

=

=  2V2=3V2+,8-¢

= 52=/8-¢

= 8-c=50

= c¢c=-42

Hence, the equation of the co-axial circle is

4yt —2x-42=0.
Equation of the tangent to the circle x*> + »* = 5 at
(1,-2)isx—2y=5.
Given circle is
X +y?—8x+6y+20=0
Centre = (4, —3) and the radius = J5.
Let the point of contact be (4, k).
Thus, h—2 k=5 ...()
and (h—4)* + (k+3)*=5
= W+ -8h+6k+20=0
On solving Eqs (i) and (ii), we get
h=3k=-1
Hence, the point of contact is (3, —1).
Given curve is

.(ii)

Y
N T
\g k)
(0 P2, 4)
X 5 X
/|
y=x
= @ =2x
dx

d
Thus, m = (_y) =4
dx ) (2,4

The equation of the normal is

(r-4=-7-2)

27.

28.

29.
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= 4@p-4)=—(x-2)

= x+4y=18

Let (4, k) be the centre of the circle.

Thus,h +4 k=18 ()
Also, CP=CQ

= K+ k-1P>=h-2)>+ k-4
= 2k+t1=—4h+4-8k+16

= 4h+6k=19

On solving (i) and (ii), we get

..

pot8 5
5 10
Hence, the required centre is (—%, %) .

Given equation of normals are
¥ =3xy—3x+9=0

= x-3»)x-3)=0

= (x-3»)=0,(x-3)=0

As we know that the normal always passes through the

centre of a circle.

Thus, centre, C; = (3, 1)

Also, given circle is
¥+ —6x+6y+17=0

= @-3)P%+@+37’=1

So the centre C, =(3,-3)and r, = 1

Since the circle touches externally, so
CCy=r+r,

= 4=+l

= =3

Hence, the equation of the circle is
(x=3P%+(@-1*=9

= x>+ —6x-2y+1=0

Given lines are 2x —4y =9

and 2x—4y+Z=

9+%
Hence, the radius = —
ence, the radius Zm

A55)
55

Let the co-ordinates of the other end be (a, b).
Given that the centre of the given circle = (4, 2).
b+2
2
a=11,b=2
Hence, the other end be (11, 2).

Thus, a_—3 =

4, 2
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30.
P
D ; C
9
A5
Y M R
Let PM=p
. PM
Now, sm(60°)=—=£
PO a
p_ B3
a 2
3
= pZT(J

Here O is the centroid.
So the centroid divides the median in the ratio 2 : 1.

Thus, OM :?

Lok
3

2r=2—=2><£a 4

3 32 3

Let x be the side of a square.

2 2
a a
Thus, W +xl= (—) =—

3 3

2
a
Area of a square = o

31. Given circleis x*> +)? =3

and the lineisx +y=2

Now,
¥+Q2-x°=3
= X+xr¥-4dx+4=3
= 2%-4x+1=0
+
I S
4 V2
= x—l+L
V2 1 1
Also, y=2-x=2-1-—=1-—F
07 NP

Thus, the point of intersection is

[

Coordinate Geometry Booster

Hence, the equation of the line is

y= [ijz B- Zﬁ)x

V2 +1
32. Givencircleis x> +)? —6x—4y +4 =0
Y
P(h, k)
B
/ ‘
A
0 X
So, the centre is (3, 2) and the radius is 3.
Let P be (A, k)
Thus, 4% —3k=6 (D)
Let ZCPB=6
Then sin 0 = BC
3 .
= ...(1i1)
Jh=3) + (k- 2)°
From Egs (i) and (ii), we get
sin 6 = 3 ...(iii)

2
\/(h —3)2+(4h36 —2)

It is given that,

20 =tan"' (ﬁ)
7

= tan(20)= %

7
= 20)=—
cos (20) 55

= l—2sin2(9)=l
25

= 2sin2(9)zlfl:§
25 25

9
= sin?(8)=—
(0)=—2

= sin (0) =—
()5

From Eq. (iii), we get

3_ 3
5 2
\/(h—3)2+(4h_6—2)
3
2
= (h—3)2+(4h36—2) =25
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33.

34.

2
= (h—3)2+(4h312) =25

= 9(h—3)>+(4h—12)*=225
= 25A*-150n=0
= h=0,6
If 4 =0, then k= -2.
If h=6, then k= 6.
Hence, the points are (0, —2), (6, 6).
Here, C; =(5,0),r,=3,C,=(0,0),r,=r
It is given that two circles intersect.
Iry =1 <CiCy<r +ry
3-7r<5<3+r
B-r<55<3+r
S<@r-3)<5,r>2
2<r<8,r>2
2<r<8
Given circle is x> + y* = 8

Y

4
L
k)/ P(4,0)
B

Y

Let the point 4 be (4, k).

The equation of the tangent at 4 is Ax + ky = 8 which is
passing through P(4, 0).

So,4h=8 = h=2

Now PA = length of the tangent = 2\2

AT s

X

= P4*=38

= (h-4y +kK=8
= @Q2-4>*+kK=8
= K=8-4

= k=2

Hence, the point 4 is (2, 2).
Now, for the point B,

X=2_y=2_,

cos@ sinf
= x=2+4cosf,y=2+4sin6
Thus, the point B is (2 + 4 cos 6, 2 + 4 sin 6).
Since the point B lies on the circle x* +* = 8, so
(2+4cos 0>+ (2+4sin 6> =8
= 16cosO+16sinO+16=0
= cosBO+sinf+1=0
= cosBO+sinf=-1

1

Lcos 0+ Lsin 0=——+
V2 2 2

=

35.

36.

37.
38.
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( 7[) (37[)
= cos|O——|=cos| —
4 4

= 0=7ror—£
2

Hence, the point B be (-2, 2) or (2, -2).
Given circle is x> + y*> — 2rx — 2hy + B> =0
= (-rP+@-hP=~r.

So, the centre is (r, /) and radius is .

It is possible only when r = /.

Let the equation of the circle C be
¥y +2gx+ 2/ +c=0 ..(3)
Given circle is x> +1* = 1
= xX*+)yP-1=0 ...(i1)
Since two circles are orthogonal, so
20¢-0+f-0)=c—-1
= c=1
Also, the equation of radical axis is
2ex+2fy+c+1
= 2gx+t2f+1+1=0
= woxt+fpt1=0
It is given that the radical axis parallel to y-axis, so,
f=0,g€ R-{0}

1
Thus, x=—-—
g
Hence, the equation of the circle is

= xX*+)?+2gx+1=0

= X+’ +x+1=0

or xX*+)P—x+1=0

Ans.

Given circle is (x + r)> + (y — h)> = 12,

The equation of any tangent passing through origin is
y=mx.ie.mx—-y=0

As we know that the length of the perpendicular from

the centre of the circle to the tangent is equal to the

radius of a circle.

—rm—nh
N
(—rm = B = (rfm? +1)?
(rm+ h)* = r*(m* + 1)

Pm* + 2rmh + i = Pm* + 1
2rmh + h? = r?

=r

Thus,

=
=
=
=
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W22
= m=
2rh

Hence, the equation of the circle is

2 —n?

r ( 2rh ]x
=  (P-M)x-2rhy=0
= (R —-r)x+2rhy=0

39. Let the equation of the circle be

X +y*+2gx+2fy+c=0
Also (i) is orthogonal to

¥+ +4x—6y+9=0
Thus, 2(g18, T /i) =c1t ¢,
= 2g-2+f-(3)=c+9
= 4g-6f=c+9

x+ty=5
A
P(2,7)
Also, CP 1 PA
Thus, L %121
g-2
7+f_1
g-2
= T+f=g-2
= f=g-9
From Egs (i) and (ii), we get
4g—-6f=c+9

=  Af+9) -f=c+9
= 36-2f=c+9

= ¢=27-2f
Again, CP = Radius
—g;f;5 — e+ fi—c
I"+1

@+/+57 =2 +/*~¢)

Qf+ 1472 =2(9+ 1) +f2-(27-2/)
2(/+7)%=f*+ 18+ 81 — (27 -2f))
2(F+ 7)% = (2f? + 201+ 54)

(f+7) = (f*+ 10f+27)
£+ 14+ 49 = (F2 + 10f+ 27)
4f=27-49

2 11
/=%
11 7

Thus, g= f+9=9——=—=
us, g=f )

L R 2

...()

...(i)

. (ii)

.. (i)

40.

41.
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and ¢=27-2f=27+11=38
Hence, the equation of the circle is
¥ +y*+Tx— 11y +38=0.

Here, the centre = (2, %) and the radius = %

Therefore, the equation of the circle is

2
o33

4
Y

The equation of the tangent parallel to the diagonal is

4y -3x+k=0
Now, CM:E
2
4(3j—3.2+k
2
= AN SA—
5 2
25

= k=+—
2
Hence, the equations of the tangents are
25
4y -3xx—=0
4 2
= 8-6x+t25=0

Clearly, the centre of the circle is (—1, —%)

Given line is y =2x + 11
= 2x-y+11=0 ...(1)
The equation of CPis —x—2y+ k=0
= x+2y-k=0
which is passing through the centre C (—1, —%) S0,
-t
2
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42.

= k=——
2

Hence, the line CPis x+ 2y + % =0
= 2x+4+3=0
On solving Eqs (i) and (ii), we get

9

x=——,y=2
> y

Hence, the required point is (—%, 2) .

...(ii)

Given circle is x2 + y? + 4x =0
(x+2)+)y*=4
So, the centre is (-2, 0) and the radius is = 2.

The equation of the line joining the centres of the cir-
cles is

y+2=m(x-0)
y+2=«/§x,m=tan(60°)=\/§

Y

X X
Y
Here, let the centre C, be (4, k).
(G
2 2

= h=0,k=2V3

Therefore, C, = (h, k) = (0, 2/3)

Hence, the locus of the centre of the outer circle is
(x—0)2+(y—23)* =4
X2+’ =43y -8=0

The equation of the common tangent 7 is
—x—By+k=0

which is passing through P(-1, \/5).

So, k=2

Hence, the equation of the common tangent 7| is

X+ \/g y=2.
Clearly, the co-ordinates of Q and R are

(3-1,3-1) and (-3 -1,3+1)
Hence, the equation of the tangents 7, and T are
y=(WB-D=\Bx-3-1)]
and  y— (B -1)=Bx+{3+1)]

43.

44,

2.
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If R be the radius of the circumcircle

_ph+qgk-r

e ..(0)

Since TP and TQ are tangents to the circle x> + ? =

a*, so the circumcircle through 7 will pass through its

centre.

Thus, R = \h>+ k2

From Egs (i) and (ii), we get

phtagk—r _ [ 2
W h“+k

= (ph+gk—r)=p"+ ¢ )W + k)
Hence, the locus of (4, k) is

(px+qy—r)’=(p+ ¢+ )
Let S;:x*+)*-2x—6y+6=0

Sy X2 +12+2x—6y+6=0
and S;:x*+)*+dx+6y+6=0
Let the equation of the circle passing through the point
of intersection S, and S, is

S4: Sl +}.S2 = 0
= (X247 —2x—6y+6) + A(x*+ 1> +2x—6y+6) =0

2 2 [2A-2 —-61-6 6A+6
= x"+y°+ x+ yz+ =0
A+1 A+1 A+1

...()

so, R

...(ii)

Also, S, is orthogonal to S;.
Thus,2(g1&, T /if) = ¢t ¢,

24-2 —6A -6 61+ 6
= 2-2(m)+2-3(ﬁ]-6+(“1]

On solving, we get

+6A+8=0
= (A+2)(A+4)=0
= A=-2,-4

Put the values of A =-2, 4, we get
P +yP+6x—6y+6=0

or x2+y2+(1?0)x—6y+6=0

Integer Type Questions

. Clearly, C;C,=5

Here,r; =10,7,=5
Thus,C,C,=5=r—r,

So, the number of common tangents = 1
We have, 2(g12, + /i) = ¢ + ¢,

= 2(1.0+k-k)=k+6

= 2K-k-6=0
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= (k—-2)2k+3)=0
= k=2,-32
3. Let the equation of the circle be

X +y*+2gx+2fy+c=0

and (m, l) be a variable point lies on the circle

m
Thus, m2+%+2gm+£+020
m m
= m*+1+2gm*+2fm+cm*=0
=  m*+2gm’ +cem® +2fim+1=0
It has four roots, say m, m,, my and my,.
Thus, mmymsm, = 1
=  mmymymy+4=75
4. The equation of the common chord is
6x+14y+p+g=0
Here, the centre of the 1st circle (1, —4) lies on the com-

mon chord.
So, 6-56+p+q=0
ptqg=50

Hence, the value of (pl—t)q + 2) =7

5. Wehave, |r; —ry| <C,C, <7, +r,
r=3|<C/Cy<r+3
r=3|<5<r+3
S<(r-3)<5r+3>5
2<r<8,r>2

2<r<8

Clearly, n=2,m=8

tLsuu

Hence, the value of (m — n) is 6.
6. The equation of any line passing through P is

y—22=—(x+22)

= y=—
and the equation of the circle is
¥ +y?=16
Y
P(-2{2,2{2)

IS
>

Y

Clearly, AB =8
7. As we know that if the lines a;x + by + ¢, = 0 and
a,x + b,y + ¢, =0 cut the x and y axes in four concyclic
points, then
aya, = by b,

Coordinate Geometry Booster

= A 1=(1=2)
= A=2
8.
A(0, 6)
C(0, 2)
B(-2/3,0) B(213,0)

Clearly, radius = 4.
9. Given circle is

¥4y —dx—6p+A=0
=S (=24 (y-3)’=(13-1)

Clearly, /13— 1 =3
= 13-1=9
= A=4

10. Clearly, m;m, =1
= mm,+4=5
Previous Years’ JEE-Advanced Examinations

1. Given lines are 3x + Sy —1=0,
Q+c)x+5cky-1=0

On solving, we get

X y 1
= = =
—54+5¢2 —(Q2+0)+3 15¢*-5Q2+¢)
X _ y _ 1
5c2=1) —(c-1) 53Bc*-c-2)
(c*=1) —(c—=1)

G-t 56—
L= (c=Dc+)  —(c-1
C(c=DBc+2)"  5(c-DBc+2)
(c+1) 1
x= , y=-—
(Bc+2) 53¢ +2)
when c tends to 1, then

2 1
xX=—, = -
5777705

Now, radius,
2 2
(2= +[o+ )
5 25

_¢E+J__Jmm
25 625 N 625

Hence, the equation of the circle is

( 2)2 ( 1 )2 1601
x==| Hy+—| =—.
5 25) 625
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2. The equation of a circle passing through the point of
intersection of x*> + y? =6 and x*> + y* —6x + 8 =0 is
= (Z+)?—6)+ Ax*+)y?—6x +8)=0).
which is passing through (1, 1).

So, 2-6)+A10-6)=0

= A=1

Hence, the equation of the circle is
(+yP—6)+1-(P+y*—6x+8)=0

= 202+ -6x+2=0

= @+yH-3x+1=0

3. The equations of the tangents at B and D are

y="7and 3x—4y =20

Thus, the co-ordinates of C are (16, 7).

Hence, the area of the quadrilateral ABCD = 2(AABC)
= 2(% X AB % BC)
=AB - BC

= (5% BC)
=5x15
=755sq. u

P(4,3)

x+y=4

Clearly, CM=CN
|h+k—4] |h—k-2|
|

V2 [ 2
= (h+tk-4)=x(h-k-2)
= h=3k=1

Now, r=+/(3+4)>+ (1-3)> =/53

Hence, the equation of the circle is
(x=32+(@-17>=53
= xX+)yP—6x-2y-43=0
5. Ans. k=1
6. Given circle is
X+ —2x+4y—-20=0

2
= (w) +y2—2(¥)+4y—20=0

=  (By+10)>+ 16y -8By + 10) + 64y —320=0

11.

12.

3.65

= 92+ 60y + 100 + 16y* 24y — 80 + 64y —320=0
= 25+ 100y-300=0

= Y +4y-12=0

= (+6)(r-2)=0

= y=2,-6

when y =2, -6, then x =4, -2
Hence, the points of intersection are (4, 2), (-2, —6)
Equation of any circle passing through the point of in-
tersection of the given circles is
x* + 2% +4x — Ty —25) +A(x* +)? + 13x = 3y) =0
which is passing through the point (1, 1).
= 24+12A4=0
= A=2
Hence, the equation of the circle is

(2x% + 27 + 4x — Ty — 25)

+2(x* +)? +13x-3y)=0

= 4% +47+30x—13y-25=0
Ans. (b)
Do yourself

. Equation of the chord bisected at M is

ax+by:a2+b2

P(h, k) AN M(a,b) /B
which is passing through P(, k).
So, ah+bk=ad"+b*
Hence, the locus of M(a, b)
hx + ky = x> + y*
Let AB be a chord of the circle.
Draw a perpendicular from the centre O to the chord
AB at M. Then AM = BM.
Now, ZAOM = 45°

oM OM
= cos45°=—=——
OA 2
oM 1 AW B
= ==
2 2
= OM=2
= RW+iP=2
Hence, the locus of M(h, k) is
x2+y2=2

Given equation is x> = 2ax — b*=0

Let its roots are x; and x,.

Thus, x, +x, = 2a, X, - x, = —b*

Similarly, y; + y, ==2p, y; -y, =—¢°

Hence, the equation of the circle is

(x=x)x=x)t =y —1)=0

X = Fx)x txxy TR — (1 )y vy, =0
P +2ax—b+y +2py—¢* =0

x>+ 2+ 2ax + 2py — (B*+ g% =0

L
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13. Diameter = Distance between two parallel lines

| B

.. 3
Hence, the radius is 7

14. Equation of the chord bisected at M(h, k) is T= S,

X+ vy — (x +x) =X+ -2
= Ix+ky—(x+h)=h+k-2h
which is passing through origin.

So, 0+0-0—h=#r+k-2h
= RW+kE-h=0
Hence, the locus of M(#, k) is

X +y?—x=0.

7D(4, 5)

Here, C=(2, 1) and r=
... Area of quadrilateral ACBD =2(AACD)

15.

= 2><l><4><2
2

=8sq. u.
16. The equation of the line of intersection is

2
(x2+y2—§x+4y—3)
= —(?+yP+6x+2y—15)=0

= —(§+6)x+(4—2)y+12=0
= —23—Ox+2y+12:0

1
= —?Ox+y+6=O

~10x+3y+18=0
10x—3y— 18 =0.

iy
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17. Let the co-ordinates of M be (k, k).

M h,k\

A(0, 3)
Clearly, B is the mid-point of AM.

27 2
Since B lies on x> + 4x + (y — 3)* = 0. So

2 2
(ﬁ) O . Y
2 2 2
= +8h+(k-3)=0
Hence, the locus of M(h, k) is
X H+8x+(y-37%=0
18. Since the lines 5x + 12y = 10 and 5x — 12y = 40 touch
the circle C), its centre lies on one of the angle bisec-
tors of the given lines.
[5x+12y —10| [5x =12y — 40|
| J25+144 | | J25+144 |

S5x—12p ¥ 40

+12y=10

AWB
= |Sx+12y—10]=|5x— 12y — 40|
= (5x+ 12y —10) =+(5x — 12y — 40)
= x=5andy=-5/4

Since the centre lies on the first quadrant, let its co-
ordinates be (5, k).

We have CM =3
5.5+12k-10
= —_—| =
25+ 144
15+12k‘
= =3
13
= (15+12k)=439
I
2

Thus, k=2 and r=+/3"+4% =5

Hence, the equation of the circle is
=57 +@-27=

= X+ -10x—4dy+4=0
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19.

20.

Y
O IS, k)
s
X'§/ 5 S X
L,=0 Li=0
Y

Given circle is
K+ —dx—dy+4=0
= (x-2P+@r-27=4

B(0, b)

0 A(a, 0)

LetAB: S 4+2 =1
a b

Now, CM=2

[since the origin and (2, 2) lie on the same side of the
line AB]

ab
Here, circumcentre = M = (—, —)
2°2
Therefore the locus of the circumcentre is
1 1 1
= —4—=1==-2 — + —
x y 4x° 4y
1 1 1 1
= —4+——1=- — + —
Xy x° oy

= x+y—xy+\/x2+y2=0

Thus, the value of kis 1.

21. The equation of the chord of contact is
4x+3y=9
.. Length of the tangent PQ = PR

= J16+9-9=4
Now, o= 1625 212
ow. 9 25 5
0
P(4,3) M
R
Hence, the area of the triangle POR
=2(APOM)
zlexng
2 5 5
_12
25

22.

Here, AB=2. So, AM=1

In AACM, sin(%) A2

23.

C1

Clearly, 0O’ =

25-16=3

L 3
It is given that, tan 6 = 2

sin@ cos@ 1
3 4 5

3.67

Let the co-ordinates of the centre O” = (x, y) of the cir-

cle C,.
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24.

25.

26.

The equation of a circle be
X +y*+2gx+2f+c=0 ...(1)
which passes through (a, b). So

A+ +2ga+2b+c=0 ...(ii)
Also (i) is orthogonal to x*> + y* = &*. So
20g-0+f0)=c—k
= c=k ...(iii)

From Egs (ii) and (iii), we get
@+ b +2ga+2fb+k=0
= A+ -2-ga-2-Hb+kK=0
Hence, the locus of the centre (—g, —f) is
a@+b*—2xa-2yb+ k=0
=  2ax-2by—(*+ B +I)=0
Given circle is (x + 7)> + (y — h)> = 1?
Equation of any tangent passing through origin is
y=mx=>mx—-y=0
As we know that the length of the perpendicular from
the centre of the circle to the tangent is equal to the
radius of a circle.
—rm—h

\1m2+1
= (=rm—h)=(rym*+1)?

=  (rm+h?=rm+1)
= Pmt 4 2rmh+ B = rPm? +
= 2rmh+h =7
rt—h?
2rh
Hence, the equation of the circle is

_[rz_hzjx
Y 2rh

= (FP-I)x-2ry=0

=  (FP-xDx+2rhy=0

Let PQ be the chord of the given circle which subtends
a right angle at the origin O and M(h, k) be the foot of
the perpendicular from O on this chord PQ.

P

Thus,

=r

= m=

0] M(h, k)

27.

28.

29

Coordinate Geometry Booster
Equation of PQ is
h
—k=——=(x-h
y AL

= Ixthky=n+kK
hx + ky _1
n+ K
The equation of the pair of lines joining the point of
intersection of (i) with S=10is

y hx + ky hx+ky )
+y +2gx+2 + =0
X+ yi (28 ﬁ/)[h2+k2 Ve (i)
.1

...()

As the line (ii) are at right angles, so

2 2
1+1+ 2g§'+2§7{ +c(h2+k2)2=0
h"+k (h™+ k)

= (h2+k2)+gh+ﬂc+§=0
Hence, the locus of M(h, k) is
= (x2+y2)+gx+ﬁ/+%=0

Given two circles intersect. We have
Iry =1 <C,Cy<r +r,

= |r=3/<5<r+3

= |r=3]<55<r+3

= S5<(r-3)<5r>2
= 2<r<8§,r>2

= 2<r<8

Let » be the radius of the circle.
So, m?=154

= %Xr2=154

= P=7x7
= r=7
Now, the centre of the circle is the point of intersection
of 2x —3y=5and 3x -4y ="7. So
c=(,-1)
Hence, the equation of the circle is
- 1P+ + 1P =7
= xX+yP-2x+2y-47=0
Let the equation of the circle be
¥+ H2gx + 2 +c=0

1 . . .
Let (m, —j be an arbitrary point on the circle.

m
1 2

= m2+—2+2gm+l+c=0

m m

= m*+1+2gm’ +2fim+cm*=0
=  m?+2gm’ +cem® +2fim+1=0
Let m,, m,, m;, m, be the roots.

Thus, ml~m2~m3-m4=T=l.



Circle

30. Given circle is x> +y? — 6x + 2y =0
Centre is (3, —1).
Clearly, the centre (3, —1) satisfies the equation of the
diameter x + 3y =0.

31.
Y

e
1

Y

The equation of tangent to the circle x> + y* = 4 at

(1,+/3) is
x+\/§y=4

The equation of normal to the circle x*> + y* = 4 at

(1,+/3) is
y=~3x

Thus, area of the triangle OPA

=%><0A><PM

=%><4><\/§

= 2\/5 sq. u.

32. Let C(h, k) be the centre and » be the radius of the given
circle.

Y

QK-

h—k
2
Given OP =42, OR =62

So, OM=MR=32

Thus, =r ...(1)

Clearly, CM = OP =42
h+k

5 =42 ..(i)

33.
34.

3.69

Also, 7=+CM2+ (34/2)?
= r=4CM*+18

= #=CM +18

2
= r2=—(h+k) +18

2
Y Ay
& 2k) _( 2k) 18
(h—k)? (h+k)* 18
= — =
2 2
= 2hk=18
= hk=-9 ...(iii)
From Eq. (ii), we get
h+k=28
= h—2:8
h

= M-81-9=0

= G"h-9h+1)=0

= h=-1,9

and k=9,-1

Hence, the equation of the circle is
x+17°+@-9)*>=50

or
(x=97°+ @+ 1)?>=50

Ans. %x % sq. units

4x+3y=10

The equation of the line where both the centres lie is
3x — 4y + k= 0 which is passing through the point.
Thus, k=5

Hence, the required line is 3x —4y +5=0

Clearly, tan 0 :%

sin@ cosf@ 1

3 4 5
Therefore, the co-ordinates of C; and C, can be ob-
tained from

x—1 y—2=i5

= T3 T3

5 5
= x=1x4,y=2=%3
= x=5-3;y=5,-1
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35.

36.

Therefore, the equations of the required circles are
(x—=5?2+@-572=25

or
(x+3P%+@+1)7%=25

Here, A, B, C and D are concyclics.

D(0, 1)

Thus, O4.0C = OB.OD
S R
A2

= A=2

Consider three circles with centres at 4, B and C with
radii r, r,, r3 respectively, which touch each other ex-
ternally at P, O, R.

&

Let the common tangents at P, O, R meet each other at
0

Then OP=0Q=QR=4
Also, OP 1. AB, 0Q 1 AC, OR L BC
Here, O is the incentre of the triangle ABC.
For AABC,
o itn)+(54n)+(+n)
2

(r+r+r)nnr

=n+nr+rn
and A=

. A
Now, from the relation » =—, we get
s

i+ n+r)nery _4

n+r+n
By
— ,_JLL_=4
nt+ntn
BT 16
= 123 _16=—
n+n+tn 1

= (nrry):(rtrytry)=16:1

37.

38.

Coordinate Geometry Booster

Given circle is
2x(x—a) +y(2y—5b)=0
Y

P(a, b/2)

O)W) X

= 2% -2ax+2)°—by=0

= 2°+2y°-2ax-by=0

The equation of the chord bisected at Mis T= S,
y+%j
2

= 2X12 + 2y12 — 2ax, — by,

= 2xx1+2yy1—a(x+x1)—b(

= Zx‘c+0—a(x+c)—b(yT+0)
=2 +0-2ac—-0

= 4ex + 2ax —2ac — by = 4¢* — dac

which is passing through P(a, b/2). So

2
4ca —2a* - 2ac —b?= 4¢% - 4ac

= 8ca-4a*—4ac - b* = 18c¢* - 8ac
= 8- 12ac+ (4d* +b?) =0

Now, D> 0

= 144d> - 32(4a* + b >0

= 942-24a*+b*)>0

= 9a*+8a*-2b*>0

=  a*>2b

Clearly, OC = 04
= 0Cr'=c4?

= W+ =h-17>+k
= W+ =hr-2h+1+k
= 2h+1=0
= h:l

2
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39.

40.

Also, C,C, = |r; — 1y

=  0C=3-\+k
= R +k =3-n+ K
N

. 9

R+k*==
4
= 22 e 2 1,
4 4 4
= k=2

Hence, the centre is (%, 2 ) .

Given circle is
X+ —6x—6y+14=0
= (@x-372+(y-3)’=4
Y

We have,
CiCy=r +r,

= -3+ (k-3 =h+2
=  (h=3P+k-3)>=(h+2)?
= K -6h+9+k—6k+9=h*+4h+4
= K -10h-6k+14=0
Hence, the locus of (4, k) is
Y —10x—6y+14=0
The equation of any circle passing through 4(3, 7) and
B(6,5) s

x y 1
(x=3)x-60)+(y-T(y-5+4A3 7 1=0
6 5 1

= Sx-3)x-6)+t-Nr-5+A2x+3y-27)=0

= 8:x2+)?P—9x— 12y + 53+ A(2x + 3y —27) =0
...(1)

The equation of the common chord of (i)

and Sy x*+)*—4x—-6y-3=0

is  §-5,=0.

= Sx=6y+56+ik2x+3y-27)=0

...(i)

= Sx-6y+56=0,2x+3y-27=0

23

"3

Hence, the co-ordinates of the point is (2, ?)

= x=2,y

41. Given circles are
¥4y —4x-2y+4=0
= (-2 +@-172=1
and (x—6)*=(y—4)=4%
= (x-6P+(y-4)7>=4
Here, C;=(2,1),r,=3;C,=(6,4),r,=4

Now, C,C,=+/(6—2)*+(4—1)> =5

=rytr

M
V1Y 4

Therefore, D — (4.2+1.6 4.1+1.4j:(%’§)

N
1
)\
\
\
\
\
\
\

b

4+1 4+1
and P 4.2—1.6’4.1—1.4 _ 2’0
4-1 4-1 3

The equations of the tangent through P is

= y—O=m(x—§)

= 3y=m(Bx-2)
= 3mx-3y-2m=0

Now, C,M =1

L [pmaosi-om)
J9m>+9

- | Am-3
3«1m2+1

=  (4m-37?=9m?+1)
= 16m*-24m+9=9m>+9
=  Tm*-24m=0
= m(Tm-24)=0
= m=0,(Tm-24)=0
24
= m=0,m=—
7

Hence, the equations of tangents are
24
y=0and y=7(x—3)

= y=0and24x-Ty-72=0
42. Given circle is
A+ 47— 12x+4y+1=0
¥ +y?-3x+y+(1/4)=0
¥+ —3x+y+(1/4)=0

3.71
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43.

44,

Thus, C: é)—l L F= 2+l_l:3
22 4 4 4 2
In AACM,
cos(60°)=C—M
AC
cM 1
= —_— =
32 2
= oMoy BEN
9 AB
= M*==
16

- (-3t
2 2 16

Hence, the locus of M(#, k) is
(x_z)2+(y_1)2_z
2 2 16

Here, C,=(5,0),r,=3,C,=(0,0),r,=r
It is given that two circles intersect.

So, [|r—r|<CCy<r +r,
= 3-r<5<3+r
= 3-r<55<3+r
= S5<(r-3)<5r>2
= 2<r<g§,r>2
= 2<r<8
Let PM=p
P
Dy C
9
A i B
0 M R
. PM
Now, sin (60°)=——=2£
PO a
S 2.V
a 2
3
= pZT(Z

Here O is the centroid.
So the centroid divides the median in the ratio 2 : 1.

Thus, OM = §

p
3

= 2]"=2—=
3

= r=

(N3 _a
2 B

W o

45.

Coordinate Geometry Booster

Let x be the side of a square.

2 2
a a
Thus, x4 xt= (—) =—

NE) 3

2
a

= ==
3
2

a
= x2:—
6
2

Area of a square = %

Given circle is
x?+)?+4x—6y+9sin® a+13 cos’ =0
(x+2%+(y-3)P2=4-4cos’
(x+2)*+ (y—3)* = (2 sin a)?
(x+2)*+ (y—3)* = (2 sin a)?

Let the P be (4, k).

P(h, k)

We have
. AC
sino=——
PC
. 2sin o
= sino=

J+22+ (k- 3)
= (h+2P2+(k-3)=4
= W+E+4h-6k+9=0
Hence, the locus of (%, k) is

¥ +y?+4x—6y+9=0

46. Let r be the radius of a circle, then AC =2r

Since, AC is the diameter ZABC = 90°
In AABC, BC =2r sin 8, AB=2r cos
BD = AB tan a=2r cos Btan
AD = AB sec = 2r cos P sec o
DC=BC—-BD=2rsin B—2rcos Btan &
Since E is the mid-point of DC , so

DE:DTC:rsinB—rcothana
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47.

48.

Now, in AADC , AE is the median
2(AE* + DE*)= AD* + AC?
2(d* + r*(sin B — cos f tan ar)?)
=417 cos’ B sec’ar + 4r?
5 d* cos’a

=
cos’at + cos® B + 2 cos o cos B cos(B — o)

Hence, the area of a circle = pr?
nd* cos*o
cos’ar + cos’ B + 2 cos o cos B cos (B — o)
l+av2 1- aﬁ)
2 72
Given circle is 2(x* + y*) — 2px — 2y =0

Let (p, q) = (

The equation of the chord bisected at M is

2(hx — hy) = p(x + h) — q(y — h)

=2(h*+ h?) — 2ph + 2qh

which is passing through A(p, g).
= 2(hp—hq)-pp+h)—q(q—h)=4n* - 2ph+2qh
= 3hp-3hg-p*—q*—4h*=0
= 4P +3(@-ph+@P*+¢H=0
Since chords are distinct, so

D>0

(a+2)(a-2)>0
a<-2,a>2
Thus,a € (=0, 2) U (2, o)
The equation of any circle passing through the point of
intersection of x* +1? — 2x=0and y = x is
XY =2+ AUx—y)=0
= X+ +A-2x-y=0

. (2—1 /IJ
Its centre 1s 2 ,—

= 9g-p)’-16(p>+4°)>0
= 9(-av2)*-8(1+24%)>0
= 1842 -164°-8>0

= 2d°-8>0

= a*-4>0

=

—Y

2
The centre lies on y = x
So, ﬂ — i
2 2
= Ai=1

49.

50.

51.
52.

3.73

Hence, the required equation of the circle is
¥+ -2+ (x—-y)=0

= ¥+ -x-y=0

Given C is the circle with centre at (0, V2 )

and radius r (say)

Then x2 + (y- JE)Z =2

(=2 ==
=V =2y -2
y:ﬁi«/rz—xz

The only rational value of y is 0

Suppose the possible value of x for which y is 0 is x;.
Certainly, y —x, will also give the value of y as 0. Thus,
atmost there are two rational points which satisfy the
equation of the circle.

Let the point P be (4, k).

Thus, >~ 2 _Y~9 _, 6
cosf sinf
= x=p+trcosf y=qg+rsinf
The point P lies on the curve.
So, a(p +rcos 0)* + b(g + r sin 6)*
+2h(p+rcosqg)g+rsing)=1
= (a*cos® O+ 2h cos Osin O+ b? sin® 6) 12
+2[p(a cos 8+ hsin 6) r + g(h cos g + b sin 6)]r
+ap*+2hpg+ b —1=0 ...(i1)
Let PO =r, and PR=r,.
Also, let r| and r, are the roots of Eq. (ii)
2(ap* + 2hpg + bg* - 1)
(a+b)+ 2hsin 20 + (a — b) cos 26

Since the product of PO and PR is the independent of 6
so,h=0,a=band a#0.
So the given product becomes

Thus, nr,=

Pt yt=—

which represents a circle.

Any point on the line 2x + y = 4 can be considered as
P(a, 4 —2a).
The equation of the chord of contact of the tangent to
the circle x* + y? = 1 from P is

xxp+yy—1=0
= ax+@-2ay-1=0
= ax-2»)+@y-1)=0

= (x—2y)+l(4y—l)=0
a

1
= x-2)+A@y-1D)=0,A=—
a
Thus,x—2y=0,4y-1=0
1 1

= x=—,y=—.
2V,

11
Hence, the required point is (E’ Zj
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53. Since two vertices of an equilateral triangle are

54.

55.

B(-1, 0) and C(1, 0).

So, the third vertex must lie on the y-axis.
Let the third vertex be 4(0, b)

Now, AB=BC=CA

= AB*=BC*=AC

= 1+bp=4=1+p

= b=4-1

= b= \/§

Thus, the third vertex is 4 = (0,/3).

As we know that in case of an equilateral triangle,

1
Circumcentre = Centroid = (0, ﬁj

Hence, the equation of the circumcircle is

2
(x0)2+(y—%j =(1—0)2+(0—

. xz+(y_L]2:i

3)3
Given circles are x* +)° = 4
and x*+3?—6x—8y—24=0
Here C,=(0,0),r,=2;C,=(3,4),r,=7
Now, C,C,=5=r,—r
So, two circles touch each other internally.
Thus, the number of common tangents = 1
Let P(h, k) be on C,
So, K+ =41

w P(h, k)
<

&)

Chord of contact of P w.r.t C, is hx + ky =
It intersects C, x> +* = a* in 4 and B.
Eliminating y, we get,

P 2
x2+(l" —hx) =I"2
k

W+ k)2 =2rhx + 2 (P = k*) =0

42Xt = 27 e + P2 (P - k%) =0

h k
Thus, x;+x,=—, y;+ y,=—
TR NTr 5
Let (x, y) be the centroid of APAB
Thus, 3x=x1+x2+h=g+h=%

7)

()

56.

57.

58.

Coordinate Geometry Booster

h=2x
Similarly, £ =2y
Putting in (i), we get,
4x? + 4y = 47
x>+ y2 =2
Hence, the locus is x* + y? = #*
Here Ayd; =1
1+ 17— 4,45

= cos(120°) = 211

2,12 2
o L A=A

2 2
= Ayd3=3
= Ayd,=3

Similarly, 4,4,=+/3
Hence, the value of
Ay A, Ay Ay Ay A,

B, q)

A

The equation of the chord bisected at M(, 0) is

X+Xx y+J’1)
xx, + yy, — -
R s s

=+ — px—qn

x+h y+0)
hx+0- -
= oS5l

=P+0-ph—0
= 2hx—px—ph—qy=2h—2ph
= 2hx—px—qyv=2h2—-ph
= 2 —2hx—ph+(px+qy)=0
which is passing through (p, q)
So, 2W*—2ph—ph+@P*+4¢°)=0
= 2 -3ph+@P*+¢H=0
Clearly, D> 0
= 9P*-8@p*+¢H>0
= pP-84>0
= p?>84
The given circle is x* + % = * (1)
Centre is (0, 0) and radius = 1
Let T, and 7, be the tangents drawn from (-2, 0) to the
circle (i)



Let m be the slope of the tangent, then the equations of
tangents are
y—0=m(x+2)

mx—y+2m=0 ...(i1)
A Ty
M
L
7 C\ 0 [ >x
(2,0 (h, 0)
Y I,
Clearly, |-2"|=1
w/mz +1
m=t—

1
NE]
Thus, the two tangents are
Ti:x+ \/gy =2
T):x— «/gy =2

Now any other circle touching (i) and 77, 7, is such that
its centre lies on x-axis
Let (A, 0) be the centre of such circle
Thus, OC, =04 + AC,

|h=1+|4C,]
But AC, = Perpendicular distance from (#, 0) to the
tangents

|h|:1+h+2
2
+2
1=
2
2
h2_2m|+1:ﬁ_iﬂﬁiﬂ
Y
3
Hence, the centres of the circles are
4
— 0 > 47 0
(5.0} w0
Radius of the circle with centre (4, 0) is 4 — 1 =3 and the
radius of the circle with centre (—%, 0) is %— 1 zé
Thus, two possible circles are
(x—4)*+)*=9 ...(1i1)
2
4 » 1 .
and |[x+—| +y'=— (v
( 3) Y7y 8

Since (i) and (iii) are two touching circles, so they have
three common tangents 7;, 7, and x = 1

Similarly, common tangents of (i) and (iv) are T}, T,
and x =-1

59.

60.

3.75

For the circles (iii) and (iv), there will be four com-
mon tangents of which 2 are direct and another two are
transverse common tangents.
In two triangles, AC\ XN, AC,YN

CN 3

C,N 1/3

Thus, N divides C,C, in the ratio 9:1

Clearly, N lies on x-axis

(4

Any line through Nis y = m(x + %)
Smx—5y+4m=0

If is is tangent to the circle (iii), then

20m + 4m

~[2m2+ 25m

met—

=3

2

Hence, the required tangents are

y—+i(x+ij
T3 s

Let zy=0Q=3+4i
Thenz,=R=iz=i(3+4i)=3i—4
=—4+3i
=(4,3)

Thus, ZOOR = %
/9
Clearly, ZQPR = e

The given circles are orthogonal. So,
2@t =cta

= 2(1.0+kk)=k+6
= 2i®=k+6
= 2l°-k-6=0
= 22—4k+3k-6=0
= 2k(k-2)+3(k-2)=0
=  (k-2)2k+3)=0
= (k-2)=0,2k+3)=0
= k=2,—3

2
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61.

62.
63.

Let A=(r,0),B=(0,r)
and P =(rcos 6, rsin 6).

We have # =§(r+rcos 9),k=%(r+rsin 0)

r 2 r 2 1’2
(h - —) + (k — —) =—(cos’0 + sin’6)
3 3 9

Hence, the locus of G(#, k) is

2 2 2
(5045
3 3 9

which represents a circle.
Ans. 04=9+310

Let ZSPR=06
S
0o
X
6 o)
P r r R

Then ZORP = (% - 9), ZPOR=6

In APOR, tan (g - 9) LY

PR
= cot0=Q ...(0)
RS RS
Also, in APRS, tan 0 = —=— ...(10)
PR 2r
From Egs (i) and (ii), we get
PO RS _,
2r 2r

= 47°=PQ-RS

= 2r=\[PO-RS

64.

65.

66.

Coordinate Geometry Booster

"2\ O(a, b)
[ ]

Let C, be the circle with centre R(0, 0) and radius 7.
Thus, its equation is x* + y* = 2.

Let Cybe (x—a)® + (v — b)* =12

and Cbe (x — h)> + (v — k)* = r,>.

Itis given that PR=r—r and QR=r+r,

JP+ K =r—rand J(h—a)’+ (k—b)* =1+,
Adding, we get
P+ K2+ (h—a) + (k=b) =r+n
Thus, the locus of P(h, k) is
x2+y2 +\/()cfa)2+(y—b)2 =r+r

which represents an ellipse with foci at R(0, 0) and
O(a, b) and the length of the major axis is 7 + 7.
Clearly, the point Q is (0, 3).

671 00.3)

Y

Now, the length of the tangent PQ from Q to the circle
¥y +6x+6y=21is
PO=,04+94+0+18-2=5

Given common tangent is
y=mx—b\/1+m2
= mx—-y-b 1+m? =0

Now, the length of the perpendicular from the 2nd cir-
cle is equal to the radius of the circle.

am — byJ1+ m?
«1m2+1

= am—b\/l+m2=b\/m2+1

= =b

= am = 2by|1 + m?



Circle

67.

= am*=4b*(1 +m?)
= d'm’ =4+ 4b°m’
= (@4 m’ =4’
oo A
(@ - 4bP)
Y B
(a* - 4b%)
2b
= m=-—fF——-——-
(a* - 4b%)

Given circle is x> + y* = ?

P(6, 8)

We have OP = \/624— 82 =10

BM=1rcos 6, OM=rsin 6

where 0< 6 < %
Also, sin 0 = r
0

If 4 denotes the area of the triangle PAB, then
A =2ar (APBM)

=2x%xPM><BM

=PMxBM

(OP - OM) - BM
=(10—rsin 6) - r cos 6

=(10-10 sin 6 - sin 6)(10 sin 6 - cos 6)
=100 sin @ cos’ 0

= % =100 cos 6 cos’0 — 300 sin’6 cos>60

1 1
=300 00549(— —tan 0 || ——=+tan O
3 j(ﬁ )

For maxima and minima, Z—‘; =( gives

1
——tan6=0
NE)
= 9=£
6
T
>0:0<0<—
Thus,%z 6
<O:£<9<£
6 2

Therefore A4 is

r= 10.sin(£) =5
6

maximum, when 6= and

Nk
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68. From Figure (i),
L=n .%.(OAl) -(O4;) sin (2—”)
n

T (27:)
=—sin| —
2 n

From figure (ii)
BB, =2(B,L)

—2(OL) tan (1)
n

=2~1~tan(£)
n
:2tan(£)

n

Thus, O, = n(%(Ble)(OL)) = n tan (5)
n

1, _(n/2)sin (20)

Now,
0, n tan 60
2t 1
where 6 _r_ an29 . =cos’ 0
n (1+tan“g) 2tan 8
1 2
=—(2cos"0
2( )
—l(l + cos 20)
2

Al
-2

69. Givenx*—8x+12=0and)*+ 14y +45=0
= (@x-2)x-6)=0and(y-5)(¥-9)=0
= x=2,x=6andy=5,y=9

y=9

7
N/

A4Q2,5) y=5

C(6,9)

x=6

2+6 5+9

Hence, the centre is ( 2

)=(4,7)

70. The equation of a circle C is
(x=2P2+@-17%=4 ...(0)
Given circle is
¥+ —2x—6y+6=0
The equation of the common chord is
2x+4dy+5-r-6=0
which is a diameter of the circle (ii).

...(i)
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71.

72.

Thus,—2.1+43+5-1”-6=0

= 9-/2=0
= r=3
. zZ—0
Given Py =k
z—of _ >
|z - B
- z-a)z-a) .,
(z-B)Ez-B)
= (-a)E-a)=k(z-B)z-P)
= |Zf-az-@z+laf =k (2 - Bz - Bz +|B)
= (-K) |- (a- Pz - (@- Bk*)z
+ (o = k|B*)=0
2 - 7.2
o @mEB . @B,
(1-k%) (1-k%)
L o= k1B?) _
1=k
2
Thus, the centre of a circle is = w.
(1-k%)

and its radius

_ e-#p| (ler-kB
| (k%) | (1-k%)

_N@=p)\(@-KB)) (lof kBB
AL a=-) L a-#Y (1-k2)

_ _ k(e -p)
-k
0(z7) P +id3)
(z1)
Z
(1, 0)
R(z3) S(z4)

Since the centre of a square coincides with the centre of
a circle, so
Zi+ z
1 3 =1
= ztzz=2
=  z;=2-7=2-Q2+i3)=-i\3

b4
Here, £zzyz,=—
2

73.

74.

Coordinate Geometry Booster

By the rotation theorem,

Zy=2Zy ) _|[ 22— 29 ¢
Zl_ZO Zl_ZO
(29 —zp) = i(z; — 2)

zy =zt i(z) —2p)
Z,=1+iQ2+iB3-1)=1+i-3
z=(1-3)+i

Also, z4=2—-2,=2—(1-3)+i

= z,=(1+B)-i

The equation of the family of circle is

=1+ @+ 1)+ A2x+3y+1)=0

XY -2 +2p+2+A2x+3y+1)=0

P+ +2A-Dx+@BA+2)y+(A+2)=0 ..»)
The equation (i) is orthogonal to the circle

x(x+2)+ @+ 1DH(y-3)=0
¥ H+yP+2x-2y-3=0

in/2 =i

LU

Therefore,

2[(,1—1)-1+ (M; 2)‘(—1)}/1—
= 24-2-3A-2=1-1
= l=—%

Hence, the equation of the circle is
(x—1)2+(y+1)zf%(2x+3y+1)20

= 207 +))-dx+4y+4-6x-99-3=0

= 20+y)-10x—5p+1=0

Let 4, B, C be the centres of the 3- given circles.

Clearly P is the incentre of the AABC.
A \/s(s —a)(s —b)(s —c¢)

N N

Thus, r =

- rz\/(s—a)(s—b)(s—c)

N

543

\/g since s =12
12
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75.

76.

77.

Given C; = (0, 1)

G

Let C, = (x,))
Then r, +r,=C,C,

= 1+|y={P+ (1>
= 1+y+2p=x*+y*-2y+1
= x= 2y + 2y
= x’=4yify>0
Thus, the locus of its centre is
{(x,3): X =4y} U {(0,)) : y< 0}
The equation of the tangent to the curve y = x> + 6 at
P(,7)is

2x—y+5=0 ...(1)
Y
N A
o
X X
(-8, 16)
Y

Here CQ is perpendicular to PQ.

The equation of CQis x—2y+ k=0

which is passing through the centre (-8, —6). So,
8+12+k=0
k=-20

The equation of CQ is -x —2y—-20=0
x+2y+20=0

On solving Egs. (i) and (ii), we get

. (ii)

x=—6andy=-7.
Therefore, the co-ordinates of Q are (-6, —7)

Without loss of genrality, we can assume the square
ABCD with its vertices 4A(1, 1), B(-1, 1), C(-1, 1),
D(1,-1)

Let Pbe (0, 1) and O at (72, 0)

78.

79.

3.79

B N 1)19(0, (1, 1)

V27

-1, 1)

Y

PA* + PB* + PC* + PD?
Q4% + OB* + OC* + OD?
_ I+1+5+5
A2 =12 + 1]+ 2[(2 +1)* +1]
12 3
=—=—=0.75
16 4
Let C’ be the said circle touching C; and L, so that C,
and C’ are on the same side of L.
Let us draw a line T parallel to L at a distance equal to
the radius of the circle C;, on opposite side of L
Then the centre of C’ is equivalent from the centre of
C, and from line T

Then

Locus of centre of C” is a parabola
Since S is equidistant from A4 and line BD, it traces a
parabola.

Y
A
AN
I
B(-1,1) AL, 1)
I
X" Tl \VX
C(-1,-1) D(1,-1)
Y
Y

Clearly, AC is the axis, A(1, 1) is the focus and
T (%, %) is the vertex of the parabola.
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80.

81.

1
AT, =— and T,T, = latus rectum of parabola
1 «/E 2143 p

1
=4x—=22
V2
Thus, the area of the AT|T,T;

:%XLX%/E:lSqunit.

2

Note. No questions asked in 2015
Given AB || CD - CD = 24B.

Let AB=2a,CD=a
and the radius of the circle be r.
Let the circle touches 4B at P, BC at O, AD at R
and CD at S.
Then AR=AP=r,BP=BQ=a-r,
DR=DS=rand CQ=CS=2a-r
In ABEC,

BC?=BE*+ EC*
= (a-r+2a-rP=QrV+d
=  (Ba-2r?=Q2r*+d
= 94>+ 47— 12ar = 4* +d*

3

a=—r
Also, ar(Quad. ABCD) =18
=  ar(Quad. ABED) + ar(ABCE) = 18

= a-2r+%-a~2r=18

3ar=18

=4
r=2
Thus, the radius is » = 2.
The equation od any tangent to the given circle is

y=mx+a«ll+m2

which is passing through (17, 7).

Thus, 7=17m + 131+ m>

= (7-17m)*=169(1 + m?)

= 49+289 m*—238m=169(1 + m?)
= 120m*—238m—120=0

=
3.2

= 3x—xr°=18
2

=

=

82.

83.

84.
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Let its roots are m,, m,.
Therefore, m;m, = -1
= the tangents are mutually perpendicular.
As we know that the point of intersection of two mutu-
ally perpendicular tangents is the director circle.
So, the equation of the director circle is
x* +)? =338
Therefore, the Statement 11 is the correct explanation of
the Statement 1.
Given circle is (x + 3)> + (y - 5)* =4
So, the radius = 2
Distance between the parallel lines L, and L, is

So, the Statement II is false, but the Statement I is true.

Comprehension

X
Y
Co-ordinates of C are
NI
= = 2 =-1
T (T
cos| — sin| —
5) snl5)
33 3 31
= - =, _— =
2 2 2 2

= x= «/5 ,y=1

Thus, C = (+/3,1)

Hence, the equation of the circle is
(x =37+ (y-1’=1

Clearly, the point F'is (3, 0).

Now the co-ordinates of £ are

x—3 y—1
= =— =
cos (150°)  sin (150°)
x—3 y—1 |
j ==
NER
2 2
3 1
= x—fz—i,y=1——

2

[\
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85.

86.

87.

88.

Therefore, E = (%, lj, F= (\/g, 0)

2
Co-ordinates of Q are (\/g ,3).

3
The equation of QR is ¥y —0= ﬁ(x -0)

~ =

and the equation of RP is y = 0.
Given circle is x* + y> —6x —4y — 11 =0

B

Therefore, the centre is (3, 2)

Since CA and CB are perpendicular to P4 and PB.

So, CP is the diameter of the circumcircle PAB.

Thus, the equation of the circumcircle triangle PAB is
x=3)x-D+-2)0-8=0

= X+ —4dx—10y+19=0

Clearly, the length of the perpendicular from the centre

of the circle is equal to the radius of the circle.

h-0+k-0-1
NI =

1
= (KP+k)=—
( )=7

Thus, =2

Hence, the locus of the (4, k) is

X+ yi=

In AOM A,
04=2, 240M, =2
2%

cos( & ) oM, _, OM, = ZCOS(l)
2k 2 2k

3.81

Similarly, OM, =2 cos(%)

It is given that,
OM, + OM, =2

= 2cos( )+2005(% =(\/§+l)

)
o 2 )re(z)- (1)

o) _ o
fore)-(57)
{

COS
COoS

= 2 cos §)+cos(§)—(\/§+3j=0
2 2 2
= 2b2+b—(ﬁ+3j=0,b=cos(gj
2 2
=  4’+2b-(3+3)=0

R b:—Zi\/4+l6(3+x/§)

8
- b=7111/1+4(3+ﬁ)
2
1+
Lo 1£41+4/3+12
2
. £ 42437 1+ (1+243)
2 2
Bo=B-1
= b=—,
2 2
= b=£
2
COS(Q)_—:S_COS(E)
= 2) 2 6
(3)=e(5)
= COS| — [=COoS| —
2 6
= g="
3
T T
= ==
k3
= k=3

U
=
I
w
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89. Let L:2x-3y=1

and S:x*+)*<6
If L >0 and S < 0, the points lie on the smaller part.

) 3 1y .
Thus, the points 2,Z and 172 lie inside the tri-

angle.
90. The equation of the chord bisected at P(4, k) is

hx +ky = 2 + I ...()

. . 4o
Let any point on line LM be | &, = 4.
The equation of the chord of contact is
ch+(4?a—4)y=9 ... (i)
Comparing Eqgs (i) and (ii), we get
h ko K+ k

_ 20h
 4h -5k
h Pk
20h 9

4h -5k

4h -5k W+ K

20 9

= 20(h*+ k) =9(4h—5)
Hence, the locus of P(4, k) is

20062 +1?) = 9(4x — 5)

Therefore,

Coordinate Geometry Booster

91. (i) Equation of the tangent to the circle x* + ) = 4

92.

at  PH3,1)is 3x+y=4
ie PT Bx+y=4
Now, m(PT)=—-3

So, m(L)= % .

The line L is y = m(x —3) + ay/1 + m>
1 [1
= =—x-3)x1,j1+=
y \/—(x ) 3

\/7(x 3) iT

_x=5 x-1
NN
= x—\/gy—5=0,x—\/§y—1=0
(i1) Given circles are
=4, (x-32+)y°=1

u

=

x2 +y2

Clearly, the point of intersection is (6, 0).
The equation of the direct common tangent is

y—0=m(x—6)
= mx—-y+6m=0
Now, C,M =2
- 6m _y

\/m2+1

= m+1=9

= 8m’=
1
= m=t—F.
22
Hence, the equation of the common tangents are

——=(x—6) andx =2

2f
Given circles are x> +1? —2x —15=0
and x*+)?=1
Let the equation of the circle is
¥ +y2+2gx+2fp+c=0
It passes through (0, 1), so
1+2f+c=0
Applying condition of orthogonality, we have
—2g=c—-15,0=c—-1
= c=1,g=7f=-1

Thus, ¥ =49+1-1=7
and centre = (-7, 1)
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93.

Y
RQ2,4)
P(-1, 1)
X 5 X
o-1,-1)
S, 4%

The equation of any tangent to the parabola can be con-

. a 2
sideredas y=mx+—=mx+—.
m m

ie. mx—my+2=0

As we know that the length of the perpendicular from
the centre to the tangent to the circle is equal to the
radius of a circle.

Thus, # =2
Jm*+m?
m*+m?=2
m*+m?-2=0
(m*+2)(m*-1)=0
m=x=l1
Hence, the equation of the tangents are
y=x+2,y=—x-2
Therefore, the points P, Q are (-1, 1), (-1,—-1) and R, S
are (2, 4) and (2, —4) respectively.

Thus, the area of the equadrilateral PORS

=%x(2+8)x3=15

94. Ans. (a, c)
Y
A
P(cqs 6, sin 6)
. o o
< ot >
/ g’tan 6
= o =X

{2y
tan 0

cosO+osinf=1

o =tan| —
2

Hence, the locus is y* = 1 — 2x.

1 1
Thus, the required points are | —, — |and
P (3 N j (

1

3.83






CHAPTER

Conceprt BoOSTER

1. InTRODUCTION

It is believed that the first definition of a conic section is due
to Menaechmus (died 320 BC). His work did not survive and
is only known through secondary accounts. The definition
used at that time differs from the one commonly used today.
It requires the plane cutting the cone to be perpendicular to
one of the lines (a generatrix), that generates the cone as a
surface of revolution. Thus the shape of the conic is deter-
mined by the angle formed at the vertex of the cone (between
two opposite generatrices). If the angle is acute, the conic is
an ellipse; if the angle is right, the conic is a parabola; and if
the angle is obtuse, the conic is a hyperbola.

Note: The circle cannot be defined in this way and was not
considered as a conic at this time.

Euclid (300 BC) is said to have written four books on con-
ics but these were lost as well. Archimedes (died 212 BC)
is known to have studied conics, having determined the area
bounded by a parabola and an ellipse. The only part of this
work to survive is a book on the solids of revolution of conics.

2. BAsIC DEFINITIONS

(i) Circle

The section of a right circular cone by a plane which is paral-
lel to its base is called a circle.

\ \
T N

Plane

Parabola

(ii) Parabola

The section of a right circular cone by a plane which is paral-
lel to a generator of a cone is called a parabola.

Generator,

Parabola

Plane

(iii) Ellipse
The section of a right circular cone by a plane which is nei-

ther parallel to a generator of a cone nor parallel or perpen-
dicular to the axis of a cone is called an ellipse.

Ellipse

Plane

(iv) Hyperbola

The section of a double right circular cone by a plane which
is parallel to the axis of a cone is called a hyperbola.



4.2

AN

% Hyperbola
—

3. Conic Section

It is the locus of a point which moves in a plane in such a way
that its distance from a fixed point to its perpendicular dis-
tance from a fixed straight line is always constant. The fixed
point is called the focus of the conic and this fixed straight
line is called the directrix of the conic and this constant ratio
is known as the eccentricity of the conic. It is denoted as e.

________ 1/

S(Focus)
Directirix

Conic Section with Respect to Eccentricity

(i) If e=0, the conic section is called a circle

(i) If e =1, the conic section is called a parabola.
(iii) Ife <1, the conic section is called an ellipse.
(iv) Ife> 1, the conic section is called a hyperbola.

(v) If e= V2 , the conic section is called a rectangular hy-
perbola.

Some Important Definitions to Remember

Axis: The straight line passing through the focus and perpen-
dicular to the directrix is called the axis of the conic section.

Vertex: The point of intersection of the conic section and the
axis is called the vertex of the conic section.

Double ordinate
Any chord, which is perpendicular to the axis of the conic
section, is called a double ordinate of the conic section.

Focal chord
Any chord passing through the focus is called the focal chord
of the conic section.

Focal distance
The distance between the focus and any point on the conic is
known as the focal distance of the conic section.

Coordinate Geometry Booster

Latus rectum
Any chord passing through the focus and perpendicular to the
axis is known as latus rectum of the conic section.

Centre
The point which bisects every chord of the conic passing
through it, is called the centre of the conic section.

4. RecogniTion ofF Gonics

A general equation of 2nd degree is
ax® + 2hxy + by + 2gx + 2fy + ¢ =0,

a h g
where A=|h b f
g [ ¢
= abc + 2fgh — af — bg* — ch*
a h 2
and H= =ab—h
h b

There are two types of conics.
(1) Degenerate conic, and
(i) Non-degenerate conic.

We use the term degenerate conic sections to describe the
single point, single line and pair of lines and the term non-
degenerate conic sections to describe those conic sections
that are circles, parabolas, ellipses or hyperbolas.

A non-degenerate conic represents

(i) acircleif, A20,h=0,a=05b
(i) aparabolaif A#=0,H=0
(iii) an ellipse, if A= 0, H<0
(iv) ahyperbola, if A0, H>0
(v) arectangular hyperbola, if A0, H>0anda+ b=0.
Now, the centre of the conics is obtained by

5—f=2ax+2hy+2g=0
Sx

and §—f=2hx+2by+2f=0.
y

= axt+thy+g=0,hx+by+f=0
Solving the above equations, we get the required centre of
the given conic.

5. EquaTtion oF Gonic SEcTion

________ 1/

S(Focus)
Directirix




Parabola

Let the focus be (4, k), directrix be ax + by + ¢ = 0 and the
eccentricity is e. sp
Then the equation of the conic section is Y =e

- \/(x_h)2+(y_k)2:ew
\la2+b2

5 2 2 (ax+by+c)2

= (x=h)y+(y-k)y=e [W

which is the general equation of the conic section.

6. ParaBOLA

The term parabola comes from Greek word, para ‘alongside,
nearby, right up to,” and bola, from the verb ballein means
‘to cast, to throw.” Understandably, parallel and many of its
derivatives start with the same root. The word parabola may
thus mean ‘thrown parallel’ in accordance with the definition.

7. MatHemATicAL DEFINITIONS

Definition 1

It is the locus of a point which moves in a plane in such a
way that its distance from a fixed point is equal to its distance
from a fixed straight line. The fixed point S is called the focus
and the fixed straight line OM is called the directrix.

Y

M

Definition 2

Let D be a line in the plane and F a fixed point not on D. A
parabola is the collection of points in the plane that are equi-
distant from F and D. The point F is called the focus and the
line D is called the directrix.

4.3

Definition 3

In algebra, the parabolas are frequently encountered as
graphs of quadratic functions, such as y = ax? + bx + ¢ or
x=ay?+by+ec.

Definition 4

It is a section of a conic, whose eccentricity is 1.

Definition 5

A plane curve formed by the intersection of a right circular
cone and a plane parallel to an element of the cone is called
parabola.

Generator,

Parabola

Plane

Definition 6
A conic ax? + 2hxy + by* + 2gx + 2y + ¢ = 0 represents a
parabola if
(1 A#0
(ii) #*—ab =0, where
A= abc + 2fgh — af* — bg® — ci*

8. Stanparp EquaTion oF A PARABOLA

Y

Y

Let S be the focus and MN be the directrix of the parabola.

Draw SZ perpendicular to ZM and let O be the mid-point
of FN.

Thus OS=0Z

So O lies on the parabola.

Consider O as the origin and OX and OY as x and y axes,
respectively.

Let OS=0Z=a.

Then the co-ordinates of F is (a, 0) and the equation of
ZMisx+a=0.

Now from the definition of the parabola, we get,

SP=PM
= SP’=PM
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= (@-a’+@-07>=@x+a)

= y=dax

which is the required equation of a parabola. This is also
known as horizontal parabola or right-ward parabola.

9. ImporTANT TERMS RELATED T0 PARABOLA

Y

Y
Focus
It is the fixed point with reference to which the parabola is
constructed. Here, S is the focus.

Directrix
It is a straight line outside the parabola. Here ZM is the
directrix.

Axis of symmetry
It is the line which is perpendicular to the directrix and passes
through the focus. It divides the parabola into two equal halves.

Vertex
It is the point on the axis of symmetry that intersects the pa-
rabola when the turn of the parabola is the sharpest.

The vertex is halfway between the directrix and the focus.

Focal chord
It is any chord that passes through the focus.

Latus rectum

It is that focal chord which is perpendicular to the axis of
symmetry. The latus rectum is parallel to the directrix. Half
of the latus rectum is called the semi-latus rectum.

Focal parameter
The distance from the focus to the directrix is called the focal
parameter.

Focal distance
The distance between any point on the parabola to the focus
is called the focal distance. Here, SP is the focal distance.

Parametric equation
From the equation of the parabola, we can write
y _ 2x
2a y B
Then x = ar, y = 2at, where t is a parameter.

t

The equations x = ar and y = 2at are called the parametric
equations and the point (ar, 2at) is also referred to as the
point ¢.

(i) Vertex is: (0, 0)
(i1) Focus is: (a, 0)
(ii1) Equation of the directrix is: x + a = 0.
(iv) Equation of the axis is: y =0
(v) Equation of the tangent at the vertex is: x =0
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(vi) Length of the latus rectum: 4a
(vii) Extremities of the latus rectum are: L(a, 2a), L'(a, —2a)
(viii) Equation of the latus rectum is: x = a

(ix) Parametric equations of the parabola:

y* = 4ax are x = ar* and y = 2at
(x) Focal distance: x + a
(xi) Any point on the parabola can be considered as
(af, 2at).

Parabola openning leftwards
ie ¥ =—dax

Y
~_L(-a, 2a)
M
»)
X Sta, 00 0 X
—T1'(-a,~2a) x-a=0
Y

(1) Vertex is (0, 0)
(i1) Focus is (—a, 0)
(iii) Equation of the directrix isx —a =0
(iv) Equation of the axis is y =0
(v) Equation of the tangent at the vertex is x = 0
(vi) Length of the latus rectum is 4a
(vii) Extremities of the latus rectum are:
L(-a, 2a), L'(a, —2a)
(viii) Equation of the latus rectum is x = —a
(ix) Parametric equations of the parabola:
y* =—4ax are x =—ar® and y = 2at
(x) Focal distance is x —a
(xi) Any point on the parabola can be considered as

(—at*, 2a).

Parabola opening upwards

ie. x* =4ay
Y
Sl /
0, a) P
X- O X
Y¥a=0 Z M
Y

(1) Vertex is (0, 0)
(i) Focus is (0, a)
(iii) Equation of the directrix isy + a=0
(iv) Equation of the axis isx =0
(v) Equation of the tangent at the vertex is y =0
(vi) Length of the latus rectum 4a
(vii) Extremities of the latus rectum are L(2a, a), L'(-2a, a)
(viii) Equation of the latus rectum is y = a
(ix) Parametric equations of the parabola x*> = 4ay are
x=-2atand y = a®



Parabola

(x) Focal distance is y +a
(xi) Any point on the parabola can be considered as

Qat, at®).

Parabola Opening Downwards

. 2_
1.e.x“=-4a
v Y
4 M
X 0 X
P
S
Y

(i) Vertex is (0, 0)
(i1) Focus is (0, —a)
(iii) Equation of the directrix isy —a =0
(iv) Equation of the axis isx =0
(v) Equation of the tangent at the vertex is y =0
(vi) Length of the latus rectum is 4a
(vii) Extremities of the latus rectum are:
L(Q2a,—a), L'(-2a, —a)
(viii) Equation of the latus rectum is y = —a
(ix) parametric equations of the parabola x* = —4ay are
x=2at and y = —ar®
(x) Any point on the parabola can be considered as
(2at, —at®).

(xi) Focal distanceisy —a

10. GeneraL EquaTion ofF A PARABOLA

o,/ N ¥

Y

Let S(#, k) be the focus and Ix + my + n = 0 is the equation of
the directrix and P(x, y) be any point on the parabola.

Then,
SP=PM

o Ja-ml+(y—k? =

Ix+my+n
@+ m?)

2 5 (x+my+n)?
= @=h)'+(-k P
= m*x*+ Py* — 2mxy + (term)x

+ (term)y + (constant term) = 0
=  (mx—b)y+2gx+2f+c=0
which is the general equation of a parabola.

4.5

11. EquaTion oF A ParaBoLA WHEN THE VERTEX IS
(h, k) anp Axis Is PARALLEL TO X-AXIS

The equation of the parabola y* = 4ax can be written as
(v —0)* =4a(x - 0)

The vertex of the parabola is O(0, 0). Now the origin is
shifted to V(h, k) without changing the direction of axes, its
equation becomes (y — k) = 4a(x — h)

Y

Vh, k

Thus its focus is F(a + h, k), latus rectum = 4a and the
equation of the directrix is
x=h-a,ie.x+ta-h=0
The parametric equation of the curve (v — k)* = 4a(x — h)
are x—h + a? and y =k + 2at.

12. Equation oF A ParABoLA WHEN THE VERTEX IS
(h, k) anp Axis 1s PARALLEL TO y-AXIS

The equation of a parabola with the vertex V(h, k) is
(x—h)?=4da(y—k)
Thus, its focus is F(h, a + k), latus rectum = 4a and the
equation of the directrix is
y=k—-a,ie.yt+ta—-k=0
The parametric equation of the curve (x — #)? = 4a(y — k)
are x=h+2atand y = k + af*.

Note: The equation of a parabola, whose axis is parallel to
y-axis can also be considered as y = ax* + bx + c.

Polar form of a Parabola

In polar coordinates, the equation of a parabola with param-
eters 7 and 0 and the centre (0, 0) is given by

2a
“1+cos8

13. FocaL GHorp

Any line passing through the focus and intersects the parabola
in two distinct points, it is known as focal chord of the parabola.
Any point on the parabola y* = 4ax can be considered as

(af, 2at).
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14. PosiTion ofF A PoinT RELATIVE TO A PARABOLA

Consider the parabola y* = 4ax and the point be (x,, y,).
Yo P, p)

/

L

o M

The point (x;, y;) lies outside, on and inside of the pa-
rabola y* = 4axy? = 4ax according as

15. INTERSECTION OF A LINE AND A PARABOLA

Let the parabola be y* = 4ax

and the line be y = mx + c.
Eliminating x between

these two equations, we get

y2=4a(y_c)
m

= m’—4ay+4ac=0

The given line will cut the
parabola in two distinct, co-
incident and imaginary points according as

D>0,=0,<0

= 164’ — 16amc>0,=0,<0

= a>cm,a=cm,a<cm

Condition of tangency: The line y = mx + ¢ will be a tangent
to the parabola y* = 4ax, if ¢ = a4,
m
The equation of any tangent to the parabola can be consid-

a
eredas y=mx+—.
m

The co-ordinates of the point of contact in terms of m is
(L 2_a)
m*’ m
16. TANGENT

If a line intersects the parabola in two coincident points, it is
known as the tangent to a parabola.

0
O
0>
(03
Oy
P T
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Equation of the Tangent to a Parabola in Different
Forms

(i) Point form
The equation of the tangent to the parabola y* = 4ax at

(xp,yy) s
v =2a(x +x,)
Now the given equation is
¥* = 4ax.
Differentiating with respect to x, we get
dy
2y—=4a
7 dx
- B _2a
dx y
dy 2a
Now = (d_j =
Yy N

Thus the equation of tangent is
= yy, -yt =2ax - 2ax,
= yy; =2ax—2ax, +4ax,
=2a(x+x))
which is the required equation of the tangent to the pa-
rabola y* = 4ax at (x,, y,).
(ii) Parametric form
The equation of the tangent to the parabola y* = 4ax at
(af, 2at) is
yr=x+ at?
The equation of the tangent to the parabola y* = 4ax at
(e, 1) i
¥y = 2a(x +xy)
= y-2at=2a(x + at®)
= yt=x+t at?
(iii) Slope form
The equation of the tangent to the parabola y* = 4ax at

a 2a) .
—,— | 18
m*’ m
a p—
y:mx+E,wheremfslope

The equation of the tangent to the parabola y* = 4ax at

(xp;, p1) is
i =2a(x +xy) (1)
2 2
Here, m="2 = ylz—a
N m
Since the point (x,, y,) lies on the parabola y* = 4ax, we
have,
y]2 =4ax,.
4 2
= dax;= Lz
m
a
= x=—
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(iv)

)

(v)

Putting the values of x, and y, in Eq. (i), we get

()2l )
y|—|=2a|x+—
m m

a
=  y=mx+—

m
Condition of tangency

The line y = mx + ¢ will be a tangent to the parabola

. a
Y =4axis c=—.
m

Note: Any tangent to the parabola can be considered

a
as y=mx+—.
m

Director circle

The locus of the point of intersection of two perpen-
dicular tangents to a parabola is known as the director
circle.

The equation of the pair of tangents can be drawn to the
parabola from the point (x,, y,).

M(h, k

P(xy, y1)

N

Let (h, k) be any point on either of the tangents drawn
from (xy, y)).
The equation of the line joining (x;, y;) and (4, k) is

_k—)ﬁ
y yl_h

(x—=x)
X

hy, — kx,
h—x

= y= X+

h—x
If this be a tangent, it must be of the form y = mx + L

m
a _hy -k

Thus, m = u and

- X m  h—x

Therefore, by multiplication we get

a= k= \[ hy = kx

h—x h—x
= a(h—x)* = (k—y)(hy, - kx)
Hence, the locus of the point (4, k) is
= a(x—x1)2:(y—y1)(xy1—yx1)
= (y2—4ax)(y12—4axl)= g —2a(x+x1)}2.
= S§=7
where, S: ()° — 4ax), S;:(y,% - 4ax,)
and  T:{yy, —2a(x +x))}.
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17. NormaAL

It is a line which is perpendicular to the point of contact to
the tangent.

T

Here PT is a tangent and PN is a normal.

Equation of Normals to the Parabola in Different
Forms

@

(i)

(iii)

Point form
The equation of the normal to the parabola y* = 4ax at

(xlayl) is

YIN _XT4
Y 2a
The equation of the tangent to the parabola y* = 4ax at
(xb yl) is )
w1 =2a(x +x,) (1)
. 2a
Slope of the tangent is m(I) = —
N
Slope of the normal is m(N) = —;—1
a

Thus the equation of the normal is

Y=NM =—&(x—xl)
2a

Parametric form
The equation of the normal to the parabola
y* =4ax at (af?, 2at) is
y=—tx+2at+af’
As we know that the equation of the normal to the pa-
rabola y* = 4ax at (x,, y;) is

Y=h__ X=X
N 2a
Replacing x, by ar* and y, by 2at, we get

y—2at _ x—at?

2at 2a

= y=-ix+2at+af
which is the required equation of the normal to the giv-
en parabola.
Slope form
The equation of the normal to the parabola

y* = 4ax at (ax>, —2am) is

y = mx —2am — am’
As we know that the equation of the normal to the pa-
rabola
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y* = 4ax at (af?, 2at) is

y =—tx+ 2at + af’ ...(1)
The slope of the normal is

m=—t
= t=-m

Putting the values of m in Eq. (i), we get
y =mx — 2am — am®

which is the required equation of the normal to the pa-
rabola y* = 4ax at (am?, —2am).

(iv) Condition of normal
The line y = mx + ¢ will be a normal to the parabola
y* = 4ax, if ¢ =—2am — am® and the co-ordinates of the
point of contact are (am?, —2am).

(v) Co-normal points
In general, three normals can be drawn from a point to
a parabola and their feet (points) where they meet the
parabola are called the co-normal points.

Y

P(h, k)

Here A, B and C are three co-normal points.
Let P(h, k) be any given point y* = 4ax be a parabola.
The equation of any normal to the parabola

y* = 4ax is

y=mx —2am— am
which passes through P(4, k). Then

k= mh —2am — am®
= am’+QRa-hm+k=0
which is a cubic equation in m. So it has three roots.
Thus, in total, three normals can be drawn from a point
lies either outside or inside of a parabola.

3

Notes:
1. We can draw one and only one normal to a pa-
rabola, if a point lies on the parabola.
2. From an external point to a parabola, only one
normal can be drawn.

18. Cxorp oF GonTacT

The chord joining the points of contact of two tangents drawn
from an external point to a parabola is known as the chord of
contact.

The equation of the chord of contact of tangents drawn
from a point (x;, y,) to the parabola

Coordinate Geometry Booster

¥* = 4ax is
Yy =2alx + x;)

Chord of contact

19. CHorp Bisectep AT A Given Point

Y

B

The equation of the chord of the parabola
y* = 4ax is bisected at the point (x,, y,) is
=S,

= wyy = 2a(x +xp) =y, — dax,

where

T: y, —2a(x + x,), S:y,% — 4ax,

20. DIAMETER

The locus of the mid-points of a system of parallel chords to a
parabola is known as the diameter of the parabola.

Y

y=2a/m

The equation of the diameter to the parabola y* = 4ax
bisecting a system of parallel chords with slope m is
_2a
m

Let (h, k) be the mid-point of the chord y = mx + ¢ of the
parabola y? — 2ah.

Then, =5,
= ky —2a(x + h) = k* - 2ah
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2
Now slope = Ta

m:2_a = k:2_a
k m

. . . 2
Hence the locus of the mid-point (%, k) is y = ey
m

Note: Any line which is parallel to the axis of the parabola
drawn through any point on the parabola is called the di-
ameter of the parabola and its equation is the y-coordinate
of that point.

4.9

21. RerLecTion PROPERTY OF A PARABOLA

All rays of light coming from the positive direction of x-axis
and parallel to the axis of the parabola are reflected through
the focus of the parabola

M H L

Levee /

(Problems based on
Fundamentals)

1. What conic does «/ax + \/E =1 represent?

2. Ifthe conic x* — 4xy + Iy + 2x + 4y + 10 = 0 represents
a parabola, find the value of A.

3. If the conic 16(x*+ (y —1)?)=(x +~/3y —5)* repre-
sents a non-degenerate conic, write its name and also
find its eccentricity.

4. If the focus and the directrix of a conic be (1, 2) and
x + 3y + 10 = 0 respectively and the eccentricity be

1 . .
N then find its equation.

5. Find the equation of a parabola, whose focus is (1, 1)

and the directrix isx —y + 3 =0.
ABC OF PARABOLA

6. Find the vertex, the focus, the latus rectum, the direc-

trix and the axis of the parabolas
() Y¥=x+2p+2

(i) y*=3x+4y+2

(i) X>=y+4x+2

(iv) ¥ +x+y=0

7. If the focal distance on a point to a parabola y? = 12x is
6, find the co-ordinates of that point.

8. Find the equation of a parabola, whose focus (-6, —6)
and the vertex is (-2, —2).

9. The parametric equation of a parabola is x =¢2+ 1 and
y=2¢t+ 1. Find its directrix.

10. If the vertex of a parabola be (-3, 0) and the directrix
isx +5 =0, find its equation.

11 Find the equation of the parabola whose axis is parallel

to y-axis and which passes through the points (0, 2),
(-1, 0) and (1, 6).

12.

13.

Find the equation of a parabola whose vertex is (1, 2)
and the axis is parallel to x-axis and also passes through
the point (3, 4).

If the axis of a parabola is parallel to y-axis, the ver-
tex and the length of the latus rectum are (3, 2) and 12
respectively, find its equation.

PROPERTIES OF THE FOCAL CHORD

14.

15.

16.

17.

18.

19.

20.

If the chord joining P(at,?, 2at,) and is the focal chord,
prove that #;¢, = —1.

If the point (ar, 2af) be the extremity of a focal chord
of the parabola y* = 4ax, prove that the length of the

2
focal chord is a(t + %) .

If the length of the focal chord makes an angle 6 with
the positive direction of x-axis, prove that its length is
4a cosec?6.

Prove that the semi-latus rectum of a parabola y* = 4ax
is the harmonic mean between the segments of any
focal chord of the parabola.

Prove that the length of a focal chord of the parabola
varies inversely as the square of its distance from the
vertex.

Prove that the circle described on the focal chord as the
diameter touches the tangent to the parabola.

Prove that the circle described on the focal chord as the
diameter touches the directrix of the parabola.

POSITION OF A POINT RELATIVE TO A PARABOLA

21.

22.

If a point (A, —A) lies in an interior point of the parabola

y* = 4x, find the range of A.

If a point (A, 2) is an exterior point of both the parabo-
las y* = (x + 1) and y*> = —x + 1, find the value of A.

INTERSECTION OF A LINE AND A PARABOLA

23.

If 2x + 3y + 5 = 0 is a tangent to the parabola y* = 8x,
find the co-ordinates of the point of contact.
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24.

25.

If 3x + 4y + A =0 is a tangent to the parabola y* = 12x,
find the value of A.

Find the length of the chord intercepted by the parabola
y* = 4ax and the line y = mx + c.

TANGENT AND TANGENCY

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

Find the point of intersection of tangents at P(¢;) and
O(t,) on the parabola y? = 4ax.

Find the equation of tangent to the parabola y* = 2x +
Sy—8atx=1.

Find the equation of the tangent to the parabola y* = 8x
having slope 2 and also find its point of contact.

Two tangents are drawn from a point (-1, 2) to a pa-
rabola y* = 4x. Find the angle between the tangents.
Find the equation of the tangents to the parabola
y =x*—3x + 2 from the point (1, —1).

Find the equation of the common tangent to the
parabolas y* = 4ax and x> = 4ay.

Find the equation of the common tangent to the
parabola y* = 4ax and x* = 4by.

Find the equation of the common tangent to the
parabola y? = 16x and the circle x> + 1 = 8.

Find the equation of the common tangents to the
parabolas y = x*> and y = —(x — 2)*.

Find the equation of the common tangents to the curves
y*=8xand xy =—1.

Find the equation of the common tangent to the circle
x> +y? — 6y + 4 = 0 and the parabola y* = x.

Find the equation of the common tangent touching the
circle x> + (v — 3)> = 9 and the parabola y* = 4x above
the x-axis.

Find the points of intersection of the tangents at the
ends of the latus rectum to the parabola y* = 4x.

Find the angle between the tangents drawn from a point
(1, 4) to the parabola y* = 4x.

Find the shortest distance between the line y =x —2 and
the parabola y = x? + 3x + 2.

Find the shortest distance from the line x + y =4 and the
parabola y? + 4x + 4y = 0.

Ify+b=m(x+a)andy+ b=my(x + a) are two tan-
gents of the parabola y* = 4ax, find the value of m,m,.
The tangent to the curve y = x> + 6 at a point (1, 7)
touches the circle x*> + y* + 16x + 12y + ¢ =0 at Q. Find
the co-ordinates of Q.

Two straight lines are perpendicular to each other. One
of them touches the parabola y* = 4a(x + a) and the
other touches y* = 4b(x + b). Prove that the point of
intersection of the lines lie on the line x +a + b5 =0.
Prove that the area of the triangle formed by three
points on a parabola is twice the area of the triangle
formed by the tangents at these points.

Prove that the circle circumscribing the triangle formed
by any three tangents to a parabola passes through the
focus.

47.

48.

49.
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Prove that the orthocentre of any triangle formed by
three tangents to a parabola lies on the directrix.

Prove that the equation of the director circle to the
parabola y* = 4ax is x + a = 0.

Find the equation of the director circle to the following
parabolas:

() yY=x+2 (i) X*=4x+4y
(iii) y*=4x+4y—8
NORMAL AND NORMALCY
50. Find the point of intersection of normals at P(¢;) and

51

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

O(t,) on the parabola y* = 4ax.

Find the relation between ¢, and ¢,, where the normal at
t, to the parabola y* = 4ax meets the parabola y* = 4ax
again at 7,.

If the normal at 7, meets the parabola again at ¢,, prove
that the minimum value of ,” is 8.

If two normals at #, and 7, meet again the parabola y? =
4ax at t5, prove that 1,¢, = 2.

Find the equation of the normal to the parabola y? = 4x
at the point (1, 2).

Find the equation of the normal to the parabola y* = 8x
atm=2.

If x + y =k is a normal to the parabola y* = 12x, find the
value of k.

If the normal at P(18, 12) to the parabola y* = 8 cuts it

again at Q, prove that 9PQ = 8010 .

Find the locus of the point of intersection of two nor-
mals to the parabola y* = 4ax, which are at right angles
to one another.

If Ix + my + n = 0 is a normal to the parabola y* = 4ax,
prove that al® + 2alm* + m*n = 0.

If a normal chord subtends a right angle at the vertex
of the parabola y* = 4ax, prove that it is inclined at an

angle of tan_l(\/a ) to the axis of the parabola.

At what point on the parabola y* = 4x, the normal
makes equal angles with the axes?

Find the length of the normal chord which subtends an
angle of 90° at the vertex of the parabola 1 = 4x.
Prove that the normal chord of a parabola y* = 4ax at
the point (p, p) subtends a right angle at the focus.
Show that the locus of the mid-point of the portion of
the normal to the parabola y? = 4ax intercepted between
the curve and the axis is another parabola.

Find the shortest distance between the curves y* = 4x
and x> +y* — 12x + 31 =0.

Find the shortest distance between the curves x> + y* +
12y + 35 =0 and »* = 8x.

CO-NORMAL POINT

67.

68.

Prove that the algebraic sum of the three concurrent
normals to a parabola is zero.

Prove that the algebraic sum of the ordinates of the feet
of three normals drawn to a parabola from a given point
is also zero.
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69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

Prove that the centroid of the triangle formed by the
feet of the three normals lies on the axis of the parabo-
la. Also find the centroid of the triangle.

If three normals drawn from a given point (4, k) to any
parabola be real, prove that 4 > 2a.

If three normals from a given point (4, k) to any pa-
rabola y* = 4ax be real and distinct, prove that 27ak* <
4(h - 2a)’.

If a normal to a parabola y* = 4ax makes an angle 6
with the axis of the parabola, prove that it will cut the

_i tan 8
curve again at an angle of tan : ( > ) .

Prove that the normal chord to a parabola y* = 4ax at
the point whose ordinate is equal to its abscissa, which
subtends a right angle at the focus of the parabola.
Prove that the normals at the end-points of the latus
rectum of a parabola y? = 4ax intersect at right angle on
the axis of the parabola and their point of intersection
is (3a, 0).

If S be the focus of the parabola and the tangent and the
normal at any point P meet the axes in T and G respec-
tively, prove that ST = SG = SP.

From any point P on the parabola y* = 4ax, a perpen-
dicular PN is drawn on the axis meeting at N, the nor-
mal at P meets the axis in G. Prove that the sub-normal
NG is equal to its semi-latus rectum.

The normal to the parabola y*> = 4ax at a point P on it,
meets the x-axis in G, prove that P and G are equidis-
tant from the focus S of the parabola.

The normal at P to the parabola y* = 4ax meets its axis
at G. Q is another point on the parabola such that OG
is perpendicular to the axis of the parabola. Prove that
0G?* — PG? = constant.

CHORD OF CONTACT

79.

80.

81.

82.

83.

Find the equation of the chord of contact to the tangents
from the point (2, 3) to the parabola y? = 4x.

Find the chord of contact of the tangents to the parabola
y* = 12x drawn through the point (-1, 2).

Prove that the locus of the point of intersection of two
tangents to a parabola y* = 4ax which make a given
angle 6 with one another is y? — 4ax = (x + a)* tan®6.
Prove that the length of the chord of contact of tan-
gents drawn from (%, k) to the parabola y* = 4ax is

1 (k% + 4a®)(k* — 4ah)|"* .
a

Prove that the area of the triangle formed by the tan-
gents from the point (%, k) to the parabola y* = 4ax and

(k* - 4ah)*?
—

a chord of contact is

CHORD BISECTED AT A POINT

84.

Find the equation of the chord of the parabola y* = 8x
which is bisected at (2, 3).

85.

86.

87.

88.

89.

90.

91.
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Prove that the locus of the mid-points of the focal chord
of the parabola is another parabola.

Prove that the locus of the mid-points of the chord of a
parabola passes through the vertex is a parabola.
Prove that the locus of the mid-points of a normal
chords of the parabola y* = 4ax is y* — 2a(x — 2a)y? +
8a*=0

Prove that the locus of the mid-point of a chord of a
parabola y* = 4ax which subtends a right angle at the
vertex is y* = 2a(x — 4a).

Prove that the locus of the mid-points of chords of the
parabola y? = 4ax which touches the parabola y* = 4bx
is 2(2a — b) = 4d’x.

Find the locus of the mid-point of the chord of the pa-
rabola y* = 4ax, which passes through the point (35, b).
Prove that the locus of the mid-points of all tangents
drawn from points on the directrix to the parabola
¥? =4dax is y*(2x + a) = a(3x + a)*.

DIAMETER OF A PARABOLA

92.

93.

Prove that the tangent at the extremity of a diameter of
a parabola is parallel to the system of chords it bisects.
Prove that tangents at the end of any chord meet on the
diameter which bisects the chords.

REFLECTION PROPERTY OF A PARABOLA

94.

95.

Levee I

1.

A ray of light moving parallel to the x-axis gets reflect-
ed from a parabolic mirror whose equation is (y — 4)*
= 8(x + 1). After reflection, the ray passes through the
point (e, f), find the value of oc + B+ 10.

A ray of light is moving along the line y = x +2, gets
reflected from a parabolic mirror whose equation is
y* = 4(x + 2). After reflection, the ray does not pass
through the focus of the parabola. Find the equation of
the line which containing the reflected ray.

(Mixed Problems)

Three normals to the parabola y* = x are drawn through
a point (¢, 0), then

(@ c=1/4 (b) c=1/2 (c) ¢>1/2 (d) none
The line which is parallel to x-axis and crosses the
curve y = Jx atan angle of 45° is

(a) x=1/4 (b) y=1/4 (¢c) y=12 () y=1
Consider a circle with its centre lying on the focus of
the parabola y* = 2px such that it touches the directrix
of the parabola, the point of intersection of the circle

and the parabola is
P _
(b) (2, p)

o (22
o2 @4
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4.

10.

I1.

12.

13.

14.

If the line x — 1 = 0 is the directrix of the parabola
y* — kx + 8 = 0, one of the value of k is

(@ 1/8  (b) 8 (c) 4 d 1/4

. If x + y = k is a normal to the parabola y* = 12x, the

value of k is

(a) 9 (b) 3 () 9 (d -3

The equation of the directrix of the parabola y* + 4y +
4x+2=0is

(a) x=-1 b) x=1

(c) x=-3/2 (d) x=3/2

The equation of the common tangent touching the
circle (x — 3)*> + »* = 9 and the parabola y* = 4x above
the x-axis is

(@) VBy=3x+1
(© V3y=(x+3)

(b) By=—-(x+3)
(d) By=—0Gx+1)

. The locus of the mid-point of the line segment joining

the focus to a moving point on the parabola y* = 4ax is
another parabola with directrix

(@ x+a=0 (b) x=-al2

(c) x=0 (d) x=a/2

The focal chord of y* = 16x is a tangent to (x — 6)* + )?
= 2, the possible values of the slope of this chord are
(a 1,-1 (b) -1/2,2

(c) 2,112 (d 1/2,2

The tangent to the parabola y = x> + 6 touches the circle
x° +y*+ 16x + 12y + ¢ = 0 at the point

(@) (-6,-9) (b) (-13,-9)

(©) (=6,-7) (d) (13,7)

The axis of a parabola is along the line y = x and the
distance of its vertex from the origin is V2 and that
from its focus is 2+/2 . If the vertex and the focus both
lie in the first quadrant, then the equation of the pa-
rabola is

@ c+yP=@+y-2) (b) x-p’=@E+y-2)
(© (x=y)=4(x+y-2) (d) x-y’=8(x+y-2)
The equations of the common tangents to the parabola
y=x*and y =—(x - 2)*is

(@) y=4(x-1) (b) y=0

() y=—4x-1) (d) y=-103x +5)

The tangent PT and the normal PN to the parabola
y* = 4ax at a point P on it meet its axis at points 7 and
N, respectively. The locus of the centroid of the triangle
PTN is a parabola whose

(a) vertex is (%",oj (b) directrix is x = 0

(c) latus rectum is 2a (d) focusis (a, 0)
The normal at the point (bt,?, 2bt,) on a parabola meets

the parabola again at (bt,%, 2bt,), then

2 2
@ fH=-H+— b) h=06-—
b h

2 2
©) nh=H+— d) tH=-t——
4 I
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Coordinate Geometry Booster

If a # 0 and the line 2bx + 3cy + 4d = 0 passes through
the point of intersection of the parabolas y* = 4ax and
x? = 4ay, then

(@) +Q2b-3c¢)*=0 (b) &F+Q2b+3c) =0

() #+@Bb+2c)?=0 (d) £+Bb-2c0 =0

The locus of the vertices of the family of parabolas

azxz azx .
y= +——-2a is
2 2
105 3
=— b ==
(@ xy o () xy 2
35 64
C =— d =
© xy T d xy 105

The angle between the tangents to the curve y = x> — 5x
+ 6 at the point (2, 0) and (3, 0) is

T T T 4
(@) 2 (b) 3 © i (d 2

The equation of a tangent to the parabola y* = 8x is
y=x+2.The point on this from which the other tangent
to the parabola is perpendicular to the given tangent is
(@ (2,00 (b) LD (o) (0,2) (d) (2,4)

A parabola has the origin as its focus and the line x = 2
as its directrix. The vertex of the parabola is at

(@) (0, 1) (b) (2,0

© (0,2) (d) (1,0)

The length of the chord of the parabola y* = x which is
bisected at the point (2, 1) is

@@ 243 () 4B (© N2 (@ 25
Two mutually perpendicular tangents to the parabola
¥* = 4ax meet the axis in P, and P,. If S be the focus of

the parabola, L + !
I(SPy)

I(SR)
@2 i L @
a a a 4a

Which of the following equations represents a para-
bolic profile, represented parametrically, is

is

(a) x=3cost,y=4sint

(b) x2—2:—2cost,y=4c0s2(%)
(©) \/;=tant,\/;=sect

(d) x=m,y=sin(%)+cos(é)

The points of contact Q and R of tangent from the point
P(2, 3) on the parabola y* = 4x are

@ ©.6).(1,2) (b) (1,2), (4, 4)
© (44).(9,6) (@(%@(}@

A tangent is drawn to the parabola y? = 4x at the point
P whose abscissa lies in [1, 4]. The maximum possible
area of the triangle formed by the tangents at P ordinate
of the point P and the x-axis is

(a) 8 (b) 16 (c) 24 d) 32
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

The length of the normal chord y* = 4x which makes an
angle of % with the axis of x is

(2 8 ®) 82 (¢) 4 @ 42
The co-ordinates of the end points of a focal chord
of a parabola y* = dax are (x;, y,) and (x,, ,), then
(rxy + y1py) is
(a) 2% (b) 34> (c) —d* (d) 44
If the normal to a parabola y* = 4ax at P meets the curve
again at Q and if PQ and the normal at O makes angles
o and fB, respectively with the x-axis, then tan o + tan 3
is
(@ 0 (b) 2 (c) —1/2 (d) -1
If the normal to the parabola y* = 4ax at the point with
parameter ¢, cuts the parabola again at the point with
parameter ¢,, then
(@) 2<1,%<8 (b) 2<4,°<4
(c) t,2>4 (d) ,°>8
A parabola y = ax? + bx + ¢ crosses the x-axis at (c, 0)
and (B, 0) both to the right of the origin.

A circle also passes through these two points. The
length of a tangent from the origin to the circle is

W me 0l W |
a a

Two parabolas have the same focus. If their directrices
are the x-axis and the y-axis respectively, the slope of
their common chord is

(@) 1,-1 (b) 4/3 (c) 3/4 (d) none

The straight line joining the point P on the parabola
¥* = 4ax to the vertex and the perpendicular from the
focus to the tangent at P intersect at R. Then the locus
of Ris

(@) ¥*+2)%—ax=0 (b) ¥*+3*—2ax=0

(c) 2x*+2)*—ax=0 (d) 2x*+3y*-2ay=0

A normal chord of the parabola y* = 4x subtending a
right angle at the vertex makes an acute angle 6 with
the x-axis, then 0 is

(a) tan'2 () sec'(\3)

(c) cotfl(x/g) (d) none

C is the centre of the circle with centre (0, 1) and the
radius unity of the parabola y = ax?. The set of values of
a for which they meet at a point other than the origin is

@) a>0 (b) 0<a<%

1 1 1
(©) 4<a<2 (d) a>2
TP and TQ are two tangents to the parabola y* = 4ax at
P and Q. If the chord PQ passes through the fixed point
(—a, b), the locus of T'is
(@) ay=2b(x-b) (b) by =2a(x—a)
(c) by=2a(x—a) (d) ax=2a(y—b)
Through the vertex O of the parabola y* = 4ax two
chords OP and OQ are drawn and the circles on OP

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.
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and OQ as diameters intersect in R. If 0,, 6, and ¢ are
the angles made with the axis by the tangents at P and
Q on the parabola and by OR, the value of cot (6,) + cot
(6,) is

(a) —2tan (@) (b) -2 tan (x— @)

(¢) 0 (d) -2 cot(9)

The tangent at P to a parabola y* = 4ax meets the
directrix at U and the base of the latus rectum at 7, then
SUV (where S is the focus) must be a/an

(a) right A (b) equilateral A

(c) isosceles A (d) right isosceles A

Two parabolas y* = 4a(x — m,) and x* = da(y — m,)
always touch one another, the quantities 7, and m, are
both variables. The locus of their points of contact has
the equation

(@) xy=d* (b) xy=2d°

(c) xy=4d’ (d) none

If a normal to a parabola y* = 4ax makes an angle
¢ with its axis, it will cut the curve again at an angle

(a) tan (2 tan @) (b) tan~! (%tan (pj

(c) cot (%tan (p) (d) none

The vertex of a parabola is (2, 2) and the co-ordinates
of its extremities of the latus rectum are (-2, 0) and
(6, 0). The equation of the parabola is

(@) > —4y+8x—12=0 (b) x> +4x+8y—12=0
(c) ¥ —4x+8y—12=0 (d) x*+4x—8y+20=0
The length of the chord of the parabola y* = x which is
bisected at the point (2, 1) is

@@ 243 () 4B (© N2 (@ 245

If the tangent and the normal at the extremities of a
focal chord of a parabola intersect at (x, ;) and (x,, y,)
respectively, then

(@) x;=x, (b) x;=x,

©) yi=»n (d) x, =y,

If the chord of contact of tangents from a point P to the
parabola y? = 4ax touches the parabola xy = 4by, then
the locus of P is a/an

(a) circle (b) parabola

(c) ellipse (d) hyperbola

The latus rectum of a parabola whose focal chord PSQ
is such that SP =3 and SP =2 is given by

(a) 24/5 (b) 12/5 (c) 6/5 (d) none

If two normals to a parabola y* = 4ax intersect at right
angles, then the chord joining then feet passes through
a fixed point whose co-ordinates are

(a) (2a,0) (b) (a,0) (¢) (2a,0) (d) None
The straight line passing through (3, 0) and cutting the
curve y= Jx orthogonally is

(a) 4x+y=18 (b) x+y=9

(c) 4x—-y=6 (d) None
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Levee I

PQ is a normal chord of the parabola y* = 4ax at P. 4
being the vertex of the parabola. Through P a line is
drawn parallel to 4Q meeting the x-axis in R. Then the
length of AR is

(a) the length of latus rectum.

(b) the focal distance of the point P

(c) 2 x Focal distance of the point P.

(d) the distance of P from the directrix.

The locus of the point of intersection of the perpen-
dicular tangents of the curve y* + 4y — 6x —2 =0 is

(a) 2x=1 (b) 2x+3=0

() 2y+3=0 (d) 2x+5=0

The length of the focal chord of the parabola y* = 4ax
at a distance p from the vertex is

2a* a 4a® 3
@ = ® 5 ©5 @=
p p 4 a
The locus of a point such that two tangents drawn from
it to the parabola y* = 4ax are such that the slope of one

is double the other is
(b 2= 2ax
) ¥ 2

(d) x*=4ay

The point on the parabola y* = 4x which are closest to
the curve x> + % — 24y + 128 =0 is

@) (0,0) b) (2.42)

© 4,4 (d) none

9

2—_
(@) y =%
(¢) y*=9ax

(Problems for JEE Advanced)

. Iftwo ends of a latus rectum of a parabola are the points

(3, 6) and (-5, 6), find its focus.

. Find the locus of the focus of the family of parabolas

a2x2 azx

UL S
YT

. Find the equation of the parabola whose vertex and the

focus lie on the axis of x at distances @ and a,; from the
origin, respectively.

A square has one vertex at the vertex of the parabola
y* = 4ax and the diagonal through the vertex lies
along the axis of the parabola. If the ends of the other
diagonal lie on the parabola, find the co-ordinates of
the vertices of the square.

. Find the equation of the parabola whose axis is y = x,

the distance from origin to vertex is V2 and the dis-

tance from the origin to the focus is 22,

If a # 0 and the line 2bx + 3¢y + 4d = 0 passes through
the points of intersection of the parabola y* = 4ax and
x> = 4ay, prove that & + (2b + 3¢)* = 0.

Two straight lines are perpendicular to each other. One
of them touches the parabola y* = 4a(x + a) and the
other y* = 4b(x + b). Prove that their points of intersec-
tion lie on the linex + a + b =0.
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11.

12.

13.

14.
15.

16.
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Coordinate Geometry Booster

If the focal chord of y* = 16x is a tangent to (x — 6)* + )7
= 2, find the possible values of the slope of the chord.
Find the points of intersection of the tangents at the end
of the latus rectum of the parabola y* = 4x.

If the tangent at the point P(2, 4) to the parabola
»* = 8x meets the parabola y* = 8x + 5 at Q and R, find
the mid-point of QOR.

Ify+b=m(x+a)and y + b =my(x + a) are two tan-
gents to the parabola y* = 4ax, prove that n,m, =—1.
Find the equation of the common tangent to the circle
(x — 3)> + »* = 9 and the parabola y* = 4x above the
X-axis.

Find the equation of the common tangent to the curves
y*=8xand xy =—1.

Find the common tangents of y =x? and y = —x? + 4x — 4.
Consider a circle with the centre lying on the focus of
the parabola y* = 2px such that it touches the direc-
trix of that parabola. Find a point of intersection of the
circle and the parabola.

If the normal drawn at a point (at,%, 2at,) of the
parabola y? = 4ax meets it again at (at,%, 2at,), prove
that #,% + t,t, + 2 = 0.

Three normals to the parabola y? = x are drawn through
a point (¢, 0), find c.

A tangent to the parabola y* = 8x makes an angle 45°
with the straight line y = 3x + 5. Find the equation of
the tangent and its point of contact.

Find the equations of the normal to the parabola y* =
4ax at the ends of the latus rectum. If the normal again
meets the parabola at Q and Q’, prove that 0Q’ = 12a.
Prove that from any point P(a#, 2af) on the parabola
y* = 4ax, two normals can be drawn and their feet
0O and R have the parameters satisfying the equation
NP+ 2A+2=0.

Find the locus of the points of intersection of those nor-
mals to the parabola x> = 8y which are at right angles to
each other.

Two lines are drawn at right angles, one being a tangent
to y* = 4ax and the other to x*> = 4by. Show that the
locus of their points of intersection is the curve
(ax + by)(x% +7) + (bx — ay)* = 0.

Prove that the locus of the centroid of an equilat-
eral triangle inscribed in the parabola y* = 4ax is
9y? = 4a(x — 8a).

Prove that the locus of the mid-points of chords of the
parabola y* = 4ax which subtends a right angle at the
vertex is y* = 2a?(x — 4).

Prove that the locus of a point that divides a chord of
slope 2 of the parabola y* = 4x internally in the ratio
1 : 2 is a parabola. Find the vertex of the parabola.

From a point A, common tangents are drawn to the
2

circle x*+ y2 = a? and the parabola y* = 4ax. Find the

area of the quadrilateral formed by the common tan-
gents, the chord of contact of the circle and the chord
of contact of the parabola.
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27.

28.

29.

30.

31.

32.

Levee IV

Normals are drawn from the point P with slopes m,,
m,, mj to the parabola y* = 4x. If the locus of P with
mm, = ¢¢is a part of the parabola, find the value of c.
The tangent at a point P to the parabola y* — 2y — 4x +
5 = 0 intersects the directrix at Q. Find the locus of a
point R such that it divides PQ externally in the ratio
1
—:1.
2 2

X . .
Prove that the curve y=—?+x+1 is symmetric

with respect to the line x = 1. And also prove that it is
symmetric about its axis.

Three normals are drawn from the point (14, 7) to the
parabola y* — 16x — 8y = 0. Find the co-ordinates of the
feet of the normals.

Find the locus of the foot of the perpendicular drawn
from a fixed point to any tangent to a parabola.

Find the locus of the point of intersection of the
normals to the parabola y* = 4ax at the extremities of
a focal chord.

(Tougher Problems for JEE
Advanced)

. From the point (-1, 2), tangent lines are drawn to the

parabola y* = 4x. Find the equation of the chord of con-
tact. Also find the area of the triangle formed by the
chord of contact and the tangents.

[Roorkee Main, 1994]

. The equation y* — 2x — 2y + 5 = 0 represents

(a) a circle with centre (1, 1)
(b) aparabola with focus (1, 2)
(c) aparabola with directrix x = 3/2
(d) a parabola with directrix x =—1/2
[Roorkee, 1995]

. A ray of light is coming along the line y = b from the

positive direction of x-axis and strikes a concave mir-
ror whose intersection with the xy-plane is a parabola
y* = dax. Find the equation of the reflected ray and
show that it passes through the focus of the parabola.
Both a and b are positive. [Roorkee Main, 1995]

If a tangent drawn at a point (Z, ) on the parabola
y* = 4x is the same as the normal drawn at a point
(/5 cos @, 2 sin @) on the ellipse 4x* + 5)* = 20, find
the values of 7 and ¢. [Roorkee, 1996]

. The equations of normals to the parabola y* = 4ax at the

point (5a, 2a) are
(a) y=x-3a
(¢) y+2x=12a

(b) y=x+3a

(d) 3x+y=33a
[Roorkee, 1997]

Find the locus of the points of intersection of those nor-

mals to the parabola x> = 8y which are at right angles to

each other. [Roorkee Main, 1997]
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The ordinates of points P and Q on the parabola
y*=12xare in the ratio 1 : 2. Find the locus of the points
of intersection of the normals to the parabola at P and Q.

[Roorkee Main, 1998]

. Find the equations of the common tangents of the circle

x> +y?—6y+4=0andy*=x. [Roorkee, 1999]
Find the locus of points of intersection of tangents
drawn at the ends of all normals chords to the parabola
Y =4x-1). [Roorkee Main, 2001]
Find the locus of the trisection point of any double
ordinate y* = 4ax.

Find the locus of the trisection point of any double
ordinate x> = 4by.

Find the shortest distance between the curves y* = 4x
and x* + 3% — 12x + 31 =0.

Find the radius of the circle that passes through the
origin and touches the parabola at (a, 2a).

Find the condition if two different tangents of y* = 4x
are the normals to x> = 4by.

A circle is drawn to pass through the extremities of the
latus rectum of the parabola y* = 8x. It is also given that
the circle touches the directrix of the parabola. Find the
radius of the circle.

Integer Type Questions

. Find the maximum number of common chords of a

parabola and a circle.

. If the straight lines y — b = my(x + a) and y — b =

my(x + a) are the tangents of y* = 4ax, find the value of
(mym, + 4).

A normal chord of y* = 4ax subtends an angle % at

the vertex of the parabola. If its slope is m, then find the
value of (m? + 3).
Find the slope of the normal chord of y? = 8x that gets
bisected at (8, 2).
Find the maximum number of common normals of y? =
4ax and x* = 4by.
Find the length of the latus rectum of the parabola
whose parametric equation are given by x = £ + ¢+ 1
andy=~F—t+1.

. If the shortest distance between the curves y* = x — 1

and x*> =y — 1 is d, find the value of (842 — 3).
If m, and m, be the slopes of the tangents that are drawn
from (2, 3) to the parabola y* = 4x, find the value of

[L+L+2).
mm

Let P(,) and Q(t,) are two points on the parabola y* =
4ax. If the normals at P and Q meet the parabola again
at R, find the value of (¢,#, + 3).

Find the length of the chord intercepted between the
parabola y* = 4x and the straight line x + y = 1.

If x + y = k is a normal to the parabola y* = 12x, find the
value of k.

Find the number of distinct normals drawn from the
point (-2, 1) to the parabola y* — 4x — 2y — 3 =0.
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Comprehensive Link Passages

Passage 1
y = x is a tangent to the parabola y* = ax* + c.
(1) If a=2, the value of ¢ is

(a) 1 (b) -1/2 (c) 12 (d) 1/8
(i) If(1, 1) is a point of contact, the value of a is

(a) 1/4 (b) 173 (c) 1/2 (d) 1/6
(iii) If ¢ = 2, the point of contact is

(@ (3,3) () (2,2) (¢ (6,6) (d) (4,4).
Passage 11

Consider, the parabola whose focus is at (0, 0) and the tan-
gent at the vertex isx—y + 1 =0.

(i) The length of the latus rectum is

@@ 42 () 242 (© &2 (@ W2
(i1) The length of the chord of the parabola on the x-axis is
@@ 42 () 242 (¢ &2 (@ 32

(iii) Tangents drawn to the parabola at the extremities of the
chord 3x + 2y = 0 intersect at an angle

(@) % (b) % © =

d
> (d) none

Passage I11
Two tangents on a parabolaare x—y=0and x + y=0. If (2, 3)
is the focus of the parabola.
(i) The equation of the tangent at the vertex is
(a) 4x—-6y+5=0 (b) 4x—6y+3=0
(c) 4x—6y+1=0 (d) 4x—-6y+3/2=0
(i1) The length of the latus rectum of the parabola is

(@) % (b) % © % @ %

(iii) If P and Q are ends of the focal chord of the parabola,

then is
2+/13 2+/13 2+/13
(a) —f b) V13 (o) f (@ f
Passage IV

If I, m are variable real numbers such that 5/ + 6m? — 4lm + 31
= 0, the variable line Ix + my = 1 always touches a fixed pa-
rabola, whose axis is parallel to x-axis.

(i) The vertex of the parabola is

5 4
@ (53 ©

5 7
© (5-¢) @

(i1) The focus of the parabola is

|
(
B
(

3 3
© (3-3 @

Coordinate Geometry Booster

(iii) The equation of the directrix of the parabola is

(a 6x+7=0 (b) 4x+11=0

() 3x+11=0 (d 2x+13=0
Passage V
The normals at three points P, Q, R on the parabola y* = 4ax
meet at (o, f).

(1) The centroid of APQR is
- 20— 4
(a) (“ 32“,0) ® (=5 “,oj

(i1)) The orthocentre of APQR is

(a) (a +6a, g) (b)

(

© (%2 o (8.522)
(
(

(c) (O! —6a, —g) (d)

(iii)) The circumcentre of APQOR is

o+ 2a _E)
(a)( 2 4

o (§4

Passage VI
Consider the circle x*> + y* = 9 and the parabola y* = 8x. They
intersect at P and Q in the first and the fourth quadrants, re-
spectively. The tangents to the circle at P and Q intersect the
x-axis at R and tangents to the parabola at P and Q intersect
the x-axis at S.

(i) The ratio of the areas of As POS and PQOR is

@@ 1:42 (b 1:2 (¢ 1:4 () 1:8
(i1) The radius of the circumcircle of APRS is

(@) 5 ® 33 © N2 (@ 23
(iii) The radius of the incircle of APQOR is

(a) 4 (b) 3 (c) 8/3 (d 2
Passage VII

If P is a point moving on a parabola y* = 4ax and Q is a mov-
ing point on the circle x> +y* — 24ay + 1284 = 0. The points
P and Q will be closest when they lie along the normal to the
parabola y? = 4ax passing through the centre of the circle.
(i) Ifthe normal at (ar?, 2ar) of the parabola passes through
the centre of the circle, the value of # must be
(a1 (b) 2 (c) 3 (d) 4
(i) The shortest distance between P and Q must be

(@) a(v2-1) (b) 2a(/5-1)
(©) 4a(5-1) (d) 4a(5+1)
(iii) When P and Q are closest, the point P must be

() (1,2a) (b) (2a,2v2a)
(©) (4a,4a) (d) (5a, 4a)
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(iv) When P and Q are closest, the point Q must be
4a 8a 4a 8a
a) | —,6a—— b) | —=,12a ——
o [Fe-f) o [(Fe-g)
4a 8a 4a 12a]
c) |—=,-12a-—F d) |—=,-8a——F
o (Fome-) © (Fre-
(v) When P and Q are closest and the diameter QR of the
circle is drawn through Q, the x-cordinate of Q is
2a 8a 4a 6a
@ -——« b -—F4= © -—F W@ -—F
5 5 5 N5
Passage VIII

If a source of light is placed at the fixed point of a parabola
and if the parabola is reflecting surface, the ray will bounce
back in a line parallel to the axis of the parabola.

@

(i)

(iii)

(iv)

A ray of light is coming along the line y = 2 from the
positive direction of x-axis and strikes a concave mirror
whose intersection with the xy plane is a parabola y* =
8x, the equation of the reflected ray is

(a) 2x+3y=4 (b) 3x+2y=6

(c) 4x+3y=28 (d) 5x+4y=10

A ray of light moving parallel to the x-axis gets reflect-
ed from a parabolic mirror whose equation is y* + 10y —
4x + 17 = 0. After reflection, the ray must pass through

the point
(@) (=2,-5) (b) -1,-5)
(©) (-3,-5) (d) (4,-5)

A ray of light is coming along the line x = 2 from the
positive direction of y-axis and strikes a concave mirror
whose intersection with the xy plane is a parabola x> =
4y, the equation of the reflected ray after second reflec-
tion is

(a) 2x+y=1 (b) 3x-2y+2=0

(c) y=1 (d) none

Two rays of light coming along the line y = 1 and
y=-2 from the positive direction of x-axis and strikes a
concave mirror whose intersection with the xy plane is
a parabola y* = x at 4 and B, respectively. The reflected
rays pass through a fixed point C, the area of AABC is

(a) 21/8s.u. (b) 19/2 s.u.
(c) 17/2s.u. (d) 15/2 s.u.
Matrix Match

(For JEE-Advanced Examination Only)

. Match the following columns: AB is a chord of the pa-

rabola y? = 4ax joining A(at,%, 2at,) and B(at,?, 2at,).
Column I Column II

(A) | 4B is anormal chord, if | (P) |, =2 -1,

(B) | 4B is a focal chord, if | (Q) | #,t,=—4

(C) | AB subtends 90° at ®R) | {1, =-1

(0, 0), if
(D) | 4B is inclined at 45° to | (S) | #,2+#,,+2=0
the axis of the parabola

4.17

2. Match the following columns:

Column I Column II
(A) | The point, from which perpen- | (P) | (-1, 2)
dicular tangents can be drawn
to the parabola y* = 4x, is

(B) | The point, from which only one | (Q) | (3, 2)
normal can be drawn to the pa-
rabola y* = 4x, is

(C) | The point, at which chord x —y | (R) | (=1, -5)
+ 1 = 0 of the parabola y* = 4x
is bisected, is

(D) | The point, from which tangents | (S) | (5, —2)
cannot be drawn to the parabola
y* =4x, is

. Match the following columns:

Column I Column IT

(A) | The equation of the director | (P) [2y—1=0
circle to the parabola y? = 12x is
(B) | The equation of the director | (Q) [x—2=0
circle to the parabola x> = 16y is

(C) | The equation of the director | (R) [y +4=0
circle to the parabola
Y +4x+4y=0is
(D) | The equation of the director | (S) [x+3=0
circle to the parabola
y=x*+x+1is

. Match the following columns:

Column I Column II

(A) | Number of distinct normals can | (P) 3
be drawn from (-2, 1) to the pa-
rabolay? —4x—2y—3=01is

(B) | Number of distinct normals can | (Q) 1
be drawn from (2, 3) to the pa-
rabolay=x>+x+ 1 is

(C) | Number of distinct normals can | (R) 0
be drawn from (-5, 3) to the pa-
rabolay® —4x — 6y — 1 =01is

(D) | Number of tangents can be drawn | (S) 2
from (1, 2) to the parabola
Y —2x-2y+1=0is

5. Match the following columns:

Normals are drawn at points P, Q and R lying on the
parabola y* = 4x which intersect at (3, 0).

Column I Column IT
(A) | Area of APOR (P) |2

(B) | Radius of the circumcircle APQOR | (Q) | 5/2

(C) | Centroid of APOR (R) | (5/2,0)
(D) | Circumcentre of APOR (S) | (2/3,0)
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6. Match the following columns:

1.

Column I

Column II

(A)

Ify+3=m(x+ 2) and
¥ + 3 = my(x + 2) are two
tangents to the parabola
y* = 8x, then

(P)

m;+m,=0

(B)

Ify=mx+c, andy =myx
+ ¢, are two tangents to a
parabola ) = 4a(x + a),
then

Q

my +m,=-1

©

Ify=m(x+4)+2013 and
y+1=mx+4)+2014
are two tangents to the
parabola y? = 16x, then

(R)

my, my = -1

(D)

If y=m(x - 2) + 2010
and y = m(x — 2) + 2010
are two tangents to the
parabola y* = —8x, then

)

my—m,=0

Match the following columns:

Column I

Column II

(A)

If 2x +y+ A= 0 is a normal to the

parabola y* = —8x, then A is

®| 9

()]

If x + y =k is a normal to the pa-

rabola y* = 12x, then k is

Q| 24

©

If2x —y— c =0 is a tangent to the

parabola y? = 16x, then c is

® | 17

(D)

If y = 4x + d is a tangent to the
parabola y? = 4(x + 1), then 4d is

S| 2

. Match the following columns

Column I

Column II

(A)

The equation of the directrix
of the parabola
YV +4x+4y+2=0is

P) |x—2y+4
=0

®)

The equation of the axis of
the parabola
x*+4x+4y+2013=0is

Q) |2x-3=0

©

The equation of the tangent to
the parabola y* = 4x from the
point (2, 3) is

R) [x+3=0

D)

The equation of the directrix
of the parabola y? = 4x + 8 is

) [x+2=0

Questions asked in Previous Years’
JEE-Advanced Examinations

Suppose that the normals drawn at three different
points on the parabola y* = 4x pass through the point

(h, k). Show that 1 > 2a.

[IIT-JEE, 1981]

Coordinate Geometry Booster

2. A is a point on the parabola y* = 4ax. The normal at

A cuts the parabola again at B. If 4B subtends a right

angle at the vertex of the parabola, find the slope of 4B.
[IIT-JEE -1982]

No questions asked in 1983.

3.

4.

Find the equation of the normal to the curve x* = 4y
which passes through the point (1, 2). [IIT-JEE, 1984]
Three normals are drawn from the point (¢, 0) to the
curve y* = x. Show that ¢ must be greater than 1/2. One
normal is always the x-axis. Find ¢ for which the other
two normals are perpendicular to each other.

[IIT-JEE, 1991]
Through the vertex O of the parabola y* = 4x, chords
OP and OQ are drawn at right angles, show that for
all positions of P, PQ cuts the axis at the parabola at a
fixed point. Also find the locus of the mid-point of PQ.

[IIT-JEE, 1994]
Consider a circle with its centre lying on the focus of
the parabola y* = 2px such that it touches the direc-
trix of the parabola. Then a point of intersection of the
circle and the parabola is

@ (3o)e(-52) 0 (35

o (2]
[IIT-JEE, 1995]

Show that the locus of a point that divides a chord of
slope 2 of the parabola y* = 4x internally in the ratio
1 : 2 is parabola. Also find its vertex. [IIT-JEE, 1995]

. Points 4, B, C lie on the parabola y? = 4ax. The tangent

to the parabola at 4, B and C taken in pair intersect at

the points P, Q and R. Determine the ratio of the areas

of As ABC and POR. [IIT-JEE, 1996]

From a point A, common tangents are drawn to the
2

circle x>+ yzz% and the parabola y* = 4ax. Find

the area of the quadrilateral formed by the common
tangents drawn from A and the chord of contact of the
circle and the parabola. [IT-JEE, 1996]

No questions asked in between 1997 to 1999.

10.

11.

12.

If x + y = k is normal to y? = 12x, then k is
(@ 3 (b) 9 (¢) -9 (d) -3
[IIT-JEE, 2000]
If the line x — 1 = 0 is the directrix of the parabola y* =
kx — 8, one of the value of the & is
(a) 1/8 (b) 8 (c) 4 (d) 1/4
[IIT-JEE, 2000]
The equation of the directrix of the parabola y? + 4y +
4x+2=0is
(a) x=-1
(c) x=-3/2

(b) x=1
d) x=32
[IIT-JEE, 2001]
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13.

14.

15.

16.

17.

18.

19.

20.

The equation of the common tangent touching the
circle (x — 3)*> + »* = 9 and the parabola y* = 4x above
the x-axis is

(@ »3=@x+1) (b) yB=-x-3
(©) yW3=x+3 @ »B3=-0Gx+1)
[IIT-JEE, 2001]

The locus of the mid-point of the line segment joining
the focus to a moving a point on the parabola y* = 4x is
another parabola with directrix

(@) x=-a (b) x=-al2
(¢) x=0 (d) x=a2
[IIT-JEE, 2002]

The equation of the common tangent to the curve y* =
8xand xy=-11s

() 3y=9x+2 (b) y=2x+1
() 2y=x+8 d) y=x+2
[IIT-JEE, 2002]

The focal chord to y* = 16x is tangent to (x — 6)* +* =2,
the possible values of the slope of this chord, are

(@ {-1,1} (b) {-2,2}
() {-2,1/2} d 12,-1/2}
[IIT-JEE, 2003]

Let C, and C, be, respectively, the parabolas x> =y — 1
and y* = x — 1, let P be any point on C, and Q be any
point on C,. Let P, and Q, be the reflections of P and
O respectively, with respect to the line y = x. Prove that
P, lies on C,, P, lies on C; and PQ = min[PP,, Q0]
Hence or otherwise determine points P, and Q, on the
parabolas P, and Q,, C, and C,, respectively such that
P,0, < PO for all pairs of points (P, Q) with P on C,
and Q on C, [IIT-JEE, 2003]
Three normals with slopes m,, m, and m; are drawn
from a point P not on the axis of the parabola y* = 4x.
If mm, = ¢, results in the locus of P being a part of the
parabola, find the value of . [IIT-JEE, 2003]
The angle between the tangents drawn from the point
(1, 4) to the parabola y? = 4x is

T T T T
@ ®) 7 © 3 @
[IIT-JEE, 2004]
At any point P on the parabola y> — 2y —4x +5=0, a
tangent is drawn which meets the directrix at Q. Find
the locus of point R which divides QP externally in the

ratio 1 1. [IIT-JEE, 2004]

No questions asked in 2005.

21.

The axis of a parabola is along the line y = x and the
distances of its vertex and focus from the origin are

V2 and 242 , respectively. If the vertex and the focus

both lie in the first quadrant, the equation of the pa-

rabola is

@ (x=p)P’=(-y-2) (b) @-p’=@x+y-2)

© (x=y)P=4(x+y-2) d) x-y)=8x+y-2)
[IIT-JEE, 2006]

22.

26.

24.

25.

26.

27.

28.
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The equation of the common tangent to the parabola
y=x*and y = —(x — 2)* is/are

(@ y=4(x-1) (b) y=0

() y=—4(x-1) (d) y=-30x-50
[IIT-JEE, 2006]

Match the following:

Normals are drawn at points P, O and R lying on the
parabola y? = 4x which intersect at (3, 0).

Column I Column IT

(i) | Area of APOR (A) |2

(i1) | Radius of circumcircle of | (B) | 5/2

APQOR
(iii) | Centroid of APQR © (1,0
(iv) | Circumcentre of APQR (D) | (2/3,0)
[IIT-JEE, 2006]
Comprehension

Consider the circle x> + y* = 9 and the parabola y* =
8x. They intersect at P and Q in the first and the fourth
quadrants, respectively. The tangents to the circle at P
and Q intersect the x-axis at R and tangents to the pa-
rabola at P and Q intersect the x-axis at S.
(i) The ratio of the areas of As POS and POR is

(@ 1:72 () 1:2 () 1:4 (d) 1:8
(i1) The radius of the circumcircle of APRS is

@35 B 3XN (© N2 @ 283
(iii) The radius of the incircle of APQR is
(a) 4 (b) 3 (c) 8/3 (d) 2
[IIT-JEE, 2007]

2
Statement 1: The curve y = X i x+lis symmetric
with respect to the line x = 1.
Statement 2: A parabola is symmetric about its axis.
[IIT-JEE, 2007]
Let P(x;, y,), O(x5, ¥2), ¥, <0, ¥, <0, be the end-points
of the latus rectum of the ellipse x> + 4y = 4. The equa-
tion of the parabola with the latus rectum PQ are
(@) ¥*+23y=3+3 (b) ¥*-23y=3+3
(©) X>+23y=3-3 (@ ¥*-2By=3-3
[IIT-JEE, 2008]
The tangent PT and the normal PN to the parabola
y* = 4ax at a point P on it meet axes at points 7 and N,
respectively. The locus of the centroid of APTN is a
parabola whose
(a) vertex is (2a/3, 0)
(c) latus rectum is 2a/3

(b) directrix isx=10

(d) focus is (a, 0)
[IIT-JEE, 2009]

Let 4 and B be two distinct points on the parabola y* =

4x. If the axis of the parabola touches a circle of radius

r having AB as the diameter, the slope of the line join-

ing A and B can be

@~ L @2 @ -2
r r r r

[IIT-JEE, 2010]



4.20

29.

30.

31.

Let L be a normal to the parabola y* = 4x. If L passes

through the point (9, 6), then L is given by

(a) y—x+3=0 (b) y+3x-33=0

(¢) ytx—-15=0 (d) y—2x+12=0
[IIT-JEE, 2011]

Consider the parabola y* = 8x, Let A, be the area of the

triangle formed by the end-points of its latus rectum

. 1
and the point P(E’ 2) on the parabola, and A, be the
area of the triangle formed by drawing tangents at P

and at the end-points of the latus rectum. Then A is...
2
[IIT-JEE, 2011]

Let S be the focus of the parabola y* = 8x and let PQ be
the common chord of the circle x* + y* — 2x — 4y = 0 and
the given parabola. The area of APQS is ...

[IIT-JEE, 2012]

Comprehension
Let PQ be a focal chord of a parabola y? = 4ax. The tangents
to the parabola at P and Q meet at a point lying on the line
y=2x+a,a>0.

32.

33.

37.

35.

The length of the chord PQ is

(@) 7a (b) Sa (¢) 2a (d) 3a

If the chord PQ subtends an angle 6 at the vertex of y?
= 4ax, then tan O 1is

27

i
® 5

2
® 5"

25

25
© 5

(d 3
[IIT-JEE, 2013]
Match Matrix
Aline L: y = mx + 3 meets y-axis at E£(0, 3) and the arc
of the parabola y* = 16x, 0 <y < 6 at the point F(x,, y,).
The tangent to the parabola at F(x,, y,) intersects the
y-axis at G(0, y,). The slope m of the line L is chosen
such that the area of AEFG has a local maximum.
Match List I and List II and select the correct answers
using the code given below the lists.

List I List IT
P m= 1. 12
Q Maximum area of AEFGis 2. 4
R y,= 3. 2
S ¥y = 4. 1

[IIT-JEE, 2013]
The common tangents to the circle x* + y? = 2 and the
parabola y* = 8x touch the circle at the points P, Q and
the parabola at the points R, S. Then the area of the
quadrilateral PORS is

(a) 3 ) 6

) 9 @ 15

[IIT-JEE, 2014]

Comprehension

Let a, r, s, t be non-zero real numbers.

Let P(af?, 2at), Q, R(ar*, 2ar) and S(as®, 2as) be distinct
points on the parabola y? = 4ax. Suppose that PQ is the focal
chord and lines QR and PK are parallel, where K is the point
(2a, 0).

36.

37.

38.

39.

40.

41.

42.

Coordinate Geometry Booster

The value of r is

1 |
(a) -

2
" +1 1
(b) — (©) : (d)
[IIT-JEE, 2104]
If st = 1, the tangent at P and the normal at S to the
parabola meet at a point whose ordinate is

(' +1)2 a(r* +1)>
(a) (b) ———
21 21
(> +1)° (*+2)°
(©) "t_3 (d) az—3
[IIT-JEE, 2014]

Let the curve C be the mirror image of the parabola
= 4x with respect to the linex + y+4 =0. If 4 and B are
the points of intersection of C with the line y = -5, then
the distance between 4 and B is... [IIT-JEE-2015]
If the normals of the parabola y* = 4x drawn at the end
points of its latus rectum are tangents to the circle (x —
3)? + (y + 2)? = %, then the value of 7 is...
[IIT-JEE-2015]
Let P and Q be distinct points on the parabola y* = 2x
such that a circle with PQ as diameter passes through
the vertex O of the parabola. If P lies in the first quad-
rant and the area of the triangle AOPQ is 3: 2, then
which of the following is (are) the coordinates of P?

(a) (4,22) ®) (9,3v2)
1 1
(©) (Z’ﬁj ) (1,v2)

[LIT-JEE-2015]
The circle C; : X+ y2 = 3, with centre at O, intersects
the parabola x*> = 2y at the point P in the first quadrant.
Let the tangent to the circle C; at P touches other two
circles C, and Cj at R, and R;, respectively.
Suppose C, and C; have equal radii 23 and centres
0, and Q;, respectively.
If O, and Q5 lie on the y-axis, then
(a) 0,05=12 (b) RyRy=4/6
(©) ar(AORR)=6N2 (d) ar(APQ,0;) =42
[IIT-JEE-2016]
Let P be the point on the parabola y* = 4x which is at
the shortest distance from the center S of the circle x> +
y* —4x — 16y + 64 = 0. Let Q be the point on the circle
dividing the line segment SP internally. Then
(a) SP=25
(b) SQ:SP=(/5+1):2
(c) the x-intercept of the normal to the parabola at P is
6.
(d) the slope of the tangent to the circle at Q is %

[IIT-JEE-2016]



Parabola

Levee 1
1. Parabola
2. A=4
3.0 L
2
4. 204> +y? —2x—4y+ 5}
= (x> + 9% + 100 + 6xy + 20x + 6)
5. X2+ 2xy+ )2 +2x+2p+4=0
6. (i) V:(-3,1),8: (—%,1),L.R.=1,A:y=l

10.
I1.
12.
13.
14.

15.

16.
18.
21.
22.
23.
24.

25.

26.
27.

28.

29.

30.
31.

32.

(1) V:(=2,2);S: (—%, 2) ;LR =3,4:y=2
23

(i) 7: (2, -6), S: (2, _T) ‘LR =1,4:x=2

@iv) . (—%,%); S:(-1/2,3/4); L.R. =1,

A:2y—1=0.

. (3,6)and (3, -6)

X —=2xy+y?+32x+32y+76=0
x=0

y?=8x+24=8(x+3)
y=x>+3x+2

-2=2(x-1)
x-3)P=12(v-1)

lezz—l

1V
alt+—
[+3)
4a cosec’ 0
(0, at)
(0, 4)
-3<x<3
(1/2,-2) or (25/2,-10)
16

%«/1 +m? Ja(a —mc)

(at\ty, a(t, + 1))
2x+y—-4=0and2x—y+1=0

y=x—2andy=-3x+2
x+ty+ta=0

a|/3 b|/3
y= _1717 x+a —6117

33, y=1x14

34, y=4x-4

35. y=x+2

36. x+2y=1

37. x—B3y+3=0

38. L(1,2)and L’(1,-2)is (1, 0)

39.

T
3
3
40. —
V2
41. 22
42. -1
43. (-2,-9)
4. x+a+b=0
1
45. Eaz(tl b))t =) (1)
46. x> +y? —a(l + tyty + t5t, + t,1)x
—a(t, +t, + 1, — 4Lty
+a(toty + 151, + 1,2,) = 0

47. | —a,a| —+—+—+
m my m3 s

48. x+a=0
49. (i) 4x+9=0
(i) y+2=0
(iii) x=0
50. x=2a+a(f +6+1t,)

and y=—at|t,(t, +1,)

51 ty=—t—=

52. >8
53. 2

54, x+y=3

55. y=2x-24

56. k=9

57. 9PO =80:/10

58. y*=a(x—3a)

59. al® + 2alm* + nm* =0
60. 6=tan"'(+2)

61. (m?,—2m)=(1,F2)
62. PO=63

64. y*=a(x —a)

65. 5

66. 25 -1

2h —4a
,0
o (22%,)
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70.
71.

72.
74.
79.
80.
81.

82.

83.

84.
85.
86.
87.
88.
89.
90.
91.
93.
94.
95.

Levee I

(©) 2. (¢) 3. (b) 4.
(d) 7. (c) 8. (c) 9.
(d 12. (b) 13. (a) 14.
(@ 17. (@ 18. (a) 19.
(¢) 22. (b) 23. (b) 24
(b) 27. (b) 28 (d) 29
(b) 32. (b) 33.(d 34
(c) 37. (¢ 38. (b)  39.
(c) 42. (d 43. (a) 44
(c) 47. (d 48. (c) 49

1.

6.
I1.
16.
21.
26.
31.
36.
41.
46.

Levee I

10.

13.
14.

AR i e

h>2a
27ak* < 4(h - 2a)’

0= tan™! (tan 6)
2

(3a, 0)
2x-3y+4=0

y=3x-3

(* — 4ax) = (x + a)* tan® 6

ﬁ x (kK = 4ah)(k> + 4a%)
a

(k* - 4ah)*?
2a

4x-3y+1=0
v} =2a (x — a)
y=2ax
= 2a(x - 2a)* + 8a* =0
= 2a(x - 4a)

(2a — b)y* = 4a’x

y* —2ax — by + 6ab =0
y}(2x + a) = a(3x + a)?
y=a(t; + 1)

15

x=Ty+10=0

(©
(@)
(d)
0

(b)
(d)
(©
(©
(b)
(@)

5.

(a)

10 ()

15.
20.
25.
30.
35.
40.
45.
50.

(b)
(d)
(b)
(@)
(@)
(d)
(@)
(©

4,0

4yd® + 8a® —xa* +4x =0
y* =4(a, - a)(x - a)

(0, 0), (4a, 4a), (4a, —4a), (8a, 0)
(x-y)=8x+y-2)
m=1,-1

-1,0)

2,4

yx/g =x+3

y=x+2
y=0,y=4(x-1)

15.

17.
18.
19.
21.
22.
23.
24.

25.

26.

27.
28.
30.

31. y=

32.

Levee W

1.

Coordinate Geometry Booster

(5o }(57)

c>1/2

x-2y+8=0,(8,8)

12a

x> =2(y—6)

(ax + by)(> +?) + (bx —ay)* =0
9y* = 4a(x — 8a)

V:=2a*(x —4)

(53]

154°
4
a=2
-1 x+1)+4=0
(3, -4), (0, 0), (8, 16)
(x=h) _a(y-k)
(y=k) (x=h)
¥ =a(x—3a)

8\/5 S.u.

()
(b* — 4a*)y — dabx + 4a*b =0

1 - 1
t=t—,p=cos | —=
7o)

5. (a,¢)

7.

8.
9.
10.
11.

12.

13.

14.

15.

¥ =2(y—6)
3/2
x—6
+18| =——| =0
ey
x=2y+1=0
Q2 —-xp* =5 +32)
9y? = 4ax
9x? = 4by

(21-45)

Sa

N

1
bl < ——
P<37

4

INTEGER TYPE QUESTIONS

1.
2.
3.

6
3
5
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Passage IV: (i) (a) (i1) (b) (iii) (c) 19. (c)
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Passage VI: (i) (c) (ii) (b) (i) (d) 21, (d)
Passage VIL: (i) (2) (ii) (¢) (ii)) (©) (iv) (b) (v) (¢) 22. (ab)
Passage VIL: (i) (c) (i) (b) (iii) (d) 23. (i) > A; (i) > B; (ii))—>D; (iv)>C
24. (i)-(c) (ii)-(b) (iii)-(d)
MATRIX MATCH 25. (a)
L. (A) = (S); (B) = (R); (C) = (Q); (D) — (P) 26. (b, c)
2. (A) = (P, R); (B) = (PR); (C) = (Q); (D) > (Q, S) 27. (a,d)
3. (A) > (S): (B) = (R); (O) > (Q); (D) > (P) 28. (c, d)
4. (A) = (Q); (B) = (P); (C) > (Q) (D) = (R) 29. (a,b,d)
5. (A) = (P); (B) = (Q); (C) = (S); (D) = (R) 30. 2
6. (A) = (R); (B) = (R); (C) = (R); (D) = (R) 314
7. (A) = (Q) (B) = (P); (C) = (S); (D) - (R) 32. (0
8. (A) = (Q): (B) = (3):(0) > (P): (D) > (R) o9
QUESTIONS ASKED IN PREVIOUS YEARS’ JEE-ADVANCED 35.(d)
EXAMINATIONS gg Eg
2. V2 38. 4
3. x+ty=3 39. 2
4. 3/4 40. (a,c)
5. 2=2x-8 41. (a, b, c)
6. (a) 42. (a.c.d)

HINTS AND SOLUTIONS

Levee 1

1. The given equation is

ax+\/5=l

a’x* = 2abxy + b*y* —2ax —2by + 1 =0
Here A =a* B=b*and H=—-ab
Now, H? — AB = a’b* — a*b* =0
Hence, it represents a parabola.

N (\/E+\/5)2=1 2. H.ere,a'=1,h=f2andb=l.
Since, it represents a parabola, so

=  ax+by+2abxy =1 W_ab=0

= (ax+by -1’ =(2Jabxy)’ = 4-1-0

= ax*+ b+ 1+ 2abxy — 2ax — 2by = A=4

= 4abxy
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3. The given conic is
162+ (y - 1)) =(x+/3y-5)°

1 x+By-5)
= (x2+(y—1)2)=2(%] ()

which represents an ellipse.
Now, Eq. (i) can also be written as

SP* =& x PM*
|
Thus, the eccentricity is 7

4. Let S be the focus, PM be the directrix and the eccen-

tricity = e
From the definition of conic section, we get
SP
2 e
PM
= SP=exPM
= SPP=e&*xPM

x+3y+10

2
= (x—1)2+(y—2)2=%><[— mj

20{(x— 1)+ (¥ —2)*} = (x + 3y + 10)?
= 20{*+)y*—2x—4y+5}
= (x> + 9% + 100 + 6xy + 20x + 6y)
5. Let S be the focus and PM be the directrix.
From the definition of conic section, it is clear that,
SP=PM
= SP’=PM

x—y+3

2
= -D"+(-D —( \/ﬁ j

2{(c— 1P+ (= 12} = (r—y+3)

2 +y* —2x -2y +2)
=(x*+)* + 9 —2xy —6x — 6y)
= X+2y+yP+2x+2y+4=0

6. (i) The given equation is
y2=x+2y+2

= Y —2y=x+2

=  (-17P=x+3

=  Y=X whereX=x+3,Y=y—1

Vertex: V(0, 0)

= X=0,Y=0

= x+3=0,y-1=0

= x=-3,y=1

Hence, the vertex is (-3, 1)

Focus: (a, 0)

: X=a,Y=0

|’

1
= +3=—,y—1=0
X 2 y

1
= x=—=3,y=1
4 y
= 1 1
x:——’ =
4 y

Hence, the focus is (—%, 1)

(i)

(iii)

Coordinate Geometry Booster

Latus rectum: 4a =1
Directrix: X +a=0

1
= x+3=-—
4

= x=-—
4

= 4x+11=0
Axis: Y=0
= y—1=0
= y=1
The given equation is

Y =3x+4dy+2
= y274y=x2+2
= y274y+4=2x+6
=  (-27=3(x+2)
= Y*=3X,
where X=x+2and Y=y-2
Vertex: (0, 0)

= X=0,Y=0

= x+2=0andy-2=0
= x=-2andy=2
Hence, the vertex is (-2, 2)
Focus: (a, 0)

= X=a,Y=0

3
= x+2:Z,y72:0
_ 2 dy=2
= x= 4an y=
Hence, the focus is (—%, 2)

Latus rectum: 4a =3
Directrix: X +a=0
= x+2=3/4

= x=-5/3

= 3x+5=0
Axis: Y=0

= y—2=0

= y=2

The given equation is
¥ =y+dx+2

= ¥ —4x=y+2

= ¥ —4x+4=y+6
= (x-2P°=y+6

= X=Y,

where X=x—-2and Y=y +6
Vertex: (0, 0)

= X=0,Y=0

= x—2=0andy+6=0
= x=2andy=-6
Hence, the vertex is (2, —6)
Focus: (0, a)

= X=0,Y=a

= x—2=0andy+6=1/4
= x=2andy=-23/4
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Hence, the focus is (2, —2743)

Latus rectum: 4a =1
Directrix: Y+a=0
= y+6=1/4
= 4y+23=0

Axis: X=0
= x—-2=0
= x=2
(iv) The given equation is
¥+x+y=0

= x2+x=—y

i
) TV TV T

=  X’=-Y, where

U

1 1
X=x+—=,Y=y——
2TV,

Vertex: (0,0) = X=0,Y=0

1 1
= +—=0,y—-—=0
TR
o x=—m,y=t
2772
. 11
Hence, the vertex is (_E’ Ej .
Focus : (0, —a)

= X=0,Y=-a

= x+12=0,y-12=1/4

= x=-1/2,y=3/4

Hence, the focus is (—1/2, 3/4)

Latus rectum: 4a =1

Directrix: Y—a=0

= y—12-1/4=0

= y-=3/4=0

= 4y-3=0

Axis: Y=0=>y-12=0=2y-1=0
7. Let the point be (x, y)

Y

The given equation is
= 12x

= 4a=12

= a=12/4=3

Given focal distance = 6
x+ta=6

= x+3=6

= x=6-3=3

10.

4.25

When x =3,y =12x3 =36

= y=46
Hence, the co-ordinates of the points are (3, 6) and
(3a _6)

Let the vertex be } and the focus be S.
The equation of axis isx —y = 0.
Y

Let the point Q is the point of intersection of the axis

and the directrix.

Clearly, V' is the mid-point of Q and S.

Then Q is (2. 2).

As we know that the directrix is perpendicular to the

axis of the parabola. So, the equation of the directrix is
x+ty—k=0

which is passing through (2, 2).

Therefore, k= 4.

Hence, the equation of the directrix is
x+ty—-4=0

Thus the equation of the parabola is

xX+y-— 4)

2 2
Jx+6)2+(y+6) _( N

= 2(x+6P+(+6)%)=(x+y—4)>
= 20 +)*+ 12x+ 12y + 36)
=2 +)*+ 16 + 2xy + 8x — 8y)
= X2+ )P +32x+32y+76=0
The given equations are x =7+ 1 and y =2+ 1
Eliminating 7, we get

-1*=4(x-1)

= Y>=4X,where X=(x—1)

and Y=(@-1)

Hence, the equation of the directrix is
X+a=0

= x-1+1=0

= x=0.

Let the vertex be V" and the focus be S.

Let O be the point of intersection of the axis and the
directrix.

Clearly, O be (-5, 0) and 7 be the mid-point of S and Q.
Then focus S'is (-1, 0).

Hence, the equation of the parabola is

x+5
Je+ )2+ 5 =[\/1,2j

= (@+1P+yP=@x+5)
= PP =8x+24=8(x+3)
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I1.

12.

13.

14.

Let the equation of the parabola be
y=ax’+bx+c ...(1)
which is passing through (0, 2), (1. 0) and (1, 6). So
c=2,atc=b,atb+c=6
Solving, we get
a=1,b=3andc=2
Hence, the equation of the parabola is y = x* + 3x + 2.
Let the equation of the parabola be (y — k)> = 4a(x — h),
where vertex is (A, k).
Then the equation becomes
-2 =4a(x-1)
which is passing through (3, 4).

Therefore, 8a=4 = a= %

Hence, the equation of the parabola is
-2=2(x-1)

Let the equation of the parabola be (x — H)* = 4a(y — k),

where vertex is (4, k).

Thus the equation becomes
(x—=3)?=4a(y-2)

Also it given that, the length of the latus rectum = 12

= 4a=12 =a=3.

Hence, the equation of the parabola is
(x-3y=12(y-1).

Let y* = 4ax be a parabola, if PQ be a focal chord.

Y

0 S X
0

Consider any two points on the parabola (at7, 2at,) and
(at}, 2at,).

Since PQ passes through the focus S(a, 0), so P, S, O
are collinear.

Thus, m(PS) = m(QS)
2at,—0 0-2at,

= =
atlz—a a —at22
- 2at, _ 2at,
2 2
aty —a aty —a
N 2t _ 2t,
£-1 -1
h _ b
= 2 T2
-1 t,-1
2 — (42
= nl-D=n-1)
=  nhh-1)+th-1)=0

15.

16.

17.

Coordinate Geometry Booster

= Ht,+1=0

= Ht,=-1

which is the required relation.

Since one extremity of the focal chord is P(a?, 2at),

. ) a 2a
then the other extremity will be Q(t—z, —7) .

Y

Plat?, 2at)

o S(a, 0)

Q(atlza 2a 1

Thus, PQ = SP + SQ

=(at2+a)+(i2+a)
t

2
=a(t2+i2+2j=a(t+l)
t t

Now, slope of PQ =

o

=tan 0
t_

~ | —_

1
= 200t0:t—;

2
Thus, PO = a(t + %)

i

= a(4 cot? 0+ 4)
= 4q cosec? 0

S = (ay 0)’ P = (Cltz, 2at) and Q = (%’ _2761)
t

Thus, SP=a+at2,SQ=a+t%

Now, Harmonic mean of SP and SO

_25P-SQ 2
sP+sg - 1 T
SP SO
1 1 1 1 1+2 1
=4 —= 2+ = > =
SP SO a+at a+ L all+t7) a
2
t
2 2
Thus,ﬁ—T—M
7_1’_7 J—
SP SO a

= semi-latus rectum.
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18.

19.

20.

Plat?, 2at)

o S(a, 0)

Q(atlza 2a 1

The equation of the focal chord SP:
2at —0

3 (x—a)
at"—a
= yF-1)=2tx-2at
= 2x—(FP-1)y—-2at=0
Let d be the distance of the focal chord SP from the
vertex (0, 0) to the parabola y? = 4ax.

(0—0—2at)

Jart+ (2 =1)2

_ 2at _ 2a
-4
(*+1) (HD

y=0=

Then d =

2 2 3

1 4a 4a

Also, PO=alt+~-| =ax—=—
¢ ( t) > d?

Thus, PQ o %

Hence the length of the focal chord varies inversely as
the square of its distance from the vertex of the given
parabola.
Let the circle described on the focal chord SP, where
S=(a, 0) and P = (af*, 2at).
The equation of the circle is
(x—a)(x—a)+ (y—2at)(y —0)—0
Solving it with y-axis, x = 0, we have
V=2aty+a* =0
Clearly, it has equal roots.
So the circle touches the y-axis.
Also, the point of contact is (0, at).
The equation of the circle described on 4B as diameter
is

(x —atz)(x—%) +(y—- 2at)(y+27a) =0
t
Put x = a, we have

2 1 2 1y
y° —2a t—; y+a t—; =0

Clearly, it has equal roots.
Hence the circle touches the directrix at x = —a.

21.

22.

23.

24.

4.27

Since, the point (A, —A) lies inside of the parabola
¥? =4x, then 1> —41<0

= MA-4<0

= 0<A<4

Hence, the range of A is (0, 4).

Since the point (A, 2) is an exterior point of both the

parabolas
Y

S
=y

¥ =+ 1andy’ =~x-1),
So we have
4-x—-1>0and4+x-1>0
= 3-x>0and3+x>0
= x-3<0andx+3>0
= x<3andx>-3
= 3<x<3
The given line is
2x+3y+5=0 ...(1)
and the parabola is y* = 8x ...(i1)
Since (i) is a tangent to the parabola y* = 8x, so

2
(—2x—5j _ 3y
3

(2x+5)>="72x

45 +20x + 25 = T2x

432 - 52x+25=0

4% —2x - 50x+25=0
2x(2x—1)=25Q2x—-1)=0
Q2x—1)(2x—-25)=0
x=1/2,x=25/2

| (A

When x = 1/2, then y = (%) =_2

Also, when x = 25/2, then y =-10

Hence, the points of contact are
(172, -2) or (25/2,-10)

The given parabola is

Y =12x Q)
= 4a=12
= a=3

The given line is 3x +4y + A=0

= yZ—Z)C—Z (11)
Since, the line (ii) is a tangent to the parabola (i), so
a
c=—
m
A 3
——=——=-4
")
4
= A=16

Hence, the value of Ais 16.
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25.

26.

27.

Let the equation of the parabola be

y* = 4ax
and the line be y = mx + c.
Solving the above equations, we get

(mx + ¢)* = 4ax
=  m*’+ Qmc+4dax+cr=0
Let the line y = mx + ¢ intersects the parabola in two
real and distinct points, say (x;, ;) and (x,, y,).
Thus (x; —x,)* = (x; +x,)* — 4xx,

_ 4(mc - 2a)® 3 ﬁ _16a(a —mc)
m* m? m* ’

and y; -y, = m(x; —x)
Thus, the required length

= \/(yl _)’2)2"' (x— x2)2

= \/(xl_ x2)2m2+ (- x2)2
=41+ m* (x—xy)

:%\/1 + mzw/a(a — mc)

Let the parabola be y* = 4ax and the two points on the

parabola are P(atl2 ,2at;) and Q(at22 ,2at,), respec-
tively.

P(t))

R(atl’ at2)

o)

The equation of the tangent at P(at]2,2at]) and

Q(alzz, Zal‘z) are
ty=x+at ()
and ty=x+at, ...(i1)
Solving these equations, we get
x=att,y=a(t, + 1)
Hence the co-ordinates of the point of intersection of
the tangents are (at,t,, a(t; + t,)).
Notes:
1. x-co-ordinate is the geometric mean of the x-
co-ordinates of P and Q.
2. y-co-ordinate is the arithmetic mean of the y-
co-ordinates of P and Q.

The given parabola is y* = 2x + 5y — 8.
whenx=1,1>=5y-6

= P -55+6=0

= 0-20-3)

28.

29.

Coordinate Geometry Booster

= y=23

Thus, the points are (1, 2) and (1, 3).

Hence, the equations of tangents can be at (1, 2) and
(1, 3) be

Zy:(x+1)+§(y+2)—8
5
and 3y=(x+1)+5(y+3)—8

= 2x+y-4=0and2x-y+1=0
Let the equation of the tangent be

y=2x+c ...(1)
If the equation (i) be a tangent to the parabola, then
c=t2_1
m 2
Thus, the equation of the tangent is
y=2x+1 ...(11)
The given parabola is y* = 8x ...(ii1)
Solving (ii) and (iii), we get
(2x+1)>=8x
= 4’ +4x+1=8
= (2x-17=0
1
= x=—
2
When x =1/2, then y =+ 2
Hence, the point of contacts are
[32)r(5]
2 2
The equation of line from (-1, 2) is
y-2)=m(x+1)
= mx-y+(m+2)=0
= y=mx+(m+2) ...(1)

The line (i) will be a tangent to the parabola y* = 4x, if
(m+2)= 1
m

= m+2m-1=0

which is a quadratic in m.

Let its roots are m,, m,.

Thus, m| + m, =-2 and m;m, =—1
Let 6 be the angle between them.

Then, tan (0) M=

1+ mm,

\/(ml + m, )2 —4mm, |

1+ mym,

= tan(f)=oo =tan§

= 6:—
2

. T
Hence, the angle between the tangents is 0 = >
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30. Let the equation of the tangent be

31.

y+D=mkx-1)
= y=mx—-(m+1) ...(1)
Equation (i) be a tangent to the parabola
y=x*-3x+2,

then mx—m—1=x>—3x+2
= xX*-(m+3x+@m+3)=0
Since it has equal roots, so
D=0
(m+37°—4m+3)=0
m+3)(m+3-4)=0
(m+3)(m-1)=0
m=1,-3
Hence, the equation of the tangents are
y=x—-2andy=-3x+2
The given parabolas are

tuuy

y* = 4ax and x* = 4ay

. a
Let the equation of the tangent be y =mx +—.
m

If it is a tangent to the parabola x> = 4ay, then

x’= 4a(mx + i)
m

= mx’+dam’x + 4d®
= mx’—dam*x —4a*=0
Now D =0 gives,
16a’m* + 16a*m =0
= l6”m(m*+1)=0
= mm+1)=0
= m=0and-1
Since m = 0 will not satisfy the given tangent, so

m=-1
Hence, the equation of the common tangent be
y=—x-a

= x+ty+a=0

32. The given parabolas are y*> = 4ax and x> = 4by.

Y
P
X
(0)
0
Let the equation of the tangent be
y=mx+ 4 (D)

m
Since the equation (i) is also a tangent to the parabola
x? = 4by, so

x’= 4b(mx + ﬁj

m

33.

34.

4.29

= mx’=5m’x + 4ab
=  mx’—4bm’x —4ab=0
Since it has equal roots, so
D=0
166*m* + 16abm = 0
= 16bm(bm>+a)=0

3 a

= m=——
b

) 4

= m__b1/3

Hence, the equation of the common tangent be

v D)o 22)
b1/3 a1/3

Let the equation of the tangent to the parabola

Y =16xis
4

y=mx+—
m

= mx-my+4=0 ...(0)
Y

M
5 X

If the Eq. (i) be a tangent to the circle x> + y? = 8, the
length of the perpendicular from the centre to the tan-
gent is equal to the radius of the circle.

Therefore,

0-0+4

=22
m* + m?

= 8m*+m?)=16

= +m*-2)=0

= m*+2m*-m*-2)=0
= @+2)m*-1)=0
= @ -1=0

= m==I1

Hence, the common tangents are y =+ x + 4.
Any point on the parabola y = x? is (1, £°).
Now the tangent at (¢, ) is

1
==+
1 2(y n)
1 2
= txzz(yﬁ-t )

= 2x—y—£=0
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35.

36.

If it is a tangent to the parabola,
y=—(x—2)* then
2t — £ =—(x-2)?
= 2x-FP=-x*+4x—4
= X+22-x+@F-4=0
Since it has equal roots,
D=0
42-1-4F-4)=0
= Q-0-F-4=0
= =2
Hence, the equation of the common tangent is
y=4x-4
Let the equation of the tangent to the parabola y* = 8x is

2 .
y=mx+— .. (1)
m
If it is a tangent to the curve xy = —1, then

(2
x| mx+—|=-1
m

= m+2x+m=0
Since it has equal roots, so,

D=0
= 4-4m*=0
= m=
= m=1

Hence, the equation of the common tangent is y = x + 2.
Any point on the parabola y* = x can be considered as
(2, 0).

The equation of the tangent to the parabola y* = x at

(7, 1) is

1
J’J’1:E(x+x1)~

= yt=%(x+tz)

= x+2t-£=0 (i)

If it is a tangent to the circle x* + y*> — 6y + 4 = 0, then
Qut—2Y+1?P—6y+4=0

= 4P+ -4+ —6y+4=0

= A+ 1)y’ -2 +3)y+(*+4)=0

Since it has equal roots, so
D=0

= 4QFL+ 1) -4@~+ 1) +4)=0

= QP+1)P-@rA+)(*+4=0

= (-12+16£-5=0

= t=1

Hence, the equation of the common tangent is

x+2y=1.

37.

38.

39.

Coordinate Geometry Booster

Any tangent to the parabola y* = 4x is

a
y=mx+—
m

1
=  y=mx+—
m

= mx-my+1=0 ...(0)

If it is a tangent to the circle x> + (y — 3)> = 9 the length
of the perpendicular from the centre to the tangent is
equal to the radius of the circle.

Therefore,

3m?+1
m* + m?
GBm? + 1)? =9(m* + m?)
Om* + 6m* + 1) = 9(m* + m?)
3m? =1

- el

Since, the tangent touches the parabola above x-axis,
so it will make an acute angle with x-axis, so that m is
positive.

=3

(I

Thus m N
Hence, the common tangent is X — By+3=0.

The equation of the given parabola is y* = 4x.

We have, 4a=4=a=1

Let the end-points of the latus rectum are L(a, 2a) and
L'(a, 2a).

Therefore L = (1,2) and L' = (1, -2).

As we know that the point of intersection to the tangents

at (at{, 2at,) and (at3,2at,) to the parabola 1* = 4ax is

Hh+1t
atit,, a
)

Thus, the point of intersection of the tangents at (1, 2)
and L'(1,-2) is (1, 0).
The equation of the tangent to the parabola
y=4x ..(0)
from (1, 4) is
y—4=mx-1)
= y=mx+(@-m)

...(i)
Since (ii) is a tangent to the parabola y* = 4x, so

c=—
m

= (4—m):i
m
= 4m-m’-1=0
= m-4m+1=0
It has two roots, say m; and m,.
Therefore, m, + m, =4 and mym, =1
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40.

41.

Let O be the angle between the tangents

Then tan (0)= S

1+ mm,

\/(ml +my)’ = dmym, |

1+ mm, ‘

7 -

= 9:5
3

. T
Hence, the angle between the tangents is 3

The shortest distance between a line and the parabola
means the shortest distance between a line and a tan-
gent to the parabola parallel to the given line.

Y

N A

(@

Y

Thus, the slopes of the tangent and the line will be the
same.

Therefore,
2x+3=1
= x=-1

When x =-1, then y =0.
Hence, the point on the parabola is (-1, 0).
Thus, the required shortest distance

-1-0-2| 3

Jf+1 | 2

The shortest distance between a line and the parabola
means the shortest distance between a line and a tan-
gent to the parabola parallel to the given line.

Y

Thus, the slopes of the tangent and the line will be the
same.

Therefore, — 4 =-1>=>y=0
2y+4

42.

43.
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When y =0, then x = 0.
Thus, the point on the parabola is (0, 0).
Hence, the required shortest distance

0+0—-4|_ 4 _ 22
T

The given tangents are y + b =m (x + a)

and y+b=my(x+a)

Therefore, both the tangents pass through (—a, —b)

which is a point lying on the directrix of the parabola.

Thus, the angle between them is 90°.

Hence, the value of m;m, is —1.

The equation of the tangent to the curve y = x> + 6 at

1,7)is

1
SOy =x0+6

1
= E(y+7)=x+6

= 2x-y-5=0 ...(1)
Y
\ P(1,7)
X'Q 5 X
Y

The given circle is

(x+8)%+ (¥ +6)>= (/100 — ¢)? ...(ii)
If the line (i) be a tangent to the circle (ii), the length of
the perpendicular from the centre of the circle is equal
to the radius of the circle.

—1646-5_ foo—e
J22+1
= 45=100-c
= ¢=100-45=5
Thus, the equation of the circle is

(x+ 8%+ (y+6)>=45
= xX+y*P+16x+12p+55=0
Solving Egs (i) and (iii), we get

¥+ Q2x-52+16x+12Q2x—5)+55=0
= x> +4x>+25-20x+ 16x

+24x-60+55=0

5x¢*+20x+20=0

Therefore,

.. (i)

=
= xX+4x+4=0
= x+27°’=0
= x=-2

When x=-2,theny=2x-5=-4-5=-9.
Hence, the point Q is (-2, -9).
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44,

45.

46.

Any tangent to y* = 4(x + a) is

y=ml(X+a)+mi1 ...(0)

Also, any tangent to y* = 4b(x + b) is

yzmz(x+b)+i

g ...(11)
Since, two tangents are perpendicular, so
mym, =—1
1
= mz =
m
From Eq. (ii), we get
1
y=——I(x+b)-bm, ....(iii)

m
Now subtracting Eq. (i) and Eq. (iii), we get

(X + @) + = (x4 )+ 2+ by = 0
m m

1 1 1
= m+— |x+|m+—|a+|m+—|b=0
m m m

= x+tat+tb=0
Hence, the result.
Let the three points of the parabola be

P(at?, 2at,), Q(at;, 2at,) and R(at3, 2aty)
and the points of intersection of the tangents at these
points are A(t, 3, a(t, + 13)), B(t|t5, a(t; + t;)) and
A(tty, a(t; + 1)
Now,
att 2at, 1
1
a(APOR)=— at;
at32 2at; 1
=a(t,— )t~ 1)1~ 1)

2at, 1

Also,
at,ty, a(ty+ty) 1
ar(AABC) = 5 atsty a(t;+1) 1
atit, at;+t,) 1

= %az(tl — )t~ ) (- 1)

Hence, the result.
Let P, Q and R be the points on the parabola y* = 4ax at
which tangents are drawn and let their co-ordinates be
P(at}, 2at)), Q(at3, 2at,) and R(at; , 2ats).
The tangents at O and R intersect at the point
Alatyts, a(ty + 1;)]
Similarly, the other pairs of tangents at the points
Blat,t;, a(t| + t;)] and Clat,t,, a(t, + t,)]
Let the equation to the circle be
X +y?+2gx+ 2/ +c=0 ...(1)

47.

Coordinate Geometry Booster

Since it passes through the above three points, we have

a3t + a’ (ty+ 1) + 2gatyty + 2fa(ty + ;) + ¢ = 0

.. (i)
222, 2 2 -
a'tity +a (4 +16)"+ 2ganty + 2fa(t, + t;) + ¢ = 0
- (i)
and
222, 2 2 =
a’tit +a’ (t + 1) + 2gatt, + 2fa(t, + 1) + ¢ =0
...(1v)

Subtracting Eq. (iii) from Eq. (ii) and dividing by a(#,
— 1)), we get
a(t3(ty+ 1) + 1, + by + 285) + 2gt; + 2f = 0
similarly from Eqs (iii) and (iv), we get
a(tE(ty+ 1)) + 13+ 1, + 28,) + 281, + 2 =0
From these two equations, we get
2g=—a(l + i+ 11 + 111,
A =—alty+ 4+ - nyt)
Substituting these values of g and f'in Eq. (ii), we get
c=d (b, + 1, + 11,).
Thus, the equation of the circle is
K432 —a(l + ity + 1, + t,)x
—alty +h+ - ht)y
+a* (Lt + 4t + 4,) =0
Let the equations of the three tangents be

a .
y=mx+— ...(1)
m
Y= myx + — ..(ii)
m,
a
and y=myx+— ...(iii)

m
The point of intersection of (ii) and (iii) is

,al —+—
myms m, ms

The equation of any line perpendicular to (i) and

M P(be/l)

7T ON N O

The equation of any tangent to the parabola at (x;, y,) is

=y = m(x —xy),

d
where m = (—yj
dx (xlayl)

passes through the point of intersection of tangents
(i1) and (iii) is
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48.

) X 1 1 1 .
ie. Yyt—=a—+—+ ...(1v)
Similarly the equation to the straight line through the
point of intersection of (iii) and (i) and perpendicular
to (i) is

y+L=a{L+L+ ! } (V)

n, ms my mmym;

and the equation of the straight line through the point of
intersection of (i) and (ii) and perpendicular to (iii) is

X 1 1 1 .
y+—=a|—+—+ ...(vi)
my m my,  mymymy

The point which is common to the straight lines (iv),
(v) and (vi), i.e. the orthocentre of the triangle is

1 1 1 1
—a,al —+—+—+
m my m3  Immyms

Hence, the point lies on the directrix.

Y

P(at?, 2aty)

<22 X

O(at3, 2aty)

x+a=0

The equations of tangents at P and Q are y,=x+ at
The point of intersection of these tangents is
lat,ty, alt, + 1)]

Let this point be (4, k).
1 1
The slope of the tangents are m, = - and m,= P
1 2
Since these two tangents are perpendicular, so
mlmZ =—a
11
= ——=-1
i h
= =—a

Thus the locus of the points of intersection is x + a =0
which is the directrix of the parabola y* = 4ax.

49. (i) The given parabola is

y2=x+2
= Y'=X
where X=x+2and Y=y

4.33

Hence, the equation of the director circle is
X+a=0

= x+2+}-:0
4

=  4+9=0
(i) The given parabola is
X2 =dx+4y
= (P-dx+d)=4y+4=4@+1)
=  (x-27=4(+1)

=  X’=4y,

where X=x -2

and Y=y+1

We have, 4a =4

= a=1

Hence, the equation of the director circle is
Y+a=0

=  y+1+1=0
= y+2=0
The given parabola is

Y =dx+4y-8
= Y -dy+4=4x-8+4
= (-2l =4x—4=4x-1)

(iif)

= Y?=4X,
where X=(x— 1)
and Y=(-2)

Wehaved4a=4=a=1
Hence, the equation of the director circle is

X+a=0
= x-1+1=0
= x=0
50. Let the parabola be y* = 4ax
and two points on the pa- P
rabola are P(atlz, 2at;) and
O(at3, 2aty) . 4
The equation of the nor-
mals at P(at?,2at;) and 0
Q(atzz, 2at2) are
y=—tx+ 2atl+at13 (1)
and
y=—tx+2at,+at -..(i1)

51.

Solving Egs (i) and (ii), we get
x=2a+a(t}+1;+1t))

and y=—att,(t, + t,).

Let the parabola be y* = 4ax

and the two points on the pa-

rabola are P(at12 ,2at;) and

O(at;, 2aty) .
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52.

53.

54.

55.

56.

The equation of the normal to the parabola at
P(at},2at)) is y=—t,x+2at,+a; which meets the
parabola again at Q(at22 ,2at,).

Thus, 2at, = —at,t; + 2at, + at}

2a(t,— 1)) +at;(t3 = 1) =0

(—tp2a+an(t, +1)]=0

2+ 4,(t,+1)]=0

F+tt,+2=0
by=—t— 2
I
which is the required condition.
As we know that if the normal at #; meets the parabola
again at #,, then

2
2 (2
2 -

4
=+ +4>4+4=8

gt
Hence, the result. 0
Since the normal at ¢,
meets the parabola at P

2
13,50 ty=—t;——.

4

LG v Uy

U

Similarly, t;=—t,— 2

2 2
Thus, -, ——=—-t,——
h b
22 2-1)
o (2]
I ) 4Lty

= (=2

The equation of the normal is

y—y1=—A(X—x1),wherea:1
2a

= y—2=—%(x—l)=—x+l

= xty=3

The equation of the normal to the parabola y* = 4ax is
y = mx — 2am — am’

Here,a=2 and m =2.

Therefore, y=2x -8 - 16 =2x-24

Hence, the equation of the normal is y = 2 x — 24.

The given parabola is y* = 12x.

We have, 4a=12 = a=3.

The givenlinex+y=k=y=-x+k ...()

57.

58.

Coordinate Geometry Booster

The line (i) will be a normal to the given parabola, if
=2am—am’=6+3=9.
Hence, the value of kis 9.
The equation of the parabola is y* = 8x.
We have, 4a=8 = a=2
Y

0

The equation of the normal to the given parabola at
P8, 12) is

Y
y=n=-=-(x-x)
2a

= y—lZz—%(x—l8)

= y-12=-3x+54
= 3xt+ty=66
Solving y = 66 — 3x and the parabola y* = 8x, we get

44 242
x=——and y=——
9
Hence, the co-ordinates of Q is (—%, %) .

2 2
Thus, PQ:\/(%—IS) +(—?—12)
B f6400+ 6400
81 9
=80,/i+l
81 9

= 80 x~/10
9
= 9P0=80V10
The equations of normals at P(¢,) and Q(¢,) are
y=—t,x +2at, + at}
and y=—tyx+2at, + at;

0

Since these two normals are at right angles, so #;#, =—1.
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59.

60.

61.

Let M(h, k) be the point of intersection of two normals.
Then, h = 2a + a(ti + t,t, + 1} )
and k=—att,(t, + 1)
=  h=2a+al{(t,+t) 24t}
and k=-at;t,(t; T 1,)
= h=2a+af{(t,+1)>+2}
and k=a(t, +1)
Eliminating ¢, and ¢,, we get,
K =a(h-3a)
Hence, the locus of M(h, k) is y* = a(x — 3a).
The given line is
Ix+my=0
= my=-Ix—n

- )

As we know that the line y = mx + ¢ will be a normal to
the parabola y* = 4ax if
c=—-2am—am®

- )

= aP +2alm*+nm*=0
Hence, the result.
The equation of the parabola is y* = 4ax.
If the normal at P(¢;) meets the parabola again at O(t,),
then

hL=-4 tl
= tit,=-11-2
= H+4,+2=0 ...(0)
The chord joining #,, ¢, subtends a right angle at the
vertex, so the product of their slopes = —1

2 2
6o
= Ht,=-4 ...(ii)
From Egs (i) and (ii), we get
£P—4+2=0
= #=2
= =2
= tanf=+2
= O=tan'(2)

The given equation of the parabola is y* = 4x.
Wehave 4a=4=a=1.
The equation of the normal to the parabola
y* = 4x at (am?, —2am) is
y =mx —2am—am® = mx —2m—m
Since, the normal makes equal angles with the axes, so
m=z=l1
Thus, the points are (m* —2m) = (1, F 2)

3

4.35

62. If the normal at P(#,) meets the parabola at O(#,), then

f=—t—2 i
2 1 1 (1)
Y
P
0 X
0

Since the normal chord subtends an angle of 90° at the
vertex, then

Ht,=—4

From Eq. (1), we get

B+t +2=0

= £-4+2=0
= £-2=0
2
2_
Also, 3= (_tl - _j
gl
=6+ iz +4
gt
=2+2+4=8
Therefore,

PQ* = (i} — 53)* + 4a’(t, — 1)’
=1-(2-8)2+4(\2 + 24/2)?
=36+72=108

=  PO=6\3
63. The equation of the parabola is y* = 4ax.
Y
P
0 X
Y

Let the normal chord be PQ, where P(¢,) and O(%,).
Since the abscissa and ordinate of the point (p, p) are
same, then

2at, = at}
= =2
If the normal at P(#,) meets the parabola Q(t,), then
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64.

65.

Let S(a, 0) be the focus of the parabola 1> = 4ax.

Then the slope of SP= —tl =+ -2
en the slope o wl-a 4-1 3
2at,
and the slope of SQ =—
aty —a
__ 6 _6__3
9-1 8 4

It is clear that

m(SP) x m(SQ) = % X —% =-1
Hence, the result.
The given equation of the parabola is y* = 4ax.
The equation of the normal at P(am?, —2am) is
y =mx —2am — am® ...(1)
Let Q be a point on the axis of the parabola.
Put y =0 in Eq. (i), we get
x=2a+ am®
Hence, the co-ordinates of the point Q is (2a + am?, 0).

Let M(h, k) be the mid-point of the normal PQ.

am® + 2a + am?®

2
and k= _Za_m: —am

Then, h=

Eliminating m, we get
2
h=a+—
a
= dA+k=ah
Hence, the locus of M(#, k) is
a+ y2 =ax
= Y =alx—a)
The given equation of the parabola is y* = 4x.
The equation of the normal at P(m? —2m) to the
parabola y* = 4x is
y:mfomfm3 ...(1)
The given equation of the circle is
¥+ —12x+31=0
= (@x-6>+y’=5
Y

(i)

The shortest distance between the parabola and the
circle lies along the common normal.

Therefore, the centre of a circle passes through the nor-
mal, so we have

0=6m-2m—nm’

66.

67.

Coordinate Geometry Booster

= m—-4m=0

= m=0,-2,2

Therefore, P is (4, —4) or (4, 4) and let C(6, 0) be the
centre of the circle and Q be a point on the circle.
Therefore,

CP =\J(6-4+(4-0) =20 =245

and CO = /5
Thus, the shortest distance = CP — CQ
=25 -\5=+5

The given equation of the parabola is y* = 8x.
We have, 4a=8 = a=2.

Y

The equation of the normal to the parabola

y* = 8x at P(4m?, —4m) is

y=mx —4m —2m’ ...(1)
The given equation of the circle is

¥ +y?+12+35=0
= X+@y+6’=1
Thus, the centre of the circle is C(0, —6).
As we know that the shortest distance between a circle
and the parabola lies along the common normal.
Therefore, the normal always passes through the centre
of the circle. So

—6=—4m - 2m’
= m+2m-3=0
= m=1

Thus, the point P is (4, —4).
Let O be any point on the circle.
Then CQ =1 and

CP=1J(4—0)+(—4+6)> =420 =25

Hence, the shortest distance = PQ
=CP-CQ=2/5-1.

The equation of any normal to a parabola y? = 4ax is
y = mx —2am — am’
which meets at a point, say (%, k).
Thus, am® + (2a —h)ym + k= 0.
which is a cubic equation in m.
So it has three roots, say m,, m, and m.
Therefore, m; + my + my; =10
Hence the result.
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68. Let the ordinates of 4, B and C be y,, y, and y; respec-
tively.
Then, y, = -2am,, y, = 2am,, y; = —2ams.
Thus,
Y1+ +y3=2amy = 2am, — 2ams
=2a(m; +m, +m;)=-2a.0=0
69. If A(x, y,), B(x,, y,) and C(x3, y3) be the vertices of a
AABC, then its centroid is
(x1+x2+x3 y1+J’2+J’3)
37 3

_[atxntx 0
3 b

Hence the centroid lies on the axis of the parabola.
Also,
(x] + X+ X3
3

1
j = E(aml2 + am3 + am?)

23{0_2(251—}1)}: 2h —4a
3 a 3

Thus, the centroid of AABC is (Zh ; 4a , 0).

70. When three normals are real, then all the three roots of
am® + (2a — hym + k= 0 are real.
Let its three roots are m, m,, ms.
For any real values of m,, m,, mj,
ml2 + mg + m32 >0

= (my +my+ my)* = 2(mymy + mymy + mym;) > 0

= 0—2(2“_h)>0

a
= h-2a>0
= h>2a
71. Let fim)=am® + Qa—h)ym +k
= f(m)=3am*+ (2a—-h)2a
If fim) has three distinct roots, so f”(m) has two distinct

roots.
Let two distinct roots of f’(m) = 0 are ¢ and S.

h-2 _
Thus, o = ( 3a) and f=- (h 2a)'

3
Now, {a)f(f) =0

Aa) fle) =0
= (ac’+ Qa-h)a+k)(-ac —2a—h)o+k) <0
= K—((ad®+Qa-h)*o)<0

2
= kz—(h_;a +(2a—h)) (h;2“)<0

2
- k2_(4a—2h) (h—Za)<O
3 3
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3
_Ah=2a
27a
= 27ak* <4(h-2a)’

Hence, the result.

= 2

72. Let the normal at P(atlz, 2at;) bey=—t,x +2at, + at}
Thus slope of the normal = tan 6= —,

It meets the parabola again at Q(at%, 2at,)

2

Then t,=—-#{—-—.
4
Now the angle between the normal and the parabola =
angle between the normal and the tangent at Q. If ¢ be
the angle between them, then
tan g = 12
1+ mym,

1

b

1+(_t1)(t1)
2

_tl

go — tan71 (WJ
= 2

73. The equation of the normal to the parabola y* = 4ax at
P(af, 2at) is
y=—tx+2at + at’
Y
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74.

75.

It is given that a® = 2at = t = 2.
Thus, the co-ordinates of P is (4a, 4a) and focus is
S(a, 0).
Also, the normal chord meets the parabola at some
point, say Q. Then the co-ordinates of Q is (9a, —6a).
Now,
Slope of SP = m1=4—a=i

3a 3

and the slope of SO = m, :—_6a: —i.
8a 4
Thus, mlxm2=ix—i=—l
3 3

Hence, the result.
Let the latus rectum be LSL’, where L = (a, 2a) and
L = (a, 2a).

P(3a, 0)

Normal at L(a, 2a) isx + y = 3a ...(1)
Normal at L'(a, —2a) isx —y = 3a ...(i)
Clearly, (ii) is perpendicular to (i).
Solving, we get

x=3aandy=0
Hence, the point of intersection is (3, 0).

Y

P('xla YI)

S(a, )N G X

Let P(x,, y,) be any point on the parabola y* = 4ax.
The equation of any tangent and any normal at P(x,, y,)
are

yy; =2a(x + x;) and A "

» 2a

Since the tangent and the normal meet its axis at 7'and
G, respectively, so the co-ordinates of 7 and G are (—x,,
0) and (x; + 2a, 0), respectively.

76.

77.

78.

Coordinate Geometry Booster

Thus, SP=PM=x,+a,
SG=AG-AS=x+2x—a=x, +a.
and ST=AS+AT=a +x,.

Hence, SP=SG = ST.

The normal at P(¢) is y = —tx + 2at + ar’.

Y

It meets the x-axis at G.

Thus the co-ordinates of G be (2a + af?, 0).

Also N is (af?, 0).

Thus NG = 2a + af* — af* = 2a = semi-latus rectum.
The normal at P() is y = —tx + 2at + at’

Y

Thus, S'is (a, 0), G is (2a + af?, 0) and P is (af?, 2at).
Now, SP=a+x=a+at*=a(1*+ F)

SG=2a+af —a=a+at*=a(l +*)=SP
Thus, P and G are equidistant from the focus.

Y

The normal at P(¢) is y = —tx + 2at + af’

Thus G is 2a + af?, 0) and P is (a?, 2at).

Now, PG? = 4a* + 4d*F ...(0)
0 is a point on the parabola such that QG is perpen-
dicular to axis so that its ordinate is QG and abscissa is
the same as of G.

Hence, the point Q is (2a + af, QG).
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79.

80.

81.

82.

But Q lies on the parabola y* = 4ax.
Now,
0G?*=4a(2a + af®)
=8a* + 4a’t
= (4d* + 4a*P) + 4d°
= PG* + 4d*
=  0G?- PG?=4d* = constant.
Hence, the result.
The equation of the chord of contact of the tangents
from the point (2, 3) to the parabola y* = 4x is
w1 =2x +x)
= 3y=2x+2)
= 2x-3y+4=0
The equation of the chord of contact of the tangents to
the parabola y? = 12x drawn through the point (-1, 2) is
2y=6(x—1)
= y=3x-3
Let the point of intersection of the tangents be R(c, ).
The equation of the tangent to the parabola at

P(at?, 2at,) and O(at?, 2at,) are
Thus, the slopes of the tangents are
m = Z and my= g
Then the point of intersection of the two tangents be
[at ty, a(t; + 1,)].
Therefore o= at,t, and B=a(t, + 1,).
Let O be the angle between the two tangents. Then

11
tan () = 12| =270
14+ 1| [na+1

ht

= (l+t) tan (0)= (4, +5,) —44t,)
= (1+#t) tan’ 0= (t, + 1,)* — 41,1,
2 2 2
= (1+g) tanzezg_ﬂ:w
a a a a
= (a+a)tan’ 0= (B -4ac)
Hence, the locus of (e, f) is
(* — 4ax) = (x + a)* tan*> 6
The equation of the parabola is y* = 4ax and the point
(h, k) be P.
Let the tangents from P touch the parabola at

Q(atl2 ,2at;) and R(atz2 ,2at,) , then P is the point of
intersection of the tangents.
Therefore, h = at|t, and k= a(t| + t,)

= tlt2=§and (t1+t2)=§
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Now,

OR = \(at} - a3 * + Qat, - 2at,)’

=la(t, — )|\t +1,)° —4

K 4n) | K
- J[?‘?N[a—z* {
- ﬁ x (k> — dah)(k> + 4d>)
a

83. Let tangents are drawn from P(h, k) to the parabola
y* = 4ax, intersects the parabola at O and R.

o

Then the chord of contact of the tangents to the given
parabola is OR.
Then QR is
yk=2a(x+h)
= 2ax—-yk+2ah=0

Therefore PM =the length of perpendicular from
P(h, k) to OR

2ah — k* + 2ah
k2 + 4d?

k* —4ah

k* — 4ah
\/kz +44°
Thus, the area (APQOR)

1
=~ OR-PM

:%xﬁ\/(kz — 4ah)(k* + 4a”) x
a

(k* - 4ah)
JE2 +4d°
(k* - 4ah)*?

=——ifa>0
2a

84. The equation of the chord of the parabola )? = 4x,
which is bisected at (2, 3) is

T=5,

Wi —2a(x +x) ZJ’% —4ax,

3y—4(x+2)=9-82=71.

3y—4x—-1=0

4x-3y+1=0

LI
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85.

86.

87.

Let the equation of the parabola be y* = 4ax.
The equation of the chord of the parabola, whose
mid-point (x;, ;) is
=5,
=y 2a(x +x,) = yi - dax,
If it is a focal chord, then it will pass through the focus
(a, 0) of the parabola.
Therefore,
0. yy = 2a(x +xy) = yi - 4ax,
=y} =-2d"2ax, +4ax, = 2a(x, — a)
Hence, the locus of (x, y;) is ¥} =2a(x - a).
Let the equation of the parabola be y* = 4ax.

Let VP be any chord of the parabola through the vertex
and M(h, k) be the mid-pont of it.

Then, the co-ordinates of P becomes (24, 2k).
Since P lies on the parabola, so

(2k)* =4a - (2h)
=  4k*=8ah
= k=2ah
Hence, the locus of (4, k) is y* = 2ax.
Equation of the normal at any point (ar?, 2af) of the
parabola y? = 4ax is

y=—tx+2at + af’ ...()
Lep PQ be the normal, whose mid-point is M(c, ).
Therefore,

T=5,
= yB-2a(x+0)=p -3acx
= yB=2a(x+ o) = (B —4aq)
Equations (i) and (ii) are identical.

(i)

3
Therefore, l: i _Zattat

2a B* - 2a0
2a t 2at + at’
= t=—— and —— =
B —2a  B°-2aoc

From the above two relations, eliminating ¢, we get

GEGES

—2a B - 2ac

2
= (ﬁz—Zaa)z—Za[2a+a[_T§aJ ]

= BB -2a0)=-2aRaf + 4ad’)
= PP -2a0) =—4d*B - 8a”)
= B -2a(a-2a)+8a"=0
Hence the locus of M(¢, f) is

v —2a(x - 2a)y* + 8a* =0

88.

89.

90.

Coordinate Geometry Booster

Let OR be the chord and M(¢e, ) be the mid-point of it.

Y
A

B

Then the equation of the chord of a parabola
y* = 4ax at M(c, ) is

T:S1
= yB-2a(x+o)=p -2ax
= yB-2ax=p-2aax (D)

Let 7(0, 0) be the vertex of the parabola.
The combined equation of ¥Q and VR, making homo-
geneous by means of (i), we have

y2 =4ax X (—yg — 2ax]
B —2ac
= YA -2a0) - 4aPxy +8a** =0
Since, the chord OR subtends a right angle at the ver-
tex, so we have
co-oefficient of x> +co-efficient of y* = 0
= (B -2a0)+84*=0
= B =2a(a-4a)
Hence, the locus of M(e, ) is
¥ =2a(x — 4a)
Let OR be the chord of the parabola and M(c, B) be its
mid-point. Then the equation of the chord OR bisected
at M(B, B) is
=S,
= yB-2a(x+a)=p —dax
= yB=2a(x+a)+ (B -4ac)
=  yB=2ax+ (B -2ax) ...(4)
If the Eq. (i) be a tangent to the parabola y* = 4bx, then

c=—
m

[ B> - Zaaj b
= = =
B (2a/B) 2a
= (b-220p+4da=0
Hence, the locus of M(c, P) is
(2a — b)y? =4a’x
Let the mid-point of the chord be M(4, k).
Then the equation of the chord at M(A, k) is
T=S5,
= yk—2a(x+h)=k —4ah
which passes through the point (35, b).
Then, bk — 2a(3b + h) = k> — 4ah.
= K -2ah—bk+6ab=0

_bB
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91.

92.

93.

Hence, the locus of M(#, k) is
y* —2ax — by + 6ab =0
The equation of the given parabola is

y* = 4ax ...(1)
The equation of the tangent at P (af?, 2at) is
yt=x+at ...(i1)

The equation of the directrix of the parabola
Y =daxisx+a=0
Solving Egs (ii) and (iii), we get

2
t"—1
x=—aand y=a(f)

Thus, the point on the directrix, say O, whose co-ordi-

a(tz—l)j
— .

...(iii)

nates are (—a,

Let M(h, k) be the mid-point of P and Q. Then
2
t

— 2_
h=P 4 pd k=D 20
2 2 2
=2t dare = 2GR 1)
a

Eliminating #, we get

)} . 2
a a

= 4K*Qh+ a) = a(6h + 3a— a)*
=  KQh+a)=aBh+a)
Hence, the locus of M(h, k) is
y}(2x + a) = a(3x + a)®
Let y = mx + ¢ represents the system of parallel chords.
The equation of the diameter to the parabola y* = 4ax is
2a

y
m

) 2
The diameter meets the parabola y* = 4ax at (_az , _a).
m m

The equation of the tangent to the parabola y* = 4ax at

a 2a) . a
—,—|is y=mx+—.
m- m m

which is parallel to y = mx + c.

B

Let AB be the chord, where A=(at12,2at1) and
B= (atzz, 2at,) -

94.

95.

4.41
Now,
Slope of AB
2a(t,—t 2
= m(AB) = (22 21) _
a(t2 -4 ) 4+t
The equation of the diameter is
2 .
)’:;a = y=a(+t) ()

Now thetangentsat 4 = (at{, 2at,) and B = (at3, 2at,)

meet at N[at,t,, a(t) + £,)].

Thus, N lies ony = a(t) + t,).

As we know that all rays of light parallel to x-axis of
the parabola are reflected through the focus of the pa-
rabola.

The equation of the given parabola is
(-4 =8(x+1)
= Y=8X
where Y=y -4 and X=x+1
Now the focus of the parabola is (a, 0).
Therefore,
X=aand Y=0
= x+t1=2andy-4=0
= x=landy=4
Hence, the focus is (1, 4).
Thus =1 and f=4
Now, e+ B+10=1+4+10=15.
Let the line y = x + 2 intersects the parabola at P.
Solving the line y = x + 2 and the parabola y* = 4(x + 2),
we get
the point P is (2, 4).
Now the equation of the tangent to the parabola
Y =4(x+2)at P(2,4)is
W =2x+x)+38
= 4y=2x+2)+8
= x-2y+6=0
Let /P be the incident ray, PM be the reflected ray and
PN be the normal
As we know that the normal is equally inclined with the
incident ray as well as the reflected ray.
Now the slope of /P = 1, slope of normal PN = -2 and
let the slope of the reflected ray = m. Then

1+2 -2-m
1-2 1-2m
1
= m=—
7
Hence, the equation of the reflected ray is
1
-2==(x—-4
y Zx=4)

= Ty—-14=x-4
= x-T7y+10=0
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Levee I

3-5 6+6
1. Clearly, focus = (—, —) =(-1,6)
2 2
22 2
2. Given y:a al +%—2a

=  6y=2a>*+3a’x—12a

= ZaZ(x2+%x)=6y+12a:6(y+2a)

2 3 3
= (x +Exj:a—2(y+2a)

= [x+—j —5—2(y+2a)+—
(o3 Fae )
= x+—| =—|y+2a+—o
4 a
= XZ_%Y,

where X=x+E,Y=y+2a+—3a
4 16
Let focus = (4, k)

X=0and Y=i2

4a
3 3> 3
+—=0and y+2a+—=—
= Ty T e T 4l
3 3> 3
h=——k+2a+—=—
= 4 16 442
2
= k+2a+ 4ha =if
4a

=  16ka* +32a® — 4ha' + 16h =0
=  4ka*+8a’ — ha'* +4h=0
Hence, the locus of (4, k) is
4yd® + 8a® —xa* +4x =0
3. Clearly, the equation of the parabola is
¥ =4(a, - a)(x - a)
4. Let A= (af, 2at), C = (at*, — 2af)

Y
A

Y
and B = (2at*, 0)

Coordinate Geometry Booster

Now, m(OA4) x m(OC) = -1

- @ —2at:_1
at2 al‘2

= 2><_—2t=—1
7

= F£=4

= =2

Hence, the co-ordinates of the vertices are O = (0, 0);
A= (4a, 4a); B=(8a, 0), and C = (4a, —4a).

. Let P=(x,y).
Y
P 56,2
M
Y W2.42) v
NG
z J»\\
3 Z
Y
We have,
SP=PM
= SP*=PM
2
+y
= (x-242)+ —2\52=(x )
( )+ ) N

= 2(x-2v2)*+(y-2v2) 1= (x + y)?
= (x—y)2=8\/5(x+y—2\/5)

. Clearly, the point of intersection is (4a, 4a) which satis-

fies the straight line
2bx+3cy+4d=0
2b(4a) + 3c(4a) +4d=0
2ab+3ac+d=0
ab+3c)+d=0
a(2b+3c)=-d

@b+ 3¢y =d

2
(2b+3c)’ = (i)
a

= &P =dQ2b+3c)

L

U

. Any tangent to the parabola y* = 4a(x + a) is

y=m1(x+a)+i ()
m

and to the parabola y* = 4b(x + b) is
yzmz()c+b)-i-i ...(10)
my
Since two tangents are perpendicular, so
mm, =—1 ...(iii)
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10.

b
Thus, ¥y =my(x+b) +—
my

y= —i(x +b) — bm,
m

...(1v)

Eliminating m, from Eqgs (i) and (iv), we get

ml(x+a)+£= —i(x+b) —bm,
m m

— ml(x+a+b)=—i(x+a+b)
m

= (x+a+b)(ml+ij=0
m
= @ta+tbh)=0(C-m=0)
= (x+ta+b)=0
Hence, the result.
Let the focal chord be y = mx + ¢ which is passing
through the focus. So
0=4m+c
= c=-4m
Thus, the focal chord is y = mx — 4m

mx—y—4m=0 ...(1)
(i) is tangent to the circle (x — 6)> +1? =2, so
Om —4m| _ 1
w/m2+1
2
= Z_-\2
m>+1
=  4Am*=2m*+1)
= 2m*=2
= m’=1
= m=tzl

The co-ordinates of the latus rectum are
L=(a,2a)=(1,2)and L’ = (a, 2a) = (1,-2)
The equation of the tangent at L is

w1 =2(x+x)
= 2y=2x+1)
= y=x+1) ...()
The equation of the tangent at L is

2y=2(x+1)
= y=—(x+1) ...(i1)
Solving Egs (i) and (ii), we get

x=-1,y=0
Hence, the point of intersection is (—1, 0).
The equation of the tangent at P to the parabola

¥ =8xis

4y =4(x+2)
= y=(x+2) ...()
Given parabola is y* = 8x + 5 ...(ii)

Solving Egs (i) and (ii), we get
(x+2)>=8x+5
= xX*+4x+4=8x+5

11.

12.

13.

4.43

= x-4x-1=0

= (-2’=(5)

= x=2++/5

Thus, y=4++/5

Therefore, Q=(2+\/§,4+\/§)

and R=(2-+/5,4-/5)

Thus, the mid-point of Q and R is (2, 4).

Clearly, both the lines pass through (-a, —b) which a
point lying on the directrix of the parabola.

Thus, m;m, = —1, since tangents drawn from any point
on the directrix are always mutually perpendicular.
The equation of any tangent to the parabola y* = 4x is

1
y=mx+—
m

= my=m’x+1

= mx-my+1=0 ...(1)
Also (i) is a tangent to the circle (x —3)* +)? =9
Thus, the length of the perpendicular from the centre to
the tangent is equal to the radius of the circle.

3m*+1
m* + m?
GBm? + 12 =9(m* + m?)

Im* + 6m® + 1 =9(m* + m?)
3m? =

So, =3

LI

m==

-

Hence, the equation of the common tangent which lies

. x
above x-axis is y=——++/3

NG}
= x-3 y+3=0
The equation of any tangent to the parabola y* = 8x is
2 .
y=mx+— (1)
m

Since (i) is also a tangent of xy =—1, so

(e )
x| mx+—|=-1
m

= mx2+2+1=0
m

= m+2x+m=0
Since it will provide us equal roots, so

D=0
= 4-4m’=0
= m=1
= m=1

Hence, the equation of the common tangent is y =x + 2.
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14.

15.

Given parabola is y = x°.
So, 4a=1
a=1/4
The equation of any tangent is

a 1
x=my+;=my+a

which is also a tangent of

y= P +4x—4

x=m(—xz+4x—4)+L
4m

Admx = 4m* (x> +4x —4) + 1

—AmPx* + 44m* —m) + (1 — 16m*) =0

AmPx* — 4(4m* —m)x — (1 — 16m*) =0

Since it will provide us equal roots, so

D=0

teu U

= 16(4m* —m)> + 16m*(1 — 16m*) =0
= (4m*—mP+m*(1-16m*)=0
= 16m* —8m® + m> + m* — 16m* =0
=  SmP+2m*=0
= 4m’-m*=0
= m=0,l

4

Hence, the equation of the common tangents are
y=0andy=4(x-1)
Given parabola is y* = 2px.

So, the focus is (g, 0) .

Y

o C(p/2,0) X

x=p/2

Y

Clearly, the equation of the circle is

2

)4 2 2
x——| +y°=

( 2) yEp

2
= (x%) +2px=p2

2
= xz—px+pT+2px=p2

2

= x2+px+pT=p2

16.

17.

Coordinate Geometry Booster

3p

x=- =
= 2

(SRS

P
+p=f _
P=y

when ng,then,y:ip

Thus the point of intersection are

(57 )ma(5-)

Let the parabola be y* = 4ax and the two points on the

parabola are

P(at],2aty) and Q(at3, 2aty)

P

0
The equation of the normal to the parabola at
P(at?, 2at) is
y=—tx+2at + atl3
which meets the parabola again at Q(az‘z2 ,2aty))
Thus, 2at, = —at,t; + 2at, + at;
= 2a(t,—t)+at(t;—1)=0
=  (h-t)[2a+at(t,+1,)]=0
= [R+nn+n]=0
=  f+4,+2=0

Hence, the result.
Given parabola is y* = x.

So, 4a=1
1
= a= Z
The equation of any normal to the parabola
y=mx— lm - lm3
2 4

which is passing through (c, 0). So

1 1
me——m-——m>=0
2 4

dme-2m—-m> =0

=
= m+2(1-2c)=0
= m+2(1-2c)=0
2
m
= (1-2)=—"—
( ) 2
2
= (-2)=-"2<0
2
1
= c>—
2
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18.

19.

The equation of any tangent to the parabola y* = 8x is

2
y=mx+—
m
Clearly,
tan (£45°) = m—3
14+ 3m
- M3y
14+3m
- m—3=1’m—3=_1
14+3m 14+3m
= m=—2,l
2

Hence, the equations of tangents are
y=—2x—1,y=§+4

= y=-2x-1,x-2y+8=0
Solving »* = 8x and y = —2x — 1 we get, the point of

) (1
intersection is E,—2 .

Again, solving y* = 8x and x — 2y + 8 = 0 we get the
point of intersection is (8, 8).

. 1
Thus, the point of contacts are (5, —2) and (8, 8).

Clearly, the ends of a latus rectum are L(a, 2a) and
L = (a, 2a).

The equation of the normal at L is
y =mx —2am — am®

putting m = —1, we get
y=—x+2a+a

= x+ty=3a

The equation of the normal at L is
y =mx — 2am — am®

putting m = 1, we get
y=x-2a—a

= x-y=3a

On solving x + y =
0 = (9a, —6a)

Again, solving x — y = 3a and y* = 4ax, we get
Q' = (9a, —6a)

Thus, the length of Q0" = \/(9a —9a)* + (6a + 6a)*
=12a

3a and y* = 4dax, we get

Hence, the result.

4.45

20. Prove that from any point P(at*, 2ar) on the parabola

21.

22.

y* = 4ax, two normals can be drawn and their feet
QO and R have the parameters satisfying the equation
P+ Aa+2=0.

Given parabola is x> = 8y.

We have 4a =8

= a=2

The equation of the normal to the parabola x* = 8y at
(—2am, amlz), (—2am,, amg) are

x=m1y—2am1—am13 ..(i1)
and x=m2y—2am2—am§ ...(4)
Let (4, k) be the point of intersection.
Thus, i = —a(m, + m,) ...(1i1)
and k=2a+a(m12+m22—1) ...(v)

From Egs (iii) and (iv), we get
x? _y—2a
== _

l_y—2a—a_y—3a
a a a

a
= x*=a(y-3a)
= xX}=2(y-6)

which is the required locus.

The equation of the tangent at P(at12 ,2at;) to the
parabola y* = 4ax is

yh=x+ atl2
= Xx—-JyH+ atlz =0
=  af-yy+x=0 ...(i)
Also, the equation of the tangent at Q(2bt,, bt22 ) to the
parabola x> = 4by is
...(i1)

It is given that the tangents (i) and (ii) are perpendicu-
lar, so

1
“|=-1
(tl) 2

= t2 = _tl
Equation (ii) reduces to
—xt,=y + bt}

Xty=y +bt22

=  xtj+y+btt=0

=  bif+xt;+y=0 ....(iif)
Solving Egs (i) and (iii), we get
£ 4 1
—(x2+y2) bx—ay ax+by

Eliminating ¢,, we get

(ax + by)(x® +y?) + (bx — ay)* = 0
which is the required locus of the point of intersection
of two tangents.
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23. Let P, O, and R be three points on the parabola. = 9B =4a(a-8a)
Y Hence, the locus of G(a, f) is 9> = 4a(x — 8a)
A 24. Let P=(at?,2at,)and O = (a2, 2at,).
Y
X5 X L
t
(1) Mk, B
X 0 X
R(13)
. . 0
Let the co-ordinates of the centroid be G(a, ). ¥
2,2, 2
a(ty + 65+ 1)
Clearly, o = % 2a(t,— ;) 2
Slope of PO = N
alt,—=t)  (h+1)
_2a(ti+t,+ 1) . .
and B= - 3 Equation of PQ is
N —2at,= x—at’
ow B y 1 1+ fz)( i)
Sl £PO = 2a(ti—t,) 2
ope ot PO = T T ) = v (i +h=2an, (D)
2a(t,—t 2 2
and the slope of PR = a(zl 23 ) = Now, m;=m(OP)=—
a(ty —t3) (h+1) 4
Clearly, ZOPR = 60° 2
2 2 and mf”MOQyj_

2

L+t, H+4

5 3 As OP is perpendicular to OQ, so

Thus, tan (60°) =

1+ . mym, =—1
htt, H+t 4
= —=-1
R _ 2(t3—ty) htp
(t+5)0n+05)+4 = (t,=-4 ..(if)
N
e e o X—aa)=\L TH)y=
Similarly, 20 = 60° and ZR = 60 Let M(h, k) be the mid-point of PO. So
Thus, V3 [(t; + 1)t + 1;) + 4] = 2(t: — t (i
[(1 2)(1 3) ] (3 1) ( ) h=%(l12+l22)andk=%(2tl+2t2)
and V3 [(4 + 1)t + 1) + 41=2(t, — 1,) .. (i)
. o s a2, 2
Adding Eqgs (i), (ii) and (iii), we get = k= E(tl +t)and k=a(f +1,)
3ty + oty + 1) + (G + B+ 13 +12)=0 Now, K = aX(1, + 1,)?
= 3(t1t2+t21‘3+t3t1)+37a+12=0 = K=d {7+ 15)+ 21,
o = KB=dQh+24)
= (Wh+hG+60)+ ” +4=0 Hence, the locus of M(h, k) is
= a(ty, + Lty + t5t) + a+4a=0 VP =2d%x—4) o
= 2altyty + bty + 131,) + 20+ 8a =0 25. Let AB be a chord of a parabola, in which
2 2
=  a{(hy+ L) =+ B+ +200+8a=0 A=(,24), B=(5,20)
) Slope of AB=2
9B~ 3a
= a4y —— +20+8a=0 2
46l a = =
L+t
9p? _
= —-3a+20+8a=0 = H+h=1

4a
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26.

P(h, k)

Y
Let P be a point which divides 4B internally in the ratio
1:2
22486 A4+ 21,
3
3h= (2t} +1t7) and 3k = (41, + 2t,)

So, & and k

Eliminating ¢, and ¢,, we get

2
(k_ﬁ) :i(h_zj
9 9 9
Thus, the locus of P(4, k) is
43
Y79) T9l* Ty
Hence, the vertex is (E, §) .
9°9

The equation of any tangent to the parabola can be con-
sidered as

a
y=mx+—
m
Y
R(a, 2a
ﬁ;
X \IE M, x
O(al2, —
S(a: - a)
Y

ie. mx—my+a=0
As we know that the length of perpendicular from the
centre to the tangent to the circle is equal to the radius
of a circle.

_a

a

Thus, W B

m*+m?=2

mt+m?-2=0

(m*+2)(m*-1)=0

m=z=1

Hence, the equation of the tangents are
y=xtay=-x-a

tueul

27.

28.

Therefore, the points P, O are (_ﬁ, Ej, —ﬁ, -2
2°2 272

and R, S are (a, 2a) and (a, —2a) respectively.
Thus, the area of the equadrilateral PORS
= %(PQ + RS) X LM

154°

=lx(a+4a)x(£+aj:
2 2

Let the point P be (4, k).
The equation of any normal to the parabola y* = 4x is
y = mx — 2m — m* which is passing through P. So
k=mh—2m—m*
= m+Q-hm+k=0 (1)
which is a cubic equation in .
Let its roots are m,, m,, mj.
Thus, my+my+my;=0
mm, + myms + mymy = (2 — h)
mmymy=—k
It is given that m;m, = @, so
k

my=——
3
o

Since m; is root of Eq. (i), so

m3+ (2= hymy+ k=0

3
= k—3+(2—h)(—5)+k=0
o o

0

2
= —k—3+(2 —h)(—l)ﬂ
o o

= K-Q2-h+’=0
= KBP+Q-ho?-o’=0
Hence, the locus of P is
V+Q2-x)-a=0
which represents a parabola.
clearly, oo = 2, since o = 2 satisfies the given parabola
V? =4
Given parabola is
Y —2y—4x+5=0
= (-1P=4x-4=4(x-1)
= Y’=4X
where X=(x—-1),Y=(p-1)
So, the directrix is

X+a=0
= @-1D+1=0
= x=0

Any point on the parabola is
P(1+2,2t+1)

The equation of the tangent at P is
y—-=x—1+¢

which meets the directrix x =0 at
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29.

30.

1
Q(O,l+t—;)

Let the co-ordinates of R be (4, k).
Since it divides QP externally in the ratio %: 1,s0Qis
the mid-point of R and P.

h+1+22 1

=0and1+t—;:M

2
2 2
= t'=—(h+Dandt=—
-k

4
Thus, ——= +(h+1)=0
(k-1
= (k-DXh+1)+4=0
Hence, the locus of R(4, k) is
-DXx+1)+4=0

(D)’

Now, f(x+1)= +x+2

—x?=2x—1+2x+4  —x"+3
2 2

(1-x)°
2

Also, f(1-x)=— +1-x+1

_ 142 -x"+4-2x _ —x’+3
2 3

2
Thus, y=_%+ x+1 is symmetric about the line

x=1
2
Also, given curve is y = ey +x+1

= 2y=-x*+2x+2
= xX*-2x=-2y+2

3
= (x—1)2=—2y+3=2(yE)
= X=-2v

X=(x—1),Y=(y%j

Axisis X=0
= x-1=0
= x=1

which is already proved that the given curve is sym-

metric about the line x = 1.

Hence, the result.

Given parabola is y* — 16x — 8y =0

= P -8y=16x

= (-4)>=16(x+1)

= PY=16X

where Y=y—-4, X=x+1

The equation of any normal to the parabola
Y=mX—2am — am® at (am?, —2am)
y—4=m(x+1)—8m—4m’ at

31.

32.

Coordinate Geometry Booster

(am* -1, 4 — 2am)
ie. (4m*—1,4—8m)
which is passing through (14, 7). So
3=15m—8m—4m*
4m* —Tm+3=0

=
=  4mP—dm*+4m* —4m-3m+3=0
=  4m*m-1)+4mm-1)-3(m—-1)=0
= (m-1)@m*+4m-3)=0
= (m-1)=0,@m*+4m-3)=0
= (m-1)=0,@4m*+6m—2m—-3)=0
= m-1)=0,2m-1)2m+3)=0
= m-1)=0,2m—-1)=0,2m+3)=0
1 3
= m=1,——=
27 2

Hence, the feet of the normals are
(3,4),(0,0), (8, 16)

Let the parabola be y* = 4ax.

The equation of any tangent to the given parabola is
y=mx+ 4 ...(1)

m

Let the fixed point be (4, k).

The equation of any line passing through P and perpen-

dicular to (i) is

yok=—L(x—h ...(ii)
m

Eliminating m between Eqs (i) and (ii), we get

_ -h)_ay—k)

-k (x-h

which is the required locus.
Let P(at?,2at,)and (at3,2at,) be the extremities of
the focal chord.
Thus, #,t, =-1
Let the points of intersection of the normals at P and Q
are R(a, P).
Then o =a(tf +16 +tt,+2)

=a(tf +13-1+2)
=a(f + 65 +1)

=af(t, + ,)* = 211, + 1]

=da[(t; + t,)* + 3] ...(0)
and b=—at|t,(t, +1,)
=a(t, + 1) ...

From Egs (i) and (ii), we get,

a:a(§+3j
:(ﬁ+3aj

= B=a(a-3a)
Hence, the locus of (¢, B) is y* = a(x — 3a)
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Levee IV

1. The equation of the chord of contact is
wi=2(x+x)=0
= 2y-2(x-1)=0
= y=G-1

On solving y* = 4x and y = x — 1, we get, the co-ordi-
nates of the points 4 and B.
Thus, A=(3-2+2,2-22)

and B=(3+24/2,2+22)

Now, the length AB =8
Therefore, the area of APAB

2. Given curveis y> —2x—2y+5=0
= )y -2y=2x-5
= (@-1P=2x-5+1
= @@-1)PY=2-4=2(x-2)
= Y=2X
where X=x-2,Y=y-1
which represents a parabola.
Now, the focus = (a, 0)
= X=a,Y=0

1
= x-2=—,y-1=0
>V

5
Hence, the focus is (E’ 1) .

Also, the directrix: X+a=0

= x—2+l=0
2
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3.
4. The equation of the tangent to the parabola y* = 4x at
(7, 20) s yy; = 2(x + x))
= 2-y=2(x+7)
= ty=@x+7P
= x-ty+£=0 ()

and the equation of the normal to the ellipse is

2 2
ax _by_ o2
X N
= AT, A SR
\/gcos(p ZSln(p
IR S

cos@ sing

Equations (i) and (ii) are identical, so
1 -t -1

BT

cosp Smo

cosQ tsinQ 2

N

cos @ = —+/5¢,sin o=-2t

w, cos? = 5¢*
1 —sin? = 5¢
1-47=5¢
54 +47° - 1=0
F+1D)5BA-1)=0
GA-1)=0
1

t==%

L Lzl

&

1 1
Now, cos = fsx—=—r
¢ 5 NG

5. The equation of the normal to the parabola
¥ =4dax is y = mx — 2am — am®
which is passing through (54, 2a).

2a=5am—2am — am’

2=5m—2m—m’
m*—3m+2=0
m—m*+m—m—-2m+2=0
m*(m—1)+m(m—1)—2(m—-1)=0
(m-D(m*+m-2)=0
(m-1)=0,(m*+m—-2)=0
m-1)=0,(m-1)(m+2)=0
m=1,-2
Hence, the equation of the normals are
y=x—-2a—a=x-3a
and y=-2x+4a+8a=-2x+12a.

L A A A
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6.

Let the point of intersection be P(h, k).

The equation of any normal to the given parabola is
x=my—2am — am’

= x=my—4m-2m’ (-

which is passing through P.

= h=mk—4m-2m’

= 2m+@A-km+h=0

Let its roots be m, m,, m;.
my+my,+m;=0

a=2)

4-k
mym, + myms + mym; = -
d mmm——ﬁ
an 11113 B
Now, mmym; ===
h -
= m3=5, (v mymy =—1)
AlSO,m1+m2:*M3
4-k
and m1m2+mlm3+m2m3=T
4-k
= 71+(m1+m2)m3=T
2 4-k
:} —1_m3:_
n o 4-k
= —l-—=—
2
4+h* k-4
:> —
4 2

= 4+h=2k-8

= KW=2k-6)

Hence, the locus of P is x> = 2(y — 6).

Let the parabola be y* = 4ax and two points on the

parabola are P(at},2at;)) and O(at},2at,) ., where
a=3
It is given that

2at, 1
2at, 2
41
- 4h_Z
t, 2
= 2=t

The equation of the normal at P(afl,2at,) and
O(at3, 2at,) are

y=—t1x+2atl+atl3 ()
and
y=—tx+2at,+at3 ...(ii)

Solving Egs (i) and (ii), we get
x=2a+ a(t12 + t; +1ty)

and y=-—at|t,(t; + 1)

Coordinate Geometry Booster

Therefore,
x=2a+a(t} + 45+ 267) = 2a + Tat]

and y = —at,- 24,(t; + 2t,) = —6at;

32
- y:—6a(x_2a)
Ta
32
x—6
= =-18
g (21)
32
x—6
= +18| —— | =0.
g (21)

. Given circle is x> + (y — 3)* = 5.

The equation of any tangent to the parabola y* = x.
can be considered as

1
=mx+—
4 4m
=  dmy=4m’x+1
=  4mx—4my+1=0
NOW, 0M=\/§

0-12m+1

J16m* +16m>

(1 —12m)* = 5(16m* + 16m?)
(1= 12m)* = 5(16m* + 16m?)
1 —24m + 144m? = 80m* + 80m>
80m* — 64m* +24m —1=0
80m* — 40m> + 40m° — 20m>
—44m? +22m+2m—1=0
= 40m*Q2m— 1)+ 20m*(2m — 1)
“22m(2m—1)+12m—-1)=0
= 2m-1)40m> +20m* - 22m+1)=0

=5

U

LI N

m=—

2
Hence, the equation of the common tangent be
_x,. 1
Y727

= 2y=x+I,
= x-2y+1=0

. The equation of the normal to the given parabola

Y =8x—1)is

y=m(x—1)—2am—am
=  y=mx-1)—4m-2m’
=  y=mx—>5m-2m ...(1)
Let the co-ordinates of the point of intersection of the
tangents be P(h, k).

3
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10.

I1.
12.

2
=  yk=4(x+h)-8=4(x+h-2)

Thus, yylzg(“’xlj_g

S y=rGh-D)

4 4
=—x+—(h-2
=y k( )

...(ii)
Comparing Eqgs (i) and (ii), we get
4 4

m :;,E(h —2)=—(5m+2m’)

3
S i(h_Z):_[s.i+z.(i)j
k k k
4)?
= (h—2):—[5.+2.(E)J

= (h=2k*=—(5k>+32)

Hence, the locus of P(4, k) is
Q—x)?=(57+32)

Let AB be a double ordinate, where

A= (atf,2at,), B=(af3, 2at,)

Let P(h, k) be the point of trisection. Then
3h=2af + at* and 3k = 4at - 2at

=  3h=3ar and 3k =2at

= h=af and 3k=2at

Solving, we get

= h and 7= 3k
a 2a
(3k)2 h
= = ==
2a a
2
= % _k
4a* a
= 9k =4ah
Hence, the locus of P(#, k) is
9y? = dax
Do yourself.

Given circle is x> + y* — 12x + 31 =0
= (x-67+)*=5
The centre is (6, 0) and the radius is J5.

~

0
P

X

13.

14.

4.51

Given parabola is

V=4x

dy
= 2y—=4
ydx

- Y_2
dx y

Also, given circle is
¥y —12x+31=0

= 2x+2yﬂ—12=0
dx

= x+y%—6=0
X

d _
., Y_6-x

dx y

Since the tangents are parallel, so their slopes are the
same.

Thus, E = 6-x
Yy y

= x=4

When x = 4, then y* = 16

= y=t4

Thus, the point Q is (4, 4).

Therefore, the shortest distance,
PO=CO-CP

=J(6-42+@4-0) -1
=420 -1
=(2V5-1)

Let the parabola be y* = 4ax

The equation of the tangent to the parabola at (a, 2a) is
y-2a=2a(x+a)

= y=x+ta

= x-y—-a=0

The equation of a circle touching the parabola at (a, 2a)

is

(x—aP+@y-2aP+Ax—y—a)=0
which is passing through (0, 0). So

@ +4a* —da=0
= A=35a
Thus, the required circle is

¥ +y?—Tax+ay=0

2 2 2
Hence, the radius = Ta + a1 = Sl =5_a
2 2 N

The tangent to y* = 4x in terms of m is

1
y=mx+—
m

and the normal to x* = 4by in terms of m is

y=mx+2b+i2
m
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15.

If these are the same line, then

1
—=2b+ iz
m m
= 2bm*-m+b=0
For two different tangents, we get

D>0
= 1-8>0
= 8h<l
= b2<l

1
= |b<—

22

which is the required condition.
Given parabola is y* = 8x
Extremities of the latus rectum are (2, 4) and (2, —4).
Since any circle is drawn with any focal chord as its
diameter touches the directrix, the equation of the re-
quired circle is

xE-2x-2)+@-Hyry+4=0
= xX*+)y?P—4x—12=0
Hence, the radius = /4 +12=4.

Integer Type Questions

. Acircle and a parabola can meet at most in four points.

Thus, the maximum number of common chords is

Clearly, both the lines pass through (—a, b) which a
point lying on the directrix of the parabola.

Thus, m;m, =—1, since tangents are drawn from any
point on the directrix always mutually perpendicular.
Hence, the value of (m,m, + 4) is 3.

. Let AB be a normal chord, where

A= (at},2at), B = (at?, 2at,)

Now, the normal at 4 meets the parabola again at B, so

2
1

Solving, we get
$=2
2
L+t

=—t1=$\/§

Thus, m = m(AB) =

= T )

= M +3)=2+3=5

. Let AB be a normal chord, where

A= (atlz, 2at)), B = (atzz, 2at,)

Coordinate Geometry Booster

Clearly,
4t 1) =4
= Hty=1
2 2
Now, m=m(AB) = =—=2
H+t, 1

Hence, the slope of the normal chord is 2.

. Normals to y? = 4ax and x* = 4by in terms of m are

y =mx —2am — am®

b
and y=mx+2b+—
m

For a common normal,

2b+iz= —2am — am®

m
=  2bm*+b+2am> +am’ =0
= am’+2am> +2b*+b=0
Thus, the number of common normals is 5.

. We have, x +y=2(+ 1)

and x—y=2¢
Eliminating #, we get,

o552

= xty=——"—+2

= 2x+y)=(x-y>+4

= (- -2x+y)+4=0

= (-y=20+y-2)

Comparing with y? = 4ax, we get
4a=2

Thus, the length of latus rectum is 2.

. Both the given curves are symmetrical about the line

y=x.
If the line AB is the shortest distance then at 4 and B the
slopes of the curve should be equal to 1.

For y? =x— ,d—yzizl
dx 2y
|
Y72
Y
)
Y
\B
A
Ny '

Th x—l+1—
en 1

3

4
51 15
A=|—-,—|and B=| —,—
Therefore, ( 4 2) ( 5 4)
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10.

Hence, the shortest distance,
2 2
N
4 2 2 4
_ (zjﬂ(z)i 18 _32
4 4 16 4

Hence, the value of
(8P —3)
=9-3=6

. The equation of any tangent to the parabola y* = 4x is

a
y=mx+—=mx+—
m m

which is passing through (2, 3). So

3:2m+i
m

2m*—3m+1=0
2m*-2m-m+1=0
2m(m—1)—1(m—-1)=0
(m-1)2m—-1)=0
m=1and 1/2

1
mlzl,mzzz

G el

Hence, the value of (L+L+2] =1+2+2=5.
me m

Let the co-ordinates of the point R be (at32 ,2aty) .

The normal at P meets the parabola again at R, so
2

’3:_t1_t_ (1)
1

and the normal at O meets the parabola again at R, so

2 ..
L=—t)—— ...(11)
5]
From Egs (i) and (ii), we get
p_2_ 2
1 i 2 fz
22 2%, —-
o o=t te (1)
h 4 iy
2(t,—t
L g2
L,
= Ht,=2

Hence, the value of (t;¢, +3) =5
Solving, we get,
Y =4(1-y)

1| | |
<
o+
>
X

when y:_2+2\/§, then

11.

12.
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x=1-(-2+24/2)=3-2\2
when y=-2- 24/2, then
x=1-(=2-22)=3+22
Let the chord be AB,
where 4=(3—2v2,-2+242),

and B=(+24/2,-2-22)
Hence, the length of the chord AB

= J(@2) 2+ (42)? = [32+32 =8

GivenL:y=-x+k

Here, m=-1andc=k

The line L will be a normal to the parabola, if
c=-2am — am®

= k=-2x3x(-1)-3x(-1)

= k=6+3=9

Hence, the value of kis 9.

Given parabola is
Y —4x-2y-3=0

= ¥ -2y=4x+3

= (-1P=4x+1)

The equation of any normal to the given parabola is
-1 =mx+1)-2am— am®

= -D=mx+1)-2m-m’

which is passing through (-2, 1), so
(A-D=m2+1)-2m—m’

= 0=-m-2m-m’

= m+3m=0

Hence, the number of distinct normals is 3.

Previous Years’ JEE-Advanced Examinations

1.

The equation of the normal to the parabola y* = 4ax is y

= mx — 2am — am® which is passing through (4, 0). So
mh —2am — am® = k

= am’+QRa-hm+k=0

Let its roots are m,, m, and m;.

Thus,m| +m, +m;=0

2a—h

mmy + myms + mym; = p

k
and  mymymy=——

For any real values of m,, m,, mj,
2 2 2
my +m;y+mz;>0
= (my+my+my)? = 2(mmy + mymy + mym;) > 0

- o-z(za"hjw

a
h—2a>0
h>2a

iy
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2. Let the point 4 be (af, 2a).

The equation of the normal at 4 is
y=—tx +2at + af’
and the equation of the pair of lines O4 and OB is

2 y+ix
y =dax| —~
[2at+at3)

= (P42 =46 +4xy
T
As £40B = we get

co-efficient of x* + co-efficient of y> =0
= At+P+2t=0
= £-2t=0
= (-2)=0
=  (=0,t=%2
Clearly,  #0,s0¢= iﬁ
Thus, slope of normal = —# = +2.
3. The equation of the normal to the given parabola is

x=my—2am — am’

= x=my-2m-m
which is passing through (1, 2)
1=2m-2m—m’
= m=-1
= m=-1
Hence, the equation of the normal is
x=-y+2+1
= xty=3
4. The equation of the normal to the given parabola is
y =mx —2am — am®

= y=mx—2~lm—lm3
4 4
—mx—lm—lm3
= 7 2"

= dy=dmx-2m—-m’

which is passing through (c, 0), so
0 =4mc —2m —m’

m> +2m—4me =0

m* +2(1 —2c)m=0
m=0,m*+2(1-2c)=0
m=0,m*=2Q2c—-1)

m=0,m==x,22c-1)

So, one normal is always the x-axis.

Let m=+/2(2c —1) and m, = —/2(2c - 1)

It is given that,
mym, =—1
= 2Q2c-1=1

L A

= (20—1)2%

= 2c=1+l=
2

0o | W
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S e=2
4
5. Let P=(t},2t)and O = (2, 21,)
Y
P
X 5 X
0
Y
The equation of PQ is
2x—(t, + )y =241, ...(0)

Now, m;=m(OP) = tg
1

and m,=m(0Q)= 2
5}
As OP is perpendicular to OQ, so

mym, =—1
4
= —=-1
htp
= Ht,=-4 ...(ii)

From Egs (i) and (ii), we get
2x—4)—(t, +t,)y=0
which is passing through a fixed point (4, 0) on the axis
of the parabola.
Let M(h, k) be the mid-point of PQ.

1 1
Thus, h= E(tf +13)and k = E(Zt1 +21,)

= h=%(t12+t22)andk=(tl+t2)

Now, &2 = (t, + t,)°
= K=+ + 21,
= K=2h+2-4)
Hence, the locus of M(h, k) is
Y =2(x-4)=2x-8
6. Given parabola is y* = 2px. So

the focus is (%’ 0) .

~

Y

x=p2
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Clearly, the equation of the circle is 2
: (-8 3(x-2)
(x_g) + 2= p? 9) 9 9
2 . (28
p 5 Hence, the vertex is | —, — |.
= x=7 +2px=1p 99
8. Let the three points of the parabola be
2
= P -pxt pT +2px = p? P(at}, 2aty), Q(at;, 2aty) and R(ati, 2aty),
5 and the points of intersections of the tangents at these
= P4+ P »° points are A[#,t3, a(t, + 13)], Blt1t;, a(t| + £;)] and A[#1,,
4 a(t; + )]
2 Now,
= (x + %) =p’ attl2 2at; 1
1
, ar(APOR) =~ at? 2at, 1
= (x + 3) =%p at; 2at; 1
3 =ay(t; — ), — )1 — 1)
— x=—£ip=£,——p Also,
2 22 |atats a(ty+t;) 1
=—latyt, 1+t 1
when x=£,then,y=ip ar(A4BC) 5|50 a(ts + 1)
2 att, a(ti+t,) 1

Thus the point of intersection are

1
» » :Eaz(tl_tz)(tz_t3)(t3_tl)
(5 )me(5-r)
2 : APOR _
7. Let AB be a chord of a parabola, in which A4BC
_ 2 _ 2 9.
A=(,20), B=(5,24) 10. The equation of the normal to the parabola y* = 12x
Slope of AB =2 is  y=mx—2am—am’
2 - = y=mx—6m-23m’ ...(40)
t+t, Given normal is y=-x +k ...(11)
= =1 Equations (i) and (ii) are identical, so
m=-1
Y y and k=—6m-3m*=6+3=9
Hence, the value of £ is 9.
11 Given parabola is y* = kx — 8
P(h, k)
i)
X ) X = Y A
Here, 4a=k
B k
= a=—
Y 4
Ife.t 2P lsae a point which divides 4B internally in the ratio So. the directrix is | x — 8 N k —0
:2.So k] 4
h= 20 +13 and k = 41, + 21, Given directrix is x — 1 = 0.
2.2 Th 3 _k_ 1
=  3h=(2t +t;)and 3k = (41, + 2¢,) us, k4
Eliminating ¢, and ¢,, we get = 30 _i2=4k
3V 4 2 = K+4k-32=0
k=5) =35" % =  (k+8)k-4)=0
= k=4,-8

Thus, the locus of P(4, k) is
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12.

13.

14.

15.

Given parabola is
YV +4y+4dx+2=0
= (+2 =—dx-2+4

= (y+2)2=—4x+2=4(x%j

1
So, the directrix is X — 7 =a=1

=  x==
Any tangent to the parabola y* = 4x is

a
y=mx+—
m

1
= y=mx+—
m
= mx-my+1=0 ...(0)
If it is a tangent to the circle x* + (y — 3)> = 9 the length
of the perpendicular from the centre to the tangent is

equal to the radius of the circle. So

3m*+1
m* + m?
GBm? + 1)? = 9(m* + m?)
Om* + 6m? + 1) = 9(m* + m?)
3m*=1

- -

Since, the tangent touches the parabola above x-axis,
so it will make an acute angle with x-axis, so that m is
positive.

=3

LU

1
Thus m=—
NG
Hence, the common tangent is x — \/gy +3=0.
Ans. (¢)
If (A, k) be the mid point of line joining the focus (a,

2
0) and Q(af*, 2at) on the parabola, then /= a +2at ,

k=at.
Eliminating ‘#’, we get,

2
2h=a+a(k—2j
a

= k2=2a(h—ﬁ)
2

Now, directrix: (x — ﬁj -_4
2 2
= x=0.

Let the equation of the tangent to the parabola y* = 8x is

[—_ ()
m

16.
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If it is a tangent to the curve xy =—1, then

(o)
x| mx+— |=-1
m

= m’+2x+m=0
It has equal roots. So,

D=0
= 4-4m’=0
= m=1
= m=l
Hence, the equation of the common tangent is y =x + 2.
Ans. (a)

For the parabola, y* = 16x , focus = (4, 0)
Let m be the slope of the focal chord.

So, its equation is y = m(x — 4) (1)
which is a tangent to the circle
(x—6)2+y*=2

where centre = (6, 0) and radius = V2.
Length of perpendicular from (6, 0) to (i) is equal to »

6m —4m
2—2\/5
m-+1

2m

2 =2
m-+1

4m* =2(m* + 1)
2m? = (m?+ 1)

m*=1
m==1
17 Given that
Cyy*=x—1
Let P(x;, x}+1) on C,and Q(y3+1, y,) on C,.
Y
\
G 01 y=1x
P I
0, 1) 0
1
X' >X
o
2 G

Now, the reflection of the point P in the line y = x can
be obtained by interchanging the values of abscissa and
the ordinate.

Thus, the reflection of the point P(x, xl2 +1) is
RG§ +1,x)

and the reflection of the point Q( y% +1,y,) is
(32,33 +1)

It can be seen clearly that, P, lies on C, and O, on C,
Now, PP, and QQ, both are perpendicular to the mirror
line y = x.

Also, M is the mid point of PP,

Thus, PM :%PPI
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18.

In triangle PML, PL > PM

PL>%PPI ()

Similarly, LQ > %QQ1 ...(i1)

Adding (i) and (ii), we get,

PL +LQ>%(PPI+QQ1)

PO> 2 (PR+00)
PQ is more than the mean of PP, and QQ,
PQ > min (PP;, 00))
Let min (PP;, 0Q,) = PP,
then PQ*> PP}
=0 +1-x) + (xf +1-x)

= 2(x12+1— xl)zzf(xl)

Now, f7(x;)=4(x +1-x)(2x,—1)

(51T +2ano

f'(x) =0 gives x, =%
, . 1
Also, f'(x)<0if x, <E
, . 1
and f (x1)>01fx1>5
L 1
Thus, f(x,) is minimum when x; = B

. 1 .
Thus, ifat x;=— at Pis Pyon C,
2

2
o =L (1)1]-(13)
2°\2 24

Similarly Q, on C, will be image of P, with respect to
the line y =x

51
SO: QO:(Za 5]

Let the point P be (4, k).
The equation of any normal to the given parabola is
y =mx —2am — am®
= y=mx—2m—m’ sincea=1
which is passing through P. So
k=mh—2m—m’
= m+Q-Wm+k=0 (i)
Let its roots be m, m,, ms.
So, m;+my+my;=0
mymy + myms + mym; = (2 — h)

19.

20.

4.57

and mmym;=—k
It is given that m;m, = a. So
k

my=——
3
o

Since m; is the roots of (i), so
m3+Q2—hymy+k=0

3
= (—£)+(2—h)(—£j+k=0
(04 o
3
S L
a o

2
K, e=n_

o’ o

= BiQ-hi-ad=0
Hence, the locus of P(h, k) is
Y+Q2-x) -0 =0
As this locus is a part of the parabola y* = 4x so, o =4
and 202+ 02 =0
Thus, or=2.
The equation of any tangent to the given parabola can
be considered as

= 1=0

y=mx+ Lo+ —
m m
which is passing through (1, 4). So
1
4=m+—
m
= m-4m+1=0
Let its roots are m,, m,.
my +m,=4and mm, =1
Let 0 be the angle between them. Then

1+ mym,
_ \/(m2+m1)2— 4m1m2|
1+ mym, |
CW16—4| 23
sl |2
b4
= 3:—
\/7 3
= ="
3

Given parabola is

Y —2y—4x+5=0
= -1)Y=4x-4=4x-1)
= Y=4X
where X=(x—-1),Y=(p-1)
So, the directrix is

X+a=0
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21.

22.

= x-1)+1=0

= x=0

Any point on the parabola is
P(1+£,2t+1)

The equation of the tangent at P is
y-1)=x-1+¢

which meets the directrix x = 0 at

1
Q(O,l+t—;)

Let the co-ordinates of R be (4, k).
Since it divides QP externally in the ratio %: 1,s0Qis
the mid-point of R and P. Thus

h+1+22 1

:Oandl-}-t_;zw

2
2 2
= t'=—(h+Dandt=—
-k

Thus, —— + (h+1)=0
(k=1)
= (Gk-DXh+1)+4=0
Hence, the locus of R(4, k) is
-1)P>x+1)+4=0
Clearly, the vertex is (1, 1) and the focus is S(2, 2) and
the directrix isx +y =0.
Let P be (x, y)

Now, SP = PM
= SP’=PM
2
+y
=  (x-2)+ _Zz:(x j
( )Y +(y—2) 7
= 2x-2)*+ (@ -2)=(x+y)
= 200+ —4x—4y+8)=x"+)*+2xp
= (x2+y2—2xy)=8(x+y+2)
= (x—y’=8x+y+2)

Any point on the parabola y = x* is (¢, £).
Now tangent at (¢, ) is

1
xX) =5(y+ n)

= tx:%(y+t2)

= 2x—-y—£=0

If it is a tangent to the parabola, y = —(x — 2), then
2 — P =—(x—2)?

= 2x-FP=-x>+4x-4

= X+2Q2-tx+({F-4)=0

23.
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Since it has equal roots, so
= D=0

42 -1 -4 -4=0
= Q-0-F-4H=0

= 1t=2,0
Hence, the equation of the common tangent is
y=4x-4,y=0
Y
P
9,
X

Equation of any normal to the given parabola is
y = mx —2am — am’ ...(1)
Let P =(am’,—2am,), Q0 = (am;,—2am,)
and R = (am3,—2amy)
Equation (i) passing through (3, 0)

So, 0=3m-2am—am’
m —m=0, (ca=1)
mm+ 1)(m—-1)=0
m=-1,0,1

Thus,m; =-1,m, =0, my;=1

Now, P=(m;,2m)=(1,-2)

Q= (m3,2my) = (0,0)
and R =(mi,2my)=(l,2)
(i) Area of APQOR

11 -2 1 .
:EO 0 l==—x4x1-2
1 2 1

(i1)) Radius of circumcircle of APQR =2
(iii) Centroid of APQOR

El

3 3

0

(iv) Clearly, APQOR is a right-angled triangle and right
angle at Q.
Thus, Circumcentre of APOR
= Mid-point of the hypotenuse PR
=(1,0).

_(m12+m22+m32 2(m1+m2+m3))
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24,
y
P(1,-2P)
yr0 X
LONON  M(1,J0) &9, 0)
O(1,42)
Y

(i) Co-ordinates of P and Q are
P=(1,24/2),0=(1,-22)

Area of APOR :%x 42 x8=16\2

Area ofAPQS:%x 42x2=42

ar(APQS) _ 42 1
> ar(APOR) 1632 4

Thus

abc  243x 62 %10 33

W R= =7
4-(2x10x2x/§)
Gii) =2
N
%x4\/§x8
%x(6x/5+6x/5+4\/5)
322
1632
=2
25. Given curve is
x2+ +1
=—+x
Y=
N Y T N
Y= 2772

1 5 3
=——(x=1>%+=
= 2(x ) 2

S

which is symmetric about the line x =1.

Note: A function f{x) is symmetric about the line x =
1 then, A1 —x)=flx+ 1)

4.59
26. Given ellipse is

¥ +47=4
2 2

= 42 o
4 1

Y
L+

w\ y“

Y

2
Thus, e = 1—b—=‘/1—1=£
\/ o> 4 2

Foci: S = (ae, 0) = (+/3, 0)
and S’ = (—ae, 0) = (—/3,0)

End-points of latus recta:

and L= (ae, l’a—zj = (\B, %)
o2

Thus, P = (\/5, —%) and Q = (—\/5, —%)

As we know that, the focus is the mid-point of the
Pand Q.

Thus, the focus of a parabola is (0, —%j .

The length of PO = 243

B3

Now, 4a=2\/§=>a=7

Thus, the vertices of a desired parabola

(oee)-{o g

Therefore, two desired parabolas are

)

2 2

= x2=2\/§(y+l+£)

2 2
or

x2=—2\/§(y+l—£)

2 2
= x2=2\/§y+(3+\/§)

or x2=—2x/§y+(3—x/§)
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27. Let the co-ordinates P be (af*, 2at).
Y

P

The equation of PT is yt = x + ar*

So, T'is (-at*, 0).

and the equation of PN is y = —x + 2at + af’
So, Nis (2a + at*, 0).

Let the centroid be G(4, k).

22 2
Thus,h=at at”+ 2a+ at andk=E
3 3
2
= h=—2a+at andk=%

- ()

2

3 4a
= k2=4—“(h—2—“)
3 3

Hence, the locus of G(#, k) is

g
Y 3 3

So the vertex is (Z?a, Oj and focus is (a, 0).

28. Let A=(4,2t), B=(t;,2t,)

2 2
Then Cz(t1 J;tz ,t1+tz)

Clearly, |t,+t|=r

= @ty ==2r

Now, m(A4B) = 2(52 _21) __ 2 2
(L-t) W+t)

29. Herea=1
The equation of normal to the parabola y* = 4x
is  y=mx—2am—am’
=  y=mx-2m-m
which is passing through (9, 6).

30.

31.

32.

Coordinate Geometry Booster

3

= 6=9m-2m—-m
= m-Tm+6=0
= m-m+m—-m—-6m+6=0
= mm-1)+mm—-1)—6m—1)=0
= m-)m+m-6)=0
= @m-1)(m-2)(m+3)=0
= m=1,2,-3
Thus, the equation of normal can be
y=x-3,y=2x-12,y+3x-33=0.
Y
L(2,4)
500,2) (12,2
X \< X
C
x=2
M2, -4)
Clearly, ALPM =2
AABC
= ﬁ:z
A,
The parabola is x = 27, y = 4t

Solving it with the circle, we get
4+ 168 — 47 —16t=0
= FA+37-4=0
= #(F+3t-4)=0
= =01
So, the points P and Q are (0, 0) and (2, 4), respec-
tively which are also diametrically opposite points on
the circle.
The focus is S = (2, 0)

The area of APQS =

NI S R )
S b~ O

. 1
— 1
2

1

=lx2x4=4
2

Let P=(at?, 2at),0 = (tiz —z—a)

wrfadl)

Y

S

Y
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Since R lies on y =2x + a, so

-1
ajt——|=-a
t
1y 1)
= (t+;) =(t—;) +4=1+4=5

2
Thus, PO = a(t + %j =5a

2
33. Here’ P:(atzazat)aQ:(%’_Ta)
t

Y
P
X ON o S X
0
Y
Now, t ——=-1
12
= (t+;) =1+4=5
1
2 1
Z 42t 2(1‘4—)
tan 6 =| L = d :_2\/5
1-4 -3 3
34. The tangent at F(4£, 8%), is
= 8(x+xy)
= y-8r=8(x+4£)
= y-t=(@x+4P
Y
E(0, 3)
E
G(0, y1)
X 0 X
Y

Put x =0, then y = 4¢
Thus, pt G is (0, 41)

35.
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Now,
10 3 1
ar(AEFG)=E 0 4r 1
4 8t 1

= %[4#(3 - 41)]

=273 - 41)
= (677 — 8F)

= %: 12¢ — 241> =121(1 - 21)

For maximum or minimum,
dA .
—=0 givest=0, 1/2
dt

| |
I I

0 172

So, £ = 1/2 has a point of local maxima.
Thus, G=(0,40)=(0,2) =y, =2

F=(xp,y0) = (4,80 =(1,4) = y,=4
Area =2 E—l):2><l:l
4 2 4 2
So, y = mx + 3 passes through (1, 4).
Thus, m = 1.
The equation of any tangent to the parabola can be con-
sidered as

a 2
y=mx+—=mx+—
m
I R4
P(-1,1)
X 0 X
Q(_ls _1)
voose

ie. mx—-my+2=0
As we know that the length of the perpendicular drawn
from the centre to the tangent to the circle is equal to
the radius of a circle.

2
Thus, 7 ——= V2

m* + m?

= m+m’=2

= m+m?-2=0

= @+2)m*-1)=0

= m=zl

Hence, the equation of the tangents are
y=x+2,y=—x-2

Therefore, the points P, Q are (—1, 1), (-1,-1)and R, S

are (2, 4) and (2, —4) respectively.

Thus, the area of the equadrilateral PORS

=%x(2+8)x3=15
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36.

37.

Given P = (af*, 2af)
Since PQ is a focal chord, so the co-ordinates of Q are

o
2t )

Also, R = (ar?, 2ar), S = (as®, 2as)

and K=(2a,0)
It is given that,
m(PK) = m(OR)
2a
0-2ar 2ar+T
= 7~
2a — at arz—%
t
1
¢ 7"+;
:> =
) rz_i
/2
; r+-
= > =
R
t t
t 1
:> —

= rt-1=(#-2)
- (-
t t

Now, S =(as 2as) = (i ZTQJ
l‘

Tangent at P, y-¢=x + ar’® ...(0)
Tangent at S, yy, = 2a(x + x,)

2a a
= y~7—2a x+t—2

= y~t=—(x—%j+2a ...(i1)
t
Solving (i) and (ii), we get

a
= yt—at2=t—2+2a—yt

a
= 2yt=at2+—2+2a
t

Coordinate Geometry Booster

1
= 2yt:a(t2+t—2+2j

12
= 2yt:a(t+;j

R _1(t+1)2_M
Y t 27

38. Image of y=-5about the linex+y+4=0isx=1
Hence, the required distance AB =4
39. Equation of normals are
x+y=3andx-y=3

Hence, the distance from (3, —2) on both the normals is

Thus, ﬂ‘ _—
V2
= 72=2
40.
X >X

1

Clearly, P = (at2 2af) and Q = ( 6a _STa]
t

Area of the triangle OPQ = 32
% -OP-00=3/2

16
at 2 +4x

t —3ﬁt+4:0
t2
P =(at’, 2at)=(?,tj

when ¢ = \/5, P= (1,«/5)
when 1 =22, P=(4,242)
41. Equation of tangent at P(«/E ,1) is
V2x+ y=3
If centre of C2 at (0, ) and the radius equal to 243

=

= o=-3,9
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(@) 0,0,=12

(b) R,R;=Ilength of the transverse common tangent

= (0,07 - (11 +1,)?
=127 - (23 +243)
=46

9))

Ry
03

(c) Area of AOR,R;

1 PR .
=3 X RyRyx L" distance from O to the line

=%><4\/8><\/§=6\/§

(d) ar(APQ,0;)
=%x12xJ§:6J§

42. Equation of normal of parabola is

y+ux=2+7¢
Y
A
S(2, 8)
0
P
X< 5 > X
y
Y
Normal passes through S(2, 8)
8+2t=2t+7
£=8
=2

Hence, P = (4, 4) and SQ = radius =2

4.63
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1. InTRODUCTION

An oval is generally regarded as any ovum (egg)-shaped
smooth, convex closed curve. The word convex means any
chord connecting two points of the curve lies completely
within the curve, and smooth means that the curvature does
not change rapidly at any point. The ellipse is a typical oval,
but a very particular one with a shape that is regular and can
be exactly specified.

It has two diameters at right angles that are lines of sym-
metry. It is best to reserve the word ellipse for real ellipses,
and to call others ovals. A diameter is any chord through the
centre of the ellipse. The diameters that are lines of symme-
try are called the major axis (2a), and the minor axis (25),
where a > b. If a = b, we have the very special ellipse, the
circle, which has enough special properties that it should be
distinguished from an ellipse, though, of course, it has all
the properties of an ellipse in addition to its own remarkable
properties.

A vertex of a curve is a point of maximum or minimum
radius of curvature. An ellipse has vertices at the ends of
the major axis (minimum) and at the ends of the minor axis
(maximum).

2. MatHeEmATICAL DEFINITIONS

Definition 1

It is the locus of a point which moves
in a plane in such a way that its dis-
tance from a fixed point is a constant
ratio from a fixed straight line. This
ratio is always less than 1. This fixed
point is called the focus and the fixed
straight line is called the directrix. The
constant ratio is called the eccentricity.

Z|(Directrix)

Definition 2

An ellipse is the set of all points in a plane, the sum of whose

distances from two fixed points is a constant, i.e.
SP+SP=3a

PN
N2

Definition 3
A conic
ax® + 2hxy + by* + 2gx + 2y + ¢ =0

represents an ellipse if
(i) A#0and
(ii) #*—ab <0, where

a h g
A=\h b f
g [ c

Definition 4

Let z, z, and z; be three complex numbers such that |z —z,| +
|z —z,| = k, where k > |z, — z,| and & be a positive real number,
the locus of z is an ellipse.

Y

P(z)

X A,w-yfl X

Y
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3. EquaTion oF AN ELLIPSE

Y
jY4 E_»r M
¥ ’ 1 ¥
7| AN_S CyA Z
BI
Y

Let Sbe the focus and ZMbe the directrix of the ellipse. Draw
SZ 1 ZM. Divide SZ internally and externally in the ratio
e: 1 (e<1)andlet 4 and A" be the internal and external
point of division.
Then SA =e AZ ...(1)
and SA"=e A'Z ...(i)
Clearly 4 and A" will lie on the ellipse.
Let AA” = 2a and take C be the mid-point of 44" as origin.
Thus, CA=CA’=a ...(1ii)
Let P(x, y) be any point on the ellipse referred to CA and
CB as co-ordinate axes.
Adding Egs (i) and (ii), we get

SA+SA"=e(AZ+ A'Z)

= AA’=e(CZ—-CA+ CA" + C2Z)
= AA’ = e(2CZ)
= 2a=2eCZ
= cz=2%
e
Thus the directrix ZM is x = CZ = 4 .

e
Again subtracting Eqgs (i) from (ii), we get
SA—SA"=e(A’Z - AZ)

= (CA” + CS) — (CA — CS) = e(44")
= 2CS = e(44")
= 2CS = e(2a)
= CS=ae
Thus the focus is S(CS, 0) = S(ae, 0)
Now draw PM | ZM,
SP
=2 e
PM
= SP* = &’ PM?
2
= (x—ae)2+y2=ez(£—x)
e
= x* + a*e’ — 2aex + y = a® — 2aex + eXx*
= (1 -e?)+y*=d*(1-¢°)
2 2
= X Y 1

+ —=
a* az(l—ez)

Coordinate Geometry Booster

.sz y2
N

2_ 2 2
5 b"=a"(1-e), ...

S
S

This is the standard equation of an ellipse.

4. ProPeRTIES OF AN ELLIPSE

4 S’Cy/l I

Centre

A point inside the ellipse which is the mid-point of the line
segment linking the two foci, i.e. the intersection of the major
and minor axes. Here C = (0, 0).

Major/minor axis

The longest and the shortest diameters of an ellipse are
known as the major axis and the minor axis respectively. The
length of the major axis is equal to the sum of the two genera-
tor lines.

Here, major axis = 44" = 2a,

and minor axis = BB’ =2b

Semi-major/Half the major axis

The distance from the centre to the farthest point on the el-
lipse is known as the semi-major axis.

Semi-minor axis/Half the minor axis
The distance from the centre to the closest point on the ellipse
is known as the semi-minor axis.

Directrices
LM and L’ M are two directrices of the ellipse.

Thus LAM: x=ﬁ and L'M": x=—£.
¢ ¢ 2a
The distance between two directrices: LL =—
e

Foci (Focus points)
The two points that define the ellipse is known as the foci.
Here  S=(ae, 0)and S’ = (—ae, 0)
Distance between two foci: SS” = 2ae
Perimeter
The perimeter is the distance around the ellipse, i.e.
. 3
Perimeter = 7 X [E(a +b)++/ ab} .

It is not easy to calculate.
Area

The number of square units it takes to fill the region inside an
ellipse is called the area of an ellipse.



Ellipse

2 2
If the equation of ellipse is x_2 + e =1, then its area is 7mab.
a

If the equation of ellipse is
2r

Jaac- B
Chord

A line segment linking any two points on an ellipse is known
as the chord of the ellipse.

Ax? + Bxy + Cy? = 1, then its area is

Focal chord
A chord of the ellipse passing through its focus is called the
focal chord.

Focal distances
Let P(x, y) be any point on the ellipse.

Here, SP=ePM= e(z—x)za —ex
e

a
S'P=ePM = e(—+xj=a+ex
e
Now, SP+ 8’P=a —ex + a + ex = 2a = constant.
Thus the sum of the focal distances of a point on the ellipse
is constant.

Notes

Focal distances are also known as focal radii of the ellipse.

Vertices

The vertices of the ellipse are the points where the ellipse
meets its major axis.

Here, A = (a, 0) and A" = (—a, 0) are the vertices of the ellipse.

Co-vertices

The co-vertices of the ellipse are the points where the ellipse
meets its minor axis.

Here, B = (0, b) and B’ = (0, —b) are the co-vertices of the
ellipse.

Double ordinate
It is a chord perpendicular to the major axis and intersects the
curve in two distinct points.

Latus rectum

It is a double ordinate, perpendicular to the major axis and
passes through the foci. Here LSL" and L;SL,” are two latus
recta.

Length of the LR
Let the co-ordinates of L and L’ be (ae, y,) and (ae, —y,).
2 2
Since L lies on the ellipse x_2 + Jb}_z =1, so we have
at? )2 “
1
+=-=1
a> b

»*)_ o
= )ﬁzzbz(l—ez)sz(—ZJZ—z

a a
= y, = b*a

5.3

Thus the co-ordinates of L and L’ are

2 2
(ae, b—j and (ae, —b—) .
a a

Hence the length of the latus rectum,
_w
Pt

LL
Relation amongst a, b, and e:

»=d*(1-é%
Eccentricity (e)

\/ b \/az—bz
e= -2 - |42
612 a2

Auxiliary circle
The circle described on the major axis of an ellipse as diam-
eter is called an auxilliary circle.

Relation to a circle

A circle is actually a special case of an ellipse. In an ellipse,
if you make the major and minor axes of the same length, the
result is a circle, with both foci at the center C.

5. ParameTric EquaTion oF AN ELLIPSE

Y

x%%x

Y

2 2
Let the equation of the ellipse be x_2 + 2}—2 =1.
a

The equation of its auxilliary circle is x*> + y* = @°.

Let Q be a point on the auxilliary circle x*> + y* = & such
that QP produced is perpendicular to the x-axis.

Thus P and Q are the corresponding points on the ellipse
and the auxilliary circle.

Let ZQCA = ¢, where 0 < ¢ <271

Let Q = (acos @, a sin @) and P = (a cos ¢, ).
2 2

. . . X .
Since P lies on the ellipse — + ;—2 =1, so we can write
a
a’cos’p  y*
—2 + —2 = 1
a b
= y*=b*sin’ @

= y=bsin @
since P lies in the 1st quadrant.

Thus the parametric equations of the ellipse are
x=acos ¢,y =bsin .
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Notes

Any point, say P, on the ellipse can be considered as (a cos
¢, b sin @). Since the point is known when ¢ is given, then
it is often called ‘the point ¢’ or P(¢)..

6. ImPorTANT PROPERTIES RELATED TO GHORD AND
FocaL GHorp

@

(i)

(iii)

Equation of the chord joining the points P(¢;) and
O(9,)

P(¢y)

o(¢)

The equation of the chord joining the points P(a cos ¢,
b sin @) and Q(a cos @,, b sin ¢,) is

icos((pl ‘Pz)+ sm(?’l*“sz
a 2 b 2

_ COS((PI ‘Pz)
2

The length of a radius vector from the centre drawn in
a given direction

B

S

P(r cos 6, rsin 6)

BI
As we know that the equation of the ellipse is
Ly
a b

Putx =rcos 6, y=rsin 0, we have

r?cos’0  r’sin’0
> > =1.
a b
— 2 a2b2
=
b*cos’0 + a’sin’6
ab
= r=

\/bzcosze + a’sin’0

which is the required distance from the centre of the

point P(6) on the ellipse x_ + Z—z =1.
Product of the focal radn of an ellipse from any point
y

P(6) on the elhpse b—2 =1is

a*sin® O+ b2 cos? 6.

(iv)

V)
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Proof
B
P(r cos 6, rsin 0)
s s M4
B/
We have, SP=a—ex and S’P=a + ex.
Thus,
SP. S'P = (a* — &’x*) = (a* — a*¢* cos’ 0)
=a’+ (b2 a*) cos® 6
= (1 — cos’ 0) + b* cos® O

=g* sin® 0+ b? cos® @
If PO be a focal chord and S, §” are the foci of an el-
lipse, the perimeter of the triangle described by AS’PQ
is 4a.
Proof

A /N
N

s N

0
We have, perimeter of the DS'PQ
=§SP+SQ+PQ
=(S'P+S5Q)+ (SP+SQ)
=(S’P+SP)+ (SO +S0)
=2a+2a=4a
The length of the focal chord of an ellipse which makes
2ab*
a’sin®0 + b’cos’0

P
A
S
0

an angle 6 with the major axis is

Proof

—
S~/

Let the chord be PQ, where P = (x, y,), O = (x,,¥,) and
S(ae, 0) be the focus.
The chord PQ be

(y—0)=tan 0 (x — ae) ..()
Now PQ = SP + SQ

=a—ex;ta—ex,=2a=e(x; +x,)
Let the equation of the ellipse be
2 2
x_2 +2 =1
b

Now PQ =SP + SQ

=a—-ex;ta—ex,

=2a—e(x; +x,)

..(i)
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(vi)

From Egs (i) and (ii), we get

x’ N tan’0(x — ae)’ _

1
a’ b?

= b +d tan® O(x — ae)’ = b
= bW +d’ tan® O(x* — 2aex + a*e?) = a’b?
= (b +d® tan® O)x* — 2a’e tan O x

+ d*(a*e* tan® - b*) =0
Let its roots are x; and x,.
2a’etan’6
b* + a*tan’0
Therefore, PO = 2a — e(x; + x,)
2a’e tan’6
=2a-e| 55—~
b"+a’tan”0

b*+ a*tan’0 - azeztanzeJ

Then x +x,=

=2a

b*+ a*tan’0

=2a

b*+ a*tan’0

b*+b’tan’0

b+ a*tan’6

b*(1+ tan’6)

b* + a*tan’0

_ 2ab’
a’sin’@ + b*cos*0
Hence the result.
If P(e) and P(P) are the extremities of a focal chord,

then
tan(g) tan ﬁ = e_—l .
2 2 e+1

~_ |/

Let the equation of the ellipse be

2 2

X Yy
—t+5=1

a b
Equation of the chord PQ is

s 58 (58 ) -e(#57)

which is passing through the focus (ae, 0), then

EIED

b+ (1 —ez)tanzeJ

=2a

=2a

(vii)

5.5

COoS o

[37).

i
cos(“;ﬂ]ms(“;ﬁ) .

- Cos(a;ﬁ)_cos(a;ﬁ):eﬂ

- enlSnl )55

Hence, the result.

If o and S are the eccentric angles of the extremities
2 2
of a focal chord of the ellipse x_2+y_2: 1, then the
eccentricity of the ellipse is a b
sin o + sin 8
sin (¢ + )

il A
N | /[

0
The equation of the chord joining the points P(¢) and

P(B)is
o 52) (53255

which is passing through (ae, 0),

Proof

We have,

2 2
= ex2sin(a+ﬁ)cos(a+ﬁ)

2 2
=2sin ( o ﬂ)cos (ﬂ)
2 2
= exsin(o+ B)=sin oo+ sin B
N _ SII.I o+sin B
sin (a+ )

Hence, the result.

7. Position oF A PoiNT witH ResSPECT T0 AN ELLIPSE

The point (x;, y,) lies outside, on or inside the ellipse

X

2

2
Y

—+-=1 according as

a

2

b2
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J’1

-1>,=,<0
a2 b2

8. InTersecTioN OF A LiNe AND AN ELLIPSE

The line y = mx + ¢ intersects the elhpse — + z—z =1 into two
a’

(i) real and distinct points if x*> < a*m?* + b>.
a?m? + b,

(ili) imaginary points if ¢? > a*m?* + b*.
Also

(iv) The line y =mx + ¢ will be a tangent to the given ellipse
if

(i) coincident points if ¢* =

A =d*m* + b

(v) The co-ordinates of the point of contact is

2 2

am b S .

(+— +— ] which is also known as the m-point on
¢ ¢

the ellipse.

(vi) The equation of any tangent to the ellipse can be con-
sidered as y = mx + Jatm*+b* .

(vii) The line Ix + my + n =0 will be a tangent to the ellipse
2 2
x—2+y—2:1, if a*P + b*m?* = n?
a b

9. THe LeneTH oF THE CHORD INTERCEPTED
BY THE ELLIPSE ON THE LINE Y = mX + ¢.

Let the equation of the ellipse be

2 2
x
_2 + y_ = 1
a b
x> (mx+c)?
a b
= (@m? + bHx? + 2aPmex + d*(F - b*) =0
Let its roots are x, x,.
2a’me a*(c*-b?)
Then x1+x2=—ﬁ and X X =—5———.
m-+b am +b
- 2ab«/azm2 +b2-c2
us, X; — X, = .
a*m? + b*

Hence the length of the chord
= \/(xl - x2)2 +n - )’2)2

= (x, = xp)y/ 1+ m?

2ab><\/l+m \/ Z4p*-
m? +b*
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10. Various Forms oF TANGENTS

(1) Point form
2 2

The equation of the tangent to the ellipse x_2 + y_2 =1
at (x;, ) is a b

Ly
(i1) Parametric form
The equation of the tangent to the ellipse x_ + y_2 =1
at (a cos 6, b sin 0) is at b

£cos 9+Zsin9:1
a b

(iii) Slope form
The equation of the tangent to the elhpse — + y_2 =1
in terms of the slope m is a b

y=mx++Ja’m® +b*

(iv) The co-ordinates of the points of contact are

2 2
- am + b '
\/azm2 +b° \/azm2 +b°
(v) The point of intersection of the tangents at P(6) and
Ag) is

acos (BHP) bsin (Mj
2 2

cos ( 0- (p) cos (0_([))
2 2

11. DirecTor CIRCLE

The locus of the point of intersec- b, K

tion of two perpendicular tangents
to an ellipse is known as the direc-
tor circle.

The equation of the director cir-

2 2
. X .
cle to an ellipse — + y—z =1lisx*+
b

a
=+ b

12. Pair oF TANGENTS

Equation of a pair of tangents from a point (x, y,) to an
2 2
X
ellipse —+=>=11is
a



Ellipse

13. Various Forms oF NormALS

N

Here, PT be a tangent and PN be a normal.
The angle between the tangent and the normal is 90°.

(i) Point form 5 5

The equation of the normal to the ellipse x_2 + z—z =1
a

at the point (x|, y,) is

2 2
a’x b
L2V,
X Y1
(i) Parametric form ) )

The equation of the normal to an ellipse x_z + y_2 =1 at
the point (a cos 6, b sin 0) is a b
ax sec 6— by cosec 8= a* — b*.
(iii) Slope form
The equation of the normal in terms of slope is

_ m(a®-b%)

y=mxF—/—=
\1a2+b2m2 )

2
(iv) Theliney=mx+ cisanormal to an ellipse x_2 + y—z =1
if a b
) m2(a® - b?)?
(@®+b°m*)
(v) The straight line Ix + my + n = 0 is a normal to an
2 2

. Xy .
ellipse —+—=1if
P a’> b

2 b _(az—b2)2
? ? B n’
14. Numser oF NormALSs ARE DRAWN TO AN

ELuipse From A PoinT 10 I1TS PLANE

2 2
X

The equation of the normal to the ellipse — + ;;—2 =1atP(0)is
a

ax sec 6— by cosec 0= a*>— b* ...(1)

5.7

Let O(c, ) be any point in the xy-plane.
Equation (i) passes through Q(c, f), so we have

aasec O— b cosec 0= a® — b*

1+ tan? (2) s 1+ tan? (2) o
1- tan® (29) 2 tan(g)
ol
= 2(a®~ b tan (gj(l _ tan? @D

= bPtt + 2(a* — b* + ac)f —2(a® — b* — ac)t — b =10
..(ii)

= a

where t = tan (gj
2

The above equation will give four values of 7 say, #,, #,, #3, 4.
Corresponding to these four values of 7, we will get 4
points, say 4, B, C, D on the ellipse, the normals to which
pass through the point Q(c, B).
Hence, in general four normals can be drawn from any
point to an ellipse.
(i) Co-normal points
Let P, O, R, S are four points on the ellipse. If the nor-
mals at these points meet at a point, say M, then these
four points are known as co-normal points.

S

(i) If o, B, 7, O be the eccentric angles of the four points
on the ellipse such that the normals at these points are
concurrent, then o+ f+ y+8=2n+ 1) m,ne 1.

As we know that if four normals are concurrent at a
point, say, M(c, ), then
bPBE + 2(a’ — b* + ao) 2(a® — b* —aq)t=bB=0,

where ¢ = tan (g)
2

Now, tan(g+ﬁ+l+§)=ﬁ
22 2 2) 1-8,+8,
—2[aa+ (a° - b*)] , ab- (@ = b)]
- bp bB
1-0-1
= cot[g+£+l+_5j:0
2 2 2
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= cot(g+ﬁ+z+é)=0=cot(2n+1)7z'
2 2 2 2 2

(g+ﬁ+l+§):(2n+l)n
2 2 2 2 2

= a+f+y+6=02n+ D
Hence, the result.

15. GHorp oF GontacT

P

Chord of contact

The equation of the chord of contact of tangents drawn from
a point (x;, y;) to an ellipse

16. Crorp Bisectep AT A Given PoinT

The equation of the chord bi- B
sected at a point (x;, y;) to an
2 2
Xty .
ellipse —+==11is
a b 4
e AR W
—+=—-l==+=-1
a> b a b

17. PoLe anp PoLar

The equation of the polar of an ellipse
22
—+=1
a b

from a point (x,, y;) is

XX, IN
—t+==1
at> b

>

where

(>¢;, »y) 1s the pole of polar.

Coordinate Geometry Booster

Properties related to pole and polar
(i) The polar of the focus is the directrix.
(il) Any tangent is the polar of the point of contact.
(iii) The pole of a line Ix + my + n = 0 with respect to the
. x? 2 . a’l b*m
ellipse a—2+Z—2=1 is (—7, —7)
(iv) The pole of a given line is the same as the point of in-
tersection of tangents at its extremities.

(v) If the polar of P(x;, y;) passes through O(x,, »,), the
polar of O(x,, ,) goes through P(x,, y,) and such points
are said to be conjugate points.

(vi) If the pole of a line Ix + my + n = 0 lies on the another
line I'x +m’y + n’ = 0, the pole of the second line will lie
on the first and such lines are said to be conjugate lines.

18. DiAMETER

The locus of the mid-points of a system of parallel chords of
an ellipse is called a diameter and the point where the diam-
eter intersects the ellipse is called the vertex of the diameter.

B
S
A AN 4
y=mx+tc
B,
Let (h, k) be the mid-point of the chord, then
2 2
y =mx + c of the ellipse x—2+Jb/—2=1.
a
Then T=3§,
L kPR
a b odd b
2
am )
o b'x
Hence, the locus of the mid-pointis y =——5—.
am

19. ConJuGaTE DIAMETERS

R

0

Two diameters are said to be conjugate when each bisects all
chords parallel to the other.
If y = mx and y = m,x be two conjugate diameters of an
B

ellipse, then mym, =——.
a



Ellipse

Let PQ and RS be two conjugate diameters.
Then the co-ordinates of the four extremities of two con-
jugate diameters are

and

P(a cos @, b sin ¢),
O(—a cos ¢, — b sin @),
S(—a sin @, b cos @),
R(a sin ¢, —b cos @)

Properties of conjugate diameters
(i) Prove that the eccentric angles of the ends of a pair

(i)

of conjugate diameters of an ellipse differ by a right

angle.
Proof
~
C
0) S

Let PCQ and RCS be two conjugate diameters of an

2 2
Y

ellipse N A
a* b
Then the co-ordinates are P(a cos ¢, b sin ¢) and

R(a cos ¢, asin ).

Now, m, = Slope of CP = étan ¢ and
a

m, = Slope of CR = Stan o’

Since the diameters PCQ and RCS are conjugate diam-
eters, then
b2
m-my,=——
1 2 az
2 »?
= —Stangtang =-——
a a
= tan@tan ¢ =-1

=  tan @=—cot ¢/ =tan (g + go')

N , T

-9 = )
Hence, the result.
Prove that the sum of the squares of any two conjugate
semi-diameters of an ellipse is constant and equal to
the sum of the squares of the semi-axes of the ellipse,
ie.

CP*+ CD*=a* +b*.

(iii)

(iv)

5.9

Proof

Let CP and CD be two conjugate semi-diameters of an

2 2

ellipse x_2 + Z—Z =1 and the eccentric angle of P is ¢.
a

Thus the eccentric angle of D is %+ Q.

Therefore the co-ordinates of P and D are (a cos ¢, b
sin ¢) and

[ron(5 o) oon(5 ]

ie. (—asin @, b cos ¢).
Thus CP* + CD?

= (d? cos® @+ b? sin® @) + (a° sin® ¢ + b* cos® @)

=+
Hence, the result
Prove that the product of the focal distances of a point
on an ellipse is equal to the square of the semi-diameter,
which is conjugate to the diameter through the point.
Proof

D P

S(-,0) C S(, 0)

Let CP and CD be the conjugate diameters of the
ellipse.
Let P = (a cos ¢, b sin @), then the co-ordinates of D is
(—a sin ¢, b cos ).
Thus,
SP - §’P=(a—ae cos @) - (a+ ae cos @)
=a* —a*e* cos’ ¢
=a*—(®—b*) cos’ @
= a* sin® @+ b* cos® @
= CD?
Hence, the result.
Prove that the tangent at the extremities of a pair of
conjugate diameters form a parallelogram whose area
is constant and equal to the product of the axes.
Proof
Y

P
X
¢ ‘/
B
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Let PCQ and RCS be two conjugate diameters of the
2 2

. X
ellipse a_2 + ;—2 =1.

Then the co-ordinates of P, O, R, and S are

P(a cos @, b sin ¢), Q(—a cos ¢, — b sin @),

R(—a sin @, b cos @) and S(a sin ¢, —b cos @) respec-
tively.

Equations of tangents at P, R, O and S are

L cos (p+lsin o=1,
a b

~Zsin o+ 2 cos o=1,
a b

~Zcos Q- 2sin o=1
a b

and Zsin - 2 cos o=1
a b
Thus, the tangents at P and Q are parallel.
Also the tangents at R and S are are parallel.
Hence, the tangents at P, R, O, S form a parallelogram.
Area of the parallelogram = MNM'N’
= 4(the area of the parallelogram CPMR)

. ab
=4x \/azcosz(p + b251n2(p X
— 4ab \/azcoszqo + bzsinzfp
= constant

Hence, the result.

Coordinate Geometry Booster

(v) Equi-conjugate diameters

B
R P
A A
&/
B/

Two conjugate diameters are said to be equi-conjugate
diameters if their lengths are equal.
a’+b?
2

ie. CP=CR=

20. RerLecTion PROPERTY OF AN ELLIPSE

If an incoming light ray passes through one focus (S) strikes
the concave side of the ellipse, it will get reflected towards
other focus.

Y
P
e A
S/ C S X
Y

Levee /

(Problems based on Fundamentals)

ABC OF AN ELLIPSE

1.

. If the equation

Find the centre, vertices, co-vertices, lengths of major
and minor axes, eccentricity, lengths of latus rectum,
equation of directrices and the end-points of a latus
recta.

(i) 9x*+ 16y = 144

(i) 2x*+3)y* —4x—12y+8=0

Find the sum of the focal distances of any point on the

ellipse 16x? + 25)% = 400.

2 2
Y

+
a—4
ellipse such that the length of the interval, where a lies,

=1 represents of an
-a

is m, find m.
If (5, 12) and (24, 7) are the foci of an ellipse passing
through the origin, find the eccentricity of the ellipse.

10.

11.

. Find the equation of the ellipse whose axes are co-ordi-

nate axes and foci are (+2, 0) and the eccentricity is 1/2.
If the distance between the foci of an ellipse is equal
to the length of its latus rectum, the eccentricity is

J5-1

2 2 2

Find the eccentricity of the ellipse x_2 + Z—z =1 whose
a

latus rectum is half of its major axis.

Find the eccentric angle of a point on the ellipse
2 2
% + y? =1 whose distance from the centre

ellipse is /5 .

of the

. Find the area of the greatest rectangle that can be in-

2 2
Y

scribed in the ellipse Rl A

16 9
Find the locus of a point whose co-ordinates are given
byx=3+4cos Ocy=2+3sin 6.
If PSQ is a focal chord of an ellipse 16x + 25)% = 400
such that SP = 8§, find the length of SQO.
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12.

2 2
Find the area bounded by the curve T—6 + 3 <1 and

the line £+121.
4 3

POSITION OF A POINT W.R.T. AN ELLIPSE

13.

14.

Find the location of the point (2, 3) with respect to the

2 y2

X
ellipse 2 + . 1.

If (A, —A) be an interior point of an ellipse 4x> + 5y* = 1
such that the length of the interval, where A lies, is m,
where m € QF, find the value of (3m —2)*°13 + 2013.

TANGENT AND TANGENCY

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

Find the number of tangents drawn from a point (2, 3)
to an ellipse 4x> + 3y” = 12.

Find the equations of the tangents drawn from the point
(2, 3) to the ellipse 9x* + 16y* = 144.

If the line 3x + 4y = 5 touches the ellipse 9x* + 16y? =
144, find the points of contact.

For what value of 4 does the line y = x + A touches the

ellipse 9x° + 16)* = 1442

Find the equations of the tangents to the ellipse
2 2

% + yT =1 having slope 2.

Prove that the locus of the feet of perpendicular drawn

from the centre upon any tangent to the given ellipse is

7 = d* cos® B+ b’ sin” 6.

A circle of radius r is concentric with the ellipse
2 2

X C
—+ y_2 = 1. Prove that the common tangent is inclined

a 2 42
. . -1 r —b
to the major axis at an angle of tan ( R J .
a -r
Prove that the tangents at the extremities of latus rectum
of an ellipse intersect on the corresponding directrix.

Prove that the locus of the mid-points of the portion of
the tangents to the given ellipse intercepted between
the axes is 472 = a* sin> @+ b* cos? 6.

2 2

A tangent to the ellipse x_2 + 2}—2 =1 meets the ellipse
a

2 2
Xy y? =a+b in the points P and Q, prove that the
a

tangents at P and Q are at right angles.

Prove that the product of the perpendiculars drawn
from the foci upon any tangent to an ellipse is constant,
ie. b%

If an ellipse slides between two perpendicular straight
lines, prove that the locus of its centre is a circle.
Prove that the locus of the feet of the perpendiculars
from foci upon any tangent to an ellipse is an auxiliary
circle.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

5.11

If p be the length of perpendicular from the focus S of

2 2
the ellipse x_2 + )b/—z =1 on the tangent at P, prove that
a
b _2a
p2 SP '

If p be the perpendicular from the centre of an
ellipse upon the tangent at any point P on it and
r be the distance of P from the centre, prove that

2,2
ab

= a+b -t
p
Prove that the locus of the mid-points of the portion
2 2
. X .
of the tangents to the ellipse — + y_2 =1 intercepted
2 2 b
. a b
between the axes is —+—=4.
X y

Prove that the portion of the tangent to the ellipse inter-
cepted between the curve and the directrix subtends a
right angle at the corresponding focus.

Prove that in an ellipse, the perpendicular from a focus
upon any tangent and the line joining the centre of the
ellipse to the point of contact meet on the correspond-
ing directrix.

Prove that the co-ordinates of those points on the

2 2

ellipse x_2 + Z—z =1 tangents at which make equal an-
a 2

bz
gles with the axes is | £ > 2,i — |-
a +b a +b

Find the locus of the point of intersection of two per-

2 2
pendicular tangents to the ellipse ic_6 + ry =1.
Tangents are drawn from any point P on the parabola

2 2
(v—2)*=4(x— 1) to the ellipse % + yT =1, which are
mutually perpendicular to each other. Find the locus of
the point P.
Find the equations of the pair of tangents to the ellipse
2x* +3y* =1 from the point (1, 1).
If the tangents are drawn from a point (1, 2) to the el-
lipse 3x% + 2)% = 5, find the angle between the tangents.

NORMAL AND NORMALCY

38.

39.

40.

Find the equation of the normal to the ellipse 4x> + 9)?

=20at (l,i).
3

Find the equation of the normal to the ellipse 5x* + 3)?
= 137 at the point whose ordinate is 2.

Find the equation of the normal to the ellipse

2 2
X .
ry + yT =1 at the negative end of the latus rectum.
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

If the normal at the point P(6) to the ellipse 5x* + 14)?
= 70 intersects it again at the point Q(26), prove that
3cos 6+2=0.

The normal at an end of a latus rectum of an ellipse

2 2

x_z + z—z =1 passes through one extremity of the minor
axis, then prove that ¢* + & — 1 = 0.

Prove that the tangent and the normal at any point of
an ellipse bisect the the external and internal angles be-

tween the focal distances of the point. 2

The normal at any point P on the ellipse — + 2}—2 =1
a’

meets the major and minor axes at G and G’, respec-

tively and CF is perpendicular upon the normal from

the centre C of the ellipse, show that PF - PG = b” and

PF x PG’ =d’.

The normal at a point P(6) on the ellipse x_ + Z—z =1
Cl

meets the axes of x and y at M and N, respectively,

show that x* + y? = (a + b)*. ,

An ordinate PN of an ellipse x—2+)b/—2=1 meets the
a

auxiliary circle in Q. Show that the locus of the point
of intersection of the normals at P and Q is the circle x>
+y*=(a+b).
Prove that the tangent of the angle between CP and the
2_p? j

X sin 260 and its greatest

normal at P(6) is (a

a’—b* j

2ab )
Prove that in an ellipse, the distance between the centre
and any normal does not exceed the difference between

the semi-axes of the curve.

The tangent and the normal at any point P of an el-
2 2

lipse — +=5
)

value is (

=1 cut its major axis in points Q and R,

respectively. If OR = a, show that the eccentric angle of
the point P is satisfying the equation
e*cos’ p+cos p—1=0
If the normals at P(x,, y;), O(x,, ¥,) and R(x3, y3) on
2 2

the ellipse x—2+y—2=1 are concurrent, show that
a b

o AN

Xy Y2 X%)|=0

X3 V3 X33

and if points P(), Q(B) and R(%), prove that

secax coseca 1
=0

cosecy 1

sec B cosec B

secy
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CHORD OF CONTACT/CHORD BISECTED AT A POINT

51.

52.

53.

54.

55.

56.

57.

58.

59

Prove that the locus of the point, the chord of contact

2 2

of tangents from which to the ellipse x—2+Z—2=1
a

subtends a right angle at the centre of the ellipse is
2 2

X y 1 1

st =t o

a b a” b

Prove that the locus of the point, from which the chord

of contact of tangents are to be drawn to the ellipse
2 2
touches the circle x> + y? = ¢? is —— al —+ y_4 = Lz .
a bt ¢
The perpendicular tangents are drawn to the ellipse
2 2

x_2 + y_2 =1. Prove that the locus of the mid-point of

a 2 21\? 2, .2
the chord of contact is [x_ + y—j = (x ry ] .
a

b* a’+ b’
Tangents are drawn from any point on the circle x* + ?
2 2
. X
= ¢ to the ellipse —+ ;)/_2 =1. Prove that the locus of
a

the mid-points of the chord of contact is

2
2 b 2

Tangents P4 and PB are drawn from a point P to the
2 2
ellipse x_2+y_2: 1. The area of the triangle formed
a” b
by the chord of contact AB and axes of co-ordinates are
constant. Prove that the locus of P is a hyperbola.
Prove that the locus of the mid-points of the normal
2 2

chords of the ellipse x_2 + g—z =1lis
a

6 16 22
[a—2+b—2](—+—j =(a*-b*)?
x° ¥y N\a b?

Prove that the locus of the mid-points of the chords

y_
»?

of the ellipse —+ 1 which touch the auxiliary
a’

circle x> + y* = a* is

z[xz yz] (xz 32 )2
a +—|=| S+
a b* a’ b

Prove that the locus of the mid-points of the chords of
2

2
the ellipse x_2 + Z—z =1 which subtends a right angle at

a
the centre of the ellipse is

2 2 2 21\?2
X X 1 1
(_4+y_4J=(_2+y_2) (_2"'_2)
a b a b a b

The eccentric angles of two points P and Q on the
ellipse differ by 7/2. Prove that the locus of the mid-

Y

point of PQ is x—+b—2:2.

a
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60.

Prove that the locus of the mid-point of the chord of
contact of the perpendicular tangents to the ellipse

2 2 2 21\? 242
Sar=lis S| =| Sy |-
a b a b a +b

61. Prove that the locus of the mid-points of the focal
2 2
chords of the ellipse [x_z + Z—ZJ =11is
a
b2+ azy2 = ab’xe
62. Prove that the locus of the mid-points of the chords of
2 2
the ellipse (X—Z+Z—2j =1 which are tangents to the
a
2 2
ellipse x_2 + y—z =11is
a B
2
2P Po? B
St T\ T T
a” b a b
POLE AND POLAR
63. Prove that the polar of the focus of an ellipse is the
directrix.
64. Find the pole of a given line Ix + my + n = 0 with re-
2 2
spect to an ellipse —+=-=1.
p p PR
65. Prove that the pole of a given line is the same as the
point of intersection of tangents at its extremities.
66. Find the pole of the straight line x + 4y = 4 with respect
to the ellipse x> + 4y = 4.
67. Find the locus of the poles of the tangents to
Y o,
— +<5 =1 with respect to the concentric ellipse cx
a” b
+dh?=1.
68. The perpendicular from the centre of an ellipse
2 2
x_2 + ;;—2 =1 on the polar of a point with respect to the
a
ellipse is constant and equal to c. Prove that the locus
2 2
o . 1
of the point is the ellipse x_4 + y_4 =—.
a b <
69. Show that the equation of the locus of the poles of nor-
2 2
mal chords of the ellipse x_2 + y_2 =1is
a” b
(aZ o b2)2 x2y2 — a6y2 + b6X2
70. If the polar with respect to y? = 4x touches the ellipse
oy .
— +-= =1, find the locus of its pole.
o B
CONJUGATE DIAMETERS
71. Prove that the equation of the diameter of the ellipse
2 2 2
x°y . b°x
—+==1is y=——75—.
a> b 4 a’m

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.
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Find the co-ordinates of the four extremities of two
2 2

conjugate diameters of an ellipse x_z + ;—2 =1.

a
Prove that the sum of the squares of any two conjugate
semi-diameters of an ellipse is constant and equal to
the sum of the squares of the semi-axes of the ellipse,
ie. CP*+ CD*=a* + b".
Prove that the product of the focal distances of a point
on an ellipse is equal to the square of the semi-diam-
eter, which is conjugate to the diameter through the
point. i.e. SP - P =CD?.
Prove that the locus of the poles of the line joining the

eccentricities of two conjugate diameters is the ellipse

2 2
x—2+y—2:2.
a b

If P and D be the ends of the conjugate diameters of an

ellipse, find the locus of the mid-point of PD.
2 2
For the ellipse x_2+;;_2: 1, find the equation of the
a
diameter conjugate to ax — by = 0.
2 2

If the point of intersection of the ellipses x_2 + 2)—2 =1
2 2 a

X . .
and —+ 2~ 1 be at the extremities of the conjugate

2
d 2 2

a
diameters of the former, prove that —-+ ? =1,
c

If CP and CD are the conjugate diameters of the ellipse

2 2

—+ 2}—2 =1, prove that the locus of the orthocentre of
a

the APCD is 2(b*y* + a*x%)? = (a* — b*)* (bH? — a*x?)? .
Prove that the tangents at the extremities of a pair of
conjugate diameters form a parallelogram whose area
is constant and equal to the product of the axes.

Show that the tangents at the ends of conjugate diam-
2 2
eters of the ellipse x_z + y—z =1 intersect on the ellipse
2 2 a b
XY

—=2.
a’> b

Find the eccentricity of the ellipse if y =x and 2x + 3y =
0 are the equations of a pair of its conjugate diameters.

REFLECTION PROPERTY OF AN ELLIPSE

83.

84.

A ray is emanating from the point (=3, 0) is incident on
the ellipse 16x” + 25y* = 400 at the point P with ordi-
nate 4. Find the equation of the reflected ray after first
reflection.

A ray is coming along the line x —y + 2 = 0 on the
ellipse 3x* + 4y? = 12. After striking the elliptic mirror,
it is then reflected. Find the equation of the line con-
taining the reflected ray.
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Levee I

10.

I1.

(Mixed Problems)

. Tangents are drawn from a point on the circle x> + ?

2 2

= 50 to the ellipse S , the tangents are at the
30 20

angle is

T T T T
z b = z H =
(a) 2 (b) 3 (© 5 (d) S
The centre of the ellipse 4x*> + 9)* — 8x — 36y +4 =0 is
(@ 2,49 () G3,2) (o (1L,2) () (0, 1)
. The co-ordinates of the foci of the ellipse 4x* + 9y — 8x
~36y+4=0is
(@) (1£+/5,2) (b) 2++/5,2)
© (#+5,2) @ (1£+5,3)
2 2
The equation +—2 =1 represents an ellipse
if —a 4—a
(a) a<4 (b) a>4
(c) 4<a<10 (d) a>10
2 2
. Lep P be a variable point on the ellipse %+ i}_6:1

with foci at /' and F”. If 4 be the area of the APFF’, the
maximum value of 4 is

(a) 12s.u. (b) 24 s.u.

(c) 36s.u. (d) 48 s.u.

The eccentricity of the ellipse (10x — 5)* + (10y — 5)* =
GBx+4y—1)is

1 1 1 1

— b) — - 4 =

(a) 5 ()\B © 7 @ -
If the line y = x + A touches the ellipse 9x* + 16y* = 144,

the value of A is

(@) 5 (b) +4 (c) 7 (d) +3

. The equation of the tangents to the ellipse 3x? + 4y* =

12 which are perpendicular to the line y + 2x = 4 is/are
(a) x—2y+4=0 b) x-2y+7=0
(c) x—2y—-4=0 (d) x-2y-7=0
The product of the perpendiculars from the foci of any
tangent to an ellipse b*x” + a®y* = a®b? is
(a) & (b) »? (c) 2p? (d) 24

2 2
The number of tangents to the ellipse S A
from the point (4, 3) is 169

(a) 0 (b 1 (c) 2 (d 3
If the normal at an end of a latus rectum of an ellipse
2 2
x_2 + 2}—2 =1 passes through one extremity of the minor
a
axis, then ¢ is
3-1 3+l
a) —— b
@ — ®) —
51 J5-1
(c) (d ——

2 2

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
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The equation of common tangent between the ellipses

2 2 2 2
T id ctand 44 =1is

9 4 2 1

(a) x=3 (b) y=2

() x=1 (d) not defined

2 2
If the equation of the tangent to the ellipse x_2 + 2—2 =1
a

X . . .
is —+ % =/2, its eccentric angle is
a

(a) 45° (b) 60° (c) 90° (d) 22.5°

The equations of the tangents to the ellipse 3x + )% =3

making equal intercepts on the axes are

(a) y=%x+2 (b) y=%x+4

(c) y==+x+5 (d) y=ax=£7

The number of real tangents can be drawn from (3, 5)

to the ellipse 3x* + 5)% = 15 is

(a) 4 (b) 2 (©) 1 (d 0

The number of normals that can be drawn from a point

to a given ellipse is

(a) 4 (b) 2 (©) 1 (d 0

The set of possible values of m for which a line with the
2 2

slope m is a common tangent to the ellipse x—2 + y_2

and the parabola y? = 4ax is b™ ¢

(@ (3,5 () 2,3 (© (1,3) (@ O,
The angle between the normals of the ellipse 4x> +? =
5, at the intersection of 2x + y = 3 and ellipse is

(a) tan'(3/5) (b) tan'(3/4)

(c) tan '(4/3) (d) tan'(4/5)

If the latus rectum of an ellipse x* tan® @ + y* sec? ¢ =
1 is 1/2, then ¢ is

(a) w2 (b) /6

=1

) 3 d) 5m12

2 yZ

If pair of tangents are drawn to the ellipse ;C_6 + ry =1
from a point P, so that the tangents are at right angles to

each other, the possible co-ordinates of the point P are

(@) (v2,47) (b) (5,0)

© (3.4 () (25.5)

The eccentricity of the ellipse whose pair of a conju-

gate diameters are y = x and 3y = —2x is

@ VB3 (b) 273 ) 173 ) 1/5

The minimum length of intercept of any tangent of an
2 2

ellipse x_2 + y_z =1 between the axes is
a” b

(a) 2a (b) 2b ) atb (d) a-b

2 2
The eccentric angle of a point on the ellipse S A
whose distance from the centre is 2, is 2
(a) m/4 (b) w6 (c) m2
2 2
x
2 t3 g
A—A—-6 A°—6A+5

then A lies in

) 76

If

=1 represents an ellipse,



Ellipse
(@) (=0, -2) (b) (1,0)
(©) (3,) (d) (5,)
25. The eccentricity of the ellipse ax® + by2 +2gx+2fy+c

26.

27.

28.

29.

30.

31.

32.

33.

=0, if its axis is parallel to x-axis, is

a+b a->b
(@) 1 (b) 1/ 2
b a
© [2-1 @ |1-%

S and T are the foci of an ellipse and B is an end of the
minor axis. If STB is an equilateral triangle, the eccen-
tricity of the ellipse is

(a) 1/4 (b) 1/3 (c) 172 (d) 273
The centre of the ellipse
2 2
Gty =D (=17 i
9 16
(@ (0,00 () (1,H) (© 21D (D (1,2)
2 2
Let P be a variable point on the ellipse x—2+y_2:1
a b

with foci F| and F,. If 4 be the area of the APF|F,, the
maximum value of 4 is

@< 0L @b @S

b e ab
If the angle between the lines joining the foci of an
ellipse to an extremity of a minor axis is 90°, the

eccentricity of the ellipse is
(@ 18  (b) 1/4 () N2 () 143

On the ellipse 4x? + 9y* = 1, the points at which the
tangents are parallel to the line 8x = 9y are

21 21
@ (33) ® (53

2 1 2 1
@ (-3 @ (3-3)

The equation of the largest circle with centre (1, 0) that
can be inscribed in the ellipse x> + 4y* = 36 is

(a) 3x*+3)?—6x—8=0

(b) 3x*+3)>+6x—8=0

(c) 2x*+2)*+5x—-8=0

(d) 2x*+2)>-5x-8=0

2 2
Let E be the ellipse x—2+Z—2:1 and C be the circle
a

x*+3*=9. Let P and Q be the points (1, 2) and (2, 1)
respectively. Then

(a) O lies inside C but outside £

(b) Q lies outside both C and F

(c) P lies inside both C and F

(d) P lies inside C but outside £

The radius of the circle passing through the foci of the

2 2

ellipse 16 + % =1 and having its centre at (0, 3) is

() 4 (b) 3 (© 5 (d) 7

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

5.15

An ellipse has OB as semi-minor axis, F, F” are its foci
and the angle FBF” is a right angle. The eccentricity of
the ellipse is

@ 12 (b N2 (@© 13 (@ 1/4

The sum of the focal distances from any point on the
ellipse 9x* + 16y = 144 is

(a) 32 (b) 18 (c) 16 (d) 8
IfP=(x,y), F, =(3,0), F, = (-3, 0) and 16x* + 25 =
400, then PF| + PF, is equal to

(a) 8 (b) 6 (c) 10 (d) 12

The number of values of ¢ such that the straight line

2
y = 4x + ¢ touches the ellipse XT + y2 =1is

(@ o0 (b) 1 (c) 2 (d) infinite
The area of the quadrilateral formed by the tangents at

2 2
the points of latus recta to the ellipse ) + 5 =1is
(a) 27/4 s.u. (b) 9s.u.
(c) 272 s.u. (d) 27s.u.

2
Tangents are drawn to the ellipse ;—7+ y2:1 at

(3\/§ cos 0,sin 0), where 0 < 0 < /2. The value of
6 for which the sum of intercepts on the axes made by
this tangent is minimum is

(a) m/3 (b) 4 (c) w8 (d) w6

If tangents are drawn to the ellipse x* + 2)* = 2, the
locus of the mid-point of the intercept made by the tan-
gents between the co-ordinate axes is

(@) 1 N 1 | b) 1 N 1 1
Q) —+—= —t—=
2x2 4y2 4x2 2y2
2 2 2 2
XY XY
c) —+—=1 d) —+—=1
© 2 4 @ 4 2
The minimum area of the triangle formed by the tan-

2 2

gent to the ellipse x_2+)b)_2=1 and the co-ordinate
a

axes is

2 2
(a) abs.u. ) & ;b s.uL.
2 2 2
© (“J’zb) s, ) %S.u.

The point on the curve x* + 2)* = 6 whose distance
from the line x + y = 7 is minimum, is

@@ (1,2) () (1,3) (0 &1 (@ GD
The equation of the common tangent in 1st quadrant to
2 2

the circle x* + y* = 16 and the ellipse ;—5 + yT =1lis

(b) 2x-y3=4J7
(d) 3x+pB3=447

(@) 2x+\3=4J7
(©) 3x—y3=4J7
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44,

45.

46.

47.

48.

49.

Let P(x,, y;) and Q(x,, ¥,), ¥; < 0, be the end-points of
the latus rectum of the ellipse x* + 4y> = 4. The equa-
tion of the parabolas with latus rectum PQ are

(@) X2+23y=3+3 (b X2 =2\3y=3+3
© ¥*+2By=3-3 (@ ¥-22By=3-3
The line passing through the extremity 4 of the major
axis and extremity B of the minor axis of the ellipse
x* + 9y” = 9 meets the auxiliary circle at the point M.
The area of the triangle with vertices at 4, M and the
origin is

31 29 21 27

a) — b) — c) — d) —

@ T ® 7 © T G
The normal at a point P on the ellipse x* + 4 = 16
meets the x-axis at Q. If M is the mid-point of the seg-
ment PQ, the locus of M intersects the latus rectum of

the given ellipse at the points
35 19
@ [1#1%} (b) (ti,iﬂ}

2 4
44/3
© (J_r 13, i%) (d) (i 23, iT\/_J
Tangents are drawn from the point P(3, 4) to the ellipse
2 2
% + yT =1 touching the ellipse at A and B. Then the

co-ordinates of 4 and B are
(@) (3,0)and (0, 2)

8 24/161 9 8
®) [‘E’—Fja“d(‘g’z)

15

8 24161
(© [— —

— d (0,2

9 8
d) (3,0)and| ——,—
@ C.oma(-2.2)
The maximum area of an isosceles triangle inscribed in
2 2

. x o
an ellipse —+ g—z =1 with its vertex at one end of the
a

major axis is
32

ﬁab (b) —ab
4 4
243 33

(C) T ab (d) T ab

(2)

The point (¢, B) on the ellipse 4x* + 3y* = 12, in the
first quadrant, so that the area enclosed by the lines
y=xand y = f, x = o and the x-axis is maximum, is

3 3 3 3
0 o) w () 0 (2 0 2

50.

51.

52.

53.

54.

55.

56.

57.
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2 2
The number of points on the ellipse )SC_O + )2/—0 =1 from

which pair of perpendicular tangents are drawn to the
2 2

ellipse R AR N
16 9

(a) 0 (b) 2 (© 1 (d) 4
2
The eccentricity of the ellipse (x — 3)>+ (y — 4)* = %

18

NG 1 1
(@) - () 3 (©) NG

2 2

For an ellipse %erT:l with vertices 4 and 4,

@ %

tangents are drawn at the point P in the first quadrant
meets the y-axis in Q and the chord AP meets the
y-axis in M. If O be the origin, then 0Q? — MO? is
(@ 9 (b) 13 (c) 4 d) 5

2 2
The line fx + my +n =0 will cut the ellipse 5 + ;—2 =1
in points whose eccentric angles differ by 767:/2, if
(a) a@*P+b*n* =2m" (b) Pm* + b*I> = 2n?
(c) &P+ b’m*=2n* (d) a*n*+ b*m? =2
A circle has the same centre as an ellipse and passes
through the foci F; and F, of the ellipse such that two
curves intersect in 4 points. Let P be any of their points
of intersection. If the major axis of the ellipse is 17 and
the area of the triangle F'|F, is 30, the distance between
the foci is
(a) 11 (b) 12 (c) 13 (d) None
The point O is the centre of the ellipse with major axis
AB and minor axis CD and the point F is one focus of
the ellipse. If OF = 6 and the diameter of the inscribed
circle of AOCF is 2, the product of (4B)(CD) is

(a) 65 (b) 52 (c) 78 (d) none
2 2
A tangent having slope —4/3 to the ellipse )IC_S + ;}—2 =1

intersects the major and minor axes in points 4 and B,
respectively. If C is the centre of the ellipse, the area of

the triangle ABC is
(a) 12s.u. (b) 24 s.u.
(c) 36s.u. (d) 48s.u.
2 2
The common tangent to the ellipse ——— +y—2=1
x2 y2 a +b b
and —+ =1is
a> a?+b?

(a) ay=bx+ \/a4— a’b’+b*

(b) by=ax—+Ja*+a*b*+b*
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58.

59.

60.

61.

62.

63.

64.

65.

(c) ay=bx— a*+a’b* +b*

(d) by =ax++Ja*—a*b*+b*

The normal at a variable point P on an ellipse
2 2

x_2 + y_2 =1 of eccentricity e meets the axes of the el-

a” b

lipse in Q and R, the locus of the mid-point of OR is a

conic with an eccentricity ¢’ such that

(a) €’ isindependent of e

) &€=1 (c) &€=e () =1le

An ellipse is drawn with major and minor axes of

lengths 10 and 8, respectively. Using one focus as the

centre, a circle is drawn that is the tangent to the el-

lipse, and no part of the circle being outside of the el-

lipse. The radius of the circle is

@ V3 (b2 © 222 (@ 5

A common tangent to 9x* + 16y = 144; y* = x — 4 and
X¥=y?—12x+32=01is

(a) y=3 (b) x+4=0

(c) x=4 (d) y+3=0

The area of the rectangle formed by the perpendiculars
from the centre of the standard ellipse to the tangent
and the normal at its point whose eccentric angle is 7/4

is

a’—b? a-b )1
® [a2+b2]ab ® (a2+b2]E
2, 52
() [a +b jab

a+b* )1
(© 22— lab 2_b?
An ellipse having foci at (3, 3) and (4, 4) and passing
through the origin has eccentricity equal to
(a) 3/7 (b) 2/7 (c) 5/7 (d) 3/5
A bar of length 20 units moves with its ends on two
fixed straight lines at right angles. A point P marked on

the bar at a distance of 8 units from one and describes a
conic whose eccentricity is

V2 4
(b) 3 (©) )

If maximum distance of any point on the ellipse
x> +2)% + 2xy = 1 from its centre be r, the value of 7 is

(@) 3+3 (b) 2+2

V2 @ 2-+2

(a) 5/9 () 3/5

2
© B

If the ellipse

2
AT
a“—=7 13-5a
square of side length a2 ,then a is
6
a —_—
(a) 5

(b) (—oo,—ﬁw(ﬁ,%j

=1 is inscribed in a

66.

67.

68.

69.

70.
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(©) (oo, —ﬁ)u(xﬁ, %)

(d) no such value of a exists
2 2

If the ellipse x_2+ ;—2=1 is inscribed in a rectangle
a

whose length : breadth is 2 : 1, the area of the rectangle
is

(@) §(a2+b2) (b) g(a%bz)

© %(a%bz) @ %(a%bz)

The length of the side of the square which can be
made by four perpendicular tangents to the ellipse

x? y2 .

—+=—=11s

7 11

(a) 10 (b) 8 (c) 6 (d 5
2 2

If the tangent to the ellipse x_2 + ;—2 =1 makes angles
a

o and B with the major axis such that tan o+ tan f= A,
the locus of their points of intersection is
@) xX*+y'=d* (b) x> +)* =5’
(c) X} =2Ax=d* (d) A% —d?) =2xy.
If a— B = ¢, the locus of the points of intersection of
tangents at

P(a cos a, b sin ) and Q(a cos B, b sin )

2 2

to the ellipse x_2 + y—z =1lis
(a) acircle
(c) anellipse

(b) astraight line

(d) aparabola

2 2
LY

a’+2

If the eccentricity of the ellipse — =11s

a +1

1
—=, the latus rectum of the ellipse is
J6 P

@ %

008
6 6

(@) % ® F ©

(Problems for JEE Advanced)

2 2
Let P be a variable point on the ellipse x—2+ y_2=1
a
with foci | and F,. If 4 be the area of APF'|F),, find the
maximum value of 4.
Let d be the perpendicular distance from the centre of

2 2

. X7y .
the ellipse a_2 + b_2 =1 to the tangent drawn at a point

P on the ellipse. If |, and F, be the two foci of the
ellipse, prove that
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10.

I1.

12.

13.

14.

15.

b2
(PF,— PF,)* = 4a* (1 - d—zj

. Find the radius of the circle passing through the foci of

2 2

the ellipse f—6 + % =1 and having its centre at (0, 3).

If a tangent drawn at a point (¢, 2¢) on the parabola
y* = 4x is the same as the normal drawn at a point
(/5 cos @, 2 sin @) on the ellipse 4x* + 5% = 20. Find
the values of 7 and ¢.

An ellipse has OB as a minor axis. F and F” are its foci
and the angle FBF” is a right angle. Find the eccentric-
ity of the ellipse.

. A tangent to the ellipse x> + 4y” = 4 meets the ellipse

x*+2y? =6 at P and Q. Prove that the tangents at P and
0 of the ellipse x*> + 2)* = 6 are at right angles.

. Find the co-ordinates of the points P on the ellipse

2 2
x_2 + z—z =1, for which the area of the APON is maxi-
a

mum, where O denotes the origin and N, the foot of the

perpendicular from O to the tangent at P.

. Find the angle between the pair of tangents drawn to

the ellipse 3x? + 2)* = 5 from the point (1, 2).

2 2
y

. If the normal at P(6) to the ellipse T—4 + s =1 inter-

. . 2
sects it again at Q(26), prove that cos 6 = ok

If (é, %) be the mid-point of the chord of the ellipse

2 2
X +2 =1, find its length.
25 16
Prove that, in an ellipse, the perpendicular from a focus
upon any tangent and the line joining the centre of the
ellipse to the point of contact meet on the correspond-
ing directrix.
Find the area of the quadrilateral formed by the tan-

gents at the end-points of latus rectum to the ellipse
2 2
RN AN
9 5 5
A tangent is drawn to the ellipse ;—7+ yi=1 at
b4
(3+/3 cos 6, sin 6) , where 0< 0 < e

Find the value of 6 such that the sum of the intercepts
on axes made by the tangent is minimum.

If tangents are drawn to the ellipse x*> + 2)% = 2, find
the locus of the mid-point of the intercept made by the
tangents between the co-ordinate axes.

Find the minimum area of the triangle formed by the
2 2

tangent to the ellipse x_2 + ;;—2 =1 and the co-ordinate
a

axes.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Coordinate Geometry Booster

Find the equation of the common tangent in first

quadrant to the circle x> + y* = 16 and the ellipse

2 2
;—5 + yT: 1. Also find the length of the intercept of

the tangent between the co-ordinate axes.

2 2
Y

P and Q are two points on the ellipse % + ry =1 such
that sum of their ordinates is 3. Find the locus of the
points of intersection of tangents at P and Q.

From any point P lying in the first quadrant on the
2 2
ellipse ;—5 + i;_6 =1, PN is drawn perpendicular to the

major axis and produced at Q so that NO equals to PS,
where S is a focus. Prove that the locus of Q is 3x + 5y
+25=0.

2 2
Y

If a tangent of slope 2 of the ellipse x_2 + b_2 =1 is the
a

normal to the circle x* + 7 + 4x + 1 = 0, find the maxi-
mum value of ab.

If the maximum distance of any point on the ellipse
x>+ 2xy + 2% = 1 from its centre be 7, find r.

Prove that the locus of the mid-points of the chords of
2 2
the ellipse x_2 + ;)/_2 =1 which are of constant length 2¢
a

[ B*x*+ a?y? 1 x? 2
is | T =5 1- 52y |-
a’y +b'x c a b

Chords of the ellipse touch the parabola ay? = —2b%x.
Prove that the locus of their poles is the parabola
ay* = 2b%x.

An ellipse is rotated through a right angle in its own
plane about its centre, which is fixed. Find the locus of
the point of intersection of a tangent to the ellipse in its
original position with the tangent at the same point of
the curve in its new position.

The tangents drawn from a point P to the ellipse make
angles 0, and 6, with the major axis. Find the locus of
P for which 6, + 6, =2q.

Find the length of the sides of a square which can be
made by four perpendicular tangents to the ellipse
Lo

16 9
Find the locus of the point which divides the double

2 2
ordinates of the ellipse %4-%:1 in the ratio 1 : 2

internally.

An ellipse has the points (1, —1)and (2, —1) as its foci
and x + y =5 as one of its tangent. Find the point where
the line be a tangent to the ellipse from the origin.

An ellipse is sliding along the co-ordinate axes. If the
foci of the ellipse are (1, 1) and (3, 3), find the area of
the director circle of the ellipse.



Ellipse

29.

30.

31.

32.

Levee IV

2
. Prove that the ellipse x_2 + ;
a

What are the values of the parameter 6 for points where
2 2

the line bx = ay intersects the ellipse x_z + Z_z =17
a

Prove that the sum of the squares of the reciprocals of
two perpendicular radius vectors of an ellipse is con-
stant.

Find the eccentricity of the ellipse

4(x =2y +1)2+9Q2x +y+2)?=25.

If two vertices of a rectangle lie on y = 2x + ¢ and other
two vertices are (0, 4) and (-1, 2). Find ¢ and other two
vertices such that the area of the ellipse inscribed in the

Y/
rectangle is BN

(Tougher Problems for JEE
Advanced)

. Find the maximum area of an isosceles triangle in-

2 2
scribed in the ellipse —- + b_2 =1 with its vertex at one

a
end of the major axis. [Roorkee, 1994]

. If a tangent drawn at a point (2, 2¢) on the parabola

y* = 4x is the same as the normal drawn at a point

(/5 cos @, 2 sin @) on the ellipse 4x* + 5,2 = 20. Find
the values of 1 = ¢.

. Find the equation of the largest circle with centre (1, 0)

that can be inscribed in the ellipse x> + 4)* = 16.

[Roorkee, 1999]
Find the condition so that the line px + gy = r inter-
2 2
sects the ellipse x_2 + y_2 =1 in points whose eccentric
a b

angles differ by % . [Roorkee, 2001]

. A point moves so that the sum of the squares of its dis-

tances from two intersecting straight lines is constant.
Prove that its locus is an ellipse.

Prove that the line joining the extremities of any pair of
diameters of an ellipse which are at right angles, will

touch a fixed circle.
2 2

If P be any point on the ellipse — + b_2 =1 whose or-
a

dinate is )/, prove that the angle between the tangent at

s
P and the focal distance of Pis tan "' (—,] .
aey
2
=1 and the circle ¥ +)?

. —1l a— b
= ab intersect at an angle tan .

Jab

10.

11.

12.

13.

14.

15.

16.

5.19

If the eccentric angles of points P and Q on the ellipse
be 6 and % + 6 and o be the angle between the nor-

mals at P and Q, prove that the eccentricity e is given

241 - &

by tan o¢ = ————.
Y ¢*(sin*20)

The tangent and the normal at any point P of an el-
2 2
lipse a—z + b—z =1 cut its major axis in points 7 and T’

respectively such that 7T = a. Prove that the eccentric
angle of the point P is given by c? cos? ¢ + cos ¢ — 1
=0.

A variable point P on an ellipse of eccentricity e is
joined to its foci S and S’. Prove that the locus of the
in-centre of the APSS’ is an ellipse whose eccentricity

. 2e
is .
1+e

The eccentric angle of any point P measured from the
semi-major axis CA is ¢. If S be the focus nearest to 4
and ZASP = 0, prove that

(0) l+e (q))
tan| — |= tan| —
2 l-e 2

Prove that the locus of the centroid of an equilateral

2 2

inscribed in an ellipse x_z + ;—2 =11is
a

(@®+3b°)° 5, (3a’+b*) e
az(az _ bz)z az(az _ bz)z

The tangent at a point P(a cos ¢, b sin @) of an ellipse

x2 2

?+ b—2=1 meets its auxiliary circle in two points,
the chord joining which subtends a right angle at the
centre. Prove that the eccentricity of the ellipse is

1
Ji+sin?0

Prove that the locus of the point of intersection of tan-
gents to an ellipse at two points whose eccentric angles
differ by a constant « is an ellipse

2 2

X y [ O
4 =sec| —
a*> b (2)

If two concentric ellipses be such that the foci of
one be on the other end and e and ¢’ be their eccen-
tricities. Prove that the angle between their axes is

_1(\,62 +e'2—l]
cos | ——|.

’

ee
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17.

18.

19.

20.

If the normals at the four points (x;, y;), (X3, ¥5), (x¥313)

2 2

and (x4, y,) on the ellipse x_2 + y—z =1 are concurrent,
a b

prove that

( 1 1 1 1 j
q+x+x+x)| —+—+—+—|=1
X Xy X3 Xy
If 6 be the difference of the eccentric angles of two
points on an ellipse, the tangent at which are at right
angles. Prove that ab sin 6 = d,d,, where d|, d, are the
semi-diameters parallel to the tangents at the points and
a, b are the semi-axes of the ellipse.

2 2
From any point on the conic a_2 + b_2 =4, tangents are

2 2
.Xx
drawn to the conic —+ y_2 =1.

Prove that the normals at the points of contact meet on
. 1
the conic a’x>+b*y? = Z(a2 - b2,
Show that the locus of the centre of the circle which
2 2
. xt oyt . .
cuts the ellipse a_2 + b_2 =1 in a fixed point (%, k) and
two other points at the extremities of a diameter is

2(a’x* + bYy?) = (a* — b*)(hx — ky).

Integer Type Questions

. Find the minimum area of the triangle formed by the

2 2
Y

tangent to the ellipse % + Y =1.

2 2
Let P be a variable point on the ellipse x?+ yTzl
with foci F| and F,. If 4 be the area of the triangle

APF|F,, find the maximum value of 4.

. If the tangent at (4 cos (p,isin (p) to the

Vit

ellipse 16x? + 11)% = 256 is also a tangent to the circle
x* +y* —2x — 15 =0, find the number of values of ¢.

Find the area of a parallelogram formed by the tangents
at the extremities of a pair of conjugate diameters of an

2
ellipse % +16y°=1.

. Find the number of integral values of a for which the

2 2
LY

equation
a-10 4-a

=1 represents an ellipse.

. Find the area of the greatest rectangle that can be in-

scribed in an ellipse x* + 4y = 4.
If P(x, ), F;=(/7,0), F,=(—+/7,0) and 9> + 16x>
= 144, find the value of (PF, + PF, —2).

Coordinate Geometry Booster

8. If F| and F, be the feet of perpendiculars from the foci

2 2

S, and S, of an ellipse x? + y? =1 onthe tangent at any

point P on the ellipse, find the value of (S,F) - (S\F).

9. Find the minimum length of the intercept of any tan-
2 2

gent to the ellipse 2+ 2 =1 between the co-ordi-
nate axes. 16 9

10. Find the number of distinct normals that can be drawn

2 2

to the ellipse A from the point (0, 6).
169 25

Comprehensive Link Passage

Passage 1
2 2

X
Let C: x> +y? =/ and E: 16 + % =1 intersect at four dis-

tinct points 4, B, C, D. Their common tangents form a paral-
lelogram EFGH.

1. If ABCD is a square, then r is

1242

(@) 0 2 0= @

a _— _— C — none
5 5 55

2. If EFGH is a square, then r is

@@ 20 () 12 (©) V15  (d) none

3. If EFGH is a square, the ratio of

ar (Circle C) s
ar (circumcircle AEFG)
@ = ®> ©3 @ noe

Passage 11
A curve is represented by C:
21x% — 6xy + 29)% + 6x — 58y — 151 =0
1. The eccentricity of the given curve is
1 2

1 2
(@) 3 () N (c) 3 (d) NG

2. The length of axes are
(@) 6,246 (b) 5,25 (c) 4,45 (d) None

3. The centre of the conic C is
(a (1,0) (b) (0,0) (¢) (0,1) (d) None.

Passage 111 5 5

Let F and F” be the foci of the ellipse x_2 + y—z =1 whose ec-
a b

centricity is e, P is a variable point on the ellipse.
1. The locus of the incentre of the APFF” is a/an
(a) ellipse (b) hyperbola
(c) parabola (d) circle
2. The eccentricity of the locus of P is

@ .| 2 b 2 (o1 (d) none
1—-e 1+e




Ellipse

3. The maximum area of the rectangle inscribed in the el-

lipse is
2
@ 2abe (b) 2abe © abe (d) none
1+e 1+e l1+e
Passage IV
2 2

The ellipse x_2 + ?:—2 =1 is such that it has the least area but
a

contains the circle (x— 1)> +)? = 1.

1. The eccentricity of the ellipse is

2 1 1
(@) \E (b) Nl © 7

2. The equation of the auxiliary circle of the ellipse is
a +y ==
@ x"+y"==

(d) none

(b) ¥*+)?=5

(c) x*+y? =% (d) none

3. The length of the latus rectum of the ellipse is
(a) 2 (b) 1 (c) 3 (d) 52

Passage V
The conic section is the locus of a point which moves in a
plane in such a way that, the ratio of its distance from a fixed
point to a fixed straight line is constant. The fixed point is
called focus and the fixed straight line is called the directrix.
The constant ratio is called the eccentricity. It is denoted by e.

If e is less than 1, the conic section is called an ellipse. A
line joining two points on the ellipse is called the chord of
the ellipse. If through a point C, any chord of an ellipse is
bisected, the point C is called the centre of the ellipse.

Let the equation of the curve is

ax* + 2hxy + by* + 2gx + 2fy + ¢ =0
It will represents an ellipse if #* < ab and A # 0, where

a h g

A=\h b f
g f c

1. The length of the longest chord of the ellipse x* + xy +
y=1is
1

a 2 b) — c) 242 d) 1
@ V2 (b 7 (c) (d

2. The length of the chord passing through the centre
and perpendicular to the longest chord of the ellipse

¥ Hxy+yt=1is
(©) 2 2 (d =
T B

1 3
a) — b) —
(a) 7 ®) =
3. There are exactly » integral values of A for which the
equation x> + Axy +)? = 1 represents an ellipse, then 7

must be
(a 0 b 1 (c) 2 (d 3
4. The centre of the ellipse x* + xy + 2> = 1 is
(@ (0,0) () (I, (o) (L,2) (@ @21

5.21

Passage VI

Tangents are drawn from the point P(3, 4) to the ellipse
2 2
% + yT =1 touching the ellipse at points 4 and B.

1. The co-ordinates of 4 and B are
(@) (3,0)and (0,2)

o (228

57 15 5’5
© (—%2—11561] and (0,2)

9 8
(d) (3,0)and (——,—)
(3,0) 2
2. The orthocentre of the APAB is

8 7 25
® (53) ® (33)

11 8 8 7
© (?’EJ (@ (755)

3. The equation of the locus of the point whose distances
from the point P and the line AB are equal is
(@) 9x*+1? —6xy—S4x — 62y +241=0
(b) 9x? + %+ 6xy — Sdx+ 62y +241=0
(c) 9x*+9y* —6xy—54x — 62y +241=0
(d) ¥*+y*—2xp—27x-31y+120=0

Matrix Match
(For JEE-Advanced Examination Only)

1. Match the following columns:
Let the equation of the curve is x* + 2)? + 4x + 12y = 0.

Column I Column II
(A) | The centre is (P) (—2-11,-)
(B) | The focus is Q)| (2,-3)
(©) 0n§ extr.en.lity of the | (R) W11-2,-3)
major axis is
(D) | The latus rectum is (S)
(—2 1 ﬂ = 2)
2
M | 22

2. Match the following columns:

22 2
Let the equation of the ellipse is (x253) +(y 2) =1.

16
Column I Column IT
(A) | The centre is P) | (8,2)
(B) | One extremity of major axisis | (Q) | (3, 2)
(C) | One of the foci is (R) | (6,2)

(D) | One extremity of minor axisis | (S) | (3, 6)
(E) | The length of latus rectum is (T) | 10
(F) | The focal distance is U)| 6.4




3. Match the following columns:

For all real p, the line 2px + 24/1 — p2 =1 touches a
fixed ellipse.

Column I Column IT
(A) | The eccentricity is ®) |12
(B) | The latus rectum is Q| 372
(C) | The focal distance is R) |2

(D) | One extremity of major axis | (S) | (0, 1)
is

(E) | One of the foci is (T) (0, \/5/2)

4. Match the following columns:

A tangent having slope —4/3 touches the ellipse
2 2
T_8+ ;}—2=1 at point P and intersects the major and

minor axes at 4 and B respectively, where O is the cen-
tre of the ellipse.

Column I Column II

(A) | The distance between the parallel | (P) | 24
tangents having slopes —4/3 is

(B) | Area of AAOB is Q) | 7/24

(C) | If the tangent in first quadrant | (R) | 48/5
touches the ellipse at (4, k), the
value of 4k is

. Let P be a variable point on the ellipse x_2+
a

(D) | If the equation of the tangent in- | (S) | 12
tersecting positive axes is /x + my

=1, the value of / + m is

. Match the following columns:

Let M(t, t + 1) is a point moving in a straight line and
C,, C,, C, be three conics whose equations are x* + % =
2,y*=8xand x? + 2y = 1. Let M lies within the interior
of C,, C,, Cs.

Column I Column II
|G ® | 3-242,3+242)
B) |G is Q) (_1 _1)

© 3
© ] Gis ®) (—1—«/5 —1+«5j
2 72

6. Match the following columns:

Tangents are drawn from (2, 3) to the ellipse

REREAETY
4 3

Column I Column II
(A) | The equation of PQ'is | (P) 3
¥

Coordinate Geometry Booster

(B) | The length of PQ is Q| > B

(C) | Area of ATPQ is (R) 9.3

(D) | Area of quadrilateral S) |x+t2y=2
Qetigis (T) [2x+y=1

Questions asked in Previous Years’
JEE-Advanced Examinations

. The locus of a point whose distance from (-2, 0) is 2/3

. L . 9 .
times its distance from the line x = —— is a/an

(b) parabola
(d) none [IIT-JEE, 1994]
2 2

(a) ellipse
(¢) hyperbola

. Let E be the ellipse %+ yT=1 and C be the circle

x*+3?=9. Let P and Q be the points (1, 2) and (2, 1)
respectively, then

(a) Q lies inside C but outside £

(b) Q lies outside both C and E

(c) P liesinside both C and £

(d) P lies inside C but outside £ [IIT-JEE, 1994]

2 2
Y

!

with foci | and F,. If 4 is the area of APF|F,, find the
maximum value of 4. [IT-JEE, 1994]

. The radius of the circle passing through the foci of the

2 2
ellipse Lo , and having its centre at (0, 3) is

1 7
(© \E @ -

[IIT-JEE, 1995]

(a) 4 (b) 3

. Let d be the perpendicular distance from the centre of

2 2

the ellipse x_z + Z_Z =1 to the tangent drawn at a point
a

P on the ellipse.
If F| and F, are two foci of the ellipse, show that

2
(PF, - PF,)* = 4d* (1 - %j ) [IIT-JEE, 1995]

No questions asked in 1996.

. A tangent to the ellipse x> + 4y” = 4 meets the ellipse

x*+2y* =6 at P and Q. Prove that the tangents at P and
O of the ellipse x* + 2y = 6 are at right angles.
[IIT-JEE, 1997]

. An ellipse has OB as a semi-minor axis. ' and F” are

its foci, and the ellipse FBF” is a right angle. Find the
eccentricity of the ellipse. [IT-JEE, 1997]

. If P=(x, y) be any point on 16x> + 25y* = 400 with foci

F,=(3,0)and F, = (-3, 0), then PF + PF, is
(a) 8 (b) 6 (c) 10 (d) 12
[IIT-JEE, 1998]



Ellipse

9.

10.

11.

12.

13.

14.

15.

16.

Find the co-ordinates of all points P on the ellipse
2 2

x—2+z—2=1, for which the area of APON is maxi-
a
mum, where O denotes the origin and N, the foot of the
perpendicular from O to the tangent at P.

[IIT-JEE, 1999]
On the ellipse 4x* + 9% = 1, the points at which the

tangents are parallel to the line 9y = 8x are

21
(@) (5’5)

[IIT-JEE, 1999]
2 2
Let P be a point on the ellipse x_2+Jb)_2=1 0<b<a.
a

Let the line parallel to y-axis passing through P meet
the circle x> + y* = &” at the point Q such that P and
Q are on the same side of x-axis. For two positive real
numbers 7 and s, find the locus of the point R on PQ
such that PR : RQ = r : 5 and p varies over the two
ellipses. [LIT-JEE, 2001]
Prove that, in an ellipse, the perpendicular from a focus
upon any tangent and the line joining the centre of the
ellipse to the point of contact meet on the correspond-
ing directrix. [IIT-JEE, 2002]
The area of the quadrilateral formed by the tangents at

2 2

the end-points of latus rectum to the ellipse % + y? =1,

is
(a) 27/4s.u.
(c) 27/2s.u.

(b) 9s.u.
(d) 27 s.u.

[IIT-JEE, 2003]
If tangents are drawn to the ellipse x> + 2y* = 2, the
locus of the mid-point of the intercept made by the tan-
gents between the co-ordinate axes is

1 1 1 1
(@ —+—5=1 b)) —+—75=1
2x° 4y2 ) x? 2y2
2 2 2 2
X y X y
c) —+—=1 d) —+—=1
© 2 4 @ 4 2
[IIT-JEE, 2004]
Find the equation of the common tangent in first quad-
2 2
rant to the circle x> + y* = 16 and the ellipse % + yT =1

Also find the length of the intercept of the tangent be-
tween the co-ordinate axes. [IIT-JEE, 2005]

A triangle is formed by a tangent to the ellipse
2 2

x .
5+ R 1 and the co-ordinate axes. The area of the

a> b
triangle cannot be less than

17.

18.

19.

5.23

(a) %(a2 +b%)s.u. (b) é(a2 +b%+ab)s.u.

(c) l(a+b)2s.u. (d) abs..
2 [IIT-JEE, 2005]

No questions asked in between 2006-2007.
Let P(xla yl)ﬂ Q(x27 y2)7 Y1 < 07 Y2 < 07 be the end_pOints

of the latus rectum of the ellipse x* + 4y” = 4. The equa-
tion of the parabola with latus rectum PQ are

(a) x2+2\/§y:3+x/§ (b) x2—2\/§y:3+x/§
(c) x2+2\/§y:3—x/§ (d) x2—2\/§y:3—x/§
[IIT-JEE, 2008]

The line passing through the extremity 4 of the major
axis and extremity B of the minor axis of the ellipse
x* + 9y = 9 meets its auxiliary circle at the point M.
Then the area of the triangle with vertices at A, M and
the origin O is
(a) 31/10

(c) 21/10

(b) 29/10
(d) 27/10

[IIT-JEE, 2009]
The normal at P on the ellipse x* + 4)” = 16 meets the
x-axis at Q. If M is the mid-point of the line segment
PQ, the locus of M intersects the latus rectums of the
given ellipse at the points

(a) (£35/2,£2/7)
(©) (£24/3,£1/7)

(b) (£3v5/2,£19/7)

d) (£243,+43/7)
[IIT-JEE, 2009]

Comprehension

Tangents are drawn from the point P(3, 4) to the ellipse

2
X

9

20.

21.

22.

2
Y

—+ vy =1 touching the ellipse at points 4 and B.

The co-ordinates of 4 and B are
(@) (3,0)and (0,2)

5 15 55
8 2416
@ (32 w0

9 8
d 3,0)and| ——,—
@ .0 ( 5 5)
The orthocentre of APAB is

(+7) » (55)
@ (57 ® |55

11 8 8 7
© (53] @ (35:3)

[IIT-JEE, 2010]
The equation of the locus of the point whose distances
from the point P and the line AB are equal, is
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23.

24.

25.

26.

Levee 1

(@) 9x*+1? —6xy — S4x — 62y +241=0
(b) x*+ 9%+ 6xy —54x+ 62y —241=0
(c) 9x*+ 9y —6xy —54x — 62y —241 =0
(d) ¥*+y*—2xy+27x+31y—120=0.
[IIT-JEE, 2011]

2 2

The ellipse E, :% + yT =1 is inscribed in a rectangle

R whose sides are parallel to the co-ordinate axes.
Another ellipse E,: passing through the point (0, 4)
circumscribes the rectangle R. The eccentricity of the
ellipse E) is

V2 V3 1 3
NZ b)) 2 - H 2
(a) 3 (b) 5 (c) 3 (d) 2
[IIT-JEE, 2012]
A vertical line passing through the point (%, 0) inter-
2 2

sects the ellipse x? + y? =1 at the points P and Q. Let

the tangents to the ellipse at P and Q meet at R.
If A(h) = area of APQOR,

A= max A(h)
1<hsi
and A,= min A(h)
1<
then iA1—8A2 S
V5 [IIT-JEE, 2013]

If the normal from the point P(%, 1) on the ellipse
2 2
% + 5 =1 is perpendicular to the line x + y = 3, then

the value of 7 is... [IT-JEE, 2014]

2 2

Suppose that the foci of the ellipse % + y? =1 are (f|,

0) where (f,, 0). Let P, and P, be two parabolas with a
common vertex at (0, 0) and with foci at (£}, 0) and (2/;,
0), respectively. Let T; be a tangent to P, which passes
through (2f,, 0) and 7, be a tangent to P, which passes
through (7|, 0).

10

. 4<a<10

€
NG
X2 y2
_+_
16 12

27.

28.

*

10.

Coordinate Geometry Booster

The m, is the slope of T} and m, is the slope of 7, then

1 .
the value of (—2 + mzzj is...
my

[IIT-JEE-2015]

Let E, and E, be two ellipses whose centers are at the
origin. The major axes of £, and E, lie along the x-axis
and the y-axis, respectively. Let S be the circle x* + (y
— 1)*> = 2. The straight line x + y = 3 touches the curves
S, E, ad E, at P, O and R, respectively. Suppose that
242 o
PO=PR= T\F If e, and e, are the eccentricities of
E,| and E,, respectively, then the correct expression(s)
is(are)

2, 2 43 7
a) e tej=— b) ee,=——
@ e +e=70 (b) ee, N
5 \3
© lef-esl=5 @ ae=—-
[IIT-JEE-2015]
Comprehension
Let F,(x;, 0) and F(x,, 0), for x; <0 and x, > 0, be the

2 2
Y

foci of the ellipse % + Y =1

Suppose a parabola having vertex at the origin and fo-
cus at F, intersects the ellipse at point M in the first
quadrant and at point N in the fourth quadrant.

(1) The orthocentre of the triangle ', MN is

9 2
HENE

o) w4

(i1) If the tangents to the ellipse at M and N meet at R
and the normal to the parabola at M meets the x-
axis at Q, then the ratio of area of the triangle MOR
to area of the quadrilateral MF|NF, is
(a) 3:4 (b) 4:5 (c) 5:8 (d) 2:3

[IIT-JEE-2016]

J5-1
e =
2
0
p="2
6

. 24

-3 -2’ _,
16 9
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I1.

12.

13.

14.
15.
16.

17.

18.
19.

34.
35.
36.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

6l.

62.

63.

40
S0="—
0=

(97— 6) s.u.

2 2
x_+y_:1
4 3

2013
2

y:_%ﬁm

+(-48) £36

( 5 T)

l and +5

yszix/ﬁ

X2 +y? =25

X2 +y?=25

4y’ +3)7 — 12xy+4x+6y—3=0
cosecor seco 1

cosecf secf 1|=0

cosecy secy 1

2 2
” (_a_l, _Mj

n n
66. (1, 1)
67. dct X+ pdt =1
2 2
xt oyt 1
A
6 6
69. a—+b—=(a2—b2)2
Xy
70. 4a** =y*B + 4dPo?
bx
71. y=———
a’m

72. P(acos @, b sin @),

O(—a cos @, —b sin @),
S(—a sin @, b cos @),
and R(a sin @, —b cos @)

75

76.

77. &y +bx=0
2

78.

79. 2(a2x2 + b2y2)3 — (a2 _ b2)(a2x2 _ b2y2)2
2 2
X Y
81, T4+ 2 =2
a b
1

82. —=
NE)

83. 4x+3y=12
84. x+y=2
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Levee I

1. (¢) 2. (¢ 3. (a) 4. (¢
6. (c) 7. (a) 8. (a) 9. (b)
1. (d) 12. (@) 13. (a) 14. (a)
16. (a,b) 17. (d) 18. (a) 19. (a)
21. (a) 22. (¢) 23. (a) 24. (a)
26. (¢) 27. (b) 28. (¢) 29. (¢)
31. (@) 32. (d) 33. (a) 34. (b)
36. (¢) 37. (o) 38. (d)  39. (d)
41. (a) 42. (¢) 43. (a) 44. (a
46. (¢c) 47. (d) 48. (@) 49. (a)
51. (b) 52. (c) 53. (¢) 54. (c)
56. (b) 57. (b) 58. (a) 59. (b)
61. (a) 62. (c) 63. (d) 64. (o)
66. (d) 67. (d) 68. (d) 69. (c)

5.
10.
15.

(a)
(c)
(b)

20. (a,b,c,d)

25.
30.
35.
40.
45.
50.
55.
60.
65.
70.

(d)
(b)
(d)
(@
(d)
(d)
(@)
(©
(©)
(b)
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Levee TN 0 Lol 11
oo a b
1. by(@®-b%) NG
2. 4 3. =
3
4. (p=ﬂ—tan22,t=—%,(p=r£+tan_l(Z)’ 32. ¢c=140r—6,4=(-4,6),D=(3,0)
tzL'(pziE t=0
NASES Levee W
1
5. —
V2 1. %ab
7 a* b? 3
: \/(a2+b2) ’ \/(a2+b2) 2. 1s.u, (5,1)
121
8. (x—1)2+y2=7 3. (x—1)2+y2=13—1
22,322 2 27
9. a’p +b°q"=r"sec (8) 4 r2=cosz(£)><(a2p2+b2q2)
12. 27 s.u. 8
T
3. < INTEGER TYPE QUESTIONS
1 1 1. 6s.u.
14. 2x_2+4y_2_ 2. 2s.u.
15. abs.. 3.2
5 7 14 4. 3su
16. Y=——"—x+4,|-;— 5.5
\/gx ¥ 3°3 6. 4s.u
17. 242 =1 7.6
19. 4 8.3
9.7
20. V2 10. 3
J3-+5
COMPREHENSIVE LINK PASSAGES
. b*x* + a*y? :i(l _ﬁ _y_zj Passage I.: @  2(d)  3(c)
" layrepts? ) &2 2 p? Passage II: 1(b) 2@  3(c)
Passage I1I: 1(a) 2(b) 3(a)
7 e ( E jx Passage IV: 1(a) 2(¢c) 3(b)

R a Passage V: I(c) 2(¢c) 3(d) 4(a)
23, (D)2 + P —a?— b =200 — b?) Passage VI: 1(a) 2(c) 3(a) 4(a)
24. {(® =)+ (b + @)} tan (200) + 2xy MATRIX MATCH
25. 5\2 1. (A) = (Q); (B) = (P, R); (C) = (S); (D) — (T)

SN 2. (A= QB> @®); (€)= (R); (D) = (S);
26. 122 (B) = (U); (F) = (T)

9 4 3. (A= QB =>@); (€)= R); (D) = (S);
27. (E) = (T)
28. 4. (A) > ®R);B) > @);  (€) - (9); (D) > Q)
29. ZopE 5. (A) > R):(B)>(Q: (O - (P)

4 4 6. (A)—=> ;B ->P®); (©)—= R); (D) - Q)
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5.27

HINTS AND SOLUTIONS

Levee 1

1. (i) The given equation of the ellipse is 9x2 + 16y2 =144
2 2
= 42 o
16 9

(a) Centre: C(0, 0)

(b) Vertices: A(a, 0) A’(—a, 0) = A(4, 0) and A’(—

4,0)

(¢) Co-vertices: B = (0, b) and B” =(0, —b)
= B=(0,3)and B"=(0,-3)

(d) Length of the major axis: 2a = 8§

(e) Length of the minor axis: 2b =6

(f) Eccentricity = e = \/_7 F \/_

2

(g) Lengths of the latus rectum = — = 18 = 9
a 4 2

(h) Equations of the directrices:

=

a
=+=
e

(i) End-points of the latus recta:

2 2
L(ae, b j L [ae —b—]
a a

i3)e (-

(i1) The given equation of the ellipse is

22 +3y  —dx— 12y +8=0
= 20—+ D+307-4y+4)=6
=  20—1P2+3(p-27%=6

@0 -2 _
3 2

2 2
= X—+Y——l ,where X=x—-1,Y=y-2
3 2
(a) Centre: (0, 0)
= X=0,Y=0
= x—-1=0andy-2=0
= x=landy=2
Hence, the centre is (1, 2).
(b) Vertices : (£a, 0)
= X=+a4,Y=0
= x—-1=43,y-2=0
= x=1%3,y=2
= x=4,-2,y=2
Hence, the vertices are (4, 2) and (-2, 2)

. The given equation of an ellipse is " al

(c) Co-vertices: (0, £b)

= X=0,Y=43

= x-1=0,y-2=+3

= x=1,y=2+3

= x=1,y=5,-1

Hence, the co-vertices are (1, 5), (1, —1).
(d) The length of the major axis =2a=6
(e) The length of the minor axis =2b =4
(f) The length of the latus rectum

20 18 9

a 4 2

(g) Eccentricity,

| p T2 1
e=,l-——=,l-—=—1
a? 3 \f
(h) Equations of the directrices:
+33

x=+%—+

e 1/\/5
= x=1i3\/§

(i) End-points of the latus recta:

2 2
L(ae, b—], L'[ae, —b—]
a a

53l

2

2. The given equation of the ellipse is

16x° + 25y = 400
2y

—+
25 16
Thus, the sum of the focal distances
=2a =10 units 2 2
+
-—a a-—4
= (a-dH*+10-ap?—(a—4)(10-a)=0
Since, the given equation represents an ellipse,
W —ab<0
= 0-(W@-4)10-a)<0
= (a—-4)(a-10)<0
= 4<a<l10
Hence, the length of the interval = 10 — 4 = 6.
Thus, the value of m is 6.

. Let the foci of the ellipse are S and S’ respectively.

Then S=(5, 12) and S’ = (24, 7).
19

Thus, the centre of the ellipse is C (% ?) .

Now OC = %x {292 +192 :%x J1202

‘We have,

SS" = /386
_N386 _ V386

2 1202 V1202 3
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5. Let S(2, 0) and S'(-2, 0) are two foci of the ellipse and
C(0, 0) be the centre of the ellipse.

We have,
SS' =4
= 2ae=4

= 2a><%=4 =a=4

Also, b2=a2(1—e2)=16(1_%)=12
= p=J12=23

Hence, the equation of the ellipse is

2

6. Given 2ae=——
a

b =de
a(1 - ) =d*c
(1-cH)=c
A+e—1=0
J5-1
2
Hence, the result 5

Ll

e=

2
Y _
= =1

7. The equation of the given ellipse is x_2 +
a

L 1
It is given that the length of the latus rectum = —x the
length of the major axis. 2

25
22 a4
a
= b=a
As we know that,
2
eccentricity =4|1-—=41-1=0
a

2 2

8. Let any point on the ellipse % + y? =1is

P(\/g cos 0, V2 sin 0) and C be the centre of the el-

lipse.
B
f P(6)
4 !/A
Bl
Therefore,

cP=+5

= 6cos’0+2sin’0=5

10.

11.

Coordinate Geometry Booster

= 4cos’0=3

\F 3

= cosf=,—=—

4 2
T

= g==
6

. . T
Hence, the eccentric angle is r

. Let Q be any point S P

on the given ellipse,
whose co-ordinates

are (4 cos® 6, 3 sin’ \Ji C M
0).
Thus, PO =8 cos 0 R 0

and QR=6sin 6

Thus, the area of the rectangle PORS
=PO X QR
=48 sin O cos 0
=24 sin 260

Hence, the area of the greatest rectangle

T
=24 sq.u. at 0=—
d 4

The co-ordinates of the given point are
x=3+4cos 6, y=2+3sin6

(x_3)=cose, (y_z)zsine
4 3
a2 2
= (x 423) + o 22) =c0s?0 +sin’0 =1
@-3 -2 _,
16 9

which is the required locus.
The equation of the ellipse is
16x% + 25y? = 400

2 2
x_ + y_ =1
25 16
As we know that, if SP and SQ are the focal segments
of a focal chord PSQ, then L + L = 1
SP SO a
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12.

13.

14.

15.

16.

40
SO =—
Q 3
Hence, the length of SQ is 40/3.
32
72

2
. X .
As we know that the area of an ellipse — +-5-=1is

nab.
XC
A
Thus, the area of OACBO
=(§Xﬂ~4-3—l-4-3j
4 2

=0O9r-6)s.u

2 2
x_1+y_1_1
4 3

Let N=

Then,N=i+2—1=1+3—1=3
4 3

Since, the value of N is positive at (2, 3), so the point

2 y2

(2, 3) lies outside of the ellipse XT + 5 =1.
Since the point (4, —2) be an interior point of an ellipse
4x> + 5)” = 1, then
AN +512-1<0
= 9A-1<0
= GBA+DHBA-1)<0
1

= —l<ﬂ<—
3 3

Therefore, m = %

= (Bm-2)*2+2013=0+2013=2013
We have,

44+33-12=16+9-12=13>0
Thus, the point (2, 3) lies outside of the ellipse.
Thus, the number of tangents = 2
The given ellipse is

9x% + 16y* = 144

2 2

= 42 o

16 9
The equation of any tangent to the given ellipse is

y= mx ++Ja*m® + b?
= y=mx+\/l6m2+9

which is passing through (2, 3), so

17.

18.

19.

5.29
3=2m ++/16m>+9
= @B-2my’=16m*+9
=  9-6m+4m*=16m*+9
= 12m*+6m=0
= 2m+m=0
= m2m+1)=0
= m=0, 1L
2
Hence, the equation of tangents are y = 3 and
1
y= —E.X + \/B
The given line is
3x+4y=5

= 4y=-3x+5

and the ellipse is
9x? + 16y* = 144

3 5 2 2
= y=——x+—and—+y—=1
4 4 16 9

As we know that the line y = mx + ¢ will be a tangent
2 2

. X .
to the ellipse —2+y—2: 1, the points of contacts are
a b

3
i16(_4) +9
- 5 5
4 4
(£(-48) +36
_( 5 TJ

The equation of the given ellipse is
9x? + 16y* = 144

= —+4+—=1
16 9

The line y = x + A will be a tangent to the ellipse, if
A=+ b2

= A=161+9=25

= A=45

Hence, the values of A are +5.

2 2
The given ellipse is x? + yT =1

The equation of any ellipse is

y=mxiwla2m2+b2
=  y=2xt.34+2=2xt14
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20. The equation of any tangent to the elhpse 5+ y_2 =1
at P(0) is b
LosO+2Lsinf=1 ...(1)
a b

21.

The equation of perpendiculars from centre (0, 0) to
tangent is

Esin@—lcosezo ...(ii)
b a
From Eq. (ii), we get
sinf® cos@ 1
= = ...(1ii)
by ax a2x2 + b2y2

The locus of the feet of perpendiculars is the point of
intersection of (i) and (ii).

It is obtained by eliminating 8 between Eqs (i) and (ii).
Squaring Eqgs (i) and (ii) and adding, we get

2 2 2
X
Z_cos’0 + —sm29 +— sm29 + —00529 =1

a’ b? b? a’
2 2 2 2
X Yy 2 )y X . 2
= —+—|cos“0+| —+—[sin“O=1
(az azj (bz sz

- (x2 + yz)(coszze N sinzzej _1
a b

= (2 +)) (b cos® O+ a* sin® 0) = a?b?
bra’x? . b2a2y2 J _ o

[N ENC N
= P+ = (@ )
Now, put, x = r cos Band y = r sin 6, we get

= a’cos® O+ b* sin’ 6.

Hence, the result.

The equation of circle is x> + 1 = .
So the equation of any tangent to the ellipse is

y=mx ++Ja’m® + b*

If it is a tangent to a circle also, then the length of the
perpendicular from the centre (0, 0) of a circle is equal
to the radius of a circle.

\/a2m2+ b?
Thus, |-———
AL+ m*

= a2m2+b2=r2(1+m2):r2+r2m

= (@-r)m =" -b)

, (P2-p?
= m=| 5
a —r
W22

= m=
272

2 52
r —>b
= tan 6 =

= (x2+y2)( 3

=r

2

22.

23.

24.

Coordinate Geometry Booster

r?—b?
=  f9=tan’! R
a —r

Hence, the result.
Let the end-points of a latus rectum are
L(ae, 0) and L (—ae, 0).

. xe ;.
The tangent at L is — + £ -1 and the tangent at L 1s
a a
xe 'y

22

a a
On solving, we get,

=2 and y =0.
e

a . . . . .
= x=— is the equation of directrix to the ellipse
e

2 2
+

X
2
a

|‘<

=1.

S
(S)

The equation of any tangent to the ellipse at P(6) is

AB: icos 0 +Zsin 0=1.
a b

Thus 4 = (a sec 6, 0) and 4 = (0, b cosec 6)
Let (h, k) be the mid-point of the tangent 4B.

Therefore, h = @scc 6 and k = w
a .
= cosf=—andsinf=—
2h 2k
Now squaring and adding, we get
a* b’
—_—t =
4n* Ak
2 2
a b
= h_2 + k_2 = 4
Hence the locus of (4, k) is
2 2
a—2 + b—2 =4
X y

Now, putx =rcos 8¢ y=rsin 6, we get,
47 = o sin®* + b% cos’ 0,
Hence, the result.

Given ellipses are — + y_2 =1 ()
, , a* b
and +2 =a+b
a
2 2
N ..(i)
a(a+b) bla+b)

Let R(h, k) be the points of intersection of the tangents
to the ellipse (ii) at P and Q. Then PQ will be the chord
of contact.
Thus its equation will be
hx + ky
ala+b) bla+b)




Ellipse

25.

bh b(a+b)
= y:_E)H-T ...(1ii)
Since the line (iii) is a tangent to the ellipse (i), so we
have
2 2 2 2
Bt 25
= bXa+ b)Y =bh+ bk
= RW+ikP=(a+b)
Thus the locus of (4, k) is
x2+y2=(a+b)2
which is the director circle of the ellipse
2 2

Tl —asp

a

+b°

Hence, the tangents at P and Q are at right angles.
Let two foci of an ellipse are
S(ae, 0) and S(—ae, 0).
2 2
X
The equation of the tangent to the ellipse — + b_z =1
a
at P(8) is Zcos 6+ 2sin=1.
a b
Let p, and p, be the lengths of perpendiculars from the
given foci to the given ellipse.

1—ecos@

Thus, p,= > >
\/ cos“0 sin“0
a’ b?

1+ecosf

and D2=
\/00529 sin’0
a’ b?

1+ecos@ |

\/cosze + sin’6
a? b?

1—ecos@ ||

cos’0  sin’@
+

= DIXPr=
\/ a? b?

1 - e%cos’0
cos’0  sin’6
a? b?

_ a*b? (1- ezcosze)
b*cos’0+ a’sin’6

_ a*b*(1-e*cos’0) ]

a*(1-e*)cos’0+ a’sin’0

=b?

26. Consider P is the point of intersection of two perpen-

dicular tangents. Thus the locus of P is the director
circle.

27.

5.31

Therefore, the equation of a director circle is
2P =+
This means that the centre of the ellipse will always
remain at a constant distance \/a”+ 5> from P.
Hence, the locus of the centre is a circle.
2 2

. . X
The equation of any tangent to the ellipse — + y_2 =1
at P(6) is a b
Y

Q P

Y

ZcosO+Lsinf=1 ()
a b
The equation of perpendiculars from foci (+ae, 0) to

the tangent is
y aesin 0

ﬁsint9——cosO=J_r
b a b

..

Locus of the feet of perpendiculars is the point of inter-
section of (i) and (ii).

It is obtained by eliminating 8 between Eqs (i) and (ii).
Squaring Eqgs (i) and (ii) and adding, we get

2 cos’0  sin’6 2 cos’0  sin’6
= x —t+t—— |tV —+—
a b a b
a*e’sin’6
+b—2

2
cos“0
= (ﬁﬂh(f

sin’0 ) cos’0 sin’0
+ b2 =a a2 + bz

= (@)=d

Hence, the result.

28. The tangent at P(6) is X cos 6+ %sin 6=1.
a

Y

M p(g)
P,

ahy
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Also SP=a—ex=a(l — e cos 0)

Since p is the length of perpendicular from the focus
S(ae, 0),

ecosf—1

\/( c0s0 N sinzej
a’ b?

1 (b*cos’0 + a’sin’6)

then, p=

= _—
p2 a’b? (ecos B — 1)2
b> _ (b’cos’0 + a’sin’0)
= 3= 2 2
p a“(ecos@—1)
| a>(1-€?) cos’0 + a’sin’0
a*(ecos 6 —1)*
[ (1-¢*) cos®0+sin’0
| (ecos 60— 1)2
[ (1- e2cos26)
| (ecos 60— 1)?
_ [1+ecos®
l-ecos @
Also,
2_a_1_ 2a 3 _l+ecos®
SP a(l —ecos 0) l1-ecos@
2
Hence, b—2 = 2_a —
P SP

29. Let the point P be (a cos 0 ¢ b sin 0).
The equation of the tangent at P be

£c0s0+zsin9:1
a b

[

Y
0+0-1
Now, p=
cos’6  sin’0
a? b?

1 cos’0 N sin’6)
P »2

=

_ a’sin®0+ b’cos’0
a’b?

30.

31.

Coordinate Geometry Booster

2,2
= a’sin%0 + b*cos*0

p2

=a*(1-cos’6) + b*(1 - sin>6)
= a*+ b* — (d* cos® B+ b* sin” 0)
=a*+b* -1

Hence, the result.

Any tangent to the ellipse

XeosO+Lsing=1
a b
Let it meet the x-axis at 4 and y-axis at B. Then the co-

ordinates of 4 and B are

A=[—% o)andB=[0 -2
cos 0 sin 6

Let M(h, k) be the mid-point of 4B.
a

Then 2h= and 2k =
en cos 0 sin 6
a b
= h = k = -
2cos O 2sin 6

= cos@ziamdsinezi
2h 2k

Squaring and adding, we get
i + i =1
4n* 4k
a* b _
e
Hence, the locus of M(h, k) is
2 2

a_2 + b—2 =4

Xy
The tangent at P(a cos 6, b sin 0) is

= 4

Ecos 9+Zsin9=l
a b

. . . a .
Let it meets the directrix x=— at O, where Q is

[g b(e — cos e)] ¢

b .
e esin 0

Slope of SP = mFM
esin 0
| cs _m_b(e—cose) (a_ae)
ope of 5O 2 esin 0 e
_ b(e—cos0)
a(l-e*)sin @
Thus, m; x m,
_ bsin® b(e —cos 0)
a(cos@—e)  a(l—e*)sin O
b? b
:——:——:—1
a(1-¢) b

Hence, the result.



Ellipse

32. Any tangent to the ellipse is

33.

XeosO+Lsing=1 ...()
a b

Its point of contact is P(a cos 8 b sin 0) and its slope is

—écot 0
a

Also the focus is S(ae, 0).
Any line through the focus S and perpendicular to the
tangent (i) is

y—o:%tane(x—ae) (i)
Also the equation of CP is
y—O:%tane(x—O) ...(iii)

Eliminating 6 between Eqs (ii) and (iii), we get

[5)=52)-

= X=—

Hence, the result.
Consider a point P on the ellipse whose coordinates are

(a cos 0 b sin )

The equation of the tangent at P is
Leos@+2Lsinf=1
a b

Since the tangent makes equal angles with the axes, so
its slope is £1.

bcos @
Thus, —————==1
asin 6
b*cos’6 |
:> =
a’sin’6
- sin’0 _cos’® 1
a? b? a’+b?

34.

35.

36.

37.

5.33
L, a2 , 2
= sin‘f= Y and cos Bzm
Hence the point P is
a’ b
- a2+b2’_ a*+b?

As we know that the locus of the point of intersection
of two perpendicular tangents is the director circle.
Hence, the equation of the director circle to the given
ellipse is

Py = +pP¥=16+9=25
= xF+)'=25
As we know that the locus of the point of intersection
of two perpendicular tangents to an ellipse is the direc-
tor circle.
Hence, the equation of the director circle is

P+ =+ =4+1=5
= X+ y2 =5
which is the required locus of P.
The equations of the pair of tangents to the ellipse

2x? + 3y? = 1 from the point (1, 1) is

@ +37-1)2+3-1)=Qx+3y—1)
= 42 +3 -1 =Qx+3y-1)?
= 42 +3)2-1)=42+9*+ 1+ 12xy—4x — 6y
= 4?-3—12xy—4x+6y—-3=0
The equation of the given ellipse is

32 +2)2=5
2 2
_+y_=1

5/3 512

The equation of any tangents to the ellipse are

y=mxt b’m*+d?

which is passing through (1, 2), so

= (2-m)=

=  9m*+24m-14=0

Let its roots are m, and m,.

Then m| + m, =-24/9 and m;m, =—14/9
Let 0 be the angle between them.

Then

tan (6) = My

1+ mm,

\/(m1 + m2)2 — 4mym, |
1+ mm,
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38.
39.
40.
41.

42.

43.

44,

=‘ 9 9| 120x%=12XF

Do yourself.
Do yourself.
Do yourself.
Do yourself.

2
Let one end of a latus rectum is L(ae, —) and minor
axis be B(0, —b). a
The equation of the normal to the ellipse at L is

a
—x—ay=az—b2
e

which is passing through B’(0, —b), so we have

ab=da* - b

ab=a* - d*(1 - 32) = d’e?
b= aé?

p = 2

a1 - &) =d’e*
tte?-1=0

Hence, the result.

tiLeu

2 2
Let the ellipse be x_2 + z—z =1 and P(a cos 8 b sin 0) be
a

any point on the ellipse.
Then,

SP=a—ex=a—aecos 8=a(l —ecos 6)
and

SP=a+ex=a+aecos 8=a(l + e cos 6)
The equation of the normal at P is

ax sec 6— by cosec 0= a*>— b’
Now,

2 42
L= (a b cos 0, 0) = (aezcos 0,0)
a

= OL=aé’cos 0
Thus, S'L = ae + ae® cos 0=a’ (1 + e cos 6),
SL = ae — ae’ cos = ae(1 — e cos 6)
SP 1+ecosf S'L

SP 1- ecos® SL
= PL bisects the ZS’PS internally.

Since PL 1 PT, therefore, PT will bisect £S’PS exter-
nally.

Now,

2 2
Let the ellipse be x_2+ Z_Z =1 and P(a cos 6, b sin 0)
a

be any point on the ellipse.

Coordinate Geometry Booster

The equation of the normal at P is

ax sec @— by cosec 8= a’ — b* (1)
Since the line (i) meets the major axis at G and minor
axis at G’ respectively, then

242
G:(a b c0s9,0)
a

2 42
and Ez(O,—a bsin@j
a

PF = CQ = length of perpendicular from C(0, 0) on the
tangent X cos 0+ %sin 6=1atP.
a

ab

a’sin’0 + b*cos’0

Also, PG = ﬁ\/bzcosze + a’sin’0
a

and PG’ = %\/bZCOSZG +a’sin’0

Thus, PF- PG = b* and PF- PG’ = a’.
45. The equation of the normal to the ellipse at P(0) is
ax sec 6— by cosec 8=a’ — b?)

2 2 2
PM:\/azcos20+(b ba —b) sin’0
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a’-b* ’
Also, PN =l a - cos’0+ b’sin’0
a

4.2
=\/b 002s 9+bzsin29

=}?

a
cos’6 N sin’@
a’ b?
Thus, PM : PN=a* : b*

Hence, the result.

46. Since the ordinate P meets the circle at Q, the co-ordi-
nates of P and Q are (a cos 6, b sin 6) and (a cos 6, a
sin ), respectively.

Y

. - p
R J
Y
The equation of the normal to the ellipse at P(6) is

8

ax sec — by cosec O=a* — b* ...()
and the equation of normal to the auxiliary circle at Q(a

cos 6, a sin 0) is

y = (tan O)x ...(11)
Solving, we get
cos @ =—>—andsin = —2
(a+b) (a+b)

Squaring and adding, we get
X2 +y*=(a+b)
47. The equation of any normal at P(0) is
x sec O— by cosec 0= a* — b,

a
.. Slope of normal = m; = Ztan 0

b
and slope of CP = M, = ;tan 0.

LN
~_ 97

Let ¢ be the angle between CP and the normal at P.

5.35

gtem 0 —étan 0
a

1+ tan’0
_(a2—sz tan 0
ab sec’6

2 2
:[a —b ]xsin29
b

2a

tan @ =

Thus, it is maximum when
20=90° = 0=45°.
Therefore, the maximum value is
a*-b*
( 2ab )
48. The equation of any normal to the ellipse at P(6) is
ax secO— by cosec = a* — b? ..()

Let C be the centre of the ellipse.
Then CM = Length of perpendicular from the centre C
to the normal

)
a’sec’0 + b*cosec’0
(a*-b%)
a* +b* + a*tan’0 + b*cot* 0
242
@ -%) =a-b

P e A——
«1a2+b2+2ab

49. The equation of tangent at P is

X V. .
—cos@+=sinp=1
a ¢ b ¢ @)
and the equation of normal at P is
ax sec ¢— by cosec ¢ =a* — b* ...(i1)
0= (assec ¢, 0)
242
and R= (w o)
a

P

-
Ny
Y|

Therefore,
OR=a
2 42

=  d*sin® @+ b? cos’ 9= a* cos @
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= a*sin’ o+ d*(1 — €% cos’ p=a’ cos ¢ P(h, k)
= a’(sin® + cos?) — d’e’cos® ¢ = a*cos @
= & —daecos’=a’cos @
= cos’@+cosp—1=0
22 0 R
50. The equation of the normal to the ellipse — + z—z =1 90>
at P(xy, y1), O(x,, »,) and R(x,, y3) are a ¢
ﬁ - bz_y =a’-p? @) .
X, ¥, =a It subtends a right angle at the centre (0, 0) of the
) ) ellipse
ﬂ_b_y=a2_bz ...(i1) Xt P
X, M —+t5=1 ..(ii)
a b
a*x  b? Yy 2 2
and P =a"—b ...(ii) From Egs (i) and (ii), we get
3 3
2 2 2
Eliminating x and y from Eqs (i), (ii) and (iii), we get Xy (ﬁ + Y_k)
a* b a* b
(12 bz 2 2 5 5
Pl (a>=b%) [1 h]sz{l kjy2 2hcky _
1 1 — - - |V -5 =
5 2 = a at »* b a’b?
a” bl )l =0 . . .
X y (a )= Since these lines are at right angles, therefore sum of
i ; the co-efficients of x* and )? is zero.
a b
— -— (@’-b) B ANEE AR
R = 7))
1 1 ! 5 5
I 1 1
X N = (h—4 + k—4j =— + -
a b a” b
= L [|=0
X, ¥ Hence, the locus of (A, k) is
11 oyt 11
— — 1 el el ey y
X3 ¥ a b a b
X gy 52. Let the point from which the tangents are drawn be (4,
= | ¥y %»|=0 9. . .
So the equation of the chord of contact from the point
BV B (h, k) to the given ellipse is
Also L ()
acoso bsina abcososin o PV A
acosfB bsin B abcosBsin f|=0 P B
acosy bsiny abcosysiny ’
cosecor seco 1
= |cosec secB 1=0 0 M R
cosecy secy 1 i?
seca cosecor 1
= secf cosecf 1|=0 It touches the circle x? +y2 =c%
secy cosecy 1 Therefore, the length of the perpendicular from the
centre (0, 0) to the chord of contact (i) is equal to the
Hence the result. radius of the circle.
51. Let the point from which tangents are drawn be (4, k). 0+0—1
The equation of the chord of contact from the point (%, Thus, W =
k) to the given ellipse is h—; + l% =1. a4 + »
a
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ook 1
DTN
Hence, the locus of (4, k) is

2 2

oyl
a2

53. Let (x,y,) be the point of intersection of the perpendic-
ular tangents, so that (x,, y,) lies on the director circle

N

X+ yi=a’+ b’ ...(1)

The equation of the chord of contact from (x;, ;) is
xx; W .
—+—==1 ...(11)
at b

Let its mid-point be (4, k).

.. The equation of the chord bisected at (4, k) is
hx oK
=T Qz =5t
a b° a b

From Egs (ii) and (iii), we get

aon__ 1
h ok [hz kzj
7_’_7
a’ b’

Now from Egs. (i), we get
2
h

ook i Wk

2
2 2 h2 k2 _ 2
=  (a+b) a—2+b—2

.. (i)

Hence, the locus of (4, k) is

22
(a2+b2)(2—2+Z—2j =" +%)

54. Let the point be (¢ cos8, ¢ sinb).
The equation of the tangent to the ellipse at (¢ cos6, ¢

sin6) is
x-ccos@ y-ccosb )
5 — =1 ...()
a b
Let the co-ordinates of the mid-point be (4, k).
P

.. The equation of the chord bisected at (4, k) is
h ok
S+ Qz =t
a b° a b

..(i)

55.
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From Egs (i) and (ii), we get

Ao k1

ccos® csin O ﬁ ki

a’ b
h( W k?
= cos =— 5+
c\a b
2 2
and sinezﬁ(h_z+k_2]
c\a b

Squaring and adding, we get

2 2
ﬁﬁ+ﬁ +£ﬁ+ﬁ —1
cla® b? cla® b?
(thrkzjz_ 2

@ b)) P+ i

Hence, the locus of (4, k) is

(xz yz jz o2
4+ =
2B e

Let the co-ordinates of P be (%, k).

The equation of its chord of contact with respect to the
ellipse

2 2

X y .
—+=—==11s
a’ b

hx  ky
—+—==1
a’> b

It meets the axes in
2 »?
A(a—, 0] and B[O, —j
h k

Now, area of the triangle OAB = —-0A4- OB

— N =

A
= constant = > (say)
22

Hence, the locus of (A, k)is x-y =

which represents a hyperbola.
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56. Let the point P be (a cos 6, b sin ).
.. The equation of normal at P to the ellipse is

a-x-sec O—b-y-cosec 0=a* —b? ...()
N

N

Let its mid-point be (4, k).
.. The equation of the chord bisected at (4, k) is
hx kB K

2 bz_az b_z

...(11)
a
From Egs (i) and (ii), we get

2 2
asec@ bcosec®  a’ -b

(hla®) ~ (=k/b®) (thr sz

252
a b

n ok’ h
= cosf=| 5+ o)/l 55—
a” b a(a”—b")

d sin@ (h2+k2j/ —k
an =| 5 T 5 -
a* b )\ b -b?)

Squaring and adding, we get

6 16 2 2)?
e e s
x>y NNa* b

57. Let the point be (4, k).

The equation of the chord bisected at (4, k) to the el-
2 2
lipse —+==5=11s
P a b

hx ky Bk ,
S E Ty )
and the equation of the tangent to the auxiliary circle x*
+1?=d? at (a cos Oc a sin 0) is
xcos O+ysin O=a ...(11)
From Egs (i) and (ii), we get
cosf sinf a
ha®  kIb? [hz K j
—+

a* b

Squaring and adding, we get

e
at bt a* b’

Hence the locus of (A, k) is

z(xz yzj (xz yzjz
Al =+ = S+
at bt a* b’
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58. Let the point be (4, k).

w

The equation of the chord bisected at (4, k) to the el-

.. hx ky KK
lipseis —+—5=—+—
P a b oat b

Now we make it a homogenous equation of 2nd degree.

e k)Y
2y 2
ThllS, a_2+b_2 = —ﬁ-i-ﬁ
a*> b

2 2\(;2 2 2
22\ (R ok ) (hx kyj
= | Sttt =5t
[az b J(az b* a> b

2.2 22
hx + k%y . 2hkxy

a b* a*b?
Since the chord subtends right angle at the centre, so
co-efficient of x* + co-efficient of * = 0

2
o2 ﬁzyz_(xz yz)

+ —_— [
at b* a’ b

2

Ok (1 1Y (RK

= )@l

Hence, the locus of (4, k) is

2 22 2 2

x° oy 1 1) [x* y
o) Grei)(5)
59. Let the point P be (a cos 6, b sin 6) and Q be

(a cos(£+ Oj,b sin(EJr OD,
2 2

i.e. (—asin 6s b cos 6).

Q (9 ’ g) P(6)
M(h, k)

Let M(h, k) be the mid-point of PQ.
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60.

Then, &= %(cos 6 —sin 0)
b .
and k= E(COS 6 +sin 0)

2h _ (cos O —sin 6) andzb—k= (cos 8 +sin 0)
a

Squaring and adding, we get

[4;12 4sz
—2+—2 =2
a b

(ﬁﬁ_zj_l
= at b 2

Hence, the locus of (4, k) is

2 2
X 1
(_2+y_z):_
a” b 2

Equation of the chord of contact to the tangents at (4, k)
is

h—x+ky 1 ...(1)

2b_2:

a

The equation of the chord of the ellipse whose mid-
point (c, f) is
2 2
ox o
-t ﬂ—zy ==t ﬂ_z
a b a b

Since Egs (i) and (ii) are the same, therefore

...(i)

h_k___ 1
)
a’> b
o
= h (oerﬁz]
a*> b
N ___ B
and k (Og+ﬂzj
a*> b

Also, (h, k) lies on the director circle of the given
ellipse x*> + y* = o + b*.
Thus, /> + k2 = a* + b*

- M{Oﬁﬂi]z
a’+b? a’ b

61.

62.

5.39

Hence, the locus of (a, P) is

2
24y 22
el el el
a +b a b

Let the mid-point be (4, k).

P
/ (. 0)
& M(h, k)

0

The equation of the chord of the ellipse whose mid-
point (4, k) is
hx kWK

2 bz_az b_z

a

which passes through the focus (ae, 0).
2 2

Thus, @ = h— + k

@ & B
he b*h*+d’k*
a a’b?
= b +dK = ab’he
Hence, the locus of (%, k) is
VI + a*y? = ab*xe
Let the point be (4, k).

4 M(h, k) B
P(6)

The equation of the chord of the ellipse whose middle
point (A, k) is

b dy K

= - ..()
a? b a* b

and the equation of the tangent to the ellipse

2—22+;—z:1 at (cxcos 6, Bsin 0) is
L cosO+2sin@=1
o B
Since both the equations are identical, so
cos@/cc  sin@/f 1
ha® kb (hz K j
P

Squaring and adding, we get

o2 'szz_ PRI 2
a’ ’ pt _2+b_2

a
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Hence the locus of (A, k) is 67. Let the pole be (4, k).
ol By E 2 The equation of polar w.r.t. the ellipse c*x* + d*y* = 1 is
I (— b—z) hxvdly =1
2 2 = dhky=-<hx+1
63. Let the ellipse be — + ;:—2 =1 and its focus is (ae, 0). 2h 1
a = y =X+ —
; - k- d’k
The equation of the polar is 2P
L Yn which is a tangent to the ellipse —+ b_2 =1
— = a
a’ b? So, c*=d’m*+ b?
2
L X O ;:az(_ﬁj 2
a ) b (d%k)? e
= T = A+ PdRe=1
which is the directrix. Hence, the locus of (4, k) is
a’c? - pPdy =1
64. Let the pole be (x, y)). Y
68. Let the pole be (4, k).
The equation of the polar is -+ 221 =1 which i hx  ky
— = x
© cauation of The poral 1s a’ b? WS The equation of the polaris — +—5 =1
identical with /x + my +n=0 a- b
2 2 L 0+0-1
x/a /b” -1 It is given that |————=|=
SO, A yl_ Ep— h2 k2
/ m n AT
2 2 +opt
S kA k. s e
== Lo RLE
B at bt A
Hence’ the pole is (—a—, ——mj HCIICC, the locus of (h, k) is
n n 2 2
x 1
65. If (h, k) be the pole of a given line w.r.t. the ellipse, then a_4 + Z}— = c_z
" tion i
e fy ' 69. Let the pole be (h, ).
— + == 1 . (l) . . hx ky .
a~ b The equation of the polar is —+—=-=1 (1)
If tangents at its extremities meet at (¢, ), then it is the . a . .
chord of contact of (¢, B) and hence its equation is and the equation of the normal o the ellipse is
oax By - ax sec @ — by cosec ¢ =a* — b? ...(11)
a_z + b_z =1 ---(i) Comparing Eqgs (i) and (ii), we get
Comparing Eqgs (i) and (ii), we get hla* _ k/b* 1
ha® kb asecqp  bcosecyp a’—b?
a/az_ﬁ/bz_ - hcosq):_ k sin @ _ 1
= h=ok=p a’ blcosecp a®—b*
Thus, the pole (4, k) is the same as (o, §), i.e. the inter- B a o b
section of tangents. = Cosp= na =) Sm¢=- Ka’— b
66. Let the pole be (4, k). o
The equation of polar w.r.t. the ellipse x*> + 4)* = 4 is Eliminating ¢, we get
hx +4ky =4 e 2 b3 2
which is identical with x + 4y =4 ( > j + [— T ] =
oAk 4 h(a”—b") k(a”=b")
So, —=—=— & b
1 4 4 = —2+—2=(a2—b2)2
h k | h k
- T B T - . a® b 2 72\2
Hence, the pole is (1, 1) Hence, the locus of (4, k) is x_2 + 7 =(a"-b")
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70.

71.

72.

Let the pole be (4, k)
The equation of the polar w.r.t. the parabola is

vk=2a(x+ h)
=  yk=2ax+2ah
2a 2ah
= y=—x+—
k k 5 5
which is a tangent to the ellipse x_2 + y—z =1
o
2 2
So, (%) . (2_“j + B
k k
S AP = 4R + K
Hence, the locus of pole (4, k) is
4a*x* =y* B+ daP ol
B
© Q
A A
y=mx+tc
BI

Let (A, k) be the mid-point of the chord y = mx + ¢ of the
2 2

ellipse x_2+ -1,
a

b
Then T=S,
a b odt
2
am 5
e b'x
Hence, the locus of the mid-point is y =———
am

Two diameters are said to be conjugate when each bi-
sects all chords parallel to the other.

If y = m,;x and y = m,x be two conjugate diameters of an

b2
ellipse, then mym,=—-—.
a
C
0 R

Let PQ and RS be two conjugate diameters. Then the
co-ordinates of the four extremities of two conjugate
diameters are

P(a cos @, b sin @),

73.

74.

75
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O(—a cos ¢, b sin @),
S(—a sin @, b cos @)
and R(a sin @, —b cos @)

D, P
!/
Let CP and CD be two conjugate semi-diameters of an

2 2
ellipse x_2 + z—z =1 and let the eccentric angle of P is
a

¢. Thus the eccentric angle of D is §+ Q.

Therefore the co-ordinates of P and D are (a cos ¢, b
sin ¢) and

[roe(3e)omn(3+))

ie. (—asin @, b cos @)
Thus CP* + CD?
= (d? cos® @+ b*sin® @) + (a* sin® @ + b* cos® )

— aZ + b2
D P
S(-ae 0) C S(-a e, 0)

Let CP and CD be the conjugate diameters of the
ellipse.
Let P = (a cos ¢, b sin ). then the co-ordinates of D is
(—a sin @, b cos Q).
Thus,
SP-S'P = (a— ae cos @)(a+ ae cos @)
=a* —a*e* cos’ ¢
=a*—(® - b*) cos ¢
= a* sin® + b? cos® ¢
=CD*
Let the eccentric angle of P is (¢) and the eccentric

T
angle of M is ((P + E) .

Then the co-ordinates of P and M are (a cos ¢, b sin @)

and
a cos((p + —) b sin(q) +—j
2) 2

i.e. (a cos ¢, b sin @) and (—a sin @, b cos @)
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The equation of the tangent at P is
icosq)JrZsin(pzl ...()
a b
and the equation of the tangent at M is
L sing+2cosp=1 .. (ii)
—a b
Squaring and adding Eqgs (i) and (ii), we get
2 2
x—2 +2 =2
a b ) )
X
76. Let the equation of the ellipse be — + z—z =1.
a
B
P

D
NN
A

C

A

(0] R
B/
Let the eccentric angle of P is (¢) and the eccentric
T
angle of D is ((P + E) .

Then the co-ordinates of P and D are (a cos @, b sin @)

and
a cos(go +—j b sin((p + —)
2) 2

i.e. (a cos ¢, b sin @) and (—a sin @, b cos @)
Let M(h, k) be the mid-point of PD.

Then
5 = 2cos ¢—asin @
2
ond f 4C0s bsing (2h)? . (2k)*
2 a* b
= (cos @ —sin @)* + (cos @+ sin @)
L, FLE_L
)
x? y2 1
Hence, the locus of (4, k) is — +<5=—
a® b 2
77. The equation of the given diameter is
ax—by=0
a .
—1 =— ...
y=5% (@)
Thus, m, = 4
b

Let the diameter conjugate to (i) be y = m,x
As we know that, two diameters y = mx and y = myx

2
. . b
are conjugate, if m;-m,=—-—
a
a. b*
= —Xm=-—
b a’

78.

79.
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b3
= my=—-—5
a
b3
Hence, the required diameters is y =——5x
a
= dy+bhx=0

The given ellipses are

+o=1 ...(0)

b
2
+%=1 .. (i)

The equation of lines passing through the point of in-
tersection of the ellipses are

1 1 ) 2( 1 1 )
x| = —— |+ =0 ...(1i1)
(az 3 4 b d*

which represents a pair of lines through the origin.
If y = mx be one of the lines, then y = mx must satisfy
(iii), then

1 1 (1 1
— == |+m?| 5 —-—|=0
(-5 )
1 1Y), (1 1
= (b—d—]’"(——)(’

which is a quadratic in m. Let it has roots m,; and m,.
(1 1 )
27 2
Th =_\a ¢/
en, mm, ] ]
voa

Hence, the result.

The co-ordinates of P and D are (a cos ¢, b sin ¢) and

(—asin @, b cos ¢)

Let PM is the normal at P and DN is the normal at D.
B

D P
R
A A




Ellipse

80.

The equations of the normals at P and D are
ax sec @ — by cosec 9= a* — b*

and —ax cosec @ — by sec 9 =a’ — b*

respectively.

Since, H(c, P) is the point of intersection of the nor-
mals, so

aosec @ — bf cosec ¢— (a* —b*) =0 ...(D)
and
aoccosec @+ bBsec o+ (a* —b*) =0 ...(ii)
Eliminating ¢ from Eqgs (i) and (ii), we get
secQ  cosecQ (a*-b%)
(aa =bP)  ~(aa+bP) (a*a’+b*B7)
2.2, 5202
o cosp= 2(a az +b-B7)
(a® = b")(ac — bB)
2 2
and sin @= (j o?2+b F)
—(a"=b") ao+bP)
Squaring and adding, we get
z(aZaZ + b2ﬁ2)3 — (aZ _ b2)(a2a2 _ b2ﬁ2)2
Hence, the locus of H(a, B) is
2(a2x2 + b2y2)3 — (a2 _ b2)(a2x2 _ b2y2)2.
Y
P
X X
¢ /
(0] S
Y
Let PCQ and RCS be two conjugate diameters of the

2 2

ellipse a_2 + ;—2 =1.

Then the co-ordinates of P, O, R, and S are

P(a cos @, b sin ¢), O(—a cos ¢, —b sin @),

R(—a sin ¢, b cos @) and S(a sin @, —b cos @) respec-
tively.

The equations of tangents at P, R, O and S are

X cos o+ 2 sin =1,
a b

~Ysin o+ 2 cos o=1,
a b

~Leos - 2 sin o=1,
a b

and L sin go—lcos o=1

a b

Thus, the tangents at P and Q are parallel. Also the tan-
gents at R and S are are parallel. Hence, the tangents at

P, R, O, S form a parallelogram.

81.

82.

83.

84.

5.43

Area of the parallelogram = MNM'N’
= 4 (the area of the parallelogram CPMR)

. ab
=4x \/azcosz(p + b2S1n2§D X
— 4ab \/azcosz(p +bsin’p
= constant

Hence, the result.

Let the eccentric angles at P and Q be ¢ and (Z + (p)
respectively 2

The equation of the tangents at P and Q

are  “cos o+ 2 sin =1
a b

and —sin o+ %cos o=1

a
respectively
Squaring and adding, we get
2 2
XY
—+=5=2
a* b

Hence, the result.
Thus, the equation of the ellipse is
2
2 2
+—x"=1
Y3
2 2
XY
= —+==1
32
Hence, the eccentricity is

b? 2 1
e=1/1——=,f1——=—
a’ 3 ﬁ

The given equation of an ellipse is
16x> + 25y = 400

x2 yZ

—+—=1

25 16
From the reflection property of an ellipse, the reflection
ray passes through the focus.
Thus, the co-ordinates of the other focus = (3, 0).
When y =4, then x = 0.
So the point is (0, 4).
So the equation of the reflection ray is

E_{_Z:l
3 4
= 4x+3y=12

The equation of the incident ray is

x—y+2=0
= +2=
-2 2
The equation of the ellipse is
3+ 4P =12
2 2
= 42X o
4 3
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Clearly, the co-ordinates of the foci are (-2, 0) and
(2,0).

Since the incident ray x — y + 2 = 0 intersects the ellipse
at (0, 2), so, the equation of the reflection ray = the
equation of the line joining (0, 2) and (2, 0)

f + Z = 1

2 2

= xty=2

=

Levee I

1. Given ellipse is é + y_j =1
a
So, F,=(ac,0)and F, = (—ac, 0)
Let Pbe(acos 6, bsin 6).
Then
acos6 bsinh 1
ar(APF\F,) =% ae 0 1
—ae 0 1

=%x2aexbsin0

= abe X sin 6
Maximum value of 4 = abe
2
=ab,|1- b—

2
a

=byJa® — B>

2. Given ellipse is

x2 2
- + y— =1
a b
Y
M
P
v

The equation of the tangent to the given ellipse at
P(acos 6, bsin 0) is

zcos0+zsin9:1
a b

Now, OM=d

0+0-1 —J

c0s>60 + sin’0
a? b?

Coordinate Geometry Booster

1 cos’6 sin’0
> @ —SE=— 7t

M N sinzej
a’ b*

= 4a* — 4b? cos’0 — 4a’sin*0

= 4a*(1 — sin®6) — 4b*cos*6

= 4a*cos’0 — 4b*cos’0

=4 cos’O(a’ — b?)

=4 cos’O(a’e?)

= (2ae cos 6)*

= [(a + ae cos ) — (a — ae cos 6)]*

= (PF, - PF,)’

3. Given ellipse is

2 2
x_+y_:1

16 9

=44° - 4a2b2(

Foci = (+ae, 0) = (14.4, o) =(*/7,0)

and the radius of the circle = /7 +9 =16 =4
4. The equation of the tangent to the parabola y* = 4x at

(£, 21) is
yl:x+12
= x-yt+£=0 ()
The equation of the normal
4x2+5y2:20
2 2
ie. ?+yT:lat(\/§cos(p,ZSin(p)
2 2
o Tx by _ 242
X N
= RN, N
\/gcos(p 2sin @
= (/5 sec @)x — (2 cosec @)y =1 ...(ii)

Since Eqs (i) and (ii) are the same line, so

\/gseC(p_ZcoseC(p_—_l
1 t £

1 1
= SeC(pZ—W,COSCC(pz—Z

= COS(pz—t2 S,sin ¢ = —2¢



Ellipse

Thus,

5P+47£4-1=0
= 5/4+5-F-1=0
= S52@E+D)-1A+1)=0
= GA-D@EFE+D)=0
= (#-1)=0

=4l

NG
Also, tan =12
= o¢=tan!(+2)
5. We have B=(0, b), = (ae, 0) and F’ = (—ae, 0)
Now, m(FB)= —iand m(BF’) = b
ae ae
It is given that,
m(FB) x m(BF’) = -1

b b
= —Xx—=-1
ae ae
= =4
=  d(1-é)=a%?
= (1-e&)=¢
= 2=
1
= e=—

Y
Given ellipse is
X2+ 4y2 =4
2 2
x* oy .
= —_— = 1 g
4 1 @
The equation of the tangent to the ellipse (i) is
§c059+ysin9=1 ..(i1)

and the equation of the 2nd ellipse can be written as
2 2

I (iii)

6 3

Let the tangents at P and O meet at A(h, k).
So PQ is the chord of contact.

5.45

The equation of the chord of contact of the tangents
through 4 is
E + Q = 1
6 3
Since the eqs (ii) and (iv) are identical, so
k

= 3 =
cos@ sin@
2

= h=3cos0,k=3sin6

...(1v)

N | =

Now, squaring and adding, we get
P=k=9
Therefore, the locus of 4 is

x2+y2:9
2 2

which is the director circle of % + R 1

3

Thus, the angle between the tangents at P and Q of the
ellipse x> + 2)* = 6 is right angle.

Y
N
R
X- !‘/ X
Y
2 2

. . D
Given ellipse is —— +—==1
P a’ b

Let P lies in the first quadrant, so
P =(acos 6, bsin 6)
The equation of the tangent at P is

ﬁcos 9+%sin0:1

a
-1

Now, ON =

cos’0 N sin’6

a? b?
_ ab

a’sin’6 + b*cos’0

The equation of ON is

isin@—lcosezo
b a

and the equation of the normal at P is

ax sec @— by cosec 8= d* — b’
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. Given ellipse is

2 52
So, OL= a—b
a’sec’ + bcosec’0
_ (a2 - bz)sin 6 cos 0
a’sin?6 + b*cos’0
Now, NP = OL
2 g2\
. NP=(a b”)sin 6 cos O
\/azsinze + b%cos’6
Therefore,
ar AOPN
= % X ON X NP
_ 1 ab(a®~b*)sin O cos 6
2 a*sin?6 + b*cos’0

_1 ab(a® - b*)

2 a’tan 0 + b*cot O
y ab(a>-b*) _(a®-b?)
2ab 4

Thus, the point P is

a? b*
[\/a2+b2 ’ \/a2+b2]

By symmetry, we have four such points.

a2 N B
\/az+b2 \/az-i-b2
2 yz

+ =1
(5/3)  (5/2)
The equation of any tangent to the given ellipse is

y=mx+ N

5,5
= y=mx+,[—m+—
2 3

Thus, {i

which is passing through (1, 2).

}5 2 5
) = + |= + =
SO, m m 3

5 5
= Q-mi=|Zm*+=
2 3
= 6m’—24m+24=15m*+10
= 9’ +24m—-14=0
Let its roots are m; and m,
8 14

So, mytmy=——,mm,=——
3 9

Coordinate Geometry Booster

Let 0 be the angle between the tangents
Then tan (0)= M=
1+ mym,

_ \/(mz + ’”1)2 — 4mym,

1+ mym,

& ‘

230 9 _66
3 75 5

9

%)
J5
9. Normal at P(a cos 6, b sin ) is

ax sec O— by cosec 0=a* — b’

Thus, 0 = tan™! (

= axsec 86—bycosec 0=14-5=9
which meets the ellipse again at Q. So
a* cos 20 sec O— b? sin 26 cosec 8=9

= 14 cos20sec 6—5sin20cosec =9
= 28cos’6—14—10cos’0=9 cos O
= 18cos’6-9cos - 14=0
= (6cosO0-T7)B3cosO+2)=0
= cosO= —g, Z
3 6
Thus, cos 0 = —%
2 2
10. Given ellipse is ~— +2—=1
25 16

The equation of the chord bisected at (4, k) is

T: Sl

hx  ky kP
RO R

2 2

N N

25 16 25 16

15)x  (215)y (1/5) . (2/5)?

25 16 25 16

Solving, we get

4x+5y=4
Solving Egs (i) and (ii), we get

12 16

x=4,-3and y=——+,—
Y775

Let the chord be AB, where

A= (4, —2) and B = (—3, E)
5 5

Hence, the length the 4B is

2
= (7)2+(§) =7 1+§=ﬂ
5 25 5



Ellipse
11. Any tangent to the ellipse is

£c0s0+lsin9:1
a b

.G

Its point of contact is P(a cos Oc — b sin 0) and its slope

is —écot 6 . Also the focus is S(ae, 0).
a

Any line through the focus S and perpendicular to tan-

gent (i) is
a
y—OzztanG(x—ae)
Also the equation of CP is
a
y—O:Ztan 6(x-0)

Eliminating 6 between Eqs (ii) and (iii), we get

(2)z=2)-

= xX=—

Hence, the result.

12.
Y

e

Y

2

2
Given ellipse is x + Yy _ 1

5

9

[ 2
Now, e= l—b—2= fl—ézz
a 9 3

(i)

.. (i)

13.

5.47

Now, the tangent at L is

XM

9 5

3
E+3_:]
9 5
RN
92 3

=

Thus, P= (%, Oj and S = (0, 3)

Therefore,
ar(quad PORS) = 4 X ar(AOPS)
:4xlx2x3
2 2
=27 s.u.

The equation of the tangent at (3+/3 cos 6, sin 6) to the
given ellipse is

—x’3\/§cose+y-sin9:1
27
X Yy

+ =1
3J3sec® (cosec 6)
It is given that

S = 3x/§ sec O + cosec 0

= %=3\/§se09tan0—cosececot6

. .. ds
For maximum or minimum, d_ =0
gives
= 3\/§secetan9—cosec9cot9=0
= 3\/3 sec 6 tan O = cosec 6 cot 0

- cosecOcot0=3\/§

sec O tan 6
= cot’0 = 3\/5
= cotf= \/§
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14.

15.

16.

= 0==
6
Hence, the value of 6 is g

Let the mid-point be (#, k).

The equation of the ellipse is x> + 2)* = 2.
2
X 2
—+y° =1
> y
and the equation of the tangent to the ellipse at

(/2 cos 6, sin ) is

x-~2cos @

+y-sin@=1.
2 Y
X Yy
= + =1.
\/Esec 0 cosecO
Let 4= (x/Esec 6, 0) and B = (0, cosec 0)
Thus, & = \/5 szec 0, i = cos;c 0

and sin 6 = L
2k

cos 0 !
—1 =

Squaring and adding, we get

L + L =1
20 4k
Hence, the locus of (4, k) is
1 1
2x° 4y

The equation of any tangent to the given ellipse at (a
cos 6, b sin 0) is

LcosO+2Lsinf=1

a b

X y _
asecO bcosecO
Let 4 = (asec 6, 0) and B = (0, b cosec 0)
1
2 ab sin 0 cosec 0

=

A =ar(AOAB) =

1
" absin 20

.. .1 .
Hence, the minimum area is — sq. unit.
ab

The equation of any tangent to the ellipse is
y=mx+ Jatm* +b?

= y=mx+\125m2+4

= mx—y+ \/m =0

which is also a tangent to the given circle. So, the
length of the perpendicular from the centre to the tan-
gent is equal to the radius of a circle

17.

Coordinate Geometry Booster

\25m + 4

w/m2+1

=  25m*+4=16(m*+1)
= 9Im’=12
- m=3
3
2
= m=t—
3

Hence, the equation of the common tangent is

2 100
PEIET G

2 112
PETETS

Let A=(2+/7,0)and B = (0,

2)
3
Thus, the length of the tangent

_ g 12 _ 196 _ 14
3 3B

Let (h, k) be the point of intersection of tangents at 6
and ¢. Then
. (0+
A cos(ezq’) i sm( ij
cos(e_(p) b cos(e_(p)
2 2

—=———"—Land—=
Squaring and adding, we get

ook 1 :
—2+—2:T (1)
a b cosz( (P)
2
It is given that,
b(sin 8+ sin @) =3
= (sinf+sin@)=1 (wb=3)
= 25in(9+¢)cos(0_¢)=l
2 2
sin(6+(p) 1
Now, = = 2 /- (i)

cos (9—(/}) 2 cos? (H)
2 2

From Egs (i) and (ii), we get

w2k
a> b b
Rk 2k

= —+—==
25 9 3

Hence, the locus of (A, k) is
2y )

25 9 3



Ellipse

2 2
I8. Given ellipse is -+ RN

16

P

Y

Let the point Q be (A, k).

Clearly, £ is negative.

It is given that,
SP=NQ

= —k=a+teh

= —k= 5+§h
5
Hence, the locus of O is
3
-y=5+—-x
Y 5

= 3x+5y+25=0
19. The Equation of the tangent to the ellipse is

y =mx+\/a2m2+b2
=2x++4a’ + b’

which is a normal to the given circle
Clearly, it will pass through the centre of a circle, so

0=—4++/4a’+b>
=  J4d*+b* =4

= 4a*+b*=16

Let P=ab=ay16-4a>

= P'=416-4d
= 0=16d>—4d"
= 90 16
da
d*Q

= —==32-48"
da

For maximum or minimum,
o _,
da

= 32a-16a°>=0

= 16a(@®-2)=0

= a=0, i«/z

when a = i\/?, then b=+22

Hence, the maximum value of ab is 4.
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20. Any point on the ellipse be (a cos 8+ a sin 6).

21.

Clearly, the centre is (0, 0)

. 2.2 242
Now, distance, r = \/a cos“@+a’sin"0 =a

Also,
a*cos? @+ 2a*sin O cos O+ 2a% sin® 6= 1
1
2
a =
= 1+ sin 20 + sin’0
1
= a=
\/1 +sin 20 + sin’0
1
Therefore, r =a=
\/1 +sin 26 + sin’0

1

= r= :
\/3+ sin 20 — —cos 260
2 2

r will be maximum when Ar will provide us minimum
value
Hence, the maximum value of »

V2
J3-+5

Let M(h, k) the mid-point of the chord PQ.

Since the length of PQ is 2¢, so P and Q can be consid-
eredas (h+ccos 6, k+csin6B)and (h—ccos 6, k—c
sin 6) respectively.

T 1

2 N2
hus, (h+c czos 0) + (k+ cbszm 0) _
a

(h—ccosB)’  (k—csin@)®
2 + 2 -
a b
Adding, we get

VR + &’k — a’b* + A(dPsin®0 + aPcos?6) = 0

and 1

..()
and subtracting, we get
4 4ch .
Lzhcos 60— Lzhsm 60=0
a b
sinf cosO 1 (i)

B’h —a’k i+ k2
From Egs (i) and (ii), we get
b + kP — aPb?
o[ b'ha’ . a'k’rt )
p*'n?+k2d* b+ k*a®

Hence, the locus of M(#, k) is

vxlray” =L[l_ﬁ_y_2j
a4y2+b4x2 cZ aZ b2
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22.

23.

2 2
Let the ellipse be x_2 + z—z =1 and its pole be (4, k)
a

The equation of polar w.r.t. the given ellipse is

hx  ky
A
ky hx
= b—2 = —a—z 1
L 0
g a’k k
which is a tangent to the parabola
ay® = 2b’x

»?
= ' =4|-—|x ..(ii)
2a
Since (i) is tangent to (ii), so
b2
v _\"24)
k ( bzh)
a’k
L Pa
k  2h
2
= k’= 207 h
a
Hence, the locus of (4, k) is
2
e (&j .
a
which represents a parabola.
2 2
Let the equation of the ellipse be (x_z + Z—z] =1
a
The equation of a tangent to the given ellipse is
xcoso + ysino= \/azcosza +b%sin’o ...(0)

After rotation, the equation of the tangent is
x cos (o +90°) + y sin (¢ + 90°)

= \/azsinz(x +b’cos’a

= —xsino+ycoso= \/azsinzoc + b’cos’a
...(ii)
On subtraction, we get
(x+y)sinx+ (x—y)cos =0

sin o cos o 1

-0 @+ e

24.

Coordinate Geometry Booster

Putting the values of sin o and cosa in Eq. (i), we get

(x4 )+ y(y = x) =y + )2+ B2 (y - x)

= (x2+)/2)=\/az(y+x)2+b2(y—x)2

= (@4 ) =@+ D)+ D)+ 2’ — )
= (@ @+ B )+ 2@ )
= (A +Y - at - b)) =2xp(a - bY)

which is the required locus.

2 2
Let the ellipse be x_2 + z—z =1 and the point P be (A, k).
a

The equation of any tangent to the ellipse be

y=mx++Ja’m? + b?

which is passing through P.

So, k=mh+~a’m*+b>

= (k—mh)*=(a*m®+ b?)
= I?=2hkm+ m*h* = (a*m* + b?)
= (P -am* - 2hkm+ (¥ -b*)=0

It has two roots, say m; and m,.

Thus. 7+ m 2hk
us, =5
1 2 (hz_az)
k*—b*
and mlmZZﬁ
h"—a

It is given that, 6, + 8, =2«
= tan (6, + 6,) =tan Qo)

tan 0, + tan 6
= M=tan(2a)
1—tan 6,-tan 6,

N mtmy tan (20r)

1 —mym,

2hk

> ———————=tan (2«

W —a* -+ b? (o)
= ) 2hk >—— - =tan 2a)

(h"=k)+ (" —a”)
Hence, the locus of P(h, k) is

2y = tan (201)

(X =)+ (b7 - a)

= {(* —)?) + (b* — d®)}tan Q) = 2xy



Ellipse

25.

26.

27.

2 2
Given ellipse is r + Y _ 1
16 9
Y
g B Q
X C § 7 1 X
D
Y
Clearly, the vertices of the square lie on the director
2 2
circle of the given ellipse 16 + % =1.

The equation of the director circle is
Xy =16+9=25

Thus, the length of AC is 10 which is diagonal of the
square.

Thus, a2 =10
= a=5
Hence, the length of the side of the square is 572
Let PQ be the double ordinate, where

P=(3cos 0,2 sin 0) and Q = (3 cos 0, -2 sin 6)
Let the point R(#, k) divides the double ordinate in the

ratio2 : 1

Thus 4 =3 cos Band k=§sin 0

Squaring and adding, we get

5+

—| +|—=| =1

3 2
R 9k?
—+—=1
9 4

Hence, the locus of (4, k) is
2

9 4

Let S=(2,-1)and S" =(1, —1) and Q is the image of S
w.rt.x +y=>5.

=1

28.

29.

30.

5.51

h=2 k—1_ 2(-4)
11 2
k-1
1

So,

=4

Thus, Q = (6, 3)

As we know that,
SP+S’P=2a

= SP+QP=2a

Thus, S, P and Q are collinear.

So, SQ:4x-5y=9

Therefore P is a point of intersection of
SO :4x-5y=9andL:x+y=>5

i . (34 11
Hence, the point P is .

99
Clearly, the centre of the ellipse is (2, 2).
Y
8@, 3)
(2,2
51, 1)
0 X

Since x-axis and y-axis are two perpendicular tangents
to the ellipse, so (0, 0) lies on the director circle and
(2, 2) is the centre of the director circle.

Thus, the radius = \/22 +22=8=22

Hence, the area of the director circle = 87
2 2
The co-ordinates of any point on the ellipse — + =5 =1
be (a cos 6, b sin ). a” b
If it lies on the line bx = ay, we have
ba cos 0= ab sin 6
= tanf=1
T 5r

= 6O=—or—
4 4

2 2
x
Let the equation of the ellipse be — + _Z ~= 1.
a
Its polar form is 1 _ cos’@  sin’6
7'2 a2 b2

Let , and r, be the lengths of the radius vectors CP and
CQ which are inclined at angles 6 and g + 6.

1 cos’0 sin’0
= +

So, —=
) ”12 ) »2
1 cos’0 sin’6
and —=—

2
75 a b
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Now,
1 N 1 _ cos’0 N sin’6 N sin’6 N cos’0
r12 r22 22 B2 a2 2
_1 .1
a* b
31. The given ellipse is
dx—2y+ 1) +92x+y+2)*=25 ...(3)
Let X=x-2y+1,Y=2x+y+2
Equation (i) reduces to
4X* +9Y* =25
x* oy
2514 2509

=1

b2
I-=
a

I T O )
25/4 9" 3

32. LetdAD:y=2x+c
So,BC:y=2x+4,AB:x+2y=28
and DC:x+2y—-3=0

Thus, e=

A y=2x+c D

T TP

B(0, 4) C(-1,2)

Let BC=2aand AB = 2b.

Clearly, 2a=5=a= %

It is given that,

nabzén
= ab=—
2 2
= bzx/g
c—4
Also, b=
25
c—4
= =5
2\5‘

= c¢—4==%10
= c¢=4%t10=14,-6
when ¢ = 14

Coordinate Geometry Booster

On solving the equations AB: x + 2y =8 and AD: y = 2x
+ 14, and AB and DC, we get

A=(-4,6)and D=(-5,4)
When ¢ = -6, we get,

A=3,2)and D=3, 0).

Levee IV

1. Given ellipse is

We have 4 = ar(APQA)

= %(Zb sin 8)(a — a cos 0)
. I .
= ab(sm 6— Esm 29)
a =ab(cos 6 —cos 20)
do

2
d—f = ab(—sin 6 + 2 sin 20)
de

For maximum or minimum

dA
d_6 =

0

ab(cos 8—cos 20)=0
= (cos 8—cos20)=0
= cos20=cos 6O

= cos20=cos (2r— 6)
= 20=2n-0

= 30=2r

= 0:27”2120°

2
A

Clearly, ——1is —ve

e

Thus, 4 is maximum.
Hence, the maximum value of 4

= ab(sin 120° - %Sil’l (240°))

(£.9)
33

=——abs.u.
4
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2. The equation of the tangent to the parabola y* = 4x at
(A, 20)is

ﬂ=x+ﬂ
= x-y+£=0 (D)
and the equation of the normal

4x? + 517 =20

2 2
e, +2 =

5 4

at (\/g cos ¢, 2 sin @) is

2 2

ax _by_ o2

X N

S Y SO

\/§COS(D 2sin @
= (/5 sec @)x — (2 cosec @) y =1 ...(ii)

Since (i) and (ii) are the same line, so

\/gsec(p_2cosec(p_—_l
1 t r

= secQ=-— cosec P =——

1
NCTal
= cosgoz—t2 5,sin @ =—-2¢
Thus, 54 +4# -1=0
= 54+52-£-1=0
= SPE+D-1F+1)=0
= GA-DE+1)=0
= (5#-1)=0
o =t
V5
Also, tan @ =+2
= @=tan}(£2)
3. The equation of the given ellipse is
¥+ 47 =16
2

X 2
= —+y =1
167

Given centre of the circle is C(1, 0).
Let the equation of the circle be
(-1 +y*=r
Since the circle is the largest, so it will touch the ellipse
at some point P(a cos 6, b sin ).
The equation of the tangent to the ellipse is

zcos0+%sin9:1

a
h 1 i m——bcose——lcote
whose slope is 7 2sin0 >
bsin 6 2sin 6

and . m, = m(CP) (acos@—1) 4cosf-1

5.53

But mm,=-1

_lcos9>< 2sin O
2sin@ 4cosf -1

cos 0

= 4cos9—1=

= 4cosB@-1=cos O
= 3cosf=1

= cos@zl
3

Thus, the radius of the circle,

r= \/(a cos 6 —1)? + b?sin’0
2
- (i_l) +4(1_l)
3 9
_ 32 B
9 9 3

Hence, the equation of the circle is

33 11
x—1)+ ==
(x=D"+y 9"~ 3

. Let the point P be (a cos 6, b sin ) and the point O be

[roelo-3)oeelo-3)

The equation of the chord joining P and Q is

i005(9 + Ej + Xsin(@ + Ej =Cos E)
a 8 b 8 8

which is identical with

pxtqy=r
Comparing the co-efficients, we get

cos(9+ ﬂ) sin(9+ ﬂ:j cos(n)
Thus, 8/ _ 8/ 8
-

ap bq

cos(9+£) = @cos(ﬁ)
8 r 8

and sin(9+ f) _ba
8 r

Squaring and adding, we get

2 2
(=)-(s)-
r r
azp2 + bzq2 =2

which is the required condition.
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5.

. Let the equation of the ellipse be = >+
a’

Let R(h, k) be any point on the locus.
Let OP: y=xtan aand OQ : y =—x tan o
It is given that,

(h sin a— k cos @) + (h sin a+ k cos 0)* =21
= Isinfa+ i cos’a=A?

h? K

= + =1

Acosec’or A’sec’or
which represents an ellipse.

y

b—zzl.

Let C be the centre and PQ be the chord whose equa-
tion is x cos @+ y sin = p.

Now, we make above two equations a homogeneous
equation of 2nd degree.

2 2 . 2
Thus, % 4 27 _[xeos ot ysin o
a® b P

2
= [p_z - cosz(x) x* - 2xysin ocos o
2
+ (p_z - sinzotjy2 =0
b

a
Since the pair of diameters CP and CQ are at right an-
gles, so

2 2
(p_z - coszaj + (p_z - sinzaj =0
a b

= z—2+§—2—1
- (i
N p2= 1 _ a’b?
(1+1j a’+b?
a’> b
_ab
- a*+b?

ab

Ja*+b?
Now, the length of the perpendicular draw a from the
centre to the line PQ

ab

Thus, PQ:xcos o+ ysin o =

0+0-"——
a +b"| ab
‘ \/cosza +sin’a ‘ a’+b?

= constant
Hence, the line PO touches a fixed circle whose centre
ab

is (0, 0) and the radius is — -
a +b

. Givenellipse is —+
a*
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y

b—fl

Y

t

Y

The equation of tangent at P is

L

a2 b2
2.7
X

The slope of the tangent is ———

ay

’

Y
X"+ ae

and the slope of SP is

y/ b2 ’
x'+ae a? ¥

1_ y/ . be/
X+ ae azy,

B a’b* + b*x’ae
T 22

x'y'a*e’ + a’ey’
b*a(a + ex’) _ b?

azey’(a +ex’) aey’

= = tan”!
aey

Now, tan 6=

. Givenellipse is — + 2}—2 =1

and the circle is x> + y* = ab.
On solving, we get,

2 2
2 ab 2 ab

x = and y“ =
a+b Y a+b

The equation of tangent to the ellipse at (x|, y,) is

% + % =1 and the circle is xx; + yy, = ab
The slope of the tangent to the ellipse is
b*x,
m=—-—
an

and the slope of tangent to the circle is

m2:_ -

b
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Now, tan@=-"2="_
1+ mym,
2
-2
ab?
1+—
ba®
_ a*-b? \/E
a(a+b)\b

_a-b

Jab

_ -b
Thus, 0 = tan 1 )
( ~ab

9. The normal at P is

ax by — a2 _p?

cosf sin@

and the normal at Q is

= ax - by =a*-b*
cos(9+”) sin(9+n)
2 2
e by _ 2 p
sin@ cos@
- F b g p

sin@ cos@

The slope of the normal at P is

m _asin@_gtane
" bhcos® b

and the slope of the normal at Q is
my = Lot
b

m—m
Now, tanoq=-——2
1+ mym,

%(tan 6 + cot )

2

a
s
_ ab 2
(b*— a*)sin 26
2ab 1

= X —
a*e?  sin26

2(12\/1—62 1

X
a’e’ sin 20

241-¢2

~ ¢%(sin 20)

10.

11.
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The equation of the tangent at P is
£005(p+lsin(p:1 (1)
a b

and the equation of the normal at P is
ax sec ¢— by cosec 9= a* — b* ...(>1)
Then Q = (a sec ¢, 0)

2 42
(a-b )cosgo’oj

TR
YA
M

and R = (

Therefore, OR = a
(a2—b2) cos @ 4

a* — de’ cos® = a*cos @

e*cos’ p+cos p—1=0
Let the point P be (a cos ¢, b sin @)
and S=(ae,0),S = (-ae, 0)
: SP=a—ex=a—ecos @
and S’P=a+aecos @
Also, SS” = 2ae
Let (o, B) be the incentre of APSS’. So
2ae-acos @+ a(l—ecos@)(—ae)
o= +a(l—ecos@)(ae)
B 2ae+a(l—ecos@) + a(l+ecos @)
= o=aecos @

= asecQ-—

a
= & sin’ o+ b cos’ o=d’cos @
= & sin’ o+ dX(1 - é?) cos’ p=da*cos @)
= d*(sin® @+ cos® @) — a’e* cos® p=a*cos @
=
=

be sin ¢
I+e
Eliminating ¢, we get

2 2
(g) +[b(l+e)) 1
ae be
o? . B (1+e)? |
= =
a’e® b*e?
Hence, the locus of incentre is

2 N yz
a’e? b*e?

Similarly, =

=1

(1+e)?
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12.

13.

Let e, be its eccentricity, then

Let the point P be (a cos ¢, b sin ¢).
Y

i £7P\
0
X X
A
BI

Y
bsin ¢
acos @ —ae

_ J1—é*sin @

cosp—e

_(bla)sin @
cosp—e

tan 6 =

= tanfcos@p—etanO= l—ezsin(p

2tan (0/2) l—tanz((p/Z)_e
1—tan?(6/2) \ 1+ tan’(@/2)

_ /—1_62( 2 tan (6/2) J[l—tanz((p/z)J

1+ tan?(6/2) )\ 1 + tan*(@/2)

On simplification, we get

= 1+etan(§)—\/:tan(gjzo
(g )

tan (gj— I+e tan (2)
= 2) " V1—e 2

Let the vertices of the equilateral triangle P, O, R,
whose eccentric angles are o, f3, yrespectively.
Let (A, k) be the centroid of APQOR.

Then h= %(cos o+ cos B+ cos y)

and k= %(sin o+ sin B+sin y)

Since APQR is an equilateral triangle, so
centroid = circumcentre.

14.
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.. Circumcentre of APOR be
4a
(cos o+ cos B+ cos ¥+ cos (o B+7))
2 42
and k= (@=b")
4a

(sin o+ sin B+ siny— sin (o4 B+7))
On simplification, we get

h(a® +3b*
COS ((X+ B+’}/)=a(faz—_bz))
2 2
and sin (a+ B+ y):%

Squaring and adding, we get

(@®+3b)h 2+ (@®+3b)k 2:1
a(a*-b*) b(a®—b%)

Hence, the locus of the centroid (4, k) is

(a®+3b*)x 2+ (a*+3b%)y 2:1
a(a*-b?) b(a® - b%)

The equation of the tangent to the ellipse at P is

ﬁcos<p+lsin(p=1 (1)
a b

Let the equation of the auxilliary circle be
¥ +y?=d ...(11)
Y

Y

The equation of the pair of lines O4 and OB are ob-
tained by making homogeneous of (i) and (ii). So
2

Xy’ =d’ (fcos (p+Zsin (pj
a b

2 2
2| X 2 YV .2 Xy .
=a"| —5 08" Q+==-sin” Q+2——sin Ycos ¢

a b ab

2
= (1-cos’@)x*+ [1 - Z—Zsinz(pjy2 +()xp=0

It is given that, ZAOB = 90°. So
co-efficient of x* + co-efficient of y? =0
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15.

16.

2
= 1- coszq)+ 1- Z—Zsinz(p: 0

2

a .2
sin“@=0
_ ez) ¢

. 2
= sin“gp+1—
¢ az(l

= sinztp +1- 2 sinzgo =0

l—e

1 .2
= 1- sin“p=-1
= sin“@=-1

= ersinp=(1-¢?
= Xl +sin@)=1
1
= 22—.2
(1+sin“g)
1
= e=

A+ sinz(p)

Let two points on the ellipse be P and Q whose eccen-
tric angles are ¢, and @, where ¢, — @, = .
The equation of the tangent at P and Q are
X cos o+ Lsin ¢ =1
a b

and  “cos 0, + Lsin 0,=1
a b

Let R(h, k) be the point of intersection of the tangents.
b sin ( ng (p2 j
-\ 2 )
oS (‘lﬁ (Pz)
2
Sil’l((pl + (pZ j
_ 2

Thus,

Squaring and adding, we get
(26—
— | 4+ =
a b 2 ( o )
cos”| —
2
Hence, the locus of R(4, k) is
2 2
X y [ &
—+==sec” | —
a b ( 2 j
Let S and §” be the foci of one ellipse and F; and F, of

the other, where C being the common centre.
So, SF,S’F, will form a parallelogram.

17.
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Since SF, + S'F, =2a

=F\S +F,S

Clearly, CS = ae and CF, = ae’

Let 6 be the angle between their axes.
Then, SF* = a’e® + a*e’* — 2a’ee’ cos 0
and S'F’=da’e’ + a’e’* + 2a’ee’ cos O
Now, 2a = SF, + S'F,

= 4d*=(SF,+S'F)’

= 4a’=SF’+ S'F* + 2(SF)(S'F))

=  4d*=2d(P+ M)+

2\/(a2e2+a ¢’?) —4a'*e*e?cos’0

= (Q2--e?=(+ e —4e*? cos’ O
= 4- 4(e +e’?) =—4e%e”? cos’ 0
= 1-(P+e?)=—*?cos’ 0

29_ €2+€/2—l
= cosh=| —5—

e‘e
Jet+et -1
= cosf="—-—7—
ee

Let the point of concurrency be (4, k).
The equation of the normal to the given ellipse at (x’,

V) is
2 2
a ,x b ,y 2
X y
which is passing through (%, k). So
2 2
ah bk _ 2y ()
X y
2
Also, the point (x")") lies on —-+ Z—Z =1.So
a
’2 72
X y .
+ =1 ...
Z (i1)

On simplification, we get

—(@* =) X+ 2d%(a® — PO + (. )X
2a*(a® - bYhx' + a®1* =0
which is a bi-quadratic equation. So, it has four roots,
say X, X5, X3 and x,.
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18.

19.

2ha®

Then x +x,+ X3+ xy=————
(a®-b)

and x50, = @

1 1 1 1 XXX
NOW, _+_+_+_:&
X Xy Xy Xy XXpXXy
_2(a’-b%)

a’h

Hence, the value of

1 1 1 1
q+x+x3+x)| —+—+—+—
X Xy X3 Xy

_ 2hd® (a’-b7)
T2 42 X ;=1
(a”-b") 2ha

2 2
Let the ellipse be x_2 +2

2l

Let P and Q be two points lie on the ellipse whose ec-
centric angles are o and 8 such that 6= o — §3.
Given that the tangents at P and Q are at right angles.

(-2 ~Loo )

=  a*sin asin B+ b? cos acos B=0

But the diameter parallel to the tangent at P will be
conjugate to the diameter CP, then its extremities will
be (—asin ¢, b cos Q).

Thus, d = a*sin®o + b*cos’a

Similarly, d; = a’sin’f + b*cos* B

Now,

d2d? = (a* sin® o+ b? cos® 0)(a” sin” B+ b* cos® )
= (a*sin asin B+ b? cos a cos B
+a*b? (sin ccos B cos arsin )

=0+ a*b? sin’(a— P)
= a’b? sin’@

= dd,=absin 0

Hence, the result.

x2 y2 2 2
Given conics are —2+—2=4 and —2+y—2:1.
a b a b
Y
X
X'A%h,k)

20.
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The equations of tangents at P and Q are

X .
—cosa+lsm o=1
a

and > cos B+ 2 sin B=1
a b

On solving, we get the point of intersection 4, i.e.
ol #37) ()
A= 2 2
cos (“—ﬁ) COS(HJ
2 2
2 2

PR
2

. . . X
Since the point 4 lies on — +-5=4,s0

w(23?) (")

)
-l
= cos((x_ﬂ):il
2 2

.. The equations of the normals PR and QR are
ax sec o.— by cosec o= a* — b*
and ax sec B— by cosec B=d* —b*

On simplification, we get
1
ﬁ){cos (o+ pB) - 5}

ax o+
:icos(
a’-b*
by . (a+ ﬁ){ 1}
=xsin cos (o+ P)+—
a’-b? 2 (e+ By 2

Squaring and adding, we get

ax Y N by :
2B 2 -1

= cos’(a + B) +%—cosz(a+ B)

= P+’ 2=%(az - b?)?

Hence, the result.
Let the circle

¥y +2gx+ 2/ +c=0 ()
2 2
intersect the ellipse —+—=1,
P a*>  b?

ie. VXP+dy=db ...(ii)
in four points (x;, y1), (X5, ¥2), (x3, ¥3) and (xy, yy), re-
spectively.

It is given that, one point (x,, y;) = (4, k) is fixed and
other two points (x,, y,) and (x3, y;) are extremities of a
diameter of the ellipse.

Since ¢ and 7w + @ are the eccentric angles of the ex-
tremities of diameters of ellipse,
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So, (x,,y,) =(acos @, b sin @)
and (x5, y3) = (—a cos ¢, —b sin ¢)
Thus,x; +x, +x3=handy, +y, +y; =k
Now, from Eq. (i), we get
X +y?+2gx+2fp+c=0
a*x* + a*y? + 2gaPx + 2faty + abc =0
a*x* + a*y? + 2gaPx + aPc = 2fa’y
(@2 + a + 2gaPx + dPe)? = 4f%d?
(@*x* + a®b* — b°x* + 2ga’x + a’c)?
= 472a%(a?b? — b*x?)
= (> -+ ddPg(@ - PP + o + P+ y=0
where o, 8 and yare constants which is a bi-quadratic

equation.
Let x, x,, x5 and x, are its roots.

L

2

S X+ x,+ x;+ X, 4ga
o, ==
1 2 3 4 (az _ bz)
2
P
(a”=b%)
4 2
(a”=0b%)
2
Similarly, y4= —m -k
Since, (x4, y,4) lies on the ellipse, so
i + y_‘% =1
at b
2 2
4gat2 4fb2
_az—bz_h _az—bz_k
=4 g + 5 =1

16a*g> 8gh 166 12

= + +
@=b? -1 (b
8k W K
G
2g¢%a° 21%b?
= ———4gh+———fk=0
@b & @b Tk
2g%d® + 17b?)
= thgh—szo

= 2Ad + ) = (gh— )@~ b)
Hence, the locus of the centre (—g, —f) is

2(x%a +y*b?) = (hx — ky)(a* — b?)
= 2d*+ ) = (& — bP)(hx — ky)
Hence, the result.
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Integer Type Questions

1. The equation of the tangent to the ellipse is

X N y _
3sec® 2cosec

Now,
A=ar AOAB

=l><3sec0><2cose09= -
2 sin 20

Minimum area of the triangle = 6 s.u.

. Wehave F|, =(2,0) and F, = (-2, 0)

Now, 4 = ar(APF|F,)

: \/gcose sinf 1
== 2 0 1

2
-2 0 1

=%(4 sin ) =2 sin 6

Hence, the maximum value of 4 is 2 s.u.

. Given ellipse is 16x% + 11y? = 256.

x2 2
Y 1

—_—— =
16 (16/4/11)°

The equation of the tangent to the given ellipse at

(4 cos @ isin (pj is
s \/ﬁ
xXcos@  ysing@ .
+ = @
4 aenl @

which is also a tangent to the circle
¥+yP-2x—15=0

= (x-1)*+)y*=16

So, the length of the perpendicular from the centre to

the circle is equal to the radius of a circle.

(cos (pj 1

4
\/coszgo N sinzq)
16 256/11

2 2 .2
(cos<p)_l _1g| o7 , sin"e
4 16 256/11

=4

=
2
= (COS ¢_ 288 4 + 1] = COSz(p + Hsinzgo
16 4 16
= 4cos’p+8cosp—5=0
= (2cos@p-1)2cosp+5)=0
= (2cosp-1)=0
1
= = —
cos ¢ 5
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10.

. Given curve is

_nsn
¢ 6" 6
Hence, the number of values of ¢ is 2.

. The required area of a parallelogram is made by the

tangents at the extremities of a pair of conjugate diam-
eter
=4ab

= 4><3><l
4

=3s.u.

2 2
G .
a-10 4-a

(4—ax®+(a—10)* - (a—10)(4—a)=0
which represents an ellipse, if #* —ab <0
= —(4-a)(a-10)<0
= (a-4)(a-10)<0
= 4<a<l10
Hence, the number of integral values of a is 5.

. Given ellipse is

x2+4y2=4
2 2

L XY,
4 1

Let 4 be the area of the rectangle.
So, A= (4cos 0)(2sin 6) =4 sin (26)
Thus, the greatest area of the rectangle is 4.

. Given ellipse is 9x* + 16)? = 144

2 2
X_ + y_ = 1
16 9
Hence, the value of
PF,+PF,-2=2a-2
=8-2
=0
Clearly, (S,F)) - (S,F,) = b*=3
The minimum length of the intercept of the tangent to
2 2

the ellipse ;C—6 + % =1between the axes=a+b=7.

The equation of the normal to the ellipse is

ax by _p

a’—b?
X N
o 1% 2% 6995
13cos@ 5sin@
I S
cos® sinf

which is passing through (0, 6). So

0- .30 =144
sin 6

- _5 =24
sin O

Coordinate Geometry Booster

= sinf= 2
24

= @=27—sin"! (i) 7T +sin! (ij
24 24

Also, y-axis is one of the normals.
Hence, it has three normals.

Previous Years’ JEE-Advanced Examinations

1. Given line is
9
xX=—=
2
= 2x+9=0

Let the point be P(h, k).

2 2x -9
Given +/(x +2)> + Zz—x(—)
iven 4/( ) +y 3 7

2
(x+2)2+y2=ix(ﬂj

=
9\ 4
= (x+2)2+y2=é><(2x—9)2
= 9(x+2°+)y)=2x-9)
= 9 +)P+4x+4) =4 - 36x + 81
= 52+97+72x-55=0

which represents an ellipse.
2. Clearly, 1 + 4 1>0
9 4

= P lies outside of E.
Also, 1 +4-9=-4<0
=  Plies inside C.
Thus, P lies inside C but outside FE.
2 2
3. Given ellipse is =z + s =1

So, F,=(ae, 0)and F, = (—ae, 0)
Let P be (a cos 6, b sin 0)

Then
ar(APF\F,)
. acosf® bsinf 1
=—| ae 0 1
2

—ae 0 1
1 .
=E><2ae><bsm9

= abe X sin 0
Maximum value of 4 = abe
2
b

2
a

N

=ab
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2 2
4. Given ellipse s -+ RN

9

N

Foci=(iae,0)=(i4- 0 =(++7,0)
4

Radius of a circle = /7+9 = «/ﬁ =

2 2
5. Givenellipseis — +=5=1
p 2 B2

The equation of the tangent to the given ellipse at
P(a cos 6, b sin 0) is

Ecos (V] +Zsin 0=1
a b
Now,
OM=d
-1
B I s U S B
cos’6 + sin’6
a? b?
1 cos’0  sin’0
- ?_ a’ b?
Now,
2 2,2
4a* (1 - %) =447 - 4‘;2[’
2 .2
a5 0
a

=4a* — 4b? cos’0— 4a’sin*0

= 44*(1 — sin’6) — 4b*cos*6

= 4a’cos?0 — 4b*cos> 0

=4 cos’6(d’ — b?)

=4 cos’6(a’e?)

= (2ae cos 6)

= [(a + ae cos 6) — (a — ae cos 6)]

= (PF, - PF,)*
6. Given ellipse is
K +4yt=4
2 2
= X, yT ~1 -..(0)
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The equation of the tangent to the ellipse (i) is

%cos@+ysin9=1 ...(11)
The equation of the 2nd ellipse can be written as
2 2
Xy
Z 42 ...(1i1)
6 3

Let the tangents at P and O meet at A(h, k).

So PQ is the chord of contact.

The equation of the chord of contact of the tangents
through 4 is

hx  ky .
? + ? =1 cee (lV)
Since the equations (ii) and (iv) are identical, so
ho K
6 __3 _y
cos6 sinf
2

= h=3cosb,k=3sinb
Now, squaring and adding, we get

W +k=9
Therefore, the locus of 4 is
x>+ y2 =9
2 2
which is the director circle of ? + y? =1.

Thus, the angle between the tangents at P and Q of the
ellipse x> + 2)% = 6 right angle.

2 2
x° oy
=1

. Let the ellipse be — +
a b

B=(0, b), F=(ae, 0) and F’ = (—ae, 0)
It is given that, FBF’ is a right angle. So
FB*+ F'B*=(FF')
a’e’ + b + a’e’ + b = da’e?

=
= 2d%d" =2p
= del=bv=d(1-¢&)
=  dd=d-a
= 2dP=d
= 2=1
= 2=l
2

= e=—b

V2
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8. Ans. (¢)
Given ellipse is

16x2 + 25y* = 400

2 yz
25016
Now,
PF, + PF,=2a
=10
2 2

9. Givenellipse is — +-5=1
a” b

s,
N

Let P lies in the first quadrant.
So P=(acos 6, bsin 0)
The equation of the tangent at P is

fcos@+%sin6=l

a
-1
NOW, ON =
cos>6 + sin’0
a’ b?
_ ab

\/azsin29+ b*cos’0

The equation of ON is

£sin 9—10059=0
b a

and the equation of the normal at P is
ax sec @ — by cosec =a’ — b°

a’-b?

So, OL =
a’sec’0 + b*cosec’0
_ (a*—b*)sin Bcos O
a’sin’0+ b*cos>0
Now, NP = OL
(a2 - bz) sin 6 cos 6
= NP=

a’sin’0 + b’cos>6

10.

Coordinate Geometry Booster

Therefore, ar AOPN = % X ON x NP

1 ab(a® —b*)sin 6 cos 6
2 a’sin’0 + b*cos’6
1 ab(a® —b*)
2" g*tan 0 + b cot O
2 2 2 2
1 ab@-b") _ (@’ -b?)

2ab 4

0|

b
at tan 0 = —
a

Thus, the point P is

a’ »*
a’+b? ’ a’+b’
By symmetry, we have four such points.

2 2
Thus, + a ) + b
\/a2 +b° \/a2 +b°

Given ellipse is 4x> + 9y* = 1 ...(0)
Differentiating w.r.t. x, we get,

8x+18y-j—y=0
x

y_ & _ &
dx 18y 9y

Since the tangent is parallel to 8x =9y, so

A 8
9 9
x 2
= @ ——=—
y 1

= x=-2.
Put x =2y in Eq. (i), we get
= 4HHH+9°=1

= 257°=1
1

2
= =—
Y705
1
= =+—
TS

1 2
when y:ig, then x=F—

Hence, the points are (—g, l) and (2, —lj .
5°5 55



Ellipse

I1.

12.

Let the co-ordinates of P be (a cos 6, b sin ) and of O
be (a cos 6, a sin 0) respectively.

Y

N

oR

|

Y

Let R(h, k) divides PQ in the ratio 7 : s.
_s(acosB@)+r(acosf)

Then h acosf
r+s
and k:s(b51n9)+r(a51119):(ar+bs)sm0
r+s r+s
Thus, ﬁZCOS Q,M:sine
a (ar + bs)

Squaring and adding, we get

h . (r+s)?
a’ (ar+bs)2

Hence, the locus of R(4, k) is

1

ﬁ N (r+s)*y* _

a’ (ar + bs)2
which represents an ellipse.
Any tangent to the ellipse is

X osO+Lsing=1 ()
a b

Its point of contact is P(a cos Oc b sin 6) and its slope

is 2ot 6. Also the focus is S(ae, 0).
a

Any line through the focus S and the perpendicular to
tangent (i) is

y—O:%tanO(x—ae) ...(ii)
Also the equation of CP is
y—0=%tan9(x—0) ... (i)

Eliminating 6 between Eqgs (ii) and (iii), we get
2 p—
[ a_2 J ( X aej _1
b X
(x - ae) [ b? J
= =l
X a

a
= x=—
e
Hence, the result.
2 2
13. Given ellipse is Sl
9 5
Y

0
Y
2
Now, e= l—b—z— 1—§=%
a 9 3

Now, the the tangent at L is
X

9 5

= —+2—=

X Yo

= o3

Thus, P= (% o) and S = (0, 3)

Therefore,
ar(quad PORS) = 4 x ar(AOPS)
=4xlx2x3
2 2

=27 s.u.
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14. Any tangent to the ellipse

TeosO+Lsing=1

a b
Let it meet the x-axis at 4 and y-axis at B. Then the co-
ordinates of 4 and B are

A=[—% 0)and B=[0,-L
cos 0 sin 6

Let M(h, k) be the mid-point of 4B.

Then 2k = and 2k = ,b
cos sin
= h= a al __b

k=—
2cos @ 2sin O
= cos@ziandsinez—
2h

Squaring and adding, we get

a* b*
—_— =
4R 4k?
2 2
a b
A
Hence, the locus of M(h, k) is
2 2
a” b
AT

15. The equation of any tangent to the given ellipse is

y=mx+\/25m2+4 ()

Y
0
B(0]2) SM
P
Y
Hence OM =4
R m.0—0+\/25m2+4|_
\/m2+l ‘
J25m + 4
= —| =
w/m2+1

=  Q5m*+4)=16(m*+1)
= 9m’=12
= 3m’=

H+

Sle Gle ™

= m=

(- m<0)

16.

17.
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Thus, the equation of the common tangent is
7

This tangent meets the co—ordinate axes in P and Q re-

spectively.
So, P=(24/7,0)and 0= ( 4&9

x+4

112 [84+112 _ [196 _ 14
LengthofPQ = ,(28 + — T3 T3 ﬁ

2 2
Given ellipse is — +=—==1
a b

The equation of any tangent to the given ellipse at P(a
cos 0, b sin 0) is

= £cosQ+Xsin9:1
a b

X + y
asec® bcosecO

Y

S

Y

Here, A = (a sec 6, 0) and B = (0, cosec 6)
Thus,

1
ar(AOAB) = >< asec O xbcosecb
_ab
|sin 26|
: 1
> ab, [ lsin 26 <1= 20 > 1)
Given ellipse is
X H4yt=4
2 2
4 1
LI

eiiae
7




Ellipse

18.

2
Thus, e = P /1—1=£
V2 4 2

Foci:
S = (ae, 0) = (+/3,0)
and S’ =(—ae, 0)=(-+/3,0)

End-points of locus recta:

e
and L'= (ae, %) _ (_\/5’ %j
Thus, P = (ﬁ, —%) and 0 = (_\/53 _%)

As we know that, the focus is the mid-point of P and Q.
Thus, the focus of a parabola is (0, —%) .

and the length of PQ = 243

3

Now, 4a=2\/§:>a=7

Thus, the vertices of a desired parabola

forpeefo-ie)

Therefore, two desired parabolas are

or
2 1 ﬁ)
=23l y+-—-2
* [(y 2 2
= X=23y+(3+3)
or

?=-23y+(3-3)

Given ellipse is

X +97%=9
2P
= —+—=1
9 1
The equation of the auxiliary circle is
¥+y*=9 (i)
and the equation of the line 4B is
= Z4+2-
3 1

x=3(1-y)

19.
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Y
! B(0, 1)
X 5 X
ANN 0 14(3, 0)
Y

Put x =3(1 —y) in Eq. (i), we get
91 -y +y*=9
932 -2p+1)+)?=9
100218y =0
52-9y=0

9
y=0, 3

. .9
Thus, the y co-ordinate of M is 3

LU

Now,
1
ar(AOAM) = > X OA x MN
1 9

=—X3x—
2 5
2
10
Given ellipse is x*> + 4> = 16
2 2
- XLV )
16 4
Y

-
N

Y

Let the co-ordinates of P be (4 cos 6, 2 sin ).
The equation of the normal to the given ellipse at P(4
cos 0, 2 sin 0) is
4x sec O— 2y cosec O=4>—22
=  4xsec 6—2ycosec =12
= 2xsec 8—ycosec 6=06
So, the point O is (3 cos 6, 0).
Let M(h, k) be the mid-point of PQ. So

h=7%seandk=sin0
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2
LEI
9

Hence, the locus of M(#, k) is

4x2 2
—+y =1
49 7

The equation of the latus rectum of (i) is

x:iae:i4xg:i2x/§

Put x=+2/3 in Eq. (ii), we get

, . 48 1

49 49

= y=%

|~

. . 1
Hence, the required points are (i 243 , i;) .

Y
2 2
20. Given ellipse is -+ yT =1

Hence AB is the chord of contact. So

W
9 4

x_ A
9 4

1

X
3 y

Solving Egs (i) and (ii), we get

9 8
A—(—g,g),B—(S,O)

21. The equation of the altitude through 4 is

y=§

and the slope of 4B is —%

The equation of the altitude through P is
y—4=3(x-3)

. (ii)

(i)

.G

(i)

22.

23.

Coordinate Geometry Booster

Solving Egs (i) and (ii), we get

x:_ayzg

Hence, the orthocentre is (%, g) .

Let the point be M(x, y).
It is given that PM = Length of perpendicular from QO to

AB
x+y—4
= Ja-»+p-a? =1
l2
—| +1
3
=  10((x-3P2+(-4)%)=(x+3y-3)
= 10(x*+)?—6x—8y+25)=(x+3y—3)
= 10(x*+)? — 6x— 8y +25)

=x>+ 97+ 9+ 6xy—6x— 18y
= Ol +)*—6xy—54x—62y+241=0
Equation of ellipse is
G+2)y-2)+Ax+3)(x-3)=0

Y
B0.4) ¥
53,2 P(3,2)
X \ C / X
R(=3,> 0G,-2)
Y
which is passing through B(0, 4). So
6X2+A-9)=0
= 9A=12
= a=2
3

Thus, the required ellipse is
(P -+ 56 -9)=0

= 307-4)+4(x>-9)=0
= 4x*+3°=48

2 2
X Yo
12 16
Thus, e = 1—2—l
us, 6 2



Ellipse

2 2
24. Given ellipse is vy + y? =1

when x = A, then

Thus, the points P and Q are

(1 L1737 Jana [ L7

Let the tangents at P and Q meet at R(x}, 0).
Therefore PQ is a chord of contact. So

=2
X
4
= X ==
h
Now, A(h)=area of APOR
:% X PO X RT
—%x%wa—hz X (x,— h)
2
= A’(h)=@x 412 h
which is always decreasing.
A, =Maximum of A(h) = 45:5 at h =%

A, =Minimum of A(h) = % ath=1

25.

26.

27.
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Therefore,
8 aga, =8 d5 g9
NG 580
=45-36
=9
Clearly, the point P(h, 1) lies on the ellipse. So
2
h_+l:1
6 3
h? 1 2
= Z=1--==
6 33
2
= h—=2
2
= k=4
= h=%2
Now, the tangent at (2, 1) is
= 2—x+1:1
6 3
_+Z:1
3 3

= x+ty=3

Hence, the value of / is 2.

The equation of P, is y* — 8x=0and P, is y* + 16x =0

Tangent to y? = 8x passes through (—4, 0)

0=m(-4)+ 2
m

1
— =2
m
Also, tangent to y + 16x = 0 passes through (2, 0)

0=myx2——
m,

2_
my=2

1
Hence, the value of | —+ mfj

my
=2+2
For the given line, point of contact for
2 2 2 42
B (2.2
a 3°3

2 2 2 2
and for Ezzx—2+y—2= lis (B—,A—)
B° 4 3
Point of contact of x + y = 3 and the circle is (1, 2)

Also, the general point on x + y = 3 can be taken as

[5e)
22

where r =——
3
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So, required points are (l, §) and (E, i)
3'3 3°3

Comparing with points of contact of ellipse
a*=5,B*=8and b’ =4,4>=1

ee ——7andez+ez—£
TodioT T P 40
28. (i)
Y
A
M
X - /- > X
F O\ P
N
Y
Y

1
Here, e= 3 F=(-1,0),F,=(1,0)
The given parabola is y* = 4x

Thus, M=@,£j andN:@,_Jg)

Coordinate Geometry Booster

For orthocentre: One altitude is y = 0 (MN is per-
pendicular)
Other altitude is

=6 =(x-3]

Hence, the orthocentre is (—%, Oj

(i) Equation of tangent at M and N are
x V6 _
6 8
Thus, R is (6, 0)
Equation of normal at M is

B =L (x-2)

2

1

Thus, Q is (%, 0)

1 5 56
AMQOR)=—X~J6 X —=——
ar(AMOR) =7 Vo 27 4
ar(MF NEy) = Y8 | 36 _ 46
2 2 2
NN
Ratio=——i1——=—
4 2 8



CHAPTER

ConcerT BooSTER

1. InTRODUCTION

The word ‘hyperbola’ has ben derived from the Greek lan-
guage meaning ‘over-thrown’ or ‘excessive’, from which the
English term hyperbole is also derived. The term hyperbola is
believed to have been coined by Apollonius of Perga (c.262—
¢.190 BC), who was a Greek geometer and astronomer noted
for his writings on conic sections. His innovative method-
ology and terminology, especially in the field of the conic
sections, the conics. According to him, hyperbola, the incli-
nation of the plane to the base of the cone exceeds that of the
side of the cone

2. MatHemATicAL DEFINITIONS

Definition 1

It is the locus of a point which moves in a plane in such a way
that its distance from a fixed point (focus) to a fixed straight
line (directrix) is constant (> 1), i.e.

Z|(Directrix)

Definition 2

A hyperbola is a conic section defined as the locus of all
points P in the plane, the difference of whose distances from
two fixed points (the foci S and §’) is a constant,

Hyperbola

ie. SP—SP=2a

A

Definition 3
A conic section is said to be a hyperbola, if its eccentricity is
more than 1, i.e. e> 1.

Definition 4

A conic
ax*+2hxy + by +2gx + 2fy + ¢ =0
represents a hyperbola if

() A%0
(i) K —ab>0,
a h g
where A=h b f
g f ¢

= abc + 2fgh — af* — bg® — ch?
Definition 5

The section of a double right circular cone and a plane is said
to be a hyperbola if the plane is parallel to the axis of a double
right circular cone.
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Definition 6

Let z, z, and z, be three complex numbers such that
|ZiZ|| - |Zizz| :k7

where k< |z, —z|

Then the locus of z is known as a hyperbola.

5'7/1' 2a| A NED)

3. Stanparp EquaTion ofF A HypPErBOLA

Y

<

)

N

Y

Let ZM be the directrix, S be the focus and SZ be the per-
pendicular to the directrix.

From the definition of hyperbola, we can write

S4=eAZ ...(1)

and SA'=ed’Z ...(i)
Let the length of A4” = 2a and C be the mid-point of 44".
Adding Egs (i) and (ii), we get

SA+ SA" = e(AZ + A’Z)

= (CS—CA)+ (CS+ CA)=e(AZ + AA" — AZ)
= 2CS = e(4A") = 2e

= CS=ae ...(111)
Subtracting Eq. (i) from Eq. (ii), we get
(SA"—SA)=e(A'Z - AZ)
= AA’ = e((CA" + CZ) — (CA — CZ))
= 2a=e-2CZ
— C7 = g ...(1v)
e

Let P(x, y) be any point on the curve and PM be the
perpendicular to the directrix.
Now from the definition of hyperbola, we get,

SP?=¢? - PM 5
= (x—ae)z-i-yz:ez[ef/;za] =(ex—a)2
e
= X2 —2aex + a’e® + y* = (e2x* — 2aex + a?)
= xX(e-1)—y*=d* (- 1)

Coordinate Geometry Booster

x* (2 -1) 3 y2

= =
a*(@-1) a**-1
2 2
- L2,
a b

where, b’ = a’(e* — 1)
which is the standard equation of a hyperbola.

4. DeriniTion AND Basic TERMINOLOGY OF THE

2 2
X
HvpersoLa -2 =1
a_ b

(i) Centre: C(0, 0). All chords passing through C and are
bisected at C.

(ii) Vertices: A(a, 0) and 4’(-a, 0)
(iii) Co-vertices: B(0, b) and B'(0, —b)
(iv) Transverse axis: 44" = 2a

(v) Conjugate axis: BB’ =2b

2

(vi) Eccentricity: e= 1+a_2
(vii) Latus rectum: Any chord passing through the focus

and perpendicular to the axis is known as latus rectum.
2

The length of the latus rectum = — .
a

(viii) End-points of a latus recta: Let LL" and L L) be
two latus recta pass through the focus S(ae, 0) and
S’ (~ae, 0).

2 2

Then, L[ae, b—j ; L'[ae, —b—J;
a a

b

(ix) Equation of the latus recta: x = +ae
(x) Co-ordinates of Foci: S(ae, 0) and S’(—ae, 0)
(xi) Distances between two foci (Focal length): 2ae

.o . . . a
(xii) Equation of directrices: x =+ —
e

2
(xiii) Distance between the directrices: =
e
(xiv) Focal distances
SP=ex—aand SP=ex+a
(xv) |S’P—SP|=2a
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K

s S

(xvi) Diameter: Any chord passing through the centre of the
hyperbola is known as the diameter.
(xvii) Focal chord: Any chord passing through the focus is

called the focal chord.
i N

Q

Y

(xviii) Auxiliary circle: Any circle is drawn with centre C
and the transverse axis as a diameter is called the aux-
iliary circle.

The equation of the auxiliary circle is given by

x2+y2:a2
Y
Ax

Y

y

(xix) Parametrics equations: Let the auxiliary circle be
x*+y?*=a?and U (a cos @, b sin @) be any point on the
auxiliary circle.

>
<
o

>*
S
~
=
)

2 2
X
Let P(x, y) be any point on the hyperbola — —Z—z =1.
a
Draw PN perpendicular to x-axis
Let NU ba tangent to the auxiliary circle.

6.3

Join NU.

Let LZUCN = ¢

Here P and U are the corresponding points of the hy-
perbola and the auxiliary circle and ¢ is the eccentric
angle of P, where 0 < ¢ <2m.

Now, U= (a cos ¢, a sin ¢)

Also, x=CN =ﬂ-CU =a.sec
CcU

Thus the co-ordinates of P be (a sec ¢, y).
Since the point P lies on the hyperbola, so

2.2 2
asec’ @ y

a* b*
2
2 Yy
= sec (p—b—2—1

=1

2

;—2 = secz(p—l = tanz(p
= y'=btan’p
= y=+btang
= y=btang
(since P lies in the first quadrant)

Hence, the parametric equations of the hyperbola are
x=asec @andy=btan @.

(xx) Any point on the hyperbola can be considered as (a sec
@, b tan ¢).

(xxi) Eccentric angle: If two points P(a sec ¢, b tan @) and
U(a cos ¢, a sin ¢) are the corresponding points on the
hyperbola and the auxiliary circle, then ¢ is called the
eccentric angle of the point P on the hyperbola, where
0<op<2m

(xxii) Conjugate hyperbola: Corresponding to every hyper-
bola, there exists a hyperbola in which the conjugate
and the transverse axes of one is equal to the transverse
and the conjugate axes of the other. Such types of hy-
perbolas are known as the conjugate hyperbola.

The equation of the conjugate hyperbola to the
2 2

hyperbola x_2 —y—2 =1is
a” b

Z 2



6.4

\S(Focus)

N

B Conjugate axis

X-
B
/ Asymptote

Transverse axis

It is also known as vertical hyperbola.
(xxiii) Rectangular or equilateral hyperbola: If the semi-
transverse axis is equal to the semi-conjugate axis of
a hyperbola, i.e. a = b, then it is known as the rectan-
gular hyperbola or the equilateral hyperbola.

\/
N

The equation of a rectangular hyperbola is
-y =d.

Clearly its eccentricity (e)

2 2
:4}1+b—2:,/1+a—2:\/1+ =2
a a

(xxiv) Equation of a hyperbola whose axes are paral-
lel to the co-ordinate axes and the centre (h, k) is

(x=h>? (y=k)
a’ - b?

where the foci are (4 £ ae, k) and the directrix is

7

= &
)

:1,

~

(xxvi) Equation of the chord joining the points P(¢, )
and QO(¢,): The equation of the chord joining the
points

P(asec ¢, b tan @) and Q(a sec ¢,, b tan @) is

X cos ((P1 ‘sz ZSIH((PI (Pz) o (‘P1 ‘sz
a 2 b 2 2

Coordinate Geometry Booster

(xxvii) Condition of a focal chord: The equation of
the chord joining the points P(a sec ¢,, b tan ¢,)
and Q(a sec @,, b tan @) is

P t+o
2

Ecos((pl ‘Pz) Zsin(‘Pﬁ“Pz)
a 2 b 2

which is passing through the focus S(ae, 0). So

2
cos((pl _(Pz)
2 1
= ==
cos(%"“l’z) e
2
cos((pl —(Pz)_cos(‘l’l +‘Pz)
2 2 l1-e
= =
((pl—goz) + l+e

(xxviii) Condition of a focal chord with respect to
eccentricity (e): As we know that if the chord
passing through the focus, then

ecos((pl (Pz) (‘Pl ‘sz
2 2

= ex2sin(¢]+¢2jcos((pl_(pzj
2 2

_9 sin[qol +¢2)cos((pl +(P2j
2 2

N e X (sin @, +sin @,) = sin (@, + @,)

_ sin(@, +¢,)

(sing, +sing,)
which is the required condition.

(xxix) Rule to find out the centre of the hyperbola
If fix, y) = 0 is the equation of a hyperbola, the
centre of the hyperbola is obtained by the rela-

. 1)
tion 5—f= and of
dx dy
Let

fx,y)y=ax*+2hxy + by + 2gx + 2fy + ¢ =0
be the equation of a hyperbola.

=

=0.

Now, 6f =0
= 2ax+2hy+2g=0
= ax+y+g=0 ...()
and 5f =0
6y
= 2hx +2by +2f=0
= hx+by+f=0 ..(11)
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Solving Eqgs (i) and (ii), we get the required
centre.
(xxx) Polar form of a hyperbola
The equation of hyperbola is
RS
at b
Putting x =7 cos @ and y = r sin 0, we get
1 cos’0 3 sin’@
) ) »2

2 a’b? a*(® -1

= r = =
b*cos’0—a’sin’0  (e*cos’O—1)

(xxxi) Polar form of a hyperbola if centred at focus

The equation of a hyperbola is
2 2
X
S-2r=l
a b
If centred C(0, 0) at the focus (ae, 0), then the
polar form of the hyperbola becomes

_ a(e2 -1)
1—ecosO

| aj?(w

(xxxii) Polar form of a rectangular hyperbola
The equation of rectangular hyperbola is
Xy =a
Putting x = cos @ and y = r sin 6, we get,
r*cos20=a’

5. Position oF A Point witH Respect 1o A HYPERBOLA
Y

Exterior|region

Interior region
X

0] . X .
Interior region
Y
The point (x,, y,) lies outside, on or inside the hyperbola
2y
— —<5 =1 according as
at b &
2 2
A 1<0,=0,50
a” b

6.5

6. InTersectioN oF A Line AND A HYPERBOLA

Y

X
22
Let the hyperbola be —- —b—2 =1 (1)
a
and the line be y = mx + ¢ ...(11)
From Egs (i) and (ii), we get
x* (mx+c)?
-7 =1
a b
= b — a*(mx + ¢)* = a*b?
= (@*m? — bY)x* + 2mcea’x + a*(b* +¢*) =0

Now,
A = 4m*c*at — da*(a*m* — bY)(b* + ?)
= 4(m*c?a* — a'm?b* — a*m>c? + a*b* + a*b*c?)
= 4(—a*'m*b* + a*b* + a’b*c?)
=4a’b*(b* + ¢* — a*m?)
(i) The line y = mx + ¢ will never intersect the hyper-
bola, if
D <0
= A<dm*-b
(i) The line y = mx + ¢ will be a tangent to the hyper-
bolaif D=0
= JA=dm*-b
This is known as the condition of tangency.
(iii) The line y = mx + ¢ will intersect the hyperbola in
two real and distinct points, if
D>0
= A>dm*-b?
(iv) Any tangent to the hyperbola can be considered as

y=mx+\/a2m2—b2.

(v) Co-ordinates of the point of contact.
If the line y = mx + ¢ be a tangent to the hyperbola
2 2

X . . .
GNP SN , the co-ordinates of the point of contact is

2 2
a- b

2 2
g am b
C C

which is also known as m-point on the hyperbola.

(vi) Number of tangents: If a point lies outside, on
and inside of a hyperbola, the number of tangents
are 2, 1 and O respectively.

(vii) If the line Ax + my + n = 0 be a tangent to the
2 2

Xy
hyperbola — —=— =1, then

a’lP — b*m? = n?
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7. Dirrerent Forms oF TANGENTS

(1) Point form: The equation of the tangent to the hy-
2 2
Xy . .
perbola a—z—b—z =1 at the point (x,, y) is

m oM
a b
(ii) Parametric form: Equation of tangent to the hyper-

2 2

bola z—Z—Z—zzl at (a sec ¢s b tan @) is

Bl sec o P4 cosecp =1
a b

(iii) The point of intersection of the tangents at P(6) and
2 2

O() on the hyperbola 2_2_;)}_2 =1is
acos(e —_ (p) bsin(eﬂp)
2 2
COS(M)
2
(iv) Slope form: The equation of the tangent to the hyper-

2 2

bola x_z_y_z =1 in terms of the slope m is
a b

y= mx+~a*m® —b*

of the point of contact are

The co-ordinates
2 2
[ L am i+ b ]
\/a2m2 -b? \/012m2 -b?
(v) The equation of the tangent to the conjugate hy-

2 2

perbola x—z—y—zz—l is
a b

y=mx+b* —a’*m?

The co-ordinates of the point of contact are

a’m b*
+ ,+
\/b2 —a’m? \/b2 —a’m?
(vi) The line y = mx + ¢ be a tangent to the hyperbola
2 2
x° oy .
——==1,if
2 b
2= a’m? — b2
(vii) Director circle: The locus of the point of intersec-
tion of two perpendicular tangents to a hyperbola
is known as the director circle of the hyperbola.
The equation of the director circle to the hyper-

2 2

x°y .
bola ——=—==11is
a’ b

x2+y2:a2—b2

The equation of any tangent to a hyperbola is

y= mx+~a*m* —b*.

Coordinate Geometry Booster

; N

Y

Let it passes through the point (4, k).
Then,

k= mh+a*m* - b*
= (k-mh)? =(a*m® -b*)?
= 2+ mPh? - 2kmh = a*m? - b?
= (PP —-a)m?®—-2khm+ (K +b*) =0
It has two roots, say m, and m,. Then
K2 +b?

h-a?

ml 'm2 =

I + b

- W —a* =

= kBP+bhP=-hr+a

= W+ =a-b

Hence, the locus of (4, k) is
X2 +y2 =2 b

Notes
2 2
1. The director circle of a hyperbola x_2 - ;—2 =1 exists
a
only when a > b.
2. If a < b, the equation of the director circle x* + ? =
a? — b* does not exist.

3. The equation of the director circle to the conjugate
2 2

Xy .

hyperbola ——=—=-1 is

yp 2P
x2+y2=b2—a2

It exists only when b > a.
4. If b < a, the equation of the director circle does not
exist.

(viii) Pair of tangents

P(x1,




Hyperbola

The combined equation of the pair of tangents
drawn from a point P(x,, y,) lies outside of the hy-

2 2 2 2

perbola x_z — z—z =1 to the hyperbola 2—2 - z—z =

a

11is

SS =T°
2
IR E Y =(ﬁ_m_1)
a b a® b a> b

8. Dirrerent Forms oF NoRMALS

Fl F2

(i) Point form: The equation of the normal to the hyper-
2 2

y .
bola a—z—b—2=1 at (x,, ) is
2 2
axX VY _pup
X N

(i) Parametric form: The equation of the normal to the

2 2

hyperbola x—Z—Z}—Z =1 at (asec ¢, b tan @) is
a

ax cos @+ by cot p=a* + b*
(iii) Slope form: The equation of the normal to the hyper-

2 2
bola _2_b_2 =1 in terms of the slope m is
a
_ m(a*+b?)
V=mxF——
a’ —m*b?

The co-ordinates of the point of contact are

2 2
a _ mb
* > F
[ \/az — b2 \/az _p2m? ]

(iv) The line y = mx + ¢ will be a normal to the hyperbola if
2 [ m*(a@® +b*)
CElT 222
(a®—m*b")
which is also known as the condition of the normalcy
to a hyperbola.

6.7

9. CHorp oF GonTacT

If a tangent is drawn from a point P(x,, y,) to the hyperbola
2 2

% —b—2 =1 touching the hyperbola at O and R, the equation
of the chord of contact OR is
o
a b
Y
P
X X
¢ \
Chord of contact
R

Y

10. EaquaTtion oF THE GHorD BisecTeD AT A PoinT

2 2

The equation of the chord of the hyperbola x—z——z
a

=1
bisected at the point (x,, y,) is

SS =1
2
PN EE Y =(ﬁ_m_1)
a’ b’ a® b’ a b
Y
B
\ M(xlayl)
X C X
A
Y
11. PoLe Anp PoLaArR
Y
0 B
4 X

\—————
Polar

Al
/P<

Y

Let P be any point inside or outside of the hyperbola. Sup-
pose any straight line through P intersects the hyperbola at
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A and B. Then the locus of the point of intersection of the
tangents to the hyperbola at 4 and B is called the polar of the
given point P with respect to the hyperbola and the point P is
called the pole of the polar.

The equation of the polar from a point (x,, y,) to the

2 2
Xy P A P A4

hyperbola ——-=—-=11 -

P a> b at b
Properties related to pole and polar

(i) The polar of the focus is the directrix.

(il) Any tangent is the polar of the point of contact.

(iii) The pole of a line Ax + my + n = 0 with respect to the

2 2

. x° oy .
ellipse ——===1is
P a*> b

(iv) The pole of a given line is same as point of intersection
of tangents at its extremities.

(v) If the polar of P(x, y,) passes through QO(x,, y,), the
polar of O(x,, y,) goes through P(x,, y,) and such points
are said to be conjugate points.

(vi) If the pole of a line /x + my + n = 0 lies on the another
line /’x + m’y + n” = 0, the pole of the second line will
lie on the first and such lines are said to be conjugate
lines.

12. DiAMETER

The locus of the mid-points of a system of parallel chords of
a hyperbola is called a diameter of the hyperbola.

Y
P(x1, y1)
\ R(h, k)
C
X A A
“,
)
Y
2 g2
The equation of a diameter to a hyperbola —-—===1is
b2
=——x
4 a’m
Let (4, k) be the mid-point of the chord y = mx + ¢ of
2 2
the hyperbola x_2 - y_2 =1.
a” b
Then, T=S,

xh yk Wk
2 T
b*h
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. . b*x
Hence, the locus of the mid-point is y =——.
am

13. ConJuGATE DIAMETERS

Two diameters are said to be conjugate when each bisects all
the chords parallel to the others.
Y

Y

If y = mx and y = mx be two conjugate diameters,
then,
2
mymy=—
a
Properties of diameters

Property-I

If a pair of the diameters be conjugate with respect to a
hyperbola, they are conjugate with respect to its conjugate
hyperbola also.

Property-11

The parallelogram formed by the tangents at the extremities
of the conjugate diameters of a hyperbola has its vertices ly-
ing on the asymptotes and is of conjugate area.

Property-I11
If the normal at P meets the transverse axis in G, then
SG=e.SP

Also, the tangent and the normal bisects the angle
between the focal distances of P.

Property-1V
If a pair of conjugate diameters meet the hyperbola in P and

P’ and its conjugate in D and D, then the asymptotes bisect
PD, P’D - PD" and P'D’.

14. ASYMPTOTES

Asymptote Asymptote

y=ax




Hyperbola

An asymptotes of any hyperbola or a curve is a straight line
which touches it in two points at infinity.

The equation of the asymptotes of the hyperbola
2 2

x__y_=1 are

a*> b

y=t—x

b
a
As we know that the difference between the 2nd de-

gree curve and pair of asymptotes is constant.
2 2

Given hyperbola is x_z - 2}—2 =1
a
The equation of the pair of asymptotes are
2 2
Z-Z+a=0 ...
a b
Equation (i) represents a pair of straight lines, then
A=0
1 1
= |- |A+0-0-0-1-0=0
a b
= A=0 Ea.
From Eq. (i) we get the equation of asymptotes as —-— b_2 =0.
a
= y= + éx
a
14.1 Important Points Related to Asymptotes
(i) The asymptotes pass through the centre of the hyper-
bola.
(i) A hyperbola and its conjugate have the same asymp-
totes.

(ii1) The equation of the hyperbola and its asymptotes differ
by a constant only.
(iv) The equation of the asymptotes of a rectangular hyper-
bola x* —)? = a* are y = £x
(v) The angle between the asymptotes of the hyperbola

2 2
X s

a* b

2tan”! (2)
a

(vi) The bisectors of the angles between the asymptotes are
the co-ordinate axes.
(vii) No tangent to the hyperbola can be drawn from its cen-
tre.
(viii) Only one tangent to the hyperbola can be drawn from a
point lying on its asymptotes other than its centre.
(ix) Two tangents can be drawn to the hyperbola from any
of its external points which does not lie at its asymp-

totes.
xZ y2 x2 y2
(x) Let H: a—z—b—z—lzo, A: a—z—b—2=0 and
2 2
Xy
C. —=—-=—=+1=0
a b

6.9

be the equations of the hyperbola, its asymptote and its
conjugate, respectively, we can write from the above
equations,

C+H=24

15. RectancuLAr HyperBoLA

A hyperbola is said to be rectangular, if the angle between its
asymptote is 90°.

Thus, 2tan”' (ﬁ) =90°

a
= tan ™! (éj =45°
a
= 2 = tan 45°
a
= b=a
Hence, the equation of the rectangular hyperbola is
X2 — yz =g

The eccentricity (e) of the rectangular hyperbola is

[ 2
e= 1+a—2=ﬁ=\/§
a

16. RectanGuLArR HYPERBOLA XY = ¢2

The equation of a rectangular hyperbola is x> — ? = @? and its
asymptote are
x—y=0andx+y=0,

where the asymptotes are inclined at 45° and 135°,
respectively

If we rotate the axes through an angle of 45° in clockwise
direction without changing the origin, then we replace x by
[x cos (—45°) — y sin (—45°)] and y by [x sin (—45°) + y cos
(-45°)],

i.e. x by (HT)}) and y by (_f/—ztyj
2

Then the equation, x> — )? = & reduces to
(x+yj2 _(—x+yj2 _ 2
V2 V2

= %(ny +2xy) = a’
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Rectangular hyperbola

Properties of rectangular hyperbola
(i) The asymptotes of the rectangular hyperbola xy = ¢* are
x=0andy=0
(i1) The parametric equation of the rectangular hyperbola

xy = c* are x=ctandy=%.
(iii) Any point on the rectangular hyperbola xy = ¢? can be

c
considered as (Ct s ?) .

(iv) The equation of the chord joining the points ¢, and ¢, is
x+ytt,—c(t, +1)=0
(v) The equation of the tangent to the rectangular hyperbola
xy=cat(x,y,)is
xy, txy=c

Coordinate Geometry Booster

(vi) The equation of the tangent at (Ct s ;) to the hyperbola

xy=c’is £+yt=2c~
t
(vii) The equation of the normal at (x,, y,) to the hyperbola
xy=c’is
_ .2 2
XN =IN=X —N
(viii) The equation of the normal at 7 to the hyperbola xy = 2

is
xt—yt—ctt+c=0

17. RerLection ProperTY OF A HYPERBOLA

If an incoming light ray passing through one focus, after
striking the convex side of the hyperbola, it will get reflected
towards other focus.

Y

Levee 1
(Problems Based on Fundamentals)

ABC OF HYPERBOLA

1. Find the centre, the vertices, the co-vertices, the length
of transverse axis, the conjugate axis and the latus rec-
tum, the eccentricity, the foci and the equation of direc-
trices of each of the following hyperbolas.

2 2
N Xy
i) ———=1
@ 9 4
2 2
o X0y
i) ——=——=-1
@ 16 9

(iii) 9x?—16)* —36x +96y—252=0

2. Find the equation of the hyperbola, whose centre is
(1, 0), one focus is (6, 0) and the length of transverse
axis is 6.

3. Find the equation of the hyperbola, whose centre is
(3, 2), one focus is (5, 2) and one vertex is (4, 2).

4. Find the equation of the hyperbola, whose centre is
(-3, 2), one vertex is (-3, 4) and eccentricity is 5/2.

5. Find the equation of the hyperbola, whose one focus is
(2, 1), the directrix is x + 2y = 1 and the eccentricity is
2.

6. Find the equation of the hyperbola, whose distance be-

tween foci is 16 and the eccentricity is V2.

7. Find the equation of the hyperbola,whose foci are (6, 4)
and (-6, 4) and the eccentricity is 2.

8. Find the eccentricity of the hyperbola whose latus rec-
tum is half of its transverse axis.

9. If e, and e, be the eccentricities of a hyperbola and its

. 1 1

conjugate, prove that —+—=1.

2
g &

10. An ellipse and a hyperbola are confocal (have the same
focus) and the conjugate axis of the hyperbola is equal
to the minor axis of the ellipse. If e, and e, are the ec-
centricities of the ellipse and the hyperbola, prove that
el2 + e% =2.

11. Find the centre of the hyperbola

42y —x -3y -92x+y—-1)*=80
12. Find the centre of the hyperbola
3x* -5y —6x+20y-32=0
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13.

14.

15.

16.

17.

18.

19.

20.

Prove that the straight lines
X Y o013and XYoL
a b a b 2013

always meet on a hyperbola.

1+
Prove that the locus represented by x = 3[1 7 ] and

4
y= 7 is a hyperbola.

Prove that the locus represented by x=%(e’ +e ™)
and y= %(e’ —e™") is a hyperbola.

2 2
Y

+
2014—A 2013-4
hyperbola, find A.

If the equation =1 represents a

2 2

If the foci of the ellipse ic_6 + Z—z =1 and the hyperbola

2 2
X Y _ €L coincide, find the value of 5%

144 81 25

If the latus rectum subtends right angle at the centre of

2 2
the hyperbola x_2 - y_2 =1, find its eccentricity.
a

Find the location of point (1, 4) w.r.t the hyperbola
2x?—3)2=6.

If (4, —1) is an exterior point of the curve 4x* — 3y? =
1 such that the length of the interval where A lies is m,
find the value of m + 10.

INTERSECTIONS OF A LINE AND A HYPERBOLA

21.

22.

23.

24,

25.

26.

27.

28.

29.

Find the points common to the hyperbola 25x* — 9y?
=225 and the straight line 25x + 12y — 45 = 0.

For what value of A, does the line y = 3x + A touch the
hyperbola 9x* — 5y* = 457
For all real values

y=mx+9m* —4 is a tangent to a hyperbola, find

the equation of the hyperbola.

Find the equations of tangents to the curve 4x* — 9y? =
36, which is parallel to 5x —4y + 7= 0.

Find the equations of tangents to the curve 9x2 — 16y =
144, which is perpendicular to the straight line 3x + 4y
+10=0.

If the line 5x + 12y — 9 = 0 touches the hyperbola
x?—9)? =9, then find its point of contact.

Find the equation of tangents to the curve 4x* —9y? =36
from the point (3, 2).

Find the number of tangents from the point (1, -2) to
the curve 2x? — 3)% = 12.

Find the equation of the tangent to the curve 3x2 — 4y? =
12 having slope 4.

of m, the straight line
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TANGENT AND TANGENCY

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Find the equation of the tangent to the curve x> —y* — 8x
+2y+11=0at(2,1).

Find the equation of the tangent to the curve 4x* — 3)? =
24 aty=2.

Find the angle between the tangents to the curve
9x? — 16y* = 144 drawn from the point (4, 3).

Find the equations of the common tangent to the curves
2 2 2 2

X X

—2_y_2:1 and —z—y—2=—1 .

a” b b” a

Find the equations of the common tangents to the

2 2 2 2

curves —_y—:1 and x—+y—:1.

9 4

Find the equation of the common tangents to the curves

2 2
. and x? + )2 =9.
16 9

Find the equation of the common tangents to the curves

2 2
y*=8x and Y oy
9 5
Find the locus of the point of intersection of the perpen-
2 2

dicular tangents to the curve XY .

16 9

Find the product of the perpendiculars from foci upon

2 2
any tangent to the hyperbola x_2 - 2}—2 =1.
a

If the tangent to the parabola y* = 4ax intersects the
2 2

hyperbola x_2 - 2}—2 =1 at 4 and B respectively, find the
a

locus of the points of intersection of tangents at 4 and B.

NORMAL AND NORMALCY

40.

41.

42.

43.

2 2
Y

Find the equation of the normal to the curve )lc_6 ——=1

9
at (8,3/3).

A normal is drawn at one end of the latus rectum of the

2 2
Y

hyperbola x_z_b_z =1 which meets the axes at points
a
A and B respectively. Find the area of the AOAB.
Prove that the locus of the foot of the perpendicular
from the centre upon any normal to the hyperbola
P L
— -5 =1is
a* b
(x2 +y2)(a2y2 _ beZ) — (az + bz)zxzyz
2 2
A normal to the hyperbola — — b_2 =1 meets the axes
a

in M and N and the lines MP and NP are drawn perpen-
diculars to the axes meeting at P. Prove that the locus
of P is the hyperbola a’x? — b*? = (a® + b?)%.
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44.

45.

46.

2 2
If the normal at ¢ on the hyperbola x_2 - Z—z =1 meets
a

the transverse axis at G such that
AG - A’G = a"(e" sec? - 1),

where A, A" are the vertices of the hyperbola and m, n
and p are positive integers, find the value of (m + n +
p)*+36.

If the normals at (x, y), i = 1, 2, 3, 4 on the rectangular
hyperbola xy = ¢* meet at the point (o, ), prove that

@) x, +x,+x,+x, =«
(i) y, +y, tyty, =B
(i) X +x3+x3+x;=a’
(V) »i+y3+)5+yi=p

V) x'-x2-x-xt=—ct
(Vi) y, -y, py -y, ==

If the normals at (x, y), i = 1, 2, 3, 4 on the hyperbola

x2 2

— — =5 =1 are concurrent, prove that
a” b
1 1 1

; 1
(@) (x+x+x +x4)(—+—+—+—j:4
X Xy X3 Xy

;s 1 1 1 1
(i) (y1+J’2+J’3+y4) —t—+—+—|=4
BT TR & S

CHORD OF CONTACT/CHORD BISECTED AT A POINT

47.

48.

49.

50.

51.

Find the equation of the chord of contact of tangents
2 2

from the point (2, 3) to the hyperbola % - yT =1.

Find the locus of the mid-points of the portions of the
2 2
tangents to the hyperbola %_%:1 included be-

tween the axes.
From the points on the circle x? + )? = g%, tangents are
drawn to the hyperbola x2 —? = ¢. Prove that the locus

of the mid-points of the chord of contact is
(02~ = a2 + %)
Prove that the locus of the mid-points of the hyperbola
2 .2
Xy

- b_2 =1 which subtend right angle at the centre is

2
2y AN 22
Py L) e P

Tangents are drawn from a point P to the parabola

2 = 4qx. If the chord of contact of the parabola be a
2 2
tangent to the hyperbola x—z—y—zz 1, find the locus
b

a
of the point P.

53.

54.

55.

56.

57.

58.

59.
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2 2
. Atangent to the hyperbola x_2 - ;—2 =1 cuts the ellipse
a

2 2
2—2+z—2 =1 in points P and Q. Find the locus of the
mid-point PQ.

Chords of the hyperbola x* — y* = a? touch the parabola
y* = 4ax. Prove that the locus of their mid-points is the
curve y*(x —a) = x°.

2 2

A variable chord of the hyperbola x_2 —Jb/—z =1 isatan-
a

gent to the circle x> + )* = ¢2. Prove that the locus of its
mid-points is

2
x2 y2 ) x2 y2
ST T At
a” b a b

A variable chord of the circle x* + y? = @’ touches the
2 2
hyperbola x_2 —Jb/—z =1. Prove that the locus of its mid-
a

points is (x* + %)’ = a’x> — b**.

A tangent to the parabola y* = 4ax meets the hyperbola
xy = ¢* in two points P and Q. Prove that the locus of
the mid-point of PQ lies on a parabola.

From a point P, tangents are drawn to the circle x* +

y* = a@* If the chord of contact of the circle is a normal
2 2

chord of a hyperbola x_2 —Z—z =1, prove that the locus
a

2 2 2 ,2\?
of the point P is [a_z_b_zJ:(a +2b J .
x

v a
Prove that the locus of the mid-points of the focal chord
2 2 2 2
Xy Xty ex
of the hyperbola ———=11is ——-5=—
P a> b a b a
If the chords of contact of tangents from two points
2 2
(x,, y) and (x,, y,) to the hyperbola x—z—;—zzl are
a
am

. XX
at right angles such that —=2 =

——, where m, n are
BARG)

10
e . +
positive integers, find the value of (m4 n) .

POLE AND POLAR
60. Find the polar of the focus (—ae, 0) with respect to the
2 2
XY
hyperbola — —=—-=1.
P a® b

61.

If the polars of (x, y,) and (x,, y,) with respect to the
2 2
hyperbola x—z_y—z =1 are at right angles, prove that
a b
4
RN

N2 b*
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62.

63.

64.

65.

Find the pole of the line x —y = 3 w.r.t. the hyperbola

x?—3y*=3.
Prove that the locus of the poles of the normal chords
2 2
with respect to the hyperbola x_z_y_z =1 is the curve
a” b

yzas _ x2b6 = (aZ + b2)2x2y2.

Prove that the locus of the poles with respect to the
parabola y? = 4ax of the tangent to the hyperbola x? — ?
= is the ellipse 4x? + ) = 44>

Prove that the locus of the pole with respect to the

y2

2
hyperbola x_z__z:1 of any tangent to the circle,
a- b

whose diameter is the line joining the foci, is the ellipse

2 2

X 1

—4+y—4= YR

a’ b a +b
DIAMETER

66.

67.

68.

69.

Prove that the equation of the diameter which bisects
2 2
the chord 7x + y — 2 = 0 of the hyperbola x? _yT =1

isx+3y=0.

Find the equation of the diameter of the hyperbola

2 2
%_yT =1, which corresponds the line 3x + 4y + 10
=0.

Find the equation of the diameter to the hyperbola
2 2

%_yT =1 parallel to the chord 2x + 3y + 5 =0.

In the hyperbola 16x? — 9y* = 144, find the equation of
the diameter which is conjugate to the diameter whose
equation is x = 2.

ASYMPTOTES

70. Find the asymptotes of the curve xy — 3y —2x =0.

71. Find the equations of the asymptotes of the curve
(a sec @, a tan @).

72. Find the eccentricity of the hyperbola whose asymp-
totes are 3x + 4y = 10 and 4x — 3y = 5.

73. Find the equation of a hyperbola whose asymptotes are
2x —y =3 and 3x + y = 7 and which pass through the
point (1, 1).

74. The asymptotes of a hyperbola having centre at the
point (1, 2) are parallel to the lines 2x + 3y = 0 and
3x + 2y = 0. If the hyperbola passes through the point
(5, 3), prove that its equation is (2x + 3y — 8)(3x + 2y
-7)-154=0.

75. Find the product of the lengths of the perpendiculars
from any point on the hyperbola x2 — 2)? = 2 to its as-
ymptotes.

76. Find the area of the triangle formed by any tangent to

2 2

the hyperbola % _yT =1 and its asymptotes.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.
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2 2
Let P be a variable point on the hyperbola x_z —;;—2 =1
a

such that its distance from the transverse axis is equal
to its distance from an asymptote to the given hyper-
bola. Prove that the locus of P is (x? —)?)* = 4x*(x? — a?).
Show that the tangent at any point of a hyperbola cuts
off a triangle of constant area from the asymptotes and
that the portion of it intercepted between the asymp-
totes is bisected at the point of contact.

If p, and p, are the perpendiculars from any point on
2 2

the hyperbola x_z —;;—2 =1 on its asymptotes, prove
a
1 1 1
that =— + -
ppy a b

If the normal at 7, to the hyperbola xy = c* meets it again
at z,, prove that ft,=—1.

A triangle has its vertices on a rectangular hyperbola.
Prove that the orthocentre of the triangle also lies on
the same hyperbola.

Find the locus of the poles of the normal chords of the
rectangular hyperbola xy = ¢2

If the angle between the asymptote is 2¢, prove that the
eccentricity of the hyperbola is sec o.

A circle cuts the rectangular hyperbola xy = 1 in points
(x,y),r=1,2,3,4,prove thatx x x.x, = L and y y,y.y,
=1.

If the tangent and the normal to a rectangular hyperbola
xy = ¢* at a point cuts off intercepts @, and a, on one
axis and b, b, on the other axis, prove that a,a, + b b,
=0.

If e, and e, be the eccentricities of the hyperbola
xy = c? and x* — * = &, find the value of (e, + ¢,)*.
Find the product of the lengths of the perpendiculars

2
drawn from any point on the hyperbola %— ¥ =1to

its asymptote.

If 4, B and C be three points on the rectangular hyper-

bola xy = ¢?, find

(1) the area of the AABC

(i1) the area of the triangle formed by the tangents at
A, Band C.

Find the length of the transverse axis of the rectangular

hyperbola xy = 18.

Prove that the locus of a point whose chord of contact

with respect to the circle x2 + 32 = 4 is a tangent to the

hyperbola xy = 1 is a hyperbola.

Find the asymptotes of the hyperbola xy = hx + ky.
2 2

If e be the eccentricity of the hyperbola z_z_b_z =1
and @ is the angle between the asymptotes, find cos (6/2).
A ray is emanating from the point (5, 0) is incident on
the hyperbola 9x? — 16)? = 144 at a point P with ab-
scissa 8. Find the equation of the reflected ray after first
reflection and point P lies in first quadrant.
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94.

Levee I

1.

A ray is coming along the line 2x — y + 3 = 0 (not
2 2
through the focus) to the hyperbola XT _y? =1.
After striking the hyperbolic mirror, it is reflected
(not through the other focus).
Find the equation of the line containing the reflected

ray.

(Mixed Problems)

The magnitude of the gradient of the tangent at extrem-
2 2

ity latus rectum of the hyperbola x_2 - z—z =1 isequal to
a

(a) be b) e (c) ab (d) ae
The eccentricity of the hyperbola conjugate to the hy-
2 2
perbola X s
4 12
2 4
a) — (b) 2 o B3 d —
(a) NE ) (©) G
P
. The asymptote of the hyperbola —- —b—2 =1 form with
a

any tangent to the hyperbola a triangle whose area is
a* tan A in magnitude, its eccentricity is

(a) sec A (b) cosec A
(c) sec* A (d) cosec® A
2 2
The equation + Yy _ 1(p #4,9) represents

29-p 4-p
(a) an ellipse if p is any constant greater than 4
(b) ahyperbola if p is any constant between 4 and 29
(c) arectangular hyperbola if p is any constant greater
than 29
(d) no real curve if p is less than 29.

. Locus of the feet of the perpendiculars drawn from

either foci on a variable tangent to the hyperbola
16?2 - 9x*=1

(@) X+)*=9 (b) x2+y2=é

7 2, 21
C 2 2—_— d X =—
(© x“+y 1ad (d +y 16

. The locus of the point of intersection of the lines

\/gx—y=4x/§t=0
and \/§IX+ly—4\/§=0

(where ¢ is a parameter) is a hyperbola, whose eccen-
tricity is

@@ 3 (b2 () 2A3  (d) 43

10.

11.

12.

13.

14.

15.

16.

17.

Coordinate Geometry Booster

If the eccentricity of the hyperbola x* — )% sec’cx =5 is

3 times the eccentricity of the ellipse x? sec’cr + y* =
5, the value of o is

(a) 76 (b) m/4 (c) 3
For all real values of m, the

y=mx+ Jom*—4 isa tangent to the curve

(a) 9x*+4)?=36 (b) 4x*+9y*=36

(c) I?*—4y*=36 (d) 4x*—9*=36
2 2

The foci of the ellipse T—6+)b}—2 =1 and the hyperbola

) 72

straight line

2 2
x Y _ L coincide. The value of b7 is
144 81 25

(@ 5 (b) 7 (©) 9 (d) 4

The locus of the mid-points of the parallel chords with
gradient m of the rectangular hyperbola xy = ¢* is
(a mx+y=0 (b) y—mx=0
(c) mpy—x=0 (d) my+x=0
The locus of the foot of the perpendicular from the cen-
tre of the hyperbola xy = ¢? on a variable tangent is
(@) (*—)?)=4c’xy (b) (& +)%)=2c%y
© @+ =4y (d) @+)P=dcxy
2 2

P is a point on the hyperbola x_2 - y_2 =1, Nis the foot
a b
of the perpendicular from P on the transverse axis. The

tangent to the hyperbola at P meets transverse axis at 7.
If O be the centre of the hyperbola, OT.ON is

(a) ¢ (b) & (c) b? (d) b¥a?

If PN be the perpendicular from a point on the rectan-
gular hyperbola (x> —)*) = a* on any on its asymptotes,
the locus of the mid-point of PN is a/an

(a) circle (b) parabola

(c) ellipse (d) hyperbola

The equation to the chord joining two points (x,, y,) and
(x,, ,) on the rectangular hyperbola xy = ¢* is

@) ——+—2 =1 b)) ——+—L =]

Xt+x, ntny Xi—=X V=)
© ——+—2 =1 (@ =1
Nty xtx M=V, X=X

If P(x,, y,)), O(x,, ¥,), R (x,, y,) and S(x,, y,) are 4 con-
cyclic points on the rectangular hyperbola xy = ¢?, the
co-ordinates of the orthocentre of APQOR is

@ (r,~) (b) ()

© (2,9, () (5.7,

The chord PQ of the rectangular hyperbola xy = a?
meets the axis of x at 4, C is the mid-point of PQ and O
the origin. The AACO is a/an

(a) equilateral (b) isosceles triangle

(c) right angled A (d) right isosceles triangle.
A conic passes through the point (2, 4) and is such that
the segment of any of its tangents at any point con-
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18.

19.

20.

21.

22.

23.

24.

25.

tained between the co-ordinates is bisected at the point
of tangency. The foci of the conic are

(@) (2+/2,0)and (-2+/2,0)
(b) (24/2,2+/2)and (-24/2, - 24/2)
(c) (4,4)and (-4,-4)

(d) (42, 4V2)and (-44/2, ~4/2)

The latus rectum of the conic satisfying the differential
equation, xdy + ydx = 0 and passing through the point

(2, 8) is
@ 42 ()8 © 82 (d) 16

If the normal to the rectangular hyperbola xy = ¢? at the
point # meets the curve again at ¢, the value of £#, is
(a) 1 (b) -1 (c) 0 (d) None

2 2

With one focus of the hyperbola %_Jl/_6:1 as the

centre, a circle is drawn which is the tangent to the

hyperbola with no part of the circle being outside the
hyperbola. The radius of the circle is

(a) <2 (b) 2 (c) 1173 (d) None
2 2
AB is a double ordinate of the hyperbola x—z—;;—z =1
a

such that AAOB (where O is the origin) is an equilateral
triangle, the eccentricity of the hyperbola satisfies

(@) e>3 (b) 1<e<%
_i d e>i
(© =7 (d) NE)

If the product of the perpendicular distances from any
point on the hyperbola of the eccentricity from its as-
ymptotes is equal to 6, the length of the transverse axis
of the hyperbola is

(a 3 (b) 6 (c) 8

If x+iy=\/6+il// where j=+/-1 and ¢ and y are
non-zero real parameters, then ¢ = constant and y =
constant, represents two systems of rectangular hyper-
bola which intersect at an ~ angle of

(a) /6 (b) w3 (c) /4 (d) 2

The tangent to the hyperbola xy = ¢? at the point P in-
tersects the x-axis at 7 and the y-axis at 7. The normal
to the hyperbola at P intersects the x-axis at N and the
y-axis at N'. The area of APNT and PN'T” are A and A’

@ 12

respectively, then l+L is
PECHVEL, Tl A

(a) equalto 1 (b) depends on ¢

(c) depends on ¢ (d) equalto2

The ellipse 4x? + y = 5 and the hyperbola 4x> — > = 4
have the same foci and they intersect at right angles,

26.

27.

28

29.

30.

31.

32.

33.

6.15

the equation of the circle through the points of intersec-
tion of two conics is
(a) ¥4y =5

(b) 52+ -3x—4y=0

(©) J5(x2+3*)+3x+4y=0

(d) x*+)?=25

At the point of intersection of the rectangular hyper-
bola xy = ¢* and the parabola y* = 4ax, tangents to the
rectangular hyperbola and the parabola make angles
0 and ¢, respectively with the axis of x, then

(a) O=tan(2tan ¢) (b) @=tan'(-2 tan @)

(c) 6= %tan_l(— tang) (d) = %tan_l(— tan0)

The area of the quadrilateral formed with the foci of the
2 2 2 2

hyperbola x—z—g—2=1 and x—z—y—=—1 is
a

a b?

(a) 44> +b%) (b) 2(a*+ 1%

© (@+5) @ %a¥+b6

The eccentricity of the hyperbola whose latus rectum
is 8 and the conjugate axis is equal to half the distance
between the foci is

4 4 2
(@) < b = (© =
3 N 5
If P(ﬁ sech, 2 tan@) is a point on the hyperbola

whose distance from the origin is J6 , Where P is in
the first quadrant, then 6 is equal to

T T T
(@) 7 () 3 (©) 3

An ellipse and a hyperbola have same centre origin, the
same foci and the minor axis of the one is the same as
the conjugate axis of the other. If ¢, and e, be their ec-

(d) None.

(d) None

centricities, respectively, then eL2+eL2 is equal to
)

(a1 (b) 2 () 3 (d) None

The number of possible tangents can be drawn to the

curve 4x? 92 = 36, which are perpendicular to the

straight line 5x + 2y — 10 =0 s

(a 0 (b) 1 (c) 2 (d) 4

The equation of a tangent passing through (2, 8) to the

hyperbola 5x2 —y* =5 is

(@) 3x—y+2=0 (b) 3x+y—-14=0

(¢) 23x—-3y-22=0 (d) 3x-23y+178=0.

If P(x,, y,), O(x,, ,), R(x,, y, and (Sx,, y,) are four con-

cyclic points on the rectangular hyperbola xy = ¢2, the

co-ordinates of the orthocentre of APQR are

@ () (b) (.-

© (xp-) @ (x5,
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34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

If the hyperbolas x* + 3xy + 2y* + 2x + 3y + 2 = 0 and
x* + 3xy + 2)% + 2x + 3y + ¢ = 0 are conjugate of each
other, the value of ¢ is

(a) 2 (b) 0 (c) 4 (@ 1

A rectangular hyperbola circumscribes a A4BC, it will
always pass through its

(a) orthocentre (b) circumcentre

(c) centroid (d) incentre

The co-ordinates of a point on the hyperbola

2 2
L 1, which is nearest to the line

24 18

3x+2y+1=0are

(a) (6,3) (b) (-6,-3)

(c) (6,-3) (d) (-6,3)

The latus rectum of the hyperbola 9x* — 16y — 18x —
32y—151=0is

(a) 9/4 (b) 9 (c) 32 (d) 92

If the eccentricity of the hyperbola x> —y sec? ¢ =5 is
3 times the eccentricity of the ellipse x?sec® or + y* =

25, the value of o can be

w)% w)g © =

T
3 @ 5

If values of m for which the line y = mx + 24/5 touches

the hyperbola 16x> — 9)? = 144 are the roots of x? —
(a+ b)x —4 =0, then the value of (a + b) is
(a) 2 (b) 4 () 0 (d) none
The locus of the feet of the perpendiculars drawn from
either focus on a variable tangent to the hyperbola
16x2 -9y =11s
(a) x*+)*=9 (b) x2+32=1/9
(c) x> +y*="7/144 (d) x2+y*=1/16
The locus of the foot of the perpendicular from the cen-
tre of the hyperbola xy = 1 on a variable tangent is
(@) (=) =4xy () (=) =2xy
(©) (& +)7)7=2xy (d) (+)y)=4xy
2 2

The tangent at a point P on the hyperbola x_2 - z—z =1

a
meets one of the directrix in F. If PF subtends an angle
6 at the corresponding focus, the value of 6 is

b3 Vg 3r
a) — b) = c) — d) None
@ 7 (b) 5 (©) 2 (d
2 2
The number of points on the hyperbola —z_y—2= 3
a” b

, from which mutually perpendicular tangents can be

drawn to the circle x* +y* = d?, is

(a 0 (b) 2 (c) 3 (d) 4

If the sum of the slopes of the normal from a point P to
the hyperbola xy = ¢? is equal to A, where 1 € R*, the
locus of the point P is
(a) x2=Ac?

(©) xy= A

©) 3= 2
(d) xly=Ac%

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Coordinate Geometry Booster

If two distinct tangents can be drawn from the point
(o, 2) on different branches of the hyperbola

2 2
x——y—=1,then
9 16
3 2
ol<— b) |of>—
@ |of<3 () |of>3
© [of>3 (d) log>5
2 2

Y

From any point on the hyperbola x_2 - b_2 =1, tangents
a

2 2

are drawn to the hyperbola x_2 —y—z =2. The area cut
a

off by the chord of contact on the asymptotes is

(a) a2 (b) ab (c) 2ab (d) 4ab

A hyperbola passes through (2, 3) and has asymptotes
3x —4y +5=0and 12x + 5y = 40, the equation of its
transverse axis is

(a) 77x-21y—-265=0 (b) 21x—77y+265=0
(c) 2lx+77y-326=0 (d) 21x+77y-273=0
The centre of a rectangular hyperbola lies on the line
y = 2x. If one of the asymptotes is x + y + ¢ = 0, the
other asymptote is

(@ x—y—-3c=0 (b) 2x—y+c=0

(c) x—y—c=0 (d) None

The equation of a rectangular hyperbola, whose asymp-
totes are x = 3 and y = 5 and passing through (7, 8) is
(@ xy-3y+5x+3=0 (b) xy+3y+4x+3=0
(©) xp-3y+5x-3=0 (d) xy—3y+5x+5=0
The equation of the conjugate axis of the hyperbola
xy—3y—4x+7=0is

(a) x+y=3 (b) x+y=7

(c) y—x=3 (d) none

The curve xy = ¢ (¢ > 0) and the circle x? + 3 = 1 touch
at two points, the distance between the points of con-
tact is

(a) 2 (b) 3 (© 4 d 22

Let the curves (x — 1)(y —2) =5 and (x — 1) + (y — 2)?
= 2 intersect at four points P, Q, R, S. If the centroid of
APOQR lies on the line y = 3x — 4, the locus of S is

(a) y=3x (b) ¥*+)*+3x+1=0
(c) 3Jy=x+1 (d y=3x+1

The ellipse 4x> + 9y* = 36 and the hyperbola a** — )?
= 4 intersect at right angles, the equation of the circle
through the point of intersection of the two conics is
(@) X*+)*=5

(b) \/g(xz +y2) =3x+4y

©) V52 +y*)+3x+4y=0

(d) x*+)?=25

The angle between the lines joining the origin to the

points of intersection of the line Bx+ y=2 and the

curve V3x+y=2is
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55.

Levee I

6.

. For all

K

(a) tan™ (%J (b)
© tan”’ (@j @ Z

2

If S = 0 be the equation of the hyperbola x> + 4xy +
3y —4x + 2y + 1 =0, the value of k for which S+4=0
represents its asymptotes is
(a) 20 (b) 16

() 22 (d) 18

(Problems for JEE Advanced)

of m, the line

y=mx+v9m* —4 is a tangent to a hyperbola, find
the equation of the hyperbola.

real values straight

. Find the equations of the common tangent to the curves

2 2 2 2
x_z - y_2 =1 and x_2 - y_2 = —1 and also find its length.
a b b” a
. Find the equation of the common tangents to the curves
2 2
XY

———=]andx?+)?=9.
16 9 s o
Y
2

If the normal at ¢ on the hyperbola x_z_ ; =1 meets
a

the transverse axis at G such that
AG - A'G = a"(e" sec’ - 1),
where A, A" are the vertices of the hyperbola and m, n
and p are positive integers, find the value of
(m+n+p)y+36

. If the normals at (x, y), i = 1, 2, 3, 4 on the rectangular

hyperbola xy = ¢* meet at the point (o, ), prove that
(}) X, tx,tx,tx,=a

(i) y +y,+y+y, -

(i) xF+x3+x3+x;=p*

(V) yr+y3+p5+y;=p

V) x,-x,-x,-x,=—

Vi) ¥y, yy ey, =
If the normals at (x, y), i =1, 2, 3, 4 on the hyperbola

2 2
X
- y_2 =1 are concurrent, prove that
a“ b
) 1 1 1 1
D (q+x+x3+x) —+—+—+—|=4.
xl x2 X3 X4

. 1 1 1 1
(i) M +»+y3+y)| —+—+—+—|=4.
DA G I T ¢

10.

11.

12.

13.

14.

15.

16.
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The perpendicular from the centre upon the normal at

2 y2

any point of the hyperbola x_z_b_2=1 meets at Q.
a

Prove that the locus of Q is

(xz +y2)(a2y2 _ bzxz) — (az + bz)xzyz
From the points on the circle x? + )? = g%, tangents are
drawn to the hyperbola x* — y? = a2, Prove that the locus
of the mid-points of the chord of contact is

(x2 7y2)2 — aZ(XZ +y2)
Prove that the locus of the mid-points of the hyperbola

2 2
x_2 —y—2 =1 which subtend right angle at the centre is
b

2 y22 11 (22
2 )@ )T

Tangents are drawn from a point P to the parabola

y? = 4ax. If the chord of contact of the parabola be a
2 2
tangent to the hyperbola x—z—y_zz 1, find the locus
a

of the point P.
Chords of the hyperbola x* — y* = ¢? touch the parabola
y? = 4ax. Prove that the locus of their mid-points is the
curve yA(x — a) = x°.
Prove that the locus of the mid-points of the rectangu-
lar hyperbola xy = ¢? of constant length 2d is
(& + )y = %) = dPxy
2 2
A variable chord of the hyperbola x_2 _y_2 =1 isatan-
a” b
gent to the circle x> + 3 = ¢2. Prove that the locus of its
mid-points is

2
LA T
a’ b at p

A variable chord of the circle x> + 3? = @? touch the
2 2
hyperbola x_2 _y_2 =1. Prove that the locus of its mid-
a” b

points is (x? + y?)? = a*x* — bH*.

A tangent to the parabola y* = 4ax meets the hyperbola
xy = ¢? in two points P and Q. Prove that the locus of
the mid-point of PQ lies on a parabola.

From a point P, tangents are drawn to the circle x* +

y* = a* If the chord of contact of the circle is a normal
2 2

chord of a hyperbola x_2 _y_2 =1, prove that the locus
a” b

2
2 42 2, 52

of the point P is (a_z_b_sz[a +2b ] .
Xy a
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17.

18.
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20.

21.
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23.

24.

25.

Levee IV

1.

2 2
The normal to the hyperbola —z—b—2=1 meets the
a

axes in M and N, and lines MP and NP are drawn at
right angles to the axes. Prove that the locus of P is the
hyperbola a?x? — b*? = (a* + b?)~
Prove that the locus of the point of intersection of tan-
gents to a hyperbola which meet at a constant angle 3
is the curve
(x* +y* + b* — a?? =4 cot?f(a*h* — bx* + aPb?)
Prove that the chords of a hyperbola, which touch the
conjugate hyperbola, are bisected at the point of contact.
A straight line is drawn parallel to the conjugate axis of
a hyperbola to meet it and the conjugate hyperbola in
the points P and Q. Show that the tangents at P and Q
4 2 2 2
meet the curve y_(y_+x_] = has and the normals
b\ b* &P a*
meet on the axis of x.
Prove that the locus of the mid-points of the chords of
the circle x2 + y* = 16, which are tangent to the hyper-
bola 9x? — 16)* = 144 is (x* +y*)* = 16x> — 9.
Find the asymptotes of the curve 2x? + 5xy + 2)? + 4x +
5y =0. Also, find the general equation of all hyperbolas
having the same asymptotes.
Find the equation of the hyperbola whose asymptotes
are the straight linesx +2y+3=0and3x+4y+5=0
and pass through the point (1, —1).
2 2
Let C be the centre of the hyperbola x_z_;;_z =1 and
a

the tangent at any point P meets the asymptotes at the
points Q and R. Prove that the equation to the locus
of the centre of the circle circumscribing, the ACOR is
Aa*x? — bHP) = (a® + BP).

If P, O, R be three points on the rectangular hyperbola
xy = ¢?, whose abscissae are x,, x,, x,, prove that the
area of APQR is

—2>< (= %)) = X3)(x3 — %)

2 X{ X5 X3

(Tougher Problems for JEE
Advanced)

A tangent to the parabola x> = 4ay meets the hyperbola
xy = k? in two points P and Q. Prove that the locus of
the mid-point of PQ lies on the parabola.

. Find the equation of the chord of the hyperbola 25x* —

16)? = 400 which is bisected at the point (6, 2).

Find the locus of the mid-points of the chords of the
circle x? + y* = 16 which are tangents to the hyperbola
9x* — 16)* = 144.

N

10.

Coordinate Geometry Booster

2 2
A tangent to the hyperbola x_2 - ;—2 =1 cuts the ellipse
a

2 2
x—2+y—2:1 in P and Q. Prove that the locus of the
a- b
2 2)\? 2 2
. . Xty x° 0y
mid-point of POis | —+—~ | =| —=——=1.
p o (az sz [az sz

. If a triangle is inscribed in a rectangular hyperbola,

prove that its orthocentre lies on the curve.

Prove that the locus of the poles of the normal chords
of the rectangular hyperbola xy = ¢* is the curve
(2 —=3*)?+4cxy = 0.

If a circle cuts a rectangular hyperbola xy = ¢? in 4, B,
Cand D and the parameters of these four points be 7, 7,,
t, and ¢, respectively. Prove that the centre of the circle
through 4, B and C' is

L PRSP ) 1 LI S P
20" s )2\ oy s T

. If a triangle is inscribed in a rectangular hyperbola,

prove that the orthocentre of the triangle lies on the
curve.

. If a circle cuts a rectangular hyperbola xy = ¢? in 4, B,

C, D and the parameters of the four points be 7, 1,, £,,
and ¢, respectively, prove that the centre of the mean
position of the four points bisects the distance between
the centres of the two curves.

A circle of variable radius cuts the rectangular hyper-
bola x? — % = 94 in points P, O, R and S. Find the equa-
tion of the locus of the centroid of APQR.

Integer Type Questions

. Find the eccentricity of the hyperbola conjugate to the

2 2
X Yy

hyperbola ——=—=1.
P 4 12

2 2

If the foci of the ellipse f—6+ ;:—2 =1 and the hyperbola

2 2
x__y_:L coincide, find the value of (b* + 1).

144 81 25
If e, and e, be the eccentricities of a hyperbola and its

2

. 1 1
conjugate, find the value of (— +—+ 3} .
a &

Find the number of tangents to the hyperbola

x2 2

2 Y —1 from the point (4, 3).
4 3 2

2
Find the number of points on the hyperbola x_z - 2}—2 =3
a

from which mutually perpendicular tangents can be

drawn to the circle x* +)* = a’.



Hyperbola

6. If the latus rectum of the hyperbola 9x* — 16y* — 18x —
32y — 151 =0 is m, find the value of (2m — 3).

7. If the number of possible tangents can be drawn to the
curve 4x? — 9y* = 36, which are perpendicular to the
straight line 5x + 2y = 10 is m, find the value of (m + 4).

8. Ifvalues of m for which the line y = mx + 25 touches

the hyperbola 16x> — 92 = 144 are the roots of x? —
(a+ b)x —4 =0, find the value of (a + b + 3).

9. The curve xy = ¢, (¢ > 0) and the circle x, +y, = 1 touch
at two points, find the distance between the points of

contact.
10. If the product of the perpendicular distances from any
2
point on the hyperbola x—z—y—z =1 of eccentricity
a b

e=/3 fromits asymptote is equal to 6, find the length
of the transverse axis of the hyperbola.

11. The tangent to the hyperbola xy = ¢? at the point P in-
tersects the x-axis at 7 and the y-axis at 7”. The normal
to the hyperbola at P intersects the x-axis at N and N’,
respectively. The area of As PNT and PN'T’ are A and

2 2
A’ respectively, find the value of (CK + % + 4] .

12. Find the area of the triangle formed by any tangent

2 2
to the hyperbola % _yT =1 and its asymptotes.

Comprehension Link Passage

Passage |
The locus of the foot of the perpendicular from any focus of
a hyperbola upon any tangent to the hyperbola is an auxiliary
circle of the hyperbola. Consider the foci of a hyperbola as
(-3,-2) and (5, 6) and the foot of the perpendicular from the
focus (5, 6) upon a tangent to the hyperbola as (2, 5).

1. The conjugate axis of the hyperbola is

@ 411 () V11 () 422 (d) 2v22
2. The directrix of the hyperbola corresponding to
the focus (5, 6) is
(a) 2x+2y—-1=0 (b) 2x+2y—11=0
() 2x+2y—-7=0 (d) 2x+2y-9=0
3. The point of contact of the tangent with the hyper-

bola is

2 31 723
@ (53) o (%)
7
@ [57)

2

© (3 ’9j

Passage 11

The portion of the tangent intercepted between the asymp-

totes of the hyperbola is bisected at the point of contact.
Consider a hyperbola whose centre is at the origin. A line

x +y =2 touches this hyperbola at P(1, 1) and intersects the

asymptotes at 4 and B such that AB = 62 .

6.19

1. The equation of the asymptotes are
(@) Sxy+2x*+3y’=0 (b) 3x*+4*+6xy=0
() 2x*+2)2=5xy=0 (d) 2x*+)y*=5xy=0
2. The angle subtended by 4B at the centre of the

hyperbola is
2
b) sin”![ =
(b) sin (5)

. (4
(a) sin (Ej
(c) sin“@j (d) sin_l(%j

. 7
3. The equation of the tangent to the hyperbola at (—1, 5)
is

(a) Sx+2y=2 (b) 3x+2y=4
() 3xt+t4y=11 (d) 3x-4y=10
Passage I11

A point P moves such that the sum of the slopes of the nor-
mals drawn from it to the hyperbola xy = 16 is equal to the
sum of the ordinates of the feet of normals. The locus of the
Pis acurve C.
1. The equation of the curve C is
(a) x*=4y (b) x*=16y (¢) x¥*=12y (d) y*=8
2. Ifthe tangent to the curve C cuts the co-ordinate axes at
A and B, the locus of the mid-point of 4B is
(a) x¥*=4y (b) x2=2y
() ¥*+2y=0 (d) x*+4y=0
3. The area of the equilateral triangle, inscribed in the
curve C, having one vertex as the vertex of the curve C
is

(a) 77243 5. u.
(€) 76043 s.u.

(b) 77643 s.u.
(d) 7683 s.u.

Passage IV
The vertices of AABC lie on a rectangular hyperbola such that
the orthocentre of the triangle is (3, 2) and the asymptotes of
the rectangular hyperbola are parallel to the co-ordinate axes.
The two perpendicular tangents of the hyperbola intersect at
the point (1, 1).
1. The equation of the asymptotes is
(@ xy—x+ty-1=0 () xy—x—y+1=0
() 2xy+x+y (d) 2xy=x+y+1
2. The equation of the rectangular hyperbola is
(a) xy=2x+y-2 (b) xy=2x+y+5
() xy=x+y+1 (d) xy=x+y+10
3. The number of real tangents that can be drawn from the
point (1, 1) to the rectangular hyperbola is
(a) 4 (b) 0 (c) 3 (d 2
Passage V
A line is drawn through the point P(—1, 2) meets the hyper-
bola xy = ¢? at the (points 4 and B lie on the same side of P)
and Q is a point on the line segment AB.
1. If the point O be chosen such that PA, PQ, and PB are
in AP, the locus of the point Q is
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(b) x=y+xy
(d) 2x=y+xy

(@) x=y+2xy
(c) 2x=y+2xy

2. Ifthe point Q be chosen such that P4, PQ and PB are in
GP, the locus of the point O is
(@ xy—-y+2x-c*=0 (b) xy+y—-2x+c*=0
©) xy+ty+2x+c2=0 (d) xy—y—-2x—c*=0

3. If the point Q be chosen such that P4, PQ, and PB are
in HP, the locus of the point Q is
(a) 2x—y=2¢ (b) x—2y=2¢
() 2x+y+2c2=0 (d) x+2y=2¢

Passage VI

The graph of the conic x> — (v — 1)’= 1 has one tangent line
with positive slope that passes through the origin, the point of
tangency being (a, b).

1.

2.

The value of sin”! (%) is

(a) 5#/12  (b) /6 (c) n/3 (d) w4
The length of the latus rectum of the conic is

(@) 1 ® V2 (2 (d) none
The eccentricity of the conic is
(a) 43 ® B ()2 (d) none

Matrix Match
(For JEE-Advanced Examination Only)

. Match the following columns

Let z, z, and z, be three complex numbers and b, c € R".
Then the locus of z

Column I Column II
(A) |is an ellipse, if | (P) [|z—c|=b

(B) | is a hyperbola, [ (Q) | |z — z/| + |z — z| = 2b,
if where 2b > |z, - z)|

(C) | is a straight ®R) |lz—z|-lz—z,|=2b
line, if Where 2b <z, —z|

(D) | is a circle, if ) |lz—z|t|z—z|=|z,~z]

Match the following columns:
The locus of a variable point P, whose co-ordinates are
given by

Column I Column IT
A) - (P) | an ellipse
X = 3( 5 J
1+t
and

—( 8¢ )is
A

1 —t
x=—(e t+e
L )

B) (Q) | a hyperbola

and

y=%(e’ —e')is

Coordinate Geometry Booster

©) 2 (R) |acircle
X=—7F"3/—"
(619 +e—19)
and
ei@ _ e—l@
=iX|— is
y 619 + e—19
(D) . (S) | a parabola

L. —io 6
=—(e " —e
x 2( )

and

= M is
Y sin26

3. Match the following columns

The locus of the point of intersection of two perpen-
dicular tangents to a conic is a director circle to the
given conic.

Column I Column II
(A) | The director circle of | (P) | x> +)?=45
2 2
N AN I N
16 9
(B) | The director circle of | (Q) [x*+)*=7
2 2
4L —1is
20 25
(C) | The director circle of | (R) |x*+)*=0
x2—y*=161s
(D) | The director circle of | (S) |[x+2=0
xX2+3)2=251s
(E) | The director circle of | (T) | x> +3? =50
y*=8xis
(F) | The director circle of | (U) |x+4=0
xy=11is

4. Match the following columns:

The equation of the common tangent between the given
curves

Column I Column II
(A) | ¥*+y*=9 P) |y=x+7
and
ﬁ—y—2=lis
16 9
(B) ﬁ—y—z—l Q) ﬁ—y—z—l
25 9 9 25
and
y=3\/§x+£ls
777
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(B) | Tangents are drawn from a | (Q)

T
point (4, 3) to the hyperbola 5
2 2
x——y—zl, the angle be-
16 9

tween their tangents is

(C) | The angle between the as- | (R)

ymptotes to the hyperbola

2 2
Y s
16 9

(D) | The angle between the as- | (S)
ymptotes to the rectangular

w |

hyperbola x*> —? = 2013 is

Hyperbola
©) [1*=8x ®) [y=x+2
and
xy=-11is
D) [x*-)y*=9 (O]
3 2
and y=,l=x+6,—
xZ RS y2 = 4 5 3
5. Match the following columns:
Column I Column II
(A) | The product of the perpendicu- | (P) | 16
lars from the foci of any tangent
2 2
to the hyperbola I A
16 9
(B) | The product of the perpendicu- | (Q) | 9
lars from the foci of any tan-
2 2
gent to the ellipse EANP A |
25 16
is
(C) | The product of the perpendicu- | (R) | 144/25
lars from any point on the on
the hyperbol ﬁ - y—2 =1t
e hyperbola === 0
its asymptotes is
(D) | The product of the perpen-| (S) | 2/3
diculars from any point on the
2
hyperbola %— y2 =1 to its
asymptotes is
6. Match the following columns:
Column I Column IT
(A) | Two intersecting (P) | have a common
circles tangent
(B) | Two mutually (Q) | have a common
external circles normal
(C) | Two circles, one (R) | do not have a com-
strictly inside the mon tangent
other
(D) | Two branches of a | (S) | do not have a com-

hyperbola

mon normal.

7. Match the following columns:

Column I

Column II

(A)

Tangents are drawn from a

point on the circle x> +y?= 11

2 2

Xy
tothe hyperbola ———=1,
yp 5

14

the angle between the tangent
is

(P)

sin”! (E)
5

Questions asked in Previous Years’
JEE-Advanced Examinations

2 2
y

. X
. The equation —————=1, 7 >1 represents a/an

1-r 147
(b) hyperbola
(d) None [IIT-JEE, 1981]

(a) ellipse
(c) circle

. Each of the four inequalities given below defines a re-

gion in the xy-plane. One of these four regions does not
have the following property. For any two points (x,, y,)
. . . + +

and (x,, y,) in the region, the point (%, %j
is also in the region. The inequality defining the region
is

(a) ¥*+2)*<1
(c) ¥»—)*<1

(b) max.{]x|, |} <1
(d) y-x<0
[IIT-JEE, 1981]

No questions asked from 1982 to 1993.

. The equation 2x*> + 3)? — 8x — 18y + 35 = k represents

(a) nolocusifk>0

(b) anellipse if k<0

(c) apointif k=0

(d) ahyperbolaifk>0

No questions asked in 1995.

[IIT-JEE, 1994]

. Anellipse has eccentricity 1/2 and one focus at S(1/2, 1).

Its one directrix is the common tangent (nearer to S) to
the circle x* +y* =1 and x, — y, = 1. The equation of the
ellipse in the standard form is ... [IT-JEE, 1996]

. A variable straight line of slope 4 intersects the hyper-

bola xy = 1 at two points. Find the locus of the point
which divides the line segment between these two
points in the ratio 1 : 2. [IT-JEE, 1997]

. Ifthe circle x* + y* = @? intersects the hyperbola xy = ¢2

in four points P(x, y,), Q(x,, y,), R(x,, y,) and S(x,, y,),
then

@ x +x,+x,+x,=0
©) x -x,-x,-x,=c*

® y,*ty,ty,+y,=0
d y, -y, y,y,=¢
[IIT-JEE, 1998]
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7.

10.

I1.

12.

13.

The angle between a pair of tangents drawn from a
point P to the parabola y? = 4ax is 45°. Show that the
locus of the point P is a hyperbola.

. If x =9 is the chord of contact of the hyperbola x? — j?

=9, the equation of the corresponding pair of tangents
is

(a) -8+ 18x—-9=0

(b) 9x*—8P?—18x—-9=0

(c) -8 —18x+9=0

(d) x*-82+18x+9=0 [IIT-JEE, 1999]
Let P(a sec 6, b tan 0) and Q(a sec ¢, b tan @), where

2 2

0+p= % , be two points on the hyperbola x_2 - Z—z =1.
a

If (A, k) is the point of the intersection of the normals at
P and Q, then k is
a’+b?
(b) -
a

a’+b?
" [ : j
a’+b? a’ +b?
o) el
[IT-JEE, 1999]

No questions asked in 2000 to 2002.

2 yz
cos’or  sin’a

For a hyperbola =1, which of the fol-

lowing remains constant with the change of o?
(a) abscissae of vertices (b) abscissae of foci
(c) eccentricity (d) directrix
[IIT-JEE, 2003]

The point of contact of the line 2x+ J6 y=2 and the
hyperbola x*> — 2y? =4 is

@ (“4.-V6) (b (6,1
) (1/2,14/6) () (1/6,3/2)

[IIT-JEE, 2004]
Tangents are drawn to the circle x* + ) = 9 from a

2 2
points on the hyperbola % _yT =1. Find the locus of

the mid-point of the chord of contact. [IIT-JEE, 2005]
Let a hyperbola passes through the focus of an ellipse
2 2

> + f—6 =1. The transverse and conjugate axis of this
hyperbola coincide with the major and minor axes of
the given ellipse, also the product of eccentricities of
the given ellipse and hyperbola is 1, then the

2 2
(a) hyperbola is XY

9 16

2 2
(b) hyperbola is XY

9 25

14.

15.

16.

Coordinate Geometry Booster

(c) focus of the hyperbola is (5, 0)

(d) vertex of the hyperbola is (543, 0)

[IIT-JEE, 2006]
A hyperbola, having the transverse axis of length 2 sin 6
is confocal with the ellipse 3x? + 4y = 12, then its equa-
tion is
(a) x*cosec’ 8—y)*sec’ 0=1
(b) x*sec? 6—)? cosec’ 0=1
(c) x?sin* 0—3? cos? 6= 1
(d) x?cos? 8—)?%sin? 0= 1 [IIT-JEE, 2007]
Consider a  branch of  the hyperbola
X =27 - 2\2x - 4\/5)/ —6=0 with the vertex at the
point A. Let B be one of the end points of its latus rec-
tum. If C be the focus of the hyperbola nearest to the
point 4, the area of AABC is

o(-f e
(c) [H\E] (d) (\Eﬂj

[IIT-JEE, 2008]
An ellipse intersects the hyperbola 2x* — 2)? = 1 or-
thogonally. The eccentricity of the ellipse is reciprocal
of that of the hyperbola. If the axes of the ellipse are
along the co-ordinate axes, then the
(a) ellipseisx?+2y?=2
(b) ellipse is x> +2y*=4
(c) foci of the ellipse are (%1, 0)

(d) foci of the ellipse are (£+/2, 0).
[IIT-JEE, 2009]

17. Match the following columns:

Column I Column II

(A) | Circle P)

The locus of the point (4, k)
for which the line
hx+ky=1

touches the circle
x,ty,=4.

(B) | Parabola Q

A point z in the complex
plane satisfying
|z+2|—|z—2| =3

(C) | Ellipse

R)

The points of the conic have
parametric representations




Hyperbola

(D) | Hyperbola

S

1 <x<oo.

The eccentricity of the
conic lies in the interval

(D)
plane satisfying
Re(z+ 1=z +1

The points z in the complex

[IIT-JEE,

Comprehension

2
The circle x*> + 3> — 8x = 0 and the hyperbola %—

intersect at the points 4 and B.

2009]

2
Yo
4

18. The equation of the common tangent with positive
slope to the circle as well as to the hyperbola is

(@) 2x—~/5y-20=0
(c) 3x—4y+8=0

(b) 2x—+/5y+4=0
(d) 4x-3y+4=0

19. The equation of a circle with 4B as its diameter is

(a) X*+)*—12x+24=0
(b) x*+y*+12x+24=0
() ¥*+y*+24x-12=0
(d) x2+)?-24x-12=0

[IIT-JEE,

2010]

20. The line 2x + y = 1 is the tangent to the hyperbola
2 2
Xyt .o .
a_2 - b—2 =1. If this line passes through the point of

intersection of the nearest directrix and the x-axis,

the eccentricity of the hyperbola is ...

[IIT-JEE,

2 2

21. Let P(6, 3) be a point on the hyperbola x_z_ z—z
a

2010]

=1. If

the normal at the point P intersects the x-axis at (9, 0),

the eccentricity of the hyperbola is

(a) \E (b) \E © V2 @ 3
2 2

22.
a

Let the eccentricity of the hyperbola x_z_

Y _
yeial

be reciprocal to that of the ellipse x? + 42 = 4,

Levee I

Lb 2 @ 3@ 4 .(b) 5
6. (b) 7. (b) 8 (d) 9. (b) 10.
1. (d) 12. (b) 13.(d) 14. (a 15.
16. b 17. (¢) 18. (c) 19. (b)  20.
21. (d) 22. (b) 23. () 24. () 25.

(d)
(2)
(©
(b)
(a)

23.

24.

26.
31.
36.
41.
46.
51.

6.23

If the hyperbola passes through a focus of the

ellipse, then

2 2

(a) the hyperbola is % — y7 =1

(b) a focus of hyperbola is (2, 0)

2
¢) the eccentricity of hyperbola is —
(©) y of hyp NG

(d) the hyperbolaisx?*—3)?=3  [IIT-JEE, 2011]
22
Tangents are drawn to the hyperbola ?_y? =1,

parallel to the straight line 2x — y = 1. The points

of contact of the tangents on the hyperbola are

9 1
®) (mﬁj
@) (=33,242)

[IIT-JEE, 2012]
No questions asked in between 2013-2014.
Consider the hyperbola H : x> — y* = 1 and a circle S
with center N(x,, 0). Suppose that / and S touch each
other at a point P(x, y,) with x, > 1 and y, > 0. The
common tangent to A and S at P intersects the x-axis at
point M. If (/, m) is the centroid of the triangle APMN,
then the correct expression(s) is (are)

@) (L LJ
222
©) (3,-2V2)

(a) ﬂzl—%forxpl
dxl 3x1
® Mo N grxs
s 3([x -1)
(©) £=1+L2forxl>l
dx] 3X1
@ Mmoo [IIT-JEE-2015]
dy, 3

No questions asked in 2016.

(@ 27. (b) 28 (c) 29. (a 30. (b)
(@ 32. 0  33(c) 34 (b) 35 (a)
(€ 37. (d) 38 (b) 39. (c) 40. (d)
(d)  42. (b) 43. (@ 44. (a 45. (a)
(@ 47. (d) 48. (c) 49. (d) 50. (b)
(@ 52. (@ 53.() 54 (c) 55 (o)
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Levee I
2 2
P A
9 4
2. y=txxa’-p
y FH(
4.
10. 4ax2+b2 =4q*
22, 2x2+5xy+2y*+4x+5y+2=0
23. 3x2+10xy + 8 +4x+6y+1=0
Levee WV

2. 75x— 16y =418
3. (2 +)y?)P=16x>—9)?

LR
' 3 Y

HINTS AND SoOLUTIONS

Levee 1

1.
(@

(i)

22
The equation of the given hyperbola is % - yT =
(a) Centre: (0, 0)
(b) Vertices: A(a, 0) = A(3, 0)
and 4 (—a, 0) = A(-3, 0)
(c) Co-vertices: B(0, b) = B(0, 2)
and B’(0, —b) = B'(0, -2)

(d) The length of the transverse axis =2a =6
(e) The length of the conjugate axis = 26 = 4
26> 8
(f) The length of the latus rectum = —= 3
a
b’ 4 13
(g) Eccentricity =e=4/l+— =,/1+—= £
a 9 3
(h) Equation of the directrices:
a 2 6
x=t—=% =t—
V133 13
The equation of the given hyperbola is
2 2
X oy
16 9

(a) Centre: (0, 0)
(b) Vertices: 4(0, b) = A(0, 3)
and A(0,-b) = A4(0, -3)

1

Coordinate Geometry Booster

INTEGER TYPE QUESTIONS
1. 2 2. 8 3. 4 4. 1 5.0
6. 6 7. 4 8.3 9.2 10. 6
11. 6 12. 6

COMPREHENSIVE LINK PASSAGES

Passage I: I. (d) 2. (b) 3. (¢)

Passage II: 1. (a 2. (¢) 3. (b)

Passage III: 1. (b) 2. (¢) 3. (d)

Passage IV: 1. (b) 2. (¢) 3. (d)

Passage V: I. (¢) 2. (b) 3. (a)

Passage VI: 1. (d) 2. (¢) 3. (d)

MATRIX MATCH

1.
2.
3.

Nk

(A)—>Q;B)—>R;(C) > S;(D) —»P
(A)—=>P;(B) > Q;(C)—>Q;(D) —>Q

A) »QB) »P;(C) »R; (D) - T (E)—>S;
(F) - R

(A)—>Q;B)—>P;(C) >R;(D)—>S
(A)—>Q;B)—>P;(C) >R;(D)—>S

A)—=>P QB —>PQW)—->QR (D —>QR

A)—->QB)->P(C)>R;(D)—S

(c) Co-vertices: B(a, 0) = B(4, 0)
and B'(—a, 0)=B'(-4,0)

(d) The length of the transverse axis =2a =6

(e) The length of the conjugate axis =2b =8

2
(f) The length of the latus rectum = ZL =

Eccentricity = e = 1+ —
(® y = \/ ./ 6-2

(h) Equation of the dlrectrlces :

poxbop 3,02

e 5/4 5

(iii) The equation of the hyperbola is

9x? — 16y — 36x + 96y — 252 =0
= 9(x*—4x)- 160" - 6y) =252
=  9(x-2y-16(y—3)>=252+36-144=144
2 2
- 9(x—-2)" 16(y-3) 1
144 144
2 2
) )
16 9
(a) Centre: (0, 0)
= X=0,Y=0
= x-2=0,y-3=0
= x=2andy=3

Hence, the centre is (2, 3).



Hyperbola

(b) Vertices : (za, 0)

= X==a,Y=0

= x-2=4,y-3=0

= x=2+4,y=3

Hence, the vertices are (6, 3) and (-2, 3).
(c) Co-vertices: (0, +b)

= X=0,Y==+b

= x-2=0,y-3=%3

= x=2,y=34+3

Hence, the co-vertices are (2, 6) and (2, 0)
(d) The length of the transverse axis = 2a = 8
(e) The length of the conjugate axis =2b =6

Eccentricity = e = h =2
(f) Eccentricity =e = 6 2
(g) Co-ordinates of Foci : (ae, 0)

X=45Y=0
= X-2=45,y-3=0
=  X=2+5,y=3
Hence, the co-ordinates of the foci are (7, 3)
and (-3, 3)

2. The equation of the hyperbola with centre (1, 0) is

G0y,

a? b?
Here,2a=6=a=3
Also, one focus = (6, 0)

= 1+tae=6

= ae=5
= 3e=5
= e=5/3
Therefore,

b* =a*(e* —l)=9(§—1):16

Hence, the equation of the hyperbola is

(=1 y*

9 16
. Since the focus is (5, 2) and the vertex is (4, 2), so the
axis of the hyperbola is parallel to x-axis and a = 1,
ae=72
Let the equation of the hyperbola be
a2 Y
G-y -2 0
a b
As we know that, the relation in a, b and e with respect
to a hyperbola is
b—ade-1)-a*—a*—4-1-3
Now from Eq. (i), we get
@-3° (-2 _,
1 3

. Since the focus is (-3, 2) and the vertex is (—3,4), so the
axis of the hyperbola is parallel to y-axis and be =2

1

= bxéz
2

6.25

5

16( 25 84
Also, a* =b*(e* =) =— ——1)=—
50, 4 e ) 25\ 4 25

Hence, the equation of the hyperbola is

(+3’_(-2F

a’ »*
@+3)’ (=27 _ 1
84 16 25
. From the definition of the hyperbola, we can write
SP
—_— =&,
PM

where S = focus, P = (x, )
= SP*=¢> PM

= x=2)"+(» 1)—4{(m)}

= S{(x—2P+ (1)) =4x+2y— 1)

. Given relation is

2ae=16
= age=8
= a=8ke = a=2
Now, b* —aX(e* — 1) —a*e* —a*= 64 —4 =60
Hence, the equation of the hyperbola is

2 yz
S S
a’ b

2 ¥,
4 60

. Since foci are (6, 4) and (-6, 4), so the axis of the

hyperbola is parallel to x-axis.
It is given that the distance between two foci is 12, so

2ae=12
= ae=6
= 2a=6
= a=3

Also,
b—ad (e —1)—a**—a*-36-9=27
Hence, the equation of the hyperbola is

2 2
.
a- b
2 ¥V
9 27
. Given relation is
207 1
—=—X2a)=a
PR (2a)
2b*
= .
a

= 20’=4d°
Also, relation in a, b and e is
b*=aX(*-1)
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9.

10.

11.

12.

2
a 2,2

= —=a"(e" -1
: ( )

1
2

= —-DH=—
(e ) 2

e—\ﬁ
= 2

2 2
X
Let the equation of the hyperbola is —2—2}—2 =1 and
a
2
its conjugate is x_2 _y_2 =-1.
Therefore,

1/1+ andez—,/1+
a* +b? 2|2 +b2
- '[a—z] [b—z]

L1 a (¢
= —_— —_—
el2 e% a’ +b? a’ +b?

2 2

Let the equation of the ellipse be x_2+ y_2 =1 and the
a- b

2 2
y

equation of the hyperbola is is x_2 - b_z =1
a
Also, it is given that,
2b=2a
= b=a
Let e, and e, be the eccentricities of the ellipse and the
hyperbola.

f b* / a*

Th e = 1——: 1——:
en € a2 az

and 62—,/ 1+— V2

Thus, el +e2 =

The equation of the hyperbola is
42y —x -3 -92x+y—1)*=280
The centre of the hyperbola is obtained from the equa-
tions
2y—-x—-3=0and2x+y—-1=0
Solving, we get,
x=-2/5
and y=13/10

Hence, the centre is —E,E .
5710

The equation of the given hyperbola is
3x?—-5y2—6x+20y—-32=0

13.

14.

15.

16.

Coordinate Geometry Booster

=  3(*-2x)-507—-4y)=32
= 3x-1?-5(p-2*=32+3-20=15

3= 5(p-2?

15 15
2 2
N C e G )
5 3

The given straight lines are

2 Yoo013 (i)

a b
and )

Yo ...(i)

a b 2013
Multiplying Eqs (i) and (ii), we get

S (R A P O SO

a b)\a b 2013

2y

7=l

a b
which represents a hyperbola.
‘We have,

1+ 4t
x=3 and y =
(1— : j YT

2 2
1
I S L
9 1—t¢

2
() (25
2 1_12

2
Xyt A+ -4 (1-77

= 5T VI 7| =1
9 4 (-1 1-1

22
= —-—=1

9 4
which represents a hyperbola.
We have,

1 t —t 1 t —t
x=—(e'+e’') and y=—(e' —e
2( ) y 2( )

= 2x=(¢+te’)and2y=(e'—¢)
— 4x2 — 4y2 _ (et + e—t)z . (el . e—t)z
= 4 -4=2+2

= xX-y'=1

Which represents a rectangular hyperbola.

The given equation of the hyperbola is

2 2
x Y

2014—l+2013—l
= (2013 - A)x2 + (2014 — A)?
—(2013 - 1)(2014-1)=0
= (2013 — A)x2 + (A —2014)7?
—(2013 - 1)(2014-1)=0
The given equation represents a hyperbola, if
W —ab>0
0-(2013 - A)(A-2014)>0
(2013 - A)(1—2014) <0
2013 <A<2014
A€ (2013,2014)

teul



Hyperbola

17.

18.

The given equation of the hyperbola is
2 2

ooy v
144 81 25
We have,
b? 81 [225 15 5
e= 145 = 1+ = (2 _b_>
a 144 \N144 12 4
Also, azzﬁ
25

Thus, the foci are

(xae,0) = (i%x%, Oj = (i3, 0).

Now, for the ellipse,
ae=3

= d?=9
Thus, b*=d*(1 — &%)

=a* - a%’

=16-9=7
Hence, the value of 5*is 7.
Let LL’ be the latus rectum of the given hyperbola.

b’ b’
Therefore, L[ae, —] and L’ ae,—; and the cen-
a

tre of the hyperbola is C(0, 0)

2 2
Now, slope of CL =m, = (b”/a) = bT
ae ae

2 2
and the slope of m, = (b = _bT
ae ae

Since, the latus rectum subtends right angle at the cen-
tre, so
m Xm,=~—1

b* b*
= [T}{‘Tj}l
a e a e

TN
S

A‘ oy
[ EN

[\S]
N~

Il

—

= b*=ag'?
= di(e-1)7=a?
= (-1)7=&
= e-32+1=0
, 345
£ e =
2
N 62=3+\/§
2
2
, 3445 6425 [J5+1
ey e = = =
2 4 2

NE)

2

19.

20.

21.

22.

23.

6.27

We have,
2x7 —3yF—1=2-48—-1=-47<0
Thus, the point (1, 4) lies outside of the hyperbola.
Since the point (4, —1) is an exterior point of the curve
4x*—3y*=1,s0
422-3-1<0
422-4<0
A-1<0
A+DA-1)<0
-1<A<l1
Ae (-1,1)
Thus, the length of the interval, where A lies is 2.
Therefore, m =2
Hence, the value of m+ 10=2 + 10 =12.

As we know that if the line y = mx + ¢ be a tangent

2 2

to the hyperbola x—z—;:—zz 1, the co-ordinates of the
a

tues sl

2 2
. . am | b
point of contact is (i —, —J )
c c

The equation of the given hyperbola is
25x2 - 9y* =225
2 2

Xy .
9 25—1 ...(1)
Also, the given line is
25x+ 12y =45
= 12y=-25x+45
= =B (i)
12 12

Here,a=3,b=5and m=-25/12.
Thus, the common point is

2 2
(iw,ib—]:(iii&j.
c c 3

As we know that, the line y = mx + ¢ will be a tangent
2 2
to the hyperbola x_z_Z_z =1,if
a

A=adm* - b (D)
The equation of the hyperbola is
9x*— 5y =45
2 2
= L
5 9

Here,?=5,0>=9,m=3,c=1
Therefore, from Eq. (i), we get

AR=am*-b*=15-9=6
= 2A=%46
The equation of any tangent to the hyperbola
2 2
Xt oyt .
? — b_2 =11s

y=mx+a’m* —b* -
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24.

25.

26.

The equation of the given tangent is

y= mx+~\9m* —4
Since Egs (i) and (ii) are identical, so
a?=9,b0=4
Hence, the equation of the hyperbola is
2 2
X oy
9 4
= 4x?-97=36
The equation of any tangent to the parallel to 5 x — 4y +
7=01is
S5x-4y+A1=0
= 4y=5x+A1

..(ii)

y 2 2
The equation of the given hyperbola is
4x* - 9y* =36
22
Xy .
= — =1 1
9 4 (i)

Since, the line (i) is a tangent to the hyperbola (ii), so

2
ng(éj_4
16 16

A*225-64
16 16

= A=16l

=  A=%161

Hence, the equations of the tangents are
Sx—4y+:/161=0

The equation of any line perpendicular to
3x+4y+10=0is
4x-3y+A1=0

_(4)es .
= V= 3 3 ...(1)
The equation of the given hyperbola is

9x?—16)* =144

AN

. (il
16 9 -
The line (i) will be a tangent to the hyperbola (ii), if

2 2
(5)-3) -2
3 3
= A*=256-81=175
= A=t/175=£57
Hence, the equation of
4x-37£5J7=0.
The given hyperbola is
xX*—9%=9
P
= __Z ...@
o 1 )
The given lineis Sx + 12y —-9=0

I (I
S Ty A

the tangents are

...(ii)

27.

28.

29.

30.

Coordinate Geometry Booster

If the line (ii) be a tangent to the hyperbola (i), the co-
ordinates of the point of contact can be

[i L, iﬁJ = (i (-9), iij
c c 3

The equation of the given hyperbola is

4x* — 92 =36
2 2
= Yo
9 4

Here, a> =9, b> = 4.
The equation of any tangent to the hyperbola

2 2
y

X .
R R N
a’> b

y=mx+'\/azm2 —b?
= y=mx+\/9m2—4

which is passing through (3, 2). So
2-3m)?*=9m*—-4

= 4-12m+9m*=9m> -4

= 4-12m=-4

= m=—,m=co
3

Hence, the equations of the tangents are

2
x+3=0and y=§x_

We have,
207 =3yt —12=2.1-3.4-12
=2-12-12=2-24=-22<0
So, the point (1, —2) lies outside of the hyperbola.

Thus, the number of tangents is 2.
The equation of the given hyperbola is

32 -4yr=12
2 2
Xy
= ———:1 1
4 3 ®

Here,a*>=4,b*=3 and m =4
The equation of any tangent to the hyperbola (i) is

y=mx+\/azm2 -b?

= y=4xx+64-3
= y=4xz J61
Hence, the equations of tangents  are

y=4x+\/a and y=4x—\/a.

The equation of tangent to the curve
X*—y*—8x+2y+11=0is
X, — 3y, — 4 —x) + r-y) +1=0

> 2x-—y-4x+2)+@+1)+11=0
= 2x+4=0
= x-2=0
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31.

32.

33.

When y = 2, then 4x* = 36

= x=43

Hence, the points are (3, 2) and (-3, 2).
The equation of the tangent at (3, 2) is

12x -6y =24

= 2x-y=4

Also, the equation of the tangent at (-3, 2) is
—12x -6y =24

= 2x+ty+4=0

The equation of the given hyperbola is
9x2 - 16)* =144
oy .
———=1 ...(1)

16 9
The equation of any tangent to the hyperbola (i) can be

considered as y = mx++/1 6m> -9

which is passing through (4, 3). So
(B —4m)*=16m*-9.
= 9-2dm+16m*=16m*-9

= 24m=18
= mZé and m=oo
4

Let 6 be the angle between them. Then

3 o] 13
tan(6) = |- B
1+3.oo‘ ‘1+3‘ 3

w 4

= O=tan" (ij
3

Hence, the angle between the tangents is

)
tan — |
3

The equation of any tangent to the hyperbola
2 2

Y s

a*> b

y=m1x+\la2m12—b2 ()

The equation of any tangent to the hyperbola

(-b*)

y=my x+|(=b*)m? —(=d?)

Since the equations (i) and (ii) are identical, so

a*m —b* = (=b*)mj —(—a*)

..(i)

= mi=1 and mj=1
Thus, m, =+1 =m,
Hence, the equations of the common tan gents are

y:ix+\/a2—b2

6.29

2 2

34. The equation of the given curves are 5 _yT =1 and

35.

2 2

x_+y_=].
9 4
Y
\/ /yzz
X- X
!
y=2
x=-3 Y x=3

Here, the length of the major axis of the ellipse is equal
to the length of the transverse axis and also the length of
the minor axis is equal to the length of the conjugate axis.
Thus, the equations of the common tangents are x = £3
and y = +£2.

The equation of any tangent to the hyperbola

2 2
Y s

16 9

y=mx+\/l6m2—9
= mx—y+Vl6m>—9=0 ()

Y

\ AR

VAN
y’l

If the tangent (i) is also the tangent to the circle x* + )?

=9, the length of the perpendicular from the centre of
the circle is equal to the radius of the circle. So

X

0—+16m* -9

m? +1

16m* —9 = 9(m? + 1)
16m*>—9m*=9+1=10
Tm? =10

= m:i\/z
10

Hence, the equation of tangents are y =+ /% X+ \/g

=3

LUl

36. The equation of any tangent to the parabola y* = 8x is

y=mx+; ...(1)
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37.

38.

Y
X X
C
Y
Since the tangent to the parabola is also a tangent to the

2 2

Xy
hyperbola ——-=—=1, so
yp 9 s

2
5x° —9(mx+£) =45
m

= 5x2—9(m2x2+i2+4m):45
m

= (5-9m)x? —36x—9(i2+5j= 0
m

Now,
D=0

= (36)+36(5 —9m2)(i2+5j =0
m

u

36+2—2+25—36—45m2 =0
m

= i2 +5-9m* =0

m

= 9Im*-5m*-4=0

= W-1)Om*+4)=0

= m-1)=0

= m==l

Hence, the equations of the common tangents are
y=+£x+£2.

As we know that the locus of the perpendicular tan-

gents is the director circle.

Hence, the equation of the director circle is

X+yP=a*-bh*=16-9=7

= x*+y*=7 .,
Let F', and F, be two foci of the hyperbola x_2 —y—2 =1.
a- b

Y

£y

39.

Coordinate Geometry Booster

Then F| = (ae, 0) and F, = (-ae, 0).
The equation of any tangent to the hyperbola is
Y seco-2L tanh=1 ...(1)
a b
Let p, and p, be two perpendiculars from foci upon the
tangent (i).

a*(&® —1)(e’sec’0-1)

pp, =
= T (@ 1) sec?0 + tan6)
ip = a*(e* —1)(e*sec’0 1)
= T (2 1) sec?B + (sec?0 - 1))
a* (62 - 1)(6286029 —-1)
= Py =

(e*sec?0 —1)

= pp,=a(e-1)

= pp,=b

Hence, the product of the lengths of the perpendiculars
is b,

Let P(c, B) be the point of intersection of tangents at 4
and B.

Y

Y
Clearly, the point of intersection of the tangents at 4
and B is the chord of contact.
Therefore, the chord of contact AB is

ox Py _,
a b
L e v
a’yp B
which is a tangent to the parabola j? = 4ax. So
b? a

4
B
- o5

Hence, the locus of P(c, f) is

b4
2
=| ——X

N
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esecH—1

sec’0  tan’0
7 T B>

a

Then, p,

esecH+1
and p, =
sec’6  tan’6
a? b?
_ (esecO—1)(esecO+1)
sec’0 tan’0
a? b?
a*b*(*sec’6-1)
(b*sec’0 + a’tan’0)

= yZV2%)

_ a*t (62 - 1)(ezsec26 )]
(a*(e* —1)sec’0 + a*tan’0)
2 2
40. The equation of the normal to the curve T—6 Y =1 at

(8,3V3) is
é+bz—y=a2 +b?
X N

o 1, W 649

8 33

=  2x+3y=25
Hence, the required equation of the normal is
2x++/3y=25.

41. Let, one end of the latus rectum of the given hyperbola

2
is L(ae, b—) .
a

L/

Y
The equation of the normal to the given hyperbola at L

is
2 2
ax b
ax by
X N

=a*+b*

42.

43.

6.31

ax
= —tay=da’+b*
e
X y

=1
e(a® +b%) ’ a* +b?
a a

Hence, the area of AOAB
e@ +b7) [az +sz

1
=—X
2 a a
2 1242
_lxe(a +b%)

2 a’
1

=—xa’e’
2

The equation of any normal at (a sec ¢, b tan @) to the
2 2

Xy
hyperbola — — =

=1is

ax cos + by cot o=a*+ b? ..()
The equation of any line perpendicular to (i) and pass-
ing through the origin is

(b cot @)x —(acos p)y=0
= bx—asin@gy=0 ...(11)
If we eliminate ¢ between Eqs (i) and (ii), we get the
required locus of the foot of the perpendicular.
From (ii), we get,

sin (@) = bx
ay

(@2% —b2x?)
ay

= cos(p)=

2.2 422
-b
and  cot(p)= L4 Y TV
bx
From Eq. (i), we get
2.2 422 2.2 422
ax x @y bx)+by>< @y =b'x7)
ay bx
:a2+b2

= @@ -p) =@ )
- (xz + y2)2(a2y2 - bzxz) — (a2 + b2)2 xzyz
which is the required locus of the foot of the perpen-
dicular.
The equation of any normal to the hyperbola
2 .2

Yy

X .
2 _1is
a’ b

ax cos@ + by cotp = (a* + b?) ...(1)



6.32 Coordinate Geometry Booster

2, 22
P
N Thus, the co-ordinates of G = [a b , O]
acosQ
D) Clearly, the vertices, 4 = (a, 0) and 4" = (-a, 0)
2,22
Now, AG = a+b —a
3% Y acosQ
o M .,
and A’G=[a 0 +a]
acosQ
Y Therefore,
Since the normal (i) meets the x-axis at M and y-axis at a2+ b a2+ b
N respectively. Then, AG. A'G= —a +a
acosQ acosQ
a’ +b? a* +b?
M= ,0| andN= |0, tan @ 2, ,2)?
a cosQ b _||atp sec’ —a’
Let the co-ordinates of the point P be (o, B). a

Since PM and PN are perpendiculars to the axes, so the = (@€ sec2Q— @)
co-ordinates of P are 22 2(P
=a’(e*sec’p—1)

a’+b* a* +b? tan = m=2,n=2,p=2
a seco. b ang Hence,

(m+n+py+36=36+36=72.

Therefore, 45. The equation of the normal to the hyperbola xy = ¢* at
a*+b? a* +b? ¢
o= ; seco and fB= 5 tan @ (ct,—) i
t
a b xt—yt—ctt+c=0
i v R v R (R T
As we know that, which is passing through (c, f§), so
sec’ @ —tan’ =1 et —af + Pt—c=0.
az( a )2 B 2( b )2 . Let its four roots are 7, £,, 1., 1,.
a* +b? a* +b? o

+t+t ==
= (Xzaz—ﬁzb2=(a2+b2)2 Therefore, l‘1 l‘2 t3 t4 e

Hence, the locus of (¢, B) is

_ _ B
ax? — by = (a® + by Z(th2) =0, Z(t1t2t3) - _?

44. The equation of any normal to the hyperbola and X(rz,01)=1.
2 2
X . .
a—z—i—:lat((p)ls () x, +x,Fx,Fx, =c(l +1 iy +1y)
ax cos@ + by cotp = a* + b? =c(g)=a
v c
.. 1 1 1 1
(11) Y +y2 +y3 +y4 =C _+_+_+_j
o . Z(t1t2f3)
Z(f1f2t3t4)
X
X~—7T"00 4 G (_ﬁ)
c
= C —_— =
_1 ﬁ

Y
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46.

(i) xf+x;+x3+x; =X (G +6 +15+17)

=2 {(2 0) —22(%)}

< {E] -

(i) ¥+ =(In) 2200
_p2 a2 s
w23 ]
:(ﬁ)z_zcz[ztltz]

Libtsty
2
=B

(V) x-x,x,x, =Mt ett) =~

. 1
(Vl) yl.yz.y3.y4:C4
hitytat,

the equation of any normal to the given hyperbola at
(x, ) is

a b’ b a*
b’kx ,
= == ...(1)
a“(e“x—b)
The equation of the hyperbola is
2 2
Xy .
——-==1 (1
25 (i1)
Solving Egs (i) and (ii), we get,
x? b*k*x?

e —|
a’ b2a4(ezx - b)2

=  dext - 2bdPer — (@b + b + ate)x? + 2bate’x

+a'h* -0 ...(iii)
Letx, x,, x,, x, are the roots of Eq. (iii).
2b
Then, x;+x, +x3+x4 =—,
e

a’b* +b*k* +a'e?
Z(Xlxz) ==

a*e’

2ba’®
2(x1x2x3) == 2

a’b?
and 2(x1x2x3x4)= 2
e

47.

48.

6.33

2
Therefore’ z (l] — z (x1x2x3) _ 2i

X XXy X3y b

1 1 1 1
1) (g +x,+x +x4)[—+—+—+—)
X Xy X3 Xy

v s 1 2b _2¢°
( K )[ (xl jj e b
(i) Similarly we can have

1 1 1 1
D+ +y3+y)| —+—+—+—
Yo Va2 Y3 Vs

iz

=4,
The equation of the chord of contact of tangents drawn
from the point (2, 3) is
2
@y,

9 2
= 4x-9y=18

2 2
Any tangent to the hyperbola % - yT =1is
ZsecO-Ltanh =1 (1)
3 2
Y
X ¢ X
M(h,
B
Y

Let the tangent intersects the x-axis at 4 and y-axis at B,
respectively.
Then 4 = (3 cos 6, 0) and B = (0, -2 cot 0)
Let (4, k) be the mid-point of 4B.
Therefore,
2h =3 cos Band 2k=-2 cot 6

= secH= iand tan@ = —l
2h k

As we know that,
sec?@—tan’ 0= 1

o 1
4n* K
.9 1
Hence, the locus of (4, k) is ———=1.
4x° y
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49. Any point on the circle x*> + )? = a? be (a cos 0, a sin 0).
Y

P
/\

M(h, k)

0 X
R

Y

The equation of the chord of contact from the point
(a cos 6, a sin 0) to the hyperbola x> — > = &’ is

(a cos O)x — (a sin O)y = &
= xcosBO-—ysinOf=a ...(1)
Let the mid-point be (%, k).
The equation of the chord bisected at (4, k) to the hy-
perbola x? — y* = a* is

hx—ky=n -1 ...(10)
Since the Eqs (i) and (ii) are identical, so
ho —k Wk
cos@ sinf a
=  cosf =ﬁ and sinf = %

Squaring and adding, we get

ah Y —ak Y
> 2] Tl 2] =1
h =k h—k
N az(hz + k2) — (hz _ kz)z
Hence, the locus of (4, k) is a®(x> + %) = (x> — )*)%.
50. Let the mid-point be (%, k).
Y

/ 9

B
Y

The equation of the chord bisected at (4, k) to the given
hyperbola is

T=S5,

hx ky Bk’ ,

PRI 0
The equation of the hyperbola is

é - ﬁ =1 ...(i)

a” b

Since the chord (i) subtends right angle at the centre, so
we can write

Coordinate Geometry Booster

"o,k 2hk
=a—4x2 +b—4y2 —ny ...(1i1)

Equation (iii) will be a right angle, if co-efficient of
x? + co-efficient of > =0

2 2
AN R N A
A ¥) R R e

oY1 1) (B K
PERREN L PRl DR

Hence, the locus of (A, k) is

2
2 2 o1y P
& )\ @) TS

51. Let the point on the parabola be (%, k).

Y
9
(h, k)
0
X X
o
Y
The equation of the chord of contact of the parabola is
vk=2a(x+ h) ...(1)
= y=2a,.20k (if)
y 3 3
Since, the line (ii) is a tangent to the hyperbola
2 2
X

——5=Lso
2 2~ 8o
a b

2= aPm? — b2

2 2
()
k k

= 4d’h =4a* - b
Hence, the locus of (4, k) is
4a’x* = 4a* — y*b?
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2 2
X

52. Any tangent to the hyperbola — — Z_Z =1 at R(0) is
a

isece—ltanezl ()
a b
Y
R
X X
cl M
0
Y

Let the mid-point of PQ be (4, k).
Then the equation of the chord bisected at (4, k) to the
2 2
. X"y .
ellipse —+—-=1is
P at b

h WK
_)2C+Q2:_2+_2
a b a b

Therefore, the Eqs (i) and (ii) are identical. So

.(ii)

secO/a —tanB/b _ 1
i - i - JEIE)
P PE A
secd —tanf 1
ﬁ - k - JERE)
N
h k
= secH= and tan @ = b

__a
oK
7_’_7

We know that,
sec’f—tan’0=1

oK
&”#J

p* ) \a* b
53. If (h, k) be the mid-point of the chord of the hyperbola
x*—y*=d?, then
T=3S,

2
(22 22
Hence, the locus of (1, k) is | 5~ |=| =+ 7| -
a

54.

6.35

> x-ky=hm-¢
= ky=hx+FE -1

h KX —h? ,
= y=(ZJX+ A ...(1)

Y

If the line (i) touches the parabola y* = 4 ax, so

a
cC=—
m

R-k)\_ a _ak
k (hik)  h

=  h(i*-K)=ak?
Hence, the locus of (A, k) is

X(¢ ) = ay?
If (h, k) be the mid-point of the chord of the hyperbola

2 2
Xy
——===1, then
a® b’

T=S,
2 g2

o M B K

» a* \a® b
(B*h) B[Rk’
AR P=r s e ®
M(h, k) /P
0
X 5 X
Y

If the line (i) be a tangent to the circle x> + * = ¢, then
C?=A%1 + m?)
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2
(> K2 L, b'H
= 22 ) T e

= (bZhZ _ a2k2)2 — CZ(a4k2 + b2h2)
Hence, the locus of (4, k) is
(b2X2 _ a2y2)2 = CZ(a4y2 + b4x2)

2
x2 y2 iy x2 y2
ST T\t
a b a b

55. If (h, k) be the mid-point of the chord of the circle
x*+y* =% then
T=S,
= xtky=rP+F

— _(_ﬁjx_,_ P4 (i)
T=\ Tk k

Y
R
1 ;
o ﬂ/h, )
P
Y
P
If the line (i) be a tangent to the hyperbola —-— b_2 =1,
a

so, c=a'm*-b*

2, ,2)\? 2
55 ()

= (hZ + kZ)Z = (a2h2 _ bZkZ)
Hence, the locus of (4, k) is
(xz +yz)z — (azxz _ beZ)
56. Any tangent to the parabola y* = 4ax at (af?, 2at) is

yt=x+af ...(0)
Y
P
M bl
X X
o
0
Y

If (h, k) be the mid-point of the chord of the hyperbola
xy = ¢, then

xk + yh = c?
Therefore, the Eqs (i) and (ii) are identical.

(i)

57.

Coordinate Geometry Booster

Eliminating #, we get,
ha = —kc*
Hence the locus of (4, k) is

y2+x*a—0

)
= y=——2x.
c

Let the point P be (4, k).
Then the equation of the chord of contact of the circle
X*+y*=dis

hx+ky=a (1)

~

Y

The equation of the normal chord of the hyperbola

2 2
x°y .
———=1 at is
e )]

ax cos @ — by cot p=a’ + b* ...(i)
Equations (i) and (ii) are identical. Therefore,
acosQ  beotep _ (a® +b%)
h k a*
a a’b

=—————andtangp=———-—-—
h(a® +b%) ¢ k(a® +b%)

sec @

We have,
sec’p—tan* =1

a 2 a’b 2
:> —_— f— _—— =
h(a® +b%) k(a*+b%)
6

4,2
a’ a'b
= |2 e ]=(a2+b2)2

a’ b a’+b? 2

Hence, the locus of (4, k) is

& 0 [(ap2Y
x2 y2 a2
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58. If (h, k) be the mid-point of the chord of the hyperbola

2 2
X Y
——=—=1, then
2 b
T=S,
M k0K Q)
x> b a* b
Y

)

0] S
0
Y

which is passing through the focus (ae, 0) of the given
hyperbola.
Therefore,

a  a* b

Wk eh

& B a

Hence, the locus of (4, k) is

2 2
22
a b a

59. The equations of the chord of contact of the tangents to
the given hyperbola at (x,, y,) and (x,, y,) are

XX I ;
a—z—b—z—l (l)
XX W ..
and ——=—5=1 ...(11)
a b
Y
o)
5 D
Lé) d\"
X 0 O X
Y

The slopes of the lines (i) and (ii) are

2 2
a’) a

Since, (i) and (ii) meet at right angles, so

mm, =-1

ble ble
= — |X| 5 |=-1
ay a y

60.

61.

62.
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4
X X

- A2 __
N

Thus,m=4andn=14

m+n 10 4+4 10
Hence, the value of( 2 ) =(—j =210=1024.

a
b

4
The equation of the polar with respect to the hyperbola
P .
P
Xy
at b
x(-ae) y-0 _ |
= a’ p:
a
= X=-—
e
The equation of the polars from points (x,, y,) and (x,,

»,) to the hyperbola
22
— —5 =lare
a” b
XN .
— =1 @
XX ..
and 22 —%—1 ...(i1)
Now, slopes of (i) and (ii) are
b’ b’
m = le and m, = 2x2
a ay

Since the polars of the given points are perpendicular,
s
m, Xm,=-1

2 2
. [blejx[b2x2j=_l
a ) ay,

4

X%, a

= T =77
A0 b
xx, a

= 1—2+ = = 0
ny, b

Let (x,, y,) be the pole of the hyperbola. Then the equa-
tion of the polar from a point (x,, y,) w.r.t. the hyperbola
x2-3)2=31is

xx, —3yy, =3 ...(1)
The equation of the given polar is
x—y=3 ...(11)
Therefore, the Eqgs (i) and (ii) are identical. So
x _3y_3
1 -1 3
= X5=Ln= 3

Hence, the pole is (1, é) .
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63. Let the pole be (4, k).
The equation of the polar from the point (%, k) w.r.t. the

2 2
Xy .

hyperbola ——=—-=1is

hx ky .

= ...(0)

a b
The equation of the normal chord of the given hyper-
bola at (¢) is

ax cos @ — by cot = (a* + b?)
Equations (i) and (ii) are identical. Therefore,
acosqp _beotg (a’+b?)
(hla®)  (k/b*) 1

...(ii)

= cos(pz(a2+b2)i3, cotp = (a2+b2)b£3
a

3 e
—— tan
(a*+b>)h ¢
We know that,

sec’p—tan’@=1

3 2 b3 2
a —
[(cﬁ +b2)h] _[(a2 +b2)kj =1

32 32
- () oo

Hence, the locus of (4, k) is
(@ — b°x?) = (& + DY)’ (xHP)
64. Let (h, k) be the pole.
The equation of the polar from the point (%, k) w.r.t. the
parabola y? = 4ax is

vk =2a(x + h)=2ax + 2ah

2a 2ah .
= yZ[TJX‘l‘(Tj (l)

oS T @bk

Y
0
P
X- X
R
Y
If the line (i) be a tangent to the hyperbola x? — y* = &2,

then

cra’m? — a?

2
k k
=  ARP=4a -k

2
hz+k—:a2

65.

66.

67.
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Hence, the locus of (4, k) is
2

X+ yT =4’
= 4P+ )y =4a
Let (4, k) be the pole.
Then the equation of the polar w.r.t. the hyperbola
P L
P
ko
a’ b

b*h b? ,
= Jy= E X+ T ...(0)

The foci of the given hyperbola are (ae, 0) and (—ae, 0)
The equation of the circle is
(x—ae)(x+ae)+y*=0

= x?+)*=(ae)’ ...(i1)
If the line (i) be a tangent to the circle (ii), then
A=d(1 +m?
4 4,2
k
= 5= )2(1+ 4 zj
bt L[ a*h?+b*%k?
= —_—=
k* a’k’
2,4
= £ [2’ = (a*h> +5*K2)
e
474
= @Ry =20
(a”+b%)
R G P S
at bt (P +bY)
(2 1
Hence, the locus of (1, k) is | —+<7 |=—5 3=
a b (a”+b7)
The equation of the chord is
Tx+y=2y=-Tx+2 ()
Hence, the equation of the diameter is
_ b’x _Ix _ x
T m 3% -7) 3
x+3y=0

The given line is 3x + 4y +10=0

r=(-2)e(-3) )

Hence, the equation of the diameter corresponds to the
line (i) is

= b*x 4x 16x
=——= —_2
am 9(_3j 27
4

= 16x+27y=0
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68.

69.

70.

71.

72.

3
Hence, the equation of the diameter parallel to the
given chord is

The slope of the given chord is m = (_Ej .

= b*x 4x Zx

=—a—=- -_z

o)
3

= 2x+3y=0
Let the equation of the diameter, which is conjugate to
x=2yis

y=m x.

. 1

As we know that two diameters y = (E)x andy=mx
are conjugates, if
»?
2
a
1 16

=  mX—=—
2 9

mymy =

32
m=—
9
Hence, the equation of the conjugate diameters is
y 9 X
= 32x=9
Equations of the asymptotes to the hyperbola
xy—2x—3y=01is
xy—2x-3y+A=0,
where A is any constant such that it represents two
straight lines.

Therefore,
abc + 2 fgh—af*— bg*—ch*=0

-3 1 1\’
= 0+2x(—)x(—1)x(—j—0—0—/1(—) =0
2 2 2
= A1=6
Hence, the required asymptotes are
xy—2x-3y+6=0
= @®-2)y-3)=0
= x=2andy=3
The equations of the asymptotes of the given curve is
3x2+ 10xy + 82 + 14x + 22y + A =0,
where A is any constant such that it represents two
straight lines.
Therefore,
abc + 2fgh —aff — bg* —ch*=0
= 3-8A-+2-7-11-5-3-121-8-49-1-25=0
= 241-+770-363-392-251=0
= A=15
Hence, the combined equation of the given asymptotes
is
3x2+ 10xy + 82 + 14x + 22y +15=0
Since the asymptotes are perpendicular to each other,
so the hyperbola is rectangular. Hence, its eccentricity

is\/z.

73.

74.

75.

76.
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The combined equation of the asymptotes is
2x-y-3)3x+y-7)=0

= 6x?-xy—)"—23x+4y+21=0

Let the equation of the hyperbola be
6x2—xy—)*—23x+4y+ A=0,

where A is any constant such that it represents two

straight lines which passes through (1, 1), so A= 15.

Hence, the equation of the hyperbola becomes
6x* —xy—y*23x+4y+15=0.

The combined equation of the asymptotes parallel to

the lines 2x +3y=0and 3x + 2y =0 s
2x+3y+)Bx+2y+u)=0

which is passing through (1, 2).

Therefore,
2-1+3-2+0)@3-1+2-2+w)=0

= B+AT+w=0

= A=-8,u=-7

Thus, the combined equation of the assymptotes is
2x+3y-8)Bx+2y—-7)=0

Let the equation of the hyperbola be
2x+3y=0and2x-3y=0

which is passing through (5, 3). So
2-5+3:3-8)(3:5+2:3-7)+A=0

= 1Ix14+21=0

= A=-154

Hence, the equation of the hyperbola is
2x+3y-8)(Bx+2y—7)—154=0.

The equation of the given hyperbola is
xX2—=2)2=2.

So, the equations of its

x—«/Eyanndx+\/§y=O.

Let any point on the hyperbola be P (V2 sec @, tan ) .

Let PM and PN are two perpendiculars from the point

P to the asymptotes.

Then, PM- PN

_|x/§sec(p—x/ztan(p|x|x/§sec(p+\/§tan(p|
ez || ez

=%X(sec<p—tan(p)><(sec<p+tan(p)

asymptotes  are

= %X (sec? [0} —tan’ ®)

2
s

2 2

The equation of the given hyperbola is % _yT =1.

Thus, the equations of the asymptotes are

(£+1)(£_zj=o

3 2)\3 2

= (£+1):Oand(£—l)=o
3 2 3 2

= 2x+3y=0and2x-3y=0
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77.

78.

The equation of any tangent to the hyperbola

2

2
I A I N
9 4

X y

—secp——tanp=1

3 ¢ 2 ¢
Let the points of intersection of 2x + 3y =0, 2x -3y =0
and % secQ —% tanp =1 are O, P and Q respectively.
Therefore, O = (0, 0),

e 32
seco+tang’  secq+ tang

and = ( 3 , 2 j
sec@ —tan@ sec@ —tan@
Hence, the area of AOPQ
0 0
3 2
_ 1|seco+tan@ _seC(p+tan(p
T2l 3 2
seco—tang@  secp—tan@
0 0

1
=—(6+6)=6s.u.
2( ) s.u

Let the point P be (a sec ¢, b tan ¢).

The equations of the asymptotes of the given hyperbola
2 2
x
a_2 - Z—z =1 are
bx—ay=0and bx +ay=0
Let PM and PN be two perpendiculars from the point P
to the transverse axis and the asymptote
bx—ay=0
Thus, PM = b tan ¢

and PN = |abseC(p— abtan(p|
| \/b2+a2 |

It is given that, PM = PN

absec — abtan(p|
\/b2+a2 |

= btang=

secp — tan @
Vb +a?

Let the equation of the hyperbola be

= tanp =a

2 2
x° 0y .
=-=1 6
a

b
and any point on the hyperbola (i) be

P(a sec ¢, b tan @)

79.

80.
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The equation of the tangent to the hyperbola (i) at P is
...(i1)

The equations of the asymptotes of the hyperbola (i)
are

ﬁsec(p—ltan(pzl
a b

bx—ay=0and bx tay=0
Let the points of the intersection of the asymptotes and
the tangent are O, Q, R respectively.
Then, O = (0, 0),

O = [a(sec @ + tan @), b(sec ¢ + tan @)] and

R = [a(sec ¢ —tan @), b(sec ¢ —tan )]
Clearly, mid-point of QR is (a sec @, b tan ¢), which is
co-ordinates of P.
Thus, the area of AOQR

0 0

_ llja(seco+tang)  b(seco +tang)

2 a(secp —tan@) —b(secp —tang)
0 0

= l|—ab - ab|
2

=ab.
The equations of the asymptotes of the given hyperbola

2 2
———=1 are

a* b
bx—ay=0and bx tay=0
Let P be any point on the given hyperbola be
(a sec @, b tan @).
It is given that, p, and p, be the lengths of perpendicu-
lars from the point P to the asymptotes
bx—ay=0and bx + ay=0

_ |absecrp—abtan(p|

Thus, p; = | \/b2 e |
and  p, = Iab se\c/ 202++a52tango|
Therefore,

Y4V

_ a’+b*
(absec @ —abtan @)(absec @ + abtan @)
a+b*) 11
T T2t
ab a” b

Hence, the result.

. c).
The equation of the normal at (ct1 ,—J is

4
x—ty—ct +c=0 (D)
Also it meets the hyperbola again at

¢ c
Cly, —
2 tz
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81.

82.

Therefore,

t
ct2t13—c—]—ctf1 +c=0

)

- -t i1=0

5
= 6 —t—tt,+1,=0
= =)+ (0 -1)=0
= (O D —1)=0
= (LH+D)=0 (1 #L)
= =-1

Hence, the result.
Let P, Q and R are the vertices of a triangle such that

P= [ctl,ij, 0= [ctz,ij,R = (ct3,£j
b b f

c_¢
i 4 1
Now, slope of QR = ——=———
cty —cty 1t

Therefore, slope of PM is £.t,.
The equation of the perpendicular PM on QR is
c .
y_t_:t2t3(x_ctl) ...(1)
1
Similarly, the equation of the perpendicular BN on PR is
c .
y——=tt(x—cty) ...(i1)
)
Solving Eq. (i) and (ii), we get,

x=— and y=—ctit,t;.

Lyt

Thus, the point (— ,—ct1t2t3J lies on the rectan-
hixts

gular hyperbola xy = 2.
Hence, the result.
The equation of the normal to the rectangular hyperbola
xy=c*attis

xtz—yzct3—§ (1)
Let the pole be (4, k).
Then the equation of the polar from the point (%, k) to
the rectangular hyperbola

xy=ctis

xk +yh=2c? (ii)
Therefore, the Eqs (i) and (ii) are identical. So

k_h_ 2

> =—=
ol ple
t
= =—Eandh=— ZCt
t" =1

83.

84.

85.
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Eliminating 7, we get
(h? - k*)? +4c?hk=0
Hence, the locus of (4, k) is
=) +4cxy=0
The equations of the asymptotes of the rectangular
hyperbola xy = ¢? are x =0 and y = 0.
Clearly, the angle between the asymptotes

Thus, the eccentricity,
e=+2= sec(%) =secqo

Let the equation of the circle be

X2+ +2gx+2fy+c+0 ..(D)
and the equation of the given hyperbola be
xy=1 ...(11)

Solving, we get

2f

1
x2+—2+2gx+—+c=0
X X
= x*+2e’+ex?+2fx+1=0
Let its roots are x , x,, x, and x,.

127722773
Then, x x x.x, =1

177277374
Similarly, we can easily prove that
=1

Any point on the rectangular hyperbola

xy=c’is P(ct, ;j
The equation of any tangent to the rectangular hyperbola
xy=c*attis

§+yt=20 .G0)
The equation of any normal to the rectangular hyperbola
xy=ctattis

xt—yt—xtt+c=0

(i)

2c
Therefore, a; =2ct, a, =—
t

1 1 ;
and b, =c|t——|,b,=c| ——t
: ( t3) ? (t )

Now,

2
ajay +bb, = 2c2t(t —tisj +2%G—t3j

1 1
:26‘2 (l‘z ——2+—2—f2)=0
t t
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86. We have, ¢ = V2 and e = V2

Now, (¢, +¢,)% = (N2 ++2)> =(2v/2)* =38

87. Any point on the given hyperbola
2
%— 2 =1 be P(x/iseC(p, tang) .

The equations of the asymptotes of the given hyperbola
are

x—ﬁyanndx-%\/Ey:O.

Let PM and PN be the lengths of perpendiculars from
the point P on the asymptotes.

Thus,
PM.PN
|\/_sec<p \/_tan(p| |x/_se0(p+x/_tan(p|
| V142 | | J1+2 |
2
)
=(1+22,2)

88. Let the points 4, B, C be

c c c .
cty,— |,| cty, — |,| ct;, — | respectively.
4 t t;

(i) Then the area of the AABC

ct 1

C

1

" C

o
2y

N | —

:ix (6 =1)(t, = 1) — 1)

hiyts
(i1) The equations of the tangents at A4, B and C are
X .
—+yt, =2c ...(D)
b
X
Ty =2c ..(i)
5
X
and —+yt; =2¢ ...(1i1)

3
Thus, the points of intersections of (i) and (ii), (i)
and (iii), (ii) and (iii) meet at P, Q, R respectively.

2ctqt 2c
Thus, P= (#, —) s
L+t, H+1

Coordinate Geometry Booster

2ctit;  2c
0=| 1 =X
L+t 4+t

2ctyty  2c .
and R= (#,—] respectively
L+t t,+1
Hence, the area of the APOR
2ctt, 2c |
L+t, H+L
_ 1| 2ett 2c |
2|+t fH+4
2ctyty 2c |
L+t L+

_ 267 (= t,)(t, —t5)(t, = 1)
(i +5)E + )6 +1,)

89. The given rectangular hyperbola is
xy=18 ()
Replacing x by x cos (45°) + y sin (45°) and y by —x sin
(45°) + y cos (45°) in (i), we get

S

= x*-)y*=-18

Hence, the length of the transverse axis
=2a=2.6=12 units.

90. Let (h, k) be any point.

The equation of the chord of contact of the tangents

from (4, k) to the circle x* + )2 =4 is
hx +ky=4.

Also, the given hyperbola is
xy=1

(4—hx)

X =1
k

= 4dx-—h*=k

= ?-4x+k=0
Thus, its roots are equal. So

D=0
= 16-4hk=0
= hk=4

Hence, the locus of (4, k) is xy = 4.
91. The combined equation of the asymptotes of the given
hyperbola is
xy—hx—ky+A=0
where A is any constant such that it represents two
straight lines.
Therefore,
abc + 2fgh—af*— bg*—ch*=0.

- o2
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Hence, the asymptotes are
xy—hx—ky+hk=0

= (x-hy-k=0

= (x—h)=0and(y—k)=0

92. We have, 0 = 2tan”! (2)

a
5)-
= tan|— |=—
2 a

Also,

[ 2
e= 1+b—2= 1+tan2(g)=sec(g)
a 2 2
5
= cos|—|=—
2 e

93. The equation of the given hyperbola is
9x2—16)* =144
2 2
x° oy .
2 2 ...@
16 9 ®
Let any point on the given hyperbola be P(8, k).
Since the point P lies on (i), so

64 k2_1
16 9
= k=
= k=33

Hence, the co-ordinates of P be (8, 33 ).
Thus, the equation of the reflected ray is

_3\/—_0 33

g =%

= 3ﬁx—13y+15f=0

Levee I

1. As we know that y = mx + ¢ will be the tangent to the
2 2

Xy .
hyperbola — —=—=1 if
yp PR

c=am* - b*=9m* -4
Hence, the equation of the hyperbola is
2 2
Xy

Z 2

9 4
2. The equation of any tangent to the hyperbola

2 2
x_z_i_zzl is y:m)c+\/c12m2—l)2 ...(1)
a

and the equation of any tangent to the hyperbola

2 2 2 2
x°y . X y

Ty T T, T - =118

b2 aZ > (_b2) (_aZ)

y=mx++(-b*)m* +a’ ...(ii)

6.43

If (i) and (ii) are the same, then
202 — B2 = b + &P

= (@+bP)ym*=(P+b)

= m=1

= m==]

Hence, the equation of the common tangent be

yzixi\/az—bz.

. The equation of any tangent to the hyperbola

x2 y2

16 9

y= mx+~16m* -9

= mx—-y+ 16m*-9=0

=1is

which is also a tangent of x> +)*=9. So

V16m? -9

=3
m* +1
= V16m*—9=3Vm? +1
= 16m?*-9=9m*+9
= 16m*—-9m*=9+9
= Tm*=18
= _+i

NG

Hence, the equation of the common tangent be

32 [288
:i[ij 7—9

=  JTy=+GV2)x+15

. The equation of any normal to the hyperbola

2 2
x° oy .
—-—=>=1at(¢)is
2 ()

ax cos (p+bycot(p:a2+b2

N

A,O\

Y

a’ +b*
Thus, the co-ordinates of G = ,0
acosQ’

Clearly, the vertices, 4 = (a, 0) and 4" = (-a, 0)
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acosQ
2,12
and A'G:(a b +a}
acosQ
Therefore,

2 2 2 2
AG-A’G=[a +b —a](“ +b +aj
acos acos

2
a2+b2 2 2
= secTp—a
a

= (a*c* sec’ p—a?)
=a* (sec? p—1)
= m=2,n=2,p=2
Hence, (m+n+ p)*+36 =36 +36="72.
5. The equation of the normal to the hyperbola xy = ¢? at

c) .
ct,— | 18
( t)

xt—yt—ctt+c=0
= ct—xttyt—c=0
which is passing through (¢, ), so ct* —ar + ft—c=0
Let its four roots are # £, ¢, £,.
Therefore,

o
G = L 2 (0) =0,

and X(t,4,.1) = 0.

1727374

Xt = —E
C

() x, +x,+x,+x, =clt,+t, +t; +14)

{2

y 11,1 1
(i) y,+y,+yty, =c| —+—+—+—

:c[ 2, (ttats) ]zc (_fj -8

2(f1’213f4)

(i) xf+x;3+x3+x; = (GF+6+15+17)
=¢? {(2 4 )2 - 22(%)}
262{(2)2_0}:(12

C

i) F 3+ +i=(En) 220w
22 1
SUSEEES
= (B -2 (—2” tz}

=(B)’
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(v) xxxx,=chtttt)=—c

vi) yyyy, =c* [ ! j =c* (L) =—c*

hiytsty -1

6. The equation of any normal to the given hyperbola at
(x, ) is

a—ﬁ(k—y)=b%<x—b)

a* b
=" :
= = L
4 a* (e2x -b) ®
The equation of the hyperbola is
2 2
Xy .
——-—==1 ...(1
5 (i)
Solving Egs (i) and (ii), we get
x* bix?

_—— -1
a* bra*(x-b)’
= ad’e'x'—2ba’e* — (a*h* + bR + a'et) x?
+2ba‘e’x + a'b*=0 ...(iii)

Letx,, x,, x,, x, are the roots of Eq. (iii).

2b
Then, x; +x, + x5+ x4 =e—2,
2( ) a’b* +b*k* +a'e?
XXp) ==
a’et
2ba*
2(x1x2x3) ="
e
2,2

ab
and Z(x1x2x3x4)= 3

2
Therefore, z (ij - M - zi

X X)Xy X3y b

. 1 1 1 1
@) (x1+x2+x3+x4)[—+—+—+—)
X Xy X3 Xy

1 2b _2¢°
= —_— =—X- =4
(ZXI)[Z(XI ]j 62 b
(il) Similarly, we can have

1 1 1 1
Dttty —+—+—+—
DO G RN B 1

fx(2)

=4.

7. The equation of the normal to the hyperbola

2 2
Xty ;
a_z_b_z_l at (a sec 0, b tan 0) is
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ax cos 0+ by cot 0=a*+ b* ...(0)
Let the point Q be (o, B).
The equation of any line perpendicular to (i) is
(beotO)x—(acos Oy +k=0
which is passing through the centre. So
k=0
Thus, (b cot B)x — (acos ) y=0
which meets at Q.

Thus,
(b cot O)ox—(a cos B)=0
= sin@:b_a
ap
[2p2 2 2
-b
= cosgzu
ap
[2p2 ;2 2
-b
and cot9:$
o

Putting the values of cos 8 and cot 0, in Eq. (i) we get

212 2.2 22 2.2
N -b -b
ax(u}+by[uJ = a2 +b2

ap ba

Hence, the locus of O is

ﬁ( /azyz_bzxz)_i_l( azyz—b2x2)=a2+b2
x

y

= (£+Zj(«la2y2 —b*x? ):a2 +b?

y X

2
= (£+ZJ (a®y* —b*x*) = (a* +b*)?
y X
N (xz +y2)2(a2y2 _ bzxz) — (a2 + bz)z

. Any point on the circle x> + y* = @? is (a cos 0, a sin 6).
The chord of contact of this point with respect to the
hyperbola x*> —)? = a* is

xcos O—ysin 0=a ...(1)
If its mid-point be (4, k), then it is same as
T=S,

ie. hx—ky=n-1
Comparing Egs (i) and (ii), we get

cos@ sinf  a
h k =k
We know that

sin? 0+ cos? 0=1

ah ak
el I e R
h"—k h” —k
= AW+ = - k)

Hence, the locus of (4, k) is
az(x2 +y2) — (xz 7y2)2

9.

10.

11.

6.45

Let the mid-point be M(#, k)
The equation of the chord of the hyperbola

x2 yz

——=—=11s

a b

T=S,

hx oK
= _2_Q2=_2__2

a b a b

degree.

hl_& 2 2

a’> b | _| X

oK a’ b

e

h2x2 k2y2 xz y2 hz k2
= a4 + b4 —2()Xy = a—z—b—z a—z—b—z

which subtends right angle at the centre, i.e.
co-efficient of x2 + co-efficient of y* =0

oL ) K (R R
iy b abwl Rievebiry s e Il
a a\a b b* b a” b
o) (1 1R K
&)@ e\E TR

Hence, the locus of M(#, k) is
LA _(L+Lj L
at bt at )N\ b

Let the point P be (%, k).

The equation of the tangent to the parabola
y*=4daxat Pis

vk=2a(a+ h)
o po2ax 2ah
YT Tk

which is a tangent to the hyperbola. So
2= — b

] 2]
k k
4a’h? _ 40,

IS =
= 4da*?+Phr=4a*
Hence, the locus of (4, k) is
4a’x* + by = 4a?
Let M(h, k) be the mid-point of the hyperbola

X2 — yz =
The equation of the chord at M is
T=S,

= hWx-ky=r-K
= ky=hx-h-k)
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12.

13.

Tk k
which is a tangent to the parabola y* = 4ax. So

CcC=—
m

K> =n*)_ak
k h

= ak*=kh-r
= KBh-a=r
Hence, the locus of M(h, k) is
Vi(x—a)=x
Let M(h, k) be the mid-point of the chord of length 24
inclined at an angle 8 with the x-axis. Then its extremi-
ties are
(h+dcos 8 ck+dsin 0)
and (h—dcos 6 ck—dsin 6)
These extremities lie on the hyperbola xy = ¢?
So, (h+tdcos6)(k+dsin 6)=c?
and (4 —d cos 0)(k—d sin 0) = ¢*
Adding and subtracting Eqs (i) and (ii), we get
hk + d* sin 6 cos 8= c?
and /sin 6+ kcos 6=0

...()
..(i)

...(iii)

ie. tanf= —% ...(1v)
Eliminating 6 between Eqgs (iii) and (iv), we get

W+kr) dk
hk — ¢* ===
< c>[ . ] :

= (hk— AW+ k) = d*hk
Hence, the locus of M(h, k) is

(xy — (¥ + %) = dPxy
Let the mid-point be M(h, k). 5 5
The equation of the chord of the hyperbola x_2 - ?;—2 =1
: a
is

hx ook
= _2_@2=_2__2
a b a b

which is a tangent to the circle x> + 2 = ¢%. So

=a (1 +m?
b*h’
a*k? J

2
= [i[ﬁ_ﬁjJ 202[1_’_
k\a® b?

2
M S 2( b*n?
I PERES Bl GE

14.

15.

Coordinate Geometry Booster

Hence, the locus of the mid-point M(#4, k) is

R 2 (52

a> b ¢ a* ’ b*
Let the mid-point be M(h, k).
The equation of the chord of the circle
X +yP=da’is
T=S,
hx+ky=hm+1k
ky=—hx+(h*+ k)

(h) [h2+k2]
= y=- z X+ A

which is a tangent to the hyperbola. So
= aPm? — b?

2
2] -ofy

N (h2 + k2)2 — (azhz . kzbz)

Hence, the locus of M(h, k) is
(x2 + y2)2 = (a2x2 _ b2y2)

Let the point P be (af, 2at).

=
=

Y
P
M(@Q
X 5 X
R
Y
The equation of the tangent to the parabola at P is
yt=x+af ...()
Given hyperbola is

xy = c? ...(i1)
The equation of the chord of the hyperbola xy = ¢? at
M(h, k) is

xk + yh=2hk ...(i1)
So, Egs (i) and (ii) are the same line. So
1__r__a’
k h 2 hk
2
= tz—ﬁandt2 __2h
a
n 2k
: —_— ———
k? a
R —
k? a
= k= _ah
2
Hence, the locus of M(h, k) is
2__#
2

which is a parabola.
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16.

17.

The equation of the chord of contact of the circle
X*+y?=a*is hx + ky = @ ...(0)
and the equation of the normal chord of the hyperbola
is
ax cos @+ by cot p=a* + b* ...(i1)
Solving, we get

acos¢ _bcotp a’ +b*

h k a?
(a* +b*)h (a* +b*)k
= cosQ= , cotp =
¢ a’ ¢ a’b
(@*+b*h . bh
= COS(p=—3,S1n(p=—
a ak

We know that sin> ¢ + cos? ¢ =1

2 2
. (@) +(ﬂ] .
ak a’

2
N R S
2122 7

a
L (B (en Y] &
k? a? h?
2
a’ b’ _ a’+b>
i e i

Hence, the locus of M(h, k) is
& P [(d+p

x2 y2 a2

The equation of any normal to the hyperbola

2 2
Xy .
——-===11is
at b
ax cos @ + by cot o= (a*+ b?) ...(1)
Y
N P
0
X o V X
Y

Since the normal (i) meets the x-axis at M and y-axis at
N respectively. Then,

2 2 2 2
M= (" b ,oj and N = [0,[“ b )tan(p]
acos@ b

18.

6.47

Let the co-ordinates of the point P be (¢, ).
Since PM and PN are perpendicular to the axes, so the
co-ordinates of P are

[(a2+sz (a2+sz ]
sec o, tan @
a b

Therefore,
2, 42 2, 42
az[a b Jsecq)andﬂ:(a Zb ]tan(p
a

= (x( 2jsz=secq)amd[)’(

a

a’+

As we know that, sec? ¢ —tan? ¢ =1

a ? b ?

2 2

o -B =1
(a2+b2j (a2+b2j

= ‘XZ 2_[;2b2=(a2+b2)2
Hence, the locus of (a, f) is

it — bzyz — (az + bz)z
Let the equation of the hyperbola be

x2 2

— —;;—2 =1 and the point of intersection be P(4, k).
a
The equation of any tangent to the hyperbola is

y=mx+\/azm2 -b?

which is passing through P(h, k).

k=mh+~a*m?* -b>
=  (k—mh)’*=(a*m* - b?)
= W-dm*-2khym~+ (K +b)=0
It has two roots, say m, and m,

2hk
Thus,ml +m, = S o
(h* —a”)
kK +b?
and mm, = PR

Clearly, B= 6, - 6,
= tanf3=tan (6, - 0)
_ tan0, —tan0,
1+ tan6,tan0,
m —m

1+ mym,

_ \/(ml +m2)2 —4m;m,

1+ mym,
an'k> k4D
(hz_az)z 1 —a?

k* +b?
1+ PER
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h—a?

_ARE? - AR +b7Y(h - a?)

- ( 2 az)z
= F+E+b-d)tan’

= 4(h*k* — (k2 + b (h* — a?))
= (WP +E+Db—a?) tan? f=4(a** + Pb? + a’b?)
= (WP +E+b*—a?)? =4 cot f(a** — h*b* + a*b?)
Hence, the locus of P(4, k) is
(xz +yz +p— az)z =4 cot? ﬁ(azyz b2+ azbz)

2
2,722,322
tanzﬁ(h +k”+b" —a ]

2 2

19. Let the hyperbola be x_2 - 2}—2 =1 ...(1)
a
2 2
and its conjugate be — e =-1 ...(i1)
a
The equation of any tangent, say 4B at (p, q) is
px _qy
——-==-1 ...(ii1)
a b
2 2
where ‘Z—z—q—2+1= 0

ie. bp*-ad*¢?+ah’=0
Eliminating y between Eqs (i) and (iii), we get

2
1 xp (b2
prinbuy Sl Rl Bt
a b a q

2,2 2 2
= [Lz_p4bz sz_[zlzjszx_[b_z"’lJ:O
a agq aq p

Let its roots are X, and X, Then

2p b a*b?
x1+x2 =—2—2—ﬁ=2p
q a adq
+
- NN _
.. +
Similarly % =q
Hence, the point of contact is the mid-point of the
chord AB.
20. Let the equation of the hyperbola be
2 2
t
a” b

2 2
and its conjugate be x_2 _y_2 =-1.

a
The equation of any line parallel to the conjugate axis be
x=k

21.

Coordinate Geometry Booster
Let P be (k,éxlkz —a? )
a
b Vk* +a® )

a

and Qbe (k,

The equation of the tangent at P to the hyperbola is
x—’;—lb\/kz—az =1 ..(0)
a” a

and the equation of the tangent at O to the conjugate
hyperbola is

*_Y evd =1 (i)

a* ab
Squaring and adding Eqgs (i) and (ii), we get
1
K=
L
at a’h?
1
= k= 2 2
X
ot )2} 2
a’ ab

Solving, we get

(%)
X=——=
2%\ b
4
=5l
= =— =
T\ b
4 2 2
2 l(ay) Xy
= =—| 2| x| =+
X 2\ PERTY

4x2 4 (2 2
- ()
Let the mid-point be M(h, k).
The equation of the chord is
T=S,
= hxtky=nR+Fk
= lky=-hx+RP+§i)

h W+ k2 .
= y=—(;)x+( Z ] ...(1)

which is a tangent to the hyperbola
9x? — 16y* = 144

2 2
x° oy ..
———=1 ..(1n
16 9 (i)

So, ¢ =a*m?—b?

2, ,2\? 2
[h Zk ] =16(—%) 9

= (P+B)=161 -9k
Hence, the locus of M(h, k) is
x? +y2)?r=16x*—- 97
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22.

23.

24,

Given hyperbola is

2x*+5xy + 22 +4x + 5y =0 ...(0)
The equation of the asymptote of the above hyperbola
is

2x2+5xy+ 22 +4x+ 5y + k=0 ...(i1)
If (ii) is an asymptote of (i), then

abc +2fgh—aff —bg* —ch*=0

545 25 25

= 22k+2=—==-2."=-24-k-—==0
222 4 4

= 16-k+100-50-32-25k=0

= 9%=18

= k=2

Putting k=2 in Eq. (ii), we get
2x2+5xy+ 22 +4x+ 5y +2=0

= x+ty+2)x+2y+1)=0

= 2x+y+2)=0,(x+2y+1)=0

Hence, the equation of the hyperbola is
2x+y+2)x+2y+1)=c

Let the equation of the hyperbola is
(x+2y+3)3x+4y+5)=c

which is passing through (1, —1). So
(1-2+3)3-4+5=c

= c¢=24=8

Hence, the equation of the hyperbola is
(x+2y+3)3x+4y+5)=8

= 32+ 10xy+82+14x+22y+7=0

Let the point P be (a sec ¢, b tan ).

The equation of the tangent to the hyperbola at P is

isecq)—ztan(pzl ...()
a b

and the equation of the asymptotes to the hyperbola

2 2

x .

—2 - —2 =11s

a
x Yy ..
—== (i
iy (i1)

and T=-2 ...(iii)
a b

Solving Egs (i) and (ii), we get

acos¢ bcosp

Q=(l—sing0’l—sing0)

and R= aco.sgo’—bq)sq)
1+sing 1+sing

Let O be the centre of the circle passing through C, O

and R having its co-ordinate as (4, k).
Thus, OC = OQ = OR

Now, OC = 0Q
2 b 2
S S Iy £ Ll A I A
1—sing 1—sing
= 2(ah+bk)=(a2+b2)(ﬂ) (V)
1-sing

Also, OC=OR

=  W+k’ =[h—

acosQ

1+sing

6.49

= 2(ah—bk)=(a2+b2)(—_ (V)
1+sing
Multiplying Eqgs (iv) and (v), we get
4(a2h2 _ bzkz) — (az + bz)z
Hence, the locus of (A, k) is
4(a2x2 _ bzyz) — (a2 + bZ)Z
25. The area of the APQR
2
x — 1
X
2
= l X, < 1
2 Xy
2
c
x — 1
X3
2
5 x 1 x
C 1 2
=—X x, 1 x
2 XXX 5
x5 1 x
=i>< (o = 29) (x5 — x3)(3 —x;7)
2 X)Xy X5
Levee W
1. The equation of any tangent to the parabola
xX*=4ayis x= my+i
m
= mx-my-a=0 ...()
Let the mid-point be M(#, k).
The equation of the chord of the hyperbola
xy=ctis
xk+yh—-2c*=0 ...(i)
Since the lines (i) and (ii) are the same line, so
m__m _ a
k ho 262
= m= a_kz andm® = _a_hz
2¢ 2¢
. (ﬂ)z __ah
2¢7 2¢7
a’k? _ 2ah
= A - 2

2
= kK’ =—(£Jk
a

Hence, the locus of M is

2
e =_(7-LJX
a

which is a parabola
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2. Given hyperbola is 25x* — 16y* = 400

P _
16 25
The equation of the chord of the hyperbola bisected at
(6,2)is
T=S,

6x 2y 36 4
16 25 16 25
150x — 32y =900 — 64
150x — 32y = 836
75x— 16y =418
3. Let the mid-point be M(A, k).
The equation of the chord bisected at M to the given
circle is
hx +ky=nm+Fk
= hky=—hx+t+k)

(hj [h2+k2]
= y=—|—|x+
k k

which is a tangent to the given hyperbola. So

L

3= am? — b2

2 5,2)\2 2
(h J]‘:k } :16(%) -9

= (P +kE)yP=161 -9k
Hence, the locus of (4, k) is
(2 +2)r=16x2—9?

4. The equation of any tangent to the given hyperbola is

y= mx+~a*m* —b*

=  mx—y+Va‘m® b =0 ...(0)
Let the mid-point be M(h, k).
The equation of the chord of the ellipse is

T=5,
hx ky B k? 3
= —_—t =4 — L1
at b»oaF b (@)

Since the lines (i) and (ii) are the same line. So

m__ -1 :\/0t27r12—132
(hla®)  (kIb?) (hz kz]

a* b
_ (W)
(k/b?)
7_1’_7
and aim? —p? = _Q

(k/b*)

Coordinate Geometry Booster

Solving, we get

(55
7+7
(a®m? —b%) = a b

2
Ea W
a’ b a*> b

. Let the parameters of the vertices 4, B and C of the

points on the hyperbola xy = ¢* be ¢, ¢, and 7, respec-
tively.
Now the equation of the side BC is
x+ytt, —ct,+1)=0
Any line through 4 perpendicular to BC is

¢
y=—=ht3(x=ct)
4
¢ .
=  y-Xhh =t——ctlt2t3 (1)
1
Similarly, any line through B perpendicular to AC is

c ..

y_xtlt3 =t__ct1t2t3 ...(11)
2

Solving Eqgs (i) and (ii), we get, the orthocentre as

¢ Lyt
- ,—C .
it 10213

Clearly, it satisfies the hyperbola
xy = c?
Hence, the result.

. The equation of the normal to the rectangular hyper-

bola is

xt—yt=c(t*-1) ...()
Let the pole be M(A, k).
The equation of the polar at M is

xk +yh=2c? ...(11)
Since the lines (i) and (ii) are the same line, so

—1_c(t*-1)

[
k  h 2¢7
£t (-1

kh 2c
Solving, we get
oo k2 _@-)
h’ h? 4¢?
k(=17

= —_=
" 4c?
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2 Y t
— -1
- k h A
BE 2 E
h 4c c
= —A4ckh= (k- W) Y X
= (P-k)+4chk=0 b
Hence, the locus of (4, k) is B
(> —y*)*+4cxy=0
7. Let the equation of the circle be Y
X+ )P+ 2gx + 2+ k=0 (D) Slope of AD = 1,1,

and the equation of the rectangular hyperbola is Now the equation of the altitude AD is

c .
Xy =¢? .. (ii) y= - =hhx—ch) (1)
1

Putting x = ct and yct, then Similarly, equation of the altitude BE is

2 c .
22, ¢ < _ y——=tt(x—cty) ...(11)
ct +t2 +2g(ct)+2f(t)+k—0 f
, , , , Solving, Eqgs (i) and (ii), we get the co-ordinates of the
= A+ +2g(cf) + 2flct) + k=0 orthocentre as
= A+ 2gcl + kP +2fct+2=0 c
which is a bi-quadratic equation of ¢. So, it has four B tiots »~Chils
roots ¢, t,, ¢, and ¢,. Then which lies on xy = ¢
2¢ 9. Let the equation of the circle be
o= X+ +2gx+ 2+ k=0 ()
I: and the equation of the rectangular hyperbola is
Sty = — xy=¢c? ...(i1)
¢ Putting x = ct and yc/t, then
2f 2
Zhihty ===~ A+ 2g(ery+2f G) +k=0
t
and Xttt =1 = M+ +2g(cf) +2f(ct) + k=0
= A+ 2gct + kI 2fct+ =0
1 Ztlt2t3 2f which is a bi-quadratic equation of ¢ So, it has four
Also, 2_ - -t roots, say ¢, ¢, t, and ¢
noo Xty c »say 1, L, ;and 1,
2
Now, (=g, /) Then Y r=--%
¢

_[ef_28) [ Y _k
-(5-%)3-5) S
11 1 1 D Qb= —%

c C
==+ttt +t),—| —+—+—+—
2 1 2 3 4 2 ¢
and Y ftytt, =1

1 b
1 1 1 1
:(%(tlﬂz +6,+ ] E(—+—+t—+tltzt3D Also, 212—2%5 __Y¥

not ) 2\4 6o f ho Y hhtt, o
8. Let1, 1, and t, are the vertices of A4BC described on The centre of the mean position of the four points is
the rectangular hyperbola xy = ¢%. c (1 1 1 1
So the co-ordinates of 4, B and C are =ttt +ty),— | —+—+—+—
4 a4, ot
c c c .
ctl,—],(th,—J and(c@,—} respectively _ley, € 1
[ 4 5] B3 421’42t1
1
Now, slope of BC= ——— =(_§’_i)
L 27 2



6.52

10.

Thus, the centres of the circle and the rectangular
hyperbola are (—g, —f) and (0, 0).
and the mid-points of the centres of the circle and the

: g f
hyperbol —s L
yperbola is [ 5 2)

Hence, the result.
Let the equation of the circle be
Xty —6ax—6fy+k=0 ...(1)
and the equation of the rectangular hyperbola is
X2 — )2 =9
Eliminating y between Eqgs (i) and (ii), we get
(o +x2 = 9% — 6ax + k)* = 36 (x> — 9a)?
= -4+ (.’ +(.)x+.=0
which is a bi-quadratic equation of x.
Let the abscissae of four points P, O, R, S be x,, x,, x,
and x,, respectively.
Thus, x, +x, +x, +x, = 6
Similarly, y, +y, +y, +y,=6f8
Let (A, k) be the centroid of APQR. So

.(ii)

_atnmty Nttty
3 ’ 3
= h=6a_x4’k=6ﬁ_y4
3 3

= x,=60-3h,y,=6B-3k

Since (x,, y,) lies on the curve, so
xj - y; =94’

= (60— 3h)*— (63— 3k)?=9a>

= Qoa-hP?-Q2B-k?=a

Hence, the locus of (4, k) is
Qo—xp - 2B-yrP=a
(x20)?—(y—2B?=a>

Integer Type Questions

[ 2
. e= 1+b—2: 1+2:\/Z:2
a 4

. We have,

b? 81 25 15 5

e=,[l+— = /1+—= =2 =22
a 144 \N144 12 4
144

Also, at=—
25

Thus, the foci are

(+ae, 0) = (i %x%, 0) =(£3,0)

Now, for the ellipse,
ae=73
= a**=9
Thus, b*=a*(1 — &) = a* — a*e?
=16-9=7
Hence, the value of (b*> + 1) is 8.

Coordinate Geometry Booster

1 1 1 1

3. Clearly, +— = Nt 3
2 2

a

~ a2 . »?

a*+b*  a*+b°

a*+b?

7 2!
a +b

2

Hence, the value of L+i2+ 3| is4.
g &9

4. Clearly, the point (4, 3) lies on the hyperbola. So, the

number of tangents is 1.
5. The director circle of the given circle x> +3? = a? is
X +y*=2a
So the radius of the circle is a2 , whereas the length
of the transverse axis is a~/3 .
So, the director circle and the hyperbola will never in-
tersect.
So, the number of points is zero.
6. Given hyperbola is
9x*— 16y —18x—32y—151=0
= 9x*-2x)-(2+2y) =151
= 9x-1P2-16(y+1)=144

- (+D’ _,
16 9
26 2.9
Latusrectum=m= ——=—
a 4
Hence, the value of 2m —3 =9 —
7. No real tangent can be drawn.
So, the value of m is zero.
Hence, the value of (m + 4) is 4.
8. Given hyperbola is
16x* —9y* = 144
22 »
9 16
The equation of any tangent to the given hyperbola is

y=mx+\lazm2 -b?
= y=mx+«/9m2—16

It is given that,

JOm?=16) =25

9
>
3=6.

= (Om*-16)=20
= 9m?*=36

= m'=4

= m==2

So, a+b=2-2=0

Hence, the value of (a + b+ 3) is 3.

9. Given curves are xy = ¢, (¢ > 0)

and x> +y? =1
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Thus, N = (ct—%,O) and N'z(O,%—cﬁ).
t

/ Now, A = ar(APNT)
X

0 / X ct ; 1
L
2 £
2¢t 0 1
Y
Hence, the distance between the points of contact = _ i 1
diameter of a circle = 2 2t P
2 2
10. The equation of the asymptotes of x_2 —y—2 =1 are ¢ 1
a” b == |1+
2 t
Xy Xy
—4+==0,——==0 =
b a b and A=ar(APN'T)
ie. bx+ay=0,bx—ay=0 ct < 1
Let any point on the hyperbola be t
P(a sec ¢, b tan ¢). _1 0 ——c® 1
It is given that, p p, = 6 2 ! )
c
0o — 1
|absectp+ab tan(p”abseC(p abtan(p| t
| \/a +b° ” \/a +b° | ct(c 3 20)
=|—| ——ct” ——
a’b? (sec’ g — tan’ ) _ 2\ !
(@ +b%) _ C_f(c,z +£)
2 t
= —a2b2 = 2
(a* +b%) =S (t*+1)
2
a -2a
= —5——5-=6 11 2f 7 2 ( 1 j
2 2
a” +2a Now, —+— =—- +—
( ) AN cz(t4+1 A\t 4
= 24*=18 4
g 27+l
= a'= ==
A+
= 2a=6
Length of the transverse axis = 6 = %
11. The equation of the tangent to the hyperbola xy = ¢? at ¢
c) . & .
ct,—| 18 Hence, the value of | —+—+4 | is 6.
t AN
X+ yf=2ct ...(1) 2 2
. . Xy
2 12. The equation of the given hyperbolais ——=—=1.
Thus, 7 = (2¢t, 0) and T’ =(0, —) . 9 4
t Thus, the equations of the asymptotes are
The equation of the normal to the hyperbola xy = ¢? at (x y) (x y)
421 2L =0
3 2)\3 2

c) .
ct,— | 18
t

t3

X )
X 0 and [=—2|=0
“yt—ctte=0 ...(ii) - (3 2) " (3 2j
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= 2x+3y=0and2x-3y=0 Y
The equation of any tangent to the hyperbola P(1/2. 1)

2 2 i i
=21 ! !
9 4 : :

X y
—secop—=tanp =1
3 ¢ 2 ¢

X 1

=
I
_

Let the points of intersection of 2x + 3y =0, 2x — 3y =
0 and

X
g sec(p—g tangp =1 are Thus, x = 1 is nearer to P(1/2, 1).

Therefore, the directrix of the ellipse is x = 1.

Let Q(x, y) be any point on the ellipse.

Now, the length of the perpendicular from Q to the di-

O, P and Q respectively.
Therefore, O = (0, 0),

P:( 3 - 2 j rectrix x — 1 =0 is
secop+tan@  sec@+tan@ Ix—1].
3 b By the definition of the ellipse, we have
and _(secgo—tan(p’ seC(p—tanq)] OP=elx—1|
Hence, the area of AOPQ - \/(x—ljz +(y_1)2 —e|x—1]
0 0 2
3 : 2 12 , 5
_lfseco+tang  sec+tang = (x—E) +(y-1*=e*|x—1
2l 3 2 ;
secp—tang@ secy—tan¢ - (x—l) +(y—l)2=l(x2—2x+1)
0 0 2 4
=%(6+6)=6sq.u. - xz_x+1+yz_2y+1:ﬁ_lx+1
4 4 2 4
Previous Years’ JEE-Advanced Examinations =  x—x+)° —2y+1=x7f2—§
1. Given curve is o 4 dxt AP 8ytd=x—2x
X’ _ y? =1,r>1 = 3 +4-2x-8+4=0
I=r 47 = (Be-20+@4*-8)+4=0
= (A+Nx2-A-rp*=0A-r1+7r)
= (A+NxX*-A-rpy*+@@*-1)=0 = 3(x2—%x)+4(y2—2y)+4=0
Now, 72 —ab=0— (1 +7)(r—1) 3
=(1-7r)<0,asr>1
So, it represents an ellipse. = 3{(?5—— ——}+4{(J’ 1)2—1}+4=0
2. Hints
3. Given curve is 1 5 1
2x2+3)2—8x— 18y +35 =k = 3(x 5) +4(y-1) =—4+§+4
= 2(x*—4x)+30*-6y)=k=35
= 2{(x-2P -4} +3{(y-3P -9} =k—35 1 L
= 2(x—-2P+3(y-3?=k-35+8+27 = 3(x 5) +4(y-1) =3
= 2(x—2P+3(y-3)P=
It represents a point if £ = 0. 1
4. Clearly common tangents of the given curves are - ( _3) (»y-1

x =1 and x = —1, respectively. 1/9 1/12




Hyperbola

5. Let M(h, k) be the point.

The equation of any line through M(#, k) having slope
4is

y—k=4(x-h)
Suppose the line meets the curve xy = 1 at P(x,, y,) and

0(x,, ¥,)-

Y
P(xlayl)
X X
M(h, k)
Q 25 2)
Y
Now,
y—k=4(x-h)
= l—k=4(x—h)
X
= 42-(@lh-kx-1=0
Let its roots be x,, x,.
dh—k .
+ =— (1
x4n =20 (i)
and xx __ ! (i1)
12 4 IS
Also,th
2x, +x,=3h ...(ii1)
From Egs (i) and (iii), we get
x1=3h—4h_k=8h+k
4 4
N x2:3h_8h+k:_(2h+k)
2 2

Putting the values of x, and x, in Eq. (ii), we get
8h+k) ><_(2h+k) z_l
4 2 4
= @Bh+kQRh+k)=2
= 16+ 10hk+k-2=0
Hence, the locus of M(#, k) is
16x2+ 10xy +32 -2 =0.
. Givenx*+y?=a* and xy = ¢?
We have,

C2 ?
P+ —| =d
X

6.55

= x*+ct=a?

= x*-ax*+ct=0

Let its roots be x,, x,, x, and x,.
Thus, x, +x, +x, +x,=0

and xxxx,=c'

Similarly, y, +y, +y, +y,=0

and  yypy, =ct

. Let the point P be (4, k)

The equation of any tangent to the parabola is
y=mx+ 2 which is passing through P(#, k).
m

k=mh+2
m

= mh-km+a=0
Since it has two roots say m, and m,. Thus,

a
m, +m, =— and mym, = —
1 2= 1M =5

Now, tan(45°) = Ty~

1+ mym,

2
o [memm |
1+ mym,

=  (m-m)=0+mm)
= (my+m) —4mm,=(1+mm,)
2 2
-
h h h

k*—4ah  (a+h)?
O ER
= (a+h?=k—4ah
= kW+béah+a =k
= (h+3a)=k-8d
Hence, the locus of P(h, k) is
(x +3a)y =y* - 8a?

. Let P(h, k) be the point whose chord of contact w.r.t.

the hyperbola x> — > =9 is

x=9 ..(1)
Also, the equation of the chord contact of the tangents
from P(h, k) is

hx—ky=9 ...(ii)
Since the Egs (i) and (ii) are identical, so
h=1land k=0

Thus, the point P is (1, 0).

The equations of the pair of tangents is
S§, =T

= @-1»-91-0-9=(x-9)

= 8(x?-)y*'-9)=x2-18x+81

= I2-87?-18x+9=0

. The equation of the normal at P(a sec 6, b tan 0) is

ax cos O+ by cot 6= a*+ b2
= ax+bycosec 8= (a*+ b*) sec 0
and the equation of the normal at Q(a sec ¢, b tan @) is
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10.

11.

ax cos @+ by cot o=a*+ b?
= ax+ by cosec ¢=(a’+ b*) sec ¢
Solving, we get
b(cosec 6 — cosec @) y = (a* + b*)(sec 8— sec @)

a’+b? secl —seco
= y=
b cosecB —cosec@
N a’+ b cosec( —cosec
cosecH —cosec@

2
Thus, k——(a b j

Given curve is 5~ =1
cos’a  sin’a
We have
b*=a*(-1)

= dl=a+p

= dal=cos’at+sinta=1

= (ae)’=1

= (ae)==I

Abscissae of foci are £1 irrespective of the value of o
Given hyperbola is x> — 2y* = 4

X7y .
= 2
4 2 ®

Given line is
2x++/6 y=2

= «/gy=—2x+2

= X+

2.2
NRRN
g{g

As we know that if the line y = mx + ¢ be a tangent
2

2
to the hyperbola x__y_2

5 =1, the co-ordinates of the
a

2 2
. . am | b
point of contact is (i — —j .

(& (4), £ J6)
=4, - \/8) satisfies the given curve.

12.

13.

x2+y2:

Coordinate Geometry Booster

2 2
x
Given hyperbola is ———=1.
P 9 4

The equation of any point on the above hyperbola is
P(3 sec 6, 2 tan 6).

and the equation of the chord of contact of the circle

9 relative to the point P is
3xsec O+ 2ysin =9 ...(1)

Let M(h, k) be the mid-point of (i).

The equation of the chord of the circle bisected at M is
T=S,

= hxt+tky=mR+K ...(i1)

A

~

M(h)

Y
Clearly, Eqs (i) and (ii) are identical. So
3sec9 2tan0 9
h ko R4k
_ 9k
202+

.
o
=]

= secl=——
24k

As we know that,
sec’ 0—tan’? 0= 1

(3;1 jz_ o Y
W2+ i 22 +kY))

= 3681k = (h* +k?)*
Hence, the locus of M(h, k) is
36x7 —81y? = (x? + y?)? .
Let e be the eccentricity of the given ellipse ;—5 + i}—6 =
2
Thus, e= l—b—2 = 1—E _3
a 25 5

Therefore, the eccentricity of the hyperbola is % .
Also, ae= 5% =3

Thus, the hyperbola passes through the focus, i.e. (3, 0)
of the given ellipse.

So, the semi-transverse axis is 3, i.e. a=3

So, the semi conjugate axis is 4, i.e. b =4

Hence, the equation of the hyperbola is



Hyperbola

14. Given, the transverse axis = 2 sin 6
= 2a=2sin0
= a=sin0
Given ellipse is

3xX*+4y =12
xz 2

= 42X
4 3

The eccentricity of the ellipse,

2
B T |
a 4 2

and the foci of the ellipse = (tae, 0)

= (J_rzé, 0) =(£1,0)
Let e, be the eccentricity of the hyperbola.

Now, b= az(el2 )]

=da’e —a*

=1-sin*> 8= cos* 0
Hence, the equation of the hyperbola is

£ ¥
5 =
a” b
2 2
= al Y 1

sin0  cos20
=  x?cosec’ 6—)?sec’ 6=1
15. Given curve is
X2 =22 = 2\2x—42y-6=0
(x> =2v2x)-2(" + 22 ) =6

=
= {a-v2-2}-2{+v2)* -2} =6
=  (x=2)2-2(y+2)*=6+2-4

=  (x=\2)2-20+2)*’ =4

IR C ) S A E)

4 2
Vertex: (a, 0)

= x-2=2,y+2=0
= x=\/§+2,y=—\/§
Thus, 4(2+2,-/2)

Focus: x—x/E=ae,y+\/§=O

= x=\/5+2~%,y=—\/§

= Xx= 2+x/g,y=—\/§
Therefore, the focus is C: (\/E +/6,— \/5)

bz
End-point of L.R. = | ae, —
a

16.

6.57

=  x-2=v6,y+\2=1
=  x=V2+J6,y=1-2
So, B=(2+6,1-42).

1
Now, ar(ABC) =X 6 -2)x1

&

Given hyperbola is
22 =-2y*=1
L
12 1

2
Thus, e= 1+b—2: 1+z:\/§
V' 4 2
1

The eccentricity of the ellipse is — .
y p \/5

2
Also, b* =a*(1-¢*)=da’ (1_lj=a_
2 2

Thus, the equation of the ellipse is

2 2
Xy
Z+2s=1

N
o

> X+22=d
Let P(h, k) be the point of intersection of the ellipse and

the hyperbola.
Thus, #* + 2k* = a* and 27> - 2k* =1 ..()
The Equations of tangents at P(4, k) to the ellipse and
hyperbola are

hx + 2ky =a? and 2hx — 2ky =1
h h
Now, m(ET)=—§ and m(HT)=;

Since both the curves cut at right angles, so
m(E,) X m(H,) =1

h _h

——XxX—=-1
2k k
= =2k ...(i1)
From Egs (i) and (ii), we get,
2 - =1
= =1

and A +2k=a’

= RR+hir=4

= a#=1+1=2

Thus, the equation of the ellipse is
= x*+27=2

and its foci are (ae, 0) = (%1, 0).
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17. (P) As hx+ ky—1 =0 touches the circle x* + y* = 4, so,
0+0-1

NIy

1
= (IFP+k)=—
( )=7

Thus, (4, k) lies on (x> + »?) :%

(Q) z lies on the hyperbola, since
|SP - S'P| = 2a.

2 2\2 2
®) (\/5) Ty [1+t2J iz

(=) +47
(1+£%)?

(1417
T (1+4%)?
=1

which represents an ellipse.
(S) For x> 1, the given conic is a hyperbola.
For x = 1, the conic is a parabola.
(T) Letz=x+iy
Given Re(z+1)72=[z7+1
= (t1)yY=x2+)*+1
= X+ +1=x2+y*+1
= =2
which represents a parabola.
21. Given circle is
xX*+3)?—8x=0
= (x—-4)2+)y*=16
Y

Y
The centre is (4, 0) and the radius = 4.

2 2

Given hyperbola is % - yT =1

The equation of any tangent to the given hyperbola is

y= mx+Na*m?® —b*
= y=mx+\/9m2—4

19.

20.

Coordinate Geometry Booster

Now, CM =4

|4m—0+\/9m2 —4|
= =4

‘ \/m2 +1 ‘
= (dm+VIm* —4)? =16(m*+1)
= 16m*>+9m> —4+8m\om> —4

=16m*+ 16

= (9m®=20)* = (-8m\9Im* —4)*
= 81m*+400 — 360m = 64m(9m* — 4)
= 495m*+ 104m* — 400 = 0
= (99m*+100)(5m* —4) =0
= (Gm-4)=0

m—i since m >0
\/gs

Thus, the equation of the tangent is

=  2x--5y+4=0

~

Y
Let the co-ordinates of 4 be
(3 sec 6,2 tan 6)
As A lies on the circle, so
9 sec? 0=4 tan’ 6— 24 sec 6=0
9sec? O+4(sec? 0—1)—24sec =0
13sec?0—24sec 0-4=0
(13sec 0+ 2)(sec 8-2)=0
sec 8= 2, since |sec 6] = 1
Thus, the points 4 and B are

(6,2+/3) and (6,-2/3)

The equation of the circle with 4B as diameter is
x—-6+y’=12

= x*+)?—12x+24=0.

Given lineis 2x + y =1 ...()

Lol

a
_3

which is passing through ( 0)
e
= 222
e

e
= a=—.
2
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21.

22.

Since the equation (i) is a tangent to the given hy-
perbola, so

¢t =a*m?* - b?

1=a%4-b*

4a> —b*=1

da* —a (e —-1)=1

Sa*—a*e* =1

aA5-e)=1

2
e 2
4( e’)

5e*—e*=4
et—5e2+4=0
@—1)(e-4)=0
(e*—4)=0,ase=#1
e=2
The equation of the normal at P is
2 2
b
ax by
X N
2 2
ax by 5 .
= —+—=a"+b
6 3

which is passing through (9, 0). So
6126'9 b0 a’ +b?

342
= 224
2

tsuedy o el du

=a*+b*

2
= 3L=a2+a2(€2—1)
2
3 2
= —=1+(e" -1
5 (e" =D

s 3 1
= “D=2-1==
(e =D 5 5

\F
=  e=,=.
2

o3
Hence, the eccentricity is \/; .

Given ellipse is

x2+4y2:4

2 2
LA

= 4 1

The eccentricity,

b? 1 3
e= /1——= ——=Y2
a2 4 2

Thus, the eccentricity of the hyperbola is %

Foci of the ellipse = (+ae, 0) = (++/3,0).

23.

24.

6.59

The hyperbola passing through the focus of the

ellipse, so
3
—-0=1
)
= a*=3

Now, b = a? (e* —1)

2
= bzzaz(i—ljza—:l

3 3
Hence, the equation of the hyperbola is
2 2
Xy
3 1

= x*-3)y?’=3
Focus of a hyperbola = (2, 0)
Given line is 2x — y = 1. So,
m=2
The equation of any tangent to the given hyper-
bola is

y=mx+~a*m?* -b*
y=2x%t+94-4

=
= y=2xi\/§

=  y=2xt42

=  2x—y+4/2=0,2x-y-4/2=0
= d

XV adeE Yy
W2 42 22 42

X

Comparing it with =1. we get the points

of contact as

(23 e 5 )

Tangent at P is xx, — yy, = | intersects the x-axis at

(o
X

Slope of normal = 4 7n=0
I B 5
=  x,=2x
Thus, N = (2x,, 0)
3x; + 1
For centroid, [ = il ,m= Bl
3 3
dl 1
d.Xl 3x1
dm 1 dm_ldy  x

P e PRy
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