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PREFACE

When a new book is written on a well known subject like Coordinate Geometry for class XI/XII Academics/
AIEEE/IIT/State engineering entrance exams and NDA, several questions arise like—why, what, how and
for whom? What is new in it? How is it different from other books? For whom is it meant? The answers
to these questions are often not mutually exclusive. Neither are they entirely satisfactory except perhaps
to the authors. We are certainly not under the illusion that there are no good books. There are many good
books available in the market.

However, none of them caters specifically to the needs of students. Students find it difficult to solve
most of the problems of any of the books in the absence of proper planning. This inspired us to write this
book Coordinate Geometry, to address the requirements of students of class XI/XII CBSE and State Board
Academics. In this book, we have tried to give a connected and simple account of the subject. It gives a
detailed, lecture wise description of basic concepts with many numerical problems and innovative tricks
and tips. Theory and problems have been designed in such a way that the students can themselves pursue
the subject. We have also tried to keep this book self contained. In each lecture all relevant concepts,
prerequisites and definitions have been discussed in a lucid manner and also explained with suitable illus-
trated examples including tests.

Due care has been taken regarding the Board (CBSE/ State) examination need of students and
nearly 100 per cent articles and problems set in various examinations including the IIT-JEE have been
included.

The presentation of the subject matter is lecturewise, intelligent and systematic, the style is lucid and
rational, and the approach is comprehensible with emphasis on improving speed and accuracy. The basic
motive is to attract students towards the study of mathematics by making it simple, easy and interesting
and on a day-to-day basis. The instructions and method for grasping the lectures are clearly outlined topic
wise. The presentation of each lecture is planned for better experiential learning of mathematics which is
as follows:

1. Basic Concepts: Lecture Wise

2. Solved Subjective Problems (XII Board (C.B.S.E./State): For Better Understanding and Concept
Building of the Topic.

3. Unsolved Subjective Problems (XII Board (C.B.S.E./State): To Grasp the Lecture Solve These
Problems.

4. Solved Objective Problems: Helping Hand.

Objective Problem: Important Questions with Solutions.

6. Unsolved Objective Problems (Identical Problems for Practice)
For Improving Speed with Accuracy.

bl



vi Preface

7. Worksheet: To Check Preparation Level
8. Assertion-Reason Problems: Topic Wise Important Questions and Solutions with Reasoning
9. Mental Preparation Test: 01

10. Mental Preparation Test: 02

11. Topic Wise Warm Up Test: 01: Objective Test

12. Topic Wise Warm Up Test: 02: Objective Test

13. Objective Question Bank Topic Wise: Solve These to Master.

This book will serve the need of the students of class XI/XII board, NDA, AIEEE and SLEEE (state level
engineering entrance exam) and IIT-JEE. We suggest each student to attempt as many exercises as possible
without looking up the solutions. However, one should not feel discouraged if one needs frequent help of the
solutions as there are many questions that are either tough or lengthy. Students should not get frustrated if
they fail to understand some of the solutions in the first attempt. Instead they should go back to the beginning
of the solution and try to figure out what is being done At the end of every topic, some harder problems with
100 per cent solutions and Question Bank are also given for better understanding of the subject.

There is no end and limit to the improvement of the book. So, suggestions for improving the book are
always welcome.

We thank our publisher, Pearson Education for their support and guidance in completing the project
in record time.

K.R. CHOUBEY
RAVIKANT CHOUBEY
CHANDRAKANT CHOUBEY
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LECTURE

Cartesian Coordinates 1

(Introduction, distance formula and
its application, locus of a point)
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BASIC CONCEPTS
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1. Quadrant Two mutually perpendicular lines
meeting at ‘O’ is called origin and these two
lines are called axes. Horizontal line X' OX is
known as x-axis and vertical line 'OY is called
y-axis. These two perpendicular lines divide the
plane into four quadrants, viz., as follows their
names are given in anti-clockwise sense.
XOY = First quadrant, X'OY = Second quadrant
X'0Y' = Third quadrant, Y'OX = fourth quadrant

y
A
Il |
X'< ) >X
1l vV
Y
v
1.1 Coordinate of a point
yl\
©.y)
NFT— P(x, y)
y
[ X
o) M(x, 0)

x = abscissa = Perpendicular distance of a
point P(x, y) from y-axis and is also known as
x-coordinate of point P.

y = ordinate = Perpendicular distance of a
point P(x, y) from x-axis and is also known as
y-coordinate of point P.

M(x, 0) = Projection or foot of perpendicular
of point P(x, y) on x-axis.

N(0, y) = Projection or foot of perpendicular of
point P(x, y) on y-axis.

NOTE

(1) y-coordinate of any point lying on the x-axis
1s alway's zero.

(i1) x-coordinate of any point lying on the y-axis
is always zero.
In 1st quadrant x> 0, y > 0
IInd quadrant x <0, y > 0
IIIrd quadrant x <0,y <0 and
IVth quadrant x>0,y <0

A
x>0
x<0,y>0 y>0
x<0,y<0| x>0,y<0
Y




A.4 Cartesian Coordinates 1

1.2 Quadrant wise sign of abscissa (x) and

ordinate (y)
y
0 P, y)
x>0,
Q(-x, y) y>0
>4 0(0,0)

R(=x, -y) S(x, -y)
y
y

1.3 Equation of the coordinate axes

(a) Equation of x-axis is y = 0 (y-coordinate of
every point lying on the x-axis is always
Z€r10).

(b) Equation of y-axis is x = 0 (x-coordinate
of every point lying on the y-axis is alwas
Z€r10).

2. Distance Formula Distance between two
points P(x,, y ) and O(x,, y,)

PO =J(x,~x)* +(n,~ )

= \/ (diff. of abscissae)’ + (diff . of ordinates)’
Distance of (x,, ) from origin =[x + y;

2.1 Use of Distance Formula
Nature of geometrical figures can be detected
by Distance formula.

(1) Equilateral triangle All sides equal

(i1) Isosceles triangle Two sides equal

(ii1)) Rhombus All sides equal and no angle
a right angle, but diagonals are at right
angles and are unequal.

(iv) Square All sides equal and each angle
is right angle. The diagonals are also
equal.

(v) Parallelogram Opposite sides parallel
and unequal diagonals bisect each other.

(vi) Rectangle Opposite sides equal and
each angle a right angle. Diagonals are
equal.

(vii) The line joining the mid-points of the two
sides of a triangle is parallel to the third
side and half its length.

(viii) Collinearity of three given points:
(@B +BC=AC,AC-AB=BC)

3. Locus of a Point
The locus of a moving point is the path traced
out by it under some given geometrical condi-
tion or conditions
Method of finding the locus of a point
To find the locus of a point proceed as
follows:

Let (h, k) be the coordinates of the mov-
ing point say p. Now using given geometrical
conditions find the relations between A, k and
other known and unknown quantities to get a
relation between A, k and the known quantities.

Now the locus of p(h, k) is obtained by
generalizing (h. k) i.e., by putting x for 4 and y
for k.

3.1 A point P(x,y) moves such that the sum or dif-
ference of its distances from two fixed points
A(a, 0) and A'(-a, 0) is always 2k. i.e., PA' £
PA =2k then its locus is:

2
xz(l—Z—z]+y2 =k’-d

2 2
X Y
* EEa

3.2 A point moves such that the sum or differ-
ence of its distances from the two fixed points
B(0, b) and B'(0, —b) is always 2k, then its

locus is
2
x +y2(1—;:—2]=k2 -a’
x2 y2
or pEpp +k—2 =1
NOTE

The equation \/(x—2)> +y* ++/(x+2)> +y* =4

represents a pair of coincident lines.
T
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1. Find the equation of the locus of a point which
moves so that its distance from the point
(ak,0)is k(k> 0, # 1) times its distance from

(a
the point (;,0}
Solution

Let 4 (a k, 0) and B(%,OJ, then the point

P (x, y) will lie on the locus if |AP| =k | BP|,
ie., if|AP|*=k*|BPP,
ie., if (x—ak)y+( —0)

=k2l(x—%J +(y—0)2],

. . o (kx—a)*

ie., if x—ak)*+)y?=k* T"'}’ )

ie., (x—ak)y+3y*=(kx—a)*+ky*

ie., ifx?—2akx +y*+a?k*=k>>-2akx + a*
+ k’l.)}’l,

ie, if(1-k)x*+ (1 -k)?=-k)adivid-
ing both sides by (1 — £?),

ie., ifx*+y*=a? which is the required equa-
tion.

2. Find the equation of the locus of a point such
that the sum of its distances from two fixed
points is constant and equal to 2c.

Solution

Let two fixed points be A and B. Take O, AB
itself as the x-axis and a line through O and
perpendicular to 4B as y-axis.

S XiT BOARD (€ B SETSTATES:

2ol A |

gt e

P(.y)

A(a,0) 0(@,0) B@@ 0) X

Let |AB| = 2a, then coordinates of A and B are
(=a, 0) and (a, 0). Let P(x, y) be any point on
the locus.

According to the given |PA | + |PB| = 2¢

= \/(x+a)2+y2 +\/(x—a)2+y2 =2c

= \/(x+a)2 +y° = 20—\/(x—a)2 +y°
Squaring both sides, we get
(x+tay+y’=4c*+ (x—a) +y*—4c

Jx=a) +y?
= 4c,/(x—a)2 +y? =4c* —4dax.

Dividing both sides by 4¢, we get
Ja-ay+y? ==&,
c
Squaring again, we get x> + a> — 2ax +)?

2.2
2

=c"+ —2ax

2
C

2
a

= (1——2J)c2+y2 =c’'-d
c

= x4yl =c’-d’.
CZ

Dividing throughout by (¢* — a?), we get

¥ yz
—t 2
¢ ¢’ —a

=1, which is the required equa-

tion of the locus.
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T L T T T I e T T e et T T S U e W e T D T e L LT T
£33 EXERCISE 1 15. Without using Pythagoras theorem, show that
the points (1, 2), (4, 5) and (6, 3 t th
1. Find the distance between the pair of points © porm s, ‘)’( . ) and (6, 3) represent the
vertices of a right triangle.
(12, 10) and (6, 4).
2. Prove that the points (7, 10), (4, 5? and (10, 15) EXERCISE 2
are the vertices of an isosceles triangle.
) ) 1. What point on the x-axis is equidistant from
3. Prove that the points O(4, 1) is the centre of (7,6) and (=3, 4)?
a circle passing through the points A(-2, 9), ’ ’
B (10, -7) and C (12, -5). 2. If (0, 0), (3, 0) and (x, y) are the vertices of an
) ) o o equilateral triangle, find x and y.
4. Find the locus of a point which is equidistant
from both the axes. 3. Find the distance between (x —y,y —x), (x +y,
x+y).
5. Find the locus of a point whose abscissa is »)
three times its ordinate. 4. Find the value of x such |PQ| = |OR| when
. . . . P> Q> and R are (6> _1)> (1> 3) and (x> 8)
6. Find the locus of a pqmt which always remains respectively.
at a distance of k units from .
(i) x-axis, (ii) y-axis 5. Show that the points:
7. Find the locus of a point which remains at a ® (a, ), (-a,-a), (ﬁa,—ﬁa) are the ver-
distance of 5 from the point (2, 3). ) tices of an equilateral triangle. .
@1) (0,-1)(=2,3),(6,7), (8, 3) are the verti-
8. Find the distance between P(x,,y,)and O(x,,y,) ces of a rectangle.
when [NCERT] (i) (1, 2), (5, 4), (3, 8), (-1, 6) are the angu-
(1) PQ is parallel to the y-axis, lar points of a square.
(i1) PQ is parallel to the x-axis. . . .
6. Find the centre of the circle passing through
9. Without using the Pythagoras theorem, show the points A(a, 0), B0, b) and O(0, 0), a and b
that the points (4, 4), (3, 5) and (-1, -1) are the are non-zero real numbers.
vertices of a right angled triangle. . o
7. A point moves so that its distance from the
[NCERT] L o .
x-axis is half its distance from the origin. Find
10. Without using distance formula, show that the equation of its locus.
points (=2, —1), (4, 0), (3, 3) and (-3, 2) are .
the vertices of a parallelogram. 8. A(a,0)and B(—a? 0) are two fixed points, find
INCERT] the locus of a point P which moves such that
3.|PA|=2. |PB|
11. What point on y-axis is equidistant from (-5, . .
~2)and (3, 2)? [KVS-2003] 9. LetA apd A be the points ‘(5, 0) and (-5, 0)
respectively. Find the equation of the locus of
12. Show that (4, 4), (3, 5) and (-1, -1) are the all points P(x, y) such that |4P| — |4' P| = 8
vertices of a right triangle. ) ) ) o o
[KVS-2003, NCERT] 10. Finda pomt‘on the x-axis, which is equidistant
from the points (7, 6) and (3, 4).
13. What point on x-axis is equidistant from the [NCERT]
ints A(1, 3) and B(2, -5)?
pomts A(l, 3) and B(2, =5) 11. Find the locus of a point whose distance from
14. The opposite angular points of a square are the origin is to its distance from (-2, -3) is as

(2,0) and (5, 1). Find the remaining points.

5:7.
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ANSWERS
EXERCISE 1 19 4. (5.-3)
o (2 2
1. 62 6. (E’EJ
_ 14. (4,-1),(3,2)
4. x=2%y 7. ¥ —37=0
5.x=3y EXERCISE 2 8. 5(x* +)%) — 26ax + 5a* =0
6. D) y==+k (i) x==*k 1. The required point is (3, 0) 9 x_z_)’_2=1
7. (x =27+ (y-3)2=25 33 3 16 9
. . 2. y=t—— and x=—
8. (i) b’z _yll (ii) |x2 _ x1| y > an 5 10. (15/2, 0)
11. 24 (x* +y* — 100x — 150y
11. (0, -2
©,-2) 3. 2{x*+y? ~-325=0
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. If a point P is at a equal distance from the triangle. Therefore, (x— 1)2+(y—3)2= (x+ 2)°+
points A = (a + b, b —a) and B = (a — b, »-77
a + b), then the locus of P is = 6x-8y+43=0
(a) ax=by (b) bx =ay
(©) ax + by=0 @) bx+ay=0 Thus, any point lying on this line can be the

. . . 1
[PET (Raj.)-93; MP-83, 94; IIT vertex A except the mid-point | —=,5 | of
(Hyderabad)-2000; CET (Karnataka)-2003] 2

BC.
Solution

3. If a and b are real numbers between 0 and 1

(b) LetP =(x,y). Thenas given PA = PB such that the points (a, 1), (1, b) and (0, 0)

= [k-@+bP+y-0G-a)P=[x-(a- form an equilateral triangle, then the value of

b +[y—(a+t b)) ais
> 2@+b)x-20b-a)y=-2(a-b)x-2 (@) 2-3 (®) 2+.3

(a+b)y
o br=—ay © 1+3 @ -1+3

2. ABC is an isosceles triangle. If the coordinates Soluti

of the base are B(1, 3) and C(-2, 7), the coor- olution
dinates of vertex 4 can be (@) (@—1P+(1-byP=a’+1=b+1=(side)
(@ (1,6) () (—%,5) The last two imply a=b ora=-b

s The first two imply b>—2b—-2a+1=0
©) (g,6j (d) None of these If a =-b, then b> + 1 = 0 not possible

[Orrissa JEE-2002; Pb. CET-2002] fa=b,then b= 4b+ 120
rrissa - s Pb. -
b=2+3, 2-\3
Solution
Since b <1

(c) The vertex A(x, y) is equidistant from
B and C because ABC is an isosceles L b=2-3=a
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The quadrilateral joining the points (1, -2);,
(3,0);,(1,2)and (-1, 0) is

(a) parallelogram (b) rectangle

(c) square (d) rhombus

. The perimeter of the triangle with vertices
(0, 0); (4, 3) and (0, 3) is

(a) 4 ®) 5

(©) 10 @ 12

. The mid-points of sides AB and AC of AABC
are (3,5) and (-3, —3) respectively. The length
of its side BC is
(a) 10
) 15

() 20

@5

. The triangle with vertices A(\/g ,1);3(\/5,\/5)
and C(1,43) is

(a) Right angled
(c) Isosceles

(b) Equilateral
(d) None of these

. If P, O, R are collinear points such that P(7,7);
0(@3.,4) and PR=10; then R is

(@ .-1) (®) (1.

(© LD @ 1.-D

. The number of points on x-axis which are at a
distance ¢ units (¢ < 3) from (2, 3) is

(@) 1 ®) 2

(¢) infinite points (d) no point

. The locus of a points which moves in such a
way that its distance from (0, 0) is three times
its distance from x-axis is

[MPPET-93]
(@) x*-47*=0 (b) 4x*—y*=0
©) x*-87?=0 (d) x*+8y*=0

. Points P(2, 7), O(4, —1) and R(-2, 6) are ver-
tices of a

[MPPET-97]
(a) right angled triangle
(b) equilateral triangle
(c) isosceles triangle
(d) None of these

. A point moves in such a way that its distance

from the point (a, 0) is always equal to its

distance from y-axis. Its locus is
[MPPET-86]

10.

11.

12.

13.

14.

15.

P p—

(a) y*+2ax+a’=0
() y*+ 2ay +a*x*=0
©) y*-2ax+a*=0
(d) None of these

Ifthe difference between distances of a variable
point from (3, 0) and (-3, 0) always remains
4, then its locus is
(a) 5x*+4?=20
(©) 5x*—42=20

(b) 4x*—5)?=20
(d) 4x*+ 5y*=20

If a point P is at equal distance from three
points A(1,3); B(-3, 5) and C(5, —1), then PA

is equal to

@ 545 (b) 5v10

@© 5 @ 25

(0, -1) and (0, 3) are two opposite vertices of
a square. The other two vertices are

(a) (2> 1)> (_2> 1) (b) (2> 2)> (1> 1)
(C) (O> 1)> (O> _3) (d) (3> _1)> (O> O)

If the distance between the point (a,2) and

(3,4) be 8, then a is equal to [MNR-78]
(@) 2+315 ®) 2-3J15
(©) 24315 (@) 342415

IfP=(,0),Q0=(1,0)and R = (2, 0) are

three given points, then the locus of a points S

satisfying the relation SQ* + SR? = 2SP? is
[IIT-88]

(a) A straight line parallel to x-axis

(b) A circle through origin

(c) A circle with centre at the origin

(d) A straight line parallel to y-axis

A point moves such that the sum of its distances
from two fixed points (ae, 0) and (—ae, 0)
is always 2a. Then equation of its locus is
[MNR-81]
x2 y2
Q) —+———=
@ a’ d*(1-é%)
x2 y2
(b) ? az(l—ez) -
x2 y2
© ———+2 =1
a*(l-¢*) a°
(d) None of these



16. If a vertex of a equilateral triangle is on ori-
gin and second vertex is (4, 0), then its third
vertex is

@) (2,£+/3)
©) (2,£243)

®) 3,£2)
@ (3,+2v2)

17. The equation of the locus of all points equidis-
tant from the point (4, 2) and the x-axis, is
[CEE-1993]
(@) x*+8x+4y-20=0
(b) x*-8x -4y +20=0
©) y*—4y-8x+20=0
(d) None of these

18. The distance between the points (a cos a,
a sin o) and (a cos B, a sin P) is

a_
(a) acos

a-p
(b) 2a cos 3

Cartesian Coordinates 1 A.9

(¢) asin

o-p
2

. o—f
(d) 2asin 5

19. The points (3a, 0), (0, 3b) and (a, 2b) are
[MPPET-82]
(a) Vertices of an equilateral triangle
(b) Vertices of an isosceles triangle
(c) Vertices of a right angled isosceles
triangle
(d) Collinear

20. The points (a/+/3,a), (2a//3,2a)and
(a/\3,3a) are the vertices of
(a) An equilateral triangle
(b) An isosceles triangle
(c) Aright angled triangle
(d) None of these

SOLUTIONS
1. (© 2. (d)
D(-1,0) C(-1,2) A(0,0)
B(4,3) C(0,3)
A(1,-2) B(3.0) side AB=+16+9=25=5
UB-JTTi-(Z-203 side BC=16+0=+/16=14
e side AC=0+9=+/9=3
BC=va+4=y8=272 Perimeter of triangle =5 +4 +3 =12
CD=+4+4=8=22 3 )
AD=4+4=8=2\2 Al,.¥:)
AB=BC=CD=AD =22
D (=3-3)
and diagonal AC=+/0+16=4 (3.5 E
and BD=416+0=4
. AC=BD
Hence, the given points represents a square. Bx,y,) Clx,y,)
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DE = (3+3) +(5+3)
=36+64 =100 =10

the length of side BC
=2xDE
=2x10=20

4. (o)
A(\/—3,1)

B(2,v2) c(1,\3)

side AB=\(\3-2) +(2-1)’
=\3+2-V6+2+1-242
=\B3-2J6-2v2
BC={(2-1+(2-B)
-\B3-2J6-2v2
CA=(B-17 +(1-VBy
=\3+1-23+3+1-243

Hence AB=BC
Hence the triangle is isosceles.

5. (@) (a—3)+ (b —4)72=100

4
Hence (a, b) = (11, 10)
Trick: Check with options. We find that the
point (11, 10) satisfies both the conditions i.e.,
AC = \/(11-3)2 +(10-4)* =10.
Also this is collinear with 4, B.

6. (d) Let (h, 0) be such a point. Then as given
(h=2P+9=c?
= h-4h+(13-c)=0
Now /A will be real
if B?-44C>0

10.

11.

12.

13.

if 16-4(13-¢»>0
if ¢*-9>0

if Je|=3

so there is no point.

(c) Let (x, y) be the given point, then as given

Vxi+y? =3y

= x*-87=0

(a) Let given points be A, B, C respectively.
Then
AB*=4+64=68,BC*=36 +49=285,
CA*=16+1=17
AB*+ CA*=BC?,
so triangle is right angled.

(¢) If the point be (x, y), then (x — a)* + y* =
If?
= y*-2ax+a*=0

(c) Let the point be (x, ), then
Je=3)7+y* = J(x+3) 2 +y* =4

= x*+)y -6x+9=x*+)"+6x+9+16+
8 x*+y" +6x+9

= (Bx+4P=4x*+)*+6x+9)
= 5x*-4=20

(b) Let P = (x, y), then
x-1P+@-3P=(x+3P+(@-57=
(=S¢ +(+ 17

= 2x—6p+10=6x—-10y +34=—-10x +

2y +26

8x—4y+24=0,16x—12y+8=0
2x—y+6=0,4x-3y+2=0
x=-8,y=-10

PA=J(1+8)* +(3+10)> =250 =510

(a) The length of the diagonals of the square
= 4 and their mid-point (i.e., the centre of the
square) = (0, 1).

Only point of (a) satisfy these two properties.
so they are the other two vertices (i.e., the end
points of the other diagonal).

(d) Let the points be A(a, 2) and B(3, 4)
. AB=8

(a-3)"+(2-4)" =8
(a-37+(=2)=64
a*+9—6a+4=64
a’*—6a-51=0

udy



- 61\/36+204

2

a= 6+16x5x%3
2

+
=%=3¢2\/ﬁ

2

14. (a) If S is (x, y) then SQ* + SR? = 2SP?
= @D -2 =2 (- 1P
= 2x=-3, aline parallel to Y-axis.

15. (a) P(x, y), A(ae, 0), B(—ae, 0).
By assumption PA + PB=2a

This

= {(x_ae)2+y2}l/2+ {(x+ae)2+y2}1/2=2a
“““ )

Evidently {(x —ae)* +y*} — {(x + ae)* +)*} =

—4daex . 2

Dividing (2) by (1),

\/(x—ae)2 +y7 - \/(x+ae)2 +y* ==2ex ..(3)

M+B)=> 2y (x-ae)*+y* =2(a-ex)

Squaring, we get
= (x—ae)*+y*=(a—ex)’
2 2
Y
= S+—-———=1
at a*(-é)

16. (c) Let the third vertex be C(x, )
A(0,0)

B(4,0) Cixy)

According to the problem BC = AC

\/(x—4)2 +y2 = \/x2 +y2
Squaring on both sides
x?+16—8x+y?’=x*+3)?
8x=16=>x=2
and also
BC=A4B

Cartesian Coordinates 1 A.11

Jx-4)7 +y* = J4-0)
x2+16-8x+3?=16

Put x =2 in equation (ii)
4+16-16+)2=16
y?=12

y=tJ12 =123

third vertex = (x,y) =(2,% 2\3)

17. (b) Let A be the point (4, 2) and P(x, y) be
any point on the locus. Let N be the foot of
perpendicular from P on Y-axis so that N is
*, 0
Now P4 =PN

Jo-a+ (-2
=Ja-x7 + (-0

=4y +p-27=y
x2+ 16 —8x+)y?+4 —4y=)"
x?—8x—4y+20=0

18. (d) Distance

= \/az(cosoc —cosP)? +a’(sin o +sin B)°

Jsin2 o.+cos” oL+ cos’ B+

sin’B —2cosocosP —2sinoisin B
a-f
2

n n
Trick: Put a = 1, 0€=5,B=g, then the

3 1}

points will be (0, 1) and 52

=o/2{l-cos(o.—P)} = 2asin(

Obviously, the distance between these two
points is 1 which is given by (d).

‘.‘2asina B=2><1><

n D=0 _, 1,4
2 2

: 3a¢ 0 1
19. (d) Area =5 0 3 1
a 2b 1

= %[3a(b) +1(-3ab)]=0

Points are collinear.
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20. (b)

2a

B[Ejaj Ctﬁ'%]

20 ay )
AB—\/(E—EJ +(2a—a)

’az 5 ’4(12
=, |—4+ag =,|— =
3 3

vt = m—— -

= (%J +(-a)’ = —2+a2
_ [4a® _2a
343
AC=\/ a_ +(3a ay
3 J’
0+4a’ =2a

the given points are the vertices of isos-
celes triangle.

=" UNSGLVED OBJECTIVE PROBLEMS IDENTICAL PROBLEMS FOR PRACTICE):

FOR !‘MF;ROVING SPEED WJIH ACCURACY,

e s )

. If the distance of a variable point from y-axis
is half of its distance from the origin, then its
locus is
(@) 3y*+4x*=0
©) 3*—x*=0

(®) 3x2+ 4H?*=0
(d) 3x*—y*=0

. If A0, 0); B(3, 4), C(7, 7) and D(4, 3) are
vertices of a quadrilateral then ABCD is a
(a) parallelogram (b) rectangle
(c) square (d) rhombus

. A(1, 0) and B(-1, 0) are two points and Q is a
point which satisfies the relation AQ — BQ =
+1. The locus of Q is

[MPPET-86]
(a) 12x>—4°=3
(b) 12x2+ 4H?2=3
(©) 12x2—4*+3=0
(@) 12x2+4H2+3=0

. Points (2a, 4a); (2a, 6a) and ((2 + \/E)a,Sa)
(a > 0) are vertices of a
(a) equilateral triangle
(b) isosceles triangle
(c) right angled triangle
(d) None of these

a3

2

a
5. The points (0, 0), (a, 0) and (— —] are

vertices of

(a) Isosceles triangle
(b) Equilateral triangle
(¢) Scalene triangle
(d) None of these

. The locus of a point, whose abscissa and ordi-

nates are always equal is
(@ x+y=0 ®) x-y=0
© x+y=1 @) x*+y* =k

. Ifthe coordinates of vertices of AOAB are (0,0),

(cos a, sin o) and (-sin a, cos ) respectively,

then OA2 + OB? is equal to
@ 0 (®) 1
() 2 @3

. The points A(—4, —1) B(-2, —4), C(4, 0) and

D(2, 3) are the vertices of
[Roorkee-73]
(a) Parallelogram
(b) Rectangle
(¢) Rhombus
(d) None of these



9.

10.

11.

12.

If the points (1, 1), (-1, —1) and (—\/E,k) are
vertices of a equilateral triangle then the value
of k will be

(@ 1 ® -1
© 3 @ -3

The distance between the points

(am;,2am,) and (am;, 2am,) is
@ alm —m)Jim +m,)*+4
®) (my=m)\J(m, +m,)* +4
© alm,=m;)f(m,+m)* 4
() (my=my)\J(m, +m,) =4

If the points A(6, —1), B(1, 3) and C (x, 8) be
such that AB = BC, then x =

(@ -3,5 (b) 3,-5

() -3,-5 @ 3,5

The distance between the points (b + ¢, ¢ + a)
and (¢ +a,a+ b)is

@) Va+2b*+c? —2ab-2bc
() V2a> +b* +¢* - 2ab-2bc

13.

14.

15.

Cartesian Coordinates 1 A.13

(©) a?+2b +c*+2ab+2bc

@ \/a2 +2b* +ct —ab-be

A point moves in a plane such that 4 times its

distance from x-axis is equal to the square of

its distance from the origin. Its locus is
[Karnataka CET-04]

(@) x*+3*—4x=0

®) x*+y*—4x|=0

©) x*+3y*—4y=0

@ ¥+ =4 =0

The point on y-axis equidistant from the points
(3,2)and (-1, 3) is
@ (0,-3)

(© (0,3/2)

®) (0,-3/2)
@ (0,3)

The distance between the orthocentre and cir-
cumcentre of the triangle with vertices (1, 0),

1) (-1 V3).
(—5,7}(7,—7] is  [MPPET-2010]
(@ (b) g

© @0

W= N =
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worksheet.

The test is of 14 minutes.

The worksheet consists of 14 questions . The
maximum marks are 42.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If4=(0,4); B=(0,—4) and |AP — BP|= 6 then

the locus of P is

(@) Ix*—T7*=63
(b) 9= Ty*+63=0
©) 7x*-92=63
(d) None of these

The quadrilateral formed by the vertices (—1, 1),
(0, -3), (5, 2) and (4, 6) will be

[RPET-86]
(a) Square (b) Parallelogram
(¢) Rectangle (d) Rhombus
A point equidistant from the point (2, 0) and
©,2)is
@ 1,4 ®) 2. D
© 1,2) @ 2,2

The equtaion to the locus of a point which
moves so that its distance from x-axis is always
one half its distance from the origin, is

(a) x¥*+3y*=0

The three points (-2, 2), (8, —2) and (-4, -3)
are the vertices of

(a) An isosceles triangle

(b) an equilateral triangle

(c) Aright angled triangle

(d) None of these

The point whose abscissa is equal to its ordi-
nate and which is equidistant from the points
(1, 0) and (0, 3) is
@ 1,1
© G.3)

®) 2.2
(CONCHRD)

10.

11.

12.

13.

14.

7. The locus of a point which moves so that its

distance from the point (a, 0) is always four-
times its distance from the axis of Y.

(@) 15x=y*+2ax=a?

(b) 15x2+y*+2ax=a*

©) 15x=y*-2ax=a*

(d) 15x2+y*+2ax=a

A triangle with vertices (4, 0), (-1, -1), (3, 5)
is [AIEEE-02]
(a) Right angled

(b) Obtuse angled

(¢) Equilateral

(d) None of these

If vertices of any quadrilateral are (0,—1),(2, 1),
(0, 3)and (-2, 1), then itisa

[RPET-99]
(b) Square
(d) Collinear

(a) Parallelogram
(¢) Rectangle

Vertices of figure are (-2, 2), (-2,-1), (3,-1),
(3,2). Itisa

[Karnataka CET-98]
(b) Rhombus

(d) Parallelogram

(a) Square
(¢) Rectangle

The common property of points lying on x-axis,
is

(@) x=0
©)a=0,y=0

(b) y=0
@ y=0,b=0

The distance of the point (b cos 6, b sin 6) from
origin is

[MPPET-84]
(@) beotH
(c) btan

(®) b
@ 2

A point moves in such a way that its distance
from origin is always 4. Then the locus of the
point is

(a) x*+y*=4
(c) x> +y*=2

) x*+y*=16
(d) None of these

The points A(5,-3), B(-3,-2), C(9, 12),D(17,
11) taken in order are the vertices of a

(a) Rhombus (b) Square

(¢) Rectangle (d) Parllelogram
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ANSWER SHEET

LOOOO® OO nLOOOO
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50000 0.OOOO

HINTS AND EXPLANATIONS

1. (¢) AP — BP| = 6; Let P be (x, y) then

‘\/x2+(y—4)2 — 4y

=6

2 2
Solving we get %—%=1z9x2 -7y* =63

4. (b) If given point is (x, y) then

Distance of point from x-axis = |y |
Distance of point from x origin = /x> + y*

1
|y|=5\/xz+y2

1
= y'= Z(xz +y%) X’ =3y






LECTURE

Cartesian Coordinates 2

(Section formula, area of triangle,
area of quadrilateral)

BASIC CONCEPTS

1. Some important points connected with three
points in a Plane

1.1 Section Formula Point (x, y) which divides

the join of two given points (x,, y,) and (x,,

y,) in a given ratio m : n (internally and

externally)
=Mt M, (internally)
m+n m+n
Lo Xy = =my2—nylym¢n
m—n m—n
(externally)

1.2 Coordinate of any point on the join of (x, y,)
and (x,, y,) dividing in the ratio A : 1 can be

Ax, +x Ay, +y,

A+l 7 A+
This point divides the given line in the ratio
A 1. Ais + ve or —ve according as division is
internal or external.

1.3 The coordinates of the mid-point of the line
joining (x,, ¥,) and (x,, y,) is unique mid-point

X, +Xx +
(forA=1): (ITZ,)}'Z—)}ZJ

taken as (

NOTE

1 : 1 external division is not defined.

1.4 Points of trisection The point which divide a
line segment inthe ratio 2 : 1 or 1 : 2 are called
points of trisection. The coordinates of the

points of trisection of the line joining A (x,, y,)
and B(x,, y,) are

P( 2x,+x, 2y, +y2J

3 3
and Q( 3 3 .
NOTE

If AP = PO = OB, then mid-point of AB is same
as that of PO
(X1v Y1)AI P R Q

B(X,, ¥,)

1.5 x-axis divides the join of the points (x, y,) and

(x,, y,) in the ratio — DA Y
T Y,

1.6 y-axis divides the join of the points (x, y,) and

X

(x,, ,) in the ratio _(_'] Y
xZ

1.7 Different conditions for three points A(x, y,),
B(x,, y,) and C(x,, y,) to be collinear are as
follows

(i) AB+BC=AC,AC-AB=BC
@) If C (x,, y,) is a point on the line joing
A(x,,y ) and B(x,,y,) then C divides AB in

X —X% Y=

Y27 Ys

the ratio A =
Xy = X3
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1.8

.. Condition for three points to be col-

linear is
X=X, ¥-y
1~ N T (CTM)
X, =Xy V=W
(ii1) Slope
A()fv Y, ?(Xz, Y,) C()I(s' Y,)

Slope of AB = Slope of

Y=

X, X%

ViV,

X3 =X,

BC >

(iv) Ifthe area of the triangle ABC be zero then
the three points will be collinear.

The coordinates of the fourth vertex D of a
square, rthombus, rectangle or parallelogram
with three consecutive vertices A(x,, y,),
B(x,,y,) and C(x,, y,) are

D(x4=xl—x2+x3,y4=yl—y2+y3)‘

Since mid-point of any one diagonal is same as
the mid-point of other.

D(x,. y,) C(x, ¥,
(X4= Xy + X3 =X,
y4=y1+y3_.y2) D=A+C-B
Ax,, Y,) B(x, ¥,)
2. Area of a Triangle whose vertices are (x,,y,),

(x,, y,) and (x,, y,)

1 x oy 1
=—|x 1
Nk Y,

X, ¥y o1
1

or 5

X T X,

V1= V2

X~ X3

=V

or % [, 0y =) + X, 0, = y) + %, = ¥,)]

2.1

2.2

2.3

2.4

Area of a quadratic lateral ABCD whose vertices
are (xr, y)
r=1,2,3,4=A+A,=AABC+ ABCD or

%[xl 0y =3 + %, (0, —¥) + X, — ) +x,
0, =)l

1
or —
2

X=X, X=X,

1—Vs Vi~

Area of Pentagon = Area of quadrilateral +
Area of A

If calculating the area of a polygon by divid-
ing it in a number of A’ (triangles) we take
the numerical value of area of each of the A.
Area is always positive but its sign may be
positive or negative both. Therefore, in the
formula of complete area we consider both
signs + ve and —ve e.g., Complete area:

Area of A OAB = 10 units

= JA|=10, .. A=£10

If (x,,y)). (x,,y,) are the ends of the hypotenuse
of a right angled isosceles triangle, then the
third vertex is given by

(xl +xzi(y| _yz) Nty ¢(x| _xz)J

>

2 2

eg.,let4 (2,0), B0, 2) be the ends of the hy-
potenuse of a right angled isosceles triangle.

.. third vertex is
(240)£(0-2) (0+2)F(2-0)

2 2
ie., (0,0)or(2,2)

Given two vertices (x,, y,) and (x,, y,) of an
equilateral triangle, then its third vertex is
given by

(xl +x2i\/§(yl_y2) y|+y2¢\/§(x, —xz)]

>

2 2

e.g., Let A(2,0), B= (-2, 0) be the ends of an
equilateral triangle, then its third vertex is

(2-21:\/5(0,-0) o;ﬁ(2+2)] s

>

2 2
(0,72+/3)
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I T T SRR PRGBS B SO N SRR T
. ~==~EQRBETTER UNDERSTANDING AND CONCEPT BUILDING OF THETORIC _ ..__y

1. The points (—1, 6) and (5, 4) are opposite ver- B
tices of a square. Find the coordinates of the INLHT
remaining two vertices. 1-7 5
1 4
Solution 2 \
3+ 8
Let A(-1, 6) and C(5, 4) be the given vertices e
of a square ABCD. a\ 6
Let the diagonal meet at M, then
M = _1+576+4 =(275) = 0.2_20.+1+ﬁ2+4—4ﬁ=0.2+9_60.+
2 2 B>+ 64 —16p
= 4o+12p=68=0a+3p=17 ... D

Let (x, y) be the coordinates of any of the re-
maining two vertices, then distance of (x, y)
from M = distance of 4 from M (centre of a = l |2a—B+8—6+3p8a=10
square is equidistant from the four vertices) 2

: - = —60+2p+2=+20

= NG9O = —3a+Bp+1==x10

- = —30+B=-1%10
(-1=2)°+(6-5) = —3a+p=-I1 @)

Also, area of APAB=10

= (x-2P+@-5r=10 or —-3a+p=9 . 3)

Also, (x, y) is equidistant from 4 and C. Solving (1) and (2), Solving (1) and (3), we

= @)oo Hence, the poat P s eithe (5. 401 1.6
=J=5"+(y-4) 3. Prove that the area of the triangle with verti-

= x*+2x+1+)*—12p+36=x2—10x + ces (at?, 2at), (at?, 2at,) and (at?, 2at,) is
25+y*—8y+16 |z, =) (¢,— t) (t,— t,) square units.

= 12x=4y+4=>y=3x-1 Solution

Substituting the value of y from (2) in (1), we .

get (x— 2 + 3x—1- 5= 10 Required area

= (x—2P+Gx-2)1=10 _llat}-2ar}  at’ -at]

= (1+9(x-2P=10 2|2at, - 2at, 2at -2at,

= x-2P=1>x-2==%1

= x=2x1=>x=1or3

When x =1, then from (2),y=3x1-1=2
and when x = 3, then for (2),y=3x3-1=8
Hence, the other two vertices are (1, 2) and = az|t,2(t2 —t)—t(£ =)+ 6,4t —t3)|

1
= 5(2a2)|t12t2 — 0t + B+ 5+ 64, — 1]

=a it~ tit, = 63, + 651, + £, - 1)

(3. 8).
=a|(t,— {8 —1,(t, + 1) + 1,1,
2. IfA(1,2) and B(3, 8) be two given points, find a ,
point P such that [P4| = |PB| and A PAB = 10. =a’|(t, ~ 1), = 1,)(t, ~ 1,)|
Solution =d |_(t2 —5)(t — )t - t1)|
Let P = (q, B), then |PA| = |PB| = PA*= PB® =a’|(t, - 1,)(t, ~ 1)t~ 1,)|

= (a-1P+P-2°=(a-3+B-8) (7| (=0)|=|x|forallx € R)
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4. A rod of length 2/ slides between two per-
pendicular lines. Find the locus of its middle-
point.

Solution

Take the given perpendicular lines as the
axes. Let AB be the line of length 2/ meeting
x-axis at A and y-axis at B. Let O4 = a and
OB=b
Since OAB is right angled triangle,

0OA*+ OB*= AB?,
ie, a*+b*=Q21)*=4pr
Coordinates of 4 and B are (a, 0), (0, b)
respectively.
Coordinates (x, y) of M, the mid-point of [4B]
are given by

YA
B(0, b)

e a Aa o X

0+b

a+0 a
X=——=— y=——

2 2772
> a=2,b=2

Putting these values in (i), we get

Ax?+ 4y =4l = x*+y? =P,

which is the required equation of locus of M,
the mid-point of [4B].

oo

UNSOLVED SUBJECTIVE PROBI.LEMS (X1 BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

£33 EXERCISE 1
1. Find the coordinates of the point which
divides the line segment joining the points

(=1, 1) and (6, 8) in the ratio 3 : 4 internally.

2. Find the coordinates of the points which may
divide internally and externally the line seg-
ments joining the points (-3, —4) and (-8, 7)
in the ratio 7 : 5.

3. Find the coordinates of the points trisecting
the line segments joining the point (1, —2) and

4. In what ratio does the x-axis and the y-axis
divide the line segment joining the points (5, 3)
and (10, —8)?

5. Find the ratio in which (11, 15) divides the
join of (15, 5) and (9, 20).

6. The coordinates of the end point of the diam-
eter of a circle are (3, 5). The coordinates of
the centre is (6, 6). Find the coordinates of the
other end point of the diameter.

7. The coordinates of the centre of a circle are
(=2, -3). If 4B is a diameter of the circle and

coordinates of 4 are (—1, 4). Find the coordi-
nates of B.

8. Find out a point on x-axis, such that it is at
the same distance from the points (-6, 4) and
2,-14).

9. Find the value of x for which the points (x,—1),
(2, 1) and (4, 5) are collinear.
[NCERT]

10. For what value(s) of x, the area of the triangle
formed by the points (5, —1), (x, 4) and (6, 3)
is 5.5 square units.

[NCT-2003]

EXERCISE 2

1. The line segement joining the points (3, —1)
and (-6, 5) is trisected. Find the coordinates
of points of trisection.

2. Show that the points (0, 3), (6, 0) and (4, 1)
lie on a straight line by (by using section for-
mula).

3. In what ratio is the line segment joining the
points (4, 5) and (1, 2) divided by the y-axis?



Find also the coordinates of the point of
division.
. In what ratio does the point (2, —5) divide the
line segment joining the points (-3, 5) and
4,-9)?

. By using area of triangle, show that the

Cartesian Coordinates 2 A.21

Find the area of the triangle whose vertices
are (2, 7), (3,-1) and (-5, 6).

Test whether the points (-3, 4), (2, =5) and
(11, 18) are collinear or not.

If P(x, y) is any point on the line joining the
points A(a, 0) and B(0, b), then show that

points (a, b + ¢), (b, ¢ + a) and (¢, a + b) are

x
. —+ Z =
collinear.

a b

If vertices of a triangle are (1, k), (4, =3),
(=9, 7) and its area is 15 square units, find the

6. Find the area of the quadrilateral whose verti- 10.
ces, taken in order, are (1, 2), (5, 4), (3, 8) and

(=1,6). value (s) of k.
ANSWERS
EXERCISE 1 7. (=3, -10) 4.5:2
5.0
1. 2,4 8. (3L ‘
4 6. 20 square units.
71 29 41 69
2 ('E EJ( B 7] 9. x=1 7. 37 square units
2

Not collinear

s(ae)3 o

_3 —_
4. x-axis 3 : 8 internallly, ExERCISE 2 13
y-axis 1 : 2 externally.
52: 1D 1. (-3,3)
6. (9,7) 3. 4 : 1 externally; (0, 1)
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. If (2, -1); (4, 3); (-1, 2) and (-3, —-2) are ver- 2. If the points (x, + #(x, — x), y, + tv, = y))
tices of a quadrilateral then its area is divides the line joining (x,, y) and (x,, y,)
[DCE-20003] internally, then [EAMCET-2000]
(a) 36 (b) 18 (@) <0 (b) 0<r<1
(c) 54 @ 27 © t>1 @et=1
Solution Solution
(b) Coordinates of the dividing point can be
112 4 -1 -3 2 1 1
) Area=5 13 2 -2 -1 written as x,+(1-0x ty,+(1-0)y
t+(1-1) t+(1-1)
2-(-1) 4-(-3
= 1 1 =3) =18 sq. units. This shows that the division ‘ratio’ = L.
2 -1-2 3-(=2) -
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C e .. t
But this division is internal, so = >0

= L <0
t-1
= tand (t—1) are in opposite signs.

= 0<t<lL

. If the points (k, 2 —2k);, (1 —k, 2k) and (-k—4,
6 — 2k) are collinear, then the possible values
of k are [AMU-1978]
(@ 1,-2 ) 2,-1

©) 1,-1/2 @ -1,1/2

Solution

k 2-2k 1
@ |1-k 2k 1|=0
k-4 6-2k 1

k 2-2k 1
= |1-2k 4k-2 0[=0
-2k-4 4 0
> 4-8k+2k+4)(4k-2)=0

= 2B*+k-1=0
= k=-1,12

. If area of a triangle with vertices (2a, a);,

(a, 2a) and (a, a); (a > 0) is 18 units, then its
centroid is [UPSEAT-99]
(@ (8,8) ®) 4.9

() (—4,-4) (d) None of these

Solution

(@) We have | 2a Qa—a)+a(a—a)+a
(a—2a)|=36
= 2a°-a’=36> a*=36 >a=6

Centroid = 2a+a+a7a+2a+a
3 3
3 > 3 ( > )

. If A(2,-1) and B(6, 5) are two points the ratio
in which the foot of the perpendicular from
(4, 1)to AB divides it,is [EAMCET-2007]
(@) 8:15 () 5:8

() -5:8 d-8:5

Solution

(b) Let P(4, 1) and PD be a L r on AB
A(2> _1)> B(6> 5)

Equation of PD is 2x + 3y—11=0
DdividesABintheratio—L, :L,,=10:16
=5:8

6. If (1, 1); (3, 4); (5,-2) and (4, —7) are vertices
of a quadrilateral then its area [IIT-1961]

(a) ﬂunits (b) iunits
2 41
©) ﬁunits @ Eunits
3 4
Solution

1
@ =7 (D@H-GM+3E)=-5H+5

N —4(=2) +4(1) -1 (=7)]
Ll uo3—6-20-35+48+4+77 =4
2 2

units.

7. The point A divides the join of the points (-5, 1)
and (3, 5) in the ratio £ : 1 and coordinates of
point B and C are (1, 5) and (7, —2) respectively.
If the area of A ABC be 2 units, then k equals

[IIT-1967]
@) 6,7 ®) 7,9
() 7,31/9 @ 9,31/9
Solution

4= 3k-5 Sk+1
© A= T e
Area of A ABC = 2 units

3k—5(5+2)+1 _2_5k+1
1| k+1 k+1
- =42

2
+7 5k+1_5
k+1

= 14k-66==4k+1)
= k=7o0r31/9

8. The points (1, 1), (0, sec?0), (cosec?0, 0) are

collinear for [Roorkee-1963]
nm nm
a) 0=— b =
(@) 2 (b) 6+ >
() 0=nm (d) None of these
Solution

(b) The given points are collinear, if
1 1 1
Area=% 0 sec’® 1{=0
cosec’®d 0 1



= 1(sec?0)+ 1(cosec?6)— 1(cosec?6. sec)
=0
P S SR
cos’® sin’@ sin’Bcos’O
1
cos’Bsin*0  sin® cos’O

= =0=0=0

Therefore, the points are collinear for all

values of 0, except only 9=% because at
0= ﬂ,sec2 O=co
2

. The ends of a rod of length / move on two
mutually perpendicular lines. The locus of the
point on the rod which divides it in the ratio
1:2is

[IIT-1987; RPET-1997]
(a) 36x2+ 92=4]
(b) 36x2+ 9=
(©) X2+ 362=41
(d) None of these

Cartesian Coordinates 2 A.23

Solution

(¢) According to the figure

AY
(0, b)B
2
’ P(h, k)
l 1
> X

O«——a—>A(a,0)

AP PB=1:2, then j= X0+2xa_2a
142 3

_3hn
T2
Similarly, b =3k

Now we have OA4* + OB*= AB>

(%] +(k)? =1

Hence locus of P(h, k) is given by 9x* + 36y
=4

or a

>

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. If three vertices of a parallelogram in order
are (1, 3); (2, 0) and (5, 1), then its fourth
vertex is
@ G.3)
© 4,0

. The points which trisect the line segment join-
ing (0,0) and (9,12) are

®) 4.4
@ ©,-4

[RPET-86]
(@) (3,4),(6,8) (b) (4,3),(6,8)
(©) (4,3),(8,6) @) (3,4).(8,6)

. The points (—a, —b), (0, 0); (a, b) and (a2, ab)
are

(a) collinear

(b) vertices of a parallelogram

(c) vertices of a rectangle

(d) None of these

. If the middle points of the sides of a triangle
are (0, 0); (1, 2) and (-3, 4), then area of the
triangle is

(a) 10 (b) 20
(c) 40 (d) 60

. Area of a triangle with vertices (a, b + c¢);

(b,cta)and (c,a+ b)is

[IIT-63; EAMCET-82; RPET-03]
(a) abe (b) a*+ b+
(¢) ab+bc+ca @o

. If (3, 2); (6, 1) and (7, 3) are three vertices of

a parallelogram, then its fourth vertex will be
(@ (4,4)0r (2,0 (®) (4,4 or (10,2)
(© (10,2)0r(=2,0)  (d) (2,-2)o0r (4,0

. The area of the quadrilateral with vertices

(1, 1), (3, 4);, (5,-2)and (4,-7) is
(a) 4372 (b) 45/2
(c) 4772 (d) 4172

. The point (5,8) divides 4B internally in the

ratio 2 : 1. If 4 = (3, 4), then B will be
(@ (6,10 (®) (10, 6)
© (7, 10) @ (6,-10)
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9.

10.

11.

12.

13.

14.

15.

16.

Each side of an equilateral triangle is equal to
a. If its vertices are (x,, y)); (x,, ,) and (x,, y,);

2

x » 1
then (x, y, 1| isequalto
x oy 1
(a) 3a* (b) 3a*/4
©) 4a* (d) None of these

If points (p + 1, 1), 2p + 1, 3) and (2p + 2, 2p)
are vertices of a triangle, then

[MPPET-86]
@p=l ® p=2
©) p#0 @p=#3

The line segment joining the points (=3, —4)
and (1, -2) is divided by y-axis in the ratio
(@ 1:3 ®)2:3

© 3:1 d@3:2

If A2, -2);, B8, 4), C(5, 7) and D(x, y) are
vertices of a rectangle then D is

(@ (1,1 ® 1,-D

© LD @ 1L-D

If points (a—2,a—4), (a,a+ 1) and (a + 4, 16)
are collinear, then a is eaual to

@5 (b) -5

© 7 @ -7

The distance of the middle point of the line
joining the points (a sin 6, 0) and (0, a cos 6)
from the origin is

[MPPET-99]
(b) a/2
(d) a/4

(@) a
(¢) a(sin 6 + cos 0)2

If three different points (x + 1, 2); (1, x + 2)

1 2
and | ——, —— | are collinear, then x is
x+1 x+1
[RPET-02]
(@ 4 (b) 4
© 0 (d) None of these

x » 1 |a b 1

If |x, y, ll=la, b, 1], then the two tri-

Xy, 1| |a, by 1
angle with vertices (x,, ), (x,, ,), (x,, ,) and
(a;; b)), (a,, b)), (a,, b,) must be
(a) Similar (b) Congruent
(¢) Never congruent (d) None of these

17.

18.

19.

20.

21.

22.

23.

Three points are A(6, 3), B(-3, 5), C(4, -2)
and P(x, y) is a point, then the ratio of area of

A PBC and A ABC is [IIT-83]
x+y-2 x+y+2

@ [ ® [
x—y-=2

©) 7 (d) None of these

The locus of P such that area of A PAB =

12 sq. units, where A(2, 3) and B (-4, 5) is
[EAMCET-89]

@ (x+3y—-D(x+3y-23)=0

®) x+3y+D(x+3y-23)=0

(©) Bx+y—-DBx+y—23)=0

@ Bx+y+1DBx+y+23)=0

Area of a triangle with vertices (a, b), (x,, y))
and (x,, y,), where a, x, and x, are in G .P. with
common ratio  and b, y, and y, are in G.P.
with common ratio s, is given by

@) abr-1)(s =1 (s—7)
®) %ab F+tDE+D(s-7)

©) %ab F-D@E-D(s-7r
@ab@E+D(s+1D)(F-—s)

If P and Q are points on the line joining
A(-2,5)and B(3, 1) such that AP = PQ = OB,
then mid-point of PQ is

(@) (1/2,3) ) (-1/2,4)

© 2.3) @ 14

If ABCD 1is a quadrilateral if the mid-point
of consecutive sides AB, BC, CD and DA are
combined by straight lines, then the quadrilat-
eral PORS is always [Orissa JEE-02]
(a) Square (b) Parallelogram
(¢) Rectangle (d) Rhombus

The length of altitude through 4 of the tri-
angle ABC, where A = (-3, 0), B = (4, -1),

C=(,2),is [Karnataka CET-01]
@ 2410 (b) 4/310
© 11/410 (d) 22/+10

If the points A(1, -3), B(2, 2), C(5, 1) are col-
linear, then the coordinates of the point divid-
ing AC in the ratio AB : BC externally is

(@ (1.5 ®) 1,-5

© L5 @ 1,-5)



24.

25.

26.

27.

28.

If the point (x, —1), (3, »), (-2, 3) and (-3, -2)
be the vertices of a parallelogram, then

(@ x=2,y=4 ® x=1,y=2

©) x=4,y=2 (d) None of these

The A and B are the points (-3, 4) and (2, 1),
then the coordinates of point C on AB pro-
duced such that AC = 2BC are

@ 2.4 ® B.7

©) (=1/2,5/2) @ (7,-2)

If the four points (1, 2), (-5, 6), (7, —4) and
(a, -2) are collinear. Find a is equal to

(@3 (®) 2

©1 @ 4

Line segment joining (5, 0) and (10 cos 6, 10
sin 6) is divided by a point P in ratio 2:3. If ©
varies then locus of P is a

(a) straight line

(b) circle

(c) pair of straight lines

(d) parabola

The mid-point of the line joining the points

(-10, 8) and (-6, 12) divides the line joining

the points (4, —2) and (-2, 4) in the ratio
[Kerala PET-2007]

SOLUTIONS

. (b) Let the fourth vertex be (x, y). Since the

mid-points of the two diagonals coincide, so
l+5=2+xand3+1=0+y
= x=4,y=4

(b) Let the given points be 4, B and the
required points be P, Q. Then P divides 4B in
the ratio 1 : 2.

1.942.0 1.12+42.0
( 1+2 7 142 J

=(3,4)
Also Q is the mid-point of PB.
so Q=(6,8)

So =

(a) If the given points are A, B, C, D taken in
order, then the mid-point of AC = (0, 0) the
mid-point of

BD = (a%a, abl2).

29.

30.

31

32.

Cartesian Coordinates 2 A.25

(a) 1: 2 internally
(c) 2: 3 externally

(b) 1: 2 externally
(d) 2 : lexternally

The point dividing the line joining two points
(-1, -2) and (3, 4) in the ratio 3 : 5 internally
lies on the line [MPPET-2007]
(@) 4(x+y)=3 ®) x+y=3

(c) 4x+4y=1 (d) None of these

If (1,-2) and (1, 2) are end points of a diagonal
of a square and (3, h); (-1, k) are end points of
its other diagonal, then
@ h=-1,k=1

©) h=k=0

() h=1,k=-1
() h=k=1

The opposite angular points of a square are
(3, 4) and (1, -1). Then the coordinates of
other two vertices are

(a) D(1/2,9/2), B(-1/2, 5/2)

(b) D(-1/2,9/2), B(1/2, 5/2)

(c) D(9/2, 1/12), B(-1/2, 5/2)

(d) None of these

The area of the triangle whose vertices are
(1,0),(7,0)and (4, 4) is

[MPPET-2009]
(a) 8 () 10
©) 12 (@) 14

Since these mid-points do not coincide so
ABCD cannot be a parallelogram or rectangle.
Also area of the quadrilateral ABCD

=%[0—0+O—O+a2b—a2b—a2b+a2b]=0

A, B, C, D are collinear.
Aliter : If given points be 4, B, C, D; then
slopes of AB, AC, AD are equal.
So A, B, C, D are collinear.

(b) If the given mid-points be D, E, F, then
-1 -3 -0

0
area of A DEF is given by 1
-2 4 -0

)

=%[0—0+4+6+O]=5

Area of the given triangle =4 x 5 =20
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1
5. (d) Area =5b c+a

10.

a b+c 1

¢ a+b 1
la at+b+c 1 a 1 1
—|b a+b+c 1=("+”+ch 1 1]=0
2
¢ a+b+c 1 11

(a) Let fourth vertex be (x, y). There are two
possibilities that end points of two diagonals
are (3, 2), (7, 3) and (6, 1), (x, ) or (3, 2),
(6, D and (7, 3), (x, ).
Infirstcase3+7=6+xand2+3=1+y
= ®&»=449
Insecondcase3+6=7+xand2+1=3+y
= ®&»=@2.0

@ Area _l‘ 1-5 3-4
21-(=2) 4-(-7)

=5<—44—<—3>

= 41/2 units.

(@ LetB=(h,k),then2h+3=5
=8x3
B=(6, 10)

x3,2k+4

G

(b) Area of equilateral triangle = 73 (side)?

X3 Vs
(p+)-Cp+]
1-3
p, 1
2 2p-3
= 2p*-3p-2+#0

L2pt)-Cp+2)

® 3-2p

> p#2,-1/2
11. (c) The required ratio = —x,/x,
=—(=3)/1
=3:1

12.

13.

14.

15.

16.

(c) Step 1: The coordinates of the fourth
vertex D rectangle with three consecutive
vertices 4 (x,, y)), B(x,, y,) and C(x,, y,) are
D, =x,=x,+ %, 5, =y, =y, + )
Step 2:
x=x-x,+x,=2-8+5=-1
y=Ey, —y,ty,=2-4+7=1
Coordinate of D = (x, y) = (-1, 1).

a-2 a-4 1
@|a a+l 1=0

a+4 16 1

-6 a-20 0
= -4  a-15 0|=0

a+4 16 1
= —-6(@-15+4@-200=0 = a=5.
(a) Middle point M is

M(asmﬁ 0+acos9]

B

2 2

(OM)? = asin 0 2+ acos0 Y
2 2

_a_(aY a
4 (2) T oM=7

(b) Collinearity
1
xe1-1 D=
2-(x+2) 5- 2
x+1

(¢l)

=

- X _ (x+1)" -1 -
-x 2(x)

= 2*+x(x+1)P-x=0

= x*+4x2=0

= Xx+4)=0=>x=0,-4

But when x = 0, two points will coincide.

Hence x = 4.

x » 1 |la b 1

(a)We have |x, y, li=la, b, 1
x oy 1 ay b
x »n 1 a b 1
= > x, y, l==|a, b, 1
x oy 1 a b, 1



= Area of triangle with vertices (x,, y,),
(x,, ¥,), (x,, y,) is same as the area of
triangle with vertices (a,, b)), (a,, b)),
(a,, b).

%XADXBC=%><PS><OR
ADXBC = PSxXQR

Hence, the two triangles are equal in area.

. x y 1
17. (a) A, = Area of APBC=5—3 51
4 =21

= %[x(7)—y(—7)—l4] = %[x+y—2] (D)

=%[x+y—2] asd4, >0.

. 6 3 1
A2=AreaofAABC=5—3 5 1
4 =21

= %[6(7) —3(=7)+1(6-20)] = %[7] (2

Dividing (1) by (2), 24 = M‘
4 7
x y 1

18. W)APAB=12= |2 3 1|=+24
4 51

C(4,6)

(0,0)A B(8,0)

= —2x—-6y+22=+24
= —-2x-6y=2,-46

Cartesian Coordinates 2 A.27

= x+3y=-1,23
= x+3y+1=0,x+3y-23=0
Locusof p (x,y)is (x + 3y + 1) (x + 3y — 23)
=0

19. (c) Since a, x,, a, are in G.P. with common

ratio »
x, = at, x, = ar?
Similarly, y, = bs, y, = bs
: a b 1
required area =—|ar bs 1

ar’ bs? 1

a b 1
ar—-a bs-b 0
ar’*—a bs’-b 0

(Operate R,—R,R,—R))

1
2

=% lar =D b (=1 =b(s-1a@*~1]

=%ab(r—l)(s—l)|:m—m:|

L abor-1Ds=-1D@s-90
2

20. (a) Mid-point of PQ = mid-point of
up (2223 541 (15
2 2 2
21. (b) It is obvious.

22. (d)InAABC,A=(-3,0),B=(4,-1)and C =
G.2)

We know that BC = {/(5-4)" +(2+1)°

_JI+9 =410

A

B L c

and area of A ABC
=%[—3(—1—2)+4(2—0)+5(0+1)]=11
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2A ABC
BC
Cox1l_ 22

Jio - Vio

23. (b) Step 1 : If B (x,, y,) is a point on the line
joing A (x,,y,) and C (x,, y,) then C divides AB
in the ratio

Therefore, altitude AL =

a=Tx N~V
X, T X, V2™
A 1
Step 2: | I I
A(1,-3) B(2,2) c(5,1)
AB A 1-2 -3-2 . |
——=—=—Tor ie., A=—
BC 1 2-5 2-1
AB : BC externally =—1 : 3
Step 3:
Pixy)  A(1.-3) C(5.1)
| | |
f T 1
: 3

< >
< >

Now by section formula we have
Ix5-3x1
x=—=
1-3
_IX1-3x(=3) _
1-3
P(x>y)=P(_1>_5)

-1

-5

24. (a) Mid-points of the diagonals must be same.

= X_—2 _ -3+43 =2
2 2
and 143 —2+y=>y=4
2
25. (d) R divides PQ externally in the ratio 2 : 1
Ris ﬁ, 2-4 ie. (7,-2)
2-1 2-1

26. (a) Given points are
(1, 2), (-5, 6), (7,-4) and (a, -2) are collinear
Area of quadrilateral =0
(xlyz_xzyl) + (xzys _xsyz) + (x3y4 —x4y3)
+ (x4yl —xy4) =0
= (Ix6+5x2D+(5x(4)-T%x6)+
(-l4+4a)+(2a+2)=0

16-22—-14+4a+2a+2=0
6a=18=>a=3

27. (b) Let P =(x, y), then
20cosO+15 20sin6+0
x= ,y=
5 5
= 4cosb6=x-3,4sin6=y
= (x—3)*+y*= 16, which is a circle.

28. (@
(-10.,8) (-8.10) (-6.11)
A 1
(4,-2) (-2,4)

2A+4 4h-2) 8 10
il Al ) %19

- “2A+4
A+l

= -24+4=-81-8

= 6A=-12

A= =2 externally = 2 : | externally.

1

29. (a) Point which divides the line joining the
points (-1, =2) and (3, 4) in the ratio 3 : 5 is
v 3x3+5(-1) 4 1

345 8 2
_3x4+5(=2) 2 1
3+5 8 4

11
Required point | —, —
equired poin ( > 4)
Slope of the line joining the points (-1, -2)
and (3, 4) is m=ﬁ=§=i
3+1 4 2
Slope of the perpendicular line m = —% per-

11
pendicular line passing through (— —J

2’4
=21
Y773 2

= %=%(2x—l) 12y —3=-8x+4

= 8x+12=7.



30.

31.

(c) If the given diagonal is AC and the other
diagonal is BD, then mid-points of AC and BD
are same.

Hence, (1,h+k)=(1,0)>h+k=0

AlsoAB L BC= 12270 _

3-1'1-3

(D

= h*=0
= h=0
M, Q= h=k=0

(c) Middle point M of diagonal AC is
Y{Eaiiity NV PEA]
2 2 2
IfDisD (h, k)

and B(x,y,), then 2 = 5 th

3
,2 -
= x,=4-hy =3-k
Now B (x,y)is (4—h,3-k)
Suppose slope of AB is m and slope of AC is
4+1 5

3-1 2

m—-—

Then, tan(45°) = |—2
1427
2

= (2m-5)=+(2+5m)
7 3

> m=-—,=
37

= Equation of 4B is

y—4=—%(x—3) or,7x+3y—-33=0

32.

Cartesian Coordinates 2 A.29

D —C(1,-1)

a5
A(3.,4) B

and equationof BC is y+1= %(x -1

or,3x-7y—-10=0
Solving these two equations, we get

521
22

This = %:4—h,—=3—k, by (2)

—

(c) Given vertices of a triangle are (1, 0),
(7, 0) and (4, 4).

Area of triangle = 1 7 0 1
2
4 4 1

=%[1(0—4)+1(28—0)] =12 sq. units

UNSOLVED OBJECTIVE PROBLEMS (’I“DENTICAAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If (-6, -4), (1, =3/2); (-2, —1/2) are the mid-

points of the sides of a triangle, then the coor-
dinates of its vertices are

@ (5,2);,(-9.-3): (-3, 5)

(®) (5,2);, (-9, 3), (-3,-5)

© (5,2);(-9,-3): (3. -5)

(@ (5,-2); (-9,-3), (-3, -5)

2.

Three vertices of a rhombus taken in order
are (2, —1); (3, 4) and (-2, 3), then its fourth
vertex is

@ (-3.2)

() (3.-2)

© (G.2)

@ (3,-2)



A.30 Cartesian Coordinates 2

3.

10.

11.

12.

The coordinates of the points dividing inter-
nally the line joining points (4, —2) and (8, 6)
in the ratio 7 : 5 will be
(a) (16, 18)

(©) (19/3,8/3)

(b) (18, 16)
(d) (8/3,19/3)

If (4, 3) and (-2, —1) are two opposite verti-
ces of a parallelogram and its third vertex is
(1, 0), then the product of the coordinates of
its fourth vertex is

(@1 () 2

©3 @ 4

The points (a, b); (¢, d) and (a — ¢, b — d) are
collinear if
(@) ac=bd
() ab=cd

(b) ad =bc
(d) None of these

The line joining points (2, —=3) and (-5, 6) is
divided by y-axis in the ratio

(@ 2:5 ®)2:3

) 3:5 @@i:2

If (8, 5); (=7, -5) and (-5, 5) are three vertices
of a parallelogram, then its fourth vertex is
(@) (10, 15) () (15, 10)

(© (10, 5) (@ (5, 10)

The condition that three points (a, 0), (0, b)
and (1, 1) are collinear is

1 1 1 1
a) —+—=2 b) —+—=1
@ a b ®) a b

1 1 1 1

—=— d) —+—-=0
© Pl (CY) PR

If points (0, 4); (2, k) and (4, 0) are collinear,
then the value of k is
@ 0
(© 4

() 2
@ 8

Thepoints (at],2at,),(at3,2at,) and (a,0) will

be collinear if
@t t,=1
(©) t,+t,=1

)t t,=-1
@t +t,=-1

The vertices of the triangle ABC are (2, 1),
4, 3) and (2, 5). D, E, F are the mid-points
of the sides. The area of the triangle DEF is
() 1 ®1:5

@© 3 @) 4

In what ratio does the x-axis divide the join of
(-3, ) and (1, -2)? [RPET-95]

13.

14.

15.

16.

17.

(@ 1:3
) -2:1

®)2:3
(d) None of these

The points of trisection of the line segment
joining the points (3, —2) and (-3, —4) are

3.5\ (318
@\ 373273

®

8 10
(C) la_gja(_la_?J

(d) None of these

If coordinates of the points 4 and B are
(2, 4) and (4, 2) respectively and point M is
such that 4 — M — B also AB = 34AM, then the

coordinates of M are
10 14
2

8 10
w (53]

106 4 (1310
(C) 3’3 () 4’4

If A(6, 3), B(-3, 5), C(4, =2) and D(x, 3x) are
four points. If the ratio of area of A DBC and
AABC is 1 : 2, then the value of x, will be
(a) 11/8 (b) 8/11

© 3 (d) None of these

The points which divides externally the line
joining the points (a + b, a — b) and (a — b,
a+ b) inthe ratioa : b, is
a*-2ab-b> a*+b’
@ a-b  a-b

a’-2ab-b*> a*-b*
a-b Ca-b

®

a’-2ab+b* a*+0b°
a-b T a-b

(d) None of these

©

If the points dividing internally the line seg-
ment joining the points (a, b) and (5, 7) in the
rtaio 2 : 1 be (4, 6), then

(@ a=1,b=2

b)a=2,b=-4

©)a=2,b=4

d)a=-2,b=4



18.

19.

20.

21.

22.

x » 1
x, ¥, 1]=0
x, oy 1
points (x,y),i=1,2,3
(a) From an equilateral triangle
(b) are collinear
(c) From a right angled triangle
(d) (x,,y,) is the mid-point of the line joining
(CAS AN EASH)

If the point C (-1, 2) divide externally the line
segment joining A(2, 5) and B in the ratio 3 : 4
then coordinates of B are
@ (3,-6)

© (-3.-6)

is the conditions that the

®) 3,6
@ 3,0

Area of quadrilateral with consecutive verti-
ces (O> O)> (a> b)> (_a> _b)> (a2> bl) is

@@ 0 () %ab(a—b)

© %(a2 +b?) (d) a® b2

The area of the A with vertices (x, 2x), (-2, 6),
(3, 1) is 5 sq. units then the value of x is

(a) 2or2/3 (b) 1or2/3

() 2o0r1/2 (d) None of these

The locus of a point P which divides the line
joining (1, 0) and (2 cos 6, 2 sin 0) internally
inthe ratio 2 : 3 forall is a [1IT-1986]

23.

24.

25.

26.

27.

Cartesian Coordinates 2 A.31

(a) Straight line

(b) Circle

(c) Pair of straight lines
(d) Parabola

If A(0, 0), B (12, 0), C(12, 2), D(6, 7) and
E(0, 5) are vertices of the pentagon ABCDE,
then its area in square units, is

[Kerala PET-2008]
(a) 58 (b) 60
(c) 61 (d) 63

If A2, 3), B(1, 4), C(0,-2) and D(x, y) are the
vertices of a parallelogram, then what is the

value of (x, y)? [NDA-2008]
@ (1,-3) ®) 2.4
© (1.1 @ 0,0

If points (5, 5); (10, k) and (-5, 1) are collin-
ear, then k equals

[MPPET-94, 99; RPET-03]
@9 (®) 7
© 5 @3

Point (1/2, —13/4) divides the line joining the
points (3, =5) and (-7, 2) in the ratio of

(a) 1: 3 internally (b) 3 : 1 internally
(¢) 1: 3 externally (d) 3: 1 externally

The area of the triangle whose vertices are
(1,0),(7,0)and (4, 4) is

[MPPET-2009]
(a) 8 () 10
(©) 12 (@) 14
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worksheet.

The test is of 21 minutes.

The worksheet consists of 21 questions. The
maximum marks are 63.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If (1,2); (-2,3) and (-3, —4) are vertices of a

triangle then its area is
(a) 11
(c) 22

®) 12
(d) 24

. The points (x,, y,), (x,, ¥,) and (x,, y,) are col-

linear if

@ x,0;-y) tx,-y) +x0,-y)=0
®) x -y tx,0—y) +x,00~y,)=0
®) xy) tx,p-y) +x,0,-y,)=0
(d) None of these

. Point (11, 18) divides the line segment joining

points (3, 4) and (7, 11) in the ratio
(@ 1:2 ®) 2:1
() -2:1 @1:-2

. D, E, F are mid-points of the sides AB, BC and

CA of the triangle formed by the points A(5, 1),
B(-7, 6), C(1, 3); then the area of A DEF'is

(a) 5/2 ®) 5

() 10 (@) 20

. If the points (1, 2); (-1, x) and (3, 4) are col-

linear, then x is equal to

(@ 1
© 0

®) -1
@ 2

. Point (-1/3, 0) divides the line segment join-

ing points (1, —2) and (-3, 4) in the ratio
(@ 1:1

®)1:2
() 2:1
@2:3
. If the area of the triangle with vertices (a, 0),
(1, 1) and (0, 2) is 4, then a is equal to
(@ 8 (®) -6
© -2 @ —4

8.

10.

11.

12.

13.

14.

15.

16.

If the three vertices of a rectangle taken in

order are the points (2, —2), (8, 4) and (5, 7).

The coordinates of fourth vertex are
[CEE-93]

®) (1,-1

(d) None of these

(@ (I, D

© LD
If the middle point of the line segment joining
the points (5, @) and (b, 7) be (3, 5), then (a, b)

is equal to
@ G, (®) (1,3)
© (=2.-2) @ 3,-D

If (3, -1), (2, 6), (-5, 7) are the mid-points of
the sides of A ABC, then the area of A ABC is
(a) 24 (b) 48
) 72 (d) 96

Coordinates of the points which divide the
line segment joining the points P(1, 7) and Q
(6, -3) internally and externally in the ratio
2 : 3 in order

(a) (3> 3)> (_9> 27) (b) (_3> 3)> (9> 27)
(C) (3> _3)> (_9> 27) (d) (3> 3)> (9> 27)

If P(1, 2);, Q(@4, 6);, R(5, 7) and S(a, b) are
vertices of a parallelogram PORS, then

[IIT-1998]
(@ a=2,b=4 (b)a=3,b=4
©)a=2,b=3 da=3,b=5

If the points A(3, 4), B(7, 7), C(a, b) be col-
linear and AC = 10, then (a, b) is equal to

(a) (11, 10) (®) (10, 11)

() (1172, 5) @ (5, 11/2)

Three vertices of a parallelogram taken in
order are (-1, —6), (2, —5) and (7, 2). The
fourth vertex is [Kerala Engg.-02]
@ (1,4 (®) 4.1
© (1.1 @ &4

If the points (=2, -5), (2, -2), (8, a) are col-
linear, then the value of a is

(a) -5/2 (b) 5/2

(c) 312 @ 172

If the vertices of a triangle are (5,2) (2/3, 2)
and (-4, 3), then the area of the triangle is
[Kurukshetra CEE-02]
(b) 52
@) 13/6

(a) 28/6
(c) 43



17.

18.

19.

NN R W=
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The line joining points (2, —3) and (-5, 6) is (@) (1,0) () (-1,0)
divided by y-axis in the ratio © (1, (d) None of these
5.5 by 2 - 3[MPPE7199] 20. The mid-points of sides of a triangle are (2, 1),
(@ 3 : 5 ( d) 1 ) > (-1, -3) and (4, 5). Then the coordinates of its
©3: @1 vertices are
The points of trisection of the line joining the @) (7,9),(3,-7), (1, 1)
points (0, 3) and (6, —3) are ®) (-3,-7),(1,1),(2,3)
(a) (2> O) and (4> _1) (C) (1> 1)> (2> 3)> (_5> 8)
(b) (2,-1)and (4, 1) (d) None of these
8; 8’ B :23 g:’ :B 21. The point (5, —1) divides the line segment
’ ’ joining points A and B in the ratio 2 : 3. If 4 is
The extremities of a diagonal of a parallelo- (11, =3), then B will be
gram are the points (3, —4) and (-6, 5). If third (a) (4,2) (b) (4,-2)
vertex is (=2, 1), then fourth vertex is ©) (-4,2) @) (—4,-2)
ANSWER SHEET
@O L@®O@ 50000
@O 20O 16O
@O 0O®OD 7.O@®OO
@O nLEOEO®OO 8OO0
@O 2000 19.000
@O BEOOOD 20.0000O
@O HEOO 2.0
HINTS AND EXPLANATIONS
© 4. (b)
A2 6 1 B P
(3.4) (11.18) 7.11)
Let theratiobe A : 1
D F
7k+3, 11A+4 —(L18)
A+l A+l
TA+3 11
A+l
= TA+3=11A+11 c(1,3)
= =2 B(-7,6) E
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Area of ADEF:%(areaofAABC)
5 -11
1
=—|-7 6 1
4
1 3 1

1
=|-(15-8-27)|=5
j0s-+-2)

(3.4) (7.7) (a,b)
A B C

13. (a)

AC =10,
AB=J(1-3)"+(1-4)* =5
BC=AC-A4AB=10-5=5
4B _5_)

AC 5

B is mid-point of AC
B(a+3,b+4

2 2
= a=11,6=10

Jsmn



LECTURE

Cartesian Coordinates 3

(Slope of a line, special points in triangle
(centroid, circumcentre centroid),
orthocenter, incentre and excentre)

ﬁ"ﬂ— ——————— e e —
BASIC CONCEPTS

[ = UPIUIITUITITINTI S TR L T L Y T TR NI ey 5“
1. Slope of a Line Y

If a line is making an angle o from the positive
direction of x-axis In anti-clock wise direction,
then slope of the line is defined as tan a which
is denoted by ‘m’. Thus m = tan a.

>

@) > X

1.1. The slope of a line joining two points A(x,,y,)
and B(x,, y,) is denoted by m and is given by
m= Y2Th tano

X T X
1.2 (a) The slope of x-axis is zero.
(b) The slope of y-axis is not defined (o)
(c) Two lines (not parallel to y-axis) are parallel
if their slopes are equal i.e., m=m,

A

(d) Two lines (not parallel to y-axis) with
slopes m, and m, are perpendicular if
m, xm,=-1

3
>

0 A

(e) If inclination of a line is 6 then inclina-
tion of a straight line perpendicular to it is

(6 £90°)
A
c B
0 +90°
9 »
(0] A 4

(D) If angle between two lines having slope m,

and m, is o then tan o = Bl
- l+mm,
2. Coordinates of Standard Point Connected

with Triangle
2.1 Centroid of a triangle
(1) The centroid is the point of intersection of
the medians (i.e., a line joining a vertex to
the mid-point of the opposite side)
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(i) Centroid divides each median in the ratio
2 : 1 internally

(ii1) The centroid G of the A ABC formed by
A(x,.y), B(x,, y,) and C(x,, y,) is given
by
G(xl TN+t ity ty, J

37 3
2.2. If D, E, F are the mid-points of the sides BC,
CA, AB of A ABC, then coordinates of the
vertices in terms of mid-points of the sides of
A are obtained as follows
A=E+F-D
B=F+D-E

C =D + E - F and also Area of ADEF=%

area of AABC.
EA=EC
1
FE=1 BC
DE=1 AB
2
pF=1 Ac
2

D

BD =DC

2.3 If D, E, F are the mid-points of the sides BC,
CA, AB of AABC, then the centroid of AABC
= centroid of A DEF.

2.4. Straight line joining the centroid of a A to its
vertices divide it into three triangles of equal
area.

A

i.e., Area of A ABG =% area of AABC.

2.5 If A(x,, y), B(x,, y,) are any two vertices of A
ABC and G(h, k) is the centroid then coordiantes
of the third vertex C be: C 3h—x, —x,, 3k—y,
—¥,)

2.6 If G be the centroid of a triangle ABC and O be
any other point, then

(i) AB*+ BC*+ CA*=3 (GA*+ GB*+ GC?

(i) OA*+ OB* + OC* = GA*+ GB*+ GC*+
3G0O*?

2.7 In any A, four times the sum of square of the
medians is equal to three times the sum of
squares of the sides
i.e., (AD)* + (BE)* + (CF)* = 3/4 (AB* + BC*
+CA?%

(1) In a right angled triangle the mid-point
of the hypotenuse is equidistant from the
three angular points.

(i1) The line segment joining the mid-points of
two sides of a triangle is half of the third
side.

2.8 Applonius Theorem
In any triangle prove that
AB? + AC?*= 2(AD* + DC? = 2(AD* + BD?
where D is mid-point of BC.

2.9 Circumcentre of triangle:

This is a point which is equidistant from the
three vertices of the triangle. It is also the point
of intersection of right bisectors of the sides
of the triangle (i.e., the lines through the mid-
point of a side and perpendicular to it) It is the
centre of O of the circle that passes through the
vertices of the triangle.
(a) Ifthe triangle be a right angled one, the cir-
cumcentre is mid-point of the hypotenuse.
2.10 Incentre of a triangle

(1) Is is equidistant from the sides of A. This
is the centre of the circle which touches
the sides of a given triangle.

(i1) Itisthe point of intersection of the interal
bisectors of the angles of the triangle.

(ii1) Internal bisectors divide the opposite sides
in the ratio of the sides containing the
angle.

(iv) Coordinates of the point D in which in-
ternal bisectors of the angle 4 meets the
opposite side BC are

bx, +cx, by, +cy,
b+c b+c

(v) The incentre of A ABC with vertices
A(x,,y)). B(x,,), C(x,,y,) and side lengths
a,b,cis

[ @t bx,+cx, ay, +by, tcy,
at+b+c a+b+c




(vi) In centre of a A having vertices at O(0, 0),
A(0, b) and B(0, b) is

ab ab
a+b+Jat +b* a+b+at +b

A
b +|c
- |
a
x,, ¥, (X3 Ys)
B c D b C

2.11 Orthocentre of a triangle
(1) Orthocentre H is the point of intersection

of the altitudes

(i1) Altitudes are the straight lines through the
vertices and perpendiculars to opposite
sides.

(i11) In a right angled A ABC, £ C = 90°, the
orthocentre H is the vertex C of the tri-
angle where A is right angled.

2.12 Excentre of a triangle The point of the
internal bisector of an angle 4 and external
bisectors of the other two angles B and C
is called excentre of Ex-circle opposite to
vertex 4. The excentre opposite to the vertex 4

Il( —ax, +bx, +cx, —ay, +by, +cy, J
a+b+c —a+b+c

Similarly, taking — b and — ¢, we will get centres
of escribed circles drawn opposite to vertex B
and vertex. C respectively Ex-centre opposite
to the vertex B is

12( —ax, — bx, + cx, , ay,—by, +cy, J .

a-b+c a-b+c
The excentre opposite to the vertex C is

I ( ax, +bx, —cx, ay,+by,—cy, J
3

at+b-c at+b-c

NOTE
1 is the orthocentre of A1 L1

2.13 If (o, B), (¥, y) and (p, q) are the coordinates

of the circumcentre, centroid and orthocentre of
a triangle, then 3x =20+ p and 3y =2B+g4.

Cartesian Coordinates 3 A.37

2.14 P, Q, R divide the sides of the a triangle ABC in
the same ratio, then centroides of the triangles
ABC and PQOR coincide.

3. Regular Polygon A polygon is called a regular
polygon if all its sides are equal and its angle
are equal.

4. Choice of Axes Some times geometrical prob-
lems can be made simple with proper choice of
axes. For the proper choice of axes, we follow
the rules as given below
Rule I: Whenever the perpendicular lines are
given in a problem, take these lines as coordi-
nate axes.

For example Whenever a right-angled triangle
is given in a problem, take two lines containing
the right angle as coordinate axes.

Y
B(0, b)

> X

0(0, 0) A(a, 0)

Rule II: Whenever the fixed points A and B
are given in a problem, we take mid-point O

of [AB] as origin and AB as x-axis and a line
through O and perpendicular to AB as y-axis.
Thus if |E|=2a , then B is (a, 0) and 4 is
(~=a, 0). [Points may also be taken along y-axis
as (0, b) and (0, -b)]

For example Whenever a A ABC is given,
we take mid-point O of the base [BC] as

origin and base BC as x-axis and a line
through O and perpendicular to BC as y-axis.
Thus, if | BC | = 2a, then C is (a, 0) and B
is (—a, 0).

ALK,

C(a, 0)

B(-a, 0) 0(0, 0)
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5.

Polar coordinates System

Ay

P(x, y)

e »

» X

(o] X M

51

5.2

If £ XOP =6 and OP =r, then polar coordinate
of P are given as (7, 0), where 7 is radius vector

and its magnitude is y/x*+ y* and tan §=2
x

Conversion formula
(1) From cartesian to polar coordinates

r, e)=(m,tan-' ZJ

x
(i1) From polar to cartesian coordinates (x, y)
(r cos 6, r sin 6)
Distance between two polar coordinates viz
A(r,, 8)) and B(r,, 6,) is given by:

AB= \/rlz +1; =257, cos(6, —0,)
a
R= =

LT
2sin—
n

a T
— cosec —,
2 n

where a is the length of each

Transformation Axes

Is used to reduce the equation of any curve from
its general form to its standard forms
Translation Shifting the origin to another point
without changing the directions of the axes
(i.e., parallel to the original axes) is called

translation of axes
Y Y'

A

P(x.y)

O'N=Y

(h. k)

MN=0O'L=k;PM=y

0(0, 0)

M(x, 0)

x=OM=0M"+MM=h+X

O' (h, k) —new origin, (x, y) — old
x=X+h,y=Y+k(X,Y)— New axes.
Translation is used to remove the first degree
terms and slope of the straight line is indepen-
dent of the Translation.

Rotation without shifting the origin, if the axes
are rotated through an angle a in anti-clockwise
direction, then the transformations is called
rotation of axes.

PM = PR + RM = NQ + PR

Y 1Y y =y cosa + X sina
P(x,y)
oQ
coso=——
ON=X
0OQ = x cosa
NQ = x sina !
o |
ON =X ;
; »
o) A Iy Q
OM=x,PM=y

cos(90°—a)=% = RN=y sin a. = MO

PR

sin(90°—a) = 7 =>PR=ycosa

x=Xcosa—Ysina
Thus .
y=Xsino+Ycosa

X =xcosa+ ysino
and Y

Y =—xsina+ ycosa
Let P is a point in the plane whose coordinates
are (x, y) initially and (X, ¥) in the new system.
Rotation is used to remove the term containing
xy (mixed term) from the equation of curve. For
clockwise rotation, replace a by — a in above
equation.

NOTE

General Transformation If the origin is shifted

to (x,, ¥, and axis are rotated through °0’, the

coordinates are related as follows:
x=x+XcosO-Ysinx

Y=y +Xsin0+YcosO



Examples

7.2

I"-
.

1. The origin is shifted to (-2, 3) then what are
the coordinates of the point (3, —5) in the new
position?

Ans: (x,)) > X+h Y+k=X-2,Y+3)
(3,-5) > (X -2,Y+3)
(X> Y) = (5> _8)

2. Ifthe origin is shifted to (1, -2), the coordinates
of A become (2, 3). What are the original coor-
dinates of 4?

Ans: Old NewPt. x=X+h=2+1=3
y=Y+k=3-2=1
3. D

3. What will be the coordinates of the point

4, 243 ) when the axes are rotated through an
angle of 30° in clockwise sense?

Ans: Old New Pt. § = -30° (anti-cloclwise)
x=Xcos0-YsinOy=XsinO+Ycosb6

4=X£+Z
2 2

X B
2=y Y2
3 2 72

Solving we get X = \/5, Y=5
Hence, coordinates in new position are (ﬁ ,5).

or x\3+Y=8

of _Y+Y\3=43

7. Some Important Problems

If origin be shifted at (-2, 3) and new axes are
parallel to old them: (i) new coordinates of
point: (9, —11)

Ans. (11,-14)

(i) new form of the equation x* + y? + 4x —
6y—15=0

Ans: x2+32-28=0

Transform the equation 2x>+ 4xy + 5% — 4x —
6y —15 = 0 when the axes are translated to the
point (-2, 3).

Ans: 2x* +4xy + 52 +4=0

7.3

7.4

7.5

7.6

1.7
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If the axes be turned through an angle tan™!
2 what does the equation 4xy — 3x> = a* be-
comes.

Ans: x*— 4?2 =qg*

The new coordinates of a point (4, 5) when the
origin is shifted to the point (1, -2) are

Ans: (3,7)

If the origin is shifted to (1, -2), the coordinates
of Abecome (2, 3). What are the original coor-
dinates of 4?

Ans: (3, 1)

If one vertex of a square is (4, 5) and equation
of its one diagonal is 7x — y + 8 = 0, then the
equation of the other diagonal is

Ans: x + 7y =31

Let 0<a <§ be a fixed angle. If P = (cos 6,

sin 0) and Q(cos(a — 0), sin(a — 6)) then (o — 6)

is obtained from P by

(a) clockwise rotation around origin through
an angle a.

(b) anti-clockwise rotation around origin
through an angle a.

(c) reflection in the line through origin with
slope tan a.

(d) reflection in the line through origin with

slope tang
2

sina || cos ©
—cosa || sin 6

cos0.cos O+ sinasin©

sinocosO—cosousin©

_ | cos(a—-6)
" | sin(o.— 0)

. coso
Hint | .
sino

" " $BiVED SUBIECTIVE PROBLENIS (Xil BOARD (C.B. S E/STATE: .
= --FORBETTERYUNDERSTANDING ANR CONCEPT BUWLDING OF THE TOBIC.

=+

-

1. If G be the centroid of a triangle ABC and O | golution

be any other point, then prove that

(i) AB*+BC*+(CA*=3(GA*+ GB*+ G(C?

(i) OA*+OB*>+ OC*=GA*+ GB*+ GC* +
3GO>

For the sake of convenience let us choose G
as origin and the points 4, B, C as (x,, y),
(x,, ¥,) and (x,, y,) respectively and the
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other point O be taken as (h, k). Coordinates of
Gare (Zx/3,(Zy/3)
But we have chosen G as origin
S @x)3=0,Zy)/3=0
or x +x,+x,=0andy +y,+y,=0 ..(1)
() AB>+BC*+CA*=(x,-x,)> + (¥, —y,)
““““““ =2(2x, + 2y - 2(2x, x,*+
Zy}yz) = 3(2)612 + Zylz) - lez_ Zylz -
23xx,— 2%y,
[By adding and subtracting Xx * + Xy *]
=3(GA*+ GB* + GC») — (x, + x, + x,)* —
0, ty,ty)
=3(GA*+ GB*+ GC?»
[ Zx,=0,Zy,=0,by (1)]
and GA*>=(x,—0)+ (y -0y =x>+y etc.
(i) OA*+OB*+0C*=(h—x )+ (k-y )+
I N R 2D R C AR S IO N C Rl ST
+P )+ (R + (WP + ) -2k (x,
+x,+x)-2k(y +y,+y)=GA*+GB*
+ GC?*+ GO*+ GO*+ GO*-0-0,
By (1)=GA*+GB*+ GC*+3GO*
[ GO*=((h-0y+(k-0)=h+k].

. If 0,l , l,l and 1,0 be the middle
2122 2

points of the sides of a triangle, find the coor-
dinates of its incentre.

Solution

Let the vertices of the triangle be A(x,, y)),
1)(11
B(x,, y,) and C(x,, and let | 0,— |,| =,—
(X ) (x5 ¥ ( 2] (2 2]
and (%,OJ be the mid-points of sides [BC],
[CA] and [AB] respectively, then
o L[ XX »tyfl ]l
2 2 7 2 1272

=(x3+x4 y3+ylj

2 72
and 10 _[(xtx nty
2’ 2 72
= x,+tx=0 . @)
y,*ty, =1 . 2
x,+x =1 . 3)
y,*ty =1 . @)
x, +tx,=1 . ©)
and y +y,=0 .. 6)

Adding (1), (3) and (5), we get 2(x, + x, + x,)
=2
=> xtx,+x=1 O]
Subtracting (1), (3) and (5) from (7) in succes-
sion, we getx, =1,x,=0,x,=0
Similarly, from (2), (4) and (6),
we shall findy =0,y,=0,y,=1
Hence, the vertices of the triangle are
A(1, 0), B0, 0) and C(0, 1)
Now a =|BC| =1, b=|CA\2
and ¢=|4B|=1
If the incentre is (x, ), then

co ot bx, +cx,

a+b+c

CIx1442x0+1x0 1

1+V2+41 242

_12-V2)
Q+v2)2-2)

_2-\2)_2-\2

4-2 2

_ay tby,tey, _1X0+42%0+1x1
at+b+c 1++/2 +1

1 12-42)

2442 (2+42)2-2)

_12-v2) 2-42
T o4-2 2

and

. Prove analytically that in a right angled

triangle, the mid-point of the hypotenuse is
equidistant from the three angular points.

Solution

Let ABC be a right angled triangle with right
angle at 4.

Take AB and AC as the axes.

If AB = a and AC = b, then coordinates of 4,
B, C will be (0, 0), (a, 0),(0, b) respectively.
Coordinates of M, the mid-point of [BC] are

a+0 0+b
27 2 f

. a b
ie, |—,—




¥
>

C(0, b)

M(a/2, b/2)

|AM| = |BM|=|CM)] . Hence, M is equidis-
tant from A4, B, C.

4. In any triangle ABC, prove analytically that
AB* + AC* = 2(AD?* + DC? where D is mid-
point of [BC].

Solution
Take D, the mid-point of [BC] as origin;, DC as
the x-axis and DY L DC as y-axis. Let |BC| =

2a, (a > 0) then the coordinates of B and C are
(=a, 0) and (a, 0) respectively.

B(-a,0) D(0,0) a C(a,0)

Let the coordinates of 4 be (x, y), then

AB* + AC* = (x,+ a)* + y> + (x, —a) + y]°
=2(x}2+ylrtad L @)

Cartesian Coordinates 3 A.41

2(AD*+DC? =2(x > +y >+ a®)
From (i) and (ii), we have AB> + AC? = 2
(AD*+ DC?)

This is called median theorem.

5. Prove analytically that the diagonals of a par-
allelogram bisect each other.

Solution

Let ABCD be the given parallelogram. Take
AB as x-axis and A as origin, then the line
through 4 and perpendicular to AB (in the
plane of parallelogram) becomes y-axis and
hence, 4 is (0,0). From the vertices C and D,
draw CM and DL perpendiculars to y-axis.

Y
D(b, c) C(a+b, ¢)
| A0, 0) B(a, 0)

Let AB = a, AL = b and LD = ¢, then the

coordinates of B and D are (a, 0) and (b, ¢)

respectively.

Since, ABCD 1is a parallelogram, we have

MC=LD

and AL = BM (*." As ALD and BMC are con-

gruent)

= MC=cand AM=AB+BM=AB+AL=
a+b

coordinates of C are (a + b, ¢).
Mid-point of diagonal [AC] is
O+a+b 0+c
[~

. a+b ¢
ie, ,—
2 2

and mid-point of diagonal [BD] is

a+b O0+c¢
272

Therefore, the mid-points of the diagonals are
the same, and hence, the diagonals of a paral-
lelogram bisect each other.
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6. Prove analytically that the diagonals of a
rhombus bisector each other at right angles.

Solution

Let ABCD be a rhombus with each side of
length a. Take A4 as origin and axes as shown
in the figure, then 4 = (0, 0), B = (q, 0).

O+a+b O+c) (a+b c
( 2 2 J_( 2 ’EJ
and the mid-point of [BD] is
a+b O0+c) (a+b c
( 2 2 J_( 2 ’EJ
So, [AC] and [BD] have the same mid-point
= Diagonals [AC] and [BD] bisect each

Y
A other
c—-0 c
AC = =
D(b, c) C(a+b, c) Also, slope of T30 atb
and slope of BD = c0__c
b—a b-a
b = (Slope of AC) x (Slope of BD)
A0,0)  B(@a,0) g c _ ¢
= X
+b b
Let D = (b, c) then C = (a + b, ¢) e ‘
c c
As | AB | =|AD |, therefore = = using (1
| | | | bz_az bz_(bz Cz) ( g( ))
=(b=0)* +(c-0)* o
= e—_—= —1
= a=b*+cr ) e’
Now, the mid-point of [AC] is = AC and BD are at right angles.
F~ ~  "UNGOLVED SUBJECTIVE PROBLEMS (XI BOARD (CBSE/STATE:

TO GRASP THE TOPIC SOLVE THESE PROBLEMS

: eyt v o7 %ot v

e e ui st Wl awes=iiiute SO

»
e ettty o T At aeater— i R el - e _.,H

EXERCISE 1

1. Find the area of triangles whose vertices are
as (4,4), (3,2) and (-3, 16).

2. Find the area of the quadrilaterals (3, 4),
(O> 5)> (2> _1)> (3> _2)

3. The points (1, 4), (k, =2) and (-3, 16) are col-
linear. Find the value of k.

4. Find the coordinates of the centroid of the tri-
angle whose vertices are (-2, 2), (-1, =3) and
G, DN.

5. Two vertices of a triangle are (1, —6) and
(-5, 2) and its centroid is (-2, 1), find the third
vertex.

6. Thevertices of AABC are A(-36,7), B (20,7)
and C(0, —8). Find the coordinates of its
incentre.

7. Prove that points (a, b), (a + 3, b + 4),
(@a-1,b+7) and (a — 4, b + 3) are vertices
of a square.

8. Prove that perimeter of triangle formed by

points (1, 1), (-1, -1) and (—ﬁ, ﬁ) is 632

unit.

9. For what value of k following points will be
collinear (k, 2 — 2k), (1 — k, 2k) and (-4 -k,
6 — 2k).

10. Find a relation between x and y when the point
(x, ) is equidistant from the points (6, —1) and

2, 3).

11. Draw a quadrilateral in the Cartesian plane,
whose vertices are (—4, 5), (0, 7), (5, =5) and
(-4, -2). Also, find its area.

[NCERT]

12. Plot the line 3x —5=0.
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£73 EXERCISE 2 11. The base of an equilateral triangle with side
2a lies along the y-axis such that the mid-
1. Prove that the coordinates of the orthocen- point of‘the base is at the origin. Find vertices
tre of the triangle whose vertices are (0, 0), of the triangle. [NCERT]
(2, -1 and (1, 3) is (=4/7, =1/7). 12. Find y if the line containing the points (3, y)
2. Two vertices of a triangle are (3, —5) and anq (2, 7) is parallel to the line containing the
(=7, 4). If the centroid is (2, —1), find the third points (-1, 4) and (0, 6).
vertex. 13. Find the slope of a line, which passes through
3. If A(-1, 3), B(1, 1) and C(5, 1) are the ver- the or.ig‘in., and the mid-point of the line seg-
tices of a triangle ABC, find the length of the ment joining the points P(0, ~4) and O(8, 0).
median through 4. [NCERT]
4. Find the point of intersection of the medians 14. The SIOP: offafline is do‘;bf of tl;e ls;lope of
of the triangle with vertices at (-1, 0), (5, -2) another lme. tangent of the angle between
and (8, 2). them 1is T find the slopes of the lines.
5. Find the third vertex of a triangle if two of its [NCERT]
vertices are (—1, 4) and (5, 2), and the medians
meet at (0, 3). 15. Consider the following population and year
graph.
6. Find the incentre of the triangle whose verti- 7k
ces are (7, -36), (7, 20) and (-8, 0). w
[0}
7. Prove that the length of the line segment join- g102
ing the middle points of two sides of a triangle ; 97
is half the third side. s (1995, 97)
£ 92
8. If ABCD is a rectangle and P is any point (in %_ 1 (1985, 92)
the plane of rectangle), then P4* + PC?* = PB? s 874
+ PD> Prove >X
1985 1990 1995 2000 2005 2010
9. Prove that diagonals of a square are equal. Year
10. Find the equation of the locus of a point which Find the slope of line AB and using it, find
moves so that its distance from the x-axis is what will be the population in the year 2010?
five times its distance from the y-axis. [NCERT]
ANSWERS
EXERCISE 1 5.(-2,7) AY A x=5/3
6. (-1,0
1. 13 L0 :
9. = —_— —_—
2. 11 k=-1, 5 12.
3.K=3
) 10 x-y-3=0
4. [Z2 > X
(3 J 11. % square unit MEE
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EXERCISE 2 6. (0,-1) 12. 9
2 (10, 2) 10. 32 = 25 x 13. - 12
3‘ 5 ’ " 11. (0, a), (0, —a) and 14. 1 and 2 or 1/2 and 1, or —
4’ 4ur(1)1 S (=v34a,0) or (0, a), 1 and — 2 or — 1/2 and -1
- (4.0 15. 1/2, 104.5 crores.
5.(4,3) (0, —a) and (—/34,0)

1. A and B are two fixed points of A ABC with
side AB = 2a. If its vertex C moves in such way
that cot 4 + cot B = A, where A is a constant,
then the locus of the point C is [MP-81]

(@) yA=2a (b) ya=2
©) y=ha (d) None of these
Solution

(a) We may suppose that coordinates of two
fixed points A, B are (a, 0) and (-a, 0) and
variable point C is (h, k).

y
C(h, k)
> X
B o D A
(-a,0) (a, 0)
From the adjoining figure
CD k CD k
But cot 4 + cot B =, so we have
a—h_‘_a+h=k:>2_a=)L
k k k

Hence, locus of C is yA = 2a.

2. The coordinates of the feet of perpendiculars
from the vertices of a triangle on the opposite
sides are (20, 25); (8, 16) and (8, 9). The
orthocentre of the triangle lies at the point
(@) (5,10) (®) (10,15)

(©) (15,30) (d) None of these

gOLVED OBJECTIVE PROBLEMS: HELPING HAND

Solution

(b) Let given points be D, E, F. From geometry
we know that the orthocentre of the given tri-
angle is the incentre of its pedal triangle DEF'.

Now DE =+/12>+9> =15, EF =\0+7* =7,

FD=+12°+16* =20
required point

=( 20(7) +8(20) +8(15) 25(7)+16(20)+9(15))

>

7420415 7420415
_(140+160+120 17543204135\ _ 10 o
42 42

. If the orthocentre and centroid of a triangle

are (=3, 5) and (3, 3) respectively, then its
circumcentre is

[Haryana (CEE)-1999]
@ (6,2) (®) (6,-2)
© ©.4 @ (0,8

Solution

(a) Let circumcentre be (a, ). Since centroid
of a triangle divides the line segment joining
its orthocentre and circumcentre in the ratio
2 : 1, so we have

2(a)+1(=3) -3
2+1
and 2B+1S)
2+1
> 2a=12and2p=4
Circumcentre is (6, 2)

. If a vertex of a triangle is (1, 1) and the mid-

points of two sides through this vertex are
(-1, 2) and (3, 2); then the centroid of the
triangle is [AIEEE-2005]



(a) (13,7/3)
(©) (-1/3,7/3)

®) (1,7/3)
@ (=1,7/3)

Solution

(b) Let ABC be the given triangle and 4 be the
givenvertex (1,1). Let B=(a, b)and C =(c, d).
Thena+1=-2,b+1=4

= B=(-3,3)
and ¢c+1=6,d+1=5
> C=(5,3)
Centroid
5(1—3+5’1+3+3J=(1,7/3)
3 3

5. The incentre of a triangle with vertices (7, 1)
(-1, 5)and (3+2+/3,3+4/3) is
[J & K-2005]

(@ (“\f J—J

®) (1+ \/_ \/_J

© @D
(d) None of these

Solution

(@)
A7, 1)

(-1,5)B C(3 +2v3, 3 + 4V3)

AB=BC=CA =4[5 ie., given triangle
is equilateral.
(In centre of a triangle are same as the centroid
when triangle is equilateral)
Hence, incentre

_(7—1+3+2J§ 1+5+3+4J§]

>

3 3

“[3+ 23+t
NEMENG]
6. The area (in square units) of the triangle
formed by the points with polar coordinates

(1, 0), (2, n/3) and (3, 2#/3) is
[EAMCET-2007]

Cartesian Coordinates 3 A.45

@ 11[ ®) sf
el d) —
(C) n () 2
Solution

(b) Area of the triangle formed by (1, 0),
@, m/3)and (3, 27/3) is L[Sz, sin (0, - 6,)|
> 2 2

=l 2sin I + 6sin T +3sin2—1t
2 3 3 3

5

4

sq. units.

7. Let A(h, k), B(1, 1) and C(2, 1) be the vertices
of a right angled triangle with AC as its hypot-
enuse. If the area of the triangle is 1 square
unit, then the set of values which ‘%’ can take

is given by
[AIEEE-2007]
@ {-1.3} (®) {-3,-2}
© {1,3} @ {0,2}
Solution
(@ lx|k—1|x1=1
2
k=-1,3.
A A(1, k)
_ | B c@ 1)
Y

8. Two fixed points are A(a, 0) and B(—a, 0).
Then the locus of the point C of A ABC. If
ZA - ZB =0, will be

[Roorkee-1982]
(a) x* +y*+ 2xy tanb= a’
(b) x*+3*+ 2xp cotd = a®
(¢) x*—y*+ 2xy tan0 = a*
(d) x*—y*+ 2xy cotd = a?
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Solution

(d) Let C = (h, k). From adjoining figure

AY
C(h, k)
B o D A %
(-a, 0) (@ 0)
tan 4 = h , tanB = h
a-— a+h
AlsoZA-2B=6
= tan(A-B)=tan6
N tan 4A—tan B - tan®
1+tan 4 tan B
h \_(_h_
a-h a+h — tan®

R

= h*—k+2khcot6=a>
locus of C is x> —y* + 2xy cot 6 = a?

9. The vertices of a triangle are [at/t,, a(t, + t.)],
latt, a(t, + )], latt, a(t, + t)], then the
coordinates of its orthocentre are

[IIT-1983]
@) [a,a(t, +t,+t,+111)]
() [-a, a(t, +t,+ 1, +111)]
© [-a( +t,+t,+1tL),a
(d) None of these
Solution
(b) m = M =—t,, m,= _t3 There-
a(t,—t,) .

fore, perpendicular from point third ¢x +y =
a [ttt +t +t] and perpendicular from point
firsstt,x+y=alttt,+t +t]lx=—a,y=alttt,
ottt

10. Let O (0,0), P (3,4), O(6,0) be the vertices

of the triangle OPQ.The point R inside the
triangle OPQ is such that triangles OPR,
PQOR, OQR are of equal area.The coordinates
of R are [IIT-2007]

(@) (4/3,3) (b) (3,2/3)
(©) (3,4/3) (d) (4/3,2/3)
Solution

11.

() AOPQ is an isosceles. OP = OQ.

Let G be the required point.Since, A OPQ 1is
isosceles G will lie on x = 3. Now consider
AOGQ

YA
P(3, 4)

(0, 0) Q »>X
(6,0)

A OGQ=%><areaAOPQ =§><6><%

or h=4/3 units
ordinate of G = 4/3 units

Required point is G (3,4/3) i.e., the centroid
of the triangle
Also,area (A OGP) = area (A GPQ)

= %x area A OPQ.

For an equilateral AABC, A(1, 2), B(2, 3) and
9+43 15-3
6 6

coordinates of vertex C.

its incentre is ( ] then find the

[Gujrat CET-2007]

3+«/§ 5—\/5

@ | ™ 2

3-3 5443

3+43 5-43

©| % 3

(d) None of these

Solution

(a) Letvertex cbe(a, )
In equiliateral triangle
Incentre = centroid



>

3 3

E(9+J§ 15—\/5]

(oc+1+2 B+2+3J

>

6 6

(343 5-3
= <°"B)=( 2 T]
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Solution

(d) We have P = (-sin (B — a), —cos PB) =
(x),y,) say
0 = (cos(B - a), sin B) = (x,, y,) say
R = (cos (B—a+6),sin (B —6))
The x-coordinate and y-coordinate of R are
X, =x,c0s 0 +x5in 0
Y,=y,cos0+y;sin6

12. Consider three points P = (—sin (B — o), — .
cos PB), Q = (cos(B — a), sin B) and R = (cos The points
(B—a+0),sin(p—06)), where 0 <a, B, 0 <m/4. x,c080+x,sin@ y,cosO+ y sind
Then, cos@+sin® °  cosO+sind
[IIT-JEE-2008]
(a) P lies on the line segment RQ lies on PQ. But R doesn’t lie on PQ. For it to
(b) O lies on the line segment PR lie on PQ, cos 0 and sin © must be related by
(¢) R lies on the line segment QP cos 0 + sin © = 1, which is not given in the
(d) P, O, R are non-collinear problem. Thus P, Q, R are non-collinear.
OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS
1. If (6,4) and (2,6) are two vertices of a triangle 6. The distance between the circumcentre and
and its centroid is (4,6) then its third vertex orthocentre of the triangle with vertices (0, 0);
will be (6, 0) and (0, 8) is
[RPET-96] @ o ® 5
(@ 4,8) ®) 34 © 6 @8
©) (3,3) (d) None of these
) ' ' ) 7. The centroid of a triangle with vertices (2, 1);
2. The incentre of Fhe triangle with vertices (0,0); (5,2)and (3, 4) is
(3,0)lanld ©0,4) s a3 [IIT-1964]
@ (1’ o) ( d) (2’ 2) @) (8/3,7/3) () (1013, 7/3)
(© (1,0) @ @2.2) (© (10/3,-7/3) @) (=103, 7/3)
3. The circumcentre of the triangle with vertices
(0, 0); (3, 0) and (0, 4) is 8. If the vertices of a triangle be (2, 1); (5, 2) and
(@) (2,3/2) ® (1, 1) (3, 4), then its circumcentre is
() 3/2,2) (d) None of these [IT-1964]
13/2,9/2
4. If (=2,3); (4, -3) and (4,5) are mid-points of gg 29/4 ’13/4;
the sides of a triangle, then coordinates of its y
. (c) (13/4,9/4)
centroid are
(d) None of these
(@ (2,5/3) (®) 6.5
© (-2,5/3) @ 6753, 2) 9. The orthocentre of the triangle with vertices
5. If (1, a); (2, b) and (¢, —3) are vertices of a (0, 0); (3,0) and (0, 4) is

triangle, then its centroid will lie on x-axis if:
@ at+tb+3=0 ®)at+tb=0
©)atb=3 dec+3=0

[MNR-82; RPET-97]
(@ (1, 4/3) (®) (0,0
(©) (3/2,2) (d) None of these
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10.

11.

13.

14.

15.

1.

If (-5, 30°); (7, 150°) and (11, 210°) are verti- | 16. The median BE and AD of a triangle with
ces of a triangle, then its area is vertices A(0, b), B(0,0) and C(a, 0) are per-
@) 21 B2 ®) 3 Jii2 pendlc_ular to each other, if _
() ab=1 @) a=%2b

Tshel 12nf:e111t6re 102f the triangle formed by (0, 0); 17. The vertices of a A are A(-1, =7): B(5, 1)
G, 12), (16, 12)1s EAMCET-84 and C(1, 4). The bisector of the angle A ABC

[ -84 meets the opposite side in point D; the coordi-
@ .7 ®) (7.9 nates of D are
© 9.7 @ 7.9 @) (13,173) ®) (12, 173)

12. If O be the origin and if the coordinates of (c) (1/3,1/4) (d) None of these
any two pglnts Q, and Q, be (x,, ,) and (x;, 18. If the coordinates of a point be given by the
¥,) tespectively, then OQ, . 0Q, cos Q,00, is equations x = a(1— cos 60), y = a sin 6, then the
equal to locus of the point will be

[ar-61j (a) A straight line (b) A circle
@ xx,=yy, ®)xp, —xy, (c) A parabola (d) an ellipse
(© xpx, +yp, @ xp, +xp,
' ‘ 19. The coordinates of the points 4, B, C, D are
The coordinates of the points Q, A and B are (2.,2), (3,5), (3, 4) and (0, 6) respectively. If
(0, 0), (0, 4) and (6, 0) respectively. If a point the lines AC and BD be perpendicular, then a
P moves such that the area of A POB, is twice is equal to
the area of a POA then the equation to both (@) 7 ®) 1
parts of the locus of P is (©) -1 @ -7
[IIT-64, 85]
@ (x—3y)(x+3y)=0 20. Locus of centroid of the triangle whose verti-
() (x=3y)(x+»)=0 ces are (a cos ta sin #), (b sip t,—b cos f) and
©) Gx-»)Bx+))=0 (1, 0), where ¢ is a parameter, is
(d) None of these [AIEEE-2003]
(@ BGx+1)*+@y)y’=a’- b’
If the vertices of a triangle have integral ®) Gx-12+Gy)P=a*-b
coordintes, then the triangle is (©) Gx-12+@Gy)P=a>+b
[IIT-75; MPPET-83] @) Gx+ 12+ GyP=a*+ b
(a) Equilateral (b) Never equilateral
(c) Isosceles (d) None of these 21. Which of the following polar coordinates are
associated to the same point?
The Coordinates of the centroid and circum- I:(2,30° II: (3, 150°)
centre of a triangle are G(2, 3), O(-27/2, 39/2) T : (-2, 45°) IV :(-3,330°
then coordinates of its orthocentre are V:(3,-210°) VI:(-3,-30°
(a) (33,-30) (b) (-38,24) (a) L1l and IV (b) IL, IV and VI
©) 0,0 (d) (-38,-24) ©) ILIV,VAND VI (d) IVand VI
* SOLUTIONS
(a) Let the third vertex be (x, y), thex + 6 + 2
2.

=3 4)andy +4 + 6 =3(6)
= x=4,y=8

(@ [05+34+03 0.5+04+43
5+4+3 5+4+3

=(,1



10.

(¢) Triangle is right angled at (0, 0), so the
mid-point of its hypotenuse i.e., (3/2, 2) is its
circumcentre.

(a) Centroid will be the same as that of the
triangle with given vertices.

(c) Let the centroid of triangle be P(x, y)
Given x,y)=(1,a)
(. ¥,)=(2,b)
(x3> y3) = (C‘, _3)
and also given centroid lie on X-axis.
y=J’1+J;2+J’3 -0

3 1

(b) Given triangle is right angled, hence its
orthocentre is (0, 0).
Also its circumcentre = mid-point of hypot-
enuse = (3, 4)

required distance

= J3-0y+(4-0)* =5

(b) Let the centroid of triangle be P(x, y)
Given x,yp=2. 1)
(x5 ¥,)=(5,2)
(x,¥)=G,4)
x+x,+x, 5+2+43 10
x = = =

3 3 3
_y1+y2+y3_1+2+4_z
Y 3 3 3

. . 10 7
Centroid of triangle = 33

(¢) Let circumcentre be (x, ), then (x — 2)> +

G-1P=Gx=-5+@-27=(x-3’+@-4)

= Ax-2y+5=-10x-4y+29=—06x—-8y
+25

= 6x+2y=24and 4x—-4y=4

> x=13/4,y=9/4

(b) Triangle is right angled at (0, 0), so (0, 0)

is the ortho-centre.

(a) Area =% [(=5)(7) sin 120° + (7) (11) sin
60° + (11) (=5) sin (-180°)]

=l[‘35‘/§+ 7%/5]= 213

2 2 2 2
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11. (b)If given points be A, B, C; thena=11, b=
20,¢=13
. Incentre

11(0) +20(5) +13(16)
11420413 '
11(0) +20(12) +13(12)
11+20+13
=(1.9)

12. (¢) 0Q,.00, = (00 XO0Q,) cos 6,

O_)Ql = xl; +]3’1> Obz = ;xz +;J’:
= xx,+yy,=(00)(0Q,)cos 6
13. (@) 0=(0,0),4=(0,4),B=(6,0),P(x,y)

x y 1
A1=Area0fAPOA=%0 01
0 4 1
=l[—4x]=—2x
2
x y 1
A2=AreaofAPOB=lO 01
2 6 0 1
=216y1=3y
2

By assumption, 4, =24,
= |2x =33

Sl PR S
3y 3y

= x=3y,x=-3y

= (x-3»x+3y)=0.

X
=

14. (b) Let the vertex be (x.y), r =1, 2, 3 where
both x, and y, are integers.

Hence, its area = szl (y,—y,)= rational

number

Also if a be its side then a* = (x, — x,)* +
(v, —y,)* = a positive integer.

But the area of an equilateral triangle

V3,
=—a
4
Area = gaz, which is irrational, since

a’is a positive integer.
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Thus the two statements (1) and (2) for area
are contradictory. Therefore, if the vertices are
integers, then that triangle cannot be an equi-
lateral triangle.

NOTE

Students should remember this question as fact.

15. (a) Let the orthocentre be (h, k)

1 2 1 1 ]
P(hK) G(2,3) 0(-27/2,39/2)
Then, 2=h_3l:>h=33
and 3=5%30 L, 30

Orthocentre = (b, k) = (33, -30)

16. (b, d) D(%%} D(z,oj

E x|+xz,)’|+)’2 - E ﬂ,é
2 2 2°2

(0,b)A

(0,08 C(a,0)

D

Slope of line AD is
Vo=V _

m=-—-—=—=——

1
X, — X, 0_3 a

——=0
Slope of line BE is m, = 2 2
a0 @
2
Now AD and BE are perpendicular if m m,

=]

- (2

17. (a) AB =10, BC = 5. The bisector of £ ABC
will divide the opposite side AC in the ratio of
arms of the angle.
ie., 5 : 10. Point D by ratio formula is (1/3, 1/3).

B(5,1)
” 10
c 5 10 A7)
(1,4) D(1/3,1/3)

18. (b) On eliminating 6, we get the required
locus.
Since x = a(1 — cos 0)
= x—a=-acos9
and y=asin 6
Now adding the squares of (i) and (ii), we
get x2 + y? — 2ax = 0, which is equation of a

circle.
; 4—a
19. (b) Slope of line AC = 35 =(4-a)
slope of line B[):E:L:__l
0-3 -3 3

given line AC and BD are perpendicular

then (4_a)(_?lJ= -1

4-a)=3
a=1
20. (c) Let centroid be (x,y), then3x=acost+ b
sint+1,3y=asint—bcost
= 3x-1=acost+bsint
3y=asint—bcost
1+ 2y
= GBGx-1)+P*=a>+b2
which is required locus.
21. (c) . (3,150°)=(3, 150° -360°)=(3,-210°)
= (-3, 180° + 150°) = (-3, 330°) = (-3, -30°)
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(e

“ONSOLVED GBIECTIVE PROBLEME (IDENTICAL PROBLENIS FOR PRACTICE) :
e FORI@ROVIUGSPEE%AC&URACY e e e - _.1

. If (6,0), (0,6) and (6,6) are vertices of a tri-
angle, then distance between its circumcentre
and centroid is

@) 242
© 2

. The circumcentre of the triangle with vertices
(=3, -1); (-1,3) and (6, 2) is
@ (0,0) ®) (1,-2)
© @.-D @ 2.1

. Two vertices of a triangle are (5, 4) and
(=2, 4); if its centroid is (5, 6), then its third
vertex is

() 2
@1

[MPPET-93]
(a) (10, 12) (b) (12,10)
(©) (-10,12) (d) (12,-10)

. If the vertices P, Q, R, of a triangle POR are
rational points, which of the following points
of the triangle POR is (are) always rational
points (s)

(a) Centroid
(c) Circumcentre

(b) Incentre
(d) Orthocentre

. The orthocentre of the triangle formed by (0,
0),(8,0),(4,6) 1s

[EAMCET-91]
(a) (4,8/3) ® 3.9
(©) 4.3) @ (3,4

. If (0, 1), (1, 1) and (1, 0) be the middle points
of the sides of a triangle then its incentre is

(@) 2++2,2+2)
() 2++2,-2-2)
©) (2-+2,2+2)
@ (2-v2,2-2)

. If 4 (cos a, sin o)), B(sin a, —cos o), C(1, 2) are
the vertices of a A ABC, then as a. varies, the
locus of its centroid is
@ x*+y*-2x—4y+1=0
1) 3(2+)y)—2x—4y+1=0
©) x*+y*-2x—4y+3=0
(d) None of these

8.

10.

11.

12.

13.

14.

15.

If the line segement joining the points A(a, b)
and B(c, d) subtends an angle 6 at the origin,
then cos 6 is equal to

@) (ab+ cd)l \J(a* +b>)(c* +d?)
(b) (ac + bd)/ \J(a* +b*)(c* +d?)
(©) (ac —bd) J(a® +b7)(c* +d?)

(d) None of these

Slope of any line perpendicular to the line
joining the points (3, 5) and (-4, 2) is

(a) 73 (b) =713

(©) 377 @) =377

The point of intersection of the medians of the
A with vertices at (-1, 0), (5, —2) and (8, 2)
@ (4.0 (b) (-4, -4/3)

© (4.0 (@ (12,0)

The third vertex of a A if two of vertices are at
(=1, 4) and (5, 2) and medians meet at (0, —3)
(@ (4,15) (®) (-4,-15)

(© (4,6) @ &.3)

Orthocentre of the triangle whose vertices are

©0,0),(2,-1)and (1, 3) is

[IIT-67,74]
(a) 4/7,U7) ) (-4/7,-1/7)
© (4.-D (OXCAY)

The incentre of the triangle with vertices

(1,+/3), (0, 0)and (2, 0) is

(@) (lg] ®) (3 \/_J
09wl

The circumcentre of the triangle with vertices
(0, 30), (4, 0) and (30, 0) is

[Karnataka PET-2008]
(a) (10, 10) (b) (10,12)
©) (12,12) @ (17,17

The centroid of the triangle ABC where A =
(2,3),B=(8,10)and C = (5, 5) is
[Karnataka CET-2008]
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16.

17.

18.

(@) (6,6)
© 6,6

(b) (15,18)
@ (6,5

The line joining the points (x,, y,) and (x,, ,)
subtends a right angle at the point (1, 1) then
x+x,+y+y,—2isequal to

@ x x,+y,y,

®) x,x,-y,y,

© x,x,+y,y,

(d) None of these

Points (0, 8/3), (1, 3) and (82, 30) are vertices
of a [IIT-83; RPET-88]
(a) right angled triangle

(b) acute angled triangle

(c) Obtuse angled triangle

(d) None of these

If A(a, 0) and B(-a, 0) are two fixed points and
a point P moves such that £ APB = 90°, then
locus of P is

19.

20.

21.

(a) x> +y*=2a°
(©) x> +y*+2a°=0

®) ¥ +y'=a?
(d) None of these

If two vertices of a triangle are (4, —3); (-9, 7)
and its centroid is (1, 4); then its area is

(a) 18172 (b) 183/2

(c) 18572 (d) None of these

If A(2, 2), B(—4, 4), C(5, -8) are vertices of a
triangle then the length of the median through
C is equal to

[RPET-88]
(@) 65 ® V157
(©) 85 @ V113

Two vertices of a triangle are (5,—1) and (-2,3).
If orthocentre is the origin then coordinates of
the third vertex are

[IIT-79-83]
@ (7.4 ®) 4.7
© @4,-7) @ (H4.-7
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet 1s immediately below the
worksheet.

The test is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. Theincentreofthetrianglewithvertices (1, NG) ),

(0,0) and (2,0) is
[IIT-Sc.-2000]

() (2/3,13)
@ L,1B3)

(@ (1,v3/2)
©) (2/3,\3/2)

. If the vertices of a triangle be (a, 1), (b, 3) and

(4, ¢), then the centroid of the triangle will lie
on x-axis if

@ at+tc=-4

®)at+b=-4

€©)ec=-4

@ b+c=-4

. Ifthe coordinates of the points 4 and B be (6, 2)

and (3, a), respectively and the slope of the
line AB be 3, then a is equal to

(@) 7 (b) 11

() -7 (d) None of these

. If the vertices of a triangle be (a, b — c¢),

(b, ¢ — a) and (c, a — b), then the centroid of
the triangle lies
(a) Atorigin
(¢) On y-axis

(b) On x-axis
(d) None of these

. If the middle points of the sides of a triangle

be (-2, 3), (4, -3) and (4, 5), then the centroid
of the triangle is
() (5/3,2)
©) (2, 53)

®) (5/6, 1)
(@) (1, 5/6)

. P2, 1),0(4,-1), R (3, 2) are the vertices of a

triangle and if through P and R lines parallel
to opposite sides are drawn to intersect in S,

then the area of PORS is
(@ 6 (b) 4
© 8 @ 12

7. The orthocentre of the triangle with vertices

10.

11.

12.

13.

2553 me (25)

[IIT-1993]

1
1 1
@ (5, _EJ

The centroid of the triangle is (2, 7) and two
of its vertices are (4, 8) and (-2, 6). The third

vertex is [Kerala Engg.-02]

(@ (0,0 ®) 4.7

© (7.9 @ 7.7
[RPET-87]

If A(-a, 0) and B(a, 0) are two fixed points,
then the locus of the point on which the line
AB subtends the right angle, is

(@) x*+y*=2a® (b) x*—y*=a®

(©) x¥*+y*+a*>=0 @) x*+y*=a*

The points (1, 2), (2, 3) and (3, 4) form the
vertices of a triangle. The centroid of the tri-

angle has coordinates [MPPET-2007]
@ 4.5) ®) (3,2
© 2.3) @ 6,9

The orthocentre of the triangle with vertices
/3 -12), (1/2,-1/2) and (2, -1/2) is

3 43-3 1
@ |3 % ®) (2’_5J
5 (3-2)
o[+ 03]

If A(1, 4); B(3, 0) and C(2, 1) are vertices of a
triangle then the length of the median through
Cis

@1 () 2

© 2 @ V3

If O be the origin and A(x,, y,), B(x,, y,) are two

points, then what is (OA4) (OB) cos £ AOB?
[NDA-2008]

®) y2t+y;?

@ xp, *+x,y,

@) x?+x)?
(C) x1x2 +yl-y2
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14. The locus of a point P which moves in such
a way that the segement OP, where O is the

origin, has slope V3, is

15. If the coordinates of the vertices of a triangle
be (1, a), (2, b) and (c¢?, 3), then the centroid
of the triangle
(a) Lies at the origin

(@) x—3y=0 ®) x+3y=0 (b) Cannot lie on x-axis
(c) Cannot lie on y-axis
© Bx+y=0 @ VBx-y=0 (d) None of these
' ANSWER SHEET B
LO®OO 6@OO®OO HLEAEO®OD
2000 TOO®O 20000
30000 @O BOO®OO
1 OJOJOXO) L@®O@ HEO®OO
50000 10.O0®O0O 5000

2. (c) Centroid E(a+b+4,1+3+c J

3 3
_(a+tb+4 c+4
373
Centroid is on x axis, £ +4 =0=c=-4

6. (b) Here PORS is a parallelogram.
Area = 2 area (A POR)

2 1 1
=2><13 2 1

4 -1 1
=[2%3-1(1)+@3-8)
=6+1-11]|=4

P2, 1) 4, -1NQ

S(at, B) R(@3, 2)

HINTS AND EXPLANATIONS

7. (b) Given a AABC

AB=\/(2—%J2 +(%+%Jz =3

B g3

Similarly, 4C=—=,BC =
2 2

We can see that AC* + BC* = (AB)*
A is right angled at C.

Orthocentre = Vertex C =(2, —%J
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LECTURE

Straight Line 1

(Some important results connected with

one straight line, point-slope form, symmetric

form or distance form, two points form, intercept

form equation of the straight lines)

BASIC CONCEPTS

1. Some Important Results Connected with One

Straight Line

An equation (First degree in x and y) of the form
ax + by + ¢ = 0 always represents a straight
line

Various forms of equation of straight line

1. The equation of x-axis isy = 0.

2. The equation of y-axis is x = 0.

3. The equation of a straight line parallel to
x-axis at a distance b from origin is y = b.

4. The equation of a straight line parallel to
y-axis at a distance a from origin is x = a.

Y
x=04 X=a
y=b
I
y=0
o > X
(0,0) |[«——a—

. Point Slope Form The equation of straight line,
which has slope m and passes through a fixed
point A(x, y ), is:
y=y, =mx—x).

2.1

2.2

Y
A
A, ¥y)
slope =m
o
0 \ X
sino
m=tano =
coso

The equation of a line through the point (x,y,)
and parallel to x-axis is y = y,.

The equation of a line through the point (x,y,)
and parallel to y-axis is x = x,.

Any non-—vertical line through origin having
slopemisy = mx

NOTES

Constant term is zero in equation of a line passing
through origin.

4.

Parametric form (or symmetric Form or
Distance form)

A straight line passing through a fixed point
A(x,, y,) and inclined at an angle 0 to x-axis
may also be given by

XTH_Y7N _, or x=x +rcos,

cos® sin® Y=y +rsin@
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3
>

P(x.y)

A(X1v Y1)
0

NOTES

(1) ‘r’ is called the parameter and represents the
distance of the variable point P(x, y) from the
fixed point A(x,, y,).

(i) °r’ is positive for all points lying on one side
of the given point A and negative for all points
lying on the other side of the point A4.

(1i1) The coordinates of any point on such a line
may be written as (x, + r cos 6, y + r sin 6),
where 7 1s the distance of this point from the
given point A(x,, y,).

Ilustration
Points on the line x + 7y + 2 = 0 at a distance
542 from the point (-2, 0) are
[Gujrat CET-2007]
@) (-9, DHand (5,-1)
() (12,-2)and (19,-3)
©) (1,9 and (1,-5)
(d) None of these

Solution
(@) The lineisx+7y+2=0

Distance from (-2, 0) is 542
Distance between (x,y,) & (=2, 0)

(X1! y1)

52

>x+7y+2=0

(=2,0)

(532) = (x, +2)* + (y, - O)?
25x2=x2+2"+4x +y?
= x +4x +4+y2=50
= xP+dx +y’=46
(x,y)isonx +7y +2=0
= x,=-2-Ty,

substitute in (1) (-2 -7y )’ + 4 (-2 - 7y)
+y2=46
4+49y>+28y—-8-28y +y =46
50y>—4 =46 = 50y =50
yi=l=y =+1
substitute in (2) x, =-2-7=-9
andx =-2+7=5
The pomts are (5,-1) (-9, + 1).
5. Slope of any line through (x, y)) and (x,, y,)
is 2270
XX

U Uy

5.1 Two point form The equation of the line
through two given points A(x,, y,) and B(x,,y,)
is

y=n= u(x_xl)~
Xy =X

NOTES

Through two points one and only straight line can
be made to pass.

6. Intercept form The equation of a straight line,
which makes a and b, intercepts on x-axis and

y-axis respectively is X .Y —1
a

B(0, b)

A(a, 0)

O

6.1 Important points connected with Triangle
A OAB enclosed by this Straight line and
co-ordinate axes

(1) This straight line always passes through
the fixed points A(a, 0) and B(0, b).

(ii) The length of the interapted part (4B) of
the straight line between the coordinate

axes =\ja2+b2.

(ii1) Co-ordinates of the mid-point of the in-

ab
tercepted part AB =
pred p (2 2]

(iv) Area of AOAB = % |ab|



(v) Centroid of A OAB = (a/3, b/3)

(vi) Circumcentre of A OAB = (a/2, b/2)
(vii) Orthocentre of A OAB = (0, 0)
(viii) Incentre of

ab ab

AOAB = 5
a+b \/az+b2 a+b\/a2 +b?

NOTES

1. Algebraic sum of the slopes of the straight lines
which are equally inclined with co-ordinate axes
is zero i.e., m +m, =0.

2. Number of straight line cutting equal intercepts
of constant length from co-ordinate axes is 04
Combined equations of such four straight lines
isstx+y=aor|x|+|y|=a Gradients of
such straight line =+ 1.

Y
B(0, a
28 ( )x
A= +X71
= £ 0y
(-a, 0) A(a, 0)
C X
X y EXPRYEL 4
! a
D(0, —a)

3. Incident ray and reflected ray are equally in-
clined to the normal to the surface, i.e., algebraic
sum of the slopes of these rays is zero i.e., m, +

m, = 0 then its area is:
- eeS—

StraightLine 1 B.5

(ix) The intercept of a line between the axes
is divided by the point (x,, y,) in the ra-
tio m : n. Its equation is

x y _
(m+n)x, + (m+n)y, =1

n m

7. Slope Intercept Form:
7.1 If m be the slope of a line, which cuts an inter-
cept ¢ on axis of y, then the equation of the line
isy =mx +c.

B(0, ¢)

m = tanf

0 OB=c

> X

0 v&%x

7.2

7.2 Equation of a line having slope m and cutting
intercept ¢ on x-axis is : y = m (x — ¢).

SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. A straight line moves so that the sum of the
reciprocals of its intercepts on axes is con-
stant, show that it passes through a fixed
point.

Solution
Let the intercepts of the line be a and b such

that 1 + 1 =g constant = % (say), where k is
a

a fixed real.
k k
= —+==1
a

= (k, k) lies on the line £+Z=1
a

Note that (k, k) is a fixed point.

2. A line perpendicular to the line segment join-
ing the points (1, 0) and (2, 3) divides it in
the ratio 1 : ». Find the equation of the line,
nz-1) [NCERT]

Solution
The given points are A(1, 0) and B(2, 3). The
required line divides the segment [4B] in the
ratiol :n(n=-1).
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1:n
A(1, 0)

C B(2, 3)

Dividing point C is
IX24+nx1 1x3+nx0
1+n n+1

(2+n 3
l+n n+l
3-0

Slope of line AB = 1 =3

Slope of the required line (L AB)=-1/3
As this line passes through C, therefore, its

L. 3 1 n+2
equationis y———=——| x—
n+1 3 n+1

Point slope form

1 3 n-2
or —x+y-—-—-———=0
3 n+l 3(n+1)

1 94+n+2
of —x+4y-|Z—=1=0
3 (3(n+1)]
or mt+Dx+3m+1D)y—-(m+11)=0

3. Find equation of the passing through the point
(2, 2) and cutting off intercepts on the axes
whose sum is 9.

[NCERT]

Solution

Let the intercepts of the line on the axes be a
and 9 — a, then its equation is LIS S
a 9-a
Intercept form
This line passes through (2, 2) if
202
a 9-a
or 18-2a+2a=9a-a*

= a*-9%9%+18=0

L 9%\BI-72_9%3

2x1 2

6,3

Taking a = 6, we find that the equation of the
line is (from (i)) X+ —1 or3x+6y—18=0
6 3

Taking a = 3, we find that the equation of the
line is (from (1)) * + Y =1 or6x+3y —18=0
3 6

4. Point R(h, k) divides a line segment between
the axes in the ratio 1 : 2. Find equation of the
line.

[NCERT]

Solution

Let the intercepts of the line be a and b, then

the equation of the lineis * ;¥ —
a b

The line meets x-axis in the points 4 (a, 0) and

B(0, b)

It is given that R (h, k) divides [AB] in the ratio

1:2
A
B(0, b)
R(h, k)
b 9.7
> X
0 a A (a, 0)
) = 2Xa+1x0 2x0+1xb
(&) 142 7 142
= h=2—a and k=§

= a=% and b = 3k

Substituting these values in (1), we get
X X
3 + oy 1
2

or —+Z=3
h k
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UNSOLVED SUBJECTIVE PROBLE:MS (X1l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

. Find the value of %, if the straight line 2x + 3y

+ 4 + k (6x —y + 12) = 0 is perpendicular to
the line 7x + 5y — 4 =0. [KVS-2006]

Find the equations of lines which cut off inter-
cepts on the axes whose sum and product are
1 and —6 respectively. [NCERT]

The extremities of the base of an isosceles tri-
angle are the points (2a, 0) and (0, a) and the
equation of one of the equal sides is x = 2a.
Find the equation of the other equal side.

Prove that the line through the point (x,, y,)
and parallel to the line Ax + By + C =0 is
A(x-x)+By-y)=0. [NCERT]

Find the slope of the line, which makes an
angle of 30° with the positive direction of
y-axis measured anti-clockwise.  [NCERT]

Write the equations for the x-axes and y- axes.
[NCERT]

Find the equation of line passing through the
points (—1, 1) and (2, —4) [NCERT]

Find the equation of a line that cuts off equal
intercepts on the coordinate axes and passes
through the point (2, 3). [NCERT]

EXERCISE 2

Given the vertices A(10, 4), B(-4, 9) and C
(=2, -1) of A ABC, find (i) the equation of
the side AB (ii) the equation of the median
through 4.

ANSWERS

RCISE 1 2.
6=0

2 >
37 5.

B

10.

2x-3y-6=0,3x—-2y +

3x-4+4a=0

Reduce the equation 3x + Sy — 7 = 0 to the
slope intercept form and find the intercept it
makes on y-axis.

Reduce the equation 3x — 4y + 12 = 0 to inter-
cept form. Hence find the length of the portion
of the line intercepted between the axes.

Find the equation of a line whose intercepts
on the axes are thrice as long as those of the
line 2x +3y+11=0

. Find the equation of line passing through

2, 243 ) and inclined with the x-axis at an
angle of 75°. [NCERT]

Find the equation of line intersecting the
x-axis at a distance of 3 units to the left of
origin with slope — 2. [NCERT]

Find the equation of line intersecting the
y-axis at a distance of 2 units above the origin
and making an angle of 30° with positive
direction of the x-axis. [NCERT]

P(a, b) is the mid-point of a line segment
between axes. Show that equation of the line

is X4 Y0 [NCERT]

a

Reduce the following equations into slope-
intercept form and find their slopes and the

y-intercepts, [NCERT]
@ x+7y=0

(i) 6x+3y—-5=0

@) y=0

Find the equations of the lines which cut off
intercepts on the axes whose sum and product
are 1 and —6, respectively. [NCERT]

6.y=0andx =0
7. 5x+3y+2=0
8 x+y=5
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EXERCISE 2

1. (i) S5x+ 14y - 106 =0

i) y-4=0
2. y=—_—3x+Z and 7 9.
5 5 5 -
3.5

4. 2x+3y+33=0

5. 2+V3) x-y-4=0
6.2x+y+6=0

7. x=By+23=0

(1) The slope of the line
= —1/7 and its y-
intercept = 0

(i) The slope of the
line = -2 and its y-
intercept = 5/3

(i11) The slope of the line
= 0 and its y-intercep
t=0

10. 2x -3y =6,-3x+2y =6

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The intercept of a line between the coordinate
axes is divided by point (-5, 4) in the ratio 1 :
2. The equation of the line will be

[IIT-1986]

(@) 5x—8y+60=0
(®) 8x— 5y +60=0
() 2x—5y+30=0
(d) None of these

Solution

(b) Suppose equation of line AB is X +% =1,
a

then A(a, 0), B(b, 0). R (-5, 4) is point on line

AB such that it divides 4B in the ratio 1 : 2.

(-5.4) 27[BO.b)
1R
A(a, 0)
, 2a+0 . 2(0)+1(h)
5= 4=
This = 1+2 1+2

= a=—E,b=12
2

Put this in £+Z=1,weget * LY

a b -15/2 12
= Bx+5y=60=>8x-5+60=0

2. If the coordinates of the points 4 and B be (3,
3) and (7, 6), then the length of the portion of
the line 4B intercepted between the axes is

(a) 5/4

© V1373

Solution

®) io/4
(d) None of these

(a) Equation of line AB is y—3=%(x—3)
= 3x-dy+3=0> 2+ 2 =1
-1 3/4

2
Hence, required length is |, [(—1)? +(%J =%

3. If the middle points of the sides BC, CA and
AB of the triangle ABC be (1, 3), (5, 7) and
(=5, 7), then the equation of the side AB is
(@ x—y-2=0 ®) x-y+12=0
© x+y—-12=0 (d) None of these

Solution

(b) Slope of DE = 7-3_ 1

5-1
= Slopeof 4B =1

w

B E(1,3) c

Hence, equation of 4B is
y=T=(x+5)
= x-y+12=0
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The equation of the straight line which passes
through the point (1, —2) and cuts off equal

intercepts from axes, is [MNR-1978]
(@x+y=1 ® x-y=1
©x+y+1=0 @x-y-2=0

. A line passes through the point (3, 4) and cuts
off intercepts from the coordinates axes such
that their sum is 14. The equation of the line is

(a) 4x—-3y =24 (b) 4x+3y =24
(©) 3x—4y=24 @) 3x+4y=24

. The equation of the line joining the origin to
the point (-4, 5), is [MP-PET-1984]
(@) 5x+4y =0 ®)3x+4y=2
) 5x—4 =0 d 4x-5y=0

. The equation of the line which cuts off an
intercept 3 units on OX and an intercept —2

unit on OY, is [MP PET-1984]
x_y X, rY_

a) T-2o b T+2=1

@ 3 2 ®) 3 2
Xy xX_y

C) 4= d) Z-Z=1

© "3 (CY) 573

. The equation of the line passing through (4, —6)
and makes an angle 45° with positive x-axis, is
[RPET-1988]
®) x-2y-16=0
(d) None of these

(@) x-y-10=0
(©) x-3y—-22=0

. Line passing through (1, 2) and (2, 5) is
[RPET-1995]

®) 3x+y+1=0

@ 3x+y-1=0

@) 3x—y+1=0
©)y-3x+1=0

. A straight line makes an angle of 135° with
x-axis and cuts y-axis at a distance of —5 from
the origin. The equation of the line is

[MP PET-98; Pb. CET-2001]
(@ 2x+y+5=0 ) x+2y+3=0
©x+y+5=0 @x+y+3=0

. If the line X + % =1 passes through the points

a
(2, -3) and (4, -5), then (a, b) is equal to
@ 1,1 ® LD

© 1,-D @1-D

10.

11.

12.

13.

Area of a A ABC = 20 units and its verticess
A and B are (-5, 0) and (3, 0) respectively. If
its vertex C lines on the line x — y = 2, then
Cis

@ (3.5
© 5.7

A straight line moves so that the sum of the
reciprocals of its intercepts on two perpen-
dicular lines is constant, then the line passes
through [IIT-1977]
(a) a fixed point

(b) a variable point

(c) origin

(d) None of these

(®) (-3,-5)
(d) None of these

For what values of a and b the intercepts cut
off on the coordinate axes by the line ax +
by + 8 = 0 are equal in length but opposite in
signs to those cut off by the line 2x — 3y + 6 =
0 on the axes

[MP PET-1983]
8 8
@@ a=2,b=-4 ®) a=-=,b=-4
3 3
8 8
c) a=—,b=4 d) a=-—,b=4
© a 3 @ 3

Equation to the straight line cutting off an
intercept 2 from the negative direction of the
axis of y and inclined at 30° to the positive
direction of axis of x, is

[MP PET-2003]

(@ y+x-3=0
®) y—-x+2=0

©) y—\/gx—2=0
@ VBy-x+243=0

If the coordinates of the middle point of the
portion of a line intercepted between coordi-
nate axes (3, 2), then the equation of the line
will be

[RPET-1985; MP PET-1984]
(@) 2x+3y=12
®) 3x+2y =12
(€)4x-3y=6
@ 5x—-2y =10
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14. A straight line through the point A(3, 4) is
such that its intercept between the axes is
bisected at A. Its equation is

15. A straight line through the point (1, 1) meets
the x-axis at ‘A’ and the y-axis at ‘B’. The
locus of the mid-point of AB is

[AIEEE-2006] [UPSEAT-2004;MPPET-2006]
(@ 3x—4+7=0 (b) 4x +3y =24 @ 2xy+x+y=0 ®)x+y-2xy=0
(©) 3x+4y =25 dx+y=7 ©x+y+2=0 @x+y-2=0
SOLUTIONS

1. (c) Let equation of the line be x + y = a. since
it passes through (1,-2),s01 -2=a
= a=-1.
Hence, lineisx + y+1=0.

2. ®)Givena+b=14>a=14-b
Hence the equation of straight line is

X L,y
14-b b
Also, it passes through (3, 4)
3 +i.—.1:>b=8or7
14-b b

Therefore, equations are 4x + 3y = 24 and x
+y=7

Trick: This question can be checked with the
options as the line 4x + 3y = 24 passes through
(3, 4) and also cuts the intercepts from the
axes whose sum is 14.

5-0
-4-0

3. (a) y—0=( J(x—0)=>5x+4y=0

4. (a)Here, a = 3, b = -2 (given)

Now £+Z=1 ives E—Z=1
a b 8 3 2

5‘ (a)y_yl=m(x_xl)
= y+6=(tan45°) (x—-4)
= y+6=x-4
= x-y-10=0
5-2
6. (¢c) y-2= 71 x-D)=>y-2=3(x-1)
= y-3x+1=0

7. (c) Given Angle made with x axis 6 =135°
Intercept on y-axis ¢ = —5 formula used y =
(tan@)x +cy = (tan 1359x—-5Sory =—=x-35
Required linex +y +5=0

Other Similar concept
If intercept on x-axis is given then y = tan 0
(x+o

8. (d) 2_§=1 and i_§=1
a b a b

= b=-1,a=-1.

9. (b) Let the third vertex be (p, q). Since, it lies
onthelinex—y =2,thenp—qg=2 ... )
Also area of the triangle = + 20

%[-5(0 —9)+3(¢-0)+ p(0-0)]=+20

5q+3q=+40

8¢ =+ 40

g=%5

Ifg=5thenp =7

if g =-5thenp =-3

= the coordinates of third vertex is either
(7,5) or (-3,-5)

Ul

10. (a) Take two perpendicular lines as x and
y-axis.
Equation of line AB is £+% =1 .
a
Its intercepts are a, b.

Given that l + l = l = const.
a b k

k k

or, Z4+==1
a b

By comparing (1) and (2), we find that the line

(1) always passes through a fixed point (%, k).
11. (d)ax +by+8=0

S A

"B




12.

13.

14.

2x-3y+6=0
2x 3y
e AR |
= =6 (6
x LY
= (_3)+2 ......... 2

According to the given condition, by (1) and
@),
8 8
——=—(-3),-—=-2
a 3) b

= a=-—,b=4
3
(d) Given 6 = 30° and ¢ = -2 from, y = tan 6
x+tec,y=(tan30°) x -2
y=Lx—2

NG
or \/gy—x+2\/§=0

(a) Line is Xe2on
a b

It meets axes at A(a, 0), B(0, b) and middle
point of line AB is (%, %J =(3,2), given

= a=6,b=4

Put in £+X=1, weget 24Y
b 6 4

a
or 2x+3y=12

(b) Since, 4 is the mid-point of line PQ.

a+0

3= =a=6

0+b

and 4=——=p=8§
2

Hence, the equation of line is

15.

StraightLine 1 B.11

y
P(O, b)
A3, 4)
o Q X
(@ 0)
y
£+X=]
6 8

or 4x+3y=24
(b) A line AB meeting x-axis at A(a, 0) and

y-axis at B(0, b) is given by £+%=1 (D
a

It passes through (1, 1).
rr. 1))
a b

Mid-point M(x,, y,) of AB is given by

_a+0  0+b
TN T

This >a =2x,b =2y,

Putting this in (2),
L + L = 1
2x, 2y

1 1
= Locusof (x,y)is —+—=1
xp ) 2y
= y+tx—2xy=0.

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

If the intercept made by the line between the
axis is bisected at the point (5, 2), then its
equation is

[RPET96]
(a) 5x+2y =20 (b) 2x+5y =20
() 5x—2y =20 (d) 2x—5y =20

2. The equation of a straight line passing through

(-3, 2) and cutting an intercept equal in mag-
nitude but opposite in sign from the axes is

given by [RPET-1984; MP PET-1993]
(@ x-y+5=0 ®)x+y-5=0
©) x-y-5=0 @x+y+5=0
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3. The intercept cut off from y-axis is twice

that from x-axis by the line and line is passes

through (1, 2) then its equation is

[AMU-1972; RPET-1985]
() 2x+y+4=0
@) 2x—y+4=0

(@ 2x+y=4
) 2x—-y=4

. The equation of a straight line passing through
the points (-5, —6) and (3, 10), is
[MNR-1974]
(®) 2x—y+4=0
(d) None of these

@ x-2y=4
©) 2x+y=4

. A straight line through P (1, 2) is such that its
intercept between the axes is bisected at P, Its
equation is

[EAMCET-1994]
(@ x+2y=35 ® x-y+1=0
©)x+y-3=0 d2x+y-4=0

. The line joining the points (-1, 3) and (4, —2)
will pass through the point (p, q) if
@p-q=1 ®ptqg=1
©p-q=2 @ptqg=2

10.

Slope of a line which cuts intercepts of equal

lengths on the axes is [MP PET-1986]
(@ -1 (®) 0
© 2 @ V3

The equation of the line which makes right
angled triangle with axes whose area is
6 sq. units and whose hypotenuse is of 5 units, is

XeYoy b) ~-2 =143
(@) R 1 ®) 7-3
X,y x_y
o T42=x d I-2ox
© . ()1 .

The number of straight lines which is equally

inclined to both the axes is [RPET-2002]
(@ 4 () 2
@© 3 @ 1

The area of the triangle formed by the line x
sin o + y cos a = sin 20 and the coordinates
axes is

(a) sin 2a
(c) 2sin2a

(b) cos 2a
(d) 2 cos2a
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 10 minutes.

The worksheet consists of 10 questions. The
maximum marks are 30.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If the portion of a straight line intercepted

between the co-ordinate axis is bisected at (2,
2), then the equation of the line is

[SCRA-2007]
@x+y=4
®) x+2y=6
€©)2x+y=6
@ 3x—-y=4

. The area of triangle formed by the lines x = 0,

y=0and X4 % =1, is [RPET-1984]
a

(a) ab

(b) ab/2
() 2ab
(d) ab/3

. The equation of the line whose slope is 3 and

which cuts off an intercept 3 from the positive
x-axis is

@y=3x-9
b)) y=3x+3
©)y=3x+9

(d) None of these

. Equation of the line which passes through the

point (—4, 3) and the portion of the line inter-

cepted between the axes is divided internally

in the ratio 5 : 3 by this point, is
[AMU-1973; Dhanbad Engg.-1971]

(@ x+200+96=0

(b) 20x+9y+96=0

(c) 9x—20y +96=0

(d) None of these

5.

10.

The equation of the line joining the points
(at?, 2at) and (at)?, 2at,) is

(@) y@,+t)+2x =2att,

(b) y(t,+t)—2x=att,

(©) ¥, +1t)—2x=2att,

(d) None of these

The line passes through (1, 0) and (-2, NE) )
makes an angle of ..... with x-axis
(a) 60° (b) 120°
(c) 150° (d) 135°

Two points (a, 0) and (0, b) are joined by a
straight line, Another point on this line is

[Orissa JEE-2005]
(a) (3a,-2b)
(b) (a*, ab)
(c) (-3a, 2b)
@ (a b)

If the co-ordinates of the point A and B be
(1,0)and (2, 3 ), then the angle made by the

line AB with x-axis is
(a) 30°
(c) 60°

(b) 45°
(d) 75°

What does an equation of the first degree

containing one arbitrary parameter passing

through a fixed point represent?
[NDA-2009]

(b) Straight line

(d) Ellipse

(a) Circle
(c) Parabola

Consider the following statements:

1. The equation to a straight line parallel
to the axis of x is y = d, where d is a con-
stant.

2. The equation to the axis of x isx = 0.

Which of the statements given above is/are
correct? [NDA-2009]
(a) 1 only

(b) 2 only

(c) Both 1 and 2

(d) Neither 1 nor 2
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ANSWER SHEET
LOOOO 50000 .0 @
20000 O®OO 10WOE®Od
30000 TO®OD
+LO®OO L@®OO
HINTS AND EXPLANATIONS
1. (a) Let equation of straight line be X4 =1 . 3a 5b
(@) Leteq g —*5 o )
Also at0 b+0 2.2 -32 24
(2’2 =22 =>(b)(35J
(@ )= (4.4 _ ORI Cp"
.. Equation of straight line E+ ) =1
N B
= 9x+20y=96
22
7. (a) Clearly, equation of straight line is
@, 0) X4 % =1 satisfy each option to get
a
. . . 8. () y—y = Y2 =N _
Equation of straight line Y=n . —x (x=x))
2 1
X,y
“+iz1l=x+y=4 -0
4 4 R = y-0= (J— J( -1
2-1
4. (¢) Let equation of line be f+ Yo 3
© q a b = vy =(£ (x-1)
©.b) = slope =tan6= V3 = tan 60° = 0 = 60°
3 9. (b) The required equation represents a straight
line.
S 10. (a) We know that, the equation of x-axis is
y=0.
(a, 0) Thus, only statement 1 is correct.




LECTURE

Straight Line 2

(Normal form equation of the straight line, the general
form equation of the straight line, reduction of the general
form into different cases, position of points with respect to

the straight line ax + by + c and the perpendicular
distance of point from the line ax + by + ¢ = 0)

BASIC CONCEPTS

1. Normal Form of a Straight line The equa-
tion of the straight line on which the length of
perpendicular from the origin is p and the angle
which this perpendicular makes with the x-axis
isaisxcosa+ysina =p.

i
A
N(p cosa, p sina)
s
—4+ 0
2
& L
o g

This coordinates of foot of perpendicular
N are (p cos a, p sin o) and the slope of the
line is

tan(g+ocj= —cota, 0< 0 <360°, p >0

NOTE

cos a and sin a are direction cosines of the perpen-
dicular drawn from origin on the line.

2. The General Form of the Equation of a
Straight Line
Thus the general form of the equation of straight
lineisax + by + ¢ =0.
Reduction or transformation of general equa-
tion of ax + by + ¢ = 0 into different cases
ie., if

(i) Slope intercept form:
Ifa#0, b +#0, the equation may be written

as (y = —%x—%J . Thus the slope of the

line is —alb — _( coefficient of x J

coefficient of y

(i) Line is parallel to x-axis thena = 0

(5]

(i) Line is paralel to y-axis then b = 0
a
—— oo |,
(iv) If the straight line ax + by + ¢ = 0 passes
through origin the ¢ = 0 i.e., constant
term = 0.

(v) Intercept form
If a # 0, b # 0, the equation (i) may be

written as X + 2=

_c _¢

a b
Y
A

B(0, — c/b)
A(-c/b, 0)
©,0) > X
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Thus, the x-intercept of the line is —/a and
the y-intercept of the line is —/b.
(vi) Normal form
Divide the equation (i) by va’+5>,
we get,

a_ ., b pot —-c
Jat +b° N N
out of + sign we consider that sign which
will make right hand side + ve (positive).
3. Equation of straight line passing through point
A(x,,y)) and (i) Parallel to ax + by + ¢ =0 is

a
y_y1=_z(x_x1)

or a(x—x)+by-y)=0
or ax + by =ax +by,
or ax +by +k=0

NOTE

In equation of parallel straight lines only constant
terms are different.

(i1) Perpendicularto ax + by + ¢ =0 is
b
y_y1= _(x_xl)
a

or bx—x)—a(y-y)=0
or bx—ay = bx —ay,
or bx—ay+k=0
Here, k is constant whose value is obtained
by given conditions.

(i11) Equation of the perpendicular bisector of
a line segment joining points P(x,, y,) and
Ox, y,) is

y_y|+y2 __| XX (X_XI+XZJ‘
2 Ya=n 2

4. Angle of a straight line y = mx + ¢ with y-axis
or a line parallel to y-axis may be given by

1
tan™' —

y=mx+c
m = tana
p="_qu

Q) A

5.

Any line parallel to a given straight line ax +
by + ¢ = 0is given by ax + by + k = 0, where
k is to be determined from given conditions.

Example

3x+4y+5=0,3x+4y+1=0,
6x+8+3=0

Any line perpendicular to a given straight line
ax +by +c=0isgivenby bx—ay + k=0,
where k is to be determined from given condi-
tions.

Example

10.

10.1

3x+4y+5=0and 4x—3y+5=0
or 4x—3y+1=0
Position of a Given Point (x,, y,) Relative to
a Given Lineax+ by +c=0
A point P(x,, y,) will lie above or below this

line according as 1t ¢ is positive or
negative.
Y
A
PGy
ABOVE_—
"~ BELOW
POX,, ¥,)
0 3

Position of a Point with Respect to a Line
A point (x, y,) lies on the origin side of the
line ax + by + ¢ =0 if ax, + by, + c and ¢ have
the same sign and (x, y,) lies on the opposite
side of the origin if ax, + by, + c and ¢ have
the opposite signs.

The ratio A, in which a line ax + by + ¢ =0
divides the line joining the points P(x,, y,) and
Ox, y,) is

k:—( ax, +by, +c

. A is positive or negative
ax,+by,+c

according as division is internal or external.
Relative positions of the points (x,, y,) and
(x,,y,) W.r.t. the line ax + by + ¢ = 0 The points
(x,,y)) and (x,, ,) lies on the same or opposite
side of the line ax + by + ¢ = 0 according as
ax, + by + cand ax, + by, + ¢ have the same
sign or opposite signs.

(x,, ¥,) lies in the acute angle between the lines
ax+by+c =0,ax+by+c,=0:



aa, +bb, <
(ax, +by, +¢) (ax, +b,y, +c,)

(x,, ¥ lies in the obtuse angle:
aa,+bb,
(ax, + by, +¢)(ax + b,y +c,)

>0

11. The perpendicular distance of the point
P(x,, y,) from the given line ax + by + ¢ =
0is

Straight Lines B.17

><

o

ax, +by, +c

Ja* +b?

a-|

SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find equation of the line through the point
(0, 2) making an angle 23_7t with the positive

x-axis. Also, find the equation of line parallel
to it and crossing the y-axis at a distance of
2 units below the origin.

[NCERT]

Solution
. 2n
Slope of the line = tan EY = tan 120°

= tan (180° — 60°) = —tan 60° = —/3
The equation of the line through (0, 2)
andwithslope—\/gisy—2=—\/§(x—0)
Point slope from or N y-2=0
Also the line parallel to this line has the slope
—+/3 and if it passes through (0, —2), then its
equationisy — (-2)=— NE) (x — 0) Point slope
fromor 3 x +y+2=0
2. The perpendicular from the origin from the

origin to a line meets it at the point (-2, 9),
find the equation of the line.

Solution

Let N be the foot of perpendicular from O(0, 0)
upon the line in reference.

0(0, 0)

Now slope of ON = ——> = -2
OWSOPCO _2_0 2

Slope of the required line = 2/9
Hence, its equation is y — 9 = % (x - (2)

Point slope from
or 9y-81=2x+40r2x—9+85=0

3. The length L (in centimeters) of a copper rod
is a linear function of its Celsius temperature
C. In an experiment if L = 124.942 when C =
20 and L = 125.134 when C = 110, express L
in terms of C.

Solution

Since L, is a linear function of C, therefore, we
cantake L=m C + b
Compare it withy =mx + b
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when C =20, L = 124.942,

124.942=20m+b ... (i1)
and when C = 110, L = 125.134
125.134=110m +b ... (ii1)

Subtracting (ii) from (iii), we get
125.134 — 124.942 = 90m
= 0.192=90m

= m=w=ﬁ=o‘00213 . (V)
90 90000

substituting this value of m in (ii), we get
124.942 =20 x 0.00713 + b

= b =124942-0.0426 = 124.8994

Substituting m = 0.00213 and b = 124.8994 in

(1) we find that the required relation between

Land Cis

L =0.00213 C +124.8994

. The owner of a milk store finds that, he
can sell 980 liters of milk each week at
Rs 14/ litre and 1220 liters of milk each week at
Rs 16/litre. Assuming a linear relationship
between selling price and demand, how many
liters could he sell weekly at Rs 17/litre?
[NCERT]

Solution

Let the milk store owner sell L litre of milk at
Rs p per litre and let the linear relation ship
between L and p be

L=mp+b . @
when p = 14, L = 980
980=14m~+b ... (i1)

when p = 16, L = 1220

1220=16m+b ... (ii1)
Subtracting (ii) from (iii), we get 240 = 2m
240

= m=— =120.
2

Substituting this value of m in (i), we get

980 =14 x120 + b = 980 — 1680 = —700
Substituting m = 120 and b = —700 in (1),
we obtain L = 120 p — 700.

when p = 17, then L = 120 x 17 — 700 = 2040
—700 = 1340

Hence, the man can sell 1340 litres of milk at
Rs 17 per litre.

5. By using the concept of equation of a line,
prove that the three points (3, 0), (-2, —2) and

(8, 2) are collinear.
[NCERT]

Solution

The given points are A(3, 0), B(-2, -2) and

C(8,2).
Using two point form, we find that the equa-
tion of the line ABasy— 0= _i_g(x—S)

or y=%(x—3)

or 5y=2x-6

or 2x-5y-6=0

The point C (8, 2) lies on this line if 2 x 8 — 5
x2-6=0

ie., if 16 — 16 = 0 which is true

Hence, the three given points are collinear and
lie on the line whose equation is 2x — 5y — 6 =0.

UNSOLVED SUBJECTIVE PROBLEMS (XI BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

1. Find the equation of a line that cuts off equal

intercepts on the co-ordinate axes and passes
through the point (2, 3).
[KVS-2004, NCERT]

. Find the equation of the line passing through
(-3, 5) and perpendicular to the line through
the points (2, 5) and (-3, 6). [KVS-2005]

3. A straight line passes through the point (2, 3)
and its segment intercepted between the axes
is bisected at that point. Find its equation.

[MSE-2006, NCERT]

4. Reduce the general equation of a line ax +
by + ¢ = 0 in tangent form and, hence, find the
slope of the line and the y-intercept.

5. Find the equation of a line which is perpen-
dicular to the line 4x — y + 8 = 0 and passes



10.

11.

12.

13.

through the mid-point of the line segment
joining (1, 5) and (3, 11).

Find equation of the line passing through the
point (2, 1) and perpendicular to the line 2x —
4y +7=0.

Find the distance of the line 4x + 7y + 5=0
from the point (1, 2) along the line 2x—y = 0.
[NCERT]

Find the equation of the straight line joining
the point (a, b) to the point of intersection of
the lines ~+2 =1 and =+Z =1
a b b a
Also prove that sum of intercepts made by this
(b—a)a’ -b)
ab ‘

line on co-ordinate axes is

Find the angle between the x-axis and the line
joining the points (3, —1) and (4, -2)
[NCERT]

If three points (h, 0), (a, b) and (0, k) lie on a
line, show that 4 b -1
h k
[NCERT]

Reduce the following equations into intercept
form and find their intercepts on the axes.
[NCERT]
(1) 3x+2y-12=0
(i) 4x-3y =6
(i) 3y+2=0

Find the points on the x-axis, whose distances

from the line §+£ =1 are 4 units.

[NCERT]

Prove that the line through the point (x,, y,)
and parallel to the line Ax + By + C =0 is
A@x-x)+By-y)=0.

[NCERT]

EXERCISE 2

1.

Find the equation of the line for which p =
2 and sin a = 4/5, where p and a have usual
meaning.

In what ratio is the line segment joining (1, 3)
and (2, 7) divided by 3x + y— 9 =07

3.

10.

11.

12.

13.

Straight Lines B.19

Prove that the straight line ax + by + ¢ = 0
divides the line segment joining (x,, y,) and
(x,, y,) in the ratio _@tbyte
oo ax, +by, +c¢
Hence, show that the points (x,, y,) and (x,,
»,) lie on the same side or on opposite sides
of the line ax + by + ¢ = 0 according as ax, +
by, + c and ax, + by, + ¢ are of same sign or of
opposite signs.

Find it equation of line whose perpendicular
distance from the origin in 5 units and the
angle made by the perpendicular with the
positive x-axis is 30°. [NCERT]

Reduce the following equations into normal
form. Find their perpendicular distances from
the origin and angle between perpendicular
and the positive x-axis. [NCERT]

@ x—By+8=0 ()y-2=0

Find equation of the line parallel to the line
3x — 4y + 2 = 0 and passing through the point
(=2,3). [NCERT]

Find equation of the line perpendicular to the
line x — 7y + 5 = 0 and having x-intercept 3.
[NCERT]

Find the values of k for which the line
k-Dx-@-Hy+kK-Tk+6=0is

(a) parallel to the x-axis

(b) parallel to the y-axis

(c) passing through the origin [NCERT]

Find the values of 6 and p, if the equation x
cos 6 + y sin 6 = p is the normal form of the

line V3 x +y+2=0. [NCERT]

Find the equation of line passing through the
point (—4, 3) with slope 1/2. [NCERT]

(1) Show that (1, 2) and (-3, —2) lie on the
same side of 2x — 3y + 5= 0.

(i1) Show that the points (3, 7) and (-3, -1)
are on the same side of the straight line
3x -8 =17.

Find the distance of the point (-1, 1) from the

line 12(x + 6) = 5(y — 2). [NCERT]

Find the equation of the right bisector of the
line segment joining the points (3, 4) and
-1,2). [NCERT]
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14. In what ratio, the line joining (-1, 1) and (5, 7)
is divided by the line x +y = 4?

EXERCISE 1

L.Lx+y-5=0
2. 5x-y+20=0
3.3c+2y-12=0

[NCERT]

X
11. (1) —+
® 2

ANSWERS

=1,4,6

[ ]

o X y 3
B
w3557

|7 I N

15. What are the points on y-axis whose distance
from the line §+ % =1 is 4 units. [NCERT]

. Bx +y-10=0
. (1) x cos 120° + y sin
120° = 4, 4, 120°
(i) x cos 90° + y sin 90°

2 - o
4 y=-2x-Zslope (iil) y=-=, intercept 2,2,90
b b 3 6.3x—4y+18=0
- 9. with y-axis = —% 7.+ 7x =21
b and no intercept with 8. (Z) i 5
y-intercept = -< x-axis. ®)
b 12. (=2, 0) and (8, 0) (©)6orl
5.x+4y-34=0 9. 7x/6, 1
6. 2x+y=5 10. x— 2y +10=0
EXERCISE 2 )
. V5 12. 5 units
18 1. 3x +4y = 10 or 3x — 4y + 13. 2x +y =35
8. a%y—bx =ab(a-b) 10=0 14. 1:2
9. 135° 2. 3 : 4 internally 15. (0, —8/3) and (0, 32/3)

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The equation of the line passing through

(—a, 0) which makes with the axes a triangle
of area T'is

[PET (Raj.)-1987]
(@) 2Tx +a*>y+2aT =0
) 2Tx—a*>y+2aT =0
(©) 2Tx—a*y—2aT =0
(d) None of these

Solution

(a) Any line passing through (—a, 0)isy = m

x+a) @)
= -mx+y=ma
= _£+L 1

a ma

Since it makes with axes a triangle of area 7T,
S0 % (a)(ma)=T

= m=-2T/a*

Putting it in (1) we get the required equation
as2T (x +a)+a*y =0

= 2Tx+a*y+2aT=0

2. A(2,-3)and B(-2, 1) are vertices of AABC. If

its centroid lies on the line 2x + 3y = 1, then
locus of the vertex C is
(@) 3x+2y=5
b)) 2x-3y =7
©) 2x+3y=9
d 3x-2y=3
[AIEEE-2004]



Solution

(¢) Let C =(x, y) and centroid G = (h, k). Then
2724X X and g2y _y=2
3 3 3 3

Since, Glieson 2x +3y =1,s0 2h+3k =1

R

> 2x+3y=9
which is the required locus of C.

h=

. The vertices of a triangle are A(-1,-7), B(5, 1)
and C(1, 4).

The equation of the bisector of the angle
ZABCis ... [IIT-1993]
(@) x-Ty+3=0

®) x-Ty+2=0

©)x+2y+3=0

@) x-2y+3=0

Solution

b®)x—7y+2=0.4AB =10,BC = 5. The bisec-
tor of £ ABC will divide the opposite side AC
in the ratio of arms of the angle.

i.e., 5:10. Point D by ratio formula is (1/3, 1/3).

B(x,,y,)

5 10

c A
A, 4 D(1/3), (1/3) -1,-7)

Equation of BD by two point formula is
x=Ty+2=0.

4. The equation to the straight line passing through

the points (a cos®, a sin®6) and perpendicular
to the line x sec © + y cosec 6 = a is

(@) xcosb—ysinO=acos29

(b) xcosO+ysin® =acos29

() xsin®+ycos®=acos29

(d) xsinb+ycos®=-acos26

Solution

(b) Slope of given line = — sech _ - sin®

cosec 0 cosO
Slope of a line perpendicular to it will be
sin©
cosO

Straight Lines B.21

The line passes through the point (a cos?® 6,
a sin’®0) and hence its equation is (y — a sin*6)
= (cos 6/sin ) (x — a cos?*0) or x cosO — y sin 6
=a(cos*0—sin*6)=a cos 2 6.
cos*6 — sin* 0 = (cos?0 — sin?0) (cos?H +
sin?0) = (cos 26). 1 =cos 26.

5. The point P (a, b) lies on the straight line
3x + 2y = 13 and the point Q (b, a) lies on the
straight line 4x — y = 5, then the equation of
line PQ is

[MP PET-1999]
@ x-y=5
®x+y=5
©x+y=-5
@ x-y=-5

Solution

(b) Point P (a, b)ison 3x +2y =13

So, 3a+2b=13 . @
Point Q (b, a)isondx—y =5
So, 4b—a=5 . (ii)

By solving (i) and (ii),a =3,b =2
P(a, b) = (3,2)and Q (b, &) = (2, 3)
Now equation of PQ

= y-2=—x-3)
= x+ty=5

6. The line passing through (1, 7/2) and perpen-
dicular to /3 sin@ +2cos0 = 4/ is
[EAMCET-2003]
@ 2= V3rcos0-2rsind
() 5=-2/3rsin0+4rcos0
(©) 2=+3rcosO+2rcosh
(d) 5=23rsin0+4rcosd

Solution
. . 4 .
(a) Perpendicular to +/3sin@+2cos@=— is

-
\/gsin(g+ej+ 200s(§+9]= E

r
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It is passing through (-1, 7/2);

\/gsinn+200s1t=£l=>k=2

\/gcos9—2sin9=2

7

= 2=\/§rcos9—2rsin9.

7. If the equation of base of an equilateral tri-
angle is 2x — y = 1 and the vertex is (-1, 2),
then the length of the side of the triangle is

[Kerala (Engg.)-2005]

20

2
@ ®) NTH

3
8 15
© 4= CY \/;

Solution

ff

221
Jor+e1?

(@) AD =

tan 60° =

=>BD=\/§
3

A(-1, 2)

B AB0° c

BC=ZBD=2\/§= /ﬁ
3 V3

8. If (a, a® falls inside the angle made by the
linesy = x/2,x>0and y = 3x, x > 0; then a

belongs to

[AIEEE-2006]
@ (3, ) (®) (1/2,3)
©) (-3,-1/2) @) (0, 1/2)

Solution

(b) Obviously (1, 1) lies inside the angle made

by given lines. So (1, 1) and (a, a®) must lie on

the same side of two lines. Hence for y = x/2
1-12>0=>a*>-a/2>0

= aa-1)>0

= a<00ra>% ““““ )
Fory =3x
1-3<0=>a*>-3a<0

= a(@a-3)<0

= 0<a<3 @)

(1) and (2) hold together when a € (%, 3]

9. The perpendicular bisector of the line segment
joining P(1, 4) and Q(k, 3) has y-intercept-4.
Then a possible value of k is

[AIEEE-2008]
(@ 4 ®)1
(©) 2 @ -2
Solution

(a) The slope of
1
the slope of the original line PQ

1
=327 =D

V4 L‘Bisector

k-1
P(1, 4) ‘

a(k, 3)

The mid-point = E, 7
2 2

The equation to the bisector / is

7 k+1
T

Asx =0,y = —4 satisfies it, we have

7 k+1
(—4—5J (k- l)(O—TJ

15 k-1
2 2
= BP-1=15=k=16
. k=+4




10. The equation of straight line equally inclined to

the axis and equidistant from the points (1, -2)
and (3, 4) is ax + by + ¢ = 0 where

[Orissa JEE-2008]
@a=1,b=1,c=1
®a=1,b=-1,c=-1
©a=1b=1,c=2
(d) None of these

Solution

(b) Slope of given line ax + by + ¢ =0 is —%

8-t a=2b
b

distance of line ax + by + ¢ = 0 from (1, -2)
la=2b+c| _. )

=—/——distance of lineax + by + ¢ =0
va‘+b

from (3, 4) = M
Ja* +b’
problem

_la=-2b+c| |3a+4b+c]|

Ja* +b’ N
3a+4b+c=+(@-2b+c)
a+3b=0 .... (1) if taking positive
2a + b+c¢ =0 .. (iii) if taking negative
From (i) and (ii) we get a = b = 0 which is not
possible so taking (i) and (iii), we get
(taking a = —b from (1))

according to given

=
=

11.

Straight Lines B.23

atec=0>c=-a
a:b:c=a:-a:—a=1:-1:-1
or a=1,b=-1,c=-1
If 2a+b+c=0
a=b
onadding3a +¢=0=>c¢=-3a
a:b:c=a:a.-3a=1:1:-3
from optiona =1, b =-1, ¢ = -1 is correct.

The locus of the orthocentre of the triangle
formed by the lines (1 + p)x — py + p(1 + p)
=0,(l+gx-—q+q(l +g)=0andy =0,
where p # q is [IIT-2009]
(a) a hyperbola (b) a parabola

(c) an ellipse (d) a straight line

Solution

(d) Intersection point of y = 0 with first line

is B (-p, 0)

Intersection point of y = 0 with second line is
A(_q> O)

Intersectionpointofthe two linesisC (pq,(p+1)
(g+1)

Altitude from C to AB is x = pq

Altitude from Bto AC is y = —li(x +p)
+q

Solving these two we get x = pq andy = —pq
locus of orthocentre is x + y = 0, which
is a straight line

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. If the coordinates of 4 and B be (1,1) and

(5, 7), then the equation of the perpendicular

bisector of the line segment AB is

(a) 2x+3y =18 (b) 2x—-3y+18=0

(©) 2x+3y-1=0

d3x-2y+1=0

. The equation of a line through (3, -4) and

perpendicular to the line 3x + 4y = 5 is
[RPET-1981, 84, 86; MP PET-1984]

(a) 4x+3y =24

®)y-4=(x+3)

(©) 3y—4x =24

@) y+4=4/3(x-3)

3.

Equation of the line passing through (1, 2) and
parallel to the line y = 3x — 1 is

[MP PET-1984]
(@ y+2=x+1
®) y+2=3x+1)
©y-2=3(x-1
@y-2=x-1

For specifying a straight line how many geo-
metrical parameters should be known

[MP PET-1982]
(a) 1 (®) 2
© 4 @3
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5.

10.

Equation of a straight line on which length
of perpendicular from the origin is four units
and the line makes an angle of 120° with the
x-axis, is [MNR-1986]

(@) x3+y+8=0
®) xV3-y=8
©) x\/§+y=8
(d) x-By+8=0

If we reduce 3x + 3y + 7 =0 to the form x cos
o +y sin o = p, then the value of p is

[MP PET-2001]
7 7
_ b) —
@ 57 ®) 3
37 7
N7 J) ——
© = @ 7

The equation of the lines on which the perpen-
diculars from the origin make 30° angle with

x-axis and which form a triangle of area %
with axes, are

(@) x+3y%10=0
() xx\3y-10=0

() x+y£10=0
(d) None of these

Aline L is perpendicular to the line 5x—y =1
and the area of the triangle formed by the line
L and coordinate axes is 5. The equation of the
line L is

[IIT-1980; RPET-1997]
(@ x+5y=5
(b) x+5y= +5\2
) x-5=5
@) x=5y=5V2

The equation of the line perpendicular to the

line 3_1 =1 and passing through the point

b
at which it cuts x-axis, is

[RPET-1996; Kerala (Engg.)-2002]

X y a b
Z4+Z4+==0 Iy2=2
@ 2% ® 3t
X Yo x,r_a
(c) b+a 0 (d)b 7 b
The equation of line perpendicular to x = ¢ is
[RPET-2001]
(@y=d (®)x=d

©) x=0 (d) None of these

11.

12.

13.

14.

15.

16.

17.

18.

A line AB makes zero intercepts on x-axis and
y-axis and it is perpendicular to another line CD,
3x + 4y + 6 = 0. The equation of line 4B is
[Karnataka CET-2001]
(b) 4x—3y+8=0
@) 4x-3y+6=0

(@y=4
©)4x-3y=0

Equation of a line through the origin and
perpendicular to the line joining (a, 0) and

(-a,0),is [MPPET-84]
@y=0 ®x=0
©)x=-a Dy=-a

If a, b, ¢ are in A.P, then the fixed point
through which the straight line ax + 2by +
¢ = 0 will always pass, is

(@ (1,-2) ® 1, 1D

(© 1,-D @ 1,2

For which value of a from the following given
values slope of the line x cos a + y sina = P

is V3. (P #0) [Gujrat CET-2007]
(2) 5m/6 (b) - 57/6
(c) /3 (d) —n/3

The points on the x-axis whose perpendicular

. .Xx .
distance from the line — +% =1 is a, are
a

[RPET-2001; MP PET-2003]

%(bi\/a2+b2 ),0

é(bi\/a2+b2 ),0
La
© g(a+\/a +b2) 0

@ None of these

(@)

®)

The point on the line x + y = 4 which lie at a

unit distance from the line 4x + 3y = 10, are
[IIT-1976]

(a) (3> l)> (_7> ll) (b) (3>l)> (7> ll)

©) (-3,1), (-7,11) @ (1,3), (-7, 11)

The length of perpendicular from (3, 1) on
line 4x + 3y +20 =0, is

[RPET-1989; MP PET-1984]
(@ 6 ® 7
© 5 (GRS

The length of perpendicular from the point
(a cos 0, a sin o) upon the straight line y = x
tana + ¢, ¢>01is [MP PET-2004]



19.

20.

21.

22.

23.

24.

2.

(a) ccosa
(¢) csec’a

(b) c¢sin*a
(d) ccos?a

A point equidistant from the lines 4x + 3y + 10
=0,5x+12y+26=0and 7x + 24y — 50 =0is

[EAMCET-1994]
(@ (1,-1) ®) (1, 1)
(©) (0,0 @ (0, 1)

Which pair of points lie on the same side of
3x-8-7=0 [Roorkee-1990]
(a) (0,-1)and (0, 0)

() (4,-3)and (0,1)

(©) (-3,-4)and (1, 2)

@) (-1,-1)and (3,7)

A point moves such that its distance from the
point (4, 0) is half that of its distance from the
line x = 16. The locus of this point is
[AMU-1980]
(b) 4x>+3y*=192
(d) None of these

(@) 3x*+4H?=192
©) x*+y*=192

Hence-the line is 2x + 3y = 18.

3
(d)3x+4y =5 > slope = 3

25.

26.

27.

Straight Lines B.25

(@ /2 ® V2
(©) V273 (d) None of these

If the slope of a line passing through the point

A(3, 2) be 3/4, then the points on the line

which are 5 units away from A4, are
[IIT-1965]

(a) (5> 5)> (_l> _l)

(b) (7> 5)> (_l> _l)

(C) (5> 7)> (_l> _l)

@ (7.5, 1,

The equation of the line bisecting perpendicu-
larly the segment joining the points (—4, 6)
and (8, 8) is [Karnataka CET-03]
(@) 6x +y—-19=0

b y=7

() 6x+2y—19=0

@ x+2y-7=0

Equation of the line passing through the point
(1, 2) and perpendicular to 3x + 4y + 5=01is

If p and p' be the distance of origin from the [MPPET-2009]
li‘nesxseca+ycoseca7=k’iipdxcosa—y (@) 3y =4x—2 (b) 3y =4x+2
sin a = k cos 2a, then 4p* + p"is equal to (c) 3y =4x +3 (@) 3y =4x-3
@) k ®) 2k
©) & (@) 2k 28. The angle between the lines x + 2y = 11 and
2x—y =9is [MPPET-2009]
(sin 9, cos 0) and (3, 2) lies on the same side (a) 30° (b) 45°
of the line x + y = 1, then 0 lies between (c) 60° (d) 90°
[DCE-2005]
(@) (0,7/2) ®) (0, ) 29. If (0, B) lies on or inside the triangle with sides
(c) (n/4,n/2) (@) (0, /4) y+3x+2=0,3y—-2x-5=0and 4y + x- 14
=0, then [MPPET-2010]
The equation of the base of an equilateral 7 5
triangle is x + y = 2 and the vertex is (2, —1). @ 0<B=s— ®) 0<B=s=
The length of the side of the triangle is 2 2
[IIT-1973, 83; MP PET-1995; © 2< B< 7 (d) None of these
RPET-1999, 2000] 3 2
SOLUTIONS
. (a) Mid-point is (3, 4) 4
-1 =2 = slope of a line perpendicular to it is —
Slope of perpendicular = o4 = 3 3

Equation of such line through (3, —4) is

y+4=%(x—3)‘
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. (¢)Required lineisy—2=3(x— 1)
. (b)y = mx + ¢, two parameters m and c.

. (a) Slope of given line is
m = tan (120°) = tan (7 — 60°) = — /3

Equation of this lineis y = mx + ¢
= x3-y+e=0
= xy3+ty-¢c=0
Length of perpendicular from (0, 0) on (1)
is 4.

0-c

B+l
= |c|=8=c==8
Put this in (1), we get x\/3 +y = 8 = 0, one
value of itisx /3 +y +8=0.

. (d) On changing 3x + 3y = 7 into x cos a + y
sin B = P from we get
3x 3y 7

+ =
V343 32432 (3243

X2 T
V2 V2 32
. (b) Let the length of the perpendicular from
origin on the given line be p. Then its equation

in normal form is
x cos 30° + ysin 30° =p

= x/§x+y=2p

It meets x-axis at A 2_p’0 and y-axis at
3

B(O, 2p)

Given AOAB = ﬂ

NE)
I(2p 50
= = |ep="Fx
2(\/5]( p) 5
= p’=25=p=4%5
Hence, required lines are x+ yx10=0

. (b)Any line Lto 5x —y =1lisx+ 5y =¢

“““““ e}
This is line L.

1= 2+ 2 o
c c/5

= A, O),B(O,%J

10.
11.

12.

13.

14.

1
= Areaof AOAB = EC(§J=5 (given)
= *=50
:>c=:|:5\/5‘
Put this in (1), x + 5y =+ 52 .

x_y
aI-2og
()a b

‘ b . ‘
its slope = —, it cuts x-axis at A(a, 0).
a

Equation of line perpendicular to (1) and
through A4(a, 0) is

y-0=-7(x-a)

= by +ax = @ dividing by ab, we get
xpr.a

b a b
(a) It is obvious.

(c) Obviously line passes through (0, 0) and
perpendicular to 3x + 4y + 6 = 0.
so its equation will be 4x — 3y = 0.

(b) Slope of line joining (a, 0) to (—a, 0) is
_0-0
" a+a
.. Any line perpendicular to it is parallel to
y-axis but it passes through (0, 0) and so its
equation is x = O (y-axis).

m, =0,m=0=tan® =6 =0.

(¢) "." 2b = a + ¢, so equation of the line is
ax+(@+c)y+tc=0

= ax+y)te@y+1)=0

This always passes through the point of inter-

section of x + y = 0 and y + 1 = 0 which is

(1,-1).

COSOL

1n ol

(a) Slope =—

= 3 =—cota

T
= cota=—\/§ =—cot g



15.

16.

17.

18.

19.

20.

(c) Point situated at X-axis — (x , 0)
According to question distance from

f+l_1=0 is ‘a’
a b

required points {a i% a’+b? ,0}

(@) Any point Ponlinex +y =4isP (a,4—a)
Length of L from on line 4x + 3y — 10 =0 is
one.
4a+3(4-a)-10
:> —_—
V4? +3?

= a=3,a=-7

This =1=a+2=15

Put this in (1), required points are (3, 1),
7, 11).

(b) Length of perpendicular
_4(3)+3(1)+20 35 -7

(c) Point is (a cos a, a sin o)
lineisxtana—y +¢=0
xsina—ycosa+ccosa=0
Length of perpendicular
_ acosoLsin oL —asin 0L.cos 0. +ccos oL

Jtan?a+1

ccosol )
= =ccos’ o

secal

(c) Evidently the length of perpendicular from
(0, 0) on the given lines are each equal to 2.

(d)Lineis3x—8 —-7=0
L(-1,-1)=-3+8-7<0
L3,7)=9-56-7<0

Since both have same signs w.r.t. the line.
Hence, they lie on the same side.

21.

22.

23.

24.

Straight Lines B.27

1{ h-16
(@) J(h-4) +k* ==

2( 12 +0
Replace (h, k) by (x, y),
we get 3x% + 42 =192.
ok

(c)Here p=
|\/sec2 oL+ cosec’al

’

—kcos2a
Jeos®a+sin’a

Hence 4p* + p” =

’

p:

A
sec’ oL+ cosec’al
N k*(cos® o.—sin® o)’
1
= 4k? sin” o cos® a + k% (cos* a + sin* o) — 2k?
cos? a sin® o
= k> (sin* a + cos? a)*> = k>

(d)sin® + cos 6—1 and 3 + 2 — 1 must be of
the same sign

Sosin® +cos6—-1>0

= sinb+cos6>1

= ﬁsin(9+%J>l

= sin 9+E >L
4) 2

= 2o9+2<E =5 0<0<l
4 4 2 4

(¢) Length of perpendicular from vertex
(2,-1) to base x + y — 2 =0 of triangle is

2-1-2
Ji2+12

from A ABM ﬂ = cosec 60°
AM

1

2

p:AM:‘

or AB =AM cosec 60°

length of side 4= Lx i = %

2 43
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25.

26.

27.

30.

(b)ym =tan 9= % , Equation of line through A
with slope m is
y-2=m(x-3)
x-3 y-2
cos® sin®

=r=15

asAP =r=5=x=+5cos

4
= +3=:|:5(gj+3=7,—1

3
andy=rsin9+2=:lz5(§J +2=5,-1

P (x,y)=P(7,5), P(-1,-1).

(a) Equation of the line passing through
(-4, 6) and (8, 8) is

y—6=(8_6)(x+4)

8+4
= —6—£(x+4)
' 12
= 6y-36=x+4

= 6y—x—40=0 . (1)
Now equation of any line perpendicular to it is

6x +y+rA=0 (i)
The line passes through the mid-point of (—4,
6) and (8, 8)

ie,(2, ) =>6x2+7+A=0

= 19+A=0=A=-19

From (ii) the equation of required line is 6x +
y—19=0.

(b) Let equation of line perpendicular to 3x +
4y+5=0is4x—3y + L =0.
It passes through the point (1, 2).
T 4-6+A=02A=2
Required equation of line is 4x — 3y +
2=0.

(d) Given lines are x + 2y = 11
and 2x—y = 9. Whose slopes are

m -1 andm, =2
2 -

241
m, —m, 2

tan6 = =
L+mym, 1+(—1J><2
2

= tan9=£=oo
0

= 0=90°
29. ()L, =y+3x+2=0

X y
or —_—t =
s*sT!
2 3
C
A

L=4+x-14=0

x Yy
or —+==1
14 7

2

(0, B) lies inside A ABC

57
be(33)
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UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The equation of line passing through (¢, d)

and parallel to ax + by + ¢ =0, is
[RPET-1987]

@ alx+o)+tby +d)=0

(®) ax + )= by + d)=0

©) ax—c)+tby—d)=0

(d) None of these

. Aline passing through (2, 2) and is perpendicu-

lar to the line 3x + y = 3. Its y-intercept is
(a) 173 (b) 2/3
© 1 @) 473

. The number of lines that are parallel to 2x +

6y + 7 = 0 and have an intercept of length 10
between the coordinate axes is

(@) 1 ®) 2

(c) 4 (d) Infinitely many

. The equation of the line passing through the

point (1, 2) and perpendicular to the line x +
y+1=0is

[MNR-1981]
@ y—-x+1=0 ®)y—-x—1=0
©y—x+2=0 dy—-x-2=0

. Equation of the perpendicular bisector of the

line segment joining the points (7, 4) and
(-1,-2),1s [AMU-1979]
(a) 4x—3y =15 () 3x+4y =15
() 4x+3y =15 (d) None of these

. Equation of a line passing through (1, —2) and

perpendicular to the line 3x — Sy +7 =0 1is
[RPET-2003]

®) 3x+5y+1=0

@) 3x-5y+1=0

(@) 5x+3y+1=0
() 5x—3y—-1=0

. A line perpendicular to the line ax + by +

¢ = 0 and passes through (a, b) the equation
of the line is

[RPET-1984; RPET-90; MP PET-1991]
@) bx—ay+(@-5b>)=0
®) bx—ay—(a*-b»)=0
) bx—ay=0
(d) None of these

. The equation of the line passing through (1, 1)

and parallel to the line 2x + 3y —7=01is
[RPET-1996]

10.

11.

12.

13.

(@) 2x+3y—-5=0
() 3x+2y-5=0
©) 3x—2y-7=0
(@ 2x+3y+5=0

If the length of the perpendicular drawn from
the origin to the line whose intercepts on the
axes are a and b be p, then

[Karnataka CET-2003]
(@) a*+b*=p? (b) a2+b2=#
1 1 2 1 1 1
) —+—=— ) —+—>=—
( ) a2 b2 p2 ( ) a2 b2 pZ

The perpendicular distance of the straight line
12x + 5y = 7 from the origin is given by
[Pb. CET-2002; MP PET-1993]
(b) 12/13
@ 113

(a) 713
(c) 5/13

The length of the perpendicular drawn from

origin upon the straight line * _Y _1 is
3 4

[MP PET-1997]
@ 22 ®) 31

5 5

2 2

= d =
© 43 @ 33

The position of the points (3, 4) and (2, —6)

with respect to the line 3x — 4y = 8 are
[Roorkee-1972; MP PET-1984]

(a) On the same side of the line

(b) On different side of the line

(c) One point on the line and the other outside

the line
(d) Both points on the Line

A point moves so that square of its distance

from the point (3, —2) is numerically equal to

its distance from the line 5x — 12y = 13. The

equation of the locus of the point is
[Roorkee-1974]

(a) 13x2+13)2—83x + 64y +182=0

(®) x*+3y*—1lx+ 16y +26=0

© x*+y*—1lx+16y =0

(d) None of these
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14.

15.

16.

17.

18.

If 2p is the length of the perpendicular from
the origin to the lines X +% =1, then a?, 8p?,

b?are in N
(@) AP. () GP.
(c) HP. (d) None of these

If points (1, 2) and (3, 4) are on opposite sides
of the line 3x — S5y + 9 =0, then

(@) 7<a<12 () 7<a<ll

) 7<a>11 @ 7>a>11

Which pair of points lie on the same side of
3x-8-7=0

(a) (0,-1)and (0, 0)

() (4,-3)and (0, 1)

(©) (=3,-4)and (1, 2)

@) (-1,-1)and (3,7)

If p be the length of the perpendicular from
the origin on the straight line x + 2by = 2p,

then what is the value of 5? [NDA-2007]
(@) 172 ) 372
(© Up @p

In what ratio the line y — x + 2 = 0 divides the
line joining the points (3, —1) and (8, 9)
[Karnataka CET-2002]

19.

20.

21.

(@ 1:2
() 2:3

®) 2:1
d3:4

A variable line £+ Y_ 1 issuch thata + b =
a

4. The locus of the mid-point of the portion of
the line intercepted between the axes is

[Karnataka CET-2008]
(@x+y=1 ® x+y=2
©x+y=4 Dx+y=38

A straight line is passing through the points
represented by the complex numbers a + ib

and

L — , where (a, b) # (0,0). Which one
—a+ib

of the following is correct?

(a) It passes through the origin
(b) It is parallel to the x-axis
(c) It is parallel to the y-axis
(d) It passes through (0, b)

[NDA-2008]

What is the area of the triangle formed by the

linesy—x=0,y +x=0,x =c?
[NDA-2009]

) ¢

@ 2

(@) ¢/2
©) 2¢*
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worksheet.

The test is of 17 minutes.

The worksheet consists of 17 questions. The
maximum marks are 51.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

1. The equation of the line passes through (a, b)

and parallel to the line X, % =1is
a

[RPET-1986, 95]

y

a —+ =3 b —+ =2

(@ % () b

© Z+Z=0 @ Z+2Z+2=0
a b a b

The area of the triangle bounded by the
straight line ax + by + ¢ =0, (a, b, ¢ # 0) and

the coordinate axes is [AMU-2000]
1 & e

@ 2|bc| ®) 2|ab|
1 b
— d) 0

© 2 Tac] ()

The equation of the straight line passing
through (4, 5) and parallel to the line 2x —
3y=35,is

@ 2x-3y=7
©)3x—2y=2

(b) 2x—3y+7=0
d) 3x+2y-22=0

The equation of the line which is such that the
portion of line segment intercepted between
the coordinate axes is bisected at (4, —3) is

[Keral PET-2007]
(a) 3x+4y =24 ®) 3x—4y =12
(©) 3x—4y =24 (d) 4x—3y =24

If the straight line ax + by + ¢ = 0 always

passes through (1, -2), then a, b, ¢ are
[AMU-2000]

(a) In AP. (b) InH.P.

(©) InG.P. (d) None of these

6.

10.

11.

12.

13.

The equation of the straight line passing
through the point (3, 2) and perpendicular to
the line y = x is

[MNR-1979; MPPET-2002]
@ x-y=5 ®x+ty=5
©x+y=1 Dx-y=1

The length of perpendicular from a point
(1, 2) to the straight line 3x + 4y + 4=0is
[MPPET-07]
(@) 5
() 7/5

(®) 3
(d) None of these

In what ratio does the line y — x + 2 = 0 cut the
line joining (3, —1) and (8, 9)?

[NDA-2007]
(@ 3:-2 ®)1:2
(©2:3 d3:2

The vertices of a triangle ABC are (-1, -2),
(0, 1) and (2, 0) respectively. The equation of
the median through (-1, -2) is

(@) 5x—4-3=0 ®)x+2y-2=0
©) 4x+y-1=0 (d) None of these

The equation of the straight line whose inter-
cepts on the axes are twice the intercepts of
the straight line 3x + 4y = 6 on the axes is

(@) 3x+44y =3 (b)) 3x+4y=12

() 6x+8y =9 (d) None of these

The equations of the straight lines which pass
through the origin and trisect the intercepts of
line 3x + 4y = 12 between the axes are

(@) x—2y=0andx-6y =0

() 2x—3y=0and2x—7y =0

() 3x+8 =0and 3x+2y =0

(d)3x—8 =0and3x-2y =0

The equation of the straight line cutting off an
intercept 8 from x-axis and making an angle
of 60° with the positive direction of y-axis is

(@ x+3y=8 ) x— 3y =8
©) y- Bx=8 (d) None of these

The equation of the straight line which pass
through the point (3, 4) and whose intercept
on x-axis is twice that on y-axis, is

(@ 2x-y=10 ®) x+2y=10

©) 2x+y=10 (d) None of these
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15.

AN R W=

14. The equation pf the stralght line whose {nter- © ( N 1) x+( N Dy-12=0
cept on x-axis and y-axis are respectively (d) None of these
twice and thrice of those by the line 3x + 4y =
12, is 16. The coordinates of the points at a distance
(@) x+8 =72 (b) Ix-8 =7 42 units from the point (-2, 3) in the direc-
(c) 8x+9y =72 (d) None of these tion making an angle of 45° with the positive
The equation of the straight line upon which d1rec;10;1 ofx6-axis are By (2. 7. (6. -1
the length of perpendicular from origin is @ 2,7, 6, -1) (®) 2,7, (6, -1)
. ; . © 2,-7),6,-1) (d) None of these
3 \/5 units and this perpendicular makes an i ) )
angle of 75° with the positive direction of 17. Ifxcos 6 + y sin 6 = 2 is perpendicular to the
-axis. is line x — y = 3, then what is one of the values
; f0? INDA-2009,
@ B -Dx+ 3 +Dy-12=0 ?a) 6 ) n/4[ /
® (B -Dx+ 3 +Dhy+12=0 © 2 (d) n/3
ANSWER SHEET
@O TO®OO BOOOD
@O LHOXOXOXO), OO0
@O .00 15000
@O 10.000 16 @O O
@O LEO®OO 17.000
@O 2000
HINTS AND EXPLANATIONS
(b) Straight liqe passes through (4, 5) and 240 140
parallel to the line 2x — 3y = 5 Let D= 5 7 L,12)
L 2
equationis y—-5=—(x—-4
q y 3( ) At -2)
2x-3y+7=0
ax, +by, +c
(©) p=-| SaTONTE
ax, +bx, +c
ao-{Z173%2) 2
9-8+2 3 B o]
., 1) D 2,0
(a) Median through A passes through mid-
point of BC. Equation of median AD




11.

1 5
= )"5=Z(x‘1)
dy-2=5x-5
= 5x-4-3=0
(d) Given line 3x + 4y = 12
21

x
or —+==
4 3

Point of trisection are A and B
BP 1

BQ 2
5]
3

Q (0, 3)

B

P(4, 0)

12.

17.

Straight Lines B.33

o 4
Similarly, 4 = (? 2]

Line passing through O, 4 is y = %x
Line passing through O, B is

=§x=>3x—8y=0

(b) Line passes through (8, 0) and slope
1
= tan(90°-60°) = —=
( ) 5
(". angle made with the x axis = 90°— 60°)
1
Equation of line y—0=—=(x-8
q y Jg( )
= x-B3 y—-8=0

(b) Since, slope of line x cos 6 + y sin 6 =2
is —cot 6 and slope of line x — y = 3 is 1.
Also, these lines are perpendicular to each
other

(—cot 0) (1)=-1

= cot6=l=cot%






1.1

1.2

LECTURE

Straight Line 3

(Foot of perpendicular, reflection point or image,

some important results connected with two

straight lines, angle between two straight lines)

BASIC CONCEPTS

Co-ordinates of the foot of perpendicular (V)
and image or reflection of the point (x, y):

Coordinates of foot of perpendicular N(k, k)
from the point P(x,, y,) on the line ax + by +
¢ = 0 are given by (ar + x,, br + y,) where r

_ ax, +by, +c
a*+b?
Coordinates of the image QO(x,, y,) of the

point P(x, y)) in the line mirror ax + by + ¢
= 0 are given by (2ar + x, 2br + y)) where

_ ax, +by, +c¢
at+b’

Px,y)

N (@r+x, br+y)

ax+by+c=0

Q (x,,y,) = (2ar+x,, 2br +y,)

NOTE

Straight line ax + by + ¢ = 0 is perpendicular bisec-
tor of a line segment joining P and Q i.e., point and
its image with respect to the line.

Illustration:

The co-ordinates of the foot of the perpendicu-
lar drawn from the point (3, 4) on the line 2x +

y—-7=0is [Karnataka CET-2007]
(@) (9/5, 17/5) ®) (1,5
© 5D @ 1,-5)

Solution

(@LetPbe(x,y)and2x +y—-7=0 ... )
As [ is perpendicular on 2x + y — 7 =0 and
slope of 2x + y—7=01s -2

(.. y = =2x + 7) therefore, slope of line / is
-1 1

== mm,=-1
-2 2 mm, =]

3.4

[ 1P
(X, y) 2x+y-7=0

1
Equation of line /is (y — 4) = > (x-3)

2y—8=x-3>=>x-2y=-5 ... (i1)
Solving (i) and (i1)

2x +y =7and 2x — 4y =-10

Sy=17=y=17/5
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2.1

2.2

Substitute the value of y in x

we get, 2x + (%J =7

17 _ 35-17
- x =

Some Important Results Connected with
Two Straight Lines

ax+by+c=0 . ()
ax+by+c,=0 .. (11)

The point of intersection Point of intersec-

tion of the two given straight lines can be

found by solving equations (i) and (ii). Thus,

x B y B

be,—bie, ca,—c,a.  ab,—a)b
b

ab,—ab #0= L

T a, b

,provided

That is the point of intersection of the lines is

bc, b,
ab,

-b,c, ca,—cya
201 G T 64 |¢_
OR

9’
—a,b ab,-a,b

, provided
a, b

b

1 cl cl al

b, ¢ e, a

B

a bl a bl

a, by| |a, b,

Any line through the point of intersection of
linesax+by+c =0andax+by+c,=0
isax+by+c +rhax+by+c)=0 ..(1)
where, A is constant and its value is obtained
by given condition

NOTES

1.

For all values of A straight line (a, + A a,) x + (b,
+Ab)y +c +Ac,=0 always passes through
point of intersection of straight lines a,x + by
+c,=0andax+by+c,=0.

Slope of the straightlineax + by + ¢, + A (ayx

a, +ka2J

+by+c)=0isequalto = _(bl+7»bz

3. Angle Between Two Straight Lines

Casel:y=mx+c .. (ii1)
y=mx+c, ..(1v)
ie., slope of two straight lines be m and m,

then the acute angle (6) between the lines is
given by

m —m

tan@=|——2|,
l+mm,

. m —m

sin@ = l__Z

JA+mH(A+ml)

The lines are parallel if m, = m,,
The lines are perpendlcular if 1 +m m,=0=>
mm,=—1

Y
A L2
©—0/9 L,
0 bk
Case2:ax+by+c =0 (D)
ax+by+c,=0 ...(i1)

(a) angle (6) between them

ab,—a,b
tan@ = |21

aa, +bb,
cosf = 4% +bb,

Jai +b}\Jal +b;

(b) the lines are paralle if a b, — a,b, = 0 =>

a_b,a
aZ b2 c2
bl cl
(c) the lines are coincident 1f —L="t=1
a, b ¢

(d) the line are perpendicular ifaa, + b b,=0

. . . ..a b ¢
(e) the lines are intersecting if — # L= —L
a b ¢
() the lines intersect co-ordinate axes in con-
cycle points if a,a, = b b,.
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BC and AD are two given straight lines 4, B, C,

D are concyclic points A(_—c', 0], B(_—cz, OJ,
a a,

clo. =% | plo =52
’bl’ ’bz

04 xO0C =0C x OD

aa,=bb,

SOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find perpendicular distance of the line joining
the points (cos 6, sin 0) and (cos ¢, sin ¢) from
the origin. [NCERT]

Solution

Let the points be 4 and B i.e., A = (cos 6, sin
0), B = (cos ¢, sin ¢)

Equation of line AB is
coshp—cosO
2cos e+—¢sin ?
ory—sin = =—(x—cos6)
-2sin msin 9-6
2
or ysine%q) —sin Gsineﬂ
0+¢ 0+¢

= —xcos—— +cosOcos—
2 2

or xcose%q)+ysinm

—{cosﬁcosm—¢+sin9sint}=0
2 2
or
XCOoS 6+ +ysine+—¢—cos 9—e+—¢ =0
2 2 2
or xcose+¢+ysine+¢—cose_¢=0
2 2 2

Distance of this line from the origin

0+0 —cos(e—q)j
_ 2
\/cosz(eﬂbjnL sinz(mj
2 2
cos(e;q)]
2

2. If p and ¢ are the lengths of perpendiculars
from the origin to the lines x cos 06—y sin 0 =k
cos 26 and x sec 6 + y cosec O = k, respectively,

+y

prove that p* + 4¢*> = k. [NCERT]
Solution
Here, p = |0cosO—0sinO—kcos20|
’ J(cosB)” +(~sin6)?
or p=m p=lkcos 20| ..Q0)
and g= |0secO+0 cosec Ok |
Jsec? 0+ cosec?d
[k
L
cos’® sin’@
=|kcosOsin 6 = [ ksin28]| k51;29|

("." sin 26 = 2 sin 6 cos 6)
= 2q =|ksin 26|
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Squaring (i) and (ii) and adding

or p*+4q*=(kcos 20)* + (k sin 26)*
or p*+4q®=k*(cos®20 + sin? 20)
or p*+4q¢*=k>.

If p is the length of perpendicular from the
origin to the line whose intercepts on the axes

are a and b, then show that LZ = LZ + L .
p- a

b 2
[NCERT]

Solution

Equation of the line whose intercepts are a and
bis X421 or bx +ay—ab =0

a
Also, p = length of perpendicular from origin
upon the line (i)

|bx0+ax0—-ab|
p=—FF——

Vb +d?

o s a’b?
at+b’
- L_az+b2
pz b’
1 a b?
= == 2p2 22
p a
1 1 1
= ?zb—2+?
- Lr_1t.1
pz PR

UNSOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

1.

The foot of the perpendicular drawn from
the point (2, 3) to a line is (3, —1). Find the
equation of the line. Also find the equation of
a line parallel to the line and passing through
the origin. [NCT-2004]

If the angle between two lines is % and the

slope of one of the lines is % , find the slope

of the other line.
[KVS-2005, NCERT]

Find the angle between the lines whose equa-
tions are ax + by + ¢ =0 and (a + b) x =
(a—b)y.
Transform the
\/gx +y-8=0 to
(1) slope intercept form and find its slope
and y—intercept
intercept form and find intercepts on the
coordinate axes,
normal form and find the inclination of
the perpendicular segment from the ori-
gin on the line with x-axis and also find
its length. [NCERT]

equation of the line

(i)
(iti)

5. Find the equation of the line passing through

the intersection of the lines 3x— 4y + 1 =0 and
5x + y—1=0 and cutting off equal intercepts
on the coordinate axes.

Find the equation of the line passing through
the intersection of the lines x + y + 1 = 0 and
x —y + 1 =0 and whose distance from the
originis 1.

The perpendicular from the origin to the line
y = mx + ¢ meets it at the point (-1, 2). Find
the values of m and c. [NCERT]

If three lines whose equations are y = m x +
c,y=myx+c,andy =m, x + c, are concur-
rent, then show that m (c,~c¢)) +m,(c,—c) +
m (¢, —c,)=0. [NCERT]

EXERCISE 2

1.

A straight line is drawn through the point P
(\/§ , 2) making an angle of 30° with x-axis.
Determine the length of the line measured

from this point where it meets the line \/g
x—4y+8=0.

Find the point of intersection of the lines x —
4y =3 and 6x—y = 11.



3. Ifax—2y—1=0and 6x— 4y + b = 0 represent 7.
the same line, find the values of a and b.

4. Find the equation of the perpendicular from
the point (1, —2) on the line 3y = 4x — 5. Also
find the co—ordinates of the foot of the perpen-
dicular.

5. Find the co-ordinates of the foot of perpen-
dicular from the point (2, 3) on the line x =
3y+4.

6. Find angles between the lines 3x + y=1

10.
andx + 3y = 1.
[NCERT]
ANSWERS
EXERCISE 1 5. 23x+23y =11
1. x—4y=0 6. x+1=0
2. 3_1 7. m=l,c=§
> 3 2 2
3. 45°
4. (i) Slope = —f3, EXERCISE 2
Intercept = 8, 1. 6 units
(i) =+Z=1 2 (87
88 23" 23
v 3.a=3,b=-2
Gip Loslyao=Z (1.7
22 6 55
p=4

Straight Line 3 B.39

The line through the points (&, 3) and (4, 1)
intersects the line 7x — 9y — 19 = 0 at right
angle. Find the value of A. [NCERT]
Two lines passing through the point (2, 3)
intersect each other at an angle of 60°. If

slope of one line is 2, find equation of the
other line. [NCERT]

If the segment joining the points (a, b) and (e,
d) subtends a right angle at the origin, show
that ac + bd = 0.

Find the coordinates of the foot of perpen-
dicular from the point (-1, 3) to the line 3x
—4y—-16=0. [NCERT]

s (33
{107 10

6. 30° and 150°
7. 22/9

8 (V3+2x+Q2V3-1y=
83 +land (3 - 2)x +
Q3 +1y =83 -1

10. (68/25,-49/25)

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The coordinates of the foot of the perpendicu-
lar from (x, y,) to the line ax + by + ¢ = 0 are
[Dhanbad engg.-1973]

@ ( b*x,—aby,—ac a’y,—abx, —bc J

a*+b’ ’ a+b’

a*+b’ a+b’

() (ble +aby, +ac a’y, +abx, +bc]

a+b a+b
(d) None of these

© (axl +by, +ab ax,—by, —ab J

Solution

(a) It is a fundamental concept.
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NOTE

Students should remember this question as a
formula.

2. If for a variable line £+ % =1, the condition
a
1 1

7
then locus of foot of perpendicular drawn
from origin to the line is [RPET-1999]
@) x*+y*=c%2 (b) x> +y*=2¢?
© ¥+y=c @ ¥ -yr=c

=L2 (c is a constant) is satisfied,

Solution
(¢) Equation of perpendicular drawn from

origin to the line £+%=1 isy—-0= % (x-0)

a

["." m of given line = b , .. m of perpendicu-
a

a
lar = b]

x_rY_
b a
Now, the locus of foot of perpendicular is the
intersection point of line X, % =1 ... 1)
a
and *_Y_o . (i)

b a
To find locus, squaring and adding (i) and (ii)

3. Aray of light coming from the point (1, 2) is
reflected at a point 4 on the x-axis and then
passes through the point (5, 3). The coordi-
nates of the point 4 are  [Orissa JEE-2003]
(a) (13/5,0) (®) (5/13,0)
©) 7,0 (d) None of these

Solution

(a) Let the coordinates of 4 be (a, 0). Then the

slope of the reflected ray is 320 = tan 0, (say)
The slope of the incident ray -4

=ﬂ=tan(1t—9)
l-a
Since, tan 6 + tan (x —6) =0
3 2
= —+—=0
5-a l-a
= 13-5a=0=>a=13/5

Thus the coordinate of 4 are (?, OJ .

. A line L passes through the points (1, 1) and

(2, 0) and another line L’ passes through
(%, OJ and perpendicular to L. Then the area

of the triangle formed by the lines L. L' and

y-axis, is [RPET-1991]
(a) 15/8 (b) 25/4
(c) 25/8 (d) 25/16

Solution

(d) Here, L=x+y=2andL'=2x—-2y =1.
Equation of y-axis is x = 0
Hence the vertices of the triangle are A(0, 2),

B 0,—l and C z,é . Therefore, the area
2 44
of the triangle is

0 2 1
Lo _1 4225
2 2 16

S 3

4 4

. The foot of the perpendicular drawn from the

origin on the line x + y = 2 and the reflection
of the origin in this line is:

@ (1,1)(2,2) (®) (1,2)(1,2)

© 2. DA @ @.neEn

Solution

(a) Let foot of the perpendicular be (h, k), and
reflection point be (4', k). Then
h-0 ___k—O ____0+0—2 =h=1k=1

1 1 1+1




Foot of the perpendicular = (1, 1)
KH-0 k-0 _ 2(0+0-2)
11 141
= h'=2,k'=2
Reflection point = (2, 2).

Also

. The equations of two lines through (0, a)
which are at distance ‘a’ from the point (2a,
2a) are [Dhanbad Engg.-1972]
(@ y-a=0and4x—3y—3a=0
b)y—-a=0and3x—4y+3a=0
(©)y-a=0and4x—-3y+3a=0

(d) None of these

Solution

(¢) Equation of any line through (0, a)isy —a
=m(x-0ormx—y+a=0... (1)

If the length of perpendicular from (24, 2a) to
the line (i) is ‘a’, then
a =i_m(2a)—2t1+a

m?+1

Hence, the required equations of lines are y —a
=0,4x-3y+3a=0.
. Angle betweenx =2 and x — 3y =6 is

[MNR-1988]
(@) o (b) tan™ (3)

-1 l
(c) tan (3)

m=0,i
3

(d) None of these

Solution

®) o= 90°—tan"(§]

tan@ = cot[tan‘1 (%ﬂ =3

= 6=tan!(3).

Straight Line 3 B.41

vl
x—-3y=6

8. The straight linesx +y =0, 3x + y—4=0and

x + 3y — 4 =0 form a triangle which is
[MPPET-2006]

(a) right angled

(b) equilateral

(c) isosceles

(d) None of these

Solution

(c) The given equations of straight lines are

x+ty=0 . ),
+y=4 (ii)
and x+3y=4 . (ii1)

On solving these equations we get the vertices
of triangle ABC which are A (2,-2), B (1, 1)
and C (-2, 2).

S AB= Ja-2+(1+2)? =\1+9 =110
BC = \(=2-1)" +(2-1)’ =0 +1 =410

and CA = (2+2)* +(=2-2)
= J16+16 =432

This shows that triangle is isosceles triangle.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WI1;H SOLUTIONS

1. The equation of a line through the intersection

of lines x = 0 and y = 0 and through the point
2,2),1s [MP PET-1984]
@y=x-1 ®y=-x
©y=x Dy=-—x+2

2. The straight line passes through the point of

inter section of the straight lines x + 2y — 10 =
Oand 2x + y+5=0, is
@) 5x—4 =0
©) 4x—-5y=0

®) 5x+4y =0
@ 4x+5y=0
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3.

The equation to the straight line passing

through the point of intersection of the lines

S5x —6y—1=0and 3x + 2y + 5 =0 and

perpendicular to the line 3x — Sy + 11 =0 is
[MP PET-1994]

(@) 5x +3y+8=0

(®) 3x—5y+8=0

(©) 5x+3y+11=0

(@) 3x—5y+11=0

The equation of straight line passing through
the intersection of the lines x — 2y = 1 and x +
3y = 2 and parallel to 3x + 4y =0 is

[MP PET-2000]
(@) 3x+4y+5=0
() 3x+4y—-10=0
(©) 3x+4y-5=0
@) 3x+4+6=0

If a and b are two arbitrary constants, then the
straight line (a — 2b) x + (a + 3b)y + 3a + 4b
= 0 will pass through

[RPET-1990]

@ (-1,-2) (®) (1,2
© (=2,-3) @ 2.3
The angle between the lines y =(2— V3)x+5
and y=(2+3)x-7 is  [MPPET-1997]
(a) 30° (b) 60°
(c) 45° (d) 90°
Angle between the lines £+%=1 and
Xy, ¢
P is

ab 2ab

1 -
(a) 2 tan Z (b) tan lm

a’-b
(¢) tan”' S5— (d) None of these

a +b

The angle between the lines x cos o, +y sin o,
=p,and x cos a, +y sin 0, = p, is

@ (o, +a,) ®) (o, - )

(©) 2a, (d) 2a,

To which of the following types the straight
lines represented by 2x + 3y — 7 =0 and 2x +
3y — 5 =0 belong

(a) Parallel to each other

(b) Perpendicular to each other

(¢) Inclined at 45° to each other

(d) Coincident pair of straight lines

10.

11.

12.

13.

14.

15.

16.

17.

The obtuse angle between the lines y = -2 and
y=x+21is

(a) 120° (b) 135°
() 150° (d) 160°
The angle between the straight lines
x—y\/§=5and \/§x+y=7 is

[MP PET-2003]
(a) 90° (b) 60°
(c) 75° (d) 30°

The line passing through the points (3,—4) and
(-2, 6) and a line passing through (-3, 6) and
(9, —18) are

[AMU-1974]
(a) Perpendicular
(b) Parallel
(c) Makes an angle 60° with each other
(d) None of these

The distance of the point of intersection of the
lines 2x — 3y + 5=0 and 3x + 4y = 0 from the
line 5x — 2y =0 is

@ = ®
1729 7729
©) % (d) None of these

The coordinates of the foot of perpendicular
from the point (2, 3) on the line x + y — 11 =

0 are [MP PET-1986]
@ (-6.5) () (5.6)
©) (-5.6) @ (6,5

The pedal points of a perpendicular drawn
from origin on the line 3x + 4y — 5=0, is
[RPET-1990]
3
a) | —,2
@ (3]

3 4
b) | =, —
<>(5 5)
30 19
d) | —,—
@ (17 17J
The image of a point 4 (3, 8) in the line x +

3y-7=0,is [RPET-1991]
@ (-1.-4) (b) (-3,-8)
© 1,-4) @ 3.8

The reflection of the point (4, —13) in the line

Sx+y+6=0is [EAMCET-94]
(@ (-1,-14) ® 3.9
© (1,2) @ (4, 13)



18.

19.

20.

If (=2, 6) is the image of the point (4, 2) with

respect to line L = 0, then L is equal to
[EAMCET-2002]

(@) 3x—2p+5

(®) 3x—2y+10

() 2x+3y-5

) 6x—4y-7

For the straight lines given by the equation
Q2 +k)x+ 1+ ky =5+ 7k, for different val-
ues of & which of the following statements is
true [IIT-1971]
(a) Lines are parallel

(b) Lines pass through the point (-2, 9)

(¢) Lines pass through the point (2, —9)

(d) None of these

Coordinates of the vertices of a quadrilateral
are (2,-1), (0, 2), (2, 3) and (4, 0). The angle
between its diagonals will be

[IIT-1986]

(a) 90° () 0°

41
(d) tan (EJ

(c) tan! (2)

SOLUTIONS

(c) Intersection of x = 0 and y = 0 is P(0, 0).
Equation of line joining (0, 0) to (2, 2) is

y—0=(§;gj(x—0)=>y=x=>x—y=0

(b) Intersection of given lines x + 2y — 10 =0

and2x +y+5=0

2025
373 )
This point only satisfies the line 5x + 4y = 0.

(a) Intersection of lines 5x —6y—1=0 ...
and3x+2y+5=0
is P (-1, -1). Equation of a line through P (-1,
—1) and perpendicular to 3x — 5y + 11 =0 is

y+l=—§(x+l)=>5x+3y+8=0

21.

22.

23.

24.

4.

6.

Straight Line 3 B.43

The ratio in which the line segment joining
(1,2) and (3,4) is divided by the line joining
points (2, 3) and (4, 1) is
@@ 1:2
() 2:1

®)1:1
@@2:3
If a line with y-intercept 2, is perpendicular
to the line 3x — 2y = 6, then its x-intercept is

[Kerala PET-2008]
@1 () 2
() -4 @ 3

If the line passing through (4, 3) and (2, k) is
perpendicular to y = 2x + 3, then k is equal to

[RPET-1985; MP PET-1999]
(@ -1 ®1
(©) —4 (@4

The lines p(p*>+ 1)x —y + g = 0 and (p*> + 1)°
x + (p*+ 1)y + 2q = 0 are perpendicular to a
common line for [AIEEE-2009]
(a) no value of p

(b) exactly one value of p

(c) exactly two values of p

(d) more than two values of p

(c) Intersection point of given lines is (7/5,

1/5) gradient of 3x + 4y = 0 is m =_T3 gra-

dient of prarallel line m=_73 byy-y =m
1 -3 7

x—-x)y—-——=—|x—-=|or3x+4y-5=0

(x-x)y 5 4( 5] y

@@-2b)x+@+3b)y+3a+4b=0

> a(x+y+3)+b(—2x+3y+4)=0istrue
VYaandV b,
x+y+3=0,-2x+3y+4=0

Solving them we get (x, y) = (-1, -2).

(c) Compare given lines with y = mx + ¢
m=2-3)fory=2-B)x+5&
m,=2+ NE) fory=02+ 3)x-7



B.44 StraightLine 3

9. (@)Herem =-—=m

Angle between two lines

m,—m
tan@ = —2—1

1+mm,
_ 2+\3-2-\3)
1+2+\3)2-3)
23

tan0 =
1+4

=43 .. 6=60°

. (a)Lines £+%=1 and X

a
_ b b
m=——,m,=—
a

% =1 have slopes

Angle 0 between them is given by

m —m
tan 0= |——2
l+mm,
m, +m 2m
tan@ =|—1—t|= L
1-m, 1-m,
. b
if m=—=tana
a
2tana
=|———|=tan(2a)
l1-tan“ o

= 0=20= 9=2tan"(éJ
a

. (b) 0= tan"[

—cota, +coto,
1+ cota, cotat,

| tanol, —tanoy
=tan” | —2——L |=(a, ~a,)
l+tano, tanoy,
Aliter: Obviously, first line makes angle

E+ o, with the x-axis and second line makes
2

the angle §+ a,.

Therefore, angle between these two lines is o,
~a,

2

e

w

10.

11.

12.

13.

14.

(b) y = -2 is a line parallel to x-axis and y = x
+2.

slope = 1 = tan (%J makes % angle with
X-axis.

Acute angle between them is % and obtuse
angle is n—% =135°.

(b) Gradient of x — /3y = 5 is m, = L gradi-
NG
entof V3 x +y= 7is m,=—/3 by formula
-m,

m
tanf=—"—2
1+mm,

1
tan0 = ‘/_

I+T( \/_)

tan 6 = oo or 6 = 90°

Trick: m . m,= —( -3)=-1

7

Lines will be perpendicular

(®) =84 _10__,
-2-3 =5

and mz=_18_6=—
9-(-3)

Hence, the lines are parallel.

(a) Points of intersection are
15 _—4x15 _-20
17 3x17 17

At
Therefore, D = 17 7).

‘ J29 ‘_17.\/5

(b) Given line x + y—11=0

Any line perpendicular to x + y — 11 =0 are

x —y + k = 0 and passes through (2, 3) then

2-3+k=0>k=1.
x—y+1=0

Solving equation (i) and (ii), we get

2x=10=>x=5andy =6
Coordinate are (5, 6).



15.

16.

17.

®)3x+4y-5=0=3x+4y =5
3 4 3
=>=-x+ —y=1,slope =tan 6 = ——
575 P 1
Comparing this with x cos o + y sin a = p,
34
we find that (g EJ is pedal point lying on

the line.

(@)

Mirror

x+3y-7=0 M

4 Bix,y)

B(x,,y,) is image of point 4(3, 8)
wrt linex+3y-7=0

if (i) M(x +3 yl+8J
2 2

AB lies on (1)
(i1) line AMB is 1 to line (1)

i = ()“‘%3}3(”7”)-7 =0

the middle point of

= x +3y+13=0 ... @)
@) = mm,=-1
= )11_—8 _l =-1
x -3 3
= -8=3(x,—-3)
= y,-8=3x-9
= 3x-y=1 . 3)
Solving (2) and (3) we get
wox,=-ly =-+4
(¢) B (x, y,) is image of point 4(4, -13)
1 A@,-13)
Mirror
5x+y+6=0 M
+ B(x,.v,)

18.

19.

Straight Line 3 B.45

wrt line 5x +y+6=0
if (i) M(x;4 y‘213j the middle point of

AB lies on (1).
(i1) line AMB is perpendicular to line (1)

@ = 52228 )60
2 2
= 5, +y +19=0 ... @
i) = mlm7=_1:>(y1+13] 5)=-1
- x,—4
= x-5,=69 ... 3)

Solving (2) and (3), we get (x, ) = (-1, ~14).
(a) The mid-point of P(-2, 6) and Q(4, 2) is

(_2;4 6+2J .e., (1, 4) and the gradient of
2-6 -2
line pOo==_—"=_=
Q 4+2 3
P4, 2)
L
Q(-2,6)

The slope of [ ==

Hence, the equation of line which passes
through point (1, 4) is

y—4=%(x—l):>3x—2y+5=0

O®R+Kx+(1+k)y=5+7k
is true for every value of k
Putting, k= 1, k=2 1in (1), we get 3x + 2y =
2 )
4x+3y =19

Obviously they are not parallel. Intersection
point of (2) and (3) is (-2, 9).
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20.

21.

(C)A(2>_l)> B(O> 2)> C(2> 3)> D(4> O)> ml = SIOPe
- 3+1

of line diagonal AC = Y2Th T o
X, =x 2-2

m, = slope of diagonal BD = 20 = L

0-4 2

If 6 1is angle between them,

90°—tan™" 1 =|cot™ 1
2 2

@) =|-tan"'(2)| =tan"! (2).

0= = | tan™

(d) Equation of line passing through (2, 3) and
1-3
4, then y—-3=""(x-2
y=3=,50-2

-2
-3=—(x-2
y > (x=2)
y—-3=—=x+2
x+ty=>5
and A(1,2)and B(3, 4)
Suppose line AB is divided by
linex +y=35
into the ratio =X : 1.
Then x = 3}»+1,y= 4A+2
A+l A+l
Put this in (1), we get

3A+1 4A+2
+ =5

A+l A+l
TA+3=51+5
2A=2
A=2=i

2

22.

23.

24.

(d) Any line at right angles to 3x — 2y = 6 is

2x+3y+k=0 . )
& 2x+3y=-k
@ 2_x+3_y=l
-k -k
S S
T T
2 3

But y-intercept = 2

= _3—k=2 = k=-6

and then x-intercept = —k = )} =3
2 2
(d) Gradient of line joining the points (4, 3),
2, k) is
k-3 =y
m =——- | bym=="2—-1
' 2-4 ( Y Xy =X J
m=k3 L )
-2
Gradientofy =2x+3ism,=2 .. @

If lines are perpendicular then m . m,=—1 or

(EJZ =-lork=4
-2

(b) Lines must be parallel, therefore slope are

equal
= p@P*+D=—p*+1)
= p=-1

There is exactly one value of p.

UNSOLVED OBJECTIVE PROBLEMS (iDENTlCAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

The equation of line passing through the point
of intersection of the lines 4x — 3y — 1 =0 and
5x — 2y — 3 = 0 and parallel to the line 2y — 3x

+2=0,is [RPET-1985, 86, 88/
(@) x-3y=1 () 3x—-2y =1
©) 2x-3y =1 @@ 2x-y=1

The equation of straight line passing through
point of intersection of the straight lines 3x —y
+2=0and 5x — 2y + 7= 0 and having infinite
slope is JUPSEAT-2001]

(@) x=2
®) x+y=3
©)x=3
@ x=4

The angle between the two lines y — 2x = 9
and x + 2y =7, 1is

[RPET-1981, 85, 86;

MP PET-1984]
(a) 60° (b) 30°
(c) 90° (d) 45°



10.

1

If ,+L,=0, then lines £+Z=1 and
ab”  ba a

£,+l,=1 are

b

(a) Parallel

(b) Inclined at 60° to each other
(¢) Perpendicular to each other

(d) Inclined at 30° to each other

If the lines y=(2++/3)x+4 andy = kx + 6
are inclined at an angle 60° to each other, then
the value of £ will be

(@) 1 ®) 2
(© -1 @ -2
The lines y = 2x and x = -2y are
[MP PET-1993]

(a) Parallel

(b) Perpendicular

(¢) Equally inclined to axes
(d) Coincident

The coordinates of the foot of the perpendicu-
lar from the point (2, 3) on the liney = 3x + 4
are given by [MP PET-1984]

37 1 1 37
a) | —,—-— b) | -——,—
()(10 IOJ ()( 10 10)

10 2 1
C —,—10 d PR
© (37 J @ (3 3)
The projection of the point (2, 1) with respect
tolinex—2y+3=0is

(a) (3/5,17/5)
(©) (4/5,17/5)

(b) (2/5,17/5)
(d) None of these

The equation of line passing through point of
intersection of lines 3x — 2y — 1 =0 and x — 4y
+ 3 =0 and the point (7, 0), is

@ x-y=m

(b) x-y=n(y+)

©) x-y=nl-y)

@ x+y=nl-y)

Ifthe line 2x +3ay—1=0and 3x +4y + 1 =
0 are mutually perpendicular, then the value
of a will be [MNR-1975]

11.

12.

13.

14.

15.
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(@) 12
() -1/2

() 2
(d) None of these

The angle between lines x cos o + y sina = a

and xsin B—ycos p=ais [MPPET-2010]
x T

a) —+p+a b)) =-B+a

@ - p ® 2 p

© g—ﬁ—a (d) None of these

If vertices of a parallelogram are respectively
©, 0), (1, 0), (2, 2) and (1, 2), then angle
between diagonals is

[RPET-1996]
(a) /3 (b) n/2
() 3n/2 (d) /4

Equations of lines which passes through the
points of intersection of the lines 4x — 3y — 1=
0 and 2x — 5y + 3 = 0 and are equally inclined
to the axes are

@y+x=0

®y-1=x1x-1)

(©) x—1=£2(3-1)

(d) None of these

If the line segment joining the points P(a, b)
and Q(c, d) subtends an angle 6 at the origin,
then the value of cos 0 is [Kerala PET-2008]

ab+cd
© Jepiara
®) ac__ . bd
Jat+b7 N +d?
ac+bd
© J@ +b)(c? +d?)
ac—-bd

d -
@ Nat +b*\ct +d?

The lines (a + 2b) x + (a— 3b)y = a— b for dif-
ferent values of a and b pass through the fixed
point whose coordinates are [Kerala PET-08]

22 33
(a) (E’EJ ®) (E’EJ

23
d z =
()(5,5J
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet 1s immediately below the
worksheet.

The test is of 14 minutes.

The worksheet consists of 14 questions. The
maximum marks are 42.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The equation of a line passing through the

point of intersection of the lines x + 5y + 7 =
0, 3x + 2y — 5 =0, and perpendicular to the
line 7x + 2y — 5 =0, is given by

[RPET-87; MP PET-1993;

Pb. CET-2000]

(@) 2x—Ty-20=0
() 2x+7y—-20=0
() —2x+7y-20=0
(d) 2x+7y+20=0

. Equation of a line passing through the point

of intersection of lines 2x — 3y + 4 =0, 3x +
4y — 5 =0 and perpendicular to 6x— 7y + 3 =
0, then its equation is [RPET-2000]
(a) 119x+102y+125=0

(b) 119x+ 102y = 125

(¢) 119x-102y =125

(d) None of these

. The equation of the straight line joining the

origin to the point of intersection of y — x + 7
=0andy+2x—2=0is
(@) 3x+4y =0
() 4x-3y =0

(b) 3x—4y =0
(d) 4x+3y=0

. The angle between the lines 2x —y + 3 =0 and

x+2y+3=0is
(a) 90°
(c) 45°

[Kerala (Engg.)-2002]
(b) 60°
(d) 30°

. The linesalx + sz +c =Oanda2x + bzy +

¢, = 0 are perpendicular to each other, if
[MP PET-1996]

(b) aa,+bb,=0

(@ ab,+ab,=0

(@) ab,~ba,=0
(©) a*,+bj’a,=0

6.

10.

11.

12.

The angle between the lines xy = 0 is equal to
[Pb. CET-2003]

(b) 60°

(d) 180°

(a) 45°
(c) 90°

The foot of the coordinates drawn from (2, 4)
tothelinex +y =11is [Roorkee-1995]

13 13
(a) (E’EJ ®) (_E’EJ

3 1
(d)(Z,_EJ

The angle between the linesax + by + ¢ =0

andax+by+c=0,is [MPPET-94]

@ tan™ ab, +a,b, ®) cot” aa,+bb,
aa,—bb, ab, —a,b,

(©) cot™ b~ aby ) tan™ ab =,
aa, +bb, aa, +bb,

Two lines represented by equations x +y = 1
and x + ky = 0 are mutually orthogonal if k is

[MPPET-2007]
@1 (®) -1
© 0 (d) None of these

A line passes through the point of intersection
of 2x + y =5 and x + 3y + 8 = 0 and parallel
to the line 3x + 4y = 7 is

[RPET-1984; MP PET-1991]
@) 3x+4y+3=0 ®)3x+4y=0
() 4x—-3y+3=0 (d) 4x-3y=3

If O is at the origin, OA is along the x-axis and
(—40, 9) is point on OB, then the value of sin

£ AOB is [Kerala PET-2008]
13 7
a) — b) —
@ 40 ®) 41
9 9
c) — d) —
© 41 @ 40
Angle between the lines 2x — y — 15 =0 and
3x+y+4=0is [RPET-2003]
(a) 90° (b) 45°
(c) 180° (d) 60°



13. The angle between the line joining the points
(1,-2),(3,2)and the line x + 2y — 7 =0 is

NnoR W=

(@ m

(c) /3
@O
@O
@O
@O
@O
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14. What is the foot of the perpendicular from the
point (2, 3) on the line x + y — 11 =0?
[EAMCET-2007] [NDA-2009]
(b) /2 (@) (1,10) ) (5,6)
(@) /6 © (.5 @ 7.4
ANSWER SHEET
I HOXOJOXO, LOE®OO
EOJOYOXO, 20000
LHOXOXOXO), BEOEOOD
L@®BO HEO®OO
0.0

HINTS AND EXPLANATIONS

11. (c) Here tanB=m,, = ;—3 s.sin@= % ® is

in IT quadrants)

(-40,a) B

Mo

14.

(b) The equation of line perpendicular to

given linex +y—-11=0 ... 1)
is —x+y+rA=0 .. (i)
This equation passes through (2, 3).
-2+3+0=0>=> A=-1
From equation (i),

x+y-1=0 =
. From equation (i),
x+x+1-11=0 = 2x=10
=>x=5
Hence, coordinates of foot of perpendicular
from (2, 3) to given line is (5, 6).

y=x+1






LECTURE

Straight Line 4

(Distance between two parallel lines; position of
origin (0, 0) with respect to angle between two lines,
angular bisectors of two given lines, some important
points connected with three straight lines)

BASIC CONCEPTS
1. The distance between two parallel lines The equations of the bisectors of the angle
ax + by + ¢ =0and ax + by + ¢, = is given between two lines is given by

b ¢ -c, ax+by+c _+a2x+b2y+c2
y 2 2 2 2 2 2

Na +b \/a1 +b \/aZ +b,
NOTE (preferably c,c, > 0).

The above equations represent two equations,
one of which is acute angle bisector and the
other is obtuse angle bisector. Bisector of the

Coefficients of x and y are made identical before
finding distance between two parallel lines.

2. Position of origin (0, 0) with respect to angle angle containing the origin is taken with posi-
between two lines ax+by+c =0andax+ tion sign and bisector of the angle not contain-
by + ¢, = 0 be determined in following two ing the origin is taken with negative sign.
steps if ¢, and c, are of the same sign
ire.,cec,>0.
step ll: It aa,+ b b,> 0 then origin lies in ob- NOTE

tuse angle. To find the bisector of acute or obtuse angle
step 2: If a,a,+ b b, <0 then origin lies in ac- If 6 be the angle between one of the given lines and
tue angle. any one bisector, then find tan 6. If |tan 6] <1, it

3. Angular Bisectors of Two Given Lines is the bisector of the acute angle and if |tan 6] > 1,
Let the equations of two given lines be ax + then it is the bisector of the obtuse angle.
by +e =0 4. Bisector of the angle containing the origin
and ax+by+c,=0. and that of not containing the origin

L We rewrite the given equations

AY 2 )
ax+by+c =0

ax+by+c,=0sothatc,c,>0.
Then

ax+by+c _+a2x+b2y+c2

\/alz +b12 \/azz+b22

is the bisector of angle containing the origin
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7.1

ax+by+c __a2x+b2y+c2

\/af +b; \/azz +b;
is the bisector of the angle not containing
the origin.
Method to find acute angle bisector and
obtuse angle bisector
If a,a, + b b, > 0, then origin is situated in an
obtuse angle region and the bisector of this

and

obtuse angle is axtbyte _ax+bytc
al +b} Ja +b2
(c.,c,>0)and ax+by+c =_azx+b2y+c2
72
Jai +b? Jai+b?

is the other bisector.

If aa, + bb, <0, then origin is situated in
acute angle region and the bisector of this
angle is

ax+by+c =+a2x+b2y+c2
\/af+b12 \/azz+b22

and alx+2bly-l;c1 =_a2x+2bzy-12-c2
\/al +b \/az+b2

is the other bisector.
Family of Straight Lines
(1) The family of parallel lines is given by
y = mx + ¢, where m is constant and ¢ is
variable.

(i1)) The family of concurrent lines is given
by y -y, = m(x — x,), where m is variable
and x , y, are constant.

(ii1)) The equation ax + by + ¢ represents a
family of concurrent lines if a relation
between the coefficients of the form A a
+ ub + ve = 0 exists, where A, 1, v € R.
The point of concurrency is

(&, EJ,v #0.
v v

Some important points connected with three
straight lines
Condition of concurrency of three lines
Let the equations of three given lines be a x +
by+c=0,ax+by+c,=0andayx+ by
+e¢,=0
These three lines are concurrent, i.e., they pass
through a common point if
(1) Point of intersection of any two lines lies
on the third
OR

(i1)) The coefficients of the equations of
three lines satisfy the determinant,

al bl cl
a, b, ¢,|=0 OR
a, b ¢

(Condition is necessary only)

(ii1)) Three non-zero constants A, W, v can
be found such that AL, + L, +vL, =0
(ORL +L,+L,=0forh=p=v=1)

a
(Three concurrent lines)

where, L =ax+by+c =0
Li=ax+by+c,=0

L3=a3x+b3y+c3=0

0=0%0orn

i)

6=0°0ormn
b
(Three parallel lines)

PQ = minimum intercept

90°

Q

c
(Two lines parallel and
third line is perpendicular

to them)
//A(Xw y|)
P
(vi) /é/

Q

d
(Two lines parallel and
third line intercepting
length PQ from given
two lines)



(vii)

e
(Number of circles touching three straight lines)

8. Area of Parallelogram If P and P, be the
distance, between the parallel sides, then are

e
sin®
adjacent sides.

. where 6 is the angle between two

D c
2
90°
P1
o Lo
A I B

8.1 Area of rhombus
Area = % X a’l X a’2 where a’l and a’2 are the

lengths of two perpendicular diagonals of a

rhombus.
AC=d,BD =d, AC 1"BD
C
D AC # BD B
A

9. The equations of the sides of a triangle are y =
mx +c.,y=mpx+ c,and x = 0; then its area
is 1( —02)2 )

2 m—m,

StraightLine4 B.53

10. Area of the triangle formed by the straight lines
y=mx+c,y=mx+c,andy=mx+c,is

l|:(cl —02)2 + (e —03)2 (¢ _01)2j|

+

2| m—-m, m, —m, m,—m,

11. Ifthe sides of a parallelogrambey =m x + c,,
y=mx+d,y=mx+c,andy =mx +d,
then its area is:

‘(dl _cl)(dZ _cz)

m, —nm,

12. Area of the parallelogram formed by the lines
ax +by+c =0,ax +by+d =0and
ax+by+c,=0,ax+by+d,=0is

(dl —4 )(dz - cz)
[(a’ +5)(a; +5)]"
(dl —6 )(dz _cz)

aa,—bb,

(dl + cl )(dZ + c2)

aa, +bb,

(dl —6 )(dz _cz)

ab, —ayb,

a
®)
©
@

Solution
(d) Area = M = p,p, cosec 0, where

sin®

p = dl_cl .
SN TS
_d,-c,

Dy, =
NETS

ab, —a,b,

Also tan 0= .
aa, +bb,
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Since cosec?0 = 1 + cot>0

(aa, +bb, )2 +(ab,—a,b, )2
(ab,—ayb, )2

or cosec: 0=

(alb2 - aZbl )Z

Putting for p,, p, and cosec 0,

d —c)(d, -
we get Area _d-e)d,—c)
ab, —ab,

Illustration

Show that the area of the parallelogram
formed by the lines 3y — 2x = a, 2y — 3x +
a=0,2x—3y+3a=0and 3x— 2y = 2a is
24a%/5.

Solution

The set of paralle sides are
3x-2y-a=0,3x-2y—-2a=0
and 2x—-3y +a=0,2x—3y+3a=0.

_|Ra-a)3a-a)| _ 2_(12
3 =2 5
2 -3

Area

13. Equation of straight lines through a given
point P(x, y,) and inclined at an angle 6 to a
given line y = mx + ¢ are

Y P(X,, ¥,)
y=mx+c¢
o>
0
/>
/
5 >X
o m+tan0 (x—x)
g 1-mtan® !
m—tan6
and y-y,= 1+mtan0 (x=x)

SOLVED SUBJECTIVE PROBLEMS (X1 BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the equation of the family of lines with
x-intercept-3.

Solution

The x-intercept-3 implies that the members
of the family of lines pass through the point
(-3, 0).

Hence, by using point slope form, the equa-
tion of such a family of lines is y — 0 = m
x-3)

= y=m(x + 3) where m is the parameter.

Remark: The above equation does not give
the equation of the vertical line through the
point (-3, 0).
However, the equation of this line is x = -3,
ie,x+3=0.

2. Thelinesax+2y+1=0,bx+3y+1=0and
¢x + 4y + 1= 0 are concurrent, show that a, b,
c are in A.P.

Solution
The equation of any line through the intersec-
tion of
ax+2y+1=0and bx+3y+1=0is
ax+2y+1+k(bx+3y+1)=0
We find & so that (1) and ¢x + 4y + 1= 0 repre-
sent the same straight line, so we get

atbk _2+3k _1+k

c 4 1
From the last two members of (3), we get
4+4k=2+3k
= k=-2
From (3), we get
a+(=2)b 1-2
c T

= a-2b=-c
= a+c=2b
= a,b,carein AP



3. Find the direction in which a straight line

must be drawn through the point (-1, 2) so
that its point of intersection with the line x +
y = 4 may be at a distance of 3 units from this
point.

[NCERT]

Solution

Let the required direction make an angle 6
with the positive direction of x-axis, then the
equation of the line through (-1, 2) and in the
x—=(-1) _ y'—2 —r |

cos®  sinf

above said direction is

distance form
Here | | is the distance of (x, y) from (-1, 2)
Any point on this line is (x, y) = (» cos 6 — 1,

rsin 0+ 2)

. x+1 =r=x=rcosO-1 and
cosO
y-2

—=r= y=rsinf+2)
sin®

We are given that when this point lies onx + y
=4, then|r|=3,
SoorcosO—-1+rsin®0+2=4,|r|=3

= r(cos 6 +sinB)=3,r2=9

U

(cosB+sin@)* = %, r’=9
v

cos’0+sin’ 0+ 2sinBcosO =§

1+sin26=1

sin 20 =0

26 = 0° or 180°

6 = 0° or 90°.

The required line is either parallel to x-
axis or parallel to y-axis.

R 2R U VR

. The hypotenuse of a right triangle has its ends
at the points (1, 3) and (-4, 1). Find the equa-
tion of the legs (perpendicular sides) of the
triangle if they are parallel to the axes.
[NCERT]

Solution

According to the conditions of the problem,
we can have two possible right triangles as
shown in the figure.

Either the sides are AC and BC with respective
equations x = 1 and y = 1 or they are AC" and
BC'" with respective equations

StraightLine4 B.55

Yll

c 3| A(1,3)
3

21

i

B(-4,1) 1

T T »X
43219 1 2 3

y=3
and x =—4.

. If sum of the perpendicular distance of a vari-

able point P(x, y) from the linesx + y—5=0
and 3x — 2y + 7 =0, is always 10. Show that

Solution

P must move on a line. [NCERT]
Given linesare x +y—5=0 ... 1)
and 3x-2y+7=0 ... (i1)

We are given that distance of (i) from P(x, y) +
distance of (ii) from P(x, y) =10
[x+y-=5] [3x-2y+7]|
+ =
JE+ 37422
i_x+y—5 + 3x=-2y+7
2 Vi3
which is a set of four lines.

(. A first degree equation in x and y always
represents a line)

10

or =10,

. Find equation of the line mid way between the

parallel lines 9x + 6y —7=0and 3x + 2y + 6
=0. [NCERT]

Solution

Given lines are
3x+2y+6=0 ..(1) 9x+6y-7=0
and I9x+6y—-7=0
or 3x+2y— 1=0 ..(i) ————————
3

(Dividing by 3)
3x+2y+6=0
Note that the lines (i) and (ii) are parallel
Any line parallel to these can be taken as
3x+2p+k=0 .. (iif)
This is mid-parallel to (i) and (ii) if it is equi-
distant from them.
Distances of any point on (iii) from (i) and
(ii) are equal.



B.56 StraightLine 4

We choose a point on (iii), by taking x = 0 so
that2y + k=0

k
= y=—5

The point (0, - %J lies on (ii1).
(ii1) is mid—parallel to (i) and (i1) if distance of

(O, - %J from (i)

= distance of (O, - %J from (ii)

3x0+2 —E +6
ie, if 2
32422
3x0+2| —— —Z‘
_ 3
37422
ie, if |—k+6|=‘—k—%‘

ie., if —k+6=4_-(_k_§J
ie, if —f46ot—l
3
or —k+6=k+—
ie, if opog_l-U1
3
ie, if M

k+6=—k—_
3

ie, 6= —% is not possible

Required line is 3x+2y+ % =0
[from (ii1)]
or 18x+12y+11=0.

7. Show that the equation of the line through the
origin and making an angle 6 with the line

y=mx+ecis ¥ _ m+tan®  y m-—tanf
x l-mtan® x 1+mtan0®
[NCERT]

Solution

Slope of the given line y = mx + ¢ is m. Let M
be the slope of the required line, then

tan0 = —m
1+ Mm
= tanb=+% M—m
14+ Mm
M-m
Case I When tan0= then tan 6 + Mm
14+ Mm
tan®0 =M -m
orMmtan 6 —M = -m —tan 6
= = mttand
1-mtan®

Equation of the required line through the
originis y — 0 = M(x — 0)
ie, ¥_mttand
x l-mtan®
M-m
1+ Mm

Case II When tan0 =-( J , then tan6

+Mmtan® =-M +m
= M(A+mtan0)=m —tan 0

= _ m—tan@
1+ mtan0
Equation of the required line through the
originis y — 0 = M(x — 0)
ie. Y _ m—tan@

x l+mtan®
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UNSOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

. Aline cuts x-axis at point 4 and y-axis at point

B. The point (2, 2) divides AB in the ratio
2 : 1. Find the equation of the line.
[NCT-2003]

Find the value of p, so that three lines 3x +
y—-2=0,px+2y—-3=0and 2x—y = 3 are
concurrent. [KVS-2004, NCERT]

Find the equation of perpendicular bisector of
the line segment joining the points (0, 3) and
4. D.

Find the equation of the line such that seg-
ment intercepted by the axes is divided by the
point (5, 4) in the ratio 1 : 2.

Find the equation of the line which has length
of perpendicular segment from the origin to
the line as 5 and the inclination of perpen-
dicular segment with the positive direction of
x-axis is 30°. [NCERT]

The base of an equilateral triangle isx + 2y = 3
and the vertex is (1, 1). Find the equations of
the remaining sides.

If the lines whose equations are y = mx + a,,
y=myx +a,andy = mx + a, meet in a point
then prove that m (a, - a,) + m, (a,—a )+ m,
(a,—a)=0.

[NCERT]

The sides AB, BC, CD, DA of a quadrilateral
have the equationsx +2y =3, x =1,x—3y =
4, 5x + y = —12 respectively. Find the angle
between the diagonals AC and BD.

Find the equation of a line passing through the
intersection of the lines x — 3y +1 =10, 2x +
5y — 9 =0 and whose distance from the origin
is 2 units.

[NCT-2003]

Find the image of the point (3, 8) with respect
to the line x + 3y = 7 assuming the line to be
a plane mirror.

[NCERT]

11.

12.

13.

If the lines y = 3x + 1 and 2y = x + 3 are
equally inclined to the line y = mx + 4, find
the value of m. [NCERT]

Find the equations of the lines passing through
the point (3, —2) and inclined at an angle of

60° to line 3x+y=1 [MSE-2005]

A ray of light passing through the point
(1, 2) reflects on the x-axis at point A and the
reflected ray passes through the point (5, 3).
Find the coordinates of A4. [NCERT]

EXERCISE 2

Show that the straight lines 7x — 2y + 10 = 0,
7x+2y—10=0and y + 2 =0 from an isosce-
les triangle and find its area.

Prove that the three lines 2x — 3y = 7, 3x — 4y
=13 and 8x — 11y = 33 are concurrent.

For what value of k will the three lines x — 2y
+1=0,2x—5y+3=0and 5x— 9y + k=0
be concurrent

Find the incentre of the triangle formed by the
linesy—15=0,3x+4y=0and 12y—5x =0

Find the equation of the line that is perpen-
dicular to 3x + 2y — 8 = 0 and passes through
the mid-point of the line segment joining the
points (5, -2) and (2, 2)

Find the equations of the two straight lines
passing through the point (1, —1) and inclined
at an angle of 45° to the line 2x — Sy +7 =0

Find the equation of the line through the inter-
section of the lines 2x —y + 3=0and x— Sy +
3 =0 and passing through the point (8, 5).

Find the equation of a line through the inter-
section of the lines 2x + 3y —2=0and x — 2y
+ 1 =0 and having x-intercept equal to 3.

Find the equation of the line through the point
of intersection of the lines 5x — 3y = 1 and 2x
+ 3y = 23, and perpendicular to the line S5x —
3y-1=0
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10. Find the distance between parallel lines 13. Find the equations of the lines which pass
(1) 15x+8y—34=0and 15x+8y+31=0 through (4, 5) and make an angle of 45° with
@) Ix+y)+p=0,andl(x +y)—-r=0 the line 2x + y +1 =0.
[NCERT] 14. Find the equation of the line parallel to
11. Find the equation of a line drawn perpendicu- y-axis and drawn through the point of inter-
Xy . section of the lines x — 7y + 5 = 0 and
lar to the line Z+g_l through the point, 3x+y = 0. [NCERT]
where it meets the y-axis. INCERT] 15. Find the equation of the lines through the
12. Find the area of the triangle formed by the point (3, 2), which make an angle of 45° with
linesy—-x=0,x+y=0andx-k=0. the line x — 2y = 3.
[NCERT] [NCERT]
ANSWERS
EXERCISE 1 EXERCISE 2
.x+2y-6=0 1. 14 sq. units
2.p=5 3.k=4
3.2x+y+2=0 4. (1, 8)
4. 8 -5 +60=0 5 2c—3y-7=0
5. Bx+y-10=0 6. 7x—3y—10=0and 3x+ 7y +4 =0
6. 2V3-Dx—(2+B)y+(3-3)=0, 7.x-2p+2=0
V3 +D)x-(3-2)y-(3+3)=0 8 x+5-3=0
7. (-2, 3) 9. 63x + 105y — 781 =0
8. 90° 10. (i) 65/17 units
9.3x+4-11=0 . 1 |p+r .
10. (-1, -4 (11) ﬁ units
11, 1£5V2 1. 2x—3y+18=0
7 12. k? square units
12.y+2=0; J3x-y-3J3-2=0 13.3x—y-7=0andx+3y—19=0
13. (E’OJ‘ 14. x = -5/22
5 15.3x -y =T & x+3y =9
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. In the equationy — y, = m(x — x)) if m and x, (a) The lines will pass through a single point

are fixed and different lines are drawn for dif-
ferent values of y,, then
[MP PET-1986]

(b) There will be a set of parallel lines
(¢) There will be one line only
(d) None of these



Solution

(b) Since m (gradient) and x, are fixed and y, is
variate, then they formed a set of parallel lines
because gradient of every line remains ‘m’.

. Equation of one of the sides of an isosceles
right angled triangle whose hypotenuse is
3x + 4y = 4 and the opposite vertex of the
hypotenuse is (2, 2), will be [MNR-1986]
(@) x—Ty+12=0 ) Tx +y—12=0
() x-Ty+16=0 ) 7x+y+16=0

Solution

(a) Since £ A = £ C = 45°. We have to find

equation of AB.

Here let gradient of AB be m, then equation of

ABisy—-2=m(x—2) .o, 1)

But angle between 3x + 4y = 4 and (i) is 45° .
A

3x+4y =4

_|90° c
B(2, 2)
3
m+=
So, tan 45° = 4 _p=c
- 3m 7
4

Hence, the required equationisx— 7y +12=0
{By putting the value of m in (i)}

. The equation of bisectors of the angles
between the lines | x | = |y | are

[Orissa JEE-2002]
(@ y=xxandx=0
) x=12andy =172
() y=0andx=0
(d) None of these

Solution

(c) The equation of lines are x + y = 0 and
x-y=0

The equation of bisectors of the angles
Xty _ x-y

JI+1 T J1+1

between these lines are

= x+ty=@x-y)
Taking + ve sign, we gety =0

Straight Line 4 B.59

Taking — ve sign, we get x =0
Hence the equation of bisectors are
x=0,y=0

. A square of side a lies above the x-axis and

has one vertex at the origin. The side pass-
ing through the origin makes an angle a,

(0 <o< %J with the positive direction of

x-axis. The equation of its diagonal not pass-
ing through the origin is [AIEEE-2003]
(@) y(cosa—sina)—x(sina—cosa)=a
(b) y(cosa +sina)—x(sina—cosa)=a
(¢) y(cosa +sina)+x(sina +cosa)=a
(d) y(cosa +sina)+x(sino—cosa)=a

Solution

(b) Co-ordinates of 4 = (a cos a, a sin o))

Y

[ G > X

Equation of OB, y = tan(%+a] x'CA L*
to OB
Slope of CA =—cot(%+a]

Equation of CA, y — a sin a = —cot (%+a]

(x—acosa)
= y(sinatcosa)+x(cosa—sina)=a
= y(cosa+sina)—x(sina—cosa)=a

. The equations of the sides of a triangle are y =

mx +c,y=mx +c,and x = 0; its area is

1(c,—c,)’ I¢ +¢,)*
@ FT Ol
(C) l(cl+cz) (d) l(Cl—CZ)Z

2m, +m, 2m, +m,

Solution

(a) Solving in pairs the coordinates of the vertices

9’
m-—m, m—m

are( G976 mzci‘”’ch],(o,cl) and (0, ¢,)
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1 Dh= 1¢-¢
Area = 3 (c—d)h = 2 m, —m, (e,—¢)
_lg-¢)
2 my—-m
. The diagonals of the parallelogram whose

sidesare Ix + my + n=0,Ix + my + n' =0,
mx+ly+n=0
mx + ly + n' = 0 include an angle.

[EAMCET-1994]
(@ n (b) /2
(c) 2n/3 (d) 2n/5

Solution

(b) The distances between two set of parallel
n-n

sides is each — ie,p, =p,hence the

(P +m’)
parallelogram is rhombus whose diagonals we
know intersect at right angles.

. Equations of the two straight lines passing
through the point (3, 2) and making an angle of
45° with the line x — 2y = 3, are [AMU-1978]
(@ 3x+y+7=0andx+3y+9=0
®)3x—y-7=0andx+3y-9=0

() x+3y-7=0andx+3y—-9=0

(d) None of these

Solution

(b) Slope of given line is 1/2.
1

m——
Thus tan45°=+ 21
1+m.—

2

= m =13 Hence op-

tion (b) is correct

. If the givenlinesy =mx + ¢,y = mx + c,
andy = mx + c, be concurrent, then

(@) mc,—c)tmyc,—c)+myc —c)=0
) m(c,~c)+myfc,~c,)+mc,—c)=0
©) em,-m)+c(m,—m)+c(m—-m)=0
(d) None of these

Solution

m -1 ¢
@ |m, -1 ¢,|=0
m, -1 ¢

= m, (c,—c)+mfc,—c)+tm(c, —c)=0

NOTE

Students should remember this question as a for-
mula.

9.

If one of the diagonals of a square is along
the line x = 2y and one of its vertices is (3, 0),
then its sides through this vertex are given by
the equations

@ y-3x+9=0,3y+x-3=0

b)) y+3x+9=0,3y+x-3=0
©y-3x+9=0,3y—-x+3=0
dy-3x+3=0,3y +x+9=0

Solution

10.

m-1/2

(@) tan (459 = 77 5

m =3,-1/3.

Circumcentre of a triangle represented by

linesx +y=0,x—y=0andx—-7=01s
[Gujrat CET-2007]

() (712, 0)

@) (712,7/2)

(@) (7,0
© ©.7

Solution

11.

(a) Let ABC be the triangle whose sides BC,
CA, AB have the equations x + y =0,x—y =
Oandx—7=0
Solving these equations pairwise we can ob-
tain the coordinates of the vertices 4, B, C as
A(0, 0), B(7,-7) and C(7, 7) respectively. Let
(x, ¥) be the coordinates to the circumcentre.
Centre O (say) then O4 = OB = OC
Now OA4 = OB = 0A*= OB*
xX2+3)2=x2+49 - 14x +1y*+49 + 14y
14x — 14y—-98=0
and OB =0C = OB*=0C?
G=TP+@+7P=x-T+@-77
x2+49 - 14x +y*+ 49 + 14y
=x*+49-14x +3*>+49- 14y
14y =-14y =28y =0
y=0
Substitute (i1) in (i), 14x — 98 =0
ox=7
Therefore coordinate of the circumcentre is
7, 0).

A straight line through the point (2, 2) inter-
sects the lines \/gx +y=0and \/gx—y=0



at the points A and B. The equation to the line
AB so that the triangle OAB is equilateral is

[DCE-2007]
(@ x-2=0 b y-2=0
©)x+y—-4=0 (d) None of these

Solution

12.

(b) Bx+ y = 0 makes an angle of 120° with

OX and 3 x —y = 0 makes an angle of 60°
with OX.
So, the required line isy —2 = 0.

Line L has intercepts a and b on the coordinate
axes. When the axes are rotated through a
given angle keeping the origin fixed, the same
line L has intercepts p and ¢, then
[IIT-90; Kurukshetra CEE-98;
AIEEE-2002]
(a) a2+b2=p2+q2
1 1 1 1
(b) ? + b—z = ? + ?
(C) a2+p2= b2+q2
1 1 1 1

q

Solution

(b) Suppose we ratate the coordinate axes in the
anti-clockwise direction through an angle o The
eqaution of the line L with respect to old axes
is XY _1. In this question replacing x by x
a b
cos o —y sin a and y by x sin o + y cos a, the
equation of the line with respect to new axes is
xcoso— ysinal + xsino+ycosol
a b

cosa  sino coso  sino
x + +y - =
( a b J ( b a J
““““““““““ @

The intercepts made by (i) on the co-ordinate
axes are given as p and q.

1

1 cosa  sina
Therefore, —=

)4 a b

1 _coso sina

q b a
Squaring and adding, we get
1 1 1 1

2+2_2

pqab2
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NOTE

Students should remember this question as a
formula.

13. Let L be the line 2x + y = 2. If the axes are
rotated by 45°, then the intercepts made by the
line L on the new axes are respectively

[Roorkee Qualifying-1998]
(a) V2 and 1
(b) 1 and 2
(c) 22 and 22 /3
(d) 242 /3 2nd 22

Solution

(c, d) Suppose the axes are rotated in the an-
ticlockwise direction through an angle 45°.
To find the equation of L w.r.t. the new axes,
we replace x by x cos o — y sin a and by x
sin a + y cos a, so that equation of line w.r.t.
new axes is

= 1/1(x cos 45° — y sin 45°) + %(x sin 45°

+ycos45°) =1
Since p, q are the intercept made by the line on
the coordinate axes. we have on putting (p, 0)

and the (0, q)
1 1 1.
= —=-—coso+—sina
p a
1 1
= —=-—sino+-—coso
q a
1 1.
= —=-c0s45°+—sin45°
P 2
1 3
= =—+ =

s ! = —lsin 45°+ lcos45°
q 1 2

1 1,1 __ 1

g 2 22 227

So intercept made by is assume on the new

axis (2 NG /3,2 2 ). If the rotation is assume
in clockwise direction, so intercept made by

the line on the new axes would be (2 V2,2

J213).

'.q=2x/5
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14.

The triangle formed by the linesx +y—4 =0,
3x+ty=4,x+3y=4is
[RPET-02; IIT-1983;
MNR-1992; UPSEAT-01]
(b) Equilateral
(d) None of these

(a) Isosceles
(¢) Right-angled

Solution

15.

(a) The vertices of triangle are the intersection
points of these given lines. The vertices of A
are A4(0, 4), B(1, 2), C(4, 0)

Now, 4B =\(0-1)+(4-1* =10
BC = J1-4) +(0-1* =10
AC=\J(0-4)* +(0-4) =42
AB = BC; .. Aisisosceles.

If the linesy = 3x + 1 and 2y = x + 3 are
equally inclined to the line y = mx + 4, then
m = [ISM Dhanbad-1976]

@ 1432 ®) 1-3v2
7 7

1+5v2
7

© @

14342
7

Solution

16.

(@m, =3, m,=1/2and m,=m
Let the angle between first and third line is 6,
and between second and third is 0,, then

1

P
tan®, 3™ and tane, = nf
14+3m 1+ —

1
3-m M7,

But 6,=60,= =
1+3m . m

1+5V2
7

= Tm-2m-7=0=>m=

The area of the parallelogram formed by the
linesy=mx,y=mx+1,y=nxandy =nx+1
equals

[IIT Screening-01]
|m+n| 2
@ (m—-n)* ® |m+n|
1
© @
|m+n| |m—n]|

Solution

(d) Solving y =nx and y = mx + 1, we get

Area of parallelogram = 2 x (area of
APOQ)

1 1

=2)< =
|n—m| |m-n|

1 1 |
X0 =
ZX an—m|

17. Find the coordinates of the orthocentre of the

trangle formed by the lines 3x — 2y — 6 =0, 3x
+4y+12=0and3x- 8+ 12=0.

1 23 1 23
(@) (‘g,‘?J ®) (gr;)

1 23 -1 23
© (g,?J @ (?,?J

Solution

(a) Solving in pairs the coordinates of the
vertices of the triangle are A(0, -3), B(4,
3), C(-4, 0). If G be the centroid, then
6=[ 2222 )=0,0)
3°3

If O be the circumcentre, then O4 = OB = OC
gives 2x +3y—4=0and 8& - 6y +7=0.

Solving the above point O is é,% CIf

H(o, B) be the orthocentre, then G divides OH
in the ratio 1 : 2.
A0, -3)

()

(1112, 23/18)

4,3) (-4, 0)



18.

_a+2.(/12)
1+2

and B+2:23/18)
1+2

Let a be the distance between the lines — x
+y =2and x — y = 2, and B be the distance
between the lines 4x — 3y = 5and 6y — 8x =1,
then [J & K-2005]
@) 202Bp=11o () 20200=11B

(©) 11428 =200 (d) None of these

Solution

19.

(a) Distance between lines—x +y=2and x —

y=2is a=24 o202

NN
Distance between lines 4x — 3y = 5 and 6y — 8x
5 11

=1lis, B=—+
B 10 5 10

a 22

Therefore —=—""" 20\/_ =1l .
B 1110 =

The equation of the bisector of the actue
angles between the lines 3x — 4y + 7 = 0 and
12x+5y—-2=01is

[MPPET-06]
(@) 9x-27y—-81=
®) 1lx—3y+9=0
(c) 21x +77y— 101 =
) 2lx+77y+101=0

Solution

20.

(¢) The equations of the straight lines are 3x— 4y
+7=0.. @) and 12x+ 5y —2=0 ...... (ii)
The equations of the bisectors of the angles
between these lines are

3x—-4y+7 12x+5y-2

=+
V32442 V122452

Required equation of the bisector of the

acute angle between these lines is

3x—4y+7 12x+5y-2

5 13
= 39%x-52y+91=60x+25y—-10
o 2lx+77y-101=0

The points (4, 1) undergoes the following
three transformations successively
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(1) Reflection about the line y = x
(i1) Translation through a distance 2 units
along the positive direction of x-axis.
(ii1) Rotation through an angle n/4 about the
origin in the anti-clockwise direction.
The final position of the point is given by
the coordinates

1 7
(a) (_2, _ZJ

1
(C) (__2,

[IIT-1980]

®) 2 ,72)
J @ 2.72)

5

Solution

»-1 -
© (xl,y)—>( _4] I

x,+4=y,+l
2 2
Sandx —y =-3

and

xl +y1=
x=1ly=4
2™ operation = (3, 4)
3" operation

( 3 4 3 4
= | =, =+

V2 2°V2 3}(%%)

21. The equation to the sides of a triangle are x —
3y =0,4x + 3y = 5and 3x + y = 0. The line
3x — 4y = 0 passes through

[EAMCET-1994]

(a) The incentre
(b) The centroid
(¢) The circumcentre
(d) The orthocentre of the triangle

Solution
(d) Two sides x — 3y = 0 and 3x + y = 0 of the
given triangle are perpendicular to each other.
Therefore its orthocentre is the point of inter-
section of x— 3y =0and 3x +y =01i.e, (0, 0).
Clearly (0, 0) satisfies 3x — 4y = 0.

22. The sides of a triangle are y = x, y = 2x and

y =3x + 4. Find the coordinates of its centroid.

-10 10
(a) (—Z,TJ (b) (l;)

-10 10
© ( 3 J @ (‘2 ?J
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Solution

(a) Solving the given equations in pairs the
coordinates of the vertices of the triangle are
A(_4> _8)> B(_2> _2)> C(O> O)

A(-4, -8)

(-2, -2) ‘D (0, 0)
-X=

y 0

The mid-points of the sides of the triangle are
D(_l > _1)> E(_2> _4)> F(_3> _5)
Equation to median AD joining (-4, —8) and

-1,-Dis

I e )

Ep—— (x+4)

y+8

or 3(+8)=7x+4)
or 7x-3y-4=0
Similarly, the equations to medians BE and

CF are respectively x+2=0 ... )
and 5Sx-3y=0 .. 3)
NOTE
Ify-y =m(x—x)
or 27N - oo ,thenx—x, =0

X=X

Solving any two of (1), (2) and (3), we get
the point of intersection as (=2, —10/3) which
clearly satisfies the third. Hence the three me-
dians are concurrent and the point of concur-
rency is called centroid of the triangle.

We can, however, find the coordinates of the
centroid by using the formula

(xl+x2+x3 y1+yz+ysj

B

3 3

ie., —2,i0 .
3

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

1. The equation of the bisector of the acute angle
between the lines 3x — 4y + 7 =0 and 12x +
Sy—2=0is

[IIT-1975, 1983; RPET-2003;
UPSEAT-2004]
(@) 21x+77y—101=0
(®) 11x—3y+9=0
) 3lx+77y+101=0
@ 11x—3y—-9=0

2. Equation of angle bisectors between x and

y-axes are [MP PET-1984]
(@) y=+x (b) y =+£2x
1
©) y=t—x (d) y =+3x
2

3. The distance between the lines 3x + 4y = 9
and 6x + 8y = 15 is
[MNR-1982; RPET-1995; MP PET-2002]
(a) 312 (b) 3/10
() 6 (d) None of these

4. The distance between the lines 3x — 2y = 1

and 6x + 9 = 4y is [MP PET-1998]
(@) 1452 ) 11/4/52
() 413 @ 6/413

5. The position of the point (8, —9) with respect to
the lines 2x + 3y—4=0and 6x + 9y +8=01s
(a) Point lies on the same side of the lines
(b) Point lies on the different sides of the

lines
(¢) Point lies on one of the line
(d) None of these

6. Ifthelinesax + by + ¢ =0,bx + ¢y +a =0
and ¢x + ay + b = 0 be concurrent, then
[IIT-1985; DCE-2000, 02]
@) a®+b*+c*+3abc=0
®) a*+b*+c*—abc=0
©) a®+b*+c*—3abc =0
(d) None of these



10.

11.

12.

13.

The lines15x — 18y + 1 =0, 12x + 10y -3 =0
and 6x + 66y — 11 = 0 are

[AMU-1978]
(b) Perpendicular
(d) None of these

(a) Parallel
(c) Concurrent

If the linesax +2y + 1 =0,bx+3y+1=0
and cx + 4y + 1 = 0 are concurrent, then a, b,
carein
(a) AP.
(c) HP.

) GP.
(d) None of these

The straight lines 4ax +3by + ¢ = 0 where

a + b+ ¢ =0, will be concurrent, if point is
[RPET-2002]

(b) (1/4,1/3)

(d) None of these

@ 4.3)
(©) (1/2,1/3)

The area of a parallelogram formed by the
linesax+ by+c =0, is

[IIT-1973]
c 2¢7
a) — b)
(@ p (b) -
2
©) £ (d) None of these
2ab

Locus of the points which are at equal dis-

tance from 3x + 4y — 11 =0 and 12x + 5y + 2

=0 and which is near the origin is
[MNR-1987]

(@) 2lx—77y+153=0

(b) 9x +77y—133=0

) Tx—11y =19

(d) None of these

The equations of the lines through the origin

making an angle of 60° with the line x + yx/g
+3x/_=0are

@ y=0,x=y3 =0
(b)x=0,x—yx/§=0
(c)x=0,x+x/_=0

(@ y=0,x+y3 =0

The equation of the bisectors of the angles
between the lines 3x — 4y + 7 =0 and 12x — 5y
—-8=0is

14.

15.

16.

17.

18.

19.
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@) 99x—77y+51=0,21x+27y—131=0
®) 99x—77y +131=0,21x +27y—51=0
©) 9x—77y+51=0,21x+27y+131=0
(d) None of these

The angle between two lines is /4. If the
slope of one of them be 1/2, then the slope of
the other line is
@@ 1,-1/3
() -1/3,3

®-1,12
(d) None of these

Which of the following lines is concurrent with
the lines 3x + 4y +6=0and 6x + 5y +9=0
(@) 2x+3y+5=0 ®) 3x+3y+5=0
©) Tx+9y+3=0 (d) None of these

Distance between the two parallel lines y = 2x

+7andy =2x+5is [Orissa JEE-2004]
@ V5 ® 2
2 5
2 1
- d) —
© NG @ NG

Coordinates of the orthocentre of the triangle
whose sides are x = 3,y = 4 and 3x + 4y = 6,
will be

(@ (0,0) ) (3,0)

©) (0,4) @ 3,4

Two vertices of a triangle are (4, —3) and
(=2, 5).If the orthocentre of the triangle is at
(1, 2), then the third vertex is

(a) (-33,-26) (b) (33,26)

(c) (26, 33) (d) None of these

The line L given by §+% =1 passes through

the point (13, 32). The line K is parallel to

L and has the equation f+%= 1. Then the
c

distance between L and K is

[AIEEE-2010]
1
@ i7 ®) %
23 23
= d ki
© RN
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SOLUTIONS

. (b) Equation of bisector is

3x—4y+7 (-12x-5y+2)
5 13

Here aja, + bb, =3 (-12) -4 (-5) =36 +

20<0

Hence bisector given by (1) is acute bisector.

Now (1) = 39x— 52y + 91 =—60x — 25y + 10

= 99%x—-27y+81=0

= 1lx-3y+9=0

. (a) Bisector of the angle between x and y-axes
will make either 45° or (180° — 45°) with
x-axis.

Hence their joint equation is y = + x.

. (b) Distance between two parallel lines d =
|P 1 -P zl

gl 1 |

V3t +4?  Jor+8|
2.5 _3
d--‘5’+10 orar_E

. (b) Distance between parallel linesd = |p, —p,|
where p, p, are lengths of perpendiculars
from origin to lines length of perpendiculars
from (0,0)to 3x—2y—1=0

-1

P=o5a
9

-1
NE

similarily

9 9
P= Re+i6 V52 2413

-1 9 11
BN 2@‘_ 213
. @) L,(8,-9)=2(8) +3(-9)—4=-15
L,(8,-9)=6(8)+9(-9)+8=-25

Hence point lies on same side of the lines.

a b ¢
. (¢) Lines are concurrent if | ¢ 4a|=0

c a b
= a+b+c*-3abc=0.
. (©)3(12x+10y—3)—2(15x— 18y + 1) = 6x

+66y—11=0
Hence the lines are concurrent.

10.

11.

(a) It is given that the lines ax + 2y + 1 =0,

bx+3y+1=0and cx +4y+ 1 =0 are concur-
a 2 1

rent, therefore [ 3 1|=0

c 4 1
= —a+2b—-c=0
= 2b=a+tc
= a,b,carein AP

(b) Given equation can be written as
3ax+4(—a—c)y+c=0

=> aBx—-4d)+c(1-H)=0

Hence fixed point is given by 3x — 4y = 0 and
1-4=0

ie., (1/3,1/4).

(b) Clearly given parallelogram is a thombus

whose area = % (Product of diagonals)

Area =% (AC.BD)

(0,c/b)
=0 D

ax—by +c ax+by+c=0
C>/\< A(c/a,0)
(~c/a,0) /<
ax—by-c=0

ax +by+c=0
B|(0,—c/b)

_1f2e)(2e)_2¢

2{a |\ b |ab]|

(b) Given 3x +4y—11=0
12x+5y+2=0 ... 2)
According to the given conditions for locus,

internal bisector of (1) and (2) is the required
locus.

=3x-4y+11 _ (12x+5y+2)
344l N
hereaa,+bb,=-3(12)-4(5)<0
origin lies in acute angle.
This = 13(3x—4y + 11) =5(12x + 5y + 2)
= 99x+77y—133=0.




12. (b) Since the line x+y\/§+3\/§=0 makes
an angle of 150° with x-axis. Therefore, the
required lines will make angles of 90° and
210° i.e., 30° with the positive direction of
x-axis.

1
Hence the linesare x =0 and y = ﬁx

13. (a) Equations of the lines are
3x—4y+7=0
and 12x—5y—-8=0
Equations of the bisectors are

ax+by+c _+a2x+b2y+02
\/alz+b12 \/a22+b22
3x—-4y+7 -12x+5y+8
=1
3+ 42 V122 +5°
- 3x—4y+7 =i_—12x+5y+8
5 13

=  39x—52y+91 =+ (—60x + 25y + 40)

Now, taking positive sign,
39x— 52y + 91 =—60x + 25y + 40

= 99%-77y+51=0 ... 3)
It is the equation of one bisector.

Again, taking negative sign,

39x— 52y + 91 =60x + 25y + 40

= 2lx+27y-131=0 ... @

It is the equation of the other bisector.

14. (¢) Given 9= %, m, = 1

2
tan@=—1 "2
1+mm,
! m
Py 2
tan = = 2 -
SR Pt
2
= l+ﬁ=——m2
2 2
m2+&-—l—l
2 2
3m, 21
2
-1
m2=?
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OR

15. (b) Check by options
3 46

Fromoption(a), |6 5 9| =3(25-27)—4(12)

2 35

+6(8)#0
3 46

From option (b), 6 5 9| =3(25-27)-4(3)
2 35

+6(3)=0.

16. (c) Given lines are 2x—y +7 =0
and 2x—y+5=0
Both the lines are one same side of origin.
Distance between two parallel lines

_7-5 _ 2
NN

17. (d) Obviously it is a right angled at (3, 4).
Hence the orthocentre is (3, 4).

18. (b) Slope of AD=I; A , slope of
BC = 5+3 =_i
-2-4 3

ap 1B K224
h-1) 3

= 3h—-4k+5=0

Slope of BO or BE is —3-2 =_§
4-1 3

Slope of AC is k=3 .
h+2

Again AC | BE

EEs
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Ah, k)
E
0(1,2)
(4-3)B D C(-2,5)
= 3h-5k+31=0 .. )

Solving (1) and (2), we get C(33, 26).

19. () 24221
5 b

E+£:]:}2=—§=>b=—20
S b b S
XY = ax-y=20
5 20
Line K has same slope
SN

C
3
c=——=4x-y=-3
; y

Distance = ﬁ

17

Hence correct option is (c).

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

1. The three straight lines ax + by = ¢, bx + cy =

a and cx + ay = b are concurrent, if

[MP PET-2004]
@a+b+tc=0 b)b+tc=a
© cta=b @a+b=c

. Equation of angle bisector between the lines
3x+4y—7=0and 12x + 5y + 17 =0 are

[RPET-1995]
(@) 3x+4y—7=1_12x+5y+l7
V25 169
®) 3x+4y+7=12x+5y+17
25 169
© 3x+4y+7=112x+5y+l7
25 V169

(d) None of these

. The bisector of the acute angle formed between
the lines 4x —3y+7=0and 3x—4y + 14=0
has the equation

[Pb. CET-2004]
@x+y+3=0
b)) x—y—-3=0
() x—y+3=0
(@) 3x+y-7=0

4. The distance between two parallel lines 3x +

4y —8=0and 3x + 4y— 3 =0, is given by

[MP PET-1984]
(@ 4 ®) 5
(©3 @1

. Distance between the lines 5x + 3y —7 =0 and

15x+9y+14=01is
[Kerala (Engg.)-2002]

35 1
- b)) ——
© 7 ® 3m
35 35
- d) —
© 3 @ 2

. Choose the correct statement which describe

the position of the point (—6, 2) relative
to straight lines 2x + 3y — 4 = 0 and 6x +
9y+8=0 [MP PET-1983]
(a) Below both the lines

(b) Above both the lines

(¢) Inbetween the lines

(d) None of these

. For what value of ‘a’ the lines x = 3,y = 4 and

4x — 3y + a = 0 are concurrent
[RPET-1984]



(@0 ®) -1
(© 2 @3

. Three lines 3x—y =2, 5x + ay = 3 and 2x +
y = 3 are concurrent, then a equals

[MP PET-1996]
()3
@ -2

@2
(© -1
. The area of the parallelogram formed by lines
4y—-3x—a=0,3y—4x+a =0, and 4y — 3x
—3a=0,3y—4x+2a=01is

10.
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@ 24 ®) 2,
7 3

©) %aZ (d) None of these
The orthocentre of the triangle formed by the
lines 4x -7y + 10=0,x +y=5and 7x + 4y =
15,i1s

(@ (1,2)
© 1,-2)

® (1,-2)
@ 1,2
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 10 minutes.

The worksheet consists of 10 questions. The
maximum marks are 30.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The incentre of triangle formed by the lines x

=0,y=0and 3x+4y =12 1is
(@) (1/2,172)

®) 1, D

©) (1,1/2)

@ (1172, 1)

If the linesax + y+1=0,x + by + 1=0

and x + y + ¢ = 0 (a, b, ¢ being distinct

and different from 1) are concurrent, then
1 1 1

l-a 1-b l-c
(@) 0 ®) 1
©) (d) None of these
a+b+c

A straight line(\/_ - 1x= (ﬁ + 1)y makes
an angle 75° with another straight line which
passes through origin. Then the equation of
the line is
@ x=0
C©)x+y=0

®y=0
@x-y=0

The ratio in which the line 3x + 49 + 2 =0
divides the distance between 3x + 4y + 5=0
and 3x +4y—5=0, is
(@) 7:3
(c)2:3

®)3:7
(d) None of these

A straight line through the origin O meets
the parallel lines 4x + 2y =9 and 2x + y + 6
= 0 at points P and Q respectively. Then the
point O divides the segment PQ in the ratio
(@ 1:2 () 3:4

© 2:1 d@4:3

6.

10.

If a line joining two points A(2, 0), B(3, 1)
is rotated about 4 in anti-clockwise direction
through an angle 15° such that the point B
goes to C in the new position, then the coordi-
nates of C are

(a) (2+%,\/§J ) (2+%\EJ
1 3 1 3
3’7} @ (2‘3"7J

Coordinate axes are rotated in anticlockwise
direction at 60° angle. If the intercepts made
by line x + y = 1 on new coordinates axes be

©) (2+

p and g then L2+L2 is equal to
p 9

®) 2
@ 4

(@)1
@© 3

The straight line 3x + 4y — 5 =0 and 4x = 3y
+ 15 intersect at the point P. On these lines the
points Q and R are chosen so that PQ = PR.
The slopes of the lines QR passing through
(1, 2) are

[Keral PET-2007]
(@) -7,1/7 (b) 7,177
) 7,-1/7 () 3,-173

The point (4, 1) undergoes the following

two successive transformation. (i) Reflection

about the line y = x (ii) Translation through a

distance 2 units along the positive x-axis Then

the final coordinates of the point are
[MNR-1987; UPSEAT-2000]

@ 4.3)

®) (G, 4

© 1,4

@) (7/12,7/2)

The value of k for which the lines 7x — 8y + 5
=0,3x—4y+5=0and 4x + 5y + k = 0 are
concurrent is given by

[MP PET-1993]
(a) —45 (b) 44
(c) 54 (d) - 54
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ANSWER SHEET
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HINTS AND EXPLANATIONS

1. ®Herea=BC=5,b=AC=4,c=AB=3

B(0, 3)

3x +4y =12

(0,0)A C(4,0)

Hence incentre is

(0+0+3><4 0+4X3+0J=(l’l)

5+4+3 7 5+4+3

2. (b) If the given lines are concurrent, then

a
1 b 1/=0
1

a l-a 1-a
= 1 b-1 0 (=0
1 0 c-1
{Apply C,—» C,-C and C,— C,—C}
=> ab-DE-D-GB-D{A-a)—(c-1)
(1-a)=0
a 1 1

3. (a) We know that ﬁ-ﬂ =tan75°

Hence, the line makes an angle of 75° with
y-axis, so the equation of y-axis is x = 0.

5. (d) Equation of the line passing through origin
perpendicular to given linesisx —2y =0
Required ratio = ratio between distance of the
two lines from the origin

6
512 4
2 9 3
V120

4 1-0
6. (d) £ BAX = tan l(3—2]=450

= ZLCAX =60°.

Y

A

C(xy)

‘"'-:B(3,1)

2

2 45°
A M

AC = 4B = Ja+1) =+2
Xx=0A+AM =2+ 2 cos60° =2 +
J22=@+ J2)2, andy =CM = \2
sin60° = /2 .43/2 = J6/2

X
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Coordinates of C are 4-3m  dm+3
= =
[%(4+\/5),%\/g] 3+4m  4-3m
m=4/3
7. (b) Since the origin remains the same.
So, lengths of the perpendicular from the ori-
gin on the line in its positions x + y = 1 and
2221 are equal.
P q
Therefore, L = L
JI2 412 J 1,1
—t=
P q
- 11 m—3/4
2 .1
rq 16 + 9m*> — 24m = 16m>+ 9 + 24m
1 1 77’}’12 +48m—-7=0
= —2+—2=2 7m2+49m—m—7=0
P 1 Tm(m +T)— 1(m +7)=0
8. (a) 3x+4y=>5 = m=—Tandm= 1L
4x -3y =15 7
their point of intersection 1
= -7, =
> x=3andy=-1 7
4_ m m+ 3 9. (d) (1) On taking reflection of point (4, 1) w.r.t.
3 - 4 line y = x, it becomes (1, 4).
1+ ix m 14| - 3 m (i1)) Now we move only 2 unit along x-axis.
1+2,4+0)=@3,4)



LECTURE

Straight Line 5

(Miscellaneous questions, revision of
straight lines, some harder problems)

SOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. In the triangle ABC with vertices 4(2, 3), B(4,
—1) and C(1, 2), find the equation and length
of altitude from the vertex A.

[NCERT]
Solution
2-(-1) 3
Sl fBC = ———=—--=-1
opeo 1-4 3
Equation of BC is
y—(-1)=-1(x—4) [Point-slope form]
or y+l=—x+4
or x+y—3=0
A(2, 3)
90°
B L C

4,-1) (1,2)

Also, slope of AL =1
Equationof ALisy—3=1(x—-2)orx—y
+1=0
Length of perpendicular from A(2, 3) on BC
[243-3]_2 _p5

Jirsr 2

2. Prove that the product of the lengths of

the perpendiculars drawn from the points

(Na’=b%,0) and (—/a>-b?,0) to the line

icos9+lsin9—1 is b2
a b

[NCERT]
Solution
Distance of the given line from
( V aZ - b2 s 0) =
2 _ 12
s cosf-1
a
=p,(say)

\]( cose]2 (sin@]z
+ T
a b
and distance of the given line from

a

cosO—1

=p,(say)

(—Va* =07, 0)= ‘
cos6 Z+ @
a b

Product of these two perpendiculars = p p,

[2_;2 2_ g2
[ a-b cosG—l][—a;bcose—l]
a a
- cos’0 sin’0
a’ b?
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2 _p 4. Find the distance of the line 4x + 7y + 5=10
(a ~ ]cosz 0-1 from the point (1, 2) along the line 2x —y = 0.
_ a [NCERT]
2 2 2 2.2
b* cos 92+§1 sin“ 0 Solution
ab
2222 2] 22 Note that the point P(1, 2) lies on the line 2x —y
= |a C(zs ? .bz cos 29 az |a b = 0. To find the required distance, we need the
a’(a’sin”@+b"cos”0) point of intersection of lines 2x —y =0 ...... @
|-(a” sin® 0+ 5% cos’ 0)|? and 4x+7y+5=0 ... (i)
© a'sin’0+h7cos’0 Multiplying (i) by 7 and adding it to (ii), we get
(" a?cos?0 — a® = a*(cos™0 — 1) = —a? sin0) ldx + dx +5=0
_(a’sin’0+b7cos’0)p |,
a’sin®@+b*cos’ 0 = x= —%‘
3. The straight line 2x + 3y + 1 = 0 bisects the 5
angle between two straight lines, one of which Substituting x = —— in (i), we get
is 3x + 2y + 4 = 0. Find the equation of the 18
other straight line. 5 5
Solution y=2x=2x B9
The given line is 3x +2y+4=0 ... ) ) ) - ) )
and bisectoris 2x +3y+1=0 ... ) <. The lines (i) and (ii) meet in the point Q
Since the other line passes through the in- (_i, - EJ
tersection of (1) and (2), its equationis 2x + 3y + 189
l+k@Bx+2y+4)=0,
e, 2+3K)x+3+2)y+(l+4)=0 P(1.2)
Consider the point P(1, —1) which lies on //Q
the bisector (2) and it does not lie on (1) KN
Since, P lies on one bisector length of per- q‘,\'/
pendicular from P on (1) = length of perpen-
dicular from P on (3) Q/ 4x+7y+5=0
- [3.1+2.(-1)+4]
9+4 .. Required distance
2+3k).1+ B +2k)(-1)+(1+ 4k 2 2
Q3L (4 2D + (L ) T SREN I
J@+3k)? +(3+2Kk) 18 9
o S Skl _ [529 529 [529 [1
\/E > =, |—4+—=|—,[-+1
V13k* +24k +13 324 81 81 V4
= 13k+24k+ 13 =13k 23 [5 235
= 24k+13=0zk=—5 N4 I8
o . . 5. A person standing at the junction (crossing)
Substituting this value of £ in (3), we get of two straight paths represented by the equa-
) 13 3 13 ) 13 -0 tions 2x —3y +4=0and 3x + 4y — 5 =0,
ST P e wants to reach the path whose equation is 6x
—7y + 8 =0 in the least time. Find equation of
- 3 it Ey _7_ the path that he should follow.
8 127 6 [NCERT]



Solution

Given lines are

2x-3y-4=0 . 1)
3x+4y-5=0 (ii)
and 6x—-7y+8=0 ... (ii1)

First, we find the junction of (i) and (i) i.e.
the point common to (i) and (ii).
Multiplying (i) by 4 and (ii) by 3 and adding
8x—12y—16+9x+12y—15=0
= 17x =31

31
> x= f—; Substituting x = 7 in (i), we get

31
2| = |-3y-4=0
[
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o 3y- 62-68_ 6
1717

2 (312

> y=—. is| —,—

17 (17 17]

To reach the line (iii) in least possible time,
the man must move along the perpendicular

from M to (iii). Now slope of (iii) is _—2 = g .

Slope of the required path = %7

Its equation is y —(—ij = _—7()«:—3—1]
17 6 17

Point slope form

2 31
6| y+ = =7 x=2L
or (y 17) (x 17]

or 6y=2=—7x+£
17 17
= 7x+6y=&
17

or 119x + 102y = 205.

UNSOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

1. Which of the linesx —y + 3 =0 and x — 4y —
7 = 0 is farther from origin.

2. The vertices of triangle POR are P(2, 1),
0(-2, 3) and R(4, 5). Find equation of the
median through the vertex R. [NCERT]

3. Given the triangle 4 (10, 4), B(—4, 9) and
C(=2, 1), find the equation of the altitude
through 4.

4. Find the bisector of the obtuse angle between
the lines 3x —4y + 5=0and 5x + 12y —-8=0

5. Find the equations of straight lines parallel to
3x + 4y + 1 = 0 and at a distance of 2 units
from the point (-1, 2).

6. Find the equation of the line through the inter-
section of the lines x + 2y =3 and 4x —y + 7
=0, and which is parallel to 5x + 4y — 20 =0

7. Obtain the equation of the line passing
through the intersection of the lines 2x — 3y +
4 =0 and 3x + 4y = 5, and drawn parallel to
y-axis.

8. Find the equation of the line through the
intersection of 3x —4y+ 1 =0and 5x + y— 1
= 0 which cuts off equal intercepts on the
axes.

9. Find the value of p so that the three lines 3x +
y—-2=0,px+2y—-3=0and 2x—y—3 =0,
may intersect at one point.

[NCERT]

10. Find the equation of the line passing through
the point of intersection of the lines 4x +
7y — 3 =0 and 2x — 3y + 1= 0, that has equal
intercepts on the axes.

[NCERT]
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ANSWERS

l.x-4-7=0
2.3x—4y+8=0
3.x-5+10=0
4. 64x + 8 +25=0

5.3x+4y+5=0, 8 23x+23y—11=0
3x+4y—-15=0 9 5

6. 15x+12y—7=0 10. 13x+ 13y =6

7. 17x+1=0

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. A straight line passes through a fixed point (h,
k) the locus of the foot of perpendicular on it
drawn from the origin is

3. Equation of a diameter of the circumcircle of
arectangle ABCD is 2x—y +4=0.1f 4, B are
(4, 6) and (1, 9) respectively, then area of this

[EAMCET-2002] rectangle is [JEE (WB)-2005]
(@) X*+y*—hk—ky =0 (a) 9 (b) 18
(b) X2+ +hk + ky = 0 ©) 12 @ 16

©) 3x*+3)y’+hk—ky =0

(d) None of these Solution

(b) AB = \J9+9 =342 . If E b the mid point
of AB, then E = (5/2, 15/2)

Equation of the diameter passing
through E (it is perpendicular to AB) is:

Solution

(a)y—k=m(x—h)andy—0=—i (x-0).
m

Eliminate m and replace (h, k) by (x, y), we get 15 3 5
x*+y?— hx — ky = 0, which is the required locus y—7= 31772
of the point.

= x-y+5=0
Centre of the circle is the point of intersec-
tion of 2x —y+4 =0 and x — y + 5= 0 which

2. IfAis(2,5),Bis (4,-11)and C lies on 9x +
7y + 4 =0, then the locus of the centroid of the

A ABC is a straight line parallel to the straight
line is [MPPET-1986]
(@) Tx—9+4=0

®) x-Ty-4=0

©) x+7y+4=0

@ 7+9+4=0

Solution

. . 2+4+x
(c) According to question, x, = T
> x=3x-6
_ 5-11+y
b2 3

= y=3y+6
9(3x,~ 6)+ 73y, +6)+4=0
Hence locus is 27x + 21y — 8 = 0, which is
parallel to 9x + 7y + 4 = 0.

isP (1,6).
Now BC =2PE =2 . %\/5 =32

Area of rectangle = (4B) (BC) = (3 V2 )
(3V2)=18.

. The line 2x + 3y = 12 meets the x-axis at 4 and

y-axis at B. the line through (5, 5) perpendicular
to AB meets the x-axis, y—axis and the AB at C,
D and E respectively. If O is the origin of coor-
dinates, then the area of OCEB is  [IIT-1976]
(a) 23 sq. units (b) 23/2 sq. units
(c) 23/3 sq. units (d) None of these

Solution

(c) Here O is the point (0, 0). The line 2x +
3y = 12 meets the y-axis at B and so B is the
point (0, 4). The equation of any line perpen-



dicular to the line 2x + 3y = 12 and passes
through (5, 5) is 3x — 2y = 5 The line (i) meets
the x-axis at C and so coordinates of C are
(5/3,0). Similarly the coordiantes of E are (3,
2) by solving the line AB and (i). Thus O(0, 0),
C (5/3,0), E(3, 2) and B(0, 4).

Now the area of A OEB = 23/3 sq. units.

. The number of integral values of m, for which

the x-coordinate of the point of intersection of
the lines 3x + 4y = 9 and y = mx + 1 is also an

integer is [IIT Screening-2001]
(@2 (®) 0
(© 4 @1

Solution

(a) Solving3x+4y =9,y =mx+1 wegetx =

xisanintegerif3+4m=1,-1,5,-5

3+4m
m= PRI 0,mhas two integra
values.

. A straight line through the vertex P of a tri-
angle POR intersects the side QR at the point
S and the circumcircle of the triangle POR at
the point 7© If S'is not the centre of the circum-
circle, then [IIT JEE-2008]

1 1 2

[T P
@ Bs ST < Josxsk
by Lo 2
® s ST Josxsk
© L4

PS ST OR
@ L+l 4

PS ST OR

Solution

(b, d) We have, from property of intersecting
chords of a circle

PS.ST=0S.SR

P
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Applying AM — GM inequality to PLS and
1
ST
1 1
pstsr_ [1 1
We have 28 ST > | —

2 PS'ST
The equality occuring when PS =ST ... (1)
Using PS . ST = OS . SR, we have
Lty 2
PS ST JOS.SR

Again from A.M.—G .M. inequality applied to
OS and SR, we have OS+SR > .JOS SR
5 N

= %ZJQS.SR “““““ 3)
equality occuring when QS =SR ... @
. 1 1 2
Using (2)and 3) —+—2> ——
e(2) ) PS ST QR/2
= L+L>i 5
ps sT R v ©)

Note that the equality holds in (5) when
both (1) and (4) are satisfied i.e. PS = ST and
OS = SR. But then S become the centre of the
circle, while the problem says that S is not the
centre of the circumcircle. Hence in (5) only

1 4

strict inequality holds, i.e. L +—>—
PS ST OR

But in (2) equality can hold, i.e.

L1, 2

PS ST OSSR

As an example take a circle of radius 5 and
the chord PT.

C = centre of circle
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Length 8, S being the mid-point of the chord
(S is not the centre of the circumcircle) We
have PS =4 =S8T

SC = pc?-ps? =3,
SR=SC+CR=3+5=8
0S=0C-8SC=5-3=2

11 1.1 1
- =4 _=_
PS ST 4 4 2
2z _2 2.1
JOSOR 28 4 2

1

1 2
- =
Thus ?s ST OSSR can hold.

So choice be in the paper must be

Thus L + L > 2 that is, one cannot
PS ST OS.SR

rule out the case of equality.

7. The area enclosed by the pair of lines xy = 0,
thelinex—4=0andy+5=0is
[Karnataka CET-2007]
(b) 10 sq. units
(d) 0 sq. units

(a) 20 sq. units
(¢) 5/4 sq. units

Solution
@ x=0 (1)
y=0
(0, 0) X =4
3 b (4’ 0)
©.-5)

4, -5
yo5 |4

Figure formed is a rectangle of length 5 units,
breadth = 4 units.
Area = 4 x 5 =20 sq. units.

8. The equation of the bisector of that angle
between the linesx +2y — 11 =0,3x-6y—5
= 0 which contains the point (1, —3) is
@) 3x=19 ®) 3y=7
(¢) 3x =19and 3y =7 (d) None of these

Solution

(a) Since, the origin and the point (1, —3) lie
on the same side of x + 2y — 11 =0 and on the
opposite side of 3x — 6y — 5=0.

Therefore, the bisector of the angle contain-
ing (1, —3) is the bisector of that angle which
does not contain the origin and is given by

—x—2y+ll___(—3x+6y+5

N NS

9. Thelines(p-q)x+(q-r)y+@F—-p)=0
G-Nx+@-py+@-9=0
r-p)x+@-qy+(g-r)=0are
(a) Parallel
(b) Perpendicular
(c) Concurrent
(d) None of these

Ji.e., 3x=19.

Solution
p—-q9 q-r r-p
© |g-r r-p p—q
r-p p—q 4q-r
0O g-r r—-p
=0 r-p p-4q|=0
0 p-q q-r

Hence the lines are concurrent.

Alternate: Since sum of the coefficient of x, y
and the constant term is zero, hence the lines
are concurrent.

10. Consider the lines givenby L, :x+3y -3 =0,
L,:3x—ky—-1=0,L,:5x+2y-12=0
Match the following columns:

[IIT-JEE-2008]
Column I Column IT
(@ L,L,L,are ® k=-9
concurrent, if
(b) One of L, L,, L, is Q@ k=-6/5

parallel to at least one
of the other two, if

(© L, L, L, form a tri- (r) k=5/6
angle, if

@L,L,L,donotforma (s) k=5
triangle, if



Solution

@ -s;0)-p. ¢ ©@Q-r;(d=p.q.s
Inlinex +3y—-5=0and 5x +3y—-12=0
intersect at (2, 1).
For L, and L, to be parallel, the corre-
sponding coefficient must be proportional,
.1 3
giving 3_ k=>k_ 9
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Similarly, for L, and L, to be parallel

i:-k:}k:-é
5 2 5

When k = 5, -9, —6/5, the lines will not
form a triangle

When k # 5, -9, —6/5, the lines will form
a triangle.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. Two points 4 and B have coordinates (1, 1)
and (3, -2) respectively. The co—ordinates of a

point distant /85 from B on the line through

B perpendicular to AB are [AMU-2000]
@ 4.7 ®) (7.4
© 6.7 @ (-5,-3)

. The distance of the lines 2x — 3y = 4 from the
point (1, 1) measured parallel to the line x + y

=1lis [Orissa JEE-2002]
@ V2 ) 542
©) 12 @6

. Two lines are drawn through (3, 4), each of
which makes angle of 45° with the line x — y
= 2, then area of the triangle formed by these

lines is [RPET-2000]
@) 9 () 972
© 2 @) 2/9

. If the sum of the distances of a point from
two perpendicular lines in a plane is 1, then
its locus is

[1IT-1992; Karnataka CET-1999;

DCE-2000, 01]

(a) Square
(b) Circle
(c) Straight line
(d) Two intersecting lines

. The area enclosed within the curve

[x|+]y|=1 is
[RPET-1990, 1997;
IIT-1981; UPSEAT-2003]
@ 2 ® 1
© 3 (@2

6. The straight line passing through the point of

intersection of the straight linesx— 3y +1=0
and 2x + S5y — 9 = 0 and having infinite slope
and at a distance of 2 units from the origin,
has the equation [AMU-1980]
(@ x=2 ® 3x+y-1=0
©y=1 (d) None of these

. If the equation of the locus of a point equidis-

tant from the points (a,, b)) and (a,, b,) is (a,
—a)x+ (b —b)y+ c=0,then the value of
cis [IIT Screening-2003]

1
(a) 5(a§+b§—af—bf)
(b) alz_aj"'blz_bzz
© %(af+a§+bf+b§)

(d) ya'+b}—a,-b]

. The equation of line, which bisect the line

joining two points (2, —19) and (6, 1) and per-
pendicular to the line joining two points (-1,
3)and (5, -1), is

[RPET-87]
®) 2x-y-3=0
(d) None of these

(@) 3x—2y =30
(©) 2x+3y =20

. If a, b, ¢ are in harmonic progression, then

straight line LR 1 =(0 always passes

a b c
through a fixed point, that point is
[MPPET-99; AIEEE-2005]
@ 1,-2) b -1,2)
© 1,-2) @ 1,-1/2)
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10.

11.

12.

13.

14.

1.

Equations of diagonals of square formed by
linesx=0,y=0,x=1and y = 1 are
[MPPET-84]
@y=xy+x=1 (®y=xx+y=2 | 1%
@© y=x,y+x=1/3 (@y=2xy+2x=1
The diagonal passing through origin of a
quadrilateral formed by x =0,y =0,x +y =
l and 6x +y =3, 1s
(@) 3x-2y=0 (b) 2x-3y =0
(©) 3x+2y=0 (d) None of these 16
If the straight line drawn through the point
P( V3, 2) and making an angle ©/6 with x-axis
meets the line /3 x — 4y + 8 =0 at Q then the
length PQ is
@7 () 6
© 5 @ 4 17.
The locus of the mid-point of the portion inter-
cepted between the axes by the line x cos o +
y sin o = p where p is constant is 18
[AIEEE-02] ’
1 1 4 1 1 2
@ S+—== O St=
x2 y2 p2 x2 y2 p2
1 1 5 1 1 3
© st—=5== d w—-=5=—=
PO Xy p
19.
The locus of the point of intersection of the
lines x cos a + y sin a = a and x sin & — y cos
a=>bis
(a) x¥*+y*=a’— b*
(b) x2+y2=a2+ b’l
SOLUTIONS
(¢) Trick: From option (c) 2.

P(xy)
\85

(1,DA

BP=\J(5-3)* +(7+2)}
=4+81 =485

B(3,-2)

(©) x*—y*=a>— b?
d) x*—y*=a*+b?

The slope of the line which is drawn through
the point (1, 2). So that its point of intersec-
tion with the line x + y + 3 = 0 is at a distance

32 is
@@ U3 ®) 3
©1 @ (V3 -1n3

The equation of a straight line passing through
the point (-5, 4) and which cuts off an intercept
of v2 units between the line x + y+1=0
andx +y—-1=0is
(@) x—2y+13=0

(©) x-y+9=0

() 2x—y+14=0
(d)x—y+10=0

The linesy =mx, y + 2x = 0,y = 2x + k and
y + mx = k from a thombus if m equals

(a -1 ®) 112

©1 @2

The graph of y = |x| consists of a pair of
straight lines lying [MPPET-2007]
(a) To the left of y-axis

(b) Above x-axis

(c) Below x-axis

(d) To the right of y-axis

The points (1, 3) and (5, 1) are the opposite
vertices of a rectangle. The other two vertices
lie on the line y = 2x + ¢, then the value of ¢

will be [Pb. CET-2003; IIT-1981]
(a) 4 (®) -4
© 2 d -2

(a) The slope of line x +y =1 is -1
It makes an angle of 135° with x-axis.
The equation of line passing through
(I, 1) and making an angle of 135° is,

y-1

cos135° sinl35°
y-1

x-1
EEEYN TN

Co—ordinates of any point on this line are

(1—%,“%

x-1




If this point lies on 2x — 3y = 4, then

2(1—LJ—3(1+LJ=4=>r=ﬁ

V2 V2
O—AD -
3. (b)tan 4 —E=>BC—2AD
2

I

/B D C\x-y=2
3-4-2| 3
AD = ———{=—
5%
Area
1 1 , 9
= E(BC)XAD=5><(2AD)(AD)=AD =5

. (a) Take the two perpendicular lines as x and
y axes and the point as P(x, y). Then sum of
distances of P(x, y) from x and y axes is 1.
This= |x|+|y|=1

> xt+ty=l,=x+y=1,x-y=1,—x-y=1
=  which form a square.

. @ x|+H|yl=1=x+y=1 ... e}

x-y=1 . @)

-x+y=1 . 3)

and -x-y=1 . 4)
Evidently ABCD is square.

Its area = (AB)*=( V2 »=2.

y
B(0, 1)
N +
2 L
x* A\Y
/-\- 7
X
(-1, 0)C 0 A(1,0)
N
7
N
/
_\.
C(0,~1)
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6. (a) The intersection point of x — 3y + 1 and

2x + 5y —-9=01is (2, l)andm=%‘Sothe

1
required line is y—1= 6(X-2)=> x=2

Trick: Check by option.

. (a) Let P(0, B) be the point which is equidis-

tant to A(a,, b,) and B(a,, b.).
PA =PB

= (@-af+@-by=(a-a)y+@-

by

= o’+a’-2aa + B +b>-2pb

=o’+a,’~20a,+ >+ b2 2pb,

= 2a,-a)a+2(b,-b)B+(a’+b>—a}
-b)=0

Thus the_equation of locus (0, P) is

(a,—a)x+(b,—b)y+ %(al2 +b’-a -

bH=0

But the given equation is (a,—a,) x + (b,~ b))
y—c=0

c=—%(af+b12—a22—b22)

— (@ +bi=at - b)

. (a) Bisecting point = (4, —9) and slope of

required line = -

0| w

4
I L 3
ts equationis y+9= 5(x—4)

= 3x-2y=30

. (¢)Asa, b, c are in H.P.

2_1.1
b a c

or 1_24.1:0 comparing it with
a b c

f+Z+l=0 thenx =1,y =-2.

a b c

Thus line will pass through (1, -2).
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10.

11.

12.

(a) Diagonal OB isy = x. 4 (1, 0), C (0, 1).

Then diagonal AC is %4-%:1 orx +y=1

y y=1

@) y=0 A

(a) Intersection of AB and BC is B(0, 0).
D xy=1 ¢

y=0

A x=0 B

Thus B is origin. Intersection AD and CD is

Diagonal BD is passing through B (origin) is

30

5 (x-0)=3x-2y=0

20
5

y-0=

(b) The equation of any line passing through

(\/g , 2) and making an angle g with x-axis is

x-+3 =%};2=r (say)
cos30° sin30°
where ‘7’ represents the distance of any point

Q on this line from the given points P( V3, 2).
The coordinates (x, y) of any point Q on line

(l)are(\/g + 7 cos 30°, 2 + r sin 30°)
(\/_+i 2+r_><lJ
2

If the point lies on the line
J3x—4y+8=0 then

f{fﬂf] o(2+5)rs0

= 3+3?r—8—2r+8=0

13.

14.

15.

length of PQ =6
(@)xcosa +ysina=p

S S A—

psecao  p cosec o

meets axes at 4 (p sec o, 0) and B (0, p cosec o).
Let (h, k) be mid-point of AB.

Then /= psecoc’k= )4 co;ec o

2h 2k
= —=seco,— =cosec O

p p
2 2
= [ 2|+ L] =cosa+sin*a=1
2h 2k
2 2
Locus of (h, k) is p—2+p—2=1
4x* 4y
1 1 4
T YTy

Eliminate o by squaring and adding.

(c) Let 6 be the angle made by the line with
positive direction of x-axis, then its equation

o x—=1 y=2
is 27 Y72 _3h
cos® sin6

Any point on this line is (1 +34/2 cos 6,
2 +3/2 sin 6)
Since it lies on the linex + y+3 =0
(1+3+/2 cos0)+(2+32sin0)+3=0
= 3x/§(cos9+sin9)=—6
= cosb+sin®=-+2

Squaring both sides, we get cos’® + sin’0 +
sin 20 =2
= sin20=1

= 29=§ S

4

Hence, slope of the line is tan ~ =1
4



16.

(c) Since, the L distance between the given

lines is V2

the required line is a straight line L to
the given parallel lines and passing through
(-5, 4).
Any line 1 to the given linesisx—y + K =0
This passes through (-5, 4)

-5-4+K=0

K=9
Hence, required lineisx—y+9=0

17.

18.

19.

Straight Line 5 B.83

@ Clearly m =2 (y+2x =0and y + 2x =
K are parallel and y = 2x and y = 2x + K are
parallel)

®)y =|x|ie.,yis +ve for all x

above x-axis.

(b) The mid-point M(%, %J =MGQ3,2)

of the diagonal lies on the liney = 2x + ¢
2=6+corc=—+4

UNSOLVED OBJECTIVE PROBLEMS (‘I‘D!‘E‘NTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

The locus of a point so that sum of its distance
from two given perpendicular lines is equal to
2 unit in first quadrant, is

[Bihar CEE-1994]
O x+y=2
(d) None of these

@x+y+2=0
©x-y=2
Two point moves such that the area of the
triangle formed by it with the points (1, 5) and
(3,-7) is 21 sq. unit. The locus of the point is
[Kerala (Engg.)-2002]
() 6x—y+32=0
d 6x—y—32=0

(@) 6x+y—-32=0
(©)x+6y—32=0

If the coordinates of the vertices of the tri-
angle ABC be (-1, 6), (-3, —9) and (5, —8)
respectively, then the equation of the median
through C is

(@) 13x—14y—47=0

(b) 13x— 14y +47=0

(©) 13x+ 14y +47=0

(@) 13x+14y—-47=0

fu=ax+by+c =0,v=ax+by+c,=

0 and i=ﬁ=i,thenthecurveu +kv=0
a, b, ¢

is

(a) The same straight line u

(b) Different straight line

(c) It is not a straight line

(d) None of these

10.

The distance of the point (3, 5) from the line
2x + 3y — 14 = 0 measured parallel to the line
x—2y=1is

(@) 75 () 713
© 5 @ V13

The lines x+ (a— 1) y+ 1 =0and 2x + a% —
1= 0 are perpendicular if
@ |a|=2

() -1<ax<o0

() 0<ax<l
d) a=-1

Distance between the parallel lines 3x + 4y +

7=0and3x+4y—5=0is  [RPET-2003]
(a) 2/5 (b) 12/5
(c) 5/12 (d) 3/5

The three lines Ix + my + n =0, mx + ny + [
=0, nx + ly + m = 0 are concurrent if

[Pb. CET-2002]
b®ym=I+n
@Il+m+n=0

@Il=m+n
©n=Il+m

The distance between the two parallel straight
linesy = 2x + 3 and 2y = 4x + 9 is equal to
(@) 6 ®) 12

(©) 335710 @ 3512

If the linesx + ¢ =0,y —2=0and 3x + 2y +

5 = 0 are concurrent, then value of g will be
[DCE-2002]

(b) 2

@5

(@ 1
©3
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 13 minutes.

The worksheet consists of 13 questions. The
maximum marks are 39.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The line x + y = 4 divides the line joining the

points (-1, 1) and (5, 7) in the ratio
(@ 2:1 b)1:2
(©) 1: 2 externally (d) None of these

. The distance between 4x + 3y = 11 and 8x +

6y =15, is

[AMU-1979; MNR-1987; UPSEAT-2000]
(@) 7/2 (®) 4
(c) 710 (d) None of these

. The lines2x + y—1=0,ax+3y—3=0and

3x + 2y — 2 =0 are concurrent for
[EAMCET-1994]

(b) a = 4 only

(d) a> 0 only

(a) Alla
() -1<a<3

. The value of A for which the lines 3x + 4y =

5, 5x + 4y = 4 and Ax + 4y = 6 meet at a point

is [Kerala (Engg.)-2002]
(@) 2 ®) 1
(© 4 @3

. The lines ax + by + ¢ = 0, where 3a + 2b + 4¢
= O are concurrent at the point  [IIT-1982]
(@) (172, 3/4) ®) (1,3)

© G, D (d) (3/4,1/2)

. Iflines4x+ 3y =1,y=x+5and 5y + bx =

3 are concurrent, then b equals
@1 (®) 3
@©) 6 @ 0

. The equation of the lines through the point (3,

2) which makes an angle of 45° with the line
x—2y =3 are [Kerala PET-2007]

10.

11.

12.

13.

(@) 3x—y=T7andx+3y=9
b)x—3y=7and3x +y=9
() x—y=3andx +y=2

d2x+y=7andx-2y =9

The distance between the lines y = mx + ¢,
andy = mx + ¢, is

() (SIS ) €6
m? +1 m® +1
¢, ~c

© = @O0
m-+1

The area of the triangle formed by the lines
Tx—2y+10=0,7x+2y—10=0andy +2 =
01is

(a) 8sq. units
(¢) 14 sq. units

(b) 12 sq. units
(d) None of these

The vertex of an equilateral triangle is (2, —1)
and the equation of its base in x + 2y = 1. The

length of its sides is [UPSEAT-2003]
@ 15 ) 2/\15

©) 4343 @15

The image of the point (4, —3) with respect to
the line y = x is [RPET-2002]
@ (4,-3) ®) (3,4

© +4.3) @ 3,4

The x-axis, y-axis and a line passing through
the point A(6, 0) form a triangle ABC. If
ZA = 30°, then the area of the triangle, in sq.

units, is [Kerala PET-2007]
(a) 63 ®) 1243
(©) 43 @ 83

If there is a triangle whose vertices are

A3, -5), B(7, 3) and C(-5, 5) then the equa-

tions 6x — y = 23 represents  [SCRA-2007]

(a) the line AB

(b) the line joining the mid-points of BC and
AC

(¢) the median through 4

(d) altitudes from A4 to BC
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HINTS AND EXPLANATIONS

5. (d)Here3a+2b+4c =0

(3a+2b]
or c=-
4

Put in line to get ax+ by —

/N
(%)
N
&+
()
>
~—
]
(=]

Equation is in form of L, + AL, =0
It will pass through point of intersection

of x—i=0 and y_l=0
4 2

Point is i, l
42
7. (a) Slope of line can be = tan (6 £45°)

Where, tan6 = %

tanO 1 1
Slope = =3-=
1Ftan0 3
Equation of line
y—-2=3(x-3)
or 3x-y=7

or y—2=_?l(x—3) orx+3y=9

10. (b) Let length of side = a
A2, 1)

H
B Dx+2y=1 C

2+42(-1)-1

V12422

AD = a sin 60° =

60° (6, 0)
0 6 A

Area = %xOAxOB =63
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LECTURE

Pair of Straight Lines 1

(Homogeneous equations of
second degree and their various forms)

BASIC CONCEPTS
1. Homogeneous Equations of Second Degree (d) If h* > ab, the two lines are Real and
1.1 Anequation of the type ax®>+ 2hxy + by*=01is different.
a homogeneous equation of second degree. (e) If h*=ab, the two lines are COINCIDENT.
) If #* <ab, the two lines are IMAGINARY
NOTE having origin as their real point of intersection.

2. Homogeneous equation of second degree in

The sum of the powers of x and y in every term is
terms of gradients (m m,x*— (m + m)xy +)*

the same and is equal to 2.

=0
1.2 The homogeneous equation of the second de- If ax*+ 2hxy + by* = 0 represents the pair of
gree always represents a pair of straight lines lines y = m x and y = mx. Then
passing through the origin. ax*+2hxy + by*=(y-—mx) y —mx) =mm,
1.3 Both straight lines represented by ax*+ 2hxy + x*—(m+m,) xy +y*>= 0 comparing the coef-
by* =0 are given by: ficients we get
ax+[h+—ably=0 0 ml+m2=_2b_h=tana+tanB[MPPET-1988]

ax+[h-~h —=ably=0 (i)

a
d =—=tanq.t CEE-1993,
(a) Slopes of both straight lines are respectively andm,m, b ano. tanf [ /

a 2\h* —ab ‘
m == m > |om, — m,)| =T = difference of the
-a 2
a slopes = [tan o — tan B
m=- —-b)’ +4K
: [h—\/hz—ab] A+m)HA+mp) =% a and B
(b) Difference of slopesii.c., are angle made by straight lines (y =myx, y =
\m,—m, | = 2Vh™—ab mx) with positive direction of x-axis.
o b 3. The equation of the straight lines passing
ne i —ab through origin and whose slopes are
(¢) Ratio of the slopes = +—2—a or (1) negative (equal in magnitude but opposite
h—+h"—ab in sign) of the gradients of the lines ax®
h—~h'—ab +2hxy + by*=0is ax* — 2hxy + by* =0

h+h —ab y=-mx;y=-myx]
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(i1) reciprocals of the gradients of the lines

ax®+2hxy + by?=01s bx>+ 2hxy + a*=0.

4. The equation to the pair of lines through the

origin and perpendicular to the pair of lines
ax® + 2hxy + by?=01s bx*— 2hxy + ay*=0.

[MPPET-1989]

NOTE

If straight lines represented by ax?+ 2hxy + by*=0
by y = m x and y = mx then straight lines repre-
sented by

(1) ax*—2hxy +by*=0arey=—-mx,y =—-mx

(i) bx*+2hxy + ay*=0aremy=xandmy =x

(i) bx* — 2hxy + ay* = 0 are my + x = 0 and
my +x=0

5. If y = mx be one of the lines represented by
ax*+ 2hxy + by?=0thena+ 2hm + bm*=01ie.,
(slopes of the both lines represented by ax? +
2hxy + by* = 0 are the roots of the equation
a+2hm + bm?=0).

6. The equation to the pair of lines through (x,,y,)
and

(i) Parallel to the pair of lines ax®> + 2hxy +
by’=0isalcx—x) +2h(x—x)y-y)+
b(y -y 1)2 =0

(ii) Perpendicular to the pair of lines ax? +
2hxy + by* = 0 is b(x — x))* — 2h(x — x))
@-y)taly-y) =0

7. The condition that the slope of one of the lines

represented by ax? + 2hxy + by*=0

(1) be A times the slope of the other is ab
(1+2)? = 4h*\.

(i1) be square of the slope of the other is
ab(a + b) — 6abh + 8h*=0

NOTE

If ratio of the slopes of the lines represented by
ax*+ 2hxy + by*=0be m : n then required condition
is: (m + n)* ab = 4mnh*.

8. If the separate equations of the pair of lines
ax*+2hxy +by*=0arelx +my=0,lx + my
=0thenl/ =a,Im,+1,m =2h,andmm,=b

9. Equation of the pair of straight lines through
the origin each of two straight lines through
the origin

(1) at a distance a from the point (x, y,)
Gy —ypy=a®(x*+y?).

(i) making angle o with the straight line y = x.
x?+3y*—2xy sec 20=0
10. An angle 6 between the pair of lines ax®+

2hxy + by*=0isgivenby cosd = atb

,/(a —-b)’ +4kK°

2\/h2-ab. sin@ = 2 hz-ab
a+b Ja-b)* +4n’

[RPET-1995]
11. If 4* = ab then the two lines given by ax? +
2hxy + by* =0 are coincident and ax? + 2hxy +

by* + 0 is a perfect square.
11.1 Ifa + b=0, the two lines will be perpendicular.
12. The equation of the pair of bisectors of angles

between the pair lines ax? + 2hxy + by? =0 is
s A
a-b h
or h(x>—3>)=(a—b) xy
13. The y = mx bisects the angle between the lines
ax*+2hxy + by?=0if h(m*— 1)+ m(a—b)=0.
14. The lines bisecting the angle between the bisec-
tors of the angles between the lines ax? + 2hxy +
by*= 0 are given by (a — b) (x*—3*) + 4hxy =0
(Equation of bisector of bisector)
14.1 If pair of lines (a — b) (x> — y*) + 4hxy = 0 and
ax® + 2hxy + by?= 0 be identical or same then
a+b=0.

or

tan0 =

Some miscellaneous results
15. The area of the triangle formed by ax*+ 2hxy +
by =0 and Ix + my + n =0 is given by
n*h*—ab
am® = 2hlm +bl*

16. The orthocentre of the triangle formed by the
lines ax®> + 2hxy + by*=0and Ix +my + n=0
is (M, Am)

-n(a+b)

am® = 2hlm + bl*

17. Triangle enclosed by the pair of straight lines
ax*+ 2hxy + by*=0and Ix + my + n=0 be

where A =

isosceles if L~ _m
a-b h
NOTE
If a + b =0 then area of the right angled isosceles
2
triangle is
g P +m?




18. The equation of the pair of lines through
0(0, 0) and forming an equilateral triangle
with the line Ix + my + n=01is (- 3m>x> +
Imxy + (m*—31%)y*=0 (i) and area of the equi-

2

B +m?)

lateral triangle then enclosed is

(Ix +myy* -3 (y—mx)*=0
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NOTE

Combined equation of pair of straight line (i) can
also be written as follows:

19. The product of the perpendiculars from a point
P(x,,y,) to the pair of lines ax* + 2hxy + by* =

ax? +2hx,y, +by}

Ja-b)*+4n’

01is

~ SOLVED SUBJECTIVE PROBLEMS (XI-XII BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the area of the triangle, equation of whose
sides are given by > — 9xy + 18x>=0and y = 9.

Solution

2 —9xy +18x*=0
= »*-3xy—-6xy+18x>=0
= yy-3x)-6x(y—3x)=0
= @-30@r-6x)=0

y—3x=0andy—-6x=0

A3, 9)
X1’ y1
B(0, 0) C(3/2, 9)

X5 Y, Xs Y3
Now, equation of sides of triangle are

y—-3=0 . (1)— 4B

y—-6x=0 (2)— BC
and y=9 . 3)—C4
Solving equations (1) and (2) the vertex B is
0.0
Solving equations (2) and (3) the vertex C is
(32,9
Solving equations (1) and (3) the vertex A is
3.9

1
A[AABC] = 5 [y, —xy) + (xy, —xy,) +

(xsyl_x}ys)]
 [3x0)=(0x9)+0x9)-

T2 (ix0]+(ix9]-(3x9)
2 2

=Ho-0+0-0+% 27
2 2

UL gy 227122
2[2 2] 2
= A[AABC]=_—§7

Area cannot be —ve,

A[A ABC]= 2_27 square units.

2. Find the combined equation of straight lines
which pass through (1, 2) and perpendicular
to the line 3x%— 8xy + 5° = 0.

Solution

Given equation is 3x2— 8xy + 5*=0
= 3x2-5xp-3xy+5°=0
= x(B3x-5)-yBx-5y)=0
= Bx-5)Cx-y)=0
Equation of lines are: 3x — 5y =0 .... (1)
and x—y=0 ..
Let perpendicular lines on equations (1) and
(2) be respectively 5x + 3y =A and x + y =4,
If these lines pass through (1, 2), then
5+3x2=jand1+2=1,
= A =1land),=3
Equation of required lines are:
Sx+3y=1landx +y=3
Their combined equation is
Gx+3y—-1D)x+y-3)=0
= S5x?+5xy—15x+3xp +3) -9y — llx —
1ly+33=0
= 5x?+8xy+3y?—26x—20y +33=0
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3. Show that the lines x>+ 4xy +y*=0and x —y i.e., angle between the lines taking any two of
=0 form an equilateral triangle. the given three lines be 60°.
. Thus, the triangle formed by these lines is
Solution . .
an equilateral triangle. Proved.
Apgle between the two lines x* + dxy + y* = 4. Prove that the equation of the straight line
0is . .. .
passing through the origin and making an
| 2dR —ab angle 6 with the line y + x = 0 is x2 + 2xy sec
O=tan™'| ——— ,
a+b 0+y*=0.
Solution
=tan Equation of a line passing through origin is
1+1
y=mx . )
=tan"'\/3 = 60° If this line makes an angle 6 with the line
Again, x>+ 4xy + =0 y+x=0, then
= Pty t+aP-32=0 tan@=+1""1
v Y T l+mm,
= (x+2y)-32=0
+1
= (x+29) (B3 =0 N tane=¢§’l” ;
-m
= (x+2y+\/§y)(x+2y-\/§y)=0 = (-mPtan?0=(m+ 1)
=[x+ +V3)yIlx+(2-3)y1=0 = tzanz 90+ m? tan* 0 = 2m tan? 0 —m?— 1 -
m =
quuatlon of }he lines represented by = (tan® 0 1)— 2m (I+ tan® 0) + m? (tan?
x2+4xy +)*=0 are 9-1)=0
x+Q2+3)y=0 1)) l+tan’0
= 1-2m———+m =0
and x4+(2-3)y=0 = @) tan’ -1
Now, angle between the line x —y = 4 and line = 142m 1+tan’0 -0
@) 1is 1-tan’@
=> 1+2 20+m*=0
0= tan | A= meees T
1+ B _1-tan"6
mn, 200820 = ————
1+tan“0
1
1 + —\/— 2
= O=tan”’ 2—+13 = 1+2%sec204| 2 =0,
-1 x x
2443 {from equation (1)}
= x*+2xysec20+3°=0 Proved.
L[ 2+3+1 ‘
= O=tan 2—\/3—'1 5. Prove that the lines 12x? + 7xy — 12y*= 0 and
o 12x2 + 7xy — 12)” —x + Ty — 1= 0 are sides of
a square.
= O=tan" 3443
\/5 +1 Solution
Given lines are 12x*+7xy—12)*=0 .. (1)
= O=tan"' M and 12x+7xy— 12 —x+7y—-1=0 .. (2)
(3+1) From equation (1),

= 9=tan'\3 12x2+ 7xy — 12y =0

= 9=60° 12x2—9xy + 16xy— 122 =0
Similarly, angle between the line x —y = 4 and 3x(4x—3y) + 4p(4x—3y)=0
line (2) is 60°. (4x—-3y)Bx+4)=0

uud



Lines denoted by equation (1) are
4x—-3y=0and 3x +4y=0

Let the lines denoted by equation (2) be
3x+4y +I1=0and 4x—3y + m=0
12x2+ Txy — 12> —x+Ty—1=B3x + 4y
+D@Ax -3y +m)=12x*+Txy — 12)? +
4l+3m)x+(3l+4m)y +Im

Comparing the coefficient of x and y and con-

stant terms,

4]+3m=-1
—-3l+4m=7
Im=-1
Solving them, we have
I=-1,m=1

Therefore, lines denoted by equation (2) are
3x+4y—1=0and 4x -3y +1=0
Thus, sides of the square are

4x-3y=0 3
3x+4y-1=0 4
4x-3y+1=0 ©)
and 3x+4y=0 . 6)

Obviously, opposite sides are equations
(3), (5) and equations (4), (6) are parallel and
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any pair of adjacent sides are perpendicular.
This, the lines are side of a square.

. Show that the pair of lines 2x>+ 6xy +3?=01is

equally inclined to the pair of lines 4x2+ 18xy +
y2=0.

Solution

Equation of bisectors of the angle between
the lines represented by 2x> + 6xy + y* =0 be
Xt — yz ~ 2
2-1 3

= 3(x*-)y)=xy
= 3x*-x-3*=0

Again, equation of bisectors of the angle
between the lines represented by 4x> + 18xy +

P=0be L7V X
4-1 9
- ¥y _»

3 9
= 3x*-x-3*=0
Since the lines (1) and (2) are same, there-
fore angle between the lines is equal to the
other pair of lines.

UNSOLVED SUBJECTIVE PROBLEMS (XI-XIl BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

. Find the straight lines given by the equations

@) x*-3x+2=0
(i) x?+2xy cosec 6 +3*=0

Find the angle between the pair of straight
lines represented by

@A >+ A-AM)xy-2=0

(1) 4x*—-24xy +11y*=0

Find the equation of the bisectors of the angle
between each of the following pairs of lines
i) x*-10xy—3*=0

(i) x>—2xysecO +3)*=0

If 4ab = 3h* then find the ratio of the gradients
of the lines denoted by ax? + 2hxy + by? = 0.

5. If angle between the lines denoted by y? + Axy

— x*tan © = 0 is 26, then find the value of A.

. Show that the lines represented by 3x% — 4xy +

5y* =0 are perpendicular to the lines given by
S5x%+4xy +3y*=0.

. One of the bisector of the angle between the

lines denoted by x* + 2hxy — 2)? =0 is x — 2y
=0, then find the value of A.

. Find the difference of gradient of lines denoted

by x%(sec? — sin?6) — 2xy tan 6 + y* sin*6 =0

EXERCISE 2
1. If (a + 3b) (3a + b) = 4k, then find the angle

between the lines ax? + 2hxy + by* = 0.
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2. Find the combined equation represented by
the following equations
(i) x=0andy=0
(ii)) x—4=0andy-3=0

3. If the ratio of the gradient of the lines ax® +
2hxy + by*=01is 1 : 3, then prove that

4. Show that the angle between the lines 3x* —
4xy + 5y* = 0 is equal to the angle between the
line 5x* + 4xy + 3y*=0.

5. Find the area of the triangle formed by the
lines x>~ 4*=0and x =k

i _ i 6. If sum of the gradients of the lines denoted by
ab 3 x?—2xy tan A — y*is 4, then find £ZA.
ANSWERS
EXERCISE 1 3. ()5x*+2xy—57%=0 EXERCISE 2
I @x=1landx=2 (if) x* - y* 1. 6=60°
P 4.1:3 2. Wxy=0
+
(11))ism6+y(l cos 0) (i) 1y — 3x — 4y + 12 = 0
=0 50 i
2. (i) 90° 7.2 S. >
(11) tan! (4/3) 8. 2 6. tan™! (_2)

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If the pair of lines ax®> + 2(a + b) xy + by* =
0 lie along diameters of a circle and divide
the circle into four sectors such that the rea of
one of the sectors is thrice the area of another
sector, then [AIEEE-2005]
(a) 3a*+2ab +3b*=
(b) 3a>+ 10ab +3b>=0
(©) 3a>—2ab+3b*=0
(d) 3a>—10ab +3b*=0

Solution

(a) Let AOB and COD be two given diameter
lines which divide the circle into four sectors

such that
Area AOD =3 Area BOD (given)
D
135° °
A 45270 7 A
135°
C

= L BOD =mu/4

= Angle between the pair of given lines =

/4
T _ 2,/(a+b)2 —ab

4 a+b
2\Ja* +b* +ab
a+b

= 3a®+3b2+2ab=0.

tan

= 1=

2. The locus of the point P(x, y) satisfying the
relation

JE=3)2 + (=17 +(x+3) + (y-1)* =6

18

[Orissa JEE-2002]
(a) Straight line
(b) Pair of straight lines
(c) Circle
(d) Ellipse



Solution

®) Jxr=3+(—-1 +J(x+3) +(y-1) =6

,/(x-3)2+(y-1)2 =6—,/(x+3.)2+(y-1)2

Squaring both sides. We get,

12x + 36 =12/(x +3)* +(y = 1)?

Again squaring we get the given equation is
pair of straight lines.

. The image of the pair of lines represented by
ax? + 2hxy + by* = 0 by the line mirror y =0 is
(@) ax*—2hxy —by*=0
(b) bx*—2hxy +ay*=0
(©) bx*+2hxy + ay*=0
(d) ax*—2hxy + by*=0

Solution

(d) Let y = mx and y = mx be the lines rep-
resented by ax? + 2hxy + by* = 0. Then their
images iny =0 arey =—m x and y =—m,x and
so their combined equation is y*+ m mx*+

, a , 2h
xy(m+m)=0or y +Zx +xy —7 =0

2h a
my +m2 =-7, mm, = Z

or ax>—2hxy +by*=0

. If x> —2pxy —y*=0and x> — 2gqxy — )y* =
bisect angles between each other, then

[CEE (Delhi)-1999; AIEEE-2003]
@p+tqg=1 ®) pg=1
(©) pg+1=0 D p*+pgtqg=0

Solution

(c) The equation of the bisectors of the anlges
between the lines x> — 2pxy —y*=0 is

)Cz-y2 _ xy
1-(-1) -p
K-y -wy

2 p

= px*+2xy-py*=0

This must be same as x> —2¢gxy —3* =0

. The pair of lines +/3x? —4xy+\/§y2 =( are
rotated about the origin by @/6 in anti-clockwise
sense. The equation of the pair in the new posi-
tion is:

Pair of Straight Lines 1 C.9

@ VBr'-y=0 () ¥-By=0

(©) xy-3y*=0 (d) None of these
Solution

(a) We have, /3x* —4xy++/3y> =0

> (Br-p)x-3y)=0

= Bx-y=0,x-V3y=0
= y=\/§x,y=%x

These lines makes 60° and 90° angles respec-
tively with x-axis. If they are rotated about
the origin by n/6 i.e., 30° in anti-clockwise
direction, then they make 90° and 60° an-
gles respectively with x-axis. So, their equa-

tions in new position are x =0 and y = V3x.
The combined equation of these two lines is

x(\/gx-y)=0 or \/gxz-xy=0

6. The pair of lines represented by 3ax® + S5xy +
(a* — 2))? = 0 are perpendicular to each other

for

(a) Two values of a (b) all values of a

(c) one value of a (d) no value of a
Solution

(a) We have, 3ax*+ Sxy + (a*—2)y*=0
This will represent a pair of perpendicular
lines, if Coeff. of x> + Coeff. of y2=0
= 3a+a*-2=0
Lo 317
2
Hence, there are two values of a.

=

7. If the slope of one line of the pair of lines rep-
resented by ax? + 4xy + 3* = 0 is three times
the slope of the other, then a is equal to

(@1 () 2
©3 @4
Solution

(c) Let m at 3m be the slope of the lines repre-
sented by the equation ax®+4xy +3?=0. Then,
m+3m=—4andmx3m=a

= m=-1and m2=§=>£=1=>a=3
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. A second degree homogenous equation in x
and y always represents

(a) A pair of straight lines

(b) Acircle

(c) A conic section

(d) None of these

. The nature of straight lines represented by the
equation 4x> + 12xy + 9 =0 is

[MP PET-1988]
(a) Real and coincident
(b) Real and different
(¢) Imaginary and different
(d) None of these

. If one of the lines represented by the equation

ax® + 2hxy + by* =0 be y = mx, then
[UPSEAT-1999]

(@) bm*+2hm +a=0

(b) bm*+2hm —a=0

(©) am*+2hm +b=0

(d) bm*—2hm +a=0

. The equation of the lines passing through the
origin and having slopes 3 and —1/3 is

(@) 3y*+8xy—3x2=0

(b) 3x*+8xy—3)2=0

©) 3*—8xy+3x2=0

(d) 3x*+ 8y +3)*=0

. The equation of the lines represented by the
equation x> — Sxy + 6y* = 0 are

@ y+2x=0,y—3x=0

b)) y—-2x=0,y—3x=0
©y+2x=0,y+3x=0

(d) None of these

. The equation of one of the line represented by
the equation x* + 2xy cot 6 —y? =0, is

(@) x—ycot6=0

(b)) x+ytan6=0

(€) xsin® + y(cosO+1)=0

(d) xcos O +y(sin®+1)=0

. The pair of straight lines passes through the
point (1, 2) and perpendicular to the pair of
straight lines 3x*— 8xy + 52 =0, is

@ Gx+3y+1D)x+y+3)=0

®) Gx+3y-1D(x+y-3)=0

©) Bx+5y-1D(x+y+3)=0

@ BGx-5y+1D(x+y-3)=0

10.

11.

12.

13.

14.

15.

16.

If the ratio of gradients of the lines represented
by ax? + 2hxy + by*=01is 1 : 3, then the value

of the ratio A* : ab is [MP PET-1998]
(a 1/3 ) 3/4
(c) 4/3 @1

Difference of slopes of the lines represented
by equation x*(sec? 6 — sin? 6) — 2xy tan 6 + )

sin? 6= 0 is [Kurukshetra CEE-2002]
(@ 4 (®) 3
)2 (d) None of these

If one of the lines given by 6x2 —xy + 4¢y* =0
is 3x + 4y = 0, then ¢ equals

[AIEEE-2004]
(®) -1
@1

(@ -3
©3

If the sum of the slopes of the lines given by
x?—2exy — 7y* = 0 is four times their product,

then ¢ has the value [AIEEE-2004]
(@ -2 (®) -1
© 2 @1

Angles made by the lines represented by the
equation xy + y = 0 with y-axis are

(a) 0° and 90° (b) 0° and 30°

(c) 30° and 60° (d) 30° and 90°

If the lines represented by the equation 2x* —
3xy + y*= 0 make angles o and p with x-axis,
then cot? o + cot® B is equal to

(@) 0 () 3/2

() 7/4 @) 5/4

Which of the equation represents the pair of
perpendicular straight lines

@y +xy-x*=0 ®) Y —xy +x*=0
© ¥*+xy+y*=0 () x*+xp-22=0

If the angle 26 is acute, then the acute angle
between x? (cos 6 —sin 0) + 2xy cos 6 + 3 (cos

0 +sin 0) = 0 is [EAMCET-2002]
(a) 20 () o3
) 0 (d) 62

The lines x — 2y = 0 will be a bisector of the
angle between the lines represented by the
equation x2 — 2hxy — 2y = 0, if h is equal to
(@) 172 ) 2

() -2 @ -172



17.

18.

19.

20.

21.

22.

23.

If the bisectors of the angles between the pairs
of lines given by the equation ax? + 2hxy + by?
=0 and ax® + 2hxy + by* + Mx* +3?) = 0 be
coincident then A is equal to

@ a (b) b

@©) h (d) any real number

The combined equation of the bisectors of
the angle between the lines represented by

(x> + Y3 =4xy is [MP PET-1992]
(a) y»—x*=0 ®) xy=0
X2 _yz xy
2 + 2 = =
© x 2xy @ B )

If the equation ax® + 2hxy + by* = 0 has the
one line as the bisector of angle between the
coordinate axes, then

[Bihar CEE-1990]
®) (a + by’ =h’
(@) (a + by =4k

@) (a—by=h
(© (a—by =4

The equation of the pair of straight lines, each
of which makes an angle a with the line y = x
is [MP PET-1990]
(a) x*+ 2xy sec 2a +3?=0

(b) x*+ 2xy cosec 2a +32=0

(¢) x*—2xy cosec 2a +3?=0

(d) x*—2xysec2a +3*=0

The figure formed by the lines x> + 4xy + y*=
Oand x —y=4,is [Roorkee 1980]
(a) Aright angled triangle

(b) An isosceles triangle

(¢) An equilateral triangle

(d) None of these

Locus of the points equidistant from, the lines
represented by x*> cos 26 — xp sin 2 6 —)?
sin?0 =0 is

(@) x*+3*+2xysec26=0

(b) x> +3*+ 2xy cosec 26 =0

(©) x*—y*+2xysec20=0

(d) x*—y*+ 2xy cosec20=0

The equation x> — 7xy + 122 = 0 represents
[BIT Ranchi-1991]

(a) Circle

(b) Pair of parallel straight lines

24.

25.

26.

27.

28.

29.
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(c) Pair of perpendicular straight lines
(d) Pair of non-perpendicular intersecting
straight lines

The equation x> + ky? + 4xy = 0 represents two
coincident lines, if k is equla to

[MP PET-1995]
@ 0 b1
() 4 @ 16

If the bisectors of the angles of the lines rep-
resented by 3x2— 4xy + 532 = 0 and 5x> + 4xy
+ 3y?= 0 are same, then the angle made by the
lines respresented by first with the second, is

(a) 30° (b) 60°

(c) 45° (d) 90°

If the bisectors of angles represented by ax? +
2hxy + by*= 0 and a'x* + 2h'xy + b'y? =0 are
same, then

@) (a—b)h'=(@ —bYh

®) (a—byh=(@ - b I

©) (@a+b)yh'=(@'-b)h

@ (a-b)h'=(a +b"Yh

Area of the triangle formed by the lines y* —
9xy +18x>*=0and y =9 is

(a) 27/4 sq. units

(b) 27 sq. units

(c) 27/2 sq. units

(d) None of these

The angle between the pair of straight lines
y?sin? O —xy sin? 0 + x¥cos’O— 1) =1, is
[MNR-1985; UPSEAT-2000;
Kerala (Engg.)-2005]
(b) n/4
(d) None of these

(a) /3
(c) 2n/3

A pair of 1" straight lines is drawn through the
origin and forming with the line 2x + 3y =6 an
isosceles A right angled at the origin. Find the
equation of the pair of straight lines and area
of the A

(@) 5x*—24xy —5y*=0, 36/13 sq. unit

(b) 5x2+ 24xy — 52 =0, 36/13 sq. unit

(©) 5x*—24xy —6y*=0, 36/12 sq. unit

(d) 5x2—24xy — 5y*=0, 35/13 sq. unit
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SOLUTIONS

. (a) A second degree homogeneous equation
in x and y always represents a pair of straight
lines passing through origin.

But general equation of pair of straight
lines, circle and conics are not homogeneous.
. (@) 2+ 12xy+9P*=0
= (2x+3y)=0
= 2x+3y=0,2x+3y=0
= Real and coincident.

. (@) ax?+ 2hxy + by*=0

2
ie., b(lj +2h(1]+a=0
X X

Since,y=mx .. m= Y
x

bm*+2hm +a=0
1
3 (b) ml=3,m2 =-§.

Hence, the linesare y = 3x, y = —%x.

Multiplying both the lines, we get
-3x)GBy+x)=0

= 3x2+8xy-3y*=0

. () ¥*-5xy+6°2=0

= X¥*-2xy-3x+62=0

= x(x-2)-3y(x-2)=0

> (x-2»)=0andx-3y=0

. (¢) The lines represented by the equation

x?+ 2xy cot 6 —3* =0 are

ax+hy+ y\Jh' —ab =0

= x+ycot@xyycot’0+1=0
= x+y c?—sei; =0
sin® sin®
= xsin®+y(cosfx1)=0
Hence, one line is x sin 6 + y (cos 6+ 1)=0
. (b) The equation of lines represented by the

equation 3x2 — 8xy + 5 =0 are 3x — 5y =0
and x —y =0.

9.

10.

Therefore, equation of lines passing through
(1, 2) and perpendicular to given lines are x +
y—3=0and 5x+3y—11=0.
(¢) ax*+ 2hxy + by* = 0 represents one of its
lines as y = mx
Then ax® + 2hx . mx + bm*>*=0
= bm*+2mh+a=0

According to the given condition, roots of (1)
are o, 3a

oc+30c=-% .......... ),
b
a
a.(Goy=— 3
(o) 5 3)
h
)= o=—-—.
@ 2
2
Put this in (3), 3. _hy_a
2b b
2
- K _4
ab 3
(c) We know that
m —m, = \/(ml +m,)’ —4mm,
2tan0@ ) sec’0—sin’0
= a2 -4 .2
sin“ 0 sin“ 0
2
= \/4t.a11 0 —4(sec’ 0 cosec’0—1) =2
sin“ 6
@3x+4=0
= y=-3x
YT

Substituting y = —%x in the given equation,

3 3 Y

we get 6x’—x| —=x [+4c| -=x | =0 for
4 4

all x

or 6+i+%=0=>c=—3
4 4



11.

12.

13.

14.
15.

16.

17.

(c) If the slopes are m , m,; then they are the
roots of —7m* — 2em + 1 = 0 (Replacing y by
m and x by 1)

-2c _ 1
= m+m, =T and mm, =7

Asm +m,= 4 mm, therefore,

2y -1 se2
7

7
@ xy+y=0
> (x+Dy=0

= x+1=0,y=0
= x=-1,y=0
= line parallel to y-axis, x-axis
Angles made by lines with y-axis =0, 90°.
(d) 2x*—3xy +»* =0, let y = mx be one of its
line.
Then 2x*>—3x . mx + m>*=0
= m-3m+2=0
> (m-2)(m-1)=0
= m=1,m=2.
According to given condition tan o = 1, tan
p=2
1 5

Then cot?a + cot? f =1+—==.
4 4

(a) Coefficient of x> + Cofficient of 32> 0
(d) Here,

- tan-! 2\/(cos 0)? —(cos 0 —sin B)(cos O +sin O)
(cos 6 —sinB) + (cos O +sin 6)

6

1
~la

(¢) Bisector of x> — 2hxy — 2)* = 0 is one of the
lines is x = 2y put in equation to get

)Cz-y2 _ Xy

1-(-2) -h
= h*-h+3x=0
= 4h-h+6=0>>h=-2

(d) Bisectors of ax? + 2hxy + by* =0 are
2

-yt _w )

a-b h
and of ax® + 2hxy + by* + AM(x>+3%) =0

18.

19.

20.

21.

Pair of Straight Lines 1 C.13

ie, (a+Ax*+2hxy+ (b + Ay*=0 are
x* =y _xy
(a+M)—(b+A) h
Which is the same equation as equation (i).

Hence, for any A belonging to real numbers,
the lines will have same bisectors.

(a) Bisectors of (x*+y?)y/3 —4xy =0 are

2

x -y _Xy
a-b h
-y xy

= A ¥ =0
G-y -2
(d) Bisector of angle between x and y axes is

y=x.1)
It is one of the lines of ax®+ 2hxy + by?> =0

= ax®+2hx>*+bx*=0
= a+b=-2h
= (a+by=4n*

(d) Any line through origin is y = mx. If this
line makes an angle a with the line y = x,
then

m,—m
ttano=——2%
l+mm,
m-1
- ——=*tana
1+m

(m—1)*=(1 +m)*tan’ a

m*(1 —tan?a)—2m (1 +tan’a)+(1 —tan’a)
= O’

Dividing by (1 — tan® ),

2
= m -Zm(Hta—na]+l=0

=
=

l-tan’al
= m’- 2m +1=0.
cos(2)
2
But Z=m, (ZJ -2(sec2a)(lJ+1=o
x x x

= x*+3)y?-2xysec 2a)=0.

©) x*+4xy +)*=0

represents one of its line as y = mx
Then (1) = (1 +4m + m*x*=0
= m*+4m+1=0

- m='4iT2‘/§=_2iJ§
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22.

23.

24.

25.

Take m, =-2++3,m,=-2-/3
If 6 is angle between lines (1), then

2ri—ab 22y -1 _ A

a+b 1+1

tan 0 =

= tan(60°)

one angle between sides = 60°.
Third line is x —y = 4, its slope m, = 1. If . is
angle between lines (1) and third line, then

|m,—m, | _|(2+3)-1]
|l+mlm3| |l+(-2+\/§)|

-3+43

-1+43

= o =60° Remaining third angle is 180° —
(60 +60°) = 60°

= Ais equilateral.

tano =

= \/5 =tan 60°

(d) We know that point lie on the bisector of
angle between the lines represented by any
curve is always equidistant from the lines.
Therefore, equation of bisectors will be the
required locus.

xt=y? 1
Xy —sin’@
2

= x>—y*+2xycosec’6=0
(d) Here h2=(-%J=%, ab=1.(12)=12

= h*>ab
= alternative (d)
(¢) Lines represented by ax®+ 2hxy + by*=0
are coincident if 4% = ab in equation x* + ky* +
4xy =0

a=1,b=k,h=2

2»=1xkork=4.

@) 3x*—4xy+52=0 ... )
Sx*+4xy+3y*=0 . @)
2 2
Bisectors of (1) are L A4
a-b h
- xz_yz =ﬂ
3-5 =2
= x*-y*-xy=0 . 3)

26.

27.

28.

29.

Bisectors of (2) are *y ¥

= ¥y -xy=0
Evidently (3) and (4) are the same.

Angle between lines given by (3) are perpen-
dicular.

6=90°
(a) Since bisectors are same, therefore
a-b_d-¥b
h s
= (a—b)h'=(a'-b)h.

@) y*— 9%y +18x*=0

= F-6)(y-3x)=0

= y=6x,y=3x

Sides forming triangles are y =9,y = 6x, y = 3x
Their intersection points are

(3,9}(0,0),(3,9)
2
0 01
Are =13 127 o,
2(2 21 2
3 91

Since area is positive

Area — E
4
(d) y*sin?6 — xp sin?0 + x2(cos?0— 1) =1
= »*sin’0 —xy sin?0 — x? sin%0 = 1
Here a = —sin%0, b = sin’0

Then,a +b=0
= lines are perpendicular
= ="

2

(¢) 2x + 3y =6, its slope =m, =—§.

Let y = mx be the equation of a line through
origin.

Then m, = m. These lines form a right angled
isosceles.

B

. b
Hence its angles are —,
2

A~
-h.l?-l



1= 2m
3

= (2+3m)*=G-2m)

Pair of Straight Lines 1 C.15

= 5m*+24m-5=0

But m=Z.

X

{2] (i

= 57+24xy-5x*=0

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. If the equation 2x* — 2hxy + 2y* = 0 represents
two coincident straight lines passing through
the origin, then /4 is equal to

(@) +6 ®) V6
© -6 @ #2
. If the sum of slopes of the pair of lines
represented by 4x> + 2hxy —7y* = 0 is equal

to the product of the slopes, then the value
of his

[Karnataka CET-1999]
(@) -6 ®) -2
(© -4 @ 4

. The gradient of one of the lines of ax? + 2hxy
+ by? = 0 is twice that of the other, then
[MP PET-2000; Pb. CET-2002]
®)h=a+b
(d) 9h*=8ab

(@) h*=ab
(¢) 8h*=9ab

. Separate equations of lines, for a pair of lines,

whose equation is x* + xy — 12y* = 0, are
[Karnataka CET-2001; Pb. CET-2000]

(@) x+4y=0andx+3y=0

(b) 2x—3y=0andx—4y=0

() x—6y=0andx—-3y=0

(d) x+4y=0andx—3y=0

. The equation to the pair of straight lines
through the origin which are perpendicular to
the lines 2x* — 5xy +1* =0, is

[MP PET-1990]
(a) 2x*+ 5xy +1y*=0
() ¥*+2y*+5xy=0
©) x*-5xy+2)°=0
(d) 2x*+3y*-5xy=0

10.

11.

2 2
irr oy y? + 2% = () represent pair of straight
a

lines and slope of one line is twice the other.

Thenab : h*is [DCE-2005]
(@) 9:8 () 8:9
©1:2 @2:1

Angle between the lines represented by the
equation x2 + 2xy sec 6 + 3> =0 is

(a) 0 (b) 26

(c) 02 (d) None of these

Pair of straight lines perpendicular to each
other represented by [Roorkee-1990]
(@) 2x*=2y(2x +y) ®) x*+3*+3=0
(©) 2¢*=y(2x +y) (@) ¥*=2(x-y)

Then angle between the pair of lines repre-
sented by 2x2— Txy + 3y*=0, is

[Kurukshetra CEE-2002]
(a) 60° (b) 45°
(c) tan (7/6) (d) 30°

The equation of the bisectors of the angle
between lines represented by equation 4x* —
l6xy —7y*=01is

(a) 82+ 1lxy—872=0

(b) 8x*—1lxy—87*=0

©) 16x2+ 11lxy—16y*=0

@) 16x2+ 11lxy + 16y*=0

The equation of the bisectors of the angle
between the lines represented by the equation
x2—3*=0,is
@) x=0
©)xy=0

®y=0
(d) None of these
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12.

13.

14.

15.

16.

17.

18.

19.

If y = mx be one of the bisectors of the angle
between the lines ax? — 2hxy + by* =0, then
@ h(l+mH+ma-b)=0

®) h(1 —=m®» +m(a +b)=0

©) h(1-m»+m@a—-b)=0

@ h(l+m» +m(a+b)=0

The area of the triangle formed by the lines
xX*—4?=0andx=a,is

(a) 24a° (b) a*2
(©) Ba*/2 (@) 2a*/43

If [x + my =0 and Ix + my = 0 represents
two straight lines represented by ax? + 2hxy +
by*=0, then (I* + m?) (I, + m,?) is equal to

(a=b)* +4h’ P
(@) BT (®) (a—b)*—4h
(©) (a—by+ a4 @ @b’ -an

4p*

The equation of one of the line represented by
the equation pg (x> —y») + (p>—¢>) xy =0, is
(@ px+q=0 ®) px—qp=0

© px+tqy=0 @ ¢x+p’y=0
If (a + 3b) (3a + b) = 4K, then the angle
between the lines represented by ax? + 2hxy +

bh*=0is
(a) 30° (b) 45°
(c) 60° (d) tan' (1/2)

If the sum of the slopes of the lines repre-
sented by the equation x> — 2xy tan 4 —1y* =0
be 4, then /A4 is equal to
(a) 0°

(c) 60°

(b) 45°
(d) tan™! (-2)

If the lines represented by the equation ax®
— bxy — y* = 0 make angles a and B with the
x-axis, then tan (a + B) is equal to

b
@ —

l+a
-b
l+a
a

C —
© 1+b
(d) None of the above

®

If the acute angles between the pairs of lines
3x*—Txy + 4”7 =0 and 6x*— 5xy + > =0 be
0, and 0, respectively, then

(a) 6,=96, (b) 6,=26,

(c) 20,=6, (d) None of these

20.

21.

22.

23.

24.

25.

26.

27.

If the pair of lines ax* + acxy + ¢p* = 0 and

(3 +ljx2 +Axy +(3 +l]y2 =0 are equally
c a
inclined for all real a # 0, ¢ #0, then A is equal to
(@) 1 ®) 2
(©3 @ 4

The combined equation to a pair of the straight
lines passing through the origin and inclined
at 30°and 60° respectively with

(@) V3(x*+y)=4xy
®) 4(x*+y") =[xy

©) x2+\/§y2-2xy=0
(d) x> +3y*-2xy=0

The equation 4x* — 24xy + 11y* = 0 represents
[Orissa JEE-2003]

(a) Two parallel lines

(b) Two perpendicular lines

(c) Two lines through the origin

(d) Acircle

If the slope of one of the lines given by ax? +
2hxy + by* =0 is 5 times the other, then

[Karnataka CET-2003]
(@) Sh®>=ab (b) 5h?=9ab
(¢) 9k = 5ab (d) h*=ab

The angle between the lines represented by
the equation Ax> + (1 + A xy — M2 =01is

(a) 30° (b) 45°

(c) 60° (d) 90°

The angle between the pair of straight lines x> +
42 —Txy =0, is

(a) tan"(%] (b) tan™! 3
-1 \/g d -1 i
(C) tan T () tan \/g

Condition that the two lines represented by
the equation ax® + 2hxy + by* = 0 to be per-
pendicular is

[Kurukshetra CEE-1998; MP PET-2001]
(@) ab=-1 () a=-b
) a=b dab=1

The angle between the lines x* + 4xy + 3> =0
is  [Karnataka CET-2001; Pb. CET-2001]
(a) 60° (b) 15°
(c) 30° (@) 45°



28.

29.

If the pair of straight lines x> — 4xy — y* =
and x*— 2pxy — y* = 0 be such that each pair
bisects the angle between the other, then p is
equal to

@1 (®) -2

() -172 @2

Two lines represented by equation x> + xy + 3
=0 are

30.

Pair of Straight Lines 1 C.17

(a) Collinear
(b) Parallel
(¢) Mutually perpendicular

(d) Imaginary

The triangle formed by x> — 9y* =0 and x = 4
is [Orissa JEE-2004]
(a) Isosceles (b) Equilateral

(¢) Right angled (d) None of these
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 16 minutes.

The worksheet consists of 16 questions. The
maximum marks are 48.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The angle between the lines represented by

the equation 4x> — 24xy + 11y* = 0 are
[MP PET-1990]

(a) tan™

i, tan™
4

(b) tan"%, tan™ —lj

4 4
¢) tan”'—,tan”'| ——
© 3 3]

(@) tan™ %, tan™' —lj

The angle between the pair of straight lines
given by equation x* + 2xy —y?= 0, is

[MNR-1983]
(a) /3 (b) w/6
(c) w2 @o
The angle between the lines given by x> — y*=
0is [MP PET-1999]
(a) 15° (b) 45°
(c) 75° (d) 90°

The equation x* + k)* + k, xy = 0 represents a
pair of perpendicular lines if

@) k =-1 (b) k, =2k,

(©) 2k, =k, (d) None of these

If the equation 3x2 + 2hxy + 3)? = 0 represents
two coincident lines, then 4 is equal to

@2 (®) 3

© 4 @1

The combined equation of bisectors of angles
between coordinate axes is

(@ x*+)*=0 (®) x*=y*=0

© xy=0 @Dx+y=0

7.

10.

11.

12.

13.

14.

15.

If the slope of one line represented by ax® +
10xy + y* =0 is four times that of the other,
then a is equal to
(@) 16

() 4

®) 6
@ 1

If 4ab = 3h2 then the ratio of slopes of the
lines represented by the equation ax> + 2hxy
+ by? =0 will be

@ V2:1 ) V311

© 2:1 @1i:3

The angle between the lines xy = 0 is

[MP PET-1990, 92
(b) 60°

(d) 180°

(a) 45°
(c) 90°

If the lines represented by the equation 6x2 +
41xy — 7y* = 0 make angles a and B with
x-axis, then tan a, tan B is equal to

(a) —6/7 ) 6/7

) 7/6 @ -7/6

If the lines (p — g)x* +2(p + @y + (¢ — p) »*
= 0 are mutually perpendicular, then
@p=qg

(b) ¢g=0

©p=0

(d) p and g may have any value

The lines x2— 3y* = 0 and x = a form a triangle
which is

(a) right angled

(b) isosceles

() equilateral

(d) None of these

If straight lines bisecting the angle between
the bisectors of the angles between the lines
ax® + 2hxy + by* = 0 are given by Mx2—)?) +
4hxy = 0, then A is equal to

(@ a+b (b) 2ab

© a-b d) a®>—b?

The equation x> + ky? + 4xy = 0 represents two
coincident lines, if k is equal to

@ 0 (®) 1

() 4 @ 16

The pair of straight lines a® x> + 2h(a + b) y +
b*>y*=0and ax®+ 2hxy + by*= 0 are such that
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(a) one of the lines coincide 16. The coordinates of the orthocentre of the tri-
(b) one of the lines of first is perpendicular to angle formed by linesxy=0andx + y=11is....
one qf lines of second pair . [Orissa JEE-2008]
(c) the lines represented by two pairs are
equally inclined @ 1. D ®) (0,0)
(d) None of these © (1,0 @ (1,2)
ANSWER SHEET
LO®OO TO®OO BOOOD
20000 LHOXOXOXO), HEOEOOD
30000 OXOXOXO), 50000
LHOXOXOXO, 10000 6.OO®OD
50000 LEOOD
@O®OO 2000

HINTS AND EXPLANATIONS

12. (c) Vertices of Aformed by x>—3y*=0andx=a
will be 4(0, 0), B(a,ij and C(a,__aJ

9. (c) Line represented by xy =0
arex=0andy=0
Angle between them = 90°

V3 3

11. (d) . Sum of coefficient=p—-q +qg—p=0 Here we can see that
Line will be mutually perpendicular for AB=BC=C4
all values of p and q. AABC is a equilateral.







1.1

1.2

1.3

1.4

LECTURE

Pair of Straight Lines 2

(Some important results connected
with two homogenous pair of straight

lines, general equation of second degree)

BASIC CONCEPTS

Some important results connected with two
pairs of straight lines:
ax®>+ 2hxy +by?>=0
a'x>+2h'xy + b'y*=0

a h b

If both the pair of lines have one line in common
then

a b 2h

a b 2K
a b |6 2k
a v | 2K

(ab' — ba')* = 4(ha' — h'a) (h'b — hb")
If one of the lines given by ax?+ 2hxy + by?>=0
is perpendicular to one of the lines represented
by a'x>+ 2h'xy + b'y* =0 then

2h a
alh’  d|

or or

a b 2h
a b 2K
a bl |b 20|20 a
or = or
b/ a/ a/ _2hl _2h/ b/

(aa' — bb")* + 4(ha' + h'b) (W'b + ha')=0
Two pairs of lines are said to be equally inclined
to each other if they possess the same pair of
angle bisectors.

If the pairs of lines ax” + 2hxy —ay® =0 and bx?
+ 2hxy — by? = 0 be such that each pair bisects
the angle between the other then hg + ab =0.

3.

51

General Equation of Second Degree:
ax>+ 2hxy + by?+ 2gx + 2fy + ¢ = O represents
a pair of straight lines if abc + 2fgh — af* — bg*>—
ch’=0

a h g
or |h b f|=0.

g S ¢
If the separate equations of the pair of lines ax?
+2hxy + by*+2gx+2fy + c=0arey =m x
+c andy=myx + ¢, then
-2h a 2g

[MPPET-2007]

m +m,=——,mm, =Z, mc, + m,c, =7,
=2f c
Cl +C2 =T,C1C2 =Z,
2\Vh* —ab
|ml_m2 |= - .
b
N
|m|c2_m2c1|=—gb ac,
24 f*=bc
|cl_c2|=T

2 2
(l +m12)(1 +m,2) _ (a—b)2+4h
) b
Both lines represented by ax® + 2hxy + by? +
2hx + 2fy + ¢ =0areax + hy + g =+

U —ab)y* +(gh—af )y +(g* - ac)

If both lines are real and distinct then abc +
2fgh—af* — bg*— ch®>=0.
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5.2

5.3

7.1

10.

11.

If both lines are real and coincident then h2 =
ab, gh=afand g>=ac.
If both lines are parallel then h* = ab, gh = af

or £=£=§ or af*= bg?

h b f
The distance between the parallel lines repre-
sented by ax® + 2hxy + by?+2gx +2fy + ¢=0

is
2_ 2
2 /u or 2 J—be .
a(a+b) b(a+b)

Angle between the lines represented by ax? +
2hxy + by + 2gx +2fy + ¢ =01is 6, then

e = tan_l ﬂ = Sin_l 2hz—_ab
a+b J(a-b)y +4n’
=cos™ a+h

Ja-by* +4n’

Note that the angle between the pair of lines ax?+
2hxy + by? + 2gx + 2fy + ¢ = 0 is same as the
angle between the lines ax® + 2hxy + by?= 0.
Condition of perpendicularty :a + b=0
The equation to the pair of straight lines through
the origin and (i) parallel to the pair of lines
represented by ax> + 2hxy + by?+ 2gx + 2fy +
c=01is:ax*>+2hxy + by>=0
(i1) perpendicular to the pair of lines repre-
sented by ax?+ 2hxy + by> +2gx +2fy + ¢
=0is: bx*—2hxy + @*=0
The equation to the pair of lines through (a, )
and parallel to the pair of lines ax” + 2hxy + by>+
2gx+2fy +¢c=01s
a(x-a)+2hx-0)(-P+dbE-pP=0
The equation to the pair of lines through (a, )
and perpendicular to the pair of lines

axt + 2hxy + by?+2gx+2fy + ¢=01is

b(x—a)-2h(x-)(y—P+a@-pr=0
Point of intersection of the lines:
The point of intersection of the two lines rep-
resented by ax?+ 2hxy + by?+2gx +2fy + ¢ =
01is

bg—hf af —gh

W —ab’ h*-ab

2 2
or \/f —bc,\/g —-ca
W —ab’ N\ W —ab

11.1

11.2

11.3

12.

13.

14.

15.

16.

16.1

If the pair of lines ax? + 2hxy + by?+2gx +2f +
¢ =0 intersect at (a, B) then (o, B) satisfy the
equation aa + A + g=0, ha + bB + f=0and
ga+bB+tc=0
The pair of lines ax?+ 2hxy + by>+ 2gx + 2y +
¢ =0 intersect on x-axis, then g*> = ac and 2fgh
=af*+ ch?
The pair of lines ax?+ 2hxy + by?+ 2gx + 2fy
+c¢ = 0 intersect on y-axis, then /2= bc and 2fgh
= bg*+ ch?
If p is the distance of the point of intersection
of ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 from
2 _ cla+b)-f*-¢’
ab-n’ '

Bisectors: The equations of the bisectors of the
angles between the lines represented by ax? +
2hxy + by*+ 2gx + 2fy + ¢ =0 are given by
(x=X)-(-¥) _(x=-x)y-»)
a-b h

where (x',y’) is the point of intersection of the
lines represented by ax® + 2hxy + by>+ 2gx +
2fy +¢=0.
The product of the perpendiculars from (a, ) to
the pair of lines ax? + 2hxy + by? + 2gx + 2fy +
a0’ +2hof+ 6B +2g0+2fB+c
' J(a—b)* +4k?

[Bihar CEE-1994]
If the lines represented by the equation ax? +
2hxy + by?+ 2gx + 2fy + ¢ = 0 will be equidis-
tant from the origin if /* — g* = ¢ (bf* — ag?).
Equation of the pair of straight lines passing
through point of intersection of pair of straight
lines ax® + 2hxy + by*+ 2gx + 2fy + ¢ =0 ..(Q)
and a'x® + 2h'xy + by*+ 2g'x + 2fy + ' =0

..(ii)

the origin then, p

c=0is

isax?+ 2hxy + by*+ 2gx + 2y + ¢+ A
(@'x>+2h'xy + b'y*+ 2g'x + 2f'y +c)=0
where A is constant whose value is obtained by
given condition:

If both pairs of straight lines (i) and (ii) are
parallel then & _ h = LA
’ hl bl

a_h_ b



17. Equation of the lines joining the origin to

the points of intersection of a given line and
a given curve:

Let the straight line be,
y=mx +cor 2" _1 (D
c
and the curve be,
ax?+2hxy +by*+2gx+ 2 + k=0 ... (2)
Y
A f(x,y) =/ax? + 2hxy + by? + 2gx + 2fy + k=0
Vs
Q /h**c
P
y-mx _,
[
0
> X
0(0, 0)

Let the line cuts the curve at the points P
and Q, then the joint equation of OP and
OQis

ax® + 2hxy + by + (2gx + 2fy)

2
(y—mx]+k(y—mxj -0
c c

.3

NOTE
If OP and OQ are equally inclined with coordinate
axes thenm +m, = _2zh =0

18.

This is done by making the equation of the curve
homogenous with the help of the equation of
the line.

The pair of lines which join the origin to the
points of intersection of the line y = mx + ¢
with the curve x>+ y? = g? are at right angles, if"
2¢?=a*(1 + m?)

19.

20.

21.

22.

23.

Pair of Straight Lines 2 C.23

The straight lines joining the origin to the points
of intersection of the two curves ax* + 2hxy +
by?+2gx=0and a' x>+ 2h'xy + b'y*+ 2g'x =
0 are at right angles, if:

atb _d+¥

’

g g
The equation of the diagonal not passing
through origin of the quadrilateral formed by
the pairs of lines
ax*+2hxy + by>=0
ax®>+ 2hxy + by*+2gx+ 2y +¢=0

is obtained by subtracting (1) from the (2) i.e.
2gx +2fy + ¢ =0.

If centroid of the triangle formed by the lines
ax*>+2hxy +by?=0and Ix + my =1 is

2(bl = hm) 2(am—hl)
3(bI* = 2him +am®)’ 3(bI* = 2him + am®)

The two pair of straight lines

ax? + 2hxy + by*+2gx +2fy + c=0and

ax? + 2hxy + by?=0 form a:

(a) squareif (a—b)fg + h(f—g»=0,a+b=0

(b) rectangle if (a —b) fg + h(f>—g?» #0,a +
b=0

(¢) thombusif (a—b)fg + h(f*—g»=0,a+ b
#0

(d) parallelogram if (a— b) fg + h(f*—g* #0,
a+b#0

If (x,, y ) is the midpoint of the intercept made

by a line L between:

(a) the pair of lines S = ax? + 2hxy + by>= 0,
then the equation to the line Lis S, =S| i.e.
axx, +h(xy, +x))+byy [T=S]=ax>+
2hy +by?

(b) the pair of lines S = ax*>+ 2hxy + by? + 2gx
+ 2fy + ¢ = 0, then the equation to the line
LisS =S 1ie,
axx, + h(xy, + xy) + byy, + g(x + x) +
Sy +y)+e
=ax*+2hxy +by*+2gx +2fy +c



C.24 Pair of Straight Lines 2

SOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Show that the equation 6x* + 5xy — 4y* + 7x +

13y — 3 = 0 represents a pair of straight lines.

Solution

Comparing the given equation with the gen-
eral equation of second degree ax® + 2hxy +
by?+2gx+2fy +¢c=0 ... )
We have,

52

a=6,b=—4, =2
2

7 13
=L f=—,c=-3
&= S 5

If the general equation (1) represents a pair
of straight lines, then

A=abc +2fgh—af*— bg>—ch*=0
Hence, if the given equation represents a
pair of straight lines, then

A=6(-4) (-3)+ z.%

[(SRRN]

3

2
169 _ 2
4
455 1014 75

—ra9+ 2
4 4

_ 288+455-1014+196+75
4

-6. (—4).‘;—9 - (—3).75

=72+

=—=0
4

Hence, the given equation represents a
pair of straight lines. Proved.

. Prove that the equation 6x* + 8xy — 8>+ 23x —
10y + 7 = O represents a pair of straight lines.
Also, find the point of intersection of the lines
and the angle between them.

Solution

Comparing the given equation with the gener-
al second degree equation ax* + 2hxy + by? +
2gx +2fy + ¢ =0,

We have,

23
a=6,b=-8h=4, g="",[=-5c=7

Now A= abc + 2fgh—af*— bg*>—ch*=6(-8)7
2
+2(=5). 2 46 (-5)*—(-8) 2) 7(4)?
2 2

=-336-460— 150 + 1058 — 112
ie, A=0

This shows that the given equation repre-
sents a pair of straight lines.

Given equation is 6x* + 8xy — 8y + 23x —
10y+7=0
or 6x2+8xy+23x=872+10y—7
Multiplying by 6, we get

36x% + 6 (8 + 23)x = 48)* + 60y — 42
On completing the square L.H.S., add

2
(#J to both the sides, Hence,

2

36x2 + 6 (8 + 23)x +(8y‘2“23j
2
= 48)° + 60y — 42 +(_8y‘2‘23j

2
= (m@]

_192y% +240y —168+ 64y” +368y + 529
4

2
(12x+8y+23j _ 256y% +608y +361
2 - 4

2 2
- (12x+8y+23j =(16y+19j
2 2

12x + 8y + 23
=+ (l6y+19)
Taking positive sign, we have
12x+ 8y +23 =% (16y + 19)
= 12x—8+4=0
= 3x-2py+1=0 )
Taking negative sign, we have
12x+ 8 +23=—16y—19



= 12x+24y+42=0
= 2x+4+7=0 . 2

These are the equations of two different
straight lines Proved.

To find the point of intersection, multiply-
ing by 2 to equation (1) and add with equation
(2), we get

-9
8x+9=0=> x=—
8
Now, put the value of x in equation (1) or (2),
_-19
Y~ e

So, the point of intersection of lines is
=9 19
8716 )

Angle between two lines can also be known

by two methods.
First Method: Gradient (m ) of line 3x — 2y +

1=0is % and gradient (m,) of line 2x + 4y +
7=0is !
2

If the angle between the two lines is 6, then
tan@=_1""2
1+mm,
3.1
= tanf=-2_2
3
1-—.
2

+

1

2

> tanO=8orH=tan"!(8).

. Show that the equation ax®+ 2hxy + by?+ 2gx +

2fy + ¢ = 0 represents two parallel lines, if
bg® = af * and h* = ab and distance between

2
these parallel lines is 2 |[£ —9€
a(a+b)

Solution

Given equation is ax® + 2hxy + by? + 2gx +
2fy +¢=0

= a¥*+2ahxy +aby*+2agx +2afy + ac=0
= a*x*+2ax (hy + g)=—aby’—2afy —ac

On completing square of L. H.S., adding both
the sides by (hy + g)*

Pair of Straight Lines 2 C.25

hence,
a’x*+2ax (hy + @) + (hy + g)
=—aby?-2qafy —ac + (hy+ g)*

= (ax +hy + gy’ =y h*—ab)+2y (hg—af)
+g*—ac

> ax+thytg

=-|_-\/y2(h2—ab)+2y(hg—af)+g2 —ac

Above equation shows the two parallel
lines if coefficient of y* and y under square
root be zero, then

h*—ab=0 and hg—af=0
= h*=ab and hg=af
= h*=ab and hg*=a*f
= h*=ab and abg*=a*f*
= h’=ab and bg*=af>
Proved

Therefore, parallel lines are

axthy +g =+/g”-ac
= ax+hy+g+igi-ac=0 ... @
> ax+hy+g—yJgi-ac=0 ... @

Now, perpendicular on line (1) and (2)
drawn from origin (0,0) are:

g++g’—ac

R

Ja* + i?
’ 2
and P2 = u
Nat +
Distance between these lines =P — P,

_gtygi-ac g-4g’-ac

B \/az+h2 \/az+h2
2 _ 2 _
=2\/g ac ___2\/g2 ac, (" W =ab)
\/a2+h2 a +ab
2
_, |8 —ac
a(a+b)

. Prove that the lines joining the point of

intersection of y — 3x = 2 and the curve x> +
2xy + 3y* + 4x + 8y — 11 = 0 to the origin are

22
=5

inclined at an angle tan™
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Solution

The equation of the given line may be written

y‘23x=1 ............. e}

and equation of curve is
X2+ 2xy +3)2+4x+8y—11=0 ...(2)
The equation of the lines joining the ori-
gin to the points of intersection of the curve
and the line is obtained by making equation

(2) homogenous with the help of equation (1).
Thus the required equation is

x2+ 2xy +3y* + 4(x + 2y).
2
ﬂ—ll y-3x =0
2 2
= x4+ 2xp + 32+ 2(xy — 3x™+2)* — 6x))

as

—% 07 —6xy +9xH)=0

or 4x* + 8xy + 12)* + 8xy — 24x* + 16y
—48xy — 1132 + 66xy —99x> =0
or —119x?+34xy+17y*=0
or 7x*-2xy—)*=0
Comparing it with ax?+ 2hxy + by?>=0, we get
a=7,h=-1,b=-1
If 6 is the angle between the lines, then

_2Jk —ab 24147

tan©
a+b 7-1
28 42
6 6
or tan9=£
3
9=tan"¥

5. Show that the pair of lines joining the origin

to the points of intersection of the curves ax? +

2hxy + by?+2gx =0and a'x?+ 2h'xy + b'y* +

2g'x = 0 will be at right angles to one another,

ifg'a+b)=ga +>b). [MP-93,97]
Solution

The equations of the given curves are

ax®+2hxy + by*+2gx=0 ... )
and a'x?+2h'xy + by +2g'x=0 ... )
The equation representing a pair of lines join-
ing the origin to the points of intersection of

the given curves is obtained by making equa-
tion (1) homogenous with the help of equation
(2) by eliminating the first degree terms.

So, multiplying equation (1) by g’, equa-
tion (2) by g and subtracting, we get the re-
quired equationas(ag'—a’g)x>+2(hg’' —h'g)xy +
(bg'—b'g)y?=0 N E)

Now, the two lines given by equation (3)
will be perpendicular, if (coefficient of x?) +
(coefficient of y*) =0
le, (ag'—a'g)+(bg'-b'g)=0
or g(@+b)=g'(a+b) Proved.

. Prove that the lines joining the origin to the

points of intersection of y = mx + ¢ with
x? +y?= a? will be perpendicular to each other,
if 2¢>=a*(1 + m?. [MP-93, 94, 97]

Solution

The equation of the given line may be written

as Y°M* _ o )
c
The equation of given curve is
x2+3y*=a* 2)

The required equation is obtained by mak-
ing the equation of curve (2) homogenous
with the help of equation (1)

The required equation is
x4yt ___az(wjz
c
or (x*+yHct=a’(y* + mi2— 2xym)
or x¥c*—am?+2a’mxy +y¥(c*—a?)=0
The line represented by this equation are

perpendicular to each other if the sum of coef-
ficients of x> and y? is zero, i.e.,

c—aPm*+c*—a*=0
or 2c¢®>=a*(l +m?) Proved.

. Find the value of Aso that the lines joining the

origin to the point of intersection of the line x
+y =1 with the curve x2 +)y*> +x - 2y + A =
0 may be at right angles.

Solution

Equation of the line is

x+y=1 . )
and equation of the curve is
x?+y*+x—-2p+A=0 ... 2)



Making equation (2) homogenous by
equation (1), we get the equation of the lines
joining the origin to the points of
intersection of equations (1) and (2),

XY+ E=2) )T +yP=0

= X+y +xi+txy—2xp— 207+ A (x*+ 2xy
+y9)=0

= ¥*QR+VN+Y¥A-D-xy+2=0

.......... 3)

Lines denoted by equation (3) will be

perpendicular to each other if
Coefficient of x* + Coefficient of y>= 0.
= Q2+MN+A-1D=0
= 2A+1=0
= A=-it

2

8. Prove that the area of the triangle formed by
the lines ax> + 2hxy + by>=0 and Ix + my +

n*Jh* —ab

n=01s _— Y7 %7
am® = 2hlm + bl*

Solution

Let the equation ax® + 2hxy + by? = 0 shows

two lines
y=mx @)
and y=mx ... @)
2h _a
m, -{-m2 = —7 and mlmz =—
Third line is
x+my+n=0 . 3)

Intersection of lines (1) and (2) is A(0, 0).

From equations (1) and (3), we have
Ix+m@mx)+n=0

=> (+mm)x=-n

n
= X=-
14 mm,
. mn
From equation (1), y=—-—
1+ mm,

Intersection of lines (1) and (3) is:

gl _mn
1+mm,  1+mm,
Similarly, intersection of lines (2) and (3) is:

ol .—n__ __nm
1+mm,”  1+mm,

Pair of Straight Lines 2 C.27

Area of required triangle ABC
1

== [xl(yz _y3)+ xg(yg,_yl) + x3(yl _y'_r)]
2

n nm
0+ - -— _o|-
1 I+ mm, 1+ mm,
2 n (0+ nm,
I+ mm,
_n_z‘ m,—m
2 | (I +mm))(I +mm,)

2| \/(ml+m2)2—4mlmz ]

l+mm2L

n
2 | I +Im(m, +my) + mm,m’

an 48
_n )
2 ? —lm+£m2
b b
2n*\Jh* —ab

T 2B —2him + am?)
_ n’\h'-ab
am® = 2him + bI*

9. If orthocentre of the triangle formed by the
lines ax*+ 2hxy + by>=0and Ix + my =1 is
(x,, y,) then show that:

Proved.

X _ N _ a+b
am® = 2hlm + bl*

Solution

Let ax? + 2hxy + by? =0 shows two lines

a .
m, +m, = _% and mm, = Z equation

of third line is

Ix +my=1
Obviously, intersection of equations (1) and
(2) is point (0, 0), intersection of equa-
1 m,
[+mm,’ 1+mm, ]

tions (1) and (3) is A(

and intersection of equations (2) and (3) is

B 1 m, .
I+mm,” 1+mm,
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Equation of the line passing through the point
(0, 0) and perpendicular to the line (3) is
mx—Ily=0

= X2
I m
Orthocentre of the triangle is (x, y,)
H_N_p(say) 1))
I m

Again, equation of the line perpendicular on
line (2) is

x+my=:
If it passes through point

4 1 m,
I+mm,’ 1+mm,

1 4 My
I+ mm,

then 5 = LEmm,

1+ mm, I+ mm,

Equation of the line perpendicular on
line (2) is

Point (x,, y) also lies on this line

1+mm,
x+my=
I+ mm,
1+mm
= Irtmmpr=—>—22
I+ mm,

{from equation (4)}

po_ Ltmm
(I + mm ) + mm,)

1+mm,

o (m, + m,)im+m’mm,

1+4
b
lz—zb—hlm+£m

b

Thus, from equation (4) and by this result, we
have

_ a+b
2 bI*-2hlm+am®

X _» a+b

_— Proved.
I m  bI*=2him+am?

UNSOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

1. For what value of k the following represent a

pair of straight lines:
1) 2+ 12x+92+12x+18y+5=0
(i) kx?—10xy+12)*+5x—16y—-3=0

. Prove that the equation 4x* — 12xy + 9> + 8x
— 12y — 5 = O represents two parallel lines and
find the distance between them.

. Find the equation of the different lines repre-
sented by 6x> + 5xy — 4* + Tx + 13y — 3=0
and find the angle between them.

. For what value of m, the lines joining the ori-
gin to the points of intersection of y =mx + ¢
and y? = 4ax are perpendicular.

. Prove that the lines joining the points of
intersection of 7x* — 4xy + 8% + 2x — 4y —
8 = 0 and line 3x — y = 2 to the origin are
perpendicular.

6. If the distance between the lines denoted by

(x —2y)*+ k (x — 2y) = 0 is 3, then find the
value of k

Prove that the equation 3x*> + 17xy + 10y +
2x —16y — 8 = 0 represents two lines. Find the
angle between these lines.

If x> — 3xy £ L y? + 3x — 5y + 2 = 0 shows two
lines, where A is any real number and angle
between these lines is 0, then find cosec? 6.

EXERCISE 2

1.

Prove that the equation x?+2+3xy+3y*-3
—3x— 3\/§y —4 =0represents two parallel

straight lines, also find distance between
them. [MP - 1997]

Prove that each of the following equations
represent a pair of straight lines:

i) x>-2xy +y*-x+y=0

1) 6x*—xy—12)2—8x+29-14=0



3. Find the equation of the different lines repre-
sented by 6x>— Sxy — 6> — 22x + Ty + 20 =
0 and find their point of intersection and the
angle between them.

4. Find the equation of the pair of lines joining
the origin of coordinates to the point of inter-
section of the line y = x + 2 with the circle

Pair of Straight Lines 2 C.29

5. Show that the lines joining the points of inter-
section of the line 4x — 3y = 10 with the circle
x? + y* + 3x — 6y — 20 = 0 to the origin are
perpendicular.

6. If the lines joining the origin to the points of
intersection of y =mx + 2 and x> +3*—4 =0
are perpendicular then find the value of m.

x*+y*=4
ANSWERS
EXERCISE 1 — EXERCISE 2
) 4a 5
1. W4 @G1)2 1. — units.
()6 (i) 6 15 ]
2 45° 3. 2x -3y —- :0and 3x +
. | y-s=0,¢ [ _2
3.2x —y + 3 =0 and 8. 10 y S Y
3x+4y—-1=0, tan—l(ﬂ) 4. x=0,y=0
2 6. +1.

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The area of the triangle formed by the lines
x?—4xy+3*=0and x+y+4\/g=0 is:
[Roorkee, 1983]

() 16+/3 units

(d) None of these

(@) 83 units
(¢) 324/3 units
Solution
() x? — 4xy + y2 = 0 = [x-(2+3)y]
[x-(2-43)y]=0 =0
Hence sides of given triangle are
x=(2+3)y =0,
x—(2-3)y=0, x+y+4J6=0

Its area is given by
1

A =
23-3)(-3-3)243

1 2-3 0
1 2+3 0
1 1 N3

— 1 2
= 24ﬁ[4ﬁ(2ﬁ)l

_ 64x18
243

2. The equation of the bisectors of angle between
the lines represented by equation (y — mx)* =
(x + my)*is
@) mx?+(m*— 1) xy—my?*=0
®) mx?—m*— D) xy—my?=0
©) m?+(m*— 1) xy +my*=0
(d) None of these

=16+/3 units

Solution

(a) The equationisy?+m*?—2mxy —x*—m?%?
—2mxy=0
= X(m*-D+y*(1-m»H—4mxy=0

=2

xy

Therefore, the equation of bisectors is

_(m=-1)-(1-m?)
-2m
= mt+m*-Dxy-m?=0
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3. If the bisectors of the angles of the lines repre-

sented by 3x> — 4xy + 5x2 = 0 and 5x> + 4xy +
3y? = 0 are same, then the angle made by the
lines represented by first with the second, is:
(a) 30° (b) 60°

(c) 45° (d) 90°

Solution

(d) *." Both lines have same bisector.
So, under the given condition it is clear that
angle is 90°

. If the pair of straight lines given by Ax* +
2Hxy + By?= 0 (H* > AB) forms an equilat-
eral triangle with line ax + by +c = 0, then

(4+3B) (34 + B) is: [EAMCET 2003]
(a) H* (b) —H?
(c) 2H? (d) 4H?

Solution

(d) We know that the pair of lines (a*> — 35%)
x2 + 8abxy + (b* — 3a® y* = 0 with the line
ax + by + ¢ =0 form an equilateral triangle.
Hence comparing with Ax?+ 2Hxy + By*=0,
then A= a®>—3b* B = b*>*—3a% 2H = 8ab
Now (4 + 3B) (34 + B) = (-8a% (-8b% =
(8ab)*= (2H)* = 4H*>

. The area (in square units) of the quadri-

lateral formed by the two pairs of lines
Px*—m%* —n(lx + my) =0 and I*x* — m»* +

n(lx —my) =0is [EAMCET 2003]
n? ?
a b
@ 2|Im]| ® | Im|
2
n n
C d
© 2|Im]| @ 4|im|

Solution

(a) Given lines are (on factorising)
Ix+my=0,Ix +my+n=0
x—my=0,Ix +my-n=0

G dl )e, — dz)

(a,b,—a,b)

Area =

O-n)(0+nm)|
(=lm=Im) | 2|im|

6. The lines represented by the equation ax® +

2hxy + by? + 2gx + 2fy + ¢ = 0 will be equi-
distant from the origin, if

(@ f2tg’=c(b-0a)
®) f* gt =c (b +ag)
© f'-g'=c(bf*-ag’)
DS +g=af*+bg

Solution

(c) Let the equations represented by
ax®>+ 2hxy + by>+2gx +2fy + c=0be
Ix+my+n=0andI'x +m'y +n' =0
Then the combined equation reprsented by
these lines is given by (Ix + my + n) (I'x + m'y
+n)=0
So, it must be similar with the given equa-
tion. On comparing, we get II' = a, mm' =
bnn' =c, Im'+ ml' =2h, In't I'n=2g, mn'+
nm'=2f
According to the condition, the length of
perpendiculars drawn from origin to the lines
are same.

’

no n
\/l2 +m’ B \/l'2 +m”
_ (nn')?
@ +mHI* +m'?)

So,

Now on eliminating , m, I', m' and n, n', we
get the required condition f* — g* = ¢(bf* — ag?)

. The circumcentre of the triangle formed

by the lines xy + 2x + 2y + 4 = 0 and

X+y+2=0 [EAMCET 1994]
@ (0,0 (b) (-2,-2)
© 1,-D @ -1,-2)

Solution

(c) The separate equations of the lines given
byxy+2x+2y+4=0are(x+2)(y+2)=0or
x+2=0,y+2=0. Solving the equations of the
sides of the triangle, we obtain the coordinates
of the vertices as A(—2,0), B(0, —2) and C(-2,
—2). Clearly, A ABC is a right angled triangle
with right angle at C. Therefore the centre of
the circum—circle is the mid-point of AB whose
coordinates are (—1, —1).

. Let POR be a right angled isosceles triangle,

right angled at P(2, 1). If the equation of the
line QR is 2x + y = 3, then the equation repre-
senting the pair of lines PQ and PR is

[IIT 1999]
(a) 3x>— 312+ 8xy +20x + 10y +25=0
(b) 3x2—3)2+8xy —20x — 10y +25=0



(©) 3x2—3)°+8xy+ 10x + 15y +20=0
(d) 3x2—3)—8xy— 10x— 15y —-20=0

Solution

(b) Parametric equation of line passing through

point P, X=2 ___y._—l___r
cos® sinB
P2 1)
Q R
2x+y=3

hence, the point ist cos 6 + 2, rsin 6 + 1 If
this point lie on OR, then 2(r cos 6 + 2) +  sin
6+1=3

r(2cos 6 + sin 0)=-2

. -2
=  2cos0+sinf=—
-

If 6 be the inclination of PQ, then (§+9J

will be the inclination of PR.
Hence 2cos £+9 +sin E+9 =_—2
2 2 r

= —2sinO+cosO= _—2
-

3

From (i) and (ii), we get 2 cos 6 + sin 6 = -2
sin © + cos 6

= cosH=-3sin6

= tan9=—l
3
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Hence the gradients of PQ and PR are —1/3
and 3
Therefore the equations of PQ and PR are

y—l=—§(x—2); y-1=3(x-2)
and their combine equation is

Bo-D+E-[-D-3x-2)]=0
or 3—12-8y-D(x—-2)-3(x-2)2=0
or 3(x—20+8(x-2)y-1)-3(y-17=0
or 3(x*—4x+4)+8(xy—x—-2y+2)-303*-

2y+1)=0
or 3x2-3)?+8xy—20x—10y+25=0

9. Mixed term xy is to be removed from the gen-
eral equation ax? + by? + 2hxy + 2y + 2gx +
¢ = 0. One should rotate the axes through an
angle 6 given by tan 26 equal to

(@ a-b by 21
2h a+b
(C) a +b (d) 2h
2h a-b
Solution

(d) Let (X, y") be the coordinates on new axes,
thenputx =x'cos 6—y'sin 6,y =x'sin 6 + '
cos 0 in the equation.

Then the coefficient of xy in the transformed
equation is 0.

So2(b—a)sin6cos 6+ 2hcos26=0

= tan20= 2h
a-b

10. If the pair of lines ax® + 2hxy + by? + 2gx +
2fy + ¢ = 0 intersect on the y-axis, then:
(a) 2fgh=bg*>+ ch* (b) bg*#ch®
(c) abc = 2fgh (d) None of these

Solution
@) fix,y)=ax*+by*+2hxy +2gx +2fy + ¢ =0
ACS)IN
)

29

Points of intersection of lines

2ax +2hy +2g=0

Since, x = 0, intersects on y-axis y = —g/h.
Thus putting this value in f{x, y).

bg’
We get, 7+2f(—g/h)+c=0

or bg® + ch® = 2fgh.
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Step 1: Co-ordinates of the point of intersec-
tion of given pair of straight lines are given by

f*-bc \/ g’ —ac

W —-ab’ Nk’ —ab |
and condition for representing a pair of
straight lines’ is abe + 2fgh — af* — bg* —
ch*= (ii)
Step 2: Given that x co-ordinate of point of
intersection is zero i.e., f>— bc =0

@

f*=bc or ...(iii)
Substituting /> = bc in ...(i1)
we find:

abc + 2 fgh — abc — bg* — ch* =

or 2fgh=>bh*+ch®
11. The lines joining the origin to the point of
intersection of the circle x* + y* = 3 and the
line x + y=2 are [Roorkee 1995]
@ y-(+2J2)x=0
(®) x=(3+2V2)y=0
© x-(3-242)y=0
@ y-(3-2v2)x=0
Solution

(a,b,c,d) Homogenising the equation of cir-
cle, we get

—6xy +3*=0

6y 1(36-4)y*

2
+

= % =3 3% + 2\/5 y
Hence the equations are x = (3+2ﬁ )y and
x=(3-22)y
Also after rationalizing these equations be-
comes y—(3+24/2)x=0 and y-(3-2v2)x
x=0

12. The value of ‘p’ for which the equation x> +
pxy +3*—5x — Ty + 6 = 0 represents a pair of
straight lines is: [MPPET — 2006]
(@) 5/2 ®) 5
(©) 2 @ 2/5
Solution

(a) The equation ax? + by + 2hxy + 2gx + 2fy
+ ¢ =0 will represesnt a pair of straight lines,

if  abc+2fgh—af*— bg*— ch®>=

So, the equation x>+ pxy + 3>~ 5x— Ty +6=0
will represent a pair of straight lines, if

e 22 2
SREROR

35p 49 25 6p°

= 6+——-—-—-—"-=0

4 4 4 4
= 24+35p-T74-6p*=0
= 6p*-35p+50=0
= 6p*-20p—15p+50=0
= 2p(Bp-100-5Bp-10)=0
= @2p-5@p-10=0

5 10
= =— 0o —

P37 3
13. The lines joining the points of intersection of
the curve (x —y)* + (y —k)®>— ¢*= 0 and the line
kx + hy = 2hk to the origin are perpendicular,
then:
(@) c=h<tk
®) =h+ i
(©) ¢=(h+ky
@) 4c=h+k*
Solution

(b) The line is X+ 2 =1 and circle is, x2 +
2h 2k

—2(hx + ky) + (h* + k> —
homogenous, we get

¢? = 0 making it

= P+yH-2hx + k) (E+EJ +(h*+

_c)(Zh ZkJ =0

If these lines be perpendicular, then4 + B=0

2,72 2
{1—1+%]+

2 2 2
1_1+M =0
4k
W +k*=c?

JRINY LR
or c)( e

J:o

Wtie=c



14.

Two lines are given by (x —2y)*+k(k—2y)=0.
The value of k so that the distance between
them is 3, is

@ 15

(b) +2/45

© *3V5

(d) None of thses

Solution

15.

(c) Applying the formula, the distance between
them is

) (K 14)-0
1.(0+4)

= k+3.5.

o
\/ga Hﬁ_

If the portion of the line Ix + my = 1 falling
inside the circle x> + 3* = a2 subtends an angle
of 45° at the origin, then:

@) 4@ P+m)-1]1=a*(*+m?

O 4 P+mD)-1]=a*(P+mH) -2

© daP+m)—1]=[a*(P+m>)-2]*

(d) None of these

Solution

16.

(¢) Making the equation of circle homogenous
with the help of the line Ix + my = 1, we get
x*+y*—a’(Ix + my»*=0

= @P-Dx*+@m*-1)y*+2a’lmxy=0
Now

2J(@%Im)? - (@1 - 1)(a*m* -1)
alP+a*m* -2
= Jalr+dmi-1=aP+am’ -2

On squaring both sides, we get
Aa2(l*+m*-1]1=[a*(*+m?»-2]*

tan45° =

The angle between the pair of straight lines
formed by joining the points of intersection
of x*+3*=4 and y = 3x + ¢ to the originis a
right angle. Then ¢*=  [EAMCET - 2007]
(a) 20 () 13

©) 1/5 @5

Solution

2
(a) Homogenising, x* + y* = 4(&]
c

or c(x*+y?)—4(9x*+y*—6xy)=0.

Pair of Straight Lines 2 C.33

These lines are L.

Coefficient of x2 + coefficient of y* = 0
ie., c*=20.

17. Ifthe lines x*> +2xy — 35— 4x + 44y —12=0
and 5x + Ay — 8 = 0 are concurrent, then the
value of A is [EAMCET - 2007]
@ 0 (®) 1
(c) -1 @ 2

Solution
. . 4 2 .
(d) of intersection (E’ EJ and the lines are
concurrent
= 5 4 +A 2 -8=0 = A=2.
3 3

18. If ax?+ 2hxy + by?+ 2gx + 2fy + ¢ = O repre-

sents parallel straight lines, then:
[DCE —2007]
(a) hf=bg
() h*=bc
(c) af*=bg*
(d) None of these
Solution
(a) The given equation represents a pair of
parallel straight lines, if 4> = ab and bg* = af*
Now, bg?= af*
= abf*= b*g* [Multiplying both sides by 5]
= h¥f*=b% [" h*=ab]
= hf=bg

19. If the lines ax* + 2hxy + by?= 0 represents
the adjacent sides of a parallelogram, then
the equation of second diagonal if one is
Ix + my = 1, will be:

(@) (am + hl)x = (bl + hm) y
(b) (am — hl) x = (bl — hm) y
(©) (am—hl)x= (bl + hm)y
(d) None of these

Solution

(b) Let the equation of lines represented
by ax® + 2hxy + by>=0be y —mx = 0 and
y—mx=0and one diagonal ACbe Ix + my = 1.

Therefore, m, +m, = _bﬂ and mm, = %,
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>

X +my=1

y =mx

Now on solving the equation of OA4 and OC
with the line AC, we get the coordinates of

4 1 m,
I+mm,’ [+mm,

and C L , e
I +mm, [+mm,

Now find the coordinates of mid—point of
AC and the equation of diagonal through this
mid—point and origin.

The required equation is x(am — hl) =
(Ib — mh)y.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The condition of representing the coincident
lines by the general quadratic equation f'(x, y)
=0, is:

(@) A=0and h*>=ab

() A=0anda+b=0

(¢) A=0and h>=ab,g>=ac,f*=bc

(d) h2=ab, g>=ac and *=Dbc

. The value of A, for which the equation x2 —)?
—x — Ay — 2 = 0 represent a pair of straight

line, are: [MP PET 2004]
(@ 3,-3 (®) 3,1
(© 3,1 @-1,1

. The straight line joining the origin to the
points of intersection of the line 2x + y =1
and curve 3x? + 4xy — 4x +1 = 0 include an

angle: [MP PET 1993]
(a) w2 (b) /3
(c) w4 (d) w/6

. The acute angle formed between the lines
joining the origin to the points of intersection
of the curves x2+3)*—2x—1=0and x + y =

1, is: [MP PET 1998]
(a) tan—'(-1/2) (b) tan!2
(c) tan™ (1/2) (d)60°

. The point of intersection of the lines repre-
sented by the equation 2x? + 3y* + 7xy + 8x +
14y +8=01is:
@ (0,2)

© 2,0

® (1,2)
@ 2. D

10.

Distance between the lines represented
by the equation x?+23xy+3y?-3x—
3\/5 y—-4=0is:

[Roorkee 1989]
(@ 5/2 ®)5/4
©5 @0

The equation of pair of straight lines joining
the point of intersection of the curve x* + 3 =
4 and y — x = 2 to the origin, is:

(@ x*+y*=(@-x)

(®) ¥+ +(—x)*=0

© ¥ +)*=4(—x)

@ x*+y*+4(y-x)*=0

The lines joining the points of intersection of
linex +y=1and curve x> +)*-2y + A=0
to the origin are perpendicular, then the value
or A will be:
(@ 1/2

© 12

If the distance of two lines passing through
origin from the point (x,, y,) is ‘d’, then the
equation of lines is:

@ (o, —yx P =d x*+y?)

(®) Gy, =)’ = (x* +5?)

©) (o, +yx)*=@x*-y?)

@ 2=y =2(x,+y)

The equation of lines passing through the ori-
gin and parallel to the linesy =m x + ¢ and y
=mx +c,is:

() —-1/2
(@ 0



11.

12.

13.

14.

15.

16.

17.

@ mm,x*—(m +m)xy+y*=0
(b) mm,x*+@m, +m)xy +y*=0
©) mm,y*—(m, +m)xy +x*=0
@ mm,y*+(m +m)xy +x*=0

The equation of the perpendiculars drawn
from the origin to the lines represented by the
equation 2x*>— 10xy + 12)?+ 5x — 16 =3 =01s:
(@) 6x*+5xy +y*=0 (b) 6 +5xy +x2=0
(©) 6x*—5xy +32=0  (d) None of these

Equation of bisectors of the angles between
the lines represented by x2 — 5xy + 42 + x +
2y—2=01s:

(@) x*—6xy—52=0

1) Sx-2P-6(x-2)F-1D-5@F-17=0
(©) Sx-2P+6(x-2)(y—1)-5@F—12=0
@4x-2P2-5x-2)@p-DH+@p-1?*=0

The pair of lines (a — b) (x> —y*) + 4hxy =0

and h (x*—3y») — (a— b) xy =0 are:

(a) Parallel

(b) Perpendicular

(¢) Equally inclined

(d) Each pair bisects the angle between other
pairs

If the pair of straight lines xy —x—y + 1 =0 and
the line ax + 2y — 3 = 0 are concurrent, then a:
(@ -1 (®) 0
©3 @1

If x> +32 + 2gx + 2fy + 1 = 0 is the equation of
a pair of straight lines, then L:

(@ f*tg=1 (®) g-f=1

(© fr+g=12 @ f-g=1

The lines joining the origin to the points of
intersection of the line 3x — 2y =1 and the
curve 3x? + 5xy — 3y* + 2x + 3y =0, are:

(a) Parallel to each other

(b) Perpendicular to each other

(¢) Inclined at 45° to each other

(d) None of these

The square of distance between the point of
intersection of the lines represented by the
equation ax> + 2hxy + by?+2gx +2fy + ¢ =0
and origin, is:

(a) C(a+b)—f2—g2
ab-h?
cla-b)+ f2+g’

b
®) vab-h?

18.

19.

20.

21.

22.

23.

24.

25.

Pair of Straight Lines 2 C.35

© c(a+b)y- f*-g*
ab+h’
(d) None of these

One of the lines represented by the equation x>

+6xy =0 is:
(a) Parallel to x-axis (b) Parallel to y-axis
(c) x-axis (d) y-axis

Angle between the lines joining the origin to
the points of intersection of the curves 2x* +
3y*+ 10x =0 and 3x*+ 5y* + 16x =0 is:

43 4
a) tan”' = b) tan™' —
(@) 2 (b) 3

(c) 90° (d) None of these

The equation 4x> + 12xy + 9 + 2gx + 2fp +
¢ = 0 will represents two real parallel straight
lines, if:

(@) g=4,/=9,¢=0

b g=2,f=3,¢c=1

(¢) g=2,f=3, cis any number
dg=4,/=9,¢c>1

The equation of the line joining the origin to
the points of intersection of the curve x* + ?
=a’and x>+ y*—ax —ay =0is:

(@ x*-»*=0 ®) xy=0

(©) xy—x*=0 @y +xy=0

The equation of the pair of straight lines pass-
ing through the point (2, 3) and parallel to x
and y-axis is:

@@ x*+y*+xy+6=0

®) xy—3x—-2y+6=0

©) xy+3x+2y+6=0

(d) None of these

If ax® + by? + hx + hy = 0, h # 0 represents a
pair of straight lines, then: [MPPET — 2008]
@ a+b=0 ®a+h=0

© b+h=0 (d) ab-h*=0

The line ax* + 2hxy + by? = 0 are equally
inclined to the lines ax® + 2hxy + by> + k (x> +
y?) =0 for: [Orissa JEE — 2008]
@@ k=2 ® k=1

(c) any value of k (d) None of these

If 3x* + xy — y*— 3x + 6y + K = 0 represents a
pair of lines, then K =
[Karnataka CET — 2008]
(®) -9
@9

(@1
© 0
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26.

27.

28.

1.

If the pairs of lines 3x2 — 5xy + py>= 0 and 6x>
— xy — 5= 0 have one line in common then
p =

(a) 2,25/4 (b) 2, 25/4

(c) -2,-25/4 (d) None of these

If the equation 12x>+ 7xy —py*— 18x + qy + 6
= 0 represents a pair of perpendicular straight
lines, then: [Kurukshetra CEE 2002]
(@ p=12,9=1 ®p=1g=12
©p=-1q=12 Dp=14g=-12

The lines joining origin to the points of inter-
section of the line x + y =1 with the curve
x2 + 3y? — kx + 1 = 0, will be perpendicular
if k is equal to:

(a) Equation can be found by homogenising

2
the curve wr.t. line ie., x*+y°= 4(%]
orx*+3y?=(y—x)~

(©) ax*+ 2hxy + by?+2gx +2fy + ¢ =0

will represent a pair of straight line if
abc +2fgh—af*— bg*—ch*=0

for given equation x> —y*—x + Ay —2=0
a=1,b=-1,¢=-2,h=0,

| A
g= 2 f= 5
from equation (i)

2
2+0—&+l=0=>)”—=2=>k=i-3
4 4 4 4

(a) Make equation of curve homogenous with
the help of

2x +y=1

3x2+4xy—4x (2x +y) + (2x +¥)*=0
or —x>+4xy+3°=0
Voat+tb=(-D+(1)=0
Hence lines are perpendicular so 6 = 90°.

(b) Homogenous equation of 2nd degree

through intersection of curve and line is
X2+y?-2x(x+3)—-1(x+»)*=0

ie, x2+2xy=0

for ax?+2hxy + by>=0

29.

30.

SOLUTIONS

(@7
©5

® 6
@4

The area bounded by the angle bisectors of the

lines x> —y*+ 2y =1 and the line x + y =3, is
[IIT — SC. 2004]

()3

@6

(@) 2
() 4

If one of the lines of my* + (1 — m?) xy — mx®
=0 is a bisector of the angle between the lines
xy =0, then m is:

[AIEEE — 2007]
®) 2
@ -2

(@1
(c) -1/2

angle between two lines is

2k —ab
tn@="Y""2 - =1 h=1,b=0
a+b

tan9=2—M orf=tan!2
1+0

(c) If the equation is general equation ax +
2hxy +by?+2gx+2fy +¢c=0
Then points of intersection are given by

(hf-bg hg-afj

ab-h*" ab-h?
Hence point is (-2, 0).

(a) First check for parallel lines

_B_

-3/2

which is true, hence line are parallel.
Applying formula for distance is

% +4

= z

) |8 mac o045
a(a+b) 4 2

(a) Equation can be found by homogenising

2
the curve wrt. line ie., x*+y*= 4(%]

or x> +y’=(y—x)*



10.

11.

12.

13.

14.

(d) Making the equation of curve homogenous
with the help of line x + y = 1, we get

X*+y =2y (x +y)+Ah(x +y)=0
= X1 +N)+y(-1+1)-2px + 20y =0

Therefore the lines be perpendicular, if
A+B=0

= 1+A-14+A=02A1=0.

(a) If the equation of line is y = mx and the
length of perpendicular drawn on it from the

yl_ l=id
1+m

(1 +m?).

point (x,, y,) is d, then

= (y,—-mx)=
But m= Z, therefore on eliminating ‘m’, the
x

required equation is (xy, — yx, ) = d*(x* + 7).
(a) Passing through origin and is parallel to
given lines are y = mx and y = mx. If rep-
resented as pair of straight lines, we get (y
-mx)(y-mx)=0
=> mmx*—(m +mxy+y*=0
(a) We know that the equation of perpendicu-
lar drawn from origin on ax? + 2hxy + by? +
29x+2fy +¢=01is

bx*—2hxy +ay*=0
Therefore, the required equation is given by
12x2+ 10xy +2y*> =0 or 6x> + 5xy + 3> =0.

(b) Point of intersection of x*> — 5xy + 4 + x
+ 2y — 2 =0 is obtained as follows:

af =0 and f
Ox ay
2x-5y+1=0,-5x+8+2=0

Solvingwe getx=2,y=1
point of intersection (2, 1)
Angle bisector's equation i.e.,

(x=2)-(r-1’ _ (x=-2)y-1)
1-4 =5/2
5(c—2)*=5(—126(x—-2)y—-1)=0
(d) "." each pair of line is bisector of the other,
these lines bisect the pair of other.

xy—-x—-y+1=0

> x@-D-@E-1)=0

> x-D@E-1)=0

= x=1y=1

These are two L lines meeting at (1, 1).

15.

16.

17.

Pair of Straight Lines 2 C.37

Given lines are concurrent if (1, 1) lies on ax

+2y—-3=0
= a+2-3=0
= a=1

(@) x>+ y* + 2gx + 2fy +1
of straight lines

= 0 represents pair

a h g
= |n b f|=0
g f ¢
1 0 ¢
= [0 1 f|=0
g f 1
=> (*-D+g)=0
= f2-g?2=1

(b) Making the given equation homogenous
with the help of equation of line, we get
Ix?+ 10xy —9*=0

Hence the lines are perpendicular.

(a) Let the lines represented by given equation
be
y=mx+candy=mx +c,

Then ax® + 2hxy + by? + 2gx + Zﬁz +¢=0
=by-mx—c)(y-mx—c,)=0
Comparing the coefficients of x% xy, x, y and

constant term, we get

—2h
mm, = ;, mm, = T,
mc, + m,c, = zTg,

2f

c
¢ +c, = and cc, =%
Also the point of intersection of y =mx + ¢,
mc, =m_¢
’ (m—m,)
Therefore, the square of distance of this point
from origin is

2
C,—C

274 |,
m,—m,

_lle e ) =4c,e, ]+ [(me, +myc))’
(m, +m,)’

66

andy =m,x + c, is
m,—m,

2
(m,c, —myc,)
2
(ml - mz)

- 4mlmzclcz]

—4mm,

Now putting the value defined above, we get

—cla+b)+ fi+g°
h*—ab

the required distance i.e.,
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18.

19.

20.

21.

D x2+6xy=0

> x(x+6y)=0
= x=0,x+6y=0
But x = 0 = y-axis.

(¢) The equation of any curve through the
points of intersection of the given curves is
2x% + 3y + 10x + A (3x2 + 57 + 16x) = 0
““““““ )
If this equation represents two straight
lines through the origin, then this must be ho-
mogenous equation of second degree i.e., co-
efficient of x in (i) must vanish

10+16L=0
= }\’=__10=__5
16 8

Substituting this value of A in (i), we get the
equation of pair of straight lines x> —y*=0.
Hence the lines represented by the equation
(i1) are mutually perpendicular.

(¢) The lines are parallel, if 4> — ab, af* = bg>
a_h_zg 2= 02

or —=—=2 4f*=9g”
P if?=9g

3
= f=58

= g=2,f=3(let)

Now abc + 2fgh — af* — bg>— ch*=0

= 4x9xc+2x3x2x6-4(3)2-912)*—
c(6?=0

= ¢ is any number.

(b) Clearly, from figure xy = O represents the
pair of straight lines

Y

(0,a) (x2+ y*ax - ay = 0)

(@2, al2)

22.

23.

Q Z (a,0)
(x2+y?-a2=0)

i.e., combined equation of both axes.

(b) Required lines is (x —2)(y —3)=0
xy—-3x—-2y+6=0

(a) For general equation condition to represent
straight line is abc + 2fgh —af *— bg*>— ch*=0

24.

25.

26.

Here C=0,h=0, f=g=§

2

(a+b)h7=0:>a +b=0

(c) "." Bisector of both pair of lines are same
Both pair are equiinclined each other
VkeR

(b) Compare the given equation with ax* +
2hxy + by +2gx + 2fy + ¢ =0.

Here,a=3, h=%, b=-1,

g=—%,f=3andc=k
Given equation represents a pair of lines if
abe + 2fgh—af*— bg>—ch*=0

ie, if3x(-Dk+2x3x (—%Jxl

2
2 2
3 1
axoe | =2 -kl 1] =0
pe, if B3, 7,
4 4

(d) 6x* — xy — 5* =0 or 6x> — 6xpy + 5xp —
5*=0
=(6x+35y)x-y)=0

Lines are 6x + 5y =0ory=x

If y= ?x is common with 3x2 —5xy +

py=0
=  3x’-5x _—6x + ﬁx2 =0
5 25
or 3+6+36—p=0
25
Lo,
P=

Or If y = x is common
3x2-5x2+px*=0
= p=2
=25

=2’—
P 4



27.

28.

29.

(a) "." The given equation represents a pair of

straight lines therefore, —72p— %q 34" +8

147
8lp———=0
P

Also, since given equation represents perpen-
dicular lines
12-p=0=p=12
from (i), 2¢*+21g-23=0=>¢q=1
(b) Equation of line joining origin with point
of intersection line and curve.
X243y —hx(x +y) +(x + =0
= X+ k) +x2+y2+2x=0
Angle between them = 90°

Coff. of x> + Coff. of 3> =0
= 1-k+1+3+1=0=1=0

(@)x*—y*+2y+1=0
= x*=@-1y

y

%
S
X

30.
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> x=x@-1)

> —x+y=lx+y=1

as shown in the figure. Its bisector are y = 1,
y-axis (x = 0)

line x + y = 3 is shown figure. Triangle ABC is
bounded by bisectors y=1,x=0and x + y=3.
Here AC =2, BC =2 as A0, 1), C(0, 3), B
@D

Area . ABAC _2x2 _

= 2

2 2
(a) Given pair of lines is my? + (1 — m»)xy —
mx*>=0

2
or m(lj +(1-m?Lm=0
X X

Linesxy =0 arex =0and y =0, i.e., the axes.
Bisectors of angles between the axes are y = x

andy =—x, ie, Y
x

or Z:—l.
x

i Yopis represented by (1), then
x
m(1*+(1-m»(-1)-m=0

= 1-m?*=0

> m==I

it Y=-1is represented by (1), then
x
mE1)P?+(1-m>)(1)-m=0

= 1-m?*=0

> m==%1

In both cases eitherm=1orm=-1.

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

1. The angle between the pair of lines 2x> + 5xy

+2)2+3x+3y+1=0is: [EAMCET 1994]
(a) cos™ (4/5) (b) tan™ (4/5)
© 0 d) /2

The lines joining the points of intersection
of curve 5x* + 12xy — 8 +8x — 4y + 12 =0
and the line x — y = 2 to the origin, makes the
angles with the axes:

(a) 30° and 45°
(c) Equal

(b) 45°and 60°
(d) Parallel to axes

The distance between the parallel lines 9x> —
6xy +32+ 18x -6y +8=101is:

[Roorkee 1989]
() 1410 ®) 2/410
© 4410 @ V1o
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4.

10.

11.

12.

The area of the triangle formed by the line 4x>
- 9%y —-92=0and x =2 is:

(@) 2 ®) 3

(c) 10/3 (d) 2073

. Equation 3x> + 7xy + 2>+ 5x + 3y +2 =0

represents:
(a) Pair of st. lines
(c) Hyperbola

(b) Ellipse
(d) None of these

. If the point (2, — 3) lies on Kx* — 3y* + 2x +

y —2 =0,then K is equal to:
@@ 17 M) 16
) 7 @ 12

. The angle between the two straight lines 2x?

—S5xy +2)? —3x +3y +1 = 0 is:
(a) 45° (b) 60°

4 43
c) tan"'— d) tan™'=
© 3 @ 2

. A line passing through (1, 0) intersects the

curve 2x*> + 52— 7x = 0 in A and B. Then AB
subtends at the origin an angle:

(a) 30° (b) 45°

(c) 60° (d) 90°

. If the equation Ax*> + 2Bxy + Cy*+ Dx + Ey +

F = 0 represents a pair of straight lines, then
B*—AC:
(@ <0
© >0

(®) =0
(d) None of these
The equation 8x>+ 8xy + 2y* + 26x + 13y +

15 = 0 represents a pair of straight lines. The
distance between them is:

@ 745 ®) 77245
© 115 (d) None of these

If the angle between the two lines represented
by 2x> + 5xy + 3y* +6x+ 7y + 4 =0 istan’! m,

then m = [MNR 1993]
(@) 1/5 ® 1
(©) /5 (7

The point of intersection of the lines repre-
sented by the equation 6x%+ 5xy — 21y* + 13x
+38y—-5=0is:
(@ 1, D

() (17/23, 32/23)

(b) (5/23,-7/23)
(d) (-32/23, 17/23)

13.

14.

15.

16.

17.

18.

19.

If ax? — y* + 4x — y = 0 represents a pair of

lines then a = [Karnataka CET 2004]
(a) -16 ®) 16
(© 4 @ —4

If the angle between the pair of straight lines
represented by the equation x> — 3xy + M? +
3x -5y +2=0istan! (1/3) where ‘A’ is a non
negative real number. Then X is:

[Orissa JEE 2002]
(a) 2 ) 0
©) 3 @ 1

The lines joining the origin to the points of
intersection of the line y = mx + ¢ and the
circle x* + y* = a® will be mutually perpendicu-
lar, if: [Roorkee — 1977]
(@) a?(m*+1)=¢?

®) a2m*-1)=¢?

©) a2(m*+1)=2c

@) a?(m*-1)=2¢?

Distance between the pair of lines represented

by the equation x> — 6xy + B> +3x— 9y —4 =
0 1is:

15 1
—_— b) —
(@) o () >
5 1

= d) ——

© ,/2 (@ o

The joint equation of the straight lines x + y =
landx—y=4is:

(@) x*—y*=-4

(b) x*~y*=4

© x+ty-DEx-y-4=0
@Ex+y+DEx-y+4)=0

The point of intersection of the lines repre-
sented by equation 2(x + 2)>+ 3(x +2) (y — 2)
-2y —-2)P=0is:

@ 2.2) (®) (-2,-2)

© (2,2 @ @2,-2)

If Ax® — 5xp + 632 + x — 3y = O represents a pair
of straight lines, then their point of intersec-

tion is: [MPPET-2010]
(@ (1,3) ®) -1,-3)
© 3D @ 3,-D



Pair of Straight Lines 2 C.41

WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

12

The answer sheet is immediately below the
worksheet.

The test is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The angle between the lines x> — xy — 6y* — 7x

+31y—18=0is:  [Karnataka CET 2003]
(a) 45° (b) 60°
(c) 90° (d) 30°

The equation 12x* + 7xy + a@y* + 13x —y + 3
= 0 represents a pair of perpendicular lines.
Then the value of ‘a’ is

[Karnataka CET 2001]
(@ 7/2 ) —19
() — 12 @ 12

If the slope of one of the lines represented by
ax® + 2hxy + b*= 0 be the square of the other,
then:

(a) a*b + ab*>— 6abh +8h*=0

(b) a* + ab?+ 6abh + 8h*=0

(¢) a’b+ab*3abh+8h*=0

(d) a*b + ab>~ 6abh — 8h*=0

The angle between the lines joining the points
of intersection of line y = 3x + 2 and the curve
x2+ 2xy +3)2 + 4x + 8y — 11 = 0 to the origin,
is:

(@) tan™'(3/242)
© tan”'(V3)

The lines represented by the equation
x +2\/§xy+3y2 —3x—3\/§y—4 =0, are:

(a) Perpendicular to each other

(b) Parallel

(¢) Inclined at 45° to each other
(d) None of these

(®) tan™'(242/3)
@ tan"'(22)

The equations of the lines represented by the
equationax®>+ (a + b)xy + by>+x + y=0are:
@ ax+by+1=0,x+y=0
®)ax+by—-1,x+y=0

10.

11.

12.

13.

©) ax+by+1=0,x—y=0
(d) None of these

Point of intersection of the straight lines 6x*+
17xy + 12>+ 22x + 31y + 20 =0 is:

@ (2.0 ®) 2,0

© @, D @ 2, D

If equation 3x> +xy — 3> - 3x + 6y + k=0
represents a pair of lines, then k is equal to:
@9 (®) 1

© 0 @-9

The pair of straight lines joining the ori-
gin to the points of intersection of the line
3 =22 x+c and the circle x* + y* = 2 are at

right angles, if:
@ c*-4=0
@©) c*-9=0

(b) ¢*-8=0
@ *-10=0

If the equation ax>+2hxy + by + 2gx + 2y + ¢
= 0 represents two parallel straight lines, then:
(@) alh=hlb=glf

2
(b) distance between them =2 g —ac
a(a+b)

2
(c) distance between them =2 S be
b(a+b)

(d) All are correct

Pair of lines ax®> + 2hxy + by? = 0 is equally
inclined to the pair of lines which is:

(@) a®?x*+2hxy + b32=0

(b) ax?+2h (a + b)x + by?=0

(©) ax*+2h (a +b)xy + by + Mx2+yH) =0

(@) a®? + 2h(a+b)xy +b3?=0

A second degree hemogeneous equation in x
and y always represents:
(a) A pair of st. lines
(¢) A conic section

(b) Acircle
(d) None of these

The equation of the pair of straight lines
through the (2, 1) and perpendicular to the
lines 5x*— 7xy — 3y*=01is: [SCRA - 2007]
@) 3x*—Txy—57=0

(b) 3x*+ Txy— 5y*=0

©) 3x*—Txy+572=0

(d) None of these
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14. Equation of pair of straight lines drawn | 15. Distance between two lines represented by the
through (1, 1) and L to the pair of lines 3x> — pair of straight lines x> — 6xy + 9y* + 3x — 9y —
Txy—2y*=0: 4=0is: [MPPET-2009]
@ 2x*+7x—1lx+6=0 1 5
®) 2x—1P+7x-1D)(y-1)-32=0 @ 3 (b) NG
© 2x-1P-Tx-1)E-D-3@F-172=0
(d) None of these (©) J10 ) \/g

ANSWER SHEET
LO®OO IHOXOXOXO), LEOEO®OO
20000 TO®O 2000
30000 .@®O BEOEOOD
4000 2000 OO
5000@ 0.OOO 15000

HINTS AND EXPLANATIONS

3. (a) Let slopes of pair of lines ax> + 2hxy + = X2+ 2+ 32+ 2xp — 657 + 497 — [2xy
by?=0b d m?
y T hbem an_z'Z ‘ U ioxt 6y =0
'n-}-'nz=T ““““““““ (1), 4
a = X 1—6—%]+y2[3+4—ﬂ]+
m.m2=z L 4 4
8 66 =0
Cubing (i) we get edi +T -
S 4 () : o _ 28K -119 17 34
m? + (m?? + 3m.m* (m + m*) = s - ¥ y J+yz(TJ+xy(TJ=O
(5] () L e e
b \b) bl b ) P 2
-(- 8| 242
= oo |AE=CD| LBl 22
ab?+ a*b — 6abh + 8h* =0 =7+1 —6| 3
4. (b) Homegenising we get 6. (a) Given equation ax®>+ (a + b) xy + by> + x
) 5 y-3x +y=0
242+ 3P+ 4 +
Xhexy oy T ax ( 2 J ax*+bxy + x +axy + by*+y=0
) x(ax + by + 1) +y(ax +by +1)=0
8y Y=3x0) (223 2 x+y)(ax+by+1)=0
2 2 Linesarex +y=0andax + by +1 =0
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LECTURE

Circle 1

(Equation of circle
in various forms)

BASIC CONCEPTS

EQUATION OF A CIRCLE
IN DIFFERENT CASES

1. Simplest or standard form The equation of
a circle whose centre is (0, 0) and radius a is
X2+ yz =42

2. Central form The equation of a circle whose
centre is (h, k) and radius a is (x — h)* + (y — k)*
=g

3. Zero or Point circle The equation of a circle
whose radius is zero is x2 +3)* =0 or (x — h)* +
0-k*=0

4. The equation of a circle whose centre is (k,
k) and the circle passes through the point
P.OisGx-h+@-k*=@-h+
(CRlok

5. The equation of a circle whose centre is (k, k)
and the circle touches x-axis (k =a =radius and
h#k)is(x—hP+(@—-k\’=k

6. The equation of a circle whose centre is (k, k)
and the circle touches y-axis (h = a =radius and
h#k)is(x—hP?+@—-k?=h

7. The equation of circle whose centre is (h, k)
and the circle touches both the axis (4 =k = a)
is(x—aP+(y—a)X=a’

NOTE

If a 1s constant then the number of circles in each
touching both axes one in each quadrant will
be 4.

8. The equation of circle which touches both the
axisand linex=2cis(x—c)*+ (¥ F ¢)*=¢?
9. The equation of circle which touches both the
axis and line x = 2c and y = 2c is (x — ¢)* +
@-cP=c
10. The equation of circle which passes through
origin (0, 0) and cuts the intercepts 2a and 2b
on both the axes is (x —a)* + (y — b =a’> + b*
or x>+ 3y?—2ax —2by =0 centre (a, b), radius =

Ja' +b?

NOTE

This circle also passes through three points (0, 0),
(2a, 0) and (0, 2b).

11. The equation of circle which touches x-axis
at a distance of a unit from the origin and
cut the intercept b on y-axis is (x — a)> +

2 2

Jaa* +b?

, radius = >

centre {a,

Vaa® +b? J
2

NOTE
This circle passes through point (a, 0)

12. The centre and radius of circle which touches
y-axis at point (0, a) and cuts the intercept b on
x-axis is
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13. Diameter form of a circle
The equation of circle whose diameter ends
coordinates are (x,, y,) and B (x,, y,) is (x —x,)
x=x)+@-y)@-y)=0

XI+xz’yl+y2J

centre
2

radius = % [Cx,— xz)l + (- yz)z] 12

NOTES

1. Radius of circle which passes through points
A(x,.y,) and B(x,, y,) is minimum if 4 and B are
ends of diameter.

2. y = mx be a chord of the circle x> + y? = 2ax
then, equation of the circle taking this chord as

2a 2am

x———y=0
1+m’ l+m2y

diameter is x* + y* —

14. General equation of a circle
x?+y*+2gx+2fy+c=0
centre (—g, —f'), radius

NOTES

1. If circle is real then g* + f* = ¢
2. If circle is point circle then g + f2=¢
3. If circle is imaginary then g+ f2 <c

10.

11.

12

. The circle is real, point circle, imaginary circle

if radius of circle will be real, zero, and imagi-
nary respectively.

. Three geometrical conditions (parameter) are

required for defining a circle.

. Centre and radius of the circle ax? + ay*+2gx +

2fy + ¢ = 0 are as follows:

centre —g,—i s
a a

Jg'+ fi-ac

a

radius =

. General equation of second degree ax> + 2hxy

+ by* + 2gx + 2fy + ¢ = O represents a circle if
a=b.;h=01e,
coefficient of x* = coefficient of 3? and coef-
ficient of xy = 0.

. Before finding the centre and radius of general

equation of circle, the coefficient of x> and y?
is are made unity if they are not already.

. General equation of circle whose centre is on

x-axis is x> +)?+2gx +¢c=0

centre (—g, 0) ; radius = Vg P-c

General equation of circle whose centre is on
X-axis and passes through origin is x> + y* +
2gx = 0 centre (—g, 0), radius =g

General equation of circle touching X-axis at
the origin and of radius f'is x> +y* + 2y = 0
centre (0, —f), radius =f.

Maximum distance of point P(x,, y,) from
circle having centre ¢ and radius »r =Cp + r
and minimum distance = Cp —r.

SOLVED SUBJECTIVE PROBLEMS (XIl BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. The least and the greatest distances of the
point (10, 7) from the circle x> + y* — 4x — 2y —
20 =0 are 5 and 15. Is this statement true or
false?

Solution

True.Cis (2, 1),P (10, 7)and r=5
PC=10

Q
P (10,7)

If the diameter through P cuts the circle in
Q and R, then PQ is least and PR is greatest.



PO=PC-r=10-5=5and
PR=PC+r=10+5=15

2. Find the equations of a circles which pass

through the points (7, 10) and (-7, —4) and
have radius equal to 10 units.

Solution

Let the centre be (h, k), then distances of this
point from the given points are equal, each
equal to the radius 10, i.e.,

(h=Ty+(k-102=10% ... )
and (h+ 72+ (k+4)*=10> ... @
Subtracting (i1) from (i), we get

—28h —20k—8k+100-16=0
or h+k=3 . 3)
Substituting the value of k=3 — A from (3) in
(1), we obtain (h — 7)*+ (3 — h—10)*= 10?
= (h=TP+T-h)?*=10°
= 2h*+98=100
=> 2hn2=2
=> h=+1
When k=1, then from (3),k=3-h=3-1=2
Hence, the centre of the circle is (1, 2) and its
equationis (x — 1>+ (y — 2)>= 102
When h = —1, then from (3), k=3 -h=3 -
D =>k=4
Hence, the centre of the circle is (-1, 4) and its
equationis (x — (—1))*+ (y —4)* =102

. If the distance of a point P from (6, 0) is twice
its distance from the point (1, 3) prove that
the locus of P is a circle. Find its centre and
radius.

Solution

Let the given points be A (6, 0) and B(1, 3).
Let, P(x, y) be any point such that |PA| =2 |PB|
= PA?>=4PB?
= (x=6P+(-0r=4{x-1)>+(@-3)%}
= 3x2+3)’+4x-24y+4=0

4 4 L
> X2+ + Ex—8y+§=0,wh1chlsofthe

form
x2+y2+2gx+2}jz+c=0,with

4
2 -8,c=—
/= 3

Circle1 D.5

. 4 4 136
Since, g +f?—c=—+16——=—>0
g emgHlemg=7

therefore, locus of P is a circle with centre

(&.-N= (-E 4Jandrad1us —\/F 234
’136 2\/—

4. Find the equation of the circle passing through
the points (4, 1) and (6, 5) and whose centre is

on the line 4x +y = 16.
[NCERT]

Solution

Let the equation of the circle be

X2 +y* +2gx+2fy+c=0 ... @
As the points (4, 1) and (6, 5) lie on (i),
therefore, 4>+ 12+ 8g + 2f+¢ =0

= 8g+2fte=-17 . (i1)

and 6>+52+12¢g+ 10f+c=0

=> 12g+10f+c=-61 ... (ii1)

Subtracting (ii1) from (ii), we get
—8f=-17+61

=> 4g+8f=-44

> g+2f=-11 . @iv)

Also, the centre (—g, —f') of (i) lies on the line

4x+y=16

> 4(g-f=16

= 4g+f=-16 . W)

Multiplying (v) by 2 and subtracting it from (iv),
we obtain g + 2f— 2 (4g + f)=—11 -2 (-16)

=> —Tg=21

$ g =

Substituting this value of g in (iv), we get
-3 +2f=-11

= 2f=-11+3

ES f= —§=—4

Substituting g =-3, f=—4 in (ii), we obtain
c=-17-8g-2f=-17-8(-3)-2(-4)=15
Hence, the required equation of the circle in
reference is x> +1? +2(-3) x + 2(-4)y +15=0
(from (1))

or x>+y*—6x—-8y+15=0
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UNSOLVED SUBJECTIVE PROBLEMS (X!l BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

1.

Find the equation of the circle whose centre is
(2,-3) and radius is 8.

Find the centre and radius of each of the fol-
lowing circles

O x+1y+@-1y=4

(1) x> +)*+6x—4y+4=0.

Find the equation of the circle which touches

(1) the x-axis at the origin and whose radius
is5

(i1) both the axes and whose radius is 5

Find the centre and radius of the circle given

by the equation 2x? + 2* + 3x + 4y += 0.

Centre of a circle is in first quadrant. If circle
touches the Y-axis at the point (0, 2) and passing
through the point (1, 0), then find its equation.

Find the equation of the circle which passes
through the origin and cuts off intercepts
3 and 4 from the positive parts of the axes
respectively.

Prove that a circle touches the X-axis and its
centre is (1, 2) be x> +3)? - 2x— 4y + 1 =0.

EXERCISE 2

ANSWERS

1. Find the equation of a circle of radius 5 whose
centre lies on x-axis and passes through the
point (2, 3).

EXERCISE 1

1.x2+)y*—4x+6y—-51=0
2. (1) (-1, 1) and radius 2

(i) Centre (-3, 2) and radius 3

3. () x2+y*=-10y=0

(i) x*+3?+ 10x = 10y +25=0

4. Centre (— 3/4, -1) and radius 1.

. Find the centre and radius of each of the fol-

lowing circles
@) ¥+ (p+2)=9
(i) x2+y)y*—4x+6y=12

. Find the equation of the circle which

touches:
(1) the x-axis and whose centre is ( 3, 4)
(i1) thelinesx =0,y =0and x =a.

. Find the equaion of the circle, the coordinates

of the end points of whose diameter are (-1,2)
and (4, -3).

. Find the equation of circle whose centre is

(—a, —b) and radius is a’ —b’.

. Find the equation to the circles which touch

axis of X, axis of ¥ and the line x = a.

. Find the equation of the circle which passes

through two points on the x-axis which are at
distances 4 from the origin and whose radius
is 5.

. Find the equation of a circle which touches

y-axis at a distance of 4 units from the origin
and cuts an intercept of 6 units along the posi-
tive direction of x-axis.

. Find equation of a circle whose centre is (2, 3)

and passes through the point of intersection of
the lines 3x —2y—1=0
and 4x +y—27=0.

5.x2+)y*-5x—4y+4=0

6. (x—%] +(y-2) =(%J

EXERCISE 2

1. x> +yy*+4x-21 =0,

x?+y?=12x+11=0,



2. (1) Centre (0, —2) and radius 3
(i) Centre (2, —3) and radius 5
3. (1) ¥*+)*—-6x—8+9=0

o (5] (=3 (5]

4. x*+y*-3x+y-10=0

Circle1 D.7

5. x2+y*+ 2ax + 2by + 2b>=0
6. x2+y2—axiay+%a2=0

7. x*+3y*F 6y—-16=0
8 x2+)*—10x F 8 +16=0
9. x>+’ —4dx-6y—-12=0

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If one of the end point of a diameter of the
circle x2 + y* — 2x + 6y — 15 = 0 is (5/2, -9)
then find its other end point

[Gujarat CET-2007]
(@) (-1/2,-3) () (172, 0)
©) (172,-3) ) (-1/2,3)
Solution

(¢) Given equation of the circle is x> +y*—2x +
6y—15=0

So centre is (—g, ) = (1,-3)

One end of the diameter is (5/2,—9)

centre divides the diameterin 1 : 1

(5/2,-9) W .y

IX=+1xx
1=
1+1
5
+x
= 1=2
2
= 2-—=x
-1
= —=x
2
_3=m:_3x2=_9+y

1+1
> H+9=y=>y=3

(x,p)is (%I,SJ

2. The equation of the circle of radius 3 that lies
in the fourth quadrant and touching the lines
x=0andy=01is [EAMCET-2007]
@ x*+3y*—6x+6y+9=0
b)) x*+3y*—6x—-6y+9=0
©) x*+3y*+6x—6y+9=0
@) x*+y*+6x+6y+9=0

Solution

(a) As the circle touching both the coordinate
axes in 4th quadrant of radius 3 units, (x —3)*+
y+3P=3%0rx*+)*—6x+6y+9=0

3. Theequationofthe circle which passes through
(1, 0) and (0, 1) and has its radius as small as
possible, is
@ x*+y*—2x-2y+1=0
®) x*+3y*—x—-y=0
(©) 2x*+2)2—3x-3y+1=0
@) x*+3y*-3x-3y+2=0

Solution

(b) The radius will be minimum, if the given
points are the end points of a diameter.

4. The abscissae of two points A and B are the
roots of the equation x*> + 2ax — b*> = 0 and
their ordinates are the roots of the equation
x?+ 2px — ¢*> = 0. The radius of the circle with
AB as a diameter will be

[IIT-84; Roorkee-89]
(@) {a’+b* +p*+q’
() ya'+b'=p'-¢’
© Vo +q
@ Va'+p?
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Solution

Let A E((X,B);B E(Y,S) .
Then, o +y=-2a,0y = -b*
and B+8=-2p,p8=-¢

Now equation of the required circle is

(x-a)(x-V+(-P)(y-8)=0

= X +y’ —(@+y)x-B+8)y+ay+pd=0

=> x*+y* +2ax+2py-b>-¢’ =0

Itsradius =./a’+p’ +b* +¢’

5. Two parallel chords of a circle of radius 2
are at a distance 3 +1 apart. If the chords

b
subtend at the centre, angles of T and

where k > 0, then the value of [k] is

21

B

[IIT (2)-2010]

NOTE

[k] denotes the largest integer less than or equal

tok

Solution

Since distance between parallel chords is
greater than radius, therefore both chords lie
on opposite side of centre.

T T
2cos—+2cos—=+/3 +1.
2k k \/_

i
Let —=0
2%
2cos6+2cos26=\/§+l
= 2cos0+2(2cos?0-1) =3 +1
= 4cos’0+2c0sH-(3+/3)=0

2444163 ++3)

2(4)

24214124443

- 2(4)

cosO =

_ —1+\J(V12 +1) _ -1+ (2VB+1)

4 4
= cos£=£,—_(\/§+l) Rejected
2k 2 2
> X ok=3>[K=3
2k 6

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. If the line x + 2by + 7 = 0 is a diameter of the

circle x2 + y* — 6x + 2y = 0 then b is equal to
[MPPET-1991]

@3 (®) -5

(© -1 @5

. The area of the circle whose centre is at (1, 2)
and which passes through the point (4, 6) is

[DCE-2000]
(@ 5= () 107
() 25m (d) None of these

3. The centres of the circles x>+ y* = 1, x> +

y2+6x—2y=land x> +3y*—12x + 4y =1
are

[PET-86]
(b) Collinear
(d) None of these

(a) Same
(c) Non-collinear

. The circles x* + > + 4x — 4y + 4 = 0 touches

[PET-88]
(b) y-axis
(d) None of these

(a) x-axis
(¢) x-axis and y-axis



10.

11.

The equation of the circle which touches both
axes and whose centre is (x,, y,) is

[PET-88]
@ ¥*+y*+2x (x+))+x*=0
®) ¥ +y*—2x (x+y)+x>=0
(C) x2 +y2 = x12 +y12
@ ¥ +y*+2xx, +2yy, =0

The equation of the cirlce which touches
x-axis and whose centre is (1, 2) is

[PET-84]
@@ x*+y*—2x+4+1=0
b)) x*+3*-2x—4y+1=0
©) x*+y*+2x+4y+1=0
@) x*+3y*+4x+2y+4=0

If the radius of the circle x> +3?—18x + 12y +k
=0 be 11, then £ is equal to

[PET-87]
(a) 347
(© -4

(b) 4
(d) 49

The equation of a circle which touches both
axes and the line 3x — 4y + 8 = 0 and lies in
the third quadrant is

[PET-86]
@) x*+y*—4x+4y—-4=0
®) x*+y*—4x+4y+4=0
©) x*+y*+4x+4y+4=0
@) x*+y*—4x—-4—-4=0

If one end of a diameter of the cirlce x* +3* —
4x — 6y + 11 =0 be (3, 4) then the other end is

[PET-86; RANCHI BIT-91]
@ (0,0) ®) (1. 1)
© 1.2) @ @D

The equation of the circle having centre

(1, —2) and passing through the point of inter-

section of lines 3x + y = 14, 2x + 5y = 18 is
[PET-90]

(@) x*+3*-2x+4y-20=0

(®) x*+3*—2x—4y-20=0

©) x¥*+3*+2x—4y—-20=0

@) x*+3*+2x+4y-20=0

Equation of the circle which touches the lines
x=0,y=0and 3x +4y=4is

[PET-91]
(@) x*—4x+y*+4+4=0
®) x*—4x+)y*—4y+4=0
(©) x*+4x+)y*+4y+4=0
@) x*+4x+)y?—4y+4=0

12.

13.

14.

15.

16.

17.

18.

19.

Circle1 D.9

The centre and radius of the circle 2x* + 2)* —
x=0are [PET-84, 87]
(a) (1/4,0) and 1/4

() (-1/2,0)and 1/2

(©) (1/2,0)and 172

(d) (0,—1/4) and 1/4

The equation of the circle which touches
x-axis at (3, 0) and passes through (1, 4) is
given by [PET-93]
@) x*+y*—6x—-5y+9=0
®) x> +3*+6x+5y-9=0
©) x*+y*—6x+5y-9=0
@ x*+3*+6x—5y+9=0

The equation of circle whose diameter is the
line joining the points (—4, 3) and (12, 1) is
[IIT-71; AMU-79; MPPET-84; Roorkee-69]
(@) x*+y*+8x+2y+51=0

() x*+3*+8x—2y—51=0

©) x*+3*+8x+2y—51=0

d) x*+3*—8x—-2y—-51=0

The area of a circle whose centre is (k, k) and
radius a is [PET-94]
(@) nh* +k*—a? (b) ®a*hk

©) na® (d) None of these

K(x+1)? + (y+2)

If the equation =1 repre-

sents a circle, then KX is equal to

® 1
@ 12

[PET-94]
(a) 3/4
(c) 4/3

If (a, B) is the centre of a circle passing

through the origin, then its equation is
[MPPET-1999]

(@ x*+y’—ax—py=0

®) x*+y*+2ax+py=0

©) x*+y*—2ax—-2py=0

@ x*+y*+ax+py=0

If the area of the circle 4x+4y*-8x+
16y +k=01s 97 sq. units, then the value of

kis [MPPET-2005]
(a) 4 () 16
() -16 () £16

Circle x>+ y*— 8x + 4y + 4 = 0 touches
[CET(Karnataka)-99, 04]

(b) both the axes

(d) x-axis

(a) y-axis
(c) None of the axes
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20. The minimum distance of the point (2, —7)

21.

from the circle x>+ 3*— 14x— 10y — 151 =0 is
[NDA-2004]

(®) 3

@7

@ 2
©5
For which value of a in equation x> + * +
(a*— 4)xy + 2x + 2y + a = O represents circle?

[Gujarat CET-2007]
@ 3 () 2
(c) 4 (d) None of these

SOLUTIONS

. (d) Here the center of circle (3, —1) must lies

at the line x + 2by + 7 =0. Therefore, 3 —2b +
7=0
= b=5.

(¢) Obviously radius =/(1- 4)2 +(2- 6)2 =5
Hence, the area is given by mr* = 251 sq.units.

(b) Centers are (0, 0), (-3, 1) and (6, —2) and a
line passing through any two points say (0, 0)

1
and (-3, 1)is y= —Ex and point (6, —2) lies
on it. Hence points are collinear.

(c) Both axis, as center is (-2, 2) and radius
is 2.

(b) The equation will be x>+ y* — 2x (x + ) +
x? =0.

(b) Center (1, 2) and since circle touches
x-axis, therefore, radius is equal to 2

Hence, the equation is (x — 1)* + (y — 2)*= 22
= x¥)’-2x—4p+1=0.

(¢) (radius)®* = g+ f*—cor 121 =81 + 36 - k
> k=-4.

(c) The equation of a circle in third quad-
rant touching the coordinate axis with center
(—a, —a) and radius a is x>+ y*+ 2ax + 2ay + a®
3(-a)—-4(-a)+8

J9+16
=> a=2.

Hence the required equation is x>+ 3>+ 4x +
4y+4=0.

=0 and we know ‘

22.

23.

10.

11.

12.

13.

A circle touches the y-axis at the point (0, 4)
and cuts the x-axis in a chord of length 6 units.
The radius of the circle is

[PET-92]
@) 3
@© 5

The equation of a diameter passing through
origin of circle x2 +3*—6x +2y =0

(@) x+3y=0 ®) x—3y=0

©) 3x+y=0 d)3x—y=0

(®) 4
@6

(c) Center is (2, 3), one end is (3, 4). P,
divides the joins of P, and O in ratio of 2 : 1.

4-3 6-4
is | ——,—— |=(1,2
Henceles(z_l 2_1J 12

(a) The point of intersection of 3x + y—14=0
and 2x + 5y —18=0

-18+70 -28+54
are x=———, y=———"——

15-2 13
> x=4,y=2

ie., pointis (4, 2)
Therefore radius is /(9) +(16) =5 and equa-

tion is x>+ 3*—2x + 4y —20=0.

(b) Let center of circle be (h, k). Since it
touches both axis therefore 42 = k = a. Hence,
equation can be (x — a)*> + (y — a)*>= a> But it
also touches the line 3x + 4y = 4.

3at+4a-4

Therefore, =a=>a=2. Hence

the required equation of circle is x*+ y? — 4x —
4y+4=0.

1
(a) centre (—g, —f) = (Z,OJ

,1 1
=.,—+0-0=—
and R 16 a1

@k=03B-172+(k-4)7?
= k=4+(k-4)
5

k=2
= 2



14.

15.

16.

17.

(CR
(1,4

(CRY)

Hence required equation of circle is

o (o_5Y _(5Y
@+ 3] - (3)

=> x2+3)?—6x-5y+9=0

(d) Required equation is (x — x ) (x — x,) +
(y_yl)(y_yz)=0
E+HEx-12)+F-3)@+1)=0
=x>+3)*-8x—-2y-51=0

(c) Since area = mr’, where r = a

= area= ma’.

(a) It represent a circle, ifa=b
= i =4 = k = i .
k 4
(¢) Radius = Distance from origin =/ +B*-

(x—ay+@-pr=o’+p
= x*+3)’-2ax-2By=0

18.

19.

20.

21.

22.

23.

Circle1 D.11

(c) The equation of the circle is

x2+y2—2x+4y+§=0

Radius of circle = ,’1 +4 —%
= ‘R(S—EJ=9TL
4

> s_9-k
4
> k=-16

g=-4,f=2,c=4

> f?=c

= circle touches y-axis.

Centre of the circle = (7, 5), radius = 15

Distance of the given point from centre = 13
required distance = 15— 13 =2

(b) General equation of a circle is x2 + y? + 2gx

+2fy+c=0

Equationx®>+3*+ (@®>—4)xy +2x+ 2y +a=0

represents a circle if coefficient of xy =0

= a’-4=0
> a’=4 a=%2
V4a’ +b>  J64+36
©r= = =5.
2 2
Herea=4,b=6

(a) Center (3, —1). Line through it and origin
isx+3y=0

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

What is the equation of a circle, whose centre

lies on the x-axis at a distance A from the ori-

gin and the circle passes through the origin?
[NDA-2007]

@) x*+3*—2hx=0

() x*+3y*—2hx +h*=0

©) x*+3*+2hxy =0

@) x*+y*—h*=0

2.

A circle touches the axes at the point

(3, 0) and (0, —3). The centre of the circle is
[PET-92]

@ 3,-3)

(®) (0,0

© 3.0

@ (6,-6)
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3. Ifg'—’+f2=cthenthe equationx2+y2+2gx+

2fy + ¢ = 0 will represent

[MPPET-03]
(a) Acircle of radius g
(b) Acircle of radius f°

(c) Acircle of diameter Je
(d) Acircle of radius 0

. The equation of the circle in the first quadrant
touching each coordinate axis at a distance of
one unit from the origin is

[RPET-91]
@ x*+y*—2x-2y+1=0
®)x*+3y*—2x-2y-1=0
©) x*+3y*—2x-2y=0
(d) None of these

. Radius of circleis (x —5) (x - D+ @y —-7)

@y-4=0is
@3 (®) 4
() 52 @ 712

. The equation of the circle whose diameters

have the end points (a, 0), (0, b) is given by
[PET-93]

@ x*+y*—ax—by=0

®) x*+3y*+ax—by=0

@©) x¥*+y*—ax+by=0

@ x*+y*+ax+by=0

. ax*+2)?+ 2bxy + 2x — y + ¢ = O represents a
circle through the origin, if

[PET-84]
@) a=0,b=0,c=0
®)a=2,b=2,¢=0
©)a=2,b=2,¢=0
d)a=2,b=0,c=0

. Equation of a circle whose centre is origin
and radius is equal to the distance between the
linesx=1and x =-11is

[PET-84]
(@ x*+y*=1
®) ¥ +y*= 2
(© x*+y*=4
(@) x*+y*=—-4

9.

10.

11.

12.

13.

14.

A circle has its equation in the form x>+ ?
+ 2x + 4y + 1 = 0. Choose the correct coor-
dinates of its centre and the right value of its
radius from the following

[PET-82]
(a) Centre (—1,-2), radius =2
(b) Centre (2, 1), radius = 1
(c) Centre (1, 2), radius =3
(d) Centre (-1, 2), radius =2

The area of the curve x> + y* = 2ax is
(a) ma® ) 2na®

(¢) 4n a® @ % n a®

Which of the following line is a diameter of
the circle x?+3?>—6x -8 —-9=0

@) 3x—4=0

(b) 4x—3y=9

© x+y=7

@ x-y=1

The equation of circle passing through the
points of intersection of circles x>+ y>— 6x + 8
=0 and x>+ 3 = 6 and point (1, 1) is

(@) x*+y*—6x+4=0

®) x*+3*—3x+1=0

©) x*+3*—4y+2=0

(d) None of these

The radius of the circle passing through the
point (6, 2) and two of whose diameters are x +
y=6andx+2y=4is

[Karnataka CET-04]
(@ 4 () 6
() 20 @ 20

Let, P(x,, y,) and Q(x,, y,) are two points such
that their abscissa x,and x, are the roots of the
equation x* + 2x — 3 = 0 while the ordinates
y, and y, are the roots of the equation y* +
4y — 12 = 0. The centre of the circle with PQ
as diameter is

[Orissa JEE-2005]
@ 1,-2) () (1,2)
© 1,-2) @ (-1,2)
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

2
3.

The answer sheet is immediately below the
worksheet.

The test is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The coordinates of the centre and the radius

of the circle x> + y* + 4x — 6y — 36 = 0 are,
respectively, given by

[NDA-2001]
(b) (4,—-6)and 7
(d) (2,3)and 7

(@) (—4,6)and 6
(©) (2,-3)and 6

If v, r, and r, are the radii of the circles

x2+)y?—4x+6y=5,x2+y*+6x—4y =3 and

x?+ 3% — 2x + 4y = 8, respectively, then
[NDA-2002]

®) r>r,>r,

@ rpr,>r,

@ r>r,>r,
©) r>r>r,

Centre of the circle (x — 3)*+ (y — 4 =5 is

[MPPET-88]
@ G.4 (b) (3,-4)
(©) 4.3) @ (-4,-3)

Radius of the circle x* + 3* + 2x cos 0 +

2ysin®—8=0,is [MNR-74]
@1 (®) 3

© 243 @ +io

The radius of the circle x> +y*+ 4x + 6y + 13
=0is [Karnataka CET-05]
(@) 26 ) V13

© V23 @0

From three non-collinear points we can draw
(a) Only one circle (b) Three circle
(¢) infinite circles (d) No circle

The equation of the circle which touches both

the axes and whose radius is a, is
[PET-1984]

@) x*+y*—2ax—2ay+a*=0

®) x¥*+y*+ax+ay—a*=0

10.

11.

12.

13.

14.

©) x*+y*+2ax+2ay—a*>=0
@ x*+y*—ax—ay+a*=0

The equation ax® + by* + 2hxy + 2gx + 2fy + ¢
= 0 will represent a circle, if

[MNR-79; PET-88, 97]
(@ a=b=0andc=0
b)) f=gand h=0
(c)a=b#0andh=0
d) f=gandc=0

The equation x>+ y* = 0 denotes

[PET-84]
(b) Acircle
(d) y-axis

(a) Apoint
(c) x-axis

The equation of the circle in the first quadrant
which touches each axis at a distance 5 from
the origin is

(@) x*+y*+5x+5y+25=0

(®) x> +y*—10x— 10y +25=0

(©) x*+y*—5x -5y +25=0

@) x*+3*—12y+27=0

The equation of the circle of radius 3 that lies
in the fourth quadrant and touching the lines
x=0andy=0is

[EAMCET-2007]
@ x*+3*—6x+6y+9=0
®) x*+3y*—6x—-6y+9=0
©) x*+3y*+6x—6y+9=0
@) x*+y*+6x+6y+9=0

Equation of a circle passing through origin is
x? +y?— 6x + 2y = 0. What is the equation of
one of its diameters?

[NDA-2008]
(@) x+3y=0 ®)x+y=0
@©) x=y @ 3x+y=0

If the coordinates of one end of the diameter
of the circle x> + 3> — 8x — 4y + ¢ = 0 are
(-3, 2), then the coordiantes of other

end are [Roorkee-95]
@ (5.3) () (6,2)
© (1,-8) (@ (11, 2)

If area of the circle 4x*+ 4y*—8x + 16y + k=0
is 97, then k is equal to
(@) -16

() £16

(®) 16
@ 4
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15. If x-axis is tangent to the circle x> +y* + 2gx (a) g2=k o) g*=f
+ 2fy + k=0, then which one of the follow- © f*=k dfi=g
ing 1s correct ? [NDA-2009]
ANSWER SHEET
LOO®OO 6@OO®OO 1LAE®OO
@00 TO®O 20000
NOIOJOJO) L @O®OO BEOEOOO
1O®OO S@®OO 4HEOOO
5000 0WEO®OO 5000
HINTS AND EXPLANATIONS

12. (a) Centre of circle is
Diameter always passes through centre (3, -1)

7. (a) If circle touches both axis (Let it be in 1st Satisfy each option to get (a)

quadrant) 13. (d) Centre (4, 2)
Let other end be (o, B)

=3.2) % (o, B)

(“23 B”J @,2) (@ p=(1,2)

4. (b) radius = \/cosz 0+sin*0—(-8) =3

Centre (a, a) radius = a
equation is (x —a)* + (y —a)* =a*
x*+3y2—2ax—2ay+a*=0 14. (a) Area=9m
In all quadrant equation can be x> + y* £
2ax +2ay+a*=0

10. (b) Here centre is (7, r)

wl=9n=r=3

Equation of circle is yx> + 4* —8x + 16y + k=0

Where radius = r or x2+y2—2x+4y+£=0
Distance of point of contact with axis from 4
origin = 5 = radius g+ fi-c=

= /(—1)2+22—§=3

15. (a) Since, x-axis is a tangent to the given
circle. It means circle touches the x-axis.

. 2 _
Equation is (x — 5)* + (y — 5) = 5° o /g k=0
x*+32—10x—-10y +25=0 S=k




LECTURE

Circle 2

(Relative position of point with respect to circle,
parametric form of equation of circle,
relative position of line and circle)

ﬁﬂT ............... ——— —— —
BASIC CONCEPTS
tr LT e nasa it T O R ey - i e e e e P e o] 'j,“
1. Position of a Point with Respect to Circle 3. Parametric Equation of a Circle
(1) Position of Point A(x,, y,) with respect to The number of variables is reduced by the
the circle x* + y* = a? is parameteric equations and both co-ordiantes of
(i) outside if x>+ y*—a*>0 a point are expressed in terms of one variable
(i) onthe circleifx*+y*—a*>=0 only.
(iii) inside the circle if x > +y 2 —a* <0 (1) For the circle x2 + y? = a?, parametric

equation are x =a cos 0,y =a sin 6, Hence
for all values of 0, the point 6 (a cos 6,
a sin 0) lies on the circle x* + 2 = a°.

(i) Position of Point A(x,, y,) with respect to
the circle x2+y*+ 2gx + 2fy + c =0 is

(i) outside the circle if x> +y > + 2gx + (i) For the circle (x — h)* + (y — k) = a?
Yy, +e>0 parametric equations are x =k + a cos 0,
(ii) onthecircleifx*+y*+ 2gx +2f), + y=k+asin®
c=0 Hence for all values of 6, the point 6 (h
(iii) inside the circle if x* + y > + 2gx + + a cos 0, k + a sin 0) is on the circle
2y *te<0 (x—hP+(y-kr=a

(iii) For the general equation of circle x> +y? +
2gx + 2fy + ¢ = 0, Parametric equations
are

x=—g+ Jg' + [ —c cos6;
2. The Least and Greatest Distance of a Point

from a Circle y=—f++g'+f —c sne.

4. Circle Passing Through Three Given Points

NOTE

In equation of circle which passes through origin,
¢ =01i.e., constant term is zero.

X, y,)P r,r The equation of circle passing through three
A\yB points A(x, y,), B(x,, y,) and C(x,, ,) is
2 2
The diameter through point P(x,, y) cuts the d , ty , x y 1
circle at point 4 and B, then the point P from x+y o x oy 1 -0
the circle is at the xf + yzz x, ¥, 1
(i) Least distance = P4 = PC - CA4 xX+y: o ox, oy 1

(i1) greatest distance = PB=PC + CB
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NOTES

1. The circle passing through three points can
be obtained by Inverse test or negative test or
verification method or substitution method.

2. Through three non-collinear points one and only
one circle can be made to pass.

3. Condition that given four points be concylic
The given four points P, Q, R and § are satid to
be concylic if the fourth point also lies on the
circle passing through any three points of the
given four points.

5. Position of the Coordinate Axes with Respect
to General Circle
ie,x?+)y*+2gx+2fy+c=0

(i) If Circle x>+ y* + 2gx + 2fy + ¢ = 0 inter-
sects x-axis in two real points if g2> ¢ and
length of x-intercepts

=24g’-c.
(i) Circle x> +y*+ 2gx + 2fy + ¢ = 0, touches
x-axis if g=¢
(i11) The circle, intersects x-axis in two imagi-
nary points i.e., circle and x-axis are sepa-
rate if g2 <ec.
@iv) (a) Circle x?+3)? +2gx + 2fy + ¢ =0, in-
tersects Y-axis in two real points f2>
¢ and the length of its y-intercept is

=2f"-¢

(b) Circle x> + >+ 2gx + 2y + ¢ =0
touches y-axis if /2 = c.

(c) Circlex?+3?+2gx +2fy + ¢ =0and
y-axis will be separate i.e., intersect in
imaginary point if /2 <ec.

6. Position of the straight line y = mx + ¢ with
respect to the circle x? + y* = a?

6.1 If the line y = mx + ¢ is a chord of circle
x* + y? = a? (i.e., the line meets the cir-
cle in two real and distinct points) then
¢?<a*(1 + m?) and length of chord
= length of intercept on line by the circle

=2,fa2— <,
1+ m’

Perpendicular distance T

from centre to the chord

(radius)’ —(

NOTES

1. If the line y = mx + ¢ is a chord of circle x> + 32
= g” then the coordinates of mid-point of chord

—cm (5
1+m? 1+m’
2. The co-ordinates of mid-point of the chord of

the circle x* +y* = a* be (h, k) then the equation
of chord is hx + ky = h> + k*

6.2 The line y = mx + ¢ is a tangent to circle x* +
y?=a’(i.e., the length of perpendicular from
the centre to the line is equal to its radius) then
c¢=%a \1+m® and the co-ordinate of point

. —ci c
of contact is = >
l+m° 1+m

NOTE
For all values of m the straight line y = mx + a
VJ1+m?® is a tangent of the circle x>+ % = a2

6.3 The line y = mx + ¢ intersects the circle in two
imaginary points i.e., both are separate if ¢2 >
a¥1+m?

NOTE

A line will intersect, touch or neither intersect nor
touch the circle according as the length of perpen-
dicular from centre to the line is less than, equal to,

or more than the radius.
B ]

7. Equation of Tangent
(i) Equation of the tangent to the circle x? +
*=arat(x,,y)is xx, +yy, =a?
(i1) The parametric equation of the tangent to
the circle x>+ y* = ag* at a point (a cos 6, a
sinf)isxcosO+ysinO=a.
(ii1) Area of the triangle enclosed by the tangent
to the circle x> +y? = ag? at point 6 (a cos 6,

a2

a sin 0) and coordinate axes is =
sin26

(iv) If the line Ix + my + n =0 is a tangent to
the circle x* + y? = a? then condition is n?
= a*(I* + m?) and co-ordinates of point of

2
) a’ a

contact is | =/ —,—m—
n n



(v) Equation of tangent at point P(x,, y,) to the
circle x2+)*+2gx + 2fy +c=01is
xx, tyy tgx+x)+f+y)+c=0

NOTES

1. The equation of tangent at point (0, 0) to the
circlex>+y*+2gx +2fy+c=0isgx + fy=0

2. The equation of tangent of slope m to the circle
XX +)2=a*isy=mx +a Jl+m® and the

coordinate of the point of contact are

Circle2 D.17

__am a or am -a
\/l+mz’\/l+m2 \/l+m2,\/l+m2

3. The length of the perpendicular from centre of

the circle to the tangent is equal to the radius of
circle.

7.1 The number of tangents drawn from any point

to the circle is

(a) zero if the point is inside the circle
(b) one if the point is on the circle

(c) Two if the point is outside the circle

U= T CEiVED SO8IECTIVE PROBLEWE (KITBOARD (B E/STATER: -
+ = - FOBBETTEB UNDERSTANDING AND CONCERT BUILDING OF THETORIC. . . .

1. Find the equation of circle of lowest size
which passes through the point (—4, 2) and
whose centre lies on the line 3x + 2y = 5.

[MP-1997]

Solution

The length of perpendicular from the point

(-4, 2) to the line 3x + 2y = 5 must be equal to

radius of circle of lowest size.

‘ ‘ —3(A)-22)+5

Radius of circle = — =5
(=3 +(=2)

P(-4, 2)

12-4+5 13 NE
=< - - 13
Jo+4 \/E

Given lineis 3x+2y=5 ... )
Equation of any line perpendicular to line (1) is
2x =3y +A=0

It passes through (-4, 2)
2(-4)-32)+r=0

> A=14
Equation of perpendicular line is
2x-3y+14=0 ... @
Solving equations (1) and (2), we get x = -1
andy =4.

Hence, centre of circle is (-1, 4).

Therefore, required equation is

(c+ 1P+ - 42=(V13y

> xX2+2x+1+)y’+16-8y=13
> x2+3)°+2x-8y+4=0

. Find the co-ordinates of the points of intersec-

tion of the line 5x — y + 2 = 0 and the circle
x2+3* - 13x — 4y — 9 = 0 and also find the
length of the intercepted chord.

Solution

Equation of lineis 5x -y +2=0 ... )
Equation of circle is x> +3)?—13x —4y—-9=0

.......... ?)
Putting the value of y in equation (2) from
equation (1),

we get x2+ (5x+2)2—13x—4(5x+2)-9=0
=> 26x*-13x-13=0

> 2x*-x-1=0

=2 x-1D@x+1)=0

=1 ==
X or x )
Whenx=1,y=5(1)+2=7

Whenx=—l,
2

1 1
y=5-=|+2=—

Coordinates of points of intersection are
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Length of intercepted chord
2 2
= Jred) of74+L
2 2
_ o5 347
4 4 4 2

3. If the circle x> + 32 = a” cuts off an intercept of
length 25 from the line y = mx + ¢ then prove
that ¢ = (1 + m?) (a®> - b?).

Solution

Here, centre and radius of the circle x* +)*=a?
are (0, 0) and OP = a respectively.

Draw perpendicular OM on chord PQ, then by
geometry PM = OM

and PQ = 2PM
Now, length of the perpendicular OM on the
line

y=mx+c (ie., PQ)

9}

=4

Q
i s P

vY'

Chord PQ = 2PM =2 \OP* -OM*

=2 Jaz— ¢
14 m?

According to question, PQ = 2b

2
’ c
> 2 a2_1+m2 =2b
c2

= az—l > =p?
+m
2
= _lc > =b-a
+m
2
c p— 2 2
=z 1+m? sa-b

=> 2= +m?®)@-b) Proved.

4. Ifaline passes through (- /8 , /8 ) and makes
an angle 135° with X-axis. It meets the circle
x =5cos 6,y =5 sin 0 at the points 4 and B,
then find the length of AB.

Solution

Parametric equation of the circle be x =5 cos 6,

y=5sin6
Its Cartesian equation be
x2+32=25 )

Equation of the line passing through (—+/8,
V8 ) and making an angle 135° with X-axis be
- 8)=tan135° (x + /8)

> y-B==x+8) . @
> y=—x
Putting y = —x in equation (1), we get
x*+x2=25
> 2x*=25
L el
)
= :ts
x=x—F—
V2
5
= y=:|:$

From equation (2).
Therefore, intersection of line and circle be

(3]

_3 3
and B( \/E’JEJ

Length of the chord

i) ()

100 100
= _+_
2 2
= J100 =10.

5. Find the parametric representation of the
circle 3x>+3)2 +4x -6y —4=0



Solution

The given equation is
3x2+3)?+4x—-6y—4=0

4 4
=> x2+y’+ —x-2y-—=0
YRy

4
> x2+§x+y2—2y=

W

2
= x2+ix+(g) +y?=2y+1

3 3
4 (2
_§+(§) 1
O 2+( —1)2—2
37V 9

- (3]

which is of the form (x — h)*+ (y —k)* =712,
where, h = —Z,k =1r =§
3 3

Parametric equations of the given circle
are x = —2+§cos9,y=l+§sin9, 0=
33 3

0 <2m.
(x=h+rcos6,y=k+rsin0)

. Find the cartesian equation of the curve whose
parametric equations are

_ 2at a(l-t%)

Solution

= ,y= JER,a>0
e e
. . 2at
Given equations are x = T D
a(l-1%)
y= T @)

= puts= tan0to get
x=asin 20,y =a cos 20

Squaring and adding these equations, we get
x?+y* = a? (sin® 20 + cos” 20)

= x2+y2=a2

7. Find the equation of the circle passing through

(0, 0) and making intercepts a and b on the
coordinate axes.
[NCERT]
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Solution

As the circle passes through the origin and
makes intercepts a and b on x-axis and y-axis
respectively, therefore, the points A(a, 0) and
B(0, b) also lie on the circle in reference.

As £ AOB = 90°, therefore, [AB] is a di-
ameter of the circle. Using diameter form, the
equation of the circle is (x —a) (x —0) + (y = 0)
(v — b) =0 | Diameter form

Y

0 (@ 0)

or x*t+y*—ax-by=0

8. Find the co-ordinates of the points of intersec-
tion of the line 2x + y — 1 = 0 and the circle
x?+ )%+ 6x — 4y + 8 = 0 and show that given
line is a tangent to the circle.

Solution

Equation of lineis 2x +y—1=0

> y=1-2x . (9]
Equation of circle is x>+ >+ 6x —4y + 8 =0
““““““ ©)

Putting the value of y in equation (2) from
equation (1), we get

2+ (1-2x)2+6x-4(1-2x)+8=0
X2+ 1-4x+4x>+6x-4+8x+8=0
5x2+10x+5=0

xX2+2x+1=0

(x+1)y=0

x+1).(x+1)=0

x=-1,-1

y=1-2(-)=1+2=3

Points of intersection are (-1, 3) and
(_1> 3)

Hence points of intersection are coincident
i.e., one point. Therefore by definition of tan-
gency, given line 2x + y — 1 = 0 is tangent to
the circle x> +3? + 6x —4y +8=0.

SR R R R

Proved.
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9. Find the value of p if the line x cos a + y sin
a = p touches the circle x> + 3> — 12x = 0.

Solution

Given circle is, x> +y*— 12x =0
Here, 2¢g=-12,2f=0and ¢ =0
> g=-6,f=0andc=0
Centre of the circle = (—g, —f) = (6, 0) and

Radius of the circle = /g” + > —¢
=J36+0-0=6

Since the line x cos a + y sin a = p touches the
circle, therefore length of the perpendicular
drawn from centre (6, 0) on this line is equal
to radius 6.

6cosa+0—p
Vcos® o +sin’ o
6cosa—p==%6
p=6cosax6

=6(cosa—1),6(cosa+1)
p=6(cosa+1),

=16

U

(" p is always positive)

=6 (200522—1+1J
2

o
= p=12cos® —

10. Point (3, —1) is centre of a circle. This circle
cuts off a chord of length 6 units on the line
2x + 5y + 18 = 0. Find the equation of the
circle.

Solution

Given, centre of the circle is (3, —1) and
equation of the chord 4B is 2x + 5y + 18 =0

““““““ 6}
Draw a perpendicular CM on the line 4B,

then MA = lAB =l><6 =3
2 2

Now, CM = Length of the perpendicular drawn
from C(3, -1) on the line (1).

_2x345x(-)+18 _6-5+18 19

Ja+25 29 29
Radius of the circle. CA = VCM?* + MA®

2
f19 , [361
== +3 = /—+9
(@J 29
_ [361+261
\/ 29
- /%
29

Equation of the circle is (x — 3)2+ (y + 1)?
622
T 29
= 29(x*-6x+9+y*+2y+1)=622
= 29x*+297—174x + 58y +290-622=0
=  29x2+297%-174x+ 58y —-332=0

11. Find the tangents to the circle x*> + y* = a2
which make the triangle with axes of area a>.

Solution

Any tangent to the circle x>+ y*> = a® be

y=mxtaNl+m®* .. 1))
This line cuts the X-axis at 4. wheny =0

O=mxzxal+m’

_aVl+m?
= X=F—
m

Again, tangent (1) cuts the Y-axis at B,
where x =0

S o y=xal+m?
> OB=xtavl+m’

Area of the triangle formed by axes and

tangent
2
= Losop=1| zaditm .(i—a\/l+m2)
2 2 m
_ _laz 1+ m?
+2 " m

20+ m?
a( m)=az
m

According to question, £

=> 1+m*=+2m
= 1+m*¥2m=0



12.

=

1.

=> (1Fm?=0
=> m==1
Putting this value of m in equation (1),

y=fxxzta+l+l

= y=xxz*a \/E
Which are the equation of tangents.
If the line 3x + 4y — 1 = 0 touches the circle

(x — 12+ (y — 2)* = r% then find the value
of r.
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Solution

Given line is 3x +4y—-1=0
Givencircle is (x — 1)*+ (y —2)*=r2
Its centre is (1, 2) and radius is 2.

If line (1) touches the circle (2), then length of

the perpendicular drawn from centre (1, 2) to
the line (1) is equal to radius 7.

. 3x1+4x2-1 3+8-1 10
1€, r= = =—=

Jo+16 25 s

AT KL s M . S s A . s W V-
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" UNSBIVED $UBYECTIVE PROBIERIS (I BOARD (¢ BSE/STATE: -
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EXERCISE 1

If the equations of the two diameters of a
circle are x — y = 5 and 2x + y = 4 and the
radius of the circle is 5, find the equation of
the circle.

If y = 2x is a chord of the circle x*> +3?— 10x =
0, find the equaion of a circle with this chord
as diameter.

Find the lengths of the intercepts of the circle
x2 + 3% — 5x — 13y — 14 = 0 on the axes of
co-ordinates.

Find the co-ordinates of the points of intersec-
tion of the line 2x + y — 1 = 0 and the circle
x? +y? + 6x— 4y + 8 = 0 and show that given
line is a tangent to the circle.

Find the value of k so that striaght line 4x + 3y
+ k=0 bea tangent to the circle x>+ y* =4,

Find the equation of the tangent to the circle
x*+y*=2at(1,1).

Find the equation of the tangents to the circle
x?+y*— 12x + 4y — 16 = 0 which are perpen-
dicular to the line 4x — 3y + 8 = 0.

Find the equation of the circle which passes
through the points (1, — 2) and (4, — 3) and has
its centre on the line 3x + 4y = 7.

EXERCISE 2

1.

Find the equation of the circle that passes
through the point (1, 0), (-1 , 0) and (0, 1).

Show that the points (9, 1), (7, 9) (-2, 12) and
(6, 10) are concyclic.

To find the position of the points

®H (-4.2),

(i) origin, with respect to the circle 2x? + 2)?
+16x— 8y —41 =0.

Find the equation of the circle whose centre is
on the line y — x + 1 = 0 and passing through
the point (7, 3) and its radius is 3.

Find the equations of the tangent to the
circle x*> + y* = 25 at points whose abscissa
is 4.

The equation of the tangents at point (a, B) to
the circle x> + y* = r2cuts the axes at points 4

and B. Show that the area of triangle OAB is

17
——, where O is origin.

2ap’

Show that the line y =x+a\/§ touches the

a a
circles x + y* = g*at the point (—T, —J
22



D.22 Circle 2

8. Find the equation of tangents to the circle
x? + y* = 25, which make an angle 30° with

9. Find out the equation of tangents to the circle
x? + y* = 4 which are parallel to the straight

the axis of X. linex + 2y +3=0.
ANSWERS
EXERCISE 1 4.+~ 14x — 12y + 76
7. - —-10=
o 3x+4y-568-10=0 N
1. x*+y*—6x+4y—-12=0 8. 15(x2 + %) — 94x + 18y + 5. 4x— 3y =25
2. x2+3)2-2x—4y=0 55=0
3. 15 8. J3y=x%10
T EXERCISE 2
4. (-1,3) & (-1, 3 o ) +2.5 =
! i_il)o -1,3) L otyim 9. x+2y+2/5=0
T 3. (i) and (ii) point inside the
6. x+y=2 circle.

SOLVED OBJECTIVE PROBLEMS: HEIPING HAND

1. Let AB be a chord of the circle x* + y? = r?
subtending a right angle at the center. Then
the locus of the centroid of the A PAB as P
moves on the circle.

[1IT-2001]
(a) A parabola
(b) Acircle
(c) An ellipse
(d) A pair of straight lines

Solution
(b) Let the centroid = (c,) Then

r+rcos0 r+rsin0
o= ,Bz
3 3

rY rY »?
or (a—gj +(B—§J =5
2 2 2
The locus is =L+ y—t =L
3 3 3]

which is a circle.

P(r cos ..r sin)

2. If the tangent at the point P on the circle x> +
2+ 6x + 6y = 2 meets the straight line 5x — 2y
+ 6 = 0 at a point Q on the y-axis, then the

length of PQ is
[I1T-2002]
(a) 4 ®) 25
©5 @ 35
Solution

(c) Let P = (x,, ,). The tangent at P is
szl +Oyy1 + 3(x + x) + 3p + y!)



Coordinates of Q satisfy (i), 5x -2y + 6 =0,
x=0.
So, 3x,+6y +7=0and Q=(0,3)
PO =x{+(y,=3)" =x] +y/ —6y,+9
=11-6x,-12y,
(v x4yl +6x,+6y,-2=0)
=11-20Gx,+6y)=11-2(-7)=25.
So, PQ=35.
. Under which one of the following conditions

does the circle x>+ y* + 2gx + 2fy + ¢ = 0 meet
the x-axis in two points on opposite sides of

the origin? [NDA-2007]
@) ¢>0 () ¢<0
(©) e=0 (d) ¢<0

Solution

(b) The circle x* +y? + 2gx + 2fy + ¢ = 0 meets
x-axis (y = 0) in two points on opposite sides
of origin.

If mean x>+ 2gx+c¢=0

Do+ 2 _
o y= 2g+\4g° —4c

2

> x=-g% ,g’—c

Circle meets the x-axis in two points on op-
posite side of origin.

Hence, —g+ /g’ —¢ >0

-g—\g'-c <0

= \/gz—c >g=>g'-c>g°

= —¢>0..¢<0

. If points (0, 0); (1, 0); (0, 2) and (0, a) are
concyclic, then a is equal to

[PET (Raj.)-97]
@ 0,1 ®) 0,2
© -1,2 (d) None of these

Solution

(b) Obviously (0, 0); (1, 0) and (0, 2) are ver-
tices of a right angled triangle, so equation of
the circle passing through these points is

x-1x+yy-2)=0
= x*+3)?-x-2=0
Since this also passes through (0, a),
so a*-2a=0=>a=0,2
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5. The side of an equilateral triangle drawn in
the circle x> +y* = a* is

(@) 2a
®) \3a
(©) /3/2a

(d) None of these

[UPSEAT-99]

Solution

(b) Using cosine formula in AAOB

2 2 2
cosl20° = M
2a.a
= AB= \/ga

6. Let L be a straight line passing through the
origin and L, be the straight line x + y = 1. If
the intercepts made by the circle x> +3? — x +
3y=0onL, and L, are equal, then which of
the following equations can represent L

[IIT-1999]
@ x+y=0
®) x-—y=0
© x+7y=0
@x-7y=0
Solution
(b, ¢) Let the equation of line passing through
origin be y = mx. Therefore

We know that chord of equal length are equi-
distant from centre.

Distance of both chord are equal centre
1-3m

2

14+m
1-3mY  (1-3mY

2 +m 2

1+m 1+m

Only solving we get

=> Tm*-6m-1=0

= (m+1)(m-1)=0
1

> m=1, __
7
Linesarey =x,y =— 1,
or x-y=0,

x+7y=0.
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7. If two distinct chord, drawn from the point

(p, 9) on the circle x* + y* = px + qy (where, pq
# 0) are bisected by the x-axis, then

[IT1-99; 2M]
@ p*=q’
() p*=28q*
(©) p* <8¢’
@ p*> 8¢

Solution

(d) From the equation of circle it is clear that
circle passes through origin. Let 4B is chord
of the circle.

>

Alp, 9)

C(h, 0)

A = (p, q). C is mid-point and Coordinate of
Cis (h,0)

Then co-ordinates of B are (—p + 2h, —q).

and B lies on the circle x* + 2 = px + gy, we
have

(p +2h7 + (—qP=p(-p+2h)+q (-
> p*+4k—4ph+q*=-p*+2ph-¢*
= 2p>+2¢*—6ph+4h*=0
= 2h*-3ph+p*+4¢*=0 - (D

There are given two distinct chords which are
bisected at x-axis then, there will be two dis-
tinct values of 4 satisfying (1). So discriminant
of this quadratic equation must be > 0.
= D>0=(3p;-42@*+¢)>0

=> 9p’-8p*-84*>0

=> p*-84*>0
=  p?> 8¢’ Therefore, (d) is the answer.
8. Consider, L:2x+3y+p—-3=0,
[IIT-JEE-2008]

L;2x+3y+p+3=0

where p is a real number, and
C:x*+y*+6x—10y+30=0

Statement 1: If line L, is a chord of circle C, then

line L, is not always a diameter of circle C.

Statement 2: If line L, is a diameter of circle C,
then line L, is not a chord of circle C.

Solution

(c) The circle is (x + 3)* + (y —5)*=4

The distance between L: 2x + 3y + p
-3=0and

L,=2x+3y+p+3=0is

d= —6 = i <
J2r 432 13
the radius of the circle (= 2)
Statement 2 is false. If L is a diameter then L,

has to intersect the circle in two distinct points
and then it will be a chord.

ahw

J e

L

Statement 1 is true. If L, is a chord, L, may lie
outside the circle and so need not always be a

diameter.
L2
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The equation of the chord of the circle x2 + 3?

= a® having (x, y)) as its mid-points is
[IIT-83; PET-86; CET-03]

@) xy, +yx, =a’

®) x, ty =a

(©) xx, +yy, =x2+y?

@) xx, +yy, =a

. ABCD is a square the length, of whose side is
a. Taking AB and AD as the coordinate axes,
the equation of the circle passing through the
vertices of the square is

@) x*+y*+ax+ay=0

®) x¥*+y*—ax—ay=0

©) x*+y*+2ax+2ay=0

(@) x*+y*—2ax—-2ay=0

. The locus of the middle points of those chords
of the circle x2 + y*> = 4 which subtend a right
angle at the origin is

[IIT-84; PET-97]
@ x*+3y*-2x-2y=0
) x*+y*=4
(©) x> +y*=2
@ x-1p+@-17=5

. ¥ = mx is a chord of a circle of radius a and
the diameter of the circle lies among x-axis
and one end of this chord is origin. The equa-
tion of the circle described on this chord as
diameter is

[PET-90]
@ A +m?»E*+yH—-2ax=0
®) (1 +m?) (x*+y%) —2a(x +my)=0
© (I +m) (x*+y%) +2a(x +my)=0
@ (A +m?) (x*+y%) —2a(x-my)=0

. A point inside the circle x> +y*+ 3x -3y + 2
=01is

[PET-88]
@ (-1,3) (®) (-2, 1)
© @D @ (-3.2)

. Position of the point (1, 1) with respect to the
circlex’+3*—2x+y—-1=0is

[PET-86, 90]
(b) Upon the cirlce
(d) None of these

(a) outside the circle
(c) Inside the circle

7. The equation to the tangents to the circle

10.

11.

12.

13.

x?+y? — 6x + 4y = 12 which are parallel to the
straight line 4x + 3y + 5= 0, are

[ISM Dhanbad-73; PET-91]
(@) 3x—4y-19=0,3x-4y+31=0
(®) 4x+3y-19=0,4x+3y+31=0
(€) 4x+3y+19=0,4x+3y-31=0
(d) 3x—4y+19=0,3x—4y+31 =0
The straight line x — y — 3 = 0 touches the
circle x2 + y2 — 4x + 6y + 11 = 0 at the point

whose co-ordinates are
[PET-93]

@ (1,-2) (®) 1,2)

© (-1,2) @ (-1,-2)

At which point the line y = x + V2 atouches
to the circle x> +)y*=qa*orLiney=x+a V2
is a tangent to the circle x> + y* = g? at

) [ ) (- e
J2'\2 J 27 2
y[a _a y[(-a e

V27 2 V2'V2

The centre of the circlex=-1+2cos 0,y =3+

2 sin 0 is [PET-1995]

@ (1,-3) ®) -1,3)

©) (1,3) (d) None of these

x =7 touches the circle x> +3*—4x -6y —12 =
0, then the coordinates of the point of contact
are

@ (7.3) ®) (7.4

© (7.8 @ (7.2

The equation of circle with centre (1, 2) and
tangentx +y —5=01is [PET-01]
@ x*+3y*+2x—-4y+6=0

b)) x*+3y*-2x—4y+3=0

©) x*+y*-2x+4y+8=0

d) x*+3y*-2x—4y+86=0

The equation to the tangents to the circle x> +

y?= 4, which are parallel to x + 2y + 3 =0 are
[PET-2003]

) x+2y=%23
@ x-2y=%2+5

@ x-2y=2
©) x+2y=%2+5
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14.

15.

16.

17.

18.

19.

20.

The intercept on the line y = x by the circle
x?+y*—2x =0 is AB, equation of the circle on
AB as a diameter is

[AIEEE-04]
(@) x¥*+y*+x-y=0
®) x*+y*—x+y=0
©) x*+y*+x+y=0
(@ x*+y*—x-y=0
If the chord y = mx + 1 of the circle x* +

2 =1 subtends an angle of measure 45° at the
measure segment of the circle then value of m

is [AIEEE-2002]
(@2 (®) -2
() -1 (d) None of these.

The radius of any circle touching the lines
3x—4y+5=0and 6x—8—-9=0is

[MPPET-2005]
() 1.9 (b) 0.95
() 2.9 (d) 1.45

The value of ¢, for which the line y = 2x + ¢ is
a tangent to the circle x> +y° =16 is

[MPPET-2004]
(@) —16/5 (®) 445
() 165 (@ 20

The locus of mid-point of the chords of the
circle x* + 32 — 2x — 2y — 2 = 0 which makes
an angle of 120° at the centre is

[MNR-1994]
@ x*+y*-2x-2y-1=0
®) x¥*+y*+x+y—-1=0
©) x¥*+y*-2x-2y-1=0
(d) None of these

The length of the chord joining the points
in which the straight line §+%=1 cuts the

ot ape 1O
Clrcle x y= 25 1S
[Orissa JEE-2003]
@1 () 2
© 4 @8

If the line 3x — 2y = k meets the circle x> + 32
= 4r? only at one point, then k is equal to
[CET (Karnataka)-2003]

21.

22.

23.

24.

25.

26.

(@) 522
(c) (52/9)

(b) 202
(@) (20/9) r*
Circle passing through the points (¢, 1), (1, )

and (z, 1) for all values of ¢ passes through the
point

[Orissa JEE-2007]
@ (0,0 ® 1,1
© 1,-D @ LD

If the equation of the tangent to the circle
x2+3y* — 2x + 6y — 6 = 0 parallel to 3x —
4y +7=01s 3x — 4y + k = 0, then the values
of k are

[Kerala (Engg.)-05]
() -5, 35

@ -7,32

(a) 5,-35
(©) 7,-32

If the straight line y = mx is outside the circle
x?+y*—20y + 90 = 0, then

[Roorkee-1999]
(b)) m<3
@ [m|<3

(@ m>3
© |m|>3

The number of distinct tangents that can be
drawn from the origin to the circle x> + y* =
2(x +y)is

[ICS-90]
@ 0
©2

Consider a family of circles which are pass-
ing through the point (-1, 1) and are tangent
to x-axis. If (h, k) are the co-ordinates of the
centre of the circles, then the set of values of k&
is given by the interval

(b1
@3

[AIEEE-2007]
1 1
a O<k<— b) k>—
( 7 (b) 7
1 1 1
¢) ——<k<— d) k<=
© 5 7 @ 7

The circle x* +y? = 4x + 8y + 5 intersects the

line 3x — 4y = m at two distinct points if
[AIEEE-2010]

(@) -35<m<15

(b) 15<m <65

(c) 35<m <85

(d) -85 <m <-35
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SOLUTIONS

. (©) T =S, is the equation of desired chord,
hence xx, +yy, —a*=x+y’—a’
= xx, +J’y1 = x12 +y12

. (b) According to the figure 4(0, 0), B(a, 0) and
D(0, a) and centre is (%EJ Therefore, the

. L aY al &
equationof circleis | x—— | +| y—= | =—
2 2 2

=> x2+3)’—ax—ay=0.
. (¢) Let the mid-point of chord is (4, k). Also

. . . oc
radius of circle is 2. Therefore, prs =cos45°
0

R+ 1
2 2
> h+k=2

Hence locus is x* +y? =2

. (b) Here the equation of circle is (x — a)* +
@-0p=a’

=> x2+3)?-2ax=0

Now the point of intersection of circle
and chord ie., O and B are 0(0, 0) and

2a  2am
B 27 2
l+m° 1+m

Hence the equation of circle are chord OB’s
diameter is (x2 + 3 (1 + m)* — 2a (x + my)
=0.

NOTE

It may be used as formula.

5. (b) For point (-2, 1), §, <0
6. (a)S, > 0, Hence point lies outside the circle.

7. (c) Let equation of tangent be 4x + 3y + k=0,

then O +4+12 = ‘wﬁﬂ
+

> 6+k=+25

= k=19and-31

Hence the tangents are 4x + 3y + 19=0
and 4x+3y-31=0.

10.

11.

12.

(a) The point must satisfy the line and the
circle simultaneously. Obviously the point of
contact is (1, -2).

(d) Suppose that point be (h, k). Tangent at
b ishc+ky=a*=x-y= —2a

or ﬁ_ﬁ_a_z
1 -1 —2a
or h=—a,k—i

(b) Given that xT-I-l = cos 0.

Also 24 = sin6

2
- (x_“j +(y_-3j -1
2 2
> (x+1D)*+(y-3)? =4.

(a) Putting x =7, we get y* — 6y + 9=0
= y=3. Hence the point of contact is (7, 3).

(b) "." Radius of circle = Perpendicular dis-
tance of tangent from the centre of circle.

(1,2)

Hence the equation of required circle is

- 1P+ -27=(2y

> x2+3)2-2x—-4y+3=0

OR

Verification Method: Centre of circles in
options are as follows

@ (-1.2) ®) (1,2)

© 1,-2) @ (-1,-2)

So (b) can be the only answer
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13.

14.

©

X+2y+A=0

Centre of x>+ 3* =4 is (0, 0).

Tangents which are parallel tox +2y+3=01s
x+2y+A=0
Perpendicular distance from (0, 0) to x + 2y +
A = 0 should be equal to radius of circle,
(Clearly radius = 2).

0+2x0+A
V1422

= A=12J5 Put the value of A in (i),

=12

tangents of circle are x+2y = 25

OR

Only (b) and (c) lines are parallel to x + 2y +
3=0.

Also the line is a tangent to x> +y* = 4.

Its distance from (0, 0) should be 2.
Therefore, (c) is the answer.

(d) Given, circle is x> +3? - 2x =0
and lineisy=x .. (i1)
Putting y = x in (i), We get 2x> — 2x = 0
=>x=0,1

From (i),y =0, 1

Let4=(0,0),B=(1,1)

Equation of Required circle is (x — 0)(x — 1) +
0-00-DH=0

or x*+)*—x-y=0.

15.

(¢) Given circle is x> + )2 =1
C(0, 0) and radius = 1 and chord isy =mx + 1

cos45°= e
CR

16.

17.

18.

CP = Perpendicular distance from (0, 0) to
chord y =mx + 1

1
CP=——= (CR=radius = 1)
vm® +1
mi+1 1 1
cos45°=—--—-= —=
1 \/5 m* +1

m>*+1=2=>m==l.

(b) Distance between the lines 3x -4y +5=0
9

S*21 (19

and 6x -8y -9=01is |-——=2_|=| = |=1.9
S +42| (10

1.9 is the diameter of circle

Radius of circle = % =0.95

(b) Given that y=2x + ¢
and x*+3*=16
We know that y = mx + ¢ is tangent to the cir-

cle x> +y* =a’, then ¢ = tavl+m?

m=2,a=4
c=+4J1+22 =445

(a) The centre of given circle is (1, 1) and its
radius is /2 From the figure, if M(h, k) be the

middle point of chord 4B subtending an angle

Z—n at C, then %=cos£=l
3 AC 3 2

=> 4ACM*=AC?
or 4[h-17+k-11]1=4



<D
/3| /3

>

M(h, k) B
> hW+iE-2h-2k+2=1
Hence, the locus is x> +3?—2x -2y +1=0.

19. (b) OM = length of the perpendicular to the line
4x + 3y =12 from (0, 0) = 12/5

Y
A
AK (0, 4)
M
B
o) K > X
(3,0)

13
Radius of the circle is ? .

Required length = 2 169 134 =2
25 25

20. Line is a tangent to the circle, so
p=a= L =2r
Vi3

21.

(1, 1) B

At 1)

22.

23.

24.

25.

26.

Circle 2 D.29

3 points form right angled triangle
AC is diameter of circumcircle
equation of circle is

x-Hx-D+@-D@E-vH=0
which clearly pairs through (1, 1)

(a) Equation of circle is, x> + y? — 2x +
6y—6=0
(=12 +@+37=4y
Radius of circle = 4
And centre of circle = (1, -3)

Equation of tangent 3x —4y + k=0
3x1-4x(=3)+k=0 _
VB +(-4y’
Hence k=5, =35

4

(d) If the straight line y = mx is outside the
given circle then distance from centre of circle

SN/
N1+m?

= (1+m?)<10=>m?<9
> |m|<3.

> radius of circle

(b) Origin lies on the circle, so number of
distinct tangents is 1.

O E=th+1P+Ek-1)
=> 2k=h*+2h+2

> 2k=h+1y+1
= 2k21

=> k>1/2.

@) r=4+16+5=5
6-16—-m
5

= -25<m+10<25
= -35<m<]15
Hence correct option is (a)

=5
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i~ UNSOEVED GRIECTIVE PROBLENES ITENTICKL PROBLEMSE FOR BRACTICE: =

1.

B e B e

If 3x + y + k=0 is a tangent to the circle x> +
y? =10, the values of k are

[Karnataka CET-2007]
(@) £7
®) 5
(c) £10
@ £9
What is the radius of the circle passing
through the points (0, 0), (a, 0) and (0, 5)?

[NDA-2006]

(@) Va'-b’ (®) Va’+b’

© %\/az +b° @) 24a* +b?

If 2x—4y=9 and 6x—12y+7=0 are com-
mon tangents to the circle, then radius of the
circle is

[DCE-2005]
B 17
(@) = (®) 675
2 17
© 3 @ 305
A point inside the circle x> +3? + 3x — 3y + 2
=01is
[PET-88]
@ (-1,3) ®) 2,1
© @D @ 3,2)

The point of intersection of the circles x* + 3
=25and x> +)*—8x+7 =0 are

[PET-88]
(@) (4,3)and (4,-3)
(b) (4,-3) and (-4, -3)
() (-4,3)and (4, 3)
(d) (4,3)and (3,4)

The length of tangent from the point (5, 1) to
the circle x2+3*+ 6x —4y -3 =0, is

(a) 81 () 29

©) 7 @ 21

The equation of the circle having centre

(1, =2) and passing through the point of inter-

section of lines 3x +y =14, 2x + 5y = 18 is
[PET-90]

10.

11.

12.

13.

14.

(@) x*+y*—2x+4y-20=0
®) x*+3y*-2x—4y-20=0
©) x*+y*+2x—4y-20=0
@) x*+y*+2x+4y-20=0

The equation to the tangents to the circle x> +
y?= 4, which are parallel to x + 2y + 3 =0 are
[PET-2003]

() x—2p=%2+3
@ x-2y=%2+5

@ x-2y=2
© x+2y=+25

If the line y= \/gx + k touches the circle x* +
y? =16, then k is equal to

@ 0 () 2

© 4 @3

If the circles x> + 32 + 2ax + 8y + 16 = 0
touches x-axis, then the value of a is

(@) %16 (b) +4

(c) 8 @ =1

A circle touches the y-axis at the point (0, 4)
and cuts the x-axis in a chord of length 6 units.

The radius of the circle is [PET-92]
@3 (b) 4
@© 5 @ 6

If the lines 3x—4y+4=0and 6x -8y -7=0
are tangents to a circle, then the radius of the

circle is [1IT-84, PET-94]
(a) 372 (b) 3/4
(c) 1710 @) 1720

Equation of the tangent to the circle x* +y? =
a® which is perpendicular to the straight line y
=mx+cis

(a) y=—ii'a\/1+m2
m

) x+my=*aVl+m®

©) x+my=zxal+1/m)?
@) x—my=taJl+m®

A circle touches the axes at the point

(3, 0) and (0, — 3). The centre of the circle is
[PET-92]

(®) (0,0

@ (6,-6)

(@ 3,-3)
© 3.0



15.

16.

17.

18.

The line 2x — 3y = 5 and 3x — 4y = 7 are the
diameters of a circle of area 154 square units.
The equation of the circle is

[IIT-89; Kerala Engg.-2005; AIEEE-2003]
@) x*+y*+2x—-2y=62
() x*+y*—2x +2y =47
©) x*+y*+2x—-2y=47
@) x*+y*—2x+2y=62

If the lines 2x+ 3y +1=0and 3x—-y—-4=0

lie along diameters of a circle of circumfer-

ence 10, then the equation of the circle is
[AIEEE-2004]

@) x*+y*+2x-2y—-23=0

®) x*+3*—2x—-2y-23=0

©) x*+y*+2x+2y—-23=0

d) x*+3y*—2x+2y-23=0

The number of tangents that can be drawn
from (0, 0) to the circle x> + y* + 2x + 6y —

15=0is [MP-92]
@ 0 (®) 1
2 (d) infinite

The lines 2x + 3y + 6 =0and 3x -2y — 18 =0
are tangents resepectively at the points (0, — 2)

19.

20.

21.

Circle2 D.31

and (6, 0) on a circle. Then the centre of the
circle is [Kerala PET-2008]

36 -72
0 _ —=,28
@ (13, 28] ® ( 3 J

74 28 o (3628
© |13 CARTRT

13713
The points of contact of the circle x> +y?+ 2x +
2y + 1 =0 and the co-ordinate axes are
@ (1,0), 0, 1) () (-1,0),(0, 1)
(C) (_17 O)a (Oa _1) (d) (15 O)a (Oa _1)
If the straight line y = mx + ¢ touches the
circle x2 + y* — 2x — 4y + 3 = 0 at the point
(2, 3), then ¢ is equal to
(@ -3
© 5
Middle point of the chord of the circle x* + 3
= 25 intercepted on the line x — 2y =2 is

34
@ 5’5

2 4
© (g,—gj

(b) 4
@ =2

®) (-2.-2)

81
(53]
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 21 minutes.

The worksheet consists of 21 questions. The
maximum marks are 63.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. Position of the point (1, 1) with respect to the

circlex>+3*—x+y—-1=01is

[MPPET-86, 90]
(b) Upon the circle
(d) None of these

(a) Outside the circle
(c) Inside the circle

Length of the tangent from (x,, y,) to the circle
X2+ +2gx+2fy+c=0is
[EAMCET-80]

(@) (xlz +y+2gx, +2 5, +c)”2

) (XIZ + ylz )1/2

© [+l + (v, +/y]"”
(d) None of these

Circle ax®> + ay* + 2gx + 2fy + ¢ = 0 touches
x-axis if

(@ f*>ac
(©) f*=bc

The geometric means of the abscissa of the
points of intersection of the circle x> + 3 — 4x
—6y+7=0and theliney=11is

() g8>ac
(@) g=ac

[SCRA-2007]
(@ 7 ® V2
(©) V14 @1

The locus of the mid-point of the portion of
any tangent to the circle x> + y* = @? inter-
cepted between the co-ordinate axes is

[SCRA-2007]
1 1 1 1 1 4
R e e
1 1 1 1 1 4
© Zzt=== @ z+t=5==

10.

11.

Consider a circle of radius R. What is the
length of a chord which subtends an angle 9
at the centre?

[NDA-2007]
(a) 2 R sin (6/2) (b) 2R sin 6
(¢) 2R tan (6/2) (d) 2R tan 6

The equation of two circles which touch the
Y-axis at (0, 3) and make an intercept of 8
units on X-axis are

[Karnataka CET-2007]
@) x*+3*+10x-6y+9=0
®) x*+y*+6x—-10y+9=0
©) x*+3*—8x+£10y+9=0
@) x*+y*+10x+ 6y +9=0

If x2 + y* — 2cx — 2cy + ¢® = O represents a
circle touching coordinate axes and §+ R

and its centre is in 1st quadrant then value of
Cis

[MP PET-2007]
@1 (b) 2
(©3 @6

2x —y —2=01is a line and x> + y* — 6x + 2y
+ 5 =0 and 5x> + 5y = 4 are two circles. The
line touches

[UPSC (Rly)-98]
(a) first circle but not second
(b) second circle but not first
(c) both circles
(d) None of these

The point diametrically opposite to the point
P(1,0) on the circle x> +)*+2x + 4y -3 =0

is [AIEEE-2008]
@ G.4 ® G, -4
© (3.4 @ 3,-4

If (3, — 2) is the centre of a circle and 4x +
3y + 19 =0 is a tangent to the circle, then the
equation of the circle is

[Kerala PET-2008]
(@) x*+3y*—6x+4y+25=0
®) x> +3y*—6x+4y+12=0
©) x*+y*—6x+4y—-12=0
@) x*+y*—6x+4y+13=0
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12. The equation of the smallest circle passing (@) 12 (b) 3/4
through the points (2, 2) and (3, 3) is (c) 4/3 (d) 5/4
[Karnataka CET-2008]
(@) x2+3)2+5x-5y+12=0 17. If the centre of a circle is (-6, 8) and it passes
®) ¥*+y*-5x+5y-12=0 through the origin, then equation to its tangent
©) ¥*+y*+5x+5+12=0 at the origin, is [MNR-76]
@ x*+y*=5x-5y+12=0 (@) 2y=x (b) 4y =3x
) . . . (©) 3y=4x (d) 3x+4y=0
13. The point (5, — 7) lies outside the circle
[Karnataka CET-2008] | 18. If the line 3x + 4y — 1 = 0 touches the circle
(@) x2+3)2=5x+Ty—-1=0 (x — 1)*+ (y — 2)* = r? then the value of r will
®) x*+y*—8x+Ty-2=0 be [RPET-86]
©) x¥*+3*—-8x=0 @ 2 (®) 5
@ x*+y*-5x+7y=0 (c) 12/5 ) 2/5
14. Point (1, 2) relative to the circle x2 +y?+ 4x — | 19. The angle between the tangents drawn at the
2y — 4 =0 is which one of the following? points (5, 12) and (12, — 5) to the circle x* +3?
[NDA-2008] =1691s [MPPET-2009]
(a) Exterior point (a) 45° (b) 60°
(b) Interior point, but not centre (c) 30° (@) 90°
(¢) Boundary point 20. The line ax + by + ¢ = 0 is normal to the circle
(d) Centre X4y 4+ 2gx + 2 +d =0, if
15. If the circle x> + y* + 2gx + 2y + ¢ = 0, [MPPET-2009]
(¢ > 0) touches the y-axis, then which one of @) ag+bf+c=0 M ag+bf—c=0
the following is correct? ) ag—bf+c=0 dag—bf—c=0
(a) g=—+Jc only (b) g=%+e 21. If the lines 3x — 4y —7 =0 and 2x — 3y — 5 =
_ _ 0 are two diameters of a circle whose area is
©f= Ve only @ /= j;;\{lz) A4-2008] 497 sq. units, then the equation of the circle is
[MPPET-2009]
16. The lines3x—4y+4=0and 6x—-8y —-7=0 (@) x2+y*+2x—-2y—47=0
are tangents to the same circle then radius of ®) x*+3y*-2x+2y—-47=0
this circle is......... ©) x*+y*+2x—-2y—-51=0
[Orissa JEE-2008] @ x*+y*—2x+2y—-51=0
ANSWER SHEET
LO®OO .@DO®O® 15000
2000 .90 0@ 16 @®0O O
3000 0.OOOO 17.00 0
L1OBOO LEOO®OO 1500
5000@ 2000 19.000
@®OO BOO®O® 20000
@R O® HOOO® 21@OO@
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4. (b) For abscissa of points of intersection. Put
y =1 incircle
x?+y?—4x—-6y+7=0
X2+ 12-4x-6x1+7=0
x*—4x+2=0; letroots are x , x,

GM. of x and x, =/xx, = NG3

5. (d) Let equation of tangent be
xcosO+ysinO=a

=
=

or X 4+ Y _4
a a
cos® sin6
P(h, k) = mid-point of 4B
(hh)=| ——,
2cosO 2sin6
02
B "sin®
P (h, k)
(=)
Al cosb
cose=i, sin6)=i
2h 2k
Squaring and adding
aY (aY 1 1 4
St 5= =t ===
2h 2k x* y° a
6. (a) sin9=@
2 OB
A B

> (=2k sin% £ = length of chord

HINTS AND EXPLANATIONS

12.

16.

19.

20.

21.

(d) For smallest circle (2, 2) and (3, 3) must be
end points of diameter.

Equation of circle (x —2) (x = 3) + (¥ = 2)

r-3)=0

x2+)y*=5x-5y+12=0
b)3x—4y+4=0and 6x—8 — 7 =0 are
parallel tangents

distance between them = Diameter = 2r

2r—8_(_7) =ir=i
Jorcer| 2 4

(a, d) Centre (C, C);,
radius =+/C*+C?-C* =C

%4.%:1 or 4x + 3y — 12 =0 is tangent

Distance from centre of the tangent =
radius

4C+3C-12

V42 +3?
= 7C-12=5Cor7C-12=-5C
= C=6o0rC=1

(d) Since, both the points lie on the circle. At
(5, 12), equation of tangent is

Sx+12y=169 . @
At (12, -5), equation of tangent is
12x-5y=169 ... (ii)

It is clear that equations (i) and (ii) are perpen-
dicular to each other.
Hence, angle between them is 90°.

(b) The centre of given circle is (—g, ).
If the given line ax + by + ¢ = 0 is normal to
the circle, then it passes through the centre of
circle.

a(-g) + b(-f)+c¢=0
> agt+bf—c=0

(b) The intersection of given two linesis (1,—1)
which is the centre of circle.
Also, =491
= r=7
.. Equation of circle is
G- 1P+ +1y=7
= x*+3y?-2x+2y—-47=0



LECTURE

Circle 3

(Relative position of circles, pair
of tangents and chord of contact
draw from an enternal point)

BASIC CONCEPTS

1. Position of One Circle with Respect to Other

Let the equation of two circles be
S, =x*+y*+2gx+2fy+c =0
S,=x*+y*+2gx+2fy+c,=0 ... )
whose centre is ¢, and ¢, and radius is , and
r, respectively and ¢ c, = d = distance between
their centres.

(1) Two Circles Touch Externally if the distance

d between their centres is equal to the sum of
theirradiusi.e., ¢,c,=d=r +r,and the number
of common tangent lines is 3 and the point of
contact P divides the line of centres ¢ c, inter-

nally in the ratio : 7,

A

cC,=r+r,CC,=CP+CpP

d=r +r,

Equation of the common tangent AB is S, - S,
=0

rx, +rx, ry,+n
Point of contact P( 2 be: zy']

?‘l+l"2 ?‘l+l"z

Example

(i)

S, =x*+y*-2x-4y-4=0
S,=x’+y’+4x+4y+4=0

e, =(,2),r,=3,n=3¢c c,=d=5
c,=(=2,-2),r,=2

Two circles touch internally if the distance
d between their centres is equal to the differ-
ence of their radii, ie., cc,=d =r —r, and
the number of common tangent line is one and
point of contact P divides the line of centres
c,c, externally in the ratio r: 7,

o
w qb >

P( nX; —hX rl)’z_rz)ﬁ]

n—n h—n
roEY,
cC,=r,-r,=d

NOTE

Equation of the common tangent AB is S, -5, =0
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Examples

S, =x*+y*—dx-6y—-87=0
S,=x*+y*+4x-21=0
¢, 2,3),r,=10,n=1cc,=d=5
¢, (=2,0),r,=5
(ii1)) Concentric circles The circle having same
centre but different radius are called concentric
circles.
L x+yr=rix*+y’=rir#r,
2. (x-—aY+ @y -bY=r*(x-ai+
-by=r?
3. X+ +2gx+ 2y +¢,=0
X+y*+2gx+2f+c,=0
2. Pair of Tangents and Chord of Contact
2.1 (i) The length of tangent drawn to the circle
x?+y* = g* from an external point (x,, y)

is= \x/ +y/ -’
NEETTE

P, y,)

(ii) The length of tangent drawn to the circle
x2+y?+2gx +2fy + ¢ =0 from external po-

int (x,, y) is = \/xf +yl+2gx +2f, +c¢

= ,/S,, where S, is known as power of
point (x, y,)

(v) The equation of a pair of tangents drawn to
the circle x> +3? = a? from an external point
(x,,y,) s 8S, = T* where S = x> +* - a?,
S =x’>+y’-a’and T =xx +yy —a’

(vi) The equation of a pair of tangents drawn
to the circle x* + y* + 2gx + 2fy + ¢ =
0 from external point (x, y,) is SS,
= T? where, S = x> +)? + 2gx + 2y + ¢,
S =x>+y*+2gx +2fy tcand T
=xxl+yyl+g(x+xl)+f(y+yl)+c
2.2 If the angle between a pairs of tangents drawn
from an external point (x , y,) to the circle x* +
y?=a’be 0 then tan 6

_ 2xaxyxl+yl-a’

2 2 2 2
(y+y —a)-a

_ 2xradius x length of tangent
(length of tangent)” — (radius)’

If two tangents intersect at right angle, then
condition is x> + y > = 2a” (Angle between
two circles is = 90°).
3. Let S, = 0,5, = 0 be equation of circles and
L =0 is equation of a line, then
(a) S, +AS,= 0 1is equation of circle passing
through point of intersection of S, and S,
A#-1)
(b) S, + A L =0 is equation of circle passing
through point of intersection of line L and
circle S,.

SOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Prove that the circles x>+ y* + 2ax + ¢ = 0 and
x? +3y* + 2by + ¢ = 0 will touch each other, if

1 1 1
e
[MP-1983, 89S8; MNR-87]
Solution

Equation x? + y* + 2ax + ¢ = O represents a
circle whose centre is C (-a, 0) and radius

r1= ’aZ_C

Equation x* + y* — 2by + ¢ = O represents a
circle whose centre is C, (0, —b) and radius 7,

= b -c

If circle touch each other, then
Their distance between the centres = Sum of
their radii

or CC,=r=r,

J(=a—=0)* +(0+b)’

=va’ -c b -c



Squaring both the sides, we get

a+b*=a’—-c+b*—c+2

V@ —-c)b*-c)
> 2e=22f@-c)b’-c)

= 4ct=4a*-c)(b*-0¢)

>  =ah*-a*-b>c+c

1 1 1
=> ab’=c(@+b)> —=—+-5 Proved
¢ a

b2

2. Show that the circles x* + y* — 14x — 10y + 58
=0and x> +)? - 2x + 6y — 26 = 0 touch each
other externally.

Solution
Given equation of the circles are
x2+y?—14x - 10y +58=0
and x2+)?—2x+6y—-26=0

Centre and radius of the circle (1) are resp-
ectively (g, -f) or (7, 5) and /g + f2 -¢
=49+25-58 =16 =4

Centre of the circle (2) is (g, -f) or (1,-3) and

its radius = \/g2+f2—c
=J1+9+26=36=6

Now, distance between the centre of these two
circles

= JO-1)*+(5+3) =36+64

= V100 =10=4+6
= Sum of their radius
Hence, circles touch each other externally.

3. Linesx=4,y=2,x=-2and y = -3 repre-
sent sides of rectangle. Find the equation of a
circle whose one diameter is diagonal of this
rectangle.

Solution

Let equation of the sides AB, BC, CD and DA
of the rectangle are respectively
y=-3 ... D,
y=2 ... (3)and y=4
Intersection of line (1) and (4) is A(4, =3)
Intersection of line (2) and (3) is C(-2, 2)

x=-2

Circle3 D.37

Y
A
Cc y=2 D x=4
(-2,2)
X' < = > X
(x=-2)B (4, -3)|Ay=-3
A 4
M

Ends of the diagonal AC are A(4, -3) and
C(2,2)
Equation of the circle whose diameter
is AC be
x=-x)(x-x)+@-y)@y-y)=0

> (x-dHE+2)+F+3)(y-2)=0

> x-2x+)?+y-8-6=0

= x¥+)?-2x+y-14=0

Again, co-ordinates of points B and D are re-

spectively (-2, -3, ) and (4, 2).
Equation of the cirlce whose diameter
is BD be
x+2)(x-H+E+3)r-2)=0

> x?-2x-8+)’+y—6=0=>x+)*—2x+
y—14=0

Therefore, equation of the circle whose two

diameters are diagonal of rectangle be
x2+y?-2x+y-14=0

4. Find the equation of the circle in which the
chord joining the points (a, b) and (b, —a)
subtends an angle of 45° at any point on the
circumference of the circle.

Solution

Given points are A(a, b) and B(b, —a) and
P(h, k) is any point on the circumference of

the circle.
) k-b
Then, gradient of PA =m, =
h—a
) k+a
and gradient of PB=m, =
* h-b
m —m,
LAPB=45° . tan45°= ———
1+mm,
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k-b k+a
__h-a —b
= l_lk b
h-a b
- =(k—b)(h—b)—(k+a)(h—a)

(h—a)(h-b)+ (k- b)(k +a)

=> (h—-a)th-b)+k-b)(k+a)
=(k-b)(h-b)—(k+a)(h-a)

=> h-h(@+b)+ab+k +k(a-b)-ab
= (hk — bh — bk + b*) — (hk + ah — ak — a®)

= h+k-ha+b)+kla-b)
=-h(a+b)+k(a—b)+a*+b*

= h2+k2=a2+ b’l

Thus, equation of the circle is locus of the

point P(h, k)
x2+y2=a2+b2‘

. Prove that the tangents to the circle x> +3?=5
at point (1, —2) also touches the circle x> + y?
—8x+6y+20=0.

Solution

Given circle is x* +y* =5
> ¥+y=(5r M

Its centre is (0, 0) and radius is J5

Equation of the tangent to the circle (1)
at the point (1, 2)isx x 1 +y x (=2) =

5
> x-2y=5 . 2
Equation of the given second circle is

x> +3*—8x+6y+20=0 ... 3)

Here, 2g=-8,2f=6 and ¢ =20
=> g=-4,f=3andc=20
Centre of this circle is (—g, —f') or (4, =3)

and radius = /(4)> +(=3)* =20
= J16+9-20=+/5

If line (2) touches the circle (3), then length
of the perpendicular drawn from its centre

(4, =3) to the line will equal to its radius /5 .
Now, length of the perpendicular drawn from
centre (4, =3) to the line (2) is

_4-2X(3)-5_4+6-5 S g
Ji+4 J5 «/_

= radius of the circle (3) Proved.

6. Abscissa of two points 4 and B are roots of
the equation x2 + 2x — a> = 0 and ordinate are
roots of the equation 3> + 4y — b*>= 0. Find the
equation of that circle whose diameter is AB.
Find its centre and radius.

Solution
Let abscissa of the points 4 and B are x, and
x, respectively.
x, and x, are roots of the equation
xX*+2x-a*=0
x, +x,==2andxx,=-a> ... )
Again, let ordinate of the points 4 and B are y,
and y, respectively.

y, and y, are roots of the equation y* +

4y -b2=0

y,ty,=—4andyy,=-b> ... 2)
Thus, the points be A(x,, y,) and B(x,, y,)

Equation of the circle whose a diameter
is AB be

x=-x)(x-x)+@-y)@y-y)=0

= X —x(x, tx)+xx, +y -y, +ty)
typ,=

> X -(2x-a+y - (Ay-b=0

= x¥t+)?+2x+4y—(a®>+bH)=0

Here, 2g =2, 2f=4 and ¢ = —(a®> + b?)

= g=1,f=2and c=—(a>+b?
Centre = (—g, —-f) or (-1, -2)

and radius = v/g2+f2—c

= J1+4+(a* +b*) =a* +b* +5

7. Tangent to the circle x> +3?—4x -2y —11=0
are drawn from the point (4, 5) then find the
area of the triangle formed by these tangents
and two radii.

Solution

Given equation of the circle be x> +y? — 4x —
2y—11=0
Here, 2g=-4,2f=-2,c=-11
=> g=-2,f=-l,c=-11
Centre of this circle = (—g, =) = (2, 1)

and radius = /g’ + f* —¢
= J4+1+11=116=4



Length of the tangent drawn from the point
(4, 5) to the circle (1) be AB = \/S_'l
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= J42+5 —4x4-2x5-11

= J16+25-16-10-11 = V4 =2
ar(A ABC) = ar(A ACD)

ar(A ABCD) = ar(A ABC) + ar(A ACD)
=2 x ar(A ABC)

1
=2x 5 xAB xBC=ABxBC=2x4

= 8 sq. units.

UNSOLVED SUBJECTIVE PROBLEMS (XIl BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

EXERCISE 1

1.

Find the equation of the circle concentric with
the circle 2x? + 2y + 8x + 10y — 39 = 0 and
having its area equal to 167 square units.

Find the equation of a circle which passes
through the points (2, 3) and (3, — 2) and
the chord formed by these points makes the
angle of 90° at the centre of circle.

Show that x=acosa+bsina,y=asina—b
cos a represents a circle for all values of a.

Tangents are drawn to the circle x> + 3* = 10
from the point (4, — 2). Prove that they are
perpendicular.

Find the length of tangents drawn from the
point (2, 6) to the circle x> +y*— 2x — 3y — 1
= 0 and also find the power of the point.

Find the equation of the circle whose radius is
5 and which touches the circle x* + 3? — 2x —
4y — 20 = 0 externally at the point (5, 5).

Find the equation of the circle whose centre
is at the point (4, 5) and which passes through
the centre of the circle x2 + 3? — 6x + 4y —
12=0.

EXERCISE 2

1. Find the equation of the circle drawn on
the intercept made by the line 2x + 3y
= 6 between the coordinate axes as
diameter.

2. Find the equation of the circle which
passes through the centre of the circle x?
+ 3% + 8 + 10y — 7 = 0 and concentric
with the circle 2x> + 2)? — 8 — 12y -
9=0.3

3. Find the equation of the circle circumscribing
the triangle formed by the lines x + y = 6, 2x
+y=4andx+2y=>5.

4. Find the length of tangent drawn from (2, 5)
to the circle x> +y* - 2x - 3y - 1=0.

5. Find the equation of a circle of radius 5 which
lies within the circle x* + y* + 14x + 10y —
26 = 0 and which touches the given circle at
the point (-1, 3).

6. A circle of radius 2 lies in the first quadrant
and touches both the axes. Find the equation
of the circle with centre at (6, 5) and touching
the above circle externally.
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EXERCISE 1

ANSWERS

6. (x— 92+ (y -8y =5

L x2+ 32— 17x — 19y + 50

1. 4x*+ 4° + 16x + 20y — 23

=0

2. x2+ 3 - 10x — 2y + 13

=0.

5. 17:17.

7. x2+3*—8x—10y-9=0. =0
4. \J9=3.
EXERCISE 2 5. x+ 4P+ @p+1p=5
6. (x -6+ (y—5P>=32
1L x*+)y*-3x-2y=0 ¢ yroe-3)
2. x*+y*—4x -6y —87=0.

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Let PQ and RS be tangents at the extremeties

of the diameter PR of a circle of radius . If PS

and RQ intersect at a point X on the circumfer-

ie., cotf= 1;—8 . Multiplying (i) and (ii), side-
r

ence of the circle, then 2r equals [IIT-01] wise we find PO.RS
s.tanB,cot0=—— ie.,
(a) PORS PQ_;RS r?
= = =
2PORS s PO T RS 4r° = PQ.RS = 2r = J(PO)(RS).
© PO+RS @ 2 . Let ABCD be a quadrilateral with area 18,
with side 4B parallel to the side CD and AB
Solution = 2CD. Let AD be perpendicular to 4B and
CD. If a circle is drawn inside the quadri-
@ tan0= p_pPO ), lateral ABCD touching all the sides, then its
PR 2r radius is
n RS .. (@ 3 () 2
Also tan 9(5 - BJ = > (i1) (c) 32 @ 1
s a [IIT-2007]
Solution
(®)
X y
A
pr= 0,21 D
C]
R P

0,0 A B(2x,, 0)




According to figure.

%X3xl><2r=l8 orx, xr=6 (D

Equation of BC is y = —z(x -2x).

xl
BC is tangent to circle (x —r)* + (y —r)? =r?
Therefore, the perpendicular distance of BC
from centre = radius.

r+2—r(r—2xl)
xl

2 =r
4r
1+ —-
xl

2 2

or 2L—3r=r’l+4L2
xl xl

or (2r-3x)y=x’+4”

r.x, = lez or 3r =2x,
3

From (1) and (2) = 2 units.

3. Each question contains Statement-1
(Assertion) and Statement-2 (Reason). Of
these statements, mark correct choice if:

(a) Statements-1 and 2 are true and Statement-2

is a correct explanation for statement-1
(b) Statements-1 and 2 are true and Statement-2

is not a correct explanation for statement-1
(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true.
Tangents are drawn from the point (17, 7) to
the circle x* + 3* = 169.

[IIT-2007]

Statement 1: The tangents are mutually per-
pendicular because.

Statement 2: The locus of the points from
which mutually perpendicular tangents can be
drawn to the given circle is x> +y? = 338.

Solution

(a) x*+)*=169 Equation of a pair of tangents
from (h, k) to the given circle is S, = 7%
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(hx + ky —169)* = (h* + k* - 169)
(x2+3?—169) or h*x* + k3? + (169)* + 2hxy —
338 (hx + ky)
=x¥h* + k* = 169) + y¥(h* + k* — 169) — 169
h*+ K2 - 169)

X(k* — 169) + 3y*(h> — 169) — 2hxy + 338
(hx + ky)— 169 (i + k%) =0.
For the pair of lines to be mutually perpen-
dicular, coeff. of x* + coeff. 32 =0
or h+k-338=0
= h2+k*=338,
which is the equation of a director circle. Point
(17, 7) satisfies the above equation.
Hence, statement 1 and 2 are true, statement 2
is a correct explanation of statement 1.

4. The locus of the centre of a circle of radius
2 which rolls on the outside of circle x* +y? +
3x—6y—-9=0,is
@ x*+3*+3x—-6y+5=0
b)) x*+3y*+3x-6y—-31=0

29
(€) x*+y*+3x -6y + 7 =0

(d) None of these

Solution

(b) Let (h, k) be the centre of the circle which
rolls on the outside of the given circle. Centre
of the given circle is (-3/2, 3) and its radius =

/2+9+9=2‘
4 2

Clearly, (h, k) is always at a distance equal

to the sum (%+2J=? of the radii of two

circle from (—%,3) . Therefore,

3Y , (13Y
(h+5J +(k-3) —(?J

> WHIE+3h-6k+ %+9_%=0

= Hence locus of (h, k) is x* + 3* + 3x
-6y-31=0.
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5 If OA and OB be the tangents to the circle
x>+ 3y*— 6x — 8 + 21 = 0 drawn from the
origin O, then AB is equal to

4
@@ 11 ©) 5\121
fl7
©) 3 (d) None of these
Solution

(b) Here the equation of AB (chord of
contact) is

0+0-3(x+0)-4@p+0)+21=0
= 3x+4y-21=0
CM = perpendicular distance from (3, 4) to
line (i) is

3x3+4x4-21

V9+16

_4
5,

AM =J4AC? —-cMm?

16 2
= /4__ =221
25 5

4
AB =24M = g\/ﬁ

6. The equation of the circle which passes thro-
ugh the intersection of x> + y*+ 13x — 3y =0
and 2x? + 2)? + 4x — 7y — 25 = 0 and whose
centre lies on 13x + 30y =01is [DCE-2001]
(@) x*+3*+30x—13y-25=0
(b) 4x*+ 4?2+ 30x - 13y-25=0
(©) 2x*+2)?+30x—13y-25=0
(@) ¥ +y*+30x— 13y +25=0

Solution

(b) The equation of required circle is S, + A
S,=0
=> (1 +AN)+y (A +0)+x2+130) -y

7 25
—+3A |-= =
[Fru3

7
—@+13) ;T*
Centre = —2 ,—2

Centre lies on 13x + 30y =0

7
—+3A

5 13 2B 50l 2
2 2

=0

> A=1
Hence the equation of required circle is

42+ 4”2 +30x - 13y-25=0

7. If Pis a point such that the ratio of the squares
of the lengths, of the tangents from P to the
circles x>+ 32+ 2x -4y —20=0 and x> +)? —
4x+ 2y —44=01s 2 : 3, then the locus of P is
a circle with centre
[EAMCET-2003]

®) (-7,8)

@ 7,-8)

@ (7,-8)
© (7.8

Solution

X +y +2x—4y-20

b
®) X +y—dx+2y-44

_2
3

= x*+)?+14x-16y+28=0
Centre = (-7, 8)
8. A circle C, of radius 2 touches both x-axis
and y-axis. Another circle C, whose radius is

greater than 2 touches circle C, and both the
axes. Then the radius of circle C, is

[AMU-2005]
(@) 6-42 (b) 6-42
() 6-443 @) 6+4+3
Solution

(b) First circle touches both axes and radius
is 2 unit.

Hence centre of circle is (2, 2).

Let radius of other circle be a and this circle
also touches both the axes.

Hence centre of circle is (a, a). This circle
touches first circle

Hence, +/(a—2)" +(a-2)* =a+ 2 squaring

both the sides,



= a’-12a+4=0,

4= 12£02)" - 4x4x1

2

+
_ x5

2
Buta > 2, Hence a = 6 — 4 /2 is neglected.

Hence,a=6+4\/§‘

9. The locus of the centre of a circle which
touches externally the circle x> + 32 — 6x — 6y
+ 14 = 0 and also touches the y-axis, is given
by the equation [IIT-1993; DCE-2000]
(@) x*-6x—10y+14=0
®) x*-10x—-6y+14=0
() y*—6x—10y+14=0
@) y*—10x—-6y+14=0

Solution

(d) Let the centre be (h, k), then radius = h
Also CC, =R +R,

or  \J(h-3)+(k-3)}=h+J9+9-14
= (h=3+ (k-3 =h*+4+4h

=> K-10h-6k+14=0

or ’—10x—-6y+14=0

10. If a > 2b > 0O then the positive value of m for
which y =mx — b V1+m’ is a common tan-
gent to x> +3y*=b%and (x —a)* +y* = b is

[IIT (Screening)-2002]
(a) __ % () —“02_4[’2
Na® —4b’ 2b
2a b

a-2b @

© a-2b

Solution
(a) Any tangent to x> +3* = b%is

y =mx — b \J1+m?. It touches (x — a)®
+y2=b2

_ 2
i mashNLm L a=2b T

m*+1

2b
or m*a’=4b*+4b’m?, . . m=+ —
Va® —4b*
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11. A circle is inscribed in an equilateral triangle
of side a, the area of any square inscribed in

the circle is [IIT-1994]
a’ 2a?

a) — b) —

(@ 3 () 3
a’ a’

c) — d) —

© 5 @ T

Solution

(¢) If p be the altitude, then p = a sin 60° =

a
—/3
2\/—

B D b

Since the triangle is equilateral, therefore cen-
troid, orthocentre, circumcentre and incentre
all coincide.

Hence, radius of the inscribed circle = % P
- diameter = 2, u
=—==ror diameter =2r = —=
23 3

Now if x be the side of the square inscribed,
then angle in a semicircle being a right angle,
hence
X2+ x?=dF=4*
2 — a2
S Area=x’ = 6

= 22—£
T3

12. The locus of centre of the circle of the which
touches the circle x> + (y — 1)* = 1 externally
and also touches x-axis is
@ {x )X+ -1 =430{(x,»):y <0}
() {Ce,y): x*=4y}U{(0,y): ¥ <0}
© {(x»):x*=y}0{(0,y):y <0}

@) {Ce.y): x* =4y} o{(x, »):y <0}
[IIT Screening-2005]

Solution

(b) According to given condition

,/(h—0)2+(k—1)2 =1+|k|

> R4 E=-1)=0+k)
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e (0.1)

o

> h=2k+2|k|
Hence locus is x> =2y + 2 ||, y > 0, x2
=4y,y<0,x*=0 = x=0.

13. Let ABCD be a square of side length 2 units,
C, is the circle through vertices 4, B, C, D and
C, is the circle touching all sides of the square.
If P is a point on C| and Q is a point on C,,
PA*+PB*+PC*+PD* |
then 5 S 5 T is equal to
QA*+QB +QC"+0D
[IIT JEE-2006]
() 0.75
@@ 1.25

(@) 0.5

©1
Solution

(b) Let centre of the square be origin and co-

ordinate axes as shown in the diagram. Then
obviously radi of circles ¢, and ¢, are 1 and

V2 respectively.

B(-1, 1)

ﬂ V2,7 a
|

14. Let C be any circle with centre (0, NGO ). Then,
on the circle C, there can be [L1.T.-1997]
(a) at the most one rational point
(b) at the most two rational points
(c) at the most three rational points
(d) None of these

Solution

(b) Let the circle be x* + (y — 2 )*=a?

> x*+y*-22y=cwherec=a*-2 =aqa
rational no.

Let (x,, y), (x5, ¥,), (x,, ¥,) be three distinct

rational points on the circle

x2+y2-2 ﬁyl=c “““““““ 0]
xzz+yzz_2\/§y2=c “““““““ 2)
x32+y32_2\/§y3=c ““““““““ 3)

comparing the irrational parts of the equa-
tions, we get

VISV, SV, @
Comparing the rational parts of the equations,
we get

xI+yi=xI+yl=xl+y?
= x=x=xp [y ==yl

the only possible values of x are * x,,

X, Ex,

there can be at the most two rational
points on the circle C. Thus (b) is the cor-
rect answer.

15. Angle of intersection of the curves » = sin 0 +
cos 6 and r = 2 sin 0 is equal to

So

P

C(-1,-1)

D(1, —1)

let P =(1cos0,1sin0) = (cos 0,sin O)

0 = (V2 cos§,~/2sin¢) Then,
PA* + PB* + PC* + PD?
=(cos0 —1)* +(sin® —1)> + (cos 6 + 1)?
+(sin® — 1) +(cos 6 + 1)* + (sin6 +1)?
+(cosB—1)2 +(sin6 +1)* =12
Similarly QA% + OB*+ QC*+ QD*= 16
Example = 12/16 =0.75

[MPPET-2006]
(a) n/2 (b) /3
(c) n/4 (d) None of these
Solution

(¢) The equations of the given curves are
r=sin0+cos O
Multiplying » on both sides, we get
2=rsin 6 +rcos 6

Let x=rcos0,y=rsin®
=> x*+yi=y+x

- (A

ap
N—
-

~

=

A —g



This equation represents a circle, whose centre

11 1
is (E’EJ and the radius = ﬁ unit.

and » =2 sin 6 on squaring, we get > = 2r sin 0
= x2+)*=2

= x2+@-1y=1
This equation also represents a circle, whose

centre is (0, 1) and radius = 1.
Distance between the centres of both circles

S

Hence, the angle of intersection of two circles

1 r12+r22—d2
=Ccos | —(—

l+1_l

] =cos!| 2— 2

1
2X ——=xX1
V2
=cos™ —2 . “COSE——l

V2) 404 2

16. The area of the triangle formed by joining the
origin to the points of intersection of the line
x/5 +2y=3+/5 and circle x> + =10 is

[Roorkee Qualification-1998]

2nr,

@ 3 () 4
© 5 @6
Solution

(¢) Length of perpendicular from origin to the
line x /5 +2y=3\/§ is

Q

P
J5x +2y =35

Circle3 D.45

Radius of the given circle = Jio = 0Q=0P

PQ=20L= 2«/0Q2 -or?
=2 J10-5=2{5

Thus area of
1 1
AOPQ=5xPonL=5x2J§ x J5=5.

Paragraph (Q.18 to 20)

Acircle C of radius 1 is inscribed in an equilat-
eral triangle POR. The points of contact of C
with the sides PQ, OR, RP are D, E, F respec-
tively. The line PQ is given by the equation

J3x+y—6=0and the point D is (%,%}
Further, it is given that the origin and the cen-
tre of C are on the same side of the line PQ.

17. The equation of circle C is
[IIT-JEE-2008]

@ =23+ -12=1
l 2
) (x-23)+ (y+5j =1
© = By+E+1r=1
@ = By+E-1r=1
Solution

(d) We have to find the equation to the circle
of radius 1 and touching the line 3+ y—6=




D.46 Circle 3

P D Q

Which gives C = (4/3, ) or 243, 2)

But origin and C are on the same side of PQ.
Then, C=(43, 1)

The equation to circle is (x — NE) Y+@-1y
=1

Remark: Choices (b) and (c) can be at once
3«f

272
on the equation given by (b) and (c).

eliminated because D { ] does’nt lie

18. Points E and F are given by

[IIT-JEE-2008]
B33
(@) =73 ,(\/5,0)
Bl
(b) BN ,(\/5,0)
B3(B1
© |\ 7231 23
@ %?(%%J
Solution

(a) C divides RD in the ratio 2 : 1

3J3 3
AsC=(/3,)and D= {T\/_,E]
We have

33— 2i 3.1-

R= 2
3-2 7

2 =
3-2 =(0,0)

The points P and Q are at a distance of NE)
from D. The equation to PQ in parametric

form is
ENCRR )
2 .7 2_4f3
L)
2 2

35 3
2’2
D
R P
Which give two points O( V3, 3) and
P2+3,0)
33
E is the mid-point of OR = )
F is the mid-point of PR = (/3 , 0)
19. Equations of the sides OR, RP are
[IIT JEE-2008]
2 2
a =—x+l,y=—+x-1
(@ y 5 Y="F
1
b) y=—7=x,y=0
® y NiliRd
3 3
© y="Tx+l,y=—"x-1
7 2 7 2
@ y=Bxy=0
Solution

(d) The equation to RP is simply y =0
The equation to ORisy — 3
Bx

=\3@r-B)ie,y=

20. The centres of two circles C and C,each of
unit radius are at a distance of 6 units from each
other. Let P be the mid-point of the line seg-
ment joining the centres of C, and C,and C be
a circle touching circles C, and C, extemally If
a common tangent to C| and C passing through
P is also a common tangent to C,and C, then

the radius of the circle C is i [IIT-2009]
(@2 (b) 4
© 6 ()R
Solution
(d) coso= N2
. |
sinoL=—
3
242

tanol = ——
R



‘ /e
= R= 2\/5 = 8 units.
tan oL
Alternate
(R+1)?=(R-1)* +(42)?
= R=8

Circle3 D.47

21. If P and Q are the points of intersection of the

circles x?+y*+3x+ 7y + 2p — 5= 0 and x?

+3?+ 2x + 2y — p? = 0, then there is a circle

passing through P, Q and (1, 1) for
[AIEEE-2009]

(a) all values of p

(b) all except one value of p

(c) all except two values of p

(d) exactly one value of p

Solution

(a) Given circles
S=x+)y*+3x+Ty+2p-5=0
S'=x*+y*+2x+2y—-p*=0

Equation of required circle is S + AS" =0

As it passes through (1,1) the value of
%= —-(7+2p)

(6-p%
If 7 + 2p = 0, it becomes the second circle.
so, it is true for all value of p.

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. A pair of tangents are drawn from the origin
to the circle x2 + y* + 20(x + y) + 20 = 0. The
equation of the pair of tangents is

[PET-90]
(@) x*+3*+10xy =0
®) x> +y*+5x=0
(©) 2x*+2y*+ 5xy =0
(d) 2x*+ 2= 5xp =0

. If d is the distance between the centres of two

circles r , r, are their radii and d = », + r,, then
[PET-86]

(a) The circles touch each other externally.

(b) The circles touch each other internally.

(¢) The circles cut each other.

(d) The circles are disjoint.

. The length of tangent from the point (5,
1) to the circle x> + 3* + 6x — 4y — 3 =
0, is

(a) 81 (b) 29

© 7 @ 21

4. An infinite number of tangents can be drawn

from (1, 2)to the circle x> +3*—2x—4y + L =0,
then A is equal to [PET-89]
(a) -20

(®) 0

@© 5

(d) Cannot be determined

. The equation of the circle which passes

through the points (2, 3) and (4, 5) and the
centre lies on the straight lines y — 4x + 3
=0, 1s [RPET-85; PET-89]
(@) x*+3*+4x—- 10y +25=0

(®) x>+ y*—4dx — 10y +25=0

©) x*+3y*—4x—-10y+16=0

@) x*+3y*—14x+8=0

. The two tangents to a circle from an external

point are always

(a) Equal

(b) Perpendicular to each other
(c) Parallel to each other

(d) None of these

[PET-86]
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7.

10.

11.

12.

13.

The circle on the chord x cos a + y sin o =p
of the circle x> + 32 = g? as diameter has the
equation

[PET-93; Roorke-67]
(@) x**+y*—a*-2p(xcosa+ysina—p)=0
(b) x¥*+3*+a*+2p(xcosa—ysina+p)=0
©) ¥*+y*—a*+2p(xcosa+ysina+p)=0
(d) ¥*+3*—a®>-2p(xcoso—ysina—p)=0

Tangents drawn from origin to the circle x* +
y? = 2ax — 2by + b* = 0 are perpendicular to
each other, if

[PET-95]
®)a+b=1
@) a*=0b*=1

(@ a-b=1
(©) a®>=b*

The equation of a circle with origin as centre

passing through the vertices of an equilateral

triangle whose median is of length 3a is
[AIEEE-2002]

(@) x*+y*=9a*

(b) x* +y*= 164>

© ©+y*=a

(@) x*+y*=4a*

Any circle through the points of intersection

of the lines x + 3y =1 and Bx -y =2if

intersects these lines at point P and Q, then the

angle subtended by the are PQ at its centre is
[PET-98]

(a) 180°

(b) 90°

(c) 120°

(d) Depend on centre and radius

Circles x> +3*+2gx+2fy=0and x* +)* +2g'x
+ 2f"y = 0 touch externally, if
[PET-94]
@ fg=gf
®) f2=rg
(©) fg'+/g=0
D feg'+gf=0
A circle x* + 3% + 2gx + 2fy + ¢ = 0 passing

through (4, —2) and concentric to the circle
x2+y?—2x + 4y + 20 = 0, then the value of ¢

will be [RPET-84, 86]
(@ -4 (b) 4
(©) 0 @ 1

The square of the length of the tangent
(power) from (3, —4) on the circle x> +3° — 4x —
6y+3=0 [PET-2000]

14.

15.

16.

17.

18.

19.

(a) 20
(c) 40

(b) 30
(d) 50
The centres of a set of circles, each of radius 3,
lie on the circle x> + y* = 25. The locus of any

point in the set is
[AIEEE-2002]

(@) 4<x*+y* <64

(b) x*+y*<25

(c) X’ +y'225

@ 3sx*+)y*<9

The circle x2 + y*— 10x + 16 =0 and x* + y? =

r? intersect each other at two distinct points, if
[DCE-1996; MPPET-2006]

b)) r>8
(d)2<r<8

(@) r<2

() 2<r<8

The equation of a tangents drawn from the ori-

gin to the circle x*+y* —2rx—2hy+h*=0

e [IIT-88; DCE-98; UPSEAT-2005;
Roorkee-89; RPET-96; MPPET-2006]

(a) x=0,y=0

®) x=1Ly=0

© (B =r)x-2rhy=0,y=0

@ (W’ -r*)x-2rhy=0,x=0

The number of common tangents to two
circlesx>+y*=4and x> +)?’—-8x+ 12=01s

[MPPET-2005]
(@1 (b) 2
©5 @3

The angle between a pair of tangents drawn
from a point P to the circle x2 +3? + 4x — 6y +
9 sin%a + 13cos®a = 0 is 2 a. The equation of
the locus of the point P is [IIT-96; 1M]
@@ x*+y*+4x—-6y+4=0
®) x*+3y*+4x-6y—-9=0
©) x*+y*+4x-6y—-4=0
@ x*+3y*+4x-6y+9=0

Equation of circle passing through intersec-
tion of two circles x> + 3 + 13x — 3y = 0,
2x% + 2y* + 4x — Ty — 25 = 0 and also through
1, Dis [MP PET-2007]
(a) 4x*+ 4H?*-30x—-10y-25=0

(b) 4x*+ 4?2+ 30x - 13y-25=0

©) 4x*—42-17x-10y+25=0

(d) None of these



20.

21.

22.

23.

2.

If the circle x* + y* = 4 bisects the circumfer-
ence of the circle x>+ 3% —2x + 6y + a =0, then

a equals [RPET-1999]
(@ 4 () 4
(c) 16 @ -16

The condition that the circle (x — 3)* + (y — 4)°
= r? lies entirely within the circle x> + 3* = R%,
is [AMU-1999]
(@ R+r<7 ®) R2+r*<49

(©) R®?—r*<25 @D R-r>5

A variable circle passes through a fixed point
A(p, q) and touches x-axis. The locus of the
other end of the diameter of this circle passing
through 4 will be

[AIEEE-2004]
(@) (x—p)*=4qx (®) (x—q)*=4py
(©) (x—-py=4qy @ -y =4px

A circle passes through (0, 0) and (1, 0) and
touches the circle x> + y* = 9, then the centre
of circle is [IIT-1992; AIEEE-02]

SOLUTIONS

(c) Equation of pair of tangent is given by ss,

=T%or
s=x2+3*+20(x +y)+20,s'=20,T=
10(x +y)+20=0

Soooss =T

= 20{x*+*+20(x +y) + 20}
=102(x+y+2)

> 4P+ 47+ 10xy=0

=> 2P+ 22+ 5xy=0.

OR

The equation of the pair of tangents from

the origin (0, 0) to the circle x*+ y* +2gx

+2f+c=0is c(x* +y*)=(gx+ )"

(@)

A
\/

P
C1C2=C1P+C2P,a'=rl+r2

25.

3.

4.

Circle 3 D.49
13
®) (55]
ey (%aiﬁj

A diameter of the circle x> +3)? - 2x— 6y + 6 =0
is a chord of another circle C with centre (2, 1).

The radius of this circle C is
[IIT(Screening)-2004]

@1 ®)3

© 2 @ 3

Tangents drawn from the point P(1, 8) to the
circle x* +y*— 6x — 4y — 11 = 0 touch the circle
at the points 4 and B.

The equation of the circumcircle of the trian-
gle PAB is [IIT-2009]
@@ x*+3y*+4x—-6y+19=0

®) x*+3*—4x—-10y+19=0

©) x*+3y*-2x+6y—-29=0

@ x*+3y*—6x—4y+19=0

(c) Length of tangent is given by L, = \/Sl

=\49=7

(c) Clearly the point (1, 2) is the centre of
the given circle and infinite tangents can only
be drawn from a point circle. Hence radius
should be zero.

JFeZh=0=h=s

(b) First find the centre. Let centre be (h, k),

then
,/(h -2 +(k-3)°

=J(h-4Y> +(k=-5°% .. M
and k-4h+3=0 ... 2)

from (1), we get —4h + 6k —8h + 10k =16 +
25-4-09.

or 4h+4k-28=0o0orh+k-7=0 ...(3)
from (3) and (2), we get (h, k) as (2, 5). Hence
centre is (2, 5) and radius is 2.

OR

Obviousy circle x2 + 3> —4x — 10y + 25 =0
passing through (2, 3), (4, 5).
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6. (a) From the definition: tangents drawn from
an external point to a circle are of the same
length.

7. (a) The equation of the circle on the chord
A=xcosa+ysina—p=0 of the circles =
x? + y* — a®> = 0 as diameter has the equation
S+A4=0
where A is constant whose value is obtained
by given condition. Comparing (i) with given
option we find correct answer (a) only.

8. (c) We know that if tangents drawn from the
origin to the circle x> + 3% + 2gx + 2fy + ¢ =
0 are perpendicular if g*> + 2 = 2¢ presently:
g=-a,f=-b,c=b*=> a*>=b

9. (d)

0 (0,0), R=§AD=§x3a=2a

Equation of desired circle is x> +3? = (2a)*

10. (a) Let the point of intersect of two lines is A.

P

The angle subtended by PQ on centre C.
= two times the angle subtended by PQ
on point 4.

for x+ 3y= l,ml=—1/\/§andfor

\/gx—y=2,m2= \/§

11.

12.

13.

14.

15.

-1
m X m,= E
LA =90°.
The angle subtended by arc PQ at its
centre = 2 x 90° = 180°.
(a) Since both circles are passing through
origin (constant terms are zero) therefore their

common tangents will pass through origin and
will also be identical which are as follows

X3 =-1

gx + fy = 0 (tangent to circle 1 at the

origin) L. 1)
g'x + fy = 0 (tangent to circle 2 at the
origin) . (i1)
o 3 g_J
On comparing (1) and (ii), we find — = 7
g

ie, gf' =/8'

(a) We know that equation of concentric cir-
cles different only in constant term. Therefore,
required equation of circle is x* + % — 2x + 4y
+ k= 0....(1), where k is constant.
Now this circle also passes through the point
(4> _2)

16+4-8-8+k=0=>k=—4

(c) Length of tangent

= /3 +(~4)* = 4(3) - 6(~4) +3 = 40
Square of length of tangent = 40.

(a) Let (h, k) be any point in the set, then
equation of circle is

x-h>*+@-k?>*=9
But (i, k) lies on x> +3? =25, then h>+ k> =25
2 < Distance between the two circle <8
2<P +k> <8 24K +E)<64.
Locus of (i, k) is 4<x* +y* <64
(c) The equation of the given circles are
X +y*=10x+16=0
or (x—5)2 4yt =3
whose centre is (5, 0) and radius = 3 unit and
>+yr=r L (i1)

whose centre is (0, 0) and radius =r



16.

17.

18.

o|/tA (5, 0)

©.0) B
3

Clearly, these two circles will intersect
each other at two distinct points, if » > OA
=r>5-3=r>2

andr <OB =r<2+3+3 =r<8

s 2<r<8

(d) Since, the given equation of the circle is
x>+ y*=2rc—2hy+h* =0 whose centre is
(%, h) and radius is 7.

Thus x = 0 is one of the tangent.

Let another tangent is y = mx to the circle.

h—mr

This line will be tangent, if ? =r
+

m2
= W +mir = 2mhr = r* + m'r?
hZ _ r2
=>m=
2hr
Therefore, equation of tangent is

p-r)
2hr

y= x=>(h2—r2)x—2hry=0

Tangents are x = 0 and

(hz—rz)x—Zhry=0

(d) "." Centre and radius of circle x*+y'=4
are C (0, 0) and 2 respectively and centre and

radius of circle x*+y’-8x+12=0 are C,
(4, 0) and 2 respectively.
ClC’_’ = rl + r’.’
Circles touch each other externally, so
the number of common tangents is 3.

(b) Centre of the circle
x> +3y?+4x -6y + 9sin*a + 13cos’a=0
is C(-2, 3) and its radius is

19.

20.

21.

Circle3 D.51

P(h, k)

J(=2)* + (+3)* = 9sin’ ot — 13cos> o,

= J4+9-9sin*a—13cos’ o
= J13-13cos? o= 9sin’ o
= J13(1-cos> o)) —9sin’ a
= Vi3sin* - 9sin’ o
= m =2sina
Let (h, k) be any point P and
ZAPC =, LPAC =1/2
That is, triangle APC is a right triangle.

Thus, sinco= AC _ 2sino

PC [(h+2)* +(k-3)?

~ a2
= (h+2P+k-31=4
=> h+4+4h+E+9-6k=4
=> h+kE+4h-6k+9=0
Thus, required equation of the locus is x* + 3
+4x-6y—-9=0.
®) x*+y*+13x =3y) + L (22 + 2% + 4x —
7y —25) = 0 it passes through (1, 1) therefore
1
T2
Hence the required equation will be
4x*+4y* +30x— 13y - 25=0.

(¢) The common chord of given circles is
2x—-6y—-4-a=0

Since, x> + 3 = 4 bisects the circumference of
the circle x2 + y* — 2x + 6y + a = 0, therefore,
(1) passes through the centre of second circle
ie, (1,-3).

2+18-4—-a=0=>a=16.
@) Clearly, r, —r,>C, C,
r=R,C (3,4),r,=1,C,0,0)

R-r>/(3-0)"+(4-0)> > R-r>5.
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22. Let other end of the diameter through 4 be B
=(h, k).

Then centre of the circle =(h+_p’kﬂj

2
Given circle touches x-axis

Its radius = kﬂ

But radius = %AB = %J(h -p)Y+(k—-q)°
k+q 1 2 2

= — | ==[(h=p) +(k-
(2J 4[( p) +(k-g)]

> (h-p) =4qk

Hence required locus of B is (x — p)* = 4qy

23. (d) Radius of the circle » = 3/2

l+kz=%=>k=i-\/5

\\j\ .

,1\/5]

N | —

Hence centre is (

24. Let AB be given diameter of the given circle
which is a chord of another circle C. Centre
of the given circle Q = (1, 3) and its radius

OB=1+9-6=2

Fia N

N Zat 3 (®

If P be the centre of the circle C, then
PO=\1+4=1/5
radius of circle C = PB,

=JPO*+0B* =\5+4=3

25 (b) : The centre of the circle is C (3, 2)

Since CA and CB are perpendicular to P4 and

PB, CP is the diameter of the circumcircle of

triangle PAB. Its equation is
x=-3)x-D+@y-2)(r-8=0

or x2+3)?—4x—-10y+19=0

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE) :
FOR IMPROVING SPEED WITH ACCURACY

1. The number of common tangents of the circles
x*+y’—2x-1=0and x> +)*’-2y-7=0

is [Orissa JEE-2007]
(@) 1 ®) 2
©3 @ 4

2. The circles x> +3y? =9 and x* +* — 12y + 27
= 0 touch each other. The equation of their
common tangent is
(@) 4y=9
©y=-3

3. The two tangents to a circle from an external
point are always [MPPET-86]

(b) y=3
dx=3

(a) Equal

(b) Perpendicular to each other
(c) Parallel to each other

(d) None of these

4. The angle between the tangents from (a, ) to
the circle x> + 3? = a2, is

(a) tan™ #
(b) tan‘l{—“a-'-ﬁ_a]

a



10

11.

a
() 2tan™| ————
,0(2 +Bz i

(d) None of these

Two tangents drawn from the origin to the
circle x* + 32 + 2gx + 2fy + ¢ = 0 will be per-
pendicular to each other, if

(@ g+f =2 ) g=r=c’

) gtf=c (d) None of these

The number of common tangents to the circles
x?+y*=4and x> +)*— 6x — 8y = 24 is
[IIT-98; 2M; KCET-2007]
®) 1
@ 4

@ 0
©3
The triangle POR is inscribed in the circle

x* + y* = 25. If Q and R have co-ordinate
(3, 4) and (-4, 3) respectively, then ZOPR is

equal to [IIT-2000]
(a) w2 (b) /3
(c) w4 (d) w/6

If circle x2 + y* + 6x — 2y + k = 0 bisects the
circumference of the circle x* + y? + 2x — 6y —
15 =0, then k is equal to

[EAMCET-2003]
(a) -23 (b) 23
(c) -21 (@ 21

The circles x*> +y*—4x — 6y — 12 =0 and x> +
YV +4x+6y+4=0 [Kerala PET-2008]
(a) touch externally

(b) do not intersect

(c) touch internally

(d) intersect at two points

If the circles x>+ y* =9 and x* +)? + 20x + 2y
+ 1 =0 touch each other internally, then a = is

equal to [Karnataka CET-2008]
4 b —4

@ 3 ®) S

© @1

Two circles x2+ 32 —2x —3 =0 and x2 + ) — 4x
— 6y — 8 =0 are such that
[MPPET-2008]

12.

13.

14.

15.

16.

17.

Circle3 D.53

(a) they touch internally

(b) they touch externally

(c) they intersect in two points
(d) they are non-intersecting

The two circles x*> +3y*—4y =0 and x> +* -8y
=0 [BIT Ranchi-1985]
(a) Touch each other internally

(b) Touch each other externally

(¢) Do not touch each other

(d) None of these

The equation of the circle which passes
through the point of intersection of circles
x2+3y?—8x—2y+7=0and x> +)*—4x + 10y
+ 8 = 0 and having its centre on y-axis, will be
(@) x*+3y*+22x+9=0
®) x*+3*+22x-9=0
©) x*+y*+22y+9=0
@) x*+3*+22y-9=0

From any point on the circle x* + y* = g* tan-
gents are drawn to the circle x2 + y* = a? sin®
a, the angle between them is

[RPET-2002]
() a
(d) None of these

(@) a/2
(©) 2a

If the circles x2 +y* =4, x> +y*— 10x + A =0

touch externally, then A is equal to
[AMU-1999]

(a) -16 ®) 9

©) 16 @) 25

The points of intersection of the circles x> + 2

=25and x*+3*—8x+7=0are
[MPPET-1988]

(@) (4,3)and (4,-3)

(b) (4,-3) and (-4, -3)

(©) (4,3)and (4, 3)

(d) (4,3)and (3, 4)

If the squares of the lengths of the tangents

drawn from a point P to circles x> +3? = a2, x?

+y2=b% x> +y*=c? are in AP, then:
[MPPET-2010]

(a) a, b, care in AP.

(b) a, b, c,are in G.P.

(©) a% b* c*are in A.P.

(d) a% b* c*are in G.P.
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

j—

The answer sheet is immediately below the
worksheet.

The test is of 17 minutes.

The worksheet consists of 17 questions. The
maximum marks are 51.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The length of the tangent from the point (5, 4)

to the circle x> +y* + 2x — 6y = 6 is

[DCE-1999]
(@ 21 ®) 38
©) 242 @ 2413

The equation of the circle concentric to the

circle 2x* + 2y — 3x + 6y + 2 = 0 and having

area double the area of this circle, is
[DCE-2006]

(a) 8x* +8y* —24x+48y-13=0

(b) 16x* +16y* +24x—48y—13=0

(©) 16x* +16y* —24x+48y—13=0

d) 8x*+8y*+24x—48y-13=0

The two circles x> +3? —2x + 6y + 6 =0 and
X2+ -5x+6y+15=0

(a) Intersect (b) Are concentric
(¢) Touch internally (d) Touch externally

If the circle x* +y? + 4x + 22y + ¢ = 0 bisects
the circumference of the circle x* + 32 — 2x +
8y —d =0, then ¢ + d is equal to

[Kerala PET-2007]
(a) 30 (b) 50
(c) 40 @) 56

Two diameters of the circle 3x> + 3y* — 6x —
18y — 7 = 0 are along the lines 3x +y = ¢ and
x — 3y = ¢,. Then the value of ¢ c, is

[Kerala PET-2007]
(a) —48 (b) 80
) -72 @) 54

Length of the tangents from the point (1, 2)
to the circles x> +)y*+x +y —4 =0 and 3x> +

10.

11.

12.

3y*—x—-y—k=0are intheratio4: 3, thenk
is equal to

[Kerala PET-2007]
(@) 2172 (b) 4/21
(c) 21 @) 21/4

The equation of a circle concentric to the
circle x2+y*—6y+7=01is

[SCRA-2007]
(@) x*+3*-6y=0
®) x*+3y*—-6y+17=0
(©) x*+y*—6x—18=0
(d) None of these

The equation of the circle passing through
the intersection of x2 + y* — 4x + 6y + 8 = 0,
x? +3?— 10x — 6y — 8 = 0 and which passes
through the origin is

[SCRA-2007]
@ x*+3y*=2x-Ty=0 (b) x> +3*+7x=0
©) x*+3*=Tx=0 @ x*+3y*+12y=0

The equation of the pair of tangents drawn
from the origin to the circle x> +y? + 2gx + 2y
+c=0is [SCRA-2007]
@) (gx+f)=c(x*+)?)

(®) (fx+gy)’ = c(x*+y7)

©) (x+fiy=x"+)

(@) clgx + i) =x>+)?

The equations of the tangents to the circle

x? + y* = 16 parallel to the line y = x are
[SCRA-2007]

@) y=x+4:2

®) y=x+2+3

@©y=x 8

@y+x+4 V2 =0

What is the equation of circle which touches
the lines x =0,y =0 and x = 2?

[NDA-2007]
(@) x*+y*+2x+2y+1=0
b)) x*+y*—4x—4y+1=0
©) ¥*+y*=2x-2y+1=0
(d) None of the above

If the circles x*> + 3*> = a® and x> + y* — 2gx +
g% — b*=0 touch each other externally, then
(@) g=ab (b) g2=a*+b?

(c) g8=ab d g=a+b
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13. For an equilateral triangle the centre is the (a) —4/3 ® 0
origin and the length of altitude is a. Then the ©1 (d) 4/3
equation of the circumcircle is 16. Th . £ . £ circles x® + 2 =
[Kerala (Engg.)-2006] . e p01nt§ 0 :ntersectlon of circles x* + y* =
24 r= 2 2 Yoo 2ax and x* + 32 = 2by are
@) x*+y*=a (b) 3x*+3y*=2a AMU-2000
©) ¥*+)*=4a° (@) 9x*+ 9?=4a? [ -2000]
‘ ‘ o (@) (0,0), (a, b)
14. The equation of the circle having its centre on 2ab®  2ba
the line x + 2y — 3 = 0 and passing through the () (0,0), ( 2a . ,2—‘12]
points of intersection of the circles x* + 3 — 2x a +b” a +b
—4y+1=0andx*+)>—4x -2y +4=01is a2 +b at+b
[MNR-1992] (© (©,0), ( — ,b—zJ
(@ x*+y*—6x+7=0
) ¥*+)y*-3y+4=0 (d) None of the above
(Z) x; Iy ; ; ix - iy : Lig 17. If three circles are such that each inersects the
@ ¥ +y +2x—dy+ 4= remaining two, then their radical axes
15. If the circles x> +3? — 9 =0 and x> +)? + 2ax [MPPET-2010]
+ 2y + 1 = 0 touch each other, then a is equal (a) form a triangle (b) are coincident
to [Roorkee Qualifying-1998] (c) are concurrent (d) are parallel
ANSWER SHEET
LO®OO EOJOXOX, BOOO
200 .0®0 O 14 @00
30000 OXOXOXO, 50000
LNOXOXOX, 0O®OD 16000
50000 nLeOO®OO 7@®OO
6@O®O@ 20000

HINTS AND EXPLANATIONS

2. (c) Given circle 2x2+ 2y —3x +6y +2=0
or x2+y2—%x+3y+l=0
2 2 2
Area =7 __3 + i -1 =29_1t
4 2 16
Required circle is x? + »? —%x+3y +A=0

Area = 2><29—n
16

12.

a1
16

Put in equation to get 16x%+ 16y* — 24x + 48y
-13=0

(@ x*+y*=a*andc, (0,0),7,=a
x?+3y?—2gx + g% — b> = 0 touch each other
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Cyg.0) r,=g" (g’ -b")=b
CC,=r,+r,>g=a+b
13. (d) In equilateral triangle centroid and circum-
centre are coincident i.e., origin (Given)

OA=¥ = 0A=2?a

2
Equation of circle x*+ y? =(23_aj

16. (b) x*+3? = 2ax and x*> +3? = 2by are 2 circle
equation of common chord ax — by = 0 or
ax

b

2
Put in circle 1, x2+(%xj =2ax

) q 2ab®> 24’
.. Point are (0, 0) an _az FEREY)

(Put values of xin y = éx )
a
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LECTURE

Parabola 1

BASIC CONCEPTS

Conic A conic is the locus of a point P which
moves so that its distance from a fixed point S'is
in a constant ratio to its perpendicular distance
from a fixed straight line MN.

M P(X,Y)

J 90°

Directrix

N S (Focus)

ECH = e = Eccentricity = ratio
PM
P-Any point on the conic
Focus The fixed point (S) is called the focus.
Directrix The fixed line (MN) is called the
directrix.
Eccentricity The constant ratio is called the
eccentricity and it is denoted by e.
(1) If e = 0 then conic is a circle.
(i1) If e = 1 then conic is a parabola.
(iii) If e <1 then conic is ellipse.
(iv) If e > 1 then conic is hyperbola

W) Ife= V2 then conic is rectangular
hyperbola.

6.1

6.2

6.3

7.

10.

11.

12.

13.

Axis of the Conic The line passing through the
focus and vertex. Every conic is symmetrical
about its axis.

Parabola has only one axis. Axis is a line
through focus and perpendicular to the
directrix.

Ellipse has two axes namely major axis and
minor axis.

Hyperbola has two axes namely Transverse and
Conjugate axes.

Vertex The point of intersection of the
conic and its axis is called the vertex of the
conic.

Latus Rectum The latus rectum of a conic
is the chord passing through the focus and
perpendicular to the axis.

Tangent at the Vertex Line through vertex
and perpendicular to the axis of conic.
Double Ordinate Any chord which is perpen-
dicular to the axis of the conic is known as its
double ordinate.

Focal Distance of any Point P(x, y) on the
Conic Distance of P(x, y) from the focus S
of a conic is called the focal distance of the
point P.

Focal Chord Any chord through the focus of
a conic is called its focal chord.

General Equation of the Conic General
equation of the conic having focus at (a, b),
eccentricity e and directrix the line Ix + my + n
=0is
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13.1

14.

P+ m?) {(x =) + (v = b)} = &* (I + my + n)?

Equation (1) represents
(1) circleife =0
(i1) parabolaife =1
(i) ellipse if e < 1
(iv) Hyperbolaife > 1
Iffix, y)=ax?+2hxy + by*+2gx +2fy+¢=0...(1)
and
A= abc + 2fgh — af* — bg* — ch®
then the equation (i) represents
(1) A pair of straight line if A=0
(i) Acircle if A#0,a=band h=0.
(iii) A parabola if A #0 and h*> = ab.
(iv) Anellipse if A # 0 and h*> <ab.
(v) A hyperbola if A #0 and h*>> ab.
(vi) A rectangle hperbola if A # 0, h>> ab and
a+b=0.
Centre of the Conic The centre of the conic
ax®>+2hxy + by* +2gx+ 2y +c=0

h gl |g a
e flIf R
“|la B la h
h bl |h b
a h
=ab-h*#0
whereh b a

The centre of the conic is the solution of

of(x,y) _ of(x,
following two equation f(xy) _ o6y _ 0
ox ay
or
ax+thy+g=0
hx+by+f=0

NOTE

The conic is symmetrical about its centre and centre
of parabola is not defined.

15.

16.

17.

18.

Position of Straight Line with Respect to a

Conic Solving equations of conic and line we

find quadratic in any one variable and interpret

three different cases as follows. If both roots
of quadratic are
(1) Real and distinct B> 44C , then straight
line will be chord to the conic.
(i) Equal (B = 44C), then straight line will
be tangent to the conic.

(iii) Imaginary (B* < 44C), then Straight line
lies outside the conic i.€., neither touch nor
intersect.

Double Ordinate A chord perpendicular to the

axis of a conic is known as its double ordinate.

Parabola A parabola is the locus of a point

which moves such that its distance from a fixed

point is equal to its distance from a fixed straight
line (directrix). Its eccentricity is always equal
to unity (e = 1) and its centre is not defined.

General Equation of a Parabola Equation

of the parabola having focus at S(a, b) and

directrix Ix + my + n=01is

P+m?) {(x-ay+@-b)y}=(x+my+ny

NOTE

Second degree terms in the equation of parabola
only form a perfect square. Therefore general equa-
tion of a parabola may be written as (px — qy)*+
2gx+2fy+c=0.

(1) Equation of axis of the parabola px —qy =0
(i1) Equation of the tangent of the vertex

2gx +2fy+¢=0

Parabola: Importants results connected with standard forms of a Parabola

(i) Standard forms y? = 4ax
Y4 TV = Tangent at the vertex
X=0 (xyp
i L
)
« @A
x
X=-a >
AT
VLR, X
z S| (a, O)N Axis,O
x=a y=
—a, 0
( .5) (0, 0) (8, ~2a)
= [
[3}
@
£

y? =—4ax x? = 4ay x? = —4ay
S
v y v
\ s



(i1) Coordinates of
vertex

(ii1) Coordinates of
focus

(iv) Equation of the
axis

(v) Equation of the
directrix

(vi) Equation of the
latus rectum

(vii) Length of the latus

rectum

(viii) End points of
latus rectum

(ix) Parametric
equations

(X) Slope of the
parabola

(xi) Equation of tan-
gent at vertex

(xii) Area of triangle
enclosed by the
end points of
latus rectum and
the vertex of the
parabola

(xiii) Parametric co-
ordinates of a
point t on the
parabola

(xiv) Focal distance
(PS) of a point
P(x, y) on the
parabola

(xv) If the point
() 1s

(xvi) If the point
(x,, ¥, is on the
parabola then

(xvii) If the point

(x,, ¥, is out side
the parabola then

0,0

(a,0)

xX=—-a

(a, 2a),
(a, 2a)

x=al,y=2at

Right handed
x=0

2a®

(at?, 2at)
atx

vy —4ax, <0
y2—4ax, =0
y2—4ax,>0

©,0)

(=4, 0)

X =a

(—a, 2a),
(—a, -2a)

x=—af’,
y=2at

Left handed

(—at?, 2at)

vy +dax <0

y>+dax =0

y>+4dax >0

Parabola1 E.5

4a
(2a, a), (2a,a)

x = 2at,
y=at

Upward
y=0

24°

(2at, at®)

aty

xl2 —4ay, <0

x*—4ay, =0

x*—4ay, >0

©,0)

©,-a)

4a

(2a, —a),
(—2a, —a)

x = 2at,
y=-ar
Downward

y =0

24°

(2at, —at®)

x?+4ay <0
inside the
parabola then

x?+4ay, =0

x?+4ay, >0
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(xviii) Equation of the w,=2a(x+
tangent to the x)
parabola at a point
(x,y)is
a

(xix) Iftheline y=mx ¢~
+ ¢ is a tangent
then the value of
¢ is (condition of (ip z_nj
tangency) and the mm
co-ordinates of the
point of contact
are

NOTES

1. Two parabolas are said to be equal if their latus
rectum are equal.

2. Distance between vertex and focus = a = one
fourth of the L.R., for example }(0, 0) S(a, 0)

3. Distance between tangent at the vertex and
directrix = a, for example x =0 and x =—a

4. Distance between tangent at the vertex and latus
rectum is = a, for example x =0 and x = a.

5. Distance between directrix and latus rectum
= 2a = half of the latus rectum. for example
x=-aand x=a.

6. Directrix,tangent at the vertex and latus rectum
are parallel straight lines. There fore distance
between any two is obtained as distance between
any two parallel lines for example (x = —q,
%= 00y —a).

7. Equation of parabola

7.1 Equation of Parabola reducible in Standard
form:

Equation of parabola having vertex v(h, k) and

axis

(1) Parallel to x-axis (y — k)> = 4a(x — h)
orx=Ay*+By+C

(i) Parallel to y-axis (x — h)> = 4a (y — k)
ory=Ax*+Bx+C

If origin be shifted at v(h, k) then:

(a) Transformed equation of (y —k)*=4a(x—h)
is V?=4aX

(b) Transformed equation of (x—h)>*=4a(y —k)
is X? = 4aY

(¢) For finding transformed equation of the
parabola substitute x + h for X and y + k
for ¥ in the equation.

y,=—2a xx, = 2a xx,=-2a
(x+x) O+y) O+y)
— a ~
=-— ¢c=—am?’ ¢ =am?
m

(—2am, —am?)

7.2 (Perpendicular distance of point P(x, y)> =
Length of L.R. x (perpendicular distance of
point P(x, y) from the tangent at the vertex)

@) If V(x,. ) and S(x,, y,), then equation of
parabola (y —y)* = 4(x,—x,) (x —x,)

(1) If "(x,, y,) and S(x,, y,), then equation of
parabola (x —x)* = 4(y,~-y) -y

19. (i) The equation of the chord joining the
point ¢ (at %, 2at)) and t,(at,?, 2at,) is: y(t,
+1,)=2x+att)

(i1)) Condition for the chord to be a fo-
cal chord The chord joining the points
t(at? 2at) and t(at?, 2at,) passes
through focus (a, 0) then ¢z, = -1 and
coordinates of the ends of focal chord

e _ifa 2
e Hat’, 2at) an A7 7 |

(ii1) Length of the Focal chord The length
of a focal chord joining the points £,(at >,
2at ) and t.(at)?, 2at) is a(t, —t )’

NOTE

The length of the focal chord through the point ‘¢’
on the parabola y*> = 4ax is a (t + 1/~

(iv) Semi Latus rectum is the harmonic me-
an between segments of a focal chord.

2(SP)(5Q)

SP+SQ

(v) If any chord joining the points ¢, and ¢, on
the parabola y* = 4ax subtends 90° at the
vertex then ¢, ¢, = —4, (For normal chord
then 2= 2).

SL=2a=
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SOLVED SUBJECTIVE PROBLEMS (Xil BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the equation of the parabola whose focus

is (3, —4) and equation of the directrix is x +
y-2=0. [MP-1995]

Solution

Let S(3, —4) be the focus and ZM be the

directrix, whose equation is x + y — 2 =0
‘‘‘‘‘‘‘ e}

Let P(x, y) be any point on the parabola. Join

SP and draw PM L ZM.

Then,SP=PM . @)

SP=J(x=3)" +(y+4)

PM = length of perpendicular drawn from
P (x, y) to equation (1)

_x+y-2
V1+1
x+y-2
PM =
2
By equation (2),
+y-2
J(x=3)+ 4y =122
(x=3)"+(y 7
Squaring both the sides,
2
+y-2
x=3)+(y+4y=| 2
(x=3)"+(y+4) ( 7 J
2
= x2+9—6x+y3+16+8y=w
= 2(x*+)*—6x+8y+25)=x>+)y*+4+

2xy —4x — 4y
= x*-2xy+)y*—-8x+20y+46=0
Which is the required equation of parabola.

. Find the vertex, focus, equation of directrix,
axis and tangent at the vertex of the parabola
x?+4x+4y+16=0. [MP-1997]

Solution

Equation of parabolais x>+ 4x + 4y + 16 =0
= x*t+t4x+4+4y+12=0

= (x+2)2+4p+3)=0

= (x+2P*=-4uy+3) ... )
As the origin be transferred to (-2, —3) the
reduced coordinates of (x, y) are (X, T).

Thenx=X-2

y=Y-3
Hence, equation (1) reduces to X>=—4Y
Compare above equation with X> = — 4aY

“““““ Q)

(1) Focus of (2) is (0, —a).

ie, X=0, Y=-1

= x+2=0andy+3=-1

= x=-2 andy=-4

Therefore the focus of (1) is (-2, —4).

(i1) Vertex of (2) is (0, 0) .

ie, X=0, Y=0

= x+2=0andy+3=0

= x=-2 andy=-3

Therefore, the vertex of (1) is (-2, -3)

(i) Axisof (2)isX=0

ie. x+2=0

> x=-2

Therefore, the axis of (1) isx =—2.

(iv) Directrix of 2)is Y =1

Therefore, the directrix of (1) is
y+3=1l=>y=-2

= y+2=0

(v) Tangent at the vertex of (2)is Y =0

Therefore, for (1), itisy =-3

3. Find the equation of parabola whose axis is
parallel to x-axis and which passes through
the points (3, 3), (6, 5) and (6, =3).

Solution

Let equation of the parabola be x = 4y> + By

+c )
Point (3, 3) lies on parabola
3=94+3B+C . (2)
Point (6, 5) lies on parabola
6=254+5B+C ... 3)

Point (6, —3) lies on parabola, 6 =94 - 3B+ C
...... )
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From equation (3) and (4),
254+5B+C=94-3B+C

= 164=-8B
= B=-24
From equation (2) and (3), -3 =-164 - 2B
= 164+2B=3
> 164+2(=24)=3,(. B=-24)
= 124=3
= A=t

4

1 1

B=-2x—=-—
4 2

Putting the value of 4 and B in equation (2),
3=9x 1 3% 1 +C
4 2

= 12=9-6+4C
= C=2

4
Putting the value of 4, B and C in equation
M,

x=l,p 1.2

4y 2y 4

= 4x=)"-2p+9

Which is the required equation of parabola.
. A double ordinate of the parabola y*= 4px

is of length 8p. Prove that the lines from the
vertex to its ends are at right angles.

Solution

Let the double ordinate PQ meet the axis of
the parabola y* = 4px in M and AM = h, then
PQ=8p

Coordinates of P are (h, 4p)
and coordinates of Q are (h, —4p)

Point P(h, 4p) lies on parabola.

v X

l6p*=4ph = h=4p

Coordinates of P and Q are (4p, 4p) and
(4p, —4p) respectively.

Coordinates of vertex 4 are (0, 0),

4p-0
Slope of AP =p—=1=m1

4p -
4 Slope of AQ =L = _1=m
and Slope of AQ —4p-0 2
m,m, =~1 Hence, AP is perpendicular to
AQ. Proved.

5. An equilateral triangle is inscribed in the
parabola y*= 4ax whose vertex is at the vertex

of parabola. Find the length of its side.
[NCERT]

Solution

Let APQ be an equilateral triangle. Coordi-
nates of its vertices 4, P, Q be taken as A(0, 0),
P(h, ) and Q(h, -I).

AP =(h-0*+(-0P=hm+P

P(h, )
_—
(0,0
A
e
Q(h, -I)

>  AP=\hW+1?,
Similarly, AQ =+/h*+1?
and PQ=./(h-h)2+(l+l)2 =2/

AP=PQ = p*+1* =21

= W+P=4p

> W=3P= h=+31
P lies on parabola y* = 4ax
*=dah = > =4a\3 1 = I =4a3
but k=3 [=12a.

Hence, length of PQ =2/= 8a\3
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6. Show that the area of the triangle inscribed in

_ LGty =2) »-»

) | =
the parabola y* = 4ax is 8—‘l(y1 -y,)0,—) 8a|(y, +y)(.=y3) ¥2=»
o,- {zl) wheie ¥, ¥, are the ordinates of the 1 B3 y+y, 1
angular points. 8a Y=Y = s v, +y, 1

Solution
1

Let x,, x,, x, be the abscissa of the vertices =a(yl =), =y +3,) = (¥, +35)]
of the triangle whose ordinates are y,, y,, ¥,
respectively.

1
Coordinates of the vertices are (x,, y,), =g(y' =)=y = 33)

(xp¥,) and (x,, ). :
Point (x,, y,) lies on parabola = a(yl =Y)(¥2 =y =y,
2

yl2 =4dax, = x, =2
4a

(in magnitude). Proved.

7. Prove that the equationy® + 24x + 2By + C =0

2 2
Similarly, x, = i}—z and x, = ;—3 represents a parabola whose axis is parallel to
a a the axis of X. Find the vertex and latus rectum
Vertices of the triangle are of the parabola.
2 2 2
pal pey Vs Solution
(4a’ylj’(4a’yzj and (4‘1’)’3}
Given equation is y* + 24x + 2By + C =0
5 onl = 2+2By=-24x—C
. 1 Yy Y
Area of the triangle = —|x, y, 1
22 2 = y*+B2+2By=-24x+B>-C
X, oy 1

2
) = (y+B)*=-24 x—B ¢
pay 1 24
i
4a )
1|yl ol Let X =x— and ¥ =y + B, then equa-
ey 2
2 4‘21 tion of the parabola be ¥> = — 24X, which is of
Bl ¥, 1 the form of y* = 4ax, where 4a = - 24.
4a Obviously, given equation represents pa-
1 rabola. Axis of the parabola: Y =0  Proved
Taking out — common from first column,
4a ’ = y+B=0
= y=-B
y12 » 1 Y
LA 1 Which is parallel to X-axis.
2 %a Y2 N
J’32 » o1 Forvertex: X=0,Y=0
; 2
Now, operatlzlgR;—>Rl R,andR,— R,-R,, - x—B C 0, y+B=0
[P nm 0
2
=i mmm 0 = =B=C,__p
y32 V3 1 24
Expanding along C . (B'-C
¥ .. Vertex of the parabola is T’_B .
— L y12 - y; =Y,
8aly;—y: ¥,— Latus rectum of the parabola = 4a =—-24




E.10 Parabola 1

8. Find the equation of parabola whose focus is , 12
at the point (1, —1) and vertex is (2, 1). = 97V —(16x 27)
Solution , 4 16 59
> Yooy=s—x-—
Vertex A is at (2, 1) and focus S is at (1, —1). 3 9 9
Suppose coordinates of Z are (a, B). = i 4 y 4_16 57 4
A is mid-point of SZ, 3 9 9 9 9
e 2y _16 53
2 = 773) 79
and E=1=>[3=3 2
2 _2) _lef 53
= 773) 79" 16
AY
= x—§=X and y—2=
16 3
M P(x,y) Then new equation of the parabola is
2_16 .,
Z— SA. D > X Y'= 9 —X
1) Which is of the form of y* = 4ax
Here, a =i
Coordinates of Z is (3, 3), Slope of 9
1+1 For vertex: X=0,Y=0
ZS=——=
2-1 53
= x—E=0,y—§=
Slope of directrix = 1
2 53 2
- =—’y = —
Equation of directrix i 3 1( 3) 6 3
quation of directrix is y —3=—-—(x-—
2 53 2
= 2y—6=-x+3>x+2y-9=0 s Vertexis | 703

Suppose P(x, y) is any point on the parabola,
by definition of parabola PS = PM

. 2
V=D +(y+1)° xj/lz%9 o Axisis y==

For focus: X=a,Y=0

For Axis Y =0 :>y—§=0

= (x—1)2+(y+1)2=@ - x-§=i,y—2=0
16 9 3
> Sx*-2x+1+3)*+2p+1]=x*+47*+ 4 53 2
81 +4xy — 18x — 36y = X=§+Ea)’=§
= 42— dxy+)*+8x+46y-T71 = 64+177 9
Which is the required equation of parabola. x= 1aa y= 3
9. Find the Vertex: axis, focus and latus rectum 541 2
of parabola: 9% — 16x — 12y + 57 =0 = x= 144,y—§
Solution (541 2
Given equation of the parabola is - Focusis (m’ EJ
Wr—16x—12y+57=0 4 16

Latus rectum =4a =4x—~=—
= 9*-12p=16x-57 atus rectum =4a =4xg ="



10. Prove that the equation of the parabola whose
vertex and focus are on the axis of X at dis-
tances a and a’ from origin, respectively is
y?=4(a' —a) (x —a).

Solution
Let 4 be the vertex and S the focus of the pa-
rabola, which lie on the axis of X. The direc-
trix meets the axis of X at Z.
% A
M P(x,y)
I >X
0 Z| A@0) s, 0)
Let Z— (a, B)
Since, A4 is the mid-point of ZS,
ata =a and —B+0 =0
2
Hence, 0o =2a—-a’and =0
Therefore the coordinates of Z are (2a —a’, 0).
Equation of the directrix is x = 2a —a'
= x-2a+a =0
Let P(x, y) be any point on parabola. Draw PM
1 ZM.
SP = PM, (by definition of parabola)
= (J(x-d)+y' =x-2a+d
Squaring the both sides,
= (x-a)+y*=(x-2a+a')
= y’=x-2a+a)-(x-ay)
=[x-2a+a+x—-a][x-2a+a -x+a]
=(2x—2a) (2a' - 2a)
= y'=4@@-a)(x-a) Proved.
11. The Girder of a bridge is in the form of
parabola. Its height is 10 feet and the base is
100 feet wide. How high is it 20 feet from the
centre ?
Solution

Let AX and AY be taken as the axis of X and ¥
respectively.

Parabola 1 E.11

12.

A E
x — X
l 20\|D 1€
S e 4
I I
] |
| I
] |
|10‘ |
| 10-11.6 = 8.4'
| 20" |
I (---.) ]
I ]
v v F
50 C B
G- Y
b 50
Moy R
Y

Equation of parabola, x> = 4ay

Given: CA = 10", FG = 100", CF =CG = 50'
Coordinates of F' (50, 10).

Since the parabola passes through (50, 10),

(50)2 = 4a .10 = 4a = 250
By equation (1), x> = 250y

When x = 20, then by equation (2), (20)> =
250y

or y=%=1.6

Coordinates of D be (20, 1.6).

The height of girder at the distance 20’ (BD) =
BE-DE=10-16=84"

The axis of parabola is 3x — 4y + 5 =0, its
vertex is (1, 2) and latus rectum is 8 in length,
then prove that equation of the parabola is
9x% +26y* — 24xy — 130x — 160y + 425 =0

Solution

(D
Equation of the line perpendicular to line (1)
isdx+3y+A=0

Equation of the axis is 3x -4y +5=0

If it passes through vertex A(1, 2), then
4x1+4+3%x2+A=0

= 10+A=0=>A=-10

Equation of the line passing through ver-
tex A(1, 2) and perpendicular to the axis
is4x+3y-10=0 ... @)
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Let P(x, y) be any point on the parabola.

Length of the perpendicular drawn
from P(x, y) to the line (1) is,
N = 3x—4y+5 3x+4y+5

J9+16 5

Again, length of the perpendicular drawn

from P(x, y) to the line (2) is,

PM = 4x+3y-10 _ 4x+3y-10
JV16+9 5

.. Equation of the parabola, V> = 4aX
= PN*=8PM,
[ 4a = 18]

2
N (3)5 ‘5‘)""5] =8.4x+35y—10
(Bx —4y +5)>=40 (4x + 3y - 10)
Ox2+ 16y* —24xy + 30 x —40y + 25 =
160 x + 120y — 400
= 9x*+16y*—24xy—130x— 160y +425=0
Proved.

U

13. If a parabolic reflector is 20 cm in diameter

and 5 cm deep, find the focus.
[NCERT]

Solution

Let the equation of the parabola be taken as
2 = 4ax, then the point (5, 10) must lie on it
= (10)*=4ax5
100

20

= The focus of the reflector is at the mid-
point of the given diameter.

a

pY

10 cm

10 cm

14. An arch is in the form of a parabola with its

axis vertical. The arch is 10 m high and 5 m
wide at the base. How wide is it 2 m from the
vertex of the parabola? [NCERT]

Solution

In this case, we can take the equation of the
parabolic archas x*=—-4ay ... @)
(Downward parabola)

According to given conditions, the point
(2.5,-10),

‘ 5 ‘
ie., 5,—10 lies on the arch, therefore,

(%J =—-4a(-10)

25 5

a= =
4x40 32

= Equation (i) becomes

) 5 .
x =—4(3—2Jy “““““ (i1)

Let, 2k metre be the width of the arch 2 metre
below the vertex, then the point (h, -2) lies
on (ii)

= h2=—§(—2) = p=d
8 4

5

= h=7 = 2h=45

Hence, the required width of the arch (2 m

below the vertex) = 2h metre = 5 metre =
2.236 m.

(h,-2)

(2.5, -10)



15. The cable of a uniformly loaded suspension
bridge hangs in the form of a parabola. The
roadway which is horizontal and 100 m long
is supported by vertical wires attached to the
cable, the longest wire being 30 m and the
shortest being 6 m. Find the length of a sup-
porting wire attached to the roadway 18 m
from the middle. [NCERT]

Solution

Here, the cable is in the form of an upward pa-
rabola, whose equation (w.r.t axes as shown)
can be written as x* = 4ay

Since the top of the longest wire above the
lowest point A (vertex) of the cable is (30 —
6) m = 24 m, therefore, the points (-50, 24)
and (50, 24) lie on the parabola (1).

= (50)>=4a x 24
2500 625
a= =

9% 24

The equation (i) becomes
625

=4 ==y,
2 |

: 2

e, x'=—y,
6 y

Let, M be the point 18m away from the mid-

dle and (6 + h) m be the vertical supporting

at M, then the point P(18, /) lies on the cable,

i.e., on (ii).
625
18)* =] —= |k
(18) ( 6]
2
= h=%=3,11nearly‘

Height of the vertical supporting at M
=6+hm=(®+311)m=911m

nearly.
Y
(=50, 24) (50, 24)
)
8 ?(\6,
= A T6m 8
W A/ L s
) M
50m
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16. The focus of a parabolic mirror as shown in
figure is at a distance of 6 cm from its vertex.
If the mirror is 20 cm deep , find the distance
LM.

Solution

Let the axis of the mirror be along the posi-
tive direction of x-axis and the vertex 4 be
the origin. Since the focus is at a distance of
6 cm from the vertex. Then the coordinates of
the focus are (6, 0). Therefore, the equation
of the parabolic section is 3 = 24x [Putting a
= 6 in y* = 4ax] Since L (20, LN) lies on this
parabola. Therefore,

LN*=24 x 20
= IN=4J30

LM =2LN =830 cm.

L(20, LN)

Y

N(20, 0)

M

17. The towers of a bridge, hung in the form of
a parabola, have their tops 30 m above the
roadway and are 200 metres apart. If the
cable is 5 m above the roadway at the centre
of the bridge, find the length of the verti-
cal supporting cable 30 metres from the
centre.

Solution

Let CAB be the bridge and X’OX be the road-
way. Let 4 be the centre of the bridge. Taking
X' OX as x-axis and y-axis along OA, we find
that the coordinates of 4 are (0, 5). Clearly,
the bridge is in the shape of a parabola hav-
ing its vertex at A4 (0, 5). Let its equation be
x>=4da(y-5)
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It passes through B (100, 30). Therefore, .. Gradient of its perpendicular line = 4/3
(100)*=4a (30 - 5) = a =100. Equation of the line perpendicular to the line

Putting the value of a in (i), we get (1) and passing through vertex A(-2, 0) is
X2=400(=5) e, (ii) y_0=i(x+2)

Let, I metres be the length of the ver- 3
tical supporting cable 30 metres from = 3y=4x+38
the centre. Then, P(30, [) lies on (ii). = 4x-3y+8=0 ... @
Therefore, 900 = 400 (I - 5) Let, P(x, y) be any point on the parabola.

9 29 .. Length of the perpendicular drawn from

= I=Z+5=T m. 2x+4y+6

P(x, y) to line (1) is, PN =———
‘ ‘ >, ») @ a4
Hence, the length of the vertical supporting

cable 30 metres from the centre of the bridge _3x+dy+6 g length of the perpen-
is 4 m. dicular drawn from P(x, y) to the line (2)
is. PM = 4x-3y+8 _ 4x-3y+8
y & +(=3)° 5
Equation of the parabola is ¥? = 4aX
i i = PN*=4 PM, [ here 4a = 4]
Cr  B(100, 30)
\/ 3x+4y+6Y _ (4x-3y+8
| 'P(30,1) = 5 =4 5
30m| A0, 5) N 30m
! S o i = ((Bx+4 +62=25><i 4x-3y+8
¢ | 2om| L x Bx+4y+6) S @x=3y+8)
L 0 Q M = (Bx+4y+6)>=20(4x-3y+8)
4—10%m 100m = Ox?+24xy+ 162+ 36x + 48y + 36 =
y 80 x — 60y + 160

=  9x?+24xy + 16y*—44x + 108y —124=0
18. The axes of a parabola is 3x + 4y + 6 = 0,
its vertex is (-2, 0) and latus rectum is 4
in length, then prove that equation of the
parabola is 9x2 + 24xy + 16y* — 44x + 108y —

This is the required equation of the parabola.
Proved.

19. Let ABCD be a square of side length 2 units.

124=0. A line M is drawn through A4 parallel to BD. A
Solution point S moves such that its distances from the
) ) line BD and the vertex 4 are equal. If focus of
The axis of the parabola is 3x + 4y + 6 = 0 ScutsM at T, and T, and AC at T, then area
e M of ATT,T,is [IIT-JEE-2006]

Its gradient = — 3/4 (@) 2 : ®) 1

() 172 @) 4

M P Solution

(b) Obviously locus of S is a parabola with
o) focus at 4 and directrix along BD. Obviously

N AC 1is the axis of this parabola and its vertex is
at T, and line M is along its LR. So T,, T, are
end points of LR.




Since AC=+/4+4 = 2\/5

1 1
AT =—AC=—
1 4 \/5
1 4
= TIT,=4—F—|=—F
273 (\/5] \/E
1 1 4
areaof AT, =—.—.—=1
2°V2°\2

20. Prove that the area of triangle inscribed in
a parabola is twice the area of the triangle
formed by the tangents at the vertices of the
triangle. [IIT-1996]

Solution

Let 4, B, C be the points (at? 2at) etc.
Let P, O, R be the points of intersection of
tangents atB,C; C,Aand 4, B.

={att,, a(t, + 1)} etc.
. at! 2ay, 1
Area of A ABC = 5 at22 2at, 1
at} 2at, 1

Parabola 1 E.15

Apply R -R,,R,—R,

= E.a.2a t; -1

2
at,

= az~(t| -5, 1)

tz) (tz -
tz) (tz -
Area of A POR

t+t, 1
t,+t, 1
£, ~1)
ts) (ts - tl)

= az(l‘l —
= az(l‘l —

atpt,
=—|atyt,
att,

a(t,+1,) 1
a(t,+1) 1
a(t,+1,) 1

Apply R, —R,and R, - R,

6(t,—t) (&-t) 0
=Ea°a nt-1) (,-1) 0
att, a(t,+t,) 1
1 1
=Eaz~(t2_t|)(t3_t2) t? 1‘
1,
=Ea (=)t =)t - 1)
1, 1
=Ea (=)0, 1)t - 1) =EAABC
AABC =2A PQR

UNSOLVED SUBJECTIVE PROBLEMS (XII BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

Dirction 1 to 4. Find the coordinates of the fo-
cus, axis, equation of the directrix and the length
of the latus rectum of the following parabola:

1. y>=12x [NCERT]
2. x*=6y [NCERT]
3.y =8 [NCERT]
4. ¥*=-16y [NCERT]

Dirction 5 to 9. Find the equation of the parabo-
la that satisfies the given conditions:

5. Focus (6, 0); directrix x =— 6 [NCERT]
6. Focus (0, —3); directrix y = 3 [NCERT]
7. Vertex (0, 0); focus (=2, 0). [NCERT]
8. Vertex (0, 0), passing through (2, 3) and axis

is along x-axis. [NCERT]
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9. Vertex (0, 0), passing through (5, 2) and sym- | 13. An arch is in the form of a parabola with its
metric with respect to y-axis. [NCERT] axis vertical. The arch is 10 m high and 5 m
10. Write the equation of the parabola with the :;;tedzei’t[eili ? ?S:' I:::X();Zf)de is it 1.5 m from
line x + y = 0 as directrix and the point (1, 0) P ‘
as focus. 14. Find the area of the triangle formed by the
11. The focus of a parabola is (1, 5) and its direc- lines joining the vertex of the parabola x* =
trix is x + y + 2 = 0. Find the equation of the 24y to the ends of its latus-rectum.
parabola, its vertex and length of latus rectum. 15. Find the foci, vertices, directrices and axes of
12. The parabola y* = 4 px goes through the point the following parabolas
(3, —2). Obtain the length of latus rectum and 1) »*-8-x+19=0
the coordinates of the focus. (i) y=x>-2x+3
ANSWERS
1. F(3, 0), axis-x-axis, direc- 6. x2=-12y 13. 1.936 m
trix x = -3, length of the y_ :
Latus rectum = 12 7.y =8 14. 72 5. units
2. F(0,3/2), axis-y-axis, direc- 8. 2 =% 15. () (é, l}(é, i}
trix y = — 3/2, length of the 9. 2x>=25y 8 2)\8 16
Lat tum = 6 5 3
atus rectum 10. (x_y)z_4x+2=0 y=§,x=g
3. F(-2, 0), axis — x-axis, ) .
directrix x = 2, length of 11. Equation of parabola x> — 9
the Latus rectum = 8 Zxy+y* - 8x —24y +48 =0, (i) (LZ} (2
vertex (-1, 3), latus rectum
4. F(0, —4), axis y-axis, direc- —82 7
trix y = 4, length of the 2 y= 7 x=1
Latus rectum = 16 4 (1
12. —| =0
5. )2 =24x ) 3(3 J
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. The equation of the parabola with focus (a, b) | Solution
and directrix ~+2 =1 is given by bx+av—ab 2
a [PET-97] (@) (x—ay+@y—b) = (+J
(@) (ax—-by)*-2a’x-2b% +a*+a’b*+ b*=0 va' +b

(®) (ax + by —2a°x - 2by —a*+a’b*-b*=0

©) (ax—byY+a*+b*-2a*=0

(d) (ax—byY—-2a’x=0

2. The equation of the parabola whose focus is
(5, 3) and directrix is 3x —4y + 1 =0 is

[PET-2002]



(a) (4x+3y)*—256x — 142y +849=0
(b) (4x — 3y)*—256x — 142y + 849 =0
(©) (B3x+4y)*—142x — 256y + 849 =0
(d) (3x— dy): —256x — 142y + 849 =0

Solution
(a) PM*= PS?
3x-4y+1 Jz

= x-5+@-3) =(—m

= 25(x*+25-10x +*+ 9 — 6x ) = I+

16y?+1—-12xy +6x—8y — 12xy
= 16x2+ 9y*—256x — 142y + 24xy +
849=0
= (4x+3y)*—256x— 142y +849=0

NOTE

We know that the equation of parabola whose focus

is (a, b) and the directrix Ix + my + n=01s

(P4 ) {(x =@ + (v = b)Y} = c*{lx +my + m)}

3. For the parabolay?+ 6y —2x +5=0

(D The vertex is (-2, =3)

Parabola 1 E.17

Solution

(b, ¢) The ellipse is x> + 4y> =4,

ie., x_+y_=l

N

Q(x,Y,) P(X,.Y,)

We have b2 =a? (1 — &%)

= e

ol

1
P and Q are obtained as PE(\/_,—EJ,

(II) The directrixisy +3 =0

Which of the following is correct?
[EAMCET-2007]

(a) both I and II are true

(b) Tistrue, IT is false

(c) Tis false, I is true

(d) both I and I are false

Solution

®)y*+6y—-2x+5=0
= @+3)P=2x+3)
I: Vertex of parabola is (-2, —3) = (h, k)
II: Equation of the directrixisx—h+a=0

= 2x+5=0
I is true and II is false.

. Let, P(x,,y)) and O(x,, y,), ¥, <0, y, <0, be the
end points of the latus rectum of the ellipse
x2 + 4y* = 4. The equations of parabolas with
latus rectum PQ are [IIT JEE-2008]

(@) x*+23y=3+3
() ¥ =243y =3+3
() ¥*+2\By=3-3
@ x*-23y=3-3

0 (-J?,—%J

We have PQ =2./3 with PQ as latus rectum

two parabolas are possible, their vertices be-

ing (0,%} and {O,—%J

The equation to the parabolas can be sim-
ply obtained as x*=2v3y=3++3 and x>+

23y=3-3

5. Axis of a parabola is along the line y = x and
its focus and vertex are at distances 2,/2 and

NG respectively from the origin. If vertex
and focus lie in first quadrant, then the equa-
tion of the parabola will be

[IIT JEE-2006]
(@ c+yr=8(x+y-2)
®) x+yr=4(x+y-2)



E.18 Parabola 1

© x-yyr=8(x+y-2)
@ x-yyr=4(x+y-2)
Solution
(c) Obviously vertex 4 = (1, 1) and focus S =
(2,2). Since AS= 1, so directrix passes through

the origin. Since it is perpendicular to the axis
(¥ = x) so its equation is y = — x.

Hence, equation of the parabola will be

y
A N
v/ VX
A
(1.1
» X
O~y=-x

72 _2=x+y2
(x-2)+(y-2) (ﬁ]

= 2(*+y*—4dx—4y+8)=x"+)*+2xy
= x*+)y*-2xy=8x+8-16
= (-y=8(x+y-2)

6. The locus of the vertices of the family of
3.2 2
parabolas y=ﬂ+ﬂ—2a is
3 2
[AIEEE-2006]

(b) xy =35/16
(d) xy = 105/64

(@) xy=3/4
(©) xy =64/105

Solution

(d) Given equation can be written as

a3 )3, 35
e 27 16

If its vertex be (x, y), then
3 ,__35%a

X=—-— =

Eliminating parameter a, we get the required
locus of the vertices as xy = 105/64.

7. If the point (at? 2at)) is one extremity of
a focal chord of the parabola y* = 4ax, then
coordinates of the other extremity and that the

length of the chord is:
¢ 2
® i+

(a) a(tl+l]
tl
@ a(t'+tT1J

l 2
al t,——
© ( 1 tl]
Solution
(a) Let PSQ be a focal chord where the points
P and Q be ¢ and ¢,. Since, the chord is focal,
we have tf, = -1

PSQ=PS+S5S0=(atx)+(a+txy)

— 2 2y 2 1
=2a+a(t, +t2)—-a{2+t1 +?} by (1)

2
=alt+—
tl

8. Consider a circle with its centre lying on the
focus of the parabola y* = 2px such that it
touches the directrix of the parabola. Then,
a point of intersection of the circle and the
parabola is [IIT-1995]

P
(a) (g,pj (b) (5,—PJ

(C) (%, p] (d) (%, _pJ

Solution
(a, b) Focus of parabola y* = 2px is (p/2, 0)
“““ @

Radius of circle whose centre is (p/2, 0)
and touching x + (p/2) =0 is p.

2
Equation of circle is (x‘gj +yl=p (i1)

From (i) and (i), we get the point of intersec-

. p p
t ) | T -
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OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

. The focus of the parabola x*= — 16y is
[RPET-87; PET-88, 92]
(®) (0,4
@ 0,-4)

(@ (4.0
© 4.0

. The length of the latus rectum of the parabola

9% — 6x + 36y + 19= 0 s [PET-94]
(a) 36 )9
(©) 6 @4

. The focus of the parabola y = 2x* + x is
[PET-2000]

®) (172, 1/4)

@) (-1/4, 1/8)

@ (0,0
(c) (-1/4,0)

. The point of the parabola y*> = 18x, for which
the ordinate is three times the abscissa is

[PET-2003]
(@ (6,2) (b) (-2,-6)
© (3,18 @ 2,6)

. The equation of the parabola whose vertex is
at (2, —1) and focus at (2, -3) is

[Kerala (Engg.)-2002]
(@) x*+4x-8y—-12=0
®) x*—4x+8+12=0
©) x*+8 =12
@ x*—4x+12=0

. x —2 = ¢, y =2t are the parametric equations
of the parabola

(@) y*=4x
(b) y*=—4x
© x*=-4y

@) y*=4x-2)

. The area of the triangle formed by the line
joining the vertex of the parabola x*> = 12y to
the ends of its latus rectum is

[NCERT]
(b) 16 sq. units
(d) 24 sq. units

(a) 12 sq. units
(c) 18 sq. units

. If the vertex of a parabola be at origin and
directrix be x + 5 = 0, then its latus rectum is
[RPET-99]
(@) 5
(c) 20

(b) 10
(d) 40

10.

11.

12.

13.

14.

15.

16.

. A parabola passing through the point (-4, —2)

has its vertex at the origin and y-axis as its
axis. The latus rectum of the parabola is

(@) 6 ) 8

(©) 10 @ 12

The equation of the parabola with vertex at
the origin and directrix y = 2 is

[MPPET-2005]
(@) y*=8x (b) y*=-8x
© y*= J8x (d) x*=-8y

If a focal chord of the parabola y* = ax is 2x —
y —8=0, then the equation of the directrix is

[MPPET-2005]
(@) x+4=0 () x—4=0
(c) y—4=0 (@) y+4=0

The number of parabolas that can be drawn if
two ends of the latus rectum are given, is

[DCE-2005]
(a) 1 (b) 2
(© 4 @3
Vertex of the parabola x*> + 4x + 2y —7=01is
[PET-90]
(@) (-2, 11/2) ®) (-2,2)
(© (2,11 @ 2,11
Focus of the parabola (y — 2)* = 20(x +3) is
[Karnataka CET-99]
@ (B,-2) (®) (2,-3)
© 2.2 @ @3.3)

If the chord joining the points (at > 2at,) and
(at?, 2at,) of the parabola y* = 4ax passes
through the focus of the parabola, then

[PET-93]
)t t,=1

(@ tt,=-1 )
@t-t=1

(© t,+t,=-1

If “‘a’ and ¢’ are the segments of a focal chord
of a parabola and b the semi-latus rectum,
then: [PET-95]
(@) a, b, care in AP

(b) a, b, c are in G.P.

(¢) a,b,carein HP.

(d) None of these
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17.

18.

19.

20.

21.

22.

The equation of latus rectum of a parabola is
x +y =8 and the equation of the tangent at the
vertex is x + y = 12, then lengthof the latus

rectum is [PET-2002]
@) 42 ®) 242
() 8 @ 82

The locus of the mid-point of the line segment
joining the focus to a moving point on the
parabola y? = 4ax is another parabola with the
directrix

[IIT-2002; KCET-2008]
(@) x=—a () x=—%
©) x=0 @ x= %

The line x — 1 =0 is the directrix of the parab-
ola y* — kx + 8 = 0. Then one of the values of

kis [IIT-2000]
1
(@ 3 (b) 8
1
©) 4 @ 1

The equation of the directrix of the parabola
xX>+8y—-2x="7is

[MPPET-2006]
(@y=3 (®) y=-3
©y=2 dy=0
The vertex of the parabola x> + 8x + 2y + 8 =
0is [DCE-1999]
(@ (4.4 ®) 4-1
© 4.-D @ @&

2
Statement-1: The curve y= % +x+1 is

symmetric with respect to the line x = 1.

because

Statement-2: A parabola is symmetric about

its axis.

(a) Statement-1 is True, Statement-2 is True;
Statement-2 is a correct explanation for
Statement-1

(b) Statement-1 is True, Statement-2 is True;
Statement-2 is NOT a correct explanation
for Statement-1

23.

24.

25.

26.

27.

28.

(c) Statement-1 is True, Statement-2 is False
(d) Statement-1 is False, Statement-2 is True
[IIT-2007]

The point of contact between the line y = x +
2 and the parabola y* = 8x has the coordinates

[MP PET-2007]
@ (2.3) (®) (2,2)
(© 4.2) @ 2.9

The length of the chord of the parabola
y? = 4ax which passes through the vertex
and makes an angle 6 with the axis of the
parabola, is

(a) 4a cos 6 cosec? 0

(b) 4a cos? 6 cosec

(b) a cos 0 cosec® 6

(d) a cos? 0 cosec 6

What is the equation to the parabola, whose
vertex and focus are on the x-axis at distances
a and b from the origin respectively? (b > a > 0)
[NDA-2007]
(@ )y*=8(b-a)(x-a)
®)y*=4(b+a)(x-a)
(©y*=40b-a)x+a)
@ y*=4b-a)(x-a)

The equation of the parabola with its vertex
at the origin, axis on the y-axis and passing

through the point (6, —=3) is [PET-2001]
(@) y*=12x+6

() x*=12y

©) x*=-12y

@) y*=-12x+6

Through the vertex of the parabola y* = 4x
chords OP and OQ are drawn at right angles
to one another. The locus of middle point of

PQ is [Orissa JEE-2008]
(@) y'=x+8

() y*=-2x+8

() y*=2x-8

(@ y*=x-38

The focal distance of a point on the parabola
y? = 12x is 4. What is the absicca of the

point? [NDA-2006]
(@1 (b) -1
© 243 (@ -2
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SOLUTIONS

1. (d) Focus of parabola x> =16y, a = 4 5. (b) Equaton of the axis (a line joining vertex

Vertex = (0, 0), Focus = (0, —a) = (0, —4)

. () 9x*—6x+36y+19=0
= 9x?-6x+19=-36y

= (3x—1)2=—36y—18=—36(y+%J
2
1 1
of x—=| =-36] y+—|;
2
1 1
R =_4 + =

Latus rectum = 4
or

. (¢) The given equation of parabola is
y=2x+x

= x4+

LYoz, 1
= 4] 2716

It can be written as X2 = %Y

SN
N e

Here 4= %, focus of (1) is given by

X=0,Y=ai1e,X=0,Y=1/8

1 1 1

= x+—-=0,y+—=—
4 8 8

= x=-—,y=0

1
i.e., focus of given parabola is (‘Z’ 0)

. (d) Let y = 3x, then (3x)>= 18x

= 9%x?=18

= x=2andy=6

or

Verification method. In option B, C and D,
ordinate is three times its absciassa but only
option D is satisfied its parabola.

10.

11.

and focus) is x = 2 i.e., a line parallel to y-axis.

Hence parabola is opening downwards its

equation is (x — h)*> = —da(y — k)

= x-2rP=-4Q¢-(-1)
(x-2=-8(y+1),

ie, x*—4x+8+12=0

(d) Here, %=t andx—-2=1¢

Eliminating ¢ from both equation we find
parabola.

= (x—2)=(%J =y*=4(x-2)

(c) Area =%(12><3)=18 sq. unit

(¢) Focus = (5, 0). Therefore, latus rectum =
4a = 20.

(b) Since y-axis is its axis therefore the equa-
tion of the parabola x* = 4ay also parabola
passes through given point

16=-8a
= a=-2

Latus rectum = |4a| =8

(d) *." Directrix of parabola isy =2
oa=-2
Required equation of parabola is x> =
—42)y
= x*=-8y

(a) "." Focal chord of parabola y*=ax is 2x —y
-8=0
This chord passes through focus ie.,

(ﬁ, OJ
4
2.%—0—8:0:a= 16

Directrix is x = 4
= x+4=0
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12.

13.

14.

15.

16.

17.

(b) If two ends of the latus ractum are given,
then two parabolas can be drawn either on left
side or right side of a latus rectum.

@@+2Y==2y+7+4
R (x+2>2=—2(y-%J

1)
2

(c) For focus (x, y), (x +3,y—2)=(5,0)

(. 4a=20)(x, y)=(+2,2)

Hence, vertex is (

L e _ (-arl)
@) (2at,-2at)) (at;-at})
Asfocusie., (a, 0)liesonit,

—2at a(l-1
. __a(-8)

2a(t,—1,) a(t,— 1)1, +1)
42
= —t2=—(l )
(6 +1)

= --tt,=1-t
> tt,=-1
or

Equation of the chord joining given two point

is
t+t, )
N y=x+att,;

it passes through (g, 0), then O =a + at t,

> tt,=-1

(¢) Semi-latus rectum is harmonic mean bet-
ween segments of focal chord of a parabola.

b= 2ac

a+c
= a,b,careinHP

(d) We now that distance between latus rec-
tum and the tangent at the vertex is a and
length of LR. is 4a

12- 8

\/— distance

between two parallel hnes)

LR =4a=4x—t =847

J2

18

19.

20.

21.

. () o=

at’+a b= 2at+0
2’ 2

= 20=at*+a,at=p

2
200=a.—~+a or 2aa=p*+a’
a

The locus is ¥ = -2 x-2
e locusis Y 2 2

- _ _a
=4b(x b),(b 2]

Directrix is (x—b) + b=0o0rx =0.
k 8
(c) The parabola is ¥’ =4.— x—— |.
4 k
Putting y = Y,x—%: X, the equation is Y=

4.£.X.
4

The directrix is X +§ =0,

ie., x—§+£=0‘

k 4

. . . 8 k

But x —1 =0 is the directrix. So, ;—Z =1
= k=-8,4
(a) The given equation of the parabola is
xX+8y—2x=17
= x*-2x+1=8-8

S>x-1=4x2(1-y)

= x-1P=-4xQ)py-1

> X’=-ay

where, X =x—-1,Y=y-1

Hence, the equation of the directrix of the pa-
rabola will be

Y=a=y-1=2[Y=y-1]..y=

(a) Given parabola is x>+ 8x + 2y + 8 =0
= x>+8=-2y-8

= (x—4P=-20-4)

> X*=-2

vertex is (0,0),X=0,x+4=0

= x=-4

and Y=0,y-4=0

= y=4 Vertex is (4, 4)



2
22. (a) The given curve is y=—x7+x+l or

(x — 1)*=— 2(y — 3/2) which is a parabola, so
should be symmetric with respect to its axis
x—1=0.

23. (d) Point of contact be (h, k)
k=h+2,k=8h
Eliminating k, (h + 2)*= 8h
h*—4h+4=0
h=2,k=4
(2, 4) is point of contact.

24. (a) Length of chord = VP

P

Equation of chord y = (tan 6) x,

put into y* = 4ax to get point of intersection
as (4a cot? 6, 4a cot 6) and (0, 0)

Hence, length of chord

= J(4acot’ 8- 0)* +(4acot 6 —0)*

=4acotB+/cot’0+1 =4acot0 cosec 0
= 4q cos 0 cosec? 0

25. (d) Equation of a parabola, whose vertex and
focus are on the x-axis at a distance a and b
from origin respectively.

ST
3
>

P(x,y)

X7 0(0,0)5 A@0) Sb0) X

Let O, A and S be the origin, vertex and focus
of parabola respectively then O4 =a, OS=b

Parabola 1 E.23

Coordinates of S are (b, 0)
Let k%' be the directrix. Suppose SA pro-
duced meets the directrix at z. Let the coordi-
nates of z be (x, y,), then

x'+b=a and y'—;o=0

x,=2a-bandy =0

So the equation of directrix kk' is x = x, if

x=2a-b

Let P(x, y) be any point on the parabola then

SP=PM =.J(x-b) +(y-0)’ =x, But x, =

2a+b

= (x-bR+(@-02=(x-2a+by=
[(c—b)—2(a-b)]

= (x=byY+y*=(x-b2+4a-b)*—4(x-
b)(a-1b)

= y'=4a-blla-b)-(x-b)]

= y*=4a-b)(a-x)=4b-a)(x—a)

26. Let equation be x> = 4ay

\{6,_3)

6°=—4a3=>a=-3
Equation is x>=—12y

27. ©mg,,.my,= -1

Hl.\)

2 =-ltt,=-4
1 t2

P, 2t)

Q> 2t)
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[+
Mid-point of PQ(h,k)= > SOt

2 2
1+,
K=t +t,,h=""-"-=%

28.

k* =t} +1 +2tt, (squaring)
K=2h+2(-4)ory*=2x-8

(a) Focal distance = 4 (a +x ) = 4

a= % =3;(x,, »,) is point on hyperbola.

x, =1

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The latus rectum of the parabola y* = 5x + 4y

+1is [PET-96]
(a) 5/4 () 10
© 5 () 52

. Which of the following points lie on the
parabola x? = 4ay [RPET-2002]
(@) x=at*,y =2at (b) x=2at,y=at
(©) x=2a%,y=at (d) x=2at,y = at*

. If the parabola 3 = 4ax passes through (3,2)

then the length of its latus rectum is
[DCE-1998]

(b) 4/3

@) 4

(a) 2/3
() 173

. Equation of parabola whose focus is (-3, 0)

and directrix is x + 5 =0, will be

[NDA-2002; MP PET-2007]
(b) X*=4@y—4)
@y =4x-4)

@ ¥ =4 +4)
© ¥ =4x+4)

. Vertex of the parabola y*+ 2y + x = 0 lies in

the quadrant [PET-89]
(a) First (b) Second
(¢) Third (d) Fourth

. The focus of the parabola y* = 4y — 4x is
@ (0,2) (®) 1,2)
© 2.0 @ @D

. Focus and directrix of the parabola x*> = — 8ay
are [RPET-2001]

(@) (0,-2a)and y =2a
() (0,2a)and y =-2a
(©) (2a,0)and x =-2a
(d) (<2a, 0)and x = 2a

. The end points of latus rectum of the parabola
x2=4qy are [RPET-1997]

10.

11.

12.

13.

14.

(@) (a, 2a), 2a,—a)
() (—a, 2a), 2a, a)
©) (a, -2a), (2a, a)
(@) (2a, a), 2a, a)

The focus of the parabola 4y — 6x — 4y = 5 is
[RPET-97]

(b) (-5/8, 1/2)

(d) (5/8,-1/2)

(a) (-8/5,2)
(©) (172, 5/8)

y?—2x — 2y + 5 = 0 represents:

(a) Acircle whose centre is (1, 1)

(b) A parabola whose focus is (1, 2)

(c) A parabola whose directrix is x = 3/2
(d) A parabola whose directrix is x = —1/2

If the axis of a parabola is horizontal and it
passes through the points (0, 0), (0, —1) and
(6, 1), then its equation is

@) y*+3y-x-4=0

®)y*+3y+x-4=0

©) y*-3y-x—-4=0

(d) None of these

The equation of a circle passes through the
vertex and the extremities of the latus rectum
of the parabola y* = 8x is [PET-1998]
@ x*+y2+10x=0 (b) x2+3>+10y=0
©) x*+y*=10x=0 @ x*+3y*-5x=0

The length of the latus rectum of the parabola

x*—4x -8 +12=01is [PET-2000]
(@ 4 () 6

©) 8 @ 10

The equation of the directrix of the parabola
y'+4y+4x+2=0is [IIT-2001]
(@) x=-1 b x=1

-3 3
C) X=— d) x==—
© 5 () >



15.

16.

17.

18.

19.

20.

21.

22.

The focus of the parabola y> —x -2y +2 =10

is [MPPET-2005]
(a) (1/4,0) () (1.2)
(©) (5/4,1) (d) (3/4,512)

The curve described parametrically by x = 2 +
t+1,y=¢—1t+ 1 represents [IIT-1999]
(a) a pair of straight lines

(b) an ellipse

(c) aparabola

(d) ahyperbola

Let a focal chord of parabola y* = 16x cuts it
at points (f, g) and (b, k). The f. h is

[Orissa JEE-2007]
(a) -8 ) -16
©) 16 (d) None of these
The directrix of the parabola y*+ 4x +3 =0 s
[VITEEE-2008]
4 1
a) x——=0 b) x+—=
@) 3 (b) 2
3 1
c) x——=0 d) x——=0
© 2 () 2

A parabola has the origin as its focus and the
line x = 2 as the directrix. Then the vertex of

the parabola is at [AIEEE-2008]
@ (2.,0) (®) 0,2)
(© 1,0 @ O,

The length of the latus rectum of the parabola
whose focus is (3, 3) and directrix is 3x — 4y —

2=0is [UPSEAT-2001]
(@2 ® 1
(c) 4 (d) None of these

If a double ordinate of the parabola y* = 4ax
be of length 8a, then the angle between the
lines joining the vertex of the parabola with
the ends of this double ordinate is

(a) 30° (b) 60°

(c) 90° (d) 120°

The vertex (V) and focus (S ) of the parabola
X+4x+2y-7=0 [MPPET-90]
(@) V(=2 11/2), 8(=2, 5)

(®) 1(2,-11/2), 8(2,-5)

23.

24.

25.

26.

27.

28.

29.

Parabola 1 E.25

() 1(2,11/2), 82, 5)
(d) (=2, -11/2), 8(=2,-5)

The ends of latus rectum of parabola x* + 8y =
0 are [PET-95]
(@) (4,-2)and (4, 2)

(b) (4,-2) and (-4, 2)

(©) (4,-2)and (4,-2)

(d) (4,2)and (-4, 2)

The parabola 3* = x is symmetric about
[Kerala (Engg.)-2002]

(a) x-axis

(b) y-axis

(c) both x-axis and y-axis

(d) Theliney =x

Let P be the point ( 1, 0 ) and Q a point of the
locus y* = 8x. The locus of the mid-point of
PQ is [AIEEE-2005]
(@) x>+ 4y +2=0 (®) x>~ 4y+2=0
©) y*—4x+2=0 (d)y*+4x+2=0

The parametric equations of the curve y*= 8x
are

@ x=y=2t
©) x=2t,y=48

®)x=2¢,y=4t
(d) None of these

The locus of the middle points of the chords
of the parabola 3 = 4ax which passes through
the origin is

[RPET-97-UPSEAT-99]
(@) y*=ax (b) y* = 2ax
(¢) y*=4dax (@) x*=4day

The equation of the parabola whose focus is

(3, —4) and directrix 6x — 7y + 5=0 s
[MPPET-2008]

(@) (7x + 6y)*—570x + 750y + 2100 =0

®) (7x + 6y)* + 570x — 750y + 2100 =0

(©) (7x —6y)*—570x + 750y + 2100 =0

(d) (7x — 6y)* + 570x — 750y + 2100 =0

The equation x>+ 4xy +3? +2x + 4y +2 =0
represents

(a) An ellipse

(b) A pair of straight lines

(¢) A hyperbola

(d) None of these
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

. The test is of 17 minutes.
. The worksheet consists of 17 questions. The

maximum marks are 51.

. Use Blue/Black Ball point pen only for writing

particulars/marking responses. Use of pencil is
strictly prohibited.

. The directrix of the parabola x> — 4x — 8y +12
=0is [Karnataka CET-03]
(@ x=1 ®) y=0
(©) x=-1 @y=-1

. If the parabola 3 = 4ax passes through (-3, 2),
then length of its latus rectum is
(a) 2/3 ) 173
(c) 4/3 @) 4

. The coordinates of the extremities of the latus

rectum of the parabola 5y* = 4x are
@) (1/5,2/5),(=1/5,2/5)

®) (1/5,2/5), (1/5,-2/5)

(©) (1/5, 4/5),(1/5,-4/5)

(d) None of these

. The focal distance of a point on the parabola

y? = 16x whose ordinate is twice the abscissa,
is

(@ 6 () 8
() 10 @ 12

. The length of latus rectum of the parabola 4>
+2x-20y+17=0is [PET-1999]
(@3 () 6
©) 12 @ 9

. Equation of the parabola with its vertex at

(1, 1) and focus (3, 1) is [KCET-2001, 2002]
(@) x=1y=8y-1)
®) ¢-1y=8x=3)
© ¢-1y=8x-1)
) x=3y=8p-1)

If the vertex of the parabolay = x> — 8x + ¢ lies
on x-axis, then the value of ¢ is
(a) -16 (b) -4
() 4 @ 16

8.

10.

11.

12.

13.

14.

15.

2

The equations x=—, y = 7 represents

L
4 b
(a) A circle

(c) An ellipse

(b) A parabola
(d) A hyperbola

The equation of the line joining the vertex of
the parabola 32 = 6x to the points on it whose
abscissa is 24, is
(@) y+x2x=0
©) x+x2y=0

®)2y+£x=0
@) 2x+y=0
The latus rectum of a parabola whose directrix
isx +y—2 =0 and focus is (3, —4), is

@ -32 ®) 32

© =342 @ 312

The focus of the parabola x> + 2y + 6x = 0 is
[MPPET-2004]

@ (3.4 ®) 3.4

© G4 @ (3,74

The curve described parametrically by x =2 +
2t -1,y = 3t + 5 represents

[VIT-2007]
(a) an ellipse
(b) a hyperbola
(c) aparabola
(d) acircle

The equation of the axis of the parabola

x2—4y+8=0,is [NDA-2002]
@y=0 ®)y=2
©x=0 @x=2

For the parabola y*— 8y —x + 19 =0 ; the focus
and directrix are [NDA-2002]
13 11

—.,4 =—

(a) 7 J and x 2

19 8
(b) 7’ andy=7

7
©) §,3J andy=9
@ (6,3)andx=7

Equation of the directrix of the conic x* + 4y

+4=0is [Kerala PET-2008]
(@y=1 ®) y=-1
(©y=0 @x=0



16. If (2, 0)is the vertex and the y-axis is the direc-

Parabola 1 E.27

17. The focus of the parabola x*> = —4y is

trix of a parabola, then where is its focus? [MPPET-2009]

[NDA-2006] @) (1,0) ®) (-1,0)
@ (0,0) (®) (-2,0) © O, @ (0,-1)
© 4,0 @ (-4,0)

ANSWER SHEET
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HINTS AND EXPLANATIONS

9. (b) Let, (24, y)) be a point on parabola y* = 6x
Pointis y*=624 =>y=+12

Pa.y,)

R

Here, P and Q are point (24, 12), (24, -12)

. +12-0
Equation OP and OQ are y = x
24-0
2y+x=0
12. x=£+2te-1 )
y=3t+5o0r t=yT_5

Put in (1) x=(yT_5J +2(yT_5J=_l

y?—4y — 14 = 9x which is parabola.

16. Origin is point of intersection of axis and
directrix.

2.0

|
0.0 S(a, B)

y=0

Let, S(o, p) be focus mid-point of OS =V

o+0 B+0)_ -
( 5 J-(z,m (0, B)=(4,0)

17. (d) Given equation of parabola is x> = — 4y
Here, a=-1
Focus is (0, -1)






LECTURE

Parabola 2

BASIC CONCEPTS

1. Position of a Straight Line with Respect to a
Parabola)

1.1 If straight line y = mx + ¢ is a chord to the pa-

rabola y* = 4ax then ¢ > mc and length of the

chord cut on the line = iZ\I(aZ —mea)(1+m?)
m

NOTES

1. The length of the chord of the parabola y? = 4ax
through vertex and making angle 6 with axis of
the parabola is
= 4 acos 6 cosec?d = 4a cot 6 cosec 6.

2. The length of the focal chord of the parabola
y*=4ax making angle 6 with axis of the parabola
is = 4a cosec? 0.

3. Circle described on focal chord as diameter
touches directrix.

4. The equation of the chord of the parabola y* =
4ax if mid-point of the chord be P(x, y) is yy, —
2a(x +x)) = y* - 4ax,

5. Diameter of a Parabola
Diameter of a conic is the locus of mid-
dle points of a series of its parallel chords.
The equation of the diameter, bisecting
chords of slope m, of the parabola y? = 4ax is

2a

3
m

) a 2a
Vertex of Diamater: 4| —,—
m- m

b
T |
a 2a\| ALT] m
(52)
m?’ m
X'< P(h.k) =X
\\
v O
YV

6. Angle subtended by a double ordinate of length
8a at the vertex is 90° .

1.2 If straight line y = mx + ¢ is a tangent to the
parabola y* = 4ax then ¢ = a/m.

NOTES
1. Gradient form of the TANGENT: For all values

. . a .

of m straight line y = mx + — isa tangent to the
m

parabola y* = 4ax and the coordinates of the point

2
of contact are i,—a .
m m

2

2. If Ix + my + n =0 be a tangent to the parabola
y*= 4ax then nl = am? and the coordinates of the

point of contact are (?, —ZIam J
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3. If straight lines Ix + my + n =0 and xx, = 2a (y
+y,) be indentical then X1 _ ~2a _2a), apq
/ m n
—2al n
X == SN =
m
4. If straight line Ix + my + n=0 be a tangent to the
parabola x*>= 4ay then nm = al*and coordinates

) 2al n
of the point of contact are: »—
m

m
5. The equation of tangent to (y — k)*= 4a (x— h)

may be given as: y—k= m()c—h)+i .
m
6. The equation of tangent to (x — h)* = 4a(y — k)
may be given as: x—h= m(y—k)+£‘
m

7. Equation of the tangent to the parabola at vertex
is obtained equation the lowest degree term to
Zero.

1.3 The straight line y = mx + ¢ lies outside the
parabola y* = 4ax i.e., both are separate (i.e.,
they both neither touch nor intersect) if a <mec.

2. Parametric Form The equation of the tangent
to the parabola y* = 4ax at the point #(af?, 2af)
isty=x+af

2.1 The point of intersection of tangents drawn
at two different points of contact P(at,?, 2at,)
and Q(at,’, 2at,) on the parabola y* = 4ax is R
= (att,a(t, +1))

Point of intersection of tangents to the parabola
y*=4ax taken in pair at point ,, ¢, and ¢, are [at,
t,,a(t, +1)]

[att, a(t, + 1)), [at,t,, a(t, + 1))

Y
Slope :l

P(at?, 2at))
(at, t, a(t,+ t,) R

Slope :1 Q(at?, 2at,)

2.2 Angle between tangents at two points P(at,*, 2at,)
and Q(at?, 2at,) on the parabola y* = 4ax is

2.3 The G.M. of the x-coordinates of P and Q (i.e.,
. /atf X at22 = att) is the x-coordinate of the
point of intersection of tangents at P and Q on

the parabola.
2.4 The AM. of the y-coordinates of P and Q
(i.e., M =a(t + tz)J is the y-coordinate

of the point of intersection of tangents at P and
Q on the parabola.

2.5 The orthocentre of the triangle formed by
three tangents to the parabola lies on the
directrix.

3. Equations of Normal in Different Forms

3.1 Cartesian form The equation of the normal
to the parabola = 4ax at a point (x, y) is
Y=n =_A(x_x1)

2a

3.2 Parametric form The equation of the normal
to the parabola y* = 4ax at the point (af*, 2af)
isy + tx=2at + at’.

3.3 Slope Form The equation of the normal to the
parabola 3? = 4ax in terms of slope ‘m’is y =
mx — 2am —am?® .

NOTE

The coordinates of the point of contact are (am?,
—2am).

3.4 Condition for normality The liney =mx +cis
a normal to the parabola 3 = 4ax if ¢ = — 2am
—am?®.

3.5 Point of intersection of normals
The point of intersection of normals drawn
at two different points of contact P(at?
2at)) and Q(at,’, 2at,) on the parabola y* =
4ax is

P(at?,2at,)

Q(at?,2at,)

2

R=[2a+a(t?+t>+1tt),-att,(t +1)]



3.6 If the normal at the point P(at > 2at ) meets
the parabola y* = 4ax again at Q(at?, 2at,),

then ¢, =—f,——.
tl

P(at?, 2at,)

Q(at2, 2at,)

NOTE
That PQ is normal to the parabola at P and not at Q.

3.7 If the normals at the points ¢,(at? 2at) and
t,(at?, 2at,) meet on some point of the parabola
y*=4ax, thentt, = 2.

3.8 Equation of normal to the parabola x> = 4ay at

. 2a
(xl,yl) IS y=y =_x_(x_x|)

1

3.9 Equation of normal to the parabola x2 =
4ay in terms of gradient is y =mx+2a+ iz
m

and coordinates of the feet of normals are:

—2a a
m  m?

3.10 Parametric equation of normal to the parabola
x> =4ay at t2at,, ar’) is x + yt = 2at + at’.

3.11 Area of the triangle formed by joining any three
points #(at?, 2at), t(2at?, 2at,) and t,(2at?,
2at,) on the parabolais a®(t, —t,) (t,—t,) (£, t).

3.12 Area of the triangle formed by the tangents to
the parabola y* = 4ax at the points £, £, and ¢, is

2

L (t,-1,)(t, - 1,)(t, - 1,) (Orthocentre of such

2
A lies on the directrix)
3.13 Area of the triangle formed by the normals to

the parabola y* = 4ax at the points ¢, £, and ¢,is
2

07([1 _tz)(tz _ts)(tz _tl)(tl +1, +t3)2

NOTE

Area of a triangle inscribed in a parabola is twice
the area of triangle formed by tangents at the ver-
tices of triangle.
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4. Number of Tangents Drawn from a Point to
a Parabola
Two tangents can be drawn from a point to a
parabola. The two tangents are real and dis-
tinct or coincident or imaginary according as
the given point lies outside, on or inside the
parabola.

5. Equation of the pair of tangents darwn from a
point P(x,, y,) to the parabola y* = 4 ax is SS| =
T?, where S=y* - 4ax, S, =y *—4ax and T =
»w,—2a(x +x)

Y
A
R
(X,Y,) / S(a,0)
IS :
Q
Y’

NOTES

1. Angle (a)between the pair of tangents drawn
from P(x,,y ) to the parabola y* = 4ax is given

1 \]yl2 —4ax,

by o =tan"
’ a+x,

2. Director circle of the parabola: x +a =0
(directrix)

6. Chord of Contact The equation of chord of
contact of a pair of tangents drawn from a point
P(x,, y)) to the parabola y* = 4ax is T = 0 where
T=yy —2a(x+x).

Q
P(x,.y,) < thord
(0]
contact
R

6.1 Length of the chord of contact of a pair of tan-
gents drawn from point P(x,, y,) to the parabola

y?=4daxis = \/(y'z +4a2)(yf —dax,)

a
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6.2 Area of the triangle formed by the tangents from
the point P(x,, y,) to the parabola y = 4ax and
their chord of contact is

L(yIZ _4axl)3/2
2a

7. Chord with a Given Mid-Point
The equation of the chord of the parabola y* =
4ax with P(x , y)) as its middle point is given
by T=S,.
where, T=yy —2a (x+x)and S, =y >~ 4dax.

P

R(X, ¥,)
Q

8. Pole and Polar Let P be a given point. Let a line
through P intersect the parabola at two points
A and B. Let the tangents at 4 and B intersect
at Q. The locus of point Q is a straight line
called the polar and point P with respect to the
parabola and the point P is called the pole of the
polar.

A
P ¥,)

9. Equation of Polar of a Point The polar of a
point P(x, y,) with respect to the parabola y* =
4ax is T = 0 where, T = yy, — 2a(x + x,).

9.1 Remarks (i) Polar of the focus is the directrix.

(ii) Any tangent is the polar of its point of
contact.

(ii1) Pole is a given line Ix + my + n =10

with respect to the parabola y* = 4ax is

E—Zam
o)

(iv) Pole of the chord joining (x, y,) and

oy s (M,yﬁyzj
22 4a 2

(v) The point of intersection of the polars of
two points Q and R is the pole of OR.

(vi) If the polar of P(x,, y,) passes through
Q(x,, ¥,), then the polar of Q will pass
through P and such points are said to be
conjugate points.

(vii) If the pole of a line ax + by + ¢ = 0 lies
on the another line @, x + by + ¢, = 0
then the pole of the second line will lie
on the first and such lines are said to the
conjugate lines.

(viii) The locus of pole of focal chord of the
parabola y* = 4ax is the directrix.

10. Some Important Points Connected with Two
Parabolas y* = 4ax and x> = 4by.
10.1 Points of intersection of two parabolas
10, 0) P(4a"? b*?, 4a™3, b'7).
10.2 Angle between two parabolas at (i) (0, 0) is
90°
(11) P(4al/3 b2/3’ 4a2/3 b1/3) iS
1/37.1/3
0= tan_l(—z(ji beIS) ]

(iii) fora=b, O=tan" %, x*=a(y—3a),y*=

a(x —3a)
10.3 Equation of the common tangent of two parabo-
lasisa?x + by +a?* p**=0
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SOLVED SUBJECTIVE PROBLEMS (X1l BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THETOPIC

1. Find the equation of tangent to the parabola

y? = 4x + 5 which is parallel to the line y =
2x + 7.

Solution

Any line parallel to given line is y = 2x + A. If
it is a tangent to the parabola then it will meet
it in two coincident points.
Eliminating x.
LY =5=4x=22x=2(0y—-)N)
or y?—2y+2h—5=0.Its roots are equal
. B*-44C=0gives4-4(2L-5)=0
or 24=8A..A=3
. y=2x+ 3is the required tangent.
. Find the equation of the common tangent to
the parabolas y* = 4ax and x*> = 4by.

Solution

Any tangent to the parabola y* = 4ax is

y:mx+% ““““““““““““ D

If it is a tangent to the parabola x* = 4by
then it will cut it in two coincident points.

Eliminating y, we get x’ =4b(mx+ﬁj or

m
X -dbmx-4bL=0 2
m
The roots of (2) will be equal if B2—4A4AC =0
or 166'm*+18% _¢
m

s a al/}
or m =—;:‘m=—b17
On putting the value of m in (1), the equation

1/3 b1/3

of the common tangent is y = —bTx - aF

or ybl/3 + xal/S + a2/3b2/3 =0

3. Prove that the two parabolas 3 = 4ax and x> =
3al/3bl/3
1

4by intersect at an angle tan” m

Solution

Angle between two curves is equal to the
angle between the tangents at their common

point.
2
Solving the two, we get y = :—b from x* = 4by

Putting the value of y in 3* = 4ax, we get

4b

x =0 or 4a'*b** and hence y = 0 or 4a**b'?
Therefore, the points of intersection are (0, 0),
(4a'b¥3, 4a23p1).

But tangents at the vertex (0, 0) to the two pa-
rabolas are axes of x and y respectively and
angle between them is n/2. If the other point
be taken as (x,, y,) then tangents to the parabo-
lasareyy, =2a(x+x) ... )

2 2
(x_] =4ax or x(x*—64ab*) =0

T
xx, =2b(y+y) )
. _£_4a1/3b2/3 B L/S

Y 2b b

If 6 be the angle between the tangents, then

173
a 1
m —m b1’3(_5+2}
tanf=—1—2 = —
1+mm, 149
+b2/3

3a1/3b1/3
= 2(a2/3 +b2/3)
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SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. Three normals are drawn to the parabola y* =
x through point (a, 0). Then
[IIT-1991; Orissa JEE-2008]

@ a=172 () a=1/4
©) a>12 (d) None of these
Solution

(¢) Equation of normal in slope form on y* =
44xisy=mx —2Am —-Am* ... @)

e
(IR

= 4dmx-4y-m*-2m=0

" (a, 0) lies on the normal

So dmxa-4x0-m*-2m=0

= m(m*+2-4a)=0

= m=0orm?+2-4a=0

If m = 0, then from (i) y = 0 i.e., x-axis is one
normal
Ifm*+2-4a=0=>m?>=4a-2""m*>0

= 4a—2>0=>a>%

2. The tangent to parabola y? = 16x is perpen-
dicular to a line 3y —9x -1 =01is
[Orissa JEE-2008]
(®) 3y-x-36=0
(d) None of these

(@) 3y+x+36=0

©) x+y-36=0
Solution

(a) slope of given line = 3

slope of the tangent =— 1/3

(°." tangent is perpendicular to the line)
equation of tangent in slope form (m) on y? =

4ax is
y=m)c+ﬁ [here 3> = 16x]
m
1 4 1
=——x+—=—-—x-12
YIS
3

= 3y=-x-36=> x+3y+36=0

3. If a #0 and the line 2bx + 3¢y + 4d = O passes
through the point of intersection of parabolas
y?=4ax and x> = 4ay, then  [AIEEE-2004]

(@) &+ 2b-3¢)*=0
() &?+(3Bb+2c)*=0
©) &+ (2b+3c)*=0
d) #+Bb-2¢=0

Solution

(c) Points of intersection of given parabolas are
(0,0) and (4a, 4a). Equation of the line passing
through these points is y = x. Comparing it with
the given line, we have d = 0 and 2b = —3c.
= F+2b+3c)*=0

4. The angle of intersection between the curves
x?=4(y + Dand x*=—-4(y + 1) is

JUPSEAT-2002]
i i
a) — b) —
@ - ® -
i
c) 0 d) =
© @ 5
Solution
(c) Point of intersection = (0, —1); d_y =2
dc 4
and __2x
4

m=0,m,=0= 6=0°.

5. Show that the locus of a point such that two of
the three normals drawn from it to the parabola
2 = 4ax coincide is 27ay* = 4(x — 2a)’

Solution

Any normal to the parabola is y = mx — 2am
—am?

If it passes through the point (h, k), then
k=mh - 2am —am?

or am*+0m?>+mQa-h)+k=0 (D
Above is a cubic in m showing that there will
be three normals passing through the point
(h, k). If their slopes be m, m, and m, then m,

+tm,+m,=0 @)
mm,+mm,+mm = 2azh 3)

- - a
mmm =~<kla . O]
If two of the normals coincide, then m, = m,
..... ®)]



In order to find the locus of the point of inter-
section (h, k) we have to eliminate the three
quantities m,, m, and m, between the four
equations (2), (3), (4) and (5) m, + 2m, =0
from (2) and (5)

m =-2m, 6)
m(m,+m)+mm, = 2a=h by (3)
or  m(2my)+m; = 2a=h by (5)asm,=m,
or  (2m)@my)+mi =222 by 6)
h-2a
mi=—-— @)
3a

Again . mm’ = —E, by (4) and (5)
a

(-2mm, === by (6)

sk
m2=z

Now (m;)’ = (m;)’

h-2a) K
3a = 12 o 27ak* = 4(h - 2a)’

Hence, the required locus of the point (%, k) is
27ay” = 4(x — 2a)?

. If the three normals drawn at three different

points on the parabola y* = 4x pass through the
point (h, k), then prove that 2> 2.

Solution

For real values of m,m,,m;, Y m = +ive
or (2’”1)2 —ZE:mlm2 >0,y =4x..a=1

or 0—M>0 Puta=1
a

or (h—-2)>0..h>2

7. Normals are drawn at points P, Q, R lying on

the parabola y* = 4x which intersect at (3, 0).
Then [IIT JEE-2006]
(a) areaof APQR=2

(b) circumradius of A POR=5/2

(c) circum centre of A POR = (5/2, 0)

(d) All of the above
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Solution

(d) Any normal to 3 = 4x is y = mx — 2m — m?
If it passes through (3, 0), then 0 = 3m — 2m
—m?
= m*-m=0=> m=0,1,-1
PO, R=(m*,-2m),m=0,1,-1
P=(0,0),0=(1,-2),R=(1,2)

Now area of A POR = %[(1>< 2)—(=2x1)]=2

If (h, k) be circum centre, then

R+E=h-12+E+2?=h-1)>+k-2)

= 0=-2h+4k+5=-2h—-4k+5

= 2h-4k=5,2h+4k=5=>h=5/2,k=0
circum centre = (5/ 2, 0) and circum

radius = f2+0 =§
4 2

Hence all given option are correct.

. The equation of the common tangent to the

parabola y = x*> and y = «(x — 2)? is/are

[IIT-JEE-2006]
@ y=0 b)) y=4x+1)
©y=-4(x-1) @y=4kx-1)

Solution

(a,d) Equation of a tangent to y = x? is
1,
=mx—-—m- ... 1
y 2 @

Also equation of a tangent with slope m to y
=—(x-2)is

y=m(x—2)+%m2 “““““ ©))

If (1) and (2) are identical, then —%mz
=—2m+lm2
4

= m=0,4

Hence common tangents are y = 0 and
y=4x-4

. Find the locus of the point of intersection of

those normals to the parabola x> = 8y which
are at right angles to each other.  [IIT-1997]

Solution

Any normal to y* = 4ax is y = mx — 2am — am®
Any normal to x*> = 4ay is obtained from
above by interchanging x and y.
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Normal to x*=8y, (a=2)isx=my —4m
—2m?
If it passes through (h, k) then h = mk — 4m
-2m?
or 2mP+O0Om*+m(4-k)y+h=0
Above shows that three normals will pass
through (h, k). If two of them are perpendicu-
lar then m,m, = —1.
But m m,m,=—h/2

-m =—h/2orm =h/2

Since, m, is a root of (1), it will satisfy it.
3
2 L +£{4—k)+h=0
8 2

or W+2(@l-k)+4=0
Locus of (h, k)isx*—2y+12=0

10. If two tangents drawn from a point P to the
parabola y* = 4x are at right angles, then the

locus of P is
[AIEEE-2010]
(@ 2x+1=0 () x=-1
) 2x-1=0 @x=1
Solution

Locus of P will be diectrix of parabola which
isx=-1
Hence correct option is (b)

1. The equation of the tangent to the parabola
y = x* —x at the point where x = 1, is

[PET-92]
() y=—-x-1 b)) y=-x+1
©) y=x+1 @y=x-1
2. The line Ix + my + n = 0 will touch the parab-
olay? = 4ax, if
[MNR-77]
(@) mn=al ) Im=an?
©) In=am? (d) mn=al

3. The maximum number of normal that can be
drawn from a point to a parabola is

[PET-90]

(@0

(©) 2

®1
@3

11. Let A and B be two distinct points on the
parabola 3? = 4x. If the axis of the parabola
touches a circle of radius r having 4B as its
diameter, then the slope of the line joining 4
and B can be [IIT (1)-2010]

r r
© 2 @ 2
r r
Solution

(C.D) A(#],21), B(#,2t,)

2 2
. t+t
Centre of circle ( A +t2]
2

B y2 = 4x

A .42
C ( ‘2 2,t1+t2)

e

= |t,+t|=7r slope of 4B=

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

4. The point on the parabola y* = 8x at which the
normal is inclined at 60° to the x-axis has the
coordinates [PET-93]

@) (6,-4V3) ®) (6,443)
(© (-6,-4\3) @ (-6,43)

5. The straight line y = 2x + A does not meet the
parabola y* = 2x, if [PET-93, MNR-77]
1 1
a) A<— b) A>—
(@) 2 (b) 2
() =4 @ar=1

6. The line y = 2x + ¢ is tangent to the parabola

2 = 4x, then c is equal to [PET-96]
(@) -1/2 () 172
(© 13 @ 4



10.

11.

12.

13.

The equation of the tangent to the parabola
2= 9x which goes through the point (4, 10) is
[PET-2000]
®) 9x+4y+4=0
@) 9x—4y+4=0

(@ x+4+1=0
() x-4y+36=0

The normal to the parabola y* = 8x at the point
(2, 4) meets the parabola again at the point

[Orissa JEE-2003]
(a) (-18,-12) (b) (18, 12)
(©) (18, 12) (d) (18, -12)

The normal at the point (bt ?, 2b¢,) on a parab-
ola meets the parabola again in the point (bt,?,

2bt,), then [AIEEE-2003]
2 2
(@ L="4—— (b) L="H+—
t 1
2 2
() L=t—— @ L=4+—
t 1

1

The points of the parabola y* = 12x whose

focal distance is 4, are
@ (2.43).(2.\3)

®) (1,2v3),(1,-243)

© 1,2)
(d) None of these

The centroid of the triangle formed by joining
the feet of the normals drawn from any point
to the parabola y* = 4ax, lies on

[PET-99]
(a) Axis
(b) Directrix
(c) Latus rectum
(d) Tangent at vertex

Two common tangents to the circle x>+ 2=
2a* and parabola 3> = 8ax are

(AIEEE-2002)
) y==%(x + 2a)
@ y==%(x+ta)

(@) x=%(y +2a)
(©) x=%(+a)

Two equal parabolas have the same vertex and
their axes are at right angles. What is the angle
between the tangents drawn to them at their
point of intersection (other than vertex)?

[NDA-2004]
(@) % (b) tan' 2
© 3 @ tan"(%]

14.

15.

16.

17.

18.

19.

20.

21.
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The length of the normal chord to the parabola
2 = 4x, which subtends right angle at the ver-

tex is [RPET-1999]
(@ 63 (b) 343
© 2 @1

From the point (-1, —60) two tangents are
drawn to the parabola y? = 4x. Then the angle
between the two tangents is

[J & K-2005]
(a) 30° (b) 45°
(c) 60° (d) 90°

Equation of the chord of the parabola y* = 6x
which is bisected at (-1, 1) is

[EAMCET-96]
(@) y-3x=4 b)) y-3x+4=0
©) 3x-y=0 @ 3x-y=1

The equation of a tangent to the parabola y* =
8xisy=x+2

The point on this line from which the other
tangent to the parabola is perpendicular to the

given tangent is [AIEEE-2007]
(@ L) (®) 0,2)
© 2.9 @ (2,0)

Tangent to the parabola y = x*> + 6 at (1, 7)
touches the circle x> +3? + 16x + 12y + ¢ =0
at the point.

[IIT Screening-2005]
@ (-6,-9) (®) (-13,-9)
© 6,7 @ (13,7

If x + y = k is a normal of the parabola y*= 12x,
then k is equal to [IIT (Screening)-2000]

(@ 3 ®) 9

© -9 @ -3

The polar of focus of a parabola is
[RPET-99]

(a) x = axis

(b) y-axis

(¢) Directrix
(d) Latus rectum

Equation of any normal to the parabola y*= 4a
(x—a)is

@) y =mx —2am — am?

(b) y =m(x + a) — 2am — am?

© y=m()c—a)+i
m

(@) y =m(x —a) - 2am —am?
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22.

23.

24.

25.

1.

2.

Position of point (4, 3) with respect to the
parabola 4> — 6x — 4y =5 is

(a) Out side (b) Inside

(c) On the parabola (d) None of these

The value of C, for which the line y = 2x + C
is tangent to the parabola y* = 4a(x + a), is

[MPPET-2008]
3a

(@) a ®) >
Sa

(©) 2a @ -

The tangents drawn at the extremeties of a

focal chord of the parabola y?= 16x
[Karnataka CET-2008]

(a) intersect at an angle of 60°

(b) intersect at an angle of 45°

(c) intersect onx =0

(d) intersect on the line x +4 =0

The focal chord to y* = 16x is tangent to
(x — 6)* +y* =2, then the possible values of the
slope of this chord, are [IIT-2003]
@ {-1.1} ® {-2,2}
() {-2,1/2} @) {2,-1/2}

SOLUTIONS

(d) Equation of tangent at point (x,, y,)

y+y —_— x+x,
2 2

atx, =1y, =1°-1=0
. y+0 x+1
Equation is > =xx1- N

or y=x-1

(¢) y = mx + ¢ touches the parabola y* = 4ax if
a

C=—
m

-1
Ix+my+n=0or y=—x—£ touch
m m

y? = 4ax then o S m=am?
m.
m

26.

27.

28.

Angle between tangents drawn from the point
(1, 4) to the parabola y* = 4x is

[IIT scr.-2004]
(b) w/4
d) w2

(a) w6
(c) /3

The tangent PT and the normal PN to the
parabola 3? = 4ax at a point P on it meet
its axis at points 7 and N, respectively. The
locus of the centroid of the triangle PTN is a
parabola whose [IIT-2009]

2a
(a) vertex is (?, OJ
(b) directrix isx =0
(c) latus rectum is 27‘1
(d) focusis(a, 0)

The point of intersection of common tangents
to the conic 2(x* + %) = a® and )* = 4ax is the
focus of the parabola [MPPET-2010]
(a) x*=4ay

(b) x*=-4ay

(c) y*=—4ax

(d) y*=—-4a(x +a)

(d) "." Equation of normal is y = mx — 2am —
am?

It is cubic in m,

maximum number of normals = 3

(a) Point of contact (am?, —2am)
a=2;m=tan60°=\/§
point of contact (6, — 43 )

(b) If y = mx + ¢ does not meet y* = 4ax
a<mec or %<2.k=>k>%

®) c=£=>c=l
m 2



7. (c, d) Equation of tangent to the parabola

= mxt—
Y 4m

It pases through point (4, 10)

10=4m+i
4m
or 16m*—40m+9=0
16m*>-36m—4m+9=0
or 4m(4m—-9)—-(4m-9)=0

Wm-D(Am-9H=0>m= ,%

A=

Equation of tangent y = %+ 9

or —2x+l
7 4
x—4+36=00r9%—4y+4=0

8. (d) If normal at ¢, meets the curve again at ¢,

2
then ¢, =—t, ——

tl
Parametric point on parabola y* = 8x is
(217, 41)=(2,4) ort, =1
2
t2 = —1 - T = —3
other point (2£7, 4t,)

(2% (-3)% 4(-3) =(18,-12)

9. (a) Slope of normal at point ¢, = —¢,

2bt,-2bt,
2 P!
bt, —bt,
2 £
= =-
L+t,
= bL=-f-—

4

10. (b) Let point be (37, 6¢), focal distance = 4

3+32=4>t=% :
+ ’: =__
r 3

Point (1, +2+/3)

11. (a) Letm , m,, m, are slope of normal meeting
at (x, y)
y =mx — 2am — am?
am*+mQa—-x)+y=0
m +m,+m,=0,

Parabola 2 E.39

centroid is
2 2 2
a(m; +m; +m;) —2a
(—1 32 E 3 (ml+m2+m3)]

y coordinate = 0,
centroid lie on x axis.

12. (b) Equation of tangent to circle x> + 3 = 2a®

is
y= mxia,/2(1+m2) R

It is also tangent to y* = 4ax

a,/2(1+m2)=27a S>mt+m*-2=0

m+2)(m*-1)=0>m==1
Equation is y =+ (x + 2a)
13. (d) Let equation of parabola be y? = 4ax and
x* = 4ay

2
2
. . . X
For point of intersection on (4—] =4ax
a

= x=0,x=4a
Point are (0, 0) (4a, 4a) at (4a,4a) slope
of tangent to parabola y* = 4ax is

2a _2a 1, x, _4a
= = = 2:—:—:2
2a 2a

o m—m
Angle between them = tan™'| —L—2
1+mm,

1+2.l
2

=tan™' 3
4

14. (a) Letthe normal chord at ¢, intersect the chord
2t,-0_2t,-0
-0 % -0
1 2

again at £, MypMyg = -1

tt,=-4= tl(—t, —3]= -4
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15.

16.

17.

18.

P~
t(t2,2t,)

wg 2t)

-4
t,= ﬁ_ 2\/5; Point are =(2, 2\/5) and
(8,-4+2)

Length =+/(8—2)° +(~6+2)* =108 =643

(d) Equation of directrix to the parabola y* =
4xisx=-1
Point (-1, —60) lies on directrix,
Angle between 2 tangents = 90°
(a) Equation of chord T'= S,
w=3x+x) =y|2 —6x,
yx1=3(x=1)=1-6(-1)
= y-3x+3=7
y=3x+4
(d) Let point be (x,, y), .. y, =x, +2
tangent are perpendicular point will lie

on directrics
ie, x, =-2,..y,=-2+2=0Pointis (-2, 0)

(¢) Equation of tangent to the parabola y = x> +

6 at(l,7) ¥=x><1+6=>y+7=2x+12

(x,, y,)

= y=2x+50r2x-y+5=0
For point (x,, y,)
x+8_y+6 _ [28)-(6)+5
2 -1 22 +1
(xp y]) = (_67 _7)

19. (b) y = —x + k; is normal to the parabola

y?2=12x
k=-2am —am?=-2 x3 x (-1) = 3(-1)
k=6+3=9

20. (c) Polar of any point (x,, y,) to the parabola
y* = dax is yy, = 2a(x + x)); Here, (x, y)) =
(@ 0)
0 =2a(x + a) = x = —a is directrix.
21. (d) Equation of normal y = m(x — a) — 2am —
am®
22. (b)Put (4, 5) is equation 4.32-6.4—-43-5=
-5<0
Point is inside the parabola.

23. (dHerey=m(x+a)+ s equation of tangent
m

a a
y=mx+am+—, Here c=am+—
m m

a Sa
c=al2+—=c=—
2 2

24. (d) Let (h, k) be point of intersection

Equation of PQ is ky = 2a(x + h), it pass-
es through (g, 0)
h = —a, which lies on directrix,
x=-4.
25. (a) Focus of y* = 16x is (4, 0)
.. Equation of straight line isy — 0 = m(x — 4)
mx —y — 4m = 0, it is tangent to (x — 6)* +
y=2

6m—-0-4m

m+1

=2 (Distance from

centre = radius)

\/Em =m?+1

= Squaring we get m*+ 1 = 2m?
m ==l



2_4 2 _
26. (c) tan9=‘/y' i =\/4 4.1 =3
x +a 1+1
0="or60°
3
27. (a,d)G=(h k)
2
- h=2a+at ,k=£
3 3
3h-2a _%
= a 44
= required parabola is
%_(3):—241)
4a* a

3 2a
=—| x——
15

2_daf  2a
= vi=ox3

2a
Vertex =(T’ 0]; Focus=(a,0)

28.

Parabola 2 E.41

P(at? 2a)

\\N(Qa,at{O)
2

(c) Equation of tangent to x*+ y? =a7 is

y =mxi-%\,/l+m2
which is common to tangent of y* = 4ax i.e.,

a a > a
y—mx+m, S ﬁ\/1+m -
Solving m = 1
Equation of tangent is y = x + a and
y=-(+a

Point of intersection of both lines (—a , 0).

We know that focus of y* = — 4ax is (—a, 0)

T(=at?, 0)

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

. The line y = mx + ¢ touches the parabola
x? = 4ay if [MNR-73, PET-94]
(@) c=—am

) c=—alm

©) c=—am?

(d) ¢ =alm?

. If the tangent to the parabola y*> = ax makes
an angle of 45° with x-axis, then the point of
contact is [RPET-85, 90, 2003]

a a a a
@ (gagj ®) (zq)
a a a a
© (gqj @ (;a;]

. The line y =mx + 1 is a tangent to the parabola

2= 4xif [DCE-2000]
@ m=1 bym=2
c)ym=4 dm=3

4.

The point on parabola 2y = x* , which is near-
est to the point (0, 3) is

[J & K-2005]
(@) (£4,8) () (£1,1/2)
©) £2,2) (d) None of these

. If the angle subtended by a normal chord of

the parabola 32 = 4ax at its vertex is n/2, then
slope of the normal is

[PET (Raj.)-1999]
(®) -1
@2

@1
© 2

The equation of the normal to the parabola
2= 4ax at the point (a/m?, 2a/m) is

[PET (Raj.)-1987]
@) y=mx—2am — am?
(b) m*y =m> —2am*-a
(©) m*y=2am*—-xm*+a
(d) None of these
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7.

10.

11.

12.

13.

14.

15.

If 3x — 4y + 5 = 0 is a tangent to the parabola
2 = 4ax, then a is equal to
[Haryana (CEE)-1994]
(b) -5/4
(d) 473

(a) 5/4
(c) 15/16

. Two parabolas y 2 = 4x and x> = 4y intersect at

a point P other than the origin, such that
[Haryana (CEE)-96]
(a) their tangents at P make complementary
angle with x-axis.
(b) they touch each other at P.
(c) they intersect at right angles at P.
(d) None of these

. If x + y — a = 0 is a tangent to the parabola

y?—y + x =0, then its point of contact is

[Kerala (CEE)-2003]
(@) (a,0) (®) 1,0
(© O, @ ©,-1

The equation of the common tangent touching
the circle (x — 3)*+ )= 9 and the parabola y* =
4x above the x-axis is [IIT Screening-2001]

(@) By=3x+1 () By=—(x+3)
© VBy=x+3 @ By=-Gx+1)

The point of intersection of tangents drawn at

the end points of LR of the parabola y? = 4x is
[IIT-1994]

@ (2,0 () (-3,0)

© 1,0 (d) None of these

Tangents are drawn from the point (-1, 2) to
the parabola y* = 4x. The area of the triangle
formed by these tangents and their chord of

contact is [Roorkee-94]
(@8 ®) 842
(©) 83 (d) None of these

The equation of the tangent to the parabola
2= 4ax at point (a/f?, 2alt) is [RPET-96]
(@) y=xt*+a ®) y=x+ar®

©) y=tx=at @ y=tx+(@/d)

If the tangent drawn at any point P on the
parabola cuts directrix at K and if S is the
focus of the parabola then £ PSK is

(a) /3 (b) /4

() w2 @@=

The point of contact of the tangent to the

parabola y* = 4ax which makes an angle of
60° with x-axis, is

16.

17.

18.

19.

20.

21.

22.

23.

24.

) a/\3,a/3)
(d) None of these

@) (a/3,2a/\3)
(©) (a/f3,2a/3)

The point on the parabola y* = 8x at which the
normal is parallel to the line x — 2y + 5= 0 is
(@) (<1/2,2) ®) (1/2,-2)

©) (2,-1/2) @ (=2,1/2)

If the normal to the parabola y* = 4ax at the
point #(af?, 2at) cuts the parabola again at T’
(aT?, 2aT), then

(@) 2<T<2

() T € (o0, -8) U (8, ©)

() T*<8

@ 7%>38

Two perpendicular tangents to y* = 4ax always
intersect on the line, if

[Karnataka CET-2000]
(@) x=a ®)x+a=0
©) x+2a=0 d) x+4a=0

The equation of the locus of a point which
moves so as to be at equal distances from the
point (a, 0) and the y-axis is

@) y*-2ax+a*=0 () y*+2ax+a*=0
©) x*-2ay+a*=0 @) x*+2ay+a*=0

If the line y = mx + ¢ is a tangent to the parab-

olay?=4a (x + a) then ma+ 2 s equal to
m

@ ¢

(©) —

() 2¢
@) 3¢

If point (x, y,) is inside the parabola y* — 14x
+6y—12=0,theny’~ 14x + 6y —12is
(@ <0 (® >0

() =0 (d) None of these

Straight line y = 2x + 9 does not intersect
parabola y 2 = ax if
(@) a<l/4
©)a=0

(b) a<3/4
(d) None of these

Pole of straight line 3x + 5y + 7 = 0 with
respect to the parabola y* = 12x is

(@) (5/3,-8) (®) (5/3,-10)

(©) (=7/3,10) (@) (7/3,-10)

Locus of the middle points of the chords of
parabola y* = 8x if slope of the chords be 4
(@y=2 ®y+x=1
©y=1 dy=0



25.

26.

If one extremily of a focal chord of a parabola
y? = x is (4, -2), then the slope of tangent at
the other end is

(a) -1/4

() -4

(©) 1/4

@ 4

If the normal to y> = 12x at (3, 6) meets the

parabola again in (27, —18) and the circle on

the normal chord as diameter is
[Kurukshetra CEE-1998]

27.

Parabola 2 E.43

(@) x*+3*+30x+12y-27=0
(®) x> +3*+30x+ 12y +27=0
©) x*+3*-30x—12y-27=0
@) x*+3*-30x+ 12y -27=0

The line Ix + my + n = 0 is a normal to the
parabola y? + 4ax = 0, if

[MPPET-2010]
@) al(l>+2m*> +mm=0
(®) al(l* +2m*» =m™
©) alP+m*)+mm=0
(d) alQl* + m*» =2m"n
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 17 minutes.

The worksheet consists of 17 questions. The
maximum marks are 51.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. If line x = my + k touches the parabola x> =

4ay, then k is equal to [PET-95]
(a) a/m (b) am
(©) am? (d) —am?

. On the parabola y = x?, the point least distance

from the straight line y = 2x — 4 is

[AMU-2001]
(@ (1,1 (®) (1,0)
© (1,-1 @ (0,0)

. For the parabola y* + 4ax = 0 (a > 0), which of

the following is false?
[Haryana (CEE)-2000]
(a) Tangent at the vertex isx =0
(b) Directrix of the parabola isx = a
(c) Vertex of the parabola is (0, 0)
(d) Focus of the parabola is (a, 0)

. An equilateral triangle is inscribed in the

parabola y? = 4x one of whose vertex is at the
vertex of the parabola. The length of each side

of the triangle is [VIT-2006]
3 3

@ — ® 4=-

© 8@ @ g3

. P(2, 2) is a point on the parabola y* = 2x and

A is its vertex. If Q is another point on the
parabola such that PQ is perpendicular to AP,

then the length PQ is equal to  [NDA-2006]
@ V2 ®) 22
© 42 @ 6v2

. The point of intersection of tangents of the

parabola at the points ¢ and ¢, is [RPET-02]

10.

11.

12.

13.

(a) (atltz, a(l‘l + tz))
(b) att, a(t, +1))
(©) (Zatltz, Za(tl + tz))
(d) None of these

The line x — y + 2 = 0 touches the parabola
y? = 8x at the point [Roorkee-98]

(@) (2. -4) ®) (1,22)
© (4,-42) @ 2,4

The equation of a tangent to the parabola y*=
4ax making an angle 6 with x-axis is

(@) y=xcotO+atan6

(b) x=ytan 6+ acotd

(c) y=xtanO+acot6

(d) None of these

The equation of the common tangent of the
parabolas x*= 108y and y* = 32x is

(@) 2x+3y=136

() 2x+3y+36=0

(©) 3x+2y=36

(d) 3x+2y+36=0

The tangent to the parabola y* = 4ax at the
point (a, 2a) makes with x-axis an angle equal

to: [SCRA-96]
(a) #/3 (b) n/4
() =2 ) =/6

If x = my + ¢ is a normal to the parabola x>=
4ay, then the value of ¢ is
(a) —2am — am?® (b) 2am + am®

a

2a
© -———=
m m

@ 2449

m m
If y,, y, are the ordinates of two points P and
Q on the parabola and y, is the ordinate of the
point of intersection of tangents at P and Q,
then
(@) y,¥,y,are in AP
) y,y,,y,are in AP.
©) y,y,y,are inG.P.
@) y,y,,y,are in G.P.

If the line 2x + y + k = 0 is normal to the
parabola y* = — 8x, then the value of k will be
(a) -16 (b) -8
(c) 24 @) 24
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14. The angle of N between the curvesy*>=4x and | 16. If the tangent and normal at any point P of
x? = 32y at point (16, 8) and (0, 0) are a parabola meet the axes in T and G respec-
43 m L4 T tively, then [RPET-01]
@ tan” 2, > (®) tan” =, > (a) ST #5G =SP
(b) ST=SG #SP
© nZ @z (c) ST=5G =SP
2 22 ) ST=SG . SP
15. The condition for which the straight line y = mx s dy
+ ¢ touches the parabola y* = dax is [PET-97] 17. If for the parabola y* =4x, Z=l then the
(@) alc ) 2 _m abscissa of the point is  [Orissa JEE-2007]
c (@) -1 (®) 1
() m=a’c (d) m=ac* © 0 (d) None of these
ANSWER SHEET
LO®O T@OO BOOOD
20000 .@O®O® H4EOOO
3000 HOXOXOLO), 50000
4000 0.OO®O 16.@®OO
50000 LOEG®OO 7@®OO
I HOXOXOXO), 20O
HINTS AND EXPLANATIONS
2. (a) Least distance is along normal to the 1
_ : 1 tz’ P .
parabola and straight line mx2=-1;m = 71 S Let Q( 2 J be point
(m = slope of normal) Somyyom ==l
2
y=2x-4 aT=‘1=>f=—4

Slope of tangent at P=2=1¢
P(1, 1)

t
pe
2

(0.0)

P(2,2)
&
R
=0

y
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QE(E,-4JE(8,—4);

2

PO =,/(8-2)*+(-4-2)* =62

9. (b)x*=108y ............ 1) ,4a=108 = a=27
V=32 (i),4b=32=>b=8
Equation of tangent to parabola (1)
y=mx—am?ory=mx—27m*

Equation of tangent to parabola (2)
b 8
y=mx+—, y=mx+—
m m

8 -2
for common tangent —27m’> = — = m=—
m

Put in equation (1) y =_72x—27><g

> 2x+3y+36=0



LECTURE

Ellipse 1

BASIC CONCEPTS
PENEIETY PP T (| i S e e :_‘ﬂ
1. Standard forms 2 2 2 2
S4a=la>b Stir=lb>a
a a

Horizontal form of an ellipse Vertical form of an ellipse

X = _% X= % y = ble YZ directrix
B(O, b)
L
P(x, BC
T/ >t % |
2 A o LeenA |2 L'LS L
B 0)(_“' QGD . -
. X =|-ae X =|lae
v ' X.
M L A (0, 0)C PR
B'|(0, —b)
$'|(0, —be)
B
Directrix ;
y = -ble M

7
M

(i) Symmetry
(i) Centre

(ii1) Eccentricity

(iv) Vertices of major axis

(v) Length of major axis

(vi) Equation of the major
axis

Centre or both axes
0,0

b2
1-=

b’=a’>(l—e*)ore=
a

(Minor axis)®
(Major axis)

A' (—a, 0) and A(a, 0)

2a = distance between vertices
=A'A

y = 0 (horizontal)

Centre or both axes
0, 0)

2
a*=b*(l —-e)ore= I—Z—z

(Minor axis)’
(Major axis)

B(0, b) and B'(0, -b)

2b = distance between vertices
=BB'

x = 0 (vertical)
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(vii) Vertices of minor axis

(viii) Length of minor axis

(ix) Equation of minor axis

(X) Number of foci, direc-
trices, latus rectum and
focal radii

(xi) Focii

(xii) Distance between focii

(xiii) Equation of latus rec-
tum

(xiv) Ends of latusrectum

(xv) Length of latus-rectum

(xvi) Focal radii of point
P(x,y)
(xvii) Sum of focal radii of
point P(x,, y))
(xviii) Equation of
directrices

(xix) Distance between
directrices

(xx) Area
(xx1) Parametric equations

(xxii) Coordinates of
point 9
Here 0 is eccentric
angle point
(acos 0, b sin 0)

B(0, b), B'(0, -b)

2b = distance between vertices
= BB'

x = 0 (vertical)

02 (Ellipse is symmetrical about both

axes)
s'(—ae, 0), s (ae, 0)
or (i- a’ —bz,O)

s's = 2ae

x==xaqe
b? b? b?
a a a

%
a

atex,a—ex

2a = Length of major axis

2ale

nab
x=acos6,y=>bsin9
6 (a cos 0, b sin 0)

A(a, 0) and A'(—a, 0)

2a = distance between vertices
=A'A

y = 0 (horizontal)

02

5(0, be ), s'(0, —be)
or (O,i-\/b2 —az)

s's = 2be

y == be

24

b
b+ey,b-ey

2b = Length of major axis

b b
y=—-y= -
e
2ble
nab

x=acos6,y=>bsin0
6(a cos 6, b sin 0)

(xxiil) Auxilliary circle: A circle having centre same as that of centre of ellipse described on the major
axis as its diameter. e.g., Auxilliary circle of x¥a® + y*/b*=1 is x> + y* = a*.

(xxiv) Position of a point with respect to an ellipse: The point P(x, y,) lies outside, on or, inside the
ellipse x*/a* + y*/b* = 1 according as x,*/a* + y */b* — 1> 0, = or, <0.



1.1 Two ellipse are said to be concentric and uni-
form if ratio of their axis be same i.e., their
eccentricities are same.

NOTE

Major Axis: It is a straight line joining two foci.

1.2 Minor axis It is a straight line perpendi-
cular to the major axis passing through the
centre.

1.3 Centre: The point of intersection of major
axis and minor axis of an ellipse is called its
centre.

1.4 Distance between centre and focii = ae

1.5 Distance between centre and vertices = a

1.6 Distance between two vertices = 2a if major
axis is vertical

1.7 Distance between centre and directrix = a/e

1.8 Distance between latus rectums = 2ae

1.9 Distance between directrix and latus rectum

a
=——ae

e

2. The Ellipse

An ellipse is the locus of a point which
moves in a plane in such a way that its distance
from a fixed point (focus) of the plane bears
a constant ratio, which is less than 1, to its
distance from a fixed line (directrix) lying in

that plane. i.e., % = ¢ <] from the figure of

basic concepts

3. Ellipse Reducible to Standard Form Equa-
tion of the ellipse if the centre of the ellipse lies
at (h, k) and the equation of the majoraxis is
(1) Parallel to x-axis

(=h) (ybzk) o
a
b*=a*(1-¢>
(i1) Parallel to y-axis
=) 0=k

Ellipse 1 E.49

NOTE

If origin be translated at (b, k) then transformed

2 2 2 2
equationofM+M=l is X +Y__1
a’ b? a b

whereax=X +handy=Y + k

4. General Equation of an Ellipse
Equation of the ellipse having focus at (a, b)
and directrix Ix + my + n=01s
Erm){x-aP+@ +by}=e{lk+my+n}
where, 0 <e <1

5. Auxiliary Circle of the Ellipse
The circle drawn on major axis A4’ as diameter
is known as the Auxilarly circle.

Let the equation of the ellipse be — + y—z =1.
b

Then the equation of its auxiliary c1rcle is

s
v

x2+y?=a>
Let Q be a point on auxiliary circle so that ON,
perpendicular to major axis meets the ellipse at
P. The points P and Q are called as correspond-
ing points on the ellipse and auxiliary circle
respectively.

The angle ¢ is known as eccentric angle of
the point P on the ellipse.

It may be noted that the CQ and not CP is
inclined at ¢ with x-axis.

Q(a cos ¢, a sin ¢)
P(a cos ¢, b sin ¢)

NOTE

Relation between perpendicular distances of cor-
responding points on the ellipse and auxiliary circle
bsing b

from the major axis = —
asing a
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=" T FTgbiveD SUBIECTIVE PROBIEME T BOKRD (CBSESTATE):
= --FOBBETTER UNDERSTANRING AND CONCEPTBULDING OF THETORIC — |

1. Prove that the equation 4x> + > — 8x + 2y + 1
= 0 represents an ellipse. Find its eccentricity,
foci, equations of directrices and the length of
latus rectum.

Solution

Given equation is 4x>+3?—8x+2y+1=0
= 4x2-8x+)*+2y+1=0

= 4x-2x+1)+y*+2y+1=4

= 4x-1P+@+1yr=4

- (x—l)z+(y+1)2 -1

1 4 T m
As the origin moved through (1, —1) the x and
y becomes to X and Y.
x=X+1
y=Y-1
: X v
Equation (1) becomes T + e =1 ... 2

Here, a®> = 1, b> = 4 hence, equation (2) repre-
sents an ellipse of the form 5> a>  Proved.
Now, a*>= b*(1 —e?)

= l=4(1-&H=> l=l—eZ = e2=i
4 4

3
e =—
2
2
The length of latus rectum = 4 _ % =1

The coordinates of foci (0, £ be)
=(0,¢2.§J =(0,+/3)

X=0
x-1=0>x=1

and Y =43 . y+1=13 = y=13-1
Hence, the foci are (l,i-\/g -1.

4
Equations to the directrices y +1=*—
! 5
4
= y=t—F4-1
NE)

= \/§.y+\/§i4=0

2. Find the equation of the ellipse, whose eccen-
tricity is %, focus is the point (-1, 1) and
directrix is the line x —y + 3 =0.

Solution

Let P(x, y) be any point on the ellipse. Let S
be (-1, 1) and equation of ZM be x —y + 3

=0 )
Join S and P. Drawn PM L ZM
By definition, SP = ePM
M P, y)
2L L
5 S(-1, 1)
I
®
+
>
I
x
= SP*=e?PM?
2
= (x+l)2+(y—1)2=—(x_);+3)
= x*+)yP+2x-2p+2
X’ +y’+9-2xy+6x-6y
8
= 8[x*+y*+2x—2y+2]
=x>+3*+9-2xp+6x—-6y ... 2)

= Tx*+7P+10x- 10y +2xy+7=0
This is the required equation.

3. Find the equation of the locus of all points, the
sum of whose distances from (3, 0) and (9, 0)
is 12.

Solution

Let the variable point be P(h, k) and given
points are A(3, 0) and B (9, 0).
According to question, P4 + PB=12

= J(h-3)+(k-0)° +
J(h=9)* +(k—0)* =12
= ,/(h—3)2+k2 =12-J(h-9) +k>

= (h=-3)*+Fk

= 144-24 J[(h—97 + k% +(h—9) +k°
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= (h=3y-h-9 _, b-0 b-0_
=144 -24,[(h-9)* +K* O+ae O—ae
= (W*—6h+9)— (h*—18h+81) - b’ -
2 2
=144-24J(h-9)? + I —ae
= b*=a*er )
= 12h-72 =144-24\(h-9)* +k* But, b>’=a>(1 - €% .. a’*=a*(l — ¢?)
1
= h-6=12-2(h-9+k’ or e?=1-e’or2e*=1or ‘=7
= h-18=-2(h=9) +k* Given that: 2a =242
= 2J(h-9y+k =18-h Y4
= Ah-97+k]=(8-h) B(0, b)
=  4(h2+ k- 18h+81) =324 36h + I
= 4h*+ 4K —T2h+ 324 =324 - 36h + I . .
2+ 452 —T2h=— 2 < >
2 Serdageo |
. Locus of the point P(h, k) is 3x* + 4y* — '
36x=0 B
4. The coordinates of the foci of an ellipse are b
(2, 0) and (- 2, 0) and length of latus rectum vz
is 6, then prove that = a=v2 =g°=2
2e2+3e-2=0. From equation (1), B =ale =2x L =1
Solution 2
. . . xZ yZ
2h? 2h? Equation of an ellipse is S4e5=1
Length of the latus rectum = =—— = 6="— a b
a a 2 2
= b*=3a = XY
2 1

Distance between the foci = 2ae

= x2+2y'=2
=  J2+2)+(0-0)* =2ae = 4=2ae Y

= ae=2=a=2e 6. P;othve ﬂﬁi‘t the4p(;iit 9(12, 3)lli6es or; ‘t‘he+m6aljo_r z(i)xis
Again, b*=a*(1 —e?) = 3a=a*(1 - ¢&? ot the ellipse ax= oy — 1ox =%y e

= 3=a(l-¢) Solution
= 3= 2(1 —e?) Equation of the ellipse is 4x* + 9y* — 16x — 54y
€ +61=0
= 3e=2-2¢ =  (4x*-16x)+(9*-54)=-61
= 2*+3e-2=0. = 4x*-4x0)+ 937 -6y)=-61
2 _ + + 2 _ + =
5. If the lines joining the foci and the ends of = i(;l 3 gf H -6yt 9 =16

minor axis are at right angle, what is the = A(x—27+9—37=136

eccentricity? If length of major axis is 242, , , , ,

(Can N Clnk) SIS SIS S
9 4 9 4

Solution Wherex—2=Xandy-3=Y

Equation of the major axisis ¥ =0

= y-3=0=>y=3

Obviously, the point (1, 3) lies on the line

Given that: £ SBS" = 90° y =3 ie., the point lies on the major axis of

Slope of SB x slope of S'B=-1 the ellipse.

then find the equation of an ellipse. =

xZ yZ
Let equation of an ellipse be —-+ e =1
a
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7. Find the centre of the ellipse

2 2
(c+y=2' G-
9 16

Solution

(c+y=2 =D

Given ellipse is

16
Let, X=x +y—2and Y =x — 1, then equation
XZ YZ
of the ellipse be — + =1
9 16

For centre: X=0and Y =0
x+y-2=0andx-1=0
x+y-2=0andx=1
l+y—-2=0andx=1
y=landx=1

Centre of the ellipse is (1, 1)

Uyl

. If P be any point on the ellipse, C is its centre.
PN the perpendicular from it is the major axis,
A and A’ vertices, then prove that: PN* AN x
A'N:: b* >

Solution

Let P(a cos ¢, b sin ¢) be a point on the ellipse
L

+_
a v

YA
P(a cosd, b sing)

(-a, mw/*(a 0 X

PN=bsin ¢

and AN=CA-CN=a-acos ¢

A'N=CA'"+CN=a +acosd
PN* (bsin §)?

ANAN (a—acosd)(a+acosd)

and

__b’sin®¢ _b’sin’¢ _ b
a*(l-cos’9) a’sin’¢ o

So, PN* AN .A'N=b*: a% Proved.

9. An ellipse is described by using an endless

string which is passed over two pins. If the
axes are 6 cm and 4 cm. Find the necessary
length of the string and the distance between
the pins.

Solution

10.

Major axis of the ellipse =2a=6 =>a =3
Minor axis of the ellipse=2b=4=>b=2
Obviously, two pins S and S’ are foci of the
ellipse.
Let P be any point on the ellipse, then PSS and
PS' are focal length of the point P.

Length of the string = PS + PS'

= length of the major axis = 6 cm
Let eccentricity of the ellipse be e.
Then, b2=a*(1 —e?) >4=9(1 - &2

2

= i=l—e = e2=l—i
9 9

) S J5

=2 D e=—-—2
9 3

Therefore, distance between the pins = SS’ =

= e

2ae =2x3x§=2\/§ cm.

A man running round a race course notes
that the sum of the distances of two flag
posts from him is always 10 metre and the dis-
tance between the flag posts is 8 metre. Find
the area of the path he enclosed in m?

Solution

11.

Obviously, running path is an ellipse whose
foci are respectively two flag posts. Let major
axis is 2a, minor axis is 2b, eccentricity is e
and P is any point on the ellipse . Then accord-
ing to question, 2a = ps + ps' = 10

= a=5metreand 2ae=SS"=8 =ae =4

e=2_2 - p=a(1-¢&)

B ELA R -
25 25

= b =3 metre.
Required area = area of the ellipse = nab
= x5x3=15rm?2

An arch is in the form of a semi-ellipse. It is
8 m wide and 2 m high at the centre. Find the
height of the arch at a point 1.5 m from one
end. [NCERT]

Solution

The arch is in the form of a horizontal ellipse.
2 2

Its equation can be taken as x_2+y_=l

a b



12.

According to given conditionsa=4,b=2
2 2

(i) becomes % + )2}_2 =1

P(2.5, h)
uli : X

4m M

Let, M be the point on the base (major axis)
1.5 m from one end , i.e., at a distance of (4 —
1.5) m =2.5 m from the centre and let P be the
point on the arch vertically above M, then the
point (2.5, k) lies on (ii).

o(2.5) +4h’-16:>( J +4h* -16=16

= ap=16-2-Y =L
4 4 T x4
- =\/§=6.245=1.56
4 4

Required height of the arch at a point
1.5 m from one end = 1.56 m.

A rod of length 12 cm moves with its ends
always touching the coordinate axes. Deter-
mine the equation of the locus of a point P on
the rod, which is 3 cm from the end in contact
with the x-axis. [NCERT]

Solution

=

1.

Let / be the length of the rod and let at any po-
sition meet x-axis at A(a, 0) and y-axis at B(0,
b)so that >=a*+ b> = (12> =a*+ b~

Ellipse 1 E.53

(. 1= 12 is given)
Let P be the point on 4B which is 3 cm from 4
and hence. 9 cm from B.

This means that P divides [AB] in the ratio
3:9,1e,1:3.
If P = (x, y), then by section formula, we have

A 1:3 B
@0) P 0, b)

B

Ix0+4+3xa Ixb+3x0
(x,y)=
1+3 1+3

= x=%Ta and yzé

4
= a=% and b = 4y.

Substituting these values of a and b in (i), we
get
2
144 =(43—XJ +(4y)

x2 yZ
= 1=——+Z (Dividing by 144)
9%x9 9
2 2

or I+ y? =1, which is the required equa-

81
tion to the locus of P.

Y

A

P UNSOLVED SUBNECTIVE PREBLEMS (RN BOARD (CB S E/STATEN: ‘

TO GRASP THE TOPIC SOLVE THESE PROBLEMS

e e e ‘- - . e - <

e g oA o «mnon—wum.‘i
P v

Y -

Find the locus of the point whose distance

from (0, 4) is % times of their distance from

the line y = 9. Name the curve.

. Find the equation of the ellipse whose focus is

(1, -1), the corresponding directrix isx —y + 3

=0and e=—
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3. A rod PQ of length 16 units moves with its 9. Length of minor axis 16, foci (0, £ 6).
ends P and Q always touching x-axis and [NCERT]
y-axis respectively. Determine the equation of
the locus of a point K on [PQ] which is always
at a distance of 4 units from P.

10. Centre at (0, 0), major axis on the y-axis
and passes through the points (3, 2) and
1, 6).

4. An arch is in the form of a semi ellipse. It is (-0 [NCERT]
8 m wide and 2 m high at the centre. Find the
height of the arch at a point 1.6 m from the end. | 11. Centre at (0, 0), major axis on the x-axis and

passes through the points (4, 3) and (6, 2).

Directions 5-12 [NCERT]

Find the equation for the ellipse that satisfies the

given conditions: 12. Find the coordinates of the foci, the vertices,

the length of major axis, minor axis, the

5. Vertices (+ 5, 0), foci (+ 4, 0) [NCERT] eccentricity and the length of latus rectum of
6. Vertices (0, % 13), foci (0,+5).  [NCERT] the following ellipse:
Loxt oy
7. Ends of major axis (x 3, 0), ends of minor axis ® 25 + 100 =1
©.x2) INCERT] (i) 36x +4y% = 144
8. Length of major axis 26, foci (+ 5, 0)/NCERT] (i) 16x*+3°=16
ANSWERS
1. 9x'7+ 5y-7 = 180, ellipse 8 x_z_‘_y_2=l Minor axis = 10, e =+/3/2;
2.7(x* + ) + 2xy — 22x + 169 144 Latus rectum = 5.
—+ =
22{ 7 2 0 ¢y (i) F(0,£442): V=00,
3.5 4 Y 9. 6_4+@=1 + 6), Major axis = 12,
144 16
, , Minor axis =4, e = 2\/5/3 5
4 16m 10. 2.2 Latus rectum = 4/3
P 10 40
5. 240 (i) F(0,+15); V= (0, =
25 9 11. x*+ 42 =52 or ) )
s 4); Major axis = 8;
x2 y2 X y
6 -+ = —t—== Minor axis = 2, e=\/E/4;
144 169 2 13
Latus rectum = 1/2.
7 XL 12. () F(0,£475); V=0, %
9 4 10); Major axis = 20,

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. The equation 14x? — 4xy +11y*— 44x — 58y + (¢) Ahyperbola
71 = 0 represents: (d) A rectangular hyperbola
[BIT Ranchi-1986] | golution
(a) Acircle (b) Check A # 0 and 4 < ab.

(b) An ellipse A = abc + 2fgh — af* — bg* — ch?



Ellipse 1 E.55

2. The position of the point (4, —3) with respect If required height be A, then (2, ) lies on it.

to the ellipse 2x2 + 5)* = 20 is So 16+9hn2=381
(a) Outside the ellipse (b) On the ellipse J65 8
(c) On the major axis  (d) None of these = h= - 73 m (approx.)

Solution

(a) Since S, > 0. Hence the point is outside
the ellipse.

Note here that

S, =2x%+5y7-20,x
=2 x (4 +5 (-3)*-
=32+45-20
=77-20=57>0.

. In a model, it is shown that an arc of a bridge
is semi elliptical with major axis horizontal. If
the length of the base is 9 m and the highest
part of the bridge is 3 m from horizontal, the
best approximation of the height of the arc,

1=4,,‘y=_3

2 m from the centre of base is  [VIT-2006]
(@) 11/4m (b) 8/3m
©) 72m (d 2m

Solution

(b) Equation of the elliptical arc is
2 2
i + y_ =1
8 9

= 4x*+9*=281

4. A point is such that ratio of its distance from
a fixed point and line x = 9/2 is always 2 : 3.
Then locus of the point will be

[DCE-2005]
(a) Hyperbola (b) Ellipse
(c) Parabola (d) Circle

Solution
(b) Trick: Here x = 9/2 is directrix and in ques-
tion, PS = % PM (Given)

M

2x=_g 7 P(h, k)

S(=2, 0)

e = 2/3 <1 which can be eccentricity of
only a ellipse.

. — " — - e == = 5 u e =

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

————— e e e ez xo e e S —— e e [ U ——Y

1. If the latus rectum of an ellipse be equal to P
half of its minor axis, then its eccentricity is © o + o 1
[PET-91] ;3
x
(@) 3/2 ®) V32 @ o+ % =1
() 213 @ V273
. The centre of the ellipse 4x> + 9y* — 16x — 54y . The equation x_z + y_2 +1=0 represents
+61=0is [PET-92] 2-r r-5
@) (1,3) ®) (2,3) an ellipse, if
© 3.2 @ @G, D [PET-95; KCET-2008]
. The equation of the ellipse whose latus rectum (E) ;><2 <5
is 8 and whose eccentricity is 1/ﬁ , referred E ; S g
c)r

to the principal axes of coordinates, is

[PET-93]
xZ y2

a) 42 o

@ 18 32
2 2

® 42 o

(d) None of these

. The length of the latus rectum of the ellipse

9%+ 4y* = 1, is [PET-99]
(a) 32 (b) 873
(c) 4/9 (d) 8/9
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6.

10.

11.

12.

The eccentricity of the ellipse 25x* + 16y =

400 is [PET-2001]
(a) 3/5 () 173
(©) 2/5 (@ 1/5

If distance between the directrices be thrices
the distance between the foci, then eccentric-
ity of ellipse is
(@) 12

© 143

If the foci and vertices of an ellipse be (+ 1,
0) and (% 2, 0), then the minor axis of the

(b) 2/3
(d) 4/5

ellipse is
(@) 245 ®) 2
(©) 4 @ 23

An ellipse has OB as semi minor axis, F' and
F' its foci and the angle FBF is a right angle.
Then the eccentricity of the ellipse is

[AIEEE-2005 |
1 1

@) 1 (®) Nl

© — @ +
2 2

The eccentricity of an ellipse, with its centre
at the origin, is 1 . If one of the directrices is
2

x = 4, then the equation of the ellipse is
[AIEEE-2004; MP PET-2009]

(a) 4x*+3y*=1

(b) 3x*+ H?=12

(©) 4x2+3y*=12

(d) 3x2+ 4y*=

In an ellipse, the distances between its foci is
6 and minor axis is 8. Then its eccentricity is
[AIEEE-2006]

1
- b
@) > (b)

@

wilw wnls

1
C —
© 7
The equation of the ellipse whose foci are (£2,
0) and eccentricity is 1/2, is

[AIEEE-2002]
x2 y2 x2 y2
a) — 4+ =1 b) —+<-=1
@ 12 16 ® 16 12
2 2
©) ;_64.%:1 (d) None of these

13.

14.

15.

16.

17.

18.

2 2
P be avariable point on the ellipse x_z + Z_Z =1
a
with foci /| and FV,. If 4 is the area of the tri-
angle PF\F,, then the maximum value of 4 is

“““ [DCE-1996]
(a) ealb (b) ae.b
(c) ab/e (d) e/ab

2 2

Let E be the ellipse % + y? =1 and C be the

circle x> + y*> = 4. Let P and Q be the point

(1,2) and (2,1) respectively. Then
[DCE-1996]

(a) O lies inside C but outside £

(b) P lies outside both C and E

(c) P lies inside both C and E

(d) P lies inside C but outside E

The curve represented by the equation 4x” +
16)* —24x — 32y - 12=01is [MPPET-2005]
(a) aparabola

(b) a pair of straight line

(¢) an ellipse with eccentricity 1/2

(d) an ellipse with eccentricity B2

Equation of the ellipse whose foci are (2,2)
and (4,2) and the major axis is of length 10 is

[MPPET-2006]
@ (x+3)? . (y+2)? .
24 25
() (x—3)2+(y—2)2 -1
24 25
© (x+3)? . (y+2)? 1
25 24
@ (x—3)2+(y—2)2 -1
25 24

The foci of an ellipse are (0, £4) and the equa-
tions for the directrices are y = 9. The equa-
tions for the ellipse is

[MPPET-2006]
(@) 5x*+9H?=4
(b) 2x* - 6)* =28
(c) 6x*+3y?=145
(d) 9x*+5y*=180

IfP(x,y), F,=(3,0), F,=(-3,0) and 16x* + 25)*
=400, then PF| + PF, is equal to

[IIT-1998]
(@) 8
(c) 10

(b) 6
@ 12



19. The equation of a directrix of the ellipse

LS VIT:-2007,
16 25 0 ° [VIT-2007]
(@ 3y=5 ®y=5
(¢) 3y=25 @y=3

20. The radius of the circle passing through the

2 2

foci of the ellipse x_+y_ =
16 9

[MPPET-2008, 2010]
()3
() 72

1 and having its
centre (0, 3) is
(@ 4

(© V12

21. The parametric representation of a point on
the ellipse whose foci are (3, 0) and (- 1, 0)
and eccentricity 2/3is  [Kerala PET-2007]
(@) (1+3cosH, \/gsine)

(b) (1 +3cos 6, 5 sin 0)
(©) (1+3cos6,1+/5sin0)

(d) (1+3cos0, /5sin0)

22. The foci of the ellipse 25(x + 1)*+ 9(y + 2)*=
225 are at
[MNR-91; UPSEAT-2000; PET-98]
(@) (=1,2)and (-1, -6) (b) (=1,2)and (6, 1)
(©) (1,-2)and (1,-6) (d) (-1,-2)and(1,6)
23. The eccentric angles of the extremities of
2 2

latus rectum of the ellipse XY 21 are
a’ b

given by
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24. Area of the greatest rectangle that can be
2 2

inscribed in the ellipse x_z + Z—Z =11is
a

[AIEEE-2005; MP PET-2010]

(a) alb ®) ab
(c) ab (d) 2ab

25. The normal at a point P on the ellipse x2 + 43>
= 16 meets the x-axis at Q. If M is the mid-
point of the line segment PQ, then the locus
of M intersects the latus rectums of the given
ellipse at the points. [IIT-2009]

(a) (-Fﬁ +%J (b) [+i +£J
@ [+2\/_,¢4‘/_J

26. The line passing through the extremity 4 of
the major axis and extremity B of the minor
axis of the ellipse x2 + 9y% = 9 meets its auxil-
iary circle at the point M. Then the area of the
triangle with vertices at 4, M and the origin O

(©) (ﬁﬁ,i%]

is [IIT-2009]
31 29
il b) ==
(@ 0 () 0
21 27
il d) ==
© 0 @ 0

27. The ellipse x* + 4y* = 4 is inscribed in a
rectangle aligned with the coordinate axes,

of 4 ae o | be which in turn is inscribed in another ellipse
() tan —7 (b) tan i; that passes through the point (4, 0). Then the
equation of the ellipse is [AIEEE-2009]
(© tan[+2 @ tan[ £ @ @ +167=16  (0) X +1%2=16
ae be (c) 4x*+48)2 =48 (d) 4x*+ 64)2 =48
SOLUTIONS
2 2 2
1. (b) £= :>é=l:>b_2=l 3. (Q&: 8, e=L
a 2 a 4 a V2
2 =a*=64 ,b*=32
Hence, e= l—b_2=£. H . . . .
a D) ence, required equation of ellipse is
” ”_ 2 2
2. (b) 4(x —2)*+ 9(y — 3)*= 36. Hence the center X,y _
is (2, 3) 64 32
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2 2

- (b)

X +y +1=0
2—-r r-—
2 2
= SIS A
r=2 S5-r
Hencer>2andr <5
= 2<r<S5.
x2 y2
. (c) Given ellipse is 1 5+ 1 >=1
Here, b>a
1
2wt 2%y 4
Latus rectum =—= 9 =—.
b 1 9
2

2 2
. (a) f_6+;_5=1:>a2=b2(1—e2)

. (¢) Accoding to the condition, 2a_ bae
e

1
= e=—F.
V3
. (d)ae=1,a=2,e=1/2

= b= 4(1-%);/5

Hence minor axes is 2+/3 .

. (¢) £LF9BF=90°,F9B 1 FB

i.e., slope of (F' B) x slope of (FB) = -1

= ixL =-1,b’=a’¢
ae —ae

N

10.

11.

12.

2
We know that, e= l—b—2
a
a‘e’
= I-—=+V1-¢

a

e?=1-e%2e2=1, &*=

(b) Since directrix is parallel to y-axis, hence
axis of the ellipse are parallel to x-axis.

Let the equation of the ellipse be
2 2

X
?+Z—2=1,(a>b)

Also, one of the directrices is x =4
= a =4
e

= a=4e=4.l=2; b2=3a2=§.4=3
2 4 4

2 2
Required ellipse is %-‘. y? =] or3x*+

4H2=1.

(d) Given that 2ae = 6 and 2b =8 = ae =3
and b=4

9 (b’
= _3 e2=—(—2]
b 4 16| a

2

We know that b—2 =1-¢?
a

9
= el=2(-¢
16( )

(16+9Je2=1 .3
5

9

2 2
(b) The foci of an ellipse x_z + Z_Z =1 is given
a
by (+ae, 0)

Since, e=%,ae=2 =a=4

1
b2=a2(1 —ez) =16(1—2J=12

2 2
Thus, the equation of an ellipse is ;C_6 + ;}_ =1.



13.

14.

2 2
(b) Given ellipse x_z + 2 =1
a

b

Let, point P(a cos 0, b sin 0), I, = (ae, 0), (—ae, 0)

A
N

A=%[a cos 6(0) — ae(0 — b cos 6) +
ae(b sin 6 — 0)]

A=%[O+abesine+abe sin 0]

= A=abesinb

Maximum A4, sin 6 should be maximum
Maximum sin®=14=ae.bx1=ae . b

(b) Let S be the equation of curve and (x,, y )is

any point, thenif §, =0 x, y, lies on the curve,

S, > 0 (x,,y,) outside the curve

S, <0 (x,, y) inside the curve. Given that el-
2 2

lipse 242 1
9 4

= Standard equation of ellipse,
2 2
SE = x_ + y_ -1
9 4
Circle x* +)*=4 = §_=x+y*—4 point P(1,

2)and Q (2, 1)
1 4 1

SEat Rl~2)=§+2_1=§>0

= PoutsideE = @

4 1 -11

SEat Q(le) =§+Z—l=¥<0

= QoutsideE ... (i1)
ScatQ(w=22+ 12-4=1>0

= QoutsideC . (ii1)
ScatP =1+ 22-4=1>0

= PoutsidleC . (iv)

By the above conclusion, only (b) is correct.

15.

16.

17.

18.

Ellipse 1 E.59

(d) The given equation is 4x* — 24x + 36 +
16y —32y—-12-36+16-16=0
= (x—-6)7+4y—-4Y =64
o (=Y oD
16 4
This represents an ellipse and a*>= 16, b>=4

4 _\B

e=[1-—=—"

16 2

(d) Since, given that foci of an ellipse are
(2,2) and (4,2) and major axis is of length 10.
.. Focal distance = 2
= 2ae=2

and 2a=10=>a=5

From (i) and (ii),2 x Sx e =2 = e=§
We know that, b>=a? (1 — €?)

1 24
b’ =251-— | =ZIx25=24
( 25 J 25 8
and centre of an ellipse = (3,2)
Equation of an ellipse is
2 2
=3 -2 _,
25 24
(d) Foci of an ellipse are (0,4) and (0,—4) and
equations of directrices are y = £9. So, focal
distance = 8

= 2be=8>be=4 . 1)

and 229 (i)
e

From equation (i) and (ii), we get,

b*=36=>b=6and e=§ [using (i) ]

4
Now, a*=5b*(1 —¢?) = 36(1—§J

_36x5 _ 20
9
x2 2
So, equation of ellipse is, — + Y
20 36

= 9x*+52=180.

() 16x% + 25y? =400 (given)

2 2

x_+y_=]

25 16
Here, a>=25,b*=16
But, *°=a*(1 - €%
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= 16=25(1-¢?)

> —=1-¢
25
3 e2= —E:i
25 25
= e=3/5

Now foci of the ellipse are (£ ae , 0) = (£ 3, 0)
we have 3=a.§:a=5

5
Now , PF| + PF, = focal distance = 2a = 2 x

5=10
Therefore, (c) is the answer.

2 2

19. (c) The equation of the ellipse is * +y_ =1,
16 25
wherea=4,b=5and e= 1—§=§
25 5

Equation of directrix is

5 25

= 3y =251is aequation of the directrix.

2 2

20. (a) Foci of the ellipse ;C_6+ y? =11is

(Va2 +b2,0) ie., (£47,0)

equation of circle passing through F,
(\/7,0) and centre C(0, 3) is (x — 0)* +
-37=0Y

r=CF =(N7)*+3* =4

21. (d) Centre of ellipse (1, 0)
distance of the foci = 2ae = 4

ae=2,a=3
b=1/5;

3 cos 6; y=\/§sin9

x=1+3cos 0, y=\/§sin9

parametric form x — 1 =

22. (a)25(x+1)*+9(y +2)*=225

2 2
Gl O+,
9 25

focii (x+1, y+1)=(0,£425-9) = (0,4)
(x, ¥) = (-1, 2) and (-1, —6)

23. (c) Coordinates of extremities of latus rectum

b2
=(iae, + —)E (acos0,bsin 0)

a
coordinate b b*
x coordinate a a‘e

9=tan"(ij
ae

24. (d) For greatest area, vertices are (a cos 6,
b sin 6) (—a cos 6, b sin ) (a cos 0, — b sin 6)
(—a cos 6, — b sin 6)
Area = (2a cos 0) (2b sin 6) = 2ab sin 2 6

Maximum area = 2ab

25. (c) Normal is 4x sec ¢ — 2y cosec ¢ =12

Q=(3cos$,0)

M= (0, B)

o= e0setdcosd T o
2 2

2
= cosp=—q
¢ 7
B=sin¢
cos?d +sin2dp=1
= ioc2+[32=1
49

4
=> —x'+y’=1
20" Y

= latus rectum x = 4243
48 1
— +y =l=Dy=1—
497 Y= 7

(243, +1/7)

A

P(4 cos ¢, 2 sin ¢)

Q(3 cos ¢, 0)




26.

27.

(d) Equation of line AM isx +3y—-3=0
Perpendicular distance of line from origin
3

o

Length of AM =2,/9— 2 o

2X—

E=JE

9 .
— sq. units.

J_J_

(b) Given that x> + 4y = 4
2 2
or XT+yT=1 =>a=2,b=1,>p=2,1)

— Area = ! ><2><

\P2, 1)

AJ(4,0)

Ellipse 1 E.61

Required ellipse is — + y—2 =1
R R a b
R
4° b
(2, D lies on it
o A
16 b
1 1 3
b 4 4
= b2=i
3
2 2
LA
16 (4
3
2 2
o X3
16 4

= x*+12)2=16

i T TONSODVED GBIECTIVE PROBLEMS (IDERTICAL PROBLENS FoR PRACTICE:

- FORIMPROVING SPEED WITH AGCYRACY, - o

1. The position of the point (1, 3) with respect
to the ellipse 4x> + 932 —16x — 54y + 61 =0 is
[PET-91]

4. The equations of the directrices of the ellipse
16x% + 25y = 400 are
(@) 2x =25
() 3x==%10

(b) 5x==%9
(a) outside the ellipse (d) None of these
(b) on the ellipse

(¢) on the major axis

(d) on the minor axis

5. Eccentricity of the ellipse whose latus rectum
is equal to the distance between two focus

points, is
2. The equation 2x* + 3)*= 30 represents J5+1 b J_ 1
[PET-98] ) = ® ——
(a) Acircle (b) An ellipse
(¢) Ahyperbola (d) Aparabola ©) ﬁ @ ﬁ
2

3. Equation of the ellipse with eccentricity 1/2

and foci at (= 1, 0) is 6. The eccentricity of the conic 4x> + 16y% — 24x
[PET-2002] -32y=1is [MPPET-2004]

x2 y2 x2 y2 \/5 1

a) 4+ =] b) —+-—=1 (@) — (b)) —

@ 3 4 ®) 4 3 2 2

2 2
© XT + y? = % (d) None of these © ﬁ (@ B
4
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7.

10.

11.

12.

13.

14.

A focus of an ellipse is at the origin. The
directrix is the line x = 4 and the eccentricity
is 1/2. Then the length of the semi-major axis

is [AIEEE-2008]
(a) 5/3 (b) 8/3
(©) 213 (d) 413

2 2
If P is any point on the ellipse ;C_6 + ;}_6 =1, and

S and §" are the foci, then PS + PS' is equal to

[Karnataka CET-2007]
(@ 4 () 8
(©) 10 @ 12

The length of the latus rectum of an ellipse is
1/3 of the major axis. Its eccentricity is

[EAMCET-91]
(a) 2/3 ®) 273
(c) 5% 4x3/7? @) (3/4)¢

The equation of the ellipse whose centre is at
origin and which passes through the points
(-3,Dand (2,-2)is

(a) 5x*+3y* =32

(b) 3x*+52 =32

(©) 5x*-3y*=32

(@) 3x*+ 52+ 32=0

If the eccentricity of the two ellipse

2 2 2 2
2 4Y —jand X4 1 are equal, then
169 25 2 p?
the value of a/b is [UPSEAT-2001]
(a) 5/13 (b) 6/13
(c) 13/5 @) 13/6

2

The eccentricity of the conic m+
y-1*>=14 is [Kerala PET-2007]

6
(@) \f ® ,/ﬁ
6
(C) @ \/;

Latus rectum of ellipse 4x* + 92 — 8x — 36y +

4=0is [PET-89]
(a) 8/3 (b) 4/3

(©) 573 (@) 16/3

The eccentricity of the ellipse 4x* + 9% = 36,
is [PET-2000]
@ 1243 () 143

© 513 @ s5/6

15.

16.

17.

18.

19.

20.

21.

If the eccentricity of an ellipse be 5/8 and the
distance between its foci of 10, then its latus
rectum is
(a) 39/4
(©) 15

() 12
(d) 2772

The equation of the ellipse whose centre is at
origin, eccentricity is 1/+/2 and latus rectum
is 8, is

(a) 2x2+y*=64

(b) 2x*+y*=8

(©) x*+2y*=64

(@) x*+2y*=8

For the ellipse 3x2 + 4y = 12, the length of

latus rectum is [MNR-73]
(a) 3/2 ) 3
(c) 83 (@ V32
2 2
The equation P A Lr>1
1-r 1+vr

represents:

(a) An ellipse

(b) A hyperbola

(c) Acircle

(d) An imaginary ellipse

Length of major axis of ellipse 9x* + 7y* = 63

is [DCE-2003]

@3 ® 9

© 6 @ 247

The equation of the ellipse whose foci are at
1 2 2

(% 2, 0) and eccentricity is = is —+5 b4 = =1
2 4 b

where [Orissa JEE-2008]

(@) a*=16,b2=12

®) a*>=12,0*=16

(©) a*=16,b2=4

@ a*=4,0*=16

If the lines joining the foci of the ellipse
2 2

x
PR + y2
a b

of its minor axis are inclined at an angle 60°,

then the eccentricity of the ellipse is

=1, where a > b, and an extremity

[Kerala PET-2008]
2 1
z b) —
@) 3 (b) 5
3 3
© T @ 5



22.

23.

24.

25.

Let A and B are two fixed points in a plane

then locus of another point C on the same

plane such that C4 + CB = constant, (> AB) is
[VITEEE-2008]

(b) ellipse

(d) hyperbola

(a) circle
(c) parabola

The locus of a point which moves such that
the sum of its distances from two fixed points
is a constant is [Karnataka CET-2008]
(a) an ellipse (b) a hyperbola

(c) acircle (d) a parabola

Suppose S and S’ are foci of the ellipse

x2 2
_+y_= 1. If P is a variable point on the
25 16

ellipse and if A is the area of triangle PSS’,
then maximum value of A is
[Kerala (CEE)-2005]
(b) 20
@) 16

(@) 12
(c) 24

If the area of the auxillary circle of the ellipse
2 2
x_2+y_2=1 (a > b) is twice the area of the

ellipse, then the eccentricity of the ellipse is
[Karnataka CET-2007]

26.

27.

28.

Ellipse 1 E.63

1
© % ® %
1 1
© NG @ 2

The curve represented by x = 3(cos ¢ + sin t),
y =4(cos t — sin f) is

[EAMCET-88; DEC-2000]
(a) Ellipse (b) Parabola
(c) Hyperbola (d) Circle

Which one of the following is correct?

The eccentricity of the conic
2

2
X
-t zy
a+i b +A

=1,(A20)

[NDA-2008]
(a) increases with increase in A
(b) decreases with increase in A
(c) does not change with A
(d) None of the above is correct

What is the eccentricity of an ellipse if its
latus rectum is equal to one-half of its minor

axis? [NDA-2009]
(a) 1/4 () 172
(©) 3/4 @ 32
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

The answer sheet is immediately below the
worksheet.

The test is of 16 minutes.

The worksheet consists of 16 questions. The
maximum marks are 48.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The eccentricity of the ellipse 4x2 + 9y + 8x +

36y +4=0is [PET-96]
(a) 5/6 ®) 3/5
(©) V273 (@) \5/3

If distance between the directrices be thrices
the distance between the foci, then eccentric-
ity of ellipse is
(@) 12

© 13

The equation of the ellipse whose foci are
(£ 5, 0) and one of its directrix is 5x = 36, is

(b) 2/3
(d) 4/5

e yz X2 y2
—+—=1 b) —+ =
@ 6 ® S
2 2
©) %+ ;} 0 =1 (d) None of these

If the eccentricity of an ellipse be 1/ V2, then
its latus rectum is equal to its:

(a) Minor axis

(b) Semi-minor axis

(c) Major axis

(d) Semi-major axis

If the eccentricity of an ellipse becomes zero,
then it takes the form of
(a) Acircle

(c) A straight line

(b) A parabola
(d) None of these

The eccentricity of an ellipse is 2/3, latus rec-
tum is 5 and centre is (0, 0). The equation of
the ellipse is

x? y2 4x? 4y2
a) —+2—= b) —+—==1
@ 81 45 ®) 81 45

x2 y2 x2 y2
c) —+—=1 d) —+—=5
© 9 5 @ 81 45

10.

11.

12.

13.

The distance between the directrices of the
)C2 2

ellipse XY s

36 20

(@8
(c) 18

() 12
(d) 24

If the distance between the foci of an ellipse be
equal to its minor axis, then its eccentricity is

(a) 112 ®) 12
(c) 173 @ 143

P is any point on the ellipse 81x* + 1442 =
1944 whose foci are S and S’. The SP + S'P

equals [DCE-1999]
(@3 ®) 46
(©) 36 @d) 324

The distance of a point on the ellipse
2 2
x_+y7 =1 from the centre is 2. The eccen-

9

tric angle of the point is [NDA-2003]
T T

@ = ® Z
4 2
3n

© — @m
4

The eccentricity of the ellipse 9x* + 532 — 30y

=0is [MPPET-2008; DCE-1998]
() 173 (b) 23
(c) 3/4 (d) 4/5

2 2

If the foci of the ellipse %4—{_6:1 are

(0,+/7) and (0,—+/7), then the foci of the

2 3
>t 2
9+¢ 16+1¢

ellipse =1,7€ R, are

[Kerala PET-2008]
@ (0,47),(0,~/7) () (0,7),(0,-7)
(© (0,247),(0,-27) (@ (J7,0),(-7,0)

The sum of focal distances of any point on the
ellipse with major and minor axes as 2a and

2b respectively, is equal to [PET-2003]
a
@ 2a ® 25
b )
() 2— (d) b*a
a
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o+ By=0
Where (o, B) is focus. Here equation is form
of a circle.

14. The latus rectum of an ellipse is 10 and the 2y PR
minor axis is equal to the distance between the @ —+—=1 b) —+=—=1
. . . . 25 16 16 25
foci. The equation of the ellipse is , ,
2 2
(@) ¥+ 22 =100 () x> +2y* =10 © ;‘m+g—4_ @ Z+2 o
(©) x¥*-2y*=100 (d) None of these 64 100
16. What is the sum of focal radii of any point on
15. The lengths of major and minor axis of an an ellipse equal to? [NDA-2009]
ellipse are 10 and 8 respectively and its major (a) Length of latus rectum
axis along the y-axis. The equation of the (b) Length of major axis
ellipse referred to its centre as origin is (¢) Length of minor axis
[Pb. (CET)-2003] (d) Length of semi-latus rectum
ANSWER SHEET
LO®OO TO®O BOOOD
20000 LHOXOXOXO), 40O
30000 L OXOXOXO), 50000
40000 0.OOOD 16 0O
5000@ LOOOD
6@0® O @ 2O®OO
' * HINTS AND EXPLANATIONS
L (d)4x2+ 92 +8x +36y+4=0 9. (b) 81x* + 144y = 1944
4(x*+2x+ 1) +90% + 4y + 4) =36 x2 oy
) 2 or 4= =1
(x+1) +(y+2) -1 24 27
9 4 2
eccentricity = 1 4 J5 SP + S'P = major axis = 2a
V9T =224 =46
) 2a 1 16. (b) We know that, the sum of focal radii of any
2. (c) Given ?=3~2¢1€ e= 3 point or, an ellipse is equal length of major
axis.
5. (a) If e = 0; then equation will be (x — a)* +






LECTURE

Ellipse 2

(Position of line with respect to an
ellipse, diameter, tangents and
normals, chord of content)

El‘f’v_ e .t re . Tt . T T Tt P T Te T se=T ey ;.. 4"‘ N P T = Bt T G s P s e e G e e G B e e . o ’
BASIC CONCEPTS
P ——— F L __g‘f!
1. Position of a Straight Line with Respect to y
an Ellipse A
1.1 The line y = mx + c intersects the ellipse y=mx+c
2 2
x_2+y_2=1 at two real points (chord) if ¢?
<a*m? + b? then length of the chord X'< > X
+b2 =L J@m +b -1+ m)
2
1.2 Equation x_+y_=1 of the chord joining x2
@ b LS
points 6 and ¢ on this ellipse is a b
x 0+¢0) v . (0+9¢ 0+¢
—C0S| —— |+ =-sin| —— | =cos| —— 2 2
a ( 2 J b ( 2 2 1.5 The diameter of the ellipse x_2+21_2 =1 with
a
. . X2 respect to the system of chordsy =mx + ¢ (¢ is
1.3 Equation of the chord of the ellipse — + b
a parameter) y=—-——x
Y 1 with its mid-point is X5 4 am
b—2—1W1 (x,,y)asits mid-pointis a_+_2 1.6 Conjugate diameter Two diameters of an
X 2 ellipse are said to be its conjugate diameters
=1+ y—'z if each bisects all chords parallel to the other.
a b . . . _ .
. . . 1.7 Equation of conjugate diameter of y = mx with
1.4 Diameter The locus of the mid-points of B 5 B
a system of parallel chords of an ellipse is respect to ellipse x_2+y_2=1 is y=———nx.
called a diameter (or diameter corresponding a b
to that system of chords) of the ellipse. Every | 1.8 y=m xandy=mx are conjugate diameters of
diameter of an ellipse passes through its centre. . xt . b?
The points of intersection of the ellipse and a the ellipse ?*’ B =1 if mm, = =
diameter are known as the end points of that
diameter. Also, e=\[1+mm,
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NOTES

1.

Major and minor axes of ellipse are mu-

tually conjugate diameters but product of

their slopes does not satisty the condition
=5

=

mm, =

Eccentric angles of extremities of any two
semi conjugate diameters differ by right
angle (90°).

The difference of eccentric angles of end points
of two conjugate diameters of an ellipse is equal
to m/2.

(—asin B, b cos 6) ){ (acos 6, b sin 8)
T B
(5 + ej Q P
X'« >X
A o) A
3
(m+O)R 5 S[—+6j
2
Y
4. The sum of the squares of two conjugate semi-

diameters of an ellipse is constant and equal to
the sum of the squares of its semi axes. Hence,
if CP and CQ are two conjugate semi-diameters,
then: CP? + CQ*=a*> + b*

Sum of the squares of the two semi conjugate

2 2

diameters of ellipse x_:+ Z_: =1 is a®+ b*
T

Length of the Equi-Conjugate Diameters of the

ellipse L;+Z—: =1 =./2(a’ +b%)
‘ b

If the lengths of two conjugate diameters of
an ellipse be equal to each other then they are
called equi conjugate diameters.

The area of the parallelogram formed by the
tangents at the extremities of two conjugate
diameters of an ellipse is constant (4ab) and is
equal to product of the major and minor axis.
(Area of parallelogram PORS)

y
A
T2
(—a sin 6, b cos 8) (a cos 8, b sin 8)
Q P
C T,
X' < > X
T3
R S
T4
Y
"
D

2.

2.1

2.2

2.3

2
If y = mx + ¢ be a tangent to the ellipse x_2+
a

2

Z_z =1then ¢ =+\a’m?+b*> and coordinates

2 2
. —a‘m b
of the point of contact are ( s —J
c c

Gradient form equation of the tangent

For all values of m straight line y=mx+
Ja'm® +b* is a tangent to the ellipse
xl y2
2 2

+ =1 and coordinates of points of

a

—a’m b? d
contact are > an
\/azm2+b2 \/azm2+b2

a’m b’
2 2 2’ 2.2, 42
\/a m-+b \/a m-+b
The line y = mx + ¢ intersects the ellipse
2 2

x_z + Z_z =1 attwo imaginary points (Line and

a
ellipse are separate) if ¢*>> a> m* + b*
Cartesian tangent

The equation of the tangent to the ellipse
2 2

X . . XX,
a_2+2}_2=1 at point (x, y) is a_zl+%=l
x .Y
or — 4+ =1
a b



2.4 Parametric form equation of thetangent

The equation of the tangent to the ellipse
2 2

x_2+;)1_2 =1 at the point 6 (a cos 6, b sin 0) is
xcos0 + ysin@ _
a b

1

NOTES

1. The Product of the perpendiculars drawn from
foci of the ellipse on the tangent to the ellipse

B

X : 2
_7+y_7:1 is = b*.
a b

2. If straight line Ix + my + n =0 is a tangent to

o

the ellipse £+L=1 then, n? = a* P + b*m*>
pe

and coordinates of the point of contact are

2 2
[—/a—,—mb—]
n n

3. Normal The Equation of the normal to the
2 2

ellipse % + Z_Z =1
i) atpoint(x,y): — -2 =a’—b* (car-
1 1
LI
at b

tesian form)
(i) atpoint‘¢’: ax sec ¢ — by cosec ¢ =a>— b
(paramatric form)

(iif) with s] y=mx m(a* —b)
iii) with slope m : y=mx—————=—
Na* +b’m’
(gradient form)
(iv) From a given point, four normals can be

drawn to an ellipse. if ‘¢,*, “¢,’, “¢,’, and

‘p,” be normal points of these normals,

then¢ +¢,+¢,+¢,=Cn+1D)nneN
v) If the line Ix + my + n =0 is a

2 2
normal to the ellipse x_2+y_2=1 then

r?r ow n’

2 2 2 2y2
a ., b_ _ (a”=b°)
(vi) Conormal points In general form nor-
mals can be drawn to an ellipse from any
point and the four points on the ellipse the
normals at which pass thruogh the fixed
poini(x, y) are called Conormal Points.
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NOTE

The sum of ecentric angles of these conormal point
is equal to an odd multiple of two right angles
i.e., the sum of the eccentric angles of the feet of
the normals drawn from any point to an ellipse is
2n+ D=

(vii) Concurrent normals If a, B, y be the

eccentric angle of three points on the el-
2 2

lipse x_2+21_2 =1 at which the normals
a

are concurrent then sin (a + ) + sin (f +
P +sin(y+a)=0

NOTE

The length of subtangent and subnormal for the

5

=1 subtangent

=

point (x,, y) on the ellipse X—, G
e

=

NT = a4 7 and Subnormal GN = ixl

[ %3

X a
AY
P
/ Px, ¥,
e S 06 s NJ 1%
(ae, O) (ae, O)
vy
T

4. Number of Tangents drawn from a point
4.1 Two tangents can be drawn from a point to
an ellipse. The two tangents are real and dis-
tinct or coincident or imaginary according as
the given point lies outside, on or inside the
ellipse.

Example
Find the locus of the foot of the perpendicular drawn
from centre upon any tangent to the ellipse

Solution

An tangent to given ellipse is y=mx+

Valm® +b* (D)
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The equation of the line through the centre (0,0)
of the ellipse perpendicular to (1) isy=11/m x
or m=-—x/y
Eliminate m between (1) and (II) to set the re-
gard locus

(x’l +y2)2 = aZxZ + bly’_’

4.5 Equation of the pair of tangents

The equation of the pair of tangents drawn

from an external point (x,, y,) to the ellipse
2 2
Xy .
—+=—==11s
a’ b
2

2
SS, = T* where S=x_2+y__17
a

b2
2 2
5 Y
5=+ 2o
XX, W
T—a—z'+—2'—1
Y
A
P, y,)
g B
R
h A\\O/A .
B
x2+y2=
Y a2 b2

NOTE

The angle 6 between the pair of tangents drawn
from an external point (x, y,) to the ellipse

2 2
. 2ab, |7+ 21
xﬂ-{—y—ﬁ:l 1s tan9=+§)z
D X, +y —a -b

(1) Condition of perpendicularity for the pair
of tangent is x > + y 2 = a’ + b’

5. Director Circle
It is the locus of the points from which two
perpendicular tangents are drawn to the ellipse

X y=1

+_
a v

The equation of Director circle of the ellipse
2 2
%+2}_2=1 isx2+y?’=a*+ b2
6. Pole and Polar
6.1 The equation of the chord of contact/polar of
the point P(x,, y,) with respect to the ellipse
2 2
XY pisT=00r Zie2
a b a b

6.2 The pole of the line Ix + my + n=0 with respect

2 2 2 2
to the ellipse X iY ris —la—,—mb—
a b n n
7. Conjugate Points
Two points P(x, y) and Q(x,, ,) are said to
be conjugate points with respect to the ellipse

2 2
Xy e XX, WY
—+op=lif et
a

Example

The value of k if (1, 2), (k, —1) are conjugate points
with respect to the ellipse 2x* + 3y* =6 is

[EAMCET-2007]
(@ 2 (b) 4
©) 6 @ 8
Solution
x2 2
(c)Polar of P(1,2) withrespectto — + Yy _
isS =0 32

ie, x+3y—-1=0
(1, 2), and (k, —1) are conjugate one passes
through the polar of the other k =3 -1 =10
ork=4

8. Conjugate Lines Two lines L, =[x + my +
n,=0andL,=lx +my + n,=0 are said to
be conjugate lines with respect to the ellipse

2

2
L A ifa’ll +b>’mm,=nn,
2y 12 1 T

9. Important Results Connected with the El-
2 2

lipse %+%=l;b>a

(i) Centre C(0, 0)

2
(i) a®=b¥(1-e?) or e= /1-;’—2

(ii1) Vertices: (£ b, 0)
(iv) Length of Major axis = 2b = distance between
vertices
(v) Equation of major axis: y =0



(vi) vertices of minor axis: (0, = a)
(vii) Length of minor axis = 2a = distance between
vertices
(viii) Equation of minor axis: x =0
(ix) Foci: (£ be, 0)
(x) Distance between foci = 2be
(xi) Equation of Latus rectum: x =+ be
(xii) Equation of directrices: x = + b/e
(xiii) Distance between directrices = 2b/e
10. Some Properties of an Ellipse
(1) At any point of an ellipse, the normal and
tangent bisect the internal and external an-
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gles between the focal distances of that
point.

The locus of the feet of perpendiculars drawn
form foci on any tangent to an ellipse is its
auxiliary circle.

The product of perpendiculars drawn from
foci of any tangent to an ellipse is constant
and equal to the square of its semi minor
axis.

The poles of the directrices of an ellipse are its
corresponding foci.

@)

(iii)

@)

SOLVED OBJECTIVE PROBLEMS: HELPING HAND

1. If the normal at the point P(6) to the ellipse

2 2
;_4+y_=1 intersects it again at the point
Q(26), then cos 6 is equal to
2 2
@ = ® -=
3 3
3 3
© 2 @ -2
2 2
Solution

(b) The normal at P(a cos 6, b sin ) is ax sec 6
— by cosec 0 =a?— b*, where a>= 14, b>=5

It meets the curve again at Q(29) i.e., (a cos
20, b sin 26).

@ 00s20— —2(bsin20)=a? -’
cos0 sin©

icos29— ,i(sinze)=14—5
cos0 sin©
18 cos20—9cos6—14=0

(6cosO—-T7)(B3cos6+2)=0

u sy U

cos@=—2
3

2. If the normal at any point P on the ellipse
cuts the major and minor axes in G and g
respectively and C be the centre of the ellipse,
then [Kurukshetra CEE-1998]

(@) a*(CG)* + bX(Cg)y'= (a*- b*)
(b) a*(CG)* - b(Cgy= (a*~ b’
(©) a*(CG)* - b (Cgy= (a*+ b*)
(d) None of these

Solution

(a) Let at a point (x,, y,) normal will be
(x_xl)az — (y_yl)b2

X N
2 2
At G,y=0> x=CG=xl(a—2_b)
a
_ (bl_al)
At g,x—O:> y:C‘g:ylb—2
x—‘z+y—‘2=1
at b

= a?(CG)Y+ b*(Cg)?=(a>—b?>.
3. The locus of the poles of normal chords of an
ellipse is given by
[UPSEAT-2001]
a® b
@ —S+—s=(@-b)
x* oy
3 3

® 4@ b
x )y
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©) ?+%=(az+b2)2 . equation of line PQ is 2L)61+2Lyl=1
a b

@) S+—5=(a’*+b*) or y=—(&]x+2)’1
X y X

2 2
Y 1,

Soluti
olution If this line touches the ellipse x_2+b_2=
a

2
. X
(a) Let the equation of the ellipse is e + then it will satisfy the condition, ¢? = a’m>+ b>

Y : :
b_2= (@) ie., (2)}[)2:02(—_)’1] + B2
X,
Let (h, k) be the poles. '
Now polar of (h, k) w.rt. the ellipse is given by 4y = a’y} R
xh  yk . or T 1T
SHs=l (11) 1
a b a* b’ a* b’
It is a normal to the ellipse then it must be or 4=|S |+ S |or| 5 [+ =5 |=4
identical with ax sec 6 — by cosec 6 = a* — b* X I X I
“““““ (ii1) . Required locus of (x,, y,) is
Hence comparing (ii) and (iii), we get JERNE
R (7*?]“‘

asec® —bcosec® (a’-b%)

R 5. Locus of the foot of the perpendicular drawn

=  cosB= Za _ from the centre upon any tangent to the ellipse
h(a”-b") b
3 e + 7 =1, is
and sin 0= — <
k(a”—b%) (@) (x> +)7) = b + a%?
Squaring and adding we get, (b) (& +y*) =b%*—ay?
U (s © (& +y = ad = by
=(a2-b2)2(?+k_2J N

) ) Solution
Required locus of (h, k) is
xcos0 + ysin®

a®  b° 1,
—2+—2=(02—b2)2. (d) a b
Xy
_ bcot® £k
Slope= ——x—=-1
4. The locus of mid-points of parts in between a h
2 2
axes and tangents of ellipse x_+y_ =1 will
a b
be [UPSEAT-1999] (o
2 2 2 2 (a cos 6,b sin 6)
@ So=l ) =2 -
Xy xt oy
a2 b2 a2 b2 K/
© 7+7=3 @ 7+7=4
Solution

hcos® ksin6
+ =

a b

1

(d) Let mid-point of part PQ which is in
between the axis is R(x,, y,) then co-
ordinates of Pand Q will be (2x, 0) and (0, 2y,) Si B a’h?
respectively. ince, cosec 0=,(1+ pETE




2
= h—+£=cosece
kb b

bk(\/kzbz +ath )

bk

= (W +k>)=bkcosec _

= (x’l +y2)2 = a2 x2 + b2 y2‘

6. If the normal at any point P on the ellipse

2 2
x—2+2}—2 =1 meets the coordinate axes in G
a

and g respectively, then PG : Pg is equal to
@a:b (b) a*: b*

() b*: a* @b:a

Solution

(c) Let P(a cos 6, b sin ) be a point on the

2 2

ellipse x_2 + ;;—2 =1. Then the equation of the
a

normal at P is ax sec 6 — by cosec 6 = a®> — b*.
It meets the coordinate axes at

2 2
G(a b cose,O]
a
2 2
and g(o,—a bb Sine].

2 2

2
= PG2=(acose—a cose] +b’sin’0

a
bZ
=— (b*cos?6 + a’ sin*6)
a
a2
and Pg’= i (b? cos®0 + a® sin0),
PG :Pg=0ba~

2 2

. A chord PQ of the ellipse %+y7=1 sub-

tends right angle at its centre. The locus of the
point of intersection of tangents drawn at P

and Q is [EAMCET-1991]
(a) acircle (b) a parabola
(c) an ellipse (d) ahyperbola

Solution

(c) Let the point of intersection be R(x,, y,).
Then PQ is the chord of contact of the ellipse
with respect to R and its equation will be

T ¢))
9 4
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Now combined equation of lines joining
P, Q to centre O(0, 0) is [It is obtained by
making x¥9 + y*¥4 = 1 homogeneous with

help of (1)]
LY (= o)
9 4 9 4

As given OP L OQ, so coefficient of x> + co-
efficient of =0

o L) (¥ 1
= 181 9|16 3

. 2 2 13
Hence locus of (x,, y,) is x_+y_=_,

v 81 16 36
which is an ellipse.

8. Ifthe polar of a point with respect to the parab-
2 2

ola y* = 4x touches the ellipse ?+B_2=1,
then the locus of this point is
[EAMCET-95]

o
@ i_Bz)’z L
of 4

Solution

(c) Let given point be (x,, y,). Then its polar
with respect to y* = 4x is yy, = 2(x + x,)

2 1
= y =—Xx+—
N N
If it touches given ellipse, then

=aim+ b

2 2
= ﬁ - O(Z i + BZ
Y Y
Hence required locus is 4x2 = 4a2 + 32 p*

x_Z_BZyZ _1
ol 40’

9. The locus of the middle point of the intercept
of the tangents drawn from an external point
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to the ellipse x> + 2y*= 2 between the coordi-

nates axes, is [IIT Screening-2004]
e B O
x° 2y 4x- 2y
© 35l @ gzl
2x° 4y 2x° y
Solution

(c)Letthe pointofcontactbe R = (ﬁ cos0, sin0)

Equation of tangent AB is
X

cos0+ ysin6=171
ﬁ y

Y
A
V\B
Q
X2+2y2=2

(h.k)
X Qj \:X

\é

=  A=(/25ech,0) ; B= (0, cosec 6)
Let the middle point Q of AB be (h, k)

-~ pe sece’ _ cosec 6
V2 2
= cosO ! in®
=—=, sinB=
2
IR
20 4k
. .1 1
Required locus is — +—=1
2x° 4y
Trick: The locus of mid-points of the portion

x2 2
of tangents to the ellipse _2+Z_2=1 inter-
a
cepted between axes is a%? + b*x* = 4x3”.
) a? + b? 1 1 + 1
ie, —t-—=lo —5+-—
4x* 4

10. The locus of the point of intersection of tan-
gents drawn at two points of an ellipse the dif-
ference of whose eccentric angles is constant,
will be

[IIT (Hyderabad)-2001]

(a) acircle

(b) a parabola
(c) an ellipse
(d) ahyperbola

Solution

(c) Let (x, y) be the point of intersection of tan-
gents drawn at points ¢, and ¢,. Then

am(m+¢z} ﬁn(m;¢z}

2 y=b
Sin( q)l _q)l j

2

COS[ q)l _q)z j,
2

As given ¢, — ¢, = constant = 24 (say)

xcosh _ cos( o, 12-4)2 }

a
ysink _ sin(q)‘ +0, J
b 2

x*cos’ A N yisin®A
a’ b’

= 1

which is an ellipse.

Directions: Questions 12 to 14

Tangents are drawn from the point P (3, 4) to the
2 2
ellipse %+y7=1 touching the ellipse at points

A and B.

11. The coordinates of 4 and B are
[IIT-2010]

(@) (3,0)and (0, 2)

’ 15 ] and (O, 2)

8 24161
©| 5 15

@) G0y and [ —2o
@ (3,0)and |~

Solution

(d) Equation of chord of contact

§+y=1 =>x=3(1-y)



12.

2 2

Solving with ellipse % + yT =1

2

-y +2- =1
a-y) 2
= 407+ 1-2)+y*=45°-8y=0

P (3, 4)
(-9/5, 8/5)

(3.0

9 8
= Points are (3, 0) and (—g,g]

The orthocentre of the triangle PAB is
[IIT-2010]
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7 25
®) (;y]

8 7
@ (E?J

o [54)
18
© |55

Solution

(d) y coordinate of the orthocentre must be
8/5.

13. The equation of the locus of the point whose
distances from the Point P and line AB are
equal, is [IIT-2010]
(@) 9x*+)y*—6xy—54x — 62y +241 =0
(®) x>+ P?+6xy —54x + 62y —241 =0
©) Ix*+P?—6xy—54x—62y—241=0
(d) x> +3*=2xy+27x +31y—-120=0

Solution
@ arro-ar =2
1+9

= 10{*+9-6x)+[*+16-8y]} =(x+
3y-32=x2+92+9—-6xy—6x— 18y
= 9+’ —6xy—54x-62y+241=0

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

The equations of the tangents of the ellipse
9x% + 16y = 144 which passes through the
point (2 ,3) is [PET-96]
(@y=3x+y=5 ®y=-3,x-y=5
©y=4x+y=3 Dy=-4x-y=3
The locus of the point of intersection of per-
2 2
pendicular tangents to the ellipse x_z + Z—z =1,
a

is [PET-95]
(@ x2+y2=a2—b2 (b) xz—y2=a2—b2
© x2+y2=a2+b2 (d)xz—y2=a2+b2

The equation of normal at the point (0, 3) of

the ellipse 9x2 + 5)> =45 is [PET-98]
(@ y-3=0 ®y+3=0
(c) x-axis (d) y-axis

The equation of the tangents drawn at the ends
of the major axis of the ellipse 9x2 + 53> — 30y
=0 are [PET-99]

(@ y=%3

() x=+5
(©)y=0,y=6
(d) None of these

5. If the line x cos a + y sin o = p be normal to
2 2

. x* oy
the ellipse —+—=1, then
P a b

[PET-2001]
(a) pAa®cos*a + b*sin* o) =a®>— b*
(b) pX(a? cos®a + b? sin® a) = (a® — b*)?
(¢) pX(a?sec®a + b*cosec? a) = a*>— b*
(d) pX(a?® sec®a + b*cosec? a) = (a* — b*)?

6. Ifthe line y = 2x + ¢ be a tangent to the ellipse
2 2
x—+y—=1, then ¢ =
8 4
[MP PET-2009; MNR-99; DCE-2000]
(a) £4 (b) £6
() 1 @ +8
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7.

10.

11.

12.

13.

The equation of the tangent at the point
2

2
(1/4, 1/4) of the ellipse % n 1y_2 —1is

(@) 3x+y=48
®)3x+y=3

©) 3x+y=16
(d) None of these

What will be the equation of that chord of
2 2

ellipse ;C—6+y?=l which passes from the

point (2, 1) and bisected on the point?

[UPSEAT-99]
(@ x+y=2 ®) x+y=3
©) x+2y=1 @ x+2y=4

The equation of the tangent to the ellipse x>+
16)* =16 making an angle of 60° with x-axis is

(@) \/gx—y+7=0
®) \/gx—y—7=0
(©) Bx—y+7=0
(d) None of these

The number of maximum normals which can
be drawn from a point to ellipse is

[MPPET-2004]
(@ 4 () 2
©1 @3
The value of A, for which the line 2x — %ky =
2
—3 is a normal to the conic x> +y—=1, is
[MPPET-2004]
NE) 1
a) — X b) —
@) 5 (b 2
3
© -3 @ %
The product of perpendiculars on a tangent to

2 2
the ellipse x_2+;))_2 =1 drawn from its foci is
a

[CET (Karnataka)-92; EAMCET-2000]
(@) a () »*

(©) a®+ b @ Va*+p*
Minimum area of the triangle by any tangent
2 2
to the ellipse x_2+ Z_Z =1 with the coordinate
a

axes is [IIT Screening-05]

14.

15.

16.

17.

18.

19.

@ <Y ®) a+d’
2
(c) ab @ %

The area of the quadrilateral formed by the

tangents at the end points of latus rectum to
2

the ellipse x_2+ Y —1is
9 5
[IIT Screening-2003]
(b) 9 sq. unit
(d) 27 sq. unit

(a) 27/4 sq. unit
(c) 27/2 sq. unit

2
Tangent is drawn to ellipse ;—7+ y'=1 at

(3\/5 cos9, sinB) where 6 € (0, n/2). Then the

value of 6 such that sum of intercepts on axes
made by this tangent is minimum, is

[IIT Screening-2003]
(a) w3 (b) n/6
(c) m/8 d) n/4

2 2

In the ellipse x_2+;;_2=1, the equation of
a

. . . b
diameter conjugate to the diameter y =—x,
: a
is

b a

@ y=-=x () y=-ox
a b

©) x=—2 ¥ (d) None of these
a

The pole of the straight line x + 4y = 4 with
respect to ellipse x2+ 4y>=4 is

@ (1,4 ®) 1,1

© &1 @ &4

If the normal at any end of a tatus rectum of
an ellipse passes through one end of the miner
axis, then e* + e? is equal to

(@) 1 ) 172

© 372 @ 2
The line 3x+5y=1 542 is a tangent to the

2 2
ellipse ;_54-% =1, at a point whose eccen-

tric angle is [MPPET-2008]
(a) w6 (b) w4
(c) /3 (d) 2#/3



20. The greatest distance from the point (\/7 ,0)
to the curve 9x* + 16> = 144 is
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21. The equation of that diameter of the ellipse
4x* + 9y* = 36 which is conjugate to its diam-
eter parallel to the line x + 3y —7=01is

[Kerala PET-2008] [MPPET-2010]
@ 7 ®) 2+7 (@) 4x-3y=0 (b) 4x+3y=0
(©) 3++/7 ) 4+7 ©) 3x—4y=0 (d) 3x+4y=0
- soLUTioNs o
x2 2 ap
1. (a) 9%*+ 16y*= 144 or EJ'%:l cos@=

Equation of tangent is y = mx +/16m> +9
It passes through the point (2, 3), (3,
-2m)*=16m>+9
dm* - 12m+9=16m*+9=>m=0, -1
Equationsarey =+ 3;y=—-x+£5
2. (c) Locus of point of intersection of perpen-
dicular tangents is knows as director circle
x’l + y2 = a’.’ + b’l
3. (d) Equation of normal at point (x,, y,) to

2 2
ellipse *_ ;Y _
5 9

5_x_9_y=1 = Sxy, = 9x, = xy,

X»
,3), 15x=0=>x=01.e, y-axis.

2 2
4. () 9%+ 5(y—37=450r %Jr%:]
Extremities of major axis (x, y — 3) = (0, £3)
(x, »=(0,6)(0,0)
Equation of tangent is 9xx, + 5yy, — 30

y+yl =0
2

9xx, +5yy, — 15y =15y, =0
at  (0,0)y=0;at(0,6),30y—15v-90=0
y=6
5. (d) Equation of normal at point (a cos 6, b sin
0) is ax sec O + by cosec 8 =a® —b%, x cos o +
ysina=p
asec® —b cosec O

Comparing both equation -
cosol sino

2 2
_a-b

p

(a* = b*)cosar’

sin=——2
(a°=b")sina
cos*0 + sin*6=1
a2p2 b2p2
(@ —b*)’cos’a sin‘a(a’—b?)

n

p[a® sec® o + b* cosec? a] = (a — b2)*

6. (b) c=tJa’m’ +b> =+y8x2>+4 =16

7. (a) Equation of tangent at (x,, y) is
X
4 12

(L1
(xl’yl)=(4’4j

= i+l8=l or 3x + y =48

16
8. (d) Mid-point is (2, 1), equation is 7= S|
XN W
36 9 36 9
xpy) =@ 1)
= 2_x+_)i=i+l =>x+2y=4
36 9 36 9

x2 y2
9. (¢)x*+16y>°=160r —+—=1
© 3% TR

Equation of tangent y = mx ++/16m> +1
m = tan 60°; y=\/§xi7

or \/gx—yi'7=0



E.78 Ellipse2

10. (a) "." Equation of normal is
a (a® =b")m
Na' +b*m®
degree of equation in m is 4.
No. of normal =4

y=mx

8 3 9 .
1. (a,d) 2x—=A=-3 = y=—x+—1is
3 Ty

8x
normal.
-1 —4)27»
S T4
81 144252
16

9 9
= = = 1612+ 36 =642
8 \16A2+36

N

2

A=%

12. (b)PF,—-PF, ="
xcos0 + ysin®

Let equation of tangent be .
a

(-ae, 0)|(ae, 0)

’

2 )
cos” O sin“ O

2 2
a* b-

=ab| ecosf-1
|5? cos?0+a’sin? O
0+1 |
_ PE =ab| ecos
v |\/b2cosze+azsin29|

> P F)PF)

=a2b2| e’cos’0-1 |
|\/(b2 cos’0+a’sin’0)’ |

1

i
[l—szcosze—l
212 a
=a’b

a’*sin®0+ b’ cos’ 0

azcosze—bzcosze—a2|

a*sin’0+b’cos’ 0 |
_p a*(1-cos*8)+bh*cos’ 0
a’sin’ 0+ b’ cos’ 0

a*sin’0+b*cos’ 0 b2
a’sin*0+b’cos’ 0

13. (c) Let equation of tangent be X€088 +
a

ysm@=1

O A

a y b ab
cos® sin® sin26

Minimum value of area = ab

Area of A AOB = %x

14. (d) Area of quadrilateral = 4(A AOB)

Equation of tangent x_le + y—);z =1
a b
xe ¥ _
a a




A and B are (E,OJ and (0, a) respectively.
e

2
Areaof A AOB = -xZxal=L
2 e 2e
9 9 27
-—— - 2.7
2)(\/E 2x— 4
9 3
27

Area of quadrilateral = 4.7 =27

. xcos@ ysin®
15. (b) Equation of tangent + =
(b) Eq 2 35 0

Intercepts are 3\/5 ,0 0,;
cos0 sin@

W31

cosO sin6

1

Sum of intercept =

For minimum die(S\/g sec 0+ cosec0)=0

Sﬁsecetane— cosec B cos06=0

1 1
tan’6=—— — tan@=—— —g_"
33 N

2

16. (a) For conjugate diameter nym, = -—
a

Equation of diameter y = b x
a

17. (b) Let pole be (x, y));
equation of polar is xx, + 4yy, = 4
Comparing with x + 4y = 4, we get

X _4n_4
1 4 4
Gpy)= D

2 2
18. (a) Equation of normal ax_ b_y =
X N

(o 10={ae )
a

Xy =ae?, passes through (0, b)
e

2 2
a —b

Ellipse 2 E.79

2

—b = ae® squaring and putting b* = a
(1-¢?)

ad(l-e)=dad%*>e*+e*=1

19. (b) Equation tangent of point (5 cos 6, 3 sin 0)

2
20. (d) 9x* + 16y* = 144 or ;‘_6+Y_=1

21.

xcos0 + ysin0 -1

5 3
Comparing with 3x+5y = 15\/5
cos§  sinf
5 .3 _ 1
3 5 152
= cosG=L; sin6)=L s 0=45°
V2 V2

2

9

16x 9
Equation of normal is 222 _16-9
X i

or léxy —9x =7xy,

(\/7,0) lies oniif, 16§/7y, =7x,y,

16
= 0, x, = ﬁ
0 4, x 19 13 6

yl > xl > 1 \/7 yl 7
distance between (£4, 0) and (\/7 ,0)

=47 or 4+7

maximum distance =4+ \/7
(a) Let equation of diameter y = mx

—b?

It is conjugate diameter, mm, =—-
a

Equation of ellipse is 4x> + 9y = 36

1 -4
XY o mx| ===
or 9+4 1 1(3J 9

4 ‘ 4
= m=§ .. Equation y=§x

or 4x-3y=0
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 OBJECTIVE PROBLEMS IDENTICAL PROBLEMS FOR PRAC
. FOR IMPROVING SPEED WITH ACCURACY
Bt S L 7 bl S Gt T R POl Lo

== e =
= = =

ey
;
ICE):

e

1. The distance from the major axis of any point

2 2

on the ellipse x_z + Z_Z =1 and its correspond-
a

ing point on the auxiliary circle are in the ratio
[NDA-2003]

a b
(@ 3 ®) ”

a N
© % @ =

. The equation of the normal at the point (2, 3)

on the ellipse 9x* + 16y* = 180, is
[PET-2000]

®)3y-8+7=0

@3x+2y+7=0

(@) 3y=8x-10
) 8y+3x+7=0

y2

2
. If any tangent to the ellipse x_2+b_2 =1 cuts
a

off intercepts of length 4 and k on the axes,
2 2

then Z—Z + el is equal to
@ 0 (®) 1
(©) -1 (d) None of these

. The angle between the pair of tangents drawn

from the point (1, 2) to the ellipse 3x> +
2)*=351is [UPSEAT-2001; DCE-2003]

(a) tan™ (12/5) () tan™'(6//5)
() tan™'(12/~/5) (d) tan ~1(6/5)

. What will be the equation of that chord of

2 2
ellipse x_6+y?=l which passes from the

point (2, 1) and bisected on the point

[UPSEAT-1999]
(@ x+y=2 ®) x+y=3
©) x+2y=1 @ x+2y=4

. If line £+.§=\/§ touches the ellipse

a

2 2
x_2+ Z_Z =1, then eccentric angle of the point
a

of contact is [EAMCET-95]
(a) 60° (b) 45°
(c) 90° (@) 0°

7.

10.

11.

12.

13.

14.

The number of real tangents through (3, 5)
that can be drawn to the ellipses 3x2 + 5)° =

32 and 25x% + 92 = 450 is [VIT-2006]
(@ 0 (b) 2
(©3 (@ 4

Given a point (a cos 6, b sin 0) on the ellipse

2 2
x_+ Y _ 1, the equation ax sec 6 — by cosec
2 b2 ’

a
0 = a® — b” represents [MP PET-2007]
(a) Tangent (b) Normal

(¢) Directrix (d) None of these

On the ellipse 4x> + 9y* = 1, the points at
which the tangents are parallel to the line 8x =
9y are [IIT-1999]

o221
(®) 5’5

2 1
(d)(?‘gJ

The locus of the point of intersection of
the perpendicular tangents to the ellipse

2 2
% + YT =1is [Karnataka CET-03]
(@) ¥*+y°=9 (d) x*+y*=4
(c) x*+y*=13 (d) x*+y*=5

If the line x + 2y + k=0 is a tangent to the
ellipse 3x*+ 4)°= 12, then k is equal to

(@) =4 (b) £8

© £12 @ £16

The equation of tangent to the ellipse x>+ 3y =
3 which is perpendicular to the line 4y =x— 5 is
@ 4x+y+7=0 ®) 4x+y-7=0
(©) 4x+y+3=0 (d) 4x+y+43=0

The eccentricity of an ellipse whose pair of
conjugate diameters are y = x and 3y = -2x

@ 2/\3 ®) 143
(c) 3/4 @ 12

The number of real tangents that can be drawn
to the ellipse 3x>+ 5y = 32 passing through

(3,5 is
(@ 0 b 1
© 2 @ 4



Ellipse 2 E.81

WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions @ 0.0 ®) (1. D
. : © 1,0 @O, 1
1. The answer sheet is immediately below the
worksheet. . The number of values of ¢ such that the
2. The test is of 9 minutes. straight line y = 4x + ¢ touches the curve
3. The worksheet consists of 9 questions. The ., )
: —+y =1is [IIT-1998]
maximum marks are 27. 4
4. Use Blue/Black Ball point pen only for writing (@) 0 ®) 1
particulars/marking responses. Use of pencil is © 2 (d) Infinite
gstyprehibited. e . The length of the axes of the ellipse repre-
sented by 4x2 + 9y + 8x + 36y + 4 =0 are
2
1. If the line y = mx + ¢ touches the ellipse X4 (@ 6,4 (b) 12,8
b? (c) 14,64 (d) 18,8
2 . . .
y_z =1,then ¢ is equal to [RPET-94, 95, 99] . The equation of ellipse whose foci are (0, 1)
a and (0, —1) and minar axis of length 1 is
x2 2
(@) tb'm’ +a’ (b) ta'm’ +b’ @ =+ y? =1
© +b'm'-d’ @) Va'm® -b? o X2y
] ] 1/4 5/4
2. The line l;c + nzy + n =0 will be tangent to the () 4x?+ 5y =
ellipse x_z ¥ y_z =1, if (d) None of these
a b . If 2x + 3y = n is a tangent to the ellipse
@) a’P+ b'm*=n? (b) al + bm?=n? 2y '
©) al+bm=n (d) None of these ) + T 2, then n is equal to
3. The equation x> —2xy + 3>+ 3x+2=0 (@ 12 (b) 8
represents ) 6 @S5
(a) Aparabola (b) An ellipse . The equation of the normal at the point (2, 3)
(¢) Ahyperbola (d) Acircle on the ellipse 9x2+ 16y*= 180, is
, , [MPPET-2000]
4. The centre of the ellipse (+y-2)y (@) 3y=8x-10
9 1 ®) 3y-8+7=0
x=»"_. . (c) 8y +3x+7=0
— =1 EAMCET-94
16 18 d / @) 3x+2y+7=0
ANSWER SHEET
LAO®OO +LOOOO TOO®OO
20000 50000 8OO
30000 6@OOOO 20O
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HINTS AND EXPLANATIONS

1 -1 32
3. (@ A=|-1 1 0]=0
32 0 2

Alsoh*—ab=(-1*-1=0
Equation is parabola.

4. (b) Centre is point of intersection of x + y —2
=0andx—y=01e,(l,1)
6. (a) 4(x + 1)* + 9(y + 2)> = 36 is equation of
ellipse
9 2
(x+1) + (y+2) -1
9 4

Length of major axis=2.3=6
Length of minor axis =2.2 =4

7. (b) Equation of ellipse be

x2 y2
—+==La<b
a b

2be=2=be=1
Also minor axis =2a=1

= a==
2

a’=bm(1-¢?»

1Y 5
—| =p -y = pr=2
(2J D'=b Z

2 2

Equation is N A
1/4 5/4



1.

LECTURE

BASIC CONCEPTS

Hyperbola

Important Results Connected with Standard Forms of a Hyperbola

Standard Forms

Shape

. Centre

4. Symmetry

Eccentricity

Vertices of Hyperbola
(or vertices of trans-
verse axis)

X2y
a® b

Hyperbola
C(0,0)
Centre or about both the axis

2
b*=a*(e*~Dor e= ,[1+—
a

. e N2
conjugate axis
or e= 1+—( Jus .)2
(transverse axis)

A'(=a, 0), A(a, 0)

*r_
at b
\
SZ
B
s, s,
- X
A cle A
SIZ
Y
Conjugate hyperbola
€, 0)

Centre or about both the axis.

2

a*=b*(e?—1)ore' = 1+Z—2
(conjugate axis)’

or e'=\/l+

B'(0, -b), B(0, b)

(transverse axis)’
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

Length of transverse
axis

Vertices of conjugate
axis

Length of conjugate
axis

Equation of transverse
axis

Equation of conjugate
axis

The number of foci,
directrices, Latus
rectum and focal radii

Foci

Distance between
Foci

Equation of latus
rectum

Vertices of latus
rectum

Length of Latus rectum

Focal radii (distances)
of point P(x,,y) [PS'
and PS]

Difference of focal
radii of point P(x,, y,)

Equation of directrices

Distance between
directrices

Parametric equation
Coordinates of point ©

on hyperbola where 0
is an eccentric angle.

Point P(x,, y) lies the
hyperbola

(a) Inside, then

2a = Distance between vertices

B(0, b), B'(0, -b)

2b = distance between vertices = BB'

y =0 (Horizontal)

02

(Because the hyperbola is symmetric

about both the axis)
s'(-ae, 0), s(ae, 0)

2ae =s's

x ==xaqe

( b2 ] ( b2 ]
ae,— |,| —ae,— |,
a a
b b
(_ae,__J{ae,__J
a a

2b*

a

exl:l:a

2a = Length of transverse axis =
constant

x==% 2
2ale

x=asecO,y=btan6

6(a sec 6, b tan 6)

2b = Distance between vertices
A'(—a, 0) and A(a, 0)

2a = distance between vertices
=A'A

x =0 (Vertical)

y=0

02

s'(0, —be ), s(0, be)

2be = s's

ey, £b

2b = Length of transverse axis
= constant

y=+ —
e

2ble

x=atan6,y=bsec O

O(a tan 6, b sec 6)



(b) in side, then X n
PR
‘ X2yt
(¢) out side, then —+4-=-1<0
a b
25. y=mx+c c=+am*-b?

NOTES
Lol
2. The point 4 and 4! are called vertices of the

2.1

2.2

hyperbola and the line joining them is called
the transverse axis whose length 44! = 2a
Conjugate Axis The axis of y i.e., x = 0 does
not cut the hyperbola in real points as y* = — b*
(on putting x = 0). But if B and B! be two points
on y-axis such that CB = CB! = b then the line
BB! is called its conjugate axis.

. Most of the formulas proved for the ellipse

2 2
X

= y_2 =1 are defined for the circle x* +)* =

a?if we replace b* by a?.

. Most of the results proved for the ellipse

xl yZ 2
—2+? =1 are true for the hyperbola

a a*
y2
= =1if we replace b* by — b* follwing are the

(o)

list of corresponding results applicable in the
case of hyperbola.

Hyperbola Reducible in Standard Form
Equation of hyperbola when its centre C(h, k)
and the transverse axis

Parallel to the x-axis

(x=h' -k’

2 b2

=1, b*=a’(e*-1)

(y_k)2 =—1:

]

a

(x=h)’

Parallel to y-axis —————
y aZ b2
at=b? (e'z— 1)

NOTE
If the origin is shifted at the point (h, k) then the

equation

the form

(x=h)’ (y-k)’
a’ b?

2 2
il —Y—2=1, where x=X+h,y=Y+k
b

=1 istransformed into

2

3.

7.1.

Hyperbola E.85

2 2
2N 1-0
a b

2 2
XN
—-=+1<0
at b

General Equation of an Hyperbola
Equation of the hyperbola having focus at
(a, b) and directrix Ix + my + n=01s
(E+m) {(x=aP + (=)} =& (e +my+
n}?; where e>> 1.

Auxiliary Circle of the Hyperbola

The circle described on transverse axis of the
hyperbola as diameter is called auxiliary circle.

Thus for the hyperbola
2 2

% - ;;—2 =1, its equation of auxiliary circle is
2+ yz =2

Xy i . . .
PR its equation of auxiliary circle
isx?+y*=b?
Rectangular Hyperbola

If the transverse and conjugate axes of hyper-
bola are equal then it is called a rectangular
hyperbola.
Thus the equation of the rectangular hyperbola
is
x2—y*=a’orxy=c?

2
where ¢’ = a? and its eccentricity = /2 .

Eccentric Angle

The eccentric angle of a particular point on
the hyperbola is not real. Thus the eccentric
angle is not as important for points lying on
the hyperbola

Position of a Straight Line with Respect to
a Hyperbola

If the straight line y = mx + ¢ be a chord of the

2 2

hyperbola x_z - ;;—2 =1, then ¢*> a?>m? - b%and
a
the length of chord is
2ab

Y& =(@m* -b)}(1+ mz)l

a’m® -b*
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7.2

73

8.1

8.2

8.3

84

85

8.6

8.7

The equation of the chord joining any two
2 2

points 6 and ¢ of the hyperbola x_2 - ;;_2 =11is
a

icose;q)—lsin(eLq)J = cos(mj
a 2 b 2 2 )

The equation of the chord of the hyperbola

2 2

X —;—2 =1 with (x,, ) as its middle point is

)
a

2 2
XN W 5 N
at b a b
Diameter

The locus of the middle points of a system of
parallel chords of the hyperbola is a straight
line through the centre of the hyperbola and is
called a diameter of the hyperbola.

The equation of diameter with respect to the

system of parallel chords of line y = mx + ¢
2 2 2

of the hyperbola x__;)z_z =1lis y=+
a

2

x
a’m

m = gradient of parallel chords.

Conjugate diameter

The diameters of the hyperbola are said to be
conjugate diameter to each other if each bisects
the chords parallel to the other.

The equation of conjugate diameter of diam-
2 2

eter y = mx of the hyperbola x—z—;—z =1 1is
a
b2
y= 2 x
am

If y=m x and y = m, x be a pair of cojugate
2 2

diameters of the hyperbola x_2 - )b}—z =1

a

2
Then condition is mm, = — and eccentricity
a

=e=,/l+mm,, if both conjugate diameters

are co-incident, then m = 1-2 .

a
Of a pair of conjugate diamters of a hyperbola
one meets it in real points, and the other meets
the conjugate hyeprbola in real points.
If a pair of conjugate diameter diameters cuts
two conjugate hyperbola in P and Q respec-
tively, then (CP)? — (CQ)*= a®- b*, C = centre
of the hyperbola.
The tangents drawn at the points where a
pair of conjugate diameters meet a hyperbola

9.1

10.

11.

12.

and its conjugate, form a parallelogram whose
vertices lie on the asymptotes and whose area
is constant and equal to 4ab.

If the straight line y = mx + ¢ is a tangent to the
2 2

hyperbola x—z—'Z—Zzl’ then ¢ =+ ’aZmZ_bZ
a

and the coordinate of the point of contact are %

¥
C’C ’

Equation of tangent in slope form
The straight line y=mx++a’'m’-b" is a

2 2

x——y—2=l for all
a b

tangent to the hyperbola —

values of m and the coordinates of the point of
contact are

-am b
\/azm2 -5’ ’ \/azm2 -5’

g am b
an s
Jarm? —b* " Ja*m? - b

If the straight line y = mx + ¢ and the hyperbola
2 2

Xy . o . .
priate =1 both intersect in imaginary point
that is both are separate or the straight line lies
outside the hyperbola, then condition is
c*<a*m?-b*

Cartesian Tangent

The equation of tangent to the hyperbola
2 2

L4

P
Wy

a b
Parametric Equation of the Tangent

The equation of tangent to the hyperbola
2 2
x——;—2=1 at a point 6 (a sec 6, b tan 0) is

=1 atapoint (x,y,)onitis

2
a

xsec® ytan® _
a b

L

NOTES

1.

If the straight line Ix + my + n =0 is tangent to
2 2

the hyperbola x—z—;—2=l then condition is
a



n? = a*> — b*m*and the coordinate of the point
of contact is

2 2
n n

2. The equation of conjugate diameter of diam-
2 2

eter y = mx of the hyperbola %—;—2 =-11is
_a'm
y= B Ex
13. Normal
The equation of cartesian normal to the hyper-
2 2
bola Z—z—;—z =1 atapoint (x ,y ) onitis
ZiL o AL TN
&N X N
a b a’ b

14. Parametric Equation of Normal

ax cos O+ by cot 6 =a>+ b*or ax + by cosec 0

=(a*+b?)secH

Four normals can be drawn to a hyperbola from

a point in its plane.

14.2 If the straight line /x + my + n = 0 is a normal
of the hyperbola, then condition is

14.1

P omt n
15 Asymptote An asymptote of hyperbola is a
straight line, which meets a hyperbola in two
coincident points at distance of infinite but it
is not altogether at infinity.
Equation of asymptotes of the hyperbola

2

% A
= 2
A' ¢ A
S B' R

Hyperbola E.87

NOTES

1. The combined equation of the asymptotes differs
from the equation of the hyperbola by simply a
constant term.

2. The angle between asymptotes of hyper-
bola is 90°, then it is called the rectangular
hyperbola.

3. The product of the perpendiculars from any
point on the hyperbola to its asymptotes is

aZbZ

a’+b’

16. The equation of the pair of tangents drawn
from a outside point P(x ,y,) to the hyperbola
is given by $§, = T” where

Xy
S—_—?—b—z—l,
.

1 a2 b2 2
:ﬁ_&_l
a v

The equation of the chord of contact of its
tangents is

X W
a b
NOTE

Two tangents (Real) can be drawn from external
point (x,, y,) to the hyperbola whose slopes are
given by following equation m* (x> — a®) — 2mx .y,
+ (»,> + b*) = 0 and whose joint equation is defined
by S, =1°

17. Important results about Rectangular hyperbola
xy=c?
17.1 Conjugate hyperbola xy = — ¢*
17.2 Parametric equation x = ct, y = (c/t)
17.3 Equation of tangent at point (x,, y,) is xp, + yx,

=2c*
or X2
XN
17.4 Equation of normal at point (x,, y )is xx,—yy =
x 12 -y 12

17.5 The normal drawn on point ¢ of the rectangular
hyperbola xy = ¢* again meet the hyperbola at
point #if £ =-1.



E.88 Hyperbola

17.6 The foci of hyperbola xy = ¢? is

(cﬁ, c\/z); (—c\/z,— c\/z) .

18. \/(x—ae)2+y2 +\/(x+ae)2+y2 =2a, e<1

(ellipse)

19. \/(x+ae)2 +y? —\/(x—ae)2 +y'=2a,e>1
(hyperbola)

SOLVED SUBJECTIVE PROBLEMS (XIi BOARD (C.B.S.E./STATE)):
FOR BETTER UNDERSTANDING AND CONCEPT BUILDING OF THE TOPIC

1. Find the foci, centre, eccentricity and the axes

2 2
of the hyperbola % _% =1.

Solution

2 2
Equation of hyperbola % _-2 =1

16
(D
Letx—1=Xandy-2=7
. Xy
Now equation (1) reducesto, = _~ _—
Here a®>=9, b*=16 9 16
a=3,b=4By b =a%(e*-1)
= 16=9(e2—1):>%=e2—1
2
= E+l=e2:>ez=—5 :‘e=§
9 3

Length of transverse axis =2a =6

——

Length of conjugate axis = 2b =8
Centre is (0, 0)
X=x-1 .,x-1=0
Y=y-2 .'.y—2=0}
Centre is (1, 2)

Coordinates of foci (+ ae, 0)
Hence, X = ae

Here

= x—l=3><§=5 Lx=6

and Y=0 =y-2=0=>y=2
. The coordinates of focus is (6, 2).

Also, X =—ae = x—l=—3><§=—5

> x=-4andY=0ory=2
The second focus is (-4, 2)

2. Find the centre, eccentricity, foci and directrix
of the hyperbola 9x>— 16y + 18x + 32y — 151
=0.

Solution

Given equation of the hyperbola is
Ix?—16y*+ 18x + 32y — 151 =0

= ¥+ 18x—-162+32y=151
=  9(x*+2x)-16(*-2y) =151
= 9(x+1)¥-16(p-12=151-16+9
= 9(x+1P-16(y-1)>=144
2 2
- 9(x+1)" 16(y-1) -1
144 144
2 2
L G o)
16 9
Putting x + 1| = X and y — 1 = ¥, then equation
Xy
of the hyperbolabe —-—=1
16 9

Here,a’=6 >a=4and b>=9=>b=3
Forcentre, X=0,Y=0
= x+1=0,y-1=0
> x=-l,y=1
(-1, 1) is the centre.
For eccentricity, e : b*>= a*(e*— 1)
= 9=16(e*-1)

ForfociX=xae, Y =0
= x+l=i'4><%,y—l=0

= x+tl=x5y=1
= x=4,-6,y=1



Foci are (4, 1) and (-6, 1)

. . a
For directrix X =+—
e

4 16
= x+l=F— = x=%+—-1
5/4 5

- x 11 dx 21
5 5

= 5x-11=0and5x+21=0

3. The difference of the distance of a variable
point from the points (3, 0) and (-3, 0) is 4.
Find the locus of that point.

Solution

Let, P(h, k) be variable point and given points
are S(3, 0) and S'(-3, 0), then according to
question : PS" —PS=4

= Jh+3) - (-3 4K =4 (D)

But for every value of 4 and £,
[(h+3)+k]—[(h=3)+K]=12h.(2)
Dividing equation (2) by equation (1),
we get
J+3) 1 +(h=3)* + &% =3k . (3)

Adding equation (1) and equation (3), we have

2(h+3)+k* =4+3h

= 4[(h+3)+k]=(4+3h)7
= 4h*+6h+9+ k> =16+ 24h + 9h*
=  4h*+24h+36 + 4k> =16 + 24h + Oh*
=  4h*+ 4K+ 20 = 9h?
= S5h*-4k*=

noK
= ———=1

4 5

2 2

Therefore, required locus is i y? =1

4. The foci of a hyperbola coincide with the foci
2 2

Xy
4+ =1,
of the ellipse YRET; Find the equation

of the hyperbola of its eccentricity is 3.

Solution
2 2

Equation of the ellipse is )2‘—5 +2 =1

16
Here, a®> =25 and b*>= 16. Obviously, a>> b*
b*=a%(1-¢%»
= 16=25(1-¢>) = 161 e
25
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e
25 25 5
Foci of the ellipse be (+ ae, 0)

or (in%,OJ or (£3,0)

2 2
Let equation of the hyperbola be x_z - g—z =1
o
(D
Then, its foci are (za e, 0) or (£ 30, 0) (. e =3)
According to question (+ 3a, 0) = (£ 3, 0)
= o=land p?=a’(e*-1)=13%>-1)=8
Putting the values of a2 and B? in equation (1)
2 2

Xy
1 8
Which is the required hyperbola.
5. The two foci of a hyperbola x>-? =a> are S
and §'. C is the centre. For any point P on the
hyperbola, prove that SP. S'P = CP2.

Solution

Given equation of the hyperbola is x> — y* = a2

2 2
= x_z_y_2=l Here, a* = a® and b* = a*
a
Lo b=Ea(e-1) = a=al(e-1)
= =e2-1 = e2=2:>e=\/5

Fociare S(a+/2,0) and S'(-a+/2,0)

Let P(x y) be the any point on the hyperbola,
then

2 _ylz =2
Now, SP=/(x, —ax2)? + (3, —0)’

=x\ - 2(1\/5)«:l +2a°+y]

=xf - 2“‘/5"71 +2a° +(x - a’)
[from equation (1)]

= \/294112 —2a\2x,+a* = J(ﬁxl -a)
= SP= \/5 X -
Similarly, SP=2x, +a
Therefore, SP.S'P = (v/2x, —a)(x2x, +a)

=2 =a*=x’+(x>-a’)

=x7+y? [from equation (1)]

= (x,~0)*+ (¥, ~ )"
=CP?, [ C(0,0)is centre]

Proved.
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6. Find the equation of the hyperbola of given
transverse axis, whose vertex bisects the dis-
tance between the centre and the focus.

Solution

Let the equation of the hyperbola be

2 2

XV,
at b

Length of the transverse axis = 2a
Let C be the centre, S the focus and 4 be one

of the vertices of the hyperbola.

Y
A
- (@e,0)
€z G A S ”
(- ae, 0) (0,0) \(& 0
M
Y!

Distance between the centre and the fo-
cus=CS=aqe

By the hypothesis, C4 = C—2S
ae
= a=—
2
= e=2

Now, b2 =a*(e*— 1)=a%(4-1)= 34"
Substituting the value of b2 is equation (1), we

7. Referred to the principal axes as the axes of
coordinates, find the equation of the hyper-
bola, whose foci are (0, +410 ) and which
passes through the point (2, 3).

Solution

Since, the foci are on y-axis, so let the equa-
2 2

tion of the hyperbola be x_2 —;—2 =1

a

It passes through the point (2, 3) %—:—2=1
a
O A o
= az aZ(eZ_l) { b _a(e - l)}

(2)

The coordinates of foci are

(0, + ae) = (0, £+/10)

ae=10

Substituting ae = V10 in Eq. (2), we get
24
a’® 10-a’

90 —9a%—4a*=a*> (10— a?
a*—23a>+90=0
@-18)(@*-5)=0
2=180ra’=>5
Now, b*=a*(e>—1)=a’%*-a*
= b=10-4°
When a?>= 18, b*= 10 — 18 = -8, (which is not
possible)
a’>=5thus, b*=10-5=5.
Hence, the equation of the required hyperbola
2 2

.y X 1

1§ ———=

5 5

uuuuy

UNSOLVED SUBJECTIVE PROBLEMS (X11 BOARD (C.B.S.E./STATE)):
TO GRASP THE TOPIC SOLVE THESE PROBLEMS

get
x2 y2
—-=—=1 =3x>-)?=34%
a 3d Y
x2 y2
1. ——=—= INCERT,
16 9 g I
2. 16x2-9y*=576 [NCERT]
3. 52-9%x*=36 [NCERT]

Directions: Questions 4 to 8 find the equations of
the hyperbola satisfying the given conditions.

4. Vertices (£ 2, 0), foci ( 3, 0). [NCERT]

5. Vertices (0, £ 5), foci (0, + 8) [NCERT]

6. Foci (£ 5, 0), the transverse axis is of length 8.
[NCERT]

7. Foci (0, + 13), the conjugate axis is of length

24. [NCERT]
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5
vertices at (0, = 6) and e =§‘ Also find its
foci.

Show that the equation 16x* — 3y* — 32x —
12y — 44 = 0 represents a hyperbola. Find the
lengths of axes and eccentricity.

(1 -e)+y*-2ax+a*=0

x2+5y2+8\/5xy—8x—8\/5y+4=0
16y* — 9x? = 576; (0, = 10)

2x/37,8;\/§

8. Vertices (17,0),e =§ [NCERT]
9. Write down the equation of a conic with eccen-
tricity e, focus. (a, 0) and directrix Y-axis. 12
10. Find the equation of the hyperbola with direc- ’
trix x + /2 y =1, focus at (0, 0) and eccentric-
ity 2.
11. Find the equation of the hyperbola with
ANSWERS
1. Foci (£ 5, 0), Vertices (£ 4, 0); e= %; Latus 5.
tum = 9
rectum = 5 6.
2. Foci (£ 10, 0), Vertices (£ 6, 0); e = %; .
Latus rectum = 63—4
‘ 214 , 6 ).
3. Foci | 0,+ Vertices | 0.2 —= |;
(0’_ Jg ]’ ( Jg] 9.
10.
e= ﬂ; Latus rectum = ﬂ
3 3 11.
x2 y2
4 ——-_—=1 12.
4 5
SOLVED OBJECTIVE PROBLEMS: HELPING HAND
1. What is the slope of the tangent line drawn to
the hyperbola xy = a(a # 0) at the point (a, 1)
[AMU-2000]
@) l/a () -1/a xdy =
©) a ) —a dx
Solution = dy —
) dx  x
(b) Given equation of hyperbola xy = a
Slope of tangent at point (x,, y,) is
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2. What will be equation of that chord of hyper-

bola 25x* — 16y* = 400, whose mid point is
5,3) [UPSEAT-1999]
(a) 115x— 117y =17
(b) 125x — 48y =481
(c) 127x + 33y =341
(@) 15x + 121y =105

Solution

(b) According to question, S = 25x* — 16y* —
400=0

Equation of required chord is S, =7 ....... 1)
Here, S| =25 (5)* - 16 (3)*— 400 = 625 — 144
—400 =81 and T = 25xx, — 16yy, - 400,
where x, = 5,y, =3

=25(x) (5) - 16 () (3) — 400 = 125x — 48y
- 400

So from (i), required chord is 125x — 48y — 400
=81 or 125x — 48y = 481

. The product of the lengths of perpendiculars
drawn from any point on the hyperbola x*—
2y* — 2= 0 to its asymptotes is

Solution

[EXMCET-2003]
(@ 12 (b) 2/3
(c) 312 @ 2
2 2
(b) Given equation is > yT =1 ... 1)

Product of length of perpendiculars drawn

from any point on the hyperbola (i) to the as-
mptotes is ﬁ—ﬁ—z
yinp +67 241 3

. The coordinates of the foci of the rectangular
hyperbola xy = ¢* are

(@ (¢ *0) () (£c2,+c2)
©) ( T T] (d) None of these

Solution

2
(b)xy=c?as ¢’ = %. Here, coordinates of fo-

cus are (ae cos 45°, ae sin 45°) = (cﬁ, cﬁ),
{‘.‘e=\/5, a=c\/5}

Similarly, other focus is (—c\/f ,—eN2 )

NOTE

Students should remember this result as a fact.

5. If 0 is the acute angle of intersection at a real
point of intersection of the circle x* + ? =
and the parabola y? = 4x then tan 0 is equal to:

[Karnataka CET-2005]
@ 1 ®) 3
(©3 @ U3

Solution

(¢) Solving equations x*> +)*= 5 and y* = 4x

wegetx’+4x—-5=0ie,x=1,-5

Forx=1,y’=4=>y=+2

For x = -5, y*=— 20 (imaginary values)
Points are (1, 2) (1,-2); m, for x*+)*=5

at (1, 2)
@ =X = -1 Similarly, m, fory*=
& Yl

4xat(l,2)is 1.

-m
tan 0 = |———2

1+mm,|

6. If a circle cuts a rectangular hyperbola xy =
¢*in 4, B, C, D and the parameters of these
four points be z,, ¢,, £, and ¢, respectively. Then

[Kumkshetra CEE-1998]

(@) tt,=tt, ) ettt =
©t,=t, @ =t
Solution

(b) Let equation of circle is x> + y* = a?
. ) c
Parametric form of xy = c*are x=ct, y=—
t

2

C
= c2t2+—2=a2
t

= 2t -a*P+c*=0
2

Product of roots will be, #t,t,t, = —=1.

le o

7. The locus of the intersection point of x cos o —
ysino=agand x sina—ycos o =>bis
[UPSEAT-2003]
(a) Ellipse (b) Hyperbola
(c) Parabola (d) None of these



Solution

(d)xcosa—ysina=ag,xsino—ycosa=bhb
Intersection points are
h= acoso—bsina
cos2a
= asino.—bcosa
cos2al
Then the locus of point (b, k) is x> + y* — 2x2
2= (a* + b (x* + y?) + 4abxy, which is not a
locus of any given curves.
8. The locus of the middle points of the chords
of hyperbola 3x*>— 2y? + 4x — 6y = 0 parallel to

y=2is [EAMCET-1989]

(@) 3x—4y=4 () 3y—-4x+4=0

) 4x—-4y=3 d) 3x—-4y=2
Solution

(a) Let P(x,, y,) be the middle point of the
chord of the hyperbola 3x*>— 2y +4x -6y =0

Equation of the chord is T'= S,

ie, 3xx, —2py, +2(x+x)-3(r+y)
=3x} -2y + 4x - 6y,

or

Bx, + 2 —(2y, +3)y +2x, -3y,

= 3x2-2y2+4dx -6y,

If this chord is parallel to line y = 2x, then

3x,+2

m=m, = —— =
=2y, +3)

1 2

= 3x,-4y =4

Hence, the locus of the middle point (x,, y,) is
3x-4y=4.

9. Eccentricity of the rectangular hyperbola

R LRI P
[ (x = de is [UPSEAT-2002]
@ 2 ®) 2
© 1 @ 12
Solution

(b) Eccentricity of rectangular hyperbola is

V2.

10. Slopes of the common tangent to the hyperbo-
2 2 2 2

las %—y—=l and X _ X are

16 9 16
[Roorkee-97]
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(@ 2,-2 ®)1,-1
© 1,2 @ -1,-2
Solution

2 2

(b) Any tangent to the hyperbola %— i}—é =1

is y=mx+9m*-16 ... )
x2 2
Any tangent to the hyperbola -2
(-16) (-9

parallel to (1) is y =mx+~+-16m*+9 ... (2)

If (1) and (2) are identical then 9m* — 16 =

—16m*+9
= m’=1
= m==x1

11. The number of normals which can be drawn

from an external point on the hyperbola
2 2

Xy

= _b_2 =11s [EAMCET-95]
a
(@ 2 (b) 4
©) 6 @8
Solution

(b) Equation of any normal to the hyperbola is
m(a® +b%)

Ja' -b’m’

= (a®-b'm?) (y - mx)* = m*(a*+ b*)?

If it passes through the point (x,, y,), then (a* —

b’'m?) (y, — mx,)* = m* (@* + b*)?

It is 4 degree equation in m, so it gives 4 val-

ues of m.

Corresponding to there 4 values, four normals
can be drawn from the point (x, y ).

y=mx-—

12. The curve for which the slope of the tangent
at any point equals the ratio of the abscissa to
the ordinate of the point is

[CET (Kernataka)-1997]
(b) a parabola
(d) ahyperbola

(a) acircle
(c) an ellipse

Solution

(d) Given ﬂ=£
dx y
> xdx=ydy

= x?—y*= ¢ which is a hyperbola.
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13. If x = 9 is the chord of contact of the hyper-
bola x2 — y* = 9, then the equation of the cor-
responding pair of tangents is [1IT-99]
(@) x*-8*+18x—-9=0
(b) 9x*-8y*—18x+9=0
©) x*-87”—-18x-9=0
(d) %*-8+18x+9=0

Solution
(b) The equation of chord of contact at point
(h, k) is xh — yk =9, Comparing with x =9, we
have h=1,k=0
Hence, equation of pair of tangent at point (1,
0)is S, =17
= @P-y'-N2-0-9)=(x-9)*
= -8x2+8”+72=x>—18x+38l1
= -8’ -18x+9=0

14. Let P(a sec 0, b tan 6) and Q(a sec ¢, b tan ¢),

where 0+¢ = g, be two points on the hyper-
x2 2
bola —2-;—2 =1. If (b, k) is the point of
a
intersection of the normals at P and Q, then k
is equal to [IIT-1999; MP PET-2002]
2 2 2 b2
a+b _|at
@ (®) ( p ]
a
a’+b’ _[a’+p?
© b @ b
Solution

(d) Given P(a sec 0, b tan 6) and Q(a sec ¢,
b tan ¢)

The equation of tangent at point P is

xsech ytan® _

a b

1

b 5 See 6 b
tan®@ a asin®
Hence, the equation of perpendicular at P is

m of tangent =

y—btan9=—asme

(x—asecH)

or by—-b’tan®=-asinOx +a’tan o
or asin6x+by=(a*+b*tan 6
Similarly, the equation of perpendicular at Q
isasing x+by=(@+b)tan¢dp ... (ii)
On multiplying (i) by sin ¢ and (ii) by sin 6

asin®sind x+bsindy=(a>+b*tanOsin ¢

15.

asing sinOx+bsinOy=(a>+b*tan ¢ sin O

On subtraction by,

(sin ¢ — sin 8) = (a® + b?) (tan 6 sin ¢ —tan ¢ sin 6)
a*+b* tanOsind—tanosin@

=k= N
7 b sind —sin®

T T
0+6=— = ¢=—-6
¢ 2 ¢ 2

= sing =cos 0 and tan ¢ = cot 0
_a’+b’ tanBcos@—cotBsind
b’ cos0—sin @

_a’ +b’(sinB-cosO) (4% +5?)
b kcose—sinej Ty

y=k

An ellipse has eccentricity 1 and one focus

at the point P(%, IJ‘ Its one directrix is the

common tangent nearer to the point P, to the
circle x> + y*= 1 and the hyperbola x*> — y* =
1. The equation of the ellipse in the standard

form, is [IIT-96]
@ (x-1/3) +(y—l)2 -
1/9 1/2
®) (=137 0+
1/9 /12
© (x-13" (-1’ -1
1/9 /12
@ (x-13"  (y+1’ -
1/9 1/2
Solution

(a) There are two common tangents to the
circle x>+ y* =1 and the hyperbola x> -3 = 1.
There arex =1 and x = -1

YA

el

(-1, 00A O (1,0)

Out of these, x = 1 is nearer to the point P(1/2,
1). Thus a directrix of the required ellipse is
x=1



If O(x, y) is any point on the ellipse,
then its distance from the focus is QP =

2
(x—%) +(y-1)* and its distance from

the directrix x = 1 is | x — 1|. By definition of
ellipse, OP=e |x— 1|

= it 2+( -1)? =l|x—1|
2TV 2

= 3x?-2x+4?-8+4=0
= 2

or LoD
1/9 1/12

16. If the circle x*> + 3 = a? intersects the hyper-
bola xy = ¢* in four points P(x,, y,), O(x,, ¥,),
R(x,,y,),S(x,. y,), then [IIT-1998]
(@ x +x,+x,+x,=0
®) y, +y,ty, +y4 =0
©) x x,x,x,=ct

@D yyyy,=c

Solution

(a, b, ¢, d) On solving, we get

4

c
)«:2+—2=a2 >xt-ax?+c*=0
x
X, +x,+x,+x,=0,xxxx, = . ()
Since both the curves are symmetrlcal in x

and y

VY, Yy, vy, =0y vy, =t (i)

NOTE

Result (ii) can also be obtained by eliminating x.

17. The locus of the mid points of the chords of
the circle x> + 3> = 16 which are tangent to the
hyperbola 9x> — 16y*>= 144 is  [Roorkee-97]
(a) (F*+)y?)?=9%x"-16)?

(®) (x*+y%)?=16x"-9y?
©) (2=3)*=9x2— 16
(@ -y = l6x*—9?

Solution

(b) Let (x,, ,) be the mid-point of a chord of
given circle.
Then its equation is given by
T=8 =xx +yy, =x>+y?
xl
Lx+
N b

2, 2
-~ y=- Xty
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2 2
If it is a tangent to the hyperbola f_é_ —=1,

then from condition of tangency ¢?= a*m>— b?,

2 2
Xy 16 - | —9
N N
Hence, required locus is (x* + y?)* = 16x? —

92
18. A hyperbola passes through the focus of the

we have (

2 2
ellipse *_ .2 _1 and its transverse and
conjugate axes coincide with the major and
minor axes of the ellipse. If the product of
their eccentricities is 1, then
[IIT-JEE-2006]

(a) the equation of the hyperbola is

x2 y2
9 25
(b) the equation of the hyperbola is
x2 y2
9 16

(c) focus of the hyperbola is (5\/37 ,0)
(d) focus of the hyperbola is (5, 0)
Solution
(b, d) Let equation of the hyperbola be
x2 y2
? - b_2 = . (1 )

Since it passes through the focus (+4/25-16,

0) = (+ 3, 0) of the ellipse, so % =1=a’=9
a

““““““ ©)
Also product of their eccentricities = 1
2
= l—E ><1’l +b—2 =1
25 a
25
= 1l+—=—=
9 9
=> =16
equation of the hyperbola will be
XY
9 16

Its focus = (x+/a” +b%,0) = (£5,0)

Hence (b) and (d) are correct answers.
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19.

The point where the line 2x+6y=2

touches the curve x> — 2)? = 4 is
[IIT (Screening)-2004]

(b) (4,-6)
(@ 1,0)

(@ (6,1
(©) (1/2,1//6)

Solution

20.

2 2

(b) Given hyperbola is % - y7 =1. Let given
line be a tangent to it at point (2sec, J2tan 0)
But equation of tangent at this point is
X y
—secO—-——
2 V2
Comparing it with given line equation
secO -1 tan0 __ﬁ

2 2 2

Required point is (4, — J6 ).

tan0=1.

Consider a branch of the hyperbola
x*=2y*—22x-4J2y-6=0 with vertex
at the point A. Let B be one of the end points
of its latus rectum. If C is the focus of the

hyperbola nearest to the point 4, then the area
of the triangle ABC is [IIT JEE-2008]

2 3
(a) 1—\/; ©) \/; 1
©) l+\/§ @ \/gﬂ

Solution

(b) The hyperbola

x*=2y* —22x-4J2y-6=0 can be re-

(x=2) _(r+2) _
4

duced to 1

2
b’ 3
Wehave g=2,b=2 e= Z+l=|2
a 2

B

21.

The area of the triangle ABC = % =a(e-1),

£=b2(e—l)

a 2
(-
_ =\ﬁ_1
2 2

If the tangent at the point (2 sec 6, 3 tan 0) of
2 2

the hyperbola %—%=1 is parallel to the

line 3x — y + 4 = 0. Then value of 0 is:

[Orissa JEE-2008]

(a) 30° (b) 60°
(c) 90° (d) 45°
Solution

22.

(a) Equation of tangent at (x’, y") on hyperbola
2 2

oy oy

a b a b

2(secO)x _(3tan0)y -1

4 9
_ 3secO o 3
2tan®  tan®
slope of tangent = 3secd
2tan®
tangent is parallel to the line 3x—y +4=0
3secH -3
2tan®

= sin9=%=>9=30°

An ellipse intersects the hyperbola 2x? — 2y* =
1 orthogonally. The eccentricity of the ellipse
is reciprocal of that of the hyperbola. If the
axes of the ellipse are along the coordinates
axes, then [IIT-2009]
(a) equation of ellipse is x>+ 2y* =2

(b) the foci of ellipse are (£1, 0)

(¢) equation of ellipse is x>+ 2y* =4

(d) the foci of ellipse are (£+/2,2)

Solution

(a, b) Ellipse and hyperbola will be confocal
= (*ae,0)=(x1,0)



= (iax%,oj=(il, 0)

1
= =42 and e=—F4
a \/_an \/5
= b=d*(1-¢€>
= b*=1

2 2
Equation of ellipse % + yT =1

23. Match the conics in Column-I with the state-
ments/expressions in Column-I1. [IIT-2009]

Column-I Column-II

(A) Circle (p) The locus of the point
(h, k) for which the line
hx + ky = 1 touches

the circle x>+ 3? =4

(B) Parabola  (q) Points z in the complex
plane satisfying |z + 2|
—|z-2|=%£3

Points of the conic
have parametric

representation

=457

(C) Ellipse )

1+¢

2t
1+7
The eccentricity of the
conic lies in the
interval 1 <x <o

y=
(D) Hyperbola (s)

(t) Points z in the com-
plex plane satisfying
Re(z+ 1)Y=z +1

Solution
A)—=@.B)—6H,C)— 0D~ @9
1 I’ 2, 12
® F_4 l+k—2 =1=4k"+h")

2
4k’ =(%J which is a circle.

Iflz—z|~-|z—z)|=kwhere k<|z, -z
the locus is a hyperbola.
(r) Let,t=tana

(@

= x=+3cos2a and y = sin 2a

x
or 00520‘=$ and sin 20 =y

Hyperbola E.97

2
x . L
?+y2 =sin’2a+cos’o =1, which is

an ellipse.

(s) If eccentricity is [1, «), then the conic
can be a parabola (if e = 1) and a hyper-
bolaife € (1, w0)

) Let,z=x+i,x,yeR

= (x+1P-y*=xr+y*+1

=y =x; which is a parabola.

Instruction for Question 24 and 25 ,

The circle x>+ 3 — 8x = 0 and hyperbola LI A
intersect at the points 4 and B. 9 4
24. Equation of a common tangent with positive

slope to the circle as well as to the hyperbola
is [IIT (1) 2010]
(a) 2x_J§y_2o=o ©) 2x—J§y+4=0
(©) 3x—4y+8=0 @) 4x-3y+4=0

Solution

(b) Let equation of tangent to ellipse
xsecO tan®@
T3 2
2x sec 0 —3tan 0y =6

It is also tangent to circle x> +*—8x =0

|8secO-6]| -4
V4sec’0+9tan’ 0
(8sec 6—6)2=16(13 sec?6—9)
= 12sec’0+8secH-15=0

y=1

= secO= éand—i but sec # 2
6 2 6

V5

= sec€)=—i = tanO=—,
2 2

slope is positive
Equation of tangent is =2x — J5 y+4=0
25. Equation of the circle with 4B as its diameter
is [IIT (1) 2010]
@@ x*+3y*—12x+24=0
(b)) x*+3y*+12x+24=0
(©) x*+3*+24x-12=0
d) x*+3y*=24x-12=0

Solution

(a) x*+)*-8x=0

2 2
X Y ol oa-92=36
9 4
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= 4x-98x—-x»)=36
13x*-72x-36=0
13x*—78x +6x—-36=0
(13x +6) (x+6)=0

26.

= x=—i andx=6
13

But, x>0=>x=6
=  A(6,2) and B(6,-+2)

= Equation of circle with 4B as a diameter
2+ —12x+24=0

The line 2x + y =1 is tangent to the hyperbola
2 2

Z—z—;—2=l. If this line passes through the

point of intersection of the nearest directrix

and the x-axis, then the eccentricity of the

hyperbola is

[IIT (1)-2010]

Solution

Y

x =ae
Put (1) in

2
y=-2x+1istangent, &’ = l+a_2

—-a
It passes through (?, OJ

2
0=-2941 =1+M
e a
- a.1 e2=1+4—L2
e 2 a
e=2a e2=5—i2
e
c?=a*m? - b* =e'-52+4=0
=1=4a>-b* =>(E*-1D(E-4=0
=1+b>-4a>=0 e?—1#0e=2
= 4a> - 1(-1)

OBJECTIVE PROBLEMS: IMPORTANT QUESTIONS WITH SOLUTIONS

The equation of the hyperbola whose directrix
isx+2y+1=0, focus (2, 1) and eccentricity
2 will be [MP PET-88, 89/
(a) ¥*—16xy — 11y> - 12x+ 6y +21 =0

() 3x2+ 16xy+ 15 —4x—14y-1=0

©) x*+16xy+11y? - 12x -6y +21=0

(d) None of these

The locus of the point of intersection of the

. 1 .

lines f+Z=m and ——==—, where m is
a b a b m

a parameter, is always

(a) Acircle

(b) A parabola

(c) An ellipse
(d) A hyperbola

. The difference of the focal distances of any

point on the hyperbola 9x* — 16y = 144, is
[PET-95]

(@ 8 (®) 7

© 6 @ 4

. The latus rectum of the hyperbola 9x2 —-16y* —

18x—32y— 151 =0 is

[MP PET-96]
(a) 9/4 ®) 9
(©) 312 (d) 92



10.

11.

12.

13.

If transverse and conjugate axes of a hyper-
bola are equal, then its eccentricity is

[MP PET-2003]

@ V3 ® 2

©) 12 @2

The foci of the hyperbola 9x> — 16y* = 144 are
[PET-2001]

(@ *4,0) () 0,+4)

(©) *5,0) @ 0,£5)

2 2
The directrix of the hyperbola is % _yT =1

[UPSEAT-2003]
@ x=913 ®) y=913
(©) x=6/13 @) y=6//13

If e and e’ are the eccentricities of the ellipse
5x? + 9y* = 45 and the hyperbola 5x> — 4y* =
45 respectively, then ee’ is equal to

@9 (b) 4

© 5 @1

The equation of the hyperbola referred to
the axis an axes of coordinate and whose
distance between the foci is 16 and eccentric-

ity is V2, is
(@) x*—y*=16 (b) x*—y*=132
©) x¥*-2y*=16 @ y*-x*=16

2 2

If the foci of the ellipse f_6+)b}_2=1 and the
oy .

hyperbola — —=—=— coincide, then the
144 81 25

value of b*

@1 ®) 5

©7 @9

Centre of hyperbola 9x*> — 16y + 18x + 32y —
151=01is

(@ 1,-D ® LD

© L-D @ ad.n

If P is a point on the hyperbola 16x> — 9* =
144 whose foci are S, and S, then PS| - PS,

is equal to

(@ 4 () 6

©) 8 @ 12

The eccentricity of the hyperbola conjugate to

x*—3)*=2x+8is [MPPET-2006]
2

@ 75 ®) \3

)2 (d) None of these

14.

15.

16.

17.

18.

19.

20.

21.

Hyperbola E.99

The distance between the directries of a rect-
angular hyperbola is 10 units, then distance

between its foci is [MPPET-2002]
@ 1042 ®) 5
© s\2 (@) 20
2
For the hyperbola —= .y -— =1, which
cos“o sin“a

of the following remains constant when o
varies? [AIEEE-2007; IIT Sc.-2003]

(a) abscissae of vertices (b) abscissae of foci
(c) eccentricity (d) directrix

A hyperbola, having the transverse axis of the
length 2 sin 6, is confocal (foci of both conic
coincide) with the ellipse 3x* + 4y> = 12. Then
its equation is [IIT-JEE-2007]
(a) x* cosec?0 —y?sec?0=1

(b) x*sec?0 —y? cosec?0=1

(¢) x*sin®0 —y* cos?0 =1

(d) x* cos?0 —y?sin%0 = 1

The line Ix + my + n = 0 will be a tangent to
2 2

oy )
the hyperbola — — e 1, if

I«

(@) a®P+b'm*=n? ) a*P - b'm?>=n?
©) am*-bn*=a’P (d) None of these

The equation of the normal to the hyperbola
2 2

x__y_z =1, at the point (8,3+/3) is
16 b

[PET-96]
(@ Bx+2y=25 () x+y=25

@ 2x+\/3_;y=25

If the tangent of the point (2 sec ¢, 3tan ¢) of
2 2

the hyperbola % - y? =1 is parallel to 3x —y

©)y+2x=25

+ 4 =0, then the value of ¢ is
(a) 45° (b) 60°
(c) 30° @) 75°

The locus of a point which moves such that
the difference of its distances from two fixed
points is always a constant is [KCET-2003]
(a) A straight line (b) A circle

(c) An ellipse (d) A hyperbola

The point of contact of the line y = x — 1 with
3x2—4y*=12is
(@ (4.3)

© (4,-3)

®) (3,4
(d) None of these
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22.

23.

24.

25.

. @ (-2 + @G- 1) =4{

The value of m for which y = mx + 6 is a tan-
2 2

x* oy .
ent to the hyperbola ——-=—=1, is
g P 100 49

[KCET-93]
17
@ |7

20
® (2
3 20

The equation of the common tangent to the
curves y? = 8x and xy = -1 is

@) 3y=9x+2 ®) y=2x+1

©) 2y=x+8 dy=x+2

The locus of a point P(a, f) moving under the

condition that the line y = ax + B is a tangent
2 2

Xy .
to the hyperbola ——-=—=1 is
yp Z B

(AIEEE-2005)
(b) A hyperbola
(d) Acircle

(a) A parabola
(c) An ellipse

The value of m, for which the line

y=mx+ 25;/3_' is a normal to the conic
x2 yZ
——=—=1,1s [MPPET-2004]
16 9

2 )
(@) NG ® 3
©) —g (d) None of these

SOLUTIONS

(x+24-1)°
]
= S[x2+3)?—4x -2y +5]
=S4+ 42+ 1 +4xy —2x — 4y
= x*-1ly*—l6xy—12x+6y+21=0

@ X2 =m and f—Z=L multiplying
a a b m
2 y2
both, we get, — s =1 which is a hyper-

bola.

26.

27.

28.

29.

30.

3.

4.

The combined equation of the asymptotes of

the hyperbola 2x? + 5xy + 2y* + 4x + 5y =0 is
[DCE-2007]

@) 2x*+5xy+2y*+4x +5y+2=0

(b) 2x*+5xy + 2)*+4x +5y-2=0

(©) 2x*+5xy+2y*=0

(d) None of these

The slopes of the common tangent to the hyp-
2 2 2 2
erbolas -2 =1 and 2~ =1 are
9 9
[UPSEE-07]
@1 (®) -1
)2 (d) None of these

The equation of the director circle of the
hyperbola 9x> — 16y* = 144 is [MPPET-2008]
@ x*+y*=7 (®) x*+3*=9

@©) x*+y*=16 @) x*+3y*=25

If e be the eccentricity and a be the angle bet-
2 2

ween asymptotes of the hyperbol x_z - )b}—z =1,
a

[MPPET 2010]
() e

e
@ 3

then sec %is equal to
@ 0
(© ¢

2 2 2 2
If the curves _2+y_2=1 and x—z—y—2=l
a m
cut each other orthogonally, then
[MPPET 2010]
(b)) a?-b*=P-m?
@ a*+b*=r-m’

@) a2+ b*=P+m?
() a*-b*=r+m’

2 2

.oxt oy
a) The hyperbola is ———=1.
(@ yp 69

we have difference of focal distances = 2a = 8
D) 9x>—18x+9-162-32y— 16 =144

=D+,
16 9

=

= latusrectum =—=

26" _2x9 _9
a 4 2



10.

2 2

(b) Hyperbola is LI A
a

2 b2

Here, transverse and conjugate axis of a hy-
perbola is equal .
a=b .. x>-y*=a? which is a rectangu-
lar hyperbola,

Eccentricity e= 1+— NG

2 2

(c) The equation of hyperbola is ;c—6— y? =

now, b*=a2(e?- 1) => e=%
Hence, foci are (x ae, 0)

- (14,%,0) ic., (45,0)

(a) Directrix of hyperbola x = a/e where
\/bz +a’ \/b2 +a’
e = 2 =
a a
o a’ 9
directrix X =——=—=-=
\/a2 +b° N9+4
= x=—
\/_
(d) Clearly, e =§ and e’ = 3

2

(b) According to question, transverse axis =
conjugate axis.

Giventhat, e =+/2,2ae=16 .. a=42.

Therefore, equation of hyperbola is x> — y* =
32.

coee' =1

(c) Hyperbola is x> Y o2
144 81 25
T TR T
25 25 144
255 15 _5
144 2 4

therefore, foci = (ae, 0) —(%xi 0]—(3 0)

= (3, 0) therefore, focus of ellipse i.e., (ae, 0)
=3.0

= e=i. Hence, 5> =16 l—2 =7
4 16

11.

12.

13.

14.

15.

16.

Hyperbola E.101

(b) Centre is given by (hf —bg gh-of J

ab-h*" ab-h*
+16.9 —9(16) =(-11)
-9.16° -9(16)
2 2
) 3_2—1—2=1 Therefore, ps, ~ ps,= 2(3)= 6

(¢) Equation of the given hyperbola is x* — 3y
=2x+8

2 2
= ooetl-3p=om DY
9 3
“““““““ )
Then, the equation of its conjugate hyperbola
2
willbe ¥~ _&=D" (i).
3 9
Here, a*=9, b*=3.

For eccentricity of hyperbola, we know
a*=b?(e*-1)
= 9=3(*-1)

= e2=3+1=4.¢e=2

(d) Eccentricity of rectangular hyperbola,
e=2

Distance between direction (given)

2(3]:10 = 2% _y9
e e

= 2a=10e= 245-102
Distance between foci

=2ae=10/2x+/2 =20

®) " b>=a%(e*— 1) =>ssin0 = cos’a (e?— 1)

= tanfa+1=¢?

= e?=sec’q, Vertices = (+ cos a, 0)

Coordinate of focii are (£ ae, 0) = (£ 1, 0)

= if a varies then the abscissa of foci
remain constant.

(@) 3x*+47=12
2 2

= x_+y_=
4 3

aZb\/_

2
h_b__ h__ :>ae—l
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17.

18.

19.

20.

21.

(sin®)e=1
e = cosec 6,

b =sin®,/cosec’ -1 = cos B

Hence, equation of hyperbola is
2 2

X y

sin’@ cos’®

(a = sin 6; given)

®)Ix+my+n=0or y=_—lx—£ is tangent
m m

(d) Equation of normal at point (x,, y,) is

2 2
ax by _ o
X Y
l6x 9y
222X 21649
AR IENE)

= 2x+3y=25

2
(¢) Equation of tangent to parabolax?—

2
y?=lat point (2 sec ¢, 3 tan ¢) is xsecq
ytanq)_1

3

sec®
-2 _3 L o=30°
Slope—tan¢—1:> secd 2=>¢ 30
3

(d) If PA — PB = const, then locus of P can be
hyperbola or portion of a line through A and B
but excluding line segment AB.

By elimination .. (d) option is correct.

2 2
(a) Point of contact ( an ) i]
c c

22.

23.

24.

25.

26.

(@ y = mx + 6 is tangent to hyperbola

x Yy
100 49
6=1100xm*-49 = 100m*= 36 +49
mz—ﬁ > m= ﬂ
100 20

(d) Equation of tangent to the parabola 3 = 8x
is y=mx+ 2

m
This is also tangent to hyperbola xy = —1

x( mx + EJ = —1 will have equal roots.
m

mx2+£x+l=0;D=0
m

2
(EJ -4,m=0,m=1
m

Equationy =x+ 2

(b) If y = ax + B is tangent to the hyperbola

__(@+b)m
(a) Here, for normal ¢ = W
253 ~(16+9)xm
3 J16-9m?
(V16 =9m?) = (—/3m)’
= 16-9m?>=3m>
m 2 .
=—=is
J3
(a) Equation of asymptotes will be 2x* + 5xy +

2 +4x+50+A=0
It is pair of straight line

a h g
h b fl]=0

g f ¢

2 5/2 2

5/2 2 S5A=0,A=2
2 52 A

so(a)is




27.

28.

. X
. A point on the curve e

(a, b) Equation of tangent to the hyperbola.
2 2

x__y_=l = y=mx+9m’-16

9 16

x2 yZ
—_16_—_9=1; y=mx£-16m" +9

for common tangent 9m? — 16 = -16m>+ 9 =
m ==l

(a) Equation of directrix circle is
xX+y’=a*-bLorx’+y’=16-9=7
("." Equation of hyperbola is 9x*> — 16y = 144
x2 y2
or ———=1)
16 9

Hyperbola E.103

29. (b) Angle between asymptotes

= 2tan"2 =q

a
= f1+tan22 =sec X
2 2

30. (c) A hyperbola and ellipse are orthogonal if
they are con focal. (i.e., have same focus).

(tJa* -5, 0)= (P2 +m>,0)

a*—b =P+ m>

UNSOLVED OBJECTIVE PROBLEMS (IDENTICAL PROBLEMS FOR PRACTICE):
FOR IMPROVING SPEED WITH ACCURACY

2 2
y .
s—=—5=1l1s
[PET-1988]
(@) (Acos 6, Bsin0) (b) (4sec6, Btan6)

(¢) (4 cos?6, Bsin?0) (d) None of these
The eccentricity of the hyperbola x* — y* = 25

is [PET-87]
@ V2 ®) V2
© 2 @ 1+42

The equation of the hyperbola whose foci are

(6, 4) and (-4, 4) and eccentricity 2 is given by
[MP PET-93]

(@) 12x2—4y*—24x+32y—-127=0

(b) 12x2+ 42+ 24x - 32y - 127=0

(©) 12x>—4y*>-24x-32y+127=0

(d) 12x2—4y*+24x + 32y +127=0

The latus rectum of the hyperbola 16x*— 9y* =

144, is [PET-2000]
(a) 16/3 (b) 3273
(©) 873 (d) 413

The eccentricity of the hyperbola 9x* — 163> —
18x— 64y —199=0is

[MPPET-2006]
16 5
(@) 5 (b) 7
©) 2 (d) zero

x2 y2 . .
6. If % 7 =1 is a hyperbola, then which of
the following statements can be true?

[Karnataka CET-2007]
(a) (-3, 1) lies on the hyperbola
(b) (3, 1) lies on the hyperbola
(¢) (10, 4) lies on the hyperbola
(d) (5, 2) lies on the hyperbola

7. If the eccentricity and length of the latus rec-

J13 10

tum of a hyperbola are —— and — units

respectively, then what is the length of the
transverse axis? [NDA-2007]

(a) % units (b) 12 units

15 . 15 .
¢) — units d) — units
© 2 @ 2

8. The distance between the directries of the
hyperbola x = 8 sec 6, y =8 tan 0 is

[Karnataka CET-03]
(@) 16y2 ) 2
© 842 @ 42
9. x?—4y*-2x+ 16y — 40 = 0 represents
[DCE-99]

(a) A pair of straight lines
(b) An ellipse

(¢) A hyperbola

(d) A parabola
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10.

11.

12.

13.

14.

15.

The equation 2x*> + 3)? — 8x — 18y + 35 =k
represents

(a) No locus k>0

(b) An ellipse if £ <0
(¢) Apointif k=0

(d) A hyperbolaifk>0

If e and e’ be the eccentricities of a hyperbola

. . 1 1
and its conjugate, then —+—
e

vz is equal to

[DCE-04, 2000, 1998; MPPET-2008]
® 1
(d) None of these

@ 0
©2
The equation of the hyperbola whose conju-
gate axis is 5 and the distance between the
fociis 13, is

(a) 25x2—144=900

(b) 144x> - 25y = 900

() 144x*+ 25y* =900

(d) 25x2+ 144y =900

The equation of the hyperbola whose foci are
2 2

the foci of the ellipse ;_5_'_%:1 and the

eccentricity is 2, is
2 2 2 2

Xy X -
a) —+—= b)) —=-ZI-_=1
@ 4 12 ® T 12
xz yz x2 y2
c) 4+ 2 — d) -2 =
© 2t 1 () 5

If the latus rectum of an hyperbola be 8 and
eccentricity be 3/ 5, then the equation of the
hyperbola is:

(a) 4x*-5)>=100

(b) 5x*—42=100

() 4x*+ 5y*=100

(@) 5x*+ 4% =100

The one which does not represent a hyperbola

is [PET-92]
(@ x=1
() x*—y*=5

© x-1)@-3)=3
@ x*-y*=0

16.

17.

18.

19.

20.

21.

22.

The radius of the director circle of the hyper-
2 2

bola -2 =1 is [PET-99]
a b

(@ a-b (b) Va-b

(c) Va'-b’ (d) Va*+b’

The line 3x — 4y = 5 is a tangent to the hyper-

bola x*— 4y* = 5. The point of contact is
(@ 3.1 (b) (2,1/4)
(© (1,3) (d) None of these

The value of m, for which the line y = mx + 2
becomes a tangent to the conic 4x>— 9y* = 36,

are [MPPET-2004]
2 2

@ 5 () +i
8 4J_

© *3 @ +—

The ratio of the eccentricities of the two
hyperbolas 2x>—33*> =1 and 3x> - 2y*=1is

[SCRA-2007]
(@ 5:3 () 4:3
©3:2 @ 2:43
The equation to the normal to the hyperbola
oy .
——=—=1 at(-4,0) is
16 9 ¢ )
[Karnataka CET-2008]
(@ x=1 ® y=0
(©) 2x-3y=1 @x=0
The eccentricity of the conic x*> — 4y* =1, is
[PET-1999]
@) 23 ®) V372
© 245 @ 572

The equation of the normal at the point
(a sec 0, b tan 0) of the curve b%* — a%?
a’bh’ is

ax by

— 4
@ cos® sinB

=a’+b

ad +b—y=a:2+b2
tan©

secO
©) ﬂ.,.b_y:az +b2
secO tan0

@ & W e
secO tan0

®




23.

24.

The equation of the normal at the point (6,4)
2 2

on the hyperbola L S 3, 1s
9 16

(@) 3x+8y=50
(c) 8 +3y=50

(b) 3x -8y =50
(d) 8 —-3y=50

The eccentricity of the hyperbola can never be
equal to

(@) Jo/5 () 2/\9
(©) 3/48 @ 2

Hyperbola E.105

25. Equation of the common tangents to the hyper-

bola Z—i—;—j=l and z—:—Z—z=l is
[MPPET-2010]

@ y=xta-b"

®) y=xtb'-a*

©) y=ixim

@ y=tx+b'-d’
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WORKSHEET: TO CHECK THE PREPARATION LEVEL

Important Instructions

1.

N

The answer sheet is immediately below the
worksheet.

The test is of 15 minutes.

The worksheet consists of 15 questions. The
maximum marks are 45.

Use Blue/Black Ball point pen only for writing
particulars/marking responses. Use of pencil is
strictly prohibited.

. The eccentricity of curve x> —3?=11is

[PET-95]

(@) 12 ®) 142

© 2 @ V2

The reciprocal of the eccentricity of rectangu-

lar hyperbola, is

(a) 2 ®) 172

© 2 @ 142

The eccentricity of the conjugate hyperbola of
the hyperbola x> —3y*=1,is [MP PET-99]
() 2 ®) 2/\3

(©) 4 @) 4/3

The focii of the hyperbola 2x2— 33? =5, is
[MP PET-2000]

(@) (£5/4/6,0) (b) (& 5/6, 0)

() (£5/6,0) (d) None of these

The eccentricity of the hyperbola

—‘”299()8 —y)=1is [KCET-1999]
@ 3 ® V2

© 2 @ 242

The latus rectum of the hyperbola 9x2— 16y* +
72x-32y-16=0is [Pb. CET-2004]
(a) 92 (b) -9/2

(c) 32/3 (d) -32/3

The equation of the hyperbola in the standard
form with transverse axis along x-axis, the

length of LR = 9 and eccentricity = %, is

[Kerala (CEE)-2005]

10.

11.

12.

13.

2 2 2 2

Xy -
ad) ———= b)) ——=——=1
@ 36 64 ® 36 27
2 2 2 2
© -2 =1 @ X _Y o
64 36 16 9
Ifx=h+asec6andy=k+ b cosec 6, then
[Kerala PET-2008]
2 2
@ 4o
(x+h)y (y+k)
2 2
) a b

+——=1
(x=h)  (y=k)
(x=h? _ (y-k)
©) + =1
a b’
-h)’ -k)?
@ Q-Q:]
a b
If e, and e, are the eccentricities of a hyper-

bola 3x* — 3y* = 25 and its conjugate, then
[Karnataka CET-2008]

(®) ¢ +e,=+2
@ elter=4

(@) e, te,=4
©) elter=2

The length of transverse axis of the hyperbola

3x2— 4y =32 is [KCET-2001]
(@) 8J2/43 () 165243
(c) 3/32 (d) 64/3

The standard equation of the hyperbola hav-
ing the distance between foci as 32 and eccen-
tricity 242, is [NDA-2001]
(a) 7x*—y*=56

®) x2=7*=56

(c) Tx*—y*=224

(d) x*=T7y?=224

The equation of the normal to the hyperbola
2 2

;‘_6 - y? =1 at(-4,0)is [UPSEAT-02]
(@ y=0 (b) y=x
(© x=0 @ x=-y

The equation of the tangent to the hyperbola
4= x> — 1 at the point (1, 0) is

[Karnataka CET-94]
(@ x=1 ®y=1
© y=4 @ x=4



14. If the line Ix + my =1 is a normal to the hyper-
2 2 2 2

Xy a b
bola a—z—b—2=l then l—z—yls equal to

[EAMCET-2007; Orissa JEE-2007]
(@) a*>-b*
(b) a*+ b?
© (@+ b
@ @-b°

Hyperbola E.107

15. The equation of the tangent at the point (a sec
2 2

6, b tan 0) of the conic x—z——2=l, is
a b
(a) xsec’6—ytan’0=1
X y
(b) =secf—=—tanO=1
a b

x+asec® y+btand
© ) - b2 =
(d) None of these

1

ANSWER SHEET
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50000 0.0 50000

HINTS AND EXPLANATIONS

3. (a) Conjugate hyperbola of x> — 3y? =1 is
2 2
X+ =lor —+2 =1
1 13

e= /1+L=2
1/3

x2 y2
7. (c) Equation of hyperbola —-— e =1
a
2 2,2
2 _g 20 - g
a a

= a=8,b>=ad%e*-1)

oor{i

2 2

Equation is LA A
64 36

12. (a) Equation of normal is
2 2
x4 by _ a’+b’
X N
a*xy, +byx = (a*+ P)xy,
= 0+9%(-4)=0
y=0






Test Your Skills

ASSERTION/REASONING

ASSERTION AND REASONING TYPE
QUESTIONS

Each question has 4 choices (a), (b), (¢) and (d), out
of which only one is correct.

(@)
®

©
@

1.

Assertion is True, Reason is True and Reason
is a correct explanation for Assertion.
Assertion is True, Reason is True and Reason
is not a correct explanation for Assertion.
Assertion is True and Reason is False.
Assertion is False and Reason is True.

Assertion: The points (2, 1) and (-3, 5) lie on
opposite side of the line 3x — 2y + 1 =0.
Reason: The algebraic perpendicular distance
from the given point to the line have opposite
sign.

Assertion: The line 2x + y + 6 = 0 is perpen-
dicular to the line x — 2y + 5 = 0 and second
line passes through (1, 3).

Reason: Product of the slopes of the lines is
equal to—1.

Assertion: If 3a — 2b + 5¢ = 0, family of line
ax + by + ¢ = 0 are always concurrent at a
point.

Reason: If L, =0 and L, = 0 be two lines, then
family of linesis L, + AL, =0, A #0.

Assertion: The area of triangle formed by the
points 4(20, 22), B(21, 24), C(22, 23) is same
as are formed by P(0, 0), O(1,2)and R (2, 1)

Reason: The area of triangle is constant with
respect to transition of coordinate axes.

. Assertion: If (0, 3), (1, 1) and (-1, 2) be the

mid-points of the sides of a triangle, then cen-
troid of the original triangle is (0, 2).
Reason: The centroids of the triangle and
joins the mid-points of the sides of triangle are
same.

. Assertion: If the points (1, 2) and (3, 4) be on

the same side of the line 3x — 5y + A = 0 then
A<T7ori>11.

Reason: If the points (x, y)) and (x,, y,) be
on thesame side of the line f{x, y) = ax + by +

¢ =0, then M<O‘
S(x,3,)

. Assertion: The equation 2x + 3xy — 2y* + 5x

— 5y + 3 =0 represents a pair of perpendicular
straight lines.

Reason: A pair of lines given by ax®+ 2hxy +
by* + 2gx + 2fy + ¢ = 0 are perpendicular, if
a+b=0.

. Assertion: The joint equation of lines y = x

andy =-xisy*=-x*ie,x*+)*=0.
Reason: The joint equation of lines ax + by =
Oandex +dy =01is (ax + by) (ex +dy) =0
where a, b, ¢, d are constants.

. Assertion: The combined equation of L , L, is

2%+ 6xy + y*= 0 and that of L', L', is 3x> +
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10.

11.

12.

13.

14.

15.

16.

17.

8xy + y* = 0. If the angle between L , L', is 0,
then angle between L, L', is also 6.

Reason: If the pairs of 11ne LL,=0,L'xL",=
0 are equally inclined, then angle between L
x L', = angle between L,, L',

Assertion: The point of intersection of the
lines represented by ax? + 2hxy + by? + 2gx +

2 +c¢=0is ("g'hf "f'gh)

h* —ab’ h* - ab

Reason: The point of intersection is

=)

Assertion: The distance between the lines
represented by x? + 2/2xy + 2)* + 42x +
4y+1=0is2.

Reason: Distance between the lines ax + by +

0is de=al

Vo' +b*
Assertion: The line (x — 3) cos 6 + (y — 3) sin
6 = 1 touches a circle (x — 3)*+ (¥ — 3)*=1
for all values of 6.

Reason: x cos 6 + y sin 6 = a is a tangent of
circle x* + y* = a for all values of 6.

c=0andax+by+c =

Assertion: Two tangents are drawn from a
point on the circle x> + 32 = 2a to the circle x>
+3? = @, then tangents always perpendicular.
Reason: x> + y* = 24 is the director circle of
2 4 yz =a

Assertion: The power of the point (2, 4) with
respect to the circle x> +y* — 6x + 4y -8 =0
is 16.

Reason: Power of circle = (length of tangent)”.

Assertion: If the perpendicular tangents to the
circle C, meet at P. Then the locus of P has a

circle C,. Then M L )
- radius of C, /2

Reason: Circles C| and C, are concentric.

Assertion: The line 2x + y = 5 is a diameter
of the circle x> + 3> — 6x + 2y = 0.

Reason: Normal of a circle always pass
through centre of circle.

Assertion: The number of common tangents
to the circle x> +3? =4 and x> +3?— 6x — 8y =
24is 4.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Reason: Circles with centre C, C, and radii
rpr,and, if |C.C,|>r +7, then circles have
4 common tangents‘

Assertion: Equation of polar to the circle x> +
y? =4 w.r.t the point (3, 5) is 3x + 5y = 4.
Reason: The point (3, 5) lies outside the circle.

Assertion: Tangents cannot be drawn from
the point (1, X) to the circle x* + 32 + 5x — 5y
=0,if2 <A <3.

2 2 2 2
Reason: (1+§J +(x_éj <(2J +(2J .
2 2 2 2

Assertion: Number of circles passing through
(-2,1),(-1,0),(-4,3)is 1.

Reason: Through three non collinear points in
a plane only one circle can be drawn.

Assertion: Circle x> +3)*>—6x -4y +9=0
bisects the circumference of the circle x*> +
P —8x—6y+23=0.

Reason: Centre of first circle lie on the second
circle.

Assertion: The smallest possible radius of
circle which pass through (1, 0) and (0, 1) is
1

5

Reason: Circle passes through origin.

Assertion: Let C, and C, be two circles with
C, lying inside C A circle C lying inside C|
touches C, 1ntemally and C, externally. Then
the locus of the centre of C is an ellipse.
Reason: If 4 and B are foci and P be any point
on the ellipse, then AP + BP = Constant.

Assertion: If two circles x? + y? + 2gx + 2fy
=0 and x* +)? + 2g'x + 2f'y = 0 touch each
other, then f'g = fg'.

Reason: Two circles touch each other, if line
joining their centres is perpendicular to all pos-
sible common tangents.

Assertion (a): Length of latus rectum of
parabola (6x + 8y + 7)*=4(8x + 6y + 3)is 4
Reason (R): Length of latus rectum of the
parabola y* = 4ax is 4a.

Assertion (a): If normal at the ends of double
ordinate x = 4 of parabola y* = 4x meet the
curve again at P and P’ respectively, then PP’
=12 unit.



27.

28.

29.

30.

2.

Reason (R): If normal at ¢, of y* = 4ax meet the

parabola again at ¢, then ¢, = ¢, — -

1
Assertion (a): The equation of the director
circle to the ellipse 9x% + 16y* = 144 is x* +3?
=25.
Reason (R): Director circle is the locus of
point of intersection of perpendicular tangents
to an ellipse.

Assertion (a): The equation 13x> — 18xy +
37y* + 2x + 14y — 2 = 0 represents an ellipse.
Reason (R): The square of the coefficient of xy
is less than the product of coefficient of x> and
y? is only condition.

Assertion (a): The sum of focal distances of
a point on the ellipse 9x + 43> — 18x — 24y +
9=0is4

Reason (R): The equation 9x> + 4y* — 18x —
24y + 9 = 0 can be expressed as 9(x — 1)>* + 4
-3)*=36.

Assertion (a): From the point (A, 3) tangents

2
are drawn to % + y? =1 and are perpendicu-

lar to each other then A = + 2.

31.

32.

33.

34.

Test Your Skills iii

Reason (R): The locus of the point of intersec-
2 2

tion of perpendicular tangents to ?+ y? =1

isx2+ 3y =13,

Assertion (a): Any chord of the ellipse x> +3?
+ xy = 1 through (0, 0) is bisected at (0, 0).
Reason (R): The centre of an ellipse is a point
through which every chord is bisected.

Assertion (a): In hyperbola the distance
between foci is always greater than the differ-
ence of focal distances of any point on it
Reason (R): If e be the eccentricity of the
hyperbola, thene > 1.

. 5 5 L
Assertion (a): E and Z are the eccentricities

of two conjugate hyperbolas.
Reason (R): If e and e are the eccentricities of
two conjugate hyperbolas than ee > 1.

Assertion (a): The point (5, —4) inside the
hyperbola y>— 9x2 + 1 = 0.
Reason (R): The point (x,y,) inside the hyper-

2 2 2 2
bola x_z_y_2=1,then x_lz_«[‘;_lz_ko
a b a

ASSERTION/REASONING: SOLUTIONS

. (a) The algebraic perpendicular distance

from (2, 1) to the line 3x — 2y + 1 =
0 is 3(2)—2(1)+1=i

Jor+27 Vi3
the algebraic perpendicular distance from
(-3, 5) to the line 3x — 2y + 1 = 0 is
3(=3)-2(5)+1_ 18

—==L, (say)
JGY +(-2)?

B
Here, & <0
L

2

=L (say) and

1

Given, points lie on opposite side of the
line 3x— 2y +1=0.

(a) Slope of 2x + y + 6 = 0 is — 2 = m, (say)

and slope of x— 2y +5=01s %=m2 (say)

mm,= -1
Also, (1,3) liesonx—2y+5=0.

® Vax+by+te=0 .. @)

and 3a-2b+5¢=0

= ia—2b+c=0 ......... (i1)
5 5

From Equation (i) and (ii),

a(x—%)+b(y+§]=0 is a family of lines
3 2
always concurrent at x—§=0 and y+g=0

. 3 2
ie, |=,——|
(53]

(a) The area of triangle unchanged by shift-
ing origin to any point. If origin shifted to



iv Test Your Skills

(20, 22) then A4, B, C becomes P(20 — 20,
22 - 22), O(21 — 20, 24 — 22) and R(22 - 20,
23-22)

ie., P(0,0), 01, 2) and R(2, 1) both are true.

. (a)Let4 =(a, f),thenB =
C 2-0,2-5
D is mid point of B and C.
0=-2-a+2—-oand6=4-B+2-
a=0andpB=0
A=(0,0),B=(2,4)and C=(2,2)
Centr01d of A ABC is (0, 2) and centroid of
A DEF is (0, 2) which are same.

A (o)

(-2-0a,4-p) and

-1.2)F E(1,1)

B D (0,3) c

. (c) Let fix, ) =3x—5y + A
. Points (1, 2) and (3, 4) be on the same
side of the line 3x — 5y + A = O then,

/02,

S(3,4)

3-10+A

—>

9-20+A

A=T7

A-11
A<T7ori>11.
. (d) Here, A#0, h*> ab
2x% + 3xy — 2y* + 5x — 5y + 3 = O repre-
sents a rectangular hyperbola.

>0

. (d) The joint equation of y = x and y = —x is
x=»E+y=0
ie, x2—)y?=0
. (a) Pair of bisectors of 2x> + 6xy + 3*> =0 and
3x% + 8xy + y* = 0 are coincides.

2_ .2 2_ .2

je =Y X g Y Y
2-1 3 3-1 4

Angle between L,
L,L'.

L', = angle between

10.

11.

12.

13.

14.

15.

| fr-bc
(@) x= (hz—abj
_ J(F* = be)(i* - ab)

(h* - ab)

_ J*H? —abf? —beh® +abc)
(H* - ab)
\/( Fh* —abf* —bch® +

b(af® +bg” +ch’ -2 fgh)
(H* - ab)

(- abe + 2fgh — af > — bg* — ch?>=0)

_H + b7 g —2bfgh)
(h* —ab)

_[bg=H
_(hz—abj

. af —gh
Similarly, y=| £ 8"
imilarly, y (hz—abj

—W af-gh)
H
ence,  (1.y)= ( —ab W —ab

@ A=2x2x1+2x2x22 x~/2 —1x4
—2x8—-1%x2=4+16-4-16-2=-2#0and
h?>=ab

The, given conic is a parabola not a pair of
parallel lines.

(a) " Now, replacing x by x — 3, y by y — 3
and a by 1, then x cos 6 + y sin 6 = a reduce
in(x-3)cosO+(—3)sin6 =1, and x> +)?
=a’reducein (x -3+ (y-3)1=1.

(a) " Locus of point of intersection of per-
pendicular tangents is director circle.

(@ LetS=x*+)>—6x+4y—8
S, =2°+4-6.2+44-8
=4+16-12+16-8
=16

(S, =16

Power of circle = 16.

(b) C, is the director circle of C,
If radius of C| is r, then radius of C, is r \/E
and circles are concentric.



16.

17.

18.

19.

20.

21.

(b) " Diameter of circle pass through centre

“" Centre =(3,1)lieon2x +y = 5.

@C, =(0,0),r,=2

C,=6.4. =
|C1C2 | < | rz_ rll
e., One tangent.

(b) Here pole (3, 5)
Equation of polar is
x-3+y-5=4

= 3x+5y=4

and equation of polar is same point outside or
inside.

(9+16+24) =7

(@ LetP =(1, L) C=(—%,%J and radius

5V (5Y
= —_— 4| —
2 2
5V (5Y
=/ |4 =
2 2
Pomt P (1, 1) must be inside the circle

.. CP<r
= (CPy<r?

2 2 2 2
= 1+2 +k—§ <2 +é
2 2 2 2
B BB
4 4 4
= AM-50+t6<0
= (A-2)(A-3)<0
2<A<3.
(d) LetP=(-2,1),0=(-1,0)and R = (-4,
3)
Sl f PO = - =-1
opeo 142
and Slope of QR=ﬂ=—l
-4+1

Slope of PQ = Slope of OR
= P, Q, R are collinear.
i.e., no circle is drawn.

(b) Equation of common chord of these circles
is(2+)?—6x—4y+9)—(x>+3*—8x—6y +
23)=0

= 2x+2y-14=0

or x+y-7=0

22.

23.

Test Your Skills v

Since centre of the second circle ie, (4, 3) lie
onit.

Hence x + y — 7 = 0 is a diameter of second
circle and hence first circle bisects the circum-
ference of the second circle.

(a) Let the equation of circle be x* + y* + 2gx
+2fy+¢=0

Since its passes through (1, 0) and (0, 1), then
1+0+2g+0+c=0

- __(+9)

2
and 0+1+0+2f+c=0
= f=_(l+c)

2

Radius =,/(g?+ f*-¢)

_ A=y a+o*
4 4

_ 14+c2

- 2

For minimum radius, ¢ must be equal to zero.

1
Radius =\/:=—,
2 2

then g=—%,f=—l,c=0

2
Circleis x> +3y*—~x-y =0
which pass through origin.

(a) Let the given circles C| and C, have cen-
tres O, and O, with radii 7, and r, respectlvely
Let centre of circle C is at O radius is .

wAW)
7

00,=r+r,
00, =r ~r
= 00,+00,=r +r,
which is greater than O, O, as 0,0, <r +r,.
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24.

25.

26.

Locus of O is an ellipse with foci O
and O,

Alternative Method: Let 0,=(0,0),
0,=(a,b)and O = (h, k)
C :x*+y*=rp
C,.x—ay+@-by=r;
C:(x—hP+@-ky=r

= 00,=r+r,

1

= Jth-a)y +(k=b) =r+7, o @)
and
00, =r ~r
W+ =r-r .. (i1)

Adding equation (1) and (ii), we get

J(h-a)? +(k -b)*
(R +EY) =1+,
Locus of O is /(x—a)’ +(y-b)

+4/(x* + y*) =71, +r, which represents an
ellipse with foci are at (a, b) and (0, 0).

(©)LetC,= (g, ), r, = W

and C,=(-g, ). r,=\(g”+ /")
|ICCl=rxr,

= Jg-gV+(/-f)
=& -+ 1)

= @-gyr+(-fy=g+f+g+f?
2+ )+ 1)

or (gg'-f’=E+/HE*+/)

= &Y +g°f-28f'=0

or (gf-gfy=0

og=gf

and line joining centres may not be parallel to
common tangents.

(d) " 6x+8 +7=0and 8x+6y+3=0are
not perpendicular to each other.

Latus rectum # 4
And length of latus rectum of the parabola j?
=4ax is 4a

(c) End points of double ordinate x = 4 of
parabola y? = 4x are (4, + 4)
= t = +2

27.

28.

29.

30.

31.

2
> f=-t——=13
tl

= P (9,6)and P'(9,-6)
PP'=12 unit
2 2

(a) Any tangent in terms of slope of % +2 =1

b2
y=mxt \/(azm2 +b%)
(v — mx)*= a’m? + b*
= (P-adm*-2xym +y*—b2=0
mm,= -1
y2 _b2 B

2 2
X —a

18

-1

= x2+ )2 =a%+ b* is director circle of
2 2

x|y

;"'b—z:l

Now, 9x* + 16)” = 144
2 2

= x_+y_=

Then, director circle is x> +3y?= 16 + 9 =25

(¢) For ellipse A # 0, i <ab
Here,a=13,h=-9,b=37,g=1,f="7,c¢
=-2
A=abc + 2 fgh— af * - bg> — ch®
=(13)BD(2)+2x7Tx1x-9-13 x
49 —37 x 1 +2 x 81 =-1600 # 0 and h*
=81 <ab>h*<ab

@ 9x>+472—-18x—-24y+9=0
= 9x-1)+4(p-3) =36
2 2
LoD NEE
Here, b>a
Sum of focal distances of a point is 2b = 6

=

(¢) " Locus of point of intersection of per-
2 2

pendicular tangents to x_z + Z_z =1 is director
a

2

circle x> +y*=a> + b*

M 3)lieonx*+y*=4+9
= AM+9=4+9

A=%2

(a) Let y = mx be any chord through (0, 0),
then solving y = mx and x> +y* + xy = 1



32.

33.

= xX*+mPxi+x(mx)=1
= X*(+m+m?)h-1=0

x1+x2=0
- x1+x2___0
2
Also, yl+y2=mxl+mx2 —m X, +x, -0
2 2 2

= Mid-point of chord is (0, 0) for all m.

(a) " Distance between foci SS'= 2ae and
Difference of focal distances of any point on
hyperbola S'P — SP = 2a

Given SS' > S'P - SP

= 2ae>2a=e>1

2 2
(b) Two conjugate hyperbolas are x_z _ ;)’_2 -1

a
2 2
and y_z_x_2=l
b a
2 2 2
Hence e2_1+b__a +b
’ = 2= 2
a a

34.

Test Your Skills vii

2 2
and ef=l+Z—2=a[;b
1,1_a 0
e & a+b a+h
1 1 9 16
t——=—+—=1
(/3 (5/47 25 25
and eel=§x§—§>l
3 4 12

© Y- +1=0>2>%*-3)*-1=0
Point is (5, —4) then 9(5)* — (-4)* -1 =225 -
17=208>0

Point (5, —4) inside the hyperbola.
If (x,, ,) inside the hyperbola

2 2
Xy
= =b

a b

2 2
then x_;-;_lz-1>0
a

MENTAL PREPARATION TEST

. A (1,2)and B(5, 3) are two fixed points. P is a

movable point such that P4 : PB = 2 : 3. Find
its locus of P.

The distance of a movable point from (3, 4) is
three times of its distance from (-3, —4). Find
the locus.

The coordinate of A, B and C are (2, 0),
(-2, 0) and (3, —3) respectively. Find the locus
of P, where PA> + PB?> = 2PC>.

Find the locus of the point whose distance
from the point (1, —2) is double the distance
from the point (-3, 5).

Find out the distance between the points
®.q +r)and (g,p + 7).

If Y ordinate of a point is 4 units more than
its abscissa and this point is equidistant from
point (-2, 3) and (6, —3) then find the coordi-
nates of the point.

Prove that points (2, 5), (6, 8), (9, 12) and
(5, 9) are coordinates of a rhombus.

8.

10.

11.

12.

A point moves so that the sum of its dis-
tances from two fixed points (ae, 0) and (-

ae, 0) is 2a. Show that equation of locus is
2 2

X Yy 2 2 2
—+=—=1, where b>=a>(1 — ¢
a b ( )

Using distance formula show that the points
(-1, 2),(5,0)and (2, 1) are collinear.

Slope of a line joining the points (7, 3) and
(k, 2) is — 4. Find the value of k.

Find the area of the triangle formed by the
points (p + 1, 1), 2p + 1, 3) and (2p + 2, 2p)
and show that these points are collinear if p =

20r—l
2

The co-ordinates of 4, B, C and D are (6, 3),
(-3, 5), (4, -2) and (x, 3x) respectively and

areaofADBC_l find x

area of A ABC 2’
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Find the co-ordinates of the orthocentre of
the triangle whose angular points are (1, 0),
(2,-4) and (-5, -2).

Find the slope of a line whose inclination is

LT .. 4m ... LI

@ : (1) 3 (111) 5

State whether the two lines in each of the fol-

lowing problems are parallel, perpendicular or

neither

(1) through (5, 6) and (2, 3); through (9, —2)

and (6,-5)

(i) through (2,-5) and (-2, 5); through (6, 3)
and (1, 1)

(ii1) through (8,2) and (-5, 3); through (16, 6)
and (3, 15).

Find the equation of a line parallel to y-axis, at

5
a distance of 5 units to the left of y-axis.

Find the lengths of the perpendicular seg-
ments drawn from the vertices A(2, 1), B(5, 2)
and C(4, 4) of the A ABC to the opposite sides.

A straight line passes through the point (1, 1)
and the portion of the line intercepted between
the x-axis and y-axis is divided at this point in
the ratio 3 : 4. Find the equation of the line.

Find the equations of the straight lines cutting
off an intercept —1 from the y-axis and equally
inclined to the axes.

Find the equation of the straight line joining
the points : (2, 3), (2, -4)

Find the equation of the straight line cutting
off intercepts 2 and 3 from the axes.

Prove that the middle point of the line seg-
ment joining (2, 5) and (4, 3) lies on the
straight line 2x — 3y + 6 = 0.

Find the coordinates of the points which are

at a distance 4v2 from the point (3, 4) and
which lie on the line passing through the point
(3, 4) and inclined at angle of 45° with the
positive direction of x-axis.

Find the equation of a line which passes
through the point (2, 9) and making an angle

of % with x-axis. Also find the points on the

line which are at a distance of (i) 2 units, (ii)
5 units from (2, 9).

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Find the direction in which a straight line must
be drawn through the point (1, 2) so that the
point of intersection with the line x + y = 4

may be at a distance of \/g units from (1, 2).

Find the equation of the line which passes
through the point (6, 7) and cuts off intercepts
on the axes which are equal in magnitude but
opposite in sign.

The perpendicular distance of a line from the
origin is 5 units and its slope is —1, find its
equation.

Find the equation to the straight line passing
through the point (2, 3) and perpendicular to
the straight line 4x — 3y = 10.

Find the equation of the right bisector of the line
segment joining the points (1, 3) and (3, -5).

What is the value of y so that the line through
(3,y) and (4, 9) is parallel to the line through
(-1, 6) and (0, 8)?

Find the equation of the line that has y-intercept
4 and is perpendicular to the line y = 3x — 2.

Find the equation of the line passing through the
intersection of the lines 2x + 3y —2 =0 and x —
2y + 1 =0 and having x-intercept equal to 3.

Find the distance of the point (0, —1) from the
line joining the points (1, 3) and (-2, 6).

Find the points on the line y = x which are at a
distance of 5 units from the line 4x + 3y —1=0

Find the bisector of the acute angle between
the lines 3x + 4y = 11 and 12x — 5y = 2.

A triangle is formed by the lines x + y — 6 =
0,3y—x+2=0and 3y = 5x + 2, find the co-
ordinates of its orthocentre.

Find the bisectors of the angles between the
lines 3x + 4y = 11 and 12x — 5y = 2 and dis-
tinguish between them

Find the bisector of the acute angle between
the lines 2x —y—4=0and x— 2y + 10 = 0.

Find the equation of a straight line passing
through the point of intersection of the lines
3x + y—9=0and 4x + 3y — 7= 0 and perpen-
dicular to the line 5x — 4y + 1 =0.
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11.

12.

13.

14.

15.

16.
17.
18.

19.
20.

1.

3.
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MENTAL PREPARATION TEST ANSWERS

If P(1, 2), OQ(4, 6), R(5, 7) and S(a, b) are the
vertices of a parallelogram PORS then

(1IT-1998)
(@ a=2,b=4 b)a=3,b=4
©)a=2,b=3 da=3,b=5

A triangle with vertices (4, 0), (-1, 1), (3, 5) is
(AIEEE-02)

L 5x2+ 52+ 22x— 12y —-91 =0 21. 3x+2y-6=0
2%+ 22+ 15x + 20y + 50 =0 23. (7, 8), (-1, 0)
-3y =7 24, x—y+7=0;, 2£+2,9£2);
. 3x2+3)2 + 26x — 44y + 131 =0 7  (2£42,942);
. NI
@~ @2 unit RN N
- (20, 24) 2. x—y+1=0
2 27 x+y=15\2
4 28. 3x +4y— 18 =0
l|2pz—3‘17—2|squareunits 29. x—4y-6=0
2 30. 7
”or—3 3. x+3y—-12=0
8 8 32.x+5-3=0
E,_l 33. > units
13’ 13 2
O | .. 1 26 26 24 24
1) — i) /3 i) —— 34 (= —|and | -——,-—
® = () 3 (i) -~ (77J (77
(1) Parallel +3v_ 17 =
(ii) Perpendicular 35 1x+3y-17=0
(iii) Neither 36 55
2%+5=0 272
77 71 37. Bisector of the angle containing the origin is
5 ~13 10 x —11ly + 19 = 0 and that of the angle not
Js V137 Vho 3x =11y + 19 = 0 and that of the angl
4x+3y =7 containing the origin is 11x + 3y - 17=0
x—y—-1=0andx +y+1=0 38.x-y+2=0
x-2=0 39. 4x+5y-1=0
TOPICWISE WARMUP TEST 1
Let ABC be a triangle, two of whose vertices (a) Isosceles and right angled
are (15, 0) and (0, 10). If the orthocentre is (6, (b) Isosceles but not right angled
9) then the third vertex is [Orissa JEE-2007] (¢) Right angled but not isosceles
(a) (10, 0) () (0,0) (d) Neither right angled nor Isosceles
(© (10, 10) (d) None of these 4. Orthocentre of triangle with verticws (0,0),

(3,4) and (4,0) is (IIT-2003)

5
@ (3’2J

®) 3.12)

3
© (3’2J

@ G.9
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5.

10.

The orthocentre of the triangle with vertices

(5} (3 m o3

(IIT-1993)
3 \3-3 1

@ ( 6 ] ®) (2’_5J
5 \3-2 11

© (Z,T] @ (5,—5J

Locus of centroid of the triangle whose verti-

ces are (a cos t, a sin ?), (b sin t, —b cos f) and

(1, 0), where ¢ is a parameter; is
(AIEEE-2003)

(@ Gx-17+@yy=a’-b

(®) Gx-17+@yy=a’+b’

©) GBx+1)Y+@By)=a>+b*

(@) BGx+1)+@Byy=a*-b*

If the points (1,1), (-1,-1), (-/3,/3) are the

vertices of a triangle, then this triangle is
[MPPET-2004]

(b) Right-angled

(d) None of these

(a) Equilateral
(c) Isosceles

The area of a triangle whose vertices are

(1,-1), (-<1,1) and (-1,-1) is given by
[MPPET-2003]

®) 12

@ 3

@2
©1
The number of integer values of m, for which

the x-coordinate of the point of intersection of
the lines 3x + 4y = 9and y = mx + 1 is also an

integer, is [1IT-2001]
@2 (®) 0
(© 4 @1

The equation of the straight line passing
through the point (4,3) and making intercepts
on the co-ordinate axes whose sum is —1 is

[AIEEE-2004]
@ §—§=land—+%=l
® 2-Z—tand L+2=1
2 3 -2 1
© §—§=land %+%=1
@ Z42=-1and L+2=1
2 3 -2 1

11.

12.

13.

14.

15.

16.

17.

The line parallel to the x-axis and passing
through the intersection of the lines ax + 2by
+3b = 0 and bx—2ay — 3a = 0, where (a, b) #
0,0) is [AIEEE-2005]
(a) Above the x-axis at a distance of 3/2 from it
(b) Above the x-axis at a distance of 2/3 from it
(c) Below the x-axis at a distance of 3/2 from it
(d) Below the x-axis at a distance of 2/3 from it

If x,x,,x and y , y,, y, are both in G.P. with
the same common ratio, then the points (x,,
), (x,, y,) and (x,, y,) [AIEEE-2003]
(a) Lie on a straight line

(b) Lie on an ellipse

(¢) Lie on a circle

(d) Are vertices of a triangle

What is the equation of the line which passes
through (4,-5) and is parallel to the line 3x +
4y +5=07 [NDA-2005]
(@) 3x—4y—-32=0  (b) 3x+4y+8=0
() 4x-3y-31=0 (d) 3x+4y-8=0

If the mid point of the section of a straight
line intercepted between the axes is (1,1), then

what is the equation of this line? [NDA-05]
(@) 2x +y =3 ®) 2x-y=1
(©) x-y=0 Dx+y=2

Which one of the following is the near-
est point on the line 3x — 4y = 25 from the
origin?

[NDA-2004]
@ -1-7) () 3.4
©) (-5.-8) @ 3.4

The perpendicular form of the straight line
Bx+2 y=71is [NDA-2002]

N

(@) y=-xty

(b) +L=1

NN o

PSRN

© fx+fy V7
B2
@ ﬁﬁ-ﬁy—ﬁ

If B is the acute angle between the lines px +

qy =p + ¢; and p(x - y) + q(x + y) = 2q, then
the value of sin B is [NDA-2002]



18.

19.

20.

21.

22.

23.

NE 3
X b) =
(@ 5 ®) 2

1 1
c) — d) —
© 5 () 7
The perpendicular segment from the origin to
a line is of length 4 units and is inclined to the
positive direction of x-axis at an angle of 300.
The equation of the line is

[NDA-2001]
@ Bx+y=8 (®) §x+y=4
(©) x+3y=8 @ X+§y=4

The equation of the line passing through
(-1,-2) and having a slope of 4/7 is
[NDA-2001]

4 10
(a) 7y + 10 = 4x ®) y=oy+—

4 10
©) x=7y+— (d) 4x+7y =10

7

The angle between the lines x cos o + y sin o
=aandxsinf-ycosP=ais

[NDA-2001]
(@ B-a ®rtp-a

T a T
© 2+oc+[3 (CY) 5 B+a

The perpendicular distance between two par-
allel lines 3x + 4y — 6 =0 and 6x + 8y + 7
=01is

[NDA-2001]
(b) 13/5 units
(d) 1/2 units

(a) 1/5 units
(c) 19/10 units

The locus of the mid-point of the distance
between the axes of the variable line x cos a
+ y sin a = p, where p is constant, is

(AIEEE-2002)
Sy 2 g 1 1 4
(a) x*+y*=4p? ® zt==—=
x p
4 1 1 2
© x+yi=—; @) S+—5=—
p2 X2 y2 p2

The intercepts on the straight line y = mx by
the line y = 2 and y = 6 is less than 5, than m
belongs to

[DCE-2004]

24.

25.

26.

27.

28.

29.
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4 14 4
(C) j|_°°,_§|:,i|§,°°|: (d) j|§,°°|:

A line passes through (2, 2) and is perpendicu-
lar to the line 3x + y = 3 its y intercept is
[DCE-2001]

|
- b
@) 3 (b)

©1 @

WA Wi

Equation of a straight line passing through the

point of intersection of x —y + 1 =0 and 3x +

y — 5 =0 are perpendicular to one of them is
[DCE-2002]

®)x+y-3=0

@) x-3y+5=0

@x+y+3=0
€©)x-3y-5=0

A point P moves so that its distance from the
point (a, 0) is always equal to its distance from
the line x + a = 0. The locus of the point is

[MPPET-1982]
(a) y*=dax (b) x*=4day
©) y*+4ax =0 @) x*+4ay =0

Let A(2,-3) and B(-2,1) be vertices of a
triangle ABC. If the centroid of this triangle
moves on the line 2x + 3y =1, then the locus
of the vertex C is the line

[AIEEE-2004]
(@ 3x-2y=3 ) 2x-3y =7
@© 3x+2y=5 @ 2x+3y=9

If the linesax + by + ¢ =0,bx + ¢y +a=0
and ¢x + ay + b = 0 are concurrent (a + b +
¢ #0) then

[DCE-01]
@) a®+b*+c*—3abc =0
®)a=5b
©a=b=c

@) a®>+b*+c*—bc—ca—ab=0

The straight line 5x + 4y =0, x+2y—10=0
and 2x + y+ 5=0 are

[DCE-1997]
(a) concurrent
(b) the sides of an equilateral triangle
(c) the sides of a right angled triangle
(d) None of these
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30.

The equation of the circle is
[IIT-1989; AIEEE-2003,
Kerala Engg.-2005]
@) x*+y*+2x—2y =62
() x*+3y*—2x+2y =47
©) x*+y*+2x—2y =47
d) x*+3y*—2x+2y =62

. The centre of circle inscribed in square formed

by the lines x>— 8x + 12 =0and y*>— 14y + 45

=0, is [IIT-2003]
@ 4.7 ®) (7.4
© 6.9 @ 4.9

If the lines2x + 3y + 1 =0and 3x—y— 4=

0 lie along diameters of a circle of circumfer-

ence 10z, then the equation of the circle is
[AIEEE-04]

(@) x*+3y*+2x-2y—-23=0

®) x*+3*—2x—-2y-23=0

©) ¥*+3y*+2x+2y—-23=0

d) x*+3y*—2x+2y-23=0

The equation of the circle with origin as
centre passing the vertices of an equilateral
triangle whose median is of length 3a is
(AIEEE; 2002)
(b) x* +y*=16a>

(@) x*+y*=9a*
a? (d) None of these

(©) x*+y*=

The centres of a set of circles, each of radius
3, lie on the circle x* + 32 = 25. The locus of
any point in the set is (AIEEE-2002)
(@) 4<x*+)y?<64 (b) x*+3*<25

©) x*+3*>25 (d) 3<x?+y?<9

If the tangent at the point P on the circle x> +
2+ 6x + 6y = 2 meets the straight line 5x -2y
+ 6 = 0 at a point Q on the y-axis, then the
length of PQ is I11-2002)

10.

11.

In a triangle ABC, if 4 is (1, 2) and equation ) (1,4
of the medians through Band Carex +y =5 ®) (7,-2)
and x = 4 respectively, then B is © &0
[DCE-1996] @ 2,7
TOPICWISE WARMUP TEST 2
. The line 2x — 3y = 5 and 3x — 4y = 7 are the (a) 4 ®) 245
diameters of a circle of area 154 square units.
© 5 @ 345

If the circles x> +)* + 2x + 2ky + 6 =0 and x* +
y*+ 2ky + k = 0 intersect orthogonally, then k is
(111-2000)

(@) 2 or _3 (b) 2 or 3
2 2

(©) 2or 3 (d) 2 or 3

2 2
The equation of the circle concentric to the
circle 2x* + 2y? — 3x + 6y + 2 = 0 and having
area double the area of this circle, is

[DCE-2006]

(a) 8x2+ 82— 24x+48y—13=0
(b) 16x2+ 16y*+24x— 48y — 13 =0
(©) 16x2+ 16)?—24x + 48y - 13 =0
(d) 8x*+ 82+ 24x —48y—13=0

One of the diameter of the circle x> +y> — 12x
+4y + 6 =0 is given by

[DCE-2006]
@x+y=0 ®) x+3y=0
() x=y (d) 3x+2y=0

If 2x — 4y = 9 and 6x — 12y + 7 = 0 are com-
mon tangents to the circle, then radius of the
circle is

[DCE-2005]
N 17
N b)) —

@ ® 55
ND) o 17

© 5 @35

How many common tangents can be drawn to
the following circles x> + y* = 6x and x> + y* +
6x+2y+1=07

[DCE-2004]
(@) 4
©2

®) 3
@ 1



12.

13.

14.

15.

16.

17.

18.

The slope of the tangents at the point (%, #) on

the circle x> +3? = a*is [DCE-2003]
(@) 0 ® 1
() -1 (d) will depend on h

The locus of the centres of the circles which

cut the circles x> + 32 + 4x — 6y + 9 = 0 and x?

+3? = 5x + 4y + 2 = 0 orthogonally is
[DCE-2002]

(@) 3x+4y-5=0

(®) 9x— 10y +7=0

©) x+10y-7=0

@ 9%-10y+11=0

The equation of the image of the circle (x — 3)*

+(y—2)*=1 by the mirror x + y' =19 is
[DCE-2002]

(@) (x— 147+ @ -13)3=1

) (x— 152+ —-14y2=1

() (x=162+ @ —-152=1

@ =172+ @ -16y=1

The equation of circle whose centre lies on 3x
—y—4=0and x+ 3y + 2 =0 and has an area
154 square units is [DCE-2001]
(@) x*+3y*—2x+2y—-47=0

(b) ¥ +y* =2 +2y+47=0

©) x*+3y*+2x—-2y—-47=0

(d) None of these

The locus of the mid-point of the chords of
a circle x* + y? = 4, which subtended a right
angle at the centre is

[IIT-1984; MPPET-90;
RPET-1997; DCE-2000, 2001]
@x+y=2 ®) ¥ +y*=1
©) ¥*+y*=2 @ x-y=0

The angle between the tangents drawn from
the origin to the circle (x — 7)> + (v + 1)?

=25is [DCE-2000]
i b T

(@) 3 ®) s
i H T

©) > @ 2

The two circles x> + 3?-2x + 6y + 6 = 0 and x>

+ 32— 5x + 6y + 15 = 0 touch each other the

equation of their common tangent is
[DCE-99]

(@) x=3

b)y=6

19.

20.

21.

22.

23.

24.

25.
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() Tx—12y-21=0
(d) 7x+12y+21=0

The length of the tangent from the point (5,4)
to the circle x> +3*+2x — 6y = 6 is

[DCE-1999]
(@ V21 () 38
© 242 @ 213

Which one of the following statements is cor-
rect ? The circles x*> + y*+ x — 2y = 0 and x> +
yP-2x+y=0 [NDA-2005]
(a) Touch each other

(b) Intersect each other

(¢) Do not intersect each other

(d) Are concentric

If ,, , and r, are the radii of the circles

x2+y*—4x+ 6y =5x>+y*+6x—4y =3 and

x2+y?— 2x + 4y = 8, respectively, then
[NDA-2002]

@ r>r,>r,

®) rpr.>r

©) rpr>r,

@ r>r.>r,

The coordinates of the centre and the radius
of the circle x> + y* + 4x — 6y — 36 = 0 are,
respectively, given by [NDA-2001]
(a) (—4,6) and 6 (b) (4,-6) and 7
(©) (2,-3)and 6 (d) (-2,3)and 7

An equilateral triangle is inscribed in the
circle x* + 3 = a® with one of the vertices at
(a, 0). What is the equation of the side oppo-

site to this vertex? [NDA-2006]
@ 2x—a=0 ®x+ta=0
©)2x+a=0 @ 3x—2a=0

What is the radius of the circle passing
through the points (0, 0), (a, 0) and (0, 5)?

[NDA-2006]
(@) a*-b? (b) Va*+b*

© %\/az Y @ 2a +b

The radius of any circle touching the lines 3x
—4y+5=0and 6x—8y—-9=0is

[MPPET-2005]
() 1.9 (b) 0.95
(©) 2.9 (d) 1.45
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26.

27.

If two circles of the same radius » and centres
at (2, 3)and (5,6) respectively, then the value
of ris

[MPPET-2005]
(a) 3 (®) 2
(©) 1 @5

The limiting points of the system of circles
represented by the equation 2(x> + %) + Ax +

28.

29.

The value of ¢, for which the liney = 2x + ¢
is a tangent to the circle x> +y? =16, is

[MPPET-2004]
(@) -16v5 ®) 45
©) 1645 (d) 20

The number of common tangents to the circles
x?+y?=4 and x*+)?— 6x— 8y = 24 is

9/2 =0 are [MPPET-2004] [IIT-1998]
3 @ 0 ® 1
@ (i?oj © 3 () 4
9 30. The triangle POR is inscribed in the circle x> +
(b) (0.0)and 5’0 y?=25. If Q and R have coordinate (3, 4) and
9 (-4, 3) respectively, then £ QPR is equal to
© i(—,OJ [IIT-2000]
2 (a) n/2 ®) n/3
(@) (#3,0) (c) n/4 (d) n/6
TOPICWISE WARMUP TEST 3

. The focus of the parabola x> + 2y + 6x = 0 is

@ (3,4 ® 3.4
© G, D 3.9

The equation of the parabola with vertex at
the origin and directrix y = 2 is
(@) y*=8x (b) y*=-8

© »* =8 (d) x2=-8y

The equation of the parabola whose focus is
(3, 0) and directrix is x + 2 = 0 will be

(@ y*=52x-1) (®) x*=5(2y- 1)
©) y¥*=52x+1) @ x*=52y+1)

If (2, 0) and (5, 0) are respectively the vertex and
focus of a parabola, then its equation will be
(@) y*=12x +24 (®) y*=12x-24
() y*=—12x—24 (d) y*=—12x +24

The equation of the axis of the parabola x> —
4x—-3y+10=01is
(@) x+2=0
€©)x-2=0

b)) y+2=0
@y-2=0

The focus of the parabola (y — 2)? = 20(x + 3)
is

@ (3,2)
© 2.-3)

®) 3,-2)
@ 2.2

7.

10.

11.

12.

The equation of the parabola with focus (0, 0)
and directrix x + y = 4 will be

(@) x*+3*—2xy+8x +8—-16=0

() x> +3*—2xy+8x +8 =0

(©) x*+)*+8x+8—-16=0

(d) x*—»*+8x+8—-16=0

The latus rectum of a parabola is a line
(a) through the focus

(b) parallel to the directrix

(c) perpendicular to the axis

(d) all of these

The focal distance of a point P on the parabola
y? = 12x, if the ordinate of P is 6, is

(@ 4 (®) 5

) 6 (d) None of these
The eccentricity ‘e’ of a parabola is

(@) <1 ®) > 1

(© =1 @0

The parabola 3 = 4ax passes thro’ the point
(2, -6), then the length of its latus rectum is
(a) 18 ®) 9

@©) 6 @ 16

In a parabola semi-latus rectum is the har-
monic mean of the



13.

14.

15.

16.

17.

18.

(a) segments of a focal chord
(b) segments of the directrix
(c) segments of a chord

(d) None of these

The equation of the ellipse with respect to
coordinate axes whose minor axis is equal to
the distance between its foci and whose LR =
10, will be

(a) 2x*+3*=100

(b) x*+2y*=100

(©) 2x2+3y?=180

(d) None of these

The eccentricity of the conic represented by
the equation x> + 2)* - 2x + 3y +2=01s
(@) 0 ®) 172

© 12 @ 2

The eccentricity of the conjugate hyperbola to
the hyperbola x> — 3y*=1 is

(@) 2 ® 2/3
(c) 4 @) 4/3

If eccentricities of a hyperbola and its conju-
gate hyperbola are e and e’ respectively, then

L2+ % is equal to

e e
@ 1 ®) 2
© 0 @3

The centre of the hyperbola 9x> — 16y — 18x —
32y = 151 is

(@ 1,1 ® LD

(© d,-D @ L-D

The equation of the conic with focus at (1,-1)
directrix along x — y + 1 = 0 and eccentricity

V2 is
(@ x=1
) x*-y*=1

(©) 2xy—4x+4+1=0
d) 2xy+4x—4y-1=0

19.

20.

21.

22.

23.

24.

25.
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If distance between foci of an ellipse is 16 and
its eccentricity is 1/2, then length of its major
axis will be

(a) 64 () 8

(©) 32 @ 16

Eccentricity of the conic 16x> + 7y2 = 112 is
(a) 3/4 (b) 4/3

(© 7/16 @ 347

If the foci are at the points S(2, 0) and S'(-2,
0) and latus rectum is 6, then the equation of

the ellipse in the standard form is
2 2 2 2

Xy Xy
a) —+—=1 b) —+—=1
@ 16 12 ®) 4 3

x2 2
©) 7+i}_2=1 (d) None of these

The latus rectum of the conic 3x? + 4y? — 6x +
8y—-5=0is

() 3 ®) 372

) 2/ B (d) None of these
The equation ax? + 2hxy + by + 2gx + 2fy +
¢ = 0 represents an ellipse if

(@) A=0,h*<ab () A#0, h*<ab
(c) A#0, h*>ab (d) A#0, h*=ab
The equation of the ellipse with foci at (% 3, 0)
and vertices at (£ 5, 0) is

x* y X Yy _
a) —+=—=1 b) —+—=
@) ot 55 (b) 557
2 2 2 2
© 42 - @ Z+2 =1
16 25 25 16
X2 y2
The foci of the ellipse E+b—2=l and the
oyt 1 L
hyperbola — —Z_=___ coincide, then the
144 81 25
value of b? is
@1 ®) 5
©7 @9

TOPICWISE WARMUP TEST 1: SOLUTIONS

. (d): Let third vertex be A(h, k) then AD 1| BC

through (6, 9)
= 0OA 1 BC (O is orthocentre)
=> mxm,=-1

(m, = slope of BC, m, = slope of OA)

(B
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B (0, 10) (h, k)

= 2k-18=3h-18

= 2k=3h

Similarly, BT L AC = BO 1 AC

= m, x m,=~1 (m = slope of BO, m, =
slope of AC)

- (i)

= k=6h-90
By (I) and (II) .. h = 20, k = 30.

. (¢) Diagonals cut each other at middle points.

S(a,b) R(5,7)
P(1,2) Q(4.,6)
Hence 4t4 _ 145 _ 2,
2
ﬂ = ﬂ =b=3
2 2

. (@) Let (4, 0), B (-1, 1), C (3, 5) then
AB =426, AC =426 and BC=452 ie.,
AB = AC.

Hence triangle is isosceles, also, (BC)* = AB?
+AC?.

Hence triangle is right angled also .

. (¢)BD L AC. Slope of BD = _%

Equation of BD,3x +4y—12=0,
AElBC L @)

Slope of AE = % , Equation of AE,

x—-4=0 . (i1)

9. (a) }solving forx, x=

A(0,0)

(4,0)B E C (3,4
From equation (i)and (ii),x = 3, y = % orthor-

,—

centre of the triangle is (3 3 J

5. (b) Here the given triangle is a right angled

1
triangle at the vertex (2,—5)‘ Hence the

orthocentre is at ( 2, —%J

6. ®)3h=acost+bsint+1,3k=asint—b

costa*+b*=(Bh- 1Y+ (Bk)P?=0CBx -1+
(3y)z =a’+ b

7. (b) Given, vertices of triangle are A(l,l),

B(-1,-1) and (-3, 3)

Now,

AB=(-1-1)+(-1-1)* =/4+4 =8
BC=\(=3+1)2+(3+1)’ =8
CA=\J1+B) +(1-3) =B

ie., AB = BC = CA. So, it is an equilateral
triangle

8. 1(a) A=%[l (1+1)-1(1+1)-1(-1-1)]

=2.
3x+4y=9 5

3+4m

y=mx+1
Now, for x to be an integer, 3 + 4m = £5 or
+1
The integral values of m satisfying these con-
ditions are —2 and —1. Therefore (a) is the
answer.



10. (a) Here a + b = -1.

R )

a l+a

Required line is

Since line (i) passes through (4,3)
4 3

T2
a l+a

= 4+4a-3a=a+a’

= ad*=4>=a=%2

Required line are X_ Y
2

and i+l=1,
-2 1

11. (c) The lines passing through the intersection of
the lines ax + 2by + 3b = 0 and bx — 2ay — 3a
=0isax+2by+.b +A((bx-2ay —3a)=0
= (a+bhx+ (2b-2ah)y +3b—-3a =0

““““““““ )
Line (i) is parallel to x-axis,
at+brL=0

= A= _70 =0 Put the value of A in (1)
ax+2by+3b—%(bx—2ay—3a) =0

2 2
= y(2b+2%J+3b+3%=0

20’ +24" | _ (3b’+3d’
= Y ;

_ 3@+ _ 3 3

YT ray 207

So, it is 3/2 unit below x-axis.

12. (a) Taking coordinates as (é, ZJ; ; (x,y) and
ror

(xr, yr)
Above co-ordinates satisfy the relation
y = mx, so lie on a straight line.

13. ) 3x+4y+5=0.. y=_2_=
4 4
m for the given line = —3/4
m for the required line = —3/4
Equation for the required parallel line is

= y+5=73(x—4)

= 4+20=-3x+12
v 3x+4y+8=0

Test Your Skills xvii

14. (d) P is the mid-point of AB and P = (1,1)
B(0,2)

(1.1)

A(2,0)
A=(2,0)and B = (0,2)

Equation of the line 4B is f+l=
= x+ty=2 2 2

15. (b) The required point is the foot of the per-
pendicular from the origin on the line 3x — 4y
= 25. The equation of a line passing through
the origin and perpendicular to 3x — 4y = 25
isdx+3y=0

Solving the equations, 3x— 4y =25 ... ),
4x+3y=0 (i)
x=3andy=-4
Required point is (3, —4) which is nearest
point.

16. (c) Given Bx+ 2y=17
Dividing by, \/3+4 = ﬁ, we get
3

2
—Xx+—=y= \/7 is normal form or perpen-
NN perp
dicular form of the straight line.

17. (d) True for all values of p and ¢

takep=1,9=0.

Now given line s are as follows :
x=1r . 1)
x-y=0 . (i1)

OO +O)(D _ -1
JE 07T+l V2
cos B =cos 135° =6 =135°
sinB=sin135°= L

V2

18. (a)a=30°andp =4

cosP=

30°
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19.

20.

21.

22.

Required equation is x cos 30° + y sin

300 =4
o xB oyl
2 2
= x\/§+y=8

@ “y-y,=mx-x)

Here,x, =-1,y, =2 and m =g
Required equation of line is
y+2= ;(x +1)

= Ty+ld4=4x+4
= Ty+10=4x

(dxcosa+ysina=a

= y=tanPx—asecf
m2=tanﬁy=xcotoc+acosecoc
m, =—cot o and x sin  —y cos
B=a=y

If 6 be the angle between the given lines, then

_ —cota—tanf

tan@ =
1-cota.tanf

1+tanotan
__ tano __ _lttanatanf

" tano—tanp
tanol

=—cot(a—P) = tan[g+(oc—[3)]

tano —tanf3

T
6=—-B+a
L

(c) The distance between two parallel lines

7 7
6— - 6+_
=J—2]=—2=Q units.
10

5 5

(b) The straight line x cos & + y sin & = p

meets the x-axis at the point A( ,OJ and

cos o
the y-axis at the point B(O,,LJ. Let (b, k)
sina

be the coordinates of the middle point of the
line segment AB.

Then, p-_P
2cosal

and - _P
2sinal

23.

24.

25.

= coso=-2 and sino.=2
2h 2k
2 2
= sinfa+costa =L _4+ P —
4h*  Ak?
Hence locus of the point (A, k) is
1 1 4
¥

(c)Wehavey =mx,y =2andy =6
Let the point of intersection of line y = mx by
the lines y = 2 and y = 6 are p(2/m, 2) and
Q(6/m, 6)

Intercepts on y = mx is

PQ=\/(3—£J +(2-6) PO<5S
m

m

(given)

= —3<£—£<3
m m

= —i>m>i
3 3

s US|

(d) The line perpendicular to given line 3x +
y = 3 is given by, x — 3y = A, which passes
through the points (2, 2)ie.,2—-6=X

= r=-1

v x=3y=—4dorx-3y+4=0 ..
compare (i) with ax + by + ¢ = 0, we get if

intercept = —— = — =—
b

(d) Equation of any line through the point of
intersection of the given lines in (3x + y — 5)
+ A (x —y + 1) = 0 since this lines is perpen-

dicular to one of the given lines ﬂ =—] or

1 -1

3
= A=-lor-5
Therefore, the required straight line is x +y —3
=0orx—3y+5=0



26.

27.

28.

1.

@& -ay+y’=(x+ay
= y*=dax.

(d) Let the third vertex be (x,, y,) then

Centroid (G) =(X'+2_2, y1—3+lj

2 3
je. Gl X 272
B O T

C(X1rY1)

(2,3)A B(-2,1)

given centroid of triangle moves on the line
2x+3y =1

2(%}3(”7'2):1 ie,2x +3y =9

Locus of (x,y)is 2x +3y =9

(¢) Since ax + by + ¢ =0, bx + ¢y + a

=0 and ¢x + ay + b = 0 are concurrent

a b ¢

b ¢ al=0

c a b

= 3abc-a*-b-c*=0

= —Ha+b+c)a*+ b+ c*—ab-bc—ca)
=0asa+tb+c=0
a+b*+ct—ab-bc—ca=0

%[(a—b)2+(b—c)2+(c—a)2]=O

29.

30.

Test Your Skills Xix

As a, b, ¢ are real number
b-c=0,c-a=0,a-b=0,a=b=c.

(a) Given straight lines are, 5x + 4y =0 ...(1)

x+2y-10=0 . (i1)
and 2x+y+5=0 ... (ii1)
54 0
D=[1 2 -10
21 5

= 510+10)-4(5+20)+0

= 5x20-4x25=100-100=0

Since the value of determinant of coefficient
and constant is zero, therefore the given lines
are concurrent.

(b) Let coordinate of B is (x,, y,).
Let point E is (4,y,) A = (1, 2) (given)

A(1,2)

1+x,

E is the mid-point of AB = =4

= x,= 7 Point (x, y,) lies on the line x + y
=5

= 7+y =5

= y =-2

Therefore, point is (7, -2)

TOPICWISE WARMUP TEST 2: SOLUTIONS

(b) Centre of circle = Point of intersection of
diameters = (1, -1)
Nowarea =154 > w?=154 =r=7

Hence the equation of required circle is
G- P+ IpE=T
= xI+)y’-2x+2y=47.
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2. (a)Centreis (4,7).

Y
Y=9 (6,9)
y=2 y=6
(25) ¥5
X

3. (d) According to question two diameters of
the circle are 2x + 3y + 1 =0

and 3x—-y—-4=0
Solving, we getx = 1,y = -1
Centre of the circle is (1, —1)

Given2mr = 10t =>r =5
Required circle is (x — 1)*+ (y + 1)>= 52
or x>+)?—2x+2y-23=0.

4. (d) Centre (0,0), radius = 3a><§ =2a.

Hence circle x* + y* = 4a? as centroid divides
median in the ratioof 2 : 1 .

5. (a)Let (h, k) be any point in the set, then equa-
tion of circle is (x — A’ + (y — k)*=9
But (h, k) lies on x>+ y* =25, then h* + k2 =25
2 < Distance between the two circle < 8

2<VR +k* <8 A<+ k) <64.
Locus of (h, k)is 4 <x*+)*<64 .

6. (c) Let P = (x, y). The tangent at P is xx +
w3 +x)+30 +y)-2=0
Coordinates of Q satisfy (i), 5x — 2y + 6 =0,
x=0.

So, 3x +6y1+7 Oand Q = (0, 3)
. PO7 X2+ @ =3)7=x" +y?-6y +9

—ll—6xl—12yl,('~ x2+y2+6x +6py,
-2=0)

=11 - 2(3x, + 6y) = 11 — 2(-7) = 25.
So, PO =5.

7. (a)2gg' +2ff'=c+c'ie,21.0+2kk =6+
k
or 2k-k-6=00r(2k+3)(k-2)=0
k=2,-3/2.

8. (¢) The equation of given circle is

x2+y2—%x+3y+l=0

10.

whose centre is (3 EJ and radius,
4 2

r= —+——l
16 4

_ [o+36-16 _ [29
16 16

Area of circle =7’ = n(gj 2on
16 16
= Area of required circle = 2><219_61t = 22“
Let R be the radius of required circle.
R*= 28_9 Now equation of circle is

3Y 3 29
x=-= |+ y+=| ==
4 2] 8

= x2—3—x+2+y2+3y+2—2=0
2 16 4 8

= 16x*+16y*—24x+48y—13=0.

(b) The cordinates of the centre of the circle
x2+3?—12x + 4y + 6 =0 are (6,-2).

Clearly the line x + 3y = 0 passes through this
point.

Hence, x + 3y = 0 is a diameter of the given
circle.

(b) Given that 2x — 4y =9
and 6x—12y+7=0

or 2x—4y+%=0

Therefore these are parallel and at the end
points of diameter of the circle.

_ _Z‘
_ le—¢c | _ 3
Na +b |22 +(-4)
34
_‘_? 417
20 3285 3%

Since the distance between these two tangents
is equal to the diameter of the circle.

diameter of circle = i

35

Hence radius of circle = i

65



11.

12.

13.

14.

(a) We have, x> + y? = 6x ()
and x2+)?+6x+2y+1=0 ...(i1)
Centres and radii of both circles are
C(3,0), 3 and C, (-3,-1), 3 respectively
Now, for common tangents, we know C,C, =
r.tr
1 2

L CC =(B+3) +(0+1) =\36+1=+37

and r +7r,=3+3=6
= CC,>r +r,
Number of common tangents are 4.

(¢) Given that x* +3? = a®
= yz =gt—x

Differentiate wrtx, 2y ;ﬂ =-2x
fx

- Y__x
dx y

Slope at point (h,h) is (QJ
dx

at (h,h)= _% =-1

(b) Let circle x> + 3 + 2gx + 2fy + ¢ = 0
according to question 2g x 2 +2fx -3 =c¢+9
4g-6f=c+9

and 2g><_75+2f><2=c+2, —Sg+df=c+2

Substracting (ii) from (i), 9g — 10f =7

= 9 +10-H=7
Locus of centre is — 9x + 10y = 7 or 9x —
10y+7=0

(d) The image of the circle has same radius
but centre different. If centre is (o, B) then
slope of CC| x slope of (x +y = 19) = -1

15.

16.

Test Your Skills XXi

B-2 o1 B-2=0-3,a-B=1 @0
o-3
and mid-point of CC | lie onn +y = 19 then
o+3 B+2
2
From (i) and (ii) we get a = 17 and B = 16.
Required circle is (x — 17>+ (y — 16)* =1

=l9,0.+l3=33

(a) Point of intersection of 3x —y —4) =0
x+3y=-2,9%-3y=12
x+3y=-2

substracting the equation (i) and (ii), we get
10x =10

> x=11+3y=-2,3y=-3,y=-1
Centre is (1, —1), Area of the circle is mr?
154 = m?

o a4
n 22
Equation of the circle is (x — 1> + (y + 1)?
=72
x2+yr—2x+2y+2=49,
x2+32-2x+2y—-47=0

(¢) Circleis x> +y*=4

Let MN is the one chord and P is the mid-point
and the co-ordinate of P is (h,k) OM = ON =
radius = 2

Z MON = 910° = Z MOP = £ PON = 45°

In AMOP, OP = OM cos 45 = 2x—L =2

2
= OP=42
Centre of circle O is (0,0) and P is (hk)

OP = |(h—0)* + (k-0)*,
oP =" +i’
By equation (i) and (ii), vh®+k> =+/2,

R+ir=2
= Locusof(h k)isx*+y*=2
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17.

18.

19.

20.

21.

(¢) Given circle is (x — 7)*>+ (y + 1)>= 25 then
centre is (7,—1), radius » = 5 Let y = mx
= mx—y = 0 is the tangent of circle

Therefore, length of perpendicular from centre
Tm+1 +5

V1+m?
(Tm+1)*=25(1+m?»

49m>*+ 1 + 14m = 25m*> + 25
12m>+Tm—-12=0
BGm+4)(4m-3)=0
m, =—i, m, = é, Here m xm,=-1

3 4
Therefore, both the tangent will be perpendic-

is equal to the radius of circle,

uuudy

ular, and angle between them is T
2

(a) Equation of common chord is S, -5, =0
=(x*+)’—2x+6y+6)—(x2+y*—5x +
6y +15)=0

= 3x-9=0,=2>x=3

A

B

This equation is also the common tangent of
the given circles because when circles are
touch each other, then common chord (4AB)
will also be the common tangent.

(a) Given form is (5,4), Circle is x* + y* + 2x
-6y=6
Length of tangent

=S, =V5* +4* +2x5-6x4-6

=J25+16+10-24-6 =+/21

®) x¥*+y*+x-2y=0
andx2+3)*-2x +y =0
On solving these two equations, we get
x—y=0andx =y =0and 1/2

Hence these two circles intersect each other at

) 11
the points (0,0) and ( > 2]

(a) Equation of circles are
x2+y’—4x+6y =35
x2+y*+6x—4y =3

and x>+)?—2x+4y =8

r=qg’+f-c

= NATST5 <8
r,=\9+4+3 =16,
r=V1+4+8=413

Hence,r >r,>r,

22. (d)x*+y*+4x—-6y—-36=0

g=2,f=-3andc =-36
Centre = (-2,3) and Radius

=J4+9436=7.

23. (c) £ BAX = 180° - 30° = 150°

ol

60°

24.

—ai2,0)|

c\

Central angle = 2 x circumference angle
In A OLB, cos 60°

= cos60°=%=> l=%=> orL=2

a 2 a 2
BC is a straight line passing through point L
(-a/2, 0) and parallel to y-axis .. its equation

isx=-al2=>2x+a=0

(c) Let the equation of the circle be x* +? +

29x+2fy +¢ =0

.. The point will satisfy the given equation
of the circle.
¢=0..(01),a*+2ga +c=0...(i) and
b*+2fb + ¢ =0 ...(iii) then from equation

b
(i), (ii) and (iii), g - % f=-=

ab
centre =| —,—
22



The radius of the circle = The distance of
any point or the circle from the angle

)]

25. (b) Distance between the lines 3x— 4y +5=0

9
S+=
2 =(_19J=1,9

V3 +42| (10

1.9 is the diameter of circle

Radius of circle = % =0.95

and 6x— 8y —-9=01s

26. (a) The equation of the circle are (x — 2)* +

@-3p=r

= ¥+y —d-6p-r+13=0 ... @
and (x—5P+(@y-67=r
= X2+ -10x- 12y -2 +61=0 . (ii)

The given circles cut orthogonally, if
2.(-2)(=5) + 2(=3) (6) = r* + 13 =12 + 61
= 20+36-13-61=-2r=r=3

27. (a) We have, 2(x>+3*) +Ax +9/2=0
On comparing with standard equation of cir-
cle,

We get centre (—%,OJ and radius

,}3 9
V=,———
16 4

}\’2

We know that for limiting point 6 —% =0
= M=36=>A=26

6
limiting point are (_g,oj and (Z,OJ

3
+=,0
( ’ ]

1. (a) Given that x>+ 2y + 6x =0
or x*+6x=-2y
On adding 9 both sides of equation (1), we get

28.

29.

30.

TOPICWISE WARMUP TEST 3: SOLUTIONS

Test Your Skills xxiii

(b) Given that y = 2x + ¢
and x2+3)?=16

We know that y = mx + ¢ is tangent to the
circle

x*+y*=a’ then c=tavl+m’,
m=2a=4%

c=+41+2% = +4+5

(b) x* + y* = 4 (given)

Centre =C =(0,0)and R, =2

Again x* + 3* — 6x — 8y — 24 = 0, then C,=
3.4

and R,=7

AgainCC,=5=R,-R,

Threrfore, the given circles touch internally
such that they can have just one common tan-
gents at the point of contact.

Therefore, (b) is the answer.

(c) O is the point at centre and P is the point
at circumference.

Therefore, angle QOR is double the angle
OPR.

So it is sufficient to find the angle QOR.

Now slope of OQ = 4/3 slope of OR = -3/4
again m m, = —1 therefore, £ QOR = 90°
which implies that £ QPR = 45°
Therefore, (c) is the answer.

X+6x+9=-2y+9o0r(x+3P2=-2y+9
which is of the form of parabola X2 = 4aY
where 4a = -2 =a=-1/2
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10.
11.

focus of the parabola X? = 4aY is (0, a)

(o1
2
but, X =x+ 3 and Y=y—%

x=-3andy =4

[on putting X = O and ¥ = —1/2]
focus of the parabola x> + 2y + 6x = 0 is
(_3> 4)

"." Directrix of parabola isy = 2
a=-2
Required equation of parabola is
x2=-4.2. y=>x*=-8y

@

(a) Let (x — y) be a point on the parabola, then
by definition (x — 3)> + (y — 0)2 = (x + 2)?
= P -6x+9=4x+4>3y*=52x-1)

(b) a = 3 and axis is along x-axis, so on taking
vertex as origin equation of the parabola is
2= 12x.

Now shifting the origin to its original position,
the required equation will be y* = 12(x — 2)

or 3?=12x-24.

©x*—4x=3y-10
= (x-2P=301y-2)
Axisisx—2=0

(d) Here vertex =(-3, 2) and a = 5. So focus
is(5-3,0+2)=(2,2)

(a) By definition equation will be

2
x2+y2 =(x+y‘4j

2
= x*+y*'-2xy+8 +8 -16=0
(d) By definition.
(¢)Parabola isy*= 12x. Since ordinate of Pis 6,
36 =12x

= x=3

P is (3, 6). Focal distance of P = x co-

ordinate +a=3+3=6

[ 4a =12, .. a=3]

(c) e = 1 for parabola.

(a) Since y* = 4 ax passes thro’ (2, —6)

36 = 4a (2)
36 9
= a=—=—
g8 2

12.

13.

14.

15.

16.

4a=4(2j=18
2

latus rectum = 18.

(@) In a parabola semilatus rectum is the
harmonic mean of the segments of the focal
chord.

(b) As given 2b = 2ae = b = ae

= b=d%*=a-b*=22=a> ... )
2

Also £=10
a

= b=5 . 2

1), (2) > a*=100, b>*=50
Hence equation of the ellipse will be
2 2

2 4L S 2422 =100

100 50
©)x*+2)»-2x+3y+2=0
= (x-1D*+2@+3/4)*=1/8
(x-1)° . (y+3/4) _

1/8 1/16
It an ellipse with a*>= 1/8, b> = 1/16.
Hence its eccentricity

e=1-b*/a* =J1-8/16 =1/\2

(a) Equation of the conjugate hyperbola to the
hyperbola x*— 3)?=11is—x*+ 3y*=1
2 2

XY

—_—— =

1 173
Here a®>=1, b*=1/3

2
eccentricity e = ’1+Z_2=\/l 3=2

(a) Let equation of the hyperbola be

2 2

= 1

Yo
a b
The equation of its conjugate hyperbola will
2 2
x Y
be - + b_2 =1
Since their eccentricities are e and e’,
2 2 2
S0 e2=1+b_2=a +2b “““““““ )
a a
2 2 2
, a a+b
e 2 = l+ b—2 = b2 “““““““ (2)

O.@= L+l
e e



17.

18.

19.

20.

21.

(©) 9x*—16y>— 18x — 32y = 151
= 9x-D*-16@x+1)=144

=)’ 4D
16 9
centre = (1,-1)

(¢) By definition, equation will be (x — 1)* +

_of Xyl y+1
y+1y ( \EJ

> 2xy-4x+4+1=0

(€)2ae =16,e =1/2
> a=16
= length of major axis = 32

2 2
(a) Conic is x_+y_ =1
7 16

@*=17,0>=16,a><b?

S A A |
b 16 4
(a) Clearly, ae = 2 and 2_[)2_6
a
2a*(1-€%)
a
2a* (1 —e?)=6a
2a* - 2a%*=6a
2a*-2.4="6a
a’*-3a-4=0
a@a-H@+1H=0
a=4,-1
Whena=4,4e=2 = e=1/2
a=-1,-e=2 = e=-2

U

=6

L A R

Bute>0 ce=1/2
e 1
2
Now b2=a*(1 —e? =16 1—1 =16X3=12
4 4

2 2
Hence ellipse is ;c_6 +2 =1

12

22.

23.

24.

25.

Test Your Skills xxv

(a) Givenconicis 3 (x — 1)*+4(y + 1»=3 +
4+5=12

L GeD oD

[X=x-1,Y=y+1]
which is an ellipse.
Here a>=4, b*=3.

2

Latus Rectum =2.—=2
a

N | W
I
w

(b) Given equation represents an ellipse if A #
0, i <ab.

(d) Foci are (£ ae, 0), Vertices are (x a, 0)
. a=5ae=3
Since b*=a*(1 - e*)=a*—
x2 y2
ellipseis —+==1
p a2 b2

a’®>=25-9=16

2 2
x_+y_=].
25 16

2 2

J b \/ »*  J16-b2
a 16 4

foci of the ellipse are (x ae, 0) ie.,

(£V16-57,0)

2 2
For the hyperbola g4* =(%J ,b? =(2J

5

eccentricity e is given by

225 155
144 12 4
foci of the hyperbola are (£ ae, 0) i.e.,
*3,0)
By the given condition /16 -5% =3
= b»=16-9=7 = b*=7.
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QUESTION BANK : SOLVE THESE TO MASTER

1. The equations of the internal bisector of
ZBAC of A ABC with vertices A(5, 2),
B(2,3)and C (6, 5) is
(@ 2x+y+12=0
©) 2x+y-12=0

) x+2y-12=0
(d) None of these

2. If the orthocentre and centroid of a triangle
are (=3, 5) and (3, 3) respectively then the
circumcentre is
@ 0,4 (®) (6,-2)
© .8 @ 6.2

3. Ifa,c, b are three terms of a G.P,, then the line

ax+by+c=0

(a) has a fixed direction

(b) always passes through a fixed point

(c) forms a triangle with the axes whose area
is constant

(d) always cuts intercepts on the axes such that
their sum is zero.

4. A line through the point 4(2, 0), which makes
an angle of 30° with the positive direction of
x-axis is rotated about 4 in clockwise direc-
tion through an angle 15°. The equation of the
straight line in the new position is

@ Q2-V3)x-y-4+23=0
®) C=-V3)x+y-4+23=0

© C=-V3)x-y+4+23=0
(d) None of these

5. A rectangle has two opposite vertices at the
points (1, 2) and (5, 5). If the other vertices lie
on the line x = 3, then the coordinates of the
other vertices are
(a) (3>_l)> (3>_6) (b) (3> 1)> (3>5)
© (3.2).(3,6) @ G, 1),3,6)

6. If P(1, 0), O(-1, 0), R(2, 0) are three given
points, then the locus of point S satisfying the
relation SQ>+ SR? = 2SP? is
(a) a straight line || to x-axis
(b) a straight line || to y-axis
(c) circle through the origin
(d) circle with centre at the origin

7. If thelinesax + 12y +1=0,bx+ 13y + 1=0
and ¢x + 14y + 1= 0 are concurrent, then a, b,
care in

10.

11.

12.

13.

14.

(a) HP.
(c) AP

) GP.
(d) None of these

The base of a triangle lies along the line x = a
and is of length a. The area of the triangle is
a?, if the vertex lies on the line

(@ x=0 ) x=-a

(©) x=3a d) x=-3a

If the sum of the distances of a point from
two perpendicular lines in a plane is 1, then
its locus is

(a) square

(b) circle

(c) straight line

(d) two intersecting lines

Consider a triangle POR with P = (0,0), O =
(a, 0), R = (0, b). Then the centroid, orthocen-
tre and circumcentre

(a) lie on a straight line

(b) form a scalene triangle with area %|ab|
(c) form a right angled triangle with area
Jla)
2
(d) None of these

Two sides of a square lie on the lines x + y
=1landx +y+2=0. Then its area is
(a) 4.5 sq. units (b) 4 sq. units
(©) 9 sq. units (d) 5 sq. units

If A(cos a, sin o)), B (sin o, —cos o), C(1, 2) are
the vertices of a A ABC, then as a varies, the
locus of its centroid is

@) x*+y*-2x—4y+1=0

(1) 3+ - 2x -4y +1=0

©) x*+y*-2x—-4y+3=0

(d) None of these

If the point P(a® a) lies in the region corre-
sponding to the acute angle between the lines 2y
=xand 4y = x, thena € (p, q) wherep + g =
(a) 8 () 10

@©) 6 @ 0

If the intercept made on the line y = mx by
lines y = 2 and y = 6 is less than 5 then the
range of values of m is



15.

16.

17.

18.

19.

20.

4) (4
@ (=3)3-]

4 4
b [ -2 2
()( 3,3J

33
c) | -=,=
© ( 2 4J
(d) None of these

The linesx+(a—l)y+1=0and2x +a*y—1
= 0 are perpendicular if
(@) |a| =2

() -1<a<0

(b) 0<ax<l
d) a=-1

The equation of a straight line passing through
the point (-5, 4) and which cuts off an inter-

cept of V2 units between the lines x + y+1
=0andx +y—1=01is

(@) x—2y+13=0

®) 2x-y+14=0

(©) x-y+9=0

(@ x-y+10=0

The number of integral (integral point means
both the coordinates should be integer) exactly
in the interior of the triangle with vertices
(0, 0) (0, 21)and (21, 0) is

(a) 133 (b) 190

(c) 233 @) 105

If a vertex of a triangle is (1, 1) and the mid-
points of two sides through this vertex are
(-1, 2) and (3, 2), then the centroid of the

triangle is
® [-1.1
3

-1 7
(a) (?, EJ

17 7
© (E’EJ @ (LEJ

Let A(h, k), B(1, 1) and C(2, 1) be the vertices
of a right-angled triangle with AC as its hypot-
enuse. If the area of the triangle is 1, then the set
of the values which ‘%’ can take is given by

(@ {0,2} (®) {-1,3}

© {-3.-2} @ {1,3}

The equation 2x* + kxy + 2y* = 0 represents a
pair of real and distinct lines if

@ ke(-4,4

) keR

(©) ke (—0,—4) U (4, )

(d) None of these

21.

22.

23.

24.

25.

26.

27.

28.

Test Your Skills xxvii

If the lines joining the origin to the intersec-
tion of the line y = mx + 2 and the curve x> +
y? =1 are at right angles, then

(@ m*=1 ) m*=3

©) m*=17 @ 2m*=1

If pair of lines represented by ax* + 2hxy + by?
=0, b # 0, are such that the sum of the slopes
of the lines is three times the product of their
slopes then

(@) 3b+2h=0
(©) 3h+2a=0

) 3a+2h=0
(d) None of these

If (2, 0) is the vertex and y-axis is the directrix
of a parabola; then its focus will be

@ (2,0) (®) (4,0

© (2,0 @ (-4,0)

If (0, 4) and (0, 2) are vertex and focus of a
parabola, then its equation is

(a) x*+8y =32 (d) y*+8y =32

(©) x*-8y =32 (d) y*—8x =32

The equation of the parabola whose vertex
and focus are (1, 1) and (3, 1) respectively,
will be

(@ -17=8(x-3)

®) x-1=8p-1)

(© x=37=8(p-1)

@ @¢-17=8x-1)

The equation of the parabola with vertex at
(0, 0), axis along x-axis and passing through

510) .
—,— | is
55)

20x
(@ »*=20¢ ®) v ==
, 10x
@ y' = KN (d) None of these

For the parabola y* = 4x, the point P whose
focal distance is 17, is
(a) (16, 8) or (16,-8)
(©) (4,8)o0r (4,-8)

(b) (8,8)or (8,-8)
(d) None of these

The latus rectum of a parabola whose focal
chord is PSQ such that SP = 3 and SQ = 2 is
given by

24 12
il b)) =
(@) S (b 5
©) g (d) None of these
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29.

30.

31.

32.

33.

34.

The curve described parametrically by x = #
+t+ 1,y =82 —1t+ 1 represents

(a) a pair of st. lines (b) an ellipse

(¢) aparabola (d) ahyperbola

Equation of the ellipse whose eccentricity is
1/2 and foci are (£ 1, 0) will be

2y PLS
a) —+—-= b) —+—=1
(@) 372 (b a3

2 2
©) %4.%:% (d) None of these

The eccentricity of the hyperbola 4x? — 9* —
8x =321is

(@ 573 ® V1373
(©) V1312 (d) 372

If for an ellipse, its centre is (0, 0); focus is (0,
3) and semimajor axis is 5, then its equation
will be

2 2 2 2
(a) x_+y_= (b) x_+y_=
9 25 9 16
2 2
©) LI A (d) None of these

16 25

If major axis of an ellipse is thrice of its minor
axis, then its eccentricity is

(a) 173 ®) 13

© 12 @ 2273
Eccentricity of the ellipse 4x> + 93 + 8x + 36y
+4=0is
(a) 3/5
© 213

(b) 5/6
@ 573

35.

36.

37.

38.

39.

40.

The eccentricity of an ellipse whose major
axis is twice its minor axis is given by

@ 2/3 ®) 3

© V2 @ V32

The latus rectum of the hyperbola 16x*— 9y* =
144 is
(a) 8/3
(c) 32/3

(b) 16/3
(d) 4/3

If the distance between foci is 2 and the dis-
tance between the directrices is 5, then equa-
tion of the ellipse in the standard form is

(@) 6x*+ 10y2=5

(b) 6x2+ 10y? =15

©) x*+3y*=10

(d) None of these

2 2
If S" and S are the foci of the ellipse x_z + )b)_z =1
a
and P(x, y) be a point on it, then the value of
SP + S'P is
(a) 2b
) a-b

() 2a
da+b

In an ellipse the distance between its foci is 6
and its minor axis is 8. Then its eccentricity is

(a) 4/5 ®) 1452
() 3/5 12
’ -1 ’ —~1
The equation x=e+2€ ;y=e 2e ;tER
represents

(a) an ellipse
(¢) ahyperbola

(b) a parabola
(d) None of these



PART A CARTESIAN COORDINATES

Lecture 1

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (d) 5. (b)
2. (d) 6. (b)
3. (a) 7. (¢)
4. (a) 8. (b)

9. (¢)
10. (a)
11. (a)
12. (a)

13.
14.
15.

Worksheet: To Check the Preparation Level

1. (b) 5. (¢)

2. (b) 6. (b)

3. (d) 7. (a)

4. (b) 8. (a)
Lecture 2

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (¢ 8. (b)
2. (d) 9. (b)
3. (©) 10. (a)
4. (b 11. ()
5. (b 12. (¢)
6. (a) 13. (a)

7. (a) 14. (a)

9. (b)
10. (c)
11. (b)
12. (b)

15. (a)
16. (¢)
17. (b)
18. (b)
19. (b)
20. (a)
21. (b)

13.
14.

22.
23.
24.
25.
26.
27.

Worksheet: To Check the Preparation Level

1. (a) 7. ()
2. (d) 8. (¢)
3. (©) 9. (a)
4. (a) 10. (d)
5. (¢) 11. (a)
6. (b) 12. (¢)

13. (a)
14. (b)
15. (b)
16. (d)
17. (a)
18. (d)

19.
20.
21.

Test Your Skills xXix

ANSWERS

@
®
@

®
@

@
(@)
©
®)
(@)
©

®)
(@)
©

Lecture 3
Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (c) 7. (b) 13. (d) 19. (b)
2. (c) 8. (a) 14. (d) 20. (¢)
3. (b) 9. (b) 15. () 21. (d)

4. (a, c, d) 10. (¢) 16. (a)
5. (a) 11. (b) 17. (d)
6. (d) 12. (b) 18. (b)

Worksheet: To Check the Preparation Level

1. (@) 5. (c) 9.(d)  13. (©
2. (¢) 6. (b) 10. () 14. (d)
3. (©) 7. (b) 1. )  15. (0)
4. (b) 8. (b) 12. (a)

PART B STRAIGHT LINE

Lecture 1
Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (b) 5@ 9. (b)
2. (a) 6. (d) 10. (a)
3. (a) 7. (a)
4. (b) 8. (a)

Worksheet: To Check the Preparation Level

1. (a) 5. (¢) 9. (b)
2. (b) 6. (a) 10. (a)
3. (a) 7. (a)
4. (c) 8. (¢)
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Lecture 2

Unsolved Objective Problems (Identical Problems

for Practice): for Improving Speed with Accuracy

©
@
®)
®)
©
(@)

NN R W=

6. (c)
7. (a)
8. (d)
9. (a)
10. (a)
11. (a)

12. b) 18
13. (a) 19.
14. ) 20
15. b) 2L
16. (b)
17. (b)

Worksheet: To Check the Preparation Level

®)
®)
- (b)
©
(@)

TN NS

Lecture 3

6. (b)
7. (b)
8. (¢
9. (a)
10. (b)

1. @) 16
12. b) 17
13. ()
14. (a)
15. (a)

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (b) 5. (¢)
2. () 6. (b)
3. (¢) 7. (b)
4. (¢) 8. (©)

9. (¢) 13.

10. (c) 14.
1. ) 15
12. (d)

Worksheet: To Check the Preparation Level

1. (a)
2. (b
3.
4. (a)

Lecture 4

5. (b)
6. (c)
7. (b)
8. (b)

9. (b) 13
10. (a) 14.
11. (c)
12. (b)

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (a) 5. (©)
2. (a) 6. (2)
3. (©) 7. (a)

4. (d)

8. (d)

9. (a)
10. (a)

©
®)
(@)
®

(@)
®

®
©
@

®)
®)

Worksheet: To Check the Preparation Level

1. (b)
2. (b)
3. (a)
4. (d)

Lecture 5

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

5.(d)
6. (d)
7. (b)
8. (a)

Speed with Accuracy
1. (b) 4. (d)
2. (a) 5. ()
3. (© 6. (d)

9. (d)
10. (a)

7. (a)
8. (b)
9. (a)

10.

Worksheet: To Check the Preparation Level

1. (b)
2. (o)
3. (a)
4. (b)

PART C PAIR OF STRAIGHT LINES

Lecture 1

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

5. (d)
6. (c)
7. (a)
8. (¢)

Speed with Accuracy
1. (@) 9. (b)
2. (b) 10. (a)
3. (©) 11. (c)
4. (d) 12. (c)
5. (b) 13. (b)
6. (a) 14. (¢)
7. (a) 15. (b)
8. (a) 16. (¢)

9. (¢)
10. (b)
11. (d)
12. (a)

17. (d)
18. (b)
19. (a)
20. (a)
21. (a)
22. (¢)
23. (b)
24. (d)

13.

25.
26.
27.
28.
29.
30.

Worksheet: To Check the Preparation Level

1. (¢
2. (¢
3. (d)
4. (a)

5. (b)
6. (b)
7. (a)
8. (d)

9. (¢)
10. (a)
11. (d)
12. (d)

13.
14.
15.
16.

©

©

©
®)
(@)
©
@
(@)

©
©
©
®)



Lecture 2

Unsolved Objective Problems (ldentical Problems
For Practice): For Improving Speed With Accuracy

(@)
©
®)
©
(@)

S

6. (c) 11. (a) 16. (¢)
7. (d) 12.d) 17 (©
8. (d) 13. b)  18. (¢
9. (d) 14. (a) 19. (d)

10. (b) 15. (¢)

Worksheet: To Check the Preparation Level

(@)
©
(@)
®
®

S e

6. (a) 11. (d)
7. (a) 12. (d)
8. (d) 13. (d)
9. (¢) 14. (o)
10. (d) 15. (d)

PART D CIRCLE

Lecture 1

Unsolved Objective Problems (Identical Problems
For Practice): For Improving Speed With Accuracy

1. (a)
2. (a)
3. (d)
4. (a)

5. (© 9. (a) 13. ()
6. (a) 10. (a) 14. (a)
7. (d) 11. (c)
8. (¢) 12. (d)

Worksheet: To Check the Preparation Level

1. (d)
2. (a)
3. (a)
4. (b)

Lecture 2

5. (@) 9. (a) 13. (d)
6. (a) 10. (b) 14. (a)
7. (a) 11. (a) 15. (8
8. (¢) 12. (a)

Unsolved Objective Problems (Identical Problems
For Practice): For Improving Speed With Accuracy

©
©
- (b)
- (b)
(@)
©

I S S

7. (a) 13. (b) 19. (¢
8. (¢) 14. (a) 20. (c)
9. (d) 15. (b) 21. (¢)

10. (b) 16. (d)
11. (c) 17. (a)
12. (b) 18. (d)

Test Your Skills xxxi

Worksheet: To Check the Preparation Level

(@)
(@)
@
- (b)
@
(@)

NP S S

Lecture 3

7. (a)
8. (d)
9. (¢)
10. (d)
11. (¢)
12. (d)

13.
14.
15.

16

17.
18.

© 19. (d)

(@  20. (b)

@ 21 (b)
. (b)

®)

(@

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (a) 6. (b)
2. (b) 7. (©)
3. (a) 8. (a)
4. (¢) 9. (d)
5. (a) 10. (¢)

11.
12.
13.

14

15.

©) 16. (a)
(a) 17. (¢)
©

. (©)
(@)

Worksheet: To Check the Preparation Level

(@)
©
©
- (b)
(@)

S S

6. (d)
7. (a)
8. (¢
9. (a)
10. (a)

1. d)  16. (b)
12.d) 17 (©
13. (d)

14. (a)

15. (a d)

PARTE CONICSECTION

Lecture 1

Unsolved Objective Problems (Identical
Problems for Practice): for Improving

Speed with Accuracy
1. (© 9. (b)
2. (d) 10. (¢
3. (b 11. (d)
4. (¢) 12. (o)
5. (d 13. (¢)
6. (a) 14. (d)
7. (a) 15. (¢
8. (d) 16. ()

17.
18.
19.
20.
21.
22.
23.
24.

©) 25. (o)
) 26. (b)
© 27. (b)
(a) 28. (o)
©) 29. (¢)
(@)
©
(@)
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Worksheet: To Check the Preparation Level Lecture 4
Unsolved Objective Problems (Identical Problems
L@ 6. (©) 11. (@) 16. (¢) for Practice): for Improving Speed with Accuracy
2. () 7. (d) 12. (c) 17. (d)
3. () 8. (b 13. (b) 1. (b) 5.(d 9. (b,d) 13. (b)
5.c) 10.(b) 15 () 3. 7. 1L ()
4. (©) 8. (b) 12. (a, b)
Lecture 2 .
Unsolved Objective Problems (Identical Problems Worksheet: To Check the Preparation Level
for Practice): for Improving Speed with Accuracy 1. (a) 4. (b) 7. (b)
1. (© 8. (a) 15. ()  22. (d) 2. (@ 5.(© 8. (@
2. (d) 9. () 16. (b)  23. (d) 3. @ 6. (2) 9. (b)
3. (a) 10. (c) 17. (@) 24. (¢)
4. (0 11. (¢) 18. (b) 25. (d) Lecture 5
5. () 12. (b) 19. (a) 26. (d) Unsolved Objective Problems (Identical Problems
6‘ © 13' @ 20’ @ 27’ ®) for Practice): for Improving Speed with Accuracy
. (¢ . (a . (a .
7. (©) 14. (c) 21. (a) 1. (b) 8. () 15. (@) 22. (¢)
2. (a) 9. (¢) 16. (¢) 23. (a)
Worksheet: To Check the Preparation Level 3. (@) 10. (¢) 17. (a) 24. (b)

1. (a) 6. (2) 1. @@  16. () :‘ g; :; gz; iz‘ g;; 5.

2. (a) 7. (d) 12. (b) 17. (b) 6‘ i :

3 @ 8. (©) 3. (@ . (¢) 13. (b) 20. (b)

4 @ 9. (b) 14, (3) 7. (©) 14. (a) 21. (d)

5. 10. (b) 15. (b) Worksheet: To Check the Preparation Level

1. (d) 5. (b) 9. (d) 13. (a)

Lecture 3 2. (d) 6. (a) 10. (a) 14. (¢)
Unsolved Objective Problems (Identical 3. (a) 7. (¢) 11. (¢) 15. (b)
Problems For Practice): For Improving 4. (a) 8. (b) 12. (a)
Speed With Accuracy

1. (c) 8. (d) 15. (a) 22. (b)

2. (b) 9. (b) 16. () 2. () TEST YOUR SKILLS

3. (b) 10. (b) 17. (b) 24. (a) Question Bank

4. (d) 11. (¢) 18. (d) 25. (b) 1 © . @ 21, (©) 31 ()

5. (b) 12. (d) 19. (d) 26. (a) 2 (@) 12, (b) 2. ) 32, (©

6. (a) 13. (a) 20. (a) 27. (b) 3 © 13, (©) 2. (b 33, (@)

70 e 2.0 B 4. 14 24 34 @
Worksheet: To Check the Preparation Level 5@ 15. (@) 25. (4 35. (4

6. (©) 16. (c) 26. (b) 36. (c)

L (@) 5. 9. (b) 13. (a) 7. (©) 17. (b) 27. (a) 37. (b)

2. (©) 6. (b) 10. (b) 14. (a) 8. (¢ 18. (d) 28. (a) 38. (b)

3. (@ 7.(©) 11. (b) 15. (b) 9. (a) 19. (b) 29. (¢) 39. (©)

4. (@) 8. (b) 12. (a) 16. (b) 10. (a) 20. (¢) 30. (b) 40. ()



