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PREFACE

The concept of the vector plays an extremely important role in
Engineering, Physics and Geometry. Vector quantities have both
magnitude and direction, as opposed to scalar quantities which have
only magnitude. For example, the velocity, the acceleration, the force,
the electric and magnetic fields, etc. are vector quantities, while mass,
temperature, volume, etc. are scalar quantities.

Vectors are important in almost all branches of Engineering,
Geometry and Physics and in particular in the study of Applied
Mathematics. Using vectors, many important equations in Engineering
and Physics are expressed in a compact and concise form, independent
from the particular coordinate system being used.

In this book we lay out fundamental concepts and definitions, define
the fundamental vector operations (equality of vectors, addition,
subtraction, multiplication of a vector by a scalar, etc), define the
various types of vector products (the dot or scalar product, the cross or
outer product, the scalar triple product and the vector triple product),
and show the strength of vector algebra in proving various important
formulas in Geometry, Trigonometry, Engineering and Physics.

The book contains 11 chapters, as shown analytically in the Table of
contents. The first two chapters are devoted to fundamental concepts,
definitions, terminology and vector operations. Chapter 3 is devoted to
the Cartesian systems and the coordinate expression of vectors. In
chapter 4 we introduce the concept of linear independence of vectors
and investigate a number of useful consequences. Chapters 5 up to 9
are devoted to the study of various types of vector products, i.e. the dot
product, the cross product, the scalar triple product and the vector
triple product, and investigate a considerable number of applications in
Physics and Geometry. In chapter 10 we derive the vector equations of
straight lines, planes, circles and spheres and prove various properties



using the theory of vectors. Finally, in chapter 11 we derive and
summarize some fundamental formulas of plane and solid analytic
Geometry, (distance of a point from a straight line, distance of a point
from a plane, the least distance between two skew lines, the area of a
triangle, the volume of a parallelepiped formed by three concurrent
vectors, the angle between two planes, etc).

The book contains 72 illustrative worked out examples and 145
graded problems for solution. The examples and the problems are
designed to help students to develop a solid background in the algebra
of vectors, to broaden their knowledge and sharpen their analytical skills
and finally to prepare them to pursue successfully more advanced
studies in Engineering and Mathematics.
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CHAPTER 1: Fundamental Concepts and Definitions
1-1) Scalars and Vectors

In Engineering and Physics we consider various types of physical
guantities. One class of quantities is completely specified by just one
single number (the magnitude) and the corresponding unit of
measurement. Such quantities are called scalar quantities or simply
scalars. For example, length, area, volume, mass, density,
temperature, electric charge, electric potential, energy and work are
all scalar quantities. If the area of a plane figure is 5 m?, the number
5 (magnitude) together with the corresponding unit (m?) completely
specifies the area of the figure. If the mass of a body is 10 K g, this
completely specifies the mass of the body, etc.

Another class of physical quantities consists of quantities the
complete determination of which requires both magnitude and
direction. Such quantities are called vector quantities or simply vectors.
For example, velocity, acceleration, force, torque of a force, momentum,
electric and magnetic fields, etc, are vector quantities.

A vector is represented by a directed line segment as shown in Figure
1-1.

o

Fig. 1-1: The vector concept.

Symbolically the three vectors shown in Fig. 1-1 are denoted as E,

CD and EF respectively. In the first vector AB the point A is the initial
point or the origin of the vector and the point B is the terminal point of



10

the vector. The magnitude or the length of the vector AB is denoted by
|E|, and similarly |ﬁ5| and |ﬁ| are the magnitudes (lengths) of the

vectors CD and EF respectively. A second notation for vectors is often
used, which consists of single small letters beneath an arrow, such as @,

b,C,...., and in this notation, lal, |B|, |€],...., will represent the
magnitudes of the corresponding vectors.

A vector of particular interest is the null or zero vector, which is
defined as a vector whose magnitude (length) is zero. The null vector is

denoted by 0. The null vector has no direction.

1-2) Equality of Vectors

Two vectors AB and CD are said to be equal, if and only if, AB is

parallel to CD with the same orientation and |E| = |E))|

s AB || CD and of the same orientation, and
AB=(CD &

45| = [cD]

Note that two vectors which are not parallel cannot possibly be
equal even if they have the same length (magnitude).

Two vectors AB and KL are said to be opposite if they are parallel,
have the same magnitude but opposite orientations.

B
/ D K
A C / | /
Fig. 1-2: Equal and opposite vectors.

The sum of two opposite vectors is the null vector, for example in Fig.

1-2, since AB and KL are opposite vectors,
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AB+KL=0 (1-1)

Note: In equations involving vector quantities, it is customary to

denote the null vector by 0, (instead of the full notation 6).

A vector which is restricted to pass through a given, fixed point is
called a bound or localized vector. In this case the line of action of the
vector is fixed. A force acting on a body is a bound vector since its
effect depends on the point of its application.

On the other hand, a vector which is not restricted to pass through a
fixed point in space is called a free vector. Free vectors have the same
magnitude and direction and act at different points in the same line or
parallel lines. They are all equivalent to each other. The moment of a
couple of forces is a free vector, (see Example 7-10).
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CHAPTER 2: Vector Operations

In order to be able to apply the theory of vectors in various problems
arising in Engineering and Physics, we have to develop an Algebra of
Vectors, i.e. how to add and subtract vectors, how to multiply a vector
by a scalar (humber), what is meant by “ a linear combination of
vectors”, etc.

2-1) Vector addition and subtraction

Let us consider two vectors @ = 04 and 5 = 0B be two vectors as
shown in Fig. 2-1.

L/
S »
a A

Fig. 2-1: Addition of two vectors, “The parallelogram law of
addition”.

The vector & = OC which is the diagonal of the parallelogram OACB

is defined as the sum of the two vectors @ and B and is written as
OC=0A+0B or ¢=d+b

Alternatively, the sum of the two vectors can be obtained from the
equivalent “triangle law of addition”. In Fig. 2-1, the vectors 0A and BC
are equal (since they are parallel and have the same orientation and
equal magnitudes). If we therefore consider the triangle OBC having
sidesh = OB and d = BC, then the third side & = OC of the triangle is

the sum of the two vectors d and b.
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The “triangle law of addition” can be applied to obtain the sum of
more than two vectors, as shown in Fig. 2-2.

Fig. 2-2: The vector addition of five vectors.

In Fig. 2-2, the initial point of b coincides with the terminal point of d,
the initial point of ¢ coincides with the terminal point of I;, the initial
point of d coincides with the terminal point of ¢, and the initial point of

e coincides with the terminal point of d. In this case the vector 7 with
initial point the initial point of the first vector @ and terminal point the
terminal point of the last vector € is defined as the sum of the five
vectors and is written as

P=d+b+C+d+e

If the vectors are not arranged so that the terminal point of one is the
initial point of the next one, then we translate them so that the
terminal point of one coincides with the initial point of the next, and
then perform the addition. Let us for definiteness consider four vectors

d, E, ¢ and d as shown in Fig. 2-3. We consider a point O (the origin) and
form the “successive” vectors 0OA = @, AB = b, BC = ¢and CD = d.

Then the vector OD is the sum of the four vectors d, b, ¢ and c?, i.e.

OD=0A+AB+BC+CD=ad+b+¢c+d



- B é c
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0
d

Fig. 2-3: The vector addition of four, arbitrary vectors.

Let d and b be any two vectors. The subtraction of b from @ is

defined to be the addition of the vector (—b) tod, i.e.d — b = d +

(—B) The subtraction of two vectors is shown in Fig. 2-4.

B

S

Qu

0

Fig. 2-4: The subtraction of two vectors.
OC=0A+AC=0A-AB=d—b
The vector addition has the following properties:

1) It is commutative, i.e.

14

d+b=b+ad 2-1)

2) It is associative, i.e.
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i+(b+¢&)=(G+b)+¢ (2-2)
3) There exists the null vector 0 such that for any vector d,

G+0=0+d=4d (2-13)
4) For any vector @, there is an “additive inverse” (—a) such that

d+(-ad)=0 (2 —4)
2-2) Multiplication of a vector by a scalar

Let k be any real number (scalar) and @ be any vector (a # 6). Then
the product kd is a vector such that,

a) The magnitude of kd is |kd| = |k||d],

b) If k > 0 then the vector ka has the same direction with @, while if
k < 0 then the vector ka has direction opposite to a, (i.e. kd has the
same direction with (—a)),

c) If k = 0 then the vector kd = 0.

v

a
_—

v

A

—4d

A

Fig. 2-5: Multiplication of a vector by a scalar.
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The multiplication of a vector by a scalar has the following
properties:

1) It is commutative, i.e.
kd =dk (2-15)
2) It is associative, i.e.
k(1a) = A(ka) = (kA)a (2-06)
3) It is distributive, i.e.
(k+D)d=kd+rd and k(da+b)=kd+kb (2-7)
2-3) The unit vector

If we divide a vector by its magnitude (positive number) then we
obtain a new vector which has the same direction and orientation with
the original vector and magnitude equal to 1. For this reason the thus
obtained vector is called “a unit vector”. To emphasize that a vector U is
a unit vector we use the symbol ii. The magnitude of any unit vector i is
(by definition) equal to 1, i.e. |u| = 1.

ay

Up

\ 4
v

Qu
S
<
a

Fig. 2-6: Unit vectors.

In Fig. 2-7, ,, U, U, are the unit vectors corresponding to the

¢ - .
vectors d, b and C respectively.
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2-4) The position vector

The position vector of a point A with respect to an arbitrarily chosen

origin O, is the vector OA. The vector 04 uniquely specifies the position
of the point A relative to the origin 0.

A

0

Fig. 2-7: The position vectors.
In Fig. 2-7, let 7, and 7z be the position vectors of the points A and B

respectively, relative to the same origin 0. Then,

—

AB =75 -7, (2-8)

In words: Every vector ABis equal to the difference of the position
vector of its terminal point B minus the position vector of its initial
point A.

2-5) Collinear vectors

Two or more vectors are said to be collinear if they are parallel to the
same straight line, (and as such are therefore parallel to each other).
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If d is a given vector, then any vector b of the form b = kd will be
collinear to a, (k is a real number ranging from —oo up to +). In other
words, the general expression of all vectors collinear to d is kd, (k
real).

The vectors whose directions are neither parallel nor coincident are
said to be non-collinear.

Qu

Fig. 2-8: Collinear vectors.
2-6) Coplanar vectors

Two or more vectors are said to be coplanar if they are parallel to
the same plane.

If @ and b are any two, non collinear vectors, then any vector ¢ of the
form ¢ = kd + AB, (k and A not zero simultaneously), will be coplanar

todand b.

Three or more vectors which cannot be made to lie in the same plane
are called non coplanar vectors.

Let us assume that two vectors @ and b are parallel to the plane (IT)
as shown in Fig. 2-9. Then we may translate the two vectors, so that
they lie on the plane (IT) and have the same origin 0. The vector

¢ = kd + Ab lies also on the plane (IT), which means that the vectors

d, b and ¢ are coplanar.
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Fig. 2-9: Coplanar vectors.

Example 2-1

Simplify the following vector quantities:
a)AB+BC+CD+DE b)AB—BC+CA
Solution

It is known that every vector AB is equal to the difference of the
position vector of its terminal point B minus the position vector of its
initial point A4 (see equation (2-8)).

a) AB + BC + CD + DE
=@ —1) + (0 —75) + (p —70) + (5 —1p) =

AB+BC+CD +DE =7 —7; = AE
b)AB—BC+CA= (13 —73) — (e —Tp) + (7 — 7)) =

AB—BC+CA=2(3-7)=2CB
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Example 2-2

If ABCD is a quadrilateral and OB + 0D = 0C + 04 show that ABCD
is a parallelogram, (O is an arbitrary origin in space).

Solution
0B +0D =0C + 04 =
(5 —10) + (5 —Tp) = (e —To) + (L —Tp) =
Tg+7p — 210 =Tc+ 7, — 215 =

T +Tp =Tc+T, =75 —T¢ =74 —Tp = CB = DA

A B

Fig. 2-10: Proof that ABCD is a parallelogram.

The vector equality@ =DA implies that CB || DA and CB = DA,
and this implies that ABCD is a parallelogram.

Example 2-3

Show that the sum of vectors from the center to the vertices of a
square ABCD is zero.

Solution

Let O be the center of a square ABCD, as shown in Fig. 2-11. Then,
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0A=-0C and OB =-0D =
0A+0C=0 and OB+0D=0

and adding term wise we get, 0A+ 0B +0C+0D =0.

A o B

D C

Fig. 2-11: A square ABCD with center O.
Example 2-4
Use the triangular inequality (known from Geometry) to prove the

vector inequalities, |d + I;| <ld| + |B| and ||a| — |l;|| <la- l;|

Solution

Fig. 2-12: Vector inequalities.
Let ABC a given triangle. From Geometry it is known that

AC < AB+BC and KB > |AB — KA| (*)



From the first inequality in (*) we get,

. - — . -, (é=a+b)
|AC| < |AB| + |BC| = |¢| < |d| + |b| ==

@+ b| < ldl + ||
The equality holds only in case a and b are collinear.

From the second inequality in (*) we get,

(i=d-5)

|KB| > ||4B| - [K4|| = ld| > |1l - |b|| —=

@ —b| >

jal — [B||
The equality holds only in case a and b are collinear.

Example 2-5

Show that the line segment joining the mid-points of two sides of a
triangle is parallel to the third side and equal to one —half of the third
side.

Solution

Fig. 2-13: A triangle ABC (M and N midpoints of AB and BC).

Let M and N be the mid-points of the sides AB and BC respectively.
Then

AN = AM + MN = AC + CN =
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MN =AC+CN —AM = AC + CN + MA =
MN=AC+§CB+§BA=AC+§(CB+BA)=>
MN = AC + ~CA = AC — ~4C = ~4C
N 2 7 277 2
This means that MN || AC and that MN = |W| = %AC =%|A—C)|
Example 2-6

Show that the diagonals of any parallelogram bisect each other.

Solution

Fig. 2-14: A parallelogram ABCD.

Let ABCD be a given parallelogram. The diagonal AC = AD + AB (the

parallelogram law of addition).The mid-point M of AC is determined
from the equation

—

1— 1,
AM=§AC=§(AD+AB) (*)

The diagonal BD = BA + AD and the mid-point N of BD is
determined from the equation
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— 1

BN =-BD = E(BA +AD) = E(—AB +AD) (*¥)
From the vector equation

MN + NB +BA+AM = 0 = MN = —(NB + BA + AM) =

MN = —(—BN — AB + AM) = BN + AB — AM —

— 1

SR QI
MN=§(—AB+AD)+AB—§(AD+AB)=0=>MEN

This means that the two mid-points coincide, i.e. the diagonals bisect
each other.

PROBLEMS

2-1) Show that the median of a trapezoid is parallel to the bases and
equal to one-half of their sum.

2-2) A vector a belonging to two directions is the null vector.

2-3) In a parallelogram ABCD show that AB + AD = AC and
AB — 4D = DB.

2-4) If AM is the median of a triangle ABC, show that AB + AC =
2AM.

2-5) If AD, BE and CF are the medians of a triangle ABC, show that
AD + BE + CF = 0.

2-6) If G is the centroid of a triangle ABC show that GA+GB +GC =

2-7) If a line divides two sides of a triangle proportionally show that
this line is parallel to the third side.
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2-8) Let OABC be a tetrahedron and D be the midpoint of AB. Show
that 2CD = 04 + OB — 2 OC.

2-9) Let O be the center of a regular polygon with n-sides, A;4, -+ A,,.
Show that:

1) 04, + OA, + 04, + -+ 04, = 0.

2) If M is an arbitrary point in the plane, then

2-10) Show that the line segment joining the mid-points of the
diagonals of a trapezoid is parallel to the bases of the trapezoid and
equal to one-half of their difference.
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CHAPTER 3: Right-handed and Left-handed system:s,
Cartesian Coordinates in Space

3-1) Right-handed and left-handed systems

Let us consider three non coplanar vectors a, band ¢ emanating from
the same origin 0, as shown in Fig. 3-1.

V=
ey

Fig. 3-1: Right-handed and left-handed systems.

ay

a

Let (TT) be the plane defined by the two vectors a and b and 6 be the
smallest angle (0 < 8 < 1) at which when the vector d rotates about

the origin O coincides with the vector b. Now let us assume that we
place a right-hand screw (which is used in everyday life) at the origin O
and rotate it in the direction defined by the angle 6. If the right-hand
screw advances towards that part of the space where the vector ¢ lies,

then we say that three vectors @, band é (in that order) define a right-

handed coordinate system {d, b, ¢}.

If in the aforesaid process, the right handed screw advances towards
the part of the space where the vector ¢ does not lie, then we say that

the three vectors @, b and ¢ (in that order) define a left-handed

coordinate system {d, b, ¢}.
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The first figure in Fig. 3-1 shows a right-handed system while the
second figure shows a left-handed system, (note that in both figures the
right-hand screw advances from the “bottom” towards the “top”).

Assuming that the triad of vectors {&, B, E} (in that order) forms a
right-hand coordinate system, then any circular permutation of these
three vectors will still produce a right-handed coordinate system.

7 O\

Q

N
S

-

Fig. 3-2: Cyclic permutation.

In Fig. 3-2, if {Ei, b, E} form a right-handed coordinate system, then
{B, c, Ei} and {c, a, l;} will also form right-handed coordinate systems. On
the contrary, if we interchange the position of two vectors retaining
the third one in its original place, then we change the orientation of the
triad. For example, assuming that {Ei, B, 8} is right-handed system, then
{I;, d,¢}and{d,é, I;} will be left-handed systems (let the reader check
it).

Right-handed coordinate systems shall be assumed throughout this
textbook.

3-2) Cartesian coordinates in space

Let us consider three axes in space {Ox, Oy, 0z} which are non
coplanar and mutually perpendicular to each other. Let also X,y and Z
be the unit vectors along the axes Ox, Oy and Oz respectively. Assuming
that
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a) The three unit vectors {%, §, 2} form a right-handed coordinate
system and

b) They have equal lengths, i.e.
X =19l =12l =1 B-1)

then we say that the three axes {Ox, Oy, 0z} form a Cartesian
coordinate System in space.

A

V4

P(x,y,2)
A

Fig. 3-3: A Cartesian Coordinates System in space.

Let # = OP be the position vector of a point P in space, relative to
the Cartesian system {Ox, Oy, 0z} as shown in Fig. 3-3, and 04, 0B and

OC be the vector projections of 04 on Ox, Oy and Oz respectively.

We note that the vector radius OP is the vector sum of the vectors
@ and ﬁ, i.e.

W=F=@+Q_P’=E4’+ﬁ+@=>
50 38
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OF = # = [04|2 + [0B|9 + [o¢|2

orifwecall x = |E4)|, y = |@| and z = |5?|,
OP=7=xX+yy+2z2 3-2)

The real numbers x, y and z (each one ranging from —oo up to +oo,
depending on the position of the point P in space relative to the given
system) are called the x — coordinate, the y — coordinate and the z —
coordinate respectively of the point P relative to the given Cartesian
system. We note that any point P in space, is uniquely determined
from an ordered triad of numbers, its Cartesian coordinates x, y and z.
We may therefore use the notation P(x,y, z) to uniquely define the
point P in space in terms of its Cartesian coordinates.

The geometrical distance of P(x, y, z) from the origin 0(0,0,0) is the

magnitude (absolute value) of the vector 7 = mj, i.e.

r=0P = |F| =x?+ y? + z? 3-3)

Points lying on the coordinate axes have the following
representation:

(x,00) —oo<x<oo x-—axis
(0,y,0) —oo<y<o y-—axis B3-4
(0,0,z) —w<z<o® z-—axis

Points lying on the coordinate planes have the following
representation:

(x,y,0) —o0o<x<00,—0<y< o, x —y plane
(0,y,z) —o0o<y<o0,—0<z< 00, y —zplane ; (3 —15)
(%,0,z) —0<x<00,—-0<z< 00, x — z plane

The following simple Theorems are useful when working with
vectors.
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Theorem 3-1: If r; = x; X+ y, J+z, 2 and ", =x, X+ x, §+ 2, 2
then

i =0tx) 2+ ty)y+ (21 22)2 (3-6)

Theorem 3-2: If 7 = x X+ y 9y + z Z is a vector and k is a real
number (scalar), then

k7= (kx) X+ (ky)y + (kz) 2 3-7)
3-3) Chaslse’s Theorem

A line (&) equipped with a unit vector &i emanating from an arbitrary
(but fixed) point O of the line (the origin) is called an axis.

A
b
A 4
>

=
)
=

Fig. 3-4: The axis of real numbers.

The relative value or relative magnitude or algebraic value of a

vector AB lying on the axis (or being parallel to the axis) is the real
number k (positive or negative) which when multiplied by the unit
vector il produces the vector AB. We shall use the notation 4B to
denote the relative value of the vector 4B. For example, in Fig. 3-4,
AB = 3 while CD = —4, since AB = AB il = 31l while CD = CD ol =
(—4) 1. Note the difference between the magnitude and the relative
value of a vector. The magnitude of a vector is always a positive
number, (the geometrical length of the vector) whereas its relative
value can be either positive or negative, depending on whether the
vector is of the same or opposite orientation of the unit vector.
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Based on the concept of the relative value of a vector, we may define
the ratio of two vectors lying on a given axis (or being parallel) to the
same axis as the ratio of their corresponding relative values, i.e.

AB 4B
50D 3-98)

Theorem 3-3: The relative value of any vector AB lying on the x'Ox
axis, is the difference between the coordinate xg of its terminal point B
minus the coordinate x, of its initial point A.

y
p
A 4
v

Fig. 3-5: The relative (or signed) value of a vector.

Indeed, in Fig. 3-5, AB = Xp — X4, While BA which is the relative

value of the vector BA will be BA = x, — x.

Theorem 3-4: (Chaslse’s Theorem): Let A, B and C be any three
points on an axis x'0x. No matter which is the position of these three
points relative to each other, it is always true that

4B + BC = AC (3-9)

Proof: By virtue of Theorem 3-3, we have,

E‘l‘ﬁ:(xB_xA)'i‘(xC_xB):xC_xA:R (3_10)
An equivalent expression of Chaslse’s Theorem is the following:

AB+BC+CA=0 (3-11)

Indeed, equation (3-9) may be written equivalently as
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AB+BC=AC=-CA<S AB+BC+CA=0 (3—12)

Theorem 3-5: (A generalization of Chaslse’s Theorem): For any n
points Ay, A,, Az, -+, A,_1, A, onan axis x'Ox, it is always true that

A1A2 + A2A3 + A3A4 + "'An_lAn == AlATL (3 - 13)

or equivalently,

AlAZ + A2A3 + A3A4 + "'An—lAn + AnAl = O (3 - 14)

The proof is similar to the proof of Theorem 3-4. Let the reader try to
prove (3-13) and (3-14).

3-4) Equality of vectors expressed in Cartesian coordinates

Theorem 3-6: letr;, = x; X+ vy, 9 +z,Z and ", =x, X+ y, § +
Z, 2 be the Cartesian expressions of two vectors 7; and 75 in a given
Cartesian coordinate system {Ox, Oy, 0z}. The following equivalency
holds true:

X1 = X2
T_1)=T_2)<:>{y1=J’2} (3 — 15)
Zl = Zz
Proof: The equality 77 = 75, implies7; — 1, = 0, i.e.
(1 —=x) X+ (1 —Y2) P+ (21 —2)2=0 ()

Since the left-hand side in (*) represents the null vector, its length
must be zero, and equation (3-3) implies that

X1 —x,=0
\/(X1—Xz)2+(J’1—}’2)2+(Z1—Zz)2 =0@{)’1‘)’2 :0}
z1—2, =0

and this completes the proof.

Equation (3-15) shows that in general, any vector equality splits into
three scalar equations, one for each coordinate axis.
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3-5) Division of a vector ABina given ratio 4

The partial ratio (ABC) of three points A4, B and C lying on an axis is
defined to be the ratio % , i.e. the ratio of the relative values of the

two vectors AC and CB whose sum is equal to the vector ﬁ,
(AB = AC + CB).

The partial ratio is positive when C lies between A and B and
negative when C lies outside the segment AB, since in this case the
vectors AC and CB have opposite orientations. Also the partial ratio
vanishes when C coincides with A and tends to co when C approaches
the point B.

Theorem 3-7: Let 7, and 7 be the position vectors of two points A
and B respectively. Then the position vector 7 of a point C lying on the

line AB and dividing the vector AB in partial ratio (ABC) = A is given by
the formula

., TAtATg
=L 7 3—-16
TT T+ ( )
Proof: Since (ABC) = ‘2_—; = A, equation (3-8) implies that
AC 1= AC XC_B)(Z_S_) 7= A —T0) ., TitATg
—=1= = =11, =A0g—T1;) >1, = ——F—
B c—Ta B~ Tc c 1+
and the proof is completed.
Vector equation (3-16) splits into the following three scalar
equations,
X + le Ya + AJIB Zg + AZB}
= — = — = — 3—-17
{xc 1+2 7°T1+2 €T T1+2 ( )

Corollary 3-1: The position vector of the midpoint M of the vector

AB is given by the formula
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— —
r_,_TA‘H‘B
=

2

(3 —18)

This formula is obtained directly from (3-16), since in this case the
partial ratio (ABC) = A = 1. This vector equation is split into three
scalar equations

{ X4+ Xp Yat+ Y8 Zy + ZB}

= 3—19
> Yum > M 2 ( )

3-6) Translation of Coordinate axes

Let a new coordinate system {0'x’,0'y’,0'z'} be obtained by means
of a translation of the axes Ox, Oy and Oz, the displacement vector

being R=a%+b ¥y + ¢ 2, (see Fig. 3-6).

a1

i
¥

v

Fig. 3-6: Translation of Coordinate axes.

If the position vector of a point A in the {Ox, Oy, 0z} system is 7 and
the position vector of the same point A in the {O'x’,0'y’,0'z'} system

is 77, then as it is seen in Fig. 3-6,

—

FP=R+7 (3 —20)
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Projecting this vector equality on the coordinate axes we obtain the
formulas

{x=a+x" y=b+y z=c+7z'} (3—-21)

which describes how the new coordinates are connected to the old
ones.

Note 1: Since any vector 7 in Cartesian coordinates can be expressed
as ¥ = x X+ y 9 + z 2, we may alternatively use the notation
T = (x,y,z) where (x,y, z) is an ordered triad of numbers. For
example, 7 = (3,2,5) stands for the vector 7 = 3% + 2 § + 5 Z, while
7 =(—=2,7,—1) standsfor7# = —2X + 7 j — Z, etc.

Note 2: Let 7, = (x4, V4, 24) and 5 = (xp, Vg, Zg) be the position
vectors of the two points A and B respectively. Then the vector

=g — —
R=75—74= (Xpg — X4, Y5 — Ya, Zp — Za) =

ﬁ=(xB_xA)f'I'(yB_yA)y"'(ZB_ZA)ZA (3—22)

b
=1}

Fig. 3-7: The expression of a vector in Cartesian coordinates.

The length of the vector I_f, (i.e. the geometrical distance between
the points A and B) is (see formula (3-3)),

R=|R|=v0p - %)+ s —ya)?+ (25— 2)2 (3-23)



Example 3-1

If # = 2% + 39 + 2, find |#] and |(—5) 7|

Solution
7] =22 +32+12 =14
|(=5) 7| = |-5] 7| = 57| = 5V14
Example 3-2

If 04 = 2% + 39+ 52 and OB = % — 29 — 32, find:

AB,|AB|,204 + 308 and |204 + 308 |.

Solution
AB = 0B —0A = (28 + 39 +52) — (8 — 2§ — 32) =
AB=02-1D2+B-(-2)9+(5-(-3))2=%+59+82
|4B| = {12 + 52 + 82 =90
204 +30B = 2(2% + 39 +52) + 3(x — 29 — 32) =
204 +30B = (4% + 69 + 102) + (3% — 69 — 92) =
20A+30B =78+ 2
|204 + 30B| = /72 + 02 + 12 = V50

Example 3-3

36

Find the unit vector 7 associated with the vector 7 = —2% + 39 + Z.

Solution

The unit vector 7 = I:TI (see section 2-3), i.e.
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T —2X+3y+2 —2X+3y+2 —2>?+337+z“=>
r=T= = — A: —
7] |-2%+ 3y + 2| \/(_2)2+32+12 NEW
R 2 - 3 54 1
= — X Z
V14 v14y V14
Example 3-4

Given that @ = a, + 29 — 72 and b = 3% + b,9 + b2, determine
a

a,, b, and b3 so that
Solution
Making use of equation (3-15) we have:
a1 = 3 a1 = 3
&=b<=){2=b2 }@{bzzzi
_7 = b3 b3 = _7
Example 3-5

If 74, 5 and 7 are the position vectors of the vertices A, B and C
respectively of a triangle ABC, find the position vector of the centroid G
of the triangle.

Solution

Fig. 3-8: The centroid G of a triangle ABC.
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Let ABC be the triangle, AM the median corresponding to the vertex
A, and G be the centroid. It is known from Geometry that AG = 2GM,
(for the notation AG and GM see section 3-3). Let us consider the

triangle OAM. The position vectors of Aand M are 7, = 04 and

OM = @Zﬁ (why ?), respectively. The point G (the centroid) divides the
vector AM in partial ratio (AMG) = % = 2 + 1 (for the definition of

the partial ratio see section 3-5) and application of formula (3-18) yields,

_, T4+20M T +15+7¢
T' = =
G 1+2 3

This shows that the position vector of the centroid G is the average of
the three position vectors of the vertices.

Example 3-6

Let @ = OA and b = OB be two given vectors. Let also a = |@| and
b= |E| be the magnitudes of d@ and b respectively. Show that the vector

ab + bd is collinear to the bisector of the angle formed by the two
vectors.

Solution

Fig. 3-9: The bisector of an angle.

Let @ and b be the unit vectors of @ and b respectively, as shown in
Fig. 3-9. Then,|d| = |B| =1,d =ad, b= bb,and
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a5+b&=ab5+bad=ab(d+3)=abﬁ (%)

However OD = @ + b is collinear to the bisector of the angle formed
by the two vectors (diagonal of a rhombus), and therefore the product

of 0D by the positive number (ab) will be collinear to the bisector.
PROBLEMS

3-1) Let ABCD be a quadrilateral and P and Q be the mid-points of the
diagonals AC and BD. Show that the sum of the vectors (the resultant)

/TR C_B),C_D) and AD is equal to 4 ﬁ

3-2) Let G4, G, G3 and G, are the centroids of the sides BCD, CDA,
DAB and ABC respectively, of a tetrahedron ABCD. Show that the vector

sum AGl + BGZ + CG3 + DG4, == O

Hint: Let 7, 75, 7¢c and 75, will be the position vectors of the vertices
A, B, C and D with respect to an arbitrary origin O. Then, according to

Example 3-5,7;, = %(ﬁ;’ +7¢ + 7p), etc. The vector AG, =75, — 7, etc.

3-3) If AB = 2% + ¥y + 32, find its magnitude AB = |E| and the
unit vector i in the direction of AB.

B = VT2 and = B = L (95 4043
(Answer: AB = |AB| = V14, and @ = a5 = m(Zx + 9+ 32)).
3-4) The position vectors of three points A, B and Cin space are
T, =28+9V+2 153 =%+2 and 17 = J + 22 respectively. Show that

ABC is a right triangle.

Hint: Determine the lengths AB = |E|,AC = |ﬁ| and BC = |?C|
and verify that the Pythagorean Theorem is satisfied.

3-5) Consider the vectors d = (1,2,3) and b= (=2,1,—1) and find:
1) The vector & = 2@ + 3b, 2) The length |¢| and 3) The unit vector ¢ in
the direction of C.
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™

(Answer:1) ¢ = —4% + 79 + 32,2)|C| =V74,3) ¢ = 5=

[V

1 A~ A~ A
ﬁ(—4x + 7y + 32)).
3-6)If @ = (2,3,1),b = (0,1,2) and & = (1,1,0). Determine:

1) The vector § = 2@ + b + &, 2) The length |3| and 3) The unit vector
$ in the direction of s.

3-7) If three coplanar forces F{,E’ and F? acting on the point P of a
solid body are in equilibrium, show that

El _ 1Rl _ R
sin@, sinf, sinb;

Fig. 3-10: Forces in equilibrium.

Hint: Since E) + Fz) + E: = 0 the “polygon of the forces” is closed,

i.e. the vectors E), F; and F; form a triangle (the red triangle in the
Figure). Application of the “law of sines” yields,

1Rl _ A

sinw; sihw, sinws;
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and since 6; + w; = 180°,60, + w, = 180° and 85 + w3 = 180°,
sin ; = sinw,, sin 8, = sin w, and sin 85 = sin w3, and this
completes the proof.

3-8) In Fig. 3-10, the sum of the magnitudes of the forces is 200 Nt,
while 8; = 130° and 8, = 160°. Find the magnitude of each one of the
forces.

Hint: The third angle 6; = 360° — (130° + 160°) = 70°. Also from
the equilibrium condition,

Al Rl R |Fi| + |F| + |Fi)
sin130°  sin160° sin70°  sin 130° + sin 160° + sin 70°
200 200
= = 97.70

- sin 130° + sin 160° + sin 70°  2.047
and |F;| = (97.70) - (sin 130°) = 7. Nt, etc.

3-9) If 7, T3 and T are the position vectors of the vertices A, B and
C respectively of a triangle ABC, show that the position vector of the
incenter (the point where the angle bisectors intersect = center of the
inscribed circle) is
ar, + brg + cr¢
a+b+c

7= , (a=BC,b=AC,c =AB)
3-10) Show that the segments joining the midpoints of opposite sides
of a skew quadrilateral bisect each other.

3-11) Let us consider a tetrahedron ABCD whose position vectors of
the vertices are 7, 75, ¢ and 7. Find the position vector of the centroid
G of the tetrahedron.

TA+TBHTCHTD )

(Answer: 7; = "

Hint: The centroid G of the tetrahedron lies on the segment joining a
vertex (say the vertex A) with the centroid G4 of the opposite side
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(triangle) and divides this segment in ratio AG - AG, = 3 + 4. To
derive the answer, you may use the method outlined in Example 3-5.

3-12) If the diagonals of a quadrilateral bisect each other show that
the quadrilateral is a parallelogram.

3-13) If A(3), B(—1),C(2) and D(—4) are four points on an axis x'x,
find: AB, BC,CD and AD.

(Answer: AB = —4,BC = 3,CD = —6,AD = —7).
Hint: AB = (—1) — 3 = —4, etc.

3-14) If A A, = 2, A,A; = (—4), A3A, =5, ALAs = 3, apply
Chaslse’s Theorem (see Section 3-3) to find: A; A3 , A,A, and A;As. Also,
determine the point P which divides A; A in partial ratio (4;AsP) =
3 + 1, (see section 3-5), assuming that x, = 1.

(Answer: 4,45 = —2, 4,4, = 1, 445 = 6, xp = 11/,).

3-15) If A, B, C and D are arbitrary points on an axis, show that
AB CD + ACDB + AD BC =0

Hint: AC = AB + BC and DB = DC + CB.

3-16) If for three points A, B and C on an axis it is true that
(AB)3 + (BC)3® + (CA)® = 0, show that at least two points coincide.

3-17) If 0, A4, A,, -+, A, are arbitrary points on an axis, find a point M
such that MA; + MA, + ---+ MA,, = 0.

(Answer: OM =~ (04; + 0A; + -+ 0Ay)).
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CHAPTER 4: Linear Dependence of Vectors
4-1) Linear vector equations
Any equation of the form
M+ A7+ A+ + 2,1, =0 “4-1

where A4, 4,, 43, -, A,, are scalars (real numbers) is called a linear
vector equation. The vectors 1y, 75, 73, , T, are said to be linearly
independent when equation (4-1) holds true ifand only if 4; = 4, =
A3 = =2,=0,i.e.

{ 1, 2,73, , Ty

Linearly Independent} Sh=h=="=1,=0 “4-2)

Otherwise the vectors are said to be linearly dependent.

Assuming that {7}, 73,73, :**,T,,} are linearly dependent vectors,
then at least one of them can be expressed as a linear combination of
the remaining (n — 1) vectors. Indeed, assuming for example that
A, # 0, then equation (4-1) implies that

A, Az, A

- (4-3)

=TTy
R A2

which shows that 7, is expressed as a linear combination of the
remaining vectors 77, 73, .-+, 7;,. The converse statement is also true. If a
vector y is a linear combination of the (n — 1) vectors {17,73, ***, Th—_1}
then the set of vectors {y, 77,75, -, 7,—1} is a set of linearly dependent
vectors (Why?).

4-2) Linear dependence of collinear vectors

Theorem 4-1: Two collinear vectors X and y always satisfy a linear
vector equation of the form ax + by = 0, (ab # 0).
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Proof: a) Assuming that ¥ is collinear to X, then y = kX, where k is a
real number, (see section 2-5), i.e.

J=ki=J—ki=0=J+(—k)Fi=0 (¥
or, if we multiply both sides of (*) by a number L # 0,
Ly + (kL)X =0, or aX+by=0,where a=(—kL) andb =1L

b) The converse is also true, i.e. assuming that ax + by = 0, where a
and b not zero simultaneously, then X and y are collinear. Indeed from
the given equation we get y = —(a/b)X, which shows that X and y are
collinear.

Theorem 4-2: If two non collinear (not parallel) vectors X and y
satisfy the linear equation ax + by = 0, then necessarily, we must have,
a=0andb =0.

Proof: Since assuming otherwise, for example that b # 0, then the
given equation would imply that y = —(a/b)X, i.e. X and y would be
collinear, which however contradicts our hypothesis. We are therefore
forced to assume that b = 0, and then from the given equation a = 0,
and this completes the proof.

Note: Theorem 4-2 is important in proving various Theorems of plane
Euclidean Geometry with the aid of vectors.

Theorem 4-3: Three points 4, B and C are collinear (lie on the same
straight line), if and only if, for any point O in space, the three vectors

ﬁ,TB) and OC satisfy a linear equation a0A+bOB+c0OC = 0,
where the sum of the scalar coefficients a + b + ¢ = 0.

Proof: a) Let us consider the three vectors ﬁ, OB and OC shown in
Fig. 4-1. Assuming that A, B and C lie on the same straight line (&), the

vectors AB and BC are collinear, i.e.

AB = 1BC, for a suitable value of A (%)
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Since AB = OB — 04 and BC = 5_6)—55, equation (*) implies,
0B — 04 =A(0C—0B)= —04A+ (A+1)0B—20C =0 or
aO0A+bOB+cO0C =0,wherea = (—1),b=A+1),c=—-1 (x%)

In equation (**) the sum of the coefficients is
a+b+c=(C-D+A+1)+(-1)=0.

(&) A

0

7

Fig. 4-1: Three collinear points 4, B, C.

b) The converse statement is also true. Let us assume that

a0A+bOB+cOC = 0, wherea + b + ¢ = 0. Then the vector
equation is written as,

(=b—c)0A+bOB+c0C =0= b(0B—04) =c(04-0C) =
bAB = cAC = AB || R:A,B,C lie on (&)
4-3) Linear dependence of coplanar vectors

Theorem 4-4: Three coplanar vectors X,y and Z always satisfy a linear
vector equation of the form aX + by + cZ = 0. Coplanar vectors mean
either parallel to the same plane or lying on the same plane, but having
different directions.
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Proof: a) Let X,y and Z be any three coplanar vectors, as shown in
Fig. 4-2, and let us resolve Z in the directions defined by X and .

Ny

v

=

Fig. 4-2: Coplanar vectors X, y, Z.

Since z; |l X (i.e. these two vectors are collinear), z; = kX and for
similar reasons, z, = 1y. The vector Z is the sum of z; and z;, i.e.

F=Ti A = A= kR A D kR A —F=0 (%)
or if we multiply through by a number L # 0,
(kL)X + (AL)y + (—L)Z =0, or aX+by+czZ=0 (**)
where a = kL, b = AL and ¢ = (—L).

b) The converse is also true, i.e. assuming aX + by + cZ = 0, where
a, b and ¢ not all zero simultaneously, the vectors X, y and Z are
coplanar. Indeed, assuming for example ¢ # 0, the given equation
implies Z = (—a/c)X + (— b/c)y, which in turn implies that Z is
coplanar with X and y (see section 2-6), and this completes the proof.

Theorem 4-5: If three non coplanar vectors X, y and Z satisfy the
linear equation ax + by + ¢Z = 0, then necessarily, we must have,
a=0andb=0and c =0.
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Proof: The proof is similar to the proof of Theorem 4-2. Let the
reader try to prove it.

Note: Theorem 4-5 is important in proving various Theorems of solid
Euclidean Geometry with the aid of vectors.

Theorem 4-6: Four points A, B, C and D are coplanar (lie on the same
plane), if and only if, for any point O in space, the four vectors

0A4,0B,0C and 0D satisfy a linear equation a 04 + b OB + ¢ OC +
d 0D = 0, where the sum of the scalar coefficients a+ b +c+ d = 0.

Proof: a) Let the four points A, B, C and D be coplanar, as shown in
Fig. 4-3.

Fig. 4-3: Four coplanar points 4, B, C, D.

Since the vectors E,ﬁ and CD are coplanar, we can find two
numbers k and A such that, (see section 2-6),

BC=kAB+ACD (%)

However, since BC = ﬁ—@,ﬁ =ﬁ—ﬁ,ﬁ =0D - 0C
equation (*) implies,
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0C — 0B = k(0B — 04) + A(0D - 0C) =

We note that the sum of the coefficients is
a+b+c+d=k+(-k—-1)+A+1)+(-1) =0

b) The converse statement is also true. Let us assume that

a0A+bOB+cO0C+dOD =0wherethea + b + ¢ +d = 0. Then
the given vector equation is written equivalently as,

(~<b—c—d)OA+bOB+c0C+dOD =0=
b(0B — 04) + c(0C — 04) + d(0D — 04) = 0 =
bAB+cAC+dAD =0

and according to Theorem 4-4 the three vectors E, AC and AD are
coplanar, and since they all have the same origin A, the four points
A, B, C and D lie on the same plane.

Example 4-1

Investigate whether there are two vectors d and b collinear to
A=
a

+

X+2y+2Zand B=3%- y + 42 respectively, such that
b = 8%+ 29 + 102.
Solution

Any vector collinear to A can be expressed as kA (k # 0) and

similarly any vector collinear to B can be expressed as AB (A #0), (see
section 2-5). According to the problem, we must have,

L (@=kA)(B=1B) .
G+b=82+2)+10f ——=kA+ 1B =82+ 2y + 102 =
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k(X+29+2)+AB3x—9y+42)=8x+2y+10Z =
(k+3D)x+ Rk—-Dy+ (k+41)2=8x+29+ 102 =
k+31=8
2k —1 =2 (*)
k+41=10

System (*) is a system of three equations in two unknowns (k and
A). Systems of this form (more equations than unknowns) in general do
not have a solution. However, in our case, the system does have a
solution. Solving the first two equations, we obtain, k = 2 and A = 2.
These values of k and A do satisfy the third equation and this shows that

k = 2, 2 = 2is a solution of system (*). The sought for vectors @ and b

are,

(Verify that @ + b = 8% + 2§ + 102).

k
A

L2 VIR )

A=24=2 +437+2z“}
B=2B=6%—-29+8

Sl QU

Example 4-2

Show that the vectors ¥ = b + ¢ — 24, y=d+c¢-— 2b and
7 =a+ b — 22 are coplanar.

Solution

Since 1-#+1-§+1:Z=(b+¢&—2d)+(d+¢&—2b) +

(@a+ b— 2¢) = 0, the three vectors X, y and Z are coplanar, ( see
Theorem 4-4),

Example 4-3

If AD is the bisector of the angle formed by the two vectors 04 and

=g AD 0OA
OB, show that — = —
DB

o5 % (This is a known property of the bisector,



which is proved in Geometry, using geometrical considerations. In this
Example we shall prove this property using vectors).

Solution

Fig. 4-4: The Theorem of bisectors.

Let (ABD) = % 2 ], be the partial ratio at which the point D

divides the vector AB. Then (see formula (3-16)),

O_D,_WHA@_EHAB
142 142

()

On the other hand, oD Il (aB + bd), (see Example 3-6), and

therefore, since 0D and (aI; + bc'i) are collinear,
0D = k(ab + bd) (%)
From (*) and (**) we get,

i+ Ab
1+ 21

= k(ab + bd) =

(k(L+Db—1}a+{k(1+Da—A3b =0 (¥

and since d and b are not collinear, then necessarily, we must have
(Theorem 4-2),



{(k(l+2)b—-1=0 and k(1+AD)a—2=0} (xxxx)

From the first equation in (****) we obtain, (1 + 1) = 1/b ,and

substituting in the second equation yields,

and this completes the proof.
Example 4-4

Show that the three medians of a triangle are concurrent at a point

51

G, called the centroid of the triangle. The distance of G from each vertex

is two-thirds of the length of the corresponding median.

Solution

B

Fig. 4-5: The centroid of a triangle.

Let us for simplicity call b = 4B and & = AC. The two medians BN
and CM intersect at the point G. The point G divides BN in partial ratio
(BNG) = k and CM in partial ratio (CMG) = 1, i.e.

{(BNG) = % =k and (CMG) = % = /1} (*)
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The vector AG divides BN in partial ratio k, and by virtue of formula
(3_16)1

b+k
1+k ()

N Oy

—_—

AG =

and similarly, since AG divides CM in partial ratio 2,

[\S] )

_, ¢+
AG = -y ()

From (**) and (***) we obtain the following equation,

= =
1+k 1+21
Q+1—kDb+ (kA—k—2)é=0
and since b and ¢ are not collinear, we must necessarily have,

(2+2-k2=0) (res)

kA—k—-2=0

Adding term wise these two equations we get k = A, and substituting
into the first one yields,

k2—k—-2=0=>k=-1 or k=2

The root k = —1 is rejected, since (1 + k) appears in the
denominator in (**), and finally the only solution of system (****) is
k = A = 2. This means that (see equation (*)),

BG BG 2 cG 2
—=2 —=- and =—=2, =——=-
GN BN 3 CM 3
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Example 4-5

The position vectors (relative to an arbitrary origin O) of three points
A,BandCare 7, =3X+2y+7Z 175 =2X+ 2y +3Z and 7, =X +
2y + 5Z respectively. Show that the points A, B and C are collinear.

Solution

It suffices to show that there are constants a, b and ¢ (not all zero
simultaneously) having sum zero, (a + b + ¢ = 0), such that ar, +
brg + cr¢ = 0, (Theorem 4-3).

ar, + brg + cr¢
=a(B3x+2y+2)+b(2x + 2y +32)
+c(Xx+2y+572) =

ar, + brg + cr¢
=x(Ba+2b+c¢)+yQ2a+ 2b+ 2¢) + Z(a+ 3b + 5¢)

The vector sum ar, + brg + cr¢ = 0 if we choose

2a+2b+2c=0
a+3b+5c=0

3a+2b+c=0

{ } “
The linear system (*) is homogeneous and thereforea = 0,b = 0

and ¢ = 0 is a trivial solution. However, the system admits non-trivial
solutions. Let the reader verify thata = ¢, b = —2¢, ¢ = arbitrary s
also a valid solution (for any value of c¢). For example, we may choose
a=1b=-2,c=1.Notethata + b + ¢ = 0, and Theorem 4-3
implies that A, B and C are collinear.

Example 4-6

Show that the vectors @ = 7% — 8y + 9Z, b = 3% + 20 + 57 and
¢ =5X+ 6y + 7Z are coplanar.
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Solution

It suffices to show that one of the vectors, say the vector d, can be

expressed as a linear combination of the other two vectors b and C, (see
section 4-3, Theorem 4-4). This means that we seek two constants k and
A, not zero simultaneously, such that

d=kb+Ad=
7X —8y+9Z=k(3X + 20y +52) + A(5Xx + 6y + 72) =

7X —8y 4+ 9Z = (3k + 51)x + (20k + 61)y + (5k + 71)Z =

3k+51=7
20k + 61 = -8 (%)
5k+71=9
The reader may verify easily that kK = —1, A = 2 is a solution of the

system, and this shows that d@, b and & are coplanar.
PROBLEMS

4-1) Show that the three points A, B and C with position vectors

—

T, = X, 75 =y and 17 = 3X — 2y are collinear.
Hint: Apply Theorem 4-3.

4-2) Show that the line segments joining the mid-points of the
consecutive sides of a quadrilateral form a parallelogram.

4-3) The position vectors of the vertices A, B and C of a triangle ABC
are 7, =—X+6y+62 15 =79+ 102 and7; = —4% + 99 + 62.
Show that ABC is an isosceles and right angled triangle.

Hint: Find the lengths AB, BC, AC. Note that AB = |E| = |rg —714l,
etc.

4-4) Show that the four points 3x + 2y — 5Z, —3X + 8y — 52,
—3X+2y+Z and —X + 4y — 3Z are coplanar.
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Hint: Apply Theorem 4-6.

4-5) Let ABCD be the parallelogram shown in Fig. 4-6, and M be the
mid-point of BC. If DM intersects the diagonal AC at F, show that
AC=3FC.

Fig. 4-6: Parallelogram ABCD (M is the midpoint of BC).

Hint: Let AF = 1 AC and DF = k DM. Starting with DF + FA = DA4,
show that (— — 2) FM + (— — 2) CF = 0, and since FM and CF are

not collinear, (ﬁ — 2) = 0 and (—l — 2) = 0, etc.

4-6) Let7;, 75, T3,--, T, be the position vectors of the n points
Aq,A,,A3, -+, A, respectively, with respect to an arbitrary origin O. If
the position vectors satisfy the vector equation a7y + a,7, + asr; +

-+ a,n, = 0, where a,, a,, as, -+, a, are real numbers having sum
zero (aq + a, + a3z + -+ a, = 0), show that the vector equation is
retained when the reference system is changed.

Hint: If O’ is the new origin, then 7, = 00" + 1'%,k = 1,2,3,-,n
(see equation 3-20).

4-7) Show that the sum of the vectors associated with the medians of
a triangle is zero.

4-8) Show that the line segments joining the mid-points of the
opposite edges of a tetrahedron bisect each other.
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4-9) If the diagonal AC of a parallelogram ABCD bisects the angle
formed by AD and AB, show that the parallelogram is a rhombus.

4-10) Let O be the center of a regular hexagon ABCDEF. Show that
AB + AC + AD + AE + AF = 640.
4-11) Show that the bisector of an exterior angle of a triangle divides

the opposite side into segments which are proportional to the adjacent
sides.

Hint: See Example 4-3.

4-12) Resolve the force OF = 3% + 2y — 72 into three components,

along the direction of the vectors G = 28 —39 + 2, b = 3% + 9 + 42
and ¢ = —% + 5y — 22.

Hint: It suffices to find three numbers k, A and m such that
OF = kd + Ab + mé.

4-13)fd=2+29+2 b=28—9+32and ¢ =% + 39 + 52,
find: 1) the vector X in the direction of d@ but having magnitude that of B,
2) The vector  of magnitude |d — b+ ¢| in the direction of ¢,

(Answer: 1) X = \/é d 2)y= j: c).

7

o - > |12 - 21 . B
Hint: X = ka, |xX| = |k a| = |b|, ie. k| = %, etc.
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CHAPTER 5: The Inner or Dot Product of two Vectors

There are two ways in which two vectors a and b can be multiplied.
The first one, denoted by a - bor (Ei, E) is a real number (scalar) and is
called the dot-product or the inner product of d and _l;, while the
second one denoted by a@ X B or [?i, B] is a vector and is called the

cross-product or the outer product of @ and b.

Let @ and b be two vectors and 6 = 4(&, }_5) be the smallest angle
between the two vectors, (0 < 0 < m).

S|

Qu

Fig. 5-1: The dot (inner) product of two vectors.

The inner product or dot product of the two vectors a and bis
defined to be the scalar quantity (real number),

&-5=|c’i||5|cos€=abcos€ G-1)

wherea = |d| and b = |B| are the magnitudes of the vectors @ and

b respectively.

1) If a and b are parallel and have the same orientation (@ = 0), then
i b= I&I|B| = ab. If @ and b are parallel and of opposite orientation
(0 =), then G- b = —I&I|B| = —ab.
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2) If @ and b are perpendicular to each other (6 = g), thend-b = 0,

and conversely, if d - b =0thenf = g, meaning thatd L b.

3)1f @ = b then § = 0°, cos0° = 1 and formula (5-1) implies,
(5-2)

d-d=|d|* = a*

4) The dot product of two vectors is commutative and distributive,

i.e.
i-b=b-d
{&-(b+*)=&-b+&-c*} (>=3)

The first one follows directly from the definition of the dot product
(formula 5-1). The second one is proved with the aid of Fig. 5-2.

Qu

v

Fig. 5-2: The distributive law of the dot multiplication.

@ (b+¢&) =d-0C =|d||0C| cos 6 = |d|(OF) = |d|(OF + FE) =
- (b+ &) = |a|(0F) + |@|(FE) = |dl||b| cos ¢ + |d|(BD) =
- (b+¢)=ldl|b|cos¢p + |dl|¢lcosp =d-b+d-¢

and this completes the proof.
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5)If d and b are any two vectors and k and A be any two real
numbers, then it is easily shown that

(k@) - (ab) = (kA) @b (5—4)

6) Let X, ¥ and Z be the unit vectors along the Ox, Oy and Oz axes
respectively, in an orthonormal Cartesian system Oxyz. The magnitude
of each one of these vectors is one, (unit vectors), and also these
vectors are pair-wise perpendicular, (see section 3-2), i.e.

x-?z?-ézz“a?zO} B
ooy X (5-5)
7) The Cartesian expression of the dot product of two vectors.

letd = a;X + a,y + a3Z and b= biX + b,y + b3Z be the Cartesian
expression of two vectors d and b. Since the dot product is distributive,
we have,

d-b=(a,%+ayd + az2) - (b,% + by + b32) (%)

and taking into account formulas (5-5) equation (*) finally simplifies
to the following, (let the reader check it),

C_i ) E = a1b1 + azbz + a3b3 (5 - 6)

Formula (5-6) is called the Cartesian expression of the dot product of
the two vectors d and b. Formula (5-6) implies that two vectors
d=a; X+ a,j + azZ and b= biX + b,y + bs3Z are perpendicular, if
and only if

&'B=a1b1+a2b2+a3b3=0 (5_7)
8) The length of a vector in a Cartesian system of axes.

If & = b formula (5-7) implies
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a'd=|a|2=a2=a12+a22+a32=>

a=ld| =+a;? + a? + as? (5-8)

9) Angle between two vectors expressed by their Cartesian

coordinates, (d = (a,, a,, as), b= (by, by, b3)).
Since in general, d-b = ab cos 6, (where a = ||, b = |b]),

- b (5-6)(5-8)
CcOS 6 = E —

a,b, + a,b, + asb
cosd = 101 202 303 (5—9)

Jai2 + a2 + a2 \/blz + b,% + b3*

10) The direction cosines of a position vector’ = x X+ yy + z 2.

Z A
rT=xX+yy+z2
&
% 9 y

Fig. 5-3: Direction angles and direction cosines.

Let X, ¥ and Z be the unit vectors along the axes Ox, Oy and Oz
respectively, as shown in Fig. 5-3.The angles between the vector 7 and
the unit vectors are called direction angles, while the cosines of the
direction angles are called direction cosines. Let for definiteness 8, be
the angle between 7 and %, 6, the angle between 7 and § and 6, the
angle between 7 and Z. From the fundamental definition of the dot
product,
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N

i (5-6),(5-8),(1z]=1)
r-X = |F||X| cos 6, >

x
Jx?2+y? + 22

and similarly for the other two direction cosines. In summary, the

cos O, =

direction cosines of the vector7 = x £ + y § + z Z, are given by the

formulas
X X
(cos 0, = = T\
Je2+yr 422 7
cos @, = Y = Y 5—-10
< g x% +y?% + z2 17l ( (>-10)
z z
cosf, = =—
\ Jxt+yr+z2 |7

It is evident, (from (5-10) that the sum of the squares of the direction
cosines is equalto 1, i.e.

(cos 8,)% + (cos By)z + (cos6,)?> =1 (5-11)

11) Work done by a force.

T

v

' AB
Fig. 5-4: Work done by a force.

In Fig. 5-4 the object moves from the point A to the point B, under

the action of a constant force F. The work W done by the force 13, as
known from Physics, is
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W = |F;|AB = (|F| cos §)AB = F - AB (5 —12)

Formula (5-12) applies when the force F (as a vector) remains

constant while moving its point of application from A to B. If F varies,
then an appropriate integration should be carried out, in order to
obtain the work W.

Example 5-1
Ifd=2%+39+2 and b = —% + 59 — 2 find:

1) The dot product @ - b, 2) The magnitudes a = |d@| and b = |b|,

and 3) The angle 6 between @ and b.
Solution
1) The dot product is expressed by formula (5-6), i.e.
G-b=2-(-1)+3-5+1-(-1)=-2415-1=12
2) The magnitudes of the vectors are obtained from (5-8),

a=|dl=+22+32+12=+14
b = J(=1)2 + 52 + (-1)2 = V27

b

3) The angle between d and bis given from (5-9), i.e.

-

a-b 12
cosf = = =~ 0.617 = 6 = cos 1(0.617) =51.9°
ab /14 -/27 ( )
Example 5-2

For what value of k the vectors d = 2% + k9 + 3Z and b=k&—
4y + 72 are perpendicular?
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Solution

The two vectors will be perpendicular, if and only if their dot product

is zero, i.e.
L oo 21
a-b=0=>2k—4k+3-7=0=>—2k+21=0=>k=7

Example 5-3
Derive the “Law of Cosines”.

Solution

Fig. 5-5: The “Law of cosines”.

Leta = |al|,b = |I;| and ¢ = |C|. Then,

S|

i=¢-b=d-d=(¢—-b) (¢—b)=

‘b=

Sl

— &b+

S
a

g=2-2—

Qu

a?=b2+c2—2b-¢=b%+c?—2bccosf (¥

Note: Formula (*) is known as “the law of cosines” and is a
fundamental formula in Trigonometry. If 8 = 90°, then cos 90° = 0 and
formula (*) reduces to the Pythagorean Theorem.
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Example 5-4
Show that an angle inscribed in a semicircle is a right angle.

Solution

0

oy

Fig. 5-6: Angle inscribed in a semicircle.
Consider an angle @ inscribed in a semicircle, as shown in Fig. 5-6.
Gd=KA—-KO and b=0K+KB (%)
and taking the dot product of a and b we get,
i-F=(KA-K0)- (O + KF) =

5 —_— —_— —— _— — —_— —)(ﬁ=_m)(ﬁ=_ﬁ)
a-b=KA-OK—-KO-OK+KA-KB—-KO-KB >

id-b=KA-OK+KO-KO—KA-KA—KO-KB =
d-b=KA OK+R?>—R?>—-KO0 -KB =

G-5=KA-OK + KB OF = (RKA+KB)- 0K = 0
0

and this shows that d@ and b are perpendicular, i.e. @ = 90°.
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Example 5-5

Show that the altitudes of a triangle are concurrent to a point O,
called “the orthocenter”.

Solution

Fig. 5-7: The Theorem of altitudes.

Let O be the point of intersection of the two altitudes, AK and BL. For
convenience we set, @ = A0, bh=BOand &= CO.Sinced L BC and

¢ 1 AC, we have

- —

which shows that CO L A—B: and this completes the proof.
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Example 5-6
Find the direction cosines of the vector 7 = 2% + j — 22.
Solution

The direction cosines are given from (5-10), i.e.

( 2 2
cos b, = =3
V22 412 + (—2)2
o 1 1
{ cosb, = =- 1=
Yoo 2212+ (=22 3
-2 —2
cosf, = =3
\ V22 412 + (—2)2 )
(

2
0, = cos™! (§> ~ 48.18° |

1
{ 6, =cos™? <§> = 70.52° ;

Uk cos™! <?> = 131.81°)

Example 5-7

Three forces Fl), 72) and F?: with magnitudes 2 Nt, 3 Nt and 1 Nt, act
on a particle in the directions of 2Xx — 3y + 2, —X + 4y + 5Z and
X + 9 — Z respectively. If the particle is displaced from the point
P(1,1,1) to the point Q(—2,7,6) find the work done by the forces,
(distances are expressed in m).

Solution

Let us call Fy, F,, F5 the magnitudes of the forces and iy, u,, U3 the

unit vectors along the direction of the forces F{, F£ and F; respectively.

The resultant (vector sum) of the three forces is F= F{ + F? + F?,

and the work done by Fis (see formula (5-12)),
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W=F-FG=(F+F+F) PG=F PO+F-PO+F-F0 (»
The vectorﬁﬁ is (see formula (3-22)),
PO=(—2-D2+T-19+(6—-1)2=—-32+69+52 (+%)
The forcefl)is,

_ 28 —39+2 2

F,=Fi =2 =——_(2%-39)+2)
o Y22+ (=3)2+12 V14

and
F,-PQ 2 (2% =39 +2) - (=32 + 69 + 52)
y =— (02X - z) (—3% z) =
! Jia Y Y
F-PQ —2(6 18 +5) —38](11)( )
. e —6 — = — = JjoutLes kk sk
! 14 14

iz Vi

Similarly we find,

— — 156 —_ — 2
FZ.PQ:E] and F3-PQ=—EJ (k)

The total work done by Fis

38 156 2
Vid V42 V3

Note: The unit of work (energy) in the SI system of units is the Joule
(1] =(ANt)(1 m).

PROBLEMS

5-1) Find the angle between the two vectors, @ = 2% + 9§ — 3Z and
b=3%—2y—2

(Answer: 8 = 60°).
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5-2) Show thatif @+ b = @ - ¢ then either@ = 0, or b = ¢ or
il (b-2).

-

5-3) Find the angle between the vectors
b =3% - 9.

G=2%+29—2and

(Answer: 6 = 82.6°).

5-4) Show that the vectors a = (1,3,—2) and b= (1,—-1,-1) are

perpendicular. What are the magnitudes a = |d| and b = |B|?

5-5) Show the Cauchy’s-Schwarz inequality, |Ei - B| < |Ei||B|. Then

assuming that @ = (aq, a,, as) and b= (by, by, b3), show that
(a1b1 + azbz + a3b3)2 < (a12 + a22 + a32)(b12 + b22 + b32)

Hint: Since d - b = ab cos 8 and |cos 8] < 1, Cauchy’s-Schwarz
inequality follows immediately.

- e ﬁ'B - . . -
5-6) Show that the vector x = b — (C:l—z)a is perpendicular to a.
Hint: It suffices to show thata - ¥ = 0.

5-7) Consider a vector X and a unit vector i not collinear to X.
Resolve X into two vectors, perpendicular to each other, one of which is
collinear to ii.

(Answer: X = (X - @)1 + {X — (X - D)1}).
5-8) Find the angle between the vectors d = 4% + 3§ and
b = —3% + 52.

5-9) If 04 = @, 0B = b and OC = ¢ are three concurrent edges of a
parallelepiped and OP is its diagonal, show that

OP? = a® 4+ b? + c? + 2ab cos (d:,\l_))) + 2bc cos (BTE) + 2ca cos(E/,-a)
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Hint: OP2 = OP - OP = (@ + b +¢) - (d + b + ).

5-10) If d = (1,3,2), b = (2,1,5), ¢ = (2,1,7) and d = (2,0,9) find
the vector
(¢-d)da—(d-b)e
(G+b)-(¢+d)

-
X =

5-11) Show that the diagonals of a rhombus intersect at right angles.

5-12) Letd = 2% + 39 + Zand b = £ + A9 — 22. Find 1 so that
(2d@ +b) L (@—b).

Hint: (251 + I;) . (51 — I;) = 0.

5-13) Show that the sum of the squares of the diagonals of a
parallelogram is equal to the sum of the squares of its four sides.

5-14) Show that the perpendicular bisectors of the sides of a triangle
intersect at a common point, called “the circum-center” of the triangle.
The circum-center is the center of the circum-circle of the triangle.

5-15) In any quadrilateral, the sum of the squares of its two diagonals
is equal to twice the sum of the squares of the line segments joining the
mid-points of the opposite sides.

5-16) If a line is perpendicular to two intersecting lines at their point
of intersection P, then this line will be perpendicular to any other line of
the plane determined by these two intersecting lines, passing through
P, i.e. it will be perpendicular to the plane determined by the two lines.

5-17) A force F=2%+ 3y + Z (Nt) displaces its point of application
from P(1,1,1) to Q(2,3,5). Find the work done by the force.

(Answer: W = 12]).
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5-18) Find the angle between the line joining A(1,2,3) to
B(2,—1,—2) and the line joining A(1,2,3) to D(—2,6,10).
Hint: Find the dot product AB - AD.

5-19) Show that the vectors a = (2,—1,1), b= (3,—4,—4) and
¢ = (1,-3,—5) form a right-angled triangle and verify the Pythagorean
Theorem.

Hint:a - ¢ = 0.

5-20) Consider the parallelepiped formed by the three concurrent
vectors 0A =d,0B=band0C =2 Ifa=10cm, b=7cm, c =
9cm, 4(d,b) = 75°,4(b,¢) = 50° 4(¢,d) = 80°, find the length of
its diagonal OP.

Hint: See Problem 5-9.
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CHAPTER 6: The Projection of a Vector on an Axis
6-1) The signed projection of a vector on an axis

Let us consider an axis (£'£) defined by its unit vector £ and a vector
52, in space. The vector and the axis are not, necessarily, coplanar, i.e.
the lines (') and (0OA) may be skew lines, (two nonintersecting,
nonparallel lines in space are called skew lines).

Angle between a vector and an axis in space is defined to be the angle
0, (0° < 0 < 180°) which is formed by two rays emanating from an
arbitrary point P and such that the first one is parallel and in the positive
direction of the axis (as defined by the unit vector of the axis), while the
second one is parallel and of the same orientation with the vector.

(P) L (£'6) (P) L (£'0)

Fig. 6-1: The vector projection of a vector on an arbitrary axis.

Let us consider the axis (£'¢) and the vector 04 shown in Fig. 6-1, (not
necessarily coplanar). The plane (P;) passes through O and is
perpendicular to (£'£), while the plane (P,) passes through A and is
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perpendicular to (£'f). The point C is the vertical projection of the
origin O of the vector 04 on the axis (€'?) and likewise the point D is
the vertical projection of the terminal point A of the vector 04 on the
axis (£'?). The vector CD is the “vector projection” of the vector 04 on

the axis (£'?). The relative magnitude (signed value) of the vector CD,
denoted by CD (see section 3-3), is called the signed or algebraic

projection of the vector 04 on the axis (£'¢),i.e.
Proj.of OA on (£'¢) =CD (6-1)

Theorem 6-1: The signed projection of a vector 0A on an axis £'0)

is equal to the dot product of the vectors 0A and ? (the unit vector of
the axis), i.e.

Proj.of OAon (£€) =CD =0A-? (6 —2)

Proof: Any vector O4 in space, is resolved into two components, one
parallel to (¢'¢), denoted by 04, , and another one perpendicular to
(¢'?), denoted by OA |, i.e.

04 = 04, + 04 (6 —3)

Taking the dot product of both sides of (6-3) with £, we obtain,

0A-?=(0A,+0A4))-2=04, - 2+04, -2 (»

In equation (*) the term OA, - = 0, since the two vectors OA, and
? are perpendicular. Also, since O0A, = CcD (see Fig. 6-1), the term
0A - ?=CD -?= CD, (see section 3-3), and this completes the proof.

Theorem 6-2: Equal vectors have equal signed projections on the
same axis.

Proof: If 04 = KL then OA - 2 = KL - ? and this completes the proof,
(see formula (6-2)).
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Note: Theorem 6-2 implies that we may project both sides of a
vector equality on an arbitrary axis and get a corresponding algebraic

equality.
Theorem 6-3: The projection of a vector OA on an axis (£'¢) is

Proj.of OA on (¢'¢) = |04]cos 6 (6 —4)

where 0 is the angle between 04 and the axis #'P).

Proof: From equation (6-2) we have,

Proj.of OAon (£0) = 04-? = |m||?| cosf = |E4’| cos 6

since |Z)| =1.

Theorem 6-4: The projection of the sum of vectors on an arbitrary
axis is equal to the sum of the projections of the individual vectors on
the same axis.

Let for example @, b, & and d be four vectors in space and (£'f) be an

arbitrary axis. Then,

Proj.of (d + b+¢é+ CZ) on (£'f)
= Proj.of don (£'f) + Proj.of b on (£'¢)

+ Proj.of ¢on (£'¢) + Proj.of don (£'¢)  (6—75)

Proof: According to equation (6-2),
Proj.of (d+b+é+d)on(®'¢)=(a+b+é+d) 2=
G-2+b-?2+2-2+d-?
= Proj.of d on (£'€) + Proj.of b on (£'¢)

+ Proj.of ¢ on (£'¢) + Proj.of don (£'0)

(by virtue of (6-2)) and this completes the proof.
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Corollary 6-1: If the sum of n vectors (coplanar or not) is equal to
zero, then the projection of this sum on an arbitrary axis shall also be
equal to zero.

This follows immediately from Theorem 6-4.
6-2) Some interesting applications of the Theory of projections
a) Application in Mechanics (Resultant of coplanar forces)

Let us for definiteness consider three coplanar and concurrent forces

FT,F? and F? as shown in Fig. 6-2.

Y R

Fs A G . , Fz)
! i Ry

! o9

X 0 Ry X
F
A
y

Fig. 6-2: Resultant of coplanar forces.

The main problem in Mechanics, is to determine the resultant
(vector sum) R= Fl) + FZ) + FT; If R, and R,, are the signed projections

of R on the x and the y axis respectively, then
R=R,&+R,y (6 — 6)

According to Theorem 6-4,

(1 PP ) -
Ry F1y + Fzy + F3y
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where F,, F,,, F;, are the signed projections of the forces on the x
axis and similarly, F;,,, F,,, F3,, are the signed projections of the forces
on the y axis.

Quite often, the forces are described by their magnitudes and the
angles they form with the two axes. For example if E) is described by its
magnitude (strength) F, = |F;| and its angle 6; with respect to the
positive x axis, then F;, = F; cos 6, F;, = F; sin6; and similarly for
the other forces.

Once R, and R,, are determined from (6-7) then the magnitude R of
the resultant and the angle it makes with the positive x axis, are
determined from the equations,

. R
R=|R|= /Rx2+Ry2, tan¢=R—Z (6—8)

The method obviously can be extended to any number of forces, and
also applies in cases where the concurrent forces are not coplanar
(forces in space). In this case there will be a third component R,, i.e. a

projection of the resultant R on the z axis.
Equilibrium conditions:

A system of planar, concurrent forces is in equilibrium if R,, = 0 and
Ry, = 0 (since then R= 0), i.e.

Rx=0} 69

Equilibrium Condition R =0 & {R —0
y =

b) Angle between two vectors in space, determined by their
direction cosines.

Let O4 and OF be two vectors in space, having direction cosines
(cos 6y, cos 8,,, cos HZ) and (cos ¢y, cos ¢y, , cos ¢)Z) respectively, and
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let also w be the angle between the two vectors. Then the angle w is
determined from the equation,

Cos w = cos 6, cos ¢, + cos b, cos ¢y, + cos 6, cos ¢, (6 —10)
Z A
A
w B
0 >
y
x

Fig. 6-3: Angle between two vectors in space.
Taking the dot product of the two vectors we get,
0A - 0B = (0A)(0B) cos w =

0A-0B  0A,OB,+0A,0B, + 04,0B,
(04)(0B) (04)(0B)

CoOsSw =

0A; 0B, 04y 0B, 0A,0B,510)

cosw =208 04 0B 04 0B

Cos w = cos By cos ¢, + cos b, cos ¢,, + cos b, cos ¢,
and this completes the proof.

Example 6-1

Find the angle w between the two vectors 04 = 2% — Y+ 22 and
OB = 4% — 32.
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The direction cosines of 04 and OB are, (see formula (5-10)),

( 2 2
cos b, = = -
J22+(-1)2+22 3
o -1 1
{cosb, = =—5r and
Voo 22 (-1Z+22 3
2 2
cos @, = ==
\ J22+(-1)2+22 3 )
4 4
( CoS ¢, = =—
J42+02+(=3)2 S
¢ 0 0
{ cos¢, = =
¥ a2y 0%+ (-3)?
5 -3 3
cos ¢, = =—=
7 J#2+02+(3)? 5

Application of formula (6-20) yields,

ono= @) (06

w

Alternative method:

) (

2
= cos™ ! (—) =~ 82.33°

15

-3)

2
=— =
15

Taking the dot product of the two vectors, we get,

07 - OF = [04][0B] cos

24+ (-1)-0+2-(

-3)

(5-6)
—

=22+ (=1)2+22 - /42 + 02 + (-3)2 cosw =

2=3'5co0sw = cosw =— = w = cos”

2
15

2
1 (-) ~ 82.33°

15
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Example 6-2

Find the vector projection and the signed projection (algebraic value)

of the vector @ = 2% + 39 + Z on the vector £ = % + y+22.

Solution

The unit vector £ associated with Z)’ is

- f  x+9+22 1

4| viZ+12+22 6

x+y+22) (%)

The signed projection of d on ?is, (see formula (6-2)),
Proj.ofdon({'®) =a=d-? =

_1
V6

The vector projection (say a;) of @ on ? is,

2X+39+2)-(®+y+22) cstz_7
x 2) (% )=——=—
y y NG NG

a

= _ a7 7 1 @49 +29) 7X + 7y + 142
y=aft=——=(X Z) =

Example 6-3

Consider the vectors d = 2% — 9 + 2, E=—9?+237—32“ and

¢ = 5% — 39 + 42. Verify that the projection of (d + b+ ¢) on the axis
£'? defined by the vector AB = 3% — 2y + Z is equal to the sum of the

signed values of the projections of the individual vectors on the same
axis (Theorem 6-4).

Solution

The vector d@ + b + & = 6% — 2§ + 22, while the unit vector 2 along
the £'¢ axis is
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AB 38— 29+ 2 1

’?: — — = (
|AB| 32+ (-2)2+12 V14

38 —29+2) (%)

1) The projection of (@ + b + ¢) on the axis £'¢ is (see Theorem 6-2),
Proj.of (A+b+¢) ont'¢=(d+b+¢) 2=

(3%—29+2) 18+4+2 24

(6% — 29 + 22) - - -
Y V14 V14 V14

(%)

2) If @, b and ¢ are the signed projections of @, b and ¢ respectively
on the £'¢ axis, then,

V14 NG V14
L Bx—29+2) -3—-4-3 10
b=b £= —5C\+2A—3ZA . = = —
(x+2y-30)—2 Vid Vid
L. _ (3% —29+2) 15+6+4 25
c=¢-2=(5%8—3y+43)- = -
( Y ) V14 V14 14

We notice that

Proj.of @on €€ + Proj.of b on€'€ + Proj.of ¢ on£'¢ =

9-10+ 25 24 (%)
= =
V14 V14

Proj.of G on '€ + Proj.of b on€'¢ + Proj.of & on £'¢
= Proj.of (d + b+ ¢)ont'¢

a+b+c=

and this verifies Theorem 6-4.



80

Example 6-4

Find the resultant R of the forces 1_7:, Fz), 73) and E{ shown in Fig. 6-4.
Given: Fl = 5Nt, FZ = 2Nt, F3 = 3Nt, F4_ =3Ntanda=20°, ﬁ =
55° y =40°, § = 50°.

Solution

<Y

Fig. 6-4: Resultant of four coplanar forces.

If R, and R,, are the components of the resultant R= Fl) + Fj + F? +

E), then (see formula (6-7)),
(*)

From the first equation in (*) we get,
R, =F,cosa—F,cosff —F;cosy + F,cos§d =
R, = 5c0s20° — 2 cos 55° — 3cos40° + 3cos 50° =
R, = 3.18 Nt (*%)

Similarly, the y- component of the resultant is,
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R, =F;sina + F,sinff — F3siny — F,sin§ =
R, = 5sin20° + 2sin 55° — 3sin40° — 3sin 50° =
Ry = —(0.88 Nt ()

The resultant, as a vector is
R =R,% + R,y = 3.18% — 0.889 Nt

The magnitude R = |R| = 1/3.18% + (—0.88)2 = 3.30 Nt, while the
angle @ is determined from

tang =2 7988 276 ==t “1(—0.276) = —15.46
=—=—z=—(), =0 = —0. = —15.46°
M =R, T 318 an

(negative angle 6 means that R,, points towards the negative
direction of the y axis, (see Fig. 6-4)).

Example 6-5

Consider a regular polygon with n sides A;A,A5 -+ A,,.Projecting the

closed line determined by the consecutive vectors A;4,, A,A4;,

AzAy, -+, Ap_14,, A, A1 onan arbitrary axis, lying in the plane of the
polygon, show that

27 41 (n—1)2n
cosH+cos(9 +7>+cos(0+7>+---+cos 6+——|=0

n
Solution

Since the vector sum

AlAZ + A2A3 + A3A4 + -+ An—lAn + AnAl = AlAl == 0

the sum of the projections of the individual vectors on any axis will be
zero as well, (see Corollary 6-1), i.e.

AlAZ + A2A3 + A3A4 + -+ An—lAn + AnAl == 0 (*)
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Fig. 6-5: Projection of a closed regular polygon line on an axis.

If we call d the side of the normal polygon, (d = A;A4, = A,A; =
= A,_14, = A, A, 0 is the angle between A; A, and the positive x
axis, i.e. 8 = A(AlAZ,a?), as shown in Fig. 6-5 and A;4,, A, A3, A3A,, -+

the signed projections of the vectors A;4,, A, A3, A3A,, -+ on the x axis,

then formula (6-4) implies,

- _ 2m\ 4n
A1A;, =dcosB,A,A; = dcos (6 +7),A3A4 = d cos (9 +%),~--

and substituting into equation (*) the sought for formula follows
easily.

PROBLEMS

6-1) The direction cosines of two vectors 04 and OB are
(0.4,0.6,0.8) and (0.18,0.37,0.70) respectively. Find the angle 6
between the two vectors.

(Answer: 8 = 31.35°).
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6-2) Consider n vectors a;, a,, -, a,. If the sum of the signed
projections on each one of the axes Ox, Oy, Oz of a Cartesian system is
zero, what is the resultant of the vectors?

6-3) Starting with the identity derived in Example 6-5, evaluate the
sum

2T 41 (n—1)2nm
S = cos (—) + cos (—) +:-+cos|———

n n n

(Answer: S = —1).

Hint: Apply the identity in Example 6-5, for 8 = 0.

6-4) Show that

cos 5° + cos 77° + cos 149° + cos 221° + cos 293° = 0
Hint: Apply the identity proved in Example 6-5, for 8 = 5°andn = 5.

6-5) Following the procedure outlined in Example 6-5, show that for

anyn = 2,
n n
an 2km
Z sin =0 Z cos (— =
n
k=1 k=1

6-6) In a triangle ABC consider a point M on BC, such that the partial
ratio (BCM) = BM +~ MC = u +v. If AM, AB, AC are the projections of
the vectors W, E,R respectively on the axis determined by the
vector BC, show that (u + v)AM = vAB + uAC.

Hint: Use formula (3-16) to express AM in terms of E, R,u and v.

6-7) In a Cartesian system Oxyz, a vector 04 has a length OA =

|E4)| = 10. The angle between the vector and the axes Ox and Oy are
8, = 65°and 6,, = 58° respectively. Determine the angle 6, the vector
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forms with the 0z axis (assuming 0 < 8, < 90°), and the coordinates of
the vector.
(Answer: 0, = 42.67°,0A, = 4.22,04, = 5.30,04, = 7.35).

Hint: Use formula (5-11).

6-8) Find the resultant R of the forces 1_7:, Fz) and Fg shown in Fig. 6-6.
Assume that F; = 10 Nt, F, =5 Nt, F; = 15 Nt, a = 50° S = 40°,
y = 70°.

A
y —

><V

Fig. 6-6: Resultant of three coplanar forces.
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CHAPTER 7: The Outer or Cross Product of two Vectors

A second type of product of two vectors is the so called outer or
cross product and is another vector, whose exact definition and
properties are given in the sequel. The cross product of two vectors has
some very interesting applications in Engineering, Physics, Geometry,
etc.

7-1) Definition and properties of the cross product

Let @ and b be two vectors and 6 = 4(&, }_5) be the smallest angle
between the two vectors, (0 < 0 < m).

ay
Il
Q
X
S

Fig. 7-1: The cross (outer) product of two vectors.

The outer or cross product of two vectors d and B, designated a x b

and read @ cross b, is a third vector € = @ X b such that:

a) Is perpendicular to the plane (P), determined by the two vectors a

and b, i.e. ¢ is perpendicular to both @ and b,
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b) Its direction is such that the system {C_i, I;, E} (in this order) is right-
handed, (see section 3-1), i.e. the vector ¢ points in the direction a right-

handed screw advances when its head is rotated from d to b through
the angle 9,

c) Its magnitude is

|E|=|&XB|=|C_£| |B|sin6=absin9 (7-1)

wherea = |a|and b = |I;| are the magnitudes of the vectors d and b

respectively.

1) The cross product of two collinear (parallel) vectors (6 = 0 or
6 = m) is zero, since in both cases sin 8 = 0. In particular, the cross
product of any vector by itself is zero, i.e. d X @ = 0. And conversely, if

the cross product of two non zero vectors d and b is zero, then the two
vectors are parallel, (since in this case sin 8 = 0).

2) The magnitude |d x b| is equal to the geometric area of the

parallelogram OACB formed by the two vectors a = OAandb = O—B),
(see Fig. 7-1). Indeed, if h is the perpendicular distance between the two
parallel lines OA and BC, then h = (OB) sin 8, and the area of the
parallelogram is

(OACB) = (0A)h = (0A)(OB)sin 6 = |04 x OB| = |d x b
3) The cross product is anti commutative, i.e.
dxb=-bxd (7-2)

Indeed, the vectors a X b and b X d have the same magnitude but
opposite directions. This implies that when working with cross products
of vectors, the order of the vectors is important.

4) If k is any real number (not zero, k € R — {0}), then
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(kd) x b = d x (kb) = k(@ x b) (7-3)
5) The cross product is distributive with respect to the addition, i.e.
ix(b+&)=dxb+dx¢ (7 —4)

Let us for example consider the cross product (51 + 35) X (45 - ci)
We may expand this cross product with the aid of (7-3) and (7-4), i.e.

(G+3b)x(46—d)=4dxEé+12bx—dxd—3bxd

6) Let X, ¥ and Z be the unit vectors along the Ox, Oy and Oz axes
respectively, of an orthonormal right-handed Cartesian system Oxyz.
The magnitude of each one of these vectors is one, (unit vectors), and
also these vectors are pair wise perpendicular, (see section 3-2).

=
V<
v
<

X
Fig. 7-2: Cross products of the unit vectors.

The following vector identities hold true, (let the reader check it):

{J?X)’c‘zo yxy=0 Z“XZ“:O} 7-5)
IXYy=2 JyXZ=X ZXX=Y
Since the cross product is anti commutative, y X ¥ = =X Xy = =2,

etc.



88

7) The Cartesian expression of the cross product.

Let us consider the two vectors d = a;X + a,y + a2 and

b= biX + b,y + b3Z. The cross product of these two vectors is

X b= (a8 + a9 + azz) X (b,% + b,y + b32) (%)

Qu

which by virtue of (7-3) and (7-4) yields,

4 X b =a;® X (bR + b9 + b32) + a9 X (b1% + by + b32) + as2
. . . (7-3) (7-8)(7-5)
X (blx + be + b3Z) _

d x b = (azbs — ash;)x — (arbs — ash,)y + (arh, — azhy)z (+%)

(let the reader verify the calculations). Formula (**) can be
expressed, equivalently, in a convenient form, using determinants

notation, i.e.
x 9y 2z
&Xb:al az a3 (7_6)
by b, bs

(The reader is supposed to be familiar with the elementary properties

of determinants).
7-2) Turning moments (Torques)

The original motivation for the cross product of two vectors came
from Physics. While forces (in general) are responsible for the
translation of objects, torques are responsible for the rotation of rigid
bodies. Let us for definiteness consider a force F applied at a point P of
a rigid body, whose position vector with respect to an origin O is 7, (see
Fig. 7-3) Then the torque (or turning moment) T of the force F with
respect to the origin O, is defined to be,

—

T=#xF=0PxF (7-7)
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The physical unit of the torque is (Nt) - (m).

0

Fig. 7-3: The torque of a force.

If a number of forces FT, FT, ee F? are applied at the points
P,,P,,---, B, determined by the vectors 17,73, -+, T;, With respect to the

origin 0, then the total torque of the forces (denoted by ) 7) with
respect to the same origin O is defined to be,

z?=ﬁ+ﬂ’+---+f{=>

D T =FxF 47 xF++7 xF, (7-8)
Theorem 7-1: (The Varignon Theorem of Torques).

Let us consider n forces FT, E, ,FT: applied at the same point P of a
rigid body. The vector sum F= Fl) + F; + -+ Fn) is called the resultant
of the n forces. The Varignon’s Theorem may be stated as follows:

The torque of the resultant of n concurring forces E), E, ,F,: about
any point O in space (the origin), is equal to the algebraic sum of the

—

torques of the components E), Fj, RTINS

Varignon’s Theorem follows immediately from the distributive law
of the cross product with respect to the addition. Indeed, if 7 is the
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position vector of the point P, at which all the forces concur, then the

torque of the resultant F with respect to the origin O is, (by definition),

— N -> N — e —> (7_4‘)
T=FfxF=Ffx(FL+FKL++F)=—

—

XF,+#XF,++7xE, (7-9)

~l
=

and this completes the proof.
7-3) Equilibrium of a rigid body

Let us consider n forces E), Fz), - F,{ applied at the points 17,75, =+, T,
of a rigid body, respectively. From Mechanics we know that the body is
in equilibrium when both the vector sum of the forces (resultant)
vanishes and the sum of all the turning moments (torques) of the
forces about the origin O vanishes. In symbols,

BXF AT XFE, 447 XF, =0 2720

Equations (7-10) are the necessary and sufficient conditions for the
equilibrium of a rigid body.

7-4) Rotation of a rigid body about a fixed axis

Let us consider a rigid body rotating about an axis €'£ with angular
frequency w (rad/sec) as shown in Fig. 7-4. The linear velocity v of a
point M of the body, determined by its position vector 7 with respect to
an arbitrary point O lying on the axis, is given by the formula

G=@xT (7 - 11)

Note that ¥ does not depend on the choice of the arbitrary origin O.
In formula (7-11) w is a vector with magnitude w (rad/sec) and
direction that of the axis.
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€I
Fig. 7-4: Rotation of a body about an axis.

The magnitude of the linear velocity v = || = (r sin ¢)w, while the
vector ¥ at any point M of the rigid body, is perpendicular to the plane
of @ and 7, that is ¥ = @ X 7. Note that ¥ is independent of the origin
0, since if 0’ is another point on the axis and ' is the position vector of
M with respect to the new origin, then

r"=0M=00+0M=00+7=

— —_—

GXT'=3%x(00+7)=BX00+dXF=BXF =7
since w X 0’0 = 0, (the vectors @ and 0’0 are collinear).

Example 7-1

Find the cross product of the vectors @ = 2% + J + Z and b==%+
3y + 2Z.

Solution

The cross product is given by formula (7-6), i.e.
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Xy z
57 11 e 12 1), 12 1],
axb—i é é—|3 NE |1 2y+1 3z=>~

Axb=2-3)2—@4-1)9+(6—-1)2=—%—39 +5%
Example 7-2

In Example 7-1, find the unit vector A perpendicular to both @ and b.

Solution
dxb —%—39+52 1
fi = — = = (=% =39+ 52%)
laxb| J(-1)2+(=3)2+52 35

Note: The thus obtain unit vector 7 forms a right-handed system with
d@and b, i.e. the system {d, b, i} is right-handed (see Fig. 7-1).

Example 7-3

—

Find the area of the triangle formed by the two vectors, AB = 3% +

29 and AC = % + 22.
Solution

The sought for area A is half of the area of the parallelogram formed

by the two vectors (see Fig. 7-1), i.e.
1 —_— E—
A=E|0A><OB| ()

The cross product is

. Xy z
OAxO0B=13 2 0|=42—-6y—-22=
1 0 2

1,— — 1 V56
A= 3 0A x OB| = E\/42 + (—6)%2 + (-2)% = — square units



Note: The square unit, is considered to be the area of a square
formed by the unit vectors X and ¥, (|| = |7]| = 1).

Example 7-4
Show that |d x E|2 +|a- E|2 = a?b?, where a = |d| and b = |b].
Solution
| x 5|2 = (ab sin 0)2 = a?b?(sin H)>?
|d - B|2 = (ab cos 8)? = a?b?(cos H)>
and adding term wise we get,
|d x I;|2 +a- B|2 = a?b?{(sin 0)? + (cos 0)?} = a?b?
Example 7-5

Derive the “Law of Sines”.

Solution

ay
S

Qu

Fig. 7-5: The “Law of Sines”.

93
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Let us consider a triangle formed by the vectors b and ¢ as shown in

Fig. 7-5. We notice that @ = b — & and cross multiplying both sides by d

we get,
N N N - iR (Hx&’:o)
ixd=dx(b-¢)—
ix(b-2¢)=0=dxb—-dxé=0=dxb=adx¢=
- i -> - . . (aio)
|a><b|=|a><c|:>absmC=acsmB:>
bsinC inB = ¢ (%)
sin C = csin = *
sinB sinC
Similarly we can show that
b a ()
= k%
sinB sindA
From (*) and (**) we get,
a b c
(***)

sinA  sinB  sinC
Note: Formula (***) is known as the “Law of Sines” and is a
fundamental formula in Trigonometry.

Example 7-6 (The Heron’s formula for the area of a triangle)

If a, b and c are the sides of a triangle, show that its area E is given by
the formula

EZ\/T(T—a)(T—b)(t—C) where 2t=a+b+c

This is known as the Heron’s formula, named after the Heron of
Alexandria. It is an important formula, since it gives the area of a
triangle in terms of its sides only.



Solution

Let us consider the triangle ABC shown in Fig. 7-5. The area E of the
triangle will be,

N > -2
E=s|dxb|=2E=|dxb|=4E*=|dxb| (¥

N[ =

and taking into account the identity shown in Example 7-4, equation
(*) yields,

—,2
4E? = a’b? — |d - b| = a®b? — a?b?(cos A)?
= a?b?(1 — (cos 4)?) (x%)
From the “Law of Cosines” (see Example 5-3),

. ) . a’+ b? —c?
cc=a“+b>b —2abcosA:>cosA=T (k)

Substituting the expression of cos A into (**) and simplifying yields
the desired result (the Heron’s formula). For detailed calculations, see
Problem 7-7.

Example 7-7

The three sides of a trianglearea = 6m,b =8 mandc = 12 m.
What is the area E of the triangle?

Solution
The sought for area is obtained readily from Heron’s formula.

2t=a+b+c=6+8+12=26m=1t=13m

E=Jt(t—a)(t—b)(t—c)=13(13-6)(13-8)(13 - 12) =

E=+13-7-5-1 =455 = 21.33 m?
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Example 7-8

13

IfX-y=Xx-Z and X Xy = X X Z, show that y = Z, (provided that

Solution

- - - - - - - - - - ("_é:'to)
X y=x%zZ=>xy—-xZ=0=>x"G—-2)=0—

{37 —-Z=0, or} S

xL(y—-2)

From the second equation we get,

- - - - - - - - - - — (2:’:0)
XAXYy=XXZ22XXY—XXZ=0=2xXx{y—-2)=0—
{i—fz 0, or} ()

XN G-2)

Since the vectors X and (y — Z) cannot be perpendicular and parallel
at the same time, the only alternative, from (*) and (**)is (y — Z) = 0,
i.e. ¥ = Z and this completes the proof.

Example 7-9

Aforce F = 2% — 3y + 5Z is applied at the point P whose position

vector is 7p = 3% + 49 + Z. Find the torque T of the force, a) about the
origin and b) about the point K(—1, —4,7).

Solution

a) The torque of F about the origin is (see formula (7-7)),

a2 BT a1, 3 1.3 4,
T: F: = —
o A R B 2= 57l Sl2=

T =23% — 139 — 172
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b) The torque of F about the point K(—1,—4,7) is
T=KPxF=(0P—0K)xF = (4% + 89 — 62) x (28 — 39 + 52)

and expressing the cross product into its Cartesian form, we find,

e 9 2
o 18 6. |4 —6|. |4 8],
T=l4 8 —6—|_3 Ak K . 9+, _3|z=>
-3 5
T = 22% — 329 — 282
Example 7-10

A couple consists of a pair of opposite forces Fand —F applied at
two different points P and Q. Show that the torque of the couple is
independent from the origin O.

Solution

Let (P) be the plane defined by the two forces F and —F, (note that
two parallel lines define a plane).

Q m
d /
A,,\P

Fig. 7-6: The torque of a couple.
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If 7» and @ are the position vectors of P and Q respectively with
respect to an arbitrary origin O, then the torque of the couple with
respect to the arbitrary origin is, (see formula (7-8)),

T=TpxF+7gx (—F) = (7 —Tg)x F=QP xF (%

Formula (*) shows that the torque of the couple does not depend on
the arbitrarily chosen origin O, on the contrary depends solely on the
force F and the distance between the two forces, i.e.itis a
characteristic of the couple, (as we say, the torque of a couple is a free
vector). The couple has a turning effect, i.e. tends to rotate (and not to
translate) the body on which it applies. It is easily shown that the
magnitude T of the couple torque, (as expressed in (*)), is given by the
formula,

T=F-d (%)

where d is the perpendicular distance between the two parallel
forces, (let the reader show it).

Example 7-11

Assume that n forces F{, Fz), e, Fn), each one of the same
magnitude F act downward (in the —Z direction), at the points
Py, P, -+, P, of the horizontal xOy plane. Let us further assume that

another force X acts at another point P of the plane, so that the system

of forces is in equilibrium. Find X and the coordinates of P.
Solution

Let 7,75, , T;, be the position vectors of the points Py, P,, -+, B,
respectively and 7 be the point of application of P. The first formula in
(7-10), (equilibrium of forces) implies that,

X =-nFz ()
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The second equilibrium condition in (7-10), (equilibrium of

moments), implies that,

PxX = —(?fxﬁf+r_2’xfz)+---+ﬁ{xﬁ)(:*3
FX(—nF2) = —{7 X (=F2) + (5 X (=F2)) + -+ (7, x (-F2))} =
—NMF(FX2) =F+rn+-+1)X2=
() x2=0{{+r++7)X2Z=

,_ RAHHeAT
Feo 22 ()

Example 7-12

A rigid body rotates about the z'z axis with angular frequency
w = 10 rad/sec. Find the linear velocity of the body at the point

M(1,2,3).

Solution
V=wX7=102x (X +29+32) =
£ 9 2
v=1[0 0 10| =-20%+109 (m/sec)
1 2 3
PROBLEMS

7-1) Show that the necessary and sufficient condition that two

vectors @ and b are parallel, is the vanishing of the cross product d X b.

7-2) Find the area of the triangle ABC with vertices A(1,2,—3),
B(—1,0,4) and C(2,7,5).

Hint: Area is equal to% |E X R|

7-3)Ifd+b+¢=0showthat dxbh=bx2Z=2Xxa.
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7-4) Find the cross product of @ = X — § + 22 and b=-2%+ y-—2z.

7-5) In Problem 7-4, find the unit vector 71 perpendicular to the plane

determined by @ and b.

(Answer: i = \/% (—x — 39— 2)).

S

X

Ql

Hint: 7 =

=y

|c_i><
7-6) Find the area of a triangle having sidesa = 12 m,b = 8m,c =
15 m.
Hint: Apply Heron’s formula, (Example 7-6).

7-7) In Example 7-6 perform detailed calculations to derive the
Heron’s formula.

7-8) Show that the area of a plane quadrilateral ABCD is given by the
formula %|A—)C X ﬁﬂ, i.e. is equal to one-half the magnitude of the

cross product of its two diagonals.

7-9) Assuming that X, y, Z are the unit vectors of a right-handed,
orthogonal Cartesian system {Oxyz}, show that:

7-10)If d = (2,1,-3), b = (1,1,2) and & = (—1,3,5) find:

-

a)d-(bx¢), b)(@+2b)x¢& c)dxb+bx¢

7-11) If 7,75, ¢ are the position vectors of the vertices A, B and C of
a triangle ABC, show that its area E is given by the formula

N| =

E =S|ri X7 + 7 X7¢ +7¢ X1
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7-12) Find the projection of the vector @ = (2,1,3) in a direction

perpendicular to the plane formed by the two vectors b= (1,1,3) and
c=(-124).

Hint: The unit vector perpendicular to the plane determined by the
bxé

x|

vectors b and Cisfi = and the projection of d on A is d - 7.

s

7-13) Given a tetrahedron with vertices A, B, C and D, a vector is
constructed perpendicularly to each face, pointing outwards and having
length equal to the area of the face. Show that the sum of these four
outwards vectors is equal to zero.

Hint: If we choose the vertex A to be the origin, then the position
vectors of B, C and D will be 75, 7 and 7, respectively. The vector
normal to the face ABC, pointing outwards and having length equal to

.~ 1,— —
the area of the face is; = > (rg X 1), etc.

7-14) Find the torque of the force F=2%- 39 + 5Z applied at the
point P determined by its position vector 7, = £ + 25 + 72 with
respect: a) To the origin and b) To the point Q(—1,—-2,4).

Hint:a) T =75 X F, b)T = QP x F = (75 —75) X F.

7-15) A rigid body is spinning with angular velocity w = 10 rad/sec
about an axis parallel to the vector 2X — y + 5Z and passing through the
point P(4,8, —3). Find the linear velocity of the point A of the body
whose position vector is 7 = (1,2,3), (lengths are measured in m).

(Answer: ¥ = % (—13x — 9 + 52) m/sec).

7-16) Three concurrent forces FT =2X+ 3y + 2, E =—-X+y+22
and F; =X — ¥ + Z are applied at the point P(2,—1,5) of a rigid body.
a) Find the resultant R= F; + F; + F; , b) Find the moments T{, T;,Tﬁ3
of the forces with respect to the origin, c) Find the torque of the
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resultant R with respect to the origin and verify thus the Varignon’s

Theorem.

7-17) The system of forces in Fig. 7-7 is in equilibrium. Find E’ and d.

A

y —

‘<—d—>-m

1m 45 60°/9m X
F, =10 Nt F, =15Nt

Fig. 7-7: Equilibrium of forces.
(Answer: F; = 20 Nt, ¢ = 88.77°, d = 5.20 m).

Hint: The net resultant ), F = 0, which implies), F, = 0and . F,,
and also the total torque about any point must be zero. Choose as a
point the point of application of F{, whose distance from the origin is
1 m. Note that only the y —components of the forces produce torques
with respect to this particular point (why?).

7-18) The torque of a couple is 20 Nt - m. If F = 5 Nt find the
perpendicular distance between the two forces.

7-19) If the four vectors d, b, d are coplanar, show that
(Gxb)x(éxd)=0

7-20) Show the vector identity

(@xb)-(¢xd)=

Sl S
QL Ny

QU Q
QUL Oy
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CHAPTER 8: The Scalar Triple Product (or Dot Cross
Product)

Let a, b and ¢ be any three given vectors. The scalar vector product
of these three vectors is defined to be (EL X B) - ¢ and is denoted

(&, b, E). So, by definition,
(4,b,¢) = (@xb) ¢ 8-1)
Formula (8-1) implies that (d, b, €) is a scalar quantity (as being the

dot product of the two vectors (@ x b) and &).

1) If {d, b, ¢} (in this order) forms a right-handed system, then the
scalar cross product (d,b,¢) = (@ x b) - € is a positive number, while if
{&, b, 5} forms a left-handed system, then (Ei, b, E) = (Ei X 5) -Cisa
negative number.

Fig. 8-1: Scalar cross product of @ = OM, b = OK, ¢ = ON.
In Fig. 8-1, assuming that {d, b, ¢} forms a right-handed system, then
the vectors (& X I;) and ¢ will lie on the same side of the space, relative

to the plane determined by the vectors d and b. This means that the
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angle 6 between the vectors (& X 5) and Cis an acute angle, i.e.
0 < 8 < 90° and therefore cos 8 > 0. The scalar cross product

(d,b,¢) = (@ xb)-&=|dxbl||¢|cosd >0
and this proves the assertion.

If the system {d, b, ¢} (in this order) is a left-handed system, then
90° < 6 < 180°, the cos § < 0 and (d,b, ¢) < 0.

2) The geometrical significance of the scalar vector product is that
the magnitude of (Ei, B, 5) gives the volume of the parallelepiped

formed by the vectors @, b and ¢.

Fig. 8-2: Geometrical meaning of the scalar vector product.

In Fig. 8-2, let PQ be the height of the parallelepiped formed by the

three vectors @, b and @. The area of the parallelogram OKLM is

Area of Parallelogram OKLM = |Ei X B| (%)

as proved in chapter 7, while the height of the parallelepiped is

PQ = |W5| cos@ = |c| cos @ (%)
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The volume V of the parallelepiped formed by the three given vectors
d,b and &is
V = (Area OKLM) - (Height PQ) = |& X I;|IE| cosf (k%)

The magnitude of the scalar vector product (&, b, E) is

(@,5,8)| = |(@xB) - = |a@x b|I| cos 6 ==

VolumeV = |(Ei, b, E)| (8—2)
and this completes the proof.

3) Three vectors &,I; and ¢ are coplanar if and only if the scalar

vector product (Ei, b, 5) vanishes, ((t_i, b, ?:’) = 0).

Since in this case the volume formed by the three vectors must be
zero.

4) The Cartesian expression of the scalar vector product

letd = a,® + ay9 + as2, b = by® + b9 + bs2 and € = ¢, % +
¢,y + c3Z be three given vectors. Then

a a; 4as
(@5,6)=|br by bs (8-3)
€Gh €2 C3
The proof is easy, (see Problem 8-11).
5) The scalar vector product is distributive, i.e.
(@+d,b,¢) = (db,¢)+(d,b,¢) (8—4)

Proof: From the definition of the dot cross product we have,

(@+d,b,é)={(@+d)xb}-¢={axb+dxb}é=
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and this completes the proof.

6) The scalar vector product remains unchanged if we perform a
cyclic permutation on the vectors, (see Fig. 3-2), i.e.

S

(4,b,¢) = (b,¢,d) = (¢,d,b) (8-5)

Formula (8-5) is proved easily, if we consider the Cartesian expression

(8-3) of (d, b, ) and take into account well known properties of
determinants, (recall that the value of a determinant does not change if
two rows or two columns are interchanged).

Example 8-1
Find the scalar vector product (d, b, ¢) if,

+2, ¢=%+9+2,and

=

1)d=29—2 b=

,b=2%8—2 C=%—9+22.

N>

2Q)da=—-x+7y+
Solution
Application of formula (8-3) yields:

1) In the first case,

0 2 -1

Sy _a. 10 11 5, 1 1 T
(a'b'c)_i (1) 1 =0 |1 1| 2 |1 1|+( D |1 1|_ 1
2) In the second case,
. -1 1 1
(@bé)=|2 0 -1
1 -1 2
0

S8 Frf ek 5



107

Example 8-2

Find the volume of the parallelepiped formed by the vectors d, b and
¢ of the foregoing Example.

Solution
The sought for volume is obtained from formula (8-2).
1) In the first case,

V =|(db,&)| = |-1| = 1 (cubic unit)
2) In the second case,

v =|d, B,5| = |—6| = 6 (cubic units)

Note: The cubic unit is by definition the volume of the cube formed
by the three unit vectors X, y, 2.

Example 8-3

For which value(s) of the parameter A the three vectors
a(1,4,-2), E(—1,2, —2) and ¢(3,—1,1) shall be coplanar?

Solution

The three given vectors shall be coplanar if and only if their scalar
vector product is zero, i.e.

. 1 A =2
abc)=0=(-1 2 -1=0&
(db,¢)

3 -1 1

12 —1A|—a-|—31 ‘1A|+(—z)-|‘31 Al=0e

B =12 2 =41 =+2.
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Example 8-4

In the foregoing Example, determine the values of A for which the

system {&, I;, E} is a right-handed system.
Solution
The system of vectors {&, b, E} is right-handed if (&, b, E) >0,i.e.
B +12>0 %<4 -2<A<2
Example 8-5

Resolve a given vector X in the directions of three given vectors

-

da, b, ¢, (non-coplanar).
Solution

We want to find three real numbers x4, x5, x5 such that

+ %,b + x3¢ ()

Qu

N
X = X1

Dot multiplying both sides of (*) by (l; X 5) and noting that
b- (5 X 5) =0and - (l; X 5) =0, (since (l; X E) is normal to both b

and C) yields,

(bx&)-i=x(bxd) d= (57) =xbEd) =

> 7T > 5> 7 o J_C),_),E)
(#,b,¢) = x,(d, b,¢) = x, =
d

and similarly, by cyclic permutation,

Rl
N
N
1

v

Qu

(
(

)

x2=

Q

Sl

ay
N—r

)

and finally,
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( Wb
. )
( Q.5.c)

Note that (d, b, ¢) # 0, since d, b, ¢ have been assumed to be non-
coplanar.

PROBLEMS

8-1) Find the scalar vector product of @ = (1,2,3), b= (2,0,—1) and
¢ = (3,—1,0). Is the system {d, b, ¢} right-handed or left handed?

(Answer: (Ei, b, 5) = —13, Left-handed).

8-2) Find the scalar vector product of the following vectors and
determine whether these systems form a right-handed or a left-handed
system.

1)d = (2,-15), b=(347), ¢=(0,2,-3)
2)d =(3,-52), b=(4-23), = (268)
3) C_l) = (_5;1;3)! E: (_3I4I_1)’ E = (7’3’5)

8-3) Find the volume of a tetrahedron ABCD in terms of the
coordinates of its vertices. Assume:

A(xar Ya, Za)r B(xbr Vb Zb)' C(xc' Yer Zc)' D(xd' Ya, Zd)
Xp =Xa Vb~ VYa Zp —Zg

1
(Answer:V = P Xe =Xa Ye—Ya Zc 7~ Zgl).
Xda = Xa Yd—Ya Zd — Za

Hint: The sought for volume of the tetrahedron is (1/6) of the

volume of the parallelepiped formed by the vectors E, Té, ﬁ, (see
formula (8-2). In case the determinant turns out to be a negative
number, we have to take the absolute value of this, since the volume is
always a positive number.
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8-4) Apply the result obtained in the foregoing Problem to find the
volume of a tetrahedron with vertices

A=(,23),B(—-1,-2,8),C(7,9,—-5) and D(3,5,13).

8-5) Determine whether the four points A(1,2,3), B(4,3,6),€(0,1,1)
and D(1,0,2) are coplanar or not.

(Answer: Non-coplanar).

Hint: Consider the vectors ﬁ,ﬁ and AD and check whether they
are coplanar or not, (see property 3).

8-6) Find the volume of the parallelepiped formed by the vectors
04 = (1,-3,1),0B = (=2,5,7),0C = (4,1,2).

Hint: See formula (8-2).

8-7) For which values of the parameter A the vectors 04 = (14,1,0),
0B = (0,—1,3) and 0C = (2,5,2+ 1) are coplanar?

(Answer: 1 = —8 ++/70).

Hint: See Example 8-3.

8-8) For which values of 1 the vectors O_A: 0_B>, 0C of the foregoing
Problem form a right-handed system?

Hint: See Example 8-4.

8-9) Show the vector identity,

(@+b,b+¢¢+ad)=2(db,7)
8-10) Assuming that G-y = A, by = B, &7 = C, show that
. bx?¢ Lptxd . dxb
TG 59 " (@b (@5o)
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Hint: Resolve y in the directions of @ x b, bx¢ €x d, (see Example
8-5).

8-11) Prove formula (8-3).

Hint: Find the Cartesian expression of the cross product first, and
then dot multiply by the third vector ¢.
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CHAPTER 9: The Vector Triple Product
Let a, b and ¢ be any three given vectors. We may consider the

following vector products,
&X(BXE) or (&XB)XE 9-1)

which are called vector triple products. Note that a vector triple

product is a vector. For example,

IX@PXxZ2)=x%xx=0

while
X

YXEAXYP)=9PX2Z
(see equation (7-5)).
1) Assuming that d = a, % + a,9 + asz2, b = b;% + b,9 + b2 and

¢ = ¢;X + ¢,9 + c32 then we may easily show that, (see Problem 9-14),

A
as (9 — 2)

byc; — bycq

: y
a,

a
bsc; — bycs

ax(bx¢)=
b2C3 - b3C2

2) The vector triple product is not associative, i.e.
dx(bxé&)#=(@xb)x¢
3) The following two vector identities are useful when working with

vector triple products.

dax(bx¢)=(d-&b—(a-b)é (9 -3)
(@xb)xé=(d &b~ (b-¢)d (9-4)

Proof: Since the vector d = d X (5 X ¢) is perpendicular to both d
and (B X E) this means that d lies in the plane determined by the

vectors b and ¢, and therefore (see section 4-3),
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d=dx(bx&) =kb+a¢ (%)

where k and A are constants to be determined. Dot multiplying both

sides of (*) by @, and taking into consideration that @ L d, (i.e. that

&-c?zO),weget,
i-d=0=k(d@ b)+Ad 0=

{k =-m(@-¢) and A=m(a- I;)} (%)

where m is a not zero constant, and equation (*) implies,
d=ax(bx¢)=-m@ -b+m(@ b)é (+*

Formula (***) should be valid for all vectors q, b and ¢, and if for
simplicity take @ = $,b = $ and ¢ = 2, then equation (***) implies,

A L 32=0),@9=1
)=—m@-2)y+m@-y)z

N>

yx@x
YyXX=0+mZ=—-Z2=mZ=>m=-1

and formula (***) becomes,
dx(bxé)=(d-&b-(a-b)e
and this completes the proof.
Regarding formula (9-4) we note that
(&xf))xE:—Ex(&xI;)@:_B;
(@xb)x&=—{(é-b)da—(¢-d)b} = (¢-a@)b—(¢-b)a

Example 9-1
fad=%+9+2 b=22—9, é=%+22,findd x (b x¢).
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Solution

First we find the cross product b X &,

A
bxé=1[2 -1 0‘=—29?—437+z
1 0 2
and then,
. X y 2z
ax(bxdé)=|1 1 1/=52-39p-22
-2 -4 1

Example 9-2

Work previous Example, with the aid of formula (9-3).

Solution
d-b=R+9+2)-28—9)=2-140=1 ()
A-C=@R+9+2)-(8+22)=1+0+2=3 (*%)

ix(Bxd) =@ Ob— (G -5)e 3

dx(bx¢&)=302%—9) —(&+22)=58—39—22
which is identical to the result found in Example 9-1.

Example 9-3
If X, 9, Z are the unit vectors of the Oxyz orthogonal Cartesian system

and d is an arbitrary vector, show that
EX@XX)+Px(@xP)+ 2x(@x2)=2d
Solution

Application of formula (9-3) yields,

Qu
N/
=
Il
Q
I
N\
&
QU
—/
=

Ix@xx®) =& -%a—-(x-
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Ix@xPN=@F-Na-@-Dy=a—@F-a)y

2x@x2)=0@-2)a-Z-a)z2=a—-(2-a)2
and adding term wise we get,
Ix@xD+yx@xP+ 2x(ax2z)
=3da—-{X D)X+ @-y+(CZ-a)i}=

a

Ex@xD+yx@xy+ 2x@xz)=3a—a=2d
and this completes the proof.

Example 9-4

Show that the vector
(@xb)x(éxd)+(@xe&x(dxb)+(dxd)x(bx¢)
is parallel to the vector d.

Solution

If we call # = @ X b, then
(@xb)x (@xd)=%x(2xd) =3

(@xb)x(éxd)= (% d)é—F-)d
—{(@xb)-d}é—{(@xb)-&d=

(@xb)x (¢xd)=(ab,d)é~(dbé)d (%)
Similarly we have,

(@x & x(dxb)=—(dbd)é—(bed)a (%)

(@xd)x(bx¢)=(ab,é)d—(béd)d (+5%)
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and adding term wise we get,

(@xb)x(éxd)+(@x&)x(dxb)+(@xd)x(bxé

=-2(b,¢,d)ad

which is a scalar multiple of @, and this implies that the given vector
quantity is a vector parallel to the vector a.

Example 9-5

If G, b, ¢ are given vectors, with @ not perpendicular to b, “solve” for
the unknown vector y the system of equations

{a-y=a (AER—{O}}

bxy=2¢

Solution

Cross multiplying the second equation by a we get,

ix(bxy)=dxé=

PROBLEMS

9-1) Find the vector triple products
ExX@x2), Ix@xP), zx@ExXP)

(Answer: 0, Z, 0).

9-2)If @ = (1,2,3),b = (2,—3,1),& = (3, —2,5) find by direct

computations the vector triple products a x (f) X 5) and (& X 1_5) X C.
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9-3) Work Problem 9-2 with the aid of formulas (9-3) and (9-4).

Answer: 31% — 44y + 192, 11x — 76y — 372).

9-4) Prove the vector identity
dx(bx&)+bx(@xad)+éx(@xb)=0

Hint: Use formula (9-3).

9-5) Prove the vector identity

(@xb)-(@xé = (b-&)la?—(a- b)@-e

9-6)If @ = (2,—1,3),b = (=1,1,1),& = (4,1, —1), find the triple
products d X (5 x ¢) and (d x I;) X C.

9-7) Show that, in general, a x (B X E) * (Ei X I;) X C.
9-8) Prove the vector identity
ax{bx(Exd)}=(b-d)(@xe— (b &)(dxd)

9-9) Show that if the vectors d, b,¢ d are coplanar, then (51 X E) X
(éxd)=o.

)}-d

+ Z.

ay

9-10) Evaluate the quantities {d X (5 X 5)} x d and {% X (1_5 X
ifd=28+39—2b=—%—94+22¢=2—9+32d=%+2

A

9-11) If the vectors d, b, ¢ and y satisfy the conditions

{dne y1é da=b+éxy}
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express y in terms of the other vectors.

éxb

(Answer: y = )
Hint: Cross multiply both sides of @ = b + & X ¥ by ¢ and apply
formula (9-3).

9-12) Show that from the vector relations -y = 4, b-y = B it

follows,
B > i N - 7
- _)lz(ax(bxa))+/1(a><b)

|a><b

y = Aﬁz(l;x(&xlg))+
|d x b

where A is an arbitrary real number.
Hint: Resolve y in the directions of d, b,d x I;, i.e. find the constants

p,q, A such that ¥ = pd + qb + A(a x B), from which,

=a-(pi+qb+A(ixb))=4 ((@xB)=0)(5(@xB)=0)

iy
-y=b-(pi+qb+2(dxh))=5

S

pld|* + q(c'i : B) =A
5 —,2
p(d@-b)+qlb| =B
Solving this equation for p and g and substituting into y = pd +
qlg + /'l(& X I;) and making use of formula (9-3) leads to the desired

result.
9-13) If d, b, %,  are given vectors with b L ¥ and Z and W are

arbitrary vectors, simplify the expression
y-{ax (bx%)—yx(Zxw)

(Answer: —(d - b)(% - 7)).

9-14) Prove formula (9-2).
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CHAPTER 10: Vector Equation of Lines, Planes and Spheres
in Parametric Form

In this chapter we shall study some fundamental properties of
various geometrical figures (lines, planes and spheres) and solve a
variety of problems with the aid of the theory of vectors, developed thus

far.

10-1) The vector equation of a line in parametric form

Q)

Fig. 10-1: The vector equation of a line.

a) Let us consider a straight line (&) passing through a given point P
determined by its position vector 7, and being parallel to a given vector

d. If Q(¥) is another, arbitrary point of the line (&), then the vector ﬁa
will be parallel to @, which in turn means that (see section 2-5),

PQ=1d, —o<l<o
7o = Ad, and therefore,
r=7,+Ad —0 <A< o (10 —-1)

For each value of the parameter A, equation (10-1) represents the
position vector of a point Q belonging to the line (¢), and as A varies
from —oo up to +o0, equation (10-1) represents the position vectors of
all the points of the line (), and is therefore called the vector equation,
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in parametric form, of a line (&) passing through the point P(7;) and
being parallel to a given vector d.

b) In case the line (&) passes through two points A(77) and B(73),

(and is therefore uniquely determined), we may consider a = AB =
T, — 17 and in this case equation (10-1) is written equivalently,

r=r+Ar,—1m) —w <A< (10 — 2)

c) In a Cartesian system {Ox, Oy, 0z} the equation of a straight line
passing through the point P(75) = P(xy, yo, Zo) and being parallel to a
vector d = (aq,a,,asz) is

X =xq9+ Aaq

=/1<=){y=y0+/1a2} (10 -3)
zZ =2zy + laz

X—Xo Y —Yo Z—Z
a; a; as

where the parameter A varies from —oo up to +o0. Equation (10-3)
follows directly from (10-1), (let the reader check it).

d) Similarly the equation of a straight line determined by its two
points A(Ty) = A(x1,¥1,21) and B(73) = B(x3,¥2,2,) is

x=xq+A(x; —x
X=X Y—W Z—1Z 1 (3, 2)

- = =1y =y1+ Ay —y2) ¢ (10—4)
X1 =Xz YV1—Y2 21— 23 z=12 + Az, — 2,)

Formula (10-4) follows easily from (10-2), (let the reader check it).
10-2) The vector equation of a plane in parametric form

a) Let us consider a plane (I1) passing through a point P(7) and

being parallel to two given vectors @ and b. Let also Q(7#) be an arbitrary
point of the plane determined by its position vector 7. The vector

PQ = 7 — 7y shall be coplanar to @ and b, which means that (see

section 2-6),

—

PO=d+th=7F—-Tg=21d+th=
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P=Tg4+dd+th —ow<l<w, —ow<t<ow (10-05)

Note that the equation of the plane (IT) involves two independent
parameters A and t, each one varying from —oo up to +co. To each pair
(A, t) there corresponds one 7, i.e. one point of the plane (IT). Formula
(10-5) represents therefore the vector equation of a plane passing

through 7 and being parallel to the two vectors d@ and b.

b) Based on (10-5) we may obtain the vector equation of a plane
determined by three points A(77), B(13) and C(73).

Fig. 10-2: The vector equation of a plane.

If Q(7) is an arbitrary point of the plane, then we may consider that
the plane passes through A(77) and is parallel to the vectors d = AB =
75 —71;and b = AC = 15 — 75, and according to (10-5) the equation of
the plane will be,

- — - _’(10_5)
r=r+ia+th—

—00<A<00}

r=rn+A0; —1m)+tls—1m), {—oo<t<00

(10 — 6)
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Equation of a surface in space: Equation of a surface in space is an
equation in three variables x, y and z, satisfied by the coordinates of all
the points of the surface. In general, an equation of the form
¢(x,y,z) = 0 represents a surface in space. The coordinates of any
point M (x,, yo, Z,) of the surface satisfies the equation of the surface,
i.e. ¢(x0,V0,2o) = 0, and conversely, if p(x;,y;,2;) = 0 then the point
N(x4,v1,2;) = 0 belongs to the surface.

c) Starting with equation (10-6) and expressing the vectors with their
Cartesian representations, we may show that the general equation of a
plane (surface in space) is (see Problem 10-1),

Ax+By+Cz+D =0, where |A|l+|B|+]|C|+0 (10—-7)

In (10-7) D is a constant and similarly A, B and C are constants, not all
zero simultaneously. In general, every linear equation in x,y and z
represents a plane.

10-3) Equation of a sphere

A sphere is the set of points in space which are equidistant from a
fixed point M (7y) = M(xy, Yo, Zo), the center. All the points of the
sphere have the same distance R from the center, (R is called the radius
of the sphere).

=

Fig. 10-3: The vector equation of a sphere.
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Since the distance of all points of the sphere from the center O is
constant and equal to R, we have,

|# — 79| = AM = R (constant) (10 — 8)

Equation (10-8) is the vector equation of a sphere centered at M (1)
and having radius R. Setting 7 = xX + yy + zZ and 1y = xoX + yoJ +
ZyZ, equation (10-8) yields,

N 3 LG9
|(x —x)X+ (Y —y0)Y + (z—20)2| =R =

(x —x0)* + (y —y0)* + (2 — 25)* = R? (10-9)

Equation (10-9) is the equation of a sphere in Cartesian coordinates,
centered at M(x,, ¥y, Zp) and having radius R.

Example 10-1

Find the parametric equation of a line through (3,2,5) parallel to
2X —4y + 2.

Solution

Application of formula (10-1) with 7 = 3% + 29 + 52 and
d = 2% — 49 + 2, yields,

T=Tr,+Ad=7=32+2+52+A2x - 49+ 2) =
7=0B+4+20)x+2—-40)95+ (5 +1)2, —0 <A< o (*)

Equation (*) is the vector equation of the line in parametric form.
Since 7 = xX + yJ + zZ, equation (*) is written equivalently as

XR+yP+28=B+20DF+ 2 - 49+ G+ )z <

x =3+ 24
{ (**)

=2-42 @{ S
y = 2 -

-2 -5
Y :Z :A}
z=5+41

—4 1
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Example 10-2

Find the parametric equation of a plane through (1,2,3) and parallel

to the vectorsd = 28 —§ + Zand b = £ + 59 — 72.
Solution
Application of formula (10-5) yields,
F=Tg+Ad+th=
FT=X+29+324+A2x -9+ 2)+t(X+5y—-72) =
7T=0421+)X+Q2—-21+5)J+B+1-7t)2 (%)

where each one of the parameters A and t varies from —oo up to 0.
Since 7 = xX + yJ + zZ, equation (*) may be written equivalently,

XX+yy+zZ2=0+21+)x+Q2—-A1+50)y+B+1-7t)2 =

x=14+21+t
{y=2—l+5t} (xx)
z=34+A1-7t

Elimination of A and t yields the following expression for the equation
of the sought for plane,

2x + 15y +11z—-65=10 (¥%x)

which is the standard Cartesian equation of a plane, (see eq. (10-7)).
To eliminate A and t in (***) it suffices to solve the system of the first
two equations for A and t (in terms of x and y), and substitute into the
third equation. For detailed calculations see Problem 10-2.

Example 10-3

Find the point where theline{x =3+ 54,y =—-2+1,z=3+ 1}
pierces the xy —plane, the yz —plane and the 3x — 2y + z = 7 plane.
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Solution

a) The z —coordinate of the point where the given line pierces the
xy —planeis z = 0, and this impliesthatz =34+ 1 =0, i.e. A = =3,
and therefore,

{x=3+5/1=3+5-(—3)=—12}
y=—-2+1=-2-3=-5

The line pierces the xy —plane at the point (x,y) = (—12,-5).

b) Similarly the x —coordinate of the point where the line pierces the
yz —planeis x = 0, and this impliesthatx =3+ 54 =0, i.e.
A=— 3/5 and hence,

y = + 1= 2 5_—
7z=34+ 1= 5_— z

The line pierces the yz —plane at the point (y,z) = (—?,%)

c) The point (xy, Yo, Zo) Where the given line pierces the plane
belongs to the plane and its coordinates must therefore satisfy the
equation of the planei.e.

3x0_2y0+ZO:7$

9
33+50) -2(-2+ D+ B+ N =7=1Ul=-9=1=-—

The point where the line pierces the plane is

( —3+5,1—3+5( 9)— 3)
Xo = = 14) - " 1a
Ly zam 2 (-2) -
Yo = = 14) = " 1a
~ ~ 9y 33
kZO_3+/1_3+(_ﬁ>_ﬁ )
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Example 10-4

Find the equation of a line through M(1,2,3) and parallel to the line
{2x—y+3z=5 x+3y+z=2}

Solution

The intersection of two planes is a straight line, in general, (unless
the two planes are parallel). Solving the system for x and y, we may
express x and y in terms of z, i.e.

—10z + 17
2x—y=5-—13z x= 7
{x+3y=2—z}@ z—1 )
y: 7

The parametric equation of the line of intersection of the two planes
is therefore,

( =10t + 17

x:
7
J t—1 where —oo<t<oo (**)

For each value of t, x, y and z, as expressed in (**) satisfy the
equation of the first and the second plane, i.e. these points belong on
the first and on the second plane, in other words equation (**) is the
equation of the line of intersection of these two planes. For example for

t = 0 we get one point of the line, which is the point A (g, —%, O)

while for t = 1 we get another point B(1,0,1). The vector AB is

. 17 1
AB=(1——))?+ o-(——) 9+ (1-0)2
7 7
101
——7x+§y+z (***)

The problem thus is reduced to the following:
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Find the equation of a line through M(1,2,3) and parallel to the

vector AB = — gf + %? + Z, which according to formula (10-1) is

F=(R+29+32)+14B =

?=(1—$A>£+(2+;){)5/+(3+A)2, —w< A< ™
Example 10-5
Find the distance of M(2,3,1) from the line x—f = yT+2 = 22;4 )
Solution

Fig. 10-4: Shortest distance between a point and a line in space.

Let (&) be the straightline$= yT+2 = %= A, ie.
x=3+41
{y=—2+4l} —w <A< ()
z=4+421

For A = 0 we obtain the point A(3, —2,4) of the line, while for
another value of 4, say 4 = 1, we obtain another point B(4,2,6) of the
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line (¢). The distance d = MK, (in Fig. 10-4), between M(2,3,1) from
the line (¢) is

d =AM -sin = d? = (AM)? - (sin8)?
= (AM)? - (1 — (cos 6)?) (x%)

where AM = |AM| is the magnitude of the vector AM. We note that
AB=(4R+29+62)— (3R —29+42) =%+ 49 + 22
AM=0Q2%+39+2)—(3%—29+42) =—-%+59—32
and hence,
AB - AM = (AB)(AM) cos § =

(R + 49 + 25) - (=% + 59 — 32)
=124+ 42422 - \[(=1)2 + 52 + (=3)2 cosf =

13 =%
—-1+20—-6=+v21 -v35c0s0 = cos0 = —=
V735

g2 =5 (1 132 _ac 566_566=>d_ 566
B 735/ 735 21 21

Alternative solution:

The distance € between M(2,3,1) and an arbitrary point P(x, y, z) of
(e)is,

2 2 2 2 ®
Cr=x-2)+@-3)+=z-1=
P2=A+1)2+(@l1-5?+(221+3)?*=
£2 = 212> — 261 + 35 (%)

Equation (***) expresses the distance between M and P(x,y,z) €
(€) as a function of 4, l.e. £ = £(4). The shortest distance is the
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minimum value of ¢, i.e. d = €,,;,,. To find the minimum value of £(1),
we set the derivative equal to zero, i.e.

d (x%%) d 2
a({)(/1)) = 0= > (2127 - 264 +35) = 0 =

421 —-26=0 A 13
— — = pp—
21
and the minimum value of £ is,
d? = Ly = 21 (13)2 26 20 435 =220 g = 2
T omin & 21 21 T 21 21

Note: The coordinates of the point K (see Fig. 10-4) are found from
equation (*), if we set 1 = 13/21.

Example 10-6

Examine whether the line 7 = (2% — §) + A(3% — § — 2) intersects
theline” = X + t(X + 29 — 2).

Solution

Assuming that these two lines intersect, it must be a point P
belonging to the first and the second line. This in turn means that there
are two numbers A and ¢, such that

QE—P)+AB2—9—2) =2 +t(F+2) —5) =

QR+3D)x+(-1-Dy+(Dz2=0+)x+ R+ (-t)z =

24+31=1+t
{—(1+/1)=2t} (%)
A=t

However, the given system has no solution (let the reader check it),
and this means that there are no common points between the two lines.
The two lines do not intersect, they are skew lines.
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Example 10-7

Find the equation of a sphere with center at M (1, —2,3) and radius
equaltoR = 5.

Solution
The vector equation of the sphere is (see equation (10-8)),
7 =Tl =R < |F— (& —29 +32)| =5, or
=D+ +2)y+(=-3)2l=5 (¥
In Cartesian coordinates the equation of the sphere is
(x—1D2+(@y+2)?2*+(z—-3)2=25
Example 10-8

Find the center and the radius of the sphere whose equation is
x2+y?+2z%—4x+2y—2z=3.

Solution
x2+y?+z2—4x+2y—2z2=3>=
{((x?—4x+4)—4}+{(y?+2y+1)—1}+{(z?-2z+1) -1} =3
or equivalently,
(x—22+@y+1)+(EZ-1)%*=3+4+1+1=9=232

This is the equation of a sphere centered at (2,—1,1) and having
radius R = 3.

Example 10-9

Show that the equation of the plane tangent to the spherical surface
of the sphere (x — a)? + (y — b)? + (z — ¢)? = R? at the point
P(x1,v1,21) is
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x—a) —a)+ (—b)1 —b) + (2= c)(z1 — ) = R?

Solution

P(x,y,2)

I
K(x1,¥1,21) (M

0

Fig. 10-5: Plane tangent to a given sphere.

Let M(a, b, c¢) be the center of the sphere with radius R, and (IT) be a
plane tangent to the spherical surface at the point K(xl, Yy Zl)- If

P(x,y, z) be an arbitrary point of the plane, then the vector MK , (the

radius from M to K), will be perpendicular to ﬁ, and hence
MK -KP =0 =

{1 — )X+ (y1 — b)Yy + (2, — )2}
=22+ —y)y+(@z—-2z)2}=0=

x—x)—a)+ -y —b)+(z—-2)(z1 —c) = 0=

{x—a) = (n —a)}(xy —a) +{(y = b) = (y1 = b)}(y1 — b)
H{z-a-(@Z -} zn-0)=0=

x—a)x;—a)+ (Y —Db) (1 —b) + (z—c)(z —¢)
=(x;—a)*+ (1 —b)>+(z, —c)* =R?



132

since the point K (x4, ¥4, z,) belongs to the spherical surface of the
sphere with center M(a, b, ¢) and radius R, and this completes the
proof.

Example 10-10
1) What is the relative position of the two spheres:

{x2+y2+ZZ—10x—14y—Zz+66=0}
x2+y?+2z2—-22x—20y—1z+234=0

2) Find the equation of the straight line determined by the centers M
and K of the spheres.

Solution
1) The equation of the first sphere is
x2+y%2+22—10x — 14y — 224+ 66 =0 =

{x? —10x + 52} =52+ {y? — 14y + 72} = 72 + {z2 — 2z + 11} — 12
+66=0=

(x=52+0W@-7D*+@E-1D*=5*+7*+1*-66 =
(x—=52+@-7?+(z-1)?%*=9 =32 (*)

Equation (*) is the equation of a sphere with center at M(5,7,1) and
radius R; = 3.

Similarly, from the second equation we have,
x2+y2+22-22x—20y—14z+234=0=

{x? —22x + 112} — 112 + {y? — 20y + 102} — 10 + {z%2 — 14z + 7%}
—72+234=0=

(x—11D)2+(y—-10)2+(z—7)?2=112+102+7? - 234 =

(x—11)%*4+ (y—10)>+ (z—7)* =36 = 62 (xx)
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Equation (**) is the equation of a sphere with center K(11,10,7) and
radius R, = 6.

We note that the distance MK, between the two centers is

MK =J(11-5)2+(10-7)2+ (7—1)2 =62 +32 + 62 =9 =
MK =9 = R, + R,

and this shows that the two spheres are tangent to each other
externally.

(R

-

Fig. 10-6: Relative position of two spheres.

2) The line (&) is determined by the two centers M(5,7,1) and
K(11,10,7), and its equation is (see (10-4)),

x =11+ 64
{y=10+311, AER
z=7+ 61

PROBLEMS

10-1) Starting with equation (10-6) show that the general equation of
a plane is given by equation (10-7).
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10-2) In Example 10-2, eliminate A and t between the equations of
the system (**), to derive equation (***).

10-3) Find the vector equation of the line determined by the two
points M(1; = 3% + 29 — 2) and N(r, = 5% — 2§ + 22).

(Answer: ¥ = (3 —21)x+ (24 41y — (1 + 321)2).
Hint: Use equation (10-2).

10-4) Find the parametric equation of the plane determined by the
three points M;(1,—-1,1), M, = (3,—7,4) and M5(8,—4,1).

Hint: Use equation (10-6).

10-5) A line (¢) passes through M(3,0,0) and is parallel to the vector
a =X+ 29 + 3Z. A second line (n) passes through N(0,9,0) and is

parallel to the vector b=5%— 59 + 8Z. Determine whether (¢) and
(n) are coplanar or skew lines.

(Answer: Skew lines).
Hint: See Example 10-6.

10-6) Find the parametric equation of a line through M(1,1,1)
parallel to d = 9% — 39 + 5Z.

Hint: Use equation (10-1).

10-7) Find the parametric equation of the plane determined by the
three points M;(1,0,0), M,(0,1,0) and M5(0,0,1).

(Answer: 7 = (1 — A —t)X + Ay + t2).

10-8) If a plane intersect the coordinate axes Ox, Oy, Oz at A, B and
C respectively, and if we set 0A = a, OB = b and OC = c, show that
the equation of the plane can be put in the form,
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X Z
Xy 7
a

b ¢
10-9) Find the equation of a plane which is parallel to the x'x axis
and passes through M(0,1,3) and N(2,4,5).

(Answer: 2y — 3z + 7 = 0).

Hint: If a plane is parallel to the x'x axis, then the variable x is
missing from the equation of the plane, (why?).

10-10) Find the Cartesian equation of the plane determined by the
three points M(1,-1,2),N(2,1,2) and P(1,1,4).

10-11) Find the equation of a plane passing through M(2,—1,3) and
cutting equal line segments on the coordinate axes.

(Answer: x +y + z = 4).
Hint: See Problem 10-8.
10-12) Find the point of intersection of the planes

x+2y+2z=3

{Zx—y+32=9}
3x+y—4z=-6

Hint: It suffices to solve the system of equations for x, y and z. The
answeris (x,y,z) = (1,—1,2).

10-13) Find the equation of the line determined by the two points
M(—1,2,3) and N(2,6,—2).

+1 -
(Answer: LS. —).
3

10-14) Find the center and the radius of the sphere x? + y? + z2 —
2x —4y — 6z = 2.

(Answer: Center K(1,2,3) and radius R = 4).
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Hint: See Example 10-8.

10-15) Find the center and the radius of the circle determined by the
cut of the spherical surface x2 + y2 + z% — 10y = 0 with the plane
x+2y+2z=19.

(Answer: Center K(1,7,2) and radius R = 4).

Hint: The center of the sphere is K(0,5,0) and its radius is R = 5. The
projection of K on the given plane will be the center of the circle.

10-16) Show that the planes 4x + 3y — 5z =8 and4x + 3y — 5z =
—12 are parallel, and determine their distance d.

(Answer: d = 2+/2).

10-17) Find the distance h between M (2, —1,3) and the line
x+1 _ y+2 ﬂ

3 4 5 °
(Answer: h = 0.3 v/38).

Hint: See Example 10-5.
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CHAPTER 11: Miscellaneous Applications

In this chapter we develop some rather interesting applications and
derive a number of useful formulas in plane and solid geometry, with
the aid of the theory of vectors and their related properties.

1) Distance between a point and a line

The shortest distance h of a point M(&,n) from the line (&) having
equation ax + by + ¢ = 0, is given by the formula,

_la& +bn+c|
Va1 b2

The absolute value in the numerator signifies the fact that the
(geometrical) distance must be positive.

h (11 -1)

Proof: Let h be the shortest distance of M(&,n) from the line (¢).

M(&,m)

K(xp, yi)

v

Fig. 11-1: Distance between a point and a line.

If MK 1 (&) then the shortest distance h between M and (¢) is
h = MK. The slope of the line (¢) is (— a/b) and since MK L (¢) the

slope of MK will be (b/a), (the product of slopes of two perpendicular
lines is (—1)). The line determined by the two points M and K is



138

b
y—n=a(x—€)<:>bx—ay=b€—an (*)

Since K is the point of intersection of (¢) and MK, the coordinates
(xx, yi) of the point K must satisfy both equations

axy + by, = —c }
{bxk —ayy = b§ —an ()
Solving the system (**) for x;, and y, we get,
( b?¢ — abn — ac)
e = a? + b?
_a’n—ab§ —bc
Yie = a? + b?

The distance h = MK = \/(§ — x,)2 + (1 — y)2, which by virtue of
equations (***), yields formula (11-1). For detailed calculations, see
Problem 11-1. For an alternative proof, see Problem 11-2.

2) Unit vector perpendicular to a plane

The unit vector 71 perpendicular to the plane ax + by + cz+d = 0,
is

_ax+by+cz
A= (11 - 2)
va? + b2 + c2

where as usual, X, §, Z are the unit vectors along the x, y and z axes

respectively.

Proof: Let O(xy, Vo, Z) be a given point on the plane. Let us now
consider the points P (0,0, —g) and Q (0, — %, O). Both points P and Q
belong on the given plane, since the coordinates of each point satisfy

the equation of the plane, (let the reader check it). The vector 0P x O—Q)
is perpendicular to the plane determined by these two vectors, i.e. is
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perpendicular to the plane ax + by + cz + d = 0 and the sought for
unit vector is given by the formula,

__ 0Px0Q
n=—s—— (*)
|0P x 0Q |

The vector OP = —XoX — VoV — (% + ZO) 2, while 56 = —xoX —

(% + yo) ¥ — zy,Z and the cross product is

x % 4
d
opxog=| o —(Gra)S
d
—Xo _(E"'yo) —Z
m5><sz_d(byo-l;?zzo+d)J?_I_dzcoy_l_d;coé

or, since axgy + by, + czy, + d = 0 (the point 0(x,, yo, Zo) lies on
the plane and hence its coordinates satisfy the equation of the plane),

— - dxy R .
OP x 0Q = E(ax + by + c2) (%)

By virtue of formulas (*) and (**) the unit vector is

axX + by + cz
Va2 + b? + ¢

and this completes the proof.

n=

3) Distance between a point and a plane

The shortest distance h of a point M(&,1, (), in space, from the plane
ax + by + cz+d = 0, is given by the formula,

h_|a€+bn+c(+d|

(11— 3)



140

Proof: Let M(&,7,{) be a pointin space and ax + by +cz+d =0
be the equation of a plane (II).

WM, ),

P(xo, Y0, Zo)

=

Fig. 11-2: Distance between a point and a plane.

If P(xg,¥0,20) is a point on the plane ax + by + cz + d = 0, then the
sought for distance h is the magnitude (positive number) of the

projection of the vector PM on the unit vector 71, which is perpendicular
to the plane, i.e.

SN (11-2)
h=|PM- 7| =

axX + by +cz

=
va? + b? + ¢?

h= (€ = )%+ (= 309 + § = 20)2)-

1

h= | s (0 —x0) + bn = 30) + (¢~ )} =
1

h = |m{a€ + bn + ¢{ — (axy + by, + CZo)}| (*)

and since axy + byy + czy + d = 0, (recall that P(xo,yo,zo) € II),

equation (*) finally yields,
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h_IaE+bn+c(+d|

and this completes the proof.

4) The signed (or algebraic area) of a triangle ABC

A
y A(xp, Y4)
+
The unit area
A
C(xc,y¢)
y‘:“;"i B(xg,ys)
0 R .
£ g

Fig. 11-3: Area of a triangle.

The positive direction on the plane {Ox, Oy} is the direction in which
when the unit vector X is rotated about the origin O by 90°, coincides
with the unit vector §. The positive direction on the plane {Ox, Oy} is
the one shown in Fig. 11-3.

The signed or algebraic area of the triangle ABC is the geometrical
area of ABC (which by definition is a positive number) bearing the “+”
sign when moving along the A — B — C — A path we move in the

o n

positive direction, or the “-” sign when moving alongthe A—B —C — A

path we move in the negative direction.

The algebraic area E of the triangle ABC is given by the formula,

1[*a Ya 1
E=—|xg yp 1| squareunits (11-4)
xc Yo 1
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Note: The geometrical area of the triangle (which is always positive)
is the absolute value of E, i.e. is equal to |E].

The unit area is the area of the square formed by the two unit vectors
X and y, (see Fig. 11-4).

Proof: See Problem 11-3.

Corollary: The necessary and sufficient condition that three points
A(x4,v4), B(xg,y5), C(xc,yc) lie on the same straight line is,

Xa Yya 1
xg yp 1[=0 (11-15)
X¢c Yo 1

(since in this case the area of the triangle will be zero).

5) The volume of a parallelepiped formed by three vectors
d = 04,
|b],c =

l

b= 0B and & = OC, in terms of the lengths a = |a|,b =
¢| and the angles 8, = zi(l;, 5), 0, = 4(a,c),0; = A(&, l;)

The sought for volume V is given by the formula,

V= Zabc\/sinr sin(t — 6,) sin(t — 6,) sin(t — 63) (11 -6)
where
27 =0, + 6, + 0, (11-7)

Formula (11-6) gives the volume of the parallelepiped in cubic units.
A cubic unit is by definition the volume of the unit cube, i.e. the cube
formed by the three unit vectors %,y and Z.

Corollary: The volume of the tetrahedron OABC is

1
Voasc = §abc\/sinr sin(t — 6,) sin(t — 6,) sin(t — 65) (11 —18)

Proof: See Problem 11-4.
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6) The shortest distance between two skew lines

Two nonparallel, nonintersecting lines in space are called skew lines.
Let7# =7, + Ad and # = 5 + tb be the vector parametric equations of
two skew lines (&;) and (&,) respectively. Then the shortest distance h
between these two lines is given by the formula,

@55 -7)

= 11-9
x| (=

Proof: Let two skew lines (&;) and (&,) as shown in Fig. 11-4.

A(m) p )

\ 4

(g2)
Fig. 11-4: Shortest distance between two skew lines.

If we consider the vector BC = d, then the shortest distance h
between (&;) and (&,) shall be the distance of A from the plane

determined by BC and b. The volume of the parallelepiped formed by

the vectors b, BC = d and AB = T, — 1, is, (see equation (8-2)),
vel@Em-R

The area of the base (of the parallelepiped) formed by the vectors b

and BC = d, is equal to the magnitude of the cross product d@ X B, i.e.
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Area of base = |d x B| (%)

However, since the volume is equal to the area of the base multiplied
by the altitude corresponding to this base, we have,

) (x —>'B)’—>_—>
V = (Area of base) - hgh = (@.5.7 = )l
|a@ x b|

and this completes the proof.
7) Angle between two planes

The angle 6 between two planes (I1,) and (I1,) with equations
a;x + by +cz+dy =0andayx + b,y + ¢,z + d, = 0 respectively,
is given by the formula,
a,a, + b1b, + c;c
cosf =+ 1z 12 12 (11 — 10)
\/alz + by’ + ¢y Jazz +by” + ¢,

Note: The two planes are perpendicular if a;a, + b;b, + c,c, = 0.

Proof: The angle between two intersecting planes is considered to be
the angle between the two unit vectors 7; and n,, perpendicular to the
planes (I1;) and (I1,) respectively. Application of formula (11-2) yields,

aX+biy+ciz _ ax+by+cZ
n, =

ny =

(*)

\/alz + by% + ¢, \/a22+b22 + ;2

and since iy * 1, = |ny||nz| cos@ = 1-1-cosb = cos B, formula
(11-10) follows immediately.

8) Straight line tangent to a circle

The equation of the tangent (&) to the circle (x — a)? + (y — b)? =
r2, at the point M(x;, y;), (belonging to the circle) is,
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(i —a)(x—a)+ (y, —b)(y —b) =717 (11-11)
Proof: See Problem 11-5.
9) Plane tangent to a sphere

The equation of a plane tangent to the sphere (x — a)? + (y — b)? +
(z — ¢)? = R?, at the point P(xy,y,,Z;), (belonging to the spherical
surface) is,

(x—a)(x;—a)+(y—=b)(y1—b) + (z—c)(z; —c) = R* (11 - 12)
Proof: See Example 10-9.
Example 11-1

On the x0y plane, find the distance of M(3,4) from the straight line
2x+y—5=0.

Solution

Application of formula (11-1) yields,

2:3+1-4+(-5 5
L S _5 _
NeEe V5

Example 11-2
Find the distance of M(1,2,3) from the plane 2x —4y +z+ 7 = 0.
Solution

Application of formula (11-3) yields,

2-1+(-4)-24+1-3+7] 4
h = =
J2ZF (D2 + 12 V21
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Example 11-3

Show that the planes 2x + 2y —4z—-7 =0and3x —y+z—10 =
0 are perpendicular.

Solution

Since2-3+2-(—=1)+(—4) -1 =0, the two planes are
perpendicular, (see formula (11-10)).

Example 11-4

Find the measure of the acute angle between the planes 2x + 3y +
4z —5=0and3x — 6y +5z+ 11 =0.

Solution

Application of equation (11-10) yields,

2:3+3-(—6)+4-5 _, 8
V2Z+32+42 - \[33+(=6)2+52 V2970

cosf =+

For the acute angle, we choose the plus sign, i.e.

cosf = = 0 = cos™ = 79.8°

8 8
- 1 —
V29470 <m : \/70)
Example 11-5

Find the geometrical area of a triangle ABC, on the xOy plane, if the
vertices are A(1,5), B(3,6) and C(—2,4).

Solution

Application of equation (11-4) yields,

1 5 1
E==13 6 1=
-2 4 1
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1
E=a{vly =55 vl =
E=%{1-(6—4)—5-(3+2)+1-(12+12)}=0.5 square units

Example 11-6

Find the shortest distance h between the line 7 = 7 + Ad, where
7 =2%+3y+2,d = 4% — 39 + 22, and the x'Ox axis.

Solution

The vector equation of the Ox axisis 7 = 0 + tX, where tisa
parameter. Application of formula (11-9) with7, = 2% + 39+ 2, 1, = 0
andd = 4% —39 + 22, b = % yields,

(@675 —7)| 142 — 39 + 22,%,—2% — 39 — )|

- - /\_ ~ raY o (*)
@ x | (4% =39 + 22) X D]

The numerator in (*) is the scalar vector product of the three shown

vectors, and according to equation (8-3) is,

4 -3 2
1 0 O

-3 2
10 ol-enf3 3

(4% — 39 + 22,8, —28 — 39 — ) =
=-9

Note that due to the zeros in the second row, the determinant has
been expanded along the elements of this row.

The denominator in (*) yields 29 + 3Z and the magnitude of this
vector is V22 + 32 = /13, and finally the sought for distance h is



Example 11-7

Find the volume of a parallelepiped formed by three vectors
EZ,O—B:EZ') assuming that a = |E4)| =10,b = |0—B)| =7,c= |0—C)|
12, while 6, = 4(0B,0C) = 60°,6, = 4(04,0C) = 40°,6; =
4(04,0B) = 80°.

Solution

If 6, + 6, + 05 =2t = 180°, i.e. T = 90°, then the sought for
volume is (see formula (11-6)),

V= Zabc\/sinr sin(t — 0,) sin(t — 6,) sin(t — 05) =

V=2-10-7-12-vVsin90° - sin 30° - sin 50° - sin 10° =
V = 433.26  cubic units

Example 11-8
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Find a unit vector perpendicular to the plane 3x + 2y — 72+ 5 = 0.

Solution

Application of formula (11-2) yields,

38 +29-72 1
VJ32+22+(=7)2 V62

n=

Bx+2y—-72)

Example 11-9

What equation should the constants a, b, ¢ and r satisfy, if the
straight line ax + by + ¢ = 0 is to be tangent to the circle having
equation x? + y% = r2?
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Solution

The coordinates of the common points of the given two lines are
solutions of the system of equations,

{ax+by+c=0} )

X% +y? =2

Solving the first equation for y and substituting into the second, we
get, (let the reader check it),

(a? + b»)x? + 2acx + c2 = b*r? =0 (*%)

Equation (**) is quadratic in x, and in general has two solutions. If
the straight line is to be tangent to the circle, then the two solutions
should coincide, i.e. x; = x,, and this occurs when the discriminant D of
the quadratic equation is zero, i.e. when

D = (2ac)? —4(a? + b®)(c? = b*r?) =0

which eventually simplifies to (a? + b?)r? = c?, and this is the
sought for equation.

Example 11-10

Find the equation of the plane tangent to the sphere (x — 1)? +
(y — 2)% + z% = 32 at the point M(2,4,2) of the spherical surface.

Solution

We first note that the point M(2,4,2) belongs to the spherical
surface, since its coordinates satisfy the equation of the sphere.
Application of formula (11-12) yields the sought for equation,

C-Dx-D+U@-2DG-2)+2-0)(z-0)=3>=

x+2y+2z—-14=0
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PROBLEMS

11-1) In section 1, (the distance between a point and a straight line),

start with the equation h = MK = /(¢ — x,)2 + (7 — y;)?, use the
expressions for x; and y;, as given in (***), and derive equation (11-1).

11-2) Alternative proof of formula (11-1).

Assuming that P(x,, y, ) is a point on the line (&), find the distance
MP? as function of x,, i.e. MP? = MP?(x,), and then determine x,,
which minimizes the distance MP.

Hint: See Alternative proof in Example 10-5.

11-3) Prove formula (11-4).

Hint: The area of the triangle is E = % |ﬁ X Eﬂ, where BC =
(xc —x)% + (yc — y5)¥ and BA = (x4 — x5)% + (Va4 — ¥5).

11-4) Prove formula (11-6).

Hint: The volume V of the parallelepipedis V = |(E4’, ﬁ, W)|

11-5) Prove formula (11-11).

Hint: See Example 10-9.

11-6) Find the measure of the acute angle between the planes
3x+y—2z=5andx + 3y +4z =8.

Hint: Apply formula (11-10).

11-7) Find the area of a triangle ABC, assuming that A =
A(1,—-1),B=B(3,3)and C = C(2,4).

(Answer: E = 3 square units).
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11-8) Show that the planes 2x —y + 7z —5 = 0and 6x — 3y +
21z — 10 = 0 are parallel, and find their (perpendicular) distance.

11-9) Find the tangent to the circle (x — 1)? + (y — 2)? = 8 at the
point M(3,4).

(Answer: x +y — 7 = 0).
Hint: Apply formula (11-11).

11-10) Find the area of the triangle formed by the three lines
x+y—5=0,2x+3y—7=0and 3x—y—4=0.

Hint: Find the vertices A, B and C of the triangle. The vertex A is the
intersection of the first two lines, i.e. the solution of the system
x+y—5=0and2x+3y—7 =0, etc.

11-11) Let us consider the circle (x — 5)? + (y — 4)? = 62, which lies
entirely on the xOy (z = 0) plane. Find the equation of a sphere whose
intersection with the z = 0 plane is the given circle and being tangent to
theplane3x + 2y +6z—1=0.

Answer: The problem has two solutions, a) Sphere centered at
K (5,4,8) and radius R = 10, b) Sphere centered at L(5,4, 160/3) and
radius r = 178/13.

11-12) Find the volume of a tetrahedron formed by three vectors
O—A),O—B),O—é assuming that a = |0—A>| =6,b= |07ﬂ =7,¢c= |ﬁ| =
10, while 8; = £(0B,0C) = 45°,6, = 4(04,0C) = 70°,6; =
4(04,0B) = 55°.

Hint: Apply formula (11-8).

11-13) Consider a tetrahedron OABC, where |0—A)| = |0—B)| = |ﬁ| =
L, while A(ﬁf, Rg) = é(m, o_c’) = A(ﬁ, ﬁ)) = 0. Find the volume
of the tetrahedron in terms of L and 6.
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2
(Answer: V = %L3 (sin g) V1 + 2 cos8).

11-14) Find the shortest distance between the two skew lines in
Example 10-6.

Hint: Apply formula (11-9).

11-15) Consider the straight line ax + by + ¢ = 0 and the circle
x% + y? = r2. What inequality should a, b, ¢ and 7 satisfy, if a) the line
intersects the circle at two points? b) If the line does not intersects the
circle?

(Answer: a) (a? + b?)r? > c?, b) (a? + b?)r? < ¢?).

Hint: See Example 11-9.
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