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Chapter 1

Arithmetic in Z Revisited

1.1 The Division Algorithm

10.

(a) g=4,r=1. (b) ¢=0,r=0. (¢) ¢g=—-5,r=3.

(a) ¢g=-9,r=3. (b) ¢ =15,r=17. (¢) ¢ =117, r =11.

(a) ¢ =6, r=19. (b) ¢ =-9, r =54. (¢) ¢ =62720, r = 92.
(a) q = 15021, r = 132, (b) ¢ = —14940, r = 335. (¢) ¢ = 39763, r = 3997.

Suppose a = bg + r, with 0 < r < b. Multiplying this equation through by ¢ gives ac = (bc)q + rc.
Further, since 0 < r < b, it follows that 0 < rc < be. Thus this equation expresses ac as a multiple
of bc plus a remainder between 0 and bc — 1. Since by Theorem 1.1 this representation is unique,
it must be that ¢ is the quotient and rc the remainder on dividing ac by be.

When q is divided by ¢, the quotient is k, so that ¢ = ck. Thus a = bg + r = b(ck) +r = (be)k + .
Further, since 0 < r < b, it follows (since ¢ > 1) than 0 <r < be. Thus a = (bc)k + r is the unique
representation with 0 < r < be, so that the quotient is indeed k.

Answered in the text.

Any integer n can be divided by 4 with remainder r equal to 0, 1, 2 or 3. Then either n = 4k,
4k 4+ 1, 4k + 2 or 4k + 3, where k is the quotient. If n = 4k or 4k + 2 then n is even. Therefore if
n is odd then n = 4k + 1 or 4k + 3.

We know that every integer a is of the form 3¢, 3¢ + 1 or 3¢ + 2 for some ¢. In the last case
@’ = (3¢ + 2)° = 27¢ + 54¢ + 36¢ + 8 = 9k + 8 where k = 3¢’ + 6¢* + 44. Other cases are similar.

Suppose a = ng + rwhere 0 < r < nand ¢ = nq¢'+ r'where 0 < r'< n. If r = r'then a — ¢ =
n(qg— ¢) and k= ¢— ¢'is an integer. Conversely, given a — ¢ = nk we can substitute to find:
(r—7r")=n(k— g+ ¢'). Suppose r 2 (the other case is similar). The given inequalities imply
that 0 < (r— /) < nand it follows that 0 < (k- ¢ + ¢) < ¥ and we conclude that k— ¢+ ¢'= 0.
Therefore r — ' = 0, so that r = r’ as claimed.
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Arithmetic in Z Revisited

11.

Given integers a and ¢ with ¢ #0. Apply Theorem 1.1 with b = [c| to get a = |c[ - g+ r where 0
<r<|c|l. Let ¢ = ¢y if ¢ > 0 and ¢ = —¢q, if ¢ < 0. Then a = ¢qg + r as claimed. The uniqueness is
proved as in Theorem 1.1.

1.2 Divisibility

10.

11.

12.

a) 8 (d) 11. (g) 592.
(b) (e) 9. (h) 6
¢) 1 (f) 17

If b| athen a = bz for some integer z. Then a = (—b)(—x) so that (-b) | a. The converse follows
similarly.

Answered in the text.

(a) Given b = az and ¢ = ay for some integers z, y, we find b + ¢ = az + ay = a(z + y).
Since = + y is an integer, conclude that a | (b + ¢).

(b) Given z and y as above we find br + ¢t = (azx)r + (ay)t = a(ar + yt) using the associative
and distributive laws. Since zr + yt is an integer we conclude that a | (br + ct).

Since a | b, we have b = ak for some integer k, and a # 0. Since b | a, we have a = bl for some
integer I, and b # 0. Thus a = bl = (ak)l = a(kl). Since a # 0, divide through by a to get 1 = kl.
But this means that k = +1 and [ = +1, so that a = £+ b.

Given b = az and d = cy for some integers z, y, we have bd = (ax)(cy) = (ac)(ay). Then ac | bd
because zy is an integer.

Clearly (a,0) is at most |a| since no integer larger than |a| divides a. But also |a| | a, and |a| | O
since any nonzero integer divides 0. Hence |a| is the ged of a and 0.

If d=(n,n+ 1) then d| nand d| (n+ 1). Since (n + 1) — n = 1 we conclude that d | 1. (Apply
Exercise 4(b).) This implies d = 1, since d > 0.

No, ab need not divide ¢. For one example, note that 4 | 12 and 6 | 12, but 4 - 6 = 24 does not
divide 12.

Since a | a and a | 0 we have a | (a, 0). If (a, 0) = 1 then a | 1 forcing a = +1.

(a) Lor2 (b) 1, 2, 3 or 6. Generally if d = (n, n+ ¢) then d | nand d | (n + ¢).

Since ¢ is a linear combination of n and n+c, conclude that d | c.

(a) False. (ab,a) is always at least a since a | ab and a | a.
(b) False. For example, (2,3) =1 and (2,9) = 1, but (3,9) = 3.
(c¢) False. For example, let a =2, b =3, and ¢=9. Then (2,3) =1=(2,9), but (2-3,9) = 3.
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1.2 Divisibility 3

13.

14.

15.

16.

17.

18.

19.

(a) Suppose ¢ | @ and ¢ | b. Write a = ¢k and b = ¢l. Then a = bg + r can be rewritten
ck = (cl)g + r, so that r = ck — clg = c¢(k — lg). Thus ¢ | r as well, so that ¢ is a common
divisor of b and r.

(b) Suppose ¢ | b and ¢ | r. Write b = ck and r = ¢l, and substitute into a = bg + r to get
a = ckq+ cl = c(kq+1). Thus ¢ | a, so that ¢ is a common divisor of a and b.

(c) Since (a,b) is a common divisor of a and b, it is also a common divisor of b and r, by part (a).
If (a,b) is not the greatest common divisor (b,r) of b and r, then (a,b) > (b,r). Now, consider
(b,r). By part (b), this is also a common divisor of (a,b), but it is less than (a,b). This is a
contradiction. Thus (a,b) = (b,r).

By Theorem 1.3, the smallest positive integer in the set S of all linear combinations of a and b is

exactly (a, b).
(a) (6,15) = 3 (b) (12, 17)=1.

(a) This is a calculation.

(b) At the first step, for example, by Exercise 13 we have (a,b) = (524, 148) = (148,80) = (b,r).
The same applies at each of the remaining steps. So at the final step, we have (8,4) = (4, 0);
putting this string of equalities together gives

(524, 148) = (148,80) = (80, 68) = (68,12) = (12,8) = (8,4) = (4,0).

But by Example 4, (4,0) = 4, so that (524, 148) = 4.
(¢) 1003 =56-17+51,56=51-1+5,51=5-10+1,5=1-5+0. Thus (1003,56) = (1,0) = 1.

(d) 322 = 148 -2+ 26, 148 = 26-5+ 18,26 = 18- 1 +8, 18 = 8-2+2, 8 = 2.4 4 0, so that
(322,148) = (2,0) = 2.

(e) 5858 = 1436 -4 + 114, 1436 = 114 - 12+ 68, 114 = 68 - 1 + 46, 68 = 46 - 1 + 22, 46 = 222 + 2,
22 =211+ 0, so that (5858, 1436) = (2, 0) = 2.

f) 68 =148 — (524 — 148 - 3) = —524 4 148 - 4.

(g) 12=80—-68-1=(524—148-3) — (—524 + 148 -4)-1=1524-2 — 148 - 7.

(h) 8=68—12-5=(—-524+148-4) — (524-2— 148 -7) -5 = —524 - 11 + 148 - 39.

(i) 4=12—-8=(524-2—148-7) — (—524 - 11 4+ 148 - 39) = 524 - 13 — 148 - 46.

(j) Working the computation backwards gives 1 = 1003 - 11 — 56 - 197.

Let a = da, and b = db,. Then a, and b, are integers and we are to prove: (a;, b;) = 1. By
Theorem 1.3 there exist integers u, v such that au + bv = d. Substituting and cancelling we find

that a,u + b,v = 1. Therefore any common divisor of @, and b, must also divide this linear
combination, so it divides 1. Hence (qa,, b)) = 1.

—~

Since b | ¢, we know that ¢ = bt for some integer ¢. Thus a | ¢ means that a | bt. But then Theorem
1.4 tells us, since (a,b) = 1, that a | t. Multiplying both sides by b gives ab | bt = c.

Let d = (a, b) so there exist integers x, y with az + by = d. Note that ed | (ca, ¢b) since cd
divides ca and c¢b. Also c¢d = cax + cby so that (ca, ¢b) | cd. Since these quantities are positive we
get cd = (ca, cd).

Let d = (a, b). Since b + ¢ = aw for some integer w, we know c¢ is a linear combination of a and b
so that d |c. But then d | (b,c) = 1 forcing d = 1. Similarly (a,c) = 1.
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20.

21.

22.

23.

24.

25.

26.

27.
28.

29.

Let d = (a, b) and e = (a, b + at). Since b + at is a linear combination of a and b, d | (b + at) so
that d | e. Similarly since b = a(—t) + (b + at) is a linear combination of a and b 4+ at we know e
| b so that e | d. Therefore d = e.

Answered in the text.

Let d = (a, b, ¢). Claim: (a, d) = 1. [Proof: (a, d) divides d so it also divides c¢. Then (a, d) | (a, ¢)
= 1 so that (a, d)= 1.] Similarly (b, d)= 1. But d | ab and (a, d) = 1 so that Theorem 1.5 implies
that d | b. Therefore d = (b. d) = 1.

Define the powers b" recursively as follows: b' = b and for every n =1, 0" "' =b- b
hypothesis (a, b') = 1. Given k > 1, assume that (a, v*) = 1. Then (a, b*"') = (a, b - b*) = 1 by
Exercise 24. This proves that (a, ") = 1 for every n > 1.

Let d = (a, b). If ax 4+ by = c for some integers z, y then c is a linear combination of a and b so
that d | ¢. Conversely suppose ¢ is given with d | ¢, say ¢ = dw for an integer w. By Theorem 1.3
there exist integers u, v with d = au + bv. Then ¢ = dw = auw + bvw and we use x = uw and

Yy = vw to solve the equation.

(a) Given au + bv = 1 suppose d = (a, b). Then d | a and d | b so that d divides the linear
combination au + bv = 1. Therefore d = 1.

(b) There are many examples. For instance if a = b = d = uw = v =1 then (a, b) = (1, 1)=1
while d=au+ bv=1+4+1=2.

Let d = (a, b) and express a = da, and b = db, for integers a,, b,. By Exercise 16, (a,, b,) = 1.
Since a | ¢ we have ¢ = au = da,u for some integer u. Similarly ¢ = bv = db,v for some integer v.
Then a,u = ¢/d = b,V and Theorem 1.5 implies that a, | v so that v = a,w for some integer w.
Then ¢ = da,byw so that ¢d = d®a;byw = abw and ab | cd.

Answered in the text.

Suppose the integer consists of the digits a,a,—1...a1ag. Then the number is equal to

zn: ap10F = Zn:ak(lok -1+ zn: .
k=0 k=0 k=0

Now, the first term consists of terms with factors of the form 10¥ — 1, all of which are of the form
999...99, which are divisible by 3, so that the first term is always divisible by 3. Thus ZZ:O a,10F
is divisible by 3 if and only if the second term Y _;'_ ay is divisible by 3. But this is the sum of the
digits.

This is almost identical to Exercise 28. Suppose the integer consists of the digits ana,_1 . ..a1ao.
Then the number is equal to

zn:aklok = zn:ak(lok —1)+ zn:ak.
k=0 k=0

k=0

Now, the first term consists of terms with factors of the form 10¥ — 1, all of which are of the form
999...99, which are divisible by 9, so that the first term is always divisible by 9. Thus >, _, a 10"
is divisible by 9 if and only if the second term ZZZO ay, is divisible by 9. But this is the sum of the
digits.
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1.2 Divisibility

30. Let S={ayz + a1, + * + a,2, : T B, ..., T are integers}. As in the proof of Theorem 1.3, S
does contain some positive elements (for if a;# 0 then a” € S is positive). By the Well Ordering
Axiom this set S contains a smallest positive element, which we call ¢. Suppose t = a,u; + au, +
- 4+ a,u, for some integers wu;.

Claim. ¢t = d. The first step is to show that ¢ | a. By the division algorithm there exist integers ¢
and rsuch that ¢, = t¢ + rwith 0 < r < ¢. Then r = q;, — t¢ = a,(1 — w,q9) + a&(~wgq) + - +
a,(—u,q) is an element of S. Since r < ¢ (the smallest positive element of S), we know r is not
positive. Since 2 0 the only possibility is 7 = 0. Therefore a, = tq and ¢ | a,. Similarly we have
t| a; for each j, and tis a common divisor of a,, a,,"*, a,. Then t < d by definition.

On the other hand d divides each a, so d divides every integer linear combination of a;, a,,, a,.
In particular, d | ¢. Since ¢ > 0 this implies that d < t and therefore d = t.

31. (a) [6,10] = 30; [4,5,6,10] = 60; [20,42] = 420, and [2, 3,14, 36, 42] = 252.

(b) Suppose a; |t for i = 1,2,...,k, and let m = [aj,as,...,a;]. Then we can write t = mq+r
with 0 < 7 < m. For each 4, a; | t by assumption, anda; | m since m is a common multiple
of the a; Thus a; | (t — mg) = r. Since a; | r for each i, we see that r is a common multiple
of the a;. But m is the smallest positive integer that is a common multiple of the a;; since
0 < r < m, the only possibility is that » = 0 so that ¢t = mgq. Thus any common multiple of
the a; is a multiple of the least common multiple.

32. First suppose that ¢ = [a,b]. Then by definition of the least common multiple, ¢ is a multiple of
both a and b, so that ¢t | a and ¢ | b. If a | ¢ and b | ¢, then ¢ is also a common multiple of @ and b,
so by Exercise 31, it is a multiple of ¢ so that ¢ | c.

Conversely, suppose that ¢ satisfies the conditions (i) and (ii). Then since a | ¢ and b | ¢, we see that
t is a common multiple of a and b. Choose any other common multiple ¢, so that a | ¢ and b | c.

Then by condition (ii), we have ¢ | ¢, so that ¢t < c. It follows that ¢ is the least common multiple
of a and b.

33. Let d = (a,b), and writea = da; and b = db;. Write m = %b = ””‘“7;”’1 = da1by. Since a and b are
both positive, so is m, and since m = da1by = (da1)by = aby and m = da1by = (db1)a; = bay, we
see that m is a common multiple of a and b. Suppose now that & is a positive integer with a | k
and b | k. Then k = au = bv, so that k = daju = dbyv. Thus % = aju = byv. By Exercise 16,
(a1,b1) = 1, so that ay | v, say v = ayw. Then k = dbjv = dbjajw = mw, so that m | k. Thus

m < k. It follows that m is the least common multiple. But by construction, m = (gl;) = %b.

34. (a) Let d = (a,b). Since d | a and d | b, it follows that d | (a + b) and d | (a — b), so that d is a
common divisor of @ + b and a — b. Hence it is a divisor of the greatest common divisor, so
that d = (a,b) | (a+b,a —b).
(b) We already know that (a,b) | (a+b,a—b). Now suppose that d = (a+b,a—b). Then a+b = dt
and a — b = du, so that 2a = d(t + u). Since a is even and b is odd, d must be odd. Since
d | 2a, it follows that d | a. Similarly, 2b = d(t — u), so by the same argument, d | b. Thus d is
a common divisor of a and b, so that d | (a,b). Thus (a,b) = (a + b,a — b).

(¢) Suppose that d = (a +b,a —b). Then a + b = dt and a — b = du, so that 2a = d(t + u). Since
a and b are both odd, a + b and a — b are both even, so thatd is even. Thus a = g(t +u), so

that ¢ | a. Similarly, ¢ | b, so that ¢ = 2020 | (4 ) | (a+b,a—b). Thus (a,b) = @t2a=t)

or (a,b) = (a + b,a — b). But since (a,b) is odd and (a + b,a — b) is even, we must have
%ﬁ = (a,b), or 2(a,b) = (a +b,a —b).
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Arithmetic in Z Revisited

1.3 Primes and Unique Factorization

10.

(a) 24-32.5-7. (c) 2-5-4567.
(b) —=5-7-67. (d) 23-3.5.7-11-13-17.

(a) Since 2° — 1 = 31, and v/31 < 6, we need only check divisibility by the primes 2, 3, and 5.
Since none of those divides 31, it is prime.

(b) Since 27 — 1 = 127, and /127 < 12, we need only check divisibility by the primes 2, 3, 5, 7,
and 11. Since none of those divides 127, it is prime.

(c) 2'1 — 1 =2047 = 23 - 89.

. They are all prime.
. The pairs are {3,5}, {5,7}, {11,13}, {17,19}, {29,31}, {41,43}, {59,61}, {71,73}, {101,103},

{107,109}, {137,139}, {149,151}, {179,181}, {191,193}, {197,199}

(a) Answered in the text. These divisors can be listed as 23 for 0 < j< sand 0 < k< ¢
(b) The number of divisors equals (r 4+ 1)(s + 1)(¢ + 1).

The possible remainders on dividing a number by 10 are 0,1,2,...,9. If the remainder on dividing
p by 10 s 0,2,4,6, or 8, then p is even; since p > 2, p is divisible by 2 in addition to 1 and itself
and cannot be prime. If the remainder is 5, then since p > 5, p is divisible by 5 in addition to 1
and itself and cannot be prime. That leaves as possible remainders only 1,3,7, and 9.

Since p | (a 4+ be) and p | a, we have a = pk and a + be = pl, so that pk + be = pl and thus
bc = p(l — k). Thus p | be. By Theorem 1.5, either p | b or p | ¢ (or both).

(a) As polynomials,
2" —1=(z— D" +2" 2+ f241).

(b) Since 22" -3" —1 = (22.3)" — 1 = 12" — 1, by part (a), 12" — 1 is divisible by 12 — 1 = 11.

If pis a prime and p = rs then by the definition r, s must lie in {1, -1, p, —p}. Then either r = +1
or r=+4pand s = p/r = +1, Conversely if p is not a prime then it has a divisor r not in {1, -1,
p, —p}. Then p = rs for some integer s. If s equals +1 or +p then r = p/s would equal +p or +1,
contrary to assumption. This r, s provides an example where the given statement fails.

Assume first that p > 0. If p is a prime then (a, p) is a positive divisor of p, so that (a, p) = 1 or
p. If (a, p) = p then p | a. Conversely if p is not a prime it has a divisor d other than +1 and +p.
We may change signs to assume d > 0. Then (p, d) = d # 1. Also p | d since otherwise p | d and
d = p implies d = p. Then a = d provides an example where the required statement fails. Finally
if p < 0 apply the argument above to —p.
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1.3 Primes and Unique Factorization 7

11.

12.

13.

14.

15.

16.

17.

18.

19.

Since p|a—bandp|c—d,alsop|(a—b)+(¢c—d) =(a+c)— (b+d). Thus p is a divisor of
(a+¢) — (b+ d); the fact that p is prime means that it is a prime divisor.

Since n > 1 Theorem 1.10 implies that n equals a product of primes. We can pull out minus signs
to see that n = p, p, ... p, where each p, is a positive prime. Re-ordering these primes if necessary,
to assume p; < p, < ... < p,. For the uniqueness, suppose there is another factorization n = ¢, ¢,...q,
for some positive primes ¢; with ¢, < ¢, ... < ¢.. By theorem 1.11 we know that r = s and the p,’s
are just a re-arrangement of the ¢;s. Then p, is the smallest of the p,’s, so it also equals the
smallest of the ¢’s and therefore p, = ¢,. We can argue similarly that p, = ¢,, ..., p, = ¢,. (This
last step should really be done by a formal proof invoking the Well Ordering Axiom.)

By Theorem 1.8, the Fundamental Theorem of Arithmetic, every integer except 0 and +1 can be
written as a product of primes, and the representation is unique up to order and the signs of the
primes. Since in our case n > 1 is positive and we wish to use positive primes, the representation
is unique up to order. So write n = ¢1 q2 ... qs where each ¢; > 0 is prime. Let p1,po,...,p, be the
distinct primes in the list. Collect together all the occurrences of each p;, giving r; copies of p;,

ie plt.

Suppose d | p so that p = dt for some integer ¢. The hypothesis then implies that p | dor p | ¢. If
p | d then (applying Exercise 1.2.5) d = +p. Similarly if p | ¢ then, since we know that ¢ | p, we
get t = +p, and therefore d = +1.

Apply Corollary 1.9 in the case a, =a, = - = a, to see that if p | a” then p | a. Then a = pu for
some integer u, so that o" = p™u" and p" | a".

Generally, p | aand p | bif and only if p | (a, b), as in Corollary 1.4. Then the Exercise is
equivalent to: (a, b) = 1 if and only if there is no prime p such that p | (a, b). This follows using
Theorem 1.10.

First suppose u, v are integers with (u, v) = 1. Claim. (v?, v*) = 1. For suppose p is a prime
such that p | v> and p | v*. Then p | uw and p | v (using Theorem 1.8), contrary to the hypothesis
(u, v) = 1. Then no such prime exists and the Claim follows by Exercise 8.

Given (a, b) = p write a = pa, and b = pb,. Then (a;, b;) = 1 by Exercise 1.2.16. Then (d?, v*) =
(P’a®, p*b) = p*(a%, b%), using Exercise 1.2.18. By the Claim we conclude that (a’, b°) = p*.

The choices p = 2, a = b =0, ¢ = d = 1 provide a counterexample to (a) and (b).
(c) Since p | (a® + b°) — aa = V?, conclude that p | b by Theorem 1.8.

If r; < s; for every i, then

— mS1 52 Sk _ 1,817 T1 72, S2—T2 Tk Sk~ Tk __ 71,72 Tk S1—7T1,,82—T2 S§2—Tk

b=pi'py* . pt =i’ PR’y <Dy Py = (pI'p5? ... pp") - (p7 s CpETTE)
_ $1—71,.82—T2 52 —Tk
=a- (p}* "p5 PR

Since each s; —r; > 0, the second factor above is an integer, so that a | b.

Now suppose a | b, and consider p;’. Since this is composed of factors only of p;, it must divide p;*,
since p; { p; for i # j. Thus p;* | p;*. Clearly this holds if r; < s;, and also clearly it does not hold
if r; > s;, since then p;* > p;'.
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20.

21.

22.

23.

24.

25.

26.

27.

(a) The positive divisors of a are the numbers d = p,™ p,"*** p,"* where the exponents m;
satisfy 0 < m, < r, for each j =1, 2,,.., k. This follows from unique factorization. If d also
divides b we have 0 < m, < s; for each i = 1, 2,... k. Since n; = min{r;, s} we see that the
positive common divisors of a and b are exactly those numbers d = p,"'p," -+ p,"* where
0 < m,; < n,for each j=1, 2,..., k. Then (a, b) is the largest among these common
divisors, so it equals p,"™p," - p,".

(b) For [a, b] a similar argument can be given, or we can apply Exercise 1.2.31, noting that

max{r, s} = r + s — min{r, s} for any positive numbers r, s.

Answered in the text.

If every r; is even it is easy to see that n is a perfect square. Conversely suppose 7 is a square.
First consider the special case n = p” is a power of a prime. If p” = m? is a square, consider the
prime factorization of m. By the uniqueness (Theorem 1.11), p is the only prime that can occur,
so m = p* for some s, and p"= m? = p*. Then r = 2s’is even. Now for the general case, suppose
n = m’ is a perfect square. If some r; is odd, express n = p,” - k where k is the product of the
other primes involved in n.

Then p,” and k are relatively prime and Exercise 13 implies that p,” is a perfect square. By the
special case, r;. is even.

Suppose a = p'py? ... pF and b = pi'ps? ... p;* where the p; are distinct positive primes and r; > 0,
5; > 0. Then a® = pI"'p3™ .. .pir’“ and b% = p7*1p3*2 ...pisk. Then using Exercise 19 (twice), we
have a | b if and only if 7; < s; for each i if and only if 2r; < 2s; for each i if and only if a? | b°.

This is almost identical to the previous exercise. If n > 0 is an integer, suppose a = pi'py? ... p,*
and b = pi'p5?...p;* where the p; are distinct positive primes and r; > 0, s; > 0. Then a" =
piTipsT L pp™ and b2 = p*ipy*? ... pp°*. Then using Exercise 19 (twice), we have a | b if and
only if r; < s; for each i if and only if nr; < ns; for each ¢ if and only if a™ | b".

The binomial coefficient (Z) is

(p): Pt _pp=1---(p-k+1)
k) El(p—k) k(k—1)---1 ‘

Now, the numerator is clearly divisible by p. The denominator, however, consists of a product of
integers all of which are less than p. Since p is prime, none of those integers (except 1) divide p,
so the product cannot have a factor of p (to make this more precise, you may wish to write the
denominator as a product of primes and note that p cannot appear in the list).

Claim: Each A, = (n 4+ 1)! + k is composite, for k= 2, 3,. .. , n + 1. Proof. Since k< n + 1 we
have k| (n + 1)! and therefore k| A,. Then 4, is composite since I < k < A,.

By the division algorithm p = 6k + r where 0 £ r < 6. Since p > 3 is prime it is not divisible by 2
or 3, and we must have r= 1 or 5. If p = 6k + 1 then p* = 36K + 12k + 1 and p* + 2 = 36K +
12k + 3 is a multiple of 3. Similarly if p = 6k + 5 then p* +2 = 36, + 60k + 27 is a multiple of
3. So in each case, p* + 2 is composite.
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1.3 Primes and Unique Factorization 9

28. The sums in question are: 1 + 2 + 4 + -+ + 2". When n = 7 the sum is 255 = 3-5:17 and when
n = 8 the sum is 511 = 7-73. Therefore the assertion is false. The interested reader can verify that
this sum equals 2" — 1. These numbers are related to the “Mersenne primes”.

29. This assertion follows immediately from the Fundamental Theorem 1.11.

30. (a) If o> = 21? for positive integers a, b, compare the prime factorizations on both sides. The
power of 2 occurring in the factorization of @ must be even (since it is a square). The power
of 2 occurring in 2b* must be odd. By the uniqueness of factorizations (The Fundamental
Theorem) these powers of 2 must be equal, a contradiction.

(b) If /2 is rational it can be expressed as a fraction + for some positive integers a, b.
Clearing denominators and squaring leads to: o> = 2b°, and part (a) applies.

31. The argument in Exercise 20 applies. More generally see Exercise 27 below.

32. Suppose all the primes can be put in a finite list p,, p,," -, p, and consider N = p, p, ...p, + 1. None
of these p; can divide N (since 1 can be expressed as a linear combination of p;, and N). But N > 1
so N must have some prime factor p. (Theorem 1.10). This p is a prime number not equal to any
of the primes in our list, contrary to hypothesis.

33. Suppose n is composite, and write n = rs where 1 < r,; s < n. Then, as you can see by multiplying
it out,

om_ 1= (27“ _ 1) (23(7"—1) + 23(7"—2) + 23(7“—3) 4ot 98 + 1) )

Since r > 1, it follows that 2" > 1. Since s > 1, we see that 2° + 1 > 1, so that the second factor
must also be greater than 1. So 2™ — 1 has been written as the product of two integers greater than
one, so it cannot be prime.

34. Proof: Since n > 2 we know that n! — 1 > 1 so it has some prime factor p. If p < n then p | n!,
contrary to the fact that p | nl. Therefore n < p < nl.

35. We sketch the proof (b). Suppose a > 0 (What if a < 0?), 7" = a and 7 = u/v where u, v are
integers and v > 0. Then u" = av". If p is a prime let & be the exponent of p occurring in a (that
. k k+1 : : n 3 mn 3
is: p| aand p I a ). The exponents of p occurring in " and in v" must be multiples of n, so
unique factorization implies k is a multiple of n. Putting all the primes together we conclude that
a = b" for some integer b.

36. If pis a prime > 3 then 2| p and 3] p, so by Exercise 1.2.34 we know 24 | p* — 1. Similarly 24 |
(¢ — 1) so that p> — ¢ = (p* — 1) — (¢ — 1) is a multiple of 24.
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Chapter 2

Congruence in Z and Modular
Arithmetic

2.1 Congruence and Congruence Classes

1. (a)2°1=2'=16=1 (mod 5). (b) 47! = 4° = 4096 = 1 (mod 7).
(¢) 3" = 3= 59049 = 1 (mod 11).

2. (a)Use Theorems 2.1 and 2.2: 6k + 5=6.1 + 5 =11 =3 (mod 4).
(b)2r + 3s=2.3 + 3.(-7) =-15 =5 (mod 10).

3. (a) Computing the checksum gives
10-34+9-5+8-44+7-04+6-94+5-0+4-5+3-1+2-8+1-9
=304+45+32+4+54+20+ 3+ 16 + 9 = 209.
Since 209 = 1119, we see that 209 = 0 (mod 11), so that this could be a valid ISBN number.
(b) Computing the checksum gives
10-0+9-0+8-3+7-14+6-14+5-0+4-5+3-5+2-9+1-5
=24+74+6+20+ 15+ 1845 = 95.

Since 95 = 11 -8 + 7, we see that 95 = 7 (mod 11), so that this could not be a valid ISBN
number.

(¢) Computing the checksum gives

10-0+9-3+8-84+7-5+6-4+5-9+4-5+3-9+2-6+1-10
=27+64+35+24+45+ 20+ 27+ 12 + 10 = 264.

Since 264 = 1124, we see that 264 = 0 (mod 11), so that this could be a valid ISBN number.
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12 Congruence in Z and Modular Arithmetic
4. (a) Computing the checksum gives
3-0+34+3-7+0+3-0+04+3-34+5+3-6+6+3-94+1=90.
Since 90 = 10 - 9, we have 90 = 0 (mod 10), so that this was scanned correctly.
(b) Computing the checksum gives
3-84+3+3-34+7+3-3+24+30+04+3-04+6+3-24+5="71.
Since 71 =10-7 + 1, we have 71 = 1 (mod 10), so that this was not scanned correctly.
(¢) Computing the checksum gives
3-0+44+3-04+2+3-9+34+36+7+3-34+0+3-3+4=283.
Since 83 = 10 - 8 + 3, we have 83 = 3 (mod 10), so that this was not scanned correctly.
5. Since 5 =1 (mod 4), it follows from Theorem 2.2 that 52 = 12 (mod 4), so that (applying Theorem

10.

11.

12.

13.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

2.2 again) 5% = 1% (mod 4). Continuing, we get 500 = 11090 = 1 (mod 4). Since 51900 = 1
(mod 4), Theorem 2.3 tells us that [5'°°] = [1] in Zj.

Given n | (a — b) so that a — b = ngq for some integer ¢. Since k | n it follows that & | (a — b) and
therefore a = b (mod ).

By Corollary 2.5, a=0, 1, 2 or 3 (mod 4). Theorem 2.2 implies @* = 0, 1 (mod 4). Therefore a’
cannot be congruent to either 2 or 3 (mod 4).

By the division algorithm, any integer n is expressible as n = 4¢ + r where r € {0, 1, 2, 3}, and n
= r (mod 4). If ris 0 or 2 then n is even. Therefore if n is odd then n =1 or 3 (mod 4).

(a) (n— a)?=n*-2na+ o’ = @ (mod n) since n =0 (mod n).
(b)(2n — @)’ = 40’ — 4na + @’ = @ (mod 4n) since 4n =0 (mod 4n).

Suppose the base ten digits of a are (c,c, ;. . . ¢¢,). (Compare Exercise 1.2.32). Then a =
e, 10" + ¢,10" +. .. 10 + ¢ = ¢, (mod 10), since 10¥= 0 (mod 10) for every k> 1.

-

Since there are infinitely many primes (Exercise 1.3.25) there exists a prime p > la— bl. By
hypothesis, p | (a — b) so the only possibility is a — b = 0 and a = b.

If p=0,2or 4 (mod 6), then p is divisible by 2. If p = 0 or 3 (mod 6) then p is divisible by 3.
Since p is a prime > 3 these cases cannot occur, so that p =1 or 5 (mod 6). By Theorem 2.3 this
says that [p] = [1] or [5] in Z;.

Suppose 7, 7 are the remainders for a and b, respectively. Theorem 2.3 and Corollary 2.5 imply: a = b
(mod n) if and only if [a] = [b] if and only if [r] = [r/]. Then r = r' as in the proof of Corollary
2.5(2).

with a certain product or service or otherwise on a password-protected website for classroom use.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

(a) Here is one example: a = b = 2 and n = 4.
(b) The assertion is: if n | ab then either n | aor n |b. This is true when n is prime by
Theorem 1.8.

Since (a, n) = 1 there exist integers u, v such that au + nv = 1, by Theorem 1.3. Therefore
au= au + nv=1 (mod n), and we can choose b = w.

Given that a=1 (mod n), we have a = ng + 1 for some integer ¢. Then (a, n) must divide a — nq
=1, so (a, n) = 1. One example to see that the converse is false is to use ¢ = 2 and n = 3. Then
(a, n) = 1 but [a] # [1].

Since 10 = -1 (mod 11), Theorem 2.2 (repeated) shows that 10" = (-1)" (mod 11).

By Exercise 23 we have 125698 = 31 =4 (mod 9), 23797 = 28 = 1 (mod 9) and 2891235306 = 39 =
12 = 3 (mod 9). Since 4-1 # 3 (mod 9) the conclusion follows.

Proof: If [a] = [b] then a = b (mod n) so that @ = b + nk for some integer k. Then (a, n) = (b, n)
using Lemma 1.7.

(a) One counterexample occurs when ¢ = 0, b = 2 and n = 4.

(b) Given a® = b* (mod n), we have n | (o> — 1*) = (a + b)(a — b). Since n is prime, use
Theorem 1.8 to conclude that either nl(a 4+ b) or n | (a — b). Therefore, either a = b
(mod n) or a=-b (mod n).

(a) Since 10 =1 (mod 9), Theorem 2.2 (repeated) shows that 10"= 1 (mod 9).
(b) (Compare Exercise 1.2.32). Express integer a in base ten notation: a = ¢,10" + . . . +
10+ ¢). Then a=c,+ ¢, ,+ ... ¢; + ¢ (mod 9), since 10" =1 (mod 9).

(a) Here is one example: a =2, b=0, c=2, n = 4.
(b) We have n | ab — ac = a(b - c). Since (a, n) = 1 Theorem 1.5 implies that n | (b — ¢) and
therefore b = ¢ (mod n).

2.2 Modular Arithmetic

1.

(a) Answered in the text.

b + [0 1 2 3 - 0 1 2 3
o 0o 1 2 3 o [0 0o o o
1 1 2 3 0 1 o 1 2 3
2 2 3 o0 1 2 o 2 0 2
3 13 o0 1 2 3 o 3 2 1

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

with a certain product or service or otherwise on a password-protected website for classroom use.



14

Congruence in Z and Modular Arithmetic

(¢) Answered in the text.

WD+ Jo 1 2 3 4 5 6 7 8 9 10 11
o o 1 2 3 4 5 6 7 & 9 10 11
1 |1 2 3 4 5 6 7 8 9 10 11 0
2 |2 3 4 5 6 7 8 9 10 11 0 1
3 13 4 5 6 7 8§ 9 10 11 0 1 2
4 |4 5 6 7 8 9 10 11 0 1 2 3
5 |5 6 7 8 9 10 11 0 1 2 3 4
6 6 7 8 9 10 11 0 1 2 3 4 5
7 |t 8 9 10 11 0 1 2 3 4 5 6
8 I8 o9 10 11 0o 1 2 3 4 5 6 7T
9 9 10 11 0o 1 2 3 4 5 6 T 8
0 (10 11 0o 1 2 3 4 5 6 7 8 9
11 {11 0 1 2 3 4 5 6 7T & 9 10

0 1 2 3 4 5 6 7 8 9 10 11
olo o o o O O O O O 0 0 o0
1 ]o 1 2 3 4 5 6 7 8 9 10 11
2 lo 2 4 6 8 10 0 2 4 6 8 10
3 /0 3 6 9 0 3 6 9 0 3 6 9
410 4 8 0 4 8 0 4 8 0 4 8
510 5 10 3 8 1 6 11 4 9 2 7
6 /0 6 0 6 0 6 0 6 0 6 0 6
710 7 2 9 4 11 6 1 8 3 10 5
8 /o 8 4 0 8 4 0 8 4 0 8 4
9 /o0 9 6 3 0 9 6 3 0 9 6 3
wjlo 10 8 6 4 2 0 10 8 6 4 2
imjo 11 100 9 8 7 6 5 4 3 2 1

However, the notation must be changed to correspond to the new notation. See the tables
in Example 2 to see what it must look like,

2. To solve 22 @ x = [0] in Z4, substitute each of [0], [1],[2], and [3] in the equation to see if it is a

solution:

xQEBx

Is 22 @z =[0]?

[0] @ [0] @ [0] = [0] + [0] = [0]
Medlel]=0]+[1] =2
2lo2l® 2] = [0] + [2] = [2]
Blo B ® B3] =[] ®[3] = [0]

No.

No.

Yes; solution.

Yes; solution.

3. =1,3,50r 7in Z, However, the notation should be changed to use, for example,

[3] instead of 3.
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4. r=1,2,3 0r 4 in Z ;. However, the notation should be changed to use, for example,

[3] instead of 3.

5. r=1,2,4,5in Z, However, the notation should be changed to use, for example,

[3] instead of 3.

6. To solve 22 & [8] ® x = [0] in Zg, substitute each of [0],[1],[2],...

a solution:

?o8lex

,[8] in the equation to see if it is

Is2? @ 8] @z = [0]?

[0} @ [0] @ [8] @ [0] = [0] + [0] = [0]
el]e8 e 1] =[1]+[8 =[0]
Rlo2le 8o 2] =[4+[7) =2
Bl@ 3] @ [8] @ [3] = [0] @ [6] = [6]
Al e84 =[5 =3
Bl Bl e 8 b= (74 =2
[6] @ [6] @ [8] @ [6] = [0] & [3] = [3]
[MeMeBle[7=I[4e[2 =6
BloBle 88 =[1]e 1] =2

The solutions are z = [0] and x = [1].

7. To solve 23 @ 22 & z @ [1] = [0] in Zs, substitute each of [0], [1],[2], ...

it is a solution:

Yes; solution.
Yes; solution.
No.

No.

,[7] in the equation to see if

r 2or’0z0(l] s¥3ex20zo(1]=]0]?

0} 1
[ [4]
2 [7]
31 [0]
[4 [5]
5] [4]
6] 3]
(71 (0]

The only solution is x = [7].

8. To solve 23 + 22 = [2] in Zyo, substitute each of [0],[1],...

No.
No.
No.
No.

Yes; solution.

,[9] in the equation to see if it is a
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16 Congruence in Z and Modular Arithmetic
solution: r @2 sa¥er?=[2?
[0] [0] No.
1] [2] Yes; solution.
2] [2] Yes; solution..
(3] [6] No.
[4] [0] No.
[5] [0] No.
6] [2] Yes; solution.
7 2] Yes; solution.
(8] [6] No.
9] [0] No.
The solutions are x = [1], [2], [6], and [7].
9. (a) a=3orb. (b) a=2or 3. (c) No such element exists in Z .
However, the notation should be changed to use, for example, [3] instead of 3.
10. Part 3: [o] @ [b] = [a+ b] =[b+ a] = [b] ® [a] since a + b= b+ ain Z.
Part 7: [a] © ([8] © [¢]) = [a] © [be] = [a(be)] = [(ab)c] = [ab] © [c] = ([a] O [b]) © [d].
Part 8: [o] © ([0] @ [d]) = [d] © [b + ] = [a(b + ¢)] = [ab + ac] = [ab] @ [ac] = ([d] © [b]) ® ([a
© [d]).
Part 9: [d] © [] = [ab] = [bd] = (8] © [d]
11. Every value of z satisfies these equations.
12. See Exercise 2.1.14.
13. See Exercise 2.1.22.
14. (a) 2=0or4dinZ; (b) 2=0,2,30r5inZ,
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2.3 The Structure of Z, (p Prime) and Z,, 17

15. (a) (a+ b’ = @ + V¥ in Z,. (b) (a+ b= + b in Z,.

(c) (a+b)?’=a+ binZ,.
(d) One is led to conjecture that (a + b)" = a’ + b inZ;.

To investigate the general result for any prime exponent, use the Binomial Theorem and Exercise
1.4.13.

However, the notation should be changed to use, for example, [a] instead of a.

16. (a) a=1,2,30r4inZ;. (b)a=1lor3inZ,.

(c)a=lor2inZ, (dya=1lorbin Z,.

However, the notation should be changed to use, for example, [3] instead of 3.

2.3 The Structure of Z, (p Prime) and Z,

1.

(a) 1,2,3,4,5,6 (b) 1,3,5,7
(c)1,2,4,5,7,8 (d)1,3,7,9

(a) Since 7 is prime, part (3) of Theorem 2.8 says that there are no zero divisors in Zs.

(b) The zero divisors are 2, 4, and 6, since 2-4 = 0 and 6 -4 = 0. Further computations will show
that the other elements of Zg are not zero divisors.

(¢) The zero divisors are 3 and 6, since 3 - 6 = 0. Further computations will show that the other
elements of Zg are not zero divisors.

(d) The zero divisors are 2,4,5,6, and 8, since 2-5=4-5=6-5 = 8-5 = 0. Further computations
will show that the other elements of Zqy are not zero divisors.

In Z,, it appears that every nonzero element is either a unit or a zero divisor.

(a) 1 solution in Z , (b) 2 solutions in Z g
(¢) 0 solutions in Z (d) 2 solutions in Z |,
We first show that ab # 0. If ab = 0, then since a is a unit, then a'ab = 0, so that b = 0. But b is

a zero divisor, so that b # 0 and thus ab # 0. Now, since b is a zero divisor, choose ¢ # 0 such that
be = 0; then (ab)c = a(be) = 0 shows that ab is also a zero divisor.

Since n is composite, write n = ab where 1 < a,b < n. Then in Z,, [a] # 0 and [b] # 0, since both
a and b are less than n, but [a][b] = [ab] = [n] = 0, so that a and b are zero divisors.

If ab=01in Z, then ab=0 (mod p) so that p | ab. By Theorem 1.8 we conclude that p | a or
p | b. Then a=0 (mod p) or b= 0 (mod p). Equivalently, a = 0 or b= 0 in z,.

(a) For instance choose a even and b odd. (b) Yes.

(a) Suppose a is a unit. Choose b such that ab = 0. Then since a is a unit, we have a~tab =
a~'0 =0, so that b = 0. Thus a is not a zero divisor, since any such b must be zero.

(b) This statement is the contrapositive of part (a), so is also true.
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No element can be both a unit and a zero divisor, by Exercise 9. Choose = # 0 € Z,,, and consider
the set of products {z-1,2-2,...,z-(n—1)}. This set has n—1 elements. If x is not a zero divisor,
then 0 is not one of those elements. So there are two possibilities: either no element is duplicated
in that list, or there is a duplicate. If there is no duplicate, then since there are n — 1 elements and
n — 1 possible values, one of the elements must be 1; that is, for some a € Z,, we have x - a = 1.
Thus z is a unit. If there is a duplicate, say « - a = = - b, then = - (a — b) = 0, so that z is a zero
divisor, which contradicts our original assumption. This shows that if x is not a zero divisor, then
it is a unit.

Since a is a unit, the equation az = b has the solution a~'b, since aa~'b = b. Now, suppose that
ax = b and also ay = b. Then a(x —y) = 0. Since a is not a zero divisor, and a # 0 since it is a
unit, it follows that x —y = 0 so that o = y. Hence the solution is unique.

If x = [r] is a solution then [ar] = [b] so that ar= b (mod n) and ar — b = kn for some integer #.
Then d | aand d | nimplies d | (ar — kn) = b.

Since d divides each of a, b and n there are integers a,, n,, b,. with a = da,, b = db,. and n =

dn,. By Theorem 1.3 there are integers u, v with au + nv = d so that au = d (mod n). Therefore
a(ub;) = byd = b (mod n) so that z = [ub,] is one solution. Since an, = a,dn; = a;n =0 (mod n) we
see that « = [ub, + n,#] is a solution for every integer t.

(a) If [ub, + sn,] and [ub, + tn,] are equal in Z, for some 0 < s < t < d, then n | (tn, — sn,)
= (t— s)n, so that d | (t— s) contrary to 0 < (t — s) < d.

(b) If 2 = [1] is a solution then [ar] = [b] = [a-ub,] so that n | a(r— ub,) so that a(r — ub,) =
nw for some integer w. Cancel d to obtain a,(r — ub,) = nw. Since (a,, n;) = 1, (Why?)
Theorem 1.5 implies n,| (r — ub,) so that r = ub, + tn, for some t. Then z = [1] = [ub, +
tn,]. Divide ¢ by d to get t = dg + k where 0 < k < d. Then z = [ub, + (dq + k)n)| = [ub,
+ kny] because [dn)] = [n] = [0].

(a) 152 =9 in Z if and only if 152=9 (mod 18) if and only if 52= 3 (mod 6) if and only if x

= 3 (mod 6) if and only if z = 3, 9, 15 (mod 18) if and only if z = [3], [9], [15] in Zs.
(b) z =3, 16, 29, 42 or 55 in Z.
By Exercise 10, every nonzero element of Z, is a unit or a zero divisor, but not both. So the
statement we are trying to prove is equivalent to the following statement: If a # 0 and b are
elements of Z,, and ax = b has no solutions in Z,,, prove that a is not a unit. The contrapositive

of this statement, which is equivalent to the statement itself, is: If a # 0 and b are elements of Z,,
and a is a unit, then ax = b has at least one solution in Z,,. But Exercise 11 proves this statement.

Suppose that a and b are units. Then (ab)(b~'a™!) = a(bb~!)a™! = aa™! =1, so that ab is a unit.

See the Hint when 0 < 1. Otherwise, if 0 £ 1, then since 0 = 1, we must have 1 < 0 since we have
fully ordered Z,,. Adding 1 to both sides repeatedly, using rule (ii), givesn—1 <n—2 < --- < 1 < 0,
so that, by rule (i), n — 1 < 0. Now add 1 to both sides to get 0 < 1, which is a contradiction.
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Chapter 3

Rings

3.1 Definition and Examples of Rings

1. (a) closure for addition. (b) axiom 5 (additive inverses)

2. The closure axioms are quickly seen from the tables (only the symbols 0, e, b, ¢ appear).
Commutativity of an operation appears as a symmetry of the table: the products zy and yz will
appear in the table in positions which are symmetric relative to the “main diagonal”. The system
is commutative if these symmetrically placed entries are equal. Equivalently, the entries of the k™
row and the & column of the table are identical. In this example both operations are
commutative. Also 0 is the zero element since the row for 0 is (0, e, b, ¢) which is identical with
the top (index) row. Similarly we read from the other table that e is the multiplicative identity
element. Axiom 4 (additive inverses) follows since 0 occurs in each row of the addition table.
Since we are assuming the other axioms, R is a commutative ring.

3. As in Exercise 2 we can read quickly from the tables that the operations are closed and
commutative. Also 0 is the zero element, and e is the multiplicative identity. Additive inverses
exist since there is a 0 in every row of the addition table. Finally, multiplicative inverses exist for
the non-zero elements e, a, b since e occurs in every row (and column) indexed by those entries.
Since we are assuming the other axioms, F'is a field.

4. Use the matrices from the end of Example 6:
4 6\ (/-3 -9\ [(4(-3)+6-2 4(-9)+6-6) (0 O
2 3 2 6) \2(-3)+3-2 2(-9+3-6/ \0 0
-3 -9\ /4 6\ (-34-9-2-3-6-9-3\ _ [(-30 —45
2 6/\2 3) \2:446-2 2:6+6-3 )  \ 20 30
5. (a) This is a subring without identity; all products in this ring are zero.
(b) This is a subring with the identity (é O).
(c) This is not a subring. For example,
11\ /1 1\ (2 1
1 0 1 0/ \1 1)
which is not of the required form.
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10.

11.

(d) This is a subring without identity.

(e) This is a subring with the identity <(1) (1))

(f) This is a subring with the identity <(1) 8)

. (a) Check the axioms. Since the sum and product of two multiples of 3 is again a multiple of

3 the closure axioms (1 and 6) hold. Since 0 is a multiple of 3, R has an additive identity
element (Axiom 4), If a is a multiple of 3 then the solution of ¢ + x = 0 (namely —a) is
also a multiple of 3, and so Axiom 5 holds. The other axioms (associativity,
commutativity, distributivity) hold for all integers and therefore are true in R.

(b) The same proof works with k everywhere in place of 3.

. Axiom 1 is satisfied since av/2 4+ bv/2 = (a + b)v/2, so if a and b are integers, then (a + b)v/2 € K.

Axiom 2 is satisfied since

aV2+ (V2 +cvV2) =avV2+ (b+e)V2 = (a+b+c)V2 = (a+b)V2+cV2
= (aV2 +bV2) + cV2.
Axiom 3 is satisfied since av/2 +bv2 = (a+b)v2 = (b+ a)V2 = by/2 4+ av/2. The additive identity

is 0 = 0v/2, so Axiom 4 is satisfied. Given av/2 € K, the element (fa)\@ is also in K,
and av/2 + (—a)\/§ =(a— a)\/§ = 01/2, so Axiom 5 is also satisfied.

However, K is not a ring, since if av/2,bv/2 € K, then (av/2)(byv/2) = 2ab is not in K since it is not
an integer multiple of V2.

. No, it is not closed under addition.

- (a) B* ={(0,0), (1,1),(2,2), (3,3), (4, 4), (5, 5)}.

(b) Check the properties in Theorem 3.2. If , 7 € R then (r, r) + (v, 7)) = (r+ 7, r+ 1)
and (r, 7)-(r, ) = (", r*). Therefore R* is closed under addition and multiplication.
The zero element (0, 0) is in R* and additive inverses exist: The solution to (r, r) + x =
(0, 0) is x = —(r, r) = (-, —r) which does lie in R*.

No, it is not a subring. For example, (3,—3) € S and (4,—4) € S, but (3,-3)-(4,—4) = (12,12) ¢ S
since 12 4+ 12 # 0.

. a a c ¢\ _ fa+c a+c
(a) Axiom 1. (b b>+(d d)_(b—i—d b—|—d)€S'
Axiom 2. This is similar to part (a); it follows since addition of reals is associative.
Axiom 3. This is similar to the previous parts:

a a 4 c ¢\ _ f(a+c a+c) (c c 4 a a
b b d d) \b+d b+d) \d d b b
0

Axiom 4. (8 O) € S, and it is obviously an additive identity.

. . a a\. {(—a —a
Axiom 5. The inverse of (b b) is (—b —b)'
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3.1 Definition and Examples of Rings 21

. a a\{c c ac+ad ac+ ad
Axiom 6. (b b) (d d>:<bc+bd bc+bd)€s'
Axiom 7.
a a c c\ e e _(a a\ [ce+cf ce+cf
b b d dJ\f f)) \b b)\de+df de+df
alce+cf) +a(de +df) a(ce+ cf) + a(de + df)
b(ce+cf) +b(de +df) blce+ cf)+ b(de + df)
ace + acf + ade + adf ace+acf+ade+adf>

bce + bef + bde + bdf  bee + bef + bde + bdf

(i
~

(G 3) G 0) 5)- E‘Ziiij i) (5 7)
(

ac+ ad)e + (ac+ad)f (ac+ ad)e + (ac+ ad) f
bc+ bd)e + (be+bd)f  (be+ bd)e + (be + bd) f

ace + acf + ade + adf ace + acf + ade + adf
bce + bef + bde + bdf  bee + bef + bde + bdf

Axiom 8.

GGG 2))-6 o6 i)
a(c+e) +a(d+ f) a(c+e)+a(d+f)>
blc+e)+bd+f) blc+e)+bld+ f)

_ (ac+ae—|—ad+af ac+ae+ad+af)

bc+be+bd+bf bec+be+bd+bf
a a\fc ¢\ f(a a)fe e) ac+ad ac+ ad ae+af ae+af
b b/ \d d b b)\f f)

be+bd  be+ bd be+bf be+bf

ac+ae+ad+af ac+ae+ad+af
bc+be+bd+bf be+be+bd+bf

Since S satisfies all 8 axioms, it is a ring.
(b) Note that J € S, and that

a a\ (1 1\ (a-1+b-0 a-14+0b-0 [(a a
b bJ\0 0] \b-1+a-0 b-14+a-0/) \b b/}’
Thus J is a right identity.
(¢c) We have
1 1\/(2 2y (1-241-1 1-241-1\ (3 3 ” 11
0 o/j\1 1/ \0-240-1 0-2+4+0-1/ \0 O 0 0/

12. 7 [i] is closed under addition and multiplication. For example (a + bi) - (¢ + di) = (ac — bd) +
(ad + be)i. The zero element and additive inverses exist in Z[i], (compare Exercise 9).
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(ac + 2bd) +

(—a) + (~b)v2. Apply Theorem 3.2.

—_ —~
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(a+¢)+ (b+ d)v2 and (a + b2 )-(c + dN2)

0+ 0=0sothat f+ g€ S.
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(ad + be)N2 we see that Z[~/2 | is closed under addition and multiplication. The zero element 0 = 0

+ 042 is in the set and additive inverses exist: —(a + by2)

Then (f+ ¢)(2) = f(2) + ¢(2)

15. (a) Answered in the text.

14. Yes S'is a subring (without identity). For instance to prove closure for addition suppose f, g € S.

13. Since (a+ b+/2) + (c + dv2)

22
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(a) For example,

()5 )6 )

(b) Suppose B,C € S. Then since M(R) is a ring, multiplication distributes over addition,
so that A(B+C) = AB+ AC = 0+0 = 0 since B,C € S. Thus B+ C € S. Also,
A(BC) = (AB)C =0-C = 0, so that BC € S. Certainly 0 € S. Finally, if B € S, then
A(=B) = —AB =0, so that —B € S and thus condition (iv) for subrings is satisfied as well.
Thus S is a subring of M (R).

The axioms involving addition only (1, 2, 3, 4) certainly remain true in the new system. The remaining
axioms are trivial: Closure: ab = 0 is always in Z. Associativity: a(bc) = 0 = (ab)c. Distributivity: a(b +
¢) =0 and ab + ac =0 + 0 = 0. Also multiplication is commutative: ab = 0 = ba.

This is not a ring since the distributive law fails: a(b + ¢) = 1 while ab + ac=1+1 = 2.
Answered in the text.

R = 3:Z, is of all the multiples of 3, that is, R={ k:k = 3r for some r € Z}. This observation
makes it easy to check closure of the operations, the existence of a zero and of additive inverses.
Therefore R is a subring (compare Exercise 21). If 3k is an identity element in R, then (3k)-(3n) =
(3n) (mod 18) for every n. Choosing n = 2 this implies 0 = 6 (mod 18), which is false. No identity
exists in R.

S = 2-7Z,, is the set of all multiples of 2. Then S'is a subring as in Exercise 16. Noting that 6.2 = 2,
6.4 =4,6.6 =06 and 6.8 = 8, we see that 6 acts as an identity element in S.

Closure properties are clear. a® (b®@ ¢) =a® (b+c-1)=a+ (b+c-D)-1=a+ b+ c—2
Checking that (a @ b) ® ¢ = a + b + ¢ — 2, we see addition is associative. Commutativity: a ® b = a
+b-1=b+ a—-1=b® a Note that 1 is the “zero element” here: 1 ® a =1+ a—1= a. The
“negative” of ais 2 — a, because a ® (2 —a) = a + (2 — a) — 1 = 1, which is the “zero”. For
multiplication, a © (b O ¢)=a® (b+c—-bc)=a+ (b+c—bc) —alb+ c-be)=a+ b+ ¢c—bc -
ab — ac + abe. Check that (a © b) © ¢ equals the same thing. Also a @ b=a+ b-ab=0b+ a - ba
= b © a. For the distributive laws we need only check one side: a © (0O ¢) = a O (b+ c—-1)=a+
(b+c-D-ab+c-1)=(a+b-ab)+(a+c-ac)-1=(a® b) ® (a © ¢). Finally to prove it is
an integral domain suppose a © b = 1, the “zero element”. Then a + b — ab =1 so that (1 — a)(1 - b) =
0 in Z. Therefore either a =1 or b = 1. That is, either a or b must equal “zero”.

Answered in the text.

The axioms for addition have been proved in Exercise 18. The multiplication is clearly closed in
Z, Commutativity of © is easy. For associativity, a © (b © ¢) = a(bO ¢) - (a+ (b O ¢)) + 2 =
albc = (b+¢)+2)—(a+ (bc— (b+ ¢) +2) + 2 = abc —ab — ac — bc + a + b + c. Check that
(a © b) © cequals the same thing. For distributivity: ¢ © (b © ¢) =a © (b+ ¢—1) = a(b+ ¢ —
D-(a+(b+c-1))+2=ab+ac-2a-b-c+3=(ab-a-b+2)+(ac-a-c+2)-1=
(a © b) ® (a © ¢). Finally to prove it is an integral domain suppose a © b = 1. Then ab — (a + b)
+2=1land (¢a—1)(b—1) =0in Z forcing a = 1 or b = 1.
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25.

26.

27.

28.

29.

30.

Closure properties are clear. a @ (b ® ¢)=a@ (b+c+1)=a+ (b+c+1)+1=a+ b+ c+
2. Check that (a ® b) @ ¢ = a+ b+ ¢+ 2 to show that addition is associative. Commutativity:
a®b=a+b+1=>b+ a+1=Db® a Note that -1 is the "zero element" here: (-1) ® a = — 1
+ a + 1 = a. The “negative” of ais -2 - a, because a ® (-2 ~a) = a+ (-2 —a) + 1 = -1,
which is the “zero”. For multiplication: ¢ © (b © ¢) = a © (bc +b + ¢) = albc + b+ ¢) + a +
(bc + b+ ¢) = abc + ab + ac + bc + a + b + ¢. Check that (a © b) © ¢ equals the same thing.
Alsoa®b=ab+a+b=ba+ b+ a=0bO a Distributivity: a © (b O ¢) =a® (b+ ¢+ 1)
=ab+c+1l)+a+(b+c+l)=(ab+a+d) +(act+a+c)+1=(a®b ®(aQ c).
Finally to prove it is an integral domain suppose a © b = -1, the “zero element”. Then ab + a +
b = -1so that (1 + a)(1 + b) = 0 in Q. Therefore either a = -1 or b = —1. That is, either a or b
must equal “zero”.

Yes. Closure is clear and so is the commutativity and associativity of @. The zero element is 1

and the additive inverse of a is 1. Note that a © b = d** = exp(log(a) — log(b)), where exp(z) =

& From this the associativity and commutativity of © are easily seen. Also a ©® (b © ¢) =

exp(log(a) — log(b @ c)) = exp(log(a) — (log(b) + log(c))) = exp(log(a) — 1og(b)) "exp(log(a) —

log(c)) = (a © b) ® (a © c¢). Therefore L is a commutative ring. The identity element is e (the

base of the log). To prove L is a field we start with a # e in L and show that there exists b with a
1

© b = e. Equivalently we need log(a) — log(b) = 1 so that b = exp(—L-) which does exist in L.

log(b)

If %, g € S, with p, ¢ odd, then

b b
E—I-*:mESSincepqisodd
p g pq
b b
9-fzCLESSincepqisodd.
a q9 pq
Thus S satisfies conditions (i) and (ii) for being a subring. Clearly 0 = Y € S, satisfying (iii).
Finally, if % € S, then *7“ € S, so that % + 2 = 0 has a solution. Thus S is a subring.

However, S is not a field, since for example the inverse of % in Qis %, which cannot be written
with an odd denominator (and an integral numerator). Thus % does not have a multiplicative
inverse in S.

Let r/p" and s/p’ be typical elements of R. Then r/p’ + s/p' = (rp' + sp’)/p™ and (r/p')(s/p) =
(rs)/p"™both lie in R, so that R is closed under the operations. Since Z < R we know that 0, 1 €
R and R has additive inverses (if z € R then — z = (-1)z € R).

st=s(s+ s) = ss+ ss=1+ t = s Similarly we have ts = s. Finally tt = (s + s)t = st + st = s
+ s=1

There are several ways to produce the answers. For instance, 2y = 2(x + ) = ax + sz =y + y =
w, Similarly yxr = w. Then zz = (z + y)z = 2z + yz = y + w = y and similarly 2z = y. Finally
yz=ylr+y =yr+yy=w+ w=w
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31. (a) Let S be the set of scalar matrices, and write Ay for the scalar matrix <g 2) Then short

computations show that Ay + Ax = Ao, € S and Ag - A = Ap2 € S. Clearly 0 € S. Finally,
Ar+ A_ =0, so that Ay +x = 0 has a solution. Thus S satisfies all four conditions for being
a subring of M (R), so it is a subring.

(b) If A € M(R) is an arbitrary matrix, we have
E O\ (fa b ka kb a b\ (k O ka kb
ApA = (o k) <c d) B (k:c kd) o Ade= <c d) (o k) B (kc k:d)'
(¢) Suppose K = ((z Z) is such a matrix. Since KA = AK for every A € M(R), we have for

instance with A = ((1) 8)

N T RSP YO )
Since these two must be equal, we get b = ¢ = 0, so that K = (g 2) Now choose
A= <8 (1)>

a5 6 D6 o= DG 96 )

Since these two must be equal, we must have a = d, so that K is a scalar matrix.

o

32. If a,b € Z(R), then for all r € R we have (a+b)r = ar+br = ra+rb = r(a+Db), so that a+b € Z(R).
Similarly, for all » € R we have (ab)r = a(br) = a(rb) = (ar)b = (ra)b = r(ab), so that ab € Z(R).
Clearly 0 € Z(R) since Or = r0 = 0 for all » € R. Finally, if a € Z(R), then also —a € Z(R), where
—a is a solution to a + x = Op, since a + (—a) = 0 implies that (a + (—a))r = ar + (—a)r =0
and also that r(a + (—a)) = ra + r(—a) = 0. Thus ar + (—a)r = ra + r(—a). But ar = ra, so
that ar 4+ (—a)r = ar + r(—a). Let  be such that ar + = Og; then ar + (—a)r + = (—a)r and
ar +r(—a) + x = r(—a), so that (—a)r = r(—a) and —a € Z(R). Thus Z(R) is a subring of R.

33. Since R and S are closed under addition and multiplication, Theorem 3.1 shows that R x § is also
closed under addition and multiplication. Each of the commutative, associative and distributive
laws for R x S follows from the corresponding law for R and S. For example, (r, s) ((+/, &) . (7",
) = (1, 8) - (12", $57) = (r(ri"), (5" = ()", (s)s") = (', ) (", 8") = ((r, 8).(0", &)=
(", s"). We omit the verification of the other laws. The zero element is (0; 0g) and the additive
inverse is given by — (r, s) = (-, —s). If R and S each have an identity, it is easy to verify that
(1z lg) is an identity for R x S.
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34. Generally if R is a ring with identity then M(R) is also a ring with identity. The proof involves

35.

36.

37.

some direct calculations with the definitions of matrix addition and multiplication. We omit most

of the details, but here is part of a proof for associativity of multiplication: Let

A[all a12] B by b
a a, |” 7

b b and
cll C12
C= in M(R). Then AB =

a’llbll + a12b21 a11b12 + a’lQbZQ
and the upper left entry of

21 22
621 22 a21b11 + a22b21 a21b12 + a’22b22

(AB)Cis (ay,by + aby) ey + (101974 a1by)Cyy. Similarly BC =

bllcll + b12c21 bHClZ + b12c22]

bZlcll + bZZCZI b21012 + bZZCQQ

and the upper left entry of A(BC) is a;(by1¢1; + b1s¢1) + an(bs1¢11 + baycsy). These entries are
equal, and three similar calculations show that (AB)C' = A(BC).

01 00
Furthermore M(R) is noncommutative since for example the matrices U = (0 0) and V = (1 0)

do not commute: UV # VU. To complete the problem we apply this information to the ring R = Z,
and note that there are 16 elements in the ring M(Z,).

Answered in the text. The example shows that both assertions are false.

To show that fand g lie in T check the continuity. Since the functions 0, z — 2 and 2 — z are
clearly continuous, the question is whether fand ¢ are continuous at x = 2, The one-sided limits
at =2 are :

lim f(x) =lim 0=10 and lim f(x) = lim (x-2) = 0.

x—=2 x—-2 x—>2Jr x—>2Jr

Since they are equal, the function fis continuous at 2. Similarly ¢ is continuous. If z < 2 then

(fg)(z) = flx).g9(x) =0 (2 - 2) = 0. If 2 < z then (fg)(x) = flz) g(x) = (z— 2).0 = 0. Therefore fg
= 0 in the ring 7. Since f# 0 and g # 0 we conclude that T is not an integral domain.

(a) If A, B € M(R), then the entries of A+ B and of AB are sums and products of the entries
of A and B; since those are elements of R, so are their sums and products. Thus A + B and
AB € M(R), satisfying Axioms 1 and 6. Since addition in M (R) is component by component,
and addition in R is commutative and associative, the same holds for M (R), so that Axioms
2 and 3 are satisfied. 0 € M (R) is the matrix all of whose entries are 0, satisfying
Axiom 4.For axiom 5, the inverse of a matrix A € M(R) is the matrix —A each of whose entries
is the additive inverse in R of the corresponding entry of A. For axioms 7 and 8, let

0o (@ @ p (b1 02 e [ e
az ag)’ bs by’ c3 ¢y’
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Then

ay; a b1 b2 C1 C2 _ (a1 a2 blcl + szg b162 + bQC4
as Qa4 b3 b4 C3 C4 - as Qa4 b301 + b463 bgCQ —+ b4C4
al(blcl + b263) + (12(b301 + b4C3) al(b102 + b204) + az(bgcg + b4C4)
a3(b161 + bgCg) + a4(b301 + b4C3) a3(b102 + bQC4) + a4(b362 + b4C4)

aibici + arbacs + asbscy + asbscy  arbica + arbacy + asbses + asbacy
asbicy + asbocs + agbsey + agbacs  asbica + asbacy + agbsca + agbscy

(ab)c _ ap az by by G C2) _ arby + asbs  arby + asby 1 ¢y
az as) \bs b c3 ¢4 asby + agbs  asby + asbs ) \c3 ¢y

(a1by + agbz)cy + (a1by + agbs)cs  (a1by + agbs)ea + (a1ba + agbs)cy

(a3b1 + (Z4b3)01 + (a3b2 + a4b4)03 (a3b1 —+ a4b3)02 + (agbg + a4b4)c4

_ arbicr + arbacs + asbscy + asbscs  arbicy + arbacy 4 agbzca + asbacy
asbicy + asbocs + agbscy + agbycs  asbica + asbacy + agbsco + agbyscy

The computation for Axiom 8 is similar but simpler. Thus M (R) is a ring.

(b) If e is the identity in R, then I = <8

(e 0\ (fa b f(e-a+0-c e-b+0-d\ _
IA_(O e) (c d)_<0-a—|—e-c O-b—|—e-d)_A’

and similarly for AI.

2) is the identity in M (R), since if A € M(R), we have

38. Suppose r,s € Ag. Then a(r+s) =ar+as=0+0=0, so that r+s € Ar. Also a(rs) = (ar)s =
0s = 0, so that rs € Ar. Clearly 0 € Ag. Finally, if r € Ag, then —r € AR, where —r is a solution
to r 4+« = Og. This is true since r + (—r) = 0, so that a(r + (—r)) = ar + a(—r) = 0. But ar =0,
so that 0 + a(—r) = a(—r) = 0. Hence Ag is a subring of R.

39. Since (r + 5v2)(u 4+ v3/2) = (ru + 2sv) + (ru + su)v2, the set Q(+/2) is closed under

multiplication. Closure under addition is easier to check. Since Q  Q(+/2 ) we have 0 and 1
there. Additive inverses are easy to check. To show that Q(~/2 ) is a subfield we need to show
that if 0 # 7 + s+/2 in Q(~/2), then (r + s+/2 ) 'also lies in Q(~/2 ). To see this, “rationalize the
r_s2 =2 22" where s = r* - 28
(r+s\/2_)(7’75\/2 ) 6 6

40. Repeat the answer for Exercise 31, changing 2 to d in all the appropriate places.

denominator” to express (r 4 s/2)! =

41, (a) Let A= <

4(o5 03) = (Mom) 105 s som) = (b 5)=4
(55 03) = (67 0 07563 -G 5) -
a2 )= (e w5 0) <
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42.

(b) Suppose B = <; C;) € S. Then

Ap - (@ @\ (r =\ _ (er+ay az+ay) _ a(z+y) alz+y)
T\ b \y y) \bz+by br+by) \blz+y) blx+y)
Clearly AB= A if and only if z +y = 1.
(¢) Suppose B is as in the previous part, with  + y = 1. Then

BA— (% @\ (o a)_ ra+xb za+ b
T \y y)\b b) \ya+yb ya+uyb
If BA= A, then za + b = z(a + b) = a and ya + yb = y(a + b) = b, so that we must have

a b

=1.
a+b+a+b

rT+y=

(a) Suppose bv = 1,. Then if bb = b we find 1, = bv = (bb)v = b(bv) = bl = b.
(b) Suppose au = 1. Then wa - va = u(au)a = ulza = ua and part (a) applies with b = ua.
Therefore ua= 1z, as claimed.

43. (a) Verifying these formulas is a routine calculation with 2 x 2 matrices.

(b) Showing closure under addition is easy. For multiplication: (a + bi + ¢j + dk)-(a’ + Vi +
i+ dk) = (ad — bV —cd —dd) + (ab’ + bd’ + ed’ — dc)i+ (acv — bd” + cd + db)j
+ (ad + be’ — cb’ + da')k. Since all the coefficients are real this answer lies in H. The
commutative, associative and distributive laws are inherited from M({). Since the zero
matrix and the identity matrix are in H, and H is closed under "negatives" we see that H
is a subring. It is non-commutative since, for example, ij # ji.

(c) By explicit calculation we get (a + bi + ¢j + dk)(a —bi —cj —dk) = (&> + ¥* + ¢+ d). If
a=(a+bi+ cj+ dk) #0then A= (@ + V' + & + &) #0in Rand a' = A(a — bi — ¢j
— dk) does lie in H.

(d) Setting & = bi + cj+ dk we see from (c) that & = —a(—a) = —(b* +c* + &*). Then any
choice of b, ¢, d € R with ¥* + ¢ + & = 1 provides a quaternion ¢ with o> = —1.

44. (a) The sets M and N are indicated as disks in the pictures. (Such pictures are called “Venn

diagrams”.) The shaded parts indicate the sets M + N and MN.

M+ N MN

The axioms can be “proved by picture” here. For instance the commutativity is clear. The
associativity follows after considering the following pictures.
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L+M+ N LMN

The distributive law is illustrated by drawing LM + LN and comparing it to the picture for L(M + N).

LN L(M + N)

The zero element is the empty set @, since M + @ = (M) U (@) = M. The identity element is S
since SM =S8N M= M.

by M=MNM=Mand M+ M=0 UQ® = Q.

45. The axioms involving addition alone have already been verified. The closure of multiplication is
clear from the formula. The associative, commutative and distributive laws can be checked by
direct multiplication (compare Exercise 35). For example, (a, b) - ((d/, V') + (d", V")) = (a, b) —
(d + a0+ 8") = (a(d + a") = b + b"), a(b) + b") + b(d’ + a")) and (a, b) — (', b") + (a, b)
—(a", b") = (ad’ — bV, ab’ + bd’) + (aa”" — bb", ab" 4+ ba") = (ad’ — bV + aa” — bb", al’ + bd’ + ab”
+ ba"). These quantities are equal, so the distributive law is verified. The element (1, 0) is the
identity element. Therefore these operations make R x R into a commutative ring with identity.
Note that (a, b) - (a, -b) = (a* + %, 0). If (a, b) # (0, 0) then o’ + b* # 0 and (a/(a® + b°), —b/(a’
+ b%)) is the inverse of (a, b). Hence this ring is a field.
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46. Let r, s be any positive integers and let T be the subset of all multiples of r in the ring Z,,. Since
ar = br (mod rs) if and only if a = b (mod s), we see that T = {0, r, 2r, 3r, ... , (s — 1)} is the
given subset. The closure of the operations in 7T and the existence of additive inverses is easy to
check. For instance, if ar and br are typical elements of T then ar 4+ br = (a + b)ris also in T.
Hence T is a subring.

T has an identity element e if and only if e = zr for some z and (2r)(yr) = (yr) (mod rs) for
every y. This is equivalent to requiring zr* = r (mod rs), which becomes: 2r =1 (mod s). By
Corollary 2.10, such an x exists whenever (r, s) = 1. Therefore, the subring T has an identity
element e if and only if (7, s) = 1. In that case, there exist integers z, k satisfying zr — ks = 1 and
e=uar=ks+ 1.

3.2 Basic Properties of Rings

1 (a) a*>— ab + ba — b*
(b) @ + a*b + aba + ba® + ab® + bab + b'a + ¥’
(C) a*> —b*  and @ +3a’b+3ab’ + b
2.
5 2
Al — | 3527 3527 _ 5 -2
__ 7 _3 7 3
35-27 3527
5 _ 3 5 _3
B-l— [ #5302 15-3(-2) | _ [ 26 26
-2 4 1 2
I5-3.(—2) 45-3(-2) 13 13
6 0
o1 = (1/3)-6—0-5 C(1/3)6-05 | _ 3.0
_ 5 1/3 _5 1
(1/3)6-05  (1/3)-6-05 2 6

0 0 1 0 0 0 1 0
3. (a) For example, <0 O>’ (O 0),(0 1>,and (O 1).

(b) Since 02 =0,12=1,22=4,32=9,42=16=4,52=25=1,62=36=0, 7? =48 = 1,
82 =64=4,92=81=9, 102 =100 =4, and 112 = 121 = 1, the idempotents are 0, 1, 4, and
9.
4. Of course C' = 0 would work for all three matrices. But nonzero matrices are (for example):

G5 (% 2= o
G5 -6
1969

5. (a) Suppose that Og is a zero element of R, and let w also be a zero element. Then Oz + z = Og
has the solutions Og, since Og is a zero element, and also w, since w is a zero element. Since
the solution to that equation is unique, we must have w = Og, so that the zero element is
unique.

W =
NI =
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10.

11.

12.

(b) Suppose that 1z is an identity of R, and let e also be an identity element. Since 1p is an
identity element, we have 1gze = e. Since e is an identity element, we have 1zre = 1. Thus
1r = 1ge = e, so that e = 1 and the identity is unique.

(¢) No, it cannot. Suppose that b and ¢ are inverses to a. Then since ab = 1 = ac, we get ab = ac;
multiply both sides on the left by b to get (ba)b = (ba)c. But b is an inverse, so that ba = 1
and thus b = c.

(a) The product AC has entries each of which is a sum of terms; each of those terms is the product
of an entry of A and an entry of C, say ac. The product A(kC') has the same combination of
products of entries, obviously, but each entry of kC is k times the corresponding element of
C'. Thus the product ac in AC becomes akc = k(ac) in the product A(kC'). Since an entry
of AC is a sum of terms like that, it is k& times the corresponding sum of terms in AC. But
AC = 0, so that each such sum of terms is zero, so k times it is zero, and A(kC) = 0.

(b) For example (other answers are possible)
-1 -1 -3 -3 2 2
2 2)’ 6 6/’ -4 —4)°

To prove S is a subring we should know that if m, n € Z then ml,— nl, = (m — n) 1, and
(mly)(nly) = (mn)l, These are special cases of formulas proved in Exercise 21.

T is nonempty since it contains 0. Suppose z, y € T. Then z = rb and y = sb for some 1, s € R.
Compute —y = rb— sb = (r— s)blies in T and zy = 2(sb) = (xs)b lies in T. Apply Theorem 3.6.

By Theorem 3.6, we need only show it is closed under subtraction and multiplication, since it is
clearly nonempty:

a 4b\ (c 4d\ _ (a—c 4(b—d) a 4b\ (¢ 4d\ _ [ac+4bd 4dad+ 4be

b a d c¢) \b—d a—c J’\b a)J\d ¢) \bc+ad 4bd+ ac
_ (ac+4bd 4(ad+ bc)
“\ad+bc ac+4bd )’

and both of those matrices are of the required form. Thus S is a subring.
(a) R=1{(0,0), (1,0), (2,0)} and S = {(0,0), (0,1), (0,2), (0,3), (0,4)}.

(b) R is closed under subtraction since (r1,0s) — (r2,0g) = (r1 — 72,05 —0g) = (r1 —r2,05) € R.
It is closed under multiplication since (r1,0g)(72,05) = (r172,0505) = (r172,05) € R. Thus R
is a subring of R x S.

(¢) S is closed under subtraction since (Og, s1) — (0r, s2) = (0r — Or, 51 — s2) = (Or, 51 —s2) € S.
It is closed under multiplication since (Or, s1)(Or, s2) = (OrOR, s152) = (Or,s152) € S. Thus
S is a subring of R x S.

To show it is closed under subtraction, suppose r, s € S. Then m(r —s) = mr—ms =0r —0g = Og,
so that » — s € S. To show it is closed under multiplication, m(rs) = (mr)s = Ors = O, so that
rs € S. Thus S is a subring of R.

(a) To see that it has a solution, add —a to both sides to get —a+a+2x = —a+b, so that O +z =
—a+b and thus © = —a + b is a solution (check: a + (—a+b) = (a+ (—a))+b=0g+b=10).
To see that the solution is unique, suppose that a + z = b = a + y. Then by Theorem 3.4,
x =y, so that the solution is unique.
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(b) To see that it has a solution, multiply both sides on the left by a~*. This gives a~!(ax) = a~'b,
or (a~ta)r = 1gx = x = a~'b. To see that the solution is unique, suppose ax = b = ay. Then
ar = ay; multiplying both sides of the equation by a~! on the left gives a~!(az) = a~!(ay),
so that (a7 'a)r = 1gr = 2 = (a7 'a)y = 1ry = y. Thus z = y and the solution is unique.

13. (a) Yes. Use Theorem 3.6. S N T is nonempty since Oy lies in every subring. If a, be SN T
then a, b € Sand a, b € T. Therefore a — b and ab lie in both S and T, since they are
subrings. Putting them back together, conclude that a — b and ab lie in S N T.

(b) Not necessarily. For example 27 and 3Z are subrings of Z but their union is not closed
under addition.

14. Suppose e is an idempotent. Then e = e so that e2 —e = e(e — 1) = 0. But R is an integral
domain, so either e = 0 or e — 1 = 0; that is, either e = 0 or e = 1.

15. (a) We know that a' and b' exist in R. Then (ab)(b'a’) = a(bb )a' = a(lp)a’ = aa’ = 1.
Similarly we have (b a' )ab = 1. Therefore ab is a unit with inverse equal to b a.
(b) In the ring of quaternions, we know that 4(—i) = (—4)'i = —# = 1, so that i' = —i.
Similarly j' = —jand k' = —k Then (7)) ' = k' =~k while i ' j' = (-i)(—)) = ij = k.

16. False. 0y is not in the set of units of R (unless R is the zero ring {0,}).

17. Suppose that a is a unit and that ab = 0. Multiplying on the left by a~! gives a 'ab =a=10 = 0.
But a~'ab = b, so we get b = 0. Thus if ab = 0, then b = 0, so that a is not a zero divisor.

18. We are given au = 1 = va. Thus

v=vlg =v(au) = (va)u = lgu = u.

19. (r s) € R x Sis a unit if and only if ris a unit in R and s is a unit in S.

20. If0,#7r€ Rand 0, #s€ S, then (r, 0, ) and (0, s) are nonzero elements of R x S having
product (r, 0,)-(0z, 8) = (0, 0,) = Opxg

21. (a) Since ab = ac, we have ab — ac = a(b — ¢) = 0. But a is not a zero divisor, and a # 0. It
follows that b — ¢ = 0, so that b = c.

(b) Since ba = ca, we have ba — ca = (b — c¢)a = 0. But a is not a zero divisor, and a # 0. It
follows that b — ¢ = 0, so that b = c.

22. (a) A proof “by contradiction”: Suppose a and b are not zero divisors and suppose z € R and
(ab)z = Og. Then a(bz) = 0 implies bz = Oy since otherwise a is a zero divisor. But bz =
0g implies = = Oy, since b is not a zero divisor. The implication (ab)z = 0 => x = 0 shows
that ab is not a zero divisor.

(b) Suppose a is a zero divisor, so that ac = 0p for some ¢ + 0. Then (ab)c = b(ac) = b0, =
Op, so that ab is a zero divisor. When b is a zero divisor a similar proof works.
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23. (a) (i) For a positive integer m we defined ma = a + a + . . . + a, where there are m
summands. If m, n are positive integers then (m + n)a=(a+ ...+ a) + (a + ...+
a), equalling m summands followed by n summands. Altogether there are m + n
summands which add to (m + n)a. (Compare Exercise 17a.) If m = 0 then Oa = 0.
Therefore (0 + n)a = na = 0 + na = 0a + na = (0 + n)a, and the formula works in this
case too. The case n = 0 is similar.

(ii) Suppose m > 0. Then m(a + b) = (a + b) + (a+ b) + ... + (a + b) with m
summands. Then there are m "a” terms and m "b" terms. Re—arrangmg (using the
commutative and associative laws), we may First add up the m d’s, then the m b’s. Hence
the quantity equals ma + mb. If m = 0 we easily find 0(a + b) = 0, = 0, + 0, = Oa +
0b.

(iii) Suppose m > 0. Then m(ab) = ab + ab + . .. + ab with m terms. By distributivity
this equals (¢ + a + . . . + a)b = (ma)b. Similarly using the other distributive law, a(b +
b+ ...+ b) = a(mb). If m = 0 the equation is easier to verify.

(iv) Suppose m, n > 0. Then (ma)(nb) = (a + a + . . . + a)(nb) with m summands. By
distributivity this equals a(nb) + a(nb) + . . . + a(nb), and by (iii) it equals n(ab) +
n(ab) + . . . + n(ab). Since there are m summands, this quantity equals mn(ab). (Note:
For this last step we should really verify first that (mn)x = m(nz) for every z € R.) If m
= 0 or n = 0 a short separate argument is needed to show that each side of the equation
equals 0.

(b) To handle negative cases, recall the definition. If n > 0 then (-n)a = (-a) + (—a) + ... +
(—a) with n summands. That is: (-n)a = n(—a). Claim, (—n)a = —(na). Proof. For by
Theorem 3.5(4) we have —(2a) = —(a + a) = (—a) + (—a) = (-2)a. Extending this to
larger sums proves the Claim.

(i) Claim. If m, n >0 then (m — n)a = ma — na. Proof. In the case m — n > 0 we apply
part (a) to see: (m — n)a + na = (m — n + n)a = ma. Subtracting na we are done. If m —
n < 0, use the definition and the case just done to see: (m — n)a = —(n— m)a = —(na —
ma) = ma — na.

Claim. If m, n >0 then (—m + n)a = (—m)a 4+ na. The proof is similar.

Claim. If m, n> 0 then (-m — n)a = (-m)a + (-n)a.

Proof, (-m ~ n)a = (~(m + n))a = —((m + n)a) = ~(ma + na) = (ma) + ~(na) = (-m)a
+ (—n)a. These Claims combine to prove the assertion for all integers.

(ii) if m > 0 then (-m)(a + b) = —(m(a + b)) = —(ma + mb) = —(ma) + —<mb) = (-m)a
+ (-m)b.

(iii) and (iv) are proved similarly.

m n

24. (a) For a positive integer m we have, by definition, ™ = a-a-a:-a with m factors. Then a"a
= (a-aa)(aa-a) equals m factors followed by n factors, yielding a total of m + n
factors. Then it equals a ™. If R has identity and a # 0 then we have defined o = 1. In
this case the formulas also work when m or n equals 0.

(b) (a™)" = (a™)-(a™)+(a™) with n factors. Expanding each factor a™ as a product of m a’s, we
see that there is a total of mn factors of a. Hence it equals a™.

(c) If ab = ba then a"b" = (ab)" for every positive integer n. This can be proved in the same
way, listing all the factors and rearranging.

25. (a) Consider the subring S = Z x 0 of the ring Z x Z. Then S has identity 1¢ = (1,0), but
1r = (1,1).
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26.

27.

28.

29.

30.

31.

32

33

(b) By Exercise 14, the only idempotents in R are Oz and 1y, so these are the only solutions to
22 =z in R. But 1g satisfies this equation, since multiplication in S is the same as that in R,
so that 1¢ = Ogp = 0g or 1g = 1. Since R and S are integral domains, 1g # Og, so that we

must have 1g = 1p
If a € Sthen a 4+ 0y = a since 0, is the zero for S. But since S is a subring of R we may add —a to

both sides (viewed in R now) to conclude that 0y = 0.

No. For example in the polynomial ring R[] the subset S = Zz = {nz | n e Z} is not closed
under multiplication.

We use 1 for 1, and 0 for 0, to simplify the table. Since a and b are units and a, b #1, we know
ab # 0, a, b. Therefore ab = 1 and the following table is easy to complete.

0 1 a b
0 (0 O 00
1 (0 1 a b
a |0 a b 1
b [0 b 1 a

Assume 15 # 04 If R is an integral domain then we prove cancellation: Suppose a # 0, and ab =

ac. Then a(b — ¢) = ab — ac = 0 and therefore b — ¢ = 0, (since R is an integral domain. Then b
= c¢ and cancellation holds. Conversely, to show: If ab = 0, then a = 0, or b = 05. Proof. Suppose
a # 0, (otherwise we are immediately done). Then ab = 0, = a0, and cancellation implies b = 0.

Given a unit v € T. For any x € R we have zu € T (compare Exercise 6). Then for any r€ R: r
= (ru')u € T. Therefore R = T.

(a) Answered in the text. Consequently we have a = —a for every a.
(b) a+ b= (a+ b’= @ + ab+ ba + ¥ Cancelling a = * and b = b* we conclude that 0= ab + ba.

Then by part (a), ab = —ba = ba.

- (a) Tt is easy to check that the rules for addition all hold in R x Z. The system is closed under
multiplication, since rs + ms + nre€ R and mn € Z. Associativity: (r, m).((s, n)(¢, k)) =
(r, m).(st + nt + ks, nk) = (r(st + nt + ks) + m(st + nt + ks) + (nk)r, m(nk)). On the
other hand ((r, m)-(s, n))-(t, k) = (rs + ms + nr, mn)-(t, k) = ((rs + ms + nr)t + (mn)t
+ k(rs + ms + nr), (mn)k). These quantities are seen to be equal, using the rules derived
in Exercise 21.
Distributivitv. (r, m)-((s, n) + (t, k)) = (r, m)-(s + t, n+ k) = (r(s+ ) + m(s+ ) + (n +
k)r, m(n + k)). On the other hand (r, m)-(s, n) + (r, m)-(t, k) = (1s + ms + nr, mn) + (1t +
mt + kr, mk) = (rs + rt + ms + mt + nr+ kr, mn + mk). These quantities are equal.

The other distributive law is similar. Hence T is a ring. The element (0, 1) is seen to be
an identity element for 7.

(b) R* is closed under the two operations. For example, (r, 0) — (s, 0) = (rs + 0s + Or, 0
- 0) = (rs, 0). Also die zero element (0, 0) is in R* and R* is closed under negatives.
Hence R* is a subring.
. Given ab-x = zab = 1, and ay = ya = l,. Then za-b = 1 so za should equal b' . To prove b is
invertible we check that b-za = 1. First note that y = y-abr = ya-bx = bx. Then bxa = bra = ya = 1,
as hoped.
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3.2 Basic Properties of Rings 35

34. (a) Since M (F) has an identity, namely (167 10 ), Exercise 17 shows that any unit (i.e., invertible
F

element) in M(F) is not a zero divisor, and thus that any zero divisor is not invertible. By

Example 8, if ad — bc # Op, then A is invertible. For the reverse, note that by Example 10, if
ad — bc = Oy, then A is a zero divisor, and thus is not invertible. Thus A is invertible if and
only if ad — bc # Op.

(b) Example 10 shows that ad—bc = 0 implies that A is a zero divisor. By part (a), if ad—bc # Op
then A is invertible, so by Exercise 17 it is not a zero divisor.

35. (a) By Example 7, the inverse of a matrix in M (R) with integer entries is a matrix of rational
numbers all of which have denominator ad — be. Thus if ad — bc = £1, the entries are actually
integers, so that the matrix is invertible in M (Z).

a b c
ad—bc’ ad—bc’ ad—bc’

(b) If the inverse of A is an integer, then all of and ﬁ are integers. Thus

also
a d b c ad — be 1

ad—bc ad—bc ad—bc ad—be (ad—bc)2  ad— be

is an integer. Thus ad — be = +1. By Exercise 34(b), we know that A is a zero divisor if and
only if ad — bec = 0. Thus if ad — be # 0,1, or —1, A can be neither a unit nor a zero divisor.

36. Claim that

1 d(ad —be)™t  —blad — be)™!
AT = (c(ad be)~!  a(ad — be)~? ) '

To see this, multiply the two together:
a1 (o b d(ad —be)™'  —blad — be) ™1
¢ d) \—clad—bc)™t a(ad —be)~!

_ ({ad(ad —bc)™! — be(ad — be
~ \cd(ad — be)~t — de(ad — be

“(o7)

10
s —14 _
Similarly A=A = (O 1).

)=t —ab(ad — be)~t + ab(ad — bc)1>
)

b —be(ad — be) ™ + ad(ad — be) !

37. If ab = 1R, multiplying both sides by a on the right yields aba = a. Since a is not a zero divisor,
Exercise 21(a) shows that ba = 1z. Conversely, if ba = 1g, multiplying both sides by a on the left
yields aba = a. Since a is not a zero divisor, Exercise 21(b) shows that ab = 1.

38. If ab is a unit, say with inverse ¢, then (ab)c = a(bc) = 1g, so that a is a unit. But then b is a unit,
since abc = 1r implies, multiplying both sides by a~! on the left, that bc = a¢~!. Then multiply
both sides by a on the right to get bca = 1g, so that b(ca) = 1 and b is a unit.

39. Suppose a is not a zero divisor. Then in order to show that a is a unit, we must show that the
equation ax = 1i has a solution in R. Since R is finite, let aq,as,...,a, be the distinct elements
of R. Consider the elements aai,aas, ... ,aa,. Those elements are all distinct, for if aa; = aa; and
a is not a zero divisor, Exercise 21(a) shows that a; = a; so that i = j. But there are r elements,
and they are distinct elements of R, which has r elements, so that one of them must be 1g; say
aay, = 1r. Then a is a unit, since ay, is its inverse.
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40. If there exists z # 0 with 22 = 0 then 7 is a nonzero nilpotent element. Conversely if a is a
nonzero nilpotent element choose the minimal positive integer n for which ¢" = 0. Certainly n >
1, and if n = 2 we are done. Suppose n >3 and set z = a"'. Then z # 0 (by the minimality of n)
and 22 = &’V = @"a"? = 0.

41. (a) Z has characteristic zero since there is no positive integer n with n-lz = n = 0. Suppose

42.

43.

44.

45.

that k& > 0 and kl;= 0, in R = Z,. Equivalently, k=0 (mod n), which means n | k. The
smallest positive k satisfying this condition is certainly n, so the characteristic of Z, is n.

(b) Let R = Z, x Zg so that 1, = (1, 1). Then for k£ > 0 we have k.l = 0, if and only if k=0
(mod 4) and k=0 (mod 6). Equivalently, 4 | k and 6| k, so that kis a common multiple of 4
and 6. The characteristic of R is the smallest such & which is the least common multiple [4, 6]= 12.

Since R is finite there must exist integers r < s with 7l; = sl,;. Use the formulas in Exercise 21 to
find (s — r)l; = 0. Since s — ris a positive integer, R has finite characteristic.

(a) na = n(lza) = (nly)a = 0za = 0y using formulas from Exercise 21.

(b) Suppose n = n,;n, where ny,n,>1. Then 0,= nlp = (mny)l; = (nylp)(ny, 1) using Exercise 21.
Since R is an integral domain, nl; = 0 or n,l, = 0,. In either case this contradicts the
minimality of n

(a) Suppose a" = 0y and b" = 0 for some m, n > 0. Then (a + )" equals a sum of terms

of the type C a"b* where C > 0 is a binomial coefficient, and r, s > 0 with r 4+ s=m + n
— 1. Then either 7> m or s> n (for otherwise < m —1 and s< n—1 so that r+ s<m +
n — 2 which is false). Therefore either a" = 0y or b° = 05. Therefore each term of this sum
equals 0. Hence a + b is nilpotent.

(b) If a, b € N we have just seen that a + b € N. Also ab € N because, for the exponents m,
n above, let k = max{a, b}. Then a' = 0, and b* = 0 so that (ab)" = 0p. Certainly 0, €
N and if a € N then also —a € N. Therefore N is a subring.

This tricky problem has a number of different solutions. Here is one that seems fairly efficient,
using a sequence of steps:

(1) If ¢ = 0 then ¢ = 0.

Proof. ¢ = ¢ = ¢c = 0c = 0.

(2) yr = Pyxr and xy = zy2® for every z, y € R.

Proof. (yz— 2 y2)* = yayz — yaa® yr — 7 yayr + 27 yrr’ yx

= yxyx — yryr — Pyzyz + Pyzyr = 0. Now apply part (1).

The second equation is proved similarly.

(3) @b = ba® for every a, b e R.

Proof. Use z = o> and y = b in (2) to conclude that ba®> = (a*)’ba® = @*ba’ and a*b = a’b(d*)* =
aba’.

(4) zy = yx for every z, y € R.

Proof, zy = (ay)* = zy(zy)® = x(ay)’y since squares commute with every element by (3). This
quantity equals z(zyzy)y = 7 (y2)y* = 7 (y2)2* = y*2* = yx. Here we used (3) again to switch
around the 2% and 7.
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3.3 Isomorphisms and Homomorphisms 37

46. A nonzero commutative ring R with identity that has no zero divisors except for 0 is an integral
domain. By Theorem 3.11 a finite integral domain is a field. The difficulty here is to prove that R
has an identity element.

Let 0 # a € R and consider the “left multiplication” map 1,; R — R defined by 1,(z) = az. This
map A, is injective (If 1, (z) = A (y) then az = ay so that a(z— y) = 0. Since a is not a zero
divisor, z — y = 0 so that z = y.) Since R is finite 4, is also surjective (This is essentially the
argument in Theorem 3.11.)

Therefore every r € R can be expressed as r = ax for some z € R. Similarly consider the “right
multiplication” map p, defined by p, (y) = ya. By the same argument we find that every r€ R
can be expressed as r = ya for some y € R.

Applying this to r = a we see that there exist e, f€ R such that a = ae and a = fa. For any r
€ R, express r = ax = ya as above. Then re = yae = ya = r and fr = faxr = ax = r. Applying
these equations to 7 = e and r = fwe obtain e = fe = f. Therefore re = r = er for every r, and e
is the identity element for R.

3.3 Isomorphisms and Homomorphisms

1. If we denote by [a]s, [a]2, and [a]s, the congruence classes of a modulo 2, 3, and 6 respectively, then
by inspection, the bijection f is the function f([als) = ([a]s, [a]3). But then

f(la]e + [bl6) = f([a + bls)
= ([a + b2, [a + b]3)

Addition in Zg)

Definition of f)

Addition in Zs, Z3)
Addition in Zg X Z3)
Definition of f)
Multiplication in Zg)
Definition of f)
Multiplication in Zs, Zs3)
Multiplication in Zgy X Zg3)
Definition of f)

o~ o~ o~ o~ o~ o~ o~ o~ o~

Thus f is a homomorphism; since it is a bijection, it is an isomorphism.

2. Z,x7Z, has 4 elements ([0], [0]), ([1,]1]), ([1], [0]), (]0], [1]). To shorten notations we refer to these
elements as 00, 11, 10 and 01. The addition and multiplication tables for this ring are:

+ Joo 11 10 01 oo 11 10 0
00 [00 11 10 01 00 [00 00 00 00
11 |11 00 01 10 11 |00 11 10 01
10 |10 01 00 11 10 |00 10 10 00
01 |01 10 11 00 01 [00 01 00 01

Compare these tables with those in Exercise 3.1.2, conclude that the correspondence 00 — 0, 11
— ¢, 10 — b, 01 — ¢ is an isomorphism of rings.
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3. fis bijective as shown in the answers in the text. Homomorphism conditions: fla + b) = (a + b,

a+ b) = (a, a) + (b, b) = fla) + f(b). Similarly, f(ab) = (ab, ab) = (a, a)(b, b) = fa) (D).

4. Let f Z;— S be the bijection listed. Then f(1) = 2 and f{1-1) = f(1) = 2 while {T1)f(I) =2 -2 = 4.
Then fis not a homomorphism.

00

5. Let fla) = 0 . Letting S be the set of all such matrices we see that f R — S is a bijective

a

mapping. The definitions of matrix addition and multiplication are used to show that fla + b) =

fla) + f(b) and flab) = fla)f(D).

6. The map f: R — R is injective (if fla) = f(b) then (a, 0,) = (b, 0, ) and therefore a = b). It is
also subjective (a typical element of R is (a, 05) = f(a)), Homomorphism properties: f(a + b) =
(a4 b, 05) = (a, 0g) + (b, 05) = fla) + f(b). Multiplication works similarly.

a 0

7. Define g: R — D, where D is the set of all real matrices of the type . by setting g(a)

a

a 0
:[ 0 a] It easily follows that e is an isomorphism.

8. As seen in the answers in the text, fis injective. To prove fis subjective let a + b~/2 be a typical
element of Q(~/2). Then a + b2 = fla — b~/2 ). (Compare Exercise 15.) The homomorphism
property for addition is easy to check. For multiplication we have: f{(a + b2 )(c + d~2)) =
f((ac + 2bd) + (ad + be)~2) = (ac + 2bd) — (ad + be)N2 = (a — b2)(c — d2) = fla +
b2 )f(c + d~/2). Therefore fis an isomorphism.

9. f(1) = 1 since identity elements must match. Claim. fin) = n for every n > 0. Proof. If not, the
Well-Ordering Axiom implies that there exists a smallest positive integer m with f{m) # m. Then
flm —1) = m — 1 by the minimality, so that f(m) =fim -1+ 1)=fim-1)+ ) =m-1+1
= m, contradiction.

Certainly f(0) = 0 and for n > 0 we have f{-n) = — f{n) = — n by Theorem 3.12. Therefore fis
the identity map.

10. To show that f(1g) is an idempotent, we must show that f(1z)? = f(1g). But since f is a
homomorphism, f(1r)* = f(1r) - f(1r) = f(1r - 1r) = f(1R).

11. (a) For one thing, f is not defined on all of R, since square roots of negative numbers are not real.
For another, f(a+b) = va+b# va+ Vb= f(a) + f(b).
(b) This is not a homomorphism since f(xy) = 3xy while f(x)f(y) = 3z - 3y = Yzy.
(c) This is not a homomorphism since f(zy) = 2*¥ while f(z)f(y) = 2%-2Y = 2*1¥. (Additionally,

fle+y) # f(@) + fy)-
(d) This is not a homomorphism since
a  c ad + be bd .
1G+a) _f< bd ) = adree M
a c b d ad+bc
f(E)“Lf(E)_E“LE_ ac
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3.3 Isomorphisms and Homomorphisms 39

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(a) Not a homomorphism. Consider f(—1)f(-1).

(b) Homomorphism. In fact fis the identity map since [-1] = [1] in Z,.

(¢) Not a homomorphism.

(d) Not a homomorphism. Consider h(1).

(¢) Homomorphism. The hardest part here is to verify that fis well defined. (That is, show
that [2], is independent of the choice of z representing the class [1];,).

(a) Choose r € R. Then f((r,05)) = r. Thus f is surjective.

(b) Choose s € S. Then g((0gr,s)) = s. Thus g is surjective.

(c) Since S is nonzero, it contains some element a # 0g. Then for any r € R, we have f((r,0g)) =
r = f((r,a)). Since a # Og, it follows that f is not injective. Similarly, since R is nonzero, it

contains some element b # 0g. Then for any s € S, we have g((0g, s)) = s = g((b,s)). Since
b # Og, it follows that g is not injective.

It suffices to show that K is closed under subtraction and multiplication. Suppose that a,b € K.
Then since f is a homomorphism,

f(a—b) = f(a) — f(b) =[0] — [0] = [0], so that a —b € K
f(ab) = f(a)f(b) =[0][0] = [0], so that ab € K.

Thus K is a subring of Z (it is the subring consisting of all multiples of 6).

No. For example define f: Z x Z — Z by f(z, y) = 2. Then the element (1, 0) is a zero divisor in Z
x Z but f(1,0)=1 is not a zero divisor in Z

T is non-commutative (since rs # sr) while R and F are commutative. Therefore T cannot be
isomorphic to R or F. Also R and F cannot be isomorphic since F possesses 3 units while R has
only 2 units.

Note that f>= 1, the identity map on €. (Because fla + bi) = fla — bi) = a + bi.) Then fis
invertible (f' = f), so it is objective, using Theorem B.1 of Appendix B.

We check the values f{[0];) = [0],, f([l]5) = [6].0, f([2]5) = [12],y = [2]s0, A[3]5) = [18], = [8]10 and
f[4]5) = [24],0 = [4];o- These match the values in the Example. Homomorphism properties: f([]; +
[4;) = Az + yls) = [6(z + y)|iy = [62]10 + [69]10 = f([a]5) + A[y]5)- The products work similarly.

Define f Z; — Zos by f([2];) = [81], . As in Exercise 16, this fis a homomorphism. The image set
is (Z;) = {[0]as, [8agy [16]as, [24]08, [4]agy [12]05, (20]55} = S, the given subset. Check that S is a
subring. View fas a surjection f: Z — S. Since these two rings have the same (finite) number of
elements, f must be a objection. (See Exercises 31 and 32 of Appendix B.)

f is a bijection since the map g : Z — FE given by ¢(z) = 2z is the inverse. Homomorphism
properties: flz + y) = (z+ 9)/2 = 2/2 + y/2 = fla) + fly). faxy) = (axy)/2 = (2y/2)/2 =
(2/2)(y/2) = flD)fy)-

Define f: Z" — Z by f(z) = 1 — z. Then fis a bijection since the map g : Z — Z* with g(y) = 1 —
y is its inverse. Homomorphism:

fladb)=1-(a®b)=1-(a+bdb-1)=(1-a) + (1 -b) = fa) + fb).
fa®b)=1-(a®b)=1-(a+b-ab)=(1-a)l-0) = fla)f(b).

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

with a certain product or service or otherwise on a password-protected website for classroom use.



40 Rings

22. Define f: Z — Z by f(x) = z— 1. Then fis a bijection since the map g: Z — Z with g(y) = y +

1 is its inverse. Homomorphism:
fla®b)=(a®b)-1=(a+b-1)-1=(a—1)+ (b—1) = fla) + fb).
fla®b)=(a®@b)-1=(ab-(a+b)+2)-1=(a—-1)(b—1)= fa)f(D).

23. Define f: R x E— @ by f(a, b) = a + bi. This fis a bijection since the inverse map is defined
(use g(a + bi) = (a, b)). The homomorphism property for addition is easy to check. For
multiplication, f((a, b)-(¢, d)) = flac — bd, ad + bc) = (ac — bd) + (ad + be)i = (a + bi)(c + di)
= fla, b)f(c, d).

24. (a) Since addition in this new ring is the same as in the usual ring R x R, Axioms 1-5 in the

definition of a ring are still satisfied. For Axiom 6, if (a,b) and (¢,d) € R x R, then clearly
(ac,bc) € R x R. To see that multiplication is associative,

((a,b)(c,d))(e, f) = (ac,be)(e, f) = (ace,bee), and
(a,b)((e,d)(e, f)) = (a,b)(ce,de) = (ace, bee).

Finally, for the distributive laws, we have

(@,6)((cd) + (e, £)) = (@,b)(c +,d+ f) = (alc+ ), blc + ¢)) = (ac + ae, be + be)
= (ac, be) + (ae, be) = (a,b)(c, d) + (a,b) (e, f)
(a+c,b+d)e, ) = ((a+c)e, (b+ d)e) = (ae + ce, be + de)

= (ae, be) + (ce,de) = (a,b)(e, ) + (c,d)(e, f).

Thus this new multiplication makes R x R into a ring.

((a,0) + (¢, d))(e, f) =

(b) Write S for R x R with the multiplication in part (a), and define

F:S = MR): (a,b) (‘g 8)
We must show that f is a bijective homomorphism. f is obviously injective, since f((a,b)) =

f((¢,d)) means that <Z 8) = (2 8), so that a = ¢ and b = d and thus (a,b) = (¢,d). Tt
0

a
b 0
that any matrix in M (R) is in the image of f. To see that f is a homomorphism,

ram+sean=(3 o)+ (5 0)=(rs o)
=f((a4+¢,b+d) = f((a,b) + (c,d))
ramsean= (3 0) (5 0)= (5o §) = F(tacute) = (@ vy,

Thus f is a bijective homomorphism, so is an isomorphism.

is also obviously surjective, for the matrix ) € M(R) is the image under f of (a,b), so
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25

26.

27.
28.

29.

30.

31.

32.

33.

a 0

0 0} = a. Also, fis not injective since

. Certainly fis subjective since for any a € Z we have f [

0 1 0 0 a 0 a" 0
[ 00 and [ 0 0 have the since image Homomorphism properties: f([b . + b c’]) =
a+a 0 a 0 a" 0 a 0 a 0
fb—‘rb’ c+c = a+a’f[b c +f b C’]'f([b C+b’ c/])

aa’ 0 a 0) (a¢" 0
— | I
/ ba'+cb' ec'| aa'=f b ¢ ! b ¢!

0 0 0 0
g: R — M(R) is injective since if g(r) = ¢(s) then [ r] = [ 3]’ forcing r = s. It is not

-8

subjective since, I, = 01

10
} is not in the image of g.

Answered in the text. For(b), see Exercise 27 of Appendix B.

Let A be a ring without identity, (@) Consider the zero map z: Z — A. This does not contradict
Theorem 3.12 since fis not surjective.
(b) consider the zero map z. A — Z.

By definition of “inverse”, f(g(z)) = z for every z € S. Then flg(z + v)) = z + y = flg(z)) +
flg(y)) = flg(z) + ¢(y)) since fis a homomorphism. Since fin injective this equality implies g(z +
y) = g(z) + g(y). A similar argument works for products.

Suppose 1, s € K, so that f{r) = 0; and f(s) = 04 Then f{r—s) = f{r) — f(s) =0z and r— s € K.
Also f(rs) = fir)f(s) 05 and rs € K. This proves K is a subring.

Suppose r.s € P so that f(r), f(s) € T. Then flr—s) = f(r) — f(s) € Tand firs) = fifis)e T
since T is a subring. Therefore r — s and rs € P showing that P is a subring.

First check that mis function makes sense. If [1],, = [¢],, then show that [na],,, = [ny],.. - That is,
if =y (mod m) then nz = ny (mod mn). This is easy to see, and hence fis a well-defined
function. Conversely, if [na],., = [n¥],.. then nz = ny (mod mn). It follows that z =y (mod m)
(why?) and therefore [1],, = [4],, . Hence fis injective. Since the number of elements in the
domain is m and the number of elements in the range is mn, we see that this f cannot be
objective if n > 1.

It is routine to check the homomorphism properties.

(a) If ¢ € R define z, : R — R to be the constant function z(z) = C Then 2z, € T and &z,) =
7,(5) = c. Therefore 8 is subjective, Homomorphism: If f, g € T then f+ g and fg are
defined “pointwise”: (f+ g((z) = f(z) + g(z) and (fg)(z) = f(z)g(z). Therefore &f + g) =
(F+ 9)(5) = 5) + 4(5) = 8) + 8lg) and &(fg) = (f9)(5) = A5)9(5) = BLN&g). This Gis
not an isomorphism. For instance f(z) = z — 5 is nonzero in T but 8(f) = 0.

(b) Yes.
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34. (a) preserved. Suppose ab = 0y and b # 0p. Then f(a)f{b) = fab) = f(0z) = 0, and f(b) # O,.
Therefore f{a) is a zero divisor.

(b) preserved. If @ = a then fla)* = f{a’) = f(a) and f(a) is idempotent.

(c¢) preserved. Suppose s, t € S with st = 0g. By subjectivity there exist a, b € R with f{a) =
sand f{b) = t. Then flab) = fla)f(b) = st = 0s and injectivity implies that ab = 0. since R is
an integral domain, either a = 0y or b = 0, and therefore eimer s = f{a) = Og or ¢t = f(b) =
Og. Then S'is an integral domain.

35. (a) (c) (e) are answered in the text, (b) R x R x R x R is commutative but M(E) is not.
(d) Any isomorphism f: R — Q has f(2) = 2 (why?). The equation 22 = 2 has no solution in
Q but it does have solutions in E.
(f) Every element z € Z,x Z, satisfies z + z + = + z = 0, but the element 1 € Z,; does not
satisfy such an equation.

36. (a) If n > 0, then f(nr) = fr+r+ ...+ r) = fir) + ir) + ... + f{r) = nfir). Certainly f(Or)
= f(0g) = 0, = 0f(r). Finally n > 0 then f{(-n)r) = f(-nr) = —f(nr) = —(nfl(r)) = (n)f(r).
(b) Suppose f R — Sis an isomorphism. If n > 0 and nly = 0 then nl, = nf(1z) = f(nly) =
f(0z) = Og. Similarly nl = 0, implies that nlz = 0. Therefore the characteristics are
equal.

37. (a) Since e is an idempotent, that means by definition that > = e. Then if a € R, we have
e?a = ea, or e(ea) = ea. Since e is not a zero divisor, Exercise 21(a) in Section 3.2 says that
we can cancel the e to get ea = a. Similarly, multiplying by a on the left and using the same

procedure gives ae = a. Since this holds for any a € R, it follows that e is the identity in R.

(b) Since f(15)? = f(1s)f(1s) = f(1sls) = f(1s), we see that f(1g) is an idempotent of T'. Also,
f(ls) # O, since if it did, then for any s € S, we would have f(s) = f(lss) = f(1s)f(s) =
Orf(s) = Or in contradiction to the assumption that f is a nonzero homomorphism. Finally,
since T has no zero divisors, it follows that f(1g) satisfies the hypotheses of part (a), so that
f(1g) is the identity element of T'.

38. (a) Chose any = € F; we must show that f(z) = Og. Since F' is a field and ¢ € F' is nonzero, it is
invertible. But then

f@) = flzec™h) = f(@)f(0)f (") = f(2)0rf(c™") = O,

so that f is the zero homomorphism.

(b) Suppose that f: F — R is not the zero homomorphism, and suppose that f(a) = f(b). Then
Or = f(a) — f(b) = f(a—0), so that f(a —b) = 0g. If a # b, then a — b is invertible, so
that f(1r) = f((a—b)(a—b)"!) = fla=b)f((a=b)"!) = 0rf((a—b)"") = O and then, by
the argument in Exercise 37(b), f is the zero homomorphism. This is a contradiction, so that
a =b and f is injective.

39. Define f R — R* by f{r) = (r, 0). This fis easily seen to be bijective, and is a homomorphism
since (7, 0) + (s, 0) = (r+ s, 0) and (r, 0) — (s, 0) = (rs, 0).
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3.3 Isomorphisms and Homomorphisms 43

40. Suppose there is an isomorphism f mZ — nZ. Let f(m) = nz for some z € Z, By Exercise 34(a)

41.

42.

we have f(km) = kf(m) = knz for every k € Z. Since fis surjective, there exists u € Z with n =
flum) = unz. Therefore 1 = uz so that u = z = +1. Apply the formula to k = m to get mnz =
flmm) = flm)f(m) = n* 22, Cancel nz, to conclude m = nz = + n. But then m = n since m, n are
positive, contrary to the hypothesis.

(a) If [a],, = [b],,, then a= b (mod mn), so that mn | (a — b). Then certainly n | (a - b), so
that a = b (mod n) and [d], = [b],. Similarly [a],,= [8] .

(b) It is not hard to check that fis a homomorphism. To show fis injective suppose f{[d],,.)
= f([b],,,) = Then [a],, = [],, and [a], = [b],, so that a = b (mod m) and a = b (mod n).
Therefore m | (a — b) and n | (a — b). Since (m, n) = 1 we have mn | (¢ — b) (using
Exercise 1.2.17), Therefore a = b (mod mn) and [a],,, = [0] -

Since f: Z,, X Z, — Z.,, is injective and both rings have exactly mn elements, conclude that f
is also subjective. (See Exercise 32 of Appendix B.)

The characteristic of Z,, is mn. (See Exercise 3.2.31.) The characteristic of R = Z,, x Z, is the
the least common multiple [m, n]. Proof. The characteristic is the smallest & > 0 where k — [, =
04 That is: [4,, = [0],, and [k], = [0],, or equivalently m | kand n | k. The smallest such k is
exactly the least common multiple [m, n] = mn/(m, n) (as in Exercise 1.2.31).

If (m, n) > 1 then Z,, and Z,, x Z, have unequal characteristics. By Exercise 34 these rings
cannot be isomorphic.
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Chapter 4

Arithmetic in F|x]

4.1 Polynomial Arithmetic and the Division Algorithm

1. (a) 32" + 2 + 207 + 2 (b) 2 + 1
(c) -1 (d) 22° + 2" + 627 + 3z + 2

2. Let S be that set. Every a, € Z lies in § since we may choose n = 0, and 7 € S by choosing n =
1, @y = 0 and a, = 1. By the associative, commutative and distributive laws it is easy (but
tedious) to show that the set S is closed under subtraction and multiplication. Therefore S is a
subring R.

3. (a) Answered in the text.
(b) 1,2;
x4+ 1, x+ 2,22, 2+ 1, 20 + 2;
AP+, P+ 2, P+, P+, P+ 2,7+ 22,7+ 22+ ], 4 22+ 2,
209,207 + 1,207 + 2,207 + 1, 207 + o+ 1, 227 + o + 2, 227 + 27, 227 + 22 + 1, 227 + 22 + 2.

4. (a) flx) = z+ 1 and g(z) = —=x (b) flx) = 2+ 1 and g(z) = 1.
5. (a) Answered in the text. (b) ¢(z) = %12 - i, r(z) = Tz + %
(c) Answered in the text. (d) ¢(z) = 622 + 32+ 5, r(z) = bz + 2.

6. (a) Subring. f(z) has constant term zero if and only if f(x) = zg(x) for some polynomial g(z).
Using this observation, the closure under subtraction and product is easy to check.
(b) Not generally a subring. The closure properties fail.
(¢) Not generally a subring since it is not closed under multiplication.
(d) Subring. If only even powers of z occur in f(x) and g(z) then only even powers can occur
in f(z) - g(z) and in f(z)g(x).

(e) Not a subring. For instance, 7 is in the set but z - z = 2% is not.

7. In the definition of multiplication the coefficient of 2* equals ayb, + a,b,, + - - - + @, b,. This
formula is valid for every k provided we interpret the coefficient a, to be 0 for ¢ > nand b,= 0
for j > m.

Interchanging the letters “a” and “b” in this formula, and using the commutative law in R,
produces the same term. Therefore the multiplication is commutative.

© 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed
with a certain product or service or otherwise on a password-protected website for classroom use.



46

Arithmetic in F[x]

10.

11.

12.

13.

14.

If flx) = ay+ ax+ - - - + a,2" in R[a] and ¢ € R, then from the definition: ¢f(z) = cay + cax + -
- 4ca, 2 and flx)-c = ayc + ajcx + - - - ¢ a,ca’. Therefore, 1 acts as the identity element in R[a].

Yes. If ¢# 0 and cd = 0 for some d # 0 in R then these conditions still hold in R[z].

If z is a unit there is some f(x) € R[2] with z - f{z) = 1. By Theorem 4.2 we have 0 = deg 1,
= deg[z - f{z)] = deg = + deg f(x) = 1 + deg f(x) = 1. This contradiction shows that no such f{z)
can exist.

Since
(1+32)(14+62) =143z +6x+182% =1+ 9z + 1822 = 1

in Zg[x], we see that 1 + 3z is a unit. If Zg were an integral domain, Corollary 4.5 says that all
units are constants. However, Zg is not an integral domain since for example 3 is a zero divisor.

(We must assume flz) + g(z) # 0, to have its degree defined here.) Let f(z) = ¢y + a2 + - - - +
a,2* and g(z) = b, + - - - + b,2", where a, # 0 and b,, # 0. Then deg f(z) = n and deg g(z) = m.
Suppose n < m.

From the definition of addition, f(z) + g(z) = (a, + by) + - - - + (a, + b)2" + b @ + -+ +
b,,2". Since b,, # 0 we conclude that deg[f(z) + g(z)] = m = max{n, m}. Similarly if n > m the
highest degree term equals a,2", and the degree is n = max{n, m}. Finally if n = m then f(z) +
g(x) = (a9 + b)) + - - - + (a, + b, )2". Therefore the degree is at most n, and it is less when a, +
b, = 0.

Summarizing, we have deg[f(z) + ¢(z)] < max{deg f(z), deg g(x)}, with equality holding whenever

deg f(x) # deg g(z).

Given (@) + gz + - - - + a,2")-g(x) = 0 for some g(x) # 0y in R [2]. Write g(z) = by + - - - +
b, 2" for some b, € R where b,, # 05 Multiplying this out we get ayby + - - - + a,b,,2""™ = 0z In
particular, a,b,, = Ogpand b,, # Og. Therefore q, is a zero divisor in R .

nom

(a) In the proof of Theorem 4.4 F can be any commutative ring, except for one place where
-1
inverses are used: to get the existence of b, where b,, is the leading coefficient of the
divisor g(z). If R is a commutative ring, then the division algorithm works in R[]

provided that the divisor g(z) has leading coefficient which is a unit in R,

(b) Examples are easy to find. For instance consider the constant polynomials f{z) = 1 and
g(z) = 2. If the division algorithm holds in Z[z] there must be ¢(z), 7(z) € [2] with 1 =
2-g(z) + r(z) and either r{z) = 0 or deg r(z) < deg 2. Since deg 2 = 0 the second
condition is impossible, so that 7(z) = 0 and 1 = 2-¢(z). This is impossible for ¢(z) € Z[a].

15. (a) As the hint suggests, multiply by 1z — ax + a?2?:

2,2 3

(1g + ax)(1g — ax + a*z?) = 1g — ax + a®2® + ax — a®2® — a®2® = 1 — a®

£E3:1R

since a® = Op.
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4.1 Polynomial Arithmetric and the Division Algorithm 47

16.

17.
18.

19.

20.

21.

b) Multiply it by 1p — az + a?z? — a323:
ply Y LR

2.2 3

(1r +ax)(1g — ax + a*z? — a®2%) = 1 — ax + a*2* — 3.3 _ gtrt

a’z? +ax—ax +a’x” —a'x

4

=1-a*2*=1

since a* = 0p.

Suppose the inverse of 1z + az is by + b1z + bax® + - - - + bpz®. Then
1= (1R+ax)(bo+b1x—|—ng2+---—I—bkx )
= bo + (aby + by)x + (aby + bo)x? + - - + (aby_1 + by )" + abya™?
Comparing coefficients of powers of x on both sides of this equation, we see first that by = 1g.
Since the coefficient of x on the left is zero, we must have aby + by = a + by = Og, so that b; = —a.
Then ab; + by = —a® + by = 0, so that by = a*. Continuing, we get b; = (—1)7a’ for 1 < j < k.

Now look at the final term, abkxk“. This term must be zero. Since by = (—1)*a*, the term is
(=1)*ak*1zk+l = 0k, Since xF*+1 # 0, and it is not a zero divisor, we must have a**! = 0.

Answered in the text.
Let flx) = ap+ ayz + . . . + a,2" and g(x) = by, + bz + . . . + b, 2" Then flx) + g(x) = (ay + b,)
)

+ (a; + b)x + . . .. Therefore @ (f{z) + g(z)) = ay + b, = ( (2)) + @ (g(x)). Similarly f(z)-g(x)

(agby) + (agh; + a;by)x + . . ., so that @ ({2)g(x)) = ayby = @f(x)) @ ( ( x)). Also @ is surjective
since every r € R is the constant term of some polynomial. (Just use the constant polynomial r!)

The map @ is surjective since every element of Z, is of the form [k] for some k € Z. Let f{z) and
g(7) be as in Exercise 16, where a;, b, € Z. Then ¢ (f(z) + g(7)) = ¢ ((ay + b)) + (a; + b))z + .. .)

= [ay + 0] + [a + bz + . .. = [a] + [b] + ([a]) + [b ])ﬂ?+ = (la] + [a]z+ .. ) +
([bd) + [ba+ . ..) = ¢ (f2)) + ¢ (9(x)). Similarly @ (a)-g(2)) = @ (b)) + (apb, +
ab)a+ ... ) = [ah) + [%b + ablz + .= ([a][0]) + ([a][b] + [a][b])z + - .. = ([a] +
(a4 )b + bz + . ) = ¢ (@) (o(a).

D is not a homomorphism, since D(fg) = fD(g) + D(f)-g by the product rule. Examples where
this quantity does not equal D(f)-D(g) arc easy to find.

(a) Let f{z) and g(z) be given as in Exercise 16. Recall the convention that a; = 0 for every
i > n and b, = 0, for every j > m. Let ¥ denote a summation over all indices k = 0, 1, 2,
. These sums are really finite since after some point all the terms equal zero. For
products: h(f(z)-g(z)) = h(Z(agb, + a;b,, + . . . + a;b))2") = Zh(agh, + a,b,, + . . . +
aybo) 2" = Z(h(ag)h(by) + Bla)h(by,) + . .. + h(a)h(by))a" = (Zh(ay)a")-(Zh(by)a') =
h(flz)): h(g(x)). The easier argument for sums is omitted.

© 2014 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

with a certain product or service or otherwise on a password-protected website for classroom use.



48

Arithmetic in F[x]

22.

(b) Suppose h is injective, and h(a) = h(b) for some a, b € R. Viewing a, b € R [2] we have
h (a) = h(a) = h(b) = h(b), so that a = b in R[2] and hence a = b in R. Suppose h is
injective. For f(z) and g(z) as above suppose that h(f(z)) = h(g(z)). Then h(a,) = h(by)
for every k. Since h is injective this implies a, = b, for every k and therefore f{z) = g(z).

(c) Suppose h is surjective and ¢ € S. Then there exists some f(z) = Za,z;, € R [2] with ¢ =
h (f(z)) = h(ay) + h(a)x +h(a,)a? + . . . . The constant terms must coincide and we have
¢ = h(ay). Therefore h is surjective.
Suppose h is surjective and g(1) = Zc¢,a* is given in S[a], Then for every index k there exists
a € Rwith h(a) = ¢, Define f(z) = Za,2* inR [1]. Then h (f(z)) = Zh(a)?* = Zem, = g(x).
Therefore h is surjective.

(d) If b : R — S'is an isomorphism, the function & :R [2] — S[a] defined above is an
isomorphism, using parts (a), (b) and (c).

For any f(z) = Za,2™ in R[a], define ¢(f(z)) = Za,,k(x)". This map @ : R [2] — R[] is well defined
since there are only finitely many of the a, which are not zero. By definition ¢(r) = r for every r
€ER.

Homomorphism for products: Let f{z) = Za2’ and g(z) = Zba'. Then ¢(f(z)g(z)) = AZ(apb,, +
albml + A + a"mbo)mm) = z“(a(]bm + albml + A + ambo)k(x)m = (Zalk(x)l)(Zblk(x)J =
o(f(2)) p(g(x)). The easier proof for sums is omitted.

Suppose ¥ : R [1] — R[z] is another such homomorphism. Then y(a, + . . . + a,2") = W(qy) +
a) (@) + Ya)Wa)’ + .. +la)UD)" = a + ak(z) + ... + ak(2)" = @la + . .. + a,2).
Therefore @ is the unique homomorphism satisfying the given property.

Remark. If S is any ring containing R as a subring and s € S is given, men there exists a unique
homomorphism ¢ : R[z] — S satisfying: ¢(r) = r for every r € R and y(z) = s. (Compare
Exercise 24 of Section 4.4 below.)

4.2 Divisibility in F[z]

1.

2.

4.

Answered in the text.

Since a(z)-0p = 0 we have a(z) | 0 for every polynomial a(z). Then a(z) is a common divisor
of f{z) and 0 if and only if a(z) | f(z). Certainly a(z) = f(z) provides a common divisor of
maximal degree. Since it must be monic, the ged = ged = ¢ ' f(x).

. If d(z) be the ged of 24+ a and z 4 b. Since d(z) | (z + a) we have deg d(z) < deg (z + a) =

1. Suppose the degree is 1, so that d(xz) = x + ¢ for some ¢ € F, (since d(z) is monic). The
condition d(z) | (z + a) then implies ¢ = a while d(z) | (z 4+ b) implies ¢ = b. Since a # b this
is impossible. Therefore deg d(z) = 0 and d(z) = 1.

(a) Given u(x), v(x) € Fla] where g(z) = flz)u(z) and f(z) = g(x) v(x). Therefore g(z) =
g(z)u(z)v(z) and flz) = flx)u(z)v(z). If either f{z) # 0 or g(x) # 0, cancel to conclude
uw(z)v(z) = lp, so that v(x) is a unit in Fl]. By Exercise 4.1.12, v(z) = ¢ is a non-zero
constant and f{z) = cg(z). Finally if f{z) = ¢g(x) = Opthe conclusion is trivial.

(b) Given f(x) = cg(z) where Op# ce F.If g(z) = 2" + a,, 2" + . . . then flx) = ca" +
ca, 2" + . . .. Since f(z) is also monic, ¢ = 1.
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4.2 Divisibilityin Fx] 49

5.

6.

10.

11

z—1

(a)

(b) @ +z+2

(c) -1

(d) z+6

(e) '

(f) 1
) @

2 1
(g + 1495 7

n each problem let f(x), g(z) be the given polynomials.

a) z—1 = fla)-(z+ 1) + g(2)-(—2* + 2)

b) Z 4+ x4+ 2= f )(lx+ l) + g(m)~(flx27 lx+ E)
4 2 4 4 4

¢) @ — 1= fla)(0) + g(z)-(1)
)z + 6 = flz)-(3z+ 4) + g(2)-(327 + 4z + 2)
)

&) 2+ i = floh(3) + ook (3at <)
f) 1= fla)-(1) + g(2)-(2* + 2)
By hypothesis f(z) | z and f(z) | (z + 1). Therefore f{z) must divide (z + 1) — = 1. Therefore

f(z) is a unit so it is a constant polynomial.

I
(
(
(
(d
(
(

By Theorem 4.5 there exist u(z), v(z) € Fla] such that d(z) = flz)u(z) + g(z)v(x). Since h(z) |
flz) and h(z) | g(x) it follows that A(z) | d(z). Say d(z) = h(z)w(z) for some w(z). Since d(z) is
a common divisor of f{z) and ¢(z) the definition of h(z) implies deg d(z) < deg h(z). Conclude
that deg h(z) = deg d(z) and therefore deg w(z) = 0. Then and w(z) = r is a nonzero
constant and h(z) = 7 'd(z).

. flz) must be a unit (a nonzero constant). For if f{z) and 0, are relatively prime then 1 is the ged

of flz) and 0, (and therefore f{z) # 0, since the ged of 0, with itself is undefined). But this ged
equals ¢f(z) for some non-zero constant ¢ as in Exercise 2. Then cf(z)= 1, and f(z) is a nonzero
constant.

Since 2 — 3abr + @ + V* = (2 + a + b)-( — (a + b)z + (a® — ab + b*)) we see that the ged is
T+ a+ b

. We claim that t(z) is the ged of f{z) and g(z). First let us show that #(z) | f{z). By the division

algorithm there exist ¢(z) and r(z) with f{z) = t(z)¢(z) + r(z) and either r(z) = 0 or deg () <
deg t(z). If the latter case holds then r(z) = flz) — t(z)q(z) = flx) — (x)u(z) + g(x)v(x))q(x) =
fz)-(1— w(z)g(z)) + g(x)-(v(z)q(x)) lies in S. But r(x) has degree less than deg #(z), contrary to the
choice of #(x). Therefore this case cannot hold, forcing r(z) = 0 so that f{z) = #(x)q¢(z) and #(z) |
f(z) as claimed. Similarly we have #(z) | g(z), and #(z) is a common divisor.

Finally if ¢(z) | f{z) and ¢(z) | g(x) then c(x) divides every linear combination of f{z) and g¢(z), so
in particular it divides t(z) = flz)u(z) + g(x)v(z). Therefore deg c(z) < deg (), and hence #(z) is
the ged.
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12.

13.

14.

15.

16.

Let d(z) be the ged. Then certainly (i) holds. For (ii) suppose ¢(z) | f{z) and ¢(z) | g(x). Then c(x)
divides any linear combination of f{z) and g(x). By Theorem 4.4 we know that d(z) is such a
linear combination: d(z) = flz)u(z) + g(z)v(z) for some u(z) and v(z). Therefore c(z) divides d(x)
Suppose d(x) satisfied (i) and (ii). Then it is easy to check that d(z) satisfies the conditions (i)
and (ii) of the definition of ged, for if ¢(z) ld(xz) then deg ¢(z) < deg d(z). Therefore d(z) is the ged.

Since f(z) and g(x) are relatively prime their ged is 1 and Theorem 4.5 implies that there exist
u(z), v(z) such that 1 = fle)u(z) + g(z)v(x). Therefore h(z) = flz)-(w(z)h(z)) + (g(z)h(x)) v(x)
which is a linear combination of f(z) and g(x)h(z). Since f{z) divides both of these terms, f{x)
must divide their linear combination h(z).

(Compare Exercise 1.2.17) Suppose h(z) = g(x)w(z) for some w(z). Then f(z) | g(x)w(z) and flz),
g(z) are relatively prime. Theorem 4.7 implies f{z) | w(z), say w(z) = f(x)g(z) for some ¢(z).
Therefore h(z) = g()-(f(z)¢(2)) and fz)g(z) | h(2).

Let d(z) be the ged of h(z) and g(x). Then h(z) | f(x) implies d(x) | f(z). Since the ged of f(x) and
g(z) is 1, we must have d(z) | 1, Then d(z) is a unit, hence a nonzero constant. Since d(z) is
monic we see d(z) = 1.

Let d(x) be the ged of flax)h(z) and g(z), and let e(z) be the ged of h(z) and g(x). Since e(z) 1 h(z)
we also have e(z) | f{z)h(z), so mat e(z) is a common divisor of f{z)h(z) and g(z), and by
Corollary 4.5 e(z) | d(=).

On the other hand d(z) | g(z) so by Exercise 15 d(x) and f(x) are relatively prime. Since d(z) |
fx)h(z) we deduce from Theorem 4.7 that d(x) | h(z). Therefore d(z) is a common divisor of h(zx)
and ¢(z) and Corollary 4.6 implies that d(z) | e(z). Exercise 4(b) then implies that e(x) = d(z).

4.3 Irreducibles and Unique Factorization

1. (a) Answered in the teat. (b) 2 + 227+ 2
(c¢) Answered in the teat.

2. Let f(x) = a,2 + a,, "' + ... + a, where a, # 0. Then g(1) =

a'f(r)=2"+a,'a, 2" +. . .+a,'a, is a monic associate of f{z). If h(z) is another monic
associate of f{z) then g(z) = c-h(x) for some nonzero ¢ € F. Since g(z) and h(z) have leading
coefficients equal to Iy we see that ¢ = Iy and g(z) = M(x).

3. (a) Answered in the text.
(b)yz+ 3, 22+ 6, 3z+ 2,4+ 5,52+ 1,6+ 4

4. Let flz) = a,2" + . .. + a, where q, # 0. (This is valid since we assume f(z) # 0.) The
associates of f{z) are exactly the polynomials ¢-f(x) = ca, 2"+ . . . + ca, for the p — 1 different
values of ¢ which are the nonzero elements of Z, . These are all different since ¢f(z) = ¢'f(x)

implies ¢ = ¢'.

5. If f(z) and g(z) are associates then f(z) = ¢-g(z) for some unit ¢. This equation implies g(z) |
f(z) and the equation g(z) = ¢! -f(z) implies that g(z) | f(z). The converse appears in Exercise
4(a) of Section 4.2.
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9.

10.

11.

12.

13.

If 7+ 1= (ax+ b)(cz+ d) then ac =1, ad + bc = 0 and bd = 1. But then (ad)* = ad-ad =
(=be) ad = —(ac)(bd) = —1. However every square in R is positive and —1 is negative, a

contradiction. Therefore no such factorization can exist in R[z], so it certainly cannot exist in Q[].

(=) Answered in the text. (<) If every associate of f(z) is irreducible then certainly f{z) is

irreducible since it is one of its associates.

Suppose f(z) = g(x)h(x) where the polynomials g(z), h(z) have degrees smaller than deg f(x).
Then g(z) | f(z), g(z) is not an associate of f{z) (since associates have the same degrees), and

g(z) is not a unit (for if deg g(z) = 0 and deg h(z) = deg f(x)).

(a) Answered in the text. (b) ?+ax+1, 2+ +1
(¢) Answered in the text.

)
(a) Trreducible in Q[a] but not in R[z], because 22 — 3 = (z— /3)(z + +/3) and /3 isin R
but not in Q
(b) Reducible: 2% + z—2 = (z—1)(z + 2) in Z,[2] and in Z;[a].

If 2*— 3 factors non-trivially in Z,[z] then it equals r(z)s(x) where deg r(z), deg s(z) are 1 or
2 and add up to 3. Then one of the factors has degree 1. The monic associate of that factor is
still a factor of 2*— 3 (see Exercise 5). Therefore (z — a) is a factor of 2* — 3 for some a € Z,.
Claim, @’ = 3 in Z,. Proof. Suppose 2* — 3 = (z— a)-(« + bz + ¢). By multiplying out the
terms and equating like coefficients we obtain: a = b, ¢ = ab and ac = 3. Then @® = aab =
ac = 3.

Finally, by computing @’ for each of the 7 elements of Z; we find that that 3 never arises.
Then no such a can exist and the factorization is impossible.

-4 =(2-2)(+2)in Q[a].
It factors as (z — ~2 )(z + ~2 )(2% + 2) in R]a].
It factors as (z — 2 )(z + 2 )(z+ v=2)(z— V=2 ) in C[a].

The linear factors are clearly irreducible. If z + 2 factors in R[z] it would be a product of
two factors of degree 1, which we may assume are monic (as in Exercise 11). But then the unique
factorization in C[z] implies that the factors must be z + /-2 which do not lie in R]z].

Since 27 +2 is irreducible in R[a] it certainly is irreducible in Q[]. The polynomial 27 — 2
is irreducible in Q[z], for otherwise the monic factors = + 2 would lie in Q[a], but /2 is
not in Q.

(a) Bz + 1)(6z+ 1) =1 in Zy[q].

(b) First of all examine all the products (3z + 7)(3z + s) and (3z + 7)(6z + s). Every
polynomial of the form ax + b in Zy[a] arises this way, except for the constant
polynomials 3 and 6. If g(z) € Z,[a] then g(x) = a(z)b(x) where a(z) = (3z + 1)g(z) and
b(z) = 6 x+1. This factorization fulfills the condition provided a(z) has positive degree.
This fails only when a(z) is a constant. Work (mod 3) to show that a(z) = g(z) (mod 3)
is a constant so there is an expression g(z) = ¢, + 3z --g,(x) in Zy[z]. Then a(z) = (3z +1)
(¢y + 3z ¢q1(2)) = ¢ + 32(cy + ¢1(2)) is a constant, so that 3(¢, + ¢,(z)) = 0. But then
g9(z) = ¢y + 2(3g1(2)) = ¢ + 2(-3¢,) has degree < 1. Therefore if deg g(z) > 1 then the
original factorization does not fail. All the cases where deg g(z) < 1 were handled earlier.
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14.
15.

16.

17.

18.

19.

20.

21.

22.

Those constant polynomials 3 and 6 cannot be factored that way. For instance suppose 3 =
a(z)-b(x) in Z,y[z]. Then a(z)-b(z) = 0 (mod 3). Switch the factors if necessary to assume a(z) = 0
(mod 3). Then a(z) = 3a,(z) in Z,[2] and 3a,(x)-b(x) = 3. This implies that a,(z)-b(z) = 1 (mod 3)
so both terms must be constants (mod 3). Express a,(z) = ¢, + 3,2 + 36,27 +. . . in Zy[a]. Then
a(z) = 3a,(z) = 3¢, does not have positive degree in Z,[z].

?+zr=a2z+1) = (z+4)(z+ 3).
Answered in the text. Compare Exercise 1.3.11.

(=) If p(z) is irreducible let d(z) be the ged of p(z) and g(z). Then d(z) | p(z) so that either
d(z) is a nonzero constant, and hence d(z) = 1 since it is monic, or d(z) is an associate of p(z).
Since d(z) | g(z), the latter condition implies that p(z) | g(z). (See Exercise 5.)

(<) If p(z) is reducible then there exists a factor a(z) | p(z) where 0 < deg a(z) < deg p().
Then p(z) does not divide a(z) and is not relatively prime to a(z). Then the stated condition
fails.

The only gap is in the proof of (1) = (2). Suppose p(z) is irreducible and p(z) | b(z) c(z). If
) [ b(z) then Exercise 16 implies that p(z) and b(x) are relatively prime. Theorem 4.7 then
implies that p(z) | e(z).

(1) = (3). Suppose p(z) is irreducible and p(z) = r(z)s(x). Then r(x) and s(z) are divisors of
(:v) and the irreducibility implies that they are either nonzero constants or associates of p(z).
f r(x) is not a nonzero constant then 7(x) = ¢p(z) for some nonzero ce F. Then p(z) =
( x)s(x) so that I = cs(x). Then s(z) is a unit in Flz], so it is a nonzero constant.
(3) = (1). Suppose r(z) is a divisor of p(x). Then p(z) = r(x)s(z) for some s(z). By
hypothesis, 7(z) or s(z) is a nonzero constant. If 7(z) is not a nonzero constant then we must have
s(z) = cis a nonzero constant. But then p(z) = cr(z) and r(x) = ¢ 'p(z) is an associate of p(z).

Use induction on n. The case n = 1 is vacuous and the case n = 2 is done in

Theorem 4.11. Suppose n > 3 and p(2) | a(2)ay(2) . . . a,(2). Applying Theorem 4.11
we see that either p(z) | ay2) or p(2) | ay(2) . . . a,(z). In the latter case the

induction hypothesis implies that p(z) d1v1des one of the az) for some j=2,3,... n.

From the definition of “irreducible” we know that p(z) cannot divide ¢(z). Then Exercise 16
implies that p(z) and q(z) are relatively prime.

(a) As seen in the answers in the text, if f{z) is a monic reducible quadratic then f(z) = (z —a)
(z— b) for some a, b € Zp. There are p of these of the type (z — a)* and there are p(p —1)/2 of
them having a # b (the number of ways of choosing 2 things from a set of p things). Therefore
there are p + p(p —1)/2 = (p* + p)/2 of them.

(b) The monic quadratic polynomials in Z, [z] are @ + rz + s for any r, s€Z,. Therefore
there are exactly p* of them. Then using part (a), the number of irreducible quadratics is
P = (P +p)/2=(-p)/2

These polynomials can be factored one by one. For a more unified approach recall Exercise 2.2.9.
(a) Note that ¢ = a for each of the 3 elements of Z,. Therefore (z + a)’ = 2* + o* = 2 + «a.
(b) Note that a = a for each of the 5 elements of Z,. Therefore (z + a)° = 2* + @ = 2* + a.
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23. (a) If 22 + 2 is reducible it must be a product of two linear factors. As in Exercise 11 we can
adjust the leading coefficients to assume these factors are monic. Then 2* + 2 = (2 — a)
(z— b) for some a, b € Z,.
Multiplying this out and equating coefficients shows that a + b = 0 and ab = 2.
Therefore a* = a(-b) = -2 = 3 in Z,. Computing 0°, 12, . . . ; 4> in Z; we see that 3
never occurs. Then no such factorization can occur.
(b) ' — 4 = (22 + 2)(2* + 3). The same argument as in (a) shows that 2* +3 is also
irreducible in Z [1].

24. Let S={ f(z) € Fla] : f{x) is nonconstant and f(z) is not expressible as a product of
irreducibles in f[z] }. Assume S is not empty and try to derive a contradiction. Then the set
Sy = { deg f(z) : f{x) € S} is a non-empty subset of non-negative integers so (by the Well
Ordering Axiom) it has a minimal element d. Let g(z) € S be an element having this minimal
degree: deg g(z) = d. Since no irreducible polynomial lies in S (by definition) we see that g(z)
must be reducible. Therefore g(z) = a(z)b(z) for some a(x) and b(z), nonconstant polynomials
of degree < d. By the minimal choice of d it follows that a(z) and b(z) are not in S so they
are expressible as products of irreducibles. But then their product g(z) is also expressible as a
product of irreducibles, contrary to hypothesis. This contradiction shows that S must be
empty.

The uniqueness proof is partly done in the text. To complete the argument we note that
pa(2)(eps() - - . p2)) = ¢()g5(2) . . - ¢(a). Then py(z) | ¢,(2)gy(2)-q,(x) and Corollary 4.12
implies that p,(z) divides one of the ¢,(z); as above, assume p,(z) | ¢,(x). Hence p,(z) = ¢,¢(z) for
some nonzero ¢, € F, and (2)(c,ep(®) - - - () = p(@)(eps(®) - - - 22)) = (D) (D) -(2).
Cancel ¢(z) to get py(z)(c,epi(z) . . . p(2)) = ¢(2) . . . g, (z). Continue in this manner,
repeatedly using Corollary 4.12 and eliminating one irreducible on each side at every step. If r >
s then after s steps all the ¢’s will be eliminated and p,,(z) . . . p,(z) = ¢ for some ¢ € F.
Comparing degrees yields a contradiction. By a similar argument, s > r is also impossible.
Therefore r = s, and after r steps the elimination process ends with p; () = ¢,q,(2), po(2) =
(), . .., p(x) = cq, () for some nonzero ¢; € F.

25. By Theorem 4.13 f(z) = ¢,(2)g(2) . . . ¢.(z) for some irreducible ¢(z). Let g(z) = ¢;p,(z) where
p;- () is monic irreducible (see Exercises 2 and 7). Then f(z) = cp,(2)py(2) . . . p, (z) where ¢ =
€y . .. Gy

Now suppose that f{z) = dg,(z)g,(z)---g,(z) where de F and g¢,(z) is monic irreducible. Since
all the polynomials p,(z) and g(x) are monic, we have ¢ = d by comparing the leading
coefficients. Therefore p(z)py(z) . . . p(2) = ¢(2)g(2)- - -g,(x), and Theorem 4.10 implies that
after relabeling the g/(z)’s we have r = s and p,(z) is an associate of g,(z) for each 4. Since
these are monic it follows that p,.(z) = g,(z) for each i.

26. Suppose f(z) = ax’ +bx + c is irreducible in C[1]. The quadratic formula implies that f{z) has
a root in C, so it factors into linear factors. To justify the quadratic formula, we must know
that every element of C has a square root in C. One proof is to use the polar form for
elements of C. Here is another method, using only properties of the real numbers: Proof. If a,
be R, solve (z + yi)?2 = a + bi for real z, y by multiplying it out, eliminating y and using the
quadratic formula. A solution exists since every nonnegative element in R has a square root in R.
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4.4 Polynomial Functions, Roots, and Reducibility
1. (a) Answered in the text. (b) 2" — x is one example.
2. (a)2 (b) 170802 (c) -5 (d) 4

3. (a) f-2) =-24#0in R, so z + 2 is not a factor.
1 1
b) f(a) =01in Q so &3 is a factor.

in Zs so x + 2 is a factor.
in Z; so x — 3 is a factor.

o,
SN—
=
w
S~—
Il
o ©

4. (a)k=-2 (b) k=2

5. Let fz) = a,2 + ... + a7 + @z + a. Then by Theorem 4.15 z — 1, is a factor of f(z) if
and only if f{1;) = 0, Since f(1;) = a, + ... + @ + g, the claim follows.

6. (a) and (b) are direct calculations. For instance 3* = 81 = 1 (mod 5) so that 3’ = 3 (mod5).

(¢) Conjecture that ¢ = a (mod p) for every integer a.

7. As in Exercise 6, verify directly that " = a (mod 7) for each a = 0, 1, 2, 3, 4, 5 and 6. By
the argument used to prove Corollary 4.16, the polynomial f{z) = a(z —1)(z— 2)(z — 3)(z -
4)(z — 5)(z — 6) must divide 2" — z. Since they have the same degree, the quotient has
degree 0, so it is a nonzero constant. Since both polynomials are monic, compare leading
coefficients to see that they are equal.

a) 7 € R so it is reducible.

d) No root in @ so irreducible by Corollary 4.18.

¢) 7 € & so it is reducible.

d) Irreducible since none of the 5 elements is a root.
e) 4 is a root so it is reducible.

f) 11is aroot so it is reducible.

9. Answered in the text for Z[a].
ForZJa : ? +2, 2+ 3, 2 +a+ 1,7 +a2+2, 7 +2r+ 3,7 +2x+ 4,27+ 30+ 3, 2% +
3z+ 4,7 +4z+ 1, 2 + 4z + 2 (There are 10 listed, as predicted in Exercise 4.3.21(b).)

10. #* + 1 is reducible in Z,[2] when it has a root in Z,, that is, when —1 is a square in Z,. For
example, if p is expressible as p = o> + 1 in Z, then [a] is a root of 27 + 1. For example, p
=17 and p = 37.

11. The polynomial flz) given has f(2) = 39 in Z, In order for f{2) = 0 in Z, we need p 139.
Therefore p = 3 or 13.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

If lx) = ¢ + 2" + ... + ¢c,q1 + ¢, define f¥(z) = ¢,2" + ¢, 2" + . . . + a1+ ¢
Calculate that 2'f(z-") = f*(z) and 2'f*(z") = f(z). Therefore if a # 0 then a is a root of
flz) © 0= fla) =a"ff(a') & ff(a') =0 < a'is aroot of f¥(x).

(a) Answered in the text,
(b) No. The polynomials x and #* have the same roots. Similarly the polynomials 1 and 2?
+ 1 have the same roots in R.

(a) The Factor Theorem applied twice implies that (z — r)(z — s) divides a2’ + bz + c.
Since these have the same degree, the quotient must be a nonzero constant.
Comparison of leading coefficients shows that the quotient is a. Therefore ax + bx + ¢
= a(z— r)(z— s). Multiplying this out and equating like coefficients yields the claim.

(b) The same argument implies that a2’ + b2 + cz + d = a(x — r)(z— s)(z — t) = a(2® — (r
+ s+ t)2? + (rs + rt + st)z + rst). Equating like coefficients completes the proof.

7 + 1 is reducible in Z,[2] if and only if there is a root, or equivalently, there exists a € Z
with @’ = -1 (mod p). This is the same saying: there exists a € 2 with a(p — a) =1 (mod p).
Let b=p - a.

Let h(z) = flz) — g(z). By hypothesis this polynomial has n + 1 roots ¢, . . . ¢,. If h(z) 20
then deg h(z) < max{deg f(z), deg ¢g(z)} < n contrary to Corollary 4.16. Therefore h(z)
must be the zero polynomial and f{z) = g(x).

7 + 5x = 2(z + 5) = (z + 2)(z + 3) has roots 0, 1, 4, 3 in Zg This does not contradict
Corollary 4.13 since Zg is not a field.

Let f(r) = ¢, 2" + cq2"' + .. . + ¢z + ¢. Since ¢ € Q we know that ¢(c;) = ¢, Then f(r)
= 0 implies that 0 = @(f(r)) = @lc,” + + .. . + ar+ ) = ,@(N)" + .. . + @(r) ¢ =
flo(r)). Then ¢(r) is also a root of flx).

(a) Partly answered in the text. We have f(z) = (z — a)*g(x) where g(a) # 0. Then f{z) =
kx— a)"'g(x) + (z— a)*¢(z). If k> 2 then a is a root of both f{z) and f{x). Conversely
suppose a is a root of both f(z) and f(z). If k = 1 then f{z) = g(z)+ (z — a)¢(z) and
fla) = g(a) # 0.

b) If f(xz) has a multiple root a € R then part (a) implies that a is a root of f(z) and f{x).
Then z — a divides both flz) and f{z) so they are not relatively prime.

The proofs of the Remainder and Factor Theorems involve dividing by the monic
polynomial # — a ad analyzing the remainder. By Exercise 4.1.14, division by monic
polynomials is valid in R [2], whenever R is a commutative ring with identity. The proofs of
the Remainder and Factor Theorems go through unchanged.

The proof of Corollary 4.16 contains only onestep where properties of the coefficient ring F
are used. This step is the statement that if 0, = f{c) = (¢ — a)g(c) and ¢ — a # 0 then ¢(c¢)
= 0p. This statement is valid in an integral domain R, since there are no zero divisors.
(Corollary 4.16 does fail when zero divisors exist, as in Exercise 17.)
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22. The same proof works, substituting Exercise 21 for Corollary 4.16.

23. These statements go back to the definitions of polynomial addition and multiplication and
work equally well in R [z] for any commutative ring R instead of a field F.

Let g(z) = Za,2", where the sigma denotes a sum over n = 0, 1, 2, . . . and all the

coefficients equal 0, after some point, so the sum is a finite one. Similarly let h(z) = X b,2".

@) flr) = g(x) + Wx) = Z(a, + b,)z" by definition. By definition of “evaluation at 7’ we
have f(r) = Z(a, + b,)r". The axioms of the ring F then imply that f{r) = (Za,r") +
(Zb,) = g(r) + h(r).

b) flz) = g(x)h(z) = Z (apd, + a;b,, + . . . + a,b))2" by definition. Therefore f(r) = X (ayb,
+ a;b,, + . . . + a,b)7" and the axioms of the ring F imply that f{r) = (£ a/)(Z by) =
o(r)-h(r).

These facts are often used when evaluations at x = r are made. For example in the proof

of the Remainder Theorem 4.14 the polynomial f(z) = (z — a)g(z) + () is evaluated at x = a

to yield f{a) = r(a). This evaluation uses the properties above. Also compare Exercise 4.1.20.

24. By Exercise 23, ¢, is a homomorphism. It is certainly surjective since for any c¢ € F we
view ¢ € Fla] and find ¢,(¢) = c. (See Exercise 31 for an application.)

25. (a) As Exercise 4.1.2, check that Q [7] is a subring of R containing Q and .

(b) The proof in Exercises 23, 24 proves a more general result:
Lemma. Suppose R and S are commutative rings with R < S, and a € S is given.
Define a map @, : R[2] —» S by ¢(f(x)) = f(a). Then ¢, is a homomorphism of rings and
@,(c) = cfor every ¢ € R. In our case consider the homomorphism ¢, : Q [2] — R. Its
image is the set of all f{z) where f(z) € Q [z]. That is, its image is Q [7] and we obtain
a surjective ring homomorphism @, : Q [2] = @ [#. To prove it is injective, suppose
of(x)) = @g9(x)) for some f, g € Q [2], Consider h(z) = f{z) — g(x) and note that
P h(2)) = @ f(x) — 9(z)) = @ f(z)) — @alg(x)) = 0. Then h(7) = 0 and the assumed
nontrivial fact then implies that h(z) = 0. Therefore flz) = ¢(x) proving that ¢, is
injective.

26. (a) It is a subring for the same reasons as in Exercise 25 or Exercise 4.1.2. In this case the
ring is much smaller since any power («/é)’" can be expressed as r or s+/2 for suitable
integers 7, s. Then the general element of Q[~/2 ] is of the type 7, + 7+/2 where 7, 1, €
Q.

(b) The function 0 is the evaluation map @, as described in Exercise 25, so it is a ring
homomorphism. Clearly it is surjective, but it is not injective because &(2* — 2) = 0.

27. Suppose f, g € T. Then there exist polynomials fy(z), g)(x) € Fla] such that f(r) = fy(r) for
every r € F. Exercise 23 shows that f+ g is the function associated to the polynomial f(x)
+ go(z), and fg is the function associated to the polynomial f(z)-g,(z). Therefore f + g, fg €
T.
It is routine to verify the axioms to show T is a ring. The constant zero function is 0,
and the constant 1 function is 1,. The commutative, associative and distributive axioms
are checked by evaluating at a fixed r € F and using the corresponding axiom of F.
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4.5 Irreducibility in Q [z] 57

28. (a) A function 8 : Z; — Z, is determined by the values €([0]), &([1]), &(2]). Each of these
values has three possibilities, so there are exactly 27 functions altogether. Then the
ring T has at most 27 elements. By evaluating, check that (z + 1)-(2* + 2z) = 0 but
the factors are nonzero.

b) (['is finite but Z[4] is infinite, so they cannot be isomorphic.

29. If fis a nonzero polynomial of degree zero, then it is a nonzero constant, so it has no roots
in F and thus satisfies the conclusion of the corollary. Now suppose that the corollary holds
for all functions with degree less than n, where n > 0 is some integer, and let fz) be a
nonzero polynomial of degree n. If fhas no roots in F, then the corollary obviously holds,
so assume that f has a root in F|, say a € F. Then by the Factor Theorem,

flz) = (= a)g(x):

Comparing degrees, we see that n = deg f(z) = deg(z — a) + deg g(x) = 1 + deg ¢(x), so
that deg g(x) = n — 1. By the inductive hypothesis, g(x) has at most n — 1 roots in F. But
the roots of F' consist of a plus the roots of ¢g(x), so that f{z) has at most n roots in F.

30. Define ¢ : F[2] — T as in the Hint. First check that ¢ is a homomorphism: ¢(f(z) + g(x)) is
the function F — F sending r to (f + ¢)(r). = f{r) + ¢(r). This coincides with ¢(f(x)) +
o(g(x)). Similarly ¢(f(z)g(x)) coincides with ¢(f(z))-¢(g(x)). By definition, the ring T is the
image of @, so @ is surjective. Finally, ¢ is injective by Corollary 4.19.

31. If f(z) is reducible then f{z) = a(x)b(z) where a(z), b(x) are not units (i.e. they have degrees
> 0). Then @(f(z)) = @(a(x))-@(b(x)). Since @ is an isomorphism, ¢ carries units to units
and non-units to non-units. Therefore the factors ¢(a(x)) and @(b(x)) cannot be units, and
o(f(x)) is reducible. Conversely if @(f(z)) is reducible then applying the part just done to
the isomorphism ¢ ' we see that f{z) is reducible.

32. (a) Use the Lemma stated in Exercise 25 in the case R = F and S = Fla] with a = x + 1.
The corresponding map is a homomorphism Fixing F. Similarly defining w : F[z] —
Fla] by setting w(f(z)) = flx — 1) we see that  is the inverse of @. Therefore @ is
bijective, so it is an isomorphism. (b) f{z) is irreducible if and only if @(f(z)) = flx +
1p) is irreducible, using Exercise 30.

4.5 Irreducibility in Q|z]
1. (a) Answered in the text.  (b) zz(2* + 42 + 2+ 1)
(c) Answered in the text.  (d) (z + 1)(2z - 3)(2* — 2z +2)
(e) Answered in the text.  (f) 3z + 1)(2z— 7)(2* - 22— 1)
2. 27 — pis irreducible in Q[z] by the Eisenstein Criterion. Therefore the factor (z — /p ) cannot
be in Q[z]. Hence /p is not rational. (Alternatively we could use the Rational Root Test
here. See Exercise 3.)
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Arithmetic in F[x]

10.

11.

If lx) = 2" + a,,@"" + ...+ a, where each g, is an integer, and if r/s is a rational root (in
lowest terms) then the Rational Root Test implies that s | 1. Therefore s = +1 and r/s =
+r1is an integer.

(a) First check that 1 and —1 are not roots. Then the Rational Root Test implies mere are
no rational roots, hence no degree 1 factors. If it factors in Q[a] it must be the product
of two irreducible quadratics. As in the example we would then get integers a, b, ¢, d
satisfying a + ¢ =2, ac + b+ d =0, bc + ad = 1 and bd = 1. Therefore ¢ = —a and b
= d = +1. Eliminating ¢ and d from the third equation yields: b(2 — a) + ab = 1 which
leads to the adsurdity 2b = 1. Therefore no factorization is possible.

(b) Suppose it is reducible. As in (a), +1 are not roots so it must factor as a product of
two quadratics. This implies there are integers a, b, ¢, d satisfying a + ¢ =0, ac + b +
d=-2,bc+ ad =8 and bd = 1. Then ¢ = —a and b = d = £1 so that 8 = b(—a) + ab,
leading to the contradiction 8 = 0. Therefore no factorization is possible.

(a) Let p— 2. (b) Let p=>5. (c) Let p=2or 3.
Let k£ = 3m for any integer m not divisible by 3. Then Eisenstein applies with p = 3.

(a) Answered in the text. (b) Reducing (mod 2) the polynomial becomes z* + z + 1.
This has no root in Z, so there is no degree 1 factor. If it factors in Z,[z] it must be a
product of two irreducible quadratics. But the only irreducible quadratic in 22 + z + 1.
Since (22 + x+ 1)* = 2' + 27 + 1, the given polynomial is irreducible in Z,|[1].

flz) = 222 + 3z + 1 is reducible in Q[2] since it equals (22 4+ 1)(z + 1). However f(z)= =
+ 1 in Z,[2] and this is certainly irreducible. It does not contradict the Theorem since p
divides the leading coefficient here.

flz) = 22 460 is irreducible in Q[a] since it has no real root. It reduces (mod n) for n = 2,
3, 4, 5 because f(z) = z- zin Z, [1]. For n = 7 we have f(z) = 2% + 4 in Z[2] which is
irreducible since it has no root in Z,.

Given a monic f(z) € Z[2] and a factorization flz) = g(z)h(z) for some ¢(z), h(z) € Z[]
where deg g(z) = m and deg h(z) = n. Suppose ¢(z) = a,2" + . . . + q, and h(z) = b,a" +
...+ b Then flz) =,0,b 2" + ... + @b, Since f(x) is monic we have,a ,b = 1 so that
a, = b, = +1. If a,, = b, = 1 then ¢(z) and h(z) are monic. Otherwise a, = b, = —1 and
flx) = (—g(x))(~h(x)) is a factorization of the required type.

Since 91 = 7-13, apply Eisenstein with p = 7 to deduce that 302" — 91 is irreducible in Q[a].
Since n > 1 this polynomial has no linear factors, hence no rational roots (see Corollary
4.17).
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12.

13.

14.

15.

16.

17.

18.
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If f(x) is reducible then f(z) = g(x)h(z) forsome ¢(z), h(z) € Fla] of degree > 1. We can
“evaluate” this equation at any particular value of x: f(a) = g(a)h(a). (Compare Exercise
4.4.31.) Using @ = z + c in the ring Flz] we have flz + ¢) = g(z + ¢)h(z + ¢) in Fla].
Therefore f{z + ¢) is reducible in Fla].

flza+1) =@+ 1)"'+4x+1) +1=2"+ 42 + 627 + 8z + 6. Eisenstein with p = 2
shows that f(z + 1) is irreducible and therefore f(z) is also irreducible in Q[].

Since flz) = (" -1)/(z— 1) we find: lz+ 1) = ((z+ 1)’ - 1)/z = 2* + 52° + 102" + 10z +
5. Eisenstein with p = 5 shows that f{z 4+ 1) is irreducible in Q[z]. By Exercise 12 f(z) is
also irreducible.

Let ff(z) = 2’f(z') = a2 + a2"' + . . . + a, as in Exercise 4.4.12. Suppose f(z) =
g(x)h(z) is a non-trivial factorization in Flz]. Then deg ¢g(z) = d and deg h(z) = n — d
where 0 < d < n. Note that ¢g*(z) = 2/g(z') and h*(z) = 2" "h(z") arise from g(z) and h(z)
respectively by reversing the coefficients. Furthermore f*(z) = 2'f(z ') = 2%g(2' )" ‘h(z') =
g (x)h*(z) in Z[z]. Finally knowing a, # 0, the constant terms of g(z) and h(z) are also non-
zero. Therefore deg f(z) = n, deg g(z) = d and deg h(z) = n — d and the factorization of
f¥(x) is also non-trivial.

Now for the particular situation in the problem, apply Eisenstein’s Criterion to deduce
that f*(x) is irreducible in Q[z]. Since a, # 0, the discussion above shows that f{z) must also
be irreducible in Q[z].

One example is flz) = 22 + 1.

Following the answer in the text we see that there are n choices for each coefficient q,, a,, . . .,
a;; and there are n — 1 choices for g, (since we require g, # 0 to have degree k. Altogether
there are n*(n — 1) possibilities.

(a) Irreducible. By the Rational Root Test the only possible rational roots are 1 and —1.
Since these are not roots there arc no factors of degree 1. As in the examples, if the
polynomial factors in Q[z] it must be the product of two monic quadratics in Z[x], say
-7+ 1=+ ax+ b)(?+ cx+ d. Thena+ c=0,ac+ b+ d=-1, ad + bc =
0 and bd = 1. Then ¢ = —a and b = d = 41, so the second equation becomes —a* + 2b
= -1. Then &> = 2b + 1 = —1 or 3 (since b = +1). This is impossible for an integer a.

(b) Irreducible. One way to see this is to apply Theorem 4.24, recalling from Exercise 7(b)
that 2! + = + 1 is irreducible in Z,|a].

(¢) Irreducible. One proof uses Theorem 4,24, by showing that f(z) in Z,[a] is irreducible.
Express f(z) = 2 + o' + 22° 4+ 22 + 2 in Z,[]. Evaluation at z = 0, 1, 2 shows that
there is no root in Z; and hence there is no linear factor. If it is reducible it must be a
product of two monic irreducibles of degrees 2 and 3. The only monic irreducibles of
degree 2 are: 22 + 1, ¥ + = + 2 and #* + 2z + 2 (see Exercise 4.4.9). Dividing each
into f(z) shows that none is a factor. Hence f(z) is irreducible.

(d) Irreducible. As in (c) check that f(z) = 2+ 222 + z + 1 has no root in Z,, and that
the 3 monic irreducibles of degree 2 are not factors. Hence f(z) is irreducible in Z,[2]
and Theorem 4.24 applies.
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19. (a) 25 +22% — 622 — 162 — 8 = (z + 2)(x — 2) (23 + 222 + 4z + 2). Since 23 + 222 + 4z + 2 has
no rational roots (the only possibilities are 0, +1, and +2), it is irreducible over Q.

(b) 27— 225 — 62* — 1522 — 332 — 9 = (z + 1)(z — 3)(2® + 32> + 92 + 3). Since 2° + 323 + 9z + 3
has no rational roots (the only possibilities are 0, £1, and £3), it is irreducible over Q.

20. From Exercise 4.1.17, the map ¢ : Z[2] — Z,[1] where ¢ (f(z)) = f(z) is a surjective
homomorphism. Then if flz) = g(x)h(x) in Z[z] then applying ¢ shows that f(z) = g(z)
h(z) () in Z,[4].

21. As in the Hint, use the Binomial Theorem (Appendix E) to show that f{z + 1) = ((z + 1)”
-1)/z= Z(F)LEVH" =" + pz?”’ +Md’c”’3 +...+ p. By Exercise 1.4.13, p| for k

v 5 D 4.13, i
=1,...p— 1, and the constant term is p, which is not divisible by p’>. Eisenstein’s
Criterion then implies that flz + 1) is irreducible in Q[]. By Exercise 12, f(z) is also
irredncible in Ol

4.6 Irreducibility in R[z] and C[z]

1. (a) Answered in the text. ) 144 1-i 3,3
(c) Answered in the text.

2. (a) 2 —822+222-20 (b) 2' - 22"+ 627 -8z +8 (c) 2*— 2+ 11z - 51

3. (a) Answered in the text.

(b) (z+ 1)(* 2+ 1) in Q] and R[2]; (z+ 1)(95—“*2/5” )(x—l‘*f”) in Cla].
(c) (z—1)(*-5)in Q[a] and R[z]; (2 1)(z— 5 )(z+ 5) in Cla].

4. (z+9)(xz+1-19),

5. By Lemma 4.28 the nonreal roots of f(z) occur in pairs, so there is an even number of
them. By hypothesis there is no repetition among the roots, so there must be an odd
number of real roots.

6. If ze C is aroot of flz) then ar’ + br” + ¢ = 0. Since a # 0 we have 2 + (b/a)z = -
¢/a. Adding (b/2a)’ to both sides we obtain: (z + b/(2a))* = b¥*/(4a’) — c¢/a = (b* —
4ac)/(4a?). Take the square root of both sides to get: x + b/(2a) = ++/b° —4ac/(2a). The
claim follows.

7. If it factors in R[2] it is the product of two linear factors so that the two roots r, m, € C

must be real. From the quadratic formula (Exercise 6), a(r;, — ;) = Vb®> —4ac . Since this
quantity is real, the number under the square root sign must be non-negative: v* — 4ac = 0.

This contradicts the hypothesis, so the polynomial must be irreducible in R[z].
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4.6 Irreducibility in R[z Jand C[z ] 61

8. No. In fact if a + bi is a root of that polynomial flz) = 2% — 32* + 2iz + i— 1 it turns out that a
— bi is not a root of f{z). For suppose that a — bi is a root of f{z). Applying the “bar” as in the

proof of Lemma 4.28, we find that a + bi is also a root of fz) _ 2 — 327 — 2iz— i — 1. But

then a + biis a root of flz) — f(z) — 4ix + 2i forcing a + bi = —1/2. Check that —1/2 is not a

root of f{z) to see that such a + bi cannot exist.
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Chapter 5

Congruence in F|z| and
Congruence-Class Arithmetic

5.1 Congruence in F[z] and Congruence Classes

1. (a) f(z)—g(x) =2® - 22 +42® + 2+ 1 — (32* + 22% — 522 — 9) = 2° — 52 + 223 + 522 + = + 10.
Using polynomial long division gives 2° —5z* + 22 + 522 + x +10 = (22 +1)(23 — 522 + 2+ 10)
with no remainder, so that f(z) = g(x) (mod p(z)).
®) f(x)—g(z)=a*+2?+2+1— (2* + 23 + 22 +1) = —23 + 2 = 2° + 2. Using polynomial long
division gives 3 +x = (22 +x)(z +1) with zero remainder (since the product is 2% +22% + 2 =
23+ x in Zy), Thus f(z) = g(z) (mod p(x)).
(c) f(z)—g(z) = (32 +42* + 523 — 622 + 52— 7) — (225 + 62* + 23 + 222 + 22— 5) = 2° — 22% +
423 — 822 + 3x — 2. Using polynomial long division gives 2® — 22* 4 422 — 822 + 32 — 2 =
(23 — 22 + 2 —1)(2? — 2+ 2) — 422, Since the remainder is nonzero, f(x) # g(z) (mod p(z)).

2. Given p(x) = ¢ for some nonzero ¢ € F. For any f(z) € F[1] we have ¢ | f(z) (since flz) =
c(c¢! flz))). Therefore f{z) = 0 (mod c).

3. Thereare8classes. 0, 1;z,z+ 1; 22, 2+ 1, 2 4+ 2,2+ z+ 1.

4. By Corollary 5.5 the classes are uniquely represented by the elements az* + bz + c for a, b,
¢ € Z. There are 3 independent choices for a, b, ¢ here, yielding 27 possibilities.

5. As above the classes are uniquely represented by the elements az + b for a, b € Q. There
are an infinite number of different choices.

6. By Corollary 5.5 the classes are uniquely represented by the elements ¢, for ¢ € F. In fact,
by the Remainder Theorem, for any f(z) € F[a] we have f{z) = fla) (mod z — a).

7. f(z) = g(z) (mod z) if and only if f(z) — g(x) is divisible by z. This happens if and only if
f(z) — g(x) has a zero constant term. So f(z) = g(z) (mod z) whenever the constant terms in
f and g are the same, so that there is one congruence class for each possible constant, i.e., one
congruence class per element of F'.
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64 Congruence in F[z] and Congruence-Class Arithmetic

8. Proof: Given p(z) divides flz)k(x) — g(2)k(z) = (f(z) — g(x))k(z) and p(x), k(x) are relatively
prime. By Theorem 4.7 conclude that p(z) divides f{z) — g(x) and therefore f(z) = g(z) (mod
p(x)).

9. Answered in the text.

10. Proof. Given p(z) | flz)g(x). By Theorem 4.11 either p(z) | f{x) or p(x) | g(z). Therefore,
fl@) = 05 (mod p(x)) or g(z) =0, (mod p(z)).

11. Given a factorization p(z) = f{z)g(x) where f(z), g(x) are polynomials of degrees > 1. By
comparing degrees we see that p(z) X f(z) and p(z) ¥ g(x). Therefore flz) # 0, (mod p(z)),
9(z) # 0y (mod p(z)) and flz)g(z) = 0 (mod p(z)).

12. Since the ged is 1 Theorem 4.5 implies that there exist u(z), v(z) € Fla] with flz)u(z) +
p(x)v(z) = 15 Then flr)u(z) =1 (mod p(x)).

13. flz) = g(z) (mod z) if and only if z | (f{z) — g(x)). By the Factor Theorem 4.15 this is
equivalent to f(0) = ¢(0). This condition holds when the graphs have the same y-intercept.

5.2 Congruence-Class Arithmetic

1. Answered in the text.

2.
+ [0] 1] 2] [o  [at+1]  [242] [24] [22+1]  [22+42]
[0] [0] [1] [2] [2  [z=4+1] [2+2] [24] [224+1]  [22+2]
1] 1] 2] 0]  [z+1] [2+2] [7]  [22+1] [22+2] [2]
2] [2] 10] 1] [z+2] [ [z+1] [22+2] [2] [22+1]
[] [] [24+1]  [2+2] 2] [22+1] [22+2] [0] [1] (2]
[+1] | [z+1]  [2+2] [2]  [22+1] [224+2]  [24] 1] [2] [0]
[242] | [2+2] [ [z+1] [2242] [24 [22+1] (2] [0] [1]
(2] [22] [224+1] [22+2] [0] [1] [2] [] [2+1] [2+1]
[22+1] | [224+1] [22+2]  [24] [1] [2] 0]  [z+1] [2+2] []
[2242] | [224+2]  [22] [22+1] [2] [0] 1 [z+2] 2] [2+1]
: [0] 1] [2] [] [24+1]  [2+2] [22] [2241] [22+2]
(0] (0] (0] (0] (0] [0] [0] [0] [0] (0]
[1] [0] 1] [2] [] [24+1]  [2+2] 2] [22+1] [2242]
[2] [0] (2] [1] 2]  [2242] [22+1] [ [2+2]  [z+1]
2] [0] 2] [24] [2] [2+2]  [22+2] 1] [=+1] [22+1]
[2+1] 0] [z+1] [224+2] [2+2] [2] 1] [22+1] [2] []
[2+2] 0] [z+2] [22+1] [22+2] [1] [7]  [2+]1] [24] 2]
[2] [0] [2] [] [1] 22+1]  [z+1] 2] [22+2] [2+2]
[22+41] 0] [2z+1] [24+2] [2+1] [2] [22]  [22+2] 2] 1]
[22+2] 0] [22+2] [z+1] [22+1] [] 2] [z+2] 1] (2]
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5.2 Congruence-Class Arithmetric 65

Answered in the text.

This 25 element ring is too big for us to give the complete tables here. It is not a field since
there are zero divisors. For example [2+42]-[2+3] = [0].

laz + b] + [cz + d = [(a + )z + (b + d)]

[az + b]-[cx + d] = [(ad + be)x + (—¢ + bd)]

The rules for addition in these exercises are all the same.

10.

11.

12.

13.

14.

[az + b]-[cz + d] = [(ad + be)x + (2ac + bd)]
[az + b]-[cz + d] = [(ad + be)x + (3ac + bd)]
[az + b]-[cx + d] = [(ad + bc)z + bd]

If [az + 0] # [0] then a, b are not both 0 so that d = a* + ¥* > 0. Following the Hint let ¢
= —a/dand d = b/d. Then [az + b]-[cx + d] = [(ad + bc)x + (—ac + bd] = [0x + (a® +
)/ = [1].

Since [a] 4+ [b] = [a + b] and [ab] = [a]-[b] the subset F* is closed under addition and
multiplication. Also [0] acts as the zero element and [1] acts as the identity element. All the
other properties are automatic. (For instance, [a] + [-a] = [a — a] = [0] so that —[d] = [-a].)

[2] # [0] but []-[2] = [0], so [4] is a zero divisor.

Given f— g = pu and h — k = pv for some u, v € Fla]. Then (f+ h) — (¢ + k) = p(u — v)
and therefore [f + h] = [¢g + k]. Similarly, fh — gk = (g + pu)-(k + pv) —¢g-k = p(uk + gv +
puv). Conclude that [fh] = [gk].

The proof that Fla]/(p(z)) is a commutative ring with identity is almost identical to the
proof of Theorem 2.7. The only difference is a change of notation: write F[a] for Z, p(x) for
n, Fla]/(p(x)) for Z, and write a(z) for a and b(z) for b, etc. For example to prove
associativitiy for addition (property 2), use the definition of addition of classes: [a] @ ([b] &
[)=ld@b+cd=la+ Db+)=[(a+b) +c=la+ b ®[c=(d @ [b]) ® [c]. The

remaining details are omitted.

(a) Note that if f(x) € Q[z], then on dividing f(z) by 22 —2 we get f(z) = (2% —2)g(z)+7(z), and

degr(x) < deg(xz? —2) = 2, so that f(z) = r(z) = ax +b for a,b € Q. Thus any polynomial is
congruent to a linear function in Q[z]/(2? — 2). To show that [f(z)] is a unit in Q[z]/(x? — 2)
it suffices to show that f(z) is relatively prime to x? — 2. But z? — 2 is irreducible in Q[z],
so that indeed f(z) = 2z — 3 is relatively prime to 22 — 2 (see Exercise 16 in Section 4.3).
Thus by Theorem 5.9, [f(z)] is a unit in Q[z]/(z% — 2). Thus there are u(z),v(x) € Q[z] such
that [f(2)][u(z)] = [1] = [1] = [p(z)][v()], so that [f(2)][u(x)] + [p(x)][v(x)] = [1]. Per the
above comment, we may assume that uw(z) = ax + b and v(z) = cx + d. Then we want to
solve (2z — 3)(az + b) + (22 — 2)(cz + d) = 1 in Q[x]. Expanding gives cx® + (2a + d)a? +
(=3a+2b—2c)x — (3b+2d) =1. Then ¢c=2a+d=—-3a+2b—2c=0and —3b—2d = 1.
Solving gives a = —2, b = —3, and d = 4, so that the inverse is ax + b = —2x — 3. Indeed
(22 —3)(—2z —3) = —42? + 9= —4(2% - 2) + 1.
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66 Congruence in F[z] and Congruence-Class Arithmetic

(b) Note that [2%2 + x + 1] = [z], since 22 + 2 + 1 — 2 = 2% + 1 is divisible by 22 + 1. To show
that [z] is a unit in Z3[x]/(2% + 1) it suffices to show that z is relatively prime to #? + 1 in
Zs[z]. But 22 4 1 is irreducible in Zs[z] since it has no roots, so that indeed z is relatively
prime to x? + 1 (see Exercise 16 in Section 4.3). Thus by Theorem 5.9, [z] is a unit in
Zs[z]/(x? + 1). Thus there are u(z),v(x) € Zz[x] such that [x][u(x)] = [1] = [1] — [p(z)][v(z)],
so that [z][u(x)]+[p(z)][v(x)] = [1]. Per the above comment, we may assume that u(z) = ax+b
and v(z) = cx+d. Then we want to solve (x)(ax+b)+ (22 +1)(cx+d) = 1 in Z3[z]. Expanding
gives cx® + (a +d)x?> + (b+c)r + (b+d) = 1,s0 that a = —1, b = ¢ = 0, and d = 1. Thus the
inverse is —x, and indeed

(@ + 2+ 1)(=a)] = [2® — % = ] = [~a(e® + D] - [¢*] = ~[a?] = [1].

15. Use a new variable T to avoid confusion with z. The polynomial T? + T has roots 0, 1 and
the polynomial T? + T + 1 has roots [a], [z + 1]. Therefore T* + T = (T? + T)(T* + T
+ 1) has all four roots.

16. By Corollary 5.5 a typical element of this ring K = Q[a]/(2* — 2) is [az + b] where a, b €
Q. Since 2* — 2 is irreducible, ax + b and 27 — 2 are relatively prime whenever a, b are not
both zero. Then by Theorem 5.9, every nonzero element [az + b] is a unit in K. This shows
that K is a field.

5.3 The Structure of F[z]/(p(z)) When p(z) is Irreducible

1. (a) Evaluation at z = 0,1,2 shows that 2 + 22> + 2 + 1 has no root in Z,. By Corollary
4.18, that polynomial is irreducible and Theorem 5.10 implies the ring is a field.
(b) Not a field by Theorem 5.10 since the polynomial is reducible. In fact 22* — 427 + 2z +
1=2(z+ 2)(z+ 3)"
(c) Not a field since '+ 22 + 1 = (2% + =+ 1)%

2. (a) Verifying that Q(~/2) is a subring of R has essentially been done in Exercise 3.1.9. To
show it is a subfield we must see that any nonzero element r + s~/2 has an inverse in
Q(~2). Rationalizing the denominator shows that (r + s+/2)' = (r/8) — (s/6)2
where § = 7 — 25%. (Note that §# 0 since +/2 is irrational.) These coefficients are in Q
so the inverse lies in Q(~+/2 ).

(b) By Corollary 5.5 every element of the ring A = Q[z]/(2° — 2) can be uniquely expressed
as [rz + s for some 7, s € Q. Then the map ¢ : A — Q(~/2) given by ¢([r + sa]) = r
+ 5~/2 is a well defined bijection. Also ¢(r) = [r] for 7 € Q and @([z]) = +2 . Finally
the calculation in Exercise 5.2.6 implies that this ¢ is a homomorphism.
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5.3 The Structure of F' [z ]/ (p(z)) whenp (z)is Irreducible 67

3. By Theorem 5.7 we know that F* = {[a] : @« € F} 1is a subring of F[z]/(z — a) which is
isomorphic to F. In fact the map ¢ : F — F* defined by ¢(a) = [a] is an isomorphism.
Corollary 5.5 implies that every element of F[z]/(z — a) already lies in F*. Therefore (¢ : F
— Fla]/(xz — a) is an isomorphism.

4. Restate the problem in terms of congruences: If f{z)g(z) = 0, (mod p(z)) then either f{z) =
07 (mod p(z)) or g(z) =0, (mod p(x)). This is the content of Exercise 5.1.10.

5. (a) For subtraction: (a + b/3) - (¢ + dv/3) = (a - ¢) + (b - d)v/3. For multiplication:
(a+ b3)(c+ dN/3) = (ac + 3bd) + (ad + be)~/3 . Therefore Q(+/3) is a subring of R.
If a + /3 #0 then = > 30°# 0 in Q (for if a®> = 31 for positive a, b € Q then /3
= a/b would be rational). Since (a + b+/3 )(a— b-/3 ) = Jit follows that (a + b+/3)' =
(a/6) — (/)3 € Q(+/3) . Hence it is a field.

(b) As in Exercise 2(b) the map ¢ : (Q[1]/(2* -~ 3) — Q(/3) given by ¢([r + s2]) = r +

5~/3 is a well defined bijection, with ¢@(r) = [r] for r € Q and ¢([2]) = /3. The proof
that ¢ is a homomorphism reduces to verifying that [a + b2]-[c+ di] = [(ac + 3bd) +
(ad + be)a] in Q[a]/(2* — 3).

6. The assertion follows since Fla]/(p(z)) is a field (Theorem 5.9). Set [¢(x)] = [f(z)] *[M(=)].

7. By Corollary 5.11 there is an extension field K, of F which contains some root ¢, of flz).
Then the Factor Theorem implies that f{z) = (z— ¢,)f,(z) for some f,(z) € Ki[2] of degree n
— 1. If n > 1 repeat the process to find an extension K, of K, containing some root ¢, of
fi(x). Then flzx) = (z— ¢;)(z — ¢)f(x) for some f,(z) € K,[a] of degree n — 2. Continue the

process, finding extensions K, ¢ K; < . . . € K,where f{z) = (z- ¢))(z— &) < ... (z— ¢, )f.(x)
where deg f,(r) = 0. But then f,(z) = ¢, is a nonzero constant. Let F = K, to get the
result.

8. By Theorem 5.10 we know that K = Fl]/(p(z)) is a field containing F and that there
exists & € K which is a root of p(z). The Factor Theorem implies that p(z) = (z — @) q(x)
for some ¢(z) € K[a]. Compare degrees to find deg ¢(z) = 1. Factoring out the leading
coefficient f € K of ¢(x) we get g(z) = B(x — ) for some ye K. Then p(x) = flz — o)(x —
7) and both roots a, ylie in K.

9. (a) By Corollary 4.18, 22 + z + 1 is irreducible in Z,[z], since neither 0 nor 1 is a root. By
Theorem 5.10 the ring K = Z,[2]/(2 + z + 1) is a field.
(b) As in Theorem 5.11 we know that & = [2] € K is a root of 2 + z + 1. That is ¢ = «
+ 1. (Recall that —1 = 1 in K.) Dividing by (z + @) we find that 2 + z + 1 = (z +
a)(? + ar + (&8 + 1)). This quadratic quotient can be factored (by inspection) in K
toyleld? + 24+ 1= (z+ o)(z+ &) (z+ & + ).

Therefore the three roots «, ¢ and &+ « all lie in K.
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10.

11.

12.

13.

By Exercises 2 and 5, if these fields were isomorphic there would be an isomorphism ¢ :
Q(2) - Q(+/3). Since (1) = 1 we find that e(n) = n for every positive integer n (since n
=1+4+1+...+1). (In fact, ¢(r) = rfor every r e Q.) Suppose ¢(~2) = a + b~/3 for some
a, be Q. Then 2 = ¢(2) = p(~2)> = (a + b/3)* = (& — 3?) + (2ab) /3 . Therefore a® — 31°
= 2 and 2ab = 0, so either a = 0 or b = 0. If @ = 0 then b = -2/3, which is impossible for b € Q.
If b = 0 then a® = 2, also impossible in Q. Therefore no such isomorphism can exist.

If u were a root in K then 3u? +1 = 0. Since 6 = 0 in K, multiplying by 2 shows: 2 = 2(3u* + 1)
= 0 in K, contrary to the hypothesis that Z; is a subring. Consequently there is no commutative
ring containing Z, and containing a root of 32> + 1. This shows that Corollary 5.12 requires
the hypothesis that F'is a field.

If u were a root in K then 2u* + 4u® + 8u + 3 = 0. Since 16 = 0 in K we obtain 8 = 24 =
8(2¢* + 4u?> + 8u + 3) = 0 in K contradicting the hypothesis that Z,, is a subring.

Let K = Z,[1]/(2' + v+ 1) with ¢ = [1] € K. Then ¢ = o + 1. It is useful to compute a
table of the powers of

od=a+1 =0+« d=d+ & od =+ a+1
dF=dcd+1 d=d+a M= +a +1 ol = +o*+a
o’ =+ +a+1 o =cP+a+1 adt=o +1 o’ =1

It is enough to consider irreducible polynomials. The irreducibles of degree 1 are z, x + 1
and these have roots already in Z,. The only irreducible of degree 2 is 22 + = + 1. It turns
out that S = o + ais a root, as we verify directly: f> + f+ 1= (& + @) + (& + @)
+1l=cd+a+1=0.

The irreducibles of degree 4 are 2! + z+ 1, 2' + 22 + 1l and o' + 2 + 22 + o+ 1. The
first polynomial has ¢ itself as a root, by construction.

Let 0= o/ = & + 1. Then Jis a root of 2! + 2* + 1, because: & + & + 1 = &° + o
+l=d"4+"+1=C@+d+a)+(@++a+1)+1=0.

Let y= ¢’. Then yis a root of 24+ 2* + 2% + x + 1 as we verify similarly: ¥ + P+ # + y+
="+ +d+d+1=((@++a+l)+ (&+ a)+ (& + &) + (&) +1=0.

In fact each of the 16 elements of K is a root of one of these polynomials of degree 1, 2 or 4.
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Chapter 6

Ideals and Quotient Rings

6.1 Ideals and Congruence

1. The subset K is certainly closed under subtraction and multiplication, so it is a subring.
However K is not an ideal since it does not “absorb” products. For instance 1 € K and x €
Z[z] but =1 = z is not in K.

2. If flx) € Z[a] then flx) lies in I if and only if f{0) is even. If f{z), g(z) € I then (f— ¢)(0) =
f(0) — ¢(0) is the sum of two even numbers, so it is even. Therefore f(z) — g(z) € L If flz) € I
and r(z) € Zl[a] then (r- f)(0) = r(0)£0) is even since f(0) is even. Therefore (z)f(x) € I. By
Theorem 6.1 Iis an ideal.

3. (a) (k,0) - (4,0) = (k—-40) € Iand (r, s) - (k,0) = (rk, 0) € Ifor every k, j, r, s € Z.

Therefore [ is an ideal.
(b) For example (1,1) € T'and (1,0) € Zx Z but (1, 1)-(1,0) = (1,0) ¢ T.

0 1) (0 O 01
4. No. For example ( 1 0} ( 0 J = [ 0 Oj so the set J does not absorb products.

5. It is easy to <check that K is ~closed under subtraction, and since

a bz y ar +bz ay+bdw
00 [z w} = 0 0 , K absorbs products from the right. In particular K is

closed under multiplication (this is the case z = w = 0), and therefore K is a subring.

0 1h)y(0o 1 0 0
However K does not absorb all products from the left. For example, ( 1 Oj ( 0 Oj = ( 0 J .

6. (a) The set of nonunits, J = {0, 2, 4, 6} = (2) is a principal ideal in Zs.
(b) J={0, 3,6} = (3) is a principal ideal in Z,.
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7. (a) The proof of Theorem 6.2 did not use the hypothesis that R possesses an identity
element.

(b) No, ¢ need not be in I As in the Hint, let I = {2k | k € E} where E is the ring of even
integers. Then every element x € Iis a multiple of 4 in Z because z = 2k and k is even. In
particular, 2 ¢ I

10
(c) Let ¢ = (0 O] in M(R). Then I = {rc | re M(R)} consists of all matrices of the form

a b 0 a 0
= . This is the example given before Theorem 6.1. This [ is not an
c d)\0 0 c 0

ideal, but it is a left ideal.

8. First note that I x Jis nonempty since it contains (04, Og). As in Theorem 6.1, suppose (a, b)
and (a', b) are in I x J. Then (a, b) — (d, V') = (a—a', b — V) lies in I x J, since I and J are
ideals. Similarly if (a, ) € I x Jand (r, s) € R x S then (r, s):(a, b) = (ra, sb) and (a, b):(r,s)
= (ar, bs) both lie in R x S.

9. (a) Answered in the text.
(b) Suppose u € I where u is a unit. Then v' € Rand 1, = w'u e I By part (a) I = R.

10. If T # (0;) there exists a € I with a # 0, Since F'is a field this element a must be a unit. By
Exercise 13, I = F.

11. (a) Answered in the text.

(
E)()—{0}7()—()=(4)=(5)=(7)=(8)=Z9;(3)=(6)={0,3,6}~

) Answered in the text.

12. The list of candidates is the ideals generated by (0,0), (1,0), (0,1), (1,1), (0,2),

(0,0) is the zero ideal, consisting of (0,0) alone. Now, ((1,0)) = { (1,0), (0,0 ((0,1)) =
{(0,1),(0,2),(0,0)} = ((0,2)). The ideal ((1,1)) is equal to Zy x Zs, since (1,1)(a,b) = (a,b) €
((1,1)) since ((1,1)) is an ideal. Finally, ((1,2)) = Zo x Z3 as well, since (1,2)(1,2) = (1,1) and
((1,1)) = Zo x Zs3. Thus the distinct principal ideals are

{(07 O)}a {(Oa 0)7 (170)}7 {(Ov O)a (07 1)7 (07 2)}a and Zg x Z3-
13. No. For example, let R = Z and let a = —2 and b = 2. Then (—2) = (2), but —2 # 2.

14. As in Theorem 6.1, suppose a, b € I and r € R. To show: a + b and ra lie in I. (The
condition on ar is automatic by Commutativity) By hypothesis there exists expressions a =
8¢, + v s,c, and b = t¢, + ... t,c, for some s, ..., s, and ¢, ... {, € R. By the usual
associative, commutative and distributive laws, deduce that a + b = (s, + )¢, + = + (s, +
t,)c, and that ra = (7s,)¢; + -~ + (rs,)cn. Since every s; + t; and rs; lie in R, conclude that a +
be ITand ra e I

15. Let J be the ideal in Z[2] generated by 2 and . If g(x) € J then g(z) = ()2 + s(x)z for
some 7(z), s(z) € Z[a]. Since g(0) = 7(0)-2 + 0 is an even integer, conclude that g(z) lies in
the ideal I. Conversely suppose h(z) € I, so that h(z) = ay + a;z + @@ + -+ has even
constant term. That is a, = 2b for some b € Z and h(z) = b2 + (a; + az + a2° +-*)z lies
in J. Hence I = J.
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16.

17.

18.

19.

20.

21.

22.

23.
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(a) (2) = (-2). (b) Let R be a commutative ring. As mentioned after Theorem 6.3, let (¢,
Cy,--+, C,) denote the ideal generated by ¢, ..., ¢, in R.

Lemma. If Jis an ideal of R and ¢, ..., ¢, € Jthen (¢, ..., ¢,) € J.

Proof. If a € (¢, ..., ¢,) then a = ¢, + -+ r,c,. By the definition of ideals, each r,c; € Jand

the sum a lies in J. QED

In Z we know that 4, 6 € (2) so that (4, 6) < (2). Also, 2 = (-1)4 + 16 € (4, 6) so that (2)

c (4, 6).

This prove the equality.

(¢) Since 6, 9, 15 are multiples of 3 we know that 6, 9, 15 € (3) so that (6, 9, 15) < (3), by
the Lemma above. Similarly, 3 = (-1)6 + 19 + 0-15 € (6, 9, 15) so that (3) < (6, 9, 15).
This proves the equality. Compare Exercise 19.

(a) If a, be I Jthen a, be I, sothat a— be I Similarly a, b€ Jso that a—be J.
Therefore a —be In J.
Ifae In Jand r € R then a € [so that ra, ar € I and a € Jso that ra, ar € J. Therefore
ra, ar € I M J. Finally O,e I n Jso this set is not empty.
(b) Let J be the intersection of the family of ideals I,. If a, b € Jthen a, b€ I, and a — b €
1, for every ideal in the family. Then a — b € J, since J is the intersection. Similarly let
a € Jand r € R. Then a € I, so that ra, ar € I for every ideal in the family. Then ra,
ar € Jsince J is the intersection. Also Jis not empty since 0, € I,.

Let = (2) and J= (3). Then U J= {n € Z | either 2 | n or 3 | n}. This set is not closed
under addition: 2,3 € Tu Jbutb5¢ TuU J.

If a, be In Sthen a— b e [since it is an ideal and a — b € § since it is a subring. Therefore
a-beInSIfae In Sand se€ S men sa and as lie in I since [ is an ideal in R and they
lie in S since S is closed under multiplication. Hence sa, as € I N S. Since 0, € I N S we
know it is nonempty. Therefore I N S'is an ideal in S.

If a, d € Tand b, ¥ € Jthen (a4 b) — (d + V) = (a— d) + (b— V) lies in K. Similarly if
a € I,be Jand re R then r(a + b) = ra + rb and (a + b)r = ar + brlie in K. Since 0, €
J conclude that I = I + 0, c K and similarly J ¢ K. In particular K is nonempty and therefore
K is an ideal. (It is the smallest ideal containing both I and J.)

Since d | a and d | b we have a, b € (d) so that (a) + (b) = (a, b) < (d). (See the Lemma in
Exercise 12 above.) Conversely by Theorem 1.3 there exist u, v € Z such that d = au + bv.
This says that d € (a, b) so that (d)  (a, b) and equality follows.

The set K is not necessarily an ideal. There should be a counterexample when R is a
commutative ring with 1. If I = (¢) is principal then K = {(r¢)b | r€ R and ¢ € J) does turn
out to be an ideal. For a counterexample we need I, J to be non-principal. Let [ = J = (2, z)
in R = Z[1]. Then K contains 4 = 22 and 2 = 2.z but 4 + 27 is not in K (it is irreducible in

3) is a principal ideal. The cosets are I = {0, 3}, 1 + I = {1, 4} and 2 + I = {2, 5}.
3

(a) I=(
I = (3) is a principal ideal. The cosets are I = {0, 3, 6,9, 12}, 1 + I = {1, 4, 7, 10, 13}
and 2 + [ = {2, 5, 8, 11, 14}.
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24. If R = Zg the nonunits are {0, 2, 3, 4}, which is not closed under addition.

25. Certainly 0, € [ so [ is not empty. If r, s € I then for every ¢t € J we have 1t = st = 0.
Therefore (r— s)t = rt — st = 0y and hence r— s € I Suppose r € Iand z € R. Then (ar)t =
2(rt) = 205 = Op so that zr € I Also (rz)t = r(at) = 04 since at € J. Therefore rz € I as
well, and [is an ideal.

26. Certainly 0, € K so K is not empty. If a, b€ K and r € R then ra, rb € I. Hence r(a — b) =
ra—rbe I,and a— be K. Also if z € R then r(za) = (rz)a € I and r(az) = (ra)zxe Iz c L
Therefore za, ax € K and K is an ideal.

27. Following the answers in the text, we suppose r € R and a € K. Then f(a) = 04 by
hypothesis so that flra) = f(r)f(a) = f(r):05 = 05 Therefore ra € K and K is an ideal.

28. Since polynomials add term by-term, if f( z), g(x) € Ilz] then flz) — g(x) € Ix]. If r(x) =
Za].a;] € R[z] and flz) me € I[z] then the coefficient of 2" in 7(2)f(z) equals
a,m, +a,m,_, + - +a,m,. ThlS lies in I since each m; € I Therefore r(z)f(x) € I[2]. Hence
I[2] is an ideal.

29. Answered in the text.

30. By Exercise 3.2.36 the set N of nilpotent elements of R is a subring. If n € N and r € R then
n* = 0y for some positive integer k. Therefore (rn)" = r*n* = 0, and rn € N. Hence N is an
ideal.

31. (=) Answered in the text.
(&) Suppose a = bu where u is a unit. For any r € R we have ra = (ru)b € (b). Therefore
(a) < (b). Since b = au the same argument provides the reverse inclusion.

32. (a) flw) € Jif and only if f0) is a multiple of 3 in Z, or equivalently: f{0) € (3). If flz), g(z)
e Jthen (f— ¢)(0) = f(0) — g(0) € (3) and hence flz) — g(x) € J. Also if f{z) € J and
r(z) € Z[a] then (r-f)(0) = r(0)f0) € (3) as well so that r(z)f{z) € J. Hence J is an
ideal.

(b) Suppose J = (h(z)) is principal. Then 3 € J implies that 3 = h(z)q(z) for some ¢(z) €

Z[1]. Then deg h(z) = 0 so that h(z) = c¢ is a nonzero constant. Also z € J so that x =
cr(z) for some r(z) € Z[z]. Comparing the leading coefficients shows that ¢ = +1. But
then 1 = + ¢ € Jso that J = Z[1] by Exercise 13. This contradiction shows that J is not
principal.

33. If r, se R and n, m € Z then (ra + na) — (sa + ma) = (r— s)a + (n— m)a liesin A. If z, r
€ Rand n e Z then x (ra + na) = (ar + nx)a € A. Also a = Oy a + 1-alies in A. Hence A is
an ideal containing a.
If Jis an ideal with @ € J then J absorbs products, so ra € J for every re R. If n € Z and
n> 0 then na = a+ a+ - + a € Jsince J is closed under addition. Also (—n)a = —(na) = 0,
— na € Jsince J is closed under subtraction. Therefore A < J.

34. Certainly M c Jand M # J. If m, m'e Mand r, '€ R then (m + ra) — (m'+ rla) = (m—m') +
(r—7r)ae JIfme M, r,xe Rthen z(m + ra) = am + zra € J. Therefore Jis an ideal.
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35. If I# (3) there exists b € I with b ¢ (3). Then 31 b and since 3 is prime, (b, 3) = 1. Then
there exist x, y € Z with 1 = 3z + by € I By Exercise 13 we conclude I = Z.

36. By definition IJ is closed under addition (@ finite sum plus a finite sum is another finite sum).
If ae ITand b€ Jthen —(ab) = (—a)b lies in IJ. Therefore IJ is closed under taking negatives,
so it is closed under subtraction. If a € I, b € Jand r € R then r(ab) = (ra)b and (ab)r =
a(br) both lie in IJ. Therefore (using the distributive law) IJ absorbs products. Clearly 0, €
1J so it is not empty. Hence it is an ideal.

37. Suppose a # 05 Then the ideal (a) contains a = Iy a, so that (a) # (03). Therefore (a) = R so
that 1, € (a). This means that 1; = ra for some r € R and therefore a is a unit. Since every
nonzero element is a unit, R is a field.

38. Suppose a € Jand z € R. Then a" € I for some positive integer n, and (za)" = 2"a" € I since
I'is an ideal. Hence za € J. Now suppose a, b € Jso that o™, b" € I for some positive integers
m, n. Then (as in Exercise 3.2.36) (a + b)™"" ' equals a sum of terms of the type C-a’b* where
C > 0 is a binomial coefficient, and 7, s 2 0 with r + s = m 4+ n — 1. Then either 7> m or s >
n (for otherwise r< m — 1 and s < n— 1 so that 7 + s < m + n — 2 which is false). Therefore
either " € I or b € I, so that each term of this sum lies in I. Therefore a + b € J. This
proves that Jis an ideal.

39. (a) c= L 0 OJ has no inverse in M(R). (There is no matrix a with ac = 1, as seen in Exercise 9.)

10 01
(b) Suppose J # (0) is an ideal. Consider the special matrices F|, = [0 OJ, E, = {O 0],

0 0 00
E, = [1 OJ and E,, = [O 1].Note that E, = EF,, By = EyFE, and Ey = EyE E),.

Then if F,, € J, all these special matrices lie in J and hence every matrix

c d
(a b)

Suppose M = L dJ € J is a nonzero element. Note that
c

a b
( ] =aFE, +bE, + cE, +dE,, lies in J. In that case, J = M(R).

aby, = E,ME, bE,, = E,,ME,,

ck,, = E,,ME,, dEy, = E,MEy,
Since at least one of a, b, ¢, d must be nonzero, one of these equations implies that F; lies in
the ideal J. The preceding paragraph then applies.

40. If I# (0) then these exist positive elements in I (if 7 € I men —r € I). By the Well Ordering
Axiom there is a smallest positive element ¢ € 1. Then certainly (¢) < I If a € I, the division
algorithm implies that a = cq + r for some ¢, 7 € Z where 0 < r < ¢. Then r=a—-cqe I
and the minimality of ¢ implies that r cannot be positive. Therefore r = 0 and a = cq € (¢).
Therefore I < (¢) and we do have I = (¢).
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41. (a) Suppose a/s, b/t € S where s, t are odd. Then a/s — b/t = (at — bs)/st and (a/s)(b/t) =
(ab)/(st) have odd denominators so they also let in S. Therefore S is a subring.
(b) Suppose a/s, b/t € I where a, b are even and s, t are odd. Since at — bs is even and st is
odd we see that a/s — b/t € I For any ¢/u in S we see that ac is even and su is odd so
that (a/s)(c¢/u) € I Hence Iis an ideal in S.
(c) Let a/se S. If ais even then a/s € I Otherwise a is odd so that a — sis even and (a/s) —
1=(a—s)/s€ I Then a/se 1+ L

42. (a) Suppose a/s, b/t € T where s, t are not divisible by p. Then a/s — b/t = (at — bs)/st and
(a/s)(b/t) = (ab)/(st) have denominator st which is not divisible by p (by Theorem 1.8).
Then these quantities lie in 7' so that T is a subring.

(b) Suppose a/s, b/t € I where a, b are multiples of p and s, ¢ are not divisible by p. Since
at — bs is a multiple of p and st is not, we see that a/s — b/t € I. For any c/u in T we see
that ac is a multiple of p and su is not, so that (a/s)(c/u) € I. Hence Iis an ideal in T.

(c) Let a/s € T. Since s and p are relatively prime there exists z € Z with 0 < =z < p
satisfying sz = a (mod p). Then (a/s) — = (a - sx)/s e I, and a/s € =+ I for this value
of x. Therefore the only cosets are I, 1 + I, 2 + I, ---, (p— 1) + L

Finally to show those cosets are distinct suppose two of them coincide; n + I = m + [ for

some 0 £ n < m < p. Then k= m — nlies in T and 0 < k < p. This implies that k£ = a/s

where p | a and p[s. But then a = ks and Theorem 1.8 implies p | k. This contradiction shows

that there are p cosets.

43. (a) If flz) = xg(z) for some ¢(x) € Z [2] then f{0) = 0 so that f(x) € J. Conversely, if f(x) € J
then f(0) = 0 and the Factor Theorem 4.15 implies that z | f{z) so that fz) € (z).
(b) Answered in the text.

a b a' b' a—a' b-0' ' ' a b) (a' b
44. (a) [0 a]_ 0 o=l 0 a—a'l T is closed under subtraction, 0 allo ol

(aa' ab'+ba'

!

0 ] so T is closed under multiplication and it also follows that T is
aa

commutative. Therefore T is a subring.

a b\ /0 0 ax
(b) Tt is easy to see I is closed under subtraction. Also (0 a] '(0 a = (O Oj so that I is

an ideal. Note that the product of any two elements of I equals 0.

a b a 0
(¢) For any a, b € R we easily see that (O CJ = [O a] (mod I). Therefore each coset of T

a 0
equals [0 aj + I for some a € R.
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a b a' b a—a' b-0 a bra' b aa' ab'+be
45. - = d = that i
5 (a) 0 ¢ {0 c' [ 0 c—c' an 0 ¢ (0 c' [ 0 cc' so that 5 is a

subring.

) o a b\(0 =z 0 ax 0 z\(a b
(b) I'is closed under addition and we see that o <llo ol=lo o and 0o ollo al®

0 zc
0 ol Therefore Iis an ideal in S.

a b a a
(¢) Certainly (0 CJ = (0 j (mod I), so that any coset of I equals (0 (C)J + I for some

pair (a, ¢) € R x R. To show these cosets are all distinct it suffices to note that if

a 0
[O cj € Ithen (a, ¢) = (0, 0). This statement is clear from the definition of I.

46. Suppose I # (0). Then there exist nonzero elements in I and the Well Ordering Aziom implies
that there exists some p(x) € I of smallest degree. Certainly (p(z)) < I. Conversely suppose
fz) € I The division algorithm implies that f(z) = p(x)q(z) + r(x) for some ¢(x), r(z) € Fl]
where either 7(x) = 0, or deg (z) < deg p(x). Since f(x), p(z) € I we know r{z) € L If r(x) #
0y this contradicts the minimality of deg p(z). Therefore r(z) = 0p and f(z) € (p(x)). Hence
I c (p(z)). Consequently, I = (p(z)) is principal.

47. (=) Let u be the identity element of S. The ideal (u) in Z, equals {0, u, 2u, 3u, -+ , (n — 1)u}.
Since S is closed under addition all these elements lie in S. Conversely if s € S we have s = us
€ (u). Hence S < (u) so that S = (u). The condition v’ = u is clear since w is the identity
element.

(&) If S = (u) is an ideal then certainly S is a subring. Every s € S can be written s = ru
for some r € Z,. Then su = (ru)u = ru’ = ru = s so that u acts as the identity element of S.

6.2 Quotient Rings and Homomorphisms

1. Here 6(f(z)) = f(0) so 0 is an “evaluation homomorphism” as considered in Exercise 4.4.24.

2. If ¢p: F > R is a surjective homomorphism then the kernel is an ideal of F. By Exercise
6.1.14 this ideal is either (0) or F. If it is F then ¢ carries every element to 0, so that R =
{04} is the zero ring.

Otherwise the kernel is (0) and ¢ is injective, by Theorem 6.11. Hence @ is an isomorphism.

3. Answered in the text.

4. (a) If [a];, = [b];» then a = b + 12k for some integer k. Therefore [a], = [b],. Also f([a];, +
[0]:2) = flla + blyy) = [a + b, = [d], + [0, = f([a],) + f([b];). Products work similarly.
For any n € Z, [n], = f([n];,) so fis a surjective homomorphism.
(b) The kernel equals ([4].5) = {[0].s, [4]i2, [8]12}-
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10.

11.

Answered in the text. Z; is not an integral domain.

ker ¢ is the set of elements f(z) € R[z] such that f(2) = 0, i.e., polynomials with 2 as a root. By
Theorem 4.16, this means that « — 2 is a factor of f(z). Thus ker ¢ is the set of polynomials that
are multiples of z — 2; that is, ker ¢ = (z — 2), the ideal generated by = — 2.

The identity map 7: R — R has kernel (0;). The First Isomorphism Theorem implies that
R/(0z) = R.

First check that #((r, s) + (v, 8)) = a{r + 7, s + s) = r + ' = a(r, s) + #(r, s) and
similarly for products, so 7 is a homomorphism. It is surjective since r = z(r, 0y). The kernel
K equals {(0g, s) | s€ S}. The map p : K — S defined by p(0z, s) = s shows that K = S.

a 0 a0 a-a 0
(a) For subtraction: [b cj - {b’ c’j = [b b ee c’j . For multiplication:

a a" 0 aa' 0
(b . (b’ c/j = (ba/+ b’ cc’) Therefore R is a subring of M(Z) and R contains the

identity matrix.

@ Oj =a. The homomorphism

(b) The map f is surjective since for every a € Z: f(o 0

properties are easy to check by glancing at the formulas for subtraction and
multiplication in part (a).

00
(¢) The kernel equals {[b ] :bce Z}

C

(a) If s, t € f{I) then s = f{a) and t = f(b) for some a, b € I Then s + t = fla) + f(b) = fla
+ b) € f{I). For any u € S there exists r € R with u = f(r), using the surjectivity. Then
us = flr)fla) = flar) € f(I). Similarly su lies in f{I). Therefore f(I) is an ideal.

(b) There are many examples. The inclusion map @: R — C is a homomorphism of fields. The
field R is an ideal in itself, but @(R) = R is not an ideal in C.

(a) To see that f is a homomorphism, note that

Fl(@+bV2) + (c+dV2) = f((a+c)+ (b+d)V2) = (a+¢) — (b+d)V2
=(a—bV2) + (c—dV2) = fla+bV2) + f(c+dV?2)
f(a+bV2)(c+dv?2)) = f((ac+ 2bd) + (ad + be)V2) = (ac + 2bd) — (ad + be)v'2
= (a —bV2)(c —dV?2) = f(a+bV2)f(c+ dV2).

f is clearly surjective since an arbitrary element ¢ 4 dv/2 € Z[V/2] is f(c — dv/2).

(b) Suppose f(a 4+ bv/2) = 0. Then a — by/2 = 0 and thus a = b\/2 for a,b € Z. Since /2 is
irrational, this is impossible unless a = b = 0 (otherwise § = V/2). Thus a + bv/2 = 0, so that
ker f = {0}. By Theorem 6.11, f is injective. Since it is also a surjective homomorphism, it

follows that f is an isomorphism.
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6.2

Quotient Rings and Homomorphisms 7

12

13.

14.

15.

16.

17.

18.

19.

20.

. Forany a, be Rwehave (a+ )b+ 1) —(b+ DN(a+ 1) =ab+ 1-ba+ I=(ab—ba)+ I
= [ Therefore (a + D)(b+ I) = (b + D(a + I).

a + I'has a square root in R/I if and only if there exists b € R where a + = (b + I)> = §* +
I This occurs if and only if a — ¥* € L

If a € R then a + [is a solution of 22 = zin R/Iif and only if a + I = (a + I)* = a* + L
This occurs if and only if a — a* € L

R/I has an identity if and only if there exists e € R such that (e + I)(a + I) = a + I for
every a € R. This equation is equivalent to: ea + I = a + I, which is the same as requiring:
ea—ac€ I

R/Iis a commutative ring with identity and it is not the zero ring, since I # R. Then R/I is
an integral domain if and only if: whenever (a + I)(b + I) = I then either a + [ = Tor b + I
= I. This is equivalent to saying: whenever ab € I then either a € Tor be I

(a) la+b)=((a+b)+L(a+bd)+)=((a+ D)+ (D+D,(a+J)+ (b+J)=(a+1
a+ J)+ (b+ I b+ J) = fla) + f(b). Similarly flab) = fla)f(b).

(b) No, fis not necessarily surjective. For example f: Z — Z/(2) x Z/(4) is not surjective. In
fact (a + (2), b + (4)) lies in the image of fif and only if a = b (mod 2). (Why?)

Let S be a homomorphic image of R, say f: R — S is a surjective homomorphism. Then the
First Isomorphism Theorem implies that S = R/K where K is the kernel of f. Theorem 6.9
implies that S is a commutative ring with identity. Now let M be an ideal of S and define I =
(M) ={re R: f(r) e M}. Lemma. [ is an ideal of R containing K and f(I) = M.

Proof. If a, b € I then f(a), f(b) € M so that fla + b) = fla) + f{b) e M. Also if re R then f{ra)
= f{r)f{a) € M. Hence Iis an ideal. Since 0g € M it follows that KcI. It is clear that fI) ¢ M.
Conversely if m € M there exists r € R with f{r) = m, since f is surjective. But then re I by
definition and m € f(I).

Now let us assume every ideal of R is principal. For any ideal M of S as above we have M =
f(I) where Iis an ideal of R. By hypothesis, I = (r) for some re R.

Claim. M = (f(r)) is principal.

Proof. If m € M then m = f(w) for some w € I. Then w = rt for some t € R, so that m =

flrt) = fir)f(t) € (f(r)). Conversely if m € (f(r)) then m = sf(r) for some s € S. Since f is
surjective we have s = f(t) for some t € R and m = f{({)f(r) = f(tr) € ) = M.

For any a, b € R we have (a + K) - (b+ K) = (a—b) + K€ I/K and for any r € R we
have (r+ K)(a+ K)=ra+ Ke I/K and (a + K)(r + K) = ar + K € I/K. Therefore I/K
is an ideal.

To show f is well defined suppose r + I = 7 + L To Show. f(r) = f(r').
Proof. Given r — v € I we have f(r) — f{r') = f{r — ') = 04 since I is contained in the kernel.
Then f(r) = (7).

Ifr Pe Rthen f((r+ D+ (P+10)=fr+r+D=fr+7r)=fr
+ f (7 + ). Similarly, f ((r+ D-(7 + 1)) = firr' + 1) = frr') = fir) i) =

I). Hence f is a homomorphism.

(r+1

fir) =
r (r +

t S
flr+1D)f
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21. Let @ : Z — Z; be the natural projection defined by @(k) = [k];. The kernel of ¢ is (5) which
contains the ideal (20). By Exercise 22 there is an induced homomorphism @ : Z,, — Z;. Here
® ([Ky) = [K; and we see that the kernel of @ is exactly (5) in Z,,. The First Isomorphism
Theorem then implies that Z,,/(5) = Z;.

22. This was done in the solution to Exercise 20.

23. (a) If m, n € Z we need to know that (m +n)l, =ml, + nl; and (mn)l, = (mgz)(ng).
These follow from results of Exercise 3.2.21.
(b) The kernel of fis an ideal J of Z. If J = (0) then for every n > 0 we have nl, = f(n) # 0.
Therefore the characteristic of R is zero, and the assertion is true. Suppose J # (0). Then by

Exercise 6.1.38, J = (n) is a principal ideal generated by the smallest positive element n € J.
That is, n is the smallest positive integer with nl, =0z Then n is the characteristic of R (as
in Exercise 3.2.31).

24. The idempotents are 0, 1, 22 + 1 and —2%.

25. Answered in the text.

26. A direct proof is easily given, since we know there are only two cosets, and the quotient ring
is a commutative ring with identity. Comparing the tables shows that this ring of two
elements is isomorphic to Z,. For a more “abstract” proof see Exercise 29.

27. Define ¢ : S — Z, by ¢(r/s) = [7],[s],". Suppose 7/s is not in lowest terms, so that r = dr
and s = ds, where d = (r, s) is the god. Since [1],[5]," = [n],[s1]," we conclude that ¢(r/s) =
[1],[s]," even if r/s is not in lowest terms (provided p| s of course).

If /s and 7/s € S then @(r/s + 7/s) = @((rs + s')/ss) = [rs' + s1'],[s8]," = [ S, [ss], " +
[s7'], [ss], " = @(r/s) + @(r'/s). Similarly, @((r/s)(r/s)) = @(r/ss) = [rr],[ss]," = ([r],[s], ")
([7"],181,") = @(r/s) ¢(r*/4). Therefore @ is a homomorphism. It is surjective since @ (1) = [7],
for any r € Z. Check that the kernel equals the ideal I. The First Isomorphism Theorem
implies S/I = Z,
(a b)
28. Define ¢: T — R by qDLO aJ = a. From the formulas in Exercise 6.1.42 it follows that ¢ is a

homomorphism. It is certainly surjective and the kernel is seen to be the ideal I of that

Exercise. The First Isomorphism implies that T/ = R.

a b
29. Define y:T — R x R by l//(o c] = (a,¢). From the formulas in Exercise 6.1.43 it follows that

v is a homomorphism. It is surjective with kernel = I. The First Isomorphism Theorem

implies that 7/I =R x R.

30. Define f: I — (I + J)/J as in the Hint. It is a homomorphism since it is the restriction of the
projection homomorphism 7 : R — R/J. Every element of (I + J)/J equals some coset i + j
+ Jfor ie Iand j e J. But this coset equals 1 + J = f{4), so that fis surjective. If ae I N J
then fla) = a + J = J so that a is in the kernel. Conversely, if a € I lies in the kernel then
fla) = a + J = J, so that a € J. Therefore a € I N J. The First Isomorphism Theorem
implies that I/(In J)= (I+ J)/J.
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6.3 The Structure of R/I when I is Prime or Maximal

79

31. Let m#: R — R/I be the projection homomorphism, which is surjective with kernel I. Since K
c I Exercise 22 implies that there is an induced homomorphism f= 7: R/K — R/I where f(r
+ K) = r + L It is surjective since 7 is surjective. If a € I then fla + K) = a + I = Iso that
a + K is in the kernel. Conversely, if 7 + K is in the kernel of fthen r 4+ I = fir+ K) =1
and r € I Then the kernel = {a + K : a € I} = I/K. The First Isomorphism Theorem

implies that (R/K)/(I/K) = R/L
32. (a) Suppose M is an ideal in R/K. Let 7: R — R/K be the projection homomorphism. Then

(b)

6.3

6.

I=n7x'"(M)={re R|z(r) € M} is an ideal of R containing K, and furthermore, (1) = M.
This was all proved in the answer to Exercise 20. Note mat #{]) = {a + K | a € I} = I/K.

Let I(S) denote the set of all ideals in the ring S. Let I,(R) be the set of all ideals of R
which contain K. Define a: I(S) — I(R) by a(M) = f'(M) = {re R | f(r) € M}. (By
Exercise 24, this map a is wetl-defined.) Define f: I;(R) — I(S) by BI) = f(I). (By
Exercise 11 this f is well-defined.) As proved in Exercise 20 we also know that f(a(M)) =
M. Claim. a(f(I)) = I

Proof. a(f(I)) = {re R | f{r) € f(I)}. This set certainly contains I. Conversely if f{r) € f(I)
then f(r) = fla) for some a € I Then f(r—a) = 0ysothat r—ae Kc Landre a+ I=1

Therefore a and S are inverses of each other, so they are bijections.

The Structure of R/I when [ is Prime or Maximal

Answered in the text.

If Pis a prime ideal then Theorem 6.14 implies that R/P is a finite integral domain. By
Theorem 3.11 it is a field, hence P is maximal by Theorem 6.15.

(a) First note that p B prime if and only if —p is prime, and that (p) = (-p). Therefore we
may assumep > 0. Ifp = 1 thenp is not prime andZ/(p) = (0) is not a field. Suppose
p > 1. Theorem 2.8 implies that pi a prime if and only if Z, & a field. Then, p & a prime
number if and only if (p) is a maximal ideal, using Theorem 6.15.

(b) If p(z) = 0 is the zero polynomial then it is not irreducible and (0;) is not maximal. If
p(x) = ¢ is a non-zero constant then it is not irreducible and (p(z)) = Fla] is not a
maximal ideal. Suppose deg p(z) = 1. By Theorem 5.10, p(z) is irreducible if and only if
Fla]/(p(z)) is a field. By Theorem 6.15 this is equivalent to saying (p(z)) is a maximal
ideal.

R is an integral domain if and only if: if ab = 0, is R then either a = 0, or b = 0;. By the
definition of “prime ideal” this says exactly that (0) is prime.

For Zg the maximal ideals are (2) and (3).
For Z,, the maximal ideals are: (2) = {0, 2, 4, 6, 8, 10} and (3) = {0, 3, 6, 9}.

(a) The ideals of Zg are all principal (see Exercise 6.2.20) so they are (0), (I) = Z, (2) = {0,
2,4, 6} and (4) = {0, 4}. The only maximal ideal is (2). Similarly the ideals of Z, are (0),
(1) = Zy and (3) = {0,3,6}. The only maximal ideal is (3).

(b) The ideals (2) and (5) are maximal in Z,, and (3) and (5) are maximal in Zs.
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12.

13.

14.
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Answered in the text.

As the hint suggests, let I = (2) and J = (3) as ideals of Z. Then I consists of all multiples of 2
and J of all multiples of 3, so elements of I N J are multiples of both 2 and 3, so are multiples of
6. Thus I NJ = (6). This is not a prime ideal, since for example 2 -3 € I NJ but neither 2 nor 3 is
in I N J since neither is a multiple of 6.

Answered in the text.

Define ¢ : Z[z] = Zp by ¢ (f{z)) = [f(0)],. This map is the composition of the evaluation
homomorphism Z[1z] — Z considered in Exercise 4.1.16 (or Exercise 4.4.24) and the natural
homomorphism # : Z — Z, Therefore ¢ is a surjective homomorphism. The First
Isomorphism Theorem implies that Z[z]/K = 7Z, where K is the kernel of ¢. This K is a
maximal ideal by Theorem 6.15. Finally, a polynomial f(z) lies in K if and only if [f(0)], =
[0],, if and only if f{0) is divisible by p. Since f(0) is the constant term of flz), J = K.

The map ¥ : Z[z] — Z defined by w(f(z)) = f(1) is a surjective homomorphism by Exercise
4.4.24. A polynomial f(z) is in the kernel if and only if f{1) = 0. As remarked in Exercise
4.4.20 the Factor Theorem remains valid over any commutative ring with identity. Therefore
fll) = 0 if and only if (z — 1) | f{z). Then the kernel equals the ideal (z — 1). The First
Isomorphism Theorem says that Z[1]/(x — 1) = Z. By Theorems 6.14 and 6.15, (z — 1) is
prime but not maximal.

Define ¢ : Z x Z — 7Z, by ¢ (m, n) = [m],. It is easy to verify that ¢ is a surjective
homomorphism. The kernel of ¢ consists of all (m, n) with p | m. Therefore M is this kernel.
The First Isomorphism Theorem implies that (Z x Z)/M = Z, and Theorem 6.15 implies
that M is maximal.

Define f: Rx R— R/I x R/I : (a,b) — (a+ I,b+1I). Then f is a homomorphism of rings since

f((a,b) + (c,d)) = f(a+c,b+d) =(a+c+I,b+d+I)=(a+I,b+I)+(c+I,d+1I)

= f((a,0)) + f((e,d))
F((a,b)(c,d)) = f((ac,bd)) = (ac+i,bd +1i) = (a+ [,b+ I)(c+ I,d+ 1) = f((a,))f((c,d)).

(The next-to-last equality in the previous line holds since (a+I)(c+1) = ac+al+cI+11 = ac+1
since [ is an ideal). Thus f is a ring homomorphism. It is clearly surjective, since given (a+1,b+1)
a general element of R/I x R/I, we have (a +I,b+1I) = f((a,b)), so it is in the image of f. (Note
that many choices are possible for a and b given an element of R/I x R/I). It remains to determine
ker f. Suppose f((a,b)) =0. Then f((a,b)) =(a+1,b+1)=(0+1,0+1),sothata+I=0+1
and thus a € I, and also b+ I =0+ I so that b € I. So ker f consists of those (a,b) with a,b € I;
that is, ker f = I x I. Since f is a surjective homomorphism, we have (Rx R)/(I xI) =2 R/Ix R/I
by Theorem 6.13.

No. In fact if I, J are ideals of R consider the map a: R x R — (R/I) x (R/J) given by a(a, b)
= (a + I, b + J). Check that this is a surjective homomorphism with kernel I x J. The First
Isomorphism Theorem then implies that (R x R)/(Ix J) = (R/I) x (R/J). In particular, (R X
R)/(Px P) = (R/P) x (R/P). This ring is not an integral domain and therefore P X P is not
prime.
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6.3 The Structure of R/I when I is Prime or Maximal 81

15. (a) The axioms involving addition alone are certainly satisfied. For multiplication we have:
Associative. a(bc) = 0 = (ab)c for every a, b, c.
Commutative. ab = 0 = ba for every a, b.
Distributive. a(b+ ¢) =0=0+ 0 = ab + ab.
(b) Answered in the text. Corollary 6.16 requires R to have an identity element.

16. Suppose there is an ideal J# M with M < J c E. Choose n € Jwith n ¢ M. Since M contains
every multiple of 4 in Z we have n =4k + 2 for some integer k. Since 4k € M, 2 = n —4k e J.
Then every multiple of 2 lies in J and J = E. Therefore M is maximal.

Claim. E/M has no identity element. Proof. For any z, y € F, xy is a multiple of 4 so that zy
€ M. Therefore, (z +M)(y +M) = M and every product in E/M equals zero. An identity
element e in F/M would have to be zero, since e = ee = 0. In that case E/M = (0) and
E = M. Since E # M, no identity can exist.

Theorem 6.15 requires R to have an identity element.

17. Answered in the text

18. Suppose P has the given property. To prove P is prime suppose a, b € R and ab e P.
Claim. The ideals A = P 4+ (a) and B = P + (b) have the property that AB < P. Proof.
Typical elements of A and B are p, + azx and p, + by for p,, p, € Pand z, y € R. Then (p, +
az)(p, + by) = ppy + piby + azp, + abry. Each term here lies in P, so the whole product lies
in P. Since these products generate AB we conclude AB ¢ P.
Therefore either A < P so that a € P, or B < P so that b e P.

Conversely suppose P is prime and A, B are ideals with AB < P. If the assertion is false then:

A g Pand B g P. Then there exist a € A and b € B with a, b ¢ P. But abe ABc P

and since P is prime either a € P or b € P. This contradiction shows that the assertion must
be true.

19. Claim. If R is a commutative ring with identity then the set of nonunits in R equals the
union of all the maximal ideals of R.
Proof. If a € R is a nonunit then the ideal (a) is not the whole ring. The assumed property
implies that (a) is contained in some maximal ideal, so a lies in that union. Conversely, if u is
a unit in R then w cannot lie in any maximal ideal. (An ideal J contains a unit only when
J = R. See Exercise 6.1.13.) Therefore u is not in that union.
In the case R contains a unique maximal ideal M this claim says that the set of nonunits
equals M.
Conversely suppose the set of nonunits forms an ideal J. The Claim implies that M < J for
every maximal ideal M of R. Since J # R (since J does not contain any units) the maximality
of M implies that M = J for every maximal ideal. Therefore there is a unique maximal ideal M.

20. The projection map 7 : Z X Z — Z defined by a{m, n) = m is a surjective homomorphism
with kernel K = (0) x Z. By the First Isomorphism Theorem we have (Z X Z)/K = Z. Then
Theorem 6.14 and 6.15 imply that K is prime but not maximal.
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21. (a) Verifying R is a subring is easy to do: just examine the formulas for sum and product of
complex numbers. The set M is exactly the principal ideal (3). Suppose r + si ¢ M so that
either 3Xror 3)/3.

Claim. 3| (* 4+ &). Proof. Otherwise 7 + & = 0 (mod 3). Plug in all the possibilities for r, s
(mod 3) to see that r = s=0 (mod 3). Then 3 | rand 3 | s, contrary to hypothesis.

Now suppose J is an ideal larger that M. Choose some r + si € J where r + si ¢ M. Then r?
+ & = (r+ si)(r — si) € Jand we know 3 € J. By the Claim, 3 and 7* + & are relatively
prime integers, so there is a linear combination of them equal to 1. Then 1 € Jso that J = R.
Therefore M is maximal.

(b) By part (a) and Theorem 6.15, R/M is a field. Working with congruence mod M check
that any a + bi € R can be reduced to some a' + b'i where 0 < ' < 3 and 0 < ' < 3.
There are 9 of these representative elements. Check that these are non-congruent, so that
R/M has exactly 9 elements.

22. The set J here is the principal ideal (5). Since (2 + 4)(2 - i) € Jbut 2 + iand 2 —i¢ J. Jis
not a prime ideal.

23. We want an explicit isomorphism R/(5) = Z; X Z;. One way to do this is to argue that R =
Z [1]/(2* + 1) so that we ought to have R/(5) = Zs[2]/(2* + 1). Since 2% + 1 = (z - 2)(z + 2)
in Zg[z] we get induced homomorphisms to Z;[z]/(z — 2) and to Zs[z]/(x + 2). These rings are
isomorphic to Z; by “evaluation” at 2 and at —2. Gluing all these steps together, motivates
the following definition.

Let ¢ : R — Z; X Z 5be given by @(a + bi) = ([a + 2b];, [a — 2b];). It is straightforward (but
somewhat long) to check that this ¢ is a surjective homomorphism, and to calculate that the
kernel is exactly the ideal (5). The First Isomorphism Theorem implies finally that R/(5) =
Ly X Zs.

The tedious calculation in the preceding paragraph can be avoided if the steps in the first
paragraph can be made precise. This can all be done with a little more work, using various
versions of the Isomorphism Theorems.

24. As in Exercise 22 define ¢ : R — Z; by w(a + bi) = [a — 2b];. The work done there already
implies that ¥ is a surjective homomorphism. If a + bi is in the kernel then [a — 2b]; = [0]; so
that a« = 2b + 5¢ for some q € Z. Therefore a + bi = (2 + )b + 5¢= (2 + 9)-(b + (2 - 9)q)
lies in the ideal (2 + ). Consequently the kernel is (2 + i) and the First Isomorphism
Theorem can be applied.

25. The set M here is exactly the principal ideal (5). Suppose J is an ideal larger than M and
choose some 7+ s+/2 € J but not in M. Then either 5X7° or 5/5. We know that 5 M c J
and also that 17 — 25 = (7 + s2)(r— s32) € J.

Claim. 7 — 2¢* and 5 are relatively prime.
Proof. If not then we have 7* = 25* (mod 5). If one of r, s is congruent to zero they both are.

Therefore we must have 7, s 2 0 (mod 5). Then (r/s)* =2 (mod 5), but checking 07, 1%,..., 4
we see that 2 does not occur. This contradiction proves the Claim.

From the Claim conclude that 1 is an integer linear combination of 7 — 2s* and 5 so that 1 €
J forcing J = (1) = T. Therefore M is a maximal ideal.
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Chapter 7

Groups

7.1 Definition and Examples of Groups

1. Answered in the text.
2. (a) Since 1 is the multiplicative identity, it is its own inverse. Since 2-2 =4 =1 (mod 3), we see
that 27! = 2.

(b) Since 1 is the multiplicative identity, it is its own inverse. Further, 2-3 =3-2=6 =1 (mod 5),
so that 2 and 3 are multiplicative inverses. Finally, 4-4 = 16 =1 (mod 5), so that 4 is its own
inverse.

(c) Since 1 is the multiplicative identity, it is its own inverse. Further,2-4 =4-2 =8 =1 (mod 7),
so that 2 and 4 are multiplicative inverses. Next, 3-5=5-3=15=1 (mod 7), so that 3 and
5 are multiplicative inverses. Finally, 6 -6 = 36 =1 (mod 7), so that 6 is its own inverse.

3. (a)18 (b) 8 (c) 24 (d) 120 (e) 6
4. (a) No, it is not. Although G is closed under the operation as a subset of Zjg, there is no
multiplicative identity.
(b) No, it is not. G is not closed under the operation, since for example 2 —2 =0 ¢ G C Z1o.
(¢) No, it is not. G is not closed under the operation, since the sum of two odd integers is even.

(d) Yes, it is. G is closed since 2% x 2¥ = 2%2¥ = 2%%¥ ¢ @ since the sum of two rationals is
rational. Next, 20 is the identity, since 20 % 2% = 2027 = 204 — 20 and the inverse of an
element 2% € G is 27 (which is again a rational power of 2), since 2% x 2% = 27+(=2) = 20,
which is the identity.

5. (a) The determinant of this matrix is 2-1—0-2 = 2, and 27! = 2 in Z3. Also, in Z3, we have
—2 =1 since 1 +2 = 0. Then by Example 8 in Section 3.2, the inverse is

2 0\ ' [ 1-27' 0-271\ _ 2 0\ _(2 0
2 1) T\-2.270 2.271) T 2.2 2.2) T (2 1

Thus the matrix is its own inverse.
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(b) The determinant of this matrixis 1-4 —2-3=4—-6=—2=3 (mod 5), and 37! = 2 in Zs.
Then by Example 8 in Section 3.2, the inverse is

1 2\" [ 4.3 —2.371\ (4.2 —2.2\ (31
3 4/ \-3-37t' 1.3/ \-3.2 1.2) 4 2
(c) The determinant of this matrixis 3-6 —5-4=18-20= —2=5 (mod 7), and 571 = 3 in Z-.
Then by Example 8 in Section 3.2, the inverse is

3 5\ " (65" —5.-5"1\ (6.3 2.3\ (4 6
4 6 “\—-4.571 3-571) 7 \3-3 3.3/ \2 2
6. Using the hint, note that Z, as an additive group satisfies a+a = 0 for each element. Then consider
Zs X Zs, and compute (for a,b arbitrary elements of Z5)

(a,b) x (a,b) = (a+a,b+b) = (0,0),

which is the identity element of Zy X Zs. Thus every element of the product group is its own inverse,
as desired.

7. (a) There are sixteen possible 2x 2 matrices each of whose elements is 0 or 1. Of these, the matrices
that have zero or only one 1 have determinant zero, so they are not in GL(2,Zs). There are
five of these. There are also four matrices that have a row or column of zeros and a row or
column of ones; these also have determinant zero. That leaves seven matrices. The matrix

<1 1) also has determinant zero, leaving six matrices, which together form GL(2,Z,):

1
0 B G R VY B GO B AR R G
(b) For example, in GL(2,R),
GGG e GG )-61)

In GL(2,Z,), use the same two matrices. The two products, when interpreted as elements of

Zs, are the unequal matrices
0 1 1 1
(1 1) and (0 1) .

8. U ={1,3}. U,={1,5}. U,={1379} .0, ={1, 3, 7, 9, 11, 13, 17, 19}
Uy = {1,7, 11, 13, 17, 19, 23, 29},

9. Answered in the text.
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7.1 Definition and Examples of Groups 85

10. There is a direct computational proof that this set is closed under multiplication, contains
inverses of its elements and is abelian. Another proof is provided by letting

a b
C= b |a, b € R|} and noting that the map ¢ ¢ — (C defined by

b a

a b
ola+bi) = (—b aj is an isomorphism. (See the second Example in Section 3.3). Then G =

@(€*) is an abelian group.

11. The operation table for Z, x G:

(0, 1) (0,-1) (0, 9 (0,-9) (1, 1) (1,-1) (@A, & (1, —i)
(1, 1) {0, 1) (0,-1) (0, %) (0, -4 (1, 1) (1,-1) (1, % (1, —9)
(0,-1) |{(0,-1) (0, 1) (0,-%) (0, & (1,-1) (1, 1) (1,9 (1, %)
(0, 4 |0, o (0,-4) (0,-1) (0, 1) (1, % (1, - (1,-1) (1, 1)
(0, =4 |(0, —5) (0, 4 (0, 1) (0,-1) (1,—-9) (1, o (1, 1) (0,-1)
(1, 1) |1, 1y (1,-1) (1, % (1,-9 (0, 1) (0,-1) (0, 4 (0, —4)
(1,-1) |(1, -1) (1, 1) (1, -9 (1, 4 (0,-1) (0, 1) (0, =) (O, 19)
(1, 9 |, o (1,-9 (0,-1) (1, 1) (0, 4 (0, =5 (0,-1) (0, 1)
(1, =9 |1, =) (1, % (1, 1) (1,-1) (0, =) (0, ¢ (0, 1) (0,-1)

12. Since a composition of bijective functions is bijective, A(T) is closed under the operation. (See
Exercise 27 of Appendix B.) The composition of functions is always associative. The identity
element is the identity map ;. Finally if f € A(T) then there is an inverse function g
satisfying fo g = 1, and g o f = 1; (See Theorem B.l in Appendix B.) Therefore A(T) is a
group.

13. Note that if G is nonabelian, and H is any group, then G x H is nonabelian. To see this, choose
two elements in G with a *b # b a. Then in G x H, we have

(a,1g) * (b,1g) = (axb,1gy) # (bxa,1yg) = (b, 1) * (a,1p).

Since for example D3 is a nonabelian group of order 6, we see that D3 X Z4 is a nonabelian group of
order 3 x 4 = 12, and similarly D3 x Zyy and D3 X Z14 are nonabelian of orders 30 and 48. Finally,
D, is nonabelian of order 8, so that D4 X Zs is nonabelian of order 16.

14. The corner 1 can go to any one of the 4 corners under a rigid motion. Once the position of
corner 1 is fixed there are two possibilities: orientation face up or face down. These choices
completely determine the rigid motion. Therefore there are 4 - 2 = 8 rigid motions of the
square. There are 8 rotations listed, so they must include all the rigid motions.

15. (a) This group can be viewed as a subgroup of D,, the symmetry group of the square. The
rectangle does not allow a 90° rotation or a reflection through a diagonal, so we are left
with 4 elements: {ry, r,, h, v}.
(b) Similarly the parallelogram admits no reflections and has no 90° rotation, leaving only
two elements: {ry, r}.
(¢c) This figure admits neither 90° rotations nor diagonal reflections so its group is the
same as that of the rectangle in part (a).

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

with a certain product or service or otherwise on a password-protected website for classroom use.



86 Groups

16. (a) Compute the products:

; (D ((1) (1)):(“)(1? §)=(‘§ S)=k
S (306 D (0 )-C o)

Since these matrices are all in GL(2, C), multiplication is associative. Then using the equalities
above, together with the obvious fact that —(—1) = 1, we get

= j(=ji) = —i=i
—kj = —ijj = —ij* = i
ki = —jii = —ji> =

—ik = —iij = —i%j =j.

(b) The multiplication table is

o1
1] 1 1 -1 -i j k -j -k
: X X ;
1 i 1 i -j -k j k

j -k —j k -1 i 1 -i
k| k j -k —-j -i -1 i 1

17. (a) Answered in the text.
(b) Closure: if a, b# 0 then ab# 0 in Q so that axb e G.
Associativity: (axb)xc = (ab/3)c/3 = abe/3. Similarly ax(bxc) = abc/3. The commutative
law also holds: axb = bxa. The identity element is 3 since: 3xa = ax3 = 3a/3 = a.
For a € G the inverse is 9/a, since (9/a)xa = ((9/a)a)/3 = 9/3 = 3.

18. Function composition is always associative. The identity element is i € G.
Inverses: To find the inverse of a function f, set x = f{y) and solve for y. If x = fly) = 1/(1 — y)
then y=1-1/z= (z—1)/z = g(2). Then f' = ¢. Similarly, g' = f, k' =h,j' =jand k' = k.
Closure. For example f* (z) =1/(1 — f{z)) = (1 — x)/(-x) = g(). There are 36 such
compositions to verify.
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19.

20.

21.

22.

23.

24.

A somewhat shorter method is to verify that f* = 4, > = i and f*j = jf. From these
relations it follows that all the functions expressible as compositions of fand j are: i, f, f2, j,
[, I? ;- Therefore this set of six functions is closed under composition. These functions are i, f,
g7 j? h7 k’

Answered in the text.

Let f e S, There are n possibilities for f(1). After one such image has been chosen, there
remain n — 1 possibilities for f{2). After one such image has been chosen there remain n — 2
possibilities for f(3). This process continues until we have 2 possibilities for f{n — 1) and once
that is chosen there is only one possibility for f(n). Then altogether there are n-(n—1) ... 21
= n! possible permutations f.

Certainly ¢ is closed under #. The associative law follows: (a#b)#c = cx(bxa) = (cxb)xa =
a#£(b#c). The identity element and the inverses for the operation * also work for #.

All rotations are taken counterclockwise around the center. Let 7, be the rotation through
72k°. Then there are 5 rotations preserving the pentagon: 7y, 1y, 1y, 73, 7,. For each vertex A of
the pentagon let ¢, be the line through A and the center. The reflection 7, through the line
¢, also preserves the pentagon. There are 5 such reflections, so we have found 10 symmetries
so far. An argument similar to that in Exercise 12 shows that every rigid motion preserving
the pentagon must be one of these 10. Therefore D; consists of these 10 elements.

ab

If A= define det A = ad — be. We must verify that det(AB) = (det A)(det B) whenever

C

A, Be M(R). Let G = SL(2, R). If A, B € G then det(AB) = 1 so that AB € G. The
associative law is automatic here and the identity matrix is in SL(2, R). If A € G then det A
# 0 so A is invertible and det(A ") = (det A)' = 1 so mat A' € G as well.

Let G ={nonzero real numbers}. If a, b € G then from the definition it is clear that axb € G.
Associativity: Here is a chart of the possibilities, depending on the signs of a and b:

a b (axb)*c ax(b*c)
+  + (ab)c a(be)
+ - (ab)/c a(b/c)
-+ (a/d)/c a/ (be)
- - (a/b)c a/(b/c)

In each case the associative law is verified.
Identity. The number 1 is the identity element for this operation.

1/a if a>0

Inverses. The inverse of a is .
= a if a<O.
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25. Closure. if (a,b) and (d’, b') € R* x R then ad” # 0 so also (ad’, ba’ + V') € R* X R.
Associativity. First: (a, b)x((d’, V')x(a”, V")) = (a, b)x(d'd”, ¥'d” + b”) = (a(d a”), b(d a”) +
(ba” + b").

Second: ((a, b)x(d’, V'))*(a”, b”) = (ad’, ba’ + b)*x(a”, b”) = ((aa’)a”, (ba’ + b)a” + V).
These quantities are equal.

Identity. The element (1, 0) is the identity element.

Inverses, The inverse of (a, b) is (1/a, —b/a).

26. Closure is clear. Associativity follows from the separate associative laws in G and H, by the
same argument used for rings. The identity element is (eq ey ). The inverses also work
componentwise: If g’ is the inverse of g € G asnd A’ is the inverse of h € H then (g’, ') is an
inverse for (g, h). Also if G, H both satisfy the commutative law then so does G x H. It is
generally true for any two finite sets G, H that |G x H| = | G|-|HL.

27. Answered in the text.

28. Suppose G = {gi, G, - - - , g,} has n distinct elements. The " row of the operation table
consists of the elements: ¢,9;, g:¢, - - - , ¢:9,- If two of these quantities were equal we would
have g,9, = g9, for some r < s. But by Exercise 25 this implies g, = g,, contrary to the
hypothe81s that these g; are distinct. Therefore there are no repetitions among the elements in
the ™ row. Let g be the inverse of g. For any a € G, g a is some element of G so it equals g,
for some k. Then a = g, gl a = g,g, does lie in the 7 row of the table. Therefore every element
of G occurs exactly once in the " row. A similar argument applies to the j* column of the
table.

29. To avoid repetitions in a row or column we see that be cannot equal a, b or ¢. Then bc = d.
Similarly c¢b = d. The rest of the table is easily completed.

|a b c d
a a b ¢ d
b b a d ¢
¢ ¢ d a b
d d ¢ b a
30. First by the associative law, ba = d’a = ad® =ab = e and bb = ’b = a(ab) = ae = a. Also

af # a, b, d, e, fsince there can be no repetitions in a row or column. Therefore af = c¢. The
products ad, be, bd, bf follow similarly. The same argument shows that da = ¢, fa = d and db
= f Again by the associative law we find dc = cbec = ¢f = a. By the row and column
argument, we get ¢ = b or e. Since b and ¢ do not commute we must have ¢ =e. The rest of
the table is easily done:

e a b ¢ d f
e |e a b ¢ d f
a |a b e d f c
b |b e a f c d
c e f d e b a
d |d c f a e b
f |f d c b a e

This group is isomorphic to S; as seen by comparing tables, where a = (123), b = (132),
= (12), d = (13) and f = (23).

© Cengage Learning. All rights reserved. No distribution allowed without express authorization.



© Cengage Learning. All rights reserved. No distribution allowed without express authorization.

7.2 Basic Properties of Groups

31

32.

33.

34.

35.

36.

Answered in the text.

If fe A(T) let S;= {te T|f(t)# t}. If {t) = g(t) = t then fg(t) = t as well. Then S, c S;U S,
Similarly, f(¢) = tif and only if f '(t) = ¢ so that Sy, = S;. Since M = {fe A(T) | S;is finite}
it follows that M is closed under composition and inverses. Certainly the identity map is in M
and the associative law is automatic. Hence M is a group.

Closure. T,,(T..(2) = T,,(cx + d) = a(cx + d) + b = acz + ad + b. Therefore T, oT,, =
Tacvad+b'

Identity. T, is the identity map. Inverses. The inverse of T,, is T/, ;/,. The associative law
holds generally for compositions of functions. Hence G is a group. It is nonabelian since
Tl‘l TLO * T[J‘l Tl.l'

By the formula above we have T),T),= T},,, Therefore H is closed under composition, the
identity 7}, is in H, and the inverse of T, is T} ,. Then H is a group, and the commutative
law is clear from the formula.

Among the list of powers f, f2, f*, f*, . . . there can be at most n! = |3,| different elements
involved. Therefore there is an equality f* = f° for some r < s. Successively cancelling f’s
(using Exercise 25), conclude that I = f*~" where s — ris a positive integer.

0x1 # 0 and < 1 so that 0x1 = 1. Similarly 0xk = kx0 = k for each k, and 0 is the identity
element. Also 12 # 0, 1 and is < 3 sothat 1%2 = 3. Operating by 1 yields 1x3= 1x(1%2) =
(1x1)%2 = 0«2 = 2. Similarly 1x4 # 0, 1, 2, 3, 4 so that 1x4 = 5 and 1x5=1x1x4 = 4. Verify
that 1«5 = 7 and 17 = 6 and argue that k«1 = 1xk. Also 2%3 = 2x2x1 = 1. The rest of the
table is computed by the same methods.

N O Ul W N~ O

N O Ul N R OO
SOt WO P
T IO = O W N+
B Ot O = o Wwlw
W N OO T
WO O] = Ut
—H O W ULk 305
O RPN W OO (3

7.2 Basic Properties of Groups

1. Answered in the text.

123

2. (ab) ' = 391

(123
“1321

o (123j(123) (123
hile o b = - .
whiie - a 231|[132| [213
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3. dlc'blal
4. 1If ab = e then b = o' and therefore ba = a! a = e.

5. Injective. Answered in the text.
Subjective. For g € G note that f{g') = (¢')* = g using Corollary 7.6.

6. U has 4 elements, each satisfying 2% = 1.

8. Z, % Z using the operation of addition.

9. (a) |Uy| = 4. |Uy| = 4. [Uy| = 8.
(b) 1 has order 1; 9, 11, 19 have order 2; 3, 7, 13, 17 have order 4.

10. (a) Z,: 0 has order 1; 2 has order 2; 1 and 3 have order 4.
(b) Z;: 0 has order 1; the other four elements have order 5.
(¢) S;: The identity has order 1; the 3 non-identity elements which fix one symbol have order
2; the 2 elements which fix no symbols have order 3.
(d) D,: The identity r, has order 1; the elements r, d, h, t, v have order 2; the elements r, and
r; have order 4.

11. In an additive group, the sum of a with itself n times is written na. So statement (2) of Theorem
7.8 becomes
If ia = ja with i # j, then a has finite order,

and statements (1)-(3) of Theorem 7.9 becomes
ka =eif and only if n | k
ia =1ij if and only if i = j (mod n)
If n = td, with d > 1, then ta has order d.

12. Since
(aba™1)"™ = aba"taba"tabat ... aba !,

all the occurrences of a~'a become e, so what is left is n copies of b, and the product is ab™a™".
An alternative, more precise, method of proof is using induction on n: the statement is clearly true
for n = 1. Assume it is true for n = k; then

(aba=1)E*Y = (aba=1)* (aba™) = ab*a"taba™t = ab*bat = abF et
13. Answered in the text.
14. False. Look at S; with no element of order 6.

15. (a) By Theorem 7.8, |a| divides 12 so |a| = 1, 2, 3, 4, 6 or 12.
(b) By Theorem 7.8, |a| divides p and it is not 1 since a # e. Hence |a| = p.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

(a) lal =125 fa| =6;[a| =4 [a| =3;[a| =12 [a| = 2; [a| =12; [a| = 3; [a| =4 [a | =
6; |a"] = 12
(b) [d] = n/(n, k).

(a) Answered in the text

123 123
o) Ifa:[ ],b:[

913 312 then x =ab, y=0ba and x=y.

The elements a,',...,a;' form a complete list of the elements of G (see Exercise 5).

Therefore their product is also equal to . Then 2* = (a,a, ...a,)(a,' ... a; ') =e.

Claim. (bab')" = ba*b! for every positive integer k.

Proof. For example (bab')?= bab"' bab"' = ba’b"'. The higher exponents work similarly.

Now if a* = e then by the claim, (bab')* = ba'd' = beb' = e. Similarly if (bab')" = e
conclude that @* = e. These two implications suffice to prove that a and bab' have the same
order.

(a) This is a verification of some matrix products.
10

10
(b) abz[_l 1

E 1 for every positive integer k.

. Prove by induction that (ab)" :[

Therefore (ab)k # I for every k£ > 0 and ab has infinite order.

The proof for positive integers is the same as that done for rings in Exercise 3.2.17. In fact
the first statement is proved using additive notation in Exercise 3.2.17(i). It can be noted as
well that Exercise 3.2.21(ii) implies:
Lemma. If ab = ba in a group G then (ab)" = a"b" for every integer n.

It remains to prove (a™)" = o™ when m or n is not positive. The cases were m = 0 or n =
0 are easily checked.

Suppose m, n > 0. By definition ¢” = (a )" and repeated application of Corollary 7.6
shows that a = (a") ' as well. Therefore: (a”) " = ((¢")") ' = (a™) "' = a ™. Similarly, (a™)"

— ((a ])m)'n — (a l)m'n = g™ a.nd uSing the preViOuS case we get (G/ m) no__ ((a 1)771,)777”1 _ (amn).
|e a b
e le a b
a |la b e
b b e a

Suppose a, b € G and let ¢ = aba'. Then ab = ca and the hypothesis implies b = c.
Therefore ab = ba and G is abelian.

Given aabb = abab. Cancelling yields ab = ba.
Corollary 7.6 states that (ab)' = b'a'. If G is abelian then certainly (ab)' = a'b'. Conversely,

suppose (ab) ' = a'b' for every a, b. Then (ba)' = a'b' = (ab) ' so that ab = ab by Corollary
7.6.
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26. Suppose ab # ba. Since a commutes with e, a and a' we know b cannot equal any of these.
The condition b # a' says that ab # e and ba # e. Since b # ¢ we know ab # a and ba # a.
Similarly ab # b and ba # b. Hence H= {e, a, b, ab, ba} has 5 distinct elements. Suppose |G| <
6 so that G = H. Then o’ € H, and since e, a, b are distinct we see that a, o, ab, ba are also
distinct. Also a® # b since a*> commutes with a. Hence o> = e. Now aba must be one of the
elements of H, If aba = e then ab = a' = a. If aba = a then ab = e. If aba = b then ab = ba*
= ba. If aba = ba or ab then a = e. But then aba ¢ H, contrary to the closure property.

27. Answered in the text.

28. Using Exercise 19 we have: If ¢° = e then (a')" = (a") ! = e. Similarly if (a¢')" = e then o" = e. It
follows that |a| = |a'].

29. Answered in the text.
30. Since ab = a(ba)a ' this follows from Exercise 17.

31. (a) As noted in the answers to Exercise 19 if ab = ba we have (ab)" = a'b". Let n = |a| and
m = |b| Then (ab)mn — amnbmn: (an)m< bm)n = e.
(b) Answered in the text.

32. Suppose G is a finite group with no element of order 2. Then every element a # e has a # a*
so the non-identity elements come in pairs. Therefore |G| = 1 + 2k is odd, where k is me
number of those pairs.

33. Answered in the text.

34. (a) If |g| = 3 then G = (e, g, ¢, d) where ¢ = e. If gd = ethen gd = ¢’ and d = ¢*. If gd = ¢
then d = e. If gd = ¢ then d = ¢. If gd = d then g = e. In each case the conclusion is
false. Then g¢d cannot lie in G, contrary to closure.

(b) By Exercise 11, |a| < 4 for every a € G. If there is an element of order 4 then G is cyclic.
There is no element of order 3 by part (a). Therefore every element has order 1 or 2.
Only the identity element has order 1.

oo o
o o oo
o0 0 |
@ ®© o o|o
o ®» oole

35. Answered in the text.

36. |b| = 31. To see this note that ab = b*a. Then ab® = (ab)b = b’ab = b’b*a = b'a. Similarly,
abt = b*a for every k=1, 2, ... Then a’b = a(ab) = a(b’a) = b'a® and @’b = a(b'a’) = b’
Continuing we find that "b = b* a". In particular since ® = e we find that b = a’b = b2’ =
b*”. Hence b* = e. Then Theorem 7.8 implies that |b| divides 31. Since b # e, conclude that |b|
= 31.
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37.

38.

39.

40.

41.

7.3

cro

a't* = (ab)’ = a(ba)’b and therefore @’b* = (ba)®. Similarly @6’ = (ab)’ = a(ba)'b so that a'b* = (ba)™.
Combine these equations to find: a'b* = (ba)*(ba)* = @b*a’b* which implies that @’® = b*a>. Then
bbaa= Va = @'’ = (ba)* = b-ab-a. Conclude that ba = ab.

Suppose (ab)" = a"b" and (ab)""" =a""'b""" for every a, b € G. Note that (ab)""' = ab-ab-ab-ab
= a‘ba-ba-bab = a(ba)"b. Apply this formula to get: a(ba)"b = (ab)"™ =a""'b0"" =a(a"b")b.
Cancellation implies (ab)" = a"b" = (ba)™

Now suppose (ab)™ = a"?b*™ holds as well. Then as above (ab) ”** = (ba)™". Therefore
ab-(ab)" = ba:(ba)" = ba-(ab)" and cancellation implies ab = ba.

(a) Fix an element a € G. Define 4, : G — G by A,(z) = ax. By hypothesis 4,. is injective
and since G is finite we conclude A, is also subjective. (See Exercise 32 of Appendix B.)
Therefore there exists e € G with ae = a. Then for every z € G, aex = az and cancellation
implies ex = z so that e is a “left identity”. Similarly the map p,(z) = za is surjective and
mere exists f with fa = a and zf = z for every x € G. Then e = ef = fand hence this e is an
identity element. By the subjectivity of those maps there exist elements o', a” € G such that
ad’ = e = a"a. Then o’ = ed’ = a”ad’ = a”e = a” so that o is an inverse for a. Therefore G is
a group.

(b) The set of positive integers under addition provides an example.

If e G write 2 for an element such that 22 = e. Claim. If 2 = z then z = e.
Proof. e = 2z = 2/2? = (7). = ex = .

For any a € G we have (ad')? = a(d'a)d’ = aed = ad’. By the Claim it follows that ad’ =
e. Finally ae = a(d’a) = (ad’)a = ea = a. Therefore G is a group.
(a) If a € G, there exist elements e, f € G with ae = a = fa. Also there exist elements d’, a”
€ G with ad’ = e = d”a. Proceed as in Exercise 37.

Subgroups

(a) Answered in the text.
(b) (1) ={1};(7) =(13) ={1,7, 19, 13}; (19) = {1, 19}; (11) = {1, 11};(17) =(23) = {1, 17,
19, 23); (29) = {1, 29}.

(a) (1) = {1}; (r) = () = {my, 11, 1y 1} () = {r, 1} () = {r, d}; (W) = [y, h};
<t> = {r()v t}a <’U> = {r()v ’U}.

(b) D, itself is a subgroup which is non-cyclic. Also H = {ry, n,, d, t} is a non-cyclic subgroup of
D,

(1234567 (1234567 (12345067
I - _ _
o (7241536}’“ [1263571}’“ (6217543}

1 23 45 67

j and o® = I.

anda(zf'z[e‘ 2175 4 3

(2) C Zy2 consists of all multiples of 2, so it is equal to {0,2,4,6,8,10}.

. (2) C Z consists of all multiples of 2, so it is the set of even integers.
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6. Multiplying, we get

22=4, 4.2=8 8.2=16=5 (mod1l), 5-2=10, 10-2=20=9 (mod 11)
9.2=18=7 (mod1l), 7-2=14=3 (mod1l), 3-2=6, 6-2=12=1 (mod 11).

Thus
(2) ={2,4,8,5,10,9,7,3,6,1} = {1,2,3,4,5,6,7,8,9,10},

which is the entire multiplicative group of nonzero elements of Z1;.
7. (2) = {2% | k € Z}, which is the set

1 1
1,2,4,8,16,... } U — =y}
{a777 ) } { ’8’16’ }’

] =

)

N

8. Multiplying, we get
32=9, 9.3=27=5 (mod1l), 5-3=15=4 (mod1l), 4-3=12=1 (mod 11).

Thus
3y ={1,3,4,5,9}.

9. Answered in the text.

10. The multiples of (1, 0) provide all the elements (a, 0). The multiples of (0, 2) provide all the
elements (0, b). Then every element (a, b) = (a, 0) + (0, b) can be generated.

11. Answered in the text.

12. Every element g in this group has 4g = (0, 0). Therefore (g) can contain at most 4 elements.
The elements (1, 0) and (0, 1) generate the group.

13. Answered in the text.

14. (a) In Uglet H=(3) = {1, 3} and K = (5) = {1,5}. Then HuU K = {I, 3, 5} is not closed.
(b) If Hc K then Hu K = K and if K ¢ H then Hu K = H. Conversely suppose H U K
is not in H or K. Choose z, ye€ HU Kwith x¢ Hand y¢ K. Then ye Hand z€ K.
Claim, zy ¢ HuU K.
Proof. If zy € Hthen € Hy' < H. If 2y € Kthen y € 2'K < K. Therefore H U K is not
closed.

15. (a) Answered in the text.
(b) If a, b € N H, then a, b € H, for every i. Therefore ab, a' € H, for every i so that they
lie in the intersection. By Theorem 7.10 this intersection is a subgroup.

16. Suppose (g, h), (¢, ') € G, x H,. Then (g, h)(¢, i) = (gg, hK') and (g, h) ' = (g ', h'') lie in
G, X H,. Therefore it is a subgroup.

17. If g is a generator then there exists some m € Z with mg = 1. But this can be read as an
equation in the ring Z and the only solutions are m = g =+ 1.

18. Let H=((3, 1), (-2, -1), (4,3)). Then (1,0) = (3, 1)+ (-2, -1) lies in H and (0,1) = (4, 3) +
2 - (-2, -1) lies in H. It follows that every (a, b) = a - (1, 0) 4+ b(0, 1) lies in H.
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19. If a, b e T then a' e T by Exercise 7.2.26 and ab € T be Exercise 7.2.29. Therefore T is a
subgroup by Theorem 7.10.

20. Note that |a| divides k if and only if a* = e, as in Theorem 7.8. If a, b € H then d" = 0" = e
and therefore (ab)® = d"t* = e and (a')" = (a")' = e. That is, ab, a' € H so that H is a
subgroup by Theorem 7.10.

21. (a) No. In any group G we have gg' = e € Z(G). To get a counterexample choose G and
g Z(G).

(b) If ab € Z(G) then (ab)z = z(ab) for every z. In particular, ba = a'(ab)a = (ab)a'a = ab.

22. By exercise 7.2.17, gag* has order 2, and the uniqueness implies gag' = a. Then ga = ag for
every g € G so that a e Z(G).

23. Since a" = (a') ", every power of a is also a power of a'. The converse also follows.

24. Suppose Q** = (r) is cyclic. Since {r) = {(r') by Exercise 14 we may assume r > 1.
Then --- 72 < r' <1 < r < ¢ <1 < - and this list must include all positive rationals,
since r is a generator. But there is a positive rational number between 1 and r. This
contradiction shows that the group cannot be cyclic. (Can Q** be generated by some finite
subset?)

1 2 3 1 2 3 1 2 3 1 2 3
25. Let a:(Q 1 BJ andO':[2 3 1j.Then 0{0':[1 3 2} andaa:(?) 9 J so that

neither o nor f lies in the center. Since the center is a subgroup it also follows that

X 1 2 3 1 2 3 1 2 3
o = [ 3 1 2] is not in the center. Similar calculations with £ = [ 1 3 2} and y = [ 3 9 J

show that fo# off and yo# oy. Therefore e is the only element in die center.
26. (a) If ab and d'b' are elements of HK then (ab)(d't) = (ad)(bd') and (ab)' = b"' a' = a' b’
lie in HK. Therefore HK is a subgroup.

1 2 3 1 2 3
(b) Use G = Sy and H = (a) and K = (b), where a 2(1 3 2] and b:[?) 5 J . Then
HK = {1, a, b, ab} does not contain ba.
27. Answered in the text.

28. (a) If a, b € H, then (ab')" = a'(b")' = e so that ab' € H. By Exercise 23 H is a

subgroup. 12 3\(1 2 3(1 2 3
(b) When n = 2 and G = S, show that H = qe, , , , a subset

not closed under the operation. 13 2)03 2 213

29. Answered in the text.

30. If f, g € H then for every t € T, we have (fg)(t) = flg(t)) = f(t) = t and also f'(t) = ¢
Therefore fg and f' € H so that H is a subgroup.
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31. Iff7 g € K then (fg)(T)) = f(9(T})) = (T,) = T, and, by the definition of “inverse function”,
f (T, = T,. Hence K is a subgroup. By the definitions H ¢ K. If a, b € T, are dlstlnct
elements let a € A(T) be defined by setting ofa) = b, ob) = a and ofz) = z for every z # a,
b. Then ¢ e Kbut ¢ H.

32. Applying the hypothesis to the element x', note that zHz' < H. Multiplying by z' on the
left and z on the right we get H ¢ z'Hz. Hence these sets are equal.

33. If g, h e C(a) then ga = ag and ha = ah. Then ag' = ¢g'a and (gh)a = a(gh). Therefore C(a)
is a subgroup.

34. g€ Z(G) if and only if ag = ga for every a € G. This occurs if and only if g € C(a) for every
a € G. Equivalently, g € n C(a).

35. a € Z(G) if and only if ax = za for every z € G. This occurs if and only if every z € G lies in
((a). Equivalently, C(a) = G.

36. False. U; and S; are counter examples.

37. Since (k,n) = 1, we may choose r and s such that 7k + sn = 1. Then since a has order n, we know
that a™ = e, so that

a= al _ ark—i—sn _ arkasn _ (ak)r<an)s _ (ak)res — (ak)r.
But a* € H. so that (a*)" =a € H.

38. (a) U, consists of all the nonzero elements of Z, (by Corollary 7.3), so |U,| = p — 1. By
Theorem 7.15 the group U, is cyclic, so U, = (g) for some generator g of order p — 1. If
be U, express b = ¢ for some integer k and note that Vl=(¢)Y '=(¢ HY=1

(b) If (a, p) = 1 then [a] € Z, is nonzero and [a]’ ' = [1] by part (a). This means that
[a]” ' =[1] (mod p) and consequently @’ = a (mod p) If (a, p) > 1 thenp| aand a =0
(mod p). In this case it is clear that o = a (mod p).

39. If 2, y € Ny then 2'Hx = H and y'Hy = H. The first equation implies that H = zHz". Also
we have (xy) 'H(zy) = y'(z'Hx)y = y'Hy = H. Therefore 2" and xy lie in Ny so that Ny is a
subgroup. Since H is a subgroup we know that hH = Hh = H for every h € H. It follows that
Hc Ny

/ / i ! -1
40. (8 l{)(g ll)):(ga aafrb) so the set H is closed. Also (8 ll)) =
Therefore H is a subgroup.

41. Answered in the text.

42. If a € U, we must first check that the statement “a =1 (mod k) ” makes sense. The element
a is actually a class [r] for some r € Z. But the same class a can be represented in other ways,
say a = [g] for se€ Z. If r=1 (mod k) does it follow that s =1 (mod k) ? Yes, because [r] =
[s] so that 7=s (mod n) and n | (r — s). Now since k | n conclude that k| (r — s) and r= s
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(mod n). To stress this point, one can ask whether it makes any sense to consider the
elements a € Z, such that ¢ =1 (mod 2).
If a, b € H, then a,b=1 (mod k) and ab =1 (mod k). By Theorem 7.11, Hy is a subgroup.

43. The case Z,, is answered in the text. Since Z, is cyclic, the subgroups are all cyclic groups, by
Theorem 7.16. The subgroups of Z,, are (1) = Z,,, (2) = {0, 2, 4, 6, 8, 10, 12, 14, 16, 18},
) =1{0, 4, 8, 12, 16}, (5) = {0, 5, 10, 15}, (10) = {0, 10} and (20) ={0}.

44. (a) If m = dm, then o™ = (a*)™ lies in (a®) so that (a") < (a). By Theorem 1.3 there exist
integers u,v with d = mu + nv. Then o’ = a™a™ = (a")" lies in (a™) so that {(a®) < (a™).
(b) Apply part (a) to the case d = 1.

45. By Theorem 7.16 H = (a™) for some m. By Exercise 38, H = {a% for some d dividing n. By
Theorems 7.14 and 7.8 we conclude that |H| = |a‘| = n/d is a divisorof n.

46. By Theorems 7,8 and 7.14, H = (a"") has order k. If K is any subgroup of order k then as in
Exercise 39, K = (a’) for some d | n and that k = |K| = n/d. Therefore K. = H.

47. Answered in the text, referring to Exercise 7.2.31.

48. If G = (g) is cyclic of infinite order, the equation 2* = g has no solution in G. (For if z = g¢"
for some integer n then ¢! = e implying that g has finite order.) However in R* every
equation 2* = g does have a solution. Alternatively, if R* were cyclic then by Theorem 7.16,
every subgroup would be cyclic. This would imply that Q** is cyclic, contrary to Exercise 16.

49. Since x € G = (a), we know that x = na for some integer n. Thus x + & = na + na = 2na = a, so
that (2n — 1)a = eg. But this means that a has finite order, contradicting the assumption that G,
an infinite cyclic group, is generated by a.

50. If G = (a) is a cyclic group of infinite order, using additive notation, then 2x = a has no
solution in G. (Compare the proof in Exercise 42.) In the group @ every equation 2z = a has
a solution.

51. The subset G' = {(g, ey ) |g € G}} is easily seen to be a subgroup of G x H, and therefore by
Theorem 7.16 it is cyclic. If (a, ey) is a generator of this subgroup it follows that a is a
generator of G so that G is cyclic. Similarly H is cyclic.

n

11 1
52. Let g = ( j Using induction we can see that ¢" = [ j for every integer n. Therefore g

01 0 1

is a generator of that subgroup.

53. Answered in the text in the case (m, n) > 1, If (m, n) = 1 then Exercise 41 shows that the
group is cyclic.

54. If e # a € G then {a) is a subgroup of order > 1. Since it cannot be a proper subgroup, G =
(ay, If the order of a is infinite then H = (a’) is a proper subgroup. Then |a| = n is finite. If n
is not prime then n = rs for some integers r, s > 1. Then H = (a) is a subgroup of order s
(by Theorem 7.8) so it is proper, The only remaining case is that n is prime.
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55. No. If there were a generator z+y+2 then there would exist integers m, n with
m(z+yv2) =1 and n(z+y~2) = 2. These imply that mz = 1, my = 0, nz = 0, ny = 1,
which are impossible to satisfy.

56. U,y ={1,3,7,9,11, 13, 17, 19} has more than one subgroup of order 2 (generated by 9, 11
or 19). Therefore the group is not cyclic, by Exercise 40).

57. Answered in the text.

58. This is a restatement of Theorem 7.17.

7.4 Isomorphisms and Homomorphisms

1. Answered in the text.

2. Homomorphism. f(zy) = Jzy = Vz.fy = f(2)f(y).
Injective. If f(z) = fly) then z = ./y and squaring shows that z = y.
Surjective. If r € R** then ff* )= N

3. The operation table for GL(2,Zs) is
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and the operation table for Ss is

(123) (123) (123) (123) (123) (123)
123 \213 321 \231/ 312 \U3->2
(123) (123) (123) (123) (123) (123) (123)
12 3 123 \213 321 \231/ 132 3812
(123) (123) (123) (123) (123) (123) (123)
213/ 1\213 W23 312 \Usz2 321/ 231
(123) (123) (123) (123) (123) (123) (123)
32 1)1\3 21 \2 31 123 \213 32 3812
<123> (123) (123) (123) (123) (123) (123)
23 1)1\ 3 1) \38 21 132 \312 U213 \213
<123> (123) (123) (123) (123) (123) (123)
312/1\312 \Ws2 \213 23 231/ \321
<123> (123) (123) (123) (123) (123) (123)
13 2 132 312 \231) 38321/ \213 U 23

An examination of corresponding elements shows that the group tables are actually identical except
for labeling.

4. Tt is 1-1 since 2> = y® implies that & = y for real numbers. It is onto since every real number has
a cube root. Thus f is a bijection of sets. To see that it is a homomorphism, note that

flay) = (xy)® = 2%y = f(2) f(y).
Since f is a bijective homomorphism, it is an isomorphism.
5. Since 2 is invertible in Zg (27 = 5), we see that g is 1-1, since if g(x) = g(y), then 2z = 2y, so
that 5-2x = 5+ 2y and thus z = y. Since it is 1-1 and Zg is finite, it is also surjective. It is a

homomorphism since
9@ +y) =2(x+y) =2z +2y = g(x) +9(y).

Since g is a bijective homomorphism, it is an isomorphism.

6. h is not injective since (for example) h(4) =2-4 =0 (mod 8), so that h(4) = h(0). Since it is not
injective, and Zg is finite, it cannot be surjective either. However, it is a homomorphism, since

Mz +vy) =2(x +y) = 22 + 2y = h(z) + h(y).

7. f is surjective, since if € R**, then x > 0 so that = |z| and thus = f(z). However, it is not
injective since (for example) f(—2) = f(2) = 2. It is a homomorphism since

flzy) = |zy| = |z] - ly| = f(z)f(y).

8. f is injective, since if 2% = 2¥, then 2*7Y = 1 so that z — y = 0 and then x = y. However, it is not
surjective, since 2* > 0 for all x € R, so that the image of g is only R**. It is a homomorphism
since

gz +y) =271 = 272Y = g(x)g(y).
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9. It is obvious that f is surjective, since if a € G, then a = f((a,em)). To see that f is a homomor-
phism, note that

f((a,0) x (¢, d)) = f((axc,bxd)) = axc= f((a,b))* f((c,d)).

10. This is not a homomorphism since (recalling that R is an additive group) (z + y)? # 2% + 3? in
general. Thus f(z+y) = (z+y)* # 2 +y* = f(z) + f(y).

11. It is obviously an injective map, since if x # y then g(z) # g(y) since the matrices have different
lower right entries. It is also clear that the image of the map actually lies in GL(2,R) since any
matrix of that form has a nonzero determinant. To see that it is a homomorphism, note that

9(=)g(y) = (é 2) (é 2) = ((1) x0y> = g(zy).

12. Tt is obviously an injective map, since if x # y then h(x) # h(y) since the matrices have different
lower right entries. It is also clear that the image of the map actually lies in GL(2,R) since any
matrix of that form has a nonzero determinant. To see that it is a homomorphism, note that

h(z)h(y) = (i, 8) (; 8) = (xiy 8) = h(z + ).

13. Answered in the text.
14. By Theorem 7.15, orcomputing the order of 3, the group U, is cyclic. Apply Theorem 7.18.

15. Answered in the text. For negative n recall from Theorem 7.19 that fla') = fla)"'. Use the
result for positive n to get: fla™) = f{(a")") = Aa")" = (o))" = fa)™

16. If a, b € H then a = f{z) and b = f(y) for some 2z, y € G. Then ab = flx)f(y) = fzy) = fyx)
= fly)fiz) = ba.

17. First note that f is well-defined; this is so because a has infinite order so that all of the a* are
distinct and therefore the power of a associated with any element of G is unique. Now, for k € Z,
we see that k = f(a*), so that f is surjective. Further, if f(a*) = f(a'), then k = f(a*) = f(a!) =1,
so that k = [ and thus f is injective.

18.If ¢ G — G, and f: H — H, are isomorphisms, define the mapping ¢ : G x H— G, x H, by
o(z, y) = (ofx), B(y). Check that @ is an isomorphism.

19. (=) Answered in the text.

(&) Use the homomorphism property and the fact that (')’ = a to show that for a, b € G,

ab = fla Hf(b") = fla'b?) = fi(ba) ") = ba.
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20.

21.

22.

23.

24.

25.

(a) By Theorem 7.11, to show that a=! Na is a subgroup of G it suffices to show that it is nonempty,
that it is closed under the operation in G, and that it is closed under inverses. It is clearly
nonempty since it contains at least a 'ega = eg. Now, if a"'nia and a~'nga are elements of
a~'Na, where ny,n, € N, then

(a'nia)(a " nga) = a 'ny(aa"nga = a  ninaa.

Since N is a subgroup, clearly ning € N, so that the product above is in a~!Na. Finally,
given an element a~'na € a~!Na, its inverse in G is (a " 'na) ™! =a " n"Ya 1) =a"n"la.
Since N is a subgroup, we know that n=! € N, so it follows that a='n~'a € a~'Na. Thus
a~'Na is a subgroup.

(b) As the hint suggests, define f : N — a " 'Na: n+ a 'na. f is clearly surjective. To see that
it is injective, suppose f(n) = f(m) for m,n € N. Then a~*na = a~*ma. Multiplying on the
left by a and on the right by a~! gives n = m. It remains to show that f is a homomorphism.
But for m,n € N,

f(mn) = a 'mna = a " 'maa" na = (a7 'ma)(a" na) = f(m)f(n).
Thus f is a bijective homomorphism, so is an isomorphism.

g o f is injective since if (g o f)(x) = (g o f)(y), then g(f(x)) = g(f(y)). But g is injective, so
that f(z) = f(y). Since f is also injective, we get x = y. Thus g o f is injective. To see that it
is surjective, choose k € K. Since g is surjective, there is some h € H with g(h) = k. Since f is
surjective, there is some x € G with f(x) = h. But then (go f)(z) = g(f(z)) = g(h) = k so that
g o f is surjective. Finally, to see that g o f is a homomorphism, we have (since both f and g are
homomorphisms)

(go Mzy) = g(f(zy)) = g(f(x)f(y)) = g(f(x)g(f(y)) = (go f)(@)(go [)(y)

f restricts a map f;: T — H, which is still an injective homomorphism. By Theorem 7.19 f{T)
= fi(T) = Im f, is a subgroup of H and f, induces an isomorphism T = f(T).

(a) We need to show that f(ab) = f(a)f(b). But f(ab) = (ab)> = abab. Since G is abelian,
abab = aabb = a*b? = f(a)f(b) and we are done.

(b) If G is nonabelian, then there are two elements a,b € G such that ab # ba. Then f(ab) =
(ab)? = abab while f(a)f(b) = a?b® = aabb. If these two are equal, i.e., if abab = aabb, multiply
on the left by a~! and on the right by b=! to get ba = ab in contradiction to our assumption.
Thus f cannot be a homomorphism, since for these elements f(ab) # f(a)f(b).

(a) See Exercise 7.1.19.
(b) Define f G — G by f(z) = x'. This fis objective since f° f=7 is the identity map.
Homomorphism. flzy) = (2y) ' =y =" = fiy)fla) = f2)*y).

We first show that f is well-defined. If G is infinite then an element g € G is uniquely
represented as ¢ = a™ for some m € Z. Then mere is no ambiguity in defining f(a™) = b™
Since b is also a generator we see that fis an isomorphism. The homomorphism property
follows from the rules of exponents.

If |G| = n is finite this representation g = &™ is not unique. The proof of Theorem 7.18 shows that if
a is a generator of G, there is an isomorphism ¢ : Z, — G with ¢ (1) = a. Defining f= ¢@,° ¢ ',
G — G,we conclude that fis an isomorphism and fa) = @ ,(1) = b.
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26. If h € H then, by subjectivity, h = f(a") for some integer n. Then by Exercise 11, h = fla)"
lies in (f(a)).

27. (a) Closure is clear.
Associative. z*(y*2) = zc(ycz) and (z*y)*z = (zcy)cz.
Identity, ¢’ is the identity element for *. Here the exponent —1 refers to the inverse in the
group G.
Inverses;. For any z € H the inverse is ¢'z'c ™.

(b) The map g: H— G defined ¢g(z) = cx is die inverse of f. Therefore f is bijective.
Homomorphism. flzy) = ¢' 2y = (¢’ 2)c(c’ y) = flz)cfly) = f2)*Ay).

28. (a) If @ has order k, that means that a* = e. Then by Exercise 15, f(a)* = f(a*) = f(e) = ¢
(Theorem 7.20(1)).

(b) By Theorem 7.9, since f(a)® = e, the order of f(a) divides k. But k = |a|, so that |f(a)]
divides |al.

29. Answered in the text.

30. Let T={ae G[fla) e K}.If a, b € T then fla), f(b) € K so that flab) = fla)f(b) € K.
Therefore ab € T. Similarly f(a') = fla)' € K so that a' € T. Therefore T is a subgroup.

31. By Theorem 7.11, in order to show that F' is a subgroup of G it suffices to show it is nonempty,
closed under the operation of G, and closed under inverses. It is obviously nonempty, since for
example f(e) = e € F. To see that it is closed under the operation of G, choose a,b € F. Then
since f is a homomorphism, ab = f(a)f(b) = f(ab), so that ab is also fixed by f and thus lies in
Finally, if a € F, then f(a™!) = f(a)~! = a~! (since a € F), so that a=! € F as well.

32. f is clearly surjective, since if a € R*, then

()= ) oo

To see that f is a homomorphism, suppose

a b e f
A:(c d) and B:(g h)

are two matrices in GL(2,R). Then
AR — (@ b\ (e f\ [(ae+bg af+bh
“\e¢ d)\g h) \ce+dg cf+dh)’

det(AB) = (ae + bg)(cf + dh) — (af + bh)(ce + dg)
= (acef + adeh + befg + bdgh) — (acef + adf g 4+ beeh + bdgh)
= adeh + bcfg — adfg — beeh.

so that
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33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.
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But
det(A) det(B) = (ad — be)(eh — fg) = adeh — beeh — adf g + befg

and the two are equal. Thus det(AB) = det(A4) det(B) and det is a surjective homomorphism.

To show that K is a subgroup of G it suffices to show that it is nonempty, closed under the operation
of H, and closed under inverses (Theorem 7.11). Clearly f(1g) = 1m, so that 1¢ € Ky and thus
K is nonempty. Now, suppose a,b € K. Then since f is a homomorphism, f(ab) = f(a)f(b) =
lyly = 1y, so that ab € Ky as well. Finally, if a € Ky, then f(a™!) = f(a)™! = eI_il = eq, SO
that a=! € K. Thus Ky is a subgroup of G.

[z] = [0] if z — 0 is a multiple of 5, i.e., if « is a multiple of 5. Thus Ky is the set of multiples of 5,
which is {..., —10, —5, 0, 5, 10, ... }.

Us is the multiplicative group whose elements are {1,2,3,4} and whose operation is given by
multiplication modulo 5. Its identity is 1. Since 12 = 1, 22 = 4, 32 = 9 = 4 (mod 5), and
42 =16 =1 (mod 5), we have Ky = {1,4}.

If f, g € Autf(G) then fo g € Aut(G) by Exercise 9. Therefore Au#(G) is closed under
composition. The identity map lies in Aut(G) and inverses exist there by Exercise 22. The
associative law is automatic for compositions of functions.

Answered in the text.

Let o : T — {1, 2, . . . . n} be a bijection (a relabeling). If c € A(T) then define flo) € S, =
A({1,2,....n}) by flo) = a@° a° a'. Check that f: A(T) — S, is an isomorphism.
Z is cyclic but Q is not, by Exercise 7.3.43.

Zg is abelian and S; is not. Apply Exercise 10.

Z, X Z, is abelian and D, is not. Apply Exercise 10.

Z, X Z, has an element of order 4 and Z, X Z, X Z, does not. Apply Exercise 21.
Answered in the text.

Every element of U, satisfies 2 = 1 but U,, has elements of order 4. Apply Exercise 21.
Answered in the text.

In the additive group R, every nonzero element has infinite order (for if nz = 0 for some
positive integer n then z = 0). However in R* the element —1 has order 2. Apply Exercise 21.

D, has 5 elements of order 2 and the quaternion group has only one element of order 2. Apply
Exercise 21.

For every a € Q there exists z € Q such that 2z = a. If there were an isomorphism to Q**

then for every r € Q there would exist s € Q** such that & = . When r = 2 for example
this is false.
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49. If c € G define g(c) € Aut(G) by: g(c)(z) = czc'. Then g(cd)(z) = (cd) X (cd)™ = cdrd” ¢* =
c(g(d)(z))c' = g(c)(g(d)(x)) = (g(c) © g(d))(z). Since this holds for every x we conclude: g(cd)
= g(c) o g(d). Note. Defining h: G — Aug(G) by: h(c)(z)= ¢ e, yields: h(cd) = h(d) o h(c).

50. For every a, z € G we have h(az) = ho @,(x) = @, ° h(z) = ah(x). Apply this to z = e to find
h(a) = ah(1). Define b = h(l)"* and conclude that: h(a) = ab" for every a € G.

51. (a) Answered in the text.
(b) Injective. If h(c) = h(d) then §, = 6, so that ¢' = 6,(1) = 6,1) = d" and therefore ¢ = d.
Homomorphism. For any ¢, d, z€ G we have: 8,,(z) = 2(cd) ' = zd'c' = 9,(x)c' = 6. (6,(x))
= (6,0 6,))(x). Therefore h(cd) = 0., = 6,0 6, = h(c) o h(d). By Theorem7.19 G = 1m h.

59 _012 _012 _012
(a> ¢0_0127¢1_1207¢1_2 01

) 012 3 012 3 0123 0123
M) ev=lg 1 93 %=1 2302|230 1% (301 2

(¢c) To get reasonable notations, label the elements of S; by the six symbols 1, 2, 3, 4, 5, 6 in
some order, and compute the action of each left multiplication as an element of S;. The
details are left to the reader.

53. The argument in Exercise 3.3.27 works the same here.

54. (a) Each o€ D, is a rigid motion carrying the given triangle to itself. Then o carries a vertex
to a vertex, so it permutes the 3 vertices. Labeling the vertices 1, 2, 3, the restriction map
induces a map f: D; — S;. Since f(0) is just the restriction of o to the set of vertices it is
clear that fis a homomorphism. Two symmetries of the triangle which are identical on
the three vertices must be the same. (Why?) Therefore fis injective. Since |D,| = | S|, fis
also subjective.

(b) Each o€ D, carries a vertex of the given square to another vertex, so the restriction map
induces a homomorphism f: D — S;. A symmetry of the square which fixes all 4 vertices
must be the identity. It follows that this fis injective. By Theorem 7.19 D, is isomorphic
to Im fwhich is a subgroup of S,.

1-n -n

55. (a) Define a: Z — GL(2, Q) by a(n) =[ .

j. Then Im o equals the given set H.

Express o(n) = I + nP where I is the identity matrix and P = [ 1 1}. Since P = 0,

calculate: a(n)o(m) = (I + nP)(I+ mP) =1+ nP+ mP=1I1+ (n+ m)P = o(n + m).
Therefore ¢ is a homomorphism and Theorem 7.19 implies that H = Im « is a group.

(b) By definition, & : Z — H is a subjective homomorphism. Injective. If e{n) = o(m) then I
+ nP =1+ mP so that (n — m)P = 0, Since P # 0 conclude that n = m.
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56. (a) Define f Z — GL(2, Q) by f(n) = I + n@Q where @ = (_4

1
2) . Since ¥ = 0, check that

B is a homomorphism. Since K = Im f, Theorem 7.19 implies that K is a group.

(b) Yes. fis a subjective homomorphism. Check that it is injective, as in Exercise 37.

57. Define ¢ : Z[1] — Q** as in the Hint.
Homomorphism. ¢(Z al,xk) . (p(Z bkxk) = (/)(H’;“) . (le)ﬁ) = H;ﬁ”" by the rules of exponents. By the
definition of addition of polynomials we also have (p(z ak:rk’) + (Z bk:r"’) = (o(Z(ak +b, ):L’"’) = Hﬁif"‘ .

Subjective. Every positive rational number can be expressed as some [[% for some a, € Z
(where a, = 0 for all large values of k). To see this just factor the numerator and denominator
and use the rules of exponents.

Injective. To show: if [[%* =1 (where a, = 0 for all large k) then a, = 0 for every k. To prove

.

this clear denominators and apply the Unique Factorization Theorem for positive integers.

58. As in Exercise 33 let g(c¢) be the inner automorphism induced by c. If G is abelian then
g(c)(z) = cac' = mec' = x50 g(c) = 1, the identity map. Therefore Inn G={1;}. Conversely
if Inn G has just one element then g(c¢) = 1 for every c¢. This means that for every ¢, z € G
we have czc' = g(c)(z) = z. Therefore cx = zc and G is abelian.

59 (a) Let ¢ : D, — Inn D, be the function defined in Exercise 33. Check directly from the
operation table that g(r,) = .. Since r,'ry = 1, h'v = 1, and d't = r, we get that g(r)
= g(r3), g(h) = g(v) and ¢(d) = g¢(t). Check from the table that none of these 3
automorphisms equals 7. Therefore Inn D, = {1, g(r), g(h), g(d)} is a group of exactly 4
elements.
(b) Since r,> = r, and #* = & = 1. conclude that H = Inn D, is a group of order 4 with 2% =
e for every x € H. Constructing the operation table of any such group H, check that H =
Ly X L.

60. If fe Aut Z then f(1) is a generator (by Exercise 18). Therefore f(1) = £, by Exercise 7.3.19. If
f1) = 1 then f(n) = n and f= i is the identity map. If f(1) = -1 then f(n) = —n and f= —1 (as
in Exercise 17). Therefore Aut Z = {1, 1} = Z,.

61. If k e U, define ¢, : Z, » Z, by @(z) = kx. Then ¢, is a homomorphism (by the distributive
law), and ¢, is bijective since k is invertible in Z,. Then ¢, € Aut Z,. Since @, = @, © @,, the
map ¢ : U, - Aut Z, is a homomorphism. Injective. If ¢, = ¢, then j = ¢(1) = ¢(1) = k
Subjective. Suppose f € Aut Z,. Then f(1) is a generator of Z, by Exercise 18. By Exercise
7.3.38(b), the generators of Z, are exactly the elements k € U,. Therefore f(I) = k for some k
e U, and it follows that f(x) = kx for every z (compare Exercise 19). Therefore f = ¢, and ¢
is subjective.

62. If o € Aut(Z,« Z,) then o(0) = 0 so & permutes the three nonzero elements. This restriction
map provides a homomorphism f: Aut(Z, « Z,) — S;. It is injective (if two automorphisms
coincide on the nonzero elements they must be equal). It remains to show that these 6
permutations actually are automorphisms.
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Suppose H is any additive group of 4 elements generated by elements z, y with 2z = 2y =
0. Then H = {0, z, y,  + y}. Since y + z cannot equal e, z or y it must equal = + y. Also 2(z
+ y) = 2z + 2y = 0. Comparing operation tables, conclude that there is an isomorphism @ :
H— Z, x Z with ¢(z) = (1, 0) and (@(y) = (0, 1).

Apply this to the case H = Z, X Z, where the elements z, y are any 2 of the 3 nonzero
elements. Each of the 6 choices of z, y provides an automorphism. Therefore the map f above
is bijective.

An alternative approach to this problem is to argue that Aut(Z, X Z,) = GL(2, Z,) and
work directly with matrices. Compare Exercise 3.

7.5 The Symmetric and Alternating Groups

1. (a) (173) (b) (1245789) (c) (1476283) (d) (35798)
2. (a) (1234) (b) (1356247) (¢) (14532) (d) (12453)
3. (a) (12)(45)(679)  (b) (13)(254)(789) (c) (13)(254)(69)(78)
(d) (1573)(24) (e) (123)(456)(78)
4 (a) (12)(45)(69)(67)  (b) (13)(24)(25)(79)(78) (c) (13)(24)(25)(69)(78)
(d) (13)(A7)(15)(24)  (e) (13)(12)(46)(45)(78)
5. (a) Since (12)(12) =, |(12)| = 2.

(
(b) We have (123)(123) = (132), and (123)(132) = ¢, so that |(123)] = 3.

(c) We have (1234)(1234) = (13)(24), (1234)(13)(24) = (1432), (1234)(1432) = e, and therefore
1(1234)] = 4.

(d) |(123456789)| = 9.

6. (a) (13)(24)(13)(24) = e, so |(13)(24)] =
(b) We have

((123)(456))% = (123)(456)(123)(456) = (132)(465)
((123)(456))® = (132)(465)(123)(456) = e.

Thus Abs(123)(456) = 3.
(¢) We have

((123)(435))= = (123)(435)(123)(435) = (13425)
((123)(435))° = (13425)(123)(435) = (15243)
((123)(435))* = (15243)(123)(435) = (14532)
((123)(435))” = (14532)(123)(435) = e.

Thus [(123)(435)] = 5.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

(d) Since (1234)(4231) = (132), we want to know the order of (132). But
(132)% = (132)(132) = (123), (132)% = (123)(132) = e,

so that [(1234)(4231)] = |(123)] = 3.

(e) Since (1234)(24)(43215) = (13)(45), we want the order of (13)(45). But (13)(45)(13)(45) = e,
so the order is 2.

(b) and (c) are even.

(a) {e} (b) {e, (123), (132)}
(c) {e, (123), (132), (124), (142), (134), (143), (234), (243), (12)(34), (13)(24), (14)(23)}

(a) 3 (b) 12 (c) 60 () 10Y/,=1814400

No, B, is not a subgroup of S,,. B,, consists of those permutations that can be written as a product
of an odd number of transpositions. But then a product of any two elements of B,, can be written
as a product of an even number of transpositions (since the product is just the transpositions of
the two elements written one after the other). Thus the product of any two elements of B, is even,
so is not in B,. (It is also valid to simply observe that the identity permutation is even, so is not
in By, so that B,, cannot be a subgroup).

The elements (12)(34), (13)(24), and (14)(23) each have order 2. The elements (123), (132), (124),
(142), (134), (143), (234), and (243) each have order 3. Finally, the identity element has order 1.

For example, (12)(34) = (314)(123).

Multiplying (123)(234) gives (123)(234) = (12)(34), so this is the product of two disjoint transposi-
tions. Multiplying the other pair of cycles gives (567)(789 10) = (56789 10). Thus « can be written
as a product of disjoint cycles as o = (12)(34)(56789 10). The cycles have orders 2, 2, and 6, so
that |a| = lem(2,2,6) = 6.

Multiplying out the cycles in 3 gives 8 = (1236784)(59 10). Thus 3 is the product of a 3-cycle and
a 7-cycle, so that |5 = lem(3,7) = 21.

Answered in the text.

If o= (a0, . . . @) then o(a;) = a;,,; where the subscripts are read modulo k as before. Then
o'(a;, ;) = a;, and in cycle notation o =(aa, ... aa) = (aqq | ... ).

If 0 = (ay, ay, a3, . . . a,_,) then o(a) = a;,,, where the subscripts are viewed as integers
modulo k (so that o (a, ;) = ay). Therefore 0'(a;) = a,, ,. Therefore ¢ = e if and only if j
+ r (mod k) for every j. This occurs if and only if r = 0 (mod k). Therefore |0 = k.

If i = a, then on(i) = o(i) = 70(3). If i = b, then or(i) = ©(3) = 7o(7). Finally if i is not one of
the a’s or b’s then o1(i) = i = 70(3).
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19.

20.

21.

22.

23.

24.

25.

Suppose 7= 07 0, . . . 0, a product of disjoint cycles, where o; is a k-cycle. Since these
commute (by Exercise 12), 7" = 00, ... o,. Claim. 7* = e if and only if 0/ =e for each
Proof. (&) Easy. (=) Suppose 7, = (¢,¢, . . . ¢,). Then the other o's fix these ¢.’s and ¢
(¢c;) = 0/(c¢;). Therefore o =e.

By Exercise 9, ¢! =e¢ if and only if k, | n. Then |7 is the smallest n > 0 where k; | n
every j. This is exactly the least common multiple of &, k,, . . . , k.

(a)

« B8 |apa"t]apa"1p!
even | even | even even
even | odd odd even
odd | even | even even
odd | odd odd even

(b) The conjugate of an even permutation by any permutation is again even, and the conjugate of
an odd permutation by any permutation is again odd. The product afa~'3~! is always even.

o = (138)(27)(4965) so |o] = 12, the lcm of 3, 2 and 4. Then Giow = 01 + 1253 = 03 has order 3
by Theorem 7.8.

An element of order 10 is, for example, (12345)(67), since this is the disjoint product of a 5-cycle
and a 2-cycle and lem(5,2) = 10. An element of order 20 is, for example, (12345)(6789), since this
is the disjoint product of a 5-cycle and a 4-cycle, and lem(5,4) = 20. An element of order 30 is, for
example, (12345)(67)(89 10), since this is the disjoint product of a 5-cycle, a 3-cycle, and a 2-cycle,
and lem(5, 3,2) = 30. There is no element of order 40: note that any such element must have either
a b-cycle or a 10-cycle in its disjoint cycle representation in order for the least common multiple of
the cycle components to be 40. If it has a 10-cycle, then this is the complete element since we are
working in Sig, and this element has order 10. If it has a 5-cycle, then the remaining 5 element
must combine to give an 8-cycle, but the maximum cycle length from 5 elements is 6 = lem(2, 3).
Thus there is no element of order 40.

Let K be that subset. It is easy to verify that K is closed under composition, hence it is a
subgroup. Furthermore since there are only 4 symbols involved, a direct count shows that K
contains every & € S, which is the product of 2 disjoint 2-cycles. If o€ S, then (12)(34)0"
= (o(1)o(2))(0(3)0(4)) is also a product of 2 disjoint 2 cycles, using Exercise 23. Therefore
this element lies in K. Similarly we conclude that oKo' < K so that K is normal by Theorem
7.21.

(a) Suppose that f(a) = f(8). Then (12)a = (12)5, so (working in S,), a = (12)(12)a =
(12)(12)8 = 3, so that o = 3. Hence f is injective.

(b) Choose 8 € B,. Then 8 can be written with an odd number of transpositions, so that (12)8
can be written with an even number of transpositions. Thus (12)8 € A,, and f((12)8) =
(12)(12)8 = B. Thus f is surjective. Since f is both injective and surjective, it follows that
A, and B,, have the same number of elements.

Answered in the text.
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26. Suppose « is in the center of S, and ¢ # e. Then there exists ¢ where o) = j # i. Since n > 2
there is some k where 4, j, k are distinct. Evaluating a o (4, k) = (4, k) o e at i shows that a(k)
= j contrary to the injectivity of &. Therefore o = e.

27. By Exercise 9, 0 = e. Let 7 = o'** /2,

28. As in Exercise 9 suppose ¢ = (qyaq,a, . . . @, ) and view the subscripts in Z, To find the
cycle decomposition of ¢°, compute the cycle containing a, : 6*(q) = ay, (a) = a,, . . .,
0”(ay) = ay,. This is an r-cycle where r is the smallest positive integer with a,, = a,. Since the
subscripts are in Z, this equality means: 2r = 0 (mod k).

(a) If kis odd then r = 0 (mod k) and the smallest positive solution is k. Therefore ¢® is a k-
cycle.

(b) If k = 2t is even then r = 0 (mod t) and the smallest positive solution is t. Then o
contains a t-cycle starting with g,. This argument works just as well starting with any a,.:
each cycle in the decomposition of ¢ is a t-cycle. Then ¢ is a product of 2 disjoint t
cycles.

Generally, for any m the permutation 6™ is the product of k/d d-cycles, where d = (m, k).

29. Answered in the text.

30. Every element of A, is a product of an even number of 2-cycles. Every product of two 2-
cycles equals a product of 3-cycles, by Exercise 29. Therefore every element of A4, is a product
of 3-cycles.

31. If 6 = (aa9; - - - ) (A1 - -« Q) « - - (A1pGyyy - - - Q) 18 & product of m disjoint n-cycles.
Define 7= (a5 . . . G,,001099 - « - gy« - . Gy - . . G,), an nm-cycle, Notethat 7" = o

32. Suppose o permutes the symbols {1, 2, . . . , n}. Express o as a product of disjoint cycles,
including the trivial 1-cycles. Then every symbol i occurs in exactly one of the given cycles. If
iis in a kcycle then mat cycle must equal (i, o(i), 6°(i), . . . , o ' (i)) and o*(i) = i
Therefore the cycles in the decomposition are unique, up to the order in which they are
written.

33. As in the Hint, (kr)7 is viewed in S, _; and the induction hypothesis says that (kr)7 is a
product of transpositions. Multiplying by (kr) we see that 7is also such a product.

34. As in the solution to Exercise 11, any k-cycle is a product of k-1 transpositions. Suppose o €
S, is written as a product of disjoint cycles: 0= o, . . . &, where ¢; is a kr-cycle. Then n =
ki + k + ...+ k, and each ¢;is a product of k; — 1 transpositions. Then ¢ is expressed as
a product of (&, —1) + (b, — 1) + ...+ (k. — 1) £ n— r transpositions.

35. Answered in the text.

36. Suppose o(a;.) = b,. for each 4, and the indices are viewed modulo k. Then (o7o')(b,) = o a;)
= o(a;. ;) = b .. If cis a symbol unequal to any b, then ¢ (¢) is unequal to any of the a; so
it is fixed by 7 Hence (070"')(c) = o{c'(c)) = ¢. Therefore otc"' = (bjb, . . . ).

37. Clearly H is nonempty since (1) € H. So if H is closed under permutation multiplication, then H
is a subgroup. But if @ and § each fix 1 and n, then in the product af, clearly neither 1 nor n is
moved by either factor, so that af also fixes 1 and n, so that o8 € H. Thus H is a subgroup of .S,,.
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38. Consider the map f D — S, defined in the Hint. Since fis just a restriction of maps, it is a
homomorphism. From the definition of r, as a 90° rotation note that (1) = 2, r(2) = 3, etc.,
showing that f(r;) = (1234). Also d fixes vertices 1 and 3 and interchanges vertices 2 and 4.
That is, f(d) = (24). Therefore f{D,) o G. By the First Isomorphism Theorem, f{D,) =
D,/(ker f) has at most 8 elements. By Exercise 15 |G| = 8. Conclude that f(D,) = G has
exactly 8 elements and ker f = {e} so that fis injective.

39. (a) G must have at least one even permutation as well, since (1) € G is even. Let the even
permutations be ej,...,eg, and let 7 be the known odd permutation. Consider the set of
products meq, ..., meg. Since 7 is odd and each of the e; are even, it follows that me; is odd
for all 7. Further, these products are all distinct, for if me; = me;, multiplying on the left
by 77! € G gives ¢; = e;j so that ¢ = j. Thus there are at least £ odd permutations in
G. Let the odd permutations be m# = 01,09,...,0; where [ > k. Then all the permutations
To1, 709, ..., mo; are even and distinct, by the same argument as above. But there are only &
even permutations, so that £k = [ and the number of odd and even permutations is the same.

(b) Since every permutation in G is either odd or even, and there are the same number of each,
|G| is even, i.e., 2 divides |G|.

(¢) Let K be any subgroup of S,,. If K is not a subgroup of A4,,, then K must contain at least one
odd permutation, since all even permutations lie in A,. But by part (b), this means that | K|
is odd.

40. If n £ 3 the statement is trivial. Suppose n = 4 and note that (123) = (In(n — 1) . . .
432)(13245 . . . n) is a product of two n-cycles. Similarly every 3-cycle is a product of two n-
cycles. Use Exercise 30 to conclude that every element of A, is expressible as a product of n-
cycles.

41. Let H be the subgroup generated by those transpositions. If 1, a, b are distinct symbols then
(ab) = (1a)(1b)(1a) so that every 2-cycle lies in H. Use Corollary 7.48 to conclude that H =
S,

42. Let K be the subgroup generated by (12) and o= (123 . . . n). View the symbols as elements
of Z, so that: (i) = i + 1. Then by Exercise 24, o '(12)a* * ' = (k(k+1)) so these
transpositions lie in K. Then (13) = (12)(23)(12) € K, and (14) = (13)(34)(13) € K.
Continuing this pattern we find (1%) € K for every k = 2, ..... , n. Therefore K = §, using
Exercise 32.

43. S; contains 3 elements of order 2, namely (12), (13), (23). Since the transpositions (12) and
(13) generate S; (as in Exercise 32), two automorphisms with the same behavior at (12) and
(13) must be equal. Also f preserves the orders of elements (by Exercise 7.4.21), Therefore
f(12) = (ay) is another 2-cycle.

Suppose f(12) = (12). Then f(13) is either (13) or (23). If f13) = (13), then fis the
identity. If f{13) = (23) then flz) = (12)7(12) for every 7, since these two automorphisms
agree on the generators (12) and (13).

Generally if f(12) = (zy), use Exercise 24 to find & € S; with f(12)ar' = (12). Then the
automorphism ¢(7) = af(r)ar’ fixes (12) and the argument above describes g. Therefore,
either fis the identity or f(7) = o7o' where o= o' (12).
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44. (a) If 7(a;) = q, for some j > 1 then 7(a,.) = ©(a, ,) contrary to the injectivity of 7. Therefore
@) =ra,).
(b) Suppose ©@(b;) = a, for some j. If j > 1 then #(b) = #(a,). If j = 1 then «b,) = ©a),. In
either case this contradicts the injectivity.
(¢), (d) The same argument applies. The permutation 7 agrees with the product of the
disjoint cycles (a; — a;)(b; — b,) . . ., and therefore 7equals this product in S,.

45. Define f : S, — A,42 as follows: if a € A,, then f(a) = a. If o is an odd permutation, then
f(a) =a(n+1n+2). This is obviously an injective map.

Before proving that f is a homomorphism, observe that if & € S, o fixes both n + 1 and n + 2,
then a(n+1n+2) = (n+ 1 n+ 2)a. This is true since if we write o as a product of disjoint
cycles, those cycles will involve only the numbers 1 through n; by Exercise 18, each of those cycles
commutes with (n 4+ 1 n 4 2), so that « does as well.

Now, if o, 8 € A, then f(af) =af = f(a)f(8). f a € A, and 5 € B, = S,, — Ay, then a8 € B,
as well, since « is even and £ is odd so that af is odd. Thus f(a8) = af(n+1n+2) = f(a)f(B).
If « € B, and 8 € A,, then a8 € B, as above. Then f(af) = af(n+ 1 n+ 2). By the above
observation, this is the same as a(n+1n+2)8 = f(«a)f(8). Finally, if a, 8 € B,,, then af € A,,, so
that f(af) =af=aB(n+1n+2)(n+1n+2)=a(n+1n+2)3(n+1n+2) by the observation
above. But this is just f(«)f(8). Thus in all cases, f(af) = f(a)f(B), so that f is an injective
homomorphism and thus its image is a subgroup of A, ;9 that is isomorphic to S,.
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Chapter 8

Normal Subgroups and Quotient
Groups

8.1 Congruence and Lagrange’s Theorem

10.
11.

. (=) Answered in the text. (<) If a € K then a € Ka n K so that Ka = K by Corollary 7.19.
. Kry={ny, v}; Kr, = {r, t}; K= {Kny, h}; Kry= {r, d}.
. Kry={ry, r, 1, m3}; Kd={d, h, t, v}.

B o B S M O

K =A{1,17}; K3 = {3, 19}; K5 = {5, 21}; K7 = {7, 23}; K9 = {9, 25}; K11 = {11, 27}; K13 =

(13, 29}; K15 = {15, 31}.

. K3=1{3,3-3=9,9.3=27,27-3=81=17,17-3=51=19,19-3=57=25,25-3=11,11-3 =1}

={1,3,9,11,17,19, 25,27}
K5={1-5=5,3-5=15,9-5=45=13,11-5=55=23,17-5=85=21,19-5 = 95 = 31,
25.5=125=29,27-5="7}
= {5,7,13,15,21, 23,29, 31}.
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12. (a) Using Theorem 7.12, all we need to show is that the elements of K lie in A4 and that K is
closed under the operation of permutation multiplication. Clearly the elements lie in A4 since
they are all written with an even number of disjoint transpositions ((1) being written with zero
transpositions). Further, (1)7 = # = m(1) for any 7 € K; for the remaining multiplications,
we have

(12)(34) - (13)(24) = (14)(23) = (13)(24) - (12)(34)
(12)(34) - (14)(23) = (13)(24) = (14)(23) - (12)(34)
(13)(24) - (14)(23) = (12)(34) = (14)(23) - (13)(24)

(b) Since K has four elements and A, has 12 elements, there are 12 = 3 cosets of K in Ay, by

1
Lagrange’s Theorem.

(c) Since K has four elements and Sy has 24 elements, there are 2! = 6 cosets of K in Sy, by

Lagrange’s Theorem.
13. (a) These cosets are not identical. K + 4 consists of all integers leaving a remainder of 4 when
divided by 7; since 3 does not, 3 ¢ K + 4, so that K + 4 and K + 3 are disjoint.
(b) These cosets are identical, since K + 137 =K +(19-7+4) = (K +19-7)+4=K + 4.
(c) These cosets are identical, since K +59 =K+ (9- 74 (—4)) = (K +9-7) + (—4) = K + (—4).

14. (a) Since K(12) contains the permutation (12)(34)(12) = (34), we see that (34) € K(12), so that

K (34) C K(12). Since the cosets are not disjoint, they are equal.

(b) K(1234) contains the elements (1)(1234) = (1234), (12)(34)(1234) = (24), (13)(24)(1234) =
(1432), and (14)(23)(1234) = (13). K(1324) contains the element (13)(24)(1324) = (34), which
is not in K(1234). Since the cosets are not identical, they are disjoint.

&
Ny

15. (a) From Exercise 6, 17 and 19 are both in the coset K3: 3* = 81 = 17 (mod 32) and 3° = 243 =
19 (mod 32).

(b) From Exercise 6, 9 and 25 are both in the coset K3: 32 =9, and 3% = 729 = 25 (mod 32).

_ 3 6 9 127. _ 4 7 10 137. 2 __ 2 5 8 11 14
16. Ke = {1, o&’, &’, @’, a"}; Ka = {a, d', ', d", a"*}; Ko ={a’, @, d’, a'', a"'}.

17. (a), (c¢) Answered in the text.

(a)
(b) All the positive divisors of 24, as in (a).

18. There are many examples, including G =7 and H= nZ and G = Z x Z, and H = Z x {0}.

EE% For instance G =R and H=Z or G=7Z xZ and H=Z x {0}.
19. Answered in the text.

20. 50.

21. Answered in the text.

22. 0~ K is a subgroup of H and of K. Lagrange’s Theorem implies that |H n K| must divide |H| and |K].
23. Answered in the text.

24. Suppose G is not cyclic. If g € G then |g| divides 25 so it equals 1, 5 or 25. It cannot be 25 since
G is not cyclic. If g # e then |g| >1 and therefore |g| = 5.
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25.
26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

8.1 Congrence and Lagrange’s Theorem 115

Answered in the text.

Since |G| = 8, Corollary 8.6 says that every element of G has order 1, 2, 4, or 8. Choose a
nonidentity element a. Then the order of a is 2, 4, or 8. If it is 2, we are done. So suppose the
order of a is 4. Then a? # e but a* = e. Since (a?)? = a* = ¢, we have found an element a? with
order 2. Finally, suppose the order of a is 8. Then a? # e but a® = e. Since (a?)* = a® = e, we
have an element of order 2. So in any case there is an element of order 2.

In U,, we have (n —1)2 =n? —2n+1 =1 (mod n), so that (n —1)? = 1. However, n — 1 # 1 since
n > 2. Thus n — 1 has order 2.

By Corollary 7.27 conclude that 2 divides | U,|.

By Lagrange’s Theorem applied to the subgroup H of G, we get |G| = |H|[G : H]. By Lagrange’s
Theorem applied to the subgroup K of H, we get |H| = |K|[H : K]. Substituting into the first
equality gives |G| = |K|[H : K|[G : H] = |K|[G : H][H : K]. But regarding K as a subgroup of
G, Lagrange’s Theorem gives |G| = |K|[G : K|. Thus |K|[G : K] = |K||G : H][H : K| and thus
[G:K]=|G: H|[H : K].

If G is finite the formula immediately follows from Lagrange’s Theorem. But the result remains true
when @ is infinite: Suppose the distinct cosets of H in G are Hg,, Hg,, . . . , Hg, where n = [G : H].
Suppose the distinct cosets of K in H are Kh,, Khy ..." Kh, where m = [H : K]. Show that the cosets
Khyg;for 1 <i<m, 1< j<n forms a list of the distinct cosets of K in G. Therefore [G : K] = nm =
[G: H-[H: K].

Suppose that G has no element of order 2. Then for a € G, we know that a # a~!. Then elements
come in pairs, {a,a"1}, except that e is its own inverse. If there are k such pairs, then |G| = 2k +1,
which is odd. Thus if |G| is even, there must be an element of order 2.

By Exercise 7.3.36 there is a subgroup of order p in U ,,. Consequently there is an element of order p-
Alternatively expand (1 + p)” by the Binomial Theorem and reduce each term (mod p?) to conclude
that 1 + p has order p in U ,,

2 and

(a) Since a has order 3, we know that a® = e, so that a(a?) = e = (a?)a. Thus a™! = a
similarly b~! = b2. Since a® = b2, we get a=' = b~ !, so that a = b.

(b) To each a € G of order 3 associate a® € G. Clearly a? has order 3 as well. By part (a), if a # b
both have order 3, then a? # b?. Thus elements of order 3 can be grouped into pairs, {a, a?}.

Hence there are an even number of them.

G can have no elements of order 2, since by Corollary 8.6, the order of each element divides |G|,
which is odd. Thus no element is its own inverse. So in the list ajas...asx+1, each nonidentity
element appears separately from its inverse. Since G is abelian, reorder the list so that as = al_l,
ayg = agl, until asy, = a;kl_l and asg4+1 = e. Then clearly the product of all the a; is the identity.

Answered in the text.

[G:H N K] = p[H : HN K] by Lagrange’s Theorem. Similarly ¢ | [G : H n K] and since p, ¢ are
relatively prime also pq is a factor.
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37. fis a homomorphism since (ab)" = a"b". By Corollary 7.27 we know a" = e. Since (k, n) = 1 there

38.

39.

40.

41.

42.

exist integers z, y with kr + ny = 1, Surjective. For any a € G we have a = a™™ = d* = fla").
Since f: G — G is a surjective map on a finite set, deduce that f must be injective. (One can check
injectivity directly by first showing: fla) = e = a = e, (Proof. Given d* = e deduce a = """ = ¢.)
If fla) = f(b), note that (ab')" = a"b " = e, then conclude that ab' = e, so that a = b.)

There are 2" subsets of G which contain e. By hypothesis each of these subsets is a subgroup. If |G|
> 2 let e, a, b be distinct elements. Apply Corollary 7.27, to show that ¢ = e since {e, a} is a
subgroup and a* = e since {e, a, b} is a subgroup. But then a = a’a® = e, a contradiction.

(a) Suppose G has no elements of order 5. By Lagrange’s Theorem, every nonidentity element of
G must have order 2, 5, or 10. If it has an element a of order 10, then a'® = e but a? # e.
But then (a?)® = a'® = ¢, so that a® has order 5. So if G has no elements of order 5, all the
nonidentity elements must have order 2. But now Exercise 27 of Section 7.2 shows that G
must be abelian, contradicting the assumption that G is nonabelian.

(b) Let a be an element of order 5, by part (a). Then {e,a,a?,a®, a*} are five distinct elements
of G, which form a cyclic subgroup H. Let b be an element of G that is not in H. Then
H = {e,a,a?a% a*} and Hb = {b, ab, a®b, a>b, a*b} are not identical, since b € Hb and b ¢ H
by construction. Thus the cosets are disjoint, so G = HUHb as a set. Since G is nonabelian, it
cannot be cyclic, so that b cannot have order 10. Thus it has order 2 or 5. Suppose b has order
5, and consider b2. If b2 € H, then b = a* for some 0 < k < 4. Then a** = bv* = b1 =71,
so that b=' € H and thus b € H. This is impossible. Thus > = a*b for some 0 < k < 4;
multiplying on the right by b~! gives b = a¥, another contradiction. Thus b cannot have order
5, so it has order 2. But we chose b arbitrarily from among the five elements of G not in H.
Thus all of those elements have order 2, so that GG has five elements of order 2.

Let H, H,, . . ., H, be the distinct subgroups of order p in G. By Lagrange, every nonidentity
element of H,. has order p. If g € G has order p then (9) = H, for some j. If g€ Hi N H;then H;, =

(9) = H,. Therefore, the set of all elements of order p in G is exactly the union of the disjoint sets
H; — {e}. Hence there are k(p — 1) such elements.

Suppose |G| = 33 and G has no element of order 3. Then by Theorem 7.8 there is no element of
order 33, and Lagrange implies that every nonidentity element has order 11. Count the number of
subgroups of order 11, as in Exercise 25 below, to obtain a contradiction.

Let N = (a) so that |[N| = 4. If b € N then b commutes with a and ab = ba = a’b. Cancellation
implies @® = e contrary to hypothesis. Therefore b ¢ N and there are 8 elements in N U Nb. Using
the relation ba = @®b, check that N U Nb is closed under multiplication. In fact, the entire 8 x 8
operation table is uniquely determined. Therefore N U Nb is a subgroup containing a and b. Then
G = N U Nb, since G is generated by a, b, so that |G| = 8. Note that D, is generated by the
elements a = 7, and b = h satisfying the relation ba = a*b. Since the operation table above is unique,
conclude that G = D,.
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43.

44.

Let N = (a) so that |N] = 4. As in Exercise 26 show that b ¢ N, that N U Nb is a subgroup with a
uniquely determined operation table, using the given relations. Since G is generated by a, b conclude
that G = N U Nb has 8 elements. The quaternion group @ of Exercise 7.1.14 is generated by the
elements i, j where |i| = 4, 7 = -1 = ¢ and ji = -k = —4j = . The uniqueness of the operation

table above implies G = Q.

(a) By Exercise 8 in Section 7.5, the elements of A4 consist of

(1)
(12)(34), (13)(24), (14)(23)
(123), (132), (124), (142), (134), (143), (234), (243).

Since the elements of the form (abc) all have order 3, only the three elements (12)(34), (13)(24),
and (14)(23) have order 2.

(b) By Exercise 12(a) in this section, these three elements together with (1) form a subgroup of
Ay.

(¢) If A4 had a subgroup G of order 6, it would (by Theorem 8.9) be isomorphic to Zg or to Ss.
But it could not be isomorphic to Zg, since then A4 would have an element of order 6 — and
all of the elements listed above have order 1, 2, or 3. Thus such a subgroup must be isomorphic
to S3. Now, both S3 and A4 have three elements of order 2, so that an isomorphic image of
S3 in A4 must contain (1), (12)(34), (13)(24), (14)(23) and two other elements of A4. By part
(b), these four elements form a subgroup of A4 and thence a subgroup of the image of S3. But
this is impossible, since S5 has order 6, so it cannot have a subgroup of order 4.

8.2 Normal Subgroups

1.

Compare Exercise 7.5.1. If aK = K then a = ae € aK = K. Conversely suppose a € K. Since K is a
subgroup, a' € K and the closure property implies aK < K and ¢'K < K. Then K ¢ aK as well,
and the equality follows.

.71 =t (mod K) since 1t~ ! = rit = v € K, and ro = h (mod K) since roh™! = roh = v € K.

However, 1y org = r3, and t o h = rq, but r3 Zr; (mod K) since rgrfl =ryrg=ry ¢ K.

The left cosets are N and r, N while the right cosets are N and Nr,. Calculating the products
of elements, we find that n N = Nr, = {n, 3, ¢, d}. (Compare Exercise 20 below.)

For any g € G note that g¢e) = {g} = (e)g and ¢gG = G = Gg. Therefore these subgroups are

normal. .
ab)fad aa’ ab™+bd’ ab) 1/a —b/ad
(a) H is a subgroup since odlloa 1= o i and odl —lo 1/d lie in H.
10)(10") (1o+0 15y (1-b
Similarly N is a subgroup since o1llo1 = 01 and o1l =lo 1 lie in N.

(b) Answered in the text.
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123
6. K is the subgroup generated by 913l The right cosets are K,
123) (123 123) (123
132231 and 391(3192 . The left cosets are K,
123) (123 123) (123
K 391231 and 13213121l These are not the same so K is not normal.

10.

11.

12.

13.

14.

15.

16.

Answered in the text.

- (a) <1> = {1} <71> = {1, -1} <Z>: {1, 4, ~1, i} <.7> = {1, 4, -1, -} <k> ={1, k -1, -k}.

(b) The first two subgroups are normal since their elements commute with every element of Q.
The remaining subgroups have order 4. Claim. Any subgroup H of order 4 in ) is normal.
Rather than writing out the cosets explicitly we refer to the general fact given in Exercise 20
below.

. If Na = bN then a = ea € Na = bN and the cosets aN and bN both contain a. Use Corollary 7.24 to

conclude that Na = aN. Therefore N is normal.

Suppose H is a subgroup of Z(G). Then gh = hg for any g € G and h € H. Therefore Hg = {hg | h €
H) = gH and H is normal.

Answered in the text.

Lemma. If ¢ : G — His a surjective homomorphism of groups then ¢(Z(G)) c Z(H).

Proof. Let z € Z(G) and h € H. Since @ is surjective there exists g € G with ¢(g) = h. Then ¢(2)h =
o(2)p(g) = olg2) = @(zg9) = P(2)@(g) = @(2)h. Then @(z) commutes with everything so it lies in
Z(H).

Consequently for every automorphism f of G we have f(Z(G)) < Z(G). Therefore Z(G) is
characteristic.

An inner automorphism fis defined using a fixed ¢ € G as follows: f{z) = ¢'zc. By Theorem 7.34 N
is normal if and only if f{N) = N for every such f.

As suggested in the Hint consider M < N ¢ D, where |M] = 2, |N] = 4 and |D,| = 8. Checking the
operation tables note that these are subgroups, and by Exercise 20 below it follows that M is normal
in N and N is normal in D,. However M is not normal in D, as one can see by noting: ¢ 'Mt = {h, o}
# M.

If 7 € A,, then 7 is even. Then by Exercise 20 of Section 7.5, 0~ !7(c71)~t = 67170 is even
regardless of the parity of o, so that for any o € S,,, we have 0 ~'70 € A,,. Thus 0~ 'A,,0 C A,, so
that A,, is normal in S,, (see Theorem 8.11).

Since K is normal and of order 2, suppose K = {e,k} with &k # e. Then if a € G, we know that
aka™! € K. If aka™' = e, then ak = a, which is impossible. Thus aka™! = k, so that, multiplying
through on the right by a, ak = ka. Thus k € Z(G); since e € Z(G), it follows that K C Z(G).
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17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

If a, b e K then flab') = f(a)f(b)"' = ey so mat ab' € K. Therefore K is a subgroup. For any ge G
and a € K we have f(g'ag) = flg) '(a)f(g) = f9)'f(g) = ey Therefore g'ag € K and Theorem 7.34
implies that K is normal.

Let re KN Nand ge G. Then g'zge g'Kg= K since K is normal and g'zge g'Ng = N since N
is normal. Therefore g'zge K~ Nand K n N is normal by Theorem 7.34.

Answered in the text.

(a) If ne Nand ke K then (nk)* = k'n' = (k'n'n)k' lies in NK because k'n'k e k'Nk = N.
Similarly, let n, 7’ € Nand k, ¥ € K. Then (nk)(n'k) = n(kn’k")kK lies in NK. Therefore NK is
a subgroup.

(b) For n, k as above and g € G we have g'(nk)g = (g'ng)(g'kg) € (¢'Ng)(g'Kg) = NK.
Therefore NK is normal by Theorem 7.34.

Answered in the text.

We may restrict f to a homomorphism f; : N — H. Then Theorem 7.19 implies f{N) = Im f is a
subgroup of H. Let h € H and z € f(N). By definition x = f{n) for some n € N and the surjectivity
implies that h = f(g) for some g € G. Then h'zh = flg)'fin)f(g) = fg'ng) € fg'Ng) = f(N), since
N is normal in G. Therefore f{N) is normal by Theorem 7.34.

Suppose a € G. If a € N then the closure of N implies aN = N = Na. Suppose a ¢ N. Then by
Corollary 7.24 and Theorem 7.25, G = N U Na and N N Na is empty. Consequently Na = {ge G |
g & N}. Also the left coset alN contains a ¢ N so it must be disjoint from N by the analog of
Corollary 7.24. Then aN < Na by the description of Na above. Therefore aNa' < N for every a € G
and Theorem 7.34 applies.

Since det : GL(2,R) — R* is a homomorphism, we know that if A, B € GL(2,R), then

det(ABA™!) = det(A) det(B) det(A™!) = det(A) det(B) det(A) ™ = det(B).

Thus if B € N, so that det B € Q*, it follows that det(ABA~!) € Q*, so that ABA~! € N. Thus
ANA~! C N for every A € GL(2,R), so that N is normal in GL(2,R) by Theorem 8.11.

Apply Exercise 15 to the homomorphism in Exercise 22.

For any g € G use Exercise 7.4.13 to show that g 'Hg is a subgroup of order n. By the uniqueness,
g'Hg = H. Then Theorem 7.34 applies.

If N is normal and ab € N then ba = b(ab)b' € bNb' = N. Conversely, suppose N has the stated
property. For any g€ G and n e N we have g(¢g'n) = n € N and the assumed property implies that
g'ng € N. Therefore g'Ng N for every g and N is normal, by Theorem 7.34.

If (a) is normal then for any g € G, gag' € g(a)g"' < (a). Therefore gag' = a" for some integer k.
That is, ga = ga". Conversely suppose a has the given property: for any g € G there exists k such
that gag'= ak. Then, for any integer n, ga"g' = (gag")" = (a")" = d™ € (a). Then ga)g' < (a) for
every g. Apply Theorem 7.34.

Answered in the text.
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30. By Exercise 19 we know that ab = ba for every a € A and b € B. Define f as in the Hint.
Homomorphism. f{(a, b)-(d’, ¥")) = flad', bb") = ad’ bl = abd’l’ = fla, b)f(d, V). Surjective. {A X B)
= AB = G. Injectiye. If f(a, b) = f(d’, V') then ab = d'V and a'd = b¥"' € A N B = {e}. Therefore
& = aand b = bso that (a, b) = (, V).

31. (a) If z € Ny then by definition #'Hz = H. Then H is normal in N, by Theorem 7.34.
(b) If H is normal in K then for every z € K we have z'Hz = H by Theorem 7.34. Therefore z €
Ny by definition, and we conclude that K < Ny,

32. As in Exercise 7.4.33, for ¢ € G let g(c) be the inner automorphism induced by ¢: g(¢)(z) = czc . If f
e Au(G) then (Pg(c))(x) = fe(e)@) = fleze’) = AN = gA)AD) = (o(f(c))oha).
Therefore fog(c) = g(f(c))of so that fog(c)of* = g(f(c)) € Inn G. Therefore Inn G is normal in Aut G
by Theorem 7.34.

33. If f, g e H, then (fg)(a) = flg(a)) = fla) = aso that fog e H, Also fla) = a implies that a = f'(a)
so that f ! € H* Hence H"is a subgroup.
Claim. If o€ A(T) then 0H,0"' = Hg,.

Proof. Let b = o(a). If fe H, then (afc')(b) = o(f(c'(b))) = o(f(a)) = o{a) = b so that ofc' € H,
Therefore oH,0°" < Hy,. Applying this to a« = o'(b) provides the reverse inclusion and the Claim
follows.

Suppose |T] =2 3 and let a, b, ¢ be three distinct elements of T. Define fe A(T) be setting f(b) = ¢,
flc) = band f(x) = xfor every 2 # b, c. Then fe H,but fe¢ H, Using any o€ A(T) with o(a) = b
the Claim implies that oH,0"' = H, # H,. Therefore H, is not normal.

34. Suppose f: S — T is any injective map of sets, and §F is some family of subsets of S. Then (" Y) =
(" f(Y), where the intersection runs over all Y € §. In our case this implies: a'Na € n a'Ka for
every a € (. Using Exercise 7.4.13, show that for any fixed a € G, the operation sending K to a'Ka
provides a bijection on the set of all subgroups of order n. Therefore the intersection above runs over
all subgroups of order n in G, so that a 'Na < N. Hence N is normal by Theorem 7.34.

35. As in the Hint, N is a subgroup. By definition, N ¢ a'Ha for every element a. Let g € G. Therefore
g'Ng ¢ g'a'Hag = (ag) 'H(ag) for every a € G. For any b € G let a = bg' and deduce that
g'Ng < b'Hb. Therefore ¢'Ng < bﬂ b'Hb = N and Theorem 7.34 applies.

g

36. Let g(c) be the inner automorphism induced by ¢, as in Exercise 7,4.33. Then g(c)(N) = ¢Nc¢' = N
since N is normal. Therefore the restriction of g(¢) to N provides an automorphism ¢ € Aut N. Since
M is characteristic in N we know that @(M) < M. By the definition of ¢ this says: cMc' < M. Since
¢ € G was arbitrary, M is normal in G.

37. Answered in the text.

8.3 Quotient Groups

1. The order of 13+ N in Zgy/N is the smallest integer k such that k(13 + N) = 13k + N C N, i.e.,
the smallest integer k such that 13k € N. Clearly then k = 4, so that the order of this element is 4.

2. The order of 15+ N in G/ < 15 > is the smallest integer k such that k(6 + N) = 6k+ N C N, i.e.,
the smallest integer k such that 6k € N. Thus k = 5, since 6 -5 =30 =15 - 2.
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3.

10.

11.
12.

The completed table is
M’I“o M’I“l Mh Md
MTO MTO Mrl Mh Md
Mry | Mry Mro Md Mh
Mh Mh Md M?“O M?”l
Md Md Mh M’/‘l M’I“O

since for example (Mh)(Md) = M (hd) = Mrl. Since Mr is the identity in this group (because 7
is the identity in Dy), examining the table shows that (Mrg)(Mry) = (Mr1)(Mry) = (Mh)(Mh) =
(Md)(Md) = Mry, so that every element has order 2.

N is normal as seen in Exercise 7.6.3 and the quotient group has 2 elements. There is only one
possible operation table for a group of 2 elements (after relabeling) so G/N = Z,

. The quotient group has 6 elements, M, 1 + M, 2 + M, 3 + M, 4 + M and 5 + M. Clearly 1 + M

generates all die others, so the group is cyclic of order 6. By Theorem 7.14 it is isomorphic to Z.

The cosets are N, 1 + N and 2 + N. Since 14N has order 3 in the group Zq/N this group is cyclic,
and hence isomorphic to Z,. (See Theorem 7.14.)

Since Ugg is abelian, (5) is normal. The group (5) is
(5y ={5,5-5=25,25-5=125=21,21-5=105- 1},

so that [(5)] = 4. But Uy has elements {1,3,5,7,9,11,15,17,19,21,23,25}, so that |Usg| = 12.
Since [Usg : (5)] = 3, and since by the table at the end of Section 8.1 the only group of order 3 is
Z3, we must have Usg/(5) = Zs.

N = {(0, 0), (3, 2), (2,0), (1, 2)} and there are 4 cosets. Since (0, 1), (0, 2) and (0, 3) are not in N,

the coset (0, 1) + N does not have order 1, 2 or 3 in the quotient group. Therefore it is a generator.
By Theorem 7.14 the group is =Z,.

Answered in the text.

(a) M = {(0,0), (0,2)} and N = {(0, 0), (1, 2)} are groups of order 2, so they are isomorphic by
Corollary 7.18.
(b) M+ (0,0) M+ (1,00 M+ (0,1) M+ (1,1)
M+ (0,0) |M+(0,0) M+ (1,00 M+ (0,1) M+ (1,1)
M+ (1, 0) M+ (1,00 M+ (0,00 M+ (1,1) M+ (0,1)
M+ (0,1) |M+(0,1) M+ (1,1) M+ (0,0) M+ (1,0)
M+ (1,1) |M+(1,1) M+(0,1) M+ (1,00 M+ (0,0)

(¢) N+ (0,1) has order 4 in G/N but there are no elements of order 4 in G/M. Therefore these
groups are not isomorphic.

Answered in the text.

A nonidentity element in G/N is some Nz where z ¢ N. Since 22 € N note that (Nz)> = N2* = N so
that Nz has order 2.
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13. (a) If G is abelian, then G = Z(G) so that G/Z(G) = {e} is abelian. Nonabelian examples
include D, and the quaternion group @.
(b) G = S; has trivial center: Z(S;) = {e}, so that S;/Z(S;) = S, is nonabelian.

14. This problem can be done directly using many multiplications of permutations. The 6 right cosets
can be listed explicitly and compared to the 6 left cosets to see that V is normal. Then the 6 X 6
operation table can be constructed to prove that S,/ V = 5.

Better proofs are possible using more of the theory of permutation groups. For example see Exercise
7.9.27 below.

15. Recall that an element a has infinite order if a* # e for every positive integer k. Then for example
(1,0) has infinite order, since (1,0)* = (k,0) # (1,1) = e.

16. Recall that an element @ has infinite order if a* # e for every positive integer k. Then for example
(0,1) has infinite order, since (0,1)* = (0,k) # (1,1) = e.

17. (a) E consists of the set of even numbers, while NV is the set of multiples of 8. Thus the cosets of
N in E are the congruence classes of 8 among even numbers, which are clearly 0, 2, 4, and 6.
Thus E/N has four elements (N is normal since E is abelian).

(b) Since (24+ N)+ (24 N) =4+ N # N, the element 2+ N € E/N does not have order 2.
Therefore E/N is not isomorphic to Zg X Zg, so by Theorem 8.8 it is isomorphic to Zj.

18. Define ¢ : U;,/N — U by @(N[als,) = [a];- To show @ is well-defined suppose a, b are odd integers
and Na]s, = N[bls,. Then [a]s; € N[blig = {[b]s2, [17D]55}. Hence, a = b or 17b (mod 32) which implies
a = b (mod 16). Verify the homomorphism property. Since ¢ is surjective and both groups have
8 elements the map @ is automatically injective. (See Exercise 32 of Appendix B.) Hence it is an
isomorphism.

19. Suppose g € G. Then gN is a square in G/N, so that gN = (g1 N)?> = ¢g?N, so that for some
m,n € N, gm = g?n and thus ¢ = g?nm~!. But nm~! € N, so nm~! = n? for some n; € N.

Then g = gin? = (g1n1)? since G is abelian.

20. Since [G : Z(G)] = 4, it follows that G/Z(G) = Z4 or G/Z(G) = Zy X Zs. Suppose that G/Z(G) =
Zs4, and let aZ(G) be a generator. Then the elements of G/Z(G) are Z(G), aZ(G), a®*Z(G), and
a®Z(@). Since these are the cosets of Z(G) in G, every element of G can be written as a*z for
k€{0,1,2,3} and z € Z(G). But then if g, h € G, we have g = a*z; and h = a'zy; since z; € Z(G),
we get ab = aFzialzy = a2z = atF a2z, = alzafz; = ba. But this means that any two
elements of G commute, so that Z(G) = G, contradiction. Thus G/Z(G) = Zy X Zs.

21. Suppose that g7 € G/T has finite order. Then (¢7)* = g*T = T = T for some k > 0, so that
g" € T. But T consists of the set of elements of finite order, so that for some n, (¢g*)" = g*" = e.
Thus g has finite order, so that g € T and g7 = T. So ¢gT is the identity element of G/T, and thus
no nonidentity element of G/T has finite order.

22. Define ¢ : R** — R*/N by @(z) = Nz. It is easy to check that ¢ is a homomorphism. Injective. If
o(r) = ¢(y) then Nz = Ny so that z € Ny = {y, —y}. Since z, y are positive, conclude that = = y.
Surjective. For any = € R* the absolute value |z] is in R**. Also |2| € Nz so that ¢(|]z]) = Nz
Therefore ¢ is an isomorphism.

23. Answered in the text.

24. Suppose G = (a).If ge G then g = d' for some integer k. Therefore Ng = Na* = (Na)* so that Na is
a generator of the group G/N.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

(a) Since 9- 8 = 8 € Z and no smaller multiple of 3 is an integer, the order of 5 in Q/Z is 8.

9
Similarly, the order of 1 in Q/Z is 5. Finally, since % =12 and 7- 1—72 is the smallest integral

5

rdl
multiple of 1—72, the order of ‘21—2 in Q/Z is 7.

(b) Suppose that ™ € Q/Z, where m,n € Z. Then clearly n - = m € 7Z, so that ”* has order at
most n and thus has finite order.

(¢) For any positive integer n consider the element 1 +7Z € Q/Z. Then n (1 +Z) =1+ nZ = Z.
Now, let k& be the order of % + 7Z. Then % € Z, so that n | k. Thus n is the order of % + Z.

If a € Q then a + Z has finite order, by Exercise 15. If a € R and a 4+ Z has order n in R/Z then
na+ Z = n(a+ Z) = 0 + Z, so that na € Z. Therefore a = m/n for some integer m, and a € Q.

(a) Define ¢: G — G* by @(a) = (a, €). It is routine to check that ¢ is an isomorphism.

(b) If a, ge G and h e Hthen (g, h) '(a, €)(g, h) = (g'ag, h'eh) = (g'ag, €) € G*. Therefore
G* is normal, by Theorem 7.34.

(c) Define w: H— (G x H)/G* by y(h) = G*(e, h). The natural embedding H —» G x H
sending & to (e, h) is a homomorphism, and the natural projection 7: Gx H— His a
homomorphism. Therefore  is also a homomorphism. Injective. If y(h) = () then
(e, Hh') = (¢ W)(¢ h)' e G* which implies that 'h' = e and &’ = h. Surjective. For any
(g, h) € Gx Hwe have y(h) = G*(e, h) = G*(g, e)(e, h) = G*(g, h). Therefore yis an

isomorphism.

Define o : G — (G/M) x (G/N) by og) = (Mg, Ng). Check that ais a
homomorphism. Injective. If &{z) = o(y) then Mz = My and Nz = Ny. Therefore zy ' €
M N N = {e} so that z = y. Now let H= Im o be the image, a subgroup of (G/M) x
(G/N). Then o induces an isomorphism G= H.

Let g € G. Since gN has finite order in G/ N, there exists an integer r > 0 with ¢ N =
(gN)" = N, so that ¢ € N. This element of N has finite order so there exists an integer
s> 0 with (¢')° = e. Then ¢” = e and g has finite order.

Suppose gN has order nin G/N. Then ¢"N = (gN)" = N so that ¢" € N. Since N is
finite there exists ¢ > 0 with (¢")" = e. Then g has finite order k = |g|. Hence (gN)" =¢!N = N
so that n | k by Theorem 7.8(2) and Theorem 7.8(3) implies that [¢""] = nin G.

Suppose Z(G) # G and # (e). Then Lagrange implies that Z( &) has index p or ¢ and
Theorem 7.28 implies that G/Z(G) is cyclic. Apply Theorem 7.38 to conclude G is
abelian. But then Z(G) = G, contrary to hypothesis.

Suppose N = <3317 Tyyeons J;n> and G/N = <Ny17 Ny,y,..., Nym> for some =, y,, € G.
Certainly Ng c (%, ,. . . , T,, g) for any g € G. Therefore G <m1>x2>""xmy1a ywm’ym)
and @ is finitely generated.

(a) Answered in the Hint.
(b) Since (G'a)(G'b) = G'ab = G'(aba 'b")ba = G'ba = (GD)(G’a). In fact, if N is a normal
subgroup of G then Theorem 7.37 implies that G/N is abelian if and only if G < N.

(a) N={(x, —x) | z € R}. It is easy to see that N is closed under addition and negatives, so N
is a subgroup.
(b) (R x R)/N = R Use the mapping f : R— (R x R)/N defined by f(z) = (z, ).
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124 Normal Subgroups and Quotient Groups

35. (a) Forany ne Nand ge G we have gn'g' € gNg' = N. Then ngn''g* e Nn & = {e}
which implies that ng = gn. Therefore N ¢ Z(G).

(b) If z € Z(G) then zg = gz for any g € G, so that (Nz)(Ng) = Nzg = Ngz = (Ng)(Nz).
Hence Nz e Z(G/N). Conversely, if Na is in the center of G/N then Nag = (Na)(Ng) =
(Ng)(Na) = Nga for every g € G. Therefore aga'g' € N and it clearly lies in G as well.
Therefore aga'g' = e and ag = ga. Hence a € Z(G) so that Na e Z(G)/N.

36. As in Exercise 7.4.33 the map ¢ : G — Aut(G) defined by g(u)(z) = uzu' is a
homomorphism. By definition, the image of this map is Inn G, and we have a surjective
homomorphism ¢: G — Inn G. Define an induced map g: G/Z(G) — Inn G by g (Z(G)u) =
g(u). To prove g is well-defined suppose Z(G)u = Z(G)v. Then vu' € Z(G) and for any x € G
we have g(u)(z) = vru' = vav'(vu?') = (vu)uzv' = vav' = g(v)(x). Therefore g(u) =
g(v) and g is well-defined. Verify that g is a surjective homomorphism. Injective. If
7 (Z(G)u) = g(Z(G)v) then g(u) = g(v) and g(vu?) = 1, Therefore (vu)z(vu')™" = z for
every € G and we conclude that vu' € Z(G) so that Z(G)u = Z(G)v.

37. Definef: A/Nx B/N — G/N by f(Na, Nb) = Nab. Well-defined. If Na = Na’ and Nb =
NV then Nab = NaNb = Nda’Nb" = Nd'l’ since N is normal. Claim. If a € A and b € B then
Nab = Nba. Proof As in Exercise 7.6.28, consider (aba')b"' = a(ba'b') € A n B = N. This
proves the Claim. Homomorphism. f{(Na, Nb)-(Nd', Nbv')) = f(Nad', Nbb') = Nad' bb’ =
(Na)(Na')(Nb)(NY) = (Na)(Nb)(Na')(NbV') = f(Na, Nb)f(Na', NV') using the Claim. Injective.
If f{Na, Nb) = N then abe Nso that ae€ Nb' < B. Then ae AN B= Nand Na= N.
Similarly Nb = N. Surjective. By hypothesis every g € G can be written as g = ab for some
ae Aand be B. Then Ng = f(Na, Nb).

8.4 Quotient Groups and Homomorphisms

1. The function is a homomorphism since f((a + bi) + (¢ +di)) = f((a +¢) + (b+d)i) =b+d =
fla + bi) + f(c+ di). Tts kernel is the set of all a + bi such that f(a + bi) = b = 0, so that
ker f = {a+0i} C C.

2. To see that g is a homomorphism, note that if x and y have the same sign, then zy > 0, so that
g(zy) = 0. Since = and y have the same sign, g(z) = g(y), so that in Zs, g(z) + g(y) = 0. Then
in this case g(zy) = 0 and g(x) 4+ g(y) = 0 so that g(zy) = g(z) + ¢g(y). If x and y have opposite
signs, then zy < 0, so that g(azy) = 1. Also, one of g(z) and g(y) is 1 and the other is 0, so that
g(x) + g(y) = 1. Thus again g(zy) = g(z) + g(y), so g is a homomorphism. ker g is the set of
nonzero reals whose image is zero; by definition of g, this is obviously R**, the set of positive real
numbers.

3. h is a homomorphism since h(zy) = (zy)® = 23y® = h(x)h(y). Since x3 = 1 implies that z = 1, we
see that ker h = {1}.

4. f is a homomorphism since |zy| = |z| - |y|, so that f(zy) = f(x)f(y). The identity element in both
Q* and Q** is 1, and f(z) = 1 when |z| =1, i.e., when © = £1. The kernel of f is {—1,1}.

5. g is a homomorphism since g((q1,n1) + (g2, n2)) = 9((q1 + g2, 1 + n2)) = n1 + 1o = g((q1,n1)) +
9((g2,m2)). ker g is the set of all elements whose image is 0 € Z, but g((z,y)) = y = 0 exactly when
y = 0, so that the kernel of g is Q x {0} C Q x Z.
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6.

10.

11.

12.

13.

14.

15.

h is a homomorphism since h(zy) = (zy)* = x*y* = h(x)h(y). The identity element of C* is 1, so
ker h is the set of elements of C* whose fourth power is 1, i.e. the fourth roots of unity. These are
{1,-1,4,—i}.

If 0 and 7 are both even or both odd, then o7 is even, so that f(o7) = 0. But in this case
f(o) = f(7) since the two permutations have the same parity, so that f(¢) + f(7) = 0 in Zy. Thus
flor) = f(o) + f(r). If one of o and 7 is even and the other is odd, then o7 is odd, so that
f(o7r) = 1. But in this case one of f(o) and f(7) is 1 and the other is 0, so that f(o) + f(7) = 1.
Thus again f(o7) = f(o) + f(7), so that f is a homomorphism. The kernel of f is the set of
permutations whose image is 0 € Zs, which is obviously the set of even permutations.

Answered in the text.
Homomorphism. fla + ) = ([a + by, [a + b],) = {[a], + [b]2, [a]s + [b],) = fla) + f(D).
Homomorphism with kernel {e}.

If [a],, = [b]n, then [ra]xy = f([a]n) = f([b]n) = [rb]k. The middle equality holds since [a], = [b],.

The function is well-defined by Exercise 11 (with n = 12, k = 6, » = 1). It is a homomorphism
since (using the addition [a], + [b], = [a + b, in Zj,)

h(lali2 + [bl12) = h([a + bl12) = [a + ble = [a]e + [ble = h([a]12) + h([b]12).

To see that it is surjective, choose x € Zg and choose any a so that x = [a]g. Then x = [a]¢ =
h([a]12). The kernel of h is elements of Zj;o which are congruent to 0 (mod 6); these elements
are [0];2 and [6]12, so that the kernel is {[0]12,[6]12}. This is a two-element group, so it must be
Congruent to ZQ, and in fact [6]12 + [6]12 = [12]12 = [0]12.

This function is well-defined by Exercise 11 (with n = 16, k = 4, and r = 3). It is a homomorphism
since (using the addition [a], + [b], = [a + b],, in Z,,)

h(lalie + [bl16) = h([a + blis) = [3(a + b)]s = [3a + 3b]s = [3a]s + [3b]4 = h([a]ie) + h([b16)-

To see that it is surjective, choose & € Z4, and choose any a such that 3z = [a]s. Then 3z = a
(mod 4), so that 3 -3z = 3a (mod 4), i.e., z = 3a (mod 4), so that = [3a]4. Then = = [3a]y =
h([a]16), so that h is surjective. Now, [a]i6 € ker h means that [3a]s = [0]4, so that 3¢ =0 (mod 4)
and thus 3-3a =3-0 =0 (mod 4). Thus a = 0 (mod 4). So the kernel consists of congruence
classes modulo 16 that are 0 (mod 4); these classes are [0]16, [4]16, [8]16, and [12]16. Thus the kernel
is a group of order 4; since [4]16 + [4]16 = [8]16 # [0]16, it has an element that is not of order 2, so
it must be congruent to Z, rather than to Zy X Zs.

Answered in the text.

Define f : H — H : (eg,h) + h. Clearly f is surjective. It is also clear that it is injective: if
fl(eg,h)) = f((eg,k)), then using the definition of f gives h = k. Thus it is a bijection, and it is
a homomorphism since

f((ea; h)(ea, k) = f((ecea, hk)) = f((ea, hk)) = hk = f((eq, h))f((ec, k)).

Thus f is an isomorphism, so that H = H.
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126 Normal Subgroups and Quotient Groups

16. Note that for z € € *, f(z) = |2* and the homomorphism property follows from the usual “norm
property”: |zw| = |z|]|w|. A simple proof can also be given using just the definition of multiplication
in ¢.

Surjective. If » € R** then /7 is real and f(~r) =

17. (a) Answered in the text.
(b) <O> 7ZQ7 Z47 Z57 Zlm Z?D

18. Suppose that f : Dy — G is a surjective homomorphism. Then if K = ker f, we have Dy/K =
G, and |D4/K| = [D4 : K], which by Lagrange’s Theorem must divide |D4| = 8. Thus any
homomorphic image of D4 must have order 1, 2, 4, or 8. Clearly the trivial group is a homomorphic
image of Dy under the map f : Dy — {0} : x — 0. Also, the only group of order 8 that is a
homomorphic image of Dy is Dy itself, since if f : Dy — G is a surjective homomorphism with
trivial kernel, then Dy = G by the first isomorphism theorem. This leaves groups of order 2 and
4. By Example 1 in Section 8.3, we know that N = {rg,r1,7r2,73} is a normal subgroup with
Dy/N = Zs, so that Zs is a homomorphic image of Dy. By Example 2 in the same section,
we know that M = {rg,r2} is a normal subgroup with Dy/M = Zy X Za, so that Zy X Zs is
a homomorphic image of Dy. The only remaining possibility is Z4. Now, if f : Dy — Z4 is a
surjective homomorphism, its kernel must be a normal subgroup of D, of order 2, so it must be
generated by an element of order 2. The elements of order 2 in D, are ro, h, v, d, and t. We
know from the above that Dy/(ro) = Zg x Zs. Also, {rg,h} is not normal, since for example
rihryt = rihrs = rit = v & {ro,h}. Similarly, none of {rg,v}, {ro,d}, or {ro,t} is normal. Thus
{ro,m2} is the only normal subgroup of order 2, so that Z, is not a homomorphic image of D4. So
the only homomorphic images of Dy are {0}, Dy, Zo, and Zg X Zs.

19. Since |S3| = 6, homomorphic images of S3 must have order 1, 2, 3, or 6. Clearly the trivial
group is a homomorphic image of S3 under the map f : S5 —}0} :  — 0. Also, the only group
of order 6 that is a homomorphic image of S3 is S3 itself, since if f : S3 — G is a surjective
homomorphism with trivial kernel, then S3 = G by the first isomorphism theorem. This leaves
groups of order 2 and 4. By Exercise 15 in Section 8.2, Ajz is a normal subgroup of S3; since
|As| = 3, we know that S3/As must have two elements so is isomorphic to Zs. If S5 has a group
of order 3 as a homomorphic image, that group is perforce isomorphic to Zs, so that there must
be a surjective homomorphism f : S3 — Z3. If N is the kernel of this map, then N must be a
normal subgroup of S3 of order 2, so it consists of (1) together with an element of S5 of order 2.
Those elements are (12), (13), and (23). However, {(1),(12)} is not normal in S5 since for example
(123)(12)(123) 71 = (123)(12)(132) = (23) ¢ {(1),(12)}. So S3 has no normal subgroups of order 2.
Thus the only homomorphic images of S3 are the trivial group, Ss itself, and Z.

20. (a) Use list in Exercise 7.3.37 and the discussion of Theorem 7.43 These subgroups are: {H},
{H,3+ H},{H,2 + H 4 + H} andZ,,/H.
(b) {K}, {K, 2 + K} and Z,,/ K.

21. If K = ker fthen Theorem 7.39 and the simplicity of G imply mat K is either (e¢) or G. If K = (e)
then fis injective (by Theorem 7.40), so that fis an isomorphism. If K = G then H = f(G) = {e}.

22. (a) K={ae G| @ =¢e}.Ifa, be Kthen (ab)’= o’V = esoabe K. If ae Kthen a' = ae K.
Hence K is a subgroup.
(b) If 2%, i/ € H then 2*¢% = (2y)” and (2*)" = (2")? lie in H. Hence H is a subgroup.
(c) Define f: G — H by f(z) = 2% It is easily checked that fis a surjective homomorphism and
its kernel is K. The First Isomorphism Theorem then implies G/K = H.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed
with a certain product or service or otherwise on a password-protected website for classroom use.

© Cengage Learning. All rights reserved. No distribution allowed without express authorization.



© Cengage Learning. All rights reserved. No distribution allowed without express authorization.

8.4 Quotient Groups and Homomorphisms 127

23.

24.

25.

26.

27.

28.

29.

30.

It suffices to show that H is closed under the operation of G. Suppose that a,b € H. Then
N(ab) = (Na)(Nb) since N is normal in G. But a € H, so that Na € T; similarly Nb € T. Since
T is a subgroup of G/N, it follows that (Na)(Nb) € T. Thus N(ab) € T, so by definition of H, we
get ab € H. Thus H is a subgroup of G.

Well-defined. If [z], = [y], then n | (z — y). Then k | n implies that &k | (z — y) and [2], = [y];
Homomorphism. f{( ],L[ Y= f([wy]") = [yl = [allyle = A )AL8],)-

The kernel K= {ze U, | =1 (mod k)}. Compare Exercise 7.3.36. Is this map f also surjective?
Define f : Z xZ — Z : (a,b) — a —b. To see that f is surjective, choose x € Z. Then z =

f((z,0)) =2z — 0. Also, f is a homomorphism, since

f((a,0) + (¢,;d)) = f((a+ ¢, b+ d)) = (a+¢) = (b+d) = (a—b) + (c = d) = f((a,)) + f((c, d)).

If K =ker f, then (Z x Z)/K = Z by the First Isomorphism Theorem. So it remains to determine
ker f. But f((a,b)) =a—b=0if and only if a = b, so that ker f = {(a,a)} = {a(1,1)} = ((1,1))
and thus (Z x Z2)/((1,1)) = Z.

Define h : Z x Z — Z X Zs : (a,b) — (a — b, [b]2). To see that f is surjective, choose x € Z. Then
f((z,0)) = (x—0,[0]2) = (x,[0]2) and f((z+1,1)) = (x+1—1,[1]2) = (x,[1]2). Thus each element
of Z x Zs is in the image of f, so that f is surjective. Also, f is a homomorphism since

h((a,0) + (¢,;d)) = h((a + ¢,b+ d)) = ((a +¢) = (b + d), [b+ d]2) = ((a = b) + (¢ = d), [b]2 + [d]2)
= (a =0, [b]2) + (¢ — d, [d]2) = h((a, ) + h((c, d)).
If K = kerh, then (Z x Z)/K = Z Z2 by the First Isomorphism Theorem. So it remains to
b

determine ker h. Now, f(( )) = (a—b,[b]2) = (0,]0]2) if and only if b is even and a —b = 0. Thus
ker f = {(2b,20)} = {b(2,2)} = ((2,2)) and thus (Z x 2)/((2,2)) 2 Z X Zs.

Define ¢ G x H— G/M x H/N by ¢(g, h) = (Mg, Nh). It is easy to check that ¢ is a surjective
homotnorphism and that the kernel is exactly M x N. Apply Theorems 7.39 and 7.42 to conclude
that M x N is normal and (G x H)/(M x N) = G/M x H/N.

The determinant mapping f: GL(2, R) — R* is a surjective homomorphism with kernel SL(2, R).
The claims follow from Theorems 7.39 and 7.42.

Define f : Z, — Zg : [a], — [a]g. This is well-defined by Exercise 11. It is surjective, since if
x € Zy, choose a with © = [a]x; then z = [a]x = f([a]n). It is a homomorphism since
f([a]n + [b]n) = f(la +bln) = [a + bl = [a] + [blx = f([a]n) + F([b]n)-

It remains to determine the kernel of f. Now, f([a],) = [a]x if and only if k | a, so that the
congruence classes in Z,, that are taken to zero by f are the congruence classes containing multiples
of k, which are 0, k,2k,...,(n/k — 1)k = (k). Thus ker f = (k), so that Z, /(k) = Z.

By Theorem 7.20(3), Im f is a subgroup of H, so that by Lagrange’s Theorem, |3 f| divides |H]|.
Let K = ker f. Then by the First Isomorphism Theorem, since f : G — Im f is a surjective
homomorphism of groups, G/K = Im f. But then

IIm f| = |G/K| =[G : K] = |G|/ |K]|
again by Lagrange’s Theorem. Thus |Im f| divides |G].
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31. Define f : Z — Zs X Zy4 : a > ([a]3,[a]4). This is a homomorphism, since

fla+b) = (la+ s, [a+bla) = ([als + [b]3, [als + [Bla) = ([a]s, [ala) + ([b]s, [l4) = f(a) + f (D).

To see that it is surjective, choose (z,y) € Z3 x Zy. Then [z|3 = [z + 3|3 = [v + 6]3 = [z + 9],
and also [z + 9]y =[x +1+8]4 = [z + 1]4 and [x + 6]s = [z + 2 + 4|4 = [ + 2]4. So one of those
four is congruent to y (mod 4). Set a equal to that number, so that ([a]s,[a]s) = (z,y). Then
f(a) = (x,y). It remains to determine ker f. Now, f(a) = ([a]s, [a]4) = (0, 0) if and only if a =0
(mod 3) and ¢ =0 (mod 4). But « is divisible by 3 and 4 if and only if it is divisible by 12, so that
f(a) =(0,0) if and only if @ = 0 (mod 12). Thus ker f = (12), so that Z/(12) = Z1o = Z3 X Z,.

32. Suppose that Mz and My are two representatives of the same coset of M in G. Then zy~' € M,
so that x = ym for some m € M. But then

g(Mz) = Nf(x) = Nf(ym)=Nf(y)f(m)= f(y)Nf(m) = f(y)N = Nf(y) = g(My)

since f(M) C N and N is normal in H. Thus g is well-defined. Since M is normal in G, we get
that G/M is a group; the map is a homomorphism since

g(Mz)(My)) = g(Mxy) = N f(zy) = Nf(z)f(y) = Nf(x)Nf(y) = g(Mz)g(My)
again using normality.

33. Answered in the text.

lab| |[1d'b'| [la+a b+ac’+b lab| l—aac—b
34 (a) |01c|-|01c" |=|0 1 c+c and [0lc¢| =|0 1 —c|. Therefore G is a
001} 001 0 0 1 001 0 0 1
group.
labd
(b) {01c]| lies in the center if and only if b+ ac + & = V" + d’c + b for every o/, b" € Q. This
001

100
occurs if and only if a = ¢ = 0. Then C'is the set of all matrices of the form |01 0| Define

001

@ : Q > C by setting @(b) to be the matrix above. By formula in part (a), check that ¢ is
an isomorphism.
labd
(c) Define f: G > Q x Q by fl0lc| = (a, ¢). The formulas in part (a) show that fis a
001
homomorphism and it is certainly surjective with kernel equal to C. The First Isomorphism

Theorem applies.
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35.

36.

37.

38.

39.

40.

41.

Deﬁne f: G - R* by f( Ta,b) = a. M})hlﬂ f( Tmbo Tz’d) = f( Tac‘ ad+b) = ac = f( Ta‘b)f( T(‘d)
Surjective. For any a € R*, a = f{T,;). The kernel is exactly the subgroup H. By Theorem 7.39 H is
normal, and the First Isomorphism Theorem implies that G/H = R*.

K and N are normal subgroups of G. The injectivity of fimplies that K n N = {e}. Claim, G = NK.
Proof. Let g € G. Then f(g) € H and the surjectivity of the restriction of fimplies that flg) = f(n)
for some n € N. Therefore f(n'g) = eso that n' ge Kand ge nK < NK.

The result now follows using Exercise 7.6.28.

Since Q* is abelian, Q** is a normal subgroup. Now, with f : Q* — Q** : 2 — |z|, the restriction of
f to Q* is the identity map, since |z| = x for 2 > 0. Thus this situation satisfies the conditions of
Exercise 36, where G = Q* and N = H = Q**. It follows that Q* = Q** x ker f. But by Exercise
4, ker f = {—1,1}, which is a two-element multiplicative group and thus isomorphic to Zy. Thus

Q" =Q” X Zs.

By Theorem 7.44 and Exercise 19 there is a bijection between the set S of normal subgroups of G
which contain N and the set T of all normal subgroups of G/N. Therefore G/N is simple if and only
if the only normal subgroups of G containing N are N and G.

The given map T is easily seen to be a group homomorphism.

Surjective. For any g(z) = ¢, + ¢z + . . . + ¢,2" € Z[z] we have Z + g(z) = T(h(z)) where h(z) = ¢
+er+ ...+ ca

Infective. If f{z) is in the kernel then zf(z) € Z. Comparing degrees shows that f{z) = 0. Then T is
injective by Theorem 7.40.

(a) Since N is normal in G we have g'Ng = N for every g € G. In particular this holds for every
g € NK, so N is normal in NK.

(b) fis certainly a homomorphism since N is normal. Surjective. If g € NK then g = nk for some
ne Nand ke K. Then Ng= Nnk = Nk = f(k). Kernel. An element k € K lies in the kernel
if and only if Nk = N. Equivalently, ke K N N.

(c¢) Apply the First Isomorphism Theorem.

(a) Claim. fof, = f,.. Proof. (fof,)(Kb) = (f.f,(Kb)) = Kbyx = f,(Kb). Since f, = 1 is the identity
map we see that f ., is the inverse of the map f,. Therefore f, is a bijection, that is, a
permutation.

(b) Using the Claim above we have ¢(zy) = St =1

o = [ ofy,l = p(z)op(y). An element a
is in the kernel if and only if Kba = Kb for every b € G. Equivalently bab'e K so that a
b' Kb for every b € G. Therefore kernel ¢ = N b' Kb where the intersection is taken over
all b € @G. In particular, kernel ¢ ¢ K.

(c) If K is normal then b'Kb = K for every b and kernel ¢ = K.
(d) When K = (e), every right coset is a singleton and T = G. Also kernel ¢ = (e) and by
Theorem 7.40, @ is injective. Cayley’s Theorem easily follows.
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130 Normal Subgroups and Quotient Groups

42. (a) Apply Exercise 7.7.1.

We will prove the results in (b) and (c) assuming the Second Isomorphism Theorem given in
Exercise 24.

(b) Let G be metabelian with its special subgroup N as above. By the First Isomorphism
Theorem any homomorphic image of G is isomorphic to G/K for some normal subgroup K of
G. By Exercise 7.6.18, NK is a normal subgroup of G. The Third Isomorphism Theorem says
that (G/K)/(NK/K) = G/NK = (G/N)/(NK/N) which is a homomorphic image of the
abelian group G/N. The Second Isomorphism Theorem implies that NK/K = N/(N n K)
which is a homomorphic image of the abelian group N. Since a homomorphic image of an
abelian group is also abelian, the subgroup NK/K in G/K shows that G/K is metabelian.

(¢c) For G and N as above let H be a subgroup of G. Then H n N is a subgroup of the abelian
group N. The Second Isomorphism Theorem implies that H N N is normal in H and H/(H N
N) = HN/N which is a subgroup of the abelian group G/N. Therefore H is metabelian using
the subgroup H N N.

8.5 The Simplicity of A,

1. (a) Answered in the text.
(b) € = (123)(132); the 8 3-cycles are obviously products of 3-cycles. (12)(34) = (123)(234),

(13)(24) = (132)(243), (14)(23) = (143)(243).

2. (a) The order of A, is n!/2. When n = 2 this equals 1
(b) |4, = 3!/2 = 3 and any group of order 3 is cyclic.

3. (e) A direct computation.

4. {ey. This follows from the simplicity, since the center is a normal subgroup.
5. 0= 1, ... T, where 7" = ¢ and these 7commute. Then ¢ = e.

6. By Exercise 30 in Section 8.2, any subgroup of index 2 is normal. Since |A5| = 60, a subgroup of
order 30 would be normal. But since Aj; is simple, it has no proper normal subgroups.

7. By Exercise 23 in Section 7.5, these four elements form a subgroup N. The elements of A, other
than these elements are (123), (132), (124), (142), (134), (143), (234), and (243). The following
table shows the result of computing gng~' where g is one of these three-cycles and n € N. It is
clear that in all cases, gng~! € N, so that N is normal:

nog| (123) (132)  (124)  (142) (134  (143)  (234)  (243)
ni{ @ (1) (1) (1) (1) (1) (1) (1)
4) | (14)(23) (13)(24) (13)(24) (14)(23) (14)(23) (13)(24) (13)(24) (14
4) | (12)(34) (14)(23) (14)(23) (12)(34) (12)(34) (14)(23) (14)(23) (12
3) 1 (13)(24) (12)(34) (12)(34) (13)(24) (13)(24) (12)(34) (12)(34) (13

(
2)(3
3)(2
4)(2

(1
(1
(14)(

/\/\

8. (Assume n 2> 3.) As in Exercise 7.6.32 the subgroup of order 2 must lie in the center, contrary to
Exercise 6.

9. Since ¢ = e for every oe N it follows from Exercise 7.9.13 that o = e or o is a product of disjoint
2-cycles. If o, 7 are nonidentity elements of N then o7= e implies that 6= 7'= 7 Therefore |N| < 2.
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10.

11.

12.

Since N N A, = A, it follows that N D A,, (since € A,, implies that x € N N A,, implies that
x € N). Clearly N C S,,. Now, |N| divides |S,,| by Lagrange’s Theorem. But since |S,|/|An| = 2
and A, C N, we must have |S,|/|N| < 2, so that it equals 1 or 2. If it equals 1, then obviously
N = S, while if it equals 2, then obviously N = A4,,.

Any subgroup of index 2 in S must be normal (see Exercise 7.6.20). Apply Corollary 7.55.

Let K be the kernel of f. By Corollary 7.55, K = (1), A, or S,. If A, ¢ K then f{A,) = (1) c A,
Otherwise K = (1) and fis an isomorphism. Then f(A,) is a subgroup of index 2 in S, and Exercise
10 applies.
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Chapter 9

Topics in Group Theory

9.1 Direct Products

10.

11.

If (a, b) € G X H then the order is |(a, b)| = |em {|d|, |bl}. With this information the numerical
questions here are easily done.

4-2-6-4 = 192.

(a) Answered in the text. (b) {(0, 0)} is the subgroup of 1 element; there are 7 subgroups of 2
elements; there are 7 subgroups of 4 elements; there is 1 subgroup of 8 elements (namely, the
whole group).

Define ¢: G X H—H X G by ¢ (z, y) = (y, ) and verify that it is an isomorphism.
Z, X Z, is not cyclic.

(a) Z,, =74 X Z,. Explicitly let A = ([4],,) and B = ([9],,) and show that Z,, = A X B.
(b) Zyz=23 X Z,

(¢) Zy=z=ly X Zis=2y X Zyy=L5 X L

(=) Clear since G, is isomorphic to a subgroup of the product.
(&) (a; @y, - )by, by, o) = (@b, @by, o) = (biay, byay, - o) = (b, by, o2 ) (4 @, - -2 ).

Since 7z(ey,. . . ,€-1,0,€:1, - - ,€,) = @; the projection map is surjective. The homomorphism
property follows quickly from the definitions.

No. Z, X Z, has no element of order 8.

(a) Since f, g are bijective it is routine to check that @ is bijective. Also 6((a, b)-(d’, V")) = 6 (ad’,

bb') = (flad’), g(bb')) = (fa)f(d), g(b)g(V)) = (fla), g(b))-(f(d’), g(V')) = B(a, b) - (d, V).
(b) Induction on n. The case n = 2 is done in (a). Suppose n > 2. By the inductive hypothesis
G X...XG=H X...X H_. Apply (a) to complete the proof.

Let or: K — M X N bean isomorphism with ofx) = (e4(z), 04(2)). Define ¢ : HX K- HX M X N
by @ (h, k) = (h, ou(k), ,(k)). Verify that ¢ is an isomorphism.
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12.

13.

14.

15.

16.

17.

18.

19.

(a) Define p; : Gy X -+ X G, = Gy X -+ X Gi—1 X Giy1 X -+ X Gy, by

901'((91792, vy 9i-1,9i, Gid1y - - - 7971)) = (917927 e 9i—15,9i415 - - - agn)’

It is easy to see that this is a homomorphism, since the operation in the cross product is the
component-wise operations. Further, the kernel of ¢; is exactly G;. Thus G; is a normal
subgroup.

(b) Define ¢; : G; —» Gy X +-+ x Gy, : ¢ — (€1,...,€i—1,%,€i41,...,€,). Then §; is obviously
injective, and Im ¢; = G;. Also, d; is a homomorphism since the operation in the cross-product
is simply the component-wise operation. Thus G; = Gj.

(¢) fg=1(g91,---,9n), then &;(m;(g)) = 0:(9:) = (e1,---,€i—1, i, €ix1,---,€n). Thus
g9 = 01(m1(9))92(m2(9)) - - - on (7 (9)),

so every element of G; x ... x G, can be written as a product of elements of G4, ...,G,. But
this representation is clearly unique, since in any product of elements from the G1,...,Gp,
the " component is e; except in Gj. Theorem 9.1 then gives us that G; x --- x G,, is the
internal direct product of its subgroups Gy, ..., G,,.

(a) Closure under multiplication and inverses is easily verified.
(b) (=) Answered in the text. (&) G X G X @G is abelian so every subgroup is normal.

If k is any common multiple of |a, . . . , |a,| then a = ¢, for every index i. Therefore (a,, . . . , a,)" =
(é1, . . ., e,). The order of this element is the smallest positive such k. That is the lcm.

Define o€ S, by ofj) = i, Define the map ffrom G, X ... X G, to GI.1 X ...%x G, by flay, ...,
a,) = (Go)s s Gty - - - 5 Gofyy). Verify that this fis an isomorphism.

View G = NK as an internal direct product so that zy = yz for every z€ N and y € K. For any a €
M we have (zy)'a(zy) = v (v'ar)y = 2'ar € M since M is normal in N.

Every element r € Q" can be uniquely written as r = &|1f where £ = +1 and |1] is the absolute value
of . Apply Theorem 8.1.

Us = {1,3,5,7,9,11,13,15}. Clearly {1,15} is a subgroup since 152 = 225 = 1 (mod 16). This
subgroup must be isomorphic to Zs, since this is the only group of order 2. Also, {1,3,9,11} is
a subgroup since 32 =9, 3-9 = 27 = 11 (mod 16), and 3 - 11 = 33 = 1 (mod 16). Since 3 has
order four in the subgroup, the subgroup is cyclic, so is isomorphic to Z4. Hence Uyg has subgroups
M and N isomorphic to Zs and Z4 respectively, and M NN = {1}. But also 11-15 =165 =5
(mod 16), 9-15 = 135 = 7 (mod 16), and 3 - 15 = 45 = 13 (mod 16), so that Ujg = MN (the
other elements of Ui are already in either M or N, so are in the product). Thus by Theorem 9.3,
Ue = {1,15} x {1,3,9,11} = Z, x Z.

@) f(zy) = (h(z), .., L) = @A), - - - f@)h1) = F@)f (y). Also z(f(z) =
m(fi(@), ., fi(2) = fi(2).

(b) If ¢ is any such homomorphism then as in Exercise 12 g(z) = &(m(g(2))) . . .6,(7m,(9(z)) =
8,0H(@) - . BF () = F(2)
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
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Suppose g € G can be expressed in 2 ways: ¢ = a,. . .a, = b,. . .b, where q;, b, € N, Then
(a7'b) . .. (a,'b,) = esince G is abelian. Then the hypothesis implies a,'b; = e for each i, so that
a; = b, Apply Theorem 8.1.

If G = H X K then use 6. and 7. as in Exercise 12. Conversely suppose 6; and 7, are given.
Define H* = §,(H) and K* = §,(K). These are subgroups of G, automatically normal since G is
abelian. Since 77°8, is the identity, &, is injective so that H = H* and K = K*. The condition
om+6,m, = 1, implies H* + K* = G. The conditions 7,6, = 0 imply that F* N K* = {0}, and
Theorem 8.3 applies.

Let ge G and h € H be generators, so |g| = n and |h| = m. Lagrange’s Theorem implies that n |
|G| and m.| |H By Exercise 14, |(g, h)| = 1em{n, m}. The result follows since lem{n, m} = nm if
and only if (n, m) = 1.

(a) Answered in the text.  (b) Use the same example.
No. Use die example of 23(a) noting that M is normal in S;.

Induction on k. Let H = N,. . .N,. Then H is a normal subgroup (see Exercise 7.6.18) and by
hypothesis H N N, = (e). By Theorem 8.3 G = H X N,. Apply the induction hypothesis to H.

We use a modified statement and prove it by induction on £.

Claim, Let N, be normal subgroups of a finite group G. Then |N,. . .N)| divides |N)|. . .|V, with
equality if and only if and only if N;. . .N,= N, X ... X N,

Proof. Suppose k> 2 and let H= N,. . .N,,. Then His normal and |N,. . .N| = |H-|N, |/l Hn
N, using the Second Isomorphism Theorem (see Exercise 7.8.24). By the induction hypothesis (or
trivially if & = 2) this divides |Ny|. . .|Niw|IN, | /| H n N)| which divides |N,|. . .|N,|. Equality holds
here if and only if |H| = |N)|. . .|N| and H N N, = {e). By induction (or trivially if & = 2), this
occurs if and only if H= N, X ... X N, and H " N, = (e). Apply Theorem 8.3.

(a) Use the subgroups in the answer to Exercise 23.
(b) Let N=(r) and H = (h).
(¢) Use N= A, and H((12)).

Claim. If G is nonabelian with |G| < 12 then G is indecomposable.

Proof. If not then G = A X B for proper subgroups A, B. Then |4], |B| £ |G| /2 < 6 so that A, B
are abelian (see Theorems 7.28 and 7.29). But then G would also be abelian (see Exercise 7).

This Claim settles (a), (b)

(¢) Any two nonzero subgroups of Z meet nontrivially. (Compare Exercise 30.)

The only nonzero subgroups are (1), {p), (p®), . . . {p"™"). Since any two of these meet nontrivially,
the group is indecomposable.

If A,, A, are nonzero subgroups of Q let a, /b, € A, be nonzero elements. Then a;a, = (axby).
a, /b = (ab,) -a, /b, isin A1 N A2. Then Q cannot be the direct product of A4, and A4,.
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31.

32.

33.

34.

35.

36.

37.

Z is indecomposable but Z; is decomposable.
Apply the definition of “indecomposable”.

This is a straightforward check of the definitions.

If ¢c = (¢, &, ...) € 2 G and a = (a, @, ...) € II G, then a'ca = (a, 'y, a5 ' 0, . . . ).
Whenever ¢, = e, we also have a;'c.a; = e, Therefore a'ca € ¥ G, and it is normal.

The proof of Theorem 8.1 is easily adapted to this case.

Define f: Z,,, > Z,, X Z, by f(la],,,) = ([a],,, [a],) and note that fis a ring homomorphism. If (m,
n) = 1 then the kernel is {0} and fis injective. Since the orders of these rings are equal it follows
that f is an isomorphism. Since isomorphic rings have isomorphic unit groups the result follows.
(Compare Lemma 8.8 and Corollary 13.5.)

Let G = G, X ... X G, with projections] z.: G — G, By hypothesis there is a unique ¢* : G —
H with 7°¢* = m. Exercise 19 provides a unique homomorphism f* : H — G with z°ff = .
Now ¢*f* : H— H — H is the unique homomorphism with z°¢*f* = 7. It follows that g*f* = 1,.
Similarly f*¢* = 1. Therefore f* and ¢* are isomorphisms.

9.2 Finite Abelian Groups

1.

Answered in the text.

pG is the image of the homomorphism f: G — G defined: f(z) = px. Checking the homomorphism
property is routine.

(a), (c), (e), (g) are answered in the text.

b) Zyy () Zs @2, 7, @ L, DLy 1, DL, ® Ly ® Ly, L ® L, ® Ly, 7, ® L, DL, ® 7, 7, @
7,072,087, 17,

(f) Use the decompositions: 2! = 232! =227 = 2?2'2! = 2'2'2!2! combined with 3? = 3'3' to get 10
non-isomorphic groups.

(h) 1160 = 235'29" = 272'5'29"' = 2'2'2'5'29! yields 3 groups.

Since f(z) = pz is a homomorphism we have pG = pG, +. . .4+ pG,. This sum is easily seen to be
direct.

(a), (c) are answered in the text. (b) 2,2,2% 3,3, 3 (d) 2,22 2% 2% 3,3, 3,5, 5, 5
() 250 (b) 6, 6, 36 (c) 2, 10, 20, 40 (d) 2, 60, 60, 1200
(a) 2,2, and 2,2 (b) 16 and 16 (c) 2,4 and 2,4

(d) 2,2,2,2and 2, 2, 2,2
Elements of G(p) are n/yf + Z

(a) Answered in the text, (b) Since n/2" + Z = 2(n/2""" + Z) we see that 2-G(2) = G(2) when
G=Q/Z.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

with a certain product or service or otherwise on a password-protected website for classroom use.

© Cengage Learning. All rights reserved. No distribution allowed without express authorization.



© Cengage Learning. All rights reserved. No distribution allowed without express authorization.

9.2

Finite Abelian Groups 137

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

The homomorphism property is easy to check. Suppose a € G is given and let p* = |a|. Since
(p, n) = 1 there exist integers z, y such that nz + p'y = 1. Then a = z(na) + y(p"a) = zf(a).
Injective. If f(a) = 0 then a = 0. Surjective. a = f(za).

Note that pZ" = {0} if and only if n = 1. Apply Theorem 8.7.

The Fundamental Theorem 8.7 says that G is isomorphic to a direct sum of cyclic groups of
prime power order. Since |G| is the product of these prime powers, some power of p must occur.
Then one of the direct summands must be Z,* for some k> 1 Then G contains an element of order
p" and hence an element of order p by Theorem 7.8.

Answered in the text.

Exercise 13 implies that |G(p;)| = p}’ for some k,. By Theorem 8.5 we know that p'm = |G| =
|G(p)| . . |G(p,)| = p,*". . .p,™ where p = p,, and p,, ..., p, are distinct primes. It follows that
t=k.

Say |G| = p'm where (p, m)=1, Then n < t. The Fundamental Theorem implies that G(p) =
7' ® ... ®7,, where t = k, + ...+ k. Note that pZp" is a subgroup of order p"'. Altering one
summand in this way we find subgroups of every order p',p'™", . . ., p% p.

This occurs if and only if n is squarefree (i.e. either n = 1 or n is a product of one or more
distinct primes).

(a), (b) Compare the elementary divisors and apply Theorem 8.12.

Using Exercise 15 it follows that if d /n (and d > 0) there is a subgroup N of G with |V = d.
Applying this to d = n/k we use H= G/N.

(a) Answered in the text. (b) If a + T is of finite order in G/T, n(a + T) = 0 + T for some
positive integer n. Then na € T so it has finite order, say k. But then kna = 0 and a itself
has finite order, so that a € T. Then 0 + T is the only element of finite order in G/ T.

Not necessarily. As in the Hint, (1, 1) + (=1, 0) = (0, 1) is a sum of two elements of infinite order
equal to one of finite order in Z & Z,.

Let h e G with f(h) = 1, and set H = (h). Let K be the kernel of f. For any z € G we have f(z) =
f(h") for some n € Z so that xh™ € K and z € h*K C HK. Then G = HK and certainly H N K =
(e). Apply Theorem 8.3.

First let us suppose G and H are p-groups. Let Ng(m) be the number of elements of G with order
p™. Recall that Zp" has unique subgroup of order p* for every k = 1, 2, ..., n (by Exercise
7.3.40). Therefore the number of elements of order p*in Zp" is a function ¢(p*) independent of n,
as long as n 2 k. (This is often called the Euler ¢-function.)
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Now suppose the invariant factors of G are p, p,.., p, p’, ... where there are k; copies of p,, for
each j, and each k. 2 0. Then Ny(p) = (kb + by + ks + .. )@(p), No(p®) = (b, + ks + .. ) o(p°),
Ne(p") = (ks + . . )@p"), ete. Consequently, k, = NG(p"*")/e(p""") = Ne(p")/@(p™) is determined
entirely by the values of N, Therefore if N, = Ny it follows that G and H have the same
elementary divisors and hence are isomorphic.
The extension of the argument beyond the case of p-groups is left to the reader.
23. The equation 2™ = e has almost m solutions in G. The proof of Theorem 7.41 (or Corollary 8.11)

24.

25.

applies to G.

Given the invariant factors m,, m,, ..., m; in a divisor chain, we can re-build the elementary

divisors: Factor mg = p, 7 -+ p,”. The divisor conditions imply: 0 < k;; <k, < ... < k;. for each ¢

k11 k12 k11 k21
’ pl AR pl ) p? )

ooy pMt oL pf where we omit any entry equal to 1. Now apply Theorem 8.12.

=1, 2, ..., s. The elementary divisors are then easily read off this array: p,

By Lemma 8.4: If a € G then a = Xa, where a, € G(p). The sum is taken over all prime numbers
p, noting that a, = 0 for all but finitely many p (since a, # 0 only if p divides |a]). The proof of
the uniqueness is the same as in the proof of Theorem 8.5, using the finiteness of the sums to
reduce to the case there. By Exercise 8.1.5 conclude that G = ZG(p).

9.3 The Sylow Theorems

1.

H, = {e, (abcd), (ac)(bd), (adcb)}. There are 45 subgroups of this type. (There are 6-5-4-3 = 360
ways of choosing an ordered 4-tuple from 6 symbols, and each 4-cycle can be written 4 ways:
360/4 = 90. Such a group contains 2 4-cycles, so we have 90/2 = 45 subgroups.)

H, = {e, (abed)(ef), (ac)(bd), (adcb)(ef)} Similarly there are 45 subgroups of this type.

H; = {e, (ab), (cd), (ab)(cd)}. There are 45 subgroups of this type. (There are 15 2-cycles and
each appears in 6 such groups, and each group is counted twice here, so we get 15-6/2 = 45
subgroups.)

H, = {e, (ab), (cd)(ef), (ab)(cd)(ef)}. There are 45 subgroups of this type. (There are 15 2-cycles
each appearing in 3 such groups.)

Hy, = {e, (ab)(cd), (ac)(bd), (ad)(bc)}. There are 15 subgroups of this type. (There are 15 subsets
of 4 elements from 6 symbols, and each such S, contains one such subgroup.)

Altogether we have discovered 195 subgroups of order 4 in S;.

(a) H= e, (13), (24), (13)(24), (12)(34), (14)(23), (1234), (1432)}. Permuting the symbols yields
3 such subgroups.

(b) K = {e, (123), (132)}. Permuting symbols yields 4 such subgroups, one for each copy of S; in
S,

Answered in the text.

Dy X Dy X Ly, Zy X Zy; X {0}, {0} X {0} X Z,.
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.
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(a) lord (b)1or6.

115 = 523, 143 = 11-13, 391 = 17-23. In each case Corollary 8.18 applies to provide a unique
group of each order.

(a) The number of Sylow p-subgroups must be 1 for a suitable prime p in each case, (a) p = 7
(b)p=5(c)p=11(d) p = 1T7.

If ¢ is a prime # p, and ¢ divides |G| then Cauchy’s Theorem implies that G has an element of
order ¢, contrary to hypothesis. Therefore |G| has only p as a prime divisor, so it is a power of p.

Answered in the text.

By Exercise 8.4.24, H is contained in some Sylow p-subgroup P of G. If K is any Sylow p-
subgroup then the Second Sylow Theorem implies that K = zPz" for some z € G. Then since H is
normal, H = zHx"' C zPx" = K.

No. Inner automorphisms preserve a subgroup only when it is normal.
No. Let G=S,, H= S; and p = 3 with K = {e, (124), (142)}.

Answered in the text.

Any Sylow p-subgroup has index 2 so it must be normal, by Exercise 7.6.20.

(a) Define f: H X K —» HK by flz, y) = zy. Generally this is not a homomorphism, but it
certainly is surjective. If flh, k) = f(h, k) then hk = bk and h'h = kk' € Hn K = (e).
Then h = h;, and k = k; so that fis injective. Then f is a bijection so the orders of the two
sets coincide.

(b) The argument above shows that if f(h, k) = f(h;, k; ) then there is some w e H N K where
h, = hw-, and k, = wk. Therefore every image element in HK arises from exactly |H N K] pre-
images. Consequently, |H X K| = |HK||H N K)].

Let P be the normal Sylow 3-subgroup and consider G/P. It is a group of order 20 and hence
must have a normal Sylow 5-subgroup M (by the Third Sylow Theorem). Then by Theorem 7.44,
there is a normal subgroup N of G such that N/P is isomorphic to M. Hence N has order 15 so it
contains at least one Sylow 5-subgroup of G. The normality of N implies that N contains all the
Sylow 5-subgroups of G (by the Second Sylow Theorem). Since |N] = 15 it has a unique Sylow 5-
subgroup (by the Third Sylow Theorem), and therefore G must have a unique Sylow 5-subgroup.

Let n, denote the number of Sylow p-subgroups. By the Third Sylow Theorem deduce that n, = 1
and ny; = 1 or 7. As in the proof of Corollary 8.18, if n, = 1 then G is cyclic. Since this is false by
hypothesis conclude that ny = 7.

By the Third Sylow theorem the number n, of Sylow 7-subgroups must divide 168/7 =24 and
satisfy n; =1 (mod 7). Therefore n; = 1 or 8. Since @ is simple Corollary 8.16 shows that n, > 1.

Therefore n; = 8.

Suppose |G| = pq where p > ¢. By the first part of the proof of Corollary 8.18, the Sylow p-
subgroup is normal.
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20.

21.

22.

23.

24.

25.

Let n; be the number of Sylow p-subgroups. By the Third Sylow Theorem, n, divides m and
n, = 1 (mod p). But then n, < m < p forcing n, = 1. Then by Corollary 8.16, the Sylow

p P =
p-subgroup is normal and G is not simple.

Answered in the text.

Let n, denote the number of Sylow p-subgroups in G. By the Third Sylow Theorem n = 1 or ¢ and n,
=1, por p’. If G is simple, n, = g so that ¢ =1 (mod p) and p | (¢— 1). In particular, p < q.
Similarly if n, = p then ¢ < p, a contradiction. Therefore n, = p and there are p (¢ — 1) elements in
G of order gq. That leaves only p* elements of order # ¢. Since there exists a Sylow p-subgroup of order
p* it must consist exactly of those remaining p* elements. But then it is unique, and n, = 1, a
contradiction.

(a) Let A be a Sylow 5-subgroup and B a Sylow 7-subgroup. Let n, be the number of Sylow p-
subgroups. The Third Sylow Theorem implies that n, =1 or 15 and n, =1 or 21. If n, = 15
then there are 15-6 = 90 elements of order 7. If n, = 21 then there are 21-4 = 84 elements of
order 5. These cannot both occur, so Corollary 8.16 implies that A or B is normal. Then AB
is a subgroup (see Exercise 7.6.18) and Exercise 16 implies AB has order 35.

(b) The Third Sylow Theorem implies n; = 1 so that the Sylow 5-subgroup P is normal. Let H be

any subgroup of order 3 (use Cauchy’s Theorem). The argument in (a) shows that PH has
order 15.

The Second Isomorphism theorem (Exercise 7.8.24) implies that [K : K N N] = [NK : N],
Computing [NK :K N N] in two ways (see Exercise 7.8.18) then implies that [N :K N N] = [NK :K]
which divides [G : K], Since [G : K] is relatively prime to p it follows that [N :K N N] is prime to p.
Also since | K] is a power of p Lagrange’s Theorem implies that |K N N is a power of p. Therefore
K N Nis a Sylow p-subgroup of N.

The number n, of Sylow r-subgroups is 1, p, ¢ or pq by the Third Sylow Theorem. Suppose n, # 1.
Since n, =1 (mod r) and r > p, ¢, conclude that n, = pq. Then the number of elements of order ris pq
(r—1). Similarly the number of order p is n,(p — 1) and the number of order gis n,(¢ — 1).
Counting all these elements and the identity e, yields: pgr—pq + n,(p — 1) + n,(¢—1) + 1 < |Gl =
pgr. Then n,(p — 1) + n,(q¢—1) < pg— 1. If n, # 1 then the Third Sylow Theorem implies n, = r and
the inequality yields a contradiction. Therefore n, =1 and there is a normal Sylow g-subgroup @, by
Corollary 8.16. (From here we know that G is not simple.)

Consider the homomorphism 7: G — G/Q. As in the proof of Corollary 8.18, me group G/ @ of
order pr has a unique Sylow r-subgroup. Therefore there are exactly 7 elements in G/ (@ satisfying the
equation 2" = e. Since 7 is a ¢-to-1 mapping it follows that there are exactly ¢r elements of G
satisfying the condition 2" € Q. The pq(r — 1) elements of order r and the g elements of @ satisfy this
condition. Therefore: pg(r— 1) + ¢ < ¢r. This is a contradiction since p > 1. Therefore the hypothesis
n, # 1 fails.
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9.4 Conjugacy and the Proof of the Sylow Theorems

1. (a) Answered in the text.
(b) {e}, {(12), (13), (14), ( 3), (24), (34)} {(12)(34),(I3)(24),(14)(23)}, {(123), (124), (132), (134),
(142), (143), (234), (243)}, {(1234), (1243), (1324), (1342), (1423), (1432)}.
(e) {e}, {(12)(34), (13)(24), (14)(23)}, {(123), (134), (142), (243)}, {(132), (124), (143), (234)}.
2. Done in the Hint.
3. Answered in the text.
4. f(Cy) = f(Czx) =y tay =z 'ax [Definition of f]
= a=yz tazy ! [Left multiply by y and right multiply by y ']
=a=(zy ) lalzy™) [Definition of inverse; see Corollary 7.6(a)]
= (zy Va = a(zy™) [Left multiply by xy~']
=2y ' € C=Cla) [Definition of the centralizer C(a)]
= Cz=Cly [Theorem 8.2; cosets are disjoint or equall
Thus f(Cy) = f(Cx) implies that Cy = Cxz, so that f is an injective map of cosets.
5. (((123)). (((124)), (((134)), (((234))
6. Since H is normal in K we know that Xx'Hx = H for every z € K. Therefore K C N(H) by
definition.
7. (a) If x € A the closure implies 2" Az = A so that z € N(A). Therefore A is a subgroup of N(A).
(b) By definition, g € N(A) if and only if g'Ag = A. Multiply on the left by g to see that this is
equivalent to: Ag = gA.
8. For ze G, and y € N then zy = yrso that 2'yz = z € N. Therefore ' Nz = N.
9. Let ae C. If be Cthen b= z'az for some z € G, and f(b) = f(z)"'f(a)f(x) is conjugate to fla).
The implications are reversible, so that f{C) = the conjugacy class of f{a).
10. Suppose a, b € H. Let a = ay, a ..., a, be the conjugates of a and b = b, by, . . . , b, be the

conjugates of b. Since 2'(ab)z = (2'az)(2'bx), every conjugate of ab is one of the @b, Then the
conjugacy class of ab has at most mn elements, and ab € H. Also the conjugacy class of a™' is just
a™, ", ..., a " sothat a' e H.

11. Suppose |Gl = n = p,"p,”. . .p,"* where the p,. are distinct primes and m; > 0. By Sylow there is a

subgroup P, of order p,”. Since m|n the factorization is m = ' p,”. . .p* for some integers [ with
0=f. =g By repeated application of Exercise 22 (an induction!) there exists a subgroup @; C P,
of order p” Since G is nilpotent it is a direct product of the subgroups P, Therefore the subgroup
H=Q, Q... @Qisadirect product of the @/s and |H] = m.
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12. If fis any automorphism of N then f(K) is another Sylow p-subgroup of N. Then Corollary 8.16
implies that K) = K. Now if z € G then 'Nz = N so that f: N — N defined f{a) = 2'az is an
automorphism of N. Therefore 'Kz = f(K) = K as above.

13. Write A ~ Bif A is H-conjugate to B. Since A = ¢ Ae, A ~ A. If A ~ B then B = 7' Ax for some
re H Then A = zBx" and B~ A. If A ~ Band B ~ Cthen B = 2'Ar and C = y" By for some
z,y€ H Then C= (zy)" A(zy) and xy € Hso that A ~ C.

14. (a) If ae Nthen z'ax € 2'Nz = N. Therefore C C N. The converse is clear.
(b) If C; n N is not empty then part (a) implies C; C N.
(¢) This follows easily from part (b).

15. Answered in the text. As one special case conclude that if G is a non-trivial p-group then Z(G) # (e).

16. If g, h € N(A) then (gh)A = g(Ah) = (Ag)h = A(gh) so gh € N(A), Also gA = Ag implies Ag"' =
g'A so that g € N(A). Therefore N(A) is a subgroup.

17. #'Az = y'Ay © A = (yz')"' A (yz') © yr' € N(A). If x, y € H then yz' € H N N(A) and
(Hn N(A))z = (Hn N(A))y. The converse also holds. This provides a bijection between the set
of H-conjugates of A and the right cosets of H " N(A) in H.

18. The Second and Third Sylow Theorems imply that the number of conjugates of K in G equals the
number of Sylow p-subgroups and this number is = 1 (mod p). By Theorem 8.25 this number is
the index of the normalizer: [G : N(K)] = 1 (mod p). Since N(K) c H this argument also applies to
K as a Sylow p-subgroup of H: [ H: N(K)] =1 (mod p). Since the indexes multiply it follows that

[G: H =1 (mod p).
19. Answered in the text.

20. There are m = [G : N(H)] distinct conjugates of H mn G. Note that m.|H| < m:|N(H)| = G by
Lagrange. Any two of these conjugates have at least {e} in common, possibly more. Therefore the
number of elements in the union of all the conjugates of H is at most 1 + m:-(|H] — 1) = m~|H] —
(m—1) £ |G| - (m — 1) £ |G|. If this union is all of G these inequalities are equalities, implying
m=1. But then G = N(H) and H is normal in G. Then the only conjugate of H is H itself, and G
= union of the conjugates = H. But H is a proper subgroup.

21. Answered in the text.

22. From Exercise 15, or by Theorem 8.27 below, we know that Z(G) # {e}. (Compare Theorem
8.27.) To solve the problem, use induction on n, and assume n > 2. Since Z(G) is nontrivial there
exists a € Z(G) with |a| = p (by Cauchy). The subgroup N = (a) is normal in G (by Exercise 8)
and Lagrange implies that G/N has order p"'. By the induction hypothesis there is a subgroup T
of G/N having |T| = p". By Theorem 7.44 there is a subgroup H of G with N < H and
T = H/N . Therefore |H| = |T]-|N| = p"".
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23. As in Exercise 22 we use induction on n. Suppose H is a subgroup of G of index p. By Exercise 15
there exists a € H N Z(G) of order p. Let N = (a) and use Theorem 7.44 to see that H/N has
index p in G/N . By inductive hypothesis H/N is normal in G/N and Theorem 7.44 implies
that H is normal in G.

24. Every H-conjugacy class has order dividing |H| which is a p-power. Since there are ¢ Sylow
p-subgroups and (p, t) = 1 there must be some H-conjugacy class of these subgroups of order 1.
Then there is a Sylow p-subgroup K where 2 'Kz = K for every z € H. But then Lemma 8.26
implies that x € K and we conclude that H ¢ K.

9.5 The Structure of Finite Groups

1. Theorem 8.30 applies except in the case p* =1 (mod ¢). In that case ¢ | (p — 1)(p + 1). Certainly
g cannot divide p — 1, since p < ¢. Therefore ¢| (p + 1) sothat p < ¢ < p + 1. Butthen g=p
+ 1 =1 (mod p), contrary to hypothesis.

2. The number n, of Sylow 3-subgroups must equal 1 or 4, by the Sylow Theorems. If n, = 1 the Sylow
3-subgroup is normal. Otherwise ny; = 4 and we count 8 elements of order 3. This leaves only 4
elements of order # 3. Since a Sylow 2-subgroup has 4 elements it fills up those 4 elements and
therefore it must be unique, hence normal.

3. By Theorem 9.33, since S3 has order 6, it is isomorphic to either Zg or D3. But it cannot be
isomorphic to Zg since it is not abelian. Thus S3 =2 Ds.

4. (a) The missing corner of the table is: e a a a
a e a a
@ a e a
@ a e

(b) A direct comparison of the operation tables does show that the correspondence described in an
isomorphism. Details are omitted.

5. (a) Answered in the text.
(b) A direct comparison of the operation tables does show that the correspondence described in an
isomorphism. Details are omitted.

6. There are Theorems classifying groups of order p, p2, 6,8,12, pq (when p < gand ¢ # 1 (mod p)), and
p’q (when ¢ # 1 (mod p) and p* # 1 (mod q)). Here p and q are distinct odd primes. These cases
include the numbers: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 19, 22, 23, 25, 26, 29, 31, 33, 34,
35, 37, 38, 41, 43, 46, 47, 49, 51, 53, 58, 59, 61, 65, 67, 69, 71, 73, 74, 77, 79, 82, 83, 85, 86, 87, 89, 91,
94, 95, 97, 99.

7. By Exercise 8.3.13 @ is the direct product of its Sylow subgroups. Since these Sylow subgroups are
cyclic of relatively prime orders, Theorem 8.9 implies that G is cyclic.
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8.

10.

11.

12.

13.

14.

1 1 -1 0 1 m -1 m
Let r = and d = Then 1" = and 7'd = . Therefore G is
0 1 0 1 0 1 0 1

contained in the group H = (r, d). Since the coefficients are in Z, we see that |r] = n and |d] = 2.

1 -1)(-1 O -1 -1
Moreover r'd = . = = dr. By Theorem 8.32, H= D, is a group with
0 1 0 1 0 1

2n elements. But G has 2n elements listed. Conclude that G = H.

. Define a map f: D, — G by f(r') = a' and f(r'd) = a'b whenever 0 < i < p. This map is certainly a

well-defined bijective map. Since 7 and a both have order p these formulas hold for every integer i.
Then fir'r) = (¥") = d+d = d'd = f{+*)f(r) and similarly for f(rr'd). From dr = r'd deduce that
dr* = r*d. Then v'd-r’ = r’d and rd-7"d = 7. Analogous formulas hold with a, b in place of r, d. The
homomorphism properties for f{r'd-7’) and for f(r'd-r’d) now follow easily.

D is generated by r and d such that |7] = 6. |d| = 2 and dr = r'd, Then r* € Z(D;) because dr’ =
7°d = r*d. Therefore K = (¢*) is a normal subgroup of order 2. Let H = {r?, d). Since |7*| = 3 and dr*
= r2d it follows that H = D, = S,. Since H has index 2 it is normal, and certainly H N K = (e).
Counting shows that HK has 12 elements so that G = HK and Theorem 8.3 implies that G = H X K.

(a) From r* = 7* conclude that 7 and d commute. Therefore r* commutes with every 7d and 7 €
Z(D’ﬂ/)'

(b), (c) For the dihedral group D, we always assume n > 3. Then 1* # e so that r'd-r = r'd #
r"*'d = rr'd. This says that 7d ¢ Z(D,). Then every element of the center is of the form /.
From 7'd = dr’ = r7d, conclude that ™ = e, and hence nJ2j. If n is odd this implies n|j so that
r = e. Consequently, Z(D,) = {e). If n = 2k is even then kj and the only central elements are
e and 7.

(a) By the proof of Theorem 9.32, the elements of D,, are {e,r,r2, ... .r""t d,rd,r?d,...,r""1d}.
Then it is clearly that ¢ is surjective, since if 7id7 is an element of D, (for0<i<2,0<j5<2),
then 7#d’ = @(r'd’). To see that it is a homomorphism, write

@(Tidjrkdl) — (p(T‘i’?"_kdj—H) — (p(T‘i_kdj—H) — fi—kdj-‘rl — ’Fif_kdjdl — fidjfkdl
= p(r'd)p(r*d").

Thus ¢ is a surjective homomorphism. If #'d’ = e € Ds, then clearly j = 0 and i is a multiple
of 3. The only elements of Dg satisfying these restrictions are r%d° = 7% and 73d° = r3. Thus
the kernel of ¢ is the subgroup {r°,r3} of Ds.

(b) Since 7’ = e in D,,, the kernel of ¢ is {e,r*}, which, by Exercise 11(
Since ¢ : Dg — Dj3 is a surjective homomorphism with kernel {e,r3
Isomorphism Theorem shows that Dg/Z(Dg) = Ds.

Z(Q) = {1, -1}.

b), is equal to Z(Ds).
} = Z(Dg), the First

Certainly the subgroups (e) and @ are normal. Any subgroup of order 4 is normal by Exercise
7.6.20. It is not hard to see that —1 is the only element of order 2. Therefore there is only one
subgroup of order 2 in @, and his certainly normal. This covers all the possibilities.
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18.

19.

20.
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V¥ = (1) = (a")® = @ = aso that ab = V°b = bi® = ba and G is abelian.

(a) The powers of a and b are easily computed. Also ba = ((12)(123), 2+1) = ((23), 3) and
a' b= ((132)(12),-2+1) = ((23), 3) are equal.

(b) The 12 elements can be written explicitly. Alternatively note that (a) is a subgroup of 6
elements and b ¢ (a) since the second component is odd. Then T = (a) U (a)b contains 12
elements.

(c) Certainly a'a’ = a7 € T and a“db = a’b € T. Since ba" = a*b show that a'b-&’ = a/b and
abab = a-a’b* = "' e T. Therefore T is a subgroup by Theorem 7.11.

(d) The element b has order 4 in T but Dy has no element of order 4. The element a has order 6
in T but A, has no element of order 6.

Suppose G is simple and |G| = p™k where p/k. From the Third Sylow Theorem, the number of
Sylow p-subgroups must equal 1. By Corollary 8.16, the Sylow p-subgroup is normal in G. Since G
is simple it must equal its Sylow p-subgroup, so n = p”, By Exercise 8.4.23 G has a normal
subgroup of order p"™™', and the simplicity implies m — 1=0. But then |G| = p, contrary to the
hypothesis that n is composite.

Suppose G is a group and K is a subgroup of index n. Then G acts on the set T of the n right
cosets of K in G. This action induces a homomorphism @ : G — A(T) = S, as in Exercise 7.8.25.
Moreover ker @ is contained in K and by the First Isomorphism Theorem, G/ker ¢ is isomorphic
to a subgroup of S,. In particular, the index [G : ker ¢ divides nl. If G is simple then ker ¢
must be (e) and |G| divides n!.

Suppose |G| = 21. By the Sylow Theorems there is a unique Sylow 7-subgroup A. Then A = (a)
where |a| = 7. Let b be any element of order 3 (which exists by Sylow theory). Then a and b
generate G. The element bab ' must lie in A so that bab' = a* for some k between 0 and 7. Then
Vab™? = b(bab™)™" = b(a")b" = (bab™)F = ()" = d” Similarly a = b'ab™ = d” so that ¥ =
1(mod7). Therefore k =1, 2 or 4. If k =1 then ab = ba and G = Z,,. Suppose k = 2. Then b’ab? =
a' and V? is also an element of order 3. Therefore using ” in place of b yields the case k = 4. So
there are only two possibilities for G : either Z,, or the nonabelian group generated by a of order
7, b of order 3 and satisfying bab™ = d’.

But does that nonabelian group really exist? Just writing down these generators and relations does
not produce an explicit group. It can be constructed by considering a 7-cycle a = (1234567) in S..
Then a® = (1357246) and we search for b with bab™" = d’ Tt turns out that b = (235)(476) does
the job.

Here are four groups of order 66: Zg;, Dyy, Dyy X Zy, S; X Z,,. These are non-isomorphic since their
centers are all different (see Exercise 10). Suppose G is any group of order 66. To prove; G must
be isomorphic to one of the four listed. By Sylow Theory there exist a, b, ¢ € G of orders 2, 3, 11,
respectively. Also there is only one Sylow 11-subgroup, so {c¢) is normal. By Exercise 7.6.18, H =
(b, ¢y = (b)) is a subgroup of order 33 which must be cyclic by Corollary 8. 18. In fact, bc = c¢b
has order 33. Then aHa' = H which implies a(bc)a” = (bc)* for some k determined (mod 33).
Since a* = e deduce that ¥ = 1 (mod 33). There are exactly 4 solutions to this congruence: k =
+1, +10 (mod 33). (This can be seen by solving the congruence (mod 3) and (mod 11), to obtain
k=41 (mod 3) and k£ = £1 (mod 11). Then “glue” these together in all possible ways.) This
completes the proof since there are at most four possibilities for G here, determined by the four
values of k, and we already listed four non-isomorphic groups of order 66.
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21. By Exercise 8.4.22, a group of order p" is not simple, provided p is prime and n > 1. Groups of
order p are abelian simple groups so they don’t count here. A group of order pg where p < ¢ has a
normal Sylow ¢subgroup as in Corollary 8.18. Groups of order p’q and pqr are not simple, by
Corollary 8.2.1 and Exercise 8.3.25. The remaining numbers less that 60 not included in one of
these cases are: 24, 36, 40, 48, 54 and 56. By Exercise 16: If G is simple and has a subgroup of
index n, then |G| divides n!l. If |G| = 24, 36, 48 or 54, one of the Sylow subgroups has a small
index, contrary to this restriction on |G|. If |G| = 40, the Third Sylow Theorem implies that the
Sylow 5-subgroup is normal. The case |G| = 56 is done in the second Example after Theorem 8.17.
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Chapter 10

Arithmetic in Integral Domains

10.1 Euclidean Domains

1. Z[\d] is a subset of C. Tt is easy to check it is closed under addition and multiplication. For example,
(r 4+ s3d ) (t + uJd ) = (rt + dsu) + (ru + st)~/d. Hence it is a subring. If d > 0 then J/d is a real

number.

2. We know 2% —d is irreducible in @[z], by Eisenstein's criterion. Therefore /d is irrational. If 7 + s~/d
=1 + 85,Jd and s # s then Jd =(r—1)/(s—s)e Q. Therefore s = s and r = r,. If d = 4 then
0+1v4 =2+ 044

3. (a) Answered in the text.
(b) False. In Z use a = b= ¢ =1 and d = 2 for a counterexample.

4. (=) If ¢ = du for a unit u € R, then d = cu'. Therefore d | c and ¢ | d. (&) Given ¢ = dz and d =
cy for some z, y € R. If ¢ = 04 then also d = 0, and ¢, d are associates. Suppose ¢ # 0. Since ¢ =
(cy)z and R is an integral domain we may cancel ¢ to conclude 1, = yz. Then y and z are units so
that ¢, d are associates.

5. Answered in the text.

6. i) r=r-1lsor~r (ii) If r~s then r= su for a unit . Then s = ru" and s~ r. (iii) If 7 ~ s and s
~ t then r = su and s = tv for units u, v. Then r = tvu and vu is a unit, so that r ~ .

7. Answered in the text.

8. u = v(v'u) and v 'u is a unit.

9. Apply the division algorithm to a and |b|, giving a = |b|¢ + r with 0 < r < |b|. Since b < 0, this
is the same as a = b(—q) + r. Since r > 0, we know that r» = |r| = §(r), and §(b) = |b|, so that
0 < é(r) < 6(b). Thus property (ii) holds for b < 0.
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148 Arithmetic in Integral Domains

10. 22+ 2 = 2(x + 1) and neither 2 nor z + 1 is a unit.

11. This is an easy multiplication.

12. (a) Check the Definition. Certainly &ab) = (ab)’ = a’b* > @® = &a). If a, b € Z and b # 0 then usual

division yields a = bg + 7 where 0 < r< |b|. Then &r) =r*><b> = §b).
(b) Yes. If a, be Q and b# 0 then ¢=a/be Q and a = bg + r where r = 0.
13. (a) It is easy to check that 6(ab) = dab) + k< Ha)&b) + k< (Ha) + k)(Ab) + k) = 6(a)0(b). Now
suppose a = bg + r where either r = 0 or &(r) < db). In the case r# 0 check that 8(a) =
da) + k < &b) + k= 0(b).
(b) Check that f(ab) = k& ab) < k& a) A b) < K& a) I b) = fa)B(b). Suppose a = bg + r where either
r=0 or &r) < &b). In the case r# 0 check that f(a) = k& a) < kd(b) = B(b).

14. Certainly & ab) < &a)&b). If a, be Fand b# 0 then ¢ = ab' e Fand a = bg + r where r = 0.

15. For any nonzero a € R, certainly &(1;) < &1za) = &a). If v is a unit there exists v such that wv = 1.
Then &u) < Huv) = &1y). Therefore Hu) = &ly). Conversely if Hu) = &1;) the argument (2) = (3)
= (1) in Theorem 9.2 shows that u is a unit.

16. Suppose d is a greatest common divisor of a and b in the Euclidean domain R. If d’ is an associate of
d then d = du for some unit u. Using u ' check that d' | a and d' | b. Also &d') = &d) by Theorem
9.2(3) and the Definition shows that d is a ged of a and b.

17. Answered in the text.

18. Suppose d satisfies properties (i) and (ii). Property (i) in the Definition of greatest common divisor is
the same. To Show: If ¢ | a and ¢ | b then &(¢) £ &d). By the hypothesis we know that ¢ | d. That is,
d = cs for some s € R. Therefore d(c) < &es) = Hd).

19. Answered in the Hint. The two remainders are 1 + 4¢ and 4 — 4.

20. Any nonzero element is an associate of 1, so it is a unit.

21. Answered in the text.

22. (a) (1+z) =(1/2)—(1/2)i is not in Z][i.

(b) 2 = (1 + 4)(1 — 7) and these factors are not units in Z[1].

23. Answered in the text.

24. No. Consider the natural homomorphism z: Z — Z,.

25. (a) dly) £ &a-1ly) = &a) for any a # 0.

(b) If a = bu where u is a unit then & a) < §b) and since b = au* we also have &b) < &a).
(¢) The Euclidean property says that b = aq + r where either r = 0, or &r) < &b). Then a | r. If r#
Opthen &a) < &r) < &b) = &a). Therefore r = 0, and a | b. Hence a, b are associates.
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10.2 Principal Ideal Domains and Unique Factorization Domains 149

26.

27.

28.

29.

30.

31.

32.

Let R = Z[J=2] In analogy with Exercise 15 we have &ab) = & a)d(b). Also, &a) > 1 whenever a #
Oz Therefore if a, b are nonzero then &a) < &ab). Suppose a, b € R and b # 0z Then
a/b=x+yJ-2 where z, y € Q. Let m, n be integers with | # — m | < 1/2 and | y — n | < 1/2.
Define ¢ = m + nv-2 and r = a—bq. Then r/b=a/b—q=(z—m)+(y—n)N=2 so that &r) = ((z -
m)* + 2(y — m)*)-&0b) < (3/4) &b) < Kb).

It is routine to wverify that R = Z[@ is a ring and that &ab) = & a)db). Also
' —uv+v* = (u—1v/2)° +3(v/2)° 20 with equality only if u = v = 0. Therefore & a) > 1 whenever a #
0z and & a) £ & ab) whenever a, b are nonzero. Suppose a, b € R and b # 04z Then a/b =2+ yw for
some z, y € Q. As in Exercise 24 choose those integers m, n and define ¢ = m + nwand r = a — bg =
((a/b) = q)-b = ((x—m) + (y - n)@)-b.

Claim. If |ul, [v] £ 1/2 then |u® — uv + v*| £ 3/4.

Proof. By the equation above, |u? — uv + v*| < |u — v/2] + 3|v/2]> < (3/4) + 3(1/4) = 3/4.
Therefore §(r) < (3/4) &(b) < Ab).

False even in Z.
Answered in the text.

(a) f 1 + i = ab then 2 = &1 + i) = A a)Ab) in Z. Then either &a) = 1 or &b) = 1 so either a or b
is a unit, by Exercise 22.
(b)y2= (1 + i)(1 - @)

The procedure is the same as explained in Theorem 1.6. The conditions on the remainders become:
either r;, = 0, or &(r;) < &r;_;). The last nonzero remainder is a ged for a, b. For the proof we use the
analog of Lemma 1.7: If a = bg + r then (a, b) ~ (b, 7).

Suppose a = bg + r = bq + r are divisions satisfying the conditions, and suppose r # ¢ If ' = 0y
then 7 # 0, and b | r implies d(b) < &r) < Ab) which is impossible. Then 7 # 0, and similarly 7 # 0.
Then &(b) < &b(¢ — q)) = &r— 1) < max{dr), &r)}. This contradicts the original inequalities for r,
7. Therefore r = 7 and we also get ¢ = ¢.

10.2 Principal Ideal Domains and Unique Factorization Domains

Answered in the text.

Induction on n. The case n = 2 is assumed. Suppose n = 3 and p |aa - a, By that hypothesis
either p | a, or p | ay - a,. Apply the inductive hypothesis.

(a) Suppose flz)g(z) = 1 in Qz[z]. Compare degrees to see that f(z) and g(z) are nonzero constants:
fz) = aand g(z) = b and ab = 1. By definition, a, b € Z so that a = b= + 1.
(b) An associate of f{z) is f{z)-u where u is a unit. But the only units are +1.

Yes. In a field there are no nonzero nonunits elements so the requirements are trivially satisfied.

Answered in the text.
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150 Arithmetic in Integral Domains

6. Suppose 2f(z) + zg(z) = 1 for some f(z), g(z) € Z[1]. Evaluating at = 0 shows that 2-f0)=l in Z
which is impossible.

7. Let d = du where u is a unit. For any 2 € R show that: d | z if and only if d | 2; and: z | d if and
only if | d. From this observation and the definition of ged the Exercise is done.

8. (=) If p| athen p divides the ged of p and a, so that ged # 1,
(&) Suppose p/a and d is a ged of p and a. Then d | p so dis either a unit or an associate of p. If d is
an associate of p then d | a implies p | a, contrary to hypothesis. Then d is a unit, and Exercise 7
implies that 1 is also a ged of p and a.

9. We may assume (c) # R so that ¢ is not a unit. By Theorem 9.12 R is a UFD so that ¢ = P, P, P, for
some irreducible elements p; in R. By Theorem 9.13 there are only finitely many divisors d of ¢ which
are not associates. Therefore there are finitely many ideals (d) containing (c).

10. (p) is maximal if and only if the only ideal properly containing (p) is the unit ideal R. Equivalently,
the only proper divisors of p are units. This is the definition of "irreducible".

11. Answered in the text.

12. A maximal ideal is always prime. Suppose (p) is a prime ideal. By Exercise 9.1.21, p is irreducible and
Exercise 10 applies.

13. (a) See Exercise 6.2.20. (b) Answered in the text.
14. Compare Exercise 6.1.40.

Certainly Z < R < Q and the closure properties are easily checked.

If pfa then b/ac R.

I contains a nonzero element z which is not a unit. Then x = p'a/b where p does not divide a or b,
and ¢t > 0. Therefore p'=xzb/ae I.

(d) Part (c) shows that if z# 0 then (z) = (p") for some k> 0. Also if y ¢ (p') then (y) = (p*) for some k
< t. Now suppose [ is an ideal # (0), # R. By (¢) there exists a smallest integer ¢ > 0 with (p) c L If
ye Tand y e (p') then (p") = (y) < I for some k < t, contrary to the choice of t. Therefore I = (p').

o

o
L&

15. Answered in the text.

16. (a) If p = flx)g(z) in Qz[z], compare degrees to show that f(x) = a, g(xr) = b are nonzero constants.
Since ab = p in Z, either a or b is £1.
(b) The only units are 1 and —1 by Exercise 3. Then p and ¢ are associates if and only if p = %q.

17. (a) If z = f(x)g(z) then deg f{z) < 1. If deg f{z) = 0 then by comparing coefficients we find flz) = a
and ¢g(z) = a'z. Here a can be any nonzero integer. If deg f(z) = 1 then by comparing coefficients
show that f(z) = ax, g(x) = a'. All the constant terms here are integers so we must have a =1/n for
some nonzero integer n.

(b) Note that if a € @ then az is not irreducible in z[a]because it has proper factorizations:
az = (2)-((a/2)z). Then the only irreducible factors of z in Qz[z] are the primes of Z. No product of such
primes can equal z.
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10.2 Principal Ideal Domains and Unique Factorization Domains 151

18.

19.

20.

21.

22.

23.

24.

25.

Suppose I, c I, C - is a chain of ideal in R. Let J be union of these I, s. Then J is an ideal (as in the
proof of Lemma 9.10). By hypothesis J is finitely generated, say J = (a, ,a, , ... ¢ ), for some a, € J .
Since J is the union, each g, lies in some I, for some integer n(k). Let m be the maximum of n(l),...,
n(s). Then every I, < I, so that a, € I, for every k. But then J = (ay, - a,) < I, < I,,, < -
c J. Conclude that I, = I, for every j = m.

(a) Let I, = (2") in Z. Then I, © I, D ... is an infinite descending chain.

(b) Suppose R has DCC and 0 # a € R. By DCC there exists n such that (¢/) = (a") for every j = n.
In particular, (a") = (a" * ') so that a" = a" + 1 ¢ for some ¢ € R. Since R is an integral domain,
factors of a can be cancelled so that 1 = ac. But then ¢ is a unit.

Since (a), (b) < (d) conclude that d | a and d | b. If ¢ | a and ¢ | b then (a) and (b) C (¢). Since a, b
generate (d) we have (d) < (¢) so ¢ | d.

Answered in the text.

Let a,, ... a, be elements that are not all zero and let (d) be the ideal generated by a,, .... a,. The same
argument as in Exercise 20 shows that d is a ged.

If p/b then by Exercise 8 there exist x, y € R such that pz + by = 1. Then cpz + (bc)y = cis a
multiple of p.

If T is an ideal of R then by (i), I is generated by some aj,..., a,. That is, I = (a;) + - + (a,). Choose
n minimal here and suppose n > 1. Then by (ii) (@) +(a,) = (¢) for some ¢, and I = (¢) + (a3) - +
(a,) is a sum of n — 1 principal ideals, contrary to the minimality. Therefore n = 1 and I is principal.

(a) Since s ~ t, we have s = tu for some unit u. Multiplying on the left by r gives rs = rtu = (rt)u.
Since rs is the product of rt by a unit, we have rs ~ rt.

(b) Let d = (r,s) and e = (r,t). By Exercise 10.1.4 it suffices to show that d | e and e | d. Since
d | s = tu, we have dx = tu for some x € R and thus deu=! =t so that d | t. Thus d | r and
d | t, so that d | (r,t). Similarly, e | ¢ so that e | tu = s and thus e | 7 and e | s so that e | (1, s).
Thus d and e are associates.

(¢) By Exercise 10.1.4 it suffices to show that r(s,t) | (rs,rt) and (rs,rt) | 7(s,t). Certainly
r(s,t) | rs since (s,t) | s, and similarly r(s,t) | rt. Thus r(s,t) | (rs,rt). For the other
direction, r | (rs,rt), so that (rs,rt) = rd for some d. Since rd | rs and R is an integral
domain, it follows that rs = rdk = s = dk so that d | s. Similarly, d | ¢, so that d | (s,t) and
hence (rs,rt) = rd | r(s,t).

(d) Clearly d = (r, (s,t)) is a divisor of r and of (s,t), hence is a divisor of r, s, and ¢. If ¢ is any
common divisor of r, s, and ¢, then ¢ | r, ¢ | s, and ¢ | ¢, so that also ¢ | (s,t). Thus ¢ | d, so
that d is a ged of 7, s, and ¢t. Similarly ((r,s),t) is a ged of 7, s, and ¢, so that the two are
associates.
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26.

27.

28.

29.

30.

31.

32.

33.

By Exercise 25(c), (bd,cd) ~ d(b,c) ~ dlg = d. Then by Exercise 25(b), 1g ~ (b,d) ~ (b, (bd, cd)).
But (b, (bd, cd)) ~ ((b,bd), cd) by Exercise 25(d). Now, (b,bd) ~ b(1g,d) by Exercise 25(c), and
1r is a ged of 1p and d, so that (b,bd) ~ b. Then by Exercise 25(b), since (b,bd) ~ b we get
((b,bd), cd) ~ (b, cd). Putting this string of associates together gives

1g ~ (b,d) ~ (b, (bd, cd)) ~ ((b,bd), cd) ~ (b, cd),
as desired.

Suppose p/c and p/d. By Exercise 8. (p, ¢) ~ (p, d) ~ 1. By Exercise 26, (p, c¢d) ~ 1 contrary to the
hypothesis p | cd.

Let a = p - p,, b = g+ q where p,, ¢, are irreducibles. Since (a, b) ~ 1, no p; and ¢; are associates.
Since a | ¢ show that ¢ = p; pp,,; -+ p, for some irreducibles p, for s < i < n. Since b | ¢ the factor ¢

- g, must occur among these irreducible factors, but not among the first s terms. Therefore they
occur among P, -+ P, so that ab | c.

Answered in the text.

Using the notation in the proof of Corollary 9.18 we let s; be the maximum of m;;, my,..., m,. Use
Theorem 9.13 to verify that p'p; --- p* is the lem.

By definition, s is the lcm of a, b if and only if s € (a) N (b) and whenever ¢ € (a) N (b) then ¢ €
(s). This says: (a) N (b) = (s).

(a), (b) are direct verifications of the definitions, and part (¢) is done in the Hint.

(&) If p(x) is a prime integer then it is prime by Exercise 16. Suppose p(z) is irreducible in @[z] and
has constant term 41. If it factors in Qz[z] one of the terms must be of degree 0. Compare the
constant terms to show that it must be 41, and hence is a unit.

(=) Let p(z) be irreducible in Qz[z]. If it is constant then factorizations must involve only integers, so
p is a prime number. Suppose deg p(z) 2 1 and p(z) = a(z)b(z) in Q[z]. Claim. p(z) = d'(z)b'(z) in
Qgz[2] where deg d'(z) = deg a(z) and deg b'(z) = deg b(z).

Proof. Suppose the constant terms are a(0) =r/s and b(0) = u/v in lowest terms in Q. Since z is an
integer so that s|u and v|r by Theorem 1.5. Define a'(z) = (s/v)a(z) and b'(z)=(v/s)b(x). Then
a'(0)=r/v and b'(0) = u/s are integers.

Therefore p(z) must be irreducible in Q[z]. Furthermore if p(0) is a multiple of some prime number g,
then p(z) =q-(1/¢)p(z) is a nontrivial factorization in Qz[z]. Then the integer p(0) is not divisible by
any prime number so it must equal +1.

The final assertion can be quickly deduced from the following claim. The proofs are omitted. Claim.
(1) Let p € Z be prime and f{z)e Qz[z]. Then p | f(z) in Qz[2] if and only if p | £0) in Z.

(2) Let flz), p(x) € Qg[a] with p(z) irreducible. Then p(z) | f(z) in Qz[4] if and only if p(z) | fz) in Q[a].
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10.3 Factorization of Quadratic Integers 153

34. By the unique factorization in Q[2]. f{z) is a product of irreducible. Among these factors, replace each

35. By Exercise 34 every nonzero f(z) € Qz[a] can be written as f(z) = ca'p(z)

36.

associate of z by x, and replace every p(z) which is not an associate of z by p(0)'p(z). These
adjustments leave a constant term factor, so that f{z) = ca"p,(z) - p(z) where ¢ € @, n >0 and each
p(x) is irreducible in Q2] with constant term 1. By Exercise 33 each p/z) is irreducible in Qg[a].
(Note that if n» = 0 then ¢ € Z.) Uniqueness. With the two given factorizations, no py(z) or ¢(z) is an
associate of z. Also if p,(x) is an associate of g(z) in Q[z] then p(z) = ¢(x) since their constant terms
equal 1. The uniqueness in @Q[z] then implies that n = m, k=1t and the ¢(z)’s are just a
rearrangement of the p(z)'s. Compare the leading coefficients of the two factorizations to conclude
finally that ¢ = d.

nl,

- pi(z)"™ where ce Q, n
> 0, the p(2), ..., p(r) are distinct irreducibles with constant term 1, and each n; > 0. This
decomposition is unique up to the order of the factors. If g(z) = c'o"p,(z)™p(z)™ is factored
similarly (using the same set of irreducibles by inserting zero exponents), then let d = min{n, m} and
d; = min{n,, m;}. The ged is (¢, ¢')2'p,(x)"py(x)% as in Theorem 9.18.

(a) (=) If flx) = p is prime then any factorization of it in Z[z] must already be in Z. So it remains
irreducible. Suppose f(z) € Z[z] has the ged of its coefficients = 1 and f(z) is irreducible in Q[a]. If f(z)
= a(z)b(z) in Z[a] then either a(z) or b(z) is a constant, by the irreducibility in Q[z], Since the ged of
the coefficients is 1 that constant must be a unit (i.e. it is 41).

(&) Suppose f(z) is irreducible in Z[1]. If f(z) = n is a nonzero constant, it is irreducible in Z so it is a
prime. Suppose deg f(z) > 0. Theorem 4.22 implies that flz) is irreducible in @[z]. If the ged of the
coefficients of f{z) is > 1 factor it out to get a nontrivial factorization in Z[a]. Therefore that ged is 1.

(b) Any nonzero f(x) € Z[1] can be factored as a nonzero constant times a product of (zero or more)
irreducibles in @[a]. Altering each irreducible by a constant we may assume that each is in Z[2] and
has relatively prime coefficients. All those constants are put together to get: f{z) = cp,(2)py(x) - py(2)
where (by part (a)) each p(z) is an irreducible in Z[x| of degree > 1. By Lemma 4.21 applied to the
product of the p(z)'s, the ged of the coefficients of p,(z)py(z) -+ py(z) is 1. Therefore ¢ must be an
integer (in fact ¢ = ged(coefficients of f(z))). Factor ¢ into primes in Z to obtain the factorization of
f(z) into irreducibles in Z[1]. The uniqueness follows from the unique factorization in Z and in Q[z].

10.3 Factorization of Quadratic Integers

1.

6.

7.

Answered in the text.

Since every power @ reduces to one of 1, @,..., @ ! the closure properties are easily checked. Hence
Z| @) is a subring of C.

Answered in the text.
If it were Euclidean it would be a UFD contrary to the Example after Theorem 9.23.

Let a =r/s where r, s are coprime integers. By hypothesis a is a root of some z" + ¢, 2" + - + ¢,
where all the ¢; € Z. By the Rational Root Test (Theorem 4.20), s | 1so that a € Z.

(a) irreducible. (b) reducible (2 + 7)(2 - 1) (¢) irreducible

Check that 1 + /=7 and 2 are irreducible by noting that if any of them factored nontrivially we
would find some a with N(a) = 2. No such a exists.
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154 Arithmetic in Integral Domains
8 (a)3 (b) 7 (c) (2-19)(1+ 29 (d) (1T + 91 + 249)(1 — 44)
9. (a) Their norms are primes.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

() 11 =72 = w(5+ +2)and 2 + +2 = (2 - V2) where u = 3 — 242 is a unit with
u'=3+22.

9 =33= (24 v-5)(2 - v=5). These factors are irreducible since mere is no element a with N(a)
=3.

10 = 2.5 = (2 + =6 )-(2 — V=6 ). The factors are irreducible since there is no element a with N(a) =
2 or 5.

6=23=(2+ +10 )(-2 + 10 ). The factors are irreducible since there is no integer solution to 2% — 10¢?
= 2, 3 (look at it (mod 5)).

N(a) = 1 occurs if and only if @ = 41. N(a) = 6 if and only if a = £1 £ V-5 . N(a) = 4 if and only if
a = +2. N(a) = 2, 3 or 12 is impossible. Checking these quantities we see that the common divisors
are: +1, 42, +(1 + +=5 ). None of these is divisible by all the others.

If a is a common divisor then N(a) divides N(2) = 4 and N(I + /-5 ) = 6, so it divides 2. Since N(a)
= 2 is impossible we have N(a) = 1 and a = 41. Therefore 1 is aged. If | = 2a + (1 + <=5 )b we set a
=24+ yv-5, b= u+ vJ/=5 and conclude that 22 + u + 5v = 1 and 2y + u + v = 0. This implies u
+ v is both even and odd, which is impossible.

In a UFD a principal ideal (¢) is prime if and only if ¢ is irreducible (see Theorem 9.16 and Exercise
9.1.21). Note that we can cancel principal ideals: If I, J are ideals and 0 # a € R then (a)l = (a)J
implies I = J. Suppose (¢) is the given ideal and factor ¢ = p,p,p, where p, is irreducible. Then (¢) is
the product of the prime ideals (p;). Suppose (¢) = @, @, -+ @,, is another factorization into prime
ideals. Re-number the @'s to assume ) is minimal among the @, Since (p,py+p,) = (¢) € @, and Q, is
prime, there is some j where (p;) < @ (see Exercise 6.3.18). Re-numbering the p's, assume j = 1.
Similarly @ - @,, = (¢) < (p,) so there is some i with @, < (p). By the minimality of @, conclude
that @ = (p). Cancel this ideal to conclude that (p, - p,) = @, -+ @ . Continue this process to show

that each @, equals one of the (p;) and the uniqueness of factorizations in R finishes the proof.

If R is any integral domain and a, b € R then (a)(b) = (ab). This follows easily from the definition of
the product ideal.

(a) Answered in the text. - -
(b) if 7 = s (mod 2) write 7= 2m + 5. Then r + s+/=5 = 2m = s(1 + =5 ).

P is generated by a = 2 and b = 1+ /=5, so that P’ is generated by the products a?, ab and b*. Since
each of these is a multiple of 2 conclude: P* < (2). On the other hand 2 = ab - @ — b> € P so that
(2) c P

(a) If r = 3m + s then certainly 7 + s+/=5 € @, Conversely suppose that r + s~/=5 = 3(z+ y~/=5 ) +
(1 4+ +=5)(u+ v</=5) for some integers z, y, u, v. Reduce everything modulo 3 to find: r= u —5v = u
+ v=s (mod 3).
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20.

21.

22.

b)) 74+ sJ=5 =r—s5+ s8I+ +-5)=r— s (mod Q). Adjusting by a multiple of 3 we find: r +
-5 =0, 1 or 2 (mod @). These three values are not congruent by part (a). Hence there are 3

cosets.

(c) The natural ring homomorphism ¢ : Z — Z[J/=5]/Q, is surjective by part (b). Its kernel is the

ideal (3) and the First Isomorphism Theorem provides the required isomorphism.

(d) The arguments are easily altered to show that r + s /=5 € @, if and only if 7= — s (mod 3) and

that Z[J-5]/Q, = Z.

(e) @ @, is generated by the products 3-3 = 9, 3:(1 + =5 ), 3:(1- ¥=5) and (1 + ~=5)-(1 - v=5)

= 6. Since each term is a multiple of 3, @, @, < (3). Since 3=9 — 6 € @, the reverse inclusion

holds.

If 2 is in the ideal (a) where a = r + s+/=5 then a | 2 so that N(a) | 4. Then 7* + 55 = N(a) < 4
forcing s = 0.

Lemma. If o, B e Z[d | with (@) c (f) and N(@) = £N(f) then (@) = (B).

Proof. Given & = fy for some y. Compute mat N(y) = +1 so that y is a unit in Z[</d ]. Q.ED. Now
suppose (a,) < (a,) € (a;) € - is a chain of principal ideals in Z[vd]. Then a,,, | a, in Z-/d so that
N(a;;1) | N(a;) in Z. Since Z has ACC on ideals there exists m so that N(q;) and N(a,,) generate the
same ideal for every ¢ = m. That is, N(a;) = +£N(a,,) and by the Lemma, (¢;) = (a,) for every i = m.

(a)Ifa=z+ yvd let t be the lem of the denominators of z, y. Then z = r/t and y = s/t where r, s,
t are relatively prime integers.

(b) Multiply out (z— a)(z— a ).

(c) If p(z) factors in @[z] then its root a lies in Q, but s # 0.

(d) Done in the Hint. I ‘

(e) By (b) and (d) show that ¢ | 2r and £ | (r - ds), so that £ | 4ds’. Suppose p is an odd prime and

P \ t. Then p | r so that s and hence 4s* are prime to p. But then p? | d contrary to the hypothesis
that d is square free. Therefore ¢t = 2™ for some m. If m > 1 then 4 | ¢ so that 2 | r and s must be odd.
Then 16 | 4d forcing 4 | d with a contradiction as before. Therefore m < 1.

(f) Done in the Hint.

(g) Suppose t = 2. By (b) and (d), a is a quadratic integer if and only if /* = ds’ = & (mod 4). This occurs
if and only if 7= s (mod 2). Since (7, s, t) = 1 we know r, s are not both even.

(h) This summarizes parts (f) and (g).

10.4 The Field of Quotients of an Integral Domain

1.

2.

(1) 0zd = b0 (2) a(bk) = b(ak) (3) ac = ca.
(a) [a, 0] + ([, d| + [e, f]) = [a(df) + b(cf + de), b(dfi] and ([a, 8] + [c, d]) + [e, f = [(ad + be)f +
(bd)e, (bd) f] They are equal.

(b) [a, b]([c, d|{e, /i) = [a(ce), b(df)] and ([a, b][c, d])-le, | = [(ac)e, (bd)]]. They are equal.
(¢) [a, b][c, d = [ac bd) = [ca, db] = [¢, d)[a, b].

Answered in the text.
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4. View R = R* ¢ F and note that [a, b] = [ab™, 1] € R.

5. Answered in the text.

6. Define f: R — Q[Jd] by fle + yd , u + vd ) = (zu — dyv)/S + (yu —2v)/Nd where & = * —
di?. Verify that fis an isomorphism.

7. If Ris a ring with Z ¢ R < Q, it is easy to check that R is an integral domain @ as its field of
quotients. As in Exercise 3.1.23, for each prime p there is a ring R, consisting of all rationals having
denominator equal to a power of p. These rings are all different since 1/p ¢ R, for unequal primes p,
g. Compare Exercise 6.1.40.

8. Well-defined. If [a, b] = [¢, d] then ad = bc so that fla)f(d) = f(b)f(c). Then [f(a), f(b)] = [flc), Ad)].
Therefore f*(a/b) does make sense.
Homomorphism. f* ((a/b)+(¢/d)) = f * ((ad +be)/bd) = f(ad +be)/ f(bd = (F(a)f(d) + F(b)f())/fB)f(d)
= f(a)/f(0) + f(c)/f(d) = [ *(a/b) + f *(c/d).
f*((a/b)(c/d)) = [ *(ac/bd) = f(ac)/f(bd) = f(a)f(c)/f(0)(d) = (f(a)/F(0))(f(c)/£(d)) = [ *(a/b)f *(c/ d).
Injective. z/y =0, if and only if z = Op Therefore f*(a/b)=0, implies fla) = Op. Since f is
injective, a = 0, and a/b = 0.
Surjective. For any z/y € F} we have z = f(a), y = f(b) for some a, b € R since [ is surjective. Then
f*(a/b) = x/y.

9. If a/b=c/d in Fthen ad = bcin R < K. Then ab"' = ¢d ' in K.

10. (a) Done in the Hint.

(b) f((a/b)+(c/d)) = f((ad +bc)/bd) = (ad + bc)(bd)™" = ab™ +cd™" = f(a/b) + f(c/d). Also
f((a/b)(c/d)) = f(ac/bd) = (ac)(bd)™ = (ab”")(cd™) = f(a/b)f(c/d).
11. Answered in the text.
12. (a) The map ¢ : Z - R by ¢(n) = n 1, is a homomorphism (see Exercise 3.2.21). Since R has
characteristic 0 this ¢ is injective, so that Z is isomorphic to the subring ¢(Z) c R.

(b) If K is a field of characteristic 0, view Z < K by part (a). By Theorem 9.31 K has a subfield = Q.

13. The identity element 1, was not mentioned in this Section before Lemma 9.22. Since [a, a|[z, y| = [ax, ay]

= [z, y|] the element [a, a] is an identity element in F. The rest of the proof that F is a field is
unchanged. Define oo: R — F by ofr) = [ra, a] for any nonzero a € R. This map is well-defined since
[ra, a] = [rb, b] for any nonzero a, b € R. It is routine to check that ¢ is a ring homomorphism. Since
R has no zero divisors, o is injective, so that R = o(R) < F.
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10.5 Unique Factorization in Polynomial Domains

1.

(=) Suppose p is irreducible in R and p = a(z)b(z) in R[z]. Then a(x), b(x) have degree 0 so they are in
R, and one of them must be a unit. (<) Answered in the text.

The constant polynomials 2 and 3 in Z[a] are associates in Q[z] but not in Z[z], There is no
contradiction since they are not primitive.

Answered in the text.

Suppose ¢g(z) = a(x)b(z) in R[z] and a(x) is nonconstant. Write a(z) = ca,(z) and b(z) = 'b(x) where
¢, ¢' € R and g(x), b(z) are primitive. Then g(z) = cc'a(x)b(x) and Gauss's Lemma and Theorem
9.35 imply that cc' is a unit in R. Therefore ¢ is a unit and a(z) is primitive.

If lzx) = a2 + ~ + oz + ayand ¢ € R then ¢ | flz) if and only if ¢ is a common divisor of the
coefficients a,. The claim quickly follows.

If ) = a(z)b(x) is a nontrivial factorization in R[z] then the irreducibility in F[z] implies that one of
the factors has degree 0. If a(z) = ¢ has degree 0, then ¢ | f{z) and the primitivity implies ¢ = a(z) is
a unit.

Answered in the text.

Since R[z] is an integral domain it follows that R is an integral domain. Let a ba a nonzero element of
R. The ideal J generated by a and z is principal, say J = (f{z)). Then a = flz)g(z) for some g(z), and
degrees imply that f(x) = ¢ € R. Then z = ch(x) for some h(z) and leading coefficients imply that c is
a unit in R. Therefore J = R[z] and have I = a-u(z) + zv(z) for some u(z), v(xr) € R[z]. Comparing
constant terms, we see that a is a unit in R. Hence R is a field.

The key step is that every element of F' can be written as r/s where y7 s € R and } is a ged of s s
(For any a/b, factor out and cancel the ged of a and b.) Then if r | 8" conclude (using Exercise
9.2.29) that r | a,. The proof of Theorem 4.20 is easily completed.

10. Let flz) € R[] and f(z) = a(z)b(x) in F[z]. We may write f{z) = rfi(z), a(z) = cay(z) and b(z) = c'b(z)

where r € R, ¢, ¢' € F and f(z), a(z), b(x) are primitive in R[2]. Then f(z) and a(z)b(x) are
primitive and are associates in F[z], hence they are associates in R[a], by Corollary 9.36. Therefore
fx) = rua,(2)b,(x) for some unit u, and req(z), b(z) have the same degrees as a(z), b(x), respectively.

11. The same proof works, using Theorem 9.15 in place of Theorem 1.8.

12. The irreducible element 1 — i divides —6, 44 and 1 + 34, and (1 — 4)?=-24 does not divide 1 + 3i.

Eisenstein's Criterion applies.
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Chapter 11

Field Extensions

11.1 Vector Spaces

1. Check the axioms to show that M(R) is a vector space over R. An element of M(R) is
given by an ordered 4-tuple, with addition and scalar multiplication given componentwise.
Then M(R) is essentially the same as R'. See Exercise 6.

2. Check the axioms. This is a special case of Exercise 6.

3. The axioms showing that R[z] is a vector space over R immediately follow from the
knowledge that R[z] is a commutative ring containing R as a subring.

4. Checking the axioms is straightforward. In fact, since the operations are restrictions of the
operations of R[z], the important thing to check is that R,[2] is closed under addition and
scalar multiplication.

5. From group theory recall that the direct product of groups is a group. Then F" = F X F X
-+ X F'is an abelian group, using componentwise operations. Checking the axioms for vector
spaces is routine. For example, suppose a € F and v, v, € F". Express v; = (s, ..., s,) and
vy, = (t,..., t,) and compute a(v; + v) = a(s + &, ..., s, + t,) = (a(s, + 1), ..., a(s, + t,))
= (as; + aty, ..., as, + at,) = (as,, ..., as,) + (aty, ..., at,) = av, + av,.

6. An expression w = ¢v; + - + ¢,v, exists for some ¢; since {v,, ..., v,} spans K. Then w =
0w+ ¢ + -+ ¢,v, also lies in the span of {w, v, ..., v,}.

7. Answered in the text.

8. Suppose ¢(1, 0, 0) + (0, 1, 0) + ¢(0, 0, 1) = (0, 0, 0) for some ¢; € Q. To Show: each ¢,
= 0. Multiply this out to find: (¢, ¢, ¢;) = (0, 0, 0) and use the definition of equality in Q’
to conclude that ¢, = ¢, = ¢; = 0.

9. Answered in the text.

10. Suppose av = 0, for some a € F. If a #0, then o' exists in Fand v= 1,0 = (a'a)v = a'(av) =

a' 0, = 0,, contrary to hypothesis v # 0, (We used the property 00 = 0, proved below in
Exercise 21(a).)
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Field Extensions

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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For any v;, note that 1,0, + 0w + - + 0mv, = 0,. (Again Exercise 21(a) was used.)

If au + b(u+ v) + ¢(u + v+ w) =0, for some a, b, ce F, then (a+ b+ c)u+ (b+ c)v+ cw
= 0,. By the independence of u, v, w conclude: @ + b + ¢ = 0z, b + ¢ = 0y and ¢ = 0. Hence a
=b=c=0p

Answered in the text.

A dependence relation among the elements of the subset is automatically a dependence
relation among the elements of T, using coefficient 0, for those elements not in the subset.

See the answer in the text. If zb + y(c + di) = 0 for some z, y € R then 2b + yc = 0 and
yd = 0. Since b, d # 0 it follows that x, ¢ = 0. Hence the set in linearly independent.

If v,. . ., v, is a basis then every element of K equals a;v, + -~ + a,v, for some q, € Z,.
There are p" possible choices for these coefficients, so | K| < p”.

Since v; = ¢ (¢, the new set also spans K. If a,(c;v,) + - + a,(c,v,) = 0, then the
independence of the v; implies that a,c; = 0y and hence a, = 0, for every i.

For any f(z) € Z,[a], divide by 2% + z +1 to find a, b € Z, with f{z) = ax + b (mod #* + z
+ 1). Therefore [f(z)] = afz] + b[1] so the set spans everything. Also If a[z] + b[1] = O for
some a, b € Z, then ax + b=0 (mod 27 + z + 1). Hence a = b = 0.

For any vectors wy, ..., w, the set {0,, w,, ..., w,} is linearly dependent. This is proved by
exhibiting a nontrivial relation 1,0, + Opw, + -+ + Opw, = 0,. Therefore the vector 0, can
never be an element of an independent set.

For any w € L the hypothesis implies that w = ¢v, + - + ¢,v, for some ¢; € F. But
certainly ¢; € K as well, so every w is a linear combination of {v, ..., v,} over K.

(a) 0pv = (0 + 0p)v = 0zv + Opv and since V is an abelian group conclude 0, = 0yv.
(b) a0, = a(0, + 0,) = a0, + a0,. Since V is an abelian group conclude 0, = a0,.

(¢) av+ (-a)v= (a— a)v = 0w = 0,. Therefore (—a)v = —(av).

Similarly av + a(-v) = a(v + (-v)) = a0, = 0, so that a(-v) = —(av).

(a) Suppose a4 b2 =0 for some a, b € Q which are not both zero. If b = 0 then a = 0,
contrary to hypothesis. Then b # 0 and <2 = —a/b lies in Q. This is a contradiction since
\2 is irrational.

(b) If V3 =a+bJ2 for some a, b € Q then 3 = (a* + 2b°) + 2abv2. Since 2 is
irrational conclude that 2ab = 0. If @ = 0 then 3 = 2§’ so that 6 = (2b)*. If b = 0 then
3 = @ Since /6 and /3 are irrational these equations are impossible.

(a) Answered in the text, (b) Suppose a +bv2 +cv/3 +dv6 =0 for some a, b, ¢, d e Q
which are not all 0. Then ¢, d are not both 0, since {1, \/5} is independent over Q.
Then /3 = (a+032)(c+dv2)" € QW2), which contradicts part (a) (or Exercise
22(b)).
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If v is rational then v1 4+ (-1)-v = 0 is a dependence relation. Conversely, if {1, v} is
linearly dependent then a + bv = 0 for some rational a, b which are not both 0. Then b # 0
(for if b = 0 then a = 0). Then v= a/b € Q.

Suppose there is a relation ¢l + ¢z + % + -+ ¢’ = 0 in Ra], for some ¢; € R. By
basic properties of polynomials, each ¢; = 0. This proves the independence.

By definition, R,[2] is spanned by {1, z, 2, -, 2"}. By Exercise 25 this set is also linearly
independent, so it is a basis. Therefore R [z] has dimension n + 1.

Let ¢, = (1,0, ..., 0), e, = (0, 1, 0, ..., 0), etc. Then any v € F" can be expressed: v = (s,
Syy ey 8,) = 8,6, + S€5 + -+ + s,e, for some s; € F. Therefore {e,, ..., e,} spans F". That set
is also linearly independent (compare Exercise 8), so it is a basis. Conclude that F" has
dimension n.

Suppose K has only one basis {u,, u, ..., u,} over F. If n > 1 it is not hard to check that

{w, + w, uy, ..., u,} is also a basis. The uniqueness implies that u, equals one of the
elements of the second basis, but each case is impossible by the independence of the w,.
Therefore n = 1 and K = F. For any nonzero a € F, {a} is a basis of F over F

(independent since a # 0 and it spans since * = (za') a for any z € F). The uniqueness
implies F' has only 2 elements, so F' = Z,.

If a(u + v) + b(v + w) + c(u + w) = 0, then (a + c)u+ (a + d)v+ (b + c)w = 0, and the
independence implies a + ¢ = a + b = b + ¢ = 0p These imply a = b = ¢ and 2a = Op.
Then a = b = ¢ = 0y since 2 is invertible in F. Note that 2u = (v + v) — (v + w) + (v +
w). Since 2 is invertible,  is in the span of {u + v, v + w, v + w}. Similarly v and w are in
this span. Since {u, v, w} spans V it follows that {u + v, v + w, u + w} also spans V.

(=). Since the set spans V every element can be written as a linear combination. For the
uniqueness, suppose ¢,v;, + - + ¢,v, = div; + - + d,v,. Then (¢, — d))v;, + -~ + (¢, — d,)v,
= 0,. By the independence conclude that ¢; = d, for every i.

(&) Since every element is a linear combination of the v, the set spans V. By the
uniqueness, a relation a,v; + - + a,v,= 0, must coincide with the relation Ov, + -+ 4+ 0,0,
= 0,. Hence a;, = 0 for all i.

By Theorem 5.10 L is a field. Corollary 5.5 says that every element of L can be expressed
uniquely as some [a, + a7 + - + a,,2"']. That is, every element is written in a unique
way as a linear combination of [1,], [],...,[2"']. By Exercise 30, [L : F] = n.

If S is linearly dependent, Lemma 10.1 implies that some v; is a linear combination of the
previous v;'s. Then ' = {v, ..., vy, V41, ..., v} still spans K. If S’ is linearly independent
then it is a basis. Otherwise, repeat the argument with S’ in place of S.

Answered in the text.

V does not have a finite basis. By Exercise 32 deduce that there is no finite subset of V
which spans V. If V = {0,} then V is spanned by the one element set {0,}. This
contradiction shows that there exists v € V with V # 0,. By Exercise 10 {v} is a linearly
independent set of 1 element. Use induction on k that V contains a linearly independent set
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of k elements. The case k = 1 is done. Suppose the statement is true for £k = n. That is,
suppose there is a linearly independent set {v,, ..., v,} in V. By hypothesis this finite set
cannot span V so there exists w € V which is not expressible as a linear combination of v,
.y U,. By Lemma 10.1 the set {v; ..., v,, w} is a linearly independent set of n + 1 elements.
This is the induction step needed.

If that set is linearly dependent then a,(w — v;) + -+ + a,(w — v,) = 0, for some g, not all
zero. Then v, + -+ @,v, = ow = dc,vy + - + Jc,v, where 0 = a; + - + a,. Since the v,
are independent, a, = Jc; for all i. Consequently 6 # 0y and ¢, + -+ ¢, = Xa, + -~ + a,)
= 1. Conversely if that sum equals 1, then ¢;(w - ) + -~ + c,(w—v,) = w— (v, + -~ +

Cnvn) = OF
Done in the Hint.

(i) = (iii) is done in the text. Clearly, (iii) = (i) and (ii).
(ii) = (iii): By Exercise 36 the given set S is a subset of a basis T. Since [K : F] = n, T has
n elements and S = T.

The proof of Theorem 10.4 also settles this question.

Corollary. Let F, K, L be fields with F ¢ K < L. If [L : F] is finite then [L : K] and [K : F]
are also finite.

Proof. Suppose {u,, ..., u,} is a set of elements of K which is independent over F, and {v,
.., U,} is a set of elements of L which is independent over K. The proof of Theorem 10.4
shows that {wuv,;} is independent over F. By Exercise 36 this set is contained in a basis of L
over F, so that mn < [L : F]. If either [L : K] or [K : F] is infinite we could arrange m or n
to be arbitrarily large, which is impossible.

If Fc Ec Kand [K: F] = p is finite then Exercise 38 and Theorem 10.4 imply that p =
[K:E] - [E: F]. Since p is prime, one of these factors is 1, so that either E= K or E = F.

Simple Extensions

Let F be the intersection. If a, b € F then a 4+ b and ab lie in every E, so they are in F.
Also if a # 0p then a* lies in every E. so it also lies in F.

v’ € F(u) and F(u’) is the smallest field containing F and u’.
Answered in the text.

Clearly 3 + i€ Q(2) and i = (3 4+ i)-3 € Q(3 + ). Hence Q(3 + i) = Q(¢). Similarly Q(1 -
i) = Q(3).

(a), (c) done in the text. (b) Root of (!~ 1)* + 2.

Suppose ’ is a root of f{z) = 2" + ¢, 2" " + - + ¢, € K[a]. Then u is a root of f(2?) = 27"
+ "+ -+ ¢ e Kla].
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11.2 Simple Extensions 163

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Answered in the text.
If u 4 vis aroot of some f(z) € F[a], then w is a root of flz + v) € F(v)[a].
Answered in the text.

If 0p# ce Fand u+ cis aroot of f(z) € Fla] then uis a root of fx— ¢) € Fla]. If cuis a
root of g(z) € F[z] then u is a root of g(c'z) € F[x]. Therefore v + ¢ and cu are
transcendental. By Exercise 6, #” is also transcendental.

degree 6, since 2° — 2 is irreducible by Eisenstein.
i=b'"(a+ bi) —b"' ae R(a+ bi). Therefore C < R(a + bi) c C.
F c F(u) c K. Apply Exercise 10.2.39.

By the Rational Root Test, any rational root must be in {41, 42, +4}. Check these to see
that there are no roots in Q, hence no linear factors. As in Section 4.5, If the polynomial
factors nontrivially then: 2! — 1622 + 4 = (¥ + ar + b)(2* + cx + d) for some a, b, ¢, d €
Z. Then a+ ¢ =0, ac+ b+ d=-16, bc + ad = 0 and bd = 4. If a = 0 then ¢ = 0, and b
+ d = —16, which is impossible for integers with bd = 4. Then ¢ = —a # 0, and a(-b + d) =
0 implies b = d. Consequently —a* + 2b = —16 and * = 4. Then b = 42 and a®> = 20 or 12,
which is impossible in Z. Hence no factorization exists.

Answered in the text.
See Exercise 10.

(@) (©-12-5=2"-27-4 (b) (¥ + 1)° + 24 = 2' + 227 + 25. These can be proved
irreducible as in Exercise 14.

Over Q: (7 + 1)> + 8 = 2! — 222 + 9. Prove irreducibility as in Exercise 14.
Over R: (z—+2)* +1=2* —2J2z + 3.

By Theorem 10.7, [F(u) : F] = p is prime. Apply Exercise 10.1.39.

We know F ¢ F(u’) < F(u). Since u is a root of 2 — «’, the minimal polynomial of u over
F(v*) must have degree 1 or 2. By Theorem 10.7, [F(u) : F(u’)] = 1 or 2. That Theorem
also implies that [F(u) : F] is odd. Theorem 10.4 then applies.

Answered in the text.

() V7 = t/s and t # 0 so the fields coincide. (=) If /s is rational then r = v* and s =
o for some u, ve Q. Let t = u/v. If V2 is irrational we have <7 = a + b</5 for some a, b
€ Q. Then r = a* + sb* + 2ab/s. By the irrationality, r = a* + sb* and ab = 0. If b = 0
then «r = +a € Q which implies that /s € Q, contrary to hypothesis. Hence a = 0 and
r= sb’
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23.

24.

25.

26.

11.3
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Let {1, ¢} be a basis of K over Q. Then ¢ € K is expressible as ¢ = rc + s for some r, s €
Q, and c is a root of 22 — rz — s € Q[a]. If this polynomial factors in Q1] its roots would be
rational, but ¢ ¢ Q since {1, ¢} is linearly independent. By the quadratic formula,
c=(r+~/d)/2 where d = 1* + 4s. Then Jd = +(2¢ - r) e Kand K = Q(¢) c Q(/d ) c
K. Then K = Q(~/d). Altering d by a nonzero square factor in Q changes +d by a
rational multiple, and this generates the same field. Therefore we may assume d is a
square-free integer.

The evaluation map ¢ : Fla] — Flu| sending f(z) to flu) is a surjective ring homomorphism.
Since u is transcendental, the kernel is {0} and the map is an isomorphism. Suppose Flu]
K for some field K.

The results on fields of quotients in Section 9.4 imply that ¢ extends to a homomorphism
¢: F(z) > K where ¢(f(z)/9(z)) = flu)g(u)" (compare Exercise 9.4.8). Since F(u) is the
smallest field containing Flu| this provides an isomorphism F(z) = F(u).

Suppose w € F(u) is algebraic over F and w ¢ F. Let f(z) = 2" + ¢, 2" + ... + ¢ be its
minimal polynomial. Note that n > 2 and ¢, # 0 since w ¢ F and f(z) is irreducible. Express
w = a(u)/b(u) where a(u), b(u) € Flu] are polynomials with gcd = 1 (see Exercise 24). The
analog of the Rational Root Test (see Exercise 9.5.11) implies that b(w)/1 and a(u)|c, in
the ring Flu]. This implies that a(u), b(u) are units, and hence lie in F. Then w € F,
contrary to hypothesis.

By Exercises 24 and 25 we need only check that z°/(z+1) ¢ F.

Algebraic Extensions

Both equal F(u, v).

Certainly [K : F] is finite. Use Theorem 10.9.

(a), (c) answered in the text. (b) {1, /5, /7, ¥/35} (d) {1, ¥/2, ¥4, /3, V332, \/3%/4}
)

Answered in the text.

The given field is Q(v/2, V5). Verify that /5 & Q(~/2).

Answered in the text.

If {4 ,..., 4y} is a basis of Kover Fand we K(u) then w=¢ + gu+ - -+ ¢ @ for
some a; € K. Express each g; as a linear combination of the v, over F and collect terms to
see that w is a combination of the v; with coefficients in F(u). Hence {v,, . . .,v,} contains a
basis of K(u) over F(u), and [K(u) : F(u)], < n.

Answered in the text.
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11.4 Splitting Fields 165

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

11.4

(&) This is Theorem 10.10. (=) If {v, . . . , v,} is a basis of K over F then certainly K =
F(v, ..., v,). By Theorem 10.9 each v, is algebraic over F.

(a) Answered in the text, (b) Use u = v = i over R. (c) 6 using part (a) with 22 —2 and 2* — 2.

Suppose u€ D and u ¢ F. By Theorem 10.9 u has a minimal polynomial " + ¢, 2" + - - -
+ ¢, Then n > 1 and ¢, #0 so that u™ = ¢, (v"™ + ¢,qu"> + - - -+ ¢,) € Flu] < D.

Answered in the text.

(a) Check closure under addition, multiplication and inverse.
(b) If ¢ is in the union then ¢ € F| for some i and hence c is algebraic over F,.

Answered in the text.

The number 2" is a root of " — 2, which is irreducible over Q by Eisenstein. Then it lies
in Fand n = [Q(2""): Q] < [E : Q]. Since this holds for every n, the degree [E : Q] must
be infinite.

If uw = v the result is clear. If u # v, compute 2(uv — v)vv = (Vu + Vv )* = (u+ 3v)(Vu +
~v). Since 2:1,# 0, and u — v # 0y, conclude that Vv € F(<Ju + ~/v ). Similarly for u.

Consider the tower Q ¢ Q(/n,) < Q(/n;, Jn,) < ... and apply Theorem 10.4.

It is perhaps easier to prove a stronger result:

Lemma. Let a;, a,, . . . be square-free integers where a; # 1 and (a;, a;) = 1 for every i #j.

Then r(akﬂ) € Q(\/aﬂ Y M)

Proof. Suppose [fa,,, is in that field. First let k = 1.Then by Exercise 10.2.22, a, = £a, for
some t € Q. Expressing ¢t =r/s in lowest terms we get sa, = r°q, in Z. Since a,, a, are
square-free it follows that @, = @, and 1 = (a,, @) = a, contrary to hypothesis. Now assume
the result true for sequences of & — 1 terms. Let u = a,,,, v = g, and F = Q( /a;, . . .,
Ja_ ). Then Vu € E(Jv) and Exercise 10.2.22 implies that v = #’v for some t € E. But
then Vuv € E, contradicting the inductive hypothesis applied to the sequence a,, . . . , a;,
U.

Splitting Fields

If 2 € Q(i) then it is a real number in Q(3), so it must lie in Q. But /2 is irrational.

They are irreducible by Eisenstein. The roots of 22 — 3 are ++/3. the roots of 22 — 2z — 2 are
143
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3. Answered in the text.

4. By the Fundamental Theorem of Algebra (see Corollary 4.27) f(x) splits in C. Then there
is a splitting field E of f{z) with R ¢ F < C. Since [C: R] = 2 we know that F=R or F =
C.

5. Let u ..., u, be the roots of f{z) in K. Then K = F(u, .. . , u,) so that K = E(u, . . ., u,).

6. Fc F(u) c K and apply Exercise 10.2.39.

7. Answered in the text.

8. (a) normal (b) not normal (¢) normal

9. The given polynomial € F[z] has no root in F.

10. (2* + 4z + 1)(2* — 2z — 1). The quadratic formula gives the roots.

11. Answered in the text.

12. (a) QW2,1) (b) C

13. Since (2 + 2% + 1)(2> = 1) = 2’ — 1, deMoivre’s Theorem implies that the complex roots of
the given polynomial are &, ¢?, &, &, of, & where a = ™/ = cos(2rc/9) + i-sin(2rc /9).
The splitting field is Q(¢), which has degree 6 over Q.

14. The roots are /2 + .

15. Answered in the text.

16. Let K = Z,[z]/(z* + 2 +1). This is a field of 8 elements, since that polynomial is
irreducible. The element & = [1] € K is one root. The elements ¢ and ¢ + « are the other
2 roots in K. Hence K is a splitting field.

17. Suppose flz) € Fla] is irreducible and has a root ¢ € K. Then f(z) is the minimal
polynomial of ¢ and deg f(z) = [F(¢) : F] £ [K : F] = 2. Therefore flz) = (x — ¢)q(z) for
some ¢(z) € K[a] of degree < 1. Hence every root of ¢(z) also lies in K and f{z) splits in K.

18. (=) see Exercise 5. (<) Given K = E(uy, . . . , u,) where flz) = ¢(z —u)- - (x — u,). Since
E = F(u, ..., uw) conclude that F(u,, ..., u,) = E(u, ... ,u,) = K as well.

19. (i) = (ii). Let f{z) be a nonconstant polynomial of degree n in K[z]. By (i) there exists ¢ €

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

K with flz) = (z — ¢)fi(xz) where deg fi(x) = n — 1. If fi(x) is nonconstant apply (i) again to
get another linear factor.

Repeating this n times shows that f{z) splits in K[a].
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20.

21.

22.

23.

(il) = (iii). If f(x) is irreducible then by (ii) it splits into linear factors. Since there are no
nontrivial factorizations there can be only one factor.

(iii) = (iv). If K c E is an algebraic extension with K # E let v € E with u # K. Then the
minimal polynomial p(z) € K[a] for u over K must be irreducible of degree > 1, contrary to

(ii).

(iv) = (i). If {z) € K[1] is nonconstant, let E = K(u) be a field obtained by adjoining a
root u of f(z).

By (iv) £ = K so that u e K.

By Corollary 10.12 E is algebraic over F. If f(z) € E[1] is a nonconstant polynomial then it
has a root u € K since K is algebraically closed. By Corollary 10.11 E(u) is algebraic over
F', so that u is algebraic over F'and u € E. By Exercise 19 FE is algebraically closed.

Answered in the text.

If F = K we are done. Otherwise choose v € K with u ¢ F and define F = F(u). Since [K :
F] is finite, u is algebraic over F and has a minimal polynomial p(z) € F[z]. Let K' be an
extension of K containing a root of op(z). By Corollary 10.8 there is a homomorphism o' :
F — K extending 6. Now if F' = K we are done. Otherwise choose v’ € K with u' ¢ F'| let
F' = F'(u) and repeat the argument. After a finite number of such steps we get an
extension of o to the field K.

(=). Suppose K is a normal extension and o: K — L is given. For u € K, let p(z) be the
minimal polynomial of u over F. Then o{u) is a root of op(x) = p(z). Since all the roots of
p(z) lie in K by hypothesis, we conclude o{u) € K.

(). Let p(x) be the minimal polynomial of u over F. (u is algebraic since [K : F] is finite.)
Let M be a splitting field of p(z) over K and let w be another root of p(z) in M. By
Corollary 10.8 there is an isomorphism o : F(u) — F(w) where o{a) = a for every a € F
and o(u) = w. Exercise 22 provides an extension L of M and a homomorphism ¢ : M — L
extending o. By hypothesis o(K) ¢ K and therefore w = ¢(u) € K. Therefore every root of
f(z) lies in K, so that K is normal.

11.5 Separability

1.

2.

3.
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Answered in the text.
nly = nly# 0p

The homomorphism ¢ : Z — F'is injective.
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4. (a) If flz) = X a,2" and g(z) = X b,2" then (f + 9)'(2) = (X (a, +b,)2")" = X (a, +

b’lnr)mxrnil = Z anlmxnl71 + Z bnlmxnl71 = f(x).g/(x)'
(b) (cf)(2)= (X ca,a™) = X ca,ma™ " = cf(a).
5. (a) (fg)'(z) = X cb, 2™ =% cb,(m + n)2™" " = e X b,ma™" + cna 'YX b,2" = f(2)d(2)
+ @) g(2).
(b) Use the Hint.

6. The case n = 1 is clear. Suppose n > 1 and the result is true for n — 1. Then (f")' = (ff*")’
=P HFED) = F(n D) = S

7. (a) Answered in the text.

(b) flz) = 27 has f'(z) = 0 in Z,[a].

8 fz) = (z— w)™'(mg(x) + (z — u)g'(x)). Since mg(u) # 0, we see that m > 1 if and only if
f(w) = 0p.

9. Answered in the text.

10. If p(x) is separable then p(z) and p'(x) are relatively prime. Since p(z) is nonconstant this
implies that p'(z) # 05 Conversely if p(z) is not separable then the gecd is not a unit. It
divides p(z) so the irreducibility implies the ged is an associate of p(z). Therefore p(z) |
p'(z). Comparing degrees we get a contradiction unless p'(z) = 0.

11. If u is a root of F use the factorization in Exercise 8 to see that (z — u)™" is the largest
power of (z— u) dividing d(z). Therefore (z — u) divides h(x) but (z — u)* does not. Parts (a)
and (b) now follow.

12. (a) Q(V2 +c/3) for any ¢ # 0 in Q.

(b) Q(~/3 + ci) for any ¢ # 0 in Q.
(¢) QW2+ cv/3 +d/5) for any ¢, d# 0 in Q.

13. Answered in the text.

14. The proof of Theorem 10.18 never uses the assumption that v is separable.

15. (a) Use the analog of Eisenstein for the domain Z,[1], as in Exercise 9.5.13.

11.6
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(b) Done in the hint. In fact, if ¢ is a root then 2* — ¢t = (z— @)*.

Finite Fields

See Exercise 3.2.21.
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10.

11.

12.

13.

14.

15.
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Answered in the text.
If P is the prime subfield then it is generated by 1, so it is contained in every subfield.
Answered in the text.

0

7" — 1, has every a # 0, as a root (see the proof of Theorem 10.25). Therefore it has k = p’
— 1 distinct roots, so it splits into linear factors in K[z]. That is, all the roots lie in K.

Given a” = a. Then (-a)’ = —aif pisodd. If p =2 then -1 = 1in Z, and (-a)’ = a=
—a.
Since p1 = 0 we know Z,(x) has characteristic p. Since 1, z, 2, 2%, . . . are distinct

polynomials the field is infinite.
As in Exercise 7 note that (—1)”" = —1. The claim follows by Lemma 10.24.

flab) = (ab)’ = ¥ = fla)f(b) and fla + b) = fla) + f(b) by Lemma 10.24. If a is in the
kernel then o’ = 0 which implies @ = 0 since we are in a field. Therefore f is injective. Since
K is finite f is automatically surjective (see Exercise 32 of Appendix B).

01
0 0

00

Lo . Then & + # = 0 while (a +

InZ6(1+1)6:4whj1e16+16:2.InM(Z2)leta:[ and

BE=1
Apply the isomorphism of Exercise 10 to the equation flc) = 0.
Answered in the text.

f(z) has only finitely many roots so the set F is finite. Since it is a field, Theorem 10.23
implies that deg f(z) = |F] = p" for some prime p and integer n > 1. Theorem 10.25 states
that E is exactly the set of roots of g(r) = 2" — 2. Therefore g(z) and f(x) have the same
set of roots, and they are both separable. Therefore f(z) = cg(z) for some ¢ € E. Since both
polynomials are monic we find ¢ = 1.

In each case the field is K = Z [2]/(g(x)) where g(7) is the given irreducible polynomial.

(a) The polynomial has no root in Z, so it is irreducible. (See Corollary 4.18.)

(b) It has no root in Z, so it is irreducible.

(¢) It has no root in Z, and it is not the square of the only irreducible quadratic
polynomial 27 + z + 1. Hence it is irreducible.
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16.

17.

18.

19.

20.

21.

22.

(a) Check closure under addition and multiplication, using Lemma 10.24.

(b) As in Exercise 10 the map ¢, : K — K defined by ¢,(c) = ¢” is an isomorphism.
Clearly ¢, (F) c F for any subfield. Since ¢, is bijective we see that ¢,(F) = F. The
set L is defined to be L = ¢! (F) = F.

Answered in the text.
Done in the Hint.

(a) |F] = p for some d using Theorem 10.23. Since the group F* of nonzero elements of F'
is a subgroup of K*, Lagrange's Theorem implies that (p’— 1) | (p" — 1). Then d | n by
Exercise 18.

(b) Exercise 18(b) implies that (p” — 1) | (p" — 1). By Exercise 18(a), (2" — 2) | (2" — 2).
By Theorem 10.25, 2" — z splits in K[]. Therefore z” — z also splits in K. The set E
of the p? roots of this polynomial provides the desired subfield, by Theorem 10.25. The
uniqueness follows since any subfield of p? elements must consist exactly of the roots of
P

See Exercise 10.3.13. Let o be a root of flz) is a splitting field of f{z) over K. Then 3[K(a):

K] = [K(): Z,] = 2[K(a): Z,(a)]. Therefore [K(): K| > 2 so that f(z) is irreducible over

K.

Let K be the given field with p" elements. If p = 2 then every element is a square, by
Exercise 10. Suppose p is odd and let S = {@* | a € K} the set of all squares in K. If a, b are
nonzero in K then: o> = v* if and only if a = b or —b. (Why?) Therefore exactly half of the
nonzero elements of K are squares. Since 0 is a square, S contains more than half the
elements of K. For any given c € Klet T = {c— | b € K}. Again T contains more than
half of the elements of K. Therefore S and T cannot be disjoint sets, so there exists a®> = ¢ —
b for some a, b € K. Therefore c is a sum of two squares.

Since the set K* of nonzero elements of K is a group of order p" — 1, Lagrange’s Theorem
(Corollary 7.27) implies that ¢” ' = 1, for every ¢ # 0. Then every c € K satisfies ¢’ = ¢
so it is a root of z” — x. Therefore K is the splitting field of z” — z. The proof of the
other direction in Theorem 10.25 remains the same.
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Chapter 12

Galois Theory

12.1 The Galois Group

10.

11.
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Answered in the text.

Yes, by Theorem 11.4.

Answered in the text.

This is easily done since 7 = & = F = tand ta = f.
Answered in the text.

Since o B an automorphism for the additive group we see that o(n) = n - o(1) = n. Also,
n-o(m/n) = o(m)=m so that o(m/n) =m/n Therefore o fixes Q.

(a) Q(+2) is the splitting field of 2 — 2 so there are at most 2 elements in the Galois group. Since
7 — 2 is irreducible, Corollary 10.8 implies the existence of an automorphism o with

o(\2) = —2.

(b) The same argument applies since 27 — d is irreducible.

If ¢ =42 then ¢ and —c are roots of 2* — 2. This polynomial is irreducible in Q[a] and Corollary
10.8 provides an automorphism o of Q(c¢) with ofc) = —c.

Answered in the text.

(a) The group is = Z, X Z,.

(b) By Exercise 10.3.19, Q{\/p, /q) has degree 4 over Q. It follows that 2* — 3 is irreducible over
Q and #* - 5 is irreducible over Q(+/3) . The argument in Example 2.A is valid here, replacing
3 by p and 5 by gq.

As in Exercise 10.3.5 we know the degree is 4. Proceed as in Exercise 10.
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12. Since any automorphism sends /¢ to +-/c there are at most 8 automorphisms. By Exercise
10.3.19 the degree of this field is 8. Therefore 2% - 5 is irreducible over K = Q(~/2,4/3) so that each
of the 4 automorphisms of K extends to the whole field in 2 ways, (sending /5 to 4+/5). Then we
have constructed 8 automorphisms, each with square = .

13. Theorems 10.17 and 10.18 imply that K = F(u) for some u. Let p(x) be the minimal polynomial of
uwover F. Since K is a splitting field, it is normal by Theorem 10.15. Since p(z) has one root in K
it must split: p(z) = (x — w)(z — w) " (z — u, where u = wu,. Note that n = deg p(z) =
[K: F|. Any o€ GalpK must have o(u) = u; for some i. Theorem 11.4 then implies that there are
at most n elements in that group.

Since the characteristic is 0, the roots u, are distinct. Corollary 10.8 provides an F-isomorphism K
= F(u) » F(u;) = K sending v — u;. Then we have n different elements of GalzK, and therefore
|GalyK| = n=[K: F.

14. That degree in the Hint is 2 since [Q(+/3, V/5): Q] = 4.

15. (a) Any automorphism sends squares to squares. Hence it sends positives to positives.
(b) Apply the Hint and part (a).
(c¢) Asin Exercise 6, o fixes Q. Then if re R and ¢ < r < dfor ¢, de Q then ¢ < o(r) < d. This
implication forces r = o(r). (The proof involves the definition of R. For example, let C(r) =
{(a€ Q| a < r}. Then ris the least upper bound of the set C(r). Since C(r) = C(o(r)) it follows
that r = ofr).)
16. Any o, 7€ GalyQ(¢) have o) = ¢ and 7({) = ¢ for some i, j (by Theorem 11.2). Then
ol = o(f) = o(¢) = {’ = 7({). By Theorem 11.4 conclude that oz = 70.

17. For u € Elet p(z) be the minimal polynomial of « over F. Since p(z) has one root in F and F is
normal over F we know that p(z) splits in E[z]. By Theorem 11.2 o{u) is a root of p(z) and hence

o(u) € E.

12.2 The Fundamental Theorem of Galois Theory

1. Answered in the text.

2. K is a Galois extension of Q and |GalyK| = [K : Q] = p by the Fundamental Theorem 11.11. So

it must be = Z,.

3. w =(—1-+/3i)/2 so that @ = we* = 1. Also @+ @ = —1 so that (z— 0)(z - &) = 2 + =+
1. Alternatively we can apply the quadratic formula to 2* + z + 1 to see that @ and & are roots.

4. In each case we have a field K with [K : Q] = 2. Such an extension is always Galois with group G
= 7Z,. The only intermediate fields are Q < K; the only subgroups are G 2 {e).

5. Answered in the text.

o

F=Q, K=0Q(+2), L=0Q(3)
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7. Let K = F(Ja,/b) be an extension of F of degree, and assume the characteristic is # 2 so that the
extension is separable. Then K is a Galois extension of F'and the Galois group is G = {1, &, §, a8}
where o fixes +a and sends Vb to its negative, and £ fixes vb and sends.a to its negative. The
intermediate fields are F, F(va), F(¥b), F(Jab), and K. The corresponding subgroups are G, (),

B, (o, {e).

8. In fact if £ is any intermediate field then it is normal over F. This follows from Theorem 11.11,
since its corresponding subgroup is normal in the abelian group G = Gal,K. Note that Gal,K < G
and GalpF is a quotient group of G. Therefore these groups are also abelian.

9. (a) Answered in the text. (b) By Exercise 7.3.40 there is exactly one subgroup of Z, for every
positive divisor of n. Apply the Galois correspondence.

10. (=) Suppose o(E) = L. If @ € GalyK then ox) = z for every z € E. Check that ooo ' fixes L so
it lies in Gal K. Therefore o( GalyK)o' < Gal K. The same argument applied to ¢'(L) = F
provides the reverse inclusion. Hence GalpK and Gal K are conjugate.

(&) Suppose o GalzK)o"' = Gal K. If ¢ € E then c is fixed by every ¢'fo for fe Gal K. Then
Po(c) = o(c) so that o(c) is fixed by Gal K. The Galois correspondence (Theorem 11.9) implies
that o(c) € L. Therefore o( E) < L. The same argument applied to o' provides the reverse
inclusion.

11. (a) Let ¢ = 2. The roots of 2 — 2 are ¢, ic, —c, —ic, so the splitting field is generated by ¢ and i.

b) Answered in the text.

c) Using (b) we see that 2 — 2 is still irreducible in Q(4)[z]. Since ¢ and ci are roots, Corollary 9.8
implies that there is an automorphism o fixing Q(4) sending c to ci. Then 6*(c) = of ¢i) = (ci)i
= —¢. Similarly we compute ¢*(¢) = — ¢i and ¢*(¢) = ¢. Therefore |o| = 4.

(d) These 8 elements are distinct since they act differently on the generators ¢ and .

(e) Since |GalyK| = [K : Q] = 8 we have a complete list of the Galois group. Note that 7or= o".

o~ o~

Mapping o to r, and 7to d, check the tables to see that this group is = D,.

12. The element o fixes Q(¢) and has order 4. Since that Galois group has order = [K : Q(7)] = 4, it
must be (o).

13. Here is a chart of the correspondence. Let ¢ = 4/2.

Subgroups of G Intermediate fields

G Q
(0) Q(3)
(0 Q(i, v2)

(1, &) QW2)
(D) Q(e)
(o) Q((1 + 9)c)
(D) Q((1 = i)c)
(e K
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14. Let K = Q(v2,v/3,+/5) and G = GalgK. Let @e G be the automorphism fixing +2 and +/3 and
sending /5 to its negative. Similarly let B fix ~/2 and /5 and send /3 to its negative, and let
yfix /3, /5 and send /2 to its negative.

The G = {e, &, B, ¥, o, oy, By, offy} and the subgroups are easy to write out. The intermediate
fields are generated by some of: ~/2, v/3, /5, /6, +/10, +/15, +/130. Listing the explicit groups and
fields is straightforward.

12.3 Solvability by Radicals

1. (a) Answered in the text.

(b)) QcQ(2) cQ(V2,49) cQ(V2, i, ¥5) cQ(2, i, ¥5, YV2+1)
(©) QcQ(2) Q2. ¥3—2).

2. Compute the roots by the quadratic formula and note that @(\/g) is the splitting field in each
case.

3. Thereis a chain F= F,c F, ' ¢ F,= Kwhere F;, = F, ; (v,) and v, € F, . Theorem 10.7
implies that [F;: F; ;] £ n, Then Theorem 10.4 implies that [K : F] < n, ny - n,

4. 1If A, is solvable then there is a chain of subgroups A, = Hy 2 H, 2 - 2 H, = (e) with abelian
quotients. But then S, 2 A, 2 H, 2 '~ 2 H, = (e) is a similar chain, contradicting Theorem 11.14.

n =

Compare Exercise 10 below.

5. (a) Answered in the text.
(b) D, has a subgroup H of order 4. Then H is abelian and has index 2, so it is normal with abelian
quotient. The chain is D, o H 2 (e).

6. If G is solvable there is a chain G = G, 2 G, 2 - 2 G, = {e) with each G, normal in G, with
abelian quotient. We may delete repetitions to assume that G, # G, for each . Since G is simple
the only possibility for the proper normal subgroup G, is (¢). But then G = G/G, is abelian,
contrary to hypothesis.

7. (a), (c), (e) Answered in the text.
(b) 1, (1 £i-L,(—+i-3)/2
(d) cos(2mk/5) + i-sin(27k/5) for k=0, 1, 2, 3, 4. If ¢ = cos(27/5) + i-sin(27/5), then the roots

are 1, ¢, &, & ' These quantities can be expressed explicitly in terms of radicals. For

example, ( = (1++/5)/4+1i-{(5++5))/8.

8. Compare Exercise 7.9.34. (a) The values o(r), &?(r), . . . range over all 5 symbols since « is a
5-cycle. One of those symbols is s, so that ¢(r) = s for some k.
(b) Direct calculation. Compare Exercise 7.9.24.
(c) (12)(23)(12) = (13), (13)(34)(13) = (14), etc.
(d) If a, b # 1 then (ab) = (1a)(1b)(1a) € G.
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10.

11.

12.

13.

14.

15.

16.

17.
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(a) Free choice of 4 elements of G has n' possibilities.

(b) This follows since a composition of cyclic permutations is another cyclic permutation.

(¢) Suppose 2 elements of an equivalence class are the same. For example, (7, s, ¢, u, v) = (¢, u, v,
r,8). Then r=1t s=wu,t=v,u=r,v=s Then r=t= v= s= u,so all the entries are equal.
The other cases are similar.

(d) Sis a union of the disjoint equivalence classes. Since |S| = n' is a multiple of 5 and every class
has 1 or 5 elements, the number of singleton classes must be a multiple of 5. Since
(e, e, e, e, e) provides one singleton class, there must be at least 4 others.

(e) Suppose ¢# eand {(c, ¢, ¢, ¢, ¢)} is a singleton class. The definition of S implies ¢ = e. Then
|c| divides 5 and is # 1, so |¢| = 5.

Suppose G/N =T, 2T, o --- 2 T,{(Ne) is a chain of subgroups with successive quotients abelian.
By Theorem 7.44 there are subgroups H; of G with Nc H,and H,/N =T,. Then G= H,o H, >

-+ D H, = N. Applying Theorem 7.44 to N ¢ H;, c H, , we find that H,is normal in H, ;, and
Theorem 7.43 implies that H, ,/H, =T, /T is abelian. Now since N is also solvable, we can
lengthen this chain of subgroups from N down to (e). Therefore G is solvable.

As in the Hint, H; is normal in H, ; Define the homomorphism ¢: H, | — G, ,/ G, by ¢(z) = G.
Then z lies in the kernel if and only if xe H, | n G;=(HN G, |) n G;= HN G, = H, By the
First Isomorphism Theorem, H, ,/H, is isomorphic to a subgroup of G, , /G, which is abelian.

The splitting field has degree 2 so the Galois group has 2 elements.
Answered in the text.

By Corollary 11.5 the Galois group G is isomorphic to a subgroup of S,. By Exercises 5 and 11 G
is solvable.

The splitting field is K = F(u, v). If ve F(u) then K = F(u) is a quadratic extension and the group
is Z,. Otherwise [K : F] = 4 and we can write out the automorphisms explicitly as in Example 2.A.

Let K be the splitting field of the given polynomial, and G = GalpK. K is not affected by linear
factors of f{x) since their roots lie in F. Therefore assume f{z) has no linear factors.

Cases: (1) f(x) is an irreducible quadratic. Use Exercise 12.

(2) f(z) is an irreducible cubic. Use Exercise 13.

(3) flz) is a product of 2 irreducible quadratics. Use Exercise 15.

(4) f(z) is an irreducible quartic. Use Exercise 14.

(a), (c), (e) Answered in the text.
(b) (22 — 2)(2 — 3) has splitting field K = Q(+/2,+/3) with G = Z, x Z,.
(d) (2% —2)(z+ 3) has splitting field K = Q(}/2, w) as in Example 3. By Exercise 13 the group is

3

N
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18.

19.

20.

21.

22.

23.

24.

25.

a) Solvable. (2° + 1°) factors with linear and quadratic factors.

b) Not solvable. It is irreducible by Eisenstein and has 3 real roots.
¢) Not solvable. It is irreducible by Eisenstein and has 3 real roots.
d) Solvable since it factors into linear and quadratic factors.

a) Every quadratic extension is normal.

b) (#2(1—1))’ = —2+/2i and a quadratic extension is normal.

c¢) It is certainly a radical extension and each step has degree 2.

d) Done in the Hint.

e) #' + 8 is irreducible in Q[2] by Eisenstein, and has one root w in L but v is a root not in L.
Therefore L is not normal over Q.

P —1=(z-1)(2"+ 2 + 7 + .+ 1). That degree 4 factor is irreducible in Q[1], as in Exercise 4.5.20.
If {'is a root of that polynomial, then every power of {'is also a root of 27 — 1. Therefore the roots
of that degree 4 factor are: {'{?, ¢, {* and K =Q () is the splitting field. Let G = GalyK so that
|G| = [K : Q] = 4. By Corollary 10.8 there exists @€ G with a({) = & Then &#({) = oA ) = ({)*
= and &({) = A{") = & = {. Therefore G = {1, o, &, &} = Z,.

The roots of 2° + 32 are — 2{* for k= 0, 1, 2, 3, 4, where {is given as in Exercise 20. The splitting
field is again K = Q({).

K = F(u) where u" = ¢. Then o(u) = {*u for some k. This k is uniquely determined modulo n,
because if fu = {"u then {* ™ =1 so that n | (k— m) and k= m (mod n). Therefore f: Gal,K —
7, is well defined. If 0, 7€ GalyK and o(u) = {*u and 7(u) = {u then ar(u) = o {u) = Fo(u) =
¢**Ju. Hence fis a homomorphism. Since an automorphism o is determined by the value ofu) the
map is injective. Therefore GalpK is isomorphic to a subgroup of a cyclic group, so it is cyclic.

(Compare Exercise 7.9.34.) We may relabel to assume (12) € G and o€ G is a p-cycle. Since o(1),

(1), . . . runs through all of the p symbols, there exists k with ¢/(1) = 2. Since k and p are
relatively prime, ¢ is another p-cycle. Replacing « by & we may relabel the symbols 3,
4,...,ptoassume o= (123 - p). From Exercise 7.9.24 we know that (m, m+1) = " ' (12)a™

“le @G. As in Exercise 8 conclude that (1k) € G and finally show that every 2-cycle is in G.
Therefore G = S,.

The Galois group G is a subgroup of S, by Corollary 11.5 and |G| = [K : F] is a multiple of p.
Cauchy’s Theorem implies that G has an element of order p. The only elements of order p in S, are
p-cycles (since p is prime). Therefore G contains a p-cycle. The complex conjugation map induces
an automorphism o of the splitting field. Since there are exactly 2 nonreal roots this ois a 2-cycle,
when viewed as a permutation of the roots. Apply Exercise 23.

As in Exercise 24, if f(z) is irreducible of degree 7 in Q[2] and has exactly 2 nonreal roots, then the
Galois group is all of S;. There are many ways of finding examples. One way is to consider f(z) =
(z—3)(z-2)(z— Da(z+ 1)(z+ 2)(z+ 3) = 27 — 142° + 492 — 362. Graphing this shows that there
are the 7 given roots, and relative maxima and minima of approximately 95.84,
—23.15, 12.36, — 12.36, 23.15, —98.84.
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12.3  Solvability by Radicals 177

Then adding a constant between 13 and 23 will yield a polynomial with exactly 5 real roots. The
difficulty is to get irreducibility. One method is to add 14 and alter the z coefficient: f,(z) = 2" —
142° + 492° - 35z + 14.

Then this is irreducible by Eisenstein but must be analyzed again to ensure that there are still
exactly 5 real roots.

The following general result provides another method.

Lemma. If F'has characteristic p and f(z) = 2" — x+ a € F[a] has no roots in F, then it is irreducible.
Proof. Suppose « is a root in an extension field. The set of roots is {e, ¢+ 1, ¢ + 2, . . . ,
a+ p—1}. If flx) factors nontrivially in F|a] then some proper subset forms the roots of a factor.

In particular the sum of this subset is in F. This implies a € F.

Let f,(2) = 27 — 142° + 492> — 352 + 15 € Z[a]. Reducing (mod 7), show that f,(z) is irreducible
in Z,[2] and deduce that f,(z) is irreducible in Q[z].
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Chapter 13

Public-Key Cryptography

1. Answered in the text.

2. If ¢ | pk then Theorem 1.8 implies ¢ | p or ¢ | k. But the first case cannot happen, for the only
positive divisors of p are 1 and p, and neither of these equals ¢g. Therefore k = ¢m for some integer
m so that ¢ = pgm.

3. (a) Answered in the text.
(b) 1392 1818 0008 0165 1595
(c) 2131 0835 0064 1497 1933

4. If p/a then @' =1 (mod p), by Lemma 12.2. Multiplying by a we obtain @’ = a (mod p). If p| a
then ¢ =0 = a (mod p).

5. The decoding algorithm sends the code word C'to the least residue of C* (mod 2773) where d is a
solution to 3d =1 (mod 2668). (As in the Example we have k = 46-58 = 2668.) Since 1 + 2-2668
= 5337 = 3-1779 we see that d = 1779.

6. Suppose the gedis a = (C, n) # 1. Then 1 a £ C' <n = pq. Since the only positive divisors of n =
pq are 1, p, g and pq it follows that ¢ = p or ¢. Knowing one of the factors immediately yields the
other one by dividing. Therefore, knowing a we also know p and ¢ and hence we can find k= (p
— 1)(¢ — 1). Euclid’s algorithm then provides the solution d to the congruence ed = 1 (mod k).
Therefore the decoding algorithm C — C%is known.
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Chapter 14

The Chinese Remainder Theorem

14.1 Proof of the Chinese Remainder Theorem

1. By Theorem 2.2, 6v + 5=6u + 5 =7 (mod n).

2. If wis a solution there exists some re {0, 1, 2,. . ., n— 1} such that u = r (mod n). By Exercise 1
this ris also a solution.

3. Answered in the text.

4. Every integer u with u =2 (mod 5) is a solution.

5. If they are not relatively prime then the ged is > 1 so it is divisible by some prime p (by Theorem
1.10). Then p | m;,; and p |mymy, -~ m,. By Theorem 1.9 then p | m, for some i € {1, 2, ..., k}.
But then p | (m;, m;) contrary to the hypothesis.

6. See Exercise 1.2.17.

7. Since (m,, m,) = 1 Exercise 6 implies that m;m, | d. Exercise 5 implies that (m,;m,, m;) = 1 so we

can apply Exercise 6 again to conclude m;mym, | d. Continue in this fashion until all the m; are
used. This proof could be made more formal by using induction on 7.

8. 29 (mod 66) 9. —30 =157 (mod 187)
10. —7 = 23 (mod 30) 11. —18 = 192 (mod 210)
12. 621 (mod 4290) 13. 204 (mod 204204)

14. If n is the number of coins, the conditions state that n=3 (mod 7), n =10 (mod 16), n =4 (mod
11) and n=0 (mod 7). The solution is n = 2842 (mod 10944). Then the smallest positive solution
is 2842 coins.

15. By Theorem 1.3 there exist integers u, v with au + nv = d. Therefore au = d (mod n). Given b =
dc for some integer ¢, deduce that auc = de= b (mod n) and = = uc is a solution.

16. If z is a solution then ax — b = ny for some integer y. Use d | a and d | n to show: d | ax — ny = b.
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17.

18.

19.

20.

21.

Since as = b= at (mod n) we find that a(s — t) =0 (mod n) so that n | a(s— t). Since (a, n) =1,
Theorem 1.5 implies that n | (s — ) and s =t (mod n).

As in Exercise 17, n | a(s— t) so that a(s— t) = nz for some integer z. Let a = da, and n = dn,. Then
(a;, n;) = 1 (see Exercise 1.2.16) and a,(s — t) = myz. Theorem 1.5 then implies that n, | (s — t).
Conclude that s=t (mod ny).

Solving the given system of congruences is equivalent to finding an integer ¢ such that mt= (b -
a) (mod n). For given such ¢ define z = a + mt. By Exercise 15, this congruence has a solution ¢
if and only if d | (b — a). This occurs if and only if a = b (mod d).

Given s= a=t (mod m) so that m | (s—t) and s= b=t (mod n) so that n | (s— t). By the definition
of the 1em (see Exercise 1.2.31) it follows that r | (s — ¢) so that s= ¢ (mod r).

(a) The prime factors of IV, consist of the primes appearing in each of my, m;; . . . ;m;y, My, . .
m,. Since the m, are pairwise relatively prime, m, is not divisible by any of those primes. Thus
(N;, m;) = 1. Then by Theorem 1.2, there are integers u, and v; such that Nu, + mu, = (N, m,)
= 1.

(b) If i # j, then m; | N, by definition of N, so that Ni=0 (mod m,) and thus Nu,= 0 (mod m,).

(¢) Since Nu; + mu, = 1, we see that Nu, — 1 = m;,, so that Nu; = 1 (mod m,).

(d) Modulo m; we have
t (modm,) = (a,Nyu, + a,N,u, +---+a N u ) (modmi)

=qNu, (mod mi)+a,Nyu, (modm,)+---+aNu (modm,).

By parts (b) and (c), the only summand that is nonzero is a,Nu; (mod m;), and since N, =1
(mod m,), we have t = a,Nu, = a, (mod m,). Thus t is a solution of the system.

14.2 Applications of the Chinese Remainder Theorem

1.

2.
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A calculation left to the reader.

(a) 64 =6-10 + 4=4 (mod 12). Then 643 = 64-10 + 3=4-10 + 3 =7 (mod 12). Then 6439 = 643-10
+9=710 + 9 =7 (mod 12). Finally 64397 = 6439-10 + 7=7-10 + 7 =5 (mod 12).

Answered in the text. The answer is 7 - 8 = 11 (mod 15).

(a) If fir) = f(s) then r= s (mod 3), (mod 4) and (mod 5). That is, r— s is a common multiple of
3,4 and 5. By Exercise 13.1.7,60 = 3 - 4 - 5 divides r— s. But —60 < r— s < 60 so this divisibility
forces r— s=0and r = s.

(b) Use r =0 and s = 60 for example.

If fir) = f(s) then m; | (r— s) for each 7 and Exercise 13.1.7 implies that M | (r — s). Since — M <
(r—s) < M it follows that r = s.
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6.

Choose m; =2% -1, my=2" -1, my=2%-1,m =2 -1, my =2% - 1 and m; = 2% - 1.

These are pairwise relatively prime by Exercise 7(c). With these choices, we can do arithmetic with
integers as large as M = m;m, ... mg. Note that M = 2' — (some 6 terms each < 2'®) + (other
terms).... Making some rough estimates of the sizes of the negative terms we find that M > 2!

(a) We have a = bq + r where 0 < r < b. Since 2" =1 (mod 2b — 1) we have 2 — 1 = 2"2" - 1 =2’
—1 (mod 2"~ 1). Since 0 £ 2"~ 1 < 2" — 1 we know it is the least residue.
(b) The Euclidean algorithm for (a, b) can be stated as:
a=r (mod b) and 0 < r, < b.
b=r, (mod r) and 0 < ry, < 1.
r, =13 (mod 1) and 0 < 1y < 7.
The process continues, and ¢t = (a, b) is the last nonzero 7. Now apply part (a) to see that:
2" —1=2"—-1 (mod2" —1).
2" —1=2%* -1 (mod2" —1).
25 —1=2% -1 (mod2% —1).
The process continues, and as in (a) we have a least residue at each step. Since 2" -1 = 0 if
and only if 7 = 0, the last nonzero term here is 2" —1 = 2' —1. Therefore this is the ged.
(c) (2°—1,2"—1) = 1if and only if 2 — 1 = 1, by part (b). This occurs if and only if (a, b) = 1.

14.3 The Chinese Remainder Theorem for Rings
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(a) Answered in the text.
(b) Yes, both are = Z, X Z; X Z,.

abe Ibc ITand abe aJC J.
Done in the hint.
The 2™, 3", 4™ and 6™ rings are = Z, X Z; X Z,. The 1*" and 5™ rings are = Zy, X Zy X Zy X Z.

Following the Hint, r = i\t, + (ijt; + 4t + 44t;) € [, N L, + I, We used Exercise 2 to see that it,
is in the intersection.

By Theorem 13.3 the first two congruences have a solution s. Furthermore x € R is a solution of

those two if and only if z= s (mod I, N I,). By Exercise 5 and Theorem 13.3 we can solve the system
stated in the Hint.

with a certain product or service or otherwise on a password-protected website for classroom use.



‘uoyeZLIOYINE $SAIAXS INOYHIM PIMO[[B UOHNQLISIP ON “POAISSAI sSLI [y "Surures] o8e3uo)



© Cengage Learning. All rights reserved. No distribution allowed without express authorization.

CHAPTER 15

Geometric Constructions

1. Draw a circle with the center at the origin and radius r. Since r is constructible this is a
constructible circle. It meets the z-axis at the points (r, 0) and (—r, 0). Therefore —r is
constructible.

2. Draw a circle with center (a, 0) and radius |b|. This is a constructible circle since (a, 0) is a
constructible point and |b] is the distance between the constructible points (0, 0) and (b, 0).
This circle meets the z-axis at the points (a + b, 0) and (a — b, 0). Therefore a + b and a — b
are constructible.

3. (a) Answered in the text.
(b) Use the construction of perpendiculars to make a square. Draw a diagonal of the square
and use the resulting 45° angle. More generally, any angle can be bisected using
straightedge and compass.

(¢) Answered in the text.

4. If nis constructible then Exercise 2 implies that n + 1 and n— 1 are constructible. All integers
can be constructed this way. (Use induction).

5. Answered in the text.

6. No for the first question: If 1/3 = cos3t = 4cos’ t —3cost then cos tis a root of 122° — 9z +
1. The Rational Root Test implies that this polynomial has no root in Q, and Theorem 15.9
applies. Yes for the second question: 11/16 = cos 3t = 4cos’ t —3cost shows that cos t is a
root of 642 — 48z — 11 = (4x + 1)(162% — 4z — 11). Therefore cos ¢ is a constructible number
so that an angle of ¢ degrees can be constructed.

7. No. Since 7y = 3 and 227 + 42y = 7 we find that 22° — 7z + 12 = 0. Apply the Rational Root
Test and Theorem 15.9.

8. Construct a segment of length ~/3 as in Theorem 15.1, using a circle of radius 2. Add +/3 and
1 by striking off a segment of length 1 adjacent to the segment of length /3 .
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9. If the base is 2z and the other two sides have length y then the height h satisfies 2% + h* = ¢/.
The area is th = 1 and the perimeter is 2z + 2y = 8. Express y, h in terms of z to find that 42°
— 447 + 1 = 0. Apply the Rational Root Test and Theorem 15.9.

10. (a) If ABC'is a given triangle and A’B’ is a segment equal in length to AB, then the triangle
can be (constructibly) “copied” to yield a triangle A’B’C’ congruent to ABC. Then if two
angles a and S are given, we can “copy” the angle 8 to yield an equal angle £’ having one
line in common with the angle a. Depending on which way it is constructed we get a + S
and o — a. Alternatively, we could use Exercise 11 and note that the result follows from the
formula for cos(a + f).

(b) By part (a) if 1° is constructible then so is 20°, contrary to the discussion on trisection in
the text.

11. If an angle of ¢ degrees is constructible, strike off a unit length along one of the sides of the
angle, and drop a perpendicular to the other side. The segment cut off on that side has length
cos t. Conversely, if cos ¢ is constructible, strike off that length along a radius of a unit circle
from the center O to a point P. Construct the perpendicular to OP at P and let @ be one of
the points where it meets the circle. Then the (constructible) angle POQ measures ¢ degrees.

12. If r is constructible then the point (r, 0) can be constructed by straightedge and compass
starting with the origin and the point (1, 0). The segment from (0, 0) to (r, 0) has length |r].
Conversely if a segment of that length is constructible, use the given unit length to define the
measurement along an axis, set up a coordinate system and construct the point (r, 0).
Therefore 7 is a constructible number.

13. By Exercise 1, a number dis constructible if and only if |d| is a constructible (positive) number.
Then the question reduces immediately to the positive case (which is done in the proof of
Theorem 15.1).

14. The set C of constructible numbers is a subset of R , it is closed under addition and
multiplication and contains inverses of its nonzero elements, by Theorem 15.1. Hence C'is a
subfield of R.

15. Closure under addition and multiplication follow by simply collecting terms. The inverses are
given in the answers in the text. Hence it is a subfield.

16. Define a subfield F of R to be called “constructible” if F' < C, the field of all constructible
numbers (see Exercise 14).

Claim. If F' is a constructible field and ¢ is a positive element of F, then F(+/c) is also a
constructible field.

Proof. By Theorem 15.1, /¢ is constructible. Then F and /c are in C so the field they
generate is also inside C.
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17.

18.

19.

20.

21.

Suppose Q = F, ¢ F, ¢ ... ¢ F, € R is a chain of fields, where F,, = F, (\/E) for some
¢, € F, for each i = 0, 1, ... , n — 1. The Claim implies that every element r € F, is a
constructible number.

Following the Hint, let M be the intersection point of the lines L and CQ. By the construction,
CD = CE= QD= QF. Therefore a = £DCQ = £DQC, and f= LCDE = ZCED. Examining
sides yields congruent triangles ACDE = AQDE and ACDQ = ACEQ. Then s.a.s implies that
ADMC = AEMC' so that 86 = ZDMC = ZEMC. Since these angles are supplements it follows
that @is a right angle and C(Q is perpendicular to the line L.

C
i 4 i o
D/ B ole P L
[ B/E
x|
Q

Since the z-axis is constructible and (r, s) is constructible, Exercise 17 implies that the vertical
line through (r, s) is constructible. This line and the z-axis meet at the point (7, 0). Therefore
(r, 0) is constructible so that 7 is a constructible number, Similarly (0, s) is a constructible
point, and it is easy to use it to construct (s, 0) and conclude that sis a constructible number.

Done in the Hint.

Let A and B be the given constructible points and draw the circle with center A and radius AB
and the circle with center B and radius AB. Let P, @ be the points where these two circles
intersect. The line PQ then meets the segment AB at the midpoint M. All the points and lines
mentioned here are constructible. The proof that M is the midpoint is done as in Exercise 17.

Set up the coordinate system using the given radius as the unit length 1. Then the area of the
given circle (in these units) is 7z If a square of side s units has the same area then s = 7 so
that s = +/m@. Then such a square is constructible if and only if /7 is a constructible number.
By Theorem 15.1 this is equivalent to saying that & is constructible. If this occurs then
Theorem 15.6 says that xlies in some quadratic extension chain, Q = F,c F, < ... ¢ F,. Using
ideas from Section 10.1 deduce that [F,,, : F}] = 2 whenever 0 < i < n, so that Theorem 10.4
implies that [F, : Q] = 2™

However the assumption that zis not the root of any polynomial in Q [2] implies that the set
{1, z, 7, 7, ...}is alinearly independent set. Proof. If not then there is a linear dependence
relation ¢, 1 + e,/ + ... + " = 0 for some integer k and some coefficients ¢, € @, not all equal
to zero. But this says that f(m) = 0 where f(z) = ¢, + ¢,z + &7 + ... + ¢,2* € Q [1], contrary
to assumption.

Since we F,, this independence implies that [F), : Q)] is infinite, contrary to the bound obtained
above.
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CHAPTER 16

Algebraic Coding Theory

16.1 Linear Codes

1.

10.

11.

Answered in the text.

(a) 0111 (b) 1101

(c) at least one error was made, but there is not a unique closest codeword (1011010 and
1010101 are closest codewords).

(d) 0010

(a), (c) Answered in the text.
(b) 00000, 01010, 10111, 11101
(d) 000000, 001110, 101010, 011011, 100111, 101001, 110010, 111100

(a) detects 0, corrects 0 (b) detects 1, corrects 0
(c) detects 0, corrects  (d) detects 2, corrects 1

For any message word abcde € B(5), the corresponding codeword is (abede) G = abedef where
fisthesum a+ b+ ¢+ d+ ein Z,. This is exactly the way the (6, 5) parity-check code was
defined.

Any message word ab € B(2), the corresponding codeword is (ab) G = ababababab. This is
exactly the way the (10, 2) repetition code is defined.

The message word a € B(1) has corresponding codeword (a) G = aaaa.

The set does have order 2" and it is certainly closed under the operation. The zero element is
00...0 and every element is its own inverse: a + a = 0. The associative and commutative laws
are easily checked componentwise.

(a) d(u, v) = number of coordinates in which u and v differ. The same coordinates occur for
v and w.
(b) ftwo words differ in zero coordinates, they are equal.

(¢) Answered in the text.
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190 Algebraic Coding Theory

12. Given six elements of Z,. The sum of the 6 elements is zero if and only if the last element is
the sum of the first 5 elements.

13. C ={abcdefe B(6) |a+ b+ c+ d+ e+ f=0}. It is easy to check that this set is closed under
addition, and hence is a subgroup.

14-15. By the definition of “corrects ¢ errors”, any possible received message is of Hamming
distance < t from a unique codeword. Suppose there are two codewords u, v with d(u, v)
= k< 2¢. Then there is a “path” of words u = uy, v, , . . ., w, = v where d(u;, u,.,) = 1 for
every i=0,1,..., k—1.If £ < t then the message word u is distance 0 from the codeword
uw and distance k < t from the codeword v, contrary to the uniqueness hypothesis. If ¢t < k
< 2t then the message word u, is distance ¢ from the codeword v and distance k— ¢ < t from
the codeword v, again contrary to the uniqueness. Therefore d(u, v) < 2t is impossible.

16. Suppose there are codewords u, v with d(u, v) = r< t. If the codeword w is sent, possibly exactly
r errors could occur to yield the received word v. The receiver would believe that v was the
correct codeword, and those r errors would go undetected. Then the code would not be
detecting ¢ errors.

17. Answered in the text.

18. Such a code is a subgroup of 8 elements in the group B(6). Theorem 16.2 implies that the
Hamming distance between any 2 codewords is > 5. In particular, every nonzero codeword has
Hamming weight > 5, so the codewords are in the set: {111111, 111110, 111101, 111011,
110111,101111, 011111}. Since any two elements in this set have Hamming distance < 2, such
a code cannot exist.

19. Many correct answers, including: 0000000, 1111000, 0011110, 1100110, 1010101, 0101101,
1001011, 0110011.

20. Yes. For example: 000000, 111100, 001111, 110011.

21. We need 2" > 3 codewords, so that k&> 2, and we need the minimum Hamming weight > 3.
This can be achieved in a (5, 2) code.

22. (a) Just multiply uG.

(b) If vis a codeword then those relations follow from the expression in (a). Conversely if v
satisfies those conditions, we can replace v, v, v; in terms of v, . . ., v, and write out the
word v. It comes out to be exactly the expression in (a), with v replacing u. Then, v is the
codeword corresponding to the message word v,v,v5v;.

23. Since the first k£ columns of G form the identity matrix I, the first k entries of uG are ul, = wu.

24. Claim. The mapping f: B(n) —» Z, with flu) = [Wt(u)], is a homomorphism.

Proof. In fact, if v = wu,...u, then flu) = u, + u, + ... + w,, the sum in Z,. From this it is
clear that f{u + v) = flu) + f(v). Another way to state this observation is: Wi(u + v) = Wit(u)
+ Wit(v) (mod 2).
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25.

26.

27.

28.

29.

30.

31.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed

Let G be the subset of C consisting of all codewords of even weight. Since C is exactly the
kernel of f, it is a subgroup. If G, # Clet we Cwith we (. Then the only cosets are C; and
w + C, so that C, contains exactly half of the elements of C. Stated more simply, if there is
a codeword w of odd weight then w + Cj is the set of all codewords of odd weight, and this set
has the same size as (.

By Exercise 24 there are 2" elements of B(n) with even weight. They form a subgroup so we
have an (n, n — 1) code.

Im fis a code since it is a subgroup. Im fis an (n, j) code if Im f contains 2’ elements. If fis
not injective then Im fhas fewer than 2" elements so it is not an (n, k) code.

(a), (¢), (e) Answered in the text.

(b) .03881196 (d) .00000001 (f) .00000397 Here is an explanation of the calculation in
calculation of (c): consider a message abcd where a, b are transmitted correctly
(probability (.99)%) and ¢, d are transmitted erroneously (probability (.01)?). The
probability of this event is (.99)* (.01)*> = .00009801. This event is one way of making
exactly 2 errors. The errors could have occurred elsewhere, perhaps in b and d, or in a and
b,... There are altogether 6 ways of choosing 2 places out of 4 coordinates, so the
probability of exactly 2 errors is: (.00009801 ).6 = .00058806

no errors: .9509900499 1 error: .0480298005
2 errors: .000970299 3 errors: .000009801
4 errors: .0000000495 5 errors: .0000000001

A received digit of 0 was probably (with probability > 50%) transmitted as a 1, and a received
digit 1 was probably transmitted as a 0.

(a) (.99)™ = 006570483

(b) Sending a single digit as aaa leads to an incorrect decoding provided there are 2 or 3 errors
in this 3 digit transmitted word. The probability of that event is (.99)(.01)%.3+(.01)* =
.000298. Then the probability of a correct decoding of a 500 digit message is (.999702)"
= .86155003.

(a) The k errors could occur at any k of the n coordinates. There are exactly (}) ways of
choosing a k-element subset from an n-element set.

(b) Suppose the first k digits contain errors and the last n - k digits are correct. Assuming that
multiple errors occur independently, the probability of that event is p*¢"*. The k errors

could occur at any of the (}) k-element subsets of the n coordinates, and the formula
follows.

with a certain product or service or otherwise on a password-protected website for classroom use.



192 Algebraic Coding Theory

16.2 Decoding Techniques

1. (a), (c) Answered in the text.

1 11
01 0
(b)IOO
010
0 0 1
1 11
1 01
1 10
(d)IOO
01 0
0 01
011
1 01
1 10
2'100
01 0
0 01

3. Answered in the text.

10101010

4. Tt is a 10 x 8 matrix with top two rows = 0101010 1,alrldvvlthan8><8

identity matrix as the last 8 rows.

5. Answered in the text.

6. By Corollary 16.4 a code which can correct every single error must have every nonzero
codeword of weight >3. For the given code, z,z,--- 7 is a codeword if and only if z;+z;+2;, = 0
and 42,47 = 0. For example 101000 is a codeword of weight 2.
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7. 0000/0101 1011 1110 Codewords
1000{1101 0011 0110
0100|0001 1111 1010 Received words
0010|0111 1001 1100

The parity check matrix is H = and the syndrome of w is wH.

o = O =
=

Syndrome | 00 | 11 | 10 | 01
Coset leader|0000[1000{0100]0010

8. 000000 [001110 010101 011011 100011 101101 110110 111000
100000 (101110 110101 111011 000011 001101 010110 011000
010000 |011110 000101 001011 110011 111101 100110 101000
001000 |000110 011101 010011 101011 100101 111110 110000
000100 |001010 010001 011111 100111 101001 110010 111100
000010 |001100 010111 011001 100001 101111 110100 111010
000001 |001111 010100 011010 100010 101100 110111 111001
100100 [101010 110001 111111 000111 001001 010010 011100

Here is a chart of the syndromes and the coset leaders:

000 | o1r | 101 | 110 | 100 | o010 | o001 | 111
000000 [100000 [010000 [001000 [000100 |[000010 000001 |100100

9. The cosets are listed as the rows of the standard array. Any element of the row could be chosen as
the “leader”. For example, in every row after the first we can choose the second entry as the new
leader, and recompute the rows. In the new array, the rows of the old array have been permuted.

00000 10110 01101 11011
00110 |10000 01011 11101
11110 (01000 10011 00101
10010 (00100 11111 01001
10100 [00010 11001 01111
10111 (00001 11010 01100
Oino 11000 00011 10101
00111 |10001 01010 11100

10. If v is the column vector with entries ¢, . . . , ¢, then ev=0-¢, + - + 1-.c; + - + 0-c, = c;. If
H = (ay) is an n xk matrix, the 7 entry of the row e, is the product of the row ¢, and the ;"
column of H. By the comment above, that entry is a,. Therefore e, = (a;, a,, ... , a;) which

is the " row of H.

© 2013 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part, except for use as permitted in a license distributed
with a certain product or service or otherwise on a password-protected website for classroom use.



194 Algebraic Coding Theory

11. The method will decode w as the codeword u' which is in the top of the column in which w
appears. If w appears in the row with coset leader e, then the construction of the array implies
that w= e + v/, so that ' = w— e. Then wis decoded as w if and only if w—e = u. This occurs
exactly when w —u = e is a coset leader.

12. Suppose a codeword u is transmitted and w is received. If at most ¢ errors occurred then e =
w— uhas Wt(e) < t. By hypothesis this word e is a coset leader, and Exercise 11 implies that
w is correctly decoded to be u.

13. Answered in the text.
14. Answered in the Hint, after a direct matrix calculation.

15. C corrects single errors if and only if every nonzero u € Chas Wi(u) 2 3, by Corollary 16.4.
Equivalently, if u # 0 and Wit(u) < 2 then v ¢ C. By Theorem 16.9 this can be restated as: if
Wi(u) = 1 or 2 then uH # 0. Let r, . . ., 7, be the n rows of H. If Wt(u) = 1 then u = ¢, for
some i and Exercise 10 implies that uh = r,. If Wt(u) = 2 then u = e, + ¢, for some indices i
#j. Then ull = r, + ;. Therefore C corrects single errors if and only if r;# 0 and r, # r; for every
choice of unequal indices i, j. Equivalently, the rows of H are nonzero and distinct.

16. In the list of codewords in the Example after Corollary 16.4, we see that 0000000 and 0010110
are codewords. If 0000000 was sent and three errors occurred, possibly 0010110 is received and
that is decoded as the codeword 0010110 with no errors made in transmission. The 3 errors
went undetected.

17. By definition the parity check matrix of any Hamming code are distinct and nonzero. By
Exercise 15 the code can correct single errors. Therefore every nonzero codeword has weight
> 3, by Corollary 16.4.

18. (a) (.99)° = .95099

b) Raise to the 100" power: (.99)** > .00657048

c¢) (.99)*(.01)-5 = .0480298. From the formula see Exercise 16.1.31.

d) 0 or 1 errors, add the quantities in (a) and (c¢): probability > .9990198
P

(
(
(
(
(e) Probability > (.9990198)' > .9065.

16.3 BCH Codes

1. (a) Answered in the text.
(b) If uw = [flz)] then u + u = [f(z) + flx)] = [0].

2. The polynomials of degree 2 are: 27, 2 + 1 = (2+1)* , 2 + z = 2(2+1) and 27 + z + 1. Since
the last one has no root it is irreducible.

3. Answered in the text.
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10.

11.

12.

13.

14+0” + (o°)* =1 + (a + &) + (14+a+ o’) = 0. Then o is a root of the irreducible polynomial
142+ 2

(a) Answered in the text. Since (1+a+2%)* = 1+2°+2" is not equal to the given polynomial, and
since 0 and 1 are not roots, that polynomial is irreducible.

(b) By the argument in the text, m;(a¢*) = 1 + (a*) + (¢*)* = (1 + a + a*)* = 0 by the
Freshman’s Dream (Lemma 10.24). Of course this equality can also be verified easily using
the table of powers of a.

Let f{z) = ¢y + ¢,x +-++ ¢,2" where ¢c; € Z,. Note that (u + v)> = v’ + ¢? in that field, and
¢? = ¢; (since ¢; = 0 or 1). Therefore for any u in an extension field: f{uv?) = e, (v?)' = Y (cu')?
= f(u)®. Apply this to u = o".

(a) From the formula we see that any element (a, a,, ... , a,,) in B(n) does equal f([h(z)]) for
Wz) = ay + ayx +++ a, 2"

(b) This is clear since addition of polynomials and addition of elements of B(n) are both
performed “componentwise”.

(¢) Answered in the text.

(a) Following the Hint, since p(z)|¢(z)h(z) and p(z) X q(z) (since they are distinct
irreducibles), Theorem 4.11 implies p(x)|h(z). Then h(z) = p(z)g(x) for some g(z), so that
flw) = p(z)q(7)g(x).

(b) Use induction of k. The case k= 2 is done in (a). Suppose the result is true for k and m,(z),

., my1(z) divide f(z). By the induction hypothesis, f{z) = m,(x) - my(z)q(x) for some
polynomial ¢(z). Since my,(z) divides this product, and m,_,(z) does not divide any of the
m,(z) in the product, Corollary 4.12 implies my,, (z) | ¢(x). The result follows.

(a), (c) Answered in the text.

(b) D(z) = 22 + a’z + a” has roots a® and a'*. Therefore errors occurred in the coefficients
of 2* and 2, so the corrected word is ¢(z) = 1 + 2* + 2 + 2° + 2* + 2™ = 100111001000001.

(d) D(z) = 22 + o'z + o' has roots a* and a°. Therefore errors occurred in the coefficients
of #* and 2”, so the corrected word is c¢(z) = 1 + o' + 2° + 27 + 2* = 100010111000000.

The field K is the same as in the Example. Let m,(z) be the minimal polynomial for ' Then
my(z) = 1 + x+ 2. By Exercise 6, m;(x) = m,(1) = my(z) and my(z) = mg(x). The polynomials
my(x) and mg(z) are calculated in Exercise 5, and g(z) = m, () ms(z) ms(z). Multiplying this out
gives the stated value.

The nonzero elements of K form a group of order n = 2"— 1 with generator a. Therefore
a" = 1 so that every a' is a root of 2" - 1. By Theorem 10.6, each minimal polynomial m,(x)
divides 2" — 1.

g(z) is a product of distinct minimal polynomials m,(z) and m,(z) divides 2" — 1, as in Exercise
11. By Exercise 8 we conclude ¢(z) divides 2" — 1.

Done in the Hint, using the fact that g(z)|(2" — 1) (see Exercise 12).
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14.

15.

16.

(a) Let 2" - 1 = g(z)f(z) so that deg f(x) = n— m = k. A typical element of C'is [h(z)g(x)] for
some polynomial h(z). Divide h by fto obtain: h(z) = f(z)q(x) + s(z) for some ¢(z), s(x)
where either s(z) = 0 or deg s(x) < k. This condition says exactly that s(z) € J. Multiplying
by g(z), conclude that h(z)g(z) = (2" —1)g(z) + s(x)g(2) and [h(z)g(x)] = [s(z)g()]-

(b) Claim. ¢ : J— Cdefined ¢ (s(z)) = [s(2)g(x)] is bijective.

Proof. @ is surjective, by part (a). It is easy to check that ¢ is a homomorphism of additive
groups. If s(z) is in the kernel then [s(z)g(z)] = [0] so that s(z)g(z) = (2" — 1) Q(z) for some
Q(z). Cancel g(z) to deduce that s(z) = f(z) Q(x). Since deg f(x) = k and s(z) € J this implies
s(z) = 0. Hence ¢ is injective.

Therefore |C] = |J| = 2" and C'is an (n, k) code.

(a) The received word r(z) and the codeword c(x) differ at exactly the two places 2’ and 7.

(b) By definition of g(z) we have g(a") = 0 for k=1, 2, 3, 4. Since ¢(z) is a codeword it is a
multiple of g(z) and the claim follows from (a).

(¢) Multiplying out D(z) yields the first formula. By (b) we know that o' + o = r{(a).

(d) r(a)® = (¢ + &) = & + ¥ + a(a + &) = ra’) + ar(a). Therefore
a' =r(a)’ +r(@’)/r(a). By the Freshman’s Dream 10.24, r(a)* = r(a?).

A (7, 4) Hamming code is one whose parity check matrix His a 7 x 3 matrix whose rows are
the 7 distinct nonzero elements of B(3). The BCH code constructed with ¢ = 1 and r = 3 has
n = 2-1 =7 and field K of 2" = 8 elements. For example K = Z,[z]/(z’ + z + 1) has
generator @ = [1] with minimal polynomial m,(z) = 2* + = + 1. As before the minimal
polynomial for o® is also m,(z), so that g(z) = 2> + £+ 1. Then m = deg g(z) = 3 and k=n
— m = 4. Therefore we have a (7, 4) BCH code. By the theory of BCH codes this one corrects
single errors. Then by Exercise 16.2.15, the parity check matrix H must have rows which are
distinct and nonzero. However, this His a 7 X 3 matrix so that all 7 of the nonzero elements
of B(3) must occur as rows of H, and we have a Hamming code.

We can identify H more explicitly. Recall that [a(z)] € Z,[z]/(z" —1) is a codeword when
g(7) | a(z). Factor 2’ — 1 = g(z)f(r) and compute that flz) = 2* + 27 + 2+ 1. Then [a(z)] is a
codeword if and only if 2” — 1 divides a(z)f(z), which says that [a(z)]-[f(z)] = [0]. This gives a
“parity check” criterion for codewords. To change this criterion into a matrix condition,
consider multiplication by f(z), zf(z), #f(x), . . . But 2’f(z) can be expressed in terms of the
earlier terms (mod z" — 1). Then the parity check matrix H has columns f(z), zf(z), 2*f(z).
(View them as columns since we want to multiply them by rows). Writing out these columns
1 0

yields H = This does correspond to a (7, 4) Hamming code.

_— O = = = O O
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