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chapter

The Basics

Igebraisavery logical way to solve

problems—both theoretically and practically.
You need to know a number of things. You already
know arithmetic of whole numbers. You will review
the various properties of numbers, as well as using
powers and exponents, fractions, decimals and
percents, and square and cube roots. | am afirm
believer in a picture being worth a thousand words,
so | illustrate anything it’s possible to illustrate and
make extensive use of color. Each chapter concludes
with practice exercises to help you to reinforce your
skills. The solutions to these exercises can be found
at the end of the chapter, just before the Glossary.

The most practical chapter in thisbook is
undoubtedly the last one, because it brings together
all the skills covered in earlier chapters and helps
you put them to work solving practical word
problems. You may not believe me right now, but
algebrais all about solving word problems—some
of them very practical problems, such as, “How
much tax will | pay on a purchase? How big a
discount is 35% off of something aready selling for
25% off? And how good is the gas mileage my
motor vehicleis getting?’

Groupsof Numbers................. 2
Ways of Showing Things
iINAlgebra........................ 6
Propertiesand Elements............. 9
Exponentsand Powers.............. 12
Square Rootsand CubeRoots ... .. .. 15
Zero, FOO, and Divisibility. .. ....... 17
Chapter Practice . ................. 18




Groups of

Numbers

Before beginning to review or tolearn algebra, it isimportant to feel comfortable with some pre-
algebra conceptsincluding the various groups or realms of numberswith which you will work and
the commonly used mathematical symbols and conventions. Thefirst onesyou look at arethe
various families of numbers.

COUNTING NUMBERS

Counting number s are also known as natural 1234567 8910111213 .
numbers. You use these numbers to count things. In ——t—t—t—t—t—t—t———t——
the time of cave people, counting numbers probably Counting Numbers

consisted of one, two, and many and were used to
describe how many woolly mammoths had just
gone by. As people settled into lives based on
agriculture, the need for more specifics arose, so
more modern folks got the familiar 1, 2, 3, 4, 5,
and so on, as shown here.

WHOLE NUMBERS

Notice the two arrowheads at either end of the 01234567 89101112 .
Counting Numbers line. They indicate that the line T
continues for an infinite length in both directions— Whole Numbers

infinite meaning “without end.” Adding a 0 to the
left of the 1 takes you into the realm of whole
numbers. Whole numbers are not very different
from counting numbers. As the number line shows,
Whole Numbers = Counting Numbers + 0.
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INTEGERS

Integers are the next realm. I nteger s are numbers
into which 1 can be divided without any remainder
being left. Whether or not you've ever done algebra
before, you have come across positive and negative
values. You've seen them on a thermometer. The
temperature inside your house should always be
positive, and around 68 degrees, but in the winter,
the reported outside temperature in Alaska (or
outside your home) often falls below 0. Those are
also known as negative temperatures. Similarly, the
stock market may close up or down on any given
day. If it makes gains for the day, it's positive; if the
market loses value, it’'s negative.

Notice that every integer has a sign attached to it
except for theinteger 0. Zero is neither positive nor
negative, but separates one group from the other.
Additionally, notice that +4 is exactly the same
distance from O on itsright as—4 ison its | eft.

I e




Groups of

Numbers (continued)

RATIONAL NUMBERS

You might think from the name that rational numbers are numbers that make sense—and of course, they
do—but that’s not why they’re called rational numbers. A ratio, from which the name comes, isa
comparison between two quantities.

Say that you have two automobiles, but your neighbor has three. Then the ratio of your cars to your
neighbor’sis % The ratio of your neighbor’s cars to yours, on the other hand, is %

If you're thinking “1’ve seen those before, but | called them ‘fractions,” you're absolutely right. A ratio
isaform of fraction. Any number that can be expressed as afraction isarational number. That
includes terminating decimal fractions, such as 0.25; percent fractions, such as 25% (each of which
could be expressed as%); repeating decimals; and any integer (since 5 can be expressed as a fraction: 55_')
So the realm of rational numbers includes all realms that have come before—including O % = O). You
will examine ratios and rational numbers much more fully later.

Just for the record, an example of arepeating decimal isthe fraction % When it is expressed as a

decimal, it is 0.16666666..., which never stops repeating. For simplification, you put a bar over the
number that repeats and simplify it to 0.16. | have not attempted to include a number line for rational
numbers for avery good reason: An infinite quantity of rational numbers exists between any two
integers.

IRRATIONAL NUMBERS

Don't believe that irrational numbers are so angry that they are unable to think rationaly. I rrational
number s come about when a number cannot be expressed as either an integer or arational number. Two
examples of irrational numbers are /2 (the square root of 2) and 7 (pi). The value of 7 has been worked
out by computer to be 3 followed by 256 or more decimal places with no repeat occurring. As was the
case with rational numbers, an infinite quantity of irrational numbers can fit between any two integers.
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PRIME NUMBERS

A prime number isanumber that has exactly two factors, itself and 1. (Factor sisaname given to
numbers that are multiplied together.) The first prime number is 2, with factors of 1 and 2. Next is 3,
with factors of 1 and 3. Can you think of any other numbers you could multiply together to make 2 or 3?
What are the next two prime numbers? Four is not prime, since it has three factors: 1, 2, and 4. In fact, 2
is the only even prime number. (We examine that further in a paragraph or so.) The next two primes after
3are5and 7. Thencome 11, 13, 17, 19, 23, 29, 31, 37, ...

Why isit important to know prime numbers? The best answer | can give isit’s atimesaver—especially
when simplifying fractions. If you recognize 19 as a factor of afraction, and you realize that 19 isa
prime number, then you won’'t waste time trying to simplify it further.

EVEN NUMBERS

Every second number isan even one: 2, 4, 6, 8, 10, . . . Counting by 2sis something you probably could
do even before you could add or subtract. Any number with a2, 4, 6, 8, or Oinitsones place is an even
number. Note also that all even numbers contain 2 as a factor. That’s why no even number except the
first can be prime. Also note that 0 acts like an even number. The realm of even numbersisinfinite.

ODD NUMBERS

Every second number isan odd one. Huh?! Didn’t | just say that every second number is an even one?
Strange as it may seem, that’s not a contradiction. The only difference is the starting point. To name even
numbers you start with 2; you start naming odd numbers with 1. If the ones place of a number contains a
1, 3,5, 7,0r9,it'san odd number. The main feature of odd numbersisthat dividing them by 2 will not
result in awhole number.




Ways of Showing

Things in Algebra

SHOWING MULTIPLICATION

Prior to algebra, multiplication has always been shown with ax sign. In algebra there are many different
ways to show multiplication, but x is not one of them.

One of the more popular ways to indicate multiplication iswith a 2.3=2x3
multiplication dot, as shown at right.

There are also three different ways (see right) to show multiplication of two (3)(5) =15
numbers using parentheses. 3(5)=15
(3)5=15

We haven't yet studied variables, but I’m sureit’s no secret to you that algebra often uses letters to stand
for numbers.

Let's use the variables a, b, and c to stand for three different 3a means 3 times a.
numbers. We could multiply these variable numbers by constant 4h means 4 times b.
numbersin any of the ways shown above, or we could use the 5c means 5 times c.

following notations:

We could also use ac to indicate a times ¢, ab to indicate a times b, or bc to indicate b times c.

Do you think we could show 2 times 3 by writing 23? Sorry, but that configuration is already known as
the quantity twenty-three.
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COMMON MATH SYMBOLS

Certain mathematical symbols are used throughout this book. It isimportant that you are familiar with
and feel comfortable with them.

Common Math Symbols

Symbol Meaning

= isequal to

# Isnot equal to

;Or = Is approximately equal to
> Is greater than

> IS greater than or equal to
< isless than

< islessthan or equal to

The last four symbols above are the ones with which people often have trouble. | know of some people
who remember them as representing alligator jaws, always ready to snap on the larger of the two
guantities. In the case of the two types of greater-than symbols, the number on the left is greater; for the
two less-than symbols, the greater quantity is on the right, so reading from left to right, the first number
is less than the second. A number that is greater than or less than another is a group of numbers that
excludes both named quantities from the group. A number that is greater than or equal to a number
includes the lower number in the group. One that is less than or equal to a number includes the upper
number in the group.

GROUPING SYMBOLS

When writing algebraic expressions and or mathematical sentences (which you’ll learn more about in
Chapter 4), it is often essential to group certain numbers together, either for the sake of clarity, or in
order to specify the sequence in which those numbers should be operated upon. Certain symbols and
rules govern these groupings.



Ways of Showing Things

in Algebra (continued)

PARENTHESES
The most commonly used grouping symbols are parentheses (). The 4+3)=(11-49
equation at the right is atrue statement, asyou’ll seeif you solve 7=7

what’s in parentheses on both sides of the = sign:

BRACKETS

When it is necessary to group numbers in parentheses with another group of numbersin parentheses,
you use brackets [ |. When you use grouping symbols, you must first clear them by combining the
innermost numbers, then working your way outward. In the sentence (below, right) the innermost
numbersare (3 +4) and (2 + 2).

Is the equation atrue statement? By combining the numbersin the 3(B+4)—-(2+2)]=9
parentheses you get: 3[7 —4] = 9. Next, you perform the indicated 3[7-4]=9
subtraction, to get 3[3] = 9. Brackets perform the same function as 33 =9
parentheses, so 33| means the same thing as 3(3), which you
should recognize as indicating multiplication. That |eaves your 9=9
fully interpreted mathematical sentencetoread 9 =9. Thus, 3[(3 +

4) — (2 + 2)] =9 has proven to be atrue statement.

BRACES

Sometimes, although rarely, it is necessary to group 6{3+[(6—4)+(7-5)]} =42
numbers together that already are in bracketed parentheses. 6(3+[2+2]} =42
Then we use grouping symbols known as braces{}. 6(3+4) = 42
Consider the equation at the right. 6(7) - 4
Let’s find out whether this mathematical sentence is true or 42 = 42
not. As always, start inside the parentheses first, then move

to the brackets, and finally the braces.

First solve (6 —4) and (7 —5). Next, add the 2s. Then

combine the 3 + 4. Finally, multiply.

Remember, the order of use is always parentheses, then ({ [( )] } )

brackets, then braces. {[()]}. Sometimes larger
parentheses are used as well:
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chaptcrl

and Elements The Basics

Thereare certain propertiesthat apply to addition and multiplication but do not apply to
subtraction or division. You probably came acrossthem in elementary school math, but they are
unlikely to be fresh in your memory, so let’sreview them here.

COMMUTATIVE PROPERTY

The commutative property applies to addition and multiplication. It deals with order. Formally stated,
it says that when two numbers are added together or when two numbers are multiplied together, the
order in which they are added or multiplied does not affect the result. Here's a shorter statement:

The commutative property for addition: (a+b)=(b+a)=a+b
The commutative property for multiplication:  (a-b)=(b-.-a)=ab

At this point in your algebra career, you might better understand it as follows:

The commutative property for addition: (5+3)=(3+5)=8
The commutative property for multiplication:  (5-3)=(3.5) =15

ASSOCIATIVE PROPERTY

The associative property also appliesto addition and multiplication. It deals with grouping. In order to
understand it, you must first understand that all arithmetic operations are binary. That means that you
can operate on only two numbers at any one time. This may seem to fly in the face of what you learned
about column addition. Remember the columns of four or five numbers, say 3+ 5+ 4 + 9 + 8 all stacked
up over aline segment, as shown here:

3
5
4
9
8




Properties and

Elements (continued)

WEell, the fact of the matter is, you never added more than two of those numbers together at atime. If you
tried adding that column right now, you'd probably go3+5=8;8+4=12;12+9=21; 21 + 8= 29.
No contradiction there! You add numbers two at atime, no matter how many there are to add, which
brings you back to the associative property for both addition and multiplication. They say that when
three (or more) numbers are to be added together or when three or more numbers are multiplied together,
the order in which they are grouped for addition or multiplication does not affect the result.

The associative property for addition: (a+b)+c=a+(b+c)=a+b+c
The associative property for multiplication: (a-b)-c=a-(b-c)=abc

That may also be shown as:

The associative property for addition: (5+3)+2=5+(3+2)=10
The associative property for multiplication: (5:3)-2=5.(3-2)=30

Remember, the commutative property deals with order, the associative property deals with grouping.

IDENTITY ELEMENTS
Theidentity element isthe number that may be combined with another 0+3=3
number without changing its value. For addition, the identity element isO. n+0=n
What do you suppose the identity element is for multiplication? That's right, it's 5.1=5
1. It'sdemonstrated here: 1.y=y
For subtraction, the identity element is once again O. 7-0=7
n—-0=n
For division, the undoing of multiplication, the identity element isonce again 1. 5_ 5
Remember, the fraction line symbolizes division. 1
1=
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DISTRIBUTIVE PROPERTY

Thedistributive property isused to remove grouping symbols (usually parentheses) by sharing a
multiplier outside the grouped numbers with those on the inside. It always involves numbers that are
added together or subtracted within the grouping symbols. For that reason, it is often referred to as the
distributive property of multiplication over addition.

In the first example at the right, notice that the 3 was distributed. 3(5)+3(2=15+6

The second exampl e involves subtraction. 4(6)—4(3)=24-12




Exponents

and Powers

An exponent isa number written small to theright and high off the line next to another number.
In 23, 3isthe exponent, and 2 isthe base. An exponent expresses the power to which a number is
to beraised (or lowered). (I discussthe lowering power of certain exponentsin alater chapter.)

[ What They Do |

An exponent after a number tells the number of times the base number is 2=4.4
to be multiplied by itself (see examples at right). 23=92.9.9
Many would argue that an exponent and a power are the same thing, but 6'=6-6.6-6

they really are not. An exponent is a symbol for the power (how many of
the base number are multiplied together). The first example would be read
four to the second power, or four squared (more about that in a moment).
The second depicts two to the third power, or two cubed (more about that
in amoment, as well). The third shows six to the fourth power.

The exponents 2 and 3 have special names, based 1°=1 52=25 9°=81
upon a plane and a solid geometric figure. Because 2=4 =36 102=100
the square’s areais found by multiplying one side by ¥=9 72 = 49 112 = 121
itself, raising something to the second power is 5 5 )
called squaring. Since the volume of acubeis 4=16 8&=64 12°=144
found by multiplying one side by itself and by itself

again, raising something to the third power is called

cubing. These terms are in common use and chances

are that you've heard them before. A list of the first

12 perfect squares (squares of whole numbers) is

shown at the right.
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To cube a number, multiply it by itself and then do 1°=1 5%=125 93 =729
it again. A list of thefirst 12 perfect cubes (cubes 2 =8 66=216 10°= 1000
of whole numbers) is shown at the right. 38 =97 =343 11°=1331

Comparing squares and cubes to whole numbers, 42 =64 8°=512 12°=1728
you should note that squares get big very quickly,
but not nearly as quickly as cubes.

Any number raised to a power of 1 isthat number
itself: 3' = 3; 13' = 13.

Any number raised to a power of 0isequal to 1: 5°
=1; 18° = 1. Thisisexplained further in a
following section.

\ Operations Using Exponents and Powers

It is possible to perform all four arithmetic operations on numbers raised to powers, but some very
specific rules apply. You can examine them as they apply to each of the operations, starting with
multiplication.

MULTIPLYING

To multiply numbers with the same base, all you have to do is keep the base the same and add the
exponents:

3P.F=3"2=3 3*=81 Check it: - 3?.3?=9.9 =81

5%.5%=53"3=5° 5°=15,625 Check it: — 5°.5°=125. 125 = 15,625

24.28=24%3=21 2'=128 Checkit: »2*.2°=16.8 =128
Suppose that the bases are different, such as 2° and 4°? When the bases 2Pand 4=
are different, each number must be expanded. First find 2° whichiis 2.2.2=8
2.2.2=8;4’is4.4=16. Then multiply the results to get 4.4=16
8.16=128.

8.16=128

You'll find practice examples at the end of the chapter on page 18.



Exponents and

Powers (continued)

DIVIDING

To divide numbers with the same base, all you have to do is keep the base the same and subtract the
exponents. Does that sound like the exact opposite of multiplication?You bet:

F+F=3F2=3 3=3 Checkit: » 3 +3=27+9 =3

5%+ 52 =52=§? 52=25 Check it: - 5*+5°=625+25=25

26+ 28=26-3=28 2°=8 Checkit: - 26+2°=64+8 =8
Here's a bonus explanation. It's the one promised two sections back. This nf+ni=n3
iswhy any number raised to the O power = 1. Let n stand for any number, ne-2=n°

or if you'd prefer, you can substitute any number you like for n. The results
will be the same. In thefirst line to the right, you see n® + n®. But that isa
number divided by itself. Any number divided by itself = 1, so n° which
you see in the second line, equals 1. Pretty cool, don’'t you think?

Aswith multiplication, if the bases are different, you have to expand each
value before combining. For example, to find 42+ 23, you first find the
values of each, 16 and 8; then you divide: 16 + 8 = 2.

ADDING AND SUBTRACTING

To add or subtract numbers with exponents, whether the bases are the same or not, each expression must
be evaluated (expanded) and then the addition or subtraction found. Answers are at the end of the

chapter.

Try These 06°-3F=__

023"'32:_ 692_33:

@O 2¢+5= 2 3_
— 0 122-4H=

O 3B+4=_

RAISING TO ANOTHER EXPONENT

When anumber with an N w2 03 no N2 a4 08 o S
exponent is raised to another (3") =3" (29)=2" (4)=4" (7)=7" (5)=5
exponent, simply keep the

base the same as it was, but

multiply the exponents.



Square Roots
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and Cube Roots The Basics

Operating with squareroots and cuberootsin algebraisexplored later in thisbook. For now, | am
concer ned with defining them, identifying them, and simplifying them.

IDENTIFYING SQUARE ROOTS AND CUBE ROOTS

The square root of anumber isthe number that when J0=0 J1=1 J4=2
multiplied by itself gives that number. The square root Jo=3 Jl6=4 J25=5
or radical sign looks likethis:,/ . You read /25 as

“the square root of 25.” A list of thefirst 12 perfect /36=6 /49=7 J/64=8
(whole number) square rootsis given at right. /81=9 J100=10 /121=11
Square roots may also be identified using afractional exponent % /144 = 1447 = 12
For example, an aternative to writing the square root of 144 is

shown at right.

The cuberoot of anumber isthe number that 3/ = 31 = 2/R =
when multiplied by itself twice gives that number. %/‘g 3 2 %/g 3 411 \ 1‘;5 B i
The cube root bracket looks like this: 3/ . You read - B B
3/27 as “the cube root of 27" A list of the first 12 y216=6 3/343=7  3/512=8
perfect (whole number) cuberootsisgiven at ¥Y729=9 31000=10 3/1331=11
right.

Cube roots may also be identified using afractional exponent % 3/1728 = 1728° = 12

For example, an aternative to writing the cube root of 1728 is
shown at right.




Square Roots

and Cube Roots (continued)

SIMPLIFYING SQUARE ROOTS

Not al numbers have perfect square roots; in fact, most of them J/40=,/4-10=2,/10
do not. Some square roots, however, can be simplified. Take, for

example, ,/40. It is possible to do some factoring beneath the

radical sign.

Note that you can factor a perfect square (4) out of the 40. Then
you can remove the square 4 from under the radical sign, writing
its square root in front of the sign, so,/40 becomes 2 times.,/10.

Do you see any way to simplify ,/45? Look for a perfect square that J/45=/9-5=3/5
isafactor of 45. 9 is such anumber. The square root of 9is 3, so
remove the 9 from under the radical sign and writea 3 in front of it.

The simplest form of ,/45is3,/5.

APPROXIMATING SQUARE ROOTS

For the majority of numbers that are not perfect squares, it is sometimes necessary to approximate a
square root. Take, for example, ,/57. 49 < 57 < 64. That means 57 is between 49 and 64, or greater than
49 and less than 64. /57 should fall between 7 and 8, the square roots of 49 and 64, respectively. 57 is
about halfway between 49 and 64, so try 7.5. 7.5 = 56.25; try alittle higher: 7.6% = 57.76. The number
you're looking for is about halfway between both of those results, so try halfway between. 7.55° =
57.0025. Now that’s pretty darned good.

Generally, the square roots of nonperfect squares can be found J2~1414 /3~1732
using atable or a calculator that has a square root function.
You may want to commit these two to memory:




Zero, FOO, and
chaptcrl

DiViSib“ity The Basics

MULTIPLYING AND DIVIDING BY ZERO

0. anything = 0. Maybe you already knew that, but | can’t emphasize it too much. If you have 5 apples
0 times, how many apples do you have? The answer is 0. How much is 5,000 - 0? Anything times 0 is 0.
Remember the commutative property for multiplication from earlier in this chapter. Division by zero
does not exist. Anything divided by 0 is undefined. Since afraction is, among other things, adivision,
the denominator of afraction can never equal 0.

FUNDAMENTAL ORDER OF OPERATIONS

If parentheses, addition, subtraction, exponents, multiplication, and so on are all contained in asingle
problem, the order in which they are done matters. A mnemonic device to help remember that order is
PE.M.D.A.S., or Please Excuse My Dear Aunt Sally. The lettersreally stand for Parentheses Exponents
Multiplication Division Addition Subtraction and represent the sequence in which the operations are to
be performed—uwith certain provisos, as indicated below:

1. Parentheses

2. Exponents or square roots

3. Multiplication

4. Division

5. Addition

6. Subtraction

}Whi chever comes first from left to right.

}Whi chever comesfirst from left to right.

DIVISIBILITY TESTS
You can save time when factoring (or dividing) numbers by following these rules.
A number
isdivisible
by If
2 Itsones digitisdivisible by 2.
3 The sum of itsdigitsisdivisible by 3.
4 The number formed by its two right-hand digitsis divisible by 4.
5 ItsonesdigitisaOor ab.
6 Itisdivisible by 2 and by 3 (use the rules above).
7 Sorry, there’'s no shortcut here.
8 The number formed by its three rightmost digitsis divisible by 8.
9 The sum of itsdigitsisdivisible by 9.




Chapter

Practice

| Practice Questions_|

GROUPS OF NUMBERS

© What is the meaning of the arrowheads on the end of the number lines representing each of the
realms of numbers?

@ How do integers differ from rational numbers?

©® Name two irrational numbers.

COMMON MATH SYMBOLS
@ Write an is-greater-than symbol followed by an is-greater-than-or-equal-to symbol.

© Name the conventional algebraic grouping symbols from innermost to outermost.
0O Represent 5 + the product of 7 and 4 in mathematical symbols.
@ Represent 5 is about equal to 4.9 in mathematical symbols.

COMMUTATIVE AND ASSOCIATIVE PROPERTIES
© Demonstrate the commutative property for multiplication.

© Demonstrate the associative property for addition.

IDENTITY ELEMENTS AND DISTRIBUTIVE PROPERTY
(@ Name the identity element for subtraction.

@ Name the identity element for division.
® Demonstrate the distributive property by filling in the blank: a(b + c) =
(® Demonstrate the distributive property by filling in the blank: 5(7 — 3) =

POWERS AND EXPONENTS
@ What isthe meaning of 24?

® What isthe meaning of 43?
(® Represent 9 squared.
@ Represent 7 cubed.
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OPERATIONS USING POWERS AND EXPONENTS
Express each answer in exponential form.

®3FF @ 128+ 12°
@ 43. 4 @ 63 + 6
m o+ 98

Evaluate each of the following expressions.

® 32.54 @ 633
@ 63 + 6 @ 52— 43
@ 5%+ 25

SQUARE ROOTS AND CUBE ROOTS
@ Name the first four perfect squares and their square roots.

@ Name the first four perfect cubes and their cube roots.
@ Express /50 in simplest terms using the radical sign.
@ Express /128 in simplest terms using the radical sign.
€ Approximate the square root of 42.

FUNDAMENTAL ORDER OF OPERATIONS AND DIVISIBILITY TESTS
@ What is the mnemonic device for remembering the order of operations?

@ Expressin simplest form: 3 + [10(9 — 2?)]

@ Expressinsimplest form: 20—-2.6+122+(9-1) .4
@ When isanumber divisible by 6?

€@ 1s17,438,156,241 divisible by 9?




Chapter Practice

(continued)

\ Chapter Practice Answers

@ They indicate that the values continue infinitely in either direction.

@ Integers are whole numbers both positive and negative, and rational numbers include non-whole

numbers, such as% or %

® /2, /3, and &, to name afew.

0> >

O parentheses, brackets, braces; (),[],{ }

O5+(7-4)

@5=49

O (a-b)=(b-a)or (number 1. number 2) = (number 2 . number 1)
O (a+ b)y+c=a+(b+ c)or (number 1 + number 2) + number 3 = number 1 + (number 2 + number 3)
®o0

D1

@ab+c)=ab+ ac

® 5(7-3)=35-15=20

»2.2.2.2=16

®4.4.4=64

(165

17

® 3

® #

@9
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@ 128

@ 6°+ 6*— | hope you didn't fall for that one.
@ 5625

@ 1512

@ 157

@ 135

@ -39

@ /o=0 J1=1 Ja=2 J9=3

@3“/6:0 3"/1:1 3"/§:2 3"/277:3
@ 5/2

@ 8,2

@ 6.5

€ Please Excuse My Dear Aunt Sally.

@ First clear the parentheses by squaring the 2 and subtracting the resulting 4 from 9 to get 3 + [10(5)];
next multiply 10 times 5 to get 3 + 50; finally, add to get 53.

@ First clear parentheses by subtracting 1 from 9: 20-2.6+122+8.4
Next remove the exponent by squaring the 12: 20-2.6+144+8.4
Next do the multiplications from left to right: 20-12+144 + 32
Finally, take 12 from 20, and add everything else: 8+144+32=184

@ Whenitisdivisible by 3 and by 2.
@1+7+4+3+8+1+5+6+2+4+1=42;42isnot divisible by 9. No.
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(continued)

ANSWERS FROM P. 14
(1 v

0 141

O 43

0 27

O 54

0O 30
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Signed Numbers

igned numbers are abasic tool of agebra. In

act, every number you'll ever deal within
algebrais a signed number, whether or not you can
see that sign. In this chapter, | help you to build an
understanding of signed numbers, which are not as
esoteric as they might appear at first blush. Unless
you live somewhere like Florida, you've likely
come across them at one time or another in the
weather forecast on a particularly wintry day.
You've aso possibly experienced them on your
bank statement when you have a negative balance
from inadvertently spending more than was in your
account. With those two cheerful thoughtsin mind,
here’s hoping that you're reading thiswith a
positive temperature on the thermometer and
a positive bank balance.

s

Introducing Signed Numbers........
Adding Balloonsand Sandbags . . .. ..

Subtracting Balloons and
Sandbags. ......... ..l

Understanding Number Lines
Adding Signed Numbers............
Subtracting Signed Numbers.........
Minus Sign before Parentheses. . .. ...

Letter Carrier Storiesto lllustrate
Multiplication. ...................

Multiplying Signed Numbers.........
Dividing Signed Numbers...........
Chapter Practice . .................

\.




Introducing Signed

Numbers

It isnot uncommon for people to have difficulty comprehending the concept of signed numbers
and their universality. For that reason, the Madison Project—a federally funded math-teaching
improvement project with which | had the honor of being associated—set out to find many
everyday experiencesin which to couch thisbasic building block of algebra. It iswith that purpose
in mind that the devices of balloons and sandbags, letter carrier stories, and the apartment house
(which immediately follows) cameto exist. The hope was and isthat being ableto relate thistotally
theoretical fact with something that can berelated to in everyday life will facilitate your ability to
under stand the concept.

An Apartment Analogy l

A large apartment building was built on the side of ahill. It looked remarkably like the building shown
on the following page. The main floor was the entry level of the building, and to go from floor to floor
you rode in an elevator. Of course, to get to the floor you wanted, you needed to press the correct button
in the elevator.

In the town where this building was located, an ordinance said that for afloor to be numbered with a
positive number (1, 2, 3, and so on), that floor had to be completely above ground level. As you can see
on the following page, some of the floors were completely above ground level, and others were not.




Signed Numbers chapter2

The entrance level could have been called “main
floor” or “lobby,” but since the elevator buttons
were so tiny, the manufacturer choseto put a0 on
that button. All the numbers above ground level
were labeled by which level above the ground they
were and were prefixed by a positive sign (+), just
for emphasis. The floors below entry level were
labeled according to how many levels below the
entry level they were and were prefixed by a
negative sign (-).

1 +11
1 +10

How great is the distance between the +3 level and
the O level? How about the —3 level and the O level?
| hope you said “3” in response to each of those
guestions. If you're not sure, use the number line on
page 30, place afingernail on 0 and count the I‘ I‘
number of spaces you cross to get to +3. Then do
the same thing with 0 and —3. How great isthe
distance between the +5 level and the -5 level?
Count it out just to make sure. Did you get 10? Are
you positive? That last one was kind of atrick
guestion, but if anumber doesn’t have a negative
signin front of it, it's considered positive.
Remember that. It' [l come in handy.

What's the difference between the 9th floor and the
—8th floor? Here's where the last sentence in the
previous paragraph proves to be true. The 9th floor
is 9 levels above 0; the —8th floor is 8 levels bel ow
0. That’'s atotal difference of 17 floors.

EEEEEEEEE (AN EEEEEEEEEN

EEEEEEEEE (AN EEEEEEEEEN

EEEEEEEEE (AN EEEEEEEEEN

EEEFEEEFEEEE( S EEEEEEEEEHN

EEEEEEEEE (AN EEEEEEEEEN
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Adding Balloons

and Sandbags

A hermit named Frank lived in asmall cabin on the
edge of acliff. The ground around Frank’s cabin
was quite sandy, so it just sat on that sandy ground
without having any kind of foundation.

Frank was quite happy living there in peace and
quiet. Then, suddenly, he was awvakened one
morning by the clatter and roar of heavy
construction machinery digging in the valley below.
After several hours of thinking and grumbling,
Frank went to the store, returning several hours later
carrying afat package under one arm and wheeling
acylinder of helium in front of him. After some
minutes of fussing, Frank attached two helium-filled
balloons to the roof of his house. One was a +8
balloon, and the other was a +6 balloon, as you can
see here.

The balloons had the effect of lifting the house right
off of the cliff. How high above the cliff do you
think the house went?You should be able to draw
the following conclusion: Frank added a +8 balloon;
that’s + (+8), which is so named because it elevated
the house 8 feet. Then he added a +6 balloon; that’s
+ (+6), which elevated the house 6 more feet.

+ (+8) + (+6) = +14, or atotal elevation of 14 feet.

The additional 14 feet of height between Frank’s
house and the construction machinery deadened the
sound just enough to enable Frank to keep hanging
around the neighborhood (pun intended).
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After two or three days of hanging around 14 feet
above the cliff, Frank realized that he was running
out of groceries. He couldn’t just jump out and go
shopping, but thankfully, he had prepared for such
an eventuality on the day he had brought home the
helium cylinder. Buried in the package under his
arm was along, flexible plastic tube and a battery-
powered suction pump. Being resourceful, he
weighted down one end of the tube and unrolled it
out awindow until it reached the ground. Then he
connected the other end of the tube to the suction
pump and sucked up a good quantity of sand (you'll
recall that his house originally sat on quite sandy
ground). He used the sand to fill a couple of
sandbags, which he hung. One was a—9 sandbag
and the other was a—6 sandbag.

The sandbags had the effect of lowering the house
below the cliff. How far below the edge of the cliff
do you think the house ended up?You should be
able to draw the following conclusion:

Frank added a—9 sandbag; that's + (-9), whichisso
named because it lowered the house 9 feet. Then he
added a—6 sandbag; that's + (—6), which lowered
the house 6 more feet.

Therefore: + (-9) + (-6) =-15

But since the house was 14 feet above the cliff to
begin with, 14 + (-15) givesit atotal elevation of
—1 feet, or 1 foot below the edge of the cliff. That
allows Frank to put out a board and then walk onto
the cliff-top to go grocery shopping.




Subtracting Balloons

and Sandbags

One day, Frank the hermit was sitting in his cabin y

floating serenely above the cliff with many balloons ‘

and sandbags attached to his cabin, and he realized /9
that he was getting low on flashlight batteries. He !

was, in fact, so low on battery power that he l
couldn’t operate the pump he usually used to collect

sand in order to lower his house. What was he to

do? He pondered for several hours, until suddenly

he came up with a plan. Getting out a pair of shears E E

with avery long reach, he stretched out of his

window and cut a balloon off of the house. It turned
out to have been a +7 balloon. What do you think
happened as aresult?

The house dropped exactly 7 feet.

“My word,” Frank exclaimed. “Cutting off aballoon
has the same effect as adding a sandbag.” Next, he
stretched out of hiswindow and cut another balloon
off of the house. It was a +10 balloon. What do you
think happened as aresult?

Hopefully, you realized that the house dropped
exactly 10 feet more. Let’s represent the events of
the last few paragraphs mathematically:

Cutting off two balloons of specified values:
— (+7) = (+10) =17

That says that removing a +7 balloon and removing
a +10 balloon causes the house to drop 17 feet.
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Another day, Frank had just returned from shopping
and there were lots of balloons and sandbags
attached to the house. He was about to inflate a
couple of balloonsto get away from the din in the
valley below when he discovered that he was out of
helium. Thistime, he didn’t even hesitate; he got
out his shears and cut off a—9 sandbag from
beneath the cabin. What do you think was the result
of that? That’s right—the house was lifted +9 feet.

Not content with being so low, Frank cut off another ‘ % %
-9 sandbag from beneath the cabin. Where did the
cabin end up?

Cutting off two sandbags of the specified amounts:
-(-9)—(-9) =+18

If you can think about the next section in terms of
adding or removing balloons or sandbags and the
attendant results, you will be going along way
toward understanding the basics of algebra




Understanding

Number Lines

You looked briefly at number linesin Chapter 1 when examining the various groups of numbers.
In algebra, every number has a sign associated with it, except for 0.

Asyou can see on this integer number line, O 7654321023456 "7
separates the positive integers from the negative Attt
ones. A negative number is always preceded by a Integers

negative sign (-). If anumber has no sign in front
of it, it is understood to be positive (+). Both signs
are considered separate and apart from the
operational signs minus and plus (—and +), which
indicate subtraction and addition, respectively.

Among the conventions you need to know about
any number lineisthat if you see arrowheads at
either end, they indicate that the sequence
represented on the line goes on forever in the
direction of that arrowhead. Numbersincrease in
value from left to right and decrease in value from
right to left. That means any number is greater than
the one to the left of it and smaller than the one to
itsright, regardless of their signs.

Notice that it is also possible to have number lines i

containing fractions and/or mixed numbers. The 2% 2 13 1 3 0 3 113 2 2%
other essential convention on anumber lineis that

the interval s between any two numbers must be the

same, whether counting by halves (asin thisfigure

to the right), by ones (as in the above figure), or by

twos, fives, or tens.
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Numbers Signed Numbers

Here'swhere it might help you to think back to Frank the hermit and his balloons and sandbags. To add
any two positive numbers together, simply add their values together and append a positive sign (or not).

For example: +2+ +5=+7, or just plain 7.

To add any two negative numbers together, simply add their values together and append a negative sign.
For example: -3+ -6=-9.

Notice that the negative sign must be there.

Adding a positive to a negative gets alittle tricky. That’s because the result depends on which quantity
has the greater absolute value. The absolute value is the distance of a number from 0. Look at the top
figure on the previous page, and you' |l see that +3 and —3 have the same absolute values. Each is 3 units

from 0. In the bottom figure on the previous page, +2% has the same absol ute value as —2% . The
statement |-5| = 5 isread “the absolute value of negative 5 equals 5.”

Now consider this: +7 +-3=__

Because the signs are different, the two quantities are going to be subtracted. What? That’s an addition
sign; how can you subtract? Go back to the hermit for amoment. Suppose he adds a +7 balloon and a—3
sandbag to the house at the same time. What would the net result be?You have an upward force of +7
acting against a downward force of —3. That’'s a net upward force of +4. Where did that +4 come from?
From subtraction, of course. But how can you subtract when it says. . . ?

Now cut that out!

If it helpsyou, you can think of rewriting +7 + -3=__as+7—+3=__; just exchange the two signs.
Now here'safinal thought on the subject: The answer takes the sign of the addend (the number being
added) with the larger absolute value. Because +7 has a greater absolute value than —3, the answer is +4.
Try these: +5 -7 +4 -8

-9 x4 8 45

Answers. 4, -3, +1, -3




Subtracting

~ Signed Numbers

You'’ve subtracted signed number s before; you just never realized you were doing it.

Look at 27 — 14 = 13. You just didn’t know that they were positives you +27 —+14=+13
were subtracting. Look at the same subtractions with the signsin place:

To subtract one positive signed number from another positive signed number, switch the inner signs. +27
+-14=__ . Minus a positive becomes plus a negative. You may be asking how you can do that, and I’'m
going to have to ask you to take my word for it for the moment. It will become evident when you deal
with signed number multiplications.

Look again at the new, rewritten subtraction:

It's now an addition, and you already studied how to handle that. You +27+-14=__
subtract the absolute values, and the answer takes the sign of the number
with the larger absolute value: +27 + —14 = +13.

How would you handle this subtraction? -12-+8=_
It starts off just like the last one, with an exchange of the inner two signs: -12+-8=__
Now what? It should look familiar. It's an addition of two negatives (two -12+-8=-20

sandbags, if you will). When adding two negatives, you add the absolute
values and give the sum a negative sign. Piece of cake!

Did your mother, father, or teacher ever point out to you that a double negative isa
positive? It certainly isin the English language! What does the next sentence mean? “| am
not not going to the fair.” It means“| am going to the fair.” The two not’s cancel each other
out. The same s true with signed numbers, so watch out for the double negative.
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Look at this subtraction: +8—-—6=__

From the tip, you can conclude that the double
negative becomes a positive, therefore:

You might argue that it became a double +8——6=__ becomes +8++6=__
positive, so I’'ll concede and make it

+8+ 6 =__ . Remember, there doesn’'t have

to be a positive sign to make it a positive

number.

Next, combine the 6 and 8 to get 14, so: +8—-—6=14

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Now consider the last possible unique case: 9-38=__

Once again, a double negative must be dealt —9--8=__ becomes -9+8=__
with, and you should know how to do that:

Because the signs are different now, you solve
the equation by subtracting the absolute values
and keeping the sign of the addend with the
greater absolute value. The sum is—1.




Minus Sign before

Parentheses

Theonly rule that makes subtraction of signed number s different from addition isthe Change the
Signsrule. After the sign of the number being subtracted has been changed, the subtraction
becomes an addition of signed numbersand follows all the variousrulesfor addition.

Sometimes you'll find aminus sign —(-6+5-3+3-4) becomes +(+6-5+3-3+4)
in front of parentheses, such as

—(-6 +5-3 +3-4). The solutionisto

change al the signs within the

parentheses and change the minus to

aplus, then add:

The parentheses are now meaningless, so: +6-5+3-3+4=+1+0+4

Notice that not all plus signs or addition signs were written. +1+0+4 =45 0r5

Sometimes the signs speak for themselves and indicate
what’s to be done. Sometimes the positive signs are omitted
altogether and are replaced by addition signs. That may take
some getting used to.

[ TIP |

It is very common to think about numbers getting
bigger the farther they get from zero, and thisis very
true of positive numbers. That is, 12 is bigger than 3,
47 is bigger than 12, and so forth. But, all things
considered, it might not be quite so obvious that the
opposite is true when dealing with negative numbers.
That isto say, numbers get smaller as they get farther
away from zero. Think about it. =3 is smaller than —1,
—12 is smaller than -3, and —64 is smaller than —12.
Conversely, the closer a positive number gets to zero,
the smaller it is, yet the closer a negative number gets to
zero, the larger it is. It can be kind of mind boggling
until you put it into perspective.
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Illustrate Multiplication Signed Numbers

When thesefirst were devised by the Madison Project they were known as“ Postman Stories.”
Isn’'t it wonderful how far political correctness has brought us!

Once upon atime, there was arather eccentric letter
carrier who never paid much attention to the names
on the envel opes she delivered. In aday or two
she’d come back and say, “I’m sorry, Mr. Smith, but
| need to take back the mail | gave you the other
day; those envelopes were for Mr. Brown and Ms.
Ortega”

Mr. Smith didn’t pay attention to the names on the
checks and bills that the letter carrier brought. A
check isadraft on abank that you may consider
income. A bill is a statement asking you for money,
such as one from the electric company.

When Mr. Smith receives checksin
the mail, he considers himself to be
richer by the face amounts of those

& k) —
checks. When he receives bills, he wan i ||« CHECK m )
considers himself to be poorer by the ‘Q—CM - . -/
amounts of those bills, since once A~

paid, that’s money he no longer hasin
his account. Let’s see how that works.

VOLTSARE US!

Tn
@

(o
~

Y <—BILL

Please Remit  $45




Letter Carrier Stories to lllustrate

Multiplication (continued)

One day, the letter carrier brought 4 checks for $7
each. Mathematically, that’s represented this way:

Clearly thisisamultiplication. In order to figure
out what the sign of the product will be, you need
to ask yourself: “As aresult of the letter carrier’s
visit, will Mr. Smith consider himself to be richer
or poorer?’ The letter carrier brought checks, so
Mr. Smith believes heis better off by the amount
of money those checks are worth. That means
that the product will be positive. Now multiply
the two numbers and get aresult of +28. That
means he believes himself to be better off by $28.

+4
t
She
brought
4

+7

)
checks

for
$7 each

fora
total of
how much?

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

On another occasion, the letter carrier brought
Mr. Smith 3 bills for $16 each. We represent
that mathematically like this:

To figure out what the sign of the product will
be, you again need to ask yourself, “As aresult
of thisletter carrier’svisit, will Mr. Smith
consider himself to be richer or poorer?” The
letter carrier brought bills, so Mr. Smith
believes that he is poorer by the amount of
money those bills will cost. That means that the
product will be negative. Now multiply the two
numbers and get a result of —48. That means he
believes himself to be poorer by $48 as aresult
of thisvisit.

She
brought
3

bills
for

$16 each

fora
total of
how much?




The letter carrier had to return to Mr. Smith’s house
to tell him that those 5 checks for $8 each had not
really been intended for him, and she had to take
them back. Fortunately, Mr. Smith hadn’t tried to
cash them—fortunately for the letter carrier, who
needed to correct her mistake, and for Mr. Smith,
who might have found himself arrested for fraud.
The equation to the right represents mathematically
the letter carrier’svisit that morning:

Asaresult of thisvisit, will Mr. Smith consider
himself to be richer or poorer, and by how much?

That shouldn’t be too hard to figure out. He's -5 X +8 T
having checks taken away from him. That's ! t t

money he thought he had, so he’s going to She checks for a
consider himself poorer. That means a took for total of
negative sign. How much poorer? Multiply 5 - 8. away 5 $8 each how much?

The answer is—40, or poorer by $40.
Areyou ready for the piéce de resistance?

On another day, the letter carrier comes and tells Mr. Smith that she’s there to reclaim the 6 bills for $12
each that she had delivered the day before. They weren’t meant for Mr. Smith after all. This transaction
is represented mathematically here:

-6 X 42 =
t 1 1
She bills for a net
took for change of
away 6 $12 each how much?

How does Mr. Smith consider himself to have been affected by the letter carrier’s visit? Does he believe
himself to be richer, poorer, or exactly the same as before she came? Bills were taken away. That meant
money he thought he would have to pay can now go back into his pocket. Isthat a positive or anegative
experience? Having more money aways struck me as a positive thing, so the answer is +72.

You should be able to draw some conclusions from these letter carrier stories that will serve you well in
understanding the multiplication and division of signed numbers. Keep this model in mind as you go
through the next section.



Multiplying

~ Signed Numbers

Only two conditions for multiplying signed numbers are possible, even though four were covered
in theletter carrier storieson the preceding pages. If you relate the conditionsto the letter carrier
stories, you should be ableto understand them.

First, consider two positives. Multiplying two positive numbers is the same as the letter carrier bringing
checks. The result is positive.

Now consider two negatives. That is the same as the letter carrier taking away bills. Again, theresult is
positive. Can you draw a conclusion from those two instances? You betchal When multiplying two
numbers, if the signs are the same, the product is positive. Remember also, that you can never multiply
more than two numbers at atime. If three numbers are being multiplied, you must multiply two of them
together first and then multiply the product by the third number. (Thisis the associative property, which
was covered in Chapter 1.)

Next, consider the possible situations involving two different signs. If you have a positive times a
negative, that’'s the same as the letter carrier bringing bills—a decidedly negative situation. Now try the
reverse, a negative times a positive. That is analogous to the letter carrier’s taking back checks; that’s not
something to look forward to, either, and so is another negative. What conclusion can you draw from
these two examples? When multiplying two numbers, if the signs are different, the product is negative.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

TRY THESE

Q@ +5-+4=__ @4.6=__
®-8.3=__ O +9.+8=_
O©+7-5=__ Q+7.-11=
0 6.+48=__ ®6-9=__
O -3.+7= @®+8.+7=__

0O +5.-9= ®-10.+12=__




Signed Numbers chapter2

The color coding should have helped out. You'll have to pay more attention during the Chapter Practice.
For these, if the colors of both factors are the same, the products are positive; if they are different,

they’re negative.

ANSWERS

Q +20 @ +24
O +24 O +72
O -35 Q -77
O 48 Q +54
0 -21 @ +56

0 45 ® -120




Dividing Signed

Numbers

You're going to find this section very anticlimactic, but then again, your brain could probably usea
break. Make sure that you under stand the rules for multiplying signed numbers, becausetherules
for dividing them are exactly the same. The one exception isthat you divide instead of multiply.

TRY THESE ANSWERS
©Q +20+-+4=__ O +5
® -18+-3=__ 0 +6
® +35+--5=_ e 7
O 64++8= 0 -3
@ 56++7=__ O -3
O +8l+-9=__ 0 -9
@ 42+-6=__ Q+7
O +72++8=__ 0 +9




Chapter

Practice Signed Numbers chapter2

 pracice Questions |

Perform the indicated operations and write your answers in the blanks provided. Pay careful attention to
the signs.

Q-9+-3=__
O +17+-5=__
® -16++8=

O -13++7=

O +15+-9=

0O -14+-6=

@ +9++8=_
O+14+-11=_
@-6+9=__
O +18++7=__
®20++12=__
®+9-+5=__
®-7-4=__
O +11--6=__
®-6-+8=___
O -13-+7=___
@+5--9=__
®4--16=__
®+11--11=___
®-6--9=__
D+8—+7=__
M -10-+12=__



Chapter Practice

(continued)

®+7.+6=__
@-9.-6=
P +8.-9=
@ —7.+4=
®-5.+48=_
D+6.—7=__
®-5.-8=__
D +4.-12=_
@-8.-7=__
@-9.49=__
@ +10++4=___
@-81+-3=__
@ +30+-5=__
@ -72++8=___
@ 63++7=___
@ +45+-9=__
@ -15+-6=__
@ +27++3=___
@ +88+-11=__
®-81+-9=__
® +49++7=___
@®-72++8=___



Chapter Practice Answers l

Signed Numbers chapter2

Q12
0 +12
O -3
0 -6
O +6
0O 20
@ +17
O +3
9 -15
@ +25
o -3
0 +4
® -3
Q +17
® -14
® 20
@ +14
® +12
QO +22
@ +3
@ +1
@ 22

P +42
@ +54
@ -72
@ -28
@ 40
@ 42
@ +40
@ 48
@ +56
@ 81
P +25
@ +27
(350
@ -9
@ -9
d -5
@ +25
@® +9
® -8
® +9
® +7
@ -9



Fractions, Decimals,
and Percents

ractions, decimals, and percents all deal with

parts of things and are al, to some extent,
interchangeable with one another. As you worked
with signed number arithmetic in the last chapter,
somewhere in your mind you probably knew that it
could not apply only to whole numbers. The time to
extend that knowledge is now, as you look at how to
handle signed fractions, decimals, and percents and
how to exchange one for the other. Don’'t discount
(excuse the pun) the fact that a knowledge of
percentage can help you save big money at sales.
It's also quite interesting. Finally, scientific notation
makes it possible for the scientific community to
treat very large and very small quantitiesin a
manageabl e fashion. You don’t have to be a nuclear
scientist or amolecular chemist to use them, but it
couldn’t hurt.



Fractions, Decimals, and Percents

Fractions take many different formsand can represent many different things. When you think of a
fraction, you probably picture something Iike%, and you defineit asa part of a whole. In fact,
that’sonly part of the story—and a very small part at that (no pun intended). A fraction may be a
ratio, comparing two different things; it may be a division example, as» = 2; or it may be awhole
unto itself, aswould be a piece of pie. | know I’ve never heard anyone ask for % of apie.

The kinds of fractions shown here are
called common fractions and sport
both numerators and denominators.
You can’t lose sight of the fact that
decimals and per cents are also types
of fractions. Decimal fractions are
based on ten tenths equaling one
whole. Percent fractions are based on
100 representing one whole. You
usually don't refer to decimal
fractions and percent fractions as
such, but rather you call them
decimals and percents, respectively;
just don’t lose sight of the fact that
they are types of fractions.

The term fraction used by itself in this
book refers to common fractions.
Fractions can be displayed on a
number line, as shown early in
Chapter 1. They, aswell asintegers,
may be negative or positive. How to
operate with signed fractions of one
sort or another is what this chapter is
all about.

A FRACTION AS:

@ Part of a whole

i I ili A ratio of%

% =3 A division

A whole slice of pie;
want half of it?




Negative fractions can be written in three different ways as shown here.
Although all three mean the same thing, the third way is how negative
fractions are usually written. Can you see why the first two forms mean
the same thing? It's because, as you just saw in the last chapter, a negative
divided by a positive and a positive divided by a negative both result in a
negative.

|
>l
| ‘oo
N
I
|
Nlow

When working with signed fractions, the same rules apply that apply to
whole numbers, and to nonsigned fractions, for example. Consider the
following:

N[
+
W=
Il

The first thing that should be apparent is that (from what you
know about fractions) you can’'t add without first finding a
common denominator.

|
N
+
Wl
Il
|
H
N|°°
+
H
N|4>
Il

Now that you have both fractions in terms of the common denominator, 3.4
you apply the rules of adding signed numbers: When the signs are 12 " 12
different, you subtract, and the sum takes the sign of the addend with the

greater absolute value:

From here on, you can avoid writing unnecessary 1 2 3 4
positive signs. Do one more addition: (' ) (_ )

You express halves and thirds in terms of sixths.
Then, since the signs are the same, you add the
fractions' values together. Finally, you express the
sum in the simplest terms.

|




Fractions, Decimals, and Percents

Do you remember how to subtract signed whole numbers? Again, the
same rules apply. Start with two fractions that already have the same
denominator:

Do you remember the doubl e negative rule?

That means the subtraction has become addition:

Finally, you add and simplify the sum:

Of coursg, if the denominators were different, you would find a

common one, convert, and proceed from there. Try one more example:

Here, you must rewrite both fractionsin terms of the common
denominator, which is sixths:

Next, you adjust the signs (minus a positive becomes plus a
negative), and then, since the signs are the same, you add.

And there you haveit!




Multiplication and division of signed fractionsincor porate techniquesthat you have already
studied, both in earlier gradeswhen you learned how to operate with fractional multiplication and
in Chapter 2 when you dealt with multiplication and division of signed integers. In this section,
you review each of thosetechniques very briefly and then look at a couple of examples of each
technique.

In case you don't recall, to multiply fractions, you multiply the
denominators together and multiply the numerators together, not
necessarily in that order, and then simplify the product if necessary, so as
to leaveit in its simplest form. If possible, you cancel before multiplying
so as to make the process easier and avoid having to simplify the product.
To multiply signed fractions, you follow both the rules for multiplying
fractions and those for multiplying signed integers: Like signs give
positive products, and unlike signs yield negative ones. Here are a couple
of examples:

IV}
X
|
ol
I

The first thing to notice is that the signs are different. That means the
product is going to be negative. It's also possible to do some canceling:

INN

Finally, you multiply numerators and denominators:

INEXY

And that’s one down. If you did not understand anything about this
example, please study the steps again. You might need to refresh yourself
on multiplying signed numbers (Chapter 2) or multiplying fractions
(summarized previoudy).

B



Fractions, Decimals, and Percents

Here's another example: 5 3
—E X —= =
8" 7T —
Notice right off that the signs are both negative. When the signs are _5,.3_,
the same, the product is positive. It doesn’t ook like there’s room for 87 7 -

canceling, either:

Multiplying numerators and denominators brings you to the final
product. You could have |eft the positive sign, but it’s superfluous.

Division of fractions takes advantage of the fact that division is the reciprocal operation for
multiplication. A reciprocal, you may recal, isthe number by which you multiply another oneto get a
product of 1. So, the reciprocal of 3 is%; the reciprocal of % is4; and the reciprocal of % is%

When dividing one fraction by another, the divisor (second fraction) is
replaced by its reciprocal, and the divided-by sign becomes atimes sign.
You may have learned to perform thislogical process by the rote phrase
“invert and multiply.” From then on, you follow the rules for multiplying
fractions and the rules for multiplying signed integers: Like signs give
positive products, and unlike signs yield negative ones. Here is an
example:

|
wIN
Now
I

© Areyou tempted to cancel? Don’t do it! Canceling can
only be done across a x sign. Step 1 isto change this
division to areciprocal multiplication:

|
wlN
|
Now
Il
|
w|N
X
w|
Il




Multiplying and Dividing

Signed Fractions (continued)

@ Now iswhen you would cancel if it were possible, which it isn’t. You _2.,4_8
now have a signed fraction multiplication with unlike signs. That 3737 9
means the quotient (the answer in adivision) is negative; multiply:

Look at a second example: _A4 (12 _

5\ 15)7—
© First you need to rewrite the division as a reciprocal multiplication: _% y (_%) _

@ Now that there'sax sign, isit possible to cancel ? You betchal 1 3
Sodoit: _ﬁ x _ﬂ -

Ao\ ) —
©® Do you see any other canceling that can be done there? -Ix-1=+1=1

Actually, you end up with this:

You remembered that two negatives make a positive, right?




Fractions, Decimals, and
Percents

Fractionsgreater than 1 are also known as mixed numberswhen expressed with a whole number
part followed by a fractional part. Recall that when adding and subtracting mixed numbers, the
whole number partsare donetogether and the fractional parts are donetogether (added or
subtracted). Of course, when the mixed number s are signed, the normal signed number rules for
addition and subtraction must be followed.

To multiply mixed numbers, you must first convert (+)
each mixed number to afraction with a numerator 2% — 2% = %
larger than the denominator. The conversionis §-</ ']
achieved by multiplying the whole number by the
fraction’s denominator and then adding its START
numerator to the product. That amount is then put
over the fraction’s denominator. 5 (+3) .
65 = 65=%

X

START
Solve the following multiplication: _3% v _2% _
Convert both mixed numbers: _% “ % _
Finally, multiply and simplify: —%X—%:““%:g%

Do you get the picture? Notice that the laws governing signed
number multiplication were followed.




Multiplying and Dividing

Mixed Numbers (continued)

Here's one more: 425 _33_
3 57—
Convert both mixed numbers: 14 18 _
3 5 —
You can cancel: MX_E_
5 [
3,
Finally, multiply and simplify: 14, 6_ 84_ ..4
o | | X757 75 =105
Summarizing, like signed numbers multiply together to give a
positive product; unlike signed numbers multiply together to
give a negative product. Sounds familiar!
Here's another: 43 (423
8 6
First, change to fractions: _35.15_
8 "6 —
8x4=32+3+35 and6x2=12+ 3 =15, sowe get
which becomes: _35,6 _
8 7157 —

Cancel, multiply, and simplify:




Fractions, Decimals, and Percents

Sometimes fractions contain other fractionsin the numerator, other fractionsin the denominator,
or both. There'san example of each case below.

Let’s see how to go about simplifying each of those _3
complex fractions. The best thingto keepinmindas  a) -2 6/ .0 O -
you plan your strategy is you must not have an 5 s *(+3) -3 ~(19)
addition or subtraction sign within a fraction. Do

whatever you need to do to remove it (remember,

I’m talking plus and minus, not to be confused

with positive and negative).

1 3
D) oy — Ly 2 )

To get rid of the plus sign in the numerator of this
fraction, you're going to have to do some adding:

|
N
+
|
[op][V)
SN~——
|
|
'—\
N|©
+
|
[N
|\.)|CD
N~——
|
|
|—\‘|—\
Nojon

(6]
|
(6]
|
m‘

Now you have a negative fraction over a positive integer. But any integer can be
expressed as a fraction—in this case % What does the following mean?

!
&

| Olf=
N

[ERN
o1

19 _E - § — _E X l —
Remember, any fraction is also adivision example, so % 121 1275 —
15.5 1
means the same as 121 To solve that, you turn the
division into a multiplication by the reciprocal of the divisor:
You have some canceling opportunities here: _3& S li Wl 1
Now that’swhat | call asolution. 1273 12,71 4




Simplifying Complex

Fractions (continued)

Here comes another one. Remember the main rule governing complex 7
fractions (from the top of the previous page)?

The first thing you need to do is get rid of that
addition sign. You do that by finding the LCD for 5
8thsand 3rds, which is, if | recall correctly, 24ths: 8

. : 7 S 7
Now what are you going to do with +7 over ~ 5, ? Keeping in mind that 7 _1
every integer can be expressed as a fraction, how about this? _zl4 _%1
Then you turn that into adivision: 7
1 _7._ 71
771 24
24
Last but not least, you solve that division by making it a reciprocal 7. 7 7. 24
multiplication: 17 221X~ 7
Let’ cel and multiply:
scancel and multiply zx_2_4 .y
1~ 7
1




Fractions, Decimals, and Percents

Now that you’ve seen how to handle the straightforward ones, try dealing
with a couple of twists. The main rule from the last page still applies, but
its application is a bit trickier with this complex fraction and others of its
ilk. For openers, mixed numbers are not helpful as part of a complex
fraction.

Thefirst task isto get rid of the mixed numbers by changing
them to fractions with numerators greater than their
denominators. Perhaps you've noticed that |’ ve avoided
using the term improper fractions. If you ever come across
it, be aware of the fact that it is an antiquated term for
fractions with numerators greater than their denominators.
On the other hand, for it to be an improper fraction in my
estimate, it would have had to stay out past 1:30 A.M.
without having called home. No fractions should ever be | eft
with numerators greater than their denominators (unless
instructed to do so), since there is a much more
understandable way of writing them (mixed numbers), but
they can be very useful as ameansto an end. You start by
rewriting the mixed numbers above:

The new numerator is now an addition (remember the
double negative), so thereisareversal of fortune for the
second fraction on top:

1 3 5 3
+25-(-3) +3-(-3)
2 5\ 2 13
-5+(18) -5+(-%)
5_(_3 5,3
"2 (5>_ t2*s
2 13y 2 13
‘3*(‘@) 37 @)




Simplifying Complex

Fractions (continued)

Next, you need to find like denominators 5,3 25, 6
for both terms of the fraction. (The 2t5 __*1o*10 __*10*10
numerator and the denominator is each a _2+<_§) Y DR e _E)
term.) Hereit's done step by step: 3 8 247\ " 24 2 4
Now you can perform the addition: 425, 6 31
10 "10 _ 10
_16 (_Q) _95
24 24 24
Note that the superfluous positive sign was 31 12
dropped. You have a division here, so perform the 10 _31, 24 _ 372 _ 9
appropriate reciprocal multiplication and get it over _% Jo© S5 215 7205

with. Nice round answer, don’t you think?




Fractions, Decimals, and Percents

Asyou should know, decimals are also a form of fraction, based on dividing 1 by multiples of the
number 10. Any decimal can be expressed as a common fraction simply by saying itsdecimal
name and then writing the fraction equivalent.

Here are three examples:

0.3 means three tenths — %

0.07 means seven hundredths — ﬁ
21
1000

Did you think | had forgotten that we're dealing with signed numbers? Not likely! Certain decimals
deserve special attention because they simplify to become fractions that we encounter every day. Here
are some examples of those:

—0.211 means negative two hundred eleven thousandths —

0.125 = % not to mention —0.125 = —%
0.25=7% ~0.25=-%
0375=3 ~0.375=-3
05= % —05= _%
0.625=3 -0.625=-3
0.75=3 ~0.75=-3
0.825=% -0.825=-%

The decimals shown here are all terminating decimals, which means that they consist of a certain
number of figures and then end. Certain decimals are repeating ones that never end. An example of that
is0.3333... The élipsis (three dots) following the last written figure indicates that it goes on doing the
same thing forever. Thisis sometimes represented by a bar over the repeating character, as pictured here:

0.333 or —0.333

_



You know what percentslook like. They are numberswith those funny-looking “%” squiggles
after them. Does the squiggle look like anything you’ ve seen before? How about a fraction (%)?
Well, a percent isafraction, but it’sa different kind of fraction. Common fractions and decimal
fractions are based on one whole being represented by the number 1. In the case of percent
fractions, one wholeisrepresented by the number 100. That is, one wholeis 100%. Keep that in
the front of your mind asyou proceed.

CHANGING FRACTIONS TO DECIMALS

Let’s start by changing afraction to adecimal. To change a fraction to a decimal, do what the fraction
says, that is, % means 1 divided by 8. Perform that division, and you get 0.125.

Now try changing the fraction % to adecimal. Does your result look familiar? It’s that repeating decimal
with which the last section ended. What do you suppose the decimal equivalent of —% is? If you
concluded that it is—0.666..., you are correct, but it's rarely written that way. It is much more common to
seeit as—0.667, or simply —0.67.

CHANGING DECIMALS TO PERCENTS

The method for changing a decimal fraction to a percent fraction is shown in the chart on the following
page.

Three things should strike you about this chart. First, the percents are all positive. How isit possible to
have a positive percent? If something goes up by a part of itself, that’s a positive increase. Yes, there are
negative percents also. If something goes down by a part of itself, thet's a negative increase, more
commonly known as a decrease.

The second thing that should grab your attention is that 900%. You're undoubtedly aware by now that
100% isthe whole thing. But isn't it possible to have 9 whole things? If Reese has awhole pie and
Myles has 9 whole pies, then Myles has 900% the pies that Reese has.

|



Fractions, Decimals, and Percents

The third thing you should have noticed about the
chart isthat five hundredths (.05) as a percent is 5%.
If you think about it, it makes perfectly good sense,
but | wanted to call your attention to the fact that
the O between the decimal point and the 5

has disappeared. All leading zeroes have al'so
disappeared. Just in case you were unaware of the
fact before, notice that multiplying by 100 isthe
same thing as moving the decimal point two places
to theright.

CHANGING PERCENTS TO DECIMALS

The chart at right should come as no surprise to you
whatsoever. It isthe exact opposite process of that
used to change a decimal to a percent. Thistime, note
the necessity of placing the O between the decimal
point and the 9. The zeroes to the left of the decimal
points are gratuitous but aid some in reading. Please
note, also, that dividing by 100 is the same as moving
the decimal point two places to the left.

Decimal %100 =%
0.63 %100 63%
0.3 %100 30%
0.05 %100 5%

0 %100 900%
Per cent +100 =Decimal
57% +100 0.57

40% +100 0.40

9% +100 0.09
700% +100 7




Adding and subtracting percentsdon’t really have much practical use, since each isthe same as
doing so with ordinary integers. Of much more practical valueisfinding a percent of another
number. Practically speaking, you often need to find the percent discount at a sale (verifying that
the amount of money they’ve discounted an item correspondsto the percent discount the store’'s
advertising), or what percentage of the people you’ve invited to your next party arelikely to
actually show up, RSVP or not.

To find a percent of a number, you multiply, but there is a catch. 25% of 16 is 4, but multiplying by a
percent can’t be done. What was that? Didn’t | just say that you find a percent of a number by
multiplying?Yes, but | also mentioned a catch, and thisisit. There is no way to multiply a number by a
percent, but all isnot as crazy asit might look. You studied, not very far back, changing percents to
decimals, and you certainly can multiply by decimals, so . . . 25% = 0.25.

Next we multiply: 25% =0.25

Note where the decimal point was placed. ;2
X,

If you didn’'t remember how to place the decimal point in a multiplication, 80

remember that you count the total number of digits to the right of the decimal 320

in both numbers being multiplied. This time there were two, so there must be

the same number of digitsto the right of the decimal point in the product. Ay
Since they were both zeroes, you can drop them and see that 25% of 16is4.

Find a percent of a negative number, say 40% of —80: 40% =0.40=0.4
Next we multiply: —-80
Again, note where the decimal point was placed. X 4




Fractions, Decimals, and Percents chapter3

DISCOUNTS

A discount is a percent removed from aprice. If acoat lists for $120 and is being sold at 30% off, then
to find the sale price, you would find 30% of $120, which happens to be $36. Next, you would subtract
that $36 from the list price of the coat to get a sale price of $120 — 36 = $84.

Find the sale price of a $230 bicycle that is being sold at a 20% 20%=0.20=0.2
discount:
Now we find the discount: $230

X.2
46.0 =$46

Finally, find the sale price: $230 — 46 = $184.




Scientific notation isused to writea very small or very large number asa number between 1 and
10 multiplied by 10 raised to a positive or negative power, which depends on the direction in which
you must move the decimal point. We might even call scientific notation empowering!

VERY LARGE NUMBERS

For avery large number, the decimal point is going 3.400000.
to be moved almost all the way to the | eft. AN
Remember, the first part must be between 1 and 10. D

3,400,000 in scientific notation looks like this:
3.4 x 10°. You probably know where the 3.4 came
from, but what about the 10°?

Count the number of places that the decimal point was moved to the left, and that’s where the 6 came
from. You may work out the value of 10° if you like, and you'll see that it really works, because when
you multiply 3.4 by 10 you get 3,400,000.

Try writing 91,035,000,000 in scientific notation. Then try writing 801,600,000,000,000 in scientific
notation. Don’t look ahead until you've actually tried to do both of them. Cover the rest of the page so
you're not tempted to peek.

Here are the solutions. The first oneis 9.1035 x 10'°. Note that the decimal point was moved to the left
10 places. In the second case, the decimal point is being moved left 14 places, resulting in a solution of
8.016 x 10'.

VERY SMALL NUMBERS

When dealing with avery small number, the decimal .000001.0

point is going to be moved to the right. A popular SAAAA

small measurement with biophysicists and transi stor [0 appended]

makersisthe micron, which isone-millionth of a
meter, or .000001 m. In scientific notation, that's
1.0 x 107°. Count the number of places to the right
that the decimal point was moved.

The 0 is appended on the right of the first part of the numeral to justify the decimal point’s being there,
since adecimal point is never written as the last mark to the right of a numeral. Notice that when the
decimal point is moved to the right, the 10 multiplier’s exponent is negative.

Try two on your own. Express 0.000000008 and 0.000000000358 in scientific notation. No peeking!

Here are the solutions: The first is 8.0 x 1079, | trust you weren't fooled by the 0 to the left of the decimal
point. The second is 3.58 x 1071°.

|



Chapter 3
Practice Fractions, Decimals, and Percents \\chapter

[ Practice Questions |

Express each of the following decimals as afraction in its simplest terms.
® 0.67 ® -0.10 @ -0.625

b



Express each of the following fractions as a decimal.

Express each of the following decimals as a percent.
® 0.08

® 0.675

@ 3.8725

Express each of the following percents as a decimal.
@ 35%

@ 7%

@ 165%

Solve each of the following.

@ 20% of 80

@ 15% of 200

@ A $250 suit is on sale for 45% off. What is the suit’s sale price?

@) 50,000 people attended last Sunday’s ballgame. 65% of them ate a hot dog during that game. How
many hot dogs were eaten at last Sunday’s game?

Express each of the following quantities in scientific notation.
¢ 12,000,000

@ 302,000,000,000

€ 0.00000089

€ .00000000000006

B
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Chapter Practice Answers

05-(-5)=3+(3)=5+ 54

@ 3+(4)+(-h)-
©5-(+5)-d+(5)-F(-a)-5
©5x(-7)-%

0-¢x2--8

@ § ()i 5)- -2




Chapter Practice

(continued)

®-010=-0 =1

100 10

_ 625 _ 5
@ -0625=-1555= "3
®3-0375
0 —% —_3330r-33

1 __

@ -{;=-07
® 0.08 = 8%
® 0.675=67%9% or 67.5%

2

@ 3.8725 = 387%% or 387.25%

@ 35%=0.35

@ 7% =0.07

@ 165% = 1.65
@ 80x0.2=16
@ 200x 0.15=30

@ There are two ways to solve this. Oneisto find 45% of $250 and subtract that amount from $250.
The other isto think, “If the suit is discounted 45%, I’ m paying 55% of $250.” Either way, the sale
priceis $137.50.

@ 65% of 50,000 = 32,500 hot dogs
@ 12,000,000 = 1.2 x 107

@ 302,000,000,000 = 3.02 x 10%*
€ 0.00000089 = 8.9 x 10~

€ .00000000000006 = 6.0 x 104

B



chapter

Variables, Terms, and
Simple Equations

very number that you have dealt with in the first

three chapters of this book has been a
constant—that is, it has a constant value. You've
probably heard that aroseisaroseisarose. Well
one rose may be quite different from another rosein
color, size, fragrance, and other ways. Far truer than
that Gertrude Stein quoteisathreeisathreeisa
three. Be it three persons, three cans of tunafish,
three bowling pins, or three blue whales, each of
them has a certain three-ness about it that can be
represented by holding up three fingers on one
hand. That’s what makes 3 a constant. In this
chapter, | introduce a new type of number called a
variable. A variable has atemporary value in any
situation. The same variable may stand for 5 in one
problem and turn around and stand for 17 in
another. Evaluating what number a variable is worth
in any given situation is accomplished by solving
equations. This chapter affords you the chance to
become familiar with both of these.

Balance Pictures...................
Constantsand Variables ............
Coefficientsand Factors ............
Evaluating Expressions. ............
Solving One-Variable Equations . . ...

Adding and Subtracting
Variables. .......................

Changing Repeating Decimals
toFractions. .....................

Solving Equations Using
MultipleSteps. .. .................

Multiplying and Dividing
Variables........................

Chapter Practice ..................
\




Balance

Pictures

You've probably seen an equal arm balance,
whether in pictures representing the scales of justice
or in aschool science laboratory. Such abalanceis
represented here. Each pan of this balance holds a
certain number of rolls of washers and a certain
number of loose washers. Each roll contains an
identical number of washers.

Notice that the balance isin equilibrium. That
means that the amount of weight pushing down on
each pan is the same. What you want to find out is
how many washers are in each roll. If you count
carefully, you'll seethat there are 8 rolls and 6 loose
washers on the left pan and 6 rolls and 24 |oose
washers on the right one. If you remove one washer
at atime from both pans, you won't affect the
equilibrium. In fact, aslong as you do the same
thing to both pans, the balance remainsin
equilibrium. (You could add the same amount to
each pan as well, but that wouldn’t suit your
purposes here.)

Here, six loose washers have been removed from
each side of the balance, leaving nothing but rolls of
washers on the |eft side.

S S,

S S
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Suppose you start removing rolls from both sides

until you can’t remove any more without q
upsetting the equilibrium. That would take you to
this situation.

From what remains, you should be able to
determine how many washers are in each roll.
Have you figured it out yet? There are 2 rolls on
the left pan and 18 loose washers on the right.
Dividing both of those quantities by 2, you can
determine that one roll contains nine washers.
I’m not sure how to break this to you, but you've
just solved your first algebraic equation.




Constants and

Variables

| Defining Constants and Variables

Every number that you have ever dealt with before algebra has fallen into one category: constants. A
constant is a number that has a specific value. Whether that value is positive or negative, 5 is always
worth 5, —7 is always worth —7, and so forth. Fractions and decimal s are constants, too. A percent isa
slightly different situation, because 5% of one number is not worth the same amount as 5% of another
number; however, 5% of the same number is always the same, so a percent can also be considered a
constant.

The type of number that’s exclusive to algebraisthe variable. A variable is a letter that takes the place
of anumber. The same variable—x, for example—may stand for one number on one occasion and a
different number on another occasion. But every time a variable appears within the same problem, it
must be worth the same amount.

The first example of avariable in thisbook is each roll of washersin the preceding section. There were
nine washers in each roll. Within that problem, each roll of washers was worth the same thing—as much
as nine loose washers. Of course, another time or in another problem, there might be a different number
of washersin each variable.

[FAQ

Which letters can be used as variables?

The number of constants is infinite—without end.
The available number of variablesin the
American aphabet is only 26. How could the
variables not be reused? In actuality, not all 26
letters are really available for use as variables.
The letters i and e have special meanings and
should not be used. It’'s also prudent not to use o,
to avoid possible confusion with the number O.
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Constants and variables, as well as variables and variables, can be combined in al the usual waysin
which constants are combined with other constants. That said, the resulting combination won't
necessarily make any sense.

There's addition:

n+3
4+n
m+n
n+m
What do they mean? Well, n + 3=n+ 3,4+ n =4+ n. Do you get the idea? The fact that it's possible to

write those combinationsis one thing. They’ll only have meaning if you know the numerical values for
which m and n stand.

Continuing with the combinations, there’s subtraction:

-3
-n

> 3 &5

—n
—m
There's division: n + 3, but more commonly 3,7, 7 and ;.

Did you notice that | saved multiplication for last? Think it was an accident? It never is. Until now, I've
used the x sign on more than one occasion, even though | mentioned earlier that it isn’t used in algebra.
That’s because we haven’t been doing algebra until now. The introduction of variables marks the
disappearance of x. | discussed other waysto indicate multiplication in Chapter 1. Here’'swhere it
begins.

3n

4(n)

mn

ne.m

Note that when the constant and the variable are written next to each other, asin 3n, the constant aways
comes first. You will never see an expression like x8. When writing variables next to each other, asin
mn, it is customary, but not essential, to write them in alphabetical order.



Coefficients

and Factors

Factor isaword you’ve seen before, earlier in thisbook. Coefficient is probably new to you. Both
wor ds can mean the same thing, and in some contexts do. When written in the form 2x, for
example, 2 and x are both factor s of each other and coefficients of each other. Don’t let that
confuseyou. It’sjust the algebra devil at work!

COEFFICIENTS

When a constant and one or more variables are written next to each other to indicate multiplication, asis
the case with the expressions 3w and 5mn, the constant portion of each expression is known as the
numeric coefficient of the variable(s). Each variable is also a coefficient of the other members of the
expression. That is, w is a coefficient of 3; m and n are both coefficients of 5 and of each other. Itis
customary, however, for the term coefficient to be used only when referring to the numerical part of the
expression.

Consider the variable x in the statement x = 3. What is x’s coefficient? You might be tempted to say that
it doesn’'t have one, or that it's 0. Well, you'd be incorrect in either case. If x’s coefficient were O, then
the statement x = 3 could be rewritten as Ox = 3, which would give the left side of the expression avalue
of 0. Remember, Ox means “0 times x,” and 0 times anything equals 0. That turns the statement Ox = 3
into 0 = 3, which is clearly impossible. What, then, is x’s coefficient? It's 1. Anytime you see avariable
without a visible coefficient, it has a coefficient of 1 (understood), which brings up another peculiarity of
algebra conventions. A coefficient of 1 is never written. You'll never see 1x or 1y. You look at thisagain
in alittle while when you get to deal with evaluating expressions.

FACTORS

The word factor can be used in math as both a noun and averb. As anoun, afactor isanumber that is
multiplied by another number to make a third number. For example:

® 3 and 2 arefactors of 6.
e 1isafactor of every natural number, since any natural number times 1 isitself.
® Thefactorsof 12 arel, 2, 3, 4, 6, and 12.

Asaverb, to factor isto “unmultiply” something, or to break it into its component factors, while not
changing its value. Often, there are many ways to factor a number. 12, for example, factors as (1)(12),
(2)(6), and (3)(4).
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Variables can be used to change verbal expressionsinto algebraic ones. Here's alist of some:

Verbal Phrase

Algebraic Expression

8 more than a number n+8or8+n
the sum of a number and 5 n+5or5+n
6 less than a number n—6
anumber diminished by 5 n-5

6 times a number 6n

4 more than the product of 8 and x 8x+4




Evaluating

Expressions

To evaluate an expression, ssimply replace the variable with itsvalue and do the arithmetic.
Sometimesit might be necessary to use grouping symbols as well.

If z=5, find the values of:
a z+7
b) 12—z
c) 3z—-5
Inthecaseof @): z+7=5+7=12
Forb):12—-z=12-5=7
To solve c¢), you need grouping symbols: 3z—5=3(5) -5
15-5=10
Let'stry three more. If y = —4, find the values of:

a y+7
b) 12—y
c) dy—7

For these, you'll need grouping symbols for two of the three.

Fora)youget:y+7=-4+7=3
Forb): 12—y = 12— (-4)
12-(4)=12+4=16
Finally, for c): 4y —7 =4(-4) -7
4(-4)—-7=-16-7=-23



Solving One-Variable

g Variables, Terms, and 4
Equatlons Simple Equations | chapter

An equation isa mathematical sentence. Like an English sentence, an equation isa complete
thought. Unlike an English sentence, an equation is always a true statement. If a mathematical
sentence does not express a true complete thought, it isnot an equation. Theverb in an equation is
the equal sign. The next several sections deal with solving one-variable equations; that is—
equationsthat contain only a single variable, such asx, y, or z

You've seen equations and how to solve them before in this chapter, at least once. Do you remember the
balance pictures at the very beginning of this chapter? An equation works exactly like an equal arm
balance. The pivotal point of abalanceis called its fulcrum. The = is an equation’s fulcrum. If you add
the same amount to both sides or remove the same amount from both sides, the equation remainsin
equilibrium.

EXAMPLE 1

The key to solving equations was just stated, but | can’t stress it enough. x—9=16
Consider this equation:

The main strategy for solving a one-variable equation is to get the variable by x—-9 =16
itself on one side of the equal sign. What is currently in the way of the +9 +9

variable being by itself? The 9, of course. How is the 9 combined with the
variable? Currently, it is combined with it by subtraction. The minus sign
should tell you that. How do you undo a subtraction?

The answer isto add. To undo aminus 9, add 9—»but remember, whatever you x—9 =16

do to one side of an equation must also be done to the other sideto keep itin +9 49

balance. —25
X =

Completing the additions, —9 + 9 = 0, which you don’t bother to write;
16 + 9 = 25, so the equation is solved: x = 25.




Solving One-Variable

Equations (continued)

EXAMPLE 2

Try finding the value of y in this equation. y—17=42
Go ahead and work it out on a piece of scrap paper, asking yourself y—17= 42
appropriate questions as you sketch it out. Then, when you've done it, +17 +17

come back and see whether your solution agrees with mine. —59
y =

Before, we added the same amount to both sides to solve the equations while keeping them in
equilibrium. These equations work alittle differently, and that should be apparent as soon as you look
at them.

EXAMPLE 1
Look at this equation and find out what’s different about it. 21=7+n

There are actually two main differences. Thefirst isthat the 7 and the n are combined by addition
(remember, 7 + n and n + 7 mean the same thing). The second is that the variable is on the right side.
Remember, an equation is like a balance. It makes no difference which side the weights are on, only that
itisin equilibrium. Do you remember when we removed washers from each pan of the balance one at a
time? Since the 7 is added to the variable and the way to undo an addition is by subtraction, that’s what

you do.

Remember, though, that when you subtract 7 from one side of the equation, 21= 7+n
you must do the same to the other side. That way you find that n = 14, 7 7
which isthe preferred way to leave the final answer, although 14 = n would _—
not be incorrect. 14 = n
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EXAMPLE 2
Try solving this more conventional-looking equation: r+11=8

Did you solve it?Your solution should look like this.

If you didn’'t get r = —3, go over the steps again. You'll get a chanceto r+11= 8
practicein abit. “11 -11
r =-3

Solving equations by multiplication isasubject 1’1l put off until | deal with ratio and proportion in
Chapter 5. To solve by division, however, you need to understand that the principle is identical to solving
by subtraction. After al, one definition of division, you may recall, is repeated subtraction of the same
number. Although that justifies application of the same principle as solving by subtraction, you must
keep sight of the fact that division is aso defined as the undoing of multiplication.

EXAMPLE 1
Look at this equation: 3y=15

How are the 3 and the y combined? By now, you should know that they are 3y=15

coefficients of each other, meaning that they are connected by multiplication. 3y

How do you undo a multiplication? Like this: == 1—35

As before, what you do to one side (divide by 3), you also do to the other, thus y=5

maintaining equilibrium.

EXAMPLE 2

Try one more. Find win —4w = 24. —Aw =24

Remember, the objective is not to find —w, but to find w. # - 2_‘}1
W=-—



Solving One-Variable

Equations (continued)

Redlistically, you are rarely going to see equations as simple as the ones that you've solved so far in this
chapter. They do, however, form the basis for solving more complex equations. When solving an
equation requires more than a single step, some combination of the steps used in the preceding sections
will likely be used. In that case, it's good to remember that if division is going to be needed, it should be

saved for last. Any additions or subtractions should precede dividing.

EXAMPLE 1
Let'stry this one:

Since there’'s a 7 subtracted from the same side as the variable, you have to
add 7 to get it off that side:

Now the variable is combined with 3 by multiplication. You know what to do
about that.

Divide both sides by 3 and find that k = 12.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

EXAMPLE 2
Try one more example of an equation requiring two stepsto solve.

Thistime, an 8 is added to the variable, so you're going to have to
subtract 8 to get rid of it from that side:

Now, it'stime to deal with that 7 multiplier. And, there, you have it!

3k-7=29
3k-7=29
+7 +7
3k =36
3k =36
3k _36
3 3
k=12
X+ 8=-27
xX+8=-27
-8 -8
x =-35
x=-35
Ix_=35
7T 7
X=-5




Adding and

. . Variables, Terms, and
Subtracti 1} Variables Simple Equations chapter4

Sureyou can add and subtract variables. Soon you’'ll be ableto add them in your sleep. In fact, the
tendency to do so has caused meto wake up in the middle of the night, having added two variables
| hadn’t before thought possible, and yell “Eureka!” But that’sa story for a different time and
place. Besides, it’s Greek to me!

ADDING VARIABLES

Until now, you've had no need to add variables, so | have refrained from 2r +3r =5r
going into the technique, but, to quote Lewis Carroll, “ The time has come,

the Walrus said, to speak of many things. . .” or, in this case, one specific

thing. To be able to meaningfully add or subtract variables, the variable

portions of the expressions must be identical. That is:

----------------------------------------------------------------------------------------------------------------------------

The technique, as you can see, isto add the numeric coefficients and 2v+ 3w =2v+ 3w
not change the variable. That should not be interpreted to mean that

two different variables can’'t be added, because you've already seen

that they can. For example, the expression 2v + 3w is perfectly

permissible, but the result of the addition is as shown at right:

Obvioudly, the rule of adding the numerical coefficients does not

apply here.
SUBTRACTING VARIABLES
Subtracting variables works the same way, 5n—3n=2n
except that you subtract rather than add, so: 7% —3x = 4Ax

5y — 6y = —1y, which would be written —y
Similarly: 20—-3h=2g-3h
Perhaps not quite so obvious are the following situations: 5n—4n=n

Does that make sense to you? You have to remember that yisrealy 1.y, so
1y + 1y = 2y. Also, 7x — 7x = 0x, which isthe same as 0 - x, which equals 0. y+ty=2y




Changing Repeating

Decimals to Fractions

Now for a brief change of pace. Changing repeating decimalsto fractionswould at first glance
seem to belong back in Chapter 3, but in fact, you didn’t have the knowledge at that timeto have
made any sense out of it. Now you do. Chapter 3 mentioned decimalsthat repeat infinitely, such as
0.3, which is0.33333333, or 0.16, which stands for 0.161616.... Until now, there was no way to
sensibly change one of these decimal fractionsinto a common fraction. Now that you know
something about wor king with variables, however, you can do something about it.

Let d stand for 0.7 or 0.7777. . . .
Then 10d would be 7.7 or 7.7777. . ..

Since both d and 10d have the same decimal part, the difference between 10d =77
them must be an integer: _d=07
9d=7

If 9d = 7, what does that make d? Simply divide both sides of the equation by 9
and get:

That meansthat 0.7 = % Cool, huh?

Try finding the fraction that means the same as the repeating decimal 0.16. Multiplying it by 10 isn't
going to do it because the difference between 1.616 and 0.16 is not an integer. However, if n = 0.16, then
10n = 1.616 and 100n = 16.16.

Now you have an integer difference between n and 100n, since both have 100n = 16.16
the same fractional part. -n=0.16
99n =16

Then, by the process of divide and conquer, you get n = % s00.16 = %
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Using Multiple Steps varigli’.:.e;ieTﬂ'::iim chapter4

You’ve probably suspected that this moment was coming. | have covered all the principlesyou’ll
need to solve multiple-step equations, save for one.

EXAMPLE 1
L ook at this equation. 9-3x+11=16-2(3x—28)

Variables and constants are on both sides of the equal sign, and parentheses need clearing. You learned
back in Chapter 1 that clearing parentheses takes precedence. Following that, combine like termsiif
possible on either side of the equation and do whatever is necessary to collect the terms so that all the
constants are on one side of the equation and all the variables are on the other. It’s conventional to
collect all the variables on the | eft, but that’s entirely up to you. Finally, combine like terms again, if
possible, and solve.

First you multiply what’'s in the parentheses by —2 (yes, it looks like a minus 2, but when you have to
multiply by it, it getstreated like a—2):

9-3x+11=16-2(3x—8) — 9—3x+ 11 =16 + —2(3x — 8)
9-3x+11=16-6x+ 16

Now combine the two constants on the |eft and combine the 9-3x+11=16—-6x+16
two constants on the right: 20 —3x =32 —6x
It's starting to look easier, isn't it?You could now collect all your 20— 3x = 32-6x

terms by adding things to both sides, but I’m going to illustrate it one

step at atime, so let’s get all the constants onto the right side by ~20 ~20

subtracting 20 from both sides: —3x=12-6x




Solving Equations Using

Multiple Steps (continued)

Next, collect the variables by adding 6x to both sides: —3x=12-6x
+6X + 6X
=12
Finally, divide both sides by 3. 3x_12
373
That wasn’'t so bad, wasiit? x=4
EXAMPLE 2
Try one more.
Why don’t you try doing it on your own on scrap paper or 8+4y—-17=9-5y+14-7y
in a notebook? Then come back and see whether your
solution agrees with mine.
First, combine like terms on each side of the equation: 8+4y—-17=9-5y+14-7y
4y —-9=23-12y
Next, collect terms by adding 9 to both sides and adding 12y to both 4y—-9=23-12y
sides: +12y+9 +9+ 12y
16y =32
Finaly, divide: 16y 32
16 16

y=2




Multiplying and

- m g . Variables, Terms, and 4
Dividing Variables Simple Equations | chapter

Now I'll briefly complete the operations with variables topic before going on to practice.

MULTIPLYING VARIABLES

When two different variables are multiplied, theresult is: m-.n=mn
When two of the same variables are multiplied, asin x - X, the base y.y2=y3
remains the same, but their exponents are added. For example, the Finaly, n? n3=ns

preceding equation’s product is X2.

When the variables have numeric coefficients, you multiply those 2n% 3n3 = 6n°
coefficients in the usual fashion:

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

DIVIDING VARIABLES
When variables with the same base are divided, the base remains 8°_ 4 g5+ 203 = 32
the same, but you subtract the exponents. If there are numeric P ' -

coefficients, they are divided:




Chapter

Practice

| Practice Questions |

© What isthe difference between a constant and a variable?

@ In the expression 5n, which is the coefficient?
©® If w=4, find the value of 5w+ 3w + 9.
O If n=-3, find the value of 4n—3n-9.

Solve each of the following for the specified variable.
O x-7=13

Oy+11=19

@ 5m=145

O3x-11=7

OQ5p+11=41

® 3r-9=18-6r

@® 8-5x=7x-16

@®7-4v+6=-3v+29-5v

Write each of the following as a fraction.

® o8
® 051
® 0682
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\ Chapter Practice Answers

© A constant has afixed value, such as 3, 5, or 27. A variable can stand for one amount in one situation
and a different amount in another.

@ 5 isthe numerical coefficient of n, but both 5 and n are coefficients of each other.
©5.-4+3.4+9=20+12+9=41
O 4(-3)-3(-3)-9=-12+9-9=-12
O x-7=13
+7 +7
x =20

Oy+11=19
-11 -11

3t =18
3t_18

373
t=6
Q5p+11=41
-11 -11
5p =30

50 _ 30
575
p=6




Chapter Practice

(continued)

@O 3r-9=18-6r ® 1=08,5010n=8.38
+6r +9 +9+6r 9 =10n-n=8.8-038
9I‘ :27 91’128,-'-1’1:%

o _27
9r_39 ® 1=051,50100n=5151

991 =100n—n =51.51-0.51

—Bx= 7x—1
® 8-5¢=7x-16 99 =51, n=21

~8-7x —7x— 8 ~99
—12x=-24 ®  14=0.682,501000d = 682.682
—122x _ —_224 9994 = 1000d — d
2 1 S
N 9994 = 682.682 — 0.682
_can . g 682
® 7-4v+6=-3v+29-5v 999d =682 .. d = gg5

13-4v =29-8v
-13+8v -13+8v
4y =16

4v_16
44

* .. means therefore.

v=4
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Axioms, Ratios,
Proportions, and Sets

his chapter begins with axioms of equality,

which are basic truths that everyone assumes
are so without ever needing to prove them. From
there, the discussion moves on to ratios that are
algebraic comparisons between two different
guantities. In order to learn anything from ratios,
it is necessary to equate one comparison with
another of equal value. Such an equation iscalled a
proportion, which can be solved through the use of
cross multiplication. Just when you may think that
I”’m getting ready to blow everything way out of
proportion, get ready, set. . . . If you're waiting for
“go,” forget about it. Set isthe thing you deal with
next—set theory that is. After examining special
sets and types and how to describe them, this
chapter concludes with the union and intersection—
two different ways of joining sets.

’
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Axioms of

. Equality

An axiom isalogical statement or rulethat isaccepted astrue without the need for proof, sinceit
isinherently obvious. For all real numbersa, b, ¢, and d, these are some basic rules that govern the
way in which you usethe equal sign.

AXIOM OF REFLEXIVITY
The axiom of reflexivity, also known as the reflexive axiom, states that any number is equal to itself:
a=a

This appliesto variables only within a single equation or set of equations. Reflexivity appliesto
constants always. 6 = 6 at all times.

AXIOM OF SYMMETRY

The axiom of symmetry, also known as the symmetric axiom, states that if one number isequal to a
second number, then the second number is equal to the first number. Stated with variables, if a = b then
b=a

A practical application of thisisif 3+5=8,then8=3+5.

AXIOM OF TRANSITIVITY

The axiom of transitivity, also known as the transitive axiom, states that if one number isequal to a
second number, and the second number is equal to the third number, then the first number equals the
third number.

Thatisifa=bandb=c,thena=c.
Extending that with constants, if 3+ 3=6and6=4+2,then3+3=4+ 2,
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ADDITIVE AXIOM

The additive axiom states that if the first number is equal to a second number and athird number is
equal to afourth number, then the sum of the first number and the third number is equal to the sum of
the second number and fourth number. Maybe you'd better read that again, because it’s a mouthful.

Stated with variables, if a= bandc= d,thena+c=b +d.
Perhaps that’s better shown with constantswhereif 2+2=4and3+ 3=6,then2+2+3+3=4+6.

MULTIPLICATIVE AXIOM

The multiplicative axiom states that if the first number is equal to a second number and a third number
isequal to afourth number, then the product of the first number and the third number is equal to the
product of the second number and fourth number.

Stated with variables, if a= b and c = d, then (a)(c) = (b)(d).
Illustrating that with constants, if 2 =2 and 3 = 3, then (2)(3) = (2)(3).

Neither of the last two axiomsis very profound.




Defining and

Creating Ratios

A ratio isa comparison of two different things. Ratios are used in arithmetic, algebra, and
geometry. Ratios may be written using a colon, asin a:b, or asafraction, a/b or %. Whichever way
you writearatio, it isread as“thefirst quantity (or thetop of the fraction) isto the second
guantity (or the bottom of the fraction). If that sounds like an incomplete statement, it is, sinceto
completeit would require another part, namely “. .. asathird quantity isto a fourth quantity.”
The“as’ isprovided by an equal sign; thethird and fourth quantities are provided by a second
ratio. Thetwo ratioswith the “=" between them form what isknown asa proportion. You will
wor k with proportionsin the next section.

When it comes to ratios, order matters. a:b and b:a are two different relationships—in fact, each isthe
reciprocal of the other. If Jake hasfive toy cars and Alex has six toy cars, the ratio of Jake'stoy carsto
Alex’sis5:6. Theratio of Alex’stoy carsto Jake'sis 6:5.

Reese drank three glasses of juice at lunch yesterday; Myles drank five glasses of juice at yesterday’s
lunch. How does the amount of juice Myles drank at lunch yesterday compare with what Reese drank?

Hopefully, you are prepared to answer that question with % And, if the question had been *“how did

3
5-

Reese’s intake of juice compare with Myles',” you'd have been prepared to answer
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Proportion is defined in the section dealing with ratios, earlier. As noted, a proportion isan

equating of two ratios. So, 50:70is 5:7 isa proportion. So is% = %

MEANS AND EXTREMES

Specia names are associated with the parts of a proportion. When the
ratios are written in colon form, the inner two numbers—those closest to
the equal sign—are called the means. Those farthest from the equal sign
arethe extremes. You can see them in thisfigure.

When the ratios are written in fraction form, you have to work a
little harder to figure out which are the means and which are the
extremes, asyou can seein thisfigure.

A very useful ruleis used to solve agebraic proportions. That
ruleis “the product of the means equals the product of the
extremes.” You'll see how that works in the next section.

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

SOLVING PROPORTIONS BY CROSS PRODUCTS

The way you solve proportions is the model for solving all algebra problems
when faced with afraction on either side of the equal sign. Since the product
of the means equals the product of the extremes, asyou’ve just learned, then
the multiplication acrossthe “=" hasto be true, and, as you can seein this
figure, istrue.

But it's not just true in this case. If an equation is atrue statement, which it
must always be, then multiplying across the equal sign, as seeninthis
figure, must always be true, since aratio may always represent a fraction,
and vice versa. That means that anytime just asingle fraction is on either
side of the equation, that equation must be a proportion and soluble by a
cross product, which is so-named for reasons that should be apparent from
thisfigure.

MEANS

o
6:5 =18:1F
4 4
EXTREMES

— EXTREMES

9 _ gJ
24 j8
MEANS

ooooooooooooooooooooooooooooooo

45=45
Cross product
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(continued)
“So what does this have to do with the price of beans?’ Kidd Stadium's Seating _ 2
you may well ask. Here's a problem that hopefully will Yankee Stadium’s Seating ~ 5

clear that up. Kidd Stadium, a Little League park, seats
2/5s the number of people as the original Yankee Stadium,
which held 70,000. How many people can Kidd Stadium
seat? The proportion in words would be Kidd Stadium’s
seating is to Yankee Stadium’s seating as 2 isto 5:

Let n stand for the number of people that Kidd Stadium can hold. You n__2
already know how many Yankee Stadium could hold, so the proportion 70,000 ~ 5
becomes:
Now cross-multiply: n 2
P 70,000~ ~5
You know how to solve the rest: 5n=2-70,000
5n = 140,000
5n _ 140,000
5~ 5
n = 28,000
Here's another problem requiring solution by proportions.
Jason and Dylan were both collectors of exotic matchbooks. Jason's matchbooks _ 7
Jason has 7/12 as many matchbooks as Dylan. If Dylan has Dylan's matchbooks 12

3456 matchbooks, how many does Jason have? Begin by
establishing the proportion:
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Next, pick avariable to represent the one quantity you don’t know— j 7
Jason’s matchbooks; how about | ? That makes your proportion: 3456 12
What do you suppose the next step is? j e
3456 — 12
You said “cross-multiply,” no doubt. From there, you should be 12j = 7-3456
familiar with how to solve the equation: 12] = 24,192
That means that Jason has 2016 matchbooks. 12) 24,192
2" 12
| =2016

Literal Proportions l

Sometimes equations are made up only of letters. They are known as literal equations. Here, you deal
only with a couple of literal proportions.

Solve this proportion for x:

o<
Il
~=

Other than the fact that this proportion has no constants, nothing is unusual about how you solveit. The
variable x isred to remind you that that’s what you're solving for.

For openers, cross-multiply and get: tx = dw
Next, isolate the desired variable by dividing both sides by the tx _ dw
quantity, t: T ;
That'sit. Nothing further can be done. It is solved for x. =TT




Set

Theory

A setisagroup of objects, numbers, symbols, and so on. It isusually named by a single uppercase
letter and indicated by theuse of braces{}. So A={a, b, ¢, d} isread “ Set A isthe set containing
the elementsa, b, ¢, and d.” A member of a set isknown as an element of it.

ae Set Aisread “aisan element of Set A.”

SPECIAL SETS
A part of asetiscaled asubset of that set. {a,b} c{ab,c,d}

Actually a set that contains 4 elements has 16 possible subsets,
namely:

Subsets taken 1 element at atime:

{at {b} {c} {d}

Subsets taken 2 elements at atime:

{a, b} {ac} {ad} {bc} {bd} {cd}
Subsets taken 3 elements at atime:
{a,b,c} {a b, d} {bcd} {acd}
Subsets taken 4 elements at atime:

{a,b,c,d} That'sright; asetisasubset of itself. I'll bet that
surprised you, but how about this|ast one?

Subsets taken 0 elements at atime:

{} That'sknown asthe empty set, or null set, and is
symbolized by the Greek letter ¢ (phi).

The universal set isthe broad category that al elements of aset are
part of. For every set shown so far on this page, the universal set is
lowercase |etters of the American alphabet. For the set {c, d, 2, 3},
the universal set islowercase letters and whole numbers.

[FACT)

Since the order of the elements does not matter,
{a,b,d}, {b,a d},and{b, d, a} areconsidered
to be three forms of the same set, also known as
equal sets.
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DESCRIBING SETS

Sets can be described by any of three different {v |v<97,visapositive integer}
methods. First, a set may be described by therule
it must follow. For example:

That isread as “the set of v such that v isless than 97
and is apositive integer.”

Another rule to describe a set might be { all studentsin
the school with red backpacks}

The second way to describe aset is by roster; that is by {4,5,6,...}
listing its members. Here are two examples: {Kira, Reese, Rocio, Hailee}
The third method for describing setsis pictorially, using Venn A Venn Diagram

diagrams. You can look at these more thoroughly in a bit, when you
deal with union and intersection, but here’s a simple one:

Notice that F is the intersection of the two circles. More about that in
ahit.

All setsfall into one of two types—finite or infinite. A finite B={1,234} ={4,32,1}
set has a definite number of elements; those elements can be
counted and have a definite ending point.

These sets shown here are finite.




Set Theory

(continued)

Aninfinite set’'s elements are incapable of being counted, since they go on forever, without stopping.

Here's an example of an infinite set:

C={1,234,..)}

[TIP |

Don't be fooled by an ellipsis of threedots (. . .). This
set looks to be infinite, but it's not!
D={ab,cd,...}

Set D appears to be the same as Set C, only with letters,
and there's the problem. The set of counting numbers
(Set C) isinfinite; the set of lowercase letters (Set D)
ends with “z”

EQUAL VERSUS EQUIVALENT SETS

As aready mentioned, equal sets are sets containing the exact same
elements. Sets F and G are equal sets.

Equivalent setsisthe name given to sets that contain the same
number of elements. They are sometimes referred to as sets whose
elements may be placed into a one-to-one correspondence.

Sets K and L are equivalent sets. The double-headed arrows
indicate their one-to-one correspondence, athough you could
have just counted the number of elementsin each.

SetF={¢f,qg,h}
Set G={g,f, h €

SetL={e f g h}
P
SetK={4,5,6, 7}
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UNION AND INTERSECTION

The union of two or more setsis a set containing all the members A={4,56}
of those sets. Here is a figure showing the union of two sets: B={6,7,8)

AUB={4,5,6,7,8}

Notice that even though 6 appears in both sets A and B, which might ANB={6}
lead you to expect that there would be one more element in the union

than is actually present, an element is never repeated in aset. That

does not mean, though, that the 6 islost; in fact, it's given its own

specia place. It isknown asthe intersection of sets Aand Band is

represented as follows:

Consider the following situation: C={ab,c,d}
In this case, the intersection had two elements. D={cdef}
CnD={cd}

Earlier in this chapter, | promised a closer ook at Venn diagrams,
so here you go. The figure to the right illustrates the intersection of
sets C and D. Noticewhere CN D = {c,d} appears.

Venn diagrams are also very useful for solving certain types of
problems. Two examples follow.
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(continued)

Eighty students participate in one or more of three sports:
baseball, tennis, and basketball. Four students participatein all
three sports; five play both baseball and basketball, only; two
play both tennis and basketball, only; and three play both
baseball and tennis, only. If seven students play only tennis and
one plays only basketball, what is the total number of students
who play only baseball?

Check out the diagram. 22 of 80 students have been accounted easeba\\
for. 80 — 22 = 58 who play baseball only.

Here comes one more.

There are 75 students in a music program. Of those students,
many either play in the school band or orchestra or sing in the
chorus. Two of the students do all three. Fifteen of the students
play in the band but don’'t sing in the chorus or play in the
orchestra. Sixteen of the students sing in the chorus and play in
the band. Twelve students sing in the chorus but don’'t play in the
band or orchestra. Nine play in the band and in the orchestra only.
Two play in the orchestra and sing in the chorus only. How many
students play in the orchestraonly?

56 of the 75 students are accounted for on the diagram. Study
what each section means. 75 — 56 = 19 in the orchestra only. They
must be violinists!
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Practice Questions l

Fill in the blank to complete the specified axiom of equality.

© The axiom of reflexivity can be demonstrated by the expressonc= .
@ The axiom of transitivity statesthat if a= bandb=c,thena=__.

©® The axiom of symmetry statesthat if a= b, thenb=_

O Toillustrate the additive axiom, if a= bandc=d,thena+ c= .

© The multiplicative axiom of equality may beillustrated by the expression if a= band ¢ = d,
then .

Solve each of the following.
0O Jim ate two pieces of French toast for breakfast; lan ate three pieces of French toast for breakfast.
a) Compare Jim'sintake of French toast to lan’'sas aratio.
b) Compare lan’s intake of French toast to Jim’'sas aratio.
¢) What portion of French toast did Jim eat?
@ Ali spent $65 on party supplies for her birthday. Her husband Joe spent $95 for the same.
a) CompareAli’s party supply expenditures to Joe's.
b) Compare Joe's party supply expendituresto Ali’s.
¢) Compare Joe's party supply expenditures to their total party supply expenditures.

Solve each for the variable.

06_4
n=7

o

ol
1

X
8
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(continued)

Write a proportion that could be used to solve the problem. Then solve the problem.

@ Theratio of Tania sinsurance bill to Dylan’swas 7:5. Tania's bill was $14 more than Dylan’s hill.
What was Tania’'s insurance bill?

(® Rocio’s hamburger stand sells three-eighths the number of hamburgers as the original Yoda's Hot
Dog Stand sells hot dogs. If Yoda's sells 2000 hot dogs, how many hamburgers did Rocio’s sell?

(® Marge and Karen both collect crackle-glass items. Karen has 342 of them. If that’s only two-fifths the
crackle-glass items that Marge has, how many crackle-glass items are in Marge's collection?

The following problems refer to sets. Bear that in mind when answering.
® Writeall subsetsof A={1,2,3}.
® SetB={m, n, o, p}. Set Cisequivalent to B. Write Set C.
® Writeasetequa to{a, b, c, d, €}.
@D={1,3579,E={5,7,9,11, 13}.

a) WriteDUE.

b) Write D N E.
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Solve with the assistance of aVVenn diagram.

@ In Ms. Willis's math class, eighteen students sing in the chorus, nine students are in band, five
students participate in both activities, and seven students are in neither band nor chorus. How many
students arein Ms. Willis's math class?

@ Fifty-five students drink one or more of three juices: cranberry, apple, and orange. Six students drink
all three juices; seven drink both cranberry and apple only; four drink both apple and orange only;
and five drink both orange and cranberry only. If nine students drink only cranberry and two drink
only apple, what is the total number of students who drink only orange juice?




Chapter Practice

(continued)

Chapter Practice Answers

QOc=c

®a=c

®b=a

Ob+d

O (g)(c) = (b)(d)

(6 JE) % or 2:3, Jm’'s 2 compared to lan's 3

b) % or 3:2, lan’s 3 compared to Jim’'s 2
C) % or 2:5, Jim’'s 2 compared to the total number of pieces eaten

65 13

@ a) g5 or g or 65:95 or 13:19 Ali’s $65 compared to Joe's $95
b) % or % or 95:65 or 19:13 Joe's $95 compared to Ali’s $65

C) 125 OF 33 or 95:160 or 19:32  Together they spent $95 + $65 = $160.

@ By cross-multiplying you get 4n = 42. Then,

4n _21
4 4
_ 1
n=>5.25or 54
© Cross-multiplying, you get 6x = 72. Then,

6x_ 72
6 6
x=12

@ By cross-multiplying you get 3y = 120. Then,
3y 12
3=

120
3
y=40
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@ Cross-multiplying gives 4p = 84. Then,
® Cross-multiplying givestx =rv. Then,

® Cross-multiplying gives sy = hm. Then,

Sy _
S =
y:

A3 o3

@ Let x=Tania' sinsurance bill. Then Dylan’s bill is x — 14. First write the proportion:

Taniashill _ 7
Dylan'shill = 5
X _7
x-14"5
Next, cross-multiply and solve:
5x=T7(x-14)
5X = 7x—98
—7X—17X
-2x= -98
—2x _-98
-2 -2
X =49

Tania s bill was $49.
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(continued)

® Let x = Rocio's hamburgers. Now set up the proportion:
x _3
2000 ~ 8

Now cross-multiply and solve:
8x = 6000

8x _ 6000
8- 8

X =750
That's 750 hamburgers.
@ Let n = the number of itemsin Marge's collection. The proportionis:
342 _2

n -5
Remember, Karen has the smaller collection. Now cross-multiply and solve:

2n=5(342)

2n _ 1710
2 =72

n= 855
Marge has 855 crackle-glass items.
@O {1}.{2.{3}. {1 2.{1, 3}.{2, 3}, {}.{1. 2 3}.
@ Any set containing exactly four elements, e.g., {1, 2, 3, 4}.
® Any arrangement of the letters{a, b, c, d, €}, regardless of their order, with each used once only.
@ a DUE={1,35,7,9,11,13}
b)DNE={5,7,9}
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@ Therectangleisthe universe, ak.a. Ms. Willis's math class.
Two circles are needed, which are labeled band and chorus.
First, put the 5 into the intersection, since they take both
band and chorus. The problem tells you that 18 are in the
chorus, but 5 of those have already been accounted for, so
another 13 are needed. 9 students are in the band, but 5 of
those have already been accounted for (thosein the
intersection), so another 4 are needed. Finally, those who
take neither are shown in neither circle, but complete the
universe (7). Now add themup. 4 + 5+ 13+ 7 = 29.

@ Don't look below this line until you've worked it out for
yourself.

Add the ones on the diagram before the orange-juice-only
number was added and you'll get 33. 55 — 33 = 22, the number
that drink orange juice only.




Monomials, Binomials,
and Sysemsof Equations

onomials and binomials are expressions

containing one and two terms, respectively.
| introduced the expression termin Chapter 4, but if
you're not sure of its meaning, you can check the
Glossary on p. 278. Mono- means one, asin “my
wife must remain monogamous” (that’ll teach her)
or “monoplane,” which is an airplane containing a
single wing, as all modern ones do. Bi- means two,
asin bipolar (asthe earth) or biplanes, which you
barely see anymore except at air shows. Monomials
may contain a single term, but that single term can
contain many parts, while binomials contain two
terms separated by a plus or minus sign.

Therest of the chapter islargely concerned
with operations involving monomials and
binomials. The chapter buildsto a crescendo with
the solving of systems of equationsin two variables
by addition and subtraction as well as by the
method known as substitution.



Monomials, Binomials, and 6
Systems of Equations \chapter

A monomial isan algebraic expression that consists of only asingleterm. A term may bea
constant, avariable, or a combination of both. 5a, 4b?, and 6x3y* are all examples of monomials.
The key element to deter mining a monomial isthe absenceof a“+” or “—’ sign.

ADDING AND SUBTRACTING MONOMIALS

When adding or subtracting monomials, the numerical a 5n b) —5ab
portions are added or subtracted in the same way as are signed +5n 13a%
numbers, which is covered in Chapter 2. The variables, Ton

however, are not changed. On 2a’

c) 3xy? - (-3xy’) = 6xy?

To combine monomials by addition and/or subtraction, their 3ab? + 2a’b = 3ab? + 2a’b
variable portions must be identical. Unlike the three preceding
examples:

MULTIPLYING MONOMIALS

You looked at the rules for multiplying and dividing 5.5=5?=25and x.x.x=x3
monomialsin Chapter 1, but you only got a glimpse of

multiplying variables. The definitions and rules for

exponents and powers apply to monomials as well.

In the same way, a.a.a-a-b.b.b=2ab?

In order to multiply monomials containing variable and constant components, the variables of each
type's exponents are added together; the constants are multiplied. Here are some examples:

Notice in the second example that the exponents of the as were n*.n°=n°
added together and the exponents of the bs were added together. 2a%0% « 42203 = 8a5h7

|



(continued)
The same pattern is followed here with the exponents of —5j2k3“ « —6)2k314 = 30j4K6|®
J, k,and |
Here's one more example: 4abc - 7cde = 28abc’de

Notice that only one variable, ¢, iscommon to both monomials.

RAISING MONOMIALS TO A POWER

In order to raise amonomial to a power, (x)3=x12 (3b°c®)? = (3)%*c® = 9b*c®
multiply each part of the monomial by the (—2a%h*dP)3 = (—2)3a%12d1s
number to which it is being raised. Here are = (-2)(=2)(=2)a%h2d'5
some examples: = _8a%12d15

DIVIDING MONOMIALS

Aswith signed numbers, you're most likely to see division represented in 24efg
fractional notation. The fraction to the right could be read as “ 24¢fg over 8ef” Bef
or as“ 24efq divided by 8ef.”

It doesn’t matter. Either way, to expressit in smplest form requires dividing, which
entails actual division of the top numerical portion by the bottom numerical portion,
and the subtraction of the exponents of the variables on the bottom from those on the
top. For that subtraction, you'll have to use alittle imagination. That imagination
causes you to rewrite the division in aform you' [l never ever actualy see.
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Nobody ever writes anything raised to the power Linel 24efg 24e'f'g' ei1ao
of 1, so you have to imagine that, but by doing 8ef 7 gelflg’ 3 tg
S0, you can see how dividing monomials really

works. While the first fraction in the explanation Line2 3et-f1-1gt-0=3e% gt

shows no ¢ in the denominator, thereisagin
the denominator of the second fraction. Since
anything raised to the O power has avalue of 1,
you can put anything you like in there raised to
the O power. | chose to put the g there to clarify
the rest of the explanation.

Line3 3.¢€”.f%.¢g'=3.1.1.9=3g

Finishing Line 1, the numeric from the top has
been divided by that on the bottom to get 3, and
each bottom variable's exponent has been
subtracted from the appropriate top one. So,
there are two variables raised to the 0 power and
one raised to the power 1 (Line 2). To begin
Line 3, multiplication dots have been inserted to
show what’s really going on; then, in the middle
I’ve exchanged two of the variables for their rea
values and removed the exponent from the last.
Finally, everything is multiplied together to
come up with the quotient, 30.




The prefix bi- means two, so you might readily interpret the meaning of binomialsto be
expressions containing two terms, separated by a plusor minus sign—the two signs not allowed in a
monomial. Binomials are the smallest example of polynomial s—expressions containing many
terms. Two examples of binomialsare ax + band 3y — 7.

ADDING AND SUBTRACTING BINOMIALS

Adding or subtracting binomials may result in a (By+3)—(2y+3)=5y+3-2y-3
monomial, another binomial, or a polynomial. That =3y

might sound strange at first, but these examples

should clarify it for you.

That subtraction (above right) resulted in a monomial; next: Gx+7)+(2x+1)=7x+8
That addition resulted in a binomial; finally (422 + 32— (52—-8) =472 +3z-52+8
(fanfare, please): =472-27+8

And the subtraction resulted in a polynomial. The
defense rests.

MULTIPLYING BINOMIALS

Binomials may be multiplied by stacking them and multiplying each term of the 2X+4
top one by each term of the bottom one, just as you might do in a multiplication X X+ 3
of atwo-digit number by another two-digit number, as follows. First multiply D)
. 6x+ 12
by the 3:

Then multiply by the x and add: X+ 4
X X+ 2
6x + 12

2x*+ 4x
2x*+10x + 12

e
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Notice that like variables are lined up for addition. Also notice that the (2x+4)(x+3)
dreaded x sign was used. Thisis at best a cumbersome operation, and at

worst has the potential for confusion. Before you ask, the answer is, “ Yes,

there's a better way,” and it's known asthe F.O.1.L ., or simply the FOIL

method. The letters stand for First Outer Inner Last. Here'sthe

multiplication that you just did:

Consider each set of parentheses both separately and together and multiply, thusly:

First: (2x+ 4)(x+3) = 2¢?
Outer: (2x+ 4)(x + 3) = 6x
Inner: (2x+ 4)(x + 3) = 4x
Last: (X+DH(x+3) =12

Look down the final column and get 2x? + 6x + 4x + 12. The two middle terms can, of course, be
combined, and the result is 2x* + 10x + 12. Does that product look familiar? It may sound like a bit
much to ask you to memorize FOI L, and what it stands for, but | assure you that after you have, you'll
find that it was well worth the time spent doing so in the time you'’ l| save when multiplying binomials.

DIVIDING BINOMIALS

Although it is possible to divide a binomial by another binomial, the results X+5_X+5

aren’'t dways useful. In fact, most of the time they are anything but useful. X+3  X+3

For example: X+8_x+8
y-4 y-

On the other hand, a useful result can be obtained sometimes: x*—16




(continued)

If you can’'t see why this exampleistrue, try multiplying (x + 4)( x —4)
and see what you get. x°— 16 is a special case known as the difference
of two squares. Such a case exists when each of the terms that make up
the binomial is a perfect square, and the second one is subtracted from
thefirst. Here are three examples of divisions of perfect squares:

In each case the solution is the same as the divisor (the term being
divided by) but with an opposite sign. Each term of the solution isthe
square root of the analogous term of the dividend (the number being
divided into).

You get alook at dividing polynomials and binomials in the next chapter
when studying factoring. You also get to look at dividing binomials by
polynomials there.
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. : Monomials, Binomials, 6
Simultaneous Equations | and systems of Equations |chapter

Up until this point, you’ve wor ked exclusively with equations having only one variable. In thereal
world, however, thisisvery often not the case. Suppose Ali has a certain amount of money and
Dylan has a certain amount of money, and you don’t know what either amount is. Then you are
dealing with two different unknown quantities, or, algebraically speaking, with two variables. Call
the amount of money Ali has a and the amount of money Dylan has d. Do you see a pattern there?
Supposethat together they have $50. Then you could represent that with the equation a + d = 50.
Do you think that that’s enough infor mation to deter mine how much money each of them has? It’'s
not, but it'sa start. Now what if Ali has $12 more than Dylan? Algebraically, that’'sa = d + 12. Will
that equation let you find the amount each has? The answer isthat by itself, it will not, but taken
together with the earlier information, it will.

known as simultaneous equations. That's because they must be solved a=d+12

Shown at right iswhat is known as a system of equations. They are also {a+ d=50
together.

The brace to the left of the equations is not essential but is there to show you
that the equations must be worked together. There are essentially three ways
of doing that. You deal with two of those ways in this chapter. The third hasto
wait until you are practicing your graphing skills (in Chapter 8).

SOLVING SYSTEMS OF EQUATIONS BY ADDITION OR
SUBTRACTION a—d=d+12—d

To find the amount of money Ali and Dylan each has, you need to get a—d=12
both variables lined up together on the same side of the equal sign. In

this case, that is easily done by subtracting d from both sides of the

second equation:

Now look at how the two equations line up. The next step isto add them a+d=50
together. How can you justify doing that? Remember, what is on one side of an a-d=12
equal sign has the same value as what’s on the other, and when equals are %2 =6
added to equals, you may recall, the results are equal. (That's a rephrasing of

the additive axiom, which you studied in Chapter 5.) So:




Creating Systems of Simultaneous

Equations (continued)

Now you have an equation with only one variable, so let’s solve it by dividing

both sides by the same quantity, 2:

Now that you've found the value of a, substitute that value in either
of the original two equations. Here's the first:

So now you know that Dylan had $19 and Ali had $31. DoesAli
have $12 more than Dylan? 31 — 19 = 12, so she does. Do they have
atotal of $50 between them? 31 + 19 = 50, so that’s another yes.

Try another onethat’s just alittle bit trickier:

This time, both variables are on the same side of the equal sign, so
there’s no work needed there. Wait a second, how are you going to
make one of those variables disappear for awhile? Well, here'sa
thought. Multiply the top equation by 2 and the bottom one by —3. That
should help make the x term disappear.

Remember that everything will change signs when multiplied by the —2.

2a _ 62
2 2
a=31

a+d=50
31+d=50

31-31+d=50-31
d=19

6x +9y =10€
—6x —4y =—8€

Sy= 2C
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So now you need to divide through by 5. 5y 20
55
y=4
Now substitute what you have found into either of the original equations. 2x+ 3y =36
Here'sthe first: 2x+ 3(4) =36
Next you multiply and subtract 12 from both sides: 2x+12=36
2x+12-12=36-12
2x=24
Finally, divide both sides by the coefficient of x (that’s 2). 2xX_24
2 2
So, x=12,andy = 4. x=12




Solving Systems of

Equations by Substitution

Addition/subtraction isa very handy way to solve certain systems of equations, but it isnot always

convenient to use. An alternative method of solution isthat of substitution.

Check out this pair of eguations:

Solving them by addition would be a bit cumbersome, although itis
certainly doable. On the other hand, the first equation is already solved
for x. It might not be the solution that you'd ultimately like to have, but
itisasolution; x =y + 6. Take that solution and substitute—plug—it
into the second equation:

Next, multiply through by the 3 and combine like terms:

Try one more of those. Look at this set of equations:

Sure, you could solve it by addition/subtraction, but you’'d have to do some
pretty fancy moving around and multiplying. The second equation lends
itself to aquick solution, so substitution is the easier process to pursue. To
solve the second equation for p, you just need to divide by 2:

X=y+6
x-2y=21

x—-2y=21
3(y+6)—2y=21

y+18-2y=21
3y—2y+18=21
y+18-18=21-18
y=3
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Now that you've found an expression that is equal to p, you 5n—6p=11
just substitute that expression into the first equation and 5n—6(18-2n) =11
solve: 5n—108+12n = 11
17n—-108+108 =11+ 108
17n=119
1/n_119
17 — 17
n=7
Now that you've found the value of n, you can substitute it p=18-2n p=18-2(7)
into the streamlined second equation: p=18-14

That'sal thereistoit. p=4
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Practice

[ Practice Questions |

Solve each of the following, and—where
appropriate—express your answer in simplest
terms.

@ 5%t —(2avh) =
@ 5% 2% =__

O 4y +3XY' =

O 5c3d° -4Acc3dP =

O (H4ef?)(-2e%) = _
0 (20t =__

@ Y7+ Ay =
0 -9or°s't® _

-6ris't® —
O (6x+5+(Bx+8)=__
O®o+11-(@4v-5=__
D @y+4(By+6)=__
@ (X-3)(Xx+3)=__

Solve the following systems of equations by
addition/subtraction.

® 3x+6y=30
X+5y=19

®6a-3b=3
7a+3b=23

® 4x-3y=13
2y +4x =38

Solve the following systems of equations by
substitution.

® M+3n=23
Nn-3m=9

® 3x+6y=30
X+ 5y =19

® 6c—-d=47
3d+4c=57
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Chapter Practice Answers

@ 52°b* — (—2a°h*) = 5a’b* + 2a°%h? ® 3x+6y=30
5a%h* + 2a%h* = 7a%h? X+ 5y =19
@ 5% — 2% = 3% e+ 6y =30
—3(x+5y=19)
_ 3x+6y =30
4 7+ 3 = 7 7
© 4xy’+ 3y =1y -3x-15y =-57
O 5¢3d° — 4c3d® = 3P -9y = —327
y:
O (H4e¥H)(-2e%°) = (4)(-2)e*32+5 X+3y =19
(-4)(-2)e*32+° = 8’ x+5(3) =19
x+15=19
0 (2w = (=2)*(w)(x)* X+15-15=19- 15
(=2 (W) ()" = 16w X=4
8X0Y07" + 4x2yBZt = 2x5 263774
o Xzyc)(;',_zyg_3z);3_4:2)(3y32¥36 @ 6a—3b:3
7a+3b=23
—Or°s’t® 9 o374 13a =26
© “eristt 6 S U a=2
%r9—387—4ts—5: %rssst3 6a—3b=3
6(2)-3b=3
_ 12-3b=3
© (6x+5) +(3x+8) =9x+ 13 12-12-3p=3-12
© 9v+1l—(4y—5)=9v+11—4v+5 —3b=-9
Ov+11—4v+5=5v+16 b=3

® (3y +4)(5y + 6) = 15y? + 38y + 24

@ (2x-3)(2x+3) =42 -9
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(continued)

® 4x—-3y=13
2y +4x =38
4x—-3y=13
—1(4x+2y = 38)
4x—-3y =13
—4x—-2y=-38
-5y=-25
y=5
4x—-3y=13
4x-3(5)=13
4x—-15=13
4x—-15+15=13+1F
4x = 28
x=7

(16) m+3n=23
4n-3m=9
m+ 3n =23
m+3n—-3n=23-3n
m=23-3n
4n-3m=9
4an—-3(23-3n)=9
N-69+9n=9
13n—-69 + 69 =9+ 69
13n=78
n=6
m+3n=23
m+ 3(6) =23
m+ 18=23
m+18-18=23-18
m=5
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(17 3x+ 6y =30
x+5y=19
X+ 5y—-5y=19-5y
X=19 -5y
3x+ 6y =30
3(19-5y) + 6y =30
57 —-15y + 6y =30
57-9y =30
57-57-9y=30-57
—Oy =27
y=3
3x+ 6y =30
3X+6-3=30
3x+18=30
3x+18-18=30-18
3x=12
X=4

® 6c—d=47
3d+4c=57
6c—d=47
6c—6Cc—d=47—-6cC
—d=47-6¢c
d=-47+6¢c=6Cc—-47
3d+4c=57
3(6c—47) + 4c =57
18c—141 + 4c =57
22c—-141 =57
22c 141 + 141 =57 + 141
22c =198
c=9
3d+4c=57
3d+36=57
3d+36-36=57-36
3d=21
d=7
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Polynomials and
Factoring

olynomials are expressions containing many ) )
terms. This chapter is concerned with all the Polynomialsinvestigated. . ... 123
usual arithmetic operations as they apply to Factoring. . .......oovvevennennn.. 130
polynomials, and one that might be new to you

called factoring. Factoring is separating a Chapter Practice ................. 134

polynomial (or anything else for that matter) into its
component parts. It is, if you will, the undoing of
multiplication, but it is definitely different from
division, which shares that definition. In this
chapter, you deal with factoring out (removing) the
greatest common factor, factoring the difference of
two sguares, and factoring polynomials of the form
ax? + bx + c. You'resure to love it.
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Investigated Polynomials and Factoring

You already touched on polynomialsin thelast chapter. Touching them isone thing; actually
seeing them and using them is quite another. Any numeric expression containing more than one
term isa polynomial. That makesa binomial, a numeric expression that containstwo terms, the
simplest form of a polynomial. A trinomial contains exactly threeterms, but it’'saword that is
rarely used. Remember, terms are separated by + or —signs. (Asa general practice, any expression
with three or moretermsisreferred to asa polynomial.)

The most common way to write a polynomial isin descending X+ 53 —4Ax?—8x + 7
order. That means the power of aterm decreases as you move
from left to right, for instance:

When two variables are involved, however, it is 2X° — AX*y + 3X%y? + 2X°y° + 6xy* + 3y° -9
not unusual to see the polynomial arranged

with the first variable in descending order and

the second in ascending order, asin the

equation here:

Notice that in both of the equations the lone constant came last, asis a so the convention. When more
than two variables are involved, things can become confusing, as you'll see in the section on multiplying
polynomials, later in this chapter.

To add or subtract polynomials, arrange themin 2m°+ mn+3n°  3b’-4bc+ 5¢’
columns with like terms above one another, just like 3m’+ mn+5n*  4b*+ 2bc - 3¢’
you did with binomials, except you have more terms > 2 7 2
to worry about. Two examples are shown at right. S+ 2mn +8n 7b"—2bc+2¢

In the left addition, there are nothing but plus signs,
so each vertical sum islarger than either addend. In
the right equation there are two minus signs, so the
laws of signed number addition apply.
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Investigated (continued)

To theright is an example of 5x’— 4xy +8y*—9 5% —4xy +8y> —9
subtraction of polynomials. In order to (4P + 13V 7)) — A — 3% 47
subtract, you first distribute the minus ( X5y +3y ) )2( Xy 332/

sign. (I'sasif you're multiplying X" —9xy +5y" -2

everything inside the parentheses by
—1.) Then you treat the resulting
vertical pairings asif they were signed
number additions.

It's not alway's necessary to 3’ n*+ 4nT '+ 7+2nT '+ 3m’n’+ 5= 5n7 n*+ 7m’n’+ 12
rearrange termsin an addition

or subtraction of polynomials.
Sometimes the like pairs can
be paired up in your head, and
the results recorded.

To multiply polynomials, multiply every term in one B+ Ix+ 4
polynomial by each term in the other polynomial. Then X 5x+ 3
simplify, if possible, by combining like terms. Of course, >

if you're dealing with a binomial times a binomial, you 9 —6x" +21x + 12
can use the FOIL method that you studied in the previous 15x* —10x° +35x° +20x
chapter. 15x" —x° +29x° +41x+ 12

Here's an example of a polynomia multiplied by a
binomial. First multiply each member of the polynomial
by 3. Then multiply each of itsterms by 5x. Make sure to
line up partial products on the second line of the solution
with the terms on the first line to which they’ |l be added.
Finally, add like terms.
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| would guess that you get the picture from that, but let’s work a+2b—-3c-14
out one more. Again, start at the right and multiply each of the % a+2b-3c

top terms by —3c:

Next, multiply each of the top terms by +2b:

Starting to look alittle strange, isn’t
it?Yet so far only onetermisalikein
both partial product lines. Next,
multiply each of the top terms by a,
and then add:

That can be rearranged as you see at
right. The only reason for the
rearrangement isto try to bring a bit of
organization to the polynomial.

—3ac—6bc+9c’+ 12¢

a+2b-3c-4
X a+2b—-3c
—3ac —6bc +9c% 12¢

+2ab+4b’—6bc—8b

a+2b 3c—4
X a+2b 3c
—3ac —6bhc +9c°+12¢c
+2ab +4b*—6bc —8b
—3ac +2ab +a’ 4a

—6ac +4ab +4b” —12bc —8b +9¢” +12¢c +a’—4a

a? —4a + 4ab —6ac — 8b — 12bc + 4b? + 12¢ + 9c?

Polynomials can be divided by monomials and by polynomials. Essentially two very different processes
can be done in two very different ways. Here, you take alook at the ssmpler of those two processes first.
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Investigated (continued)

DIVIDING POLYNOMIALS BY MONOMIALS

To divide a polynomial by a monomial, smply divide each of 5 a9y -3y

the terms in the polynomial by the monomial, for instance: (9y -3y ) +3y= 3y
_Y Yy
S 3y Yy
=3y-1

Note that for a polynomial to be divisible by a monomidl, (24 + 16xX° + 8xY) + 4x® =

each term of the polynomial must be divisible by that

monomial. Try this one to the right before you look at its

solution (below right).

Did you solve it?You could solve it in your 8 6 N . oaua 28+ 16x°+ 8x”

head by dividing each numerical (24x"+ 16"+ 8x") + 4x’= e

coefficient by 4 and subtracting 3 from 24x°  16x°  8x*

each exponent, or you could do what is =a¢ Tad Tae

shown at right. B4 A+ X

Isthiswhat you got? | hope so.

DIVIDING POLYNOMIALS BY POLYNOMIALS

In order to divide a polynomial by a polynomial, both must y+ 3)3y3+ 11y°+ 11y + 15
have their variable terms arranged in descending order, with

constants last. Since thisis arather esoteric process, use a

binomial divisor.

| trust you recognize the long division bracket, and that’s exactly how this processis done. It's the
repetitive practice of divide by the first term, write the partial quotient above the first term, multiply the
divisor by that partial quotient, write the product, subtract, bring down. Does that bring back bad
memories? It does for me, too.
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Start by dividing y into 3y® and multiplying. 3y’
y+3)3y° 11y’ +11y +15
3y’ +9y?
3y? timesy + 3 = 3y + 9y, which you write below the 3y’
dividend. Next, subtract and bring down. y +3)3y3 11y’ +11y +15
-3y’ +9y") |
2y’ +11y +15
How many times doesy go into 2y?? 2y you say? So do |; 3y’ +2y 45
then multiply, subtract, etc. y _|_3)3y3 +11y° +11y +15

—(3y +9y") 1
2y° +11y +15
—(2y* +6y) |

5y +15
—(5y +15)

That “etc.” was a second bring down, and athird divide, multiply, subtract; 5y divided by y is 5, which
completed the quotient. Then multiply that 5 times the divisor, write it at the very bottom, and subtract to
get aremainder of 0. Does it look strange to you that the variables in the quotient don’t line up with
those in the dividend? Feel free to move them if it’'ll make you more comfortable, but it's unnecessary.

Here's another division with a new twist: c+ 1)c3— c
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Investigated (continued)

In case you didn’'t notice, the dividend’s terms jump straight from c to
the third power to c to the first power. That is not capable of being
divided in that form. There may not be any stages missing from the
dividend, so what are you to do? The answer isto put in a second
power term that has no real value, as shown here:

Now you can go ahead and perform the subtraction. (Note the absence
of aconstant is not a problem.) How many cs are therein c3?

Next, multiply the partial quotient times the divisor, and write the
product below the appropriate members of the dividend.

Now, subtract and bring down the next term(s).

The result of the subtraction isthe new partial dividend. Next, ask
yourself how many times ¢ goes into —c?. The answer to that is—c.
Don’'t take my word for it. Multiply c by —c and see what you get (pun
intended). So write that amount in the quotient and multiply it by the
divisor to get:

c+1)c*+0c’-c

2

c+1)c’+0c’-c

C2
c+1)c’ 40c” —c

¢+ c?

2

c+1)c+0c’—c

—-(c’+c?) |
-c¢’ -c

c’—c
c+1)c’+0c’~c
—(c’+c”) |
-c’ -c
-c’ -c
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Finally, subtract and get aremainder of O: c’—c
c+1)c’+0c’-c
—(c’+c?) |
-c’ -c
~(=¢ ~¢)
0
Here's one last one: 1+hV1+2h+h?
Isthere a problem here?You're darned right there is. Both the divisor h+1
and the dividend are listed in ascending order of the powers of h. That h+1)h*+2h+1
will not do, but the solution is quite simple. Just turn them both around —(h*+h) |
and divide in the usua way. The steps have been worked out here. h 41
-(h +1)
0
Note that it is possible to divide polynomias and end up with a remainder. hel—-—2
In such a case, the remainder would be written as the last term with its sign h+1

in front of it. Suppose, for example, that the last division had left you with a
remainder of 5. Then the quotient would have been written as this:




Factoring

Factoring meansfinding two or more expressions that, when multiplied together, make up the
initial polynomial. That might sound to you at first likedivision, and in itssimplest form, it is.
Then it gets somewhat more complicated than that. Remember, division resultsin resolving a
polynomial into exactly two factors. Oops, there' sthat word again. Factoring resultsin two or more
factors. That isa difference!

\ Factoring Out the Greatest Common Factor

You may have noticed that factor may be used as anoun or as averb, and it is used both waysin the
heading of this section. Asanoun, afactor isone of two or more monomials that are multiplied together
to form some other expression. To factor, the verb, isto break apart an expression into its multiplication
components.

Here is an example of factoring by removing a common 832 + 4x%y8 = 2xy(4x%y + 2x3y?)
factor:

In this equation, the expression 8x3y? + 4x*y? has been
factored by removing the quantity 2xy. You say 2xy was
factored out of the original expression. Two questions
immediately come to mind. First, wasit factored
correctly? Second, has it been factored completely? The
answer to the first question is yes, and the answer to the
second, no. It was factored correctly because when you
distribute 2xy over 4x?y + 2x%y? you get 8x3y? + 4x%y2.

Thereis, however, still more that can be factored out, as 83y? + 4xHy3 = Ax3y?(2y + X)
you see here:
You call 4x%y? the greatest common factor, or 14ab? + 21a’b — 7ab = 7ab(2b + 3a - 1)

GCF. You may remember that expression as
having been used before, when you learned to
work with fractions. Thisisthe same idea. A
monomial or a polynomial is factored completely
when the greatest possible monomial has been
factored out. When that monomial happensto be
identical to one of the terms in the expression
being factored, then 1 is used as a placeholder, as
in the factorization to the right:
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To make certain that this factorization is correct, distribute 7ab over (multiply it times) each term in
parentheses.

\ Factoring the Difference of Two Squares

You've dealt with the difference of two squares before when you looked at FOI L, in case you don’t
recall. It was when you multiplied two binomials together and got a binomial because what should have
been the middle term dropped out.

Following is an example of the difference of two squares and how X2—49=(x+7)(x=7)
to factor it:

Squares and square roots are discussed in Chapter 1, just in case
you need to review the topic. x* is a perfect square (x - X), and so is
49 (7. 7). Because aminus sign is between them (subtraction
means finding the difference), the expression x? — 49 is known as
the difference of two squares. To factor the difference of two
squares, multiply the sum of their square roots times the difference
of their square roots.

Try factoring these three binomials: y?—64=
n?—100 =
X2 +8l=
Did you solve them? All three? Did you pick up on my y>—64=(y + 8)(y—98)
little nasty trick? If you did—good for you. If you n2—100 = (n + 10)(n — 10)

didn’t, tsk, tsk, tsk! x? + 81 = Are you kidding?

x? + 81 is not the difference of two squares. It's the

sum of two sguares, and as such, is not solvable.
Didn’t you notice the color difference?
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(continued)
Try one more: ox2—-121=
Did the 9 throw you? It shouldn’t have. It's also a perfect Ox?—121 = (3x + 11)(3x — 11)
square, so:

\ Factoring Polynomials of the Form ax? + bx + ¢

To factor three-term polynomials of the form ax? + bx + ¢, thefirst thingto do is ()(x)
to see whether there’s amonomial that can be factored out. If thereis, factor it out

asyou did earlier in “Factoring Out the Greatest Common Factor.” Then, if you're

lucky enough to be left with afirst term that begins with an x?, set up double

parentheses and factor the first term, as you see here:

The next thing to do is to determine the signs that will follow the If — then (x +)(x—)
two variables. Look at the sign before the ¢ term of the polynomial.
If it'saminus, then one sign will be a+ and the other a—.

If the sign before the ¢ term is plus, then there are If +c then (x +) (x+) or (x—) (x-)
two possibilities:

To know whichit is, look at the b term. A + before it means If +c and +b then (x +)(x +)
two pluses; a— sign before it means they’re both minuses. If +c and —b then (x —)(x—)
Finally, break the last term into two factors. If both signs are the same, the y2+6y—7
two factors must add up to make the numerical coefficient of the b term; if (v+)y-)
the signs are different, they must subtract to make the numerical coefficient + 1
of the b term. Here are some examples: y+7ly-1)
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Notice the—c term. 3x2+6x+3
32+ 2x+1)

3(x+)(x+)
3(x+D(x+1)

Thistime you were able to factor out the ax? term’s numerical coefficient. Z2-7z+12
(z-)(z-)
(z-3)(z-4)
How could you tell that the factors of the c term were 3 and 4 instead of 12 2% —9x -5
and 1 or 6 and 2? The answer is, they had to add up to the b term, 7. And (x+)(x—)
last but not |east: (2x + 1)(x—5)

That kind of threw in anew wrinkle, but remember FOI L (First Outer Inner Last). The outer terms are
2x and -5, which multiply to make —10x; when added to the product of the inners, X, the sum is—9x, the
b term.
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Practice

\ Practice Questions

Arrange the terms of the polynomialsin descending order of the main variable and ascending order of
other variables when appropriate.

© 7f2+6f3—9—8f —3f*+ 5f>
@ 7-2m* —9m+ 7n? + 8mP + 6m° + 4mP
© 3b?y" + 4y™0 — 13by* — Bay'? — 6a’y8 + 4y° + 3y*

Perform the indicated operations on the following polynomials.
O Add 6x* + 8x2 — 11 —4x3 —3x%2 and 6x3 —4x — 11 + 2x2 - 3x*
© Subtract -9y + 4y + 3y* — 7 + 5y? from 6y — 8y + 11 — 4y* + 3y?
O Add 3x2—8x°—7 + 11x + 4x3 and 3x* — 5x + 9x% — 8x3 + 2X°

Solve each of the following as indicated.
@ (z+3)(z-3)=_

O (x-9(x-3)=__
Qy-5y-6=__

O P+HP-)(P+2)=__

@ x-5)2¢-7x-15

@ y+2)y+9y+14
Factor each of the following as completely as possible.

® 4mPn'pb=__ PK+6k-27=_
@ 637 = Oe-Tt+12=__
® 5bic’d” - 7Th5c3d = @ 492 —121=

® 16r2—-81=__ @ x*-5x—24=___
® m+12m+35=__ M2y’ +13y+15=__
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Chapter Practice Answers l

Q Sf°—3f*+6f3+7f2—-8f-9

@ 4P + 8P — 2m* + 6me + 7m? —9m + 7

© Hay? + 4y™0 + 4y° — 6a%P + 3b%y’ —13by* + 3y°
O First combine 8x% — 3x? to get 5x2. Then:

6x*— 4x>+ 5x*+ 0x — 11
-3+ 6X°+2x°—4x - 11
X+ 23+ Tx*—4x — 22
O -4y +6y>+3y? -8y + 11— (3y* -9y + 5y? + 4y - 7)

Next, change all signs on the bottom:

—dyt+ 6y + 3P By + 11— (3 + OF =B —dy + 7)

Finally, add:

—4y*+6y°+3y* —8y +11
—3y*+9y°—-5y* —dy +7
—7y* +15y° —2y* —12y +1¢

O Thistime, pair up like terms and then combine. Using different colors helps to keep track of what
came from where:

32 —8x° =7+ 11x + 4x® and 3x* — 5x + 9x? — 83 + 2x°
=8+ 3=+ + 3%+ %+ 1Ix—5x -7

—6X5 + 33X — A3 + 122 + 6x— 7



Chapter Practice

(continued)

@ You might usethe FOI L. method on this multiplication, or you might recognize it as the result of
factoring the difference of two sguares, in which case the solution should jump into your head. First,
factor the difference of two squares:

(z+3)(z-3)=22-9
Now, use the FOI L approach:
(z+3)(z—3)=72-3z+3z2-9=72-9
0O FOIL istheway to go:
(X—9)(x—3) =x2—3x—9x + 27 =x>—12x + 27
© And again:

(y=5)(y—6)=y*—6y—-5y+30=y*—11y + 30

(O There are three ways to solve this multiplication, but the easiest is to recognize that the second and
third binomials multiply together to form the difference of two squares, and by multiplying them
together you get another difference of two squares, so:

P>+ 4 (p-2)(p+2) = (p* +4)(p*-4) =p*-16

(1) 2x+3 ® y+7
x-5)2x* —7x—-15 y+2)y'+9y+14
—(2x*-10x) | ~(y*+2y) |
X -15 7y+14
—(3X—1(;3) —(7y+14)

0
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® 4mPn’pb = (2mn?pd)?

@ You have many possible solutions here, as long as the numerical parts multiply to 6, and the
exponents add up to the numbers 3, 5, and 7, respectively.

6x3yP7" = (2x3y22°)(3y®Z?) or (6xy°2°)(x?Z?) to name two

® 5b*c’d” — 7b°c3d® = bicd’(5¢* —7bd?)
@ 16r2—81=(4r + 9)(4r - 9)

@® P +12m+35=(m+ 5)(m+7)

O k+6k-27=(k+9) (k-3
Oe-Tt+12=(t-4)(t-3)

@ 4952 — 121 = (7s—11)(7s + 11)

@ x> —5x—24=(x-8)(x+3)

@ 2y*+ 13y +15=(2y + 3)(y + 5)




chapter

Cartesian Coordinates

t’'s about time for a chapter devoted to some of

the work of Rene Descartes, and the coordinate
system that bears his name, so thisisit. Beginning
with a philosophical word or two, this chapter goes
on to examine the system of naming points on
coordinate axes to the graphing of linear equations
by substitution, slope and intercept, and finally to
the graphing of systems of equations such as those
studied in Chapter 6. Along the way, | deal with
finding the y-intercept and slope from the equation
of aline, finding the equation of aline from its
graph, and writing equations in point-slope form.
This chapter should certainly assist you in acquiring
abrand-new slant on life.
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Philosophically 8
chapter

\ Spea king Cartesian Coordinates

Rene Descartes (pronounced day-CART), March 31, 1596—February 11, 1650, was a French
mathematician, philosopher, scientist, and writer. As a philosopher, heis celebrated for his proof of
existence “ Cogito ergo sum,” which means*“| think, thereforel am.” Asa mathematician, heis
celebrated for theinvention of analytic geometry and Cartesian coor dinates (pronounced car-
TEE-zhian). Descartes has alternately been referred to asthe Father of Modern Philosophy or the
Father of Modern Mathematics. It ishiswork in the latter areato which this chapter is devoted.

(E=0E]

Because you exist, it stands to reason that by this point in your life, you have come across the rather
simple game known as tic-tac-toe. It is also reasonable to believe that by now, you are aware of the fact
that any game of tic-tac-toe played between two players of moderate skill should always result in adraw.
Since the game is played on arather small grid 3 wide by 3 long, getting 3 of your mark inarow is
impossible unless you are playing a very careless or thoughtless person. Expanding the playing field and
requiring four marksin arow to win the game—now known as Scor e Four—is much more challenging.
In fact, Milton Bradley has turned it into a game in which red and black checkers are used as markers
and dropped alternately into a 42-slot board to Connect Four.

Playing this game requires nothing more than a
sheet of graph paper as aplaying field, with lines
ruled both horizontally and vertically at regular
intervals. The heavy ruled lines are the axes
(AX-eez) with horizontal blue and vertical red.
Unlike tic-tac-toe, which uses X’sand O’s, you
can use X’'s and dots.

C A
The location of each of the marks on the playing D 0 0
board can be given by a description of where that e X o
mark is located. In order to identify where a mark E B

islocated on the board, count spaces across and
spaces up. The X located at A, for example, can be
described thisway: (4, 2). Start your counting
where the horizontal and the vertical axes cross.
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| Spea king (continued)

Since that’s where counting begins, that point isreferred to as the origin. Place afingernail or the tip of
aballpoint pen at the origin and count lines as you move to the right, until your pointer is below the X at
A. Your pointer will have moved horizontally to 4. Now move your pointer up to the X at A. You will
have moved it vertically to 2; hence, the shorthand (4, 2). The expression (4, 2) represents the
coordinates of the X at A. That was also the first move made in this game of Score Four.

The second through fifth moves are indicated by the other uppercase letters on the diagram in
alphabetical order. Here, we identify the coordinates of each of those points:

*B(3,1); xC(2,2); *D(1,1); xE(2,1)

It's now dot’s turn. Remember that the objective of the gameisto get four of your marksin arow,
horizontally, vertically, or diagonally. Where does dot have to go to prevent losing the game? Take your
time and think about it. When you have figured out where dot needs to go, you may look at the next
diagram.

If adot were not placed at either F or G, then the
other player would be able to place an X, giving an
unbeatable open-ended XX X.

What are the coordinates of points F and G? Place
adot at point G, by calling out coordinates (2, 0)
[the other option would have been (2, 3)]. But the
dot player isn't out of trouble yet. Where should
the next X go—if the X player is on the ball?
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H marks the spot and completes the trap. By
calling out the coordinates (3, 2), the X player has
sprung the dreaded open-ended, three-in-a-row

trap.

X H x
e X e
L 4
The opposing player can put her dot at location |
or J. Whichever she selects, X will take the other
one for the win.
I X X X
e X e
What's especially neat about Score Four is that the playing field’s 1(1,2); J(5,2)

arrangement can be altered each time, just by shifting the locations of
the axes. See the right column for the coordinates of | and J.
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| Spea king (continued)

Look at the figure at right. All extraneous marks are
removed, just leaving the 4 winning dots. What are
their coordinates? Reading from left to right, the
coordinates are (-1, 1), (0, 0), (1, 1), and (2, 2).

Now look at this figure. All extraneous marks are
removed, just leaving the 4 winning xs. What

are their coordinates? Reading from left to right,
the coordinates are (-2, —1), (-1, —2), (0, —3), and

1, -4). \
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Copy the gridsin the two figuresto the right of
this paragraph and try playing afew games of
Score Four with a classmate, parent, or friend.
Remember, you must name the coordinates of the
point where you wish to place your mark; no
pointing. Before any marks are made, you and
your opponent must agree that the point you
named is where your mark is being made. After
all, the purpose of thisgame isto learn Cartesian
coordinates (surprise!).
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| Spea king (continued)

The Coordinate Plane /

A planeisaflat surface that y

continues forever in two * ¢
directions and exists in theory °
only. In the real universe, a D
planeisn’t possible, but for your

purposes, that doesn’t matter. *c
The two directionsin which the
plane extends are horizontal and | | |
vertical, which are named,
respectively, x and y. Does this
state of the plane seem a bit X
familiar to you? It certainly
should. It's the playing field for E
Score Four, but it has been
extended infinitely in all HI AV
directions. Now names are .
attached to the axes: the x-axis c
and y-axis, respectively. Now

each and every point on the

coordinate plane can be named

by apair of coordinates, namely

the x-coordinate and the y-

coordinate, in the form (x, v).
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Think of the coordinate plane as

being separated into four y
guadrants—aword meaning, of * *
all things, fourths. These °
quadrants are marked off in the D
following figure with the Roman

numerals, starting with the | in .F
standar d position and moving
counterclockwise. | | |

Notice that the signs of the (X, V)
coordinates are quite predictable, X
as per the scheme shown here:

1O<Y); T1(=6Y); THH(=X-y); .

Ve [l IV

Keeping that color schemein °
mind, identify each of the lettered ¢
dotsin the figure by writing the

ordered pair of its coordinates, in

the form (x, y). You'll find the

correct answers at the bottom of

this page.*

Graphing Linear Equations by Substitution /

Although not 100% essential, graph paper will come in handy for use during the rest of this chapter.

Consider this equation: y=2x+3

*eA(4,7); *B(—7,7); *C(—4,4); *D(—4,6); *E(1,-2); *F(7,4)
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In this equation (and most others), x is known as the independent variable, while X
y isthe dependent one. What this meansis you can substitute anything you want
for x and then find the value of y at that |ocation. Substitute 2 for x, and see

what y is. Substitute 0 and —2 for x to get the corresponding values of v, as 0
shown in this figure. -2 -1

Since you have, in fact, found the Cartesian y
coordinates of 3 points on the (x, y) plane, plot
them on that plane, as shown here:

10.3)

(-2, -1)

Next, take aruler and draw the line that is
determined by those three points. Note that while it
takes only 2 pointsto determine aline, having 3
ensures that the other two are correct. (If one of the
points had not lined up with the other two, you
would have known that something was wrong.)

Notice that the graph (line) of the equation is y=2x+3
infinite, asis represented by the arrowhead at
either end.

TIP |

[
You've probably noticed how the use of x as the variable's /
name is favored when writing equations. There are a

couple of reasons for that, but the most compelling isthe

ability to (and in some cases the need to) represent an

equation and its solutions on a coordinate plane.
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and Intercepts Cartesian Coordinates

Thegraph of any straight-line equation has certain characteristics. Some have a y—intercept (the
point at which it crossesthe y-axis), some have an x—intercept (the point at which it crossesthe
x-axis), and some have one of each.

Theline to the right has an x—intercept of (3, 0) and a y
y—intercept of (0, —2). Note that each intercept has the
coordinate not the same as its name equal to 0.

Every linear equation has aslope. Slope is aternately
defined asrise over run, or the difference in ys over
the difference in xs, or by the expression Ay where A

AX
isthe Greek letter delta, which stands for “ difference.”

\

x-intercept

y-intercept —,

Note that aline with a positive slope runs from lower y
left to upper right. In the figure to the right, the dotted
segments show arise of 4 for arun of 3. That's a slope
of % The measurements could have been made
between any consecutive or nonconsecutive points on

theline, aslong as the differences between the

coordinates of the two points were clearly discernible;
A (yz - yl)
A(x,—x,)

thatis;




Finding the Slope and

Intercepts (continued)

Thisfigure at right depicts the graph of aline with a
negative slope. You can remember that aline that runs
from upper |eft to lower right has a negative slope, or
you can measure rise over run. For a marked run of 4,

) H ’ Ay _2 —l
there'sarise of —2. That's - = —=or = 7.

Hereisafigure that depictstwo lines, | and m, which
are parallel to the y—axis and x—axis, respectively. Can
you figure out the slopes of those two lines?

The equation of each lineis shown in the figure. First
look at line m. Consider the differences of any two
coordinate pairs.
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Since al y coordinates are the same, the A(y,—y) —4—(-4) 0
difference between any two of them is A = =X =0
0, and 0 divided by anything is 0. 0, (=x)  AGG=x)  A(x=x)
therefore, is the slope of any horizontal

line.

Next check out line . Again, use any pairs A(y.=y.) A(y,—y.) A(y,—v,)
of coordinates. A(xz— Xl) -T3-3 0

Depending on whom you ask and when
you ask them, anything divided by O is
considered to be either infinite or
undefined. At the time of thiswriting,
undefined seems to be the preferred
answer, and appliesto the slope of any
vertical line.




Graphing Linear Equations

by Slope and Intercept

Now that you know what slope and interceptsare, it’stimeto put that knowledge to good use.

An equation is said to be in slope and y—intercept form when it iswritten in the y=mx+Db
formy = mx + b. The color coding should help you to know what each itemis, / \

but this figure spellsit al out explicitly. slope  y-intercept

Graph the equation 2y — 6 = 3x. In order to graph it, you need to 2y —6=3x

get the equation into standard form. First add 6 to each side of +6  +6

Next, divide both sides of the equation by 2 in order for y to stand 2y 3x+6

alone. 2 2
y:%x+3

To graph the equation, first mark the y—intercept, y

whichisat (0, 3); remember, the b termisthe
y—coordinate. The x—coordinate is automatically a0,

since it’s ay—intercept. When the x-coordinate is Z over
placed, use it as a starting point to count 3 up and 2
over; place apoint there. Then count 3 up and 2 over; 3up
place a point there. 2 over

/—/ﬁ

3up
y-intercept — j
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Finally, using a straight-edge ruler, draw the line that

passes through those points. y

X
Now that you've seen how that works, try one 6x = 8-2y
more. How about 6x = 8 — 2y? To get that into the -8 -8
y =mx + b form, the easiest thing to do isto first Bx—8= -2y
subtract 8 from both sides:
Next, divide both sides by —2 in order to get the y by itself and 6x—8 —2y
positive: -2 ~ =2




Graphing Linear Equations by

Slope and Intercept (continued)

Finally, pivot the equation around the = sign to make it look like it's y=-3x+4
supposed to:

Now it’s time to mark the y—intercept with a dot. Note y
that the first dot goes at (0, 4). Notice also that you
counted one to the right and three down for the next
point. Could you have counted one left and three up?
Absolutely. The important thing to remember is that
since your slope is negative, it must move from upper 1 over
left to lower right—the opposite of a positive slope. ®--

3 down

Finally, use aruler to connect the dots and extend the y
line.

y=-3x+4
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Suppose that you wanted an equation of alinethat is parallel to
the one you just drew. Which of the following equations would
fill the bill?

Equation #3 isthe identical line, as you can seeif you add 12 to
both sides and divide by 3. If, however, you subtract 12x from
both sides of equation #1 and divide by 4, you'll find what is
shown at right.

How do you know that the graph of this equation is parallel to
the one in the preceding graph? It's smple. Both equations have
the same slope. Lines with equal or the same slopes are, by
definition, parallel.

You aso might find it interesting—as well as hel pful—to know that
perpendicular lines have slopes that are negative reciprocals of each
other. Which of the four preceding equationsis of aline
perpendicular to both parallel lines? Well, you can eliminate
equations #1 and #3, since you've aready discussed them. What is
the negative reciprocal of —3? The answer is at right, so you're
looking for aline with slope % Divide through by 6, and you'll find
that equation #4 fits the bill.

Q 12x+ 4y =+20

O 2y=-3x+4
© 3y—-12=-9x
O 6y =2x+36
12x +4y = +20
—12x —12x
4y =-12x+20
4y —12x+20
4 - 4
y=-3x+5



Finding the Equation

of a Line

Thefigure at right shows the graph of line . By y
getting certain information from that graph, you can
determine the equation of line |. Not surprisingly, the
two pieces of information needed are the slope and
the y—intercept of line|. What is the y—intercept of
line |? Going to the origin and counting down from it, |
you find the y—intercept is (0,—3). To find the slope, /
check the graph of | for rise over run. The slopeis 1.

/

Next you need to substitute the information you just collected into the y=mx+Db
standard equation for slope and y—intercept and, there, you have it. y=(1)x+ (-3)

y=x-3
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Still alittle nervous? Well, just in case, do one more.
Look at this figure, which shows the graph of line m.
It's somewhat different from line |, but the method

for finding its equation is to apply the same procedure
asyou did for the previous figure'sline | (seethe
beginning of this section).

Again, the data needed are the slope and the
y—intercept of line m. What is the y—intercept of line

m? Beginning at the origin and counting up from it,
you find the y—intercept to be at (0,6). To find the
dlope, check the graph of m for rise over run, or in this
case, negative rise over run (fall over run). The slope

.3
IS_?'

Next you need to substitute the information you just collected into
the standard equation for slope and y—intercept:

y=mx+b

y=(-3)x+ )

y=-5x+6




Finding the Equation

of a Line (continued)

To put this equation into a more friendly looking form, you might
multiply everything by 2. Then you would find:

At what point will this graph have an x value of 12?You could read
that as “What is the y—coordinate of the point on this graph where
x =127 To find that, al you need to do is to substitute 12 for x and
solvefory:

Thepoint is (12, —12). At what point on this graph will it
pass through y = 18? If you're thinking “I just have to
substitute 18 for v in the equation and solve for x,” then you
have a good head on your shoulders.

So, the point’s coordinates are (-8, 18).

3

y:—§;+6
2<y:—§x+6)
2y ==3x+12
2y =-3x+12
2y =-3(12) + 12
2y=-36+12=-24
y=-12
2y =-3x+12

2(18) = —3x + 12

36-12=-3x+12-12

24 = -3x
x=-8




Writing Equations in
chaptcr8

Point- Slope Form Cartesian Coordinates

You’ve seen that given the slope and y—intercept of an equation, you can plot it or figure out the
algebraic expression of that equation. In fact, if you know both the y—intercept and the
x—intercept, you can draw the graph of the equation and figure its algebraic expression from there.

Look at the figure to the right. The differencein the y
coordinates of the two intercepts will tell you the slope.

You don’t always need to know the y—intercept of an y-intercept
equation in order to figure out the equation or its /
graph. Knowing the coordinates of just one point on

the equation’s graph and its slope are all the 0, 4)
mfét)[]nggn on required when using the Point-Slope x-intercept
%
Ay _0-4_-4__2
Ax 6-0 6 3
The Point-Slope formulais derived from the formulafor slope at m = %z - %1
right: 27 A
By cross-multiplying, you get: m_ Y.~V




Writing Equations in

Point-Slope Form (continued)

By altering that equation slightly, you derive the standard Point-Slope y—=y, =mx-x,)
equation:

Consider aline with aslope of —2 and point (3, 5) onit. Consider the Y=y, = m(x—x,)
coordinates of the point to be the (x,, y,) in the preceding formula. y—5=-2(x—3)

Substituting these values into that formula, you get:

Rearranging those terms to get the slope and intercept form, y—=5=-2(x-3)
you find: y—5=-2x+6
y—5+5=-2x+6+5
y=-2x+11

You can seeits graph in thisfigure.
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Now use the Point-Slope formulato write the equation of the line y—y, =m(x—x)
with slope 5 that contains the point (-3, —6). Substituting those values y — (—6) = 5(x ——-3)
into the formula, we get:

You have to be careful with those double negatives. Clear them y—(-6) =5(x=-3)
and then collect like terms: y+6=5(x+23)
y+6—-6=5x+15-6
y=5x+9
The graph of the equation is shown in the figure to the y
right, as are both the Point-Slope and the slope and
y—intercept equations.

y = (=6) =5[x - (-3)]
or
y=5x+9

L TIP |

If al you have are two pointson aline, it’s still
quite ssimple to figure out that line’s equation. Just
find the difference between the two y—coordinates
and the difference between the two x—coordinates
in the same order.

found the slope. Now plug the newly found slope
into the Point-Slope formula using the coordinates
of either of the two points to write the equation of
theline or to draw its graph.

Divide thefirst difference by the second, and you've { X




Graphing Systems

of Equations

You'll recall that Chapter 6 discussed solving systems of equations by addition/subtraction and by
substitution, and | mentioned that a third method would be discussed later. Well, thisisthat later,
and the third method for solving systems of equationsis by graphing.

Consider the following system of equations: x+y=13
3y—x=9

To graph the first of the two equations, you can y

easily rewriteit in slope and y—intercept form, as

y =-3x +13. Itsgraph is shown in the figure to \

the right.

\y:§3x+13
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The bottom equation rearranges as 3y = x + 9, then: 3y =x+9
3y _ x+9
3~ 3
y:%x+3
That's graphed in this figure: y
Where the two graphs cross is the solution to the
system of equations. They cross at the point with

coordinates (3, 4). That meansx = 3 and y = 4.
Substitute those values into either or both of the
equations and see for yourself.

Solution

\ y=-3x+ 13




Graphing Systems of

| Equations (continued)

Had those equations not lent themselves to being readily put into
slope and y—intercept form, you could have plotted the graphs by
substituting various values for x in each equation and then finding the
value of y at that point, as you'll do later. Solve this pair of equations

by graphing:

Thetrick isto select values for x that will result in Equation 1
whole number values for y. The equations are —1-13x
rewritten, and the following values worked: Yy=—"7
x|y
5/ -4
1] -1
-3| 2
The equations are graphed on the same set of axesin y

this figure. Where the two graphs cross is the solution
to the system of equations. They cross at the point
with coordinates (—3, 2). That meansx=-3andy = 2.
Substitute those values into either or both of the
equations and see for yourself. By the way, if you'd
looked carefully at the tables you'd have seen the
solution there as well. The point (=3, 2) ison both
tables.

Solution

X+4y=-1
Sy —4x =22

Equation 2

4x +22
y:XT

RS
7/10

2| 6
-3|2
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 pracice Questions |

© Inwhich quadrant would you find each of these points with the coordinates given?
a (-3,-5)
b. (7, -8)
c. (-5, 19)

@ Who invented the coordinate system that bears his name?

©® Use substitution to graph the equation 6x + 3y =27.

@ Using substitution, graph the equation 4y — 12x + 16 = 0.

O Refer to thisfigure to state the slope y
and y-intercept of lines| and m.

\




Chapter Practice

(continued)

0 Refer to thisfigure to find the slope and y-intercept y
of linespandr.

@ What isthe slope of the line whose equation is
x=-87?

O What isthe slope of the line whose equation is
y=-9?

Use the slope and y—intercept method to graph the equations in questions 10-12.
O 3Xx—-4y-1=27
@O 6x=2y+12
@ What isthe slope of alinethat is parallel to 2y = —3x + 5?
® What isthe slope of aline that is perpendicular to
a) y:%x—S?
b) 3y =7—-12x?
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® Referring to the figure at right, write the equation y
of linea.

@ Referring to the figure at right, write the equation \
of lineb.

(® Referring to the figure at right, write the equation a
of linec.

/

(® Write the equation of the line with a slope of 5 that passes through the point (=3, —4) in Point-Slope
form.

® Write the equation of the line with a slope of —4 that passes through the point (7, —9) in Point-Slope
form.

(® Write the equation of the line with a dope of % that passes through the point (-5, 8) in Point-Slope form.




Chapter Practice

(continued)

Chapter Practice Answers l

@alll,blVvcll

® Rene Descartes.

©® Here are four points, the top three of which | used in determining the graph.

Lo e olx
\‘

11

Other numbers are certainly possible, but your graph should look like the one in the figure below.
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O Here are the three points that | used in determining the graph.

R
1]-1
0|-4

-1|-7

Other numbers are certainly possible, but your graph should look like the one bel ow.




Chapter Practice

(continued)

@ Linel hasaslope of —% and ay-intercept of 2. Line m has a slope of % and ay-intercept of 5.

O Line p has adope of % and ay-intercept of 2. Liner has a slope of —%and ay-intercept of —6.
@ x=-8istheequation of avertical line. The slope of any vertical line is undefined.
0 y =-9isthe equation of ahorizontal line. The slope of any horizontal lineis 0.

© First, the equation must be rewritten into the form y = mx + b:

X—-4y-1=27
X—=3X—-4y—-1+1=-3x+27+1
—4y=-3x+28
-4y _ —3x+28
-4 -4
y:%x—7

Then the graph is drawn, as in the following figure.




Cartesian Coordinates chapter8

(@ First, the equation must be rewritten into the formy = mx + b:

6x =2y +12
6x—12=2y+12-12
6x—12=2y

2y _6x—12

2 2
y=3x-6

Then the graph isdrawn, asin thisfigure. y




Chapter Practice

(continued)

@ First find the slope:

2y =—=3x +5
2y _ —3x+5
)

y :—§x+%

Since the slope is—% the slope of any parallel line must be the same.

® The slope of aline that is perpendicular to another has as its slope the negative reciprocal of that
line's slope.

a y= %x— 5’ss|opeis%, so the slope of its perpendicular is—%

b) 3y=7-12xX'sdopeis—4, sothe slope of its perpendicular is%.
The solutionsto 15, 16, and 17 are all expressed in simplest form.

® m= —%, b = £, so substituting in the equation y = mx + b you get:
3

y= —§X+5
O m= —%, b =-2, so substituting in the equation y = mx + b you get:
y:—%x—Z

® m= :—13 b = -3, so substituting in the equation y = mx + b you get:

y=5X-3

Wik



Cartesian Coordinates chapter8

[16) =m(x; —X)
y- (—4) Mx (3]
y+4=5x+3)

@ y,-y=mx-X)
y=(-9) = m(x~7)
y+9=-4(x~7)

y:—y=m(x,~x)
® y—8=m(x--5)

y-8= %(x+5)




|nequalities and
Absolute VValue

Il things being equal,” is an expression

you've heard and probably have used. The
fact of the matter, however, isthat all things are not
equal; most are unequal, and therein lies the theme
of this chapter. Mathematics allows for the
unequalness of quantities through the mechanism of
inequalities. In this chapter, you'll study all aspects
of inequalities, including four different strategies for
solving them as well as graphing them on both
number lines and pairs of coordinate axes. You also
look at the meaning of absolute valuein
considerably greater depth than when it was first
introduced in Chapter 2. You'll examine solving
both equations and inequalities that incorporate
absolute value, trusting that you'll enjoy both

equally.



Inequalities and Absolute Value

Over the past few chapter s you’ ve become accustomed to wor king with equations—balancesin
which what ison one side of the equal sign isworth the same aswhat’s on the other side. Ah, if
only all thingswere created equal, but I’m sureyou know that they are not. For those things, you
have inequalities.

Inequalities come in four varieties:

<, meaning less than

>, meaning greater than

<, meaning less than or equal to

>, meaning greater than or equal to

The first two are self explanatory: 3 < 6 means 3islessthan 6, and 7 > 5 means 7 is greater than 5. They
may apply to constants as well asto variables. The last two, however, might take a bit of exploring, since
they apply primarily to variables. 5 < 7 isan impossibility, since 5 is always | ess than 7 and can never be
equal toit. Similarly, impossible is the inequality 8 > 6, since 8 can never be equal to 6. That brings usto
the two general types of inequality, true and false. The last two inequalities are examples of false ones.

X > 4 isatrueinequality when x = 4 or anything greater than 4. Should x = 3.9 or anything |ess, that
inequality becomes false. On the other hand, x < 5 isatrue inequality when x = 5 or anything smaller
than 5. Should x = 5.1 or anything greater, that inequality becomes false.

All of the preceding are examples of simple inequalities. Here's an example of acompound one:
5<y<9.A compound inequality isread from the middle, out. That's going to make the color coding
used unreliable. The foregoing saysy is greater than or equal to 5, and it isless than or equal to 9. Any
amount between 5 and 9 would qualify to make it atrue statement. | know that’s potentially confusing,
but think about it. Since you're starting to read it from the middle, the first part isreally the reverse of
the symbol when read from the beginning.

What is the meaning of this statement? 11>x>8




What whole numbers are in the answer set to the preceding inequality? The second question was thrown
in to keep you from peeking at the answer to thefirst. It isread “x isless than or equal to 11 and greater
than or equal to 8" Someone once suggested to view the < and > as an alligator’s jaws with the smaller
one looking to snap on the larger. Or, it might help to think of the arrowhead always pointing at the
smaller number. The answer to the question about the answer set, by the way, is{8, 9, 10, 11}. If you
think of the forward/backward logic of the way the symbols are read, you should be able to avoid (I
hope) being confused, after all |ess than when read |eft to right becomes greater than when read from
right to left.

Check out this statement: 6>x>12

What is the meaning of it, and what is the answer set? It’s probably easiest to
start out with the answer set, whichis{...,-1,0,1, 2, 3,4,5,12,13, 14, .. .}.
The expression, when read from the center left says“x islessthan 6 and
greater than or equal to 12.” That makes the answer set infinite in both the
negative direction below 6 and in the positive direction 12 and above.




Inequalities and

Absolute Value

Inequalities are most often graphed on number lines. You're going to begin by graphing every

inequality that was discussed in the last section.

For openers, here are the first two inequalities:

Notice that on both graphs thereis a solid dot on the
position corresponding to the number mentioned in
the inequality. That solid dot represents the “equal
to” part of theis greater than or equal to in @) and of
theislessthan or equa toin b).

For contrast, look at the these graphs of x > 4 and
x < 5. Notice the open dot on the 4 in figure a) and
on the 5 infigure b). These indicate that those
respective points are not included on the graphs.

Thisgraph isabit different. It'sof 11 > x > 8.
Notice that this graph is quite finite, with two solid
dots as terminating points.

x>4andx<5

a) X=4
012345678910
b) Xx=5




See how that contrasts with almost its opposite,
5<y<0.

Good grief, the graph in thisfigure isidentical to
the graph in the preceding figure except for its
position on the number line. Notice also that the
variable's being y does not make the graph vertical.
The Cartesian coordinate system has nothing to do
with graphing these inequalities. Don’t take that to
mean that inequalities can’t be graphed on axes,
however; that's a different story that you're not yet
ready to deal with.

There are two more number-line graphs that you
till need to look at. First look at the inequality
6 > x = 12, as graphed here.

You looked at thisinequality at the end of the last
section, but look how graphing it almost bringsit to
life. You can see the separation between the part that
islessthan 6 and the part that is equal to or greater
than 12. Also notice that the less than 6 part has an
empty dot to show that 6 is not included on the graph.

For the last number-line graph, consider
4<w<9.

The thing that should be most noticeable about the
graph depicted in thisfigureisthat neither 4 nor 9is
included on the graph. For that reason, empty dots
are at either end.

6>x=12

— ottt
8 91011121314151

6..

w!
N

ot
[e)R0;
~+

4<w<9




Inequalities and
Absolute Value

Solving inequalitiesis not very different from solving equations: In order to maintain the validity
of theinequality, what is done on one side of the inequality sign must be likewise done on the other.

Look at a couple of instances, starting with this one: y+11<15
In order to get the variable y alone on one side of the inequality y+11<15
sign, you'll need to subtract 11 from the side that it’s on, but if you y+11-11<15-11
do that, what else must you do?
y<4

Hopefully, you said, “ subtract 11 from the other side” y=4
And, so, you find that y is|essthan or equal to 4. Its P
graph is shown here. 4321012345
Try one more. Consider this: Xx—8>-5
Thistime, you're going to need to add 8 to each side of the inequality. Xx—8+8>-5+8

X>3
You found that x is greater than 3. The graph of the -
solution is shown here. o IX S
Note that this time the dot is open, indicating that 3 234567389

isnot a part of the solution set.




Now I’'m going to throw in one more little wrinkle. How do you suppose you'd 7>x+9
solve this?

You could proceed here in two different ways, but | believe it will be 7>x+9
easier to understand if you first get the variable by itself, so subtract 9 7-9>%x+9-9
from each side. o>y

Now you know that that answer doesn’t ook quite right, and the reason that it doesn't is because the
variable is on the wrong side of the inequality sign—that is, on the right, rather than the left. Look at the
expression —2 > x and say what it means: Negative 2 is greater than or equal to x. Isn't that really saying
the same thing as x is equal to or |ess than negative 2?

Of courseit does, and that’s the answer. Looks better now, doesn’t it? X< =2
| mentioned earlier that there were two waysto solve 7> x + 9. Now, 7>x+9
knowing what you know;, look at the other way. Turn it around from the X+9<7
start and then subtract 9 from each side: X+9-9<7-9
X< -2

The graph of the answer is shown here. X=-2

L&l 1

ettt
-8-76-5-4-3-2-101




Inequalities and
Absolute Value

You probably think that you already know how to solve inequalities by multiplying and dividing—
and to some extent you’'d be correct. But, as you may have figured out from thelast section, there
areacouple of exceptions.

First, hereis one example that you probably could have anticipated: 5x < 30
If you're thinking the solution is to divide both sides of the inequality by 5, 5x =30
you'd be absolutely correct. 5x _ 30
5 -5
X=6
And, so, you find that x is|ess than or equal to 6. Now, here’s an exception to -4y >12

the expected. Look at this:

You're probably saying to yourself, “self, what's the problem? All | need to -4y >12
doisto divide through by —4,” and up to a point you'd be correct. —4y 12
Y g}
Guess what? You've now reached that point. Because dividing by —4 is going -4y 12
to change the sign of the variable, something else must also be changed. —4° 27
y<3

That'sright, is greater than changed to is |ess than. Would you like a moment to think about that? If —4y
is greater than 12, then —y is greater than 3, so wouldn’t —y’'s opposite have an opposite relationship with
3? Hopefully, that makes it a bit clearer.

TIP |

The important thing to remember isif the variable's
sign changes, the inequality sign changes!

e




Solving Inequalities by Multiplying

and Dividing (continued)

Try one more: —6x <18
What do you think? Do you have a solution yet? Well, | hope it looks —6x<18
something like this: —6x _ 18

: -6 — -6
Did you get that? x>13
Look at a couple of solutions by multiplication. First: %z <_12
Do you know3h0w to solve thisinequality? If you're thinking “multiply % 7<-12
each side by v then your thinking cap is evidently in good working 3 4 <12 3
order. 4 3 o 4

z<-—

That's because—%f3 = =8, just in case you got confused for a moment.

Now look at one last example: —%xfg

If you want to try figuring out the solution for yourself, don’t look any further

down the page.

Ready? All right, then, here’s the solution. I’'m sure you figured _3. = 9

out the fact that both sides need to be multiplied by —%, but did 2 32 2

you consider the consequence? (_§><_7 X) : 9<_§>

You did remember to reverse the inequality sign, I’ m sure. X i _?
x> —




Inequalities and Absolute Value

The discussion touched upon absolute value in Chapter 2. The distance from 0 that a number ison
the number lineisknown asits absolute value. It isa concept that is one of the under pinnings of
wor king with equations and inequalities of a higher order than you’ve dealt with to this point.

If you look at thisfigure, you'll see two points A B C
marked with A. They are marked that way because ’ t——
they both have the same absolute value, 7. The
points marked with a B both have an absolute value
of 4; those marked C have an absolute value of 2.

Read the equation to the right as “the -3/=3
absolute value of negative 3 equals 3.” Of

course, the absolute value of positive 3

also equals 3.

Now consider this: lw|=7

It reads, “the absolute value of w equals 7.” What is the value of w? Does that sound like afoolish
guestion? Were you tempted to pick the obvious answer, 77 If you did, you're half right. The value of w
is{—7, 7}. That's right, w has two different values, since both 7 and —7 fit the criterion for the absolute
value of w.|7|="7and|=7|= 7. This should help to caution you to proceed carefully when it comes to
solving equations and inequalities involving absolute value.

Look at this equation containing an absolute value: 3[x—5/+9=18
The strategy to follow is to go about getting the absolute value 3[x—5/+9-9=18-9
by itself on one side of the equal sign by first adding or 3/x-5/=9

subtracting (as needed) and then multiplying or dividing (if
appropriate). In this case you'll start by subtracting 9 from each
side.

b



Next, divide each side by the 3 that the absolute value is currently
multiplied by.

The final step isto remove the absolute value sign and set the
quantity in the bracket equal to positive 3 and negative 3.

So x = {2, 8} isthe solution set.

Try one more absolute value equation:

Following the already established strategy, first add 7 to each side.

To finish collecting terms (away of saying get all of one type of term
on one side and all constants on the other), multiply both sides by the

reciprocal of % %

Finally, remove the absolute value sign and set the quantity in
the bracket equal to positive 24 and negative 24.

The solution set is{18, —30}.

W wlw©

X-5= 3 X—=5=-3

+5 +5 +5 +5
X= 8 X= 2
Lr+6/-7=9

2r+6/-7+7=9+7
Zr+6|=16

3 Zr+6/=3-16
Ir+6|=24

r+6=24 r+6=-24
-6 -6 -6 -6
r=18 r=-30

Asyou may have surmised, very little difference exists between the strategies used to solve equations
containing absolute value and those used to solve inequalities containing the same. The major difference
will be in the solutions and the different ways of expressing and graphing them. Since there are going to
be two different solutions, when you set the inequality <> 3, the negative of the solution, that sign must
be reversed. That is, when the inequality | X| > 3, X> 2is negated and it becomes x < —3. That is, X is both

greater than 3 and less than —3.

|



Inequalities and Absolute Value chaptcr9

Try acouple of examples, so you can get used to the procedure. Solve and 2|x—2|>8
graph the following:

First, you need to isolate the absolute value by dividing both sides by 2. 2|x—2|>8
2/x-2| 8
2 2
|x=2|>4
Nov.v.%paratethe apsol ute value to cover both X—2>4 X—2<-+4
positive 4 and negative 4. X—2+2>4+42 X—2+2<-4+2
X>6 X<-=2
The solution is graphed in the figure to the right; X > 6
note that neither the point 6 nor the point -2 is ———
included. ".-3-2-101234567 ..
X<2
Now work one in which the points will be included. Solve and graph In+3+5<-2

this one:




Understanding

Absolute Value (continued)

To get the absolute value term by itself, you'll need to subtract 5

n+3[+5=-2
from both sides of the inequality.

n+3/+5-5=-2-5

In+3|<-7
Here comes the tricky part. —7 is aready n+3>7 n+3<—7
negative, so are you going to have to reverse the n+3-3>7-3 n+3-3<-7-3
inequality sign? Take a moment or two to think n>4 n<-10
about that. The answer is of course you do, but - h
you'll be reversing it for the positive 7 you're
about to create.
The solution is graphed in the figure to the right; n=4
note that both the point 4 and the point —10 are et >

included.




Inequalities and Absolute Value

When alineisplotted on a pair of coordinate axes, it dividesthe graph into two half-planes. If the
lineisvertical, then the half-planeswill be to the right and theleft of that boundary; a horizontal
or oblique line will separate the graph into the half-plane aboveit and the half-plane below it.
When an inequality is graphed on coordinate axes, theresult isalways a half-plane.

If it seemsto you that what is on one side of the line must be greater than what is on the other except
when the line passes through the origin, then you are losing sight of the fact that the plane itself is
infinite in nature. Since what is on either side of the plotted line is also infinite, then those half-planes
are by extension equal in size.

When an inequality isa < or a>, then the graph will be what is known as an y>x+4
open half-plane. That means that the boundary line is not included in the

solution set. To indicate that, the line is drawn dotted. To see how this works,

graph the inequality:

First you find afew values by substitution:

E

Lo
AN O
SN

I chose those values because they were convenient
for me, but you could have substituted any value for y

x to solvefor v. You aso could have drawn it using < x+4 J‘g
the slope and y-intercept method. The result is y p
shown in the figure to the right. Note that the open T
half-plane is above the boundary line, which is +
dotted to show its exclusion. . d




When an inequality isa < or a=, then the graph will be what is known as a y<x-3
closed half-plane. That means that the boundary line isincluded in the solution
set. To indicate that, the line is drawn solid. To see how that works, graph this

inequality:

If you consider this equation to be in the slope and y-intercept form, then its slope x|y

isthe coefficient of x, namely 1, and the y-intercept is (=3, 0). Otherwise, you 2121

could plot afew points by the substitution method. 0l-3
-2|-5

The solution is shown in the figure to the right. Note
that the closed half-plane is below the boundary y
line, which is solid to show itsinclusion.

You'll get the opportunity to work on some of these T
in the Chapter Practice, which is coming up next. 1




Chapter
Practice Inequalities and Absolute Value chaptcr9

Unless otherwise specified, restrict your responses to the realm of integers.
© a What isthe answer set to the following?
b. How isit read?

@ a What isthe answer set to the following?
b. How isit read?

4>x>12
©® Solve the following and graph it on a number line:
6=2x+8
O Solve the following and graph it on a number line:
an+3>31
@ Solve the following and graph it on a number line:
-6y >24

0O Solve the following and graph it on a number line:
—%XZQ

@ Find the value(s) of r that satisfy the equation:

2|r —4/+9=11

e



Chapter Practice

(continued)

@ Find the value(s) of n that satisfy the equation:
3in+3/-7=21
© Solve and graph the following on a number line:
3|x—-5/>12
(@ Solve and graph the following on a number line:
4ly-5|-12<20
@ Solve and graph the following on a number line:
In+3]-5<-2
® Solve and graph the following on a number line:
|IXx-3|+5=4

Graph the following inequalities on a pair of coordinate axes.
® x=5

® 3y-6x<9

®y-5x=>4

B



Inequalities and Absolute Value

@ a{678 9

b. The expression, when read from the center left says*“ x is greater than or equal to 6 and less than or
equal to 9"

Da{..,-10123121314,..}
b. The expression, when read from the center left, says “x islessthan 4 and equal to 12 or greater.”

That makes the answer set infinite in both the negative direction below 4 and in the positive direction
12 and above.

O x<-2

The procedure followed here is not the only possible way to solve this, but the result will be the same.
First you get the variable by itself, by subtracting 8 from each side:

6>x+8
6-8>x+8-8
-22>X

Now that answer doesn’t look quite right, and the reason is that the variable is on the wrong side of
the inequality sign—that isthe right, rather than the left. Look at the expression —2 > x and say what
it means: Negative 2 is greater than or equal to x. Isn't that really saying the same thing as x is equal
to or less than negative 27

X< -2

The graph is shown here. X=-2

2.5 I 1 1 Il

ettt
..-10-9-8-7-6-5-4-3-2-1 01 2
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Chapter Practice

(continued)

On=>7
First, subtract three from both sides; then divide both sides by 4:

4n+3>31
4n+3-3=31-3
4n> 28

4n - 28
4—4
n=7

So, find that n is greater than or equal to 7. The
graph is shown here.

Oy<4
The solution begins in a straightforward way. Both sides need to be divided by 6, but . . .

-6y>24

—6y_24

—6 " -6
y<4

Because the sign of the variable has reversed, the y < 4

inequality sign must also be reversed. Notice that —
on the graph you should have made an empty dot -2 1 O 1 2 3 4 567 8 ..
at 4, sincey islessthan 4.

|t

B



Inequalities and Absolute Value

0O x<12

To solve the equation, both sides must be multiplied by the reciprocal of % % Furthermore, since the

variable was formerly preceded by a—sign, the inequality sign must be reversed.

—%x29

The graph of the solution is shown here.
grap X=12

L

e ————
-101 234567 8 91011121314

@r={35

You need to get the absolute value by itself on one side of the equals sign, so first subtract 9 from
both sides and then divide by 2:

2ir—4/+9=11
2|r—4/+9-9=11-¢

2lr—4|=2
2r-4| 2

2 2
r—4/=1

b



Chapter Practice

(continued)

Thefinal step isto remove the absolute value sign and set the quantity in the bracket equal to positive
1 and negative 1.

r-4=1 r-4=-1
+4 +4 +4 +4
r= r=

Sor = {3, 5} isthe solution set.

O {18, 24}

To solve this equation, first add to both sides; then multiply by the reciprocal of the fraction %

qn+3-7=21
%|n+3|—7+7:21+7
4in+3/=28
2. 34n+3=3.28
3 7
|n+3|:1—-28
#

In+3]=21

Finally, remove the absol ute val ue brackets and set the | eft side equal to positive and negative 21.

n+3= 21 n+3=-21
-3 -3 -3 -3
n= 18 n=-24

B



Inequalities and Absolute Value

O x>9 x<lorx<1>9
To get the absolute value term by itself, you’'ll need to divide both sides of the inequality by 3:

3|x—=5|>12

3[x=5_12
—3 °3
|Xx-5[>4

Now comes the tricky part. Remove the bracket and rewrite for both positive and negative with the

sign reversed:
|Xx—-5[>4 or |x—5|< -4
X—-5+5>4+F5 X—5+5<-4+5
X>9 x<1
n<1 n>9

The solution is graphed in the following figure;
note that both the point 9 and the point 1 are not e O O} >
..=-3-2-101234567 891011..

included.
@O 3<y<13
To get the absolute value term by itself, you’'ll need to add 12 to both sides of the inequality and then
divide both sides by 4:
4ly-5/-12<20
4ly-5|-12+12<20+12
4ly-5/<32
Aly-5 _32
<7

ly-5[<8




Now comes the cool part. Remove the bracket and rewrite for both positive and negative with the sign
reversed:

y-5<8 o [y-5/>-8

y—-5+5<8+5 y—-5+5>-8+°5
y<13 y>-3
-3<y<13
The solution is graphed in the following figure; 3<y<13
note that both the point —3 and the point 13 are e () ——
excluded. ..4-3-2-101234567891011121314...

@® -6<n<o0
To get the absolute value term by itself, you'll need to add 5 to both sides of the inequality:

In+3/-5<-2
IN+3[-5+5<-2+E
In+3/<3

Next remove the bracket and rewrite for both positive and negative with the sign reversed:

In+3|]<3 In+3]=-3
nN+3-3<3-2 nN+3-3=-3-
n=<0 n=-6
The solution is graphed in the following figure; 6=m=0

note that both the point 0 and the point —6 are :

included. .7-65-43-2-1012 3




Inequalities and Absolute Value

M 2<x<4
To get the absolute value term by itself, you’'ll need to subtract 5 from both sides of the inequality:

|IXx-3|+5=4
IXx—3[+5-5>4-5
|x-3=-1

Next remove the bracket and rewrite for both positive and negative with the sign reversed:

|x-3=-1 Ix-3<1
X—3+3=>-1+23 X—3+3<1+3
X=2 X<4

The solution is graphed in the following figure; 2
note that both the point 4 and the point 2 are —
included. .-101

e D

(oK 4 |/\

® First graph thelinex =5. The solutionisa y
closed vertical half plane, so thelineis solid.
Finally, decide which side to shade.




Chapter Practice

(continued)

@ First graph the line 3y — 6x = 9, which becomes
y = 2x + 3. The solution is an open half plane, so
the lineis dotted. Finally, decide which sideto
shade.




Inequalities and Absolute Value

(® First graph the liney — 5x = 4, which becomes y
y = bx + 4. The solution is a closed half plane, so
thelineis solid. Finally, decide which sideto
shade.




chapter

Algebraic Fractions

ou already dealt with fractionsin Chapter 3.

Those fractions involved signed numbers. So
what makes algebraic fractions any different?
Algebraic fractions contain an algebraic expression
in the numerator, the denominator, or both. You may
be surprised to learn that certain restrictions apply
to algebraic fractions, and those restrictions stem
from the fact that division by zero is not allowed.
Look at this fraction:

xla

Wheat restriction is there on the value of x? The
restriction is that x cannot be = to zero; that
statement is abbreviated as x # 0. Now consider this
new fraction:

_y
w—4

What restrictions are there on the values of w
and y? There are no restrictions on the value of y.
However, w = 4! (That isw cannot equal 4.) That
would make the denominator = 0, which is the same
asdividing by 0. Thisis only asmall fraction of
what you're going to study in this chapter.

s
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Introducin
Algebraic Fractions Algebraic Fractions chapterl()

You've looked at some of therestrictions on algebraic fractions during the chapter introduction.
Here, you're going to pursuethat a bit further.

Look at the following fractions: a) 2%3

Just in case it was not clear to you in the chapter introduction, any fraction
may be considered to be a division, with the denominator being the divisor and
the numerator being the dividend, as was noted in Chapter 3. Since division by
Oisillegal—actually undoable—restrictions are placed on what the values of
the variables in a denominator can be. What can z not be in a)? To answer that
guestion, you need to ask yourself what when added to 3 would make 0? The
answer is—3; zmay not be equal to -3 (z# —-3).

Now look at b). What restrictions are there on the values of x and y? Since b) 5
oneis being subtracted from the other, they may not both have the same value X=y
(x#Y). May one of them be 0? Sure, as long as both are not.

Now take alook at ). It is very different from any of the fractions you have 0) ‘21
looked at before. In the first place, it contains an exponential term; secondly, ax

the two quantities in the denominator are multiplied together. If either one of
those terms were equal to 0O, the entire denominator’s value would become 0.
Therefore, (a # 0) and (x # 0). Keep these restrictionsin mind as you work
with algebraic fractions.




Simplifying

Algebraic Fractions

Some books use the expression reducing fractions. That isa misnomer, in that it suggeststhat the
fraction is being made smaller. When simplifying a fraction, thetermsin which it is expressed may
be reduced, but the size of the fraction—its value—doesn’t change. For that reason, you’ll never
see reduce used again with respect to fractionsin this book.

To simplify an algebraic fraction, look for common Bx2y 51 thl « «
factorsin the numerator and denominator that may be 1002 Ty oSy
divided out, or cancelled. Here's an example: 0,4y

H

Note that 5s, xs, and ys in both numerator and da+8 4(a+2) 4(a+?) 4
denominator could be factored (divided) out. 5a+10 5(a+2) = 5(a+2) -5
Sometimes it is not so evident what is the same until

some preliminary factoring is done, asin the

following:

Factoring both numerator and denominator yields the
common factor, a + 2. Sometimes, it’s not as obvious
asthat.

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Here’'s afor instance; X2+ 2x+1

If you thought that you factored e+ 2x+1 (Xx+D(x+1)  (xAT)(x+1) yy1
polynomialsin Chapter 7 just for fun, =1 ~ (x+D(x-1) (x+D(x-1) x-1
think again:

And that compl etes the story.




Multiplying
Algebraic Fractions

Algebraic Fractions chapterl()

None of the arithmetic operationswith algebraic fractionsis any different from the same
operation with common fractions except that algebraic expressions areinvolved. That
involvement, however, can make thingsrather complicated. When multiplying, it isbest to write
theresultsin parenthetical form and save any combining to be done for the very end. That greatly
helpsto ensurethat thefraction isin simplest form. It’s good policy to try to ssimplify the fractions
by factoring and/or canceling before multiplying the resultant numeratorsand denominators.

Here are two simple examples:

These two examples involved monomials, but the
main strategies used will apply to binomials and
polynomials as well. Check out this one. It may not
be evident why the colors are used as they are, but
it will become apparent as factoring occurs.

Now there's some canceling that can be done, to get
the result.

2a 3b_2-3-a-b_6ab

5 7 57 35

3.2y 3 2 _3111_ 3
47 BX T gy B T 2:5: 1y 1

x+1 3x-3_ (x+1) 3(x=1)
X2 AxFA- 2(x—1) A(x+ 1)

1

41 301 1.3.1 _3

2(x~7), 4(x+1, 2-1-4-1°8




Multiplying Algebraic

Fractions (continued)

Here'safina example of multiplying 24y3( y2—dy+ 4) 10x (X*+ 6x +9)
algebraic fractions. Check out the following: 25(x+3) 21y(y—2)(y’ - 4y +4)

The colors should make it easier to see which 243 (V2 — i
factors are going to cancel with which. yZ%?/j o yl(o;(gng m

o, , :

E:rc]:gmg x?+x+ 9 helpsyou to find other things to "2y . 0% (x + 3)(x+3)
B(x+3)  2(y-2)

Finally, multiply. 8y’ 2x(x+3) _16xy*(x +3)

5

And leaveit in that factored form. 7(y-2)  35(y-2)




Dividing Algebraic
chapterl()

Fractions Algebraic Fractions

Dividing algebraic fractionsis accomplished by changing the divisor to itsreciprocal and then
multiplying. You might recall it asinvert the second fraction and multiply.

Consider this example. Color is used to distinguish numerator from 3.y 3 4

denominator. XTA4TX'Y

Next, cancel if possible and multiply. Notice that the final product contains 3 42 6

elements from the original numerator and denominator. 7% "V =Xy

1

Notice that the time for canceling—if the opportunity exists at all—is after

changing the divisor to its reciprocal and before multiplying.

Let’stry adightly more complex algebraic fraction 8x+4 .2x+1_8x+4. 6

division. Use the same color scheme to distinguish 3 6 = 3 2x+1

numerator from denominator.

Change the divisor to its reciprocal and turn the 8x+4 6 4(2x+1) 52

division into a multiplication. Now it’stime to 3 T x+1 3 x+1
1

see whether you can do some simplifying. .

AHT) 2 _41-2_g

And finally, multiply to get agrand total of 8. 1 ’ 21 1




Dividing Algebraic

Fractions (continued)

Try one more agebraic fraction division—a 18(a*+6a+9) 12(a+3)(b’—4b+4)
complex one. Stick with the same color scheme. 522 be + >5abhc

First, change the divisor to its reciprocal and turn the division into a multiplication. Then see whether
you can do some simplifying.

18(a’+6a +9) 25abc _18(a+3)(a +3) 25 alc
5a’bc®  12(a+3)(b’ 4b+4) Ba’bc®  1Z(a+3)(b 2)(b-2)
3(a+3) 5abt _3(a+3) 5
a’pc” 2(b-2)(b2) ac® 2(b-2)(b-2)

Finally, multiply to get: 3(a+3) 5 15(a+3)

7 _ — = 2
And that'swhat | call a“long division.” ac 2(b=2)(b=2) " 2ac’(b-2)




Adding and Subtracting
chapterl()

Algebraic Fractions Algebraic Fractions

If you’ve been wondering why | saved addition and subtraction of algebraic fractionsfor after you
learned about multiplying and dividing them, the answer issimple: It'sharder! If you recall, in
order for fractionsto be addable or subtractible, those fractions must have the same denominators.

Check out the following two fractions:

The denominator on the left hasa 3, an x, and ay. The one on the right has 7_,_5
a2, an x?, and ay. Each contains a constant, an x, and ay. But the constants 3xy?  2x°y
are different, and so are the orders (or the degrees) of the variables. What

you need here is acommon denominator. The least common denominator

(LCD) is 6x?y?. Go ahead and check it out for yourself; don’t take my word

for it.

Now, to change the two original BX2y? = 3xy’= 2X and  6x’y’+ 2x*y = 3y
denominatorsto the LCD, you have to %7 = 14x 3y-5=15y
divide the LCD by each original - 14x 15
denominator and multiply its el S _ Y
numerator by the result. For example: Xy y Xy 6xy
Finally, add them together. 14x 15y  14x+1b5y

6X2 2 + 6X2 2 = 6X2 2
Now wasn’t that a barrel of laughs! If there was anything you y y y
didn’t follow, go back and check each part again. They should

fall into pace.

Ready for a subtraction? (That was arhetorical question.) Check this one out: Bx 2y
4y  5x

What is the least common denominator? I 20xy + 4y = bx and  20xy = 5x = 4y

you said 20xy, you are correct. Divide that Bx+ 5x = 25x2 dy-2y =8y’

by each existing denominator and multiply Ex 252 2y 8y

the result by the old numerators to find 2y = 20xy 5% = 200y

what the new numerators will be.




Adding and Subtracting

Algebraic Fractions (continued)

Now rewrite the subtraction and solveit. 25x% 8y  25x°- 8y’
20xy 20xy ~—  20xy

oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Sometimesto find the LCD it is 3x 4 3 3x 4
necessary to factor both denominators, - 16 X2+ 8x+16 (X=4)(x+4) " (x+4)°
asisthe case here:

So what is the [east common denominator? It has (X —4)(x + 4)(x + 4), or (X —4)(X + 4)2
to be divisible by (x—4) once and by (x + 4)
twice. That makesit:

Divide that by each existing _ 2
denominator and multiply the result % =(x+4)
by the old numerators to find what (x=4)(x+4)
the new numerators will be. 3x2+ 12X
Now you're ready to add. (x=4)(x+4)

3x  __ 3X*+12x

X'=16  (x—4)(x+4)

(x=4)(x+4)°

(x+4) =(x=4)
(X—=4) - Ax=4x(x—4), 0r 4" — 16x
4 __ 4x*—16x

X*+8x+16 (X—4)(x+4)

3x°+ 12X + Ax°—16x _  IX*—4x

(x=4)(x+4)" (x—4)(x+4)"  (x-4)(x+4)
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| Practice Questions |

Express each of the following in simplest form:
8pg’
4p*q
3m+9

@ 5m+15

X*—6Xx+9

© x*—9

For each of the following, perform the indicated operation and express the answer in ssmplest form.
4x° 3y

9W°§
y—2 5y+5

62y+2'4y—8

0 8&'(yY'-4)  5x(x’-8x+16)
15(x—4) 4y(y-2)(y’+5y+6)

6a+3 . 2a+1
@77+

o (e-1(f+2)g  (e-1'g’
(r=1(s+2)t " (r-1)(s+2)
36(m+2)  60(m+2)(m-2)
mi(m-2)" 10




Chapter Practice

(continued)

| Chapter Practice Answers |
0 80 _ Pra* _2g
4p'q - ApH P
@ 3m+9 _3(m+3)
Sm+15" 5(m+3)
3(m+3) 3
5(m+3) 5
® x-6x+9_  (x=3)
x*-9 (x—3)(x+3)
(x=3"  _x-3

(- 3(x+3)  X+3

0 8y(y'-4) 5x(x*-8x+16)  8y¥(y—2)}fy¥2) A (x—4)%

15(x~4) 4y(y-2)(y*+5y+6) Ho(x=4) .WW(Y‘F@

_ 2 X(x=4)
-3 (3
_ 2y (x-4)
- 3(y+3)
173 6a+3.2a+1_6a+3 _8
4 8 4 2a+l

3(2a+T) 8 _6_g
14 M 1
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o (e-1(f+2)g  (e-1’g* _(e-1(f+2)g (r-1)(s+2)

(r=D(s+2)t ~(r=1)(s+2) (r-1)(s+2)t (e-1) g’

(e 1(1+2)g Tr=B(s+2)__(1+2)
(M=(s+2)t  (e-p¥g® C't(e-1)

36(m+2) . 60(m+2)(m-2) 36(Mm+2) 10
m{(m-2)" 10 " mi(m-2)" 60(m+2)(m-2)

R6(M+2) 19 ___ 6
mi(m-2)" BP(M+2)(m-2) mi(m-2)°

Sy 6y  5S5xy |, 4-6y
@ 4Xy2 + X2y2 - 4X2y2 + 4X2y2
5xy 4 4-6y  5xy+ 24y
Ay ATy Ay

4c 7 _ 4ac , 7-5b
D S "3 Bab? T Bah?
4ac_, 35b _ dac+35b
5a’b® = 5a’b’ 5a’b’

® i_l:8'5_3'ry
3r* 5r 15r* 15r°
40 3ry _40-3ry
15r®> 15r®> 15r°

® 9 4 _9-2r 4-3
3rs 2r’s®  6r’s® er°s’
18rs’ _ 12 _18rs’-12
6r’s® 6r°s’ 6r’s’

181 - 12 32— 2

pBriss eres’




chapter

Roots and Radicals

he subject of roots and radicals was introduced

in Chapter 1, “The Basics” Square roots have
nothing to do with square trees. In fact, they are the
opposites of numbers that are raised to the second
power. When you raise a number to the second
power, you'll recall, you multiply it by itself. To
find the square root of a number, find the number
which, when multiplied by itself, makes that
number.

2x 2=14,s0 2 isthe square root of 4. Although
sguare roots are not the only type of root in algebra,
it is by far the most often used. You can indicate
sguare root in algebrain several ways, but the most
common is probably by using the radical sign. | use
red here, because in the twentieth century it was the
color most often used to represent radicalism. Of
course, radicalism has nothing to do with algebraic
radicals, but | know a good thing when | see one.

DefiningRoots . ............
Operationswith Square Roots

Chapter Practice ...........




Defining

Roots

Roots and Radicals chapterll

As previously noted, you dealt with this subject perfunctorily back in Chapter 1, but in this
chapter, you are going to take a much morein-depth look. The symbol v iscalled aradical sign. It
isused to designate the root of whatever number isbeneath it. For example, /4 isread “the square
root of 4" Since 4 can be broken into its componentslikethis, /4= /2.2 , thesquareroot of 4

is 2. You can write that exclusively with symbols asfollows: ,/4 = 2.

PERFECT SQUARES

When a number has a square root that isawhole
number, that number is said to be a perfect square.
Thetotal size of the realm of perfect squaresis
infinite, but those equal to 100 or lessare 1, 4, 9, 16,
25, 36, 49, 64, 81, and 100. Can you see the
pattern? If you can’t, start by figuring out what the
square root of each of those listed numbersis. But it
doesn’t stop at squares and square roots. A number
iscaled asquare of another based on the geometric
figure of the same name.

Look at the top right figure, and you' || see what |
mean.

Notice that each of the edges of the squareisthe
square root. The areaisthe actual square.

Give the square a third dimension by adding depth.
Check the second figure out:

Here, each edge isdrawn in purple, while the
volume of the figureis dark green. Each edgeisthe
“cuberoot” of the figure’'s volume: | =3/\/.

CUBE ROOTS AND CUBIC NUMBERS

Notice the little 3 on the radical sign. That tells you
itisacuberoot that is being represented. Suppose
the volume of the cube is 8 cubic units. Then to find
each edge you solve the following:

[ X1 XI=V

3/8=3/2.2.2
/8=2




Defining

Roots (continued)

Thefirst cubic number is 1. Itisequal to 1+ 1- 1, so you can properly write that ;/1 = 1. The next

cubic number is 8; then 27, then 64, and 125. Notice that cubic numbers get large very quickly. Cubic
number s, unlike square numbers, have one and only one cubic root. Each square number has exactly
two square roots. “How can that be?’ you ask. Well consider the following: What's the value of 22?
“That's an easy one,” you're thinking; “why, it's 4.” If that’s what you were thinking, you're absolutely
right, but in that case, what's the value of (—2)?? Whoa! That's also 4. Now are you getting the idea: For
every positive square root of a number, there's also a negative one. You could say that for any perfect
square, it’s the product of either the positive or negative value of its square root—that is, ./ x* = + x.
There is one additional unique property of square roots—well, make that of even-numbered roots.
Negative integers don’t have any—at least not in the realm of real numbers. The square root of —4, for
example, isimaginary. The variablei is an imaginary value that stands for ,/—1, so the square root of —4
would be represented as 2i. You won't look any further at imaginary numbersin this book, sinceit’s
really atopic for Algebrall.

Perfect cubes can be positive or negative. The cube root of 8 is 2, and the cube root of —8is—2. Try it.
—2X—2=4x-2=-8.

No convenient geometric representations exist for numbers raised to 2X2X2X2 =16
powers greater than three, but that does not mean there are no roots 416 =2

greater than cube roots.

That isread “the fourth root of 16is2.”

Read that “the fifthroot of 243 is 3. 3X3 X3 X3 X3 =24%

/243 =3

L TIP

Thereisrealy no limit to the “th” of the root. That
limitless number is sometimes referred to as the n'" root
of anumber. Those numbers that have odd-numbered
roots may be positive or negative; those with even-
numbered roots may only be positive.




Operations with
: chapterll

. Square Roots Roots and Radicals

It ispossibleto perform many different operationswith squareroots. Some of them can be
performed under a single radical sign, while others may involve two or moreradical signs. In
many respectstherulesfor operating with square rootsfollow the general rulesfor operating
with variables. It’simportant to pay careful attention to the special rules governing the various
operationswith square roots.

UNDER A SINGLE RADICAL SIGN

Notice you multiplied the two factors under the sign together to get 36 4Y(9) = /36 = 6
and then found the square root of that, which is 6. (4)(9) /36

But you could have solved it a different way: /(4)(9) _ /2_ 2(9)
First you found the square root of 4, 2. Then you removed that 2 _5 /2.2
from under the radical sign. Next, you found the square root of 9, 3, 2/9 B 2433
and removed it from under the radical sign. Note that when 2:3=6
something is removed from under the radical it is multiplied by

whatever was already there. Finally, you find that 2 « 3 = 6. You

wound up at the same place, but it was a bit more circuitous a route.

Next, consider addition and subtraction under asingle radical sign: 10+ 24 = /64
Adding 40 + 24 under the radical sign gave you the square root of 64. J64=/8=8
On the second line you took a different approach from what you did

in the multiplication, rewriting the square root of 64 as the square

root of 82

The purpose here is to emphasize that finding a square root is the same /54-5=/49
as undoing an exponent of 2. J29= /T = /7

Here you have followed the same pattern in demonstrating subtraction
of 5 from 54 under the radical sign. Thistime it was 7-.




Operations with

. Square Roots (continued)

Division is mostly the same here, but with alittle 75 Note: 75

twist: 3" /25 % = %
J/25=,/5=5

The note, above, is how division of radicals differs from addition and ﬁ . /Z - /é

subtraction, but not from multiplication. That is:

Last but not least, consider this: /9+4=/13

Think about that, because at first blush you probably noticed that both 9
and 4 are perfect squares, yet they add together to make a number with no
exact square root.

............................................................................................................................

WITH LIKE RADICALS

Addition and subtraction of radicalsis possible only when the numbers under the radical signs are the
same. As noted earlier, in many respects the rules for operating with square roots follow the general rules
for operating with variables. Thisis especially true for the operations of addition and subtraction.
Consider the fact that 2x + 3x = 5x and 6y —y = 5y.

When adding or subtracting radicals, the radicals behave asif they 3/2+2/2=5,2
were the variables, so:

The numerical coefficients are added as with the variable addition
above. The /2 just names what it is that's being added; like apples,
oranges, or X's.
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For subtraction: 6,/3-,/3=5/3

Note that just asis the case with variables, aradical with no numerical
coefficient before it is assumed to have a1 in front of it, so /3= 1,/3,
and is treated as such when adding or subtracting.

Consider the following addition and subtraction: 3,/3+4/5-3/3+4/5
Again, they behave in amanner identical to variables. If the and
variables are not identical, you can’t add them; if theradicals 6,/5-2,/7=6,/5-2,/7

are not identical, you can’'t add them. And if the variables are
not identical, you can’t subtract them,; if the radicals are not
identical, you can’t subtract them.

----------------------------------------------------------------------------------------------------------------------------

Always be careful not to fall into temptations like these: J/30+,/6+,/36

5 [543

Remember, what’s under the radical signs must be
identical or they cannot be added or subtracted.
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. Square Roots (continued)

ADDITION AND SUBTRACTION OF SIMPLIFIED ROOTS 4./3 +2‘/277

Sometimes radicals do not ook like they can be added or subtracted, but
they are hiding their true identities, sort of like radical wolvesin radical
sheep’s clothing, for example:

At first, these look like two incompatible

radicals, until you take a closer look at the 4/3+2/21 .

second one. That second radical isnot in its 2,/27=2/9-3=2,/3-3=2.3/3=6,/3

simplest form. Factor 27, and you'll get 4/3+6,/3=10,3

3x9:

Did you follow all of that? The main thing is that 2./27=6,/3
sothat4,/3+6.,/3 =10,/3

How about this one? 4/50-7/2

You'll get some more practice with these 4/50=4,/2-25=4,/2.5=4.5/2=20,/2

later in the “ Chapter Practice” section. The

key piece of learning to take away from this

lesson isthat just because two radicals

don’t seem identical at first blush, don't Therefore, 20,/2-7,/2=13,/2
dismiss them as different until you've

thoroughly analyzed the situation.

MULTIPLYING NON-NEGATIVE ROOTS

When multiplying roots that are constants, you know that negative /8-/2=,/16=4
sguare roots are not allowed, so you simply proceed, asin:

When dealing with radicals containing variables, however, itis Ja'-/a'=/a""=,/a"
essential to realize that the non-negative roots are the only ones
involved in the product.
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Did you remember that when both factors being multiplied are the Ja® ( a5)2 _ g
same variable, the exponents are added? That’s why you add 3 + 7 to

get 10. But wait, you're not done with this yet, since you're looking at

an even exponent under a square root sign:

Soit al comes down to a®°.

Try thisone: /&/&W:@W

In thefirst line, the 6 and 3 were multiplied 18- /2v' = /218 = /3657
together, as were the x's. On the second line, the X ‘/ x ‘/ ol
18 and 2 are multiplied together, and the x* was J/36x7y" = 6xy’

multiplied by the y*. Finally, since each member is
aperfect squarein its own right, you get the final
answer: 6xy°. Answers should always be expressed
in the simplest possible form.

Here's one that's dightly different, /a’b-/bc’- Jacd - /od = /a’b’c? - /abcd®
although the principles are exactly the

same:

First, combine the first two radicals and the last two Ja2b?c?- Jabcd? = ,/a’b*c’d?

radicals. Then combine what’s | eft:

Now break that down. Bear in mind that like [a’b’c*d’ = /a'/b®/c/d?
variables, radicals don’t need to be separated by ‘/7 3
a’/p*/cd/d*=d/a-a’/b-b’/c-

multiplication signs to indicate multiplication.

Putting each variable under its own radical sign ad/a-b/b-c/c
makes it easier to see which part of what's under it = abcd y/abc

can be brought out. Then, the final step isto put it

all back together.
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. Square Roots (continued)

DIVIDING NON-NEGATIVE ROOTS

For the purposes of dividing roots, all roots are assumed to be non-negative. a_Ja
For any division of radicals, the following is true: b~ /b

Any fraction with aradical sign in its denominator is by definition irrational. It istraditional and
accepted practice to never leave any fractional answer asirrational. To rationalize a denominator,
multiply the fraction by 1, in the form of its conjugate root over itself. In the case of a number whose
denominator isa pure radical, such asL‘;‘, the conjugate root would be @ To rationalize the

b
denominator, multiply by that over itself (which isequal to 1), asfollows: @ . @ - @ Tardal That

/b /b
was easy enough, wasn't it? If the denominator were in the form a + Vb, then the conjugate root would
bea-/b.
In tohrdetr tﬁ rati_ona!ize gle denominatltér of suecg(; afrfa(I:'I(ion . c a- /b _ac-c /b
without changing its value, you would proceed as follows: at/b a—/b 2—Db

You should recognize the resulting denominator as resulting
in the difference of two squares, even though a square root
was one of the contributors.

When the denominator is of the form a— ,/b, the conjugate would be a+ /b, and | think we can both do
without a demonstration.
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For this division, solve and |eave the answer with arational denominator (where appropriate).

3/5
2.,/24
Thefirst thing to do isto simplify the 3./5 3./5 3./5 3/5 3/5
denominator: = = = =
| 224 2/46 2/26 2-2/6 4/6
Now it's time to rationalize the denominator: 3/5 /6 _ 3 /T) \/70
And that’s as far as you can go. You could also express 4‘@ ‘@
that as /30,
For this division, solve and |eave the answer with arational denominator 8 /@
(Where appropriate). W
Here, it is beneficial to combine both y radicalsinto asingle 8‘/7y
fraction: /36y 8 | 36y /
Now you'll revert to one radical over the other. 8/1 81 _ 8
Remember, the 8 goes with the top one: /12y4 - /3. Y yz)z e
Finally, rationalize the denominator: 8 J/3_ g“ /3 _4/3

/3 /3 A3 3y
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Practice

Practice Questions l

Answer each question to the best of your ability.

© How is5related to 125 in a sense that relates to this chapter?
® Find,/169.

©® Name all square roots of 121.

@ Find the cube root of —-27.

@ Find all the roots of 5/1024.

Solve each of the following. Express each answer in simplest possible but complete terms. If the solution
contains an irrational denominator, rationalize it.

0 /(5)20)
@ /110-29
© /35+14
9 /15)5
©7/2-/98
®D5,/18+2,/32
®@3,/72-4,/32
® /aa?- /837 /20"
@ Rationalize: 2@
5-/2n

® /10¢- [5xy*- /2y
®_ 5«

2- /3y
®1+/3

5-/3
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Chapter Practice Answers

© 5isthe cuberoot of 125, or 5 = 3/125

® /169 = +13 because 13 - 13 = 169, and —13 . —13 = 169
O 11and-11

0 -3

emandonly4

© /(5)(20) = /100 = +10

@ /110-29=/81=+9

O /35+14=/49=+7

© /(15)(5) - /75 /25-3= /5-3=5/3

©7/2-/98=7/2-/49-2
=7/2- /72
=7/2-17/2
=0

®5/18+2,/32=5,/9-2+2,/16-2
=5/32.2+2,/4%2
=5.3,/2+2-4/2
=15,/2+8,2
=23,/2

®3,/72+4,/32=3,/36-2+4,/16-2
=3,/6%2+4,/4%.2
=3-6,/2+4-4,2
-18/2+16,/2
=34,/2




Chapter Practice

(continued)

® /42°- /8- /2b* = /32a*- /20"
/32-./2b" = /2-32a*b* = ,/64a" b’
J/64a*b* =8a’b’

® 2/3n 5+/2n_10/3n+/6n°_10,/3n+n/6

5-/2n 5+,/2n  25-2n 25 —-2n

® /wex- [xy* WYz xz= JWXEYP - SWExyP 2
/WZ X2 yz . /Wz Xy2 Zz — /W4 X3 y4 22
= W () x(y) 2

:WZXyzz/;(

=./100x"y*
= /a0 (<) ()
= 10x*y?

@ 5 2+/3y 10x+5x,/3y
2-/3y 2+ /3y 4~y

®1+,/3 5+/3_5+6/3+3
5-/3 5+/3  25-3
_8+6,/3
22
_4+3,/3
-1




Quadratic Equations

kay, thisisthe part you've been waiting for—

you know, the hard stuff. (Just kidding.) Too
many people have had a difficult time with
quadratic equations because they were not properly
prepared to deal with them. If you've understood all
the material that has been covered so far, you should
have no trouble here. Quadr atic equations contain
aterm raised to the exponent 2. Each equation has
either two solutions (a positive one and a negative
one), one solution, or no solution. If it has no
solution, that means that there are no real numbers
that conform to the requirements of the equation.
There are three different ways to solve quadratic
equations, and you shall study all three of them
here—one at atime.



Standard Quadratic

Equation Form

A gquadratic equation is one that can be written in the form:

The a, b, and ¢ are normally replaced by constants, but they are used
to signify first, second, and third positionsin the equation when it is
in its standard form. The zero on the right side of the equal signis
no accident either. It is part of the requirement for the equation’s
being in standard quadratic form.

No quadratic equation ever contains a variable raised to a power higher
than two. Also, there must always be a variable raised to the exponent?,
or it’'snot a quadratic equation. The + signs are alittle more flexible.
Since a constant may be negative as well as positive, any of the
following may occur and till be in standard quadratic form:

You're now going to look at afew quadratic equations that are not
in standard form. The objective will be to get every one of them
into standard form. Start out with this one:

The two problems with this equation are that the a and b terms
are reversed, and the c term is on the wrong side of the equal
sign. Reversing thefirst two is easy enough, and to finish the
job you'll subtract 21 from each side.

Now look at the next quadratic:

ax?+bx+c=0

axt+bx—c=0
ax2—bx+c=0
ax2—bx—c=0

5X + 4x2 =21

A2 +5x—21=21-21
A2 +5x—21=0
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Where are the a and b terms? Well, the a term isright where it IX2+0x—9=0
belongs, but the b term is missing. To put it into standard form you

need to add a b term that won’t change the value of the equation.

Where'sthat a, you ask? All right, I’ll put it there for you, but you're

not going to like it.

It'sa =1, which you never write, but which | did thistime to tease
you; adding a Ox doesn’t change the value of the equation, since it
equals 0. The fact of the matter is, when solving quadratic equations
by factoring (next lesson), you love to see the minus sign and the
missing b term. You should recognize that as the difference of two
squares, which you studied earlier when you practiced factoring.

Finally, consider this equation: 3X=1+2x°
This equation presents a couple of interesting choices. X=(1L+2X)=1+2¢—(1+2x3)
You could subtract 1 + 2x? from both sides, and then 22X +3x=1=0

rearrange the terms. That would give you the equation:

Or you could rearrange the terms on the right and subtract 3x from 3X=1+2%?

both sides, like this: 3x—3X = 2% + 1 — 3X
0=2x-3x+1

Now, since an equation is like an equal arm balance (remember 2X%—-3x+1=0

Chapter 4), if it were abalance you'd just switch pans. In this case,
you pivot on the equal sign.

You would have gotten the same result if you had multiplied the first
equation you found by —1. Remember, you can multiply an equation
by anything without changing its value, as long as you do it to every
term.




Solving Quadratic Equations

by Factoring

When you studied factoring in Chapter 7, you might have thought it wasjust for fun, and it was at
the time. Now, however, you're going to get the chance to put it to some use. If you don’t remember
the various forms of factoring you did in Chapter 7, go back and review it. I'll wait. Not all
guadratic equations can be solved by factoring. Indeed, most of them cannot. But when the

opportunity isthere, it should be used.

The first thing that needs to be done isto put the equation into
standard form. I’m not going to waste your time by bothering you
with that now. You already saw it in the last lesson, so start off with
eguations that are already in standard form, starting with this:

Since you went back and reviewed Chapter 7 if you felt the need to,
I’m not going to waste time or space analyzing this equation. It
factors as follows:

Next, set each of those factors equal to 0 and solve
Separately.

Not surprisingly, the answers are the same, so the roots of
this equation are (—1, —1). Pretty cool eh?

Try another one:

Doesthat look strangely familiar? It's the difference-of-two-
squares equation that you played with in the last lesson, and it
is the exception to the “get it into standard form” rule. You do
remember the difference of two squares, | hope. Go for it:

Y42y +1=0

y+)y+1)=0

=1 =1
x2-9=0
x2-9=0

x+3)(x=3)=0
Xx+3=0 x—-3=0
X=-3 X=3

e
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Do you know why | love writing math books? It's because it's so 222-5z2-3=0
much easier to solve equations that you've made up yourself. But you
probably didn’t want to know that. Try this one:

Thisoneisn’t quite as easy to factor as the two 272°—5z-3=0
previous ones, but it’s not too bad. The two minus (2z+1)(z-3)=0
signs should help steer you in the right direction, 574120 7-3=0
as should 2, 3, and 5. - B
2z2=-1 z=3
1
Z=72

It'salwaysagood ideato 1\ 1 2

check your answer by 2(—7) —5(—§>—3:0 and/or  2(3) -=5(3)=-3=0
substituting the root(s) that 1\ 5

you found back into the 2(Z>+§_3:0 2(9)-15-3=0
original equation. If the root 12

is correct, the solution of the 5

equation will yield atrue 2_+7_ 3=0 18-15-3 =0
statement. Here, I've worked 6

out the last solution, 5-3=0 18-18 =0
substituting both roots into 3-3=0

the original equation.

So both roots checked out. You should go back and check out the X2—7x=0
answers to the two previous equations. X(x—7)=0
You've already seen an example of a partial quadratic equation when x=0 x-7=0
you worked with the difference of two squares. Here's another X=7

example of apartial quadratic that can be solved by factoring:

Pretty tricky, don’t you think? Go ahead and check the two answers.
You'll seethat both work.




Solving Quadratics by

Completing the Square

A second method for solving quadratic equationsis known as completing the square. Obviously,
it ismost often used for equationsthat are not readily factorable. There are several stepsto be
followed in completing the square, but the method can be used whether therootsarereal or
imaginary. The purposeisto create a perfect square on the left side of the equal sign that can
readily be factored to form a square of the form (x + n)? =y. At that point, X + n can be set equal
toty, and solved.

The steps for completing the square are as follows:
@ Write the equation in the form ax? + bx = —c. Thistime there are no exceptions.

@ amust equal 1. If it does not, divide the entire equation by a or multiply the equation by % so that
a = 1. Otherwise, you cannot proceed.

©® Take half of the value of b, square it, and add it to both sides of the equation. At this point, the left
side of the equation will be a perfect square.

O Rewrite the equation as (x + n)? =y, wherey is whatever’s on the right of the equals sign.

@ Finally, split the terms from step 4 to make x+n = ﬁ and x+ n=—/y and solve both for x, the
root(s).

Try oneto see how it works: 3X?—18x+15=0
First you'll have to subtract 15 from each side. 3X?—18x+15-15=-15

3% —18x=-15
Now there's the matter of that a term. It'snot 1, so you need to divide 3x23 18x _ —%5
by 3.
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Next, take half of the value of b, squareit, and add it to both X2 —6X + (—3)2 = -5 + (-3)?
sides. X2—6X+9=-5+9

X —6x+9=4
Now it's time to factor the perfect square you just created on the (x—3)°=4
left side.

If you're not sure why that’s an x — 3, look at the x-3=,/4 andlor x-3=-/4
sign of the b term in the equation three lines up. x—3=2 X—3 = -2
Finally, split both terms and solve each for the X=342 X =3_2
positive and negative values of the square root of
the right side. x=5 x =1
Substitute each root back into the original 3(5)2-18-5+15=0
equation to see whether it works. 3(275% - 88 I ig = 8
That works for me! -15+15=0 and/or 3(1)>°-18.1+15=0
3(1)-18.1+15=0
3-18+15=0
-15+15=0

Try one more of those. How about: %yz +15y+21=0

First you need to rewrite the equation, subtracting 21 from 3.2
both sides. 2Y

+15y+21-21=-21

Sy+15y=-21




Solving Quadratics by Completing

the Square (continued)

Next, you have to do something about that §. The solution isto 2(3 ., 3
. 0 €10 SOmEnIT 52 §<§y +15y——21>
multiply everything by its reciprocal, 3
y*+ 10y =14
Now take half of the value of b, squareit, and add it to both y*+ 10y = -14
sides of the equation. 10\ )
(7) = (5=25
V2 + 10y + 25 = —14+25
Now it's time to factor the perfect square you just created on the (y+5°=11
left side.
Finally, split both terms and solve each y+5=/11 andlor y+5=-/11
for the positive and negative values of the _ e
sguare root of the right side. y=-5+/11 y =-5-/11
I’m going to leave it to you to check that problem, because | want to ax®+bx=—

do something that you are probably going to find insane—until you
understand where | am going with it. | want to work out the solution
to the following equation by completing the square:
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| presume that it looks familiar, so get to it. You need to divide each ax’ Lbhx_ ¢
term by a. a Ta“~"a
bx _ ¢
X'+ 7 =3
Next, take half the b term’s coefficient, square it, and 1b\V [ b\ b2
add it to both sides. (73) = (Z) =222
2 2
x2+b7)t(+ LE'f —£+ At)az
To combine the terms on the right side of the equals oy DX b’ __c  b® _b’-4ac
sign, you'll need to combine both fractions over the a T 4at a4 4a°
common denominator 4a°.
That is: bx , b*> _b’-4ac
X+ Tt g7~ aw

Next, factor the perfect square that you've made on the left side of the equation and split the roots to
solve for their positive and negative values.

< b )2_ b’—4ac

X+% 427
b _ /b*-4ac b _ /b’-4ac
Xt 22~y 4z X+ 2a = 43’
_ b, [/b’-4ac __ b [b’-4ac
X="2a " 2 X="2a 4a°
b J/b’—4ac b b*—4ac

TR aw T jaw




Solving Quadratics by Completing

the Square (continued)

Well, it should be obvious that you can combine those fractions, —b+ /b’ 4ac
since the denominators are the same, and you'll end up with the X= 2a

same fraction on each side, except one radical will be added and the
other subtracted. Why not combine those as well, to get:

----------------------------------------------------------------------------------------------------------------------------

That may seem to you like alot of work, and it was, but it was al worthwhile, asyou’ll see on the next
page. This equation is known as the quadr atic formula and can be used to solve any quadratic equation,
factorable or otherwise, with roots that are real or imaginary.

TIP |

Now I’m going to ask you to do something you're not
going to like. It is essential that you commit the
quadratic formula to memory. Everybody else who has
taken algebra has doneit, and there is no reason why
you can't. | recommend the following mantra: “x equals
negative b plus or minus the square root of b? minus
4ac, all over 2a.” Say it to yourself while commuting to
school or work, and while you're trying to go to sleep at
night, until it comes to you automatically whenever you
see a quadratic equation.
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Eq uations by Formula Quadratic Equations

You've seen the quadratic formula, y — —b+ «/2?:— 42C ' and seen how it isderived by completing

the square. You’ve been working feverishly to memorizeit and are continuing to do so, if you
haven't already memorized it. Now it’stimeto see how to useit.

Start out with this one: 6M2 —2m-20=0
That meansthat a = 6, b = -2, and c = —20.

Next, write the quadratic formula, with the caveat that you're —b+./b*—4ac
solving for mrather than x. m= 23
Now, you're going to substitute the values, being —(=2V+ J(—2Y = (4)(6)(—20
certain to transfer their signs, when necessary. In m= (t2)+ ‘/( 2)_ 5 (4)(6)(=20)
other words, if the number has a negative sign, that
sign should be transferred with the value, asin the
case of cin this equation.
Next, combine what you are able to combine. . 2+ / 4—(4)(6)(—20)
- 2:6
2+ /4—(-480)
m= 12
_2+,/484
m=—""12



Solving Quadratic Equations

by Formula (continued)

Simplifying 484, you find it's divisible by 4.

You might recognize 121 as the square of 11, so:

Now separate the two values of m and solve:

Now wasn't that fun?

.............................................................................

_2+/4-121 2+2/121
Mm=—"1 =~ 12

_242.11_2+22 _1+11

m 2 ~ 12 ~ 6

_1+11 _1-11
m= 6 and/or m= 6

_12 _~-10
m=-5 m=-%5

_ __5
m=2 m = 3

You'll do one more solution by quadratic formulain abit, but first consider a part of the formula. The
portion under the radical sign is known as the discriminant. It has already been noted that there are
three possibilities for the solutions to a quadratic equation. Using the discriminant, b® — 4ac can tell you

in advance what those roots’ properties will be.
© If b>—4ac <0, then there are no real roots.
@ If b>—4ac =0, then there is exactly onereal root.

® If b>—4ac > 0, there are two real roots.

Consider the equation you just solved. If you look back, you'll see that the discriminant was equal to
484. What does that tell you? Sure enough, the roots were 2 and —%; two roots, both real.

You'll get more practice with the use of the discriminant in the next section.
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\ Practice Questions

@ Using the constants d, e, and f, write a quadratic equation for the variable x in standard form.
@ Using the constants g, h, and i, write a quadratic equation for the variable zin standard form.
Solve each of the following equations by factoring.

® x2-5x+6=0

O 2a°+2a-4=0

Oy +6y+9=0

0O x*-25=0

@ p>-8p+16=0

Solve each of the following equations by completing the square.

O 2¢-8x-14=0

Qr2+6r+8=0

O 12-y*=8y

Solve each of the following using the quadratic formula.

@ 622+ 11z=-4

® 12+ 11lv=15

® 7°+25x+12=0

® 4%+ 16x+15=0

For the following three equations, do not solve. Just use the discriminant to determine the number of real
roots.

O 22+4x+2=0
® 3y +2y+3=0
®5¢+5x+1=0



Chapter Practice

(continued)

| Chapter Practice Answers

@ di+ex+f=0
A gz2+hz+i=0
(3]

Xx=2,3
X>-5x+6=0
x=3)(x-=2)=0
x—3=0andlorx—2=0
x=3
X=2

a=1 -2
2a°+2a-4=0
(Ra+4)(a-1)=0
2a+4=0and/ora-1=0
2a=-4
a=1
a=-2

y=-3,-3
y2+6y+9=0
(y+3)(y+3)=0
y+3=0andlory+3=0
y=-3
y=-3
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x=5-5
x2—-25=0
(x+5)(x-5=0
Xx+5=0and/orx-5=0
Xx=-5
x=5

p=4,4
p>—8p+16=0
(p-4)(p-4)=0
p—4=0andlorp—4=0
p=—4
p=4
O x-2+/18

First, the equation must be divided through by 2, and then 7 must be added to each side of the
eguation.

2% —-8x—14=0
X2—4x-7=0
X2—4x=7

Next, the b is halved, squared, and added to both sides.

X°—4x+4=14+4

Now factor the newly made sgquare on the left and split the roots, taking the square root of both sides.
X*—4x+4=18

x—2:i/ﬁ
x:Zi/ﬁ



Chapter Practice

(continued)

r=-2,—-4
r‘’+6r+8=0
r’+6r=-8

2
3-s-s
r’+er+9=-8+9
(r+3)2:1
r+3=1 andlor r+3=-1
r=-3+1 r =-3-1
r=-2 r =—4

12-y*=8y
12— y?+y*=8y+Vy?
y?+8y=12

2
(§)=4=16
y’+8y+16=12+16
(y+4)=28

/(y+4)2:i/§3

y+4=/28  andlor y+4=-,/28

y=—4+/4.7 y =—4-/4-7
y=-4+2/7 y =-4-2,/7



Quadratic Equations

__1 .1
z=-3, 13
62°+11z=-4
62°+11z+4=0
Z:—b+,/b2
, Ll /112 4-6-4
_ —11+,/121 96 _-11+,/25_ -11+5
Z= =
12 12

_—11+5 --11-5
Z=—"95 and/or Z=—"4>
_6__1 -16_ 31
Z=15-="3% z=715 =13

_3 _42

V—4, 13

12v+ 11v =15

12V +11v-15=0

_—b+/b’-4ac

= 2a

—11+/112 4 12(-15)

-11+ 1/121 + 720 -11+,/841
24

V:
_—11129
V="
_—11+29 ~11-29
V="2a1 V="21
18 _—40
V=21 V=1
3 2

V:Z V:—1§

chapter12




Chapter Practice

(continued)

__3 _4
X=-3, v

7x°+25x+12=0
_—b+/b’-4ac
h 2a
—25+1/252 4.7-12
2-7

_—25+,/625-336 _ -25+,/289
B 14 - 14

25417
X=—"14

_—-25+17 _—-25-17
x——14 and/or X= =771

__11 51
=-15, -23

4x*+16x+15=0
—b+/w

2a
—16+1/162 4-4-15
-16+ ./ 256 240

—16J_qﬁ5
8

_-16+4 -
X=—g— and/or X=——g—
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® Onereal root:

2 +4x+2=0
b?—4ac=16-4.2.2
b?—4ac=16-16
b?—4ac=0

When the discriminant = O, thereis one real root.

® No real root:

3y?+2y+3=0
b?2—4ac=4-4.3.2
b’>—4ac=4-36
b’ —4ac=-36

When the discriminant < 0, there is no real root.

@® Two real roots:

5x2+5x+1=0
b°—4ac=25-4.5.1
b2 —4ac = 25-20
b’>—4ac=5

When the discriminant > 0, there are two rea roots.
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Algebraic Word
Problems

M ore than for any other reason, algebra exists to
solve problems. More students of algebra
have difficulty with word problems, however, than
with any other aspect of algebra. Figuring out what
solution you are supposed to be finding, selecting
the information you need, and finally creating an
equation that leads you to the proper answer can

be difficult. In this chapter, I’ll try to help you to
dissect word problems so that what is being asked for
becomes apparent. Sometimes too much information
is provided, and you’ll need to distinguish between
what is relevant and what is not. I’ll also try to help
you to recognize words and phrases that indicate
which algebraic or arithmetic operations are to be
used. Finally, you’ll practice many different types of
word problems. Pay close attention to the words, and
they shouldn’t cause you any problems.

7’

Techniquesfor Translating
Problemsinto Equations..........

Typesof Problems ................
Chapter Practice . ................




Techniques for Translating braic
s chaptcrls

Problems into Equations Word Problems

Word problems, also called story problems, arethe most practical application of algebraic skills.

In your everyday life, whether at home or work, problemsarise that need to be thought through
and acted upon. It isvery unlikely that you’ll ever have a practical use for a quadratic equation
solution—unlessyou're a physicist or a chemist—but you may encounter word problems every day.

\ How to Tackle Algebraic Word Problems

e The first trick to solving an algebraic word problem is to read the problem through once, just to get
an idea of what it’s about. Then go back and analyze the problem to determine what information
you’re being asked to find. Some teachers suggest that you circle that information on the page. Let
your variable equal whatever it is you’re seeking to find. Remember that the variable represents a
number rather than a person, place, or thing.

e Often, drawing a picture will help—not a masterpiece like the Mona Lisa, but a pencil sketch with
stick figures. A chart or table of values may also be helpful. These should help to point you in the
direction that you should be going and even suggest an equation to lead you to the solution.

e If you can, write an equation that will lead to the solution. Key words and phrases in the problem
should help lead you to that equation. You’ll look at key words and phrases in the next section.
Make sure that you don’t take extraneous information from the problem and use it in your equation.
Sometimes extra information is included in an attempt to confuse you. Be aware of that so you don’t
fall for it.

® Solve the equation carefully, making sure to check your work as you go. Then see whether the answer
you got is the solution to the problem. Sometimes the variable you’ve found will only be part of what’s
being asked for.

e Make sure that your answer makes sense in terms of its magnitude and units and the other
magnitudes and units in the question. For example, if the problem was about hundreds of miles
and your answer is in tens of inches or pounds, that should be a hint that something iswrong.

[ TIP |

One of the most common errors made when solving
word problems is failing to answer the question that the
problem actually asked. Turn the question you were
asked into a statement and substitute into it the answer
that you found to see whether it works. If the statement
makes sense, then you probably solved it correctly.




Techniques for Translating Problems

into Equations (continued)

\ Key Words and Phrases

As mentioned earlier, some key words and phrases denote which operation(s) should be performed. |
have grouped these phrases below by arithmetic operation. These words or phrases should guide you in
determining how your equation(s) should be constructed.

Addition Subtraction
isincreased by . . . is decreased by . . .
is summed with . . . is diminished by . . .
is more than . .. is less than . . .
sumsto. .. remains or remainder . . .
plus. .. the difference between . . .
isadded to . .. or in additionto. .. is reduced by . . .
totalsto . . . is fewer than . . .
Multiplication Division
the product of . . . the quotient of . . .
of . .. (like three of 4) divided by . ..
at. .. (like 5 dozen eggs at $1.29 per dozen) half . . . (divided by 2)
twice . . . (multiplication by 2) one-third, one fourth, etc.
multiples of . . . ratio

TIP |

As you work word problems, you’ll discover more words
that imply or suggest particular arithmetic relations or
operations. Remember to be aware of what the question is
asking, such as: How fast . . .? How far .. .? How many . . .?
How heavy . ..? How much . ..? How old . . .? What
percent . . .? Find the ratio. . . . What part of . . .? and so
forth.
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The problemsyou are going to study are grouped into typesfor ease of under standing. Probably
the most logical placeto start iswith number problems, since they relate pure numbers, and there
areno other unitsto worry about. Every solution to a word problem should begin with a“ L et
statement” that tellswhat you are letting the variable stand for.

It isalways preferable to solve a word problem using an equation with a single variableif it can
be done that way. All of theword problemsin thisbook can be solved in terms of onevariable.

[ Number Problems |

@ Two numbers sum to 20. Twice the first number equals Let n = the second number.
three times the second. Find both of the numbers. Then 20 — n = the first number.

It’s pretty obvious that what you are looking for here
are two numbers. Start the solution to this problem
with a L et statement (see right). You could let the
variable n stand for either the first or the second
number. Since the second number is multiplied by a
larger amount than the first, I’d recommend letting n
stand for the second number. How do you decide what
the first number should be? The answer to that is in the
first sentence of the problem, “Two numbers sum to
20.” If they sum to 20, then 20 minus the second must
equal the first.

Since the Let statement was derived from the first sentence, you

can’t use it to write the equation. The numbers would simply 2(20-n)=3n
cancel out. Instead, use the problem’s second sentence. Read it

again, and you’ll see that it says what is written in equation form

to the right.
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Next, solve the equation for n. 2(20-n)=3n
3n=2(20-n)
3n=40-2n

3n+2n=40-2n+2n
5n=140

5n _ 40
575
n==8
Did you think to go on after finding that n = 8? I’ll bet you 20-n=20-8
that some people didn’t. You have to remember that the 20—n=12
problem asked you to find two numbers. Try another one.

@ When 7 times a number is increased by 9, the result is 37. Let x = the number.

This is a pretty easy one, because you’re only looking for one
number, but don’t get cocky. Start out with the Let statement.

7 times the number is increased by 9. That translates to: 7xX+9

When 7 times the number is increased by 9, the result is 37. This 7x+9 =37
last phrase translates to the = sign and the specified quantity.

To solve, subtract 9 from each side and then divide by 7. 7Xx+9-9=37-9
Does the answer make sense? 7 times 4 is 28 and add 9 to that and x=28
get 37. Yep. 7x _ 28
il
X=4
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Consecutive Integer Problems /

There are essentially three types of consecutive integer problems. They are consecutive integers (1, 2, 3,
etc.), consecutive odd integers (1, 3, 5, etc.), and consecutive even integers (2, 4, 6, etc.).

@ The sum of three consecutive integers is 60. Find the numbers.

As always, start with the Let statement. Let n = the first integer.
Then n + 1 = the second.
Then n + 2 = the third.

Now go back to the problem to construct the equation. n+n+1l+n+2=60
Next, combine like terms by addition. (n+n+n)+(L+2)=60
3n+3=60

3n+3-3=60-3
3n=57
Sincen=19,n+ 1 =20,and n+ 2 = 21. Do they add up n=19

to 60? Check and see.

@ The sum of three consecutive even integers is 48. What are Let n = the first integer.
they? See the right column. Then n + 2 = the second.

Then n + 4 = the third.

Now go back to the problem to construct the equation. n+n+2+n+4=48
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Solving this equation does not take a genius, but be careful. 3n+6=48
3n+6-6=48-6
So,n=14,n+2=16,and n+ 4 =18.

3n=42
n=14
©® Twice the smallest of three consecutive odd integers is 1 Let n = the first integer.
more than the largest. Find the integers. Then n + 2 = the second.
The first thing that may surprise you is the Let statement. Then n + 4 = the third.
It’s the same as for three consecutive even integers. Do you
get why? Even integers are two apart, and odd integers are
also two apart.
Now, the equation is going to be a bit different. 2n=n+4+1
The problem reads twice the smallest (that’s 2n) is (that’s =) 1
more than the largest (that’s n + 4 + 1). Next, solve it.
So,n=5n+2=7,and n+4 =9. Is twice the smallest 1 more 2n-n=n-n+(4+1)

than the largest? You bet it is. n=>5

[ Age Problems |

Age problems are another type of word problem that uses primarily numbers, but which introduces a
unit of age, usually years. Your mother may have been 20 when you were born, but when you were 5,
she was 5 times as old as you, and five years later she was 3 times as old as you. This changing
relationship between the ages of two persons is the basis for some interesting word problems! When
considering the meaning of an age problem, remember to keep track of the aging going on between both
of the subjects. Remember: A year from now, whatever the relationship between our ages now, I’ll be
one year older, and so will you.
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A table would come in handy here.

The problem says that 5 years ago Frank’s age
was 8 times Reese’s. Therein lies your equation.

Once you’ve found Reese’s current age, it’s not
very difficult to find Frank’s. Now what did the
problem ask for? Checking back, it asks for their
ages NOw.

@ lan is twice as old as Myles. Jake is 4

years younger than Myles. In two years
the sum of all of their ages will be 58.
How old are they now? Again, a table
would be most helpful (see right). Since
all the ages seem to be keyed to Myles’,
let’s use an mas the variable.

The equation is to be found in the third sentence of the

chapterls

© Frank is three times older than Reese. 5 years ago, Frank was 8 times Reese’s age. Find their ages now.

Ages Now Ages5 YearsAgo
Frank 3X 3x-5
Reese X X-5
3Xx-5=8(x-5)
3X—-5=8x-40
8X—-3x—-40+40=3x-3x-5+40
5x=35
X=7
3x=21
Ages Now In Two Years
Myles m m+ 2
lan 2m 2m+ 2
Jake m-4 m-2

m+2+2m+2+m-2=58

problem. Read it and then see the equation to the right.

Once again, the solution is nothing much, but be
careful not to get mixed up with all the ms and 2s.

That makes Myles 14, lan 28, and Jake 10.

m+2+2m+2+m-2=58

(m+2m+m)+(2+2-2)=58

4m+ 2 =58
4m+2-2=58-2

dm= 56

m=14
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[ Distance and Motion Problems |

This is the first type of problem in which drawing a distance = rate x time, or d = rt
diagram might do you some good. This is also the first

type of problem that can be referred to as formulaic.

That is, there is a standard formula to be followed for

most situations. Either straight or in some variation, that

formula is shown at right:

© An automobile travels 42 km at a speed of 84 84 km/hr
km/hr (that’s kilometers per hour). How long —_—
did it take?
The problem tells you the distance and the rate ° " =
(speed): what you need to find is the time. 42 km
Next, substitute what you know into the equation. d=rt
It took the automobile % hour. Does that make sense? The car was 42=84
traveling at twice the km per hour as the distance it traversed, so it % = %

does make sense. t= 1
2
@ Rocio left New York City at noon and drove west Rocio
on 1-80 at 60 miles per hour. Kira left New York t °

City an hour later and drove west on 1-80 at 70
mph. Both continue to drive without stopping and _
at the same speeds. At what time will Kira catch Kira

up to Rocio, and how far will each have driven? t-1
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A table will definitely help. Rate...r Time ...t Distance ...d
Rocio 60 mph thrs 60t mi.
Kira 70 mph t—1hrs 70(t—1) mi.
The 1-80 information is gratuitous and was thrown in to 60t = 70(t — 1)
confuse matters. The times that the two of them drive are 60t = 70t — 70

different. So are their speeds, but when Kira catches up to

Rocio, both will have driven the same distance, and that’s 60t — 70t = 70t - 70t - 70

how you get the equation to the right; —10t=-70
t=7
Notice that you started by equating distances and ended up finding d=rt
the time. There itis. t = 7 hrs. Does that answer the question? Well, the d=60.7

question was at what time did Kira catch up. A look at the chart will
show you that t represents Rocio’s time, and she left at noon, so noon +
7 hours makes it 7 p.m. That answers part of the question. The second
part is how far each has driven. The easier equation to solve will be

for Rocio.

d =420 miles

And now you’ve answered the questions that were asked.

[ Coin Problems |

Coin problems involve nickels, dimes, quarters, and occasionally half dollars and pennies. They all tell
you something about the total number of coins, the relationships in quantities of each type of coin, and
the total value of the coins. It is then your job to find out how many coins of each type are involved.

@ Tania has a number of coins totaling $3.00. She has twice as many dimes as quarters and 5 more
nickels than dimes. How many coins of each type does she have?
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There are three procedures to follow when working with coin problems.

Work in terms of pennies, so a nickel is worth 5 cents rather than $.05, a dime is worth 10 cents,
and $3.00 is 300 cents.

Always pick the smallest quantity to bethe variable. In this case, that would be the quarters.

Always make good use of a table. You might have noticed by now that a table is nothing more than
a fancy form of a Let statement:

Value of Each

Coins Number (in cents) Total Value
nickels 2X+5 5 10x + 25
dimes 2X 10 20x
quarters X 25 25x
Now you’re ready to put together an equation based on the 25x + 20x + 10x + 25 = 300

total value of Tania’s coins.

Finally, combine terms and solve for the number of 25x + 20x + 10x + 25 =300
quarters. 55x + 25 =300
Now that you have the number of quarters, 5, you 55x + 25 - 25 =300 - 25
know there are twice as many dimes, or 10, and 5 55x = 275

more nickels than that, or 15 nickels. You figure out x=5
whether that makes $3.00.
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@ Sebastian has 102 coins in quarters and dimes that total $21.00. How many of each coin does he have?

Remember the three procedures you followed last time, as you construct the chart. You can let either
coin be the variable. Use d for dimes. If d stands for dimes, how many quarters are there?

Value of Each

Coins Number  (in cents) Total Value
dimes d 10 10d
quarters 102 -d 25 2550 - 25d

Now you’re ready to put together an equation based on the
total value of Sebastian’s coins.

Next, collect like terms and combine them to
solve for d.

So there are 30 dimes. How many quarters
are there? Well, since 102 — 30 = 72, that was
an easy one!

\ Mixture Problems

10d + 2550 — 25d = 2100

10d —25d+ 2550 — 2550 = 2100 — 2550

~150 = —450

~15d _ —450

—15 ~ =I5
d=30

Mixture problems deal with having two or more
kinds of things mixed together, be it solutions of
different concentrations, nuts in a can that sell for
two (or more) different prices, more expensive
and less expensive coffees, etc.

There are generally two matters of consequence
in dealing with mixtures. They are the amount of
each and the value or concentration of each. After
both of these are considered, the result is the
mixture of those items combined.

S
c%
solution

a% |4 b% |4
solution solution

Xxamount  yamount (X+y)amount
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Here is the first of two examples.

© Solution 1 is 75% sodium hydroxide (formula NaOH), while Solution 2 is 50% sodium hydroxide.
How many fl. oz. (fluid ounces) of each should be used in order to end up with 50 fl. oz. of a 60%
sodium hydroxide solution?

% NaOH fl. oz. Concentration of NaOH
Solution 1 75% X 75X
Solution 2 50% 50 - x .50(50 - x)
Mixture 60% 50 .60(50)
Two things should be pointed out here. First of all, .5 .75x + .50(50 — x) = .60(50)

and .6 could have been used in place of .50 and .60,
respectively, in the last column. The superfluous zeroes
were kept to avoid confusing you. The second thing to
note is the last column contains the equation you need to
solve. Just rewrite that addition in horizontal form.

Now, proceed to combine like terms and to isolate the .75x + .50(50 — x) = .60(50)
variable. T75x+ 25— 5x =30
That’s 20 fl. oz. of Solution 1 and 30 fl. 0z. of Solution 2. 25X+ 25-25=30-25
100(.25x = 5)
25x =500
x=20

50-x=30
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Now check out this one.

@ 12 pounds of pecans that cost $4.75 per pound

: . o Pecans Mixture
are to be mixed with 16 [bs of raisins that cost
$1.25/1b (/lb = per pound). What should be $4.75/b | [$1.25/b ]| _$xIb
charged per pound for the mixture? 12 1b 16 1b 281b
Cost/lb Pounds Total Cost
Pecans $4.75 12 12 (4.75)
Raisins $1.25 16 16(1.25)
Mixture X 28 28x
Again, the equation is in the rightmost column of the table. 28x = 16(1.25) + 12(4.75)
Now combine like terms and solve. 28x=16(1.25)+12(4.75)
This tells you that the mixture should go for $2.75 per 28x=20+57
pound. 28x _ 17
28 28

X=2.75
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[ Work Problems |

Work problems consider the situations in which two or more people work together to complete a single
job. The general pattern is, for example, one person can do a job working alone in three hours, which
means that person could do one third of the job in an hour. A second person could do the job working
alone in 2 hours, which means that person could do one half of the job in an hour. A third person working
alone could do the job in 4 hours, which means that person could do one fourth of the job in an hour. How
long would it take to do the job if they all worked together?

The solution to this type of problem takes the following form:

1 4 1 4 1
1 person’s time ~ 2nd person’s time * 3rd person’s time

[=

+etc. = 5

Use the figures from the first paragraph and substitute them into this formula—omitting the *“etc.” this time.

1 N 1 N 1 _1
1 person’s time = 2nd person’s time ° 3rd person’s time =~ X
1,1,1_1
3T2747X
In order to combine those fractions, you need a common 1.1.1_1
denominator, the least of which happens to be 12. With that in mind, 3t2t3=x
convert all three fractions to 12ths. 4 6 . 3 1
2 12T127X
13_1
12 7 X




Next, cross-multiply and solve for x.

Algebraic Word Problems

That means that the three of them working together could finish the

job in that fraction of an hour.

Suppose Amy, working alone, could paint her entire house in 3 days,
Beth (even though she’s not feeling well) could paint it alone in

6 days, and Jo alone would take 9 days (admittedly, they’re little
women). How long would it take them to paint the house if they

all worked together? Based on what you just learned:

The least common denominator for the three fractions is 18;

therefore, convert and combine.

Finally, cross-multiply and solve for x.

chapterls

13_1
12 =X
13x=12
13x _12
13 713
12
X=13

Wl
+
ol
+
]I
1l
x|

&l &l
I

X X

1_1
18~ X
11x =18
1lx _18
11 11

_18 .1 7
x=170r 177 days

You’ll get the opportunity to practice all of these types of word problems in the practice section that’s
coming right up.
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Practice

\ Practice Questions

Solve each problem to the best of your ability. If applicable, express the answer in simplest possible terms.

© When 8 times a number is decreased by 7, the result is 49. What is the number?

@ Two numbers sum to 18. Twice the first number equals four times the second. Find both of the
numbers.

©® One number exceeds another by 7. If the sum of twice the numbers is 46, find the numbers.
@ The sum of three consecutive integers is 75. Find the numbers.
@ The sum of three consecutive even integers is 102. What are they?

O The sum of the smallest and largest of three consecutive odd integers is thirteen greater than the
middle one. Find the integers.

@ The second integer is triple the smallest, and largest is triple that. They sum to 208. Find the integers.

@ Carmen is four times older than Mariel. 6 years ago, Carmen was 7 times Mariel’s age. Find their
ages now.

© Melissa is three times as old as Frank. Gina is 6 years younger than Frank. In two years the sum of all
of their ages will be 50. How old are they now?

@ Alex’s grandfather is 30 times as old as Alex is. In 16 years he’ll be 4 more than 4 times Alex’s age.
How old are Alex and his grandfather now?

@ Anna is twice Marcello’s age and 6 years younger than Ali. In 3 years their ages will sum to 50. How
old is each of them now?

@ An automobile travels 126 km at a speed of 84 km/hr. How long did it take?

® Andy left Chicago at 9 A.m. and drove south on a four-lane highway at a steady 40 miles per hour. Fil
left Chicago a half hour later and drove south on the same road at 50 mph. Both continue to drive
without stopping at the same speeds. At what time will Fil catch up to Andy, and how far will each
have driven?
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@ A bus left the terminal at 11 A.m. Another bus traveling the same route left the same terminal at
12:30 p.m. and caught up to the first bus at 6:00 p.m. If the first bus was traveling 12 mph slower than
the second one, how fast was each bus going?

® A truck leaves Chicago and travels north at 60 mph. An hour earlier a truck left Chicago traveling
south. When will they be 675 miles apart?

® Melissa has a number of coins totaling $4.00. She has twice as many dimes as nickels and 4 more
nickels than quarters. How many coins of each type does she have?

(@ Francesco has equal numbers of quarters and dimes, and half as many nickels. Altogether he has a
total of $7.50. How many of each coin does he have?

® Solution A is 80% sulfuric acid (formula H,SO,), while Solution B is 40% sulfuric acid. How many
ml. of each should be used in order to end up with 200 ml of a 50% sulfuric acid solution?

(® $2.10 per pound coffee is mixed with $1.70 per pound coffee to make 20 pounds of a blend that will
sell for $1.80 per pound. How many pounds of each coffee will go into the blend?

@ How many fluid ounces of chocolate syrup must be added to a pint of milk to make a solution that’s
20% chocolate syrup by volume?

@ Greg can varnish his living room floor in about four hours. His friend, Suzanne, can do it in three.
How long would it take to varnish Greg’s living room floor if Greg and Suzanne worked together?

@ David can peel 5 pounds of potatoes in 15 minutes. Karen can peel 5 pounds of potatoes in 10 minutes.
How long would it take them to peel 5 pounds of potatoes if they both worked at it together?

@. Working alone, Jason can seal a driveway in 2 hours; lan can seal a driveway in 4 hours; Dylan can
seal a driveway in 5 hours. How long would it take them to seal the driveway if all three of them
worked together?
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\ Chapter Practice Answers

@ When 8 times a number is decreased by 7, the result is 49. What is the number?

Let x = the number.

8 times the number, decreased by 7, translates to:
8x—-7=49
Now collect and combine like terms to solve that equation:

8x—-7=49
BX—7+7=49+7
8x =56
8x _56
8 8
xX=7
Does the answer make sense? 8 times 7 is 56; subtract 7 from that and get 49. That works.

@ Two numbers sum to 18. Twice the first number equals four times the second. Find both of the
numbers.

First comes the Let statement.
Let n = the second number.

Then 18 — n = the first number.

Use the problem’s second sentence to derive the equation:
2(18 -n)=4n
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Next, solve the equation for n.
2(18—-n)=4n
4n=2(18-n)
4n=36-2n
6n =36

6n_36
6 6
n==6

18—-n=18-6
18—-n=12

©® One number exceeds another by 7. If the sum of twice the numbers is 46, find the numbers.
Let x = the first integer.
Then x + 7 = the second.

Now, from the second sentence, form the equation:
2X+2(x+7) =46
Now clear parentheses, collect like terms, combine, and solve:

2X+2(X+7)=46
4x+14-14=46-14
4x =32

4x _ 32
4 ~ 4
X=8

X+7=15
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@ The sum of three consecutive integers is 75. Find the numbers.
Let n = the first integer.
Then n+ 1 = the second.
Then n + 2 = the third.

Now go back to the problem to construct the equation:

nN+n+l1+n+2=75
Next, collect and combine like terms:

(n+n+n)+(1+2)=75

3n+3=75
3n+3-3=75-3

3n=72

n=24

n+1=25

n+2=26

@ The sum of three consecutive even integers is 102. What are they?
Let n = the first integer.
Then n + 2 = the second.
Then n + 4 = the third.

Then go back to the problem to construct the equation:

n+n+2+n+4=102
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Now solve carefully:

(n+n+n)+(4+2)=102

3n+6 =102
3N+6-6=102-6

3n =96

n=32

n+2=234

n+4=36

0O The sum of the smallest and largest of three consecutive odd integers is thirteen greater than the
middle one. Find the integers.

Let n = the first integer.
Then n + 2 = the second.
Then n + 4 = the third.

Remember, even integers are two apart, and odd integers are also two apart. Next, the equation: The
sum of the smallest and largest (that’s n + n + 4) is 13 greater than the middle one (=n+ 2 + 13):

nN+n+4=n+2+13

Next, solve it.

2n+4=n+15
2n-n+4-4=n-n+15-4
n=11
n+2=13
n+4=15
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@ The second integer is triple the smallest, and the largest is triple that. They sum to 208. Find the
integers.

Let x = the first integer.
Then 3x = the second.
Then 9x = the third.

The equation is quite straightforward:

X+ 3x+ 9x =208
13x =208

X=16

3x=48
Ox =144

@ Carmen is four times older than Mariel. 6 years ago, Carmen was 7 times Mariel’s age. Find their
ages now.

A table is needed here.

Girls Ages Now Ages6 YearsAgo
Carmen 4dm 4dm-6
Mariel m m-6

The problem says that 6 years ago Carmen’s age was 7 times Mariel’s. Therein lies your equation:

4m-6=7(m-6)
dm-6=7m-42
Tm-42=4m-6
Tm-4m-42 +42=4m-4m-6 + 42
3m= 36
m=12
dm=48
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© Melissa is three times as old as Frank. Gina is 6 years younger than Frank. In two years the sum of all
of their ages will be 50. How old are they now?

Since all the ages are keyed to Frank’s age, use an f as the variable.

Children Ages Now Agesin Two Years
Frank f f+2
Melissa 3f 3f+2
Gina f-6 f-4

The equation is to be found in the third sentence of the problem:

f+2+3f+2+f-4=50
Now collect and combine terms.

f+2+3f+2+f-4=50
(f+3f+f)+(2+2-4)=50
5f =50

of _50
575
f=10

3f = 30
f-6=4

That makes Frank 10, Melissa 30, and Gina 4.
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(@ Alex’s grandfather is 30 times as old as Alex is. In 16 years he’ll be 4 more than 4 times Alex’s age.
How old are Alex and his grandfather now?

Since all the ages are keyed to Alex’s age, use an a as the variable.

Ages Now Agesin 16 Years
Alex a a+16
Alex’s grandfather 30a 30a+ 16

The equation is to be found in the second sentence of the problem:

30a+16=4(a+16)+4
30a+16=4a+64+4
30a-4a+16-16=4a—-4a+68-16
26a =52
a=2
30a=60

Alex is 2; his grandfather is 60.

@ Anna is twice Marcello’s age and 6 years younger than Ali. In 3 years their ages will sum to 50.
How old is each of them now?

AgesNow  Agesin ThreeYears
Marcello X X+3
Ali 2X+ 6 2X+9
Anna 2X 2xX+3
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Note that since Anna is 6 years younger than Ali, Ali is 6 years older than she. The equation is to be
found in the second sentence of the problem:

X+3+2x+9+2x+3=50

(x+2x+2x)+(3+9+3)=50
5x+ 15-15=50-15

5x =35

X=7

2x=14

2Xx+6=20

That makes Marcello 7, Anna 14, and Ali 20.

@ An automobile travels 126 km at a speed of 84 km/hr. How long did it take? The problem tells you
the distance and the rate; what you need to find is the time.

Next, substitute what you know into the distance equation:

d=rt
126 = 84t

84t _ 126
84_542

t=

3

N w

That is 1% hours.
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® Andy left Chicago at 9 A.m. and drove south on a four-lane highway at Andy Fil
a steady 40 miles per hour. Fil left Chicago a half hour later and drove °
south on them same road at 50 mph. Both continue to drive without
stopping at the same speeds. At what time will Fil catch up to Andy, t-1
and how far will each have driven? ¢

A table will definitely help.

Rate...r Time ...t Distance ...d
Andy 40 mph thrs 40t mi.
Fil 50 mph t—"ahrs 50(t - 72) mi.

The essential part to remember is that when Fil catches Andy, both will have driven the same
distance; that’s how you get your equation:

40t = 50<t— %)
40t = 50t - 25
40t - 50t = 50t — 50t — 25
~10t=-25
t=25

2.5 hours added to Andy’s starting time of 9 A.m. yields a catching up time of 11:30 A.m.
You still need to find the distance driven:

d=rt

d=40.25

d =100 miles

And now you’ve answered both questions that were asked.
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@ A bus left the terminal at 11 A.m. Another bus traveling the same route left the same terminal at
12:30 p.m. and caught up to the first bus at 6:00 p.m. If the first bus was traveling 12 mph slower than
the second one, how fast was each bus going?

Rate...r Time..t Distance...d
Bus 1 r 7 hrs. 7r mi.
Bus 2 r+12 5.5 hrs. 5.50(r + 12) mi.

Form the equation by setting the two distances equal to each other; after all, both buses traveled the
same distance.

7r =5.5(r +12)

7r =5.5r + 66
7r —5.5r =5.5r - 5.5r + 66
1.5r =66
r=44
r+12 =56

They were traveling at 44 and 56 mph, respectively.

® A truck leaves Chicago and travels north at 60 mph. An hour earlier a truck left Chicago traveling
south. When will they be 675 miles apart?

Rate...r Time..t Distance ...d
Truck 1 (earlier) 45 t hrs. 45t mi.
Truck 2 (later) 60 t—1hrs. 60(t— 1) mi.
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You’re looking for a time when the total distance between them will be 675 miles, so:

45t + 60(t - 1) = 675
45t + 60t — 60 = 675
105t — 60 + 60 = 675 + 60
105t = 735
t=7

That’s 7 hours, even.

(® Melissa has a number of coins totaling $4.00. She has twice as many dimes as nickels and 4 more
nickels than quarters. How many coins of each type does she have?

Value of Each

Coins Number (in cents) Total Value
nickels X+4 5 5x + 20
dimes 2(x+4) 10 20(x + 4)
quarters X 25 25x

Now you’re ready to put together an equation based on the total value of Melissa’s coins:
5x + 20 + 20(x + 4) + 25x = 400

Remember, everything’s in terms of pennies.

5x + 20 + 20(x + 4) + 25x = 400
5x + 20 + 20x + 80 + 25x = 400
50x + 100 = 400
50x + 100 — 100 = 400 — 100
50x = 300
X=6

Now that you have the number of quarters, 6, you know there are 4 more nickels, or 10, and twice as
many dimes as nickels, 20.




Algebraic Word Problems chapterls

(@ Francesco has equal numbers of quarters and dimes, and half as many nickels. Altogether, he has a
total of $7.50. How many of each coin does he have?

Value of Each

Coins Number (in cents) Total Value
nickels X 5 5x
dimes 2X 10 20x
quarters 2X 25 50x

Now you’re ready to put together an equation based on the total value of Francesco’s coins:

5x + 20x + 50x = 750

Next, combine terms and solve for x:

5x+20x+ 50x = 750
75x =750

I5x _ 750
75 75
x=10

So there are 10 nickels. How many quarters and dimes are there? Well, since he has half as many
nickels as quarters and dimes, he must have twice as many of those. That’s 20 of each.

® Solution A is 80% sulfuric acid (formula H,SO,), while Solution B is 40% sulfuric acid. How many
ml. of each should be used in order to end up with 200 ml of a 50% sulfuric acid solution?

% H,SO, mi Concentration of H,SO,
Solution A 80% X .80x
Solution B 40% 200 —x 40(200 - x)

Mixture 50% 200 .50(200)




Chapter Practice

(continued)

Remember that the rightmost column contains the equation:

80X + .40(200 — X) = .50(200)
10[.80x + .40(200 — x) = .50(200)]
8X + 4(200 — x) = 5(200)

By multiplying each term by 10, you get rid of the necessity to work with decimals. Next, proceed to
combine like terms and to isolate the variable:

8x+4(200 — x) = 5(200)
8x+ 800 — 4x = 1000
4x+ 800 — 800 = 1000 — 800
4x = 200

4x _ 200
474

x =50

That’s 50 ml of Solution A and 150 ml of Solution B.

® $2.10 per pound coffee is mixed with $1.70 per pound coffee to make 20 pounds of a blend that will
sell for $1.80 per pound. How many pounds of each coffee will go into the blend?

Cost/lIb Pounds Total Cost

$2.10/Ib coffee $2.10 X 2.1x
$1.70/Ib coffee $1.70 20— x 1.7(20 - x)
Mixture $1.80 20 1.8(20)

Again, the equation is in the rightmost column. Note that you’ve elected to drop the superfluous zero
that would otherwise follow each decimal point:

2.1x + 1.7(20 - x) = 1.8(20)
10[2.1x + 1.7(20 — X) = 1.8(20)]
21x + 17(20 — X) = 18(20)




Algebraic Word Problems chapterls

Once more, multiply through by 10 to get rid of the decimals altogether. Now combine like terms
and solve.

21x+17(20-x) =18(20)
21x+340-17x =360
4x+ 340 — 340 = 360 — 340
4x =20

4x _ 20
4~ 4
Xx=5

That means you’ll use 5 pounds of the more expensive coffee and 15 pounds of the less expensive one.

@ How many fluid ounces of chocolate syrup must be added to a pint of milk to make a solution that’s
20% chocolate syrup by volume?

% Syrup Fl. Oz. Concentration of Syrup
Syrup 100% X 1.0(x)
Milk 0% 16 0(16)
Mixture 20% 16 + X .2(16 + x)

Note that you need to change 1 pint to 16 fl. 0z. Remember also that the rightmost column contains
the equation:

1.0x + 0(16) = .2(16 + X)
10[1.0x + 0(16) = .2(16 + X)]
10x + 0(16) = 2(16 + X)




Chapter Practice

(continued)

By multiplying each term by 10, you get rid of the necessity to work with decimals. Next, proceed to
combine like terms and to isolate the variable:

10x+0 =32+ 2x
10X —2x =32+ 2x—2X
8x =32

8x _32
8 8
x=4

That means four fluid ounces of chocolate syrup are required.

@ Greg can varnish the living room floor in about four hours. His sister, Suzanne, can do it in three.
How long would it take to varnish Greg’s living room floor if Greg and Suzanne worked together?

First, write the formula:

3.4 _1
2T12°X
7_1
12 ™ X
x=12

12 5

X ==, or 17 hours




Algebraic Word Problems chapterls

@ David can peel 5 pounds of potatoes in 15 minutes. Karen can peel 5 pounds of potatoes in 10 minutes.
How long would it take them to peel 5 pounds of potatoes if they both worked at it together?

First construct the formula and then find the common denominator, combine, cross-multiply, and solve:

& Gl

+ 4
e g

Il Il I

w
w X Xk X

(8]
X
|

X = 6 minutes

@ Working alone, Jason can seal a driveway in 2 hours; lan can seal a driveway in 4 hours; Dylan can

seal a driveway in 5 hours. How long would it take them to seal the driveway if all three of them
worked together?

First construct the formula; then you’ll find the common denominator, combine, cross-multiply,
and solve:

1,1,1_1
27275°%
10, 5,4 _1
20720720 %
19_1

20 X

19x =20

X=1g: Or 1% hours




Glossary of Terms

absolutevalue The distance of a number from O, denoted by || brackets: |-3| = |3| =3
axes Thetwo lines, one horizontal and the other vertical, that cross at the origin
axiom An obvious statement or rule that is accepted without need for proof

binomial An expression containing two terms, separated by a plus or a minus sign

Cartesian coordinates The name given the graphing plane denoted by the x- and y- axes, so-named in
honor of French philosopher/mathematician, Rene Descartes

coefficient  One of two or more numbers multiplied together in asingle term

collect liketerms In an equation, the process of getting all terms containing variables on one side of
the equal sign and all constants on the other

common fraction A fraction with a numerator and a denominator

constant A number that always has the same value, such as 2, 3, etc.

decimal A short way to refer to adecimal fraction

decimal fraction A fraction expressed as a power of 10 by use of adecimal point
decimal point A dot used to separate whole numbers from fractions in decimal notation
denominator  The bottom part of a common fraction

difference of two squares The binomia containing two perfect squares separated by a minus sign, which
factors to be the sum times the difference of the two square roots, for example, a2 —b? = (a+ b)(a—b)

direct variation Theincrease of one variable as another increases

distributive property The property relating multiplication and addition through the formula
a(b + ¢) = ab + ac; the ais said to have been distributed over the b and c

dividend Inadivision, the number being divided into

divisor Inadivision, the number being divided by



domain All of the possible input values of arelation

element  Synonymous with a member of a set

equal Of the same exact quantitative value

equal sets Sets containing exactly the same elements

equation A relationship between two expressions of equal value

equilibrium  In balance; in physics, said of forces acting on any object

equivalent sets  Sets containing exactly the same number of elements

factor (n.) One of two or more numbers multiplied together; (vt.) to separate by division
fraction Any rational number; part of awhole; aratio

function A relation between a dependent and an independent variable such that for each of the latter
there isonly one of the former

inequality A relationship between two expressions of usually unequal value, denoted by the signs <,
<, >, and >

intercept  The point(s) at which a graph crosses the y-axis or the x-axis

intersection of sets The collection of e ements common to two or more sets
inversevariation Theincrease of one variable as another decreases

linear equation Contains no terms raised to a power above 1; graphs as a straight line
magnitude The quantitative size of something

member  Synonymous with element of a set

monomial An algebraic expression that consists of only asingle term

numerator Thetop part of acommon fraction

origin  The point with coordinates (0, 0), at which the x-axis and y-axis cross

percent A fraction based on 100 being one whole; represented with the % sign



plane A flat surface that continues forever in two directions; see Cartesian coordinates

polynomial An expression containing many terms; abinomial is the smallest example of a polynomial
proportion An equating of one ratio to another

quadratic equation An eguation containing aterm raised to the second power

range All of the possible output values of arelation

ratio A comparison of one thing to a second in which order matters

reciprocal Of anumber, what that number must be multiplied by to get a product of 1

reflexivity The notion that anything is equal to itself

relation A connection between two variables usually shown as an equation or graph

simultaneous equations Two or more equations in two or more variables that must be solved
together; also known as systems of equations

slope The dlant of agraphed line or at any point on a curve; rise over run

symmetry A property illustrated by if a= bthenb=a

system of equations See simultaneous equations

term Any collection of constants and variables not separated by a+ or —sign
transitivity A property illustrated by if a= bandb = c,thena=c

union of sets A joining of two or more sets that contains all the elements of each of them

variable A letter that is used to represent a quantity; it has the same value within asingle
mathematical situation, but may vary in value from one situation to another

variation The relationship between one set of variables and another; see also direct and inverse
variation

Venn diagram A circle diagram in which each circle corresponds to the boundary of a set



Index

< (lessthan), 7, 173 number problems, 245-246
= (equal to), 7 practice answers, 260-275
> (greater than), 7, 173 practice questions, 258-259
< (lessthan or equal to), 7, 173 translating into equations, 243-244
# (not equal to), 7 work problems, 256-257
@ (approximately equal to), 7 answers, practice. See practice answers
> (greater than or equa to), 7, 173 apartment building analogy, 24-25
arrowheads, 146
A associative properties
absolute values overview, 9-10
defined, 31, 276 practice answers, 20
practice answers, 191197 practice questions, 18
practice questions, 187—188 axes, 139, 276
solving, 181-184 axioms of equality
addends, 31 additive, 89
adding defined, 87, 276
binomials, 110 multiplicative, 89
exponents/powersy 14 practice answers, 102
fractions, 46, 205-206 practice questions, 99
monomials, 107 of refleXIVIty, 88
polynomials, 123-124 of symmetry, 88
signed numbers, 26-27, 31 of transitivity, 88
simplified square roots, 216
solving one-variable equations by, 75-76 B
solving systems of equations by, 113-115 balance pictures, 68-69
variables, 79 balloons and sandbags anal ogy, adding signed numbers, 26-29
additive axioms, 89 binary operations, 9-10
age problems, 248-249 binomials. See also polynomials
algebraic fractions adding, 110
adding, 205-206 defined, 106, 123, 276
defined, 198 dividing, 111112
denominators, 205 multiplying, 110-111
dividing, 203-204 practice answers, 119
multiplying, 201-202 practice questions, 118
overview, 199 subtracting, 110
practice answers, 208-209 braces ({}), 8
practice questions, 207 brackets ([]), 8
restrictions, 198-199
simplifying, 200 C
subtracting, 205-206 Cartesian coordinates
algebraic word problems coordinate planes, 144-145
age problems, 248-249 defined, 276
coin problems, 251-253 finding equation of lines, 154-156
consecutive integer problems, 247-248 finding slope and intercepts, 147-149
distance and motion problems, 250-251 graphing inequalities, 176
mixture problems, 253-255 graphing linear equations, 145-146, 150-153



graphing systems of equations, 160-162
practice answers, 166-171
practice questions, 163-165
Score Four game, 139-143
writing equations in point-slope form, 157-159
Change the Signsrule, 34
charts, 243
closed half-planes, 186
coefficients, 72, 276
coin problems, 251-253
collecting like terms, 81-82, 182, 276
common denominators
adding signed fractions, 46
least (LCD), 205-206
quadratic equations, 231-232
subtracting signed fractions, 47
work problems, 256-257
common factors, 130-131, 200
common fractions. See fractions
commutative properties, 9, 18, 20
completing the square, 228-233
complex fractions, 53-56
compound inequalities, 173
conjugate roots, 218
Connect Four® game, 139
consecutive integer problems, 247-248
constants, 67, 276, 70-71
coordinate axes, 185. See also Cartesian coordinates
coordinate planes, 144-145
coordinates, Cartesian. See Cartesian coordinates
counting numbers, 2
cross products, solving proportions by, 91-93
cube roots
identifying, 15
overview, 211-212
practice answers, 21
practice questions, 19
cubic numbers, 211-212
cubing, 12-13

decimal fractions
changing to fractions, 80
changing to percents, 58
defined, 276
overview, 45
rational numbers as, 4
decimal points, 59-60, 62, 276

decimals
changing fractions to, 58
changing percents to, 59
changing to fractions, 57
changing to percents, 58-59
defined, 276
practice answers, 65-66
practice questions, 6364
repesting. See repeating decimals
scientific notation, 62
decreases, 58
delta (A), 147
denominators, common. See common denominators
defined, 276
rationalizing, 218-219
dependent variables, 146
Descartes, Rene, 138139
describing sets, 95-96
difference (A), 147. See also slope
difference of two squares, 112, 131, 276
direct variations, 276. See also variables
discounts, 60-61
discriminants, 234
distance and motion problems, 250-251
distributive properties
defined, 276
overview, 11
practice answers, 20
practice questions, 18
dividends, 112, 199, 276
dividing
binomials, 111-112
exponents/powers, 14
fractions, 49-50, 52, 203-204
monomials, 108-109
nonnegative square roots, 218-219
polynomials, 126-129
signed numbers, 40
solving inequalities by, 179-180
solving one-variable equations by, 77
variables, 83
by zero, 17
divisibility tests, 17, 19, 21
divisors
algebraic fractions, 203204
defined, 112, 276
signed fractions, 49



domains, defined, 277
double negatives, 32-33, 47

elements
defined, 277
identity, 10, 18, 20
set theory, 94-97
elipsis, 57, 96
empty dots, 176-177
equal sets, 96, 277
equa to (=), 7
equality, axioms of. See axioms of equality
defined, 277
symbolsfor, 7
equations
containing absolute values, 181-182
defined, 277
linear, 145-146, 150-153, 277
of lines, 154-156
literal, 93
quadratic
defined, 223, 278
practice answers, 236-241
practice questions, 235
solving, 26-234
standard form, 224-225
simple
solutions requiring two steps, 78
solving by addition, 75-76
solving by division, 77
solving by subtraction, 7677
solving using multiple steps, 81-82
simultaneous, 113, 278
systems of
creating, 113-115
defined, 278
graphing, 160-162
practice answers, 119-121
practice questions, 118
solving, 113-117
trandlating word problems into, 243-244
writing in point-slope form, 157-159
equilibrium, 68-69, 7577, 277
equivalent sets, 96, 277
evaluating expressions, 74
even numbers, 5

exponentia terms, 199, 217, 223-224
exponents
adding, 14
dividing, 14
multiplying, 13
overview, 12-13
practice answers, 20-21
practice questions, 18-19
raising to another exponent, 14
subtracting, 14

expressions. See also binomials; factoring; monomials;

polynomials, 73, 74
extremes, 91

F
factoring
agebraic fractions, 200202
defined, 122, 277
difference of two squares, 131-132
greatest common factor (GCF), 130131
practice answers, 137
practice questions, 134
solving quadratic equations by, 226-227
three-term polynomials, 132—133
factors, 5, 72, 130, 277
finite sets, 95

First Outer Inner Last (FOIL) method, 111, 124, 131, 133
FOO (fundamental order of operations), 17, 19, 21

formulaic problems
distance and motion, 250-251
work, 256-258
formulas
Point-Slope, 157-159
solving quadratic equations by, 232-234
fractions
algebraic. See algebraic fractions
changing decimals to, 57
changing repeating decimals to, 80
changing to decimals, 58
decimal. See decimal fractions
defined, 276-277
improper, 55-56
irrational, 218
mixed numbers, 51-52
negative, 4546
overview, 45
percent, 4, 45, 58



practice answers, 65-66
practice questions, 63-64
ratios expressed as, 4
signed. See signed fractions
simplifying, 53-56
fulcrums, 75
functions, 277. See also variables
fundamental order of operations (FOO) , 17, 19, 21

G
GCF (greatest common factor), 130-131
graphing

inequalities, 175-176

linear equations, 145-146, 150-153

systems of eguations, 160-162
greater than (>), 7, 173
greater than or equal to (), 7, 173
greatest common factor (GCF), 130-131
A (difference), 147. See also slope
grouping symbols, 7-8
groups of numbers

counting numbers, 2

even numbers, 5

integers, 3

irrational numbers, 4

odd numbers, 5

practice answers, 20

practice questions, 18

prime numbers, 5

rational numbers, 4

whole numbers, 2

H
half-planes, 185-186

|
i (imaginary value), 212
identity elements, 10, 18, 20
imaginary value (i), 212
improper fractions, 55
independent variable (X), 146, 277
inequalities
containing absolute values, 182-184
defined, 277
graphing, 175-176
and half-planes, 185-186

overview, 173-174
practice answers, 189-191
practice questions, 187
solving, 177-180
infinite, defined, 2
infinite sets, 96-97, 174
integers
consecutive, 247-248
irrational numbers between, 4
number lines, 30
overview, 3
rational numbers as, 4
square roots, 212
intercepts
defined, 277
slope and, 147-149, 150-153
x-intercepts, 147, 157
y-intercepts. See y-intercepts
intersection of sets, 97-98, 277
inverse variations, 277. See also variables
irrational fractions, 218
irrational numbers, 4

L
least common denominators (LCDs), 205-206
less than (<), 7, 173
less than or equal to (<), 7, 173
Let statement, 245-246
letter carrier analogy, 35-37
like radicals, 214-215
linear equations
defined, 277
graphing, 145-146, 150-153
lines
finding equations of, 154-156
number, 30, 175-176
parallel, 153
perpendicular, 153
literal equations, 93
literal proportions, 93

M

Madison Project, 24

magnitude, 243, 277

math symbols
grouping, 7-8
overview, 67



practice answers, 20
practice questions, 18
means, 91
members, 94-97, 277
minus sign
binomials, 110, 277
difference of two squares, 131, 277
before parentheses, 34
mixed numbers
dividing, 52
multiplying, 51-52
on number lines, 30
simplifying complex fractions, 55
mixture problems, 253-255
monomials
adding, 107
defined, 106, 277
dividing, 108-109
dividing polynomials by, 126
multiplying, 107-108
practice answers, 119
practice questions, 118
raising to power, 108
subtracting, 107
multiplication dot, 6
multiplicative axioms, 89
multiplying
agebraic fractions, 201-202
binomials, 110-111
exponents/powers, 13
mixed numbers, 51-52
monomials, 107-108
nonnegative square roots, 216-217
polynomials, 124-125
showing, 6
signed fractions, 4849
signed numbers, 35-38
variables, 83
by zero, 17

natural numbers, 2
negative fractions, 45-46
negative increases, 58
negative integers, 212
negative percents, 58
negative reciprocals, 153

negative slopes, 148, 152
negative square roots, 212, 216
negative values, 3, 30-31, 212
nonnegative square roots, 216-217, 218-219
not equal to (%), 7
n root, 212
number lines
graphing inequalities on, 175-176
signed numbers, 30
number problems, 245-246
numbers
counting, 2
cubic, 211-212
even, 5
integers, 3
irrational, 4
mixed, 30, 51-52, 55
odd, 5
practice answers, 20
practice questions, 18
prime, 5
rational, 4
scientific notation, 62
signed. See sighed numbers
whole, 2
numerators
agebraic fractions, 200205
defined, 277
mixed numbers, 51
simplifying complex fractions, 53-56

o

odd numbers, 5
one-variable equations
solutions requiring two steps, 78
solving by addition, 75-76
solving by division, 77
solving by subtraction, 7677
open half-planes, 185
origin, 140, 277

P

7 (pi), 4
parallel lines, 153
parentheses, 8, 34



Parentheses Exponents Multiplication Division Addition
Subtraction (PEMDAS), 17
partial quadratic equations, 227. See also difference of two
squares
PEMDAS (Parentheses Exponents Multiplication Division
Addition Subtraction), 17
percent fractions, 4, 45, 58
percents
changing decimals to, 58-59
changing to decimals, 59
defined, 277
discounts, 61
finding, 60-61
practice answers, 66
practice questions, 64
perfect cubes, 13, 212
perfect squares
binomials, 112
defined, 12
difference of two squares, 131-132
operations with, 214, 217
overview, 16, 211212
quadratic equations, 228-231
perpendicular lines, 153
pi (n), 4
planes
coordinate, 144-145
defined, 278
half-planes, 185-186
Point-Slope method, 157-159
polynomials
adding, 123-124
defined, 110, 122, 278
dividing, 126-129
multiplying, 124-125
practice answers, 135-137
practice questions, 134
subtracting, 123124
three-term, 132-133
positive increases, 58
positive percents, 58
positive slopes, 147, 152
positive values, 3, 30-31
powers
adding, 14
dividing, 14
multiplying, 13

overview, 12-13

polynomials, 123

practice answers, 20-21
practice questions, 18-19
raising to another exponent, 14
subtracting, 14

practice answers

absolute values, 191-197
algebraic fractions, 208-209
associative properties, 20
axioms of equality, 102
binomials, 119

Cartesian coordinates, 166171
commutative properties, 20
cube roots, 21

decimals, 65-66

distributive properties, 20
divisibility tests, 21
exponents, 2021

factoring, 137

fractions, 65—66

fundamental order of operations (FOO), 21
groups of numbers, 20
identity elements, 20
inequalities, 189-191

math symbols, 20
monomials, 119

percents, 66

polynomials, 135-137
powers, 20-21

proportions, 102-104
quadratic equations, 236-241
ratios, 102

repeating decimals, 86

roots, 221-222

set theory, 104

signed numbers, 43

square roots, 21

systems of equations, 119-121
variables, 85-86

Venn diagrams, 105

word problems, 260275

prime numbers, 5
properties

associative. See associative properties
commutative. See commutative properties
distributive. See distributive properties



proportions
defined, 87, 278
extremes, 91
literal, 93
means, 91
practice answers, 102-104
practice questions, 99-100
solving by cross products, 91-93

Q
quadrants, 145
quadratic equations
defined, 223-224, 278
practice answers, 236-241
practice questions, 235
solving, 226227, 228-232, 233-234
standard form, 224-225
quadratic formula, 232-234
questions, practice. See practice questions

R
radical signs, 15-16. See also roots
raising
to another exponent, 14
monomials to power, 108
to power, 12
range, 278
rational numbers, 4
rationalizing denominators, 218-219
ratios
defined, 4, 87, 278
fractions as, 45
overview, 90
practice answers, 102
practice questions, 99
proportions. See proportions
reciprocals
defined, 278
dividing algebraic fractions, 203-204
dividing signed fractions, 49-50
simplifying complex fractions, 54-56
solving quadratics by completing square, 230
reflexivity
axioms of, 83
defined, 278
relations, 278

repeating decimals
changing fractions to, 58
changing to fractions, 80
practice answers, 86
practice questions, 84
rational numbers as, 4
rise over run. See also slope
defined, 278
finding eguation of lines, 154-155
finding slope and intercepts, 147-148
roots
conjugate, 218
cube. See cube roots
nth, 212
practice answers, 221-222
practice questions, 220
square. See sguare roots

S
scientific notation, 62
Score Four game, 139-143
sequence of operations, 17
sets
describing, 95-96
elements of, 94-97
equal, 96, 277
equivaent, 96, 277
finite, 95
infinite, 9697, 174
intersection of, 97-98, 277
practice answers, 104
practice questions, 100
rosters, 95
rules, 95
specia, 94
union of, 97-98, 278
universal, 94
Venn diagrams. See Venn diagrams
signed fractions
adding, 46
dividing, 49-50
multiplying, 4849, 51-52
subtracting, 47
signed numbers
adding, 26-27, 31
apartment building analogy, 24-25



ball oons/sandbags anal ogy, 26-29
dividing, 40
letter carrier analogy, 35-37
minus sign before parentheses, 34
multiplying, 35-38
number lines, 30
overview, 24-25
practice answers, 43
practice questions, 41-42
subtracting, 28-29, 32-33
simple equations
one-variable, 75-76, 7778
solving using multiple steps, 81-82
simple inequalities, 173
simplifying
algebraic fractions, 200
complex fractions, 53-56
square roots, 16, 216
simultaneous equations, 113-115, 278. See also systems of
equations
slope
defined, 278
and intercepts, 147-149, 150-153
and y—intercept form, 150, 154-156, 157-159, 160-162
sguare roots
approximating, 16
defined, 210
identifying, 15
with like radicals, 214-215
negative, 212, 216
nonnegative, 216-219
perfect, 211
practice answers, 21
practice questions, 19
simplified, 216
simplifying, 16
under single radical signs, 213-214
squares
completing, 228-232
difference of two, 112, 131-132, 276
perfect, 12, 16, 112, 211-212, 214, 217, 228, 233
squaring, 12-13
subsets, 94
substitution
graphing linear equations by, 145-146
solving systems of equations by, 116

subtracting
algebraic fractions, 205-206
binomials, 110
exponents/powers, 14
monomials, 107
polynomials, 123-124
signed fractions, 47
signed numbers, 28-29, 32—-33
simplified square roots, 216
solving one-variable equations by, 7677
variables, 79
symbols
grouping, 7-8
math, 67
practice answers, 20
practice questions, 18
symmetry
axioms of, 88
defined, 278
systems of equations
creating, 113-115
defined, 278
graphing, 160-162
practice answers, 119-121
practice questions, 118
solving, 113-117

T
tables, 243
terminating decimals, 4, 57
terminating points, 175
terms, defined, 278
tests, divisibility

overview, 17

practice answers, 21

practice questions, 19
three-term polynomials, 123, 132-133
transitivity

axioms of, 88

defined, 278
trandlating word problems into equations, 243-244
trinomials, 123, 132—-133

U

undefined values, 17, 149
union of sets, 97-98, 278
universal sets, 94



\')

variables
adding, 79
balance pictures, 68-69
changing repeating decimals to fractions, 80
coefficients, 72
constants and, 70-71
defined, 67, 278
dividing, 83
evaluating expressions, 74
factors, 72
multiplying, 83
practice answers, 85-86
practice questions, 84
subtracting, 79

variations. See also variables
defined, 278
direct, 276
inverse, 277

Venn diagrams
defined, 278
overview, 95, 97-98
practice answers, 105
practice questions, 101

w

whole numbers, 2

word problems
age problems, 248-249
coin problems, 251-253

consecutive integer problems, 247-248
distance and motion problems, 250-251
Let statement, 245-246
mixture problems, 253-255
number problems, 245-246
practice answers, 260-275
practice questions, 258-259
trandating into equations, 243-244
work problems, 256-257

work problems, 256-257

X

x (independent variable), 146, 277

x-axis, 144, 147

x-coordinates, 144. See also Cartesian coordinates
x-intercepts, 147, 157

Y
y-axis, 144, 147
y-coordinates, 144. See also Cartesian coordinates
y-intercepts
defined, 147, 150
finding equation of lines, 154-156
graphing systems of equations, 160-162
half-planes, 185-186
writing equations in Point-Slope form, 157-159
y 4
zero, 3, 17, 198
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Functions and
Variation

Y ou might think of a function as the natural
expected operation of something—as in the
digestive system of a human being, which (when
performing properly) functions to convert food to a
form that can be absorbed by the body. A function
may also be an event that one is required to attend
in the course of his or her daily work. In fact, a
function can be very many things, except in
mathematics. Algebraically speaking, a function is
a relation between a dependent and an independent
variable. Some, but not all, equations are functions.
You will take an in-depth look at them in the pages
that follow. In this chapter, you also look at a
relationship known as variation, which comes in
two distinct forms—direct variation and inverse
variation. Frédéric Chopin wrote many variations
for the piano, but that’s another story.
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Machines
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You don’t have to understand what a function is in
order to use a function machine; one is shown in the
figure to the right.

The box represents an input that is going into the
hopper on the function machine. Inside the
machine, invisible to you, some action is performed
on that input. Eventually, out the chute comes the
triangle, which represents the output. By comparing
input and output, you should be able to figure out
what the machine has done. Perhaps it will be
clearer to you if you see a table of inputs and
outputs.

Each input has produced a distinct output, as you
can see by reading each line of the table from left to
right.

Does any single line of that table provide
more useful information than every other
line? Do you want a moment to think
about that? The most useful line is the one
in which the box number is 0. Where did
the triangle number 3 come from? The
only way it could have gotten hooked
onto an input of 0 is by addition. So now
you know the following:

Hopper

Chute — A

H| A
-2 -1
-1 1

0 3

1 5

2 7
A= 0+3




Function Machines

(continued)

Since you know that the triangle number 3 was
added onto the box number, subtract that from each
triangle number. That gives you the A column in
this figure: -2 -1 | 4

Compare the box numbers with the triangle,
numbers and see whether you notice anything.

Does that make sense to you? Every number in the
triangle 1 column is twice as big as the box number
on the same line. That should lead you to

the conclusion that each box number is

being multiplied by 2.

Now try putting some box inputs into the hopper of H A
a different function machine. This machine looks no
different from the last one, but inside the machine, a
different action is being performed on that input.

The table of inputs and outputs is shown at right. -1 -9

What’s the first thing you noticed? Hopefully, you 0
noticed a box number of O brought about a triangle 1 1
number of —4. What does that mean for the new 2
function machine?
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Now that you’ve found that a negative 4 was added Al A

(or a 4 was subtracted, take your pick), find out 1

what else the machine did by adding that 4 back on

in the triangle 1 column. -2 |-14 | -10
-1 | -9 -5

You should now readily recognize how the box
numbers and the /A, number are related to each 0

other. That relationship should point the way to the 1 1 5
missing element in the relationship of input to A, 2

and is shown in the equation at right:

Would you like to try one more? Well, ready or not,

here it comes. Check out this table of inputs and | A
outputs from one more function machine:

You might have noticed something different about -4 0

this table. Unlike the earlier ones, it does not consist -2 3

of consecutive values for the box numbers. Does that 0 6

change anything about how you go about solving it? 5 9

The short answer is “not really.” Since there is a

triangle number value for the box number 0, 4 12

you can conclude that 6 is being added to
each box number. That makes the form of A=_-.0+6
the equation look like what you see at right:

Since every triangle number contains an added 6, Al A
the next step is to remove it in order to see what’s 1
left. That’s been done in the A, column in the figure

at the right: -4 01| -6
Now, since you’re probably more comfortable with 2 s s
positive values than with negative ones, check out 0 6 0
the relationship between [, and U, and their 2 9 3
respective A\ values. Did you figure it out? Each 4 12 6

is one and one half times the other, so the multiplier
IS as shown to the right:

>
I
Nojw

[]+6

How cool was that?!




Relations and

Functions

Before you take an in-depth look at functions, you need to under stand a couple of other definitions
and look at a few examplesthat should help to demystify the meaning of functions. Thefirst
needed definition isarelation. A relation isa connection between two things. In algebrait isa
connection between two variables. It may be shown in many different ways. Most often it is shown
asan ordered pair, asa point on a graph, or asan equation.

P={(-3,-4), (-4, 2), (4, 3), (2, -3)} is a set of y
ordered pairs. The same set of ordered pairs is
shown in this figure.

All of the possible input values of a relation are
known as the relation’s domain. The usual way to
think of domain is as the independent variable in a e T
relation. All the x values is another way to think of +
domain. It is every number that you can put into an L T T X
equation or formula and get a real number as an
answer. The domain of P, above, is the set
{-4,-3, 2, 4}. T

All of the possible output values of a relation
constitute the relation’s range. The usual way to ° T
think of range is as the dependent variable in a
relation. All the y values is another way to think of
range. It is every number that you can possibly get
out of an equation or formula after every possible
input has been used. The range of P, above, is the
set {-4, -3, 2, 3}.

All that brings you to a special type of relation, the function. A function is a V=x2+4
relation in which each input can have one and only one output. That may

sound like a no-brainer if you don’t stop to think about it, so here’s an

example of a nonfunction:
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That is obviously a relation; the equals sign takes care of that. So why is it
not a function? Consider a few inputs and their corresponding output values:

<

|
N

|
cr:.bmo,\;|><
N+
[\
N

H H+ H

Now do you see the problem? Each square number has two roots, a negative one
and a positive one. (-2)? = 4, just as (2)? does. On the other hand, y=x + 3 isa
function. The table to the right shows why:

|
wNI—‘OH’X
c»o'l.bwm|~<

L TIP |

You’ll note that for any one input, there is only one
output. That is what makes this relation a function. In a
function, each member of the domain may be paired
with exactly one element of the range. All functions are
relations, but all relations are not functions.




Graphs of

Relations

The graph shown to the right is of a linear equation.
Is it a function?

Since for every x value there is one distinct y value,
it IS a function. Now examine the remaining graphs
on this page and identify which are functions and
which are not.




The last three graphs are all nonfunctions. More
than one y value exists for some or all x values. All
other graphs are functions with each x value having
a distinct y value, although in the figure solving

y = x2 + 2 (shown at left) that might not be at once
obvious.
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Function

Notation

Function notation isusually alowercaseitalic letter next to parentheses enclosing another lower-
caseitalic letter or a number, such asf(n). Thisnotation isread as“afunctionof n,” or “fofn.../
the ellipsis of three dots standing for whatever comes next. f isthe most commonly used letter,
simply becauseit isthefirst letter in the word function, but any lowercaseitalic letter would
suffice, such as g(x), h(2), or p(q).

Before you get all upset about this new f= {(_3, ~2), (-1,0), (1,3), (3,5), (5, 7)}
form of notation, realize that practically

speaking, the set of function values is

usually the same as the set of the ranges of

any set of ordered pairs. For example, look

at this set:
Now by referring to the set, I find that f(-3) = -2; ={(=2.2) (2.5) (6.8). (8.13
read “Ef of -3 is —2.” Along those same lines, f(-1) g {( 2) (2.5), (6.8). (& )}

= 0. Similarly f(1) = 3, f(3) = 5, and f(5) = 7.
Suppose the following (see right):

Using exactly the same principle as earlier,
determine the values of g(8), g(6), and g(-2).
Respectively, they are g(8) = 13, g(6) = 8, and
g(-2) = 2.

Now you are going to practice with a variable in this soup. Consider this h(x) =3x+ 1
function:
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Find each of the following: h(-2), h(3), and h(7). h(x) =3x+1
i ) i i h(x) =3(-2) +1
Remember that you are dealing with a function of x. In order to find h(x) =6 + 1
h(-2), substitute —2 into the equation in place of x. h(x) = -5
For the second one, substitute 3 into the function. h(x) = 3x + 1
h(x) =3(3) +1
h(x)=9+1
h(x) = 10
Finally, substitute 7 into the function. h(x) =3x+ 1
o - . . h(x) =3(7) +1
So, how is this different from substituting a value into an equation? The h(x) =21 +1
easy answer is, it really isn’t. That’s because most equations you deal h(x) = 22

with—but not all of them—are functions. In fact, if you wanted to graph
the function h(x) = 3x + 1, you would substitute a y for the h(x).




A variation isarelationship between one set of variablesand another set of variables. Threetypes
of variations are possible: direct variation, inverse variation, and by far therarest form, joint
variation. Joint variation isatopic for Algebrall, soit will not be covered here.

\ Direct Variation

The phrase “y varies directly with X or “y is directly proportional to x” is Y o< X
represented as shown at right:

That strange squiggle reads varies as. This representation, however, is not y = kx
especially useful. To make it more useful, as well as solvable, rewrite it as an

equation.

k'is known as the constant of variation, or the constant of proportionality. y=mx+b

They are two different names for the same thing. You may think of it as the
standard slope-intercept form.

You’ve simply substituted a k for the m, and the value of b is 0. That brings you

back to the form y = kx. If any two of those values are known, it is possible to k=
determine the third. For example, if you don’t know the value of k, but do know the

values of x and y, you can solve for k as shown at right:

X<

Try working through the solution of a direct variation problem: y y 5
varies directly with x when x is 3, y is 5. What’s the value of y when k=%, k=3k=
xis 12?

First, you need to find the constant of variation, so:
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Next, you substitute that constant of variation and the new x value into the y = kx
basic equation and solve it for y. 5 ,
y = —; . JZ
1
y=20
Do you see another way in which that could have been solved? Well, the bottom Y, Y,
line is you could have set up a proportion, like this one: X, T X,
Substitute: 5 v,
3712
Now cross-multiply and finally divide: 3y, =60
y, =20

Graph the variation: 5
y=3X




Variation

(continued)

Did you notice that the graph passes through the
origin (0, 0)? Every direct variation always passes

through the origin. That’s because an input of 0 is X|y
always going to get an output of 0. Think about it. —6 [-10
You’ll get the chance to practice some more of these 3| -5
in the “Chapter Practice,” coming up right after one
more topic. 0 0
3 5
— X

[ inverse Variation |

Inver se variation is also known as indirect variation. As one variable gets larger, the other gets
smaller. Another way of saying the same thing is, “y is inversely proportional to x.” That is as x
increases, y decreases and as x decreases, y increases.

The basic representation for an inverse variation is: yoc 1
X
That is, v varies as the inverse of x, hence its name. The basic equation for an _k
inverse variation is: Y=X
You already know what k is called. If the objective is to find the value of the k=xy

constant of variation, you can use the rewritten form of the formula to the right:
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When you’re looking to find a new value of x or y or the original value of x or v, Y, Y,
use the inverse proportion: X, =X,
By multiplying the means by the extremes, you get the following handy-dandy XY, = XY,
and very useful formula:

Needless to say, whether direct or inverse, although 1’ve been demonstrating

using the ever-convenient variables x and vy, any variables may be used.

Here’s an example. If p varies inversely with g and p is 4 when g is 7, find the k=xy
constant of variation. Start with the second formula above for finding the constant

of variation:

Of course, you’ll need to make a slight adjustment: k=pq
Next, substitute: k=4.7,k=28
So the constant of variation is 28.

Try another one. If mvaries inversely with nand mis 18 when n is 4, find XY, = XY,
the value of mwhen nis 6. Rewrite the inverse proportional formula: mll”i = mzﬁz
Next, substitute the values: 18.4=m,.6
Finally, multiply and then divide both sides by 6: 72=6m,
Somis 12, m, =12

Note that as n’s value went up, n’'s went down. That’swhy it's an inverse
variation.




Chapter

Practice

Practice Questions /

Use the function machine to the right to determine
the rule by which the machine is operating in /
/

Questions 1 through 4.
Hopper

Chute —

o 2]
W A || A
-2 | -2 -2 |-16
-1 |1 -1 |-11
0| 4 0 | -6
1|7 1| -1
2 | 10 2 | 4
3] o
| A | A
2 | 6 2 | 5
-1 | 3 -1 | -4
0] 2 0| -7
1| 3 1| -4
2 | 6 2 | 5
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Questions 5 and 6 refer to the following set of points:

B={(1,4), (2,5) (3,6), (4,7)}

® Write the set of the domain of B.
0O Write the set of the range of B.

Questions 7 and 8 refer to the following set of points:

C={(-3,9), (-1.7), (1,5), (3,3), (5, 1)}

@ Write the set of the domain of C.
© Write the set of the range of C.
© Define an algebraic relation.

(O Define an algebraic function.

For Questions 11-13, tell whether each graph is of a function or a nonfunction.

o

~

NI/




Chapter Practice
| (continued)

[12)

/

X=yl
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For each of the following, find what is asked for.
O f(X) =-2x+7 Find f(-2) and f(8).
®y2=2-52 Find g(-3) and g(7).

(@ The relationship between x and y is directly proportional. Find the conversion constant for them if x =
12 wheny = 4.

@ The relationship between r and sis directly proportional. Find the constant of proportionality for
them if r =3 when s= 15.

(® The relationship between x and y is directly proportional. When x = 6, y = 9. What is the value of x
wheny =12?

® The relationship between c and d is directly proportional. Find the conversion constant for them if
c=8whend=6.

@ The relationship between a and b varies directly. When b =12, a = 9. What is the value of a when
b=167

@ The relationship between x and y is directly proportional. When y = 8, x = 7. What is the value of y
when x = 56?

@ The relationship between x and y is inversely proportional. Find the conversion constant for x and y if
xis9andyis 14.

@ The relationship between x and y is inversely proportional. When x = 6, y = 8. What is the value of x
wheny =12?

@ The relationship between c and d varies inversely. Find the conversion constant for the proportional if
cisl2anddis?7.

@b The relationship between mand n varies directly. When m=5, n = 11. What is the value of n when
m= 10?

@ The relationship between g and h is inversely proportional. When g = 8, h = 24. What is the value of
hwhen g =12?

@ x and y are inversely proportional to one another. When x = 12, y = 15. What is the value of y when
x=20?

@ The values of sand t vary inversely. When s= -8, t = 6. What is the value of swhen t = 8?



Chapter Practice

(continued)

\ Chapter Practice Answers

O/A=3.0+4
O ,A=5.00-6
®©A=0.-Q+20rA=01%+2

The fact that you got the same result from the positive 1 and 2 as from the negative 1 and 2 should
have helped you to figure this out.

O A=30.-0)-7orA=30%-7
Now that was a tough one, eh?

0 d,={123,4}

Or,={4,56,7}

@d.={-3,-1,1,3,5}

Or.={13579}

Remember, although it is customary to arrange the elements of a set from least to greatest, the order
is irrelevant. What isrelevant is that every member is accounted for.

© A relation is a connection between two (or more) variables.

(@ A function is a relation in which each input can have one and only one output.
@ Function.

® Function.

® Nonfunction.
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Q
f(X) =-2x+7
f(-2) =-2(-2) +7
f(-2)=4+7
f(-2) =11

f(xX) =-2x+7
f(8)=-2(8)+7
f(8)=-16+7
f(8) =-9

9(2=2-5z
9(-3) = (-3)* - 5(-3)
g(-3)=9+15
g(-3)=24

0(2=2-5z
9(7) = (7)? - 5(7)
9(7) =49-35
o(7)=14

o

k=2 k=22 - k=

15 1
3 3

Could it have been the other way around? Sure, but it is conventional to name the independent
variable before the dependent one, hence s plays the role of y and r that of x. (The .. symbol means
“therefore,” by the way.)



Chapter Practice

(continued)
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XY = XY,
6.8=x .
12x, = 48
X, =4

12



8.24=12h,
12h, = 192
h, = 16

XY = XY,
12.15 = 20y,

180 = 20y,
9=y,
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