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QUESTION 01

In figure P

o A circle is inscribed inside the quarter

circle
Q

o The radius of the quarter circle is 3 cm

e QA & PB are tangent of the circle
Find PQ
{Solution: Page 022}

QUESTION 02

In figure
e ABCDE is a regular pentagon
» AP is the angle bisector of ZBAE
e CQ is the angle bisector of ZBCD

Findx:y:z
{Solution: Page 024}

QUESTION 03
D C

In figure R

e Radius of the semicircle PQR = 24 cm

e Radius of the semicircle BML = 21 cm Q M
Find the area of rectangle ABCD P

Solution: Page 026
{ g } A T B
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QUESTION 04

In figure
e« RC=RD

e Blue area = 10 cm?

Find the area of the square
{Solution: Page 028}

QUESTION 05

In figure
e AOB is a quarter circle
e OA=10cm
» OXA is a semicircle

e BY is the tangent of the semicircle

Find the value of XY
{Solution: Page 030}

QUESTION 06

In figure

e« AB 7/ CD

e AD=BC=5cm

e CD=6cm & AB =12 cm

Find the radius of the circle

{Solution: Page 031}
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QUESTION 07

In figure
e AB=16cm,AC =14 cm & BC =10 cm
e AM=CM & CN = BN

Find the area of quadrilateral
{Solution: Page 032} A

QUESTION 08

In figure
o ABC is aright angle triangle
« AB=8cm & £BAC = 30°

e Three semicircles

Find the area of the blue region
{Solution: Page 034}

QUESTION 09
In figure
e AQB is a semicircle S
« PQ / RS
e PA=PB=PQ=2xRS
e« PR=10 cm /-
A P R B

Find the radius of the circle
{Solution: Page 036}
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QUESTION 10

In figure
e Two semicircles
e AO=4cm & BO =8 cm

e PQis tangent of both semicircles

Find the area of the blue region
{Solution: Page 037}

QUESTION 11

In figure
 ABCDE is a regular pentagon
e« AB=6cm
« PD = PE
« PQ is the tangent of arc(BQE)

Find the area of APAQ
{Solution: Page 039}

QUESTION 12

In figure
e ABCD is a square
e AB=20cm
e AQ & BP are tangent of the semicircle

Blue area =?
{Solution: Page 040}




Maths solutions 008

QUESTION 13

In figure
e Radius of incircle =1 cm
e PA=4cm & PB=3cm

Find the area of AABC
{Solution: Page 042}

QUESTION 14

In figure
e AX=3cm & BX =6cm
e OX =9 cm
e OP, OX & OQ are tangents

Find PQ
{Solution: Page 044} \

QUESTION 15

In figure
« AABC & APQR are equilateral triangles
o Blue Area = Red Area

Find CQ: BQ
{Solution: Page 046}
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QUESTION 16

In figure

e AB=24cm, BC=18cm & AC = 30 cm

« AC is tangent of semicircles

e S &R are centres of the semicircles

Find the area of the blue rectangle
{Solution: Page 048}

QUESTION 17

In figure
o ABCDEF is a regular hexagon
« BCPT is a square
 RDE is an equilateral triangle
e« BC=12cm

Find the area of the blue region
{Solution: Page 050}

QUESTION 18

In figure
e LPAC = £PBC =45°
e« AC=BC=6cm
e LC=60°

e« AC & BC are tangent of the circle

Find the radius of the circle

{Solution: Page 051}
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QUESTION 19

In figure
e O is the centre of a semicircle
e P, Q &R are centres of
corresponding circles
e AB=56cm

Find the area of the blue triangle
{Solution: Page 053}

QUESTION 20
_ C

In figure

e AB=16cm,BC=10cm & AC =14 cm

e« RA=RC

« AB L PC y Q

e AQ is angle bisector of ZBAC
Find the area of the blue triangle

A P B

{Solution: Page 056}

QUESTION 21

In figure p
e A quarter circle
e PA=1cm &PB=V2cm

Find the area of the quarter circle

{Solution: Page 059}
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QUESTION 22

In figure
« ZBPD =60°

e Radius=1cm

Find the length of ( arc(AXC) + arc(BYD))
{Solution: Page 060}

QUESTION 23

In figure
e Radius of incircle = 2 cm
e O is the centre of the circle
e LPOQ =150° £QOR =120° & £ROP = 90°

Find the area of AABC
{Solution: Page 061}

QUESTION 24

In figure
« AP =CQ
e ZBAC = ZABC = 60°
e ZPRB =90°

Find Blue area : Red area
{Solution: Page 063}
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QUESTION 25

In figure
e ACB is a semicircle
e PQ=1cm
e ZABC =60°
e PA=PC

Find the radius of the semicircle
{Solution: Page 065}

QUESTION 26

In figure

« AC L BC&AC =BC

e AB/PQ

e AB=8cm & PQ=4cm

Find the area of the blue region
{Solution: Page 067}

QUESTION 27

In figure
e ABCDE is a regular pentagon
e AB=10 cm
« AB L QC

Find the area of the triangle
{Solution: Page 070}
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QUESTION 28 C

In figure

All lines are tangents

AB 1L CD

Area of circles are 41 cm? & 1 cm?
CD =6 cm

Find the area of AABC

{Solution: Page 073} A D B
QUESTION 29 D % C
In figure

e ABCD is a square

AB = 60 cm

OC=0D

OP, OR & CQ are tangent of a semicircle

Find the area of APQR
{Solution: Page 075} A B

QUESTION 30 C

In figure
° LA:LBZLC:6OO
e AB=12 cm Q

 AB & BC are tangents of circle and semicircle

Find the area of the circle

{Solution: Page 077} AP R B




Maths solutions 014

QUESTION 31

In figure
 ABCDE is a regular pentagon
e« AB1 AP & EA 1 EQ
e AB=2cm

Find the area of AAOQ
{Solution: Page 079}

QUESTION 32

a

In figure
e AB=16cm,AC=14 cm & BC =10 cm p Q
e AP =PC
e« LQAC = ZQAB

Find cos £AOB A B
{Solution: Page 081}

QUESTION 33

In figure
e APB is a semicircle with centre at P
« OP=0Q

e The radius of the semicircle = 16 cm

Find the area of PQRS
{Solution: Page 083}

=




Maths solutions

QUESTION 34

In figure

e P& Q are centres of the semicircles

e Ris the centre of the circle
e AB 1 PC
e AB=6cm

Find the area of APQR
{Solution: Page 085}

QUESTION 35

In figure
« ABCDEF is a regular hexagon
» Red Area = 64 cm?

e Yellow Area = 42 cm?

Find the blue area
{Solution: Page 087}

QUESTION 36

In figure
 ABCDE is a regular pentagon
o AC & BE are diagonals

Find the relation between the radius of circles

{Solution: Page 089}
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QUESTION 37

In figure
e Area of red square = 16 cm?
e Area of blue square = 36 cm?
e ZBAC =90°

Find the area of AABC
{Solution: Page 092}

QUESTION 38

In figure
e ABCD is a parallelogram
e AB=BC=CD=DA=10cm
e ZBAD =60°
e P, Q, R, Sare midpoints

Find the area of the blue parallelogram

{Solution: Page 094}

QUESTION 39

In figure
 ABCD is a square
e LCPQ =90°
e PC=2cm &PQ=1cm

Find the area of the square
{Solution: Page 096}
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QUESTION 40

In figure
 Two semicircles
e PQ=QR=RS=10cm
e AP & BS are tangents

Find the length of AB
{Solution: Page 098}

QUESTION 41

In figure
e« ABCDE is a regular hexagon
« PQLBC,PD LCD&PE L DE

Find PQ : PD : PE
{Solution: Page 100}

QUESTION 42

In figure
e« AB L OP
e circle ORS & APB are concentric circles
e AB =24 cm
e OP=6cm

Find the area of the blue region
{Solution: Page 102}
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QUESTION 43

In figure

e AB L AC

e AB =AC

e OA=3cm,OB=4cm & OC=5cm

»°

Find the area of AABC 5 o

{Solution: Page 104}

QUESTION 44

In figure
e A quarter-circle, two semicircles & a circle
e AO =12 cm

Find the area of the blue region
{Solution: Page 106}

QUESTION 45

In figure
e Both circles are concentric /
o« AABC is an equilateral triangle ‘, \
e« AB=6cm
e ZACB = 30°

e AB is the diameter of the smaller circle

Q

Find the area of AABC
{Solution: Page 110}
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QUESTION 46

In figure
e ABCD is a square folded through PQ
e AB =24 cm
e R is the midpoint of AB

Find the area of PQRS & length of PQ
{Solution: Page 113}

QUESTION 47

In figure
e ABCD is a square
« BP=PQ=QD P
e AB=4cm

Find the radius of the circle

{Solution: Page 116}

QUESTION 48

In figure C
« AABC, ABDE & DFG are equilatral
triangles
e AB =BD = DF

Find Red area : Blue area A
{Solution: Page 118}
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QUESTION 49

In figure
e Blue circle is the circumcircle of AABC
e Red circle is the incircle of AABC
e« AB/BC =% & AC/BC = ¥

Find the relation between the radius of circles
{Solution: Page 120}

QUESTION 50

In figure
 PQRS is a square
e AB=185cm, AC =148 cm & BC =111 cm

Find the value of x+y+z

{Solution: Page 122} A
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SOLUTION 01

Let ZPRQ = ¢ & r is the radius of the circle
From APQR
PQ? = PR? + QR? - 2xPRxQRxcos ¢ {Cosine rule}
= PQ? =12+ 12 - 2xrxrxcos ¢
=212 -2r2 cos ¢
= 2r%(1 - cos @)
= 2r2 x 2 sin? (%2¢)
= 4r? sin? (%2 ¢)
= PQ = 2r sin (Y2¢)

We need to find sin (%2¢) & r to find the length P%

From Fig(2)
Let ZPBO = 20 then ZQAO =20 {symmetry}
ZBPR =90° {PBis a tangent}
ZAQR =90° {AQis a tangent}
ZRQP = ZRPQ = %(180-¢)
= ZRQP = ZRPQ = 90-%¢

OAQPB is a pentagon, so the sum of angles is 540°
That is 0 A

ZAOB + £QAO + LAQP + £QPB + £PBO = 540 )
= 90 + 26 + (90+1(180-¢)) + (90+%(180-@)) + 26 = 540
= 460 - ¢ = 90
= ¢ =40-90
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B
From Fig(3)
OA=0B=0C=3cm
OR? = OM? + RM? C
= ORZ=r2+r2
= OR=rV2 T
T
R
OC = OR + RC
= 3=rV2+r &@ o
> r=3/(V2+1)
= r=3vV2-3cm 0 A
Fig(3)
From Fig(4) B

BN = OB - ON
= BN =3-(3V2-3)
= BN =6-3V2cm
We Know £PBO = 26
= ZNBR = 4ZPBR =6 {symmetry}

6-3V2 cm

3V2-3cm R
tan 6 = NR/BN

= tan 6 = (3V2-3)/(6-3V2)
= tan 0 = %V?2
tan 26 = (2 tan 8)/(1-tan? 0)
= tan 26 = (2x%V 2) /(1-(}V 2)?)
=2V?2
= sin 20 =%V2 & cos 20 =%

3vV2-3cm Z

O.
>

Fig(4)

¢ =46-90

= sin (%¢) = sin (26-45)
sin 20 cos 45 - cos 20 sin 45
BV2 x V2 - Vs x V2

= sin (%) = %(4-V2)

PQ = 2r sin (%¢)
= PQ = 2(3V2-3)x%(4-V2)
= PQ=5V2-6 cm
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SOLUTION 02

From Figure
ZAOX = LAOX =108° {ABCDE is a regular pentagon}
ZPAB =108/2 {AP is the angle bisector of £BAE}

= ZPAB = 54°
ZAPB = 90° {AB = AE & ZPAB = £PAE}
ZPBA =180 - (£LAPB + £PAB)

= ZPBA =180 - (90 + 54)

= 4ZPBA =36°

Let assume u is the sides of the pentagon, then
AB=u
PB = AB sin 54

= x = usin 54

= x = Y%u(1+V'5)

From ABCQ
£ZBCQ =108/2 {CQ is the angle bisector of £BCD}
= ZBCQ = 54°
£ZCBQ = £ABC - LABQ
= «ZBCQ =108 - 36
= 4ZBCQ =72°
£ZBQC =180 - (£CBQ + £BCQ)
= ZBQC =180 - (72 + 54)

= ZPBA = 54°
= ZPBA = £BCQ
= BQ=BC=u

From Figure
BQ = PB + PQ
= u=x+Yy
= y=u-x
= u - ¥u(1+V'5)
= vy = %u(3-V5)
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From Figure
PB = PE {AB = AE & £ZPAB = ZPAE}
= X = y+z
= z=x-9
Yu(1+V'5) - %4u(3-V'5)
Yu[1+V 5-3+V 5]
= z = %u(2V5 - 2)

x:y:z=Y%u(l+vV5): hu(3-vV5) : hu(2V5 - 2)
= x:y:z=1+/5:3-V5:2V5-2
= x:y:z2=1:V5-2:3-V5
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SOLUTION 03

Let AD = BC=x & AB = CD =y, then

Area of rectangle = xy

From AACD & NCV
ZADC = ZNVC = 90°
ZACD = ZNCV {common angles of AACD & NCV} /
= ZCAD = ZCNV
= AACD & AMCYV are similar triangles
that is, AD/VN = AC/NC = CD/VC x1Q M x
= x/24 = AC/NC =vy/(y-24)
x/24 =y/(y-24) P ®
x(y-24) = 24y s y-21 U 21cm B
xy - 24x = 24y

24cm VY y-24 C

-

24 cm

24x+24y = xy

R

XY = 24X+24Y..cooiiiiiiiiiiiiiii eq(1)

From AABC & AMU

ZABC = ZAMU = 90°

ZCAB = ZMAU  {common angles of AABC & AMU}
= ZACB = ZAUM
= AABC & AMU are similar triangles

that is, BC/MU = AB/AM = AC/AU
= x/21=AB/AM = AC/(y-21)
x/21 = AC/(y-21)
x(y-21) = 21AC
xy-21x = 21AC
21 = xy/(X+AC).cccccevviiiiiiiiie eq(2)

g 4 4 4

From AABC
AC? = AB? + BC?
= AC? = y2+x?
= AC = V(X24Y%) oo, eq(3)
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From eq(2) & eq(2)
21 = xy/(21x+21AC)
= 21 = xy/(x+V (x2+y2))
= xy = 21x + 21V (X2+y2)..ccrrnnnn, eq(4)

From eq(1) & eq(4)
xy = 24x+24y = 21x + 21V (x2+y?)
= 3x+24y = 21V (x%+y?)
= x+8y = 7V (x2+y?)
(x+8y)? = (7V (x2+y?))?
= x?%+ 16xy + 64y2 = 49(x2+y?2)
= 49x2 + 49y2
= 16xy + 1592 = 48x?
= 48x? - 16xy - 15y2 =0

= x = (1/2x48)(16y+V ((-16y)2 - 4x48(-15y2)))

= (*/96)(16y+V/(3136y?))
= (1/36)(16y=56y)
= (1/96)72y
= X =%y
From eq(1)
Xy = 24x+24y

= Yayxy = 24x%y + 24y
= %y? =18y + 24y

=42y
= %y =42
= y =56 cm

x = %y
= x =42 cm

Area of rectangle = xy
= xy = 42x56
= xy = 2352 cm?
= Area of rectangle = 2352 cm?

(*/96)(16y+567) {sides of a rectangle are always positive}
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SOLUTION 04

From Figure

Blue Area = 10 cm?
Area of square = 4a?
Area of AAOB =w
Area of AAOP = x
Area of ABOQ = x
Area of APDR =y
Area of AQCR =y

AAOB isosceles triangle with £ZAOB = 90° {AC & BD are diagonals of the square}

w = BAO?
= w = %(av 2)?
= w=a?

= Area of square = 4w

Area of AAOB = Area of ACOD {symmetry}

= w=2y+10
= Y =Y(W=10)....cccomiiiiiiiieeeeeee, eq(3)
From AABR

Area of AABR = ¥%x2ax2a
= w+2x+10 = 2a?
w+2x+10 = 2w
2x+10 = w
X = Y2(W=10)....ccooiiiiiiiieeeeeeee, eq(3)

g 4 4

From AAQB & ACQR
ZAQB = ZCQR {Opposite angles}
ZBAQ = ZRCQ {AB /7 RC}
ZABQ = £ZCRQ {AB 7/ RC}
= AAQB & ACQR are similar triangles

2a
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so, Area of AAQB = (AB/RC)? x Area of AAQB
= w+x = (2a/a)*y

From eq(1), eq(2) & eq(3)
= 4y = w+x
= 4(%(w-10)) = w + %(w-10)
= 2w-20=w+ %w -5
Multiply both sides with 2
= 4w -40=2w+w - 10
= w=30

Area of the square = 4w
= Area of the square = 4x30
= Area of the square = 120 cm?
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SOLUTION 05

From AOBM & ANXM

£0 = LNXM = 90°

Z0OMB = ZNMX

Then £ZOBM = £ZMNX

So AOBM & ANXM are similar triangles
OB =BX =10 cm {BO & BX are tangents}

10 cm

Let MY =x, AM =y &XY =p
From AOBM & ANXM Y
OB/NX = BM/NM = OM /XM

10/5 = (10+p+x)/(5+y) = (10+y)/(p+x)

(10+y)/(p+x) = 10/5 = 2

= 2(PHX) = TOHY e eq(1)
(10+p+x)/(5+y) =10/5 = 2

D PHEE S 2 e eq(2)
From eq(1) & eq(2)
4y = 10+y

= y=3%cm
From eq(1)
p+x = 2(3%) = 625 cm

From Figure
MAxMS = MYxMB
Y(20+y) = x(10+p+x) S
= 3% (20+3%) = x(10+6%)
= x=4%cm

10 cm O 5cm N5 cmA|3% M

From eq(3)

ptx = 6%
= p+4% = 6%
= p=2cm

= XY=2cm
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SOLUTION 06
Let the radius of the circle = R
D L C
From AADN 3cm | 3cm
DNz = AD? - AN? s |§ &
(@ Q Q
2 — 2 _122 Al <
= DN2=52-3 N 6 cm B
=25-9 3cm xM
R
=16 (o)
= DN =4cm

= LM =DN-=4cm

From AOBM
OB2 = OM? + BM?
= OB2 = x2 + 62

= R2Z=%x2+36...ccccceevvvviiiiinniiinns

From AOLC
OC?%2 = OL2 + CL?
= 0OC? = (4+x)2 + 32

= RZ2=x2+8X+25.ciiieiiiinienannn.,

From eq(1) & eq(2)
x%+ 36 =x2+8x+25
= 8x =11

= x=11/8 cm

From eq(1)
R% = x2 + 36
= R2?2=(11/8)% + 36

= 2425 /64
= R=%V97 cm
= Radius = %V 97 cm
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SOLUTION 07

Let BC = a, AC = b, AB = ¢, Area of AABC = A & 2s = a+b+c
2s = 10+14+16 = 40
= s=20
A?% = s(s-a)(s-b)(s-c) {heron's formula}
= A2 =20(20-10)(20-14)(20-16)
= 20x10x6x4
= 4800
= A =40V 3 cm?

A 16 cm B
From AABN & AACN
BN = CN & height of both triangles are the same
then the area of triangles are the same
= Area of AABN = Area of AACN
= x40V 3
= Area of AABN = 20V 3 cm?

From AAOB & ABON
AO:ON=2:1 {BM & AN are median of the triangle}

Height of triangles is OB, then the area of triangles are in 2:1 ratio

From the figure, Area of AABN = Area of AAOB + Area of ABON
= Area of AAOB + Area of ABON = 20V 3 cm?

Area of ABON = % x 20V 3
= Area of ABON = 20/V 3 cm?

Area of AAOB = % x 20V 3
= Area of AAOB = 40/V 3 cm?

From AAOB & AAOM
BO: MO =2:1 {BM & AN are median of the triangle}
Height of triangles is OA, then the area of triangles are in 2:1 ratio
= Area of AAOM = Y%(Area of AAOB)
=% x40/V 3
= Area of AAOM = 20/V 3 cm?




Maths solutions

033

137V 3 cm?

A 16 cm "B

Area of Quadrilateral = A - Area of AAOM - Area of AAOB - Area of ABON
=40V3-20/V3-40/V3-20/V3
= Area of Quadrilateral = 40/V 3 cm?
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SOLUTION 08

We know the figure is divided into 6 parts,

Let the area of each part are a, b, c,d, e & f

From Fig(1)
Blue Area = b+e
We know AB = 8 cm, so
sin 30 = BC/AB
= BC = ABsin 30 = 8x2 =4 cm
cos 30 = AC/AB
= AC = AB cos 30 = 8x%V 3 =4V3 cm

Area of AABC = %xBCxAC = %x4x4V 3 = 8V 3 cm?

= A+DHC = 8V 3 CIN2.oeeioo e

Area of Semicircle AOC = %n(%AC)? = %n(2V 3)2 = 671 cm?

= at+b+f = 67 CIMZ......oiiiiiiiiiii e

Area of Semicircle BOC = ¥%2n(%BC)2 =

|
N~

=
-~
A
~
N

1l
\S}

=

O

=
N

S DHCHA = 2T CIN .ot

Area of Semicircle APB = Yzn(%2AB)? = %n(4)? = 81 cm?

Sod+etf = 8 CM2. .o

eq(1) + eq(4) - eq(2) - eq(3)

Fig(1)

= (a+b+c) + (d+e+f) - (a+b+f) - (b+c+d) = 8V 3 + 8n - 671 - 21
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From Fig(2)
b = Red Area + Yellow Area

Yellow Area = Area of sector OMC - Area of AOMC
ZOMC = 2x£0OAC = 2x30 = 60°  {£OAC is inscribed angle}

Area of sector OMC = (60/360)n(MC)?
%n(2V 3)2

271 cm?

Area of AOMC = %BxMCxMOxsin 60
x2V 3x2V 3x%V 3
= 3V 3 cm?

Yellow Area = 21 - 3V 3 cm?

Red Area = Area of sector ONC - Area of AONC
ZONC = 2x£0OBC = 2x60 = 120°  {£OBC is inscribed angle}
Area of sector ONC = (120/360)n(NC)?
Y51 (2)?
(4/3)n cm?
Area of AONC = %xNCxNOxsin 120
= %x2x2x%V 3
=V 3 cm?
Red Area = (4/3)n - V3 cm?

b = Yellow Area + Red Area
= b=2n-3V3+4/3)n-V3
= b= %x10n - 4V 3 cm?

From eq(5)
e - ¥x14n +4V3 =8V3
= e = %x10n + 4V 3 cm?

Blue Area = b+e = %x10mn - 4V 3 + ¥%x10m + 12V 3
Blue Area = 20nt/3 cm?
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SOLUTION 09

Let PA = PQ = PB = 2x
Then RS = x

From Fig(1) & Fig(1)

ARxBR = RS? {Intersecting Chords Fornfula} x

(2x+10)(2x-10) = x2
= 4x2-100 = x?2 A 2x P 10 cm R B

3x% =100

x?=100/3

x =10/V 3 cm

g 4 U

From Fig(2)
Let y is the radius of the circle
PN = 2x {Radius of semicircle}
PN = ON+OP = y+yV 2
That is, 2x = y+yV 2
= y=2x/(1+V2)
2(10/V3)/(1+V 2) A P 10 cm R B
%(20V 6 - 20V 3)

=y

So, the radius of the circle = %3(20V 6 - 20V 3) cm
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SOLUTION 10
From Fig(1) A S O R B
Blue Area = Area of PQRS - Red Area - Yellow Area Fig(1)

From Fig(2)
We know ZQPS = ZPQR = 90° so PS/7 QR
Let PM / SR, then PS = MR =2 cm
= MQ =QR- MR
=4 -2
= MQ=2cm

From Fig(3)
sin ZQPM = QM /PM
= sin ZQPM =2/6
= sin ZQPM = %
= ZQPM = sin-! (%)
= ZQPM = 19.471°
ZSPM = £QPS - ZQPM
= ZSPM =90 - 19.471°
= 4ZSPM = 70.529°

PMRS is a parallelogram {PS/7 QR & SR /7 PM}
so, £PSR =180 - £SPM

= ZPSR =180 - 70.529°

= ZPSR =109.471°
ZSPM = £ZSRM = 70.529°
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From Fig(4)
PQRS is a trapezium
so, Area of the trapezium = %2(PS+QR)PQ

From APQM
PQ? = PM? - QM? {Pythagorean Theorem}
= PQ?=62-22
=36-4
=32
= PQ=V32
= PQ=4V2cm

Area of the trapezium = 2(PS+QR)PQ
= Area of the trapezium = %(PS+QR)PQ
= 1(2+4)4V 2
= Area of the trapezium = 12V 2 cm?

Red Area = (£PSR/360)xnx2?
= Red Area = (109.471° /360)x4n
= Red Area = 3.821 cm?

Yellow Area = (£PSR/360)xmnx4? A
= Yellow Area = (70.529°/360)x16n
= Yellow Area = 9.848 cm?

S2cm Q 4cm R B

Blue Area = 12V 2 - 3.821 - 9.848
= Blue Area = 3.301 cm?
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SOLUTION 11

From figure
AB =AQ =AF =6 cm
PF=PD=6/2 =3 cm

From AAEP
ZAEP =108° {ABCDE is regular pentagon}
AP? = AE? + PE2 - 2xAExPExcos (ZAEP)
= AP? =62+ 3% - 2x6x3xcos (108)
36 + 9 - 36x%(1-V'5)
= AP2 = 36+9V5 cm

From AAPQ
PQ? = AP? - AQ? {Pythagorean theorem}
= PQ2 = AP? - AQ?
= 36+9V5 - 62
= PQ?=9V5 = PQ =375 cm

Area of APAQ = %xAQxPQ
= Area of APAQ = %x6x37V5
= Area of APAQ = 975 cm?
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SOLUTION 12

CDPQ is a trapezium so

10 cm L M
Blue Area = Area of trapezium ) o L
= Blue Area = ¥2(CD+PQ)xMQ ]
7
o
%
If L is the centre of the circle, then

DL =CL =LQ = 10cm

20 cm

From AADL
AL2 = AD? + DL?
= AL2%2 =202 + 102
=500
= AL =10V5 cm Vs B
Let ZALD =6
sin 8 = AD/AL
= sin 6 = 20/(10V'5)
= sin 6 = %V5
cos 8 = DL/AL
= cos 6 =10/(10V5)
= cos 6 = V5

From AMLQ
ZMLQ = ¢ =180 - 26

sin @ = sin (180 - 26)
= sin ¢ = sin 26
=10 xsin 8 x cos @
=10 x %V5 x %V5
= sin¢ =%

sin ® = MQ/LQ
= MQ =LQ sin @
=10 x %
= MQ=8cm
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From Fig(2)
LM? = LQ? - MQ? D R L gem M C
= LM?2 =102 - 82
=100 - 64 2
=36 )

= LM =6 cm
Q

8 cm

20 cm

LR = LM {symmetry}
PQ=RM =2 x LM

= PQ=2x6

= PQ=12cm

Fig(2)

Area of trapezium = %(CD+PQ)xMQ
= Area of trapezium = %(20+12)x8

= Area of trapezium = 128 cm?
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SOLUTION 13

AB, BC & CA are tangents of circle, so
AP =AQ=4cm

BP =BR =3 cm

CQ=CR=x

C
From figure
Let A is the area of the triangle, then v 2
A = Vs(s-a)(s-b)(s-c) {herons formula}
Here, s = ¥%2(a+b+c)
A c B
a = 3+x
b = 4+x
c=7cm c
s = ¥(a+b+c) o-,
b‘x* “r
= s = %(3+x + 4+x +7)
= 15(14+2x)
= 8§ =T7+x A 7 cm B

A% = s(s-a)(s-b)(s-c)
= A2 = (T+x)((7+2)=(3+x))((7+x) = (4+x))((7+x)=7)
= (7+x)(4)(3)(x)
= 12x(7+x)
= A% = 84X+12X2 ..o eq(1)




Maths solutions

043
From figure

A = ¥%axABxOP + %xACx0OQ + %xBCxOR

= A = 1BxT7x1 + Vax(4+x)x1 + Yax(3+x)x1
= %BxT + Vex4 + Yox + Vox3+ Yox
=7+x
= A2 = (7+x)? A fom

P 3 cm B
= A% = 49+14x+x?

From eq(1) & eq(2)
84x+12x% = 49+14x+x?

= 11x2+70x-49 = 0
= x = (-70 = V(702 - 4x11x(-49)
= x=7/11 or -7

x is side of the triangle so it's positive, sox =7/11  {x is length}

We Know A = 7+x
= A=7+7/11
84 /11 cm?
= Area of AABC = 84 /11 cm?




Maths solutions

044

SOLUTION 14

From Fig(1)
Let £ZBOQ =606 & AOP = ¢, then

£ZBOX =6 {sides of AOBQ = sides of AOBX}

= £QOX =26

ZAOX = ¢ {sides of AOBQ = sides of AOBX}

= Z£QOX = 2¢

From ABOQ

tan £BOQ = BQ/0Q
= tan 6 =6/9
= tan 0 = %

We know, tan 2x = (2 tan x) /(1 - tan? x)
= tan 260 = (2 tan 8) /(1 - tan? )

= (2x%) /(1 - (%)?)
= tan 20 =12/5

From AAOP

tan ZLAOP = AP/OP
= tan ¢ =3/9
= tan ¢ = %

tan 2¢ = (2 tan ¢) /(1 - tan? ¢)
= tan 2¢ = (2x%) /(1 - (%)?)

= tan 2¢ = %
From Fig(2)

£2POQ = ZPOX + £QOX

Fig(2)

= tan £ZPOQ = (tan £LPOX + tan £QOX)/(1 - tan £LPOX x tan £QO0OX)

= (tan 2¢ + tan 260)/(1 - tan 2¢ x tan 26)
=(3/4+12/5)/(1-3/4 x12/5)

= tan £POQ = -63/16
= cos £POQ = -16/65




Maths solutions

045

From figure
PQ2 = OP% + 0OQ?2 - 2xOPx0OQxcos LPOQ
= PQ?% =92+ 92 - 2x9x9x(-16 /65)
= 81+ 81+ 162x(16 /65)
= 13122 /65
= PQ = (81/65)V130 cm
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SOLUTION 15 C

Red area = Area of AABC - Blue area
Blue area = 3 x Area of APBQ {Due to symmetry}

From Fig(2)
Let CQ=xand BQ =Yy

From APBQ

BQ =y

BP =x  {Due to symmetry}

ZPBQ = 60°

Area of APBQ = % x BP x BQ x sin £ZPBQ
= Area of APBQ =% x x x y x sin 60

=l xxxyxhV3

= Area of APBQ = %xyV 3 cm?

Fig(2)

From Fig(1)

Blue area = 3 x Area of APBQ
= Blue area = 3 x Y4xyV 3
= Blue area = %xyV 3 cm?

Area of AABC = %4(BC)2V 3
= Area of AABC = %(x+y)?V 3 cm?
Red area = Area of AABC - Blue area
= Red area = %(x+y)?V 3 - %xyV 3 cm?




Maths solutions

047

Red area = Blue area

=

b 4 4 4 44

J U

Va(x+y)2V 3 - %4xyV 3 = %xyV 3
Vi(x+y)2V 3 = (3/2)xyV 3
a(x+y)? = (3/2)xy

(x+y)? = 6xy

x2 +y2 +2xy = 6XY

x2 - 4xy +7y2=0

x = (4y £ V((4y) - 4x1xy)/(2x1)
%(4y + 29V 3)

2y +yV3

x:y=2+V3
CQ:BQ=1:2+V3
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SOLUTION 16

From Fig(1)
AC is tangent of the semicircle
= ACLPS &ACLQR
= PS/QR
= PQRS is a trapezium with hight PQ

Blue Area = Area of trapezium
= Blue Area = ¥2(PS + QR)PQ

A
Fig(1)
From Fig(2)
PC =BC =18 cm {Tangent of the semicircle} C
AP = AC - PC
= AP = 30-18

= AP=12cm

From AAPS & AABC

ZAPS = ZABC = 90°

ZPAS = ZCAB {common angle}
= ZASP = ZACB

18 cm

= AAPS & AABC are similar triangles B
= AP/AB = AS/AC = PS/BC h 24 cm ”
= 12/24 = AS/AC = PS /18 Fig(2)

= 1 = PS/18

= PS=9cm
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From Fig(3)
AQ=AB =24 cm {Tangent of the semicircle}

C

CQ = AC - AQ N
= CQ = 30-24
= CQ=6cm

18 cm

From ACQR & AABC
ZCQR = £ZABC = 90°
ZQCR = £ZACB {common angle}

= ZCRQ = £BAC
= ACQR & AABC are similar triangle%
= QR/AB = CR/AC = CQ/BC
= QR/24 = CR/AC =6/18
=
=

24 cm B
Fig(3)

QR/24 = 1%
QR =8cm

From Fig(4)

PQ =AC- AP -CQ
= PQ=30-12-6
= PQ=18 cm

We know Blue area = %(PS + QR)PQ
= Blue area = (9 + 8)18

= Blue area = 102 cm?

24 cm

Fig(4)

18 cm



Maths solutions
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SOLUTION 17

Blue Area = Area of ARQE - Area of APSE

From AEQD

QE = ED sin 60
= QE =12 sin 60
= QE=6V3cm

We know ADER is an equilateral triangle
so,RQ =RD/2

=RQ=12/2

= RQ=6cm

From ACQD
CQ=CD cos 30
= CQ=12cos 30
= CQ=6V3cm
PE = CE - PC
= PE=(CQ+QE)-PC
=(6V3+6V3)-12
= PE=12V3-12cm

From APSE
PS = PE tan 30
= PS = (12V 3 - 12) tan 30
= (12V3 - 12)%5V 3
= PS=12-4V3 cm

Blue Area = %2xRQxQE - %xPSxPE

= Blue Area = %x6x6V 3 - ¥%x(12-4V 3)x(12V 3 - 12)

= Blue Area = 144-78V 3 cm?

30°
30°
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SOLUTION 18

From Fig(1)
ZACB =60°&AC=BC=6cm
= ZCAB = ZABC = 60°
CQ = ACsin £BAC
= CQ=6x%V3
= CQ=3V3cm

We know ZPAC = ZPBC = 45°
so, ZPAB = ZPBA = 60 - 45
= ZPAB = £PBA =15°

PQ = BQ tan £PBA
= PQ=3tan 15
=3(@2-V3)
= PQ=6-3V3cm

CP=CQ - PQ
= CP=3V3-(6-3V3)
= CP=6V3-6cm

From Fig(2)
Let MN is passing through P and tangent of the circle
then AB/# MN
= £LCAB = ZCMN = 60° & LABC = £ZMNC = 60°
= AMNC is an equilateral triangle
so, MC = PC/sin (£CMN)
= MC = PC/sin 60
= (6V 3 - 6)/sin 60 M
= MC=12-4V3 cm Asm

Fig(2)
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From Fig(2), the circle is incircle of AMNC
so, the radius of the circle = 2xArea of AMNC/ perimeter of AMNC

Area of AMNC = %4V 3 MC?
= Area of AMNC = %3 (12 - 4V 3)?
= Area of AMNC =48V 3 - 72 cm?

Perimeter of the circle = 3 x (12 - 4V 3)
= Perimeter of the circle = 36 - 12V'3 cm

Radius of the circle = 2(48V'3 -72) /(36 - 12V 3)
= Radius of the circle =2V3 - 2 cm
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SOLUTION 19

From Fig(1)
Area of triangle = %2xRQxXP

OA = AB/2
= OA=56/2
=28 cm
= OA =0B = 0C =28 cm {Radius of the semicircle ACB}

A o B
Fig(1)

From Fig(2)
AM =0OM =ML =A0/2
= AM=0OM=ML=28/2
= AM =0OM = ML =14 cm {Radius of the semicircle ALO}

Let r is the radius of the circle YLX
From AORX C
RX =r {OY is the radius of the circle YLX} _
OR=0Y-YR

= OR =28-r {OY is the radius of quarter circle AYC}

OX? = OR? - RX?
= 0X? = (28-1)? - r?
= 784-561r+12 - r?
= OX?2 = 784-56r

From AMNR
NR2 = MR? - MN?
= NR? = (14+1)? - (14-1)?
= (196+287-1?) - (196-2871+1?)
= NR? =56r Fig(2)




Maths solutions
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If OX 7/ NR
= 0X=NR
= OX? = NR?
= 784-567r = 561
= 112r =784
=Zr=7cm

OX2 = 784-56r
= 0OX? =784-56x7
=392
= 0X=14V2cm

Apply Pythagorean theorem on ARVX
XP? = RP? - RX?
= XP? = (7+x)? - 72
=49 + 14x + x? - 49
= x%+14x
= XP =V (x2+14x)

Apply Pythagorean theorem on AOVM
OP2z = MP? - MO?
= OP? = (14+x)? - 142
=196 + 28x + x2 - 196
= x%+28x
= OP =V (x?+28x)

XP=0X-0P
= V(x2 +14x) = 14V 2 - V(x2 + 28x)
= (x2 +14x) = (14V 2 - V (x? + 28x)?

= (x2 +14x) = 392 - 28V (x2 + 28x)V 2 + (x2 + 28x)

= 14x + 392 = 28V (x2 + 28x)V 2
= x +28 =2V (x2 + 28x)V 2

= V(x+28) =2V (2x)

= x+28 = 8x

= 7x =28

= x=4cm
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RQ = 2xRX
= RQ =2x7
= RQ=14cm

XP =V (x2+14x)
= XP =V (42+14x4)
=V (42+14x4)
= XP=6V2cm

Area of Triangle = %2x14x6V 2
= Area of Triangle = 42V 2 cm?
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SOLUTION 20

From AABC
AC? = AB? + BC? - 2xABxBCxcos (£LABC)  {cosine rule}
= 142 =162 + 102 - 2x16x10 cos (£ ABC)
= 196 = 256 + 100 - 320 cos (£ ABC)
= 320 cos (£LABC) =160
= cos (£ABC) = %
= ZABC = 60°

From ABPC

sin (£ABC) = PC/BC = PC/10
= sin 60 = PC/10
= %V3=PC/10
= PC=5V3cm

A 11 cm P 5cm B

cos (£ABC) = PB/BC
= cos 60 = PB/10
= % =PB/10
= PB=5cm

From AAPC

AP = AB - PB
= AP=16-5
= AP=11cm

sin (ZBAC) = PC /AC
= sin (£BAC) =5V 3/14

cos (£BAC) = AP/AC
= cos (£LBAC) =11/14
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Let LQAC = LQAB =x { AQ is angle bisector of £BAC }
cos (£BAC) = cos 2x

= cos (£BAC) =2 cos?2x -1

= 2cos?x-1=11/14

= cos?x =25/28

= cosx =+5/V28

0<x<180 {x is an angle inside the triangle}
= cosx =5/V28
= ZQAB = cos"! (5/V28)

From AARB
BR? = AB? + AR? - 2xABxARxcos (£BAC)
= BR? =162 + 72 - 2x16x7x11 /14
=256 +49 - 176 = 129
= BR=V129 cm

AR? = AB% + BR? - 2xABxBRxcos (£ABR)
= 72 =162 + 129 - 2x16xV 129xcos (£ ABR)
= 49 = 256 + 129 - 32V'129 cos (£ ABR)
= cos (£ABR) = (7V129)/86
= ZABR = cos-1((7V129)/86)

From AAPN
tan ZQAC = tan cos! (5/V 28)
= PN/PA = tan cos~! (5/V 28)
= PN/11 = tan cos-! (5/V 28)
= %V3
= PN = %x11V 3 cm

ZANP = 90 - ZQAB
= ZANP =90 - cos! (5/V28)
= ZLNM =90 - cos™' (5/V28)
= sin ZLNM = sin [90 - cos™! (5/V 28)]
= cos cos™! (5/V 28)
= sin ZLNM =5/V 28
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From APBM
tan ZABR = PM/PB
= PM/5 = tan (cos-! ((7V'129)/86))
= 5v3 /21
= PM =25V3/21 cm

ZPMB = 90 -£ZABR
= ZPMB =90 - cos-! ((7V129)/86)
= ZLMN =90 - cos-! ((7V129)/86)
= sin ZLMN = sin [90 - cos-! ((7V'129)/86)]
= cos [cos™! ((7V 129)/86)]
= sin ZLMN =7V129)/86

MN = PN - PM
= MN = %x11V 3 - 25V 3 /21
= MN =106V 3/105 cm

From ALMN
ZMLN =180 - (ZLMN + ZLNM)

= ZMLN =180 - [90 - cos-! (7V129)/86) + 90 - cos-! (5/V28)]

= ZMLN = cos! ((7V129) /86) + cos~' (5/V 28)

= sin £ZMLN = sin [cos~! ((7V 129) /86) + cos~! (5/V 28)]
sin [cos™! ((7V'129) /86)] cos cos™! (5/V 28)

+ cos [cos~! ((7V129) /86)] sin cos~! (5/V 28)

[(5V43)/86][5,/V 28] + [(7V129) /86][V3/V 28]
= sin ZMLN = 23V 301/602

LN/sin ZLMN = MN/sin £MLN { sine rule}
= LN = MN x sin ZLMN /sin ZMLN
= LN = (106V3/105) x [7V129) /86]/[23V 301/602]
= LN =106V 7/115 cm

Area of ALMN = % x LN x MN x sin ZLNM
Area of ALMN = % x (106V 7/115) x (106V 3 /105) x (5/V 28)
Area of ALMN = 2809V 3 /2415 cm?
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SOLUTION 21

ZAPB = 1%5x270 = 135°

From AAOB
AB2 = R2 + R2 = 2R?

From AAPB
AB? = AP? + BP? - 2xAPxBP cos P {cosine rule}
AB2 =1+ 2 - 2x1xV 2 cos 135
= AB2=3-2V2x(1/V2)
=5
2R%2 =35
= R%2=5/2

Area of quarter circle =%xnR? = %nx5 /2

Area of quarter circle = %n cm?
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SOLUTION 22

From figure
Let LD =x& LA =y
then LC=x& LB =y

From APLD
ZPLD =180 - (60+x)
= ZPLD =120-x
Z0LB = £ZPLD
= ZOLB =120-x

From APMA
ZPMA =180 - (60+y)
= ZLPMA =120-y
ZOMC = £ZPMA
= ZOMC =120-y

From AOCM
ZCOM =180 - (£LC + LPMA)
= ZCOM =180 - (x + 120-y)
= 60-(x-y)
£ZCOA = LCOM = 60-(x+y)

From AOLB
£ZBOL =180 - (£B + LOLB)
= ZBOL =180 - (y + 120-x)
= 60+(x-y)

= ZBOD = £BOL = 60+(x-y)
Length of ( arc(AXC) + arc(BYD)) = (£COA/360)x2nR + (£BOD/360)x2nR

= ((60-(x-y))/360)x2nR + ((60+(x-7y))/360)x2nR
(120/360)x2nx1 {R =1cm}

= 15x2n
length of [arc(AXC) + arc(BYD)] = %;n cm




Maths solutions

061

SOLUTION 23

From Fig(1)

ZBAC =180 - LROP
= ZBAC =180 - 150
= 4LBAC = 30°

ZABC =180 - ZROQ
= ZABC =180 - 120
= ZABC = 60°

£ZBCA =180 - £LPOQ
= ZBCA =180 - 90
= 4LBCA =90°

From Fig(2)

£Z0OAB = £LBAC/2
= ZOAB =30/2
= ZOAB = 15°

ZOBA = ZLABC/2
= ZOBA=60/2
= ZLOBA = 30°

ZOCB = ZBCA/2
= ZOCB =90/2
= ZOCB = 45°

From AAOR
tan 15 = OR/AR
= AR =2/tan 15
= 4+2V 3 cm
= AP = AR =4+2V3 cm

{AR = AP & OR = OP}

{BR = BQ & OR = 0Q}

{CQ =CP & OP = 0Q}

A R B




Maths solutions
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From ABOR
tan 30 = OR/BR
= BR =2/tan 30
=2V 3 cm
= BQ=BR=2V3cm

From ACOQ
tan 45 = 0Q/CQ
= CQ =2/tan 45
=2cm

= CP=CQ=2cm

Area of AABC = Area of AAOB + Area of ABOC + Area of AAOC

Area of AAOB = %xABxOR
= Area of AAOB

Area of ABOC = %xBCx0OQ

= Area of ABOC = %x(BQ+CQ)x0OQ
= Vex(2V 3+2)x2
= Area of ABOC = 2V 3+2 cm?

Area of AAOC = %BxACxOP

= Area of AAOC = ¥%x(AP+CP)xOP
= 16x(4+2V 3 + 2)x2
= Area of AAOC = 6+2V 3 cm?

Area of AABC = 4+4V 3 cm? + 2V 3+2 cm? + 6+2V 3 cm?
= Area of AABC = 12+8V 3 cm?

1x(AR+BR)xOR
1/2><(4+2\/—3 + 2\/—3)><2
= Area of AAOB = 4+4V 3 cm?




Maths solutions
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SOLUTION 24

Red area = ¥2xRCxQR
Blue area = 2xPAxPQxsin ZAPQ

Let AP=QC =y & AB=BC=AC=x
From figure
£ZBAC = 60°
ZABC = 60°
ZBRP = 90°
4D =180 - (£BRP + £B)

= «£D =180 - (90 + 60)

=180 - 150
= 4D =30°

From APAQ
ZPAQ =180 - £BAC
= ZPAQ =180 - 60
= «ZPAQ =120°
ZAQP =180 - (LQAP + ZAPQ)
= «£PAQ =180 - (30 + 120)
= ZPAQ =30°
= APAQ is a isosceles triangle
= AP=AQ=Yy

AC = AQ + QC
= x=y+y

:Zy
= y="Yx

From APRB
sin 30 = BR/PB
= BR = PB sin 30
= (x+y) x %
= Yo(x+Y2x)
= BR = %x
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RC = BC - BR
= RC =x - %x
= RC = Vix

Red area = 2xRCxQCxsin £ZACB
= Red area = Vxlexx¥%xxsin 60

= Red area = (V 3/32)x2

Blue area = %xPAxPQxsin ZAPQ
= Blue area = ¥%x¥xxlxxsin 120
= Blue area = (V3/16)x?

Blue Area : Red area = (V 3/16)x2 : (V 3/32)x?
= Blue area: Red Area =1/16 :1/32

= Blue area : Red area =2 : 1
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SOLUTION 25

From Fig(1)
ZABC = 60°
ZACB = 90° {ACB is a semicircle}
sin ZABC = AC/AB
= sin 60 = AC/AB
= %V 3 =AC/AB
= AC =AB x V3

Let diameter of the semicircle = 2r, then

AB = 2r
= AC=2r x %V3
= AC=1rV3

We Know PA = PC, then
PA =PC =AC/2
= PA=PC=%rV3 A

From Fig(2)
We can convert this semicircle to a circle, so
PQxPR = PAxPC {intersecting chords theorem or chord theorem}
= 1xPR = %rV 3x¥%rV 3
= PR=%12. i, eq(1)

QR = 2r {Diameter of the circle}
PR = QR - PQ




Maths solutions
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From eq(1) & eq(2)
PR = 2r-1 = %r?

=
=
=

8r-4 = 3r2
3r2-8r+4=20

r = %(8+V (64-4x3x4)
= %(8+V'16)
= %(8+4)
r=2cm {r >1 cm}

Radius of the circle = 2 cm
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SOLUTION 26

Blue Area = Area of Sector (KFL) - Area of AKOL
Area of Sector (KFL) = (£KOL/360)n(OK)?
Area of AKOL = %xOKxOLxsin ZKOL

From Fig(2)
ZACB = 90°
AC = BC
= AABC is a isosceles triangle
= ZCAB = ZABC
= %(180 - £LACB)
= ZABC = 4(180 - 90)

= ZLCAB = £ABC = 45° c
If CE L AB

= AE = BE = AB/2 Yz/é

=8/2 %

= AE=BE=4cm
From AAEC A 45° E dem  45°
tan 45 = CE/AE < 8 om 7

= CE=4cm

BEZ + CE2 = BC?
= 42 + 42 = BC?
= BC=4V2cm




Maths solutions
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From Fig(3)

We can apply pythagorean theorem on AAEC

OS2 + CS?% = OC?
= rz2+r2=0C2
= 0C=rV2
= CE = r+rV2

CE=r+rvV2=4 A

= r=4/(1+V2)
=> r=4vV2-4cm

From Fig(4)
Let XK = XL = x

XE x XF = XK x XL {Intersecting chords theorem}

= XExXF=xxx
= x2 = XE x XF

XE = HQ {XEHQ is a rectangle}
sin 45 = HQ/QB

= sin 45 = HQ/QB

= HQ = QB sin 45

45°

AN\

QB = BC - QC
=> QB=4V2-QC

AB /7 PQ then, AABC & APQC similar so
BC/QC = AB/PQ

= 8/4=4V2/QC

= QC=%x4V2

= QC=2V2cm
QB =4vV2-QC

=> QB=4V2-2V2

= QB=2V2cm

8 cm

Fig(4)
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HQ = QB sin 45
= HQ=2V2 x %V2
=2cm
= XE=HQ=2cm

EF = 2r
= EF = 2(4V2 - 4))
= EF=8V2-8cm

XF = EF - XE
= XF=8/2-8-2
= XF =8V2-10 cm

x2 = XE x XF
= x2 = 2(8V2-10)
= 16V2 - 20
= x ~1.621

From Fig(5)
sin £X0Q = x/r
= sin £X0Q

1.621/(4V 2 - 4)
0.978
= £XO0Q = sin-' (0.978)
= 78.047°
= £KOQ = 24X0Q
= £KOQ= 156.094°

14

Blue Area = Area of Sector (KFL) - Area of AKOL
= Blue Area = (156.094/360)nr? - ¥2xrxr sin 156.094
= 3.739 - 0.556
= Blue Area = 3.183 cm?
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SOLUTION 27

From figure
ZLE = 4B = £ZC=108° {Internal angles of the regular pentagon}
Area of the blue triangle = ¥%2xPQxPD

Let PB = x, then PC = 10-x

From AADQ E
DQ? = AD? - AQ? {pythagorean theorem}

Also from APQD

-
o
%
DQ? = PQ? + PD? {pythagorean theorem}

That is PQ? + PD? = AD? - AQ?

A 5cm Q 5cm B

From AAED

AD? = EA?2 + ED? - 2xEAxEDxcos £LAED {Cosine rule}
= AD? =102 + 102 - 2x10x10xcos 108
= AD? =200 - 200cos 108

From AADQ
DQ? = AD? - AQ? {pythagorean theorem}
= DQ? =200 - 200cos 108 - 52
= DQ2 =175 -200c0S 108.......covvviiiieiiiiiiieeeeeeeeee eq(1)

From APBQ
PQ?2 = PB2 + QB2 - 2xPBx(QBxcos £PBQ
= PQ? = x2? + 5% - 2xxx5cos 108
= PQ? =x2 + 25 - 10xcos 108
From APCD
PD?2 = CD?% + PC? - 2xCDxPCxcos £PCD
= PD? =102 + (10-x)? - 2x10(10-x)cos 108
=102 + 100 - 20x + x2 - 200cos 108 + 20xcos 108
= PD2 =200 - 20x + x2 - 200cos 108 + 20xcos 108
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From APQD
DQ? = PQ? + PD? {pythagorean theorem}

= DQ?% =x2+ 25 - 10xcos 108 + 200 - 20x + x? - 200cos 108 + 20xcos 108
= DQ? = 2x2 + 225 - 20x + 10xcos 108 - 200cos 108

From eq(1) & eq(2)

DQ?% =175 - 200cos 108 = 2x2 + 225 - 20x + 10xcos 108 - 200cos 108

= 0 =2x2+50-20x + 10xcos 108
= 2x% + 50 - 20x + 10x(%4(1-V'5))
= 2x2 + 50 - 20x + %(5x) - ¥%(5xV 5)
= 4x2 + 100 - 40x + 5x - 5xV5 =0
= 4x2%-35x - 5xV5+ 100 = 0
= x = B(35+5V5 + V((35+5V 5)? - 4x4x100))
%(35+5V'5 + V(1225 + 350V 5 + 125 - 1600)
%(35+5V'5 + V(350V'5 - 250)
= x4 = 8.6574 cm & x, = 2.8877 cm

If x = 8.6574
PQ? = x2 + 25 - 10xcos 108
= PQ?% = 8.65742 + 25 - 10x8.6574xcos 108
~ 126.703
= PQ = 11.2562 cm

PD2 = 200 - 20x + x2 - 200cos 108 + 20xcos 108

= PD2 =200 - 20x8.6574 + 8.65742 - 200cos 108 + 20x8.6574xcos 108

=110.0933
= PD =10.4925 cm

Area of blue triangle = %x11.2562x10.4925
= Area of blue triangle = 59.0528 cm?
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If x = 2.8877
PQ? = x2 + 25 - 10xcos 108
= PQ? =2.8877% + 25 - 10x2.8877xcos 108
~ 42.2582
= PQ = 6.5006 cm

PD2 = 200 - 20x + x2 - 200cos 108 + 20xcos 108
= PD2? =200 - 20x2.8877 + 2.88772 - 200cos 108 + 20x2.8877xcos 108
=194.5412
= PD =13.9478 cm

Area of blue triangle = /2x6.5006x13.9478
= Area of blue triangle = 45.3345 cm?

Area of blue triangle = 59.0528 cm? or 45.3345 cm?
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SOLUTION 28

From figure C
CP = CQ {tangents of the larger circle from C}
AP
CR
BW = BS {tangents of the smaller circle from B}

AV  {tangents of the larger circle from A}

CS {tangents of the smaller circle from C}

A 4 D w B
Area of circle = 471 cm? C
= 71 MQ2=4n
= MQ2=4

= MQ=2cm
= MQ=MV=VD=QD=2cm

Area of circle = 1 cm?

= nmRN2=n d
= RN? = A x v Zem plemy y B
= RN =1cm

= RN=NW=WD=DR=1cm

Let AP=x & BS =y
AP = AV =x
CR=CQ+QR

= CR =4+1

= CR=CS=5cm
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BS =BW =7y

AC?2 = AD2 + CD?
= (x+4)? = (x+2)? + 62
= x2+8x+16 = x?+4x+4 + 36
= 4x =24

= x=6cm

BC? = CD? + BD? A
= (y*5)* = 6% + (y+1)?
= y2+10y+25 = 36 + y2+2y+1
= 8y =12
= y=3/2

6 cm Vv 2 cm chmw

wd z/¢

Area of the triangle = %2xABxCD
= Area of the triangle = Y%2x(x+3+y)x6
= ¥%x(6+3+3/2)x6
= Area of the triangle = 31.5 cm?
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Maths solutions

SOLUTION 29

Area of APQR = %xPQxVQ

From Fig(1)
BC =CQ =60 cm {tangents of the semicircle from

OP = OR {tangents of the semicircle from O}

Let LPOT = ZROT =6 {symmetry}
OT = BC =60 cm

From Fig(2)
sin 8 = RT/OT
= sin 8 =30/60
=1
= O =sin'k
= 30°
ZOTR = 180-(£LROT + £ORT)
= ZOTR =180-(30 + 90)

= ZOTR = 60°

From APTR
PR = 2xRS
sin 60 = RS/RT
= sin 60 = RS/30
= RS = 30sin 60
= 30x%V 3
= 30x%V 3
= RS =15V 3 cm
= PR=30V3cm
cos 60 = ST/RT
= cos 60 = ST/30
= ST = 30cos 60
= 30x%
= ST =15cm

{symmetry}

Fig(1)

W (0)
0|6
=
Q
=)
©
P S
’30011) 8 8 0 c&
A 30 cm T 30 cm
Fig(2)
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From Fig(3)
CT2 = BC2 + BT?
= CT? =602+ 302
= 3600 + 900
= 4500
= CT =30V5cm
sin ¢ = BT/CT
= sin ¢ = 30/30V'5
= sin ¢ = V5

From AQCH
cos 20 = CH/QC
= CH = PCxcos 29
= 60x(1-2sin? @)
= 60x(1-2x%)
= 60x%
= CH =36 cm

From Fig(4)

VQ = UW - (UV+QW)
= VQ =60 - (15+36)
= VQ=9cm

Area of APQR = %xPQxVQ
= Area of APQR = %x30V 3x9

= Area of APQR =135V 3 cm?

60 cm

U"OO
)
A 30 cm T 30 cm B
Fig(3)
D w C

g g
(3] Q
Ne} ©
o™ [3p]

H
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SOLUTION 30

From Fig(1)

£C =60°

If OC L AB then OA = OB
= OA=0B=12/2
= OA=0B=6cm

From AOBC

OC2 = BC? - OB?
= 0C?% =122 - 62

=108 A P (0] R B
= 0C=6Vv3cm Fig(1)

From AOEC
Z0OCE = 30°
sin ZOCE = OE/OC
= sin 30 = OE/OC
= OE = OC sin 30
=6V3x¥%
= OE=3V3cm

3° °

From Fig(2)
CQ=0C-0Q
= CQ=6V3-3V3
= CQ=3V3cm

3vV3 cm

If XY is the tangent of semicircle & circle
Then the circle is incircle of ACXY
ACXY is an equilateral triangle {CX=CY & ZACB = 60°}
so LCYX = 60°
= sin LCYX = CQ/CY
= CY = CQ/sin £CYX
= 3V 3/sin 60
= 3V 3/(%V 3)
= CY=6cm

AP o R B
Fig(2)
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From ACXY
incircle radius = Area of ACXY/(¥2xPerimeter of ACXY}

Area of ACXY = V3 x 62/4

= Area of ACXY = 9V 3 cm?
Perimeter of ACXY =3 x 6

= Perimeter of ACXY =18 cm

incircle radius = 9V 3 /(%x18)

= incircle radius = V3 cm

Area of circle = n(V 3)?

= Area of circle = 3n cm?
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SOLUTION 31

From figure
ZBAE = ZAED = ZEDC = 108° {ABCDE is a regular pentagon}

Area of AAOE = ¥2x0Ax0Q sin £ZA0Q
0Q=EQ-EO

ZPAE = ZBAE - ZPAB
= ZPAE =108 - 90
= ZPAE =18°

ZAOE =180 - (£AEQ+ZPAE)
= ZPAE =180 - (90+18)
= ZPAE = 72°

From AAOE
AE/sin ZAOE = EO/sin LOAE = OA/sin ZAEO
= 2/sin 72 = EO/sin 18 = OA/sin 90
= OA/sin 90 = 2/sin 72
= OA=2/sin 72 cm
2/sin 72 = EO/sin 18 = OA/sin 90
= 2/sin 72 = EO/sin 18
= EO = 2 sin 18/sin 72
= 2 sin 18/cos 18 {sin (90-x) = cos x}
= EO =2tan 18 cm

From AEDQ
ED/sin ZEQD = EQ/sin ZEDQ = DQ/sin £DEQ
= 2/sin 54 = EQ/sin 108 = DQ/sin 18
= 2 sin 108/sin 54 = EQ
= EQ = 2x2xsin 54 x cos 54 /sin 54
= EQ =4 cos 54 cm

O0Q =EQ-EO
= 0Q=4cos 54 -2tan 18 cm
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Area of AAOE = %x0OAx0Q sin ZAO0Q
= Area of AAOE = ¥%2x(2/sin 72)x(4 cos 54 - 2 tan 18) x sin 108
We know, sin (180-x) = sin x so sin 108 = sin 72
= Area of AAOE = ¥%x(2/sin 72)x(4 cos 54 - 2 tan 18) x sin 72
= Area of AAOE = 4 cos 54 - 2 tan 18
= Area of AAOE = 1.7013 cm?
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SOLUTION 32

From figure
PA =PC =AC/2
= PA=PC=AC/2
=14/2
= PA=PC=7cm

From AABC A 16 cm B
BC2 = AB? + AC? - 2xABxAC cos £BAC {cosine rule}
= 102 = 162 + 142 - 2x16x14 cos £LBAC
= 100 =162 + 142 - 2x16x14 cos £BAC
= 256 + 196 - 448 cos £BAC
=452 - 448 cos £BAC
= cos £BAC = (452 - 100)/448
=11/14
= ZBAC = cos-! (11/14)
= £BAQ = £CAQ = %:cos™ (11/14)

From APAB

PB2 = AB? + AP? - 2xABxAP cos £BAC {cosine rule}
= PB2? =162+ 7% - 2x16x7 cos £BAC
= PB2 = 256 + 49 - 224x11/14
= PB2 =129

PA2? = AB? + PB? - 2xABxPB cos £PAB {cosine rule}
= 72 =162 + 129 - 2x16xV 129 cos £ PAB
= 49 = 385 - 32V'129 cos £PAB
= cos £PAB = (385-49)/(32V 129)
= cos £PAB = 21/(2V129)
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From AAOB
ZAOB =180 - (£BAO + £ZABO)

= ZAOB =180 - (%cos~! (11/14) + cos! (21/(2V 129)))

= cos ZAOB = cos [180 - (%cos-! (11/14) + cos~' (21/(2V 129)))]
= - cos [kcos™! (11/14) + cos™! (21/(2V 129))]

= - cos (%cos™! (11/14)) cos cos™! (21/(2V 129))

+ sin (kcos-! (11/14)) sin cos! (21/(2V 129))

We know cos? x = %(1+cos 2x) & sin? x = %(1-cos 2x) so,
cos? [Yzcos! (11/14)] = Y2(1+cos 2[%cos! (11/14)])
= cos? [Y2cos™! (11/14)] = Y%(1+cos cos™! (11/14))
= ¥(1+ 11 /14)
=25/28
= cos [%cos1(11/14)] = 5/(2V7)

sin? [%cos™! (11/14)] = %(1-cos 2[%cos~! (11/14)])
= sin? [Y.cos™! (11/14)] = ¥%(1-cos cos~! (11/14))
= ¥(1-(11/14))
=3/28
= sin [%cos-1(11/14)] = V3/2V7

also, sin cos-! (21/(2V129)) = cos-! sin (21/(2V 129))
= cos! cos (5V 3/(2V 129))
= sin cos-! (21/(2V129)) = 5V'3/(2V129)

cos £ZAOB = -cos (Yscos! (11/14)) cos cos-! (21/(2V 129))

+ sin (%cos-! (11/14)) sin cos-! (21/(2V 129))
= cos ZAOB = -[5/(2V7)][21/(2V129)] + [V 3 /2V 7][5V 3 /(2V 129)]
= [15 - 105] /[4V 903]
= -90/[4V 903]
= cos ZAOB = -15V 903 /602
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SOLUTION 33

From figure

PQ=PR=16cm  {Radius of the semicircle}

OP = 0Q =PQ/2 Q
= OP=0Q-=16/2 L
= OP=0Q=8cm
= QR =8 cm {Radius of the circle}

2 ()

2\ |&

Area of PQRS = Area of PLRS + Area of ARLQ 12
A x P

Let PS = x & RS =y, then

RS =LP =y
= QL=PQ-LP
= QL=16-y
RL=PS =x

Area of PLRS = PSxRS
= Area of PLRS = xy

Area of ARLQ = ¥%xRLxQL
= Area of ARLQ = %x(16-y)

Area of PQRS = Area of PLRS + Area of ARLQ
= Area of PQRS = xy + %x(16-y)

From ARSP
PS2% + RS2 = PR2
= x2+y2 =162
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From AQLR
RL2 + QL2 = RQ?
= x2+ (16-y)% = 82
x? +162-32y+y? = 82

g 4 4

From eq(1) & eq(2)
x2+y2 = 256 = 32y-192
= 32y = 448
= y=14cm

From eq(1)
x2+y% = 256
= x2+14% = 256
= x2 =256 - 196
=60
= x=2V15cm

Area of PQRS = xy + ¥%x(16-y)

= Area of PQRS = 2V15 x14 + %x2V'15 (16-14)
= 2V15 x14 + %x2V15 (16-14)
= Area of PQRS = 30V15 cm

x2+192 - 32y +y2=0
x2+y2 = 32y-192........cccccinn

8 cm
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SOLUTION 34

From Fig(1)
RP is pass-through incircle centre, that is RP is the angle bisector of ZAPC
= ZCPR = 45° C M
MN is a chord of the semicircle and MQ = NQ |
= ZCPQ = 45°

ZRPQ = ZCPR + £CPQ
= ZRPQ =45 + 45 = 90°
= 90°
= Area of APQR = %xPRxPQ A p B

From Fig(2)
PB=6/2=3cm {radius of semicircle}
= PN =3cm

Let the radius of small semicircle = x, then
PY = QY = QX = PX = x {PXQY is a square}
= PQ=xV2 {PXQY is a square}

From APQN
PN2 = PQ? + QN? A P 3 cm B
= 3% =(xV2)%+ x?2 Fig(2)
= 9 =2x2 + x?
= x2=3
= x=Vv3cm
C M

From Fig(3)

Let the radius of the circle = y, then

RH =RI =RJ =y {radius of the circle}
= PR=9yV2

PH = y+yV'2 = 3 {Radius of the semicircle
= y+yV2 =3
= y=3/(V2+1)
> y=3V2-3cm Fig(3)
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From Fig(4)
Area of APQR = %xPRxPQ
= Area of APQR = VaxyV 2xxV 2
= xy
- V3 x(3V2 - 3)
= Area of APQR = 3V 6 - 3V3 cm?
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SOLUTION 35

From Fig(1)

Blue Area + Red Area + Yellow Area = Purple Area + Black Area

From Fig(2)

Red Area = Area of APBC B 2 ‘
= 64 = 2xBCxPX
PX =CE {Parallel lines} x
Let"s sides of the hexagon = x, then
CE? = CD? + ED? - 2xCDXED cos D A 3 D
= CE? = x2 + x2 - 2xxxx cos 120
= 2x2% - 2x2xYs e
= 3x2
= CE=PX=xV3
F P E
Fig(2)

Red Area = Area of APBC = % x BC x PX
= 64=Y%xxxxV3=1%hx2V3
= x2=128/V3
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From Fig(3)
Purple Area = Area of ABCD
Area of ABCD = 3 x Area of equilateral triangles
= Purple Area = 3 x %4x2V' 3
= 3 x %(128 /V3)V3
= Purple Area = 96 cm?

X

Black Area = Area of APAD

= Black Area = %xADxPQ x
PQ = %PX
= PQ = %xV 3
Black Area = %xADxPQ F P E
= Black Area = ¥%x2xx%xV 3 Fig(3)
= 1%x2V 3
= 15(128 /V3)V 3

= Black Area = 64 cm?

Blue Area + Red Area + Yellow Area = Purple Area + Black Area
= Blue Area + 64 + 42 = 96 + 64
= Blue Area + 106 = 160
= Blue Area = 54 cm?
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SOLUTION 36

From Fig(1)
ZBAE = LAED = ZEDC = £BCD = LZABC =108°
AB = CB
= 4£BAC = 4«BCA = (180 - 108)/2
= ZBAC = £BCA = 36°
Similarly, £PBA = 36°
ZACD =108 - £BCA =108 - 36
= ZACD =72°
= LACD = 4£BED = 72°
ZCPE = 360 - (£ACD + £BED + £EDC)
= ZCPE =360 - (72 +72 +108) = 108°
= ZLAPB = LCPE =108°  {opposite angles}

From Figure, Let the radius of Large circle = R, Radius of small circle = r,
Sides of the pentagon =x & PA=PB =y
PCDE is a parallelogram {opposite angles are equal} D

We can find the area of this parallelogram in two ways

Method 1 E ‘
Area of PCDE = Area of APED + Area of APCD '

PE
pPC

CD =x {PCDE is a parallelogram}
ED =x {PCDE is a parallelogram}
= PE=CD =PC=ED =x

= APED & APCD are equal triangles
so, Area of PCDE = 2xArea of APCD Fig(2)
= Area of PCDE = 2x%xPCxCD sin£ZPCD

xxx sin 72
= Area of PCDE = x2 sin 72
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Method 2
Area of PCDE = CDxMN {MN is the diameter of the circle so MN L CD}
= Area of PCDE = xx2R

From methods 1 & 2
Area of PCDE = xx2R = x2 sin 72
= R = Yx sin 72

From APAB
r=A/s {Here r = Inradius of APAB, A = Area of APAB & 2s = Perimeter of APAB}
A = 2xABxPB sinZABE

= A = ¥xy sin 36

s = %5(AB + PB + PA)
= s=lx+y+y)
= s=1/2(x+2'y)

PA/sin £PBA = PB/sin ZPAB = AB/sin £ZAPB {sine rule}
= y/sin 36 = y/sin 36 = x/sin 108
= vy =x sin 36/sin 108

A = Y%xy sin 36
= A = Vixxx(x sin 36 /sin 108) x sin 36
= A = %x? sin? 36/sin 108

s = Ya(x+2y)
= s = Y[x+2(x sin 36 /sin 108)]
= s = Y2(x+2x sin 36 /sin 108)

r=A/s
= r = [%x? sin? 36 /sin 108]/[¥(x+2x sin 36/sin 108)]
= (x2 sin? 36 /sin 108)/(x+2x sin 36 /sin 108)
= r = (x sin? 36)/(sin 108 + 2sin 36)
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R/r = Yox sin 72 / [(x sin? 36)/(sin 108 + 2 sin 36)]
= R/r = (% sin 72) (sin 108 + 2 sin 36)/sin? 36
We know sin 260 = 2sin 8 cos 8 & sin 38 = 3sin 8 - 4sin® 6
so sin 72 = 2sin 36 cos 36 & sin 108 = 3sin 36 - 4sin® 36
= R/r = (¥%2x2sin 36 cos 36) (3sin 36 - 4sin® 36 + 2sin 36)/sin? 36
= cos 36 (3 - 4sin? 36 + 2)
= cos 36 (5 - 4sin? 36)
= cos 36 (1 + 4cos? 36)
= U(1+V'5)(1 + [4(1+V 5)]?)
= %(1+V'5)(5+V 5)
= R/r = %(5+3V5)
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SOLUTION 37

From Fig(1)

Blue area = 36 cm?
= PQ? =36 cm?
= PQ=AP=6cm

Blue area = 16 cm?
= MN2?2 =16 cm?
= MN=4cm

Fig(1)

M
=
© =
© 3
«

From Fig(2)
Let BN=x&PC =1y C
From AABC & ANBM
ZABC = ZNBM  {common angle} pj——oem Q
£ZBAC = £BNM = 90° {OMNR is a square}
= ZACB = ZNMB
so AABC & ANBM are similar triangles
= AC/MN = AB/BN = BC/BM A 6cm R 4cm N x B
(6+y)/4 = (10+x)/x = BC/BM

= Fig(2)
= (6+y)x = 4(10+x)

= (6+y)x = 4(10+x)

= 6x+xy = 40+4x

S XY T 402X eq(1)

From AABC & APQC
ZACB = ZPCQ {common angle}
ZBAC = ZCPQ = 90° {APQR is a square}
= ZABC = £PQC
so AABC & APQC are similar triangles
= PQ/AB = PC/AC = CQ/BC
= 6/(10+x) = y/(6+y) = CQ/BC
= 6(6+y) = y(10+x)
= 36+6y = 10y+xy
= XY T 364 eq(2)
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From eq(1) & eq(2)
xy = 40-2x = 36-4y
= 4-2x = -4y

From eq(1) & eq(3)
xy = 40-2x

= (2+2y)y = 40-2(2+2y)

= 2y+2y% = 40-4-4y

= y2+3y-18 = 0

= y = %[-3+V(9-4x1x(-18))]
=

y=3cm

From eq(3)
X = 2+2y
= x = 2+2x3

= x=8cm

Area of AABC = %.xABxAC

= Area of AABC = %(10+x)(6+y)
%(10+8)(6+3)
¥%2x18%9
= Area of AABC = 81 cm?
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SOLUTION 38

From figure

£ZBAD = £ZBCD = 60°
= ZADC = ZABC =120° {UVWZ is a parallelogram}

BC=10cm &PB=QB=QC=5cm

Area of blue parallelogram = Area of UVWZ
= Area of UVWZ = UZxOZ

From APBC
PC? = PB2 + BC? - 2xPBxBC cos £ZABC
= PC2?2 =5%2+102% - 2x5x10 cos 120 AL
=25+ 100 - 100 (-%)
PC?2 =175
= PC =5V7

PB2 = BC?2 + PC? - 2xBCxPC cos £PCB {Cosine Rule}
= 25 =100 + 175 - 2x10x5V'7 cos 6
= 250 =100V 7 cos 6
= cos 0=5/(2V7)

From Fig(2)
BD is a diagonal of the parallelogram
here sides of the parallelogram are equal so D C
BD is the angle bisector of ZABC
= ZLABD = £CBD =120/2 = 60°
so ABCD is an equilateral triangle, then
DQ is the angle bisector of ZBDC {QB = QC =5 ¢m}
= £ZCDQ = 4£BDQ =60/2 = 30°
= £CQD =180 - (£CDQ + £BCD)
=180 - (30 + 60) A Fig(2) B
= 4£CQD =90°
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From Fig(3)
ZPCB = ZAZY =6 {XY#7BC & AR/ PC}
FZ=BQ=5cm {BS/DQ}

From AFUZ

cos 8 = FZ/UZ
= 5/(2V7)=5/UZ _
= UZ=2V7cm A

From Fig(4)

£ZBCK = £DCK - £BCD
= 4£BCK =90 -60
= 4£BCK =30°

From ABCK

cos 30 = CK/BC
= %V 3 =CK/10
= CK=5V3cm

Area of Parallelogram APCR = APxCK
=5x5V'3
= Area of APCR = 25V 3 cm?

We can also find the area of APCR in another method, that is
Area of APCR = PCxOZ

= 25V 3 =5V 7x0Z

= 0Z=5V3/V7cm

Area of UVWZ = UZx0OZ
=2V7x5V3/V7

Area of UVWZ = 10V 3 cm?

Area of blue parallelogram = 10V 3 cm?
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SOLUTION 39

Let ZAPQ =6,BC=x & AP =y, then
AB = BC =CD = AD = x {side of the square}
Area of square = BC?

= Area of square = x2

PB = AB - AP
= PB = x-y

ZAQP =180 - (LAPQ + £PAQ)
= 180 - (6 + 90)
= ZAQP = 90-6

ZBPC =180 - (£APQ + £QPC)
= 180 - (6 + 90)
= 4ZBPC =90-6

ZPCB =180 - (£PBC + £BPC)
180 - (90 + 90-6)
= 180 - (180-6)

= ZPCB =86

From APAQ & APBC
ZAPQ = ZPCB =6
ZAQP = ZBPC = 90-6
ZPAQ = £BPC = 90°
= APAQ & APBC are similar triangles
so, PQ/PC = PA/BC = AQ/PB
= %=y/x=AQ/(x-y)
= z =X




Maths solutions

From APBC
PC? = PB? + B(C?
> 27 = (xy) ¥ x°
= (x-Yx)? + x2
= Yix? + x?
= ox2%/4
= x2 =16/5 cm?
Area of square = 16 /5 cm?

097
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SOLUTION 40
B
From Fig(1)
BS2 = SR x SP
= BS2 =10 x 30
= 300
Q 10 cm R 10 cm S

= BS =10V3 cm

From Fig(2)

Let AB = x, ZAPS = 6 & ZASP = ¢, then

AS = BS - AB
= AS=10V3-x

OM=0Q=0R=10/2=5cm
BQ =PQ =10 cm

From APOM
sin ZAPS = OM/OP
= sin 8 =5/15

=W
= B =sin!'%

From ABQS
sin £BSP =10/20
= sin¢g =%

= ¢ =sin'%

{Radius of the semicircle}

{Radius of the semicircle}

QScm O 5cmpR 10 cm S
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From Fig(3)
ZPAS =180-6- ¢
=180 - sin~! /5 - sin~'
sin £ZPAS = sin (180 - sin~! % - sin-! %)

sin (sin! %5 + sin-! }2) p

0
10 cm Q 10 cm R 10 cm

sin (sin-! %) cos (sin-! %) + cos (sin-! %) sin (sin-! %)
Vox BV3+2%V2xY
= sin ZPAS = %(V3 + 2V2)

sin 8 / AS = sin £ZPAS / PS {Sine Rule}
= 10V 3-x = PS sin 6/sin £ZPAS
30x%/(%(V 3 + 2V 2))
=60/(V3+2V2)
=24V2-12V3 cm
= x=22V3-24V2cm
= AB=22V3-24V2cm

1]
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SOLUTION 41

Let ZPCD =6 & DE = x
From figure

ZPED =90°  {PE L ED}
ZPDC =90°  {PD 1 CD}
£ZPQC =90° {PQ L BC}

£ZBCD = ZCDE =120°  {corner of the hexagon}
£ZPDE = LCDE - £PDC
=120 - 90
= 4ZLPDE =30°

From APDE
£ZDPE =180-(£PED + £PDE)
=180-(30 + 90)
=180 - 120
= ZDPE = 60°

A B

PE/sin £PDE = DE/sin £DPE = PD/sin £ZPED {sine rule}
= PE/sin 30 = x/sin 60 = PD/sin 90
= PE/sin 30 = x/sin 60
= PE = x sin 30 /sin 60
=x x % /(%V 3)
= PE = %xV3

x/sin 60 = PD/sin 90
= x/(%V3)=PD/I1
= PD = %xV3

From APCD
PC? = PD? + CD?
= PC2 = (%xV 3)% + x?2
=4x2/3 + x?
=7x%/3
= PC = %xV 21
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sin 8 = PD/PC
= sin 6 = %xV 3/(¥%xV 21)
= sin 0 =2/V7

cos 8 = CD/PC
= cos 0 = x/(%xV 21)
= cos 8 =V3/V7

From APCQ
PC/sin £PQC = PQ/sin £LPCQ
= (¥%xV'21)/sin 90 = PQ/sin (120-6)
= PQ = (%xV 21) sin (120-6)
= (%xV 21)[sin 120 cos 6 - cos 120 sin 6]
= (BxV21)(%V3 x (V3/VT) - [-% x (2/V7)])
= (BxV21)[5/(2V7)]
= PQ = %xV3

PQ :PD:PE = %xV3:%xV3: %hxV3
= PQ:PD:PE=%:%:0%
= PQ:PD:PE=5:4:2
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SOLUTION 42

Blue Area = Area of the circle ARB
- Area of the circle ORS

Let the radius of the circle ORS =r
& radius of the circle ORS =R, then

Blue Area = ntR2 - nir?

Fig(1)

From Fig(2)
OP =RQ =6 cm {ORS & ARB are concentric circles}

OA=0B=24/2=12 cm A

OP x OQ = OA x OB {Chord theorem}
= 6x0Q=12x12
= 0Q=144/6
= 0Q=24cm

OR = 0Q - RQ Q
= 2r =18

= r=9cm
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From Fig(3)

TR = 2R {Diameter of the circle}

OR x OT = OA x OB {Chord theorem}
= 18 x0T =12 x12
= OT =144/18
= OT=8cm

TR = OR + OT
= 2R =18 +8
= R=13 cm

Blue Area = nR? - nr? Fig(3)
= Blue Area = nx132% - n1x92
=169m - 81n

= Blue Area = 881 cm?
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SOLUTION 43
C B,
We can rotate AABC in the anticlockwise direction
0 then we get AAB;C; I
?3 W
O,
O F' 3 60’6\ Q’Jo
‘506‘ 1%) ig(3) 2
A B C A
Merge these two triangles then we get Fig(2) AC,
From Fig(2)
ZABC = 90°

ZCBO = £ABO;, {same angle(rotated)}
£Z0BO; = LABO + £LABO;,
ZABO + £CBO
ZABC

= ZO0BO, =90°

A,
From ABOO;,

0,02 = OB? + O;B?
= 0,0% =32+ 32
=18
= 0/0=3V2cm
Let £0;0A = ¢, then from AABO;
0;A2 = O;02% + OA? - 2x0O;0x0OAxcos ¢ {cosine rule}
= 42 =18 + 52 - 2x3V 2x5%xc0s ¢
= 16 = 18 + 25 - 30V 2xcos ¢
= cos ¢ = (°/20)V2
= sin ¢ = (1/20)V 119

Fig(2)
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C
Yo
"
45+¢ [0}

>
From AAOC $Y Lo
ZAOC = 45+¢
AC? = OA? + OC? - 2xOAxOCxcos (45+¢) A Fig(3) B

= AC? = 32 + 5% - 2x3x5%(cos 45 cos ¢ - sin 45 sin ¢)
= AC2=34-30(%V2x(°/20)V2-1%V2x(1/3)V238)
= AC2 = 34 - %(18-2V'119)

= AC? = %(41+3V119)

Area of AAOC = bxAC?
= Area of AAOC = %(41+3V119) cm?
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SOLUTION 44
B
From Fig(1)
Blue area = Area of PQRS - Red area ‘
- Yellow area - Green Area
P S A

From Fig(2)
SA=SP=SD=PA/2=12/2 =6 cm

Let QD = R, then
QD = QB =R
PQ = PB - QB

= PQ=12-R

From APQS
PS2 + PQ?% = QS?
= 62+ (12-R)2 = (6+R)?
= 36 + 144-24R+R? = 36+12R+R?
= 144 = 36R
= R=4cm

Fig(1)

12-R

P 6 cm S 6 cm A

Fig(2)
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From Fig(3)
Let RX =1, ZRPQ =0 & 4LRPS = ¢
RX =RY =RZ=r  {Radius of the circle}
= QR = 4+r
SR = 6+r
PR = 12-r

We can apply cosine rule in APSR, then
SR? = PS2 + PR? - 2xPSxPRxcos £RPS

= (6+7)2 = 62 + (12-1)? - 2x6x(12-1)xcos ¢ P 6 cm S
= 36+12r+r? = 36 + 144-24r+r? - 12(12-r)xcos ¢ Fig(3)
= 12(12-r)xcos ¢ = 144-367r

= cos ¢ = (12-3r)/(12-7)

From APQR
QR? = PQ? + PR? - 2xPQxPRxcos ZRPQ {cosine rule}
= (4+7r)2 = 82+ (12-1)% - 2x8x(12-r)xcos 6
= 16+8r+r2 = 64 + 144-24r+r? - 16(12-r)xcos 6
= 16(12-r)xcos 6 = 192-32r
= cos 0 = (12-2r)/(12-7)
B+¢ = 90°
= sin ¢ = cos 6
= sin ¢ = (12-2r)/(12-7)

We Know, sin? ¢ + cos? ¢ =1
[(12-27r)/(12-71)]? + [(12-37)/(12-7)]? = 1
= (12-2r)2 + (12-37)% = (12-71)?
144-48r+47r2 + 144-72r+9r2 = 144-24r+r?
12r2-961+144 = 0
r2-8r+l2 = 0
r = 1%[8+V (82 - 4x12)]
r=4x2

b 4 4 44

6 cm A
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If r =6 cm, then

PR =12-r = 12-6 = 6 cm
PS =6 cm

RS = 6+r = 6+6 = 12 cm

"In a triangle sum of the small sides are always greater than the larger side

otherwise it's a straight line"

So PRS is in a straight line

If r=2cm, then

PR =12-r =12-2 =10 cm

PS =6 cm

RS = 6+4r = 6+2 = 8 cm

Here 6 cm, 8 cm & 10 cm are pythagorean triples so ZPSR = 90°

We saw PQ =RS =8 cm, QR=PS =6 cm & £ZQPS = 90° so PQRS is a rectangle
= £ZQPS = ZPSR = ZSRQ = £ZPQR =90°

From Fig(4) B
Area of PQRS = PQxPS
= 8x6
= Area of PQRS = 48 cm?

Red area = %4nxQY?
Yamix42
Yanx16

= Red area = 471 cm?

8 cm

Yellow area = “4nxRY?
%T[XZZ P 6 cm S A

= x4 Fig(4)

= Yellow area = 1 cm?
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Green area = “4nxSP?
inx62
4nx36

= Green area = 91 cm?

Blue area = Area of PQRS - Red area - Yellow area - Green Area
=48 -4n - 1 - 9n

= Blue area = 48-14n cm?
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SOLUTION 45

From Fig(1)
Area of AABC = %xACxBCxsin £ZACB
= 1hbxACxBCxsin 30
= Area of AABC = 4xACxBC

Let AC = x & BC =y, then
Area of AABC = 4xACxBC
= Area of AABC = Yxy

From Fig(2)

We know ABD is an equilateral triangle, so
AB = AD = BD = 6 cm

ZBAD = LADB = ZABD = 60°

Let r is the radius of the inner-circle and R is the
radius of the outer circle. If O is the centre of the
circles, then OD is the radius of the outer circle and

OA is the radius of the inner-circle

OD = BD sin £LABD
= R =6 sin 60
= 6x%V 3

= R=3V3cm

OA=0B=6/2=3cm

= r=3cm
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From Fig(3)
Let ZAOC = ¢, then
£ZBOC =180-¢

We can apply cosine rule in AAOC, then

AC?2 = OA% + OC2 - 2xOAx0OCxcos LAOC

= 2 = 32 + (3V3)2 - 2x3x3V 3xCos ¢ A\ 3em O 3cm
=9+ 27 - 18V 3xcos ¢

= cos ¢ = (36-92)/(18V3)....cceovvvverennnn.

From ABOC
BC2 = OB2 + OC? - 2xOBxOCxcos £BOC
= x2 =32+ (3V3)% - 2x3x3V 3xcos (180-¢)
=9 + 27 - 18V 3xcos (180-¢)
= cos (180-¢) = (36-x2) /(18V 3)

We know cos (180-¢) = -cos ¢, so
cos (180-¢) = (36-x2)/(18V 3)
= -cos ¢ = (36-x2)/(18V 3)
= cos ¢ = (x2-36)/(18V3)....ccccvevverrenrnnn eq(2)

From eq(1) & eq(2)

cos ¢ = (36-y2)/(18V 3) = (x2-36)/(18V 3)
= 36-y? = x*-36
= x2+y% =72
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From Fig(4)
Apply cosine rule in AABC, then
AB? = AC? + BC? - 2xACxBCxcos £ZACB
= 6% =1y%+ x2 - 2xyx cos 30
= 36 = x2+y? - 2xxyx%V 3
=72 - xyV3
= xy=36/V3
= xy =12V3

Area of AABC = taxy
= %x12V 3
= Area of AABC = 3V 3 cm?
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SOLUTION 46

From Fig(1)
Area of PQRS = Area of PQRT - Area of APST

Area of APST = %xPTxST
PQRT is a trapezoid with hight RT so
Area of PQRT = %xRTx(RQ+PT)
IfBQ=a,AS=5s,PA=b,PT=¢,ST=d&RQ=c¢e
then, Area of APST = %cd
We know RT is the side of the square (folded), so
Area of PQRT = ¥x24x(e+c) = 12(e+c)

= Area of PQRS = 12(e+c) - %zcd

From Fig(2)

RQ=CQ=ce {folded}
BQ +RQ =24  {side of the square}
= a+e =24 cm
= e=24-a
PD=PT=c {folded}
AP + PD =24  {side of the square}
= b+c =24 cm
= ¢ =24-b
From ABQR
BR? + BQ? = RQ?
= 122+ a? = e?
= 144 + a? = (24-a)?
= 144 + a? = 576-48a+a?
= 48a =432
= a=9cm
e =24-a
= e =24-9

= e=15cm

A

||

12 cm R 12 cm

Fig(1)

12 cm 12 cm

R
Fig(2)
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From APTR
PR? = PT? + TR?
= PR2% =% + 242
= (24-b)? + 24?2
= PR? = 1152-48b+b?
From APAR
PR? = PA2 + AR?
= PR2 = b2 + 122
= b2+144
1152-48b+b?
= 48b =1008
= b=21cm
c=24-b
= c=24-21

= c¢c=3cm

From Fig(3)

Consider APTS & AASR

ZPTS = ZRAS = 90°

ZPST = £LASR
= ZSPT = ZARS
= APTS & AASR are similar triangles
= PS/RS = PT/AR = TS/AS
= (b-s)/(24-d) =c/12 = d/s
= (21-s)/(24-d) = 3/12 =d/s
= (21-s)/(24-d) = Y% =d/s

Ya=d/s
= s=4d

(21-s)/(24-d) = %
= 4(21-s) = 24-d

84-4s = 24-d

4s-d = 60

4x4d-d = 60

15d = 60

d=4cm

b 4 4 44

A 12 cm R 12 cm B
Fig(3)
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Area of PQRS = 12(e+c) - %cd
= Area of PQRS = 12(15+3) - ¥%x3x4
= Area of PQRS = 210 cm?

From Fig(4)

VQ = RQ - RV
= VQ =-e-c =15-3
= VQ =12 cm

PV =RT =24 cm

Apply Pythagorean theorem in APQV, then
PQ?% = PV2 + VQ?
= PQ2 =242+ 122
= 576 + 144
= PQ2 =720
= PQ=12V5cm
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SOLUTION 47

Let r is the radius of the circle

From Figure
AP =AB=4cm

{radius of the quarter circle} D

OP = ON = OM =r {radius of the circle

ON 1 BC
OM L CD

{tangent of the circle}
{tangent of the circle}

= ONCM is a square
= ZOCN =45°

= 0C=1rV2

ZBAC =180 - (ZABC + ZACB)
= 180 - (90 + 45)

= ZBAC =45°

ZPAQ =90/3 = 30° {BP = PQ = QD}
ZPAR = ZBAC - ZPAQ

=45 -30

= 4ZLPAR =15°
= ZQAR =15°

From APAQ

PA = PR  {radius of the circle}
ZPAR = ZQAR =15°
= APAQ is an isosceles triangle & AR is angle bisector of £ZPAQ so AR 1 PQ
= ZLARP = 90°

From APAQ
sin 15 = PR/AP

= sin 15 = PR/4
= PR =4sin 15
= PR=V6-V2cm

cos 15 = AR/AP

= cos 15 = AR/4
= AR =4 cos 15
= AR=V6+V2cm

A 4 cm B
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From AABC D M &
AC2 = AB2 + BC? (&‘V/ "
= ACZ =42 + 42
0 N
= AC2=4V2cm
Ig,\ T
I/éo
S %
From APOR m’o o
OR = AC - AR - OC &"ox
= OR=4V2-(V6+V2)-1V2 o

= OR=3V2-Vv6-rV2
OP2 = OR? + PR?
= r2=(3V2-V6-1rV2)%+ (V6 - V2)? A 4cm B
=(18 +6 + 2r? - 12V 3 -12r + 41’\/—3) +(6 - 4V 3 + 2)
=32+2r2-16V3-12r + 4rV3
= 12 - (12-4V3) + (32-16V3) = 0
= 1= B[12-4V3 + V((12-4V3)? - 4x1x(32-16V3))]
1/2[12—4‘[3 + \[(144-96\/—3+48 - 128+64\/—3)]
15[12-4V3 = V(64 - 32V 3)]
= r=4cm or r=8-4V3 cm

r is less than 4 cm
so, Radius of the circle = 8-4V 3 cm
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SOLUTION 48

From Figure

ZABC = £LDBE = LEDB = £ZGDF = ZBED = 60°

ZABE =180 - £DBE
180 - 60
= ZABE =120°
AB = BE {AABC & ABDE are equal triangles}
= ZAEB = ZBAE = %(180-120)
= LZLAEB = 30°
ZAED = LAEB + £ZBED

= ZAED =90°
= ZAOB =90°

ZEDG =180 - LEDB - £GDF
=180 - 60 - 60
= ZLEDG = 60°

Blue Area = ¥2xPDxDGxsin ZEDG
Red area = Area of AAOB - Area of AARB

From AAGF & AAPD

ZAGF = ZAPD {ED // GF}
LAFG = LADP {ED 7/ GF}
£ZGAF = £PAD {common angles}

= AAGF & AAPD are similar triangles
GF/PD = AF/AD = AG/AP

x/PD = 3x/(2x) = AG/AP

x/PD =3/2

PD = 24x cm

g 4 Ul

30+60 A 6 cm
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From AAOB

sin 30 = OB/AB
= OB = AB sin 30
= OB = %x

cos 30 = AO/AB
= AO = AB cos 30
= AO = %xV3

From AARB & AAGF

ZABR = ZLAFG {CB 7/ FG}
ZARB = AGF {CB 7/ FG}
ZRAB = ZGAF {common angles}

= AAGF & AARB are similar triangles
= RB/GF = AR/AG = AB/AF
= RB/x = AR/AG = x/(3x)
= RB/x = 15
= RB = %x
Blue Area = %xPDxDGxsin LEDG
= YaxZBxxxxsin 60
= Blue Area = %x2V 3

Area of AAOB = %.xAOxOB
= Area of AAOB = ¥%x¥xV 3xlx
= Area of AAOB = %x2V3
Area of AARB = %xABxRBxsin ZABR
= Area of AARB = Vxxx¥xxsin 60
= Area of AARB = %,x2V 3
Red area = Area of AAOB - Area of AARB
= %x?V 3 - V,x2V 3
= Red area = %4x%V 3

Red Area : Blue Area = ¥54x2V 3 : %x2V 3
= Red Area : Blue Area =1:4
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SOLUTION 49

Let the radius of circumcircle = R & radius of incircle = r

then

r = Area of AABC/(z Perimeter of AABC) c

AC/sin B = AB/sin C = BC/sin A = 2R {sine rule}
= R =BC/(2sin A)

= AB = % BC

& AC/BC = %
= AC = % BC

Let BC = 4x, then
AB = 3x
AC = 2x

Area of AABC = %xABxAC sin A
= ¥bx3xx2x sin A
= Area of AABC = 3x2sin A

Perimeter of AABC = AB + BC + AC
= 3x + 4x + 2x R
= Perimeter of AABC = 9x C

r = Area of AABC/(% Perimeter of AABC)
= 3x2 sin A /(¥x9x)

= r=2xsin A A\\_/B

BC/(2 sin A)
= 4x/(2 sin A)
= R=2x /sin A

R
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r/R =[% x sin A]/[2x /sin A]

7% sin? A

1]

Apply cosine rule in AABC
BC? = AB2 + AC? - 2xABxACxcos A
= (4x)% = (3x)% + (2x)? - 2x3xx2xxCc0s A
16x2 = 9x2 +4x2 - 12x%xcos A
16 = 9 +4 - 12xcos A
COS A =-%
cos?2 A = Vs
sin? A = 1-%

sin? A = 15/16

R

r/R = ¥%x15 /16
= T/R:5/15
= r:R=5:16
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SOLUTION 50 C
Z
Let the side of the square = a, then & = ’(,o
A S 2
1482 + 1112 = 34225 = 1852
a a
= AB2 = AC? + BC?
= AABC is a right angle triangle A X [ a o>
P B
< T

From AABC & AAPS
£ZBAC = £PAS {common angles of AABC & AAPS}
ZACB = ZAPS = 90°

= ZABC = ZASP

= AABC & AAPS are similar triangles

= AS/AB = AP/AC = PS/BC

= AS/AB = x/148 = a /111

= x =148a /111

From AABC & ABQR
ZABC = ZQBR {common angles of AABC & ABQR}
ZACB = ZBQR = 90°
= ZBAC = £ZBRQ
= AABC & ABQR are similar triangles
= AC/QR = AB/BR = BC/BQ
= 148/a = AB/BR = 111/y
= y =111a/148
From figure
AP+ PQ + QB =185 cm
= 148a/111 + a + 111a /148 = 185
= 21904a + 16428a + 12321a = 3039180
= 50653a = 3039180
= a=60cm
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Area of AABC = Area of AAPS + Area of ABQR + Area of ACSR + Area of square
= VxACxBC = %xAPxSP + %2xBQxRQ + %xRSxOC + PQ?

%ex148x111 = Vaxxx60 + Yaxyx60 + ¥2x60xz + 602

8214 = 30x + 30y + 30z + 3600

30x + 30y + 30z = 4614

x+y+z = 153.8 cm

R
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